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Abstract.  

In this paper a formal description is given of points occurring in a construction defined by 4 

points and/or 4 lines.  

The notion of a Quadrigon is introduced.  With this notion it is possible to define Centers 

and related objects depending on 4 points and/or 4 lines in an integrated and 

differentiated way.  

Several tools and examples are given. With these tools the road is free for a structured 

Catalogue of Quadri-Centers and Quadri-Objects.  A first start is given. 
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1. INTRODUCTION 

 

There are noticeable differences between triangles and quadrilaterals / quadrangles. 

¶ With a triangle there are 3 points and 3 line segments. When we consider a 

quadrangle as a complex of 4 points then we have to deal with 4 points and 6 

possible lines. 

¶ When we consider a quadrilateral as a complex of 4 lines then we have to deal 

with  4 lines and 6 possible intersection points. 

¶ A triangle can be constructed knowing 3 elements of the triangle. However a 

quadrilateral cannot be constructed analogously with 4 elements of this figure. 

This is quite different from working with a triangle. 

 

Algebraically there are also differences. 

¶ Often trilinear or barycentric coordinates are used in the triangle environment 

because a point can be related to the 3 side lengths or the 3 angles of a triangle.  

But in the according situation 4 side lengths or 4 angles are not sufficient for 

defining a quadrilateral. 

¶ The 3 vertices of a triangle are often (1 : 0 : 0), (0 : 1 : 0), (0 : 0 : 1). Introducing a 

4th point raises the question how to classify this new point. 

 

In this paper we will classify 3 types of construction with 4 points and/or 4 lines.  

Most of the time only points or lines per type of construction have relationships with 

each other. 

Each type has its own unique definition for Centers. This will solve several problems and 

relates to existing practices in Triangle Geometry. 

Homogeneous coordinate triples of points and coefficient triples of lines as well as 

equations of conics will be given according to the developed system.  

No synthetic proofs will be given. However with the developed algebraic system it is 

relatively easy to prove all the described properties. 

Calculations are done with Mathematica software using the wonderful collection of 

formulas and routines in Baricentricas [10] of Francisco Javier García Capitán. Special 

thanks to him for his valuable advice about the Mathematica software. 

Because the intermediate results of algebraic calculations often are very lengthy only the 

final result is given. Many of the calculated results are checked in a fixed reference 

system. But nevertheless error s or typos may occur. 

References to sources of literature and internet are made where I found information 

about points, lines and conics. The remaining points, lines and conics I discovered myself 

in the process of writing this paper. However, several of them may be known and 

available at other places. 

Special thanks also for Peter Moses who helped me with the use of the English language. 

Very helpful because the English language is not my mother tongue. 

Special thanks also for Bernard Gibert wÈÏ ×ÁÓ ×ÉÌÌÉÎÇ ÔÏ ÉÎÓÐÅÃÔ ÔÈÅ Ȱ1uadri-ÃÕÂÉÃÓȱ 

and categorize them. 



 
 

Special thanks also for Eckart Schmidt who painstakingly worked through 174 pages of 

the first concept of  this paper and contributed with lots of useful additions. He 

convinced me to use also coordinates relating to Diagonal Triangles (DT) of Quadrangle 

and Quadrilateral. Most of the DT-coordinates  and DT-expressions came from his hand. 

We had a very nice exchange of ideas alternately in German and English. 

  



 
 

2. PRELIMINARIES 

 

In this paper we deal with figures configured with 4 lines and/or 4 points. We will call 

them Quadri-figures. 

There is quite a lot of difference in the use of the words Quadrilateral and Quadrangle. 

But because of further comprehension it is important to be very precise in making 

correct definitions. 

We use this nomenclature. 

Quadrilateral 

A quadrilateral is a plane figure consisting of 4 lines no three of which are concurrent. 

In case of multiple use the prefix and abbreviation QL will be used. 

Quadrangle 

A quadrangle is a plane figure consisting of 4 points no three of which are collinear. 

In case of multiple use the prefix and  abbreviation QA will be used. 

Also this notion is introduced: 

Quadrigon 

A Quadrigon is a polygon of 4 points (no 3 of which are collinear) and 4 lines spanned 

between the 4 points in such a way that each line connects only 2 of the 4 points and 

each point is the intersection of just 2 of the 4 lines.  

In case of multiple use the prefix and abbreviation QG will be used. 

 

It is important that a quadrilateral consists of just 4 random lines without intersection 

points and without any other condition or any order.  

In the same way a quadrangle consists of just 4 random points without connecting lines 

and without any other condition or any order. 

However a quadrigon consists of 4 random points with 4 connecting lines in cyclic order. 

It also can be seen as a system of 4 random lines with 4 intersection points in cyclic 

order.  Now the order of points and lines are important.  

 

 

3. DEFINITION OF QUADRI-STRUCTURES 

 

Quadrigon 

There is a difference between a quadrilateral and a quadrangle. 

Nevertheless  this differentiation is not sufficient to describe all constructible points in 

ÁÎ ÅÎÖÉÒÏÎÍÅÎÔ ÏÆ τ ÐÏÉÎÔÓ ÁÎÄȾÏÒ τ ÌÉÎÅÓȢ 4ÈÁÔȭÓ ×ÈÙ in this chapter a new notion will 

be introduced ȰÔÈÅ ÑÕÁÄÒÉÇÏÎȱȢ  

A Quadrigon is a polygon of 4 points (no 3 of which are collinear) and 4 lines spanned 

between the 4 points in such a way that each line connects only 2 of the 4 points and 

each point is the intersection of just 2 of the 4 lines.  

There is no limitation for being convex. 

 

  



 
 

Why this new concept? 

1. It is symmetric and according to the duality principle. Just like a triangle is 

symmetric and according to the duality principle.  

2. It appeals to what we usually have in mind with a quadrilateral: 4 points and 4 

lines in a certain order. 

3. It can be extended in 2 equivalent and symmetric ways: more lines and more 

points. 

4. Some constructions of points cannot be uniquely defined in a quadrangle or 

quadrilateral environment but it can be done in a quadrigon environment. 

 

A quadrigon is the most specific notion. It  determines the cyclic order of lines and 

points. Unlike the quadrilateral and quadrangle, lines and points now have equal status.  

A quadrigon has minimal degrees of freedom. It can be seen as the intersection of a 

quadrilateral and a quadrangle. 

 

QuadrigÏÎ Є 1ÕÁÄÒÉÌÁÔÅÒÁÌ  1ÕÁÄÒÁÎÇÌÅ 

 

One consequence is that notions like adjacent sides (or points) and opposite sides (or 

points) become important (tÈÁÔȭÓ ×ÈÙ ÔÈÅ 6ÁÎ !ÕÂÅÌ 0ÏÉÎÔÓ ÁÒÅ ÑÕÁÄÒÉÇÏÎ points 

because in their construction the notion of opposite sides is used). 

 

 
Quadrilateral 

A quadrilateral is a plane figure consisting of 4 lines no three of which are concurrent. 

This figure can be partitioned in several ways. 

a. 4 times 1 line. This case is evident. 

b. 6 possible combinations of 2 lines. This gives ÕÓ φ Ȱintersection pointsȱȢ 

c. τ ÐÏÓÓÉÂÌÅ ÃÏÍÂÉÎÁÔÉÏÎÓ ÏÆ σ ÌÉÎÅÓȢ 4ÈÉÓ ÇÉÖÅÓ ÕÓ τ Ȱcomponent ÔÒÉÁÎÇÌÅÓȱȢ 

In case of a convex quadrilateral there are 2 pairs of component triangles for 

which pairwise the area of the inscribed part of the quadrilateral = the 

subtraction of the triangles per pair. 



 
 

 
 

d. σ ÐÏÓÓÉÂÌÅ ÃÙÃÌÉÃ ÃÏÍÂÉÎÁÔÉÏÎÓ ÏÆ τ ÌÉÎÅÓȢ 4ÈÉÓ ÇÉÖÅÓ ÕÓ σ ȰÑÕÁÄÒÉÇÏÎÓȱȢ 

 

 
 

There is no more basic partitioning in a Quadrilateral. 

 

Quadrangle 

A quadrangle is a plane figure consisting of 4 points no three of which are collinear. 

This figure can be partitioned in several ways. 

a. 4 times 1 point. This case is evident. 

b. φ ÐÏÓÓÉÂÌÅ ÃÏÍÂÉÎÁÔÉÏÎÓ ÏÆ ς ÐÏÉÎÔÓȢ 4ÈÉÓ ÇÉÖÅÓ ÕÓ φ ȰÃÏÎÎÅÃÔÉÎÇ ÌÉÎÅÓȱȢ 

c. τ ÐÏÓÓÉÂÌÅ ÃÏÍÂÉÎÁÔÉÏÎÓ ÏÆ σ ÐÏÉÎÔÓȢ 4ÈÉÓ ÇÉÖÅÓ ÕÓ τ Ȱcomponent ÔÒÉÁÎÇÌÅÓȱȢ 

In case of a convex quadrilateral there are 2 pairs of component triangles for which 

pairwise the area of the inscribed part of the quadrilateral = sum of  triangles per pair. 

 



 
 

d. 3 possible cyclic combinations of 4 points. This gives uÓ σ ȰÑÕÁÄÒÉÇÏÎÓȱȢ 

 
 

There is no more basic partitioning in a Quadrangle. 

Note that the partitioning of a quadrilateral and a quadrangle leads visually to different 

Ȱcomponent ÔÒÉÁÎÇÌÅÓȱ ÁÎÄ ÄÉÆÆÅÒÅÎÔ ȰÑÕÁÄÒÁÎÇÌÅÓȱȢ 

The connections between Quadrangles, Quadrilaterals, Triangles and Quadrigons  

can best be shown in a Data Set Diagram (as used in Computer Science): 

 

Data Set Diagram

Explanation:

1 Quadrangle has 4 consisting Triangles 1 Quadrilateral has 4 consisting Triangles

Explanation:

1 Quadrangle has 3 consisting Quadrigons 1 Quadrilateral has 3 consisting QuadrigonsA Quadrigon can be seen as part of a Quadrangle

A Quadrigon can be seen as part of a Quadrilateral

QuadriLateralQuadrangle Triangle

Quadrangle Quadrigon QuadriLateral

A Triangle can be seen as part of a Quadrangle

A Triangle can be seen as part of a Quadrilateral

 
  



 
 

4. DEFINITION OF QUADRI-CENTERS 

 

Levels of construction 

When dealing with Quadri-figures the notions of a Point, Line, Triangle, Quadrilateral, 

Quadrangle and a Quadrigon represent levels of construction. As explained in last 

chapter these are all possible levels of construction in a Quadri-figure.  

When objects are constructed on the level of a Point, Line or Triangle this construction 

level usually is evident. However when items are constructed on the level of a 

Quadrilateral, Quadrangle or Quadrigon it  is often unclear to which level this object 

belongs. Still it is important to know at which level the object is constructed, because 

each level requires a different approach. Discerning the right level makes it possible to 

describe and calculate these objects. 

 

Determining the type of  Quadri-figure 

Making constructions in the Quadri-environment it often is not clear how the 

dependencies are. Is there a dependency on 4 points, 4 lines or both? 

Here are some tools to discover the type of Quadri-figure that is the base of a 

construction. 

