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Abstract.

In this paper a formal description is given of points occurring in a construction defined by 4
points and/or 4 lines.

The notion of a Quadrigon is introducedVith this notion it is possible to define Centers

and related objectglepending on 4 points and/or 4 lines in an integrated and

differentiated way.

Severalools andexamples are given. With these tools the road is free for a structured
Catalogue of QuadtCentersand QuadriObjects A first start is given.
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1.INTRODUCTION

There are noticeable differences betwen triangles and quadrilaterals / quadrangles.
1 With a triangle there are3 points and3 line segments When we consider a
guadrangle as a complex of 4 points then we have to deal with 4 points and 6
possible lines.
1 When we consider a quadrilateral as complex of 4 linesthen we have to deal
with 4 lines and6 possibleintersection points.
1 Atriangle can be constructed knowing3 elements of the triangle However a
guadrilateral cannot be constucted analogously with4 elements of thisfigure.
This isquite different from working with a triangle.

Algebraically there arealso differences.
1 Often trilinear or barycentric coordinatesare usedin the triangle environment
because a pait can be related to the 3 sidéengthsor the 3 anglesof a triangle.
But in the according situation4 side lengthsor 4 angles are nosufficient for
defining a quadrilateral.
1 The3vertices of a triangleare often (1:0:0), (0:1:0), (0:0:1). Introducing a
4th point raises the question how to classify this new point.

In this paper we will classify 3 types of construction with 4 points and/or 4 lines.

Most of the time only pointsor lines per type of construction have relationships with
each other.

Each typehas its ownunique definition for Centers. This will solve severalproblems and
relatesto existing practices in Triangle Geometry.

Homogeneous oordinate triples of points and coefficient triples of lines as well as
equations of conics will be given accaling to the developed system.

No synthetic proofs will be given. However with the developed algebraic systeit is
relatively easy to proveall the described properties.

Calculations are done with Mathematica software using theonderful collection of
formulas androutines in Baricentricas [10] of Francisco Javier Garcia Capita8pecial
thanks to him for his valuable adviceabout the Mathematica software.

Because the intermediate results odlgebraiccalculations often are verylengthy only the
final result is given.Many of thecalculated resuls are checked in a fixed reference
system.But neverthelesserror s or typos mayoccur.

Referencego sources of literature and internetare madewhere | found information
about points, lines and conicsThe remaining points, lines and conics | discovered myself
in the process of writing this paper. Howeverseveral of themmay be known and
available at other places.

Special thanks also for Peter Moses who helped me with the use of theglish language.
Very helpful because the English language is not my mother tongue.

Special thanks also for Bernard Gibert#& 1 xAO xEI 1 El QaddAOBEEADAAOD
and categorize them.
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Special thanks also for Eckart Schmidt who painstakingly worketthrough 174 pages of
the first concept of this paperand contributed with lots of useful additions.He
convinced me to use alsoaordinates relating to Diagonal Triangles(DT) of Quadrangle
and Quadrilateral. Most of the D¥coordinates and DFexpressionscame from his hand.
We had a very nice exchange of ideas alternately in German and English.



2.PRELIMINARIES

In this paper we deal with figures configured with 4 lines and/or 4 points. We will call
them Quadrifigures.

There is quite a lot of differencein the use of the words Quadrilateral and Quadrangle.
But because of further comprehension it is important to be verprecise in making
correct definitions.

We use this nomenclature.

Quadrilateral

A quadrilateral is a plane figure consisting of 4 lines nthree of which are concurrent.
In case of multiple use therefix and abbreviation QL will be used.

Quadrangle

A quadrangle is a plane figure consisting of 4 points no three of which are collinear.
In case of multiple use therefix and abbreviation QAwill be used.

Also this notion is introduced:

Quadrigon

A Quadrigon is a polygon of 4 points (no 3 of which are collinear) and 4 lines spanned
between the 4 points in such a way that each line connects only 2 of the 4 points and
each point is the intersection of just 2 of the 4 lines.

In case of multiple use lie prefix and abbreviation QGwill be used.

It is important that a quadrilateral consists of just 4andom lines without intersection
points and without any other condition or any order.

In the same way a quadrangle consists of just 4 random pointgthout connecting lines
and without any other condition or any order.

However a quadrigon consists of 4 random points with 4 connecting lines in cyclic order.
It also can be seen as a system of 4 random lines with 4 intersection points in cyclic
order. Now the order of points and lines are important.

3.DEFINITION OF QUADRISTRUCTURES

Quadrigon

There is a difference between a quadrilateral and a quadrangle.

Nevertheless this differentiation is not sufficient to describeall constructible points in

AT AT OEOTTITATO 1T £ 1 bl Ein@6 chagtefatéwoton willET A 08
beintroduced OOEA NOAAOECI 1 638

A Quadrigonis a polygon of 4 points (no 3 of which are collinear) and 4 lines spanned

between the 4 points in such a way thaeach line connects only 2 of the 4 points and

each point is the intersection of just 2 of the 4 lines.

There is no limitation for being convex.



Why this new concept?

1. Itis symmetric and according to the duality principle. Just like a triangle is
symmetric and according to the duality principle.

2. It appeals to what we usudl have in mind with a quadrilateral: 4 points and 4
lines in a certain order.

3. It can be extendedn 2 equivalentand symmetricways: more lines and more
points.

4. Some constructions of points cannot be uniquely defined in a quadrangle or
guadrilateral environment but it can be done in a quadrigon environment.

A quadrigon is the most specific notionit determines the cyclic order of lines and
points. Unlike the quadrilateral and quadranglelines and pointsnow have equal status.
A quadrigon has nmimal degrees of freedom. It can be seen #se intersection of a
guadrilateral and a quadrangeé.

Quadrigi T € 1OAAOEI AOAOAI 1 0AAOAT CI /

One consequence is that notions like adjacent ®d (or points) and opposite sides (or
points) become importanttEAO8 O xEU OEA 6 AT | Ophidid 01T ET OO A
becausein their construction the notion of opposite sides is used).

P4

P3 S~

P1 P2

Cyclic order of points and lines Opposite sides Adjacent sides

Properties in a Quadrigon

Quadrilateral

A quadrilateral is a plane figureconsisting of 4 linesio three of which are concurrent.
This figure can be partitioned in several ways.
a. 4times 1 line. This case is evident.
b. 6 possible combinations of 2 lines. This give® O ingerséation pointsé 8
c. t Pi OOEAIT A AT i AET AOCET T dOmpon&nt@O K ATl QIOBOH#EE O
In case of a convex quadrilaterahere are 2 pairs ofcomponenttriangles for
which pairwise the area of the inscribed part of the quadrilaterak the
subtraction of the trianglesper pair.
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4 Component Triangles in a Quadrilateral
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3 Component Quadrigons in a Quadrilateral

There isno more basicpartitioning in a Quadrilateral.

Quadrangle

A quadrangle is a plane figureonsisting of 4 pointsio three of which are collinear.
This figure can be partitioned in several ways.
a. 4times 1 point. This case is evident.
b. ¢ BT OOEAT A AT i1 AETAQGEITTO T &£ ¢ PIEIT 008 4EEO
c. t Pi OOEAIT A ATl i1 AET AOET T @oniperentd OFEIAH TG0 A8 648E E O
In case of a convex quadrilateral there are 2 pairs cbmponenttriangles for which
pairwise the area of the inscribed part of the quadrilateral = sum of triangles per pair.

4 Component Triangles in a Quadrangle

P4,
P3

P1" 'pz



d. 3 possible cyclic combinations of 4 points. Thisgivesu ¢ ONOAAOECI 1 068

P4 P4 P4
P3 P3 P3

P1 P2 P1 P2 P1 P2

3 Component Quadrigons in a Quadrangle

There is o more basic partitioning in a @adrangle.

Note that the partitioning of a quadrilateral and a quadrangle leads visually to different
@omponentOOE AT Cl AG6 AT A AEZAZZAOAT O ONOAAOAT Ci ADo«
The connections betweerQuadrangles, Quadrilaterals, Triangles and Quadrigons

can best be shown in ®ata Set Diagram (as used i@omputer Sciencg

Data Set Diagram

/ . .
Quadrangle <] Triangle QuadriLatera
Explanation:
1 Quadrangle has 4 consisting TrianglesA Triangle can be seen as part of a Quadran 1 Quadrilateral has 4 consisting Triangles

A Triangle can be seen as part of a Quadrilate

Quadrangle Quadrigon QuadriLatera

Explanation:
1 Quadrangle has 3 consisting Quadrig A Quadrigon can be seen as part of a Quadrang| 1 Quadrilateral has 3 consisting Quadrigon

A Quadrigon can be seen as part of a Quadrilater.



4.DEFINITION OF QUADRICENTERS

Levels of construction

When dealing withQuadri-figures the notions of aPoint, Line, Triangle, Quadrilateral,
Quadrangle anda Quadrigonrepresent levels ofconstruction. As explained in last
chapter these are all possible levels of constructioim a Quadrifigure.

When objecs are constructed on the level of a Point, Line or Triangthis construction
level usually is evident However when items are constructed on the level of a
Quadrilateral, Quadrangle or Quadrigonit is often unclear to which level this object
belongs.Still it is important to know at which level the object is constructed, because
each level requires a different approach. Discerning the right level makes it possible to
describe and calculate these objest

Determining the type of Quadri-figure
Making constructions in the Quadri-environment it often is not clear how the
dependencies are. Is there a dependency on 4 points, 4 lines or both?
Here are some tools to discover the type of Quadfigure that is the base of a
construction.
When atarget point is constructed based ort other pointsin aquadrangle then 4
componenttriangles and 3componentquadrigons can be discerned/Vhen the same
construction method is performed using anothercomponenttriangle or another
componentquadrigon thentwo things can happen:
 The constructionDT ET O AT AOT 60 AT 1T AOO xEOE OEA
In this case the target point is not a quadrangle point.
1 The constructionpoint concurs with the target point.
In this case the target point igprobably a quadrangle point.
By performing the same method for all othecomponenttriangles or quadrigons
(whichever construction level is chosen) and verifying equality withthe target
point it can be dedued that the target point isindeed a quadrangle point

When a target pointis constructed based ot lines in aquadrilateral, then 4 component
triangles and 3componentquadrigons can be discerned. When the same construction
method is performed using anothercomponenttriangle or another component
guadrigon then two things canhappen:
f The constructionDT ET O AT AOT 60 AT T AOO xEOE OEA
In this case the target point is not a quadrilateral point.
1 The constructionpoint concurs with the target point.
In this case the target point is probably a quadrilateral point.
By performing the same method for all othercomponenttriangles or quadrigons
(whichever construction level is chosen) and verifying equality with the target
point it can bededuced that the target point isindeed a quadrilateral point.

OAO

OAO



When a target point depewling on 4 points or 4 lines is neither a quadrangle point nor a
guadrilateral point it should be aquadrigon point

Definition of 3 types of Quadri Centers

This leads us to theconditions for a Quadrangle CenterQuadrilateral Centerand a
QuadrigonCenter.

A QuadrangleCentershould be a construction point based on 4points in a quadrangle.
When the same construction method is performed using otheromponenttriangles or
guadrigons then the same point should come out.

A Quadrilateral Centershould be a construction pointbased on 4 lines in a quadrangle.
When the same construction method is performed using othexomponenttriangles or
guadrigons then the same point should come out.

A Quadrigon Centeshould bea construction point based on 4 lines 04 points in a
guadrigon not being a Quadrangle Center or a Quadrilateral Center.

Defined in a formal way.

A Quadrangle Center QAis:

a point related to 4 random points P1, P2, P3, P4 (no 3 of which are collinear),
when QA can be described as some transformation of Pi wrt triangle Pj.Pk.PI

and is the same point for all permutations of (i,j,k,I) ~ (1,2,3,4), or

when QA can be described as some transformation of Pi wrt quadrigon Pi.Pj.Pk.PI
and is the same point for all permutations of (i,j,k,I) ~ (1,2,3,4).

A Quadrilateral Center QL is:

a point related to 4 random lines L1, L2, L3, L4 (no 3 of which are concurrent),
when QL can be described as some transformation of Li wrt triangle Lj.Lk.L |

and is the same point for all permutations of (i,j,k,I) ~ (1,2,3,4), or

when QL can be described as some transformation of Li wrt quadrigon Li.Lj.Lk.LI
and is the same point for all permutations of (i,j,k,l) ~ (1,2,3,4).

A Quadrigon Center QG is:
a point solely related to the 4 points and 4 lines of a quadrigon, not being a
Quadrangle Center or a Quadrilateral Center.

Algebraic description of Quadri Centers

Since we work with 4 points and/or 4 lines in a plane we can work with 2 Cartesian
coordinates as well as 3 homogeneousoordinates.

Also we need to have in mind that a coordinate system that is suitable for a quadrilateral
is not necessarilysuitable for a quadrangle, etc.

3ET AA xA ecomwientOBBOBT QI AO6 AT A OEthekdustruchon AT T Al O

of a centeris valid for eachcomponenttriangle it is worthwhile elaborating the

~



coordinate systems used in Triangle GeometryEspecially because the science of
Triangle Geometry is very well known and documented.

Now the method in a Qadrangle is to identify 3 of the 4 basic pointgn forming the
Reference Triangle. The point is an added point to the Reference Triangle used to
perform some construction with.

Againwhen a point comes out that qualifies as a Center the constructi@mould be
working for each choice of reference triangle that is possible in the Quadrangle.

This Quadrangle Center is the result of some transformation on one of
the vertices with respect to the triangle formed by the other vertices.

P4 P4 P4
P3 P3 P3 N
P3
QA }L\, \
P1 P2 P1 P2 P1 P2 P1 P2
Example:
QA = Inverse of the QA = Inverse of the QA = Inverse of the QA = Inverse of the
Isogonal Conjugate Isogonal Conjugate Isogonal Conjugate Isogonal Conjugate
of P4 wrt P1.P2.P3 of P1 wrt P2.P3.P4 of P2 wrt P3.P4.P1 of P3 wrt P4.P1.P2

The working method is then
1 choose randomly 3quadrangle verticesas the vertices of a reference triangle,
1 give them homogeneougoordinates(1:0:0), (0:1:0) and (0:0:1),
1 identify the remaining point with coordinates (p:q:r).
Every constructed objectnow can be identified
i as a function of (a,b,c) and (p,q,Wwhen barycentric triangular coordinatesare
used andwhere a, b, ¢ are the side tgths of the reference triangle, or
1 as a function of (A,B,C) and (p,q,when trilinear triangular coordinates are used
andwhere A, B, C are the angles of the referena@angle.

The Centroidand the Euler-Poncelet Pointn a Quadranglemay serve asexample.
As will be shown laterthe Centroid of the Qudrangle hascoordinates:

(2p+g+r @ p2g+r @ p+g+2r)
and the EulerPoncelet Point:

(P (Ss.a-Scr) (b2r(pta) - c2q(p+r)) :

q (Scr-a.p) (c?p(g+r) - a%r(q+p)) :
r (Sa.p-S5.0) (82q(r+p) - b2p(r+q)) )

where S\=(-a2+b2+¢?)/2, etc.
As can be seen the symmetry in construction is reflected the internal symmetry of the
coordinate formulas on the right level.



Identifying Centers on the right levelmakeit possible toalgebraically describe
relationships between these Centers likeollinearity, lying on a conic, etc.

The same consideration can be made with the QL. This results in a system where 3 of the

4 lines will be identified by homogeneous coefficient triples (1:0:0), (0:1:0) an@0:0:1).

The 4" line gets coefficient triple (I:m:n).

Note thatas AT A EZZEAEAT O 1 AOOAO Ol the @GsitvatibrEvinge OOA A
point coordinatesare represented by(p:q:r) with O B d1st late@r.

This has been donealeliberately for direct recognition of Quadricoordinates.

AEA 1 AOOGAO O1 6 OOAT AcordEHat€shadé bedn Ased. AliefetteOAT 1 O O
ObPo6 OOAT AO A& O Osxcborlinddeshaveibden Bddl | O OEAO 1

Example of a Qtpoint is the Miquel Point.
It has Ql-coordinates:

{a2mn/(m-n): Enl/(n -1):c2lm/(l -m)}.
In QA-notation this would be:

{a (p*q) (pt+q+r) : @pqg + &ar - bA(qrrp+pa)+2 S g2 & (r+q) (p+a+n)}
As can be seewhen a QLCenter is described in QAnotation there is no longercyclic
symmetry betweenthe 3 coordinates. That is because 3 Quadrigons can be discerned
a Quadrangleeachrepresenting a quadrilateral,each having a different MiquelPoint. So
actually The Miquel Point is dispersednto a triple of points in QA environment.
Neverthelesssometimes it can be useful wan interactions are searchedetween QA
Centers and QkCenters to calculate a QICenter in QAenvironment or vice versa.

So now we have algebraic desiptions for QA-Centers and QtCenters.

We also discerned the notion of a Qadrigon and & a matter of fact there are also
Quadrigon Centers. We wilabbreviate these centers as QGenters.

These are centers where the cyclic order of vertices and lirsmgments are used in the
construction method.

The algebraic wayof describing QACenters and QtCenters are notnecessaryuseful for
these QGCenters. The reason for this is that often the notion of opposite sides/points is
used and that gives few connections witkomponenttriangles.

| find that a simple Cartesian coordinate system with projectiveoordinates(i.e.a

normal x- and y-coordinate combinedwith a z-coordinate for indicating infinity points)
often gives easiest and symmetric results.

This is not surprising because a Cartesian oadinate system has 4 quadrants in ezh of
which we can pin a vertexeven so that the diagonals concur with the origin.

However for the sake of the many relations with quadrangles and quadrilaterals also the
QA-and the Ql-coordinates areof importance and will be mentioned in this paper.
However since Q@oints exist in 3 variants in Quadrangles and Quadrilaterals
coordinates will be shown in threefold too. Of course these 3 variants will show a
beautiful symmetry too.

This will be shown in Chapter 7.



5.QUADRANGLE OBJEGT
5.0 QUADRANGLESENERAL INFORMATION
QA/1: Systematics for describing QA-points

In this Encyclopedia of QuadrFigures 2 coordinate systems are used for Quadrangles:

1. QACT-Coordinate system, where 3 arbitrary points of the quadrangléorm a
Component Triangle (CT). This Component Triangle is defined as Reference
Triangle with vertice coordinates (1:0:0), (0:1:0), (0:0:1). The # point is defined
as (p:q:r).

2. QADT-Coordinate system, where the QMiagonal Triangle (DT, see QArl) is
defined as the Reference Triangle with vertice coordinates (1:0:0), (0:1:0),
(0:0:1). An arbitrary point of the Quadrangle is defined as (p:q:r).

The other 3 points now form the Anticevian triangle of Pi wrt the QMiagonal
Triangle and have vertices{ :q:r), (p:-q: 1), (p: q =r).

Both coordinate systemscan be converted in each other (see QA/6 and QA/7).

Every constructed object now can be identified as:

(f(a,b,c, p,q,r) : f(b,c,a, q,r,p) : f(c,a,b, r,p,q) )

where a,b,c represent the side lerths of the CT- or DT-triangle and

where p,q,r represent the barycentric coordinates wrt the CTor DT-triangle.

In the description of the points on the following pages only the first of the 3 barycentric

coordinates will be shown. The other 2 coordinatesan be derived by cyclic rotations:
1 a>b>c>a>etc.
T p>qg>r>p>etc.

Further the Conway notation has been used in algebraic expressions:
S=(aZ+k+a)/2
S=(+a-b2+ @) /2
S=(++P2-c?)/2
S=¢FHa2+rP+)/2
SMSS+$S+SSA E ¢ 3
7TEAOA 3 E AOAA V@O l-agh+d (ab+t)fa+ii)).0



TransformedQuadrangles

In the descriptions of Quadrangle Centers often the technique is used of transforming
one Quadrangle into another Quadrangle. This is done by performing a Transformation
T on Pi wrt triangle Pj.Pk.PI (for all permutations of (i,j,k, I} (1,2,3,4)). This poduces a
TAx NOAAOATCI A 0p680¢68006801088

#1 1 OANOGAT 61 u OEA OAI A OOAT O& Oi AGETT 4 AAT A
DOl AOGAET ¢ AT 1T OEAO NOAAOATCI A 0p6680c68800608
generation T-Quadrangle.

It is special thatoften the Reference Quadrangle and the®generation T-Quadrangle

AOA ET I 1T OEAOGEA8 #11 OANOAT 01 uh OEEO DOl AOAAO

T Ai AA O(1T11 OEAOGEA #A1 OAOos8

Another technique of quadrangle transformation is by determining Triangl€Centers

(see [12]) Xi for3 points Pj, Pk, PI (for all permutations (i,j,k,I¥ (1,2,3,4)). This

produces the (t) X-Quadrangle.

The same process can be performed on thesfLX-Quadrangle producing the 2d X-

Quadrangle. This quadrangle is named the®generation XQuadrangle.

Again often the Reference Quadrangle and thed®yeneration xQuadrangle are

EIiT OEAOEA8 ! CAET h OEEO DPOI ACAAO A O#A1 OAO 1
O(1T i 1T OEAGEA #A1 OAO6 8



QA/2: List of QA-Lines

Innextlistall QADT ET OO AOA 1 AT OET I-AAA xEOEI OO POAEFED
All lines in the range QAP1- QAP34 have been taken into account.

When lines have more than 2 points on it, they are defined by the 2 points with lowest

serial number.

These QAlines are described furtrer with their properties:
z QALLl: P1,P2,P3 P34

QALZ2: P2,P4,P6

QAL3: P1,P5, P10, P18, P20, P25, P2§Centroids Line)

QAL4: P1,P6, P23

QALS5: P10, P11, P12, P13 {QREuler Ling
Z QAL6: P1, P15 (Newtaviorley Line)

Other QALines without name buwith at least 3 Points on it:

P1, P4, P7

P1, P14, P24

P1, P16, P21

P1, P32, P33

P2, P10, P29

P2, P11, P30

P3, P20, P29

P4, P8, P23, P32

P4, P10, P28

P5, P17, P19, P21

P5, P29, P34

P6, P28, P29

P10, P16, P19, P31

P12, P14P33

P12, P29, P30

P20, P21, P31

N N N N

N
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QA/3: List of parallel QA -Lines

In nextlistall QADT ET OO AOA

[ AT OET T-hak

All lines in the range QAP1- QAP34 have been taken into account.
When lines have more than 2 points on it, they aréefined by the 2 points with lowest
serial number.

These QAlines are parallel:

N N AN AN AN AN ANANANANANANANANANANANANANANANANANANANANANANANANANANANANANAN

P1.P2// P22.P29

P1.P6 // P3.P4 /| Q&ultasymptote
P1.P11// P3.P30// P12.P20 // P13.P22
P1.P12// P11.P22

P1.P13// P5.P12 /[ R1P20
P1.P16 // P19.P20 // P22.P31
P1.P19// P16.P22

P1.P28 // P4.P5

P1.P29 // P2.P20 /l P3.P5
P1.P31// P5.P17 // P10.P27 // P16.P20
P1.P32// P2.P4 /| P7.P8 /I P12.P24
P2.P5// P3.P20 // P10.P34
P2.P10 // P25.P34

P2.P11// P13.P29

P2.P12 // P11.P29

P2.P16 // P3.P21 // P29.P31
P2.P19// P16.P29

P2.P21// P3.P16

P2.P23/ P3.P32

P2.P25 // P3.P26

P2.P26 // P3.P25

P3.P10// P26.P34

P3.P12 // P20.P30

P3.P24 /| P14.P34

P3.P30// P12.P20

P4.P12 // P13.P28

P4.P19 // P28.P31

P4.P20 // P22.P28

P4.P30 // P6.P11

P5.P11// P13.P20

P5.P16 // P20.P21

P5.P24 /| P13.P32

P5.P33 //P22.P32

P10.P14 // P11.P33// P20.P24
P10.P24 // P14.P26

P10.P27 // P16.P20

(4" line is midline of Tand 3° line)
(3¢ line is midline of $and 2 line)
(1* line is midline of 2 and 3% line)

(1** line is midline of 2 and 4" line)

d (3% line, 1*!line) = 2*d(3“ line, 2" line)

xEOET 60 DPOAEE®D



P11.P16 // P12.P19 // P13.P31 (3“ line is midline of Tand 2¢ line)
P11.P19 // P13.P16
P11.P31// P12.P16
P12.P20 // P13.P22
P16.P25 // P21.P26
P16.P26 // P21.P25

N N N N N N

QA/4: List of perpendicular QA -Lines

Innextlistall QADT ET OO AOA [ AT OETl 1-A&A xEOEI 60 POAEEQD
All linesin the rangeQA-P1- QA-P34 have been taken into account.

When lines have more than 2 points, they are defined by the 2 points with lowest serial

number.

It is remarkable that there are no point -to-point QA-lines perpendicular !

Apparently because all QApoints (except QAP12) have been constructed without using
perpendicular lines.

The only perpendicular settings in a Quadrangle are:

QA-Cu7 (QAQuasi Isogonal Cubicasymptote _|_ P1.P32// P2.P4 /| P7.P8 // P12.P24.
5th point tangent QAP2 (seeQAL/1) also_|_ P1.P32// P2.P4 /| P7.P8 /| P12.P24.
QA-Co2 (QAOrthogonal Hyperbola) has 2 perpendicular asymptotes.

QA-Co4 (QADT-P3-P12 Qthogonal Hyperbola) has 2 perpendicular asymptotes.
F1.F2 |_ P4.P12// P6.P36 // P13.P28,

where F1 and F2 are the foci of the 2 QRarabolas (QA2Co1).

With special property that P4.P12 =2 * P6.P36 =4 * P13.P28.

N N N AN N

When we are looking for perpendicular lines between Qfoints and also includeQG
points, then there are plenty of perpendicular lines. See QG/4.



QA/5: List of QA-Crosspoints

When 3 lines connectingQA-points concur, the point of concurrenceis calleda QA
Crosspoint.
In this list all possible non-registered QA-Crosgoints are listed originating from at least
3 connectinglines of QA-points in the range QAP1z7 QAP34.
QADT ET OO0 AOA 1 AT OEI 1-d&A xEOET 00 POAZLZE® O1!
Lines are defired by the first 2 points on it with lowest serial number.
There are regularly recurring crossing lines with these Crosspoints. This is an indication
for the occurrence of Perspective Fieldssee QAPFI).
When the intersection points have fixed ratios of the distances to thaefining points on
the defining lines, thenthey are mentioned.There are many of them.
7EAT OEAOA AOA 11 ZEQAA OAOET O OEEO EO EIT AEA
For point P on line P1.P2 the ratio d1 : d2 means that d(P,P1) : d(P,P2) = d1 : d2, where:
1 d1is positive when P is positionedvrt P1 at the same side of the line as P2. If not
then d1 is negative.
1 d2is positive when P is positionedvrt P2 at the same side of the line as P1. If not
then d1 is negative.

Z P1.P4" P3.P6" P20.P28 1:2/2:1/ 4:-1
Z P1.P4n~ P5.P28" P6.P34 1.4/ 4:1/ 3:2
Z P1.P8" P2.P23" P4.P33 x:yl x:yl x:y
z P1.P8" P2.P32" P7.P33 x:yl x:yl x:y
Z P1.P11» P3.P30"N P12.P20" P13.P22 Infinity Point

Zz P1.P11» P5.P12" P13.P20" P30.P34 1:2/1:1F1:2/3:+-1
Z P1.P12™ P5.P13" P24.P32 1:4/4:11/ 4:1
Z P1.P12" P11.P26" P14.P32 1:6/9:-2/ 4:3
Z P1.P13" P5.P12" P11.P20 Infinity Point

Z PL1.P13" P11.P22" P12.P20 2:-1/2:-1/1:1
Z P1l.P16" P19.P20" P22.P31 Infinity Point

z P1.P17~ P10.P16" P18.P21 x:yl x:yl x:y
Z P1.P17" P10.P27" P16.P18 1:4/ x:yl x:y
Zz P1.P19" P5.P16™ P10.P27 -1:3/2:11/x:y
Z P1.P19" P5.P31" P10.P21 1:4/4:11/ 2:3
z P1.P28" P5.P6" P12.P24 x:yl x:yl x:y
Z P1.P29" P2.P20" P3.P5 Infinity Point

Z P1.P29" P3.P10" P20.P34 1:1/3:1/73:1
Zz PL1.P29" P6.P20" P12.P24 x:yl x:yl x:y
Zz P1.P31» P5.P17" P10.P27" P16.P20 Infinity Point

Z P1.P31" P16.P22" P19.P20 2:-1/2:-1/71:1
Z P1.P32™ P2.P4N P7.P8M P12.P24 Infinity Point

Z P1.P32* P3.P6" P4.P34 x:yl 1:1/ 3:1
Z P2.P5" P3.P20" P10.P34 Infinity Point

z P2P7" P3.P23" P6.P34 X:yl x:yl x:y



N N AN AN AN AN ANANANANANANANANANANANANANANANANANANANANANANAN

P2.P7" P3.P33" P32.P34
P2.P7" P6.P32" P23.P33
P2.P8" P3.PAN P7.P34

P2.P8" P4.P33" P7.P23

P2.P16"
P2.P16"
pP2.P20"
pP2.P20"
P2.pP26"
pP2.P32%

P3.P21" P29.P31
P19.P29" P21.P34
P3.P10" P22.P29
P3.P22" P10.P34
P10.P34" P25.P29
P3.P6" P23.P34

P3.P5" P4.P20" P12.P24

P4.P117
P5.P12%
P5.P16"
P5.P17%
P5.P29%
P5.P317
P10.P14"
P10.P21"
P10.P21"
P10.P21"
P10.P21"
P10.P27"
P10.P27*
P10.P27"
P10.P33"
P11.P16M
P11.P31"
P16.P17"

P6.P30" P12.P28

P13.P20" P30.P34
P10.P21" P19.P20
P10.P27" P16.P20
P12.P24" P20.P28
P10.P27* P19.P20
P11.P33" P20.P24
P16.P18" P17.P20
P16.P20" P22.P31
P16.P26" P19.P25
P19.P26" P25.P31
P16.P22" P20.P21
P16.P25" P19.P26
P19.P25" P26P31
P11.P14" P26.P32
P12.P19" P13.P31
P12.P19" P13.P16
P18.P21" P19.P20

'yl 2:3719:-4
'yl xiyl Xy
yl x:yl x:y
'yl xiyl x:y
Infinity Point

-1/ 21/ 32
21 /3:1/-1:2
1/4:1/7-1:2
-1/2:3/12:3
'yl xiyl Xy
yl xiyl Xy
1/1:274:-1
1/ -1:2/ 3:-1
-1/ -2:3/12:-1
Infinity Point
x:yl x:yl x:y
4:-1/ x:yl 2:1
Infinity Point
x:yl x:yl x:y
-1:3/1:1/ -1:2
:1/3:-17 3:1
:5/6:1/4:3
yl 4:-11 1:2
'yl 3:2/6:1
'yl 3:-11-2:3
:3/3:21 -4:9
Infinity Point
2:-1/1:1/-1:2
x:yl x:yl x:y

X X X X

NP NX X ODMNEFENDN

N X X X N B



QA/6: QA-Conversion CT -> DT z coordinates

Let P1.P2.P3.P4 be the Reference Quadrangle.

Let P1.P2.P3 be the random Reference Component Triangle en let P4 be thedint.
The QADiagond Triangle S1.S2.S3 is th€evian Tiangle of P4 wrt P1.P2.P3.

Let Q be some point to beanverted from CT- to DT-coordinates.

S3)

Diagonal
Triangle

Component
Triangle

P2 3\ S

Let Qc (xc : yc: zc) be the presentation of Q in barycentric coordinates wrt the
Component Triangle. Let Qd (xd : yd : zd) be the presentation of Q in barycentric
coordinates wrt the Diagonal Triangle.
Now Qc = xc.cfcl.P1 + yc.cfc2.P2 + zc.cfc3.P3 wrt the Reference Component Triangle
and Qd = xd.cfd1.S1 + yd.cfd2.S2 + zd.cfd3.S3 wrt the Diagonal Triangle,
where:

1 (xc:yc: zc) are the barycentric coordinates of Q withe Component Triangle,

1 (xd:yd: zd) are the barycentric coordinates of Q wrt the Diagonal Triangle,

1 cfcl, cfc2, cfc3 are the Compliance Factors of the Component Triangle,

1 cfdl, cfd2, cfd3 are the Compliance Factors of the Diagonal Triangle.
Explanation of Compliance Factors can be found at [B6page 4Q.
Since the Component Triangle is the Reference Triangle, the Compliance Factors of the
Component Triangle are all equal 1.
The Compliance Factors of the Diagonal Triangle are:

1 cfdl = Det [Gd, S2, S3]/ D¢S1, S2, S3],

1 cfd2 =Det [S1, Gd, S3]/ Det [S1, S2, S3],

1 cfd3 =Det [S1, S2, Gd]/ Det [S1, S2, S3],
xEAOA 'A E OEA #A1 OOTEA 1T &£ OEA S$EACITAI 40EA
O3 AOAOI ET AT 66 8
Calculation gives 2 presentations of the coordinatesf Q wrt the Component Triangle:

T Qc=(xc:yc:zc),

T Qd=(p(@tr)(pyd+qyd+pzd+rzd):q(p+r) (pxd+qxd+qzd+rzd):

r(p+q)(pxd +rxd +qyd+ryd))



Since Qc and Qd present the same point we can now calculate the coordinate® wrt

the Diagonal Triangle:
T (xd:yd:zd)=
((@+n)(grxc-pryc-pqgzc) : (ptrfarxc+prycpqzc) @ (p+gHarxc-pryc+pqzc)).
However we have to bear in mind that the variables in these coordinates are expressions
in (a,b,c) and (p,q,r), which are variables wrt the Component Triangle.

Therefore the CT > DIconversion of P(x : y : z) consists of onsecutivesteps:
1. Transform Point (x, y, z)-->
(@+n(grx-pry-pqz) :
(p+n(-qrx+pry-pqz) :
(P+a)(-qrx-pry+pqz)
2. Replace:p-->(-p+q+r)
q-->(p-q+r)
r-->(p +q-r)
3. Replace: 2a> AP (SAG+SBg-2SAqr+SA2+SC 3))/((p+qg-nN2(p-qg+r)3)
b2--> A R(SApP+SBpB-2SBpr+SBar+SC %)) /((p -q-nN2(p+qg-r)2)
c2--> (4r(SAp+SCPp-2SCpq+SB2¢SCE)/((p-9q-r2(p-g+r)?)



QA/7: QA-Conversion DT -> CTz coordinates

Let S1.S2.S3 be the @Biagonal Triangle of theReference Quadrangle P1.P2.P3.P4.
Let S1.S2.S3 be the Reference Triangle.

Let P4 be an arbitrary point of the Quadrangle with coordinates (p:q:r) wrt the DT.
The Component Triangle P1.P2.P3 is thnticevian Triangleof P4 wrt S1.S2.S3.

Let Q be some pointo be converted from DT tot CT-coordinates.

S3) ‘

Diagonal
Triangle

Component
Triangle

/ |52 P3\ S2

Let Qc (xc : yc: zc) be the presentation of Q in barycentric coordinates wrt the
Component Triangle. Let Qd (xd : yd : zd) be the presentation of Q in barycentric
coordinates wrt the Diagonal Triangle.
Now Qd = xd.cfd1.S1 + yd.cfd2.S2 + zd.cfd3.S3 wrt the Reference Diagonal Triangle
also Qc =xc.cfc1.P1 + yc.cfc2.P2 zc.cfc3.P3wrt the Diagonal Triangle,
where:
1 (xd:yd: zd) are the barycentric coordinates of Q wrt the Diagonal Triangle,
1 (xc :yc :zc) are the barycentric coordinates of Q wrt the Component Triangle,
1 cfcl, cfc2, cfc3 are the Compliance Factors of the Component Triangle,
1 cfdl, cfd2, cfd3 are the Compliance Factors of the Diagonal Triangle.
Explanation of Compliance Factors can be fodrat [26b page 4Q.
Since the Diagonal Triangle is the Reference Triangle, the Compliance Factors of the
Component Triangle are all equal 1.
The Compliance Factors of the Component Triangle are:
1 cfcl = Det [Gc, P2, P3] / Det [P1, P2, P3]
1 cfc2 = Det [P1Gc, P3] / Det [P1, P2, P3]
f cfc3 = Det [P1, P2, Gc] / Det[P1, P2, P3]
xEAOA 'A E OEA #A1 OOTEA 1T &£ OEA #11iPiTAT O 40E
O$ AOAOI ET AT 06 8
Calculation gives 2 presentations of the coordinates of Q wrt the Diagonal Triangle:
T Qd=(xd:yd: zd),



T Qc=
(-p (P2xc-g2xc+2Qqrxcr2xc+@Fyc-g2yc-2pryc+eRyc+ @Fzc-2pqzc+§@zc-r2zc):
-q (-p2Xc+ @xXc-2qgrxc+Exc-p2yc+yc+2prycr2yc+ pzc-2pqzc+§@zc-r2zc):
-r(-p2XC+@EXc-2qrxc+eExc+pFyc-g2yc-2pryc+eyc-p2zc+2pqzeg?zc+ Pzc))
Since Qc and Qd present the same point we can now calculate the coordinates of Q wrt
the Component Triangle:
T ((xc:yc:zc)=
(P(p-a-n(ryd+qzd):q(p+qg-n(rxd+pzd): rep-q+r)(gqxd+pyd).
However we have to bear in mind that the variables in these coordinates are expressions
in (a,b,c) and (p,q,r), which are variables wrt the Diagonal Triangle.

Therefore the CT > DIconversion of P(x : y : z) consists of 8onsecutivesteps:
1. Transform Point (x:y: z)-->
PP-9-N(ry+qz):
q(-p+qg-N(rx+pz):
r¢-p-g+n@x+py)
2. Replace: p-->(gq+71)
q-->(p+r)
r-->(p+aq)
3. Replace: @2-> ((q-r1)2SA+4(p+1)2SB+ (p+ PrzSC)/((p + qp (p +1)3),
b2->(p2(q+r)2SA+@(p-r2SB+(p+@rzSC)/((p + qp(q +r)?),
c2-> (PP(q+12SA+§(p+r)2SB+ (p-q)2r2SC)/((p +1)2(q +r)?).



5.1 QUADRANGLE CENTERS
QA-P1: QA-Centroid or Quadrangle Centroid

The Centroid of a Quadingleis actually the center of gravity ofa Quadrangle replacing
the points by equal masses.

The usual way to construct it is by connecting migbints of opposite sidesof a chosen
component Quadrigon The twoconneding lines as well as the line connecting the
midpoints of the diagonalsmeet atthe Centroid.

Pi = Quadrigon Vertices
Mij = Midpoint (Pi,Pj)

QA-P1 = Centroid

However there is also another way to construct the Quadrangle Centroid using
componenttriangles. This way of construction makes it clear that it really is a
Quadrangle @nter becausat can be constructed in the same way forlacomponent
triangles of the Quadrangle. This picture shows that the Centroidanbe constructed by
partitioning Gi.Pi in parts 3 : 1.

Pi = Vertices of the Quadrangle The Centroid of a Quadrangle can be constructed
Gi = Centroids of component Triangles Pj.Pk.PI by partitioning Pi.Gi in parts (3) : (1) fori=1,2,3,4.
P4

1st CT-Coordinate
2p+q+r



1st DT-Coordinate:
P2 (-p2+ P+ 1?)

Properties:
1 QAP1 lies on theseQAlines:
Z QAP2.QAP3 (1: 1= QAP1 =Midpoint of QAP2.QAP3J)
z QAP4.QAP7
Z QAP5.QAP10 (3:1)
Z QAP6.QAP23
z QAP14.QAP24  (-1:3)
Z QAP16.QAP21 (1: 1= QAP1 = Midpoint of QAP16.QAP21)
Z QAP32.QAP33 1:2)
T QAP1 lies on these Qdnes:
Z QGP1.QGP4 (3:1)
Z QGP2.QGP12
Z QGP4.QGP8 (1:1=>QAP1 = Midpoint of QAP4.QAPS8)
Z QGP5.QGP10 (1:1=> QAP1 = Midpoint of QAP5.QAP10)
z QGP7.QGP9 (1: 1=> QAP1 = Midpoint of QAP7.QAP9)
1 QAP1 =Center of theNine-point ConicQA-Col.
1 QAP1 = QAP10-Ceva conjugate of QR16wrt the QA-Diagonal Triangle.
1 QAP1 =thelnvolutary Conjugate (see QA2) of QAP20.
1 QAP1 =Homothetic Center of the  Nine-point Quadrangle and the $ Midray

Quadrangle.

1 QAP1=the point of tangency ofthe two congruent tangent circumcircles of the
triangles defined by the 3 QAversions of QGP7 (1st Quasi Ninepoint Center)
and the 3QArversions of QGP9 (2nd Quasi Circumcenter).

1 QAP1= QACentroid (QA-P1) of the quadrangle formed by the vertices of the
Diagonal Triangle and QAP5.

1 QAP1=_GergonneSteiner (QA-P3) point of the quadrangle formed by the
vertices of the Diagonal Triangle and Q&R3.

1 QAP1 lies on the Conic QAO05.

1 QAP lies on the Cubics Q&u2, QACuU3, QACuU5, QACUB6.



QA-P2: Euler-Poncelet Point

Euler mentioned this point in one of his numerous papers.
In 1821 Brianchon and Ponceletboth captains of artillery , wrote abook [1] in which the
orthogonal hyperbola and this point were worked out.
The Euler-Poncelet Pointcan be defired in different ways.
1. ltis the center of the orthogonal hyperbola through P1R2, P3 and P4.
2. Itis the common point of theNine-point Circles of the triangles Pj.Pk.PI for all
permutations of (j,k,)~ (1,2,3,4).
This point is also described at [2c] and [8hnd [15f].

// Orthogonal
. Quadrangle
Hyperbola

Pi = vertices of the Quadrangle
Ci = Circle through Midpoints Pj.Pk, Pk.PI, PI.Pj

QA-P2 = Euler-Poncelet Point

. P2
1st CT-Coordinate
P (Ssq-r) (b?r (pta) - c2q (ptn))
1st DT-Coordinate:
1/(b2r2-c2q?)
Properties:
1 QAP2lies on these QAines:
Z QAP1.QAP3 (-1: 2 = QAP2 =Reflection of QAP3 in QAP1)
Z QAP4.QAP6 (2 : -1 = QAP2 =Reflection of QAP4 in QAP6)
Z QAP10.QAP29 (-2 : 3= QAP2 =AntiComplement of QAP29

wrt QA-DT)
Z QAP11.QAP30 (-1: 2 = QAP2 =Reflection of QAP30 in QAP11)
Z QAP12.QAP36 (2 : -1 = QAP2 =Reflection of QAP12 in QAP36)
1 QAP2is the enter of the Orthogonal Hyperbola through P1, P2, P3, P4.
1 QAP2is the common point of Ningpoint Circles Pi.Pj.Pk for all permutations of
@,,k,) N (1,2,3,4).



QAP2 isthe point of concurrence of the four circles determined by the feet of the
perpendiculars dropped from each of the four points onto the sides of the
triangle formed by the other three. See [13] Ningooint Circle.

QA-P2 is the Homothetic Center of the Angional Quadrande and the Reference
Quadrangle(the Antigonal of a point X ighe isogonal conjugate of the inverse in
the circumcircle ofthe isogonal conjugate of X,ee [17a)).

QA-P2 is theMidpoint of the reflections of QAP4 in Pi.Pj and Pk.PI (note Eckart
Schmidt).

Let M = Diagonal Point Pi.Pj * Pk.PI.

Now M.QAP4 and M.QAP2 are symmetric wrt the angle bisector of lines Pi.P]
and PKk.PI for all permutations of (i,j,k,I¥ (1,2,3,4) [16 page 8].

QA-P2 is the common point of the circumcircles of the Pedal Triangles Pi.Pj.Pk
wrt Pl for all permutations of (i,j,k,) N (1,2,3,4). Sed8].

QA-P2 lies on the circumcircle of theQA-DiagonalTriangle.

QA-P2 lies on the circumcircles of triangles formedby the 3QAversions of QG
P1, Q&EP6, QGP10as well asQGP14.

QAP2 lies on the Ninepoint Conic (QACo01).

QA-P2 is concyclic with QAP7, QAP8 and QAP23.



QA-P3: Gergonne-Steiner Point
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guestion was posed for the Quadrangle Conic with least eccentricity. Steiner solved this

problem. The center of this conic happens to be QRA3.

It is also the common point of the 4 circles defined by the midpoints of Pi.Pj, Pi,PkPk

for all permutations of (i,j,k,)) N (1,2,3,4).This common circle pointis described shortly

without name in [2c] JeanLouis Ayme Le PointABulerO T T AAT AO AOGin 1 0AAOQE
page 10.According to Jear_ouis Ayme this point was mentioned irthe writing of Igor

It is strongly related to QA-P2 (the Euler-Poncelet Poin) in construction with circles of

the same size as well as in position within the Quadrangle.

QAP3always appears at the®pposite sidedof the reference quadrangle than Q2.

The QACentroid QA-P1is their midpoint.

Pi = vertices of the Quadrangle

Ci = Circle through Midpoints Pi.Pj, Pi.Pk, Pi.PI

(rays from Pi)
QA-P3 = Gergonne-Steiner Point

1st CT-Coordinate
(@ (p+a)(p+n-b2p( p+agrczp (p+n)*
(@2qr@2p+qg+rn-b2pr(g+r-c2pq(q+r)

1st DT-Coordinate:
1(-2a02r2+b?r2(p2+q-r2) + ¢g2(p2-qg2+r?)

