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FORUY GEOM

Friendship Among Triangle Centers

Floor van Lamoen

Abstract. If we erect on the sides of a scalene triangle three squares, then at
the vertices of the triangle we find new triangles, flamks. We study pairs

of triangle centersX andY such that the triangle aK's in the three flanks is
perspective withABC' at Y, and vice versa. These cente¥sandY we call
friends. Some examples of friendship among triangle centers are given.

1. Flanks

Given a triangleABC with side lengthsBC = a, CA = b, and AB = c.
By erecting squares\C,C,B, BA,A.C, andCB.B,A externally on the sides,
we form new trianglesAB,C,,, BCy Ay, andC A.B.., which we call theflanks of
ABC. See Figure 1.

Ay

B. Ba
Figure 1

If we rotate theA-flank (triangleAB,C,) by 5 aboutA, then the image of’; is
B, and that ofB, is on the lineC' A. Triangle ABC and the image of thel-flank
form a larger triangle in whictB A is a median. From thisA BC and theA-flank
have equal areas. It is also clear thiaBC' is the A-flank triangle of theA-flank
triangle. These observations suggest that there are a close relationship between
ABC and its flanks.

2. Circumcenters of flanks

If Pis atriangle center ol BC, we denote by?y, Pg, and P the same center
of the A-, B-, andC- flanks respectively.

Publication Date: January 24, 2001. Communicating Editor: Paul Yiu.



2 F.M. van Lamoen

Let O be the circumcenter of triangld BC'. Consider the triangl©,0Op0¢
formed by the circumcenters of the flanks. By the fact that the circumcenter is
the intersection of the perpendicular bisectors of the sides, we se@tBatO~
is homothetic (parallel) toABC, and that it bisects the squares on the sides of
ABC. The distances between the corresponding sidesRf andO,OpO¢ are

a b c
herefore—, — and—.
there 2 2 2

3. Friendship of circumcenter and symmedian point

Now, homothetic triangles are perspective at their center of similitude. The
distances from the center of similitude dfBC and 0400 to the sides of
ABC are proportional to the distances between the corresponding sides of the
two triangles, and therefore to the sidesABC. This perspector must be the
symmedian point K.

OB
B
K
C A
OC OA
Figure 2

The triangleO 4O pO¢ of circumcenters of the flanks is perspective withBC'
at thesymmedian point K of ABC'. In particular, theA-Cevian of K in ABC (the
line AK) is the same line as thé-Cevian ofO4 in the A-flank. SinceABC' is the
A-flank of triangleAB,C,, the A-Cevian of K 4 in the A-flank is the same line as
the A-Cevian ofO in ABC as well. Clearly, the same statement can be made for
the B- andC-flanks. The triangld<y K 5 K¢ of symmedian points of the flanks is
perspective wittd BC' at thecircumcenter O.

For this relation we call the triangle centepsand K friends. See Figure 3.
More generally, we say that befriends () if the triangle P4 P P¢ is perspective
with ABC at(@. Such a friendship relation is always symmetric since, as we have
remarked earlietABC is the A-, B-, C-flank respectively of itsA-, B-, C-flanks.

IThisis X¢ in[2, 3].
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Op

Kp

Kco
Ka

Oc OA

Figure 3

4. 1sogonal conjugacy

It is easy to see that the bisector of an angld &fC also bisects the correspond-
ing angle of its flank. The incenter of a triangle, therefdmefriends itself.

Consider two friends” and(@. By reflection in the bisector of anglé, the line
PAQ 4 is mapped to the line joining the isogonal conjugateaind Q4.2 We
conclude:

Proposition. If two triangle centers are friends, then so are their isogonal conju-
gates.

Since the centroid+ and the orthocentel are respectively the isogonal conju-
gates of the symmedian poiff and the circumcentep, we conclude thatr and
H are friends.

5. The Vecten points

The centers of the three squar¢é,C, B, BA,A.C andCB.B,A form a tri-
angle perspective wittd BC'. The perspector is called théecten point of the
triangle.® By the same token the centers of three squares constrimvtecdly on
the three sides also form a triangle perspective WithC'. The perspector is called
the second Vecten point. 4 We show that each of the Vecten points befriends itself.

2For Q 4, this is the same line when isogonal conjugation is considered both in triziig@
and in theA-flank.

3This is the pointYsss of [3].

“This is the pointX4s6 of [3], also called thénner Vecten point.
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6. The Second Vecten points

0. Bottema [1] has noted that the position of the midpdihbf segmentB.C,
depends only o3, C, but not onA. More specifically,M is the apex of the
isosceles right triangle oBC' poigted towardsd. °

a

Figure 4

To see this, letd, M’, B, andCj be the orthogonal projections of, M, B.
andC, respectively on the lind3C. See Figure 4. Triangled AC andCB.B,
are congruent by rotation through? about the center of the squafes.5,A.
TrianglesAA’ B and BC;C), are congruent in a similar way. So we hadel' =
CB, = BC;. It follows that M’ is also the midpoint o8C. And we see that
CiCy+ B, + B. = BA' + A/C =asoMM' = §. And M is as desired.

By symmetryM is also the apex of the isosceles right triangle/6’, pointed
towardsA.

We recall that the triangle of apexes of similar isosceles triangles on the sides
of ABC is perspective withABC. The triangle of apexes is calledKdepert
triangle, and theKiepert perspector K (¢) depends on the base anglémod ) of
the isosceles triangl&.

We conclude thati M is the A-Cevian of K (—7% ), also called theecond Vecten
point of both ABC' and theA-flank. From similar observations on th¢- and
C-flanks, we conclude that the second Vecten point befriends itself.

7. Friendship of Kiepert perspectors

Given any real numbefr, Let X; andY; be the points that dividé’' B. and BC,
suchthatCX; : CB. = BY; : BC, =t : 1, and letM; be their midpoint. Then
BC M, is an isosceles triangle, with base angletant = Z BAY;. See Figure 5.

ExtendAX; to X; on B, B., andAY; to Y/ on C,C} and letM/ be the midpoint
of X}Y/. ThenB,C,M] is an isosceles triangle, with base angletan =
LY{AC, = § — ZBAY,. Also, by the similarity of triangleslX;Y; and AX/Y/

SBottema introduced this result with the following story. Someone had found a treasure and
hidden it in a complicated way to keep it secret. He found three marked tded3,and C, and
thought of rotatingB A through 90 degrees tBC;,, andC A through—90 degrees ta@” B.. Then
he chose the midpoint/ of C, B, as the place to hide his treasure. But when he returned, he could
not find treeA. He decided to guess its position and try. In a desperate mood he imagined numerous
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a

Figure 5

we see thatd, M; and M, are collinear. This shows that the Kiepert perspectors
K(¢) andK (5 — ¢) are friends.

C\A

Figure 6

In particular, the first Vecten poirt (7 ) also befriends itself. See Figure 6. The
Fermat pointgs (+%)  are friends of the the Napoleon poimy%). 8

Seen collectively, th&iepert hyperbola, the locus of Kiepert perspectors, be-
friends itself; so does its isogonal transform, the Brocard @#s

diggings without result. But, much to his surprise, he was able to recover his treasure on the very
first try!

6By convention,¢ is positive or negative according as the isosceles triangles are pointing out-
wardly or inwardly.

"These are the point&;3 and X4 in [2, 3], also called the isogenic centers.

8These points are labelled;7 and X5 in [2, 3]. It is well known that the Kiepert triangles are

equilateral.
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Another Proof of the Erdos-M ordell Theorem

Hojoo Lee

Abstract. We give a proof of the famous Evd“Mordell inequality using Ptolemy’s
theorem.

The following neat inequality is well-known:

Theorem. If from a pointO inside a given trianglel BC perpendicular® D, OF,
OF are drawn to its sides, theénA + OB+ OC > 2(OD + OFE + OF). Equality
holds if and only if triangleA BC' is equilateral.

A

0

L
B D C

Figure 1

This was conjectured by Paul Erslin 1935, and first proved by Louis Mordell
in the same year. Several proofs of this inequality have been given, using Ptolemy’s
theorem by Ande”Avez [5], angular computations with similar triangles by Leon
Bankoff [2], area inequality by V. Komornik [6], or using trigonometry by Mordell
and Barrow [1]. The purpose of this note is to give another elementary proof using
Ptolemy’s theorem.

Proof. Let HG denote the orthogonal projections BiC on the lineFE. See
Figure 2. Then, we hav®8C > HG = HF + FE + EG. It follows from

/BFH = /ZAFE = ZAOEF that the right triangle®3F'H and AOFE are similar

and HF = O—iBF. In a like manner we find thabG = %CE. Ptolemy’s

theorem applied tal FOF gives

OA-FE = AF -OE + AE-OF or rp_ AF-OE+AE-OF

OA
Combining these, we have
OF AF-OE+ AE-OF OF
> el
BC_OABF+ oA +OACE,

Publication Date: January 29, 2001. Communicating Editor: Paul Yiu.
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A
E G
g F
(@)
-
B D C
Figure 2
or
BC-OA>OF-BF+AF-OF+AE-OF+0OF-CE=0E-AB+OF-AC.

- AB AC
> i )
Dividing by BC', we haveO A > COE + COF

Applying the same reasoning to other projections, we have

BC BA CA CB
> - > = ~ZOE.
OB > CAOF+ CAOD and OC > ABOD+ 2 OF

Adding these inequalities, we have
BA CA AB CB AC  BC

> (=2 4 == === 4+ Z2)OF.
OA+0B+0C = (57 + 55)0D +(5g + 45)0F + (55 + a1 OF

It follows from this and the inequalit& + Y > 2 (for positive real numbers,
Y

T
y) that
OA+OB+0C >2(0OD + OF + OF).

Itis easy to check that equality holds if and onlyiB = BC' = C'A andO is the
circumcenter ofABC. (]
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Per spective Poristic Triangles
Edward Brisse

Abstract. This paper answers a question of Yiu: given a triangeC, to con-

struct and enumerate the triangles which share the same circumcircle and incircle
and are perspective withBC. We show that there are exactly three such trian-
gles, each easily constructible using ruler and compass.

1. Introduction

Given a triangled BC with its circumcircleO(R) and incirclel(r), the famous
Poncelet - Steiner porism affirms that there is a continuous family of triangles with
the same circumcircle and incircle [1, p.86]. Every such triangle can be constructed
by choosing an arbitrary point’ on the circle(O), drawing the two tangents to
(I), and extending them to interse@) again atB' andC’. Yiu [3] has raised
the enumeration and construction problems of poristic triangles perspective with
triangle ABC, namely, those poristic triangle$ B’C’ with the linesAA’, BB/,

C'C’" intersecting at a common point. We give a complete solution to these prob-
lems in terms of the limit points of the coaxial system of circles generated by the
circumcircle and the incircle.

Theorem 1. The only poristic triangles perspective with ABC' are:

(1) thereflection of ABC intheline O1, the perspector being the infinite point
on aline perpendicular to O1,

(2) the circumcevian triangles of the two limit points of the coaxial system
generated by the circumcircle and the incircle.

A
Bl
Cl
I o
N
A/
Figure 1

In (1), the linesAA4’, BB’, CC" are all perpendicular to the lin@I. See Figure
1. The perspector is the infinite point on a line perpendicula foOne such line

Publication Date: February 8, 2001. Communicating Editor: Paul Yiu.



10 E. Brisse

is the trilinear polar of the incentdr= (a : b : ¢), with equation
Yy
b
in homogeneous barycentric coordinates. The perspector is therefore the point
(a(b—c) : b(c—a) : c(a —b)). We explain in§§2, 3 the construction of the two
triangles in (2), which are symmetric with respect to the line See Figure 2. In

84 we justify that these three are the only poristic triangles perspectiveAsity.

T z
S22 =0
a C

2. Poristic triangles from an involution in the upper half-plane

An easy description of the poristic triangles in Theorem 1(2) is that these are the
circumcevian triangles of the common poles of the circumcircle and the incircle.
There are two such points; each of these has the same line as the polar with respect
the circumcircle and the incircle. These common poles are symmetric with respect

Figure 2

to the radical axis of the circlgg)) and(!), and are indeed thémit points of the
coaxial system of circles generated (@) and (1)1 This is best explained by the
introduction of an involution of the upper half-plane. Let> 0 be a fixed real
number. Consider in the upper half-plaf8 := {(z,y) : y > 0} a family of
circles

Cp: 22 4+ y? — 2by + a® =0, b > a.

Each circleC, has centef0, b) and radius/b? — a?. See Figure 3. Every point in

R%r lies on a unique circl€, in this family. Specifically, if

22+ y2 + a?

ba,y) = 5 ——
Y

the point(x, y) lies on the circle,, ,). The circleC, consists of the single point

F = (0, a). We call this the limit point of the family of circles. Every pair of circles

in this family has ther-axis as radical axis. By reflecting the system of circles

about ther-axis, we obtain a complete coaxial system of circles. The reflection of

F, namely, the poinf” = (0, —a), is the other limit point of this system. Every

circle throughF and F' is orthogonal to every circlé,.

)

1The common polar of each one of these points with respect to the two circles passes through the
other.
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Consider a line through the limiting poitit, with slopem, and therefore equa-
tion y = mx + a. This line intersects the circlg at points whoseg/-coordinates
are the roots of the quadratic equation

(1 +m?y? —2(a+ bm?)y + a*(1 + m*) = 0.
Note that the two roots multiply ta>. Thus, if one of the intersections (s, y),

then the other intersection (sr%, %). See Figure 4. This defines an involution
on the upper half plane:

P*:(——“”%) for P = (z,y).

Figure 3 Figure 4

Proposition 2. (1) P** = P.

(2) P and P* belong to the same circle in the family G,. In other words, if P lies
on the circle G, then the line F' P intersects the same circle again at P*.

(3) Theline PF" intersects the circle G, at the reflection of P* in the y-axis.

Proof. (1) is trivial. (2) follows fromb(P) = b(P*). For (3), the intersection is the
point (4, <), O
Lemma3. Let A = (z1,y1) and B = (z2,y2) be two points on the same circle
Cp. The segment AB istangent to a circle G, at the point whose y-coordinate is

VY1Y2.

Proof. This is clear ify; = y». In the generic case, extetlB to intersect the
z-axis at a pointC. The segment B is tangent to a circlé, at a pointP such
thatCP = CF. It follows that CP? = CF? = CA - CB. SinceC is on the
x-axis, this relation gives® = y,y» for they-coordinate ofP. a

Theorem 4. If a chord AB of G, is tangent to G at P, then the chord A*B* is
tangent to the same circle Gy at P*.
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Figure 5

Proof. That P and P* lie on the same circle is clear from Proposition 2(1). It

remains to show thaP* is the correct point of tangency. This follows from noting
that they-coordinate ofP*, being\/%, is the geometric mean of those 4f and

B*. ]

Figure 6

Consider the circumcircle and incircle of triangdd3C'. These two circles gen-
erate a coaxial system with limit poinfs and F'.

Corallary 5. Thetriangle A*B*C* has I(r) asincircle, and is perspective with
ABC at F.

Coroallary 6. The reflection of the triangle A*B*C* in the line OI also has I(r)
asincircle, and is perspective with ABC' at the point F.

Proof. This follows from Proposition 2 (3). g

It remains to construct the two limit poinfs and /', and the construction of the
two triangles in Theorem 1(2) would be complete.
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Proposition 7. Let XY bethe diameter of the circumcircle through the incenter 7.
If the tangents to the incircle from these two points are X P, X, YQ, and Y P/
such that P and @ are on the same side of OI, then PP intersects OI at F' (so
does QQ’), and PQ intersects OI at F' (so does P'Q’).

Proof. This follows from Theorem 4 by observing that Y = X*, d

Figure 7

3. Enumeration of perspective poristic triangles

In this section, we show that the poristic triangles constructed in the preceding
sections are the only ones perspective WitBC'. To do this, we adopt a slightly
different viewpoint, by searching for circumcevian triangles which share the same
incircle with ABC. We work with homogeneous barycentric coordinates. Recall
that if a, b, ¢ are the lengths of the sideBC, C' A, AB respectively, then the
circumcircle has equation

a*yz + b?zx + oy =0,
and the incircle has equation

(s —a)?2® 4+ (s — b)*y% + (s — ¢)?2% — 2(s — b)(s — c)y=
—2(s—c¢)(s—a)zx —2(s —a)(s — b)zy =0,

wheres = 2(a+b+c).
We begin with a lemma.

Lemma 8. The tangents from a point (v : v : w) on the circumcircle (O) to the
incircle (1) intersect the circumcircle again at two points on the line

(s — a)ux+ (s — b)vy+ (s — c)wz

a? b2 c2 =0
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Remark: This line is tangent to the incircle at the point

at ) bt ) A
(s—a)u? ~ (s—bp? ~ (s—cw?)
Given a pointP = (u : v : w) in homogeneous barycentric coordinates, the
circumcevian triangled’ B’C’ is formed by thesecond intersections of the lines
AP, BP, CP with the circumcircle. These have coordinates

, —a’vw —b2wu —c?uv

A:(iwa—i-ch'v w), B =(u w), C'=(u v'7a2v+b2u
Applying Lemma 8 to the pointl’, we obtain the equation of the ling¢C’ as
—(s —a)vw (s —b)

b2w + c2v Tt b2

Since this line contains the point& andC’, we have

).

" c2u+alw

v §— c)w
y—l-( 2) z=0.
c

(s —a)uvw (s —buvw (s — c)w?

_ — = 1
b2w + v u + a’w + c2 0 @)
(s —a)uvw (s —b)w? (s —c)uvw

_ — = 0. 2
b2w + v T b2u + a?v @

The difference of these two equations gives

a?vw + b*wu + Auv

b2c?(b2u + a?v)(c?u + a’w)

where
f=—b*c2(s — b)uv + b*c*(s — c)wu — c*a®(s — b)v? + a*b*(s — c)w?.
If a?vw + b2wu + c2uv = 0, the point(u : v : w) is on the circumcircle, and
both equations (1) and (2) reduce to

5—=b o s—c ,
2 +b2v+62w20,
clearly admitting no real solutions. On the other hand, setting the quadratic factor
fin (3) to 0, we obtain

s—a
’LL2

—a? (s — b)v? — b*(s — c)w?
YT Ra (s —b)v— (s —c)w
Substitution into equation (1) gives
vw(c(a — b)v — b(c — a)w)
b2c2(c?v? — b2w?)(v(s — b) —w(s —¢))

where

g = A(s—b)(a®>+b* —cla+b)v? +b3(s —c)(? + a* — b(c + a))w?
+2bc(s — b)(s — ) (b? + ¢ — a(b + ¢))vw.

There are two possibilities.
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@) If ¢c(a —b)v — b(c — a)w = 0, we obtainv : w = b(c — a) : ¢(a —b), and
consequentlyy : v : w = a(b—c¢) : b(c — a) : ¢(a — b). This is clearly an infinite
point, the one on the ling + ¥ 4 2 = 0, the trilinear polar of the incenter. This
line is perpendicular to the lin@1. This therefore leads to the triangle in Theorem
1(1).

(i) Setting the quadratic factarin (4) to 0 necessarily leads to the two triangles
constructed irg2. The corresponding perspectors are the two limit points of the
coaxial system generated by the circumcircle and the incircle.

4. Coordinates

The lineOI has equation
b-dls-a),  (=as=b (@=bs=0
a b c
The radical axis of the two circles is the line
(s —a)’z+ (s —b)*y+ (s — ¢)?2 = 0.
These two lines intersect at the point
(a(az(b—l—c) —2a(b* —bc+ )+ (b—c)*(b+c) )

z=0.

b+c—a

where the second and third coordinates are obtained from the first by cyclic per-
mutations ofa, b, ¢. This point is not found in [2].
The coordinates of the common polEsand F” are

(@ 4+ —a®) V(P4 a® =) A+ 0 —A) +t(a:b:c)
where

1
t= 5(—2abc—|— Z (a3—bc(b—|—c))> +2AV/2ab + 2bc + 2ca — a? — b2 — 2,

cyclic
5)
and A = area of triangleABC. This means that the point® and F’ divide
harmonically the segment joining the incentdn : b : ¢) to the point whose
homogeneous barycentric coordinates are

(a®(0* + 2 — a?) : b*(? + a® — b?) : 2(a® +b* — ?))

+ 5 (—2uber @ bt )aibio

cyclic
This latter point is the triangle center

a b c
b+c—a : c+a—>» : a—l—b—c)
in [2], which divides the segmer@/ in the ratioOX57 : Ol = 2R+ r : 2R —r.

The common pole$” and /7, it follows from (5) above, divide the segmehks;
harmonically in the rati@R — r : &+/(4R + r)r.

Xs7 = (
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Heron Triangles:
A Gergonne-Cevian-and-Median Per spective

K.R.S. Sastry

Abstract. We give effective constructions of Heron triangles by considering the
intersection of a median and a cevian through the Gergonne point.

1. Introduction

Heron gave the triangle area formula in terms of the sigésc:

(%) N/ P Y Py 1 ps s:%(a—i-b—i-c).

He is further credited with the discovery of the integer sided and integer area tri-
angle (13,14,15;84). Notice that this is a non-Pythagorean trianglejt does
not contain a right angle. We might as well say that with this discovery he chal-
lenged us to determine triangles having integer sides and Hezan triangles
Dickson [3] sketches the early attempts to meet this challenge. The references
[1,4,5,6,7,8, 10, 11] describe recent attempts in that direction. The present dis-
cussion uses the intersection point of a Gergonne cevian (the line segment between
a vertex and the point of contact of the incircle with the opposite side) and a median
to generate Heron triangles. Why do we need yet another description? The answer
is simple: Each new description provides new ways to solve, and hence to acquire
new insights into, earlier Heron problems. More importantly, they pose new Heron
challenges. We shall illustrate this. Dickson uses the name Heron triangle to de-
scribe one having rational sides and area. However, these rationals can always be
rendered integers. Therefore for us a Heron triangle is one with integer sides and
area except under special circumstances.

We use the standard notation; b, ¢ for the sidesBC, C A, AB of triangle
ABC. We use the word side also in the sense of the length of a side. Furthermore,
we assume: > c¢. No generality is lost in doing so because we may relabel the
vertices if necessary.

Publication Date: February 12, 2001. Communicating Editor: Paul Yiu.
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2. A preliminary result

We first solve this problem: Suppose three cevians of a triangle concur at a point.
How does one determine the ratio in which the concurrence point sections one of
them? The answer is given by

Theorem 1 (van Aubel [2, p.163]) Let the ceviansi D, BE, C'F of triangle ABC
concur at the pointS. Then

As _AB | AF

SD EC FB’
Proof. Let [T'] denote the area of triangle. We use the known result: if two trian-

gles have a common altitude, then their areas are proportional to the corresponding
bases. Hence, from Figure 1,

A A
E E
F
S
S
B D C B D e}
Figure 1 Figure 2

AS _[ABS] _[ASC| _ [ABS] +[ASC] _[ABS] _[ASC|
SD ~9BD| ~ 18DC] ~ SBD|+ 500|198 " 8Ba) WY

But

AE |ABE] [ASE| |[ABE]-|ASE] [ABS]

EC ~ [EBC] [ESC]  [EBC]-|ESC]  [SBC] @
and likewise,
AF _ [ASC] (3)
FB [SBC|
Now, (1), (2), (3) complete the proof. O

In the above proof we used a property of equal ratios, name]fy,:iff =k,
q S

+
thenk = p=4q

T S
tant for our discussion.

. From Theorem 1 we deduce the following corollary that is impor-

Coroallary 2. In Figure 2, letAD denote the median, andE the Gergonne cevian.
Thendd _ 2s=a)
SD  s—c
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Proof. The present hypothesis impliésD = DC', and E is the point where the
incircle is tangent withAC. It is well - known thatAE = s — a, EC = s — c.

, BD CE AF . AF  s—a
Now, Ceva’s theo.remD—C "4 FB - 1, yleldsﬁ =< Then Theorem
1 upholds the claim of Corollary 2. O

In the case of a Heron triangle, b, ¢ and s are natural numbers. Therefore,
AS  2(s— . . . o
5D = (s—a) = Ais arational ratio. Of course this will be true more generally

S—¢C
even if A is not an integer; but that is beside the main point. Alsg; ¢ implies
that0 < A < 2. Next we show how each rational numbegenerates an infinite
family, a \—family of Heron triangles.

3. Description of A—family of Heron triangles

Theorem 3 gives expressions for the sides of the Heron triangle in terms of
A. At present we do not transform these rational sides integral. However, when
we specify a rational number for then we do express, b, ¢ integral such that
ged(a, b,c) = 1. An exception to this common practice may be made in the solu-
tion of a Heron problem that requirgsd(a, b,c) > 1, in (D1) later, for example.

Theorem 3. Let A be a rational number such th&t < A < 2. The\—family of
Heron triangles is described by

(a,b,¢) = (2(m* + N?n?), (2+ X)(m® = 2Xn?), A(m? +4n?)),
m, n being relatively prime natural numbers such that> /2 - n.

Proof. From the definition we have
2(s—a) 24 A
P =\ or b= 2_)\(a c).
If X\ # 2, we assume — ¢ = (2 — \)p. This givesb = (2 + A)p. If A = 2, then
we defineb = 4p. The rest of the description is common to either case. Next we
calculate

a = (2=ANp+e¢, s=c+2p, andfrom (%),

A% = 2)\p*(c+ 2p)(c — Ap). (4)
To render(a, b, c) Heron we must havée + 2p)(c — A\p) = 2A¢*>. There is no
need to distinguish two case®) itself a rational square or not. This fact becomes
clearer later when we deduce Corollary 5. With the help of a rational nurber
we may write down "

c+2p:%q, and c—/\p:%@/\q).

We solve the above simultaneous equationgfandc:

m? — 2 n? A(m? + 4n?)
T

2+)\)mn.q’ ‘= (2 4+ X\)mn M
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This yields

m2—2xn? (24 XN)mn  A(m?+4n?)’
Sincep, q, ¢, A, m, n are positive we must have > /2 - n. We may ignore the
constant of proportionality so that

p=m?—2\n?, g= 2+ N)mn c = Am? + 4n?).

These values lead to the expressions for the sigésc in the statement of The-
orem 3. Also,A = 2A(2 + M\)mn(m? — 2\n?), see (4), indicates that the area is
rational. ]

Here is a numerical illustration. Let = 1, m = 4, n = 1. Then Theorem
3yields (a,b,c) = (34,42,20). Hereged(a,b,c) = 2. In the study of Heron
triangles often ge(h, b, ¢) > 1. In such a case we divide the side length values by
the gcd to list primitive values. Hencgy, b, ¢) = (17,21, 10).

Now, suppose\ = % m = 5, n = 2. Presently, Theorem 3 givés,b,c) =
(68, %, 122). Asitis, the sides andc are not integral. In this situation we render
the sides integral (and divide by the gcd if it is greater than 1) so(thatc) =
(136,91, 123).

We should remember that Theorem 3 yields the same Heron triangle more than
once if we ignore the order in which the sides appear. This depends on the number
of ways in which the sides, b, c may be permuted preserving the constraint c.

For instance, thél17,21,10) triangle above folx = 1, m = 4, n = 1 may also

be obtained when\ = 2, m = 12, n = 7, or whenA = §,m = 12,n = 7.

The verification is left to the reader. It is time to deduce a number of important
corollaries from Theorem 3.

Corollary 4. Theorem 3 yields the Pythagorean trianglesb, c) = (12 +v?, u? —

2
v2, 2uw) for)\:—v,m:Q,nzl.
u

Incidentally, we observe that the famous generatgrs of the Pythagorean
triples/triangles readily tell us the ratio in which the Gergonne cefdahintersects
the medianAD. Similar observation may be made throughout in an appropriate
context.

Corollary 5. Theorem 3 yields the isosceles Heron trianglesh,c) = (n? +
n?,2(m? —n?),m? 4+ n?) for A = 2.

Actually, A = 2yields(a,b,c) = (m?+4n?, 2(m?—4n?), m>+4n?). However,
the transformatiomn — 2m, n — n results in the more familiar form displayed in
Corollary 5.

Corollary 6. Theorem 3 describes the complete set of Heron triangles.

This is because the Gergonne cevidiv must intersect the mediadD at a
unique point. Therefore for all Heron triangleés< A < 2. Suppose first we fix
A at such a rational number. Then Theorem 3 gives the ehtifamily of Heron
triangles each member of which hB¥ intersectingA D in the same ratio, that is
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A. Next we vary\ over rational number8 < A\ < 2. By successive applications
of the preceding remark the claim of Corollary 6 follows.

Corallary 7. [Hoppe’s Problem] Theorem 3 yields Heron trianglés, b, c) =
(m? +9n?,2(m? + 3n?),3(m? + n?)) having the sides in arithmetic progression
m2

for A = 62

Here too a remark similar to the one following Corollary 5 applies. Corollaries
4 through 7 give us the key to the solution, often may be partial solutions of many
Heron problems: Just consider appropriatefamily of Heron triangles. We will
continue to amplify on this theme in the sections to follow. To richly illustrate this
we prepare a table of—families of Heron triangles. In Table i, denotes the
perimeter of the triangle.

Table 1. \—families of Heron triangles

L2 a | b | c A -~ |
1 2(m? + n?) 3(m® — 2n?%) m? + 4n? 6m? 6mn(m* — 2n?)
1/2 am? +n? 5(m? —n?) m? + 4n? 10m? 10mn(m? — n?)

1/3 | 2(9m? +n?) 7(3m2 —2n?) | 3(m?+4n?) | 42m? | 42mn(3m? — 2n?)
2/3 | 9m® +4n® 43m* — 4n®) | 3(m® +4n®) | 24m? | 24mn(3m® — 4n?)
1/4 16m? 4+ n? 9(2m? — n?) 2(m? 4+ 4n?) | 36m? 36mn(2m? — n?)
3/4 | 16m?* + 9n? 11(2m? —3n?) | 6(m? +4n?) | 44m? | 132mn(2m? — 3n?)
1/5 | 2(25m* +n?) | 11(6m> —2n°) | 5( ) | 110m? | 110mn(5m?* — 2n?)
2/5 | 25m? + 4n? 6(5m* —4n?) | 5(m?+4n?) | 60m? | 60mn(5m” — 4n?)
3/5 | 2(26m? +9n?) | 13(5m? — 6n?) | 15(m? + 4n?) | 130m> | 390mn(5m? — 6n?)
4/5 | 25m* +16n° | 7(5m® —8n?) | 10(m® +4n®) | 70m® | 140mn(5m? — 8n?)
3/2 | 4m*+9n? 7(m? — 3n?) 3(m? +4n?) | 14m? 42mn(m? — 3n?)
4/3 9m® + 16n° 5(3m? —8n?) | 6(m* +4n?) | 30m? | 60mn(3m* — 8n?)
5/3 | 2(9m? + 25n%) | 11(3m* — 10n?) | 15(m? + 4n®) | 66m” | 330mn(3m?* — 10n?)
5/4 | 16m* +25n% | 13(2m” — 5n?) | 10(m? +4n?) | 52m? | 260mn(2m® — 5n?)
7/4 | 16m?* +49n7 | 15(2m? —Tn?) | 14(m* +4n?) | 60m> | 420mn(2m? — 7n?)

4. Heron problemsand solutions

In what follows we omit the word “determine” from each problem statement.
“Heron triangles” will be contracted to HT, and we dot provide solutions in
detail.

A. Involving sides. Al. HT in which two sides differ by a desired intelgefact
finding one such triangle is equivalent to finding an infinity! This is because they
depend on the solution of the so-called Fermat-Pell equationdy? = e, where
e is an integer and not an integer square. It is well-known that Fermat-Pell equa-
tions have an infinity of solutiong&, y) (i) whene = 1 and (ii) whene # 1 if there
is one. The solution techniques are available in an introductory number theory text,
or see [3].

HT in which the three sides are consecutive integers are completely given by
Corollary 7. For examplesn = 3, n = 1 gives the (3,4,5)m = 2, n = 1,
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the (13,14,15), and so on. Here two sides differ by 1 and incidentally, two sides
by 2. However, there are other HT in which two sides differ by 1 (or 2). For
another partial solution, considar= 1 family from Table 1. Heres — ¢ = 1 <=

m? —2n? = 1. m = 3, n = 2 gives the(26,3,25). m = 17, n = 12, the
(866,3,865) triangle and so on. We observe that 3 is the common side of an infinity
of HT. Actually, it is known thateveryinteger greater than 2 is a common side of
an infinity of HT [1, 3].

To determine a HT in which two sides differ by 3, take= % family and set
b—a = 3. This leads to the equation? — 6n2 = 3. The solution(m,n) = (3, 1)
gives(a,b,c) = (37,40,13); (m,n) = (27,11) gives(3037,3040,1213) and so
on. This technique can be extended.

A2. A pair of HT having a common sideConsider the pairs, = 1, A = %;

A= % A= %; or some two distinch—families that give identical expressions for
a particular side. For instance, = 3,n = 1in A = 1 and\ = 2 families yields
apair(164,175,39) and(85, 92, 39). Itis now easy to obtain as many pairs as one
desires. This is a quicker solution than the one suggestédlby

A3. A pair of HT in which a pair of corresponding sides are in the rdtio2, 1 : 3,

2 : 3 etc. The solution lies in the column for side

A4. A HT in which two sides sum to a squakle consider\ = % family where
a+ c = 5(m? 4+ n?) is made square by, = 11, n = 2; (488, 585, 137). Itis now

a simple matter to generate any number of them.

B. Involving perimeter.The perimeter column shows that it is a function of the
single parametem. This enables us to pose, and solve almost effortlessly, many
perimeter related problems. To solve such problems by traditional methods would
often at best be extremely difficult. Here we present a sample.
B1l. A HT in which the perimeter is a squaré glance at Table 1 reveals that
T = 36m? for A = % family. An infinity of primitive HT of this type is available.
B2. A pair of HT having equal perimetekn infinity of solution is provided by the
A = 2 and = I families. All that is needed is to substitute identical valuesior
and suitable values to to ensure the outcome of primitive HT.
B3. A finite number of HT all with equal perimeté@rhe solution is unbelievably
simple! Takeany \ family and put sufficiently large constant value ferand then
vary the values of. only.

A pair of HT in which one perimeter is twice, thrice,. another, or three or more
HT whose perimeters are in arithmetic progression, or a set of four HT such that the
sum or the product of two perimeters equals respectively the sum or the product
of the other two perimeters are simple games to play. More extensive tables of
A—family HT coupled with a greater degree of observation ensures that ingenius
problem posing solving activity runs wild.

C. Involving area.The A = 3 family hasA = 10mn(m? — n?). Now, mn(m? —
n?) gives the area of the Pythagorean triangl€ — n?, 2mn, m? + n?). Because
of this an obvious problem has posed and solved itself:
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C1. Given a Pythagorean triangle there exists a non-Pythagorean Heron triangle
such that the latter area is ten times the former.