When a target point is constructed based on 4 other points in a quadrangle,  then 4 

component triangles and 3 component quadrigons can be discerned. When the same 

construction method is performed using another component triangle or another 

component quadrigon then two things can happen: 

¶ The construction ÐÏÉÎÔ ÄÏÅÓÎȭÔ ÃÏÎÃÕÒ ×ÉÔÈ ÔÈÅ ÔÁÒÇÅÔ ÐÏÉÎÔȢ 

In this case the target point is not a quadrangle point. 

¶ The construction point concurs with the target point. 

In this case the target point is probably a quadrangle point. 

By performing the same method for all other component triangles or quadrigons 

(whichever construction level is chosen) and verifying equality with the target 

point  it can be deduced that the target point is indeed a quadrangle point. 

 

When a target point is constructed based on 4 lines in a quadrilateral ,  then 4 component 

triangles and 3 component quadrigons can be discerned. When the same construction 

method is performed using another component triangle or another component 

quadrigon then two things can happen: 

¶ The construction ÐÏÉÎÔ ÄÏÅÓÎȭÔ ÃÏÎÃÕÒ ×ÉÔÈ ÔÈÅ ÔÁÒÇÅÔ ÐÏÉÎÔȢ 

In this case the target point is not a quadrilateral point. 

¶ The construction point concurs with the target point. 

In this case the target point is probably a quadrilateral point. 

By performing the same method for all other component triangles or quadrigons 

(whichever construction level is chosen) and verifying equality with the target 

point  it can be deduced that the target point is indeed a quadrilateral point. 

 



 
 

When a target point depending on 4 points or 4 lines is neither a quadrangle point nor a 

quadrilateral point it should be a quadrigon point. 

 

Definition of 3 types of Quadri Centers 

This leads us to the conditions for a Quadrangle Center, Quadrilateral Center and a 

Quadrigon Center. 

A Quadrangle Center should be  a construction point based on 4 points in a quadrangle. 

When the same construction method is performed using other component triangles or 

quadrigons then the same point should come out. 

A Quadrilateral Center should be a construction point based on 4 lines in a quadrangle. 

When the same construction method is performed using other component triangles or 

quadrigons then the same point should come out. 

A Quadrigon Center should be a construction point based on 4 lines or 4 points in a 

quadrigon not being a Quadrangle Center or a Quadrilateral Center. 

 

Defined in a formal way: 

A Quadrangle Center QA is: 

a point related to 4 random points P1, P2, P3, P4 (no 3 of which are collinear), 

when QA can be described as some transformation of Pi wrt triangle Pj.Pk.Pl  

and is the same point for all permutations of (i,j,k,l)  ɴ(1,2,3,4), or  

when QA can be described as some transformation of Pi wrt quadrigon Pi.Pj.Pk.Pl  

and is the same point for all permutations of (i,j,k,l)  ɴ(1,2,3,4).  

 

A Quadrilateral Center  QL is: 

a point related to 4 random lines L1, L2, L3, L4 (no 3 of which are concurrent), 

when QL can be described as some transformation of Li wrt triangle Lj.Lk.L l  

and is the same point for all permutations of (i,j,k,l)  ɴ(1,2,3,4), or  

when QL can be described as some transformation of Li wrt quadrigon Li.Lj.Lk.Ll  

and is the same point for all permutations of (i,j,k,l)  ɴ(1,2,3,4).  

 

A Quadrigon Center QG is: 

a point solely related to the 4 points and 4 lines of a quadrigon, not being a  

Quadrangle Center or a Quadrilateral Center.  

 

 

Algebraic description of Quadri Centers 

Since we work with 4 points and/or 4 lines in a plane we can work with 2 Cartesian 

coordinates as well as 3 homogeneous coordinates. 

Also we need to have in mind that a coordinate system that is suitable for a quadrilateral 

is not necessarily suitable for a quadrangle, etc. 

3ÉÎÃÅ ×Å ×ÏÒË ×ÉÔÈ Ȱcomponent ÔÒÉÁÎÇÌÅÓȱ ÁÎÄ ÓÉÎÃÅ ×Å ÃÏÎÃÌÕÄÅÄ ÔÈÁÔ the construction 

of a center is valid for each component triangle it is worthwhile  elaborating the 



 
 

coordinate systems used in Triangle Geometry.  Especially because the science of 

Triangle Geometry is very well known and documented. 

 

Now the method in a Quadrangle is to identify 3 of the 4 basic points in forming the 

Reference Triangle.  The 4th  point is an added point to the Reference Triangle used to 

perform some construction with. 

Again when a point comes out that qualifies as a Center the construction should be 

working for each choice of reference triangle that is possible in the Quadrangle. 

 
The working method is then: 

¶ choose randomly 3 quadrangle vertices as the vertices of a reference triangle, 

¶ give them homogeneous coordinates (1:0:0), (0:1:0) and (0:0:1), 

¶ identify the remaining point with coordinates (p:q:r). 

Every constructed object now can be identified  

¶ as a function of (a,b,c) and (p,q,r) when barycentric triangular coordinates are 

used and where a, b, c are the side lengths of the reference triangle, or 

¶ as a function of (A,B,C) and (p,q,r) when trilinear triangular coordinates are used 

and where A, B, C are the angles of the reference triangle. 

 

The Centroid and the Euler-Poncelet Point in a Quadrangle may serve as example. 

As will be shown later the Centroid of the Quadrangle has coordinates: 

( 2p+q+r  :   p+2q+r  :  p+q+2r ) 

and the Euler-Poncelet Point: 

 ( p (SB.q-SC.r) (b2r(p+q)  - c2q(p+r)) :  

q (SC.r-SA.p) (c2p(q+r)  - a2r(q+p)) : 

     r (SA.p-SB.q) (a2q(r+p) - b2p(r+q)) )  

where SA=(-a2+b2+c2)/2, etc. 

As can be seen the symmetry in construction is reflected in the internal symmetry of the 

coordinate formulas on the right level. 



 
 

Identifying Centers on the right level make it possible to algebraically describe 

relationships between these Centers like collinearity , lying on a conic, etc. 

 

The same consideration can be made with the QL. This results in a system where 3 of the 

4 lines will be identified by homogeneous coefficient triples (1:0:0), (0:1:0) and (0:0:1). 

The 4th line gets coefficient triple (l:m:n). 

Note that as 1st ÃÏÅÆÆÉÃÉÅÎÔ ÌÅÔÔÅÒ ȰÌȱ ÉÓ ÂÅÉÎÇ ÕÓÅÄ ÉÎ ÃÏÎÔÒÁÓÔ ×ÉÔÈ the QA situation where 

point coordinates are represented by (p:q:r)  with ȰÐȱ ÁÓ 1st letter. 

This has been done deliberately for direct recognition of Quadri-coordinates.  

4ÈÅ ÌÅÔÔÅÒ ȰÌȱ ÓÔÁÎÄÓ ÆÏÒ ȰÌÉÎÅȱ ÁÎÄ ÔÅÌÌÓ ÔÈÁÔ 1L coordinates have been used.  The letter 

ȰÐȱ ÓÔÁÎÄÓ ÆÏÒ ȰÐÏÉÎÔȱ ÁÎÄ ÔÅÌÌÓ ÔÈÁÔ 1A coordinates have been used. 

 

Example of a QL-point is the Miquel Point. 

It has QL-coordinates:   

{ a2 m n/(m - n) :  b2 n l/(n - l) : c2 l m/(l - m) }. 

In QA-notation this would be: 

{a2 (p+q) (p+q+r) :  a2 pq + c2qr - b2(qr+rp+pq)+2 SB q2 :  c2 (r+q) (p+q+r)}  

As can be seen when a QL Center is described in QA-notation there is no longer cyclic 

symmetry between the 3 coordinates. That is because 3 Quadrigons can be discerned in 

a Quadrangle each representing a quadrilateral, each having a different Miquel Point. So 

actually The Miquel Point is dispersed into a triple of points in QA environment.  

Nevertheless sometimes it can be useful when interactions are searched between QA-

Centers and QL-Centers to calculate a QL-Center in QA-environment or vice versa. 

 

So now we have algebraic descriptions for QA-Centers and QL-Centers. 

We also discerned the notion of a Quadrigon and as a matter of fact there are also 

Quadrigon Centers. We will abbreviate these centers as QG-Centers. 

These are centers where the cyclic order of vertices and line segments are used in the 

construction method. 

The algebraic way of describing QA-Centers and QL-Centers are not necessary useful for 

these QG-Centers. The reason for this is that often the notion of opposite sides/points is 

used and that gives few connections with component triangles. 

I find that a simple Cartesian coordinate system with projective coordinates (i.e. a 

normal x- and y-coordinate combined with a  z-coordinate for indicating infinity points)  

often gives easiest and symmetric results. 

This is not surprising because a Cartesian coordinate system has 4 quadrants in each of 

which we can pin a vertex even so that the diagonals concur with the origin. 

However for the sake of the many relations with quadrangles and quadrilaterals also the 

QA-and the QL-coordinates are of importance and will be mentioned in this paper. 

However since QG-points exist in 3 variants in Quadrangles and Quadrilaterals 

coordinates will be shown in threefold too. Of course these 3 variants will show a 

beautiful symmetry too. 

This will be shown in Chapter 7. 



 
 

 

5. QUADRANGLE OBJECTS 

 

5.0 QUADRANGLES GENERAL INFORMATION 

 

QA/1: Systematics for describing QA-points  

 

In this Encyclopedia of Quadri-Figures 2 coordinate systems are used for Quadrangles: 

1. QA-CT-Coordinate system, where 3 arbitrary points of the quadrangle form a 

Component Triangle (CT). This Component Triangle is defined as Reference 

Triangle with vertice coordinates (1:0:0), (0:1:0), (0:0:1). The 4th point is defined 

as (p:q:r). 

2. QA-DT-Coordinate system, where the QA-Diagonal Triangle (DT, see QA-Tr1) is 

defined as the Reference Triangle with vertice coordinates (1:0:0), (0:1:0), 

(0:0:1). An arbitrary point of the Quadrangle is defined as (p:q:r).  

The other 3 points now form the Anticevian triangle of Pi wrt the QA-Diagonal 

Triangle and have vertices (-p : q : r), (p : -q : r), (p : q : -r). 

 

Both coordinate systems can be converted in each other (see QA/6 and QA/7). 

 

Every constructed object now can be identified as: 

( f(a,b,c, p,q,r) : f(b,c,a, q,r,p) : f(c,a,b, r,p,q) ) 

where a,b,c represent the side lengths of the CT- or DT-triangle and 

where p,q,r represent the barycentric coordinates wrt the CT- or DT-triangle. 

In the description of the points on the following pages only the first of the 3 barycentric 

coordinates will be shown.  The other 2 coordinates can be derived by cyclic rotations: 

¶ a > b > c > a > etc.    

¶ p > q > r > p > etc.  

 

Further the Conway notation has been used in algebraic expressions: 

SA = (-a2 + b2 + c2) / 2  

SB = (+a2 - b2 + c2) / 2  

SC = (+a2 + b2 - c2) / 2  

Sʖ = (+a2 + b2 + c2) / 2  

S = Ѝ( SA SB + SB SC + SC SAɊ  Ѐ ς ɝ 

7ÈÅÒÅ ɝ Ѐ ÁÒÅÁ ÔÒÉÁÎÇÌÅ !"# Ѐ ϴ Ѝ((a+b+c) (-a+b+c) (a-b+c) (a+b-c)).  