Properties:
1 QAP3 lies on these QAines:
Z QAP1.QAP2 (-1: 2 = QAP3 =Reflection of QAP2 in QAP1)
Z QAP20.QAP29 (2 : -1 = QAP3 =Reflection of QAP20 in QAP3)
Z QAP22.QAP35 (5:-4)
1 TheReflection of Pi in QAP3 is a point on the circumcircle of Pj.Pk.PI.
1 QAP3is the EulerPoncelet Point (QAP2) of the Bt Circumcenter Quadrangle
(note Eckart Schmidt).
1 QAP3is the Homothetic Center of the Antigonal Quadrangle and thetCentroid
Quadrangle (the Antigonal of a point X ighe isogonal conjugate of the inverse in
the circumcircle o the isogonal conjugate of X.eg [17a]).
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QAP3 is the Perspector of the QMiagonal Triangle (QATrl) and the Triangle
formed by the Miquel points of the 3 Qudrigons of the Reference Quadrangle
(QATr2). See [15]whereQ@ ¢ EO AAD ODRBO®DEAU OBAEAOOD
QA-P3 is the Isogonal Conjugate of the Complement of A wrt the QA
Diagonal TriangleQATrl. See [15ftheorem 25.

QA-P3 is thelsogonal Conjugate of the Anti@mplement of QAP28 wrt the QA
Diagonal Triangle QATT1.

QA-P3 is the Isogonal Conjugate of QR4 wrt the Miquel Triangle QATr2 [15c¢
page 5].

QA-P3 lies on the acumcircle of the triangle formed by the 3 QAversions of the
1st QuastCircumcenters (QGP5).

QA-P3lies on the circumcircle of the triangle formed by the 3 QAersions of the
2nd QuastDe Longchamps Points (not registered Q@oint).

QA-P3 is the common intersection point of the 3 QAersions of QLCi6, the
Dimidium Circle (note Eckart Schmidt).

QA-P3 lies on the Ninepoint Conic (QACo1).

QA-P3 lies on the conic QAC04.

QA-P3lies on the QADT-P4 Cubic (QACuUl).



QA-P4: Isogonal Center
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picture below, it is the Inverse of the Isogonal Conjugate of Pi wrt (circumcircle) PjPkPI.

Many properties of this point are listed by Stérk [16] under the nam® 4 ACAT OEAT B OT EC
wrt the QA-DT-P4 Conic (QACul).Other properties also can be found in [15f].

In the discussion of Hyacinthos message$Sée [11]#19635, #19649) the point is seen as

Homothetic Center.It is calledthe Isogonal Centebecause it can be constructed as

Homothetic Center of the Reference Quadrangle with the 2nd Isogonal Conjugate

Quadrangleand becauset has an isogonal cojugate relationship with basic points QA

P2 and QAP3 (seeproperties below).

Pi = Vertices

Qi = Isogonal Conjugates of Pi wrt Pj Pk PI

Qi* = Inverse of Qi wrt circle(Pj,Pk,PI)

QA-P4 = Isogonal Center

1st CT-Coordinate

a2 (a2qr/p + b2r + qz2 S (p+g+r))
1st DT-Coordinate:

b2c2p4-atg2rz+ (b2 -c?) p2 (-c2 g2 + b r2)

Properties:
1 QAP4 lies on these QAines:
Z QAPL1l.QAP7
Z QAP2.QAP6 (2 : -1 => QAP4 =Reflection of QAP2 in QAPS6)
Z QAP8QAPZ3
Z QAPI10.QAP28 (4:-3)
1 QAP4=Homothetic Center of the 2 Circumcenter Quadrangle See [23].
= Homothetic Center of the 2 Perpendicular Bisector QuadrangleSed9] .
1 QAP4 = Homothetic Center of the ® Isogonal Conjugate Quadngle
1 QAP4 = Homothetic Center of the st Circumcenter Quadrangle
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and the st Isogonal ConjugateQuadrangle See [11] #19635.
QA-P4 = Inverse of Isogonal @jugate of Piwrt (circumcircle) Pj.Pk.PISee[18].
QA-P4 = Isogonal Conjugate of thReflectionof Pi in QAP2 wrt Pj.Pk.PISee[18].
QA-P4 = Isogonal Conjugate of QR3 wrt the Miquel Triangle QATr2.
See [15¢ page 5
QA-P4 = Anticomplement of the Isogonal Conjugate of @23 wrt the QA
Diagonal TriangleQATrl. See [15f] theorem (25).
QAP4 lies on thebth point tangent (see QAL/1) at QA-P3.
QA-P4 is also the second intersection point of the circéghrough the Miquel
Point (QL-P1) and 2 opposite vertices ofa QA-Quadrigon.
QA-P4 lies on theQADT-P4 Cubic (QACuUl).
Let M = Diagonal Point Pi.Pj * Pk.PI.
Now M.QAP4 and M.QAP2 are symmetric wrt the angle bisector of lines Pi.Pj
and PkPI for all permutations of (i,j,k,N (1,2,3,4). Sed16] page 8
Let ABCD be a Quadrangle.
The 4 circles ABC, ABIBCD, CAD can be seen from ¢4 under the same angle.
That's why this point is also called the Isoptic Point.
This feature is especially the case when 1 of the 4 points lies within the triangle of
the other 3 points (see [16]and [22]).
At Quadrigonlevel the Pedal Quadrangle of QR4 is a parallelogram with center
QA-P6 (Paraboh Axes Crosspoint). See [15 fheorem (23).
At Quadrigonlevel QAP4 is the ClawsorSchmidt Conjugate of the Diagonal
Crosspoint (QGP1). See [15f] theorem (28).
The IsogonalCenter of the Quadrangle S1.S2.S3.®A is the Involutary
Conjugate(QA-Tf2) of QAP4 (note Eckart Schmidt).



QA-P5: Isotomic Center

The Isotomic Center is the Perspector of the Reference Quadrangle with the Isotomic
Conjugate Quadrangle.

Stated inanother way:

The Isotomic Center is the common intersection point of lines Pi.Qi, where Pitx
guadrangle vertice Qi = Isotomic Conjugate of Pi wrt Pj.Pk.PI for all permutations of
(,j,k,D N (1,2,3,4).

Pi = Quadrangle Vertices

P3 Qi = Isotomic conjugate of Pi wrt Pj.Pk.PI

QA-P5 = Isotomic Center

Construction:
QA-P5 is the Reflection of theAnticomplement of QAP1 (wrt the QADiagonal
Triangle) in QAP1.

1st CT-Coordinate

g r (g+r) (2p+g+r) (note that this formula is independent of a,b,c)
1st DT-Coordinate:

-4 (p*+ P r2) + (p2+ ¢ + 12)2

Properties:
1 QAPS5 lies on theseQA lines:
Z QAPL1l.QAP10=QAL3 (4:-3)
z QAP17QAP19

Z QAP29.QAP34 (3:-2)
T QAPS5 lies on these Qdnes:
Z QGP2.QGP4 (3:-2)

1 QAPS is the Reflection af

Z QAP20in QAP1

Z QAP19in QAP21
1 QAPS5 is the Anti@mplement of QAP20 wrt the QADiagonal Triangle.
1 QAPS5.QAP1: QAP1.QAP10: QAP10.QAP20=3:1: 2.
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QAP5 forms with the vertices of theQA-Diagonal Triangle a quadrangle that
shares the same centroid with theReference @adrangle.

QA-P5 is thelnvolutary Conjugate (see QAf2) of QAP17.

QA-P5lies on theConic QACo4.

QA-P5lies on the Cubics QACU2 and QACu4.



QA-P6: Parabola Axes Crosspoint

The Parabola Axes Crosspoint is the intersection point of the axes of thp&abolas that
can be constructed through P1, P2, P3, Pl.is also is the Midpoint of the EulerPoncelet
Point QAP2 and the Isogonal Center QR4.

Because these parabolas only can be constructed when tReference @adrangle is not
concave a better definition of this pointis: @he Midpoint of the Euler-Poncelet Pant and
the Isogonal Cented.

Because the property related to the parabals is much more appealinghis point after its
primary function.

It also can be reasoned that in a concave quadrangle this point represents the
intersection point of the axes of themaginary parabolas.

QA-P2 = Euler-Poncelet Point
QA-P6 = Parabola Axes Crosspoint

QA-P4 = Isogonal Center

F2.g

P1 P2

1st CT-Coordinate
adQrre+epreSs+Ppires-pqr(@(PE+q+nS+2((pS-q$2-rS2)
1st DT-Coordinate:
P2 (b2Ss r2+ @ S g2 -c2b2p?)

Properties:
1 QAPG lies on theseQA lines:
Z QAPlQAP23
Z QAP2.QAP4 (1:1=QAP6 = MidpointQAP2QAP4)
Z QAP28.QAP29 (-1: 2 = QAP6 =Reflection of QAP29 in QAP28)
1 QAPG is the hvolutary Conjugate(see QATf2) of QAP30.
1 QAPG lies on the Simson Line (QR6.QAP36) of QAP2 occurring on the
circumcircle of the QADiagonal Triangle.
1 For all QAQuadrigons QAPG is the center of the Pedal Quadrangle of &t
(Isogonal Center) , which is a parallelogram.
See [15 f] theorem(23).



QA-P7: QA-Nine-point Center Homothetic Center

The QANine-point Homothetic Center (QAP7) isthe homothetic center of the
Reference Quadrangle with the Quadrangleomposed of four 2d generation Nine-point
Centers (point X(5) in ETC[12]).

Qi = Ninepoint Center (X5) of Triangle Pj.Pk.PI
Ri = Ninepoint Center (X5) of Triangle Qj.Qk.QlI

P
P
"

QA-P7 = Ninepoint Homothetic Center

’/ ‘\
» R
P A P2
’ N
’ \h
.

1st CT-Coordinate
atqrip+3pS+qY+rZ+(p+q+r(B338+23%)
1st DTCoordinate:
-BS-N)p*+(BS+SSE+SC) P22+ (33 + S S+ Sb?) p2rz-atqg2r2

Properties:
1 QAPT7lies on this line:
z QAP1.QAP7
1 QAP7.QAP8// QAP2.QAP4.QAPG.
1 QAPT7 is concyclic with QAP2, QAP8 and QAP23.



QA-P8: Midray Homothetic Center

The Midray Homothetic Center (QAPS) is the homothetic center of the Reference
Quadranglewith the Quadrangle composed ofour Midray Circumcenters.

The Midray Circumcenters are theCircumcenters of the trianglesVlj.Mi.M; for all
permutations of (i,j,k,)) ¥ (1,2,3,4), where M; = Midpoint(Pi,Pj), etc.

Qi = Midray Circumcenter of Pi wrt Pj.PKk.PI
Ri = Midray Circumcenter of Qi wrt Qj.Qk.Ql
QA-P8 = Midray Homothetic Center

R1.R2.R3.R4 is homothetic with P1.P2.P3.P4

1st CT-Coordinate
A QRr2+ 2 R Scpr2+ 2 @ S p2R
+42Spqr(ptgH) +pgr(@Sp+a&czq+a&b?r)
1st DTCoordinate:
BS-S)p*-BS+(S-3) F)p?22-(B33F+ (S-3 ) ) p2r2-3 ag?r?

Properties:
1 QAPS lies on this line:
Z QAP4.QAP23
1 QAPS8 is ollinear with QA-P1 (Centroid) andthe Reflectionof QAP4 in QAP2.
1 QAP7.QAP8/I QAP2.QAP4.QAPG.
1 QAPS8 is concyclic with QAP2, QAP7 and QAP23.



QA-P9: QA-Miquel Center

Derived from the famous Miquel Bint occurring in the QL-environment, there also is a
Miquel Center inthe QA-environment.

It is the common point of the 3 Miquel Circlesanstructed in the 3Component
Quadrigons of the Reference Quadrangle.

Miquel Circle-1

Miquel {f:irc\e—ﬂ o

Miquel Circle-2 €

TN o _
LR P2 .
. . - K Miquel Gircle-3
Mlqugl,@ir/de-B € |

1st CT-Coordinate
2T Ty (-a2 Ts Ta/ (q+r) + b2 T3 Ts / (p+l’) +C2T4Ts / (p+q))
-2 b2c? (p+g+r) (-a?(p+q+r) T7 Ts/ (g+r) + ToTsTe/ (p+r) + T1 Te T7/ (p+Q))

where:
Ti=+2q2+Rp2+2Spq To=+2r2+@ p2+2Spr
Ts=+R2r+ Sq Ta=+@Qq+Sir
Ts=+p+ Sq Te=+@p+ Sr

Tr=+q (&r-S0q) + pSaq + 1)
Te=+r (Ssq-<r) +p(Sar+ Q)
To=+4r(Sq+Sr) +p(-Sr+cq)

Properties:

1 QAP9 is concycliowith the 3 vertices of theMiquel Triangle (see QATTr2).

1 QAP9 is theReflectionof the intersection point of the QACul Cubic and its
asymptote in the ciraamcenter of the Miquel Triangle (note Eckart Schmidt).

1 The 3 mutual intersection points of the Xonstruction circles unequal QAP9 lie
on the Nine-point Conic of the CircumcenteQuadrangle of the Reference
Quadrangle.

The Circumcenter Quadrangle is the quadrangle formed by the Circumcenters of
the 4 componenttriangles of the Reference Quadrangle.

1 The Reference Quadrangle and theu@drangle formed by the vertices of the QA
Diagond Triangle and QAP4 (Isogonal Center) share the same @diquel Center.



QA-P10: Centroid of the QA-Diagonal Triangle

QA-P10 is the Catroid of the Diagonal Triangle of a Quadrangle.

The Diagonal Triangle of a QuadranglelP2.P3.P4 is the triangle builfrom the
intersection points S1 = P1.P2 * P3.P4, S2 = P1.P3 " P2.P4 and S3 = P1.P4 ~ P2.P3.
These points haveCT-coordinates: S1=(p:q:0)S2=(p:0:r)S3=(0:q:n
Because of the symmetry in S1, S2, S3Rliangle Genters wrt S1.S52.Sas described in
[12]#1 AOE + E [Erkcyklodedtal ofCTdaDgle Centers also will be Quadrangle
Centers. However only those points contributing to theoints derived from component
Quadrigons orcomponenttriangles will be described here as Quadrangle Ctas.

The Centroid of the Diagonal Triangle does contribute to thgoints describedearlier.
The relation with the Isotomic Center QAP5 ismost special.

Biagonal Triangle

e
L)

o

e
-
.
-
e

%, S1

QA-P5, .
Isotomic Center

1st CT-Coordinate
p@+n@p+qg+r)

1st DT-Coordinate:

1
Properties:
1 QAP1O0lies onthese QAlines:
Z QAPL1.QAP5 (4:-1)

QAP2.QAP29 (2 : 1 => QAP29=Complement of QA2 wrt QADT)
QAP4.QAP28 (4:-1)

QAP11.QAP12 (1: 2 =>QAP11=Complementof QA-P19 wrt QADT)
QAP16.QAP19 (1: 2 => QAP16=Complementof QA-P19 wrt QADT)
QAP30.QAP36 (2 : 1 =>QAP36=Complementof QAP30 wrt QADT)

N N N N N



QAP10 lies on this Q@ine:

Z QGP1.QGP2 (2 :1=>Q&P2=Complement of QA21 wrt QADT)
QA-P10 is the Reflection of Q425 in QAP26.
QAP5.QAP1 : QAP1.QAP10: QAP10.QAP20=3:1: 2.
This is the same ratio as used in the construction of theu@drangle CentroidG
using componenttriangles (when Gi = Centroid Pj.Pk.Pl then Pi.&.Gi=3: 1).
As a consequenc@uadrangle S1.52.S3.QR5 and the Reference Quadrangle
P1.P2.P3.P4 sharthe sameCentroid (QA-P1).
QA-P10 is thelnvolutary Conjugate (see QAT2) of QAP16.



QA-P11: Circumcenter of the QA -Diagonal Triangle

QA-P11 is the Circuncenter of the Diagonal Triangle of a Quadrangle.

QAP
/ Circumcenter DT

—-_.___directrix-1

direcfrix—Z

Parabola-2

1st CT-Coordinate
-2qr(2Sp2qr+Ta) +(ScTepr+ S Tcpq) +23p2qr(g+r) (p+g+r),
where:
Ta=-a2Q2r2+ 2 p2r2+ @ p2 Q2
Teg= +a2q2r2_b2p2r2+ CZp2q2
Te=+2q2r2+ R p2r2-c2p2 2
1st DT-Coordinate:
az

Properties:
1 QAP11 lies on these QAines:
Z QAP2.QAP30 (1:1=>QAP11=Midpoint QAP2.QAP30)
Z QAP10.QAP12 (1: 2 =>QAP11=Complement of QA?12 wrt QADT)

1 QAP11 point is the center of the circumscribed circle through the vertices of the
QA-Diagonal Triangle. This circle is interesting becaus@A-P2 (Euler-Poncelet
Point) is situatedon it.

1 QAP11 is the intersectionpoint of the directrices of the 2 parabolas of the
Reference Quadrangle.

1 QAP11is collinear with QAP10 (Centroid DT), QAP12 (Orthocenter DT), QA
P13 (Nine-point Center DT) on theEuler Line of the QA-Diagonal Triangle.

1 QAP11 is the Gergonnésteiner point (QA-P3) as well as the Isogonal Center (QA
P4) from the Quadrangle formed by the vertices of the Diagonal Triangle and QA
P2 (Euler-Poncelet Point).



1 QAP11 is concyclic with thelnvolutary Conjugate (see QATf2) of QAP11 and
the foci of the QAParabolasQA2Col



QA-P12: Orthocenter of the QA-Diagonal Triangle

QA-P12 is the Orthocenter ofhe Diagonal Triangle of a Quadrangle.

~OAP11
+* Circumcenter DT

5, 51

Euleriine DT

. QA-P12
~~ Qrthocenter DT

1st CT-Coordinate
(2Sp2qr+Ty) (@2qr+Spq+3pr),
where:
Ta=-a202r2+ 2 p2r2+ @ p2q?
1st DT-Coordinate:
S

Properties:
1 QAPI12lieson these QAlines:
Z QAP2.QAP36 (2:-1=>QAP12 is Reflection of QA2 in QAP36)
Z QAP10.QAP11 (-2:3)
z QAP14.QAP33  (-2:3)
Z QAP29.QAP30 (-1:2=>QAP12 is Reflection of QA230 in QAP29)
1 QAP12 is thelnvolutary Conjugate (see QAf2) of QAP23.



QA-P13: Nine-point Center of the QA-Diagonal Triangle

QA-P13 is theNine-point Center of the Diagonal Triangle of ®uadrangle.

It is also the center of the circumcircle of the Medial Triangle (MT) of th@ A-Diagonal
Triangle (DT).

The sides of the MT areéangential to both Quadrangle Parabolas.

S3 P
‘ Triangle 0
5 B

QAP
.~ Circumcenter DT

o1

Euleyiine DT

SQAP12
/,’ Orthocenter DT

1st CT-Coordinate
-2qr(2Sp2qr+T) +(STepr+STcp )22 S p2qr (g+n) (3p+g+r),
where:
Ta=-a202r2+ 2 p2r2+ @ p2q?
Te=+20q2r2-b2p2r2+ @ p2 g2
Te=+22r2+ @ p2r2-c2p2 g2
1st DFCoordinate:
S+S$S<

Properties:
1 QAP13lies on these QAines:
Z QAP10.QAP11 (-1:3)
Z QAP29.QAP36 (1:1=>QAP13 = Midpoint QAP29.QAP36)
Z QAP30.QAP35 (5:-1)
1 QAP13 = Midpoint of QAP11.QAP12.
1 QAP13 =the center of QACi2,the circumcircle of the Medial Triangle (MT) of
the QA-Diagonal Triangle (D).
1 QAP13 = QAcentroid (QA-P1) of the quadrangle formed by the vertices of the
Diagonal Triangle and QAP12.
1 QAP13 = QACentroid of Quadrangle QA2.QAP3.QAP12.QAP20.



QA-P14: Centroid of the Morley Triangle

The QL:Morley Points (QL-P2) of the 3 Quadrigons of the Referenc@uadrangle form a
triangle Mo1.Mo2.Mo3.

The QLQuasi Ortholines(see paragraph QLL6: Quasi Ortholing of the 3 Quadrigons of
the Reference Quadrangle pass through Mol, Mo2, Mo3ddmappen to bethe medians of
the Morley Triangle.

Their commonintersection point is the QAQuasiOrtholine Point.

This point is also the Centroid of the Morley Triangle

" QAP14=
* Intersection point Quasi Ortholines
* Centroid of the Morley Triangle

al]‘aisionholine 2

P1l .~ ' ) e \P2

Quasi Ortholine 3

1st CT-coordinate:
RS Ta-(02S+ S Toc+ (P SH-c2S)p(g-1) (g +71)2
+2a&b2(p-q)(p+qpr+2a&c2q(p-r(p+r)?
where:
Ta= BP22+3pF+2qr+9pGr+5r+3Pr2+9pqr+6Fr2+3pr+5qgn)
Toe=(q+nN(6pP+9pPq+9pPr+4p+4pr+3fr+3qr+10pqr)
1st DT-coordinate:
28pt-SS(-P2P+HR+1)2+2(S+23A)p2q2+2 (S +2%b?Y) p2r2-4 (at- S ) g2 r2

Properties:
1 QAP14 lies on these QAlines:
Z QAPL1l.QAP24 1:2)
Z QAP12.QAP33 (2:1)
1 QAP14 divides QAP12.QAP33 in line segments with ratio 2:1 (QAP33 =
Complement of QA P12 wrt the Morley Triangle).
1 QAP14 divides QAP24.QAPLin line segments with ratio 2:1 QAP24=
AntiComplement of QA P12 wrt the Morley Triangle).
1 QAP14 is the Centroid of Triangle QA 12.QAP24.QAP37.



QA-P15: OrthoCenter of the Morley Triangle

The QL:Morley Points (QL-P2) of the 3 Quadrigons of the Reference Quadrangle form a
triangle Mo1.Mo2.Mo3.

The QLMorley Lines (QL-L4) of the 3 Quadrigons of the Reference Quadrangle pass
through Mol, Mo2,Mo3. So heir common intersectionpoint could be calledthe QA
OrthoPoint.

The QL:Morley Lines also happen to be the altitudes of the Morley Triangle.

So their common intersection pointis alsothe OrthoCenter of the Morley Triangle.

QA-P15 =
* Intersectionpoint Morley Lines
* OrthoCenter of the Morley Triangle

MorleyiLine 3

1st CT-coordinate:
adP+a)(P+nNPEE@+r)+@+n(@+qr+r)
Dtp+a)(@+rn) Cp+r(@@+rE+p@+n(@+3n+pE@Bg+57)
<cp+N@+n@p+ag@+rp+p@+n@g+n+pa(Gag+3r)
+t@b2(p+q)(2pPg+qr(@+rp+pr(@+n@2q+nN+p2eE+5qr+e)
t@c (p+n)@2pir+qr(@+re+pq(@+n@r+a)+p@2r2+5qr+d))
+h2c? (q+1) (4p*+10p2(q+r)+2qr(g+rp+p(q+r) (3g+r)(q+3r) + B (992 + 22q r + 9P))

1st DT-coordinate:
2S2pH(p2+ @-r2) (p2- 92+ 12) -S2 2 (3 (p2-12)3- g2 (p2-12) (3 p2+ 5 1)
-gt (-p2+ R +12) -S2 12 (3 (p?2-92)3- (P2-g2) B P2+ 5 @) r2-r4(-p2+ g+ r?))
+S (-8 Rr2(2p*-p2g2-p2r2+2 ¢ r2) + (-p2+ ¢ + r2)4)
B Sp*(Se(p?-07) @+ S (p?-1?) )+ S p2 (4 212 (p2 + P + 1) + (P2 - G2 -12)9)

Properties:
1 QAP15lies on the line QAL6 (QANewton-Morley Line).
1 QAP15 is the circumcenter of the Q&10 circle in the QAenvironment (QG
P10=2nd Quasi Orthocenter) (note Eckart Schmidt).



QA-P16: QA-Harmonic Center

The triangle formed by the 3 QArersions ofQGP12 (Inscribed Harmonic Conic Center)
is perspective with the QADiagonal Triangle.Their Perspector is QAP16.

QA-P16 partakes in many QAParallelities and with many QACrosspoints (seeQA/3 and
QA/5).

12a/12b/12¢c = QA-versions of QG-P12
QA-P16 = QA-Harmonic Center

TP P2 2\ i

QA-P16 is the perspector of the triangles formed by the 3 Q¥ersions of QGP12
(Inscribed Harmonic Conic Center) and the QMiagonal Triangle.

QA-P16 is theintersection point of the tangents at the vertices of the QM®iagonal
Triangle and QAP10 to the QADT-P10 Cubic (QACuU3).



Construction:
Construct QAP16 as a complement of the Isotomic Conjugate of the AntiComplement of
QA-P1 wrt the QADiagonal Triangle

1st CT-coordinate:
pR2p+qg+r)

1st DT-coordinate:
pZ

Properties:
1 QAPI16 lies on theseQAlines:
Z QAP1.QAP21 (-1:2=> QAP16 = Reflection QA21 in QAP1)
Z QAP10.QAP19 (-1:3)
1 QAPI16 lies on this Q@ine:
Z QGP1.QGP12=QGL2
QAP16 is theReflection of QAP19 in QAP31.
QAP16is theInvolutary Conjugate (see QAf2) of QAP10.
QAP16 = QAP10-Ceva conjugate of Q&1 wrt the QADiagonal Triangle.
QA-P16 is collinear with QGP1, QGP12, QGEP13, QP13 on Q&E-2.
QAP16 is the 4" Perspective Point in the row Q&213, Q&EP12, QEP1 on line QG
L2 (see [26] Perspective Fields part II).
QAP16 lies on the Gnic QACO05.
QAP16 lies on the @bics QACuU3 and QACu4.
1 QAP16 is the pole of the Gbics QACulz QA-Cu5 when seen as IsoCubicsrtv
the QADiagonal Triangle and with the Involutary Conjugate as Isoconjugation.
1 QAP16 is the intersection point of the tangents at the vertices of the @Biagonal
Triangle and QAP10to the QADT-P10 Cubic (QACuU3).
1 QAP16is the @mplement of QAP19wrt the QA-Diagonal Triangle
1 QAP16 is the AntiComplement of Q431 wrt the QADiagonal Triangle.
1 When the Reference Quadrangle is convex, th€@AP16lies in the overlap of the
Quadrangle and itSQA-Diagonal Triangle
1 The 3 variants of Q&.2 in aQuadrangle concur in QAP16.
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QA-P17: Involutary Conjugate of QA -P5

QAP17 is the Involutary Conjugate of QA°5.

Pi = Quadrangle vertices (i=1,2,3,4)
QA-P5 = Isotomic Center

QA-P17 = Involutary Conjugate of QA-P5.

As a consequencehe line QAP5.QAP17 is the common tangent of the circumscribed
conics P1.P2.P3.P4.QR5 and P1.P2.P3.P4.QAL7.

QA-P17 is the intersection point of the tangents at the vertices of the @diagonal
Triangle and QAPS5 to the QADT-P5 Cubic (QACuU2).



1st CT-coordinate:
ar 2p+qg+r) (@r@+r-p(pP+qg+r)(F+r2))

1st DT-coordinate:
P2/ ((p4-(g2-12)2) -2 p? (-p2 + @ + 12))

Properties:
1 QAP17 lies on thisQAdline:
z QAP5.QAP19
QA-P17 is thelnvolutary Conjugate (see QA2) of QAPS.
QAP17 lies on the Gnic QACO05.
QAP17 lies on theCubics QACuU2 and QACuU4.
QA-P17 is the intersectionpoint of the tangents at the vertices of the Q®iagonal
Triangle and QAPS5 to the QADT-P5 Cubic (QACU2).
1 QAP17 is the Isotomic Center of the Quadrangle formed by the vertices of the
QA-Diagonal Triangle and QAP5 (Isotomic Center).
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QA-P18: Involutary Conjugate of QA-P19

QA-P18 is the Involutary Conjugate of Q419.

£P4

QA-P18 ‘ o
Pi = Quadrangle vertices (i=1,2,3,4)

“P3
QA-P18 = Involutary Conjugate of QA-P19
QA-P19 = AntiComplement of QA-P16
.............. wrt the QA-Diagonal Triangle
............................................ QA-P19

As a consequence the line QR18.QAP19 is the common tangent of the circumscribed
conics P1.P2.P3.P4.QR18 and P1.P2.P3.P4.QRA19.

QAP18 is the intersection point of the tangentst the vertices of the QADiagonal
Triangle and QAP19 to the QADT-P19 Cubic (QACu4).



1st CT-coordinate:

p@+r)@2p+g+n(F+pg+pr-qr)
1st DT-coordinate:

pz/ (-p>+ ¢ +1r?)

Properties:
1 QAP18 lies on this QAine:
Z QAPL1l.QAP5= QALS.
QA-P18 is thelnvolutary Conjugate (see QAf2) of QAP19.
QA-P18 lieson the line QAP1.QAPS5.
QAP18 lies on the QADT-P19 Cubic (QACu4).
QA-P18alsolies on the tangent at QAP19 to the QADT-P19 Cubic (QACu4),
which is also the tangent aQAP19 to the Conic(P1,P2,P3,P4,Q/R19),
which is also the tangent at Q418 to the Conic (P1,P2,P3,P4,JA18).
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QA-P19: AntiComplement of QA -P16 wrt the QA -Diagonal Triangle

QA-P19 is the AntiComplement of Q416 wrt the QADiagonal Triangle.

Pi = Quadrangle vertices (i=1,2,3,4)
QA-Co4 = QA-DT-P3-P12 Orthogonal Hyperbola

QA-P1 = Quadrangle Centroid
QA-P5 = lsotomic Center

QA-P10 = Centroid QA-Diagonal Triangle P4
QA-P16 = QA-Harmonic Center T - :
QA-P18 = Involutary Conjugate of QA-P19 / = ' - == QA-P19
QA-P19 = AntiComplement of QA-P16 wrt QA-DT ‘ QA-P16L—
QA-P20 = Reflection of QA-P5 in QA-P1
QA-P21 = Reflection of QA-P16 in QA-P1

QA-P31 = Complement of QA-P16 wrt QA-DT

Involutary.
oeeres EUUGate

QA-P19 has several properties. See properties below.

QAP19 is the intersection point of the tangents at the vertices of the Reference
Quadrangle to the QADT-P19 Cubic (QACu4).



1st CT-coordinate:

p@+n(g2+r)(2p+q+r)
1st DT-coordinate:

_p2+q2+ r2

Properties:

1 QAP19 lies on these QAines:

Z QAP5.QAP17

Z QAP10.QAP16 (3:-2 => QAP19 = AntiComplement of QA16

wrt QA-DT)

QAP19 is the Reflection of QA5 in QAP21.
QAP19 is the Reflection of QA416 in QAP31.
QAP19is theInvolutary Conjugate (see QAT2) of QAP18.
QA-P19 is the Isotomic Conjugate of QR20 wrt the QA-Diagonal Triangle
QA-P19 is the Anticomplement of QA?16 wrt the QADiagonal Triangle.
QAP19 lies on the Conic Q& 05.
QAP19 lies on theCubic QACu4.
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QA-P20: Reflection of QA-P5 in QA-P1

QAP20 is theReflection of QAPS5 (Isotomic Center) in QAP1 (QACentroid).

1st CT-coordinate:

@+n@p+q+nN(@E+pg+pr-qr)
1st DT-coordinate:

LI (-p2 4+ 1)

Properties:
1 QAP20 lies on theseQA lines:
Z QAP1.QAP5 (-1: 2 => QAP20 = Reflection of QA5 in QAP1)
Z QAP3.QAP29 (1: 1=>QAP20 = Reflection QA3 in QAP29)
Z QAP21.QAP31 (2 :-1 => QAP20 = Reflection of QA21 in QAP31)
Z QAP34.QAP35 (5:-3)
1 QAP20 isalso he Reflection of:
Z QAP1lin QAP22
1 QAP20 lies on the line QAP1.QAP5.QAP10 in harmonic position:
QAP5.QAP1 : QAP1.QAP10 : QAP10.QAP20=3 : 1 : 2.
QAP20 is thelnvolutary Conjugate (see QA2) of QAP1.
QA-P20 is the IsotomicConjugate of QAP19 wrt the QADiagonal Triangle.
QA-P20 is the Anticomplement of QAP1 wrt the QADiagonal Triangle.
QAP20 lies on theConics QA-Co4and QACO5.
QAP20 lies on theQubics QA Cu2 QACuU3 and QACUS.
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QA-P21: Reflection of QA-P16 in QA-P1

QAP21 isthe Reflectionof QAP16 (QA-Harmonic Cente) in QAP1 (QACentroid) as

well asthe Midpoint of QAP5 (Isotomic Center) and QA219 (AntiComplement of QA
P16 wrt QADT).

1st CT-coordinate:
@p+q+r)(F+qr+p)
1st DT-coordinate:
P2 (2(-PH )+ (P2H P H 1))

Properties:
1 QAP21 lies on theseQAlines:

z QAP1.QAP16 (-1: 2 => QAP21 is Reflection QAP16 in QAP1)
z QAP5.QAP17

Z QAP20.QAP31 (2 :-1=> QAP21 is Reflection QAP20 in QAP31)
1 QAP21 is the Midpoint of QAP5and QAP19
1 QAP21is thelnvolutary Conjugate (see QAf2) of QAP27.



QA-P22: Midpoint QA -P1 and QA-P20

QAP22 is theMidpoint of QAP1 (QACentroid) and QAP20 (Reflection of QAPS in QA
P1).ltis also the Center of the Involution created by the tersection of QAP1.QAP5
with the 6 Quadrangle lineq(see notes below)
Construction:
Construct the complement of QA1 wrt the QA-Diagonal Triangle(DT).

53

QA-P5 .-~

1st CT-coordinate:
2p+g+n(@+n)(BF+3pg+3prqr)
1stDT-coordinate:
p2 (g2 +r2) - (q2-r2)2
Properties:
T QAP22 lies on theseQAlines:
Z QAP1.QAP5 (-1:3)
Z QAP3.QAP35 (5:-1)

1 QAP22is the complementof QA- P1wrt the QA-Diagonal Triangle.

1 QAP22is the Centeof the Involution on the line QAL3 = QAP1.QAPS. This
Line Involution is defined by 2 pairs of points being the intersection points of L
with the opposite sides of acomponentquadrigon of the Reference Quadrangle.
The result is the same for all omponentquadrigons of the Reference
Quadrangle QAP1 and (A-P20 are the two double points of thid.ine Involution.

1 QAP22 lies on the cubic QACU6 (QAP1-InvolutionCenter Cubic).

QAP22 = QACentroid DT-vertices + QAP20.
1 QAP22 = QACentroid of the Quadrangle QA42.QAP12.QAP20.QAP30.

=



QA-P23: Inscribed Square Axes Crosspoint

Each quadrigon has 2 Inscribed Square$he centers of these squares are connected by
the so-calledInscribed Square Axis. The Inscribed Square Axes of th€2-Quadrigons

of the Reference Quadrangle concur ione point. This point iSQAP23. It has very simple
coordinates.

Construction:
The @nstruction of these squares iglescribed in [14] and [21].

\
o2 N
. ‘%: ______
N el el
. .

Crosspoint of Inscribed Square Axes
of 3 QA-Quadrigons

Inscribed Square Axis
of a QA-Quadrigon

Intersection point of
QA-P1.QA.P6 and QA-P4.QA-P8
& concyclic with QA-P2, QA-P7, QA-P8

1st CT-Coordinate:
a2qr+3pgq+Ipr
1stDT-Coordinate:
P2 S

Properties:
1 QAP23 lies on theseQAlines:
Z QAP1.QAP6
Z QAP4.QAP8
1 QAP23is thelnvolutary Conjugate (see QA2) of QAP12.
1 QAP23is concyclic with QAP2, QAP7 and QAPS.



QA-P24: Anticomplement of QA -P1 wrt the Morley Triangle

QA-P24 is theAntiComplement of QAP1 wrt the Morley Triangle (QATYI3).

Mo i = Morley Point QL-P2
for QA-Quadrigoni=1,2,3
C i = Quasi Circumcenter QG-P5
for QA-Quadrigoni=1,2,3
QA-P1 = Quadrangle Centroid
Q P24‘ QA-P14 = Centroid Morley Triangle

p1/ & P2

QA-P24 = Anticomplement QA-P1 wrt Morley Triangle

1st CT-Coordinate:

@Te+rTo) (@+NTat(p+nTe+ (p+a)Tc)

22qr(Te+ T2 24 TeTc(r(p+1)+q(p+0)

where:

Ta=(@+1S Te=(p+NS3 Te=(p+a) S
1stDT-Coordinate:

(P2-(@+1n?) (P2-(q-1?) S -4 (-a*g?r2+ P2 Sp?r2+ S p?g?)

Properties:
1 QAP24lies on this QAline:
Z QAP1.QAP14 (3:-2 => QAP24 = AntiCompl. of QA1 wrt QATr3)
Z QAP33.QAP37 (2 :-1 => QAP24 = Reflection of QA’37 in QAP33)
1 QAP24 is theHomothetic Center of the Morley Triangle and the 1st Quasi
Circumcenter (QGP5) Triangle.



QA-P25: 1st QA-Quasi Centroid

QA-P25 is the Centroid othe triangle formed by the 3QA-versions of QGP4 (1st Quasi
Centroid), constructed in the QAQuadrigonsof a Reference Quadrangle.

1a/1b/1b = QA-versions of QG-P1
da/db/dc = QA-versions of QG-P4

QA-P1 = QA-Centroid
QA-P5 = Isotomic Center
QA-P10 = Centroid of QA-Diagonal Triangle

QA-25 = 1st QA-Quasi Centroid
= Triangle Centroid 4a.4b.4c

- QA-P1 gets a special role in this figure:
x"éA-PS : it is Homothetic Center of Diagonal Triangle 1a.1b.1c and Triangle 4a.4b.4c (ratio -3 : 1)
’ : it is QA-Centroid of Reference Quadrangle P1.P2.P3.P4
it is QA-Centroid of Quadrangle 1a.1b.1c.QA-P5
it is QA-Centroid of Quadrangle 4a.4b.4c.QA-P10

1st CT-Coordinate:

@+nN@p+g+nN@p(p+qg+nN+3qr)
1st DT-Coordinate:

(@2-192- pé+ 10 B (p2 + 2 + 1)

Properties:
1 QAP25 lies on QAL3 (Centroids Line:
Z QAP1l.QAP5 (1:8)

1 QAP5.QAP25 :QAP25.QAP1 :QAPLQAP10=8:1": 3.
1 QA25is theReflectionof QAP26 in QAPL



QA-P26: 2nd QA-Quasi Centroid

QA-P26 is the Centroid of the triangle formed by the 3 Q@ersions of QEP8 (2nd Quasi
Centroid), constructed in the QAQuadrigons of a Reference Quadrangle.

1a/1b/1b = QA-versions of QG-P1
8a/8b/8c = QA-versions of QG-P8

QA-P1 = QA-Centroid
QA-P5 = Isotomic Center
QA-P10 = Centroid of QA-Diagonal Triangle

QA-26 = 2nd QA-Quasi Centroid
= Triangle Centroid 8a.8b.8c

QA-P1 gets a special role in this figure:
- it is Homothetic Center of Diagonal Triangle 1a.1b.1c and Triangle 8a.8b.8c (ratio 3 : 1)
/,f"QA_PS - it is QA-Centroid of Reference Quadrangle P1.P2.P3.P4
: it is QA-Centroid of Quadrangle 1a.1b.1c.QA-P5
it is QA-Centroid of Quadrangle 8a.8b.8c.Midpoint (QA-P5,QA-P10)

1st CT-Coordinate:

@+nN@p+qg+nNGp(e+qg+n+3qr)
1st DT-Coordinate:

(92-r2)2-p*-8 p2 (-p2+  + 1?)

Properties:
1 QAP26 lies on QAL3 (CentroidsLine):
Z QAPL.QAP5 (-1:9)

1 QAP5.QAP1: QAP1.QAP26: QAP26.QAP10=9:1:2
1 QA26 is theReflectionof QAP25 in QAPL



QA-P27: M3D Center

QAP27 is the perspector of the QMiagonal Triangle and the QAM3D Triangle.
The QAM3D Triangle(Ma.Mb.Mdcin the figure) is the triangle bounded by the M® Lines
(see paragraph QLL9) occurring in the 3 QAQuadrigons.

“ZZZ:::;;*S&PZ?

1st CT-Coordinate:
@+n@p+g+n)(@+qr+p)
(-Pp*-2p°Q-2PPQ2-PPR-2Pr+pRr+er-2pr2+pgr+@rz-pri+qne)
1st DT-Coordinate:

U((p 2+ @+r3)2-4((02+r2)2-q?r?)

Area of M3D Triangle (GToordinates):
¢ F+pdtrGrpr+ar+p2/@B+a)(P+n(@+n(p+tq+rn)

Properties:
1 QAP27 is thelnvolutary Conjugate (see QAT2) of QA-P21.



QA-P28: Midpoint of the foci of the QA-Parabolas

QA-P28 is theMidpoint of the fociF1 and F2of the pair of circumscribedQA-Parabolas

(QA-2C0)) .

Because these parabolas only can be constructed when the Reference Quadrangle is not

AT T AAOGA A AAOOAO AA ABRdnEcd thé lihe GARE.QAELE €uchBhatE T O E O
EOO AEOOAT AA OAI AOGEiI1T O OEAOA PIiET OO EO OAO
But because the propery related to the parabolas is much more appealing this point has

been called after its primary function.

It also can be reasoned that in a concave quadrangle this point represents tiedpoint

of the fociof the imaginary parabolas.

P i = Quadrangle vertices (i= 1,2,3,4)
QA-P4 = |sogonal Center
QA-P6 = Parabola Axes Crosspoint
QA-P10 = Centroid Diagonal triangle
QA-P10 . QA-P28 = Midpoint of Foci QA-Parabolas
" Qa-p29

Y QA-P28 o QA-P29 = Complement QA-P2 wrt DT

Fo™ F1/F2 = Foci of QA-Parabolas
P2

QA-P4

1st CT-Coordinate:

(@+n(Catqr(p+a(P+n@p2+2pq+2pr+qr)
-p2(@+n@p+ag+n(epqg+bpr+(b2-c2)2qr)
+pqr(Gp+3pg+3pr+qn&b2(p+q) +azcz(p+r)))

1st DT-Coordinate:
2kept-azcegrt-azb2ri+ B3-S P2 R+ R (3S-S) prre+a@(c2+ ?) g2r2

Properties:

T QAP28 lies on theseQA lines:

Z QAP4.QAP10 (3:1)

Z QAP6.QAP29 (1: 1= QAP28 =Midpoint QAP6.QAP28)
QA-P28 = projectionof QAP13 (Nine-point Center DT)on F1.F2
QA-P28= Complement of the Isogonal Conjugate of @23 wrt QADT
QAP28 = QACentroid of QuadrangleS1.S2.3.QAP4 (S = verticesQADT)
QAP28 = QACentroid of Quadrangle QA2.QAP3.QAP4.QAP20.
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QA-P29: Complement of QA-P2 wrt the Diagonal Triangle

QAP29 is the complement of QA2 (Euler-Poncelet Point)wrt the Diagonal Triangle.
~ QA-P30

P i=Quadrangle Vertexi(i=1,2,3,4)
QA-P2 = Euler-Poncelet Point

QA-P3 = Gergonne-Steiner Point

QA-P6 = QA-Parabola Axes Crosspoint
QA-P10 = Centroid Diagonal Triangle
QA-P12 = Orthocenter Diagonal Triangle
QA-P28 = Midpoint of foci QA-Parabolas
QA-P29 = Complement of QA-P2 wrt DT

QA-P30 = Reflection of QA-P2 in QA-P11

QA-Ci2 = Medial Circle DiagonalTriangle

AQA-P12

1st CT-Coordinate:
2apqrp+g(e+n@+n@2p+q+r)
-btpr(p+q)(@+rp@p2+pg+prqr)
-c¢tpq(P+nN(q+rp@p2+pg+prqr)
-b2c2p (Q+rp(PPQ+ PR+ pPr-4pqr-pRr+pr2-pqr+2qgr?)
+eapq(p+nN@+n(Pq+p+7@Pr+dpqr+gr+3pr-qr)
+@b2pr(p+a)(@+nN(7Pq+3pg+pPr+dpqr-g?r+pr+qr)
1st DT-Coordinate:
(c202-b2r?) ((c2-b?) p2 + & (g2 - r?))

Properties:
T QAP29 lies on theseQA lines:
Z QAP2.QAP10 (3 :-1 = QAP29 =ComplementQA-P2 wrt QADT)
Z QAP3.QAP20 (1:1=QAP29 =Midpoint QAP3.QAP20)
Z QAP5.QAP34 (3:-1)
Z QAP6.QAP28 (2 :-1 = QAP29 =Reflectionof QAP6 in QAP28)
Z QAP12.QAP30 (1:1=QAP29 =Midpoint)
Z QAP13.QAP36 (-1: 2 = QAP29 =Reflectionof QAP36 in QAP13)
1 QAP29 is the center of theQADT-circumscribed orthogonal hyperbola(QA-Co4)
additional passing through QAP3, QAP12, QAP20, QAP30.
1 QAP29 lies on the Medial Circle of the QRiagonal Triangle (QACi2).
1 QAP29 lies on the Simson Line of QR30occurring on the circumcircle of the
QA-Diagonal Triangle(QA-Cil).
1 QAP29 = QAP1 (QACentroid) of the Quadrangle QA3.QAP12.QAP20.QAP30.
1 QAP29 =QAP2(Euler-Poncelet Poin) of the quadrangle formed by the vertices
of the QADiagonal Triangle and QAP3 of the Reference Quadrangle.



QA-P30: Reflection of QA-P2 in QA-P11

QA-P30is the Reflectionof QAP2 (Euler-Poncelet Point)in QAP11 (Circumcenter
Diagonal Triangle).

