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Abstract.

In this paper a formal description is given of points occurring in a construction defined by 4
points and/or 4 lines.

The notion of a Quadrigon is introducedVith this notion it is possible to define Centers

and related objectglepending on 4 points and/or 4 lines in an integrated and

differentiated way.

Severalools andexamples are given. With these tools the road is free for a structured
Catalogue of QuadtCentersand QuadriObjects A first start is given.
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1.INTRODUCTION

There are noticeable differences betwen triangles and quadrilaterals / quadrangles.
1 With a triangle there are3 points and3 line segments When we consider a
guadrangle as a complex of 4 points then we have to deal with 4 points and 6
possible lines.
1 When we consider a quadrilateral as complex of 4 linesthen we have to deal
with 4 lines and6 possibleintersection points.
1 Atriangle can be constructed knowing3 elements of the triangle However a
guadrilateral cannot be constucted analogously with4 elements of thisfigure.
This isquite different from working with a triangle.

Algebraically there arealso differences.
1 Often trilinear or barycentric coordinatesare usedin the triangle environment
because a pait can be related to the 3 sidéengthsor the 3 anglesof a triangle.
But in the according situation4 side lengthsor 4 angles are nosufficient for
defining a quadrilateral.
1 The3vertices of a triangleare often (1:0:0), (0:1:0), (0:0:1). Introducing a
4th point raises the question how to classify this new point.

In this paper we will classify 3 types of construction with 4 points and/or 4 lines.

Most of the time only pointsor lines per type of construction have relationships with
each other.

Each typehas its ownunique definition for Centers. This will solve severalproblems and
relatesto existing practices in Triangle Geometry.

Homogeneous oordinate triples of points and coefficient triples of lines as well as
equations of conics will be given accaling to the developed system.

No synthetic proofs will be given. However with the developed algebraic systeit is
relatively easy to proveall the described properties.

Calculations are done with Mathematica software using theonderful collection of
formulas androutines in Baricentricas [10] of Francisco Javier Garcia Capita8pecial
thanks to him for his valuable adviceabout the Mathematica software.

Because the intermediate results odlgebraiccalculations often are verylengthy only the
final result is given.Many of thecalculated resuls are checked in a fixed reference
system.But neverthelesserror s or typos mayoccur.

Referencego sources of literature and internetare madewhere | found information
about points, lines and conicsThe remaining points, lines and conics | discovered myself
in the process of writing this paper. Howeverseveral of themmay be known and
available at other places.

Special thanks also for Peter Moses who helped me with the use of theglish language.
Very helpful because the English language is not my mother tongue.

Special thanks also for Bernard Gibert#& 1 xAO xEI 1 El QaddAOBEEADAAOD
and categorize them.
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Special thanks also for Eckart Schmidt who painstakingly worketthrough 174 pages of
the first concept of this paperand contributed with lots of useful additions.He
convinced me to use alsoaordinates relating to Diagonal Triangles(DT) of Quadrangle
and Quadrilateral. Most of the D¥coordinates and DFexpressionscame from his hand.
We had a very nice exchange of ideas alternately in German and English.



2.PRELIMINARIES

In this paper we deal with figures configured with 4 lines and/or 4 points. We will call
them Quadrifigures.

There is quite a lot of differencein the use of the words Quadrilateral and Quadrangle.
But because of further comprehension it is important to be verprecise in making
correct definitions.

We use this nomenclature.

Quadrilateral

A quadrilateral is a plane figure consisting of 4 lines nthree of which are concurrent.
In case of multiple use therefix and abbreviation QL will be used.

Quadrangle

A quadrangle is a plane figure consisting of 4 points no three of which are collinear.
In case of multiple use therefix and abbreviation QAwill be used.

Also this notion is introduced:

Quadrigon

A Quadrigon is a polygon of 4 points (no 3 of which are collinear) and 4 lines spanned
between the 4 points in such a way that each line connects only 2 of the 4 points and
each point is the intersection of just 2 of the 4 lines.

In case of multiple use lie prefix and abbreviation QGwill be used.

It is important that a quadrilateral consists of just 4andom lines without intersection
points and without any other condition or any order.

In the same way a quadrangle consists of just 4 random pointgthout connecting lines
and without any other condition or any order.

However a quadrigon consists of 4 random points with 4 connecting lines in cyclic order.
It also can be seen as a system of 4 random lines with 4 intersection points in cyclic
order. Now the order of points and lines are important.

3.DEFINITION OF QUADRISTRUCTURES

Quadrigon

There is a difference between a quadrilateral and a quadrangle.

Nevertheless this differentiation is not sufficient to describeall constructible points in

AT AT OEOTTITATO 1T £ 1 bl Ein@6 chagtefatéwoton willET A 08
beintroduced OOEA NOAAOECI 1 638

A Quadrigonis a polygon of 4 points (no 3 of which are collinear) and 4 lines spanned

between the 4 points in such a way thaeach line connects only 2 of the 4 points and

each point is the intersection of just 2 of the 4 lines.

There is no limitation for being convex.



Why this new concept?

1. Itis symmetric and according to the duality principle. Just like a triangle is
symmetric and according to the duality principle.

2. It appeals to what we usudl have in mind with a quadrilateral: 4 points and 4
lines in a certain order.

3. It can be extendedn 2 equivalentand symmetricways: more lines and more
points.

4. Some constructions of points cannot be uniquely defined in a quadrangle or
guadrilateral environment but it can be done in a quadrigon environment.

A quadrigon is the most specific notionit determines the cyclic order of lines and
points. Unlike the quadrilateral and quadranglelines and pointsnow have equal status.
A quadrigon has nmimal degrees of freedom. It can be seen #se intersection of a
guadrilateral and a quadrangeé.

Quadrigi T € 1OAAOEI AOAOAI 1 0AAOAT CI /

One consequence is that notions like adjacent ®d (or points) and opposite sides (or
points) become importanttEAO8 O xEU OEA 6 AT | Ophidid 01T ET OO A
becausein their construction the notion of opposite sides is used).

P4

P3 S~

P1 P2

Cyclic order of points and lines Opposite sides Adjacent sides

Properties in a Quadrigon

Quadrilateral

A quadrilateral is a plane figureconsisting of 4 linesio three of which are concurrent.
This figure can be partitioned in several ways.
a. 4times 1 line. This case is evident.
b. 6 possible combinations of 2 lines. This give® O ingerséation pointsé 8
c. t Pi OOEAIT A AT i AET AOCET T dOmpon&nt@O K ATl QIOBOH#EE O
In case of a convex quadrilaterahere are 2 pairs ofcomponenttriangles for
which pairwise the area of the inscribed part of the quadrilaterak the
subtraction of the trianglesper pair.
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4 Component Triangles in a Quadrilateral
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3 Component Quadrigons in a Quadrilateral

There isno more basicpartitioning in a Quadrilateral.

Quadrangle

A quadrangle is a plane figureonsisting of 4 pointsio three of which are collinear.
This figure can be partitioned in several ways.
a. 4times 1 point. This case is evident.
b. ¢ BT OOEAT A AT i1 AETAQGEITTO T &£ ¢ PIEIT 008 4EEO
c. t Pi OOEAIT A ATl i1 AET AOET T @oniperentd OFEIAH TG0 A8 648E E O
In case of a convex quadrilateral there are 2 pairs cbmponenttriangles for which
pairwise the area of the inscribed part of the quadrilateral = sum of triangles per pair.

4 Component Triangles in a Quadrangle

P4,
P3

P1" 'pz



d. 3 possible cyclic combinations of 4 points. Thisgivesu ¢ ONOAAOECI 1 068

P4 P4 P4
P3 P3 P3

P1 P2 P1 P2 P1 P2

3 Component Quadrigons in a Quadrangle

There is o more basic partitioning in a @adrangle.

Note that the partitioning of a quadrilateral and a quadrangle leads visually to different
@omponentOOE AT Cl AG6 AT A AEZAZZAOAT O ONOAAOAT Ci ADo«
The connections betweerQuadrangles, Quadrilaterals, Triangles and Quadrigons

can best be shown in ®ata Set Diagram (as used i@omputer Sciencg

Data Set Diagram

/ . .
Quadrangle <] Triangle QuadriLatera
Explanation:
1 Quadrangle has 4 consisting TrianglesA Triangle can be seen as part of a Quadran 1 Quadrilateral has 4 consisting Triangles

A Triangle can be seen as part of a Quadrilate

Quadrangle Quadrigon QuadriLatera

Explanation:
1 Quadrangle has 3 consisting Quadrig A Quadrigon can be seen as part of a Quadrang| 1 Quadrilateral has 3 consisting Quadrigon

A Quadrigon can be seen as part of a Quadrilater.



4.DEFINITION OF QUADRICENTERS

Levels of construction

When dealing withQuadri-figures the notions of aPoint, Line, Triangle, Quadrilateral,
Quadrangle anda Quadrigonrepresent levels ofconstruction. As explained in last
chapter these are all possible levels of constructioim a Quadrifigure.