 
 

Transformed Quadrangles 

 

In the descriptions of Quadrangle Centers often the technique is used of  transforming 

one Quadrangle into another Quadrangle. This is done by performing a Transformation 

T on Pi wrt triangle Pj.Pk.Pl (for all permutations of (i,j,k,l) ɴ (1,2,3,4)). This produces a 

ÎÅ× ÑÕÁÄÒÁÎÇÌÅ 0ρȭȢ0ςȭȢ0σȭȢ0τȭȢ 

#ÏÎÓÅÑÕÅÎÔÌÙ ÔÈÅ ÓÁÍÅ ÔÒÁÎÓÆÏÒÍÁÔÉÏÎ 4 ÃÁÎ ÂÅ ÐÅÒÆÏÒÍÅÄ ÏÎ ÑÕÁÄÒÁÎÇÌÅ 0ρȭȢ0ςȭȢ0σȭȢ0τȭ 

ÐÒÏÄÕÃÉÎÇ ÁÎÏÔÈÅÒ ÑÕÁÄÒÁÎÇÌÅ 0ρȭȭȢ0ςȭȭȢ0σȭȭȢ0τȭȭȢ 4ÈÉÓ ÑÕÁÄÒÁÎÇÌÅ ÉÓ ÃÁÌÌÅÄ ÔÈÅ ςnd 

generation T-Quadrangle. 

It is special that often the Reference Quadrangle and the 2nd generation T-Quadrangle 

ÁÒÅ ÈÏÍÏÔÈÅÔÉÃȢ #ÏÎÓÅÑÕÅÎÔÌÙȟ ÔÈÉÓ ÐÒÏÄÕÃÅÓ Á Ȱ#ÅÎÔÅÒ ÏÆ (ÏÍÏÔÈÅÃÙȱȟ ÉÎ ÔÈÉÓ ÐÁÐÅÒ ÁÌÓÏ 

ÎÁÍÅÄ Ȱ(ÏÍÏÔÈÅÔÉÃ #ÅÎÔÅÒȱȢ 

Another technique of quadrangle transformation is by determining Triangle Centers 

(see [12]) Xi for 3 points Pj, Pk, Pl (for all permutations (i,j,k,l) ɴ (1,2,3,4)). This 

produces the (1st) X-Quadrangle. 

The same process can be performed on the (1st) X-Quadrangle producing the 2nd  X-

Quadrangle. This quadrangle is named the 2nd generation X-Quadrangle. 

Again often the Reference Quadrangle and the 2nd generation X-Quadrangle are 

ÈÏÍÏÔÈÅÔÉÃȢ !ÇÁÉÎȟ ÔÈÉÓ ÐÒÏÄÕÃÅÓ Á Ȱ#ÅÎÔÅÒ ÏÆ (ÏÍÏÔÈÅÃÙȱȟ ÉÎ ÔÈÉÓ ÐÁÐÅÒ ÁÌÓÏ ÎÁÍÅÄ 

Ȱ(ÏÍÏÔÈÅÔÉÃ #ÅÎÔÅÒȱȢ 

  



 
 

QA/2 : List of QA-Lines 

 

In next list all QA-ÐÏÉÎÔÓ ÁÒÅ ÍÅÎÔÉÏÎÅÄ ×ÉÔÈÏÕÔ ÐÒÅÆÉØ Ȱ1!-ȱȢ 

All lines in the range QA-P1 - QA-P34 have been taken into account. 

When lines have more than 2 points on it, they are defined by the 2 points with lowest 

serial number. 

 

These QA-lines are described further with their properties:  

ɀ QA-L1:   P1, P2, P3, P34 

ɀ QA-L2:   P2, P4, P6 

ɀ QA-L3:   P1, P5, P10, P18, P20, P22, P25, P26 (Centroids Line) 

ɀ QA-L4:   P1, P6, P23 

ɀ QA-L5:   P10, P11, P12, P13 (QA-DT -Euler Line) 

ɀ QA-L6:   P1, P15 (Newton-Morley Line) 

Other QA-Lines without name but with at least 3 Points on it: 

ɀ P1, P4, P7 

ɀ P1, P14, P24 

ɀ P1, P16, P21 

ɀ P1, P32, P33 

ɀ P2, P10, P29 

ɀ P2, P11, P30 

ɀ P3, P20, P29 

ɀ P4, P8, P23, P32 

ɀ P4, P10, P28 

ɀ P5, P17, P19, P21 

ɀ P5, P29, P34 

ɀ P6, P28, P29 

ɀ P10, P16, P19, P31 

ɀ P12, P14, P33 

ɀ P12, P29, P30 

ɀ P20, P21, P31  

 

  



 
 

QA/3 : List of parallel QA -Lines 

 

In next list  all QA-ÐÏÉÎÔÓ ÁÒÅ ÍÅÎÔÉÏÎÅÄ ×ÉÔÈÏÕÔ ÐÒÅÆÉØ Ȱ1!-ȱȢ 

All lines in the range QA-P1 - QA-P34 have been taken into account. 

When lines have more than 2 points on it, they are defined by the 2 points with lowest 

serial number. 

 

These QA-lines are parallel: 

 

ɀ P1.P2 // P22.P29 

ɀ P1.P6 // P3.P4 // QA-Cu1-asymptote 

ɀ P1.P11 // P3.P30 // P12.P20 // P13.P22  (4th line is midline of 1st and 3rd line) 

ɀ P1.P12 // P11.P22 

ɀ P1.P13 // P5.P12 // P11.P20 

ɀ P1.P16 // P19.P20 // P22.P31    (3rd  line is midline of 1st and 2nd  line) 

ɀ P1.P19 // P16.P22 

ɀ P1.P28 // P4.P5 

ɀ P1.P29 // P2.P20 // P3.P5   (1st  line is midline of 2nd  and 3rd line) 

ɀ P1.P31 // P5.P17 // P10.P27 // P16.P20  (1st  line is midline of 2nd  and 4th line) 

ɀ P1.P32 // P2.P4 // P7.P8 // P12.P24 

ɀ P2.P5 // P3.P20 // P10.P34   d (3rd line, 1st line) = 2*d (3rd line, 2nd line) 

ɀ P2.P10 // P25.P34 

ɀ P2.P11 // P13.P29 

ɀ P2.P12 // P11.P29 

ɀ P2.P16 // P3.P21 // P29.P31 

ɀ P2.P19 // P16.P29 

ɀ P2.P21 // P3.P16 

ɀ P2.P23 // P3.P32 

ɀ P2.P25 // P3.P26 

ɀ P2.P26 // P3.P25 

ɀ P3.P10 // P26.P34 

ɀ P3.P12 // P20.P30 

ɀ P3.P24 // P14.P34 

ɀ P3.P30 // P12.P20 

ɀ P4.P12 // P13.P28 

ɀ P4.P19 // P28.P31 

ɀ P4.P20 // P22.P28 

ɀ P4.P30 // P6.P11 

ɀ P5.P11 // P13.P20 

ɀ P5.P16 // P20.P21 

ɀ P5.P24 // P13.P32 

ɀ P5.P33 // P22.P32 

ɀ P10.P14 // P11.P33 // P20.P24 

ɀ P10.P24 // P14.P26 

ɀ P10.P27 // P16.P20 



 
 

ɀ P11.P16 // P12.P19 // P13.P31   (3rd  line is midline of 1st and 2nd  line) 

ɀ P11.P19 // P13.P16 

ɀ P11.P31 // P12.P16 

ɀ P12.P20 // P13.P22 

ɀ P16.P25 // P21.P26 

ɀ P16.P26 // P21.P25 

 

 

 

 

QA/4 : List of perpendicular QA -Lines 

 

In next list  all QA-ÐÏÉÎÔÓ ÁÒÅ ÍÅÎÔÉÏÎÅÄ ×ÉÔÈÏÕÔ ÐÒÅÆÉØ Ȱ1!-ȱȢ 

All lines in the range QA-P1 - QA-P34 have been taken into account. 

When lines have more than 2 points, they are defined by the 2 points with lowest serial 

number. 

 

It is remarkable that there are no point -to-point QA-lines perpendicular !  

 

Apparently because all QA-points (except QA-P12) have been constructed without using 

perpendicular lines. 

 

The only perpendicular settings in a Quadrangle are: 

ɀ QA-Cu7 (QA-Quasi Isogonal Cubic)-asymptote _|_  P1.P32 // P2.P4 // P7.P8 // P12.P24. 

ɀ 5th point tangent QA-P2 (see QA-L/1 ) also _|_  P1.P32 // P2.P4 // P7.P8 // P12.P24. 

ɀ QA-Co2 (QA-Orthogonal Hyperbola) has 2 perpendicular asymptotes. 

ɀ QA-Co4 (QA-DT-P3-P12 Orthogonal Hyperbola) has 2 perpendicular asymptotes. 

ɀ F1.F2 _|_  P4.P12 // P6.P36 // P13.P28, 

where F1 and F2 are the foci of the 2 QA-Parabolas (QA-2Co1). 

With special property that  P4.P12 = 2 * P6.P36 = 4 * P13.P28. 

 

When we are looking for perpendicular lines between QA-points and also include QG-

points, then there are plenty of perpendicular lines. See QG/4. 

 

  



 
 

QA/5 : List of QA-Crosspoints  

 

When 3 lines connecting QA-points concur, the point  of concurrence is called a QA-

Crosspoint.   

In this list all possible non-registered QA-Crosspoints are listed originating from at least 

3 connecting lines of QA-points in the range QA-P1 ɀ QA-P34. 

QA-ÐÏÉÎÔÓ ÁÒÅ ÍÅÎÔÉÏÎÅÄ ×ÉÔÈÏÕÔ ÐÒÅÆÉØ Ȱ1!-ȱȢ 

Lines are defined by the first 2 points on it with lowest serial number. 

There are regularly recurring crossing lines with these Crosspoints. This is an indication 

for the occurrence of Perspective Fields (see QA-PF1). 

When the intersection points have fixed ratios of the distances to the defining points on 

the defining lines, then they are mentioned. There are many of them. 

7ÈÅÎ ÔÈÅÒÅ ÁÒÅ ÎÏ ÆÉØÅÄ ÒÁÔÉÏÓ ÔÈÉÓ ÉÓ ÉÎÄÉÃÁÔÅÄ ÂÙ ÔÈÅ ÒÅÍÁÒË ȰØ ȡ ÙȱȢ 

For point P on line P1.P2 the ratio d1 : d2 means that d(P,P1) : d(P,P2) = d1 : d2, where: 

¶ d1 is positive when P is positioned wrt P1 at the same side of the line as P2. If not 

then d1 is negative. 

¶ d2 is positive when P is positioned wrt P2 at the same side of the line as P1. If not 

then d1 is negative. 