P i = Quadrangle Vertexi(i=1,2,3,4)
QA-P2 = Euler-Poncelet Point

QA-P3 = Gergonne-Steiner Point

QA-P11 = Circumcenter Diagonal Triangle
QA-P12 = Orthocenter Diagonal Triangle
QA-P20 = Reflection of QA-P5 in QA-P1

QA-P30 = Reflection of QA-P2 in QA-P11

QA-P12." “P1

1st CT-Coordinate:
atqr(p+q)(p+n+bpr(@+p)(@+n+epq(r+p)(r+aq)
-b2c2p(g+r)(pg+pr+2qr+a2p(p+q)(r-3g)r+e&czpq(q-3rn(p+n)*
@qr(e+a)(e+n(pag+pr2qn+btpr@+p)(@+r(pg+2prgrn+
ctpqr+p)(r+g)(2pg+prgn+2ccpqr(p-q)(p-n(@+r)-
2acpqr(p+n(2pg+prqrn-22b2pqr(p+q9)(pg+2pFrqr))

1stDT-Coordinate:
1/(02 b2 p2 -2 SCqZ - SBbz rZ)

Properties:

1 QAP30 lies on theseQA lines:
Z QAP2.QAP11 (2 :-1=> QAP30= Reflection ofQAP2 in QAP11)
Z QAP10.QAP36 (-2 : 3=> QAP30= Complement of QAP36)
Z QAP12.QAP29 (2 :-1=> QAP30= Reflection of QAP12 in QAP28)
Z QAP13.QAP35 (5:-4)

1 QAP30is the Involutary Gonjugate of QAP6 (Parabola Axes Crosspoint).

1 QAP30 lies on thecircumcircle of the Diagonal Triangle (QACIl).

T QAP30 lies on the conic QAC04.



QA-P31: Complement of QA-P16 wrt the Diagonal Triangle

QA-P31lis the complement of QAP16 (QA-Harmonic Cente) wrt the QA-Diagonal
Triangle.

\\,’
. . , R
P i = vertices of Reference Quadrangle (i = 1,2,3,4) ! \\ S
/ \ S
QA-P10 = Centroid of QA-Diagonal Triangle PN QA-P20
/ Diagonal ™.
QA-P16 = QA- Harmonic Center pd/ *{I‘ri\ingle
N = i - - T \
QA-P19 = AntiComplement of QA-P16 wrt QA-DT ;H o ; QA-P19
QA-P20 = Reflection of QA-P5 in QA-P1 | QA_P1 - ]
QA-P21 = Reflection of QA-P16 in QA-P1 / ' \\\
i ™
QA-P31 = Complement of QA-P16 wrt QA-DT f T~ N
| QA-P21 N T
{ Ry
| \ T
Ph R2

1st CT-Coordinate:

p@@+n) @p+q+n(P+pg+24+pr+qr+2¥9
1st DT-Coordinate:

q2 +r2

Properties:

1 QAP31 lies on theseQA lines:
z QAP10.QAP16  (-1:3=> QAP31=Complemeit QAP16 wrt QADT)
Z QAP20.QAP21 (1:1=>QAP31= Midpoint QAP20.QAP21)

 QAP31 =Midpoint QA-P16.QAP19

1 QAP31is the Center of the parallelogram QR16.QAP21.QAP19.QAP20.

1 QAP31is the QACentroid of the Quadrangle formed by the vertices of the QA

Diagonal Triangle and QAP19.



QA-P32: Centroid of the Circumcenter Quadrangle

QA-P32 is the QACentroid of the quadrangle formed by thedrcumcenters of the
Component Triangles of the Reference Quadrangle.

QA-P33

) Pi = Vertices Reference Quadrangle

04 P3 . . . .
Oi = Circumcenter Triangle Pj.Pk.PI

P4
/ QA-P1 = QA-Centroid
P1 P2 QA-P4 = Isogonal Center
o3 )/QA P32 QA-P8 = Midray Homothetic Center
QA-P8 _ I
QA-P32 = Centroid Circumcenter Quadrangle
QA-P33 = Centroid Orthocenter Quadrangle
02
1st CT-Coordinate:

- Rr2+ S P22+ Sh2p2 12+28p2qr+3&Spqr(p+q+r)
1st DT-Coordinate:
a4q2r2_9p4+(0283_s32) p2q2+(b283_sc2) p2r2

Properties:
1 QAP32lies on these QAlines:
Z QAP1.QAP33 (-2:3)
Z QAP4.QAP8 (1:1 = QAP32 =Midpoint QAP4.QAP3)
T QAP1.QAP32.QAP33 /I QA-P2.QAP4.QAP6=QAL2.



QA-P33: Centroid of the Orthocenter Quadrangle

QA-P33is the QACentroid of the quadrangle formed by the @hocenters of the
Component Triangles of the Reference Quadrangle.

H1

Pi = Vertices Reference Quadrangle
Hi = Orthocenter Triangle Pj.Pk.PI
QA-P1 = QA-Centroid

QA-P12 = Orthocenter Diagonal Triangle

QA-P32 QA-P14 = Centroid Morley Triangle
QA-P32 = Centroid Circumcenter Quadrangle

QA-P33 = Centroid Orthocenter Quadrangle

QA-P12

1st CT-Coordinate:

+2r2z S p2g?z &h?p?2r2+pqr(3s(p+q+r) +3p)
1st DT-Coordinate:

Spr+2d02r2-(S+23c?) p20?- (S +2b?) p?r?

Properties:
T QAP33lies on these QAlines:
Z QAPL1.QAP32 (3:-2)
Z QAP12.QAP14 (3 :-1=>QAP33 =Complem.of QAP12 wrt QATr3)
Z QAP24.QAP37 (1: 1= QAP33 =Midpoint QAP24.QAP37)
1 QAP1.QAP32.QAP33 /I QA-P2.QAP4.QAP6 = QAL2.



QA-P34: Euler-Poncelet Point of the Centroid Quadrangle

QA-P34 is the EulerPoncelet Point of the quadrangle formed by the Centroids of the
Component Triangles of the Referenc@uadrangle.
The EulerPoncelet point also can be constructed in similar Quadrangles:

1 QAP1 also is EulefPoncelet Point of the Ningpoint Center Quadrangle.

1 QAP2 also is EulefPoncelet Point of the Orthocenter Quadrangle.

1 QAP3 also is EulefPonceletPoint of the Circumcenter Quadrangle.
Surprisingly now QAP1, QAP2, QAP3 and QAP34 have mutual distance ratios similar
to the corresponding points in the Triangle Environment on the Euler Line.

This point was contributed by Eckart Schmidt (12/18/2011).

P4

» QA-P20
p

)_QA-PZ
Pi = Vertices Reference Quadrangle
Gi = Centroid Triangle Pj.Pk.PI

= QA-P29
\QA " /(1) A -
/
QA-P25 #
34 -
G4/
(2) .
Pj/ @) . P2
4 QA-P3

./
QA-P5

1st CT-Coordinate:
2aqr(p+q)(p+nN@2p+qg+r)
+Ppr(p+g)(@+n@p+qg+r)
+ctpg(p+n(@+r) Bp+q+r)
+ep(@+n((p+a)(@+n(+p)-3qr@2p+q+r)
-@P2pr(p+a)Bg(+a)+@q+rn(p+r)
-a@cepq(p+r) @r(e+n+@r+aq)(p+a)

1st DT-Coordinate:
(P2 + 02 +r2)2-4 (p*+02r2)) (-b2p? + & g?) (c2 p2 - &2 r?)

+Ap? (pr 2 +r?) (-2 g2+ Pr?) ((-b2p2+ @) + (¢ p?-

Properties:
1T QAP34 lies on these QAlines:
Z QAP1.QAP2 (-1:4)
Z QAP5.QAP29 (2:1)
Z QAP20.QAP35 (5:-2)

QA-P1 = QA-Centroid

QA-P2 = Euler-Poncelet Point
QA-P3 = Gergonne-Steiner Point
QA-P5 = Isotomic Center

QA-P10 = Centroid Diagonal Triangle
QA-P20 = Reflection of QA-P5 in QA-P1
QA-P25 = 1st Quasi Centroid

QA-P29 = Complement of QA-P2 wrt DT

QA-P34 = Euler-Poncelet Point of
Centroid Quadrangle

azr2))

1 The distance ratios between points QA3, QAP34, QAP1, QAP2are 2:1: 3.

T QAP34.QAP10// QA -P2.QAP5// QA -P3.QAP20.
1 QAP34.QAP25 // QA-P2.QAP10.



QA-P35: 1st Penta Point

QAP35 is the Centroid of the Complet®entangle (system of 5Srandom points) formed
by the points QAP2, QAP3, QAP12, QAP20, QAP30.Since there are other Penta Points
possible this point is called the $ Penta Point.
A property from a Pentangleis that its Centroid lieson the lines from each vertice of the
Pentangleto the QA-Centroid of theQuadrangle formed bythe remainder ofits vertices,
where the Pentangle Centroidlivides these lines in segmentsvith ratio 1 : 4.Since

0 QAP13 = QACertroid QA-P2.QAP12.QAP20.QAP3,

0 QAP22 = QACentroid QAP2.QAP12.QAP20.QAP30,

0 QAP29 = QACentoid QA-P3.QAP12.QAP20.QAP30,
we know that QAP35 is dividingthe line segmens QA-P13.QAP30, QAP22.QAP3 and
QAP29.QAP2in segments with ratio 1 : 4.
Also noteworthy in this specific construction is that:
QAP13 = QACentroid DT-vertices + QAP12,
QAP22 =QACentroid DT-vertices + QAP20,
QAP29 = QACentroid DT-vertices + Reflection QAP2 in QAP29,
QAP3.QAP12 /Il = QAP20.QAP30.

QA-P35 = Penta Point =
the Centroid of the Pentangle
(QA-P2,QA-P3,QA-P12,QA-P20,QA-P30)

o

O O O

_»QA-P30

QA-P2 = Euler-Poncelet Point
QA-P3 = Gergonne-Steiner Point
QA-P12 = Orthocenter Diagonal Triangle QA-P20
QA-P13 = Nine-point Center Diagonal Triangle
QA-P20 = Reflection of QA-P5 in QA-P1
QA-P22 = Midpoint of QA-P1 and QA-P20 -
QA-P29 = Complement of QA-P2 wrt QA-DT POt A :,,:3“’"'
QA-P30 = Reflection of QA-P2 in QA-P11
QA-P34 = Euler-Poncelet Point

of the Centroid Quadrangle

QA-P12

1st CT-Coordinate:
AaqE+a)r(p+r) ptgHr)-b2c2(q+1) (PPq+ P2+ pir-12p2qr-5p@r+p2r2-5pqr+2¢r?)
Drp+a)r@@+n(7p+3pg+3prgn+@cqP+n(Eq+p@+15@Pr+8pqr+gr+7pr-qr)
<cAgp+nN@+n(7pP+3pq+3prgn+a&b2(p+g)r(15pRg+7pG+pPr+8pqr-gir+pr2+qr)
1stDT-Coordinate:
-4 Q2r2-2 b4 p2r2-2 A p2 g2
+@c2Q2(p2-2@+2r)+ a&b2rz(p2+2¢-2r) + Pc2p2(-p2+2¢+2rn?)
Properties:
1 QAP35 lies on theseQA lines:
Z QAP2QAP10 (6:-1)
Z QAP3QAP22 (4:1)
Z QAP13.QAP30 1:4)
Z QAP20.QAP34 (3:2)



QA-P36: Complement of QA-P30 wrt the QA -Diagonal Triangle

QA-P36 is the @mplement of QAP30 (Reflection of QAP2 wrt the QA-Diagonal
Triangle) wrt the Diagonal Triangle.

"QA-P30

QA-P2 = Euler-Poncelet Point

QA-P10 = Centroid Diagonal Triangle

QA-P12 = Orthocenter Diagonal Triangle

QA-P29 = Complement of QA-P2 wrt QA-Diagonal Triangle
-P29 QA-P30 = Reflection of QA-P2 in QA-P11

QA-P36 = Complement of QA-P30 wrt QA-Diagonal Triangle

QA-Ci2 = Nine-point Circle of QA-Diagonal Triangle

1st CT-Coordinate:
po2pdqr(p+a)(p+nN@+n@pE+ar-cdqgp+rn)@(-q+n+-c3)(q+n)+
2(b2-c)p(g-n-a2@qr+p(@+n)(cpgE+n(@+n-cc2pgr@(pP+n+(Q+rn)+
P+gr@aqe+n+bp(g+rn-2a&b2pQq) (-(c2q+r)p2(q+r+a&qr(p?+qr)

1stDT-Coordinate:
(b2Sr2+@Sg2-b2c2p?) (2 (SApP+SB @+ SC? -2 Sp?)
Properties:
1 QAP36 lies on theseQA lines:
Z QAP2.QAP12 (1:1= QAP36 =Midpoint QAP2.QAP12)
Z QAP10.QAP30 (-1: 3=> QAP36 = Complement of QAP30)
Z QAP13.QAP29 (-1 : 2=> QAP36 =Reflection of QAP29 in QAP13)
1 QAP36 lies on QACI2 (QADT-Nine-point Circle).
1 QAP36 is the Center of the circumscribed orthogonal hypedia of the QA
DiagonalTriangle through QAP2 and QAP12.
1 QAP36 lies on the Simson Line (QR6.QAP36) of QAP2 occurring on the
circumcircle of the QADiagonal Triangle.
1 QAP36 is QAP2 (EulerPoncelet Point) of the Quadrangle formed by the vertices
of the QA-Diagonal Triange and QAP2.



QA-P37: Reflection of QA-P12 in QA-P1

QA-P37is the Reflection of QAP12 (Orthocenter of the QADiagonal Triangle)) in QAP1
(Quadrangle Centroid).

QA-P37 .
/Tt QAP

- 4 T

QA-P33," / ~—.QA-P20

/
ol A

QA-P1 = Quadrangle Centroid

QA-P11 = Circumcenter QA-DT

QA-P12 = Orthocenter QA-DT

QA-P14 = Centroid Morley Triangle

QA-P20 = Reflection of QA-P5 in QA-P1

QA-P24 = AntiComplement of QA-P1 wrt Morley Triangle
QA-P33 = Centroid of the Orthocenter Quadrangle

QA-P37 = Reflection of QA-P12 in QA-P1

1st CT-Coordinate:

SFparp+ag)(e+n@+n@p+q+r)
-(ptg+nN(Eqr+SBpqg+SCpr)(2SAQr-a2g?rz+2p2rz2+ p2q?)

1st DT-Coordinate:
(+2SA)p - 22SAF(g2+12) - SB SC (% r2)2

Properties:
1 QAP37 lies on theseQA lines:
Z QAP1.QAP12 (-1 : 2 = Reflection of QA412 in QAP1)
Z QAP11.QAP20 (-1 : 2 = Reflection of Q420 in QAP11)
Z QAP24.QAP33 (-1 : 2 = Reflection of QA424 in QAP33)
1 QAP37 forms with QAP12 and QAP24 a Triangle that shares the same centroid
with the Morley Triangle (QATr3): QA-P14.



5.2 QUADRANGLE LINES
QA-L/1 : 5t Point Tangents

General description
5t Point Tangents are the tangents of a conic through the vertices P1, P2, P3, P4 of the
Quadrangle at a % point unequal to P1, P2, P3, P4.
Let P5 (u : v: w) be the 8 point.
This gives a very simplegeneral formula for the coefficients of the tangent at this point.
1st CT-coefficient:
pvw(qQw-rv)
1st DTFcoefficient:
u (r2v2-q2w2)

5t Point Tangent at QA-P1 (QA-Centroid)
1st CT-coefficient:

p@-n/(p+qg+r)
1st DT-coefficient:

(92-r2) (-p2+ F +12)

Properties:
1 This line is QAL3 and passes through Q&1 (QA-Centroid), QAPS5 (Isotomic
Center) and QAP10 (Centroid DT).

5t Point Tangent at QA-P3 (Gergonne-Steiner Point)
1st CT-coefficient:

p (b%(p+a)pr - c2(p+r)pa) / ((a? - b?)pq + (a2 - c?)pr + &qr - 25 p?)
1st DTcoefficient:

(92 (a?r2-c2p?) -r2 (a2 g2 - b2 p?)) *

(b2 12 (p2+ cP-r2)+ 2 G2 (p2- G2+ 12) - 2 & 217

Properties:
1 This line passes through QA4 (Isogonal Center).



QA-L1: QA-P1-P2-P3 Line

The QAL1-line is the line through QAP2 (Euler-Poncekt Point) and QAP3 (Gergonne
Steiner Poin{. Both points are constructed in a similar way. They areoth common
points of circlesthrough midpoints of line segments between Quadrangle points.
QA-P1(Centroid) alsolies on this line and isMidpoint (QA-P2,QAP3).
Of next4 points on QALL1 it also appears that:

1 QAP1is the Euler-Poncelet Point of the Ningpoint Center Quadrangle.

1 QAP2is the Euler-Poncelet Point of the Orthocenter Quadrangle.

1 QAP3is the Euler-Poncelet Point of the Circumcenter Quadrangle.

1 QAP34is the Euler-Poncelet Point of the Centroid Quadrangle.
QAPL, QAP2, QAP3 and QAP34 have mutual distance ratios similar to the
corresponding points in the Triangle Environment on the Hler Line.

Pi = Vertices Reference Quadrangle

QA-P1 = QA-Centroid
= Euler-Poncelet Point of Nine-point Center Quadrangle

P4 QA-P2 = Euler-Poncelet Point

= Euler-Poncelet Point of Orthocenter Quadrangle

QA-P3 = Gergonne-Steiner Point
QA-P2 = Euler-Poncelet Point of Circumcenter Quadrangle

QA-P34 = Euler-Poncelet Point of Centroid Quadrangle

P1 P2
QA-P3

1st CFcoefficient:
a‘tq (q-nr/(g+r) + b 4pr (p+2g+r)/(p+r) -c*p q(p+g+2r)/(p+q)
-b2c2p(qzr) -a2b? r (p+3q) + &2 q (p+3r)
1st DT-coefficient:
p2 (b2 r2-c2 q2) (b2 r2 (p2+ q2_ r2) + 2 q2 (p2_ q2 + rZ) -2 a2 q2 r2)

Properties:
1 QALL=QAP1.QAP2// QA-P22.QAP29



QA-L2: QA-P2-P4-P6 Line

The QAL2-line is the line through QAP2 (Euler-Poncelet Point) and QAP4 (Isogonal
Center). QAP6 (Parabola Axes Crosspoint) also lies on this line and is théfidpoint.
The expressionof the lineis not asimple one.

/QA-L2

P3 QA-P2 = Euler-Poncelet Point

QA-P4 = Isogonal Center

QA-P6 = Parabola Axes Crosspoint

P2

1st CTFcoefficient:
b2prz2(2SAp-2SBq) (F-a3) pg+Epr-azqr) (b2pr+ (k2-a2)pqg+ (I?-c?)qr-2 SB 4§)
-CpR(2SApP-2SCrh (6 -a)pr+epg-azqr) (ccpqg+ (¢-ad)pr+(2-b2)qr-2SC?

1st DTFcoefficient:
(C2 q2_b2 r2)
* (-a2 p2 (c4 g4+b4 r4)+(b4 p4+ad g4) r2 SB+@ (c4 p4+ad r4) SC+2 ap2 g2 r2 (SA-SB SC))

Properties:
1 QAL2 = QAP2QAPA4/ QA-P1.QAP32 // QA-P7.QAP8 /| QAP12.QAP24
1 QAL2andthe 5" Point Tangent at QAP2 are orthogonal. SeeQAL/1 .
1 QAL2 and the asymptote of QACuU7 (QAQuasilsogonal Cubic) are
perpendicular. SeeQACu7 andQA/4.



QA-L3: QA-P1-P5-P10 Line or Centroids -Line

The QALS3-Line is the linethrough the Centroid of the Quadrangl€QA-P1) and the
Centroid of the Diagonal Triangle of the Quadrangl@A-P10). It also pases through the
Isotomic Center (QAP5) and the Btand 2d QA-Quasi Centroids (QA25 and QAP26).
Interestingly, all thesepoints havecoordinatesindependent of (a,b,c). As a consequence
the coefficients ofQAL3 also are independent of (a,b,c).

Because the Centroid of the Quadrangle is on this line and it is divided in segments of
fixed ratio this line has the allure of the Euler Line in Triangle environment.

QA-P1 = Centroid

QA-P5 = Isotomic Center -<"" QA-P20

A
-
-
-

QA-P10 = Centroid DT

-
-
-

QA-P20 = Reflection QA-P5inQA-P1 /A1) QA-P10

-
-

-
-
-

-
-
-

ﬂ”
-

-
-
-

. P1 P2

1st CTFcoefficient:
p@-n/(2p+q+r)

1st DT-coefficient:
(92-r2) (-p#+q2+r?)

Properties:

1 The major points on this line are QAP5, QAP1, QAP10, QAP20 in this order
with mutual distance-ratios 3 : 1 : 2 (see comments at QR10 and QAP20).

1 Major and minor points on this line are:QAP5,QAP25,QAP1,QAP26,QAP10,
QAP22,QAP20in this order with mutual distanceratios: 16:2:2:4:39.

1 The barycentric coordinates of QA3 arealgebraicallyindependent of (a,b,c) just
like all known points on this line: QAP1, QAP5, QAP10, QAP18,QAP20,QA
P22,QAP25,QAP26.

1 QAL3 isthe 5 Point tangentat QAP1and QAP20. SeeQAL/1.

QAP22 is the Center of the QAine Involution (see QATf1) on QALS3.
1 QACOS5 is the Involutary Conjugate (see QA2) of QALS3.

=



QA-L4: QA-P1-P6 Line

The QALA4-Line is the line through theMidpoint of the segment{QA-P2,QAP3) on QA
L1 andthe Midpoint of the segment(QA-P2,QAP4) onQAL2, being QAP1 (Centroid)
and QAPG6 (ParabolaAxes Crosspoint)

1 i
1 .
1

QA-L1 QA-L2
| ; QA-P1 = Centroid

! QA-P2 = Euler-Poncelet Point
' QA-P3 = Gergonne-Steiner Point
P4 FQA-P2 QA-P4 = Isogonal Center

QA-P6 = Parabola Axes Crosspoint

1st CTFcoefficient:
a2(@-nig+r) -b2(p+3ni(p+r)+c2(p+309)(p+0q)

1st DT-coefficient:
QP 1 ((-2+0?) P+ (¢7-12))

1st CT-Coordinate Infinity Point:
a-b2pl(p +r) -c2pl(p +q)

1st DT Coordinate Infinity Point:
P2 (C2 QR (P2~ 0P+ 12) + 12 (-2 & G2 + P (p2 + P - 12)))

Properties:

1 QAL4 /I QA-P3.QAP4.

1 QAL4 /I QA-Cul-asymptote.

1 Also QAP23 (Inscribed Square Axes Crosspoint) lies on QAL.

1 The two asymptotes of the Orthogonal Quadrangle Hyperbola (@202) and the
two axes of TheGergonneSteiner Conic( QA-Co3 form a rectangle. QAP2 and
QAP3 are 2 opposite vertices of this rectangle. The other 2 vertices lie on QA

1 QACo4 is the Involutary Conjugatésee QATT2) of QALA.



QA-L5: Euler Line of QA-Diagonal Triangle

The QALS5-Line is theEuler Line of the QA-Diagonal Triangle(DT).

AQAP11

QA-P10 = Centroid DT
QA-P11 = CircumCenter DT
QA-P12 = OrthoCenter DT

QA-P13 = Ninepoint Center DT
w01

~QA-P12

1st CTFcoefficient:

& @rz(p+gpr(pP+n2(g-n

rp r(E+aP(@+r) (PR+@r-qr2+2pr+4pr+pqr)

et p f(p+n2(@+r) (pr+gr-g?r+2pq+4pg+pqr)

+a2b2q r2(p +qp @p?rz+3¢r2+2pg+2pr+3qr-prr+pqr+3pgr)
za2c g?r (p+r)y? Bpgr+3qrz+2pr2+2pq+3¢r-pgeE+pPqr+3pge)
+h2c2pqr(?zr?) (2p*-p22-p2r2+2fr2+3pPq+3pPpr+2pPqr-pgr-pqr)

1st DT-coefficient:
SA (SBSC)

Properties:
1 QALS passes through QA210 (Centroid DT), QAP11 (Circumcenter DT), QA°12
(Orthocenter DT) and QAP13 (Nine-point Center DT).



QA-L6: QA-Newton -Morley Line

EachQL:-line parallel to the Newton Line when transferred to the 3 Quadrigons of a
Quadrangle produces 3 concurrent linesThe locus ofthe common pointis QA-L6.
QAP1 (the Quadrangle Centroid)s a point on this line because th€L-Newton Line is
transferred into QAP1.

AA-L6

viotTe

Line 2 s

Newion Line 2 l/_‘»

A Jonle
Newto )
P1 (P2
meney QA-P1 = Centroid
QA-P15 = Orthocenter of the Morley Triangle
Newton
Line 3 QA-L6 = Newton-Morley Line

1st CTFcoefficient:

-=2qr(p+a)@-rnp+r

P+ @+nN((PEE+3pPg+4pG+2¢+2pr+3pqr+34r+pr+qr)

+tht(p+q) @+ (P+2PRq+pG¢+3Pr+3pqr+gr+4pr+3qr+2r)

+b2c2(q-r) (q+71) (-p2q-p P-p>r+ Rr-prz+qr)

t@c2(p+n)(PPq+3pR+4pF+2q+pPr+7pRqr+12pgr+6fr+2pPr?
+7pqQR+7frz+pr+3qn)

-2 (p+q) (P2 R+pFrpPr+7pRqr+7pgr+3fr+3pPr2+12pqe
+7®r2+4ppr+6qr+2nr)

1st DTcoefficient:
(_CZ q2+b2 r2)
* (P2 (%3 (q2-19)2+2 PP (42+12)) SAH3 p-(>12)2-2 p2 (42+12)) (92 SB+P SO))

Properties:
1 Since theQL-Morley Line is parallel to theQL-Newton Line also the common QA
point of the Morley linesQAP15lieson QALSG.



5.3 QUADRANGLE CONICS
QA-Cil: QA-Grcumc ircle Diagonal Triangle
The diagonal circle is the circumcircle of the Diagonal Triangle (DDf a Quadrangle.

The Diagonal Triangle of a Quadrangle is the triangle formed by the intersection points
of the 3 distinctive pairs of lines of a Quadrangle.

QA-P2 = Euler-Poncelet Point
QA-P11 = Circumcenter Diagonal Triangle

Diagonal Circle

agonal Triangle

P1
Equation CT-notation:

aqr(p+q) (r+p) (+qrx@zZpry2zpq2zr(pza) xy+p@+ryz+q(rzp)zxy
+2pr(p+q) (g+r) (ZgrXe+pryzpqZ+r(pza) xyzp @y z+q(r+p)zx
+&pq@+p) (@) (ZgrxezZpry?+pgZ2+r(p+q) xy+p(@ryzzq(rzp)zx =0

Equation DFnotation:
a2yz+Pxz+éxy=0

Properties:
1 QAP11 is the center othe QACil.
1 QAP2 (Euler-Poncelet Point)and QAP30 (Reflection of QAP2 in QAP11) lieon
QACIl.
1 QACIil is the Involutary Conjugate (see QAf2) of the line through QAP6
perpendicular to QAL2 (which is the perpendicular bisector of QAP2.QAP4).



QA-Ci2: QA-Medial Circle Diagonal Triangle

The Diagonal Medial Circle is the circumcircle of the Medial Triangle (MT) of the
Diagonal Triangle (DT) of a Quadrangle.
It is also theNine-point Circle (or also called Euler Circle) of th@A-Diagonal Triangle

F1 = Focus of 1st circumscribed Parabola
F2 = Focus of 2nd circumscribed Parabola

Diagona| Circle

Diagonal Triangle

Diagonal
Medial

Equation CT-notation:
X+y+2) (uxX+Tuyy + Tvzz) +2 Txvz(@2yz +Bxz+éxy)=0

where:
Tux = gr(az qr(p+qg)(r+p) z b2 pr(p+ag)(g+r) z c2pq(r+p)(g+r)) z2 ger2 (a2 gr+b2 rp+c2 pa)
Twy = pr(zazqr(p+a)(r+p)+b 2 pr(p+g)(q+r) z ¢ pa(r+p)(g+r)) z 2 r2p2 (a2 qr+b2 rp+c2 pq)
Tvz = pq(za2qr(p+a)(r+p) Zb2pr(p+a)(g+r) + c2 pa(r+p)(g+r)) Z 2 p? g3(a2 gr+b2 rp+c? pq)
Txvz= 2 pqr (p+q) (g+r) (r+p)

Equation DFnotation:
SAX+SBy+SC%Z-c2xy-b2xz-a2yz=0

Properties:
1 QAP13is the center of theMedial Circle.
1 QAP29and QAP36 lieon the Medial Circle.
1 The foci of both circumscribed Quadrangle Parabolg®A-2Cola and QA2Colb
lie on the Medial Circle.



QA-Co1:Nine-point Conic

The Nine-point Conic is the conic through the midpoints of all possible line segments
connecting the vertices of a Quadrangle. Apart from these 6 midpoints it also passes
through the 3 intersection points of all possible pairs of lines connecting the vertices of
the Qualrangle. This gives a total of 9 points.

Moreover, there is aanalogy with the Nine-point Circle of a Triangle thatalso passes
through the midpoints of all possible linesegments connecting itvertices.

QA-Co1 = Ninepoint Conic (NPC)

QA-P1 = Quadrangle Centroid

= Center Ninepoint Conic
QA-P2 = Euler-Poncelet Point
QA-P3 = Gergonne-Steiner Point

Mij = Midpoint Pi.Pj (i, j each = 1,2,3,4)

S1

) | YWZ | N \

Equation CT-notation:

qrx +pry2+pgqz2-r(p+g)xy-q(e+nxzp(+ryz=0
Equation DFnotation:

r2xy+g2xz+p2yz=0

Infinity points CT-notation:
(p@+1):zpazWgpar(P+ag+n):zpr+Ngpar(p+q+r))
(p@+1):zD N z€qripj+q+r) :zprzgpar(p+q+r))

Infinity points DT-notation:

(2 p2 : -p2-q2+r2-U 4 p2 q2+(-p2-02+12)2) : -p2+2-r2C VM p? 02+(-p2-q2+r2)2) )
(2 p? 1 -p2-q2+r2C VMt p2 q2+(-p2-q2+12)?) : -p2+q2-r2-N -4 p? q2+(-p%-q2+r2)?) )
These infinity points are equal to thanfinity points of the 2 Quadrangle Parabolas.

Properties:
1 The center of each circumscribed conic through the vertices of the Reference
Quadrangle lies on theNine-point Conic.
1 QACol is he Involutary Conjugateof the Line atInfinity .
1 The asymptotes of theNine-point Conic are parallel to
Z the axes of theQA-parabolas (provided they are constructible).
1 The axes of theNine-point Conic are parallel to
Z the asymptotesof the QAOrthogonal Hyperbola as well as
Z the axes of theGergonneSteiner Conic



=

QA-P1 (Quadri Centroid) is the center of QA 01.

QAP2 (Euler-Poncelet Point), QAP3 (GergonneSteiner Poin lie on QACo1.
The 3 QAversions of QGP13 (Circumscribed Harmonic Conic Center) lie on QA
Col.

Let P be a point on théNine-point Conic inthe Quadrigon-environment and let L
be a line through PLet L1, L2, L3, L4 be the lines of the Quadrigon where LB
are opposite sidesand L2, L4 areopposite sides

When P is theMidpoint of the line segmentof L between L1 and L3 thems
automatically P theMidpoint of the line segmentof L between L2 and L4.



QA-Co2: QA-Orthogonal Hyperbola

Since an Orthogonal Hyperbola (OH) is determined by 4 points there is only one
Orthogonal Hyperboladefined by thevertices ofa quadrangle.

QA-Co2 is the unique Orthogonal Hyperboldefined bythe vertices of thereference
guadrangle.

P3 QA-Co2 = Orthogonal Quadrangle Hyperbola

QA-P2 = Euler-Poncelet Point
= Center QA-Co2

Equation CT-notation:
(S2x2SY)paz+(8yz&z)qrx+(8z-Sx)pry=0

Equation DFnotation:
(b2 r2_ CZ q2) X2 + (C2 p2_ a2 r2) y2 Z (b2 p2_ aZ q2) 22 = 0

Properties:
1 The orthocenters of allQA-Component Triangles lie on this hyperbola.
1 QAP2(Euler-Poncelet Point)is the center of the QAOrthogonal Hyperbola
1 The assymptotes of the QAOrthogonal Hyperbola are parallel to:
Z the axes of theNine-point Conic(QA-Col)
Z the axes of theGergonneSteiner Conig( QA-Co3.



QA-Co3: Gergonne-Steiner Conic

In a random quadrangle it is generally impossible to circumscribe a circle througdl 4
points. But it is always possible to circumscribe a conic (ellipse, parabola or hyperbola)
through these 4 points. Technically, the conic with least eccentricity is the conic that
deviates least from a circle.

The GergonneSteiner Conids the conicthrough the vertices of the Reference
Quadranglewith least eccentricity. It is the conicwith center QA-P3 (GergonneSteiner
Point). The problem of theQuadrangleconic with least ecentricity was initially posedin
OEA O! 1 Gekgonhdandisllved by J.Steiner. See [7] page 231.

P3

QA-Co3 = Gergonne-Steiner Conic =
Conic with least eccentricity

QA-P3 = Gergonne-Steiner Point

Equation CT-notation:
(@pqr (2p+g+r) - (b2r +c2q) p? (g+r)) y z
+(2pgr (p+2g+r) - (c2 p +a2r) g2 (p+r)) z X
+(@2pqr (p+g+2r) - (@2 q+b2p) r2 (p+q)) xy =0

Equation DFnotation:
(2 @2 02r2 - b2r2 (p2+qg2-r2) - c2 g2 ( p2- g2+r2)) X2
+(2 b2 p2r2- a2 r2 (p2+0R-r2) - 2 p2 (-p2+0R+r2)) y2
+(2 2 p2 g2- a2 g2 (p2-g2+r?) - b2 p2 (-p2+g?+r2)) z2 = 0
Properties:
1 JeanPierre Ehrmanncommentedon this conicthat when e = eccentricity,
then for this conice2 = [2/(k+1)],
where k =01P1*/R1 = O2R*/R2 = O3P3*/R3 = O4P4*/R4,
Oi = circumcenter PjPkPI,
Pi*=isogond conjugate of Pi wrt PjPkPI,
Ri =circumradius PjPkPI.
(See Hyacinthos [11] message #19970)
1 The axes of theGergonneSteiner Conicare parallel to:
Z the axes of theQA-Nine-point ConicQACol,
Z the asymptotes of the QAOrthogonal Hyperbola QACo2.



QA-Co4: QADT-P3-P12 Orthogonal Hyperbola

QA-Cod4is the circumscribed orthogonal hyperbola of the Diagonal Triangle of the
Reference Quadrangle passing through the Gergori&teiner Point (QAP3).

P i = Quadrangle Vertexi(i=1,2,3,4)
QA-P3 = Gergonne-Steiner Point
QA-P12 = Orthocenter Diagonal Triangle
QA-P20 = Reflection of QA-P5 in QA-P1
QA-P29 = Complement of QA-P2 wrt DT

QA-P30 = Reflection of QA-P2 in QA-P11
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Equation CT-notation:
@ (@-r /(g+n-b2(p+3n/(p+r+c2(p+3q)(p+q)qrx?
+@@+3n/(g+r-b2(p-r /(p+n-cc@Bp+q)/(p+Qq)pry?
+(2@q+n/(q+n+b2@p+n/(p+r)+c2(p-q) /(p+q)pqg?2
-(@ (pg+f-pr+3qn/i(g+r)-b2 (p2+pg+3prqn/(p+r) +c2(p-q))rxy
-(@ (pg-pr-3qr-r2) /(q+r)-b?(p-r)+c (p2+3pg+prqn/(p+q)gxz
-(@(q-r -b2(pg-3pr-qr-r/(p+r) - 2 @Bpg+G-pr+gn/(p+q)pyz =0

Equation DFnotation:
((@%-b?) rz -c2 (p-02)) x y
+((22?) 6~ b2 (r>-p?) x 2
+((b?-c?) p2-a2(q>r2)yz = 0

Properties:
1 QACo4passes apart from the vertices of the Diagonal Triangle also through
QA-P3 (GergonneSteiner Point),
QAP12 (Orthocenter QADiagonal Triangle),
QA-P20 (Reflection of QAPS in QAP1)
QA-P30 (Reflection of QAP2 in QAP11).
1 These intersectionpoints also lie a1 conic QA-Co4:

z QA-P1.QAP2 "QAP12. QAP24
z QA-P1.QAP5 ~QAP12. QAP32
z QA-P1. QAP12 " QAP20. QAP23



Z QA-P1. QAP30 " QAP6 . QA-P20
Z QA-P2. QAP11 " QAP4 . QA-P12
1 The center ofQACo4is QAP29 (Complement of QA2 wrt the DT).
1 QACo4is the Involutary Conjugate of QA4 (Line through QAP1, QAP6 and
QAP23).



QA-Co5: QADT-P1-P16 Conic

QA-Cob5is the circumscribed conic of the Diagonal Triangle of the Reference Quadrangle
passing through the QACentroid (QAP1) andthe QAHarmonic Center (QAP16).

P i=Quadrangle Vertex i (i=1,2,3,4)
; QA-P1 = QA-Centroid

’*.-".EQA— P20 QA-P16 = QA-harmonic Center

‘ QA-P17 = 1st Adjunct Centroid
QA-P19 = 3rd Adjunct Centroid

QA-P20 = Reflection of QA-P5 in QA-P1

Equation CT-notation:
par(r-a)(p+2qg+n(p+q+2nkx
+par(p-rN(p+q+2r)(2p+q+)y?2
+par(@-p)2p+ag+n(p+2q+nz
+ r(g2-p) (p+q+2n¢pg+pr+qgr+ixy
+ q(2-r)(p+2qg+r(pg+g-pr+qr)xz
+ pr2-@)@2p+a+n(p+rpag+pr-qnyz=0

Equation DFnotation:
(P%-92) r2 (p2+g2-r2) X y+@ (-p?+r2) (p2-02+r2) x z+? (q?-r?) (-p>+g2+r2) yz=0

1stcoordinate Conic CenteZT-notation:
p@+n@p+q+r)
Cp+6pPe+3pPgi-4piqr-2p3g?r-6p2gir-8pgir+3pir2-2piqra+2p
Q2r2-4pcfr2+5gr2+6pPr3-6p2qri-4pfr3+8fr3+3pPr4-8pqr+5fre)
1stcoordinate Conic Center Diotation:

(p2-g2-r12) (g2-r?)?

Properties:
1 QACo5passes apart from the vertices of the Diagonal Triangle also through
QAP1 (QA-Centroid),
QAP16 (QAHarmonic Center),
QAP17 (Involutary Conjugate of QAPY),
QAP19 (AntiComplement of QAP16 wrt the QADiagonal Trianglé,



QAP20 (Reflection of QAPS in QAP1),
as well as the intersection point QA*5.QAP16 » QAP10.QAP17,
as well as the Involutary Conjugates dPA-P1, QAP5, QAP10, QAP18, QAP20,
QAP22, QAP25, QAP26.
1 QACOoS5 is the Involutary Conjugate of QA3 (QA-CentroidsLine).



QA-2Co1: Pair of Circumscribed QA -Parabolas

Two parabolas can be constructed from 4 points.

QA-P6 = Parabola Axes CrossPoint
QA-P11 = Circumcenter Diagonal Triangle

di’r'ectrix-z

QA-2Co1a = QA-Parabola 1
QA-2Co1b = QA-Parabola 2
F1 = Focus QA-Parabola 1
F2 = Focus QA-Parabola 2

1 | QA2Co1b P2

There are however some limitations to the positioning of these points for having a real
solution of these parabolas.
1. No 3 of the 4 points must beollinear.
2. A Quadrangle consists of 3 Quadrigons.
These 3 component quadrigons of a Quadrangle are either
1 concave/concave/concave, or
1 convex/crossed/crossed.
The first situation does not produce a real solution for circumscribed parabolas.
So the bestvay to describe the positioning of 4 points producing circumscribed
parabolas is by stating that these 4 points must not bound a concave form.
This can be confirmed from the formulas.
y O AT T OAET O-p@E(B+g+k). Mol Aolgdr) i#1glways > 0 ecause
barycentric coordinates represent areas and the sum of the 3 areas = area of the
OAEAOAT AA OpdrAptazn) & 8nly real wheip.q.r is negative. That
is only when the 4" point in a Quadrigon is a potential mirror point across the
sides of the triangle and not across the vertices or inside the triangle as shown in
next picture.



: The 4th point must be positioned in
! the non colored, not hatched sector

\ where p.q.r < 0 to produce parabolas
P3
p>0 p<0
q<0 q>g
r>0 r>
p.a.r<0 p.q.r<0
s
p>0 =
q>0
r<o

The construction of the 2 circumscribed parabolas was described by Newton. This
method can be found at [7] as well as [14]. Calculation of the infinifyoints according to
this method delivers these coordinates:

Parabola Equations Chotation:

r (pg-pr+qr+q?) xy-q (pg-pr-qr-r2) x z-p (q+r)2y z+2Te(rxy-qx z)=0
Infinity points CFnotation:

(p(a+r) :zpgzTc:zpr+Tc)

(p@+1) zpq+Te:zprzTe)

where TcE 44 g r (p+q+r))

Parabola Equations DFhotation:

(P2-G7+12) (A2 X-p? Y2J+(p2+P-17) (r256-p? 22) £ Td ((0212) 3-p? (y>-22) = O
Infinity points DT-notation:

(2 p? : -p2-g2+r2 - Td : -p2+g2-r2+Td)

(2 p?2 : -p2-g2+r2+Td : -p2+0g2-r2 - Td)

x EAOA  4dv) (B+a¥) (piajnB(p+a+r))

The Parabola infinity points are equal to the infinity points of the Ningooint Conic.

Properties:
1 The sides of the Medial Triangle (of the @RiagonalTriangle) are tangential to
both circumscribed Quadrangle Parabolas.
1 The foci of both circumscribed Quadrangle Parabolas lie on the circumcircle of
the Medial Triangle (MT) of the QADiagonal Triangle (= Ninepoint Circle of the
QA-Diagonal Triangle).



Thefoci of both circumscribed Quadrangle Parabolas are concyclic with €211
and the involutary conjugate of QAP11.

The directrices of both parabolas intersect in Q#11 (the Circumcenter of the
QA-Diagonal Triangle).

The axes of both parabolas intersect in QR6 (the Parabola Axes Crosspoint)
which is the Midpoint of QAP2 (EulerPoncelet Point) and QAP4 (Isogonal
Center).

The axes of both parabolas are parallel to the asymptotes of the Nipeint Conic.



5.4 QUADRANGLE CUBICS

QA-Cu/1: Circumscribed QA-Cubics
In this paper 3 types of Quadrangle Cubics are mentioned.

QACubic Type 1

QA-Cubic Type 1 is a cubic that can be constructed as follows:

Let P1, P2, P3, P4 be the vertices of the Reference Quadrangle.

Let V (u:v:w) be a variable point.

Let Lv be some line through V.

Let IC(Lv) be the Involutary Conjugate (QAf2) of Line Lv.

IC(Lv) is a conic since QAT2 is a transformation of the 2d degree.

The locus of the intersection IC(Lv) ~ Lv is a Q8ubic Tye 1.

Examples: QACulz QACub5, where resp. V = QR4, QAP5, QAP10, QAP19, QAP1

The general equationn CT-notation is:
grxe(vz-wy)+pry(wx-uz)+pgq2(uy-vx)=0

The general equation in DInotation is:
p2yz(vz-wy)+gxzWwWx-uz)+exyuy-vx)=0

This QACubic Typel has some interesting general properties:
1 The tangents at P1, P2, P3, P4 are concurrent in the Pivot Point V on the cubic.
1 The tangents at DT1, DT2, DT3 are concurrent inp@int W on the cubic, which is
the Involutary Conjugate of V.
1 V.Wi is the only line through V for which Q1 is Double Point itself wrt the created
QA-Line Involution, whilst W is the 21d Double Point on this line.
V.W is tangent in V at the cubic and alsd the conic (P1,P2,P3,P4,V)
4AEAOA AOGAEAO AAT Al1l AA OAAT AO ODPEOI OAI
[17b]. The reference system here is not a triangle but a quadrangle. The Isoconjugation
here is the Involutary Conjugation. Point V is the pivo
Cubic QACulis alsoa circular cubicbecause the imaginary circular infity points lies
on this cubic

QA Cubic Type 2

QA-Cubic Type 1 is a cubic that can be constructed as follows:

Let P1, P2, P3, P4 be the vertices of the Reference Quadrangle.

LetV (u:v:w) be a variable point.

Let Lv be some line through V.

Let IC(Lv) be the Involutary Conjugate (QAf2) of Line Lv.

IC(Lv) is a conic since QAT2 is a transformation of the 2d degree.

The locus of the intersection of IGLv) ” the perpendicular a& Vto Lv is a QACubic Type
2.

Example: QACu7 (QAQuasi Isogonal Cubic) with V = QR4.

EOI



Cubic QACu7 is also a circular cubic because the imaginary circular infinity points lies
on this cubic.

