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Friendship Among Triangle Centers

Floor van Lamoen

Abstract. If we erect on the sides of a scalene triangle three squares, then at
the vertices of the triangle we find new triangles, theflanks. We study pairs
of triangle centersX andY such that the triangle ofXs in the three flanks is
perspective withABC at Y , and vice versa. These centersX andY we call
friends. Some examples of friendship among triangle centers are given.

1. Flanks

Given a triangleABC with side lengthsBC = a, CA = b, andAB = c.
By erecting squaresACaCbB, BAbAcC, andCBcBaA externally on the sides,
we form new trianglesABaCa, BCbAb, andCAcBc, which we call theflanks of
ABC. See Figure 1.

A

B

C

Bc Ba

Ca

Cb

Ab

Ac

Figure 1

If we rotate theA-flank (triangleABaCa) by π
2 aboutA, then the image ofCa is

B, and that ofBa is on the lineCA. TriangleABC and the image of theA-flank
form a larger triangle in whichBA is a median. From this,ABC and theA-flank
have equal areas. It is also clear thatABC is theA-flank triangle of theA-flank
triangle. These observations suggest that there are a close relationship between
ABC and its flanks.

2. Circumcenters of flanks

If P is a triangle center ofABC, we denote byPA, PB , andPC thesame center
of theA-,B-, andC- flanks respectively.

Publication Date: January 24, 2001. Communicating Editor: Paul Yiu.



2 F.M. van Lamoen

Let O be the circumcenter of triangleABC. Consider the triangleOAOBOC
formed by the circumcenters of the flanks. By the fact that the circumcenter is
the intersection of the perpendicular bisectors of the sides, we see thatOAOBOC
is homothetic (parallel) toABC, and that it bisects the squares on the sides of
ABC. The distances between the corresponding sides ofABC andOAOBOC are

therefore
a

2
,
b

2
and

c

2
.

3. Friendship of circumcenter and symmedian point

Now, homothetic triangles are perspective at their center of similitude. The
distances from the center of similitude ofABC andOAOBOC to the sides of
ABC are proportional to the distances between the corresponding sides of the
two triangles, and therefore to the sides ofABC. This perspector must be the
symmedian point K. 1

AC

B

K

OAOC

OB

Figure 2

The triangleOAOBOC of circumcenters of the flanks is perspective withABC
at thesymmedian point K of ABC. In particular, theA-Cevian ofK in ABC (the
lineAK) is the same line as theA-Cevian ofOA in theA-flank. SinceABC is the
A-flank of triangleABaCa, theA-Cevian ofKA in theA-flank is the same line as
theA-Cevian ofO in ABC as well. Clearly, the same statement can be made for
theB- andC-flanks. The triangleKAKBKC of symmedian points of the flanks is
perspective withABC at thecircumcenter O.

For this relation we call the triangle centersO andK friends. See Figure 3.
More generally, we say thatP befriends Q if the trianglePAPBPC is perspective
with ABC atQ. Such a friendship relation is always symmetric since, as we have
remarked earlier,ABC is theA-,B-,C-flank respectively of itsA-,B-,C-flanks.

1This isX6 in [2, 3].
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Figure 3

4. Isogonal conjugacy

It is easy to see that the bisector of an angle ofABC also bisects the correspond-
ing angle of its flank. The incenter of a triangle, therefore,befriends itself.

Consider two friendsP andQ. By reflection in the bisector of angleA, the line
PAQA is mapped to the line joining the isogonal conjugates ofP andQA.2 We
conclude:

Proposition. If two triangle centers are friends, then so are their isogonal conju-
gates.

Since the centroidG and the orthocenterH are respectively the isogonal conju-
gates of the symmedian pointK and the circumcenterO, we conclude thatG and
H are friends.

5. The Vecten points

The centers of the three squaresACaCbB, BAbAcC andCBcBaA form a tri-
angle perspective withABC. The perspector is called theVecten point of the
triangle.3 By the same token the centers of three squares constructedinwardly on
the three sides also form a triangle perspective withABC. The perspector is called
thesecond Vecten point. 4 We show that each of the Vecten points befriends itself.

2ForQA, this is the same line when isogonal conjugation is considered both in triangleABC
and in theA-flank.

3This is the pointX485 of [3].
4This is the pointX486 of [3], also called theinner Vecten point.
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6. The Second Vecten points

O. Bottema [1] has noted that the position of the midpointM of segmentBcCb
depends only onB, C, but not onA. More specifically,M is the apex of the
isosceles right triangle onBC pointed towardsA. 5

C

A

B

Bc

Ba

Ca

Cb

M

C′b M ′ A′ B′c
Figure 4

To see this, letA′, M ′, B′c andC′b be the orthogonal projections ofA, M , Bc
andCb respectively on the lineBC. See Figure 4. TrianglesAA′C andCB′cBc
are congruent by rotation through±π

2 about the center of the squareCBcBaA.
TrianglesAA′B andBC′bCb are congruent in a similar way. So we haveAA′ =
CB′c = BC ′b. It follows thatM ′ is also the midpoint ofBC. And we see that
C ′bCb +B′c +Bc = BA′ +A′C = a soMM ′ = a

2 . AndM is as desired.
By symmetryM is also the apex of the isosceles right triangle onBaCa pointed

towardsA.
We recall that the triangle of apexes of similar isosceles triangles on the sides

of ABC is perspective withABC. The triangle of apexes is called aKiepert
triangle, and theKiepert perspector K(φ) depends on the base angleφ (modπ) of
the isosceles triangle.6

We conclude thatAM is theA-Cevian ofK(−π
4 ), also called thesecond Vecten

point of bothABC and theA-flank. From similar observations on theB- and
C-flanks, we conclude that the second Vecten point befriends itself.

7. Friendship of Kiepert perspectors

Given any real numbert, LetXt andYt be the points that divideCBc andBCb
such thatCXt : CBc = BYt : BCb = t : 1, and letMt be their midpoint. Then
BCMt is an isosceles triangle, with base anglearctan t = ∠BAYt. See Figure 5.

ExtendAXt toX ′t onBaBc, andAYt to Y ′t onCaCb and letM ′t be the midpoint
of X ′tY ′t . ThenBaCaM ′t is an isosceles triangle, with base anglearctan 1

t =
∠Y ′tACa = π

2 − ∠BAYt. Also, by the similarity of trianglesAXtYt andAX′tY ′t
5Bottema introduced this result with the following story. Someone had found a treasure and

hidden it in a complicated way to keep it secret. He found three marked trees,A, B andC, and
thought of rotatingBA through 90 degrees toBCb, andCA through−90 degrees toCBc. Then
he chose the midpointM of CbBc as the place to hide his treasure. But when he returned, he could
not find treeA. He decided to guess its position and try. In a desperate mood he imagined numerous
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Figure 5

we see thatA, Mt andM ′t are collinear. This shows that the Kiepert perspectors
K(φ) andK(π2 − φ) are friends.

AC

B

Figure 6

In particular, the first Vecten pointK(π4 ) also befriends itself. See Figure 6. The
Fermat pointsK(±π

3 ) 7 are friends of the the Napoleon pointsK(π6 ). 8

Seen collectively, theKiepert hyperbola, the locus of Kiepert perspectors, be-
friends itself; so does its isogonal transform, the Brocard axisOK.

diggings without result. But, much to his surprise, he was able to recover his treasure on the very
first try!

6By convention,φ is positive or negative according as the isosceles triangles are pointing out-
wardly or inwardly.

7These are the pointsX13 andX14 in [2, 3], also called the isogenic centers.
8These points are labelledX17 andX18 in [2, 3]. It is well known that the Kiepert triangles are

equilateral.
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Another Proof of the Erdős-Mordell Theorem

Hojoo Lee

Abstract. We give a proof of the famous Erd˝os-Mordell inequality using Ptolemy’s
theorem.

The following neat inequality is well-known:

Theorem. If from a pointO inside a given triangleABC perpendicularsOD, OE,
OF are drawn to its sides, thenOA+OB +OC ≥ 2(OD +OE +OF ). Equality
holds if and only if triangleABC is equilateral.

A

B CD

E
F

O

Figure 1

This was conjectured by Paul Erd˝os in 1935, and first proved by Louis Mordell
in the same year. Several proofs of this inequality have been given, using Ptolemy’s
theorem by Andr´e Avez [5], angular computations with similar triangles by Leon
Bankoff [2], area inequality by V. Komornik [6], or using trigonometry by Mordell
and Barrow [1]. The purpose of this note is to give another elementary proof using
Ptolemy’s theorem.

Proof. Let HG denote the orthogonal projections ofBC on the lineFE. See
Figure 2. Then, we haveBC ≥ HG = HF + FE + EG. It follows from
∠BFH = ∠AFE = ∠AOE that the right trianglesBFH andAOE are similar

andHF =
OE

OA
BF . In a like manner we find thatEG =

OF

OA
CE. Ptolemy’s

theorem applied toAFOE gives

OA · FE = AF · OE + AE · OF or FE =
AF · OE + AE · OF

OA
.

Combining these, we have

BC ≥ OE

OA
BF +

AF · OE + AE · OF

OA
+

OF

OA
CE,

Publication Date: January 29, 2001. Communicating Editor: Paul Yiu.
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A
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Figure 2

or

BC ·OA ≥ OE ·BF +AF ·OE +AE ·OF +OF ·CE = OE ·AB +OF ·AC.

Dividing by BC, we haveOA ≥ AB

BC
OE +

AC

BC
OF .

Applying the same reasoning to other projections, we have

OB ≥ BC

CA
OF +

BA

CA
OD and OC ≥ CA

AB
OD +

CB

AB
OE.

Adding these inequalities, we have

OA + OB + OC ≥ (
BA

CA
+

CA

AB
)OD + (

AB

BC
+

CB

AB
)OE + (

AC

BC
+

BC

CA
)OF.

It follows from this and the inequality
x

y
+

y

x
≥ 2 (for positive real numbersx,

y) that
OA + OB + OC ≥ 2(OD + OE + OF ).

It is easy to check that equality holds if and only ifAB = BC = CA andO is the
circumcenter ofABC. �
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[1] P. Erdős, L.J. Mordell, and D.F. Barrow, Problem 3740,Amer. Math. Monthly, 42 (1935) 396;
solutions,ibid., 44 (1937) 252 – 254.

[2] L. Bankoff, An elementary proof of the Erd˝os-Mordell theorem,Amer. Math. Monthly, 65 (1958)
521.

[3] A. Oppenheim, The Erd˝os inequality and other inequalities for a triangle,Amer. Math. Monthly,
68 (1961), 226 - 230.

[4] L. Carlitz, Some inequalities for a triangle,Amer. Math. Monthly, 71 (1964) 881 – 885.
[5] A. Avez, A short proof of a theorem of Erd˝os and Mordell,Amer. Math. Monthly, 100 (1993) 60

– 62.
[6] V. Komornik, A short proof of the Erd˝os-Mordell theorem,Amer. Math. Monthly, 104 (1997) 57

– 60.

Hojoo Lee: Department of Mathematics, Kwangwoon University, Wolgye-Dong, Nowon-Gu,
Seoul 139-701, Korea

E-mail address: leehojoo@hotmail.com



Forum Geometricorum
Volume 1 (2001) 9–16. b b

b

b

FORUM GEOM

Perspective Poristic Triangles

Edward Brisse

Abstract. This paper answers a question of Yiu: given a triangleABC, to con-
struct and enumerate the triangles which share the same circumcircle and incircle
and are perspective withABC. We show that there are exactly three such trian-
gles, each easily constructible using ruler and compass.

1. Introduction

Given a triangleABC with its circumcircleO(R) and incircleI(r), the famous
Poncelet - Steiner porism affirms that there is a continuous family of triangles with
the same circumcircle and incircle [1, p.86]. Every such triangle can be constructed
by choosing an arbitrary pointA′ on the circle(O), drawing the two tangents to
(I), and extending them to intersect(O) again atB′ andC′. Yiu [3] has raised
the enumeration and construction problems of poristic triangles perspective with
triangleABC, namely, those poristic trianglesA′B′C ′ with the linesAA′, BB′,
CC ′ intersecting at a common point. We give a complete solution to these prob-
lems in terms of the limit points of the coaxial system of circles generated by the
circumcircle and the incircle.

Theorem 1. The only poristic triangles perspective with ABC are:

(1) the reflection of ABC in the line OI , the perspector being the infinite point
on a line perpendicular to OI ,

(2) the circumcevian triangles of the two limit points of the coaxial system
generated by the circumcircle and the incircle.

A

A′

B

B′

C

C′

I O

Figure 1

In (1), the linesAA′, BB′, CC ′ are all perpendicular to the lineOI. See Figure
1. The perspector is the infinite point on a line perpendicular toOI. One such line

Publication Date: February 8, 2001. Communicating Editor: Paul Yiu.



10 E. Brisse

is the trilinear polar of the incenterI = (a : b : c), with equation
x

a
+

y

b
+

z

c
= 0

in homogeneous barycentric coordinates. The perspector is therefore the point
(a(b − c) : b(c − a) : c(a − b)). We explain in§§2, 3 the construction of the two
triangles in (2), which are symmetric with respect to the lineOI. See Figure 2. In
§4 we justify that these three are the only poristic triangles perspective withABC.

2. Poristic triangles from an involution in the upper half-plane

An easy description of the poristic triangles in Theorem 1(2) is that these are the
circumcevian triangles of the common poles of the circumcircle and the incircle.
There are two such points; each of these has the same line as the polar with respect
the circumcircle and the incircle. These common poles are symmetric with respect

A

A′

B

B′

C

C′
I O

F

A

A′

B

B′

C

C′
I O

F

F ′

Figure 2

to the radical axis of the circles(O) and(I), and are indeed thelimit points of the
coaxial system of circles generated by(O) and(I).1 This is best explained by the
introduction of an involution of the upper half-plane. Leta > 0 be a fixed real
number. Consider in the upper half-planeR2

+ := {(x, y) : y > 0} a family of
circles

Cb : x2 + y2 − 2by + a2 = 0, b ≥ a.

Each circleCb has center(0, b) and radius
√

b2 − a2. See Figure 3. Every point in
R2

+ lies on a unique circleCb in this family. Specifically, if

b(x, y) =
x2 + y2 + a2

2y
,

the point(x, y) lies on the circleCb(x,y). The circleCa consists of the single point
F = (0, a). We call this the limit point of the family of circles. Every pair of circles
in this family has thex-axis as radical axis. By reflecting the system of circles
about thex-axis, we obtain a complete coaxial system of circles. The reflection of
F , namely, the pointF ′ = (0,−a), is the other limit point of this system. Every
circle throughF andF ′ is orthogonal to every circleCb.

1The common polar of each one of these points with respect to the two circles passes through the
other.
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Consider a line through the limiting pointF , with slopem, and therefore equa-
tion y = mx + a. This line intersects the circleCb at points whosey-coordinates
are the roots of the quadratic equation

(1 + m2)y2 − 2(a + bm2)y + a2(1 + m2) = 0.

Note that the two roots multiply toa2. Thus, if one of the intersections is(x, y),
then the other intersection is(−ax

y , a2

y ). See Figure 4. This defines an involution
on the upper half plane:

P ∗ = (−ax

y
,
a2

y
) for P = (x, y).

(0, b)

F (0, a)

Cb

Figure 3

P ∗

F

P

Figure 4

Proposition 2. (1) P∗∗ = P .
(2) P and P∗ belong to the same circle in the family Cb. In other words, if P lies
on the circle Cb, then the line FP intersects the same circle again at P∗.
(3) The line PF ′ intersects the circle Cb at the reflection of P∗ in the y-axis.

Proof. (1) is trivial. (2) follows fromb(P ) = b(P∗). For (3), the intersection is the
point (ax

y , a2

y ). �

Lemma 3. Let A = (x1, y1) and B = (x2, y2) be two points on the same circle
Cb. The segment AB is tangent to a circle Cb′ at the point whose y-coordinate is√

y1y2.

Proof. This is clear ify1 = y2. In the generic case, extendAB to intersect the
x-axis at a pointC. The segmentAB is tangent to a circleCb′ at a pointP such
that CP = CF . It follows that CP2 = CF 2 = CA · CB. SinceC is on the
x-axis, this relation givesy2 = y1y2 for they-coordinate ofP . �
Theorem 4. If a chord AB of Cb is tangent to Cb′ at P , then the chord A∗B∗ is
tangent to the same circle Cb′ at P ∗.
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C

A

B

F

P

Figure 5

Proof. That P and P∗ lie on the same circle is clear from Proposition 2(1). It
remains to show thatP∗ is the correct point of tangency. This follows from noting
that they-coordinate ofP∗, being a2√

y1y2
, is the geometric mean of those ofA∗ and

B∗. �

A

B

F

P

P ∗

A∗
B∗

Figure 6

Consider the circumcircle and incircle of triangleABC. These two circles gen-
erate a coaxial system with limit pointsF andF′.

Corollary 5. The triangle A∗B∗C∗ has I(r) as incircle, and is perspective with
ABC at F .

Corollary 6. The reflection of the triangle A∗B∗C∗ in the line OI also has I(r)
as incircle, and is perspective with ABC at the point F′.

Proof. This follows from Proposition 2 (3). �
It remains to construct the two limit pointsF andF′, and the construction of the

two triangles in Theorem 1(2) would be complete.
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Proposition 7. Let XY be the diameter of the circumcircle through the incenter I .
If the tangents to the incircle from these two points are XP , XQ′, Y Q, and Y P ′
such that P and Q are on the same side of OI , then PP′ intersects OI at F (so
does QQ′), and PQ intersects OI at F ′ (so does P ′Q′).

Proof. This follows from Theorem 4 by observing that Y = X*. �

A

B C

I O

F

F ′

X

Y

P
Q

P ′Q′

Figure 7

3. Enumeration of perspective poristic triangles

In this section, we show that the poristic triangles constructed in the preceding
sections are the only ones perspective withABC. To do this, we adopt a slightly
different viewpoint, by searching for circumcevian triangles which share the same
incircle with ABC. We work with homogeneous barycentric coordinates. Recall
that if a, b, c are the lengths of the sidesBC, CA, AB respectively, then the
circumcircle has equation

a2yz + b2zx + c2xy = 0,

and the incircle has equation

(s − a)2x2 + (s − b)2y2 + (s − c)2z2 − 2(s − b)(s − c)yz
−2(s − c)(s − a)zx − 2(s − a)(s − b)xy = 0,

wheres = 1
2(a + b + c).

We begin with a lemma.

Lemma 8. The tangents from a point (u : v : w) on the circumcircle (O) to the
incircle (I) intersect the circumcircle again at two points on the line

(s − a)u
a2

x +
(s − b)v

b2
y +

(s − c)w
c2

z = 0.
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Remark: This line is tangent to the incircle at the point(
a4

(s − a)u2
:

b4

(s − b)v2
:

c4

(s − c)w2

)
.

Given a pointP = (u : v : w) in homogeneous barycentric coordinates, the
circumcevian triangleA′B′C ′ is formed by thesecond intersections of the lines
AP , BP , CP with the circumcircle. These have coordinates

A′ = (
−a2vw

b2w + c2v
: v : w), B′ = (u :

−b2wu

c2u + a2w
: w), C′ = (u : v :

−c2uv

a2v + b2u
).

Applying Lemma 8 to the pointA′, we obtain the equation of the lineB′C ′ as

−(s − a)vw

b2w + c2v
x +

(s − b)v
b2

y +
(s − c)w

c2
z = 0.

Since this line contains the pointsB′ andC′, we have

−(s − a)uvw

b2w + c2v
− (s − b)uvw

c2u + a2w
+

(s − c)w2

c2
= 0, (1)

−(s − a)uvw

b2w + c2v
+

(s − b)v2

b2
− (s − c)uvw

b2u + a2v
= 0. (2)

The difference of these two equations gives

a2vw + b2wu + c2uv

b2c2(b2u + a2v)(c2u + a2w)
· f = 0, (3)

where

f = −b2c2(s − b)uv + b2c2(s − c)wu − c2a2(s − b)v2 + a2b2(s − c)w2.

If a2vw + b2wu + c2uv = 0, the point(u : v : w) is on the circumcircle, and
both equations (1) and (2) reduce to

s − a

a2
u2 +

s − b

b2
v2 +

s − c

c2
w2 = 0,

clearly admitting no real solutions. On the other hand, setting the quadratic factor
f in (3) to 0, we obtain

u =
−a2

b2c2
· c2(s − b)v2 − b2(s − c)w2

(s − b)v − (s − c)w
.

Substitution into equation (1) gives

vw(c(a − b)v − b(c − a)w)
b2c2(c2v2 − b2w2)(v(s − b) − w(s − c))

· g = 0, (4)

where

g = c3(s − b)(a2 + b2 − c(a + b))v2 + b3(s − c)(c2 + a2 − b(c + a))w2

+2bc(s − b)(s − c)(b2 + c2 − a(b + c))vw.

There are two possibilities.
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(i) If c(a − b)v − b(c − a)w = 0, we obtainv : w = b(c − a) : c(a − b), and
consequently,u : v : w = a(b − c) : b(c − a) : c(a − b). This is clearly an infinite
point, the one on the linexa + y

b + z
c = 0, the trilinear polar of the incenter. This

line is perpendicular to the lineOI. This therefore leads to the triangle in Theorem
1(1).

(ii) Setting the quadratic factorg in (4) to 0 necessarily leads to the two triangles
constructed in§2. The corresponding perspectors are the two limit points of the
coaxial system generated by the circumcircle and the incircle.

4. Coordinates

The lineOI has equation

(b − c)(s − a)
a

x +
(c − a)(s − b)

b
y +

(a − b)(s − c)
c

z = 0.

The radical axis of the two circles is the line

(s − a)2x + (s − b)2y + (s − c)2z = 0.

These two lines intersect at the point(
a(a2(b + c) − 2a(b2 − bc + c2) + (b − c)2(b + c))

b + c − a
: · · · : · · ·

)
,

where the second and third coordinates are obtained from the first by cyclic per-
mutations ofa, b, c. This point is not found in [2].

The coordinates of the common polesF andF′ are

(a2(b2 + c2 − a2) : b2(c2 + a2 − b2) : c2(a2 + b2 − c2)) + t(a : b : c)

where

t =
1
2

(
−2abc+

∑
cyclic

(a3− bc(b+ c))
)
±2�

√
2ab + 2bc + 2ca − a2 − b2 − c2,

(5)
and� = area of triangleABC. This means that the pointsF and F′ divide
harmonically the segment joining the incenterI(a : b : c) to the point whose
homogeneous barycentric coordinates are

(a2(b2 + c2 − a2) : b2(c2 + a2 − b2) : c2(a2 + b2 − c2))

+
1
2

(
− 2abc +

∑
cyclic

(a3 − bc(b + c))
)

(a : b : c).

This latter point is the triangle center

X57 = (
a

b + c − a
:

b

c + a − b
:

c

a + b − c
)

in [2], which divides the segmentOI in the ratioOX57 : OI = 2R + r : 2R − r.
The common polesF andF ′, it follows from (5) above, divide the segmentIX57

harmonically in the ratio2R − r : ±√(4R + r)r.
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Heron Triangles:
A Gergonne-Cevian-and-Median Perspective

K.R.S. Sastry

Abstract. We give effective constructions of Heron triangles by considering the
intersection of a median and a cevian through the Gergonne point.

1. Introduction

Heron gave the triangle area formula in terms of the sidesa, b, c:

(∗) � =
√
s(s− a)(s − b)(s − c), s =

1
2
(a+ b+ c).

He is further credited with the discovery of the integer sided and integer area tri-
angle (13,14,15;84). Notice that this is a non-Pythagorean triangle,i.e., it does
not contain a right angle. We might as well say that with this discovery he chal-
lenged us to determine triangles having integer sides and area,Heron triangles.
Dickson [3] sketches the early attempts to meet this challenge. The references
[1, 4, 5, 6, 7, 8, 10, 11] describe recent attempts in that direction. The present dis-
cussion uses the intersection point of a Gergonne cevian (the line segment between
a vertex and the point of contact of the incircle with the opposite side) and a median
to generate Heron triangles. Why do we need yet another description? The answer
is simple: Each new description provides new ways to solve, and hence to acquire
new insights into, earlier Heron problems. More importantly, they pose new Heron
challenges. We shall illustrate this. Dickson uses the name Heron triangle to de-
scribe one having rational sides and area. However, these rationals can always be
rendered integers. Therefore for us a Heron triangle is one with integer sides and
area except under special circumstances.

We use the standard notation:a, b, c for the sidesBC, CA, AB of triangle
ABC. We use the word side also in the sense of the length of a side. Furthermore,
we assumea ≥ c. No generality is lost in doing so because we may relabel the
vertices if necessary.

Publication Date: February 12, 2001. Communicating Editor: Paul Yiu.
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2. A preliminary result

We first solve this problem: Suppose three cevians of a triangle concur at a point.
How does one determine the ratio in which the concurrence point sections one of
them? The answer is given by

Theorem 1 (van Aubel [2, p.163]). Let the ceviansAD,BE,CF of triangleABC
concur at the pointS. Then

AS

SD
=
AE

EC
+
AF

FB
.

Proof. Let [T ] denote the area of triangleT . We use the known result: if two trian-
gles have a common altitude, then their areas are proportional to the corresponding
bases. Hence, from Figure 1,

A

B CD

E
F

S

Figure 1

A

B D C

E

S

Figure 2

AS

SD
=

[ABS]
[SBD]

=
[ASC]
[SDC]

=
[ABS] + [ASC]
[SBD] + [SDC]

=
[ABS]
[SBC]

+
[ASC]
[SBC]

. (1)

But
AE

EC
=

[ABE]
[EBC]

=
[ASE]
[ESC]

=
[ABE] − [ASE]
[EBC] − [ESC]

=
[ABS]
[SBC]

, (2)

and likewise,
AF

FB
=

[ASC]
[SBC]

. (3)

Now, (1), (2), (3) complete the proof. �

In the above proof we used a property of equal ratios, namely, if
p

q
=
r

s
= k,

thenk =
p± q

r ± s
. From Theorem 1 we deduce the following corollary that is impor-

tant for our discussion.

Corollary 2. In Figure 2, letAD denote the median, andBE the Gergonne cevian.

Then
AS

SD
=

2(s − a)
s− c

.
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Proof. The present hypothesis impliesBD = DC, andE is the point where the
incircle is tangent withAC. It is well - known thatAE = s − a, EC = s − c.

Now, Ceva’s theorem,
BD

DC
· CE
EA

· AF
FB

= 1, yields
AF

FB
=
s− a

s− c
. Then Theorem

1 upholds the claim of Corollary 2. �

In the case of a Heron triangle,a, b, c ands are natural numbers. Therefore,
AS

SD
=

2(s − a)
s− c

= λ is a rational ratio. Of course this will be true more generally

even if� is not an integer; but that is beside the main point. Also,a ≥ c implies
that0 < λ ≤ 2. Next we show how each rational numberλ generates an infinite
family, aλ−family of Heron triangles.

3. Description of λ−family of Heron triangles

Theorem 3 gives expressions for the sides of the Heron triangle in terms of
λ. At present we do not transform these rational sides integral. However, when
we specify a rational number forλ then we do expressa, b, c integral such that
gcd(a, b, c) = 1. An exception to this common practice may be made in the solu-
tion of a Heron problem that requiresgcd(a, b, c) > 1, in (D1) later, for example.

Theorem 3. Let λ be a rational number such that0 < λ ≤ 2. Theλ−family of
Heron triangles is described by

(a, b, c) = (2(m2 + λ2n2), (2 + λ)(m2 − 2λn2), λ(m2 + 4n2)),

m, n being relatively prime natural numbers such thatm >
√

2λ · n.

Proof. From the definition we have

2(s − a)
s− c

= λ or b =
2 + λ

2 − λ
(a− c).

If λ 	= 2, we assumea − c = (2 − λ)p. This givesb = (2 + λ)p. If λ = 2, then
we defineb = 4p. The rest of the description is common to either case. Next we
calculate

a = (2 − λ)p+ c, s = c+ 2p, and from (∗),

�2 = 2λp2(c+ 2p)(c− λp). (4)

To render(a, b, c) Heron we must have(c + 2p)(c − λp) = 2λq2. There is no
need to distinguish two cases:2λ itself a rational square or not. This fact becomes

clearer later when we deduce Corollary 5. With the help of a rational number
m

n
we may write down

c+ 2p =
m

n
q, and c− λp =

n

m
(2λq).

We solve the above simultaneous equations forp andc:

p =
m2 − 2λn2

(2 + λ)mn
· q, c =

λ(m2 + 4n2)
(2 + λ)mn

· q.
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This yields
p

m2 − 2λn2
=

q

(2 + λ)mn
=

c

λ(m2 + 4n2)
.

Sincep, q, c, λ,m, n are positive we must havem >
√

2λ · n. We may ignore the
constant of proportionality so that

p = m2 − 2λn2, q = (2 + λ)mn c = λ(m2 + 4n2).

These values lead to the expressions for the sidesa, b, c in the statement of The-
orem 3. Also,� = 2λ(2 + λ)mn(m2 − 2λn2), see (4), indicates that the area is
rational. �

Here is a numerical illustration. Letλ = 1, m = 4, n = 1. Then Theorem
3 yields (a, b, c) = (34, 42, 20). Heregcd(a, b, c) = 2. In the study of Heron
triangles often gcd(a, b, c) > 1. In such a case we divide the side length values by
the gcd to list primitive values. Hence,(a, b, c) = (17, 21, 10).

Now, supposeλ = 3
2 , m = 5, n = 2. Presently, Theorem 3 gives(a, b, c) =

(68, 91
2 ,

123
2 ). As it is, the sidesb andc are not integral. In this situation we render

the sides integral (and divide by the gcd if it is greater than 1) so that(a, b, c) =
(136, 91, 123).

We should remember that Theorem 3 yields the same Heron triangle more than
once if we ignore the order in which the sides appear. This depends on the number
of ways in which the sidesa, b, cmay be permuted preserving the constrainta ≥ c.
For instance, the(17, 21, 10) triangle above forλ = 1, m = 4, n = 1 may also
be obtained whenλ = 3

7 , m = 12, n = 7, or whenλ = 6
7 , m = 12, n = 7.

The verification is left to the reader. It is time to deduce a number of important
corollaries from Theorem 3.

Corollary 4. Theorem 3 yields the Pythagorean triangles(a, b, c) = (u2+v2, u2−
v2, 2uv) for λ =

2v
u

,m = 2, n = 1.

Incidentally, we observe that the famous generatorsu, v of the Pythagorean
triples/triangles readily tell us the ratio in which the Gergonne cevianBE intersects
the medianAD. Similar observation may be made throughout in an appropriate
context.

Corollary 5. Theorem 3 yields the isosceles Heron triangles(a, b, c) = (m2 +
n2, 2(m2 − n2),m2 + n2) for λ = 2.

Actually,λ = 2 yields(a, b, c) = (m2+4n2, 2(m2−4n2),m2+4n2). However,
the transformationm 
→ 2m, n 
→ n results in the more familiar form displayed in
Corollary 5.

Corollary 6. Theorem 3 describes the complete set of Heron triangles.

This is because the Gergonne cevianBE must intersect the medianAD at a
unique point. Therefore for all Heron triangles0 < λ ≤ 2. Suppose first we fix
λ at such a rational number. Then Theorem 3 gives the entireλ−family of Heron
triangles each member of which hasBE intersectingAD in the same ratio, that is
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λ. Next we varyλ over rational numbers0 < λ ≤ 2. By successive applications
of the preceding remark the claim of Corollary 6 follows.

Corollary 7. [Hoppe’s Problem] Theorem 3 yields Heron triangles(a, b, c) =
(m2 + 9n2, 2(m2 + 3n2), 3(m2 + n2)) having the sides in arithmetic progression

for λ =
m2

6n2
.

Here too a remark similar to the one following Corollary 5 applies. Corollaries
4 through 7 give us the key to the solution, often may be partial solutions of many
Heron problems: Just consider appropriateλ−family of Heron triangles. We will
continue to amplify on this theme in the sections to follow. To richly illustrate this
we prepare a table ofλ−families of Heron triangles. In Table 1,π denotes the
perimeter of the triangle.

Table 1. λ−families of Heron triangles

λ a b c π �
1 2(m2 + n2) 3(m2 − 2n2) m2 + 4n2 6m2 6mn(m2 − 2n2)

1/2 4m2 + n2 5(m2 − n2) m2 + 4n2 10m2 10mn(m2 − n2)

1/3 2(9m2 + n2) 7(3m2 − 2n2) 3(m2 + 4n2) 42m2 42mn(3m2 − 2n2)

2/3 9m2 + 4n2 4(3m2 − 4n2) 3(m2 + 4n2) 24m2 24mn(3m2 − 4n2)

1/4 16m2 + n2 9(2m2 − n2) 2(m2 + 4n2) 36m2 36mn(2m2 − n2)

3/4 16m2 + 9n2 11(2m2 − 3n2) 6(m2 + 4n2) 44m2 132mn(2m2 − 3n2)

1/5 2(25m2 + n2) 11(5m2 − 2n2) 5(m2 + 4n2) 110m2 110mn(5m2 − 2n2)

2/5 25m2 + 4n2 6(5m2 − 4n2) 5(m2 + 4n2) 60m2 60mn(5m2 − 4n2)

3/5 2(25m2 + 9n2) 13(5m2 − 6n2) 15(m2 + 4n2) 130m2 390mn(5m2 − 6n2)

4/5 25m2 + 16n2 7(5m2 − 8n2) 10(m2 + 4n2) 70m2 140mn(5m2 − 8n2)

3/2 4m2 + 9n2 7(m2 − 3n2) 3(m2 + 4n2) 14m2 42mn(m2 − 3n2)

4/3 9m2 + 16n2 5(3m2 − 8n2) 6(m2 + 4n2) 30m2 60mn(3m2 − 8n2)

5/3 2(9m2 + 25n2) 11(3m2 − 10n2) 15(m2 + 4n2) 66m2 330mn(3m2 − 10n2)

5/4 16m2 + 25n2 13(2m2 − 5n2) 10(m2 + 4n2) 52m2 260mn(2m2 − 5n2)

7/4 16m2 + 49n2 15(2m2 − 7n2) 14(m2 + 4n2) 60m2 420mn(2m2 − 7n2)

4. Heron problems and solutions

In what follows we omit the word “determine” from each problem statement.
“Heron triangles” will be contracted to HT, and we donot provide solutions in
detail.

A. Involving sides. A1. HT in which two sides differ by a desired integer.In fact
finding one such triangle is equivalent to finding an infinity! This is because they
depend on the solution of the so-called Fermat-Pell equationx2 − dy2 = e, where
e is an integer andd not an integer square. It is well-known that Fermat-Pell equa-
tions have an infinity of solutions(x, y) (i) whene = 1 and (ii) whene 	= 1 if there
is one. The solution techniques are available in an introductory number theory text,
or see [3].

HT in which the three sides are consecutive integers are completely given by
Corollary 7. For example,m = 3, n = 1 gives the (3,4,5);m = 2, n = 1,
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the (13,14,15), and so on. Here two sides differ by 1 and incidentally, two sides
by 2. However, there are other HT in which two sides differ by 1 (or 2). For
another partial solution, considerλ = 1 family from Table 1. Herea− c = 1 ⇐⇒
m2 − 2n2 = 1. m = 3, n = 2 gives the(26, 3, 25). m = 17, n = 12, the
(866,3,865) triangle and so on. We observe that 3 is the common side of an infinity
of HT. Actually, it is known thateveryinteger greater than 2 is a common side of
an infinity of HT [1, 3].

To determine a HT in which two sides differ by 3, takeλ = 1
2 family and set

b− a = 3. This leads to the equationm2 − 6n2 = 3. The solution(m,n) = (3, 1)
gives(a, b, c) = (37, 40, 13); (m,n) = (27, 11) gives(3037, 3040, 1213) and so
on. This technique can be extended.
A2. A pair of HT having a common side.Consider the pairsλ = 1, λ = 1

2 ;
λ = 1

3 , λ = 2
3 ; or some two distinctλ−families that give identical expressions for

a particular side. For instance,m = 3, n = 1 in λ = 1
3 andλ = 2

3 families yields
a pair(164, 175, 39) and(85, 92, 39). It is now easy to obtain as many pairs as one
desires. This is a quicker solution than the one suggested byA1.
A3. A pair of HT in which a pair of corresponding sides are in the ratio1 : 2, 1 : 3,
2 : 3 etc. The solution lies in the column for sidec.
A4. A HT in which two sides sum to a square.We considerλ = 1

2 family where
a+ c = 5(m2 + n2) is made square bym = 11, n = 2; (488, 585, 137). It is now
a simple matter to generate any number of them.

B. Involving perimeter.The perimeter column shows that it is a function of the
single parameterm. This enables us to pose, and solve almost effortlessly, many
perimeter related problems. To solve such problems by traditional methods would
often at best be extremely difficult. Here we present a sample.
B1. A HT in which the perimeter is a square.A glance at Table 1 reveals that
π = 36m2 for λ = 1

4 family. An infinity of primitive HT of this type is available.
B2. A pair of HT having equal perimeter.An infinity of solution is provided by the
λ = 2

5 andλ = 7
4 families. All that is needed is to substitute identical values form

and suitable values ton to ensure the outcome of primitive HT.
B3. A finite number of HT all with equal perimeter.The solution is unbelievably
simple! Takeanyλ family and put sufficiently large constant value form and then
vary the values ofn only.

A pair of HT in which one perimeter is twice, thrice,. . . another, or three or more
HT whose perimeters are in arithmetic progression, or a set of four HT such that the
sum or the product of two perimeters equals respectively the sum or the product
of the other two perimeters are simple games to play. More extensive tables of
λ−family HT coupled with a greater degree of observation ensures that ingenius
problem posing solving activity runs wild.

C. Involving area.Theλ = 1
2 family has� = 10mn(m2 − n2). Now,mn(m2 −

n2) gives the area of the Pythagorean triangle(m2 −n2, 2mn,m2 +n2). Because
of this an obvious problem has posed and solved itself:
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C1. Given a Pythagorean triangle there exists a non-Pythagorean Heron triangle
such that the latter area is ten times the former.

It may happen that sometimes one of them may be primitive and the other not,
or both may not be primitive. Also, form = 2, n = 1, both are Pythagorean. How-
ever, there is the(6, 25, 29) Heron triangle with� = 60. This close relationship
should enable us to put known vast literature on Pythagorean problems to good
use, see the following problem for example.
C2. Two Heron triangles having equal area; two HT having areas in the ratior : s.