  

ɀ P1.P4  ̂   P3.P6  ̂   P20.P28   1 : 2  /  2 : 1  /  4 : -1 

ɀ P1.P4  ̂   P5.P28  ̂   P6.P34   1: 4  /  4 : 1  /  3 : 2 

ɀ P1.P8  ̂   P2.P23  ̂   P4.P33   x : y  /  x : y  /  x : y 

ɀ P1.P8  ̂   P2.P32  ̂   P7.P33   x : y  /  x : y  /  x : y 

ɀ P1.P11  ̂   P3.P30  ̂   P12.P20  ̂   P13.P22 Infinity Point 

ɀ P1.P11  ̂   P5.P12  ̂   P13.P20  ̂   P30.P34 -1 : 2 / 1 : 1 / -1 : 2 / 3 : -1 

ɀ P1.P12  ̂   P5.P13  ̂   P24.P32   1 : 4  /  4 : 1  /  4 : 1 

ɀ P1.P12  ̂   P11.P26  ̂   P14.P32   1 : 6  /  9 : -2  /  4 : 3 

ɀ P1.P13  ̂   P5.P12  ̂   P11.P20   Infinity Point 

ɀ P1.P13  ̂   P11.P22  ̂   P12.P20   2 : -1  /  2 : -1  /  1 : 1 

ɀ P1.P16  ̂   P19.P20  ̂   P22.P31   Infinity Point 

ɀ P1.P17  ̂   P10.P16  ̂   P18.P21   x : y  /  x : y  /  x : y 

ɀ P1.P17  ̂   P10.P27  ̂   P16.P18   -1 : 4  /  x : y  /  x : y 

ɀ P1.P19  ̂   P5.P16  ̂   P10.P27   -1 : 3  /  2 : 1  / x : y 

ɀ P1.P19  ̂   P5.P31  ̂   P10.P21   1 : 4  /  4 : 1  /  2 : 3 

ɀ P1.P28  ̂   P5.P6  ̂   P12.P24   x : y  /  x : y  /  x : y 

ɀ P1.P29  ̂   P2.P20  ̂   P3.P5   Infinity Point 

ɀ P1.P29  ̂   P3.P10  ̂   P20.P34   1 : 1  /  3 : 1  /  3 : 1 

ɀ P1.P29  ̂   P6.P20  ̂   P12.P24   x : y  /  x : y  /  x : y 

ɀ P1.P31  ̂   P5.P17  ̂   P10.P27  ̂   P16.P20 Infinity Point 

ɀ P1.P31  ̂   P16.P22  ̂   P19.P20   2 : -1  /  2 : -1  /  1 : 1 

ɀ P1.P32  ̂   P2.P4  ̂   P7.P8  ̂   P12.P24  Infinity Point 

ɀ P1.P32  ̂   P3.P6  ̂   P4.P34   x : y  /  1 : 1  /  3 : 1 

ɀ P2.P5  ̂   P3.P20  ̂   P10.P34   Infinity Point 

ɀ P2.P7  ̂   P3.P23  ̂   P6.P34   x : y  /  x : y  /  x : y 



 
 

ɀ P2.P7  ̂   P3.P33  ̂   P32.P34   x : y  /  2 : 3  /  9 : -4 

ɀ P2.P7  ̂   P6.P32  ̂   P23.P33   x : y  /  x : y  /  x : y 

ɀ P2.P8  ̂   P3.P4  ̂   P7.P34   x : y  /  x : y  /  x : y 

ɀ P2.P8  ̂   P4.P33  ̂   P7.P23   x : y  /  x : y  /  x : y 

ɀ P2.P16  ̂   P3.P21  ̂   P29.P31   Infinity Point   

ɀ P2.P16  ̂   P19.P29  ̂   P21.P34   2 : -1  /  2 : -1  /  3 : -2 

ɀ P2.P20  ̂   P3.P10  ̂   P22.P29   1 : 1  /  3 : -1  /  -1 : 2 

ɀ P2.P20  ̂   P3.P22  ̂   P10.P34   2 : 1  /  4 : -1  /  -1 : 2 

ɀ P2.P26  ̂   P10.P34  ̂   P25.P29   6 : -1  /  2 : 3  /  2 : 3 

ɀ P2.P32  ̂   P3.P6  ̂   P23.P34   x : y  /  x : y  /  x : y  

ɀ P3.P5  ̂   P4.P20  ̂   P12.P24   x : y  /  x : y  /  x : y 

ɀ P4.P11  ̂   P6.P30  ̂   P12.P28   2 : 1  /  1 : 2  /  4 : -1 

ɀ P5.P12  ̂   P13.P20  ̂   P30.P34   1 : 1  /  -1 : 2  /  3 : -1 

ɀ P5.P16  ̂   P10.P21  ̂   P19.P20   2 : -1  /  -2 : 3  /  2 : -1 

ɀ P5.P17  ̂   P10.P27  ̂   P16.P20   Infinity Point 

ɀ P5.P29  ̂   P12.P24  ̂   P20.P28   x : y  /  x : y  /  x : y 

ɀ P5.P31  ̂   P10.P27  ̂   P19.P20   4 : -1  /  x : y  /  2 : 1 

ɀ P10.P14  ̂   P11.P33  ̂   P20.P24   Infinity Point 

ɀ P10.P21  ̂   P16.P18  ̂   P17.P20   x : y  /  x : y  /  x : y 

ɀ P10.P21  ̂   P16.P20  ̂   P22.P31   -1 : 3  /  1 : 1  /  -1 : 2 

ɀ P10.P21  ̂   P16.P26  ̂   P19.P25   1 : 1  /  3 : -1  /  3 : 1 

ɀ P10.P21  ̂   P19.P26  ̂   P25.P31   2 : 5  /  6 : 1  /  4 : 3 

ɀ P10.P27  ̂   P16.P22  ̂   P20.P21   x : y /  4 : -1  /  1 : 2 

ɀ P10.P27  ̂   P16.P25  ̂   P19.P26   x : y  /  3 : 2  /  6 : 1 

ɀ P10.P27  ̂   P19.P25  ̂   P26.P31   x : y /  3 : -1  /  -2 : 3 

ɀ P10.P33  ̂   P11.P14  ̂   P26.P32   2 : 3  /  3 : 2  /  -4 : 9 

ɀ P11.P16  ̂   P12.P19  ̂   P13.P31   Infinity Point 

ɀ P11.P31  ̂   P12.P19  ̂   P13.P16   2 : -1  /  1 : 1  /  -1 : 2 

ɀ P16.P17  ̂   P18.P21  ̂   P19.P20   x : y  /   x : y  /  x : y 

  



 
 

 

QA/6: QA-Conversion CT -> DT ɀ coordinates  

 

Let P1.P2.P3.P4 be the Reference Quadrangle. 

Let P1.P2.P3 be the random Reference Component Triangle en let P4 be the 4th point. 

The QA-Diagonal Triangle S1.S2.S3 is the Cevian Triangle of P4 wrt P1.P2.P3. 

Let Q be some point to be converted from CT- to DT-coordinates. 

 
Let Qc (xc : yc : zc)  be the presentation of Q in barycentric coordinates wrt the 

Component Triangle. Let Qd (xd : yd : zd)  be the presentation of Q in barycentric 

coordinates wrt the Diagonal Triangle. 

Now Qc = xc.cfc1.P1 + yc.cfc2.P2 + zc.cfc3.P3 wrt the Reference Component Triangle 

 and Qd = xd.cfd1.S1 + yd.cfd2.S2 + zd.cfd3.S3 wrt the Diagonal Triangle, 

where: 

¶ (xc : yc : zc) are the barycentric coordinates of Q wrt the Component Triangle, 

¶ (xd : yd : zd) are the barycentric coordinates of Q wrt the Diagonal Triangle, 

¶ cfc1, cfc2, cfc3 are the Compliance Factors of the Component Triangle, 

¶ cfd1, cfd2, cfd3 are the Compliance Factors of the Diagonal Triangle. 

Explanation of Compliance Factors can be found at [26b page 40]. 

Since the Component Triangle is the Reference Triangle, the Compliance Factors of the 

Component Triangle are all equal 1. 

The Compliance Factors of the Diagonal Triangle are: 

¶ cfd1 = Det [Gd, S2, S3] / Det [S1, S2, S3], 

¶ cfd2 = Det [S1, Gd, S3] / Det [S1, S2, S3], 

¶ cfd3 = Det [S1, S2, Gd] / Det [S1, S2, S3], 

×ÈÅÒÅ 'Ä Ѐ ÔÈÅ #ÅÎÔÒÏÉÄ ÏÆ ÔÈÅ $ÉÁÇÏÎÁÌ 4ÒÉÁÎÇÌÅ ÁÎÄ Ȱ$ÅÔȱ ÉÓ ÔÈÅ ÁÂÂÒÅÖÉÁÔÉÏÎ ÆÏÒ 

Ȱ$ÅÔÅÒÍÉÎÁÎÔȱȢ 

Calculation gives 2 presentations of the coordinates of Q wrt the Component Triangle: 

¶ Qc = (xc : yc : zc), 

¶ Qd = (p (q+r) (p yd + q yd + p zd + r zd) : q (p+r) (p xd + q xd + q zd + r zd) :  

       r (p+q)(p xd + r xd + q yd + r yd) ) 



 
 

Since Qc and Qd present the same point we can now calculate the coordinates of Q wrt 

the Diagonal Triangle: 
¶ (xd : yd : zd) = 

((q+r)(q r xc - p r yc - p q zc)   :   (p+r)(-q r xc + p r yc - p q zc)   :   (p + q)(-q r xc - p r yc + p q zc)). 

However we have to bear in mind that the variables in these coordinates are expressions 

in (a,b,c) and (p,q,r), which are variables wrt the Component Triangle. 

 

Therefore the CT > DT-conversion of P(x : y : z) consists of 3 consecutive steps: 

1. Transform Point (x, y, z) -->   

        ((q + r) ( q r x  - p r y - p q z)  :   

 (p + r) (-q r x + p r y - p q z)  :   

 (p + q) (-q r x - p r y + p q z)) 

2.     Replace:    p --> (-p + q + r) 

q --> ( p  - q + r) 

r --> ( p  + q - r)  

3.     Replace:    a2 -->  (4 p2 (SA q2 + SB q2 - 2 SA q r + SA r2 + SC  r2))  / ((p + q - r) 2 (p - q + r)2) 

b2 -->  (4 q2 (SA p2 + SB p2 - 2 SB p r + SB r2 + SC  r2)) / ((p - q - r) 2 (p + q - r) 2) 

c2 -->  (4 r2 (SA p2 + SC p2 - 2 SC p q + SB  q2 + SC q2)) / ((p - q - r) 2 (p - q + r)2) 

 

  



 
 

QA/7: QA-Conversion DT -> CT ɀ coordinates  

 

Let S1.S2.S3 be the QA-Diagonal Triangle of the Reference Quadrangle P1.P2.P3.P4. 

Let S1.S2.S3 be the Reference Triangle. 

Let P4 be an arbitrary point of the Quadrangle with coordinates (p:q:r) wrt the DT. 

The Component Triangle P1.P2.P3 is the Anticevian Triangle of P4 wrt S1.S2.S3. 

Let Q be some point to be converted from DT- tot CT-coordinates. 

 
 

Let Qc (xc : yc : zc)  be the presentation of Q in barycentric coordinates wrt the 

Component Triangle. Let Qd (xd : yd : zd)  be the presentation of Q in barycentric 

coordinates wrt the Diagonal Triangle. 

Now Qd = xd.cfd1.S1 + yd.cfd2.S2 + zd.cfd3.S3 wrt the Reference Diagonal Triangle 

also  Qc =  xc.cfc1.P1 + yc.cfc2.P2  + zc.cfc3.P3  wrt the Diagonal Triangle, 

where: 

¶ (xd : yd : zd) are the barycentric coordinates of Q wrt the Diagonal Triangle, 

¶ (xc : yc : zc) are the barycentric coordinates of Q wrt the Component Triangle, 

¶ cfc1, cfc2, cfc3 are the Compliance Factors of the Component Triangle, 

¶ cfd1, cfd2, cfd3 are the Compliance Factors of the Diagonal Triangle. 