The general equationn CT-notation is:
(-vw+eeviv+w) +BwV+w))(Qr@-prxty-pqxz)
t(-bP2uw+@uu+w)+@wu+w)(pry3-pgyz-qrxy)
+(-c2u v+Bu(u +v)+8v(u +Vv)) (pg2-qrx2-pry2)
+@(Qruz-pruv+gqruv-prv2-pguw+qruw+pgvw+prvw+2qrvw qw?)
+R(-qruw+pruv-qruv+pre+pquw+2pruw+qruwpqvw+prvwpqgw?)
+E(-qru2+2pquv+pruv+qruvprv2+pgquw-qruw+pgqvwprvw+pqw))
xyz=0

The general equationn DT-notation is:
(-Sad+Sbv(u+w)+Sc(u+v)w) {y2+ qz?) x
+(Sau(v+w)Sbv+Sc(u+v)w) (Exz+prz2)y
+(Sau(v+w)+Sbv((u+wScw) (q2x2+ py?) z
-(rz2(b2u2+2Scuv+av?) + @ (c2uz+2Shbuw+aw?)+p(c2v2+2Savw+bhw2)xyz=0

QACubic Type 3

QA-Cubic Type 3 is a cubic that can be constructed as follows:

Let P1, P2, P3, P4 be the vertices of tReference Quadrangle.

Let V (u:v:w) be a variable point.

Let Lv be some line through V.

Let IC(Lv) be the Involutary Conjugate (QAf2) of Line Lv.

IC(Lv) is a conic since QAT2 is a transformation of the 2d degree.

The intersection of IC(Lv) with Lv results in 2 intersection points.

The locus of theMidpoint of these 2 intersection points (which is the Involution Center

of the QALine Involution on line Lv) produces a QACubic Type 3.

Example: QACu6, where V = Q&1

The general equationn CT-notation is:

rw((pu+qu+pw)y-(pv+qgv+gw)x)xy

+gv(rvtpw+rw)x-(pu+ru+pv) z)xz
+pu(Qu+qv+rv) zru+tgw+rw)y)yz
+(Qruw-v)+prv(@u-w)+pgw(v-u)xyz=20

The generalequationin DT-notation is:

P2Wy-v2z)(-2uyz+vz(xy+2z)+Wy (X+Yy2)

+PRUz-WX)(UZ(X+Yy+2)-2VXZ+WX(X+Y2Z))
2 (vx-uy)uy(x+y+z)+vx((xy+z)-2wxy)=0

Properties:
1 The verticesof the Reference Quadrangle lie on this cubic.
1 The intersection point of the line through V parallel to the side Pi.Pj intersected

with the opposite side Pk.PI is a point on this cubic for all instancesjofEh ER Eh 1

(1,2,3,4).

¢



Notes from Bernard Gibert (2012, January 22):

Type 1cubics are pK(P x Q, P) wrt ABC, in particular :

QACul = pK(P x igP, P), circular cubic see CL035 and SITP 4.2.1

QACu2 = pK(W1, P), central cubic see CL017 and SITP 3.1

QACuU3 = pK(P x X2P, P), where X2P is the ceuittbiel cevian triangle of P, see CL007
QACu4 = pK(cP x ccP xJtD, seems complicated...

QACUS5 = pK(W4, P), a K+, see CL017 and CL049

Type 2cubicsare nK isocubics wrt the cevian triangle of P. See SITP 1.5.3.
it is the locus of M such that P/M lies the tangent at Q to the circle with center M passing through

Q.

QACuU7 is obtained with Q = igP. It is a focal cubic with focus P/igP, passing through the center S of
the rectangular circuniyperbola through P and P/S which is the infinite real point.

Type 3cubics are spK(Rjidpoint PQ) cubics with pole P x Q. See CL055.
These are nodal cubics with node Q.

QACUG is obtained with Q = ccP. Itis a K+.

notations : c, g, t, i mean complement, isogonal, isotomic, inverse as usual.
SITP = Specialocubics...



QA-Cul: QADT-P4 Cubic

The QADT-P4 Cubic is describedby Daniel Baumgartner und Roland Stérk (see [16]
page 6). It is more fully described 1 ¢ puvY %AEAOO 3Dkdictkidhdigf O$ A0
0 O1 E Onfobtdmpersitis calledODEAEOE O AOEOOOAG 8
If the Reference System is the Reference Quadrangle, this cubic is a pivotal circular
isocubic invariant to the Involutary Conjugacy with pivot QAP4.
If the Reference System is the Miquel Triangle, this cubic is a pivotal isogonal cirgula
cubic with pivot at the infinity point of the asymptote.
QACul is a pK(QAP16,QAP4) cubic wrt the QADiagonal Triangle in the terminology of
Bernard Gibert (see [17b]). (note Eckart Schmidt)
It passesthrough:

1 the vertices of the Reference Quadrangle

1 the vertices of theQA-Diagonal Triangle

1 the vertices of the QAMiquel Triangle: theMiquel Points of the 3 quadrigons of

the Reference Quadrangle

1 the incenter and 3 excenters of the Muel Triangle,

1 QAPS3, the Gergonnesteiner Point,

1 QAPA4, the Isogonalenter.
This makes a total of b points.

Equation CT-notation:
2Tayz(ry-qz)+BToxz(rx-pz)+e&@Tcxy(gx-py)=0
where:
Ta=2a2(p+q)(p+nzb2p(p+a)zc?p(p+1)



To=b?2(q+n(@+p)zctq(q+nzaq(q+p)
Te=c (r+p)(r+a)zar(r+p)zb?r(r+q

Equation DFnotation:

+(C4 pZ q2+b4 pZ r2-a4 q2 r2-p2 2 p2 (_p2+q2+r2)) (rZ y2_q2 ZZ) X
+(C4 pZ qZ_b4 pZ r2+g q2 r2-a2 c2 q2 (pZ_q2+r2)) (_r2 X2+p2 ZZ) y
+(_C4 p2 q2+b4 p2 r2+a¢ qZ r2-a2bh2rz2 (p2+q2_r2)) (q2 XZ_pZ y2) z=0

1stcoordinate Infinity PointCT-notation:

& -b?pl(p+r)-cpl(p+aq)
1stcoordinate Infinity Point DFnotation:

p2 (-2 & g2 r2+b? r2 (p2+q2-r)+c2 g2 (p2-g?+r2))

Properties(from Eckart Schmidt)

il
il

The tangents at P1, P2, P3, P4 QA-Cul are concurrent inthe pivot QA-P4.

The tangents at S1, S23%nd QAP4to QACul are concurrent inthe Involutary
Conjugate of QAP4 on the cubic.

The tangents at M1, M2, M3 tQA-Cul are concurrenton the cubicin the
intersection with the asymptote.

The asynptote of QACuUl // QA-P3.QAP4 // QA-P1.QAP6 = QLL4.

The vertices of the cevian triangle of Q&4 wrt the QA-Diagonal Trianglelie on
the cubic.

Triangle M1.M2.M3 is perspective with theQA-Diagonal Trianglewith Perspector
QAP3, which is the isogonal conjugate of QR4 wrt the Miquel Triangle.

Every point on the cubic has its isogonal conjugate wrt the Miquel Triangle
M1.M2.M3 also on the cubidll connecting lines of points and its isogonal
conjugates(wrt Miquel Triangle) concur in an infinity point Q1of the asymptote



This makes the QADT-P4 Cubic also a Pivotal Isogon&ircular Cubic wrt the
Miquel Triangle with pivot Q1. Seg¢14] and [17Db].

Q2 is the intersection point of the cubic QA-Cul and its asymptote. Itis the isogonal
conjugate(wrt the Miquel Triangle) of the infinity point of the asymptote of the
cubic. QZis alsothe 4th intersection point of the circumcircle ofthe Miquel
Triangle and the cubic. Q2 is also the intersection point of the taegts at M1, M2,
M3 to the cubic (see [15c]Q2 is also theReflectionof QAP9 in the circumcenter
of the Miquel Triangle M1.M2.M3.



QA-Cu2: QA-DT-P5 Cubic

QA-Cu2 is the locus of the Double Pointsreated by the QALine Involution of all lines
through QAP5.It is a pivotal isocubic of the Diagonal Triangle, invariant wrt the
Involutary Conjugate wrtpivot QA-P5.

QACu2 is a pK(QAP16,QAP5) cubic wrt the QADiagonal Triangle in the terminology of
Bernard Gibert (see [17b]). (note Eckart Schmidt)

Equation CT-notation:
(ptq) (p+a+2r) (@ x-py) Xy
+ (ptr) (p+20+1) (P 2- rX) X Z
+ (g+r) 2p+g#) (ry -q2)yz=0
Equation DFnotation:
(4 (p*+0212) - (p2+q2+r2)?) (r2y2-q2 2%) X
+ (4 (q*+p212) - (p2+g2+r2)2) (p2z2-r2x2) y
(4 (r+p? ?) - (p2+aP+r2)?) (o2 x*-p?y?) 2=0
Properties:
1 The \ertices ofthe ReferenceQuadrangle andhe QA-Diagonal Trianglelie on this
cubic.
1 Thelnvolutary Conjugate pairs (QAP1, QAP20) and (QAP5, QAP17) lie on the
cubic.
1 The intersection point QAP1.QAP17 » QAP16.QAP20 also lies on QACuUZ2.
1 The tangents at P1, P2, P3, P4 meet at-®5.
1 The tangents at S1, S23%nd QAP5 meet atQAP17 which is the Involutary
Conjugate of QAP5on the cubic.
1 The 3 asymptotes of QACuU2 meet at QAP1.
1 The QACuUZ2 cubic is symmetrical wrtQAP1 (note Eckart Schmidt).



QA-Cu3: QA-DT-P10 Cubic

QA-Cu3 is the locus of the Double Points created by the Qe Involution of all lines
through QAP10.It is a pivotal isocubic of theQA-Diagonal Triangle, invariant wrt the
Involutary Conjugate with pivot QAP10.

QACu3is a pK(QAP16,QAP10) cubic wrtthe QADiagonal Triangle in the terminology
of Bernard Gibert (see [17Db]). (note Eckart Schmidt)

Equation CT-notation:
r2(p+q) (p+q+2r) ( x-py) xy
+02 (p+r) (p+29+r) (pz-rx)xz
+ P (g+r) (2p+g+) (ry-qz)yz=0

EquationDT-notation:
rZ(x-y)xy + p(y-2)yz + 4(zx) zx=0

Properties:

1 The vertices of the Reference Quadrangle and the d¥agonal Trianglelie on this
cubic.

1 TheMidpoints of the sides of the QMiagonal Triangle lie on this cubic.

1 The Involutary Conjugate pairs (QAP1, QAP20) and (QA-P10, QAP16) lie on the
cubic.

1 The tangents at P1, P2, P3, P4 meet at-QA0.

1 The tangents at S1, S23%nd QAP10meet atQA-P16which is the Involutary
Conjugate of QAP10 on the cubic.



QA-Cu4: QADT-P19 Cubic

QA-Cu4 is the locus of the Double Points created by the Qe Involution of all lines
through QAP19. It is a pivotal isocubic of the QMiagonal Triangle, invariant wrt the
Involutary Conjugate with pivot QAP19.

QACu4 is a pK(QAP16,QAP19) cubic wrtthe QADiagonal Triangle in the terminology
of Bernard Gibert (see [17b]). (note Eckart Schmidt)

QA-P3

Equation CT-notation:
r2 (p+q) (p+q+2r) (p2+ @) (A xX-py) Xy
+ @ (p+r) (p+2g+r) (P2+ 1) (P z-rx) Xz
+ P2 (g+r) (2p+g+r) (q2+ 1) (ry-qz)yz=0
Equation DFnotation:
(-p2+qP+r2)(r2 y2-g2 Z2)X +(p2-02+r2)(-r2 x2+4p2 22)y + (P+0?-r?) (92 x>-p2y?) 2 = 0

Properties:
1 The \ertices ofthe ReferenceQuadrangle andhe QA-Diagonal Trianglelie on this
cubic.
1 Thelnvolutary Conjugate pairs(QA-P5, QAP17), (QA-P10, QAP16) and (QAP18,
QAP19) lie on the cubic.
1 The intersection point QAP1.QAP31 * QAP16.QAP18 also lies on QACu4.
The tangents at P1, P2, P3, Pdeet at QAP19.
1 The tangents at S1, S23%nd QAP19meet at QAP18which is the Involutary
Conjugate of QAP19 on the cubic.

=a



QA-Cu5: QADT-P1 Cubic

QA-Cu5 is the locus of the Double Points created by the Qe Involution of all lines
through QAPL. It is a pivotal isocubic of the QMiagonal Triangle, invariant wrt the
Involutary Conjugate with pivot QAPL.

QACu5 is a pK(QAP16,QAP1) cubic wrt the QADiagonal Triangle in the terminology of
Bernard Gibert (see [17b]). (note Eckart Schmidt)

Equation CT-notation:
p(2p+g+n)(ry-qz)yz + q(p+2q+n(pzrx)xz + r(p+g+2r)(gxpy)xy =0

Equation DT-notation:
P2 (-pPHQP+r2)(r2y2-q2 22) X + G (-p2+ap-r2)(r 2 x2-p2 22)y + 12 (p?+G2-r?) (q> x>-p?y?) 2 = 0

Properties:
1 The vertices of the Reference Quadrangle and the {ddagonal Triangle lie on this
cubic.
1 The Involutary Conjugate pair (QAP1, QAP20) lie on the cubic.
The tangents at P1, P2, P3, Paheet at QAPL.
1 The tangents at S1, S2, S3 and ®A meet at QAP20 which is the Involutary
Conjugate of QAP1 on the cubic.

=a



QA-Cu6: QAP1-Involution Cent er Cubic

This cubic is the locus of the involution centers of all lines passing through €*1
(QuadrangleCentroid). So it is the locus oMidpoints of the Involutary Conjugates on
the cubic QACuU5.

The involution is created by theintersection points of the QAP1-line with the sides of
Quadrigon P1.P2.P3.P4 (see chapter AL: QALine Involution)

QAP22, he Reflection of theMidpoint (QA-P1,QAPS5) in QAP1 also lies on thecubic.
Similar cubics can be constructed by taking involution centers of lines passing through
another point than QAPL1. The other 2 QAjuadrigons deliver the same cubic. This
makes the cubic aeal QA-Cubic.

53

QA-P5 o

Equation CT-notation:
r (p+a+2r) ((39+p)xz(3p+a) y) Xy
+ g (p+2g9+r) ((3p+r) zz(3r+p) X) z X
+p (2p+g+r) ((3r+q) yz(3a+r) z) y z- (p-g)(g-r)(r-p) Xy z=0

Equation DFnotation:
Q2rz(gz-r3) x® + ¢r2(2p?(y-z)-(g2-r?) (y + 2)) ¥
tPPra(rz-p?) y3+ pPr2(297(z-x) -(r2-p?) (x + 2)) y?
+PPQ2(p?-07) 2+ P2 (2r2(x-y)-(p?-0?) (x +y)) Z =0



Properties:
1 The \ertices ofthe Quadrangleand the Midpoints of the Diagonal triangleand
QAP1, QAP22 lie on this cubic.
1 The intersection point QA-P1.QAP6 * QAP22.QAP29 lies onthis cubic.
1 The intersection points of the lineshrough QAP1 parallel to the QAsidelines
with the opposite sidelinesall lie on this cubic.



QA-Cu7: DT-Quasi Isogonal Cubic

QA-Cur is the locus of all points Q fowhich the Reflectionof the line Q.$in the angle
bisectors of Si concur, where B= ith vertex ofthe QADiagonal Triangle (= 1,2,3).

The concurring point is alsoa point of the locus.

With the Reference Quadrangle as reference system this cubic denseen as a circular
isocubic invariant to the Involutary Conjugacy with pivot Sic.

Sic is a point with along coordinate-formula.

Construction: it isthe locus of the intersection int of the involutary conjugate of some
line through QAP4 and itsperpendicular line through QAP4 (Eckart Schmidt).See QA
Cu/l, QA-Cubic Type 2.

Agimllto‘te

QA—Pdic

Equation CT-notation:
-b2e2p2Tu(-qrx+pry+pqz)%
-a2c@?Ty( qrx-pry+pqz)y
-azb2r2T,( qrx+pry-pqz)2
+ Ty XYy Z
where:
Tx=cg2-a2qr+kqr+aeaqr+@rz
Ty=@p2+a&pr-b2pr+@pr+ar2
T.=p2+&pq+Fpqg-ccpqg+a&o?
Ty, =c2pi+acig-az(az-h2-c) pr+ @2+ 2+ @) g2r2-a2(a2-b2-c2)gr3+ &
b2ra+ p(c2(a2+2-c3) q+ R (@2-b2+@)r)+p2(c2(@2+ P+ ) 2+ (&t -a2b2-a2c2 +
dRc)qr+R(@+R+@)ra)+p(@@+-c?) g3+ (-a2b2+ b+ 4 a@c2-b2c?) g2r+
(4a2b2-a2c2-b2c2+ ) qrz+ 2 (az-bz2+ @) r3)



Equation DFnotation:
((b2c2p+ & q2r2) SA+p(c2q?+ b2 r2) (3 + SB SC)) fry? + ¢f 2%) x
+(@2c?qt+ b p?r?) SB + q(c2p2 + @r?) (S + SA SC)) ¢ + pP 27) y
+(c*p2 g2+ @ b2r9) SC + (Bp?+ & ?) r> (S + SA SB)) (6 + p?y?) z
+(a2b2(b2p2+ a2q2) r4 + a202q4(02p2+ a2r2) + b202p4(c2q2+ b2r2)
+2P2r2(3SASBSC2EBA+SB+SC))xyz=0

Properties:

1 The vertices of theQA-Diagonal trianglelie on this cubic.

1 QAP2 (EulerPoncelet Point) and QAP4 (Isogonal Centerand their Involutary
Conjugates QAP2ic and QAP4iclie on the cubic.QAP2ic is actually the infinity
point of the asymptote of the cubic.

1 The Asymptote is perpendicular toQAL2 = QAP2.QAPA4.

The Asymptote // 5t point tangent of QAP2 (seeQAL/1).
1 The Involutary Gonjugate of every point on the cubic also lies on the cubic.

AEA AOAEA GG GOOMOUA 8

1 The tangents at QAP2, QAP4 and A-P4ic pass through the intersection point S
of the asymptote and the cubic.

1 QACu7 is the locus of all pairs of involutary conjugated points for which the
Thales circle passes through QR4 (note Eckart Schmidt).

=

Quasi Isogonal Conjugate:

C S3 %,

|Triang|e Environment Quadrangle Environment

P-cevian
P-cevian

LT
e
med

'quasi' angle bisector

reflected P-cevian

An Isogonal Conjugates defined in the environment of alriangle.
To construct an Isogonal Conjugate of a point P, reflections are made of the-8evians
in the corresponding angle bisectors of the vertices of a triangle.



The reflected Rceviansconcur in a point P*. P* is called the Isogonal Conjugate.

A Quasi Isogonal Conjugate defined in the environment of aDiagonal Triangle of a
Quadrangle

To construct a Quasi Isogonal Conjugate of a point P, reflections are made of the 3 P
cevians in aDiagonal Triangle in the correspondingangle bisectors of the 3 pairs of
opposite lines of a quadrangle

The reflected cevians only concur in a point P* when P is situated tdme Quasi Isogonal
Cubic (QACu7). P* is called the Quasi Isogonal Conjugate.



5.5QUADRANGLE TRIANGLES
QA-Trl: QA-Diagonal Triangle
Let P1, P2, P3, P4 be the defining Quadrangle Points.

Let S1=P1.P2"P3.P4,S2=P1.P3"P2.P4 and S3 =P1.P4"P2.P3.
Now S1.52.S3 is th@ADiagonal Triangleof the Reference Quadrangle.

genal Triangle

AreaQADiagonal Triangle in CInotation:

¢ b N O s ¥ jjb ¢ Nq jp ¢ 0q j N c 0Qq
Area QADiagonal Triangle in Dnotation:

2S

Properties:
1 Every Component Triangle Pi.Pj.Pk is the Anticevian Triangle of th& point PI
(for all permutations of (i,j,k,) N (1,2,3,4)).
1 The vertices of theQA-Diagonal Triangle combined with the Isotomic Center form
a new quadrangle with the sam&@A-Centroid as the Reference Quadrangle.
1 The Isogonal Center of the Quadrangle S1.S2.S3B)Ais the Involutary
Conjugate of QAP4 (hote Eckart Schmidt).



QA-Tr2: Miquel Triangle

The QLMiquel Points (QLP1) of the 3 Quadrigons of the Reference Quadrangle form a
triangle Mil.Mi2.Mi3.

Punkten6 8 )1 OEEO DPADPAO OEA OOEAT CI A EO AAI1 AA
Special is that the QAversions of the Steiner Axes (see QLf1) have the role ofthe
internal and external angle bisectors irthe Miquel Triangle.

Mi i = vertex Miguel Triangle (1=1,2,3)
Pi = vertex Reference Quadrangle (i=1,2,3.4)
QA-Tr2 = Miguel Triangle
QA-P3 = Gergonne-Steiner Point
QA-P4 = Isogonal Center
QA-Cu1 = QA-DT-P3-P4 Cubic

3 QAversions of Miquel Points i@ T-notation:
@@PE+a@PE+n-pb2(p+ta+e(+rn) -b2(p+ag)(p+g+r=c2(p+r)(p+q+r)
@pP+ag)(p+rg+n:agpP+og)-(-q+PE+g)@+n: é@+nN(E+q+r)
@@PE+NPE+g+n:B@+n)pE+g+n:-E+n@+n+r@@P+n+R2(Q+rn))

Area Miquel Trianglen CT-notation:

(WaWs We - (Wa - Va) (Wb - V) (We - Vo)

-b2e2(q+n2Va-a2c2(p+n2Vp-azb2(p+q)2Ve) 3/ (VaVb Vo)

where:

Va=(Wa(p+qg+n)-a2(p+a)p+n)/ (p+q+r)

Vo=(Wo (p+2q+1)-b2(q+1)(q+p))/ (p+q+T)

Ve=(We (p+q+2)-c2 (r+p)(r+a))/ (p+q+r)

Wa=Db2(p+a)+E(p+r)

Wp= & (q+r)+a(q+p)

We= & (r+p) +2(r+aq)

3 QAversions of Miguel Points in Diiotation:
(-2 p2(p2Sa+@Shb + & Sc):
a2 q?(p2-q2+r2) + P p2(-p2+ ¢+ r?) -2 p2Q2:
@12 (p2+ (P -12) -2 0P P2 12+ @ P2 (-p2 + P + 12)



(@22 (p2- g2+ 1?) + P p2 (-p?+ (f +17) -2 C p? G2
-2 ¢ (p2Sa+¢Sb + ¢ Sc):
2@ Qrr+Pr2(p2+ o -rf) + ¢ g2 (p2- g2 + 7))
(@r2(p2+f-r2) -2 p2r2+ @ p2 (-p2+ ¢ + 12
2a@Qrrprz(p2t f-ra) + e (p-gr )
-2r2(p2Sa+ @gSb + ? Sc))

Properties:

T

= =4 =4 A

QATr2 and QATrl (QA-Diagonal Trianglg are perspective triangles with
Perspector QAP3 (GergonneSteiner Poiny).

QAP3 and QAP4 are mutually isogonal conjugatewrt the Miquel Triangle.
The vertices of QATr2 lie on cubic QACul.

QA-P9 lieson the circumcircle of the Miquel Triangle.

The intersection point of the QACul cubic and its asymptote lies on the
circumcircle of the Miquel Triangle opposite to QA9 (note Eckart Schmidt).



QA-Tr3: Morley Triangle

The QL-Morley Points (QL-P2) of the 3 Quadrigons of the Reference Quadrangle form a
triangle Mo1.Mo2.Mo3.

The QLQuasi Ortholines (see paragraph QLL6: Quasi Ortholing of the 3 Quadrigons of
the Reference Quadrangle pass through Mol, Mo2, Mo3 and are the medians of the
Morley Triangle.

Their intersection point is the QAPoint QA-P14.

This point is the Centroid of the MorleyTriangle.

The QL:Morley Lines (QL-L4) of the 3 Quadrigons of the Reference Quadrangle pass
through Mo1, Mo2, Mo3 and are the altitudes of the Morley Triangle.

Their intersection point is the QAPoint QAP15.
This point is the OrthoCenter of the Morley fiangle.

TH"‘.‘E MORLEY TRIANGLE

QA-P14 = Centroid Morley Triangle

QA-P15 = OrthoCenter Morley triangle

Morley kine 1

" Quasi Ortholine 1

P17 P2

Area Morley Trianglein CT-notation:
(c?pg+b2pr+azqr)2 / (64 (p+q) (p+r) (q+r) (ptgtr) 9
Area Morley Triangle in DInotation:
-(SAU2+SBv2+SCw?2)2/ (8 S (-u+v+w) (u+v-w) (u-v+w) (u+v+w))

Properties:

1 The Morley Triangle is the Medial Triangle of the Triangle composed of the points
QGP10 (2rd Quasi Orthocenter) occurring in the 3 QAuadrigons.

9 The Triangle composed of the points Q85 (1st QuasiCircumcenter) o the 3 QA
Quadrigons is homothetic with the Morley Trianglelts side lengths are twice the
side lengths of the Morley Triangle. Perspector is QR24.

1 The centroid (QAP14) of the Morley Triangle plays a role in the construction of
complements and antrcomplements wrt the Morley triangle:

QAP24 = AntiComplement of QAP1wrt the Morley Triangle
QAP33 = Complement of QA12 wrt the Morley triangle.

1 The vertices of the Morley Triangle coincide when the Reference Quadrangle is

concyclic.



5.6 QUADRANGLE TRANSFORMATIONS
QA-Tfl: QA-Line Involution

General Information

In mathematics, an Involution, or an involutary function, is a function f that is its own

inverse: f(f(x)) = x for all x in the domain of f.

In this paper we will deal with the geometric notion ofa®, ET A ) 1T 011 OOET 1 68
It occurs with pairs of points on a line, for whom the product of their distances from a

fixed point P is a given constant. P alled the Center of Involution or Involution Center.

Let (AO,Al) and (BO,B1) be 2 pairs of points for whom the product of their distances
from a fixed pointOis a given constant.

According to the definition of Line Involution: AOO* A1.0 = B0.O * B1.©c.

When the points A0, Al and the constant c are &wn we can calculate from a variable
point BO its mate B1. When we do the same calculation for B1 we find its mate BO. This
makes the transformation an involutary function because f(f(P)) = P.

When BO=B1 we say that BO=B1 is a Double Point. There ar®&uble Points per Line
Involution. Their Midpoint is the Center of InvolutionO.

Desargues' Involution Theorem

A figure consisting of 4 points and their 6 connecting lines is called a (complete)
Quadrangle. The 4 points are the vertices. The 6 connecting lines are the sides of the
(complete) Quadrangle. Sides in a (completefuadranglethat have no vertices in
common are called opposite sides.

$AOAOCOAOGG )T O11 OOET T OEAT Od&ibn ofa@nk @iththe OEAOD
three pairs of opposite sides of a complet®uadrangleand a conic section circumscribed
about the completequadrangleform the pairs of an involution (see [7]).

Normally 2 pairs of points describe an involution. Desarguedescribes in his theorem4
pairs of points all describing the same involution.

If we restrict ourselves to the 3 pairs of points generated from 3 sets of opposite sides
we candeduce that when a line crosses a quadrangle it generates a uniguiee

Involution with an involution center and 2 double points (when real).

Consequently every line crossing a Quadrangle has an Involution Center and 2 Double
Points (real or imaginary).

This line involution is a property of a Quadrangle (and not of a Quadrilateral as might be
suspected).

In the QAenvironment | call this a QALine Involution.

(@)



Construction

For a Line Involution let (AO, Al) and (BO, B1) be two pairs of points and ciA and ciB
circles with these diameters.

The radical axis of ciA and ciButs the line in the Involution Center O.

A circle with center O perpendicular to ciA and ciB cuts the line in the two Double Points
A2, B2

Another construction can be found in [19].

Calculations
Let (AO,Al) and (B0O,B1) be 2 pairs of pointen a line that create a Linerivolution with
center O.Then according to the definition:d(A0,0) * d(A1,0) =d(B0,0) * d(B1,0).

1st Double Point Involution Center 2nd Double Point
A2 @] B2
A0 A1 B1 BO
al
b1
do
d1

Let A2, B2 be the corresponding double points.
Now:

d(A0,A2) =(a1*d0 - VI [d0*d1*al*b1]) / (al+bl)
d(A0,B2) = (al*d0 + M [dO*d1*al*b1]) / (al+bl)
d(B0,B2) =(b1*d0 - W [d0*d1*al*bl]) / (al+bl)
d(B0,A2) =(b1*d0 + W [d0*d1*al*b1]) / (al+bl)

The center of involution O is given by:
d(A0,0) = al1*d0 / (al+bl)
d(B0,0O) = b1*d0 / (al+bl)



and d(A1,0) = d(B1,0) = W[d0.d1.al.b1]/ (al+bl)

Let (AO,Al) and (BO,B1) be 2 pairs of points on a line that create a Line Involution with
center O. Let A2 and B2 be the respective Double Points.
When (A0,Al) and B are known then we @n calculate the position of A2
Let d0=d(B2,A0) and d1=d(B2,A))
then e0 =d(A2,A0)=(d0*d0-d0*d2)/(d0+d2),
and el =d(A2,Al)=(d2*d2-d0*d2)/(d0+d2).

Properties:
1 LetL be arandom line and Q1, Q2 tH&ouble Pointscreated by the generated
QA-Line Involution.
When Q1 andQ2 are real Double Points then line L is tangent ini @t the conic
(P1,P2,P3,P4,Qiand alsotangent at theQA-DT-cubic with pivot Qi.



QA-Tf2: Involutary Conjugate

The Involutary Conjugateof a point Qis the 2nd Double Point of the QA.ine Involution
(see QATf1) occurring on the tangent at Q to the conic (P1, P2, P3, P4, Q).

It is a conjugate becausapplying two times this transformation ends up in the original
point.

The Involutary Conjugate can alsodseen as the PCeva Conjugate of Q wrt Component
Triangle Pj.Pk.PI (for all permutations of (i,j,k,I} (1,2,3,4)) (note Bernard Gibert).

Constructionl:
1. Construct the conic through P1, P2, P3, P4, Q.
2. Construct the tangent Lg at Q to this conic.
3. Construct the Involution Center IC of the created QRine Involution for Lq (see
[19]).
4. Now R = he Involutary Conjugde of Q=the Reflectionof Q in IC.

Tangent Line at Q

.
.
-

P
P
P
P
"""
P
P
P
.

P
s
Pl

R = Involutary Conjugate of Q
IC = Involution Center at tangent line

/ P1 PZ\

Construction 2(by Eckart Schmidt):
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P P2\ ' s



1. Choose one of the Component Quadrigons of the Referef@e@adrangle.

Let Si and Sj be the intersection points of the opposite sides of the Quadrigon.
3. Connect X (the point to be transformed) with Si and Sj and construct on these
lines the 4th harmonic points Xi and Xj wrt the intersection points with the

crossingopposite quadrigon lines.
4. Connecting lines Si.Xj and Sj.Xi intersect in X*, the Involutary Conjugate of X.

no

Coordinates and Coefficients:

Let Q (u: v :w) be arandom point not on one of the connecting lines of the Reference
Quadrangle. It is possible t@onstruct a conic through P1, P2, P3, P4, Q since a conic is
defined by 5 points.

The tangent at Q to thixonic (P1, P2, P3, P4, Q)irs CT-notation:
(pvw(rv-qw) : guw((pw-ru) : ruv(qu-pv))

The tangent at Q to this conic (P1, P2, P3, P4, Q) is inifation:
(U(A2W2-r2v2) v (”2u2-p2w?) & W (p2 V2 - g2 u%) )

This tangent creates an QALine Involution where Q is a Double Point.

Its Involution Centerin CT-notation is:
(u(+gru2-pruv-pquw-pgvw-prvw) :
v(-gruv+prvz-pguw-qruw-pqvw) :
wW(-pruv-qruv-qruw-prvw+pqw2))
Its Involution Center in DT-notation is:
(rz2u2v +guzw+p2vw (2u+v+w) :
rZuvz +p2v2w+q2uw((u+2v+w) :
g2uwZ2+pZvw2+rzuv(u+v+2w))

The 2nd Double Point on this Qtangent is the Involutary Conjugate:
in CTFnotation:

(u(@ru-prv-pgw) @ v(qru+prv-pqw) : w(-qru-prv+pgqw))
in DT-notation:

(p2vw : 2w u : rzuv)



Examples of Involutary Conjugates:

The following table lists a number of Involutary Conjugated pairs of points.

Point -1

Point -2

QAP1: QACentroid

QAP20: Reflection of QAPS5 in QAP1

QA-P5: Isotomic Center

QAP17:Involutary Conjugate of QAP5

QA-P6: Parabola Axes Crosspoint

QAP30: Reflection of QAP2 in QAP11

QA-P10: Centroid QADiagonal Triangle

QAP16: QAHarmonic Center

QAP12: Orthocenter QADiag. Triangle

QAP23:Inscribed Square Axes Crosspoint

QA-P18:Involutary Conjugate of QAP19

QAP19: AntiCompl. of QAP16 wrt QADT

QAP21: Reflection of QAP16 in QAP1

QAP27. M3D Center

Next table listsa number of Involutary Conjugates of QAines and QAcurves.

The Involutary Conjugate transforms lines into circumscribed conics of the QRiagonal
4 0EAT ChrBIBET © OAITQaK1)a&®is frabsholmed into a circumscribed
conic of the QADiagonal Triangle through Q and its Involutary Conjugate.

QA-Line

QA-DT-Conic

Line at Infinity

QA-Col: Ninepoint Conic

Perpendicular bisector of QAP2.QAP4

QACil: Circumcircle Diagonal Triangle

QAL3: QACentroids Line

QACo5

Circumscribed DFConic

through vertices Diagonal Triangle and
QAP1, P16, P17, P19, P20

QAL4: QAP1QAP6 Line

QACo4
Orthogonal circumscribed DFhyperbola
through vertices Diagonal Triangle and
QAP3, P12, P20, P30

Line QAP5.QAP17.QAP19.QAP21

QADT-Conic through QAP5, QAP17, QA
P18, QAP27

Next table lists a number okelf-involutary cubics.

QA-Curve

comment

QA-Cul till QACUS5: QADT Cubics

self-involutary cubic

QA-Cu7: QAQuasi Isogonal Cubic

self-involutary cubic




6.0 QUADRILATERAL OBJECTS
6.1 QUADRILATERAL GENERAL INFORMATION
QL/1: Systematics for describing QL-Points

The way to describe points, lines and other curves related to Quadrilaterals is by relating
to lines instead of points (as done with the description of Quadrangles).

The big advantage is that all resulting algebraic expressions will be symmetric

The system used is based on 3 lines of the quadrilateral with barycentric homogeneous
coefficients L1(1:0:0), L2(0:1:0) and L3(0:0:1). The % line gets coefficients (I:m:n).

Note that the line notation (I:m:n) is used instead of (p:q:r) which is onlysed for points.

Reference System

for Quadrilaterals S24(n:0:1)

S34(-m:1:0

814 (0:-n:m) S13(0:1:0) S12(0:0:1)

L1(1:0:0)

Every constructed object can now be identified as:

(f(a,b,c, I,m,n) : f(b,c,a, m,n,l) : f(c,a,b, n,,m))

where a,b,c represent the side lengths of the triangle with vertices P1 (1:0:0), P2 (0:1:0)
and P3 (0:0:1).

In the description of the points on the following pages only the first of the 3 barycentric
coefficients will be shown. The other 2 coordinates can be derived by cyclic rotations:
1 a>b>c>a>etc.

T I>m>n>I>etc.

Further the Conway notation has been used in afpraic expressions:
1 Ss=(a+k+3)/2
1 S=(+&-b2+)/2
1 S=(+2+b2-c?)/2
1 S=@EFa2+k+3@)/2
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QL/2: List of QL-Lines

Innextlistall QBT ET OO AOA | AT OET 1-6d88 xEOET OO0 DPOAEED ¢
All lines relating to QL-P1 till QL-P26 have been taken into account.

When lines have more than 2 points on it, they are defined by the 2 points with lowest

serial number.

These QLlines are described further with their properties:
Z QLL1: P5, P7,P12, P20, P22, P23 (Newton Line)

QL:L2: P2, P7, P9 (Steiner Line)

QL:L3: P19 (Pedal Line)

QL:L4: P2, P3 (Morley Line)

QLL5: P1, P7, P19 (NSMne)

QL:L6: P2, P10 (Quasi Ortholine)

QLL7: P8, P9, P10, P11 (@O-Euler Ling

QL:L8: P8, P12, P14, P15, P18 {Cantroids Line)
Z QLL9: P18, P23 (M3D Line)

Other QLLines without name butvith at least 3 Points on it are:
z P1,P8, P24

P1, P10, P16

P1, P20, P21

P2, P4, P22

P2, P6, P12

P3, P4P5, P6

P8, P17, P25

P13, P17, P24

N N N N N N N

N N N N AN AN N



QL/3: List of parallel QL -Lines

Innextlistall QBT ET OO AOA | AT OET 1-6d88 xEOET OO0 DPOAEED ¢
All lines relating to QL-P1 till QL-P26 have been taken into account.

When lines have more than 2 points on it, they aréefined by the 2 points with lowest

serial number.

These QLlines are parallel:
Railway Watcher (see QL/1)

z P1.P7 /| P2P10 P16

z PL1P1l // P®16 P10

z P2.P3 /| P5P7 P4

z P2.P5 /| PAP20 /| P6.P22 P4+P2Q P2+P5, P3
z P2.P20 /| PP4

z P7.P21 // P1920 P1

z P9.P17 /| P1P25 P10

z P9.P25 // P1@17

QL/4: List of perpendicular QL -Lines

Innextlistall QLBT ET OO0 AOA | AT OEIl 1-0d8A xEOET OO DPOAEEQD
All lines relating to QL=P1 till QL-P26 have been taken into account.

When lines have more than 2 points, they are defined by the 2 points with lowest serial

number.

These QLlines are perpendicular:

P1.P7 | P18.P23
P1.P8 | P16.P24
P1.P25 | P16.P17
P2.P3 | P2.P7

P2.P7 | P5.P7
P2.P10 | P18.P23
P6.P9 _|_ P13.P17

N ANANANANNAN



QL/5: List of QL-Crosspoints

When 3lines connecting QL-points concur, the point of concurrence is called a QL
Crosspoint.
In this list all possible nonregistered QL-Crosspoints are listedoriginating from at least
3 connecting lines of Qtpoints in the range QLP1z7 QL-P26.
QLbT ET 60 AOA 1 A1 OET 1-dd8A xEOEI 60O POAAE® O1,
Lines are defined by 2 points on it with lowest serial number.
There are regularly recurring crossing lines with theseCrosspoints. This is an indication
for the occurrence of Perspective Fields (see GRF1).
When the intersection points have fixed ratios of the distances to the defining points on
the defining lines, then they are mentioned. There are many of them.
For point P on line P1.P2 the ratio d1 : d2 means that d(P,P1) : d(P,P2) = d1 : d2, where:
9 d1is positive when P is positioned wrt P1 at the same side of the line as P2. If not
then d1 is negative.
1 d2is positive when P is positioned wrt P2 at the same side ofdline as P1. If not
then d1 is negative.

P2.P5 N P3.P20 "P4.P12 1:1/1:1 7/ 3:-1
P2.P5 " P4.P20 ™ P6.P22 Infinity point
P5.P8 N P14.P22~ P18.P20 -3:4/-8:9/-2:3

P9.P18" P10.P12" P11.P15
P9.P18" P10.P14" P11.P12

:2/6:-1/9:-4
1/9:-1/3:-1

N N AN AN AN AN AN AN AN N

P5.P14" P8.P22 ™ P18.P20 9:-4/8:-31/12:3
P5.P15" P8.P20 " P18.P22 9:-4/2:3 /8:-3
P5.P18" P8.P20 " P15.P22 4:-3/-2:31/1-8:9
P9.P12” P10.P14" P11.P18 6:-1/9:1/3:2
P9.P15" P10.P12" P11.P18 9:-:2/6:1/3:4
3
3



QL/6: QL-Conversion CT -> DT-coordinates

Let L1.L2.L3.L4be the Reference Quadrilateral withdefining lines L1, L2, L3, L4.

Let La.Lb.Lc be the Diagonal Triangle of the Quadrilateral with bounding lines La, Lb, Lc.
The construction of the QEDiagonal Triangle can be found at QLr1.

Let L1.L2.L3 be the random Reference Component Triangle en let L4 he #@h line.

The @Q.-Diagonal TriangleLa.Lb.Lds the AntiCevian Triangleof L4 wrt L1.L2.L.3, where

L4 is the perspectrix.

Conversion of a line
Since we deal with lines in a Quadrilateral we first will convert the equation of a line.
Let Rbe some lineto be converted from CFto DT-coordinates.

Diagonal Component Triangle L1.L2.L3
Triangle is perspective with
. La.Lb.Lc Diagonal Triangle La.Lb.Lc.
. Lb Perspectrix is L4.

Perspector is P4.

Component
Triangle
L1.L2.L3

Let Rc (xc : yc : 2cbe the presentation of Rn barycentric coordinates wrt the
Component Triangle. Let Rd (xd : yd : 2dbe the presentation of Lin barycentric
coordinates wrt the Diagonal Triangle.
Now Rc = xc.cfcl.L1 + yc.cfc2.L2 + zc.cfBwrt the Reference Component Triangle
and Rd = xd.cfdl.La + yd.cfd2.Lb + zd.cfd3.wint the Diagonal Triangle,
where:

1 (xc:yc: zc) are thdarycentric coordinates of Rwrt the Component Triangle,

1 (xd:yd: zd) arethe barycentric coordinates of Rwrt the Diagonal Triangle,

1 cfcl, cfc2, cfc3 are the Compliance Factors of the Component Triangle,

1 cfdl, cfd2, cfd3 are the Compliance Factors of the Diagonal Triangle.
Explanation of Compliance Factors ¢abe found at See26b page 4Q.
Since the Component Triangle is the Reference Triangle, the Compliance Factors of the
Component Triangle are all equal 1.
The Compliance Factors of the Diagonal Triangle are:

9 cfdl=Det|[LIl Lb, Lc]/Det [La, Lb, U¢

1 cfd2=Det|[La LI, Lc]/Det[La, Lb, LE

1 cfd3 =Det[LaLb, L]/Det[La, Lb, Lg,



where LI=theline atinfinity (1: 1: 1))AT A O0$A06 EO OEA AAAOAOGEAOGE
Calculation gives 2 presentatins of the coordinates of Rvrt the Component Triangle:

 Rc= (xc:yc:zc),

T Rd= (I(Imyd-Inyd+mnyd-Imzd+Inzd+mnzd):
-m(-Imxd-Inxd+mnxd+Imzdlnzd-mn zd):
-Nn-Imxd-Inxd+mnxdImyd+Inyd-mnyd))

Since Rc and & present thesame point we can now clgulate the coordinates of Rvrt
the Diagonal Triangle:

T (xd:yd:zd)=
(m-In-mn)(Im-In+mn)tmnxc+Inyc+Imzc):

(Im-In-mn)(Im+In-mn)( mnxc Inyc+Imzc):
(Im+In-mn)(Im-In+mn)¢tmnxc- I nyc+|mzc))
However we have to bear in mind that the variables in these coordinates are expressions
in (a,b,c)and (I,m,n), which are variables wrt the Component TriangleSo also a
conversion of thesevariables from CT to DT should be done.

Therefore the CT > D¥conversion ofline R(x : y : z) consists of onsecutivesteps:

1. Transform Line(x:y:z)-->
(m-In-mn)(Im-In+mn)tmnx+lny+Imz):
(Im-In-mn(m+In-mn( mnx-Iny+Imz):
(Im+In-mn)(Im-In+mn)tmnx-Iny+Im2z))

2. Replace @2->12(m+n)2@2(1+m)(+n)+(m-n)bG2(1+m)-c2( |+n)))
b2->m2(l+n)2@(+m)(-n)+(m+n)@(I+m)+e&(-l+n)))
cz->n2(l+m)2 (@2(I-m)(+n)+(m+n) (F(-1+m)+e&(l+n))

3. Replace | ->mn(I+m)(l+n)
m->In(+m)(m+n)
n->Im(+n)(m+n)

Conversion of a point
Converting thecoordinates of a point in the Quadrilateralenvironment is converting the
intersection of 2 lines.
This actually only changes the Transform of (x : y : z) and leaves the replacements of
variables unchanged:
1. Transform Point (X :y:z)}->
((-Im-In+mn)(my+n2z):
-lm+In-mn)(l x+nz):
(Im-In-mn) (I x+my))
2. Replace a2-> 12(m+n)2@2(+m)(+n)+(m-n)b2(l+m)-c2( |+n)))
b2->me (I + n)2 (a2 (I + m) (I -n) + (M +n) (2 (1 + m) + & (-1 + n)))
cc->m(l+m)2 (@(l-m)y(+n)+(m+n)(@(-1+m)+e&(l+n))
3. Replace | ->mn(I+m)(l+n)
m->1n(+m)(m+n)
n->Im(+ n)(m+n)



QL/7: QL-Conversion DT -> CT-coordinates

Let L1.L2.L3.L4 be th&keference Quadrilateral with defining lines L1, L2, L3, L4.

Let La.Lb.Lc be the Diagonal Triangle of the Quadrilateral with bounding lines La, Lb, Lc.
The construction of the QEDiagonal Triangle can be found at QLr1.

Let L1.L2.L3 be the random Referend€omponent Triangle en let L4 be thet@line.
L1.L2.L3 is theCevian Triangleof L4 wrt the Ql-Diagonal Triangle La.Lb.Lc, where L4 is
the perspectrix.

Conversion of a line
Since we deal with lines in a Quadrilateral we first will convert the equation of a line.
Let R besome line to be converted from DTto CT-coordinates.

Diagonal Component Triangle L1.L2.L3
Triangle is perspective with
. La.Lb.Lc Diagonal Triangle La.Lb.Lc.
. Lb Perspectrix is L4.

Perspector is P4.