It may happen that sometimes one of them may be primitive and the other not,
or both may not be primitive. Also, fon = 2, n = 1, both are Pythagorean. How-
ever, there is thé€6, 25, 29) Heron triangle withA = 60. This close relationship
should enable us to put known vast literature on Pythagorean problems to good
use, see the following problem for example.

C2. Two Heron triangles having equal area; two HT having areas in the ratis.

In [3], pp. 172 — 175, this problem has been solved for right triangles. The

primitive solutions are not guaranteed.

D. Miscellaneous problemdn this section we consider problems involving both
perimeter and area.
D1. HT in which perimeter equals aredhis is such a popular problem that it
continues to resurface. It is known that there are just five such HT. The reader
is invited to determine them. Hint: They are n= 1, 1, 2, 1 and3 families.
Possibly elsewhere too, see the remark preceding Corollary 4.
D2. HT in whichr and A are squaresin A = % family we putm = 169, n = 1.
D3. Pairs of HT with equal perimeter and equal area in each p&n infinity
of such pairs may be obtained from= 3 family. We putm = u? + uv + v,
ny = u?2 —v?andm = u?® + uv + v%, ny = 2uv + v2. For instancey = 3,
v=1ie,m =13, n; = 8,ng = 7 produces a desired pajt48, 105, 85) and
(145,120, 73). They haver; = my = 338 andA\; = Ay = 4368.

If we accept pairs of HT that may not be primitive then we may conslder%
family. Here,m = p? + 3¢%, n1 = p? — 3¢°> andm = p? + 3¢, ny = %(—p2 +
6pq + 3¢%).

A
E. Open problemsWe may look upon the problem (D3) as follows: — A_2 =
1 1

1. This immediately leads to the following
Open problem 1Suppose two HTs have perimeters 7o and areag\;, /s such

AN . . .
that 2 = =2 — B, a rational number. Prove or disprove the existence of an
! 1 q
o A
infinity of HT such that for each palzrr2 — 22 _ Phogs.
m A1 g
For instance); = £, (odd)m; > 4k, ny = 4k andX; = 2, my > 4k (again
, AN 11
odd),ms = m1, ng = 2k yield 2 = A—2 = —fork=123....
T 1
With some effort it is possible to find an infinity of pairs of HT such that for
AY)

T2 . .
A= e - — for certain natural numbesks This leads to
1 1

Open problem 2Let e be a given natural number. Prove or disprove the existence
of an infinity of pairs of HT such that for each p%ﬁ — ¢ 2 holds.
1

each pair;

1
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5. Conclusion

The present description of Heron triangles did provide simple solutions to cer-
tain Heron problems. Additionally it suggested new ones that arose naturally in
our discussion. The reader is encouraged to try okhdamilies for different so-
lutions from the presented ones. There is much scope for problem posing and
solving activity. Non-standard problems such as: find three Heron triangles whose
perimeters (areas) are themselves the sides of a Heron triangle or a Pythagorean
triangle. Equally important is to pose unsolved problems. A helpful step in this
direction would be to consider Heron analogues of the large variety of existing
Pythagorean problems.
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Equilateral Triangles Intercepted by Oriented Parallelians

Sabrina Bier

Abstract. Given a pointP in the plane of triangleABC, we consider rays
through P parallel to the side lines. The intercepts on the sidelines form an
equilateral triangle precisely whdn is a Brocardian point of one of the Fermat
points. There are exactly four such equilateral triangles.

1. Introduction

The construction of an interesting geometric figure is best carried out after an
analysis. For example, given a triangde3C, how does one construct a poift
through which the parallels to the three sides make equal intercepts? A very simple
analysis of this question can be found in [6, 7]. It is shown that there is only one
such pointP,  which has homogeneous barycentric coordinates

1 1 1 1 1 1 1 1 1
(3+Z_E pobo 5+3_Z) ~ (ca+ab—bc : ab+bc—ca : be+ca—ab).
This leads to a very easy construction of the péiand its three equal parallel

intercepts. See Figure 1. An interesting variation is to consider equal “semi-parallel

B B
X
P /P 3
C A C Y A
Figure 1 Figure 2

intercepts”. Suppose through a poidtin the plane of triangled BC, parallels to
the sidesAB, BC, C'A intersectBC', CA, AB are X, Y, Z respectively. How
should one choos® so that the three “semi-parallel intercept®8’X, PY, PZ
have equal lengths? (Figure 2). A simple calculation shows that the only point

satisfying this requirement, which we denote by, has coordinateé! : 1 : 3).

Publication Date: February 19, 2001. Communicating Editor: Paul Yiu.
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Un [3], this is the equal-parallelian poit¥;g2. In [7], this is called the equal-intercept point.

2If G is the centroid and’ the isotomic conjugate of the incenter of triangl&BC, thenI’ P =
3-I'G.
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If we reverse the orientations of the parallel rays, we obtain another pointth
coordinates(; : L : 1). See Figure 5. These two points are called the Jerabek
points; they can be found in [2, p.1213]. For a construction sdee

2. Trianglesintercepted by forward parallelians

Given a triangleA BC, we mean by garallelian a directed ray parallel to one
of the sidesforward if it is along the direction ofAB, BC, or C' A, andbackward
if it is along BA, CB, or AC. In this paper we study the question: how should
one choose the poirf? so that so that th&iangle XY Z intercepted by forward
parallelians through P is equilateral? See Figure 2.We solve this problem by
performing an analysis using homogeneous barycentric coordinatés=If(u :
v:w), thenX,Y, andZ have coordinates

X=0:u+v:w), Y=(w:0:v4+w), Z=(w+u:v:0).

The_ lengths ofAY and AZ are _respectivel;ﬁ% and ;% By the law of
cosines, the square length¥t is

1

m((v +w)2b? + 02 — (v +w)v(B? + 2 — a?)).

Similarly, the square lengths &fX and XY are respectively

1
m((w +u)?e® +wa® — (w +uw)w(c® + a® — b?))
and
m((u +v)2a? + u?b? — (u+v)u(a® + b? — c?)).

The triangleX'Y Z is equilateral if and only if

(v + w)?b* + v?c? — (v +w)(* + & — a?)
= (w+u)* +wa® — (w+ v)w( + a® — bv?)
= (u+v)2a® +u?? — (u+v)u(a® +b* - 2). 1)

By taking differences of these expressions, we rewrite (1) as a system of two ho-
mogeneous quadratic equations in three unknowns:

C1: a*v? — b*w? — ((B* + & — a®)w — (¢ 4+ a® = b*)v)u = 0,
and
Cy: vw? — *u® — ((¢* + a® — v*)u — (a* + b* — A)w)v = 0.

3CIearIy, a solution to this problem can be easily adapted to the case of “backward triangles”, as
we shall do at the engi.
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3. Intersections of two conics

3.1 Representation by symmetric matrices. We regard each of the two equations
C1 and(, as defining a conic in the plane of triangd&3C. The question is there-
fore finding the intersections of two conics. This is done by choosing a suitable
combination of the two conics which degenerates into a pair of straight lines. To
do this, we represent the two conics by symmedric 3 matrices

0 A+a? - -+ —-ad?
Mi=| +a?-b? 2a? 0
—(0? + % —a?) 0 —20?
and
—2c2 —(2+a®—-bv?) 0
My = | —(c? +a® - V?) 0 a?+ b2 -2,
0 a? + b —c? 2b*

and choose a combinatiavf; — tM> whose determinant is zero.

3.2 Reduction to the intersection with a pair of lines. Consider, therefore, the
matrix

2tc? 1+t)(c?+a?-b%) —(b*>+c—a?)
My —tMy = | (14t)(c? +a® — b?) 2a? —t(a® +b% — ?)
—(b? + 2 — a?) —t(a® +b% — c?) —2(1 +t)b?

2)
Direct calculation shows that the matr; — tM5 in (2) has determinant

—32A2((0% = )13 — (¢ + a® — 262)t% — (* + a® — 20°)t — (a® — b?)),

where A denotes the area of triangleBC. The polynomial factor further splits
into
(0* = At — (a® = b)) (t* +t + 1).

2 b2
We obtainM; — tM, of determinant zero by choosirtg= ;72. This matrix
— C

represents a quadratic form which splits into two linear forms. In fact, the combi-
nation (b* — ¢2)C; — (a? — b?)Cy leads to

((a® = b*)u + (b* — v + (* — a®)w)(Pu + a®v + b*w) = 0.

From this we see that the intersections of the two co@i@d(C, are the same as
those of any one of them with the pairs of lines

0 : (a® = b*)u + (b — ) v + (2 — a®)w = 0,
and

ly Au+ a?v + b*w = 0.
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3.3 Intersections of C; with ¢; and /5. There is an easy parametrization of points
on the linef;. Since it clearly contains the poin$ : 1 : 1) (the centroid) and
(c? : a® : b?), every point or¥; is of the form(c® + ¢ : a® +t : b? + t) for some
real numbett. Direct substitution shows that this point lies on the cahig and
only if
3t2 4+ 3(a® + 02 + )t + (a* + 0 + ¢* + a®b* + b2 + *a?) = 0.

In other words,
(a2 b2 2

(a® +b° +c) n

1
t = 20%2¢2 + 2c2a? + 2a2b? — at — bt — 4
2 2\/3\/
=@+ b+ ) N 2/
— 5 7

From these, we conclude that the co@icand the ling/; intersect at the points
2 2 2 2 2 2 2 2 12
Pi—<a +bv—c¢ %:b +cf—a %:c +a bi%) 3)
2 V3 2 V3 2 V3
The line/,, on the other hand, does not intersect the cchiat real points? It

follows that the conicg; andC, intersect only at the two real poinfa" given in
(3) above?®

4. Construction of the points P*
The coordinates oP* in (3) can be rewritten as

1 1 1

Pt = (abcosC + ——absinC : becos A + ——besin A : cacos B+ ——casin B
(Zb 3 g A

a T C T ca T

= (—=sin(C+—-): —=sin(A+ -): —sin(B £+ —

(5o s Jpsnia L 5): i+ )
. 71' . ™ . ™
~ (Z -sin(C + g) - -sin(A4 + §) Py -sin(B + g))

A simple interpretation of these expressions, via the notion of Brocardian points
[5], leads to an easy construction of the poifts

Definition. The Brocardian points of a poii = (z : y : z) are the two points

1 1 1 1 1 1
Qo=(—:—:-) and Q_=(—:-:-).
zZ Ty Yy z T
We distinguish between these two by calliQg. theforward Brocardian point
and Q. the backward one, and justify these definitions by giving a simple con-
struction.

Proposition 1. Given a point @), construct through the traces Ay, Bg, Cq for-
ward parallelians to AB, BC, CA, intersecting CA, AB, BC atY, Z and X
respectively. Thelines AX, BY, CZ intersect at ()_.. On the other hand, if the

4Substitution ofu = W into (C1) givesa®v?+ (a®+b* — c?)vw+b*w? = 0, which has
no real roots sincéa® +b% — ¢?)? —4a?b? = a* +b* +c* —26°c? — 2c%a® — 2a%h? = —16A? < 0.
SSee Figure 9 in the Appendix for an illustration of the conics and their intersections.
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Figure 3a Figure 3b

backward parallelians through Ag, Bg, Co to CA, AB, BC, intersect AB, BC,
CAatZ', X', Y’ respectively, then, thelines AX’, BY', CZ’ intersect at Q..

Proof. Suppose = (x : y : z) in homogeneous barycentric coordinates. In
Figure 3a,BX : XC = BCg : CgA = x : ysinceCg = (z : y : 0). It
o Sl . _(1.q.1

follows thatX = (0 : y : x) ~ (0 : £ : g)- Similarly, Y = (£ : 0 : ;) and
Z=(1: i : 0). From these, the lined X, BY, andCZ intersect at the point
(i:1: %), which we denote by)_.. The proof forQ_ is similar; see Figure
3b. O
Examples. If Q = K = (a® : b? : ¢?), the symmedian point, the Brocardian points
K_ andK_ are the Brocard poinfssatisfying

/K .BA=/K CB=/K AC=w=/K. CA=/K. AB= /K. BC,
wherew is the Brocard angle given byot w = cot A + cot B + cot C. These

points lie on the circle wittD K as diameter) being the circumcenter of triangle
ABC'. See Figure 4.

c Y Yy’ A
Figure 4 Figure 5

On the other hand, the Brocardian points of the incefiter (a : b : ¢) are the
Jerabek pointg_, and/._ mentioned irg1l. See Figure 5.

5These points are traditionally labell€i(for K_.) andQ)’ (for K._) respectively. See [1, pp.274—
280.]
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Proposition 2. The points P* are the forward Brocardian points of the Fermat
points

Ft o a . b . ¢
C \sin(A+£3%) sin(B+£3Z) sin(C+3%))

By reversing the orientation of the parallelians, we obtain two more equilateral
triangles, corresponding to tlackward Brocardian points of the same two Fermat
points F*.

Theorem 3. There are exactly four equilateral triangles intercepted by oriented
parallelians, corresponding to the four points F£ and F*.

Figure 6a Figure 6b

5. Some further results

The two equilateral triangle¥ Y *Z+ and XY *Z* corresponding to the

— L

Fermat pointf™ are congruent; so at§ Y~ Z~ and X_Y_Z_. In fact, they

—

are homothetic at the common midpoint of the segmeity’*, Y Z*, and

— L

Z* X7, and their sides are parallel to the corresponding cevians of the Fermat

Ly

point. This is indeed a special case of the following proposition.

Proposition 4. For every point ) not on the side lines of triangle ABC, thetrian-
gle intercepted by the forward parallelians through ). and that by the backward
parallelians through Q. are homothetic at (u(v + w) : v(w + u) : w(u + v)),
withratio 1 : —1. Their corresponding sides are parallél to the cevians AQ, BQ,
and C'Q) respectively.

"The Fermat point™t (respectivelyF'~) of triangle ABC is the intersection of the lined X,
BY, CZ, whereXBC, YCA and ZAB are equilateral triangles constructed externally (respec-
tively internally) on the side®C, C A, AB of the triangle. This is the point3 (respectivelyX4)
in [3].
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c Y v’ A
Figure 7 Figure 8

These two triangles are the only inscribed triangles whose sides are parallel to
the respective cevians 6J. See Figure 7. They are the Bottema triangles in [4].
Applying this to the orthocentefl, we obtain the two congruent inscribed triangles
whose sides are perpendicular to the sided BIC' (Figure 8).

Figure 9
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Appendix

Figure 9 illustrates the intersections of the two coricandCs in §2, along
with a third conicCs which results from the difference of the first two expressions
in (1), namely,
Cs: Au? — a?v? — ((a® + 02 = Ao — (B + &2 — a®)u)w = 0.
These three conics are all hyperbolas, and have a common @ntevhich is
the forward Brocardian point of the Tarry poifit, and is the midpoint between
the common points”* and F—. In other words,F* I~ is a common diameter
of the three hyperbolas. We remark that the Tarry pdint the pointXyg of
[3], and is the fourth intersection of the Kiepert hyperbola and the circumcircle of
triangle ABC'. The fact that; and/; intersect afl”_, follows from the observation
that these lines are respectively the loci of the forward Brocardians of points on the
Kiepert hyperbolé’ggC2 + 02;“2 + “2;1’2 = 0 and the circumcircléuer%Jr% =0
respectively. The tangents to the hyperbalaat A, C; at B, andCs at C intersect
at the pointH_,, the forward Brocardian of the orthocenter.
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The Isogonal Tripolar Conic

Cyril F. Parry

Abstract. In trilinear coordinates with respect to a given triangl&C, we
define the isogonal tripolar of a poift(p, q, ) to be the lingp: pa+qgB8+rvy =

0. We construct a unique conde, called the isogonal tripolar conic, with respect

to which p is the polar ofP for all P. Although the conic is imaginary, it has

a real center and real axes coinciding with the center and axes of the real orthic
inconic. SinceABC is self-conjugate with respect t, the imaginary conic is
harmonically related to every circumconic and inconicAd®C'. In particular,®

is the reciprocal conic of the circumcircle and Steiner’s inscribed ellipse. We also
construct an analogous isotomic tripolar codidoy working with barycentric
coordinates.

1. Trilinear coordinates

For any pointP in the planeABC, we can locate the right projections 6&f
on the sides of trianglel BC at P, P, P; and measure the distances,, PP,
and P Ps. If the distances are directed, i.e., measured posmvely in the dlrectlon of

each vertex to the opposite side, we can identify the dlSt&b]C&@Pl, B PPQ,
ol :PP3 (Figure 1) such that
aq +bB +cy =24

whereaq, b, ¢, A are the side lengths and area of triandlBC. This areal equation
for all positions of P means that the ratio of the distances is sufficient to define the
trilinear coordinates of P(«, 3,~) where

a:fB:y=a:0:1.

For example, if we consider the coordinates of the verethe incentet/, and
the first excenter;, we have absolute3y—coordinates :A(hy,0,0), I(r,r,7),
Ii(—r1,71,71), Wherehy, r, r1 are respectively the altitude from, the inradius
and the first exradius of triangléBC'. It follows that the trilinear3~y—coordinates
in their simplest form ared(1,0,0), I(1,1,1), ;(—1,1,1). Let R be the cir-
cumradius, andv, ho, hs the altitudes, so thathy = bhy = chs = 2A. The

absolute coordinates of the circumcentgr the orthocenterd, and the median
point1 G areO(Rcos A, Rcos B, RcosC), H(2R cos B cos C, 2R cos C cos A,

Publication Date: February 26, 2001. Communicating Editor: Clark Kimberling.
The median point is also known as the centroid.
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2R cos A cos B), andG(L, 22 s giving trilinear coordinatesO (cos A, cos B,

cos C), H(sec 4, sec B, sec C), andG(%, 1, 1).

a’ b’
2. Isogonal conjugate

For any position ofP we can define its isogonal conjugafg such that the
directed angle$AC, AQ) = (AP, AB) = 6,, (BA,BP) = (BQ,BC) = 05,
(CB,CP) = (CQ CA) = 93 as shown in Figure 1. If the absolute coordinates
of Q area’ =QQ1, i3 ~QQ,, Y ~QQs, then

PP,  APsin(A —6) and QQ2  AQsind,
PP;  APsin6, QQ3  AQsin(A —6y)

so that thatP P, - QQ2 = PP3 - QQs, implying 53" = v+'. Similarly, aa’ = '
andyy = ad/, so thatao/ = 33’ = 77/. Consequentlywe’ = 53" =77

Figure 1

Hence,Q is the triangular inverse aP; i.e., if P has coordinateso, 3,7), then
its isogonal conjugaté&) has coordlnate$l L 1). It will be convenient to use

the notation? for the isogonal conjugate dP. We can immediately note that
O(cos A, cos B, cos C') and H (sec A, sec B,sec C') are isogonal conjugates On
the other hand, the symmedian poEﬁIbelng the isogonal conjugate@*(a, 3 o)
has coordinate&(a, b, c), i.e., the distances from to the sides of trlangIelBC
are proportional to the side lengths 4BC.

3. Tripolar

We can now define thiéne coordinates (I, m,n) of a given line/ in the plane
ABC, such that any poinP with coordinatega, 3, ) lying on ¢ must satisfy the
linear equationa + mB + ny = 0. In particular, the side line®C, CA, AB
have line coordinates (1,0,0), (0,1,0), (0,0,1), with equatiers0, 3 =0,y =0
respectively.

A specific line that may be defined is the harmonic or trilinear polap a¥ith
respect tad BC', which will be called theripolar of Q.

In Figure 2,L' M'N' is the tripolar ofQ), whereLM N is the diagonal triangle
of the quadrangled BCQ; and L' M’ N’ is the axis of perspective of the triangles
ABC and LM N. Any line through@ meeting two sides oABC atU, V and
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meeting L’ M’ N’ at W creates an harmonic rang&V; QW). To find the line
coordinates ofl’ M’'N’ when@ has coordinate§y, ¢’,r’), we noteL = AQ N
BC has coordinate$0, ¢,r'), sinceff2 = 2. Similarly for M (p/,0,r') and
N(p',4q',0). Hence the equation of the ling N is

(0%

TRras: ®
since the equation is satisfied when the coordinate® afr N are substituted for
a, B3,vin (1). So the coordinates df = M N N BC areL'(0,¢’, —r'). Similarly
for M'(p’,0,—r") andN'(p’, —¢’, 0), leading to the equation of the liné¢ /' N":

1% + § +L=0. )

Figure 2

Now from the previous analysis, i?(p, ¢,r) andQ(¢/, ¢’, ") are isogonal con-
jugates themp’ = q¢' = 7’ so that from (2) the equation of the lidéM’' N’ is
pa+ qf + rvy = 0. In other words, the line coordinates of the tripolaipére the
trilinear coordinates of”. We can then define thisogonal tripolar of P(p,q,r)
as the linel/ M’ N’ with equationpa + ¢ + ry = 0.

For example, for the verticed(1,0,0), B(0,1,0), C(0,0,1), the isogonal
tripolars are the corresponding sidB¢’ (. = 0), CA (8 = 0), AB (v = 0). For
the notable point)(cos A, cos B, cos C), 1(1,1,1), G(%, 1, 1), andK(a,b,c),
the corresponding isogonal tripolars are

0: acos A+ Bcos B+ ycosC =0,
i a+pB+v=0,
e
g: _+é+1:07
a b ¢
k: aa + b3 4+ ¢y = 0.

Here,o, i, g, k are respectively the orthic axis, the anti-orthic axis, Lemoine’s line,
and the line at infinity, i.e., the tripolars éf, I, K, andG. Clark Kimberling has
assembled a catalogue of notable points and notable lines with their coordinates in
a contemporary publication [3].
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4. Theisogonal tripolar conic ¢

Now consider a poin#x(ps, g2, 72) on the isogonal tripolar of (p1,q1,71),
i.e., the line

p1: pra+qf+riy=0.

Obviously P, lies on the isogonal tripolar o, since the equality;ps + q1g2 +
riro = 0 is the condition for both incidences. Furthermore, the lihé&, has
equation

(qim2 — q@ar1)a + (r1p2 — m2p1) B + (P1g2 — p2q1)y =0,

while the pointp1 M p2 has coordinate$q1r2 — qor1,T1P2 — T2P1,P1q2 — pgql).

It follows thatt = P P, is the isogonal tripolar of" = p; N p2. These isogo-

nal tripolars immediately suggest the classical polar reciprocal relationships of a
geometrical conic. In fact, the trianglg P, 1" has the analogous properties of a
self-conjugate triangle with respect to a conic, since each side of tridghgld”

is the isogonal tripolar of the opposite vertex. This means that a significant conic
could be drawn self-polar to trianglg P,T. But an infinite number of conics

can be drawn self-polar to a given triangle; and a further point with its polar are
required to identify a unique conic [5]. We can select an arbitrary pBintith

its isogonal tripolamps for this purpose. Now the equation to the general conic in
trilinear coordinates is [4]

S: la? + mfB? + ny? + 2f By + 29va + 2ha3 = 0
and the polar o, (p1, ¢1, 1) with respect taS is

si: (Ipr + hgi + gri)o+ (hpr +mai + fr1)B + (gp1 + fq1 +nry)y = 0.

By definition we propose that far= 1, 2, 3, the linesp; ands; coincide, so that
the line coordinates gf; ands; must be proportional; i.e.,

Ipi + hqi+gri _ hpi +mgi + fri _ gpi + fqi + 0
bi qi T '

Solving these three sets of simultaneous equations, after some manipulation we
find thatl = m = nandf = g = h = 0, so that the equation of the required conic
is o + 32 + % = 0. This we designate thisogonal tripolar conic .

From the analysi® is the unique conic which reciprocates the poiRtsP»,
Ps to the linespy, p2, p3. But any set of points, P;, P, with the corresponding
isogonal tripolarsp;, p;, px, could have been chosen, leading to the same equation
for the reciprocal conic. We conclude thiéie isogonal tripolar of any point P
in the plane ABC is the polar of P with respect to ®. Any triangle B P;T}, with
T, = p; N p; is self-conjugate with respect . In particular, the basic triangle
ABC is self-conjugate with respect f, since each side is the isogonal tripolar of
its opposite vertex.

From the form of the equation® + 3? + v = 0, the isogonal tripolar conic
® is obviously an imaginary conic. So the conic exists on the complex projective
plane. However, it will be shown that the imaginary conic has a real center and real
axes; and thad is the reciprocal conic of a pair of notable real conics.
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5. Thecenter of ®

To find the center ofb, we recall that the polar of the center of a conic with
respect to that conic is the line at infinfy, which we have already identified as
k: aa+ b8+ ¢y = 0, the isogonal tripolar of the symmedian pokita, b, c). So
the center ofb and the center of its director circle are situate&at-rom Gaskin’s
Theorem, the director circle of a conic is orthogonal to the circumcircle of every
self-conjugate triangle. Choosing the basic trianglBC as the self-conjugate
triangle with circumcente) and circumradiusk, we have/ + R? = OK?,
wherep is the director radius ob. But it is known [2] thati® — OK? = 3.2,

wherey = —

abe is the radius of the cosine circle dfBC. From this,
a? 4 b? + 2

. . abc
PV =V

6. Somelemmas

To locate the axes ob, some preliminary results are required which can be
found in the literature [1] or obtained by analysis.

Lemmal. If adiameter of the circumcircle of ABC meetsithg circumcircle at X,
Y, then the isogonal conjugates of X and Y (designated X, Y') lie on the line at
infinity; and for arbitrary P, theline PX and PY are perpendicular.

Here is a special case.

Lemma 2. If the chosen diameter is the Euler line OGH, then XY lie on the
asymptotes of Jerabek’s hyperbola 7, which is the locus of the isogonal conjugate
of a variable point on the Euler line OGH (Figure 3).

Lemma 3. If the axes of a conic S with center () meets /., at F, I, then the polars
of F, F with respect to S are the perpendicular lines QF, QF; and F, F arethe
only points on ¢, with this property.

Lemmad. If UGV isachord of the circumcircle I' through G meeting I at U, V/,
then the tripolar of U isthe line KV passing through the symmedian point K and
the isogonal conjugate of V.

7. Theaxesof ®

To proceed with the location of the axes ®f we start with the conditions of
Lemma 2 whereX, Y are the common points &#GH andI.

From Lemma 4, sinc& GY are collinear, the tripolars of, Y are respectively
KY, KX, which are perpendicular from Lemma 1. Now from earlier definitions,
the tripolars ofX, Y are the isogonal tripolars &f, Y, so that the isogonal tripo-
lars of X, Y are the perpendiculasY’, K X through the center ob. SinceXY
lie on (o, KX, KY must be the axes 6b from Lemma 3. And these axes are
parallel to the asymptotes ¢f from Lemma 2.
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Figure 3. The Jerabek hyperbola

Now it is known [1] that the asymptotes ¢f are parallel to the axes of the
orthic inconic (Figure 4). The orthic triangle has its verticesfatH,, Hs the feet
of the altitudesAH, BH, C'H. The orthic inconic has its center At and touches
the sides of triangled BC' at the vertices of the orthic triangle. So the axes of the
imaginary conic® coincide with the axes of the real orthic inconic.

Figure 4. The orthic inconic

8. ® asareciprocal conic of two real conics

Although the conicb is imaginary, every real poirf® has a polap with respect
to ®. In particular if P lies on the circumcircld’, its polarp touches Steiner’s
inscribed ellipses with centerGG. This tangency arises from the known theorem
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[1] that the tripolar of any point o#,, touchess. From Lemma 1 this tripolar is
the isogonal tripolar of the corresponding poinffofNow the basic trianglel BC
(which is self-conjugate with respectdg is inscribed inl" and tangent te, which
touches the sides of BC at their midpoints (Figure 5). In the language of classical
geometrical conics, the isogonal tripolar codicis harmonically inscribed t@
and harmoncially circumscribed to. From the tangency described abodejs

the reciprocal conic t&' = o. Furthermore, sincel BC' is self-conjugate with
respect toP, an infinite number of triangles P; P, can be drawn with its vertices
inscribed inI", its sides touching, and self-conjugate with respectdo Since®

is the reciprocal conic of = ¢, for any point ono, its polar with respect t@®
(i.e., its isogonal tripolar) touchds. In particular, if the tangeng toucheso at
T;(us, v, wy) for ¢ = 1,2, 3, thent;, the isogonal tripolar off;, touchesI at P
(Figure 5).

Figure 5

Now, the equation to the circumcircléis a3y + bya + caf = 0. The equation

of the tangent ta" at F,(p;, ¢;, ;) IS
(cqi + bri)a + (ar; + cpi) B + (bp; + aqi)y = 0.
If this tangent coincides with), the isogonal tripolar of;, then the coordinates of
T; are
u; = cq; + bry, v; = ar; + cp;, w; = bp; + ag;. (©)

So, ift; is the tangent ab(p;, ¢;, ;) to I', and simultaneously the isogonal tripolar
of T;, then the coordinates @ are as shown in (3). But this relationship can be
generalized for any in the plane ofABC, since the equation to the polar Bf
with respect td" is identical to the equation to the tangent/afin the particular
case that?, lies onT'). In other words, the isogonal tripolar @f(u;, v;, w;) with
the coordinates shown at (3) is the polarifp;, ¢;, ;) with respect td", for any
P;, T; in the plane ofABC.

9. Theisotomic tripolar conic ¥

To find an alternative description of the transformati®n— 7', we define the
isotomic conjugate and theisotomic tripolar.
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In the foregoing discussion we have used trilinear coordingtes, ) to de-
fine the pointP and its isogonal tripolap. However, we could just as well use
barycentric (areal) coordinateéz, y, z) to defineP. With x = area PBC), y =
area PCA), z = area PAB), andz + y + 2z = area @BC), comparing with
trilinear coordinates of we have a

aq = 2z, bp = 2y, cy = 22.

Using directed areas, i.e., positive afgadBC') when the perpendicular distance
PP is positive the ratio of the areas is sufficient to define(they, =) coordinates
of P,withz : z = y : y = 2 : z. The absolute coordinatgs, y, z) can then be
found from the areal coordinaté¢s, y, z) using the areal identity 4y + 2z = A.
For example, the barycentric coordinatesAf!, 1, O, H, G, K are A(1,0,0),
I(a,b,c), Il(—a, b, c), O(acos A,bcos B,ccosC), H(asec A,bsec B, csecC),
G(1,1,1), K(a?,b%, ) respectively.

In this barycentrlc system we can identity the coordlnaﬁe@ z ) of the iso-

tomlc conjugateP of P as shown in Figure 6, whetB L— L’C CM= M’A

AN= N’B We find by the same procedure that = yy' = 22’ for P, P, so

that the areal coordinates Bfare(l, 1, %) explaining the alternative description

that P is the triangular reciprocal aP.

A

Figure 6

Following the same argument as heretofore, we can definadtoenic tripolar
of P(p,q,r) as the tripolar of with barycentric equatiopz + qy + rz = 0, and
then identify the imaginarisotomic tripolar conic ¥ with equations? 42+ 2% =
0. The center ofl is the median poin(1, 1, 1) since the isotomic tripolar aF is
the /., with barycentric equation + y + z = 0. By analogous procedure we can
find the axes of which coincide with the real axes of Steiner’s inscribed ellipse
g.

Again, we find that the basic triangléBC is self conjugate with respect b,
and from Gaskin’s Theorem, the radius of the imaginary director citdtegiven
by d? + R? = OG?. From this,d*> = OG? — R* = —1(a® + b + ¢?), giving

d:%\/aQ—l—bQ—l—c?.
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In the analogous case to Figure 5, we find that in Figure 77 igf a variable point
on Steiner’s circum-ellipsé@ (with centerG), then the isotomic tripolar oP is
tangent tar, andV¥ is the reciprocal conic a&f = o. Generalizing this relationship
as before, we find that the polar Bf(pgr) with respect td is the isotomic tripolar
of T with barycentric coordinateg+r, r+p, p+q) Furthermore we can describe

the transformation” — T in vector geometry aBG 2 GT or more succinctly
thatT is the complement aP [2]. The inverse transformatiofl — P is given by

TG= % G P, whereP is the anticomplement &f. So the transformation of point
T to the isotomic tripolat can be described as
t isotomic tripole ofl"
polar of T with respect tol
polar of P with respect t@,

where PG= 2 GT. In other words, the transformation of a poiRtp, ¢, r) to
its isotomic tripolarpz + qy + rz = 0 is a dilatation(G, —2) followed by polar
reciprocation irf, Steiner’s circum-ellipse.

Figure 7

To find the corresponding transformation of a point to its isogonal tripolar, we
recall that the polar oP(p, ¢, r) with respect tal" is the isogonal tripolar of’,

whereT" has trilinear coordinategq + br, ar + cp, bp + aq) from (3). Now,P, the
isotomic conjugate of the isogonal conjugateythas coordinate§s, 7%, =) [3].

PuttingR = P, the complement of? has coordinateécq + br, ar + ¢p, bp + aq),
which are the coordinates Gf. So the transformation of poiff to its isogonal
tripolart can be described as

t = isogonal tripolar ofl’
polar of T" with respect tad
polar of P with respect td",

whereRG= 2 GT,andP = }_% the isogonal conjugate of the isotomic conjugate
of R. In other words, the transformation of a poiRtwith trilinear coordinates
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(p,q,r) to its isogonal tripolapa + ¢85 + ry = 0) is a dilatation(G, —2), fol-
lowed by isotomic transformation, then isogonal transformation, and finally polar
reciprocation in the circumcirclg.

We conclude with the remark that the two well known systems of homogeneous
coordinates, viz. trilineafa, 3,~) and barycentridz, y, z), generate two analo-
gous imaginary conic® and ¥, whose real centers and real axes coincide with
the corresponding elements of notable real inconics of the triangle. In each case,
the imaginary conic reciprocates an arbitrary pdmto the corresponding linp,
whose line coordinates are identical to the point coordinateB.ofAnd in each
case, reciprocation in the imaginary conic is the equivalent of well known transfor-
mations of the real plane.
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The Malfatti Problem

Oene Bottema

Abstract. A solution is given of Steiner’s variation of the classical Malfatti
problem in which the triangle is replaced by three circles mutually tangent to
each other externally. The two circles tangent to the three given ones, presently
known as Soddy'’s circles, are encountered as well.

In this well known problem, construction is sought for three cirelesC?, and

'\, tangent to each other pairwise, and of whichis tangent to the sideg,; A,
and A; A3 of a given triangleA; A; A3, while CY is tangent tod; A3 and Ay Ay
and Cj to A3A; and A3 As. The problem was posed by Malfatti in 1803 and
solved by him with the help of an algebraic analysis. Very well known is the
extraordinarily elegant geometric solution that Steiner announced without proof
in 1826. This solution, together with the proof Hart gave in 1857, one can find
in various textbook$. Steiner has also considered extensions of the problem and
given solutions. The first is the one where the lingsls, A3A; and A; A, are
replaced by circles. Further generalizations concern the figures of three circles on
a sphere, and of three conic sections on a quadric surface. In the nineteenth century
many mathematicians have worked on this problem. Among these were Cayley
(1852)?, Schellbach (who in 1853 published a very nice goniometric solution),
and Clebsch (who in 1857 extended Schellbach’s solution to three conic sections
on a quadric surface, and for that he made use of elliptic functions). If one allows
in Malfatti’s original problem also escribed and internally tangent circles, then
there are a total of 32 (real) solutions. One can find all these solutions mentioned
by Pampuch (1904).The generalizations mentioned above even have, as appears
from investigation by Clebsch, 64 solutions.