In [3], pp. 172 – 175, this problem has been solved for right triangles. The
primitive solutions are not guaranteed.

D. Miscellaneous problems.In this section we consider problems involving both
perimeter and area.
D1. HT in which perimeter equals area.This is such a popular problem that it
continues to resurface. It is known that there are just five such HT. The reader
is invited to determine them. Hint: They are inλ = 1

4 , 1
3 , 2

5 , 1 and 4
3 families.

Possibly elsewhere too, see the remark preceding Corollary 4.
D2. HT in whichπ and� are squares.In λ = 1

4 family we putm = 169, n = 1.
D3. Pairs of HT with equal perimeter and equal area in each pair.An infinity
of such pairs may be obtained fromλ = 1

2 family. We putm = u2 + uv + v2,
n1 = u2 − v2 andm = u2 + uv + v2, n2 = 2uv + v2. For instance,u = 3,
v = 1 i.e., m = 13, n1 = 8, n2 = 7 produces a desired pair(148, 105, 85) and
(145, 120, 73). They haveπ1 = π2 = 338 and�1 = �2 = 4368.

If we accept pairs of HT that may not be primitive then we may considerλ = 2
3

family. Here,m = p2 + 3q2, n1 = p2 − 3q2 andm = p2 + 3q2, n2 = 1
2(−p2 +

6pq + 3q2).

E. Open problems.We may look upon the problem (D3) as follows:
π2

π1
=

�2

�1
=

1. This immediately leads to the following
Open problem 1.Suppose two HTs have perimetersπ1, π2 and areas�1, �2 such

that
π2

π1
=

�2

�1
=

p

q
, a rational number. Prove or disprove the existence of an

infinity of HT such that for each pair
π2

π1
=

�2

�1
=
p

q
holds.

For instance,λ1 = 1
5 , (odd)m1 > 4k, n1 = 4k andλ2 = 4

5 , m2 > 4k (again

odd),m2 = m1, n2 = 2k yield
π2

π1
=

�2

�1
=

11
7

for k = 1, 2, 3, . . . .

With some effort it is possible to find an infinity of pairs of HT such that for

each pair,
�2

�1
= e · π2

π1
for certain natural numberse. This leads to

Open problem 2.Let e be a given natural number. Prove or disprove the existence

of an infinity of pairs of HT such that for each pair
�2

�1
= e · π2

π1
holds.
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5. Conclusion

The present description of Heron triangles did provide simple solutions to cer-
tain Heron problems. Additionally it suggested new ones that arose naturally in
our discussion. The reader is encouraged to try otherλ−families for different so-
lutions from the presented ones. There is much scope for problem posing and
solving activity. Non-standard problems such as: find three Heron triangles whose
perimeters (areas) are themselves the sides of a Heron triangle or a Pythagorean
triangle. Equally important is to pose unsolved problems. A helpful step in this
direction would be to consider Heron analogues of the large variety of existing
Pythagorean problems.
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Equilateral Triangles Intercepted by Oriented Parallelians

Sabrina Bier

Abstract. Given a pointP in the plane of triangleABC, we consider rays
throughP parallel to the side lines. The intercepts on the sidelines form an
equilateral triangle precisely whenP is a Brocardian point of one of the Fermat
points. There are exactly four such equilateral triangles.

1. Introduction

The construction of an interesting geometric figure is best carried out after an
analysis. For example, given a triangleABC, how does one construct a pointP
through which the parallels to the three sides make equal intercepts? A very simple
analysis of this question can be found in [6, 7]. It is shown that there is only one
such pointP , 1 which has homogeneous barycentric coordinates

(
1
b
+

1
c
− 1
a

:
1
c

+
1
a
− 1
b

:
1
a

+
1
b
− 1
c
) ∼ (ca+ab−bc : ab+bc−ca : bc+ca−ab).

This leads to a very easy construction of the point2 and its three equal parallel
intercepts. See Figure 1. An interesting variation is to consider equal “semi-parallel

B

C A

P

Figure 1

B

C A

P

Y

X

Z

Figure 2

intercepts”. Suppose through a pointP in the plane of triangleABC, parallels to
the sidesAB, BC, CA intersectBC, CA, AB areX, Y , Z respectively. How
should one chooseP so that the three “semi-parallel intercepts”PX, PY , PZ
have equal lengths? (Figure 2). A simple calculation shows that the only point
satisfying this requirement, which we denote byI→, has coordinates(1

c : 1
a : 1

b ).

Publication Date: February 19, 2001. Communicating Editor: Paul Yiu.
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1In [3], this is the equal-parallelian pointX192. In [7], this is called the equal-intercept point.
2If G is the centroid andI′ the isotomic conjugate of the incenter of triangleABC, thenI′P =

3 · I ′G.
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If we reverse the orientations of the parallel rays, we obtain another pointI← with
coordinates(1

b : 1
c : 1

a). See Figure 5. These two points are called the Jerabek
points; they can be found in [2, p.1213]. For a construction, see§4.

2. Triangles intercepted by forward parallelians

Given a triangleABC, we mean by aparallelian a directed ray parallel to one
of the sides,forward if it is along the direction ofAB,BC, orCA, andbackward
if it is along BA, CB, or AC. In this paper we study the question: how should
one choose the pointP so that so that thetriangle XY Z intercepted by forward
parallelians through P is equilateral? See Figure 2.3 We solve this problem by
performing an analysis using homogeneous barycentric coordinates. IfP = (u :
v : w), thenX, Y , andZ have coordinates

X = (0 : u+ v : w), Y = (u : 0 : v + w), Z = (w + u : v : 0).

The lengths ofAY andAZ are respectively(v+w)b
u+v+w and vc

u+v+w . By the law of
cosines, the square length ofY Z is

1
(u+ v + w)2

((v + w)2b2 + v2c2 − (v + w)v(b2 + c2 − a2)).

Similarly, the square lengths ofZX andXY are respectively

1
(u+ v + w)2

((w + u)2c2 + w2a2 − (w + u)w(c2 + a2 − b2))

and
1

(u+ v + w)2
((u+ v)2a2 + u2b2 − (u+ v)u(a2 + b2 − c2)).

The triangleXY Z is equilateral if and only if

(v + w)2b2 + v2c2 − (v + w)v(b2 + c2 − a2)
= (w + u)2c2 + w2a2 − (w + u)w(c2 + a2 − b2)
= (u+ v)2a2 + u2b2 − (u+ v)u(a2 + b2 − c2). (1)

By taking differences of these expressions, we rewrite (1) as a system of two ho-
mogeneous quadratic equations in three unknowns:

C1 : a2v2 − b2w2 − ((b2 + c2 − a2)w − (c2 + a2 − b2)v)u = 0,

and

C2 : b2w2 − c2u2 − ((c2 + a2 − b2)u− (a2 + b2 − c2)w)v = 0.

3Clearly, a solution to this problem can be easily adapted to the case of “backward triangles”, as
we shall do at the end§4.
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3. Intersections of two conics

3.1. Representation by symmetric matrices. We regard each of the two equations
C1 andC2 as defining a conic in the plane of triangleABC. The question is there-
fore finding the intersections of two conics. This is done by choosing a suitable
combination of the two conics which degenerates into a pair of straight lines. To
do this, we represent the two conics by symmetric3 × 3 matrices

M1 =


 0 c2 + a2 − b2 −(b2 + c2 − a2)

c2 + a2 − b2 2a2 0
−(b2 + c2 − a2) 0 −2b2




and

M2 =


 −2c2 −(c2 + a2 − b2) 0
−(c2 + a2 − b2) 0 a2 + b2 − c2

0 a2 + b2 − c2 2b2


 ,

and choose a combinationM1 − tM2 whose determinant is zero.

3.2. Reduction to the intersection with a pair of lines. Consider, therefore, the
matrix

M1 − tM2 =


 2tc2 (1 + t)(c2 + a2 − b2) −(b2 + c2 − a2)

(1 + t)(c2 + a2 − b2) 2a2 −t(a2 + b2 − c2)
−(b2 + c2 − a2) −t(a2 + b2 − c2) −2(1 + t)b2


 .

(2)
Direct calculation shows that the matrixM1 − tM2 in (2) has determinant

−32�2((b2 − c2)t3 − (c2 + a2 − 2b2)t2 − (c2 + a2 − 2b2)t− (a2 − b2)),

where� denotes the area of triangleABC. The polynomial factor further splits
into

((b2 − c2)t− (a2 − b2))(t2 + t+ 1).

We obtainM1 − tM2 of determinant zero by choosingt =
a2 − b2

b2 − c2
. This matrix

represents a quadratic form which splits into two linear forms. In fact, the combi-
nation(b2 − c2)C1 − (a2 − b2)C2 leads to

((a2 − b2)u+ (b2 − c2)v + (c2 − a2)w)(c2u+ a2v + b2w) = 0.

From this we see that the intersections of the two conicsC1 andC2 are the same as
those of any one of them with the pairs of lines

�1 : (a2 − b2)u+ (b2 − c2)v + (c2 − a2)w = 0,

and

�2 : c2u+ a2v + b2w = 0.
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3.3. Intersections of C1 with �1 and �2. There is an easy parametrization of points
on the line�1. Since it clearly contains the points(1 : 1 : 1) (the centroid) and
(c2 : a2 : b2), every point on�1 is of the form(c2 + t : a2 + t : b2 + t) for some
real numbert. Direct substitution shows that this point lies on the conicC1 if and
only if

3t2 + 3(a2 + b2 + c2)t+ (a4 + b4 + c4 + a2b2 + b2c2 + c2a2) = 0.

In other words,

t =
−(a2 + b2 + c2)

2
± 1

2
√

3

√
2b2c2 + 2c2a2 + 2a2b2 − a4 − b4 − c4

=
−(a2 + b2 + c2)

2
± 2�√

3
.

From these, we conclude that the conicC1 and the line�1 intersect at the points

P± =
(
a2 + b2 − c2

2
± 2�√

3
:
b2 + c2 − a2

2
± 2�√

3
:
c2 + a2 − b2

2
± 2�√

3

)
. (3)

The line�2, on the other hand, does not intersect the conicC1 at real points.4 It
follows that the conicsC1 andC2 intersect only at the two real pointsP± given in
(3) above.5

4. Construction of the points P±

The coordinates ofP± in (3) can be rewritten as

P± = (ab cosC ± 1√
3
ab sinC : bc cosA± 1√

3
bc sinA : ca cosB ± 1√

3
ca sinB)

= (
2ab√

3
sin(C ± π

3
) :

2bc√
3

sin(A± π

3
) :

2ca√
3

sin(B ± π

3
))

∼ (
1
c
· sin(C ± π

3
) :

1
a
· sin(A± π

3
) :

1
b
· sin(B ± π

3
)).

A simple interpretation of these expressions, via the notion of Brocardian points
[5], leads to an easy construction of the pointsP±.

Definition. The Brocardian points of a pointQ = (x : y : z) are the two points

Q→ = (
1
z

:
1
x

:
1
y
) and Q← = (

1
y

:
1
z

:
1
x

).

We distinguish between these two by callingQ→ the forward Brocardian point
andQ← the backward one, and justify these definitions by giving a simple con-
struction.

Proposition 1. Given a point Q, construct through the traces AQ, BQ, CQ for-
ward parallelians to AB, BC , CA, intersecting CA, AB, BC at Y , Z and X
respectively. The lines AX, BY , CZ intersect at Q→. On the other hand, if the

4Substitution ofu = −(a2v+b2w)

c2
into (C1) givesa2v2+(a2+b2−c2)vw+b2w2 = 0, which has

no real roots since(a2+b2−c2)2−4a2b2 = a4+b4 +c4−2b2c2−2c2a2−2a2b2 = −16�2 < 0.
5See Figure 9 in the Appendix for an illustration of the conics and their intersections.
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B

C A

AQ

BQ

CQX

Y

Z

Q

Q→

Figure 3a

B

C A

AQ

BQ

CQ

X′

Y ′

Z′

Q

Q←

Figure 3b

backward parallelians through AQ, BQ, CQ to CA, AB, BC , intersect AB, BC ,
CA at Z ′, X ′, Y ′ respectively, then, the lines AX′, BY ′, CZ ′ intersect at Q←.

Proof. SupposeQ = (x : y : z) in homogeneous barycentric coordinates. In
Figure 3a,BX : XC = BCQ : CQA = x : y sinceCQ = (x : y : 0). It
follows thatX = (0 : y : x) ∼ (0 : 1

x : 1
y ). Similarly, Y = (1

z : 0 : 1
x) and

Z = (1
z : 1

y : 0). From these, the linesAX, BY , andCZ intersect at the point

(1
z : 1

x : 1
y ), which we denote byQ→. The proof forQ← is similar; see Figure

3b. �
Examples. If Q = K = (a2 : b2 : c2), the symmedian point, the Brocardian points
K→ andK← are the Brocard points6 satisfying

∠K→BA = ∠K→CB = ∠K→AC = ω = ∠K←CA = ∠K←AB = ∠K←BC,
whereω is the Brocard angle given bycotω = cotA + cotB + cotC. These
points lie on the circle withOK as diameter,O being the circumcenter of triangle
ABC. See Figure 4.

B

C A

K K→

K←
O

Figure 4

B

C A

I→

Y

X

Z

I←

Y ′

X′

Z′

Figure 5

On the other hand, the Brocardian points of the incenterI = (a : b : c) are the
Jerabek pointsI→ andI← mentioned in§1. See Figure 5.

6These points are traditionally labelledΩ (for K→) andΩ′ (for K←) respectively. See [1, pp.274–
280.]
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Proposition 2. The points P± are the forward Brocardian points of the Fermat
points 7

F± =
(

a

sin(A± π
3 )

:
b

sin(B ± π
3 )

:
c

sin(C ± π
3 )

)
.

By reversing the orientation of the parallelians, we obtain two more equilateral
triangles, corresponding to thebackward Brocardian points of the same two Fermat
pointsF±.

Theorem 3. There are exactly four equilateral triangles intercepted by oriented
parallelians, corresponding to the four points F±→ and F±←.

F+

F+
→

F+
←

B

C A

X+
→

Y +
→

Z+
→

X−→

Y −→

Z−→

F−

Figure 6a

F−

F−→

F−←

B

C A

X+
←

Y +
←

Z+
←

X−←

Y −←

Z−←
F+

Figure 6b

5. Some further results

The two equilateral trianglesX+→Y +→Z+→ andX+←Y +←Z+← corresponding to the
Fermat pointF+ are congruent; so areX−→Y −→Z−→ andX−←Y −←Z−←. In fact, they
are homothetic at the common midpoint of the segmentsX+→Y +← , Y +→Z+←, and
Z+→X+←, and their sides are parallel to the corresponding cevians of the Fermat
point. This is indeed a special case of the following proposition.

Proposition 4. For every point Q not on the side lines of triangle ABC , the trian-
gle intercepted by the forward parallelians through Q→ and that by the backward
parallelians through Q← are homothetic at (u(v + w) : v(w + u) : w(u + v)),
with ratio 1 : −1. Their corresponding sides are parallel to the cevians AQ, BQ,
and CQ respectively.

7The Fermat pointF+ (respectivelyF−) of triangleABC is the intersection of the linesAX,
BY , CZ, whereXBC, Y CA andZAB are equilateral triangles constructed externally (respec-
tively internally) on the sidesBC, CA, AB of the triangle. This is the pointX13 (respectivelyX14)
in [3].
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B

C A

Q→

X

Y

Z

Q←
X′

Y ′

Z′

Figure 7

B

C A

H→

X

Y

Z

H←
X′

Y ′

Z′

Figure 8

These two triangles are the only inscribed triangles whose sides are parallel to
the respective cevians ofQ. See Figure 7. They are the Bottema triangles in [4].
Applying this to the orthocenterH, we obtain the two congruent inscribed triangles
whose sides are perpendicular to the sides ofABC (Figure 8).

T

F+C1

C2

C3

T+→

�1

B

C A

F−

F+→

F−→ C1

C2

C3
�2

Figure 9
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Appendix

Figure 9 illustrates the intersections of the two conicsC1 andC2 in §2, along
with a third conicC3 which results from the difference of the first two expressions
in (1), namely,

C3 : c2u2 − a2v2 − ((a2 + b2 − c2)v − (b2 + c2 − a2)u)w = 0.

These three conics are all hyperbolas, and have a common centerT+→, which is
the forward Brocardian point of the Tarry pointT , and is the midpoint between
the common pointsF+→ andF−→. In other words,F+→F−→ is a common diameter
of the three hyperbolas. We remark that the Tarry pointT is the pointX98 of
[3], and is the fourth intersection of the Kiepert hyperbola and the circumcircle of
triangleABC. The fact that�1 and�2 intersect atT→ follows from the observation
that these lines are respectively the loci of the forward Brocardians of points on the
Kiepert hyperbolab

2−c2
u + c2−a2

v + a2−b2
w = 0 and the circumcirclea

2

u + b2

v + c2

w = 0
respectively. The tangents to the hyperbolasC1 atA, C2 atB, andC3 atC intersect
at the pointH→, the forward Brocardian of the orthocenter.
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[5] E. Vigarie, Géométrie du triangle: ´etude bibliographique et terminologique,Journal de Math.

Spéc., (1887) 154–157.
[6] P. Yiu, Euclidean Geometry, Florida Atlantic University Lecture Notes, 1998.
[7] P. Yiu, The uses of homogeneous barycentric coordinates in plane euclidean geometry,Int. J.

Math. Educ. Sci. Technol., 31 (2000) 569 – 578.

Sabrina Bier: Department of Mathematical Sciences, Florida Atlantic University, Boca Raton,
Florida, 33431-0991, USA

E-mail address: true pisces2000@hotmail.com



Forum Geometricorum
Volume 1 (2001) 33–42. b b

b

b

FORUM GEOM

The Isogonal Tripolar Conic

Cyril F. Parry

Abstract. In trilinear coordinates with respect to a given triangleABC, we
define the isogonal tripolar of a pointP (p, q, r) to be the linep: pα+qβ+rγ =
0. We construct a unique conicΦ, called the isogonal tripolar conic, with respect
to which p is the polar ofP for all P . Although the conic is imaginary, it has
a real center and real axes coinciding with the center and axes of the real orthic
inconic. SinceABC is self-conjugate with respect toΦ, the imaginary conic is
harmonically related to every circumconic and inconic ofABC. In particular,Φ
is the reciprocal conic of the circumcircle and Steiner’s inscribed ellipse. We also
construct an analogous isotomic tripolar conicΨ by working with barycentric
coordinates.

1. Trilinear coordinates

For any pointP in the planeABC, we can locate the right projections ofP
on the sides of triangleABC atP1, P2, P3 and measure the distancesPP1, PP2

andPP3. If the distances are directed, i.e., measured positively in the direction of

each vertex to the opposite side, we can identify the distancesα =
−→
PP1, β =

−→
PP2,

γ =
−→
PP3 (Figure 1) such that

aα+ bβ + cγ = 2�
wherea, b, c, � are the side lengths and area of triangleABC. This areal equation
for all positions ofP means that the ratio of the distances is sufficient to define the
trilinear coordinates of P (α, β, γ) where

α : β : γ = α : β : γ.

For example, if we consider the coordinates of the vertexA, the incenterI, and
the first excenterI1, we have absoluteαβγ−coordinates :A(h1, 0, 0), I(r, r, r),
I1(−r1, r1, r1), whereh1, r, r1 are respectively the altitude fromA, the inradius
and the first exradius of triangleABC. It follows that the trilinearαβγ−coordinates
in their simplest form areA(1, 0, 0), I(1, 1, 1), I1(−1, 1, 1). Let R be the cir-
cumradius, andh1, h2, h3 the altitudes, so thatah1 = bh2 = ch3 = 2�. The
absolute coordinates of the circumcenterO, the orthocenterH, and the median
point 1 G areO(R cosA, R cosB, R cosC), H(2R cosB cosC, 2R cosC cosA,

Publication Date: February 26, 2001. Communicating Editor: Clark Kimberling.
1The median point is also known as the centroid.
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2R cosA cosB), andG(h1
3 ,

h2
3 ,

h3
3 ), giving trilinear coordinates:O(cosA, cosB,

cosC),H(secA, secB, secC), andG(1
a ,

1
b ,

1
c ).

2. Isogonal conjugate

For any position ofP we can define its isogonal conjugateQ such that the
directed angles(AC,AQ) = (AP,AB) = θ1, (BA,BP ) = (BQ,BC) = θ2,
(CB,CP ) = (CQ,CA) = θ3 as shown in Figure 1. If the absolute coordinates

of Q areα′ =
−→
QQ1, β′ =

−→
QQ2, γ′ =

−→
QQ3, then

PP2

PP3
=
AP sin(A− θ1)
AP sin θ1

and
QQ2

QQ3
=

AQ sin θ1
AQ sin(A− θ1)

so that thatPP2 ·QQ2 = PP3 ·QQ3, implying ββ′ = γγ′. Similarly,αα′ = ββ′

andγγ′ = αα′, so thatαα′ = ββ′ = γγ′. Consequently,αα′ = ββ′ = γγ′.

B C

A

P

Q

P1

P3

P2

Q1

Q3 Q2

Figure 1

Hence,Q is the triangular inverse ofP ; i.e., if P has coordinates(α, β, γ), then
its isogonal conjugateQ has coordinates(1

α ,
1
β ,

1
γ ). It will be convenient to use

the notationP̂ for the isogonal conjugate ofP . We can immediately note that
O(cosA, cosB, cosC) andH(secA, secB, secC) are isogonal conjugates. On
the other hand, the symmedian pointK, being the isogonal conjugate ofG(1a ,

1
b ,

1
c ),

has coordinatesK(a, b, c), i.e., the distances fromK to the sides of triangleABC
are proportional to the side lengths ofABC.

3. Tripolar

We can now define theline coordinates (l,m, n) of a given line� in the plane
ABC, such that any pointP with coordinates(α, β, γ) lying on � must satisfy the
linear equationlα + mβ + nγ = 0. In particular, the side linesBC, CA, AB
have line coordinates (1,0,0), (0,1,0), (0,0,1), with equationsα = 0, β = 0, γ = 0
respectively.

A specific line that may be defined is the harmonic or trilinear polar ofQ with
respect toABC, which will be called thetripolar of Q.

In Figure 2,L′M ′N ′ is the tripolar ofQ, whereLMN is the diagonal triangle
of the quadrangleABCQ; andL′M ′N ′ is the axis of perspective of the triangles
ABC andLMN . Any line throughQ meeting two sides ofABC at U , V and
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meetingL′M ′N ′ atW creates an harmonic range(UV ;QW ). To find the line
coordinates ofL′M ′N ′ whenQ has coordinates(p′, q′, r′), we noteL = AQ ∩
BC has coordinates(0, q′, r′), sinceLL2

LL3
= QQ2

QQ3
. Similarly forM(p′, 0, r′) and

N(p′, q′, 0). Hence the equation of the lineMN is

α

p′
=
β

q′
+
γ

r′
(1)

since the equation is satisfied when the coordinates ofM orN are substituted for
α, β, γ in (1). So the coordinates ofL′ =MN ∩BC areL′(0, q′,−r′). Similarly
forM ′(p′, 0,−r′) andN ′(p′,−q′, 0), leading to the equation of the lineL′M ′N ′:

α

p′
+
β

q′
+
γ

r′
= 0. (2)

B C

A

P

Q

N
M

L L′

N ′

M ′

Figure 2

Now from the previous analysis, ifP (p, q, r) andQ(p′, q′, r′) are isogonal con-
jugates thenpp′ = qq′ = rr′ so that from (2) the equation of the lineL′M ′N ′ is
pα+ qβ + rγ = 0. In other words, the line coordinates of the tripolar ofQ are the
trilinear coordinates ofP . We can then define theisogonal tripolar of P (p, q, r)
as the lineL′M ′N ′ with equationpα+ qβ + rγ = 0.

For example, for the verticesA(1, 0, 0), B(0, 1, 0), C(0, 0, 1), the isogonal
tripolars are the corresponding sidesBC (α = 0), CA (β = 0), AB (γ = 0). For
the notable pointsO(cosA, cosB, cosC), I(1, 1, 1), G(1

a ,
1
b ,

1
c ), andK(a, b, c),

the corresponding isogonal tripolars are

o : α cosA+ β cosB + γ cosC = 0,
i : α+ β + γ = 0,

g :
α

a
+
β

b
+
γ

c
= 0,

k : aα+ bβ + cγ = 0.

Here,o, i, g, k are respectively the orthic axis, the anti-orthic axis, Lemoine’s line,
and the line at infinity, i.e., the tripolars ofH, I,K, andG. Clark Kimberling has
assembled a catalogue of notable points and notable lines with their coordinates in
a contemporary publication [3].
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4. The isogonal tripolar conic Φ

Now consider a pointP2(p2, q2, r2) on the isogonal tripolar ofP1(p1, q1, r1),
i.e., the line

p1 : p1α+ q1β + r1γ = 0.

ObviouslyP1 lies on the isogonal tripolar ofP2 since the equalityp1p2 + q1q2 +
r1r2 = 0 is the condition for both incidences. Furthermore, the lineP1P2 has
equation

(q1r2 − q2r1)α+ (r1p2 − r2p1)β + (p1q2 − p2q1)γ = 0,

while the pointp1 ∩ p2 has coordinates(q1r2 − q2r1, r1p2 − r2p1, p1q2 − p2q1).
It follows that t = P1P2 is the isogonal tripolar ofT = p1 ∩ p2. These isogo-
nal tripolars immediately suggest the classical polar reciprocal relationships of a
geometrical conic. In fact, the triangleP1P2T has the analogous properties of a
self-conjugate triangle with respect to a conic, since each side of triangleP1P2T
is the isogonal tripolar of the opposite vertex. This means that a significant conic
could be drawn self-polar to triangleP1P2T . But an infinite number of conics
can be drawn self-polar to a given triangle; and a further point with its polar are
required to identify a unique conic [5]. We can select an arbitrary pointP3 with
its isogonal tripolarp3 for this purpose. Now the equation to the general conic in
trilinear coordinates is [4]

S : lα2 +mβ2 + nγ2 + 2fβγ + 2gγα + 2hαβ = 0

and the polar ofP1(p1, q1, r1) with respect toS is

s1 : (lp1 + hq1 + gr1)α+ (hp1 +mq1 + fr1)β + (gp1 + fq1 + nr1)γ = 0.

By definition we propose that fori = 1, 2, 3, the linespi andsi coincide, so that
the line coordinates ofpi andsi must be proportional; i.e.,

lpi + hqi + gri
pi

=
hpi +mqi + fri

qi
=
gpi + fqi + nri

ri
.

Solving these three sets of simultaneous equations, after some manipulation we
find thatl = m = n andf = g = h = 0, so that the equation of the required conic
is α2 + β2 + γ2 = 0. This we designate theisogonal tripolar conic Φ.

From the analysisΦ is the unique conic which reciprocates the pointsP1, P2,
P3 to the linesp1, p2, p3. But any set of pointsPi, Pj , Pk with the corresponding
isogonal tripolarspi, pj, pk could have been chosen, leading to the same equation
for the reciprocal conic. We conclude thatthe isogonal tripolar of any point P
in the plane ABC is the polar of P with respect to Φ. Any trianglePiPjTk with
Tk = pi ∩ pj is self-conjugate with respect toΦ. In particular, the basic triangle
ABC is self-conjugate with respect toΦ, since each side is the isogonal tripolar of
its opposite vertex.

From the form of the equationα2 + β2 + γ2 = 0, the isogonal tripolar conic
Φ is obviously an imaginary conic. So the conic exists on the complex projective
plane. However, it will be shown that the imaginary conic has a real center and real
axes; and thatΦ is the reciprocal conic of a pair of notable real conics.
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5. The center of Φ

To find the center ofΦ, we recall that the polar of the center of a conic with
respect to that conic is the line at infinty�∞ which we have already identified as
k : aα+ bβ+ cγ = 0, the isogonal tripolar of the symmedian pointK(a, b, c). So
the center ofΦ and the center of its director circle are situated atK. From Gaskin’s
Theorem, the director circle of a conic is orthogonal to the circumcircle of every
self-conjugate triangle. Choosing the basic triangleABC as the self-conjugate
triangle with circumcenterO and circumradiusR, we haveρ2 + R2 = OK2,
whereρ is the director radius ofΦ. But it is known [2] thatR2 − OK2 = 3µ2,

whereµ =
abc

a2 + b2 + c2
is the radius of the cosine circle ofABC. From this,

ρ = i
√

3µ = i
√

3 · abc

a2 + b2 + c2
.

6. Some lemmas

To locate the axes ofΦ, some preliminary results are required which can be
found in the literature [1] or obtained by analysis.

Lemma 1. If a diameter of the circumcircle of ABC meets the circumcircle at X,
Y , then the isogonal conjugates of X and Y (designated X̂, Ŷ ) lie on the line at
infinity; and for arbitrary P , the line PX̂ and PŶ are perpendicular.

Here is a special case.

Lemma 2. If the chosen diameter is the Euler line OGH , then X̂Ŷ lie on the
asymptotes of Jerabek’s hyperbola J , which is the locus of the isogonal conjugate
of a variable point on the Euler line OGH (Figure 3).

Lemma 3. If the axes of a conic S with centerQmeets �∞ atE, F , then the polars
of E, F with respect to S are the perpendicular lines QF , QE; and E, F are the
only points on �∞ with this property.

Lemma 4. If UGV is a chord of the circumcircle Γ through G meeting Γ at U , V ,
then the tripolar of U is the line KV̂ passing through the symmedian point K and
the isogonal conjugate of V .

7. The axes of Φ

To proceed with the location of the axes ofΦ, we start with the conditions of
Lemma 2 whereX, Y are the common points ofOGH andΓ.

From Lemma 4, sinceXGY are collinear, the tripolars ofX, Y are respectively
KŶ ,KX̂, which are perpendicular from Lemma 1. Now from earlier definitions,
the tripolars ofX, Y are the isogonal tripolars of̂X , Ŷ , so that the isogonal tripo-
lars ofX̂, Ŷ are the perpendicularsKŶ ,KX̂ through the center ofΦ. SinceX̂Ŷ
lie on �∞, KX̂, KŶ must be the axes ofΦ from Lemma 3. And these axes are
parallel to the asymptotes ofJ from Lemma 2.
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Figure 3. The Jerabek hyperbola

Now it is known [1] that the asymptotes ofJ are parallel to the axes of the
orthic inconic (Figure 4). The orthic triangle has its vertices atH1,H2,H3 the feet
of the altitudesAH,BH, CH. The orthic inconic has its center atK and touches
the sides of triangleABC at the vertices of the orthic triangle. So the axes of the
imaginary conicΦ coincide with the axes of the real orthic inconic.

H3

H1

H2H

K

B C

A

Figure 4. The orthic inconic

8. Φ as a reciprocal conic of two real conics

Although the conicΦ is imaginary, every real pointP has a polarp with respect
to Φ. In particular ifP lies on the circumcircleΓ, its polarp touches Steiner’s
inscribed ellipseσ with centerG. This tangency arises from the known theorem
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[1] that the tripolar of any point on�∞ touchesσ. From Lemma 1 this tripolar is
the isogonal tripolar of the corresponding point ofΓ. Now the basic triangleABC
(which is self-conjugate with respect toΦ) is inscribed inΓ and tangent toσ, which
touches the sides ofABC at their midpoints (Figure 5). In the language of classical
geometrical conics, the isogonal tripolar conicΦ is harmonically inscribed toΓ
and harmoncially circumscribed toσ. From the tangency described above,Φ is
the reciprocal conic toΓ � σ. Furthermore, sinceABC is self-conjugate with
respect toΦ, an infinite number of trianglesPiPjPk can be drawn with its vertices
inscribed inΓ, its sides touchingσ, and self-conjugate with respect toΦ. SinceΦ
is the reciprocal conic ofΓ � σ, for any point onσ, its polar with respect toΦ
(i.e., its isogonal tripolar) touchesΓ. In particular, if the tangentpi touchesσ at
Ti(ui, vi, wi) for i = 1, 2, 3, thenti, the isogonal tripolar ofTi, touchesΓ at Pi
(Figure 5).

O

G

B C

A

P2

T3
T1

P3

P1
T2

Figure 5

Now, the equation to the circumcircleΓ is aβγ+ bγα+ cαβ = 0. The equation
of the tangent toΓ atPi(pi, qi, ri) is

(cqi + bri)α+ (ari + cpi)β + (bpi + aqi)γ = 0.

If this tangent coincides withti, the isogonal tripolar ofTi, then the coordinates of
Ti are

ui = cqi + bri, vi = ari + cpi, wi = bpi + aqi. (3)

So, if ti is the tangent atPi(pi, qi, ri) to Γ, and simultaneously the isogonal tripolar
of Ti, then the coordinates ofTi are as shown in (3). But this relationship can be
generalized for anyPi in the plane ofABC, since the equation to the polar ofPi
with respect toΓ is identical to the equation to the tangent atPi (in the particular
case thatPi lies onΓ). In other words, the isogonal tripolar ofTi(ui, vi, wi) with
the coordinates shown at (3) is the polar ofPi(pi, qi, ri) with respect toΓ, for any
Pi, Ti in the plane ofABC.

9. The isotomic tripolar conic Ψ

To find an alternative description of the transformationP �→ T , we define the
isotomic conjugate and theisotomic tripolar.
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In the foregoing discussion we have used trilinear coordinates(α, β, γ) to de-
fine the pointP and its isogonal tripolarp. However, we could just as well use
barycentric (areal) coordinates(x, y, z) to defineP . With x = area (PBC), y =
area (PCA), z = area (PAB), andx + y + z = area (ABC), comparing with
trilinear coordinates ofP we have

aα = 2x, bβ = 2y, cγ = 2z.

Using directed areas, i.e., positive area(PBC) when the perpendicular distance
PP1 is positive, the ratio of the areas is sufficient to define the(x, y, z) coordinates
of P , with x : x = y : y = z : z. The absolute coordinates(x, y, z) can then be
found from the areal coordinates(x, y, z) using the areal identityx+ y + z = �.
For example, the barycentric coordinates ofA, I, I1, O, H, G, K areA(1, 0, 0),
I(a, b, c), I1(−a, b, c), O(a cosA, b cosB, c cosC), H(a secA, b secB, c secC),
G(1, 1, 1),K(a2, b2, c2) respectively.

In this barycentric system we can identity the coordinates(x′, y′, z′) of the iso-

tomic conjugateP of P as shown in Figure 6, where
−→
BL=

−→
L′C,

−→
CM=

−→
M ′A,

−→
AN=

−→
N ′B. We find by the same procedure thatxx′ = yy′ = zz′ for P , P , so

that the areal coordinates ofP are(1
x ,

1
y ,

1
z ), explaining the alternative description

thatP is the triangular reciprocal ofP .

B C

A

P

P

M

N

L

N ′

M ′

L′

Figure 6

Following the same argument as heretofore, we can define theisotomic tripolar
of P (p, q, r) as the tripolar ofP with barycentric equationpx+ qy + rz = 0, and
then identify the imaginaryisotomic tripolar conic Ψ with equationx2+y2 +z2 =
0. The center ofΨ is the median pointG(1, 1, 1) since the isotomic tripolar ofG is
the�∞ with barycentric equationx+ y + z = 0. By analogous procedure we can
find the axes ofΨ which coincide with the real axes of Steiner’s inscribed ellipse
σ.

Again, we find that the basic triangleABC is self conjugate with respect toΨ,
and from Gaskin’s Theorem, the radius of the imaginary director circled is given
by d2 +R2 = OG2. From this,d2 = OG2 −R2 = −1

9(a2 + b2 + c2), giving

d =
i

3

√
a2 + b2 + c2.
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In the analogous case to Figure 5, we find that in Figure 7, ifP is a variable point
on Steiner’s circum-ellipseθ (with centerG), then the isotomic tripolar ofP is
tangent toσ, andΨ is the reciprocal conic ofθ � σ. Generalizing this relationship
as before, we find that the polar ofP (pqr) with respect toθ is the isotomic tripolar
of T with barycentric coordinates(q+r, r+p, p+q). Furthermore, we can describe

the transformationP �→ T in vector geometry as
−→
PG= 2

−→
GT , or more succinctly

thatT is the complement ofP [2]. The inverse transformationT �→ P is given by
−→
TG= 1

2

−→
GP , whereP is the anticomplement ofT . So the transformation of point

T to the isotomic tripolart can be described as
t = isotomic tripole ofT

= polar ofT with respect toΨ
= polar ofP with respect toθ,

where
−→
PG= 2

−→
GT . In other words, the transformation of a pointP (p, q, r) to

its isotomic tripolarpx + qy + rz = 0 is a dilatation(G,−2) followed by polar
reciprocation inθ, Steiner’s circum-ellipse.

G

B C

A

P3

P1

P2

T1

T2

T3

Figure 7

To find the corresponding transformation of a point to its isogonal tripolar, we
recall that the polar ofP (p, q, r) with respect toΓ is the isogonal tripolar ofT ,

whereT has trilinear coordinates(cq+ br, ar+ cp, bp+aq) from (3). Now,P̂ , the
isotomic conjugate of the isogonal conjugate ofP , has coordinates(p

a2
, q
b2
, r
c2

) [3].

PuttingR = P̂ , the complement ofR has coordinates(cq + br, ar + cp, bp+ aq),
which are the coordinates ofT . So the transformation of pointT to its isogonal
tripolar t can be described as

t = isogonal tripolar ofT
= polar ofT with respect toΦ
= polar ofP with respect toΓ,

where
−→
RG= 2

−→
GT , andP = R̂, the isogonal conjugate of the isotomic conjugate

of R. In other words, the transformation of a pointP with trilinear coordinates
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(p, q, r) to its isogonal tripolar(pα + qβ + rγ = 0) is a dilatation(G,−2), fol-
lowed by isotomic transformation, then isogonal transformation, and finally polar
reciprocation in the circumcircleΓ.

