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validity of involved item.
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INTRODUCTION

This encyclopedia is giving illustrations and a descriptiomf properties related to Poly-Figures.
Here a PolyFigure is defined as @lane geometrical figure of n points and/or n lines, where n is a
natural number > 1.
In this Encyclopedia wewill use these terms:

1 n-Gon, meaninga figure consisting of n points and n lines connected in a fixed order,

1 n-Point, meaning a figure consisting of n rasiom points without order,

1 n-Line, meaning a figure consisting of nandom lines without order,
where n isanatural number >1.

For the different values of n we have these Polffigures:
n=3 Triangle

Well-known figure consisting of 3 points and 3 lines.

* Triangle = 3-Point = 3-Line = 3Gon.

Describedin the Encyclopedia of Triangle CenterETC SeeRef12.
n=4 Quadi-Figure

* Quadrangle (4Point),

* Quadrilateral (4-Line),

* Quadrigon (4Gon).

Dexribed in the Encyclopedia of Quadri FigureEQFE
n=5 PentaFigure

* Pentangle (5-Point)

* Pentalateral (5-Line)

* Pentagon (5Gon)

Familiar names forPolygons or rGonswhen n>5are:
n=6 Hexagon

n=7 Heptagon

n=38 Octagon

n=9 Nonagon or Enneagon
n =10 Decagon

n =11 Hendecagon

n =12 Dodecagon

n =13 Tridecagon

n =14 Tetradecagon

n =15 Pentadecagon

n =16 Hexadecagon

n =17 Heptadecagon

n =18 Octadecagon

n =19 Enneadecagon

n =20 Icosagon

n = 30 Triacontagon

n = 100Hectogon

etc.



n-Lines, n-Points and n-Gons
In EPGthree basicplatforms occur:
f n-Line, meaning a figure consisting of n ranaim lines without order.
All objects of an nLine will be prefixed with AL-O 8
f n-Point, meaning a figure consisting of n raslom points without order.
All objects of an n-Point will be prefixed with OT-0 8
' n-Gon, meaning a figure consisting of n points and n lineyclically connected in a fixed
order. All objectsofann’ 11 xEI1 1 AA DBOAELZEGAA xEOE O

Recursive processes

Like described before a Polygon has n vable points/lines whether or not in a fixed order.

There are similar points in Polygondor alln > 2

For example when n = 3 we have aBine or a triangle and in a triangle we have a circumcircle and a
circumcircle has a circumcenter X(3).

When n = 4 wehave a 4Line or a quadrilateral containing 4 component 3Lines/T riangles, each

having a circumcenter X(3). These 4 circumcentersdi | T A AEOGAATAOAGAEBAI Dag 4E

CenteAEOAIT A6 EAO AP4AEOAOI AAT OAO 1,
When n =5 we have a4ine or a Patalateral containing 5 component 4L|nes/QuadriIateraIs, each

having a 4Line circumcenter. These 5 circumce# OO0 1 EA 11 A# AEOAOAEAAI Rdd O
OuCentelA E OAT A 6cirdidcenteA v
Etc.

This takes a lot of words just describing a rel@vely simple recursive construction method.

By using simple notation techniques we can simplify the wording of these kind of statements.

For example above sentences can be simplified by stating:

@\n n-Line contains n (n-1)-Lines. So in an fLine n (n-1)L-circumcenters can be constructed. These
circumcenters are always concyclic and therefore define an atenter-circle having an nl:
circumcenter. This recursive process starts with the circumcircle of a-Bine.6

m-Lines and p-Lines

By introducing another nofation we can even simplify these wordings.

In the recursive process we often deal with (fl)-Lines or (n+1)-Lines.

To indicate that we talk about an ALine of a lower or upper level we can talk aboutn-Linesor p-
Lineh xEAOA Oi o AT A ODETOOORD AOA IODAIOD @68
So now we can say:

Q\n n-Line contains nm-Lines So in an FLine nmL-circumcenters can be constructed

instead of:

@\n n-Line contains n(n-1)-Lines So in an ALine n(n-1)L-circumcenters can be constructed.
This notation will be used whenever convenient.

The neos-system: n-Points, e-Points, o-Points and s-Points

In the Encyclopedia of Polygon Figures different types of points will be distinguished.

an n-Point is a recursive point that occurs in all fLines for n=natural number >2.

an e-Point is a recursive point that occurs in all rLines for n=evennumber >2.

an o-Point is a recursive point that occurs in all FLines for n=oddnumber >2.

ans-Point is a nonrecursive but specificpoint only occurring in ann-Line for n =specffic natural
number > 2

For example thenotation for a point will be:

f nL-n-P1, meaninggeneralrecursive Point1inannLineh xEAOA 1T AAT AA
f nL-e-P1 meaningeven-recursive Point 1 in an ALine, where ncan beeveni O AAOO
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f nL-0-P1, neaningodd-recursive Pointlinann, ET Ah xEAOA 1T AAT AA 1T AA
f nL-s-P1, meaningspecific non-recursive Point 1 in an nLine, wheren is specifially c h T h v h

1 Etc.

This implies that we will have different sets of points.

n-Points, ePoints, o-Points will be described in general.

s-Points will be described for the fixed number oh it occurs with.

The sameinfixes -n-, -e-, -0-, -s- will alsobe used for Lines, Circles, Cubics, Quartics,

Transformations, etc.

Here are some examples forhines:
5L-n-P1, meaning generatecursive Point 1 in a 5Line
6L-e-P1, meaning everrecursive Point 1 in a 6Line
7L-0-P1, meaning oderecursive Point 1 in a7-Line
8L-s-P1, meaning specific nofrecursive Point 1 in a1 8-Line

Central Points/Centers
Desciibed pointsin the Encyclopedia of Polygon Figureactually wilbe OA AT O OA1T b1 ET 006
OA AT GKe@n@anifg of a central point/center best can be given with an example.
For example in 3Line/triangle we have 3 lines L1,L.2,L3.
We havethe intersection point Si2 of L1 and L2. This not a central point.
We have the circumcentelO of the circumdrcle. This is a central point.
S12 is not a central point in a d.ine because it is not equally dependent on the 3 basic elements of a
3-Line, namely L1,L2,L3.
However O is a central point in a 3.ine because it is equally dependent on the 3 basic elements of a
3-Line, namely L1,L2,L3.
The same can be done in aUldine figure, etc.
In literature little is written about central points in a Polygon.
Clark Kimberling defines in ETQseeRet12) a triangle center like this:
Suppose a point P has a trilinear representation
f(A,B,C) : g(A,B,C) : h(A,B,C) such that
() g(A,B,C) =1(B,C,A)
and h(A,B,C) = f(C,A,B);
(i) f(A,C,B) =1(A,B,C);
(iii) if P is written as
u(a,b,c) : uig,c,a) : u(c,a,b), where a,b,c are the sagths of triangle ABC, then u is
homogeneous in the variables a,b,c. (By the law of sines and (i), such u must exist.)
Then P is driangle centerpr simply acentet
Benedetto Scimemi proposes in his documerientral Points of the Complete Quadrangiésee Ref
36):
Let E be the Euclidean plane; a(  ngonal)central point P is a symmetric mapping:
En_ E which commutes with all similarities d (in the sense that

P(G(A))=G(P(A))). Likewise one defines central lines, central scalars,
central conics etc. If this definition is studied analytically, some
interesting algebraic questions naturally arise.

Important for the Encyclopedia of Polygon Figures is that we only describe Central Points/Centers
and related Central Lines, Central Conics, etc.



How many Poly -Points /Centers do potentially exist?
When using the notion of Point here we actually mean a Qead Point or Center. See paragraph just
before.

In Triangle Geometrywery many Points are described inRet12, the Encyclopedia of Triangle
Centers€TQ8 ! T A OEAO8O 111U EOOO OEA AACEITETCS8
Points can be combined giving rise to other points. So it loshkike there is no end in the number of
Triangle points.

In Quadri Geometryess points are described
However there isthe DT-method (Diagonal Trianglemethod) for making 4L-points/4P -points from
ETGpoints (being 3L-points/3P -points):
For Quadrilaterals (4-Line figure) as well as Quadrangles (Point figure) we have a
Diagonal Triangle (resp. QiTrl and QATTr1). These are Triangles and every EFgoint in
these triangles becone a Quadrilateral/Quadrangle-Point in the system of the Reference
Quadrilateral-/Quadrangle because their construction is strictly symmetricMaybethey are
not very interesting points because generally there are hardly relations with existing
Quadrilateral-/Quadrangle-Points. However the principle counts.
Then there is also theRef/ Per2-method of making 4L-points from ETGpoints (3L-points):
Let Ref be a Reference Quadrilateral of linesl,L-2,L-3,L-4.
Let P-i = ETCGpoint Px of triangle (Lj.Lk.LI), where (i,j,k,l) are different numbers from
(1,2,3,4).
Let Lp-i be the perpendicularsfrom P-i on L-i (i=1,2,3,4).
Now we have a 1st generation perpendicular quadrilateral Perl.
By doing the same construction on Perl (instead of on Ref ) we get a 2nd generation
perpendicular quadrilateral Per2.
For several ETGpoints it has been checkedhat all the time Ref is homothetic with Per2
(except for cases with extremities)Because the construction is strictly symmetri¢chere will
be for all these ET&points Px a Qkhomothetic center (HC) QEPXx.
See QFG#937,#1938.

This is not only true for Qualri Geometry but also forPoly Geometry

There is also at leasthe MVP-method for making nL-points and nP-points from ETGpoints (3L-

points):
Every Triangle Center can be transferred to a corresponding point in anline by a simple
recursive construction. The resulting point which will be called an ntEMVP Center, where
MVP is the abbreviation for Mean Vector Point.
Definition: A MeanVector Point (MVP) is the mean of a bunch of vectors with identical
origin. It is constructed by adding these vectors andhen dividing the resultant vector by n.
The Mean Vector Point is the endpoint of the divided resultant vectoln all n-Lines we can
use any random point as origin. Thendpoint of the resultant vectorwill be invariant for all
different origins.
When X(i)is a triangle Center we define the iMVP X(i}Center asthe Mean Vector Point of
the n (n-1)L-MVP X(i)}Centers.
When the (n1)L-MVP X(@i}# AT OAOO AOAT 80 ET T x1T OEAU AAI
Centers another level lower, according to the same deition. By applying this definition to
an increasingly lower level finally the level is reached of the 3MVP X(i}Center, which
simply is the X(i) Triangle Center4 EAT EO AAT AA OOI 11 AA O6pPo6 OI
See QFG#869,#873,#878,#881.

>
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Still it is too early to say thatthere are more PolFigure-points thenTriangle-points because posdily
there are general mechanisms creating ET@oints from nL- or nP-points.



n-Lines

nL-1: General recursive Objects in a n n-Line
Many general objects in an +Line are described by ProfFrank Morley in the period 18861930.

-1 01 AUd O A E Glintadehddybyalgeblaid Approached ) T EEO OEI A EO AOAI

possible to check his discoveries in drawings because of the complicdtecursive character.
His documents are often hard to understandin detail. Howeverinvolved documentswere piece by

pieceOAAAT AAA6 AO OEA ATA T A& ¢mpt AU "AOT AOA +AEUAON

encyclopediain a discussion at the¥ahoo QuadriFigures Group(Ref-34). Se especially messages
#826-#917. Accordingly they are mentioned in EPGand completed with drawings using Cabror
Mathematica software

For quick insightpictures of n-Linesoften are representd by figures bounded by n linesegments.

How many (n -1)-lin es can bemade up from an n-Line?

Many of the recursive constructions are based upon the property that from anline exactly n
different (n-1)-Lines can be made up. This caasily be deducedby omitting one line from the n-
Line. This will leave behind an(n-1)-Line. Since exactly n Lines can be omitted there will be n
different (n-1)-Linescontainedin an n-Line. The (n-1)-Linesin an n-Line will be calledthe
Component (n-1)-Lines. The remaining line after choosing an (rl)-Line in an nLine will be called
the omitted line .

) T AAOAOE b OE iLihe@ontids n@A) EQ A O 61 -Lin©harmComponent (v)-
Linesd 8 7EAT x A x Aiffe@nt GdjectdobcAréng iA(B-A)-Lines we say that there are n
versions of these (R1)L-objects.

The nersions of an olject often will be noted with asuffix consisting of un underscore and a

1 0 AAO ph 8h Th ETAEAAOET ¢ OEA 5-link dokdains b 4EINeS E A
and thereforehas 5 41-MVP-Centroids (4L-n-P8). They will be noted 8 4L.-n-P8_1, 4kn-P8_24L-n-
P8 34L-n-P8 4 and4L-n-P8 5.The suffix number at the end is the number of the omitted line.

Ratiopoint

A Ratiopoint R is a point collinear to two other given points X,Y and with the distances to these two
other points in agiven ratio.

This method is for example used for Mn-P5, nl-n-P7, nl-n-pi.

(n)
(m)

R = Ratiopoint P.Q (-m:n) P Q

(m) (n)

P R =Ratiopoint P.Q (m:n)

9k

(m)
(n)

P Q R = Ratiopoint P.Q (m:-n)

I'i EO



Recursive Eulerline situated pointsinann -Line

There are different ways ofconstruction of Eulerline points to a higher nLine level.

All methods are based upon the cenéd property that from any n-Line n versions of (r1)-Lines can
be constructed.

Triangle points are X(2)=Centroid, X3=Circumcenter, X(4)=Orthocenter, X(5)=Nhpoint Center.

- 1 01 Ading:0

3L-point | 4L-point 5L-point 6L-point

X(2) QL-P22 5L-n-P2 6L-n-P2 Etc.
X(3) QLP4 5L-n-P3 6L-n-P3 Etc.
X(4) QL-P2 5L-n-P4 6L-n-P4 Etc.
X(5) QL-P30 5L-n-P5 6L-n-P5 Etc.
Distance ratios/El O - TEQérliAdboitds are notpreserved at the different nlevels.

MVP Points: Multi Vector Points:

3L-point | 4L-point 5L-point 6L-point

X(2) 4L-n-P8 =QL-P12 5L-n-P8 6L-n-P8 Etc.
X(3) 4L-n-P9 =QL-P6 5L-n-P9 6L-n-P9 Etc.
X(4) 4L-n-P10 =QL-P2 5L-n-P10 6L-n-P10 Etc.
X(5) 4L-n-P11 =Midpoint (QL-P2,QL-P6) | 5L-n-P11 6L-n-P11 Etc.

Distance ratiosfor MVP Eulerline pointsare preserved at the different nlevels.



nL-n-P1: nL-Centric Focus

ATriangle (3-Line) has a circumcircle. Morleyin Ref49 calls this circlea Gntercircle.

In aQuadrilateral (4-Line)there are 4 @mponent 3-Lines whose 3LCentercircle centers ae
concyclic on the 4LCentercircle. Moreover the 4 3L-Centercrcles have a common point, thdL-
Centric Focus.

In aPentalateral (5Line)there are 5 @mponent 4-Lines whose 4l-Centercircle centers are
concyclic on the 5LCentercircle.Again the 5 4L-Centrcircles have a common point,he 5L-Centric
Focus.

Etc.

Goormaghtigh(Ref55) named this point the Centr[cAFocus peAcaus:e\in §1L4ne thig, poiptjs the A

Focus of the inscribed parabola (QiCol).na4, ET A EO Al 01 EO OEA 11 AA
(QL-Qu1l).

Moreover nL-n-Plis the node of the generalized Mono Cardioid also called the ARiMono
EnnaCardioid described by Morley irRet47. This n.-Mono EnnaCardioid is a curve circumscrilnig
all (n-1)L-Centercircles. Seal-n-Cvl.

3-Line 4-Line 5-Line

The 3 vertices of the 3-Line The 4 centers of the 4 3L-Centercircles The 5 centers of the 5 4L-Centercircles
define the 3L-Centercircle. define the 4L-Centercircle. define the 5L-Centercircle.
The 4 3L-Centercircles are concurrent The 5 4L-Centercircles are concurrent
in the 4L-Centric Focus. in the 5L-Centric Focus.

Correspondence witETCEQF:
When n=4 then nL-n-P1 = QLP1

Properties:
91 5L-n-P1is collinear with 9.-0-P2 and 3.-n-P3.
1 5L-n-Plis a point on 3.-0-Cil andinversion of 5L-0-P2wrt 5 L-n-Cil (QFG#722, Octobr 6,
2014, Eckart Schmidt)
1 5L-n-P1isa nodeof the Mono EnnaCardbid nL-n-Cv1 circumscribing n (n1)L-
EnnaCardioids (r1)L-n-iCvl. SedRef37.

| £



nL-n-P2: nL-Morley 6 Centroid

In accordance b the Encyclopedia of Tiangle Centers (Ref12) the 2nd center is a @ntroid.

Morley describes inRef49 an nL-Circumcenter (\L-n-P3), an nl-Orthocenter (nL-n-P4) and annL-
n-Nine-point Center nL-n-P5)A0O EA AT AOI 6 O AthedAiEAA A # A1 OOI
Eckat Schmidt describes inRef34, QFG#880 annt# AT OOT EA OAI1 A GGvdimddiiter - T O

(nL-n-P3) and nL-Orthocenter (nL-n-P4): nL-n-P2 = Ratiopoint nL-n-P3.nL-n-P4 (n-2 : 2). For

explanation of Ratiopoint see nkl.

This centroid is also the Homothetic Center of the Referenceliine and the riLine formed by the
lines through nL-n-P5 parallel to Li.See Levetup Construction nl-n-Luc5a.
Because it iderived from Morleyo Qentersit is called Morleyd Qentroid.

3-Line 4-Line 5-Line
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3L-n-P2 = 3L-n-P3.3L-n-P4 (1 : 2)

4L-n-P2 = 4L-n-P3.4L-n-P4 (2: 2)

5L-n-P2 = 5L-n-P3.5L-n-P4 (2 : 3)

ALLOCATION OF POINTS ON THE EULERLINE

GENERAL n-Line

(n-2) (2)
nL-nP5
nL-nP3 nL-nP2 nL-nka
(n-2) (1)
TRIANGLE
2) (1) (3)
X(3) X(2) X(5) X)
QUADRILATERAL
(3) (1 2)
QL-P4 QL-P22 QL-P30 QL-P2

Situation in an n-Line:

nL-nP2 = nL-Morley Centroid

nL-nP3 = nL-Morley's Circumcenter
nL-nP4 = nL-Morley's 2nd Orthocenter
nL-nP5 = nL-Morley's 2nd Circlecenter

Situation in a TRIANGLE (n=3):
X(2) = Triangle Centroid

X(3) = Triangle Circumcenter
X(4) = Triangle Orthocenter

X(5) = Triangle Nine-point Center

Situation in a QUADRILATERAL (n=4):
QL-P2 = QL-Morley Point

QL-P4 = QL-Miquel Circumcenter

QL-P22 = QL-NPC Homothetic Center
QL-P30 = QL-Morley's Second Circle Center

E
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Correspondence witETC/EQF:
When n=3, thennL-n-P2 = X(2).
When n=4, thennL-n-P2 = QLP22.

Properties:
1 nL-n-P2is also the HomotheticCenter of the Reference4kine and the nLine formed by the
lines through the n (n1)L-versions of nl-n-P2 parallel to the omitted Line



nL-n-P3: nL-- I Ol AUS6 O # E wAndit GeBtérOAO ¥

ATriangle (3-Line) has a circumcircle. Morleyin Ref49 calls this circle a Centercircle.

In aQuadrilateral (4-Line) there are 4 component3-Lines whose 3l-Centercircle @nters are
concyclic on the 4kLCentercircle.

In aPentalateral (5Line)there are 5 component4-Lines whose 4LCentercircle @&nters are
concyclic on the 5L-Centercircle. Etc.

Morley proved in Ret49 that there exists a Centercircle in an4kine for all n, built from the centers
of the Centecircles from the @mponent m-Lines.

The Center of this Centercircle ishortly namedthe Centric Center ly Goormaghtigh inRef55.
This nL-Certric Center is the basis foiseveralother Morley points.

-1 01 A u 0 o A QO oO&EgHfor thid @@tﬁnmeﬁ@%

constructing some otherpoints. In this notation nL-n-P3 = po (or in EPGnotatlon. nL-n-p0).

3-Line 4-Line 5-Line

The 3 vertices of the 3-Line The 4 centers of the 4 3L-Centercircles The 5 centers of the 5 4L-Centercircles
define the 3L-Centercircle. define the 4L-Centercircle. define the 5L-Centercircle.