When objecs are constructed on the level of a Point, Line or Triangthis construction
level usually is evident However when items are constructed on the level of a
Quadrilateral, Quadrangle or Quadrigonit is often unclear to which level this object
belongs.Still it is important to know at which level the object is constructed, because
each level requires a different approach. Discerning the right level makes it possible to
describe and calculate these objest

Determining the type of Quadri-figure
Making constructions in the Quadri-environment it often is not clear how the
dependencies are. Is there a dependency on 4 points, 4 lines or both?
Here are some tools to discover the type of Quadfigure that is the base of a
construction.
When atarget point is constructed based ort other pointsin aquadrangle then 4
componenttriangles and 3componentquadrigons can be discerned/Vhen the same
construction method is performed using anothercomponenttriangle or another
componentquadrigon thentwo things can happen:
 The constructionDT ET O AT AOT 60 AT 1T AOO xEOE OEA
In this case the target point is not a quadrangle point.
1 The constructionpoint concurs with the target point.
In this case the target point igprobably a quadrangle point.
By performing the same method for all othecomponenttriangles or quadrigons
(whichever construction level is chosen) and verifying equality withthe target
point it can be dedued that the target point isindeed a quadrangle point

When a target pointis constructed based ot lines in aquadrilateral, then 4 component
triangles and 3componentquadrigons can be discerned. When the same construction
method is performed using anothercomponenttriangle or another component
guadrigon then two things canhappen:
f The constructionDT ET O AT AOT 60 AT T AOO xEOE OEA
In this case the target point is not a quadrilateral point.
1 The constructionpoint concurs with the target point.
In this case the target point is probably a quadrilateral point.
By performing the same method for all othercomponenttriangles or quadrigons
(whichever construction level is chosen) and verifying equality with the target
point it can bededuced that the target point isindeed a quadrilateral point.

OAO

OAO



When a target point depewling on 4 points or 4 lines is neither a quadrangle point nor a
guadrilateral point it should be aquadrigon point

Definition of 3 types of Quadri Centers

This leads us to theconditions for a Quadrangle CenterQuadrilateral Centerand a
QuadrigonCenter.

A QuadrangleCentershould be a construction point based on 4points in a quadrangle.
When the same construction method is performed using otheromponenttriangles or
guadrigons then the same point should come out.

A Quadrilateral Centershould be a construction pointbased on 4 lines in a quadrangle.
When the same construction method is performed using othexomponenttriangles or
guadrigons then the same point should come out.

A Quadrigon Centeshould bea construction point based on 4 lines 04 points in a
guadrigon not being a Quadrangle Center or a Quadrilateral Center.

Defined in a formal way.

A Quadrangle Center QAis:

a point related to 4 random points P1, P2, P3, P4 (no 3 of which are collinear),
when QA can be described as some transformation of Pi wrt triangle Pj.Pk.PI

and is the same point for all permutations of (i,j,k,I) ~ (1,2,3,4), or

when QA can be described as some transformation of Pi wrt quadrigon Pi.Pj.Pk.PI
and is the same point for all permutations of (i,j,k,I) ~ (1,2,3,4).

A Quadrilateral Center QL is:

a point related to 4 random lines L1, L2, L3, L4 (no 3 of which are concurrent),
when QL can be described as some transformation of Li wrt triangle Lj.Lk.L |

and is the same point for all permutations of (i,j,k,I) ~ (1,2,3,4), or

when QL can be described as some transformation of Li wrt quadrigon Li.Lj.Lk.LI
and is the same point for all permutations of (i,j,k,l) ~ (1,2,3,4).

A Quadrigon Center QG is:
a point solely related to the 4 points and 4 lines of a quadrigon, not being a
Quadrangle Center or a Quadrilateral Center.

Algebraic description of Quadri Centers

Since we work with 4 points and/or 4 lines in a plane we can work with 2 Cartesian
coordinates as well as 3 homogeneousoordinates.

Also we need to have in mind that a coordinate system that is suitable for a quadrilateral
is not necessarilysuitable for a quadrangle, etc.

3ET AA xA ecomwientOBBOBT QI AO6 AT A OEthekdustruchon AT T Al O

of a centeris valid for eachcomponenttriangle it is worthwhile elaborating the

~



coordinate systems used in Triangle GeometryEspecially because the science of
Triangle Geometry is very well known and documented.

Now the method in a Qadrangle is to identify 3 of the 4 basic pointgn forming the
Reference Triangle. The point is an added point to the Reference Triangle used to
perform some construction with.

Againwhen a point comes out that qualifies as a Center the constructi@mould be
working for each choice of reference triangle that is possible in the Quadrangle.

This Quadrangle Center is the result of some transformation on one of
the vertices with respect to the triangle formed by the other vertices.

P4 P4 P4
P3 P3 P3 N
P3
QA }L\, \
P1 P2 P1 P2 P1 P2 P1 P2
Example:
QA = Inverse of the QA = Inverse of the QA = Inverse of the QA = Inverse of the
Isogonal Conjugate Isogonal Conjugate Isogonal Conjugate Isogonal Conjugate
of P4 wrt P1.P2.P3 of P1 wrt P2.P3.P4 of P2 wrt P3.P4.P1 of P3 wrt P4.P1.P2

The working method is then
1 choose randomly 3quadrangle verticesas the vertices of a reference triangle,
1 give them homogeneougoordinates(1:0:0), (0:1:0) and (0:0:1),
1 identify the remaining point with coordinates (p:q:r).
Every constructed objectnow can be identified
i as a function of (a,b,c) and (p,q,Wwhen barycentric triangular coordinatesare
used andwhere a, b, ¢ are the side tgths of the reference triangle, or
1 as a function of (A,B,C) and (p,q,when trilinear triangular coordinates are used
andwhere A, B, C are the angles of the referena@angle.

The Centroidand the Euler-Poncelet Pointn a Quadranglemay serve asexample.
As will be shown laterthe Centroid of the Qudrangle hascoordinates:

(2p+g+r @ p2g+r @ p+g+2r)
and the EulerPoncelet Point:

(P (Ss.a-Scr) (b2r(pta) - c2q(p+r)) :

q (Scr-a.p) (c?p(g+r) - a%r(q+p)) :
r (Sa.p-S5.0) (82q(r+p) - b2p(r+q)) )

where S\=(-a2+b2+¢?)/2, etc.
As can be seen the symmetry in construction is reflected the internal symmetry of the
coordinate formulas on the right level.



Identifying Centers on the right levelmakeit possible toalgebraically describe
relationships between these Centers likeollinearity, lying on a conic, etc.

The same consideration can be made with the QL. This results in a system where 3 of the

4 lines will be identified by homogeneous coefficient triples (1:0:0), (0:1:0) an@0:0:1).

The 4" line gets coefficient triple (I:m:n).

Note thatas AT A EZZEAEAT O 1 AOOAO Ol the @GsitvatibrEvinge OOA A
point coordinatesare represented by(p:q:r) with O B d1st late@r.

This has been donealeliberately for direct recognition of Quadricoordinates.

AEA 1 AOOGAO O1 6 OOAT AcordEHat€shadé bedn Ased. AliefetteOAT 1 O O
ObPo6 OOAT AO A& O Osxcborlinddeshaveibden Bddl | O OEAO 1

Example of a Qtpoint is the Miquel Point.
It has Ql-coordinates:

{a2mn/(m-n): Enl/(n -1):c2lm/(l -m)}.
In QA-notation this would be:

{a (p*q) (pt+q+r) : @pqg + &ar - bA(qrrp+pa)+2 S g2 & (r+q) (p+a+n)}
As can be seewhen a QLCenter is described in QAnotation there is no longercyclic
symmetry betweenthe 3 coordinates. That is because 3 Quadrigons can be discerned
a Quadrangleeachrepresenting a quadrilateral,each having a different MiquelPoint. So
actually The Miquel Point is dispersednto a triple of points in QA environment.
Neverthelesssometimes it can be useful wan interactions are searchedetween QA
Centers and QkCenters to calculate a QICenter in QAenvironment or vice versa.

So now we have algebraic desiptions for QA-Centers and QtCenters.

We also discerned the notion of a Qadrigon and & a matter of fact there are also
Quadrigon Centers. We wilabbreviate these centers as QGenters.

These are centers where the cyclic order of vertices and lirsmgments are used in the
construction method.

The algebraic wayof describing QACenters and QtCenters are notnecessaryuseful for
these QGCenters. The reason for this is that often the notion of opposite sides/points is
used and that gives few connections witkomponenttriangles.

| find that a simple Cartesian coordinate system with projectiveoordinates(i.e.a

normal x- and y-coordinate combinedwith a z-coordinate for indicating infinity points)
often gives easiest and symmetric results.

This is not surprising because a Cartesian oadinate system has 4 quadrants in ezh of
which we can pin a vertexeven so that the diagonals concur with the origin.

However for the sake of the many relations with quadrangles and quadrilaterals also the
QA-and the Ql-coordinates areof importance and will be mentioned in this paper.
However since Q@oints exist in 3 variants in Quadrangles and Quadrilaterals
coordinates will be shown in threefold too. Of course these 3 variants will show a
beautiful symmetry too.

This will be shown in Chapter 7.



5.QUADRANGLE OBJEGT
5.0 QUADRANGLESENERAL INFORMATION
QA/1: Systematics for describing QA-points

In this Encyclopedia of QuadrFigures 2 coordinate systems are used for Quadrangles:

1. QACT-Coordinate system, where 3 arbitrary points of the quadrangléorm a
Component Triangle (CT). This Component Triangle is defined as Reference
Triangle with vertice coordinates (1:0:0), (0:1:0), (0:0:1). The # point is defined
as (p:q:r).

2. QADT-Coordinate system, where the QMiagonal Triangle (DT, see QArl) is
defined as the Reference Triangle with vertice coordinates (1:0:0), (0:1:0),
(0:0:1). An arbitrary point of the Quadrangle is defined as (p:q:r).

The other 3 points now form the Anticevian triangle of Pi wrt the QMiagonal
Triangle and have vertices{ :q:r), (p:-q: 1), (p: q =r).

Both coordinate systemscan be converted in each other (see QA/6 and QA/7).