Explanation of Compliance Factors can be found at [26b page 40]. 

Since the Diagonal Triangle is the Reference Triangle, the Compliance Factors of the 

Component Triangle are all equal 1. 

The Compliance Factors of the Component Triangle are: 

¶ cfc1 = Det [Gc, P2, P3]  / Det [P1, P2, P3] 

¶ cfc2 = Det [P1, Gc, P3]  / Det [P1, P2, P3] 

¶ cfc3 = Det [P1, P2, Gc]  / Det [P1, P2, P3] 

×ÈÅÒÅ 'Ã Ѐ ÔÈÅ #ÅÎÔÒÏÉÄ ÏÆ ÔÈÅ #ÏÍÐÏÎÅÎÔ 4ÒÉÁÎÇÌÅ ÁÎÄ Ȱ$ÅÔȱ ÉÓ ÁÂÂÒÅÖÉÁÔÉÏÎ ÆÏÒ 

Ȱ$ÅÔÅÒÍÉÎÁÎÔȱȢ 

Calculation gives 2 presentations of the coordinates of Q wrt the Diagonal Triangle: 

¶ Qd = (xd : yd : zd), 



 
 

¶ Qc =  

(-p (p2 xc - q2 xc + 2 q r xc - r2 xc + p2 yc - q2 yc - 2 p r yc + r2 yc + p2 zc - 2 p q zc + q2 zc - r2 zc) :  

 -q (-p2 xc + q2 xc - 2 q r xc + r2 xc - p2 yc + q2 yc + 2 p r yc - r2 yc + p2 zc - 2 p q zc + q2 zc - r2 zc) :  

 -r (-p2 xc + q2 xc - 2 q r xc + r2 xc + p2 yc - q2 yc - 2 p r yc + r2 yc - p2 zc + 2 p q zc - q2 zc + r2 zc)) 

Since Qc and Qd present the same point we can now calculate the coordinates of Q wrt 

the Component Triangle: 
¶ (xc : yc : zc) = 

(p (p - q - r) (r yd + q zd) : q (-p + q - r) (r xd + p zd) :  r (-p - q + r) (q xd + p yd)). 

However we have to bear in mind that the variables in these coordinates are expressions 

in (a,b,c) and (p,q,r), which are variables wrt the Diagonal Triangle. 

 

Therefore the CT > DT-conversion of P(x : y : z) consists of 3 consecutive steps: 

1. Transform Point  (x : y : z) -->   

(p (p - q - r) (r y + q z) :  

q (-p + q - r) (r x + p z) :  

r (-p - q + r) (q x + p y)) 

2. Replace: p --> (q + r) 

q --> (p + r) 

r --> (p + q) 

3.    Replace: a2 ->  (p2 (q - r) 2 SA + q2 (p + r)2 SB + (p + q)2 r2 SC)/((p + q)2 (p + r)2),  

b2 -> (p2 (q + r)2 SA + q2 (p -  r) 2 SB + (p + q)2 r2 SC)/((p + q)2 (q + r)2),  

c2 ->  (p2 (q + r)2 SA + q2 (p + r)2 SB + (p - q)2 r2 SC)/((p + r)2 (q + r)2). 

  



 
 

5.1 QUADRANGLE CENTERS 

 

QA-P1:  QA-Centroid  or Quadrangle Centroid  

 

The Centroid of a Quadrangle is actually the center of gravity of a Quadrangle, replacing 

the points by equal masses. 

The usual way to construct it is by connecting midpoints of opposite sides of a chosen 

component Quadrigon. The two connecting lines as well as the line connecting the 

midpoints of the diagonals meet at the Centroid. 

 

 
 

However there is also another way to construct the Quadrangle Centroid using 

component triangles. This way of construction makes it clear that it really is a 

Quadrangle Center because it can be constructed in the same way for all component 

triangles of the Quadrangle. This picture shows that the Centroid can be constructed by 

partitioning Gi.Pi in parts 3 : 1.  

 
1st CT-Coordinate: 

 2 p + q + r 



 
 

 

1st DT-Coordinate: 

 p2 (-p2 + q2 + r2) 

 

Properties: 

¶ QA-P1 lies on these QA-lines: 

ɀ QA-P2.QA-P3  (1 : 1 => QA-P1 = Midpoint  of QA-P2.QA-P3) 

ɀ QA-P4.QA-P7  

ɀ QA-P5.QA-P10 (3 : 1) 

ɀ QA-P6.QA-P23 

ɀ QA-P14.QA-P24 (-1 : 3) 

ɀ QA-P16.QA-P21 (1 : 1 => QA-P1 = Midpoint of QA-P16.QA-P21) 

ɀ QA-P32.QA-P33 (1 : 2) 

¶ QA-P1 lies on these QG-lines: 

ɀ QG-P1.QG-P4  (3 : 1) 

ɀ QG-P2.QG-P12 

ɀ QG-P4.QG-P8  (1 : 1 => QA-P1 = Midpoint of QA-P4.QA-P8) 

ɀ QG-P5.QG-P10 (1 : 1 => QA-P1 = Midpoint of QA-P5.QA-P10) 

ɀ QG-P7.QG-P9  (1 : 1 => QA-P1 = Midpoint of QA-P7.QA-P9) 

¶ QA-P1 = Center of  the Nine-point  Conic QA-Co1. 

¶ QA-P1 = QA-P10-Ceva conjugate of QA-P16 wrt the QA-Diagonal Triangle. 

¶ QA-P1 = the Involutary  Conjugate (see QA-Tf2) of QA-P20. 

¶ QA-P1 = Homothetic Center of the 1st Nine-point Quadrangle and the 1st Midray 

Quadrangle. 

¶ QA-P1 = the point of tangency of the two congruent tangent circumcircles of the 

triangles  defined by the 3 QA-versions of QG-P7 (1st Quasi Nine-point Center) 

and the 3 QA-versions of QG-P9 (2nd Quasi Circumcenter). 

¶ QA-P1 = QA-Centroid (QA-P1) of the quadrangle formed by the vertices of the 

Diagonal Triangle and QA-P5. 

¶ QA-P1 = Gergonne-Steiner (QA-P3) point  of the quadrangle formed by the 

vertices of the Diagonal Triangle and QA-P3. 

¶ QA-P1 lies on the Conic QA-Co5. 

¶ QA-P1 lies on the Cubics QA-Cu2, QA-Cu3, QA-Cu5, QA-Cu6.  



 
 

QA-P2:  Euler -Poncelet Point  

 

Euler mentioned this point in one of his numerous papers. 

In 1821 Brianchon and Poncelet, both captains of artillery , wrote a book [1] in which the 

orthogonal hyperbola and this point were worked out. 

The Euler-Poncelet Point can be defined in different ways. 

1. It is the center of the orthogonal hyperbola through P1, P2, P3 and P4. 

2. It is the common point of the Nine-point Circles of the triangles Pj.Pk.Pl for all 

permutations of (j,k,l) ɴ  (1,2,3,4). 

This point  is also described at [2c] and [8] and [15f]. 

 
1st CT-Coordinate: 

 p (SB q - SC r)  (b2 r (p+q) - c2 q (p+r))  

1st DT-Coordinate: 

 1/(b 2 r2 - c2 q2) 

 

Properties: 

¶ QA-P2 lies on these QA-lines: 

ɀ QA-P1.QA-P3  (-1 : 2 => QA-P2 = Reflection of QA-P3 in QA-P1) 

ɀ QA-P4.QA-P6  (2 : -1 => QA-P2 = Reflection of QA-P4 in QA-P6) 

ɀ QA-P10.QA-P29 (-2 : 3 => QA-P2 = AntiComplement of QA-P29  

wrt QA-DT) 

ɀ QA-P11.QA-P30 (-1 : 2 => QA-P2 = Reflection of QA-P30 in QA-P11) 

ɀ QA-P12.QA-P36 (2 : -1 => QA-P2 = Reflection of QA-P12 in QA-P36) 

¶ QA-P2 is the center of the Orthogonal Hyperbola through P1, P2, P3, P4. 

¶ QA-P2 is the common point of Nine-point Circles Pi.Pj.Pk for all permutations of 

(i,j,k,l)  ɴ(1,2,3,4). 



 
 

¶ QA-P2 is the point of concurrence of the four circles determined by the feet of the 

perpendiculars dropped from each of the four points onto the sides of the 

triangle formed by the other three. See [13] Nine-point Circle. 

¶ QA-P2 is the Homothetic Center of the Antigonal Quadrangle and the Reference 

Quadrangle (the Antigonal of a point X is the isogonal conjugate of the inverse in 

the circumcircle of the isogonal conjugate of X, see [17a]).   

¶ QA-P2 is the Midpoint  of the reflections of QA-P4 in Pi.Pj and Pk.Pl (note Eckart 

Schmidt).  

¶ Let M = Diagonal Point Pi.Pj ^ Pk.Pl.  

Now M.QA-P4 and M.QA-P2 are symmetric wrt the angle bisector of lines Pi.Pj 

and Pk.Pl  for all permutations of (i,j,k,l) ɴ  (1,2,3,4) [16 page 8]. 

¶ QA-P2 is the common point of the circumcircles of the Pedal Triangles Pi.Pj.Pk 

wrt Pl for all permutations of (i,j,k,l) ɴ  (1,2,3,4). See [8]. 

¶ QA-P2 lies on the circumcircle of the QA-Diagonal Triangle. 

¶ QA-P2 lies on the circumcircles of triangles formed by the 3 QA-versions of QG-

P1, QG-P6, QG-P10 as well as QG-P14. 

¶ QA-P2 lies on the Nine-point Conic (QA-Co1). 

¶ QA-P2 is concyclic with QA-P7, QA-P8 and QA-P23. 

  



 
 

QA-P3: Gergonne-Steiner Point  

 

4ÈÉÓ ÐÏÉÎÔ ÉÓ ÃÁÌÌÅÄ ÁÆÔÅÒ 'ÅÒÇÏÎÎÅ ÁÎÄ 3ÔÅÉÎÅÒ ÂÅÃÁÕÓÅ ÉÎ ÔÈÅ Ȱ!ÎÎÁÌÅÓ ÄÅ 'ÅÒÇÏÎÎÅȱ ÔÈÅ 

question was posed for the Quadrangle Conic with least eccentricity. Steiner solved this 

problem. The center of this conic happens to be QA-P3. 

It is also the common point of the 4 circles defined by the midpoints of  Pi.Pj, Pi.Pk, Pi.Pk 

for all permutations of (i,j,k,l) ɴ  (1,2,3,4). This common circle point is described shortly 

without name in [2c] Jean-Louis Ayme, Le Point- ÄȭEuler-0ÏÎÃÅÌÅÔ ÄȬÕÎ 1ÕÁÄÒÉÌÁÔîÒÅ  on 

page 10. According to Jean-Louis Ayme this point was mentioned in the writing of Igor 

Federovitch Sharygin Ȱ0ÒÏÂÌÅÍÁÓ ÄÅ ÇÅÏÍÅÔÒÉÁȱȢ 

It is strongly related to QA-P2 (the Euler-Poncelet Point) in construction with circles of 

the same size as well as in position within the Quadrangle. 

QA-P3 always appears at the Ȱopposite sideȱ of the reference quadrangle than QA-P2. 

The QA-Centroid QA-P1 is their  midpoint . 