Correspondence witiETC/EQF:
When n=3 then nL-n-P3= X(3).
When n=4 then nL-n-P3= QL-P4.



nL-n-P4: nL-Morley's 2nd Orthocenter

- T O1 AdDihocenter is described by Morley as the common point of the perpendiculaldevel
up ConstructionnL-n-Lucl) from the n points nL-n-P5 of the Component rrLines to the omitted line

ofthg F‘Qefergnce~¢ine.' . . o o . o o o
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The perpendiculars from the 4 versions of 3L-nP5 The perpendiculars from the 5 versions of 4L-nP5
to the omitted line coincide in 5L-nP4.

The perpendiculars from the 3 vertices
to the omitted line coincide in 4L-nP4.

of the 3-Line coincide in 3L-nP4.
Define 3L-nP5 = 3L-nP4.3L-nP3 (1:1). Define 4L-nP5 = 4L-nP4.4L-nP3 (1:2). Define 5L-nP5 = 5L-nP4.5L-nP3 (1:3)

Correspondence witiETC/EQF:
When n=3, thennL-n-P4 = X(4).
When n=4, thennL-n-P4 = QLP2.

Properties:
1 nL-n-P4 is alsathe External Homothetic Center ofiL-n-Cil &nL-n-Ci2. Sedref49.



nL-n-P5: nL-Morley's 2 nd Circle Center
Morley defines a 2d circle with radius 1/ (n-1) radius of the centric circle (1/2 for the triangle and
1/3 for the quadrilateral, etc.). The location of the center of this second circle is defined &se
Ratiopoint nL-n-P4nL-n-P3 (1: n-1).

nL-n-P5 can be constructed in aecursive way:
9 Construct the perpendiculars of then versions of (n-1)L-n-P5 of the Component (Al)-Lines

to the omitted line. They will concur innL-n-P4.
1 ConstructnL-n-P5 =nL-n-P4nL-n-P3 (1: n-1).

For the triangle, the 2d circle is the EulerGrcle (or Nine-point Circle or Feuerbach @cle) with

center the Ninepoint Center X(5) being3L-n-P4.3_-n-P3 (1:1).

The 4perpendiculars drawn from the 4 points of the Component 3.ines to the 4h line concur in

the 2nd Orthocenter of the 4Line being 4.-n-P4. The cente of the 2vd circle in the 4-Line will be at
1/3 on the segment 4.-n-P4.4L.-n-P3 of the 4Line.

The 5 perpendiculars drawnfrom the 5 points of theComponent4-Lines to the 5thline concur in
the 2nd Orthocenter of the 5Line being 9.-n-P4. The center of the 2vd circle in the 5-Line will be at

1/4 on the segment 3.-n-P4.9_-n-P3 of the 4Line, etc.

4-Line

3-Line

—F
IF
A:y\,
The perpendiculars from the 3 vertices The perpendiculars from the 4 versions of 3L-nP5 The perpendiculars from the 5 versions of 4L-nP5
to the omitted line coincide in 4L-nP4. to the omitted line coincide in 5L-nP4.
Define 5L-nP5 = 5L-nP4.5L-nP3 (1:3).

of the 3-Line coincide in 3L-nP4.
Define 3L-nP5 = 3L-nP4.3L-nP3 (1:1). Define 4L-nP5 = 4L-nP4.4L-nP3 (1:2).

Correspondence witETC/EQF:
When n=3, thennL-n-P5 = X(5).
When n=4, thennL-n-P5 = QLP30.

Properties:
T nLnOv EO OEA AAT OAOircle @nCi.Ol AUGO 3AAITTA



nL-n-P6: nL-Least Squared Distances Point

nL-n-P6 is the unique point in an ALine with the LeastSum of Sgared Distances to its n Lines.
nL-n-P6 can be constructed in a recursive way:

3-Line 4-Line 5-Line

ThenL-n-P6 point can be constructed becausia an n-Line the points with an equal sum of squared
distances lie on an ellipseSeeRet34, QFG #1617, #1622.

This ellipse with a Fixed Sum of Squared Distances is called here an fflipse and when passing
through P it is called the PFSDellipse. The point with Least Sum of Squared Btances is the center
of anyFSDellipse.

A PFSDellipse can be constructed bylrawing lines in an nLine through P parallel to the n Lines.
Now on each of these parallel lines there will be a second point next to P witie same fixed sum of
squared distances also lying on the-FSDellipse. When wdind 5 of these second points we have
defined a conic and this conic should be the-PSDellipse. Actually 4 points will be enough for
construction because P is per definitioralso on the conic.

Per level a PFSDellipseis constructed that will be transferred tothe next level. The center of the P
FSDellipse isnL-n-P6 for that level.

Construction in a3-Line (triangle):

This is the lowest level which differs from the generkcase.

1. Let P be some arbitrary point and K be the Symmedian Point X(6) in a triangt&6) is the nlL-
Least Squares Point of a triangle.

2. Draw lines Lp1,Lp2,Lp3hrough P parallel to the sidelined.1,L2,L3,

3. Let KL,K2,K3be the intersection points d Lpl,Lp2,lp3 and the resp. symmedians througlthe
triangle vertices L2"L3, L3"L1, L1ML2.

4. Let S1,S2,S3 be the reflections of P in K1,K2,K3

5. Let Pr be the reflection of P in K.

6. The conic through P, Pr, S1, S2,\8ill be the P-FSDellipse.

In a smilar way we can construct a ##SDellipse in a 4Line (quadrilateral).
1. LetL1,L2,L3,L4 be the 4 defining lines of theldne.
2. Draw lines Lp1,Lp2,Lp3,Lp4 through arbitrary point P parallel to the sidelines L1,L2,L3,L4.



3. We are searching for the smnd point on Lpl with same sum of squared distances to L1,L2,L3,L4

as P has. When we vary P on Lpl at least the distance to L1 is fixed. So we have to find the point with
fixed sum of squared distances to L2,L3,L4. This is the F8Iangle problem like described here

before. So construct the FFSDellipse wrt triangle L2.L3.L4. Let S1 be then®intersection point of

this P-FSDellipse with Lpl. S1 has the same fixed sum of squared distances to L1,L2,L3,L4 as P.

4. Accordingly we can construct S2, S3, S4.

5. The conic through P, S1, S2, S3, S4 will be thESDellipse in a 4Line (quadrilateral).

6. The center of this ellipse is QP26 indeed.See EQF.

In a smilar way we can construca P-FSDellipse in a 5Line (pentalateral).

1. Let L1,L2,L3,L4,5 be the 5 defining lines of the BLine (pentalateral).

2. Draw lines Lp1,Lp2,Lp3,Lp4,p5 through arbitrary point P parallel to the sidelines
L1,L2,L3,L4,L5.

3. We are searching for the second point on Lp1 with same sum of squared distances to
L1,L2,L3,L4,L5 a® has. When we vary P on Lpl at least the distance to L1 is fixed. So we have to
find the point with fixed sum of squared distances to L2,L3,L4,L5. This is the F8langle-problem
for a 4-Line like described here before. So construct the-PSDellipse wrt quadrilateral L2.L.3.L4.L5.
Let S1 be the ® intersection point of this P-FSDellipse with Lpl. S1 has the same fixed sum of
squared distances to L1,L.2,L3,L4,L5 as P.

4. Accordingly we can construct S2, S3, S4, Sb.

5. The conic through P, S1, S2, S3 V8l be the P-FSDellipse in a 4Line (quadrilateral). It will
appear that S5 is also on the conic.

6. The center of this ellipse will be the LSIpoint of a 5-Line.

In a recursive way PFSDellipses can be constructed in every4hine (n>2) and the centerof this P-
FSDellipse will be the LSDpoints of the n-Line.
AnotherConstruction:

Coolidge describes in Re25 a general method for constructing this point in an #Line.
In this picture an exampleis given in a 4Line, where nl-n-P6 = QLP26.

Li = Quadrilateral Line i (i=1,2,3,4)

QL-P26 = Least Squares Point

Sb

This construction is a modified version ofthe construction of Coolidge.



Let O (origin), A and B beandom non-collinear points.

Go = Quadrangle Centroid of the projection points of O on the n basic lines of the Referent@n.
Ga = Quadrangle Centroid of therojection points of O on the n lines through point A parallel to the
n basic lines of the Reference Quadrilateral.

Gb = Quadrangle Centroid of the projection points of O on the n lines through point B parallel to the
n basic lines of the Reference Quadaieral.

Let Sa = Ga.Go * O.Gb and Sb = Gb.Go * O.Ga.

Construct Al on line O.A such that Sa.Ga : Ga.Go = O.A: A Al

Construct B1 on line O.B such that Sb.Gb : Gb.Go = O.B : B.B1.

Construct P such that O.A1.P.B1 is a parallelogram and where O and P are sippw@ertices. P is the
Least Squares PoinbL-n-P6.

Correspondence with ETC/EQF:
When n=3, thennL-n-P6 = X(6).
When n=4, thennL-n-P6 = QLP26.



nL-n-P7: nL-Hervey Point

The Hervey Point is defined by Morley as the endpoint of the sum of n vectdievelup

Construction nL-n-Luc3) with common origin nL-n-P3 and endpoints the r{concyclic) lower level

points (n-1)L-n-P3.

Goormaghtigh describes this fLine point in Ret55 referringtl - T Ol A U8 Gefd9lai©disA 1T O
it the Hervey Point, because i Quadrilateral this point coincides with a pointearlier describedby
Hervey (QL-P3). )

Morley describes inRef49 some recursiveintermediate B 1 E 1 ;0@ i=Q) D , n/2 (seenL-n-pi) that

are useful for constructingother points. In this notationnL-n-P7 = p (or in EPGnotation: nL-n-p1).

3-Line 4-Line 5-Line ;

faLn-R7= v~ T
/ \ +dpva e

\ o2
2

The 3 vertices of the 3-Line define the The 4 centers of the 4 3L-Centercircles The 5 centers of the 5 4L-Centercircles

3L-Centercircle. define the 4L-Centercircle. define the 5L-Centercircle.
3L-n-P7 is the endpoint of the sum of the 4L-n-P7 is the endpoint of the sum of the 5L-n-P7 is the endpoint of the sum of the
3 corresponding vectors in that circle. 4 corresponding vectors in that circle. 5 corresponding vectors in that circle.

Correspondence witiETC/EQF:
When n=3, thennL-n-P6 = X(9.
When n=4, trennL-n-P6 = QLP3.

Properties:

1 The ratio d(nL-n-P7,(n-1)L-n-P3) : d(nL-n-P7,(n-1)L-n-P7) is fixed for all n Component m
Lines, where me(n-1). According to Goormaghtigh'see Ref55) this ratio = Radius-of-
Centercircle : d(r.-n-P1,nL-n-P3).

1 Ina5Line construct the 5 versions of QL4 (Morley Line) in each Component 4.ine. They
form the 1st generation Morley 5Line. Do the same processithe 1st generation Morley 5
Line. This leads to the ® generation Morley 5Line consisting of 5 lines concurring in &-n-
P7. This point is also theommon point QL-P3 of all Component 4Lines of the ¥t generation
Morley 5-Line. SeeRet34, QFG # 826.

1 Ina6Line thesix5L-versions of 5l-n-P7 are coconic.



nL-n-P8: nL-MVP Centroid

nL-n-P8 is the nl-Mean Vector Point(seenL-n-Luc4) of X(2), the Triangle Centroid.

3-Line 4-Line 5-Line
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3L-n-P8 is the 3L-Centroid. P is a random point and the origin of the vectors P is a random point and the origin of the vectors
with endpoints the 4 3L-Centroids. with endpoints the 5 4L-MVP-Centroids.
4L-n-P8 is the endpoint of the SumVector / 4. 5L-n-P8 is the endpoint of the SumVector / 5.
4L-n-P8 is independent of the location of P. 5L-n-P8 is independent of the location of P.

Another construction of ntMVP Centroid:

The 4L-MVP-Centroid QL-P12 is construced from 3L-MVP-Centroid X(2) using 4polar Centroids.
The5L-MVP-Centroid can be generatedrom 4L-MVP-Centroid QL-P12in a similar way using 5

polar centroids.

Each lineof the 5 linesin a 5-Line has 4 intersection points with the 4 other lines.

These4AT 11 ET AAO BT ET OO0 AAT AA OAAT AO A Ol Ao NOAAC
Centroid also called here a-polar Centroid.

P3

P4
@)

(1)

1
P1 P2

P1 G12 G123 P2 G1234 P3 P4

4-polar centroid of 4 collinear points P1,P2,P3,P4

determine point G12 on P1,P2 (1:1) = midpoint (P1,P2)

determine point G123 on G12,P3 (1:2) = tripolar centroid (P1,P2,P3)
determine point G1234 on G123,P4 (1:3) = 4-polar centroid (P1,P2,P3,P4)




In a 5-Line there are 5Component Quadrilaterals. The lines connecting the @Centroids of these
Component Quadrilaterds with their corresponding 4-polar centroids concur in one point beingbL-
n-P8.

Centroid in Pentalateral L1.L2.L3.L4.L5

e G1 = Quadrilateral Centroid (L2,L3,L4,L5)
4 G2 = Quadrilateral Centroid (L3,L4,L5,L1)
G3 = Quadrilateral Centroid (L4,L5,L1,L.2)
G4 = Quadrilateral Centroid (L5,L1,L2,L3)
G5 = Quadrilateral Centroid (L1,L2,L3,L4)

. g1 = 4-Polar Centroid Centroid ($12,513,514,515)

< / g2 = 4-Polar Centroid Centroid (S23,524,525,521)
a4 T g3 = 4-Polar Centroid Centroid (534,535,531,532)
" / g4 = 4-Polar Centroid Centroid (S45,541,542,543)

! L3
N / g5 = 4-Polar Centroid Centroid (S51,552,553,554)
G2 kP‘G,‘{':_‘;, s
05 et _,)‘-*::‘**-r\ e The lines G1.g1, G2.g2, G3.g3, G4,g4, G5.g5 concur in
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L5 o |/ - ;
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In the same waythe 6L-MVP-Centroid alsocan be generatedrom the 5L-MVP-Centroid, etc.

Correspondence with ETC/EQF:

In a 3-Line:
3L-n-P8 =3L-MVP Centroid = X(2)
3L-n-P9 =3L-MVP Circumcenter = X(3)
3L-n-P10 =3L-MVP Orthocenter = X(4)

3L-n-P11 =3L-MVP Ninepoint center = X(5)
In a 4Line we find:

4L-n-P8 =4L-MVP Centroid =PR12 (4L-Centroid)
4L-n-P9 =4L-MVP Circumcenter = QL-P6 (Dimidium Point)
41L-n-P10 =4L-MVP Orthocenter =2 (Morley Point)

4L-n-P11 =4L-MVP Ninepoint center = Midpoint (QL:P2,QL-P6)

Properties:
 nL-n-P8,nL-n-P9,nL-n-P10 andnL-n-P11 are collinear.Their mutual distance ratios
correspond with the mutual distance ratios from triangle centers X(2), X(3), X(4) and X(5)
1 nL-n-P8 is also the Homothetic Center of the Referenceline and the nLine formed
by the lines through the n (rl)L-versions of nL-n-P8 parallel to the omitted Line.So
starting with X(2) in a triangle it can be gradually constructed up to all highern
levels in this way.



nL-n-P9: nL-MVP Circumcenter

nL-n-P9is the nL.-Mean Vector Point(seenL-n-Luc4) of X(3), the Triangle Circumenter.

3-Line 4-Line 5-Line
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3L-n-P9 is the 3L-Circumcenter. P is a random point and the origin of the vectors P is a random point and the origin of the vectors
with endpoints the 4 3L-Circumcenters. with endpoints the 5 4L-MVP-Circumcenters.
4L-n-P9 is the endpoint of the SumVector / 4. 5L-n-P9 is the endpoint of the SumVector / 5.
4L-n-P9 is independent of the location of P. 5L-n-P9 is independent of the location of P.
Correspondence with ETC/EQF:
In a 3-Line:
3L-n-P8 =3L-MVP Centroid = X(2)
3L-n-P9 =3L-MVP Circumcenter = X(3)
3L-n-P10 =3L-MVP Orthocenter = X(4)

3L-n-P11 =3L-MVP Ninepoint center = X(5)
In a 4-Line we find:

4L-n-P8 =4L-MVP Centroid =PR12 (4L-Centroid)
4L-n-P9 =4L-MVP Circumcenter = QL-P6 (Dimidium Point)
41L-n-P10 =4L-MVP Orthocenter =2 (Morley Point)

4L-n-P11 =4L-MVP Ninepoint center =Midpoint (QL-P2,QL-P6)

Properties:

Y nL-n-P8,nL-n-P9,nL-n-P10 andnL-n-P11 are collinear. Their mutual distance ratios
correspond with the mutual distance ratios from triangle centers X(2), X(3), X(4) and X(5).



nL-n-P10: nL-MVP Orthocenter

nL-n-P10 is the n.-Mean Vector Poinf{(seenL-n-Luc4) of X(4), the Triangle Orthocenter.

3-Line 4-Line 5-Line
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3L-n-P10 is the 3L-Orthocenter. P is a random point and the origin of the vectors P is a random peint and the origin of the vectors
with endpoints the 4 3L-Orthocenters. with endpoints the 5 4L-MVP-Othocenters.
4L-n-P10 is the endpoint of the SumVector / 4 5L-n-P10 is the endpoint of the SumVector / 5.
4L-n-P10 is independent of the location of P. 5L-n-P10 is independent of the location of P.
Correspondence with ETC/EQF:
In a 3-Line:
3L-n-P8 =3L-MVP Centroid = X(2)
3L-n-P9 =3L-MVP Circumcenter = X(3)
3L-n-P10 =3L-MVP Orthocenter = X(4)
3L-n-P11 =3L-MVP Ninepoint center = X(5)
In a 4-Line we find:
4L-n-P8 =4L-MVP Centroid =PR12 (4L-Centroid)
4L-n-P9 =4L-MVP Circumcenter = QL:P6 (Dimidium Point)
41L-n-P10 =4L-MVP Orthocenter = QL:P2 (Morley Point)

4L-n-P11 =4L-MVP Ninepoint center = Midpoint (QL:P2,QL-P6)

Properties:
Y nL-n-P8,nL-n-P9,nL-n-P10 andnL-n-P11 are collinear. Their mutual distance ratios
correspond with the mutual distance ratios from triangle centersX(2), X(3), X(4) and X(5).



nL-n-P11: nL-MVP Nine-point Center

nL-n-P11 is the nl=Mean Vector Point(seenL-n-Luc4) of X(5), the Triangle Ninepoint Center.

3-Line 4-Line 5-Line
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3L-n-P11 is the 3L-Nine-point Center. P is a random peint and the origin of the vectors P is a random point and the origin of the vectors
with endpoints the 4 3L-Nine-point Centers. with endpoints the 5 4L-Nine-point Centers.
4L-n-P11 is the endpoint of the SumVector / 4. 5L-n-P11 is the endpoint of the SumVector / 5.
4L-n-P11 is independent of the location of P. 5L-n-P11 is independent of the location of P.
Correspondence with ETC/EQF:
In a 3-Line:
3L-n-P8 =3L-MVP Centroid =X(2)
3L-n-P9 =3L-MVP Circumcenter = X(3)
3L-n-P10 =3L-MVP Orthocenter = X(4)
3L-n-P11 =3L-MVP Ninepoint center = X(5)
In a 4-Line we find:
4L-n-P8 =4L-MVP Centroid =PR12 (4L-Centroid)
4L-n-P9 =AL-MVPCircumcenter = QL:P6 (Dimidium Point)
41L-n-P10 =4L-MVP Orthocenter = M2 (Morley Point)

4L-n-P11 =4L-MVP Ninepoint center = Midpoint (QL:P2,QL-P6)

Properties:

Y nL-n-P8,nL-n-P9,nL-n-P10 andnL-n-P11 are collinear. Their mutwl distance ratios
correspond with the mutual distance ratios from triangle centers X(2), X(3), X(4) and X(5).



nL-n-P12: nL-QL-P4 Parl/Par2 -Homothetic Center

nL-n-P12 is the Rarl/Par2 -Homothetic Center (L-n-Luc5e) ofmL-n-P12, where m=(n-1).
This recursive construction can berolled up to increasinglarger values of n.
Starting value for n is4, where 4L-n-P12=QL-P4.