Every constructed object now can be identified as:

(f(a,b,c, p,q,r) : f(b,c,a, q,r,p) : f(c,a,b, r,p,q) )

where a,b,c represent the side lerths of the CT- or DT-triangle and

where p,q,r represent the barycentric coordinates wrt the CTor DT-triangle.

In the description of the points on the following pages only the first of the 3 barycentric

coordinates will be shown. The other 2 coordinatesan be derived by cyclic rotations:
1 a>b>c>a>etc.
T p>qg>r>p>etc.

Further the Conway notation has been used in algebraic expressions:
S=(aZ+k+a)/2
S=(+a-b2+ @) /2
S=(++P2-c?)/2
S=¢FHa2+rP+)/2
SMSS+$S+SSA E ¢ 3
7TEAOA 3 E AOAA V@O l-agh+d (ab+t)fa+ii)).0



TransformedQuadrangles

In the descriptions of Quadrangle Centers often the technique is used of transforming
one Quadrangle into another Quadrangle. This is done by performing a Transformation
T on Pi wrt triangle Pj.Pk.PI (for all permutations of (i,j,k, I} (1,2,3,4)). This poduces a
TAx NOAAOATCI A 0p680¢68006801088

#1 1 OANOGAT 61 u OEA OAI A OOAT O& Oi AGETT 4 AAT A
DOl AOGAET ¢ AT 1T OEAO NOAAOATCI A 0p6680c68800608
generation T-Quadrangle.

It is special thatoften the Reference Quadrangle and the®generation T-Quadrangle

AOA ET I 1T OEAOGEA8 #11 OANOAT 01 uh OEEO DOl AOAAO

T Ai AA O(1T11 OEAOGEA #A1 OAOos8

Another technique of quadrangle transformation is by determining Triangl€Centers

(see [12]) Xi for3 points Pj, Pk, PI (for all permutations (i,j,k,I¥ (1,2,3,4)). This

produces the (t) X-Quadrangle.

The same process can be performed on thesfLX-Quadrangle producing the 2d X-

Quadrangle. This quadrangle is named the®generation XQuadrangle.

Again often the Reference Quadrangle and thed®yeneration xQuadrangle are

EIiT OEAOEA8 ! CAET h OEEO DPOI ACAAO A O#A1 OAO 1
O(1T i 1T OEAGEA #A1 OAO6 8



QA/2: List of QA-Lines

Innextlistall QADT ET OO AOA 1 AT OET I-AAA xEOEI OO POAEFED
All lines in the range QAP1- QAP34 have been taken into account.

When lines have more than 2 points on it, they are defined by the 2 points with lowest

serial number.

These QAlines are described furtrer with their properties:
z QALLl: P1,P2,P3 P34

QALZ2: P2,P4,P6

QAL3: P1,P5, P10, P18, P20, P25, P2§Centroids Line)

QAL4: P1,P6, P23

QALS5: P10, P11, P12, P13 {QREuler Ling
Z QAL6: P1, P15 (Newtaviorley Line)

Other QALines without name buwith at least 3 Points on it:

P1, P4, P7

P1, P14, P24

P1, P16, P21

P1, P32, P33

P2, P10, P29

P2, P11, P30

P3, P20, P29

P4, P8, P23, P32

P4, P10, P28

P5, P17, P19, P21

P5, P29, P34

P6, P28, P29

P10, P16, P19, P31

P12, P14P33

P12, P29, P30

P20, P21, P31

N N N N

N
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QA/3: List of parallel QA -Lines

In nextlistall QADT ET OO AOA

[ AT OET T-hak

All lines in the range QAP1- QAP34 have been taken into account.
When lines have more than 2 points on it, they aréefined by the 2 points with lowest
serial number.

These QAlines are parallel:

N N AN AN AN AN ANANANANANANANANANANANANANANANANANANANANANANANANANANANANANAN

P1.P2// P22.P29

P1.P6 // P3.P4 /| Q&ultasymptote
P1.P11// P3.P30// P12.P20 // P13.P22
P1.P12// P11.P22

P1.P13// P5.P12 /[ R1P20
P1.P16 // P19.P20 // P22.P31
P1.P19// P16.P22

P1.P28 // P4.P5

P1.P29 // P2.P20 /l P3.P5
P1.P31// P5.P17 // P10.P27 // P16.P20
P1.P32// P2.P4 /| P7.P8 /I P12.P24
P2.P5// P3.P20 // P10.P34
P2.P10 // P25.P34

P2.P11// P13.P29

P2.P12 // P11.P29

P2.P16 // P3.P21 // P29.P31
P2.P19// P16.P29

P2.P21// P3.P16

P2.P23/ P3.P32

P2.P25 // P3.P26

P2.P26 // P3.P25

P3.P10// P26.P34

P3.P12 // P20.P30

P3.P24 /| P14.P34

P3.P30// P12.P20

P4.P12 // P13.P28

P4.P19 // P28.P31

P4.P20 // P22.P28

P4.P30 // P6.P11

P5.P11// P13.P20

P5.P16 // P20.P21

P5.P24 /| P13.P32

P5.P33 //P22.P32

P10.P14 // P11.P33// P20.P24
P10.P24 // P14.P26

P10.P27 // P16.P20

(4" line is midline of Tand 3° line)
(3¢ line is midline of $and 2 line)
(1* line is midline of 2 and 3% line)

(1** line is midline of 2 and 4" line)

d (3% line, 1*!line) = 2*d(3“ line, 2" line)

xEOET 60 DPOAEE®D



P11.P16 // P12.P19 // P13.P31 (3“ line is midline of Tand 2¢ line)
P11.P19 // P13.P16
P11.P31// P12.P16
P12.P20 // P13.P22
P16.P25 // P21.P26
P16.P26 // P21.P25

N N N N N N

QA/4: List of perpendicular QA -Lines

Innextlistall QADT ET OO AOA [ AT OETl 1-A&A xEOEI 60 POAEEQD
All linesin the rangeQA-P1- QA-P34 have been taken into account.

When lines have more than 2 points, they are defined by the 2 points with lowest serial

number.

It is remarkable that there are no point -to-point QA-lines perpendicular !

Apparently because all QApoints (except QAP12) have been constructed without using
perpendicular lines.

The only perpendicular settings in a Quadrangle are:

QA-Cu7 (QAQuasi Isogonal Cubicasymptote _|_ P1.P32// P2.P4 /| P7.P8 // P12.P24.
5th point tangent QAP2 (seeQAL/1) also_|_ P1.P32// P2.P4 /| P7.P8 /| P12.P24.
QA-Co2 (QAOrthogonal Hyperbola) has 2 perpendicular asymptotes.

QA-Co4 (QADT-P3-P12 Qthogonal Hyperbola) has 2 perpendicular asymptotes.
F1.F2 |_ P4.P12// P6.P36 // P13.P28,

where F1 and F2 are the foci of the 2 QRarabolas (QA2Co1).

With special property that P4.P12 =2 * P6.P36 =4 * P13.P28.

N N N AN N

When we are looking for perpendicular lines between Qfoints and also includeQG
points, then there are plenty of perpendicular lines. See QG/4.



QA/5: List of QA-Crosspoints

When 3 lines connectingQA-points concur, the point of concurrenceis calleda QA
Crosspoint.
In this list all possible non-registered QA-Crosgoints are listed originating from at least
3 connectinglines of QA-points in the range QAP1z7 QAP34.
QADT ET OO0 AOA 1 AT OEI 1-d&A xEOET 00 POAZLZE® O1!
Lines are defired by the first 2 points on it with lowest serial number.
There are regularly recurring crossing lines with these Crosspoints. This is an indication
for the occurrence of Perspective Fieldssee QAPFI).
When the intersection points have fixed ratios of the distances to thaefining points on
the defining lines, thenthey are mentioned.There are many of them.
7EAT OEAOA AOA 11 ZEQAA OAOET O OEEO EO EIT AEA
For point P on line P1.P2 the ratio d1 : d2 means that d(P,P1) : d(P,P2) = d1 : d2, where:
1 d1is positive when P is positionedvrt P1 at the same side of the line as P2. If not
then d1 is negative.
1 d2is positive when P is positionedvrt P2 at the same side of the line as P1. If not
then d1 is negative.

Z P1.P4" P3.P6" P20.P28 1:2/2:1/ 4:-1
Z P1.P4n~ P5.P28" P6.P34 1.4/ 4:1/ 3:2
Z P1.P8" P2.P23" P4.P33 x:yl x:yl x:y
z P1.P8" P2.P32" P7.P33 x:yl x:yl x:y
Z P1.P11» P3.P30"N P12.P20" P13.P22 Infinity Point

Zz P1.P11» P5.P12" P13.P20" P30.P34 1:2/1:1F1:2/3:+-1
Z P1.P12™ P5.P13" P24.P32 1:4/4:11/ 4:1
Z P1.P12" P11.P26" P14.P32 1:6/9:-2/ 4:3
Z P1.P13" P5.P12" P11.P20 Infinity Point

Z PL1.P13" P11.P22" P12.P20 2:-1/2:-1/1:1
Z P1l.P16" P19.P20" P22.P31 Infinity Point

z P1.P17~ P10.P16" P18.P21 x:yl x:yl x:y
Z P1.P17" P10.P27" P16.P18 1:4/ x:yl x:y
Zz P1.P19" P5.P16™ P10.P27 -1:3/2:11/x:y
Z P1.P19" P5.P31" P10.P21 1:4/4:11/ 2:3
z P1.P28" P5.P6" P12.P24 x:yl x:yl x:y
Z P1.P29" P2.P20" P3.P5 Infinity Point