We conclude with the remark that the two well known systems of homogeneous
coordinates, viz. trilinear(α, β, γ) and barycentric(x, y, z), generate two analo-
gous imaginary conicsΦ andΨ, whose real centers and real axes coincide with
the corresponding elements of notable real inconics of the triangle. In each case,
the imaginary conic reciprocates an arbitrary pointP to the corresponding linep,
whose line coordinates are identical to the point coordinates ofP . And in each
case, reciprocation in the imaginary conic is the equivalent of well known transfor-
mations of the real plane.
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The Malfatti Problem

Oene Bottema

Abstract. A solution is given of Steiner’s variation of the classical Malfatti
problem in which the triangle is replaced by three circles mutually tangent to
each other externally. The two circles tangent to the three given ones, presently
known as Soddy’s circles, are encountered as well.

In this well known problem, construction is sought for three circlesC′1, C ′2 and
C ′3, tangent to each other pairwise, and of whichC′1 is tangent to the sidesA1A2

andA1A3 of a given triangleA1A2A3, while C ′2 is tangent toA2A3 andA2A1

andC′3 to A3A1 andA3A2. The problem was posed by Malfatti in 1803 and
solved by him with the help of an algebraic analysis. Very well known is the
extraordinarily elegant geometric solution that Steiner announced without proof
in 1826. This solution, together with the proof Hart gave in 1857, one can find
in various textbooks.1 Steiner has also considered extensions of the problem and
given solutions. The first is the one where the linesA2A3, A3A1 andA1A2 are
replaced by circles. Further generalizations concern the figures of three circles on
a sphere, and of three conic sections on a quadric surface. In the nineteenth century
many mathematicians have worked on this problem. Among these were Cayley
(1852) 2, Schellbach (who in 1853 published a very nice goniometric solution),
and Clebsch (who in 1857 extended Schellbach’s solution to three conic sections
on a quadric surface, and for that he made use of elliptic functions). If one allows
in Malfatti’s original problem also escribed and internally tangent circles, then
there are a total of 32 (real) solutions. One can find all these solutions mentioned
by Pampuch (1904).3 The generalizations mentioned above even have, as appears
from investigation by Clebsch, 64 solutions.
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The literature about the problem is so vast and widespread that it is hardly pos-
sible to consult completely. As far as we have been able to check, the following
special case of the generalization by Steiner has not drawn attention. It is attrac-
tive by the simplicity of the results and by the possibility of a certain stereometric
interpretation.

The problem of Malfatti-Steiner is as follows: Given are three circlesC1, C2

andC3. Three circlesC′1, C ′2 andC′3 are sought such thatC′1 is tangent toC2, C3,
C ′2 andC′3, the circleC′2 to C3, C1, C ′3 andC′1, and,C ′3 to C1, C2, C ′1 andC′2.
Now we examine the special case, where thethree given circles C1, C2, C3 are
pairwise tangent as well.

This problem certainly can be solved following Steiner’s general method. We
choose another route, in which the simplicity of the problem appears immediately.
If one applies aninversion with center the point of tangency ofC2 andC3, then
these two circles are transformed into two parallel lines�2 and�3, andC1 into a
circleK tangent to both (Figure 1). In this figure the construction of the required
circlesKi is very simple. If the distance between�2 and�3 is 4r, then the radii
of K2 andK3 are equal tor, that ofK1 equal to2r, while the distance of the
centers ofK andK1 is equal to4r

√
2. Clearly, the problem always hastwo (real)

solutions.4

�3

�2

K

K2

K3

K1

Figure 1

Our goal is the computation of the radiiR′1,R′2 andR′3 of C ′1, C ′2 andC′3 if the
radii R1, R2 andR3 of the given circlesC1, C2 andC3 (which fix the figure of
these circles) are given. For this purpose we let the objects in Figure 1 undergo an
arbitrary inversion. LetO be the center of inversion and we choose a rectangular
grid withO as its origin and such that�2 and�3 are parallel to thex−axis. For the
power of inversion we can without any objection choose the unit. The inversion is
then given by

x′ =
x

x2 + y2
, y′ =

y

x2 + y2
.

From this it is clear that the circle with center(x0, y0) and radiusρ is transformed
into a circle of radius ∣∣∣∣ ρ

x2
0 + y2

0 − ρ2

∣∣∣∣.
4See Figure 2 in the Appendix, which we add in the present translation.
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If the coordinates of the center ofK are(a, b), then those ofK1 are(a+4r
√

2, b).
From this it follows that

R1 =
∣∣∣∣ 2r
a2 + b2 − 4r2

∣∣∣∣, R′1 =
∣∣∣∣ 2r
(a+ 4r

√
2)2 + b2 − 4r2

∣∣∣∣.
The lines�2 and�3 are inverted into circles of radii

R2 =
1

2|b− 2r| , R3 =
1

2|b+ 2r| .

Now we first assume thatO is chosen between�2 and�3, and outsideK. The
circlesC1, C2 andC3 then are pairwise tangentexternally. One hasb − 2r < 0,
b+ 2r > 0, anda2 + b2 > 4r2, so that

R2 =
1

2(2r − b)
, R3 =

1
2(2r + b)

, R1 =
2r

a2 + b2 − 4r2
.

Consequently,

a = ±1
2

√
1

R2R3
+

1
R3R1

+
1

R1R2
, b =

1
4

(
1
R3

− 1
R2

)
, r =

1
8

(
1
R3

+
1
R2

)
,

so that one of the solutions has

1
R′1

=
1
R1

+
2
R2

+
2
R3

+ 2

√
2
(

1
R2R3

+
1

R3R1
+

1
R1R2

)
,

and in the same way

1
R′2

=
2
R1

+
1
R2

+
2
R3

+ 2

√
2
(

1
R2R3

+
1

R3R1
+

1
R1R2

)
,

1
R′3

=
2
R1

+
2
R2

+
1
R3

+ 2

√
2
(

1
R2R3

+
1

R3R1
+

1
R1R2

)
, (1)

while the second solution is found by replacing the square roots on the right hand
sides by their opposites and then taking absolute values. The first solution consists
of three circles which are pairwise tangent externally. For the second there are dif-
ferent possibilities. It may consist of three circles tangent to each other externally,
or of three circles, two tangent externally, and with a third circle tangent internally
to each of them.5 One can check the correctness of this remark by choosingO
outside each of the circlesK1,K2 andK3 respectively, or inside these. According
as one choosesO on the circumference of one of the circles, or at the point of tan-
gency of two of these circles, respectively one , or two, straight lines6 appear in the
solution.

Finally, if one takesO outside the strip bordered by�2 and�3, or insideK, then
the resulting circles have two internal and one external tangencies. If the circleC1
is tangentinternally to C2 andC3, then one should replace in solution (1)R1 by
−R1, and the same for the second solution. In both solutions the circles are tangent

5See Figures 2 and 3 in the Appendix.
6See Figures 4, 5, and 6 in the Appendix.
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to each other externally.7 Incidentally, one can take (1) and the corresponding
expression, where the sign of the square root is taken oppositely, as the general
solution for each case, if one agrees to accept also negative values for a radius
and to understand that two externally tangent circles have radii of equal signs and
internally tangent circles of opposite signs.

There are two circles that are tangent to the three given circles.8 This also
follows immediately from Figure 1. In this figure the radii of these circles are both
2r, the coordinates of their centers(a ± 4r, b). After inversion one finds for the
radii of these ‘inscribed’ circles of the figureC1,C2,C3:

1
ρ1,2

=
1
R1

+
1
R2

+
1
R3

± 2
√

1
R2R3

+
1

R3R1
+

1
R1R2

, (2)

expressions showing great analogy to (1). One finds these already in Steiner9

(Werke I, pp. 61 – 63, with a clarifying remark by Weierstrass, p.524).10 While
ρ1 is always positive,1ρ2 can be greater than, equal to, or smaller than zero. One
of the circles is tangent to all the given circles externally, the other is tangent to
them all externally, or all internally, (or in the transitional case a straight line). One
can read these properties easily from Figure 1 as well. Steiner proves (2) by a
straightforward calculation with the help of a formula for the altitude of a triangle.

From (1) and (2) one can derive a large number of relations among the radii
Ri of the given circles, the radiiR′i of the Malfatti circles, and the radiiρi of the
tangent circles. We only mention

1
R1

+
1
R′1

=
1
R2

+
1
R′2

=
1
R3

+
1
R′3
.

About the formulas (1) we want to make some more remarks. After finding for
the figureS of given circlesC1, C2, C3 one of the two setsS′ of Malfatti circles
C ′1, C ′2, C ′3, clearly one may repeat the same construction toS′. One of the two
sets of Malfatti circles that belong toS′ clearly isS. Continuing this way in two
directionsa chain of triads of circles arises, with the property that each of two
consecutive triples is a Malfatti figure of the other.

By iteration of formula (1) one can express the radii of the circles in thenth

triple in terms of the radii of the circles one begins with. If one applies (1) to1
R′i

,

and chooses the negative square root, then one gets back1
Ri

. For the new set we
find

1
R′′1

=
17
R1

+
16
R2

+
16
R3

+ 20

√
2
(

1
R2R3

+
1

R3R1
+

1
R1R2

)

7See Figure 7 in the Appendix.
8See Figure 8 in the Appendix.
9Steiner [15].
10This formula has become famous in modern times since the appearance of Soddy [5]. See [6].

According to Boyer and Merzbach [2], however, an equivalent formula was already known to Ren´e
Descartes, long before Soddy and Steiner.
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and cyclic permutations. For the next sets,

1

R
(3)
1

=
161
R1

+
162
R2

+
162
R3

+ 198

√
2
(

1
R2R3

+
1

R3R1
+

1
R1R2

)

1

R
(4)
1

=
1601
R1

+
1600
R2

+
1600
R3

+ 1960

√
2
(

1
R2R3

+
1

R3R1
+

1
R1R2

)

If one takes

1

R
(2p)
1

=
a2p + 1
R1

+
a2p

R2
+
a2p

R3
+ b2p

√
2
(

1
R2R3

+
1

R3R1
+

1
R1R2

)

1

R
(2p+1)
1

=
a2p+1 + 1

R1
+
a2p+1 + 2

R2
+
a2p+1 + 2

R3

+b2p+1

√
2
(

1
R2R3

+
1

R3R1
+

1
R1R2

)
,

then one finds the recurrences11

a2p+1 = 10a2p − a2p−1,
a2p = 10a2p−1 − a2p−2 + 16,
bk = 10bk−1 − bk−2,

from which one can compute the radii of the circles in the triples.
The figure of three pairwise tangent circlesC1, C2, C3 forms with a set of

Malfatti circlesC′1, C ′2, C ′3 a configuration of six circles, of which each is tangent
to four others. If one maps the circles of the plane to points in a three dimensional
projective space, where the point-circles correspond with the points of a quadric
surfaceΩ, then the configuration matches with an octahedron, of which the edges
are tangent toΩ. The construction that was under discussion is thus the same as the
following problem:around a quadric surface Ω (for instance a sphere) construct
an octahedron, of which the edges are tangent to Ω, and the vertices of one face
are given. This problem therefore has two solutions. And with the above chain
corresponds a chain of triangles, all circumscribingΩ, and having the property that
two consecutive triangles are opposite faces of a circumscribing octahedron.

From the formulas derived above for the radii it follows that these are decreasing
if one goes in one direction along the chain, and increasing in the other direction,
a fact that is apparent from the figure. Continuing in one direction, the triple of
circles will eventually converge to a single point. With the question of how this
point is positioned with respect to the given circles, we wish to end this modest
contribution to the knowledge of the curious problem of Malfatti.

11These are the sequences A001078 and A053410 in N.J.A. Sloane’sEncyclopedia of Integer
Sequences [13].
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Appendix
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Figure 4

Figure 5

Figure 6

Figure 7
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C1
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Figure 8
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A Morley Configuration

Jean-Pierre Ehrmann and Bernard Gibert

Abstract. Given a triangle, the isogonal conjugates of the infinite points of the
side lines of the Morley (equilateral) triangle is an equilateral trianglePQR in-
scribed in the circumcircle. Their isotomic conjugates form another equilateral
triangleP ′Q′R′ inscribed in the Steiner circum-ellipse, homothetic toPQR at
the Steiner point. We show that under the one-to-one correspondenceP �→ P′

between the circumcircle and the Steiner circum-ellipse established by isogo-
nal and then isotomic conjugations, this is the only case when bothPQR and
P ′Q′R′ are equilateral.

1. Introduction

Consider the Morley triangleMaMbMc of a triangleABC, the equilateral tri-
angle whose vertices are the intersections of pairs of angle trisectors adjacent to a
side. Underisogonal conjugation, the infinite points of the Morley linesMbMc,
McMa, MaMb correspond to three pointsGa, Gb, Gc on the circumcircle. These
three points form the vertices of an equilateral triangle. This phenomenon is true
for any three lines making60◦ angles with one another.1

A

B

C

I

Figure 1

Under isotomic conjugation, on the other hand, the infinite points of the same
three Morley lines correspond to three pointsTa, Tb, Tc on the Steiner circum-
ellipse. It is interesting to note that these three points also form the vertices of an
equilateral triangle. Consider the mapping that sends a pointP to P′, the isotomic
conjugate of the isogonal conjugate ofP . This maps the circumcircle onto the
Steiner circum-ellipse. The main result of this paper is thatGaGbGc is the only
equilateral trianglePQR for whichP′Q′R′ is also equilateral.

Publication Date: March 22, 2001. Communicating Editor: Paul Yiu.
1In Figure 1, the isogonal conjugates of the infinite points of the three lines throughA are the

intersections of the circumcircle with their reflections in the bisector of angleA.
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Main Theorem. LetPQR be an equilateral triangle inscribed in the circumcircle.
The triangleP ′Q′R′ is equilateral if and only ifP ,Q,R are the isogonal conjugates
of the infinite points of the Morley lines.

Before proving this theorem, we make some observations and interesting appli-
cations.

2. Homothety of GaGbGc and TaTbTc

The two equilateral trianglesGaGbGc andTaTbTc are homothetic at the Steiner
pointS, with ratio of homothety1 : 4 sin2 Ω, whereΩ is the Brocard angle of tri-
angleABC. The circumcircle of the equilateral triangleTaTbTc has center at the
third Brocard point2, the isotomic conjugate of the symmedian point, and is tan-
gent to the circumcircle ofABC at the Steiner pointS. In other words, the circle
centered at the third Brocard point and passing through the Steiner point intersects
the Steiner circum-ellipse at three other points which are the vertices of an equi-
lateral triangle homothetic to the Morley triangle. This circle has radius4R sin2 Ω
and is smaller than the circumcircle, except when triangleABC is equilateral.

A

B

C

Ma

Mb

Mc

Ga

Gb

Gc

Ta

Tb

Tc

S

O

G

Figure 2

The triangleGaGbGc is the circum-tangential triangle in [3]. It is homothetic to
the Morley triangle. From this it follows that the pointsGa, Gb, Gc are the points
of tangency with the circumcircle of the deltoid which is the envelope of the axes
of inscribed parabolas.3

2This point is denoted byX76 in [3].
3The axis of an inscribed parabola with focusF is the perpendicular fromF to its Simson line,

or equivalently, the homothetic image of the Simson line of the antipode ofF on the circumcircle,
with homothetic centerG and ratio−2. In [5], van Lamoen has shown that the points of contact
of Simson lines tangent to the nine-point circle also form an equilateral triangle homothetic to the
Morley triangle.
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3. Equilateral triangles inscribed in an ellipse

Let E be an ellipse centered atO, andU a point onE . With homothetic center
O, ratio−1

2 , mapsU to u. Construct the parallel throughu to its polar with respect
to E , to intersect the ellipse atV andW . The circumcircle ofUVW intersectsE at
the Steiner pointS of triangleUVW . LetM be the third Brocard point ofUVW .
The circle, centerM , passing throughS, intersectsE at three other points which
form the vertices of an equilateral triangle. See Figure 3.

U

u

V

W

S

M

Figure 3

From this it follows that the locus of the centers of equilateral triangles inscribed
in the Steiner circum-ellipse ofABC is the ellipse∑

cyclic

a2(a2 + b2 + c2)x2 + (a2(b2 + c2) − (2b4 + b2c2 + 2c4))yz = 0

with the same center and axes.

4. Some preliminary results

Proposition 1. If a circle through the focus of a parabola has its center on the
directrix, there exists an equilateral triangle inscribed in the circle, whose side
lines are tangent to the parabola.

Proof. Denote byp the distance from the focusF of the parabola to its directrix.
In polar coordinates with the pole atF , let the center of the circle be the point
( p
cosα , α). The radius of the circle isR = p

cosα . See Figure 4. If this center is at a
distanced to the line tangent to the parabola at the point( p

1+cos θ , θ), then

d

R
=

∣∣∣∣∣
cos(θ − α)

2 cos θ2

∣∣∣∣∣ .
Thus, forθ = 2

3α, 2
3 (α + π) and 2

3(α − π), we haved = R
2 , and the lines tangent

to the parabola at these three points form the required equilateral triangle.�
Proposition 2. If P lies on the circumcircle, then the line PP′ passes through the
Steiner point S. 4

4 More generally, ifu + v + w = 0, the line joining( p
u

: q
v

: r
w

) to ( l
u

: m
v

: n
w

) passes
through the point( 1

qn−rm
: 1

rl−pn
: 1

pm−ql
) which is the fourth intersection of the two circumconics

p
u

+ q
v

+ r
w

= 0 and l
u

+ m
v

+ n
w

= 0.
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F

Figure 4

It follows that a trianglePQR inscribed in the circumcircle is always perspec-
tive with P ′Q′R′ (inscribed in the Steiner circum-ellipse) at the Steiner point. The
perspectrix is a line parallel to the tangent to the circumcircle at the focus of the
Kiepert parabola.5

We shall make use of the Kiepert parabola

P :
∑

(b2 − c2)2x2 − 2(c2 − a2)(a2 − b2)yz = 0.

This is the inscribed parabola with perspector the Steiner pointS, focusS′ =
( a2

b2−c2 : b2

c2−a2 : c2

a2−b2 ),6 and the Euler line as directrix. For more on inscribed
parabolas and inscribed conics in general, see [1].

Proposition 3. Let PQ be a chord of the circumcircle. The following statements
are equivalent: 7

(a) PQ and P ′Q′ are parallel.
(b) The line PQ is tangent to the Kiepert parabola P.
(c) The Simson lines s(P ) and s(Q) intersect on the Euler line.

Proof. If the linePQ is ux+vy+wz = 0, thenP ′Q′ is a2ux+b2vy+c2wz = 0.
These two lines are parallel if and only if

b2 − c2

u
+

c2 − a2

v
+

a2 − b2

w
= 0, (1)

which means thatPQ is tangent to the the Kiepert parabola.
The common point of the Simson liness(P ) ands(Q) is (x : y : z), where

x = (2b2(c2 + a2 − b2)v + 2c2(a2 + b2 − c2)w − (c2 + a2 − b2)(a2 + b2 − c2)u)
·((a2 + b2 − c2)v + (c2 + a2 − b2)w − 2a2u),

5This line is also parallel to the trilinear polars of the two isodynamic points.
6This is the pointX110 in [3].
7These statements are also equivalent to (d): The orthopole of the linePQ lies on the Euler line.
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A

B

C

P

P ′

F

Q Q′
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s(Q)
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Figure 5

andy andz can be obtained by cyclically permutinga, b, c, andu, v, w. This
point lies on the Euler line if and only if (1) is satisfied. �

In the following proposition,("1, "2) denotes the directed angle between two
lines "1 and"2. This is the angle through which the line"1 must be rotated in the
positive direction in order to become parallel to, or to coincide with, the line"2.
See [2,§§16–19.].

Proposition 4. Let P , Q, R be points on the circumcircle. The following state-
ments are equivalent.

(a) The Simson lines s(P ), s(Q), s(R) are concurrent.
(b) (AB,PQ) + (BC,QR) + (CA,RP ) = 0 (mod π).
(c) s(P ) and QR are perpendicular; so are s(Q) and RP ; s(R) and PQ.

Proof. See [4,§§2.16–20]. �

Proposition 5. A line " is parallel to a side of the Morley triangle if and only if

(AB, ") + (BC, ") + (CA, ") = 0 (mod π).

Proof. Consider the Morley triangleMaMbMc. The lineBMc andCMb inter-
secting at P, the trianglePMbMc is isoceles and(McMb,McP ) = 1

3 (B + C).
Thus,(BC,MbMc) = 1

3(B −C). Similarly, (CA,MbMc) = 1
3 (C −A) + π

3 , and
(AB,MbMc) = 1

3(A−B) − π
3 . Thus

(AB,MbMc) + (BC,MbMc) + (CA,MbMc) = 0 (mod π).

There are only three directions of line" for which(AB, ")+(BC, ")+(CA, ") = 0.
These can only be the directions of the Morley lines. �
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A
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s(Q)

s(R)

Figure 6

5. Proof of Main Theorem

Let P be the Kiepert parabola of triangleABC. By Proposition 1, there is an
equilateral trianglePQR inscribed in the circumcircle whose sides are tangent to
P. By Propositions 2 and 3, the triangleP′Q′R′ is equilateral and homothetic
to PQR at the Steiner pointS. By Proposition 3 again, the Simson liness(P ),
s(Q), s(R) concur. It follows from Proposition 4 that(AB,PQ) + (BC,QR) +
(CA,RP ) = 0 (mod π). Since the linesPQ, QR, andRP make60◦ angles with
each other, we have

(AB,PQ) + (BC,PQ) + (CA,PQ) = 0 (mod π),

andPQ is parallel to a side of the Morley triangle by Proposition 5. Clearly, this is
the same forQR andRP . By Proposition 4, the verticesP , Q, R are the isogonal
conjugates of the infinite points of the Morley sides.

A

B

C

P

Q

R

P ′

Q′

R′

Figure 7
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Uniqueness: ForM(x : y : z), let

f(M) =
x + y + z
x
a2 + y

b2 + z
c2
.

The determinant of the affine mappingP �→ P′, Q �→ Q′, R �→ R′ is
f(P )f(Q)f(R)

a2b2c2
.

This determinant is positive forP , Q, R on the circumcircle, which does not inter-
sect the Lemoine axisx

a2
+ y

b2
+ z

c2
= 0. Thus, if both triangles are equilateral, the

similitudeP �→ P ′, Q �→ Q′, R �→ R′ is adirect one. Hence,

(SP ′, SQ′) = (SP, SQ) = (RP,RQ) = (R′P ′, R′Q′),

and the circleP ′Q′R′ passes throughS. Now, through any point on an ellipse,
there is a unique circle intersecting the ellipse again at the vertices of an equilateral
triangle. This establishes the uniqueness, and completes the proof of the theorem.

6. Concluding remarks

We conclude with a remark and a generalization.
(1) The reflection ofGaGbGc in the circumcenter is another equilateral trian-

gle PQR (inscribed in the circumcircle) whose sides are parallel to the Morley
lines.8 This, however, does not lead to an equilateral triangle inscribed in the
Steiner circum-ellipse.

A

B

C

P

Q

R
P ′

Q′

R′

S

Figure 8

(2) Consider the circum-hyperbolaC through the centroidG and the symmedian
point K.9 For any pointP on C, let CP be the circumconic with perspectorP ,
intersecting the circumcircle again at a pointSP . 10 For every pointM on the

8This is called the circumnormal triangle in [3].
9The center of this hyperbola is the point(a4(b2 − c2)2 : b4(c2 − a2)2 : c4(a2 − b2)2).
10The perspector of a circumconic is the perspector of the triangle bounded by the tangents to the

conic at the vertices ofABC. If P = (u : v : w), the circumconicCP has center(u(v + w − u) :
v(w + u− v) : w(u + v −w)), andSP is the point( 1

b2w−c2v
: 1

c2u−a2w
: 1

a2v−b2u
). See Footnote

4.
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circumcircle, denote byM′ the second common point ofCU and the lineMSP .
Then, ifGa, Gb, Gc are the isogonal conjugates of the infinite points of the Morley
lines,G′aG′bG

′
c is homothetic toGaGbGc atSU . The reason is simple: Proposition

3 remains true. ForU = G, this gives the equilateral triangleTaTbTc inscribed in
the case of the Steiner circum-ellipse. Here is an example. ForU = (a(b + c) :
b(c + a) : c(a + b)), 11 we have the circumellipse with center the Spieker center
(b + c : c + a : a + b). The trianglesGaGbGc andG′aG′bG

′
c are homothetic at

X100 = ( a
b−c : b

c−a : c
a−b), and the circumcircle ofG′aG′bG

′
c is the incircle of the

anticomplementary triangle, center the Nagel point, and ratio of homothetyR : 2r.

A

B

C

GK

P

CP

SP

Figure 9
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Concurrency of Four Euler Lines

Antreas P. Hatzipolakis, Floor van Lamoen, Barry Wolk, and Paul Yiu

Abstract. Using tripolar coordinates, we prove that ifP is a point in the plane
of triangleABC such that the Euler lines of trianglesPBC, APC andABP
are concurrent, then their intersection lies on the Euler line of triangleABC.
The same is true for the Brocard axes and the lines joining the circumcenters to
the respective incenters. We also prove that the locus ofP for which the four
Euler lines concur is the same as that for which the four Brocard axes concur.
These results are extended to a familyLn of lines through the circumcenter. The
locus ofP for which the fourLn lines ofABC, PBC,APC andABP concur
is always a curve through 15 finite real points, which we identify.

1. Four line concurrency

Consider a triangleABC with incenterI. It is well known [13] that the Euler
lines of the trianglesIBC, AIC andABI concur at a point on the Euler line of
ABC, the Schiffler point with homogeneous barycentric coordinates1

(
a(s− a)
b + c

:
b(s− b)
c + a

:
c(s − c)
a + b

)
.

There are other notable points which we can substitute for the incenter, so that a
similar statement can be proven relatively easily. Specifically, we have the follow-
ing interesting theorem.

Theorem 1. Let P be a point in the plane of triangle ABC such that the Euler
lines of the component triangles PBC , APC and ABP are concurrent. Then the
point of concurrency also lies on the Euler line of triangle ABC .

When one tries to prove this theorem with homogeneous coordinates, calcula-
tions turn out to be rather tedious, as one of us has noted [14]. We present an easy
analytic proof, making use of tripolar coordinates. The same method applies if we
replace the Euler lines by the Brocard axes or theOI-lines joining the circumcen-
ters to the corresponding incenters.

Publication Date: April 9, 2001. Communicating Editor: Jean-Pierre Ehrmann.
1This appears asX21 in Kimberling’s list [7]. In the expressions of the coordinates,s stands for

the semiperimeter of the triangle.
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2. Tripolar coordinates

Given triangleABC with BC = a, CA = b, andAB = c, consider a point
P whose distances from the vertices arePA = λ, PB = µ andPC = ν. The
precise relationship amongλ, µ, andν dates back to Euler [4]:

(µ2 + ν2 − a2)2λ2 + (ν2 + λ2 − b2)2µ2 + (λ2 + µ2 − c2)2ν2

−(µ2 + ν2 − a2)(ν2 + λ2 − b2)(λ2 + µ2 − c2) − 4λ2µ2ν2 = 0.

See also [1, 2]. Geometers in the 19th century referred to the triple(λ, µ, ν) as the
tripolar coordinates ofP . A comprehensive introduction can be found in [12].2

This series begins with the following easy theorem.

Proposition 2. An equation of the form �λ2 + mµ2 + nν2 + q = 0 represents a
circle or a line according as � + m + n is nonzero or otherwise.

The center of the circle has homogeneous barycentric coordinates(� : m : n).
If � + m + n = 0, the line is orthogonal to the direction(� : m : n). Among the
applications one finds the equation of the Euler line in tripolar coordinates [op. cit.
§26]. 3

Proposition 3. The tripolar equation of the Euler line is

(b2 − c2)λ2 + (c2 − a2)µ2 + (a2 − b2)ν2 = 0. (1)

We defer the proof of this proposition to§5 below. Meanwhile, note how this
applies to give a simple proof of Theorem 1.

3. Proof of Theorem 1

Let P be a point with tripolar coordinates(λ, µ, ν) such that the Euler lines of
trianglesPBC, APC andABP intersect at a pointQ with tripolar coordinates
(λ′, µ′, ν ′). We denote the distancePQ by ρ.

Applying Proposition 3 to the trianglesPBC, APC andABP , we have

(ν2 − µ2)ρ2 +(µ2 − a2)µ′2 + (a2 − ν2)ν ′2= 0,

(b2 − λ2)λ′2 +(λ2 − ν2)ρ2 + (ν2 − b2)ν ′2 = 0,

(λ2 − c2)λ′2 +(c2 − µ2)µ′2 + (µ2 − λ2)ρ2 = 0.

Adding up these equations, we obtain (1) withλ′, µ′, ν ′ in lieu of λ, µ, ν. This
shows thatQ lies on the Euler line ofABC.

2[5] and [8] are good references on tripolar coordinates.
3The tripolar equations of the lines in§§5 – 7 below can be written down from the barycentric

equations of these lines. The calculations in these sections, however, do not make use of these
barycentric equations.
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4. Tripolar equations of lines through the circumcenter

O. Bottema [2, pp.37–38] has given a simple derivation of the equation of the
Euler line in tripolar coordinates. He began with the observation that since the
point-circles

λ2 = 0, µ2 = 0, ν2 = 0,

are all orthogonal to the circumcircle,4 for arbitraryt1, t2, t3, the equation

t1λ
2 + t2µ

2 + t3ν
2 = 0 (2)

represents a circle orthogonal to the circumcircle. By Proposition 2, this represents
a line through the circumcenter if and only ift1 + t2 + t3 = 0.

5. Tripolar equation of the Euler line

Consider the centroidG of triangleABC. By the Apollonius theorem, and the
fact thatG divides each median in the ratio2 : 1, it is easy to see that the tripolar
coordinates ofG satisfy

λ2 : µ2 : ν2 = 2b2 + 2c2 − a2 : 2c2 + 2a2 − b2 : 2a2 + 2b2 − c2.

It follows that the Euler lineOG is defined by (2) witht1, t2, t3 satisfying

t1 + t2 + t3 = 0,
(2b2 + 2c2 − a2)t1 + (2c2 + 2a2 − b2)t2 + (2a2 + 2b2 − c2)t3 = 0,

or t1 : t2 : t3 = b2 − c2 : c2 − a2 : a2 − b2.

This completes the proof of Proposition 3.

4These point-circles are evidently the vertices of triangleABC.
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6. Tripolar equation of the OI-line

For the incenterI, we have

λ2 : µ2 : ν2 = csc2 A

2
: csc2 B

2
: csc2 C

2
=

s− a

a
:
s− b

b
:
s− c

c
,

wheres = a+b+c
2 . The tripolar equation of theOI-line is given by (2) witht1, t2,

t3 satisfying

t1 + t2 + t3 = 0,
s− a

a
t1 +

s− b

b
t2 +

s− c

c
t3 = 0.

From these,t1 : t2 : t3 = 1
b − 1

c : 1
c − 1

a : 1
a − 1

b , and the tripolar equation of the
OI-line is (

1
b
− 1

c

)
λ2 +

(
1
c
− 1

a

)
µ2 +

(
1
a
− 1

b

)
ν2 = 0.

The same reasoning in§3 yields Theorem 1 with the Euler lines replaced by the
OI-lines.

7. Tripolar equation of the Brocard axis

The Brocard axis is the line joining the circumcenter to the symmedian point.
Since this line contains the two isodynamic points, whose tripolar coordinates, by
definition, satisfy

λ : µ : ν =
1
a

:
1
b

:
1
c
,

it is easy to see that the tripolar equation of the Brocard axis is5

(
1
b2

− 1
c2

)
λ2 +

(
1
c2

− 1
a2

)
µ2 +

(
1
a2

− 1
b2

)
ν2 = 0.

The same reasoning in§3 yields Theorem 1 with the Euler lines replaced by the
Brocard axes.

8. The lines Ln

The resemblance of the tripolar equations in§§5 – 7 suggests consideration of
the family of lines through the circumcenter:

Ln : (bn − cn)λ2 + (cn − an)µ2 + (an − bn)ν2 = 0,

for nonzero integersn. The Euler line, the Brocard axis, and theOI-line are re-
spectivelyLn for n = 2, −2, and−1. In homogeneous barycentric coordinates,

5The same equation can be derived directly from the tripolar distances of the symmedian point:

AK2 = b2c2(2b2+2c2−a2)

(a2+b2+c2)2
etc. This can be found, for example, in [11, p.118].
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the equation ofLn is6

∑
cyclic

(an(b2 − c2) − (bn+2 − cn+2))x = 0.

The lineL1 contains the points7

(2a + b + c : a + 2b + c : a + b + 2c)

and

(a(b + c) − (b− c)2 : b(c + a) − (c− a)2 : c(a + b) − (a− b)2).

Theorem 1 obviously applies when the Euler lines are replaced byLn lines for a
fixed nonzero integern.

9. Intersection of the Ln lines

It is known that the locus ofP for which the Euler lines (L2) of trianglesPBC,
APC andABP are concurrent is the union of the circumcircle and the Neuberg
cubic.8 See [10, p.200]. Fred Lang [9] has computed the locus for the Brocard axes
(L−2) case, and found exactly the same result. The coincidence of these two loci
is a special case of the following theorem.

Theorem 4. Let n be a nonzero integer. The Ln lines of triangles PBC , APC and
ABP concur (at a point on Ln) if and only if the L−n lines of the same triangles
concur (at a point on L−n).

Proof. Consider the component trianglesPBC, APC andABP of a pointP . If
P has tripolar coordinates(L,M,N), then theLn lines of these triangles have
tripolar equations

Ln(PBC) : (Nn −Mn)ρ2 + (Mn − an)µ2 + (an −Nn)ν2 = 0,

Ln(APC) : (bn − Ln)λ2 + (Ln −Nn)ρ2 + (Nn − bn)ν2 = 0,

Ln(ABP ) : (Ln − cn)λ2 + (cn −Mn)µ2 + (Mn − Ln)ρ2 = 0,

whereρ is the distance betweenP and a variable point(λ, µ, ν).9 These equations
can be rewritten as

6This can be obtained from the tripolar equation by putting

λ2 =
1

(x+ y + z)2
(c2y2 + (b2 + c2 − a2)yz + b2z2)

and analogous expressions forµ2 andν2 obtained by cyclic permutations ofa, b, c andx, y, z.
7These are respectively the midpoint between the incenters ofABC and its medial triangle, and

the symmedian point of the excentral triangle of the medial triangle.
8The Neuberg cubic is defined as the locus of pointsP such that the line joiningP to its isogonal

conjugate is parallel to the Euler line.
9See Figure 1, withλ, µ, ν replaced byL,M ,N , andλ′, µ′, ν′ by λ, µ, ν respectively.
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− (Mn − an)(ρ2 − µ2) + (Nn − an)(ρ2 − ν2) = 0,
(Ln − bn)(ρ2 − λ2) − (Nn − bn)(ρ2 − ν2) = 0,

−(Ln − cn)(ρ2 − λ2) + (Mn − cn)(ρ2 − µ2) = 0.
(3)

One trivial solution to these equations isρ = λ = µ = ν, which occurs only
when the variable point is the circumcenterO, with P on the circumcircle. In this
case theLn lines all concur at the pointO, for all n. Otherwise, we have a solution
to (3) with at least one of the valuesρ2 −λ2, ρ2 −µ2, andρ2 − ν2 being non-zero.
And the condition for a solution of this kind is

(Ln − bn)(Mn − cn)(Nn − an) = (Ln − cn)(Mn − an)(Nn − bn). (4)

This condition is clearly necessary. Conversely, takeP satisfying (4). This says
that (3), as linear homogeneous equations inρ2 − λ2, ρ2 − µ2, andρ2 − ν2, have
a nontrivial solution(u, v,w), which is determined up to a scalar multiple. Then
the equations of theLn lines of trianglesABP andPBC can be rewritten as
( 1

u − 1
v )XP 2 − 1

uXA2 + 1
vXB2 = 0 and(1

v − 1
w )XP 2 − 1

vXB2 + 1
wXC2 = 0.

If X is a point common to these two lines, then it satisfies

XP 2 −XA2

u
=

XP 2 −XB2

v
=

XP 2 −XC2

w
and also lies on theLn line of triangleAPC.

Note that (4) is clearly equivalent to(
1
Ln

− 1
bn

)(
1

Mn
− 1
cn

)(
1
Nn

− 1
an

)
=
(

1
Ln

− 1
cn

)(
1

Mn
− 1
an

)(
1
Nn

− 1
bn

)
,

which, by exactly the same reasoning, is the concurrency condition for theL−n

lines of the same triangles. �
Corollary 5. The locus of P for which the Brocard axes of triangles PBC , APC
and ABP are concurrent (at a point on the Brocard axis of triangle ABC) is the
union of the circumcircle and the Neuberg cubic.

Let Cn be the curve with tripolar equation

(λn − bn)(µn − cn)(νn − an) = (λn − cn)(µn − an)(νn − bn),

so that together with the circumcircle, it constitutes the locus of pointsP for which
the fourLn lines of trianglesPBC, APC, ABP andABC concur.10 The sym-
metry of equation (4) leads to the following interesting fact.

Corollary 6. If P lies on the Cn curve of triangle ABC , then A (respectively B,
C) lies on the Cn curve of triangle PBC (respectively APC , ABP ).

Remark. The equation ofCn can also be written in one of the following forms:∑
cyclic

(bn − cn)(anλn + µnνn) = 0

10By Theorem 4, it is enough to considern positive.



Concurrency of four Euler lines 65

or ∣∣∣∣∣∣
λn + an µn + bn νn + cn

anλn bnµn cnνn

1 1 1

∣∣∣∣∣∣ = 0.

10. Points common to Cn curves

Proposition 7. A complete list of finite real points common to all Cn curves is as
follows:

(1) the vertices A, B, C and their reflections on the respective opposite side,
(2) the apexes of the six equilateral triangles erected on the sides of ABC ,
(3) the circumcenter, and
(4) the two isodynamic points.

Proof. It is easy to see that each of these points lies onCn for every positive integer
n. For the isodynamic points, recall thatλ : µ : ν = 1

a : 1
b : 1

c . We show thatC1

andC2 meet precisely in these 15 points. From their equations

(λ− b)(µ− c)(ν − a) = (λ− c)(µ− a)(ν − b) (5)

and
(λ2 − b2)(µ2 − c2)(ν2 − a2) = (λ2 − c2)(µ2 − a2)(ν2 − b2). (6)

If both sides of (5) are zero, it is easy to list the various cases. For example,
solutions likeλ = b, µ = a lead to a vertex and its reflection through the opposite
side (in this caseC and its reflection inAB); solutions likeλ = b, ν = b lead
to the apexes of equilateral triangles erected on the sides ofABC (in this case on
AC). Otherwise we can factor and divide, getting

(λ + b)(µ + c)(ν + a) = (λ + c)(µ + a)(ν + b).