Publication Date: March 6, 2001. Communicating Editor: Paul Yiu.

Translation by Floor van Lamoen from the Dutch original of O. Bottehet, vraagstuk van
Malfatti, Euclides, 25 (1949-50) 144-149. Permission by Kees Hoogland, Chief EditBudides,
of translation into English is gratefully acknowledged.

The present article is on®grscheidenheid XXVI , in a series by Oene Bottema (1901-1992) in
the periodicaEuclides of the Dutch Association of Mathematics Teachers. A collection of articles
from this series was published in 1978 in form of a book [1]. The original article does not contain any
footnote nor bibliography. All annotations, unless otherwise specified, are by the translator. Some
illustrative diagrams are added in the Appendix.

1see, for examples, [3, 5,7, 8, 9].

2Cayley's paper [4] was published in 1854.

3Pampuch [11, 12].
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The literature about the problem is so vast and widespread that it is hardly pos-
sible to consult completely. As far as we have been able to check, the following
special case of the generalization by Steiner has not drawn attention. It is attrac-
tive by the simplicity of the results and by the possibility of a certain stereometric
interpretation.

The problem of Malfatti-Steiner is as follows: Given are three circlgsC,
andCs. Three circles”], C, andC4 are sought such that] is tangent ta’s, Cs,

Cy and 4, the circleC) to Cs, C4, C% and (7, and,Cj to Cy, Cy, C] and (.
Now we examine the special case, where ttiree given circles (i, Cy, C3 are
pairwise tangent as well.

This problem certainly can be solved following Steiner’'s general method. We
choose another route, in which the simplicity of the problem appears immediately.
If one applies annversion with center the point of tangency @b and Cs, then
these two circles are transformed into two parallel likeand /s, andC; into a
circle K tangent to both (Figure 1). In this figure the construction of the required
circles K; is very simple. If the distance betweénand/; is 4r, then the radii
of K, and K3 are equal tor, that of K; equal to2r, while the distance of the
centers ofl and K is equal todr/2. Clearly, the problem always h&so (real)
solutions?

{3 <
7’ 7, ~
’ K2 \‘ Re AN
1/ \\
/III \
Rl \
K B i Ll ot BT ¢
1
A h
7
I'\ ’
AY K3 ’/ \\\ ///
52 ~ - -
Figure 1

Our goal is the computation of the radif, R/, and R; of C{, C, andCY if the
radii Ry, Ry and R3 of the given circle”;, Cy and C5 (which fix the figure of
these circles) are given. For this purpose we let the objects in Figure 1 undergo an
arbitrary inversion. LeO be the center of inversion and we choose a rectangular
grid with O as its origin and such thé and/s are parallel to the-—axis. For the
power of inversion we can without any objection choose the unit. The inversion is
then given by
ST yo——Y
x? + yQ ) x? + yQ
From this it is clear that the circle with centexry, yo) and radiugp is transformed
into a circle of radius
.
53—l

4See Figure 2 in the Appendix, which we add in the present translation.
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If the coordinates of the center &f are(a, b), then those ofs; are(a+4rv/2, b).
From this it follows that

R 2r n o 2r
S PSR | ! (a4 4rv/2)2 4+ b2 — 4r2|
The lineséy and/s are inverted into circles of radii
1 1
Ry 3

T 2b—2r| T2+ 2r]

Now we first assume tha? is chosen betweefy and /3, and outside. The
circlesCy, Cy andCs then are pairwise tangeekternally. One has) — 2r < 0,
b+ 2r > 0, anda? + b2 > 4r2, so that

1 1 2r

Ry = — Ry = —— Ri=—-—+——.
27 202 —b)’ 5T 202r +b) YT a2 02— 42
Consequently,
j:1\/ 1 n 1 n 1 b 171 1 1 1+ 1
a = — = — _—— r == -— -—
2V RaR3  R3R; RiRy’ 4\R3 Ry)’ 8\ Rs R2)’
so that one of the solutions has
L A N (e ——
Rl R Ry Ry RoR3  R3Ry  RiRy)’
and in the same way
S I DI N ——
R, R Ry Rj RyRs  R3Ry  RiRy)’
1 2 2 1 1 1 1
— = 44— 422 1
R} Ry * Ry * Rs " \/ <R2R3 * RsR; * R1R2>’ @

while the second solution is found by replacing the square roots on the right hand
sides by their opposites and then taking absolute values. The first solution consists
of three circles which are pairwise tangent externally. For the second there are dif-
ferent possibilities. It may consist of three circles tangent to each other externally,
or of three circles, two tangent externally, and with a third circle tangent internally

to each of them. One can check the correctness of this remark by chooSing
outside each of the circlds;, K, and K5 respectively, or inside these. According

as one choosed on the circumference of one of the circles, or at the point of tan-

gency of two of these circles, respectively one , or two, straighflaggsear in the
solution.
Finally, if one takegD outside the strip bordered ldyand/s, or inside X, then

the resulting circles have two internal and one external tangencies. If the@ircle

is tangentinternally to (5 and ('3, then one should replace in solution (&) by

— Ry, and the same for the second solution. In both solutions the circles are tangent

SSee Figures 2 and 3 in the Appendix.
bsee Figures 4, 5, and 6 in the Appendix.
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to each other externally.Incidentally, one can take (1) and the corresponding
expression, where the sign of the square root is taken oppositely, as the general
solution for each case, if one agrees to accept also negative values for a radius
and to understand that two externally tangent circles have radii of equal signs and
internally tangent circles of opposite signs.

There are two circles that are tangent to the three given cir€leBhis also
follows immediately from Figure 1. In this figure the radii of these circles are both
2r, the coordinates of their centefs + 4r, b). After inversion one finds for the
radii of these ‘inscribed’ circles of the figutg, Cs, Cs:

RN WU s e S
pi2 Ri Ry R3 ReR3  R3Ri  RiRy’

expressions showing great analogy to (1). One finds these already in Steiner
(Werke |, pp. 61 — 63, with a clarifying remark by Weierstrass, p.52%)While
p1 is always positive,pi2 can be greater than, equal to, or smaller than zero. One
of the circles is tangent to all the given circles externally, the other is tangent to
them all externally, or all internally, (or in the transitional case a straight line). One
can read these properties easily from Figure 1 as well. Steiner proves (2) by a
straightforward calculation with the help of a formula for the altitude of a triangle.
From (1) and (2) one can derive a large number of relations among the radii
R, of the given circles, the radi?, of the Malfatti circles, and the radjj; of the
tangent circles. We only mention

1 1 1 1 1 1
Ri R, R R, Ry R,
About the formulas (1) we want to make some more remarks. After finding for
the figureS of given circlesC;, Cy, C3 one of the two set§’ of Malfatti circles
C1, ¢, ¢4, clearly one may repeat the same constructio® toOne of the two
sets of Malfatti circles that belong t§ clearly isS. Continuing this way in two
directionsa chain of triads of circles arises, with the property that each of two
consecutive triples is a Malfatti figure of the other.
By iteration of formula (1) one can express the radii of the circles instte
triple in terms of the radii of the circles one begins with. If one applies (Jﬁl)_ o

and chooses the negative square root, then one gets,%liaaék)r the new set we
find

L1716 16 L1 1
Rl R, Ry Rs RyRs ' RsR, ' RiRj

’See Figure 7 in the Appendix.

8see Figure 8 in the Appendix.

9Steiner [15].

10This formula has become famous in modern times since the appearance of Soddy [5]. See [6].
According to Boyer and Merzbach [2], however, an equivalent formula was already knowné¢o Ren’
Descartes, long before Soddy and Steiner.
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and cyclic permutations. For the next sets,

Lwm e e
Y ~ R R R RoRs = RsRi | RiRs
1 1601 1600 1600 1 1 1
— = 19604 /2
R IR R \/ <R2R3+R3R1 +R1R2>
If one takes
1 asp+1 azy ag 1 1 1
- Dp Yy, o
R§2p) Ry + Ry + Rs 02 RoR3 * R3 Ry * Ri1Ry
1 _ Gt 1 n agpy1 + 2 n agps1 + 2
RPPHY Ry Ry R

oy )2+ L
. RyRs  R3R1  RiRy)’

then one finds the recurrencés

agpr1 = 10ag, — agp—1,
agp = 10a2p_1 — agp—2 + 16,
b = 10bg_1 — b2,

from which one can compute the radii of the circles in the triples.
The figure of three pairwise tangent circl€, Cy, C3 forms with a set of
Malfatti circlesC?, C5, C4 a configuration of six circles, of which each is tangent
to four others. If one maps the circles of the plane to points in a three dimensional
projective space, where the point-circles correspond with the points of a quadric
surfacef?, then the configuration matches with an octahedron, of which the edges
are tangent t62. The construction that was under discussion is thus the same as the
following problem: around a quadric surface €2 (for instance a sphere) construct
an octahedron, of which the edges are tangent to €2, and the vertices of one face
are given. This problem therefore has two solutions. And with the above chain
corresponds a chain of triangles, all circumscribifygand having the property that
two consecutive triangles are opposite faces of a circumscribing octahedron.
From the formulas derived above for the radii it follows that these are decreasing
if one goes in one direction along the chain, and increasing in the other direction,
a fact that is apparent from the figure. Continuing in one direction, the triple of
circles will eventually converge to a single point. With the question of how this
point is positioned with respect to the given circles, we wish to end this modest
contribution to the knowledge of the curious problem of Malfatti.

UThese are the sequences A001078 and A053410 in N.J.A. Sldamg/slopedia of Integer
Sequences [13].
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A Morley Configuration

Jean-Pierre Ehrmann and Bernard Gibert

Abstract. Given a triangle, the isogonal conjugates of the infinite points of the
side lines of the Morley (equilateral) triangle is an equilateral triad¢fgR in-
scribed in the circumcircle. Their isotomic conjugates form another equilateral
triangle P'Q’ R’ inscribed in the Steiner circum-ellipse, homothetid*Q R at

the Steiner point. We show that under the one-to-one correspondeneeP’
between the circumcircle and the Steiner circum-ellipse established by isogo-
nal and then isotomic conjugations, this is the only case when B@lk and
P’'Q'R’ are equilateral.

1. Introduction

Consider the Morley trianglé1, M, M. of a triangleABC, the equilateral tri-
angle whose vertices are the intersections of pairs of angle trisectors adjacent to a
side. Underisogonal conjugation, the infinite points of the Morley linég, M.,
M.M,, M, M, correspond to three points,, Gy, G. on the circumcircle. These
three points form the vertices of an equilateral triangle. This phenomenon is true
for any three lines making0°® angles with one anothér.

Figure 1

Underisotomic conjugation, on the other hand, the infinite points of the same
three Morley lines correspond to three poifits Ty, T. on the Steiner circum-
ellipse. It is interesting to note that these three points also form the vertices of an
equilateral triangle. Consider the mapping that sends a @potot”, the isotomic
conjugate of the isogonal conjugate Bf This maps the circumcircle onto the
Steiner circum-ellipse. The main result of this paper is tHa¥,G. is the only
equilateral triangle”?Q R for which P'Q' R’ is also equilateral.

Publication Date: March 22, 2001. Communicating Editor: Paul Yiu.

Un Figure 1, the isogonal conjugates of the infinite points of the three lines thrduafe the
intersections of the circumcircle with their reflections in the bisector of aAgle
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Main Theorem. Let PQ R be an equilateral triangle inscribed in the circumcircle.
The triangleP’ Q' R’ is equilateral if and only i, @, R are the isogonal conjugates
of the infinite points of the Morley lines.

Before proving this theorem, we make some observations and interesting appli-
cations.

2. Homoathety of G,G,G. and T, T,T,

The two equilateral triangle§, G, G . andT, T, T, are homothetic at the Steiner
point S, with ratio of homothetyl : 4sin® Q, where(2 is the Brocard angle of tri-
angle ABC. The circumcircle of the equilateral trianglg7,T. has center at the
third Brocard poinf, the isotomic conjugate of the symmedian point, and is tan-
gent to the circumcircle oA BC at the Steiner poinf. In other words, the circle
centered at the third Brocard point and passing through the Steiner point intersects
the Steiner circum-ellipse at three other points which are the vertices of an equi-
lateral triangle homothetic to the Morley triangle. This circle has radisir? €
and is smaller than the circumcircle, except when triangleC' is equilateral.

Figure 2

The triangleG,G, G, is the circum-tangential triangle in [3]. It is homothetic to
the Morley triangle. From this it follows that the pointg, G, G are the points
of tangency with the circumcircle of the deltoid which is the envelope of the axes
of inscribed parabolas.

2This point is denoted by~ in [3].

3The axis of an inscribed parabola with focHss the perpendicular front’ to its Simson line,
or equivalently, the homothetic image of the Simson line of the antipode @ the circumcircle,
with homothetic cente6 and ratio—2. In [5], van Lamoen has shown that the points of contact
of Simson lines tangent to the nine-point circle also form an equilateral triangle homothetic to the
Morley triangle.
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3. Equilateral trianglesinscribed in an ellipse

Let £ be an ellipse centered &, andU a point onE. With homothetic center
O, ratio —%, mapsU to u. Construct the parallel throughto its polar with respect
to &, to intersect the ellipse & and1V. The circumcircle o/ VW intersects at
the Steiner poinf of triangleUV . Let M be the third Brocard point df VIV,
The circle, centetM, passing througly, intersects at three other points which
form the vertices of an equilateral triangle. See Figure 3.

Figure 3

From this it follows that the locus of the centers of equilateral triangles inscribed
in the Steiner circum-ellipse o BC' is the ellipse

Z a?(a® + 0% + A)a? + (> (0* + A) — (26" + b*c2 4 2¢1))yz = 0
cyclic

with the same center and axes.

4. Some preliminary results

Proposition 1. If a circle through the focus of a parabola has its center on the
directrix, there exists an equilateral triangle inscribed in the circle, whose side
lines are tangent to the parabola.

Proof. Denote byp the distance from the focug of the parabola to its directrix.
In polar coordinates with the pole &t, let the center of the circle be the point
(z&5,@). The radius of the circle i® = _£—. See Figure 4. If this center is at a

distanced to the line tangent to the parabola at the pc@{&t&@, 6), then

d

R

cos(f — «)
(4
2

2 cos

Thus, forf = 2, 2(a + 7) and2(a — 7), we haved = £, and the lines tangent
to the parabola at these three points form the required equilateral triangle]

Proposition 2. If P lies on the circumcircle, then the line PP passes through the
Seiner point S. 4

4 More generally, ifu +v + w = 0, the line joining(Z : 2 : =) to (% ;o o) passes
through the poin = : = : ———) which is the fourth intersection of the two circumconics

2444 —0andl+24+2=0.
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Figure 4

It follows that a trianglePQ R inscribed in the circumcircle is always perspec-
tive with P'Q' R’ (inscribed in the Steiner circum-ellipse) at the Steiner point. The
perspectrix is a line parallel to the tangent to the circumcircle at the focus of the
Kiepert parabola®

We shall make use of the Kiepert parabola

P Z:(b2 —cAH22? —2(c? — d®)(a® = bH)yz = 0.
This is the inscribed parabola with perspector the Steiner pgjrfocus S =
(b;l_gcg : 621’_:2 : aQC_QbQ),6 and the Euler line as directrix. For more on inscribed

parabolas and inscribed conics in general, see [1].

Proposition 3. Let PQ be a chord of the circumcircle. The following statements
are equivalent: ’

(@) PQ and P'Q’ are paralldl.

(b) Theline PQ istangent to the Kiepert parabola P.

(c) The Smson lines s(P) and s(Q) intersect on the Euler line.

Proof. If the line PQ is ux + vy +wz = 0, thenP' Q' is a®ux + b*vy + 2wz = 0.
These two lines are parallel if and only if

B2—c? 2—a? o —b?

u v w

which means thaP(@ is tangent to the the Kiepert parabola.
The common point of the Simson linegP) ands(Q) is (z : y : z), where
r = (20%(c* +a® — b )v +2¢%(a® + b — Hw — (¢ + a® — b*)(a® + b* — P )u)
((a® + b = A + (% + a® = b)w — 2a°u),

SThis line is also parallel to the trilinear polars of the two isodynamic points.
5This is the pointX 1 in [3].
"These statements are also equivalent to (d): The orthopole of th2dnkes on the Euler line.
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andy and z can be obtained by cyclically permuting b, ¢, andu, v, w. This
point lies on the Euler line if and only if (1) is satisfied. O

In the following proposition,(4,¢;) denotes the directed angle between two
lines ¢, and/,. This is the angle through which the lidemust be rotated in the
positive direction in order to become parallel to, or to coincide with, the ine
See [2,5816-19.].

Proposition 4. Let P, @), R be points on the circumcircle. The following state-
ments are equivalent.

(a) The Smson lines s(P), s(Q), s(R) are concurrent.

(b) (AB, PQ) + (BC,QR) + (CA,RP) =0 (mod 7).

(c) s(P) and QR are perpendicular; soare s(Q) and RP; s(R) and PQ).

Proof. See [4,§52.16-20]. (|

Proposition 5. Aline ¢ isparalléel to a side of the Morley triangle if and only if
(AB,{) + (BC,0) + (CA, ) =0 (mod 7).
Proof. Consider the Morley trianglé/, M, M.. The line BM,. and C M, inter-
secting at P, the triangl& M, M. is isoceles andM My, M.P) = (B + C).
Thus,(BC, MyM.) = (B — C). Similarly, (CA, M,M,) = £(C — A) + Z, and
(AB,MyM,) = (A — B) — Z. Thus
(AB, MyM,) + (BC, MpyM.) + (CA, MyM,.) =0 (mod 7).

There are only three directions of lidéor which (AB, ¢)+(BC, ¢)+(CA, ¢) = 0.
These can only be the directions of the Morley lines. O
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s(P)

Figure 6

5. Proof of Main Theorem

Let P be the Kiepert parabola of triangléBC. By Proposition 1, there is an
equilateral triangleP@ R inscribed in the circumcircle whose sides are tangent to
P. By Propositions 2 and 3, the trianglEQ’ R’ is equilateral and homothetic
to PQR at the Steiner poinb. By Proposition 3 again, the Simson linegP),
s(Q), s(R) concur. It follows from Proposition 4 thda B, PQ) + (BC,QR) +
(CA,RP) =0 (mod ). Since the line?Q, QR, and R P make60° angles with
each other, we have

(AB, PQ) + (BC,PQ) + (CA,PQ) =0 (mod ),
andP(Q is parallel to a side of the Morley triangle by Proposition 5. Clearly, this is

the same fo) R and RP. By Proposition 4, the verticeB, (), R are the isogonal
conjugates of the infinite points of the Morley sides.

Figure 7
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Uniqueness. ForM(z :y: z), let
rT+y+z
M)=—-—"——.
T R
The determinant of the affine mappiiy— P, Q — @', R — R'is
f(P)f(Q)f(R)

a2b2¢c?
This determinant is positive faP, 2, R on the circumcircle, which does not inter-
sect the Lemoine axig + b% + % = 0. Thus, if both triangles are equilateral, the
similitude P — P', Q — @', R — R’ is adirect one. Hence,

(SP,,SQ/) = (SP, SQ) = (RP, RQ) - (RlplvR/Q/)v
and the circleP’Q’R’ passes througly. Now, through any point on an ellipse,

there is a unique circle intersecting the ellipse again at the vertices of an equilateral
triangle. This establishes the uniqueness, and completes the proof of the theorem.

6. Concluding remarks

We conclude with a remark and a generalization.

(1) The reflection ofG,GG. in the circumcenter is another equilateral trian-
gle PQR (inscribed in the circumcircle) whose sides are parallel to the Morley
lines® This, however, does not lead to an equilateral triangle inscribed in the
Steiner circum-ellipse.

Figure 8

(2) Consider the circum-hyperbafathrough the centroidr and the symmedian
point K.° For any pointP on C, let Cp be the circumconic with perspectdt,
intersecting the circumcircle again at a pofit. ° For every pointM on the

8This is called the circumnormal triangle in [3].

%The center of this hyperbola is the poiat (5> — ¢®)? : b*(c® — a?)? : ¢*(a® — b?)?).

10rhe perspector of a circumconic is the perspector of the triangle bounded by the tangents to the
conic at the vertices a BC. If P = (u : v : w), the circumconi€p has centefu(v + w — u) :
v(w—+u—v) : w(u+v—w)), andSp is the point( . See Footnote
4,

1 . . 1
b2w—c2v ' c2u—a?w ° a2v—b2u)
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circumcircle, denote by’ the second common point 6f; and the lineM Sp.
Then, ifG,, Gy, G. are the isogonal conjugates of the infinite points of the Morley
lines, G, G}, G". is homothetic ta&, GG, at.Syy. The reason is simple: Proposition

3 remains true. Fol/ = G, this gives the equilateral triang&7,T. inscribed in

the case of the Steiner circum-ellipse. Here is an exampleUFer (a(b + ¢) :

b(c +a) : c(a + b)), * we have the circumellipse with center the Spieker center
(b+c:c+a:a+b). The trianglesG,G,G. and G, G, G, are homothetic at
X100 = (3% : =& : =%), and the circumcircle of?, G} G, is the incircle of the

c—a

anticomplementary triangle, center the Nagel point, and ratio of homotheBy-.

Figure 9
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Concurrency of Four Euler Lines

Antreas P. Hatzipolakis, Floor van Lamoen, Barry Wolk, and Paul Yiu

Abstract. Using tripolar coordinates, we prove thatHfis a point in the plane

of triangle ABC such that the Euler lines of trianglésBC, APC and ABP

are concurrent, then their intersection lies on the Euler line of triaddghe.

The same is true for the Brocard axes and the lines joining the circumcenters to
the respective incenters. We also prove that the locuB @dr which the four
Euler lines concur is the same as that for which the four Brocard axes concur.
These results are extended to a fandlly of lines through the circumcenter. The
locus of P for which the fourZ,, lines of ABC, PBC, APC and ABP concur

is always a curve through 15 finite real points, which we identify.

1. Four line concurrency

Consider a triangled BC with incenter!. It is well known [13] that the Euler
lines of the triangled BC', AIC and ABI concur at a point on the Euler line of
ABC, the Schiffler point with homogeneous barycentric coordinates

(a(s—a) b(s—b) c(s—c)>.

b+c ~ c+a  a+b

There are other notable points which we can substitute for the incenter, so that a
similar statement can be proven relatively easily. Specifically, we have the follow-
ing interesting theorem.

Theorem 1. Let P be a point in the plane of triangle ABC' such that the Euler
lines of the component triangles PBC, APC and ABP are concurrent. Then the
point of concurrency also lies on the Euler line of triangle ABC.

When one tries to prove this theorem with homogeneous coordinates, calcula-
tions turn out to be rather tedious, as one of us has noted [14]. We present an easy
analytic proof, making use of tripolar coordinates. The same method applies if we
replace the Euler lines by the Brocard axes or@helines joining the circumcen-
ters to the corresponding incenters.

Publication Date: April 9, 2001. Communicating Editor: Jean-Pierre Ehrmann.
IThis appears aX>»; in Kimberling’s list [7]. In the expressions of the coordinatestands for
the semiperimeter of the triangle.
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2. Tripolar coordinates

Given triangleABC with BC = a, CA = b, and AB = ¢, consider a point
P whose distances from the vertices d&d = \, PB = pand PC = v. The
precise relationship amonyg ., andv dates back to Euler [4]:

(,u2_’_y2_a2 2)\2+(V2—|—)\2—62)2u2—|—(/\2+u2—62)2112
_(MQ +V2 _a2)(1/2 +)\2 _bQ)()\2 _|_'u2 —62) —4)\2,U2V2 = 0.

See also [1, 2]. Geometers in the 19th century referred to the tiiple /) as the
tripolar coordinates ofP. A comprehensive introduction can be found in [£2].
This series begins with the following easy theorem.

Proposition 2. An equation of the form ¢X? + mu? + nv? + ¢ = 0 represents a
circle or aline according as ¢ + m + n isnonzero or otherwise.

The center of the circle has homogeneous barycentric coordiffates. : n).
If £+ m + n = 0, the line is orthogonal to the directidié : m : n). Among the
applications one finds the equation of the Euler line in tripolar coordinates [op. cit.
§26]. 3

Proposition 3. Thetripolar equation of the Euler lineis
(b — AN+ (2 — a)p® + (a* — *)* = 0. (1)

We defer the proof of this proposition & below. Meanwhile, note how this
applies to give a simple proof of Theorem 1.

3. Proof of Theorem 1

Let P be a point with tripolar coordinates\, x1, ) such that the Euler lines of
trianglesPBC, APC and ABP intersect at a poinf) with tripolar coordinates
(N, 1/, V"), We denote the distandeq by p.

Applying Proposition 3 to the triangleBBC', APC and ABP, we have

(V2 _ 'u2)p2+('u2 _ a2)u'2 + (a2 o V2)l//2: 0’

(bQ o )\2))\/2 +()\2 _ 1/2)p2 + (1/2 _ b2)yl2: 0’
()\2 o 62))\/2—1—(62 _MQ)'UIQ + ('u2 _ )\2)p2: 0.

Adding up these equations, we obtain (1) wkhy', v/ in lieu of A, u, v. This
shows that) lies on the Euler line oABC.

2[5] and [8] are good references on tripolar coordinates.

3The tripolar equations of the lines §35 — 7 below can be written down from the barycentric
equations of these lines. The calculations in these sections, however, do not make use of these
barycentric equations.
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Figure 1

4, Tripolar equations of linesthrough the circumcenter

O. Bottema [2, pp.37—38] has given a simple derivation of the equation of the
Euler line in tripolar coordinates. He began with the observation that since the
point-circles

N =0, u? =0, V=0,
are all orthogonal to the circumcirddor arbitraryty, t9, t3, the equation
tl)\2 + t2,u2 + t3V2 =0 (2)

represents a circle orthogonal to the circumcircle. By Proposition 2, this represents
a line through the circumcenter if and onlytif+ ¢5 + ¢t3 = 0.

5. Tripolar eguation of the Euler line

Consider the centroid; of triangle ABC. By the Apollonius theorem, and the
fact thatG divides each median in the rati: 1, it is easy to see that the tripolar
coordinates of satisfy

AN op? 2 =202 4262 —a? 1 2¢% + 20 — b? - 2a% + 2% — A

It follows that the Euler lineDG is defined by (2) withy, o, t3 satisfying

t1 + tog + tg = 0,
(202 + 22 —a®)t; + (22 +2a® - Dty + (2a2 + 202 - Aty = 0,
or tyitgits=0>—c2: % —a%:a® — b

This completes the proof of Proposition 3.

“These point-circles are evidently the vertices of triangC.
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6. Tripolar equation of the OI-line
For the incenter, we have

A B C s—a s—b s—c
A= 2. 2= 2 = : :
uoiv cse 5 csc 5 csc 5 p 2 p

wheres = %< The tripolar equation of th@I-line is given by (2) witht, ¢,
t3 satisfying

s—a s—b s —
t1+1to+t3 =0, t1 + to +
a b c

C
t3 = 0.

From theset1 ity ity =
OlI-lineis

;—1.1_1.1_2 and the tripolar equation of the

1 1 1 1 1 1
S 1 NI e M2+ o2 =0.
b ¢ c a a b

The same reasoning i8B yields Theorem 1 with the Euler lines replaced by the
OlI-lines.

7. Tripolar equation of the Brocard axis

The Brocard axis is the line joining the circumcenter to the symmedian point.
Since this line contains the two isodynamic points, whose tripolar coordinates, by
definition, satisfy

1 1 1

Arpiv=—:—-:—
BVv=a'p ¢

it is easy to see that the tripolar equation of the Brocard axis is

1 1\, [1 1Y\, 1 1\,
(ﬁ‘?)“(?‘@)”*(@‘ﬁ)””'

The same reasoning i8B yields Theorem 1 with the Euler lines replaced by the
Brocard axes.

8. Thelines .,

The resemblance of the tripolar equation$§b — 7 suggests consideration of
the family of lines through the circumcenter:

Ly : (b = N2+ (" — a™)p? + (a™ — b")? =0,
for nonzero integers. The Euler line, the Brocard axis, and tbd-line are re-

spectivelyL,, forn = 2, —2, and—1. In homogeneous barycentric coordinates,

>The same equation can be derived directly from the tripolar distances of the symmedian point:

AK? = % etc. This can be found, for example, in [11, p.118].
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the equation of’,, is®

D (@ =) = (M = )z = 0.

cyclic
The line£; contains the points

2a+b+c:a+2b+c:a+b+2c)
and
(a(b4+¢) = (b—c)? :b(c+a)— (c—a)?:cla+b)— (a—Db)?).

Theorem 1 obviously applies when the Euler lines are replacef], hiyes for a
fixed nonzero integen.

9. Intersection of the £, lines

It is known that the locus aoP for which the Euler linesfy) of trianglesPBC,
APC and ABP are concurrent is the union of the circumcircle and the Neuberg
cubic® See [10, p.200]. Fred Lang [9] has computed the locus for the Brocard axes
(L£_») case, and found exactly the same result. The coincidence of these two loci
is a special case of the following theorem.

Theorem 4. Let n beanonzero integer. The £, lines of triangles PBC, APC and
ABP concur (at a point on £,) if and only if the £_,, lines of the same triangles
concur (at apointon £_,,).

Proof. Consider the component triangl&3C, APC and ABP of a pointP. If
P has tripolar coordinate§€L, M, N), then thel, lines of these triangles have
tripolar equations

L,(PBC) : (N"™ — M™)p? + (M™ — a™)p® 4 (a™ — N")? =0,
L, (APC) : (b — L™A? + (L™ — N™)p? + (N" = b")v? = 0,
L.(ABP) : (L™ — ™A + (" — M™)p? + (M™ — L")p* = 0,

wherep is the distance betwee and a variable point\, i, v)? These equations
can be rewritten as

6This can be obtained from the tripolar equation by putting

N = m(c%ﬂ + (b 4 & = a®)yz + b°2°)
and analogous expressions férandv? obtained by cyclic permutations af b, c andz, y, z.
These are respectively the midpoint between the incenteds3sf’ and its medial triangle, and
the symmedian point of the excentral triangle of the medial triangle.
8The Neuberg cubic is defined as the locus of poiAuch that the line joining to its isogonal
conjugate is parallel to the Euler line.

9See Figure 1, with\, x, v replaced byL, M, N, and\, i, v/ by \, u, v respectively.
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- (M"—a")(p*—p®) + (N"—=a")(p*-1v?) = 0,
(L~ b)(p? ~ 2) — Nt = 0,
_(Ln_cn)(pQ_)\Q) + (Mn Cn)(pQ—lJ/Q) — ((:)3)

One trivial solution to these equationsds= A\ = ;. = v, which occurs only
when the variable point is the circumcentywith P on the circumcircle. In this
case theC,, lines all concur at the poir®, for all n. Otherwise, we have a solution
to (3) with at least one of the valug$— \2, p? — 12, andp? — v? being non-zero.
And the condition for a solution of this kind is

(L7 = ) (M = )(N" —a") = (L = ") (M" — a")(N" = 1), (4)

This condition is clearly necessary. Conversely, takeatisfying (4). This says
that (3), as linear homogeneous equationgin \2, p> — 12, andp? — 12, have

a nontrivial solution(u, v, w), which is determined up to a scalar multiple. Then
the equations of the&, lines of trianglesABP and PBC can be rewritten as
(L -Hxp?-1lxA24+1xB>=0and(i-L)xP?-1xB?+1lXxC?*=0.

If X is a point common to these two lines, then it satisfies
XP?—-XA* XP?-XB? XP?-XC?
u N v N w

and also lies on th&,, line of triangle APC.
Note that (4) is clearly equivalent to

A AN AN AN _ L 1N/ 1N 1 1
» b )\ M e J\ N2 qv) \Ln )\ M av)\Nn )’

which, by exactly the same reasoning, is the concurrency condition fof the
lines of the same triangles. O

Coroallary 5. Thelocus of P for which the Brocard axes of triangles PBC', APC
and ABP are concurrent (at a point on the Brocard axis of triangle ABC) isthe
union of the circumcircle and the Neuberg cubic.

LetC,, be the curve with tripolar equation
(N = 5" = )" = a") = (A" = ") (" = ") (" = b7,
so that together with the circumcircle, it constitutes the locus of patrfte which

the four £, lines of trianglesPBC, APC, ABP and ABC concurt® The sym-
metry of equation (4) leads to the following interesting fact.

Corollary 6. If P lieson the C, curve of triangle ABC, then A (respectively B,
C) lieson the C,, curve of triangle PBC' (respectively APC', ABP).

Remark. The equation of,, can also be written in one of the following forms:
Z @O =" (a" N+ ") =0
cyclic

10By Theorem 4, it is enough to considerpositive.
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or
)\n+an Mn+bn Vn_|_cn
a \" b um™ c"v" | =0.
1 1 1

10. Points common to C,, curves

Proposition 7. A complete list of finite real points common to all C, curvesis as
follows:
(1) the vertices A, B, C' and their reflections on the respective opposite side,
(2) the apexes of the six equilateral triangles erected on the sides of ABC,
(3) the circumcenter, and
(4) the two isodynamic paints.

Proof. Itis easy to see that each of these points lie§,diar every positive integer
n. For the isodynamic points, recall that: 4 : v =1 : 1 : 1. We show that;;

andC, meet precisely in these 15 points. From their equations

A=b)(p—c)(v —a) = (A= c)(p—a)(v —b) (5)

and

(A2 =) (= A (? = a®) = (V= &)(p? = a®)(V* = 1?). (6)
If both sides of (5) are zero, it is easy to list the various cases. For example,
solutions likeh = b, u = a lead to a vertex and its reflection through the opposite
side (in this cas€’ and its reflection inAB); solutions likeA = b, v = b lead
to the apexes of equilateral triangles erected on the sidd$3a@f (in this case on
AC). Otherwise we can factor and divide, getting

A+ (p+c)v+a)=A+c)(n+a)v+Db).

Together with (5), this is easy to solve. The only solutions in this case ate
p=vandX:p:v==>1:3:1 giving respectively? = O and the isodynamic

points. a

Remarks. (1) If P is any of the points listed above, then this result says that the
trianglesABC, PBC, APC, andABP have concurrent, lines, for all non-zero
integersn. There is no degeneracy in the case wheiie an isodynamic point, and
we then get an infinite sequence of four-fold concurrences.

(2) The curveC, has degree 7, and contains the two circular points at infinity,
each of multiplicity 3. These, together with the 15 finite real points above, account
for all 21 intersections of, and(;,.

