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Abstract.

In this paper a formal description is given of points occurring in a construction defined by 4
points and/or 4 lines.

The notion of a Quadrigon is introduced. With this notion it is possible to define Centers
and related objects depending on 4 points and/or 4 lines in an integrated and
differentiated way.

Several tools and examples are given. With these tools the road is free for a structured
Catalogue of Quadri-Centers and Quadri-Objects. A first start is given.
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1.INTRODUCTION

There are noticeable differences between triangles and quadrilaterals / quadrangles.
e With a triangle there are 3 points and 3 line segments. When we consider a
quadrangle as a complex of 4 points then we have to deal with 4 points and 6
possible lines.
e When we consider a quadrilateral as a complex of 4 lines then we have to deal
with 4 lines and 6 possible intersection points.
e Atriangle can be constructed knowing 3 elements of the triangle. However a
quadrilateral cannot be constructed analogously with 4 elements of this figure.
This is quite different from working with a triangle.

Algebraically there are also differences.
e Often trilinear or barycentric coordinates are used in the triangle environment
because a point can be related to the 3 side lengths or the 3 angles of a triangle.
But in the according situation 4 side lengths or 4 angles are not sufficient for
defining a quadrilateral.
e The 3 vertices of a triangle are often (1: 0:0), (0:1:0), (0:0: 1). Introducing a
4th point raises the question how to classify this new point.

In this paper we will classify 3 types of construction with 4 points and/or 4 lines.

Most of the time only points or lines per type of construction have relationships with
each other.

Each type has its own unique definition for Centers. This will solve several problems and
relates to existing practices in Triangle Geometry.

Homogeneous coordinate triples of points and coefficient triples of lines as well as
equations of conics will be given according to the developed system.

No synthetic proofs will be given. However with the developed algebraic system it is
relatively easy to prove all the described properties.

Calculations are done with Mathematica software using the wonderful collection of
formulas and routines in Baricentricas [10] of Francisco Javier Garcia Capitan. Special
thanks to him for his valuable advice about the Mathematica software.

Because the intermediate results of algebraic calculations often are very lengthy only the
final result is given. Many of the calculated results are checked in a fixed reference
system. But nevertheless errors or typos may occur.

References to sources of literature and internet are made where I found information
about points, lines and conics. The remaining points, lines and conics I discovered myself
in the process of writing this paper. However, several of them may be known and
available at other places.

Special thanks also for Peter Moses who helped me with the use of the English language.
Very helpful because the English language is not my mother tongue.

Special thanks also for Bernard Gibert who was willing to inspect the “Quadri-cubics”
and categorize them.



Special thanks also for Eckart Schmidt who painstakingly worked through 174 pages of
the first concept of this paper and contributed with lots of useful additions. He
convinced me to use also coordinates relating to Diagonal Triangles (DT) of Quadrangle
and Quadrilateral. Most of the DT-coordinates and DT-expressions came from his hand.
We had a very nice exchange of ideas alternately in German and English.



2.PRELIMINARIES

In this paper we deal with figures configured with 4 lines and/or 4 points. We will call
them Quadri-figures.

There is quite a lot of difference in the use of the words Quadrilateral and Quadrangle.
But because of further comprehension it is important to be very precise in making
correct definitions.

We use this nomenclature.

Quadrilateral

A quadrilateral is a plane figure consisting of 4 lines no three of which are concurrent.
In case of multiple use the prefix and abbreviation QL will be used.

Quadrangle

A quadrangle is a plane figure consisting of 4 points no three of which are collinear.

In case of multiple use the prefix and abbreviation QA4 will be used.

Also this notion is introduced:

Quadrigon

A Quadrigon is a polygon of 4 points (no 3 of which are collinear) and 4 lines spanned
between the 4 points in such a way that each line connects only 2 of the 4 points and
each point is the intersection of just 2 of the 4 lines.

In case of multiple use the prefix and abbreviation QG will be used.

It is important that a quadrilateral consists of just 4 random lines without intersection
points and without any other condition or any order.

In the same way a quadrangle consists of just 4 random points without connecting lines
and without any other condition or any order.

However a quadrigon consists of 4 random points with 4 connecting lines in cyclic order.
It also can be seen as a system of 4 random lines with 4 intersection points in cyclic
order. Now the order of points and lines are important.

3.DEFINITION OF QUADRI-STRUCTURES

Quadrigon

There is a difference between a quadrilateral and a quadrangle.

Nevertheless this differentiation is not sufficient to describe all constructible points in
an environment of 4 points and/or 4 lines. That’s why in this chapter a new notion will
be introduced “the quadrigon”.

A Quadrigon is a polygon of 4 points (no 3 of which are collinear) and 4 lines spanned
between the 4 points in such a way that each line connects only 2 of the 4 points and
each point is the intersection of just 2 of the 4 lines.

There is no limitation for being convex.



Why this new concept?

1. Itis symmetric and according to the duality principle. Just like a triangle is
symmetric and according to the duality principle.

2. Itappeals to what we usually have in mind with a quadrilateral: 4 points and 4
lines in a certain order.

3. Itcan be extended in 2 equivalent and symmetric ways: more lines and more
points.

4. Some constructions of points cannot be uniquely defined in a quadrangle or
quadrilateral environment but it can be done in a quadrigon environment.

A quadrigon is the most specific notion. It determines the cyclic order of lines and
points. Unlike the quadrilateral and quadrangle, lines and points now have equal status.
A quadrigon has minimal degrees of freedom. It can be seen as the intersection of a
quadrilateral and a quadrangle.

Quadrigon = Quadrilateral N Quadrangle
One consequence is that notions like adjacent sides (or points) and opposite sides (or

points) become important (that's why the Van Aubel Points are quadrigon points
because in their construction the notion of opposite sides is used).

P4
P3 S~
P1 P2
Cyclic order of points and lines Opposite sides Adjacent sides
Properties in a Quadrigon
Quadrilateral

A quadrilateral is a plane figure consisting of 4 lines no three of which are concurrent.
This figure can be partitioned in several ways.
a. 4 times 1 line. This case is evident.
b. 6 possible combinations of 2 lines. This gives us 6 “intersection points”.
c. 4 possible combinations of 3 lines. This gives us 4 “component triangles”.
In case of a convex quadrilateral there are 2 pairs of component triangles for
which pairwise the area of the inscribed part of the quadrilateral = the
subtraction of the triangles per pair.
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4 Component Triangles in a Quadrilateral

d. 3 possible cyclic combinations of 4 lines. This gives us 3 “quadrigons”.
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3 Component Quadrigons in a Quadrilateral

There is no more basic partitioning in a Quadrilateral.

Quadrangle

A quadrangle is a plane figure consisting of 4 points no three of which are collinear.
This figure can be partitioned in several ways.

a. 4 times 1 point. This case is evident.

b. 6 possible combinations of 2 points. This gives us 6 “connecting lines”.

c. 4 possible combinations of 3 points. This gives us 4 “component triangles”.
In case of a convex quadrilateral there are 2 pairs of component triangles for which
pairwise the area of the inscribed part of the quadrilateral = sum of triangles per pair.

P4,
P3

P1" 'pz

4 Component Triangles in a Quadrangle



d. 3 possible cyclic combinations of 4 points. This gives us 3 “quadrigons”.

P4 P4 P4
P3 P3 P3

P1 P2 P1 P2 P1 P2

3 Component Quadrigons in a Quadrangle

There is no more basic partitioning in a Quadrangle.

Note that the partitioning of a quadrilateral and a quadrangle leads visually to different
“component triangles” and different “quadrangles”.

The connections between Quadrangles, Quadrilaterals, Triangles and Quadrigons

can best be shown in a Data Set Diagram (as used in Computer Science):

Data Set Diagram

Quadrangle <] Triangle QuadrilLateral
Explanation:
1 Quadrangle has 4 consisting Triangles ATriangle can be seen as part of a Quadrangle 1 Quadrilateral has 4 consisting Triangles

ATriangle can be seen as part of a Quadrilateral

Quadrangle Quadrigon QuadrilLateral

Explanation:
1 Quadrangle has 3 consisting Quadrigons A Quadrigon can be seen as part of a Quadrangle 1 Quadrilateral has 3 consisting Quadrigons

A Quadrigon can be seen as part of a Quadrilateral



4.DEFINITION OF QUADRI-CENTERS

Levels of construction

When dealing with Quadri-figures the notions of a Point, Line, Triangle, Quadrilateral,
Quadrangle and a Quadrigon represent levels of construction. As explained in last
chapter these are all possible levels of construction in a Quadri-figure.

When objects are constructed on the level of a Point, Line or Triangle this construction
level usually is evident. However when items are constructed on the level of a
Quadrilateral, Quadrangle or Quadrigon it is often unclear to which level this object
belongs. Still it is important to know at which level the object is constructed, because
each level requires a different approach. Discerning the right level makes it possible to
describe and calculate these objects.

Determining the type of Quadri-figure

Making constructions in the Quadri-environment it often is not clear how the
dependencies are. Is there a dependency on 4 points, 4 lines or both?

Here are some tools to discover the type of Quadri-figure that is the base of a
construction.

When a target point is constructed based on 4 other points in a quadrangle, then 4
component triangles and 3 component quadrigons can be discerned. When the same
construction method is performed using another component triangle or another
component quadrigon then two things can happen:
e The construction point doesn’t concur with the target point.
In this case the target point is not a quadrangle point.
e The construction point concurs with the target point.
In this case the target point is probably a quadrangle point.
By performing the same method for all other component triangles or quadrigons
(whichever construction level is chosen) and verifying equality with the target
point it can be deduced that the target point is indeed a quadrangle point.

When a target point is constructed based on 4 lines in a quadrilateral, then 4 component
triangles and 3 component quadrigons can be discerned. When the same construction
method is performed using another component triangle or another component
quadrigon then two things can happen:
e The construction point doesn’t concur with the target point.
In this case the target point is not a quadrilateral point.
e The construction point concurs with the target point.
In this case the target point is probably a quadrilateral point.
By performing the same method for all other component triangles or quadrigons
(whichever construction level is chosen) and verifying equality with the target
point it can be deduced that the target point is indeed a quadrilateral point.



When a target point depending on 4 points or 4 lines is neither a quadrangle point nor a
quadrilateral point it should be a quadrigon point.

Definition of 3 types of Quadri Centers

This leads us to the conditions for a Quadrangle Center, Quadrilateral Center and a
Quadrigon Center.

A Quadrangle Center should be a construction point based on 4 points in a quadrangle.
When the same construction method is performed using other component triangles or
quadrigons then the same point should come out.

A Quadrilateral Center should be a construction point based on 4 lines in a quadrangle.
When the same construction method is performed using other component triangles or

quadrigons then the same point should come out.
A Quadrigon Center should be a construction point based on 4 lines or 4 points in a
quadrigon not being a Quadrangle Center or a Quadrilateral Center.

Defined in a formal way:

A Quadrangle Center QA is:

a point related to 4 random points P1, P2, P3, P4 (no 3 of which are collinear),
when QA can be described as some transformation of Pi wrt triangle Pj.Pk.Pl

and is the same point for all permutations of (i,j,k,1) € (1,2,3,4), or

when QA can be described as some transformation of Pi wrt quadrigon Pi.Pj.PK.Pl
and is the same point for all permutations of (i,j, k1) € (1,2,3,4).

A Quadrilateral Center QL is:

a point related to 4 random lines L1, L2, L3, L4 (no 3 of which are concurrent),
when QL can be described as some transformation of Li wrt triangle Lj.Lk.L]

and is the same point for all permutations of (i,j,k,1) € (1,2,3,4), or

when QL can be described as some transformation of Li wrt quadrigon Li.Lj.LKk.L1
and is the same point for all permutations of (i,j,k,1) € (1,2,3,4).

A Quadrigon Center QG is:

a point solely related to the 4 points and 4 lines of a quadrigon, not being a
Quadrangle Center or a Quadrilateral Center.

Algebraic description of Quadri Centers

Since we work with 4 points and/or 4 lines in a plane we can work with 2 Cartesian
coordinates as well as 3 homogeneous coordinates.

Also we need to have in mind that a coordinate system that is suitable for a quadrilateral
is not necessarily suitable for a quadrangle, etc.

Since we work with “component triangles” and since we concluded that the construction
of a center is valid for each component triangle it is worthwhile elaborating the



coordinate systems used in Triangle Geometry. Especially because the science of
Triangle Geometry is very well known and documented.

Now the method in a Quadrangle is to identify 3 of the 4 basic points in forming the
Reference Triangle. The 4th point is an added point to the Reference Triangle used to
perform some construction with.

Again when a point comes out that qualifies as a Center the construction should be
working for each choice of reference triangle that is possible in the Quadrangle.

This Quadrangle Center is the result of some transformation on one of
the vertices with respect to the triangle formed by the other vertices.

P4 P4 P4
P3 P3 P3 N
P3
QA }L\, \
P1 P2 P1 P2 P1 P2 P1 P2
Example:
QA = Inverse of the QA = Inverse of the QA = Inverse of the QA = Inverse of the
Isogonal Conjugate Isogonal Conjugate Isogonal Conjugate Isogonal Conjugate
of P4 wrt P1.P2.P3 of P1 wrt P2.P3.P4 of P2 wrt P3.P4.P1 of P3 wrt P4.P1.P2

The working method is then:
e choose randomly 3 quadrangle vertices as the vertices of a reference triangle,
e give them homogeneous coordinates (1:0:0), (0:1:0) and (0:0:1),
¢ identify the remaining point with coordinates (p:q:r).
Every constructed object now can be identified
e as a function of (a,b,c) and (p,q,r) when barycentric triangular coordinates are
used and where a, b, c are the side lengths of the reference triangle, or
e as a function of (A,B,C) and (p,q,r) when trilinear triangular coordinates are used
and where A, B, C are the angles of the reference triangle.

The Centroid and the Euler-Poncelet Point in a Quadrangle may serve as example.
As will be shown later the Centroid of the Quadrangle has coordinates:

(2p+q+r : p+2qg+r : p+q+2r)
and the Euler-Poncelet Point:

(p (Se.g-Sc.r) (b?r(p+q) - c2q(p+1)) :

q (Sc.r-Sa.p) (c2p(q+r) - a’r(q+p)) :
r (Sa.p-Ss.q) (a?q(r+p) - b?p(r+q)) )

where Sa=(-a2+b2+c2) /2, etc.
As can be seen the symmetry in construction is reflected in the internal symmetry of the
coordinate formulas on the right level.



Identifying Centers on the right level make it possible to algebraically describe
relationships between these Centers like collinearity, lying on a conic, etc.

The same consideration can be made with the QL. This results in a system where 3 of the
4 lines will be identified by homogeneous coefficient triples (1:0:0), (0:1:0) and (0:0:1).
The 4t line gets coefficient triple (I:m:n).

Note that as 1st coefficient letter “1” is being used in contrast with the QA situation where
point coordinates are represented by (p:q:r) with “p” as 1st letter.

This has been done deliberately for direct recognition of Quadri-coordinates.

The letter “1” stands for “line” and tells that QL coordinates have been used. The letter

“w__ 1

p” stands for “point” and tells that QA coordinates have been used.

Example of a QL-point is the Miquel Point.
It has QL-coordinates:

{a?mn/(m-n): b2nl/(n-1):c21m/(l-m) }.
In QA-notation this would be:

{a? (p+q) (p+q+r) : a?pq + cqr - b2(qr+rp+pq)+2 Sp q*: ¢ (r+q) (p+q+r)}
As can be seen when a QL Center is described in QA-notation there is no longer cyclic
symmetry between the 3 coordinates. That is because 3 Quadrigons can be discerned in
a Quadrangle each representing a quadrilateral, each having a different Miquel Point. So
actually The Miquel Point is dispersed into a triple of points in QA environment.
Nevertheless sometimes it can be useful when interactions are searched between QA-
Centers and QL-Centers to calculate a QL-Center in QA-environment or vice versa.

So now we have algebraic descriptions for QA-Centers and QL-Centers.

We also discerned the notion of a Quadrigon and as a matter of fact there are also
Quadrigon Centers. We will abbreviate these centers as QG-Centers.

These are centers where the cyclic order of vertices and line segments are used in the
construction method.

The algebraic way of describing QA-Centers and QL-Centers are not necessary useful for
these QG-Centers. The reason for this is that often the notion of opposite sides/points is
used and that gives few connections with component triangles.

[ find that a simple Cartesian coordinate system with projective coordinates (i.e. a
normal x- and y-coordinate combined with a z-coordinate for indicating infinity points)
often gives easiest and symmetric results.

This is not surprising because a Cartesian coordinate system has 4 quadrants in each of
which we can pin a vertex even so that the diagonals concur with the origin.

However for the sake of the many relations with quadrangles and quadrilaterals also the
QA-and the QL-coordinates are of importance and will be mentioned in this paper.
However since QG-points exist in 3 variants in Quadrangles and Quadrilaterals
coordinates will be shown in threefold too. Of course these 3 variants will show a
beautiful symmetry too.

This will be shown in Chapter 7.



5.QUADRANGLE OBJECTS
5.0 QUADRANGLES GENERAL INFORMATION
QA/1: Systematics for describing QA-points

In this Encyclopedia of Quadri-Figures 2 coordinate systems are used for Quadrangles:

1. QA-CT-Coordinate system, where 3 arbitrary points of the quadrangle form a
Component Triangle (CT). This Component Triangle is defined as Reference
Triangle with vertice coordinates (1:0:0), (0:1:0), (0:0:1). The 4th point is defined
as (p:q:r).

2. QA-DT-Coordinate system, where the QA-Diagonal Triangle (DT, see QA-Tr1) is
defined as the Reference Triangle with vertice coordinates (1:0:0), (0:1:0),
(0:0:1). An arbitrary point of the Quadrangle is defined as (p:q:r).

The other 3 points now form the Anticevian triangle of Pi wrt the QA-Diagonal
Triangle and have vertices (-p:q:r), (p:-q:1),(p:q:-1).

Both coordinate systems can be converted in each other (see QA/6 and QA/7).

Every constructed object now can be identified as:

(f(a,b,c, p,q,r) : f(b,c,a, q,r,p) : f(c,a,b, 1,p,q) )

where a,b,c represent the side lengths of the CT- or DT-triangle and

where p,q,r represent the barycentric coordinates wrt the CT- or DT-triangle.

In the description of the points on the following pages only the first of the 3 barycentric

coordinates will be shown. The other 2 coordinates can be derived by cyclic rotations:
e a>b>c>a>etc
e p>(Qq>r>p>etc

Further the Conway notation has been used in algebraic expressions:
Sa=(-a?2+b%2+c?) /2
Sp=(+a?-b%2+c?) /2
Sc=(+a?+b?%2-c?) /2
So=(+aZ2+b2+c2) /2
S=V(SaSs+SESc+ScSa) =2 A
Where A = area triangle ABC = % \/((a+b+c) (-a+b+c) (a-b+c) (a+b-c)).



Transformed Quadrangles

In the descriptions of Quadrangle Centers often the technique is used of transforming
one Quadrangle into another Quadrangle. This is done by performing a Transformation
T on Pi wrt triangle Pj.Pk.P1 (for all permutations of (i,j,k,1) € (1,2,3,4)). This produces a
new quadrangle P1'.P2°.P3’.P4’.

Consequently the same transformation T can be performed on quadrangle P1’.P2’.P3’.P4’
producing another quadrangle P1”.P2”.P3”.P4”. This quadrangle is called the 2nd
generation T-Quadrangle.

It is special that often the Reference Quadrangle and the 2nd generation T-Quadrangle
are homothetic. Consequently, this produces a “Center of Homothecy”, in this paper also
named “Homothetic Center”.

Another technique of quadrangle transformation is by determining Triangle Centers
(see [12]) Xi for 3 points Pj, Pk, Pl (for all permutations (i,j,k,1) € (1,2,3,4)). This
produces the (1st) X-Quadrangle.

The same process can be performed on the (1st) X-Quadrangle producing the 2rd X-
Quadrangle. This quadrangle is named the 2nd generation X-Quadrangle.

Again often the Reference Quadrangle and the 2nd generation X-Quadrangle are
homothetic. Again, this produces a “Center of Homothecy”, in this paper also named
“Homothetic Center”.



QA/2: List of QA-Lines

In next list all QA-points are mentioned without prefix “QA-".
All lines in the range QA-P1 - QA-P34 have been taken into account.
When lines have more than 2 points on it, they are defined by the 2 points with lowest

serial number.

These QA-lines are described further with their properties:

QA-L1:
QA-L2:
QA-L3:
QA-L4:
QA-L5:
QA-L6:

P1, P2, P3, P34

P2, P4, P6

P1, P5, P10, P18, P20, P22, P25, P26 (Centroids Line)
P1, P6, P23

P10, P11, P12, P13 (QA-DT -Euler Line)

P1, P15 (Newton-Morley Line)

Other QA-Lines without name but with at least 3 Points on it:
P1, P4, P7

P1, P14, P24

P1, P16, P21

P1, P32, P33

P2, P10, P29

P2, P11, P30

P3, P20, P29

P4, P8, P23, P32
P4, P10, P28

PS5, P17, P19, P21
P5, P29, P34

P6, P28, P29

P10, P16, P19, P31
P12, P14, P33
P12, P29, P30
P20, P21, P31



QA/3: List of parallel QA-Lines

In next list all QA-points are mentioned without prefix “QA-".
All lines in the range QA-P1 - QA-P34 have been taken into account.
When lines have more than 2 points on it, they are defined by the 2 points with lowest

serial number.

These QA-lines are parallel:

- P1.P2//P22.P29

- P1.P6//P3.P4 // QA-Cul-asymptote
- P1.p11//P3.P30//P12.P20 // P13.P22
- P1.P12//P11.P22

- P1.P13//P5.P12// P11.P20

- P1.P16//P19.P20// P22.P31

- P1.P19//P16.P22

- P1.P28//P4.P5

- P1.P29//P2.P20// P3.P5

- P1.P31//P5.P17 // P10.P27 // P16.P20
- P1.P32//P2.PA //P7.P8//P12.P24
- P2.p5//P3.P20//P10.P34

- P2.P10//P25.P34

- P2.P11//P13.P29

- P2.P12//P11.P29

- P2.P16//P3.P21// P29.P31

- P2.P19//P16.P29

- P2.p21//P3.P16

- P2.P23//P3.P32

- P2.P25//P3.P26

- P2.P26// P3.P25

- P3.P10//P26.P34

- P3.P12//P20.P30

- P3.P24//P14.P34

- P3.P30//P12.P20

- P4.P12//P13.P28

- P4.P19//P28.P31

- P4.P20//P22.P28

- P4.P30//P6.P11

- P5.P11//P13.P20

- P5.P16//P20.P21

- P5.P24//P13.P32

- P5.P33//P22.P32

- P10.P14//P11.P33//P20.P24

- P10.P24 // P14.P26

- P10.P27//P16.P20

(4™ line is midline of 1* and 3" line)

(3 line is midline of 1* and 2™ line)

(1° line is midline of 2™ and 3™ line)

(1** line is midline of 2™ and 4™ line)

d (3™ line, 1% line) = 2*d (3™ line, 2™ line)



P11.P16 // P12.P19// P13.P31 (3 line is midline of 1 and 2™ line)
P11.P19 // P13.P16
P11.P31// P12.P16
P12.P20 // P13.P22
P16.P25 // P21.P26
P16.P26 // P21.P25

QA/4: List of perpendicular QA-Lines

In next list all QA-points are mentioned without prefix “QA-".

All lines in the range QA-P1 - QA-P34 have been taken into account.

When lines have more than 2 points, they are defined by the 2 points with lowest serial
number.

It is remarkable that there are no point-to-point QA-lines perpendicular !

Apparently because all QA-points (except QA-P12) have been constructed without using
perpendicular lines.

The only perpendicular settings in a Quadrangle are:

QA-Cu7 (QA-Quasi Isogonal Cubic)-asymptote _| P1.P32 // P2.P4 // P7.P8 // P12.P24.
5th point tangent QA-P2 (see QA-L/1) also _| P1.P32//P2.P4 // P7.P8 // P12.P24.
QA-Co2 (QA-Orthogonal Hyperbola) has 2 perpendicular asymptotes.

QA-Co4 (QA-DT-P3-P12 Orthogonal Hyperbola) has 2 perpendicular asymptotes.
F1.F2 _|_ P4.P12 // P6.P36 // P13.P28,

where F1 and F2 are the foci of the 2 QA-Parabolas (QA-2Co1).

With special property that P4.P12 =2 * P6.P36 =4 * P13.P28.

When we are looking for perpendicular lines between QA-points and also include QG-
points, then there are plenty of perpendicular lines. See QG/4.



QA/5: List of QA-Crosspoints

When 3 lines connecting QA-points concur, the point of concurrence is called a QA-
Crosspoint.

In this list all possible non-registered QA-Crosspoints are listed originating from at least
3 connecting lines of QA-points in the range QA-P1 - QA-P34.

QA-points are mentioned without prefix “QA-".

Lines are defined by the first 2 points on it with lowest serial number.

There are regularly recurring crossing lines with these Crosspoints. This is an indication
for the occurrence of Perspective Fields (see QA-PF1).

When the intersection points have fixed ratios of the distances to the defining points on

the defining lines, then they are mentioned. There are many of them.
When there are no fixed ratios this is indicated by the remark “x : y”.
For point P on line P1.P2 the ratio d1 : d2 means that d(P,P1) : d(P,P2) =d1 : d2, where:

d1 is positive when P is positioned wrt P1 at the same side of the line as P2. If not
then d1 is negative.
d2 is positive when P is positioned wrt P2 at the same side of the line as P1. If not
then d1 is negative.

P1.P4 ~ P3.P6 M P20.P28
P1.P4 A P5.P28 * P6.P34
P1.P8 A P2.P23 ~ P4.P33
P1.P8 A P2.P32 ~ P7.P33

P1.P11 ~ P3.P30 M P12.P20 N P13.P22 Infinity Point
P1.P11 ~ P5.P12 ~ P13.P20 ~ P30.P34 -1:2/1:1/-1:2/3:1
P1.P12 ~ P5.P13 M P24.P32 1:4/4:1/4:1
P1.P12 N~ P11.P26 " P14.P32 1:6/9:-2/4:3
P1.P13 ~ P5.P12 ~ P11.P20 Infinity Point
P1.P13 ~ P11.P22 ™ P12.P20 2:-1/2:-1/1:1
P1.P16 A P19.P20 " P22.P31 Infinity Point
P1.P17 A P10.P16 A P18.P21 x:y/x:y/x:y
P1.P17 A P10.P27 A P16.P18 A:4/x:y/ x:y
P1.P19 ~ P5.P16 M P10.P27 -1:3/2:1 /x:y
P1.P19 ~ P5.P31 M P10.P21 1:4/4:1/2:3
P1.P28 A P5.P6 A P12.P24 x:y/x:y/x:y
P1.P29 ~ P2.P20 ™ P3.P5 Infinity Point
P1.P29 ~ P3.P10 ™ P20.P34 1:1/3:1/3:1
P1.P29 A P6.P20 A P12.P24 x:y/x:y/x:y
P1.P31 A~ P5.P17 ~ P10.P27 ~ P16.P20 Infinity Point
P1.P31 ~ P16.P22 ™ P19.P20 2:-1/2:-1/1:1
P1.P32 ~ P2.P4 N P7.P8 N P12.P24 Infinity Point
P1.P32 ~ P3.P6 " P4.P34 x:y/1:1/3:1
P2.P5 ~ P3.P20 A P10.P34 Infinity Point

P2.P7 N P3.P23 ~ P6.P34

1:2/2:1/4:1
1:4 /4:1/3:2
x:y/x:y/x:y
x:y/x:y/x:y

x:y/x:y/x:y



P2.p7 ~ P3.P33 A P32.P34
P2.P7 ~ P6.P32 A P23.P33
P2.P8 A P3.P4 ~ P7.P34
P2.P8 A P4.P33 » P7.P23
P3.P21 A P29.P31
P19.P29 ~ P21.P34
P3.P10 A P22.P29
P3.P22 A P10.P34
P10.P34 ~ P25.P29
P3.P6 * P23.P34
P3.P5 » P4.P20 ~ P12.P24
P6.P30 M P12.P28

P2.P16
P2.P16
P2.P20
P2.P20
P2.P26
P2.P32

P4.P11
P5.P12
P5.P16
P5.P17
P5.P29
P5.P31

P10.P21
P10.P21
P10.P21
P10.P27
P10.P27
P10.P27
P10.P33
P11.P16
P11.P31
P16.P17

A

A

A

A

A

A

A

A

A

A

A

A

A

N

A

A

P13.P20
P10.P21
P10.P27
P12.P24

A

A

N

A

P30.P34
P19.P20
P16.P20
P20.P28

P10.P27 ™ P19.P20
P10.P14 ~ P11.P33 ~ P20.P24
P10.P21 ™ P16.P18

P16.P20
P16.P26
P19.P26
P16.P22
P16.P25
P19.P25
P11.P14
P12.P19
P12.P19
P18.P21

A

A

N

A

A

P17.P20
P22.P31
P19.P25
P25.P31
P20.P21
P19.P26
P26.P31
P26.P32
P13.P31
P13.P16
P19.P20

'y /2:3/9:-4
ty [ xzy [ xey
y /xiy /[ xuy
y /xiy /[ xuy
Infinity Point
2:-1/2:-1/3:-2
1:1/3:-1/-1:2
2:1/4:-1/-1:2
6:-1/2:3/2:3
x:y/x:y/x:y
x:y/x:y/x:y
2:1/1:2/4:-1
1:1/-1:2/3:-1
2:-1/-2:3/2:-1
Infinity Point
x:y/x:y/x:y
4:-1 /x:y/2:1
Infinity Point
x:y/x:y/x:y
-1:3/1:1/-1:2
1:1/3:-1/3:1
2:5/6:1/4:3
x:y/4:-1/1:2
x:y/3:2/6:1
x:y/3:-1/-2:3
2:3/3:2/-4:9
Infinity Point
2:-1/1:1/-1:2
x:y/x:y/x:y

xX X X X



QA/6: QA-Conversion CT -> DT - coordinates

Let P1.P2.P3.P4 be the Reference Quadrangle.

Let P1.P2.P3 be the random Reference Component Triangle en let P4 be the 4th point.
The QA-Diagonal Triangle S1.52.S3 is the Cevian Triangle of P4 wrt P1.P2.P3.

Let Q be some point to be converted from CT- to DT-coordinates.

S3X

Diagonal
Triangle

Component
Triangle

P2 Pa\ 3

Let Qc (xc:yc:zc) be the presentation of Q in barycentric coordinates wrt the
Component Triangle. Let Qd (xd : yd : zd) be the presentation of Q in barycentric
coordinates wrt the Diagonal Triangle.
Now Qc = xc.cfc1.P1 + yc.cfc2.P2 + zc.cfc3.P3 wrt the Reference Component Triangle
and Qd = xd.cfd1.S1 + yd.cfd2.S2 + zd.cfd3.S3 wrt the Diagonal Triangle,
where:

e (xc:yc:zc) are the barycentric coordinates of Q wrt the Component Triangle,

(xd : yd : zd) are the barycentric coordinates of Q wrt the Diagonal Triangle,

cfcl, cfc2, cfc3 are the Compliance Factors of the Component Triangle,
e cfdl, cfd2, cfd3 are the Compliance Factors of the Diagonal Triangle.
Explanation of Compliance Factors can be found at [26b page 40].
Since the Component Triangle is the Reference Triangle, the Compliance Factors of the
Component Triangle are all equal 1.
The Compliance Factors of the Diagonal Triangle are:
e cfd1l=Det][Gd, S2,S3] / Det[S1, S2, S3],
e cfd2 =Det[S1, Gd, S3] / Det [S1, S2, S3],
e cfd3 =Det[S1,S2, Gd] / Det [S1, S2, S3],
where Gd = the Centroid of the Diagonal Triangle and “Det” is the abbreviation for
“Determinant”.
Calculation gives 2 presentations of the coordinates of Q wrt the Component Triangle:
e Qc=(xc:yc:zc),
e Qd=(p(q+r)(pyd+qyd+pzd+rzd):q(p+r) (pxd+qxd+qzd+rzd):
r(p+q)(pxd+rxd+qyd+ryd))



Since Qc and Qd present the same point we can now calculate the coordinates of Q wrt
the Diagonal Triangle:
o (xd:yd:zd)=
((g#r)(@rxc-pryc-pqzc) : (p+r)(-qrxc+pryc-pqzc) : (p+q)(-grxc-pryc+pqzc)).
However we have to bear in mind that the variables in these coordinates are expressions
in (a,b,c) and (p,q,r), which are variables wrt the Component Triangle.

Therefore the CT > DT-conversion of P(x : y : z) consists of 3 consecutive steps:
1. Transform Point (x,y, z) -->
((q+r)(qrx -pry-pqz) :
(p+r)(-qrx+pry-pqz) :
(p+q)(-qrx-pry+pqz))
2. Replace: p-->(-p+q+r)
q-->(p-q+r)
r-->(p +q-r)
3. Replace: az--> (4p2(SAq2+SBq2-2SAqr+SArz2+SCr2)/((p+q-r)2(p-q+r)?)
b2--> (4q2(SAp2+SBp2-2SBpr+SBr2+SC r2))/((p-q-1r)2(p+q-1)?)
c2--> (4r2(SAp?+SCp?-2SCpq+SB q2+5Cq?)) /((p-q-1)?(p-q+1)?)



QA/7: QA-Conversion DT -> CT - coordinates

Let S1.S2.S3 be the QA-Diagonal Triangle of the Reference Quadrangle P1.P2.P3.P4.
Let S1.S2.S3 be the Reference Triangle.

Let P4 be an arbitrary point of the Quadrangle with coordinates (p:q:r) wrt the DT.
The Component Triangle P1.P2.P3 is the Anticevian Triangle of P4 wrt S1.S2.S3.
Let Q be some point to be converted from DT- tot CT-coordinates.

S3X\

Diagonal
Triangle

Some
Point
Component Q
Triangle

/ I52 P3\ S2

Let Qc (xc:yc:zc) be the presentation of Q in barycentric coordinates wrt the
Component Triangle. Let Qd (xd : yd : zd) be the presentation of Q in barycentric
coordinates wrt the Diagonal Triangle.

Now Qd = xd.cfd1.S1 + yd.cfd2.S2 + zd.cfd3.S3 wrt the Reference Diagonal Triangle
also Qc = xc.cfc1.P1 +yc.cfc2.P2 + zc.cfc3.P3 wrt the Diagonal Triangle,

where:

(xd : yd : zd) are the barycentric coordinates of Q wrt the Diagonal Triangle,
(xc: yc: zc) are the barycentric coordinates of Q wrt the Component Triangle,

cfcl, cfc2, cfc3 are the Compliance Factors of the Component Triangle,

cfd1, cfd2, cfd3 are the Compliance Factors of the Diagonal Triangle.
Explanation of Compliance Factors can be found at [26b page 40].
Since the Diagonal Triangle is the Reference Triangle, the Compliance Factors of the
Component Triangle are all equal 1.
The Compliance Factors of the Component Triangle are:
e cfcl = Det [Gc, P2, P3] / Det [P1, P2, P3]
e cfc2 =Det[P1, Gc, P3] / Det [P1, P2, P3]
o cfc3 =Det[P1, P2, Gc] / Det [P1, P2, P3]
where Gc = the Centroid of the Component Triangle and “Det” is abbreviation for
“Determinant”.
Calculation gives 2 presentations of the coordinates of Q wrt the Diagonal Triangle:
e Qd=(xd:yd:zd),



o Qc=
(-p(p?xc-q@2xc+2qrxc-r2xc+p2yc-q2yc-2pryc+riyc+p2zc-2pqzc+q2zc-r2zc):
-q (-p?xc+q@2xc-2qrxc+r2xc-piyc+qiyc+2pryc-riyc+p2zc-2pqzc+q?zc-r2zc):
r(-p2xc+g2xc-2qrxc+rixc+p2yc-qiyc-2pryc+r2yc-p?zc+2pqzc-q?zc+r?zc))
Since Qc and Qd present the same point we can now calculate the coordinates of Q wrt
the Component Triangle:
e (xc:yc:zc)=
(p(p-q-1)(ryd+qzd):q(-p+q-r)(rxd+pzd): r(-p-q+r)(qxd+pyd).
However we have to bear in mind that the variables in these coordinates are expressions
in (a,b,c) and (p,q,r), which are variables wrt the Diagonal Triangle.

Therefore the CT > DT-conversion of P(x : y : z) consists of 3 consecutive steps:
1. Transform Point (x:y:z)-->
(p(p-q-1)(ry+qz):
q(-p+q-r)(rx+pz):
r(-p-q+r)(gx+py))
2. Replace: p-->(q+r)
q-->(p+r)
r-->(p+q)
3. Replace: a?-> (p2(q-r)2SA+q?(p+r)2SB+(p+q)?r2SC)/((p+q)?(p+r)?),
bz->(p2(q+r)2SA+q?(p- r)2SB+ (p+q)?rzSC)/((p +q)? (q +1r)?),
c2-> (p2(q+r)2SA+q2(p+r)2SB+(p-q)2r2SC)/((p +r)?(q+r)?).



5.1 QUADRANGLE CENTERS
QA-P1: QA-Centroid or Quadrangle Centroid

The Centroid of a Quadrangle is actually the center of gravity of a Quadrangle, replacing
the points by equal masses.

The usual way to construct it is by connecting midpoints of opposite sides of a chosen
component Quadrigon. The two connecting lines as well as the line connecting the
midpoints of the diagonals meet at the Centroid.

Pi = Quadrigon Vertices
Mij = Midpoint (Pi,Pj)

QA-P1 = Centroid

However there is also another way to construct the Quadrangle Centroid using
component triangles. This way of construction makes it clear that it really is a
Quadrangle Center because it can be constructed in the same way for all component
triangles of the Quadrangle. This picture shows that the Centroid can be constructed by
partitioning Gi.Pi in parts 3 : 1.

Pi = Vertices of the Quadrangle The Centroid of a Quadrangle can be constructed
Gi = Centroids of component Triangles Pj.Pk.PI by partitioning Pi.Gi in parts (3) : (1) fori=1,2,3,4.

P4 P4

1st CT-Coordinate:
2p+q+r



1st DT-Coordinate:

p? (-p*+q* +1?)

Properties:

QA-P1 lies on these QA-lines:
- QA-P2.QA-P3 (1:1=>QA-P1=Midpoint of QA-P2.QA-P3)
- QA-P4.QA-P7
- QA-P5.QA-P10 3:1)
- QA-P6.QA-P23

- QA-P14.QA-P24 (-1:3)
- QA-P16.QA-P21 (1:1=>QA-P1=Midpoint of QA-P16.QA-P21)
- QA-P32.QA-P33 (1:2)

QA-P1 lies on these QG-lines:

- QG-P1.QG-P4 (3:1)

- QG-P2.QG-P12

- QG-P4.QG-P8 (1:1=>QA-P1 = Midpoint of QA-P4.QA-P8)
- QG-P5.QG-P10 (1:1=>QA-P1 = Midpoint of QA-P5.QA-P10)
- QG-P7.QG-P9 (1:1=>QA-P1 = Midpoint of QA-P7.QA-P9)

QA-P1 = Center of the Nine-point Conic QA-Col.

QA-P1 = QA-P10-Ceva conjugate of QA-P16 wrt the QA-Diagonal Triangle.
QA-P1 = the Involutary Conjugate (see QA-Tf2) of QA-P20.

QA-P1 = Homothetic Center of the 1st Nine-point Quadrangle and the 1st Midray
Quadrangle.

QA-P1 = the point of tangency of the two congruent tangent circumcircles of the
triangles defined by the 3 QA-versions of QG-P7 (1st Quasi Nine-point Center)
and the 3 QA-versions of QG-P9 (2rd Quasi Circumcenter).

QA-P1 = QA-Centroid (QA-P1) of the quadrangle formed by the vertices of the
Diagonal Triangle and QA-P5.

QA-P1 = Gergonne-Steiner (QA-P3) point of the quadrangle formed by the
vertices of the Diagonal Triangle and QA-P3.

QA-P1 lies on the Conic QA-Co5.

QA-P1 lies on the Cubics QA-Cu2, QA-Cu3, QA-Cu5, QA-Cub.



QA-P2: Euler-Poncelet Point

Euler mentioned this point in one of his numerous papers.
In 1821 Brianchon and Poncelet, both captains of artillery, wrote a book [1] in which the
orthogonal hyperbola and this point were worked out.
The Euler-Poncelet Point can be defined in different ways.
1. Itis the center of the orthogonal hyperbola through P1, P2, P3 and P4.
2. Itis the common point of the Nine-point Circles of the triangles Pj.Pk.Pl for all
permutations of (j,k,1) € (1,2,3,4).
This point is also described at [2c] and [8] and [15f].

s Orthogonal
Quadrangle
Hyperbola

Pi = vertices of the Quadrangle
Ci = Circle through Midpoints Pj.Pk, Pk.PI, PI.Pj

QA-P2 = Euler-Poncelet Point

1st CT-Coordinate:

p (Seq-Scr) (b2r (p+q) - c2q (p+r))
1st DT-Coordinate:

1/(b?12 - 2 q?)

Properties:
¢ QA-P2lies on these QA-lines:
- QA-P1.QA-P3 (-1:2=>QA-P2 = Reflection of QA-P3 in QA-P1)
- QA-P4.QA-P6 (2:-1=>QA-P2 = Reflection of QA-P4 in QA-P6)
- QA-P10.QA-P29 (-2 : 3 =>QA-P2 = AntiComplement of QA-P29
wrt QA-DT)

- QA-P11.QA-P30 (-1: 2 =>QA-P2 = Reflection of QA-P30 in QA-P11)
- QA-P12.QA-P36 (2:-1=>QA-P2 = Reflection of QA-P12 in QA-P36)
e (QA-P2is the center of the Orthogonal Hyperbola through P1, P2, P3, P4.
e (QA-P2isthe common point of Nine-point Circles Pi.Pj.Pk for all permutations of
(ij,k1) € (1,2,3,4).



QA-P2 is the point of concurrence of the four circles determined by the feet of the
perpendiculars dropped from each of the four points onto the sides of the
triangle formed by the other three. See [13] Nine-point Circle.

QA-P2 is the Homothetic Center of the Antigonal Quadrangle and the Reference
Quadrangle (the Antigonal of a point X is the isogonal conjugate of the inverse in
the circumcircle of the isogonal conjugate of X, see [17a]).

QA-P2 is the Midpoint of the reflections of QA-P4 in Pi.Pj and Pk.P] (note Eckart
Schmidt).

Let M = Diagonal Point Pi.Pj * Pk.Pl.

Now M.QA-P4 and M.QA-P2 are symmetric wrt the angle bisector of lines Pi.Pj
and Pk.Pl for all permutations of (i,j,k,1) € (1,2,3,4) [16 page 8].

QA-P2 is the common point of the circumcircles of the Pedal Triangles Pi.Pj.Pk
wrt Pl for all permutations of (i,j,k,1) € (1,2,3,4). See [8].

QA-P2 lies on the circumcircle of the QA-Diagonal Triangle.

QA-P2 lies on the circumcircles of triangles formed by the 3 QA-versions of QG-
P1, QG-P6, QG-P10 as well as QG-P14.

QA-P2 lies on the Nine-point Conic (QA-Co1).

QA-P2 is concyclic with QA-P7, QA-P8 and QA-P23.



QA-P3: Gergonne-Steiner Point

This point is called after Gergonne and Steiner because in the “Annales de Gergonne” the
question was posed for the Quadrangle Conic with least eccentricity. Steiner solved this
problem. The center of this conic happens to be QA-P3.

It is also the common point of the 4 circles defined by the midpoints of Pi.Pj, Pi.Pk, Pi.Pk
for all permutations of (i,j, k1) € (1,2,3,4). This common circle point is described shortly
without name in [2c] Jean-Louis Ayme, Le Point- d’Euler-Poncelet d‘un Quadrilatere on
page 10. According to Jean-Louis Ayme this point was mentioned in the writing of Igor
Federovitch Sharygin “Problemas de geometria”.

It is strongly related to QA-P2 (the Euler-Poncelet Point) in construction with circles of
the same size as well as in position within the Quadrangle.

QA-P3 always appears at the “opposite side” of the reference quadrangle than QA-P2.
The QA-Centroid QA-P1 is their midpoint.

Pi = vertices of the Quadrangle

Ci = Circle through Midpoints Pi.Pj, Pi.Pk, Pi.PI

(rays from Pi)
QA-P3 = Gergonne-Steiner Point

1st CT-Coordinate:
(@2 (p+q)(p+r)-b2p( p+q)-c2p (p+1r))*
(a2qr(Zp+q+r)-b2pr(q+r)-c2pq(q+r))

1st DT-Coordinate:
1/(-2a%2q?r? +b?r2 (p2 + q2-r?) + c2 g2 (p? - q* +r?))

Properties:
¢ QA-P3lies on these QA-lines:
- QA-P1.QA-P2 (-1: 2 =>QA-P3 = Reflection of QA-P2 in QA-P1)
- QA-P20.QA-P29 (2:-1=>QA-P3 = Reflection of QA-P20 in QA-P3)
- QA-P22.QA-P35 (5:-4)
e The Reflection of Piin QA-P3 is a point on the circumcircle of Pj.Pk.Pl.
e (QA-P3is the Euler-Poncelet Point (QA-P2) of the 1st Circumcenter Quadrangle
(note Eckart Schmidt).
e (QA-P3is the Homothetic Center of the Antigonal Quadrangle and the 1st Centroid
Quadrangle (the Antigonal of a point X is the isogonal conjugate of the inverse in
the circumcircle of the isogonal conjugate of X, see [17a]).



QA-P3 is the Perspector of the QA-Diagonal Triangle (QA-Tr1) and the Triangle
formed by the Miquel points of the 3 Quadrigons of the Reference Quadrangle
(QA-Tr2). See [15] where QA-P3 is called the “Z-Punkt” by Eckart Schmidt.
QA-P3 is the Isogonal Conjugate of the Complement of QA-P4 wrt the QA-
Diagonal Triangle QA-Tr1. See [15f] theorem 25.

QA-P3 is the Isogonal Conjugate of the AntiComplement of QA-P28 wrt the QA-
Diagonal Triangle QA-Tr1.

QA-P3 is the Isogonal Conjugate of QA-P4 wrt the Miquel Triangle QA-Tr2 [15c
page 5].

QA-P3 lies on the circumcircle of the triangle formed by the 3 QA-versions of the
1st Quasi-Circumcenters (QG-P5).

QA-P3 lies on the circumcircle of the triangle formed by the 3 QA-versions of the
2nd Quasi-De Longchamps Points (not registered QG-point).

QA-P3 is the common intersection point of the 3 QA-versions of QL-Ci6, the
Dimidium Circle (note Eckart Schmidt).

QA-P3 lies on the Nine-point Conic (QA-Co1).

QA-P3 lies on the conic QA-Co4.

QA-P3 lies on the QA-DT-P4 Cubic (QA-Cul).



QA-P4: Isogonal Center

This point is mentioned by Clawson [22] as ,Isoptic (or Bennett) point”. As shown in the
picture below, it is the Inverse of the [sogonal Conjugate of Pi wrt (circumcircle) PjPkPL
Many properties of this point are listed by Stark [16] under the name “Tangentialpunkt”
wrt the QA-DT-P4 Conic (QA-Cul). Other properties also can be found in [15f].

In the discussion of Hyacinthos messages (See [11] #19635, #19649) the point is seen as
Homothetic Center. It is called the Isogonal Center because it can be constructed as
Homothetic Center of the Reference Quadrangle with the 2nd Isogonal Conjugate
Quadrangle and because it has an isogonal conjugate relationship with basic points QA-
P2 and QA-P3 (see properties below).

Pi = Vertices

Qi = Isogonal Conjugates of Pi wrt Pj Pk PI

Qi* = Inverse of Qi wrt circle(Pj,Pk,PI)

QA-P4 = Isogonal Center

1st CT-Coordinate:

a? (a?2qr/p +b?r+c?q -2 Sa (p+q+r))
1st DT-Coordinate:

b2 c2 p* - at g2 r2 + (b2 - ) p2 (-c2 @2 + b2 r?)

Properties:
e QA-P4 lies on these QA-lines:
- QA-P1.QA-P7
- QA-P2.QA-P6 (2:-1=>QA-P4 = Reflection of QA-P2 in QA-P6)
- QA-P8.QA-P23

- QA-P10.QA-P28 (4:-3)
e QA-P4 = Homothetic Center of the 2nd Circumcenter Quadrangle. See [23].
= Homothetic Center of the 2nd Perpendicular Bisector Quadrangle. See[9].
e QA-P4 = Homothetic Center of the 2n [sogonal Conjugate Quadrangle
¢ QA-P4 = Homothetic Center of the 1st Circumcenter Quadrangle



and the 1stIsogonal Conjugate Quadrangle. See [11] #19635.
QA-P4 = Inverse of Isogonal Conjugate of Pi wrt (circumcircle) Pj.Pk.PL See [18].
QA-P4 = Isogonal Conjugate of the Reflection of Pi in QA-P2 wrt Pj.Pk.PL. See [18].
QA-P4 = Isogonal Conjugate of QA-P3 wrt the Miquel Triangle QA-Tr2.
See [15c] page 5.
QA-P4 = Anticomplement of the Isogonal Conjugate of QA-P3 wrt the QA-
Diagonal Triangle QA-Tr1. See [15f] theorem (25).
QA-P4 lies on the 5t point tangent (see QA-L/1) at QA-P3.
QA-P4 is also the second intersection point of the circles through the Miquel
Point (QL-P1) and 2 opposite vertices of a QA-Quadrigon.
QA-P4 lies on the QA-DT-P4 Cubic (QA-Cul).
Let M = Diagonal Point Pi.Pj * Pk.Pl.
Now M.QA-P4 and M.QA-P2 are symmetric wrt the angle bisector of lines Pi.Pj
and Pk.P] for all permutations of (i,j,k1) € (1,2,3,4). See [16] page 8.
Let ABCD be a Quadrangle.
The 4 circles ABC, ABD, BCD, CAD can be seen from QA-P4 under the same angle.
That's why this point is also called the Isoptic Point.
This feature is especially the case when 1 of the 4 points lies within the triangle of
the other 3 points (see [16] and [22]).
At Quadrigon-level the Pedal Quadrangle of QA-P4 is a parallelogram with center
QA-P6 (Parabola Axes Crosspoint). See [15 f] theorem (23).
At Quadrigon-level QA-P4 is the Clawson-Schmidt Conjugate of the Diagonal
Crosspoint (QG-P1). See [15f] theorem (28).
The Isogonal Center of the Quadrangle S1.52.5S3.QA-P4 is the Involutary
Conjugate (QA-Tf2) of QA-P4 (note Eckart Schmidt).



QA-P5: Isotomic Center

The Isotomic Center is the Perspector of the Reference Quadrangle with the Isotomic
Conjugate Quadrangle.

Stated in another way:

The Isotomic Center is the common intersection point of lines Pi.Qi, where Pi = ith
quadrangle vertice, Qi = [sotomic Conjugate of Pi wrt Pj.Pk.Pl for all permutations of
(ij,k 1) € (1,2,3,4).

Pi = Quadrangle Vertices

P3 Qi = Isotomic conjugate of Pi wrt Pj.Pk.PI

QA-P5 = Isotomic Center

Construction:
QA-P5 is the Reflection of the Anticomplement of QA-P1 (wrt the QA-Diagonal
Triangle) in QA-P1.

1st CT-Coordinate:

qr (q+r) (2p+q+r) (note that this formula is independent of a,b,c)
1st DT-Coordinate:

-4 (p*+q?r?) + (p? + q2 + r?)?