Together with (5), this is easy to solve. The only solutions in this case areλ =
µ = ν andλ : µ : ν = 1

a : 1
b : 1

c , giving respectivelyP = O and the isodynamic
points. �
Remarks. (1) If P is any of the points listed above, then this result says that the
trianglesABC,PBC,APC, andABP have concurrentLn lines, for all non-zero
integersn. There is no degeneracy in the case whereP is an isodynamic point, and
we then get an infinite sequence of four-fold concurrences.

(2) The curveC4 has degree 7, and contains the two circular points at infinity,
each of multiplicity 3. These, together with the 15 finite real points above, account
for all 21 intersections ofC2 andC4.

11. Intersections of Euler lines and of Brocard axes

Forn = ±2, the curveCn is the Neuberg cubic∑
cyclic

((b2 − c2)2 + a2(b2 + c2) − 2a4)x(c2y2 − b2z2) = 0

in homogeneous barycentric coordinates. Apart from the points listed in Proposi-
tion 7, this cubic contains the following notable points: the orthocenter, incenter
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and excenters, the Fermat points, and the Parry reflection point.11 A summary of
interesting properties of the Neuberg cubic can be found in [3]. Below we list the
corresponding points of concurrency, giving their coordinates. For points like the
Fermat points and Napoleon points resulting from erecting equilateral triangles on
the sides, we label the points byε = +1 or −1 according as the equilateral trian-
gles are constructed exterior toABC or otherwise. Also,∆ stands for the area of
triangleABC. For functions likeFa, Fb, Fc indexed bya, b, c, we obtainFb and
Fc from Fa by cyclic permutations ofa, b, c.

P Intersection of Euler lines Intersection of Brocard axes

Circumcenter Circumcenter Circumcenter
Reflection of vertex Intercept of Euler line Intercept of Brocard axis

on opposite side on the side line on the side line
Orthocenter Nine-point center Orthocenter of orthic triangle

Incenter Schiffler point Isogonal conjugate of Spieker center
Excenters

Ia = (−a : b : c) ( as
b+c : b(s−c)

c−a : c(s−b)
−a+b ) ( a2

b+c : b2

c−a : c2

−a+b )
Ib = (a : −b : c) (a(s−c)

−b+c : bs
c+a : c(s−a)

a−b ) ( a2

−b+c : b2

c+a : c2

a−b )
Ic = (a : b : −c) (a(s−b)

b−c : b(s−a)
−c+a : cs

a+b ) ( a2

b−c : b2

−c+a : c2

a+b )
ε-Fermat point centroid Isogonal conjugate of

(−ε)-Napoleon point
ε-isodynamic point Isogonal conjugate of

ε-Napoleon point

Apexes of ε-equilateral triangles erected on the sides of ABC . Let P be the apex
of an equilateral triangle erected the sideBC. This has coordinates(

− 2a2 : a2 + b2 − c2 + ε · 4√
3
∆ : c2 + a2 − b2 + ε · 4√

3
∆
)
.

The intersection of the Euler lines has coordinates(
− a2(a2 − b2)(a2 − c2) : (a2 − b2)(a2b2 + ε · 4√

3
∆(a2 + b2 − c2))

: (a2 − c2)(a2c2 + ε · 4√
3
∆(c2 + a2 − b2))

)
,

and the Brocard axis intersection is the point(
a2(a2 − b2)(a2 − c2)(−ε(b2 + c2 − a2) + 4

√
3∆)

: b2(a2 − b2)(−ε(a4 + 2b4 + 3c4 − 5b2c2 − 4c2a2 − 3a2b2) + 4
√

3∆(c2 + a2))

: c2(a2 − c2)(−ε(a4 + 3b4 + 2c4 − 5b2c2 − 3c2a2 − 4a2b2) + 4
√

3∆(a2 + b2))
)
.

11Bernard Gibert has found that the Fermat points of the anticomplementary triangle ofABC
also lie on the Neuberg cubic. These are the pointsX616 andX617 in [7]. Their isogonal conjugates
(in triangleABC) clearly lie on the Neuberg cubic too. Ed.
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Isodynamic points. For theε-isodynamic point, the Euler line intersections are

(a2(
√

3b2c2 + ε · 4∆(b2 + c2 − a2))
: b2(

√
3c2a2 + ε · 4∆(c2 + a2 − b2))

: c2(
√

3a2b2 + ε · 4∆(a2 + b2 − c2))).

These points divide the segmentGO harmonically in the ratio8 sinA sinB sinC :
3
√

3.12 The Brocard axis intersections for the Fermat points and the isodynamic
points are illustrated in Figure 2.

C

A

B

F+

F−

D+
D−

O

Figure 2

The Parry reflection point. This is the reflection of the circumcenter in the focus
of the Kiepert parabola.13 Its coordinates, and those of the Euler line and Brocard
axis intersections, can be described with the aids of three functions.

(1) Parry reflection point:(a2Pa : b2Pb : c2Pc),
(2) Euler line intersection:(a2Pafa : b2Pbfb : c2Pcfc),
(3) Brocard axis intersection:(a2faga : b2fbgb : c2fcgc), where

Pa = a8 − 4a6(b2 + c2) + a4(6b4 + b2c2 + 6c4)
−a2(b2 + c2)(4b4 − 5b2c2 + 4c4) + (b2 − c2)2(b4 + 4b2c2 + c4),

fa = a6 − 3a4(b2 + c2) + a2(3b4 − b2c2 + 3c4) − (b2 − c2)2(b2 + c2),
ga = 5a8 − 14a6(b2 + c2) + a4(12b4 + 17b2c2 + 12c4)

−a2(b2 + c2)(2b2 + c2)(b2 + 2c2) − (b2 − c2)4.

12These coordinates, and those of the Brocard axis intersections, can be calculated by using the
fact that trianglePBC has(−ε)-isodynamic point at the vertexA and circumcenter at the point

(a2((b2+c2−a2)−ε·4
√

3∆) : b2((c2+a2−b2)+ε·4
√

3∆) : c2((a2+b2−c2)+ε·4
√

3∆)).

13The Parry reflection point is the pointX399 in [6]. The focus of the Kiepert parabola is the point
on the circumcircle with coordinates( a2

b2−c2
: b2

c2−a2 : c2

a2−b2
).
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This completes the identification of the Euler line and Brocard axis intersections
for points on the Neuberg cubic. The identification of the locus for theL±1 prob-
lems is significantly harder. Indeed, we do not know of any interesting points on
this locus, except those listed in Proposition 7.
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[3] Z. Čerin, Locus properties of the Neuberg cubic,Journal of Geometry, 63 (1998), 39–56.
[4] L. Euler, De symptomatibus quatuor punctorum in eodem plano sitorum,Acta Acad. sci.

Petropolitanae, 6 I (1782:I), 1786, 3 – 18; opera omnia, ser 1, vol 26, pp. 258 – 269.
[5] W. Gallatly, The Modern Geometry of the Triangle, 2nd ed. 1913, Francis Hodgson, London.
[6] C. Kimberling, Triangle centers and central triangles,Congressus Numerantium, 140 (1998)

1–295.
[7] C. Kimberling,Encyclopedia of Triangle Centers, 2000,

http://cedar.evansville.edu/˜ck6/encyclopedia/.
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Some Remarkable Concurrences

Bruce Shawyer

Abstract. In May 1999, Steve Sigur, a high school teacher in Atlanta, Georgia,
posted on The Math Forum, a notice stating that one of his students (Josh Klehr)
noticed that

Given a triangle with mid-point of each side. Through each mid-
point, draw a line whose slope is the reciprocal to the slope of the
side through that mid-point. These lines concur.

Sigur then stated that “we have proved this”. Here, we extend this result to the
case where the slope of the line through the mid-point is a constant times the
reciprocal of the slope of the side.

In May 1999, Steve Sigur, a high school teacher in Atlanta, Georgia, posted on
The Math Forum, a notice stating that one of his students (Josh Klehr) noticed that

Given a triangle with mid-point of each side. Through each mid-
point, draw a line whose slope is the reciprocal to the slope of the
side through that mid-point. These lines concur.

Sigur then stated that “we have proved this”.

There was a further statement that another student (Adam Bliss) followed up
with a result on the concurrency of reflected line, with the point of concurrency
lying on the nine-point circle. This was subsequently proved by Louis Talman [2].
See also the variations, using the feet of the altitudes in place of the mid-points and
different reflections in the recent paper by Floor van Lamoen [1].

Here, we are interested in a generalization of Klehr’s result.

At the mid-point of each side of a triangle, we construct the line such that the
product of the slope of this line and the slope of the side of the triangle is a fixed
constant. To make this clear, the newly created lines have slopes of the fixed con-
stant times the reciprocal of the slopes of the sides of the triangle with respect to a
given line (parallel to thex–axis used in the Cartesian system). We show that the
three lines obtained are always concurrent.

Further, the locus of the points of concurrency is a rectangular hyperbola. This
hyperbola intersects the side of the triangles at the mid-points of the sides, and each
side at another point. These three other points, when considered with the vertices of
the triangle opposite to the point, form a Ceva configuration. Remarkably, the point
of concurrency of these Cevians lies on the circumcircle of the original triangle.

Publication Date: May 3, 2001. Communicating Editor: Floor van Lamoen.
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Since we are dealing with products of slopes, we have restricted ourselves to a
Cartesian proof.

Suppose that we have a triangle with vertices(0, 0), (2a, 2b) and(2c, 2d).

(0, 0)
(a, b)

(2a, 2b)

(a + c, b+ d)

(2c, 2d)

(c, d)

Figure 1

In order to ensure that the triangle is not degenerate, we assume thatad−bc �= 0.
For ease of proof, we also take0 �= a �= c �= 0 and0 �= b �= d �= 0 to avoid division
by zero. However, by continuity, the results obtained here can readily be extended
to include these cases.

At the mid-point of each side, we find the equations of the new lines:

Mid-point Slope Equation

(a, b)
λa

b
y =

λa

b
x+

b2 − λa2

b

(c, d)
λc

d
y =

λc

d
x+

d2 − λc2

d

(a+ c, b+ d)
λ(c− a)
d− b

y =
λ(c− a)
d− b

x+
(a2 − c2)λ+ (d2 − b2)

d− b

With the aid of a computer algebra program, we find that the first two lines meet
at (

λ(a2d− bc2) + bd(d− b)
λ(ad− bc)

,
λac(a− c) + (ad2 − b2c)

(ad− bc)

)
,

which it is easy to verify lies on the third line.

By eliminatingλ from the equations

x =
λ(a2d− bc2) + bd(d− b)

λ(ad− bc)
, y =

λac(a− c) + (ad2 − b2c)
(ad− bc)

,

we find that the locus of the points of concurrency is

y =
abcd(a− c)(d − b)

ad− bc
· 1
(ad− bc)x− (a2d− bc2)

+
ad2 − b2c

ad− bc
.

This is a rectangular hyperbola, with asymptotes

x =
a2d− bc2

ad− bc
, y =

ad2 − b2c

ad− bc
.
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Now, this hyperbola meets the sides of the given triangle as follows:

from to mid-point new-point

(0, 0) (2a, 2b) (a, b)

(
ad+ bc

b
,
ad+ bc

a

)

(0, 0) (2c, 2d) (c, d)

(
ad+ bc

d
,
ad+ bc

c

)

(2a, 2b) (2c, 2d) (a+ c, b+ d)

(
ad− bc

d− b
,
ad− bc

a− c

)

The three lines joining the three points (new-point, in each case) to the vertices
opposite are concurrent! (Again, easily shown by computer algebra.) The point of
concurrency is(

2(a− c)
(
ad+ bc

ad− bc

)
, 2(d − b)

(
ad+ bc

ad− bc

))
.

It is easy to check that this point is not on the hyperbola. However, it is also easy
to check that this point lies on the circumcircle of the original triangle. (Compare
this result with the now known result that the point on the hyperbola corresponding
to λ = 1 lies on the nine-point circle. See [2].)

In Figures 2, 3, 4 below, we illustrate the original triangleABC, the rectangular
hyperbolaYWLPXQV Z (whereλ < 0) andMSOUN (whereλ > 0), the
asymptotes (dotted lines), the circumcircle and the nine-point circle, and the first
remarkable pointK.

Figure 2 shows various lines through the mid-points of the sides being concur-
rent on the hyperbola, and also the concurrency ofAX,BY , CZ atK.

Figure 3 shows the lines concurrent through the second remarkable pointJ ,
where we join points with parametersλ and−λ. This pointJ is indeed the center
of the rectangular hyperbola.

Figure 4 shows the parallel lines (or lines concurrent at infinity), where we join
points with parametersλ and−1

λ .

Now, this is a purely Cartesian demonstration. As a result, there are several
questions that I have not (yet) answered:

(1) Does the Cevian intersection point have any particular significance?
(2) What significant differences (if any) would occur if the triangle were to be

rotated about the origin?
(3) Are there variations of these results along the lines of Floor van Lamoen’s

paper [1]?

Acknowledgement. The author expresses his sincere thanks to the Communicating
Editor for valuable comments that improved this presentation.
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The Gergonne problem

Nikolaos Dergiades

Abstract. An effective method for the proof of geometric inequalities is the use
of the dot product of vectors. In this paper we use this method to solve some
famous problems, namely Heron’s problem, Fermat’s problem and the extension
of the previous problem in space, the so called Gergonne’s problem. The solution
of this last is erroneously stated, but not proved, in F.G.-M.

1. Introduction

In this paper whenever we writeAB we mean the length of the vectorAB, i.e.
AB = |AB|. The method of using the dot product of vectors to prove geometric
inequalities consists of using the following well known properties:

(1) a · b ≤ |a||b|.
(2) a · i ≤ a · j if i andj are unit vectors and∠(a, i) ≥ ∠(a, j).
(3) If i = AB

|AB| is the unit vector alongAB, then the length of the segmentAB
is given by

AB = i ·AB.

2. The Heron problem and the Fermat point

2.1. Heron’s problem. A pointO on a lineXY gives the smallest sum of distances
from the pointsA,B (on the same side ofXY ) if ∠XOA = ∠BOY .

Proof. If M is an arbitrary point onXY (see Figure 1) andi, j are the unit vectors
of OA,OB respectively, then the vectori + j is perpendicular toXY since it
bisects the angle betweeni andj. Hence(i + j) · OM = 0 and

OA+OB = i ·OA + j ·OB
= i · (OM + MA) + j · (OM + MB)
= (i + j) · OM + i ·MA + j ·MB
= i ·MA + j ·MB
≤ |i||MA| + |j||MB|
= MA+MB.

�

Publication Date: May 10, 2001. Communicating Editor: Michael Lambrou.



76 N. Dergiades

O M
YX

A

B
Figure 1

O

AC

B

Figure 2

2.2. The Fermat point. If none of the angles of a triangleABC exceeds120◦, the
pointO inside a triangleABC such that∠BOC = ∠COA = ∠AOB = 120◦
gives the smallest sum of distances from the vertices ofABC. See Figure 2.

Proof. If M is an arbitrary point andi, j, k are the unit vectors ofOA, OB, OC,
theni + j + k = 0 since this vector does not changes by a120◦ rotation. Hence,

OA+OB +OC = i ·OA + j ·OB + k ·OC
= i · (OM + MA) + j · (OM + MB) + k · (OM + MC)
= (i + j + k) ·OM + i · MA + j · MB + k ·MC
= i ·MA + j ·MB + k · MC
≤ |i||MA| + |j||MB| + |k||MC|
= MA+MB +MC.

�

3. The Gergonne problem

Given a planeπ and a triangleABC not lying in the plane, the Gergonne prob-
lem [3] asks for a pointO on a planeπ such that the sumOA + OB + OC is
minimum. This is an extention of Fermat’s problem to 3 dimensions. According to
[2, pp. 927–928],1 this problem had hitherto been unsolved (for at least 90 years).
Unfortunately, as we show in§4.1 below, the solution given there, for the special
case when the planesπ andABC are parallel, is erroneous. We present a solution
here in terms of the centroidal line of a trihedron. We recall the definition which is
based on the following fact. See, for example, [1, p.43].

Proposition and Definition. The three planes determined by the edges of a trihe-
dral angle and the internal bisectors of the respective opposite faces intersect in a
line. This line is called the centroidal line of the trihedron.

Theorem 1. If O is a point on the plane π such that the centroidal line of the
trihedron O.ABC is perpendicular to π, then OA+OB +OC ≤MA+MB +
MC for every point M on π.

1Problem 742-III, especially 1901 c3.
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A′

A

B′

B

C′

C

O

π

Figure 3

Proof. Let M be an arbitrary point onπ, andi, j, k the unit vectors alongOA,
OB, OC respectively. The vectori + j + k is parallel to the centroidal line of the
trihedronO.ABC. Since this line is perpendicular toπ by hypothesis we have

(i + j + k) · OM = 0. (1)

Hence,

OA+OB +OC = i ·OA + j ·OB + k ·OC
= i · (OM + MA) + j · (OM + MB) + k · (OM + MC)
= (i + j + k) ·OM + i · MA + j · MB + k ·MC
= i ·MA + j ·MB + k · MC
≤ |i||MA| + |j||MB| + |k||MC|
= MA+MB +MC.

�

4. Examples

We set up a rectangular coordinate system such thatA, B, C, are the points
(a, 0, p), (0, b, q) and(0, c, r). LetA′, B′, C ′ be the orthogonal projections ofA,
B, C on the planeπ. Write the coordinates ofO as(x, y, 0). Thex- andy-axes
are the altitude fromA′ and the lineB′C ′ of triangleA′B′C ′ in the planeπ. Since

i =
−1√

(x− a)2 + y2 + p2
(x− a, y,−p),

j =
−1√

x2 + (y − b)2 + q2
(x, y − b,−q),

k =
−1√

x2 + (y − c)2 + r2
(x, y − c,−r),

it is sufficient to put in (1) forOM the vectors(1, 0, 0) and(0, 1, 0). From these,
we have
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x−a√
(x−a)2+y2+p2

+ x√
x2+(y−b)2+q2

+ x√
x2+(y−c)2+r2

= 0,

y√
(x−a)2+y2+p2

+ y−b√
x2+(y−b)2+q2

+ y−c√
x2+(y−c)2+r2

= 0.
(2)

The solution of this system cannot in general be expressed in terms of radicals,
as it leads to equations of high degree. It is therefore in general not possible to con-
struct the pointO using straight edge and compass. We present several examples
in whichO is constructible. In each of these examples, the underlying geometry
dictates thaty = 0, and the corresponding equation can be easily written down.

4.1. π parallel to ABC . It is very easy to mistake forO the Fermat point of tri-
angleA′B′C ′, as in [2, loc. cit.]. If we takep = q = r = 3, a = 14, b = 2, and
c = −2, the system (2) givesy = 0 and

x− 14√
(x− 14)2 + 9

+
2x√

x2 + 13
= 0, x > 0.

This leads to the quartic equation

3x4 − 84x3 + 611x2 + 364x− 2548 = 0.

This quartic polynomial factors as(x − 2)(3x3 − 78x2 + 455x + 1274), and the
only positive root of which isx = 2. 2 Hence∠B′OC ′ = 90◦, ∠A′OB′ = 135◦,
and∠A′OC ′ = 135◦, showing thatO is not the Fermat point of triangleA′B′C ′. 3

4.2. ABC isosceles with A on π and BC parallel to π. In this case,p = 0, q = r,
c = −b, and we may assumea > 0. The system (2) reduces toy = 0 and

x− a

|x− a| +
2x√

x2 + b2 + q2
= 0.

Since0 < x < a, we get

(x, y) =
(√

b2 + q2

3
, 0
)

with b2 + q2 < 3a2. Geometrically, sinceOB = OC, the vectorsi, j − k are
parallel toπ. We have

i · (i + j + k) = 0, (i + j + k)(j − k) = 0.

Equivalently,
i · j + i · k = −1, i · j − i · k = 0.

Thus,i · j = i ·k = −1
2 or ∠AOB = ∠AOC = 120◦, a fact that is a generalization

of the Fermat point to 3 dimensions.

2The cubic factor has one negative root≈ −2.03472, and two non-real roots. If, on the other
hand, we takep = q = r = 2, the resulting equation becomes3x4−84x3+596x2+224x−1568 =
0, which is irreducible over rational numbers. It roots are not constructible using ruler and compass.
The positive real root isx ≈ 1.60536. There is a negative root≈ −1.61542 and two non-real roots.

3The solution given in [2] assumes erroneouslyOA, OB, OC equally inclined to the planesπ
and of triangleABC.
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If b2 + q2 ≥ 3a2, the centroidal line cannot be perpendicular toπ, and Theorem
1 does not help. In this case we take as pointO to be the intersection ofx-axis and
the planeMBC. It is obvious that

MA+MB +MC ≥ OA+OB +OC = |x− a| + 2
√
x2 + b2 + q2.

We writef(x) = |x− a| + 2
√
x2 + b2 + q2.

If 0 < a < x, thenf ′(x) = 1 + 2x√
x2+b2+q2

> 0 and f is an increasing function.

Forx ≤ 0, f ′(x) = −1 + 2x√
x2+b2+q2

< 0 andf is a decreasing function.

If 0 < x ≤ a ≤
√

b2+q2

3 , then4x2 ≤ x2 + b2 + q2 so thatf ′(x) = −1 +
2x√

x2+b2+q2
≤ 0 andf is a decreasing function. Hence we have minimum when

x = a andO ≡ A.

4.3. B,C on π. If the pointsB,C lie onπ, then the vectori+j+k is perpendicular
to the vectorsj andk. From these, we obtain the interesting equality∠AOB =
∠AOC. Note that they are not neccesarily equal to120◦, as in Fermat’s case. Here
is an example. Ifa = 10, b = 8, c = −8, p = 3, q = r = 0 the system (2) gives
y = 0 and

x− 10√
(x− 10)2 + 9

+
2x√

x2 + 64
= 0, 0 < x < 10,

which leads to the equation

3x4 − 60x3 + 272x2 + 1280x − 6400 = 0.

This quartic polynomial factors as(x− 4)(3x3 − 48x2 + 80x+ 1600). It follows
that the only positive root isx = 4. 4 Hence we have

∠AOB = ∠AOC = arccos(−2
5
) and ∠BOC = arccos(−3

5
).
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Pedal Triangles and Their Shadows

Antreas P. Hatzipolakis and Paul Yiu

Abstract. The pedal triangle of a pointP with respect to a given triangleABC
casts equal shadows on the side lines ofABC if and only if P is the internal
center of similitude of the circumcircle and the incircle of triangleABC or the
external center of the circumcircle with one of the excircles. We determine the
common length of the equal shadows. More generally, we construct the point
the shadows of whose pedal triangle are proportional to givenp, q, r. Many
interesting special cases are considered.

1. Shadows of pedal triangle

Let P be a point in the plane of triangleABC, andA′B′C ′ its pedal triangle,
i.e.,A′,B′,C ′ are the pedals (orthogonal projections) ofA,B,C on the side lines
BC, CA, AB respectively. IfBa andCa are the pedals ofB′ andC′ onBC, we
call the segmentBaCa the shadow of B′C ′ on BC. The shadows ofC′A′ and
A′B′ are segmentsCbAb andAcBc analogously defined on the linesCA andAB.
See Figure 1.

C

A

B

P

C′

A′

B′

Ac

Bc

BaCa

Cb

Ab

Figure 1

In terms of theactual normal coordinatesx, y, z of P with respect toABC,1

the length of the shadowCaBa can be easily determined:

CaBa = CaA′ +A′Ba = z sinB + y sinC. (1)

In Figure 1, we have shownP as interior point of triangleABC. For generic
positions ofP , we regardCaBa as a directed segment so that its length given by
(1) is signed. Similarly, the shadows ofC′A′ andA′B′ on the respective side lines
have signed lengthsx sinC + z sinA andy sinA+ x sinB.

Publication Date: May 25, 2001. Communicating Editor: Jean-Pierre Ehrmann.
1Traditionally, normal coordinates are called trilinear coordinates. Here, we follow the usage

of the old French termcoordonnées normales in F.G.-M. [1], which is more suggestive. The actual
normal (trilinear) coordinates of a point are thesigned distances from the point to the three side lines.
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Theorem 1. The three shadows of the pedal triangle of P on the side lines are
equal if and only if P is the internal center of similitude of the circumcircle and the
incircle of triangle ABC , or the external center of similitude of the circumcircle
and one of the excircles.

Proof. These three shadows are equal if and only if

ε1(y sinC + z sinB) = ε2(z sinA+ x sinC) = ε3(x sinB + y sinA)

for an appropriate choice of signsε1, ε2, ε3 = ±1 subject to the convention

(�) at most one of ε1, ε2, ε3 is negative.

It follows that

xε2 sinC − yε1 sinC + z(ε2 sinA− ε1 sinB) = 0,
x(ε3 sinB − ε2 sinC) + yε3 sinA − zε2 sinA = 0.

Replacing, by the law of sines,sinA, sinB, sinC by the side lengthsa, b, c
respectively, we have

x : y : z =
∣∣∣∣−ε1c ε2a− ε1b
ε3a −ε2a

∣∣∣∣ : −
∣∣∣∣ ε2c ε2a− ε1b
ε3b− ε2c −ε2a

∣∣∣∣ :
∣∣∣∣ ε2c −ε1c
ε3b− ε2c ε3a

∣∣∣∣
= a(ε3ε1b+ ε1ε2c− ε2ε3a) : b(ε1ε2c+ ε2ε3a− ε3ε1b) : c(ε2ε3a+ ε3ε1b− ε1ε2c)

= a(ε2b+ ε3c− ε1a) : b(ε3c+ ε1a− ε2b) : c(ε1a+ ε2b− ε3c). (2)

If ε1 = ε2 = ε3 = 1, this is the pointX55 in [4], the internal center of similitude
of the circumcircle and the incircle. We denote this point byT . See Figure 2A. We
show that if one ofε1, ε2, ε3 is negative, thenP is the external center of similitude
of the circumcircle and one of the excircles.

T
T ′ OI

C

A

B A′

xr R cos A

Figure 2A

O

B

C

A

Ia

Ta

ra

R

Figure 2B

LetR denote the circumradius,s the semiperimeter, andra the radius of theA-
excircle. The actual normal coordinates of the circumcenter areR cosA,R cosB,
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R cosC, while those of the excenterIa are−ra, ra, ra. See Figure 2B. The external
center of similitude of the two circles is the pointTa dividing IaO in the ratio
IaTa : TaO = ra : −R. As such, it is the point 1

ra−R (ra · O − R · Ia), and has
normal coordinates

−(1 + cosA) : 1 − cosB : 1 − cosC

= − cos2 A

2
: sin2 B

2
: sin2 C

2
= −a(a+ b+ c) : b(a+ b− c) : c(c + a− b).

This coincides with the point given by (2) forε1 = −1, ε2 = ε3 = 1. The cases for
other choices of signs are similar, leading to the external centers of similitude with
the other two excircles. �

Remark. With these coordinates, we easily determine the common length of the
equal shadows in each case. For the pointT , this common length is

y sinC + z sinB =
Rr

R+ r
((1 + cosB) sinC + (1 + cosC) sinB)

=
Rr

R+ r
(sinA+ sinB + sinC)

=
1

R+ r
· 1
2
(a+ b+ c)r

=
�

R+ r
,

where� denotes the area of triangleABC. ForTa, the common length of the equal

shadows is
∣∣∣ �ra−R

∣∣∣; similarly for the other two external centers of similitudes.

2. Pedal triangles with shadows in given proportions

If the signed lengths of the shadows of the sides of the pedal triangle ofP (with
normal coordinates(x : y : z)) are proportional to three given quantitiesp, q, r,
then

cy + bz

p
=
az + cx

q
=
bx+ ay

r
.

From these, we easily obtain the normal of coordinates ofP :

(a(−ap+ bq + cr) : b(ap − bq + cr) : c(ap+ bq − cr)). (3)

This follows from a more general result, which we record for later use.

Lemma 2. The solution of

f1x+ g1y + h1z = f2x+ g2y + h2z = f3x+ g3y + h3z

is

x : y : z =

∣∣∣∣∣∣
1 g1 h1

1 g2 h2

1 g3 h3

∣∣∣∣∣∣ :

∣∣∣∣∣∣
f1 1 h1

f2 1 h2

f3 1 h3

∣∣∣∣∣∣ :
∣∣∣∣∣∣
f1 g1 1
f2 g2 1
f3 g3 1

∣∣∣∣∣∣ .
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Proof. since there are two linear equations in three indeterminates, solution is
unique up to a proportionality constant. To verify that this is the correct solution,
note that fori = 1, 2, 3, substitution into thei-th linear form gives

−

∣∣∣∣∣∣∣∣

0 fi gi hi

1 f1 g1 h1

1 f2 g2 h2

1 f3 g3 h3

∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣

1 0 0 0
1 f1 g1 h1

1 f2 g2 h2

1 f3 g3 h3

∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣
f1 g1 h1

f2 g2 h2

f3 g3 h3

∣∣∣∣∣∣
up to a constant. �

Proposition 3. The point the shadows of whose pedal triangle are in the ratio
p : q : r is the perspector of the cevian triangle of the point with normal coordinates
(1

p : 1
q : 1

r ) and the tangential triangle of ABC .

Proof. If Q is the point with normal coordinates(1p : 1
q : 1

r ), thenP , with coordi-
nates given by (3), is theQ-Ceva conjugate of the symmedian pointK = (a : b :
c). See [3, p.57]. �

If we assumep, q, r positive, there are four points satisfying

cy + bz

ε1p
=
az + cx

ε2q
=
bx+ ay

ε3r
,

for signsε1, ε2, ε3 satisfying(�). Along withP given by (3), there are

Pa = (−a(ap + bq + cr) : b(ap+ bq − cr) : c(ap − bq + cr),
Pb = (a(−ap + bq + cr) : −b(ap+ bq + cr) : c(−ap+ bq + cr),
Pc = (a(ap − bq + cr) : b(−ap+ bq + cr) : −c(ap+ bq + cr).

While it is clear thatPaPbPc is perspective withABC at(
a

−ap+ bq + cr
:

b

ap− bq + cr
:

c

ap+ bq − cr

)
,

the following observation is more interesting and useful in the construction of these
points fromP .

Proposition 4. PaPbPc is the anticevian triangle of P with respect to the tangential
triangle of ABC .

Proof. The vertices of the tangential triangle are

A′ = (−a : b : c), B′ = (a : −b : c), C ′ = (a : b : −c).
From

(a(−ap+ bq + cr), b(ap − bq + cr), c(ap + bq − cr))
= ap(−a, b, c) + (a(bq + cr), −b(bq − cr), c(bq − cr)),

and

(−a(ap+ bq + cr), b(ap + bq − cr), c(ap − bq + cr))
= ap(−a, b, c) − (a(bq + cr), −b(bq − cr), c(bq − cr)),
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we conclude thatP andPa divide A′ andA′′ = (a(bq + r) : −b(bq − cr) :
c(bq − cr)) harmonically. But since

(a(bq + cr), −b(bq − cr), c(bq − cr)) = bq(a,−b, c) + cr(a, b,−c),
the pointA′′ is on the lineB′C ′. The cases forPb andPc are similar, showing that
trianglePaPbPc is the anticevian triangle ofP in the tangential triangle. �

3. Examples

3.1. Shadows proportional to side lengths. If p : q : r = a : b : c, thenP is the
circumcenterO. The pedal triangle ofO being the medial triangle, the lengths of
the shadows are halves of the side lengths. Since the circumcenter is the incenter or
one of the excenters of the tangential triangle (according as the triangle is acute- or
obtuse-angled), the four points in question are the circumcenter and the excenters
of the tangential triangle.2

3.2. Shadows proportional to altitudes. If p : q : r = 1
a : 1

b : 1
c , thenP is

the symmedian pointK = (a : b : c). 3 SinceK is the Gergonne point of the
tangential triangle, the other three points, with normal coordinates(3a : −b : −c),
(−a : 3b : −c), and(−a : −b : 3c), are the Gergonne points of the excircles of
the tangential triangle. These are also the cases when the shadows are inversely
proportional to the distances fromP to the side lines, or, equivalently, when the
trianglesPBaCa, PCaBa andPAcBc have equal areas.4

3.3. Shadows inversely proportional to exradii. If p : q : r = 1
ra

: 1
rb

: 1
rc

=
b + c − a : c + a − b : a + b − c, thenP is the point with normal coordinates
( a

b+c−a : b
c+a−b : c

a+b−c) = (ara : brb : crc). This is theexternal center of
similitude of the circumcircle and the incircle, which we denote byT′. See Figure
2A. This point appears asX56 in [4]. The other three points are theinternal centers
of similitude of the circumcircle and the three excircles.

3.4. Shadows proportional to exradii. If p : q : r = ra : rb : rc = tan A
2 : tan B

2 :
tan C

2 , thenP has normal coordinates

a(b tan
B

2
+ c tan

C

2
− a tan

A

2
) : b(c tan

C

2
+ a tan

A

2
− b tan

B

2
) : c(a tan

A

2
+ b tan

B

2
− c tan

C

2
)

∼2a(sin2 B

2
+ sin2 C

2
− sin2 A

2
) : 2b(sin2 C

2
+ sin2 A

2
− sin2 B

2
) : 2c(sin2 A

2
+ sin2 B

2
− sin2 C

2
)

∼a(1 + cos A− cos B − cos C) : b(1 + cos B − cos C − cos A) : c(1 + cos C − cos A− cos B).

(4)

2If ABC is right-angled, the tangential triangle degenerates into a pair of parallel lines, and there
is only one finite excenter.

3More generally, ifp : q : r = an : bn : cn, then the normal coordinates ofP are

(a(bn+1 + cn+1 − an+1) : b(cn+1 + an+1 − bn+1) : c(an+1 + bn+1 − cn+1)).

4For signsε1, ε2, ε3 satisfying(
), the equationsε1x(cy+ bz) = ε2y(az+ cx) = ε3z(bx+ ay)
can be solved foryz : zx : xy by an application of Lemma 2. From this it follows thatx : y : z =
(ε2 + ε3 − ε1)a : (ε3 + ε1 − ε2)b : (ε1 + ε2 − ε3)c.
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This is the pointX198 of [4]. It can be constructed, according to Proposition 3,
from the point with normal coordinates( 1

ra
: 1

rb
: 1

rc
) = (s− a : s− b : s− c), the

Mittenpunkt.5

4. A synthesis

The five triangle centers we obtained with special properties of the shadows of
their pedal triangles, namely,O,K,T ,T ′, and the pointP in §3.4, can be organized
together in a very simple way. We take a closer look at the coordinates ofP given
in (4) above. Since

1 − cosA+ cosB + cosC = 2 − 4 sin
A

2
cos

B

2
cos

C

2
= 2 − ra

R
,

the normal coordinates ofP can be rewritten as

(a(2R − ra) : b(2R− rb) : c(2R − rc)).

These coordinates indicate thatP lies on the line joining the symmedian point
K(a : b : c) to the point(ara : brb : crc), the pointT ′ in §3.3, with division ratio

T ′P : PK = 2R(a2 + b2 + c2) : −(a2ra + b2rb + c2rc)
= R(a2 + b2 + c2) : −2(R − r)s2. (5)

To justify this last expression, we compute in two ways the distance fromT′ to the
lineBC, and obtain

2�
a2ra + b2rb + c2rc

· ara =
Rr

R− r
(1 − cosA).

From this,

a2ra + b2rb + c2rc =
2�(R− r)

Rr
· ara
1 − cosA

=
2�(R− r)

Rr
· 4R sin A

2 cos A
2 · s tan A

2

2 sin2 A
2

= 4(R− r)s2.

This justifies (5) above.
Consider the intersectionX of the lineTP with OK. See Figure 3. Applying

Menelaus’ theorem to triangleOKT′ with transversalTXP , we have

OX

XK
= −OT

TT ′
· T
′P

PK
=
R− r

2r
· R(a2 + b2 + c2)

2(R− r)s2
=
R(a2 + b2 + c2)

4�s .

This expression has an interesting interpretation. The pointX being on the
line OK, it is the isogonal conjugate of a point on the Kiepert hyperbola. Every
point on this hyperbola is the perspector of the apexes of similar isosceles triangles
constructed on the sides ofABC. If this angle is taken to bearctan s

R , and the

5This appears asX9 in [4], and can be constructed as the perspector of the excentral triangle and
the medial triangle,i.e., the intersection of the three lines each joining an excenter to the midpoint of
the corresponding side of triangleABC.
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isosceles triangles constructed externally on the sides of triangleABC, then the
isogonal conjugate of the perspector is precisely the pointX.

This therefore furnishes a construction for the pointP . 6

5. Two more examples

5.1. Shadows of pedal triangle proportional to distances from circumcenter to side
lines. The pointP is the perspector of the tangential triangle and the cevian tri-
angle of( 1

cos A : 1
cos B : 1

cos C ), which is the orthic triangle ofABC. The two
triangles are indeed homothetic at the Gob perspector on the Euler line. See [2,
pp.259–260]. It has normal coordinates(a tanA : b tanB : c tanC), and appears
asX25 in [4].

5.2. Shadows of pedal triangles proportional to distances from orthocenter to side
lines. In this case,P is the perspector of the tangential triangle and the cevian
triangle of the circumcenter. This is the point with normal coordinates

(a(− tanA+tanB+tanC) : b(tanA−tanB+tanC) : c(tanA+tanB−tanC)),

and is the centroid of the tangential triangle. It appears asX154 in [4]. The other
three points with the same property are the vertices of the anticomplementary tri-
angle of the tangential triangle.

6The sameP can also be constructed as the intersection ofKT ′ and the line joining the incenter to
Y onOK, which is the isogonal conjugate of the perspector (on the Kiepert hyperbola) of apexes of
similar isosceles triangles with base anglesarctan s

2R
constructed externally on the sides ofABC.
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6. The midpoints of shadows as pedals

The midpoints of the shadows of the pedal triangle ofP = (x : y : z) are the
pedals of the point

P ′ = (x+y cosC+z cosB : y+z cosA+x cosC : z+x cosB+y cosA) (6)

in normal coordinates. This is equivalent to the concurrency of the perpendiculars
from the midpoints of the sides of the pedal triangle ofP to the corresponding
sides ofABC. 7 See Figure 4.