11. Intersections of Euler linesand of Brocard axes
Forn = £2, the curveC, is the Neuberg cubic
Z (0% = )2 + a?(b* 4 2) — 2aY)z(Py? — b22?) =0
cyclic

in homogeneous barycentric coordinates. Apart from the points listed in Proposi-
tion 7, this cubic contains the following notable points: the orthocenter, incenter



66 A.P. Hatzipolakis et al.

and excenters, the Fermat points, and the Parry reflection'pofnsummary of
interesting properties of the Neuberg cubic can be found in [3]. Below we list the
corresponding points of concurrency, giving their coordinates. For points like the
Fermat points and Napoleon points resulting from erecting equilateral triangles on
the sides, we label the points by= +1 or —1 according as the equilateral trian-
gles are constructed exterior taBC' or otherwise. AlsoA stands for the area of
triangle ABC'. For functions likeF;, F;, F. indexed bya, b, ¢, we obtainF; and

F, from F, by cyclic permutations o, b, c.

| P | Intersection of Euler lineg Intersection of Brocard axes |

Circumcenter

Circumcenter

Circumcenter

Reflection of vertex
on opposite side

Intercept of Euler line
on the side line

Intercept of Brocard axis
on the side line

Orthocenter Nine-point center Orthocenter of orthic triangle
Incenter Schiffler point Isogonal conjugate of Spieker center
Excenters
as . b(s—c) , c(s=b) a®> . v .2
I, = (—a b:c) (W CTe—a - TM) (HQ ‘e—a " —a—i—b)
Iy =(a: —b ) (0(8*0). bs .C(S*a)) ( a? . b2 . cz)
b= ¢ —b+c " cta ° a—b —b+c " cta " a—b
I.= a(s=b) , b(s—a) . _cs a®> . b2 . 2
_( C) ( b—c —cta * a+b) (b—c " —cta ” a+b)
e-Fermat pomt centroid Isogonal conjugate of

(—e¢)-Napoleon point
Isogonal conjugate of
e-Napoleon point

e-isodynamic point

Apexes of e-equilateral triangles erected on the sides of ABC. Let P be the apex
of an equilateral triangle erected the sil€’. This has coordinates

4 4
—2a2:a2+b2—62+6~—A:c2+a2—b2+e-—A>.
< V3 V3
The intersection of the Euler lines has coordinates
4
< —a?(a®> = v*)(a® - ) : (a® =) (a®*? +e- —=A(a® + > - )
V3
4
2 2 2 2 2 2 2
a®—c)a"c"+e- —=A(c"+a"—b ,
(@ - A+ e Al >>>

and the Brocard axis intersection is the point
(a a? —b?)(a® — P)(—e(d® + % — a®) + 4V3A)

b2 (a® — b%)(—e(a* + 2b* + 3¢* — 5b%c? — 4c%a? — 3d%b?) + 4V3A(E? + a?))
A(a® — ) (—e(a* + 3b* + 2¢* — 5b%c? — 3c%a® — 4a%b?) + 4V/3A(a® + b2))>.

Bernard Gibert has found that the Fermat points of the anticomplementary triang!8of
also lie on the Neuberg cubic. These are the palas; and Xe17 in [7]. Their isogonal conjugates
(in triangle ABC) clearly lie on the Neuberg cubic too. Ed.
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Isodynamic points. For thee-isodynamic point, the Euler line intersections are

(a®(V302? + € - AA (D + 2 — d?))
(D2(V3Aa? + e - AN (P 4 a® — b?))
cA(V3a%0? + e - AA(a® + 02 = 2))).
These points divide the segme&rO harmonically in the rati® sin Asin BsinC :

3v/3.12 The Brocard axis intersections for the Fermat points and the isodynamic
points are illustrated in Figure 2.

Figure 2

The Parry reflection point. This is the reflection of the circumcenter in the focus
of the Kiepert parabol&’ Its coordinates, and those of the Euler line and Brocard
axis intersections, can be described with the aids of three functions.

(1) Parry reflection point{a®P, : b*P, : ¢*P.),

(2) Euler line intersectionta® P, f, : b Py fy, : ¢?P.f.),

(3) Brocard axis intersection{u? f,g, : b*fogs : ¢ fegc), Where

P, = a®—4a%0* + ) + a*(6b* +b*c? + 6c*)

—a?(b? + c)(4b* — 5b%c? + 4ct) + (b2 — )2 (b + 4b%* + ¢,
fo = a®—=3a*(b* 4+ ) +a®(3b* — b2 + 3c*) — (b — )2 (b + ),
go = 5a®—14a°(b* + c*) + a*(120* + 176%* + 12¢%)

—a?(b? + ) (20 + ) (b% + 2¢%) — (b — ).

12These coordinates, and those of the Brocard axis intersections, can be calculated by using the
fact that triangleP BC has(—e¢)-isodynamic point at the verteA and circumcenter at the point

(a2 (b +c2—a?)—e-4V3A) : D2 ((P+a?—b%)+e-4V3A) : A ((a®+b*—P)+e-4V3A)).

®*The Parry reflection point is the poifxtsgog in [6]. The focus of the Kiepert parabola is the point

. . . . 2 2 2
on the circumcircle with coordinatégy;— : 62"_(12 D)
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This completes the identification of the Euler line and Brocard axis intersections
for points on the Neuberg cubic. The identification of the locus fordhgeprob-
lems is significantly harder. Indeed, we do not know of any interesting points on
this locus, except those listed in Proposition 7.
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Some Remar kable Concurrences

Bruce Shawyer

Abstract. In May 1999, Steve Sigur, a high school teacher in Atlanta, Georgia,
posted on The Math Forum, a notice stating that one of his students (Josh Klehr)
noticed that

Given a triangle with mid-point of each side. Through each mid-

point, draw a line whose slope is the reciprocal to the slope of the

side through that mid-point. These lines concur.
Sigur then stated that “we have proved this”. Here, we extend this result to the
case where the slope of the line through the mid-point is a constant times the
reciprocal of the slope of the side.

In May 1999, Steve Sigur, a high school teacher in Atlanta, Georgia, posted on
The Math Forum, a notice stating that one of his students (Josh Klehr) noticed that

Given a triangle with mid-point of each side. Through each mid-
point, draw a line whose slope is the reciprocal to the slope of the
side through that mid-point. These lines concur.

Sigur then stated that “we have proved this”.

There was a further statement that another student (Adam Bliss) followed up
with a result on the concurrency of reflected line, with the point of concurrency
lying on the nine-point circle. This was subsequently proved by Louis Talman [2].
See also the variations, using the feet of the altitudes in place of the mid-points and
different reflections in the recent paper by Floor van Lamoen [1].

Here, we are interested in a generalization of Klehr’s result.

At the mid-point of each side of a triangle, we construct the line such that the
product of the slope of this line and the slope of the side of the triangle is a fixed
constant. To make this clear, the newly created lines have slopes of the fixed con-
stant times the reciprocal of the slopes of the sides of the triangle with respect to a
given line (parallel to the—axis used in the Cartesian system). We show that the
three lines obtained are always concurrent.

Further, the locus of the points of concurrency is a rectangular hyperbola. This
hyperbola intersects the side of the triangles at the mid-points of the sides, and each
side at another point. These three other points, when considered with the vertices of
the triangle opposite to the point, form a Ceva configuration. Remarkably, the point
of concurrency of these Cevians lies on the circumcircle of the original triangle.

Publication Date: May 3, 2001. Communicating Editor: Floor van Lamoen.
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Since we are dealing with products of slopes, we have restricted ourselves to a
Cartesian proof.

Suppose that we have a triangle with verti¢ed)), (2a,2b) and(2c, 2d).

(2¢,2d)
a+c,b+d
(e.d) ( )
(2a, 2b)
(0,0) (a,b)
Figure 1

In order to ensure that the triangle is not degenerate, we assunae/ that # 0.
For ease of proof, we also take# a # ¢ # 0 and0 # b # d # 0 to avoid division
by zero. However, by continuity, the results obtained here can readily be extended
to include these cases.

At the mid-point of each side, we find the equations of the new lines:

Mid-point Slope Equation

(a.0) % y= %x + w

(¢.d) % y= %x + w

(a+c,b+d) )\(dc—_ba) Y= )\(dc_—ba)x (a® — CQ)C;\j_b(CF )

With the aid of a computer algebra program, we find that the first two lines meet
at

Ma?d — bc?) +bd(d — b) Aac(a — c) + (ad? — b%c)
A(ad — be) ’ (ad — bc) ’
which it is easy to verify lies on the third line.
By eliminating A from the equations

~ AMa*d —bc?) + bd(d — b) _Aaca — ¢) + (ad® — b%c)
Nad — be) I (ad — bo) ’
we find that the locus of the points of concurrency is
abed(a — ¢)(d — b) 1 ad® — b%c
B ad — bc " (ad — be)x — (a2d — bc?) A —be
This is a rectangular hyperbola, with asymptotes
a’d — bc? ad?® — b%c

T Tad—be Y= Tad—be
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Now, this hyperbola meets the sides of the given triangle as follows:

from to mid-point new-point
d+b d+b
0,00 | (2a,2b) | (a,b) ( Do et )
b a
d+b d+b
0,00 | (2e.2d) | (c,d) ( o et )
d c
ad — bec ad — be
2a, 2b 2¢,2d b+d
(20,20) | (2¢,2d) | (a+c,b+a) (d_b,a_c>

The three lines joining the three points (new-point, in each case) to the vertices
opposite are concurrent! (Again, easily shown by computer algebra.) The point of
concurrency is

(2= (G ) 200 (525

It is easy to check that this point is not on the hyperbola. However, it is also easy
to check that this point lies on the circumcircle of the original triangle. (Compare

this result with the now known result that the point on the hyperbola corresponding
to A = 1 lies on the nine-point circle. See [2].)

In Figures 2, 3, 4 below, we illustrate the original triangl&C, the rectangular
hyperbolaYW LPXQV Z (where\ < 0) and MSOUN (whereX > 0), the
asymptotes (dotted lines), the circumcircle and the nine-point circle, and the first
remarkable poinfs.

Figure 2 shows various lines through the mid-points of the sides being concur-
rent on the hyperbola, and also the concurrency &f, BY, CZ at K.

Figure 3 shows the lines concurrent through the second remarkable point
where we join points with parameteksand—\. This point.J is indeed the center
of the rectangular hyperbola.

Figure 4 shows the parallel lines (or lines concurrent at infinity), where we join
points with parameters and—%.

Now, this is a purely Cartesian demonstration. As a result, there are several
guestions that | have not (yet) answered:

(1) Does the Cevian intersection point have any particular significance?

(2) What significant differences (if any) would occur if the triangle were to be
rotated about the origin?

(3) Are there variations of these results along the lines of Floor van Lamoen’s
paper [1]?

Acknowledgement. The author expresses his sincere thanks to the Communicating
Editor for valuable comments that improved this presentation.
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Figure 2
\ 1| ac | bd | bb=d) | dlb=d) | (b=d)? | &2 | b2
bd | ac | ala=c) | cla=—¢c) | (a=c)2 | % | a2
Point from A || P | Q | L M N X Y | Z
Point from — A || O | S | U 1% %4
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Figure 3
ac | bd | b(b—=d) | d(b—d) | (b=d)® [ &2 | p?
A 1 bd | ac | ala=c) | cla=¢c) | (a=c)2 | % | a2
Point from A || P | Q | L M N X Y | Z
Point from — A || O| S | U V w
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Figure 4
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The Gergonne problem

Nikolaos Dergiades

Abstract. An effective method for the proof of geometric inequalities is the use
of the dot product of vectors. In this paper we use this method to solve some
famous problems, namely Heron’s problem, Fermat'’s problem and the extension
of the previous problem in space, the so called Gergonne’s problem. The solution
of this last is erroneously stated, but not proved, in F.G.-M.

1. Introduction

In this paper whenever we writé B we mean the length of the vect&B, i.e.
AB = |AB|. The method of using the dot product of vectors to prove geometric
inequalities consists of using the following well known properties:

(Da-b < albl.

(2)a-i < a-jif iandj are unit vectors and(a,i) > Z(a,j).

Q@) Ifi= @—B is the unit vector alond\ B, then the length of the segmeAB

B|
is given by
AB =1i-AB.

2. The Heron problem and the Fermat point

2.1 Heron'sproblem. A point O on alineXY gives the smallest sum of distances
from the pointsA, B (on the same side ofY) if /XOA = ZBOY.

Proof. If M is an arbitrary point orX'Y (see Figure 1) anil j are the unit vectors
of OA, OB respectively, then the vectar+ j is perpendicular taX'Y since it
bisects the angle betweémandj. Hence(i + j) - OM = 0 and

OA+OB = i-OA+j-OB
i (OM+MA)+j-(OM + MB)
(i+j)-OM+i-MA+j-MB

i MA +j-MB

iIMA| + j|[MB|

MA+ MB.

Al

Publication Date: May 10, 2001. Communicating Editor: Michael Lambrou.
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Figure 1 Figure 2

2.2 The Fermat point. If none of the angles of a trianglé BC' exceedd 2(?, the
point O inside a triangleABC' such that BOC = Z/COA = ZAOB = 12(°
gives the smallest sum of distances from the verticed BU'. See Figure 2.

Proof. If M is an arbitrary point andl j, k are the unit vectors dDA, OB, OC,
theni + j 4+ k = 0 since this vector does not changes b\2& rotation. Hence,

OA+0OB+0C = i-OA+j-OB+k-0OC
= i-(OM+MA)+j-(OM+MB) + k- (OM + MC)
= (i+j+k)-OM+i-MA +j -MB +k-MC
= i-MA+j-MB+k-MC
< [i||MA]| +[j||MB| + |k||MC]|

MA+ MB+ MC.

3. The Gergonne problem

Given a planer and a triangleA BC' not lying in the plane, the Gergonne prob-
lem [3] asks for a poinD on a planer such that the suWA + OB + OC'is
minimum. This is an extention of Fermat’s problem to 3 dimensions. According to
[2, pp. 927-928]! this problem had hitherto been unsolved (for at least 90 years).
Unfortunately, as we show igd.1 below, the solution given there, for the special
case when the planesand ABC' are parallel, is erroneous. We present a solution
here in terms of the centroidal line of a trihedron. We recall the definition which is
based on the following fact. See, for example, [1, p.43].

Proposition and Definition. The three planes determined by the edges of a trihe-
dral angle and the internal bisectors of the respective opposite faces intersect in a
line. Thislineis called the centroidal line of the trihedron.

Theorem 1. If O is a point on the plane 7 such that the centroidal line of the
trihedron O.ABC is perpendicular to w,then OA+ OB+ OC < MA+ MB +
MC for every point M on .

Iproblem 742-111, especially 1901 c3.
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C/

Figure 3

Proof. Let M be an arbitrary point omr, andi, j, k the unit vectors alon@A,
OB, OC respectively. The vectdr+ j + k is parallel to the centroidal line of the
trihedronO.ABC. Since this line is perpendicular toby hypothesis we have

i+j+k) -OM=0. QD
Hence,

OA+ OB+ 0C i-0OA+j-OB+k-OC
i-(OM+MA)+j-(OM+MB) + k- (OM + MC)
(i+j+k)-OM+i-MA +j-MB +k-MC

i-MA +j-MB +k-MC

[i[[MA] + [j||[MB| + k|| MC]|

MA+ MB + MC.

Al

4. Examples

We set up a rectangular coordinate system such ghaB, C, are the points
(a,0,p), (0,b,q) and(0,c, 7). Let A’, B’, C' be the orthogonal projections df,
B, C on the planer. Write the coordinates aP as(z,y,0). Thez- andy-axes
are the altitude from¥’ and the lineB'C" of triangle A’ B’C" in the planer. Since

-1

i = (x_auyu_p)a
V(z —a)2+y2 +p?
j — ( )
= z,Yy—0,—q),
Va4 (y —b)? + ¢
-1
k = (xvy_cv _T)v

\/x2+(y—c)2+r2

it is sufficient to put in (1) forOM the vectorg1,0,0) and(0, 1,0). From these,
we have
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r—a

X X
V(z—a)?+y?>+p? * V2 +(y—b)2+¢° + Va2 +(y—c)2+r2

= 0,
(2)

Yy y—=b y—c _
V(z—a)2+y2+p? + V22 +(y—b)2+¢2 + Va2t (y—c)24r: 0
The solution of this system cannot in general be expressed in terms of radicals,
as it leads to equations of high degree. It is therefore in general not possible to con-
struct the pointD using straight edge and compass. We present several examples
in which O is constructible. In each of these examples, the underlying geometry
dictates thayy = 0, and the corresponding equation can be easily written down.

4.1 7 parallel to ABC. It is very easy to mistake foD the Fermat point of tri-
angleA’B’C’, as in [2, loc. cit.]. fwetakep = g =r = 3,a = 14,b = 2, and
¢ = —2, the system (2) giveg = 0 and
r—14 n 2x B
Vi —14)2+9 Va2 +13
This leads to the quartic equation
3zt — 8423 + 61122 4 364z — 2548 = 0.

This quartic polynomial factors ds — 2)(32% — 7822 + 455z + 1274), and the
only positive root of which isc = 2. 2 Hence/B'OC’ = 90°, ZA'OB’ = 135°,
andZA'OC’ = 135°, showing thaO is not the Fermat point of triangld B'C". 3

0, z > 0.

4.2 ABC isosceleswith A on 7 and BC parallel ton. Inthis casep =0,q =7,
¢ = —b, and we may assume> 0. The system (2) reduces o= 0 and

T —a 2x

+ —0
lz—al /224242

Sincel < z < a, we get
/02 + ¢*
(xvy) = ( Ta 0)

with b2 + ¢> < 3a®. Geometrically, sincé)B = OC, the vectors, j — k are
parallel torr. We have

i-(i+j+k)=0, (i+j+k(G-k) =0

Equivalently,

i-jri-k=-1, i-j—i-k=0.
Thus,i-j=i-k = —% or ZAOB = ZAOC = 120°, afact that is a generalization
of the Fermat point to 3 dimensions.

2The cubic factor has one negative reot—2.03472, and two non-real roots. If, on the other
hand, we take = ¢ = r = 2, the resulting equation becom@s® — 84> +5962:2 + 2242 — 1568 =
0, which is irreducible over rational numbers. It roots are not constructible using ruler and compass.
The positive real root is ~ 1.60536. There is a negative roet —1.61542 and two non-real roots.

3The solution given in [2] assumes erroneoudiyi, OB, OC equally inclined to the planes
and of triangleABC.
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If b2 + ¢> > 3a?, the centroidal line cannot be perpendiculart@nd Theorem
1 does not help. In this case we take as pairib be the intersection af-axis and
the planeM BC. It is obvious that

MA+ MB+ MC >0A+0B+0C = |z —a|+2vz?+ b2+ ¢°

We write f (z) = |z — a| + 2v/2? + b + ¢°.
/ . 2‘,1/. - . - .
If 0 <a<azxthenf/(z) =1+ T > 0 and fis an increasing function.
< / - _ 21 . . .
Forx <0, f'(x) 1+ Nreeeerw < 0andf is a decreasing function.

fo<ax<ac< \/bbng, thendz? < 22 + b2 + ¢° so thatf'(z) = —1 +

P < 0 and f is a decreasing function. Hence we have minimum when

/I2+b2+q2
z =aandO = A.

4.3 B,Connx. Ifthe pointsB, C lie on, then the vector+j+k is perpendicular
to the vectorg andk. From these, we obtain the interesting equalityOB =
ZAOC. Note that they are not neccesarily equal26°, as in Fermat’s case. Here
is an example. It = 10, b = 8, ¢ = —8, p = 3, ¢ = r = 0 the system (2) gives
y=0and

z—10 N 20 _
V(—102+9  Va?+ 64
which leads to the equation
3zt — 602> 4 27222 + 12802 — 6400 = 0.

This quartic polynomial factors ds — 4) (323 — 4822 + 80z + 1600). It follows
that the only positive root is = 4. Hence we have

0, 0 <z <10,

LAOB = LAOC = arccos(—%) and £ZBOC = arccos(—g).
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Pedal Trianglesand Their Shadows

Antreas P. Hatzipolakis and Paul Yiu

Abstract. The pedal triangle of a poirf® with respect to a given trianglé BC

casts equal shadows on the side linesA@C if and only if P is the internal
center of similitude of the circumcircle and the incircle of triandl&C' or the
external center of the circumcircle with one of the excircles. We determine the
common length of the equal shadows. More generally, we construct the point
the shadows of whose pedal triangle are proportional to given ». Many
interesting special cases are considered.

1. Shadows of pedal triangle

Let P be a point in the plane of trianglé BC, and A B'C" its pedal triangle,
i.e, A', B/, C' are the pedals (orthogonal projections)4QfB, C on the side lines
BC, CA, AB respectively. IfB, andC, are the pedals o’ andC’ on BC, we
call the segmenf3,C,, the shadow of B'C’ on BC. The shadows of’A’ and
A'B’ are segment§), A, and A, B. analogously defined on the linésA and AB.
See Figure 1.

A
Chp
Be
B/

c’ A

Ac

B ¢, A’ Bag c
Figure 1

In terms of theactual normal coordinates;, y, =z of P with respect toABC'!
the length of the shadow, B, can be easily determined:

CyB, = CaA' + A'B, = zsin B + ysin C. 1)

In Figure 1, we have showi® as interior point of triangleABC. For generic
positions of P, we regard’, B,, as a directed segment so that its length given by
(1) is signed. Similarly, the shadows 6fA’ and A’ B’ on the respective side lines
have signed lengthssin C + zsin A andy sin A + x sin B.

Publication Date: May 25, 2001. Communicating Editor: Jean-Pierre Ehrmann.

lTraditionally, normal coordinates are called trilinear coordinates. Here, we follow the usage
of the old French terncoordonnées normales in F.G.-M. [1], which is more suggestive. The actual
normal (trilinear) coordinates of a point are gigned distances from the point to the three side lines.
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Theorem 1. The three shadows of the pedal triangle of P on the side lines are
equal if and only if P istheinternal center of similitude of the circumcircle and the
incircle of triangle ABC, or the external center of similitude of the circumcircle
and one of the excircles.

Proof. These three shadows are equal if and only if
€1(ysinC + zsin B) = ea(zsin A + zsin C') = e3(wsin B+ ysin A)
for an appropriate choice of sigiag €2, e3 = 41 subject to the convention

(%) at most one of €1, €9, €3 iS Negative.
It follows that
zegsinC  — yersinC +  z(egsin A — e sinB) = 0,
z(essin B — egsinC) + yezsin A — zeg sin A = 0.

Replacing, by the law of sinesin 4, sin B, sin C' by the side lengths, b, ¢
respectively, we have

€aC €aa — €1b
€3b — eoc —€2a

—€1¢ €aa — €1b
€3 —€2a

. €2C —€1C
“lesb —eac €3a

TiyYy:z=

= a(eze1b + €169¢ — €9€3a) : b(e1eac + eaeza — e3€1b) = c(eaeza + €3€1h — €1€9¢)

= a(eab+ e3¢ — €1a) : besc + e1a — ead) : c(e1a + €2b — €3¢). (2

If e = €5 = €3 = 1, this is the pointXs5 in [4], the internal center of similitude
of the circumcircle and the incircle. We denote this pointZbySee Figure 2A. We
show that if one otq, €5, €3 is negative, therP is the external center of similitude
of the circumcircle and one of the excircles.

Y
<
s}

--"

Figure 2A Figure 2B

Let R denote the circumradius,the semiperimeter, ang the radius of thed-
excircle. The actual normal coordinates of the circumcenteRates A, R cos B,
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R cos C, while those of the excentdy are—r,, 74, 4. See Figure 2B. The external
center of similitude of the two circles is the poifif dividing 7,0 in the ratio
1T, : T,0 = ro : —R. As such, itis the poingLz(r, - O — R- I,), and has
normal coordinates

—(14+cosA):1—cosB:1—cosC
s A . oB . ,C
= —cos® — :sin® — :sin® —
= —ala+b+c):bla+b—c):clc+a—0).

This coincides with the point given by (2) fer= —1, e = e3 = 1. The cases for
other choices of signs are similar, leading to the external centers of similitude with
the other two excircles. O

Remark. With these coordinates, we easily determine the common length of the
equal shadows in each case. For the p@inthis common length is
Rr

ysinC + zsin B = T ((1 +cos B)sinC + (1 4+ cos C') sin B)
r

= R}Yr(SinA +sin B +sin C)

1 1
= R—Hi(a+b+0)r

A
R+7r’
whereA denotes the area of triangleBC'. For1,, the common length of the equal
shadows i#% ‘; similarly for the other two external centers of similitudes.

Ta—

2. Pedal triangles with shadowsin given proportions

If the signed lengths of the shadows of the sides of the pedal triandtgwith
normal coordinate$z : y : z)) are proportional to three given quantitigsg, r,

then
cy+bz azt+cr br+ay

p q r
From these, we easily obtain the normal of coordinateB:of

(a(—ap + bq + cr) : blap — bq + cr) : c(ap + bq — cr)). (3)
This follows from a more general result, which we record for later use.
Lemma 2. The solution of

fix + g1y + hiz = fox + goy + hoz = f3x + g3y + haz

1 g1 ha| |fi 1 h| |fi o1 1
x:y:z=1|1 go hol|:|fo 1 ho|:|fo go 1f.
1 g3 h3| |fs 1 h3| |fz g3 1
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Proof. since there are two linear equations in three indeterminates, solution is
unigue up to a proportionality constant. To verify that this is the correct solution,
note that for; = 1, 2, 3, substitution into theé-th linear form gives

0 fZ gi hi 1 0 0 0
h
I N S 2 5 I E O S U N S jz; g; h;
1 fo g2 ha L fo g2 h2 fa g5 hs
1 f3 g3 hs 1 f3 g3 hs

up to a constant. O

Proposition 3. The point the shadows of whose pedal triangle are in the ratio
p : q : risthe perspector of the cevian triangle of the point with normal coordinates

(3 : 2 :3)andthetangential triangle of ABC.

Proof. If ) is the point with normal coordinate{% : % : 1), thenP, with coordi-
nates given by (3), is th@-Ceva conjugate of the symmedian poiit= (a : b :
c). See [3, p.57]. O
If we assumep, q, r positive, there are four points satisfying
cy+bz az+cr br+ay
€1p B €24 B €sr

for signsey, €3, €3 satisfying(x). Along with P given by (3), there are

9

P, = (—alap+bg+cr):blap+bg—cr):clap—bg+cr),
P, = (a(—ap+bg+cr): —blap+bq+cr): c(—ap+ bq + cr),
P. = (alap—bg+cr):b(—ap+bg+cr): —clap+ bg + cr).

While it is clear thatP, P, P, is perspective wittA BC' at

a ) b ) c
—ap+bg+cer ap—bg+cr ap+bg—cr)’
the following observation is more interesting and useful in the construction of these
points fromP.

Proposition 4. P, P, P, istheanticevian triangle of P with respect to the tangential
triangle of ABC.

Proof. The vertices of the tangential triangle are
Al=(-a:b:c), B'=(a:-b:c), C'=(a:b:—c).
From

(a(—ap + bq + cr), blap — bq + cr), c(ap + bg — cr))
= ap(—a,b,c) + (a(bg + cr), —b(bg — cr), c(bg — cr)),

and

(—a(ap + bq + cr), blap + bg — cr), c(ap — bq + cr))
= ap(—a,b,c) — (a(bq + cr), —b(bq — cr), c(bqg — cr)),
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we conclude that” and F, divide A" and A” = (a(bq + r) : —b(bqg — cr) :
c¢(bq — cr)) harmonically. But since

(a(bg + cr), —b(bg — cr), c(bg — cr)) = bg(a, —b, c) + cr(a,b, —c),

the pointA” is on the lineB'C’. The cases foF, and P, are similar, showing that
triangle P, P, P, is the anticevian triangle aP in the tangential triangle. O

3. Examples

3.1 Shadows proportional to sidelengths. If p: g :r =a: b : ¢, thenP is the
circumcentetO. The pedal triangle of) being the medial triangle, the lengths of

the shadows are halves of the side lengths. Since the circumcenter is the incenter or
one of the excenters of the tangential triangle (according as the triangle is acute- or
obtuse-angled), the four points in question are the circumcenter and the excenters
of the tangential triang|é.

3.2 Shadows proportional to altitudes. If p : ¢ : » =1 : 1 : 1 thenPis

the symmedian poink’ = (a : b : ¢). 3 SinceK is the Gergonne point of the
tangential triangle, the other three points, with normal coordin@es —b : —c),

(—a :3b: —c),and(—a : —b : 3c), are the Gergonne points of the excircles of

the tangential triangle. These are also the cases when the shadows are inversely
proportional to the distances froi to the side lines, or, equivalently, when the

trianglesPB,C,, PC, B, and PA.B. have equal area$.

3.3 Shadows inversely proportional to exradii. If p : ¢ : 7 = ;L : T—lb o=
b+c—a:c+a—>b:a+b—c thenP is the point with normal coordinates
(5= : === : a5=) = (araq : bry : cre). This is theexternal center of
similitude of the circumcircle and the incircle, which we denoteThySee Figure
2A. This point appears aksss in [4]. The other three points are tiernal centers
of similitude of the circumcircle and the three excircles.

3.4, Shadows proportional to exradii. If p:q:r =1, 17 : 7. =tan 4 : tan 2 :

2" 2
tan % then P has normal coordinates

(bt B+t ¢ t A)'b(t C+t A bt B)'(t A+bt = t )
a(btan — +ctan — —atan -) : b(ctan — +atan 5 an —) : c(atan 5 an — —ctan -
B C A C A B A B C
~2a(sin25+sin25 — sin? 5):2b(sin2§+s1n2§fsin2 5):20(Sin25+sin25 — sin? 5)
~a(l+cos A —cos B—cosC):b(l+cosB—cosC —cosA):c(l+cosC —cosA — cosB).

4
2f ABC'is right-angled, the tangential triangle degenerates into a pair of parallel lines, and there
is only one finite excenter.
SMore generally, ifp: g : = a™ : b" : ¢", then the normal coordinates Bfare

(a(bn+1 + cn+1 _ an+1) . b(cn+l + an+1 _ bn+1) . C(an+1 4 bn+1 _ cn-&-l)).

4For signsey, €2, €3 satisfying(x), the equations: z(cy + bz) = e2y(az + cx) = ezz(bx + ay)
can be solved foyz : zx : zy by an application of Lemma 2. From this it follows that y : z =
(e2+e3—€1)a: (es+e1 —€)b: (€1 + €2 —€3)c.
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This is the pointXi¢g of [4]. It can be constructed, according to Proposition 3,
from the point with normal coordinatdg- : - : ;L) = (s —a:s—b: s —c), the

Mittenpunkt.®

4. A synthesis

The five triangle centers we obtained with special properties of the shadows of
their pedal triangles, namel§, K, T,T’, and the poinf’ in §3.4, can be organized
together in a very simple way. We take a closer look at the coordinatBsgofen
in (4) above. Since

A C T
11— A B =2 —4sin — — —=2-=
cos A + cos B + cos C Sin 2 COos 5 Cos 5 R’

the normal coordinates @ can be rewritten as
(a(2R —14) : b(2R —13) : c(2R — 1¢)).
These coordinates indicate th&tlies on the line joining the symmedian point
K(a:b: c) to the point(ar, : bry : cr.), the pointT” in §3.3, with division ratio
T'P:PK = 2R(a®+b*+c?): —(a*rq + b*ry + *re)
= R(@®+b+c%):—2(R—r)s (5)
To justify this last expression, we compute in two ways the distance Tfdmthe
line BC, and obtain
2A _ Rr
a?rq + b2ry + c?r, e =R,

(1 —cosA).

From this,

2A(R—) arg
Rr "1—cos A

2A(R—) ' 4Rsin%cos% . stan%
Rr 2 sin? %

= 4(R—r)s

a*rq + by + e =

This justifies (5) above.
Consider the intersectioA of the line7T' P with OK. See Figure 3. Applying
Menelaus’ theorem to triangl@ K'T" with transversall’ X P, we have

OX OT TP R-r R@+0’+c*) R(@®+0+)
XK  TT' PK  2r 2(R—r)s2 4/s
This expression has an interesting interpretation. The p&iriieing on the
line OK, it is the isogonal conjugate of a point on the Kiepert hyperbola. Every
point on this hyperbola is the perspector of the apexes of similar isosceles triangles

constructed on the sides dfBC. If this angle is taken to berctan}%, and the

SThis appears aXy in [4], and can be constructed as the perspector of the excentral triangle and
the medial trianglei,.e., the intersection of the three lines each joining an excenter to the midpoint of
the corresponding side of triangeBC.
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Figure 3

isosceles triangles constructed externally on the sides of triahBl€, then the
isogonal conjugate of the perspector is precisely the pgint
This therefore furnishes a construction for the pdme

5. Two more examples

5.1 Shadows of pedal triangle proportional to distances from circumcenter to side

lines. The pointP is the perspector of the tangential triangle and the cevian tri-
angle of (1 : —L% : 1), which is the orthic triangle oABC. The two
triangles are indeed homothetic at the Gob perspector on the Euler line. See [2,
pp.259-260]. It has normal coordinatestan A : btan B : ctan C'), and appears

asXos in [4].

5.2 Shadows of pedal triangles proportional to distances from orthocenter to side
lines. In this case,P is the perspector of the tangential triangle and the cevian
triangle of the circumcenter. This is the point with normal coordinates

(a(—tan A+tan B+tan C) : b(tan A—tan B+tan C) : ¢(tan A+tan B—tan C)),

and is the centroid of the tangential triangle. It appearXigsin [4]. The other
three points with the same property are the vertices of the anticomplementary tri-
angle of the tangential triangle.

6The same” can also be constructed as the intersectiaif 8 and the line joining the incenter to
Y on OK, which is the isogonal conjugate of the perspector (on the Kiepert hyperbola) of apexes of
similar isosceles triangles with base anglestan 5 constructed externally on the sides4BC.
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6. The midpoints of shadows as pedals

The midpoints of the shadows of the pedal trianglePof= (z : y : z) are the
pedals of the point

P = (x+ycosC+zcosB: y+zcos A+xcosC: z+xcos B+ycosA) (6)

in normal coordinates. This is equivalent to the concurrency of the perpendiculars
from the midpoints of the sides of the pedal trianglefoto the corresponding
sides ofABC. ’ See Figure 4.

B C, A" Ba ¢
Figure 4

If P is the symmedian point, with normal coordinates: A : sin B : sin (), it
is easy to see thad?’ is the same symmedian point.

Proposition 5. There are exactly four points for each of which the midpoints of the
sides of the pedal triangle are equidistant from the corresponding sides of ABC.