Properties:
e QA-P5 lies on these QA-lines:
- QA-P1.QA-P10 =QA-L3 (4:-3)
- QA-P17.QA-P19

- QA-P29.QA-P34 (3:-2)
e QA-P5 lies on these QG-lines:
- QG-P2.QG-P4 (3:-2)

e (QA-P5 is the Reflection of:

- QA-P20in QA-P1

- QA-P19in QA-P21.
e QA-P5is the AntiComplement of QA-P20 wrt the QA-Diagonal Triangle.
e QA-P5.QA-P1:QA-P1.QA-P10:QA-P10.QA-P20=3:1:2.



QA-P5 forms with the vertices of the QA-Diagonal Triangle a quadrangle that
shares the same centroid with the Reference Quadrangle.

QA-P5 is the Involutary Conjugate (see QA-Tf2) of QA-P17.

QA-P5 lies on the Conic QA-Co4.

QA-P5 lies on the Cubics QA-Cu2 and QA-Cu4.



QA-P6: Parabola Axes Crosspoint

The Parabola Axes Crosspoint is the intersection point of the axes of the 2 parabolas that
can be constructed through P1, P2, P3, P4. Itis also is the Midpoint of the Euler-Poncelet
Point QA-P2 and the Isogonal Center QA-P4.

Because these parabolas only can be constructed when the Reference Quadrangle is not
concave a better definition of this point is: “the Midpoint of the Euler-Poncelet Point and
the Isogonal Center”.

Because the property related to the parabolas is much more appealing this point after its
primary function.

It also can be reasoned that in a concave quadrangle this point represents the
intersection point of the axes of the imaginary parabolas.

QA-P2 = Euler-Poncelet Point
QA-P6 = Parabola Axes Crosspoint

QA-P4 = Isogonal Center

F2.g

P1 P2

1st CT-Coordinate:

a*q’rz+c2p2q?Sp+b2p?r2Sc - pqr(a(p+q+r)Sa+2(pS2-qSe?-rSc?))
1st DT-Coordinate:

p2 (b2 Sp 12+ c2Sc g2 - c2 b2 p2)

Properties:
e QA-P6 lies on these QA-lines:
- QA-P1.QA-P23
- QA-P2.QA-P4 (1:1=>QA-P6 =Midpoint QA-P2.QA-P4)

- QA-P28.QA-P29 (-1: 2 =>QA-P6 = Reflection of QA-P29 in QA-P28)
¢ (QA-P6 is the Involutary Conjugate (see QA-Tf2) of QA-P30.
¢ QA-P6 lies on the Simson Line (QA-P6.QA-P36) of QA-P2 occurring on the
circumcircle of the QA-Diagonal Triangle.
e Forall QA-Quadrigons QA-P6 is the center of the Pedal Quadrangle of QA-P4
(Isogonal Center) , which is a parallelogram.
See [15 f] theorem (23).



QA-P7: QA-Nine-point Center Homothetic Center
The QA-Nine-point Homothetic Center (QA-P7) is the homothetic center of the

Reference Quadrangle with the Quadrangle composed of four 2nd generation Nine-point
Centers (point X(5) in ETC [12]).

Y
Y
.

Qi = Ninepoint Center (X5) of Triangle Pj.Pk.PI
Ri = Ninepoint Center (X5) of Triangle Qj.Qk.QlI

P
P
"

QA-P7 = Ninepoint Homothetic Center

1st CT-Coordinate:
a*qr/p+3pS2+qSe2+rSc2+(p+q+r)(3S%2+2SsSc)
1st DT-Coordinate:
-(3S2-542) p*+ (3 S2+ SaSp+ Spc?) p2q2 + (3 S2+ SaSc+ Scb?) p2r?-a*q?r?

Properties:
e QA-P7 lies on this line:
- QA-P1.QA-P7
e QA-P7.QA-P8 // QA-P2.QA-P4.QA-P6.
e QA-P7is concyclic with QA-P2, QA-P8 and QA-P23.



QA-P8: Midray Homothetic Center

The Midray Homothetic Center (QA-P8) is the homothetic center of the Reference
Quadrangle with the Quadrangle composed of four Midray Circumcenters.

The Midray Circumcenters are the Circumcenters of the triangles Mj;.Mix.M; for all
permutations of (i,j, k1) € (1,2,3,4), where Mj; = Midpoint(Pi,Pj), etc.

Qi = Midray Circumcenter of Pi wrt Pj.PKk.PI
Ri = Midray Circumcenter of Qi wrt Qj.Qk.Ql
QA-P8 = Midray Homothetic Center

R1.R2.R3.R4 is homothetic with P1.P2.P3.P4

1st CT-Coordinate:
-a* q2r? + 2 b2 Sc p?r? + 2 ¢2 Sg p?q?
+4a2Spapqr(p+gq+r)+pqr(4S2p+atciq+azb?r)
1st DT-Coordinate:
(3S2-S542)p*-(3S2+(Sa-3¢c2)Se)p?2qg%-(3S2+(Sa-3 b2)Sc)p?r2-3a*qg?r?

Properties:
e QA-P8lies on this line:
- QA-P4.QA-P23
e (QA-P8is collinear with QA-P1 (Centroid) and the Reflection of QA-P4 in QA-P2.
e QA-P7.QA-P8 // QA-P2.QA-P4.QA-P6.
e QA-P8is concyclic with QA-P2, QA-P7 and QA-P23.



QA-P9: QA-Miquel Center

Derived from the famous Miquel Point occurring in the QL-environment, there also is a
Miquel Center in the QA-environment.

It is the common point of the 3 Miquel Circles constructed in the 3 Component
Quadrigons of the Reference Quadrangle.

Miquel Circle-1

Miquel {f:irc\e—ﬂ o

Miquel Circle-2 €

i e a o
L P T P2
. b T i
\ ,
.

Mlqugl,@ir/de-B e

1st CT-Coordinate:
a2 Ty T, (-a2 T3 Ta/ (g+r) +b2T3 T/ (p+r) +c2 T4 Ts / (p+q))
-a2b? ¢ (p+q+r) (-a2 (p+q+r) T7 Ts / (q+r) + T2 Ts To / (p+r) + T1 Te T7 / (p+q))

where:
Ti=+a2q2+b2p2+2Scpq To=+a2r2+c2 p2+2Sgpr
Ts=+b2r+Saq Ts4=+C2q+SarT
Ts=+b>p+Scq Te=+c2p+Spr

T7=+q(Scr-Ssq) +p(Saq+b?r)
Tg=+r(Seq-Scr) +p(Sar+c2q)
To=+r(Soq+Sar)+p(-Scr+c2q)

Properties:

e QA-P9is concyclic with the 3 vertices of the Miquel Triangle (see QA-Tr2).

¢ QA-P9 is the Reflection of the intersection point of the QA-Cul Cubic and its
asymptote in the circumcenter of the Miquel Triangle (note Eckart Schmidt).

e The 3 mutual intersection points of the 3 construction circles unequal QA-P9 lie
on the Nine-point Conic of the Circumcenter Quadrangle of the Reference
Quadrangle.

The Circumcenter Quadrangle is the quadrangle formed by the Circumcenters of
the 4 component triangles of the Reference Quadrangle.

e The Reference Quadrangle and the Quadrangle formed by the vertices of the QA-
Diagonal Triangle and QA-P4 (Isogonal Center) share the same QA-Miquel Center.



QA-P10: Centroid of the QA-Diagonal Triangle

QA-P10 is the Centroid of the Diagonal Triangle of a Quadrangle.

The Diagonal Triangle of a Quadrangle P1.P2.P3.P4 is the triangle built from the
intersection points S1 = P1.P2 *~ P3.P4,S2 =P1.P3 * P2.P4 and S3 = P1.P4 * P2.P3.
These points have CT-coordinates: S1=(p:q:0), S2=(p:0:r), S3=(0:q:1).
Because of the symmetry in S1, S2, S3 all Triangle Centers wrt S1.S2.S3 as described in
[12] Clark Kimberling’s Encyclopedia of Triangle Centers also will be Quadrangle
Centers. However only those points contributing to the points derived from component
Quadrigons or component triangles will be described here as Quadrangle Centers.

The Centroid of the Diagonal Triangle does contribute to the points described earlier.
The relation with the Isotomic Center QA-P5 is most special.

-
.

-
e

Biagonal Triangle

e
L)

%, S1

QA-P5,

.
-
.
-
e
Pl

Isotomic Center

1st CT-Coordinate:
p(g+r)(2p+q+r)

1st DT-Coordinate:

1

Properties:

e QA-P10 lies on these QA-lines:
(4:
(2:
(4:
(1:
(1:
(2:

QA-P1.QA-P5
QA-P2.QA-P29
QA-P4.QA-P28
QA-P11.QA-P12
QA-P16.QA-P19
QA-P30.QA-P36

-1)

1 => QA-P29=Complement of QA-P2 wrt QA-DT)
-1)

2 => QA-P11=Complement of QA-P19 wrt QA-DT)
2 => QA-P16=Complement of QA-P19 wrt QA-DT)
1 => QA-P36=Complement of QA-P30 wrt QA-DT)



QA-P10 lies on this QG-line:

- QG-P1.QG-P2 (2:1=>QG-P2=Complement of QA-P1 wrt QA-DT)
QA-P10 is the Reflection of QA-P25 in QA-P26.
QA-P5.QA-P1:QA-P1.QA-P10: QA-P10.QA-P20=3:1:2.
This is the same ratio as used in the construction of the Quadrangle Centroid G
using component triangles (when Gi = Centroid Pj.Pk.Pl then Pi.G: G.Gi =3 : 1).
As a consequence Quadrangle S1.S2.S3.QA-P5 and the Reference Quadrangle
P1.P2.P3.P4 share the same Centroid (QA-P1).
QA-P10 is the Involutary Conjugate (see QA-Tf2) of QA-P16.



QA-P11: Circumcenter of the QA-Diagonal Triangle

QA-P11 is the Circumcenter of the Diagonal Triangle of a Quadrangle.

QAP
/ Circumcenter DT

—-_.___directrix-1

direcfrix—Z

Parabola-2

1st CT-Coordinate:
-a2qr(2Sap?qr+Ta)+ (ScTepr+SsTcpq) +252p2qr(q+r) (p+q+r),
where:
Ta=-a2q2r2+b2p2r2+c2p2q?
Tg=+a2q2r2-b2p2r2+c2p2q2
Tc=+a2q2r2+b2p2r2-c2p2q2
1st DT-Coordinate:
a2 Sa

Properties:
e QA-P11 lies on these QA-lines:
- QA-P2.QA-P30 (1:1=>QA-P11=Midpoint QA-P2.QA-P30)
- QA-P10.QA-P12 (1:2=>QA-P11=Complement of QA-P12 wrt QA-DT)
e QA-P11 point is the center of the circumscribed circle through the vertices of the
QA-Diagonal Triangle. This circle is interesting because QA-P2 (Euler-Poncelet
Point) is situated on it.
e (QA-P11 is the intersection point of the directrices of the 2 parabolas of the
Reference Quadrangle.
e QA-P11is collinear with QA-P10 (Centroid DT), QA-P12 (Orthocenter DT), QA-
P13 (Nine-point Center DT) on the Euler Line of the QA-Diagonal Triangle.
e QA-P11 is the Gergonne-Steiner point (QA-P3) as well as the Isogonal Center (QA-
P4) from the Quadrangle formed by the vertices of the Diagonal Triangle and QA-
P2 (Euler-Poncelet Point).



e (QA-P11is concyclic with the Involutary Conjugate (see QA-Tf2) of QA-P11 and
the foci of the QA-Parabolas QA-2Co1.



QA-P12: Orthocenter of the QA-Diagonal Triangle

QA-P12 is the Orthocenter of the Diagonal Triangle of a Quadrangle.

~OAP11
+* Circumcenter DT

Diagonal Triangle

5, 51

Euleriine DT

. QA-P12
~~ Qrthocenter DT

1st CT-Coordinate:
(2Sap?qr+Ta) (a2qr+Sepq+Scpr),
where:
Ta=-a2q2r2+b2p2r2+c2p2 g2
1st DT-Coordinate:
S Sc

Properties:
e QA-P12 lies on these QA-lines:
- QA-P2.QA-P36 (2:-1=>QA-P12 is Reflection of QA-P2 in QA-P36)
- QA-P10.QA-P11 (-2:3)
- QA-P14.QA-P33 (-2:3)
- QA-P29.QA-P30 (-1:2=>QA-P12 is Reflection of QA-P30 in QA-P29)
e (QA-P12is the Involutary Conjugate (see QA-Tf2) of QA-P23.



QA-P13: Nine-point Center of the QA-Diagonal Triangle

QA-P13 is the Nine-point Center of the Diagonal Triangle of a Quadrangle.

It is also the center of the circumcircle of the Medial Triangle (MT) of the QA-Diagonal
Triangle (DT).

The sides of the MT are tangential to both Quadrangle Parabolas.

QAP
.~ Circumcenter DT

o1

Euleyiine DT

SQAP12
/,’ Orthocenter DT

1st CT-Coordinate:
-a2qr(2Sap?qr+Ta) +(ScTepr+SsTcpq)-2S2p2qr(g+r) (3p+q+r),
where:
Ta=-a2q2r2+b2p2r2 + 2 p2 g2
Tg=+a2 q2r2-b2 p2r2 + c2 p2 g2
Tc=+a2q@?r2+b2p2r2-c2p2q?
1st DT-Coordinate:
S2+ Sg Sc

Properties:
e QA-P13lies on these QA-lines:
- QA-P10.QA-P11 (-1:3)
- QA-P29.QA-P36 (1:1=>QA-P13 = Midpoint QA-P29.QA-P36)
- QA-P30.QA-P35 (5:-1)
e QA-P13 = Midpoint of QA-P11.QA-P12.
e (QA-P13 =the center of QA-Ci2, the circumcircle of the Medial Triangle (MT) of
the QA-Diagonal Triangle (DT).
e QA-P13 =QA-centroid (QA-P1) of the quadrangle formed by the vertices of the
Diagonal Triangle and QA-P12.
e (QA-P13 = QA-Centroid of Quadrangle QA-P2.QA-P3.QA-P12.QA-P20.



QA-P14: Centroid of the Morley Triangle

The QL-Morley Points (QL-P2) of the 3 Quadrigons of the Reference Quadrangle form a
triangle Mo1.MoZ2.Mo3.

The QL-Quasi Ortholines (see paragraph QL-L6: Quasi Ortholine) of the 3 Quadrigons of
the Reference Quadrangle pass through Mo1, Mo2, Mo3 and happen to be the medians of
the Morley Triangle.

Their common intersection point is the QA-Quasi Ortholine Point.

This point is also the Centroid of the Morley Triangle.

" QAP14=
* Intersection point Quasi Ortholines
* Centroid of the Morley Triangle

al]‘aisionholine 2

P1l .~ ' ) e \P2

Quasi Ortholine 3

15t CT-coordinate:
a2 SATa-(bZ SB+C2 Sc) Tbc+(b2 SB-C2 Sc)p(q-r) (q+1‘)2
+2atb?(p-q) (p+q)*r+2atct q(p-r)(p+r)?
where:
Ta= Bp2q?2+3pq?+2p2qr+9pq2r+5@3r+3p2r2+9pqr2+6q?r2+3pr3+5qrd)
Toe=(q+1) (6p*+9p2q+9p?r+4pq?+4pri+3q’r+3qr2+10pqr)
1st DT-coordinate:
-2S82p*-SpSc(-p?+q*+1?)2+2(S2+2Spc?) p?q?+ 2 (S?+ 2 Scb?) p?r?-4 (a*- Sp Sc) g? r?

Properties:
e QA-P14 lies on these QA-lines:
- QA-P1.QA-P24 (1:2)
- QA-P12.QA-P33 (2:1)
e QA-P14 divides QA-P12.QA-P33 in line segments with ratio 2:1 (QA-P33 =
Complement of QA - P12 wrt the Morley Triangle).
e (QA-P14 divides QA-P24.QA-P1 in line segments with ratio 2:1 (QA-P24 =
AntiComplement of QA - P12 wrt the Morley Triangle).
e (QA-P14 is the Centroid of Triangle QA-P12.QA-P24.QA-P37.



QA-P15: OrthoCenter of the Morley Triangle

The QL-Morley Points (QL-P2) of the 3 Quadrigons of the Reference Quadrangle form a
triangle Mo1.Mo2.Mo3.

The QL-Morley Lines (QL-L4) of the 3 Quadrigons of the Reference Quadrangle pass
through Mo1, Mo2, Mo3. So their common intersection point could be called the QA-
OrthoPoint.

The QL-Morley Lines also happen to be the altitudes of the Morley Triangle.

So their common intersection point is also the OrthoCenter of the Morley Triangle.

QA-P15 =
* Intersectionpoint Morley Lines
* OrthoCenter of the Morley Triangle

MorleyiLine 3

1st CT-coordinate:
a*(p+q)(p+r)(p(q®>+r?) +(q+r)(q*+qr+r?))
-b*(p+q)(q+r) 2p*+r(q+r)2+p(q+1r)(q+3r)+p*(3q+571))
ct(p+r)(q+r)(2p3+q(q+r)2+p(q+r)(3q+r)+p*(5q+3r))
+a?b? (p+q) (2p3q+qr(q+r)2+pr(q+r)(2q+r)+p?(2g*+5qr+r?)
+azc? (p+r)(2p3r+qr(q+r)?+pq(q+r) (2r+q)+p?(2r2+5qr+q?))
+b2c? (q+r1) (4p*+10p3 (q+ 1) +2qr(q+r)2+p(q+1) (3q+r) (q+3r) +p? (992 + 22q r + 9r?))

1st DT-coordinate:
-25a2p* (p2+q2-12) (p2- q2 +12) -Sp? q? (3 (p? - r2)3 - g2 (p? - 1?) (3 p? + 512)
-q*(-p2+ 2 +1?)) -Sc? 12 (3 (p?- 4?)3 - (p?- q?) B p2+ 59?3 r2-r* (-p? + g +12))
+S8Sc (-8 q2r2 (2 p*-p?q?-p2r2+2q?r?) + (-p2 + q? + r?)*)
-8 5ap* (S (p? - q2) g% + Sc (p? - 12) r2)+ S? p? (4 q2 12 (p? + g% + 1?) + (p? - g% - 12)3)

Properties:
e QA-P15 lies on the line QA-L6 (QA-Newton-Morley Line).
e (QA-P15 is the circumcenter of the QG-P10 circle in the QA-environment (QG-
P10=2nd Quasi Orthocenter) (note Eckart Schmidt).



QA-P16: QA-Harmonic Center

The triangle formed by the 3 QA-versions of QG-P12 (Inscribed Harmonic Conic Center)
is perspective with the QA-Diagonal Triangle. Their Perspector is QA-P16.
QA-P16 partakes in many QA-Parallelities and with many QA-Crosspoints (see QA/3 and

QA/5).

12a/12b/12¢c = QA-versions of QG-P12
QA-P16 = QA-Harmonic Center

TP P2 2\ i

QA-P16 is the perspector of the triangles formed by the 3 QA-versions of QG-P12
(Inscribed Harmonic Conic Center) and the QA-Diagonal Triangle.

QA-P16 is the intersection point of the tangents at the vertices of the QA-Diagonal
Triangle and QA-P10 to the QA-DT-P10 Cubic (QA-Cu3).



Construction:
Construct QA-P16 as a complement of the Isotomic Conjugate of the AntiComplement of
QA-P1 wrt the QA-Diagonal Triangle

1st CT-coordinate:
p(2p+q+r)

1st DT-coordinate:
p?

Properties:
e QA-P16 lies on these QA-lines:
- QA-P1.QA-P21 (-1:2=>QA-P16 = Reflection QA-P21 in QA-P1)
- QA-P10.QA-P19 (-1:3)
e QA-P16 lies on this QG-line:
- QG-P1.QG-P12 =QG-L2
e (QA-P16is the Reflection of QA-P19 in QA-P31.
e (QA-P16 is the Involutary Conjugate (see QA-Tf2) of QA-P10.
e QA-P16 = QA-P10-Ceva conjugate of QA-P1 wrt the QA-Diagonal Triangle.
e QA-P16is collinear with QG-P1, QG-P12, QG-P13, QL-P13 on QG-L2.
e QA-P16 is the 4th Perspective Point in the row QG-P13, QG-P12, QG-P1 on line QG-
L2 (see [26] Perspective Fields part II).
e QA-P16 lies on the Conic QA-Co5.
e QA-P16 lies on the Cubics QA-Cu3 and QA-Cu4.
e QA-P16 is the pole of the Cubics QA-Cul - QA-Cu5 when seen as IsoCubics wrt
the QA-Diagonal Triangle and with the Involutary Conjugate as Isoconjugation.
e (QA-P16 is the intersection point of the tangents at the vertices of the QA-Diagonal
Triangle and QA-P10 to the QA-DT-P10 Cubic (QA-Cu3).
e QA-P16 is the Complement of QA-P19 wrt the QA-Diagonal Triangle.
e QA-P16 is the AntiComplement of QA-P31 wrt the QA-Diagonal Triangle.
e When the Reference Quadrangle is convex, then QA-P16 lies in the overlap of the
Quadrangle and its QA-Diagonal Triangle.
e The 3 variants of QG-L2 in a Quadrangle concur in QA-P16.



QA-P17: Involutary Conjugate of QA-P5

QA-P17 is the Involutary Conjugate of QA-P5.

Pi = Quadrangle vertices (i=1,2,3,4)
QA-P5 = Isotomic Center

QA-P17 = Involutary Conjugate of QA-P5.

As a consequence the line QA-P5.QA-P17 is the common tangent of the circumscribed
conics P1.P2.P3.P4.QA-P5 and P1.P2.P3.P4.QA-P17.

QA-P17 is the intersection point of the tangents at the vertices of the QA-Diagonal
Triangle and QA-P5 to the QA-DT-P5 Cubic (QA-Cu2).



15t CT-coordinate:
qr Zp+q+r) (qr(g+r)2-p(p+q+r)(q%+r1?))

1st DT-coordinate:
p? / ((p*- (q?-r2)?) - 2 p2 (-p% + g2 + r2))

Properties:
e QA-P17 lies on this QA-line:
- QA-P5.QA-P19

e QA-P17 is the Involutary Conjugate (see QA-Tf2) of QA-P5.

e QA-P17 lies on the Conic QA-Co5.

e QA-P17 lies on the Cubics QA-Cu2 and QA-Cu4.

e (QA-P17is the intersection point of the tangents at the vertices of the QA-Diagonal
Triangle and QA-P5 to the QA-DT-P5 Cubic (QA-Cu2).

e (QA-P17is the Isotomic Center of the Quadrangle formed by the vertices of the
QA-Diagonal Triangle and QA-P5 (Isotomic Center).



QA-P18: Involutary Conjugate of QA-P19

QA-P18 is the Involutary Conjugate of QA-P19.

£P4

QA-P18
b

Pi = Quadrangle vertices (i=1,2,3,4)

QA-P18 = Involutary Conjugate of QA-P19

QA-P19 = AntiComplement of QA-P16
wrt the QA-Diagonal Triangle

As a consequence the line QA-P18.QA-P19 is the common tangent of the circumscribed
conics P1.P2.P3.P4.QA-P18 and P1.P2.P3.P4.QA-P19.

QA-P18 is the intersection point of the tangents at the vertices of the QA-Diagonal
Triangle and QA-P19 to the QA-DT-P19 Cubic (QA-Cu4).



1st CT-coordinate:

p(g2+r?)(2p+q+r) (p?+pq+pr-qr)
1st DT-coordinate:

p? / (-p?+q? +1?)

Properties:
e (QA-P18lies on this QA-line:
- QA-P1.QA-P5 = QA-L3.

e QA-P18is the Involutary Conjugate (see QA-Tf2) of QA-P19.

e (QA-P18lies on the line QA-P1.QA-P5.

e (QA-P18lies on the QA-DT-P19 Cubic (QA-Cu4).

e (QA-P18 also lies on the tangent at QA-P19 to the QA-DT-P19 Cubic (QA-Cu4),
which is also the tangent at QA-P19 to the Conic (P1,P2,P3,P4,QA-P19),
which is also the tangent at QA-P18 to the Conic (P1,P2,P3,P4,QA-P18).



QA-P19: AntiComplement of QA-P16 wrt the QA-Diagonal Triangle

QA-P19 is the AntiComplement of QA-P16 wrt the QA-Diagonal Triangle.

Pi = Quadrangle vertices (i=1,2,3,4)
QA-Co4 = QA-DT-P3-P12 Orthogonal Hyperbola

QA-P1 = Quadrangle Centroid
QA-P5 = lsotomic Center

QA-P10 = Centroid QA-Diagonal Triangle P4

QA-P16 = QA-Harmonic Center 2 :
QA-P18 = Involutary Conjugate of QA-P19 / ) : P31 o QA-P19
QA-P19 = AntiComplement of QA-P16 wrt QA-DT ‘ QAPIB L

Involutary..-:
e Hugate =

QA-P20 = Reflection of QA-P5 in QA-P1
QA-P21 = Reflection of QA-P16 in QA-P1
QA-P31 = Complement of QA-P16 wrt QA-DT

QA-P19 has several properties. See properties below.

QA-P19 is the intersection point of the tangents at the vertices of the Reference
Quadrangle to the QA-DT-P19 Cubic (QA-Cu4).



1st CT-coordinate:

p(@+r)(q>+r?) (2p+q+r)
1st DT-coordinate:

_pZ + qZ + 12
Properties:
e QA-P19 lies on these QA-lines:
- QA-P5.QA-P17
- QA-P10.QA-P16 (3:-2=>QA-P19 = AntiComplement of QA-P16

wrt QA-DT)
e QA-P19 is the Reflection of QA-P5 in QA-P21.
e QA-P19 is the Reflection of QA-P16 in QA-P31.
e QA-P19is the Involutary Conjugate (see QA-Tf2) of QA-P18.
¢ QA-P19 is the Isotomic Conjugate of QA-P20 wrt the QA-Diagonal Triangle.
e (QA-P19is the Anticomplement of QA-P16 wrt the QA-Diagonal Triangle.
e QA-P19 lies on the Conic QA-Co5.
e QA-P19 lies on the Cubic QA-Cu4.



QA-P20: Reflection of QA-P5 in QA-P1

QA-P20 is the Reflection of QA-P5 (Isotomic Center) in QA-P1 (QA-Centroid).

1st CT-coordinate:

(q+r)(2p+q+r)(p?+pq+pr-qr)
15t DT-coordinate:

1/ (p2+q2+r?)

Properties:

e QA-P20 lies on these QA-lines:
- QA-P1.QA-P5 (-1:2=>QA-P20 = Reflection of QA-P5 in QA-P1)
- QA-P3.QA-P29 (1: 1=>QA-P20 = Reflection QA-P3 in QA-P29)
- QA-P21.QA-P31 (2:-1=>QA-P20 = Reflection of QA-P21 in QA-P31)
- QA-P34.QA-P35 (5:-3)

e QA-P20 is also he Reflection of:
- QA-P1in QA-P22.

e QA-P20 lies on the line QA-P1.QA-P5.QA-P10 in harmonic position:

QA-P5.QA-P1 : QA-P1.QA-P10 : QA-P10.QA-P20=3 : 1 : 2.

e (QA-P20 is the Involutary Conjugate (see QA-Tf2) of QA-P1.

¢ QA-P20 is the Isotomic Conjugate of QA-P19 wrt the QA-Diagonal Triangle.

e QA-P20 is the Anticomplement of QA-P1 wrt the QA-Diagonal Triangle.

e QA-P20 lies on the Conics QA-Co4 and QA-Co5..

e QA-P20 lies on the Cubics QA-Cu2, QA-Cu3 and QA-Cub5.



QA-P21: Reflection of QA-P16 in QA-P1

QA-P21 is the Reflection of QA-P16 (QA-Harmonic Center) in QA-P1 (QA-Centroid) as
well as the Midpoint of QA-P5 (Isotomic Center) and QA-P19 (AntiComplement of QA-
P16 wrt QA-DT).

P4 ( )’

_ e (f)Q A 1'{11) QA—P16

1st CT-coordinate:
(2p+q+r1)(g2+qr+r?)
1st DT-coordinate:
P2 (2 (-p*+q*+ 1) + (2 + g2 + 12)2)

Properties:
e QA-P21 lies on these QA-lines:
- QA-P1.QA-P16 (-1:2=>QA-P21 is Reflection QA-P16 in QA-P1)
- QA-P5.QA-P17
- QA-P20.QA-P31 (2:-1=>QA-P21 is Reflection QA-P20 in QA-P31)
e QA-P21 is the Midpoint of QA-P5 and QA-P19
e QA-P21 is the Involutary Conjugate (see QA-Tf2) of QA-P27.



QA-P22: Midpoint QA-P1 and QA-P20

QA-P22 is the Midpoint of QA-P1 (QA-Centroid) and QA-P20 (Reflection of QA-P5 in QA-
P1). Itis also the Center of the Involution created by the intersection of QA-P1.QA-P5
with the 6 Quadrangle lines (see notes below).

Construction:
Construct the complement of QA-P1 wrt the QA-Diagonal Triangle (DT).
$3
)
// "’
QA—P@,."'

15t CT-coordinate:
(2p+q+r)(q+r)(3p*+3pq+3pr-qr)
15t DT-coordinate:
p? (g2 +r?) - (g% - r2)?
Properties:
e QA-P22 lies on these QA-lines:
- QA-P1.QA-P5 (-1: 3)
- QA-P3.QA-P35 (5:-1)

e (QA-P22isthe complement of QA - P1 wrt the QA-Diagonal Triangle..

e QA-P22 is the Center of the Involution on the line QA-L3 = QA-P1.QA-P5. This
Line Involution is defined by 2 pairs of points being the intersection points of L
with the opposite sides of a component quadrigon of the Reference Quadrangle.
The result is the same for all 3 component quadrigons of the Reference
Quadrangle. QA-P1 and QA-P20 are the two double points of this Line Involution.

e QA-P22 lies on the cubic QA-Cu6 (QA-P1-InvolutionCenter Cubic).

e QA-P22 =QA-Centroid DT-vertices + QA-P20.

e QA-P22 = QA-Centroid of the Quadrangle QA-P2.QA-P12.QA-P20.QA-P30.



QA-P23: Inscribed Square Axes Crosspoint

Each quadrigon has 2 Inscribed Squares. The centers of these squares are connected by
the so-called Inscribed Square Axis. The Inscribed Square Axes of the 3 QA-Quadrigons
of the Reference Quadrangle concur in one point. This point is QA-P23. It has very simple
coordinates.

Construction:
The construction of these squares is described in [14] and [21].

\
o2 N
. ‘%: ______
N el el
. .

Crosspoint of Inscribed Square Axes
of 3 QA-Quadrigons

Inscribed Square Axis
of a QA-Quadrigon

Intersection point of
QA-P1.QA.P6 and QA-P4.QA-P8
& concyclic with QA-P2, QA-P7, QA-P8

1st CT-Coordinate:
a?qr+Sgpq+Scpr
1st DT-Coordinate:
p2 Sa

Properties:
e QA-P23lies on these QA-lines:
- QA-P1.QA-P6
- QA-P4.QA-P8
e QA-P23is the Involutary Conjugate (see QA-Tf2) of QA-P12.
e QA-P23is concyclic with QA-P2, QA-P7 and QA-P8.



QA-P24: Anticomplement of QA-P1 wrt the Morley Triangle

QA-P24 is the AntiComplement of QA-P1 wrt the Morley Triangle (QA-Tr3).

Mo i = Morley Point QL-P2
for QA-Quadrigoni=1,2,3
C i = Quasi Circumcenter QG-P5
for QA-Quadrigoni=1,2,3
. QA-P1 = Quadrangle Centroid
Q P24‘ QA-P14 = Centroid Morley Triangle

p1/ & P2

QA-P24 = Anticomplement QA-P1 wrt Morley Triangle

1st CT-Coordinate:
(@Te+rTc ((@+1r)Ta+(p+1)Te+ (p+q)Tc)
2qr(Te+Tc)2 - 4TeTc(r(p+r)+q(p+q))
where:
Ta=(q+1)Sa Te=(p+r1)Ss Te=(p+q)Sc
1st DT-Coordinate:
(p2- (a+ 1)) (P2~ (- 1)?) Se Sc- 4 (-a% g2 12 + b2 Sc p2 12 + c2 Sa p2 q2)

Properties:
e QA-P24 lies on this QA-line:
- QA-P1.QA-P14 (3:-2=>QA-P24 = AntiCompl. of QA-P1 wrt QA-Tr3)
- QA-P33.QA-P37 (2:-1=>QA-P24 = Reflection of QA-P37 in QA-P33)
e (QA-P24 is the Homothetic Center of the Morley Triangle and the 1st Quasi
Circumcenter (QG-P5) Triangle.



QA-P25: 15t QA-Quasi Centroid

QA-P25 is the Centroid of the triangle formed by the 3 QA-versions of QG-P4 (1st Quasi
Centroid), constructed in the QA-Quadrigons of a Reference Quadrangle.

1a/1b/1b = QA-versions of QG-P1
da/db/dc = QA-versions of QG-P4

QA-P1 = QA-Centroid
QA-P5 = Isotomic Center
QA-P10 = Centroid of QA-Diagonal Triangle

QA-25 = 1st QA-Quasi Centroid
= Triangle Centroid 4a.4b.4c

- QA-P1 gets a special role in this figure:
x"éA-PS : it is Homothetic Center of Diagonal Triangle 1a.1b.1c and Triangle 4a.4b.4c (ratio -3 : 1)
’ : it is QA-Centroid of Reference Quadrangle P1.P2.P3.P4
it is QA-Centroid of Quadrangle 1a.1b.1c.QA-P5
it is QA-Centroid of Quadrangle 4a.4b.4c.QA-P10

1st CT-Coordinate:
(@+r)(2p+q+r)(2p(p+q+r)+3qr)
1st DT-Coordinate:
(q%-r?)%-p*+10 p? (-p% + g% + 1r?)

Properties:
e QA-P25 lies on QA-L3 (Centroids Line):
- QA-P1.QA-P5 (1:8)
e QA-P5.QA-P25: QA-P25.QA-P1:QA-P1.QA-P10=8:1:3.
e QA-25is the Reflection of QA-P26 in QA-P1.



QA-P26: 2nd QA-Quasi Centroid

QA-P26 is the Centroid of the triangle formed by the 3 QA-versions of QG-P8 (2rd Quasi
Centroid), constructed in the QA-Quadrigons of a Reference Quadrangle.

1a/1b/1b = QA-versions of QG-P1
8a/8b/8c = QA-versions of QG-P8

QA-P1 = QA-Centroid
QA-P5 = Isotomic Center
QA-P10 = Centroid of QA-Diagonal Triangle

QA-26 = 2nd QA-Quasi Centroid
= Triangle Centroid 8a.8b.8c

QA-P1 gets a special role in this figure:
- it is Homothetic Center of Diagonal Triangle 1a.1b.1c and Triangle 8a.8b.8c (ratio 3 : 1)
/,f"QA_PS - it is QA-Centroid of Reference Quadrangle P1.P2.P3.P4
: it is QA-Centroid of Quadrangle 1a.1b.1c.QA-P5
it is QA-Centroid of Quadrangle 8a.8b.8c.Midpoint (QA-P5,QA-P10)

1st CT-Coordinate:
(@+r)(2p+q+r)(5p(p+q+r)+3qr)
15t DT-Coordinate:
(q?-r?)2-p*-8p2 (-p?+q®+1?)

Properties:
e (QA-P26 lies on QA-L3 (Centroids Line):
- QA-P1.QA-P5 (-1:9)
e QA-P5.QA-P1:QA-P1.QA-P26: QA-P26.QA-P10=9:1: 2.
e (QA-26is the Reflection of QA-P25 in QA-P1.



QA-P27: M3D Center

QA-P27 is the perspector of the QA-Diagonal Triangle and the QA-M3D Triangle.
The QA-M3D Triangle (Ma.Mb.Mc in the figure) is the triangle bounded by the M3D Lines
(see paragraph QL-L9) occurring in the 3 QA-Quadrigons.

“ZZZ:::;;*S&PZ?

1st CT-Coordinate:
(@+r)(2p+q+1)(g>+qr+r?)
(-p*-2p3q-2p?q*-pq3-2p3r+pq?r+q3r-2p2ri+pqri+q?r2-pr3i+qrd)
1st DT-Coordinate:

1/((p? + g2 +12)2- 4 ((q2 + r2)2 - q? r2))

Area of M3D Triangle (CT-coordinates):
2A(p?P+pq+q?+pr+qr+r?)? /(B (p+q)(p+r)(q+r)(p+q+r))

Properties:
e QA-P27 is the Involutary Conjugate (see QA-Tf2) of QA-P21.



QA-P28: Midpoint of the foci of the QA-Parabolas

QA-P28 is the Midpoint of the foci F1 and F2 of the pair of circumscribed QA-Parabolas
(QA-2Co1).

Because these parabolas only can be constructed when the Reference Quadrangle is not
concave a better definition of this point is: “the point on the line QA-P4.QA-P10 such that
its distance relation to these points is resp. 3: 1”.

But because the property related to the parabolas is much more appealing this point has
been called after its primary function.

It also can be reasoned that in a concave quadrangle this point represents the Midpoint
of the foci of the imaginary parabolas.

P i = Quadrangle vertices (i=1,2,3,4)
QA-P4 = |sogonal Center
QA-P6 = Parabola Axes Crosspoint

QA-P10 = Centroid Diagonal triangle

QA-P10 . QA-P28 = Midpoint of Foci QA-Parabolas
. " an-pP2o
Y QA-P28 o QA-P29 = Complement QA-P2 wrt DT

Fo™ F1/F2 = Foci of QA-Parabolas
P2

QA-P4

1st CT-Coordinate:

(@+r)(-a*qr(p+q) (p+r)(B3p>+2pq+2pr+qr)
-p2(q+r)(2p+q+r)(ctpq+btpr+(b2-c2)2qr)
+pqr(5p?+3pq+3pr+qr)(a2b2(p+q)+azc(p+r)))

1st DT-Coordinate:
-2b2c2p*-azc2q*-azb2rt+c? (3 Sc-Ss) p2q%+b2(3Sp-Sc) p2rz+a?(c2+b?2)qg?r?

Properties:
e QA-P28lies on these QA-lines:
- QA-P4.QA-P10 (3:1)
- QA-P6.QA-P29 (1:1=>QA-P28 = Midpoint QA-P6.QA-P28)
e QA-P28 = projection of QA-P13 (Nine-point Center DT) on F1.F2
¢ QA-P28 = Complement of the Isogonal Conjugate of QA-P3 wrt QA-DT
e (QA-P28 = QA-Centroid of Quadrangle S1.S2.S3.QA-P4 (Si = vertices QA-DT)
e (QA-P28 = QA-Centroid of Quadrangle QA-P2.QA-P3.QA-P4.QA-P20.



QA-P29: Complement of QA-P2 wrt the Diagonal Triangle

QA-P29 is the complement of QA-P2 (Euler-Poncelet Point) wrt the Diagonal Triangle.
~QA-P30

P i=Quadrangle Vertexi(i=1,2,3,4)
QA-P2 = Euler-Poncelet Point

QA-P3 = Gergonne-Steiner Point

QA-P6 = QA-Parabola Axes Crosspoint
QA-P10 = Centroid Diagonal Triangle
QA-P12 = Orthocenter Diagonal Triangle
QA-P28 = Midpoint of foci QA-Parabolas
QA-P29 = Complement of QA-P2 wrt DT

QA-P30 = Reflection of QA-P2 in QA-P11

QA-Ci2 = Medial Circle DiagonalTriangle

AQA-P12

1st CT-Coordinate:
-2atpqr(p+q)(p+r)(q+r)(2p+q+1)
-b*pr(p+q)(q+r)2(3p2+pgq+pr-qr)
-ctpq(p+r)(q+r)2(3p2+pgq+pr-qr)
-b2c2p (q+r)2(pPq+p2q?+pir-4p2qr-pq’r+p?ri-pqrz+2q?r?
+czazpq(p+r)(q+r)(p2q+pq2+7p2r+4pqr+q2r+3prz-qr?)
+azb?pr(p+q)(q+r) (7p2q+3pq2+p?r+4pqr-q?r+prz+qr?)
1st DT-Coordinate:
(c2q?-b2r?) ((c2-b?) p2 + a2 (q?-r?))

Properties:
e QA-P29 lies on these QA-lines:
- QA-P2.QA-P10 (3:-1=>QA-P29 = Complement QA-P2 wrt QA-DT)
- QA-P3.QA-P20 (1: 1=>QA-P29 = Midpoint QA-P3.QA-P20)
- QA-P5.QA-P34 (3:-1)
- QA-P6.QA-P28 (2:-1=>QA-P29 = Reflection of QA-P6 in QA-P28)
- QA-P12.QA-P30 (1:1=>QA-P29 = Midpoint)
- QA-P13.QA-P36 (-1: 2 =>QA-P29 = Reflection of QA-P36 in QA-P13)
e QA-P29 is the center of the QA-DT-circumscribed orthogonal hyperbola (QA-Co4)
additional passing through QA-P3, QA-P12, QA-P20, QA-P30.
e QA-P29 lies on the Medial Circle of the QA-Diagonal Triangle (QA-Ci2).
e QA-P29 lies on the Simson Line of QA-P30 occurring on the circumcircle of the
QA-Diagonal Triangle (QA-Cil).
e QA-P29 = QA-P1 (QA-Centroid) of the Quadrangle QA-P3.QA-P12.QA-P20.QA-P30.
e (QA-P29 = QA-P2 (Euler-Poncelet Point) of the quadrangle formed by the vertices
of the QA-Diagonal Triangle and QA-P3 of the Reference Quadrangle.



QA-P30: Reflection of QA-P2 in QA-P11

QA-P30 is the Reflection of QA-P2 (Euler-Poncelet Point) in QA-P11 (Circumcenter
Diagonal Triangle).

P i = Quadrangle Vertexi(i=1,2,3,4)
QA-P2 = Euler-Poncelet Point

QA-P3 = Gergonne-Steiner Point

QA-P11 = Circumcenter Diagonal Triangle
QA-P12 = Orthocenter Diagonal Triangle
QA-P20 = Reflection of QA-P5 in QA-P1

QA-P30 = Reflection of QA-P2 in QA-P11

1st CT-Coordinate:
(Zatqr(p+q)(p+r)+b*pr(q+p)(q+r)+ctpq(r+p)(r+q)
-b2c2p(q+r)(pq+pr+2qr)+azb?p(p+q)(r-3q)r+a2ctpq(q-3r)(p+r))*
(a*qr(p+q)(p+r)(pq+pr-2qr)+b*pr(q+p)(q+r)(pq+2pr-qr)+
ctpq(r+p)(r+q (2pq+pr-qr)+2b2c2pqr(p-q)(p-r)(q+1)-
2azctpqr(p+r)(Zpq+pr-qr)-2atb2pqr(p+q)(pq+2pr-qr))

15t DT-Coordinate:
1/(c2b2p2-c2Scq?-Ssb2r?)

Properties:

e QA-P30 lies on these QA-lines:
- QA-P2.QA-P11 (2:-1=>QA-P30 = Reflection of QA-P2 in QA-P11)
- QA-P10.QA-P36 (-2:3 =>QA-P30 = Complement of QA-P36)
- QA-P12.QA-P29 (2:-1=>QA-P30 = Reflection of QA-P12 in QA-P28)
- QA-P13.QA-P35 (5:-4)

e QA-P30 is the Involutary Conjugate of QA-P6 (Parabola Axes Crosspoint).

e QA-P30 lies on the circumcircle of the Diagonal Triangle (QA-Cil).

e QA-P30 lies on the conic QA-Co4.



QA-P31: Complement of QA-P16 wrt the Diagonal Triangle

QA-P31 is the complement of QA-P16 (QA-Harmonic Center) wrt the QA-Diagonal
Triangle.

P i = vertices of Reference Quadrangle (i = 1,2,3,4) / \\
-
QA-P10 = Centroid of QA-Diagonal Triangle / \\ Ny QA-P20
/ Diagonal ™.
QA-P16 = QA- Harmonic Center pd/ *{I‘ri\a\ngle
QA-P19 = AntiComplement of QA-P16 wrt QA-DT / ) — QA-P10
I . N ”
QA-P20 = Reflection of QA-P5 in QA-P1 | QA-P16 = J =
QA-P21 = Reflection of QA-P16 in QA-P1 / - \
i

QA-P31 = Complement of QA-P16 wrt QA-DT f S

| QA-P21 — T

/ N T

1st CT-Coordinate:
p(@+r)(Zp+q+r)(p?+pq+2q*+pr+qr+2r?)
1st DT-Coordinate:
q? + 12

Properties:

e QA-P31 lies on these QA-lines:
- QA-P10.QA-P16 (-1:3=>QA-P31 = Complement QA-P16 wrt QA-DT)
- QA-P20.QA-P21 (1:1=>QA-P31 = Midpoint QA-P20.QA-P21)

e QA-P31 =Midpoint QA-P16.QA-P19

e QA-P31 is the Center of the parallelogram QA-P16.QA-P21.QA-P19.QA-P20.

e (QA-P31is the QA-Centroid of the Quadrangle formed by the vertices of the QA-

Diagonal Triangle and QA-P19.



QA-P32: Centroid of the Circumcenter Quadrangle

QA-P32 is the QA-Centroid of the quadrangle formed by the Circumcenters of the
Component Triangles of the Reference Quadrangle.

QA-P33

) Pi = Vertices Reference Quadrangle
P3

o4 Oi = Circumcenter Triangle Pj.Pk.PI
P4
/ QA-P1 = QA-Centroid
P1 P2 QA-P4 = Isogonal Center
o3 )/QA P32 QA-P8 = Midray Homothetic Center
QA-P8 _ I
QA-P32 = Centroid Circumcenter Quadrangle
QA-P33 = Centroid Orthocenter Quadrangle
02
1st CT-Coordinate:

-atq?r2+Spc?p2q?+Schb?p? r2+2S52p2qr+3a2Sapqr(p+q+r)
1st DT-Coordinate:
at q2r2- S2 p* + (c2 Sc - Sp?) p2 g2 + (b2 S - Sc2) p? r2

Properties:
e QA-P32 lies on these QA-lines:
- QA-P1.QA-P33 (-2:3)
- QA-P4.QA-P8 (1:1=>QA-P32 = Midpoint QA-P4.QA-P8)
e QA-P1.QA-P32.QA-P33 // QA-P2.QA-P4.QA-P6 = QA-L2.



QA-P33: Centroid of the Orthocenter Quadrangle

QA-P33 is the QA-Centroid of the quadrangle formed by the Orthocenters of the
Component Triangles of the Reference Quadrangle.

H1

Pi = Vertices Reference Quadrangle
Hi = Orthocenter Triangle Pj.Pk.PI
QA-P1 = QA-Centroid

QA-P12 = Orthocenter Diagonal Triangle

QA-P32 QA-P14 = Centroid Morley Triangle
QA-P32 = Centroid Circumcenter Quadrangle

QA-P33 = Centroid Orthocenter Quadrangle

QA-P12

1st CT-Coordinate:
+a*q*r?-Spc2p®q?-Scb?p?r2+pqr(3SpSc(p+q+r)+S°p)
1st DT-Coordinate:
S2p*+2a*q?r?-(S2+2Spc?) p?q?-(S%+2Scbh?)p?r?

Properties:
e QA-P33lies on these QA-lines:
- QA-P1.QA-P32 (3:-2)
- QA-P12.QA-P14 (3:-1=>QA-P33 =Complem. of QA-P12 wrt QA-Tr3)
- QA-P24.QA-P37 (1:1=>QA-P33 = Midpoint QA-P24.QA-P37)
e QA-P1.QA-P32.QA-P33 // QA-P2.QA-P4.QA-P6 = QA-L2.



QA-P34: Euler-Poncelet Point of the Centroid Quadrangle

QA-P34 is the Euler-Poncelet Point of the quadrangle formed by the Centroids of the

Component Triangles of the Reference Quadrangle.

The Euler-Poncelet point also can be constructed in similar Quadrangles:

e QA-P1 also is Euler-Poncelet Point of the Nine-point Center Quadrangle.

e QA-P2 also is Euler-Poncelet Point of the Orthocenter Quadrangle.

e QA-P3also is Euler-Poncelet Point of the Circumcenter Quadrangle.
Surprisingly now QA-P1, QA-P2, QA-P3 and QA-P34 have mutual distance ratios similar
to the corresponding points in the Triangle Environment on the Euler Line.

This point was contributed by Eckart Schmidt (12/18/2011).

P4

Pl

o 3) ,
/G2 4G ¥ QA-P29
< e
o 2 P3
- N@)AN /(1)
s QA-P25 L7 .
/ P34 -
; =
@
Pj/ 2) /,’ P2

. Y aapr3

./
QA-P5

1st CT-Coordinate:
2atqr(p+q)(p+r)(Zp+q+r)
+b*pr(p+q)(q+r)(3p+q+r)
+ctpq(p+r)(q+r) Bp+q+r)

+b2c2p(q+r)((p+a)(q+r)(r+p)-3qr(2p+q+r))

-azb?pr(p+q)(Bq(p+q)+(4q+r)(p+r))
-azc2pq(p+r) Br(p+r)+(4r+q)(p+q))
1st DT-Coordinate:

((p?+ g +1?)2- 4 (p*+ q?r?)) (-b2 p? + a2 q?) (2 p2 - a%r?)

» QA-P20
p

Pi = Vertices Reference Quadrangle
Gi = Centroid Triangle Pj.Pk.PI

QA-P1 = QA-Centroid

QA-P2 = Euler-Poncelet Point
QA-P3 = Gergonne-Steiner Point
QA-P5 = Isotomic Center

QA-P10 = Centroid Diagonal Triangle
QA-P20 = Reflection of QA-P5 in QA-P1
QA-P25 = 1st Quasi Centroid

QA-P29 = Complement of QA-P2 wrt DT

QA-P34 = Euler-Poncelet Point of
Centroid Quadrangle

+4p?2 (-p2+q2+1?) (-c2q?+b2r?) ((-b2p?+a%q?) + (c2p?-a?r?))

Properties:
e (QA-P34 lies on these QA-lines:
- QA-P1.QA-P2 (-1:4)
- QA-P5.QA-P29 (2:1)
- QA-P20.QA-P35 (5:-2)

e The distance ratios between points QA-P3, QA-P34, QA-P1, QA-P2are 2:1: 3.

e QA-P34.QA-P10 // QA-P2.QA-P5 // QA-P3.QA-P20.

e QA-P34.QA-P25 // QA-P2.QA-P10.



QA-P35: 1st Penta Point

QA-P35 is the Centroid of the Complete Pentangle (system of 5 random points) formed
by the points QA-P2, QA-P3, QA-P12, QA-P20, QA-P30. Since there are other Penta Points
possible this point is called the 1st Penta Point.
A property from a Pentangle is that its Centroid lies on the lines from each vertice of the
Pentangle to the QA-Centroid of the Quadrangle formed by the remainder of its vertices,
where the Pentangle Centroid divides these lines in segments with ratio 1 : 4. Since

o QA-P13 = QA-Centroid QA-P2.QA-P12.QA-P20.QA-P3,

o QA-P22 = QA-Centroid QA-P2.QA-P12.QA-P20.QA-P30,

o QA-P29 = QA-Centroid QA-P3.QA-P12.QA-P20.QA-P30,
we know that QA-P35 is dividing the line segments QA-P13.QA-P30, QA-P22.QA-P3 and
QA-P29.QA-P2 in segments with ratio 1 : 4.
Also noteworthy in this specific construction is that:
QA-P13 = QA-Centroid DT-vertices + QA-P12,
QA-P22 = QA-Centroid DT-vertices + QA-P20,
QA-P29 = QA-Centroid DT-vertices + Reflection QA-P2 in QA-P29,
QA-P3.QA-P12 // = QA-P20.QA-P30.