------- Component
Triangle

L1.L21L3

Let Rc (xc : yc : zc) be the presentation of R in barycentric coordinates wrt the
Component Triangk. Let Rd (xd : yd : zd) be the presentation of L in barycentric
coordinates wrt the Diagonal Triangle.
Now Rc = xc.cfcl.L1 + yc.cfc2.L2 + zc.cfc3.L3 wrt the Reference Component Triangle
and Rd = xd.cfdl.La + yd.cfd2.Lb + zd.cfd3.Lb wrt the Diagonal Tigée,
where:

1 (xc:yc: zc) are the barycentric coordinates of R wrt the Component Triangle,

1 (xd:yd: zd) are the barycentric coordinates of R wrt the Diagonal Triangle,

1 cfcl, cfc2, cfc3 are the Compliance Factors of the Component Triangle,

1 cfdl, cfd2, €d3 are the Compliance Factors of the Diagonal Triangle.
Explanation of Compliance Factors can be found at [See 26b page 40].
Since theDiagonalTriangle is the Reference Triangle, the Compliance Factors of the
DiagonalTriangle are all equal 1.
The Complance Factors of theComponentTriangle are:

1 cfcl=Det|[LI, L2, L3]/Det[L1, L2, LB

1 cfc2 =Det|[L1, LI, L3]/Det [L1, L2, J3

f cfc3=Det[L1, L2, LI]/Det][L1, L2, 1J3
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Calculation gives 2 presentations of the coordinates of R wrt the Component Triangle:
T Rc= (1 (mxc+InxcImyc-mnyc-lnzc-mnzc):
-m(-Imxc-Inxc+Imyc+mnyelnzc-mnzc):
n Imxc+Inxc+Imyc+mnydnzc-mn zc))
 Rd= (xd:yd:zd),
Since Rc and Rd present the same point we can now calculate the coordinates of R wrt
the Diagonal Triangle:
T (xc:yc:zg=
((1+m) (1 +n) (nyd+m zd) :
(I+m)(m+n)(nxd+1zd):
(I+n)(m+n)(mxd+[yd))
However we have to bear in mind that the variables in these coordinates are expressions
in (a,b,c) and (I,m,n), which are variables wrt the Component Triangle. So also a
conversion of these variables from Cio DT should be done.

Therefore the DT > @-conversion of line R (X : y : z) consists of 3 consecutive steps:

1. Transform Line (x:y: z}->
((@+m)y(d+n(ny+mz):

(I+m)y(m+n)(nx+12z):
(I+n) (m+n) (mx+1y))

2. Replace @2->(Im+In-mn)2(b2m2+a2mn-b2mn-c2mn + én2?)
bz-> (Im-In+mnp@ 12-a2l n+B@ In-c2ln + én2)
c2-> (-lm+In+mn}@2I12-a2lm-b2Im+ &l m+?Zm?2)

3. Replace | ->(Im-In-mn)(Im-In+mn)
m-> (Im-In-mn)(Im+1n-mn)
n->Cm-In+mn)(Im-In+mn)

Conversion of a point
Converting the coordinates of a point in the Quadrilateraénvironment is converting the
intersection of 2 lines.
This actually only changes the Transform of (x : y : z) and leaves the replacements of
variables unchanged:
1. Transform Point (X :y:z)}->

(I(m+n)(lp-mg-nr):

-m(+n) (lp+mg-nr):

n(l+m) (Ip+manr)
2. Replace a2-> (Im+Inmn)2(b2m2+@mn-b2mn-c2mn + &n?)

bz-> (Im-In+mnp@ 12-a2l n+BR® In-c2ln + én2)

c2-> (Im+In+mn}(@212-a2lm-b2lm+&lm+ Zm2)
3. Replace | -> (Im-In-mn)(Im-In+mn)

m-> (Im-In-mn)(Im+1n-mn)

n->CIm-In+mn)(Im-In+mn)



6.2 QUADRILATERAL CENTERS
QL-P1: Miquel Point

The Miquel Point is the common point of theircumcircles of the 4componenttriangles
of the Reference Quadrilateral.

This point is also called the Steiner Point or Clifford Point.

This point is also called the focal point by J.W. Clawson. See [22] page 250.

He describes 134 circles oftnore or less interesbthrough this point.

Li = Quadrilateral Linei(i=1,2,3,4)
Ci i = CircumCircle triangle (Lj.Lk.LI)
QL-P1 = Miquel Point

1st CTFcoordinate:
aZzmn/(m -n)

1st DT-coordinate:
b2/(1 2-n2) - c2/(l 2-m?2)

Properties:
1 The Miquel PointQL-Pllies on these lines:
Z QLP7.Q:P19=QL-L5 (2:-1=> QI-P1 = Reflection of Q4P7 in QLP19)
Z QL-P8.QL-P24
Z QL-P10.QL:P16 ( 1:1=>QL-P1 = Midpoint of QLP7 and QLP19)
Z QL-P20.QLP21 (-1: 2 => QL:-P1 = Reflection of QiP21 in QL-P20)
1 QL-P1is the Railway Watcher (se@L-L/1) of:
Z QL-L2 and QLL3,
Z QL-L1 and the asymptote of QiCul
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QL-P1is the focus of theunique inscribed parabolaof the Reference Quadrilateral
(see [4] page 49).
QL-P1and the circumcenters of the £omponenttriangles of the Referace
Quadrilateral are concyclic on QICi3 (Miquel Circle).
QL:-P1 lies on the 3 coaxal circles:
Z QL-Ci3 (Miquel Circle),
Z QL-Ci5 (PluckerCircle),
Z QL-Ci6 (Dimidium Circle).
QL-P1 lies on QLCi2 (Nine-point Circle of the QLDiagonal Triangle).
QL-P1 lies on QkCul (QLQuasi Isogonal Cubic).
QL-P1 lies on QLQul (QL-Cardiode).
QL-P1is the isogonal conjugate of the infinite point of the Newton line with respect
to each of the fourcomponenttriangles (see [4] page 41).
The symmetric lines of the Steiner LIn€@QL-L2 in the 4 quadrilateral lines coincide at
QL-P1.
QL-P1relates pairwise to all presentline segments in the quadrilateral. It is the
center of similarity of line segments Li*Lk . Li*"LI and Lj*Lk . Lj*LIl, where (i,j,kﬁ
(1,2,3,4).As a consequence triangles QR1 . Li*Lk . Li*LI and QiP1 . Lj*Lk . Lj LI
are similar (see also [9]).
QL-P1lis the perspector of the QtDiagonal Triangle and the Triangle formed by the 3
QL-versions of QAP3 (GergonneSteiner Point).
The ClawsonrSchmidt Conjugate (Qi4 £p @ EO OAAT GPAOAAS6 AOT O1 A
Z Lines through QL-P1 aretransformed in other lines through QLP1.
Z Lines not through QLP1 are transformed in a circle through QiP1.
Z Circles with circumcenter QLP1 are transformed in another circle with
circumcenter QL-P1.

.



QL-P2: Morley Point

Let Ni beNine-point Center of triangle LjLKLI.

Let Lpi bethe perpendicular line of Ni at Li.

Now all perpendicular lines Lpi (i=1,2,3,4) concur in one point QP2.

According to [9] Alexander Bogomolny this point was found by Frank Morley (F. Morley,
Orthocentric Properties of the Plane ALine, Trans Amer Math Soc, 4 (1903)-12).

Li = Quadrilateral Line i (i=1,2,3,4)
Ni = Ninepoint Center triangle (Lj.Lk.LI)
QL-P2 = Morley Point

L1 -

1st CFcoordinate:
+a&¢ | 21-m-n)+b2c2(212-31m-31n+4mn)
-br(1-2m)(1-n)+ a2c2(IZm+Bn-5Imn+2nmMn+1ré)/(m -n)
¢t (1-2n)(I-m)+a2bz2(IZm+RBn-5Imn+2maA+|md)/(n -m)
1st DTcoordinate:
Sh Se (Sk2 m2 (-12+n2))/((I 2-m2) (m2-n2)) - (Sa Sb rA)/(I 2-m2)
- (S& n2 (12-m2))/((lI 2- n2) (m2-n2)) - (Sa Sc h)/(l 2- n?)

Properties:
1 QL-P2lies on these lines:
Z QLP4.QLP22 (2:-1=>QL-P2 = Reflection of QP4 in Ql-P22)
Z QL-P6.QLP12 (3:-2)
Z QL-P7.QLP9
QL-P2.QLP3= QL:L4 (Morley Line) // Newton Line QL-L1.
QL-P2QL-P10=QL-L6 (Quasi Ortholine).
d (QL-P2, QLP3) = 3 * d(QL-P5 ,QL-P12).  (d = distance)
d (QL-P2, QL-L1) =d (OLP3, QLL1) =d (OLP4, QLL1), where QL-L1=Newton Line.
The Claw®n-Schmidt Conjugates of QP2lies on QL-Ci3 (Miquel Circle).
QL-P2 (Morley Point) lies on the circumcircle of the triangle formed byhe 1st Quasi
Nine-point Centers (QGP7) of the 3 QkQuadrigons.

=4 =4 4 4 8 -



QL-P3: Hervey point

The circumcenters of the £omponenttriangles of the Reference Quadrilateral are
concyclic (on the Miquel Circle). These circumcenters form a Quadrangle with 4
componenttriangles whose Orthocenters arelsoconcyclic (on the Hervey Circle) and
with circumcenter QL-P3, the Hervey point.

This point was found by Hervey and described in [6] by Alain Levelut.

Li = Quadrilateral Linei (i=1,2,3,4)
Oi = CircumCenter triangle (Lj.LKk.LI)
Hi = OrthoCenter triangle (Oj.0Ok.Ol)
QL-P3 = Hervey Point

Circle

1st CFcoordinate:

a2(l-m)(l-n)b2n-c2m)+ (b2-c2) (m-n) (-b2(I-m)n+&m (I-n))
1st DT-coordinate:

a* - b* (3 mz+n?)/(l 2-n2) - c* (M2+3 M)/(l 2-m?2)

- 42 c2m?/(-124m2) - 4 b2 c2n?/(-12+n2) + 2 & (b2-c2) (M2+n2)/(m 2-n2)

Properties:

1 QL-P3lies on this line:

Z QLP4.QLP5 (2:-1=>QLP3 = Reflection of QP4 in QL-P5)

1 Distances QEP4.QL=P6 : QLP6.QLP5 : QLP5.QL:P3=1:1: 2.

QL-P2.QLP3= QL:L4 (Morley Line) // Newton Line QL-L1.

1 QL-P3is also the point of concurrence of the four perpendiculdisectors d the
segments Oi.Hi of théculer Lines of theQL-Component Tiangles Ti ([6] page 5).

1 QL-P3is the center of the QICi4 Hervey Circle.

1 QL-P3is the GergonneSteiner Point (QAP3) as well as the Isogonal Conjugate (QA
P4) as well as the Midray Homotheti€enter (QAP8) as well as the QAT-
Orthocenter (QAP12) from the Orthocenter Quadrangle in the Circumcenter
Quadrangle H1.H2.H3.H4. These 4 edints concur. H1.H2.H3.H4 is concyclic.

1 d(QLP3, QEP2) =3 *d (QEP5, QEP12)

1 d(QL-P3, QLL1) =d(OL-P2, QLL1) =d (OL-P4, QLL1), where d=distance and QL
L1=Newton Line.

=



QL-P4: Miquel Circumcenter

The circumcenters of the £omponenttriangles of the Reference Quadrilateral are
concyclic on the Miquel Circlelt is special that QL-P1, the Miquel Point, also resides on
the Miquel Circle. The circumcenter of this circle is QB4.

Li = Quadrilateral Line i (i=1,2,3,4)
Oi = Circumcenter triangle (Lj.LKk.LI)
QL-P1 = Miquel Point

QL-P4 = Miquel Circumcenter

1st CFcoordinate:
a@ m-n) (I-m) (n-1)
+b2(l-m) (n2+1m-2mn)
+c2 (n-1) (m2+1n-2mn))

1st DT-coordinate:
S& (m2-n2)3 - SK? (12-n2)2 (3 m2+n2) + Sé (12-m?2)2 (Mm2+3 n?)
+2(m2-n2) (Sa Sc @-m?)2 + Sa Sb #n?)2 - S (12 (12+m2+n2)-3 M2 n2))

Properties:

9 QL-P4 lies on these lines:

Z QLP2QL-P22 (2:-1=>QIl-P4 = Reflection QP2 in QL-P22)
Z QLP3.QLP5 (2:-1=>QLP4 = Reflection QtP3 in QL-P5)

1 QL-P4 is the Reflection of QIP5 in QL:P6.

1 QL-P4is the Railway Watcher (se®L-L/1) of QL-L1 (Newton Line) and QELL4
(Morley Line).

1 QL-P4is theGergonneSteiner Point (QAP3) as well as the Isogonal Conjugate (QA
P4) as well as theMidray Homothetic Center (QAP8) as well as the QADT-
Orthocenter (QAP12) from the Circumcenter Quadrangle (see QB3).

These 4QA-points concur because the Circumcenter Quadrangle is concyclic.

1 The Centroid of the 8 centers of circles adescribed in rule (9) from Steiner (seen as

a system of 8 random points) is QiP4 (Miquel Circumcenter). See QBP1.



QL-P5: Kantor -Hervey Point

The circumcenters O1, 02, O3, 04 of thedmponenttriangles of the Reference
Quadrilateral are concyclic (on the Miquel Circle). These circumcenters form a
Quadrangle with 4componenttriangles whose Orthocentes H1, H2, H3, H4 again are
concyclic (on the Hervey Circlavith circumcenter QL-P3 the Herveypoint).

Now QL-P5 isthe common midpoint of Oi.Hi(i=1,2,3,4).

Since Quadrangles 01.02.03.04 and H1.H2.H3.H4 are homothetic it alsdeasaid that
QL-P5 is the center of homothecy ofuadrangles 01.02.03.04 and H1.H2.H3.H4.
There is adescription of this point in [2b] JeanLouis AymeCQLe point de Kantor
(AOOGAUG S8

Li = Quadrilateral Line i (i=1,2,3,4)
04 Oi = CircumCenter triangle (Lj.Lk.LI)

Hi = OrthoCenter triangle (Qj.Ok.Ol)

QL-P5 = Kantor-Hervey Point

1st CFcoordinate:

| (m-n) @S +PSm+eST  C2(mn-dm-In)/l)
1st DTcoordinate:

-(m2-n2) (+S& (M2-n2)2 + Sk# (12-n2)2 +S¢& (12-m?2)2

+2 (SbSc #+Sa Sc rfi+Sa Sb f) + 2 S(12 (m2+n2)-3 m2 n2))

Properties:
9 QL-P5 lies onthese lines:

Z QL-P7.QL:P12 =QL-L1

Z QL-P3.QL:P4 (1: 1 => QLP5 = Midpoint QL-P3 and QLP4)
QL:-P5 is the Reflection of QiP4 in QL-P6.
QL-P5 is the Reflection of QIP20 inQL-P22.
The distance ratios between points QIP20, QLP22, QLP12, QLP5 are 3: 1 : 2.
QL-P5 is theshared Euler-Poncelet Point (QAP2) from the Ciraumcenter Quadrangle
and from the Orthocenter Quadranglen the Circumcenter Quadrangleresp.
01.02.03.04 and H1.H2.H3.H4 in pictugd.-P3).
1 d(QL-P5, QLP12) =d(QLP2, QLP3)/3 (d = distance)

= =4 -4 =



QL-P6: Dimidium Point

The Dimidium Pointis the Grcumcenter of the Dimidium Circle.

| callthispoint OEA $EI EAEOI Dnidiin® B Gafrddrd r "half".

This is because:

1 The Dimidium Point is themidpoint of QL-P4 (Miquel Circumcenter) and QtP5
(Kantor-Hervey Point).

1 The intersection points of the Nine-point Conics of the omponentquadrigons of
the ReferenceQuadrilateral have 3common points: 1, Sh2, S3. These points lie on
the Dimidium Circle (which moreover passes through QtP1 the Miquel Point). Ass
known the Conic is a conic through alinidpoints of all line segments in a quadrangle
or quadrigon.

1 TheGergonneSteiner Points Mia, Mib, Mib of the 3componentquadrigons of the
Reference Quadrilateral also lie on th®imidium Circle. As is knownthe Gergonne
Steiner Point(QA-P3)is constructed from themidpoints of a ray of linesegments.

1 The Dimidium Circle(QL-Ci6) lies exactly between (nidway ) the Plticker Circle(QL-
Ci5) and the Miquel Circle(QL-Ci3).

Li = Quadrilateral Line i (1=1,2,3,4)
QL-P6 = Dimidium Point

queckér
"o d--Circle

A Clcle

1st CFcoordinate:
+3&(-mm-n)(n-H+bk2c2(m-n)(-Im- In+2mn)
+ Bd-m(m-n) n +cca2(n-1) (-Im+3In-6mn+4n)
- ¢ m (m-n(n-N+ab2(-m) (-In+3Im-6mn+4nmr)
1st DT-coordinate:
SI? (12-n2)2 m2 - S& (12-m?2)2 n2
+ (m2-n2) (Sb Sc4+Sa Sb4n2+Sa Sc2lm? +&(12 m2+12 n2-3 m2 n2))

Properties:

1 QL-P6 lies on these lines:
Z QL-P2QL-P12 (3:1)
Z QL-P3.QL:-P4 (3:1)



=

QL-P6 =Midpoint of QL-P4and QL-P5.
QL-P6 = @rcumcenter of QL-Ci6 Dimidium Circle.

QL-P6 = the Quadrangle Centroid (Q41) from the Circumcenter Quadrangle
(01.02.03.04 in pictur®L-P3).

Distances QLP6.QLP12 : QLP12.QL-P2 =1 : 2.



QL-P7: Newton-Steiner Point

The Newton-Steiner Point is the intersection point of the two most prominent
Quadrilateral Lines: QL1 The Newton Line and QIL2 The Steiner Line.

Li = Quadrilateral Line i (i=1,2,3,4)
QL-P7 = Newton-Steiner Point

NewtonLine

1st CFcoordinate:
2mn2+SIm@Bn-N+&In2@Bm-D+azlmn(l-m-n)

1st DTcoordinate:
a212(m2+n2) - 2@ m2n2 - (m2-n2) (b2 m2-c2 n2)

Properties:
1 QL-P7 lies on these lines:
z QLP1.QL:P19=QLL5 (2:-1=> QLP7 =Reflection Ql-P1 in QL-P19)
Z QL-P2.QLP9 =QL-L2
z OQL-P5.QLP12=QL-L1
1 QL-P7.QLP1// QL-P2.Ql-P10
1 QL-P7 is theReflectionof QL-P1 in QLP19.
1 The ClawsonSchmidt Conjugates (QiTf1) of QL-P7 lies on QLCi3 (Miquel Circle).



QL-P8: Gentroid QL-Diagonal Triangle

QL-P8 is the Centroid of theDiagonal Triangleof the Reference Quadrilateral.

QL-
Diagonal
Triangle

Li = Quadrilateral Linei (i=1,2,3,4)
QL-P8 = Centroid of the Diagonal Triangle

r—
—

1st CTFcoordinate:
(Im+In-mn)2mn-4(-m)(l-n)m2n2  (note that this formula is independent of a,b,c)

1st DT-coordinate:
1

Properties:
1 QL-P8 lies on these lines:
Z QLP1LQLP24

Z QL-P9.QL:P10 =QLL7 (1:2)
z QL-P12.QL:P14=QL-L8 (-3:4)
z QL-P17.QL:P25 (2:1)

1 The ratio of distances between QiP9, QLP8, QLP11, QLP10 in this orderis 2:1: 3.

9 The ratio of distances between QiP8,QL-P15, QLP12, QLP14, QLP18 in this order
is2:1:1:2.

1 d(QL-P8, QLL9) = 2 * d(QL:P12, QLL9) =4/3 * d(QL-P19, QLL9)



QL-P9: Circumcenter QL-Diagonal Triangle

QL-P9 is the Circumcenter of the Diagonal Trianglef the ReferenceQuadrilateral.

Steiner
Line!

QL- Li = Quadrilateral Line i (i=1,2,3,4)
Diagonal

Triangle

QL-P9 = Circumcenter Diagonal Triangle

Newton[f[n_e,,,-»—/"'""/_{

1st CFcoordinate:

A4mnE432mznz+ @B (Scm+Sn)-12(Scm+Sn)2+Imn (Sb2m + &c2n))
where:

S=az+k+)/ 2 S=(+a&7b2+ )/ 2 S=(+a&+krzc?)/2

3 E ! OAA Ec¢)pa&+b +d)y (& i+ cQa +Ab cf

1st DT-coordinate:
a2 Sa

Properties:
1 QL-P9lies onthese lines:

Z QLP2.QLP7 QL-L2

Z QL-P8.QLP10=QLL7 (-1: 3 =>QAP9 = Complement of QA410)
1 QL-P9 lies together with QLP8, QLP10and QL-P11 on QLL7, the QLEuler Line of
the Diagonal Triangle The ratio of distances between QIP9, QLP8, QLP11, QLP10
in thisorderis2:1:3.
QL-P9.QLP16 // QL-P1.QL-P11.
QL-P9 lies on the circumcircle of the triangle formed by the 3 Qlersions of QGP9.
The ClawsonrSchmidt Conjugate (QiTf1) of QL-P9 lies on QLCi3 (Miquel Circle).
The directrices of QLCol and QECo3 meet in QLP9 (Circumcenter QLDiagonal
Triangle).
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QL-P10: Orthocenter QL-Diagonal Triangle

QL-P10is the Orthocenter of the Diagonal Triangle of the Reference Quadrilateral.

Quési
Ofttholine

Li = Quadrilateral Line i (i=1,2,3,4)
QL-P2 = Morley Paint
QL-P10 = Orthocenter Diagonal Triangle

QL-
Diagonal
Triangle

1st CFcoordinate:
i T 2qm+n-mn)(m+Iin+mnyFal2@mnS+In$+Imsg)
+ImNn(NSS+mSS)+2(n2S2+ 2 $2))

1st DT-coordinate:
1/ Sa

Properties:

1 QL-P10 lies onthese lines:

Z QL-P1.QLP16 (-1: 2 => QP10 = Reflection of QiP16 in QL-P1)
Z QL-P2.QLP10=QL-L6
Z QL-P8.QLP9 (-2:3)

1 QL-P10 lies together with QLP8, QP9 and QLP11 on QLL7, the QLEuler Line of
the Diagonal Triangle The ratio of distances between QIP9, QLP8, QL:P11, QLP10
in thisorderis2:1:3.

1 QLP10.QLP2// QL-P7.Ql-P1.

1 QL-P10 is a Railway Watcher (se®L-L/1) of lines QL-L9.QL-P16 and line QEP1.QlL-
P11.



QL-P11: Nine-point Center QL-Diagonal Triangle

QL-P11 is theNine-point Center of the Diagonal Triangle of the Reference Quadrilateral.

QL-
Diagonal
Triangle

Li = Quadrilateral Line i (1=1,2,3,4)

QL-P8 = Centroid Diagonal Triangle

QL-P9 = Circumcenter Diagonal Triangle
QL-P10 = Orthocenter Diagonal Triangle
QL-P11 = Ninepoint Center Diagonal Triangle

1st CFcoordinate:
aZlkmn@mn3+nlS+ImS-b2m2-c2n2)
-m2nzj Y2(lsn+In-mn)-b2IlmS-c2lnS)

1st DT-coordinate:
S+ Sbh Sc

Properties:
1 QL-P11 lies together with QLP8, QP9 and QLP10 on QLL7 (QL-Euler Line).
The ratio of distances between QIP9, QLP8, QLP11, QLP10 in thisorderis 2 :1: 3.
1 QLP1.QLP11// QL-P16.QL-P9.
1 QL-Plllies on perpendicular bisector F1.F2 (F1, F2 are Foci €@ol, QLCo3).



QL-P12: QL-Centroid or Lateral Centroid

Let Gi be theTriangle Centroid (X2 of Triangle Lj.LKk.Ll.

Let TCi be the Tripolar Centroid) of the 3 intersection points of Lj, LkLI with Li.

Now all lines Gi.TCi (i=1,2,3,4) concur in one point @12, the Lateral Centroid.

It is called the Lateral Centroid because it is constructeaf 4 Centroids occurringin the

Quadrilateral environment. Just like in the QAenvironment, the Centroidin the QL

environment is the Midpoint of 1stand 2nd Quasi Centroids.

3 other ways of construction:

1 QL-P12is the Tripolar Centroid? of the QACentroids in the 3 QEQuadrigons.

1 Let Gi be the Centroid ofomponenttriangle Lj.Lk.U and let Gjkl be the Centroid of
Centroids Triangle Gj.Gk.Gl , where (i,j,kN)(1,2,3,4). Lines Gi.Gjkl concur in QR12.

1 QL-P12is the homothetic Center of the Reference Quadrilateral L1.L2.L3.L4 and the
homothetic Quadrilateral formed by the lines paallel to the lines L1, L2, L3, L4
through the Centroids of the correspondingcomponenttriangles.

*) The Tripolar Centroidis the Centroid of aO £l A 06 O OE Allcalihedr paitsOi AA AU
Construction-method: Suppose P, Q, R are collinear points non the line at infinity. Let M =Midpoint(Q, R)
The segment PM has two trisectors. The trisector closer to M is the Tripolar Centroid.

Li = Quadrilateral Line (i = 1,2,3,4)
Gi = Centroid of Triangle Lj.Lk.LI
TCi = Tripolar Centroid of intersection points Lj,Lk,LI with Li
QL-P12 = Lateral Centroid

1st CFcoordinate:
m-n) ((+m+n)-3(m+In-mn)) (note that this formula is independent of a,b,c)

1st DT-coordinate:
(M2-n2) (m? (12-n%) + 1P (12-m?))

Properties:
1 QL-P12lies onthese lines:
Z QL-P2.QLP6 (2:1)

z QL-P5.QLP7 =QLL1
z OQL-P8.QL-P14 =QL-L8 (3:1)
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QL-L12 is the Mdpoint of QL-P14 (1st QL-Quasi Centroid) andQL-P15 (2nd QL-Quasi
Centroid).

QL-L12 is the Midpoint of QP8 and QLP18.

The distance ratios between points QIP20, QLP22, QLP12, QLP5are 3:1: 2.
d(QL-P6 , QLP12) = d(QLP2 , QLP12) /2 (d = distance)

d(QL-P5, QEP12) = d(QL:P2 , QLP3) /3

QL-P12 is also the centroid of the 6 intersection points of the Reference
Quadrilateral.

QL-P12is the point where the sum ofthe squares of thedistances to the 6
intersection points of the Reference Quadiateral is minimal.



QL-P13: QL-Harmonic Center o r Lateral Harmonic Center

The Ql-Harmonic Center or Lateral Harmonic Center is the Perspector of:
1 the QL-Diagonal Triangleformed by the 3 QLversions of QGP1 (Diagonal
Crosspoint), and
1 the triangle formed by the 3 Qkversions ofQGP12 (Inscribed Harmonic Conic
#A1l OAOQ8 4EEO EAPDPAT O OI AA A O AO
QL-L1 (Newton Line).
QL-P13is named harmonic becausés construction is based on projective principles
leading to harmonic properties.

L i = Quadrilateral Line (i = 1,2,3,4)
QL-L1 = Newton Line

QG-P1a/b/c = Diagonal points of
Component Quadrigons "a", "b" and "¢"

QG-P12a/b/c = Inscribed Harmonic Conic Center of
Component Quadrigon "a", "b" and "¢"

QL-P13 = Lateral Harmonic Center

Another construction:

1. LetQGP2a,QGP2b, QGP2c be theMidpoints of the diagonals of a quadrilateral.
These points are collinear at the Newton Line (QL1). SeeQGP2and QL:-L1.

2. The triangle bounded by the lineRGP2a.QGP1a,QGP2b.QGP1b,QGP2c.QGP1cis
perspective with the QL:Diagonal Triangle (Q@EP1a.QEP1b.QGP1c). Their
perspector is QL:P13.

1st CFcoordinate:
mn @3 mn-Im-1n) (note that this formula is independent of a,b,c)
1st DTcoordinate:
1/12
Properties:
1 QL-P13lieson QL-P17.QL-P24.
1 QL-P13is collinear with QAP16, QGP1, QEP12 and QEP13 (see Q&.2).
1 The 3 variants of QA&.2 in a Quadrilateral concur in QtP13.
1 QL-P13is also the Perspector of the triangles formed by tH2QL-versions resp.
of QGP1 andQGP12.
1 QL-P13is al® the Perspector of the triangle bounded by th 3 Ql-versions of the
connecting lines of QGP1 and Q&2 and the triangle formed by the 3 QL
versions of QGP1 (which is the QLDiagonal Triangle).

OOEAI



QL-P14: 1st QL-Quasi Centroid

QL-P14is the Centroid of the triangle formed by the three % Quasi Centroids (Q&°4) in
a Reference Quadrilateral.

The prefix QL: has been added in the name @L-P14because there is also asiQuasi
Centroid in a Quadrangle.

QG-P4a = 1st Quadri Centroid of 1st QL-Quadrigon
QG-P4b = 1st Quadri Centroid of 2nd QL-Quadrigon
QG-P4c = 1st Quadri Centroid of 3rd QL-Quadrigon

QL-P8 = Centroid of QL-Diagonal Triangle
QL-P12 = Lateral Centroid
QL-P14 = 1st QL-Quasi Centroid
QL-P15 = 2nd QL-Quasi Centroid

1st CFcoordinate:
Mm-n)@IEmM3-4Pm*-2Pm2n-1*mdn+9FmM*n-2mnm+10Fm2n2-9Bmén2-32m*n2+2
Bn3-14mmnd-9Bm2n3+ 13Pm3n3-51m*n3-41n*+9Bmn*-312m2n4-51md3n4+ 3 nt n4

1st DT-coordinate:
(m2-n2) (I14+312m2+ 3 Pn2-7 m2n2)

Properties:
T QL-P14lies onthis line:
Z QL-P8.QLP12=QL-L8  (4:-1)
1 QL-P14is the Reflectionof QL-P15 (2" QL-Quasi Centroid) in QEP12 (Lateral
Centroid).



QL-P15: 2nd QL-Quasi Centroid

QL-P15is the Centroid of the triangle formed by the thre@nd Quasi Centrads (QGPS8)
in aReference Quadrilateral.

The prefix QL- has been added in the name @L-P15because there is also a"® Quasi
Centroid in a Quadrangle.

QG-P8a = 2nd Quadri Centroid of 1st QL-Quadrigon
QG-P8b = 2nd Quadri Centroid of 2nd QL-Quadrigon
QG-P8¢ = 2nd Quadri Centroid of 3rd QL-Quadrigon

QL-P8 = Centroid of QL-Diagonal Triangle
QL-P12 = Lateral Centroid
QL-P14 = 1st QL-Quasi Centroid
QL-P15 = 2nd QL-Quasi Centroid

1st CFcoordinate:
(m-n)(I>m3-21Fm4-5m2n-24m3n+6Bm4n-1>mn2+8k¥m2n2-9 B m3n2+I5n3
S2Pmm-9Bm2n3+20kPm3n3-101mAn3-2Bn4+6Bmnt-101 m3n4+ 6 mtn4)

1st DT-coordinate:
(m2-n2) (14-312m2+ 3k n2+ 5 n¥n2)

Properties:
1 QL-P15 lies onthis line:
Z QL-P8.QL:P12=QL-L8 (2:1)

1 QL-P15is the Reflectionof QL-P14 (1st QL-Quasi Centroid) in QLP12 (Lateral
Centroid).



QL-P16: QL-Quasi Circumcenter

QL-P16is the perspector of the QtDiagonal Triangle and the Triangle formed by the
points QGP5 (QG1st Quasi Circumcenter) of the 3 QlQuadrigons.

QL-P16is also the perspector of the QiDiagonal Triangle and the Triangle formed by
the points QGP9 (QG2nd Quasi Circumcenter) of the 3 QtQuadrigons.

1a/1b/1c are Diagonal Crosspoints QG-P1
(vertices QL-Diagonal Triangle)

ba/bb/5c are 1st Quasi Circumcenters QG-P5
9a/9b/9c are 2nd Quasi Circumcenters QG-P9
= j/QL_P'I 6 (a,b,c indicating all 3 consisting QL-Quadrigons)

.. be

QL-P16 = QL-Quasi Circumcenter
= common perspector of triangles
1a.1b.1c, 5a.5b.5c, 9a.9b.9c

1st CTFcoordinate:
mn@B2a32(-m(-nNm-In+mn)ctm+in+mn)fmn+Im+1n)
-@mn(-my(-n+2inm-)(m-n)+&Im(n-1)(n-m))
*Galz(Im+ln-mn)-at(Im+In-mn)2-b4(Im-In+mnp-c*(-Im+In+mn¥}
+2Rc2(12m2-212mn + Bn2+ m2n?)
+2a&b2(2Bm-312m2-2Bn+2Pmn+Pkn2-21mnr?+ mn2)
+22c(-2BPm+Em2+2Bn+2kmn-21m2n-3[2n2+ mn2)))

1st DT-coordinate:
a2 (Sc P-b2m2+Sa r?) (Sb P+ Sa n%- ¢c2n?)

Properties:
9 QL-P16 lies onthis line:
Z QL-P1.QLP10 (-1: 2 => QLP16 = Reflection of QP10 in QL-P1)
1 QLP16.QLP9// QL-P1.QLP11.
QL-P16lies onthe circumcircle of QL-Cil,the QL-Diagonal Triangle
1 QL-P16 lies on the circumcircles of triangles formed by the 3 Qkersions of QG
P1, Q&5 as well as Q9.
1 QL-P16 is Railway Watcher (se®L-L/1) of lines QL-L5 (NSM Line) and QL6
(Quasi OrthoLine).

=



QL-P17: QL-Adjunct Quasi Circumcenter

QL-P17 isthe 2rd common intersection point of thecoaxalcircumcircles of the 3
triangles formed by the 3 QLtversions of resp. Q&21, QGP5, QGP9.
The Istintersection point of these circles is QP16 (QL-Quasi Circumcenter).

1a/1b/1c are Diagonal Crosspoints QG-P1
(vertices QL-Diagonal Triangle)

5a/bb/5c are 1st Quasi Circumcenters QG-P5
9a/9b/9c are 2nd Quasi Circumcenters QG-P9
(a,b,c indicating all 3 consisting QL-Quadrigons)

5c

P16 = QL-Quasi Circumcenter
= common perspector of triangles
1a.1b.1c, 5a.5b.5¢, 9a.9b.9c¢
= 1st intersectionpoint 3 coaxial circles
7 = QL-Adjunct Quasi Circumcenter
= 2nd intersectionpoint 3 coaxial circles

1st CFcoordinate:
mn(@ (-m) (I-n) 212(m-n)2-m2n2+Imn(m + n))
+RM-n)(m-)nl(-3Im+In+mn)
+&(Mm-m) (n-)mIl(m-3In+mn)))

1st DT-coordinate:
aZm2n2/(m2-n2)

Properties:
1 QL-P17 lies onthese lines:
Z QL-P8.QLP25 (-2:3)
Z QL-P13.QL:P24
1 QL-P17 is theAntiComplementof QL-P25 wrt the QL-Diagonal Triangle.
1 QL-P25 lies on the polar of QIP17 wrt the PolarCircle of the QLDiagonal
Triangle (note Eckart Schmidt).
1 QL-P17 lies onthe circumcircle QL-Cil of the QL:-Diagonal Triangle.
1 QL-P17 lies onthe Dimidium Circle QL-Ci6. The second intersection pointwith
the circumcircle of the QLDiagonal Triangle (QLCil) is QL-P24.



QL-P18: Reflection of QL-P8 in QL-P12

QL-P18 is the Reflection of QIP8 in QL-P12.
Special about this point is that it lies on QIL9, the M3D Line.

QL-L8 = Centroids Line Li = Quadrilateral Line i (i = 1,2,3,4)

QL-P8 = Centroid QL-Diagonal Triangle

aLPE™ QL-P12 = QL-Centroid
T ALY QL-P14 = 1st QL-Quasi Centroid
QL-L9 = M3D Line : QL-P15 = 2nd QL-Quasi Centroid

QL-P15%, QL-P18 = Reflection QL-P8 in QL-P12

..
LI
LI
.
Sl
hLT

Saa,
Nay

.....
..
\\\\\
\ LT
.
_____

1st CFcoordinate:
BM-n2(m+n)-212(m2-n2)2-2m2n2(m2-mn+m)+Ilmn(m+n @ nm-7mn+4n)

1st DT-coordinate:
(m2-n2) (12 (I2+m2+n2) - 3 m2n2)

Properties:
1 QL-P18 lies onthese lines:
Z QL-P8.QLP12=QLL8 (2 :-1 => P18 = Reflection of QP8 in QL:P12)
Z QL-P18.QL:P23 = QLL9



QL-P19: Midpoint of QL -P1 and QL-P7

QL-P19 is theMidpoint of QL-P1 and QLP7.
Special about this point is that it lies on QIL3, the Pedal Line.
Besides that it has a distance relation with the M3D Line (QL9).

1QLL3 = Pedal Line Li = Quadrilateral Line i (i = 1,2,3,4)

QL-P1 = Miquel Point
QL-P1 QL-P7 = Newton-Steiner Point

QL-P8 = Centroid QL-Diagonal Triangle
QL-P19 = Midpoint of QL-P1 and QL-P7
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1st CFcoordinate:
@mn-SIm-<In)(3mn-Im-1n)

1st DT-coordinate:
Sa (n#-n2)2- Sb (B-n2) n2 - Sc (--m2) m?

Properties:
T QL-P19 lies onthis line:
Z QL-P1.QLP7 =QLL5 (1:1=>QLP19 = Midpoint of QLP1, QLP7)
1 QL-P19.QlP20 // QL-P7.QlP21
QL-P19 lies on QLL3, the Pedal Line.
T QLOpw EO OEA 10AAOAT CI A #A1 OOTEA 1T &£ OEA O,
projection points of QL-P1 (collinear on QLL3, the Pedal Line) on the basic lines
of the Reference Quadrilateral.
1 d(QL-P19, QLL9) = %, * d(QL:-P8, QLL9)

=



QL-P20: Orthocenter Homothetic Center

QL-P20 is the homothetic Center of the Reference Quadrilater&al1.L2.L.3.L4 and the
Quadrilateral formed by the lines parallel to the lines L1, L2, L3, L4 through the
Orthocenters of the correspondingcomponenttriangles.

Li = Quadrilateral Line i (i = 1,2,3,4)
v Hi = Orthocenter of Triangle Lj.Lk.LI
B, L1’ L1 // L1 through H1, etc.

QL-L2 = Steiner Line
QL-P20 = QL-Orthopoint Homothetic Center

1stCoordinate

(mzn) (@@2SmMn-b2SIm-c2&In+ $S(12+ mn))
or

(mzn) (S8&l?2-b2SIm-c2&In+432mn)

1st DTcoordinate:
(m2-n2) ((-a2 12+b2 m2+c2 n2)2 - 4 S& m2 n2)

Properties:

1 QL-P20 lies on these lines:
Z QL-P1.QLP21 =QLL5 (1: 1 =>QLP20 = Midpoint of QLP1, QLP21)
Z QL-P5.QLP7 =QLt.1

1 QL-P19.QLP20 // QL-P7.QLP21

1 QL-P20is the Reflection of QL-P5 (Kantor-Hervey Point) in QL-P22 (QL-Nine-

point CenterHomothetic Center).
1 The distance ratios between points QIP20, QLP22, QLP12, QL:P5are 3:1: 2.



QL-P21: Adjunct Orthocenter Homothetic Center

QL-P21is the Perspectorof
1 the Quadrilateral formed by the lines parallel to the lines L1, L2, L3, L4 through
the Orthocenters of the corresponding component triangleand

1 the Quadrilateral formed by the linesperpendicularto the lines L1, L2, L3, L4
through the Orthocenters of the caresponding component triangles.

Hi = Orthocenter of Triangle Lj.Lk.LI

Li = Quadrilateral Linei (i=1,2,3,4)
Li'= Line through Hi // Li(i=1,2,3,4)
Li" = Line through Hi _|_Li (i=1,2,3,4)

QL2 = Steiner Line

QL-P21 = Adjunct Orthocenter Homothetic

1st Coordinate
2a2@*+ (b2-c2)2-2a2 M2+ @) (-m)2m(-n)2(m-n)n
+2(-m+n) @mn(-m)(-ny+R2Inm-)(m-n)+&Imn-N)n-m)) 2ad2z2m(-n)+&n(-m))
+e&(-2+mn)+ (B-c2)(b2(2-2Im+mn)-c2(12-21n+ mn)))

1st DTcoordinate:
TI(S@ TI4+ SB Tm4 + Sé Tn4
+ 2 (M2 + n2) Sa Sb Sc Tm Tn (T+irm)
+S&TI2((M2+ 3 ) Sb Tm- (3 m2+ n2) Sc Tn)
+SETnN2(SbTM (TI+3Tm) +Sa (FM-2nmTI-3m2Tn + m? Tm))
+SBTmM2(Sc Tn (TI+3Tn) +Sa (3Am+2n?Tl-3I12TI-n2Tn)))
where:

TI=m¢-n2 Tm=re-12 Tn=Pk-m2
Properties:
1 QL-P21llies onthis line:
Z QL-P1.QlP20 (-1: 2 =>P21 = Reflection of QR1 in QL-P20)

1 QL-P21lies on the asymptote othe cubicQL-Cul



QL-P22: QL-Nine-point Center Homothetic Center

QL-P22is the homothetic Center of the Reference Quadrilateral L1.L2.L3.L4 and the
homothetic Quadrilateral formed by the lines parallel to the lines L1, L2, L3, L4 through
the Nine-point Centers of the corresponding component triangles.

4 EA b OAEEZe@addedin the name oQL-P22because there is also a Nine
point Homothetic Center in a Quadrangle.

Li = Quadrilateral Line i (i =1,2,3,4)
Ni = Nine-point Center of Triangle Lj.Lk.LI
L1"// L1 through N1, etc.

X QL-P22 = QL-Nine-point Homothetic Center

1st CFcoordinate:
(mzn) @S\RP+®RSIm+el 1T 2Cm@lns2 mn-12)

1st DT-coordinate:
(82 (12-m?) - 2(m?2-n?)) (a2 (12-n2)+b? (m>-n2))

Properties:
1 QL-P22lies onthese lines:
Z QL-P2.QLP4 (1:1=>QLP22is Midpoint of QP2 and QLP4)
Z QL-P5.QLP7 =QLL1
1 QL-P22.QLP6 // QL-P2.QL-P5 // QL-P4.QL-P20
1 QL-P22is the Midpoint of QL-P5 (Kantor-Hervey Point) and QLP20 (Orthocenter
Homothetic Center).
1 The distance ratios between points QiP20, QLP22, Ql-P12 QL-P5are 3:1: 2.



QL-P23: Center of the Inscribed Midline Hyperbola

QL-P23is the center of the Inscribed Midline Hyperbola. This is the conic touching the
defining lines of the Reference Quadrilateral and with the Newton Line as asymptote.
See Paragraph QiCo2.

Inscribed Midline Hyperbola

4
|

I
L

2nd
- tot:
| ASYmPIeTe L Li = Quadrilateral Line i (i = 1,2,3,4)

QL-P23 = Center Inscribed Midline Hyperbola

1st CFcoordinate:
Im-n)(Im+In+mnf-4mn B+ mn))

1st DT-coordinate:
m2 n2 (m2_n2)

Properties:
1 QL-P23lies on QLL1, the Newton Line.
1 QL-P23lies onQL-L9, the M3D Line.



QL-P24: Intersection QL -P1.QL-P8 " QL-P13.QL-P17

QL-P24is the point of intersection of the lines QLP1.QL-P8 andQL-P13.QL-P17.
It is also one of the points of intersection of the circles QCil (Circumcircle QLDiagonal
Triangle) and QL-Ci6 (Dimidium Circle).

QL-P1 = Miquel Point

QL-P8 = Centroid Diagonal Triangle
QL-P13 = QL-Harmonic Center
QL-P16 = QL-Quasi Circumcenter

QL-P17 = Adjunct QL-Quasi Circumcenter

QL-P24 = Intersection QL-P1.QL-P8 » QL-P13.QL-P17
QL-Ci1 = Circumcircle QL-Diagonal Triangle

QL-Ci6 = Dimidium Circle

1st CFcoordinate:
(I-m)(I-n)ymn
*Ton@*@(d-m)(-n(Im-In-mn)(Im-In+mn)+(m+I|nmn))
+hP(m-n)(+*Im-In+mn)/ (I-n)
+¢ M-n)(-Im+In+mn)/(m-1) -2b2c2 (m-n)2)
-22b2(1-m)(M-nN)Tu-(Im-In+mn) Tn)
222 -n M-nNTm-(Im-In-mn)Ty)
where:
Ton=(Pm2-2Pmn+2ImMn+kn2+2Imr-3 m?2n2)
Tm=(mM2+2EPmn-2Imn-312n2+2Imre+nmn2
T =@BPm2-2mn-2Im2n-12n2+ 2| mrk-m2n2)
1st DTcoordinate:
(82 (12-n2)+b2 (M2-12) (8 (12-m2)+c? (-m2+n2))

Properties:
1 QL-P24lies onthese lines:
Z QL-P1.QL-P8
Z QL-P13.QLP17
1 QL-P24is the projection of QP16 on the line QLP1.QL-P8.
1 QL-P24is one of the points of intersection of the circles QCil (Circumcircle QL
Diagonal Triangle) and QLCi6 (Dimidium Circle). The other point of intersection
is QL-P17 (QL-Adjunct Quasi Circumcenter).



QL-P25: 2nd QL-Parabola Focus

QL-P25 is the Focus ofhe 2nd QL-Parabola QLCo3.
For an explanation of the 2d QL-Parabola see QICo3.