Proof. The midpoints of the sides of the pedal triangle hgigeed distances

1 1 1
x+§(ycosC+zcosB), y+§(zcosA+xcosC), z+§(xcosB+ycosA)

from the respective sides @fBC'. The segments joining the midpoints of the sides
and their shadows are equal in length if and only if
€1(2x+y cos C+z cos B) = €2(2y+2z cos A+x cos C) = e3(2z+x cos B+ycos A)

for €1, €9, €3 satisfying(x). From these, we obtain the four points.
Fore; = €5 = €3 = 1, this gives the point

M =((2—cosA)(2+4 cos A—cos B —cosC)

2 —cos B)(2+cos B—cosC +cos A)

2 —cosC)(2+ cosC — cos A+ cos B))

in normal coordinates, which can be constructed as the incenter-Ceva conjugate of
Q=(2-cosA:2—cosB:2—cosC),

g
g

If =, y, z are the actual normal coordinates®f then those of”’ are halves of those given in
(6) above, and’ is £, £, andZ below the midpoints of the respective sides of the pedal triangle.
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See [3, p.57]. This poind) divides the segmentd! externally in the ratia)qQ :
QI = 2R : —r. See Figures 5A and 5B.

I S

<

o)
Q
2

A" Ba

\ Figure 5A
A\

Figure 5B
i

There are three other points obtained by choosing one negative sign among
€9, €3. These are

M, = (—(2 —cos A)(2 + cos A+ cos B + cos C)

(24 cos B)(2 — cos A — cos B + cos C)
(24 cosC)(2 — cos A + cos B — cos (),

and M,, M. whose coordinates can be written down by appropriately changing
signs. Itis clear thadi, M, M. and triangleA BC' are perspective at

M'*( 2+ cos A 2+ cos B

) ) 2+ cosC
24+cosA—cosB—cosC  2—cosA+cosB—cosC  2—cosA—cosB+cosC )’

O
The triangle center§, M, and M’ in the present section apparently are not in
[4].

Appendix: Pedal triangles of a given shape

The side lengths of the pedal triangle®fare given byAP - sin A, BP - sin B,

andCP -sinC. [2, p.136]. This is similar to one with side lengths ¢ : r if and
only if thetripolar coordinates o are

AP:BP:-cP="2.

D

r

a c
In general, there are two such points, which are common to the three generalized
Apollonian circles associated with the poi@t : L

ik %) in normal coordinates.
See, for example, [5]. In the case of equilateral triangles, these are the isodynamic
points.



90 A.P. Hatzipolakis and P. Yiu

Acknowledgement. The authors express their sincere thanks to the Communicating
Editor for valuable comments that improved this presentation.

References

[1] F.G.-M., Exercices de Geométrie, 6th ed., 1920; Gabay reprint, 1991, Paris.

[2] R.A. JohnsonAdvanced Euclidean Geometry, Dover reprint 1960.

[3] C. Kimberling, Triangle centers and central triangl€angressus Numerantium, 129 (1998)
1-295.

[4] C. Kimberling, Encyclopedia of Triangle Centers, 2000,
http://cedar.evansville.edu/"ck6/encyclopedia/.

[5] P.Yiu, Generalized Apollonian circleBporum Geom., to appeatr.

Antreas P. Hatzipolakis: 81 Patmou Street, Athens 11144, Greece
E-mail address: xpol aki s@t enet . gr

Paul Yiu: Department of Mathematical Sciences, Florida Atlantic University, Boca Raton, Florida,
33431-0991, USA
E-mail address: yi u@ au. edu



Forum Geometricorum
Volume 1 (2001) 91-97.

FORU GEOM

ISSN 1534-1178

Some Properties of the Lemoine Point
Alexei Myakishev

Abstract. The Lemoine pointK, of AABC has special properties involving
centroids of pedal triangles. These properties motivate a definition of Lemoine
field, F', and a coordinatization of the plane&fA BC using perpendicular axes

that pass througk’. These principal axes are symmetrically related to two other
lines: one passing through the isodynamic centers, and the other, the isogonic
centers.

1. Introduction

Let A’ B’C’ be the pedal triangle of an arbitrary poiriin the plane of a triangle
ABC, and consider the vector fieH defined byF(Z) = ZA' + ZB' + ZC'. It
is well known thatF(Z) is the zero vector if and only i is the Lemoine point,
K, also called the symmedian point. We cBlthe Lemoine field of AABC and
K thebalance point of F.

Figure 1 Figure 2

The Lemoine field may be regarded as a physical force field. Any gbinthis
field then has a natural motion along a certain curve, or trajectory. See Figure 1.
We shall determine parametric equations for these trajectories and find, as a result,
special properties of the lines that bisect the angles between the line of the isogonic
centers and the line of the isodynamic centera\afBC'.

Publication Date: June 21, 2001. Communicating Editor: Clark Kimberling.
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2. TheLemoine equation

In the standard cartesian coordinate system, pladeBC so that4 = (0,0),
B = (c,0), C = (m,n), and writeZ = (z,y). For any linePz + Qy + R = 0,
the vectorH from Z to the projection ofZ on the line has components

he= — 2 "
T P22 - P24 Q?
From these, one find the components of the three vectors whose sum @i&fifles

(Px+ Qy + R), hy (Px+ Qy+ R).

| vector || T — component | Yy — component |
ZA/ —n(nz+y(c—m)—cn) | (m—c)(nz+ylc—m)—cn)
TLQ-é-(C—m)Q n2(+(c—m)§
/ —n(nz—my) m(nz—my
B ENTLETLE " mZin?
ZC' 0 —y

The components of the Lemoine fidit{Z) = ZA’ + ZB' + ZC' are given by
Fp=—(az+By) +dz,  Fy=—(Br+7y) +dy,

where
2 2 R n(c—m)
m2n+n2 + n2+(27m)2’ ﬂ - mQTZQ + nZ+(c—m)2’
— 1 _|_ m2 _|_ (Cfm)Q .
’y - m2+n2 n2+(cfm)2’
d, = < _ d. — _cnle=m)
T 7 n24(c—m)?? Y7 n2+(c—-m)?-
See Figure 2. Assuming a unit mass at each pginlewton’s Second Law now
gives a system of differential equations:

o =

o' = —(ax + By) +doy, Y = —(Bz 4+ yy) + dy,

where the derivatives are with respect to timé\Ne now translate the origin from
(0,0) to the balance poinid,, d, ), which is the Lemoine poink’, thereby obtain-
ing the system

" =—(ax+By), y'=—(Bz+y),

which has the matrix form
x" x
=-M , 1
(y> (y> )

whereM = (g 5) We shall refer to (1) as thisemoine eguation.

3. Eigenvalues of the matrix M

In order to solve equation (1), we first find eigenvalugsind Ay of M. These
are the solutions of the equatioh/ — A\I| = 0,i.e, (a« = A)(y —A) — # =0, or

M —(a+ DA+ (ay— %) =0.
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Thus

m?+n?  n?+ (c—m)?
m?2+n?  n?4 (c—m)?
Writing a, b, ¢ for the sidelengthgBC|, |C A|, |AB| respectively, we find the
determinant

Mth=a+y=1+ — 3.

2

n
|M|:04’Y—52:W

The discriminant of the characteristic equatidn- (o + )\ + (ay — 3%) = 0'is
given by

(a®> +b* + %) > 0.

D= (a+7)?—4(ay—B%) = (a—7)*+43% > 0. ()

Case 1: equal eigenvalues \y = Ay = % In this caseD = 0 and (2) yields5 =0
anda = ~. To reduce notation, write = ¢ — m. Then sinces = 0, we have

mQL-H’LQ - pg_’_LnQ, SO that
(m — p)(mp —n*) =0, (3)
Also, sincea = ~, we find after mild simplifications
nt — (m? + p*)n? — 3m?p? = 0. ()

Equation (3) imples that, = p or mp = n?. If m = p, then equation (4) has
solutionsn = v/3m = v/3p. Consequently’ = (%c, @c) so thatAABC is
equilateral. However, ifnp = n?, then equation (4) leads e + p)? = 0, so that

¢ = 0, a contradiction. Therefore from equation (3) we obtain this conclusfon:
the eigenvalues are equal, then AABC isequilateral.

Case 2: distinct eigenvalues \; o = %. HereD > 0, and\; 2 > 0 according
to (2). We choose to consider the implications when

=0, a#r. (5)
We omit an easy proof that these conditions corresponAdB C being a right

triangle or an isosceles triangle. In the former case, w#ite a® + b2. Then the
characteristic equation yields eigenvalueand~, and

n? n?  n2(a®+0b%) n??

o= — + - = = e 1’

b2 a2 a?b? a?b?

sinceab = nc = twice the area of the right triangle. Sinaet v = 3, v = 2.

4. General solution of the Lemoine equation

According to a well known theorem of linear algebra, rotation of the coordinate
system aboufs gives the system’ = —\;x, 3y’ = —\y. Let us call the axes of
this coordinate system thgincipal axes of the Lemoine field.

Note that if AABC' is a right triangle or an isosceles triangle (cf. conditions
(5)), then the angle of rotation is zero, afdis on an altitude of the triangle. In
this case, one of the principal axes is that altitude, and the other is parallel to the
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corresponding side. Also M ABC' is a right triangle, therk is the midpoint of
that altitude.
In the general case, the solution of the Lemoine equation is given by

T = ¢1 coswit + ¢g sinwot, Yy = c3 coswit + ¢4 sin wat, (6)

wherew; = /A1, we = /Ag. Initial conditionsz(0) = g, y(0) = yo, 2/(0) = 0,
y'(0) = 0 reduce (6) to

x = xgcoswit, Y = Yo cos wat, @)

with w; > 0, we > 0, w? + w3 = 3. Equations (7) show that each trajectory is
bounded. If\; = \,, then the trajectory is a line segment; otherwise, (7) represents
a Lissajous curve or an almost-everywhere rectangle-filling curve, accordifig as
is rational or not.

5. Lemoine sequences and centroidal orbits

Returning to the Lemoine field, supposes, is an arbitrary point, andz, is
the centroid of the pedal triangle &f. Let Z/ be the point to whiclF translates
Zy. Itis well known thatG, lies on the lineZ,Z) at a distance of that from
Zp to Z}. With this in mind, define inductively theemoine sequence of %, as
the sequencéZ, Z,, Zs, .. .), whereZ,,, for n > 1, is the centroid of the pedal
triangle of Z,,_;. Writing the centroid of the pedal triangle & asZ; = (z1,41),
we obtain3(z; — z9) = —A\1xo and

1 1 1
x1 3(3 1)%0 372705 Y1 = 3 %0

Accordingly, the Lemoine sequence is given with respect to the principal axes by

oo (B ())

Since%)\l and%)\g are betwee and1, the pointsZ, approach0,0) asn — oc.
That is, the Lemoine sequence of every point converges to the Lemoine point.
Representation (8) shows that lies on the curvéz, y) = (zou', yov'), where
u = Xy andv = ;. We call this curve theentroidal orbit of Z. See Figure
3. Reversing the directions of axes if necessary, we may assums, tivab and

yo > 0, so that elimination of gives

ﬁ_(ﬁ)k, p v (9)

Yo ) lnu’

Equation (9) expresses the centroidal orbitpf= (z, yo). Note that ifw; =
ws, thenv = u, and the orbit is a line. Now leX; andY be the points in which
line ZG z meets the principal axes. By (8),

ZGzl _ X2 12Gz| _ M
GzXzl M |GzYz| A2

(10)
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Figure 3

These equations imply thatif A BC' is equilateral with cente®, then the centroid
Gz is the midpoint of segme@G.
As another consequence of (10), suppdséBC is a right triangle; letH be
the line parallel to the hypotenuse and passing through the midpoint of the altitude
H' to the hypotenuse. LeY andY be the points in which lin&Z G; meetsH and
H', respectively. ThetnZGz| : | XGz| = |YGz| : |ZGz| =2: 1.

6. Theprincipal axes of the Lemoinefield

Physically, the principal axes may be described as the locus of points in the plane
of AABC along which the “direction” of the Lemoine sequence remains constant.
That is, if Zy lies on one of the principal axes, then all the poifitsZs, . .. lie on
that axis also.

In this section, we turn to the geometry of the principal axes. Relative to the
coordinate system adopted{B, the principal axes have equations= 0 andy =
0. Equation (8) therefore shows that4§ lies on one of these two perpendicular
lines, thenZ, lies on that line also, for alt > 1.

Let A;, A, denote the isodynamic points, aig, F» the isogonic centers, of
ANABC. Call lines A Ay and Fy F5 the isodynamic axis and theisogonic axis
respectively?

Lemma 1. Suppose Z and Z’ are a pair of isogonal conjugate points. Let O and
O’ be the circumcircles of the pedal triangles of Z and Z'. Then O = O’, and the
center of O isthe midpoint between Z and Z7'.

The pointsFi, Fs, Ai, Ao are indexed aXi13, X14, X15, X16 and discussed in [2].
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B C

Figure 4

A proof is given in Johnson [1, pp.155-156]. See Figure 4.

Now suppose thaf = A;,. ThenZ’' = Fj, and, according to Lemma 1, the
pedal triangles ofZ and Z' have the same circumcircle, whose centkrs the
midpoint betweend; and F;. Since the pedal triangle of; is equilateral, the
point O is the centroid of the pedal triangle df.

Next, supposd. is a line not identical to either of the principal axes. Iebe
the reflection ofZ, about one of the principal axes. Thé&his also the reflection of
L about the other principal axis. We cdlland L' a symmetric pair of lines.

Lemma 2. Suppose that Gp isthe centroid of the pedal triangle of a point P, and
that @ isthereflection of P in Gp. Then there exists a symmetric pair of lines, one
passing through P and the other passing through Q.

Proof. With respect to the principal axes, write= (zp,yp) andQ = (zg,yq).
ThenGp = (3Xozp, $\yp), and3Aezp = zp + z@, SO that

2 1 1
rQ = (g)\Q — 1) rp = 5(2)\2 — ()\1 + )\2))%1) = g()\g — )\1)1‘]3.

Likewise, yo = 2yp(A1 — A2). It follows that 72 = —‘;—g. This equation shows
that the liney = g—i -z passing througt® and the liney = i’—g -z passing through
@ are symmetric about the principal axgs= 0 andz = 0. See Figure 5. O

Theorem. The principal axes of the Lemoine field are the bisectors of the angles
formed at the intersection of the isodynamic and isogonic axes in the Lemoine
point.

Proof. In Lemma 2, takeP = A; and@ = F;. The symmetric pair of lines are
then the isodynamic and isogonic axes. Their symmetry about the principal axes
is equivalent to the statement that these axes are the asserted bisectors. [
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Multiplying and Dividing Curves by Points
Clark Kimberling

Abstract. Pointwise products and quotients, defined in terms of barycentric and
trilinear coordinates, are extended to produetd” and quotient§’/ P, where P

is a point and” is a curve. In trilinears, for example,lit, denotes the circumcir-

cle, thenP - Ty is a parabola if and only iP lies on the Steiner inscribed ellipse.
Barycentric division by the triangle centéf; o carriesl'o onto the Kiepert hy-
perbolal”; if P is onTy, then the point’’ = P/X1 is the point, other than

the Tarry point,Xos, in which the lineP Xgs meetsl”, and if2; and); denote

the Brocard points, thel?’ Q1 |/|P’'Q2| = |PQ1|/|PQ:|; that is, P’ and P lie

on the same Apollonian circle with respect® and(2,.

1. Introduction

Paul Yiu [7] gives a magnificent construction for a prod&ct() of points in the
plane of triangleABC. If

P=ay:B1:v and @ =az:[2:72 (1)
are representations in homogeneous barycentric coordinates, then the Yiu product
is given by
P-Q=aiaz: 1B : M7 (2)
whenever{ a; ag, £102, 7172} # {0}.

Cyril Parry [3] constructs an analogous product using trilinear coordinates. In
view of the applicability of both the Yiu and Parry products, the notation in equa-
tions (1) and (2) will represent general homogeneous coordinates, as in [6, Chapter
1], unless otherwise noted. We also define the quotient

P/Q = cnfaya : fiyeas : yiaafe

wheneverQ ¢ {A, B, C'}. Specialization of coordinates will be communicated by
phrases such as those indicated here:

multiplication
barycentric product
{ trilinear } division
quotient

Publication Date: July 12, 2001. Communicating Editor: Floor van Lamoen.
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If S'is a set of points, the® - S := {P-Q : @ € S}. In particular, ifS' is a
curvel’, thenP - T andI'/ P are curves, except for degenerate cases, such as when
Pe{A B,C}.

In all that follows, supposé® = p : ¢ : r is a point not on a sideline of triangle
ABC, so thatpgr # 0, and consequently//P = % : g 2 forallU =u:v:w.

Example 1. If T is a linefa + mfB + ny = 0, thenP - ' is the line(¢/p)a +

(m/q)B+ (n/r)y = 0andl'/P is the linepla + gm3 + rny = 0. Given the line
QR of pointsQ andR, itis easy to check tha? - QR is the line of P- Q andP - R.

In particular,P - AABC = AABC, and if T' is a cevian triangle, theR - T'is a
cevian triangle.

2. Conics and Cubics

Each conid" in the plane of triangled BC'is given by an equation of the form
ua? + vB% + wy? 4 2f 67 + 2gva + 2haf = 0. 3)
ThatP - T is the conic
(u/p*)a? + (v/q*) 5 + (w/r* )7 +2(f [qr) By + 2(9/rp)va +2(h/pg)a3 =40
is clear, sincex : (3 : ~ satifies (3) if and only ipa : g0 : rv satisfies (4). IrE t)he
case of a circumconit given in general form by

h
Foo by, (5)
o By
the productP - I" is the circumconic
h
p_f + % + T_ =0
o B
Thus, if X is the point such thaX - T'is a given circumconig + 5+5=0, then
X=y.2.u
f g h

Example 2. In trilinears, the circumconi€’ in (5) is the isogonal transform of the
line L given by fa+ g0 + hy = 0. The isogonal transform aP - L isT'/P.

Example3. LetU = u : v : w. The conicW (U) given in [1, p. 238] by
u?a? + 02 3% + wH? — 2ewBy — 2wuya — 2uvaB =0
is inscribed in triangleA BC'. The conicP - W (U) given by
(u/p)*a®+(v/q)? B2+ (w/r)*y* =2(vw/qr) By —2(wu/rp)ya—2(uwv/pg)af = 0
is the inscribed coni&V (U/P). In trilinears, we start witi® = incircle, given by
u=u(a,b,c) =alb+c—a),v=u(b,ca),w=u(ca,b),

and find?

IThe conics in Example 3 are discussed in [1, p.238] as examples of a type dendié@hy,
including incircle =W (Xss), Steiner inscribed ellipse B (X5 ), Kiepert parabola 3/ ( X512), and
Yff parabola =W (Xe47). A list of X; including trilinears, barycentrics, and remarks is given in [2].
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| Conic | Trilinear product Barycentric produck
Steiner inscribed ellipse Xo-T Xg- T
Kiepert parabola Xeaz - T Xoas - T
Yff parabola Xgaqa - T Xeag - T

Example 4. Here we combine notions from Examples 1-3. The circumciigle,

may be regarded as a special circumconic, and every circumconic has the form
P -Ty. We ask for the locus of a poir® for which the circumconic® - I is a
parabola. As such a conic is the isogonal transform of a line tangedit tee

begin with this statement of the problem: filtdl= p : ¢ : » (trilinears) for which

the line L given by2 + % + % = 0 meetsl’y, given by & + % + 5 = 0 in exactly

one point. Eliminatingy leads to

a er —ap —bq £ /(ap + bg — cr)? — 4abpg

B 2bp
We write the discriminant as

D(p,q,r) = a’p* + b*¢* + *r? — 2beqr — 2carp — 2abpg.
In view of Example 3 and [5, p.81], we conclude thaillif( X5 ) denotes the Steiner
inscribed ellipse, with trilinear equatioh(«, 3,~) = 0, then

hyperbola inside W (Xg)
P.Tyisa{ parabola » according ad’ lies on W(Xs)
ellipse outside W (Xp)

(6)

Returning to the case thétis tangent td, it is easy to check that the point of
tangency i X;/P)©Xg. (See Example 7 for Ceva conjugacy, denotecchy

If the method used to obtain statement (6) is applied to barycentric multiplica-
tion, then a similar conclusion is reached, in which the rol&gfX;) is replaced
by the inscribed conic whose barycentric equation is

o+ 32 4+~2 =28y — 2va— 203 =0,
that is, the ellipséV (X>).
Example 5. Suppose point® and( are given in trilinears:P = p : ¢ : r, and

U =wu:v:w. Weshallfind the locus of a poilf = «: 5 : v such thatP - X
lies on the lineJ X. This on-lying is equivalent to the determinant equation

u v w
a B v |=0,
pa qf 1y

expressible as a circumconic:

ulg=r)  vr=p) wlk-qd _, @
o p v
One may start with the lin&; P, form its isogonal transforr, and then recognize

(7) asU - T'. For example, in trilinears, equation (7) represents the hyperbolas of
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Kiepert, Jerabek, and Feuerbach accordingfad/) = (X31, X75), (X6, Xus),
and (X1, X3); or, in barycentrics, according &a®,U) = (Xs, X76), (X1, X3),
and(Xg,X(;g).

Example 6. Again in trilinears, lefl” be the self-isogonal cubig (U) given in [1,
p. 240] by

ua(B? —7%) +vB(y* — a®) + wy(a? — %) = 0.
This is the locus of pointX such thatX, X; /X, andU are collinear; the point/
is called thepivot of Z(U). The quotient’/ P is the cubic

upa(q® 8% — r°7*) + vgB(r*y* — p*a®) + wry(p®e® — %) = 0.
Although T'/P is not generally self-isogonal, it is self-conjugate under ife
isoconjugacy defined (e.g., [4]) bY — X1 /(X - P?).

Example7. Let X (© P denote theX-Ceva conjugate oP, defined in [1, p.57] for
X=zx:y:zandP=p:q:rby

r r r
xoP=p(-L4+ 2450y 24248y DBy gy

Assume thatX # P. Itis easy to check that the locus of a poikitfor which
X@©P lies on the lineX P is given by

L N e s SR e S

- =)+—(5—-——=)+—-(=—-=)=0. 8

()t ) s =) =0 ®)
In trilinears, equation (8) represents the prodBefl” wherel is the cubicZ(X;).
The locus ofX for which P©X lies on X P is also the cubic (8).

(07

3. Brocard Points and Apollonian Circles

Here we discuss some special properties of the triangle celigriéhe Tarry
point) andX; g (the focus of the Kiepert parabolaXys is the point, other thad,
B, C, that lies on both the circumcircle and the Kiepert hyperbola.

Letw be the Brocard angle, given by

cotw = cot A + cot B + cot C.
In trilinears,
Xos = sec(A+w):sec(B+w):sec(C+w),
a ) b ) c
b2 —c?2 2 —a?  a?—b?
Theorem. Barycentric division by X7 carriesthe circumcircle I'y onto the Kiepert
hyperbola I". For every point P on I'y, the line joining P to the Tarry point Xgg
(viz, thetangent at Xog if P = Xog) intersectsI” againat P’ = P/X11¢. Further-

more, P/ X110 lies on the Apollonian circle of P with respect to the two Brocard
points 2, and €2,; that is

X110

P'y| [Py
1P|~ |P

(9)
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Figure 1

Proof. In barycentricsI'y andI” are given by

2 2 2 b2 _ 2 2 2 2 _p2
a—+—+c—:0and C+c a+a =0,
a B v a B ol

and, also in barycentrics,

a ‘ b c

X110 = : :
R_2 22— a_12

so thatl” = Fo/XH().
For the remainder of the proof, we use trilinears. A parametric representation
for I'y is given by

P=P(t)=a(l —t):bt:ct(t —1), (20)
for —oco < t < 00, and the barycentric produét/ X is given in trilinears by
- Z—ad® a’® —b?
1-—t it (it —1
(1-0— i =)

That this point lies on lineP Xyg is equivalent to the following easily verified
identity:
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2

(1 _t)b2;(32 tCQZa t(t_ 1)@22b2
a(l —1t) bt ct(t —1) =0.
sec(A+w) sec(B+w) sec(C+w)
We turn now to a formula [1, p.31] for the distance between two points expressed
in normalized trilinears («, 3,~) and(c/, 3, 7/):

%\/abc[a cos Al — /)2 +bcosB(B— )2 +ccosC(y—7")?%, (11)
whereo denotes the area of triangeBC'. Let
D = A2 — (A +ad% -t +d?
S = a®b? + b3 + Ad
Normalized trilinears fof10) and the two Brocard points follow:
P = ((1 —t)ha,thb,t(t — 1)hc),
whereh = 22, and

0, = (E M,M) Qy = (Mj@j@)j

b’ ¢ a c a b

where andy;, = 24k
Abbreviatea cos A, bcos B, ccos C, and1 — t asd’, V/, ¢, andt’ respectively,
and write

t'ha — hyc\? thd — hia\ 2 tt'he — hib\ 2
E = d <%> 4+ (%) + <%> , (12)

t'ha — hib\? thb — hyc\ 2 t'he — hia\ 2
F = d <%> + v <Tlc> +d (%) . (13)

Equation (11) then gives
|PO4)2  E

=—. 14

|PQy2  F (14)

In (12) and (13), replaceos A by (¥ + ¢ — a?)/2bc, and similarly forcos B and

cos C, obtaining from (14) the following:

P2 t2a® —t(a* +b* — ) + b?
|PQol2 1202 — (b2 4 2 — a?) + 2

2Sometimes trilinear coordinates are called normal coordinates. We prefer “trilinears”, so that
we can say “normalized trilinears,” not “normalized normals.” One might say that the latter double
usage of “normal” can be avoided by saying “actual normal distances”, but this would be unsuitable
for normalization of points at infinity. Another reason for retaining “trilinear” and “quadriplanar’—
not replacing both with “normal’— is that these two terms distinguish between lines and planes as
the objects with respect to which normal distances are defined. In discussing points relative to a
tetrahedron, for example, one could have both trilinears and quadriplanars in the same sentence.
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Note that if the numerator in the last fraction is written &, a, b, ¢), then the
denominator ig?f(1,c, b, a). Similarly,
|P'Qy |2 _g(t,a,b,c)

[P tig(+,c,b,a)

where
g(t,a,b,c) = they + t3e3 + t2eq + tey + e,

and
e = a'ba®— )2,
es = a*(a® —b?)(° + 4 2a%b?c? — 2a"b? — 2a%ct — 2b%ct + a'c? 4 a?bh),
ea = b0 — PP 4+ a?A(P - a®)? + b (a® + 20° — 3a%b?)

+ a0 (b + ¢t — 20t — 4022 + 222 + 24°1?),
er = b =) (a® 4+ L =302 + 20*? — 2a*b? — 20 + 26203 + a?b?),
eo = bAEW0E—A)2

One may now verify directly, using a computer algebra system, or manually with
plenty of paper, that

1 1
t2f(t7 a, b7 C)g(;a ¢, ba CL) = f(;7 C, b7 a)g(t, a, b7 C)7
which is equivalent to the required equation (9). O
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The Simson cubic

Jean-Pierre Ehrmann and Bernard Gibert

Abstract. The Simson cubic is the locus of the trilinear poles of the Simson
lines. There exists a conic such that a pdiitlies on the Simson cubic if and
only if the line joining M to its isotomic conjugate is tangent to this conic. We
also characterize cubics which admit pivotal conics for a given isoconjugation.

1. Introduction

Antreas P. Hatzipolakis [2] has raised the question of the locus of points for
which the triangle bounded by the pedal cevians is perspective. More precisely,
given triangleABC, let A;p) B|p)C|p| be the pedal triangle of a poidt, and con-
sider the intersection points

Q. = BB[P] N CC[p}, Qp = CC[P] N AA[p}, Q. = AA[P] N BB[p}

We seek the locus aP for which the triangled), Q, Q. is perspective with BC'.
See Figure 1. This is the union of

(1a) the Darboux cubic consisting of points whose pedal triangles are Cevian,
(1b) the circumcircle together with the line at infinity.

The loci of the perspector in these cases are respectively

(2a) the Lucas cubic consisting of points whose cevian triangles are pedal,
(2b) a cubic related to the Simson lines.

We give an illustration of the Darboux and Lucas cubics in the Appendix. Our
main interest is in the singular case (2b) related to the Simson lines of points on
the circumcircle. The curve in (2b) above is indeed the locus of the tripoldise
Simson lines. LefP be a point on the circumcircle, an@P) = (u : v : w) the
tripole of its Simson lines(P). This means that the perpendicular to the sidelines
at the points

U=0:v:-w), V=(-u:0:w), W=(u:-v:0) (1)

Publication Date: August 24, 2001. Communicating Editor: Paul Yiu.

This is the isogonal cubic with pivot the de Longchamps point, the reflection of the orthocenter
in the circumcenter. A poinP lies on this cubic if and only if its the line joining to its isogonal
conjugate contains the de Longchamps point.

2This is the isotomic cubic with pivd{H), the isotomic conjugate of the orthocenter. A pait
lies on this cubic if and only if its the line joining to its isotomic conjugate contains the pai{f).

3We use the term tripole as a short form of trilinear pole.



108 J.P. Ehrmann and B. Gibert

Figure 1

are concurrent (aP on the circumcircle). In the notations of John H. Conay,
the equations of these perpendiculars are

(Spv+ Scw)xr  + a’vy + a’wz = 0,
blux + (Scw+ Sau)y + bwz = 0,
Aux + vy + (Sau+ Spv)z = 0.

Elimination of z, y, z leads to the cubic

£ Sau(v? +w?) + Spv(w? +u?) + Scw(u? +v?) — (a® + b* + *)uvw = 0.
This is clearly a self-isotomic cubic.e., a pointP lies on the cubic if and only if
its isotomic conjugate does. We shall c&ithe Smson cubic of triangle ABC.

2. A parametrization of the Simson cubic

It is easy to find a rational parametrization of the Simson cubic.Ale¢ a point
on the circumcircle. Regarded as the isogonal conjugate of the infinite point of a

4For a triangleA BC' with side lengths, b, ¢, denote

1 1 1
5(62—&—02—(12), .5’1325(02—&—(12—172)7 Sc = §(a2—|—bg—02).
These satisfy a number of basic relations. We shall, however, only need the obvious relations

SB+Sc=a2, Sc-‘rSA:bQ, SA+SB:CQ~

Sa =
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line px + qy + rz = 0, the pointP has homogeneous barycentric coordinates

<a2 ‘ b2 ‘ c2>
g—r r—p p—q)

The pedals ofP on the side lines are the points V, W in (1) with

1
u = —(—a2p+ch+SBr),
q—T
1
v = ——(Scp—b2q+ Sur),
r—p
1
w = ——(Spp+ Saq—c*r). (2)
pP—q

This means that the tripole of the Simson Is(E) of P is the pointt(P) = (u :

v : w). The system (2) therefore gives a rational parametrization of the Simson
cubic. It also shows tha has a singularity, which is easily seen to be an isolated
singularity at the centroid.

3. Pivotal conic of the Simson cubic

We have already noted th&tis a self-isotomic cubic. In fact, the isotomic
conjugate of(P) is the pointt(P'), whereP’ is the antipode of” (with respect to
the circumcircle)®

Itis well known that the Simson lines of antipodal points intersect (orthogonally)
on the nine-point circle. As this intersection moves on the nine-point circle, the
line joining the tripolest(P), t(P') of the orthogonal Simson linex P), s(F)
envelopes the conié dual to the nine-point circle. This conic has equafion

Z (b? — )22 — 2% + Pa® + d®b? — at)yz = 0,

cyclic
and is the inscribed ellipse in the anticomplementary triangle with center the sym-
median point of triangleABC, K = (a® : b* : ¢%). The Simson cubi€ can
therefore be regarded as an isotomic cubic with the ellipas pivot. See Figure
2.

Proposition 1. The pivotal conic C is tritangent to the Smson cubic £ at the
tripoles of the Smson lines of the isogonal conjugates of the infinite points of the
Morley sides.

SIf Pis an infinite point, its pedals are the infinite points of the side lines. The trigpgig, Q.
in question is the anticomplementary triangle, and has perspector at the céntroid
5The antipode ofP has coordinates

2 2 2
a b c
(fa2p+ch+SBr " Scp —b2q+ Sar SBerSAqchr) '

The equation of the nine-point circle Ecychc Saz? — a®yz = 0. We represent this by a
symmetric matrixA. The dual conic is then represented by the adjoint matriA.of
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Figure 2

Proof. SinceC is the dual of the nine-point circle, the following statements are
equivalent:

(1) t(P) liesonC N E.

(2) s(P) is tangent to the nine-point circle.

(3) s(P) passes through the nine-point center.

Thus,C and& are tangent at the three poiritd”) for which the Simson lines
S(P) pass through the nine-point center. Af @, R are the isogonal conjugates
of the infinite points of the side lines of the Morley triangle, thB®R is an
equilateral triangle and the Simson line&P), s(Q), s(R) are perpendicular to
QR, RP, PQ respectively. See [1]. Lell be the orthocenter of trianglé BC,
and consider the midpoinfd, @1, R, of HP, HQ, HR. Sinces(P), s(Q), s(R)
pass through?, 1, Ry respectively, these Simson lines are the altitudes of the
triangle P,Q1R;. As this triangle is equilateral and inscribed in the nine-point
circle, the Simson lines(P), s(Q), s(R) pass through the nine-point center[]

Remarks. (1) The trianglePQR is called the circum-tangential triangle diBC
in [3].
(2) The ellipseC intersects the Steiner circum - ellipse at the four points

(L.l.l) (L 1.71)
b—c " c—a " a=b’’ b—c " c+a " atb/)?
i
(f_l.L.L) (L.f_l._)
b+c " c—a ° a+b/’ b+c " ct+a " a—b/"

These points are the perspectors of the four inscribed parabolas tangent respectively
to the tripolars of the incenter and of the excenters. In Figure 3, we illustrate the
parabolas for the incenter and tBeexcenter. The foci are the isogonal conjugates

of the infinite points of the linetax + by + ¢z = 0, and the directrices are the
corresponding lines of reflections of the foci in the side lines of trianghkC'.
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Figure 3

4. Intersection of £ with alinetangent toC

Consider again the Simson line Bfand P’ intersecting orthogonally at a point
N on the nine-point circle. There is a third poift on the circumcircle whose
Simson lines(Q) passes through.

e () is the intersection of the linél N with the circumcircle,H being the
orthocenter.
e The linet(P)t(P’) intersects again the cubic®&t)).
e The tangent lines &(P) andt(P’) to the cubic intersect a{@) on the
cubic.
If the linet(P)t(P’) touche< at S, then

(i) S andt(’) are harmonic conjugates with respect(t8) andt(F);

(i) the isotomic conjugate of is the tripole of the line tangent dY to the
nine-point circle.

See Figure 4.

Figure 4
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5. Circumcubic invariant under a quadratic transfor mation

Let £ be a circumcubic invariant under a quadratic transformatidefined by

T@:yw)=<3492ff>.

T Y Z
The fixed points ofr are the point{+f : +g : £h), which form a harmonic
quadruple.

Consider a circumcubi€ invariant underr. Denote byU, V, W the “third”
intersections of with the side lines. Then, eithéf, V, W lie on same line or
UVW is perspective witd BC.

The latter case is easier to describe UIW'W is perspective withABC at P,
then¢ is ther—cubic with pivot P, i.e.,, a pointQ lies on& if and only if the line
joining @ and7(Q) passes throughk.