Z P1.P29" P3.P10" P20.P34 1:1/3:1/73:1
Zz PL1.P29" P6.P20" P12.P24 x:yl x:yl x:y
Zz P1.P31» P5.P17" P10.P27" P16.P20 Infinity Point

Z P1.P31" P16.P22" P19.P20 2:-1/2:-1/71:1
Z P1.P32™ P2.P4N P7.P8M P12.P24 Infinity Point

Z P1.P32* P3.P6" P4.P34 x:yl 1:1/ 3:1
Z P2.P5" P3.P20" P10.P34 Infinity Point

z P2P7" P3.P23" P6.P34 X:yl x:yl x:y



N N AN AN AN AN ANANANANANANANANANANANANANANANANANANANANANANAN

P2.P7" P3.P33" P32.P34
P2.P7" P6.P32" P23.P33
P2.P8" P3.PAN P7.P34

P2.P8" P4.P33" P7.P23

P2.P16"
P2.P16"
pP2.P20"
pP2.P20"
P2.pP26"
pP2.P32%

P3.P21" P29.P31
P19.P29" P21.P34
P3.P10" P22.P29
P3.P22" P10.P34
P10.P34" P25.P29
P3.P6" P23.P34

P3.P5" P4.P20" P12.P24

P4.P117
P5.P12%
P5.P16"
P5.P17%
P5.P29%
P5.P317
P10.P14"
P10.P21"
P10.P21"
P10.P21"
P10.P21"
P10.P27"
P10.P27*
P10.P27"
P10.P33"
P11.P16M
P11.P31"
P16.P17"

P6.P30" P12.P28

P13.P20" P30.P34
P10.P21" P19.P20
P10.P27" P16.P20
P12.P24" P20.P28
P10.P27* P19.P20
P11.P33" P20.P24
P16.P18" P17.P20
P16.P20" P22.P31
P16.P26" P19.P25
P19.P26" P25.P31
P16.P22" P20.P21
P16.P25" P19.P26
P19.P25" P26P31
P11.P14" P26.P32
P12.P19" P13.P31
P12.P19" P13.P16
P18.P21" P19.P20

'yl 2:3719:-4
'yl xiyl Xy
yl x:yl x:y
'yl xiyl x:y
Infinity Point

-1/ 21/ 32
21 /3:1/-1:2
1/4:1/7-1:2
-1/2:3/12:3
'yl xiyl Xy
yl xiyl Xy
1/1:274:-1
1/ -1:2/ 3:-1
-1/ -2:3/12:-1
Infinity Point
x:yl x:yl x:y
4:-1/ x:yl 2:1
Infinity Point
x:yl x:yl x:y
-1:3/1:1/ -1:2
:1/3:-17 3:1
:5/6:1/4:3
yl 4:-11 1:2
'yl 3:2/6:1
'yl 3:-11-2:3
:3/3:21 -4:9
Infinity Point
2:-1/1:1/-1:2
x:yl x:yl x:y

X X X X

NP NX X ODMNEFENDN

N X X X N B



QA/6: QA-Conversion CT -> DT z coordinates

Let P1.P2.P3.P4 be the Reference Quadrangle.

Let P1.P2.P3 be the random Reference Component Triangle en let P4 be thedint.
The QADiagond Triangle S1.S2.S3 is th€evian Tiangle of P4 wrt P1.P2.P3.

Let Q be some point to beanverted from CT- to DT-coordinates.

S3)

Diagonal
Triangle

Component
Triangle

P2 3\ S

Let Qc (xc : yc: zc) be the presentation of Q in barycentric coordinates wrt the
Component Triangle. Let Qd (xd : yd : zd) be the presentation of Q in barycentric
coordinates wrt the Diagonal Triangle.
Now Qc = xc.cfcl.P1 + yc.cfc2.P2 + zc.cfc3.P3 wrt the Reference Component Triangle
and Qd = xd.cfd1.S1 + yd.cfd2.S2 + zd.cfd3.S3 wrt the Diagonal Triangle,
where:

1 (xc:yc: zc) are the barycentric coordinates of Q withe Component Triangle,

1 (xd:yd: zd) are the barycentric coordinates of Q wrt the Diagonal Triangle,

1 cfcl, cfc2, cfc3 are the Compliance Factors of the Component Triangle,

1 cfdl, cfd2, cfd3 are the Compliance Factors of the Diagonal Triangle.
Explanation of Compliance Factors can be found at [B6page 4Q.
Since the Component Triangle is the Reference Triangle, the Compliance Factors of the
Component Triangle are all equal 1.
The Compliance Factors of the Diagonal Triangle are:

1 cfdl = Det [Gd, S2, S3]/ D¢S1, S2, S3],

1 cfd2 =Det [S1, Gd, S3]/ Det [S1, S2, S3],

1 cfd3 =Det [S1, S2, Gd]/ Det [S1, S2, S3],
xEAOA 'A E OEA #A1 OOTEA 1T &£ OEA S$EACITAI 40EA
O3 AOAOI ET AT 66 8
Calculation gives 2 presentations of the coordinatesf Q wrt the Component Triangle:

T Qc=(xc:yc:zc),

T Qd=(p(@tr)(pyd+qyd+pzd+rzd):q(p+r) (pxd+qxd+qzd+rzd):

r(p+q)(pxd +rxd +qyd+ryd))



Since Qc and Qd present the same point we can now calculate the coordinate® wrt

the Diagonal Triangle:
T (xd:yd:zd)=
((@+n)(grxc-pryc-pqgzc) : (ptrfarxc+prycpqzc) @ (p+gHarxc-pryc+pqzc)).
However we have to bear in mind that the variables in these coordinates are expressions
in (a,b,c) and (p,q,r), which are variables wrt the Component Triangle.

Therefore the CT > DIconversion of P(x : y : z) consists of onsecutivesteps:
1. Transform Point (x, y, z)-->
(@+n(grx-pry-pqz) :
(p+n(-qrx+pry-pqz) :
(P+a)(-qrx-pry+pqz)
2. Replace:p-->(-p+q+r)
q-->(p-q+r)
r-->(p +q-r)
3. Replace: 2a> AP (SAG+SBg-2SAqr+SA2+SC 3))/((p+qg-nN2(p-qg+r)3)
b2--> A R(SApP+SBpB-2SBpr+SBar+SC %)) /((p -q-nN2(p+qg-r)2)
c2--> (4r(SAp+SCPp-2SCpq+SB2¢SCE)/((p-9q-r2(p-g+r)?)



QA/7: QA-Conversion DT -> CTz coordinates

Let S1.S2.S3 be the @Biagonal Triangle of theReference Quadrangle P1.P2.P3.P4.
Let S1.S2.S3 be the Reference Triangle.

Let P4 be an arbitrary point of the Quadrangle with coordinates (p:q:r) wrt the DT.
The Component Triangle P1.P2.P3 is thnticevian Triangleof P4 wrt S1.S2.S3.

Let Q be some pointo be converted from DT tot CT-coordinates.

S3) ‘

Diagonal
Triangle

Component
Triangle

/ |52 P3\ S2

Let Qc (xc : yc: zc) be the presentation of Q in barycentric coordinates wrt the
Component Triangle. Let Qd (xd : yd : zd) be the presentation of Q in barycentric
coordinates wrt the Diagonal Triangle.
Now Qd = xd.cfd1.S1 + yd.cfd2.S2 + zd.cfd3.S3 wrt the Reference Diagonal Triangle
also Qc =xc.cfc1.P1 + yc.cfc2.P2 zc.cfc3.P3wrt the Diagonal Triangle,
where:
1 (xd:yd: zd) are the barycentric coordinates of Q wrt the Diagonal Triangle,
1 (xc :yc :zc) are the barycentric coordinates of Q wrt the Component Triangle,
1 cfcl, cfc2, cfc3 are the Compliance Factors of the Component Triangle,
1 cfdl, cfd2, cfd3 are the Compliance Factors of the Diagonal Triangle.
Explanation of Compliance Factors can be fodrat [26b page 4Q.
Since the Diagonal Triangle is the Reference Triangle, the Compliance Factors of the
Component Triangle are all equal 1.
The Compliance Factors of the Component Triangle are:
1 cfcl = Det [Gc, P2, P3] / Det [P1, P2, P3]
1 cfc2 = Det [P1Gc, P3] / Det [P1, P2, P3]
f cfc3 = Det [P1, P2, Gc] / Det[P1, P2, P3]
xEAOA 'A E OEA #A1 OOTEA 1T &£ OEA #11iPiTAT O 40E
O$ AOAOI ET AT 06 8
Calculation gives 2 presentations of the coordinates of Q wrt the Diagonal Triangle:
T Qd=(xd:yd: zd),



T Qc=
(-p (P2xc-g2xc+2Qqrxcr2xc+@Fyc-g2yc-2pryc+eRyc+ @Fzc-2pqzc+§@zc-r2zc):
-q (-p2Xc+ @xXc-2qgrxc+Exc-p2yc+yc+2prycr2yc+ pzc-2pqzc+§@zc-r2zc):
-r(-p2XC+@EXc-2qrxc+eExc+pFyc-g2yc-2pryc+eyc-p2zc+2pqzeg?zc+ Pzc))
Since Qc and Qd present the same point we can now calculate the coordinates of Q wrt
the Component Triangle:
T ((xc:yc:zc)=
(P(p-a-n(ryd+qzd):q(p+qg-n(rxd+pzd): rep-q+r)(gqxd+pyd).
However we have to bear in mind that the variables in these coordinates are expressions
in (a,b,c) and (p,q,r), which are variables wrt the Diagonal Triangle.