~“QL-Cof

QL-Co3
QL- P2

A-\

QL-P17

. T1

1st CFcoordinate:
amn(l-m)y(l-n@5ms-3Bbmin+kmin+2Fkm3n2-414m4n2+2Bmsn2+ 2 Fm?
NR+6kEMIN3-6BmM4n3-212msn3-3Emm-4K¥m2n4-6Bm3n4+ 16 Pm4n4-3 | md
nd+kBns+Pmmre+2Bm2ns-2[2m3ns-3 | mns+ mbnd)
-Amn(@-m)yd-n)y(m-nym2n2@4b2n(-m)@Im-In-mn))
Amn(@-m)yd-ny(m-nym2nz2(4c2m(-n) (Im-31n+mn))

1st DT-coordinate:
12 (M2-n2) (b2 n2 (-12+m2) +&2 m2 (12-n2))

Properties:
1 QL-P25 lieson the line:
Z QL-P8.QLP17 (-1: 3 => QLP25=Complement of QP17 wrt QL-DT)
1 QL-P25 lies on the Axis of QICo3 which is a line _|QL-P1.QLP7.
QL-P25 lies on the QtMedial Circle QLCiZ2.
1 QL-P25 lies on the polar of QIP17 wrt the Polar Circle of the QiDiagonal
Triangle (note Eckart Schmidt).

=



QL-P26: Least Squares Point

QL-P26 is the point in a quadrilateral such that the sum dhe squares of the distances to
the 4 basic lines is minimal.

", CSC(QL-P24)

LEAST SQUARES POINT
d1*d1 + d2*d2 + d3*d3 + d4*d4 is minimal
in this system of 4 lines

/" CSC(QL—P1 3) CSC = Clawson-Schmidt Conjugate
/P\\ ,,/"";"QL‘M QL-P1 = Miquel Point
| VA QL-P6 = Dimidium Point
/ AN\ \ Dimidium QL-P13 = QL-Harmonic Center

\\ i iCircle QL-P26 = Least Squares Point

CSC = Clawson-Schmidt Conjugate

QL-P26 is the Clawson-Schmidt Conjugate of the 2nd intersection point of
QL-P1.QL-P13 with the Dimidium Circle QL-Ci6.



Construction:

Li = Quadrilateral Line i (i=1,2,3,4)

QL-P26 = Least Squares Point

This construction isa modified version ofthe construction of Coolidge as described in
[25].

Let O (origin), A and B le random noncollinear points.

Go = Quadrangl€entroid ofthe projection points of O on the4 basiclines of the
Reference Quadrilateral.

Ga = Quadrangl€entroid ofthe projection points of O on the 4 lines through point A
parallel to the 4 basic lines of the Reference Quadrilateral.

Gb = Quadrangl€entroid ofthe projection points of O on the 4 lines through point B
parallel to the 4 basic lines of the Reference Quadrilateral.

Let Sa=Ga.Go " O.Gb and Sb = Gb.Go * 0.Ga

Construct Al on line O.A such that Sa.Ga : Ga.Go = O.A: A.Al.

Construct B1 online O.B such that Sb.Gb : Gb.Go = O.B : B.B1.

Construct Psuch that O.A1.P.B1 is a parallelograend where O and P are opposite
vertices. P is the least SquaredPoint QL-P26.

1st CFcoordinate:
a2 (@2(l-m)y(-n+k@2m-n)(Mm-Hh+c2(2n-m)(n-1))

Least Sum ot Square Distancem CT-notation:
(c@¢m2n2(l-m)(-n)+ c2l2(m-n)2((l+ m+n)(21+ m+n)-mn)
-b4l2p2(m-)(m-n)+ e¢a2m2(n-N2(Il+m+n)(+2m+n) nl)
-eim2lz2(n-)(n-m)+ @&b2nz(l-m)2(I+m+n) (I+m+2n)lm))/
(+m+np@mn-m)(-n+Rnli(m-)(m-n)+&Im((-1)(n-m)))

1st DTcoordinate:
m2n2(a* (12-m?2) (12-n2) - b* (m2-12) (m2-n2) -c*(n2-12) (N2-m?2)
+2&Db2 (12-m2) i+ 2a&c2m2(12-n2?))



Least Sum of 4 Square Distances in-Ddtation:
(4 S12m2n2(a2l2+ b m2 + & n2))
/[(@4(12-m2) (I12-n2) (I2m2+12n2-m2n2) + 2 [ c214 (M2 - n2)2
+b*(M2-n2) (m2-12) (I2m2-12n2+ m2n2) +2 ZaZm4(n2-12)2
+c#(N2-12) (n2-m?2) (-I2m2+ 2 n2+ m2n2) + 2 & b2 n4 (12 - m2)2)

Properties:
1 QL-P26 is the ClawsonSchmidt Conjugate of the 2 intersection point of the line
QL-P1.Ql:P13 with the Dimidium Circle QLCi6.
1 QL-P26 lies on the line QP1.CSC(QIP13).
(CSC = Clawsotschmidt Conjugate QITf1)
1 QL-P26 lies on the line CSC(QR17).CSC(QIP24), which is the perpendicular
bisector of QLP1.CSC(QIP6)



6.3 QUADRILATERAL LINES
QL-L/1 : The Railway Watcher

Within the system of a quadrilateral a stranggghenomenon pops up.
Often when a QLline becomesknown there also is a parallel ine that requires attention.
And moreover there is alsoa prominent point not on these lines at the same distance
from one of the lines as the mutual distance of these lines.
| call thisthe system of a Railway \@tcher because the parallel lines can be represented
as a railroad and the point at a minimal distance from the railway as@ailway watchera
Examples:
In next picture

1 QL-P1is Railway Watcher of lines QL2 (SteinerLine) and QLL3 (Pedal Line).

1 QL-P4is Railway Watcher of lines QL1 (Newton Line) and QLL4 (Morley Line).
Notable is that both railways crossat right angles

Li = Quadrilateral Linei(i=1,2,3,4)
QL-L QL-P1 = Miquel Point
PedaliLine QL-P2 = Morley Point

QL-P3 = Hervey Point

QL-P4 = Miquel Circumcenter

QL-L
SteineriLine
Q il
QL-P1 orley Line
QL1
Newton Line

4
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In next picture
1 QL-P8is Railway Watcher of lines QL9 (M3D Line) and line // QL-L9 through
QL-P12.
1 QL-P16 is Railway Watcher of lines QL5 (NSM Line) and QL6 (Quasi
OrthoLine).

Again both railways cross at right angles



Li = Quadrilateral Line i (i=1,2,3,4)

QL-L5 = NSM Line
QL-P16 QL-L6 = Quasi Ortholine

QL QL-L9 = M3D Line

QL-P1 = Miquel point

QL-P2 = Morley Point

QL-P7 = Newton-Steiner Point

QL-P8 = Centroid Diagonal Triangle
QL-P10 = Orthocenter Diagonal Triangle
QL-P1 QL-P12 = Lateral Centroid
QL-P18 = QL-Quasi Circumcenter
QL-P18 = Reflection of QL-P8 in QL-P12
QL-P22 = Center Midline Hyperbola

In next picture
1 QL-P10is Railway Watcher of lines QiP9.QL-P16and line QL-P1.QL-P11.

Li = Quadrilateral Linei(i=1,2,3,4)
QL-P1 = Miquel Point

QL-P9 = Circumcenter QL-DT
QL-P10 = Orthocenter QL-DT
QL-P11 = Nine-point Center QL-DT
QL-P16 = QL-Quasi Circumcenter

|
\QL—P'IO

This system ofRailway Watchers can be coincidental, but still it is a remarkable item.
SeeQL-Cul and Q&Co3 for other Railway Watchers where the Newton Line and an
asymptote form a railway.

See also Q@1 where QGP1 is the Railway Watcher of thestand 20d QuasiEuler Line.



QL-Cartesian Systems

The four most outstanding lines of a quadrilateral are the Newton Line, the Steiner Line,
the Pedal Line and the Morley Line.
They form aformid able rectangular construction with a special role forthe Miquel Point
(QL-P1) and The Miquel Circumcenter (QIP4).
Especiallybecause:
d (QL-P1,QL-L3) = d (QL-L2, QL-L3) =d (QL-P2,QL-L3),
d (QL-P4,QL-L1) = d(QL-L4,QL-L1) =d (QL-P2, QLL1).
QL3 Li = Quadrilateral Linei (i=1,2,3,4)
Pedal\Line QL-P1 = Miquel Point
QL-P2 = Morley Point

QL-P3 = Hervey Point
QL-P4 = Miquel Circumcenter

QL
Steiner
QL-P1
QL-L4
orley Line
QL-L1

‘ Newton Line

4 QL-P3

Since Steiner LinéPedal Line and Newton LindMorley Line are parallel and Steiner
line/Newton Line are perpendicular lines, these lines can function as a Cartesian
coordinate system with Steiner and Newton Line as axeboreoverthe difference in
distances ofthe parallel lines can functionas units at theaxes.This would look like this:

Steiner Line  Ped3

L [y

-P2 {

ms / y-unit
Newton Line
"’57/\.
a QL-P4
i QL-P1

QL-P7 X

Cartesian Coordinate System with
Newton Line and Steiner Line as axes

Morley Line




Quadrilateral Points
Now all points QL-P1 to QL:P7 have these Cartesian coordinate§elating to CT-
coordinates):

x-coordinate y-coordinate
P1. 2 Y1.Y2
P2: O +1
P3: 2Xi/ X3 +1
P4:  (2X2-2X1)/ (3 Xa) 71
P5:  (Xo+2X1)! (3 X3) 0
P6: X2/ (2X3) -
P7. O 0
The units used are:
X3/ (8 ALs3) ALz2/ (16 ABC Als LM12)
where:
X1 = AL1 .AL52 Y1 = L|\/|1 / AL3
Xo=ABC. AL . AlLs Y>.=ABC.AlLs/ AlLs
Xs=ABC. LMy .LM;2
and:
ABC=(-a+b+c)(ab+c)(a+b-c)(a+b+c)
LMo=Imn

LMi=(-m)(m-n)(n-1)

AlL; = (a*+b2c?) (21 -m-n) +(b4+c2a?) 2m-n-1) +(ct+ &b?) (2n-1-m)

AL =-a2(l-m)(n-I)(3Im2-8Imn+nmn+31r+mrP)
-p2(I-m)(m-n)312m+En-8Imn+1r+3mrp)
cn-m-n)(2m+Im+3kn-8Imn+3nin)

Als= -(I-m)(m-n)(n-l) @(Im-mn+nl)+B(Im+mn-nl)+c¢(-Im+mn+nl))
-12m2+mn2+l2-Imn(l+m+n)) (2Bc2(m-n)+2ca(n-1)+2a&b2(l-m))

AlLs = a2 mn(I-m)(I-n) nlkim-1)(m-n) 2a(n -I)(n-m)

ALs = a2 mn(I-m)(I-n)(-Im-In+mn) + B2ni(m-1)(m -n)(-Im+In-mn) + &Im(n-I) (n-m) (Im-In-mn)

Quadrilateral Lines
The PedalLine hasequation x =1
The Morley Linehasequation y = 1.

One advantage of this system is that working with circles is easier in a Cartesian
coordinate system than in a barycentric/trilinear coordinate system.



QL-L1: The Newton Line

The intersection point of two lines of a quadrilateral and the intersection point of the

other two lines of a quadrilateral are called opposite points and their connective line is

called a diagonalThe midpoints of the3 diagonalsof aQuadrilateral are collinear. The

line through these 3 midpoints is the Newton Line.

Newton discovered this line because all centers of inscribed conigsa Quadrilateral

reside on this line.Gauss discovered that this line of Newtah &so passes through the

i EADI ET OO 1T £ OEA AEACI T Al Oe NeorQthdis 6@ AAOET AOA
known as Gauss Line or Gaugsewton Line.

JeanlLouis Ayme wrote a book with 30 proofsabout this line at [3].

Also he wrote [2a]about the NewtonLine as well as theSteiner Line.

Li = Quadrilateral Line i (1=1,2,3,4)

QL-L1 = Newton Line

1st CFcoefficient:
Im+In-mn (note that this formula is independent of a,b,c)

1st DT-coefficient:
|2

Properties:

1 QL-P5, QLP7, QLP12, QLP20, QLP22, QLP23are points on QLL1.

1 Quadrigon point QGP12also lies on the Newton Line QIL1.

1 QL-L1is also the line that connects the Centroids of thecdmponentquadrigons of
the quadrilateral.

1 Thecenters of allinscribed conicsof a Quadrilateral lie on QLL1 (proved by Newton;
seealso[4] page 49).

1 QL-L1lis parallel to QL:L4 (the Morley Line).

1 QL-L1is pardlel to the axis of QECol (the Inscribed Quadrilateral Parabola).
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QL-L1 is perpendiailar to QL-L2 (Steiner Line) (known as the GausBodenmiller
theorem) and QL-L3 (Pedal Line).

QL-L1 is the locus of homothetic centers of L1.L2.L3.L4 with the 4 lines formed by
the parallel lines to L1, L2, L3, L4 througkuler Linepoints Q1, Q2, @, Q4 ofthe
Camponent Triangles, where Qi have proportional ratio wrt OrthoCenter and
CircumCenter o respectiveEuler Line.

QL-L1 is the Trilinear Polar of QEP13 (note Eckart Schmidt).

The asymptote of QLCul // QL-L1.

The asymptote of Q8Co03 // QL-L1.



QL-L2: Steiner Line

The Orthocenters of the £omponenttriangles of a Quadrilateral are collinear. The line
through these 4 Qthocenters is the Steiner Line.

The Steiner Line is also known as Orthme.

JeanlLouis Ayme wrote [2a] about the NewtorLine as well as theSteiner Line.

Li = Quadrilateral Line i (1=1,2,3,4)
Hi = OrthoCenter Triangle Lj.Lk.LI

QL-L2 = Steiner Line

m
-

H4

1st CTFcoefficient:
Sl (m-n)

1st DT-coefficient:
b2 (12-m2) - 2 (12-n2)

Properties:

1 QL-P2 (Morley Point) and QE2P1a/b (1s/2 nd Pliicker Point) andQL-P7 (Newton
Steiner Point) andQL-P9 (Circumcente QL-Diagonal Triangle) lie on Q-L2.

QL-L2 is parallel to QL3 (Pedal Line.

QL-L2 is perpendicular to QLL1 (Newton Line) and QLL4 (Morley Line).

QL-L2 is the directrix of Ql-Col, the Inscribed Quadrilateral Parabola.

QL-L2 is the common radical axis of the three circles constructed on the diagonals of
the Reference Quadrilateral as diameters.

QL-L2 is the ClawsorSchmidt Conjugate (QiTf1) of QL-Ci3 (Miquel Circle).

The Qthopole of a sideline of the complete quadrilateral with respect to the triangle

bounded by the three other sidelines lies on th&teiner line (see[4] page 42).

The Orthopole of a line L wrt a Triangle = the common intersection point of the three lines
perpendicular to the sidelines of the triangle, each passing through the projection of the opposite
vertex on line L.

= =4 4 A

=A =4



QL-L3: Pedal Line

The perpendicular feet from the Miquel Point (QtP1) to the four lines lie on the same

line R, and the Miquel Point is the only point with this property.

4EEO EO OOAOQGAT AT O o 1T &£ 30AET AOGsOibedbonipdge 1 T OEA
1 of [4]. This line R isnow according to [4] named the Redal Line.

QLL3
Li = Quadrilateral Line i (1=1,2,3,4)
QL-L3 = Pedal Line
QL-P1
QL-P1 = Miquel Point
4
11 [ 1
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1st CTFcoefficient:
I(m-n)/(@2mn-SIm-&In)

1st DT-coefficient:
(Mm2-n2)3 SA + (12-n2)3 SB + (M2-12)3 SC + 2 (m?-n2) SA ((P-n2)2 SB+(P-m2)2 SC)

Properties:

QL-P19lies on QL:-L3.

QL:-L3 is parallel toQL-L2 (SteinerLine).

QL-L3 is perpendicular to QLL1 (Newton Line) and QL-L4 (Morley Line).
QL-L3 is tangert to the QL-Inscribed Parabola QLColat the vertex.
QL-Col is the B Line Conic(seeQL-Co/1) of QL-L3.

= =4 4 4 A



QL-L4: Morley Line

The Morley Line is the line through QP2 (Morley Point) and QEP3 (Hervey Point).

Li = Quadrilateral Linei(i=1,2,3,4)

QL-P2 = Morley Point
QL-P3 = Hervey Point

QL-L1 = Newton Line

QL-L4 = Morley Line
QL-4
Q=1

4 QL-P2 ‘
QL-P3

+
-
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1st CFcoefficient:
+ta&¢(l-m)(I-n)(m-n)(Im+In-mn)
+bA(I-m)(l-n)(m-n) Im
+A(I-m)(-n)y(m-n) In
+b2c2(nzm) UO
+a2c2 (1 zn) (UOz UL
+a2b2(m zI) (U0z U2)

where:
UO=I(Fm+Pn-4Ilmn+n¥tn+mrd
Ul=(-m)(l+m-2n)(Im+In-mn)
uz2=(Izn)(+ n-2m)(Im+In-mn)

1st DT-coefficient:
12 (M2-n2)3 SA& - m2 (12-n2)3 SB + n? (12-m?2)3 SC
+ (12-m2) (12-n2) (m2-n2) (2 12 & -12SB SCE m2 SC SAn2 SA SB)

Properties:

1 QL-L4is parallel to QL-L1 (Newton Line).

1 QL-L4is perpendicular to QLL2 (Steiner Line) ard QL-L3 (Pedal Line).
1 QL-L4 is parallel to the TrilinearPolar of Ql-P24 (note Eckart Schmidt).



QL-L5: NSMLine

The NSM Line is the line through the NewtciSteiner Point (QL-P7) and the Miquel Point
(QL-P1)

Li = Quadrilateral Line i (1=1,2,3,4)

QL-P1 = Miquel point
QL-P7 = Newton-Steiner Point

QL-L1 = Newton Line
QL-L2 = Steiner Line
QL-L5 = NSM Line (Newton-Steiner-Miquel)

1st CFcoefficient:
I(m-n) ((@-b2)b2(l-m)2n2(3Im-In-mn)-(a2-c?)c2m2(l-n)2(Im-31n+mn)
+trc2z(-2m3nd+41mEnzZ(m+n)-5Rmn (m2+ )+ B(m+n)(m2+ n2)))

1st CT-Coordinate Infinity point:
Imn(@(21-m-n)-(b2-c?) (m-n))
-m(-nN{Im-In+mn)S+n{-Mm({m-In-mn) &

1st DTcoefficient:
12 (12-m?2) (12-n2) (m2-n2) &+ I2 (M2-n2)3 SA - m2 (-12+n2)3 SB - (12-m2)3 n2 SC
+(m2-n2) ((12+m?) (12-n2)2 SA SB+@-m2)2 (12+n2) SA SC)

1st DT-Coordinate Infinity point:
a2 m2n2 'SB |2m2_S:|2n2

Properties:

1 QL-P1, QLP7, QLP19 lie on QLLS5.

1 QL-L5 is parallel to QLL6 (Quasi Ortholing.
1 QL-L9 (M3D Line) is perpendicular toQL-L5.
1 QL-L5// Directrix of the QL-Co3parabola.



QL-L6: Quasi Ortholine

The Quasi Ortholineoriginates from the centers from 3 parallelograms that are collinear
on the Quasi Ortholine
Theseparallelogramsare each constructedrom the 3 Quadrigons of the Reference
Quadrilateral.
Let P1.P2.P3.P4 be a Quadrigon and S be the intersection point of the diagonals:
S=P1.P3"P2.P4
hij = Orthocenter in Triangle S.Pi.Pj (i and j consecutive nrs in the cycle 1,2,3,4)
Now h12.h23.h34.11 is aparallelogram.
It is remarkable that:

line h41.h12 passes through P1,

line h12.h23 passes through P2,

line h23.h34 passes through P3,

line h34.M1 passes through P4.
The parallelogram has Center Ha = Q810 = 2d Quasi Orthocenter.
Dothis for all 3 Quadrigons in a Quadrilateral.
This gives centers Ha, Hb, H@ hese centers Ha, Hb, Hc are collinear.
The line through Ha, Hb, Hc also passes through -®2 (Morley Point) as well aQL-P10
(Orthocenter of theQL-Diagonal Trianglg in the Quadrilateral.
The line is calledQuasi Ortholinebecause it passes through th&nd QuasiOrtho centers
of the 3 componentQuadrigons of the Reference Quadrangle.

Construction Ha = QG-P10 = 2nd Quasi Orthocenter in 1st Quadrigonjr,/"/

Hb = 2nd Quasi Orthocenter in 2nd Quadrigon
Hc = 2nd Quasi Orthocenter in 3rd Quadrigon

_TaLpo

_"Hb

“He h12 = OrthoCenter Triangle P1.P2.S
h23 = OrthoCenter Triangle P2.P3.S
h34 = OrthoCenter Triangle P3.P4.S
h41 = OrthoCenter Triangle P4.P1.S

P v Yz
h34



Li = Quadrilateral Line i (i=1,2,3,4)
QL-L5 = NSM Line

QL-L6 = Quasi Ortholine

QL-P1 = Miquel point

QL-P2 = Morley Point

QL-P7 = Newton-Steiner Point
QL-P10 = Orthocenter Diagonal Triangle

NewtonLine

1st CFcoefficient:
Imn@U-m)-c2(-n)+Im-n)(Im+In-mn)S
1stCT-Coordinate Infinity point:
Imn@@2I-m-n)-(b2-ca(M-n)-m{@-n{dm-In+mn)S+n(-m)(Im-In-mn) &
1st CT-Coordinate Infinity point of perpendicularline to QL-L6: (very simple coordinates)

I(m-n)(-3mn+Im+1n)

1st DTcoefficient:
12 (m2-n2) SA

1st DT-Coordinate Infinity point:
m2 (I12-n2) SB + A (12- m2) SC

1stDT-Coordinate Infinity point of perpendicular line to QL6: (very simple coordinates)
12 (m2-n2)

Properties:

1 QL-L6 passes through QP2 (Morley point) and QLP10 (OrthoCenter QL-Diagonal
Triangle)

1 QL-L6 is parallel to QLL5 (NSM Line)

QL-L9 (M3D Line)is perpendicular to QL-L6.

1 The circumcenter of the triangle formed by the 3 Qiversions of QGP13lies on Ql-
L6.

=



QL-L7: Euler Line of QL-Diagonal Triangle

QL-L7 is theEuler Lineof the QL-Diagonal Triangle

Li = Quadrilateral Line i (i=1,2,3,4)
QL-L7 = Eulerline Diagonal Triangle
QL-P8 = Centroid Diagonal Triangle
QL-P9 = Circumcenter Diagonal Triangle

QL-P10 = Orthocenter Diagonal Triangle
QL-P11 = Ninepoint Center Diagonal Triangle

1st CTFcoefficient:
[ (MINES(N2(S+ ) -M2(Su+ ) +3RB(M2-Nn) (NS+M) ((2MnS+m(SK+ %) + M (S
+&)+PMNn(N*BS2+SS-2S)+7TMMR(S-SH-3MnRS2+S (S-S + (S-S
S+ MEBSR+EHEK-2&)+3MP2S2+S(-S+S)+S(-S+S)) -1*(M-n) (N3 (S (S +
+SES+S) M N (S (S+Y+SEBS+X)) + MR (- (S+S) +S(S+3%) +md
(SM(S+Y+SCHE+3Y) +IM2n2(N3(2S2+3 S S+H2)-Mm3(2S2+ 31 S+ -mn?
6N+ +R(@ES+X)+MnN(6S2+SS+SN(SE+4%))))

1st DT-coefficient:
SA (SBSC)

Properties:

1 Quadrilateral points QL-P8 (Centroid DT), QEP9 (Circumcenter DT), QP10
(Orthocenter DT) and QEP11(Nine-point Center DT) lie on this line.

1 The ratio of distances between QiP9, QLP8, QLP11, QLP10 in this orderis 2:1: 3.



QL-L8: QL-Centroids Line

QL-L8 is the line through 4 Quadrilateral points, all related t&Centroids.
These points are:

1 QLP8 = Centroid QLDiagonal Triangle

1 QL-P12 =QL-Centroid or Lateral Centroid

1 QLP14= 1stQL-Quasi Centroid

1 QL-P15= 2d QL-Quasi Centroid

Li = Quadrilateral Line i (i=1,2,3,4)
QL-P8 = Centroid of QL-Diagonal Triangle
QL-P12 = QL-Centroid or Lateral Centroid
QL-P14 = 1st QL-Quasi Centroid
QL-P15 = 2nd QL-Quasi Centroid

aL™,
Diagoral
Trianglé.,

L8 = QL-Centroids Line

1st CT-coefficient:
[614mM4-3Bm5-1014m3n-5Bm4n+5km5n+8Fm2n2+8km3n2-42m4n2-|
mésn2-10BPmm+8Bm2n3-Im4n3-men3+6kn4-5Bmm-42m2n4-Im3n4+4nd
n4-31Bn5+5Pmns-1m2n5-m3nd)

1st DT-coefficient:
(12-n2) (12n2-m4) + (B-m2) (I2m2-n4)

Properties:
1 The ratio of distances between QIP8,QL-P15, Ql-P12,QL-P14in this order is
2:1:1.



QL-L9: M3D Line

In the Reference Quadrilateral 3 Qiversions of theM3D Hyperbola QECo03 can be
constructed. These 3 hyperbolas have pairwise a 3rd intersection point (thetland 2nd
intersection point are mutual intersection points of L1, L2, L3, L4). These three?3
intersection points are collinear on a line which igalled here the M3D Line.

-0$ OOAT AO MAEIPEAGIEIADIES O o

Construction:
QL-L9 is the line throughQL-P18 (the Reflectionof QL-P8 in QL-P12) perpendicular to
QL-L6 (Quasi Ortholine).

Li = Quadrilateral Linei (i = 1,2,3,4)
Ma/Mb/Mc =3 QL-versions of Midpoints 3rd Diagonal
Sab /Sbc /Sca = 3rd interection points per pair of M3D Hyperbolas

Ma e

Sab

QL-L1 = Newton Line L-L9

QL-L9 = M3D Line

1st CFcoefficient:
mnEEk+mn-Im-In)

1st CT-Coordinate Infinity point:
I(m-n)(3mn-Im-In)

1st DTcoefficient:
|2 (m2+n2)

1st DT-Coordinate Infinity point:
|2 (mZ_nZ)

Properties:
I QL-P18 and QEP23 lie on this line.
1 QL-L9is perpendicular to the lines QLL5 (NSM Line) and QiL6 (Quasi
Ortholine).
1 The axis of the 2nd QiParabola QELCo3 // QL-L9.
1 d(QL-P8, QLL9) = 2 * d(QL-P12, QLL9) =4/3 * d(QL-P19, QL-L9)



6.4 QUADRILATERAL CONICS
QL-Cil: QL-Circumcircle Diagonal Triangle

QL-Cil is the circumcircle of the QiDiagonal Triangle (se€QL-TR1and QGP1).
QL-P9 is its center.

1C Li = Quadrilateral Line i (i=1,2,3,4)
1a/1b/1c are vertices QL-Diagonal Triangle

v QL-P16 ] ] ]

H QL-P9 = Circumcenter QL-Diagonal Triangle

QL-P16 = QL-Quasi Circumcenter
fQL-P24

QL-P17 = QL-Adjunct Quasi Circumcenter
QL-P24 = Intersection QL-P1.QL-P8 ~ QL-P13.QL-P17

)
Sy
. -
------
hEDIR SR e

QL-Ci1 = Circumcircle QL-Diagonal Triangle

Equationof Circlein CT-notation:
(Im+In-mn) (b2m2+@&n2-2Smn) x
+m2(Im-In+mn)En2 +a2l2 -2 | n)y2
+n(-Im+In+mn)(@2 12 + ®m2-2 Sl m) z2
+2 (EIPm2+S12n2+ Sm2n2) (Imxy+Iinxz+mnyz 0
Radiug of Circlein CT-notation: > E ! OAA E pFa+tbWe)j@b+€) (@A+be)] AQ j
@12 -a2lm-b2Im+¢e&lm+k®m?
*@lz -a2ln+k2ln-c2l n+c2n?
*b2m2+2mn-b2mn-c2mn+ & n?)
*12m2n2/ (4 32(Im-In-mn2(Im+In-mn)2(Im-ln+mnp)

Equation of Circle in D-hotation:
a2yz+Pxz+éxy=0

Radiug of Circle in DTnotation:
azb2c?/ (4 S?)

Properties:
1 QL-P16(QL-Quasi Circumcenterjand QLP17 (QL-Adjunct Quasi Circumcenter)
and QL-P24 (Intersection QL-P1.QL-P8 " Ql-P13.QLP17) lie on QL-Cil.
1 QL-Cil is orthogonal wrt the Plucker Circle (QICi5).



QL-Ci2: QL-Medial Circle Diagonal Triangle

QL-Ci2 is the Medial Circle of the QDiagoral Triangle (see paragraph Q{Ir1).
QL-P11 is its center.

Li = Quadrilateral Linei (i=1,2,3,4)

1a/1b/1c are vertices QL-Diagonal Triangle

QL-P1 = Miquel Point
= Focus 1st QL-Parabola QL-Co1

QL-P25 = Focus 2nd QL-Parabola QL-Co3
QL-P11 = Nine-point Center QL-Diagonal Triangle

QL-Ci2 = Medial Circle QL-Diagonal Triangle

Equationin CTnotation:

BM-n)(bm-cn)bm+cn)x
+m3 (I-n) (al-cn) (al+cn)y?
+n3 (I-m) (@al-bm) (al+bm)2
+1m (( @2+b2-c?) I2m2+ (-b2) IZmn+ (¢-a2) I m2n-2Ilmm+&in+Zmmn)xy
+1n ((a2-b2+c?) n2+ (b2-a2) Imn2+ (b2-c2) I2mn-22Im2n+EPm3n+ b2l m3) xz
+mn ((-a2+2+c?) m2n2 + (&2-c2) Im2n + (&-b) Imm-22P2mn+azldm+aBn)yz
=0

Radiug of Circlein CT-notation: > E 1pOR1A Er j A-a-€b+k)acb +k)Xa 4 b c)]
@12 -a2l m-b2Im+¢&lm+®m?
*@l2 -a2ln+l n-c2l n+ én?
*b2m2+2mn-b2mn-c2mn+ & n?)
*12m2n2/(16 32(m-In-mn)2(m+In-mn)2(Im-In+mnp)

Equation of Circle in D-hotation:

SA X (x+y+2)+SB y (xy+2)+SC x+y-z) z=0
Radiug of Circle in DTnotation:

a2b2c?/ (16 S?)

Properties:
1 QL-P1 = Miquel Point = Focus 1st QRarabola lies on QLCi2.
I QL-P25 = Focus & QL-Parabola lies on QiCi2.



QL-Ci3: Miquel Circle

The first two statements of Steiner abouQuadrilaterals (published in 1828) are:
Suppose four lines intersect two by two at six points.

(1) These four lines, taken three by three, form four triangles whose circumcircles
pass through the same point F.

(2) The centers of the four circles (and theipt F) lie on the same circle.

(see JearPierre Enrmann[4] page 35).

This circle is called the circumcentric circle by J.W. Clawson. See [22] page 250.
He appoints 47 points on this circle.

This circle isnamedhere the Miquel Circle.QL-P4 is itscenter.

....
S

Li = Quadrilateral Line i (i=1,2,3,4)
Oi = Circumcenter Triangle Lj.Lk.LI

Ci i = CircumCircle Triangle Lj.LKk.LI
QL-P1 = Miquel Point
QL-P4 = Miquel Circumcenter

104
Migdel Circle

"
GETEer i

Equation in CTnotation:
xX+y+2)(2c2I(M-n)Tax + 2a2m((n-1)Tegy + a2b2n(l-m) Tcz)
Z Ta(yz+bkPzx+éxy)=0
where:
Ta =-221+25M+2S%n
Tg =-2m+2S n+2% |
Tc =-2¢2n+28 1 +2Sm
Ta=(a-b-c)(a+b-c)(@a-b+c)y(a+b+c)@dm)(-n)(m-n)
Radiug of Circle in CInhotation: > E | OAA E pFa+tbre)jab+6 @Akbe] AQ j
(a2 I-m{d-n+2 M-D(m-nN)+c& (-D(n-m))
*@mn(-m)y(I-ny+2Inm-N)(m-n)+c&Im((n-I)(n-m))
@b ¥ f (k- )@ (I -39)2 (m - n)2)
Properties:
1 QL-Ci3plays arole in QAP9 (Miquel Center)
1 QL-Ci3has thesameradius as the Hervey Circl¢QL-Ci4).
1 QL-Ci3 is the Reflection of QICi4 in QL:P5.
1 QL-Ci3 is the Clawsorschmidt Conjugate (QiTf1) of the Steiner Line (QLL2).
As a consequence the ClawseBchmidt Conjugates of QP2, QLP7 and QLP9 lie on
QL-Ci3.



QL-Ci4: Hervey Circle

Let Hi (i=1,2,3,4) be the Orthocenters of the domponenttriangles of the Quadrangle
formed by the Circumcenters of the £omponenttriangles of the Reference
Quadrilateral.

These 4 Orthocenters lin one of the 4defining Lines of the Reference Quadrilateral
and are concyclic. The circle through these points is the Hervey Circle.

QL-P3 (Hervey Point) is its center.

~Circle -

\\.‘04
‘\ Li = Quadrilateral Line i (i=1,2,3,4)

Oi = CircumCenter triangle (Lj.Lk.LI)
Hi = OrthoCenter triangle (Oj.Ok.Ol)
QL-P3 = Hervey Point

.......
.....
! =~
A
bt
\

.

Equation in Ctnotation:

2(X+y+2) (AMANSIX+BBNSY+CGu G &2)-Ta2(c2xy+H2xz+ad8yz)=0
where:
Ay =+ m(l-m)(I-n) + b* | (I-m)(m-n) + ¢ (I-n)(m-n) - b2 ¢ (m-n) | (2I-m-n) + & ¢ (I-n)(m2+In-2mn) - a2 b2 (I-m)(2Im -In-mn)
An =-a¢n(l-m)(I-n) + *1 (I-m)(m-n) + ¢ | (I-n)(m-n) - b2 2 (m-n) | (2I-m-n) - & c2 (I-n)(I m-2In+mn) - a2 b2 (I-m)(Im -2mn-+n2)
BL =-a* m(I-m)(I-n) - b4 I(I-m)(m-n) + ¢ m(I-n)(m-n) + b2 c2 (m-n)(12-2In+mn) + a2 ¢ (I-n) m (I-2m+n) + & b2 (I-m)(2Im -In-mn)
Bn =-at m(I-m)(I-n) + b* n(I-m)(m-n) + ¢ m(I-n)(m-n) - b2 2 (m-n)(Im+In -2mn) + & c2 (I-n)m(l-2m+n) + & b2 (I-m)(Im -2In+n2)
Guv =+a& n(I-m)(I-n) + b* n(I-m)(m-n) + ¢ m(I-n)(m-n) - b2 c2 (m-n)(Im+In-2mn) + & ¢2 (I-n)(2Im -m2-In) - a2 b2 (I-m)n(l+m-2n)
G =+a*n(I-m)(I-n) + b* n(I-m)(m-n) - c# (| -n)(m-n) + b2 ¢ (m-n)(I 2-2lm+mn) + & c2 (I-n)(Im-2In+mn) - & b2 (I-m)n(l+m-2n)

Tac=(a-b-c)a+b-c)a-b+c)(a+b+c)tm)l-n)(m-n)

Radiug of Circle in CInhotation: > E | OAA E pFa+tbre)jab+6 @Akbe] AQ j
(a2 I-m{d-n+2 M-D(m-nN)+c& (-D(n-m))
*@mn(-m{d-n+RIinm-D(mM-n)+&Imn-I)(n-m))

* @b2cz ¥ f (- )@ (I -3)2 (m - n)2)

Properties:
1 The Hervey Circle has theane radius as the Miquel Circle (QLCi3).
1 The Hervey Circle is the Reflection of QCi3 in QL:-P5.



QL-Ci5: Plucker Circle

The Plicker Circle is the circle through the Pliicker Point€L-2P1a andQL-2P1b) and
the Miquel Point (QL:P1). Its center is the KantorHervey Point (QL-P5).

S:ffeiner
Hhe Li = Quadrilateral Line i (i = 1,2,3,4)
QL-P1 = Miqué
QL-P5 = Kantor-Hervey Point
QL-D1a = 1st Pluecker Point

QL-D1b = 2nd Pluecker, Point Newton . .-~

=" Line

Point

Equation in CTnotation:
eexy+pxz+a8yz+(x+y+2) (R-TT) X+ (R-TAT)y+R-Ts/T4) 2)=0
where:

Ti=+Twc (I -n)2+Teb2(l-m)z-2 Tu TuS (1-m) (1 Zn)

To=+Taea2(Mm- )2+ T2c2(M-n)2-2 TnTL S (M -n)(m - 1)

Ta=+T2b2(n-m)2+Tw2a2(n- D2 -2TL TuS(n-D)(n -m)

T.E  p méi(le m)a(m -n)2(n -1)2

R =R2R:2-8 R Ry Rs 32- 64 R Ry 34 (R=radius? Pliicker Circle)

R: =a2 mn(I-m)(I-n) + B2 n(m-l)(m-n) + & Im(n-l)(n-m)

R=a2lS+kPmS+ens

Rs = S2S(@m2nz+2IZn2+lm)+4Imn(BFSn+&Sm-b2c2l) -p @ 2n® n2)
+2S@m2nz+IZn2+2l2m)+4Imn@l+@2Sn-a2cz2m)-p @ 2 13n2)
+R&(@m2n2+ 12N+ lZm)+4Imn@SSm+ P Sl-a2b2n)-p @ 2 13m?2?)

Ri= -b2c? S2-c?a2S2-a2b2SP+2 @SS+ 2P SSS+22 S Su

and:

> E | OW@+IE+cpgatb+c) (gb+c)(a+xc)

S=@@+r+)/2 S=(+a2zbh2+ ) /2 S=(+&+hzc?)/2

S =I(m-n)2(-mn+Im + In) Su=m(n-1)2(mn +Im-1In) S=n(-m)2(mn +Im + )

TL=2IRCp @g@EMN+IM+IN)Tu=-2mMRCp @g@n+Im-In) Ty=2nRCp @@nn-Im +In)

Properties:
1 QL-Ci5 is orthogonal wrt the QLDiagonalTriangle Circumcircle (QL-Cil), just like
all 3 PluckerDiagonalCircles are.



QL-Ci6: Dimidium Circle

The Dimidium Circle is the circle through theGergonneSteiner Points (QAP3) of the 3
componentQuadrigons of the Reference Quadrilateralts center is QLP6.

4 EA xDiMidium® E QatirOnordl for "half".

Somehow d all Quadrilateral Circles this circle has the simplest algebrai€cT-equation.

S$1,82,83 = Common Points of Nine Point Conics (NPC i) Quadrigons QGi (i = 1,2,3)
Mi i = Gergonne-Steiner Point (QA-P3) Quadrigon QGi (i=1,2,3)
Li = Quadrilateral Linei (i=1,2,3,4)

Quadrigon QG1 = P41.P12.P23.P34
Quadrigon QG2 = P41.P13.P32.P24
Quadrigon QG3 = P21.P13.P34.P42
where Pi j = intersection point Li * Lj

QL-P1 = Miquel Point
QL-P4 = Miquel Circumcenter

-R5_= Kantor-Hervey Point
QL-P6& = Dimidium Point

Equation in CTnotation:
I(m-n) (b2(I -m) +&(l -n)) x2
+mn-1 (c2(m-n)+a2(mM-1) y2
+n(l-m) (@M -)+b2(n-m)) 22
-(m-n)y@Ba( -m)y(d-n+@n(-m+cm(-n)) yz
-n - @k2M-)(M-n)+&l(m-n)+a&n(m-1)) zx
-(l-m) Be(n-m)y(n-N+a@&mn-1)+b2l(n-m)) xy=0

Equation in DFnotation:
(m2-n2) (b2(12-m2) + & (I12-n2)) 12 x2
+(Mm2-n2) (-a2 14+ (a2-c?) 12m2+ (a2-b2) 12n2+ 2 SAMN2)yz
+(n2 - 12) (c2(m2- n2) + & (M2 - 12)) m2 y2
+ (N2 - 12) (-bZ2m4 + (b2-a2) m2n2+ (b2-c?) 12m2+ 2 SB4n2) x z
+(12-m2) (a2 (n2-12) + b2 (n2-m?2)) n2 z2
+ (12-m2) (-c2n%+ (c2-b2) 2n2+ (c2-a2) m2n2+ 2 SCIZm2) xy=0

Properties:

1 QL-Ci6 passes through QtP1( the Miquel Point).

1 QL-Ci6 passeslsothrough QL-P17 (QL-Adjunct Quasi Circumcenterand QL-P24
(Intersection QL-P1.QL-P8 * QL-P13.QL-P17) which are the intersection points of
QL-Ci6 with QL-Cil (Circumcircle of the QLDiagonal Triangle).



The ClawsonrSchmidt Conjugate of QIP26lies on QL-Ci6. Itis the 2nd intersection
point of QL-P1.QL-P13 with circle QL-Ci6.

The center of QLCi6is QL-P6 (the Dimidium Point). This is theMidpoint of QL-P4
(Miquel Circumcenter) and QLP5 (Kantor-Hervey Point).

The intersection points of theNine-point Conics of the omponentQuadrigons of
the Reference Quadrilateral have 3 common points: S1, S2, S3. These points lie on the
Dimidium Circle.

The Dimidium Circle (QLCIi6) lies exactly between the Pliicker Circle@L-Ci5) and
the Miquel Circle (QLCi3). Thisis aset of 3 coaxalcircles. One of their common
points is QLP1 (Miquel Point).

The 3 QAversions of QLCi6 meet in QAP3 (GergonneSteiner Point) (note Eckart
Schmidt).



QL-Co/1: Inscribed Quadrilateral Conics

5t Line Conics

By adding an extra line to the set of 4 basic lines of a Quadrilateral we get a
configuration of 5 lines. Let L5 (u:v:w) be a random®5Bline. Five lines do define a
unique (inscribed) conic just like 5 points do define a unique {ccumscribed) conic.

Equation Conign CT-notation:
TX2x2+Ty2y2+Tz2722+2TyTzyz+2TzTxxz+2TxTyxy=0
where:
TX=1u(mw-nv)
Ty=mv((u-Ilw)
Tz =nw(l v-mu)

CT-Coordinates Center:
(Ty+Tz: Tx+Tz:Tx+Ty)

CT-QoefficientsAsymptotes:

Asy-1 (Tx(Tx+Ty) (Tx+Ty+T2) - (Tx+Ty) N [[TXTyTz(Tx+Ty+T2)] :
-Ty(Tx+Ty) (Tx+ Ty +T2) - (Tx+ Ty) N [TXTyTz(Tx+Ty+T2)] :
-TzZ(Tx-Ty) (Tx+Ty+T2) + (Tx+Ty+ 2T2) N [TXTyTz(Tx+Ty+T2)])

Asy-2 (Tx(Tx+Ty) (Tx+Ty+T2z) + (Tx+Ty) N [-TXTyTz(Tx+Ty+T2)] :
-Ty(Tx+Ty) (Tx+Ty+T2) + (Tx+Ty) N [[TXTyTz(Tx+Ty+T2)] :
-TzZ(Tx-Ty) (Tx+Ty+T2) - (Tx+Ty+ 2T2) N [TXTyTz(Tx+Ty+T2)])

Equation Conic in DFotation:
TyTzx2 + TzTxy2 + TxTyz2 =0
where:
TX =rev2-m2ws2 Ty = Bw2-n2u? Tz=nmuz-12v2

DT-Coordinates Center:
(Tx : Ty : T2)

DT-Coefficients Asymptotes:
Asy-1 (Tz (Ty2+TxTy+ Ty T# N [-TXTy Tz (Tx + Ty + T2)]:
Tz(TX+Tx Ty + Tx Tz VI [-TXTy Tz(Tx + Ty + T2)] :
(Tx + Ty) N [-TX Ty Tz (Tx + Ty + T2)])
Asy-2 (Tz (Ty2+Tx Ty +Ty Tz 1 [-TXTy Tz (Tx + Ty + T2)]:
Tz (TX+ Tx Ty + Tx Tz} N [-TXTy Tz (Tx + Ty + T2)]:
(T + TY)Y[-Tx Ty Tz (X + Ty + T2)])



Properties:

1 QL-Col (Inscribed Parabola) an®QL-Co2 (Inscribed Midline Hyperbolg are both
examples of ® Line Conics.

1 The Center of a 5th Line Conic is always a point on the Newton Line-QL

Center constructed inscribed Conics

It is also possible to define an inscribed Quadrilateral Conic by the 4 basic lines of the
Reference Quadrilateral and the Center of the conic. This appointed center should be a
point on the Newton Line (see properties % Line Conics).

Let N=(d: e :f) be point on the Newton Line and be appointed as the center of an
inscribed quadrilateral conic.

Equation Conign CT-notation:
(-d+eH)2x2-2 (d+egzf) (dzeH) y z
+ (d-e+)2y2 - 2 (-d+e+f)(d+ezf) x z
+ (d+ezf)2z2 - 2 (-d+e+f)(dzeH) xy =0
4 Points otangencyin CT-notation:
T ( 0 : d+ezf : dze+f)
T (d+ezf : 0 : -d+teH)
1 (dzeH : -d+eH : 0 )
1 ((d+ezf)2m2+2 ( dze+f)fn2+2( d+ezf) (dzeH) mn:
(d+ezf)2 12 +2 (-d+e+f) f e+ 2(-d+e+f) (d+ezf) | n:
(d+ezf) ((dzetf) P+(-d+e+f) 7))

Equation Conic in DFotation:
efe+dfye+dez=0
4 Points of tangency in Dhotation:
T (dl: em : fn)
T (dl:-em : fn)
T (dl: em :fn)
T (dl: em : fn)

Properties:
T When N = QLL1 ~ QL-L6 thenone of the axe®of the Center Conic coincides with the
Newton Line (note Eckart Schmidt).