General remarks

With reservations nL-n-P12, nl-n-P13, r_.-n-P14 are mentioned as #points in the neossystem(see
nL-1). There are nocontra-indications and all Mathematica calculationsvith numeric examples

until reasonable depth confirm they arerecursive n-points indeed, however there is no synthetic
proof of it yet. So they are mentioned aspoints because their existencés a fact(to a certain n-
level) and thereforethey deserve regstration.

nL-n-P12, nl-n-P13, rn_-n-P14 have starting points at n=4, where they represent QP4, QLLP28, QL
P29, which arecentersrelated to Hofstadter points, resp. H(2)=X(3), H(3)=X(186), HR)=X(265).
Probably there will be corresponding nln-points for centers related to other Hofstadter points H(i).

Construction

The construction of nL-n-P12is as follows.

Every n-Line contains n (n1)-Lines leaving one line being called the omitted line.
Constructlines through the n versions of (R1)L-n-P12 parallel to the omitted line.

These n lines form a new +Line being called Par1l.

In the same way a 2nd generation+hine Par2 can be constructed.

Parlis homothetic to Par2 and so there will be a Homothetic Ceer, which is nL-n-P12.
This recursive construction can be rolled up to increasing larger values of &tarting value
for nis 4, where 4L:n-P12=QL:-P4.

In a corresponding way nkn-P13 and nl-n-P14 are constructed.

oM wWNE

Example in a &.ine

QL-P4 4.4

» QL-P4_2

5L-n-P12 isalsothe Parl/Per2-Homothetic Cente (see nl-n-Luc5g) of QL-P4 wrt the Reference 5
Line, because Par2 coincides with Per2.



___=aQLPad

Correspondence with ETC/EQF:
In a 3-Line:

Any 3L-Parl/Par2-predecessor?
In a 4Line:

4L-n-P12 = QLP4

4L-n-P13 = QLP28

4L-n-P14 = QL-P29

Properties:
1 Ina5Line 5L-n-P12 = Midpoint (5L-n-P7.5L:n-P3).
1 Inab5Line 5L-n-P14 =5L-n-P7. 5:n-P5 (2-1)
1 Itlooks like that for all n Par2 will coincide with Per2.
1

It looks like that for all n the lengths of the line segments of Parl aequal to the
corresponding line segments of Par2 as well as Per2.



nL-n-P13: nL-QL-P28 Parl/Par2 -Homothetic Center

nL-n-P13 is the Parl/Par2-Homothetic Center (nl-n-Luc5e) ofmL-n-P13, where m=(r1).
This recursive construction can be rolled up toricreasing larger values of n.

Starting value for n is 4, where 4in-P13=QLP28.

Seealsogeneral remarksand constructionat nL-n-P12.

Example of 5kn-P13

Example of &-n-P13in relationship to 5L-:s-P9:

Correspondence with ETC/EQF:
In a 3-Line:



Any 3L-Parl/Par2-predecessor?
In a 4Line:
4L-n-P13 = QLP28

Properties:

9 It looks like that for all n the lengths of the line segments of Parl are equal to the
corresponding line segments of Par2 as well as Per2.



nL-n-P14: nL-QL-P29 Parl/Par2 -Homothetic Center

nL-n-P14 is the Parl/Par2-Homothetic Center (nl-n-Luc5e) ofmL-n-P14, where m=(r1).
This recursive construction can be rolled up to increasing larger values of n.

Starting value for n is 4, where 4in-P14=QL-P29.

Seealsogeneral remarksand constructionat nL-n-P12.

Example of 5kn-P14:

4L-n-P14_5

~
= 4Ln-P14_3

N
w«5L-n-P7

Example of &-n-P14in relationship to 5L-:s-P10.

Par2

5L-n-P14 S
N _7_7_#{:»_';
— 75L-s-P10

™ 5L-n-P7

Note: the Homothetic Center of Par2 and Per2 is thiafinityPoint of 5L-n-P14.5L-s-P10.



Correspondence with ETC/EQF:
In a 3-Line:

Any 3L-Parl/Par2-predecessor?
Ina 4Line:

4L-n-P14 = QEP29

Properties:
1 Inab5Line 5L-n-P14 =5L-n-P7. 5l-n-P5 (2-1)

9 It looks like that for all n the lengths of the line segments of Parl are equal to the
corresponding line segments of Par2 as well as Per2.



nL-n-pi: nL-Morley's intermediate recursive pi points

nL-n-pi is a point defined by Morley inRef49.
.1 OA OEAO OEA 1 AOOAO OP6 EO ET 11 xA86 AAOAS
Since itcan occur in all nLines for n>1it is named herenL-n-pi.
The existence of nkn-pi as well as nkn-gi are purely algebraically indicated by Morley.
Morley uses it as intermediate point(s) to make it possible to construct his so called first
Orthocenter (nL-0-P1) as well as his so called Ortho Directrix (ne-L1).
nL-n-pi (i =1, .. ,(R1)/2) is defined in a recursive way:
nL-n-pi = Ratiopoint of

nL-n-p(i-1) and

nL-n-g(i-1) being the centroid of n points(n-1)L-n-p(i-1)

with ratio n : (i-n).
By applying this formula to an inceasingly lower level finally the level is reached unto someL-n-
p0, andnL-n-p0 is defined as follows:
nL-n-p0 = Center of the nkCentric Circle of an FLine, ako called the nkCentric Center beingiL-n-
P3.
The nL-Centric Center now in turn is defined a the center d the circle through the n (n1)L-Centric
Centers.
By applying this definition to an increasingly lower level finally the level is reached of the 3Centric
Center, which simply is the center of the circumcircle of a triangle.
This is the only known item and can be rolledup (wherever it appears)to the required point nL-n-
pi. BasicallynL-n-pi is built from large quantities of triangle circumcenters. These triangles being
formed by the different combinations of the basic lines of the-hine.

Example:
Ratiopoint (7 : -1) of
7L-p0
Ratiopoint (7 : -2) of
7L-p1 and
Centroid of
7 versions of
Ratiopoint (7 : -3) of 6L-PO
7L-p2 and
Ratiopoint (6 : -1) of
6L-p0
Centroid of
7 versions of and
6L-P1
Centroid of
6 versions of
5L-PO
7L-p3 and
Ratiopoint (6 : -1) of
6L-p0
Ratiopoint (6 : -2) of
6L-pl and
Centroid of
6 versions of
5L-PO
Centroid of
7 versions of and
6L-P2 Ratiopoint (5 : -1) of
5L-p0

Centroid of
6 versions of and
5L-P1

Centroid of
5 versions of
4L-PO

) 1
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The first two points for i=0,1 are well known points:
nL-n-p0 =nL-n-P3 = nl-Center Circle Center
nL-n-pl =nL-n-P7 = nl-Hervey Point

Behavior nL-n-pi points for diff erent values of i

4EAOA POI PAOOEAO A-pikoin®hek = oddl (denoteiOd (IGO0 T ,

1
1
1

nL-n-pi has a fixed distance ratio with the n versions of inxn-pi & mL-n-p(i-1), when i=g, ... ,
(n+1)/2, but not for higher values.

For n > 5 here are two orthogonal reflective axes for i=(r1)/2, bisecting angles with lower
level mL-n-pi.X.mLn-p(i-1), where X=nl-o-P1 and m=(n1). See : nko-2L1.

nL-n-pi fori =0,1,2,3, ... ,n culminates in a poimi_-n-pn, which will be the same point as the
centroid of the n lower level points niL-n-p(n-1). That is becausewhen i=n then nL-g(n-1)
=nL-n-pn (Ratiopoint (n:0)).

When i > n the outcome will produce the same pointL-n-pn because the end of iteration
has been reached.

These properties are valid for h-pi points when n = even (denote mL = (n1)L):

T

nL-n-pi has a fixed distance ratio with the n versions of lan-pi & mL-n-p(i-1), when i=g, ...,
n/2, but not for higher values. This distance ratio =1, when i = n/21. As a consequencsL-
n-p(n/2 -1) will be the common point of the perpendiculabisectors of the n pairs ni-n-
p(n/2 -1), mL-n-p(n/2 -2).

When n=even there are nmrthogonal reflective axes at any nkpi bisecting angles with
lower level mL-n-pi and mL-n-p(i-1).

nL-n-pi fori =0,1,2,3, ... ,n culnmates in a pointnL-n-pn, which will be the same point as the
centroid of the lower level points mL-n-p(n-1). That is becausewhen i=n then nL-g(n-1)
=nL-n-pn (Ratiopoint (n:0)).

1  When i > n the outcome will produce the same poimiL-n-pn because the end foiteration
has been reached.
In general: nL-n-p0 =nL-n-P3 = nl-Center Circle Center
nL-n-pl =nL-n-P7 = nl-Hervey Point

forn=odd:  nL-n-p((n-1)/2) =nL-0-P1=nl=- I Ol A@dhGcerter
for n=even: nL-n-p((n/2) -1) =nl-e-P1=nl-- T Ol A Uab&oiderter
See also the notes ailL-n-gi.

Correspondence witiETC/EQF:
When n=3, then:

3L-n-p0 = X(3)
3L-n-pl = X(4)
3L-n-p2 = X(3)
3L-n-p3 =X(2

When n=4, then:

4L -n-p0 = QP4

4L-n-pl = QL:P3

4L-n-p2 =QL-P29

4L-n-p3 = QL:P29.QL:P6 (4-1)
4L-n-p4 = QL:P12



Behavior ofnL-n-pi and nL-n-gi in a 3Line and a 4Line:
(using that in a2-Line every outcome of 2-n-pi=2L-n-gi=L1"L2)

3-Line \ 4-Line
\
\
\
\
A
\
\ N
\ T T
\3L-n-p1_2 — T
\ - \
\ ™
\
\ N, 4L-n-p0 = QL-P4
4L-n-p1 = QL-P3
) \ 4L-n-p2 = QL-P29
3L-n-p0 = X(3 \
n-p0 = X(3) \ 4L-n-p3 = QL-P29.QL-P6 (4:1)
3L-n-p1 = X(4) \ 4L-n-p4 = QL-P12
3L-n-p2 = X(3) aL-n-p1 |
3L-n-p3 = X(2) e \ 4L-n-g0 = QL-PE
i - N e 4L-n-g1 = QL-P2
3L-n-g0 = X(2) n-g3pd, == =AL-n-goig2 . -
3L-ng1 = X(2) [ e T nge-aLpr2
3L-n-g2 = X(2) o )

\ ! /
o\ Y,
AN \ /
N \ Vs
SO\ S
) -
\\TSL;::p“_I _,/ 3L-n-p0_2
\\ \\“‘H o

Behavior of nL-n-pi and nL-n-gi in a 5Line:

5-Line

» SL-n-p4 e O =4L-n-p0 = QL-P4
3 E H =4L-n-p1 =QL-P3
/ \ K = 4L-n-p2 = QL-P29
04 4 \ Ll e M = 4L-n-p3 = QL-P29.QL-P6 (4:-1)

N1 N = 4L-n-p4 = QL-P12
/ 5L-n-g3 = Al \
N2 NN\ / N \ ke
5 X \
‘i 5L-n-g0w" N 5L-n-g1 05 QS
|‘ ;{_gz 5L-n-p0 = /)< g 5L-n-gd/p5 A
| / \ \\ In a 5-Line:
\ y \'\N4 «N5 The Circumcenter of the 5 points 4L-n-p0 is 5L-n-p0.
y N\ The Centroid of the 5 points 4L-n-p0 is 5L-n-g0.
y b o3 \ The Ratiopoint 5L-n-p0.5L-n-g0 (5:-4) is 5L-n-p1.
\\\ .H5 The Centroid of the 5 points 4L-n-p1 is 5L-n-g1.
K3 ’\\ 5[-n-p2% *K5 The Ratiopoint 5L-n-p1.5L-n-g1 (5:-3) is SL-n-p2.
/QM The Centroid of the 5 points 4L-n-p2 is 5L-n-g2.
A AN The Ratiopoint 5L-n-p2.5L-n-g2 (5:-2) is 5L-n-p3.
of // \'\ The Centroid of the 5 points 4L-n-p3 is 5L-n-g3.
5L-n-g2 The Ratiopoint 5L-n-p3.5L-n-g3 (5:-1) is 5L-n-p4.
s \ The Centroid of the 5 points 4L-n-p4 is 5L-n-g4.
e '\ The Ratiopoint 5L-n-p4.5L-n-g4 (5: 0) is SL-n-p5.
5L-n-p3 *
K2
- H3

Note that the results of the lower levels are used in the higher levs.

Theresultsof n-n-DE AOA OEIT x1 &£ O EEph 8 hilh Al OET OCE
in odd cases nio-P1 = nl-n-pi for i = (n-1)/2, and
in even cases in-P1 = nl-n-pi for i =(n/2) -1.



nL-n-gi: nL-Morley's intermediate recursive gi p oints

nL-n-gi is defined as the Centroief n points (n-1)L-n-p(i-1).
.1 OA OEAO OEA 1 AOOAO OPd6 E @RetEdE O TEXOA A AA 8 @RS )AIO -GPO
Morley uses it as intermediate point(s) to make it possible to construct his so called firs
Orthocenter (nL-0-P1) as well as his so called Ortho Directrix (ne-L1).
It is used in the definition ofnL-n-p1.
nL-n-pi = Ratiopoint of
nL-n-p(i-1) and
nL-n-g(i-1) being the Centroid of n pointdn-1)L-n-p(i-1)
with ratio n : (i-n).

Serial steps of construction
4EARA TAATET C 1T & -1 Ol AUBS 6nd&podid cah Hedt BeAArstdAADIDO E OA DE
down the first serial steps for increasing n.

In a 3-Line:

The Circumcenter of the 3 vertices is 3in-p0. = 3L-n-P3

The Centroid of the 3 pints 2L-n-p0 is 3L-n-g0.

The Ratiopoint 3L-n-p0.3L-n-g0 (3:-2) is 3L-n-p1. = 3L-n-P7 = 3L-0-P1
In a 4Line:

The Circumcenter of the 4 points 3tn-p0 is 4L-n-p0. = 41-n-P3

The Centroid of the 4 points 3kn-p0 is 4L-n-g0.

The Ratiopoint 4L-n-p0.4L-n-g0 (4:-3) is 4L-n-p1. = 4L-n-P7 =4l-e-P1
In a 5-Line:

The Circumcenter of the 5 points 4in-p0 is 5L-n-p0. = 5L-n-P3

The Centroid of the 5 points 4kn-p0 is 5L-n-g0.

The Ratiopoint 5L-n-p0.5L-n-g0 (5:-4) is 5L-n-p1. = 5L-n-P7

The Centroid of the 5 points4L-n-p1 is 5L-n-g1.

The Ratiopoint 5L-n-p1.5L-n-g1 (5:-3) is 5L-n-p2. =5L-0-P1
In a 6-Line:

The Circumcenter of the 6 points 5in-p0 is 6L-n-p0. = 6L-n-P3

The Centroid of the 6points 5L-n-p0 is 6L-n-g0.

The Ratiopoint 6L-n-p0.6L-n-g0 (6:-5) is 6L-n-p1. = 6L-n-P7

The Centroid of the 6 points 5kn-p1 is 6L-n-g1.

The Ratiopoint 6L-n-p1.6L-n-g1 (6:-4) is 6L-n-p2. = 6L-e-P1
In a 7-Line:

The Circumcenter of the 7 points 6tn-p0 is 7L-n-p0. = 7L-n-P3

The Centroid of the 7points 6L-n-p0 is 7L-n-g0.

The Ratiopoint 7L-n-p0.7L-n-g0 (7:-6) is 7L-n-p1. = 7L-n-P7

The Centroid of the 7 points 6kn-pl is 7L-n-g1.

The Ratiopoint 7L-n-p1.7L-n-g1 (7:-5) is 7L-n-p2.

The Centroid of the 7 points 6kn-p2 is 7L-n-g2.

The Ratiopoint 7L-n-p2.7L-n-g2 (7:-4) is 7L-n-p3. = 7L-0-P1
In a &Line:

The Circumcenter of the 8 points 7in-p0 is 8L-n-p0. = 8L-n-P3

The Centroid of the 8 points 7kn-p0 is 8L-n-g0.

The Ratiopoint 8L-n-p0.8L-n-g0 (8:-7) is 8L-n-p1. = 8L-n-P7

The Centroid of the 8 points 7kn-pl is 8L-n-g1.
The Ratiopoint 8L-n-p1.8L-n-g1 (8:-6) is 8L-n-p2.



The Centroid of the 8 points 7kn-p2 is 8L-n-g2.
The Ratiopoint 8L-n-p2.8L-n-g2 (8:-5) is 8L-n-p3. = 8L-e-P1

As can be seen always nh-p0 = nL-n-P3 and nl=n-p1 = nL-n-P7.

For even nnL-n-p((n/2) -1) = nL-e-P1.

For odd n,nL-n-p((n-1)/2) = nL-0-P1.

After all the whole circus with pi- and gi-points is developed by Morley forconstructing nL-o-P1and
nL-e-P1. A bycatch is that nkn-p1 = nL-n-P7, but nl-=n-P7 also can be constructed as a vectorsum
(seenL-n-Luc3 andnL-n-P7).

See also the notes atlL-n-pi.

Correspondence with ETC/EQF:
T Ina3Line:
3L-n-g0 = 3L-n-g1 =3L-n-g2 = 3L-n-g3 = X(2).
T Ina4Line:
4L-n-g0 = QL-P6
4L-n-gl = QP2
4L-n-g2 = QL-P6
4L-n-g3= QL:-P12
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Since Morley described the equivalents of a circumcenter (rh-P3), an orthocenter (nl-n-P4) and a
Nine-point-center (nL-n-P5) in a general ALine which also happen to be collinear it is evident that
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For the allocation of the centroid, circumcenter, orthocenter and ning@oint center on the nlL-
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Next figure gives an example of nib-L1 in a SLine.

Correspondence witiETC/EQF:
When n=3, then nkn-L1 = Triangle EulerlineX(3).X(4), with
1 3L-n-P2 =Centroid X(2)
1 3L-n-P3 =CircumcenterX(3)
1 3L-n-P4 =Orthocenter X(4)
1 3L-n-P5 =Nine-point Center X(5)

When n=4, then nkn-L1 = Quadrilateral EulerlineQL-P2.QL-P4, with
1 4L-n-P2 =Centroid-equivalent QL-P22
1 4L-n-P3 =Circumcenter-equivalent QL-P4
1 4L-n-P4 =Orthocenter-equivalent QL-P2
1 4L-n-P5 =Nine-point Center-equivalent QL-P30

Properties:
1 nL-n-P2, nL-n-P3, nl-n-P4, nl-n-P5 lie on nl-n-L1.



nL-n-L2: nL-MVP Eulerline

The nL-MVP Eulerline is the line conecting collinear points nl-n-P8, nL-n-P9,nL-n-P10,nL-n-P11.
For the allocation of the centroid, circumcenter, orthocenter and ning@oint center on thenL-MVP
Eulerline see nl-n-P8.

Next figure gives an example of nih-L2 in a 5Line.

Correspondencwith ETC/EQF:
When n=3, then nkn-L2 = Triangle Eulerline X(3).X(4), with
1 3L-n-P8=Centroid X(2)
1 3L-n-P9=CircumcenterX(3)
1 3L-n-P10=Orthocenter X(4)
1 3L-n-P11=Nine-point CenterX(5)

When n=4, then nkn-L2 = Quadrilateral EulerlineQL-P2.QL-P6, with
1 4L-n-P8=Centroid-equivalent QL-P12 (4L-Centroid)
1 4L-n-P9 = Circumcenterequivalent QL-P6 (Dimidium Point)
1 4L-n-P10= Orthocenter-equivalent QL-P2 (Morley Point)
1 4L-n-P11= Nine-point Center-equivalent Midpoint (QL-P2,QL-P6)

Properties:
M nL-n-P8 nL-n-P9,nL-n-P10, nL-n-P11 lie on nL-n-L2.



nL-n-iL1: nL-Morley & Axes

Morley describes in his documenRet37, page 470 that in an ALine nn1 Axescan be constructed
mutually crossing at angleofi.A/n. Moreover the angles of these axes with some random line will
bethemeanagl A 1T £ OEA AT ithkiGt rdndBm Jing éventudlly ddrretted Wwith

i.AN,

So in a Triangle (3Line) there are 3x3 axes mutually crossing at i.60These are thesides of the
well-known equilateral Morley Triangle complemented with 6 other parallel axes.