Therefore the CT > DIconversion of P(x : y : z) consists of 8onsecutivesteps:
1. Transform Point (x:y: z)-->
PP-9-N(ry+qz):
q(-p+qg-N(rx+pz):
r¢-p-g+n@x+py)
2. Replace: p-->(gq+71)
q-->(p+r)
r-->(p+aq)
3. Replace: @2-> ((q-r1)2SA+4(p+1)2SB+ (p+ PrzSC)/((p + qp (p +1)3),
b2->(p2(q+r)2SA+@(p-r2SB+(p+@rzSC)/((p + qp(q +r)?),
c2-> (PP(q+12SA+§(p+r)2SB+ (p-q)2r2SC)/((p +1)2(q +r)?).



5.1 QUADRANGLE CENTERS
QA-P1: QA-Centroid or Quadrangle Centroid

The Centroid of a Quadingleis actually the center of gravity ofa Quadrangle replacing
the points by equal masses.

The usual way to construct it is by connecting migbints of opposite sidesof a chosen
component Quadrigon The twoconneding lines as well as the line connecting the
midpoints of the diagonalsmeet atthe Centroid.

Pi = Quadrigon Vertices
Mij = Midpoint (Pi,Pj)

QA-P1 = Centroid

However there is also another way to construct the Quadrangle Centroid using
componenttriangles. This way of construction makes it clear that it really is a
Quadrangle @nter becausat can be constructed in the same way forlacomponent
triangles of the Quadrangle. This picture shows that the Centroidanbe constructed by
partitioning Gi.Pi in parts 3 : 1.

Pi = Vertices of the Quadrangle The Centroid of a Quadrangle can be constructed
Gi = Centroids of component Triangles Pj.Pk.PI by partitioning Pi.Gi in parts (3) : (1) fori=1,2,3,4.
P4

1st CT-Coordinate
2p+q+r



1st DT-Coordinate:
P2 (-p2+ P+ 1?)

Properties:
1 QAP1 lies on theseQAlines:
Z QAP2.QAP3 (1: 1= QAP1 =Midpoint of QAP2.QAP3J)
z QAP4.QAP7
Z QAP5.QAP10 (3:1)
Z QAP6.QAP23
z QAP14.QAP24  (-1:3)
Z QAP16.QAP21 (1: 1= QAP1 = Midpoint of QAP16.QAP21)
Z QAP32.QAP33 1:2)
T QAP1 lies on these Qdnes:
Z QGP1.QGP4 (3:1)
Z QGP2.QGP12
Z QGP4.QGP8 (1:1=>QAP1 = Midpoint of QAP4.QAPS8)
Z QGP5.QGP10 (1:1=> QAP1 = Midpoint of QAP5.QAP10)
z QGP7.QGP9 (1: 1=> QAP1 = Midpoint of QAP7.QAP9)
1 QAP1 =Center of theNine-point ConicQA-Col.
1 QAP1 = QAP10-Ceva conjugate of QR16wrt the QA-Diagonal Triangle.
1 QAP1 =thelnvolutary Conjugate (see QA2) of QAP20.
1 QAP1 =Homothetic Center of the  Nine-point Quadrangle and the $ Midray

Quadrangle.

1 QAP1=the point of tangency ofthe two congruent tangent circumcircles of the
triangles defined by the 3 QAversions of QGP7 (1st Quasi Ninepoint Center)
and the 3QArversions of QGP9 (2nd Quasi Circumcenter).

1 QAP1= QACentroid (QA-P1) of the quadrangle formed by the vertices of the
Diagonal Triangle and QAP5.

1 QAP1=_GergonneSteiner (QA-P3) point of the quadrangle formed by the
vertices of the Diagonal Triangle and Q&R3.

1 QAP1 lies on the Conic QAO05.

1 QAP lies on the Cubics Q&u2, QACuU3, QACuU5, QACUB6.



QA-P2: Euler-Poncelet Point

Euler mentioned this point in one of his numerous papers.
In 1821 Brianchon and Ponceletboth captains of artillery , wrote abook [1] in which the
orthogonal hyperbola and this point were worked out.
The Euler-Poncelet Pointcan be defired in different ways.
1. ltis the center of the orthogonal hyperbola through P1R2, P3 and P4.
2. Itis the common point of theNine-point Circles of the triangles Pj.Pk.PI for all
permutations of (j,k,)~ (1,2,3,4).
This point is also described at [2c] and [8hnd [15f].

// Orthogonal
. Quadrangle
Hyperbola

Pi = vertices of the Quadrangle
Ci = Circle through Midpoints Pj.Pk, Pk.PI, PI.Pj

QA-P2 = Euler-Poncelet Point

. P2
1st CT-Coordinate
P (Ssq-r) (b?r (pta) - c2q (ptn))
1st DT-Coordinate:
1/(b2r2-c2q?)
Properties:
1 QAP2lies on these QAines:
Z QAP1.QAP3 (-1: 2 = QAP2 =Reflection of QAP3 in QAP1)
Z QAP4.QAP6 (2 : -1 = QAP2 =Reflection of QAP4 in QAP6)
Z QAP10.QAP29 (-2 : 3= QAP2 =AntiComplement of QAP29

wrt QA-DT)
Z QAP11.QAP30 (-1: 2 = QAP2 =Reflection of QAP30 in QAP11)
Z QAP12.QAP36 (2 : -1 = QAP2 =Reflection of QAP12 in QAP36)
1 QAP2is the enter of the Orthogonal Hyperbola through P1, P2, P3, P4.
1 QAP2is the common point of Ningpoint Circles Pi.Pj.Pk for all permutations of
@,,k,) N (1,2,3,4).



QAP2 isthe point of concurrence of the four circles determined by the feet of the
perpendiculars dropped from each of the four points onto the sides of the
triangle formed by the other three. See [13] Ningooint Circle.

QA-P2 is the Homothetic Center of the Angional Quadrande and the Reference
Quadrangle(the Antigonal of a point X ighe isogonal conjugate of the inverse in
the circumcircle ofthe isogonal conjugate of X,ee [17a)).

QA-P2 is theMidpoint of the reflections of QAP4 in Pi.Pj and Pk.PI (note Eckart
Schmidt).

Let M = Diagonal Point Pi.Pj * Pk.PI.

Now M.QAP4 and M.QAP2 are symmetric wrt the angle bisector of lines Pi.P]
and PKk.PI for all permutations of (i,j,k,I¥ (1,2,3,4) [16 page 8].

QA-P2 is the common point of the circumcircles of the Pedal Triangles Pi.Pj.Pk
wrt Pl for all permutations of (i,j,k,) N (1,2,3,4). Sed8].

QA-P2 lies on the circumcircle of theQA-DiagonalTriangle.

QA-P2 lies on the circumcircles of triangles formedby the 3QAversions of QG
P1, Q&EP6, QGP10as well asQGP14.

QAP2 lies on the Ninepoint Conic (QACo01).

QA-P2 is concyclic with QAP7, QAP8 and QAP23.



QA-P3: Gergonne-Steiner Point
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guestion was posed for the Quadrangle Conic with least eccentricity. Steiner solved this

problem. The center of this conic happens to be QRA3.

It is also the common point of the 4 circles defined by the midpoints of Pi.Pj, Pi,PkPk

for all permutations of (i,j,k,)) N (1,2,3,4).This common circle pointis described shortly

without name in [2c] JeanLouis Ayme Le PointABulerO T T AAT AO AOGin 1 0AAOQE
page 10.According to Jear_ouis Ayme this point was mentioned irthe writing of Igor

It is strongly related to QA-P2 (the Euler-Poncelet Poin) in construction with circles of

the same size as well as in position within the Quadrangle.

QAP3always appears at the®pposite sidedof the reference quadrangle than Q2.

The QACentroid QA-P1is their midpoint.

Pi = vertices of the Quadrangle

Ci = Circle through Midpoints Pi.Pj, Pi.Pk, Pi.PI

(rays from Pi)
QA-P3 = Gergonne-Steiner Point

1st CT-Coordinate
(@ (p+a)(p+n-b2p( p+agrczp (p+n)*
(@2qr@2p+qg+rn-b2pr(g+r-c2pq(q+r)

1st DT-Coordinate:
1(-2a02r2+b?r2(p2+q-r2) + ¢g2(p2-qg2+r?)

Properties:
1 QAP3 lies on these QAines:
Z QAP1.QAP2 (-1: 2 = QAP3 =Reflection of QAP2 in QAP1)
Z QAP20.QAP29 (2 : -1 = QAP3 =Reflection of QAP20 in QAP3)
Z QAP22.QAP35 (5:-4)
1 TheReflection of Pi in QAP3 is a point on the circumcircle of Pj.Pk.PI.
1 QAP3is the EulerPoncelet Point (QAP2) of the Bt Circumcenter Quadrangle
(note Eckart Schmidt).
1 QAP3is the Homothetic Center of the Antigonal Quadrangle and thetCentroid
Quadrangle (the Antigonal of a point X ighe isogonal conjugate of the inverse in
the circumcircle o the isogonal conjugate of X.eg [17a]).
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QAP3 is the Perspector of the QMiagonal Triangle (QATrl) and the Triangle
formed by the Miquel points of the 3 Qudrigons of the Reference Quadrangle
(QATr2). See [15]whereQ@ ¢ EO AAD ODRBO®DEAU OBAEAOOD
QA-P3 is the Isogonal Conjugate of the Complement of A wrt the QA
Diagonal TriangleQATrl. See [15ftheorem 25.

QA-P3 is thelsogonal Conjugate of the Anti@mplement of QAP28 wrt the QA
Diagonal Triangle QATT1.

QA-P3 is the Isogonal Conjugate of QR4 wrt the Miquel Triangle QATr2 [15c¢
page 5].