QL-Col: Inscribed Parabola
The inscribed Parabola is the unique parabola that can be inscribedthin a
Quadrilateral.
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Equation CT-notation:
2Z(m-n2x2z2mn(-m)(n-l1)yz
+m2(lzn)2y2z2nl (I-m)(m-n)xz
+n2(-m2zz2Imnh-Him-nxy=o
1st CT-coefficientAxis Parabola:
Iimzn)(clm+blnzbmnzcmn)(clmzbln+bmnzcmn)
Infinity point AxisCT-notation:
( I(mzn) : m(nzl) : n(km))
Points of tangency with L1, L2 , L3, IMMCT-notation:

( 0 cont) o m((n)
( n{-m): 0 ;1 ¢m))
( mm-10): I(mn): 0 )

(mMmn(m-n):nl(n-1 :Im(-m))

Equation DFnotation:
x2/(m 2-n2) + /(-12+n2) + 2/(1 2-m2) =0

1st DTcoefficient Axis Parabola:

(12-m2) (12-n2) ((12-n2) SB+(P-m2) SC)

Infinity point Axis DFnotation:

(m2-n2 ; -12+n2 ; P-m2)

Points of tangency with L1,2 , L3, L4n DT-notation:
(-l (m2-n2) : m(I2-n2) : (I12-m2) n)
(1(m2-n2) :-m (12-n2) : (I12-m?2) n)
(1(m2-n2) : m(F-n2) :-(12-m2) n)
(1(m2-n2) : m(F-n2) : (F-m2)n)



Properties:

= =4 4 -4 A4 -

QL-Col is theonly parabola inscribed in the quadrilateral (see [4] page 51).
QL-Col is the B Line Conic of QLL3 (seeQL-Co/1).

The Focus is QiP1 the Miquel Point.

The Directrix is QL:-L2 the Steiner Line.

The Axis of QLCol is parallel to QLL1, the Newton Line.

QL-Col is also an inscribed parabola of the QUedial Triangle (the medial triangle
of the QL:-Diagonal Triangle).

The Nine-point Conics of the 3 quadrigons of a quadrilateral have @mmon points:
N1, N2, NB. The Inscribed Parabola of the quadrilateral islso aninscribed parabola
of triangle N1.N2.NB.

Let T1, T2, T3, T4 be the points of tangency of €01 with the basic lines of the
Reference QuadrilateralNow the Ql-Diagonal Triangle of the Reference
Quadrilateral and the QADiagonal Triangle of the Qudrangle T1.T2.T3.T4 are
identical.



QL-Co2: Inscribed Midline Hyperbola

The Inscribed Midline Hyperbolais the conic tangent at the 4 basic lines of the Reference
Quadrilateral and the Newton Line (or Midline).lt is remarkable that the point of

tangency at the Newton Line is aits infinity point. That makes the Newton line the
asymptote of this conic and this makes this conic a hyperbola.

./ Inscribed Midline Conic

_\Neiwton Ling

2nd
_asymptote

Equation ConicCT-notation:
MN2x2+ NL2y2+ LM z2-2 MNNLXy2LMNLYZ2LMMN zx0
CoordinateCenter of @nicin CT-notation:
7 (LM+NL:LM+ MN:MN+NL) (1st presentation)
T ((m-n)LL : m(n-) MM : n(I-m) NN) (2nd presentation)
Coefficients2nd asymptotean CTFnotation:
(Im+In-mn)/LL: (Im-In+mn)/MM: (I m+1n+mn)/NN

where:
MN = I (mzn)(m+Ilnzmn)2
NL = mnzh(Imzln+mnp
LM = n(lzm)(Imzlnzmn)2
LL =(Im+In+mn}-4mn(P+mn)

MM = (Im+In+mm-4 n |l (n?+nl)
NN =(Im+In+mn}z4Im(m+Im)

EquationConic DTnotation:

2x2/ (Mm2-n2) + nty2/(n2-12) + 22/ (12-m2) =0
Coordinates Center of Conic in Bibtation:

(m2n2(m2-n2) : n212 (n2-12) : 2 m2 (12-m?2))
Coefficients 2nd asymptote in BEdotation:

(12 (-12+m2+n2) : M2 (12-m2+n2) : n2 (12+m2-n2))



Properties:

1 QL-Cais the 5" Line Conic of QLL1 (seeQL-Co/1), which is an asymptote.

1 The Center of the conic iQL-P23. This isa point on the NewtonLine QL:-L1, like all
centers of inscribed QuadrilateralConics are.

1 Algebraically thisconic is independent of (a,b,c) just like the Newton Line.



QL-Co3: 2nd QL-Parabola

The points of tangency of the inscribed QParabolaQL-Colform a Quadrangle
T1.T2.T3.T4.This Quadrangle has 2 circumscribed parabola’'s where @Lo1 is one of
them. The other circumscribed parabola is QLC03.

Q -

QL-Co3

,\\75\

.‘Y
'\x‘
T3

- T1

Equationin CTnotation:
Pm-n2((m+In+mnf-8RPmnx+2mn(-m)(I-n)(Im+In-mn)yz
+m2(l-n2(Im+In+mnp-8lmn)y2+2In(m-N(mM-n)(Im-In+mnfxz
+R(I-m2(m+In+mnp-8Imm)2+2ImMn-)(n-m)(Im-In-mn)2xy=0

Equationin DT-notation:
m2n2(12-m?)(12-n2) x2+ Pn2(m2-12)(m2-n2)y2+ Pm2(n2-12)(n2-m?)z2=0

Properties:
1 Thefocus of QLCo3 is QEP25which is the complement of QEP17 wrt the QL
Diagonal Triangle.

1 The axis of the2znd QL-Parabola // QL-L9 (M3D Line through QLP18,QL-P23).
QL-P1.QLP7 | AXxis QCo03, as a consequence R1.QL-P7 // Directrix QL-Co3
9 Directrices QL-Col and QLCo3 meet in QEP9 (Circumcenter QEDiagonal

Triangle).

1 QL-P11 lies on perpendicular bisector F1.F2 (F1, F2 are Foci@ol, QLCo3).
1 The tangents at T1,T2,T3,T4 of QCo3 fam a tangential quadrilateral.
The QL:-DT of this new quadrilateralas well as the QtDT of the Reference
Quadrilateral as well as the QAT of T1.T2.T3.T4 are identical.

=



6.5 QUADRILATERAL CUBICS

QL-Cul: QL-Quasi Isogonal Cubic

QL-Cul hasseveralspecial characteristics:

1.

QL-Cul is the locuf all points P for which the Isogonal @njugates wrt all 4
component triangles concide in a point on the same cub. So the cule is in
terms of a quadrilateral QL=self-isogonal.

QL-Cul is the locus of all points P for which the QQuasi IsogonalConjugates wrt
all 3 component quadrigons coincide in a point on the same cubic.

QL-Cul is the locus of the foci of all inscribed conics in the Reference
Quadrilateral.

QL-Cul is the locus of all points for whom thdlidpoint of this point and its
ClawsonSchmidt Conjugate lie on the Newton Line QL1.

QL-Cul is the locus of all points P for which the feet of the perpendiculars from P
to the 4 quadrilateral lines are concyclic (all lie on a circle).

QL-Cul is the locus of all points P where all perpendicuiafrom Li*'Lj at Si.S]
coincide in a point on the same cubic, where Si = pedal point of P on Li.

If the Reference System is the Reference Quadrilaterthis cubic is acircular isocubic
invariant to the ClawsonSchmidt Camjugate QL-Tf1.

If the Reference System is th@rthic Triangle of the Ql-Diagonal Triangle, this cubic is
an isogonal circular cubic.

This Quadrilateral Cubic is also described (with other names) by Fred Lang (see [24]
page 3) and Eckart Schmidt (see 15¢].

Asyn‘gpt;:a te -7 ’

.-" Newtofi Line

How to drawa line through all
6 points of a Quadrilateral. .




Construction:

,/QL,L-:],“,,,.,,,
~ Newton Line

/ L1 NL—CLﬂ

QL-L2
Steiner Line

1. Let P be some point on QL2 (Steiner Line).

P* = Isogonal Conjugate of P wrt Triangle L2.L3.L4 (or any other @omponent
Triangle).

Col= Conic through vertices triangle L2.L3.Ld4nd QL-P1 and P*.

Pr = P reflected in QLL1 (Newton Line).

Lr = line through Pr // QL-L1 (now P is railway watcher).

S1 and S2 are intersection points Lr ~ Col.

QL—Cul is the locus of Sland S2 with variable P on-QR (Steiner Line).

N

S

Equationin CTnotation:
aZlmy+nz)yz+bZmmnhz+Ix)xz+ c2n(Ix+my)xy
+2(Smn+3In+SIm)xyz=0
CT-coordinatesInfinity Point Asymptote:
(Im-n) : m(-1) : n(l-m))

Equation in DFnotation:
12x2 (SA xz SB yz SC z1m2y2 (SA xz SB y+SC zk n2z2 (SA x + SB ¥ SC 2)
z(@12+pPm2+&n?xyz=0

DT-coordinates Infinity Point Asymptote:
(m2zn2: rPzl2: Pzma2)



Properties:

T

= =4 4 4 4

= =4

The cubic passes through all 6 intersection points of thrébasic lines of the
Reference Quadrilateral.

QL-P1 (Miquel Point) lies on the cubic QICul.

The vertices of the Orthic Triangle of the QDiagonal Triangle lie on QtCul.
The cubic is circular because it passes through the circular points at infinity.
The asymptote of QLCul // QL-L1 = Newton Line.

Distance Miquel Point (QLP1) to Asymptote is wice the distance from
Miquel Point to Newton Line (Railway Watchesystem, seeQL-L/1).

QL-P21 lies on the asymptote of QiCul.

The ClawsonSchmidt Conjugate (QiTf1) of some point P on the cubic is also
a point on the cubic. Thus the cubic imvariant under ClawsonSchmidt
conjugation. See [15¢].

The ClawsonSchmidt Conjugate (QiTfl) of some point P on QiCul is
identical with the isogonal conjugate of P wrt the Orthic Triagle of the QL
Diagonal Triangle (note Eckart Schmidt).



6.6 QUADRILATERAL QUARTICS
QL-Qul: QL-Cardioide

QL-Qu1l is the Cardioidewnhich is the envelope ofthe circles through fixed point QLP1
(Miguel Point) and with circumcenter on QL-Ci3 (Miquel Circle).

The equation is of the & degree, so it is a quartic.

It can also be generated by applying th€lawsonSchmidt ConjugatgQL-Tf1) on each
point of the QL:Inscribed Parabola (QECo1).

The QLCardioide as well as th83333333 ClawsonSchmidt Conjugateare both
described by Eckart Schmidt (see [15d]).

Equationin CTnotation:
ad(Mm-n)2T2 + b4(1-n)2Tw2 + c4(1-m)2 T2
+2a&b2(n-)(n-m) TaTp + 22c2(1-M) (I-n) ToTc + 282c2(M-1) (Mm-n) TcTa=0
where:
Ta=&8(I-m)(l-n)yz+e(l-n)y(x+my+mz)+b(l-m)z(l x+ny+n2z)
To=RM-HM-nN)xz+é(mM-n)x(Ix+my+ | z)+@m-)z(nx+my+nz)
Te= (n-m-)xy+RPn-mx(Ix+1ly +nz)+dn-y(mx+my+nz)
Equation in DFnotation:
(12-n2) (m2-n2) (-2a@&b2n(mx+ly)z+&mnz(x-y+z)+BInz(x+y+2z)
cAlmzx+y+zy2b2cl(-2x2+(y+2z) (my+PRz)+2&c2m (-m2y2+ (x + z) (Fx + n? 2)))2
+(12-m2) (I12-n?) (b*Inx (x+y-2)+Imx(x-y+2z)-amnx(x+y+zy2b2c2lx(ny+mz)
+22b2n((x+y)(Mx+nmy)-n2z2)-2a&c2m (-m2y2+ (X + z) (MEX + r£z)))2
-(12-m2) (m2-n2) (a*mny (x+y-z)+¢Imy(x+y+2z)-b*lny(xX+y+2z)
-2a&ceemy(nx+1z-2a&b2n((x+y) (Px+rry)-n2z2) + 222l (-12x2+ (y + z) (Ry + r? 2)))2
=0

Properties:
1 The cusp of the Cardioide iat QL-P1, the MiquelPoint.



6.7 QUADRILATERALPAIRS/OCTETIDOZENSOF POINTS/LINES
QL-2P1: Plucker Pair of Points

Plucker proved that the circles having the three diagonals as diameters have two

common points which lie on the line joining the four triangles’ orthocenters (Wells

1991). 4 E A On§ theseqoints are calledthe Pliicker PointsSeer p oY EOAIT O#1 1 b1 .
QuadEl AOAOAI 68

These points have added value because the circle with @5 (Kantor-Hervey Point) as

center passing through QEP1 (Miquel Point) also passes through the Plicker Points.

S\i‘giner
Line Li = Quadrilateral Line i (i = 1,2,3,4)
QL-P1 = Mique
QL-P5 = Kantor-Hervey Paint
QL-2P1a = 1st Pluec

QL-2P1b = 2nd Pluecker Point Newton

Point

r Point

o= Line

_p5 Pluecker
Circle

CT-Coordinates

Different presentations of Ql2P1a: 1st Plicker Point:
Plula={$&Ta : S(Ma+(-mnT) : $(Tm+ (I-n)m T}
Plulb ={S(Th+ (M-DNnTy) : 8&Tp : S(Ti+(M-n)I T}
Plulc={S (Tn+-DmTy) : (M+M-M)ITy) : ST}

Different presentations of QL2P1b: 2nd Placker Point:
Pluza={S&Ta : S(To-(-m)nTy) : 8(Tmz(-n)mT)}
Pluzb ={S(Tn-(m-DnTy) : &Tw: S(T1 2 (M-n)ITo}
Plu2Zc={S (Tn-(n-)YmTy) : S(Mi+(n-m)ITy) : ST
where:

Ta=ImnEazl+Sn+Sm)

To=Imn(=Snzbzm+ )

Te=Imn(=#Sm+ S$lzczn)

TE Cxqla2+Imre+ Pn2+lmen)-Imn(@Sl+RPSm+e<n)
TmE Cm2s2+Pmn+Pm2+Iimm)-Imn@S+RSm+e<n)
ToE CqRB+Imn+mmn2+Pmn)-Imn@+RSm+e<n)
TrE ClY an+In+mnp-Imn@Sl+RSm+en)

3 E ! OAA E pzEsb+Hhy(GzA+Q(@AxE] AQ j
S=@aR+rR+®)/2 = (+a¥7b2+ ) /2 S=(+a&+hzc?d) /2




Properties:
1 The Plucker Points lie on the Steiner Line (QL2).
1 The circle with center QLP5 (Kantor-Hervey Point) and passing throughQL-P1
(Miguel Point) also passes through the Pliicker Points.



QL-8P1: Steiner Angle Bisector Center Octet

In 1828 JakobSteinerD OAT EOE A A  EAnnalesh00ulek dn thd didplete
guadrilateral. For a complete description se [4].

Rules 8, 9, 1Gre:

(8) Each of the four possible triangles has an incircle and three excircles. The
centers of these 16 circles lie, four by four, on eight new circles.

(9) These eight new circles form two sets of four, each circle of one set being
orthogonal to each aicle of the other set. The centers of the circles of each

set lie on a same line. These two lines are perpendicular.

(10) Finally, these last two lines intersect at the point F (Miquel Point).

\ v
S s — ] X6 T
IS QLA
et/ /;‘.\» \\_‘
e\ 2<7
4 @X‘I L2
X2 \ X8

CT-coordinates:

In CT-notationletL1=(1:0:0), L24€0:1:0), L3=(0:0:1),L4=(:m:n).

Let Bij be the bisector (internal or external) between the lines Li and Lj.

Let Tj be intersection point Bij ~ Bjk, where i, j, k are consecutive numbers in the cycle
(1,2,3,4).

Let T1, T2, T3, T4 b thepoints that define the Steiner Circlesn rule (8).

The coordinates of these points are:

z Tl=(a : +b c+Cc )

Z T2=(+bm+cn-W:zbl zcl )

Z T3=kam s+alzen+ W :+cm)

Z T4=(+an :Zbn zal+bmzW)

where W = |7|[a2(l -m)(I-n) + BmM-)(m-n) + &¢(n-1)(n-m)]
7TEAOEAO 4ph 4¢h 40h 41 xAOA AOAADBA AU OET OA
actually is arbitrary in a quadrilateral) is only dependent on the signs in T1, T2, T3, T4 of

z A £ A o~ oz

the variablesa,b,c, V81T OEA O1 AAOAOI ET AA OOAODOO 1T & OEA



A X s 2~ Z

OA@OAOT Al 6 A£ET AO Adomblhatignfosigns BfA, pOandWeO E T 1

described here:
Z X1 =Perp. Bisector ( T1,T2)  Perp. Bisector ( T3,T4) wisubstitution a ->z a
Z X2 =Perp. Bisector ( T1,T2) » Perp. Bisector ( T3,T4) widubstitution b ->zb
Z X3 = Perp. Bisector ( T1,T2) ~ Perp. Bisector ( T3,T4) Wwisubstitution ¢ ->zc
Z X4 = Perp. Bisector ( T1,T2) ~ Perp. Bisector ( T3,T4) witubstitution W ->zW

X1, X2, X3, X4 are collinear
Z X5 = Perp. Bisector ( T1,T2) ~ Perp. Bisector ( T3,T4) witubstitution a->za, W->zW
Z X6 = Perp. Bisector ( T1,T2) Perp. Bisector ( T3,T4) withsubstitution b ->zb, W->zW
Z X7 =Perp. Bisector ( T1,T2)  Perp. Bisector ( T3,T4) witubstitution ¢-> zc, W->zW
Z X8 = Perp. Bisector ( T1,T2) ~ Perp. Bisector ( T3,T4) with rsmbstitution

X5, X6, X7, X8 are collinear

Finally X1z X8 end up in an algebraic expression that rsot quite simple.

Here are thecoordinatesof X1 (with the substitution a ->z a):

(a(aZbI2-b2(a+c)n“?+c(a2-b2+2ac+bc+2¢n2-(a+b)(a-b+c)nW-(a+c)W+m(b(a+b)(&b+c)n
+2b@+c)W)4(-ab(@a-b+cym+(@b+B-a2c+BFc-2aé-b-c3)n+a(ab+c)W)):

b(@Eb2+ac+g2+Bm2+c(@-b2+ac)-(a+b)(a-b+c)ynW+bW+m(b(@a+b)(@b+c)n
-2PW)+l(b(a-b+c)(b+c)m+@b+B-2a2c-2abc2aé-b@)n-(a-b+c)(b+c)W)):

c@(@+ab-b2+2ac+@l2-b2(a+c)nt+beé&n2+c(a-b+c)nW-(a+c)W+m(bc(a-b+c)n
+2b(a+c)W)+(b(a-b+c)(b+c)m+(a3-a2b+a6+b3-2a20-a@-b02)n-(a-b+c)(b+c)W)))

The coordinates of X2z X8 are similar.

Properties:

1 The Centroid of the 8 centers of circles as described in rule (9) from Stein@een

as a system of 8andom points) is QL-P4 (Miquel Circumcenter).

ET



QL-12L1: A dozen of Equidistance Lines

There is the general question of constructing a line in @uadrilateral (a system of 4
lines) such that this lineis divided by the 4 lines in 3 equal parts.

This problem is dealt with at[14] Philippe ChevanneMad Maths, Recreational mathematic collection
Also a simple synthetic solution is given.

In this paper the 12 dgebraically solutionswill be given in QL-notation.

The rext picture illustrates how these solutions look like in a squaresituation.

l’/
-
<
Ly

All dotted lines are Equidistance Lines andire divided by the 4bounding lines of the
square in equalparts.

When choosing randombasiclines for the Reference Quadrilateralt looks like this:




We can splitup the dozen equidistance lines per quadrigon of the quadrilateral.
In each quadrigon4 equidistance linesoccur where each middle splittedpart of the
equidistance line is a linesegment between 2 opposite lines of the quadrigon.

In next figure quadrigon L1.L2.L3.L4is shownwith its 4 equidistance lines.

Accordingly eachequidistance linecan be ascriled to 1 ofthe 3 componentquadrigons:

Quadrigon Quadrigon Quadrigon

L1.12.13.L4 L1.13.L.2.L4 L1.12.14.L.3
Equidistance Line L4132 L3124 L2143
Equidistance Line L2134 L4123 L3142
Equidistance Line L3241 L1342 L1234
EquidistanceLine L1243 L2341 L4231

Note I

L4132 indicates the equidistance line itersecting QL-lines in order L4, L1, L3, L2

Note 2

The two middle line numbers per equidistance line in the table are opposite lines in the
guadrigonsin which they occur.

Coefficients of the 12 lines as well as ith&2 Midpoints (sealsoQL-12P1):

The infinity points of the Equidistance Lines (indicating their direction) are importantin
this setting and have simplecoordinates. Thesecoordinatesare actually the building
blocks of the Equidistance Line itselandits Midpoint as will be shown in next tables.
Next all mentioned coordinates will be CIcoordinates.



EquiDistance Lines in Quadrigon L1.L.2.L3.L4:

L2134 L4132 L1243 L3241
Infinity point E quiDist.Line (x:y:2) (x:y:2) (x:y:2) (X:y:2)
where: where: where: where:
Xx=3mzn Xx=3mgz2n X=zZm Zn X=+mz2n
y=nz2l y=2nzl y=+n+2| y=+2n+l|
z=21z3m z=1z3m z=221+m z=zlzm
EquiDistancelLine (Z2/x: 1y :1/z) (Ax:1y: 22/z) (2/x: Z3ly:1lz) (1ix: Z3ly: 2z)
EquiDistance Midpoint (x:3y:22) (x:23y:722) (x:y3 :22) (x:2y/3 :72)

EquiDistance Lines in Quadrigon L1.L3.L2.L4:

L3124 L4123 L2341 L1342
Infinity point EquiDist.Line (x:y:2) (Xx:y:2) (Xx:y:2) (X:y:2)
where: where: where: where:
X=mz3n Xx=2mz3n Xx=2mzn Xx=zmzn
y=23n+2| y=3nzl y=n+l y=nz2l
z=721+m z=1z2m z=721z22m z=2l+m
EquiDistance Line (-2/x:1ly:1lz) (AIx:Z2ly:1/z) (Ux:2y:23/z) (2/x:1y:Z3/z)
EquiDistance Midpoint (x:2y:32) (x:zy:732z) (x:7y:72/3) (x:7y:2Z3)

EquiDistance Lines in Quadrigon L1.L2.L4.L3:

L2143 L3142 L1234 L4231
Infinity point EquiDist.Line (x:y:2) (Xx:y:2) (Xx:y:2) (X:y:2)
where: where: where: where:
XxX=2m+n X=m+2n Xx=2mzn X=zmz2n
y=znzl y=z2n+l y=nz3l y=2nz3l
z=1z2m z=2zlzm z=31z2m z=3lzm
EquiDistance Line (-3/x:2ly:1z) (Z3Ix:1ly:2/z) (Aix:-2ly:1z) (1ix: 1y : 72/z)

EquiDistance Midpoint (x/3 :y:z2) (xx/3 :y:22) (3X:y:Z72) (z3x:y:22)



QL-12P1: A dozen of Equidistance Midp oints

As described by lines QI12L1 (Equidistance Lines Dozen) there are 12 lines per
guadrilateral such that each line is separated by the 4 lines in 3 equal parts.

It is interesting that these 3 parts have a midpoint. It isn factthe midpoint of the part in
the middle.

Since thee are 4 equidistance lines per @adrigon of theReference @Qadrilateral there
are also 4Equidistance Midpointsper quadrigon of the Reference Quadrilateral

The 4 Equidistance Lines per Quadrigon are those lines where theddle segment of the
Equidistance Lineis the segmentbetween the opposite lines.

{132 -

L213s "3rd diagonal

‘ﬁﬁi*

|
1™

2

1st CFcoordinate:
The coordinates of the EquiDistance Midpoints are described in the paragraph of the
EquiDistance Lines (Qt12L1).

Properties:

1 The4 Equidistance Midpoints in aQL-Quadrigon lie on thecorresponding Nine-
point Conic(see QACo1)of the Quadrigon in question.

1 The 4Equidistance Midpointsin a QL-Quadrigonform a trapezoid, where
m3241.m4132 // m2134.m1243 // 3 ™ diagonal of the @adrigon.

T m3241.m2134 * m4132.m1243 =QGP2 (midpoint 3rd diagonal of the
Quadrigon).

1 LetlLl L2, L3, L4 be the lines of Quadrigon where L1, L3 are opposite sides and
L2, L4 are opposite sided.et P be a point on théNine-point Conic of the
Quadrigon and let L be a line through P.

When P is the midpoint of the line segment of L between L1 and L3 thenis
automatically the midpoint of the line segment of L between L2 and L4.



The Centroid of the 4 Equidistance Midpoints in a QQuadrigon lies on the
Newton Line (see QLL1).

The Centroid of the 12 Equidistance Midpoints of all 3 QQuadrigons is a point
also on the NewtonLine (QL-L1).



6.8 QUADRILATERAL TRIANGLES
QL-Trl: QL-Diagonal Triangle

The Diagonal Triangle of the QuadrilateralL1, L2, L3, L4is the Triangle bounded by
lines S12.534, S13.524, S14.S23, where Sij = intersegpiommt Li ~ Lj, where i and j are
different numbersand® j ph¢hoht Q8

The connection of the intersection points of 2 adjacent lines and the intersection point of

the remaining 2 lines produces a side of th@L-Diagonal Triangle By doing this for all 3
possible combinations of 2 sets of 2 adjacent lindke QL-Diagonal Triangleis produced.

QL- Li = Quadrilateral Line i (i=1,2,3,4)
Diagonal

Triangle

1 S13

AreaQL-Diagonal Trianglein CT-notation:
412m2n23 .
(Im-In-mn)(Im+In-mn)(Im-In+mn)

Radiug CircumcircleQL-Diagonal Trianglein CTFnotation:

2m?2n2(@2l2-a2lm-b2Ilm+&lm+kPm? (a2l2-a2ln+RPIn-c2ln+2&n?) (b2m2+2mn-b2mn-c2mn+ &n?)
432(Im-In-mn)2(Im+In-mn)2(Im-In+mnp

Area QLDiagonal Triangle in DFnhotation:
S/2

Radiug Circumcircle QEDiagonal Triangle in CInotation:
azb2c?/(4 S?)

Properties:

1 The QLDiagonal Triangle is the AntiCevian Triangle of each of the 4 Component
Triangles Li.LjLk, where LI is the perspectrix andvhere (i,j,k,I) N (1,2,3,4).



6.9 QUADRILATERAL TRANSFORMATIONS
QL-Tf1: Clawson-Schmidt Conjugate

The ClawsonSchmidt Conjugateof a point Pis a transformation of a point Pin such a
way that each defining line of the Reference Quadrilateral is transformed in the
circumcircle of the triangle formed by theother 3 lines of the Reference Quadrilateral.

It is a conjugate because applying two times this transformation ends up in the original
point.

Origin of the conjugate

John Wentworth Clawsorsuggesed an inversion transformation wrt some circle with
the Miquel point as center (ge [22]). It was Eckart Schmidt who gave a very useful form
to this inversion by modifying it in this way:

In each quadrigon of a quadrilateral we have 4 points A, B, C, D in this order. Lebév
the Miquel Point. Now the Angle Bisectarof <AMC andf <BMD arethe same line See
[15d]. Moreover this line is the same (invariant)for eachQL-Quadrigon. Let this line be
called the 1st Steiner Axis. Let the 2nd Steiner Axis be the line perpendmuat the 1st
Steiner Line in M.

Let the circle with Circumcenter M and with radius :I7I[MA.Mq = VI[MB.MD] be called
the Schmidt Circle.

The ClawsofSchmidt Conjugatef a point P is the Inversion wthe Schmidt Circle of the
Reflection in the 1st Steiner Line.

Moreover the reflection and inversion can be performed in reversed order.

The result is a conjugation that transforms each defining line of the Reference
Quadrilateral into the circumcircle of the triangle formed by the other 3 lines of the
Reference Quadrilateral.

The Clawson-Schmidt Conjugate of a point P =
the Inversion in the Schmidt Circle
of the Reflection of P in the 1st Steiner Line.

i Steiner Axis

A.B.C.D = Quadrigon of Quadrilateral L1.L2.L3.L4

M = Miquel point

1st Steiner Axis is the angle bisector of < AMC and < BMD

1st StémerAxis 2nd Steiner Axis is line perpendicular to 1st Steiner Axis



Relationship with Steinerrules

z ~ X 2 A

The 1st and 2nd SteinetAxes areA A OAOEAAA ET OEA 3 0AET AO 0OOI A«

they are named after Steiner.

Rules 8, 9, 10 of Steiner about quadrilateralsay (see [4]):

(8) Each of the four possible trianglas a quadrilateral has an incircle and three excircles.
Thecenters of these 16 circles lie, four by four, on eight new circles.

(9) These eight newircles form two sets of four, each circle of one set being
orthogonal to each circle of the other set. The centers of the circles of each

set lie on a same line. These two lines are perpendicular.

(10) Finally, these last two lines intersect at the poiRt(Miquel Point).

Both sets of 4 circles as described in (3re coaxal One set has aaxiswith real
intersection points of the 4 circles, the other set has an axis witmaginary intersection
points of the 4 circles These axesre calledthe 1st Steiner-axis (axis with 2 real
common intersection points of 4 circles) and the 2 Steiner-axis (axis with 2 imaginary
common intersection points of 4 circles)The common intersection points on the Ist
Steiner Axisare the only points in the real planethat are invariant under Clawson
SchmidtConjugation. See [15d.

Construction:
Eckart Schmidt describes this construction in [15d]:

42

1. Choose one Quadrigon of the Reference Quadrilateral.

For example S41.S512.S523.S34, where Sij = Intersection Li ” Lj.

2. Let P be a random point. Draw a circle Cil through P and the 2 vertices on a side
L1 of the Quadrigon. Draw a circle Ci2 through P and the 2 vertices on the
opposite sideL3 of the Quadrigon. Let X be then? intersection point of Cil and
Ci2.

3. Draw acircle Ci3 through X and the 2 vertices on a third side2 of the Quadrigon.
Draw a circle Ci4 through X and the 2 vertices on the last sitld of the
Quadrigon. Let Y be the™® intersection point of Ci3 and Ci4.

4. Y is theClawsonSchmidt Conjugate



Coordnates:
Let Q (u: v :w) be arandom point not on one of the defining lines of the Reference
Quadrilateral.

The ClawsonSchmidt Conjugatan CT-coordinatesgives this result:
@mn@(-m)y(l-nvw+e&(-nv{urmvimw)+b2(l-m)w (lu+nv+nw)) :
b2 I n(2(m-) (m-nNuw+&mM-n)u(urmv+liw)+am-I)w (nu+mv+nw)) :
calm@mnh-Dm-muv+Enh-mu(lu+tliv+nw)+anzl) v(mu+tm v+n w)))

The ClawsonrSchmidt Conjugate in DIcoordinates gives this result:
(b*LNu(u+vw)+c*LMu(u-v+w)-a#MNuUu+v+wyr2b2c2Lu(Nv+Mw)
+2&bZN ((u+vVv) (NPu+ MV)-N2w2) -2 @2c2M (-M2v2+ (u+w) (MU + New)) :
aMNvVvU+v-w)+cALMVEu+v+w):-b*LNv(Uu+v+wr2a&c2Mv (Nu+Lw)
-228b2N((u+Vv) (Lu+Nv)-N2w2) + 2 P 2L (-L2u2+ (v +w) (L2v + New))
-22b2NMu+Lvyw+aMNw Uu-v+w)+BFLNw(Eu+v+w)-cALMw(u+v+w)
-2P2c2L (-L2uz+ (v+w) (MBv+ 2w)) +2 @2 c2M (-M2v2+ (U + w) (L2u + MR w)))
where:
L=n?-n2 M=r?-I2 N=F-m?

Examples ofClawsonrSchmidtConjugates:

Point/Line/ Curve -1 Line/QA -Curve -2

SPECIFIC

QL-P1:Miquel Point Some (undefined) point at infinity

Defining Quadrilateral Lines:L1,L2,L3,L4 | Circumcircle of corresponding QL
Component Triangle

Intersection point Li"Lj Opposite ntersection point Lk LI

QL-L2 Steiner Line QL-Ci3 Miquel Circle

QL-Co1: Inscribed Parabola QL-Qil: Cardioide

GENERAL

Aline not through QL-P1 A circle through QL:P1

A line through QL-P1 A line through QL-P1

A circle with QL-P1 as center Another circle with QL-P1 as center

INVARIANCIES

Steiner Bisector Circle-i (i=1-8) Same Steiner Bisector Circlei (i=1-8)

(circles in rule 9 of Steiner)

Schmidt Circle Schmidt Circle

Intersection point Same intersection point

1st Steiner-Axis  Schmidt Circle 1st Steiner-Axis  Schmidt Circle
(the only invariant points there are)

Intersection point Other intersection point

2nd Steiner-Axis  Schmidt Circle 2nd Steiner-Axis * Schmidt Circle
(switching points)

QL-Cul: Quasi Isogonal Cubic QL-Cul: Quasi Isogonal Cubic




Performancesin Quadmangles
There are specialsurprise s applyingthe ClawsonrSchmidtConjugate wrt Quadrangles:
1 QL-Tf1 produces at Quadrigonlevel using QGP1 (the Diagonal Crosspointa
QuadranglePoint: QA-P4 (Isogonal Center) which is valid for all itQA
Quadrigons. See [15d].
1 Consider the 4 points of @L-Quadrigon as a QAuadrigonalso defining a
Quadrangle Let M2 and M3 bethe Miquel Points of the other two QAQuadrigons.
Now M2 and M3 are mutual Clawsoischmidt Conjugatesvrt the 1st QA
Quadrigon. See [15b] and [15d].
1 For a Quadrangle there ar¢hree ClawsorSchmidt Conjugates wrt the
guadrilaterals
P1P2, P2P3, P3P4, P4P1 (CSCa),
P1P2, P2P4, P4P3, P3P1 (CSCh),
P1P4, PAP2, P2P3, P3P1 (CSCc).
Now the product of two of these conjugates achieves the third one. The product
of all three achieveghe identity. See [15d]The QADT-P4 Cubic (QACul) of the
guadrangle is invariant under these three transformations.
1 Let P be some point on the Q®T-P4 Cubic (QACul) ard let Pa = CSCa(P), Pb =
CSCb(P), Pc = CSCc(P). The tangents at P, Pa, Pb, Pc to th&Q®uBigl coincide
in the Isogonal Center (QAP4) of the Quadrangle P.Pa.Pb.RBee [15D].



7. QUADRIGON OBJECTS
Qd1: Systematics for describing QG -Points

A Quadrigon is also called a Tetragon.

It is called a Quadrigon becaise of the relationship with aQuadrangle and a
Quadrilateral.

In the descriptions of EQF these are the definitions of these terms:

1 A Quadrangle is a system of 4 random points without conditions. It also often is
called a Complete Quadrangle.

1 A Quadrilateral is a system of 4 random lirewithout conditions. It also often is
called a Complete Quadrilateral.

1 A Quadrigon is a system of 4 consecutive points and 4 consecutive connecting
lines. Itis also called a Tetragon. There is a cyclic order of points and lines,
meaninghere that the permutation of 4 points in a certain orderequalizesthe
permutation of 4 points in the reversed order. When the order in a permutation
of a cycle equalizes the permutation with reversed order we will name this
AT T AEVEDUR] 6A66 OOAT AA M8 OOEAA OAO

Within a Quadrangle (4 random points) 3 permutations can be discerned of/-cyclic

consecutive points.

Within a Quadrilateral (4 random lines) 3 permutations can be discerned of wv-cyclic

consecutive lines.

Knowing a Quadrigon it can belong to Quadrangle as well as to a Quadrilateral.

)y 0 AAT AA OAAT AO OEA OET OAOOGAAOQGEITO 1T &£ A 10
A Quadrigon occurs where Quadrangle and Quadrilateral meet.

Because in a Quadrigon lines as well as points play a role the algebi@scription of a

Quadrigon can be done with QA&oordinates (see QA/1) as well as with Qicoordinates

(see QL/1). The only disadvantage in both cases is that the 3 coordinates of affgt

will not be cyclic. However when we observe the coordinates of 3Ggoints in the 3

Quadrigons implied by the 3 vwcyclic permutations within a Quadrangle/Quadrilateral

OEAU AAT AA OAAT AO OOOEAUAI EA OUI I AOGOEA DI E
coordinates rotate as well as are cyclically rerdered.

There isalso another way of algebraic description in a Quadrigon.

| found that a simple Cartesian coordinate system with projective coordinates (i.e. a
normal x- and y-coordinate combined with a zcoordinate for indicating infinity points)
also gives symmetric esultsin the x- and y-coordinate.

This is not surprising because a Cartesian coordinate system has 4 quadrants in each of
which we can pin a vertex even so that the diagonals concur with the origin.

However because of the relationship with Quadrangles and Quadrilaterals tmsethod

will not be usedyet in this description.



QG2: List of QG-Lines

In nextlist all lines are mentionedwith at least one Q&oint and additional at least 2
other QG/QA-/QL-points on it.

All lines with points in the rangeQGP1z QGP13and QAP1- QAP36 and QLP1- QL-
P26 have been taken into account.

QGP1, QGP2,QAP10
QGP1, QGP3 QLPS

QGP1, QGP4, QEP8,QAP1 = QGL3
QGP1, Q@P5, QEPY QL-P16

QGP1, QGEP6, QEP10

QGP1, QGP7, QGP11

QGP1, QGP12, Q&P13,QAP16 QL-P13 = QGL2
QGP2, QGP12 QAP1, QLP5, QIP7, QtP12, QiP20, QiP22, QP23  =QLL1
QGP2, QEPL3, QGP14

QGP2, QGP4,QAP5

QGP4, QGP5, QEP6, QEP7

QGP5, QEP10,QAP1

QGP7, QGP9,QAP1 /I QL-P2.QLP7
QGPS, QGPY, QEP10, QP11

QGP10, QL-P2, QP10



QG/3: List of Parallel QG-Lines

In nextlist all lines with QGpoints involved are mentioned thatare parallel.

All lines with points in the range QAP1- QAP36 and Q&P1z QGP13 have been taken
into account.

When lines have more than 2 points on it, they are defined by the 2 points with lowest
serial number.

These lines with purely Q&ooints are parallel:
QGP1.QGP5 // QG-P7QGP10

QGP1.QGP6 /I QG-P7QGP9 /I QL-P2.QLP7
QGP1.QGP14 /I QGP2.QGP3

QGP4.QGP5 // QG-P8.QGP9

QGP4.QGP9 /I QG-P7.QGP8

QGP4.QGP10 // QG-P5.QGP8

Theselines with QG,, QA and Q-points are parallel:

QGP1.QGP2 /| QGP4QAP25 /| QG-PSQAP26

QGP1.QGP4 I/ QG-P2QAP22

QGP1.QGP5 // QG-P7 QGP10 // QG-P11QAP1

QGP1QGP12 // QGP2QAP31

QGP1QAP2 /I QG-P2QAP29 /| QG-P4QAP34

QGP1QAP3 // QG-P7TQAP15 // QG-P8QAP34

QGP1QAP5 // QGP2QAP20 // QG-P4QAP10 /I QG-P12QAP26
QGP1QAP11// QG-P2QAP13

QGP1QAP12// QG-P2QAP11 /I QG-P6QAP24 I/ QG-P9QAP32
QGP1QAP19// QG-P2QAP16

QGP1QAP20// QG-P2.QGP12 // QG-P14QAP5 /I QG-P8QAP10
QGP1QAP24 // QG-P8QAP14

QGP1QAP30// QG-P2QAP36

QGP1.QtP9 // QGP3QLP11

QGP1.QLP10 // QGP3QLPY9 /I QGP7.QLP2

QGP1.QtP17 // QGP3QL:P25

QGP2.QGP4 I/ QG-P8QAP20 // QG-P12QAP25
QGP2.QGP5 // QG-P6QAP5

QGP2.QGP7 // QG-P5QAP5  // QG-P10QAP20
QGP2QAP11// QG-P6QAP24 I/ QG-PIQAP32
QGP2QAP20// QG-P4QAP10 /I QG-P12QAP26
QGP2QAP26 /| QA-P25QAP31

QGP2QAP29 /| QG-P4QAP34

QGP4.QGP5 /I QG-P8.QGP9



QGP4.QGPY // QG-P7.QGP8

QGP4.QGP10 /I
QGP4QAP2 |/
QGP4QAP3 |/
QGP4QAP10 //
QGP4QAP16 /I
QGP4QAP20 //
QGP4QAP21 /i
QGP4QAP25 /i
QGP4QAP26 I/

QGP5QAP2 /I
QGP5QAP3 |/
QGP5QAP5 [
QGP5QAP16 //
QGP5QAP20 //
QGP5QAP21 /i
QGP5QAP25 //
QGP5QAP26 /i
QGP5.QtP17 |/

QGP6QAP24 |/

QGP7 QGP10
QGP7QAP2

QGP7QAP3

QGP7QAPS5

QGP7QAP15
QGP7QAP16
QGP7QAP20
QGP7QAP21
QGP7QAP25
QGP7QAP26

I
I
I
I
1
1
1
1
1
1

QGP8.QAP10

QGP5.QGP8
QGPSQAP3
QGPSQAP2
QGP12QAP26
QGP8QAP21
QGP8QAPS5
QGP8QAP16
QGP8QAP26
QGP8QAP25

QGP10QAP3
QGP10QAP2
QGP10QAP20
QGP10QAP21
QGP10QAP5
QGP10QAP16
QGP10QAP26
QGP10QAP25
QG-P9.QLPY

QGP9QAP32

QGP11QAP1
QGP9QAP3

QGP9QAP2

QGP9QAP20
QGP8QAP34
QGP9QAP21
QGP9QAP5

QGP9QAP16
QGP9QAP26
QGP9QAP25

/I QGP14QAP5

QGPSQAP20 // QG-P12QAP25

QGP10.QtP2 //

QGP12.QtP5 //

QL:P1.QLP7

QL:P2.QLP3



QG/4: List of Perpendicular QG -Lines

In nextlist all lines with QGpoints involved are mentioned that are perpendicular.

All lines with points in the rangeQAP1- QAP36 and Q&P1z QGP13 have been taken
into account.

When lines have more than 2 points on it, they are defined by the 2 points with lowest
serial number.