C

A

B

P
C′

A′

B′

Ac

Bc

BaCa

Cb

Ab

P ′

Figure 4

If P is the symmedian point, with normal coordinates(sinA : sinB : sinC), it
is easy to see thatP ′ is the same symmedian point.

Proposition 5. There are exactly four points for each of which the midpoints of the
sides of the pedal triangle are equidistant from the corresponding sides of ABC .

Proof. The midpoints of the sides of the pedal triangle havesigned distances

x+
1
2
(y cosC+z cosB), y+

1
2
(z cosA+x cosC), z+

1
2
(x cosB+y cosA)

from the respective sides ofABC. The segments joining the midpoints of the sides
and their shadows are equal in length if and only if

ε1(2x+y cosC+z cosB) = ε2(2y+z cosA+x cosC) = ε3(2z+x cosB+y cosA)

for ε1, ε2, ε3 satisfying(�). From these, we obtain the four points.
For ε1 = ε2 = ε3 = 1, this gives the point

M = ((2 − cosA)(2 + cosA− cosB − cosC)

:(2 − cosB)(2 + cosB − cosC + cosA)

:(2 − cosC)(2 + cosC − cosA+ cosB))

in normal coordinates, which can be constructed as the incenter-Ceva conjugate of

Q = (2 − cosA : 2 − cosB : 2 − cosC),

7If x, y, z are the actual normal coordinates ofP , then those ofP ′ are halves of those given in
(6) above, andP ′ is x

2
, y

2
, and z

2
below the midpoints of the respective sides of the pedal triangle.
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See [3, p.57]. This pointQ divides the segmentsOI externally in the ratioOQ :
QI = 2R : −r. See Figures 5A and 5B.

O
I

C

A

B

Q

M

Figure 5A

C′
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B′

Ac

Bc

BaCa

Cb

AbM

C

A

B

Figure 5B

There are three other points obtained by choosing one negative sign amongε1,
ε2, ε3. These are

Ma = (−(2 − cosA)(2 + cosA+ cosB + cosC)

:(2 + cosB)(2 − cosA− cosB + cosC)

:(2 + cosC)(2 − cosA+ cosB − cosC)),

andMb, Mc whose coordinates can be written down by appropriately changing
signs. It is clear thatMaMbMc and triangleABC are perspective at

M ′ =
(

2 + cosA

2 + cosA− cosB − cosC
:

2 + cosB

2 − cosA+ cosB − cosC
:

2 + cosC

2 − cosA− cosB + cosC

)
.

�

The triangle centersQ, M , andM′ in the present section apparently are not in
[4].

Appendix: Pedal triangles of a given shape

The side lengths of the pedal triangle ofP are given byAP · sinA,BP · sinB,
andCP · sinC. [2, p.136]. This is similar to one with side lengthsp : q : r if and
only if the tripolar coordinates ofP are

AP : BP : CP =
p

a
:
q

b
:
r

c
.

In general, there are two such points, which are common to the three generalized
Apollonian circles associated with the point(1p : 1

q : 1
r ) in normal coordinates.

See, for example, [5]. In the case of equilateral triangles, these are the isodynamic
points.
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Some Properties of the Lemoine Point

Alexei Myakishev

Abstract. The Lemoine point,K, of �ABC has special properties involving
centroids of pedal triangles. These properties motivate a definition of Lemoine
field,F , and a coordinatization of the plane of�ABC using perpendicular axes
that pass throughK. These principal axes are symmetrically related to two other
lines: one passing through the isodynamic centers, and the other, the isogonic
centers.

1. Introduction

LetA′B′C ′ be the pedal triangle of an arbitrary pointZ in the plane of a triangle
ABC, and consider the vector fieldF defined byF(Z) = ZA′ + ZB′ + ZC′. It
is well known thatF(Z) is the zero vector if and only ifZ is the Lemoine point,
K, also called the symmedian point. We callF theLemoine field of �ABC and
K thebalance point of F.

B′

C′
A′

Z

F(Z)

A

B

C

Figure 1

Z

Fx

Fy

F(Z)

A B x

y C

Figure 2

The Lemoine field may be regarded as a physical force field. Any pointZ in this
field then has a natural motion along a certain curve, or trajectory. See Figure 1.
We shall determine parametric equations for these trajectories and find, as a result,
special properties of the lines that bisect the angles between the line of the isogonic
centers and the line of the isodynamic centers of�ABC.
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2. The Lemoine equation

In the standard cartesian coordinate system, place�ABC so thatA = (0, 0),
B = (c, 0), C = (m,n), and writeZ = (x, y). For any linePx +Qy + R = 0,
the vectorH fromZ to the projection ofZ on the line has components

hx =
−P

P 2 +Q2
(Px+Qy +R), hy =

−Q
P 2 +Q2

(Px+Qy +R).

From these, one find the components of the three vectors whose sum definesF(Z):

vector x− component y − component

ZA′ −n(nx+y(c−m)−cn)
n2+(c−m)2

(m−c)(nx+y(c−m)−cn)
n2+(c−m)2

ZB′ −n(nx−my)
m2+n2

m(nx−my)
m2+n2

ZC′ 0 −y
The components of the Lemoine fieldF(Z) = ZA′ + ZB′ + ZC′ are given by

Fx = −(αx+ βy) + dx, Fy = −(βx+ γy) + dy,

where

α = n2

m2+n2 + n2

n2+(c−m)2
, β = −mn

m2+n2 + n(c−m)
n2+(c−m)2

,

γ = 1 + m2

m2+n2 + (c−m)2

n2+(c−m)2
;

dx = cn2

n2+(c−m)2
, dy = cn(c−m)

n2+(c−m)2
.

See Figure 2. Assuming a unit mass at each pointZ, Newton’s Second Law now
gives a system of differential equations:

x′′ = −(αx+ βy) + dx, y′′ = −(βx+ γy) + dy,

where the derivatives are with respect to time,t. We now translate the origin from
(0, 0) to the balance point(dx, dy), which is the Lemoine pointK, thereby obtain-
ing the system

x′′ = −(αx+ βy), y′′ = −(βx+ γy),

which has the matrix form (
x′′
y′′

)
= −M

(
x
y

)
, (1)

whereM =
(
α β
β γ

)
. We shall refer to (1) as theLemoine equation.

3. Eigenvalues of the matrix M

In order to solve equation (1), we first find eigenvaluesλ1 andλ2 of M . These
are the solutions of the equation|M − λI| = 0, i.e., (α − λ)(γ − λ) − β2 = 0, or

λ2 − (α+ γ)λ+ (αγ − β2) = 0.
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Thus

λ1 + λ2 = α+ γ = 1 +
m2 + n2

m2 + n2
+
n2 + (c−m)2

n2 + (c−m)2
= 3.

Writing a, b, c for the sidelengths|BC|, |CA|, |AB| respectively, we find the
determinant

|M | = αγ − β2 =
n2

a2b2
(a2 + b2 + c2) > 0.

The discriminant of the characteristic equationλ2 − (α+ γ)λ+ (αγ − β2) = 0 is
given by

D = (α+ γ)2 − 4(αγ − β2) = (α− γ)2 + 4β2 ≥ 0. (2)

Case 1: equal eigenvalues λ1 = λ2 = 3
2 . In this case,D = 0 and (2) yieldsβ = 0

andα = γ. To reduce notation, writep = c − m. Then sinceβ = 0, we have
m

m2+n2 = p
p2+n2 , so that

(m− p)(mp− n2) = 0. (3)

Also, sinceα = γ, we find after mild simplifications

n4 − (m2 + p2)n2 − 3m2p2 = 0. (4)

Equation (3) imples thatm = p or mp = n2. If m = p, then equation (4) has

solutionsn =
√

3m =
√

3p. Consequently,C =
(

1
2c,

√
3

2 c
)

, so that�ABC is

equilateral. However, ifmp = n2, then equation (4) leads to(m+ p)2 = 0, so that
c = 0, a contradiction. Therefore from equation (3) we obtain this conclusion:if
the eigenvalues are equal, then �ABC is equilateral.

Case 2: distinct eigenvalues λ1,2 = 3±√D
2 . HereD > 0, andλ1,2 > 0 according

to (2). We choose to consider the implications when

β = 0, α �= γ. (5)

We omit an easy proof that these conditions correspond to�ABC being a right
triangle or an isosceles triangle. In the former case, writec2 = a2 + b2. Then the
characteristic equation yields eigenvaluesα andγ, and

α =
n2

b2
+
n2

a2
=
n2(a2 + b2)

a2b2
=
n2c2

a2b2
= 1,

sinceab = nc = twice the area of the right triangle. Sinceα+ γ = 3, γ = 2.

4. General solution of the Lemoine equation

According to a well known theorem of linear algebra, rotation of the coordinate
system aboutK gives the systemx′′ = −λ1x, y

′′ = −λ2y. Let us call the axes of
this coordinate system theprincipal axes of the Lemoine field.

Note that if�ABC is a right triangle or an isosceles triangle (cf. conditions
(5)), then the angle of rotation is zero, andK is on an altitude of the triangle. In
this case, one of the principal axes is that altitude, and the other is parallel to the
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corresponding side. Also if�ABC is a right triangle, thenK is the midpoint of
that altitude.

In the general case, the solution of the Lemoine equation is given by

x = c1 cosω1t+ c2 sinω2t, y = c3 cosω1t+ c4 sinω2t, (6)

whereω1 =
√
λ1, ω2 =

√
λ2. Initial conditionsx(0) = x0, y(0) = y0, x′(0) = 0,

y′(0) = 0 reduce (6) to

x = x0 cosω1t, y = y0 cosω2t, (7)

with ω1 > 0, ω2 > 0, ω2
1 + ω2

2 = 3. Equations (7) show that each trajectory is
bounded. Ifλ1 = λ2, then the trajectory is a line segment; otherwise, (7) represents
a Lissajous curve or an almost-everywhere rectangle-filling curve, according asω1

ω2

is rational or not.

5. Lemoine sequences and centroidal orbits

Returning to the Lemoine field,F, supposeZ0 is an arbitrary point, andGZ0 is
the centroid of the pedal triangle ofZ0. LetZ ′0 be the point to whichF translates
Z0. It is well known thatGZ0 lies on the lineZ0Z

′
0 at a distance13 of that from

Z0 to Z ′0. With this in mind, define inductively theLemoine sequence of Z0 as
the sequence(Z0, Z1, Z2, . . .), whereZn, for n ≥ 1, is the centroid of the pedal
triangle ofZn−1. Writing the centroid of the pedal triangle ofZ0 asZ1 = (x1, y1),
we obtain3(x1 − x0) = −λ1x0 and

x1 =
1
3
(3 − λ1)x0 =

1
3
λ2x0; y1 =

1
3
λ1y0.

Accordingly, the Lemoine sequence is given with respect to the principal axes by

Zn =
(
x0

(
λ2

3

)n
, y0

(
λ1

3

)n)
. (8)

Since1
3λ1 and 1

3λ2 are between0 and1, the pointsZn approach(0, 0) asn → ∞.
That is, the Lemoine sequence of every point converges to the Lemoine point.

Representation (8) shows thatZn lies on the curve(x, y) = (x0u
t, y0v

t), where
u = 1

3λ2 andv = 1
3λ1. We call this curve thecentroidal orbit of Z0. See Figure

3. Reversing the directions of axes if necessary, we may assume thatx0 > 0 and
y0 > 0, so that elimination oft gives

y

y0
=
(
x

x0

)k
, k =

ln v
lnu

. (9)

Equation (9) expresses the centroidal orbit ofZ0 = (x0, y0). Note that ifω1 =
ω2, thenv = u, and the orbit is a line. Now letXZ andYZ be the points in which
line ZGZ meets the principal axes. By (8),

|ZGZ |
|GZXZ | =

λ2

λ1
,

|ZGZ |
|GZYZ | =

λ1

λ2
. (10)
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K

C

A

B

Figure 3

These equations imply that if�ABC is equilateral with centerO, then the centroid
GZ is the midpoint of segmentOGZ .

As another consequence of (10), suppose�ABC is a right triangle; letH be
the line parallel to the hypotenuse and passing through the midpoint of the altitude
H ′ to the hypotenuse. LetX andY be the points in which lineZGZ meetsH and
H ′, respectively. Then|ZGZ | : |XGZ | = |Y GZ | : |ZGZ | = 2 : 1.

6. The principal axes of the Lemoine field

Physically, the principal axes may be described as the locus of points in the plane
of �ABC along which the “direction” of the Lemoine sequence remains constant.
That is, ifZ0 lies on one of the principal axes, then all the pointsZ1, Z2, . . . lie on
that axis also.

In this section, we turn to the geometry of the principal axes. Relative to the
coordinate system adopted in§5, the principal axes have equationsx = 0 andy =
0. Equation (8) therefore shows that ifZ0 lies on one of these two perpendicular
lines, thenZn lies on that line also, for alln ≥ 1.

Let A1, A2 denote the isodynamic points, andF1, F2 the isogonic centers, of
�ABC. Call linesA1A2 andF1F2 the isodynamic axis and theisogonic axis
respectively.1

Lemma 1. Suppose Z and Z′ are a pair of isogonal conjugate points. Let O and
O′ be the circumcircles of the pedal triangles of Z and Z′. Then O = O′, and the
center of O is the midpoint between Z and Z′.

1The pointsF1, F2, A1, A2 are indexed asX13, X14, X15, X16 and discussed in [2].
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OF1

A1

C

A

B

Figure 4

A proof is given in Johnson [1, pp.155–156]. See Figure 4.

Now suppose thatZ = A1. ThenZ ′ = F1, and, according to Lemma 1, the
pedal triangles ofZ andZ′ have the same circumcircle, whose centerO is the
midpoint betweenA1 andF1. Since the pedal triangle ofA1 is equilateral, the
pointO is the centroid of the pedal triangle ofA1.

Next, supposeL is a line not identical to either of the principal axes. LetL′ be
the reflection ofL about one of the principal axes. ThenL′ is also the reflection of
L about the other principal axis. We callL andL′ a symmetric pair of lines.

Lemma 2. Suppose that GP is the centroid of the pedal triangle of a point P , and
that Q is the reflection of P in GP . Then there exists a symmetric pair of lines, one
passing through P and the other passing through Q.

Proof. With respect to the principal axes, writeP = (xP , yP ) andQ = (xQ, yQ).
ThenGP = (1

3λ2xP ,
1
3λ1yP ), and2

3λ2xP = xP + xQ, so that

xQ =
(

2
3
λ2 − 1

)
xP =

1
3
(2λ2 − (λ1 + λ2))xP =

1
3
(λ2 − λ1)xP .

Likewise,yQ = 1
3yP (λ1 − λ2). It follows that xP

yP
= −xQ

yQ
. This equation shows

that the liney = yP
xP

· x passing throughP and the liney = yQ

xQ
· x passing through

Q are symmetric about the principal axesy = 0 andx = 0. See Figure 5. �

Theorem. The principal axes of the Lemoine field are the bisectors of the angles
formed at the intersection of the isodynamic and isogonic axes in the Lemoine
point.

Proof. In Lemma 2, takeP = A1 andQ = F1. The symmetric pair of lines are
then the isodynamic and isogonic axes. Their symmetry about the principal axes
is equivalent to the statement that these axes are the asserted bisectors. �
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Multiplying and Dividing Curves by Points

Clark Kimberling

Abstract. Pointwise products and quotients, defined in terms of barycentric and
trilinear coordinates, are extended to productsP ·Γ and quotientsΓ/P, whereP
is a point andΓ is a curve. In trilinears, for example, ifΓ0 denotes the circumcir-
cle, thenP ·Γ0 is a parabola if and only ifP lies on the Steiner inscribed ellipse.
Barycentric division by the triangle centerX110 carriesΓ0 onto the Kiepert hy-
perbolaΓ′; if P is onΓ0, then the pointP ′ = P/X110 is the point, other than
the Tarry point,X98, in which the linePX98 meetsΓ′, and ifΩ1 andΩ2 denote
the Brocard points, then|P ′Ω1|/|P ′Ω2| = |PΩ1|/|PΩ2|; that is,P ′ andP lie
on the same Apollonian circle with respect toΩ1 andΩ2.

1. Introduction

Paul Yiu [7] gives a magnificent construction for a productP ·Q of points in the
plane of triangleABC. If

P = α1 : β1 : γ1 and Q = α2 : β2 : γ2 (1)

are representations in homogeneous barycentric coordinates, then the Yiu product
is given by

P ·Q = α1α2 : β1β2 : γ1γ2 (2)

whenever{α1α2, β1β2, γ1γ2} �= {0}.
Cyril Parry [3] constructs an analogous product using trilinear coordinates. In

view of the applicability of both the Yiu and Parry products, the notation in equa-
tions (1) and (2) will represent general homogeneous coordinates, as in [6, Chapter
1], unless otherwise noted. We also define the quotient

P/Q := α1β2γ2 : β1γ2α2 : γ1α2β2

wheneverQ /∈ {A,B,C}. Specialization of coordinates will be communicated by
phrases such as those indicated here:

{
barycentric

trilinear

}



multiplication
product
division
quotient




.
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If S is a set of points, thenP · S := {P · Q : Q ∈ S}. In particular, ifS is a
curveΓ, thenP ·Γ andΓ/P are curves, except for degenerate cases, such as when
P ∈ {A,B,C}.

In all that follows, supposeP = p : q : r is a point not on a sideline of triangle
ABC, so thatpqr �= 0, and consequently,U/P = u

p : vq : wr for all U = u : v : w.

Example 1. If Γ is a line�α + mβ + nγ = 0, thenP · Γ is the line(�/p)α +
(m/q)β + (n/r)γ = 0 andΓ/P is the linep�α + qmβ + rnγ = 0. Given the line
QR of pointsQ andR, it is easy to check thatP ·QR is the line ofP ·Q andP ·R.
In particular,P · �ABC = �ABC, and ifT is a cevian triangle, thenP · T is a
cevian triangle.

2. Conics and Cubics

Each conicΓ in the plane of triangleABC is given by an equation of the form

uα2 + vβ2 + wγ2 + 2fβγ + 2gγα + 2hαβ = 0. (3)

ThatP · Γ is the conic

(u/p2)α2 + (v/q2)β2 + (w/r2)γ2 + 2(f/qr)βγ + 2(g/rp)γα + 2(h/pq)αβ = 0
(4)

is clear, sinceα : β : γ satifies (3) if and only ifpα : qβ : rγ satisfies (4). In the
case of a circumconicΓ given in general form by

f

α
+

g

β
+

h

γ
= 0, (5)

the productP · Γ is the circumconic

pf

α
+

qg

β
+

rh

γ
= 0.

Thus, ifX is the point such thatX ·Γ is a given circumconicuα + v
β + w

γ = 0, then
X = u

f : vg : wh .

Example 2. In trilinears, the circumconicΓ in (5) is the isogonal transform of the
line L given byfα + gβ + hγ = 0. The isogonal transform ofP · L is Γ/P .

Example 3. Let U = u : v : w. The conicW (U) given in [1, p. 238] by

u2α2 + v2β2 + w2γ2 − 2vwβγ − 2wuγα − 2uvαβ = 0

is inscribed in triangleABC. The conicP ·W (U) given by

(u/p)2α2+(v/q)2β2+(w/r)2γ2−2(vw/qr)βγ−2(wu/rp)γα−2(uv/pq)αβ = 0

is the inscribed conicW (U/P ). In trilinears, we start withΓ = incircle, given by

u = u(a, b, c) = a(b + c− a), v = u(b, c, a), w = u(c, a, b),

and find1

1The conics in Example 3 are discussed in [1, p.238] as examples of a type denoted byW (Xi),
including incircle =W (X55), Steiner inscribed ellipse =W (X6), Kiepert parabola =W (X512), and
Yff parabola =W (X647). A list of Xi including trilinears, barycentrics, and remarks is given in [2].



Multiplying and dividing curves by points 101

Conic Trilinear product Barycentric product

Steiner inscribed ellipse X9 · Γ X8 · Γ
Kiepert parabola X643 · Γ X645 · Γ

Yff parabola X644 · Γ X646 · Γ

Example 4. Here we combine notions from Examples 1-3. The circumcircle,Γ0,
may be regarded as a special circumconic, and every circumconic has the form
P · Γ0. We ask for the locus of a pointP for which the circumconicP · Γ0 is a
parabola. As such a conic is the isogonal transform of a line tangent toΓ0, we
begin with this statement of the problem: findP = p : q : r (trilinears) for which
the lineL given by pα + q

β + r
γ = 0 meetsΓ0, given by aα + b

β + c
γ = 0 in exactly

one point. Eliminatingγ leads to

α

β
=

cr − ap− bq ±√(ap + bq − cr)2 − 4abpq
2bp

.

We write the discriminant as

Φ(p, q, r) = a2p2 + b2q2 + c2r2 − 2bcqr − 2carp − 2abpq.
In view of Example 3 and [5, p.81], we conclude that ifW (X6) denotes the Steiner
inscribed ellipse, with trilinear equationΦ(α, β, γ) = 0, then

P · Γ0 is a




hyperbola
parabola

ellipse


 according asP lies




inside W (X6)
on W (X6)

outside W (X6)


.

(6)

Returning to the case thatL is tangent toΓ0, it is easy to check that the point of
tangency is(X1/P ) c©X6. (See Example 7 for Ceva conjugacy, denoted byc©.)

If the method used to obtain statement (6) is applied to barycentric multiplica-
tion, then a similar conclusion is reached, in which the role ofW (X6) is replaced
by the inscribed conic whose barycentric equation is

α2 + β2 + γ2 − 2βγ − 2γα− 2αβ = 0,

that is, the ellipseW (X2).

Example 5. Suppose pointsP andQ are given in trilinears:P = p : q : r, and
U = u : v : w. We shall find the locus of a pointX = α : β : γ such thatP · X
lies on the lineUX. This on-lying is equivalent to the determinant equation∣∣∣∣∣∣

u v w
α β γ
pα qβ rγ

∣∣∣∣∣∣ = 0,

expressible as a circumconic:

u(q − r)
α

+
v(r − p)

β
+

w(p − q)
γ

= 0. (7)

One may start with the lineX1P, form its isogonal transformΓ, and then recognize
(7) asU · Γ. For example, in trilinears, equation (7) represents the hyperbolas of
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Kiepert, Jerabek, and Feuerbach according as(P,U) = (X31,X75), (X6,X48),
and (X1,X3); or, in barycentrics, according as(P,U) = (X6,X76), (X1,X3),
and(X2,X63).

Example 6. Again in trilinears, letΓ be the self-isogonal cubicZ(U) given in [1,
p. 240] by

uα(β2 − γ2) + vβ(γ2 − α2) + wγ(α2 − β2) = 0.
This is the locus of pointsX such thatX, X1/X, andU are collinear; the pointU
is called thepivot of Z(U). The quotientΓ/P is the cubic

upα(q2β2 − r2γ2) + vqβ(r2γ2 − p2α2) + wrγ(p2α2 − q2β2) = 0.

Although Γ/P is not generally self-isogonal, it is self-conjugate under theP2-
isoconjugacy defined (e.g., [4]) byX → X1/(X · P 2).

Example 7. LetX c©P denote theX-Ceva conjugate ofP , defined in [1, p.57] for
X = x : y : z andP = p : q : r by

X c©P = p(−p

x
+

q

y
+

r

z
) : q(− q

y
+

r

z
+

p

x
) : r(−r

z
+

p

x
+

q

y
).

Assume thatX �= P . It is easy to check that the locus of a pointX for which
X c©P lies on the lineXP is given by

α

p
(
β2

q2
− γ2

r2
) +

β

q
(
γ2

r2
− α2

p2
) +

γ

r
(
α2

p2
− β2

q2
) = 0. (8)

In trilinears, equation (8) represents the productP ·Γ whereΓ is the cubicZ(X1).
The locus ofX for whichP c©X lies onXP is also the cubic (8).

3. Brocard Points and Apollonian Circles

Here we discuss some special properties of the triangle centersX98 (the Tarry
point) andX110 (the focus of the Kiepert parabola).X98 is the point, other thanA,
B, C, that lies on both the circumcircle and the Kiepert hyperbola.

Let ω be the Brocard angle, given by

cotω = cot A + cotB + cotC.

In trilinears,

X98 = sec(A + ω) : sec(B + ω) : sec(C + ω),

X110 =
a

b2 − c2
:

b

c2 − a2
:

c

a2 − b2
.

Theorem. Barycentric division by X110 carries the circumcircle Γ0 onto the Kiepert
hyperbola Γ′. For every point P on Γ0, the line joining P to the Tarry point X98

(viz., the tangent at X98 if P = X98) intersects Γ′ again at P ′ = P/X110. Further-
more, P/X110 lies on the Apollonian circle of P with respect to the two Brocard
points Ω1 and Ω2; that is

|P ′Ω1|
|P ′Ω2| =

|PΩ1|
|PΩ2| . (9)
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Proof. In barycentrics,Γ0 andΓ′ are given by

a2

α
+

b2

β
+

c2

γ
= 0 and

b2 − c2

α
+

c2 − a2

β
+

a2 − b2

γ
= 0,

and, also in barycentrics,

X110 =
a

b2 − c2
:

b

c2 − a2
:

c

a2 − b2

so thatΓ′ = Γ0/X110.
For the remainder of the proof, we use trilinears. A parametric representation

for Γ0 is given by

P = P (t) = a(1 − t) : bt : ct(t − 1), (10)

for −∞ < t < ∞, and the barycentric productP/X110 is given in trilinears by

(1 − t)
b2 − c2

a
: t

c2 − a2

b
: t(t − 1)

a2 − b2

c
.

That this point lies on linePX98 is equivalent to the following easily verified
identity:
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∣∣∣∣∣∣
(1 − t) b

2−c2
a t c

2−a2
b t(t− 1)a

2−b2
c

a(1 − t) bt ct(t − 1)
sec(A + ω) sec(B + ω) sec(C + ω)

∣∣∣∣∣∣ = 0.

We turn now to a formula [1, p.31] for the distance between two points expressed
in normalized2 trilinears(α, β, γ) and(α′, β′, γ′):

1
2σ

√
abc[a cos A(α− α′)2 + b cos B(β − β′)2 + c cos C(γ − γ′)2], (11)

whereσ denotes the area of triangleABC. Let

D = c2t2 − (c2 + a2 − b2)t + a2,
S = a2b2 + b2c2 + c2a2.

Normalized trilinears for(10) and the two Brocard points follow:

P = ((1 − t)ha, thb, t(t − 1)hc),

whereh = 2σ
D , and

Ω1 =
(
h1c

b
,
h1a

c
,
h1b

a

)
, Ω2 =

(
h1b

c
,
h1c

a
,
h1a

b

)
,

where andh1 = 2abcσ
S .

Abbreviatea cos A, b cos B, c cos C, and1 − t asa′, b′, c′, andt′ respectively,
and write

E = a′
(
t′ha− h1c

b

)2

+ b′
(
thb− h1a

c

)2

+ c′
(
tt′hc− h1b

a

)2

, (12)

F = a′
(
t′ha− h1b

c

)2

+ b′
(
thb− h1c

a

)2

+ c′
(
tt′hc− h1a

b

)2

. (13)

Equation (11) then gives
|PΩ1|2
|PΩ2|2 =

E

F
. (14)

In (12) and (13), replacecos A by (b2 + c2 − a2)/2bc, and similarly forcos B and

cosC, obtaining from (14) the following:

|PΩ1|2
|PΩ2|2 =

t2a2 − t(a2 + b2 − c2) + b2

t2b2 − t(b2 + c2 − a2) + c2
.

2Sometimes trilinear coordinates are called normal coordinates. We prefer “trilinears”, so that
we can say “normalized trilinears,” not “normalized normals.” One might say that the latter double
usage of “normal” can be avoided by saying “actual normal distances”, but this would be unsuitable
for normalization of points at infinity. Another reason for retaining “trilinear” and “quadriplanar”—
not replacing both with “normal”— is that these two terms distinguish between lines and planes as
the objects with respect to which normal distances are defined. In discussing points relative to a
tetrahedron, for example, one could have both trilinears and quadriplanars in the same sentence.
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Note that if the numerator in the last fraction is written asf(t, a, b, c), then the
denominator ist2f(1

t , c, b, a). Similarly,

|P ′Ω1|2
|P ′Ω2|2 =

g(t, a, b, c)
t4g(1

t , c, b, a)
,

where
g(t, a, b, c) = t4e4 + t3e3 + t2e2 + te1 + e0,

and

e4 = a4b2(a2 − b2)2,
e3 = a2(a2 − b2)(b6 + c6 + 2a2b2c2 − 2a4b2 − 2a2c4 − 2b2c4 + a4c2 + a2b4),

e2 = b2c2(b2 − c2)3 + a2c2(c2 − a2)3 + a2b2(a6 + 2b6 − 3a2b4)
+ a2b2c2(b4 + c4 − 2a4 − 4b2c2 + 2a2c2 + 2a2b2),

e1 = b2(c2 − b2)(a6 + c6 − 3b2c4 + 2b4c2 − 2a4b2 − 2a4c2 + 2a2b2c2 + a2b4),

e0 = b4c2(b2 − c2)2.

One may now verify directly, using a computer algebra system, or manually with
plenty of paper, that

t2f(t, a, b, c)g(
1
t
, c, b, a) = f(

1
t
, c, b, a)g(t, a, b, c),

which is equivalent to the required equation (9). �
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The Simson cubic

Jean-Pierre Ehrmann and Bernard Gibert

Abstract. The Simson cubic is the locus of the trilinear poles of the Simson
lines. There exists a conic such that a pointM lies on the Simson cubic if and
only if the line joiningM to its isotomic conjugate is tangent to this conic. We
also characterize cubics which admit pivotal conics for a given isoconjugation.

1. Introduction

Antreas P. Hatzipolakis [2] has raised the question of the locus of points for
which the triangle bounded by the pedal cevians is perspective. More precisely,
given triangleABC, let A[P ]B[P ]C[P ] be the pedal triangle of a pointP , and con-
sider the intersection points

Qa := BB[P ] ∩ CC[P ], Qb := CC[P ] ∩ AA[P ], Qc := AA[P ] ∩ BB[P ].

We seek the locus ofP for which the triangleQaQbQc is perspective withABC.
See Figure 1. This is the union of

(1a) the Darboux cubic consisting of points whose pedal triangles are cevian,1

(1b) the circumcircle together with the line at infinity.

The loci of the perspector in these cases are respectively

(2a) the Lucas cubic consisting of points whose cevian triangles are pedal,2

(2b) a cubic related to the Simson lines.

We give an illustration of the Darboux and Lucas cubics in the Appendix. Our
main interest is in the singular case (2b) related to the Simson lines of points on
the circumcircle. The curve in (2b) above is indeed the locus of the tripoles3 of the
Simson lines. LetP be a point on the circumcircle, andt(P ) = (u : v : w) the
tripole of its Simson lines(P ). This means that the perpendicular to the sidelines
at the points

U = (0 : v : −w), V = (−u : 0 : w), W = (u : −v : 0) (1)

Publication Date: August 24, 2001. Communicating Editor: Paul Yiu.
1This is the isogonal cubic with pivot the de Longchamps point, the reflection of the orthocenter

in the circumcenter. A pointP lies on this cubic if and only if its the line joiningP to its isogonal
conjugate contains the de Longchamps point.

2This is the isotomic cubic with pivoti(H), the isotomic conjugate of the orthocenter. A pointP
lies on this cubic if and only if its the line joiningP to its isotomic conjugate contains the pointi(H).

3We use the term tripole as a short form of trilinear pole.
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are concurrent (atP on the circumcircle). In the notations of John H. Conway,4

the equations of these perpendiculars are

(SBv + SCw)x + a2vy + a2wz = 0,
b2ux + (SCw + SAu)y + b2wz = 0,
c2ux + c2vy + (SAu + SBv)z = 0.

Elimination ofx, y, z leads to the cubic

E : SAu(v2 + w2) + SBv(w2 + u2) + SCw(u2 + v2)− (a2 + b2 + c2)uvw = 0.

This is clearly a self-isotomic cubic,i.e., a pointP lies on the cubic if and only if
its isotomic conjugate does. We shall callE theSimson cubic of triangleABC.

2. A parametrization of the Simson cubic

It is easy to find a rational parametrization of the Simson cubic. LetP be a point
on the circumcircle. Regarded as the isogonal conjugate of the infinite point of a

4For a triangleABC with side lengthsa, b, c, denote

SA =
1

2
(b2 + c2 − a2), SB =

1

2
(c2 + a2 − b2), SC =

1

2
(a2 + b2 − c2).

These satisfy a number of basic relations. We shall, however, only need the obvious relations

SB + SC = a2, SC + SA = b2, SA + SB = c2.



The Simson cubic 109

line px + qy + rz = 0, the pointP has homogeneous barycentric coordinates(
a2

q − r
:

b2

r − p
:

c2

p − q

)
.

The pedals ofP on the side lines are the pointsU , V , W in (1) with

u =
1

q − r
(−a2p + SCq + SBr),

v =
1

r − p
(SCp − b2q + SAr),

w =
1

p− q
(SBp + SAq − c2r). (2)

This means that the tripole of the Simson lines(P ) of P is the pointt(P ) = (u :
v : w). The system (2) therefore gives a rational parametrization of the Simson
cubic. It also shows thatE has a singularity, which is easily seen to be an isolated
singularity at the centroid.5

3. Pivotal conic of the Simson cubic

We have already noted thatE is a self-isotomic cubic. In fact, the isotomic
conjugate oft(P ) is the pointt(P′), whereP ′ is the antipode ofP (with respect to
the circumcircle).6

It is well known that the Simson lines of antipodal points intersect (orthogonally)
on the nine-point circle. As this intersection moves on the nine-point circle, the
line joining the tripolest(P ), t(P′) of the orthogonal Simson liness(P ), s(P′)
envelopes the conicC dual to the nine-point circle. This conic has equation7

∑
cyclic

(b2 − c2)2x2 − 2(b2c2 + c2a2 + a2b2 − a4)yz = 0,

and is the inscribed ellipse in the anticomplementary triangle with center the sym-
median point of triangleABC, K = (a2 : b2 : c2). The Simson cubicE can
therefore be regarded as an isotomic cubic with the ellipseC as pivot. See Figure
2.

Proposition 1. The pivotal conic C is tritangent to the Simson cubic E at the
tripoles of the Simson lines of the isogonal conjugates of the infinite points of the
Morley sides.

5If P is an infinite point, its pedals are the infinite points of the side lines. The triangleQaQbQc

in question is the anticomplementary triangle, and has perspector at the centroidG.
6The antipode ofP has coordinates(

a2

−a2p + SCq + SBr
:

b2

SCp − b2q + SAr
:

c2

SBp + SAq − c2r

)
.

7The equation of the nine-point circle is
∑

cyclic SAx2 − a2yz = 0. We represent this by a

symmetric matrixA. The dual conic is then represented by the adjoint matrix ofA.
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Proof. SinceC is the dual of the nine-point circle, the following statements are
equivalent:

(1) t(P ) lies onC ∩ E .
(2) s(P ′) is tangent to the nine-point circle.
(3) s(P ) passes through the nine-point center.
Thus,C andE are tangent at the three pointst(P ) for which the Simson lines

S(P ) pass through the nine-point center. IfP , Q, R are the isogonal conjugates
of the infinite points of the side lines of the Morley triangle, thenPQR is an
equilateral triangle and the Simson liness(P ), s(Q), s(R) are perpendicular to
QR, RP , PQ respectively. See [1]. LetH be the orthocenter of triangleABC,
and consider the midpointsP1, Q1, R1 of HP , HQ, HR. Sinces(P ), s(Q), s(R)
pass throughP1, Q1, R1 respectively, these Simson lines are the altitudes of the
triangle P1Q1R1. As this triangle is equilateral and inscribed in the nine-point
circle, the Simson liness(P ), s(Q), s(R) pass through the nine-point center.�

Remarks. (1) The trianglePQR is called the circum-tangential triangle ofABC
in [3].

(2) The ellipseC intersects the Steiner circum - ellipse at the four points

( 1
b−c : 1

c−a : 1
a−b), ( 1

b−c : 1
c+a : −1

a+b ),
( −1

b+c : 1
c−a : 1

a+b), ( 1
b+c : −1

c+a : 1
a−b ).

These points are the perspectors of the four inscribed parabolas tangent respectively
to the tripolars of the incenter and of the excenters. In Figure 3, we illustrate the
parabolas for the incenter and theB-excenter. The foci are the isogonal conjugates
of the infinite points of the lines±ax ± by ± cz = 0, and the directrices are the
corresponding lines of reflections of the foci in the side lines of triangleABC.
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4. Intersection of E with a line tangent to C
Consider again the Simson line ofP andP′ intersecting orthogonally at a point

N on the nine-point circle. There is a third pointQ on the circumcircle whose
Simson lines(Q) passes throughN .

• Q is the intersection of the lineHN with the circumcircle,H being the
orthocenter.

• The linet(P )t(P ′) intersects again the cubic att(Q′).
• The tangent lines att(P ) and t(P′) to the cubic intersect att(Q) on the

cubic.

If the line t(P )t(P ′) touchesC atS, then
(i) S andt(Q′) are harmonic conjugates with respect tot(P ) andt(P′);
(ii) the isotomic conjugate ofS is the tripole of the line tangent atN to the

nine-point circle.
See Figure 4.

P

P ′

Q

Q′

t(P )

t(P ′)

t(Q)

t(Q′)

Figure 4
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5. Circumcubic invariant under a quadratic transformation

Let E be a circumcubic invariant under a quadratic transformationτ defined by

τ(x : y : z) =
(

f2

x
:
g2

y
:
h2

z

)
.

The fixed points ofτ are the points(±f : ±g : ±h), which form a harmonic
quadruple.

Consider a circumcubicE invariant underτ . Denote byU , V , W the “third”
intersections ofE with the side lines. Then, eitherU , V , W lie on same line or
UV W is perspective withABC.

The latter case is easier to describe. IfUV W is perspective withABC at P ,
thenE is theτ−cubic with pivotP , i.e., a pointQ lies onE if and only if the line
joining Q andτ(Q) passes throughP .

On the other hand, ifU , V , W are collinear, their coordinates can be written
as in (1) for appropriate choice ofu, v, w, so that the line containing them is the
tripolar of the point(u : v : w). In this case, then the equation ofE is∑

cyclic

f2yz(wy + vz) + txyz = 0

for somet.
(a) If E contains exactly one of the fixed pointsF = (f : g : h), then

t = −2(ghu + hfv + fgw).