On the other hand, it/, V, W are collinear, their coordinates can be written
as in (1) for appropriate choice af v, w, so that the line containing them is the
tripolar of the point(u : v : w). In this case, then the equation&fs

Z fPyz(wy + vz) + teyz =0
cyclic
for somet.
(a) If £ contains exactly one of the fixed poinis= (f : g : h), then

t = —2(ghu + hfv+ fgw).
In this casef has a singularity af’. If M = (x : y : z) in barycentric coordinates
with respect toABC, then with respect to the precevian trianglefofthe three
other invariant points), the tangential coordinates of the line joidihdo (M)
are

(p-q-r)—< 92— hy . he — fz . fy—gx >
o (g+h—flgz+hy)  (h+f—g)ha+fz) (f+g—h)(fy+gz))’

As the equation of can be rewritten as

@+@+@:Q
p q T
where
) f(hw + gw) g(fw + hu) . h(gu + fv)
o= —"7—+ = — - = — - ‘7

gth—f T hrf—g T Frg-h’
it follows that the lineM (M ) envelopes a conic inscribed in the precevian triangle
of F.

Conversely, ifC is a conic inscribed in the precevian trianglé B¥'CF', the
locus of M such as the lind/ (M) touche<C is atT—cubic with a singularity at
F. The tangent lines t6 at I are the tangent lines t© passing througtP.

Note that if 7' lies onC, andT the tangent t@ at P, then& degenerates into the
union of T"andT™.

(b) If £ passes through two fixed poinksand, A", then it degenerates into the
union of F A" and a conic.
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(c) If the cubic& contains none of the fixed points, each of the six lines joining
two of these fixed points contains, apart from a vertex of triangh&, a pair of
points of £ conjugate under. In this case, the lined/r(M) cannot envelope
a conic, because this conic should be tangent to the six lines, which is clearly
impossible.

We close with a summary of the results above.

Proposition 2. Let £ be a circumcubic and 7 a quadratic transformation of the
form
(z:y:2) = (fPyz: g?za : Kiay).

The following statements are equivalent.

(2) € isT—invariant with pivot a conic.

(2) &€ passes through one and only one fixed points of 7, has a singularity at this
point, and the third intersections of £ with the side lineslieon aline /.

In this case, if £ contains the fixed point ' = (f : g : h), and if £ isthe tripolar
of the point (v : v : w), then the equation of £ is

—2(ghu + hfv + fgw)zyz + Z ux(h®y? + ¢?2%) = 0. 3
cyclic
The pivotal conic isinscribed in the precevian triangle of F' and has equatior?
Z (gw — hw)*z? — 2(ghu® + 3fu(hv + gw) + fPow)yz = 0.
cyclic
Appendix

Proposition 3. Let ¢ be the tripolar of the point (v : v : w), intersecting the
sidelines of triangle ABC' at U, V', W with coordinates given by (1), and F' =
(f : g : h) apoint not on ¢ nor the side lines of the reference triangle. The locus of
M for which the three intersections AM N FU, BM N FV and CM N FW are
collinear isthe cubic £ defined by (3) above.

Proof. These intersections are the points

AMNFU = (f(wy+vz): (hv+gw)y: (hv+ gw)z),
BMNFV = ((fwu+hu)z:g(uz+wz): (fw+ hu)z),
CMNFW = ((gu+ fv)z: (gu+ fo)y: h(ve + uy)).

The corresponding determinant(ifvw + gwu+ huv) R whereR is the expression

on the left hand side of (3). O
The Simson cubic is the particular caBe= G, the centroid, and the line
Ly
Sa 5y e

which is the tripolar of the isotomic conjugate of the orthoceitfer

8The center of this conic is the poifif (v+w—u) +u(g+h— f) : glw+u—v)+v(h+f—g):
h(u+v—w)+w(f+g—h).
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Darboux

Figure 5. The Darboux and Lucas cubics
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Geometric Construction of Reciprocal Conjugations

Keith Dean and Floor van Lamoen

Abstract. Two conjugation mappings are well known in the geometry of the
triangle: the isogonal and isotomic conjugations. These two are members of the
family of reciprocal conjugations. In this paper we provide an easy and general
construction for reciprocal conjugates of a point, given a pair of conjugate points.
A connection is made to desmic configurations.

1. Introduction

Let ABC be a triangle. To represent a point in the planeAd®C we make
use of homogeneous coordinates. Two such coordinate systems are well known,
barycentric and normal (trilinear) coordinates. See [1] for an introduction on nor-
mal coordinate$,and [4] for barycentric coordinates. In the present paper we work
with homogeneous barycentric coordinates exclusively.

Consider a poinfX = (z : y : z). The isogonal conjugat&™ of X is repre-
sented by(a?yz : b?zz : c*yz), which we loosely write a$§ : % : %) for X
outside the sidelines of BC (so thatxyz # 0). In the same way the isotomic con-
jugateX* of X is represented bf# : é : 1). For bothX* and X * the coordinates
are the products of the reciprocals of thoseXofand the constant ‘coordinates’
from a certain homogeneous triple? : b% : ¢2) and(1 : 1 : 1) respectively?

With this observation it is reasonable to generalize the two famous conjugations
to reciprocal conjugations, where the homogeneous triple takes a more general
form (¢ : m : n) with fmn # 0. By the (¢ : m : n)-reciprocal conjugation or
simply (¢ : m : n)-conjugation, we mean the mapping

<€ m n)

Ti(zryiz)— (- —:— ).

r Yy =z

It is clear that for any poiniX’ outside the side lines o BC, 7(7(X)) = X. A
reciprocal conjugation is uniquely determined by any one pair of conjugates: if
T(zo = yo : 20) = (x1 : y1 = z1), thenl : m : n = xox1 : Yoy1 : 2021. Itis
convenient to regar@ : m : n) as the coordinates of a poif, which we call
thepole of the conjugatiornr. The poles of the isogonal and isotomic conjugations,

Publication Date: August 28, 2001. Communicating Editor: Jean-Pierre Ehrmann.
Iwhat we call normal coordinates are traditionally caliétinear coordinates; they are the ratio
of signed distances of the point to the side lines of the reference triangle.

2Analogous results hold when normal coordinates are used instead of barycentrics.
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for example, are the symmedian point and the centroid respectively. In this paper
we address the questions of (i) constructionrafiven a pair of pointsP? and @
conjugate under, (ii) construction ofr(P) given the polef.

2. The parallelogram construction

2.1 Isogonal conjugation. There is a construction of the isogonal conjugate of a
point that gives us a good opportunity for generalization to all reciprocal conju-
gates.

Proposition 1. Let P beapoint and let A B'C’ beitspedal triangle. Let A” bethe
point such that B'PC’A” is a parallelogram. In the same way construct B” and
C". Then the perspector of triangles ABC and A” B”C" istheisogonal conjugate
P> of P.

c B X A
Figure 1

Proof. This is equivalent to the construction of the isogonal conjugate a$ the
point of concurrency of the perpendiculars through the verticed BC to the
corresponding sides of the pedal triangle. Here we justify it directly by noting that
AP and AA” are isogonal lines. Lef’A” and B’A” intersectAC and AB at X
andY respectively. Clearly,

B'P:YA"=A"C'":YA" =B'A:YA.
From this we conclude that triangles”? B’ and AA”Y are similar, so thatt P and
AA" are indeed isogonal lines. O

2.2 Congtruction of (¢ : m : n)-conjugates. Observe that the above construction
depends on the ‘altitudes’ forming the pedal triandl8’C’. When these altitudes
are replaced by segments parallel to the cevians of a gbint (f : g : h), we
obtain a generalization to the reciprocal conjugation

@y s) e (f(g+h) 9 +h) h(f+g)>'

x Y z

In this way we get the complete set of reciprocal conjugations . In particular,
given (¢ : m : n), by choosingH to be the point with (homogeneous barycentric)
coordinates

1
m+n—¥0 n+l—m L+m—-—n)’
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this construction gives the : m : n)-conjugate of points.

3. The per spective triangle construction

The parallelogram construction depended on a triple of directions of cevians.
These three directions can be seen as a degenerate triangle on the line at infinity,
perspective toA BC'. We show that this triangle can be replaced by any triangle
A1 B1Cy perspective tad BC', thus making the notion of reciprocal conjugation
projective.

Proposition 2. A triangle A, B1Cy perspective with ABC' induces a reciprocal
conjugation : for every point M not on the side lines of ABC and 4 B, (4, con-
Struct

A" =AM N BC, B'= B MNCA, C'=CiMNAB;

A" = BlC’ﬂClB’, B" = ClA’ﬂAlC’, C"=A,B'nBA.

Triangle A” B"C" is perspective with ABC' at a point NV, and the correspondence
M — N isareciprocal conjugation.

Figure 2

Proof. Since A, B,C1 is perspective wittd BC, we may write the coordinates of
its vertices in the form

A= U :v:w), By =(u:V:w), Ci=w:v:W). (1)

The perspector i€ = (u : v : w). Let M = (f : g : h) be a point outside the
sidelines ofABC and A; B1C1. Explicitly,

A'=0:9U - fo:hU — fw) and B’ = (fV —gu:0:hV — guw).

SLet X be the point with coordinated : m : n). The pointH can be taken as the isotomic
conjugate of the point” which divides the segmeX G in the ratioXG : GY =1 : 2.



118 K.R. Dean and F.M. van Lamoen

The linesA, B’ and B, A’ are given by
(gw — AV )vz + (RUV — gwU — fwV + guw)y + (fV — gu)vz = 0,
(gwU — fow — hUV + fwV)x + (hU — fw)uy + (fv — gU)uz = 0.
These lines intersect in the poi@t’ with coordinates
U \% \% U—-hUV
(guU:va:wa+ng—hUV)~(u—: v, fwV + gw >
g fg
With similar results forA” and B” we have the perspectivity o’ B”C"” and

ABC at the point
wlU oV wW
N=|—]:—:——].
( g9 h )
The pointsM and N clearly correspond to one another under the reciprodal :
vV : wW)-conjugation. O

Theorem 3. Let P, , R be collinear points. Denote by X, Y, Z thetraces of R
on the sidelines BC, C A, AB of triangle ABC', and construct triangle 4; B1C
with vertices

A1 =PANQRX, B1=PBNQY, Ci=PCNQEZ (2)
Triangle A; B1C1 is perspective with ABC, and induces the reciprocal conjuga-
tion under which P and @) correspond.

Proof. If P = (u:v:w), Q= (U:V:W),andR = (1 — t)P + tQ for some
t#0,1, then

—tU —tV —tW
Al—(m{)’lﬂ), Bl—(’l},mﬂ}), Cl—(’l},’l}m)

The result now follows from Proposition 2 and its proof. g

Proposition 2 and Theorem 3 together furnish a construction(&f) for an
arbitrary pointM (outside the side lines oA BC) under the conjugation defined
by two distinct pointsP and ). In particular, the polel3 can be constructed
by applying to the triangled; B;C4 in (2) and M the centroid ofABC' in the
construction of Proposition 2.

Corollary 4. Let Py be a point different from the centroid G of triangle ABC,
regarded as the pole of a reciprocal conjugation 7. To construct 7(M ), apply the
construction in Theorem3to (P, Q) = (G, R). The choice of R can be arbitrary,
say, the midpoint of GF.

Remark. This construction does not apply to isotomic conjugation, for which the
pole is the centroid.

4Here we have made use of the fact that the i€ is given by the equation
wv—V)z+wlu—U)y+ (UV —uv)z =0,
so that we indeed can divide tw(v — V) + gw(u — U) + h(UV — uv).
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4. Desmic configuration

We take a closer look of the construction in Proposition 2. Given triangle
A1 B1Cy with perspectorP, it is known that the trianglel, BoC5 with vertices

Ay, = BC1NCB;y, By = AC1 N CA;, Cy = AB1 N BA;,
is perspective to bottd BC' and A; B1C4, say at points) and R respectively,
and that the perspectoB, ), R are collinear. See, for example, [2]. Indeed,

if the vertices of4; B;C; have coordinates given by (1), those 4fB>C5 have
coordinates

Ay=(u:V:W), By=U:v:W), Co=U:V:w).
From these, it is clear that
Q=U:V:W) and R=(u+U:v4+V:iw+W).

Triangle A, B> Cs is called thedesmic mate of triangle A4 B1C;. The three trian-

gles, their perspectors, and the connecting lines fodesanic configuration, i.e.,

each line contains 3 points and each point is contained in 4 lines. This configuration
also contains the three desmic quadrangeBC R, A B1C1Q and A; BoCs P.

Figure 3

The construction in the preceding section shows that given collinear pBints
@, and R, there is a desmic configuration as above in which the quadrangles
A1B1C1Q and A; BoCy P are perspective ak. The reciprocal conjugations in-
duced byA; B;C7 and A3 BoCy, are the same, and is independent of the choice of
R.

Barry Wolk [3] has observed that these twelve points all lie onitoguU :

vV : wW) cubic with pivotR: °

2 (ut-U) (wWy? oV 223 +y(v+ V) (uU 2% —wW 22) 2 (w+ W) (vV 2% —uUy?) = 0.

5An iso-(¢ : m : n) cubic with pivot R is the locus of pointsX for which X and its iso-
(¢ : m : n)-conjugate are collinear witk.
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Since reciprocal conjugates link the verticesAd3C' to their opposite sides, clearly
the traces of? are also on the cubic. By the symmetry of the desmic configurations,
the traces of) in A B1C7 andP in A, B>C5 are also on the desmic cubic.
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A Note on the Feuer bach Point

Lev Emelyanov and Tatiana Emelyanova

Abstract. Thecirclethrough thefeet of theinternal bisectors of atriangle passes
through the Feuerbach point, the point of tangency of the incircle and the nine-
point circle.

The famous Feuerbach theorem states that the nine-point circle of atriangle is
tangent internally to the incircle and externaly to each of the excircles. Given
triangle ABC, the Feuerbach point F' is the point of tangency with the incircle.
There exists afamily of cevian circumcircles passing through the Feuerbach point.
Most remarkable are the cevian circumcircles of the incenter and the Nagel point.?
In this note we give a geometric proof in the incenter case.

Theorem. Thecircle passing through the feet of the internal bisectors of atriangle
contains the Feuerbach point of the triangle.

The proof of the theorem is based on two facts. the triangle whose vertices are
the feet of the internal bisectors and the Feuerbach triangle are (a) similar and (b)
perspective.

Lemmal. InFigure 1, circle O(R) istangent externally to each of circles O (1)
and Oz (r2), at A and B respectively. If A; By isa segment of an external common
tangent to the circles (O;) and (Oz), then
B = al . A1B. (1)
\/(R+T1)(R+’I“2)

Figure 1

Proof. Intheisoscelestriangle AOB, cos AOB = 22-45% — 1 ALZ Applying
the law of cosinesto triangle O; 005, we have

Publication Date: September 4, 2001. Communicating Editor: Paul Yiu.
1The cevian feet of the Nagel point are the points of tangency of the excircles with the corre-
sponding sides.
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AB?
0105 = (R+TQQ+QR+rﬂ2—QU%+nXR+rﬁ(1_§§5>
AB\?
= (rn - 7“2)2 + (R+r1)(R+1r9) (?> )
From trapezoid 41010281, 0103 = (11 — r2)? + A; Bf. Comparison now
gives A B; asin (1). 0

Consider triangle ABC with side lengths BC' = a, CA = b, AB = ¢, and
circumcircle O(R). Let I3(r3) be the excircle on the side AB.

I3

~

Wheee - -«

[¥)

Figure 2

Lemma 2. If A; and B, are the feet of the internal bisectors of angles A and B,

then

abcy/R(R + 2r3)
(c+a)b+c)R -

Proof. In Figure 2, let K and L be points on /3 A, and I3 B such that OK//CB,
and OL//CA. Since CAy = CBy = %ot

A1By = (2

a+b+c b cH+a a+b+c a b+c
OL=——F—"3=">3 OK=——FH—~"35=75
Also,
b b
CBlZ a7 CA1: a )
c+a c
and
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Thus, triangle C' A; By issimilar to triangle OLK, and
AlBl . CBl . 2ab (3)
LK  OK (c+a)(b+c)

Since O13 is adiameter of the circle through O, L, K, by the law of sines,
LK = OI; -sin LOK = OI3 -sinC = Ol - %. (4)

Combining (3), (4) and Euler'sformula O3 = R(R + 2r3), we obtain (2). O

Now, we prove the main theorem.
(a) Consider the nine-point circle N (%) tangent to the A- and B-excircles. See
Figure 3. The length of the external common tangent of these two excirclesis

a+b+c a+b+tc

XY =AY + BX — AB = 5 + 5 —c=a+b.
By Lemmal,
b)- L& b
R — (@a+0b)-3 _ (a+b)R

JE ) E ) VEFI)ES )
Comparison with (2) gives

AlBl . CLbC\/R(R + 2T1)(R + QTQ)(R + 2T3)
FFy (a+0b)(b+c)(c+ a)R? '
The symmetry of thisratio in a, b, c and the exradii shows that
AlBl . B101 . ClAl
RF,  FBF  FBF
It follows that the triangles A, B1Cy and Fy F> F3 are similar.

(b) We prove that the points F', B; and I, are collinear. By the Feuerbach
theorem, F' is the homothetic center of the incircle and the nine-point circle, and
Fy is the internal homothetic center of the nine-point circle and the B- excircle.
Note that B; isthe internal homothetic center of the incircle and the B-excircle.
These three homothetic centers divide the side lines of triangle 5N I in the ratios

NF . R IBl T IQFQ . 2T2

I 2 Bil, 1y KRN R

Since
NF 1B DLF, |
FI Bil, F,N 7
by the Menelaus theorem, F', By, and F, are collinear. Similarly F', C, F3 are
collinear, as are F', A1, F1. This shows that triangles A; B1Cy and Fy Fy F3 are
perspective a F'.
From (a) and (b) it follows that

LC1FAL + LC1B1A) = LZF3FF) + LF3F>Fy = 180°,

i.e, thecircle A; B1C contains the Feuerbach point F'.
This completes the proof of the theorem.
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TheKiepert Pencil of Kiepert Hyperbolas
Floor van Lamoen and Paul Yiu

Abstract. We study Kiepert triangle&(¢) and their iterationdC(¢, v), the
Kiepert trianglesiC(z)) relative to Kiepert triangle&(¢). For arbitrary¢ and

1, we show thatC(¢, ) = K(v, ¢). This iterated Kiepert triangle is perspec-
tive to each ofABC, K(¢), andKC(v)). The Kiepert hyperbolas d€(¢) form

a pencil of conics (rectangular hyperbolas) through the centroid, and the two in-
finite points of the Kiepert hyperbola of the reference triangle. The centers of
the hyperbolas in this Kiepert pencils are on the line joining the Fermat points
of the medial triangle oA BC'. Finally we give a construction of the degenerate
Kiepert triangles. The vertices of these triangles fall on the parallels through the
centroid to the asymptotes of the Kiepert hyperbola.

1. Preliminaries

Given triangle ABC with side lengthsz, b, ¢, we adopt the notation of John
H. Conway. LetS denotetwice the area of the triangle, and for evefly write
Sg = S - cot 4. In particular, from the law of cosines,

b2+ 2 —a? 4 a® - a? 4+ b -
=—F— Sp=—p—, Sc=—p—
The sumS4 + Sp + Sc = %(a? + b* + ¢?) = S, for the Brocard anglev
of the triangle. See, for example, [2, p.266] or [3, p.47]. For convenience, a
productSy - Sy, - - - is simply written asS,.... We shall make use of the following
fundamental formulae.

Sa

Lemma 1 (Conway) The following relations hold:
@ a’>=8Sp+ Sc,b®> =Sc+ Sa,and ? = Sy + Sp;
(b) Sa+Sp+ Sc =S
(© Sap+ Spc + Sca = S%
(d) Sapc =S5?-8, —a’b*c.

Proposition 2 (Distance formula) The square distance between two points with
absolutébarycentric coordinates P = x A+y1 B+2z:C and Q = x5 A+y2B+2,C
isgiven by

|PQI* = Sa(z1 — 22)* + Sp(y1 — y2)* + Sc (21 — 22)°. 1)

Publication Date: September 11, 2001. Communicating Editor: Jean-Pierre Ehrmann.
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Proposition 3 (Conway) Let P be a point such that the directed angles PBC and
PCB are respectively ¢ and v. The homogeneous barycentric coordinates of P
are
(—a* : Sc+ Sy : Sp+Sy).
Since the cotangent function has periodwe may always choos¢ and+ in
the range-3 < ¢, ¥ < 3. See Figure 1.

Figure 1 Figure 2

2. TheKiepert triangle (o)

Given an anglep, let A?, B?, C? be the apexes of isosceles triangles on the
sides ofABC with base angle. These are the points

A? = (—aQ:Sc+S¢:SB+S¢),
B¢ = (Sc+S¢:—b2:SA+S¢),

C? = (Sp+Sy:Sa+Ss:—c?). 2)
They form theKiepert triangle X (¢), which is perspective tel BC' at theKiepert
per spector
1 1 1
K(¢) = : : . 3
(¢) (SA+S¢ SB+S¢ Sc+5¢> 3)

See Figure 2. Ifh = 7, this perspector is the orthocentér. The Kiepert triangle
K(%) is one of three degenerate Kiepert triangles. Its vertices are the infinite points
in the directions of the altitudes. The other two are identifieglir3 below.

The Kiepert triangléC(¢) has the same centrofdd = (1 : 1 : 1) as the reference
triangle ABC'. This is clear from the coordinates given in (2) above.

2.1 Side lengths. We denote by, bs, andce, the lengths of the sideB?C?,
C? A%, and A? B? of the Kiepert triangleC(¢). If ¢ # Z, these side lengths are
given by
45; . aé CLQS; + 52(45¢ + Sw +354),
4573 - b3 b*S3 + 5%(454 + S, + 35B),
453 - ¢ = S5+ 5%(454 + S, +35¢). (4)
Here is a simple relation among these side lengths.
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Proposition 4. If ¢ # T,

1—3tan2¢.

T (% — c*);

2 2
b¢ — C¢ =
similarly for ¢ — a7 and a — b,
If ¢ = £Z, we havebj) = cé = aé, and the triangle is equilateral. This is
Napoleon’s theorem.
2.2 Area. Denote byS’ twice the area ok (¢). If ¢ # Z,
—a? Sc+5¢ SB+S¢

S
Sc+Sy  —b*  Sa+S|= @(Sg + 28,54 + 35%).
Sp+ 84 Sa+ S —c? ¢

!
R CTRE

(5)

2.3 Degenerate Kiepert triangles. The Kiepert trianglefC(¢) degenerates into a
line when¢ = 7 as we have seen above,®r= 0. From (5), this latter is the case
if and only if ¢ = w4 for

cotwy = —cotw % v/ cot?w — 3. (6)

Sees5.1 and Figures 8A,B for the construction of the two finite degenerate Kiepert
triangles.

2.4. TheKiepert hyperbola. Itis well known that the locus of the Kiepert perspec-
tors is the Kiepert hyperbola

K: (b — A)yz + (2 — a®)zx + (a® — bH)ay = 0.
See, for example, [1]. In this paper, we are dealing with the Kiepert hyperbolas of
various triangles. This particular one (of the reference triangle) will be referred to
as thestandard Kiepert hyperbola. It is the rectangular hyperbola with asymptotes
the Simson lines of the intersections of the circumcircle with the Brocard axis
OK (joining the circumcenter and the symmedian point). Its center is the point
(b2 — )% : (® — a®)? : (a® — b?)?) on the nine-point circle. The asymptotes,
regarded as infinite points, are the poiffés) for which
1 n 1 N 1 B
SA-I-Sd, SB+S¢ Sc-l-Sd,_
These ardy = K (5 — w+) for w. given by (6) above.

0.

3. Iterated Kiepert triangles

Denote byA’, B', C’ the magnitudes of the anglet, B?, C'? of the Kiepert
triangleC(¢). From the expressions of the side lengths in (4), we have
1

514/ == D)
45 py

(SaS3 +25°S4 + S*(25., — 354)) (7)

together with two analogous expressions.$gr andS;.,.
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Figure 3

Consider the Kiepert triangli€(¢) of K(¢). The coordinates of the ape®¥
with respect taC(¢) are(—aé : Sgr + 8y, + S+ S;,). Making use of (5) and
(7), we find the coordinates of the vertices/of¢, ) with reference toABC, as
follows.

APV = (—(25% + a%(Sy + Sy) +2S4y) : S% — Syy + Sc(Sy + Sy) : 8% — Spy + SB(Sy + Sy))s
B®Y = (82 — Sy + Sc(Sy + Sy) 1 —(28% +b2(Sy + Sy) +2S4y) : S% — Sy +Sa(Sg + Sy)),
CPY = (8% = Sgy + Sp(Sp + 5y) : 52 = Sy + Sa(Sp + Sy) + =(25% +¢*(Sg + Sp) + 254))-

From these expressions we deduce a number of interesting properties of the
iterated Kiepert triangles.

1. The symmetry inp and« of these coordinates shows that the triangles
K(¢,1) andC(y, ¢) coincide.

Figure 4
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2. ltis clear that the iterated Kiepert triandl& ¢, 1)) is perspective with each
of K(¢) and (7)), though the coordinates of the perspectfijgy) and Ky, (o)
are very tedious. It is interesting, however, to note #iép, ) is also perspective
with ABC'. See Figure 4. The perspector has relatively simple coordinates:

K(6.) = ( 1 - 1 ~ 1 )
IR S2 4+ Sa(Se + Sy) — Sey S22+ S5(S¢ + Sy) — Sey  S2+Sc(Se +Sy) —Sew )

3. This perspector indeed lies on the Kiepert hyperbold Bt”; it is the Kiepert
perspector (6), where

1 —cotgcoty
C0t9 = m = —COt(QZ)"‘T,Z))
In other words,
K(¢,¢) = K(—(¢+v)). (8)

From this we conclude that the Kiepert hyperbolakdfp) has the same infinite
points of the standard Kiepert hyperbala,, their asymptotes are parallel.

4. The trianglelC(¢, —¢) is homothetic taA BC at G, with ratio of homothety
(1 — 3tan? ¢). Its vertices are

A¢’7¢) _ (—2(82 . S(Qﬁ) . 82 + S?ﬁ : S2 + S(%)u
BOT0 = (874728~ 5]): 574 5)),
CO0 = (§2482: 52452 —2(S2 — 52)).
See also [4].

Figure 5

4. TheKiepert hyperbola of K(¢)

Since the Kiepert triangl&(¢) has centroid7, its Kiepert hyperbola, con-
tainsG. We show that it also contains the circumcerder

Proposition 5. 1f ¢ # T, £7,0 = K4(—(% — ¢)).
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Proof. Lety = —(5 — ¢), so thatS,, = —g—i. Note that

2525 2529
AP = | —a?: e+ S0 ° 48
< ¢ S2+S(§Jr “ S2+S¢%Jr B

while

A? = (—a?: Sc + Sy : Sp + Sy).
These two points are distinct unlegs= 5, . Subtracting these two coordinates
we see that the ling, := A% A%¥ passes throug(0 : 1 : 1), the midpoint of BC.
This means, by the construction 4f, that/, is indeed the perpendicular bisector
of BC, and thus passes through By symmetry this proves the proposition.[

Figure 6

The Kiepert hyperbolas of the Kiepert triangles therefore form the pencil of
conics through the centroi@, the circumcente®), and the two infinite points of
the standard Kiepert hyperbola. The Kiepert hypertigjas the one in the pencil
that contains the Kiepert perspectii(¢), since K (¢) = K,(—2¢) according to
(8). Now, the line containind((¢) and the centroid has equation

(0> = ) (Sa + Sg)x + (2 = a®)(Sp + Sg)y + (a® — b*)(Sc + Sp)z = 0.
It follows that the equation of; is of the form
P = Ayz+ Ma+y+2)( D (07 =) (Sa+ Sp)r) =0,
cyclic cyclic

where) is determined by requiring that the conic passes through the circumcenter
O = (a®S4 : b2Sp : ?S¢). This gives\ = ﬁ and the equation of the conic
can be rewritten as
255( > (0> = Pyz) + (@ +y+2)( Y (b* =) (Sa+ 8y)x) = 0.
cyclic cyclic
Several of the hyperbolas in the pencil are illustrated in Figure 7.
The locus of the centers of the conics in a pencil is in general a conic. In the case

of the Kiepert pencil, however, this locus is a line. This is clear from Proposition 4
that the center oy has coordinates

((bQ _ 02)2 . (02 _ a2)2 . (a2 _ b2)2)
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Figure 7

relative to A? B*C?, and from (2) that the coordinates df, B¢, C¢ are linear
functions ofS;. This is the line joining the Fermat points of the medial triangle.

5. Concluding remarks

5.1 Degenerate Kiepert conics. There are three degenerate Kiepert triangles cor-
responding to the three degenerate members of the Kiepert pencil, which are the
three pairs of lines connecting the four poidts O, L. = K(§ — w+) defining

the pencil. The Kiepert triangleS(wy.) degenerate into the straight lin€&-.

The vertices are found by intersecting the line with the perpendicular bisectors of
the sides ofABC'. The centers of these degenerate Kiepert conics are also on the

circle with OG as diameter.

5.2 The Kiepert hyperbolas of the Napoleon triangles. The Napoleon triangles
K(+%) being equilateral do not posses Kiepert hyperbolas, the centroid being the
only finite Kiepert perspector. The rectangular hyperbdlas g in the pencil are

the circumconics through this common perspectcandO. The centers of these
rectangular hyperbolas are the Fermat points of the medial triangle.

5.3 Kiepert coordinates. Every point outside the standard Kiepert hyperbola
and other than the circumcent@r lies on a unique member of the Kiepert pencil,
i.e, it can beuniquely written asK,(¢). As an example, the symmedian point



132 F.M. van Lamoen and P. Yiu

Figure 8A Figure 8B

K = Ky(v) for ¢ = w (the Brocard angle) ang = arccot(% cotw). We leave
the details to the readers.
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Simple Constructions of the Incircle of an Arbelos

Peter Y. Woo

Abstract. We give several simple constructions of the incircle of an arbelos,
also known as a shoemaker’s knife.

Archimedes, in hig8ook of Lemmas, studied the arbelos bounded by three semi-
circles with diametersi B, AC, andCB, all on the same side of the diameteérs.
See Figure 1. Among other things, he determined the radius of the incircle of the
arbelos. In Figure 2(H is the diameter of the incircle parallel to the ba$8,
andG’, H' are the (orthogonal) projections 6f, H on AB. Archimedes showed
thatGH H'G' is a square, and thatG’, G’ H', H' B are in geometric progression.
See [1, pp. 307-308].

1 ; Z i
A C B A

Figure 1 Figure 2

In this note we give several simple constructions of the incircle of the arbelos.
The elegant Construction 1 below was given by Leon Bankoff [2]. The points
of tangency are constructed by drawing circles with centers at the midpoints of
two of the semicircles of the arbelos. In validating Bankoff’s construction, we
obtain Constructions 2 and 3, which are easier in the sense that one is a ruler-only
construction, and the other makes use only of the midpoint of one semicircle.

i

A C B A
Construction 1 Construction 2 Construction 3

Publication Date: September 18, 2001. Communicating Editor: Paul Yiu.
1The arbelos is also known as the shoemaker’s knife. See [3].
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Theorem 1 (Bankoff [2]). Let P and @ be the midpoints of the semicircles (BC')
and (AC') respectively. If the incircle of the arbelos is tangent to the semicircles
(BC), (AC),and (AB) at X, Y, Z respectively, then

() A, C, X, Z lieonacircle, center Q;

(i) B,C,Y, Z lieon acircle, center P.

Proof. Let D be the intersection of the semicirdld B) with the line perpendicu-
lar to AB at C. See Figure 3. Note thatB - AC = AD? by Euclid’s proof of
the Pythagorean theorefConsider the inversion with respect to the cirdigD).
This interchanges the poinf andC, and leaves the lind B invariant. The inver-
sive images of the semicirclg¢si B) and(AC) are the lineg and/ perpendicular
to AB at C' and B respectively. The semicircleéBC'), being orthogonal to the
invariant line AB, is also invariant under the inversion. The incirdlé 7 of the
arbelos is inverted into a circle tangent to the semicif@€"), and the lined, ¢,
atP,Y’, Z' respectively. Since the semicird®C) is invariant, the points, X,
andP are collinear. The point®” andZ’ are such thaBPZ' andC PY” are lines
making45° angles with the lined B. Now, the lineBPZ’ also passes through the
midpoint L of the semicircle(AB). The inversive image of this line is a circle
passing througld, C, X, Z. Since inversion is conformal, this circle also makes a
45° angle with the lined B. Its center is therefore the midpoi@tof the semicircle
(AC). This proves that the point§ andZ lies on the circlel(A).

The same reasoning applied to the inversion in the ciB(®) shows thafl”
andZ lie on the circleP(B). O

Theorem 1 justifies Construction 1. The above proof actually gives another
construction of the incircl&X'Y Z of the arbelos. Itis, first of all, easy to construct
the circlePY’Z’. The pointsX, Y, Z are then the intersections of the lind#,

AY', and AZ" with the semicircleg BC), (CA), and (AB) respectively. The
following two interesting corollaries justify Constructions 2 and 3.

2Euclid’s Elements, Book |, Proposition 47.
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Corollary 2. Thelines AX, BY, and C'Z intersect at a point .S on the incircle
XY Z of the arbelos.

Proof. We have already proved thdt X, P are collinear, as ar8, Y, Q. In Fig-
ure 4, letS be the intersection of the lingd P with the circleXY Z. The inversive
imageS’ (in the circle A(D)) is the intersection of the same line with the circle
PY'Z'. Note that

LAS'Z' = /PS'Z = /PY'Z = 45° = /ABZ'

so thatA, B, S’, Z' are concyclic. Considering the inversive image of this circle,
we conclude that the lin€'Z containsS. In other words, the linestP andCZ
intersect at the poing on the circleXY Z. Likewise, BQ andC'Z intersect at the
same point. O

Figure 4 Figure 5

Coroallary 3. Let M be the midpoint of the semicircle (AB) on the opposite side
of the arbelos.

(i) Thepoints A, B, X, Y lieonacircle, center M.

(i) Theline C'Z passes through M.

Proof. Consider Figure 5 which is a modification of Figure 3. SidteP, Y’ are
on a line making a5° angle withAB, its inversive image (in the circld (D)) is
a circle through4, B, X, Y, also making al5° angle withAB. The center of this
circle is necessarily the midpoidt of the semicircleAB on the opposite side of
the arbelos.