 
1st CT-Coordinate: 

(a2   (p + q) (p + r) - b2 p (   p + q) - c2 p    (p + r)) * 

(a2 q r (2 p + q + r) - b2 p r (q + r) - c2 p q (q + r)) 

1st DT-Coordinate: 

 1/( -2 a2 q2 r2 + b2 r2 (p2 + q2 - r2) +  c2 q2 (p2 - q2 + r2))  

 

Properties: 

¶ QA-P3 lies on these QA-lines: 

ɀ QA-P1.QA-P2  (-1 : 2 => QA-P3 = Reflection of QA-P2 in QA-P1) 

ɀ QA-P20.QA-P29 (2 : -1 => QA-P3 = Reflection of QA-P20 in QA-P3) 

ɀ QA-P22.QA-P35 (5 : -4) 

¶ The Reflection of Pi in QA-P3 is a point on the circumcircle of Pj.Pk.Pl. 

¶ QA-P3 is the Euler-Poncelet Point (QA-P2) of the 1st Circumcenter Quadrangle 

(note Eckart Schmidt). 

¶ QA-P3 is the Homothetic Center of the Antigonal Quadrangle and the 1st Centroid 

Quadrangle (the Antigonal of a point X is the isogonal conjugate of the inverse in 

the circumcircle of the isogonal conjugate of X, see [17a]). 



 
 

¶ QA-P3 is the Perspector of the QA-Diagonal Triangle (QA-Tr1) and the Triangle 

formed by the Miquel points of the 3 Quadrigons of the Reference Quadrangle 

(QA-Tr2). See [15] where QA-0σ ÉÓ ÃÁÌÌÅÄ ÔÈÅ Ȱ:-0ÕÎËÔȱ ÂÙ %ÃËÁÒÔ 3ÃÈÍÉÄÔȢ 

¶ QA-P3 is the Isogonal Conjugate of the Complement of QA-P4 wrt the QA-

Diagonal Triangle QA-Tr1. See [15f] theorem 25.  

¶ QA-P3 is the Isogonal Conjugate of the AntiComplement of QA-P28 wrt the QA-

Diagonal Triangle QA-Tr1.  

¶ QA-P3 is the Isogonal Conjugate of QA-P4 wrt the Miquel Triangle QA-Tr2 [15c 

page 5]. 

¶ QA-P3 lies on the circumcircle of the triangle formed by the 3 QA-versions of the 

1st Quasi-Circumcenters (QG-P5).  

¶ QA-P3 lies on the circumcircle of the triangle formed by the 3 QA-versions of the 

2nd Quasi-De Longchamps Points (not registered QG-point).  

¶ QA-P3 is the common intersection point of the 3 QA-versions of QL-Ci6, the 

Dimidium Circle (note Eckart Schmidt).  

¶ QA-P3 lies on the Nine-point Conic (QA-Co1). 

¶ QA-P3 lies on the conic QA-Co4. 

¶ QA-P3 lies on the QA-DT-P4 Cubic (QA-Cu1). 

 

  



 
 

QA-P4:  Isogonal Center 

 

4ÈÉÓ ÐÏÉÎÔ ÉÓ ÍÅÎÔÉÏÎÅÄ ÂÙ #ÌÁ×ÓÏÎ ɍςςɎ ÁÓ ȵ)ÓÏÐÔÉÃ ɉÏÒ "ÅÎÎÅÔÔɊ ÐÏÉÎÔȱȢ !Ó ÓÈÏ×Î ÉÎ ÔÈÅ 

picture below, it is the Inverse of the Isogonal Conjugate of Pi wrt (circumcircle) PjPkPl. 

Many properties of this point are listed by Stärk [16] under the name Ȱ4ÁÎÇÅÎÔÉÁÌÐÕÎËÔȱ 

wrt the QA-DT-P4 Conic (QA-Cu1). Other properties also can be found in [15f]. 

In the discussion of Hyacinthos messages (See [11] #19635, #19649) the point is seen as 

Homothetic Center. It is called the Isogonal Center because it can be constructed as 

Homothetic Center of the Reference Quadrangle with the 2nd Isogonal Conjugate 

Quadrangle and because it has an isogonal conjugate relationship with basic points QA-

P2 and QA-P3 (see properties below).  

 

 
 

1st CT-Coordinate: 

a2  (a2 qr/p + b 2 r + c2 q ɀ 2 SA (p+q+r))  

1st DT-Coordinate: 

 b2 c2 p4 - a4 q2 r2 + (b2 - c2) p2 (-c2 q2 + b2 r2) 

 

Properties: 

¶ QA-P4 lies on these QA-lines: 

ɀ QA-P1.QA-P7  

ɀ QA-P2.QA-P6  (2 : -1 => QA-P4 = Reflection of QA-P2 in QA-P6) 

ɀ QA-P8.QA-P23 

ɀ QA-P10.QA-P28 (4 : -3) 

¶ QA-P4 = Homothetic Center of the 2nd  Circumcenter Quadrangle. See [23]. 

= Homothetic Center of the 2nd  Perpendicular Bisector Quadrangle. See[9] . 

¶ QA-P4 = Homothetic Center of the 2nd  Isogonal Conjugate Quadrangle 

¶ QA-P4 = Homothetic Center of the 1st Circumcenter Quadrangle  



 
 

     and the 1st Isogonal Conjugate Quadrangle. See [11] #19635. 

¶ QA-P4 = Inverse of Isogonal Conjugate of Pi  wrt   (circumcircle)  Pj.Pk.Pl. See [18]. 

¶ QA-P4 = Isogonal Conjugate of the Reflection of Pi in QA-P2 wrt Pj.Pk.Pl. See [18]. 

¶ QA-P4 = Isogonal Conjugate of QA-P3 wrt the Miquel Triangle QA-Tr2. 

See [15c] page 5. 

¶ QA-P4 = Anticomplement of the Isogonal Conjugate of QA-P3 wrt the QA-

Diagonal Triangle QA-Tr1. See [15f] theorem (25). 

¶ QA-P4 lies on the 5th point  tangent (see QA-L/1) at QA-P3. 

¶ QA-P4 is also the second intersection point of the circles through the Miquel 

Point  (QL-P1) and 2 opposite vertices of a QA-Quadrigon. 

¶ QA-P4 lies on the QA-DT-P4 Cubic (QA-Cu1). 

¶ Let M = Diagonal Point Pi.Pj ^ Pk.Pl.  

Now M.QA-P4 and M.QA-P2 are symmetric wrt the angle bisector of lines Pi.Pj 

and Pk.Pl  for all permutations of (i,j,k,l) ɴ  (1,2,3,4). See [16] page 8. 

¶ Let ABCD be a Quadrangle. 

The 4 circles ABC, ABD, BCD, CAD can be seen from QA-P4 under the same angle. 

That's why this point is also called the Isoptic Point. 

This feature is especially the case when 1 of the 4 points lies within the triangle of 

the other 3 points (see [16] and [22]). 

¶ At Quadrigon-level the Pedal Quadrangle of QA-P4 is a parallelogram with center 

QA-P6 (Parabola Axes Crosspoint). See [15 f] theorem (23). 

¶ At Quadrigon-level QA-P4 is the Clawson-Schmidt Conjugate of the Diagonal 

Crosspoint (QG-P1). See [15f] theorem (28). 

¶ The Isogonal Center of the Quadrangle S1.S2.S3.QA-P4 is the Involutary 

Conjugate (QA-Tf2) of QA-P4 (note Eckart Schmidt). 

 

 

  



 
 

QA-P5:  Isotomic Center  

 

The Isotomic Center is the Perspector of the Reference Quadrangle with the Isotomic 

Conjugate Quadrangle.  

Stated in another way: 

The Isotomic Center is the common intersection point of lines Pi.Qi, where Pi = i th 

quadrangle vertice, Qi = Isotomic Conjugate of Pi wrt Pj.Pk.Pl for all permutations of 

(i,j,k,l)  ɴ(1,2,3,4). 

 
Construction: 

QA-P5 is the Reflection of the Anticomplement of QA-P1 (wrt the QA-Diagonal 

Triangle) in QA-P1. 

 

1st CT-Coordinate: 

q r (q+r) (2p+q+r)    (note that this formula is independent of a,b,c) 

1st DT-Coordinate: 

 -4 (p4 + q2 r2) + (p2 + q2 + r2)2 

 

Properties: 

¶ QA-P5 lies on these QA-lines: 

ɀ QA-P1.QA-P10 = QA-L3 (4 : -3) 

ɀ QA-P17.QA-P19 

ɀ QA-P29.QA-P34  (3 : -2) 

¶ QA-P5 lies on these QG-lines: 

ɀ QG-P2.QG-P4   (3 : -2) 

¶ QA-P5 is the Reflection of: 

ɀ QA-P20 in QA-P1 

ɀ QA-P19 in QA-P21. 

¶ QA-P5 is the AntiComplement of QA-P20 wrt the QA-Diagonal Triangle. 

¶ QA-P5.QA-P1 : QA-P1.QA-P10 : QA-P10.QA-P20 = 3 : 1 : 2. 



 
 

¶ QA-P5 forms with the vertices of the QA-Diagonal Triangle a quadrangle that 

shares the same centroid with the Reference Quadrangle. 

¶ QA-P5 is the Involutary  Conjugate (see QA-Tf2) of QA-P17.  

¶ QA-P5 lies on the Conic QA-Co4.  

¶ QA-P5 lies on the Cubics QA-Cu2 and QA-Cu4. 

  



 
 

QA-P6:  Parabola Axes Crosspoint  

 

The Parabola Axes Crosspoint is the intersection point of the axes of the 2 parabolas that 

can be constructed through P1, P2, P3, P4.  It is also is the Midpoint of the Euler-Poncelet 

Point QA-P2 and the Isogonal Center QA-P4. 

Because these parabolas only can be constructed when the Reference Quadrangle is not 

concave a better definition of this point is: Ȱthe Midpoint of the Euler-Poncelet Point and 

the Isogonal Centerȱ. 

Because the property related to the parabolas is much more appealing this point after its 

primary function. 

It also can be reasoned that in a concave quadrangle this point represents the 

intersection point of the axes of the imaginary parabolas. 

 
1st CT-Coordinate: 

a4 q2 r2 + c2 p2 q2 SB + b2 p2 r2 SC  -  p q r (a2 (p + q + r) SA + 2 (p S2 - q SB2 - r SC2))  

1st DT-Coordinate: 

 p2 (b2 SB  r2 + c2 SC q2 - c2 b2 p2) 

 

Properties: 

¶ QA-P6 lies on these QA-lines: 

ɀ QA-P1.QA-P23 

ɀ QA-P2.QA-P4  ( 1 : 1 => QA-P6 = Midpoint QA-P2.QA-P4) 

ɀ QA-P28.QA-P29 (-1 : 2 => QA-P6 = Reflection of QA-P29 in QA-P28) 

¶ QA-P6 is the Involutary Conjugate (see QA-Tf2) of QA-P30. 

¶ QA-P6 lies on the Simson Line (QA-P6.QA-P36) of  QA-P2 occurring on the 

circumcircle of the QA-Diagonal Triangle.  

¶ For all QA-Quadrigons QA-P6 is the center of the Pedal Quadrangle of QA-P4 

(Isogonal Center) , which is a parallelogram.  

See [15 f] theorem (23). 

  



 
 

QA-P7:  QA-Nine-point  Center Homothetic Center  

 

The QA-Nine-point  Homothetic Center (QA-P7) is the homothetic center of the 

Reference Quadrangle with the Quadrangle composed of four 2nd  generation Nine-point  

Centers (point X(5) in ETC [12] ). 