QA-P3 lies on the acumcircle of the triangle formed by the 3 QAversions of the
1st QuastCircumcenters (QGP5).

QA-P3lies on the circumcircle of the triangle formed by the 3 QAersions of the
2nd QuastDe Longchamps Points (not registered Q@oint).

QA-P3 is the common intersection point of the 3 QAersions of QLCi6, the
Dimidium Circle (note Eckart Schmidt).

QA-P3 lies on the Ninepoint Conic (QACo1).

QA-P3 lies on the conic QAC04.

QA-P3lies on the QADT-P4 Cubic (QACuUl).



QA-P4: Isogonal Center
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picture below, it is the Inverse of the Isogonal Conjugate of Pi wrt (circumcircle) PjPkPI.

Many properties of this point are listed by Stérk [16] under the nam® 4 ACAT OEAT B OT EC
wrt the QA-DT-P4 Conic (QACul).Other properties also can be found in [15f].

In the discussion of Hyacinthos message$Sée [11]#19635, #19649) the point is seen as

Homothetic Center.It is calledthe Isogonal Centebecause it can be constructed as

Homothetic Center of the Reference Quadrangle with the 2nd Isogonal Conjugate

Quadrangleand becauset has an isogonal cojugate relationship with basic points QA

P2 and QAP3 (seeproperties below).

Pi = Vertices

Qi = Isogonal Conjugates of Pi wrt Pj Pk PI

Qi* = Inverse of Qi wrt circle(Pj,Pk,PI)

QA-P4 = Isogonal Center

1st CT-Coordinate

a2 (a2qr/p + b2r + qz2 S (p+g+r))
1st DT-Coordinate:

b2c2p4-atg2rz+ (b2 -c?) p2 (-c2 g2 + b r2)

Properties:
1 QAP4 lies on these QAines:
Z QAPL1l.QAP7
Z QAP2.QAP6 (2 : -1 => QAP4 =Reflection of QAP2 in QAPS6)
Z QAP8QAPZ3
Z QAPI10.QAP28 (4:-3)
1 QAP4=Homothetic Center of the 2 Circumcenter Quadrangle See [23].
= Homothetic Center of the 2 Perpendicular Bisector QuadrangleSed9] .
1 QAP4 = Homothetic Center of the ® Isogonal Conjugate Quadngle
1 QAP4 = Homothetic Center of the st Circumcenter Quadrangle
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and the st Isogonal ConjugateQuadrangle See [11] #19635.
QA-P4 = Inverse of Isogonal @jugate of Piwrt (circumcircle) Pj.Pk.PISee[18].
QA-P4 = Isogonal Conjugate of thReflectionof Pi in QAP2 wrt Pj.Pk.PISee[18].
QA-P4 = Isogonal Conjugate of QR3 wrt the Miquel Triangle QATr2.
See [15¢ page 5
QA-P4 = Anticomplement of the Isogonal Conjugate of @23 wrt the QA
Diagonal TriangleQATrl. See [15f] theorem (25).
QAP4 lies on thebth point tangent (see QAL/1) at QA-P3.
QA-P4 is also the second intersection point of the circéghrough the Miquel
Point (QL-P1) and 2 opposite vertices ofa QA-Quadrigon.
QA-P4 lies on theQADT-P4 Cubic (QACuUl).
Let M = Diagonal Point Pi.Pj * Pk.PI.
Now M.QAP4 and M.QAP2 are symmetric wrt the angle bisector of lines Pi.Pj
and PkPI for all permutations of (i,j,k,N (1,2,3,4). Sed16] page 8
Let ABCD be a Quadrangle.
The 4 circles ABC, ABIBCD, CAD can be seen from ¢4 under the same angle.
That's why this point is also called the Isoptic Point.
This feature is especially the case when 1 of the 4 points lies within the triangle of
the other 3 points (see [16]and [22]).
At Quadrigonlevel the Pedal Quadrangle of QR4 is a parallelogram with center
QA-P6 (Paraboh Axes Crosspoint). See [15 fheorem (23).
At Quadrigonlevel QAP4 is the ClawsorSchmidt Conjugate of the Diagonal
Crosspoint (QGP1). See [15f] theorem (28).
The IsogonalCenter of the Quadrangle S1.S2.S3.®A is the Involutary
Conjugate(QA-Tf2) of QAP4 (note Eckart Schmidt).



QA-P5: Isotomic Center

The Isotomic Center is the Perspector of the Reference Quadrangle with the Isotomic
Conjugate Quadrangle.

Stated inanother way:

The Isotomic Center is the common intersection point of lines Pi.Qi, where Pitx
guadrangle vertice Qi = Isotomic Conjugate of Pi wrt Pj.Pk.PI for all permutations of
(,j,k,D N (1,2,3,4).

Pi = Quadrangle Vertices

P3 Qi = Isotomic conjugate of Pi wrt Pj.Pk.PI

QA-P5 = Isotomic Center

Construction:
QA-P5 is the Reflection of theAnticomplement of QAP1 (wrt the QADiagonal
Triangle) in QAP1.

1st CT-Coordinate

g r (g+r) (2p+g+r) (note that this formula is independent of a,b,c)
1st DT-Coordinate:

-4 (p*+ P r2) + (p2+ ¢ + 12)2

Properties:
1 QAPS5 lies on theseQA lines:
Z QAPL1l.QAP10=QAL3 (4:-3)
z QAP17QAP19

Z QAP29.QAP34 (3:-2)
T QAPS5 lies on these Qdnes:
Z QGP2.QGP4 (3:-2)

1 QAPS is the Reflection af

Z QAP20in QAP1

Z QAP19in QAP21
1 QAPS5 is the Anti@mplement of QAP20 wrt the QADiagonal Triangle.
1 QAPS5.QAP1: QAP1.QAP10: QAP10.QAP20=3:1: 2.
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QAP5 forms with the vertices of theQA-Diagonal Triangle a quadrangle that
shares the same centroid with theReference @adrangle.

QA-P5 is thelnvolutary Conjugate (see QAf2) of QAP17.

QA-P5lies on theConic QACo4.

QA-P5lies on the Cubics QACU2 and QACu4.



QA-P6: Parabola Axes Crosspoint

The Parabola Axes Crosspoint is the intersection point of the axes of thp&abolas that
can be constructed through P1, P2, P3, Pl.is also is the Midpoint of the EulerPoncelet
Point QAP2 and the Isogonal Center QR4.

Because these parabolas only can be constructed when tReference @adrangle is not
concave a better definition of this pointis: @he Midpoint of the Euler-Poncelet Pant and
the Isogonal Cented.

Because the property related to the parabals is much more appealinghis point after its
primary function.

It also can be reasoned that in a concave quadrangle this point represents the
intersection point of the axes of themaginary parabolas.

QA-P2 = Euler-Poncelet Point
QA-P6 = Parabola Axes Crosspoint

QA-P4 = Isogonal Center

F2.g

P1 P2

1st CT-Coordinate
adQrre+epreSs+Ppires-pqr(@(PE+q+nS+2((pS-q$2-rS2)
1st DT-Coordinate:
P2 (b2Ss r2+ @ S g2 -c2b2p?)

Properties:
1 QAPG lies on theseQA lines:
Z QAPlQAP23
Z QAP2.QAP4 (1:1=QAP6 = MidpointQAP2QAP4)
Z QAP28.QAP29 (-1: 2 = QAP6 =Reflection of QAP29 in QAP28)
1 QAPG is the hvolutary Conjugate(see QATf2) of QAP30.
1 QAPG lies on the Simson Line (QR6.QAP36) of QAP2 occurring on the
circumcircle of the QADiagonal Triangle.
1 For all QAQuadrigons QAPG is the center of the Pedal Quadrangle of &t
(Isogonal Center) , which is a parallelogram.
See [15 f] theorem(23).



QA-P7: QA-Nine-point Center Homothetic Center

The QANine-point Homothetic Center (QAP7) isthe homothetic center of the
Reference Quadrangle with the Quadrangleomposed of four 2d generation Nine-point
Centers (point X(5) in ETC[12]).

Qi = Ninepoint Center (X5) of Triangle Pj.Pk.PI
Ri = Ninepoint Center (X5) of Triangle Qj.Qk.QlI

P
P
"

QA-P7 = Ninepoint Homothetic Center

’/ ‘\
» R
P A P2
’ N
’ \h
.

1st CT-Coordinate
atqrip+3pS+qY+rZ+(p+q+r(B338+23%)
1st DTCoordinate:
-BS-N)p*+(BS+SSE+SC) P22+ (33 + S S+ Sb?) p2rz-atqg2r2

Properties:
1 QAPT7lies on this line:
z QAP1.QAP7
1 QAP7.QAP8// QAP2.QAP4.QAPG.
1 QAPT7 is concyclic with QAP2, QAP8 and QAP23.



QA-P8: Midray Homothetic Center

The Midray Homothetic Center (QAPS) is the homothetic center of the Reference
Quadranglewith the Quadrangle composed ofour Midray Circumcenters.

The Midray Circumcenters are theCircumcenters of the trianglesVlj.Mi.M; for all
permutations of (i,j,k,)) ¥ (1,2,3,4), where M; = Midpoint(Pi,Pj), etc.

Qi = Midray Circumcenter of Pi wrt Pj.PKk.PI
Ri = Midray Circumcenter of Qi wrt Qj.Qk.Ql
QA-P8 = Midray Homothetic Center

R1.R2.R3.R4 is homothetic with P1.P2.P3.P4

1st CT-Coordinate
A QRr2+ 2 R Scpr2+ 2 @ S p2R
+42Spqr(ptgH) +pgr(@Sp+a&czq+a&b?r)
1st DTCoordinate:
BS-S)p*-BS+(S-3) F)p?22-(B33F+ (S-3 ) ) p2r2-3 ag?r?