In this case,E has a singularity atF . If M = (x : y : z) in barycentric coordinates
with respect toABC, then with respect to the precevian triangle ofF (the three
other invariant points), the tangential coordinates of the line joiningM to τ(M)
are

(p : q : r) =
(

gz − hy

(g + h − f)(gz + hy)
:

hx − fz

(h + f − g)(hx + fz)
:

fy − gx

(f + g − h)(fy + gx)

)
.

As the equation ofE can be rewritten as
p0

p
+

q0

q
+

r0

r
= 0,

where

p0 =
f(hv + gw)
g + h − f

, q0 =
g(fw + hu)
h + f − g

, r0 =
h(gu + fv)
f + g − h

,

it follows that the lineMτ(M) envelopes a conic inscribed in the precevian triangle
of F .

Conversely, ifC is a conic inscribed in the precevian triangleAF BFCF , the
locus ofM such as the lineMτ(M) touchesC is aτ−cubic with a singularity at
F . The tangent lines toE atF are the tangent lines toC passing throughP .

Note that ifF lies onC, andT the tangent toC atP , thenE degenerates into the
union ofT andT∗.

(b) If E passes through two fixed pointsF and,AF , then it degenerates into the
union ofFAF and a conic.
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(c) If the cubicE contains none of the fixed points, each of the six lines joining
two of these fixed points contains, apart from a vertex of triangleABC, a pair of
points ofE conjugate underτ . In this case, the linesMτ(M) cannot envelope
a conic, because this conic should be tangent to the six lines, which is clearly
impossible.

We close with a summary of the results above.

Proposition 2. Let E be a circumcubic and τ a quadratic transformation of the
form

τ(x : y : z) = (f2yz : g2zx : h2xy).
The following statements are equivalent.

(1) E is τ−invariant with pivot a conic.
(2) E passes through one and only one fixed points of τ , has a singularity at this

point, and the third intersections of E with the side lines lie on a line $.
In this case, if E contains the fixed point F = (f : g : h), and if $ is the tripolar

of the point (u : v : w), then the equation of E is

−2(ghu + hfv + fgw)xyz +
∑
cyclic

ux(h2y2 + g2z2) = 0. (3)

The pivotal conic is inscribed in the precevian triangle of F and has equation8∑
cyclic

(gw − hv)2x2 − 2(ghu2 + 3fu(hv + gw) + f2vw)yz = 0.

Appendix

Proposition 3. Let $ be the tripolar of the point (u : v : w), intersecting the
sidelines of triangle ABC at U , V , W with coordinates given by (1), and F =
(f : g : h) a point not on $ nor the side lines of the reference triangle. The locus of
M for which the three intersections AM ∩ FU , BM ∩ FV and CM ∩ FW are
collinear is the cubic E defined by (3) above.

Proof. These intersections are the points

AM ∩ FU = (f(wy + vz) : (hv + gw)y : (hv + gw)z),
BM ∩ FV = ((fw + hu)x : g(uz + wx) : (fw + hu)z),
CM ∩ FW = ((gu + fv)x : (gu + fv)y : h(vx + uy)).

The corresponding determinant is(fvw+gwu+huv)R whereR is the expression
on the left hand side of (3). �

The Simson cubic is the particular caseF = G, the centroid, and$ the line
x

SA
+

y

SB
+

z

SC
= 0,

which is the tripolar of the isotomic conjugate of the orthocenterH.

8The center of this conic is the point(f(v+w−u)+u(g+h−f) : g(w+u−v)+v(h+f−g) :
h(u + v − w) + w(f + g − h).
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Geometric Construction of Reciprocal Conjugations

Keith Dean and Floor van Lamoen

Abstract. Two conjugation mappings are well known in the geometry of the
triangle: the isogonal and isotomic conjugations. These two are members of the
family of reciprocal conjugations. In this paper we provide an easy and general
construction for reciprocal conjugates of a point, given a pair of conjugate points.
A connection is made to desmic configurations.

1. Introduction

Let ABC be a triangle. To represent a point in the plane ofABC we make
use of homogeneous coordinates. Two such coordinate systems are well known,
barycentric and normal (trilinear) coordinates. See [1] for an introduction on nor-
mal coordinates,1 and [4] for barycentric coordinates. In the present paper we work
with homogeneous barycentric coordinates exclusively.

Consider a pointX = (x : y : z). The isogonal conjugateX∗ of X is repre-
sented by(a2yz : b2xz : c2yz), which we loosely write as(a2

x : b2

y : c2

z ) for X
outside the sidelines ofABC (so thatxyz �= 0). In the same way the isotomic con-
jugateX• ofX is represented by(1

x : 1
y : 1

z ). For bothX∗ andX• the coordinates
are the products of the reciprocals of those ofX and the constant ‘coordinates’
from a certain homogeneous triple,(a2 : b2 : c2) and(1 : 1 : 1) respectively.2

With this observation it is reasonable to generalize the two famous conjugations
to reciprocal conjugations, where the homogeneous triple takes a more general
form (� : m : n) with �mn �= 0. By the (� : m : n)-reciprocal conjugation or
simply (� : m : n)-conjugation, we mean the mapping

τ : (x : y : z) �→
(
�

x
:
m

y
:
n

z

)
.

It is clear that for any pointX outside the side lines ofABC, τ(τ(X)) = X. A
reciprocal conjugation is uniquely determined by any one pair of conjugates: if
τ(x0 : y0 : z0) = (x1 : y1 : z1), then� : m : n = x0x1 : y0y1 : z0z1. It is
convenient to regard(� : m : n) as the coordinates of a pointP0, which we call
thepole of the conjugationτ . The poles of the isogonal and isotomic conjugations,

Publication Date: August 28, 2001. Communicating Editor: Jean-Pierre Ehrmann.
1What we call normal coordinates are traditionally calledtrilinear coordinates; they are the ratio

of signed distances of the point to the side lines of the reference triangle.
2Analogous results hold when normal coordinates are used instead of barycentrics.
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for example, are the symmedian point and the centroid respectively. In this paper
we address the questions of (i) construction ofτ given a pair of pointsP andQ
conjugate underτ , (ii) construction ofτ(P ) given the poleP0.

2. The parallelogram construction

2.1. Isogonal conjugation. There is a construction of the isogonal conjugate of a
point that gives us a good opportunity for generalization to all reciprocal conju-
gates.

Proposition 1. Let P be a point and letA′B′C ′ be its pedal triangle. LetA′′ be the
point such that B′PC ′A′′ is a parallelogram. In the same way construct B′′ and
C ′′. Then the perspector of triangles ABC and A′′B′′C ′′ is the isogonal conjugate
P ∗ of P .

A

B

C

P

B′

C′

Y

X

A′′

Figure 1

Proof. This is equivalent to the construction of the isogonal conjugate ofP as the
point of concurrency of the perpendiculars through the vertices ofABC to the
corresponding sides of the pedal triangle. Here we justify it directly by noting that
AP andAA′′ are isogonal lines. LetC′A′′ andB′A′′ intersectAC andAB atX
andY respectively. Clearly,

B′P : Y A′′ = A′′C ′ : Y A′′ = B′A : Y A.

From this we conclude that trianglesAPB′ andAA′′Y are similar, so thatAP and
AA′′ are indeed isogonal lines. �
2.2. Construction of (� : m : n)-conjugates. Observe that the above construction
depends on the ‘altitudes’ forming the pedal triangleA′B′C ′. When these altitudes
are replaced by segments parallel to the cevians of a pointH = (f : g : h), we
obtain a generalization to the reciprocal conjugation

τ : (x : y : z) �→
(
f(g + h)

x
:
g(f + h)

y
:
h(f + g)

z

)
.

In this way we get the complete set of reciprocal conjugations . In particular,
given(� : m : n), by choosingH to be the point with (homogeneous barycentric)
coordinates (

1
m+ n− � :

1
n+ �−m :

1
�+m− n

)
,
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this construction gives the(� : m : n)-conjugate of points.3

3. The perspective triangle construction

The parallelogram construction depended on a triple of directions of cevians.
These three directions can be seen as a degenerate triangle on the line at infinity,
perspective toABC. We show that this triangle can be replaced by any triangle
A1B1C1 perspective toABC, thus making the notion of reciprocal conjugation
projective.

Proposition 2. A triangle A1B1C1 perspective with ABC induces a reciprocal
conjugation : for every point M not on the side lines of ABC and A1B1C1, con-
struct
A′ = A1M ∩BC, B′ = B1M ∩ CA, C ′ = C1M ∩AB;
A′′ = B1C

′ ∩ C1B
′, B′′ = C1A

′ ∩A1C
′, C ′′ = A1B

′ ∩B1A
′.

Triangle A′′B′′C ′′ is perspective with ABC at a point N , and the correspondence
M �→ N is a reciprocal conjugation.

A

B

C

P

A1

B1

C1

A′

B′

C′

A′′

B′′

C′′

M

N

Figure 2

Proof. SinceA1B1C1 is perspective withABC, we may write the coordinates of
its vertices in the form

A1 = (U : v : w), B1 = (u : V : w), C1 = (u : v : W ). (1)

The perspector isP = (u : v : w). LetM = (f : g : h) be a point outside the
sidelines ofABC andA1B1C1. Explicitly,

A′ = (0 : gU − fv : hU − fw) and B′ = (fV − gu : 0 : hV − gw).

3Let X be the point with coordinates(� : m : n). The pointH can be taken as the isotomic
conjugate of the pointY which divides the segmentXG in the ratioXG : GY = 1 : 2.
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The linesA1B
′ andB1A

′ are given by4

(gw − hV )vx+ (hUV − gwU − fwV + guw)y + (fV − gu)vz = 0,
(gwU − fvw − hUV + fwV )x+ (hU − fw)uy + (fv − gU)uz = 0.

These lines intersect in the pointC′′ with coordinates

(guU : fvV : fwV + gwU − hUV ) ∼
(
uU

f
:
vV

g
:
fwV + gwU − hUV

fg

)
.

With similar results forA′′ andB′′ we have the perspectivity ofA′′B′′C ′′ and
ABC at the point

N =
(
uU

f
:
vV

g
:
wW

h

)
.

The pointsM andN clearly correspond to one another under the reciprocal(uU :
vV : wW )-conjugation. �

Theorem 3. Let P , Q, R be collinear points. Denote by X, Y , Z the traces of R
on the side lines BC , CA, AB of triangle ABC , and construct triangle A1B1C1

with vertices

A1 = PA ∩QX, B1 = PB ∩QY, C1 = PC ∩QZ. (2)

Triangle A1B1C1 is perspective with ABC , and induces the reciprocal conjuga-
tion under which P and Q correspond.

Proof. If P = (u : v : w), Q = (U : V : W ), andR = (1 − t)P + tQ for some
t �= 0, 1, then

A1 =
(−tU

1 − t : v : w
)
, B1 =

(
u :

−tV
1 − t : w

)
, C1 =

(
u : v :

−tW
1 − t

)
.

The result now follows from Proposition 2 and its proof. �

Proposition 2 and Theorem 3 together furnish a construction ofτ(M) for an
arbitrary pointM (outside the side lines ofABC) under the conjugationτ defined
by two distinct pointsP andQ. In particular, the poleP0 can be constructed
by applying to the triangleA1B1C1 in (2) andM the centroid ofABC in the
construction of Proposition 2.

Corollary 4. Let P0 be a point different from the centroid G of triangle ABC ,
regarded as the pole of a reciprocal conjugation τ . To construct τ(M), apply the
construction in Theorem 3 to (P,Q) = (G,P0). The choice of R can be arbitrary,
say, the midpoint of GP0.

Remark. This construction does not apply to isotomic conjugation, for which the
pole is the centroid.

4Here we have made use of the fact that the lineB1C1 is given by the equation

w(v − V )x+ w(u− U)y + (UV − uv)z = 0,

so that we indeed can divide byfw(v − V ) + gw(u− U) + h(UV − uv).



Construction of reciprocal conjugates 119

4. Desmic configuration

We take a closer look of the construction in Proposition 2. Given triangle
A1B1C1 with perspectorP , it is known that the triangleA2B2C2 with vertices

A2 = BC1 ∩ CB1, B2 = AC1 ∩ CA1, C2 = AB1 ∩BA1,

is perspective to bothABC andA1B1C1, say at pointsQ andR respectively,
and that the perspectorsP , Q, R are collinear. See, for example, [2]. Indeed,
if the vertices ofA1B1C1 have coordinates given by (1), those ofA2B2C2 have
coordinates

A2 = (u : V :W ), B2 = (U : v : W ), C2 = (U : V : w).

From these, it is clear that

Q = (U : V :W ) and R = (u+ U : v + V : w +W ).

TriangleA2B2C2 is called thedesmic mate of triangleA1B1C1. The three trian-
gles, their perspectors, and the connecting lines form adesmic configuration, i.e.,
each line contains 3 points and each point is contained in 4 lines. This configuration
also contains the three desmic quadrangles:ABCR,A1B1C1Q andA2B2C2P .

A

B

C

P

A1

B1

C1

A2

B2

C2
R

Q

Figure 3

The construction in the preceding section shows that given collinear pointsP ,
Q, andR, there is a desmic configuration as above in which the quadrangles
A1B1C1Q andA2B2C2P are perspective atR. The reciprocal conjugations in-
duced byA1B1C1 andA2B2C2 are the same, and is independent of the choice of
R.

Barry Wolk [3] has observed that these twelve points all lie on theiso-(uU :
vV : wW ) cubic with pivotR: 5

x(u+U)(wWy2−vV z2)+y(v+V )(uUz2−wWx2)+z(w+W )(vV x2−uUy2) = 0.

5An iso-(� : m : n) cubic with pivotR is the locus of pointsX for which X and its iso-
(� : m : n)-conjugate are collinear withR.
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Since reciprocal conjugates link the vertices ofABC to their opposite sides, clearly
the traces ofR are also on the cubic. By the symmetry of the desmic configurations,
the traces ofQ in A1B1C1 andP in A2B2C2 are also on the desmic cubic.
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A Note on the Feuerbach Point

Lev Emelyanov and Tatiana Emelyanova

Abstract. The circle through the feet of the internal bisectors of a triangle passes
through the Feuerbach point, the point of tangency of the incircle and the nine-
point circle.

The famous Feuerbach theorem states that the nine-point circle of a triangle is
tangent internally to the incircle and externally to each of the excircles. Given
triangle ABC , the Feuerbach point F is the point of tangency with the incircle.
There exists a family of cevian circumcircles passing through the Feuerbach point.
Most remarkable are the cevian circumcircles of the incenter and the Nagel point.1

In this note we give a geometric proof in the incenter case.

Theorem. The circle passing through the feet of the internal bisectors of a triangle
contains the Feuerbach point of the triangle.

The proof of the theorem is based on two facts: the triangle whose vertices are
the feet of the internal bisectors and the Feuerbach triangle are (a) similar and (b)
perspective.

Lemma 1. In Figure 1, circle O(R) is tangent externally to each of circles O1(r1)
and O2(r2), at A and B respectively. If A1B1 is a segment of an external common
tangent to the circles (O1) and (O2), then

AB =
R√

(R + r1)(R + r2)
· A1B1. (1)

O2

O

O1

BA

A1

B1

Figure 1

Proof. In the isosceles triangle AOB, cos AOB = 2R2−AB2

2R2 = 1−AB2

2R2 . Applying
the law of cosines to triangle O1OO2, we have

Publication Date: September 4, 2001. Communicating Editor: Paul Yiu.
1The cevian feet of the Nagel point are the points of tangency of the excircles with the corre-

sponding sides.
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O1O
2
2 = (R + r1)2 + (R + r2)2 − 2(R + r1)(R + r2)

(
1 − AB2

2R2

)

= (r1 − r2)2 + (R + r1)(R + r2)
(

AB

R

)2

.

From trapezoid A1O1O2B1, O1O
2
2 = (r1 − r2)2 + A1B

2
1 . Comparison now

gives A1B1 as in (1). �

Consider triangle ABC with side lengths BC = a, CA = b, AB = c, and
circumcircle O(R). Let I3(r3) be the excircle on the side AB.

A

B

C

O

A2

B2

I3

A1

B1

L

K

I

Figure 2

Lemma 2. If A1 and B1 are the feet of the internal bisectors of angles A and B,
then

A1B1 =
abc
√

R(R + 2r3)
(c + a)(b + c)R

. (2)

Proof. In Figure 2, let K and L be points on I3A2 and I3B2 such that OK//CB,
and OL//CA. Since CA2 = CB2 = a+b+c

2 ,

OL =
a + b + c

2
− b

2
=

c + a

2
, OK =

a + b + c

2
− a

2
=

b + c

2
.

Also,

CB1 =
ba

c + a
, CA1 =

ab

b + c
,

and
CB1

CA1
=

b + c

c + a
=

OK

OL
.
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Thus, triangle CA1B1 is similar to triangle OLK, and

A1B1

LK
=

CB1

OK
=

2ab

(c + a)(b + c)
. (3)

Since OI3 is a diameter of the circle through O, L, K, by the law of sines,

LK = OI3 · sin LOK = OI3 · sinC = OI3 · c

2R
. (4)

Combining (3), (4) and Euler’s formula OI2
3 = R(R + 2r3), we obtain (2). �

Now, we prove the main theorem.
(a) Consider the nine-point circle N(R2 ) tangent to the A- and B-excircles. See

Figure 3. The length of the external common tangent of these two excircles is

XY = AY + BX − AB =
a + b + c

2
+

a + b + c

2
− c = a + b.

By Lemma 1,

F1F2 =
(a + b) · R

2√
(R

2 + r1)(R
2 + r2)

=
(a + b)R√

(R + 2r1)(R + 2r2)
.

Comparison with (2) gives

A1B1

F1F2
=

abc
√

R(R + 2r1)(R + 2r2)(R + 2r3)
(a + b)(b + c)(c + a)R2

.

The symmetry of this ratio in a, b, c and the exradii shows that

A1B1

F1F2
=

B1C1

F2F3
=

C1A1

F3F1
.

It follows that the triangles A1B1C1 and F1F2F3 are similar.
(b) We prove that the points F , B1 and F2 are collinear. By the Feuerbach

theorem, F is the homothetic center of the incircle and the nine-point circle, and
F2 is the internal homothetic center of the nine-point circle and the B- excircle.
Note that B1 is the internal homothetic center of the incircle and the B-excircle.
These three homothetic centers divide the side lines of triangle I2NI in the ratios

NF

FI
= − R

2r
,

IB1

B1I2
=

r

r2
,

I2F2

F2N
=

2r2

R
.

Since
NF

FI
· IB1

B1I2
· I2F2

F2N
= −1,

by the Menelaus theorem, F , B1, and F2 are collinear. Similarly F , C1, F3 are
collinear, as are F , A1, F1. This shows that triangles A1B1C1 and F1F2F3 are
perspective at F .

From (a) and (b) it follows that

∠C1FA1 + ∠C1B1A1 = ∠F3FF1 + ∠F3F2F1 = 180◦,

i.e., the circle A1B1C1 contains the Feuerbach point F .
This completes the proof of the theorem.
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F
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Figure 3
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The Kiepert Pencil of Kiepert Hyperbolas

Floor van Lamoen and Paul Yiu

Abstract. We study Kiepert trianglesK(φ) and their iterationsK(φ, ψ), the
Kiepert trianglesK(ψ) relative to Kiepert trianglesK(φ). For arbitraryφ and
ψ, we show thatK(φ, ψ) = K(ψ, φ). This iterated Kiepert triangle is perspec-
tive to each ofABC, K(φ), andK(ψ). The Kiepert hyperbolas ofK(φ) form
a pencil of conics (rectangular hyperbolas) through the centroid, and the two in-
finite points of the Kiepert hyperbola of the reference triangle. The centers of
the hyperbolas in this Kiepert pencils are on the line joining the Fermat points
of the medial triangle ofABC. Finally we give a construction of the degenerate
Kiepert triangles. The vertices of these triangles fall on the parallels through the
centroid to the asymptotes of the Kiepert hyperbola.

1. Preliminaries

Given triangleABC with side lengthsa, b, c, we adopt the notation of John
H. Conway. LetS denotetwice the area of the triangle, and for everyθ, write
Sθ = S · cot θ. In particular, from the law of cosines,

SA =
b2 + c2 − a2

2
, SB =

c2 + a2 − b2

2
, SC =

a2 + b2 − c2

2
.

The sumSA + SB + SC = 1
2 (a2 + b2 + c2) = Sω for the Brocard angleω

of the triangle. See, for example, [2, p.266] or [3, p.47]. For convenience, a
productSφ ·Sψ · · · is simply written asSφψ···. We shall make use of the following
fundamental formulae.

Lemma 1 (Conway). The following relations hold:
(a) a2 = SB + SC , b2 = SC + SA, and c2 = SA + SB;
(b) SA + SB + SC = Sω;
(c) SAB + SBC + SCA = S2;
(d) SABC = S2 · Sω − a2b2c2.

Proposition 2 (Distance formula). The square distance between two points with
absolutebarycentric coordinates P = x1A+y1B+z1C andQ = x2A+y2B+z2C
is given by

|PQ|2 = SA(x1 − x2)2 + SB(y1 − y2)2 + SC(z1 − z2)2. (1)

Publication Date: September 11, 2001. Communicating Editor: Jean-Pierre Ehrmann.
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Proposition 3 (Conway). Let P be a point such that the directed angles PBC and
PCB are respectively φ and ψ. The homogeneous barycentric coordinates of P
are

(−a2 : SC + Sψ : SB + Sφ).

Since the cotangent function has periodπ, we may always chooseφ andψ in
the range−π

2 < φ, ψ ≤ π
2 . See Figure 1.

A

B

C

P

ψ

φ

Figure 1

A

B

C

K(φ)

Aφ

Bφ

Cφ

Figure 2

2. The Kiepert triangle K(φ)

Given an angleφ, let Aφ, Bφ, Cφ be the apexes of isosceles triangles on the
sides ofABC with base angleφ. These are the points

Aφ = (−a2 : SC + Sφ : SB + Sφ),
Bφ = (SC + Sφ : −b2 : SA + Sφ),
Cφ = (SB + Sφ : SA + Sφ : −c2). (2)

They form theKiepert triangle K(φ), which is perspective toABC at theKiepert
perspector

K(φ) =
(

1
SA + Sφ

:
1

SB + Sφ
:

1
SC + Sφ

)
. (3)

See Figure 2. Ifφ = π
2 , this perspector is the orthocenterH. The Kiepert triangle

K(π2 ) is one of three degenerate Kiepert triangles. Its vertices are the infinite points
in the directions of the altitudes. The other two are identified in§2.3 below.

The Kiepert triangleK(φ) has the same centroidG = (1 : 1 : 1) as the reference
triangleABC. This is clear from the coordinates given in (2) above.

2.1. Side lengths. We denote byaφ, bφ, andcφ the lengths of the sidesBφCφ,
CφAφ, andAφBφ of the Kiepert triangleK(φ). If φ �= π

2 , these side lengths are
given by

4S2
φ · a2

φ = a2S2
φ + S2(4Sφ + Sω + 3SA),

4S2
φ · b2φ = b2S2

φ + S2(4Sφ + Sω + 3SB),
4S2

φ · c2φ = c2S2
φ + S2(4Sφ + Sω + 3SC). (4)

Here is a simple relation among these side lengths.
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Proposition 4. If φ �= π
2 ,

b2φ − c2φ =
1 − 3 tan2 φ

4
· (b2 − c2);

similarly for c2φ − a2
φ and a2

φ − b2φ.

If φ = ±π
6 , we haveb2φ = c2φ = a2

φ, and the triangle is equilateral. This is
Napoleon’s theorem.

2.2. Area. Denote byS′ twice the area ofK(φ). If φ �= π
2 ,

S′ =
S

(2Sφ)3

∣∣∣∣∣∣
−a2 SC + Sφ SB + Sφ

SC + Sφ −b2 SA + Sφ
SB + Sφ SA + Sφ −c2

∣∣∣∣∣∣ =
S

4S2
φ

(S2
φ + 2SωSφ + 3S2).

(5)

2.3. Degenerate Kiepert triangles. The Kiepert triangleK(φ) degenerates into a
line whenφ = π

2 as we have seen above, orS′ = 0. From (5), this latter is the case
if and only if φ = ω± for

cotω± = − cotω ±
√

cot2 ω − 3. (6)

See§5.1 and Figures 8A,B for the construction of the two finite degenerate Kiepert
triangles.

2.4. The Kiepert hyperbola. It is well known that the locus of the Kiepert perspec-
tors is the Kiepert hyperbola

K : (b2 − c2)yz + (c2 − a2)zx+ (a2 − b2)xy = 0.

See, for example, [1]. In this paper, we are dealing with the Kiepert hyperbolas of
various triangles. This particular one (of the reference triangle) will be referred to
as thestandard Kiepert hyperbola. It is the rectangular hyperbola with asymptotes
the Simson lines of the intersections of the circumcircle with the Brocard axis
OK (joining the circumcenter and the symmedian point). Its center is the point
((b2 − c2)2 : (c2 − a2)2 : (a2 − b2)2) on the nine-point circle. The asymptotes,
regarded as infinite points, are the pointsK(φ) for which

1
SA + Sφ

+
1

SB + Sφ
+

1
SC + Sφ

= 0.

These areI± = K(π2 − ω±) for ω± given by (6) above.

3. Iterated Kiepert triangles

Denote byA′, B′, C ′ the magnitudes of the anglesAφ, Bφ, Cφ of the Kiepert
triangleK(φ). From the expressions of the side lengths in (4), we have

S′A′ =
1

4S2
φ

(SAS2
φ + 2S2Sφ + S2(2Sω − 3SA)) (7)

together with two analogous expressions forS′B′ andS′C′ .
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A

B

C

Figure 3

Consider the Kiepert triangleK(ψ) of K(φ). The coordinates of the apexAφ,ψ

with respect toK(φ) are(−a2φ : S′C′ + S′ψ : S′B′ + S′ψ). Making use of (5) and
(7), we find the coordinates of the vertices ofK(φ,ψ) with reference toABC, as
follows.

Aφ,ψ = (−(2S2 + a2(Sφ + Sψ) + 2Sφψ) : S2 − Sφψ + SC(Sφ + Sψ) : S2 − Sφψ + SB(Sφ + Sψ)),

Bφ,ψ = (S2 − Sφψ + SC(Sφ + Sψ) : −(2S2 + b2(Sφ + Sψ) + 2Sφψ) : S2 − Sφψ + SA(Sφ + Sψ)),

Cφ,ψ = (S2 − Sφψ + SB(Sφ + Sψ) : S2 − Sφψ + SA(Sφ + Sψ) : −(2S2 + c2(Sφ + Sψ) + 2Sφψ)).

From these expressions we deduce a number of interesting properties of the
iterated Kiepert triangles.

1. The symmetry inφ and ψ of these coordinates shows that the triangles
K(φ,ψ) andK(ψ, φ) coincide.

A

B

C

Aφ

Bφ

Cφ

Aψ

Bψ

Cψ

K(φ, ψ)

Figure 4
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2. It is clear that the iterated Kiepert triangleK(φ,ψ) is perspective with each
of K(φ) andK(ψ), though the coordinates of the perspectorsKφ(ψ) andKψ(φ)
are very tedious. It is interesting, however, to note thatK(φ,ψ) is also perspective
with ABC. See Figure 4. The perspector has relatively simple coordinates:

K(φ, ψ) =

(
1

S2 + SA(Sφ + Sψ) − Sφψ
:

1

S2 + SB(Sφ + Sψ) − Sφψ
:

1

S2 + SC(Sφ + Sψ) − Sφψ

)
.

3. This perspector indeed lies on the Kiepert hyperbola ofABC; it is the Kiepert
perspectorK(θ), where

cot θ =
1 − cot φ cotψ
cot φ+ cotψ

= − cot(φ+ ψ).

In other words,
K(φ,ψ) = K(−(φ+ ψ)). (8)

From this we conclude that the Kiepert hyperbola ofK(φ) has the same infinite
points of the standard Kiepert hyperbola,i.e., their asymptotes are parallel.

4. The triangleK(φ,−φ) is homothetic toABC atG, with ratio of homothety
1
4(1 − 3 tan2 φ). Its vertices are

Aφ,−φ = (−2(S2 − S2
φ) : S2 + S2

φ : S2 + S2
φ),

Bφ,−φ = (S2 + S2
φ : −2(S2 − S2

φ) : S2 + S2
φ),

Cφ,−φ = (S2 + S2
φ : S2 + S2

φ : −2(S2 − S2
φ)).

See also [4].

A

B

C

G

Figure 5

4. The Kiepert hyperbola of K(φ)

Since the Kiepert triangleK(φ) has centroidG, its Kiepert hyperbolaKφ con-
tainsG. We show that it also contains the circumcenterO.

Proposition 5. If φ �= π
2 , ±π

6 , O = Kφ(−(π2 − φ)).
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Proof. Let ψ = −(π2 − φ), so thatSψ = −S2

Sφ
. Note that

Aφ,ψ =

(
−a2 :

2S2Sφ
S2 + S2

φ

+ SC :
2S2Sφ
S2 + S2

φ

+ SB

)
,

while
Aφ = (−a2 : SC + Sφ : SB + Sφ).

These two points are distinct unlessφ = π
2 , ±π

6 . Subtracting these two coordinates
we see that the line�a := AφAφ,ψ passes through(0 : 1 : 1), the midpoint ofBC.
This means, by the construction ofAφ, that�a is indeed the perpendicular bisector
of BC, and thus passes throughO. By symmetry this proves the proposition.�

A

B

C

OAφ,ψ

D
Aφ

Bφ

Cφ

Figure 6

The Kiepert hyperbolas of the Kiepert triangles therefore form the pencil of
conics through the centroidG, the circumcenterO, and the two infinite points of
the standard Kiepert hyperbola. The Kiepert hyperbolaKφ is the one in the pencil
that contains the Kiepert perspectorK(φ), sinceK(φ) = Kφ(−2φ) according to
(8). Now, the line containingK(φ) and the centroid has equation

(b2 − c2)(SA + Sφ)x+ (c2 − a2)(SB + Sφ)y + (a2 − b2)(SC + Sφ)z = 0.

It follows that the equation ofKφ is of the form∑
cyclic

(b2 − c2)yz + λ(x+ y + z)(
∑
cyclic

(b2 − c2)(SA + Sφ)x) = 0,

whereλ is determined by requiring that the conic passes through the circumcenter
O = (a2SA : b2SB : c2SC). This givesλ = 1

2Sφ
, and the equation of the conic

can be rewritten as

2Sφ(
∑
cyclic

(b2 − c2)yz) + (x+ y + z)(
∑
cyclic

(b2 − c2)(SA + Sφ)x) = 0.

Several of the hyperbolas in the pencil are illustrated in Figure 7.
The locus of the centers of the conics in a pencil is in general a conic. In the case

of the Kiepert pencil, however, this locus is a line. This is clear from Proposition 4
that the center ofKφ has coordinates

((b2 − c2)2 : (c2 − a2)2 : (a2 − b2)2)
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A

B

C

K

K0

K0

OG

Figure 7

relative toAφBφCφ, and from (2) that the coordinates ofAφ, Bφ, Cφ are linear
functions ofSφ. This is the line joining the Fermat points of the medial triangle.

5. Concluding remarks

5.1. Degenerate Kiepert conics. There are three degenerate Kiepert triangles cor-
responding to the three degenerate members of the Kiepert pencil, which are the
three pairs of lines connecting the four pointsG, O, I± = K(π2 − ω±) defining
the pencil. The Kiepert trianglesK(ω±) degenerate into the straight linesGI∓.
The vertices are found by intersecting the line with the perpendicular bisectors of
the sides ofABC. The centers of these degenerate Kiepert conics are also on the
circle withOG as diameter.

5.2. The Kiepert hyperbolas of the Napoleon triangles. The Napoleon triangles
K(±π

6 ) being equilateral do not posses Kiepert hyperbolas, the centroid being the
only finite Kiepert perspector. The rectangular hyperbolasK±π/6 in the pencil are
the circumconics through this common perspectorG andO. The centers of these
rectangular hyperbolas are the Fermat points of the medial triangle.

5.3. Kiepert coordinates. Every point outside the standard Kiepert hyperbolaC,
and other than the circumcenterO, lies on a unique member of the Kiepert pencil,
i.e., it can beuniquely written asKφ(ψ). As an example, the symmedian point
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A

B

C

O
G

Figure 8A

A

B

C

O
G

Figure 8B

K = Kφ(ψ) for φ = ω (the Brocard angle) andψ = arccot(1
3 cotω). We leave

the details to the readers.
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Simple Constructions of the Incircle of an Arbelos

Peter Y. Woo

Abstract. We give several simple constructions of the incircle of an arbelos,
also known as a shoemaker’s knife.

Archimedes, in hisBook of Lemmas, studied the arbelos bounded by three semi-
circles with diametersAB, AC, andCB, all on the same side of the diameters.1

See Figure 1. Among other things, he determined the radius of the incircle of the
arbelos. In Figure 2,GH is the diameter of the incircle parallel to the baseAB,
andG′, H ′ are the (orthogonal) projections ofG, H onAB. Archimedes showed
thatGHH ′G′ is a square, and thatAG′,G′H ′,H ′B are in geometric progression.
See [1, pp. 307–308].

A BC

Z

Y X

Figure 1

G

H

H′G′A BC

Z

Y X

Figure 2

In this note we give several simple constructions of the incircle of the arbelos.
The elegant Construction 1 below was given by Leon Bankoff [2]. The points
of tangency are constructed by drawing circles with centers at the midpoints of
two of the semicircles of the arbelos. In validating Bankoff’s construction, we
obtain Constructions 2 and 3, which are easier in the sense that one is a ruler-only
construction, and the other makes use only of the midpoint of one semicircle.

Z

Y X

A BC

Q

P

Construction 1

Z

Y X

A BC

Q

S
P

Construction 2

Z

Y XA B
C

M

Construction 3

Publication Date: September 18, 2001. Communicating Editor: Paul Yiu.
1The arbelos is also known as the shoemaker’s knife. See [3].
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Theorem 1 (Bankoff [2]). Let P and Q be the midpoints of the semicircles (BC)
and (AC) respectively. If the incircle of the arbelos is tangent to the semicircles
(BC), (AC), and (AB) at X, Y , Z respectively, then

(i) A, C , X, Z lie on a circle, center Q;
(ii) B, C , Y , Z lie on a circle, center P .

Z

Y

Y ′Z′

X

A BC

Q

P

DL

Q′

�′�

Figure 3

Proof. LetD be the intersection of the semicircle(AB) with the line perpendicu-
lar toAB atC. See Figure 3. Note thatAB · AC = AD2 by Euclid’s proof of
the Pythagorean theorem.2 Consider the inversion with respect to the circleA(D).
This interchanges the pointsB andC, and leaves the lineAB invariant. The inver-
sive images of the semicircles(AB) and(AC) are the lines� and�′ perpendicular
to AB at C andB respectively. The semicircle(BC), being orthogonal to the
invariant lineAB, is also invariant under the inversion. The incircleXY Z of the
arbelos is inverted into a circle tangent to the semicircle(BC), and the lines�, �′,
atP , Y ′, Z ′ respectively. Since the semicircle(BC) is invariant, the pointsA,X,
andP are collinear. The pointsY ′ andZ′ are such thatBPZ′ andCPY ′ are lines
making45◦ angles with the lineAB. Now, the lineBPZ′ also passes through the
midpoint L of the semicircle(AB). The inversive image of this line is a circle
passing throughA,C,X, Z. Since inversion is conformal, this circle also makes a
45◦ angle with the lineAB. Its center is therefore the midpointQ of the semicircle
(AC). This proves that the pointsX andZ lies on the circleQ(A).

The same reasoning applied to the inversion in the circleB(D) shows thatY
andZ lie on the circleP (B). �

Theorem 1 justifies Construction 1. The above proof actually gives another
construction of the incircleXY Z of the arbelos. It is, first of all, easy to construct
the circlePY ′Z ′. The pointsX, Y , Z are then the intersections of the linesAP ,
AY ′, andAZ ′ with the semicircles(BC), (CA), and (AB) respectively. The
following two interesting corollaries justify Constructions 2 and 3.

2Euclid’s Elements, Book I, Proposition 47.
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Corollary 2. The lines AX, BY , and CZ intersect at a point S on the incircle
XY Z of the arbelos.

Proof. We have already proved thatA,X, P are collinear, as areB, Y ,Q. In Fig-
ure 4, letS be the intersection of the lineAP with the circleXY Z. The inversive
imageS′ (in the circleA(D)) is the intersection of the same line with the circle
PY ′Z ′. Note that

∠AS′Z ′ = ∠PS′Z ′ = ∠PY ′Z ′ = 45◦ = ∠ABZ ′

so thatA, B, S′, Z ′ are concyclic. Considering the inversive image of this circle,
we conclude that the lineCZ containsS. In other words, the linesAP andCZ
intersect at the pointS on the circleXY Z. Likewise,BQ andCZ intersect at the
same point. �

Z

Y

Y ′Z′

X

A BC

P

�′�

S′S

Figure 4

Z

Y

Y ′Z′

X

A B
C

P

�′�

M

M ′

Figure 5

Corollary 3. Let M be the midpoint of the semicircle (AB) on the opposite side
of the arbelos.

(i) The points A, B, X, Y lie on a circle, center M .
(ii) The line CZ passes through M .

Proof. Consider Figure 5 which is a modification of Figure 3. SinceC, P , Y ′ are
on a line making a45◦ angle withAB, its inversive image (in the circleA(D)) is
a circle throughA,B,X, Y , also making a45◦ angle withAB. The center of this
circle is necessarily the midpointM of the semicircleAB on the opposite side of
the arbelos.