QGP1.QGP3 | QGP5QAP32
QGP1.QGP5 | QGP3QL:P1
QGP1.QGP6 | QGP2.QGP12 // QGP1QAP20 // QGP8QAP10 // QGP14QAPS

/| QGP12.QtP5 // QP2.QEP3  // QiL1 = Newton Line
QGP1.QP10 | QGP4.QLP18
QGP1.QGP14 | QGPLQAP12 /| QGP2QAP11 /I QG-P6QAP24/I QGPIQAP32

QGP1.QGP14 | QGPL.QIP10 // Q@3.QL:P9 // QGP7.QP2
QGP1.QtP17 | QGP5.QLP17 // QG-P9.QLP9
QGP1QAP2 | QGP1QAP30 // QGP2QAP36

QGP1QAP3 | QGP5QAP3 /I QGP10QAP2
QGP2QAP12 | QGP2.QGP3
QGP1QAP20 | QGP7.QGP9
QGP1QAP30 | QGP2QAP29 /I QG-P4QAP34

QGP2.QGP3 | QGP2QAP1l // QGP6QAP24/ QGPIQAP32
QGP2.QGP12 | QGP7.QGP9 /I Q&1.QGP6

QGP2QAP29 | QGP2QAP36

QGP2QAP36 | QGP4QAP34

QGP3QLP1 | QGP7.QGP10

QGP3QLP7 _|_ QGP7.QtP23

QGP3QLP9 | QGP4.QLP18

QGP3QLP19 | QGP10.QtP23

QGP3QLP25 | QGP5.QEP17 /I Q&9.QLP9

QGP4.QLP18 | QGP7.QEP2

QGP5QAP3 | QGP7QAP15 /| QGPSQAP34

QGP7.QGP9 | QGPS8QAPI10 // QG-P14QAPS5
QGP7QAP15 | QGP10QAP2

QGP8QAP34 | QGPI.QAP2
QGP9. QtP6 | QGP13.QLP17

QGP10.QtP2 | QL-P18.QtP23
QGP12.QtP5 | QL-P2.QLP7

QGP14QAP5 | QGP7.QGP9 // QGP12.QLP5 // QLP2.QLP3



QG/5: List of QG-Crosspoints

In nextlist sets of 3 lines are mentioned that concur.
All lines with points in the range Q&EP1z QGP14, QAP1- QAP2land QLP1- QL-P23
have been taken into account.
Lines are defined by 2 points on it with lowest serial number.
There are regularly recurringcrossing lines with these Crosspoints. This is an indication
for the occurrence of Perspective Fields (see Q@F1).
When the intersection points have fixed ratios of the distances to the defining points on
the defining lines, then they are mentioned. Therare many of them.
7EAT OEAOA AOA 11 EZEQAA OAOET O OEEO EO EIT AEA
For point P on line P1.P2 the ratio d1 : d2 means that d(P,P1) : d(P,P2) = d1 : d2, where:
i d1is positive when P is positioned wrt P1 at the same side of the line B&. If not
then d1 is negative.
1 d2is positive when P is positioned wrt P2 at the same side of the line as P1. If not
then d1 is negative.

lines

----fatios----- _comment

QGP1.QGP2
QGP1.QGP2
QGP1.QGP4

QGP1.QGP4

QGP1.QGP4
QGP1.QGP5
QGP1.QGP6
QGP1.QGP6
QGP1.QGP7
QGP1.QGP7

QGP1.QGP14 » Q&P2.QGP3
QGP1QAP5 " QGP2QAP1

A QGP10QAP14” QGP13QAP2
A QB12.QGP14 ~ QIP18.QLP23
A QGP2.QGP12 ~ QGP5.QGP10
A QGP7.QGP9 ~ QGP12.QLP5
A Q@2QAP20 ~ QGP7.QGP10
A QGP14QAP5 " QL:P18.QLP23
A QGP5.QGP11 ~ QGP6.QGPY
A QGP7.QGP10 ~ QGP11QAP1
A QGP5.QGP8 "~ QGP11QAP1
A QPT7.QGPY " QP2.QLP7
A QGP4.QGP10 ~ QGP6QAP1
A QGP5.QGP10 ~ QGP6.QGPY

A Q@®6.QLP18
A QGP8QAP20

QGP1QAP5 ~ QGP2QAP20 * QGP4QAP10
QGP1QAP17” QGP4.QGP12 * QGP14QAP5

QGP1QAP19”" QGP2.QGP3

A QGP14QAPS5

Xy Xy Xy
Xy Xy Xy(simple coordinates)
3:1 xiy 1:1 (simple coordinates)
1:1 x:y point on Newton Line
3-1-1:2 -1:2
X:y Xy (simple coordinates)
3:2 4:1 4:1 (simple coordinates)
Infinity Point
2:1
Infinity Point(simple coords)
1:4
2:1(Centroid Q& 7/P9/P10)
(Centroid Q&1/P5/P6)
Infinity Point(simple coords)
1:1 2:1 -1:3 point on Newton Line
Infinity Point
Xy -2:.3 Xy
Xy Xy Xy

1:3 3:-1

4:1 2:3
221 21

QGP1QAP19" QGP2.QGP12 » QGP14QAP10 xy xiy 3:1
QGP1QAP20"N QGP2.QGP3 " QGP12QAP18 xiy Xy XYy
N QGP14QAP10 31

QGP1QAP20” QGP2.QGP12 » QGP8QAP10
A QGP14QAP5
QGP1.QP9 ~ QGP3QLP10 *» QGP5.QtP17
QGP1.QLP10» QGP3QLP9 ~ QGP7.QLP2
QGP1.QIP12 » Q&2.QGP4 ~ Q®3.QLP18

Infinity Point Newton Line
2:-1 -1:2 xy point on QEDT-circumcircle

Infinity Point (simple coords)
6-1 3:2 3:2



QGP2.QGP5
QGP2.QGP6
QGP2.QGP7
QGP3QGP7
QGP4.QGPY

QGP6.QGP9
QGP6.QLP9

A QGP7QAPS
A QGP5QAPS
A Q@5QA-P5
A QGP5.QLPY
A QE5.QGP11

N QP7.QGP8
N QP7.QEP2

A QGPIQAPI0
A QGP10QAP10
A QGP10QAP20
A QGP10.QkP11
A QB6QAP1

N QBPLIQAPL
N QGP10.QFP11

-1:2 -1:2 32
-1:2 -1:2 3:2
Infinity Point

Xy Xy Xy
4:3 43 81

31 31 11
Xy Xy Xy



7.1 QUADRIGON POINTS
QGP1: Diagonal Crosspoint

In a Quadrigon the vertices P1, P2, P3, P4 have a fixed order.
The Diagonal Crosspoint is the intersection point of the 2 linesonnecting opposite

points.
P4,
s Pi = consecutive vertices Quadrigon

P3 (i=1,2,3,4)

QG-P1.- \ QG-P1 = Diagonal Crosspoint

P17 P2

Four points can beordened in 6 ways:
P1-P2-P3-P4
P1-P2-P4-P3
P1-P3-P2-P4

P1-P3-P4-P2 = reversead sequenceof P1-P2-P4-P3
P1-P4-P2-P3 = reversal sequenceof P1-P3-P2-P4
P1-P4-P3-P2 = reversead sequenceof P1-P2-P3-P4

When we take into account that somsequencesare reversed sequencespnly 3 types of

Quadrigonorders remain: P1-P2-P3-P4, P1-P2-P4-P3 and P1-P3-P2-P4.

This means that a system of points - also named (complete) quadrangle consists of 3

guadrigons: P1P2-P3-P4, P1P2-P4-P3 and P1P3-P2-P4.

These 3 quadrigons in a quadrangle produce different Diagonal Crosspoints as can be

seen in next picture.

2QG-P1c

P4'n,

et
Quadrigon
P1 ’}QA-’type1234\\

Y QG-Plc

r,‘/QG-P1\a:, T
Quadranglé™. \ ac.pis
0T T N



In the same way a system of 4 linesalso named (complete) quadrilateral consists of 3
quadrigons: L1-L2-L.3-L4, L1-L2-L4-L3 and L1%L3-L2-L4.

These 3 quadrigons in a quadrilateral produce different Diagonal Crosspoints as can be
seen in next picture.

QLAtype 1324

L1

L3

Quaﬁﬁgon
Gl -type 1234 .
L1 L1

.\ Quadrigon
*\ QL-type 1243

CT-Coordinates in 3 QQuadrigons:

T (:q:0),0:qg:nNand(p:0:r1)
CT-Coordinates in 3 QQuadrigons:

T @mn:In:Im)(mn:zln:Im)and(mn:Inzlm)
CT-Area ofQGP1zTriangle in the QAenvironment:

T ¢« p N O = 7 iibD Cc NQ j b C =@@aaQAbiagthal Driarigle
CT-Area ofQGP1zTriangle in the QEenvironment:
T 4IPm2nzs FIm+IpFmn)(Im+Iinmn)(m-In+mn)) =area QtDiagonal Triangle

DT-Coordnates in 3 QAQuadrigons:
T (©0:0:1), (0:1:0) and (0:0:1)
DT-Coordinates in 3 QQuadrigons:
T (©:0:1), (0:1:0) and (0:0:1)
DT-Area of Q& 1zTriangle in the QAenvironment:
1 s/2
DT-Area of Q&1zTriangle in the QL-environment:
T S/2



Properties:

T

The 3 Diagonal Crosspoints in a Quadrangle form the €Aagonal Triangle
(see paragraph QATrl: QADiagonal Triangle).

The 3 Diagonal Crosspoints in a Quadrilateral form the @Riagonal Triangle
(see paragraph QLTrl: QL-Diagonal Triangle.

QGP1 lies on these lines:

Z QGP4.QGP8 (2 : -1 = Reflection of Q&°4 in QGP8)
Z QGP5.QGP9 (2 : -1 = Reflection of Q&°5 in QGP9)
Z QGP6.QGP10 (2 : -1 = Reflection of Q&°6 in QGP10)
Z QGP7.QGP11 (2 : -1 = Reflection of Q&7 inQGP11)
Z QGP12.QGP13

Z QAP10.QGP2 (-2 : 3 = QAAntiComplement of QEP2)

Z QL-P8.QGP3 (-2 : 3 = QEANntiComplement of Q&EP3)
QGPL1 is the point with minimal sum of distances to the vertices.
QGP1 is the Railway Watcher (see QL/1) of the 1stand 2nd Quasi Euler Line
(note Eckart Schmidt).
QGPL1 is the ClawsorSchmidt Conjugate (QiTfl) of QA-P4 (Quadrangle Isogonal
Center).
QAP1 (Quadrangle Centroid) lies on QB1.QGP4.QGP8



QGP2 Midpoint 3rd QA-Diagonal

We use this terminology.

AO1-1L DAAOECI 16 EO A 10AAOCECIT OAAT AO OEA #11
I OnQAAOQOECIT6 EO A 10AAQOECI T OAAT AOG OEA #I1I
The 349 Diagonal of a QAQuadrigon is the same line as the'8Diagonal of a QL

Quadrigon. However the Midpoint é a QAQuadrigon is different from the Midpoint of a
QL-Quadrigon.

QGP2 is the Midpoint of thesegment on the3rd Diagonal of a QAQuadrigon limited by

the intersection points with the 39 Diagonals of the 2 other Component Q®uadrigons.

Construction:
Let S1 =P1.P2 A P3.P4 and S2 = P2.P3 " P4.P1.
QGP2 = the Midpoint of S1 and S2.

QG-L1 = 3rd Diagonal

Pi = consecutive vertices Quadrigon (i=1,2,3,4)
S1=P1.P2 2 P3.P4
S2 =P2.P3 A P4.P1

QG-P1 = Diagonal Crosspoint

QG-P2 = Midpoint 3rd Diagonal

/82

(A ~ \S1
-7 P1 P2\

CT-Coordinates Q&2 in 3 QAQuadrigons:
T P@p+g+n) :q(+n :r(p+q)
T (P@+n :aqPE+2q+r) :r(p+Qq)
T (P@+n) :aq@E+n r(p+a2r)

CT-Coordinates Q&2 in 3 QtQuadrigons:
T (mzn :-n: m)

T (n: nzl : -
T ((m:1: km)
CT-Area of Q&2-Triangle in the QAenvironment: (equals ¥ x area QiDiagonal Triangle)

TP N O s Tj¢ | ¢c NqQ jp ¢ O0q KN c 0qQq

CT-Areaof QGP2Triangle in the QEenvironment: (points are collinear)
T O



DT-Coordinates Q&2 in 3 QAQuadrigons:

T (@:0:1)
T (©:1:1)
T (1:1:0
DT-Coordinates Q@2 in 3 QkQuadrigons:
T (n2:0 :-12)
T (0:rf:-m?
T (m2:-12:0)

DT-Area of Q& 2-Triangle in the QAenvironment:

1 S/8

DT-Area of Q& 2-Triangle in the QL-environment:

1T 0

Properties:
1 QGP2 lies on these lines:
Z QGP1.QAP10
Z QGP13.QG.P14
Z QAP1.QGP12 = Newton Line
Z QAP5.QGP4

Z QGL1 = 39 Diagonalof the Quadrigon

(equals ¥4 area QADiagonal Triangle)

(points are collinear)

1 QGP2 is the fourth harmonic point of Q@12 (Inscribed Harmonic ConicCenter)
on the Newton Line (QEL1) wrt the midpoints of the diagonals (note Eckart

Schmidt).

1 The triangle formed by the 3 QAVersions of Q&2 is the medial triangle of the

QA-Diagonal Triangle.

1 The 3 QLVersions of Q&2 are 3 points on the Newton Line.



QGP3 Midpoint 3 rd QL-Diagonal

We use this terminology.

I OGLOAAOECiT o6 EO A 10AAOECIT OAAT AO OEA
I OnOAAOQOECI 16 EO A 10AAOECI 1T OAAT AO OEA
The 349 Diagonal of a QAQuadrigon is the same line as the'8Diagonal of a QL

Quadrigon. However the Midpoint of a Q&Quadrigon is different from the Midpoint of a
QL-Quadrigon.

QGP3 is the Midpoint of the segment on the'3Diagonal of a QtQuadrigon limited by

the intersection points with the 39 Diagonals of the 2 other Component QQuadrigons.

Construction:

Let S1=P1.P2/"P3.P4 and S2 = P2.P3 " P4.P1. S1.S2 igtB&agonal.
Let S3=P1.P3"S1.S2 and S4 = P2.P4 " S1.S2.

QGP3 = the Midpoint of S3 ad S4.

Pi = consecutive vertices Quadrigon (i = 1,2,3,4)
S1=P1.P2"P3.P4
S2 = P2.P3 A P4.P1
S3=P1.P37251.82
S4 = P2.P4 A S51.52
QG-P3 = Midpoint 3rd QL-Diagonal

........

CT-Coordinates Q&3 in 3 QAQuadrigons:
T (p(P+n -q(@+r) :r(p-a))
T (pp+ta) :afp+r) :r(@+rn))
T (p(@-n :aq(+aq) =r(p+r))

CT-Coordinates Q&3 in 3 QtQuadrigons:
T (m2n2:-nl2(n-m) : mE(n-m))
T (M2(-n)n : BPn2 :-Im2(l zn))
T (mnm-1) : I (m-)n2 : Em?2)

CT-Area of Q&3 Triangle in the QAenvironment: (points are collinear)
T O

CT-Area of Q&3 Triangle in the QEenvironment: (equals¥s x area QtDiagonal Triangle)
T 12m2zn2/ ((-Im+In+mn)(Im+Inmn)(m-In+mn))

#1 1
#1 1



DT-Coordinates Q&3 in 3 QAQuadrigons:

T 0:-02:1r?
T (-p2:0: 8
T (p>: ¢: 0

DT-Coordinates @P3in 3 Ql-Quadrigons:
T (0:1:1)
T 1:0:1)
T (1:1:0

DT-Area of Q&3-Triangle in the QAenvironment:

70

DT-Area of Q&3-Triangle in the Qtenvironment:

1 S/8

Properties:
1 QGP3lies on these lines:
Z QGL1 = 34 Diagonal
Z QGP1.QLP8

(points are collinear)

(equals %2 x area QiDiagonal Triangle)

1 The Triangle formed by the 3 QAVersions of Q&EP3is the medial triangle of the

QL-Diagonal Triangle.

1 The 3 QAVersions of Q@3 are collinear points.



QGP4: 1st Quasi Centroid

The 1st QuasiCentroid is the Diagonal Crosspoint of the X@Quadrigon.

The X2Quadrigon is defined byits vertices being the Triangle Centroids of the
componenttriangles of the Reference Quadrigon.

This point is actually the center of mass of the Quadrigon when it is convex and when its
surface is being made of some evenly distributed material.

This point and other1st Quasipoints are described in [5].

Pi = consecutive vertices Quadrigon (i = 1,2,3,4)
Gi = Triangle Centroid Pj.Pk.Pl where (ij.k|) € (1,2,3,4)

QG-P4 = Quasi Centroid

P1 P2

CT-Coadinates QGEP4 in 3 QAQuadrigons:

T ((p+n2+qr SeEnNpP+r2g+r) i (p+n2+pq)
T (@+nN@p+qg+r1) (q+r2+pr (@+n2+pq)
T ((p+gr+qr C(p+gP+pr (p+a)(p+g+2))

CT-Coordinates Q&4 in 3 QkQuadrigons:
* ((Im+In+mn) 2-Imn(I+4m+4n) : (n-)(Im 2+12n+m2n-2lm(-I+m+n)) : (M-1)(In 2+12Zm+mn2)-2In(-I+m+n))
* ((n-m)(I12m+m2n+l n-2Im(l-m+n)) : (Im+In+mn) 2-Imn(41 +m+4n) : (I-m)(Im2+mn2+In2-2mn(l-m+n)))
* ((m-n)(I12m+12n+mn2-2In(I+m-n)) : (I-n)(Im2+m2n+In2-2mn(l+m-n)) : (Im+In+mn)2-Imn(41+4m+n))

CT-Area ofQGP4-Triangle in the QAenvironment:
T ¢ D N @+ (p+7 (gj+0) (equals 1/9 * area QADiagonal Triangle)

CT-Area of Q&4-Triangle in the QEenvironment:
T 42m2n23 ¥ {nwin4mn) (Im+In-mn) (Im-In+mn)) (equals 1/9 * area QLDiagonal Triangle)

DT-Coordinates Q&4 in 3 QAQuadrigons:
T (4P (p2gar?) & (P-r2)?-2 @ (-p>+qe-r2)-g* & -4 12 (-p>-g2+r2))
T ((rzq?)2-2 p? (-r2+p>qp)- p* © -4 @ (-r2-p>+qp) -4 12 (r2-p>q?))
T (4p(q7re+p?) -4 @ (Q%r>-p?) : (f-p?)? -2 12 (-qe+r>-p?)-14)



DT-Coordinates Q@4 in 3 QkQuadrigons:
T (2m2(m2-n2) : -m2(124m2+n2)+3 12n2 : 2 n? (-12+m?2))
T (-12 (124m2+n2)+3 n2mz2 : 2 B(-n2+l2) : 2 % (I12-m2))
T @2nz2(-m2+n2) : 2 (n2-12) : -n2 (I124+m2+n2)+3 m2 |2)

DT-Area of Q&4-Triangle in the QAenvironment:
S/18 (equals 1/9 * area QADiagonal Triangle)

DT-Area of Q&4-Triangle in the QL-environment:
S/18 (equals 1/9 * area QL:Diagonal Triangle)

Properties:
T QGP4, QGEP5, QEP6, QEP7 are collinear on alst QuasiEuler Line.
1 QGP4 is theReflectionof QGP1 in QGPS8.
1 QGP4 is theReflectionof QGP8 in QAP1 (QACentroid).
1 QGP4 is the Centroid of the Triangle formed by QR5 and the two vertices of the

QA-Diagonal Triangle unequal Q& 1.

QAP25 is the Centroid of the triangle formed by the 3 QRersions of QGP4.

QL-P14 is the Centroid othe triangle formed by the 3 QLversions of QGP4.

1 The triangle formed by the3 QAversions of QGP4is homothetic and perspective
with the QA-Diagonal Triangle. The side lengths are 1/3 of the side lengths of the
QA-Diagonal triangle. Their Perspector iQL-P1.

1 The area of the triangle formed by th& QAversions of QGEP4 equals 1/9 * the
area of the QADiagonal Triangle.

1 The area of the triangle formedy the 3 QL-versions of QGP4also equals 1/9 *
the area of the QLDiagonal Triangle. However both triaigles are not homothetic
neither perspective.

= =



QGPS5: 1st Quasi Circumcenter

The 1st Quasi Circumcenter is the Diagonal Crosspoint of the Q@uadrigon.

The X3Quadrigon is defined byits vertices being the Triangle Circumcenters of the
componenttriangles of the Reference Quadrigon.

This point and other1st quasi points are described in [5].

Pi = consecutive vertices Quadrigon (i = 1,2,3,4)
Oi = Triangle Circumcenter Pj.Pk.Pl where (i,j,k,l) €(1,2,3,4)

QG-P5 = Quasi Circumcenter

P1 P2

CT-coordinates QGP5 in 3 QAQuadrigons: (only coordinates of It Quadrigonpoint are given)
1 (@S(p2+r)-(@+®) pr-(@-cdSspg-a2@-cq N oprC ¢ 3
b2S(p?+qr+e+pg)+ab>r(p+q)+Fc?p(q+r):
R (p2+r)-(a2+@) Spr+(@-a)Sqr+é@-c2q b Rpt ¢y =

CT-coordinates Q&°5 in 3 QEQuadrigons: (only coordinates of It Quadrigon point are given)
T (c2im(m-n)2-cAIm(m-n)2+ &(-m({m2+Im-mn)+a&(-b2(l-m)(Im2-2Imn+2
m2n+Ilr-mnm)+&(-2m2+2Im+2Pmn-21m2n-12n2+|mr?-mz2n2)) :
a(-mimn+¢immMm-n)n+bB(l-m)(m-n)(Im-In+mn)-b2cz2m-n) (I2Zm+In?-12n +1
mn-m2n)+a&c2imn(@-2m+n)-bz2(l-m)(Im2-Imn-m2n+1r2-mn?) :
a4(l-m2mn+d(mM-n)(I2m-12n-m2n)-b2c2(m-n) (IZm-2Im2-12n+2Imn-m2n) + &
z(d-mZmn+e(-Pm2+Pmn-2lm2n+2nmfn-12n2+ 21 mr#-mz2n2)))

CT-Area ofQGP5 Triangle in the QAenvironment (equals 4x area QAMiorley Triangle)
1 (c2pg+Bpr+2qn2r j¢y 3 B ¢ NqQ jPp ¢ 0q jN Cc O0Qq jPp C N C
CT-Area of Q&5 Triangle in the QEenvironment:
T ((a2mn (I-m) (I-n)(Im -mn+In) + B2 nl(m-l)(m -n)(Im+mn-In) + 2 Im (n-)(n-m)(-Im+mn+in))2)
Ti p @-nd2(fFr)2(m-n)2(-Im+in+mn) (Im+In-mn) (Im-In+mn))

DT-coordinates Q&°5 in 3 QAQuadrigons: (only coordinates of It Quadrigon point are given)
1 (2Sb (SaptSb @) (p2-r2)+Sc (#-q2-r2) (Sa p+Sc B)+Sb Sc (p-p2 g2-3 (R rz-r4) :
Sa (Sa p+tSb @) (p2+02-r2) + Sc (p2+gz+r2) (Sb g+Sc B) - Sa Sc g(p2-g2+r2) :
-2 Sb (#-r2) (Sb ¢+Sc B)-Sa (#+02-r2) (Sa p+Sc B)-SaSh (p+3 p? g2+02 r2-r4))



DT-coordinates Q&5 in 3 QkQuadrigons: (only coordinates of It Quadrigon point are given)
1 (@2m2(c2n2-Sa m-Sh p) :
m2 (Sb Sc3+Sa Sc imtSa Sb #)-S12n2
c2m2 (a2 12-Sc n#-Sb r?))

DT-Area of Q&5 Triangle in the QAenvironment: (equals 4x area QAVlorley Triangle)
1 -(Sap+Sbg+ScF)?/ (2 S tptq+r) (pta-r) (pP-q+r) (p+a+r))

DT-Area of Q&5-Triangle in the QLEenvironment:
T (Sc (F-m2)2n2+Sb (P-n2)2 m2+Sa (M-n2)212)2/ (2 S (I2-m2)2 (12-n2)2 (m2-n2)2)

Properties:

1T QGP4, QG&EP5, QEP6, QEP7 are collinear on alst QGQuasiEuler Line.

1 QGPS5 is the Reflection of Q&1 in QGP9AND THE Reflection of QB6 in QGP7.

1 QGPS5 is the intersection point of the perpendicular bisectors of the diagonals.

1 QAP3 (GergonneSteinerPoint) lies on the circumcircle of the triangle formed by
the 1st QuasiCircumcenters of the 3 QAQuadrigons.

1 The area of the triangle formed by thd st QuasiCircumcenters of the 3 QA
Quadrigons equalsix the area of the QAViorley Triangle (see QAP24).
Both triangles are homothetic with homothetic center QAP24.

1 QL-P16lies on theQGP5circle in the QL-environment and on the Q&9 circle in
the QL-environment. The center of the first circle lies on the secondircle.



QGP6: 1st Quasi Orthocenter

The 1st QuasiCircumcenter is the Diagonal Crosspoint of the X@uadrigon.

The X4Quadrigon is defined byits vertices being the Triangle Orthocenters of the
componenttriangles of the Reference Quadrigon.

This point and other 1st Quasipoints are described in[5].

Pi = consecutive vertices Quadrigon (i = 1,2,3,4)
Hi = Triangle Orthocenter Pj.Pk.Pl where (i,j.k,I) € (1,2,3,4)

QG-P6 = Quasi Orthocenter

P1 P2

CT-Coordinates Q&6 in 3 QAQuadrigons: (only coordinates of It Quadrigon point are given)
T (S&(P2+)+(@-c)Spg+ @+ Sqr+E(@+c)pr,
S S(p2+rR) +(@2-c?) uapg-(a2-c?) Sqr-(@*+b-2acz2+ ) pri/2,
SSE((P2+r7)-(a2-c) Sqr+(@+3) Spg+a(@+A)pr)

CT-Coordinates Q&6 in 3 QtQuadrigons: (only coordinates of 15t Quadrigon point are given)
T (&mM-n)(2m-12n-m2n)-2k2c2(m-n)(IZ2m-Im2-12n+Imn-m2n)+b*(m-n) (I2Zm-21

m2-12n+2Imn-m2n)+ & (-2m2-22mn+41lmMn-md3n-12n2+2Imrf-m2n2) + a(2 b2
m3(l-n)-2¢&mn@2Im-m2-1n)):
2kem(m2-Iimn-m2n+1mM)+ A (-2m2+21m+2Bmn-5Im2n+2nfn-12n2+ 21 mr?
-m2n2)+ A (I2m2-2mn-Im2n+Bkn2+m2n?) + & (12m2-Im2n+Rkn2-2 | mm+n2n2) + &
@2bZm@EImz+Rn-Imn+nmn)-2&(12m2-12mn-1m2n+En2-1mn2+ m2n?)):
2kem3(-n+a(-mIm2+li-mm)+bt(-m)(Im2-2Ilmn+2mMn+Ir-mn2)+¢
(-Pmz2-1Tm3+2kmn+4Imn-12n2-2Immr-m2n2)+ 22 cImMmM2+In-2mn)-2b2(l -
m) I m2-Imn+n?n+|re-mn2)))

CT-Area of Q&6-Triangle in the QAenvironment:
¢ B N O 3 T jjBb C NQ (§quls &ea QaDiagoNal Than@e)

CT-Area of Q&6-Triangle in the QEenvironment:
412m2n2a/ ((Im-In-mn)(Im+In-mn)(m-In+mn))
(equals area QEDiagonal Triangle)




DT-Coordinates Q®6in 3 QAQuadrigons: (only coordinates of It Quadrigon point are given)
T (2 (@par?) (Sc (prrep+r2)+2 Sh d) -
- (p2-07-1?) (p*+qP-r?)-2 Sa& p? (p2+qP-r?)+2 Seé r2 (p>-g2-r?)-4 Sb G (Sa p+Sc )
2 (Sa (p+g?-r2)+2 Sb @) (c? p*-a2r2))

DT-Coordinates Q@6 in 3 QtQuadrigons: (only coordinates of It Quadrigon point are given)
1 (-2 Sb n?(Sb (P-n2)+Sc (F-m2)) :
-& (M2 (I12+m2+n2)-12 n2)+2 m2 (Sb Sc4+Sa Sc m+Sa Sb A :
2 Sb n% (Sb (B-n2)+Sa (n$-n2)))

DT-Area ofQGP6-Triangle in the QAenvironment:
T S/i2 (equals area QADiagonal Triangle)

DT-Area of Q&6-Triangle in the QLEenvironment:
1 S/2

(equals area QLDiagonal Triangle)

Properties:

T QGP4, QGEP5, Q&EP6, QEP7 are collinear on dlst QuasiEuler Line.

1 QAP2(Euler-Poncelet Point) lies on the circumcircle of the triangle formed by
the 1st QuasiOrthocenters of the 3 QAQuadrigons.

1 The area of the triangle formed by thd st QuasiOrthocenters of the 3 QA
Quadrigons equals the area of the QBiagonal Triargle.

1 The area of the triangle formed by thd st QuasiOrthocenters of the 3 QL
Quadrigons equals the area of the @QRiagonal Triangle.

1 The triangle formed by thelst QuasiOrthocenters of the 3 QkQuadrigons is
perspective with the QL-Diagonal Triangle. Tle Perspector is the infinity point of
QL-L2 (Steiner Line).

T QGP6 is the Reflection of Q&1 in QGP10.

1 The line through the Ftand 2nd Quasi Orthocenters (Q&°6 and Q@E10) is
perpendicular to the Newton Line (QLL1).



QGP7: 1st Quasi Nine-point Center

The 1st QuasiCircumcenter is the Diagonal Crosspoint of the XQuadrigon.

The X5Quadrigon is defined byits vertices being the Triangle Ninepoint Centers of the
componenttriangles of the Reference Quadrigon.

This point and other1st Quasipoints are described in [5].

Pi = consecutive vertices Quadrigon (i= 1,2,3,4)
Ni = Triangle Orthocenter Pj.Pk.Pl where (i,j k) € (1,2,3,4)

QG-P7 = Quasi Nine-point Center

CT-Coordinates Q&7 in 3 QAQuadrigons: (only coordinates of 15t Quadrigon point are given)
T (@q@E+n-ct(p+nN(p+q+n+B(-p>-pr-qr-r)+LPc2(2p2+pq+3pr+2qr+23)+a
(c2(p+1n2+P(p2-pq+3pr+2qr+3):
2 p+n(p+2qg+n-ct(p+n(p+29+nN+B(-pg-2pr-qr+Pc2(p2+pg+2pr+3qr
tr)+@2ce(pP+npE+2q+n+B((E2+3pg+r2pr+qr+i):
ctqp+n-at(e+nN(P+q+n+B(-p2-pg-pr-rA)+Pc2(p2+2pq+3prqr+r)+a(c?
(p+nN2+2p2+2pg+3pr+qr+2%)

CT-Coordinates Q&7 in 3 QkQuadrigons: (only coordinates of It Quadrigon point are given)
T ((-a*-b*+22c2+2Rc2-c*)m3n+ (a2b2+br-a2c2-22c2+ )y m2n2+ 12 ((-a2b2+ b4 -a2c2-
22+ m2-2 (@¢-a2b2+bh-az2c2-2c2+c)mn+ (a2b2+ bf-a2c2-2 b2 c2+ ¢f) n2) + |
((-a*+3a&b2-2b+22c2+3PRPc2-c)m3+2(2&-2ab2+2H-32c2-32c2+F) m2n+

(2a2b2-2A+3&c2+3c2-cY)mm?):

bz2(@2+-cd)mdn+(af-a2b2-2a&c2-b2c2+ )y m2n2+ R ((@a4-a2b2-2a&c2-b2c2+ ) m2+
(-at+3&b2+3&c2+2Rc2-2c¢) mn+ (d-a2b2-2a&c2-b2c2+ c*) n?) +1(-b2(a2-b2-c2) m3
2R (@2+R+@m2n+ (2 +2a&b2+3&c2+ 3R c2-ct)ymn?);
(-at+3&b2-2bf+2@c2+3Pc2-c)m3n+ (@-2a&b2+b-a2c2-b2c)) m2n2+ 2((a4-2 &
b2+ bt-a2c2-b2c?) m2+ (-at+3&b2-2bF+3&c2+2Rc) mn+ (a-2ab2+ b -a2c2-b2c?)
n2) +1((-a*+2a&b2-b*+22c2-c*)m3+2 (@-3a&b2+2F-32c2-22c2+2¢) m2n-2 (a*-
2a&b2+bt-a2cz-b2c2+ ) mn?))

CT-Area of Q& 7-Triangle in the QAenvironment:
@qr(p+ao)(ptnN+Bprp+a)(@+n+eépq+r)(q+r)
-2Pc2pgr(q+r) - 2&ctpqr(p+r) -2a@&b?pqr(p+a))

T jo¢ & jb Cc NQ P Cc O0q jN Cc 0OQ



CT-Area of Q& 7-Triangle in the QLEenvironment:
1T 4p 4¢ Jng)2@ en)2gm -in)P(-Im+In+mn)(Im+Iinmn)(m-In+mn))
where: Ti=2ann(-m)(-n)+ BInmM-)(m-n)+&Imn-I)(n-m)
T2=a&mn(-m)(-n)(-3Im+In+mn)(Im3In+mn)
+RInm-D(m-n)(m+In-3mn)(-3Im+In+mn)
+ZIimm-Dn-my(m+In-3mn)(Im-3In+mn)

DT-Coordinates Q&7 in 3 QAQuadrigons: (only coordinates of It Quadrigon point are given)
T ((-p?+g2+r2)(Sc 2 r2+Sb Sa p3 S p?)+2 Sb & (a2 r2-c2 p?)
-(S2+S&) p? (p2+g2-r2)-( S+SE) r2 (-p2+g2+r2)+2 g2 (-Sa Sh p+S q2-Sb Sc?) :
(p2+0g2-r2) (-3 S r2+Sa é p2+Sb Sc#)+2 Sb ¢ (c2 p2-a2 r2))

DT-Coordinates Q@7 in 3 QtQuadrigons: (only coordinates of It Quadrigon point are given)
1 (-m2(-Sb & 12+(S+ Sbh Sc) & (S-SB?) n?)
Sa &12m2+Sb B m4+c2Sc n¥n2-2 12n2 :
-m2 (-(S-SB?) 12+( Sa Sb+8 m2-Sb & n2))

CT-Area ofQGP7-Triangle in the QAenvironment:
1 -(@2b2r4+b2c2p4+a2c?2gr-2 Sadg?2r2-2 Sb Bp2r2-2 2 Sc #F q?)
(8 'S (-ptatr) (p+q-r) (p-g+r) (p+a+r))

CT-Area of Q& 7-Triangle in the QEenvironment:
1 (Sc (P-m2)2+Sh (B-n2)2+Sa (m-n2)2) (Sc rt (12-m2)2 +Sb nt (12-n2)2+Sa # (m2-n2)2)
/(8 S (I12-m2)2 (12-n2)2 (m2-n2)2)

Properties:

1T QGP4, QGEP5, QEP6, QEP7 are collinear on alst QuasiEuler Line.

1 QGP7 is theReflectionof QGP1 in QGP11.

1 QGP7 is theReflectionof QGP9in the line QGP2.QGP12 (which coincides with
the Newton Line QLL1).

1 QAP1 (QACentroid) lies on the circumcircle of the triangle formed by th& QA
versions of QGP7.

1 QL-P2 (Morley Point) lies on the circumcircle of the triangle formedby the 3 QL
versions of QGP7.

9 The area ofthe QAversions of QGP7 = the area of the QAersions of QGP9.

9 The area of the Qtversions of QGP7 = the area of the Qlversions of QGP9.



QGP8 2nd Quasi Centroid

Let P1.P2.P3.P4 be a Quadrigon and let S be its Diagonal CrosspoinPQG
Let @ i+1 = Grcumcenter of Triangle Gi.G+1.S (i = cyclic sequence 1,2,3,4) .
Now is G12.G23.G3443 a parallelogram.

QGP8 is the Center of this parallelogram.

Pi = consecutive Vertices of Quadrigon
(i=1,2,34)
G i i+1 = Centroid Triangle Pi.Pi+1.S
(i=cyclic 1,2,3,4)
S = Diagonal Crosspoint

QG-P8 = 2nd Quasi Centroid

CT-CoordinatesQGP8in 3 QAQuadrigons: (only coordinates of 15t Quadrigon point are given)
T (-12p6-9p5q-63p5r-39p*qr-135p*r2-66p3qr2-150p3r3-54p2qr3-90 p2r4-21pqr
-27pre-3qre-3r6: -3p8-6p°Qq-18per-30p*qr-45p*r2-60p3qrz-60p3r3-60p2qri-
45p2r4-30pqgr-18prs-6qre-3r6 ;-3 p8-3p°Qq-27 psr-21p*qr-90p*r2-54p3qrz-
150 p3r3-66p2qr3-135p2r4-39pqgr-63prh-9qre-12rd)

CT-CoordinateQGP8in 3 Ql-Quadrigons: (only coordinates of It Quadrigon point are given)
T (m-n¢-P2m+2Im+Rn-5Imn+4nn) :
Zm2+5Pmn-4Imn-412n2+5Imrf-m2n2 :
-I-m)(@4Im2-5Imn+2nmn+I|r-mn?)

CT-Area of @-P8Triangle in the QAenvironment:
T 2pqra/O@E+g)(E+r(g+r) (equals 1/9 area QADiagonal Triangle)

CT-Area ofQGP8-Triangle in the QEenvironment: (equals 2/9 area Ql-Diagonal Triangle)
T 8Pm2n23/(9(m-In-mn)(Im+In-mn)(m-In+mn))

DT-Coordinates Q&8 in 3 QAQuadrigons: (only coordinates of It Quadrigon point are given)
T @D () © (P92 -4 P (p2)¥3 0 12 P (Pgehr?)

DT-Coordinates Q&8 in 3 QkQuadrigons: (only coordinates of It Quadrigon point are given)
T (M2(m2-n2) :-2 (12-m2)(m2-n2)+(-m4+12n2) : n%(-12+m2))

DT-Area of Q&8 Triangle in the QAenvironment:
1 S/18 (equals 1/9 area QADiagonal Triangle)



DT-Area of Q&8 Triangle in the QEenvironment: (equals 2/9 area QLDiagonal Triangle)

T

S/9

Propeties:

T

=

QGPS8, QEPY9, QGP10, QEP11 are collinear on a 2 QuasiEuler Line (which is a
parallel line to the 1st QuasiEuler Line).

QGPS8 is the Mdpoint of QGP1 and Q&P4.

QGPS8 is the Reflection of Q&4 in QAP1 (QACentroid).

The QGP8 Triangle in the QAenvironment and the QADiagonal Triangle are
homothetic with Homothetic Center QAP1.

The area of theQA-versions of QGP8=1/9 of the area of the QADiagonal
Triangle.

The area of theQL-versions of QGP8= 2/9 of the area of the QEDiagonal
Triangle.



QGP9 2nd Quasi Circumcenter

Let P1.P2.P3.P4 be a Quadrigon and let S be its Diagonal CrosspoinPQG
Let Oi i+1 = Circumcenter of Triangle Oi.Oi+1.S (i = cyclic sequence 1,2,3,4) .
Now is 012.023.034.041 a parallelogram.

QGP9 is the Center of this parallelogram.

Pi = consecutive Vertices of Quadrigon
(1=1234)
O ii+1 = Circumcenter Triangle Pi.Pi+1.S
(i=cyclic 1,2,3,4)
S = Diagonal Crosspoint

QG-P9 = 2nd Quasi Circumcenter

CT-Coordinates Q&9 in 3 QAQuadrigons: (only coordinates of It Quadrigon point are given)
T (a&2@-c)qr+ &(p2+r) S-(a2-c)pgS-(@2+)pr+8p(p+q+2rp?
bZ(c2pg+@&pr+cpr+a&qn+ P(p2+pg+qr+?) S,
-2+ pg-(@+Apru+@-c)qre+&(E2+r)sC ¢y 0 j¢dyp ¢ N Cc 0Qq s
CT-Coordinates Q&9 in 3 QtQuadrigons: (only coordinates of 15t Quadrigon point are given)
1 @m@22+i2-2RIm+Em2)n-Im@{©m2+a&n2+®n2) S+ S (-a2(12m2+ 2n2+ m2 n2)
+2Im2nS)+8m(n?-2Imn+nn+2If-mn2Q 2 3
b2(@2++&) Im2n-Im(b2m2+a&n2+2n2) S-b2(12m2+2n2+mn2) S-m (b212+ 212+
b2m)n&+8In2Im-2m2-1 1 C 2 | 1Qq =
clm@®@m2-2mn+a&n2+@n?)-c2(I2Zm2+1n2+ m2n2) &+ S (-m (b212+ 212+ 2 m?2) n +
2lmnS)-8m@Em-Im2-2Rkn+2Iimn-m2l Q2) 3

CT-Area of Q&9-Triangle in the QAenvironment:
T @ar(p+a(e+n+Bpr(p+a(@+n+eépqgP+n(q+r
-2brc?pqr(g+n-2a b’pqr(p+q)-2&ccpqr(p+r))
I 323 (p+ag(p+nN(@+n(p+qg+n)
CT-Area of Q&9-Triangle in the QEenvironment:
T 4p 4¢ Jng)2@ en)2gm - (-Im+In+mn)(m+Iinmn)(m-In+mn))
where: Ti1=aZmn(-m)(I-n)+ EIn(m-)(m-n)+EIm((n-1)(n-m)
T2=aZmn(-m)(-n)(-3Im+In+mn)(Im3In+mn)
+RInm-HM-n)(m+In-3mn)(-3Im+In+mn)
+ZIimm-Dn-my(m+In-3mn)(Im-3In+mn)

DT-Coordinates Q&9 in 3 QAQuadrigons: (only coordinates of It Quadrigon point are given)
T (((Sb+&) (p*r?)-Sc §) (Sa g+Sb ¢+Sc £)-Sb Sc (pg+r) (p+g-) (-p+a+r) (p+g+1) :
(Sa p+Sb ¢+Sc P) (Sa (F+g?-r?)+Sc (p?+g?+r2))-(S+Sa Sc)fp+a+1) (p+q-r) (p-g+r) (p+q+r) :
-((c?+ Sb) (p-r2)+Sa ¢) (Sa F+Sb ¢+Sc #)-Sb Sa (pg+r) (p+g-r) (-p+a+r) (p+q-+r))



DT-Coordinates Q&9 in 3 QkQuadrigons: (only coordinates of It Quadrigon point are given)
1 (a2m2(Sb k+Sa m-c2n?) :
-(2+ Sb Sc)2dm2+Sb B m4+2 S 12 n2-( Sa Sb+§ m2n2 :
+c2m2 (-a2 12+Sc n3+Sb 7))

DT-Area of Q&9-Triangle in the QAenvironment:
T (@2b2r4+b2c2pi+ a2g4-2 Saaqg2r2-2 Sbh B p2r2-2 2 Sc g g2)
I (8S (p-g-r) (p*+q-r) (p-g+r) (pt+a+r))

DT-Area ofQGP9-Triangle in the QLEenvironment:
1 ((Sc (k-m2)2+Sb (P-n2)2+Sa (n?-n2)2) (Sc (P-m2)2 n4+Sb nt (12-n2)2+Sa # (m2-n2)2))
I (8S (12-m2)2 (12-n2)2 (m2-n2)2)

Properties

1 QGP8, QG&P9, QEP10, QEP11 are collinear on a 2 QuasiEuler Line (which is a
parallel line to the 1st QuasiEuler Line).

1 QGP9 is the Reflection of Q&7 in QAP1 (QACentroid).

QGP9 is the Midpoint of Q&1 and Q&P5.

1 QAP1 (QACentroid) lies on the circumcircle of the triangle formed by the ®
Quasi Circumcenters of the 3 Q&uadrigons.

1 QL-P9 andQL-P16lie on the circle formed by the3 points QGP9in a
Quadrilateral. The center of the similar circle with Q&P5 lies on the Q&9 circle.

1 QGP9 is theReflectionof QGP7 in the line Q&EP2.QGP12 (which coincides with
the Newton Line QLL1).

9 The area of the QArersions of QGP9 = the area of the QAersions of QGP7.

1 The area of the Qtversions of QGP9 = the area of the Qlversions of QGP7.

=



QGP10 2nd Quasi Orthocenter

Let P1.P2.P3.P4 be@uadrigon and let S be its Diagonal Crosspoint 3.

Let Hi i+1 = Orthocenter of Triangle Hi.Hi+1.S (i = cyclic sequence 1,2,3,4) .

Now is H12.H23.H34.H41 a parallelogramSpecial is that each vereéx of the Reference
Quadrangle lies on a sideline of the parallelogram.

QGP10 is the Center of this parallelogram.

Pi = consecutive Vertices of Quadrigon
(i=1,2,3,4)
H i i+1 = Orthocenter Triangle Pi.Pi+1.S
(i = cyclic 1,2,3,4)
S = Diagonal Crosspoint

QG-P10 = 2nd Quasi Orthocenter

CT-Coordinates Q€10 in 3 QAQuadrigons: (only coordinates of 15t Quadrigon point are given)
T (@2@P*+pg+qr+f) S+(pg+Epr+pr+a@qrS+4@Q2pP+pg+pr+qr+iQ 2
D@+ pr-@-c)qre+S(@-)pg+E+r)sq C §: b O 3
S(c?pg+a@pr+@pr+aqr+(@+pgq+qng-c2r2&C 1 O 2 C ¢ 0QqQ =z

CT-Coordinates Q€10 in 3 QtQuadrigons: (only coordinates of 15t Quadrigon point are given)
T @m@m2I+El2-2@Im+Em)n-a2m2n2S-2Im2n S+ S(-Im2m2+a&n2+n2) +
2(m2+m) Y-4(-2mymn2l-i C 2:q =
b2(a2+ b2+ @) Im2n-b212n2S-m (b212+ @12+ P m2) n S+ S (-1 m (bB2m2 + @& n2 + P n2) + m2
(2+m))-4In(lm-¢ 1 1T 2¢ 1 1q =
c2lm(@mz-2@mn+a&n2+®n2)-m 0212+ 2+ Pm2)nS+ S (-2 m2n+ (2+ m?) n2
S)-c2Pm&+4Iim@2m-n(-i C @ 1 q =

CT-Area of Q&10-Triangle in the QAenvironment:  (equals 4 * area QAViorley Triangle)
1 (@2qr+kpr+e&pgq ¥ j¢ 3 jPB C¢cC NQ jp CcC 0q N Cc O0Qq jb C
CT-Area ofQGP10-Triangle in the QLenvironment:

T O (because vertices are collinear)

DT-Coordinates Q€10 in 3 QAQuadrigons: (only coordinates of 1st Quadrigon point are given)
T ((Sc (F-q-r2)-2 Sb ) (-2 prsae )
52 P (pEHcp-r2)+SE 12 (P21 -S G (p-gP+12)-2 S  (Sa pSc B)
(Sa (P+g?-r)+2 Sb §) (c2 pz-a2r2)}

DT-Coordinates Q&®10 in 3 QkQuadrigons: (only coordinates of It Quadrigon point are given)
T (Sbn?(Sb (k-n2)+Sc (B-m2)) :
Sa d12m2+Sc € m2n2-Sa Sc i 12n2 :
-Sb n# (Sb (P-n2)+Sa (-n2))



DT-Area of Q& 10 Triangle in the QAenvironment.  (equals 4 * area QAViorley Triangle)

1 -(Sap+Sb ¢+Sc F)2/ (2S (-p+q+r) (p+a-r) (p-q+r) (p+q+r))
DT-Area of Q&?10-Triangle in the QLkenvironment:
T O (because vertices are collinear)
Propeties:
1 QGP8, QGEP9, QGEP10, QEP11 are collinear on a 2 QuasiEuler Line (which is a
parallel line to the 1st QuasiEuler Line).
1 QGP10 is the Reflection of Q&5 in QAP1 (QACentroid).
1 QGP10 is the Midpoint of Q&1 and Q&P6.
1 The three2nd Quasi Orthocenters in a Quadrilateral are collinear on the line QL
L6 (Quasi Ortholine).
1 QAP2 (EulerPoncelet Point) lies on the circumcircle ofhe triangle formed by
the three 2nd Quasi Orthocenters in a Quadrangl®A-P15 is the circumcenter.
1 Theline through the 1stand 20d Quasi Orthocenters (Q&°6 and Q@&10) is

perpendicular to the Newton Line (QLL1).