Properties:
1 QAPS lies on this line:
Z QAP4.QAP23
1 QAPS8 is ollinear with QA-P1 (Centroid) andthe Reflectionof QAP4 in QAP2.
1 QAP7.QAP8/I QAP2.QAP4.QAPG.
1 QAPS8 is concyclic with QAP2, QAP7 and QAP23.



QA-P9: QA-Miquel Center

Derived from the famous Miquel Bint occurring in the QL-environment, there also is a
Miquel Center inthe QA-environment.

It is the common point of the 3 Miquel Circlesanstructed in the 3Component
Quadrigons of the Reference Quadrangle.

Miquel Circle-1

Miquel {f:irc\e—ﬂ o

Miquel Circle-2 €

TN o _
LR P2 .
. . - K Miquel Gircle-3
Mlqugl,@ir/de-B € |

1st CT-Coordinate
2T Ty (-a2 Ts Ta/ (q+r) + b2 T3 Ts / (p+l’) +C2T4Ts / (p+q))
-2 b2c? (p+g+r) (-a?(p+q+r) T7 Ts/ (g+r) + ToTsTe/ (p+r) + T1 Te T7/ (p+Q))

where:
Ti=+2q2+Rp2+2Spq To=+2r2+@ p2+2Spr
Ts=+R2r+ Sq Ta=+@Qq+Sir
Ts=+p+ Sq Te=+@p+ Sr

Tr=+q (&r-S0q) + pSaq + 1)
Te=+r (Ssq-<r) +p(Sar+ Q)
To=+4r(Sq+Sr) +p(-Sr+cq)

Properties:

1 QAP9 is concycliowith the 3 vertices of theMiquel Triangle (see QATTr2).

1 QAP9 is theReflectionof the intersection point of the QACul Cubic and its
asymptote in the ciraamcenter of the Miquel Triangle (note Eckart Schmidt).

1 The 3 mutual intersection points of the Xonstruction circles unequal QAP9 lie
on the Nine-point Conic of the CircumcenteQuadrangle of the Reference
Quadrangle.

The Circumcenter Quadrangle is the quadrangle formed by the Circumcenters of
the 4 componenttriangles of the Reference Quadrangle.

1 The Reference Quadrangle and theu@drangle formed by the vertices of the QA
Diagond Triangle and QAP4 (Isogonal Center) share the same @diquel Center.



QA-P10: Centroid of the QA-Diagonal Triangle

QA-P10 is the Catroid of the Diagonal Triangle of a Quadrangle.

The Diagonal Triangle of a QuadranglelP2.P3.P4 is the triangle builfrom the
intersection points S1 = P1.P2 * P3.P4, S2 = P1.P3 " P2.P4 and S3 = P1.P4 ~ P2.P3.
These points haveCT-coordinates: S1=(p:q:0)S2=(p:0:r)S3=(0:q:n
Because of the symmetry in S1, S2, S3Rliangle Genters wrt S1.S52.Sas described in
[12]#1 AOE + E [Erkcyklodedtal ofCTdaDgle Centers also will be Quadrangle
Centers. However only those points contributing to theoints derived from component
Quadrigons orcomponenttriangles will be described here as Quadrangle Ctas.

The Centroid of the Diagonal Triangle does contribute to thgoints describedearlier.
The relation with the Isotomic Center QAP5 ismost special.

Biagonal Triangle

e
L)

o

e
-
.
-
e

%, S1

QA-P5, .
Isotomic Center

1st CT-Coordinate
p@+n@p+qg+r)

1st DT-Coordinate:

1
Properties:
1 QAP1O0lies onthese QAlines:
Z QAPL1.QAP5 (4:-1)

QAP2.QAP29 (2 : 1 => QAP29=Complement of QA2 wrt QADT)
QAP4.QAP28 (4:-1)

QAP11.QAP12 (1: 2 =>QAP11=Complementof QA-P19 wrt QADT)
QAP16.QAP19 (1: 2 => QAP16=Complementof QA-P19 wrt QADT)
QAP30.QAP36 (2 : 1 =>QAP36=Complementof QAP30 wrt QADT)

N N N N N



QAP10 lies on this Q@ine:

Z QGP1.QGP2 (2 :1=>Q&P2=Complement of QA21 wrt QADT)
QA-P10 is the Reflection of Q425 in QAP26.
QAP5.QAP1 : QAP1.QAP10: QAP10.QAP20=3:1: 2.
This is the same ratio as used in the construction of theu@drangle CentroidG
using componenttriangles (when Gi = Centroid Pj.Pk.Pl then Pi.&.Gi=3: 1).
As a consequenc@uadrangle S1.52.S3.QR5 and the Reference Quadrangle
P1.P2.P3.P4 sharthe sameCentroid (QA-P1).
QA-P10 is thelnvolutary Conjugate (see QAT2) of QAP16.



QA-P11: Circumcenter of the QA -Diagonal Triangle

QA-P11 is the Circuncenter of the Diagonal Triangle of a Quadrangle.

QAP
/ Circumcenter DT

—-_.___directrix-1

direcfrix—Z

Parabola-2

1st CT-Coordinate
-2qr(2Sp2qr+Ta) +(ScTepr+ S Tcpq) +23p2qr(g+r) (p+g+r),
where:
Ta=-a2Q2r2+ 2 p2r2+ @ p2 Q2
Teg= +a2q2r2_b2p2r2+ CZp2q2
Te=+2q2r2+ R p2r2-c2p2 2
1st DT-Coordinate:
az

Properties:
1 QAP11 lies on these QAines:
Z QAP2.QAP30 (1:1=>QAP11=Midpoint QAP2.QAP30)
Z QAP10.QAP12 (1: 2 =>QAP11=Complement of QA?12 wrt QADT)

1 QAP11 point is the center of the circumscribed circle through the vertices of the
QA-Diagonal Triangle. This circle is interesting becaus@A-P2 (Euler-Poncelet
Point) is situatedon it.

1 QAP11 is the intersectionpoint of the directrices of the 2 parabolas of the
Reference Quadrangle.

1 QAP11is collinear with QAP10 (Centroid DT), QAP12 (Orthocenter DT), QA
P13 (Nine-point Center DT) on theEuler Line of the QA-Diagonal Triangle.

1 QAP11 is the Gergonnésteiner point (QA-P3) as well as the Isogonal Center (QA
P4) from the Quadrangle formed by the vertices of the Diagonal Triangle and QA
P2 (Euler-Poncelet Point).



1 QAP11 is concyclic with thelnvolutary Conjugate (see QATf2) of QAP11 and
the foci of the QAParabolasQA2Col



QA-P12: Orthocenter of the QA-Diagonal Triangle

QA-P12 is the Orthocenter ofhe Diagonal Triangle of a Quadrangle.

~OAP11
+* Circumcenter DT

5, 51

Euleriine DT

. QA-P12
~~ Qrthocenter DT

1st CT-Coordinate
(2Sp2qr+Ty) (@2qr+Spq+3pr),
where:
Ta=-a202r2+ 2 p2r2+ @ p2q?
1st DT-Coordinate:
S

Properties:
1 QAPI12lieson these QAlines:
Z QAP2.QAP36 (2:-1=>QAP12 is Reflection of QA2 in QAP36)
Z QAP10.QAP11 (-2:3)
z QAP14.QAP33  (-2:3)
Z QAP29.QAP30 (-1:2=>QAP12 is Reflection of QA230 in QAP29)
1 QAP12 is thelnvolutary Conjugate (see QAf2) of QAP23.



QA-P13: Nine-point Center of the QA-Diagonal Triangle

QA-P13 is theNine-point Center of the Diagonal Triangle of ®uadrangle.

It is also the center of the circumcircle of the Medial Triangle (MT) of th@ A-Diagonal
Triangle (DT).

The sides of the MT areéangential to both Quadrangle Parabolas.

S3 P
‘ Triangle 0
5 B

QAP
.~ Circumcenter DT

o1

Euleyiine DT

SQAP12
/,’ Orthocenter DT

1st CT-Coordinate
-2qr(2Sp2qr+T) +(STepr+STcp )22 S p2qr (g+n) (3p+g+r),
where:
Ta=-a202r2+ 2 p2r2+ @ p2q?
Te=+20q2r2-b2p2r2+ @ p2 g2
Te=+22r2+ @ p2r2-c2p2 g2
1st DFCoordinate:
S+S$S<

Properties:
1 QAP13lies on these QAines:
Z QAP10.QAP11 (-1:3)
Z QAP29.QAP36 (1:1=>QAP13 = Midpoint QAP29.QAP36)
Z QAP30.QAP35 (5:-1)
1 QAP13 = Midpoint of QAP11.QAP12.
1 QAP13 =the center of QACi2,the circumcircle of the Medial Triangle (MT) of
the QA-Diagonal Triangle (D).
1 QAP13 = QAcentroid (QA-P1) of the quadrangle formed by the vertices of the
Diagonal Triangle and QAP12.
1 QAP13 = QACentroid of Quadrangle QA2.QAP3.QAP12.QAP20.



QA-P14: Centroid of the Morley Triangle

The QL:Morley Points (QL-P2) of the 3 Quadrigons of the Referenc@uadrangle form a
triangle Mo1.Mo2.Mo3.

The QLQuasi Ortholines(see paragraph QLL6: Quasi Ortholing of the 3 Quadrigons of
the Reference Quadrangle pass through Mol, Mo2, Mo3ddmappen to bethe medians of
the Morley Triangle.