In a Quadrilateral (4-Line) there are 4x4x4 axes mutually crossing at i.#45These 64 axes are hardly
known and there is no literature known about its constructian.

In the Yahoo QuadrFigures Group(Ref-34) there was a discussion in the period October 2014
April 2015 on this subject by Bernard Keizer (France), Eckart Schmidt (Germany) and Chris van
Tienhoven (Netherlands). Finally Bernard Keizer found a solutiorof the construction of these axes
in a 4-Line. SeeRef34, QFG#1032. The general method forhines was described by Chs van
Tienhoven. SedRet34, QFG#138.

Construction:
The Lighthouse Theorem is needed for constructintpe nL-Morley Axes.

1. The Lighthouse Theorem was discoveed by R. K. Guy of the University of @ary (Ref-
57).The Lighthouse Theorem describes how regular polygons can be constructed from the
intersection points of reqular beamsemanating fromtwo Lighthouses.

2. For constructing the nl-Morley Axes an extended version of the Lighthouse Theorem is
introduced of ncollinear Lighthouses also producingsemi-)regular polygons. The

Theorem in a triangle. The rtended Lighthouse Theorenis OOA £01 &£ O AT 1 OO0O0OA O]
Axes in an ALine.

3. According to the regular Lighthouse Theorenthere should be known two points
(Lighthouses) and two initial lines (beams) emanating from these points and a number n
describingthe anglea/n with which the beams n timeswill be rotated (n is a natural
number). The result is n regular rgons.

4. According to the extended Lighthouse Theorem when are known oollinear points
(Lighthouses)with a set of accompanying initial beams&nd anumber n describing the angle
A/n used for rotating thebeams n times(m and n are natural numbers) then n-1 semi-
regular n-gons(sides crossing at anglesi/n) can be constructed fromintersection points
at consecutive levels from these beamg&or explanation and details ®eRet34, QFG #1138.

5. Any nL-Morley Axis (being a side of the semiegular n-gons) isuniquely defined by a
constellation of (n-1) Lighthouseswith a set of accompanyingnitial beams and a rotation
angleAn/n.



Examples regular Lighbhouse Theorem:

\ /
\ /)

ﬁ ,,,,,z/:/\/,,,,,,,
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2 Lighthouses each emanatin® beams 2 Lighthouses each emanating beams 2 Lighthouses each emanatin® beams
produce 3 regular 3gons produce 4 regular 4gons produce 5 regular 5gons

Examples Ktended Lighthouse Theorem:

AN

K

2 Lighthouses each emanatin® beams 3 Lighthouses each emanating beams 4 Lighthouses each emaating 5 beams
produce 3! regular 3-gons(i=0,1,2) produce 42 semi-regular 4-gons produce 53 semi-regular 5-gons (1 shown)
giving 3?=9 axes at angles i.60(i=0,1,2) giving 43=64 axes at angles i.45 giving 5%=625 axes at angles i.36
(i=0,1,2,3) (i=0,1,2,3,4)

Relationship with n-Lines:

1. In an nLine there are n random lines. One of these lindsay L) can be chosen as baseline.
The other (n-1) lines cross his baseline in just as many intersection point®;, Bh ~ &..(bh 0
will appear that changing the baseline will give the same results).

These (n1) intersection points can be considered as (1) collinear Lighthouses.

3. Letaj,ash a&.dbe the directed angles between baselinesland lines Ly, Lh - 8.1. The
directed angle between kand L is defined asthe angle needed for rotatingo anti-clockwise
onto Li.

4. Rotating Loin Pi, Bh 8.1 résp. @bout anglesai/n, a/T h ad/h will produce the n-
sectors of the defining lines L, Lkh .1 with Lo nearest to L.

N



5. By rotating these nsectors (n-1) times about rotation-angleA/n we end up with the n

beams emanated from(n-1) Lighthouses.

Now we have (n1) collinear Lighthouses each emanating n beams.

Per Lighthouse we can choosene beam from these n beams per Lighthouse. Together they

are the initial beams emanated from (Al) Lighthousesdefining a unigue nl-Morley Axis.

For details £eRef34, QFG#1138.

8. Since per Lghthouse of the (rl) Lighthouses there are n beams to be chosen as initial beam
we finally have m-1Morley Axes.

~No

Properties:
1 Inan nLine the n times (n1)"2 Morley axes of the component (fl)-Lines meet in (r1)n-1
incenters, there being n axes on point and (n-1) points on an axis. SeRet37, page 470.
These incenters are the centers of the EnnaCardioidé-n-Cv1.



nL-n-Cil: nL-Center Circle

ATriangle (3-Line) has a circumcircle. Morleyin Ref49 calls this circle a Centercircle.

In aQuadrilateral (4-Line)there are 4 component 3Lines whose 3l-Centercircle Centers are
concyclic on the 4kLCentercircle.

In aPentalateral (5Line)there are 5 component 4Lines whose 4LCentercircle Centers are
concyclic on the 5LCentercircle. Etc.

Morley proved in Ref49 that there exists a Centercircle in an 1kine for all n, built from the centers
of the Centercircles from the Component Akines.

The Center of this Centercircle isL-n-P3.

3-Line 4-Line 5-Line

The 3 vertices of the 3-Line The 4 centers of the 4 3L-Centercircles The 5 centers of the 5 4L-Centercircles
define the 3L-Centercircle. define the 4L-Centercircle. define the 5L-Centercircle.

Correspondence witiETC/EQF:
When n=3, thennL-n-Cil = TriangleCircumcircle
When n=4, thennL-n-P3 = Quadrilateral Circumcircle QiCil.

Properties:
1 Each Oi.Qjntercepted inscribed nL-n-Cil-angle = Angle(Li,Lj) modp,
xEAOA j EREQq AOA AEEEAOAT O 1 0i AAOO &EOI i | ph

Note that intercepted inscribed angles in a circle are twofolda and p - a.
When taken modp the angles area and-a. Anyway the circle is the locus of points wich
form inscribed angles (modp) with a line segment, & when occurring on one side of the
line segment and-a when occurring on the other side.
The same is true for angles between two intersecting lines. Theyeatwofold and when
taken modp they are+a and -a.
Example: let V be variable poinbn nL-n-Cil, now thetwofold angle Oi.V.Oj twofold angle
(Li,Lj). SeeRet34, QFG#1893.

1 When n=5 (in a 5Line) 5L-s-P2 lies on the Centercircle 5in-Cil.



nL-n-Ci2: nL-Second Circle

Morley defines a 2d circle with radius 1/ (n-1) radius of the cente circle (1/2 for the triangle and
1/3 for the quadrilateral, etc.). The center of this circle iaL-n-P5.
nL-n-Ci2 can beusedfor the construction of nL-n-P4.

Constructionof nL-Ci2
nL-n-Ci2 can be constructed in a recursive way (first in a-Bine, then in a 4Line, .. up to an fLine):
9 Construct the perpendiculars of then versions of (n1)L-n-P5 of the Component (Al)-Lines
to the omitted line. They will concur innL-n-P4.

1 ConstructnL-n-P5 =nL-n-P4nL-n-P3 (1 : nl).

9 Constructcircle nL-n-Ci2with center nL-n-P5 and radius 1/(n-1) times the radiusof nL-Cil.
3-Line /_,-"f

/ ,’: \ 3an-ci1

The perpendiculars from the 3 vertices The perpendiculars from the 4 versions of 3L-n-P5 The perpendiculars from the 5 versions of 4L-n-P5
of the 3-Line coincide in 3L-n-P4. to the omitted line coincide in 4L-n-P4. to the omitted line coincide in 5L-n-P4.

Define 3L-n-P5 = 3L-n-P4.3L-n-P3 (1:1). Define 4L-n-P5 = 4L-n-P4.4L-n-P3 (1:2). Define 5L-n-P5 = 5L-n-P4.5L-n-P3 (1:3).

3L-n-Ci2 = circle with center 3L-n-P5 4L-n-Ci2 = circle with center 4L-n-P5 and radius = 5L-n-Ci2 = circle with center 5L-n-P5 and radius =

and radius = 3L-n-Ci1-radius / 2. 4L-n-Cit-radius / 3. 5L-n-Ci1-radius / 4

Correspondence witETC/EQF:
When n=3, thennL-n-Ci2 =Euler Crcle (or Nine-point Circle or Feuerbach €cle) in a Triangle.
When n=4, thennL-n-Ci2 = QLCi2.

Properties:
M nL-n-P4 is alsathe External Homothetic Center ohL-n-Cil &nL-n-Ci2. Sedref49.



nL-n-Cvl: - I Ol AGhd BnnaCardioid o
nL-n-i# Op g -1 Ol AHnGaOardiods OE DI A

nL-n-Cvland nL-n-iCv1 arecurves described by Morleyin Ret37 and Ref47, with the notation C.
The name EnnaCardioid is a generic namiatroduced by Morley in Ref47, On Reflexive Geometry,
page 15 The names Cardioid, TetraCardioid and PentaCardioid are also used by him.

In a 3-Line it is a circle (Morley CodeZ).

In a4-Line it is a regular Cardioid(Morley Code G).

In a5-line it is called a TetaCardioid (Morley code G).

In a 6line it is called a PentaCardioid (Morley codeSt

etc.

-1 01 AUBO POPEI %AxAOA #@efBEEE/ 1E DAE A OO AIAO A IAAGEAORDI AFDIOMA |
this paper he gives a general description of the different types of Penta@#ioids that occur as well
as amethod of constructingthe PentaCardioid.

Each nlz-Mono EnnaCardioidnL-n-CvLlis circumscribing n lower-level (n-1)L-EnnaCardioids

All nL-Multiple EnnaCardioidsnL-n-iCv1 are inscribed in the corresponding fLine and their centers
ITEA 11T -TmhAUSO ! BAO

When n=4 it is aregular Cardioid. At higher levels it is a special type of curve often with many cusps.
See also QF@nessagest815-#825, #831.

Mono EnnaCardioid of a 5Line
circumscribing the 5 Mono Cardioids
of the Component 4Lines.

Mono EhnaCardioids and Multiple EnnaCardioids
In a3-Line there are:

1 1 Mono Circle €here coded 2-n-Cvl1(circumcircle),

1 4 (=22) Multiple Circles G here coded 3-n-4Cvl(in-/excircles) touching the defining 3 lines of
the 3-Line.

In a4-Line there are:



1 1 MonoCardioid G here coded 4.-n-Cv1 (in EQF QIQu1l)circumscribing the Mono Circles of
the 4 Component 3Lines of the 4Line,

1 33 Multiple Cardioids G here coded 4.-n-27Cv1 (in EQF Qi27Qu1l)touching the defining 4 lines
of the 4-Line.

In a5-Line there are:

1 1 Mono TetraCardioid @ here coded 3.-n-Cvlcircumscribing the Mono Cardioids €of the 5
Component 4Lines of the 5Line,

1 44 Multiple TetraCardioids & here coded 3.-n-64Cv1touching the defining 5 lines of the H.ine.

In a6-Line there are:

1 1 Mono PentaCelioid C5 here coded &-n-Cvl1circumscribing the Mono TetraCardioids €of the
6 Component 5Lines of the 6Line,

1 55 Multiple PentaCardioids € here coded @.-n-3125Cv1touching the defining 6 lines of the 6
Line.

etc.

Construction . o A o
For a construction of M@ 1T AUS O - T ih & 4Linels@/EDF, BQul.

&1 0 A Al 1 000 GMOPIE CardiodEn a 4Lihé selEQF, QR7QuL.

Construction of &-n-Cv1 (example in a-hine by Eckart Schmidt, see QF&5):

Let Q be a variable point on the B-n-Cil-circle,

let Cil be a circle round Q throughbL-n-P1,

let X be the second intersection of Cil and the €R1-circle,

let Y be the second intersection of BL-0-P2and Cil,

let Ci2 be a circle round Y through X,

let Z be the second intersection of Cil and Ci2,

then ZreflectedET 9 EO A bDEmEhalardoidi £ -1 Ol AUd

NoorwNE

Correspondence witiETC/EQF:

When n=3 thennL-n-Cv1 = circumcircle of the 3-Line.

When n=3, thennL-n-iCv1 =combination of incircle and excircles of the d.ine.
When n=4, thennL-n-Cv1 = QL-Qul.

When n=4, thennL-n-iCvl = QE27Qul.



nL-n-Cv2: nL-- I O1 AU O , Ei AAT 1

nL-- T O1 A U 8oBis desciibAd by Morley inrRet48, On the metric geometry of the plane-tine.
Whilst nL-n-Cv1 is circumscribing (r1)L-EnnaCardioids thiscurve is circumscribing the (n-1)L-
Centercircles.

It can be constructed as the locus ofL-n-P1 reflected in the tangentsat the CentercirclenL-n-Cil.
More detailedthis Limacon isdescribed by EckartSchmidt inRef34, QFGmessages#918, #919.
Following is an exampleof MorlA U6 O , ikd SAAd. 1

Sx4L-nCil
- 5L-Morley's Limacon
! circumscribing 5 x 4L-nCi1

5L-nCit
: L]

U osltes

Correspondence witiETC/EQF:
When n=4, thennL-n-Cv2 = QLQu1.



nL-n-Tfl nL-Orthopole

nL-n-Tfl is the transformation which transforms a random line L into anC)T-OrthopoIeé h xEE
point in an n-Line.

In a 3-Line it is the well-known Orthopole in a Triangle.SeeRef13.

In a 4-Line it is the Orthopole in a Quadrilateral which was introduced byran Quang Hung SeeRef
34, QFG#2062, #2064, #2069, #2070.

The method for constructing an Orthopolén an n-Line can be madeecursive by using the same
method. Sedigure below. SeeRet34, QFG#2086

3-Line 4-Line 5-Line 6-Line

4L-oL
5L-oL

Given a 3-Line and a random line L. Given a 4-Line and a random line L. Given a 5-Line and a random line L. Given a 6-Line and a random line L.
From the projection points of the 3-Line A4-Line contains four 3-Lines. AS-Line contains five 4-Lines. A6-Line contains six 5-Lines.
vertices on L perpendiculars are drawn The projection points of the 4 versions of 3L-oP The projection points of the § versions of 4L-oP The projection points of the 6 versions of 4L-oP
to the opposite sides. on L are collinear on 4L-oL = 4L-n-Tf2(L). on L are collinear on 5L-oL = 5L-n-Tf2(L). on L are collinear on 6L-oL = 6L-n-Tr2(L).
They concur in 3L-oP = 3L-n-TH(L). From these projection points perpendiculars are From these projection points perpendiculars are From these projection points perpendiculars are

drawn to the omitted line. drawn to the omitted line. drawn to the omitted line.

They concur in 4L-oP = 4L-n-TH(L). They concur in 5L-oP = 5L-n-TFA(L). They concur in 6L-oP = 6L-n-TFA(L).

4L-oP lies on dL-oL. 5L-oP lies on 5L-oL. 6L-0P lies on 6L-oL.

Properties:

1 An n-Line contains n (n1)-Lines. The n versions of the (11)L-Orthopole in an rrLine will be
collinear on the line nL-n-Tf2(L), whilst nL-n-Tf1(L) will be lying on nL-n-Tf2(L).

1 An (n+1)-Line contains (n+1) nLines. The (n+1) versions of the MOrthopole in an (n+1)Line
will be collinear. See nkn-Tf2.

p2



nL-n-Tf2 nL-Orthopolar

nL-n-Tf2 is the transformation which transforms a random line L into ar(®rthopolaréLine in an
Line.

In a 3-Line there is no Orthopolar.

In a 4-Line it is the Orthopolar in a Quadrilateral. SeRef13. Thisis the line being made of the four
3L-Orthopoles of the Component Triangles of the-line, which are collinear.

The method for congructing an Orthopole in an rrLine can be made recursive by using the same
method as in a 4Line.lt is the line being made of the n (AL)L-Orthopoles (n-1)L-n-Tf1(L) of the
Component (n1)-Lines of the riLine, which are collinear.

Seefigure below. SeeRef-34, QFG#2086

3-Line 4-Line 5-Line 6-Line

4L-oL

Given a 3-Line and a random line L.
From the projection points of the 3-Line
vertices on L perpendiculars are drawn
to the opposite sides.

They concur in 3L-oP = 3L-n-TH(L).

Givena s Line and a random line L.
A6-Line contai
The pr o]ecno n points of the 6 versions of 4L-oP

on L ar ecolllnea r on 6L-oL = 6L-n-Tf2(L).
n p ion From these projection points perpendicular
duwn to the ommed line. drawn (o the omitted line. drawn to the omitted line.

They c in 4L-oP = 4L-n-TA(L). They concur in 5L-oP = 5L-n-TH(L). They concur in 6L-0P = 6L-n-TA(L).
4L-oP hu on 4L—oL 6L—oP I|en on 5L-oL. 6L-0P lies on 6L-oL.

Conjecture:

Let LO be a random line.

Let nLL be then-Line made up from the n versions ofn-1)L-n-Tf2(LO).

Let nLL-n-Tf2 be thenL-n-Tf2 transformation wrt nLL.

nLL-n-Tf2 has these specialproperties:

* nLL-n-Tf2(La) // nLL -n-Tf2(Lb), where La and Lb are two different random lines.

* nLL-n-Tf2(LO) will be a line passing through the intersection point of Q and nL-n-Tf2(L0) and will
be parallel to the lines described in former property.

* the n versions of (r1)LL-n-Tf2(L0) coincide with nLL-n-Tf2(LO0).

* the n versions of (R1)LL-n-Tf2(LLi) coincide with a line // n LL-n-Tf2(L0O), where LLi is the
i1 EOOAA TETA T&#1,, ATA EEph 8h 138



nL-n-Tf3 nL-2nd Generation nL -Orthopole

Let Lbe a random line.

Let nLL be the2nd generation n-Line made up from he n versions of (R1)L-n-Tf2(L).

The 3d generation n-Line constructed in a similar way upon nLL are n coinciding Lines, beimd.-n-
Tf4(L). The lines L, nkn-Tf2(L), nL-n-Tf4(L) coincide in one point beingnL-n-Tf3(L).

5-Line Example

The 2d Generation nl-Orthopolar best can be understood by the example in alSne.

The 5 versions of4L-n-Tf2(L) form the 2nd generation Orthopolar 5Line, being called here 5LL.
The 5 versions of4L-n-Tf2(L) wrt 5LL delivers 5 times the same linewhich is 5L-n-Tf4(L).

The lines L, 5kn-Tf2(L), 5L-n-Tf4(L) coincide in one point beingsL-n-Tf3(L).

5L-n-Tf2(L)

LL2

5L-n-Tf3(L)

NOTES
1. Notethat for all L the sides of &L have a fixed direction regardless the position of L.
2. Note that for all L in the same direction corresponding 5LL'&re congruent.

Properties:
1 LetnLL-n-Tf2(L) be nL-n-Tf2(L) wrt nLL.

nLL-n-Tf2 has some very special properties:
* nLL-n-Tf2(La) // nLL -n-Tf2(Lb), where La and Lb are two different random lines.
* nLL-n-Tf2(L) will be a line passing thraigh the intersection point of L and nl=n-Tf2(L).
* the n versions of (r1)LL-n-Tf2(LLi) coincide with a line // nLL -n-Tf2(L), where LLi is the
IT EOOAA TETA T &2#1,, ATA EEph 8h 138
* the n versions of (R1)LL-n-Tf2(L) coincide with nLL-n-Tf2(L).



nL-n-Tf4 2nd Generation nL -Orthopolar

Let Lbe a random line.

Let nLL be the2nd generation n-Line made up from he n versions of (R1)L-n-Tf2(L).

The 3d generation n-Line constructed in a similar way upon nLL are n coinciding Lines, beimd.-n-
Tf4(L). The lines L, nkn-Tf2(L), nL-n-Tf4(L) coincide in one point beingnL-n-Tf3(L).

5-Line Example

The 2d Generation nl-Orthopolar best can be understood by the example in alSne.

The 5 versions of4L-n-Tf2(L) form the 2nd generation Orthopolar 5Line, being called here 5LL.
The 5 versions of4L-n-Tf2(L) wrt 5LL delivers 5 times the same linewhich is 5L-n-Tf4(L).

The lines L, 5kn-Tf2(L), 5L-n-Tf4(L) coincide in one point beingsL-n-Tf3(L).