 
1st CT-Coordinate:  

a4 q r/p + 3 p S2 + q SB2 + r SC2 + (p + q + r) (3 S2 + 2 SB SC) 

1st DT-Coordinate:  

 -(3 S2 - SA2) p4 + (3 S2 + SA SB + SB c2) p2 q2 + (3 S2 + SA SC + SC b2) p2 r2 - a4 q2 r2 

 

Properties: 

¶ QA-P7 lies on this line: 

ɀ QA-P1.QA-P7 

¶ QA-P7.QA-P8 //  QA-P2.QA-P4.QA-P6. 

¶ QA-P7 is concyclic with QA-P2, QA-P8 and QA-P23. 

 

  



 
 

QA-P8:  Midray Homothetic Center  

 

The Midray Homothetic Center (QA-P8) is the homothetic center of the Reference 

Quadrangle with the Quadrangle composed of four Midray Circumcenters. 

The Midray Circumcenters are the Circumcenters of the triangles Mij.Mik.Mil for all 

permutations of (i,j,k,l) ɴ  (1,2,3,4), where Mij = Midpoint(Pi,Pj), etc. 

 
1st CT-Coordinate: 

 -a4 q2 r2 + 2 b2 SC p2r2 + 2 c2 SB p2q2 

+ 4 a2 SA p q r (p+q+r) + p q r (4 S2 p + a2 c2 q + a2 b2 r)  

1st DT-Coordinate: 

 (3 S2 - SA
2) p4 - (3 S2 + (SA - 3 c2) SB) p2 q2 - (3 S2 + (SA - 3  b2) SC) p2 r2 - 3 a4 q2 r2 

 

 

Properties: 

¶ QA-P8 lies on this line: 

ɀ QA-P4.QA-P23 

¶ QA-P8 is collinear with QA-P1 (Centroid) and the Reflection of QA-P4 in QA-P2. 

¶ QA-P7.QA-P8 //  QA-P2.QA-P4.QA-P6. 

¶ QA-P8 is concyclic with QA-P2, QA-P7 and QA-P23. 

  



 
 

QA-P9:  QA-Miquel Center  

 

Derived from the famous Miquel Point occurring in the QL-environment, there also is a 

Miquel Center in the QA-environment. 

It is the common point of the 3 Miquel Circles constructed in the 3 Component 

Quadrigons of the Reference Quadrangle. 

 

 
1st CT-Coordinate: 

       a2 T1 T2 (-a2                  T3 T4 / (q+r)  + b2 T3 T6 / (p+r) + c2 T4 T5 /  (p+q)) 

    - a2 b2 c2 (p+q+r) ( -a2 (p+q+r) T7 T8 / (q+r)  + T2 T5 T9 / (p+r) + T1 T6 T7 / (p+q))  

where: 

T1 = +a2 q2 + b2 p2 + 2 SC p q   T2 = +a2 r2 + c2  p2 + 2 SB p r 

T3 = +b2 r + SA q    T4 = +c2 q + SA r 

T5 = +b2 p + SC q    T6 = +c2 p + SB r 

T7 = +q (SC r - SB q) + p(SA q + b2 r)  

T8 = +r (SB q - SC r)  + p(SA r + c2 q) 

T9 = +r (S0 q + SA r) + p(-SC r + c2 q) 

 

Properties: 

¶ QA-P9 is concyclic with the 3 vertices of the Miquel Triangle (see QA-Tr2). 

¶ QA-P9 is the Reflection of the intersection point of the QA-Cu1 Cubic and its 

asymptote in the circumcenter of the Miquel Triangle (note Eckart Schmidt). 

¶ The 3 mutual intersection points of the 3 construction circles unequal QA-P9 lie 

on the Nine-point Conic of the Circumcenter Quadrangle of the Reference 

Quadrangle. 

The Circumcenter Quadrangle is the quadrangle formed by the Circumcenters of 

the 4 component triangles of the Reference Quadrangle. 

¶ The Reference Quadrangle and the Quadrangle formed by the vertices of the QA-

Diagonal Triangle and QA-P4 (Isogonal Center) share the same QA-Miquel Center.  



 
 

QA-P10: Centroid of the QA-Diagonal Triangle  

 

QA-P10 is the Centroid of the Diagonal Triangle of a Quadrangle. 

The Diagonal Triangle of a Quadrangle P1.P2.P3.P4 is the triangle built from the 

intersection points S1 = P1.P2 ^ P3.P4, S2 = P1.P3 ^ P2.P4 and S3 = P1.P4 ^ P2.P3. 

These points have CT-coordinates:  S1 = (p : q : 0),  S2 = (p : 0 : r),  S3 = (0 : q : r). 

Because of the symmetry in S1, S2, S3 all Triangle Centers wrt S1.S2.S3 as described in 

[12]  #ÌÁÒË +ÉÍÂÅÒÌÉÎÇȭÓ Encyclopedia of Triangle Centers also will be Quadrangle 

Centers. However only those points contributing to the points derived from component 

Quadrigons or component triangles will be described here as Quadrangle Centers. 

The Centroid of the Diagonal Triangle does contribute to the points described earlier. 

The relation with the Isotomic Center QA-P5 is most special. 

 

 
 

1st CT-Coordinate: 

 p (q + r) (2 p + q + r) 

 

1st DT-Coordinate: 

 1 

 

Properties: 

¶ QA-P10 lies on these QA-lines: 

ɀ QA-P1.QA-P5  (4 : -1) 

ɀ QA-P2.QA-P29 (2 : 1 => QA-P29=Complement of QA-P2 wrt QA-DT) 

ɀ QA-P4.QA-P28 (4 : -1) 

ɀ QA-P11.QA-P12 (1 : 2 => QA-P11=Complement of QA-P19 wrt QA-DT) 

ɀ QA-P16.QA-P19 (1 : 2 => QA-P16=Complement of QA-P19 wrt QA-DT) 

ɀ QA-P30.QA-P36 (2 : 1 => QA-P36=Complement of QA-P30 wrt QA-DT)  



 
 

¶ QA-P10 lies on this QG-line: 

ɀ QG-P1.QG-P2  (2 : 1 => QG-P2=Complement of QA-P1 wrt QA-DT) 

¶ QA-P10 is the Reflection of QA-P25 in QA-P26.  

¶ QA-P5.QA-P1 : QA-P1.QA-P10 : QA-P10.QA-P20 = 3 : 1 : 2.  

This is the same ratio as used in the construction of the Quadrangle Centroid G 

using component triangles (when Gi = Centroid Pj.Pk.Pl then Pi.G : G.Gi = 3 : 1). 

As a consequence Quadrangle S1.S2.S3.QA-P5 and the Reference Quadrangle 

P1.P2.P3.P4 share the same Centroid (QA-P1). 

¶ QA-P10 is the Involutary  Conjugate (see QA-Tf2) of QA-P16. 

  



 
 

QA-P11: Circumcenter of the QA -Diagonal Triangle  

 

QA-P11 is the Circumcenter of the Diagonal Triangle of a Quadrangle. 

 

 
 

1st CT-Coordinate: 

- a2 q r (2 SA p2 q r + TA) + (SC TB p r + SB TC p q) + 2 S2 p2 q r (q+r) (p+q+r), 

      where: 

 TA = -a2 q2 r2 + b2 p2 r2 + c2 p2 q2 

 TB = +a2 q2 r2 - b2 p2 r2 + c2 p2 q2 

 TC = +a2 q2 r2 + b2 p2 r2 - c2 p2 q2 

1st DT-Coordinate: 

 a2 SA 

 

Properties: 

¶ QA-P11 lies on these QA-lines: 

ɀ QA-P2.QA-P30 (1 : 1 => QA-P11=Midpoint QA-P2.QA-P30) 

ɀ QA-P10.QA-P12 (1 : 2 => QA-P11=Complement of QA-P12 wrt QA-DT) 

¶ QA-P11 point is the center of the circumscribed circle through the vertices of the 

QA-Diagonal Triangle. This circle is interesting because QA-P2 (Euler-Poncelet 

Point) is situated on it. 

¶ QA-P11 is the intersection point of the directrices of the 2 parabolas of the 

Reference Quadrangle. 

¶ QA-P11 is collinear with QA-P10 (Centroid DT), QA-P12 (Orthocenter DT), QA-

P13 (Nine-point  Center DT) on the Euler Line of the QA-Diagonal Triangle. 

¶ QA-P11 is the Gergonne-Steiner point (QA-P3) as well as the Isogonal Center (QA-

P4) from the Quadrangle formed by the vertices of the Diagonal Triangle and QA-

P2 (Euler-Poncelet Point). 



 
 

¶ QA-P11 is concyclic with the Involutary Conjugate (see QA-Tf2) of QA-P11 and 

the foci of the QA-Parabolas QA-2Co1.  

  



 
 

QA-P12: Orthocenter of the QA-Diagonal Triangle  

 

QA-P12 is the Orthocenter of the Diagonal Triangle of a Quadrangle. 

 

 

 
 

1st CT-Coordinate: 

 (2 SA p2 q r + TA) (a2 q r + SB p q + SC p r) , 

where: 

 TA = -a2 q2 r2 + b2 p2 r2 + c2 p2 q2 

1st DT-Coordinate: 

 SB SC 

 

Properties: 

¶ QA-P12 lies on these QA-lines: 

ɀ QA-P2.QA-P36 ( 2 : -1 => QA-P12 is Reflection of QA-P2 in QA-P36) 

ɀ QA-P10.QA-P11 (-2 : 3) 

ɀ QA-P14.QA-P33 (-2 : 3) 

ɀ QA-P29.QA-P30 (-1 : 2 => QA-P12 is Reflection of QA-P30 in QA-P29) 

¶ QA-P12 is the Involutary  Conjugate (see QA-Tf2) of QA-P23.  

  



 
 

QA-P13: Nine-point  Center of the QA-Diagonal Triangle  

 

QA-P13 is the Nine-point  Center of the Diagonal Triangle of a Quadrangle. 

It is also the center of the circumcircle of the Medial Triangle (MT) of the QA-Diagonal 

Triangle (DT). 

The sides of the MT are tangential to both Quadrangle Parabolas. 

 
 

1st CT-Coordinate: 

- a2 q r (2 SA p2 q r + TA) + (SC TB p r + SB TC p q) ɀ 2 S2 p2 q r (q+r) (3p+q+r), 

where: 

 TA = -a2 q2 r2 + b2 p2 r2 + c2 p2 q2 

 TB = +a2 q2 r2 - b2 p2 r2 + c2 p2 q2 

 TC = +a2 q2 r2 + b2 p2 r2 - c2 p2 q2 

1st DT-Coordinate: 

 S2 + SB SC 

 

Properties: 

¶ QA-P13 lies on these QA-lines: 

ɀ QA-P10.QA-P11 (-1 : 3) 

ɀ QA-P29.QA-P36 ( 1 : 1 => QA-P13 = Midpoint QA-P29.QA-P36) 

ɀ QA-P30.QA-P35 (5 : -1) 

¶ QA-P13 = Midpoint of QA-P11.QA-P12. 

¶ QA-P13 = the center of QA-Ci2, the circumcircle of the Medial Triangle (MT) of 

the QA-Diagonal Triangle (DT). 

¶ QA-P13 = QA-centroid (QA-P1) of the quadrangle formed by the vertices of the 

Diagonal Triangle and QA-P12. 