JoinA, M to intersect the line� atM′. Since∠BAM ′ = 45◦ = ∠BZ ′M ′,
the four pointsA,Z′,B,M ′ are concyclic. Considering the inversive image of the
circle, we conclude that the lineCZ passes throughM . �

The center of the incircle can now be constructed as the intersection of the lines
joining X, Y , Z to the centers of the corresponding semicircles of the arbelos.
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However, a closer look into Figure 4 reveals a simpler way of locating the center
of the incircleXY Z. The circlesXY Z andPY ′Z ′, being inversive images, have
the center of inversionA as a center of similitude. This means that the center of
the incircleXY Z lies on the line joiningA to the midpoint ofY′Z ′, which is the
opposite side of the square erected onBC, on the same side of the arbelos. The
same is true for the square erected onAC. This leads to the following Construction
4 of the incircle of the arbelos:

Z

Y
X

A BC

Construction 4
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Euler’s Formula and Poncelet’s Porism

Lev Emelyanov and Tatiana Emelyanova

1. Introduction

It is well known [2, p. 187] that two intersecting circlesO(R) andO1(R1) are
the circumcircle and an excircle respectively of a triangle if and only if the Euler
formula

d2 = R2 + 2RR1, (1)

whered = |OO1|, holds. We present a possibly new proof and an application to
the Poncelet porism.

O O1

A

B

C

Figure 1

O
O1

A KP

B

C

M

Figure 2

Theorem 1. Intersecting circles (O) and (O1) are the circumcircle and an excircle
of a triangle if and only if the tangent to (O1) at an intersection of the circles meets
(O) again at the touch point of a common tangent.

Proof. (Sufficiency) LetO(R) andO1(R1) be intersecting circles. (These circles
are not assumed to be related to a triangle as in Figure 1.) Of the two lines tangent
to both circles, letAK be one of them, as in Figure 2. LetP = AK ∩ OO1. Of
the two points of intersection of(O) and(O1), let C be the one not on the same
side of lineOO1 as pointA. Line AC is tangent to circleO1(R1) if and only
if |AC| = |AK|. Let B andM be the points other thanC where linePC meets
circlesO(R) andO1(R1), respectively. TrianglesABC andKCM are homothetic

with ratio R
R1

, so that
|AB|
|CK| =

R

R1
. Also, trianglesABC andCAK are similar,

since∠ABC = ∠CAK and∠BAC = ∠ACK. Therefore,
|AB|
|AC| =

|AC|
|CK| , so

that
|CK|
|AC| ·

R

R1
=

|AC|
|CK| , and

|CK| = |AC|
√

R1

R
. (2)

Publication Date: October 8, 2001. Communicating Editor: Clark Kimberling.
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Also,

|AK| = |AC| cos(∠CAK) + |CK| cos(∠CKA)

= |AC|
√

1 − |AC|2
4R2

+ |CK|
√

1 − |CK|2
4R2

1

. (3)

If |AC| = |AK|, then equations (2) and (3) imply

|AK| = |AK|
√

1 − |AK|2
4R2

+ |AK|
√

R1

R
− |AK|2

4R2
,

which simplifies to|AK|2 = 4RR1 −R2
1. Since|AK|2 = d2 − (R − R1)

2, where
d = |OO1|, we have the Euler formula given in (1). �

We shall prove the converse below from Poncelet’s porism.

2. Poncelet porism

Suppose triangleABC has circumcircleO(R) and incircleI(r). The Poncelet
porism is the problem of finding all triangles having the same circumcircle and
incircle, and the well known solution is an infinite family of triangles. Unless
triangleABC is equilateral, these triangles vary in shape, but even so, they may be
regarded as “rotating” about a fixed incircle and within a fixed circumcircle.

O

I1
A

B

C

D

C1

B1

E

I

Figure 3

Continuing with the proof of the necessity part of Theorem 1, letI1(r1) be the
excircle corresponding to vertexA. Since Euler’s formula holds for this configu-
ration, the conditions for the Poncelet porism (e.g. [2, pp. 187-188]) hold. In the
family of rotating trianglesABC there is one whose verticesA andB coincide in
a point,D, and the limiting lineAB is, in this case, tangent to the excircle. More-
over, linesCA andBC coincide as the line tangent to the excircle at a point of
intersection of the circles, as in Figure 3. This completes the proof of Theorem 1.

Certain points of triangleABC, other than the centers of the two fixed circles,
stay fixed during rotation ([1, p.16-19]). We can also find a fixed line in the Pon-
celet porism.
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Theorem 2. For each of the rotating triangles ABC with fixed circumcircle and
excircle corresponding to vertex A, the feet of bisectors BB1 and CC1 traverse
line DE, where E is the touch point of the second common tangent.

I1
A

B

C

C1

B1

I

K

M

L

P

Q

G1

Figure 4

3. Proof of Theorem 2

We begin with the pole-polar correspondence between points and lines for the
excircle with centerI1, as in Figure 4.

The polars ofA, B, C areLM , MK, KL, respectively, where∆KLM is the
A-extouch triangle. AsBB1 is the internal bisector of angleB andBI1 is the
external bisector, we haveBB1⊥BI1, and the pole ofBB1 lies on the polar of
B, namelyMK. Therefore the pole ofBB1 is the midpointP of segmentMK.
Similarly, the pole of the bisectorCC1 is the midpointQ of segmentKL. The
polar ofB1 is the line passing through the poles ofBB1 andLB1, i.e. linePL.
Likewise, MQ is the polar ofC1, and the pole ofB1C1 is centroid of triangle
KLM , which we denote asG1.

We shall prove thatG1 is fixed by proving that the orthocenterH1 of triangle
KLM is fixed. (Gallatly [1] proves that the orthocenter of the intouch triangle
stays fixed in the Poncelet porism with fixed circumcircle and incircle; we offer a
different proof, which applies also to the circumcircle and an excircle.)

Lemma 3. The orthocenter H1 of triangle KLM stays fixed as triangle ABC
rotates.

Proof. Let KLM be the extouch triangle of triangleABC, let RST be the orthic
triangle of triangleKLM , and letH1 andE1 be the orthocenter and nine-point
center, respectively, of triangleKLM , as in Figure 5.

(1) The circumcircle of triangleRST is the nine-point circle of triangleKLM ,
so that its radius is equal to12R1, and its centerE1 is on the Euler lineI1H1 of
triangleKLM .

(2) It is known that altitudes of an obtuse triangle are bisectors (one internal and
two external) of its orthic triangle, so thatH1 is theR-excenter of triangleRST .
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M
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Figure 5

(3) TriangleRST and triangleABC are homothetic. To see, for example, that
AB||RS, we have∠KRL = ∠KSL = 90◦, so thatL, R, S, K are concyclic.
Thus,∠KLR = ∠KSR = ∠RSM . On the other hand,∠KLR = ∠KLM =
∠KMB and∠RSM = ∠SMB. Consequently,AB||RS.

(4) The ratiok of homothety of triangleABC and triangleRST is equal to
the ratio of their circumradii, i.e.k = 2R

R1
. Under this homothety,O → E1 (the

circumcenters) andI1 → H1 (the excenter). It follows thatOI1||E1H1. SinceE1,
I1, H1 are collinear,O, I1, H1 are collinear. ThusOI1 is the fixed Euler line of
every triangleKLM .

The place ofH stays fixed onOI becauseEH = OI
k remains constant. There-

fore the centroid of, triangleKLM also stays fixed. �
To complete the proof of Theorem 2, note that by Lemma 3,G1 is fixed on line

OI1. Therefore, lineB1C1, as the polar ofG1, is fixed. Moreover,B1C1⊥OI1.
Considering the degenerate case of the Poncelet porism, we conclude thatB1C1

coincides withDE, as in Figure 3.
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Conics Associated with a Cevian Nest

Clark Kimberling

Abstract. Various mappings in the plane of�ABC are defined in the context
of a cevian nest consisting of�ABC, a cevian triangle, and an anticevian trian-
gle. These mappings arise as Ceva conjugates, cross conjugates, and cevapoints.
Images of lines under these mappings and others, involving trilinear and conic-
based poles and polars, include certain conics that are the focus of this article.

1. Introduction

SupposeL is a line in the plane of�ABC, but not a sidelineBC, CA, AB,
and suppose a variable pointQ traversesL. The isogonal conjugate ofQ traces a
conic called the isogonal transform ofL, which, as is well known, passes through
the verticesA, B, C. In this paper, we shall see that for various other transfor-
mations, the transform ofL is a conic. These include Ceva and cross conjugacies,
cevapoints, and pole-to-pole mappings1. Let

P = p1 : p2 : p3 (1)

be a point2 not on a sideline of�ABC. Suppose

U = u1 : u2 : u3 and V = v1 : v2 : v3 (2)

are distinct points onL. ThenL is given parametrically by

Qt = u1 + v1t : u2 + v2t : u3 + v3t, −∞ < t ≤ ∞, (3)

whereQ∞ := V. The curves in question can now be represented by the formP∗Qt
(or Pt ∗Q), where∗ represents any of the various mappings to be considered. For
any such curve, a parametric representation is given by the form

x1(t) : x2(t) : x3(t),

Publication Date: October 18, 2001. Communicating Editor: Peter Yff.
1The cevian triangle of a pointP not on a sideline ofABC is the triangleA′B′C′, whereA′ =

PA∩BC, B′ = PB ∩CA, CB′ = PC ∩ AB. The namecevian (pronounced cheh´vian) honors
Giovanni Ceva (pronounced Chay´va). We use a lower case c in adjectives such asanticevian (cf.
nonabelian) and a capital when the name stands alone, as inCeva conjugate. The nameanticevian
derives from a special case called theanticomplementary triangle, so named because its vertices are
the anticomplements ofA,B, C.

2Throughout, coordinates for points are homogeneous trilinear coordinates.
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where the coordinates are polynomials int having no common nonconstant poly-
nomial factor. The degree of the curve is the maximum of the degrees of the poly-
nomials. When this degree is 2, the curve is a conic, and the following theorem
(e.g. [5, pp. 60–65]) applies.

Theorem 1. Suppose a point X = x1 : x2 : x3 is given parametrically by

x1 = d1t
2 + e1t+ f1 (4)

x2 = d2t
2 + e2t+ f2 (5)

x3 = d3t
2 + e3t+ f3, (6)

where the matrix

M =


 d1 e1 f1
d2 e2 f2
d3 e3 f3




is nonsingular with adjoint (cofactor) matrix

M# =


 D1 D2 D3

E1 E2 E3

F1 F2 F3


 .

Then X lies on the conic:

(E1α+ E2β + E3γ)2 = (D1α+D2β +D3γ)(F1α+ F2β + F3γ). (7)

Proof. SinceM is nonsingular, its determinantδ is nonzero, andM−1 = 1
δM

#.
Let

X =


 x1

x2

x3


 and T =


 t2

t
1


 ,

so thatX = MT andM−1X = T. This second equation is equivalent to the
system

D1x1 + D2x2 + D3x3 = δt2

E1x1 + E2x2 + E3x3 = δt
F1x1 + F2x2 + F3x3 = δ.

The equal quotientsδt2/δt andδt/δ yield

D1x1 +D2x2 +D3x3

E1x1 + E2x2 + E3x3
=
E1x1 + E2x2 + E3x3

F1x1 + F2x2 + F3x3
.

�

For a first example, supposeQ = q1 : q2 : q3 is a point not on a sideline of
�ABC, and letL be the lineq1α+ q2β + q3γ = 0. TheP -isoconjugate ofQ, is
(e.g., [4, Glossary]) the point

P ∗Q =
1
p1q1

:
1
p2q2

:
1
p3q3

.
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The method of proof of Theorem 1 shows that theP -isoconjugate ofL (i.e., the set
of pointsP ∗R for R onL) is the circumconic

q1
p1α

+
q2
p2β

+
q3
p3γ

= 0.

We shall see that the same method applies to many other configurations.

2. Cevian nests and two conjugacies

A fruitful configuration in the plane of�ABC is the cevian nest, consisting
of three trianglesT1, T2, T3 such thatT2 is a cevian triangle ofT1, andT3 is a
cevian triangle ofT2. In this article,T2 = �ABC, so thatT1 is the anticevian
triangle of some pointP , andT3 is the cevian triangle of some pointQ. It is well
known (e.g. [1, p.165]) that if any two pairs of such triangles are perspective pairs,
then the third pair are perspective also3. Accordingly, for a cevian nest, given two
of the perspectors, the third may be regarded as the value of a binary operation
applied to the given perspectors. There are three such pairs, hence three binary
operations. As has been noted elsewhere ([2, p. 203] and [3, Glossary]), two of
them are involutory: Ceva conjugates and cross conjugates.

2.1. Ceva conjugate. TheP -Ceva conjugate of Q, denoted byP c©Q, is the per-
spector of the cevian triangle ofP and the anticevian triangle ofQ; for P = p1 :
p2 : p3 andQ = q1 : q2 : q3, we have

P c©Q = q1(− q1
p1

+
q2
p2

+
q3
p3

) : q2(
q1
p1

− q2
p2

+
q3
p3

) : q3(
q1
p1

+
q2
p2

− q3
p3

).

Theorem 2. Suppose P,U, V,Qt are points as in (1)-(3); that is, Qt traverses line
UV. The locus of P c©Qt is the conic

α2

p1q1
+
β2

p2q2
+
γ2

p3q3
−(

1
p2q3

+
1
p3q2

)βγ−(
1
p3q1

+
1
p1q3

)γα−(
1
p1q2

+
1
p2q1

)αβ = 0, (8)

where Q := q1 : q2 : q3, the trilinear pole of the line UV , is given by

q1 : q2 : q3 =
1

u2v3 − u3v2
:

1
u3v1 − u1v3

:
1

u1v2 − u2v1
.

This conic4 passes through the vertices of the cevian triangles of P and Q.

Proof. First, it is easy to verify that equation (8) holds forα : β : γ equal to any of
these six vertices:

0 : p2 : p3, p1 : 0 : p3, p1 : p2 : 0, 0 : q2 : q3, q1 : 0 : q3, q1 : q2 : 0 (9)

3Peter Yff has observed that in [1], Court apparently overlooked the fact that�ABC and any
inscribed triangle are triply perspective, with perspectorsA,B, C. For these cases, Court’s result is
not always true. It seems that he intended his inscribed triangles to be cevian triangles.

4The general equation (8) for the circumconic of two cevian triangles is one of many interesting
equations in Peter Yff’s notebooks.
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A conic is determined by any five of its points, so it suffices to prove that the six
vertices are of the formP c©Qt. Puttingx1 = 0 in (4) gives roots

ta =
−e1 ±

√
e21 − 4d1f1

2d1
, (10)

where

d1 = v1(−v1
p1

+
v2
p2

+
v3
p3

), (11)

e1 = −2u1v1
p1

+
u1v2 + u2v1

p2
+
u1v3 + u3v1

p3
, (12)

f1 = u1(−u1

p1
+
u2

p2
+
u3

p3
). (13)

The discriminant in (10) is a square, andta simplifies:

ta =
−e1p2p3q2q3 ± (p3q2 − p2q3)

2d1p2p3q2q3
.

If the numerator is−e1p2p3q2q3+(p3q2−p2q3), then (5) and (6), and substitutions
for d2, e2, f2, d3, e3, f3 obtained cyclically from (11)-(13), givex2/x3 = p2/p3, so
thatP c©Qta = 0 : p2 : p3. On the other hand, if the numerator is−e1p2p3q2q3 −
(p3q2 − p2q3), thenx2/x3 = q2/q3 andP c©Qta = 0 : q2 : q3. Likewise, the roots
tb andtc of (5) and (6) yield a proof that the other four vertices in (9) are of the
form P c©Qt. �
Corollary 2.1. Suppose P = p1 : p2 : p3 is a point and L given by !1α + !2β +
!3γ = 0 is a line. Suppose the point Qt traverses L. The locus of P c©Qt is the
conic

!1α
2

p1
+
!2β

2

p2
+
!3γ

2

p3
− (
!3
p2

+
!2
p3

)βγ− (
!1
p3

+
!3
p1

)γα− (
!2
p1

+
!1
p2

)αβ = 0. (14)

Proof. LetU, V be distinct points onL, and apply Theorem 2. �
Corollary 2.2. The conic (14) is inscribed to �ABC if and only if the line
L = UV is the trilinear pole of P .

Proof. In this case,!1 : !2 : !3 = 1/p1 : 1/p2 : 1/p3, so thatP = Q. The
cevian triangles indicated by (9) are now identical, and the six pass-through points
are three tangency points. �

One way to regard Corollary 2.2 is to start with an inscribed conicΓ. It follows
from the general equation for such a conic (e.g., [2, p.238]) that the three touch
points are of the form0 : p2 : p3, p1 : 0 : p3, p1 : p2 : 0, for someP = p1 : p2 : p3.
ThenΓ is the locus ofP c©Qt asQt traversesL.

Example 1. Let P = centroid andQ = orthocenter. Then lineUV is given by

(cosA)α+ (cosB)β + (cosC)γ = 0,

and the conic (8) is the nine-point circle. The same is true forP = orthocenter and
Q = centroid.
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Example 2. Let P = orthocenter andQ = X648, the trilinear pole of the Euler
line, so thatUV is the Euler line. The conic (8) passes through the vertices of
the orthic triangle, andX4, X113, X155, X193, which are theP -Ceva conjugates of
X4, X30, X3, X2, respectively.5

648
C′

A′

B′

3

4113

155

193

C

A

B

Figure 1

2.2. Cross conjugate. Along with Ceva conjugates, cevian nests proffer cross con-
jugates. SupposeP = p1 : p2 : p3 andQ = q1 : q2 : q3 are distinct points, neither
lying on a sideline of�ABC. LetA′B′C ′ be the cevian triangle ofQ. Let

A′′ = PA′ ∩B′C ′, B′′ = PB′ ∩ C ′A′, C ′′ = PC ′ ∩A′B′,
so thatA′′B′′C ′′ is the cevian triangle (in�A′B′C ′) of P . Thecross conjugate
P ⊗Q is the perspector of�ABC and�A′′B′′C ′′. It has coordinates

q1
−p1
q1

+ p2
q2

+ p3
q3

:
q2

−p2
q2

+ p3
q3

+ p1
q1

:
q3

−p3
q3

+ p1
q1

+ p2
q2

.

It is easy to verify directly that⊗ is a conjugacy; i.e.,P ⊗ (P ⊗ Q) = Q, or to
reach the same conclusion using the identity

X ⊗ P = (X−1 c©P−1)−1,

where( )−1 signifies isogonal conjugation.
The locus ofP ⊗ Qt is generally a curve of degree5. However, on switching

the roles ofP andQ, we obtain a conic, as in Theorem 3. Specifically, letQ =
q1 : q2 : q3 remain fixed while

Pt = u1 + v1t : u2 + v2t : u3 + v3t, −∞ < t ≤ ∞,
ranges through the lineUV.

5Indexing of triangle centers is as in [3].
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Theorem 3. The locus of the Pt ⊗Q is the circumconic

(
p3
q2

+
p2
q3

)βγ + (
p1
q3

+
p3
q1

)γα+ (
p2
q1

+
p1
q2

)αβ = 0, (15)

where line UV is represented as

p1α+ p2β + p3γ = (u2v3 − u3v2)α+ (u3v1 − u1v3)β + (u1v2 − u2v1)γ = 0.

Proof. Following the proof of Theorem 1, let

u′1 = −u1

q1
+
u2

q2
+
u3

q3
, v′1 = −v1

q1
+
v2
q2

+
v3
q3
,

and similarly foru′2, u
′
3, v
′
2, v
′
3. Then

d1 = q1v
′
2v
′
3, e1 = q1(u′2v

′
3 + u′3v

′
2), f1 = q1u

′
2u
′
3,

and similarly fordi, ei, fi, i = 2, 3. The nine termsdi, ei, fi, yield the nine
cofactorsDi, Ei, Fi, which then yield0 for the coefficients ofα2, β2, γ2 in (7) and
the other three coefficients as asserted in (15). �

Example 3. Regarding the conic (15), supposeP = p1 : p2 : p3 is an arbitrary
triangle center andΓ is an arbitrary circumconic!/α+m/β + n/γ = 0. Let

Q = q1 : q2 : q3

=
1

p1(−p1!+ p2m+ p3n)
:

1
p2(−p2m+ p3n+ p1!)

:
1

p3(−p3n+ p1!+ p2m)
.

For Pt ranging through the lineL given byp1α + p2β + p3γ = 0, the locus of
Pt ⊗Q is thenΓ, since

p3
q2

+
p2
q3

:
p1
q3

+
p3
q1

:
p2
q1

+
p1
q2

= ! : m : n.

In other words, givenP andL, there existsQ such thatPt⊗Q ranges through any
prescribed circumconic. In fact,Q is the isogonal conjugate ofP c©L′, whereL′
denotes the pole of lineL. Specific cases are summarized in the following table.

P Q ! pass-through points,Xi, for i =
X1 X1 1 88, 100, 162, 190 (Steiner ellipse)
X1 X2 b+ c 80, 100, 291 (ellipse)
X1 X6 a(b+ c) 101, 190, 292 (ellipse)
X1 X57 a 74, 98, 99, ..., 111, 112, ...(circumcircle)
X1 X63 sin 2A 109, 162, 163, 293 (ellipse)
X1 X100 b− c 1, 2, 28, 57, 81, 88, 89, 105, ...(hyperbola)
X1 X101 a(b− c)(b + c− a) 6, 9, 19, 55, 57, 284, 333, (hyperbola)
X1 X190 a(b− c) 1, 6, 34, 56, 58, 86, 87, 106, ...(hyperbola)
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3. Poles and polars

In this section, we shall see that, in addition to mappings discussed in§2, certain
mappings defined in terms of poles and polars are nicely represented in terms of
Ceva conjugates and cross conjugates

We begin with definitions. SupposeA′B′C ′ is the cevian triangle of a pointP
not on a sideline of�ABC. By Desargues’s Theorem, the pointsBC ∩ B′C ′,
CA ∩ C ′A′, AB ∩ A′B′ are collinear. Their line is thetrilinear polar of P .
Starting with a lineL, the steps reverse, yielding thetrilinear pole of L. If L is
given byxα+ yβ + zγ = 0 then the trilinear pole ofL is simply1/x : 1/y : 1/z.

SupposeΓ is a conic andX is a point. For eachU onΓ, letV be the point other
thanU in which the lineUX meetsΓ, and letX′ be the harmonic conjugate ofX
with respect toU andV. AsU traversesΓ, the pointX′ traverses a line, the polar
of X with respect toΓ, or Γ-based polar of X. Here, too, as with the trilinear
case, for given lineL, the steps reverse to define theΓ-based pole of L.

In §2, two mappings were defined in the context of a cevian nest. We return
now to the cevian nest to define a third mapping. SupposeP = p : q : r and
X = x : y : z are distinct points, neither lying on a sideline of�ABC. Let
A′′B′′C ′′ be the anticevian triangle ofX. Let

A′ = PA′′ ∩BC, B′ = PB′′ ∩CA, C ′ = PC ′′ ∩AB.
The cevapoint of P andX is the perspector,R, of trianglesABC andA′B′C ′.
Trilinears are given by

R =
1

qz + ry
:

1
rx+ pz

:
1

py + qx
. (16)

It is easy to verify thatP = R c©X.
The general conicΓ is given by the equation

uα2 + vβ2 + wγ2 + 2pβγ + 2qγα+ 2rαβ = 0,

and theΓ-based polar ofX = x : y : z is given (e.g., [5]) by

(ux+ ry + qz)α + (vy + pz + rx)β + (wz + qx+ py)γ = 0. (17)

Example 4. Let Γ denote the circumconicp/α + q/β + r/γ = 0, that is, the
circumconic having as pivot the pointP = p : q : r. TheΓ-based polar ofX is
the trilinear polar of the cevapoint ofP andX, given by

(qz + ry)α+ (rx+ pz)β + (py + qx)γ = 0.

In view of (16),(trilinear polar ofX) = (Γ-based polar ofX c©P ).

Example 5. Let Γ denote conic determined as in Theorem 2 by pointsP andQ.
The conic is inscribed in�ABC if and only if P = Q, and in this case, the
Γ-based polar ofX is given by

1
p

(
−x
p

+
y

q
+
z

r

)
α+

1
q

(
x

p
− y

q
+
z

r

)
β +

1
r

(
x

p
+
y

q
− z

r

)
γ = 0.
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In other words,(Γ-based polar ofX) = (trilinear polar ofX ⊗ P ). In particular,
choosingP = X7, we obtain the incircle-based polar ofX:

f(A,B,C)α+ f(B,C,A)β + f(C,A,B)γ = 0,

where

f(A,B,C) =
sec2 A

2

−x cos2 A
2 + y cos2 B

2 + z cos2 C
2

.

Suppose now thatΓ is a conic andL a line. As a point

X = p1 + q1t : p2 + q2t : p3 + q3t (18)

traversesL, a mapping is defined by the trilinear pole of theΓ-based polar ofX.
This pole has trilinears found directly from (17):

1
g1(t)

:
1

g2(t)
:

1
g3(t)

,

whereg1(t) = u(p1 + q1t)+ r(p2 + q2t)+ q(p3 + q3t), and similarly forg2(t) and
g3(t). The same pole is given by

g2(t)g3(t) : g3(t)g1(t) : g1(t)g2(t), (19)

and Theorem 1 applies to form (19). With certain exceptions, the resulting conic
(7) is a circumconic; specifically, ifuq1 + rq2 + qq3 �= 0, theng1(t) has a root for
which (19) is vertexA, and similarly for verticesB andC.

Example 6. ForP = u : v : w, let Γ(P ) be the circumconicuβγ+vγα+wαβ =
0. Assume that at least one point ofΓ(P ) lies inside�ABC; in other words,
assume thatΓ(P ) is not an ellipse. Let̂Γ(P ) be the conic6

uα2 + vβ2 + wγ2 = 0. (20)

For eachα : β : γ on the lineuα+vβ+wγ = 0 and inside or on a side of�ABC,
let P = p : q : r, with p ≥ 0, q ≥ 0, r ≥ 0, satisfy

α = p2, β = q2, γ = r2,

and define √
P :=

√
p :

√
q :

√
r (21)

and

PA := −√
p :

√
q :

√
r, PB :=

√
p : −√

q :
√
r, PC :=

√
p :

√
q : −√

r
(22)

Each point in (21) and (22) satisfies (20), and conversely, each point satisfying
(20) is of one of the forms in (21) and (22). Therefore, the conic (20) consists

6Let Φ = vwa2 + wub2 + uvc2. Conic (20) is an ellipse, hyperbola, or parabola according as
Φ > 0, Φ < 0, or Φ = 0. Yff [6, pp.131-132], discusses a class of conics of the form (20) in
connection with self-isogonal cubics and orthocentric systems.
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of all points as in (21) and (22). Constructions7 for
√
P are known, and points

PA, PB , PC are constructible as harmonic conjugates involving
√
P and vertices

A,B,C; e.g.,PA is the harmonic conjugate ofP with respect toA and the point
BC ∩ AP. Now suppose thatL is a line, given by!α +mβ + nγ = 0. ForX
as in (18) traversingL, we haveg1(t) = u(p1 + q1t), leading to nine amenable
coefficients in (4)-(6) and on to amenable cofactors, as indicated by

D1 = up21r1, E1 = −up1q1r1, F1 = uq21r1,

wherer1 = p2q3 − p3q2. The nine cofactors and (7) yield this conclusion: the
Γ-based pole ofX traverses the circumconic

!

uα
+
m

vβ
+
n

wγ
= 0. (23)

For example, taking lineuα + vβ + wγ = 0 to be the trilinear polar ofX100

andL that of X101, the conic (23) is the Steiner circumellipse. In this case,
the conic (20) is the hyperbola passing throughXi for i = 1, 43, 165, 170, 365,
and 846. Another notable choice of (20) is given byP = X798, which has
first trilinear (cos2B − cos2 C) sin2A. Points on this hyperbola includeXi for
i = 1, 2, 20, 63, 147, 194, 478, 488, 616, 617, 627, and628.

Of course, for eachX = x : y : z on a coniĉΓ(P ), the points

−x : y : z, x : −y : z, x : y : −z
are also on̂Γ(P ), and ifX also lies inside�ABC, thenX1/X

2 lies onΓ(P ).

Example 7. Let Γ be the circumcircle, given bya/α + b/β + c/γ = 0, and letL
be the Brocard axis, which is the line passing through the pointsX6 = a : b : c
andX3 = cosA : cosB : cosC. Using notation in Theorem 1, we find

d1 = bc, e1 = 2a(b2 + c2), f1 = 4a2bc

and

D1 = 8ab2c2(c2 − b2), E1 = 4a2bc(b2 − c2), F1 = 2a3(c2 − b2),
leading to this conclusion: the circumcircle-based pole ofX traversing the Brocard
axis traverses the circumhyperbola

a(b2 − c2)
α

+
b(c2 − a2)

β
+
c(a2 − b2)

γ
= 0,

namely, the isogonal transform of the trilinear polar of the Steiner point.

7The trilinear square root is constructed in [4]. An especially attractive construction of barycentric
square root in [7] yields a second construction of trilinear square root. We describe the latter here.
SupposeP = p : q : r in trilinears; then in barycentric,P = ap : bq : cr, so that the barycentric
square root ofP is

√
ap :

√
bq :

√
cr. Barycentric multiplication (as in [7]) by

√
a :

√
b :

√
c gives

a
√

p : b
√

q : c
√

r, these being barycentrics for the trilinear square root ofP, which in trilinears is√
p :

√
q :

√
r.
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P�-Perpendicularity

Floor van Lamoen

Abstract. It is well known that perpendicularity yields an involution on the line
at infinity L∞ mapping perpendicular directions to each other. Many notions of
triangle geometry depend on this involution. Since in projective geometry the
perpendicular involution is not different from other involutions, theorems using
standard perpendicularity in fact are valid more generally.

In this paper we will classify alternative perpendicularities by replacing the
orthocenterH by a pointP andL∞ by a line �. We show what coordinates
undergo with these changes and give some applications.

1. Introduction

In the Euclidean plane we consider a reference triangleABC. We shall perform
calculations using homogeneous barycentric coordinates. In these calculations(f :
g : h) denotes the barycentrics of a point, while[l : m : n] denotes the line with
equationlx+my+ nz = 0. The line at infinityL∞, for example, has coordinates
[1 : 1 : 1].

Perpendicularity yields an involution on the line at infinity, mapping perpendic-
ular directions to each other. We call this involutionthe standard perpendicularity,
and generalize it by replacing the orthocenterH by another pointP with coordi-
nates(f : g : h), stipulating that the cevians ofP be “perpendicular” to the corre-
sponding sidelines ofABC. To ensure thatP is outside the sidelines ofABC, we
assumefgh �= 0.

Further we let the role ofL∞ be taken over by another line� = [l : m : n] not
containingP . To ensure that� does not pass through any of the vertices ofABC,
we assumelmn �= 0 as well. We denote by[L]� the intersection of a lineL with �.
When we replaceH by P andL∞ by �, we speak ofP�-perpendicularity.

Many notions of triangle geometry, like rectangular hyperbolas, circles, and
isogonal conjugacy, depend on the standard perpendicularity. Replacing the stan-
dard perpendicularity byP�-perpendicularity has its effects on these notions. Also,
with the replacement of the line of infinityL∞, we have to replace affine notions
like midpoint and the center of a conic by their projective generalizations. So it
may seem that there is a lot of triangle geometry to be redone, having to prove
many generalizations. Nevertheless, there are at least two advantages in making

Publication Date: November 8, 2001. Communicating Editor: Bernard Gibert.
The author wants to express his sincere thanks to the communicating editor, without whom this

paper would not have been the same.
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calculations in generalized perpendicularities. (1) Calculations using coordinates
in P -perpendicularity are in general easier and more transparent than when we use
specific expressions for the orthocenterH. (2) We give ourselves the opportunity
to work with different perpendicularities simultaneously. Here, we may find new
interesting views to the triangle in the Euclidean context.

2. P�-Perpendicularity

In the following we assume some basic results on involutions. These can be
found in standard textbooks on projective geometry, such as [2, 3, 8].

2.1. P�-rectangular conics. We generalize the fact that all hyperbolas from the
pencil throughA, B, C, H are rectangular hyperbolas. LetP be the pencil of cir-
cumconics throughP . The elements ofP we callP�-rectangular conics. Accord-
ing to Desargues’ extended Involution Theorem (see, for example, [2,§16.5.4], [8,
p.153], or [3,§6.72]) each member ofP must intersect a line� in two points, which
are images under an involutionτP�. This involution we call theP�-perpendicularity.

Since an involution is determined by two pairs of images,τP� can be defined
by the degenerate members of the pencil, the pairs of lines(BC,PA), (AC,PB),
and(AB,PC). Two of these pairs are sufficient.

If two linesL andM intersect� in a pair of images ofτP�, then we say that they
areP�-perpendicular, and writeL ⊥P� M . Note that for any�, this perpendicular-
ity replaces the altitudes of a triangle by the cevians ofP as linesP�-perpendicular
to the corresponding sides.

The involutionτP� has two fixed pointsJ1 andJ2, real if τP� is hyperbolic, and
complex ifτP� is elliptic.

Again, by Desargues’ Involution Theorem, every nondegenerate triangleP1P2P3

has the property that the lines through the verticesP�-perpendicular to the opposite
sides are concurrent at a point. We call this point of concurrence theP�-orthocenter
of the triangle.

Remark. In order to be able to make use of the notions of parallelism and mid-
points, and to perform calculations with simpler coordinates, it may be convenient
to only replaceH by P , but notL∞ by another line. In this case we speak ofP -
perpendicularity. EachP�-perpendicularity corresponds to theQ-perpendicularity
for an appropriateQ by the mappings(x : y : z) ↔ (lx : my : nz). 1

2.2. Representation of τP� in coordinates.

Theorem 1. For P = (f : g : h) and � = [l : m : n], the P�-perpendicularity is
given by

τP� : (fL : gL : hL) �→
(
f(ghL − hgL)

l
:
g(hfL − fhL)

m
:
h(fgL − gfL)

n

)
.

(1)

1These mappings can be constructed by the(l : m : n)-reciprocal conjugacy followed by iso-
tomic conjugacy and conversely, as explained in [4].
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Proof. Let L be a line passing throughC with [L]� = (fL : gL : hL), and let
BL = L ∩ AB = (fL : gL : 0). We will consider triangleABLC. We have
noted above that theP�-altitudes of triangleABLC are concurrent. Two of them
are very easy to identify. TheP�-altitude fromC simply isCP = [−g : f : 0].
On the other hand, since[BP ]� = (fm : −lf − hn : hm), theP�-altitude from
BL is [−hmgL : hmfL : fmgL+ flfL+hnfL]. These twoP�-altitudes intersect
in the point:2

X = (f(fmgL + flfL + hnfL) : gn(hfL − fhL) : hm(fgL − gfLg)).

Finally, we find that the thirdP�-altitude meets� in

[AX]� =
(
f(ghL − hgL)

l
:
g(hfL − fhL)

m
:
h(fgL − gfL)

n

)
,

which indeed satisfies (1). �

3. P�-circles

Generalizing the fact that in the standard perpendicularity, all circles pass through
the two circular points at infinity, we define aP�-circle to be any conic through the
fixed pointsJ1 andJ2 of the involutionτP�. This viewpoint leads to another way
of determining the involution, based on the following well known fact, which can
be found, for example, in [2,§5.3]:

Let a conicC intersect a lineL in two pointsI andJ . The involu-
tion τ onL with fixed pointsI andJ can be found as follows: Let
X be a point onL, thenτ(X) is the point of intersection ofL and
the polar ofX with respect toC.

It is clear that applying this to aP�-circle with line� we get the involutionτP�.
In particular this shows us that in anyP�-circle C a radius and the tangent toC
through its endpoint areP -perpendicular. Knowing this, and restricting ourselves
to P -circles, i.e.� = L∞, we can conclude that allP -circles are homothetic in the
sense that parallel radii of twoP -circles have parallel tangents, or equivalently, that
two parallel radii of twoP -circles have a ratio that is independent of its direction.3

We now identify the most importantP�-circle.

Theorem 2. The conic OP�:

f(gm+ hn)yz + g(fl + hn)xz + h(fl + gm)xy = 0 (2)

is the P�-circumcircle.

Proof. ClearlyA, B andC are on the conic given by the equation. LetJ = (f1 :
g1 : h1), then with (1) the condition thatJ is a fixed point ofτP� gives(

fgh1 − fg1h

l
:
f1gh − fgh1

m
:
fg1h− f1gh

n

)
= (f1 : g1 : h1)

2In computing the coordinates ofX, we have have used of the fact thatlfL +mgL + nhL = 0.
3Note here that the ratio might involve a real radius and a complex radius. This happens for

instance when we have in the real plane two hyperbolas sharing asymptotes, but on alternative sides
of these asymptotes.
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which, under the conditionf1l + g1m+ h1n = 0, is equivalent to (2). This shows
that the fixed pointsJ1 andJ2 of τP lie onCP and proves the theorem. �

As the ‘center’ ofOP� we use the pole of� with respect toOP�. This is the
point

OP� =
(
mg + nh

l
:
lf + nh

m
:
lf +mg

n

)
.

3.1. P�-Nine Point Circle. The ‘centers’ ofP�-rectangular conics,i.e., elements
of the pencilP of conics throughA, B, C, P , form a conic through the traces of
P , 4 the ‘midpoints’5 of the triangle sides, and also the ‘midpoints’ ofAP , BP
andCP . This conicNP� is an analogue of the nine-point conics, its center is the
‘midpoint’ of P andOP�.

The conic throughA, B, C, P , andJ1 (or J2) clearly must be tangent to�, so
that J1 (J2) is the ‘center’ of this conic. So bothJ1 andJ2 lie on NP�, which
makes it aP�-circle.

4. P�-conjugacy

In standard perpendicularity we have the isogonal conjugacyτH as the natural
(reciprocal) conjugacy. It can be defined by combining involutions on the pencils
of lines through the vertices ofABC. The involution that goes with the pencil
throughA is defined by two pairs of lines. The first pair isAB andAC, the second
pair is formed by the lines throughA perpendicular toAB and toAC. Of course
this involution maps to each other lines throughA making opposite angles toAB
andAC respectively. Similarly we have involutions on the pencil throughB and
C. The isogonal conjugacy is found by taking the images of the cevians of a point
P under the three involutions. These images concur in the isogonal conjugate of
P .

This isogonal conjugacy finds itsP -perpendicular cognate in the following re-
ciprocal conjugacy:

τP�c : (x : y : z) �→
(
f(mg + nh)

lx
:
g(lf + nh)

my
:
h(lf +mg)

nz

)
, (3)

which we will call theP�-conjugacy. This naming is not unique, since for each line
�′ there is a pointQ so that theP�- andQ�′-conjugacies are equal. In particular, if
� = L∞, this reciprocal conjugacy is

(x : y : z) �→
(
f(g + h)

x
:
g(h + f)

y
:
h(f + g)

z

)
.