5L-n-Tf2(L)

LL2

5L-n-Tf3(L)

NOTES
1. Notethat for all L the sides of &L have a fixed direction regardless the positin of L.
2. Note that for all L in the same direction corresponding &L's are congruent.

Properties:
1 LetnLL-n-Tf2(L) be nL-n-Tf2(L) wrt nLL.

nLL-n-Tf2 hassome veryspecial properties:
* nLL-n-Tf2(La) // nLL -n-Tf2(Lb), where La and Lb are two different andom lines.
* nLL-n-Tf2(L) will be a line passing thraigh the intersection point of L and nkn-Tf2(L).
* the n versions of (r1)LL-n-Tf2(LLi) coincide with a line // nLL -n-Tf2(L), where LLi is the
IT EOOAA TETA T &2#1,, ATA EEph 8h 138
* the n versions of (R1)LL-n-Tf2(L) coincide with nLL-n-Tf2(L).



nL-n-Luc-1: nL-Level-up construc tions

Levelup constructions are constructionsthat transform under given circumstancesa Central Point
of an n-Line into a Central point of an (n+1)Line.

All described nL-n-Luc-Transformations areLevelup constructions.

These construtions cannot always be applied to ay point because not always there will be an
intended result.

nL-n-Lucl nL-Common Point of Perpendiculars On Omitted Line

From an rLine n different (n-1)-Lines can be constructed by omitting one line.

Through the (n-1)L-versions of some central point perpendiculars are drawn to the omitted line. In
special cases they will concur and so a new central fgoint is created

This method is used for nkn-P4, nl-0-P1, nL-o-L2.

Examples:
3L-point | 4L-point 5L-point 6L-point
3L-n-P5 | 4L-n-P4/P10 None
=X(5) = QL-P2
4L-e-P1 5L-0-P1 (per definition) | None
= QL-P3 (lies on 5L-0-L.2)
QL-P20 5L-0-P1.5L-n-P4 (3-1) None

f 4l-e-P1.4L-n-P5 .(32-1) (|ies on 5L'O'L2)
=QLP3QLPI0E-D) | 5) 1 p4.51.n-P10 (-5:6)

4L-n-P5 5L-n-P4 (per definition) | None
= QL-P30 (lies on 5L-0-L.2)
5L-n-P5 6L-n-P4 (per definition) | None

Other known 5L-points | None
QL-P3.QLP30.QL:P20 is transformed into 5l-0-P1.5L-n-P4.XX preserving distance ratios
(XX=5L-0-P1.5l-n-P4 (3-1))

nL-n-Luc2 nL-Common Point of Perpendicular Bisectors

From an rntLine n different (n-1)-Lines can be constructed by omitting one line.

The (n-1)L-versions of some central point will be connecteavith another fixed (n-1)L-point (often
nL-n-P3) making up line segments from which perpendicular bisectors are drawn. In special cases
they will concur and so a new central nipoint is created.

This method is used for nke-P1.



nL-n-Luc3 nL-Sum of Vedors Point

Morley brought up this technique: vectors can be made up from a fixed origin (nt-P3) to the (n-
1)L-versions of another point. The endpoint of the sum of these vectors will be a new central-nL
point. This method is used for nkn-P7.
The constction is sometimesabbreviated as SVP.
Application in a 4-Line:
1 There is a Qkpoint X on the line QEL4 for which the Sum Vector of X.H1, X.H2, X.H3, X.H4 is QL
P3. It is the point QEP2.QL=P3 (-1 : 4), as well as QIP12.QLl-P27 (-3:4).
(H1, H2, H3, H4 beig the orthocenters of the 4 Component Triangles of the QL)
SeeRef34, QFG#850.



nL-n-Luc4 nL-Mean Vector Point

A MeanVector Point (MVP) is the mean of a bunch af vectors with identical origin.
It is constructed by adding these vectorand thendividing the Sumvector by n.
The Mean Vector Point is the afpoint of the divided Sunvector.

This method is used for nkn-P8 to nL-n-P11.

Resemblance witimL-n-Luc3
nL-n-Luc4 looks like nL-n-Luc3. In both cass a $SIimvector is used. Onlyn nL-n-Luc4 the Sumvector
is divided by the numter of vectors

Origin independent

It is most special thatwith the definition of nL-n-Luc4 the location of the origin is unimportant.

In all n-Lines we can use any random point as origin. Thendpoint of the resultant vecor will be the
samefor all different origins.

Recursiveapplication

Every Triangle Centercan be transferred to a corresponding point in an4kine by a simple recursive
construction. The resulting point which will be called an nEMVP Center, where MVFsithe
abbreviation for Mean Vector Point.

When X(i) is a triangle Center we define the rRMVP X(i}Center asthe Mean Vector Point of the n
(n-1)L-MVP X(i}Centers.

When the(n-1)L-MVP X(iy# AT OAOO AOAT 80 ET1 7 x1 OEAU AAGerndhsA Ai T OC

another level lower, according to the same definitiorBy applying this definition to an increasingly
lower level finally the level is reached of the 3IMVP X(i}Center, which simply is theX(i) Triangle
Center.

SeeRet34, QFG#869,#873,#878,#881.

Universal Levelup monstruction

Unlike other Levelup constructions this construdion can be applied to all Central Points at all
levels.

Consequently all known ETGpoints and all known EQF-points will have a related MVP -point
in every n -Line (n>3,4).

Another generalconstructionof nL-n-Luc4(X(i)):

An nL-Mean Vector Point of some Triangle Center X(i) also can be constructed as the Centroid of the

corresponding (n-1)L-Mean Vector Points of some Triangle Center X(i). Agay applying this
definition to an increasingly lower level finally the level is reached of the 3MVP X(i)}center, which
simply is the X(i) Triangle Center.

Preservation of distance ratios

The Centroid, Circumcenter, Orthocenter and Ninpoint Center are when transferred to an ALine
colii AAO AT A OEAEO I OOOAI AEOOAT AR OAOET O AOA
Circumcenter, Orthocenter and Ningooint Center (resp. nkn-P2, nL-n-P3,nL-n-P4,nL-n-P5) in an
n-Line. Clearly they are collinear, but their mutual distanceatios are not preserved. See nrh-P2.
However when Triangle Centergother than X(2), X(3), X(4), X(5))are transferred to higher level i
Lines, usually collinearity of MVPpoints will not be preserved. Thementioned triangle centerson

the Eulerline are exceptions.

DOAOA



nL-n-Luc5 nL-Ref/ Per/ Par construction s

nL-n-Luc5 is calleda Levelup construction becausecircumstantially it transforms a Central Point of
an n-Line into a Central point of an (n+1)Line.
nL-n-Luc5 is aclass of constructions which will besubdivided later.

nL-n-Luc5 transforms an rrLine into another n-Line by drawing lines through the n versions of

someCentral Point(n-1)-Pxperpendicularor parallel to the omitted line.

i The reference ALine is calledRef.

1 When drawing parallel lines through the n versions of (R1)-Px the result will be an nLine called
Par. When drawing more than one generations the resulting-hines will be calledParl, Par2,
etc.

1  When drawing perpendicularlines through the n versions of (a1)-Px the result will be ann-Line
called Per. When drawing more than one generations the resulting-hines will be calledPerl1,
Per2, etc.

1 When apair of the occurrences of Ref, Parl, Par2, Perl, Per2 are perspecthare will be a
Perspective CenteXXX/YYY-PQPx), where XXX andrYY are differenhamestaken from the
group Ref, Parl, Par2, Perl, Per2, etc.

1 When the corresponding lines of XXX and YYY are parallel and XXX and YYY are perspective,
then this Perspective Centemwill be calledHomothetic Cente XXX/YYY-HC(Px), where XXXand
YYY are differenhamestaken from the group Ref, Parl, Par2, Perl, Per2, etc.

More specific
1. Every n-Line has n Component (riL)-Lines, each (Al)-Line constructed by omitting one line
of the n-Line.
2. Through the n (n1)L-versions of some central pait parallels are drawn to the omitted line,
thus producing a new riLine calledParl.
3. Whenthis construction is repeated by usingParl as Reference4kine the outcome will be a
2nd generation n-Line calledPar2.
4. Through the (n-1)L-versions of some centrapoint perpendiculars are drawn to the omitted
line, thus producing a new niLine calledPerl.
5. When this lastconstruction is repeated by using ntPerl as Reference4iine the outcome
will be a 2d generation n-Line calledPer2.
It appears that all kind of combinations of nl-Ref, Parl, Par2, PerBer2 can be homothetic or
perspective,where they giverise to a Homothetic Cente(HC) / Perspective Cente(PQO).

Examples

Although most of the times therewill no perspectivity there are plenty ofpositive examples:
nL-n-P5 applied in n(n-1)-Lines gives homothetic Ref Parl, creating nkn-P2.

X(4) appliedin 4 3-Lines gives a RefParl-HC being QL-P20.

X(4) applied in 4 3Lines givesa Parl/Perl-PC, bing QL-P21.

5L-s-P1 applied in 6 5Lines givesa Ref/Par2-HC, béng 6L-s-P2.

5L-s-P1 appliedin 6 5-Lines gives a RefPer2-HC, béng 6L-s-P3.

5L-s-P1 appliedin 6 5-Lines gives a Par2Per2-HC, béng 6L-s-P4.

etc.

= =4 =8 =8 -8 -8 -9

Not always a Perspective Axis



Note thatalthough there is a Perspective CentéHomothetic Center of two n-Lines for n>3 therenot
alwaysis a Perspective AxisActually there mostly is no Perspective AxisThere is a Perspective Axis
when the intersection points of correspondindines are collinearon aPerspective Axis.

A nice example is the PerspectevAxis of Parl/PertPerspective Center QiP21, being the Steiner
Line QL:-L2.

Present state of research
There is a huge differentiation in perspective pairs of iLines coming from (Ref, Perl, Per2, Per3,
Per4, Parl, Par2, Par3, Par4).
Most common are the prspectivities of these pairs of ALines:

1 Ref/Parl (conseuently also Parl/Par2, etc.)

1 Parl/Par2 (without perspectivity of Ref/ Parl)

1 Ref/Per2

1 Parl/Per2
But it has to be said that most of the times there will be nbomothetic / perspective pairof n-Lines.
So each occurrence of a Réfer-Par-perspectivity for some Px is special.

Examples ET{oints applied in a 4.ine
X(2) in a 4Line
PerspectivdHomothetic Centers:
1 Ref/Parl = QLP12
1 Ref/Per2 = Ref/Per4 = Perl/Per3 = Per2Per4 = QLPx=
Midpoint QL - P5.QL- P29 = Midpoint QL- P2.QL- P20 = Reflection of QL P6 in QL- P22
1 Parl/Per2=QLP12.QLPx (4:1)
1 Parl/Per4=QL-P12.Ql-Px (40:1)
These 4PerspectivdHomothetic Centersare collinear.

X(4) in a 4Line
Note: Ref=Par2=Par4, Par1=Par3
PerspectivdHomothetic Centers:
f Ref/Parl = QLP20
1 Ref/Per2 = InfinityPoint (QL-P2.QL=-P20)
1 Parl/Perl =QLP21
1 Parl/Per2 = QLP2.QL-P20 (-1:2)



nL-n-Luc5a nL-Ref/ Parl construction

nL-n-Luc5ais alLevelup construction which uses the Reference-hine Refand the st generation
parallel n-Line Parl wrt some lower-level center to construct a Perspective / Homothetic Center
SeenL-n-Luc5.

R 6L-n-P2 is the Homothetic Center of the Reference 6-Line Ref
AR and its 1st generation parallel 6-Line Par1,
SN obtained by drawing lines through the 6 versions of 5L-n-P5
parallel to the basic lines of Ref.

5L-n-P5_3 "

5L-n-P5_1

5L-n-P5_4--

5L-n-P5_5
Examples:
3L-point 4L-point 5L-point 6L-point
3L-n-P8 41 -n-P8 5L-n-P8 6L-n-P8 Etc.
=X(2) = QL-P12 (Ref/Parl/ Par2-HC) (Ref/Parl/Par2 -HC)
(Ref/Parl-HG Ref=Par2
3L-n-P3/P9 4L-n-Px No Ref/Parl-relationship.
=X(3) = QLP5 No Ref/Par2-relationship.
(Ref/Par1-HC, Ref=Par2) No Parl/Par2-relationship.
3L-n-P4/P10 | 4L-n-Px 5L-s-P7 (Parl/Par2-HC) No Ref/Parl-relationship.
=X(4) =QL-P20 No Ref/Pal-relationship. No Ref/Par2relationship.
(Ref/Par1-HC, Ref=Par2) No Ref/Par2-relationship. No Parl/Par2-relationship.
3L-n-P5/P11 | 4L-n-P2 No Ref/Parl-relationship.
=X(5) = QLP2 No Ref/Par2-relationship.
(Ref/Par1-HC, Ref=Par2) No Parl/Par2-relationship.
Points on line 4:n-P8.4L-n-P5 Points on line5L-n-P8. 5L:n-P2 | No Ref/Parl-relationship.
preserving distanceOA OE T § No Ref/Par2-relationship.
(Ref/Parl/Par2 -HC) No Parl/Par2-relationship.
4L-n-P8 = QLP12 5L-n-P8
4L-n-P5 = QLP30 5L-n-P2
4L-n-P5. 41-:n-P8 (2-1)= QL-P27 | 5L-n-P2. 5l-n-P8 (2:-1)

Note that themutual distance ratios of points X(3, X(3), X(4), X(5) (lying on the 3tEulerline) and resp. of QLP12, QLP5, QLP20, QL
P22 (lying on the 4l-Newton Line) are identical.

Summary
General cases
1 nL-n-Luc5a(nL-n-P8)= pL-n-P8, where p=(n+1)
1 nL-n-Luc5a (nL-n-P5) = pL-n-P2, where p=(n+1)
1 nL-n-Luc5a (nL-n-Px) = pL-n-Py, where p=(n+1) and
nL-n-Px = Ratiopoint nl-n-P8.nL-n-P5 (s:t)



pL-n-Py = Ratiopoint pl-=n-P8.pL-n-P2 (s:t),
meaning that the Ine nL-n-P8.nL-n-P5 is leveledup into the line pL-n-P8.pL-n-P2
and that distance ratios are preserved.

Specific cases
1 nL-n-Luc5a (X(3)) = QLP5, there is no nkn-Luc5a (QLP5)
1 nL-n-Lucba (X(4)) = QLP20, there is no nkn-Luc5a (QLP20)
1 nL-n-Lucba (X(5))= QL-P22, there is no nkn-Luc5a (QLP22)

nL-n-Luc5b nL-Ref/ Par2-Construction

nL-n-Lucbbis aLevelup construction which uses the Reference-hine Ref and the 2d generation
parallel n-Line Par2 wrt some lower-level center to construct a Perspectie / Homothetic Center.
SeenL-n-Luc5.

When Parl is homothetic with Refconsequently also Par2 will be homothetic with Parl. We have
actually a Ref/Parl/Par2 relationship. However it is possible that Parl is not homothetic or even
perspective with Ref whilst Par2 still is.

There are no examples of this levalip construction found yet, but in principle their existence
should be possible.

nL-n-Luc5c nL-Ref/ Perl-Construction

nL-n-Luc5cis aLevelup construction which uses the Reference-hine Refand the Ist generation
perpendicular n-Line Perl wrt some lower-level center to construct a Perspective / Homothetic
Center. SeenL-n-Luc5.

There are no examples oftis levelup construction found yet, but in principle their existence
should be possible.



nL-n-Lucbd nL-Ref/ Per2 construction s

There are indications that the Ref/Per2 Construdion applies for all ETGpoints.
After checkingseveral different ETCpoints it appeared that all these ET¢oints could be RefPer2

transformed into 4L-points.
SeeRef34, QFG#1937.

There is no indication that all these 4tpoints are Ref/Per2transferable into 5L-points.
Let X(r) be a point on the3L-Euler line dividing X(3).X(4) with ratio r, then the RefPer2-

transformed point will be a point on the line QLP2.QL:-P20.
Other collinear 3L-ETCpoints were transformed into 4L-points on a conic.
Possiblyit is a transformation of the 2nd degree.
SeeRef34, QFG#1938.
Enough indications for further research.

Ref/ Per2-HCconstruction s

= QLP30

3L-point 4L-point 5L-point 6L-point
3L-n-P2/P8 | 4L-n-Px No new Ref/Per2HC
=X(2) = Midpoint (QL-P2.QL-P20)
3L-n-P3/P9 | Ref=Per2, Indefinite Ref/Per2-HC
=X(3) so indefinite result
3L-n-P4/P10 | 4L-n-Px Indefinite Ref/Per2-HC
=X(4) InfinityPoint (QL -P2.QI-P20)
3L-n-P5/P11 | Pel=Point QL-P2, Indefinite Ref/Per2-HC
=X(5) so indefinite result.

4L-n-P8

= QL-P12

4L-n-P5 5L-n-P8




nL-n-Lucbe nL-Parl/ Par2 construction s

Parl/ Par2-Levelup mnstructions on nkn-Pi

It appears that :

* nL-n-Luc5e(3L-n-Pi) = 4L-n-Pifori=1,...,11

* nL-n-Luc5e(nL-n-P8)=(n+1)L-n-P8 forn = 4,5,6,7,8,9, . ..

* nL-n-Luc5e(nL-n-P3) exists for n = 4,5,6,7 (then possible end of homothecy)
* nL-n-Luc5e(nL-n-P5) exists for n = 4,5,6 (then possible end of homothecy)

* nL-n-Luc5e(nL-n-P7) exists for n = 4,5,6,7,8 (9 gives calculation problems)

Examples
3L-point | 4L-point 5L-point 6L-point
41 -e-P1 5L-n-P7. 5l-0-P1 (1:2) None
= QL-P3 (Parl/Par2-HQ4L-e-P1))
4L-n-P12 = S5L-n-P12 = 6L-n-P12 Etc.
4L-n-P3 5L-n-P7. 5l-n-P3 (1;1) No linear relation with known 6L-points.
= QLP4=CCH(2)) | (Parl/Par2-HQ4L-n-P12)) (Parl/Par2-HQ5L-n-P12))
41 -n-P13 S5L-n-P13= 6L-n-P13 = Etc.
= QLP28=CCH(3)) Nonlin. rel. 5.-HGpoints No linear relation with known 6L-points.
(Parl/ Par2-HQ4L-n-P13)) (Parl/Par2-HQB5L-n-P13))
4L-n-P14 = S5L-n-P14 = 6L-n-P14 = Etc.
4|__n_p2 5L-n-P7. 5L-n-P5 (2:_1) No linear relation with known 6L-points.
= QL:P29=CCH(-2)) | (Parl/Par2-HQAL-n-P14)) (Parl/Par2-HQ5L-n-P14))

CC(H(i)) = Center of the 4tCentercircle wt HofstadterPoint(i).

Parl/Par2 constructions on nkHofstadter Points

* In a 5-Line starting with 4L- n-P13 (QL-P28) as Central Point for the Component-ines it appears
that 5L-Parl is homothetic with 5L-Par2 gving a Homothetic Center 5kn-P13.

* In a 6-Line starting with 5L- n-P13as Central Point for the Component-{hines it appears that 6=
Parl is homothetic with 6L-Par2 giving a Homothetic Center 6Ln-P13.

* In a 7-Line starting with 6L- n-P13as Central Point for the Component4hines it appearsthat 7L-
Parl is homothetic with 7L-Par2 giving a Homothetic Center 74n-P13.

* etc.

This process can be repeated for all other known @hoints generated fromHofstadter PointsX(3),
X(186), X(256), X(5961), X(5962), X(5963), X(5964).

Corresponding Cental Points in the 4Line will be QL-P4 (wrt X(3)), QL-P28 (wrt X(186)), QL-P29
(wrt X(256)).

I checked it graphically in Cabri for X(256) up to level n=6. Further drawings for n>6 were
impossible because of the many internal calculations for the drawing #ware.

So | checked them with Mathematica Software.

Again there were limitations wrt the many internal calculations.

However there were no contra indications for:

X(3)

X(186) up to level n=8

X(256) up to level n=7

X(5961) up to level n=7

X(5962) up to level n=7



X(5963) up to level n=6
X(5964) up to level n=4

Therefore | feel confident enough for this conjecture :

Let 3L-P(i) be nrAngle Centers P(i) in a Triangle as described in Qf@essage #1872, where i <>1,
o, 1.