Their commonintersection point is the QAQuasiOrtholine Point.

This point is also the Centroid of the Morley Triangle

" QAP14=
* Intersection point Quasi Ortholines
* Centroid of the Morley Triangle

al]‘aisionholine 2

P1l .~ ' ) e \P2

Quasi Ortholine 3

1st CT-coordinate:
RS Ta-(02S+ S Toc+ (P SH-c2S)p(g-1) (g +71)2
+2a&b2(p-q)(p+qpr+2a&c2q(p-r(p+r)?
where:
Ta= BP22+3pF+2qr+9pGr+5r+3Pr2+9pqr+6Fr2+3pr+5qgn)
Toe=(q+nN(6pP+9pPq+9pPr+4p+4pr+3fr+3qr+10pqr)
1st DT-coordinate:
28pt-SS(-P2P+HR+1)2+2(S+23A)p2q2+2 (S +2%b?Y) p2r2-4 (at- S ) g2 r2

Properties:
1 QAP14 lies on these QAlines:
Z QAPL1l.QAP24 1:2)
Z QAP12.QAP33 (2:1)
1 QAP14 divides QAP12.QAP33 in line segments with ratio 2:1 (QAP33 =
Complement of QA P12 wrt the Morley Triangle).
1 QAP14 divides QAP24.QAPLin line segments with ratio 2:1 QAP24=
AntiComplement of QA P12 wrt the Morley Triangle).
1 QAP14 is the Centroid of Triangle QA 12.QAP24.QAP37.



QA-P15: OrthoCenter of the Morley Triangle

The QL:Morley Points (QL-P2) of the 3 Quadrigons of the Reference Quadrangle form a
triangle Mo1.Mo2.Mo3.

The QLMorley Lines (QL-L4) of the 3 Quadrigons of the Reference Quadrangle pass
through Mol, Mo2,Mo3. So heir common intersectionpoint could be calledthe QA
OrthoPoint.

The QL:Morley Lines also happen to be the altitudes of the Morley Triangle.

So their common intersection pointis alsothe OrthoCenter of the Morley Triangle.

QA-P15 =
* Intersectionpoint Morley Lines
* OrthoCenter of the Morley Triangle

MorleyiLine 3

1st CT-coordinate:
adP+a)(P+nNPEE@+r)+@+n(@+qr+r)
Dtp+a)(@+rn) Cp+r(@@+rE+p@+n(@+3n+pE@Bg+57)
<cp+N@+n@p+ag@+rp+p@+n@g+n+pa(Gag+3r)
+t@b2(p+q)(2pPg+qr(@+rp+pr(@+n@2q+nN+p2eE+5qr+e)
t@c (p+n)@2pir+qr(@+re+pq(@+n@r+a)+p@2r2+5qr+d))
+h2c? (q+1) (4p*+10p2(q+r)+2qr(g+rp+p(q+r) (3g+r)(q+3r) + B (992 + 22q r + 9P))

1st DT-coordinate:
2S2pH(p2+ @-r2) (p2- 92+ 12) -S2 2 (3 (p2-12)3- g2 (p2-12) (3 p2+ 5 1)
-gt (-p2+ R +12) -S2 12 (3 (p?2-92)3- (P2-g2) B P2+ 5 @) r2-r4(-p2+ g+ r?))
+S (-8 Rr2(2p*-p2g2-p2r2+2 ¢ r2) + (-p2+ ¢ + r2)4)
B Sp*(Se(p?-07) @+ S (p?-1?) )+ S p2 (4 212 (p2 + P + 1) + (P2 - G2 -12)9)

Properties:
1 QAP15lies on the line QAL6 (QANewton-Morley Line).
1 QAP15 is the circumcenter of the Q&10 circle in the QAenvironment (QG
P10=2nd Quasi Orthocenter) (note Eckart Schmidt).



QA-P16: QA-Harmonic Center

The triangle formed by the 3 QArersions ofQGP12 (Inscribed Harmonic Conic Center)
is perspective with the QADiagonal Triangle.Their Perspector is QAP16.

QA-P16 partakes in many QAParallelities and with many QACrosspoints (seeQA/3 and
QA/5).

12a/12b/12¢c = QA-versions of QG-P12
QA-P16 = QA-Harmonic Center

TP P2 2\ i

QA-P16 is the perspector of the triangles formed by the 3 Q¥ersions of QGP12
(Inscribed Harmonic Conic Center) and the QMiagonal Triangle.

QA-P16 is theintersection point of the tangents at the vertices of the QM®iagonal
Triangle and QAP10 to the QADT-P10 Cubic (QACuU3).



Construction:
Construct QAP16 as a complement of the Isotomic Conjugate of the AntiComplement of
QA-P1 wrt the QADiagonal Triangle

1st CT-coordinate:
pR2p+qg+r)

1st DT-coordinate:
pZ

Properties:
1 QAPI16 lies on theseQAlines:
Z QAP1.QAP21 (-1:2=> QAP16 = Reflection QA21 in QAP1)
Z QAP10.QAP19 (-1:3)
1 QAPI16 lies on this Q@ine:
Z QGP1.QGP12=QGL2
QAP16 is theReflection of QAP19 in QAP31.
QAP16is theInvolutary Conjugate (see QAf2) of QAP10.
QAP16 = QAP10-Ceva conjugate of Q&1 wrt the QADiagonal Triangle.
QA-P16 is collinear with QGP1, QGP12, QGEP13, QP13 on Q&E-2.
QAP16 is the 4" Perspective Point in the row Q&213, Q&EP12, QEP1 on line QG
L2 (see [26] Perspective Fields part II).
QAP16 lies on the Gnic QACO05.
QAP16 lies on the @bics QACuU3 and QACu4.
1 QAP16 is the pole of the Gbics QACulz QA-Cu5 when seen as IsoCubicsrtv
the QADiagonal Triangle and with the Involutary Conjugate as Isoconjugation.
1 QAP16 is the intersection point of the tangents at the vertices of the @Biagonal
Triangle and QAP10to the QADT-P10 Cubic (QACuU3).
1 QAP16is the @mplement of QAP19wrt the QA-Diagonal Triangle
1 QAP16 is the AntiComplement of Q431 wrt the QADiagonal Triangle.
1 When the Reference Quadrangle is convex, th€@AP16lies in the overlap of the
Quadrangle and itSQA-Diagonal Triangle
1 The 3 variants of Q&.2 in aQuadrangle concur in QAP16.
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QA-P17: Involutary Conjugate of QA -P5

QAP17 is the Involutary Conjugate of QA°5.

Pi = Quadrangle vertices (i=1,2,3,4)
QA-P5 = Isotomic Center

QA-P17 = Involutary Conjugate of QA-P5.

As a consequencehe line QAP5.QAP17 is the common tangent of the circumscribed
conics P1.P2.P3.P4.QR5 and P1.P2.P3.P4.QAL7.

QA-P17 is the intersection point of the tangents at the vertices of the @diagonal
Triangle and QAPS5 to the QADT-P5 Cubic (QACuU2).



1st CT-coordinate:
ar 2p+qg+r) (@r@+r-p(pP+qg+r)(F+r2))

1st DT-coordinate:
P2/ ((p4-(g2-12)2) -2 p? (-p2 + @ + 12))

Properties:
1 QAP17 lies on thisQAdline:
z QAP5.QAP19
QA-P17 is thelnvolutary Conjugate (see QA2) of QAPS.
QAP17 lies on the Gnic QACO05.
QAP17 lies on theCubics QACuU2 and QACuU4.
QA-P17 is the intersectionpoint of the tangents at the vertices of the Q®iagonal
Triangle and QAPS5 to the QADT-P5 Cubic (QACU2).
1 QAP17 is the Isotomic Center of the Quadrangle formed by the vertices of the
QA-Diagonal Triangle and QAP5 (Isotomic Center).
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QA-P18: Involutary Conjugate of QA-P19

QA-P18 is the Involutary Conjugate of Q419.

£P4

QA-P18 ‘ o
Pi = Quadrangle vertices (i=1,2,3,4)

“P3
QA-P18 = Involutary Conjugate of QA-P19
QA-P19 = AntiComplement of QA-P16
.............. wrt the QA-Diagonal Triangle
............................................ QA-P19

As a consequence the line QR18.QAP19 is the common tangent of the circumscribed
conics P1.P2.P3.P4.QR18 and P1.P2.P3.P4.QRA19.

QAP18 is the intersection point of the tangentst the vertices of the QADiagonal
Triangle and QAP19 to the QADT-P19 Cubic (QACu4).



1st CT-coordinate:

p@+r)@2p+g+n(F+pg+pr-qr)
1st DT-coordinate:

pz/ (-p>+ ¢ +1r?)

Properties:
1 QAP18 lies on this QAine:
Z QAPL1l.QAP5= QALS.
QA-P18 is thelnvolutary Conjugate (see QAf2) of QAP19.
QA-P18 lieson the line QAP1.QAPS5.
QAP18 lies on the QADT-P19 Cubic (QACu4).
QA-P18alsolies on the tangent at QAP19 to the QADT-P19 Cubic (QACu4),
which is also the tangent aQAP19 to the Conic(P1,P2,P3,P4,Q/R19),
which is also the tangent at Q418 to the Conic (P1,P2,P3,P4,JA18).
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QA-P19: AntiComplement of QA -P16 wrt the QA -Diagonal Triangle

QA-P19 is the AntiComplement of Q416 wrt the QADiagonal Triangle.

QA-P19 has several properties. See properties below.

QAP19 is the intersection point of the tangents at the vertices of the Reference
Quadrangle to the QADT-P19 Cubic (QACu4).