¶ QA-P13 = QA-Centroid of Quadrangle QA-P2.QA-P3.QA-P12.QA-P20.  

 

  



 
 

QA-P14: Centroid of the Morley Triangle  

 

The QL-Morley Points (QL-P2) of the 3 Quadrigons of the Reference Quadrangle form a 

triangle Mo1.Mo2.Mo3.  

The QL-Quasi Ortholines (see paragraph QL-L6: Quasi Ortholine) of the 3 Quadrigons of 

the Reference Quadrangle pass through Mo1, Mo2, Mo3 and happen to be the medians of 

the Morley Triangle. 

Their common intersection point is the QA-Quasi Ortholine Point. 

This point is also the Centroid of the Morley Triangle. 

 

 
 

1st CT-coordinate: 

a2 SA Ta - (b2 SB + c2 SC) Tbc + (b2 SB - c2 SC) p (q - r) (q + r)2  

+ 2 a2 b2 (p - q) (p + q)2 r + 2 a2 c2  q (p - r) (p + r)2 

where: 
Ta =  (3 p2 q2 + 3 p q3 + 2 p2 q r + 9 p q2 r + 5 q3 r + 3 p2 r2 + 9 p q r2 + 6 q2 r2 + 3 p r3 + 5 q r3) 

Tbc = (q + r) (6 p3 + 9 p2 q + 9 p2 r + 4 p q2 + 4 p r2 + 3 q2 r + 3 q r2 + 10 p q r) 

1st DT-coordinate: 
 -2 S2 p4 - SB SC (-p2 + q2 + r2)2 + 2 (S2 + 2 SB c2) p2 q2 + 2 (S2 + 2 SC b2) p2 r2 - 4 (a4 - SB SC) q2 r2 

 

Properties: 

¶ QA-P14 lies on these QA-lines: 

ɀ QA-P1.QA-P24 (1 : 2) 

ɀ QA-P12.QA-P33 (2 : 1) 

¶ QA-P14 divides QA-P12.QA-P33 in line segments with ratio 2:1 (QA-P33 = 

Complement of QA - P12 wrt the Morley Triangle). 

¶ QA-P14 divides QA-P24.QA-P1 in line segments with ratio 2:1 (QA-P24 = 

AntiComplement of QA - P12 wrt the Morley Triangle). 

¶ QA-P14 is the Centroid of Triangle QA-P12.QA-P24.QA-P37.  



 
 

QA-P15: OrthoCenter of the  Morley Triangle  

 

The QL-Morley Points (QL-P2) of the 3 Quadrigons of the Reference Quadrangle form a 

triangle Mo1.Mo2.Mo3. 

The QL-Morley Lines (QL-L4) of the 3 Quadrigons of the Reference Quadrangle pass 

through Mo1, Mo2, Mo3. So their common intersection point could be called the QA-

OrthoPoint.  

The QL-Morley Lines also happen to be the altitudes of the Morley Triangle. 

So their common intersection point is also the OrthoCenter of the Morley Triangle. 

 

 
1st CT-coordinate: 

  a4 (p + q) (p + r) (p (q2 + r2) + (q + r) (q2 + q r + r2))  

-b4 (p + q) (q + r)  (2 p3 + r (q + r)2 + p (q + r) (q + 3 r) + p2 (3 q + 5 r)) 

-c4 (p + r) (q + r) (2 p3 + q (q + r)2 + p (q + r) (3 q + r) + p2 (5 q + 3 r)) 

+a2 b2 (p + q) (2 p3 q + q r (q + r)2 + p r (q + r) (2 q + r) + p2 (2 q2 + 5 q r + r2))  

+a2 c2  (p + r) (2 p3 r + q r (q + r)2 + p q (q + r) (2 r + q) + p2 (2 r2 + 5 q r + q2))  

+b2 c2  (q + r) (4p4 + 10p3 (q + r) + 2q r (q + r)2 + p (q + r) (3q + r) (q + 3r) + p2 (9q2 + 22q r + 9r2))  

 

1st DT-coordinate: 

-2 SA2 p4 (p2 + q2 - r2) (p2 - q2 + r2) -SB2 q2 (3 (p2 - r2)3 - q2 (p2 - r2) (3 p2 + 5 r2)  

- q4 (-p2 + q2 + r2)) -SC2 r2 (3 (p2 - q2)3 - (p2 - q2) (3 p2 + 5 q2) r2 - r4 (-p2 + q2 + r2))  

+SB SC (-8 q2 r2 (2 p4 - p2 q2 - p2 r2 + 2 q2 r2) + (-p2 + q2 + r2)4) 

-8 SA p4 (SB (p2 - q2) q2 + SC (p2 - r2) r2)+ S2 p2 (4 q2 r2 (p2 + q2 + r2) + (p2 - q2 - r2)3) 

 

 

Properties: 

¶ QA-P15 lies on the line QA-L6 (QA-Newton-Morley Line). 

¶ QA-P15 is the circumcenter of the QG-P10 circle in the QA-environment (QG-

P10=2nd Quasi Orthocenter)  (note Eckart Schmidt). 

  



 
 

QA-P16: QA-Harmonic Center  

 

The triangle formed by the 3 QA-versions of QG-P12 (Inscribed Harmonic Conic Center) 

is perspective with the QA-Diagonal Triangle. Their Perspector is QA-P16.  

QA-P16 partakes in many QA-Parallelities and with many QA-Crosspoints (see QA/3 and 

QA/5). 

 

 
QA-P16 is the perspector of the triangles formed by the 3 QA-versions of QG-P12 

(Inscribed Harmonic Conic Center) and the QA-Diagonal Triangle. 

 

 
QA-P16 is the intersection point of the tangents at the vertices of the QA-Diagonal 

Triangle and QA-P10 to the QA-DT-P10 Cubic (QA-Cu3). 

 



 
 

Construction: 

Construct QA-P16 as a complement of the Isotomic Conjugate of the AntiComplement of 

QA-P1 wrt the QA-Diagonal Triangle  

 

1st CT-coordinate: 

 p (2 p + q + r) 

 

1st DT-coordinate: 

 p2 

 

Properties: 

¶ QA-P16 lies on these QA-lines: 

ɀ QA-P1.QA-P21 (-1 : 2 => QA-P16 = Reflection QA-P21 in QA-P1) 

ɀ QA-P10.QA-P19 (-1 : 3) 

¶ QA-P16 lies on this QG-line: 

ɀ QG-P1.QG-P12 = QG-L2 

¶ QA-P16 is the Reflection of QA-P19 in QA-P31. 

¶ QA-P16 is the Involutary  Conjugate (see QA-Tf2) of QA-P10.  

¶ QA-P16 = QA-P10-Ceva conjugate of QA-P1 wrt the QA-Diagonal Triangle. 

¶ QA-P16 is collinear with QG-P1, QG-P12, QG-P13, QL-P13 on QG-L2. 

¶ QA-P16 is the 4th Perspective Point in the row QG-P13, QG-P12, QG-P1 on line QG-

L2 (see [26] Perspective Fields part II). 

¶ QA-P16 lies on the Conic QA-Co5. 

¶ QA-P16 lies on the Cubics QA-Cu3 and QA-Cu4. 

¶ QA-P16 is the pole of the Cubics QA-Cu1 ɀ QA-Cu5 when seen as IsoCubics wrt 

the QA-Diagonal Triangle and with the Involutary Conjugate as Isoconjugation. 

¶ QA-P16 is the intersection point of the tangents at the vertices of the QA-Diagonal 

Triangle and QA-P10 to the QA-DT-P10 Cubic (QA-Cu3). 

¶ QA-P16 is the Complement of QA-P19 wrt the QA-Diagonal Triangle. 

¶ QA-P16 is the AntiComplement of QA-P31 wrt the QA-Diagonal Triangle. 

¶ When the Reference Quadrangle is convex, then QA-P16 lies in the overlap of the 

Quadrangle and its QA-Diagonal Triangle. 

¶ The 3 variants of QG-L2 in a Quadrangle concur in QA-P16.  



 
 

QA-P17: Involutary Conjugate of QA -P5 

 

QA-P17 is the Involutary Conjugate of QA-P5. 
 
 

 
 

As a consequence the line QA-P5.QA-P17 is the common tangent of the circumscribed 

conics P1.P2.P3.P4.QA-P5 and P1.P2.P3.P4.QA-P17. 

 

 
QA-P17 is the intersection point of the tangents at the vertices of the QA-Diagonal 

Triangle and QA-P5 to the QA-DT-P5 Cubic (QA-Cu2). 



 
 

 

1st CT-coordinate: 

q r  (2 p + q + r)  (q r (q + r)2 - p (p + q + r) (q2 + r2))  

 

1st DT-coordinate: 

 p2  / ((p 4 - (q2 - r2)2) - 2 p2 (-p2 + q2 + r2))  

 

Properties: 

¶ QA-P17 lies on this QA-line: 

ɀ QA-P5.QA-P19 

¶ QA-P17 is the Involutary  Conjugate (see QA-Tf2) of QA-P5.  

¶ QA-P17 lies on the Conic QA-Co5. 

¶ QA-P17 lies on the Cubics QA-Cu2 and QA-Cu4. 

¶ QA-P17 is the intersection point of the tangents at the vertices of the QA-Diagonal 

Triangle and QA-P5 to the QA-DT-P5 Cubic (QA-Cu2). 

¶ QA-P17 is the Isotomic Center of the Quadrangle formed by the vertices of the 

QA-Diagonal Triangle and QA-P5 (Isotomic Center).  



 
 

QA-P18: Involutary Conjugate of QA-P19 

 

QA-P18 is the Involutary Conjugate of QA-P19. 

 

 
 

As a consequence the line QA-P18.QA-P19 is the common tangent of the circumscribed 

conics P1.P2.P3.P4.QA-P18 and P1.P2.P3.P4.QA-P19. 

 

 
 

QA-P18 is the intersection point of the tangents at the vertices of the QA-Diagonal 

Triangle and QA-P19 to the QA-DT-P19 Cubic (QA-Cu4). 



 
 

 

1st CT-coordinate: 

 p (q2 + r2) (2 p + q + r) (p2 + p q + p r - q r)  

1st DT-coordinate: 

 p2  /  (-p2 + q2 + r2) 

 

Properties: 

¶ QA-P18 lies on this QA-line: 

ɀ QA-P1.QA-P5 = QA-L3. 

¶ QA-P18 is the Involutary  Conjugate (see QA-Tf2) of QA-P19.  

¶ QA-P18 lies on the line QA-P1.QA-P5. 

¶ QA-P18 lies on the QA-DT-P19 Cubic (QA-Cu4). 

¶ QA-P18 also lies on the tangent at QA-P19 to the QA-DT-P19 Cubic (QA-Cu4), 

which is also the tangent at QA-P19 to the Conic (P1,P2,P3,P4,QA-P19), 

which is also the tangent at QA-P18 to the Conic (P1,P2,P3,P4,QA-P18). 

  



 
 

QA-P19: AntiComplement of QA -P16 wrt the QA -Diagonal Triangle  

 

QA-P19 is the AntiComplement of QA-P16 wrt the QA-Diagonal Triangle. 

 

 
 

QA-P19 has several properties. See properties below. 

 

 

 
QA-P19 is the intersection point of the tangents at the vertices of the Reference 

Quadrangle to the QA-DT-P19 Cubic (QA-Cu4). 

 