Let 4L-Q(i) be the Circumcenter dthe 4 versions of 3LP(i) in a 4-Line.

For these points nlParl will be homothetic with nL-Par2 using (n1)L-Q(i) as Central Point,
producing new Homothetic Center nkQ(i), for all n > 4.

nL-n-Luc5f nL-Parl/Perl -construction

nL-n-Luc5f is aLevelup construction which uses the $# generation parallel nLine Parl and the
generation perpendicular rrLine Perl wrt some lowerlevel center to construct a Perspective /
Homothetic Center. See nin-Luc5.

Example QLP21.

Hi = Orthocenter of Triangle Lj.Lk.LI

Li = Quadrilateral Linei (i=1,2,3,4)
Li'=Line through Hi // Li(i=1,2,34)
Li" = Line through Hi _[_Li (i=1,2,3,4)

QL-L2 = Steiner Line ——
QL-P21 = Adjunct Orthocenter Homothetic Center— " -

o

Note that QL:-L2=Steiner lineis the Perspective Axis of Parl/Perl.



nL-n-Luc5g nL-Parl/Per2 -construction

nL-n-Lucbg is aLevelup construction which uses the $ generation parallel nLine Parl and the 2d
generation perpendicular nLine Per2 wrt some lowerlevel center to constuct a Perspective /
Homothetic Center. See nin-Luc5.

Examplesare 5L-s-P9 and 5l-:s-P10 and 5l:n-P12.

Also
1 nL-n-Luc4g(X(2)) =QL-P12.Mid(QL:-P2,Ql-P20) (5-1)
1 nL-n-Luc4g(X(4)) = QLP20.QL-P2 (2-1).

nL-n-Luc5h nL-Par2/Perl -Construction

nL-n-Lucbh is aLevelup construction which uses2nd generation parallel nLine Par2 andthe 1st
generation perpendicular nLine Perl wrt some lower-level center to construct a Perspective /
Homothetic Center. See nin-Luc5.

There are no examples of this levalip construction yet, but in principle their existence should be
possible.

nL-n-Lucbhi nL-Par2/Per2 -construction

nL-n-Luc5i is aLevelup construction which uses the 2 generation parallel nLine Par2 and the 2d
generation perpendicular rrLine Per2 wrt some lower-level center to construct a Perspective /
Homothetic Center. See nin-Luc5.

Examplesare QL-P28 and QLP29 used as loweilevel-points in a 5-Line.
See pictures 5ks-P9 and 51-s-P10.
Possibly there are other incidences with related Hofstadter 4Paints.

nL-n-Luc5j nL-Perl/Per2 -Construction

nL-n-Luchj is aLevelup construction which uses the % generation perpendicular nLine Perl and
the 2nd generation perpendicular rtLine Per2 wrt some lower-level center to construct a
Perspective / Homotetic Center. See mn-Luc5.

There are no examples of this levalip construction yet, butin principle their existenceshould be
possible.



nL-e: Even recursive Objects in an n-Line

nL-e-P1: nL-Morley's EnnaDeltoid Center

Morley describes this point n his paper: Orthocentric properties of the Plane Hine (Ref-49).
The range of pointsnL-e-P1 in a 4-Line, 6-Line, 8Line, 10-Line will be resp.4L-n-p1, 6L-n-p2, 8.-n-

p3, 10L-n-p4, etc. See h-n-pi points.

Schematically it shows (note the use of lowerasesin items p0, p1, eto):

In a 4Line:
The Circumcenter of the 4 points 3tn-p0 is 4L-n-p0.
The Centroid of the 4 points 3kn-p0 is 4L-n-g0.
The Ratiopoint 4L-n-p0.4L-n-g0 (4-3) is 4L-n-p1.

In a 6-Line:
The Circumcente of the 6 points 5L-n-p0 is 6L-n-p0.
The Centroid of the 6 points 5kn-p0 is 6L-n-g0.
The Ratiopoint 6L-n-p0.6L-n-g0 (6:-5) is 6L-n-p1.
The Centroid of the 6 points 5kn-pl is 6L-n-g1.
The Ratiopoint 6L-n-p1.6L-n-g1l (6:-4) is 6L-n-p2.

In a &Line:
The Circumcenter of the 8 points 7in-p0 is 8L-n-p0.
The Centroid of the 8 points 7kn-p0 is 8L-n-g0.
The Ratiopoint 8L-n-p0.8L-n-g0 (8:-7) is 8L-n-p1.
The Centroid of the 8 points 7kn-pl is 8L-n-g1l.
The Ratiopoint 8L-n-p1.8L-n-g1l (8:-6) is 8L-n-p2.
The Centroid of the 8 points 7kn-p2 is 8L-n-g2.
The Ratiopoint 8L-n-p2.8L-n-g2 (8:-5) is 8L-n-p3.

Etc.

Example of n-e-P1 in a 4Line:

/ ‘\
fa’L-n-th A \
/ [ & 3L-n-p0_4
L3 |/ \ |
L I
— 1\
f 3L-n-p0_3 \ T 4L-n-g0
/ -

L1

= 41-n-P3
=4L-n-P7  =4lL-eP1
= 6L-n-P3
= 6L-n-P7

= 6L-e-P1
= 8L-n-P3
=8L-n-P7

= 8L-e-P1

Note 1:

3L-n-p0 = 3L-n-P3

4L-n-p0 = 4L-n-P3

4L-n-g0 = Centroid of the 4 versions of 3L-n-p0
4L-n-p1 = 4L-n-p0.4L-n-g0 (4 : -3)

Finally 4L-e-P1 = 4L-n-p1

Note 2:

3L-n-p0 = X(3)

4L-n-p0 = QL-P4

4L-n-g0 = QL-P3

4L-n-p1 = QL-P4.QL-P3 (4 : -3)

Finally 4L-e-P1 = QL-P3

/ TNT"3L-n-po_2

L4 Lz

—



Example of nl-e-P1 in a 6Line:

6L-n-p0
6L-n-g0

5L-n-p0_1 L\

6L-n-p1
5L-n-p0_4 \

6L-n-g1

6L-n-p2
= 6L-e-P1
5L-n-p9(_}_‘<‘

Reference
6-Line

5L-n-p1_2

5L-n-p1_!

5

5L-n-p1_3

Note:

SL-n-p0 = 5L-n-P3

6L-n-p0 = 6L-n-P3

6L-n-g0 = Centroid of the 6 versions of SL-n-p0

6L-n-p1 = 6L-n-P7 = 6L-n-p0.6L-n-g0 (6 : -5)
6L-n-g1 = Centroid of the 6 versions of 5L-n-p1

6L-n-p2 = 6L-n-p1.6L-n-g1 (6 : -4)
Finally 6L-e-P1 = 6L-n-p2

Example of nl-e-P1in a 6-Line, where incidentally 6L-e-P1 is the common point of the

perpendicular bisectors of all 6 occurrences of 5b-P1_i.5n-0 x . E

.-.\\ /1_,,»—" _BL-n-pli_j)"" . 5L-n-p1_6
\ )y L-n-p0_2 |-
GL\-‘Q- L1 5L-n-p1_1 ‘\\

5L-n-p1_4

6L-n-p0
6L-n-g0

)
SLonp0_1 4

6L-n-p1
5L-n-p0_4%

6L-n-g1

5L-0-P1 3 fL-n-p2
-o- L
ST 1%, = 6L-e-P1
; 5L-n-p0_3.—
5L-0-P1_2 - =
5L-0-P1

5L-0-P1_5u

\ 5L-n-p1_2
5L-0-P1_6%

Correspondence witETC/EQF:
When n=4, then h.-e-P1 = QLP3.

Properties:

5L-n-p1_

5

5L-n-p1_3

j EEph 8 h

Note:

SL-n-p0 = 5L-n-P3

6L-n-p0 = 6L-n-P3

6L-n-g0 = Centroid of the 6 versions of 5L-n-p0

6L-n-p1 = 6L-n-P7 = 6L-n-p0.6L-n-g0 (6 : -5)
6L-n-g1 = Centroid of the 6 versions of 5L-n-p1

6L-n-p2 = 6L-n-p1.6L-n-g1 (6 : 4)
Finally 6L-e-P1 = 6L-n-p2



1 nL-e-P1can be constructedasthe common point of the perpendicular bisectorgLevelup
ConstructionnL-n-Luc?2) of (n-1)L-0-P1.(n-1)L-n-pk, where m=n1, k=(n-4)/2 . See nkn-pi
points.

1 nL-e-P1 can be constructed as the common point of the perpendicular bisectqisevelup
Construdion nL-n-Luc2) of (n-1)L-n-ph. (n-1)L-n-pk, where m=n1, h=(n-2)/2, k=(n -4)/2.
See nkn-pi points.



nL-e-P2: nL-Clifford's Point

See 1h-0-P2.
There is an alternating construction of circles/circle centers (odd case) and common circle points
(evencase) in the sequence of-hines with increasing n.
-1 01l AU AAOAOEAAA OEEO OReN©pabeAdlandRer3?.1 E ALl OAG O #EAE
It is best to understand with numbers:
1 #1 EA£ OrhaBQinesisBsuppoked to be the circumscribed circle of theiangle.
1 4#1 E £EAI Od a4LLin¢ (Eiddmschit@dd circles of the component triangles) intersect at a
common point 4.-e-P2:4L-# | E A&l O,ABich is QEPE (MiQuel Point) in the case of a4
Line.
T v #1 EAALEl OA é&ibe (MifuEl PdnG ofthe®s cAmponent 4Lines) lie on a circle £-0-Cil:
#1 E AFE OvittbcénterFE-0R2t SA# 1 E£LEI OAGO #EOAIT A #A1 OAOS
1 6#1 E/EAI Odfa&Ling (BELDAI1 Af the 6 component BLines) intersect at a common point
6L-e-P2:6L-#1 E&AZEI OAGO 01 ET O
1 7cClifi OA8 O 0 1-Ere ®De-H2 4 thd 7 gpmponent ELines) lie on a circle T-0-Cil: 7L
#1 E A£F Ovttdcénter E-0B2t 7A# 1 E£AI OA3O #EOAIT A #A1 OAOS
1 8#1 E/AEAI Odfa&Ling (ALDAI1 Af the 8 component 7Lines) intersect at a common poih
8L-e-P2:8L-#1 E A&l OA80O 01 ET O
1 w #1 EAALl OAé&ibe (8LieP2 obthe 9icompohentdLines) lie on a circle 2-0-Cil: 9L-
#1 E AF OvttbcénterE-0B2t Ah# 1 ELALEI OABO #EOAIT A #A1 OAOS
I etc.

4-Line 5-Line 6-Line 7-line

.

7  7i0Ci1
| ) A

[

\T Pz \/ |

Correspondence witETC/EQF:
When n=4, then h.-e-P2 = QLP1.



nL-e-L1: nL-Morley's Ortho Directrix

This line is described inRet49, Morley's paper: Orthocentricproperties of the Plane nline.
There is no nl:first Orthocenter for n=even but there ae n (n-1)L-first Orthocenters (since an
Line contans n (n-1)-Lines). They will be collinear on the so calleciL-- T O1 Arthd dbectrix.
When r=4, then QLL2 (Steiner Line) will bethe 4L-- T O1 @rthd dbectrix, containing the
Orthocenters X(4) of the4 Component triangles.

%BAI DI A -1 Olediididr én 8LIROET AE

The sides of the blue 85o0n represent the basic lines of the-8ine.

8L-n-p3 (p3 in the picture) is Morley's 1st orthocenter of the 8Line.

It is constructed via g0 to p1 (1:8), via g1 to p2 (2:8), via g2 to p3 (3:8) , via g3 to p4&x:

g0 = centroid of 8 points T-n-p0

g1 = centroid of 8 points T-n-pl

g2 = centroid of 8 points T-n-p2

g3 = centroid of 8 points T-n-p3.

In this picture where n=even one of the pi has a prominent placeL&n-p3, which also is the
common point of the perpendicular bisectors of all component 7Line segments T-n-p2.7L-n-p3.
In general when n=even, then b-n-p(n-1)=Center of he inscribed EnnaDeltoid. SeRet49, §4.

SL—Orthg —
4 _—Directrix
7L-p3a "

_Sﬁ 3g )G

‘ sL4
1 pl Centric
gi’ o Ci;fc[ e

7I-p2d «°

\
® 7L-p2b /

o5

\

|
o 7L—p2e

0;\ . /

The line segments 8L—p3.7L—p2x and 8L—p3.7L—p3x (x = a,b, ... 'h) are of equal size.
The 8L—Ortho Directrix is the line through 7L—p3a, .. ,7L—p3h, being the 1st Orthocenters of the 8 Component 7—Lines.
It also passes through 8L—g3, being the Centroid of 7L—p3a, ... ,7L—p3h
It also is the perpendicular bisector of 8L—p3 8L—p4.

Correspondence witiETC/EQF:
When n=4, then h-e-L1 =QL-L2 (Steiner Line).

Properties
1 nL-e-L1 isthe Perpendicular Bisector of nkn-p((n-2)/2) and nL-n-p(n/2)). See nkn-pi.



nL-e-L2: nL-Morley's Alternate Line of Orthocenters

nL-e-L2 connectsnL-e-P1(Morley's EnnaDeltoid Centey and nL-n-P5 (Morley's 2nd Circle Cente).

Let X be some gint on (n-1)L-e-L2 with fixed ratio wrt nL-n-P4 and nl-o-P1. Then nko-L2 is the
locus of the common intersection point of the perpendiculars through the n lower level versions of X
to the omitted line preserving distance ratios.

In this way (n-1)L-e-P1 is transformed into nL-0-P1 and (n1)L-n-P5 is transformed into nl-n-P4.

Correspondence witETC/EQF:
When n=4, then h-e-L.2 =QL-P3QL-P30.

nL-e-Cv1l: nL-Morley's Inscribed EnnaDeltoid

-1 01 AU AAOAOE A A O paPet: Brbhocenkit @dpdttisof thelPlarie Hide (Ref-49).

(A xOEOAO AO PACA xqg O4EA DPAAOI EAO APPOI POEAOAT AO
makes it desirable to have an analogous curve for 2n E T Phid 6usve is calledDn1.

Then: 0heorem 6: there are2n-1 cusptangents ofD2"1; they touch a concentricD23."

Important is that he shows that theinscribed deltoid in a 4-Line is the prelude for similar curves at

higher even levels.

Similar to the Cardioids (see ntnCv1) the higher level delbids will be named here EnnBeltoids.

It is not quite clear yet how the EnnaDeltoids looks like for n>4.

According to Morley he center of the%l T A $ Alis@li-efPA 6 O

[\ 4L-e-Cv1 = QL-Quz =
) nL-Morley's Inscribed
EnnaDeltoid

Correspondence witiETC/EQF:
When n=4, then ih-e-Cv1 = QEQu2 (Kantor-Hervey Deltoid).



nL-o: Odd recursive Objects in an n-Line
nL-o-P1: nL-Morley's 1st Orthocenter

Morley describes a so calledirst Orthocenter ET EEO AT AOi A1 Gpertes @t AAT OOEA
planen, ET A649)82 AEOI AUGO DPAPAO xAO DOAI EOalkidrestiis OEA UA
algebraically using calculations in the complex plane. He explains his methodsRaf48.

See alsdRef34, QFGmessages #910, #912, #913, #917.

Yyl -7 01 Aué O AAOAOEDOETIT EA AAOAOEAAO A OAAOOOEOA
intermediate pointsph x EAOA OE&8 EO A 1 G)ARODOET OGEA OERCRAODA
lower case.

Ultimately pi, whenOE 8 E A Ghe @heNAIF A, Anen itis Morley's 1st Orthocenter.

Morley's 1st Orthocenter in a 3Line is X(4), thetriangle orthocenter.

In general Morley's 1st Orthocenter in an fLine (n=odd) is n_.-n-pi, where i=(n-1)/2.

In a 3-Line Morley's 1st Orthocenter will be 3.-n-pl, in a 5Line it will be 5L-n-p2, in a %Line it will

be 7L-n-p3, etc. (sealL-n-pi).

There isalso a chain of constructing nto-P1 and nl-e-P1 in subsequentlternating odd and evermn-

Lines:

3-Line 4-Line 5-Line 6-Line 7-line

7L-o-L1

3L-o-L1 Ao

.

|
- fg.-s-l’:?"‘\.‘
f DL-FT‘I \_ —

!
i

the 4 versions of 3L-0-L1 coincide in 4L-e-P1 the 6 versions of 5L-0-L1 coincide in 6L-e-P1

3 perpendiculars coincide in 3L-0-P1 & perpendiculars from 4L-s-P1_i (i=1,__5) coincide in 5L-0-P1 7 perpendiculars from 6L-e-P1_i (i=1,..7) coincide in TL-0-P1
the perpendicular bisector of 3L-0-P1 and 3L-n-p0 is 3L-0-L1 the perpendicular bisector of 5L-0-#1 and 5L-n-p1 is 6L-o-L1 the perpendicular bisector of 7L-o-P1 and 7L-n-p2 s TL-0-L1

Other Properties:
To prevent many abstract notations properties in a 9.ine will be mentioned. The general principle
works accordingly. Intermediate pointsnL-n-pi will be mentioned T OA OEAO OEA 1 AOOAO
case.
1. Morley's 1st Orthocenters applied for all 10 Component-42ines in a 18Line will be collinear
onthesocalled 10,- T O1 AU6 O / OOET AEOAAOOE®
2. Morley's 1st Orthocenter is thecommon pointof the perpendiculars of B-n-p3 on the omitted
line (by regularly omitting a line there are 9 component 8Lines in a 9Line).
3. Using 9.-n-p4 as origin, the segments 9-n-p4.8L-n-p4 and 9.-n-p4.8L-n-p3 have afixed
ratio for all 9 occurrences of &8-n-p4 and8L-n-p3. In general this property is also valid using
lower 9L-level points 9L-n-p3, 9-n-p2, A-n-pl as origin and connecting them with their
lower 8L-level points.
4. There aretwo orthogonal axegnL-20L1) at Morley's first Orthocenter X bisecting the 9
versions of angles 8-n-p3.X.8.-n-p4. In general this property is only valid for n=od&5 and
anglesL-n-pi.X.mL:-n-pj, where m=(n-1), i=(m-2)/2, j=m/2.



BAi BT A -1 01 Aud O HBEOOO / OOET AAT OAO ET A ¥

The sides of the blue 7Gon represent the basic lines otie 7-Line.

7L-n-p3 (p3 in the picture) is Morley's 1st orthocenter of the 7Line.

It is constructed via g0 to pl (1:7), via g1 to p2 (2:7), via g2 to p3 (3:7).

g0 = centroid of 7 points &.-n-p0

g1 = centroid of 7 points &-n-pl

g2 = centroid of 7 points &-n-p2

Only three of the seven B-n-p3i points and 6L-n-p2i points have been drawn for checking the fixed
relationship of distances 1.-n-p3 unto 6L-n-p3i and 6L-n-p2i.

In this picture 7L-n-p3.6L-n-p3x: 7L-n-p3.6L-n-p2x = 2.6167 for all X, where xa,b,c, . . (total 7).

p0, g0, pL, g1, p2 g2 p3areactualy7L- pO, 7L- g0, 7L- pl, 7L- g1, 7L p2 7L g2, p3
01, ... ,O7 areactuallythe 7 versionsof 6L- pQ

Correspondence with ETC/EQF:
When n=3, then h.-0-P1 = X(4).

Properties:
1 Morley's 1st Orthocenter nl-0-P1 is the common point of the perpendiculars cdll lower
level (n-1)L-e-P1to the omitted line (Levelup ConstructionnL-n-Lucl).



1 Morley's 1st Orthocenters applied for al(n+1) Component riLines in a(h+1)-Line will be
collinear on the so called (n+1)-- T Ol A U ®igectrix @BLi-e-L1.

1  When n=0dd using nko-P1 as origin, the segments nb-P1.mLn-p((n-1)/2) and nL-o-
P1.mL-n-p((n/2) -1) have afixed ratio for all n occurrences where m=(n-1). In general this
property is also valid using lowernL-level points nL-n-pi (i<(n-1)/2) as origin and
connecting them with their corresponding lower (n-1)L-level points.

1 When n=o0dd there aretwo Reflective Orthogonal ®es(nL-0-2L1) at Morley's 1st
Orthocenter X biseting the n versions of angles t-n-p((n-1)/2).X.mL-n-p((n/2) -1), where
m=(n-1).



nL-o-P2: nL-Clifford's Circle Center

There is an alternating construction of circles/circle ceners (odd case) and common circle points

(even case) in the sequence of-hines with increasing n.