QA-P35 = Penta Point =
the Centroid of the Pentangle
(QA-P2,QA-P3,QA-P12,QA-P20,QA-P30)

O O O O

_»QA-P30

QA-P2 = Euler-Poncelet Point
QA-P3 = Gergonne-Steiner Point
QA-P12 = Orthocenter Diagonal Triangle QA-P20
QA-P13 = Nine-point Center Diagonal Triangle
QA-P20 = Reflection of QA-P5 in QA-P1
QA-P22 = Midpoint of QA-P1 and QA-P20
QA-P29 = Complement of QA-P2 wrt QA-DT POt A :,,:3“’"
QA-P30 = Reflection of QA-P2 in QA-P11
QA-P34 = Euler-Poncelet Point

of the Centroid Quadrangle

QA-P12

1st CT-Coordinate:
-4atq(p+q)r(p+r) (Zp+q+r)-b2c2(q+1) (PP q+p2q2+p3r-12p2qr-5pq?r+p2rz-5pqr2+2q?r?)
bt (p+q)r(q+r) (7p2+3pq+3pr-qrj+azciq(p+r)(p2q+pq?+15p2r+8pqr+q?r+7pr2-qr?)
-ctq(p+r)(q+r)(7p?+3pq+3pr-qr)+azbz(p+q)r(15p2q+7pq?+p?r+8pqr-q’r+pri+qri)
1st DT-Coordinate:
-a*tq2r2-2b4p2r2-2ctp?q?
+a2c2 @2 (p2-2q2+2r2)+ a2b2r2(p2+2q2-2r2)+ b2c2p? (-p2+2q?+2r?)
Properties:
e QA-P35 lies on these QA-lines:
- QA-P2.QA-P10 (6:-1)
- QA-P3-QA-P22 (4:1)
- QA-P13.QA-P30 (1:4)
- QA-P20.QA-P34 (3:2)



QA-P36: Complement of QA-P30 wrt the QA-Diagonal Triangle

QA-P36 is the Complement of QA-P30 (Reflection of QA-P2 wrt the QA-Diagonal
Triangle) wrt the Diagonal Triangle.

"QA-P30

QA-P2 = Euler-Poncelet Point

QA-P10 = Centroid Diagonal Triangle

QA-P12 = Orthocenter Diagonal Triangle

QA-P29 = Complement of QA-P2 wrt QA-Diagonal Triangle
-P29 QA-P30 = Reflection of QA-P2 in QA-P11

QA-P36 = Complement of QA-P30 wrt QA-Diagonal Triangle

QA-Ci2 = Nine-point Circle of QA-Diagonal Triangle

1st CT-Coordinate:
16A2p2qr(p+q)(p+r) (q+r) (b2 (p+q)r-c2q(p+r)) (a2 (-q+r)+(b?-c?) (q+1)) +
2((b2-c?)p(g-r)-a2(2qr+p(q+r)))(c*pq(p+r)(q+r)-c?pqr(a(p+r)+b2(q+r))+
(p+q)r(a*tq(p+r)+b*p(q+r)-2a2b?pq)) (-(cq+b2r)p?(q+r)+atqr(p?+qr))

15t DT-Coordinate:
(b2 Sg 12+ c2Sc q?-b2c2p?) (az (SAp?+SBqg%+SCr?)-2S2p2)
Properties:
e (QA-P36 lies on these QA-lines:
- QA-P2.QA-P12 (1:1=>QA-P36 =Midpoint QA-P2.QA-P12)
- QA-P10.QA-P30 (-1:3 =>QA-P36 = Complement of QA-P30)
- QA-P13.QA-P29 (-1: 2 =>QA-P36 = Reflection of QA-P29 in QA-P13)
e QA-P36 lies on QA-Ci2 (QA-DT-Nine-point Circle).
e (QA-P36 is the Center of the circumscribed orthogonal hyperbola of the QA-
Diagonal Triangle through QA-P2 and QA-P12.
¢ QA-P36 lies on the Simson Line (QA-P6.QA-P36) of QA-P2 occurring on the
circumcircle of the QA-Diagonal Triangle.
e (QA-P36is QA-P2 (Euler-Poncelet Point) of the Quadrangle formed by the vertices
of the QA-Diagonal Triangle and QA-P2.



QA-P37: Reflection of QA-P12 in QA-P1

QA-P37 is the Reflection of QA-P12 (Orthocenter of the QA-Diagonal Triangle)) in QA-P1
(Quadrangle Centroid).

QA-P37 .
/Tt QAP
)4 TS
QA-P33," / ~—.QA-P20
/;/‘/ //
@ o)
y- . QA-P1 = Quadrangle Centroid

QA-P11 = Circumcenter QA-DT

QA-P12 = Orthocenter QA-DT

QA-P14 = Centroid Morley Triangle

QA-P20 = Reflection of QA-P5 in QA-P1

QA-P24 = AntiComplement of QA-P1 wrt Morley Triangle
QA-P33 = Centroid of the Orthocenter Quadrangle

QA-P37 = Reflection of QA-P12 in QA-P1

1st CT-Coordinate:

S?pqr(p+q)(p+r)(q+r)(2p+q+r)
-(p+q+r)(a2qr+SBpq+SCpr) (2SAp2qr-a2q?r?+b2p?2r2+c?p?q?)

1st DT-Coordinate:
(S2+a2SA) p* - 2a2SAp?(q2+r?) - SBSC(q?-r?)?

Properties:
e QA-P37 lies on these QA-lines:
- QA-P1.QA-P12 (-1: 2 = Reflection of QA-P12 in QA-P1)
- QA-P11.QA-P20 (-1: 2 = Reflection of QA-P20 in QA-P11)
- QA-P24.QA-P33 (-1: 2 = Reflection of QA-P24 in QA-P33)
e QA-P37 forms with QA-P12 and QA-P24 a Triangle that shares the same centroid
with the Morley Triangle (QA-Tr3): QA-P14.



5.2 QUADRANGLE LINES
QA-L/1: 5th Point Tangents

General description
5thPoint Tangents are the tangents of a conic through the vertices P1, P2, P3, P4 of the
Quadrangle at a 5t point unequal to P1, P2, P3, P4.
Let P5 (u:v: w) be the 5t point.
This gives a very simple general formula for the coefficients of the tangent at this point.
1st CT-coefficient:
pvw(qQw-rv)
1st DT-coefficient:
u (r2 v2 - g2 w?)

5th Point Tangent at QA-P1 (QA-Centroid)
1st CT-coefficient:

p(q-r)/(2p+q+1)
1st DT-coefficient:

(a2-17) (-p? + % + 17)

Properties:
e This line is QA-L3 and passes through QA-P1 (QA-Centroid), QA-P5 (Isotomic
Center) and QA-P10 (Centroid DT).

5th Point Tangent at QA-P3 (Gergonne-Steiner Point)
1st CT-coefficient:

p (b?(p+q)pr - c*(p+r)pq) / ((a* - b?)pq + (a* - c)pr + a*qr - 254 p?)
1st DT-coefficient:

(a? (212 - ¢ p?) - 1% (a2 @2 - b? p?)) *

(b2 12 (p? + q2 - r2)+ c2 g2 (p2 - q% + 12) - 2 a2 q212)

Properties:
e This line passes through QA-P4 (Isogonal Center).



QA-L1: QA-P1-P2-P3 Line

The QA-L1-line is the line through QA-P2 (Euler-Poncelet Point) and QA-P3 (Gergonne-
Steiner Point). Both points are constructed in a similar way. They are both common
points of circles through midpoints of line segments between Quadrangle points.
QA-P1 (Centroid) also lies on this line and is Midpoint (QA-P2,QA-P3).

Of next 4 points on QA-L1 it also appears that:

QA-P1 is the Euler-Poncelet Point of the Nine-point Center Quadrangle.
QA-P2 is the Euler-Poncelet Point of the Orthocenter Quadrangle.
QA-P3 is the Euler-Poncelet Point of the Circumcenter Quadrangle.

e QA-P34 is the Euler-Poncelet Point of the Centroid Quadrangle.
QA-P1, QA-P2, QA-P3 and QA-P34 have mutual distance ratios similar to their
corresponding points in the Triangle Environment on the Euler Line.

Pi = Vertices Reference Quadrangle

QA-P1 = QA-Centroid
= Euler-Poncelet Point of Nine-point Center Quadrangle

P4 QA-P2 = Euler-Poncelet Point

= Euler-Poncelet Point of Orthocenter Quadrangle

QA-P3 = Gergonne-Steiner Point
QA-P2 = Euler-Poncelet Point of Circumcenter Quadrangle

QA-P34 = Euler-Poncelet Point of Centroid Quadrangle

P1 P2
QA-P3

1st CT-coefficient:
a*q (q-r)r/(q+r) + b*pr (p+2q+r)/(p+r) - c* p q(p+q+2r)/(p+q)
-b2c2p(q-r)-a2b? r(p+3q) +azc? q (p+3r)
1st DT-coefficient:
p? (b212-c2 q2) (b2 12 (p2+ q2-r2) + c2 g2 (p2- g2 + r2) - 2 a2 g2 12)

Properties:
e QA-L1=QA-P1.QA-P2 // QA-P22.QA-P29



QA-L2: QA-P2-P4-P6 Line

The QA-L2-line is the line through QA-P2 (Euler-Poncelet Point) and QA-P4 (Isogonal
Center). QA-P6 (Parabola Axes Crosspoint) also lies on this line and is their Midpoint.
The expression of the line is not a simple one.

/QA-L2

P3 QA-P2 = Euler-Poncelet Point

QA-P4 = Isogonal Center

QA-P6 = Parabola Axes Crosspoint

P2

1st CT-coefficient:
b2prz(2SAp-2SBq)((b2-az)pg+bZpr-azqr)(b2pr+(b2-a2)pq+(b2-c2)qr-2SBq?)
-c2pq?(2SAp-2SCr) ((c2 -a2)pr+czpq-azqr)(c2pq+ (c2-az)pr+(c2-b2)qr-2SCr?)

1st DT-coefficient:
(CZ qZ_bZ rZ)
* (-a2 p2 (ct q*+b* r1)+(b* pt+at q*) r2 SB+q? (c* pt+a* rt) SC+2 a2 p2 g2 r2 (SA2-SB SC))

Properties:
e QA-L2 = QA-P2.QA-P4 // QA-P1.QA-P32 // QA-P7.QA-P8 // QA-P12.QA-P24
¢ QA-L2 and the 5t Point Tangent at QA-P2 are orthogonal. See QA-L/1.
¢ (QA-L2 and the asymptote of QA-Cu7 (QA-Quasi Isogonal Cubic) are
perpendicular. See QA-Cu7 and QA/4.



QA-L3: QA-P1-P5-P10 Line or Centroids-Line

The QA-L3-Line is the line through the Centroid of the Quadrangle (QA-P1) and the
Centroid of the Diagonal Triangle of the Quadrangle (QA-P10). It also passes through the
Isotomic Center (QA-P5) and the 1st and 2n4 QA-Quasi Centroids (QA-25 and QA-P26).
Interestingly, all these points have coordinates independent of (a,b,c). As a consequence
the coefficients of QA-L3 also are independent of (a,b,c).

Because the Centroid of the Quadrangle is on this line and it is divided in segments of
fixed ratio this line has the allure of the Euler Line in Triangle environment.

QA-P1 = Centroid

QA-P5 = Isotomic Center -<"" QA-P20

A
-
-
-

QA-P10 = Centroid DT

-
-
-

QA-P20 = Reflection QA-P5inQA-P1 /1] .- ‘Sz_pm
Pt P1 p2
-~ QAPS5
1st CT-coefficient:

p(@-1)/(2p+q+r)

1st DT-coefficient:
(q2-r2) (-pr+q2er?)

Properties:

e The major points on this line are: QA-P5, QA-P1, QA-P10, QA-P20 in this order
with mutual distance-ratios 3:1: 2 (see comments at QA-P10 and QA-P20).

¢ Major and minor points on this line are: QA-P5, QA-P25, QA-P1, QA-P26, QA-P10,
QA-P22, QA-P20 in this order with mutual distance-ratios: 16:2:2:4:3:9.

e The barycentric coordinates of QA-L3 are algebraically independent of (a,b,c) just
like all known points on this line: QA-P1, QA-P5, QA-P10, QA-P18, QA-P20, QA-
P22, QA-P25, QA-P26.

e QA-L3is the 5% Point tangent at QA-P1 and QA-P20. See QA-L/1.

e (QA-P22is the Center of the QA-Line Involution (see QA-Tf1) on QA-L3.

e QA-Co5 is the Involutary Conjugate (see QA-Tf2) of QA-L3.



QA-L4: QA-P1-P6 Line

The QA-L4-Line is the line through the Midpoint of the segment (QA-P2,QA-P3) on QA-
L1 and the Midpoint of the segment (QA-P2,QA-P4) on QA-L2, being QA-P1 (Centroid)
and QA-P6 (Parabola Axes Crosspoint).

1 i
1 .
1

QA-L1 QA-L2
! ; QA-P1 = Centroid
QA-P2 = Euler-Poncelet Point
i /’, QA-P3 = Gergonne-Steiner Point
P4 ;/QA-PZ QA-P4 = Isogonal Center

QA-P6 = Parabola Axes Crosspoint

1st CT-coefficient:
az(q-r)/(q+r)-b?(p+3r)/(p+r)+c2(p+3q)/(p+q)

1st DT-coefficient:

g2 2 ((-b2+c?) pi+a? (q2-12))

15t CT-Coordinate Infinity Point:

az-b2p/(p+r)-c2p/(p+q)

1st DT- Coordinate Infinity Point:

P2 (c? g2 (p2- G2 + 1) + 12 (-2 22 g2 + b2 (p2 + g2 - 19)))

Properties:

QA-L4 // QA-P3.QA-PA4.

QA-L4 // QA-Cul-asymptote.

Also QA-P23 (Inscribed Square Axes Crosspoint) lies on QA-L4.

The two asymptotes of the Orthogonal Quadrangle Hyperbola (QA-Co2) and the
two axes of The Gergonne-Steiner Conic (QA-Co3) form a rectangle. QA-P2 and
QA-P3 are 2 opposite vertices of this rectangle. The other 2 vertices lie on QA-L4.
QA-Co4 is the Involutary Conjugate (see QA-Tf2) of QA-L4.



QA-L5: Euler Line of QA-Diagonal Triangle

The QA-L5-Line is the Euler Line of the QA-Diagonal Triangle (DT).

-

P
-

AQAP11

QA-P10 = Centroid DT
QA-P11 = CircumCenter DT
QA-P12 = OrthoCenter DT

QA-P13 = Ninepoint Center DT
w01

-

~QA-P12

1st CT-coefficient:

-at q?r2(p+q)?(p+r)2(q-r)

-b*prz(p+q)2(q+r) (pg?+q?r-qr2+2p?r+4pr2+pqr)

+ctp @?(p+r)2(q+r) (pri+qri-q?r+2p2q+4pqg*+pqr)

+azb2q r2 (p + q)? (Bp2r2+3q?r2+2p2q2+2p3r+3qr3-pr3+p2qr+3pqg2r)
-aZc? g?r (p+r1)? (Bp2q2+3q?r2+2p2r2+2p3q+3qQ3r-pq3+p2qr+3pqr?)
+b2c2pqr(q?-r?) (2p*-p2q?-p?r2+2q?r2+3p3q+3p3r+2p2qr-pqg’r-pqr?)

1st DT-coefficient:
SA (SB-SC)

Properties:

e QA-L5 passes through QA-P10 (Centroid DT), QA-P11 (Circumcenter DT), QA-P12

(Orthocenter DT) and QA-P13 (Nine-point Center DT).



QA-L6: QA-Newton-Morley Line

Each QL-line parallel to the Newton Line when transferred to the 3 Quadrigons of a
Quadrangle produces 3 concurrent lines. The locus of the common point is QA-L6.
QA-P1 (the Quadrangle Centroid) is a point on this line because the QL-Newton Line is
transferred into QA-P1.

AA-L6

viotTe

Line 2 s

A Jonle
Newton Lire )
P1 (P2
meney QA-P1 = Centroid
QA-P15 = Orthocenter of the Morley Triangle
Newton
Line 3 QA-L6 = Newton-Morley Line
1st CT-coefficient:

-atqr(p+q)(q-r)(p+r)

ct(p+r)(q+r)(p3+3p2q+4pq2+2q@3+2p2r+3pqr+3q’r+prz+qr?

+b*(p+q) (q+1r) (p3+2p2q+pq2+3p?r+3pqr+q’r+4prz+3qr2+2rd)

+b2c2(q-r)(q+71) (-p2q-pgi-p2r+q’r-pr2+qr?)

+a2cz (p+r)(p3q+3p2qQ2+4p3+2qQ*+p3r+7p2qr+12pqg2r+6q3r+2p2r?
+7pqrz+7qirz+pr3i+3qr3)

-a2b2(p+q) (pq+2p2q2+p@+p3r+7p2qr+7pq?r+3q3r+3p2r2+12pqr?
+7@2r2+4pr3+6qri+2ry

1st DT-coefficient:
(-c2 q2+b2 r2)
*(p? (p*-3 (q2-r7)%+2 p2 (q%+12)) SA+(3 p*(q?17)%2 p? (q%+7)) (q? SB+12 SC)

Properties:
e Since the QL-Morley Line is parallel to the QL-Newton Line also the common QA-
point of the Morley lines QA-P15 lies on QA-L6.



5.3 QUADRANGLE CONICS
QA-Cil: QA-Circumcircle Diagonal Triangle
The diagonal circle is the circumcircle of the Diagonal Triangle (DT) of a Quadrangle.

The Diagonal Triangle of a Quadrangle is the triangle formed by the intersection points
of the 3 distinctive pairs of lines of a Quadrangle.

QA-P2 = Euler-Poncelet Point Diagonal Circle
QA-P11 = Circumcenter Diagonal Triangle

Equation CT-notation:
azqr(p+q) (r+p) (+qrx?-pry?-pqz?-r(p-q)xy +p (q+r)yz+q(r-p) zx)
+b2pr(p+q) (q+r) ((qrx2+pry?-pqz2+r(p-q)xy-p(q-r)yz+q(r+p) zx)
+c2pq (r+p) (q+r) (-qrx2-pry2+pqz2+r (p+q)xy+p(q-r)yz-q(r-p)zx) =0

Equation DT-notation:
alyz+bixz+c2xy=0

Properties:
e QA-P11 is the center of the QA-Cil.
¢ QA-P2 (Euler-Poncelet Point) and QA-P30 (Reflection of QA-P2 in QA-P11) lie on
QA-Cil.
e (QA-Cil is the Involutary Conjugate (see QA-Tf2) of the line through QA-P6
perpendicular to QA-L2 (which is the perpendicular bisector of QA-P2.QA-P4).



QA-Ci2: QA-Medial Circle Diagonal Triangle

The Diagonal Medial Circle is the circumcircle of the Medial Triangle (MT) of the
Diagonal Triangle (DT) of a Quadrangle.
It is also the Nine-point Circle (or also called Euler Circle) of the QA-Diagonal Triangle.

F1 = Focus of 1st circumscribed Parabola
F2 = Focus of 2nd circumscribed Parabola

Diagona| Circle

Diagonal Triangle

Diagonal
Medial

Equation CT-notation:
(x+y+2z)(Tuxx+Tmyy+Tmzz) +2Txyz (a2yz +b2xz+c2xy)=0
where:

Twx = gqr(az qr(p+q)(r+p) - b2 pr(p+q)(q+r) - ¢ pq(r+p)(q+r)) - 2 g?r? (a? qr+b? rp+c? pq)

Twy = pr(-a?qr(p+q)(r+p)+b? pr(p+q)(q+r) - c2 pq(r+p)(q+r)) - 2 r2p? (a qr+b? rp+c? pq)

Twz = pq(-a%qr(p+q)(r+p)-b?pr(p+q)(q+r) + c2 pq(r+p)(q+r)) - 2 p2 g2(a? qr+b2 rp+c? pq)

Txvz = 2 pqr (p+q) (g+r) (r+p)

Equation DT-notation:
SAx2+SBy2+SCz2-c2xy-b?xz-a2yz=0

Properties:
¢ (QA-P13is the center of the Medial Circle.
e QA-P29 and QA-P36 lie on the Medial Circle.
e The foci of both circumscribed Quadrangle Parabolas (QA-2Cola and QA-2Co1b)
lie on the Medial Circle.



QA-Co1: Nine-point Conic

The Nine-point Conic is the conic through the midpoints of all possible line segments
connecting the vertices of a Quadrangle. Apart from these 6 midpoints it also passes
through the 3 intersection points of all possible pairs of lines connecting the vertices of
the Quadrangle. This gives a total of 9 points.

Moreover, there is a analogy with the Nine-point Circle of a Triangle that also passes
through the midpoints of all possible line segments connecting its vertices.

QA-Co1 = Ninepoint Conic (NPC)

QA-P1 = Quadrangle Centroid

= Center Ninepoint Conic
QA-P2 = Euler-Poncelet Point
QA-P3 = Gergonne-Steiner Point

Mij = Midpoint Pi.Pj (i, j each = 1,2,3,4)

S1

) | YWZ | N \

Equation CT-notation:

qrx* + pry? + pqz-r(p+q)xy-q(p+r)xz-p(q+r)yz=0
Equation DT-notation:

r2xy+q2xz+p?yz=0

Infinity points CT-notation:
(p(q+1) : -pq-V(-pqr(p+q+1) : -pr+V(-pqr(p+q+r))
(p(a+1) : -pq+V(-pqr(p+q+r)) : -pr-vV(-pqr(p+q+r))
Infinity points DT-notation:
(2 p? : -p2-q2+12-V/(-4 p2 q2+(-p2-q2+12)?) : -p2+q2-r2+V/(-4 p? q2+(-p2-q2+12)?) )
(2p? : -pP-q2+12+V/(-4 p2 @+(-p2-qP+12)2) @ -pZ+qZr2-V (-4 p? q2+(-p?-q2+12)?) )
These infinity points are equal to the infinity points of the 2 Quadrangle Parabolas.

Properties:
e The center of each circumscribed conic through the vertices of the Reference
Quadrangle lies on the Nine-point Conic.
¢ QA-Col is the Involutary Conjugate of the Line at Infinity.
e The asymptotes of the Nine-point Conic are parallel to
- the axes of the QA-parabolas (provided they are constructible).
e The axes of the Nine-point Conic are parallel to
- the asymptotes of the QA-Orthogonal Hyperbola as well as
- the axes of the Gergonne-Steiner Conic.



QA-P1 (Quadri Centroid) is the center of QA-Co1.

QA-P2 (Euler-Poncelet Point), QA-P3 (Gergonne-Steiner Point) lie on QA-Co1l.
The 3 QA-versions of QG-P13 (Circumscribed Harmonic Conic Center) lie on QA-
Col.

Let P be a point on the Nine-point Conic in the Quadrigon-environment and let L
be a line through P. Let L1, L2, L3, L4 be the lines of the Quadrigon where L1, L3
are opposite sides and L2, L4 are opposite sides.

When P is the Midpoint of the line segment of L between L1 and L3 then is
automatically P the Midpoint of the line segment of L between L2 and L4.



QA-Co2: QA-Orthogonal Hyperbola

Since an Orthogonal Hyperbola (OH) is determined by 4 points there is only one
Orthogonal Hyperbola defined by the vertices of a quadrangle.

QA-Co2 is the unique Orthogonal Hyperbola defined by the vertices of the reference
quadrangle.

P3 QA-Co2 = Orthogonal Quadrangle Hyperbola

QA-P2 = Euler-Poncelet Point
= Center QA-Co2

Equation CT-notation:
(Sax-Sey)pqz+(Sey-Scz)qrx+(Scz-Sax)pry=0

Equation DT-notation:
(b2 r2-c2 q2) x2 + (c2 p2-a2r2) y2 - (b2 p2-a2q?)z2=0

Properties:
e The orthocenters of all QA-Component Triangles lie on this hyperbola.
e (QA-P2 (Euler-Poncelet Point) is the center of the QA-Orthogonal Hyperbola.
e The asymptotes of the QA-Orthogonal Hyperbola are parallel to:
- the axes of the Nine-point Conic (QA-Co1)
- the axes of the Gergonne-Steiner Conic (QA-Co3).



QA-Co3: Gergonne-Steiner Conic

In a random quadrangle it is generally impossible to circumscribe a circle through all 4
points. But it is always possible to circumscribe a conic (ellipse, parabola or hyperbola)
through these 4 points. Technically, the conic with least eccentricity is the conic that
deviates least from a circle.

The Gergonne-Steiner Conic is the conic through the vertices of the Reference
Quadrangle with least eccentricity. It is the conic with center QA-P3 (Gergonne-Steiner
Point). The problem of the Quadrangle conic with least eccentricity was initially posed in
the “Annales de Gergonne” and solved by J. Steiner. See [7] page 231.

P3

QA-Co3 = Gergonne-Steiner Conic =
Conic with least eccentricity

QA-P3 = Gergonne-Steiner Point

Equation CT-notation:
(a2p qr(2p+qg+r) - (b2r +c2q) p2 (q+r)) y z
+(b2p qr(p+2q+r) - (c2p +a?r) g2 (p+r)) zx
+(c2pqr(p+q+2r) - (a2 q+b?p) r2 (p+q)) xy =0

Equation DT-notation:
(2a2q2r2 - b2 r2 (p2+q2-r2) - 2 q2 ( p2- q2+r2)) x2
+(2 b2 p2 r2- a2 12 (p2+q2-r2) - ¢2 p? (-p2+q2+r2)) y2
+(2 c2 p? g*- a? q* (p?-q*+1?) - b% p? (-p2+q*+r2)) 22 = 0
Properties:
¢ Jean-Pierre Ehrmann commented on this conic that when e = eccentricity,
then for this conic e? =V [2/(k+1)],
where k = 01P1*/R1 = 02P2*/R2 = 03P3*/R3 = 04P4*/R4,
Oi = circumcenter PjPkP],
Pi*= isogonal conjugate of Pi wrt PjPkP],
Ri = circumradius PjPkPL.
(See Hyacinthos [11] message #19970)
e The axes of the Gergonne-Steiner Conic are parallel to:
- the axes of the QA-Nine-point Conic QA-Col,
- the asymptotes of the QA-Orthogonal Hyperbola QA-CoZ2.



QA-Co4: QA-DT-P3-P12 Orthogonal Hyperbola

QA-Co4 is the circumscribed orthogonal hyperbola of the Diagonal Triangle of the
Reference Quadrangle passing through the Gergonne-Steiner Point (QA-P3).

P i = Quadrangle Vertexi(i=1,2,3,4)
QA-P3 = Gergonne-Steiner Point
QA-P12 = Orthocenter Diagonal Triangle
QA-P20 = Reflection of QA-P5 in QA-P1
QA-P29 = Complement of QA-P2 wrt DT

QA-P30 = Reflection of QA-P2 in QA-P11
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Equation CT-notation:
(@2 (q-r) /(q+r)- b2(p+3r)/(p+r)+c2(p+3q)/(p+q))qrx?
+(@(q+3r)/(q+r)-b2(p-r) /(p+r)-c2Bp+q)/(p+q))pry?
+(-a2(3q+r)/(q+r)+b2(Bp+r)/(p+r)+c2(p-q) /(p+q))pqz?
-(@2 (pq+q?-pr+3qr)/(q+r)-b? (p2+pq+3pr-qr)/(p+r)+c?(p-q))rxy
-(@2 (pq-pr-3qr-r2) /(q+r)-b?(p-r)+c2 (p2+3pq+pr-qr)/(p+q))qxz
-(@2(q-r) - b2(pq-3pr-qr-r3)/(p+r) - c2 (3pq+q*-pr+qr)/(p+q))pyz =0

Equation DT-notation:
((@*-b?) r? - c? (p*-q?)) xy
+((c-a?) g%~ b2 (12-p?)) x 2
+ ((b*-c?) p?-a®(q*>r?))yz = 0

Properties:
e (QA-Co4 passes apart from the vertices of the Diagonal Triangle also through
QA-P3 (Gergonne-Steiner Point),
QA-P12 (Orthocenter QA-Diagonal Triangle),
QA-P20 (Reflection of QA-P5 in QA-P1)
QA-P30 (Reflection of QA-P2 in QA-P11).
e These intersection points also lie on conic QA-Co4:
- QA-P1l. QA-P2 "QA-P12. QA-P24
- QA-P1l. QA-P5 "QA-P12. QA-P32
- QA-P1. QA-P12 * QA-P20. QA-P23



- QA-P1. QA-P30 " QA-P6 . QA-P20
- QA-P2. QA-P11 " QA-P4 . QA-P12
e The center of QA-Co4 is QA-P29 (Complement of QA-P2 wrt the DT).
e QA-Co4 is the Involutary Conjugate of QA-L4 (Line through QA-P1, QA-P6 and
QA-P23).



QA-Co5: QA-DT-P1-P16 Conic

QA-Co5 is the circumscribed conic of the Diagonal Triangle of the Reference Quadrangle
passing through the QA-Centroid (QA-P1) and the QA-Harmonic Center (QA-P16).

P i=Quadrangle Vertex i (i=1,2,3,4)
: QA-P1 = QA-Centroid

’*.-".EQA— P20 QA-P16 = QA-harmonic Center

/ QA-P17 = 1st Adjunct Centroid
QA-P19 = 3rd Adjunct Centroid

QA-P20 = Reflection of QA-P5 in QA-P1

Equation CT-notation:
pqr(r-q)(p+2q+r)(p+q+2r)x2
+pqr(p-r)(p+q+2r)(2p+q+r)y?
+pqr(q-p)(2p+q+r)(p+2q+r)z?
+ r(@2-p)(p+q+2r)(-pq+pr+qr+r)xy
+ q(p?-r3)(p+2q+r)(pq+qg*-pr+qr)xz
+ p(r2-q))(2p+q+r)(p?+pq+pr-qr)yz=0

Equation DT-notation:
(p%-g?) r2 (p2+q2-r?) x y+q? (-p?+r?) (p2-q2+r?) x z+p? (q?-r?) (-p2+q2+r2) yz=0

1st coordinate Conic Center CT-notation:
p(@+r)(2p+q+r)
(3p*q?+6p*q®+3p2q*-4p*qr-2p3q’r-6p>q*r-8pqr+3pirz-2piqri+2p?
Q2r2-4pq@3r2+5q*r2+6p3r3-6p2qri-4pq?r3+8q3r3+3p2rt-8pqrt+5q?r)
1st coordinate Conic Center DT-notation:
(p?- 4%~ 1) (¢~ 1?)?

Properties:
e (QA-Co5 passes apart from the vertices of the Diagonal Triangle also through:
QA-P1 (QA-Centroid),
QA-P16 (QA-Harmonic Center),
QA-P17 (Involutary Conjugate of QA-P5),
QA-P19 (AntiComplement of QA-P16 wrt the QA-Diagonal Triangle),



QA-P20 (Reflection of QA-P5 in QA-P1),
as well as the intersection point QA-P5.QA-P16 * QA-P10.QA-P17,
as well as the Involutary Conjugates of QA-P1, QA-P5, QA-P10, QA-P18, QA-P20,
QA-P22, QA-P25, QA-P26.
e QA-Co5 is the Involutary Conjugate of QA-L3 (QA-Centroids Line).



QA-2Co1: Pair of Circumscribed QA-Parabolas

Two parabolas can be constructed from 4 points.

QA-P6 = Parabola Axes CrossPoint
QA-P11 = Circumcenter Diagonal Triangle

e

T e directrix-1

di’r'ectrix-z

QA-2Co1a = QA-Parabola 1
QA-2Co1b = QA-Parabola 2
F1 = Focus QA-Parabola 1
F2 = Focus QA-Parabola 2

1 | QA2Co1b P2

There are however some limitations to the positioning of these points for having a real

solution of these parabolas.
1. No 3 of the 4 points must be collinear.
2. A Quadrangle consists of 3 Quadrigons.
These 3 component quadrigons of a Quadrangle are either
e concave/concave/concave, or
e convex/crossed/crossed.

The first situation does not produce a real solution for circumscribed parabolas.
So the best way to describe the positioning of 4 points producing circumscribed

parabolas is by stating that these 4 points must not bound a concave form.
This can be confirmed from the formulas.
It contains the element V(-p q r (p+q+r)). Now (p+q+r) is always > 0 because

barycentric coordinates represent areas and the sum of the 3 areas = area of the
reference triangle. So V(-p qr (p+q+r)) is only real when p.q.r is negative. That
is only when the 4t point in a Quadrigon is a potential mirror point across the
sides of the triangle and not across the vertices or inside the triangle as shown in

next picture.



p>=0
q=<0
r>0
p.ar<0

The 4th point must be positioned in
the non colored, not hatched sector
where p.q.r < 0 to produce parabolas

p<0
q=0
r=0
p.g.r<0

p>0
q>0
r<0
p.qr<0

=

The construction of the 2 circumscribed parabolas was described by Newton. This
method can be found at [7] as well as [14]. Calculation of the infinity points according to

this method delivers these coordinates:

Parabola Equations CT-notation:

r (pq-pr+qr+q?) xy - q (pq-pr-qr-r2) xz-p (q+r)2yz+ 2 Tc (rxy-qxz) =0

Infinity points CT-notation:
(p(g+r) :-pq-Tc :-pr+Tc)
(p(@+r) :-pq+Tc :-pr-Tc)
where Tc = \/(-p qr (p+q+r))

Parabola Equations DT-notation:

(p2-q2+12) (G2 X2-p? y2)+(p+2-12) (12 x2-p? 72) £ Td ((q2-12) X2-p2 (y2-27)) = 0

Infinity points DT-notation:

(2 p? : -p?-q?+1r?2 - Td : -p?+q?-r?+ Td)
(2 p? : -p2-q?+r2+Td : -p?+q?-r? - Td)
where Td =V ((p-q-1) (p+q-1) (p-q+r) (p+q+r))

The Parabola infinity points are equal to the infinity points of the Nine-point Conic.

Properties:

e The sides of the Medial Triangle (of the QA-Diagonal Triangle) are tangential to

both circumscribed Quadrangle Parabolas.

e The foci of both circumscribed Quadrangle Parabolas lie on the circumcircle of
the Medial Triangle (MT) of the QA-Diagonal Triangle (= Nine-point Circle of the

QA-Diagonal Triangle).



The foci of both circumscribed Quadrangle Parabolas are concyclic with QA-P11
and the involutary conjugate of QA-P11.

The directrices of both parabolas intersect in QA-P11 (the Circumcenter of the
QA-Diagonal Triangle).

The axes of both parabolas intersect in QA-P6 (the Parabola Axes Crosspoint)
which is the Midpoint of QA-P2 (Euler-Poncelet Point) and QA-P4 (Isogonal
Center).

The axes of both parabolas are parallel to the asymptotes of the Nine-point Conic.



5.4 QUADRANGLE CUBICS

QA-Cu/1: Circumscribed QA-Cubics
In this paper 3 types of Quadrangle Cubics are mentioned.

QA-Cubic Type 1

QA-Cubic Type 1 is a cubic that can be constructed as follows:

Let P1, P2, P3, P4 be the vertices of the Reference Quadrangle.

Let V (u:v:w) be a variable point.

Let Lv be some line through V.

Let IC(Lv) be the Involutary Conjugate (QA-Tf2) of Line Lv.

IC(Lv) is a conic since QA-Tf2 is a transformation of the 2nd degree.

The locus of the intersection IC(Lv) * Lv is a QA-Cubic Type 1.

Examples: QA-Cul - QA-Cu5, where resp. V= QA-P4, QA-P5, QA-P10, QA-P19, QA-P1

The general equation in CT-notation is:
qrx?(vz-wy)+pry2(wx-uz)+pqz2(uy-vx)=0

The general equation in DT-notation is:
ptyz(vz-wy)+q2xz(wx-uz)+r2xy(uy-vx)=0

This QA-Cubic Typel has some interesting general properties:
e The tangents at P1, P2, P3, P4 are concurrent in the Pivot Point V on the cubic.
e The tangents at DT1, DT2, DT3 are concurrent in a point W on the cubic, which is
the Involutary Conjugate of V.
e V.Wis the only line through V for which Q1 is Double Point itself wrt the created
QA-Line Involution, whilst W is the 2nd Double Point on this line.
V.W is tangent in V at the cubic and also at the conic (P1,P2,P3,P4,V)
These cubics can all be seen as “pivotal isocubics” like described by Bernard Gibert
[17b]. The reference system here is not a triangle but a quadrangle. The Isoconjugation
here is the Involutary Conjugation. Point V is the pivot.
Cubic QA-Cul is also a circular cubic because the imaginary circular infinity points lies
on this cubic.

QA-Cubic Type 2

QA-Cubic Type 1 is a cubic that can be constructed as follows:

Let P1, P2, P3, P4 be the vertices of the Reference Quadrangle.

Let V (u:v:w) be a variable point.

Let Lv be some line through V.

Let IC(Lv) be the Involutary Conjugate (QA-Tf2) of Line Lv.

IC(Lv) is a conic since QA-Tf2 is a transformation of the 2nd degree.

The locus of the intersection of IC (Lv) ” the perpendicular at V to Lv is a QA-Cubic Type-
2.

Example: QA-Cu7 (QA-Quasi Isogonal Cubic) with V = QA-P4.




Cubic QA-Cu7 is also a circular cubic because the imaginary circular infinity points lies
on this cubic.

The general equation in CT-notation is:
(Fa2vw+ctv(v+w)+bZw (v+w)) (qrx3-prx2y-pqx?z)
+(-b2uw+ctu(u+w)+atw(u+w))(pry>-pqy?z-qrxy?)
+(-c2uv+b?u(u +v)+a2v(u +v)) (pqzi-qrxzZ-pryz?)
+(@2(qru2-pruv+qruv-prvi-pquw+qruw+pqvw+prvw+2qrvw-pqws?)
+bZ(-qru2+pruv-qruv+prvi+pquw+2pruw+qruw-pqvw+prvw-pdqws?)
+c2(-qru+2pquv+pruv+qruv-prvi+pquw-qruw+pqvw-prvw+pqw?))
xyz=0

The general equation in DT-notation is:
(-Sauz2+Sbv(u+w)+Sc(u+v)w) (r2y2+qg?z?)x
+(Sau(v+w)-SbvZ+Sc(u+v)w) (r2x2+p2z2)y
+(Sau(v+w)+Sbv(u+w)-Scw?) (q2x%+p2y?)z
-(r2(b2u?2+2Scuv+azvi)+qg(c2u2+2Sbhuw+azw?)+p?(c2v:i+2Savw+b2w?))xyz=0

QA-Cubic Type 3

QA-Cubic Type 3 is a cubic that can be constructed as follows:

Let P1, P2, P3, P4 be the vertices of the Reference Quadrangle.

Let V (u:v:w) be a variable point.

Let Lv be some line through V.

Let IC(Lv) be the Involutary Conjugate (QA-Tf2) of Line Lv.

IC(Lv) is a conic since QA-Tf2 is a transformation of the 2rd degree.

The intersection of IC(Lv) with Lv results in 2 intersection points.

The locus of the Midpoint of these 2 intersection points (which is the Involution Center

of the QA-Line Involution on line Lv) produces a QA-Cubic Type 3.

Example: QA-Cu6, where V = QA-P1

The general equation in CT-notation is:

rw((pu+qu+pw)y-(pv+qv+qw)x)xy

+qV((rv+pw+rw)x -(pu+ru+pv) z)xz
+pu((qu+qv+rv) z-(ru+qw+rw)y)yz
+(Qru(w-v)+prv(u-w)+pqw(v-u))xyz=20

The general equation in DT-notation is:

p2(wy-vz)(-2uyz+vz(x-y+z)+wy(x+y-2z))

+q2(uz-wx)(Uz(-x+y+2)-2VXZ+WX(X+y-2Z))
+12 (vx-uy)(uy(-x+y+z)+vx(x-y+z)-2wxy)=0

Properties:
e The vertices of the Reference Quadrangle lie on this cubic.
e The intersection point of the line through V parallel to the side Pi.Pj intersected
with the opposite side Pk.Pl is a point on this cubic for all instances of (i,j,k,1) €
(1,2,3,4).



Notes from Bernard Gibert (2012, January 22):
Type 1 cubics are pK(P x Q, P) wrt ABC, in particular :

QACul = pK(P x igP, P), circular cubic see CLO35 and SITP 4.2.1

QACu2 = pK(W1, P), central cubic see CLO17 and SITP 3.1

QACu3 = pK(P x X2P, P), where X2P is the centroid of the cevian triangle of P, see CLO07
QACu4 = pK(cP x ccP x ct(P?),P), seems complicated...

QACuUS5 = pK(W4, P), a K+, see CLO17 and CL049

Type 2 cubics are nK isocubics wrt the cevian triangle of P. See SITP 1.5.3.
it is the locus of M such that P/M lies on the tangent at Q to the circle with center M passing through
Q.

QACu7 is obtained with Q = igP. It is a focal cubic with focus P/igP, passing through the center S of
the rectangular circum-hyperbola through P and P/S which is the infinite real point.

Type 3 cubics are spK(P, Midpoint PQ) cubics with pole P x Q. See CLO55.
These are nodal cubics with node Q.

QACub is obtained with Q = ccP. It is a K+.

notations : ¢, g, t, i mean complement, isogonal, isotomic, inverse as usual.
SITP = Special Isocubics...



QA-Cul: QA-DT-P4 Cubic

The QA-DT-P4 Cubic is described by Daniel Baumgartner und Roland Stark (see [16]
page 6). It is more fully described in [15] Eckart Schmidt: “Das Steiner-Dreieck von vier
Punkten”. In both papers it is called the “Zirkularkurve”.
If the Reference System is the Reference Quadrangle, this cubic is a pivotal circular
isocubic invariant to the Involutary Conjugacy with pivot QA-P4.
If the Reference System is the Miquel Triangle, this cubic is a pivotal isogonal circular
cubic with pivot at the infinity point of the asymptote.
QA-Cul is a pK(QA-P16,QA-P4) cubic wrt the QA-Diagonal Triangle in the terminology of
Bernard Gibert (see [17b]). (note Eckart Schmidt)
It passes through:

e the vertices of the Reference Quadrangle,

e the vertices of the QA-Diagonal Triangle,

o the vertices of the QA-Miquel Triangle: the Miquel Points of the 3 quadrigons of

the Reference Quadrangle,

e the incenter and 3 excenters of the Miquel Triangle,

e QA-P3, the Gergonne-Steiner Point,

e (QA-P4, the Isogonal Center.
This makes a total of 15 points.

Equation CT-notation:
a2Tayz(ry-qz)+b2Tphxz(rx-pz)+c2Texy(qx-py)=0
where:
Ta=a?(p+q)(p+r)-b2p(p+q)-c2p(p+1)



T = b2(q+r)(q+p)-ctq(q+r)-azq(q+p)
Te=c2 (r+p)(r+q)-a?r(r+p)-bZ2r(r+q)

Equation DT-notation:

+(c* p2 q2-b* p2 r2+a* q2 r2-a2 ¢z q2 (p2-q2+12)) (-r2 x2+p2 z2) y

15t coordinate Infinity Point CT-notation:

a? - b?p/(p+r) - 2p/(p+q)

15t coordinate Infinity Point DT-notation:

p? (-2 a2 g2 r2+b2 r2 (p2+q2-r2)+c2 q2 (p2-q2+1r2))

Properties (from Eckart Schmidt):

The tangents at P1, P2, P3, P4 to QA-Cul are concurrent in the pivot QA-P4.

The tangents at S1, S2, S3 and QA-P4 to QA-Cul are concurrent in the Involutary
Conjugate of QA-P4 on the cubic.

The tangents at M1, M2, M3 to QA-Cul are concurrent on the cubic in the
intersection with the asymptote.

The asymptote of QA-Cul // QA-P3.QA-P4 // QA-P1.QA-P6 = QL-L4.

The vertices of the cevian triangle of QA-P4 wrt the QA-Diagonal Triangle lie on
the cubic.

Triangle M1.M2.M3 is perspective with the QA-Diagonal Triangle with Perspector
QA-P3, which is the isogonal conjugate of QA-P4 wrt the Miquel Triangle.

Every point on the cubic has its isogonal conjugate wrt the Miquel Triangle
M1.M2.M3 also on the cubic. All connecting lines of points and its isogonal
conjugates (wrt Miquel Triangle) concur in an infinity point Q1 of the asymptote.



This makes the QA-DT-P4 Cubic also a Pivotal Isogonal Circular Cubic wrt the
Miquel Triangle with pivot Q1. See [14] and [17b].

Q2 is the intersection point of the cubic QA-Cu1 and its asymptote. It is the isogonal
conjugate (wrt the Miquel Triangle) of the infinity point of the asymptote of the
cubic. Q2 is also the 4th intersection point of the circumcircle of the Miquel
Triangle and the cubic. Q2 is also the intersection point of the tangents at M1, M2,
M3 to the cubic (see [15c]. Q2 is also the Reflection of QA-P9 in the circumcenter
of the Miquel Triangle M1.M2.M3.



QA-Cu2: QA-DT-P5 Cubic

QA-Cu2 is the locus of the Double Points created by the QA-Line Involution of all lines
through QA-P5. It is a pivotal isocubic of the Diagonal Triangle, invariant wrt the
Involutary Conjugate wrt pivot QA-P5.

QA-CuZ2 is a pK(QA-P16,QA-P5) cubic wrt the QA-Diagonal Triangle in the terminology of
Bernard Gibert (see [17b]). (note Eckart Schmidt)

Equation CT-notation:
(p+q) (p+q+2r) (ax-py) Xy
+ (p+r) (p+2q+r) (pz- rx)xz
+ (q+r) (2p+q+r) (ry -qz)yz=0
Equation DT-notation:
(4 (p*+q?r?) - (p*+q*+r2)?) (r2yzq2z?) x
+ (4 (q*+p?1?) - (p2+q2+1r2)?) (p? z2r2x?) y
+ (4 (r*+p? q?) - (p?+q?+1?)?) (g*x>-p?y?) z=0

Properties:
e The vertices of the Reference Quadrangle and the QA-Diagonal Triangle lie on this
cubic.
e The Involutary Conjugate pairs (QA-P1, QA-P20) and (QA-P5, QA-P17) lie on the
cubic.

e The intersection point QA-P1.QA-P17 * QA-P16.QA-P20 also lies on QA-CuZ2.

e The tangents at P1, P2, P3, P4 meet at QA-P5.

e The tangents at S1, S2, S3 and QA-P5 meet at QA-P17 which is the Involutary
Conjugate of QA-P5 on the cubic.

e The 3 asymptotes of QA-Cu2 meet at QA-P1.

e The QA-CuZ2 cubic is symmetrical wrt QA-P1 (note Eckart Schmidt).



QA-Cu3: QA-DT-P10 Cubic

QA-Cu3 is the locus of the Double Points created by the QA-Line Involution of all lines
through QA-P10. It is a pivotal isocubic of the QA-Diagonal Triangle, invariant wrt the
Involutary Conjugate with pivot QA-P10.

QA-Cu3is a pK(QA-P16,QA-P10) cubic wrt the QA-Diagonal Triangle in the terminology
of Bernard Gibert (see [17b]). (note Eckart Schmidt)

Equation CT-notation:
r2 (p+q) (p+q+2r) (@x-py) xy
+q2 (p+r) (p+2q+1) (pz-rXx)XZ
+p2(q+r) (2p+q+r) (ry-qz)yz=0

Equation DT-notation:
r2(x-y)xy + p?(y-z)yz + q*(zx)zx=0

Properties:
e The vertices of the Reference Quadrangle and the QA-Diagonal Triangle lie on this
cubic.

e The Midpoints of the sides of the QA-Diagonal Triangle lie on this cubic.

e The Involutary Conjugate pairs (QA-P1, QA-P20) and (QA-P10, QA-P16) lie on the
cubic.

e The tangents at P1, P2, P3, P4 meet at QA-P10.

e The tangents at S1, S2, S3 and QA-P10 meet at QA-P16 which is the Involutary
Conjugate of QA-P10 on the cubic.



QA-Cu4: QA-DT-P19 Cubic

QA-Cu4 is the locus of the Double Points created by the QA-Line Involution of all lines
through QA-P19. It is a pivotal isocubic of the QA-Diagonal Triangle, invariant wrt the
Involutary Conjugate with pivot QA-P19.

QA-Cu4 is a pK(QA-P16,QA-P19) cubic wrt the QA-Diagonal Triangle in the terminology
of Bernard Gibert (see [17b]). (note Eckart Schmidt)

Equation CT-notation:
r2 (p+q) (p+q+2r) (p>+q?) (Qx-py) Xy
+q? (p+r) (p+2q+1) (p2+r2) (pz-rx) Xz
+p2(q+r) (2p+q+r) (@2 +12) (ry-qz)yz=0
Equation DT-notation:
(-p2+q?+1r2) (r2 y2-q2 z2)x +(p?-q%+r?)(-r2 x2+p2 z2)y + (p?+q2-12) (q* x2-p? y2) z=0

Properties:

e The vertices of the Reference Quadrangle and the QA-Diagonal Triangle lie on this
cubic.

e The Involutary Conjugate pairs (QA-P5, QA-P17), (QA-P10, QA-P16) and (QA-P18,
QA-P19) lie on the cubic.

e The intersection point QA-P1.QA-P31 * QA-P16.QA-P18 also lies on QA-Cu4.

e The tangents at P1, P2, P3, P4 meet at QA-P19.

e The tangents at S1, S2, S3 and QA-P19 meet at QA-P18 which is the Involutary
Conjugate of QA-P19 on the cubic.



QA-Cu5: QA-DT-P1 Cubic

QA-Cu5 is the locus of the Double Points created by the QA-Line Involution of all lines
through QA-P1. It is a pivotal isocubic of the QA-Diagonal Triangle, invariant wrt the
Involutary Conjugate with pivot QA-P1.

QA-Cu5 is a pK(QA-P16,QA-P1) cubic wrt the QA-Diagonal Triangle in the terminology of
Bernard Gibert (see [17b]). (note Eckart Schmidt)

Equation CT-notation:
p (2p+q+r)(ry-qz)yz + q (p+2g+r)(pz-rx)xz + r (p+q+2r)(qx-py)xy = 0

Equation DT-notation:
p? (-p2+q2+1r2)(r? y2-q? z2) X + 2 (-p?+q?-r?) (r2 x2-p2 z2)y + r2 (p*+q*-r?) (g x2-p?y2) =0

Properties:
e The vertices of the Reference Quadrangle and the QA-Diagonal Triangle lie on this
cubic.
e The Involutary Conjugate pair (QA-P1, QA-P20) lie on the cubic.
e The tangents at P1, P2, P3, P4 meet at QA-P1.
e The tangents at S1,S2, S3 and QA-P1 meet at QA-P20 which is the Involutary
Conjugate of QA-P1 on the cubic.



QA-Cu6: QA-P1-Involution Center Cubic

This cubic is the locus of the involution centers of all lines passing through QA-P1
(Quadrangle-Centroid). So it is the locus of Midpoints of the Involutary Conjugates on
the cubic QA-Cub.

The involution is created by the intersection points of the QA-P1-line with the sides of
Quadrigon P1.P2.P3.P4 (see chapter QA-Tf1: QA-Line Involution)

QA-P22, the Reflection of the Midpoint (QA-P1,QA-P5) in QA-P1 also lies on the cubic.
Similar cubics can be constructed by taking involution centers of lines passing through
another point than QA-P1. The other 2 QA-quadrigons deliver the same cubic. This
makes the cubic a real QA-Cubic.

QA-P5 o

Equation CT-notation:
r (p+q+2r) ((3q+p)x-(3p+q)y) xy
+q (p+2q+r) ((3p+r) z-(3r+p) x) zx
+p (2p+q+r) ((3r+q) y-(3q+r) z) yz- (p-q)(q-r)(r-p) xyz=0

Equation DT-notation:
q*r2(q-r?3)x3 + q*r2 (2p2(y-z)- (q*-r?) (y + 2z)) x?
+p2r2 (r2-p?)y3+ p2r2(2q*(z-x) - (r2-p?) (x+z)) y?
+p2q?(p?-q?)z3+ p2q? (2r2 (x-y)- (p*-q?) (x+y))z2 =0



Properties:
e The vertices of the Quadrangle and the Midpoints of the Diagonal triangle and
QA-P1, QA-P22 lie on this cubic.
e The intersection point QA-P1.QA-P6 * QA-P22.QA-P29 lies on this cubic.
e The intersection points of the lines through QA-P1 parallel to the QA-sidelines
with the opposite sidelines all lie on this cubic.