Join A, M to intersect the ling at M’. Since/BAM' = 45° = /BZ'M’,
the four pointsA, 7/, B, M’ are concyclic. Considering the inversive image of the
circle, we conclude that the lin€Z passes through/. O

The center of the incircle can now be constructed as the intersection of the lines
joining X, Y, Z to the centers of the corresponding semicircles of the arbelos.
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However, a closer look into Figure 4 reveals a simpler way of locating the center
of the incircleXY Z. The circlesXY Z and PY’Z’, being inversive images, have
the center of inversiom as a center of similitude. This means that the center of
the incircle XY Z lies on the line joiningA to the midpoint ofY”Z’, which is the
opposite side of the square erected €', on the same side of the arbelos. The
same is true for the square erectedAxri. This leads to the following Construction

4 of the incircle of the arbelos:

Construction 4
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Euler’s Formula and Poncelet’s Porism

Lev Emelyanov and Tatiana Emelyanova

1. Introduction

It is well known [2, p. 187] that two intersecting circlé R) andO; (R;) are
the circumcircle and an excircle respectively of a triangle if and only if the Euler
formula
d?> = R?> + 2RR;, (1)
whered = |00 |, holds. We present a possibly new proof and an application to
the Poncelet porism.

Figurel Figure 2

Theorem 1. Intersecting circles (O) and (O, ) arethe circumcircle and an excircle
of atriangle if and only if the tangent to (O, ) at an intersection of the circles meets
(O) again at the touch point of a common tangent.

Proof. (Sufficiency) LetO(R) andO;(R;) be intersecting circles. (These circles
are not assumed to be related to a triangle as in Figure 1.) Of the two lines tangent
to both circles, letAK be one of them, as in Figure 2. Let= AK N OO,. Of
the two points of intersection df0) and (O,), let C be the one not on the same
side of lineOO; as pointA. Line AC is tangent to circleD; (R;) if and only
if |AC| = |AK]|. Let B and M be the points other thafi where linePC meets
circlesO(R) andO; (R;), respectively. Triangled BC andK C M are homothetic

. . AB . .
with ratio P%, SO thatﬁ = R% Also, trianglesABC andC AK are similar,
sinceZ/ABC = Z/CAK andZBAC = LZACK. Therefore,@ = &

|AC| — |CK]|
that@ . E — ﬂ and

|AC| Ry |CK|
Ry
CK|=|AC|\] —=. 2
CK| = |AC|y/ 7 2)

Publication Date: October 8, 2001. Communicating Editor: Clark Kimberling.
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Also,
|AK| = |AC|cos(£LCAK)+ |CK|cos(LCKA)

[, _ [ACP? [CK]?
= |AC|\/1— +|CK|([1— : (3)
4R? 4AR2

If |AC| = |AK|, then equations (2) and (3) imply

i

|AK |2 Ry  JAK?
AK|=|AK|x/1 - AK|\W — —
which simplifies td AK |> = 4RR; — R?. Since|AK | = d> — (R — R;)?, where
d = |00 |, we have the Euler formula given in (1). O

We shall prove the converse below from Poncelet’s porism.

2. Poncelet porism

Suppose trianglel BC' has circumcircleD(R) and incircleI(r). The Poncelet
porism is the problem of finding all triangles having the same circumcircle and
incircle, and the well known solution is an infinite family of triangles. Unless
triangle ABC is equilateral, these triangles vary in shape, but even so, they may be
regarded as “rotating” about a fixed incircle and within a fixed circumcircle.

Figure 3

Continuing with the proof of the necessity part of Theorem 1jlet; ) be the
excircle corresponding to vertex. Since Euler’'s formula holds for this configu-
ration, the conditions for the Poncelet porism (e.g. [2, pp. 187-188]) hold. In the
family of rotating trianglesA BC there is one whose verticesand B coincide in
a point, D, and the limiting lineA B is, in this case, tangent to the excircle. More-
over, linesC A and BC' coincide as the line tangent to the excircle at a point of
intersection of the circles, as in Figure 3. This completes the proof of Theorem 1.

Certain points of triangled BC, other than the centers of the two fixed circles,
stay fixed during rotation ([1, p.16-19]). We can also find a fixed line in the Pon-
celet porism.
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Theorem 2. For each of the rotating triangles ABC' with fixed circumcircle and
excircle corresponding to vertex A, the feet of bisectors BB, and C'C; traverse
line DE, where E isthe touch point of the second common tangent.

3. Proof of Theorem 2

We begin with the pole-polar correspondence between points and lines for the
excircle with centery, as in Figure 4.

The polars ofA, B, C'are LM, M K, K L, respectively, wherd K LM is the
A-extouch triangle. AsBB; is the internal bisector of anglB and B, is the
external bisector, we havB B; 1 BI;, and the pole ofBB; lies on the polar of
B, namelyM K. Therefore the pole oB B is the midpointP of segmentM K.
Similarly, the pole of the bisectar’C} is the midpointQ of segmentK L. The
polar of B; is the line passing through the poles®Bf3; and LBy, i.e. line PL.
Likewise, M Q is the polar ofC;, and the pole ofB;C; is centroid of triangle
K LM, which we denote a&.

We shall prove that; is fixed by proving that the orthocentéf; of triangle
KLM is fixed. (Gallatly [1] proves that the orthocenter of the intouch triangle
stays fixed in the Poncelet porism with fixed circumcircle and incircle; we offer a
different proof, which applies also to the circumcircle and an excircle.)

Lemma 3. The orthocenter H; of triangle K LM stays fixed as triangle ABC
rotates.

Proof. Let K LM be the extouch triangle of triangléBC, let RST be the orthic
triangle of triangleK' LM, and letH; and E; be the orthocenter and nine-point
center, respectively, of triangl& LM, as in Figure 5.

(1) The circumcircle of triangl&.ST" is the nine-point circle of trianglé& LM,
so that its radius is equal %)Rl, and its centerr; is on the Euler linel; H; of
triangle K LM.

(2) Itis known that altitudes of an obtuse triangle are bisectors (one internal and
two external) of its orthic triangle, so thaf is the R-excenter of triangldR.ST.
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Figure 5

(3) Triangle RST and triangleABC are homothetic. To see, for example, that
AB||RS, we have/KRL = Z/KSL = 90°, so thatL, R, S, K are concyclic.
Thus,/KLR = /KSR = ZRSM. On the other handy K LR = /KLM =
ZKMBandZRSM = ZSM B. ConsequentlyAB||RS.

(4) The ratiok of homothety of triangleABC' and triangleRST is equal to
the ratio of their circumradii, i.ek = %. Under this homothetyp)) — E; (the
circumcenters) andi — H; (the excenter). It follows thab ;|| Ey H;. SinceE;,
1, Hy are collinear,0O, I;, H, are collinear. Thu®)1; is the fixed Euler line of
every triangleK LM .

The place ofH stays fixed orO becauseF H = % remains constant. There-
fore the centroid of, trianglé’ LM also stays fixed. a

To complete the proof of Theorem 2, note that by Lemmé&33is fixed on line
O1I,. Therefore, lineB; 4, as the polar of~, is fixed. Moreover,B,C;_LOI.
Considering the degenerate case of the Poncelet porism, we concludg dhat
coincides withD E, as in Figure 3.
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Conics Associated with a Cevian Nest

Clark Kimberling

Abstract. Various mappings in the plane 6f ABC' are defined in the context

of a cevian nest consisting 8 ABC, a cevian triangle, and an anticevian trian-

gle. These mappings arise as Ceva conjugates, cross conjugates, and cevapoints.
Images of lines under these mappings and others, involving trilinear and conic-
based poles and polars, include certain conics that are the focus of this article.

1. Introduction

SupposeL is a line in the plane oNABC, but not a sidelineBC, C A, AB,
and suppose a variable poifjttraverses.. The isogonal conjugate @J traces a
conic called the isogonal transform bf which, as is well known, passes through
the verticesA, B, C. In this paper, we shall see that for various other transfor-
mations, the transform df is a conic. These include Ceva and cross conjugacies,
cevapoints, and pole-to-pole mappihgket

P=pi:p2:p3 (1)
be a point not on a sideline oA ABC. Suppose
U=uj:uzy:uzs and V =y : vy : v3 (2)
are distinct points ol.. ThenL is given parametrically by
Q: = up + vt : ug + vot : ugz + v3t, —oo <t < oo, 3)

whereQ), := V. The curves in question can now be represented by the for¢)
(or P; x @), wherex represents any of the various mappings to be considé&iad
any such curve, a parametric representation is given by the form

xl(t) : 512‘2(75) : x3(t),

Publication Date: October 18, 2001. Communicating Editor: Peter Yff.

1The cevian triangle of a poirf® not on a sideline oft BC is the triangled’ B'C’, where A’ =
PANBC,B'= PBNCA,CB = PCnN AB. The nameevian (pronounced cheh’vian) honors
Giovanni Ceva (pronounced Chay’'va). We use a lower case c in adjectives sartfcasan (cf.
nonabelian) and a capital when the name stands alone, &g conjugate. The nameanticevian
derives from a special case called Hrgicomplementary triangle, so named because its vertices are
the anticomplements oA, B, C.

2Throughout, coordinates for points are homogeneous trilinear coordinates.
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where the coordinates are polynomialg inaving no common nonconstant poly-
nomial factor. The degree of the curve is the maximum of the degrees of the poly-
nomials. When this degree is 2, the curve is a conic, and the following theorem
(e.g. [5, pp. 60-65]) applies.

Theorem 1. Suppose a point X = x; : x5 : x3 iSgiven parametrically by

vy = dit* +eit+ fi (4)
To = d2t2+€2t+f2 (5)
z3 = dst’ +est+ fs, (6)
where the matrix
di e fi
M=\ da ex fo
d3 e3 f3
isnonsingular with adjoint (cofactor) matrix
Dy Dy Djs
M#*=| E, E, Fj
F F Fj

Then X lies on the conic:

(Bro+ Ey3 + E37)* = (D1av+ Doff + Dgy)(Fra+ Faf + Fyy). (7)

Proof. SinceM is nonsingular, its determinantis nonzero, and/~! = %M#.

Let

X1 t2
X=| x and T = t ,
I3 1

so thatX = MT andM~'X = T. This second equation is equivalent to the
system

Dix1 + Doxys + Dsxs = 5t?
FEix1 + FEsreg + FEsx3 = 0t
Fxy + Foxo + Fixg = 0.

The equal quotientst? /6t andét/J yield

Dixy + Doxo + D3xs  Eray + Eqwg + Esus
Eixy + Esxo + Esxy  Fixy + Foxg + Fyws

g

For a first example, suppoge = ¢ : g2 : ¢3 iS a point not on a sideline of
ANABC, and letL be the linep o + ¢28 + g3y = 0. The P-isoconjugate of), is
(e.g., [4, Glossary]) the point

1 1 1

p1q1 ' p2q2 ' P3qg'

PxQ =
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The method of proof of Theorem 1 shows that fhiésoconjugate of. (i.e., the set
of pointsP « R for R on L) is the circumconic

ﬂ + ﬂ + ﬁ =0.
pia  p2f p3y
We shall see that the same method applies to many other configurations.

2. Cevian nests and two conjugacies

A fruitful configuration in the plane oNABC' is the cevian nest, consisting
of three trianglesii, T, T3 such that7; is a cevian triangle of’}, and T3 is a
cevian triangle off5. In this article,7, = AABC, so thatT] is the anticevian
triangle of some poinP, andTj is the cevian triangle of some poi@t. It is well
known (e.g. [1, p.165]) that if any two pairs of such triangles are perspective pairs,
then the third pair are perspective dlséccordingly, for a cevian nest, given two
of the perspectors, the third may be regarded as the value of a binary operation
applied to the given perspectors. There are three such pairs, hence three binary
operations. As has been noted elsewhere ([2, p. 203] and [3, Glossary]), two of
them are involutory: Ceva conjugates and cross conjugates.

2.1 Ceva conjugate. The P-Ceva conjugate of (), denoted byP©Q, is the per-
spector of the cevian triangle &f and the anticevian triangle ¢f; for P = p :

p2 1 p3and@ = q1 : 2 : g3, we have
q1 q2 q3 q1 q2 q3 q1 q2 q3
POQ=qi(——+ =+ =) iga(-— — =+ =) rgs(-— + — — ).
b1 b2 p3 b1 b2 p3 b1 b2 p3

Theorem 2. Suppose P, U, V, @, are pointsasin (1)-(3); that is, J; traverses line
UV. Thelocus of P©Q); isthe conic

o B2 42 1 1 1 1 1 1
e + Pr—(—+—)ya—(—+—)af =0, (8)
P1q1  Pp2q2  P34gs3 P2q3  P3q2 p3q1  Pi1gs pP1q2  P2q1
where Q := ¢; : g2 : g3, thetrilinear pole of theline UV, is given by
1 1 1
q1:4q2:43 = : :

UgU3 — U3V UV] — UIV3 ULV — UV
This conic* passes through the vertices of the cevian triangles of P and Q.

Proof. First, it is easy to verify that equation (8) holds fer 3 : + equal to any of
these six vertices:

O:po:ps, pr:0:p3, pr:p2:0, 0:qa:q3, q1:0:¢q3, q1:q2:0 (9)

Speter Yff has observed that in [1], Court apparently overlooked the factibaBC' and any
inscribed triangle are triply perspective, with perspectdy®3, C. For these cases, Court’s result is
not always true. It seems that he intended his inscribed triangles to be cevian triangles.

“The general equation (8) for the circumconic of two cevian triangles is one of many interesting
equations in Peter Yff’s notebooks.
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A conic is determined by any five of its points, so it suffices to prove that the six
vertices are of the forn?©(Q),. Puttingz; = 0in (4) gives roots

P —61:|:x/€%—4d1f1 (10)

2d,
where
v v v
di = vi(——+ =+ =), (11)
b1 b2 Dp3
2uv U1V + U2V U1V3 + uzv
61:_11+12 21+13 31’ (12)
b1 b2 b3
U1 u9g us
f1 = ul(———l-——l-—). (13)
b1 b2 b3

The discriminant in (10) is a square, afjgimplifies:

¢ _ Z€1P2P3qaqs + (p3g2 — p2g3)

¢ 2d1p2p3q2q3 '
If the numerator is-e;papsq2q3 + (p3g2 — pP2g3), then (5) and (6), and substitutions
for do, ea, fo, ds, e3, f3 obtained cyclically from (11)-(13give x, /x5 = pa/ps, SO
that PO©Q;, = 0 : p2 : p3. On the other hand, if the numerator+is; p2p3qg2q3 —
(p3q2 — p2qs), thenzse /x3 = g2 /q3 and POQ, = 0 : ¢2 : q3. Likewise, the roots
t, andt, of (5) and (6) yield a proof that the other four vertices in (9) are of the
form POQ;. O

Corollary 2.1. Suppose P = py : po : pgisapointand L given by i + €56 +
l3y = 0 isaline. Suppose the point @, traverses L. The locus of POQ; is the

conic

(10?2 0552 p3~? 14 / 14 14 / 14
T A e SR VY - § PO S )
b1 b2 b3 b2 P3 b3 D1 b1 P2

Proof. Let U, V' be distinct points ori, and apply Theorem 2. O

Corollary 2.2.  The conic (14) is inscribed to AABC if and only if the line
L = UV isthetrilinear pole of P.

Proof. In this case/; : ¢3 : ¢35 = 1/p1 : 1/p2 : 1/ps, so thatP = Q. The
cevian triangles indicated by (9) are now identical, and the six pass-through points
are three tangency points. O

One way to regard Corollary 2.2 is to start with an inscribed conitt follows
from the general equation for such a conic (e.g., [2, p.238]) that the three touch
points are of the formd : ps : p3, p1 : 0: p3, p1 : P2 : 0, for someP = py : po : p3.
ThenT is the locus ofP©Q); asQ; traversed..

Example 1. Let P = centroid and?) = orthocenter. Then lin&V is given by
(cos A)ac + (cos B)B + (cos C)y = 0,

and the conic (8) is the nine-point circle. The same is trué¥et orthocenter and
@ = centroid
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Example 2. Let P = orthocenter and) = Xgus, the trilinear pole of the Euler
line, so thatUV is the Euler line. The conic (8) passes through the vertices of
the orthic triangle, an&y, X113, X155, X193, Which are theP-Ceva conjugates of
Xy, X309, X3, Xo, respectivel;?.

Figure 1

2.2 Cross conjugate. Along with Ceva conjugates, cevian nests proffer cross con-

jugates. SUpposE = p; : po : p3 andQ = ¢ : ¢o : g3 are distinct points, neither

lying on a sideline oA ABC. Let A’ B’C’ be the cevian triangle a@. Let
A"=PA'NB'C', B"=PB'nC'4A, C"=PC'NnAB,

so thatA” B”C" is the cevian triangle (im\A'B’'C") of P. Thecross conjugate

P ® Q is the perspector oh ABC and A A”B”C”. It has coordinates

a1 . q2 . a3
b1 p2  p3 " _ P24 P3 P17 _ P34 PLy P2°
q1 + q2 + q3 q2 + 93 + q1 q3 + q1 + q2

It is easy to verify directly tha® is a conjugacy; i.e.P ® (P® Q) = @, or to
reach the same conclusion using the identity

XoP=((X"oP ),

where( )~! signifies isogonal conjugation.

The locus ofP ® @ is generally a curve of degrée However, on switching
the roles ofP and (), we obtain a conic, as in Theorem 3. Specifically,det=
q1 : g2 : g3 remain fixed while

P =wu +vit:ug +wvot i ug+v3t, —oo <t < oo,
ranges through the lin€V.

5Indexing of triangle centers is as in [3].
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Theorem 3. Thelocus of the P, ® @ isthe circumconic

B+ 27+ 2+ Byt (B4 Byag o, 1s)
q2 q3 q3 q1 q1 g2

whereline UV isrepresented as
proc+ paf + p3y = (ugu3 — usva)a + (uzvr — u1v3)f + (urve — ugvy)y = 0.

Proof. Following the proof of Theorem 1, let

U U U v
——1+—2+—3,U/:——1+
q1 q2 q3 q1

(9 v
Y2 U8
q2 q3

u) =
and similarly foru,, uf, vy, v5. Then

! ! ! ! ! !
d1 = qvpus, e1 = q1(upvs + uzvy), fi = qrugug,

and similarly ford,, e;, f;, i = 2,3. The nine termsi;, e;, f;, yield the nine
cofactorsD;, E;, F;, which then yield) for the coefficients of?, 5%, v2 in (7) and
the other three coefficients as asserted in (15). d

Example 3. Regarding the conic (15), suppose= p; : p2 : ps3 iS an arbitrary
triangle center and is an arbitrary circumconi¢/a + m/3 + n/v = 0. Let

Q = qg1:@:q¢
1 1 1

p1(—pil + pam +psn) * pa(—pam + psn+pil)  ps(—psn+ pil + pam)

For P, ranging through the lind, given bypia + pso3 + p3y = 0, the locus of
P, ® QQ is thenI, since

Py P2 DL Ps P2 DLy pyin

g2 43 43 q1 q1 Q2
In other words, giver® and L, there existg) such that? ® () ranges through any
prescribed circumconic. In facf) is the isogonal conjugate @f©)L’, whereL’
denotes the pole of ling. Specific cases are summarized in the following table.

(P lQ ¢ | pass-through pointsy;, for i = |
XX |1 88,100, 162,190 (Steiner ellipse)
X | Xo |b+ec 80, 100, 291 (ellipse)
X1|Xs |alb+c) 101, 190, 292 (ellipse)
X1 | X57 |a 74,98,99,...,111,112, ...(circumcircle)
X; | Xg3 |sin24 109, 162, 163, 293 (ellipse)
X1 | Xi00 | b—c 1,2, 28,57, 81, 88,89, 105, ...(hyperbola)
X1 | X101 | a(b—c)(b+c—a)|6,9,19,55,57,284, 333, (hyperbola)
X1 | X190 | a(b—c) 1,6, 34,56, 58, 86, 87, 106, ...(hyperbola)
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3. Polesand polars

In this section, we shall see that, in addition to mappings discuss&] aertain
mappings defined in terms of poles and polars are nicely represented in terms of
Ceva conjugates and cross conjugates

We begin with definitions. Suppos€B’C’ is the cevian triangle of a poir?
not on a sideline ofAABC. By Desargues’s Theorem, the poims” N B(C’,
CANC'A,AB N A’B’" are collinear. Their line is th&ilinear polar of P.
Starting with a lineL, the steps reverse, yielding ttelinear pole of L. If L is
given byxza + yf + zy = 0 then the trilinear pole of. is simply1/z : 1/y : 1/z.

Supposd' is a conic andX is a point. For eact/ onT', let V' be the point other
thanU in which the lineU X meetsl’, and letX’ be the harmonic conjugate &f
with respect td/ andV. As U traversed’, the pointX’ traverses a line, the polar
of X with respect td, or I'-based polar of X. Here, too, as with the trilinear
case, for given lind., the steps reverse to define théased pole of L.

In §2, two mappings were defined in the context of a cevian nest. We return
now to the cevian nest to define a third mapping. Suppdse p : ¢ : r and
X = x : y : z are distinct points, neither lying on a sideline 6fABC. Let
A" B"C" be the anticevian triangle of. Let

A'=PA"NBC, B'=PB'NCA, C' =PC"NAB.
The cevapoint of P and X is the perspectorR, of trianglesABC and AB'C’.
Trilinears are given by
J— 1 . 1 . 1
Cqztry rr+pz opy+qx

It is easy to verify thatP = RO X.
The general conit' is given by the equation

(16)

ua? + vB% + wy? 4 2pBy + 2gya + 2raf = 0,
and thel'-based polar o = z : y : z is given (e.g., [5]) by
(ux +ry+ qz)a + (vy + pz +rz)5 + (wz + gz + py)y = 0. a7

Example 4. Let I" denote the circumconip/« + ¢/8 + r/v = 0, that is, the
circumconic having as pivot the poift = p : ¢ : ». TheT'-based polar ofX is
the trilinear polar of the cevapoint @ and X, given by

(qgz + ry)a+ (re+ pz)B8 + (py + qz)y = 0.
In view of (16), (trilinear polar ofX') = (I'-based polar oX© P).

Example 5. LetT" denote conic determined as in Theorem 2 by poittand Q.
The conic is inscribed IMABC if and only if P = @, and in this case, the
I"-based polar o is given by

1 x z 1 /xz z 1 /z z
O
p p q r qg\p q T T\p ¢q¢ T
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In other words(T'-based polar ofX') = (trilinear polar of X ® P). In particular,
choosingP = X7, we obtain the incircle-based polar &f:

f(A,B,Cla+ f(B,C,A)f+ f(C,A,B)y =0,

where

2 A
sec 2

f(A,B,C) =

—zcos2 4 +ycos? B 4 zcos? &
Suppose now thdt is a conic and_ a line. As a point

X =p1+aqt:p2+qet:ps+qgst (18)
traversesl, a mapping is defined by the trilinear pole of thidbased polar ofX.
This pole has trilinears found directly from (17):

111
gi1(t) " g2(t) " gs(t)’

whereg; (t) = u(p1 + qit) + r(p2 + g2t) + q(ps + gst), and similarly forg(¢) and
g3(t). The same pole is given by

92(t)g3(t) = g3(t)g1(t) : g1(t)ga(?), (19)

and Theorem 1 applies to form (19). With certain exceptions, the resulting conic
(7) is a circumconic; specifically, iig + rg2 + qg3 # 0, theng; (¢) has a root for
which (19) is vertex4, and similarly for verticed3 andC.

Example6. ForP = u : v : w, letI'(P) be the circumconia Sy + vya+waf =
0. Assume that at least one point Bf P) lies inside AABC; in other words,
assume thal' (P) is not an ellipse. L (P) be the conig

ua? + vt +wy? =0. (20)

Foreachx : 3 : v onthe lineua+v3+wy = 0 and inside or on a side A ABC,
letP=p:q:r,withp>0,q>0,r >0, satisfy

a:p2, ﬁ:q27 7:737

and define
\/]_3::\/1_9:\/6:\/7_“ (21)
and
Py:=—p:q:\Vr, Pp:=\p:—q:r, Pc::\/ﬁ:\/a:—\/izz)

Each point in (21) and (22) satisfies (20), and conversely, each point satisfying
(20) is of one of the forms in (21) and (22). Therefore, the conic (20) consists

SLet & = vwa® + wub® + uvc®. Conic (20) is an ellipse, hyperbola, or parabola according as
d >0, &< 0,0rd = 0. Yff[6, pp.131-132], discusses a class of conics of the form (20) in
connection with self-isogonal cubics and orthocentric systems.



Conics associated with a cevian nest 149

of all points as in (21) and (22). Constructibier v/P are known, and points
P., Py, P are constructible as harmonic conjugates involwng and vertices
A, B,C; e.g., P, is the harmonic conjugate @ with respect toA and the point
BC n AP. Now suppose thak is a line, given byla + mf3 + ny = 0. ForX
as in (18) traversing., we haveg (t) = u(p1 + ¢it), leading to nine amenable
coefficients in (4)-(6) and on to amenable cofactors, as indicated by

2 2
D1 =upiri, E1=—upiqir1, Fi1=ugiri,

wherer; = paq3 — p3ge. The nine cofactors and (7) yield this conclusion: the
I'-based pole o traverses the circumconic

14 m n
ua vl wy
For example, taking linewoe + v + wy = 0 to be the trilinear polar ofXjg
and L that of X;¢;, the conic (23) is the Steiner circumellipse. In this case,
the conic (20) is the hyperbola passing throughfor ¢ = 1,43,165,170, 365,
and 846. Another notable choice of (20) is given by = X;9s, which has
first trilinear (cos? B — cos? C)sin? A. Points on this hyperbola includ&; for
i =1,2,20,63,147,194,478, 488,616, 617, 627, and628.
Of course, for eactX = = : y : z on a conid’(P), the points

—0. (23)

—riYy:zZ, T:i-Y:z, XT:Y:—Z
are also o' (P), and if X also lies insideA ABC, thenX; /X2 lies onI'(P).

Example 7. LetT be the circumcircle, given by/a + b/3 + ¢/~ = 0, and letL
be the Brocard axis, which is the line passing through the pofgts- a : b : ¢
andX3 = cos A : cos B : cos C. Using notation in Theorem 1, we find

di =be, e =2ab*+%), fi=4a*bc
and
Dy = 8ab*c*(c? —b%), FEy = 4a*bc(b* — ¢?), Fy =2a3(c® —V?),

leading to this conclusion: the circumcircle-based pol& dfaversing the Brocard
axis traverses the circumhyperbola

a®® —c?) b2 —a?) = c(a®—b?)
o 6 v
namely, the isogonal transform of the trilinear polar of the Steiner point.

"The trilinear square root is constructed in [4]. An especially attractive construction of barycentric
square root in [7] yields a second construction of trilinear square root. We describe the latter here.
SupposeP = p : ¢ : rin trilinears; then in barycentrid? = ap : bq : cr, so that the barycentric
square root o is \/ap : v/bq : \/cr. Barycentric multiplication (as in [7]) by/a : Vb : \/c gives
a./p : by/q : cy/r, these being barycentrics for the trilinear square roaPgolvhich in trilinears is

N/ERVOERYAR
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P(-Perpendicularity
Floor van Lamoen

Abstract. Itis well known that perpendicularity yields an involution on the line
at infinity £°° mapping perpendicular directions to each other. Many notions of
triangle geometry depend on this involution. Since in projective geometry the
perpendicular involution is not different from other involutions, theorems using
standard perpendicularity in fact are valid more generally.

In this paper we will classify alternative perpendicularities by replacing the
orthocenterH by a pointP and £~ by a line¢. We show what coordinates
undergo with these changes and give some applications.

1. Introduction

In the Euclidean plane we consider a reference triadgh”. We shall perform
calculations using homogeneous barycentric coordinates. In these calcu(gtions
g : h) denotes the barycentrics of a point, while m : n| denotes the line with
equationz + my + nz = 0. The line at infinity£L>, for example, has coordinates
[1:1:1].

Perpendicularity yields an involution on the line at infinity, mapping perpendic-
ular directions to each other. We call this involutithe standard perpendicularity,
and generalize it by replacing the orthocenkeiby another pointP with coordi-
nates(f : g : h), stipulating that the cevians @t be “perpendicular” to the corre-
sponding sidelines ol BC. To ensure thaP is outside the sidelines of BC, we
assumefgh # 0.

Further we let the role of> be taken over by another life= [l : m : n] not
containingP. To ensure that does not pass through any of the verticesi&C,
we assumémn # 0 as well. We denote bif.]* the intersection of a liné with £.

When we replacéf by P and£> by ¢, we speak ofP/-perpendicularity.

Many notions of triangle geometry, like rectangular hyperbolas, circles, and
isogonal conjugacy, depend on the standard perpendicularity. Replacing the stan-
dard perpendicularity byP/-perpendicularity has its effects on these notions. Also,
with the replacement of the line of infinitg>, we have to replace affine notions
like midpoint and the center of a conic by their projective generalizations. So it
may seem that there is a lot of triangle geometry to be redone, having to prove
many generalizations. Nevertheless, there are at least two advantages in making

Publication Date: November 8, 2001. Communicating Editor: Bernard Gibert.
The author wants to express his sincere thanks to the communicating editor, without whom this
paper would not have been the same.
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calculations in generalized perpendicularities. (1) Calculations using coordinates
in P-perpendicularity are in general easier and more transparent than when we use
specific expressions for the orthocentér (2) We give ourselves the opportunity

to work with different perpendicularities simultaneously. Here, we may find new
interesting views to the triangle in the Euclidean context.

2. P{-Perpendicularity

In the following we assume some basic results on involutions. These can be
found in standard textbooks on projective geometry, such as [2, 3, 8].

2.1 Pt-rectangular conics. We generalize the fact that all hyperbolas from the
pencil throughA, B, C, H are rectangular hyperbolas. LBtbe the pencil of cir-
cumconics througtP. The elements oP we call P/-rectangular conics. Accord-
ing to Desargues’ extended Involution Theorem (see, for examplgl §25.4], [8,
p.153], or [3,§6.72]) each member ¢ must intersect a linéin two points, which
are images under an involutiop,. This involution we call the?/-perpendicularity.

Since an involution is determined by two pairs of images,can be defined
by the degenerate members of the pencil, the pairs of (iB€§ PA), (AC, PB),
and(AB, PC). Two of these pairs are sufficient.

If two lines L and M intersec¥ in a pair of images ofpy, then we say that they
are P/-perpendicular, and writé 1 p, M. Note that for any, this perpendicular-
ity replaces the altitudes of a triangle by the ceviang afs linesP/-perpendicular
to the corresponding sides.

The involutionTp, has two fixed points;, and.Js, real if rp, is hyperbolic, and
complex ifrpy is elliptic.

Again, by Desargues’ Involution Theorem, every nondegenerate tridhglé>;
has the property that the lines through the vertieégperpendicular to the opposite
sides are concurrent at a point. We call this point of concurrencBtrmthocenter
of the triangle.

Remark. In order to be able to make use of the notions of parallelism and mid-
points, and to perform calculations with simpler coordinates, it may be convenient
to only replaceH by P, but not£> by another line. In this case we speaki®f
perpendicularity. Eacl?/-perpendicularity corresponds to theperpendicularity

for an appropriate) by the mappingsz : y : 2) < (lz : my : nz).?

2.2 Representation of 7p, in coordinates.

Theorem 1. For P = (f : g : h) and £ = [l : m : n], the P¢-perpendicularity is
given by

s (fsgu ) e (HORR) SRS 2] R 201 )

m n
(1)

These mappings can be constructed by(them : n)-reciprocal conjugacy followed by iso-
tomic conjugacy and conversely, as explained in [4].
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Proof. Let L be a line passing through' with [L]* = (fz : gz : hz), and let
Br, = LNAB = (fr : g : 0). We will consider triangleAB;,C. We have
noted above that th&/-altitudes of triangleA B;,C' are concurrent. Two of them
are very easy to identify. Th&/-altitude fromC simply isCP = [—g : f : 0].
On the other hand, sindBP)’ = (fm : —If — hn : hm), the P¢-altitude from
Bris[—hmgr : hmfr : fmgr + flfr + hnfr]. These twaP/-altitudes intersect
in the point:?

X = (f(fmgr + flfr +hnfr) : gn(hfr — fhr) : hm(fgr — gfrg)).
Finally, we find that the third?/-altitude meetd in

[ax) = (f(ghLz_ hgr) . g(han; fhr) . h(fgLn— 9fL)> ,

which indeed satisfies (1). a

3. P/-circles

Generalizing the fact that in the standard perpendicularity, all circles pass through
the two circular points at infinity, we definef&/-circle to be any conic through the
fixed points.J; and.J, of the involutionTp,. This viewpoint leads to another way
of determining the involution, based on the following well known fact, which can
be found, for example, in [Z5.3]:

Let a conicC intersect a line. in two points/ and.J. The involu-
tion 7 on L with fixed points/ and.J can be found as follows: Let
X be apoint on, then7(X) is the point of intersection of and
the polar of X with respect t.

Itis clear that applying this to &¢-circle with line ¢ we get the involutionp,.

In particular this shows us that in ary/-circle C a radius and the tangent b
through its endpoint ar@-perpendicular. Knowing this, and restricting ourselves
to P-circles, i.e.l = £, we can conclude that alP-circles are homothetic in the
sense that parallel radii of tw-circles have parallel tangents, or equivalently, that
two parallel radii of twoP-circles have a ratio that is independent of its direcfion.

We now identify the most importar/-circle.

Theorem 2. The conic Opy:
flgm + hn)yz + g(fl + hn)xz + h(fl+ gm)zy =0 2
isthe P/-circumcircle.

Proof. Clearly A, B andC are on the conic given by the equation. Lkt (f :
g1 : h1), then with (1) the condition thaf is a fixed point ofrp, gives

(fghl —fah  figh — fohi fglh—f19h> —(fg1:h)

l m n

2In computing the coordinates af, we have have used of the fact th#t + mgr, + nhr = 0.

SNote here that the ratio might involve a real radius and a complex radius. This happens for
instance when we have in the real plane two hyperbolas sharing asymptotes, but on alternative sides
of these asymptotes.
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which, under the conditiosf;l + gym + hin = 0, is equivalent to (2). This shows
that the fixed points;; and.J; of 7p lie onCp and proves the theorem. O

As the ‘center’ ofOp, we use the pole of with respect toOp,. This is the
point

mg+nh If +nh If +mg
Opy = i P ~ .

3.1 P/-Nine Point Circle. The ‘centers’ ofP¢-rectangular conicg,e., elements
of the pencilP of conics through4, B, C, P, form a conic through the traces of
P, # the ‘midpoints’® of the triangle sides, and also the ‘midpoints’ 4P, BP
andCP. This conicNp, is an analogue of the nine-point conics, its center is the
‘midpoint’ of P andOpy.

The conic throug4, B, C, P, andJ; (or J5) clearly must be tangent t§ so
that J; (J1) is the ‘center’ of this conic. So both and.J; lie on Npy, which
makes it aP/{-circle.

4. P{¢-conjugacy

In standard perpendicularity we have the isogonal conjuga@s the natural
(reciprocal) conjugacy. It can be defined by combining involutions on the pencils
of lines through the vertices A BC. The involution that goes with the pencil
throughA is defined by two pairs of lines. The first pairA®3 and AC, the second
pair is formed by the lines through perpendicular tcA B and toAC. Of course
this involution maps to each other lines throughmaking opposite angles téB
and AC respectively. Similarly we have involutions on the pencil througland
C'. The isogonal conjugacy is found by taking the images of the cevians of a point
P under the three involutions. These images concur in the isogonal conjugate of
P.