-1 01 AU AAOAOEAAA OEEO OReMNEG PagelAandret3?.] ELALI OA8 O #EAE

It is best to understand with numbers:

1 1 #1 EALEl OA éLihe @iEuAcribkdxirdegbf the component triangles) intersect at a
commonpoint4-e-0 ¢ d #1 E A&l OAJd OP1(Mighd Fdimt) inctReEdséof &4ine. 1 ,

T v #I1 EAAl OA &ie (PMiguEl PdnG ofith&E5 domponent 4.ines) lie on a circle £-0-Cil:
#1 EEEI OAG O # BOR2ZA-# E@ZE DABGOCAG EOAT A #A1 OAO

1 ¢ #1 EALl OA bLihe BLEOCA bf A6 comfiondnt S ines) intersect at a common
point6L-e-P2:6L-# | EA£&FI OA8 O 01 ET O8

T x #1 E&AAZl OAd&e (6LieP2 odthe7 torporkent §-Lines) lie on a circle 7-0-Cil: 7L-
#1 EAE OA O #HORIA-#x E@E DAGOAG EYLAT A #A1 OAO

T ¢ #1 EALEl OA éLihe #LEOCA bfAné8 cdmfiondnt 7fLines) intersect at a common
point 8L-e-P2:8-# | E £& OA8 O 01 ET O8

1 w #1 E At @ AFLDe (8LIe-P2 of the9 component &Lines) lie on a circle 2-0-Cil: 9L-
#1 EELEI OA3 O #BORIA-#% EGEl DABGOABG EDAT A # AT OAO

1 etc.

4-Line 5-Line 8-Line 7-line
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Correspondence witiETC/EQF:
When n=3, then nko-P2 = X(3) and nto-Cil = Triangle circumcircle.
When n=4, then nke-P2 = QLP1.

Properties:
1 Ina5Line5L-0-Cil = Miquels Pentagon Circle anslL-o-P2 = Certer of Miquels Pentagon Circle.
SeeRef13, Miquel's Pentagram TheoremSeeRef34, QFG#1999.



nL-o-L1: nL-Line of Inscribed EnnaDeltoid Cent ers

Morley describes this line in hispaper: Orthocentric properties of the Plane fline (Ref-49).

It is the locus ofall (n+1)L-e-Cv1 centers((n+1)L-e-P1)andis always a line (Theorem 8) for all odd

n. The (n+1)Line is constructed by adding a randomithe to the reference nLine. Every added line
contributes a point on nL-o-L1.

nL-o-L1 is the Perpendicular Bisector ofnL-n-p((n-3)/2). nL-n-p((n-1)/2) . Note thatthel AOOA O OD6
in lower case.See nkn-pi.

For example in a 5Line it is the perpendicular bisector of 5L-n-pl.5L-n-p2 and in a ZLine it is the
perpendicular bisector of 5L-n-p2. 5L-n-p3.

The merit of nL-o-L1 is that in an (n+1)}Line the n versions of nko-L1 concur in (n+1)L-e-P1 being
nL-Morley's EnnaDeltoid Center

3-Line 4-Line 5-Line 6-Line T-line

7L-0-L1

3L-o-L1 il

N
—fLePi)
fDL-FT —
| |

the 4 versions of 3L-0-L1 coincide in 4L-e-P1 the 6 versions of 5L-0-L1 coincide in 6L-e-P1

3 perpendiculars coincide in 3L-0-P1 5 perpendiculars from 4L-e-P1_i (i=1,..5) coincide in 5L-0-P1 7 perpendiculars from 6L--P1_i (i=1,..7) coincide in 7L-0-P1
the perpendicular bisector of 3L-0-P1 and 3L-n-p0is 3L-o-L1 the perpendicular bisector of 5L-0-P1 and 5L-n-p1 is 5L-o-L1 the perpendicular bisector of 7L-0-P1 and 7L-n-p2 is 7L-0-L1

Correspondence witETC/EQF:

When n=3, then nko-L1 = Perpendicular Bisector of line segment X(3).X(4).

When n=4, then the 4 versions of 3lo-L1 = Perpendicular Bisector of line segment X(3).X(4) concur
in 4L-e-P1, which is QEP3.



nL-o0-L2: nL-Morley's Line of Orthocenter s

Morley describes this line in hispaper: Orthocentric properties of the Plane fline (Ref-49).

It is the line connecting .-0-P1 (Morley's 1st Orthocenter) and h-n-P4 (Morley's 2nd
Orthocenter).

Let X be some point on (sl)L-e-L2 with fixed ratio wrt (n-1)L-n-P5 and (n1)L-e-P1. Then nko-L2
is the locus of the common intersection point of the perpendiculars through the n lower level
versions of X to the omitted ling(Levelup ConstructionnL-n-Lucl) preserving distance ratios.

In this way (n-1)L-e-P1 is transformed into nL-0-P1 and (n1)L-n-P5 is transformed into nl-n-P4.

Correspondence witETC/EQF:
When n=3, then 3ko-L2 = X(4).X(4) = undefined line

- 4L-e-P1_5

=" 4L-n-P5_5.4L-e-P1_5 (x:y)

5L-0-L2 Morley's Line of Orthocenters

Properties:
1 These points lie on nko-L2 (all Orthocenters indeed}
- nL-0-P1 (nL-Morley's 1st Orthocenter
- nL-n-P4 (nL-Morley's 2nd Orthocenter)
- nL-n-P10(nL-MVPOrthocenter)



nL-0-2L1: nL-Orthogonal Reflective Axes

There are n versions of (Al)-Lines contained in an ALine.

For n=odd there are two orthogonal axegnL-0-2L1) at Morley's first Orthocenter X=nl-0-P1 being

the common angle bisectors of the n versions of angles am-ph.X.mLn-pk, where m=(n-1), h=(n-
1)/2,k=(n-3)2.. T OA OEAO OEA 1 AO%eA@n-mbraefifiton oftheselpbintsA O AAOAS8
Moreover the distance ratios X.min-ph_i/X.mLn-DE E AOA ANOAIl &I O EEph 8 hi
The Reflective Axes existfornrsh x hwh 88 )y 11 0 &£ O 1T Eo

See nko-P1. See als®ket34, QFGmessage #910.

Example:
5L-0-2L1a/b are the common angle bisectors ohie 5versions of angles 4kn-p2_i.X.4L-

n-pl_i
(where X=5L-0-P1) and the distance ratios X.4h-p2_i/ X.4Ln-bp  E AOA ANO

Al &I O EEp

4L-n-p1_2 oL-0-2L1b 5L-0-2L1a

AL-n-p1_1

4L-n-p1_5

Correspondence witiETC/EQF:
When n=3, then 3-0-2L1 is not defined.



nL-o-Cil: nL-Clifford's Circle

See nko-P2.
There is an alternating construction of circlestircle centers (odd case) and common circle points
(even case) in the sequence of-hines with increasing n.
-1 01 AU AAOAOEAAA OEEO OReMNEG PagelAandret3?.] ELALEI OA8 O #EAE
It is best to understand with numbers:
1 #1 EALl OhadLingi&EDpPpbséd to be the circumscribed circle of the triangle.
1 4#1 E £EAI O loba*LiveHAbArmsArided circles of the component triangles) intersect at a
commonpointd-e-0 ¢ d #1 E A&l OAJd OP1(Mighd Fdimt) inctReEdséof &4ine.1 ,
T v #1 EAAEl OA &abe (MiGuEllPANG ofith&5 ddmponent 4.ines) lie on a circle &-0-Cil:
#1 E EEI Oith Centér BLoAPR:AL# 1 E ££1 OAGO #EOAIT A #A1 OAOS8
1 6#1 E/EAI O lobal®LiveHsD-A-CiRabthe6 component 5Lines) intersect ata common
point6L-e-P2:6L-# 1 EAZFI OA8O 01 ET O8
1 x #1 E&AAZl OA & e (6Lie2 adthe7 dorporent g-Lines) lie on a circle 7-0-Cil: 7L-
#1 E EEI Oith Center LR AL-# 1 E £&£1 OAG 0O #EOAIT A #A1 OAOS8
1 8#1 EEAI O lobaBLieE70-8-CiAdxhe 8 component 7-Lines) intersect at a common
point 8L-e-P2:8-# | E A& OA8 O 01 ET O8
1 w #1 EALl OAé&ibe (8LIeP2 odtie9 torporent ®Lines) lie on a circle 2-0-Cil: 9L-
#1 E EEI Oith Centér BLoPR:AL# 1 E ££1 OAGO0 #EOAT A #A1 OAOS8
1 etc.

4-Line 5-Line B-Line 7-line
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Correspondence witETC/EQF:
When n=3, then nko-Cil = circumcircle of the triangle.

Properties:
1 Ina5Line 5L-0-Cil = Miquels Pentagon Circle and 50-P2 = Center of Miquels Pentagon Circle.
SeeRef13, Miquel's Pentagram TheoremSeeRef34, QFG#999.



5L-s: Specific Objects in a 5-Line

Specific objects in a A.ine are object that (according to the latest insights) amot be generalized to
recursive objecs related to an nLine.

5L-s-P1: 5L-Inscribed Conic Center

It is well known that in a g/stem of 5 random lines a unique inscribed conic can be constructethis
conic is 5-:s-Col and5L-s-P1 is the center of this conic.

In a 4Line the Newton Line (QLL1) is the locus ofthe centers of all4L-inscribed conics

Consequently the Newton Lines fothe 5 Component 4Lines pass through the Center of the 5L
Inscribed Conic.

Construction:

A simpleway of construction of 5:s-P1 is by drawing the Newton Lines (QiL1) of two Component
4-Lines. The intersection point of these lines will be the center dfie 5L-Inscribed Conic.

I A
T . | NewtonLine 7
T NewtonLine \ (L2,L3L4,L5) A /
— (L4L5,L1.L2) : 7S
~— ) g S
. /
R — | e /‘ V4
— | e y
T Py Ve NewtonLine—
T / _(5.C7,L2,L3)
- T _ p / -
T Newtonkine | >4 L
(L3,L4,L5,L1) AT BL-gP1 - e
} b . 12 “‘\___‘3\\
~ | L4 ol = -
T . / T
5 y —
Vo :
e
\
- NewtonLine ) ‘| /
T (L4,L5:01,L2) s
/|
/ A
a
/ \
iV |

Coordinates:
When using barycentric coordinateoefficients:
L1=(1:0:0), L2=(0:1:0), L3=(0:0:1), L4=(l:m:n), L5=(L:M:N),
then 5L-s-P1 has coordinates:
(mnLM-N)-MNI(m-n) :
NIEM(N-L)-NLm(n-1) :
ImMN(L-M)-LMn(l-m))



5L-s-P2: 5L-X(186)-Hofstadter Point

The X(186)-circles of the 4Lines (described atQL-P28: Circumcenter QLX(186)-Quadrangle
appliedin the 5-Line have one point in common SeeRet34, QFG#82, Seiichi Kirikam)i

3-Line 4-Line 5-Line
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o X(186) / '
N\ X(186)-1 \
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X(186)-2 ¢

X(186)3 \ /
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X(186) is the Inverse of the The versions of X(186) in the 4 Component The 5 versions of 4L-Ci(186) coincide in 5L-s-P2.
Orthocenter X(4) in the Circumcircle. Triangles of a 5-Line are concyclic on a circle

4L-Ci(186).

This sequence ofPoint--> Circle--> Commorpoint is typical for Hofstadter Triangle Points H(n) for
n = integer <>-1, 0, +1. See remarks below.

Properties:

1 The same procedure exists for X(3which also is a Hofstadter Poinin a 3-Line. In a 4Line the
X(3)-versions are concyclioon 4L-n-Cil ard the 5 versions of thiscircle in a 5-Line concurin 5L-
n-P1 However this sequel continuednfinitely for n>5, whichis notthe case for X(186).

1 5L-s-P2 lies onthe Centecircle of the 5-Line 5L-n-Cil.See nkn-Cil.

Hofstadter Triangle Points
Inthe AACETTETC T £ OEA pwwndd 001 £8 $1 0¢C (1 £AOOAAOAO
A description of these points can be found &ef58 Clark Kimberling, "Hofstadter points,”
Nieuw Archief voor Wiskunde? (1994) 109114.
Hofstadter pointsalsoare defined in ETC (Sé&t12) at the preamble of X(360):
Let r denote a real number, but not O or 1. Using vertex B as a pivot, swing line BC toward vertex
A through angle rB and swing line BC about C through angle rC. Let A(r) be the point in which the
two swung lines meet. Obtain B(r) and C(r) cyclically. Triangle A(r)B(r)C(r)-iddfstadter
triangle; its perspector with ABC is called the Hofstadter H(r) point.
A subset of these points being tineAngle Centerare defined by Ngo Quang DuongRet34,
QFG#1843
Pn is "rangle center"” of triangle ABC if (PB,PC)=n(AB,AC)(mod pi); (PC,PA)=n(BC,BA)(mod pi) then
of course we have (PA,PB)=n(CA,CB)(mod pi).
Hofstadter points H(r) arelefined for r=real number.


http://chrisvantienhoven.nl/quadrilateral-objects/index.php/17-mathematics/encyclopedia-of-quadri-figures/quadrilateral-objects/artikelen-ql/226-ql-p28.html

n-Angle Centers P(n) are points defined for n=gete<> 0 and 1.

It appears that the sAngle Centers P(n) match with the Hofstadter points H(n) provided that n =
integer <> 0 and 1.

For another summary and extra properties of these points see €R-1 andRet34, QFG#1872.
Finally following n-Angle Center8L-P(n)are relevantin a 5-Line:

etc.

3L-P(-4) = X59649

3L-P(-3) = X5962)

3L-P(-2) = X265

3L-P(-1) = X(4)

3L-P(0) = undefined

3L-P(+1) = undefined

3LP(+3 = X(3)

3L-P@3) = X186)

3L-P@+4) = X5961)

3L-P@#5) = X5963

etc.

Most important is that the n-Angle CentersL-P(n) for n<>-1,0,1have in common that:
1. In a 4Line the 4 versions of3L-P(n) of the Component Triangles are conclic on a circle4L-
Ci(n) with Center 4L-P(n).
2. In a5Line the 5 versions of4L-Ci(n) of the Component 4Linesconcur in a point 5L-P(n).

The properties of thissubset of the Hofstadter Pointsvere gradually discovered in discussions at
the QuadriForum (Ref-34) in 2013-2015 by Seiichi Kirikami, Chris van Tienhoven, Ngo Quang
Duong, Tsihong Lau, Eckart Schmidt and Beard Keizer.

It is fair to say that to date nceexact proof has been found for the existence of 4Ci(n), 4L-P(n) and
5L-P(n) relating to the Hofstadter Points 3LP(n), though several drawingsconfirm the validity of
the mentioned conjectured properties.

Carespondence wittETC/EQFEPG

n 3L-P(n) 4L-Ci(n) 4L-P(n) 5L-P(n)
-4 X(5964) no name no name no name
-3 X(5962) no name no name no name
-2 X(265) no name QL-P29 5L-s-P3
-1 X(4)

0 undefined
+1 undefined
+2 X(3) QL-Ci3 QL-P4 5L-n-P1
+3 X(186) no name QL-P28 5L-s-P2
+4 X(5961) no name no name no name
+5 X(5963) no name no name no name




5L-s-P3: 5L-X(265) -Hofstadter Point

The X(265)-circles of the 4Lines (described atQL-P29: Circumcenter QLX(265)-Quadrangle in a
5-Line have one point in common(SeeRet34, QFG#82, Seiichi Kirikan)i

3-Line 4-Line 5-Line
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X(265) is the Isogonal Conjugate of X(186)

The versions of X(256) in the 4 Component
Triangles of a 5-Line are concyclic on a circle
4L-Ci(265).

The 5 versions of 4L-Ci(265) coincide in 5L-s-P3.
n = integer <>-1, 0, +1.

This sequence ofPoint--> Circle--> Commorpoint is typical for Hofstadter Triangle Points H(n) for
Properties:

For explanation of Hofstadter Triangle Points se@emarks 5L-s-P2.

1 The same pocedure exists for X(3) which also is a Hofstadter Point in a-Bine. In a 4Line the
X(3)-versions are concyclic on 4in-Cil and the 5 versions of this circle in a-kine concur in 5L=
n-P1. However this sequel continues infinitely for n>5, which is ndhe case for X(85).


http://chrisvantienhoven.nl/quadrilateral-objects/index.php/17-mathematics/encyclopedia-of-quadri-figures/quadrilateral-objects/artikelen-ql/227-ql-p29.html

5L-s-P4: 5L-Center of the Anticenter Circle

Let Oi (i=1,2,3,4,5) le the concyclic 4ECircumcenters.

Let Hi bethe Anticenter (seeRef13) of Oj.Ok.Ol.Ogwhere (i,j,k,l,m) are different numbers from
(1,2,3,4,5).

H1, H2, H3, H4, Hare concyclic on a circle with centebL-s-P4.

Hi.Oi (i=1,2,3,4,5) have a common point. See &:P5.

SeeRef34, QFG#904.
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Properties:

1 5L-s-P4 is the midpoint of 5l-n-P3 and 5l-n-P7.

9 Radius Gcircle = 2 * Radius H-circle.

9 The distribution of H-Points on the Hcircle is similar to the distribution of O-points on the G
circle. They represent the angles between the defining lines of thelsne. SeeRef34,
QFG#1893.



5L-s-P5: 5L-OH Division Point

Let Oi (i=1,2,3,4,5) le the concyclic 4LCircumcenters (4L-n-P3).

Let Hi bethe anticenter of Oj.Ok.Ol.Onwhere(i,j,k,I,m) are different numbers from (1,2,3,4,5).
H1, H2, H3, H4, H5 are concyclic on a circle with centglr-s-P4.

The linesHi.Oi (i=1,2,3,4,5) have a common point 5is-P5.

5L-s-P5divides 5L-n-P3.5L:-n-P7 as well as Hi.(i=1,2,3,4,5)in parts (1:2).

There is a emarkable resemblancean a 4-Line where QL-P5is dividing Hi.Oi (1:1).

See alsdref34, QFG#1904.

[ o
Hay  Sl-s-Pdy
\ A N
SLAs-P5y ,:" H5
05.;‘ H1\r<’ P '{-‘,
f ',”(2} IS T 1 ‘-‘I
| 5L-n-P3." |

Properties:

1 5L-s-P5isthe Ratiopoint 5L-n-P35L-n-P7(2:1).

9 Radius Gcircle =2 * Radius H-circle.

9 The distribution of H-Points on the Hcircle is similar to the distribution of O-points on the G
circle. They represent the angles between the defining lines of thelsne. SeeRef34,
QFG#1893.



5L-s-P6: 5L-QL-P3 Parl/Par2 -Homothet ic Center

5L-s-P6 is the Parl/Par2Homothetic Center (see nkn-Luc5e) of QLP3 wrt the Reference ELine.

+ QL-P3_5

Properties:
1 5L-s-P6=5L-n-P7. 5l-0-P1 (1:2).
1 The lengths of line segments of Par2 are twice as long as corresponding line segments of
Parl.



5L-s-P7: 5L-QL-P20 Parl/Par2 -Homothetic Center

5L-s-P7 is the Parl/Par2-Homothetic Center (see nkn-Luc5e) of QLP20 wrt the Reference H.ine.

Properties:
1 5L-s-P7 =5L-n-P2.5L-n-P7 (-1:5)
9 The lengths of the line segments of Ref are equal to the corresmling line segments of Par2.



5L-s-P8: 5L-QL-P27 Ref/Parl/Par2 -Homothetic Center

5L-s-P8 is the Ref/Parl/Par2-Homothetic Genter (see nl-n-Luc5a) of QLP27wrt the Reference 5
Line.

QL-P27_5 »

QL-P27_3 «

QL-P27_1 »

SLsPg o

aLp2z 4~

QL-P27_2 -

Ref

Properties:

1 5L-s-P8lies on these lines:
-5L-n-P2.5l:n-P8 (Refkction of 5L-n-P2 in 5L-n-P8)
-5L-n-P4.5L-n-p4 (2:3)
- 5L-n-P9.51-n-g0.5L-n-g1 (midpoint (g0,g1))
-5L-n-P11.5l:n-g2 (-1:4)

1 The lengths of the line segments of Ref are 1.5 as long as the corresponding line segments of
Parl. Consequently the linsegments of Parl are 1.5 as long as the corresponding line
segments of Par2.