QA-Cu7: DT-Quasi Isogonal Cubic

QA-Cu7 is the locus of all points Q for which the Reflection of the line Q.Si in the angle
bisectors of Si concur, where Si = ith vertex of the QA-Diagonal Triangle (i = 1,2,3).

The concurring point is also a point of the locus.

With the Reference Quadrangle as reference system this cubic can be seen as a circular
isocubic invariant to the Involutary Conjugacy with pivot Sic.

Sic is a point with a long coordinate-formula.

Construction: it is the locus of the intersection pint of the involutary conjugate of some
line through QA-P4 and its perpendicular line through QA-P4 (Eckart Schmidt). See QA-
Cu/1, QA-Cubic Type 2.

Agimllto‘te

QA—Pdic

Equation CT-notation:
-b2c2p2Ti(-qrx+pry+pqz)x?
-atc2q?Ty(qrx-pry+pqz)y?
-azb2r2T,( qrx+pry-pqz)z?
+TyXyz
where:
Tx=c2q2-a2qr+b2qr+c2qr+b?rz
Ty=c2p2+a2pr-b2pr+cZpr+a?r?
T.=b2p2+a’pq+bZpq-cZpq+a’q?
Txyz = b2 c2p*+a2c2q*-a2 (a-b2-c2)@3r+a?(a2+b2+c2)q2r2-a?(a2-b2-c2) qrs+a?
b2r4+p3(c2 (a2 +b2-c2) q+b2(az-b2+c2)r)+p2(c2(az+b2+c2)q2+ (a*-a2b2-azcz+
4bzcz)qr+b2(az+b2+c2)r2)+p(c2(az+b2-c2)q3+(-a2bz+b*+4a2c2-b2c2)q2r+
(4azb2-a2c2-b2c2+c*) qrz+b2(a%-b2+c?)r3)



Equation DT-notation:

((b2 c2 p*+ a* q21r2) SA + p? (c2 2 + b2 r?) (S2+ SBSQC)) (r2y2 + q2 z2) x
+((a2c2q*+b*p2r2) SB+ g2 (c2p?+a2r?) (S2+SASC)) (r2x2+p2z?2)y
+((c*p2q2+azb2r*) SC+ (b2p2+azq?)rz(S2+SASB)) (q2x%+p2y?)z
+(a2b2 (b2 p2 + a2 q2) r4 + a2 c2 q* (c2 p2 + a2 r2) + b2 c2 p* (c2 g2 + b2 r2)

+2p2q2rz(3SASBSC+S2(SA+SB+SC)))xyz=0

Properties:

e The vertices of the QA-Diagonal triangle lie on this cubic.

e QA-P2 (Euler-Poncelet Point) and QA-P4 (Isogonal Center) and their Involutary
Conjugates QA-P2ic and QA-P4ic lie on the cubic. QA-P2ic is actually the infinity
point of the asymptote of the cubic.

e The Asymptote is perpendicular to QA-L2 = QA-P2.QA-P4.

e The Asymptote // 5% point tangent of QA-P2 (see QA-L/1).

e The Involutary Conjugate of every point on the cubic also lies on the cubic.

The cubic is “self-involutary”.

e The tangents at QA-P2, QA-P4 and QA-P4ic pass through the intersection point S
of the asymptote and the cubic.

e (QA-Cu7 is the locus of all pairs of involutary conjugated points for which the
Thales circle passes through QA-P4 (note Eckart Schmidt).

Quasi Isogonal Conjugate:

C

S3 %
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P-cevian
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'quasi' angle bisector

reflected P-cevian

An Isogonal Conjugate is defined in the environment of a Triangle.
To construct an Isogonal Conjugate of a point P, reflections are made of the 3 P-cevians
in the corresponding angle bisectors of the vertices of a triangle.



The reflected P-cevians concur in a point P*. P* is called the Isogonal Conjugate.

A Quasi Isogonal Conjugate is defined in the environment of a Diagonal Triangle of a
Quadrangle.

To construct a Quasi Isogonal Conjugate of a point P, reflections are made of the 3 P-
cevians in a Diagonal Triangle in the corresponding angle bisectors of the 3 pairs of
opposite lines of a quadrangle.

The reflected cevians only concur in a point P* when P is situated on the Quasi Isogonal
Cubic (QA-Cu7). P*is called the Quasi Isogonal Conjugate.



5.5QUADRANGLE TRIANGLES
QA-Tr1: QA-Diagonal Triangle
Let P1, P2, P3, P4 be the defining Quadrangle Points.

Let S1=P1.P2 * P3.P4,S2 =P1.P3 *» P2.P4 and S3 = P1.P4 * P2.P3.
Now S1.S2.53 is the QA-Diagonal Triangle of the Reference Quadrangle.

genal Triangle

Area QA-Diagonal Triangle in CT-notation:
2pqrA /((p+q)(p+r)(q+1))

Area QA-Diagonal Triangle in DT-notation:
2S

Properties:
e Every Component Triangle Pi.Pj.Pk is the Anticevian Triangle of the 4th point Pl
(for all permutations of (i,j,k,1) € (1,2,3,4)).
e The vertices of the QA-Diagonal Triangle combined with the Isotomic Center form
a new quadrangle with the same QA-Centroid as the Reference Quadrangle.
e The Isogonal Center of the Quadrangle S1.S2.S3.QA-P4 is the Involutary
Conjugate of QA-P4 (note Eckart Schmidt).



QA-Tr2: Miquel Triangle

The QL-Miquel Points (QL-P1) of the 3 Quadrigons of the Reference Quadrangle form a
triangle Mil1l.Mi2.Mi3.

This Triangle is described in [15c] “Eckart-Schmidt - Das Steiner Dreieck von vier
Punkten”. In this paper the triangle is called the “Steiner Dreieck”.

Special is that the QA-versions of the Steiner Axes (see QL-Tf1) have the role of the
internal and external angle bisectors in the Miquel Triangle.

Mi i = vertex Miguel Triangle (1=1,2,3)
Pi = vertex Reference Quadrangle (i=1,2,3.4)
QA-Tr2 = Miguel Triangle
QA-P3 = Gergonne-Steiner Point
QA-P4 = Isogonal Center
QA-Cu1 = QA-DT-P3-P4 Cubic

—=TP1 P2

3 QA-versions of Miquel Points in CT-notation:
(@(p+q)(p+r)-pb2(p+q)+c2(p+r)) :-b2(p+q)(p+q+r):-c2(p+r)(p+q+r))
(@2(p+q)(p+q+r):azq(p+q)-(-c2q+b2(p+q))(q+r): c2(q+r) (p+q+T1))
(@2(p+r)(p+q+r):b2(q+r)(p+q+r): -c2(p+r)(q+r)+r(@(p+r)+b2(q+r)))

Area Miquel Triangle in CT-notation:

(Wa Wy We - (Wa-Va) (W - Vi) (We-Vo)

-b2c2(q+r)2Va-azc2(p+r)2Vy-azb2(p+q)2Ve) A/ (VaVu Vo)

where:

Va=(Wa(Z2p+q+r)-a2(p+q)(p+r))/(p+q+1)

Vo=(Ws (p+2q+1)-b2(q+1)(q+p))/(p+q+T1)

Ve=(We (p+q+2r)-c2 (r+p)(r+q))/(p+q+r)

Wa=b2(p+q)+cz(p+r)

Wy = c2 (q+r1) +a%(q+p)

We=az (r+p)+b2(r+q)

3 QA-versions of Miquel Points in DT-notation:
(-2 p?(p2Sa+q2Sb+r2Sc):
a2 q? (p2-q2+r12)+b2p2 (-p2+q2+r12)-2c2p2q?:
a2r2 (p2 +q2-12)-2b2p2r2 + c2 p2 (-p2 + q2 + r2))



(a2q?(p?-q? +r2) + b2 p2 (-p2 + > +1?) - 22 p2g?:
-2q?(p?Sa+q2Sb+r2Sc):
-2a2q2r2+b2r2 (p2 + q2-12) + 2 q2 (p2 - q2 + r2))
(a2r2 (p2+q2-12)-2b2p2r2 + c2p2 (-p2 + q2 + 12) :
-2a2q2r2+b2r2 (p2+q2-r2) +c2q? (p2- Q2 +12) :
-2 12 (p?Sa+ g2 Sb + r2 Sc))

Properties:

QA-Tr2 and QA-Trl (QA-Diagonal Triangle) are perspective triangles with
Perspector QA-P3 (Gergonne-Steiner Point).

QA-P3 and QA-P4 are mutually isogonal conjugates wrt the Miquel Triangle.
The vertices of QA-Tr2 lie on cubic QA-Cul.

QA-P9 lies on the circumcircle of the Miquel Triangle.

The intersection point of the QA-Cul cubic and its asymptote lies on the
circumcircle of the Miquel Triangle opposite to QA-P9 (note Eckart Schmidt).



QA-Tr3: Morley Triangle

The QL-Morley Points (QL-P2) of the 3 Quadrigons of the Reference Quadrangle form a

triangle Mo1.MoZ2.Mo3.

The QL-Quasi Ortholines (see paragraph QL-L6: Quasi Ortholine) of the 3 Quadrigons of

the Reference Quadrangle pass through Mo1, Mo2, Mo3 and are the medians of the
Morley Triangle.

Their intersection point is the QA-Point QA-P14.

This point is the Centroid of the Morley Triangle.

The QL-Morley Lines (QL-L4) of the 3 Quadrigons of the Reference Quadrangle pass
through Mo1, Mo2, Mo3 and are the altitudes of the Morley Triangle.

Their intersection point is the QA-Point QA-P15.
This point is the OrthoCenter of the Morley Triangle.

TH"‘.‘E MORLEY TRIANGLE

QA-P14 = Centroid Morley Triangle

QA-P15 = OrthoCenter Morley triangle

Morley kine 1

" Quasi Ortholine 1

P17 P2

Area Morley Triangle in CT-notation:

(c?pgq+b?pr+a’qr)? / (64 (p+q) (p+1r) (q+r) (p+q+r) S)
Area Morley Triangle in DT-notation:
-(SA u2+SB v2+SCw?2)2 / (8 S (-u+v+w) (u+v-w) (u-v+w) (u+v+w))

Properties:

e The Morley Triangle is the Medial Triangle of the Triangle composed of the points

QG-P10 (2rd Quasi Orthocenter) occurring in the 3 QA-Quadrigons.

e The Triangle composed of the points QG-P5 (1st Quasi Circumcenter) of the 3 QA-
Quadrigons is homothetic with the Morley Triangle. Its side lengths are twice the

side lengths of the Morley Triangle. Perspector is QA-P24.

e The centroid (QA-P14) of the Morley Triangle plays a role in the construction of

complements and anti-complements wrt the Morley triangle:
QA-P24 = AntiComplement of QA-P1 wrt the Morley Triangle
QA-P33 = Complement of QA-P12 wrt the Morley triangle.

e The vertices of the Morley Triangle coincide when the Reference Quadrangle is
concyclic.



5.6 QUADRANGLE TRANSFORMATIONS
QA-Tf1: QA-Line Involution

General Information
In mathematics, an Involution, or an involutary function, is a function f that is its own
inverse: f(f(x)) = x for all x in the domain of f.

In this paper we will deal with the geometric notion of a “Line Involution”.
It occurs with pairs of points on a line, for whom the product of their distances from a
fixed point P is a given constant. P is called the Center of Involution or Involution Center.

Let (AO,A1) and (B0,B1) be 2 pairs of points for whom the product of their distances
from a fixed point O is a given constant c.

According to the definition of Line Involution: A0.0 * A1.0 =B0.0 *B1.0 =c.

When the points A0, A1 and the constant c are known we can calculate from a variable
point BO its mate B1. When we do the same calculation for B1 we find its mate BO. This
makes the transformation an involutary function because f(f(P)) = P.

When BO=B1 we say that BO=B1 is a Double Point. There are 2 Double Points per Line
Involution. Their Midpoint is the Center of Involution O.

Desargues' Involution Theorem

A figure consisting of 4 points and their 6 connecting lines is called a (complete)
Quadrangle. The 4 points are the vertices. The 6 connecting lines are the sides of the
(complete) Quadrangle. Sides in a (complete) Quadrangle that have no vertices in
common are called opposite sides.

Desargues’ Involution theorem states that the points of intersection of a line with the
three pairs of opposite sides of a complete Quadrangle and a conic section circumscribed
about the complete quadrangle form the pairs of an involution (see [7]).

Normally 2 pairs of points describe an involution. Desargues describes in his theorem 4
pairs of points all describing the same involution.

If we restrict ourselves to the 3 pairs of points generated from 3 sets of opposite sides
we can deduce that when a line crosses a quadrangle it generates a unique Line
Involution with an involution center and 2 double points (when real).

Consequently every line crossing a Quadrangle has an Involution Center and 2 Double
Points (real or imaginary).

This line involution is a property of a Quadrangle (and not of a Quadrilateral as might be
suspected).

In the QA-environment I call this a QA-Line Involution.



Construction:

For a Line Involution let (A0, A1) and (B0, B1) be two pairs of points and ciA and ciB
circles with these diameters.

The radical axis of ciA and ciB cuts the line in the Involution Center O.

A circle with center O perpendicular to ciA and ciB cuts the line in the two Double Points
A2, B2.

Another construction can be found in [19].

Calculations:
Let (AO,A1) and (B0,B1) be 2 pairs of points on a line that create a Line Involution with
center O. Then according to the definition: d(A0,0) * d(A1,0) =d(B0,0) *d(B1,0).

1st Double Point Involution Center 2nd Double Point
A2 @] B2
A0 A1 B1 BO
al
b1
do
d1

Let A2, B2 be the corresponding double points.
Now:

d(A0,A2) = (a1*d0 - V [d0*d1*al*b1]) / (al+b1)
d(A0,B2) = (a1*d0 + v [d0*d1*a1*b1]) / (al+b1)
d(B0,B2) = (b1*d0 - V [d0*d1*a1*b1]) / (al+bl)
d(B0,A2) = (b1*d0 + v [d0*d1*al*b1]) / (al+b1)

The center of involution O is given by:
d(A0,0) = a1*d0 / (al+b1)
d(B0,0) = b1*d0 / (al+b1)



and d(A1,0) = d(B1,0) = V [d0.dl.alb1]/ (al+b1)

Let (A0,A1) and (B0,B1) be 2 pairs of points on a line that create a Line Involution with
center O. Let A2 and B2 be the respective Double Points.
When (A0,A1) and B2 are known then we can calculate the position of A2:
Let d0=d(B2,A0) and d1=d(B2,A1)
then e0=d(A2,A0)=(d0*d0-d0*d2)/(d0+d2),
and el=d(A2,A1)=(d2*d2-d0*d2)/(d0+d2).

Properties:
e LetL bearandom line and Q1, Q2 the Double Points created by the generated
QA-Line Involution.
When Q1 and Q2 are real Double Points then line L is tangent in Qi at the conic
(P1,P2,P3,P4,Qi) and also tangent at the QA-DT-cubic with pivot Qi.



QA-Tf2: Involutary Conjugate

The Involutary Conjugate of a point Q is the 2nd Double Point of the QA-Line Involution
(see QA-Tf1) occurring on the tangent at Q to the conic (P1, P2, P3, P4, Q).

It is a conjugate because applying two times this transformation ends up in the original
point.

The Involutary Conjugate can also be seen as the Pi-Ceva Conjugate of Q wrt Component
Triangle Pj.Pk.Pl (for all permutations of (i,j,k,1) € (1,2,3,4)) (note Bernard Gibert).

Construction 1:
1. Construct the conic through P1, P2, P3, P4, Q.
2. Construct the tangent Lq at Q to this conic.
3. Construct the Involution Center IC of the created QA-Line Involution for Lq (see
[19D).
4. Now R =the Involutary Conjugate of Q = the Reflection of Q in IC.

Tangent Line at Q

.
.
-

P
P
P
P
"""
P
P
P
.

P
s
Pl

R = Involutary Conjugate of Q
IC = Involution Center at tangent line

/ P1 PZ\

Construction 2 (by Eckart Schmidt):

X

Si

A\




1. Choose one of the Component Quadrigons of the Reference Quadrangle.

2. Let Siand Sj be the intersection points of the opposite sides of the Quadrigon.

3. Connect X (the point to be transformed) with Si and Sj and construct on these
lines the 4th harmonic points Xi and Xj wrt the intersection points with the
crossing opposite quadrigon lines.

4. Connecting lines Si.Xj and Sj.Xi intersect in X*, the Involutary Conjugate of X.

Coordinates and Coefficients:

Let Q (u:v:w) be arandom point not on one of the connecting lines of the Reference
Quadrangle. It is possible to construct a conic through P1, P2, P3, P4, Q since a conic is
defined by 5 points.

The tangent at Q to this conic (P1, P2, P3, P4, Q) is in CT-notation:
(pvw(rv-qw) : quw(pw-ru) : ruv(qu-pv))

The tangent at Q to this conic (P1, P2, P3, P4, Q) is in DT-notation:
(u(@?w2-r2v2) : v(r2u2-p2w?) : w (p2v2- 2 u?)) )

This tangent creates an QA-Line Involution where Q is a Double Point.

Its Involution Center in CT-notation is:
(u(+qru2-pruv-pquw-pqvw-prvw) :
v(-qruv+prvi-pquw-qruw-pqvw) :
w(-pruv-qruv-qruw-prvw+pqw?))

Its Involution Center in DT-notation is:

(rZu2v +q2u2w+p2vw (2u+v+w):
rZuvz +p2viw+qZuw(u+2v+w):
QGuwZ+pivw2+rzuv(u+v+2w))

The 2nd Double Point on this Q-tangent is the Involutary Conjugate:
in CT-notation:

(u(qru-prv-pqw) : v(-qru+prv-pqw) : w(-qru-prv+pqw))
in DT-notation:

(p2vw : g2wu : rz2uv)



Examples of Involutary Conjugates:

The following table lists a number of Involutary Conjugated pairs of points.

Point-1

Point-2

QA-P1: QA-Centroid

QA-P20: Reflection of QA-P5 in QA-P1

QA-P5: Isotomic Center

QA-P17: Involutary Conjugate of QA-P5

QA-P6: Parabola Axes Crosspoint

QA-P30: Reflection of QA-P2 in QA-P11

QA-P10: Centroid QA-Diagonal Triangle

QA-P16: QA-Harmonic Center

QA-P12: Orthocenter QA-Diag. Triangle

QA-P23: Inscribed Square Axes Crosspoint

QA-P18: Involutary Conjugate of QA-P19

QA-P19: AntiCompl. of QA-P16 wrt QA-DT

QA-P21: Reflection of QA-P16 in QA-P1

QA-P27: M3D Center

Next table lists a number of Involutary Conjugates of QA-lines and QA-curves.

The Involutary Conjugate transforms lines into circumscribed conics of the QA-Diagonal
Triangle. A “5th point tangent” (see QA-L/1) at Q is transformed into a circumscribed
conic of the QA-Diagonal Triangle through Q and its Involutary Conjugate.

QA-Line

QA-DT-Conic

Line at Infinity

QA-Co1: Ninepoint Conic

Perpendicular bisector of QA-P2.QA-P4

QA-Ci 1: Circumcircle Diagonal Triangle

QA-L3: QA-Centroids Line

QA-Co5:

Circumscribed DT-Conic

through vertices Diagonal Triangle and
QA-P1,P16,P17,P19, P20

QA-L4: QA-P1.QA-P6 Line

QA-Co4:

Orthogonal circumscribed DT-hyperbola
through vertices Diagonal Triangle and
QA-P3, P12, P20, P30

Line QA-P5.QA-P17.QA-P19.QA-P21

QA-DT-Conic through QA-P5, QA-P17, QA-
P18, QA-P27

Next table lists a number of self-involutary cubics.

QA-Curve

comment

QA-Cul till QA-Cu5: QA-DT Cubics

self-involutary cubic

QA-Cu7: QA-Quasi Isogonal Cubic

self-involutary cubic




6.0 QUADRILATERAL OBJECTS
6.1 QUADRILATERAL GENERAL INFORMATION
QL/1: Systematics for describing QL-Points

The way to describe points, lines and other curves related to Quadrilaterals is by relating
to lines instead of points (as done with the description of Quadrangles).

The big advantage is that all resulting algebraic expressions will be symmetric.

The system used is based on 3 lines of the quadrilateral with barycentric homogeneous
coefficients L1(1:0:0), L2(0:1:0) and L3(0:0:1). The 4t line gets coefficients (I:m:n).

Note that the line notation (l:m:n) is used instead of (p:q:r) which is only used for points.

Reference System

for Quadrilaterals S24(n:0:1)

S34(-m:1:0

814 (0:-n:m) S13(0:1:0) S12(0:0:1)

L1(1:0:0)

Every constructed object can now be identified as:

(f(a,b,c, Lm,n) : f(b,c,a, m,n,1) : f(c,a,b, n,,m) )

where a,b,c represent the side lengths of the triangle with vertices P1 (1:0:0), P2 (0:1:0)
and P3 (0:0:1).

In the description of the points on the following pages only the first of the 3 barycentric
coefficients will be shown. The other 2 coordinates can be derived by cyclic rotations:

e a>b>c>a>etc

e I>m>n>I>etc

Further the Conway notation has been used in algebraic expressions:
o Sa=(-a%+b2+c?)/2
e Sg=(+a2-b2+c?)/2
o Sc=(+az+b%-c%2)/2
o Sp=(+a2+b%2+c?) /2



o S=v(SaSs+SsSc+ScSa) =2A
where A = area triangle ABC = 4 \/((a+b+c) (-a+b+c) (a-b+c) (a+b-c))



QL/2: List of QL-Lines

In next list all QL-points are mentioned without prefix “QL-".

All lines relating to QL-P1 till QL-P26 have been taken into account.

When lines have more than 2 points on it, they are defined by the 2 points with lowest
serial number.

These QL-lines are described further with their properties:

QL-L1:
QL-L2:
QL-L3:
QL-L4:
QL-L5:
QL-L6:
QL-L7:
QL-L8:
QL-L9:

P5, P7, P12, P20, P22, P23 (Newton Line)
P2, P7, P9 (Steiner Line)

P19 (Pedal Line)

P2, P3 (Morley Line)

P1, P7, P19 (NSM-Line)

P2, P10 (Quasi Ortholine)

P8, P9, P10, P11 (QL-DT-Euler Line)

P8, P12, P14, P15, P18 (QL-Centroids Line)
P18, P23 (M3D Line)

Other QL-Lines without name but with at least 3 Points on it are:
P1, P8, P24

P1, P10, P16

P1, P20, P21

P2, P4, P22

P2, P6, P12

P3, P4, PS5, P6

P8, P17, P25

P13, P17, P24



QL/3: List of parallel QL-Lines

In next list all QL-points are mentioned without prefix “QL-".

All lines relating to QL-P1 till QL-P26 have been taken into account.

When lines have more than 2 points on it, they are defined by the 2 points with lowest
serial number.

These QL-lines are parallel:
Railway Watcher (see QL-L/1)

- P1.P7 /I P2.P10 P16

- P1.P11 /I P9.P16 P10

- P2.P3 /I P5.P7 P4

- P2.P5 [/ P4P20 /| P6.P22 P4+P20, P2+P5, P3
- P2.P20 // P3.P4

- P7.P21 /I P19.P20 P1

- P9.P17 /I P11.P25 P10

- P9.P25 // P10.P17

QL/4: List of perpendicular QL-Lines

In next list all QL-points are mentioned without prefix “QL-".

All lines relating to QL-P1 till QL-P26 have been taken into account.

When lines have more than 2 points, they are defined by the 2 points with lowest serial
number.

These QL-lines are perpendicular:

- P1P7 | P18.P23
- P1P8 | P16.P24
- P1P25 | P16.P17
- P2.P3 | P2P7

- P2.P7 | P5.P7

- P2.P10 | P18.P23
- P6.P9 | P13.P17



QL/5: List of QL-Crosspoints

When 3 lines connecting QL-points concur, the point of concurrence is called a QL-
Crosspoint.

In this list all possible non-registered QL-Crosspoints are listed originating from at least
3 connecting lines of QL-points in the range QL-P1 - QL-P26.

QL-points are mentioned without prefix “QL-".

Lines are defined by 2 points on it with lowest serial number.

There are regularly recurring crossing lines with these Crosspoints. This is an indication
for the occurrence of Perspective Fields (see QL-PF1).

When the intersection points have fixed ratios of the distances to the defining points on
the defining lines, then they are mentioned. There are many of them.

For point P on line P1.P2 the ratio d1 : d2 means that d(P,P1) : d(P,P2) = d1 : d2, where:

d1 is positive when P is positioned wrt P1 at the same side of the line as P2. If not
then d1 is negative.

d2 is positive when P is positioned wrt P2 at the same side of the line as P1. If not
then d1 is negative.

P2.P5 A P3.P20 " P4.P12 1:1/1:1 /3:-1
P2.P5 A~ P4P20 " P6.P22 Infinity point
P5.P8 A P14.P22 * P18.P20 3:4/-8:9/-2:3

P5.P14 ~ P8.P22 * P18.P20 9:-4/8:-3 /2:3
P5.P15 ~ P8.P20 ~ P18.P22 9:-4/2:3 /8:-3
P5.P18 ~ P8.P20 ~ P15.P22 4:-3 /-2:3/-8:9
P9.P12 ~ P10.P14 * P11.P18 6:-1/9:1 /3:2
P9.P15 ~ P10.P12 ~ P11.P18 9:-2/6:1 /3:4
P9.P18 * P10.P12 * P11.P15 3:2/6:-1 /9:-4

3

P9.P18 * P10.P14 * P11.P12 :1/9:-1 /3:-1



QL/6: QL-Conversion CT -> DT-coordinates

Let L1.L2.L3.L4 be the Reference Quadrilateral with defining lines L1, L2, L3, L4.

Let La.Lb.Lc be the Diagonal Triangle of the Quadrilateral with bounding lines La, Lb, Lc.
The construction of the QL-Diagonal Triangle can be found at QL-Tr1.

Let L1.L2.L3 be the random Reference Component Triangle en let L4 be the 4t line.

The QL-Diagonal Triangle La.Lb.Lc is the AntiCevian Triangle of L4 wrt L1.L2.L3, where
L4 is the perspectrix.

Conversion of a line
Since we deal with lines in a Quadrilateral we first will convert the equation of a line.
Let R be some line to be converted from CT- to DT-coordinates.

Diagonal Component Triangle L1.L2.L3
Triangle is perspective with
- La.lb.Lc Diagonal Triangle La.Lb.Lc.
. Lb Perspectrix is L4.

Perspector is P4.

------- Component
Triangle

L1.L21L3

Let Rc (xc:yc: zc) be the presentation of R in barycentric coordinates wrt the
Component Triangle. Let Rd (xd : yd : zd) be the presentation of L in barycentric
coordinates wrt the Diagonal Triangle.

Now Rc = xc.cfc1.L1 + yc.cfc2.L2 + zc.cfc3.L3 wrt the Reference Component Triangle
and Rd = xd.cfd1.La + yd.cfd2.Lb + zd.cfd3.Lb wrt the Diagonal Triangle,

where:

e (xc:yc:zc) are the barycentric coordinates of R wrt the Component Triangle,

(xd : yd : zd) are the barycentric coordinates of R wrt the Diagonal Triangle,

cfcl, cfc2, cfc3 are the Compliance Factors of the Component Triangle,

e cfdl, cfd2, cfd3 are the Compliance Factors of the Diagonal Triangle.
Explanation of Compliance Factors can be found at [See 26b page 40].
Since the Component Triangle is the Reference Triangle, the Compliance Factors of the
Component Triangle are all equal 1.
The Compliance Factors of the Diagonal Triangle are:

e cfdl =Det[LI, Lb, Lc] / Det [La, Lb, Lc],

e cfd2 =Det [La, LI, Lc] / Det [La, Lb, Lc],

e cfd3 =Det [La, Lb, LI] / Det [La, Lb, Lc],



where LI = the line at infinity (1:1: 1) and “Det” is the abbreviation for “Determinant”.
Calculation gives 2 presentations of the coordinates of R wrt the Component Triangle:

e Rc= (xc:yc:zc),

e Rd= (I(Ilmyd-lnyd+mnyd-Imzd+Inzd+mnzd):
-m(-Ilmxd-Ilnxd+mnxd+Imzd-Inzd-mnzd):
-n(-Ilmxd-Ilnxd+mnxd-lmyd+1lnyd-mnyd))

Since Rc and Rd present the same point we can now calculate the coordinates of R wrt
the Diagonal Triangle:

o (xd:yd:zd)=
(dm-In-mn)(Im-In+mn) (-mnxc+lnyc+1mzc):
(Im-In-mn)(Im+In-mn)( mnxc- Ilnyc+1mzc):
Im+In-mn)(Im-In+mn)(-mnxc- lnyc+1mzc))

However we have to bear in mind that the variables in these coordinates are expressions
in (a,b,c) and (I,m,n), which are variables wrt the Component Triangle. So also a
conversion of these variables from CT to DT should be done.

Therefore the CT > DT-conversion of line R (x : y : z) consists of 3 consecutive steps:

1. Transform Line (x:y:z)-->
(Im-In-mn)(Im-In+mn)(-mnx+Iny+Imz):
(Im-In-mn)(Im+In-mn)( mnx-lny+Imz):
Im+In-mn)(Im-Iln+mn)(-mnx- lny+1mz))

2. Replace az->1Z(m+n)2(a2(l+m)(l+n)+(m-n)(b2(l1+m)-c2(1+n)))
bz->m2(1+n)2(a2(l+m) (1-n)+ (m+n) (b2(l+m)+c2(-l+n)))
cz2->nZ(l1+m)z (a2 (1-m) (1 +n) + (m +n) (b2 (-1 + m) + c2 (1 + n)))

3. Replace 1 ->mn(l+m)(l+n)
m->1n (l+m)(m+n)
n->1m(l+n) (m+n)

Conversion of a point

Converting the coordinates of a point in the Quadrilateral-environment is converting the

intersection of 2 lines.

This actually only changes the Transform of (x : y : z) and leaves the replacements of

variables unchanged:

1. Transform Point (x:y:z)-->
((lm-In+mn)(my+nz):

((Ilm+In-mn)(l x+nz):
(Im-ln-mn) (1 x+my))

2. Replace az->1IZ(m+n)2(a2(l+m)(l+n)+(m-n)(bz2(l+m)-cz(1+n)))
bz->m2(1+n)2(az(l+m)(l-n)+ (m+n) (b2 (l+m)+c2(-1+n)))
cz2->nZ(l1+m)? (a2 (l-m) (1 +n) + (m + n) (b2 (-1 + m) + c2 (1 + n)))

3. Replace 1 ->mn(l+m)(l+n)
m->1n (1+m) (m+n)
n->Im(l+ n) (m+n)



QL/7: QL-Conversion DT -> CT-coordinates

Let L1.L2.L3.L4 be the Reference Quadrilateral with defining lines L1, L2, L3, L4.

Let La.Lb.Lc be the Diagonal Triangle of the Quadrilateral with bounding lines La, Lb, Lc.
The construction of the QL-Diagonal Triangle can be found at QL-Tr1.

Let L1.L2.L3 be the random Reference Component Triangle en let L4 be the 4t line.
L1.L2.L3 is the Cevian Triangle of L4 wrt the QL-Diagonal Triangle La.Lb.Lc, where L4 is
the perspectrix.

Conversion of a line
Since we deal with lines in a Quadrilateral we first will convert the equation of a line.
Let R be some line to be converted from DT- to CT-coordinates.

Diagonal Component Triangle L1.L2.L3
Triangle is perspective with
- La.lb.Lc Diagonal Triangle La.Lb.Lc.
. Lb Perspectrix is L4.

Perspector is P4.

------- Component
Triangle

L1.L21L3

Let Rc (xc:yc: zc) be the presentation of R in barycentric coordinates wrt the
Component Triangle. Let Rd (xd : yd : zd) be the presentation of L in barycentric
coordinates wrt the Diagonal Triangle.

Now Rc = xc.cfc1.L1 + yc.cfc2.L2 + zc.cfc3.L3 wrt the Reference Component Triangle
and Rd = xd.cfd1.La + yd.cfd2.Lb + zd.cfd3.Lb wrt the Diagonal Triangle,

where:

e (xc:yc:zc) are the barycentric coordinates of R wrt the Component Triangle,

(xd : yd : zd) are the barycentric coordinates of R wrt the Diagonal Triangle,

cfcl, cfc2, cfc3 are the Compliance Factors of the Component Triangle,

e cfdl, cfd2, cfd3 are the Compliance Factors of the Diagonal Triangle.
Explanation of Compliance Factors can be found at [See 26b page 40].
Since the Diagonal Triangle is the Reference Triangle, the Compliance Factors of the
Diagonal Triangle are all equal 1.
The Compliance Factors of the Component Triangle are:

e cfcl=Det|[LI, L2, L3] /Det[L1, L2, L3],

e cfc2=Det|[L1, LI L3] / Det[L1, L2, L3],

e cfc3 =Det[L1, L2, LI] / Det [L1, L2, L3],



where LI = the line at infinity (1: 1: 1) and “Det” is the abbreviation for “Determinant”.
Calculation gives 2 presentations of the coordinates of R wrt the Component Triangle:
e Rc= (-l (mxc+lnxc-lmyc-mnyc-lnzc-mnzc):
-m(-lmxc-Inxc+Imyc+mnyc-lnzc-mnzc):
n (Ilmxc+Inxc+Imyc+mnyc-Inzc-mn zc))
e Rd= (xd:yd:zd),
Since Rc and Rd present the same point we can now calculate the coordinates of R wrt
the Diagonal Triangle:
e (xc:yc:zc)=
(I+m)(1+n) (nyd+mzd):
(I1+m)(m+n) (nxd+1lzd):
(1+n) (m+n) (mxd+1yd))
However we have to bear in mind that the variables in these coordinates are expressions
in (a,b,c) and (I,m,n), which are variables wrt the Component Triangle. So also a
conversion of these variables from CT to DT should be done.

Therefore the DT > CT-conversion of line R (x : y : z) consists of 3 consecutive steps:
1. Transform Line (x:y:z)-->
(+m)(l+n)(ny+mz):
(I+m)(m+n)(nx+12z):
(I1+n)(m+n) (mx+1y))
2. Replace a2-> (Im+In-mn)?2(b2m?2+a2mn-b2mn-c2mn + c2n?)
bz-> (Im-1In+mn)2(az 12-a2]l n+b2 In-c2ln + cZn?)
cz2-> ((Im+In+mn)?2(azlz-a2lm-b2lm+ c2l m + b2 m?)
3. Replace l->(Im-In-mn)(Im-In+mn)
m-> (Ilm-ln-mn)(Im+In-mn)
n->(-Ilm-ln+mn)(Im-1n+mn)

Conversion of a point

Converting the coordinates of a point in the Quadrilateral-environment is converting the
intersection of 2 lines.

This actually only changes the Transform of (x : y : z) and leaves the replacements of
variables unchanged:
1. Transform Point (x:y:z)-->
(l(m+n)(lp-mqg-nr):
-m(l+n) ((Ip+mqg-nr):
n(l+m) (Ip+mgqg-nr))
2. Replace a?-> (Im+In-mn)?(b2m?2+a2mn-b2mn-cZ2mn + c2n?)
bz-> (Im-1In+mn)2(az I2-a2l n+b2 In-c2ln + cZn?)
cz-> ((Im+In+mn)?(a212-a21m-b2lm +c21m + b2 m?)
3. Replace l->(Ilm-In-mn)(Im-1n+mn)
m-> (Ilm-ln-mn)(Im+In-mn)
n->(-Im-In+mn)(Im-1n+mn)



6.2 QUADRILATERAL CENTERS
QL-P1: Miquel Point

The Miquel Point is the common point of the circumcircles of the 4 component triangles
of the Reference Quadrilateral.

This point is also called the Steiner Point or Clifford Point.

This point is also called the focal point by ].W. Clawson. See [22] page 250.

He describes 134 circles of “more or less interest” through this point.

Li = Quadrilateral Linei(i=1,2,3,4)
Ci i = CircumCircle triangle (Lj.Lk.LI)
QL-P1 = Miquel Point

1st CT-coordinate:
a?mn/(m-n)

1st DT-coordinate:
b2/(12n%) - ¢2/(1-m?)

Properties:
e The Miquel Point QL-P1 lies on these lines:
- QL-P7.QL-P19 =QL-L5 (2:-1=> QL-P1 = Reflection of QL-P7 in QL-P19)

- QL-P8.QL-P24
- QL-P10.QL-P16 ( 1:1=>QL-P1=Midpoint of QL-P7 and QL-P19)
- QL-P20.QL-P21 (-1:2 =>QL-P1 = Reflection of QL-P21 in QL-P20)

e (QL-P1 is the Railway Watcher (see QL-L/1) of:
- QL-L2 and QL-L3,
- QL-L1 and the asymptote of QL-Cul.



QL-P1 is the focus of the unique inscribed parabola of the Reference Quadrilateral
(see [4] page 49).
QL-P1 and the circumcenters of the 4 component triangles of the Reference
Quadrilateral are concyclic on QL-Ci3 (Miquel Circle).
QL-P1 lies on the 3 coaxal circles:

- QL-Ci3 (Miquel Circle),

- QL-Ci5 (Pliicker Circle),

- QL-Ci6 (Dimidium Circle).
QL-P1 lies on QL-Ci2 (Nine-point Circle of the QL-Diagonal Triangle).
QL-P1 lies on QL-Cul (QL-Quasi Isogonal Cubic).
QL-P1 lies on QL-Qu1 (QL-Cardiode).
QL-P1 is the isogonal conjugate of the infinite point of the Newton line with respect
to each of the four component triangles (see [4] page 41).
The symmetric lines of the Steiner Line QL-L2 in the 4 quadrilateral lines coincide at
QL-P1.
QL-P1 relates pairwise to all present line segments in the quadrilateral. Itis the
center of similarity of line segments Li*Lk . Li*Ll and Lj*Lk.Lj"Ll, where (i,j k1) €
(1,2,3,4). As a consequence triangles QL-P1 . Li*Lk . Li*Ll and QL-P1.Lj*Lk.Lj*LI
are similar (see also [9]).
QL-P1 is the perspector of the QL-Diagonal Triangle and the Triangle formed by the 3
QL-versions of QA-P3 (Gergonne-Steiner Point).
The Clawson-Schmidt Conjugate (QL-Tf1) is “centered” around QL-P1.

- Lines through QL-P1 are transformed in other lines through QL-P1.

- Lines not through QL-P1 are transformed in a circle through QL-P1.

- Circles with circumcenter QL-P1 are transformed in another circle with

circumcenter QL-P1.



QL-P2: Morley Point

Let Ni be Nine-point Center of triangle LjLKLI.

Let Lpi be the perpendicular line of Ni at Li.

Now all perpendicular lines Lpi (i=1,2,3,4) concur in one point QL-P2.

According to [9] Alexander Bogomolny this point was found by Frank Morley (F. Morley,
Orthocentric Properties of the Plane n-Line, Trans Amer Math Soc, 4 (1903) 1-12).

Li = Quadrilateral Line i (i=1,2,3,4)
Ni = Ninepoint Center triangle (Lj.Lk.LI)
QL-P2 = Morley Point

L1 -

1st CT-coordinate:
+a* 1 (21-m-n)+ b%2c2(212-31m-3In+4mn)
-b*(1-2m) (I-n)+ a2c2(I2m+12n-51mn+2m2n+1n?) /(m-n)
-ct(1-2n)(I-m)+a2b?2(IZ2m+12n-5Imn+2mn?+1m?)/(n-m)
1st DT-coordinate:
Sb Sc - (SbZ m2 (-12+n2)) /((12-m?2) (m?2-n?)) - (Sa Sb m?%)/(12-m?)
- (Scz n? (12-m?))/((1*- n?) (m?-n?)) - (Sa Sc n?)/(1*- n?)

Properties:
e (QL-P2 lies on these lines:
- QL-P4.QL-P22  (2:-1=> QL-P2 = Reflection of QL-P4 in QL-P22)
- QL-P6.QL-P12 (3:-2)
- QL-P7.QL-P9
e (QL-P2.QL-P3 = QL-L4 (Morley Line) // Newton Line QL-L1.
e (QL-P2.QL-P10 = QL-L6 (Quasi Ortholine).
e d(QL-P2,QL-P3)=3*d (QL-P5, QL-P12). (d = distance)
e d(QL-P2, QL-L1)=d (OL-P3, QL-L1) = d (OL-P4, QL-L1), where QL-L1=Newton Line.
¢ The Clawson-Schmidt Conjugates of QL-P2 lies on QL-Ci3 (Miquel Circle).
e QL-P2 (Morley Point) lies on the circumcircle of the triangle formed by the 1st Quasi
Nine-point Centers (QG-P7) of the 3 QL-Quadrigons.



QL-P3: Hervey point

The circumcenters of the 4 component triangles of the Reference Quadrilateral are
concyclic (on the Miquel Circle). These circumcenters form a Quadrangle with 4
component triangles whose Orthocenters are also concyclic (on the Hervey Circle) and
with circumcenter QL-P3, the Hervey point.

This point was found by Hervey and described in [6] by Alain Levelut.

Li = Quadrilateral Linei (i=1,2,3,4)
Oi = CircumCenter triangle (Lj.LKk.LI)
Hi = OrthoCenter triangle (Oj.0Ok.Ol)
QL-P3 = Hervey Point

Circle

1st CT-coordinate:

a2(l-m)(-n)(b2n-c2m)+ (b%2-c?)(m-n) (-b2(1-m)n+c2m(l-n))
1st DT-coordinate:

a* - b* (3 m2+n?%)/(12-n%) - c* (m2+3 n?)/(12-m?)

- 4b%c2m?2/(-124m2) - 4 b2 czn2/(-124n2) + 2 a? (b2-c?) (m2+n2)/(m?2-n2)

Properties:

e QL-P3lies on this line:

- QL-P4.QL-P5 (2 :-1=>QL-P3 = Reflection of QL-P4 in QL-P5)

e Distances QL-P4.QL-P6 : QL-P6.QL-P5: QL-P5.QL-P3=1:1:2.

e QL-P2.QL-P3 = QL-L4 (Morley Line) // Newton Line QL-L1.

e (QL-P3is also the point of concurrence of the four perpendicular bisectors of the
segments Oi.Hi of the Euler Lines of the QL-Component Triangles Ti ([6] page 5).

e (QL-P3is the center of the QL-Ci4 Hervey Circle.

e (QL-P3is the Gergonne-Steiner Point (QA-P3) as well as the Isogonal Conjugate (QA-
P4) as well as the Midray Homothetic Center (QA-P8) as well as the QA-DT-
Orthocenter (QA-P12) from the Orthocenter Quadrangle in the Circumcenter
Quadrangle H1.H2.H3.H4. These 4 QA-points concur. H1.H2.H3.H4 is concyclic.

e d(QL-P3,QL-P2)=3*d (QL-P5, QL-P12)

e d(QL-P3,QL-L1) =d (OL-P2, QL-L1) =d (OL-P4, QL-L1), where d=distance and QL-
L1=Newton Line.



QL-P4: Miquel Circumcenter

The circumcenters of the 4 component triangles of the Reference Quadrilateral are
concyclic on the Miquel Circle. It is special that QL-P1, the Miquel Point, also resides on
the Miquel Circle. The circumcenter of this circle is QL-P4.

Li = Quadrilateral Line i (i=1,2,3,4)
Oi = Circumcenter triangle (Lj.LKk.LI)
QL-P1 = Miquel Point

QL-P4 = Miquel Circumcenter

1st CT-coordinate:
a2(a2(m-n) (I-m) (n-1)
+bZ(1-m) (n2+I1m-2mn)
+c2(n-1) (m?+In-2mn))

1st DT-coordinate:
Sa? (m2-n2)3 - Sb2 (12-n2)2 (3 m2+n2) + Sc? (12-m?2)2 (m2+3 n2)
+2(m2-n2) (Sa Sc (12-m?)2 + Sa Sb (12-n2)2 - S2 (12 (I2+m2+n?2)-3 m?2 n?))

Properties:

e (QL-P4 lies on these lines:

- QL-P2.QL-P22  (2:-1=> QL-P4 = Reflection QL-P2 in QL-P22)
- QL-P3.QL-P5 (2 :-1=>QL-P4 = Reflection QL-P3 in QL-P5)

e (QL-P4 is the Reflection of QL-P5 in QL-P6.

e (QL-P4 is the Railway Watcher (see QL-L/1) of QL-L1 (Newton Line) and QL-L4
(Morley Line).

e (QL-P4 is the Gergonne-Steiner Point (QA-P3) as well as the Isogonal Conjugate (QA-
P4) as well as the Midray Homothetic Center (QA-P8) as well as the QA-DT-
Orthocenter (QA-P12) from the Circumcenter Quadrangle (see QL-P3).

These 4 QA-points concur because the Circumcenter Quadrangle is concyclic.

e The Centroid of the 8 centers of circles as described in rule (9) from Steiner (seen as

a system of 8 random points) is QL-P4 (Miquel Circumcenter). See QL-8P1.



QL-P5: Kantor-Hervey Point

The circumcenters 01, 02, 03, 04 of the 4 component triangles of the Reference
Quadrilateral are concyclic (on the Miquel Circle). These circumcenters form a
Quadrangle with 4 component triangles whose Orthocenters H1, H2, H3, H4 again are
concyclic (on the Hervey Circle with circumcenter QL-P3 the Hervey point).

Now QL-P5 is the common midpoint of Oi.Hi (i=1,2,3,4).

Since Quadrangles 01.02.03.04 and H1.H2.H3.H4 are homothetic it also can be said that
QL-P5 is the center of homothecy of Quadrangles 01.02.03.04 and H1.H2.H3.H4.

There is a description of this point in [2b] Jean-Louis Ayme “Le point de Kantor-
Hervey”.

Li = Quadrilateral Line i (i=1,2,3,4)
04 Oi = CircumCenter triangle (Lj.Lk.LI)

Hi = OrthoCenter triangle (Qj.Ok.Ol)

QL-P5 = Kantor-Hervey Point

1st CT-coordinate:

l (m-n) (@2Sal+b2Sgm+c2Scn+8A2(mn-1m-1n) /1)
1st DT-coordinate:

-(m2-n2) (+Sa2 (m2-n2)2 + Sb2 (12-n2)2 +Sc2 (12-m?)?2

+2 (Sb Sc 1#+Sa Sc m#+Sa Sb n#) + 2 S2(12 (m2+n2)-3 m2 n?))

Properties:
e (QL-P5 lies on these lines:
- QL-P7.QL-P12 =QL-L1
- QL-P3.QL-P4 (1:1=>QL-P5 = Midpoint QL-P3 and QL-P4)
e (QL-P5 is the Reflection of QL-P4 in QL-P6.
e (QL-P5 is the Reflection of QL-P20 in QL-P22.
e The distance ratios between points QL-P20, QL-P22, QL-P12, QL-P5are 3:1: 2.
e QL-P5 is the shared Euler-Poncelet Point (QA-P2) from the Circumcenter Quadrangle
and from the Orthocenter Quadrangle in the Circumcenter Quadrangle (resp.
01.02.03.04 and H1.H2.H3.H4 in picture QL-P3).
e d(QL-P5,QL-P12)=d(QL-P2,QL-P3) /3 (d = distance)



QL-P6: Dimidium Point

The Dimidium Point is the Circumcenter of the Dimidium Circle.

[ call this point the Dimidium Point because “Dimidium” is the Latin word for "half".

This is because:

e The Dimidium Point is the midpoint of QL-P4 (Miquel Circumcenter) and QL-P5
(Kantor-Hervey Point).

e The intersection points of the Nine-point Conics of the 3 component quadrigons of
the Reference Quadrilateral have 3 common points: Sn1, Sn2, Sn3. These points lie on
the Dimidium Circle (which moreover passes through QL-P1 the Miquel Point). As is
known the Conic is a conic through all midpoints of all line segments in a quadrangle
or quadrigon.

e The Gergonne-Steiner Points Mia, Mib, Mib of the 3 component quadrigons of the
Reference Quadrilateral also lie on the Dimidium Circle. As is known the Gergonne-
Steiner Point (QA-P3) is constructed from the midpoints of a ray of line segments.

e The Dimidium Circle (QL-Ci6) lies exactly between (midway) the Pliicker Circle (QL-
Ci5) and the Miquel Circle (QL-Ci3).

Li = Quadrilateral Line i (1=1,2,3,4)
QL-P6 = Dimidium Point

queckér
"r-——-4--Circle

A Clcle

1st CT-coordinate:
+3at(l-m)(m-n)(n-1)+b2c2(m-n)(-lm- In+2mn)
+ b*(l-m)(m-n) n +czaz (n -1) (-lm+31n-6 mn+4m?)
¢¢ m (m-n)(n-1)+a2b% (I-m) (-In+31m-6mn+4n?)
1st DT-coordinate:
Sb2 (12-n2)2 m2 - Sc2 (12-m?)2 n2
+ (mZ2-n2) (Sb Sc 14 +Sa Sb 12 n2+Sa Sc 12 m?2 +S2(12 m2+12 n2-3 m? n?))

Properties:

e (QL-P6 lies on these lines:
- QL-P2.QL-P12 3:1)
- QL-P3.QL-P4 3:1)



QL-P6 = Midpoint of QL-P4 and QL-P5.

QL-P6 = Circumcenter of QL-Ci6 Dimidium Circle.

QL-P6 = the Quadrangle Centroid (QA-P1) from the Circumcenter Quadrangle
(01.02.03.04 in picture QL-P3).

Distances QL-P6.QL-P12 : QL-P12.QL-P2=1:2.



QL-P7: Newton-Steiner Point

The Newton-Steiner Point is the intersection point of the two most prominent
Quadrilateral Lines: QL-L1 The Newton Line and QL-L2 The Steiner Line.

Li = Quadrilateral Line i (i=1,2,3,4)
QL-P7 = Newton-Steiner Point

NewtonLine

1st CT-coordinate:
;a2m?2n2+Sglm?2(3n-1)+Scln2(3m-1)+a2lmn(l-m-n)

1st DT-coordinate:
a? 1?2 (m?+n?) - 2a?2m?n? - (m?-n?) (b? m?-c? n?)

Properties:
e (QL-P7 lies on these lines:
- QL-P1.QL-P19=QL-L5 (2:-1=> QL-P7 = Reflection QL-P1 in QL-P19)
- QL-P2.QL-P9 =QL-L2
- QL-P5.QL-P12=QL-L1
e QL-P7.QL-P1 // QL-P2.QL-P10
e (QL-P7 is the Reflection of QL-P1 in QL-P19.
e The Clawson-Schmidt Conjugates (QL-Tf1) of QL-P7 lies on QL-Ci3 (Miquel Circle).



QL-P8: Centroid QL-Diagonal Triangle

QL-P8 is the Centroid of the Diagonal Triangle of the Reference Quadrilateral.

Li = Quadrilateral Linei (i=1,2,3,4)
QL-P8 = Centroid of the Diagonal Triangle

QL-
Diagonal
Triangle

r—
—

1st CT-coordinate:
(Im+In-mn)2mn-4(l1-m)(l-n)m2n2 (note that this formula is independent of a,b,c)

1st DT-coordinate:

1

Properties:

e (QL-P8lies on these lines:
- QL-P1.QL-P24
- QL-P9.QL-P10 =QL-L7 (1:2)
- QL-P12.QL-P14=QL-L8 (-3:4)
- QL-P17.QL-P25 (2:1)

e The ratio of distances between QL-P9, QL-P8, QL-P11, QL-P10 in this orderis 2:1: 3.

e The ratio of distances between QL-P8, QL-P15, QL-P12, QL-P14, QL-P18 in this order
is2:1:1:2.

e d(QL-P8,QL-L9) =2 *d(QL-P12, QL-L9) =4/3 * d(QL-P19, QL-L9)



QL-P9: Circumcenter QL-Diagonal Triangle

QL-P9 is the Circumcenter of the Diagonal Triangle of the Reference Quadrilateral.