This isogonal conjugacy finds it8-perpendicular cognate in the following re-
ciprocal conjugacy:

mg + nh lf +nh) h({lf+m
Tpgc:((L‘:y:Z)H(f( gl ) . 9(f +nh) h(f g)>, 3)
T my nz
which we will call theP/-conjugacy. This naming is not unique, since for each line
¢’ there is a point) so that theP/- andQ/-conjugacies are equal. In particular, if
£ = L, this reciprocal conjugacy is

&y 2) e <f(g+h):g(h+f) : h(f+g)>.

x Y z

“These are the ‘centers’ of the degenerate elemerys of
The ‘midpoint’ of XY is the harmonic conjugate ¢fXY* with respect toX andY. The
‘midpoints’ of the triangle sides are also the traces of the trilinear pole of
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Clearly theP/-conjugacy map$ to Op,. This provides us with a construction
of the conjugacy. See [4].From (2) it is also clear that this conjugacy transforms
Cpy into £ and back.

Now we note that any reciprocal conjugacy maps any line to a circumconic of
ABC, and conversely. In particular, any line throu@h, is mapped to a conic
from the pencilP, a P{-rectangular conic. This shows that,. maps theP/-
perpendicularity to the involution o®p, mapping each poin¥ to the second
point of intersection 0Op, X with Cp,.

The four points

(i\/W:j:\/g(lf;_nh) :i\/h(lf;:mg)>

are the fixed points of th&/-conjugacy. They are the centers of tRé-circles
tritangent to the sidelines of BC.

5. Applications of P-perpendicularity

As mentioned before, it is convenient not to change the line at infifittynto
£ and speak only oP-perpendicularity. This notion is certainly less general. Nev-
ertheless, it works with simpler coordinates and it allows one to make use of paral-
lelism and ratios in the usual way. For instance, the Euler line is generalized quite
easily, because the coordinatespfare(g +h: f+ h: f + g), so that it is easy
to see thalPG : GOp =2 : 1.

We give a couple of examples illustrating the convenience of the notidp of
perpendicularity in computations and understanding.

5.1 Construction of ellipses. Note that the equation (1) does not change when we
exchangdf :g:h)and(xz:y: z). Sowe have:

Proposition 3. P lieson Og, if and only if Q) lieson Opy.

When we restrict ourselves tB-perpendicularity, Proposition 3 is helpful in
finding the axes of a circumellipse of a triangle. Let's say that the ellipép i$
If we find the fourth intersectiorX” of a circumellipse and the circumcircle, then
the X -circumcircleOx passes through as well asP, and thus it is a rectangular
hyperbola as well as B-rectangular conic. This means that the asymptot&gof
must correspond to the directions of the axes of the ellipse. These yield indeed the
only diameters of the ellipse to which the tangents at the endpoints are (standard)
perpendicular. Note also that this shows that all conics throligh, C, X, apart
from the circumcircle have parallel axes. Figure 1 illustrates the case ke,
the centroid, and( = Steiner point. Here)x = is the Kiepert hyperbola.

The knowledge of’-perpendicularity can be helpful when we try to draw conics
in dynamic geometry software. This can be done without using foci.

6in [4] we can find more ways to construct tRé-conjugacy, for instance, by using the degenerate
triangle whereA P, BP andC' P meet(.
"When we know the centedp of Op, we can findP by the ratioOpG : GP =1 : 2.
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Figure 1

If we have the cente®p of a conic through three given points, sayC, we
easily findP as well. Also by reflecting one of the vertices, s&ythroughOp we
have the endpoints of a diameter, s&y... Then if we let a linen go throughA,
and a linen which is P-perpendicular ten throughA.. Their point of intersection
lies on theP-circle throughABC'. See Figure 2.

5.2 Smson-Wallace lines. Given a generic finite poin’ = (z : y : 2), let
A" € BC be the point such that’ X || AP, and letB’ andC’ be defined likewise,
then we calld’ B’C’ thetriangle of P-traces of X. This triangle is represented by
the following matrix:

A’ 0 gr+(g+h)y hx+(g+h)z
M=| B | = fy+(f+hx 0 hy + (f + h)z 4)
c’ fz+(f+g9)r gz+(f+9)y 0

We are interested in the conic that plays a role similar to the circumcircle in the
occurrence of Simson-Wallace linéslo do so, we find that!’ B'C” is degenerate

8in [5] Miguel de Guznan generalizes the Simson-Wallace line more drastically. He allows three
arbitrary directions of projection, with the only restriction that these directions are not all equal, each
not parallel to the side to which it projects.
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Figure 2

iff determinant| M| = 0, which can be rewritten as
(f+g+h)(z+y+2)(fyz + goz + hay) = 0, (5)

where
f=flg+h), G=g(f+h), h=h(f+g).

Using thatX and P are finite points, (5) can be rewritten into (2), so that the locus
is the P-circle Cp. See Figure 3.

Figure 3
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We further remark that since the rows of matfix in (4) add up to(f + g +
h)X + (x+y+ 2) P, the P-Simson-Wallace linel’ B'C" bisects the segmen¥ P
whenX € Cp. Thus, the point of intersection of B’C’ and X P lies onNp.

5.3 Thelsogonal Theorem. The following theorem generalizes the Isogonal The-
orem.® We shall make use of the involutions 4, 7pp and 7pc that the P-
conjugacy causes on the pencil of lines throughB andC respectively.

Theorem 4. For I € {A, B,C}, consider lines{; and /; unequal to sidelines of
ABC that areimagesunder 7p;. Let A; = IgNly, B1 = lcNly and Cy = 1aNl.
We call A;B1C; a P-conjugate triangle Then triangles ABC and 4, B;C, are
per spective.

Figure 4

Proof. ForI € {A,B,C}, let P = (x; : yr : 21) € Iy be a point different from
I. We find, for instancela = [0 : 24 : —ya] andl}, = [§/yc : —f/zc : 0).
ConsequentlyB; = (fya/zc : gya/yc : §za/yc). In the same way we find
coordinates ford; and(C so that theP-conjugate triangled; B, C is given by

Ay frc/xs  fyo/rs hac/zp
By ) =\ fya/zc gyalve gzalye
Ch hxp/za §z/ya hzp/za

With these coordinates it is not difficult to verify that B,C; is perspective to
ABC. This we leave to the reader. O

This theorem states that a triangle B, C; with /BAC, = /CAB,, ZCBA, = /ABC,
andZACB; = ZBCA; is perspective tod BC. See [1, p.55], also [6, 9], and [7, Theorem 6D].



P¢-perpendicularity 159

Interchanging the linel and?; in Theorem 4 above, we see that fReconjugates
of A; B1C4 form atriangled; BoCs perspective tod BC' as well. This is its desmic
mate.'® Now, each triangle perspective #BC' is mapped to its desmic mate by
a reciprocal conjugacy. From this and Theorem 4 we see that the conditions ‘per-
spective taA BC" and ‘desmic mate is also an image under a reciprocal conjugacy’
are equivalent.

5.3.1 EachP-conjugate triangle can be written in coordinates as

Ay f w v
Bl = M1 = w g 2~L
Ch v u h
Let a secondP-conjugate triangle be given by
Az f w v
By | =M= W g U
Cy Vi U h

Considering linear combinationtd/; + uM, it is clear that the following proposi-
tion holds.

Proposition 5. Let A1 B1C; and A; B>C5 be two distinct P-conjugate triangles.
Define A’ = A1 A> N BC and B’, C’ analogously. Then A’ B’C’ isa cevian trian-
gle. Infact, if A”B”C" is such that the cross ratios (A; Ay A’A"), (B1BB'B")
and (C1C,C'C") are equal, then A” B"C" is perspective to ABC aswell.

The following corollary uses that the points where the cevianB ofeet(™ is
a P-conjugate triangle.

Corollary 6. Let A; B;C; bea P-conjugate triangle. Let A’ bethe P-perpendicular
projections of A; on BC, B; on C' A, and C, on AB respectively. Let A”B"C"

be such that A/Al : A”Al = B,Bl : B”Bl = 0’01 : C”Cl = t, then A"B"C"

is perspective to ABC'. Ast varies, the perspector traverses the P-rectangular

circumconic through the perspector of 4 B1C.

5.4. The Darboux cubic. We conclude with an observation on the analogues of the
Darboux cubic. It is well known that the locus of pointswhose pedal triangles
are perspective td BC'is a cubic curve, the Darboux cubic. We generalize this to
triangles of P-traces.

First, let us consider the lines connecting the verticed BIC' and the triangle
of P-traces ofX given in (4). Lety;; denote the entry in rowand column; of
(4), then we find as matrix of coefficients of these lines

0 —pi3  p12
N=| o3 0 —par |. (6)
—H32 431 0

10see for instance [4].
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These lines concur iffiet N = 0. This leads to the cubic equation

(—f+g+m)z(hy? =g2*)+(f —g+h)y(f2° —ha®)+(f +9—h)z(g2° — fy?) :(%
We will refer to this cubic as thé>-Darboux cubic. The cubic consists of the
points@ such that) and itsP-conjugate are collinear with the poifit f + g+ h :
f—g+h:f+g— h),which is the reflection of in Op.

It is seen easily from (4) and (6) that if we intercharige ¢ : h) and(x : y : 2),
then (7) remains unchanged. From this we can conclude:

Proposition 7. For two points P and @ be two points not on the sidelines of trian-
gle ABC, P lies on the Q-Darboux cubic if and only if @ lies on the P-Darboux
cubic.

This example, and others §5.1, demonstrate the fruitfulness of considering
different perpendicularities simultaneously.
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Cubics Associated with Triangles of Equal Areas

Clark Kimberling

Abstract. The locus of a poinK for which the cevian triangle oX and that of

its isogonal conjugate have equal areas is a cubic that passes through the 1st and
2nd Brocard points. Generalizing from isogonal conjugaté’tsoconjugate

yields a cubicZ (U, P) passing throughU; if X is on Z(U, P) then theP-
isoconjugate ofX is on Z(U, P) and this point is collinear witt andU. A
generalized equal areas culli¢P) is presented as a special caseZdt/, P).

If o = ared AABC), then the locus o whose cevian triangle has prescribed
oriented ared(o is a cubicA(P), andP is determined i has a certain form.
Various points are proved to lie ok(P).

1. Introduction

For any pointX = « : 8 : v (homogeneous trilinear coordinates) not a vertex
of AABC, let

0 8 v 0 v B
T=| a 0 ~ and T'=|~v 0 a |,
a B 0 6 «a 0

so thatT is the cevian triangle oK, and7 is the cevian triangle of the isogonal
conjugate ofX. Let o be the area o\ ABC', and assume that does not lie on

a sidelineAABC. Then oriented areas are given (e.g. [3, p.35]) in terms of the
sidelengths:, b, ¢ by

0 kB kiy 0 hy Lp
b b
area(T) = g—z keao 0 kovy |, area(T") = % loy 0 la |,
g k3a k3ﬁ 0 g lgﬁ lgoé 0
wherek; andl; are normalizers: Thus,
area(T) = k1koksaBvyabe and area(T") = l1l2l30&ﬂ"}/ab6’
402 802
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fp=a: [ : v is not on the line£* at infinity, then the normalizek makesha, h3, hy the
directed distances fror® to sidelinesBC, C A, AB, respectively, an& = 20/(acc + b3 + ).
If PisonL> andafy # 0, then the normalizer is8 := 1/a + 1/8 + 1/v; if P isonL> and
afy =0, thenh := 1.
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Figure 1. Trianglest’ B’C’ andA” B”C" have equal areas

so that are@’) = aredT") if and only if k; ko ks = 11l5l3. Substituting yields
1 1 I 1 1
b3+cy cy+aa aa+bB  by+cf ca+ay aB+bo’
which simplifies to

a(b? — )a(B? =) +b(c® — a®)B(y* — a?) + c(a® — b*)y(a® — %) = 0. (1)

In the parlance of [4, p.240], equation (1) represents the self-isogonal cubic
Z(Xs512), and, in the terminology of [1, 2], the auto-isogonal cubic having pivot
X512. 2 Itis easy to verify that the following 24 points lie on this cubic:

verticesA, B, C,

incenterX; and excenters,

Steiner pointXgyg and its isogonal conjugat&s;, (see Figure 1),
vertices of the cevian triangle 0fs;o,

1st and 2nd Brocard poinf2; and2s,

X5120 X7 and X512(© Xo9, Wwhere(© denotes Ceva conjugate,

(X5120X71) ! and (X512© Xo9) !, where()~! denotes isogonal conjugate,
vertices of trianglel; below,
vertices of trianglel; below.

2X, is theith triangle center as indexed in [5].
3This “equal-areas cubic” was the subject of a presentation by the author at the CRCC geometry
meeting hosted by Douglas Hofstadter at Indiana University, March 23-25, 1999.
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The vertices of the bicentfitriangleT; are

—ab :a® : be, ca: —be: b2, A ab: —ca, 2)
and those ofl; are
—ac: be:a?, b : —ba : ca, ab: c?: —ch. 3)

Regarding (2)—ab : a® : be is the point other thanal and©; in which line A,
meetsZ(Xs12). Similarly, lines AQ; and CQ); meetZ(Xs512) in the other two
points in (2). Likewise, the points in (3) lie on lineK, BQs, CQ,. The points
in (3) are isogonal conjugates of those in (2).

Vertex A’ := —ab : a? : bc is the intersection of thé€'-side of the anticomple-
mentary triangle and th8-exsymmedian, these being the lines + b3 = 0 and
ca + ay = 0. The other five vertices are similarly constructed.

Other descriptions of (X512) are easy to check: (i) the locus of a poift
collinear with its isogonal conjugate and;,, and (ii) the locus of) for which
the line joining@ and its isogonal conjugate is parallel to the liné€,.

2. I'soconjugates and reciprocal conjugates

In the literature, isoconjugates are defined in terms of trilinears and reciprocal
conjugates are defined in terms of barycentrics. We shall, in this section, use the
notations(z : y : z); and(z : y : 2), to indicate trilinears and barycentrics,
respectively®

Definition 1. [6] SupposeP = (p: ¢ : r);andX = (z: y : z); are points, neither
on a sideline oA ABC. The P-isoconjugate ofX is the point
(P- X)t_1 = (qryz : rpzx : pqry):.
On the left side, the subscripsignifies trilinear multiplication and division.
Definition 2. [3] SupposeP = (p: q:r),andX = (x : y : z), are points not on
a sideline ofA ABC'. The P-reciprocal conjugate aoX is the point
(P/X)p = (pyz : qzx : ray)yp.
In keeping with the meanings of “iso-" and “reciprocal”,
X-isoconjugate o = P-isoconjugate ofX,

G

P-reciprocal conjugate ok’

whereG, the centroid, is the identity corresponding to barycentric division.

X-reciprocal conjugate aP =

“4Definitions of bicentric triangle, bicentric pair of points, and triangle center are given in [5,
Glossary]. Iff(a,b,c) : g(a,b,c) : h(a,b,c) is the A-vertex of a bicentric triangle, then the-
vertex ish(b, c,a) : f(b,c,a) : g(b,c,a) and theC-vertex isg(c, a, b) : h(c,a,b) : f(c,a,b).

A point X with trilinearsa : 8 : v has barycentricaa : b3 : ¢y. For points not onC®,
trilinears are proportional to the directed distances betw€end the sideline&8C,CA, AB, re-
spectively, whereas barycentrics are proportional to the oriented areas of triah§l€s XC A,

X AB, respectively.
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3. Thecubic Z(U, P)

In this section, all coordinates are trilinears; for exampte; 3 : v) appears
asa : 3 :~. Supposd/ =u :v:wandP = p: g : r are points, neither on a
sideline of AABC'. We generalize the cubig(U) defined in [4, p.240] to a cubic
Z(U, P), defined as the locus of a poiit = « : 3 : «y for which the pointd/, X,
and theP-isoconjugate ofX are collinear. This requirement is equivalent to

u v w
(0% ﬁ Y = 07 (4)
qrBy rpya  pgof

hence to
upa(qB® — rv%) +vgB(ry* — pa®) + wry(ga® — rB%) = 0.
Equation (4) implies these properties:

(i) Z(U,P) is self P-isoconjugate;
(i) UeZ(U,P),
(i) if X € Z(U, P), thenX, U, and(P - X); ! are collinear.

The following ten points lie o (U, P):

the verticesA, B, C,
the vertices of the cevian triangle &f namely,

O:v:w, wu:0:w, uw:v:0; (5)

and the points invariant undét-isoconjugation:

1 1 1
i ©)
—_1 1 1 1 —1 1 1 1 —1 (7)

\/Tj:%:%, %:%:W, ﬁﬁ%

As an illustration of (i), the cubicg (U, X;) and Z (U, X3,) are self-isogonal
conjugate and self-isotomic conjugate, respectively. Named cubics of the type
Z(U, X1) include the Thomson{ = X3), Darboux U = X5), Neuberg U =
X3p), Ortho U = X4), and Feuerbacti{ = X5). The Lucas cubic i€ (Xg9, X31),
and the SpiekelZ (Xg, X55). Table 1 offers a few less familiar cubics.

It is easy to check that the points

UOXy1=—-u+v+w:u—v+w:u+v—w,
1 1 1 1 1.1 1 1 1.1 1 1
UOU '=(——4+=+—): (= —=+—): (= +—— —
© u( u? 02 w2) (u2 v2 w2) (u2 v2 w2)
lie on Z(U). Since their isogonal conjugates also lies(), we have four more
points onZ (U, P) in the special case th#t = X.

v w
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|U | P |Centerson cubi¢(U, P)

Xsss | X1 | Xu, Xo, X, X32, X6, Xog, X385, X511, X604

X395 | X1 | X1, Xo, X, X14, X16, X138, X62, X305

X306 | X1 | X1, Xo, X, X3, Xi5, X7, X61, X306

KXaze | X1 | Xu, X30, X74, X110, X476, X523, X526

X | Xo | Xo, X31, Xao, Xy3, X5, X57, Xg1, X171, X365, X846, X893
Xsoa | Xo | Xe, X7, Xo, X37, X715, X386, X857, X192, X256, X366, X894, X1045
X309 | X31 | X2, Xg0, X77, X189, X280, X300, X318, X320, X347, X962
Xogg | Xs5 | X2, X7, Xs1, X174, X226, X554, X559, X1020, X1081, X1082
Xog1 | Xogg | X1, X6, Xa2, X57, Xo39, X291, X292, X672, X804

Xogo | Xoss | X1, Xo, X3, Xg7, X171, Xogs, Xoa1, Xog1, Xogo

Table 1

4. Trilinear generalization: I'(P)

Next we seek the locus of a poiftt = « : § : ~ (trilinears) for which the cevian
triangleT” and the cevian triangle

R 0 ry g¢p
T=1| r 0 p«
af pa 0

of the P-isoconjugate ofX have equal areas. For this, the method leading to (1)
yields a cubic denoted by(P):

ap(rb*—qc*) (g% —r7?)+bg(pc® —ra®) B(ry* —pa®)+cr(qa® —pb?)y(pa® —qB%) = 0,
(8)

except forP = X3; = a® : b? : ¢?; that is, except wherP-isoconjugation is

isotomic conjugation, for which the two triangles have equal areas fo¥t alfhe

cubic (8) isZ (U, P) for

U =U(P) = a(rb* — ¢c®) : b(pc? — ra?) : c(qa® — pb?),

a point on£*°. As in Section 3, the verticed, B, C' and the points (5)-(7) lie on

L'(P).

Let U* denote theP-isoconjugate of/. This is the trilinear pole of the line
X Xo, whereX = % : g : =, the P-isoconjugate ofX,. Van Lamoen has noted
that sincel lies on the trilinear polat., of the P-isoconjugate of the centroid (i.e.,
L has equatio + % + =L = 0), andU also lies onL>, we haveU* lying on
the Steiner circumellipse and on the conic

Sl =, )

this being theP-isoconjugate ofL>.

Theorem 1. Suppose P, and P; are distinct points, collinear with but not equal to
X31. Then U(PQ) = U(Pl)
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Proof. Write P, = p1 : ¢1 : mp and P, = py : ¢2 : 7. Then for somes =
s(a,b,¢) #0,
2 2 _ 2 _
a” = sp1 + p2, b° = sq1 + qo, c” = sry+ro,
so that forf(a, b, ¢) := a[(¢® — sr1)b? — (b*> — sq1)c?], we have

U(Py) = f(a;b;¢) : f(b,c,a) : f(c,a,b)
= a(sc?q — sb*r1) : b(sa®ry — sc?py) : c(sb*py — sa’qy)
=U(P).
O

Example 1. For each point” on the lineX; X3, the pivotU(P) is the isogonal
conjugate {512) of the Steiner pointXyg). Such pointsP include the Schiffler
point (X5), the isogonal conjugateXgs) of the Spieker center, and the isogonal
conjugate g3) of the Clawson point.

The cubicI'(P) meets£> in three points. Aside frond/, the other two are
whereL> meets the conic (9). If (9) is an ellipse, then the two points are nonreal.
In caseP is the incenter, so that the cubic is the equal areas cubic, the two points
are given in [6, p.116] by the rati8s

etiB . TiA L .

Theorem 2. The generalized Brocard points defined by

%:E:p—b and T—b:lz:@ (10)
b ¢ «a c a b

lieonT'(P).

Proof. Writing ordered triples for the two points, we have

(a(rb® — qc), b(pc® — ra®), c(qa® — pb?))

qc ra pb rb pc qa
= abe abe
showingU as a linear combination of the points in (10). Since those two are
isogonal conjugates collinear with, they lie on( P). O

If P is a triangle center, then the generalized Brocard points (10) comprise a
bicentric pair of points. 11$8, we offer geometric constructions for such points.

5The pair is also given by-1 : e=C : ¥ and bye™'C : —1 : e, Multiplying the three
together and then by 1 gives cubes in “central form” with first coordinates

cos(B — C) xisin(B - C).

The other coordinates are now given from the first by cyclic permutations.
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5. Barycentric generalization: T'(P)

Here, we seek the locus of a poifit = « : § : v (barycentrics) for which the
cevian triangle of theP-reciprocal conjugate ok and that QfX have equal areas.
The method presented #1 yields a cubic that we denote ByP):

plg—r)a(rf?—gv*) +q(r—p)B(py* —ra®)+r(p—g)y(qa” —ps®) = 0, (11)
In particular, the equal areas cubic (1) is given by (11) using
(p:q:7)y=(a®:0%: %),
In contrast to (11), if equation (1) is written a&, b, ¢, o, 3,v) = 0, then
5(047/87/77 CL, b7C) = S(CL, b) C,O[,,B,’Y),

a symmetry stemming from the use of trilinear coordinates and isogonal conjuga-
tion.

6. A sextic

For comparison with the cubic(P) of §4, it is natural to ask about the locus of
a pointX for which the anticevian triangle of and that of its isogonal conjugate
have equal areas. The result is easily found to be the self-isogonal sextic

afy(—aa +bB + cy)(aa — b3 + ¢y)(aa + b3 — ¢)
= (=aBy+bya+caf)(afy — bya + caB)(apy + bya — caf),

onwhichlieA, B, C, the incenter, excenters, and the two Brocard points. Remark-
ably, the verticesA, B, C are triple points of this sextic.

7. Prescribed area cubic: A(P)

SupposeP = p : ¢ : r (trilinears) is a point, and lek ¢ be the oriented area of
the cevian triangle of. The method used i§il shows that itX = « : 3 : ~, then
the cevian triangle oKX has ared{o if

1R2R3a0CcQp”Y = o,
k1 koksabcafy = 8K o (12)

20 andk, andks are obtained cyclically. Substituting into (12) and

wherek; = e
simplifying gives

K—9. pa_ qb e .
bg+cr cr+ap ap-+bg

The locus ofX for which (13) holds is therefore given by the equation
(bg + cr)(cr + ap)(ap + bg)afy — pgr(bB + cy)(cy + aa)(ac +bB) = 0. (14)

We call this curve theorescribed area cubic for P (or for K) and denote it by
A(P). One salient feature of(P), easily checked by substituting

B

aa’ b2B37 2y
for «, 3, v, respectively, into the left side of (14), is thatP) is self-isotomic. That
is, if X lies on A(P) but not on a sideline o ABC, then so does its isotomic

(13)
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conjugate, which we denote b’? (Of course, we already know that(P) is
self-isotomic, by the note just after (8)). N
If (bg—cr)(cr—ap)(ap—bq) # 0, then the line”P> meetsA(P) in three points,

namelyP, P, and the point

, a’p?® — begr ‘ b2q% — carp ‘ cr? — abpg

T a2p(bg —er)  Pqler —ap)  Er(ap—bg)’

If P is atriangle center on(P), thenP, P, andP’ are triangle centers ah(P).
Since P’ is not collinear with the others, three triangle centersAqg#¥’) can be
found as points of intersection af( P) with the lines joining” to P, P, andP’.
Then more central lines are defined, bearing triangle centers that i¢ ) and
so on. Some duplication of centers thus defined inductively can be expected, but
one wonders if, for many choices &f, this scheme accounts for infinitely many
centers lying om\(P).

It is easy to check that(P) meets the line at infinity in the following points:

A:==0:c:—b, B':=—c:0:a, C':=b:—a:0.

Three more points are found by intersecting lide4, PB’, PC’ with A(P):

A" =bep: Prib’q, B':=c*rcaq:a®p, C":=b%q:d*p: abr.

A construction for4” is given by the equation” = PA’ N PA.
Line AP meetsA(P) in the collinear pointsA, P, and, as is easily checked, the
point

Writing this and its cyclical cousins integrally, we have these pointa @n):
begr : a’pq : a’rp, b2pq : carp : b3qr, Arp : Aqr : abpyg.

We have seen for give® how to form K. It is of interest to reverse these.

Suppose a prescribed area is specifie&aswhereK has the form
k(a,b, c)k(b,c,a)k(c, a,b)
in which k(a, b, ¢) is homogeneous of degree zerodirb, c. ’ We abbreviate the
factors a%:,, ky, k. and seek a poinP = p : ¢ : r satisfying
2abcpqr

(bq + cr)(er + ap)(ap + bg)
Solving the system obtained cyclically from
_ V2ap
Cbg+er

K = kokpk, =

ka

(15)

yields
k kpy k

T (V21 ka) B(V2 k) (V2 + ke)

That is,k(ta, tb, tc) = k(a, b, c), wheret is an indeterminate.

p:q:rT
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except fork, = —+/2, which results from (15) with? = X5;,. The following
table offers a variety of examples:

3
| P [ kJV2 |
a
X1 bic
X5 1
sin 2A
X3 sin 2B+sin 2C
X tan A
4 tan B;)thanc
Xi0 e
X7 bc
b
Xsro | pro
25
Xgr3 PacZ
Table 2

Next, supposé/ = u : v : w is a point, not on a sideline adk ABC, and let

P = oe : wa : u_b

b c a

Write out K as in (13), and use not (15), but instead, put
\3/§a2u

b2w + v’
corresponding to the poilf - Xg = ua : vb : we, in the sense that the cevian
triangle of U - X and that of P have equal areas. Likewise, the cevian triangle of
the point

ko =

P = wb Lue. v
c a b’

has the same are&,o. The pointsP and P are essentially those of Theorem 2.

Three special cases among the cubi¢®) deserve further comment. First, for
K =2, corresponding t&® = X512, equation (14) takes the form

(ac + b3 + cy)(befBy + caya + abaf) = 0. (16)
SinceL™ is given by the equationa + b3 + ¢y = 0 and the Steiner circumellipse
is given by
befBy + caya + abafl = 0,

the points satisfying (16) occupy the line and the ellipse together. J.H. Weaver [8]
discusses the cubic.

Second, whernk' = %, the cubicA(P) is merely a single point, the centroid.
Finally, we note that\ (X) passes through these points:

a:b:c, a:c:b, b:c:a, b:a:c, c:a:b, c:b:a. @an

8. Constructions

In the preceding sections, certain algebraically defined points, as in (17), have
appeared. In this section, we offer Euclidean constructions for such points.For
gvenU = v : v :wandX = z : y : z and let us begin with the trilinear
product, quotient, and square root, denoted respectively by, U/ X, andy/'X.
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Constructions for closely related barycentric product, quotient, and square root are

given in [9], and these constructions are easily adapted to give the trilinear results.
We turn now to a construction fromY of the pointz : z : y. In preparation,

decree apositive the side of lined B that containg”, and also the side of lin€' A

that containsB. The opposite sides will be calledgative.

B

Figure 2. ConstructiondfV =z : z:yfromX =z :y: z

Let X’ be the foot of the perpendicular froii on line AB, and letX” be the
foot of the perpendicular fronX” on line C A. Let M be the midpoint of segment
X'X", and letO be the circle centered & and passing through. Line X’ X"
meets circle® in two points; letY” be the one closer td/, as in Figure 2, and let
Z' be the reflection o in M. If X is on the positive side aiB andZ is on the
positive side of”' A, or if X is on the negative side of B andZ is on the negative
side of C A, then letZ = Z’; otherwise letZ be the reflection ofZ in line C A.

Now line L throughZ parallel to lineC' A has directed distande: from line C A,
wherekz is the directed distance from linBC of the line I through X parallel
to BC.Let R = LN L' Line CR has equatiora = z3. Let L” be the reflection
of line AX about the internal angle bisector giC AB. This line has equation
y3 = zv. Geometrically and algebraically, itis clearthat z : y = CRN L",
labeledV in Figure 2.

One may similarly construct the poigt : z : x as the intersection of lines
z(8 = zy andza = yB. Then any one of the six points

TiY:iz, XT:1ZY, Y:1zZ:T, Y:x:z, Z:1TY, Z:Y:I,

can serve as a starting point for constructing the other five. (A previous appear-
ance of these six points is [4, p.243], where an equation for the Yff conic, passing
through the six points, is given.)

The methods of this section apply, in particular, to the constructing of the gener-
alized Brocard points (10); e.g., for givéh=p : ¢ : r, constructP := ¢ : r : p,
and then construd?® - Q;.
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A Feuerbach Type Theorem on Six Circles

Lev Emelyanov

According to the famous Feuerbach theorem there exists a circle which is tan-
gent internally to the incircle and externally to each of the excircles of atriangle.
Thisisthe nine-point circle of the triangle. We obtain asimilar result by replacing
the excircles with circles each tangent internally to the circumcircle and to the sides
at the traces of a point. We make use of Casey’s theorem. See, for example, [1, 2].

Theorem (Casey). Given four circles G, i = 1,2, 3,4, let ¢;; be the length of a
common tangent between C; and C;. The four circles are tangent to a fifth circle
(or line) if and only if for appropriate choice of signs,

t12t34 = t13t42 & t1ategz = 0.

Figure 1

In this note we establish the following theorem. Let ABC be atriangle of side
lengths BC' = a, CA =b,and AB = c.

Theorem. Let points A1, By and Cy beonthesides BC, C A and AB respectively
of triangle ABC'. Construct threecircles (O ), (O2) and (O3) outside the triangle
which is tangent to the sides of ABC at 4;, By and C; respectively and also
tangent to the circumcircle of ABC'. The circle tangent externally to these three
circlesis also tangent to theincircle of triangle ABC' if and only if thelines A A,
BB; and C'C4 are concurrent.
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Proof. Let in our case Cy, C2, C3 and C4 be the circles (Oy), (O2), (O3) and the
incircle respectively. With reference to Figure 1, we show that

t12t34 — t13t42 — t1ategz = 0, (1)

where t19, t13 and to3 are the lengths of the common extangents, t34, to4 and t14
are the lengths of the common intangents.

Let (A) be the degenerate circle A(0) (zero radius) and #;(A) be the length of
the tangent from A to C;. Similar notations apply to vertices B and C. Applying
Casey’s theorem to circles (A), (B), (01) and (C), which are all tangent to the
circumcircle, we have

tl(A)-a:C-CA1+b'AlB.
From thiswe obtain ¢, (A), and similarly t2(B) and t5(C'):
c-CA +b-AB

ti(A) = a )
-ABy +c- B, C
to(B) = T ®
b-BCi+a-CiA
t2(C) = e 4
Applying Casey’s theorem to circles (B), (C), (O:) and (O3), we have
tQ(B)tg(C) =a -ty + CBy-C1B.
Using (3) and (4), we obtain ty3, and similarly, t13 and ¢15:
a-ClA-AB1+b-ABl ~BCl+C'A01 'CBl
t23 == bC ’ (5)
b'AlB'Bcl—l-C'BCl'CA1+(I'BA1 A01
t13 == ca ’ (6)
C-Blc'CAl—|-CL-CA1-ABl+b'CBl'BA1
tig = ab . (7)

In the layout of Figure 1, with A, B’, C' the touch points of the incircle with
the sides, the lengths of the common tangents of the circles (O,), (O2), (O3) with
theincircle are
a+b—c

i = A1A'= —CAI+CA = —CA + = —, 6)

tsy = BB = —AB + AB = —AB; + HCT_“ 9)

tss = C1C' = BCy — BC' = BC) — C++_b (10)
Substituting (5)-(10) into (1) and simplifying, we obtain

trotss — tistos — tratos = % (AB; - BCy-CA, — A,B - B,C - C1 A),

where
F(a,b,c) = 2bc + 2ca + 2ab — a® — b* — .
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Since F'(a, b, ¢) can be rewritten as
(c+a—-b)la+b—c)+(a+b—c)(b+c—a)+ (b+c—a)(c+a—D),
itisclearly nonzero. It follows that t1ot34 — t13t24 — t14to3 = 0 if and only if

ABy - BCy-CA; — A1B-B,C-C1A=0. (12)
By the Cevatheorem, (11) is the condition for the concurrency of A4, BB; and
CC4. Itisclear that for different positions of the touch points of circles (O)), (O2)
and (O3) relative to those of the incircle, the proofs are analogous. O
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Correction to

A Feuerbach Type Theorem on Six Circles

Lev Emelyanov

Floor van Lamoen has kindly pointed out that the necessity part of the main
theorem of [1] does not hold. In the layout of Figure 1 there, it is possible to have
acircle (Os) outside the triangle, tangent to both the circumcircle and the “new”
circle, but to AC at a point B, between B’ and C. The points of tangency of
the circles (O;), (O5) and (O3) with the sides of triangles do not satisfy Ceva's
theorem. Likewise, it is also possible to place circles (Oy) and (Og) on the sides
BC and AB so that the points of tangency do not satisfy Ceva's theorem.

We hereby modify the statement of the theorem as follows.

Theorem. Let A1, By, C bethe traces of an interior point 7' on the side lines of
triangle ABC. Construct three circles (O,), (O2) and (O3) outside the triangle
which are tangent to the sides at A4;, By, C; respectively and also tangent to the
circumcircle of ABC'. The circle tangent externally to these three circlesis also
tangent to the incircle of triangle ABC.
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