5L-s-P9: 5L-QL-P28 Parl/Per2 -Homothetic Center

5L-s-P9 is the Parl/Per2Homothetic Genter (see nl-n-Luc5g) of QL-P28 wrt the Reference &.ine.
There is an interesting relaticship with 5L-n-P13 (Parl/Par2-Homothetic Center of QLP28).

Properties:
9 There are no linear relations with other known 5L-points.



5L-s-P10: 5L-QL-P29 Parl/Per2 -Homothetic Center

5L-s-P10 is the Parl/Pe2-Homothetic Center (see nkn-Luc5g) of QL-P29 wrt the Reference 5Line.
There is an interesting relationship with 5l-n-P14 (Parl/Par2-Homothetic Center of QLP29).

Par2

5L-n-P14

¥ 5L-n-P4

“{5L-n-PS

Ref

™ 5L-n-P7

Properties:
1 5L-s-P10 =5L-n-P5.5L-n-P7 (-1:2)



5L-s-L1: 5L-Miquel Line

A 5-Line contains 5 Quadrilaterals also called-&ines (by Morley).
Each 5Line has 5 Component 4.ines.
1. So a5Line has 5versions of4L-n-P1: Miquel Points(QL-P1).
They are concentricon 5L-0-Ciland their center is 5l-0-P2.
2. So a 5Line has 5versions of4L-n-P3: Miquel Crcumcenters (QL-P4).
They are concentricon 5L-n-Ciland their center is 5l-n-P3.
3. So a 5Line has 5 versions of 4in-Cil: Miquel Circles (QL-Ci3).
They have one common poinbL-n-P1.
5L-0-P2, 5L-n-P3and 5L-n-P1lare collinear on 9.-s-L1. See als®Ref34, QFG#710.
This collinearity is not a general property and only valid in a &.ine and for example not in a Line.
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http://www.chrisvantienhoven.nl/quadrilateral-objects/17-mathematics/quadrilateral-objects/100-ql-p1.html
http://www.chrisvantienhoven.nl/quadrilateral-objects/17-mathematics/quadrilateral-objects/107-ql-p4.html

5L-s-L2: 5L-Isoconjugate Line

5L-s-L2 is created by using the Quadrilateral transformation QIf2 (Isoconjugation for Lines).
For an explanation of the notion of Isoconjugation seRef13.

A 5-Line montains 5 ComponentQuadrilaterals/ Component 4-Lines. When using a Component 4
,ETA TTA ,ETA EO 116 OOAA 1O Oi il EOOAAGS

Let Mi = QLTf2(Li), where Li is the omitted line for i=1,2,3,4,5.

In this way a new 5Line M1.M2.M3.M4.M5 is created.

We can do the sme procedure one level deeper,

Let Ni = QLTf2(Mi), where Mi is the omitted line for i=1,2,3,4,5.

In this way a new 5Line N1.N2.N3.N4.N5 is created.

Now the 5 intersections of lined.i and Ni will be collinear on 5L-s-L2.

Summarized:

By applying the QLTf2 transformation (Isoconjugation for Lines) twice a 2d level 5-Line is created.
The intersection points of corresponding lines of the reference-kine and the 2d level 5-Line will
be collinear on 5L:s-L2.

This is thedual case of 5P5-P2.

SeeRef34, QF5#784.
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5L-/socanjug~a\t6 Line

S5k,

S2K..



5L-s-L3: 5L-PAPMiquel Points Line

This line was contributed by Eckart Schmidt.
010 OOATAOG &£ O O0AOAATT A ' gAO 0AT OAl AGAOAI 68
Consider the 5Line of the QLCoZl-axes (Axis of the Quadrilateral Inscribed Parabola) of the QL
components:

1 The Mquel Points of the QkComponents of this 5L are collinear on b-s-L3.

9 The point5L-n-P3of this 5-Line is also a point on this line.

9 The points 5L-n-P1and 5L-n-P3of this 5-Line are the same.
See alsdRet34, QFG#748.
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5L-s-Col: 5L-Inscribed Conic

It is well known that in a system of 5 random lines a unique inscribed conic can be constructed.

-EO

Construction:
See Refl9.

1. Givenfivelinesa, b, c, d, e.
2. Let AO=cd, BO=de, CO=-ea, DO =ab, EO.=bc
3. The line from AO through BODO0.COEO cuta in A on the conic, and so oayclically.
4. We now have five points A, B, C, D, E on the curve.
5. Now go further with construction 5P-s-Col.
Properties:

1 5L-s-P1is the center of this conic.



5L-s-Tfl: 5L-Schmidt Transformation

5L-s-Tfl: the 5L-Schmidt Trandormation is a sequel to QLTf1: the ClawsonSchmidt Conjugate
(often abbreviated with CSE

Consider an arbitrary point X and itsClawsonSchmidt Conjugatesvrt the 5 Component
Quadrilaterals of the 5Line. These points are concyclion a circle Ciwith center X', which shall be
the 5L-Tfl-image of X.

This transformation was introducedby Eckart SchmidtSeeRet34, QFG#713.

Unlike QL-Tf1 (ClawsonSchmidt Conjugaté 5L-s-Tfl is not a reciprocaltransformation, meaning
that the output not will be re-transferred into the input by the transformation.

Special is thathe Cicircle of an ntersection of two 5L-lines is the circumcircle ofthe triangle of the
remaining three 5L-lines.

The transformation is of the 2d degree. Thereforeit mapslinesinto conics,

Let L1.L2.L3.L4.L5 be the Reference 5-Line

CSC1 = Clawson-Schmidt Conjugate of X wrt 4-Line L2.L3.L4.L5

/ ,  CSC2 = Clawson-Schmidt Conjugate of X wrt 4-Line L3.L4.L5.L1
CSC1g y \ CSC3 = Clawson-Schmidt Conjugate of X wrt 4-Line L4.L5.L1.L2
/ | CSC4 = Clawson-Schmidt Conjugate of X wrt 4-Line L5.L1.L2.L3

f 14 ; ,\5L-MTf1 (X) ‘ CSC5 = Clawson-Schmidt Conjugate of X wrt 4-Line L1.L.2.L3.L4
csc24 "r N ‘ e X | ©SC1, CSC2, CSC3, CSC4, CSC5 are concyclic.
CSC3“'~‘_V‘ L2 ,““‘ 5L-Tf1(X) = the center of the circle through CSC1, CSC2, CSC3, CSC4, CSC5
! 5 ) cscs 4

Properties:
1 the 5L-s-Tfl-image of 5l-0-P2.5L-n-P3is a conic, centered in 5is-P1, containing 5L-0-P2
(Eckart Schmidt, QFG#713)
the 5L-s-Tfl-image of any line contains 5i0-P2 (Eckart Schmidt, QFG#713).
5L-s-Tfl swaps the foci of the inscribed conidEckart Schmidt, QFG#722).
the image of 3.-0-P2is the reflection in 5L-s-P1 (Eckart Schmidt, QFG#722).
the image of theQL-P1-circle is the line at infinity (Eckart Schmidt, QFG#722).
the image of aQL-P1-point is the point at infinity of a perpendicularline to the
corresponding QL:line (Eckart Schmidt, QFG#722).
the image of he QL-P4-circle is a hyperbola(Eckart Schmidt, QFG#722).
the image of the main axis of the inscribed conic is a conic through the foci and 1,
symmetric to the second axigEckart Schmidt, QFG#722).
1 The CSeircle of an intersection of 2 5Llines is the circumcircle of the triande of the
remaining 3 5L-lines (Eckart Schmidt, QFG#754).
1 The 8.-s-Tfl-image of theQL-P1-circle is the line at infinity (Eckart Schmidt, QFG#754).
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1 TheCScCeircles of points on theQL-P1-circle degenerate to lines, tangent tthe inscribed
conic of the 5L (Eckart Schmidt, QFG#754).

1 For the QL-P1-points the degenerated CSCircles are the lines Li of the 5L (Eckart Schmidt,
QFG#754).

1 Forintersections of aline Li and the QL-P1-circle the degenerated CSCircle contains the
2nd intersection andQL-P1 of the remaining QL (Eckart Schmidt, QFG#754).

9 For a point X on theQL-P1-circle the degenerated CSCircle cuts theQL-P1-circle in 2
points, whose connectiors with X aretangent to the inscribed conic (Eckart Schmidt,
QFG#754).

1 For 2 diametral points on theQL-P1-circle the degenerated CSCircles intersect on aline
perpendicular 5L-0-P2.5L-s-P1 (Eckart Schmidt, QFG#754).

1 The CS&ircle of 5L-s-P2contains 5L-s-P3and the CS&ircle of 5L-s-P3contains 5L-s-P2
(Eckart Schmidt, QFG#754).

1 For 2 points inverse wrt theQL-P1-circle the 5L-s-Tfl-images are symmetric wrt 5-s-P1
(Eckart Schmidt, QFG#754).

1 5L-s-Tf1(Li*Lj) = Circumcenter (Lk,LI,Lm), where (,j,k,I,m)are different numbers from
(1,2,3,4,5) (Bernard Keizer, QFG#786).

For those interested in more properties follows here QFG#762 from Eckart Schmidt:
wrt 5L-s-Tfl (see #713, #722, #754) further properties:
Remember: b-s-Tf1 maps a point X to the centertbie concyclic 5 CS@mages of X.
... Let F1 and F2 be the foci of the inscribed conic of 5L, swappetsyT31 (see
#722).
... Let F1° and F2° be their inverses wrt the-Rl-circle, then &-s-Tf1(Fi°) = Fi.
... So there are two points F1 and F2° withs$sTfl-image F2 ...
... Let X be the intersection of F1.F2° and F1°.F2, then hdlés B1(X) = 5L-P1.
... Lines through X have a line through-Pll as k-s-Tfl-image...
... with intersections on an orthogonal hyperbola Hy ...
... through X, 5kP1, F1° ad F2° and a tangent in 821 through 5EP4.

. (The inverse of Hy wrt the QR1-circle is the strophoid of 5P1.5L-P4 with pole 5L
P1 and fixed point Y, which is the inverse wrt the-Bi-circle of the reflection of 5{P1
in the center of Hy.)

... The tansformation b-s-Tfl has three fixed points. They are the intersections of the
orthogonal hyperbola Hy and it &-Tfl-image (a curve of degree 5).

.. Generally there are two preimages P' and P" of a point R_verT&L.

.. The line P'P" containké point X (see above).

... The CS&xircles of P' and P" are inverse wrt a circle Ci(P) round P with radius
sqr(PF1*PF2).

... Construction of the second Point P", if P and P' are known: LetCI®QJ be the CSC
circle of P, then the inverse wrt Ci(R)CSCCi(P") and the common point of the CSC
images of CSECi(P") is P".

The properties are only CABRIbservations!



6L-s: Specific Objects in a 6-Line

Specific objects in a a.ine are objects that (according to the latest insights) cannot be geralized
to recursive objects related to an rLine.

6L-s-P1: 6L-Conical Center

In a 6-Line we have 6 Component-&.ines.

When constructing6 timesthe Inscribed Conic Centerg5L-s-P1) of the Component 5Linesthey are
coconic.The center of theconic of these centers is 6ts-P1.

This feature cannot be extrapolated to a-Line.

See also the note at 6k-Col.



6L-s-P2: 6L-Conical Ref-Par2 Homothetic Center

In a 6-Line we have 6 Component-&.ines.

When constructing 6 times the Inscribed Conic Céers (5L-s-P1) of the Component 5Lines we get

#Aph 8 h #Ae8 "U AOAxET C 1 ETAO OEOI OCE OEAOA AAT O
5-Line in the 6-Line) we get a 6Line called 6L-Parl. Doing the same proceduréor 6L-Parl instead

of thereference 6Line we get a 24 generation 6-Line 6L-Par2. 6L-Par2 is homothetic with the

reference 6Line 6L-Ref, giving rise to a Homothetic Center 6is-P2.

6L-Par1

Ce1

Properties:
1 The points
6L-s-P2 (6L-ConicalRefPar2 Homothetic Cente),
6L-s-P3 (6L-ConicalRefPer2 Homothetic Centel) and
6L-s-P4 (6L-ConicalPar2-Per2 Homothetic Cente) are collinear.



6L-s-P3: 6L-Conical Ref-Per2 Homothetic Center

In a 6-Line we have 6 Component-&.ines.

When constructing 6 times the Inscribed Conic CentefsL-s-P1) of the Component 5Lines we get

#Aph 8 h #Ae8 "U AOAxET C 1T ETAO OEOI OCE OEAOA AAT O
of the 5-Line in the 6-Line) we get a 6Line called 61-Perl. Doing the same proceduréor 6L-Perl

instead of the references-Line we get a 2d generation 6-Line 6L-Per2. 6L-Per2 is homothetic with

the reference 6Line 6L-Ref, giving rise to a Homothetic Center 6is-P3.

Properties:
1 The points
6L-s-P2 (6L-ConicalRefPar2 Homothetic Centel,
6L-s-P3(6L-ConicalRefPer2 Homothetic Center) and
6L-s-P4 (6L-ConicalPar2-Per2 Homothetic Cente) are collinear.



6L-s-P4: 6L-Conical Par2-Per2 Homothetic Center

In a 6-Line we have 6 Component-&.ines.

When constructing 6 times the Inscribed Conic CentefsL-s-P1) of the Compment 5-Lines we get
#Aph 8 h #Agps8

"U AOAXET C 1 ET AO padied to e dmittedAine finot 8isedhlinetofithe SLine in the
6-Line) we get a 6Line called 6l-Parl. Doing the same proceduréor 6L-Parl instead of the
reference 6Line 6L-Refwe get a 24 generation 6-Line 6L-Par2.

"U AOAxXET C 1 ET AO pédediculaC e thetofnjitdd ling (ndt us#dlige of the 5Line
in the 6-Line) we get a 6Line called 61-Perl. Doing the same proceduréor 6L-Perl instead of the
reference 6Line we get a 2d generation 6-Line 6L-Per2.

6L-Par2 is homotheticwith 6L-Per2, giving rise to a Homothetic Center 6is-P4.

Properties:
1 The points

6L-s-P2 (6L-ConicalRefPar2 Homothetic Centel,
6L-s-P3(6L-ConicalRefPer2 Homothetic Cente)) and
6L-s-P4 (6L-ConicalPar2-Per2 Homothetic Centel) are collinear.



6L-s-Col: 6L-Conical Center Conic

In a 6-Line we have 6 Component-&.ines.

When constructing 6 times the Inscribed Conic CentefsL-s-P1) of the Component 5Lines they are
coconic on 6l-s-Cal.

This feature cannot be extrapolated to a-Line.
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Note that for 6L-s-Col we have a case of 6 points on a comithout order.

0 AOAAIT 8 (sec®&EA3) i©VAI for 6 points on a coniawith order, stating thatif six random
points are chosen on a coniand joined by line segmentgo form a hexagon(6-Gon), then the three
pairs of opposite sidesf the hexagonmeet in three points which lie on a straight line, called the
Pascal lineof the hexagon3 ET A A s@héo@ /s vafid for 6 points in acertain order (by stating it
is a hexagon (6Gon))there are 60 Pascal lines (from the 60 possible-Gons) crossing at 20 Points
(so-called Steiner Points)These derived 60 lines and 20 points alscan be considered asentral
EPGobjectsin 6-Line.

Properties:
1 Ina 7-Linethe 7 versions of6L-s-Colconcur in 3 points 7L-s-3Pla/b/c.



6L-s-Tfl 6L -Schmidt Transformation

6L-s-Tfl was discovered by Eckart Schmidin 2014 and describedin Ref34, QFG #784#786, #861,
#864.
The QL:Tfl-images of a point Bvrt the 4-lines of a 5line lie on a circle, these circles for theines
of a 6line have a common point 6ks-Tf1(P).
In steps:

1 The 4L-Transformation QL-Tf1 transforms apoint P into another point QL-Tf1(p).

1 Inab5Linewe have 5 4Lines andconsequently a point P can be transformed into 5 other

points which are concyclic on a circléL-Cixwith center 5L-s-Tf1(P).
1 Ina6Line we have 6 5Lines and the 6 circles 5tCix are concurrent in 6Ls-Tf1(P).

4-Line 5-Line 6-Line
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QL-Tf is the combination of a reflection and an inversion. i P
e _sLeCix 5B
The 5 versions of QL-T1 in a 5-Line are concyclic on 5L-Cix(P).

The 6 versions of 5L-Cix in a 6-Line are concurrent in 6L-s-Tf1(P).

In Ret34,QFG#20h %AEAOO 3AEI EAO CAOA OEEO AT Al UOGAO A& O -
transformation in a 2n-Lineswith an inscribed conign relationship with the transformations QL-Tf1
(also named CSC), 5&-Tf1 (also named 5:CS¢ and 6L-s-Tf1 (also named (6l.CSC):
In 86 of his papeRef48"On the metric geometry of the planelme" Morley researched 2n
lineswith an inscribed conic . Here are cited his results:
O4EEO ET O1T1 O0OEIT EAO OEA A 111 xETC¢C POI PAOOEAOG(
(i) Its center is the Clifford point of the 2fines.
(ii) The foci are a pair of the involution.
(iii) The Clifford point of 2q lines and that of the remaining 2¢p lines are a pair of the
involution. The Clifford point of two lines means merely their intersection.
(iv) The Clifford circle of 2€l lines and thatof the remaining lines are partners. The Clifford
AEOAT A T &£ A TETA EO I AOCAI U OEA 1T ET A EOOAI £80
For a 4line, which has always an inscribed conic, this involution is the-@&gformation.
For 6-lines with an inscribed conic this involution is the transfoation 6L.-CSC, mentioned in
QFG #784, #861, #864.
Remember: The CS@ages of a point X wrt the-ines of a 5line lie on a circle, these circles
for the 5lines of a Eline have a common point, the BCSE@mage of the point X.
For an arbitrary 6L the transformation 6L.-=-CSC holds Morley's properties (ii) and (iii):
wrt (ii): 6L-CSC swaps the foci of the inscribed conics of 5 of 6 lines.



wrt (iii): 6L -CSC swaps the intersection of 2 of 6 lines and the Miquel point of the remaining 4
of 6 lines.
But | don'tsee any generalization for 2&€SC!

Properties:
1 6L-s-Tf1(P) = 6L-e-P2 far all P on the line at infinity (Cabriobservation).
1 6L-s-Tfl swaps the foci of the inscribed conics of 5 of 6 lines. SRef34, QFG#920.
1 6L-s-Tfl swaps the intersection of 2 of 6 ties and the Miquel point of the remaining 4 of 6
lines. SeeRef34, QF@&786 and #920.



7L-s-3P1: 7L-Conical Triplet Points

In a 7-Line there are 7 Component 4.ines.

So 7 6l:s-Co1l conics can be constructed.

They mutually have4 intersection points,thr eeof which are common points 7ks-3P1a/b/c.
However 2 of them can be imaginary points.

Finally 7L-s-3P1 is derived as follows:

T
1
1

in a 5-Line there is the center of the inscribed conic 5is-P1,
in a 6-Line the 6 versions of 5ks-P1 lie on a conic 6ts-Co],
in a 7Line the 7 versions of 6ks-Col have 3 common point3L-s-3P1.

Construction:
The determination of the 3out of 4 points of intersection is not alwayseasy.
Therefore these steps of construction

)l
)l

1
)l

ConstructCo6(=6L-s-Col wrt Ref. 7Line omitting L6) and Co7(=6L-s-Col wrt Ref. ZLine
omitting L7). See 6Ls-Col for the way of construction.

Because of their definiion Co6 and Co#will meet in the Centerof the conic5L-s-Cadl
(L1,L2,L3,L4,L5) Therefore construct5L-s-P1 (here calledCé and it will lie on Co6 and Co7.
Intersect Co6 and Co7 andrdw their intersection points. Cewill be one of these points.
When 2 points are imaginary tle 2 other points will be real and one of them will be Ce. The
other real point will be 7L-s-s3P1a, whereas 7is-3P1b and 7L-s-3P1c will be imaginary.
When no points are imaginary onstruct the QA-Diagonal TriangleDT of the 4intersection
points. Now the vertices of the Anticevian Triangle o€ewrt DT will b e the 3 points 7L-s-
3P1a, 71-:s-3P1b and 7l-s-3P1c.