Steiner
Line!

QL- Li = Quadrilateral Line i (i=1,2,3,4)
Diagonal

Triangle QL-P9 = Circumcenter Diagonal Triangle

Newton[f[n_e,,,-»—/"'""/_{

1st CT-coordinate:

4mn(-4A2m2n2+azl3 (Scem+Sgn)-12(Scm+Sgn)2+1mn (Sgb2m + S¢c2n))
where:

Sa=(-a2+b2+c?)/2 Sp=(+a2-b2+c2)/2 Sc=(+az+b2-c2)/2

A =Area=1/4V[(a+b+c)(-a+b+c) (a-b+c)(a+b-c)]

1st DT-coordinate:
a2 Sa

Properties:
e (QL-P9 lies on these lines:
- QL-P2.QL-P7 =QL-L2
- QL-P8.QL-P10=QL-L7 (-1:3 =>QA-P9 = Complement of QA-P10)

e (QL-P9 lies together with QL-P8, QL-P10 and QL-P11 on QL-L7, the QL-Euler Line of
the Diagonal Triangle. The ratio of distances between QL-P9, QL-P8, QL-P11, QL-P10
in this orderis2:1:3.

e QL-P9.QL-P16 // QL-P1.QL-P11.

e (QL-P9 lies on the circumcircle of the triangle formed by the 3 QL-versions of QG-P9.

e The Clawson-Schmidt Conjugate (QL-Tf1) of QL-P9 lies on QL-Ci3 (Miquel Circle).

e The directrices of QL-Co1 and QL-Co3 meet in QL-P9 (Circumcenter QL-Diagonal
Triangle).



QL-P10: Orthocenter QL-Diagonal Triangle

QL-P10 is the Orthocenter of the Diagonal Triangle of the Reference Quadrilateral.

Quési
Ofttholine

Li = Quadrilateral Line i (i=1,2,3,4)
QL-P2 = Morley Paint
QL-P10 = Orthocenter Diagonal Triangle

QL-
Diagonal
Triangle

1st CT-coordinate:
mn2A2(Im+In-mn)(Ilm+In+mn)-azl2(2mnSa+1nSg+1mSc)
+1mn (n Sa Sg + m Sa Sc) + 12 (n2 Sg2 + m2 S¢?))

1st DT-coordinate:

1/ Sa
Properties:
e (QL-P10 lies on these lines:
- QL-P1.QL-P16 (-1:2=>QL-P10 = Reflection of QL-P16 in QL-P1)
- QL-P2.QL-P10 =QL-L6
- QL-P8.QL-P9 (-2:3)

e (QL-P10 lies together with QL-P8, QL-P9 and QL-P11 on QL-L7, the QL-Euler Line of
the Diagonal Triangle. The ratio of distances between QL-P9, QL-P8, QL-P11, QL-P10
in this orderis2:1:3.

e QL-P10.QL-P2 // QL-P7.QL-P1.

e (QL-P10 is a Railway Watcher (see QL-L/1) of lines QL-L9.QL-P16 and line QL-P1.QL-
P11.



QL-P11: Nine-point Center QL-Diagonal Triangle

QL-P11 is the Nine-point Center of the Diagonal Triangle of the Reference Quadrilateral.

QL-
Diagonal
Triangle

Li = Quadrilateral Line i (1=1,2,3,4)

QL-P8 = Centroid Diagonal Triangle

QL-P9 = Circumcenter Diagonal Triangle
QL-P10 = Orthocenter Diagonal Triangle
QL-P11 = Ninepoint Center Diagonal Triangle

1st CT-coordinate:
a2l2mn(Z2mnSa+nlSg+1mSc-bZm?-cZn?)
-mZn2 (8A2(Im+In-mn)-b2lmSg-c2lnSc)

1st DT-coordinate:
S2+Sb Sc

Properties:
e (QL-P11 lies together with QL-P8, QL-P9 and QL-P10 on QL-L7 (QL-Euler Line).
The ratio of distances between QL-P9, QL-P8, QL-P11, QL-P10 in this orderis 2: 1: 3.
e (QL-P1.QL-P11 // QL-P16.QL-P9.
e (QL-P11 lies on perpendicular bisector F1.F2 (F1, F2 are Foci QL-Co1, QL-Co3).



QL-P12: QL-Centroid or Lateral Centroid

Let Gi be the Triangle Centroid (X2) of Triangle Lj.Lk.LL

Let TCi be the Tripolar Centroid ) of the 3 intersection points of Lj, Lk, L1 with Li.

Now all lines Gi.TCi (i=1,2,3,4) concur in one point QL-P12, the Lateral Centroid.

It is called the Lateral Centroid because it is constructed of 4 Centroids occurring in the

Quadrilateral environment. Just like in the QA-environment, the Centroid in the QL-

environment is the Midpoint of 1st and 2d Quasi Centroids.

3 other ways of construction:

e QL-P12is the Tripolar Centroid ¥ of the QA-Centroids in the 3 QL-Quadrigons.

e Let Gi be the Centroid of component triangle Lj.Lk.L] and let Gjkl be the Centroid of
Centroids Triangle Gj.Gk.Gl, where (i,j, k1) € (1,2,3,4). Lines Gi.Gjkl concur in QL-P12.

e (QL-P12 is the homothetic Center of the Reference Quadrilateral L1.L2.L3.L4 and the
homothetic Quadrilateral formed by the lines parallel to the lines L1, L2, L3, L4
through the Centroids of the corresponding component triangles.

*) The Tripolar Centroid is the Centroid of a “flat” triangle formed by 3 collinear points.
Construction-method: Suppose P, Q, R are collinear points not on the line at infinity. Let M = Midpoint(Q, R).
The segment PM has two trisectors. The trisector closer to M is the Tripolar Centroid.

Li = Quadrilateral Line (i = 1,2,3,4)
Gi = Centroid of Triangle Lj.Lk.LI
TCi = Tripolar Centroid of intersection points Lj,Lk,LI with Li
QL-P12 = Lateral Centroid

1st CT-coordinate:
(m-n) I(l+m+n)-3(Im+1n-mn)) (note that this formula is independent of a,b,c)

1st DT-coordinate:
(m2-n2) (m2 (12-n2) + n2 (12-m2))

Properties:

e (QL-P12 lies on these lines:
- QL-P2.QL-P6 (2:1)
- QL-P5.QL-P7 =QL-L1
- QL-P8.QL-P14 = QL-L8 3:1)



QL-L12 is the Midpoint of QL-P14 (1st QL-Quasi Centroid) and QL-P15 (2rd QL-Quasi
Centroid).

QL-L12 is the Midpoint of QL-P8 and QL-P18.

The distance ratios between points QL-P20, QL-P22, QL-P12, QL-P5are 3:1: 2.
d(QL-P6, QL-P12) =d(QL-P2, QL-P12) / 2 (d = distance)

d(QL-P5, QL-P12) =d(QL-P2, QL-P3) / 3

QL-P12 is also the centroid of the 6 intersection points of the Reference
Quadrilateral.

QL-P12 is the point where the sum of the squares of the distances to the 6
intersection points of the Reference Quadrilateral is minimal.



QL-P13: QL-Harmonic Center or Lateral Harmonic Center

The QL-Harmonic Center or Lateral Harmonic Center is the Perspector of:
e the QL-Diagonal Triangle formed by the 3 QL-versions of QG-P1 (Diagonal
Crosspoint), and
e the triangle formed by the 3 QL-versions of QG-P12 (Inscribed Harmonic Conic
Center). This happens to be a “flat triangle” because these points are collinear on
QL-L1 (Newton Line).
QL-P13 is named harmonic because its construction is based on projective principles
leading to harmonic properties.

L i = Quadrilateral Line (i = 1,2,3,4)
QL-L1 = Newton Line

QG-P1a/b/c = Diagonal points of
Component Quadrigons "a", "b" and "¢"

QG-P12a/b/c = Inscribed Harmonic Conic Center of
Component Quadrigon "a", "b" and "¢"

QL-P13 = Lateral Harmonic Center

Another construction:

1. Let QG-P2a, QG-P2b, QG-P2Zc be the Midpoints of the diagonals of a quadrilateral.
These points are collinear at the Newton Line (QL-L1). See QG-P2 and QL-L1.

2. The triangle bounded by the lines QG-P2a.QG-P1a, QG-P2b.QG-P1b, QG-P2c.QG-Plcis
perspective with the QL-Diagonal Triangle (QG-P1a.QG-P1b.QG-P1c). Their
perspector is QL-P13.

1st CT-coordinate:
mn(3mn-lm-1ln) (note that this formula is independent of a,b,c)
1st DT-coordinate:
1/12
Properties:
e (QL-P13lies on QL-P17.QL-P24.
e QL-P13is collinear with QA-P16, QG-P1, QG-P12 and QG-P13 (see QG-L2).
e The 3 variants of QG-L2 in a Quadrilateral concur in QL-P13.
e (QL-P13is also the Perspector of the triangles formed by the 3 QL-versions resp.
of QG-P1 and QG-P12.
e (QL-P13is also the Perspector of the triangle bounded by the 3 QL-versions of the
connecting lines of QG-P1 and QG-P2 and the triangle formed by the 3 QL-
versions of QG-P1 (which is the QL-Diagonal Triangle).



QL-P14: 15t QL-Quasi Centroid

QL-P14 is the Centroid of the triangle formed by the three 1st Quasi Centroids (QG-P4) in
a Reference Quadrilateral.

The prefix QL- has been added in the name of QL-P14 because there is also a 1st Quasi
Centroid in a Quadrangle.

QG-P4a = 1st Quadri Centroid of 1st QL-Quadrigon
QG-P4b = 1st Quadri Centroid of 2nd QL-Quadrigon
QG-P4c = 1st Quadri Centroid of 3rd QL-Quadrigon

QL-P8 = Centroid of QL-Diagonal Triangle
QL-P12 = Lateral Centroid
QL-P14 = 1st QL-Quasi Centroid
QL-P15 = 2nd QL-Quasi Centroid

1st CT-coordinate:
Mm-n)2Pm3-4Fm*-2m?n-m*n+9Bm*n-2mn?2+101¥m?n?2-91¥m3n?2-312m*n?+2
BPn3-FPmnd-9Bm2n3+132m3n3-5Im*n3-41*n*+9 3 mn*-312m?n*-51m3n*+ 3 m*n*)

1st DT-coordinate:
(m2-n%) (1*+312m2+ 312n%- 7 m2n2)

Properties:
e (QL-P14 lies on this line:
- QL-P8.QL-P12 =QL-L8 (4:-1)
e (QL-P14 is the Reflection of QL-P15 (2rd QL-Quasi Centroid) in QL-P12 (Lateral
Centroid).



QL-P15: 2nd QL-Quasi Centroid

QL-P15 is the Centroid of the triangle formed by the three 2rd Quasi Centroids (QG-P8)
in a Reference Quadrilateral.

The prefix QL- has been added in the name of QL-P15 because there is also a 2d Quasi
Centroid in a Quadrangle.

QG-P8a = 2nd Quadri Centroid of 1st QL-Quadrigon
. QG-P8b = 2nd Quadri Centroid of 2nd QL-Quadrigon
“xQL-P8 QG-P8c = 2nd Quadri Centroid of 3rd QL-Quadrigon

QL-P8 = Centroid of QL-Diagonal Triangle
QL-P12 = Lateral Centroid
QL-P14 = 1st QL-Quasi Centroid
QL-P15 = 2nd QL-Quasi Centroid

1st CT-coordinate:
Mm-n)(Bm3-21tm*-BmZn-2Fm3n+6B3mtn-5mn2+81*m2n2-913m3n2+15n3
2FPmn3-9Bm2n3+2012m3n3-101m*n3-214nt+613mn*- 101 m3 n*+ 6 m*n*)

1st DT-coordinate:
(m2-n2) (1#-312m2+ 312n2+ 5 m?2n?)

Properties:
e QL-P15 lies on this line:
- QL-P8.QL-P12=QL-L8 (2:1)
e (QL-P15 is the Reflection of QL-P14 (1st QL-Quasi Centroid) in QL-P12 (Lateral
Centroid).



QL-P16: QL-Quasi Circumcenter

QL-P16 is the perspector of the QL-Diagonal Triangle and the Triangle formed by the
points QG-P5 (QG-1st Quasi Circumcenter) of the 3 QL-Quadrigons.

QL-P16 is also the perspector of the QL-Diagonal Triangle and the Triangle formed by
the points QG-P9 (QG-2rd Quasi Circumcenter) of the 3 QL-Quadrigons.

1a/1b/1c are Diagonal Crosspoints QG-P1
(vertices QL-Diagonal Triangle)

ba/bb/5c are 1st Quasi Circumcenters QG-P5
9a/9b/9c are 2nd Quasi Circumcenters QG-P9
= j/QL_P'I 6 (a,b,c indicating all 3 consisting QL-Quadrigons)

.. be

QL-P16 = QL-Quasi Circumcenter
= common perspector of triangles
1a.1b.1c, 5a.5b.5c, 9a.9b.9c

1st CT-coordinate:
mn (32a2A2(I-m)(l1-n)(Im-In+mn)(-Ilm+In+mn)(-mn+Im+1In)
-(@mn(l-m)(1-n)+b2ln(m-1)(m-n)+c2lm(n-1) (n-m))
*Gat2(Im+In-mn)-a*(Im+In-mn)2-b*(Im-In+mn)2-c*(-Im+1n+mn)?2
+2b2c2(12m2-212mn +12n2 + m?2 n?)
+2a2b2(2Bm-312m2-2Bn+22mn+12n2-21mn2+ m2n?)
+2azcz2(-2Bm+1Z2m2+2B8n+212mn-21m2n-312n2+ m2n?)))

1st DT-coordinate:
a2z (Scl?2-bZm?2+ San?) (Sb 12+ Sa m?- c2n?)

Properties:
e (QL-P16 lies on this line:
- QL-P1.QL-P10 (-1:2=>QL-P16 = Reflection of QL-P10 in QL-P1)

e QL-P16.QL-P9 // QL-P1.QL-P11.

e (QL-P16 lies on the circumcircle of QL-Ci1, the QL-Diagonal Triangle.

e (QL-P16 lies on the circumcircles of triangles formed by the 3 QL-versions of QG-
P1, QG-P5 as well as QG-P9.

e (QL-P16 is Railway Watcher (see QL-L/1) of lines QL-L5 (NSM Line) and QL-L6
(Quasi OrthoLine).



QL-P17: QL-Adjunct Quasi Circumcenter

QL-P17 is the 2nd common intersection point of the coaxal circumcircles of the 3
triangles formed by the 3 QL-versions of resp. QG-P1, QG-P5, QG-P9.
The 1stintersection point of these circles is QL-P16 (QL-Quasi Circumcenter).

1a/1b/1c are Diagonal Crosspoints QG-P1
(vertices QL-Diagonal Triangle)

5a/bb/5c are 1st Quasi Circumcenters QG-P5
9a/9b/9c are 2nd Quasi Circumcenters QG-P9
(a,b,c indicating all 3 consisting QL-Quadrigons)

P16 = QL-Quasi Circumcenter
= common perspector of triangles
1a.1b.1c, 5a.5b.5¢, 9a.9b.9c¢
= 1st intersectionpoint 3 coaxial circles
7 = QL-Adjunct Quasi Circumcenter
= 2nd intersectionpoint 3 coaxial circles

1st CT-coordinate:
mn (a2 (1-m) (1-n) (212(m-n)2-m2n2+1mn (m + n))
+bZ(m-n)(m-)nl(-31m+1n+mn)
+c2(n-m) (n- Jml(Im-31n+mn)))

1st DT-coordinate:
a2m?n? / (m2-n?)

Properties:
e (QL-P17 lies on these lines:
- QL-P8.QL-P25 (-2:3)
- QL-P13.QL-P24
e (QL-P17 is the AntiComplement of QL-P25 wrt the QL-Diagonal Triangle.
e QL-P25 lies on the polar of QL-P17 wrt the Polar Circle of the QL-Diagonal
Triangle (note Eckart Schmidt).
e (QL-P17 lies on the circumcircle QL-Cil of the QL-Diagonal Triangle.
e (QL-P17 lies on the Dimidium Circle QL-Ci6. The second intersection point with
the circumcircle of the QL-Diagonal Triangle (QL-Cil) is QL-P24.



QL-P18: Reflection of QL-P8 in QL-P12

QL-P18 is the Reflection of QL-P8 in QL-P12.
Special about this point is that it lies on QL-L9, the M3D Line.

QL-L8 = Centroids Line Li = Quadrilateral Line i (i = 1,2,3,4)

QL-P8 = Centroid QL-Diagonal Triangle

aL PS\‘\ QL-P12 = QL-Centroid
T T AL ) QL-P14 = 1st QL-Quasi Centroid
QL-L9 = M3D Line : QL-P15 = 2nd QL-Quasi Centroid

QL-P18 = Reflection QL-P8 in QL-P12

..
LI
LI
.
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hLT

Saa,
Nay

1st CT-coordinate:
B(m-n)2(m+n)-212(m2-n2)2-2m2n2(m?2-mn+n?)+Imn(m+n)(4m2-7mn+4n?)

1st DT-coordinate:
(m2-n2) (12 (124mZ2+n?) - 3 m2n2)

Properties:
e (QL-P18lies on these lines:
- QL-P8.QL-P12 =QL-L8 (2:-1=>P18 = Reflection of QL-P8 in QL-P12)
- QL-P18.QL-P23 =QL-L9



QL-P19: Midpoint of QL-P1 and QL-P7

QL-P19 is the Midpoint of QL-P1 and QL-P7.
Special about this point is that it lies on QL-L3, the Pedal Line.
Besides that it has a distance relation with the M3D Line (QL-L9).

1QLL3 = Pedal Line Li = Quadrilateral Line i (i = 1,2,3,4)

QL-P1 = Miquel Point
QL-P1 QL-P7 = Newton-Steiner Point

QL-P8 = Centroid QL-Diagonal Triangle
QL-P19 = Midpoint of QL-P1 and QL-P7
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1st CT-coordinate:
(@2mn-Sglm-Scln)(3mn-1m-1In)

1st DT-coordinate:
Sa (m2-n2)2 - Sb (12-n2) n2 - Sc (12-m?2) m2

Properties:
e (QL-P19 lies on this line:

- QL-P1.QL-P7 = QL-L5 (1:1 => QL-P19 = Midpoint of QL-P1, QL-P7)

e QL-P19.QL-P20 // QL-P7.QL-P21
e QL-P19 lies on QL-L3, the Pedal Line.
e (QL-P19 is the Quadrangle Centroid of the “flat quadrangle” formed by the 4

projection points of QL-P1 (collinear on QL-L3, the Pedal Line) on the basic lines

of the Reference Quadrilateral.
e d(QL-P19, QL-L9) =34 * d(QL-P8, QL-L9)



QL-P20: Orthocenter Homothetic Center

QL-P20 is the homothetic Center of the Reference Quadrilateral L1.L2.L3.L4 and the
Quadrilateral formed by the lines parallel to the lines L1, L2, L3, L4 through the
Orthocenters of the corresponding component triangles.

QL-L2
| Li = Quadrilateral Line i (i = 1,2,3,4)
‘\ Hi = Orthocenter of Triangle Lj.Lk.LI
B, L1’ L1 // L1 through H1, etc.

QL-L2 = Steiner Line
QL-P20 = QL-Orthopoint Homothetic Center

15t Coordinate

(m-n) (a2Samn-b2Sglm-c2Scln+SgSc(12+mn))
or

(m-n) (SBScl?2-b2Sglm-c2Scln+4A2m n)

1st DT-coordinate:
(m2-n?2) ((-a2 I2+b2 m2+c2 n?)? - 4 SaZ m?2 n?)

Properties:

e (QL-P20 lies on these lines:
- QL-P1.QL-P21 =QL-L5 (1:1=>QL-P20 = Midpoint of QL-P1, QL-P21)
- QL-P5.QL-P7 =QL-L1

e (QL-P19.QL-P20 // QL-P7.QL-P21

e (QL-P20 is the Reflection of QL-P5 (Kantor-Hervey Point) in QL-P22 (QL-Nine-

point Center Homothetic Center).
e The distance ratios between points QL-P20, QL-P22, QL-P12, QL-P5are 3:1: 2.



QL-P21: Adjunct Orthocenter Homothetic Center

QL-P21 is the Perspector of
e the Quadrilateral formed by the lines parallel to the lines L1, L2, L3, L4 through
the Orthocenters of the corresponding component triangles and
e the Quadrilateral formed by the lines perpendicular to the lines L1, L2, L3, L4
through the Orthocenters of the corresponding component triangles.

Hi = Orthocenter of Triangle Lj.Lk.LI

Li = Quadrilateral Linei (i=1,2,3,4)
Li'= Line through Hi // Li(i=1,2,3,4)
Li" = Line through Hi _|_Li (i=1,2,3,4)

QL2 = Steiner Line

QL-P21 = Adjunct Orthocenter Homothetic

15t Coordinate
2az(a*+ (b2-c2)2-2az(b2+c?))(1-m)2m (I-n)2(m-n)n
+2(-m+n) (@2mn(l-m)(I-n)+b2ln(m-)(m-n)+c2lmm-1) (n-m)) (2a2(b2m(l-n)+c2n(l-m))
+at(-2+mn)+ (b2-c2)(b2(12-2lm+mn)-c2(l12-21n+mn)))

1st DT-coordinate:
TI (Sa3 T1* + Sb3 Tm* + Sc3 Tn*
+ 2 (m2 +n?) Sa Sb Sc Tm Tn (Tn - Tm)
+Sa2 T12 ((m2 + 3 n%) Sb Tm - (3 m? + n%) Sc Tn)
+Sc2Tn?2 (Sb Tm (T1+3 Tm) +Sa (312 T1-2n2Tl-3 m2 Tn + m2 Tm))
+Sb2 Tm? (Sc Tn (T1+ 3 Tn) +Sa (3n2Tm + 2 m2 Tl - 312 Tl - n2 Tn)))
where:

Tl = m? - n? Tm =n2- ]2 Tn=12-m?2
Properties:
e QL-P21 lies on this line:
- QL-P1.QL-P20 (-1:2=>P21 = Reflection of QL-P1 in QL-P20)

e (QL-P21 lies on the asymptote of the cubic QL-Cul.



QL-P22: QL-Nine-point Center Homothetic Center

QL-P22 is the homothetic Center of the Reference Quadrilateral L1.L2.L3.L4 and the
homothetic Quadrilateral formed by the lines parallel to the lines L1, L2, L3, L4 through
the Nine-point Centers of the corresponding component triangles.

The prefix “QL-“ has been added in the name of QL-P22 because there is also a Nine-
point Homothetic Center in a Quadrangle.

Li = Quadrilateral Line i (i =1,2,3,4)
Ni = Nine-point Center of Triangle Lj.Lk.LI
L1"// L1 through N1, etc.

X QL-P22 = QL-Nine-point Homothetic Center

1st CT-coordinate:
(m-n) (@2Sal2+b2Sglm+c2ScIln+8A2(Im+1n-2mn-12))

1st DT-coordinate:
(@2 (12-m?) - c?(m?-n?)) (a2 (1>-n?)+b? (m?-n?))

Properties:
e (QL-P22 lies on these lines:
- QL-P2.QL-P4 (1:1=>QL-P22 is Midpoint of QL-P2 and QL-P4)
- QL-P5.QL-P7 =QL-L1
e QL-P22.QL-P6 // QL-P2.QL-P5 // QL-P4.QL-P20
e (QL-P22 is the Midpoint of QL-P5 (Kantor-Hervey Point) and QL-P20 (Orthocenter
Homothetic Center).
e The distance ratios between points QL-P20, QL-P22, QL-P12, QL-P5are 3:1: 2.



QL-P23: Center of the Inscribed Midline Hyperbola

QL-P23 is the center of the Inscribed Midline Hyperbola. This is the conic touching the
defining lines of the Reference Quadrilateral and with the Newton Line as asymptote.
See Paragraph QL-Co2.

Inscribed Midline Hyperbola

4
|

I
L

2nd
- tot:
'/ asymplote L Li = Quadrilateral Line i (i = 1,2,3,4)

QL-P23 = Center Inscribed Midline Hyperbola

1st CT-coordinate:
Im-n)((Im+1n+mn)2-4mn (12+ mn))

1st DT-coordinate:
m2 n2 (m2-n2)

Properties:
e (QL-P23lies on QL-L1, the Newton Line.
e (QL-P23lies on QL-L9, the M3D Line.



QL-P24: Intersection QL-P1.QL-P8 ~ QL-P13.QL-P17

QL-P24 is the point of intersection of the lines QL-P1.QL-P8 and QL-P13.QL-P17.
It is also one of the points of intersection of the circles QL-Cil (Circumcircle QL-Diagonal
Triangle) and QL-Ci6 (Dimidium Circle).

QL-P1 = Miquel Point

QL-P8 = Centroid Diagonal Triangle
QL-P13 = QL-Harmonic Center
QL-P16 = QL-Quasi Circumcenter

QL-P17 = Adjunct QL-Quasi Circumcenter

QL-P24 = Intersection QL-P1.QL-P8 » QL-P13.QL-P17
QL-Ci1 = Circumcircle QL-Diagonal Triangle

QL-Ci6 = Dimidium Circle

1st CT-coordinate:
I-m)(I-nN)mn
*(Ton(@* (4 (1-m)(I-n)(Im-In-mn)(Im-In+mn)+ (Im+1n-mn))
+b*(m-n)(+Im-In+mn)/ (1-n)
+ct (m-n)(-lm+In+mn)/(m-1) -2b2c2 (m-n)?2)
-2azb2((1-m)(m-n) Ta-(Im-1n+mn) Tin)
-2azc2((l-n) (m-n) Tim-(Im-1n-mn) Tw))
where:
Ton=(m?2-212mn+2lm?2n+12n2+21mn?-3 m?2n?)
Tm =(2m2+212mn-21m2n-312n2+ 21 mn2+ m?2n?)
T =(B31Z2m2-212mn-2ImZn-12n2+21mn2-m?2n2)
1st DT-coordinate:
(@2 (12-n?)+b? (m?2-n?)) (a2 (1>-m?)+c? (-m?+n?))

Properties:
e (QL-P24 lies on these lines:
- QL-P1.QL-P8
- QL-P13.QL-P17
e QL-P24 is the projection of QL-P16 on the line QL-P1.QL-P8.
e (QL-P24 is one of the points of intersection of the circles QL-Cil (Circumcircle QL-
Diagonal Triangle) and QL-Ci6 (Dimidium Circle). The other point of intersection
is QL-P17 (QL-Adjunct Quasi Circumcenter).



QL-P25: 2nd QL-Parabola Focus

QL-P25 is the Focus of the 2nd QL-Parabola QL-Co3.
For an explanation of the 2nd QL-Parabola see QL-Co3.

~“QL-Cof

QL-Co3

QL- P2

QL-P8 ‘»4‘
'\

. T1

1st CT-coordinate:
aZmn(l-m)(I-n)(Em5-3Pmtn+ImSn+215m3n2-41*m*nz2+213mS5n2+215m?2
npd+6lrm3nd-63m*n3-212mSsn3-3mn*-41*m2n*-6 3 m3nt+1612m*n*-31m>
nt+BnS+14fmnS+2Bm2n5-212m3n5-31m*ns+ ms ns)
-Ilmn(I-m)(I-n)(m-n)m2n2(4b2 n(l-m)(31m-1n-mn))
AAmn(I-m)(I-n)(m-n)m2n2(4c2m(I-n) (Im-31n+mn))

1st DT-coordinate:
12 (m2-n2) (b2 n2 (-12+m2) +c2 m2 (12-n2))

Properties:
e (QL-P25 lies on the line:
- QL-P8.QL-P17 (-1: 3 =>QL-P25=Complement of QL-P17 wrt QL-DT)
e (QL-P25 lies on the Axis of QL-Co3 which is a line _|_ QL-P1.QL-P7.
e (QL-P25 lies on the QL-Medial Circle QL-CiZ2.
e QL-P25 lies on the polar of QL-P17 wrt the Polar Circle of the QL-Diagonal
Triangle (note Eckart Schmidt).



QL-P26: Least Squares Point

QL-P26 is the point in a quadrilateral such that the sum of the squares of the distances to
the 4 basic lines is minimal.

", CSC(QL-P24)

LEAST SQUARES POINT
d1*d1 + d2*d2 + d3*d3 + d4*d4 is minimal
in this system of 4 lines

/" CSC(QL—P1 3) CSC = Clawson-Schmidt Conjugate
/P\\ ,,/"";"QL‘M QL-P1 = Miquel Point
| VA QL-P6 = Dimidium Point
/ AN\ \ Dimidium QL-P13 = QL-Harmonic Center

\\ i iCircle QL-P26 = Least Squares Point

CSC = Clawson-Schmidt Conjugate

QL-P26 is the Clawson-Schmidt Conjugate of the 2nd intersection point of
QL-P1.QL-P13 with the Dimidium Circle QL-Ci6.



Construction:

Li = Quadrilateral Line i (i=1,2,3,4)

QL-P26 = Least Squares Point

This construction is a modified version of the construction of Coolidge as described in
[25].

Let O (origin), A and B be random non-collinear points.

Go = Quadrangle Centroid of the projection points of O on the 4 basic lines of the
Reference Quadrilateral.

Ga = Quadrangle Centroid of the projection points of O on the 4 lines through point A
parallel to the 4 basic lines of the Reference Quadrilateral.

Gb = Quadrangle Centroid of the projection points of O on the 4 lines through point B
parallel to the 4 basic lines of the Reference Quadrilateral.

Let Sa = Ga.Go * 0.Gb and Sb = Gb.Go * 0.Ga.

Construct A1l on line O.A such that Sa.Ga: Ga.Go = 0.A: A.Al.

Construct B1 on line O0.B such that Sb.Gb : Gb.Go = 0.B : B.B1.

Construct P such that 0.A1.P.B1 is a parallelogram and where O and P are opposite
vertices. P is the Least Squares Point QL-P26.

1st CT-coordinate:
a2 (2(I-m)(I-n)+b2(2m-n)(m-1)+c2(2n-m)(n-1))

Least Sum of 4 Square Distances in CT-notation:
(-a*m2n2(l-m)(1-n)+ b2c2lZ2(m-n)?2((l+m+n)(21+m+n)-mn)
-btlZnz2(m-)(m-n)+ c2az2m?2(n-12((l+m+n)(l1+2m+n)- nl)
-etmzlZ(n-)(n-m)+ azbzn2(I-m)2((I+m+n)(I+m+2n)-1m))/
(+m+n)2(@mn({-m)(I-n)+b2nl(m-1I) (m-n)+cz2lm(n-1) (n-m)))
1st DT-coordinate:
m2n2 (a* (12 - m2) (12 - n2) - b* (m2 - 12) (m2 - n2) - ¢* (n - 12) (n? - m2)
+2a2b? (12-m2) n2+ 2 a2c2m?(12-n?))



Least Sum of 4 Square Distances in DT-notation:
(4 S?212m? n? (a2 1> + b2 m? + c2 n?))
/ (@* (12-m?) (12-n2) (12m?2+12n%2-m?n2) + 2 b2 c2 14 (m2 - n2)?2
+b* (m?-n2) (m2-12) (12m?-12n2+m2n?) + 2 c2 a2 m#* (n? - 12)2
+c* (n?-12) (n? - m?) (-12 m? + 12 n?2 + m? n?) + 2 a2 b2 n* (12 - m?)?)

Properties:
e (QL-P26 is the Clawson-Schmidt Conjugate of the 2nd intersection point of the line
QL-P1.QL-P13 with the Dimidium Circle QL-Ci6.
e (QL-P26 lies on the line QL-P1.CSC(QL-P13).
(CSC = Clawson-Schmidt Conjugate QL-Tf1)
e (QL-P26 lies on the line CSC(QL-P17).CSC(QL-P24), which is the perpendicular
bisector of QL-P1.CSC(QL-P6)



6.3 QUADRILATERAL LINES
QL-L/1: The Railway Watcher

Within the system of a quadrilateral a strange phenomenon pops up.
Often when a QL-line becomes known there also is a parallel line that requires attention.
And moreover there is also a prominent point not on these lines at the same distance
from one of the lines as the mutual distance of these lines.
[ call this the system of a Railway Watcher because the parallel lines can be represented
as arailroad and the point at a minimal distance from the railway as a “railway watcher”.
Examples:
In next picture

e (QL-P1is Railway Watcher of lines QL-L2 (Steiner Line) and QL-L3 (Pedal Line).

e (QL-P4 is Railway Watcher of lines QL-L1 (Newton Line) and QL-L4 (Morley Line).

Notable is that both railways cross at right angles.

Li = Quadrilateral Linei(i=1,2,3,4)
QL-L QL-P1 = Miquel Point
PedaliLine QL-P2 = Morley Point

QL-P3 = Hervey Point

QL-P4 = Miquel Circumcenter

QL-L
SteineriLine
Q il
QL-P1 orley Line
QL1
Newton Line
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In next picture
e (QL-P8is Railway Watcher of lines QL-L9 (M3D Line) and line // QL-L9 through
QL-P12.
e (QL-P16 is Railway Watcher of lines QL-L5 (NSM Line) and QL-L6 (Quasi
OrthoLine).

Again both railways cross at right angles.



Li = Quadrilateral Line i (i=1,2,3,4)

QL-L5 = NSM Line
QL-P16 QL-L6 = Quasi Ortholine

QL QL-L9 = M3D Line

QL-P1 = Miquel point

QL-P2 = Morley Point

QL-P7 = Newton-Steiner Point

QL-P8 = Centroid Diagonal Triangle
QL-P10 = Orthocenter Diagonal Triangle
QL-P1 QL-P12 = Lateral Centroid
QL-P18 = QL-Quasi Circumcenter
QL-P18 = Reflection of QL-P8 in QL-P12
QL-P22 = Center Midline Hyperbola

In next picture
e (QL-P10 is Railway Watcher of lines QL-P9.QL-P16 and line QL-P1.QL-P11.

Li = Quadrilateral Linei(i=1,2,3,4)
QL-P1 = Miquel Point

QL-P9 = Circumcenter QL-DT
QL-P10 = Orthocenter QL-DT
QL-P11 = Nine-point Center QL-DT
QL-P16 = QL-Quasi Circumcenter

|
\QL—P'IO

This system of Railway Watchers can be coincidental, but still it is a remarkable item.
See QL-Cul and QG-Co3 for other Railway Watchers where the Newton Line and an
asymptote form a railway.

See also QG-P1 where QG-P1 is the Railway Watcher of the 1st and 2n4 Quasi Euler Line.



QL-Cartesian Systems

The four most outstanding lines of a quadrilateral are the Newton Line, the Steiner Line,
the Pedal Line and the Morley Line.
They form a formidable rectangular construction with a special role for the Miquel Point
(QL-P1) and The Miquel Circumcenter (QL-P4).
Especially because:
d (QL-P1, QL-L3) = d (QL-L2, QL-L3) =d (QL-P2, QL-L3),
d (QL-P4, QL-L1) = d (QL-L4, QL-L1) =d (QL-P2, QL-L1).
QL3 Li = Quadrilateral Linei (i=1,2,3,4)
Pedal\Line QL-P1 = Miquel Point
QL-P2 = Morley Point

QL-P3 = Hervey Point
QL-P4 = Miquel Circumcenter

QL
Steiner
QL-P1
QL-L4
orley Line
QL-L1

‘ Newton Line

4 QL-P3

Since Steiner Line/Pedal Line and Newton Line/Morley Line are parallel and Steiner
line/Newton Line are perpendicular lines, these lines can function as a Cartesian
coordinate system with Steiner and Newton Line as axes. Moreover the difference in
distances of the parallel lines can function as units at the axes. This would look like this:

Steiner Line  Ped3

L [y

-P2 {

Cartesian Coordinate System with
Newton Line and Steiner Line as axes

Morley Line

Newton Line
a 'PE7/\- QL-P4
i QL-P1

QL-P7 X




Quadrilateral Points
Now all points QL-P1 to QL-P7 have these Cartesian coordinates (relating to CT-
coordinates):

x-coordinate y-coordinate

P1: 2 Y1.Y2

P2: 0 +1

P3:  2X1/X3 +1

P4:  (2X2-2X1)/ (3X3) -1

P5:  (X2+2X1)/ (3X3) 0

P6: X2/ (2X3) -1

P7: 0 0

The units used are:

X3 /(8 ALs3) AL3z?2 /(16 ABC ALs LM+?)
where:

X1=AL1.ALs? Y1=LM1 / AL3

X2 =ABC.ALz.ALs Y2=ABC.AL¢ / ALs

X3 =ABC2. LMy . LM2

and:

ABC= (-a+b+c)(a-b+c)(a+b-c)(a+b+c)

LMo=Imn

LMi=(-m)(m-n)(n-1)

AL1 = (a*+b2c?) (21-m-n) + (b*+ c2a?) (2m-n-1) + (c*+a2b2) (2n-1-m)

ALz = -a2(1-m) (n-1) (31m2-81mn+m2n+31n2+mn?)
b2(I-m)(m-n)(32m+12n-8lmn+1n2+ 3 mn2)
2m-)(m-n)(Pm+Im2+312n-8lmn+3m?n)

Alz= -(I-m)(m-n)(n-1) (@*(Im-mn+nl)+bt(Im+mn-nl)+ct*(-Im+mn+nl))
-Zm2+m2n2+n2l2-lmn(l+m+n)) (2b2c2(m-n)+2cza2(n-1)+2a2b2(l-m))

ALs = a2 mn(I-m)(l-n) + b2nl(m-1)(m-n) +c2Im(n -1)(n-m)

ALe = a2 mn(I-m)(l-n)(-Im-In+mn) + b2 nl(m-1)(m-n)(-Im+In-mn) + c2Im(n-1) (n-m) (Im-In-mn)

Quadrilateral Lines
The Pedal Line has equation x=1.
The Morley Line has equation y = 1.

One advantage of this system is that working with circles is easier in a Cartesian
coordinate system than in a barycentric/trilinear coordinate system.



QL-L1: The Newton Line

The intersection point of two lines of a quadrilateral and the intersection point of the
other two lines of a quadrilateral are called opposite points and their connective line is
called a diagonal. The midpoints of the 3 diagonals of a Quadrilateral are collinear. The
line through these 3 midpoints is the Newton Line.

Newton discovered this line because all centers of inscribed conics in a Quadrilateral
reside on this line. Gauss discovered that this line of Newton’s also passes through the
midpoints of the diagonals of the quadrilateral. That’s why the Newton Line is also
known as Gauss Line or Gauss-Newton Line.

Jean-Louis Ayme wrote a book with 30 proofs about this line at [3].

Also he wrote [2a] about the Newton Line as well as the Steiner Line.

Li = Quadrilateral Line i (1=1,2,3,4)

QL-L1 = Newton Line

1st CT-coefficient:
Im+Iln-mn (note that this formula is independent of a,b,c)

1st DT-coefficient:
12

Properties:

e QL-P5,QL-P7, QL-P12, QL-P20, QL-P22, QL-P23 are points on QL-L1.

¢ Quadrigon point QG-P12 also lies on the Newton Line QL-L1.

e QL-L1 is also the line that connects the Centroids of the 3 component quadrigons of
the quadrilateral.

e The centers of all inscribed conics of a Quadrilateral lie on QL-L1 (proved by Newton;
see also [4] page 49).

e (QL-L1 is parallel to QL-L4 (the Morley Line).

e (QL-L1 is parallel to the axis of QL-Co1 (the Inscribed Quadrilateral Parabola).



QL-L1 is perpendicular to QL-L2 (Steiner Line) (known as the Gauss-Bodenmiller
theorem) and QL-L3 (Pedal Line).

QL-L1 is the locus of homothetic centers of L1.L2.L3.L4 with the 4 lines formed by
the parallel lines to L1, L2, L3, L4 through Euler Line points Q1, Q2, Q3, Q4 of the
Component Triangles, where Qi have proportional ratio wrt OrthoCenter and
CircumCenter on respective Euler Line.

QL-L1 is the Trilinear Polar of QL-P13 (note Eckart Schmidt).

The asymptote of QL-Cul // QL-L1.

The asymptote of QG-Co3 // QL-L1.



QL-L2: Steiner Line

The Orthocenters of the 4 component triangles of a Quadrilateral are collinear. The line
through these 4 Orthocenters is the Steiner Line.

The Steiner Line is also known as Ortholine.

Jean-Louis Ayme wrote [2a] about the Newton Line as well as the Steiner Line.

Li = Quadrilateral Line i (1=1,2,3,4)
Hi = OrthoCenter Triangle Lj.Lk.LI

QL-L2 = Steiner Line

m
-

H4

1st CT-coefficient:

Sal (m-n)

1st DT-coefficient:

b2 (12-m2) - c2 (12-n2)

Properties:

QL-P2 (Morley Point) and QL-2P1a/b (1st/2nd Pliicker Point) and QL-P7 (Newton-
Steiner Point) and QL-P9 (Circumcenter QL-Diagonal Triangle) lie on QL-L2.

QL-L2 is parallel to QL-L3 (Pedal Line).

QL-L2 is perpendicular to QL-L1 (Newton Line) and QL-L4 (Morley Line).

QL-L2 is the directrix of QL-Co1, the Inscribed Quadrilateral Parabola.

QL-L2 is the common radical axis of the three circles constructed on the diagonals of
the Reference Quadrilateral as diameters.

QL-L2 is the Clawson-Schmidt Conjugate (QL-Tf1) of QL-Ci3 (Miquel Circle).

The Orthopole of a sideline of the complete quadrilateral with respect to the triangle
bounded by the three other sidelines lies on the Steiner line (see [4] page 42).

The Orthopole of a line L wrt a Triangle = the common intersection point of the three lines

perpendicular to the sidelines of the triangle, each passing through the projection of the opposite
vertex on line L.



QL-L3: Pedal Line

The perpendicular feet from the Miquel Point (QL-P1) to the four lines lie on the same
line R, and the Miquel Point is the only point with this property.

This is statement 3 of Steiner’s note on the complete quadrilateral as described on page
1 of [4]. This line R is now according to [4] named the Pedal Line.

QLL3
Li = Quadrilateral Line i (1=1,2,3,4)
QL-L3 = Pedal Line
QL-P1
QL-P1 = Miquel Point
4
11 [ 1
| - |

1st CT-coefficient:

I(m-n)/(@2mn-Sglm-Scln)

1st DT-coefficient:

(m2-n2)3 SAZ + (12-n2)3 SB2 + (m2-12)3 SC2 + 2 (m2-n2) SA ((12-n2)2 SB+(12-m2)2 SC)

Properties:

QL-P19 lies on QL-L3.

QL-L3 is parallel to QL-L2 (Steiner Line).

QL-L3 is perpendicular to QL-L1 (Newton Line) and QL-L4 (Morley Line).
QL-L3 is tangent to the QL-Inscribed Parabola QL-Co1 at the vertex.
QL-Co1 is the 5t Line Conic (see QL-Co/1) of QL-L3.



QL-L4: Morley Line

The Morley Line is the line through QL-P2 (Morley Point) and QL-P3 (Hervey Point).

Li = Quadrilateral Linei(i=1,2,3,4)

QL-P2 = Morley Point
QL-P3 = Hervey Point

QL-L1 = Newton Line

QL-L4 = Morley Line
QL-4
Q=1

4 QL-P2 ‘
QL-P3

+
-

e

1st CT-coefficient:
+a*(I-m)(I-n) (m-n)(Im+1n-mn)
+b*(1-m) (I-n) (m-n) Im
+c* (1-m)(I-n)(m-n) In
+b2c2 (n-m) UO
+aZc2 (1 -n) (UO-U1)
+a2b?2 (m-1) (U0 - U2)

where:
U0=1(2m+12n-4Imn+ m?n+mn?3)
Ul=(-m)(l+m-2n)(Im+In-mn)
U2=(0-n)(+n-2m)(Im+In-mn)

RN

1st DT-coefficient:
12 (m2-n2)3 SA2 - m2 (12-n2)3 SB? + n2 (12-m?%)3 SC2
+ (12-m?) (12-n2) (m2-n%) (212S%-12 SB SC - m2 SC SA - nZ SA SB)

Properties:

e (QL-L4 is parallel to QL-L1 (Newton Line).

e (QL-L4is perpendicular to QL-L2 (Steiner Line) and QL-L3 (Pedal Line).
o (QL-L4 is parallel to the Trilinear Polar of QL-P24 (note Eckart Schmidt).



QL-L5: NSM Line

The NSM Line is the line through the Newton-Steiner Point (QL-P7) and the Miquel Point
(QL-P1)

Li = Quadrilateral Line i (1=1,2,3,4)

QL-P1 = Miquel point
QL-P7 = Newton-Steiner Point

QL-L1 = Newton Line
QL-L2 = Steiner Line
QL-L5 = NSM Line (Newton-Steiner-Miquel)

1st CT-coefficient:
I(m-n)((a2-b?)b2(1-m)2n2(3Ilm-In-mn)-(az-cz)c2m2(I-n)2(Im-31n+mn)
+b2cz2(-2m3n3+41m2nZ(m+n)-512mn (m2+n?) +13 (m +n) (m? + n2)))

15t CT-Coordinate Infinity point:
Imn(az(21-m-n)-(b2-c?) (m-n))
-m(l-n)(Im-Iln+mn)Sg+n(l-m)(Im-1In-mn)Sc
1st DT-coefficient:
12 (12-m?) (12-n?) (m?2-n?) S? + 12 (m?-n?)3 SA? - m? (-12+n?2)3 SB2 - (12-m?)3 n2 SC?
+ (m2-n?) ((124#m?) (12-n2)2 SA SB+(12-m?)? (12+n2) SA SC)

15t DT-Coordinate Infinity point:
a?2m2n? - Sg 12m? - Sc 12 n?

Properties:

e (QL-P1,QL-P7, QL-P19 lie on QL-L5.

e (QL-L5 is parallel to QL-L6 (Quasi Ortholine).
e (QL-L9 (M3D Line) is perpendicular to QL-L5.
e QL-L5 // Directrix of the QL-Co3-parabola.



QL-L6: Quasi Ortholine

The Quasi Ortholine originates from the centers from 3 parallelograms that are collinear
on the Quasi Ortholine.
These parallelograms are each constructed from the 3 Quadrigons of the Reference
Quadrilateral.
Let P1.P2.P3.P4 be a Quadrigon and S be the intersection point of the diagonals:
S=P1.P3 * P2.P4
h ij = Orthocenter in Triangle S.Pi.Pj (i and j consecutive nrs in the cycle 1,2,3,4)
Now h12.h23.h34.h41 is a parallelogram.
[t is remarkable that:

line h41.h12 passes through P1,

line h12.h23 passes through P2,

line h23.h34 passes through P3,

line h34.h41 passes through P4.
The parallelogram has Center Ha = QG-P10 = 2nd Quasi Orthocenter.
Do this for all 3 Quadrigons in a Quadrilateral.
This gives centers Ha, Hb, Hc. These centers Ha, Hb, Hc are collinear.
The line through Ha, Hb, Hc also passes through QL-P2 (Morley Point) as well as QL-P10
(Orthocenter of the QL-Diagonal Triangle) in the Quadrilateral.
The line is called Quasi Ortholine because it passes through the 2rd Quasi Orthocenters
of the 3 component Quadrigons of the Reference Quadrangle.

Construction Ha = QG-P10 = 2nd Quasi Orthocenter in 1st Quadrigonjr,/"/

Hb = 2nd Quasi Orthocenter in 2nd Quadrigon
Hc = 2nd Quasi Orthocenter in 3rd Quadrigon

_TaLpo

_"Hb

“He h12 = OrthoCenter Triangle P1.P2.S
h23 = OrthoCenter Triangle P2.P3.S
h34 = OrthoCenter Triangle P3.P4.S
h41 = OrthoCenter Triangle P4.P1.S

P v Yz
h34



Li = Quadrilateral Line i (i=1,2,3,4)
QL-L5 = NSM Line

QL-L6 = Quasi Ortholine

QL-P1 = Miquel point

QL-P2 = Morley Point

QL-P7 = Newton-Steiner Point

QL-P10 = Orthocenter Diagonal Triangle

NewtonLine

1st CT-coefficient:
Imn (b2(l-m)-c2(1-n))+I(m-n) (Im+1n-mn) S,

15t CT-Coordinate Infinity point:
Imn(a%(2l-m-n)-(b2-c?)(m-n))-m(-n)(Im-In+mn)Sg+n(l-m)(Im-1n-mn)Sc

15t CT-Coordinate Infinity point of perpendicular line to QL-L6: (very simple coordinates)
I(m-n)(-3mn+1m+1n)

1st DT-coefficient:
12 (m2-n2) SA

15t DT-Coordinate Infinity point:
m? (12 - n2) SB + n2 (12 - m2) SC

15t DT-Coordinate Infinity point of perpendicular line to QL-L6: (very simple coordinates)
12 (m2-n2)

Properties:

e (QL-L6 passes through QL-P2 (Morley point) and QL-P10 (OrthoCenter QL-Diagonal
Triangle)

e (QL-L6 is parallel to QL-L5 (NSM Line)

e (QL-L9 (M3D Line) is perpendicular to QL-L6.

e The circumcenter of the triangle formed by the 3 QL-versions of QG-P13 lies on QL-
Lé6.



QL-L7: Euler Line of QL-Diagonal Triangle

QL-L7 is the Euler Line of the QL-Diagonal Triangle.

Li = Quadrilateral Line i (i=1,2,3,4)
QL-L7 = Eulerline Diagonal Triangle

QL-P8 = Centroid Diagonal Triangle

QL-P9 = Circumcenter Diagonal Triangle
QL-P10 = Orthocenter Diagonal Triangle
QL-P11 = Ninepoint Center Diagonal Triangle

1st CT-coefficient:
1 (m3 n3 Sa (n? (Sa + S) - m? (Sa + Sc)) + 313 (m?-n?) (n Sg+ m Sc) (-2 mn Sa + n? (Sa + Sg) + m? (Sa
+Sc))+12mn(-n4(3SA2+SASB-ZSBZ)+7m2nZSA(SB-Sc)-3m3n(2 SA2+SA(SB-Sc)+(SB-Sc)
Sc) + m# (3 SAZ + SA Sc -2 Sc 2) +3mn3 (2 SA2 + SA (-SB + Sc) + SB (-SB + Sc))) -4 (m - I’l) (n3 (SA (SB +
Sc) + SB (3 SB + Sc)) +m?2 n (-SA (SB + Sc) + Sc (3 SB + Sc)) + m n? (-SA (SB + Sc) + SB (SB +3 Sc)) + m3
(SA (SB + Sc) + SC (SB +3 Sc))) + 1 m?2 n? (n3 (2 SAZ +3 SASB + SBZ) -m3 (2 SAZ + 3 SASc+ Scz) -m n?
(6 Sa%2+ SgSc+ Sa (4— Sg + Sc)) +m?2n (6 Sa2+ Sp Sc + SA(SB +4 Sc))))

1st DT-coefficient:
SA (SB-SC)

Properties:

e (Quadrilateral points QL-P8 (Centroid DT), QL-P9 (Circumcenter DT), QL-P10
(Orthocenter DT) and QL-P11(Nine-point Center DT) lie on this line.

e The ratio of distances between QL-P9, QL-P8, QL-P11, QL-P10 in this orderis 2: 1: 3.