4These are the ‘centers’ of the degenerate elements ofP .
5The ‘midpoint’ of XY is the harmonic conjugate of[XY ]� with respect toX andY . The

‘midpoints’ of the triangle sides are also the traces of the trilinear pole of�.
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Clearly theP�-conjugacy mapsP toOP�. This provides us with a construction
of the conjugacy. See [4].6 From (2) it is also clear that this conjugacy transforms
CP� into � and back.

Now we note that any reciprocal conjugacy maps any line to a circumconic of
ABC, and conversely. In particular, any line throughOP� is mapped to a conic
from the pencilP, a P�-rectangular conic. This shows thatτP�c maps theP�-
perpendicularity to the involution onOP� mapping each pointX to the second
point of intersection ofOP�X with CP�.

The four points(
±
√
f(mg + nh)

l
: ±
√
g(lf + nh)

m
: ±
√
h(lf +mg)

n

)

are the fixed points of theP�-conjugacy. They are the centers of theP�-circles
tritangent to the sidelines ofABC.

5. Applications of P -perpendicularity

As mentioned before, it is convenient not to change the line at infinityL∞ into
� and speak only ofP -perpendicularity. This notion is certainly less general. Nev-
ertheless, it works with simpler coordinates and it allows one to make use of paral-
lelism and ratios in the usual way. For instance, the Euler line is generalized quite
easily, because the coordinates ofOP are(g + h : f + h : f + g), so that it is easy
to see thatPG : GOP = 2 : 1.

We give a couple of examples illustrating the convenience of the notion ofP -
perpendicularity in computations and understanding.

5.1. Construction of ellipses. Note that the equation (1) does not change when we
exchange(f : g : h) and(x : y : z). So we have:

Proposition 3. P lies on OQ� if and only if Q lies on OP�.
When we restrict ourselves toP -perpendicularity, Proposition 3 is helpful in

finding the axes of a circumellipse of a triangle. Let’s say that the ellipse isOP . 7

If we find the fourth intersectionX of a circumellipse and the circumcircle, then
theX-circumcircleOX passes throughH as well asP , and thus it is a rectangular
hyperbola as well as aP -rectangular conic. This means that the asymptotes ofOX
must correspond to the directions of the axes of the ellipse. These yield indeed the
only diameters of the ellipse to which the tangents at the endpoints are (standard)
perpendicular. Note also that this shows that all conics throughA, B, C, X, apart
from the circumcircle have parallel axes. Figure 1 illustrates the case whenP = G,
the centroid, andX = Steiner point. Here,OX = is the Kiepert hyperbola.

The knowledge ofP -perpendicularity can be helpful when we try to draw conics
in dynamic geometry software. This can be done without using foci.

6In [4] we can find more ways to construct theP�-conjugacy, for instance, by using the degenerate
triangle whereAP ,BP andCP meet�.

7When we know the centerOP of OP , we can findP by the ratioOPG : GP = 1 : 2.
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A

C

B

OX

H

G

X

Figure 1

If we have the centerOP of a conic through three given points, sayABC, we
easily findP as well. Also by reflecting one of the vertices, sayA, throughOP we
have the endpoints of a diameter, sayAAr. Then if we let a linem go throughA,
and a linen which isP -perpendicular tom throughAr. Their point of intersection
lies on theP -circle throughABC. See Figure 2.

5.2. Simson-Wallace lines. Given a generic finite pointX = (x : y : z), let
A′ ∈ BC be the point such thatA′X ‖ AP , and letB′ andC′ be defined likewise,
then we callA′B′C ′ the triangle of P -traces of X. This triangle is represented by
the following matrix:

M =


 A′

B′
C ′


 =


 0 gx + (g + h)y hx + (g + h)z

fy + (f + h)x 0 hy + (f + h)z
fz + (f + g)x gz + (f + g)y 0


 (4)

We are interested in the conic that plays a role similar to the circumcircle in the
occurrence of Simson-Wallace lines.8 To do so, we find thatA′B′C ′ is degenerate

8In [5] Miguel de Guzmán generalizes the Simson-Wallace line more drastically. He allows three
arbitrary directions of projection, with the only restriction that these directions are not all equal, each
not parallel to the side to which it projects.
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OP
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Ar

C′

P (ABC′)

Figure 2

iff determinant|M | = 0, which can be rewritten as

(f + g + h)(x + y + z)(f̃ yz + g̃xz + h̃xy) = 0, (5)

where

f̃ = f(g + h), g̃ = g(f + h), h̃ = h(f + g).

Using thatX andP are finite points, (5) can be rewritten into (2), so that the locus
is theP -circle CP . See Figure 3.

A

C

B

P

OP

G

X

B′

C′
A′

Figure 3
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We further remark that since the rows of matrixM in (4) add up to(f + g +
h)X + (x+ y+ z)P , theP -Simson-Wallace lineA′B′C ′ bisects the segmentXP
whenX ∈ CP . Thus, the point of intersection ofA′B′C ′ andXP lies onNP .

5.3. The Isogonal Theorem. The following theorem generalizes the Isogonal The-
orem. 9 We shall make use of the involutionsτPA, τPB and τPC that theP -
conjugacy causes on the pencil of lines throughA, B andC respectively.

Theorem 4. For I ∈ {A,B,C}, consider lines lI and l′I unequal to sidelines of
ABC that are images under τPI . Let A1 = lB∩l′C , B1 = lC∩l′A and C1 = lA∩l′B .
We call A1B1C1 a P -conjugate triangle. Then triangles ABC and A1B1C1 are
perspective.

A

C

B

B1

C1

A1

lB

lC

lA
l′B

l′C

l′A

Figure 4

Proof. For I ∈ {A,B,C}, let PI = (xI : yI : zI) ∈ lI be a point different from
I. We find, for instance,lA = [0 : zA : −yA] and l′C = [g̃/yC : −f̃/xC : 0].
ConsequentlyB1 = (f̃ yA/xC : g̃yA/yC : g̃zA/yC). In the same way we find
coordinates forA1 andC1 so that theP -conjugate triangleA1B1C1 is given by

 A1

B1

C1


 =


 f̃xC/xB f̃ yC/xB h̃xC/zB

f̃ yA/xC g̃yA/yC g̃zA/yC
h̃xB/zA g̃zB/yA h̃zB/zA


 .

With these coordinates it is not difficult to verify thatA1B1C1 is perspective to
ABC. This we leave to the reader. �

9This theorem states that a triangleA1B1C1 with ∠BAC1 = ∠CAB1, ∠CBA1 = ∠ABC1

and∠ACB1 = ∠BCA1 is perspective toABC. See [1, p.55], also [6, 9], and [7, Theorem 6D].
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Interchanging the lineslI andl′I in Theorem 4 above, we see that theP -conjugates
ofA1B1C1 form a triangleA2B2C2 perspective toABC as well. This is its desmic
mate.10 Now, each triangle perspective toABC is mapped to its desmic mate by
a reciprocal conjugacy. From this and Theorem 4 we see that the conditions ‘per-
spective toABC ’ and ‘desmic mate is also an image under a reciprocal conjugacy’
are equivalent.

5.3.1. EachP -conjugate triangle can be written in coordinates as
 A1

B1

C1


 = M1 =


 f̃ w v

w g̃ u

v u h̃


 .

Let a secondP -conjugate triangle be given by
 A2

B2

C2


 = M2 =


 f̃ W V

W g̃ U

V U h̃


 .

Considering linear combinationstM1 +uM2 it is clear that the following proposi-
tion holds.

Proposition 5. Let A1B1C1 and A2B2C2 be two distinct P -conjugate triangles.
Define A′ = A1A2 ∩BC and B′, C ′ analogously. Then A′B′C ′ is a cevian trian-
gle. In fact, if A′′B′′C ′′ is such that the cross ratios (A1A2A

′A′′), (B1B2B
′B′′)

and (C1C2C
′C ′′) are equal, then A′′B′′C ′′ is perspective to ABC as well.

The following corollary uses that the points where the cevians ofP meetL∞ is
aP -conjugate triangle.

Corollary 6. LetA1B1C1 be aP -conjugate triangle. LetA′ be the P -perpendicular
projections of A1 on BC , B1 on CA, and C1 on AB respectively. Let A′′B′′C ′′
be such that A′A1 : A′′A1 = B′B1 : B′′B1 = C ′C1 : C ′′C1 = t, then A′′B′′C ′′
is perspective to ABC . As t varies, the perspector traverses the P -rectangular
circumconic through the perspector of A1B1C1.

5.4. The Darboux cubic. We conclude with an observation on the analogues of the
Darboux cubic. It is well known that the locus of pointsX whose pedal triangles
are perspective toABC is a cubic curve, the Darboux cubic. We generalize this to
triangles ofP -traces.

First, let us consider the lines connecting the vertices ofABC and the triangle
of P -traces ofX given in (4). Letµij denote the entry in rowi and columnj of
(4), then we find as matrix of coefficients of these lines

N =


 0 −µ13 µ12

µ23 0 −µ21

−µ32 µ31 0


 . (6)

10See for instance [4].
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These lines concur iffdetN = 0. This leads to the cubic equation

(−f+g+h)x(h̃y2−g̃z2)+(f−g+h)y(f̃z2−h̃x2)+(f+g−h)z(g̃x2−f̃y2) = 0.
(7)

We will refer to this cubic as theP -Darboux cubic. The cubic consists of the
pointsQ such thatQ and itsP -conjugate are collinear with the point(−f +g+h :
f − g + h : f + g − h), which is the reflection ofP in OP .

It is seen easily from (4) and (6) that if we interchange(f : g : h) and(x : y : z),
then (7) remains unchanged. From this we can conclude:

Proposition 7. For two points P and Q be two points not on the sidelines of trian-
gle ABC , P lies on the Q-Darboux cubic if and only if Q lies on the P -Darboux
cubic.

This example, and others in§5.1, demonstrate the fruitfulness of considering
different perpendicularities simultaneously.
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Cubics Associated with Triangles of Equal Areas

Clark Kimberling

Abstract. The locus of a pointX for which the cevian triangle ofX and that of
its isogonal conjugate have equal areas is a cubic that passes through the 1st and
2nd Brocard points. Generalizing from isogonal conjugate toP -isoconjugate
yields a cubicZ(U,P ) passing throughU ; if X is on Z(U, P ) then theP -
isoconjugate ofX is onZ(U,P ) and this point is collinear withX andU . A
generalized equal areas cubicΓ(P ) is presented as a special case ofZ(U,P ).
If σ = area(�ABC), then the locus ofX whose cevian triangle has prescribed
oriented areaKσ is a cubicΛ(P ), andP is determined ifK has a certain form.
Various points are proved to lie onΛ(P ).

1. Introduction

For any pointX = α : β : γ (homogeneous trilinear coordinates) not a vertex
of �ABC, let

T =


 0 β γ
α 0 γ
α β 0


 and T ′ =


 0 γ β
γ 0 α
β α 0


 ,

so thatT is the cevian triangle ofX, andT′ is the cevian triangle of the isogonal
conjugate ofX. Let σ be the area of�ABC, and assume thatX does not lie on
a sideline�ABC. Then oriented areas are given (e.g. [3, p.35]) in terms of the
sidelengthsa, b, c by

area(T ) =
abc

8σ2

∣∣∣∣∣∣
0 k1β k1γ
k2α 0 k2γ
k3α k3β 0

∣∣∣∣∣∣ , area(T ′) =
abc

8σ2

∣∣∣∣∣∣
0 l1γ l1β
l2γ 0 l2α
l3β l3α 0

∣∣∣∣∣∣ ,
whereki andli are normalizers.1 Thus,

area(T ) =
k1k2k3αβγabc

4σ2
and area(T ′) =

l1l2l3αβγabc

8σ2
,

Publication Date: December 7, 2001. Communicating Editor: Floor van Lamoen.
The author thanks Edward Brisse, Bernard Gibert, and Floor van Lamoen for insightful

communications.
1If P = α : β : γ is not on the lineL∞ at infinity, then the normalizerh makeshα, hβ, hγ the

directed distances fromP to sidelinesBC,CA,AB, respectively, andh = 2σ/(aα + bβ + cγ).
If P is onL∞ andαβγ �= 0, then the normalizer ish := 1/α + 1/β + 1/γ; if P is onL∞ and
αβγ = 0, thenh := 1.
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Figure 1. TrianglesA′B′C′ andA′′B′′C′′ have equal areas

so that area(T ) = area(T ′) if and only if k1k2k3 = l1l2l3. Substituting yields

1
bβ + cγ

· 1
cγ + aα

· 1
aα+ bβ

=
1

bγ + cβ
· 1
cα+ aγ

· 1
aβ + bα

,

which simplifies to

a(b2 − c2)α(β2 − γ2) + b(c2 − a2)β(γ2 −α2) + c(a2 − b2)γ(α2 − β2) = 0. (1)

In the parlance of [4, p.240], equation (1) represents the self-isogonal cubic
Z(X512), and, in the terminology of [1, 2], the auto-isogonal cubic having pivot
X512. 2 It is easy to verify that the following 24 points lie on this cubic:3

verticesA,B,C,
incenterX1 and excenters,
Steiner pointX99 and its isogonal conjugateX512 (see Figure 1),
vertices of the cevian triangle ofX512,
1st and 2nd Brocard pointsΩ1 andΩ2,
X512 c©X1 andX512 c©X99, where c© denotes Ceva conjugate,
(X512 c©X1)−1 and(X512 c©X99)−1, where()−1 denotes isogonal conjugate,
vertices of triangleT1 below,
vertices of triangleT2 below.

2Xi is theith triangle center as indexed in [5].
3This “equal-areas cubic” was the subject of a presentation by the author at the CRCC geometry

meeting hosted by Douglas Hofstadter at Indiana University, March 23-25, 1999.
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The vertices of the bicentric4 triangleT1 are

−ab : a2 : bc, ca : −bc : b2, c2 : ab : −ca, (2)

and those ofT2 are

−ac : bc : a2, b2 : −ba : ca, ab : c2 : −cb. (3)

Regarding (2),−ab : a2 : bc is the point other thanA andΩ1 in which lineAΩ1

meetsZ(X512). Similarly, linesAΩ1 andCΩ1 meetZ(X512) in the other two
points in (2). Likewise, the points in (3) lie on linesAΩ2, BΩ2, CΩ2. The points
in (3) are isogonal conjugates of those in (2).

VertexA′ := −ab : a2 : bc is the intersection of theC-side of the anticomple-
mentary triangle and theB-exsymmedian, these being the linesaα + bβ = 0 and
cα+ aγ = 0. The other five vertices are similarly constructed.

Other descriptions ofZ(X512) are easy to check: (i) the locus of a pointQ
collinear with its isogonal conjugate andX512, and (ii) the locus ofQ for which
the line joiningQ and its isogonal conjugate is parallel to the lineΩ1Ω2.

2. Isoconjugates and reciprocal conjugates

In the literature, isoconjugates are defined in terms of trilinears and reciprocal
conjugates are defined in terms of barycentrics. We shall, in this section, use the
notations(x : y : z)t and (x : y : z)b to indicate trilinears and barycentrics,
respectively.5

Definition 1. [6] SupposeP = (p : q : r)t andX = (x : y : z)t are points, neither
on a sideline of�ABC. TheP -isoconjugate ofX is the point

(P ·X)−1
t = (qryz : rpzx : pqxy)t.

On the left side, the subscriptt signifies trilinear multiplication and division.

Definition 2. [3] SupposeP = (p : q : r)b andX = (x : y : z)b are points not on
a sideline of�ABC. TheP -reciprocal conjugate ofX is the point

(P/X)b = (pyz : qzx : rxy)b.

In keeping with the meanings of “iso-” and “reciprocal”,

X-isoconjugate ofP = P -isoconjugate ofX,

X-reciprocal conjugate ofP =
G

P -reciprocal conjugate ofX
,

whereG, the centroid, is the identity corresponding to barycentric division.

4Definitions of bicentric triangle, bicentric pair of points, and triangle center are given in [5,
Glossary]. Iff(a, b, c) : g(a, b, c) : h(a, b, c) is theA-vertex of a bicentric triangle, then theB-
vertex ish(b, c, a) : f(b, c, a) : g(b, c, a) and theC-vertex isg(c, a, b) : h(c, a, b) : f(c, a, b).

5A point X with trilinearsα : β : γ has barycentricsaα : bβ : cγ. For points not onL∞,
trilinears are proportional to the directed distances betweenX and the sidelinesBC,CA,AB, re-
spectively, whereas barycentrics are proportional to the oriented areas of trianglesXBC, XCA,
XAB, respectively.
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3. The cubic Z(U,P )

In this section, all coordinates are trilinears; for example,(α : β : γ)t appears
asα : β : γ. SupposeU = u : v : w andP = p : q : r are points, neither on a
sideline of�ABC. We generalize the cubicZ(U) defined in [4, p.240] to a cubic
Z(U,P ), defined as the locus of a pointX = α : β : γ for which the pointsU ,X,
and theP -isoconjugate ofX are collinear. This requirement is equivalent to∣∣∣∣∣∣

u v w
α β γ

qrβγ rpγα pqαβ

∣∣∣∣∣∣ = 0, (4)

hence to

upα(qβ2 − rγ2) + vqβ(rγ2 − pα2) +wrγ(qα2 − rβ2) = 0.

Equation (4) implies these properties:

(i) Z(U,P ) is self P-isoconjugate;
(ii) U ∈ Z(U,P );
(iii) if X ∈ Z(U,P ), thenX, U , and(P ·X)−1

t are collinear.

The following ten points lie onZ(U,P ):

the verticesA,B,C;
the vertices of the cevian triangle ofU , namely,

0 : v : w, u : 0 : w, u : v : 0; (5)

and the points invariant underP -isoconjugation:

1√
p

:
1√
q

:
1√
r
, (6)

−1√
p

:
1√
q

:
1√
r
,

1√
p

:
−1√
q

:
1√
r
,

1√
p

:
1√
q

:
−1√
r
. (7)

As an illustration of (i), the cubicsZ(U,X1) andZ(U,X31) are self-isogonal
conjugate and self-isotomic conjugate, respectively. Named cubics of the type
Z(U,X1) include the Thomson (U = X2), Darboux (U = X20), Neuberg (U =
X30), Ortho (U = X4), and Feuerbach (U = X5). The Lucas cubic isZ(X69,X31),
and the Spieker,Z(X8,X58). Table 1 offers a few less familiar cubics.

It is easy to check that the points

U c©X1 = −u+ v + w : u− v + w : u+ v − w,
U c©U−1 =

1
u

(− 1
u2

+
1
v2

+
1
w2

) :
1
v
(

1
u2

− 1
v2

+
1
w2

) :
1
w

(
1
u2

+
1
v2

− 1
w2

)

lie onZ(U). Since their isogonal conjugates also lie onZ(U), we have four more
points onZ(U,P ) in the special case thatP = X1.
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U P Centers on cubicZ(U,P )
X385 X1 X1,X2,X6,X32,X76,X98,X385,X511,X694

X395 X1 X1,X2,X6,X14,X16,X18,X62,X395

X396 X1 X1,X2,X6,X13,X15,X17,X61,X396

X476 X1 X1,X30,X74,X110,X476,X523,X526

X171 X2 X2,X31,X42,X43,X55,X57,X81,X171,X365,X846,X893

X894 X6 X6,X7,X9,X37,X75,X86,X87,X192,X256,X366,X894,X1045

X309 X31 X2,X40,X77,X189,X280,X309,X318,X329,X347,X962

X226 X55 X2,X57,X81,X174,X226,X554,X559,X1029,X1081,X1082

X291 X239 X1,X6,X42,X57,X239,X291,X292,X672,X894

X292 X238 X1,X2,X37,X87,X171,X238,X241,X291,X292

Table 1

4. Trilinear generalization: Γ(P )

Next we seek the locus of a pointX = α : β : γ (trilinears) for which the cevian
triangleT and the cevian triangle

T̂ =


 0 rγ qβ
rγ 0 pα
qβ pα 0




of theP -isoconjugate ofX have equal areas. For this, the method leading to (1)
yields a cubic denoted byΓ(P ):

ap(rb2−qc2)α(qβ2−rγ2)+bq(pc2−ra2)β(rγ2−pα2)+cr(qa2−pb2)γ(pα2−qβ2) = 0,
(8)

except forP = X31 = a2 : b2 : c2; that is, except whenP -isoconjugation is
isotomic conjugation, for which the two triangles have equal areas for allX. The
cubic (8) isZ(U,P ) for

U = U(P ) = a(rb2 − qc2) : b(pc2 − ra2) : c(qa2 − pb2),
a point onL∞. As in Section 3, the verticesA,B,C and the points (5)-(7) lie on
Γ(P ).

Let U∗ denote theP -isoconjugate ofU . This is the trilinear pole of the line
XX2, whereX = a

p : b
q : c

r , theP -isoconjugate ofX2. Van Lamoen has noted
that sinceU lies on the trilinear polar,L, of theP -isoconjugate of the centroid (i.e.,
L has equationpαa + qβ

b + rγ
c = 0), andU also lies onL∞, we haveU∗ lying on

the Steiner circumellipse and on the conic

pa

α
+
qb

β
+
rc

γ
= 0, (9)

this being theP -isoconjugate ofL∞.

Theorem 1. Suppose P1 and P2 are distinct points, collinear with but not equal to
X31. Then U(P2) = U(P1).
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Proof. Write P1 = p1 : q1 : r1 andP2 = p2 : q2 : r2. Then for somes =
s(a, b, c) �= 0,

a2 = sp1 + p2, b2 = sq1 + q2, c2 = sr1 + r2,

so that forf(a, b, c) := a[(c2 − sr1)b2 − (b2 − sq1)c2], we have

U(P2) = f(a, b, c) : f(b, c, a) : f(c, a, b)

= a(sc2q1 − sb2r1) : b(sa2r1 − sc2p1) : c(sb2p1 − sa2q1)

= U(P1).

�

Example 1. For each pointP on the lineX1X31, the pivotU(P ) is the isogonal
conjugate (X512) of the Steiner point (X99). Such pointsP include the Schiffler
point (X21), the isogonal conjugate (X58) of the Spieker center, and the isogonal
conjugate (X63) of the Clawson point.

The cubicΓ(P ) meetsL∞ in three points. Aside fromU , the other two are
whereL∞ meets the conic (9). If (9) is an ellipse, then the two points are nonreal.
In caseP is the incenter, so that the cubic is the equal areas cubic, the two points
are given in [6, p.116] by the ratios6

e±iB : e∓iA : −1.

Theorem 2. The generalized Brocard points defined by

qc

b
:
ra

c
:
pb

a
and

rb

c
:
pc

a
:
qa

b
(10)

lie on Γ(P ).

Proof. Writing ordered triples for the two points, we have

(a(rb2 − qc2), b(pc2 − ra2), c(qa2 − pb2))
= abc(

qc

b
,
ra

c
,
pb

a
) + abc(

rb

c
,
pc

a
,
qa

b
),

showingU as a linear combination of the points in (10). Since those two are
isogonal conjugates collinear withU , they lie onΓ(P ). �

If P is a triangle center, then the generalized Brocard points (10) comprise a
bicentric pair of points. In§8, we offer geometric constructions for such points.

6The pair is also given by−1 : e±iC : e∓iB and bye∓iC : −1 : e±iA. Multiplying the three
together and then by−1 gives cubes in “central form” with first coordinates

cos(B − C) ± i sin(B − C).

The other coordinates are now given from the first by cyclic permutations.
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5. Barycentric generalization: Γ̂(P )

Here, we seek the locus of a pointX = α : β : γ (barycentrics) for which the
cevian triangle of theP -reciprocal conjugate ofX and that ofX have equal areas.
The method presented in§1 yields a cubic that we denote byΓ̂(P ):

p(q−r)α(rβ2−qγ2)+q(r−p)β(pγ2−rα2)+r(p−q)γ(qα2−pβ2) = 0, (11)

In particular, the equal areas cubic (1) is given by (11) using

(p : q : r)b = (a2 : b2 : c2)b.

In contrast to (11), if equation (1) is written ass(a, b, c, α, β, γ) = 0, then

s(α, β, γ, a, b, c) = s(a, b, c, α, β, γ),

a symmetry stemming from the use of trilinear coordinates and isogonal conjuga-
tion.

6. A sextic

For comparison with the cubicΓ(P ) of §4, it is natural to ask about the locus of
a pointX for which the anticevian triangle ofX and that of its isogonal conjugate
have equal areas. The result is easily found to be the self-isogonal sextic

αβγ(−aα + bβ + cγ)(aα − bβ + cγ)(aα + bβ − cγ)
= (−aβγ + bγα+ cαβ)(aβγ − bγα+ cαβ)(aβγ + bγα− cαβ),

on which lieA,B,C, the incenter, excenters, and the two Brocard points. Remark-
ably, the verticesA,B,C are triple points of this sextic.

7. Prescribed area cubic: Λ(P )

SupposeP = p : q : r (trilinears) is a point, and letKσ be the oriented area of
the cevian triangle ofP . The method used in§1 shows that ifX = α : β : γ, then
the cevian triangle ofX has areaKσ if

k1k2k3abcαβγ = 8Kσ3, (12)

wherek1 = 2σ
bβ+cγ andk2 andk3 are obtained cyclically. Substituting into (12) and

simplifying gives

K = 2 · pa

bq + cr
· qb

cr + ap
· rc

ap+ bq
. (13)

The locus ofX for which (13) holds is therefore given by the equation

(bq+ cr)(cr+ ap)(ap+ bq)αβγ − pqr(bβ+ cγ)(cγ + aα)(aα+ bβ) = 0. (14)

We call this curve theprescribed area cubic for P (or for K) and denote it by
Λ(P ). One salient feature ofΛ(P ), easily checked by substituting

1
a2α

,
1
b2β

,
1
c2γ

for α, β, γ, respectively, into the left side of (14), is thatΛ(P ) is self-isotomic. That
is, if X lies onΛ(P ) but not on a sideline of�ABC, then so does its isotomic
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conjugate, which we denote bỹX. (Of course, we already know thatΛ(P ) is
self-isotomic, by the note just after (8)).

If (bq−cr)(cr−ap)(ap−bq) �= 0, then the linePP̃ meetsΛ(P ) in three points,
namelyP , P̃ , and the point

P ′ :=
a2p2 − bcqr
a2p(bq − cr) :

b2q2 − carp
b2q(cr − ap) :

c2r2 − abpq
c2r(ap− bq) .

If P is a triangle center onΛ(P ), thenP̃ , P ′, andP̃ ′ are triangle centers onΛ(P ).
SinceP̃ ′ is not collinear with the others, three triangle centers onΛ(P ) can be
found as points of intersection ofΛ(P ) with the lines joining̃P ′ to P , P̃ , andP ′.
Then more central lines are defined, bearing triangle centers that lie onΛ(P ), and
so on. Some duplication of centers thus defined inductively can be expected, but
one wonders if, for many choices ofP , this scheme accounts for infinitely many
centers lying onΛ(P ).

It is easy to check thatΛ(P ) meets the line at infinity in the following points:

A′ := 0 : c : −b, B′ := −c : 0 : a, C ′ := b : −a : 0.

Three more points are found by intersecting linesPA′, PB′, PC ′ with Λ(P ):

A′′ := bcp : c2r : b2q, B′′ := c2r : caq : a2p, C ′′ := b2q : a2p : abr.

A construction forA′′ is given by the equationA′′ = PA′ ∩ P̃A.
LineAP meetsΛ(P ) in the collinear pointsA, P , and, as is easily checked, the

point
bcqr

pa2
: q : r.

Writing this and its cyclical cousins integrally, we have these points onΛ(P ):

bcqr : a2pq : a2rp, b2pq : carp : b2qr, c2rp : c2qr : abpq.

We have seen for givenP how to formK. It is of interest to reverse these.
Suppose a prescribed area is specified asKσ, whereK has the form

k(a, b, c)k(b, c, a)k(c, a, b)

in which k(a, b, c) is homogeneous of degree zero ina, b, c. 7 We abbreviate the
factors aska, kb, kc and seek a pointP = p : q : r satisfying

K = kakbkc =
2abcpqr

(bq + cr)(cr + ap)(ap + bq)
.

Solving the system obtained cyclically from

ka =
3
√

2ap
bq + cr

(15)

yields

p : q : r =
ka

a( 3
√

2 + ka)
:

kb

b( 3
√

2 + kb)
:

kc

c( 3
√

2 + kc)

7That is,k(ta, tb, tc) = k(a, b, c), wheret is an indeterminate.
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except forka = − 3
√

2, which results from (15) withP = X512. The following
table offers a variety of examples:

P ka/
3
√

2
X1

a
b+c

X2 1
X3

sin 2A
sin 2B+sin 2C

X4
tanA

tanB+tanC

X10
b+c
a

X57 − a
b+c

X870
bc

b2+c2

X873
2bc
b2+c2

Table 2

Next, supposeU = u : v : w is a point, not on a sideline of�ABC, and let

P =
vc

b
:
wa

c
:
ub

a
.

Write outK as in (13), and use not (15), but instead, put

ka =
3
√

2a2u

b2w + c2v
,

corresponding to the pointU · X6 = ua : vb : wc, in the sense that the cevian
triangle ofU ·X6 and that ofP have equal areas. Likewise, the cevian triangle of
the point

P ′ =
wb

c
:
uc

a
:
va

b
,

has the same area,Kσ. The pointsP andP′ are essentially those of Theorem 2.
Three special cases among the cubicsΛ(P ) deserve further comment. First, for

K = 2, corresponding toP = X512, equation (14) takes the form

(aα+ bβ + cγ)(bcβγ + caγα+ abαβ) = 0. (16)

SinceL∞ is given by the equationaα+ bβ+ cγ = 0 and the Steiner circumellipse
is given by

bcβγ + caγα + abαβ = 0,
the points satisfying (16) occupy the line and the ellipse together. J.H. Weaver [8]
discusses the cubic.

Second, whenK = 1
4 , the cubicΛ(P ) is merely a single point, the centroid.

Finally, we note thatΛ(X6) passes through these points:

a : b : c, a : c : b, b : c : a, b : a : c, c : a : b, c : b : a. (17)

8. Constructions

In the preceding sections, certain algebraically defined points, as in (17), have
appeared. In this section, we offer Euclidean constructions for such points.For
given U = u : v : w andX = x : y : z and let us begin with the trilinear
product, quotient, and square root, denoted respectively byU ·X, U/X, and

√
X .
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Constructions for closely related barycentric product, quotient, and square root are
given in [9], and these constructions are easily adapted to give the trilinear results.

We turn now to a construction fromX of the pointx : z : y. In preparation,
decree aspositive the side of lineAB that containsC, and also the side of lineCA
that containsB. The opposite sides will be callednegative.

W

X′

X′′

X

Y

Z

RX

B

A

C

M

Figure 2. Construction ofW = x : z : y fromX = x : y : z

LetX ′ be the foot of the perpendicular fromX on lineAB, and letX′′ be the
foot of the perpendicular fromX′ on lineCA. LetM be the midpoint of segment
X ′X ′′, and letO be the circle centered atX′ and passing throughX. LineX′X ′′
meets circleO in two points; letY be the one closer toM , as in Figure 2, and let
Z ’ be the reflection ofY in M. If X is on the positive side ofAB andZ′ is on the
positive side ofCA, or if X is on the negative side ofAB andZ′ is on the negative
side ofCA, then letZ = Z′; otherwise letZ be the reflection ofZ′ in lineCA.

Now lineL throughZ parallel to lineCA has directed distancekz from lineCA,
wherekx is the directed distance from lineBC of the lineL′ throughX parallel
toBC. LetR = L∩L′. LineCR has equationzα = xβ. LetL′′ be the reflection
of line AX about the internal angle bisector of∠CAB. This line has equation
yβ = zγ. Geometrically and algebraically, it is clear thatx : z : y = CR ∩ L′′,
labeledW in Figure 2.

One may similarly construct the pointy : z : x as the intersection of lines
xβ = zγ andzα = yβ. Then any one of the six points

x : y : z, x : z : y, y : z : x, y : x : z, z : x : y, z : y : x,

can serve as a starting point for constructing the other five. (A previous appear-
ance of these six points is [4, p.243], where an equation for the Yff conic, passing
through the six points, is given.)

The methods of this section apply, in particular, to the constructing of the gener-
alized Brocard points (10); e.g., for givenP = p : q : r, constructP′ := q : r : p,
and then constructP ′ · Ω1.
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A Feuerbach Type Theorem on Six Circles

Lev Emelyanov

According to the famous Feuerbach theorem there exists a circle which is tan-
gent internally to the incircle and externally to each of the excircles of a triangle.
This is the nine-point circle of the triangle. We obtain a similar result by replacing
the excircles with circles each tangent internally to the circumcircle and to the sides
at the traces of a point. We make use of Casey’s theorem. See, for example, [1, 2].

Theorem (Casey). Given four circles Ci, i = 1, 2, 3, 4, let tij be the length of a
common tangent between Ci and Cj . The four circles are tangent to a fifth circle
(or line) if and only if for appropriate choice of signs,

t12t34 ± t13t42 ± t14t23 = 0.

A

B

C

O

I
O1

O2

O3

A1

B1

C1

A′

B′

C′

T

Figure 1

In this note we establish the following theorem. Let ABC be a triangle of side
lengths BC = a, CA = b, and AB = c.

Theorem. Let points A1, B1 and C1 be on the sides BC , CA and AB respectively
of triangle ABC . Construct three circles (O1), (O2) and (O3) outside the triangle
which is tangent to the sides of ABC at A1, B1 and C1 respectively and also
tangent to the circumcircle of ABC . The circle tangent externally to these three
circles is also tangent to the incircle of triangle ABC if and only if the lines AA1,
BB1 and CC1 are concurrent.

Publication Date: December 13, 2001. Communicating Editor: Paul Yiu.
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Proof. Let in our case C1, C2, C3 and C4 be the circles (O1), (O2), (O3) and the
incircle respectively. With reference to Figure 1, we show that

t12t34 − t13t42 − t14t23 = 0, (1)

where t12, t13 and t23 are the lengths of the common extangents, t34, t24 and t14
are the lengths of the common intangents.

Let (A) be the degenerate circle A(0) (zero radius) and ti(A) be the length of
the tangent from A to Ci. Similar notations apply to vertices B and C . Applying
Casey’s theorem to circles (A), (B), (O1) and (C), which are all tangent to the
circumcircle, we have

t1(A) · a = c · CA1 + b · A1B.

From this we obtain t1(A), and similarly t2(B) and t3(C):

t1(A) =
c · CA1 + b · A1B

a
, (2)

t2(B) =
a · AB1 + c · B1C

b
, (3)

t3(C) =
b · BC1 + a · C1A

c
. (4)

Applying Casey’s theorem to circles (B), (C), (O2) and (O3), we have

t2(B)t3(C) = a · t23 + CB1 · C1B.

Using (3) and (4), we obtain t23, and similarly, t13 and t12:

t23 =
a · C1A · AB1 + b · AB1 · BC1 + c · AC1 · CB1

bc
, (5)

t13 =
b · A1B · BC1 + c · BC1 · CA1 + a · BA1 · AC1

ca
, (6)

t12 =
c · B1C · CA1 + a · CA1 · AB1 + b · CB1 · BA1

ab
. (7)

In the layout of Figure 1, with A′, B′, C ′ the touch points of the incircle with
the sides, the lengths of the common tangents of the circles (O1), (O2), (O3) with
the incircle are

t14 = A1A
′ = −CA1 + CA′ = −CA1 +

a + b − c

2
, (8)

t24 = B1B
′ = −AB1 + AB′ = −AB1 +

b + c − a

2
, (9)

t34 = C1C
′ = BC1 − BC ′ = BC1 − c + a − b

2
. (10)

Substituting (5)-(10) into (1) and simplifying, we obtain

t12t34 − t13t24 − t14t23 =
F (a, b, c)

abc
· (AB1 · BC1 · CA1 − A1B · B1C · C1A),

where
F (a, b, c) = 2bc + 2ca + 2ab − a2 − b2 − c2.
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Since F (a, b, c) can be rewritten as

(c + a − b)(a + b − c) + (a + b − c)(b + c − a) + (b + c − a)(c + a − b),

it is clearly nonzero. It follows that t12t34 − t13t24 − t14t23 = 0 if and only if

AB1 · BC1 · CA1 − A1B · B1C · C1A = 0. (11)

By the Ceva theorem, (11) is the condition for the concurrency of AA1, BB1 and
CC1. It is clear that for different positions of the touch points of circles (O1), (O2)
and (O3) relative to those of the incircle, the proofs are analogous. �
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Correction to

A Feuerbach Type Theorem on Six Circles

Lev Emelyanov

Floor van Lamoen has kindly pointed out that the necessity part of the main
theorem of [1] does not hold. In the layout of Figure 1 there, it is possible to have
a circle (O5) outside the triangle, tangent to both the circumcircle and the “new”
circle, but to AC at a point B2 between B′ and C . The points of tangency of
the circles (O1), (O5) and (O3) with the sides of triangles do not satisfy Ceva’s
theorem. Likewise, it is also possible to place circles (O4) and (O6) on the sides
BC and AB so that the points of tangency do not satisfy Ceva’s theorem.

A

B

C

O

I
O1

O2

O3

A1

B1

C1

A′

B′

C′ O4

O6

O5

B2

We hereby modify the statement of the theorem as follows.

Theorem. Let A1, B1, C1 be the traces of an interior point T on the side lines of
triangle ABC . Construct three circles (O1), (O2) and (O3) outside the triangle
which are tangent to the sides at A1, B1, C1 respectively and also tangent to the
circumcircle of ABC . The circle tangent externally to these three circles is also
tangent to the incircle of triangle ABC .
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Myakishev, A.: Some properties of the Lemoine point, 91
Parry, C.: The isogonal tripolar conic, 33
Sastry, K. R. S.: Heron triangles: a Gergonne-cevian-and-median perspec-

tive, 17
Shawyer, B. : Some remarkable concurrences, 69
Wolk, B.: Concurrency of four Euler lines, 59
Woo, P.: Simple constructions of the incircle of an arbelos, 133
Yiu, P.: Concurrency of four Euler lines, 59

Pedal triangles and their shadows, 81
The Kiepert pencil of Kiepert hyperbolas, 125