QL-L8: QL-Centroids Line

QL-L8 is the line through 4 Quadrilateral points, all related to Centroids.
These points are:

e (QL-P8 =Centroid QL-Diagonal Triangle

e (QL-P12 = QL-Centroid or Lateral Centroid

e (QL-P14 = 1st QL-Quasi Centroid

e (QL-P15 = 2nrd QL-Quasi Centroid

Li = Quadrilateral Line i (i=1,2,3,4)
QL-P8 = Centroid of QL-Diagonal Triangle
QL-P12 = QL-Centroid or Lateral Centroid
QL-P14 = 1st QL-Quasi Centroid
QL-P15 = 2nd QL-Quasi Centroid

aL™,
Diagoral
Trianglé.,

L8 = QL-Centroids Line

1st CT-coefficient:
1(61Fm*-3Bm5-101*m3n-5Bm*n+512mSn+81*m2n2+ 813 m3n2-412m*n2-1
msnZ2-10*mn3+8Bm2n3-Im*n3-m°n3+614n*-583mn*-412m2n*-1m3n*+4 m*
n*-313n5+512mns-1m?2n5 - m3ns)

1st DT-coefficient:
(12-n2) (I2n2-m*) + (12- m2) (12 m2- n%)

Properties:

e The ratio of distances between QL-P8, QL-P15, QL-P12, QL-P14 in this order is
2:1:1.



QL-L9: M3D Line

In the Reference Quadrilateral 3 QL-versions of the M3D Hyperbola QG-Co3 can be
constructed. These 3 hyperbolas have pairwise a 3rd intersection point (the 1st and 2nd
intersection point are mutual intersection points of L1, L2, L3, L4). These three 3
intersection points are collinear on a line which is called here the M3D Line.

M3D stands for “Midpoint 3rd Diagonal”.

Construction:
QL-L9 is the line through QL-P18 (the Reflection of QL-P8 in QL-P12) perpendicular to
QL-L6 (Quasi Ortholine).

Li = Quadrilateral Linei (i = 1,2,3,4)
Ma/Mb/Mc =3 QL-versions of Midpoints 3rd Diagonal
Sab /Sbc /Sca = 3rd interection points per pair of M3D Hyperbolas

Ma e

Sab
QL-L1 = Newton Line L-L9
QL-L9 = M3D Line

1st CT-coefficient:

mn(2lZ+mn-lm-1n)

15t CT-Coordinate Infinity point:

I(m-n)(3mn-lm-1n)

1st DT-coefficient:

12 (m2+n2)

15t DT-Coordinate Infinity point:

12 (m2-n2)

Properties:

QL-P18 and QL-P23 lie on this line.

QL-L9 is perpendicular to the lines QL-L5 (NSM Line) and QL-L6 (Quasi
Ortholine).

The axis of the 2nd QL-Parabola QL-Co3 // QL-L9.

d(QL-P8, QL-L9) = 2 * d(QL-P12, QL-L9) =4/3 * d(QL-P19, QL-L9)



6.4 QUADRILATERAL CONICS
QL-Ci1: QL-Circumcircle Diagonal Triangle

QL-Ci1 is the circumcircle of the QL-Diagonal Triangle (see QL-TR1 and QG-P1).
QL-P9 is its center.

1C Li = Quadrilateral Line i (i=1,2,3,4)
1a/1b/1c are vertices QL-Diagonal Triangle

v QL-P16 ] ] ]

H QL-P9 = Circumcenter QL-Diagonal Triangle

QL-P16 = QL-Quasi Circumcenter
fQL-P24
4 QL-P17 = QL-Adjunct Quasi Circumcenter
QL-P24 = Intersection QL-P1.QL-P8 ~ QL-P13.QL-P17

QL-Ci1 = Circumcircle QL-Diagonal Triangle

Equation of Circle in CT-notation:
IZ(Im+1In-mn) (b2m2+c2n2-2 Samn) x2
+m2(lm -1ln+mn) (c2n? +a2l2 -2Sg | n) y2
+n2(-lm+In+mn)(az 12 +b2m?2- 2S¢l m) z2
+ 2 (SclZm2+Sgl2n2+Sym2n?) (Imxy+Ilnxz+mnyz)=0
Radius? of Circle in CT-notation: A=Area=1/4V[(a+b+c)(-a+b+c) (a-b+c)(a+b-0)]
(@212 - a2l m-b21m+c2lm+b2m?)
*(@2 12 -a2ln+b2ln-c21n+ c2 n?)
*(b2m2+a2mn-b2mn-c2mn +c? n?)
*2m2n2 /(4 A2(Im-1n-mn)2(Ilm+I1n-mn)2(lm-1n+mn)?)

Equation of Circle in DT-notation:
alyz+bixz+ctxy=0

Radius? of Circle in DT-notation:
aZb2c2/(4S?)

Properties:
e (QL-P16 (QL-Quasi Circumcenter) and QL-P17 (QL-Adjunct Quasi Circumcenter)
and QL-P24 (Intersection QL-P1.QL-P8 * QL-P13.QL-P17) lie on QL-Cil.
e (QL-Cil is orthogonal wrt the Pliicker Circle (QL-Ci5).



QL-Ci2: QL-Medial Circle Diagonal Triangle

QL-Ci2 is the Medial Circle of the QL-Diagonal Triangle (see paragraph QL-Tr1).
QL-P11 is its center.

Li = Quadrilateral Linei (i=1,2,3,4)

1a/1b/1c are vertices QL-Diagonal Triangle

QL-P1 = Miquel Point
= Focus 1st QL-Parabola QL-Co1

QL-P25 = Focus 2nd QL-Parabola QL-Co3
QL-P11 = Nine-point Center QL-Diagonal Triangle

QL-Ci2 = Medial Circle QL-Diagonal Triangle

-
N

Equation in CT-notation:

13(m-n) (bm-cn)(bm + cn) x2
+m3 (1-n) (al - cn) (al+cn) y2
+n3 (I-m) (al-bm) (al+bm)z2
+1m (( az+b2-c2)12m2 + (c2-b2) 2mn + (c2-a2) Im2n-2c2lmnZz+c2ln3+ cZmn3) xy
+1 n ((az-b2+c?) 12n2+ (b2-a2) Imn2+ (b2-c2)I2Zmn-2b2lm2n+bZ2m3n+ b2l m3)xz
+mn ((-a2+b2+cz) m2 n? + (a2-c2) Im?n + (a2-b2) Imn?-2a22mn+a2l3m+azl3n)yz
=0

Radius? of Circle in CT-notation: A=Area=1/4V[(a+b+c)(-a+b+c)(a-b+c)(a+b-c)]
(@212 -a2l m-b21m+c2lm+b2m?)
*(@2 12 -a2ln+b2ln-c21n+ c2 n?)
*(b2m2+a2mn-b2mn-c2mn +c? n?)
*12m2n2 /(16 A2(Ilm-In-mn)2(Im+In-mn)2(Im-1n+mn)?)

Equation of Circle in DT-notation:

SA x (-x+y+z)+SBy (x-y+z)+SC (x+y-z) z=0
Radius? of Circle in DT-notation:

a’?b2c?2 /(16 S?)

Properties:
e (QL-P1 =Miquel Point = Focus 1st QL-Parabola lies on QL-CiZ2.
e QL-P25 =Focus 2 QL-Parabola lies on QL-CiZ2.



QL-Ci3: Miquel Circle

The first two statements of Steiner about Quadrilaterals (published in 1828) are:
Suppose four lines intersect two by two at six points.

(1) These four lines, taken three by three, form four triangles whose circumcircles
pass through the same point F.

(2) The centers of the four circles (and the point F) lie on the same circle.

(see Jean-Pierre Ehrmann [4] page 35).

This circle is called the circumcentric circle by ].W. Clawson. See [22] page 250.
He appoints 47 points on this circle.

This circle is named here the Miquel Circle. QL-P4 is its center.

....
S

Li = Quadrilateral Line i (i=1,2,3,4)
Oi = Circumcenter Triangle Lj.Lk.LI
Ci i = CircumCircle Triangle Lj.LKk.LI
QL-P1 = Miquel Point

QL-P4 = Miquel Circumcenter

104
Migdel Circle

"
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Equation in CT-notation:
(x+y+2z) (b2c2 I (m-n)Tax + c2a2m(n-1)Tgy + a?b2n(l-m) T¢z)
- Ta(a?2yz+b2zx+c2xy)=0

where:
TA =-2a21+ZScm+ZSBn
Tg =-2b2m+2Sa n+2Sc 1
Tc =-2c? n+ZSBl+ZSAm

Tao=(a-b-c)(a+b-c)J(a-b+c)(a+b+c)(I-m)(l-n) (m-n)
Radius? of Circle in CT-notation: A=Area=1/4V[(a+b+c)(-a+b+c)(a-b+c)(a+b-c)]
(a2 (I-m)(l1-n)+bz2 (m-1)(m-n)+c? (n-1) (n-m))
*@mn(l-m)(1-n)+b2ln(m-1) (m-n)+cz2lm (n-1) (n-m))
* azbzcz / (256 A*(1-m)2(1-n)2 (m - n)?)
Properties:
e (QL-Ci3 plays a role in QA-P9 (Miquel Center).
e (QL-Ci3 has the same radius as the Hervey Circle (QL-Ci4).
e (QL-Ci3 is the Reflection of QL-Ci4 in QL-P5.
e (QL-Ci3 is the Clawson-Schmidt Conjugate (QL-Tf1) of the Steiner Line (QL-L2).
As a consequence the Clawson-Schmidt Conjugates of QL-P2, QL-P7 and QL-P9 lie on
QL-Ci3.



QL-Ci4: Hervey Circle

Let Hi (i=1,2,3,4) be the Orthocenters of the 4 component triangles of the Quadrangle
formed by the Circumcenters of the 4 component triangles of the Reference
Quadrilateral.

These 4 Orthocenters lie on one of the 4 defining Lines of the Reference Quadrilateral
and are concyclic. The circle through these points is the Hervey Circle.

QL-P3 (Hervey Point) is its center.

\\.‘04
‘\ Li = Quadrilateral Line i (i=1,2,3,4)

Oi = CircumCenter triangle (Lj.Lk.LI)
Hi = OrthoCenter triangle (Oj.Ok.Ol)
QL-P3 = Hervey Point

Equation in CT-notation:

2 (X+y+Z) (AMANSAX+BLBNSBy+CMCLScZ)-TAL2 (czxy+b2xz+azyz) =0
where:
Awm = +a*m(l-m)(I-n) + b*1 (I-m)(m-n) + c*1 (I-n)(m-n) - b2 c2 (m-n) 1 (2I-m-n) + a2 c2 (I-n)(m2+In-2mn) - a2 b2 (I-m)(2lm-In-mn)
AN =-a*n(l-m)(1-n) + b*1 (I-m)(m-n) + c#1(I-n)(m-n) - b2 c2 (m-n) 1 (21-m-n) - a2 c2 (I-n)(I m-2In+mn) - a2 b2 (I-m)(Im-2mn+n?)
B1, =-a* m(l-m)(I-n) - b*1(I-m)(m-n) + ¢* m(l-n)(m-n) + b2 2 (m-n)(12-2In+mn) + a2 c2 (I-n) m (I-2m+n) + a2 b2 (I-m)(2Im-In-mn)
By = -a* m(I-m)(1-n) + b* n(I-m)(m-n) + ¢* m(I-n)(m-n) - b2 ¢2 (m-n) (Im+In-2mn) + a2 ¢ (I-n)m(1-2m+n) + a2 b2 (I-m)(Im-2In+n2)
Cwm = +a*n(l-m)(I-n) + b* n(l-m)(m-n) + c* m(I-n)(m-n) - b2 ¢z (m-n)(Im+In-2mn) + a2 c? (I-n)(2lm-m2-In) - a2 b2 (I-m)n(l+m-2n)

CL = +a*n(l-m)(I-n) + b* n(l-m)(m-n) - ¢41(1 -n)(m-n) + b2 c2 (m-n)(12-2lm+mn) + a2 c2 (I-n)(Im-2In+mn) - a2 b2 (I-m)n(l+m-2n)

Tar=(a-b-c)(a+b-c)(a-b+c)(a+b+c)(l-m)(l-n)(m-n)

Radius? of Circle in CT-notation: A=Area=1/4V[(a+b+c)(-a+b+c)(a-b+c)(a+b-0)]
(a2 (I-m)(l1-n)+bz2 (m-1)(m-n)+c? (n-1) (n-m))
*@mn(l-m)(I-n)+b2ln(m-)(m-n)+c2lm (n-1) (n-m))
* azbzcz / (256 A4 (1-m)2(1-n)2 (m - n)?)

Properties:
e The Hervey Circle has the same radius as the Miquel Circle (QL-Ci3).
e The Hervey Circle is the Reflection of QL-Ci3 in QL-P5.



QL-Ci5: Pliicker Circle

The Pliicker Circle is the circle through the Pliicker Points (QL-2P1a and QL-2P1b) and
the Miquel Point (QL-P1). Its center is the Kantor-Hervey Point (QL-P5).

S:ffeiner
Hhe Li = Quadrilateral Line i (i = 1,2,3,4)
QL-P1 = Miqué
QL-P5 = Kantor-Hervey Point
QL-D1a = 1st Pluecker Point

QL-D1b = 2nd Pluecker, Point Newton . .-~

Point

=" Line

Equation in CT-notation:
cz2xy+b2xz+atyz+ (x+y+z) ((R-Ti/Ts)x+ (R-T2/Ta)y+ (R-T3/T4)z)=0
where:
T1:+TM2C2(1 —n)2+TN2b2 (l—m)Z-ZTMTNSA(l-m) (l—n)
To=+Ty2a2(m- )2+ Ti2c2(m-n)2-2 Ty TS (m-n)(m-1)
T3=+T2b2 (n-m)2+Tw?a2(n-1)2 -2T. TmuSc (n-1)(n-m)
T4=1024 A*(1- m)2 (m-n)? (n-1)2
R = R13 Rzz -8 R1 Rz R3 A?Z - 64 R1 R4 A4 (R = radius? Plicker Circle)

Ri = a2 mn(I-m)(I-n) + b2 nl(m-1)(m-n) + c2 Im(n-1)(n-m)

R2=azlSA+b2mSB+c2nSc

Rz = SL(2Sa(a2m?2n2+b212n2+c212m?)+4Imn (b2Sgn+c2Scm-b2c2l)-16 A2 m? n?)
+Sm(2Sg(a2m?2n2+b212n2+c212m?)+4Imn (c2Sc 1+a2San-a2c2m)-16 A? 12 n?)
+Sn(2Sc(a2m?n2+b2l12n2+c212m?)+41mn (a2Sam +b2Sgl-a2b2n)-16 A 12m?)

R4.= -b2¢c? SLZ-cza2SM2-a2bZSN2+ZaZSASNSM+ZbZSBSNSL+ZCZScSLSM

and:

A =Area=1/4\/[(a+b+c) (ra+b+c) (a-b+c)(a+b-0)]

Sa=(-a2+b2+c?)/2 Sg=(+a2-b%2+c?) /2 Sc=(+a2+b%2-c%) /2
S.=1(m-n)? (-mn + Im + In) Svu=m (n-1)2(mn +Im - In) Sy=n(l-m)? (mn + Im + In)

To=-21R; +16A2(-mn + Im + In) Tm = -2 m R, +16A2 (mn + Im - In) Ty =-2 n Rz +16A2 (mn - Im + In)

Properties:
e (QL-Ci5 is orthogonal wrt the QL-Diagonal Triangle Circumcircle (QL-Ci1), just like
all 3 Pliicker Diagonal Circles are.



QL-Ci6: Dimidium Circle

The Dimidium Circle is the circle through the Gergonne-Steiner Points (QA-P3) of the 3
component Quadrigons of the Reference Quadrilateral. Its center is QL-P6.

The word “Dimidium” is the Latin word for "half".

Somehow of all Quadrilateral Circles this circle has the simplest algebraic CT-equation.

S$1,82,83 = Common Points of Nine Point Conics (NPC i) Quadrigons QGi (i = 1,2,3)
Mi i = Gergonne-Steiner Point (QA-P3) Quadrigon QGi (i=1,2,3)
Li = Quadrilateral Linei (i=1,2,3,4)

Quadrigon QG1 = P41.P12.P23.P34
Quadrigon QG2 = P41.P13.P32.P24
Quadrigon QG3 = P21.P13.P34.P42
where Pi j = intersection point Li * Lj

QL-P1 = Miquel Point
QL-P4 = Miquel Circumcenter

-R5_= Kantor-Hervey Point
QL-P6& = Dimidium Point

Equation in CT-notation:
l(m-n) (b2(l -m) +c2(l -n)) x2
+m(n-1) (c2(m-n)+az(m-1)) y2
+n(l -m) (a2(n -1) +b2 (n-m)) z2
-m-n)(B3az(l-m)(l - n)+bZn(I-m)+c2m(l-n)) yz
-n-1) Bb2(m-)(m-n)+c2l(m-n)+a2n(m-1)) zx
-1-m) Bcz(n-m)(n-D+az2m(n-1)+b2l(n-m)) xy =0

Equation in DT-notation:
(m2 - n2) (b? (12 - m?) + c2 (12 - n2)) 12 x2
+(m?-n?) (-a2 1*+(a%2-c?) 2m?2+(a2-b?) 2n2+2SAm?n?)yz
+ (nZ - 12) (cz (m2 - n2) + a2 (m? - 12)) m2 y2
+(n2 - 12) (-b2m* + (b2-a2) m?Zn2 + (b2-c2)12m?2+2SB12n?) x z
+ (12-m?2) (a2 (n? - 12) + b2 (n2 - m2)) n2 z2
+(12-m2) (-c¢Zn*+(c2-b2) I2n2+ (c2-a2)m2n2+2SC 2m2)xy=0

Properties:

e QL-Ci6 passes through QL-P1( the Miquel Point).

e (QL-Ci6 passes also through QL-P17 (QL-Adjunct Quasi Circumcenter) and QL-P24
(Intersection QL-P1.QL-P8 * QL-P13.QL-P17) which are the intersection points of
QL-Ci6 with QL-Ci1 (Circumcircle of the QL-Diagonal Triangle).



The Clawson-Schmidt Conjugate of QL-P26 lies on QL-Ci6. It is the 2nd intersection
point of QL-P1.QL-P13 with circle QL-Cié.

The center of QL-Ci6 is QL-P6 (the Dimidium Point). This is the Midpoint of QL-P4
(Miquel Circumcenter) and QL-P5 (Kantor-Hervey Point).

The intersection points of the Nine-point Conics of the 3 component Quadrigons of
the Reference Quadrilateral have 3 common points: S1, S2, S3. These points lie on the
Dimidium Circle.

The Dimidium Circle (QL-Ci6) lies exactly between the Pliicker Circle (QL-Ci5) and
the Miquel Circle (QL-Ci3). This is a set of 3 coaxal circles. One of their common
points is QL-P1 (Miquel Point).

The 3 QA-versions of QL-Ci6 meet in QA-P3 (Gergonne-Steiner Point) (note Eckart
Schmidt).



QL-Co/1: Inscribed Quadrilateral Conics

5th Line Conics

By adding an extra line to the set of 4 basic lines of a Quadrilateral we get a
configuration of 5 lines. Let L5 (u:v:w) be a random 5t line. Five lines do define a
unique (inscribed) conic just like 5 points do define a unique (circumscribed) conic.

Equation Conic in CT-notation:
Tx2x2+Ty2y2+Tz2722+2TyTzyz+2TzTxxz+2 TxTyxy=0
where:
Tx =1lu(mw-nv)
Ty =mv(nu - lw)
Tz =nw(l v-mu)

CT-Coordinates Center:
(Ty + Tz : Tx + Tz : Tx + Ty)

CT-Coefficients Asymptotes:

Asy-1 (Tx (Tx+ Ty) (Tx + Ty + Tz) - (Tx + Ty) \/ [-Tx Ty Tz (Tx + Ty + Tz)] :
-Ty(Tx + Ty) (Tx + Ty + Tz) - (Tx + Ty) \/ [-Tx Ty Tz (Tx + Ty + Tz)] :
-Tz(Tx - Ty) (Tx + Ty + Tz) + (Tx + Ty + 2 Tz) \/ [-Tx Ty Tz (Tx + Ty + Tz)] )

Asy-2 (Tx (Tx+ Ty) (Tx + Ty + Tz) + (Tx + Ty) \/ [-Tx Ty Tz (Tx + Ty + Tz)] :
-Ty(Tx + Ty) (Tx + Ty + Tz) + (Tx + Ty) \/ [-Tx Ty Tz (Tx + Ty + Tz)] :
-Tz(Tx - Ty) (Tx + Ty + Tz) - (Tx + Ty + 2 Tz) \/ [-Tx Ty Tz (Tx + Ty + Tz)] )

Equation Conic in DT-notation:
Ty Tz x2 + TzTx y? + TxTy z2 =0
where:
Tx =n?v2 - m2 w? Ty =12w?2-n2u? Tz =m? u? - 12 v?2

DT-Coordinates Center:

(Tx : Ty : Tz)

DT-Coefficients Asymptotes:
Asy-1 (Tz (Ty2+ Tx Ty + Ty Tz - Vv [-Tx Ty Tz (Tx + Ty + Tz)] :
-Tz (Tx2 + Tx Ty + Tx Tz + Vv [[Tx Ty Tz (Tx + Ty + Tz)]
(Tx + Ty) vV [-Tx Ty Tz (Tx + Ty + Tz)])
Asy-2 (Tz (Ty2+ Tx Ty + Ty Tz + Vv [-Tx Ty Tz (Tx + Ty + Tz)] :
-Tz (Tx2 + Tx Ty + Tx Tz) - vV [-Tx Ty Tz (Tx + Ty + Tz)]
-(Tx + Ty) vV [-Tx Ty Tz (Tx + Ty + Tz)])



Properties:

e (QL-Co1l (Inscribed Parabola) and QL-Co2 (Inscribed Midline Hyperbola) are both
examples of 5t Line Conics.

e The Center of a 5th Line Conic is always a point on the Newton Line QL-L1.

Center constructed inscribed Conics

It is also possible to define an inscribed Quadrilateral Conic by the 4 basic lines of the
Reference Quadrilateral and the Center of the conic. This appointed center should be a
point on the Newton Line (see properties 5% Line Conics).

Let N=(d:e:f)beapoint on the Newton Line and be appointed as the center of an
inscribed quadrilateral conic.

Equation Conic in CT-notation:
(-d+e+f)2x2 -2 (d+e-f) (d-e+f) y z
+ (d-e+f)2y2 - 2 (-d+e+f)(d+e-f) x z
+ (d+e-f)2 z2 - 2 (-d+e+f)(d-e+f) xy =0
4 Points of tangency in CT-notation:
e (0 :d+e-f : d-e+f)
o (d+e-f: 0 : -d+e+f)
o (d-e+f: -d+e+f: 0 )
((d+e-f)2 m2+2 (d-e+f) fn2+ 2( d+e-f) (d-e+f)mn:
(d+e-f)2 12 +2 (-d+e+f) fn2 + 2(-d+e+f) (d+e-f) | n:
(d+e-f) ((d-e+f) I>+(-d+e+f) m?) )

Equation Conic in DT-notation:
efx2+dfy2+dez2=0
4 Points of tangency in DT-notation:
e (-dl: em : fn)
e (dl:-em : fn)
e (dl: em : -fn)
e (dl: em : fn)

Properties:
e When N = QL-L1 * QL-L6 then one of the axes of the Center Conic coincides with the
Newton Line (note Eckart Schmidt).



QL-Co1: Inscribed Parabola
The inscribed Parabola is the unique parabola that can be inscribed within a
Quadrilateral.
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Equation CT-notation:
12(m-n)2 x2- 2mn(l-m)(n -1)yz
+m2(l-n)2y2-2nl(l-m)(m-n)xz
+n2(l-m)2z2-21m(n-)(m-n)xy=o0

1st CT-coefficient Axis Parabola:
Im-n)(clm+bln-bmn-cmn)(clm-bln+bmn-cmn)

Infinity point Axis CT-notation:

( I(m-n) : m(n-1) : n(l-m))

Points of tangency with L1, L2, L3, L4 in CT-notation:
( 0 :n(l-m): m(n-1))

( n(l-m): 0 : 1(m-n))
( m(n-): I(m-n): 0 )
(mn(m-n):nl(n-1) :1m(-m))

Equation DT-notation:
x2/(m2-n2) + y2/(-12+n2) + z2/(12-m2) =0

1st DT-coefficient Axis Parabola:

(12-m2) (12-n2) ((12-n2) SB+(12-m?) SC)

Infinity point Axis DT-notation:

(m2-n2 : -124n? : 12-m2)

Points of tangency with L1, L2, L3, L4 in DT-notation:
(-l (m2-n2) : m(12-n2) : (12-m?)n)
(1(m%2-n2) : -m(12-n2) : (I2-m?)n)
(1(m%2-n?) : m(l12-n2) : -(12- m2) n)
(I(m2-n2): m(l2-n2): (12-m?)n)



Properties:

QL-Col is the only parabola inscribed in the quadrilateral (see [4] page 51).

QL-Co1 is the 5th Line Conic of QL-L3 (see QL-Co/1).

The Focus is QL-P1 the Miquel Point.

The Directrix is QL-L2 the Steiner Line.

The Axis of QL-Co1 is parallel to QL-L1, the Newton Line.

QL-Co1 is also an inscribed parabola of the QL-Medial Triangle (the medial triangle
of the QL-Diagonal Triangle).

The Nine-point Conics of the 3 quadrigons of a quadrilateral have 3 common points:
N1, N2, N3. The Inscribed Parabola of the quadrilateral is also an inscribed parabola
of triangle N1.N2.N3.

Let T1, T2, T3, T4 be the points of tangency of QA-Co1 with the basic lines of the
Reference Quadrilateral. Now the QL-Diagonal Triangle of the Reference
Quadrilateral and the QA-Diagonal Triangle of the Quadrangle T1.T2.T3.T4 are
identical.



QL-Co2: Inscribed Midline Hyperbola

The Inscribed Midline Hyperbola is the conic tangent at the 4 basic lines of the Reference
Quadrilateral and the Newton Line (or Midline). It is remarkable that the point of
tangency at the Newton Line is at its infinity point. That makes the Newton Line the
asymptote of this conic and this makes this conic a hyperbola.

./ Inscribed Midline Conic

_\Neiwton Ling

2nd
_asymptote

Equation Conic CT-notation:
MN2zx2+ NL2y2+LM27z2-2MNNLxy-2LMNLyz-2LMMNzx=0
Coordinates Center of Conic in CT-notation:
e (LM+NL:LM+MN:MN +NL) (1st presentation)
¢ (I(m-n)LL : m(n-1)MM : n(l-m)NN) (2nd presentation)
Coefficients 2nd asymptote in CT-notation:
(Im+Iln-mn)/LL: Im-1n+mn)/MM: (-Im+1n+mn)/NN
where:
MN = I(m-n) (Im+1n-mn)2
NL = m(n-1)(Ilm-1n+mn)2

LM = n(l-m)(Im-1n-mn)2
LL =(Im+Iln+mn)2-4mn (12+mn)
MM = Im+In+mn)2-4 nl(m2+nl)

NN = (Im+In+mn)2-41m (n2+1m)
Equation Conic DT-notation:

12x2 / (m2-n?) + m?2y?/(n2-12) + n?2z2 / (I2>m?)=0
Coordinates Center of Conic in DT-notation:

(m2 n2 (m2-n2) : n2 12 (n2- 12) : I2 m2 (12-m2))
Coefficients 2nd asymptote in DT-notation:

(12 (-124m?2+n?) : m? (12-m2+n2) : n2 (124m2-n?))



Properties:

e (QL-Co2 is the 5t Line Conic of QL-L1 (see QL-Co/1), which is an asymptote.

e The Center of the conic is QL-P23. This is a point on the Newton Line QL-L1, like all
centers of inscribed Quadrilateral Conics are.

e Algebraically this conic is independent of (a,b,c) just like the Newton Line.



QL-Co3: 2nd QL-Parabola

The points of tangency of the inscribed QL-Parabola QL-Co1 form a Quadrangle
T1.T2.T3.T4. This Quadrangle has 2 circumscribed parabola's where QL-Co1 is one of
them. The other circumscribed parabola is QL-Co3.

Q -

QL-Co3

N

N

- T1

Equation in CT-notation:

Em-n)2((Im+In+mn)2-82mn)x2+2mn(l-m)(l-n)(Im+In-mn)2yz
+m2(1-n)2((Im+In+mn)2-8Ilm2n)y2+2In(m-1)(m-n)(Im-1In+mn)2xz
+n2(l-m)2((Im+Iln+mn)2-8lmn2)z2+2Imm-1)(n-m)(Im-In-mn)2xy=0

Equation in DT-notation:

m2n2 (12 - m?)(12 - n2) x2 + 12n2 (m?2 - 12)(m2 - n2)y2 + 12m2 (n2 - 12)(n2 - m2)z2 = 0

Properties:

The focus of QL-Co3 is QL-P25 which is the complement of QL-P17 wrt the QL-
Diagonal Triangle.

The axis of the 2nd QL-Parabola // QL-L9 (M3D Line through QL-P18, QL-P23).
QL-P1.QL-P7 _|_ Axis QL-Co3, as a consequence QL-P1.QL-P7 // Directrix QL-Co3.
Directrices QL-Co1 and QL-Co3 meet in QL-P9 (Circumcenter QL-Diagonal
Triangle).

QL-P11 lies on perpendicular bisector F1.F2 (F1, F2 are Foci QL-Co1, QL-Co3).
The tangents at T1,T2,T3,T4 of QL-Co3 form a tangential quadrilateral.

The QL-DT of this new quadrilateral as well as the QL-DT of the Reference
Quadrilateral as well as the QA-DT of T1.T2.T3.T4 are identical.



6.5 QUADRILATERAL CUBICS

QL-Cul: QL-Quasi Isogonal Cubic

QL-Cul has several special characteristics:

1.

QL-Cul is the locus of all points P for which the Isogonal Conjugates wrt all 4
component triangles coincide in a point on the same cubic. So the cubic is in
terms of a quadrilateral QL-self-isogonal.

QL-Cul is the locus of all points P for which the QG-Quasi Isogonal Conjugates wrt
all 3 component quadrigons coincide in a point on the same cubic.

QL-Cul is the locus of the foci of all inscribed conics in the Reference
Quadrilateral.

QL-Cul is the locus of all points for whom the Midpoint of this point and its
Clawson-Schmidt Conjugate lie on the Newton Line QL-L1.

QL-Cul is the locus of all points P for which the feet of the perpendiculars from P
to the 4 quadrilateral lines are concyclic (all lie on a circle).

QL-Cul is the locus of all points P where all perpendiculars from Li”Lj at Si.Sj
coincide in a point on the same cubic, where Si = pedal point of P on Li.

If the Reference System is the Reference Quadrilateral, this cubic is a circular isocubic
invariant to the Clawson-Schmidt Conjugate QL-Tf1.

[f the Reference System is the Orthic Triangle of the QL-Diagonal Triangle, this cubic is
an isogonal circular cubic.

This Quadrilateral Cubic is also described (with other names) by Fred Lang (see [24]
page 3) and Eckart Schmidt (see 15e].
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How to draw a line through all
6 points of a Quadrilateral . . .




Construction:

,/QL,L-:],“,,,.,,,
~ Newton Line

/ L1 NL—CLﬂ

QL-L2
Steiner Line

1. LetP be some point on QL-L2 (Steiner Line).

P* = Isogonal Conjugate of P wrt Triangle L2.L3.L4 (or any other QL-Component
Triangle).

Co1= Conic through vertices triangle L2.L.3.L4 and QL-P1 and P*.

Pr = P reflected in QL-L1 (Newton Line).

Lr = line through Pr // QL-L1 (now P is railway watcher).

S1 and S2 are intersection points Lr * Co1l.

QL -Cul is the locus of Sland S2 with variable P on QL-L2 (Steiner Line).

N

o Ul A W

Equation in CT-notation:
a?l(my+nz)yz + b2mnz+1x)xz + c2n(Ix+my)xy
+2(Samn+Sgln+Sclm)xyz=0
CT-coordinates Infinity Point Asymptote:
(Im-n) :mm-1) :n(l-m))
Equation in DT-notation:
12x2 (SAx-SBy-SCz)-m?2y2 (SAx-SBy+SCz)-n2z2(SAx+SBy-SCz)
- (@212+b2m2+c2n2)xyz=0

DT-coordinates Infinity Point Asymptote:
(m2-n2:n2-12:12-m2)



Properties:

The cubic passes through all 6 intersection points of the 4 basic lines of the
Reference Quadrilateral.

QL-P1 (Miquel Point) lies on the cubic QL-Cul.

The vertices of the Orthic Triangle of the QL-Diagonal Triangle lie on QL-Cul.
The cubic is circular because it passes through the circular points at infinity.
The asymptote of QL-Cul // QL-L1 = Newton Line.

Distance Miquel Point (QL-P1) to Asymptote is twice the distance from
Miquel Point to Newton Line (Railway Watcher system, see QL-L/1).

QL-P21 lies on the asymptote of QL-Cul.

The Clawson-Schmidt Conjugate (QL-Tf1) of some point P on the cubic is also
a point on the cubic. Thus the cubic is invariant under Clawson-Schmidt-
conjugation. See [15e].

The Clawson-Schmidt Conjugate (QL-Tf1) of some point P on QL-Cul is
identical with the isogonal conjugate of P wrt the Orthic Triangle of the QL-
Diagonal Triangle (note Eckart Schmidt).



6.6 QUADRILATERAL QUARTICS
QL-Qu1: QL-Cardioide

QL-Qu1 is the Cardioide which is the envelope of the circles through fixed point QL-P1
(Miquel Point) and with circumcenter on QL-Ci3 (Miquel Circle).

The equation is of the 4th degree, so it is a quartic.

It can also be generated by applying the Clawson-Schmidt Conjugate (QL-Tf1) on each
point of the QL-Inscribed Parabola (QL-Co1).

The QL-Cardioide as well as the33333333 Clawson-Schmidt Conjugate are both
described by Eckart Schmidt (see [15d]).

Equation in CT-notation:
a*(m-n)2T2 + b*(1-n)2Tw2 + c*(1-m)2 Tc?
+2a2b2(n-)(n-m)TaTp + 2b2c2(1-m)(1-n) Ty Tc + 2a2c2(m-1) (m-n)TcTa = 0
where:
T.=az(l-m)(l-n)yz+c2(l -n)y(Ix+my+mz)+b2(I-m)z(l x+ny+nz)
To=b2(m-)(m-n)xz+cZ(m-n)x(Ix+my+1z)+a2(m-1)z(nx+my+nz)
Te=c2 (n-m)(n-)xy+b2(n-m)x(Ix+ 1y +nz)+a2(n-Jy(mx+my+nz)
Equation in DT-notation:
(12-n2) (m2-n2) (-(2a2b2n(mx+ly)z+a*mnz(x-y+z)+b*lnz(x+y+2z)-
cAHlmz(x+y+z)-2b2c2l(-12x2+ (y+2z) (m2y+12z))+2a%c2m (-m? y2 + (x + z) (12 x + m? z)))?
+(12-m2) (12-n2) (b*Inx (x+y-z)+c*lmx(x-y+z)-a*mnx(x+y+2z)-2b2c2lx(ny+mz)
+2a’b?n((x+y) (m?x+m?y)-n?z?)-2a%c?m(-m? y? + (x + z) (m? x + n? z)))?
-(12-m?2) (m?2-n?) (a*mny (x+y-z)+ctlmy(-x+y+z)-b*lny(x+y+2z)
-2atcmy(nx+1z)-2a2b?n((x+y) (12x+n2y)-n2z2)+2b2c2] (-12x2+ (y +z) (12y + n2 2)))?
=0

Properties:
e The cusp of the Cardioide is at QL-P1, the Miquel Point.



6.7 QUADRILATERAL PAIRS/OCTETS/DOZENS OF POINTS/LINES
QL-2P1: Pliicker Pair of Points

Pliicker proved that the circles having the three diagonals as diameters have two
common points which lie on the line joining the four triangles' orthocenters (Wells
1991). That’s why these points are called the Pliicker Points. See [13] item “Complete
Quadrilateral”.

These points have added value because the circle with QL-P5 (Kantor-Hervey Point) as
center passing through QL-P1 (Miquel Point) also passes through the Pliicker Points.

S\i‘giner
Hne Li = Quadrilateral Line i (i =1,2,3,4)
QL-P1 = Mique
QL-P5 = Kantor-Hervey Paint
QL-2P1a = 1st Pluecker Point

QL-2P1b = 2nd Pluecker Point Newton

o= Line

Point

_p5 Pluecker
Circle

CT-Coordinates:

Different presentations of QL-2P1a: 1st Pliicker Point:
Plula={SgScTa : Sc(Ta+(1-m)nTr) : Sg(Tm+ (I-n)mTr)}
Plulb = {Sc (Tn + (m - 1) n TT) . SA Sc Tb . SA (T1 + (m - 1’1) 1 TT)}
Plulc = {SB (Tm + (I‘l - 1) m TT) . SA (T] + (1’1 - m) 1 TT) . SA SB Tc}

Different presentations of QL-2P1b: 2nd Pliicker Point:
Plu2a={SB Sc Ta . Sc (Tn—(l—m)nTT) . SB (Tm—(l—n)mTT)}
Plqu:{Sc (Tn—(m—l)nTT) . SASch: SA (Tl - (m—n)lTT)}
Plu2c={SB (Tm-(n-l)mTT) . SA (T1+(n-m)lTT) . SASBTC}
where:

Ta=Imn (-a21+ Sgn+ Scm)

To=Imn (+San-bZm + Scl)

Te=Imn (+Sam + Sgl-c?n)

Ti=+2A%2(, m2+1mn2+ 12n2+1m?n)-1mn (a2Sa1+b2Sgm + c2Scn)
Tm=+2A2(m2nZ2+12mn+12m2+Imn?)-1mn (a2Sal+b2Sgm +c2Scn)
Ton =+2A2(B2n2+Im?n+m?2n2+12mn)-Imn (a2Sal+b2Sgm +c2Scn)
Tr=+2AV[A2(Im+In+mn)2-1mn (a2Sal+b2Sgm + c2Scn)]

A =Area=1/4V[(a+b+c)(-a+b+c) (a-b+c)(a+b-c)]
Sa=(-a?+b%2+c?) /2 Sp=(+a?-b%2+c%) /2 Sc=(+a?+b%-c?) /2




Properties:
e The Pliicker Points lie on the Steiner Line (QL-L2).
e The circle with center QL-P5 (Kantor-Hervey Point) and passing through QL-P1
(Miquel Point) also passes through the Pliicker Points.



QL-8P1: Steiner Angle Bisector Center Octet

In 1828 Jakob Steiner published in Gergonne’s Annales 10 rules on the complete
quadrilateral. For a complete description see [4].

Rules 8, 9, 10 are:

(8) Each of the four possible triangles has an incircle and three excircles. The
centers of these 16 circles lie, four by four, on eight new circles.

(9) These eight new circles form two sets of four, each circle of one set being
orthogonal to each circle of the other set. The centers of the circles of each

set lie on a same line. These two lines are perpendicular.

(10) Finally, these last two lines intersect at the point F (Miquel Point).

\ v
L —Y Y
IS >QL-p
v “:‘X‘I L2
X2 \ X8
INPAY \ s \.\

CT-coordinates:

In CT-notationletL1=(1:0:0), LZ2=(0:1:0), L3=(0:0:1),L4=(1: m:n).

Let Bij be the bisector (internal or external) between the lines Li and Lj.

Let Tj be intersection point Bij * Bjk, where i, j, k are consecutive numbers in the cycle
(1,2,3,4).

Let T1, T2, T3, T4 be the points that define the Steiner Circles in rule (8).

The coordinates of these points are:

- Tl=(-a 1 +b itc )
- T2=(+bm+cn-W: -bl i—cl )
- T3=(-am t+al-cn+W:+cm)
- T4=(+an :-bn t-al+bm-W)

where W = \/[az(l—m) (I-n) + bZ(m-1)(m-n) + cz2(n-1) (n-m)]

Whether T1, T2, T3, T4 were created by “internal” or “external” bisectors (which
actually is arbitrary in a quadrilateral) is only dependent on the signs in T1, T2, T3, T4 of
the variables a, b, c, W. So the undetermined status of the bisectors being “internal” or



“external” finds an algebraic solution in a combination of signs of a, b, cand W, as
described here:
- X1 =Perp. Bisector ( T1,T2) ” Perp. Bisector ( T3,T4) with substitution a ->-a
- X2 =Perp. Bisector ( T1,T2) * Perp. Bisector ( T3,T4) with substitution b ->-b
- X3 =Perp. Bisector ( T1,T2) * Perp. Bisector ( T3,T4) with substitution ¢ ->-c¢
- X4 =Perp. Bisector ( T1,T2) * Perp. Bisector ( T3,T4) with substitution W -> -W
X1, X2, X3, X4 are collinear
- X5 =Perp. Bisector ( T1,T2) * Perp. Bisector ( T3,T4) with substitution a -> -a, W-> -W
- X6 = Perp. Bisector ( T1,T2) * Perp. Bisector ( T3,T4) with substitution b -> -b, W-> -W
- X7 =Perp. Bisector ( T1,T2) » Perp. Bisector ( T3,T4) with substitution ¢ -> -c, W-> -W
- X8 =Perp. Bisector ( T1,T2) ” Perp. Bisector ( T3,T4) with no substitution
X5, X6, X7, X8 are collinear
Finally X1 - X8 end up in an algebraic expression that is not quite simple.
Here are the coordinates of X1 (with the substitution a -> - a):

(a(azblz-bz(a+c)m2+c(a2-b2+2ac+bc+c2)nZ-(a+b)(a-b+c)nW-[a+c)W2+m(b(a+b)(a-b+c)n
+2b(a+c)W)+l1(-ab(a-b+c)m+(-a2b+b3-a2c+b2c-2ac2-bc2-c3)n+a(a-b+c)W)):

b(a(-b2+ac+c?)12+b3m2+c(a2-b2+ac)n?-(a+b)(a-b+c)nW+bW2+m(b(a+b)(a-b+c)n
-2b2W)+l(b(a-b+c)(b+c)m+ (-a2b+b3-2a2c-2abc-2ac2-bcZ)n-(a-b+c)(b+c)W)) :

c(a(az+ab-b2+2ac+c?)l2-b2(a+c)m2+bc2n2+c(a-b+c)nW-(a+c)W2+m(-bc(a-b+c)n
+2b(a+C)W)+l(b(a-b+c)(b+c)m+(-a3-a2b+ab2+b3-Zazc-acz-bcz)n-(a-b+c)(b+c)W)))

The coordinates of X2 - X8 are similar.

Properties:
e The Centroid of the 8 centers of circles as described in rule (9) from Steiner (seen
as a system of 8 random points) is QL-P4 (Miquel Circumcenter).



QL-12L1: A dozen of Equidistance Lines

There is the general question of constructing a line in a quadrilateral (a system of 4
lines) such that this line is divided by the 4 lines in 3 equal parts.

This problem is dealt with at [14] Philippe Chevanne, Mad Maths, Recreational mathematic collection.
Also a simple synthetic solution is given.

In this paper the 12 algebraically solutions will be given in QL-notation.

The next picture illustrates how these solutions look like in a square-situation.

l’/
-
<
Ly

All dotted lines are Equidistance Lines and are divided by the 4 bounding lines of the
square in equal parts.

When choosing random basic lines for the Reference Quadrilateral it looks like this:




We can split up the dozen equidistance lines per quadrigon of the quadrilateral.

In each quadrigon 4 equidistance lines occur where each middle splitted part of the
equidistance line is a line segment between 2 opposite lines of the quadrigon.

In next figure quadrigon L1.L2.L3.L4 is shown with its 4 equidistance lines.

Accordingly each equidistance line can be ascribed to 1 of the 3 component quadrigons:

Quadrigon Quadrigon Quadrigon

L1.L2.L3.L4 L1.L3.L2.L4 L1.L2.14.L3
Equidistance Line L4132 L3124 L2143
Equidistance Line L2134 L4123 L3142
Equidistance Line L3241 L1342 L1234
Equidistance Line L1243 L2341 L4231

Note I:

L4132 indicates the equidistance line intersecting QL-lines in order L4, L1, L3, L2.

Note 2:

The two middle line numbers per equidistance line in the table are opposite lines in the
quadrigons in which they occur.

Coefficients of the 12 lines as well as their 12 Midpoints (see also QL-12P1):

The infinity points of the Equidistance Lines (indicating their direction) are important in
this setting and have simple coordinates. These coordinates are actually the building
blocks of the Equidistance Line itself and its Midpoint as will be shown in next tables.
Next all mentioned coordinates will be CT-coordinates.



EquiDistance Lines in Quadrigon L1.L2.L3.L4:

L2134 L4132 L1243 L3241
Infinity point EquiDist.Line (x:y:z) (x:y:2) (x:y:2) (x:y:2)
where: where: where: where:
x=3m-n x=3m-2n X=-m -n X=+m-2n
y=n-21 y=2n-1 y=+n+21 y=+2n+l
z=21-3m z=1-3m z=-21+m z=-1-m
EquiDistance Line (-2/x:1)y:1/z) (1/x:1)y:-2/z) (2/x:-3/y:1/z) (1/x:-3/y:2/z)
EquiDistance Midpoint (x:3y:-2) (x:-3y:-z) (x:y/3:-2) (x:-y/3:-2)

EquiDistance Lines in Quadrigon L1.L3.L2.L4:

L3124 L4123 L2341 L1342
Infinity point EquiDist.Line (x:y:z) (x:y:2) (x:y:2) (x:y:2)
where: where: where: where:
Xx=m-3n x=2m-3n X=2m-n X=-m-n
y=-3n+21 y=3n-1 y=n+l y=n-21
z=-21+m z=1-2m z=-1-2m z=21+m
EquiDistance Line (-2/x:1/y:1/z) (1/x:-2/y:1/z) (1/x:2/y:-3/z) (2/x:1/y:-3/7)
EquiDistance Midpoint (x:-y:32) (x:-y:-32) (x:-y:-z/3) (x:-y:z/3)

EquiDistance Lines in Quadrigon L1.L2.L4.L3:

L2143 L3142 L1234 L4231
Infinity point EquiDist.Line (x:y:z) (x:y:2) (x:y:2) (x:y:2)
where: where: where: where:
X=2m+n X=m+2n X=2m-n X=-m-2n
y=-n-1 y=-2n+l y=n-31 y=2n-31
z=1-2m z=-l-m z=31-2m z=31-m
EquiDistance Line (-3/x:2/y:1/z) (-3/x:1/y:2/z) (1/x:-2/y:1/z) (1/x:1/y:-2/7)

EquiDistance Midpoint (x/3:y:-2) (-x/3:y:-z) (3x:y:-7) (-3x:y:-2)



QL-12P1: A dozen of Equidistance Midpoints

As described by lines QL-12L1 (Equidistance Lines Dozen) there are 12 lines per
quadrilateral such that each line is separated by the 4 lines in 3 equal parts.

It is interesting that these 3 parts have a midpoint. It is in fact the midpoint of the part in
the middle.

Since there are 4 equidistance lines per Quadrigon of the Reference Quadrilateral there
are also 4 Equidistance Midpoints per quadrigon of the Reference Quadrilateral.

The 4 Equidistance Lines per Quadrigon are those lines where the middle segment of the
Equidistance Line is the segment between the opposite lines.

1st CT-coordinate:
The coordinates of the EquiDistance Midpoints are described in the paragraph of the
EquiDistance Lines (QL-12L1).

Properties:

e The 4 Equidistance Midpoints in a QL-Quadrigon lie on the corresponding Nine-
point Conic (see QA-Co1) of the Quadrigon in question.

e The 4 Equidistance Midpoints in a QL-Quadrigon form a trapezoid, where
m3241.m4132 // m2134.m1243 // 3vd diagonal of the Quadrigon.

e m3241.m2134 " m4132.m1243 = QG-P2 (midpoint 34 diagonal of the
Quadrigon).

e LetL1, L2, L3, L4 be the lines of a Quadrigon where L1, L3 are opposite sides and
L2, L4 are opposite sides. Let P be a point on the Nine-point Conic of the
Quadrigon and let L be a line through P.

When P is the midpoint of the line segment of L between L1 and L3 then P is
automatically the midpoint of the line segment of L between L2 and L4.



The Centroid of the 4 Equidistance Midpoints in a QL-Quadrigon lies on the
Newton Line (see QL-L1).

The Centroid of the 12 Equidistance Midpoints of all 3 QL-Quadrigons is a point
also on the Newton Line (QL-L1).



6.8 QUADRILATERAL TRIANGLES
QL-Tr1: QL-Diagonal Triangle

The Diagonal Triangle of the Quadrilateral (L1, L2, L3, L4) is the Triangle bounded by
lines S12.534, S13.S24, S14.523, where Sij = intersection point Li * Lj, where i and j are
different numbers and € (1,2,3,4).

The connection of the intersection points of 2 adjacent lines and the intersection point of
the remaining 2 lines produces a side of the QL-Diagonal Triangle. By doing this for all 3
possible combinations of 2 sets of 2 adjacent lines the QL-Diagonal Triangle is produced.

QL- Li = Quadrilateral Line i (i=1,2,3,4)
Diagonal

Triangle

1 S13

Area QL-Diagonal Triangle in CT-notation:
412m2n2A

(Im-In-mn)(Im+In-mn)(Im-In+mn)

Radius? Circumcircle QL-Diagonal Triangle in CT-notation:

I2m2n2 (a212-a21lm-b2Ilm+c2lm+b?m?) (a212-a2ln+b?2ln-c2ln+c2n?) (b2m?2+a?mn-b2mn-c2mn +c2n?)
4A2(Im-In-mn)2(Ilm+In-mn)2(Im-I1n+mn)?2

Area QL-Diagonal Triangle in DT-notation:
S/2

Radius? Circumcircle QL-Diagonal Triangle in CT-notation:
a’b2c? /(4 S?)

Properties:

¢ The QL-Diagonal Triangle is the AntiCevian Triangle of each of the 4 Component
Triangles Li.Lj.Lk, where Ll is the perspectrix and where (i,j,k,1) € (1,2,3,4).



6.9 QUADRILATERAL TRANSFORMATIONS
QL-Tf1: Clawson-Schmidt Conjugate

The Clawson-Schmidt Conjugate of a point P is a transformation of a point P in such a
way that each defining line of the Reference Quadrilateral is transformed in the
circumcircle of the triangle formed by the other 3 lines of the Reference Quadrilateral.
It is a conjugate because applying two times this transformation ends up in the original
point.

Origin of the conjugate

John Wentworth Clawson suggested an inversion transformation wrt some circle with
the Miquel point as center (see [22]). It was Eckart Schmidt who gave a very useful form
to this inversion by modifying it in this way:

In each quadrigon of a quadrilateral we have 4 points A, B, C, D in this order. Let M be
the Miquel Point. Now the Angle Bisectors of <AMC and of <BMD are the same line. See
[15d]. Moreover this line is the same (invariant) for each QL-Quadrigon. Let this line be
called the 1st Steiner Axis. Let the 2nd Steiner Axis be the line perpendicular at the 1st
Steiner Line in M.

Let the circle with Circumcenter M and with radius = v [MA.MC] = v [MB.MD] be called
the Schmidt Circle.

The Clawson-Schmidt Conjugate of a point P is the Inversion wrt the Schmidt Circle of the
Reflection in the 1st Steiner Line.

Moreover the reflection and inversion can be performed in reversed order.

The result is a conjugation that transforms each defining line of the Reference
Quadrilateral into the circumcircle of the triangle formed by the other 3 lines of the
Reference Quadrilateral.

The Clawson-Schmidt Conjugate of a point P =
the Inversion in the Schmidt Circle
of the Reflection of P in the 1st Steiner Line.

i Steiner Axis

A.B.C.D = Quadrigon of Quadrilateral L1.L2.L3.L4

M = Miquel point

1st Steiner Axis is the angle bisector of < AMC and < BMD

1st StémerAxis 2nd Steiner Axis is line perpendicular to 1st Steiner Axis



Relationship with Steiner-rules

The 1st and 2nd Steiner-Axes are described in the Steiner rules (8) and (9). That's why
they are named after Steiner.

Rules 8, 9, 10 of Steiner about quadrilaterals say (see [4]):

(8) Each of the four possible triangles in a quadrilateral has an incircle and three excircles.
The centers of these 16 circles lie, four by four, on eight new circles.

(9) These eight new circles form two sets of four, each circle of one set being

orthogonal to each circle of the other set. The centers of the circles of each

set lie on a same line. These two lines are perpendicular.

(10) Finally, these last two lines intersect at the point F (Miquel Point).

Both sets of 4 circles as described in (9) are coaxal. One set has an axis with real
intersection points of the 4 circles, the other set has an axis with imaginary intersection
points of the 4 circles. These axes are called the 1st Steiner-axis (axis with 2 real
common intersection points of 4 circles) and the 2nd Steiner-axis (axis with 2 imaginary
common intersection points of 4 circles). The common intersection points on the 1st
Steiner Axis are the only points in the real plane that are invariant under Clawson-
Schmidt Conjugation. See [15d].

Construction:
Eckart Schmidt describes this construction in [15d]:
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1. Choose one Quadrigon of the Reference Quadrilateral.

For example S41.S12.5S23.534, where Sij = Intersection Li * Lj.

2. Let P be arandom point. Draw a circle Cil through P and the 2 vertices on a side
L1 of the Quadrigon. Draw a circle Ci2 through P and the 2 vertices on the
opposite side L3 of the Quadrigon. Let X be the 2" intersection point of Cil and
Ci2.

3. Draw a circle Ci3 through X and the 2 vertices on a third side L2 of the Quadrigon.
Draw a circle Ci4 through X and the 2 vertices on the last side L4 of the
Quadrigon. Let Y be the 2nd intersection point of Ci3 and Ci4.

4. Y is the Clawson-Schmidt Conjugate.



Coordinates:

Let Q (u:v:w) be arandom point not on one of the defining lines of the Reference

Quadrilateral.

The Clawson-Schmidt Conjugate in CT-coordinates gives this result:
(@2mn@2(-m)(l-n)vw+c2(I-n)v(lurmv+mw) +b2 (1-m) w (lu+nv+nw)) :
b2 I n (b2 (m-1) (m-n)uw+c2(m-n)u (lu+rmv+Ilw)+a2(m-1)w(nu+mv+nw)) :
cz2lm(cz2(n-1) (n-m)uv+b2(n-m)u(lu+lv+nw)+a2(n-1) v(mu+mv+nw)))

The Clawson-Schmidt Conjugate in DT-coordinates gives this result:
(b*LNu(u+v-w)+c*LMu(u-v+w)-a*MNu(u+v+w)-2b2cZLu(Nv+Mw)
+2aZbZN ((u+v) (N2u+M2v)-N2w?)-2a2¢c2M (-M2vZ+ (u+w) (M2u+NZ2w)) :
a*MNv(u+v-w)+c*LMv(-u+v+w)-b*LNv(u+v+w)-2a2c2Mv(Nu+Lw)
-2a2b?N((u+Vv) (L2Zu+N2v)-N2w?) +2b2c2L (-L2u2+ (v+w) (LZv+NZ2w)) :
-2a2b2N(Mu+Lv)w+a*MNw (u-v+w)+b*LNw(-u+v+w)-c*LMw(u+v+w)
-2b2c2L(-L2uz+ (v+w) (M2v+L2w))+2a2c2M (-M2v2 + (u+ w) (L2 u + M2 w)))

where:

L=m2-n2 M=n2'12

Examples of Clawson-Schmidt Conjugates:

N =12- m?

Point/Line/Curve -1

Line/QA-Curve -2

SPECIFIC

QL-P1: Miquel Point

Some (undefined) point at infinity

Defining Quadrilateral Lines: L1,L2,L.3,L4

Circumcircle of corresponding QL-
Component Triangle

Intersection point Li*Lj

Opposite intersection point Lk”"LI

QL-L2 Steiner Line

QL-Ci3 Miquel Circle

QL-Co1: Inscribed Parabola

QL-Qil: Cardioide

GENERAL

Aline not through QL-P1

A circle through QL-P1

A line through QL-P1

A line through QL-P1

A circle with QL-P1 as center

Another circle with QL-P1 as center

INVARIANCIES

Steiner Bisector Circle-i (i=1-8)
(circles in rule 9 of Steiner)

Same Steiner Bisector Circle-i (i=1-8)

Schmidt Circle

Schmidt Circle

Intersection point
1st Steiner-Axis * Schmidt Circle

Same intersection point
1st Steiner-Axis * Schmidt Circle
(the only invariant points there are)

Intersection point
2nd Steiner-Axis * Schmidt Circle

Other intersection point
2nd Steiner-Axis * Schmidt Circle
(switching points)

QL-Cul: Quasi Isogonal Cubic

QL-Cul: Quasi Isogonal Cubic




Performances in Quadrangles
There are special surprises applying the Clawson-Schmidt Conjugate wrt Quadrangles:

QL-Tf1 produces at Quadrigon-level using QG-P1 (the Diagonal Crosspoint) a
Quadrangle-Point: QA-P4 (Isogonal Center) which is valid for all its QA-
Quadrigons. See [15d].
Consider the 4 points of a QL-Quadrigon as a QA-Quadrigon also defining a
Quadrangle. Let M2 and M3 be the Miquel Points of the other two QA-Quadrigons.
Now M2 and M3 are mutual Clawson-Schmidt Conjugates wrt the 1st QA-
Quadrigon. See [15b] and [15d].
For a Quadrangle there are three Clawson-Schmidt Conjugates wrt the
quadrilaterals

P1P2, P2P3, P3P4, P4P1 (CSCa),

P1P2, P2P4, P4P3, P3P1 (CSCb),

P1P4, P4P2, P2P3, P3P1 (CSCc).
Now the product of two of these conjugates achieves the third one. The product
of all three achieves the identity. See [15d]. The QA-DT-P4 Cubic (QA-Cul) of the
quadrangle is invariant under these three transformations.
Let P be some point on the QA-DT-P4 Cubic (QA-Cul) and let Pa = CSCa(P), Pb =
CSCb(P), Pc = CSCc(P). The tangents at P, Pa, Pb, Pc to the cubic QA-Cul coincide
in the Isogonal Center (QA-P4) of the Quadrangle P.Pa.Pb.Pc. See [15b].



7. QUADRIGON OBJECTS
QG/1: Systematics for describing QG-Points

A Quadrigon is also called a Tetragon.

It is called a Quadrigon because of the relationship with a Quadrangle and a
Quadrilateral.

In the descriptions of EQF these are the definitions of these terms:

e A Quadrangle is a system of 4 random points without conditions. It also often is
called a Complete Quadrangle.

e A Quadrilateral is a system of 4 random lines without conditions. It also often is
called a Complete Quadrilateral.

e A Quadrigon is a system of 4 consecutive points and 4 consecutive connecting
lines. It is also called a Tetragon. There is a cyclic order of points and lines,
meaning here that the permutation of 4 points in a certain order equalizes the
permutation of 4 points in the reversed order. When the order in a permutation
of a cycle equalizes the permutation with reversed order we will name this
condition “vv-cyclic” (“vv” stands for “vice versa”).

Within a Quadrangle (4 random points) 3 permutations can be discerned of 4 vv-cyclic
consecutive points.

Within a Quadrilateral (4 random lines) 3 permutations can be discerned of 4 vv-cyclic
consecutive lines.

Knowing a Quadrigon it can belong to a Quadrangle as well as to a Quadrilateral.

It can be seen as the “intersection of a Quadrangle and a Quadrilateral.

A Quadrigon occurs where Quadrangle and Quadrilateral meet.

Because in a Quadrigon lines as well as points play a role the algebraic description of a
Quadrigon can be done with QA-coordinates (see QA/1) as well as with QL-coordinates
(see QL/1). The only disadvantage in both cases is that the 3 coordinates of a QG-point
will not be cyclic. However when we observe the coordinates of 3 QG-points in the 3
Quadrigons implied by the 3 vv-cyclic permutations within a Quadrangle/Quadrilateral
they can be seen as “tricyclic symmetric points”, meaning that the components of their
coordinates rotate as well as are cyclically re-ordered.

There is also another way of algebraic description in a Quadrigon.

[ found that a simple Cartesian coordinate system with projective coordinates (i.e. a
normal x- and y-coordinate combined with a z-coordinate for indicating infinity points)
also gives symmetric results in the x- and y-coordinate.

This is not surprising because a Cartesian coordinate system has 4 quadrants in each of
which we can pin a vertex even so that the diagonals concur with the origin.

However because of the relationship with Quadrangles and Quadrilaterals this method
will not be used yet in this description.



QG/2: List of QG-Lines

In next list all lines are mentioned with at least one QG-point and additional at least 2
other QG-/QA-/QL-points on it.

All lines with points in the range QG-P1 - QG-P13 and QA-P1 - QA-P36 and QL-P1 - QL-
P26 have been taken into account.

QG-P1, QG-P2, QA-P10
QG-P1, QG-P3, QL-P8

QG-P1, QG-P4, QG-P8, QA-P1 =QG-L3
QG-P1, QG-P5, QG-P9, QL-P16

QG-P1, QG-P6, QG-P10

QG-P1, QG-P7, QG-P11

QG-P1, QG-P12, QG-P13, QA-P16, QL-P13 =QG-12
QG-P2, QG-P12, QA-P1, QL-P5, QL-P7, QL-P12, QL-P20, QL-P22, QL-P23  =QL-L1
QG-P2, QG-P13, QG-P14

QG-P2, QG-P4, QA-P5

QG-P4, QG-P5, QG-P6, QG-P7

QG-P5, QG-P10, QA-P1

QG-P7, QG-P9, QA-P1 // QL-P2.QL-P7
QG-P8, QG-P9, QG-P10, QG-P11

QG-P10, QL-P2, QL-P10



QG/3: List of Parallel QG-Lines

In next list all lines with QG-points involved are mentioned that are parallel.

All lines with points in the range QA-P1 - QA-P36 and QG-P1 - QG-P13 have been taken
into account.

When lines have more than 2 points on it, they are defined by the 2 points with lowest
serial number.

These lines with purely QG-points are parallel:
QG-P1.QG-P5 // QG-P7.QG-P10

QG-P1.QG-P6 //QG-P7.QG-P9 //QL-P2.QL-P7
QG-P1.QG-P14 // QG-P2.QG-P3

QG-P4.QG-P5 // QG-P8.QG-P9

QG-P4.QG-P9  // QG-P7.QG-P8

QG-P4.QG-P10 // QG-P5.QG-P8

These lines with QG-, QA- and QL-points are parallel:

QG-P1.QG-P2 // QG-P4.QA-P25 [/ QG-P8.QA-P26

QG-P1.QG-P4 // QG-P2.QA-P22

QG-P1.QG-P5 //QG-P7 QG-P10 //QG-P11.QA-P1

QG-P1.QG-P12 // QG-P2.QA-P31

QG-P1.QA-P2 // QG-P2.QA-P29 // QG-PA.QA-P34

QG-P1.QA-P3 // QG-P7.QA-P15 // QG-P8.QA-P34

QG-P1.QA-P5 //QG-P2.QA-P20 // QG-P4.QA-P10 // QG-P12.QA-P26
QG-P1.QA-P11 // QG-P2.QA-P13

QG-P1.QA-P12 // QG-P2.QA-P11 // QG-P6.QA-P24 /[ QG-P9.QA-P32
QG-P1.QA-P19 // QG-P2.QA-P16

QG-P1.QA-P20 // QG-P2.0G-P12 //QG-P14.QA-P5 [/ QG-P8.QA-P10
QG-P1.QA-P24 // QG-P8.QA-P14

QG-P1.QA-P30 // QG-P2.QA-P36

QG-P1.QL-P9 // QG-P3.QL-P11

QG-P1.QL-P10 // QG-P3.QL-P9 // QG-P7.QL-P2

QG-P1.QL-P17 // QG-P3.QL-P25

QG-P2.QG-P4 // QG-P8.QA-P20 // QG-P12.QA-P25
QG-P2.QG-P5 //QG-P6.QA-P5

QG-P2.QG-P7 //QG-P5.QA-P5 // QG-P10.QA-P20
QG-P2.QA-P11 // QG-P6.QA-P24 [/ QG-P9.QA-P32
QG-P2.QA-P20 // QG-P4.QA-P10 // QG-P12.QA-P26
QG-P2.QA-P26 [/ QA-P25.QA-P31

QG-P2.QA-P29 // QG-P4.QA-P34

QG-P4.QG-P5 // QG-P8.QG-P9



QG-P4.QG-P9 // QG-P7.QG-P8
QG-P4.QG-P10 // QG-P5.QG-P8

QG-P4.QA-P2

QG-P4.QA-P3

QG-P4.QA-P10
QG-P4.QA-P16
QG-P4.QA-P20
QG-P4.QA-P21
QG-P4.QA-P25
QG-P4.QA-P26

QG-P5.QA-P2
QG-P5.QA-P3
QG-P5.QA-P5
QG-P5.QA-P16
QG-P5.QA-P20
QG-P5.QA-P21
QG-P5.QA-P25
QG-P5.QA-P26
QG-P5.QL-P17

QG-P6.QA-P24

QG-P7 QG-P10
QG-P7.QA-P2

QG-P7.QA-P3

QG-P7.QA-P5

QG-P7.QA-P15
QG-P7.QA-P16
QG-P7.QA-P20
QG-P7.QA-P21
QG-P7.QA-P25
QG-P7.QA-P26

QG-P8.QA-P10
QG-P8.QA-P20

QG-P10.QL-P2

QG-P12.QL-P5

// QG-P8.QA-P3
// QG-P8.QA-P2
// QG-P12.QA-P26
// QG-P8.QA-P21
// QG-P8.QA-P5
// QG-P8.QA-P16
// QG-P8.QA-P26
// QG-P8.QA-P25

// QG-P10.QA-P3

// QG-P10.QA-P2
// QG-P10.QA-P20
// QG-P10.QA-P21
// QG-P10.QA-P5
// QG-P10.QA-P16
// QG-P10.QA-P26
// QG-P10.QA-P25
// QG-P9.QL-P9

// QG-P9.QA-P32

// QG-P11.QA-P1
// QG-P9.QA-P3
// QG-P9.QA-P2
// QG-P9.QA-P20
// QG-P8.QA-P34
// QG-P9.QA-P21
// QG-P9.QA-P5
// QG-P9.QA-P16
// QG-P9.QA-P26
// QG-P9.QA-P25

// QG-P14.QA-P5
// QG-P12.QA-P25

// QL-P1.QL-P7

// QL-P2.QL-P3



QG/4: List of Perpendicular QG-Lines

In next list all lines with QG-points involved are mentioned that are perpendicular.
All lines with points in the range QA-P1 - QA-P36 and QG-P1 - QG-P13 have been taken

into account.

When lines have more than 2 points on it, they are defined by the 2 points with lowest
serial number.

QG-P1.QG-P3
QG-P1.QG-P5
QG-P1.QG-P6

QG-P1.QL-P10
QG-P1.QG-P14
QG-P1.QG-P14
QG-P1.QL-P17
QG-P1.QA-P2

QG-P1.QA-P3

QG-P2.QA-P12
QG-P1.QA-P20
QG-P1.QA-P30

QG-P2.QG-P3
QG-P2.QG-P12
QG-P2.QA-P29
QG-P2.QA-P36
QG-P3.QL-P1
QG-P3.QL-P7
QG-P3.QL-P9
QG-P3.QL-P19
QG-P3.QL-P25

QG-P4.QL-P18

QG-P5.QA-P3

QG-P7.QG-P9
QG-P7.QA-P15

QG-P8.QA-P34
QG-P9. QL-P6

QG-P10.QL-P2

QG-P12.QL-P5

QG-P14.QA-P5

| QG-P5.QA-P32
| QG-P3.QL-P1
_| QG-P2.0G-P12 //QG-P1.QA-P20 // QG-P8.QA-P10 // QG-P14.QA-P5
// QG-P12.QL-P5 // QL-P2.QL-P3  //QL-L1 = Newton Line
_|_ QG-P4.QL-P18
| QG-P1.QA-P12 // QG-P2.QA-P11 // QG-P6.QA-P24 // QG-P9.QA-P32
_| QG-P1.QL-P10 // QG-P3.QL-P9 // QG-P7.QL-P2
_| QG-p5.QL-P17 // QG-P9.QL-P9
_| QG-P1.QA-P30 // QG-P2.QA-P36

| QG-P5.0A-P3 // QG-P10.QA-P2
| QG-P2.QG-P3
_|L QG-pP7.QG-P9
_| QG-P2.QA-P29 // QG-P4.QA-P34

| QG-P2.QA-P11 // QG-P6.QA-P24 // QG-P9.QA-P32
_| QG-P7.QG-P9 // QG-P1.QG-P6

| QG-P2.QA-P36

_| QG-P4.QA-P34

_|_ QG-P7.QG-P10

_|_ QG-P7.QL-P23

_|_ QG-P4.QL-P18

_|_ QG-P10.QL-P23

_| QG-p5.QL-P17 // QG-P9.QL-P9

_|_ QG-P7.QL-P2

}_

QG-P7.QA-P15 [/ QG-P8.QA-P34

QG-P8.QA-P10 // QG-P14.QA-P5
QG-P10.QA-P2

QG-P10.QA-P2
QG-P13.QL-P17

QL-P18.QL-P23

QL-p2.QL-P7

e S

QG-P7.QG-P9 // QG-P12.QL-P5 // QL-P2.QL-P3



QG/5: List of QG-Crosspoints

In next list sets of 3 lines are mentioned that concur.
All lines with points in the range QG-P1 - QG-P14, QA-P1 - QA-P21 and QL-P1 - QL-P23

have been taken into account.

Lines are defined by 2 points on it with lowest serial number.
There are regularly recurring crossing lines with these Crosspoints. This is an indication
for the occurrence of Perspective Fields (see QG-PF1).
When the intersection points have fixed ratios of the distances to the defining points on
the defining lines, then they are mentioned. There are many of them.
When there are no fixed ratios this is indicated by the remark “x : y”.
For point P on line P1.P2 the ratio d1 : d2 means that d(P,P1) : d(P,P2) =d1 : d2, where:
e d1 is positive when P is positioned wrt P1 at the same side of the line as P2. If not
then d1 is negative.

e d2is positive when P is positioned wrt P2 at the same side of the line as P1. If not
then d1 is negative.

lines - ratios----- comment
QG-P1.QG-P2 ~ QG-P10.QA-P14 » QG-P13.QA-P2 xy xy Xy
QG-P1.QG-P2 7~ QG-P12.QG-P14 ~ QL-P18.QL-P23 x:iy x:y xiy (simple coordinates)
QG-P1.QG-P4 ~ QG-P2.QG-P12 ~ QG-P5.QG-P10 3:1 x:y 1:1 (simple coordinates)

A QG-P7.QG-P9 A QG-P12.QL-P5 1:1 x:y pointon Newton Line
QG-P1.QG-P4 ~ QG-P2.QA-P20 "™ QG-P7.QG-P10  3:-1 -1:2 -1:2

A QG-P14.QA-P5 ~ QL-P18.QL-P23 Xx:y Xy (simple coordinates)
QG-P1.QG-P4 ™ QG-P5.QG-P11 A~ QG-P6.QG-P9 3:2 4:1 4:1 (simple coordinates)
QG-P1.QG-P5 ~ QG-P7.QG-P10 * QG-P11.QA-P1 Infinity Point
QG-P1.QG-P6 " QG-P5.0G-P8 ~ QG-P11.QA-P1 1:3 3:-1 2:-1
QG-P1.QG-P6 " QG-P7.QG-P9 ~ QL-P2.QL-P7 Infinity Point (simple coords)
QG-P1.QG-P7 * QG-P4.QG-P10 ~ QG-P6.QA-P1 4:1 2:3 14
QG-P1.QG-P7 ~ QG-P5.0G-P10 * QG-P6.QG-P9 2:1 2:1 2:1 (Centroid QG-P7/P9/P10)

(Centroid QG-P1/P5/P6)
QG-P1.QG-P14 » QG-P2.QG-P3 * QG-P6.QL-P18 Infinity Point (simple coords)
QG-P1.QA-P5 ~ QG-P2.QA-P1 " QG-P8.QA-P20 1:1 2:1 -1:3 pointon Newton Line
QG-P1.QA-P5 " QG-P2.QA-P20 " QG-P4.QA-P10 Infinity Point
QG-P1.QA-P17 » QG-P4.QG-P12 ~ QG-P14.QA-P5 xiy -2:3 xy
QG-P1.QA-P19 M QG-P2.QG-P3 ~ QG-P14.QA-P5 xy xiy xy
QG-P1.QA-P19 M QG-P2.QG-P12 "~ QG-P14.QA-P10 xy xiy 3:1
QG-P1.QA-P20 » QG-P2.QG-P3 ~ QG-P12.QA-P18 xiy xy xvy
A QG-P14.QA-P10 3:1
QG-P1.QA-P20 » QG-P2.0G-P12 " QG-P8.QA-P10
A QG-P14.QA-P5 Infinity Point Newton Line

QG-P1.QL-P9 * QG-P3.QL-P10 ~ QG-P5.QL-P17 2:-1 -1:2 x:y point on QL-DT-circumcircle
QG-P1.QL-P10 A QG-P3.QL-P9 A QG-P7.QL-P2 Infinity Point (simple coords)
QG-P1.QL-P12 » QG-P2.0G-P4 ~ QG-P3.QL-P18 6:-1 3:2 3:2



QG-P2.QG-P5
QG-P2.QG-P6
QG-P2.QG-P7
QG-P3.QG-P7

QG-P4.QG-P9

QG-P6.QG-P9
QG-P6. QL-P9

QG-P7.QA-P5
QG-P5.QA-P5
QG-P5.QA-P5
QG-P5.QL-P9

QG-P5.QG-P11

QG-P7.QG-P8
QG-P7.QL-P2

A QG-PS.QA-P10

A QG-P10.QA-P10
A QG-P10.QA-P20
A QG-P10.QL-P11

A QG-P6.QA-P1

A QG-P11.QA-P1
A QG-P10.QL-P11

-1:2

-1:2

X:y

4:3

3:1
X:y

-1:2 3:-2
-1:2 3:-2
Infinity Point

Xy xy

4:3 8:-1

3:1 1:1
Xy Xy



7.1 QUADRIGON POINTS
QG-P1: Diagonal Crosspoint
In a Quadrigon the vertices P1, P2, P3, P4 have a fixed order.

The Diagonal Crosspoint is the intersection point of the 2 lines connecting opposite
points.

P4,
7 Pi = consecutive vertices Quadrigon
P3 (i=1,2,34)
!__
QG-P1.- \ QG-P1 = Diagonal Crosspoint
P17 P2

Four points can be ordened in 6 ways:

P1-P2-P3-P4

P1-P2-P4-P3

P1-P3-P2-P4

P1-P3-P4-P2 =reversed sequence of P1-P2-P4-P3

P1-P4-P2-P3 =reversed sequence of P1-P3-P2-P4

P1-P4-P3-P2 =reversed sequence of P1-P2-P3-P4

When we take into account that some sequences are reversed sequences, only 3 types of
Quadrigon-orders remain: P1-P2-P3-P4, P1-P2-P4-P3 and P1-P3-P2-P4.

This means that a system of 4 points - also named (complete) quadrangle - consists of 3
quadrigons: P1-P2-P3-P4, P1-P2-P4-P3 and P1-P3-P2-P4.

These 3 quadrigons in a quadrangle produce different Diagonal Crosspoints as can be
seen in next picture.

2QG-P1c

P4'n,

W AG-
Quadrigon " 12
P1 ’}QA-’type1234\\

P2 ,
' Y QG-Plc

r,‘/QG-P1\a:, T
Quadranglé™. \ ac.pis
0T T N



In the same way a system of 4 lines - also named (complete) quadrilateral - consists of 3
quadrigons: L1-L2-L3-L4, L1-L2-L4-L3 and L1-L3-L2-L4.

These 3 quadrigons in a quadrilateral produce different Diagonal Crosspoints as can be
seen in next picture.

:Z?'ifC}G—FW m % QG-P1n

QLAtype 1324

L1
Quaﬁﬁgon L3 .\ Quadrigon
Gl -type 1234 . “\ QL-type 1243
L1 L1 <

CT-Coordinates in 3 QA-Quadrigons:
e (p:q:0), (0:q:r) and (p:0:1)
CT-Coordinates in 3 QL-Quadrigons:
e (-mn:ln:lm), (mn:-In:Im)and(mn:1n:-1m)
CT-Area of QG-P1-Triangle in the QA-environment:
o 2pqrA /((p+q)(p+r1r)(q+T1)) = area QA-Diagonal Triangle
CT-Area of QG-P1-Triangle in the QL-environment:
e 41I2m?2n2A / ((lm+In+mn)(Im+In-mn)(Im-1n+mn)) =areaQL-Diagonal Triangle
DT-Coordinates in 3 QA-Quadrigons:
e (0:0:1),(0:1:0) and (0:0:1)
DT-Coordinates in 3 QL-Quadrigons:
e (0:0:1),(0:1:0) and (0:0:1)
DT-Area of QG-P1-Triangle in the QA-environment:
e S/2
DT-Area of QG-P1-Triangle in the QL-environment:
e S/2



Properties:

The 3 Diagonal Crosspoints in a Quadrangle form the QA-Diagonal Triangle
(see paragraph QA-Tr1: QA-Diagonal Triangle).
The 3 Diagonal Crosspoints in a Quadrilateral form the QL-Diagonal Triangle
(see paragraph QL-Tr1: QL-Diagonal Triangle).
QG-P1 lies on these lines:

- QG-P4.QG-P8 (2 : -1 = Reflection of QG-P4 in QG-P8)

- QG-P5.QG-P9 (2 : -1 = Reflection of QG-P5 in QG-P9)

- QG-P6.QG-P10 (2 : -1 = Reflection of QG-P6 in QG-P10)

- QG-P7.QG-P11 (2 : -1 = Reflection of QG-P7 in QG-P11)

- QG-P12.QG-P13

- QA-P10.QG-P2 (-2 : 3 = QA-AntiComplement of QG-P2)

- QL-P8.QG-P3 (-2: 3 = QL-AntiComplement of QG-P3)
QG-P1 is the point with minimal sum of distances to the vertices.
QG-P1 is the Railway Watcher (see QL-L/1) of the 1stand 2nd Quasi Euler Line
(note Eckart Schmidt).
QG-P1 is the Clawson-Schmidt Conjugate (QL-Tf1) of QA-P4 (Quadrangle Isogonal
Center).
QA-P1 (Quadrangle Centroid) lies on QG-P1.QG-P4.QG-P8



QG-P2 Midpoint 3r4 QA-Diagonal

We use this terminology.

A “QA-Quadrigon” is a Quadrigon seen as the Component of a Quadrangle.

A “QL-Quadrigon” is a Quadrigon seen as the Component of a Quadrilateral.

The 3rd Diagonal of a QA-Quadrigon is the same line as the 34 Diagonal of a QL-
Quadrigon. However the Midpoint of a QA-Quadrigon is different from the Midpoint of a
QL-Quadrigon.

QG-P2 is the Midpoint of the segment on the 34 Diagonal of a QA-Quadrigon limited by
the intersection points with the 3rd Diagonals of the 2 other Component QA-Quadrigons.

Construction:
Let S1 =P1.P2 ~ P3.P4 and S2 = P2.P3 * P4.P1.
QG-P2 =the Midpoint of S1 and S2.

QG-L1 = 3rd Diagonal

Pi = consecutive vertices Quadrigon (i=1,2,3,4)
S1=P1.P2 2 P3.P4
S2 =P2.P3 A P4.P1

QG-P1 = Diagonal Crosspoint

QG-P2 = Midpoint 3rd Diagonal

/82

51

7P P2

CT-Coordinates QG-PZ2 in 3 QA-Quadrigons:
e (p@p+q+r):q(p+r):r(p+q)
e (p(@+r):q(p+2q+r):r(p+q))
* (p(@+r):q(p+r):r(p+q+2r))

CT-Coordinates QG-PZ2 in 3 QL-Quadrigons:
¢ (m-n:-n:m)
e (n: n-1: -]
¢ (m:1: 1-m)

CT-Area of QG-P2-Triangle in the QA-environment: (equals % x area QL-Diagonal Triangle)
e pqrA/(2(p+q)(p+r1)(q+1))

CT-Area of QG-P2-Triangle in the QL-environment: (points are collinear)
e 0



DT-Coordinates QG-P2 in 3 QA-Quadrigons:

e (1:0:1)
e (0:1:1)
e (1:1:0)

DT-Coordinates QG-P2 in 3 QL-Quadrigons:
e (n2:0:-12)
e (0:n?:-m?
e mM?:-12:0)

DT-Area of QG-P2-Triangle in the QA-environment:

e S/8

DT-Area of QG-P2-Triangle in the QL-environment:
e 0

Properties:
e (QG-P2 lies on these lines:
- QG-P1.QA-P10
- QG-P13.QG.P14
- QA-P1.QG-P12 = Newton Line
- QA-P5.QG-P4

- QG-L1 = 3rd Diagonal of the Quadrigon

(equals % area QA-Diagonal Triangle)

(points are collinear)

e (QG-P2 is the fourth harmonic point of QG-P12 (Inscribed Harmonic Conic Center)
on the Newton Line (QL-L1) wrt the midpoints of the diagonals (note Eckart

Schmidt).

e The triangle formed by the 3 QA-Versions of QG-P2 is the medial triangle of the

QA-Diagonal Triangle.

e The 3 QL-Versions of QG-P2 are 3 points on the Newton Line.



QG-P3 Midpoint 3rd QL-Diagonal

We use this terminology.

A “QA-Quadrigon” is a Quadrigon seen as the Component of a Quadrangle.

A “QL-Quadrigon” is a Quadrigon seen as the Component of a Quadrilateral.

The 3rd Diagonal of a QA-Quadrigon is the same line as the 34 Diagonal of a QL-
Quadrigon. However the Midpoint of a QA-Quadrigon is different from the Midpoint of a
QL-Quadrigon.

QG-P3 is the Midpoint of the segment on the 374 Diagonal of a QL-Quadrigon limited by
the intersection points with the 3rd Diagonals of the 2 other Component QL-Quadrigons.

Construction:

Let S1 =P1.P2 » P3.P4 and S2 = P2.P3 * P4.P1. S1.S2 is the 34 Diagonal.
Let S3=P1.P3 ~ S1.S2 and S4 = P2.P4 ~ S1.S2.

QG-P3 = the Midpoint of S3 and S4.

Pi = consecutive vertices Quadrigon (i = 1,2,3,4)
S1=P1.P2"P3.P4
S2 = P2.P3 A P4.P1
S3=P1.P37251.82
S4 = P2.P4 A S51.52
QG-P3 = Midpoint 3rd QL-Diagonal

.......

CT-Coordinates QG-P3 in 3 QA-Quadrigons:
e (p(p+r) :-q(q+r):r(p-q))
e (p(p+q):q(p+r):r(q+r))
e (p(@-r) :q(p+q) :r(p+r))

CT-Coordinates QG-P3 in 3 QL-Quadrigons:
¢ (M?n?2:-nl2(n-m) : ml2(n-m))
e (M?(I-n)n :12n2 : -lm?(1-n))
¢ (mn?(m-1):1(m-1)n? : [2m?)

CT-Area of QG-P3-Triangle in the QA-environment: (points are collinear)
e 0
CT-Area of QG-P3-Triangle in the QL-environment: (equals % x area QL-Diagonal Triangle)

e IZm2n2 / (((Im+In+mn)(Im+In-mn)(Im-1n+mn))



DT-Coordinates QG-P3 in 3 QA-Quadrigons:
e (0:-9%2:1?
e (-p2:0:1?9
e (p>:9q*:0)

DT-Coordinates QG-P3 in 3 QL-Quadrigons:
e (0:1:1)
e (1:0:1)
e (1:1:0)

DT-Area of QG-P3-Triangle in the QA-environment:

e 0
DT-Area of QG-P3-Triangle in the QL-environment:
e S/8

Properties:
e QG-P3 lies on these lines:
- QG-L1 = 3rd Diagonal
- QG-P1.QL-P8

(points are collinear)

(equals % x area QL-Diagonal Triangle)

e The Triangle formed by the 3 QA-Versions of QG-P3 is the medial triangle of the

QL-Diagonal Triangle.

e The 3 QA-Versions of QG-P3 are collinear points.



QG-P4: 1st Quasi Centroid

The 1st Quasi Centroid is the Diagonal Crosspoint of the X2-Quadrigon.
The X2-Quadrigon is defined by its vertices being the Triangle Centroids of the

component triangles of the Reference Quadrigon.

This point is actually the center of mass of the Quadrigon when it is convex and when its
surface is being made of some evenly distributed material.

This point and other 1st Quasi points are described in [5].

Pi = consecutive vertices Quadrigon (i = 1,2,3,4)
Gi = Triangle Centroid Pj.Pk.Pl where (ij.k|) € (1,2,3,4)

f’ \\. / “"\
\ 4 \ QG-P4 = Quasi Centroid

P1 P2

CT-Coordinates QG-P4 in 3 QA-Quadrigons:

e ((p+r)2+qr c(p+r)(p+2q+r): (p+r)2+pq)
e ((@+r)(2p+q+r): (q+r)2+pr : (@+1r)2+pq)
e ((p+q)+qr t(p+q)?+pr (p+a)(p+a+2r))

CT-Coordinates QG-P4 in 3 QL-Quadrigons:
* ((lm+In+mn)2-Imn(1+4m+4n) : (n-1)(Im2+12n+m?n-2lm(-l+m+n)) : (m-1)(In2+12m+mn?)-2In(-1+m+n))
* ((n-m)(I2m+m?2n+] n-2Im(l-m+n)) : (Im+In+mn)2-lmn(4l+m+4n) : (I-m)(Im2+mn2+In2-2mn(l-m+n)))
* ((m-n)(I2m+2n+mn2-2In(l+m-n)) : (I-n)(Im2+m2n+In2-2mn(l+m-n)) : (Im+Iln+mn)2-lmn(41+4m+n))

CT-Area of QG-P4-Triangle in the QA-environment:
e 2pqrA/(O(p+q (p+r)(q+r)) (equals 1/9 * area QA-Diagonal Triangle)

CT-Area of QG-P4-Triangle in the QL-environment:

e 412m?n2A /(9 (-lm+ln+mn) (Im+Iln-mn) (Im-ln+mn)) (equals 1/9 * area QL-Diagonal Triangle)

DT-Coordinates QG-P4 in 3 QA-Quadrigons:
o (-4p?(p*q?r?) : (p?r2)?-2 q? (-p?+q*r?)- q* : -4 12 (-p2-q2+1?))
o ((r2-g?)2-2 p? (-r2+p-q?)- p* : -4 q* (-r>-p?+q?) : -4 r2 (r2-p2-q?))
o (-4p?(-q%rz+p?) : -4 g2 (q*-r2-p?) : (q*-p2)?-21? (-q2+r2-p?)-1*)



DT-Coordinates QG-P4 in 3 QL-Quadrigons:

(2 m2 (m2-n2) : -m2 (12+m2+n2)+3 12 n2 : 2 m2 (-12+m?2))
(-12 (124m2+n2)+3 nZ2m? : 2 12 (-n2+12) : 2 12 (12-m?))
(2 n2 (-m2+n?) : 2 n2 (n2-1?) : -n? (12+m?+n2)+3 m? 12)

DT-Area of QG-P4-Triangle in the QA-environment:

S/18 (equals 1/9 * area QA-Diagonal Triangle)

DT-Area of QG-P4-Triangle in the QL-environment:

S/18 (equals 1/9 * area QL-Diagonal Triangle)

Properties:

QG-P4, QG-P5, QG-P6, QG-P7 are collinear on a 1st Quasi Euler Line.

QG-P4 is the Reflection of QG-P1 in QG-P8.

QG-P4 is the Reflection of QG-P8 in QA-P1 (QA-Centroid).

QG-P4 is the Centroid of the Triangle formed by QA-P5 and the two vertices of the
QA-Diagonal Triangle unequal QG-P1.

QA-P25 is the Centroid of the triangle formed by the 3 QA-versions of QG-P4.
QL-P14 is the Centroid of the triangle formed by the 3 QL-versions of QG-P4.

The triangle formed by the 3 QA-versions of QG-P4 is homothetic and perspective
with the QA-Diagonal Triangle. The side lengths are 1/3 of the side lengths of the
QA-Diagonal triangle. Their Perspector is QL-P1.

The area of the triangle formed by the 3 QA-versions of QG-P4 equals 1/9 * the
area of the QA-Diagonal Triangle.

The area of the triangle formed by the 3 QL-versions of QG-P4 also equals 1/9 *
the area of the QL-Diagonal Triangle. However both triangles are not homothetic
neither perspective.



QG-P5: 1st Quasi Circumcenter

The 1st Quasi Circumcenter is the Diagonal Crosspoint of the X3-Quadrigon.

The X3-Quadrigon is defined by its vertices being the Triangle Circumcenters of the
component triangles of the Reference Quadrigon.

This point and other 1st quasi points are described in [5].

Pi = consecutive vertices Quadrigon (i = 1,2,3,4)
Oi = Triangle Circumcenter Pj.Pk.Pl where (i,j,k,l) €(1,2,3,4)

P4
I _P3
‘-’f‘f ‘\“
o2 QG-P5 = Quasi Circumcenter
.’;‘l. ) 03 ‘.\.'A
/ %G—PS
/04
/ o1
P1 P2
CT-coordinates QG-P5 in3 QA-Quadrigons: (only coordinates of 1st Quadrigon point are given)

o (aZSa(p%+r?)-(a2+c?)Scpr-(a2-c?)Sepq-a?(a¢-c?)qr+8A2pr:
b2Sp(p?+qr+r’+pq)+a’b?r(p+q)+b>c?p(q+1):
c2Sc(p?+r?)-(a2+c2)Sapr+(a2-c?)Sgqr+c2(a2-c2)pq+8AZpr)

CT-coordinates QG-P5 in3 QL-Quadrigons: (only coordinates of 1st Quadrigon point are given)
o (M2c2lm(m-n)2-c*Ilm(m-n)2+ a*(l-m)(Im?2+1n2-mn?)+a2(-b2(I-m)(Im2-21mn+2
mZn+InZ-mn2)+c2(-Pm2+2Im3+212mn-21m?n-12n?+1mn?-m?n?)) :
at(l-m)imn+ctlm(m-n)n+b*l-m)(m-n)(Im-In+mn)-b2cZ(m-n) (2m+1m2-12n+1
mn-m?n)+az(cZlmn(l-2m+n)-b2(l-m)(Im?2-Imn-m?Zn+1n?-mn?)) :
at(l-m)2mn+ct*(m-n) (I2m-12n-m2n)-b2c2(m-n) (I2m-21m2-12n+21mn-m?n) +a?
M2(-mPmn+c2(-Pm2+12mn-21m?n+2m3n-12n2+21mn?-m?n?)))

CT-Area of QG-P5-Triangle in the QA-environment: (equals 4x area QA-Morley Triangle)
* (c2pq+b’pr+a’qr)?/(8A(p+q)(p+r)(q+1)(p+q+T1))
CT-Area of QG-P5-Triangle in the QL-environment:
e ((a?mn (I-m) (I-n)(Im-mn+In) + b2 nl(m-1)(m-n)(Im+mn-In) + c2 Im (n-1)(n-m)(-lm+mn-+In))?)
/(16 A (1- m)2 (1-n)2 (m - n)? (-lIm+In+mn) (Im+In-mn) (Im-In+mn))

DT-coordinates QG-P5 in3 QA-Quadrigons: (only coordinates of 1st Quadrigon point are given)
e (2 Sb (Sa p?+Sb q?) (p2?-r2)+Sc (p2-q2-r?) (Sa p2+Sc r2)+Sb Sc (p*-p? q2-3 g2 r2-r4) :
Sa (Sa p2+Sb q2) (p2+q?-r2) + Sc (-p2+q2+1r2) (Sb q2+Sc r2) - Sa Sc g2 (p2-q2+r?) :
-2 Sb (p2-r2) (Sb g2+Sc r2)-Sa (p2+qz2-r2) (Sa p2+Sc r2)-Sa Sb (p*+3 p2 q2+q2 r2-r4))



DT-coordinates QG-P5 in3 QL-Quadrigons: (only coordinates of 1st Quadrigon point are given)
e (a2m?(c2n2-Sam2-Sb1?) :
m? (Sb Sc 12+Sa Sc m?+Sa Sb n%)-S212 n2 :
c2 m? (a2 12-Sc m?-Sb n?))

DT-Area of QG-P5-Triangle in the QA-environment: (equals 4x area QA-Morley Triangle)
* -(Sap*Sbq*+Scr?)?/ (2 S (-p+q+r) (p+q-r) (p-q+r) (p+q+1))

DT-Area of QG-P5-Triangle in the QL-environment:
® (Sc (12-m?)? n2+Sb (12-n?)? m?+Sa (m2-n?)212)2 / (2 S (12-m?)? (12-n2)? (m?-n?)?)

Properties:

e QG-P4, QG-P5, QG-P6, QG-P7 are collinear on a 1st QG-Quasi Euler Line.

e (QG-P5 is the Reflection of QG-P1 in QG-P9 AND THE Reflection of QG-P6 in QG-P7.

e (QG-P5 is the intersection point of the perpendicular bisectors of the diagonals.

¢ QA-P3 (Gergonne-Steiner Point) lies on the circumcircle of the triangle formed by
the 1st Quasi Circumcenters of the 3 QA-Quadrigons.

e The area of the triangle formed by the 1st Quasi Circumcenters of the 3 QA-
Quadrigons equals 4x the area of the QA-Morley Triangle (see QA-P24).
Both triangles are homothetic with homothetic center QA-P24.

e (QL-P16 lies on the QG-P5 circle in the QL-environment and on the QG-P9 circle in
the QL-environment. The center of the first circle lies on the second circle.



QG-P6: 1st Quasi Orthocenter

The 1st Quasi Circumcenter is the Diagonal Crosspoint of the X4-Quadrigon.

The X4-Quadrigon is defined by its vertices being the Triangle Orthocenters of the
component triangles of the Reference Quadrigon.

This point and other 1st Quasi points are described in [5].

Pi = consecutive vertices Quadrigon (i = 1,2,3,4)
Hi = Triangle Orthocenter Pj.Pk.Pl where (i,j.k,I) € (1,2,3,4)

QG-P6 = Quasi Orthocenter

P1 P2

CT-Coordinates QG-P6in 3 QA-Quadrigons: (only coordinates of 1st Quadrigon point are given)
o (SeSc(p?+r?)+(a2-c?)Sepq+(a2+Sg)Scqr+Sc(az+c?)pr,
SaSc(p?+r¥) +(a%2-c?)Sapq-(a?-c?) Scqr-(a*+b*-2a%c?2+c4)pr/2,
SaSp(p?+r2)-(a?-c?) Spqr+(c2+Sg) Sapq+Sa(a®+c?)pr)

CT-Coordinates QG-P6 in 3 QL-Quadrigons: (only coordinates of 15t Quadrigon point are given)
e (c¢*(m-n)(Pm-12n-m2n)-2b2cZ(m-n)(I2m-1m?-I2n+Imn-m?n)+b*(m-n)(I2m-21

mZ-2n+2lmn-m?n)+a*(-I2m2-22mn+41m?2n-m3n-12n2+21mn?-m2n?) +a?(2b?2
m3(l-n)-2c2mn(2lm-m2-1n)):
2b?2cZm(Im2-Imn-mZ2n+1In2)+b*(-2m2+21m3+22mn-51m2n+2m3n-12n2+21mn?
-mZn2)+ct(2m?2-22mn-1m2n+12n2+m2n2) +a*(I2m2-1m2n+12n%-21mn2+ m?2n2) + a2
2bhZ2m(-Im2+1I2n-Ilmn+m?n)-2c2(2m2-2mn-1m?n+12n2-1mn?+m?2n?)):
2b2cZm3(l-n)+a*(l-m) (Im2+1n2-mn2)+b*(1-m) (Im2-21mn+2m?n+1n2-mn?2)+ct
(-Pm2-Im3+212mn+41m2n-12n2-2Imn?-m2n?)+a2(2c2lm(m?2+1n-2mn)-2b2(l-

m) (Im?-1mn+m?n +1n2-mn?)))

CT-Area of QG-P6-Triangle in the QA-environment:
2pqrA /((p+q)(p+r1)(q+1)) (equals area QA-Diagonal Triangle)

CT-Area of QG-P6-Triangle in the QL-environment:
42m2n?2A / ((Im-In-mn)(Im+In-mn) (Im-1n+mn))
(equals area QL-Diagonal Triangle)




DT-Coordinates QG-P6 in3 QA-Quadrigons: (only coordinates of 1st Quadrigon point are given)

(-2 (c? p2-a2r?) (Sc (-p2+q2+12)+2 Sb q?) :
-S2 (p2-q2-12) (p2+q2-12)-2 Sa? p? (p2+q2-r2)+2 Sc2 r2 (p2-q2-r2)-4 Sb q2 (Sa p2+Scr?) :
2 (Sa (p2+qz2-r2)+2 Sb q?) (c2? p2-a?r?))

DT-Coordinates QG-P6 in3 QL-Quadrigons: (only coordinates of 1st Quadrigon point are given)

(-2 Sb m2 (Sb (12-n2)+Sc (12-m?)) :
-S2 (m2 (124m2+n?)-12 n2)+2 m2 (Sb Sc 12+Sa Sc m2+Sa Sb n?) :
2 Sb mZ (Sb (I2-n%)+Sa (m?2-n2)))

DT-Area of QG-P6-Triangle in the QA-environment:

S/2 (equals area QA-Diagonal Triangle)

DT-Area of QG-P6-Triangle in the QL-environment:

S/2

(equals area QL-Diagonal Triangle)

Properties:

QG-P4, QG-P5, QG-P6, QG-P7 are collinear on a 1st Quasi Euler Line.

QA-P2 (Euler-Poncelet Point) lies on the circumcircle of the triangle formed by
the 1st Quasi Orthocenters of the 3 QA-Quadrigons.

The area of the triangle formed by the 1st Quasi Orthocenters of the 3 QA-
Quadrigons equals the area of the QA-Diagonal Triangle.

The area of the triangle formed by the 1st Quasi Orthocenters of the 3 QL-
Quadrigons equals the area of the QL-Diagonal Triangle.

The triangle formed by the 1st Quasi Orthocenters of the 3 QL-Quadrigons is
perspective with the QL-Diagonal Triangle. The Perspector is the infinity point of
QL-L2 (Steiner Line).

QG-P6 is the Reflection of QG-P1 in QG-P10.

The line through the 1st and 2rd Quasi Orthocenters (QG-P6 and QG-P10) is
perpendicular to the Newton Line (QL-L1).



QG-P7: 1st Quasi Nine-point Center

The 1st Quasi Circumcenter is the Diagonal Crosspoint of the X5-Quadrigon.

The X5-Quadrigon is defined by its vertices being the Triangle Nine-point Centers of the
component triangles of the Reference Quadrigon.

This point and other 1st Quasi points are described in [5].

Pi = consecutive vertices Quadrigon (i= 1,2,3,4)
Ni = Triangle Orthocenter Pj.Pk.Pl where (i,j k) € (1,2,3,4)

QG-P7 = Quasi Nine-point Center

CT-Coordinates QG-P7 in 3 QA-Quadrigons: (only coordinates of 15t Quadrigon point are given)

(@*q(p+r)-c*(p+r)(p+q+r) +b*(-p2-pr-qr-r?)+b2c2(2p>+pq+3pr+2qr+2r?) +a’
(c2(p+r)2+b2(p>-pq+3pr+2qr+r?):
-at(p+r)(p+2q+r)-ct(p+r)(p+2q+r)+b*(-pq-2pr-qr)+b2c2(p’+pq+2pr+3qr
+r2)+a2(2c2(p+r)(p+2q+r)+b2(p2+3pq+2pr+qr+ri):
ctqp+r)-at(p+r)(p+q+r)+b*(-p?-pq-pr-r) +b2c2(p2+2pq+3pr-qr+r?)+a?(c
(p+1r)2+b2(2p2+2pq+3pr+qr+2r2)))

CT-Coordinates QG-P7in 3 QL-Quadrigons: (only coordinates of 1st Quadrigon point are given)

((-a*-b*+2a2c2+2b%2c?2-c*)m3n + (-a2b?+b*-a2c?-2b?c?+c*) m?n? +12 ((-a?b? + b* - a2 c2-
2b2cz+cf)m?-2(a*-a?b2+b*-a2c2-2b2c2+c*)mn+ (-a2b2+b*-a2c2-2b2c?+c*)n?) +1
((-a*+3a?b?-2b*+2a2c2+3b%2c2-c*)m3+2(2a*-2a?b2+2b*-3a%c2-3b2c2+c*)m?n+
(2a2b?2-2b*+3a2c2+3b%c?-c*)mn?):

b2(a2+b2-c)m3n+ (a*-a2b2-2a2c2-b2c2+c*)m?2n2+12((a*-a2b2-2a2c2-b2c2+c)m?+
(-a*+3a?b?+3a?c2+2b%2c?2-2c¢¥)mn+ (a*-a?b?-2a%2c?2-b%2c?2+c*)n?) +1(-b% (a?2-b?-c?) m?
-2b?2(@®2+b?2+c)m?n+(-2a*+2a?b2+3a2c2+3b%2c2-c*)mn?):
(-a*+3a?b?-2b*+2a?c2+3b%c?-c*)m3n+ (a*-2a2b2+b*-a2c2-b2c2) m?n?+12((a*- 2 a2
b2+b*-a?2c?-b%2c?)m?+ (-a*+3a?b?-2b*+3a2c2+2b?c?) mn+ (a*-2a%b?+b*-a?c?-b?c?)
n?)+1((-a*+2a?b?-b*+2a%c?-cy)m3+2(a*-3a?b2+2b*-3a2c?2-2b%2c2+2c*)m?n-2 (a*-
2a?b?+b*-a2c?-b2c?+c*) mn?))

CT-Area of QG-P7-Triangle in the QA-environment:

(@*qr(p+q)(p+r)+b*pr(p+q)(q+r)+ctpq(p+r)(q+r)
-2b2c2pqr(q+r) - 2a2cZpqr(p+r) - 2a2b2pqr(p+q))
/(B2A(p+q)(p+r)(q+r)(p+q+T1))



CT-Area of QG-P7-Triangle in the QL-environment:
e TIT2 /(64A(1-m)2(1-n)2(m-n)2(-Ilm+In+mn)(Im+In-mn)(Im-1n+mn))
where: Tl=aZmn(l-m)(I-n)+ b2ln(m-)(m-n)+cZlm(n-1)(n-m)
T2=aZmn(l-m)(I-n) (-3lm+In+mn)(Im-31n+mn)
+b2ln(m-)(m-n)(Im+In-3mn)(-3Im+In+mn)
+cZ2lm(n-D(n-m)(Im+In-3mn)(Im-3In+mn)

DT-Coordinates QG-P7 in3 QA-QuadrigonS: (only coordinates of 1st Quadrigon point are given)
® ((-p?+q?+r?)(Sca? r2+Sb Sa p2-3 S2 p?)+2 Sb g2 (a% r?-c? p?) :

-(S2+Sa?) p? (p?+q?-r?)-( S2+Sc?) r? (-p?+q?+r?)+2 g2 (-Sa Sb p?+S? 2-Sb Scr?) :
(p2+q?-r?) (-3 S? r2+Sa c2 p2+Sb Sc r2)+2 Sb q2 (c? p?-a?r?))

DT-Coordinates QG-P7 in 3 QL-Quadrigons: (only coordinates of 15t Quadrigon point are given)
e (-m2 (-Sb a2 I2+(S%+ Sb Sc) m2-(S2-Sb?%) n?) :
Sa a? 12 m2+Sb b2 m#*+c?2 Sc m? n?-2 S212n? :
-m?2 (-(S2-Sb2) 12+( Sa Sb+52) m2-Sb c2 n?))

CT-Area of QG-P7-Triangle in the QA-environment:
e -(a?b?r*+b2c?p*+a?c?q*-2 Saa?q?r?-2 Sb b2 p?2r?-2 ¢ Sc p? q?)
/ (8S (-p+q+1) (p+q-1) (p-q+1) (P+q+1))

CT-Area of QG-P7-Triangle in the QL-environment:
e (Sc (12-m2)2+Sb (12-n2)2+Sa (m2-n2)2) (Sc n* (12-m2)2 +Sb m* (12-n2)2+Sa 14 (m2-n2)?2)
/ (8 S (12-m2)2 (12-n2)2 (m2-n2)?)

Properties:

e QG-P4, QG-P5, QG-P6, QG-P7 are collinear on a 1st Quasi Euler Line.

e (QG-P7 is the Reflection of QG-P1 in QG-P11.

¢ (QG-P7 is the Reflection of QG-P9 in the line QG-P2.QG-P12 (which coincides with
the Newton Line QL-L1).

e QA-P1 (QA-Centroid) lies on the circumcircle of the triangle formed by the 3 QA-
versions of QG-P7.

e QL-P2 (Morley Point) lies on the circumcircle of the triangle formed by the 3 QL-
versions of QG-P7.

e The area of the QA-versions of QG-P7 = the area of the QA-versions of QG-P9.

e The area of the QL-versions of QG-P7 = the area of the QL-versions of QG-P9.



QG-P8 2nd Quasi Centroid

Let P1.P2.P3.P4 be a Quadrigon and let S be its Diagonal Crosspoint QG-P1.
Let Gi i+1 = Circumcenter of Triangle Gi.Gi+1.S (i = cyclic sequence 1,2,3,4) .
Now is G12.G23.G34.G41 a parallelogram.
QG-P8 is the Center of this parallelogram.

Pi = consecutive Vertices of Quadrigon
(i=1,2,34)
G i i+1 = Centroid Triangle Pi.Pi+1.S
(i=cyclic 1,2,3,4)
S = Diagonal Crosspoint

QG-P8 = 2nd Quasi Centroid

CT-Coordinates QG-P8 in 3 QA-Quadrigons: (only coordinates of 15t Quadrigon point are given)
e (-12p%-9p5q-63p5r-39ptqr-135p*r2-66p3qr2-150p3r3-54p2qr3-90p?r¢-21pqr
-27pr5-3qr5-3r6: -3p6-6p°q-18p5r-30ptqr-45p*r2-60p3qr2-60p3r3-60pZqrs-
45p2rt-30pqrt-18pro-6qr5-3ré : -3p6-3p>q-27p°r-21p*qr-90p*r2-54p3qr2-
150p3r3-66p2qr3-135p2rt-39pqrt-63pré-9qr°-12r9)

CT-Coordinates QG-P8in 3 QL-Quadrigons: (only coordinates of 1st Quadrigon point are given)
¢ (m-n)(-Pm+2Im2+12n-5Imn+4m2n) :
Zmz2+512mn-4ImZn-412n2+5Imn2-m?n? :
-1I-m)(41m2-5Imn+2m2n+1n2-mn?))

CT-Area of QG-P8-Triangle in the QA-environment:
e 2pqrA/(9(p+q)(p+r)(q+r)) (equals 1/9 area QA-Diagonal Triangle)

CT-Area of QG-P8-Triangle in the QL-environment: (equals 2/9 area QL-Diagonal Triangle)
e 8IZm?2n2A/(9(m-In-mn)(Ilm+In-mn)(lm-1n+mn))

DT-Coordinates QG-P8in 3 QA-Quadrigons: (only coordinates of 1st Quadrigon point are given)
o (2p2(p2a21d) : (P-4 2 (p2412)+3 q* 1 212 (-pPqir?))

DT-Coordinates QG-P8 in3 QL-Quadrigons: (only coordinates of 1st Quadrigon point are given)
e (m?2(m?-n?) : -2 (I12-m2)(m2-n2)+(-m*+12 n2) : m? (-124+m?))

DT-Area of QG-P8-Triangle in the QA-environment:
e S/18 (equals 1/9 area QA-Diagonal Triangle)



DT-Area of QG-P8-Triangle in the QL-environment: (equals 2/9 area QL-Diagonal Triangle)

S/9

Properties:

QG-P8, QG-P9, QG-P10, QG-P11 are collinear on a 27 Quasi Euler Line (which is a
parallel line to the 1st Quasi Euler Line).

QG-P8 is the Midpoint of QG-P1 and QG-P4.

QG-P8 is the Reflection of QG-P4 in QA-P1 (QA-Centroid).

The QG-P8 Triangle in the QA-environment and the QA-Diagonal Triangle are
homothetic with Homothetic Center QA-P1.

The area of the QA-versions of QG-P8 = 1/9 of the area of the QA-Diagonal
Triangle.

The area of the QL-versions of QG-P8 = 2/9 of the area of the QL-Diagonal
Triangle.



QG-P9 2nd Quasi Circumcenter

Let P1.P2.P3.P4 be a Quadrigon and let S be its Diagonal Crosspoint QG-P1.
Let Oi i+1 = Circumcenter of Triangle 0i.0i+1.S (i = cyclic sequence 1,2,3,4) .
Now is 012.023.034.041 a parallelogram.

QG-P9 is the Center of this parallelogram.

Pi = consecutive Vertices of Quadrigon
(1=1234)
O ii+1 = Circumcenter Triangle Pi.Pi+1.S
(i=cyclic 1,2,3,4)
S = Diagonal Crosspoint

QG-P9 = 2nd Quasi Circumcenter

CT-Coordinates QG-P9in 3 QA-Quadrigons: (only coordinates of 1st Quadrigon point are given)
e (a?(a?-c)qr+ a2 (p?+r?)Sa-(a*-c?)pqSp-(a*+c?) prSc+8p(p+q+2r1) A%
bZ(c2pq+a?pr+c?pr+a2qr)+ b?(p2+pq+qr+r?)Ss
-cz(-a?+c?)pq-(a?+c¥)prSa+(a?-c?) qrSep+c?(p2+r2)Sc+8r(2p+q+r)A?)
CT-Coordinates QG-P9 in 3 QL-Quadrigons: (only coordinates of 15t Quadrigon point are given)
o (a?m (b212+c212-2b21m+b2m?)n-1m (bZm?2+a2n?+b2n?) Sg+ Sa(-a2 (12 m? + 12 n?2 + m2 n?)
+21m?2nSg)+8m(Im2-21mn+m2n+21n2-mn?)A? :
bz(@2+b%2+c?)Im?n-Im(b?2m?+a2n?+b2n?) Sy-b? (12m?+12n2+m?n?) Sg-m (b2 12+ c2 12+
bZ2m2)nSc+8In(2Ilm-2m?2-1n+2mn)A?:
c2lm (b2m?2-2b2mn+a?n2+b2n?)-c2(12m?+12n2+m2n?)Sc+ Sg (-m (b212+c212+bZ2m?2)n+
2Ilm?nSc)-8m(I2m-Im2-212n+21mn-m?n)A?)

CT-Area of QG-P9-Triangle in the QA-environment:
* (a*qr(p+q)(p+r)+b*pr(p+q)(q+r)+ctpq(p+r)(q+71)
-2b2c2pqr(q+r)-2aZblpqr(p+q)-2atctpqr(p+r))
/ B2A (p+q)(p+1r)(q+r)(p+q+T1))
CT-Area of QG-P9-Triangle in the QL-environment:
e T1T2 /(64A(1-m)2(1-n)2(m-n)2(-lm+In+mn)(Im+In-mn)(Im-1n+mn))
where: Tl=amn(l-m)(-n)+ b2ln(m-1)(m-n)+cZlm(n-1)(n-m)
T2=a?mn(l-m)(I-n) (-3lm+In+mn)(Im-31n+mn)
+bZIln(m-)(m-n)(Im+1In-3mn)(-3Im+In+mn)
+cZ2lm(n-D(n-m)(Im+In-3mn)(Im-3In+mn)

DT-Coordinates QG-P9 in3 QA-Quadrigons; (only coordinates of 1st Quadrigon point are given)
*  (((Sb+a?) (p*r?)-Sc g?) (Sa p?+Sb q*+Sc r?)-Sb Sc (p-q+1) (p+q-1) (-p+q+1) (p+q+r) :

(Sa p#+Sb g*+Scr?) (Sa (p?+q2-r?)+Sc (-p2+q2+r?))-(S2+Sa Sc) (-p+q+r) (p+q-r) (p-q+1) (p+q+r) :
-((c%+ Sb) (p?-r?)+Sa q2) (Sa p%+Sb q2+Sc r2)-Sb Sa (p-q+1) (p+q-r) (-p+q+r) (p+qg+1))



DT-Coordinates QG-P9 in3 QL-QuadrigonS: (only coordinates of 1st Quadrigon point are given)
e (a2m?2 (Sb12+Sa m2-c2 n?) :
-(S2+ Sb Sc) 12 m2+Sb b2 m4+2 S2 12 n2-( Sa Sb+S2) m2 n2 :
+c2 m2 (-a2 12+Sc m2+Sb n2))

DT-Area of QG-P9-Triangle in the QA-environment:
o (azb?r4+b? cZpt+ c2azq*2 Saa?q?r2-2 Sb b2 p2r2-2 c2Scp? q?)
/ (85 (p-q-1) (p+q-1) (p-q+1) (p+q+r))

DT-Area of QG-P9-Triangle in the QL-environment:
®  ((Sc (12-m2)2+Sb (12-n2)2+Sa (m2-n2)2) (Sc (12-m2)2 n4+Sb m* (12-n2)2+Sa 14 (m2-n2)2))
/ (88 (12-m2)2 (1-n2)2 (m2-n2)?)

Properties:

e QG-P8,QG-P9, QG-P10, QG-P11 are collinear on a 2rd Quasi Euler Line (which is a
parallel line to the 1st Quasi Euler Line).

¢ QG-P9is the Reflection of QG-P7 in QA-P1 (QA-Centroid).

e QG-P9is the Midpoint of QG-P1 and QG-P5.

¢ QA-P1 (QA-Centroid) lies on the circumcircle of the triangle formed by the 2nd
Quasi Circumcenters of the 3 QA-Quadrigons.

e (QL-P9 and QL-P16 lie on the circle formed by the 3 points QG-P9 in a
Quadrilateral. The center of the similar circle with QG-P5 lies on the QG-P9 circle.

e QG-P9 is the Reflection of QG-P7 in the line QG-P2.QG-P12 (which coincides with
the Newton Line QL-L1).

e The area of the QA-versions of QG-P9 = the area of the QA-versions of QG-P7.

e The area of the QL-versions of QG-P9 = the area of the QL-versions of QG-P7.



QG-P10 2rd Quasi Orthocenter

Let P1.P2.P3.P4 be a Quadrigon and let S be its Diagonal Crosspoint QG-P1.

Let Hi i+1 = Orthocenter of Triangle Hi.Hi+1.S (i = cyclic sequence 1,2,3,4) .

Now is H12.H23.H34.H41 a parallelogram. Special is that each vertex of the Reference
Quadrangle lies on a sideline of the parallelogram.

QG-P10 is the Center of this parallelogram.

Pi = consecutive Vertices of Quadrigon
(i=1,2,3,4)
H i i+1 = Orthocenter Triangle Pi.Pi+1.S
(i = cyclic 1,2,3,4)
S = Diagonal Crosspoint

QG-P10 = 2nd Quasi Orthocenter

CT-Coordinates QG-P10 in 3 QA-Quadrigons: (only coordinates of 15t Quadrigon point are given)
o (a%(p?+pq+qr+r))Sa+(ctpq+atpr+cipr+atqr)Sc+4(2p2+pq+pr+qr+r?)A?
b2 (a2+c?)pr-(a2-c?)qrSc+Sa((@2-c))pq+ (p?+1r?)Sc)+8prAz:
Sa(c?pq+atpr+cipr+azqr+(p2+pq+qr)Ss)-c2r2Sc+4r(p+2r)A2)

CT-Coordinates QG-P10 in 3 QL-Quadrigons: (only coordinates of 15t Quadrigon point are given)
o (a2m (b212+c212-2b2Im+b2m?)n-a2m?n?2Sa-2c2lm?nSc+Sg (-l m(b2m?2+a2n2+b2n?)+
12(m2+n?)Sc)-4(1-2m)mn(21-m+n) A :
b2 (a2 + b2+ c2)Im?n-b212n2Sg-m (b212+c212+b2m?2) nSc+ Sa (-l m (b2 m2 + a2 n? + b2 n2) + m?
(12+n?)S¢)-4In(Im-21n+mn)A?:
c2lm (b2m?2-2b2mn+a?n2+b2n?)-m(b212+c212+b2m?2)nSg+Sa(-2a21m?n + (12 + m?2) n?
Sg)-c212m2Sc+41m (2m-n) (1-m+ 2 n) A?)

CT-Area of QG-P10-Triangle in the QA-environment: (equals 4 * area QA-Morley Triangle)
e ((@*2qr+b?pr+ctpq)?)/(BA(p+q)(p+r)(q+r)(p+q+r))
CT-Area of QG-P10-Triangle in the QL-environment:

e 0 (because vertices are collinear)

DT-Coordinates QG-P10 in 3 QA-Quadrigons: (only coordinates of 15t Quadrigon point are given)
*  (-(Sc (p*q?r?)-2 Sb q?) (-cz p2+a?r?) :
-Sa2 p2 (p2+q2-r2)+Sc2 r2 (p2-q2-r2)-S? q2 (p2-q2+r2)-2 Sb q2 (Sa p2+Sc r2) :
(Sa (p*+q*r?)+2 Sb g?) (c? p*-a? r2)}

DT-Coordinates QG-Pl 0in3 QL-Quadrigons: (only coordinates of 1st Quadrigon point are given)
e (Sbm2(Sb (12-n2)+Sc (12-m2)) :
Sa a?z12 m2+Sc c2 m2? n2-Sa Sc m*-S212 n2 :
-Sb m2 (Sb (12-n2)+Sa (m2-n2)))



DT-Area of QG-P10-Triangle in the QA-environment: (equals 4 * area QA-Morley Triangle)

-(Sa p?+Sb q2+Scr?)? / (2S (-p+q+r) (p+q-1) (p-q+r) (p+q+1))

DT-Area of QG-P10-Triangle in the QL-environment:

0 (because vertices are collinear)

Properties:

QG-P8, QG-P9, QG-P10, QG-P11 are collinear on a 274 Quasi Euler Line (which is a
parallel line to the 1st Quasi Euler Line).

QG-P10 is the Reflection of QG-P5 in QA-P1 (QA-Centroid).

QG-P10 is the Midpoint of QG-P1 and QG-P6.

The three 2nd Quasi Orthocenters in a Quadrilateral are collinear on the line QL-
L6 (Quasi Ortholine).

QA-P2 (Euler-Poncelet Point) lies on the circumcircle of the triangle formed by
the three 2nd Quasi Orthocenters in a Quadrangle. QA-P15 is the circumcenter.
The line through the 1st and 2nd Quasi Orthocenters (QG-P6 and QG-P10) is
perpendicular to the Newton Line (QL-L1).



QG-P11 2rd Quasi Nine-point Center

Let P1.P2.P3.P4 be a Quadrigon and let S be its Diagonal Crosspoint QG-P1.

Let Ni i+1 = Nine-point Center of Triangle Gi.Gi+1.S (i = cyclic sequence 1,2,3,4) .
Now is N12.N23.N34.N41 a parallelogram.

QG-P11 is the Center of this parallelogram.

Pi = consecutive Vertices of Quadrigon
(i=1,234)
N ii+1 = Nine-point Center Triangle Pi.Pi+1.S
(i = cyclic 1,2,3,4)
S = Diagonal Crosspoint

QG-P11 = 2nd Quasi Nine-Point Center

CT-Coordinates QG-P11in3 QA-Quadrigons: (only coordinates of 1st Quadrigon point are given)
o ((-24A%2+a2Sp) p?+(-8A%-a%(a?-c?))qr+ (-8A2+a2Sa)r2+p ((-16 A%- (a2-c?) Sg) q + (-24 A?-
(a®+c?) Sc) ),
(-8A2+Db2Sg) p2+ (-16 A2+ b2 (a2+Sg))qr+ (-8A2+b2Sg)r2+p ((-8A%-(a%2-c?)Sa)q+ (-16 A2+
b2 (a2 +c?)) r),
(-8 A2+ c2Sc) p?+ (-16 A2+ (a%2-c?)Sp)qr+ (-24 A2+ c2Sc)r2+p ((-8 A%+ (a2-c?) c2) q + (-24 A?-
Sa(az+c?))r))

CT-Coordinates QG-P11 in 3 QL-Quadrigons: (only coordinates of 1st Quadrigon point are given)
e (2aZm (b2l2+c2l2-2b2lm+bZm2)n-16A2(-Em2+1m3+212mn-61m2n+3m3n

-12nz2+31mn2-3m2n?)-2a2(2m2+12n2+ m2n2) Sp-21m (b2m?+azn2+b2n2) Sg
-4c2lm?nSc :
2b2(a2+b2+c2)Ilm?2n-16A2(-2m2+312mn-21m?n-312n2+ 31 m n?- m2n?)
-21m (b2m2+a2n2+b2n2)Sa-2b2(12m2+12n2+m?2n?) Sg-2m (b212+ c212
+b2m2) n S¢ :
-2l (-2b2m3+4b2m2n+azln2+b2ln2-c2ln?2-2a2mn?-2b2mn?)-16 A2 (-3 12 m?
+3Im3+312mn-6Im2n+m3n-12n2+2Imn2-m2n2)-4a2lm2nSa-2m(b212
+c212+b2m?2) n Sg- 2 c2 m? (12 + n2) S¢)

CT-Area of QG-P11-Triangle in the QA-environment:
e (a*qr(p*+pq+pr-3qr)+b*pr(pq+q*-3pr+qr)+ctpq(-3pq+pr+qr+r?)
-2b%2c2pqr(4p+q+r)-2a2ctpqr(p+4q+r)-2a2bZpqr(p+q+4r))
/(128A(p+q)(p+1)(q+1) (P+q+T1))



CT-Area of QG-P11-Triangle in the QL-environment:

o (+a*m2n2(1-m)2(1-n)2(1312m?2-2212mn-21m2n+1312n2-21mn?+m?n?)
+b*12n2(1-m)2 (m-n)2(1312m2-212mn-221m2n+12n2-21mn?+ 13 m?n?)
+ctlZ2m2(1-n)2 (m-n)2 (I2m2-212mn-21m2n+1312n2-221mn?+ 13 m? n?)
+2b2c2lZmn(l-m)(l1-n)(m-n)?2(2m2-142mn+12Im?n+12n2+121mn2- 13 m2n2)
+2a2c¢2lm2n(m-1)(m-n) (1-n)2 (I2m2+1212mn-141m2n-1312n2+ 121 m n? + m2 n?)
+2a2b2lmn?2(n-1)(m-n)(1-m)2 (1312m?2-1212mn-121m2n-12n%+ 141 m n? - m? n2))

/(256 A(1-m)2(1-n)2(m-n)?(Im-In-mn)(Im+1ln-mn)(lm-In+mn))
DT-Coordinates QG-P11in 3 QA-QuadrigonS: (only coordinates of 1st Quadrigon point are given)

e ((3S%p2-Sa Sb p2-Sb2 q2-Sc a2 r2)(-p2+q2+r2)+Sb g2 (( Sa+c?) p2+Sb q2-(a2+ Sc) r?) :
(-p2+q2+12) ((S2-Sa?) p2-4 S2 q2-(S2-Sc?) r2)+2 g2 (5 S2 r2+Sa c2 p2+Sb Sc r?) :

(3 S2 r2-Sc Sb r2-Sb2? g2-Sa c2 p2)(-r2+q2+p2)+Sb g2 (( Sc+a?) r2+Sb q2-(c2+ Sa) p?))

DT-Coordinates QG-P11in 3 QL-Quadrigons: (only coordinates of 1st Quadrigon point are given)
e (m?2 (-Sb a2 12+(S2+ Sb Sc) m2-(S2-Sb2) n?) :
(12-m2) (Sb Sc m2+52 n2)-(3 S212-2 S2 m2+Sa Sb m2) (m2-n2) :
-m2 ((S2-Sb?) 12-(Sa Sb+S52) m2+Sb c2 n?2))

DT-Area of QG-P11-Triangle in the QA-environment:
* S§/32+3(Sap?+Sbg*+Scr?)? /(32 S (-p+q+r) (p+q-1) (p-q+1) (p+q+1))

DT-Area of QG-P11-Triangle in the QL-environment:
e 3S/32-(Sc (12-m2)2 n2+Sb m2 (12-n2)2+Sa 12 (m2-n2)2)2 / (32 S (12-m?2)2 (12-n2)2 (m2-n2)2)

Properties:
e QG-P8, QG-P9, QG-P10, QG-P11 are collinear on a 2" Quasi Euler Line (which is a
parallel line to the 1st Quasi Euler Line).
e QG-P11 is the Midpoint of QG-P1 and QG-P7.
e The Midpoint of QA-P1 and QA-P2 lies on the circumcircle of the triangle formed
by the three 2nd Quasi Nine-point Centers in a Quadrangle.



QG-P12: Inscribed Harmonic Conic Center

The Inscribed Harmonic Conic Center is the Center of the Inscribed Harmonic Conic QG-
Col. This conic touches the sidelines of the Quadrigon in their perspective midpoints.
See picture below.

Step 1: projective transformation to square
Step 2: Construction Inscribed circle

Step 3: projective transformation to original form

N

v

CT-Coordinates QG-P12 in 3 QA-Quadrigons:
e (p(2p+qg+r) : q(p-r) : r(p-q))
* (p(r-q) : q(r-p) : r(p+q+2r))
e (p(gr) : q(p+2q+r) : r(q-p))

CT-Coordinates QG-P12 in 3 QL-Quadrigons:
e ( m+n:-2l+n: -2+ m)
e (Zm+n: I+n:-Zm+1)
e (-2n+m: -2n+1l: I+m)

CT-Area of QG-P12-Triangle in the QA-environment:
e par(p+q)(p+r)(q+r)A / ((p*+pq+pr-qr)(pq+q*-pr+qr)(pq-pr-q
r-r?))

CT-Area of QG-P12-Triangle in the QL-environment:

e 0 (points are collinear on Newton Line)

DT-Coordinates QG-P12 in 3 QA-Quadrigons:
o (-p%: g%: r?)
o (p%:-g2: r?
o (p%: qg?%:-r?



DT-Coordinates QG-P12 in 3 QL-Quadrigons:

(-2m2nZ2: 12nZ: 12m?)
( m2n2:-212n2: 12m?)
( m2n2: 12n2:-212m?)

DT-Area of QG-P12-Triangle in the QA-environment:

(25 p2 a2 12) / ((-pH+a2+r?) (pH+q2r?) (pP-gi+r)

DT-Area of QG-P12-Triangle in the QL-environment:

0 (points are collinear on Newton Line)

Properties:

QG-P12 is the fourth harmonic point of QG-P2 (Midpoint 3rd Diagonal) on the
Newton Line (QL-L1) wrt the midpoints of the diagonals (note Eckart Schmidt).
QG-P12 is collinear with QG-P1, QG-P13, QA-P16, QL-P13 on QG-L2.

The triangle formed by the 3 QA-versions of QG-P12 is perspective with the QA-
Diagonal Triangle. Their Perspector is QA-P16 (QA-Harmonic Center).

The triangle formed by the 3 QL-versions of QG-P12 is perspective with the QL-
Diagonal Triangle. Their Perspector is QL-P13 (QL-Harmonic Center).

QG-P12 is the intersection point of the Trilinear Polars of QL-P13 wrt the QA-
Diagonal Triangle and the QL-Diagonal Triangle (note Eckart Schmidt).



QG-P13: Circumscribed Harmonic Conic Center

The Circumscribed Harmonic Conic Center is the Center of the circumscribed Harmonic
Conic QG-CoZ2. This conic touches the sidelines of the projective circumscribed
Quadrigon in the vertices of the Reference Quadrigon.

See picture below.

Step 1: projective transformation to square

Step 2: Construction Circumscribed circle

Step 3: projective transformation to original form

T4

T2

CT-Coordinates QG-P13 in 3 QA-Quadrigons:
* (2p(2p+q+r) : q(2p+q-r) : r(2p-q+r))
o (p(p+2q-r) : 2q(p+2q+r) : r(-p+2q+r))
e (p(p-g+2r) : q(-p+q+2r) : 2r ( p+q+2r))

CT-Coordinates QG-P13 in 3 QL-Quadrigons:
e (mn (m+ln+mn):In(-3lm+In+mn):Im(m-3In+mn))
e (Mmn(-3lm+ln+mn):In (Im+Iln+mn):Im(Im+I1n-3mn))
¢ (mn (Im-3ln+mn):In (Im+In-3mn):Im (Im+In+mn))

CT-Area of QG-P13-Triangle in the QA-environment:

e 54pqr(p+q)(p+1r)(q+r)A
/(((q-r)2+4p(p+q+r1))((p-1)2+4q(p+q+1))((P-q2+4r(p+q+T1)))

CT-Area of QG-P13-Triangle in the QL-environment:
e 1612m?n? (Im-In-mn) (Im+In-mn) (Im-ln+mn) A
/ (12m2+12n2+m?2n2+2lmn(l+m-3n)) (12m2+12n2+m?2n2+21mn(l-3m+n))
(12m2+12n2+m2n22lmn(-31+m+n)))



DT-Coordinates QG-P13 in 3 QA-Quadrigons:
o (-p?2:29%:2r?%
o (2p2%2: -g%:2r?
e (2p%2:2q¢%: -1?9)

DT-Coordinates QG-P13 in 3 QL-Quadrigons:
e (-m2n2: I2n2: 12m?)
¢ (m2n?: -12n2: [2m?)
e (m2n2: I2n2: -12m?)

DT-Area of QG-P13-Triangle in the QA-environment:
o -275p*q*r?/ (2 (-p*+2 q*+212) (2 p*+2 q*-r?) (2 p*-q*+21?))

DT-Area of QG-P13-Triangle in the QL-environment:
o -2S1*m*n*/ ((-12 m2+12 n2+m? n2) (12 m2+12 n2-m? n?) (12 m2-12 n2+m? n?))

Properties:
e (QG-P13lies on these lines:
- QG-P1.QG-P12 (=QG-L2)
- QG-P2.QG-P14

e QG-P13is the intersection of lines from an intersection of a diagonal with the 3rd

diagonal and midpoint of the other diagonal (note Eckart Schmidt).

e The triangle formed by the 3 QA-versions of QG-P13 is perspective with the
triangle formed by the 3 QA-versions of QG-P1 (the QA-Diagonal Triangle).
Their Perspector is QA-P16 (QA-Harmonic Center).

e The triangle formed by the 3 QL-versions of QG-P13 is perspective with the QL-

Diagonal Triangle. Their Perspector is QL-P13 (QL-Harmonic Center).

e The circumcenter of the triangle formed by the 3 QL-versions of QG-P13 is a point

on QL-L6 (Quasi Ortholine).
¢ (QG-P13 lies on the Nine-point Conic QA-Col.

So the vertices of the triangle formed by the 3 QA-versions of QG-P13 lie on the

Nine-point Conic QA-Col.



QG-P14 Center of the M3D Hyperbola

QG-P14 is the center of the M3D Hyperbola (see paragraph QG-Co3).
M3D stands for “Midpoint 3rd Diagonal”.

Pi = consecutive points of Quadrigon
(i=1,2,34)

S$1.582 = 3rd Diagonal

QG-P2 = Midpoint 3rd Diagonal

QG-Co3 = M3D Hyperbola

CT-Coordinates QG-P14 in 3 QA-Quadrigons:
* (p(@+r)(-pg+pr+3qr+r3):q(p-r)?(p+2q+r): (p+q)r(p?+3pq+pr-qr))
* (p(@+r)(pg+q?-pr+3qr) : q(p+r)(p?+pq+3pr-qr) : (p-q)?r(p+q+2r))
e (p(@-1)?(2Zp+q+r):q(p+r)(-pq+3pr+-qr+r2) : (p+q)r(3pg+qg*-pr+qr)

CT-Coordinates QG-P14 in 3 QL-Quadrigons:
o ((In(-2Im2+Imn+2m2n+In2-mn2): m(-n)(2m-12n-21mn-InZ+mn?) :
In(-2m+21m2+12n+1mn-2m?n))
e (Im(Imz2+Imn-m2n-21n2+2mn?):-Ilm(IZ2m-I2n+lmn+21n2-2mn?) :
I-m)n(IZ2m+1m2-12n+ 21 mn-m?2n))
o (Im-n)(Im2-2lmn-m2n+In2-mn2): -mn(-22m+22n+Imn-In2+mn?):
mn(2I2m-1m2-212n+1mn+m2n))

CT-Area of QG-P14-Triangle in the QA-environment:
e lépqr(p?+pq+pr-qr)(pg+qg*-pr+qr)(pq-pr-qr-r3)A
/((p+q)(p+1)3(q+1)?)

CT-Area of QG-P14-Triangle in the QL-environment: (equals 3 x area QL-Diagonal Triangle)
e 12I2m2n2A/((-Ilm+In+mn)(Im+In-mn)(Ilm-1n+mn))

DT-Coordinates QG-P14 in 3 QA-Quadrigons:
o (p¥rz: g2 :p?r?)
e (p? :-q*r?:qxry)
* (-p+q?: p%q?:r?)



DT-Coordinates QG-P14 in 3 QL-Quadrigons:

o (1 : (12n2)/(2m?) : 1)
o (mm?)/(212) : 1 : -1)
e (1 : -1 : (m2-12)/(2 n2))

DT-Area of QG-P14-Triangle in the QA-environment:
o -(-prrqrer?)(pt-2er?) (p4q?r?) S / (2p? Q2 r?)

DT-Area of QG-P14-Triangle in the QL-environment: (equals 3 x area QL-Diagonal Triangle)
e 35/2

Properties:
e (QG-P14 lies on these lines:
- QG-P2.QG-P13
- theline through QG-P1 parallel to QG-L1 (34 Diagonal).
e QA-P2 (Euler-Poncelet Point) lies on the circumcircle of the triangle formed by
the points QG-P14 of the 3 QA-Quadrigons.
¢ (QG-P14 lies on the Nine-point Conic QA-Col.



7.2 QUADRIGON LINES
QG-L1: The 3rd diagonal

The 3rd diagonal of a Quadrigon is the connecting line of S1 and S2, where S1 and S2 are
the intersection points of the opposite sides of the Reference Quadrigon.

Pi = consecutive vertices Quadrigon (i=1,2,3/4)
S1=P1.P22P3.P4
S2 = P2.P3 " P4.P1

y QG-L.= 3rd Diagonal

Y
B P2 S

CT-Coefficients QG-L1 in 3 QA-Quadrigons:
e (qr:pr:pq)
e (qr:-pr:pq)
e (qr:pr:-pq)

CT-Coefficients QG-L1 in 3 QL-Quadrigons:

e (0:m:n)
e (1:0:n)
e (I:m:0)

DT-Coefficients QG-L1 in 3 QA-Quadrigons:

e (0:1:0)
e (1:0:0)
e (0:0:1)

DT-Coefficients QG-L1 in 3 QL-Quadrigons:

e (0:1:0)

e (1:0:0)

e (0:0:1)
Properties:

e The three 3rd Diagonals in the QA-environment form the QA-Diagonal Triangle.
e The three 3rd Diagonals in the QL-environment form the QL-Diagonal Triangle.



QG-L2: The Harmonic Line

The Harmonic Line is the line through QA-P16 (the harmonic point of a Quadrangle) and
QL-P13 (the harmonic point of a Quadrilateral) both meeting in their overlap of a
Quadrigon.

/ QA-DT1 & QA-DT2 = 2nd/3rd ‘v‘éf’tic@ of the QA-Diagonal Triangle
L QL-DT1 & QL-DT2 = 2nd/3rd vertice\of\t\he QL-Diagonal Triangle
J QG-P1 = 1st vertice of the QA- and QL-Diagonal Triangle

QL'DTT/[ QG-L2 = Harmonic Line

' QG-P1 = Diagonal Crosspoint !

QG-P12 = Inscribed Harmonic Conic Center
QG-P13 = Circumscribed Harmonic Conic Center
QA-P16 = QA-Harmonic Center

QL-P13 = QL-Harmonic Center

CT-Coefficients QG-L2 in 3 QA-Quadrigons:
e (qr(q+r):pr(2p+q+r):-pq(2p+q+r))
e (qr(p+2q+r):pr(r-p): -pq(p+2q+r))
e (qr(p+q+2r): -pr(p+q+2r):pq(-p+q))

CT-Coefficients QG-L2 in 3 QL-Quadrigons:
e (22(m-n) , m(Im-In+mn),-n(-lm+In+mn))
e (Ilm+Iln-mn),2m2(l-n), -n(-Im+In+mn))
e (IIm+In-mn), m(Im-In+mn), 2(l-m)n?)

DT-Coefficients QG-L2 in 3 QA-Quadrigons:
e (r2: 0 :-p?9)
e (0:-r2:q?
e (g>:p*:0)

DT-Coefficients QG-LZ2 in 3 QL-Quadrigons:
e (I2: 0 :-n?
e (0:-m?2: n?
o (2: m?2: 0)



Properties:

QA-P16, QL-P13 are collinear with QG-P1, QG-P12 and QG-P13.

QG-L2 is the radical axis of the circumcircle of the QA-Diagonal Triangle and the
circumcircle of the QL-Diagonal Triangle.

Let T be the intersection point QG-L1*QG-L2.

Now (QG-P1,T) and (QG-P12,QA-P16) are harmonic conjugated pairs on QG-L2
also (QG-P1,T) and (QG-P13,QL-P13) are harmonic conjugated pairs on QG-L2.
T is also the Involution Center of (QL-DT1,QL-DT2) and (QA-DT1,QA-DT2).
(notes Eckart Schmidt)

QG-P13, QG-P12, QG-P1, QA-P16, QL-P13 also can be seen as a consecutive
perspective row with vanishing point T. See [26b pages 24, 47, 48].

The 3 variants of QG-L2 in a Quadrangle concur in QA-P16.

The 3 variants of QG-L2 in a Quadrilateral concur in QL-P13.



QG-L3: The QG-Centroids Line

The QG-Centroids Line is the line connecting the 15t and 2rd QG-Quasi Centroids in a

Quadrigon.
P4
,t QG-L3 QG-L3 = QG-Centroids Line
/ ./ o Pi = vertices Quadrigon (i =1,2,3,4)
/ NNy
/ QG-P1 = Diagonal Crosspoint
FQG-P1
/ @ QG-P8 = 2nd QG-Quasi Centroid
‘«“ " :ﬂ"QG—PS :
| ) F QA-P1 N QA-P1 = Quadrangle Centroid
FQG-P4 ‘
/ { QG-P4 = 1st QG-Quasi Centroid
.‘/
Pt/ Ypa

CT-Coefficients QG-L3 in 3 QA-Quadrigons:
e (r(p+2q+nr): (p-r)(p+q+r):-p(p+2q+r))
e ((q-r)(p+q+r):r(2p+q+r):-q(2p+q+r1))
e (q(p+q+2r):-p(p+q+21r): (p-qQ)(p+q+1))

CT-Coefficients QG-L3 in 3 QL-Quadrigons:
e (I(m-n)(Im+In-mn): m(-n)(-lm+2m?2+In-mn) : -(I-m)n(Im-1n-mn))
e (I(m-n(Im+In-mn):-m{d-n)(Im-In+mn): (-(l+m)n(Im-In-mn+2n?))
e (Im-n)(2-Im-In+mn) : - m(-n)(Im-In+mn) : -I-m)n(lm-In-mn))

DT-Coefficients QG-L3 in 3 QA-Quadrigons:
o (2(p2-q2+12): 0 p?(p2+ql+rd))
o (0:r2(p2eqz-r?) ;g2 (p+qr-r2))
* (q*(p*-g*+r?) : p*(p*-q*-1r?) : 0)

DT-Coefficients QG-L3 in 3 QL-Quadrigons:
e (12-m2:0 : m2-n?)
e (n?2-12: m?-n2:0)
e (0: 12-m2: n2-1?)

Properties:
e These points lie on QL-L3: QG-P1, QG-P4, QG-P8, QA-P1.
The last three are (quasi-)centroids.
e The distance ratios between points QG-P4, QA-P1, QG-P8, QG-P1 are 1:1:2 in this
order.



7.3 QUADRIGON CONICS/CUBICS
QG-Co1: Inscribed Harmonic Conic

There is a projective transformation from 4 lines in a square to any other set of 4 lines.

See chapter QG-Tf1: QG-Projective Square Transformation.

The Inscribed Harmonic Conic is the projective transformation of the inscribed circle in
a square to the Reference Quadrigon. This conic touches the sidelines of the Quadrigon

in their perspective midpoints.

See picture below.

Step 1: projective transformation to square

Step 2: Construction Inscribed circle

Step 3: projective transformation to original form

~N

A 4

Equation QG-Co1 in 3 QA-Quadrigons in CT-notation:
o ?rix2+p2riy2+pZq2zi-6pqrixy+2piqryz+2pqirxz=0
e Q2r2x2+p2riy?2+p2qtz2+2pqrixy- 6p2qryz+2pq2rxz=0
o Q2r2x2+p2riyz+p2qz2+2pqrixy+2p2qryz-6pqgirxz=0

Equation QG-Co1 in 3 QL-Quadrigons in CT-notation:
o I2x24+m2y2+4n2z2-2lmxy+4mnyz+4lnxz=0
e 4I2x2+m2y2+n2z2+4lmxy-2mnyz+4lnxz=0
o IZx2+4m2y2+n2z2+4Ilmxy+4mnyz-2lnxz=0
Equation QG-Co1 in 3 QA-Quadrigons in DT-notation:
o @?r2x2-p2r2y2+p2q2z? =0
o r2@2x2+r2p2y2+p2q2z2=0
o  2r2x2+r2p2y2-q2p2z2 =0

Equation QG-Co1 in 3 QL-Quadrigons in DT-notation:
o 2x2]2- y2m2+2z2n2=0

o xX212+2y2Zm2+2z2n2=0



o 2x212+2y2m2- 72n2=0

Properties:
e The Center of QG-Co1 is QG-P12.



QG-Co2: Circumscribed Harmonic Conic

The Circumscribed Harmonic Conic is the projective transformation of the
circumscribed circle of a square to the Reference Quadrigon.

See chapter QG-Tf1: QG-Projective Square Transformation.

This conic touches the sidelines of the projective circumscribed Quadrigon at the
vertices of the Reference Quadrigon.

See picture below.

Step 1: projective transformation to square

Step 2: Construction Circumscribed circle

Step 3: projective transformation to original form

54

82

Equation QG-CoZ2 in 3 QA-Quadrigons in CT-notation:
e -2rxy+ qxz+ pyz=0
. rxy-2qxz+ pyz=0
. rxy+ qxz-2pyz=0

Equation QG-CoZ2 in 3 QL-Quadrigons in CT-notation:
e I2x2+Imxy+lnxz-mnyz=0
e m?y?+Imxy -lnxz+mnyz=0
e n2z2 - Imxy+Inxz+mnyz=0

Equation QG-CoZ2 in 3 QA-Quadrigons in DT-notation:
° Q2r2x2-2p?r2y2+ p2q2z2=0
o 2@’r2x2+ p2r2y?+ p2q2z2=0
° @?r2x2+ p2r2y?2-2p2q2z2=0

Equation QG-CoZ2 in 3 QL-Quadrigons in DT-notation:
o X2|2-y2m2+72n2=0
o -x2I2+y2m2+72n2=0

o X2I2+ y2m2-72n2=0

Properties:
e The Center of QG-Co2 is QG-P13.



QG-Co3: M3D Hyperbola

QG-Co3 is the conic through the 4 defining points P1, P2, P3, P4 of the Quadrigon and the
midpoint of the 3rd Diagonal.

This conic is a hyperbola because there are 2 constructible asymptotes. For a discussion
on this conic and related properties see [11] Hyacinthos Message #20183.

Construction asymptotes and center:

The 1st asymptote Asy1 is parallel to the 3rd Diagonal (QG-L1) and the 2nd asymptote Asy2 is
parallel to the Newton Line (QL-L1). The Diagonal Crosspoint (QG-P1) lies on Asy1. So Asy1 can
be constructed by drawing the line through QG-P1 parallel to the 3rd Diagonal.

The Center Ce of the conic is the Reflection of QG-P1 in intersection point (Asy1 * Newton Line).
So Asy2 can be constructed by drawing the line through Ce parallel to the Newton Line.

Note 1: The Reflection of QG-P1 in QG-P2 lies on Asy2.

Note 2: QG-P1 is a railway watcher (see paragraph QL-L/1: Railway Watcher) of the Newton
Line and Asy2.

Pi = consecutive points of Quadrigon (i = 1,2,3,4)
$1.82 = 3rd Diagonal QG-L1

QG-P2 = Midpoint 3rd Diagonal
QG-Co3 = M3D Conic
Ce = Center M3D Conic

Equation QG-Co3 in 3 QA-Quadrigons in CT-notation:
e pq(p+q)?rixy-pq*(p-r)r(p+2q+r)xz-p?qr(q+r)2yz=0
e p(p-qgar’(p+q+2r)xy-pgr(p+r)2xz+p2qr(q+r)?yz=0
e pq(p+q)?rixy-pq’r(p+r)?xz-p2q(q-rr(2p+q+r)yz=0

Equation QG-Co3 in 3 QL-Quadrigons in CT-notation:
e Pnxy+Imny?+I2mxz-2Ilmnxz+mn2xz+Iln2yz=0
e Inxy-2lmnxy+m2nxy+I2mxz+Im2yz+ Imnz?=0
e Imnx2+m2nxy+mn2xz+Im2yz-2Ilmnyz+ In2yz=0
Equation QG-Co3 in 3 QA-Quadrigons in DT-notation:
o (p?-r))y?+q?(z2-x?2) =0
o (r2-q?)x2+p?(y?-z?) =0
e (q?-p)z2+r2(x2-y?) =0



Equation QG-Co3 in 3 QL-Quadrigons in DT-notation:
o (x+z)(x12+zn?)-y2m2=0
o (y+z)(ym2+zn?)-x212=0
o (x+y)(xI2Z+ym?) -z2n2=0

Properties:
e This conic is the locus of Centers of involution of all lines // Newton Line (QL-L1).
See paragraph QA-Tf1: Line Involution. This is an example of a combination of
QA- and QL-properties in a Quadrigon (which can be seen as the intersection of a
Quadrangle and a Quadrilateral).



8.2 QUADRIGON TRANSFORMATIONS
QG-Tf1: QG-Projective Square Transformation
A projective transformation in a plane is a transformation used in projective geometry.

According to [20] pages 22 and 24:

Definition:

A projective mapping of a projective plane I onto a projective plane II’ is a one-one
mapping of [T onto IT’ such that the images of three collinear points are collinear.

A projective mapping of I onto itself is called a projective transformation of II.

Theorem 1.

Given any four points A, B, C, D of a projective plane II, no three of which are collinear,
and four points A’, B’, C’, D’ of a projective plane IT’, no three of which are collinear,
there exists one and only one projective mapping a of IT onto IT’ that takes A, B, C, D into
A’, B, C, D', respectively.

Square Transformation:

Using this projective transformation it is possible to transform 4 points of a square to
any other set of 4 points. Since a square consists of 4 points where the notion of opposite
points is relevant it can be seen as a quadrigon. That's why the image of the
transformation also will be a quadrigon.

Since projective transformations are invertible, Quadrigons can be uniquely
transformed into a Square and a Square can be uniquely transformed back into the
Reference Quadrigon.

A projective transformation can be used to transform points of the whole plane. This
makes it possible to transform the points of a circle circumscribing a square with the
same projective transformation that converts the square into a Reference Quadrigon.

More popular:

A projective transformation describes what happens to the perceived positions of
observed objects when the point of view of the observer changes. Projective
transformations do not preserve sizes or angles but do preserve incidence (the
intersection point of 2 lines is after transformation the intersection point of both
transformed lines, the connecting line of 2 points is after transformation the connecting
line of both transformed points).



QG-Tf2: QG-Quasi Isogonal Conjugate

The QG-Quasi Isogonal Conjugate of a point P is the intersection point of the reflected P-
cevians in the two angle bisectors of the 2 pairs of opposite sides of the Quadrigon.
This conjugate has been described for points QA-P2 and QA-P4 in [16 page 8].

P-cevian-1

Angle .
Bisector-1 el

Reflected
P-cevian-1

Angle
Reflected Bisector-2
P-cevian-2 P-cevian-2

Let P (u:v:w) be arandom point to be transformed, then:

CT-Coordinates QA-Quasi Isogonal Conjugate in 3 QA-Quadrigons:

e (a*(rv-qw)(b*’p(p+q)rw+atq(p+qrw-cpq(-qu+pv+rw)):
atq?(p+qruw+ctpg?(q+rjuw-b2c2pq(p+q-r)(q+rjuw-b*p(p+q)r(qg+rjuw+
a2(-b2q(p+q)r(-p+gq+rjuw-c2g?(qruv-prvi+pquw+2pruw+qruw+pqvw)) :
c2(qu-pv)(c*pq(g+rju+b’pr(q+rju+alqr(-pu-rv+qw)))

e (a2(rv-qw)(c2pq(p+r)v+aiqr(p+r)v-b’pr(ru+qv+pw)):
b2(ru-pw)(c2pq(g+rju+b2pr(q+rju-a¢qr(pu-rv+qw)):
-atqri(p+rjuv-b*pri(q+rjuv+ctpq(p+r)(q+rjuv+bzcpr(p-q+r)(q+r)uv+a
(c2qr(p+1r)(-p+q+rjuv+b?r2(2pquv+pruv+qruv+qruw+prvw-pqw?)))

o (b*p?(p+q)rvw-ctp’q(p+r)vw+atq(p+q)r(p+r)vw+b2cip?(-qru+pruv+pqu
w+pqvw+prvw+2qrvw)+az(c2pq(p+q-r)(p+r)vw+bZ2p(p+q)r(p-q+r)vw) :
b2(ru-pw)(b?p(p+q)rw+azq(p+q)rw+cZpq(-qu+pv-rw)):
c2(qu-pv)(c*pq(p+r)v+arqr(p+rjv+b?pr(-ru-qv+pw)))

CT-Coordinates QL-Quasi Isogonal Conjugate in 3 QL-Quadrigons:
e (a2Tbw:b2(c2nu+a2lw)(lu+mv+nw): c2Tbu)
e (a2Tcv:b2Tcu : c2(b2mu+az2lv)(lu+mv+nw))
o (-a2(ctnv+b2mw)(lu+mv+nw):b2Taw: c2Tav)

where: Ta=b2(1-m) (m-n)u-c2(l-n)(m-n)u+a2(Ilmu+lnu-mnu+lmv+lnw)
Tb=a?(l-m)(I-n)v +c2(I-n)(m-n)v+b2(-lmu-Imv+lnv-mnv-mnw)
Tc=a2(l-m)(I-n)w-b2(I-m)(m-n)w+cZ(-lnu-mnv+Imw-Inw-mnw)



DT-Coordinates QA-Quasi Isogonal Conjugate in 3 QA-Quadrigons:
o  (-((b%2p%zu+azqgzu+2Scp?v)/(2Scq?u+b?p?v+azqg?v)) :
1 : -((2Sar?v+c2q2w+b2rzw)/(c2q?v+b2r2v+2 Sa g2 w)))
e (1: (-a%2q2v-b2p2v-2Scq?u)/(2Scp?v+azq?u+b2pu) :
(a2 rz2 w+c2 p2 w+2 Sbrzu)/(-2 Sb p%z w-a2 rz u-c2 pZ u))
o ((-c2p?2u-a?r2u-2Sbp2w)/(2Sbr2u+czpZw+aZriw) :
(c2g2v+b2rzv+2 Saq?2w)/(-2 Sar2v-c2g2w-b2rzw) : 1)

DT-Coordinates QL-Quasi Isogonal Conjugate in 3 QL-Quadrigons:

e (2 (Sca?l2+Sc b2 m2+( Sa Sb+S?%) n2) (u? I2+vZ m2-w? n2)+u v (a* 1*+b* m*+c* n*+2 (S2-Sa?) m2 n2+2
(S2-Sb?) 12 n2+2 (S2+3 Sc?) 12 m?) :
4 (Sa u-Sb v+Sc w)2 12 n2-(2 Sc u I2+a2 v 12+b2 v m2+c2 v n2+2 Sa w n%)? :
2 ((S%+ Sb Sc) 12+Sa b2 m?+Sa c2 n?) (-u? I2+vZ m2+w2 nZ)+v w (a* [*+b* m*+c* n*+2 (S%2+3 Sa%) m?
nZ+2 (S2-Sb2) 12 n2+2 (S2-Sc?) 12 m2))

e (4 (Sau-Sbv-Scw)2m?2n2-(2 Sbw n2+c2un?+a2 ul2+bZ u m?+2 Scvm?2)? :
2 ((S%+ Sa Sb) n2+Sc a? 12+Sc b2 m?) (-w? n2+u? 12+v2 m2)+u v (c* n*+a* 1*+b* m*+2 (S2+3 Sc?) 12
m2+2 (S2-Sa%) nZ m2+2 (S2-Sb2) n212) :
2 (Sb c2 n2+Sb a2 I2+( Sc Sa+52) m?) (w? n2+u? 12-v2 m2)+w u (c* n*+a* 14+b* m*+2 (S2-Sc?) 12 m2+2
(S2-Sa?) n2 m2+2 (S2+3 Sb2) n212))

® (2 ((S%+ Sc Sa) m2+Sb c2 n2+Sb a2 12) (-vZ mZ+w?2 nZ+u? 12)+w u (b* m*+c* n*+a* 1+2 (S2+3 Sb?) n2
1242 (S2-Sc2) m2 12+2 (S2-Sa%) m2 n?) :
2 (Sa b2 m2+Sa c2 n2+( Sb Sc+52) 12) (v2 m2+w? n2-u? 12)+v w (b* m*+c* n*+a*14+2 (52-Sb2) n? 12+2
(S2-Sc2?) m? 12+2 (S2+3 Sa2) m2 n?) :
4 (Sc w-Sa u-Sb v)2 12 m2-(2 Sa v m?+b% w m?+c2 w n2+aZ w1242 Sb u 12)2)

Properties:

¢ Ina Quadrangle QA-P2 and QA-P4 are QG-Quasi Isogonal Conjugated wrt the
Component Quadrigons.

¢ In the component Quadrigons of a Quadrangle the 3 QG-Quasi Isogonal
Conjugated points of a point P coincide when P is on the QA-Cu7 Cubic.
So QA-Cu?7 is self-conjugated wrt QG-Tf2 of the Component Quadrigons.

e Inthe component Quadrigons of a Quadrilateral the 3 QG-Quasi Isogonal
Conjugated points of a point P coincide when P is on the QL-Cul Cubic.
So QL-Cul is self-conjugated wrt QG-Tf2 of the Component Quadrigons.

¢ QG-Tf2 maps every line (not through a vertice) in a conic through the intersection
points of the opposite sides of the Quadrigon . Moreover this conic divides every
side Pi.Pj of the Quadrigon at a point Sij into two parts Pi.Sij, Sij.Pj with ratio
Pi.Sij/Sij.Pj. The product of these 4 side ratios is 1 (note Eckart Schmidt).

e For any point at QL-Cul the QL-Tf1-transformation point (Clawson-Schmidt
Conjugate) equals the QG-Tf2-transformation point (Quasi Isogonal Conjugate).
(note Eckart Schmidt)



8. JUSTIFICATION

[ mentioned different points and other items in this paper.

When [ found this item at some place I mentioned this as a reference.

When no references are mentioned I found this item myself.

Of course it is quite possible that these items were found earlier by someone else.

If this is the case, please let me know, so that [ can add this new reference.

Also improvements and other interesting Quadri-items can be send to me, preferably
with references.

An interactive version of this information can be found at www.chrisvantienhoven.nl.

Netherlands, June 2012
Chris van Tienhoven
van10hoven@gmail.com
info@chrisvantienhoven.nl
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