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A Pair of Kiepert Hyperbolas
Jean-Pierre Ehrmann

Abstract. The solution of a locus problem of Hatzipolakis can be expressed in
terms of a simple relationship concerning points on a pair of Kiepert hyperbolas
associated with a triangle. We study a generalization.

Let P be a finite point in the plane of trianglé BC. Denote bya, b, ¢ the
lengths of the sideBC, C' A, AB respectively, and byly, By, Cy the feet of
the altitudes. We consider rays throughin the directions of the altituded Ay,
BBy, CCy, and, for a nonzero constahtchoose pointst, B’, C’ on these rays
such that

PA = ka, PB' = kb, PC' = ke. (@H)
Antreas P. Hatzipolakis [1] has asked, for= 1, for the locus ofP for which
triangle A’ B'C’ is perspective witd BC'.

Figure 1

We tackle the general case by making use of homogeneous barycentric coor-
dinates with respect tel BC. Thus, writeP = (u : v : w). In the notations
introduced by John H. Conwal,

A =(uS — k(u + v +w)a® S + k(u + v+ w)Sc:wS + k(u+ v +w)Sp),
B’ =(uS + k(u + v + w)Sc:wS — k(u + v+ w)b? :wS + k(u + v+ w)Sa),
C' =(uS + k(u+v + w)Sp:wS + k(u + v+ w)Ss:wS — k(u+ v + w)c?).

Publication Date: January 18, 2002. Communicating Editor: Paul Yiu.

The author expresses his sincere thanks to Floor van Lamoen and Paul Yiu for their help and their
valuable comments.

lLet ABC be a triangle of side lengths b, ¢, and area}S. For eachp, Sy := S - cot ¢. Thus,
Sa =3+ —d?), S = 3(c®+a®—b%),andSc = L(a® +b* — ¢?). These satisfy
SaSB + SpSc + ScSa = S? and other simple relations. For a brief summary, seé1B,
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The equations of the lined A, BB', CC’ are
(wS + k(u+v+w)Sp)y—(vS + k(u+ v+ w)Sc)z =0, (2)
—(wS + k(u+v+w)Sa)zx +(uS + k(u+v+w)Sc)z =0, (3)

(vS+k(u+v+w)Sa)z— (uS + k(u+ v +w)Sr)y =0. (4)

These three lines are concurrent if and only if

0 wS + k(u+v+w)Sp —(wS + k(u+v+w)Sc)
—(wS + k(u+v+w)Sa) 0 uS + k(u+v+w)Sc =0.
vS+k(u+v+w)Sa —(uS + k(u+ v+ w)Sg) 0

This condition can be rewritten as
ES(u+v+w)(S - K(u,v,w) — k(u+ v+ w)L(u,v,w)) =0,
where
K (u,v,w) =(b* — )vw + (¢ — a*)wu + (a* — b*)uv, (5)
L(u,v,w) =(b* — ¢*)Sau + (¢* — a®)Spv + (a® — b*)Scw. (6)
Note thatK (u,v,w) = 0 and L(u, v, w) = 0 are respectively the equations of the
Kiepert hyperbola and the Euler line of triangleBC'. SinceP is a finite point
andk is nonzero, we conclude, by writig= tan ¢, that the locus of? for which
A'B’C" is perspective wittA BC is the rectangular hyperbola
SeK (u,v,w) — (u+v+w)L(u,v,w) =0 (7)
in the pencil generated by the Kiepert hyperbola and the Euler line.

Floor van Lamoen [2] has pointed out that this hyperbola (7) is the Kiepert hy-
perbola of a Kiepert triangle of the dilated (anticomplementary) trianglé B¢ .
Specifically, let’’(¢) be the Kiepert triangle whose vertices are the apexes of sim-
ilar isosceles triangles of base anglesonstructed on the sides gfBC'. It is
shown in [3] that the Kiepert hyperbola &f(¢) has equation

255( Y (0 = Ay2) + (@ +y+2)( Y (17 — ) (Sa + Sp)x) = 0.
cyclic cyclic
If we replacer, y, z respectively by + w, w + u, u + v, this equation becomes (7)
above. This means that the hyperbola (7) is the Kiepert hyperbola of the Kiepert
triangle () of the dilated triangle oABC'.?

The orthocenter and the centroid7 are always on the locus. Trivially, if
P = H, the perspector is the same po#it For P = G, the perspector is the
point3

1 1 1
<3kSA+S "3kSp+ S 3kSC+S> ’

The Kiepert triangle/C(¢) of the dilated triangle ofABC' is also the dilated triangle of the
Kiepert triangle/C(¢) of triangle ABC.
3In the notations of [3], this is the Kiepert perspecitofarctan 3k).
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the second common point of Kiepert hyperbola and the tangdntathe locus of
P, the Kiepert hyperbola of the dilated triangle/6{).

Now we identify the perspector wheR is different fromG. Addition of the
equations (2,3,4) of the line$A', BB’, CC’ gives

(v—w)z+ (w—u)y+ (u—v)z=0.
This is the equation of the line joining to the centroidz, showing that the per-
spector lies on the lin&' P.

We can be more precise. Reorganize the equations (2,3,4) as
k(Spy — Scz)u+ (k(Spy — Scz) — Sz)v+(k(Spy — Scz) + Sy)w = 0, (8)
(k(Scz — Sazx) + Sz)u+ (k(Scz — Sax)v+(k(Scz — Saz) — Sz)w = 0, 9)
(k(Saxz — SBy) — Sy)u+(k(Sax — Spy) + Sz)v+ k(Saxz — Spy)w=0. (10)

Note that the combination-(8) + y-(9) + z-(10) gives
k(u+v+w)(x(Spy — Scz) +y(Scz — Sax) + z(Sax — Spy) = 0.
Sincek andu + v + w are nonzero, we have
(Sc — Sp)yz + (Sa — Sc)zx + (Sp — Sa)xy =0,

or equivalently,(#? — c?)yz + (¢ — a®)zx + (a® — b?)zy = 0. It follows that the
perspector is also on the Kiepert hyperbola.

Figure 2

We summarize these results in the following theorem.
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Theorem. Let k& = tan ¢ be nonzero, and points A, B’, C’ be given by (1) along

the rays through P parallel to the altitudes. Thelines A4, BB’, CC" are concur-

rent if and only if P lies on the Kiepert hyperbola of the Kiepert triangle 1C(¢) of
the dilated triangle. The intersection of these lines is the second intersection of the
line GP and the Kiepert hyperbola of triangle ABC'.

If we change, for example, the orientation#, the locus ofP is the rectangu-
lar hyperbola with center at the apex of the isosceles trianglB ©rof base angle
#, * asymptotes parallel to thé-bisectors, and passing through the orthocehter
(and also thed-vertex A = (—1 : 1 : 1) of the dilated triangle). FoP = A%,

: 1 ) 1 G
5,75 55, 5" k:Sc—S> ,and forP #£ A%,
the second common point of the life4“ and the rectangular circum-hyperbola
with center the midpoint oBC.

We conclude by noting that for a positie the locus ofP for which we can
choose pointsd’, B’, C’ on the perpendiculars throughto BC, CA, AB such
that the linesAA4’, BB’, CC’ concur and the distances from to A, B’, C'
are respectively: times the lengths of the corresponding side is the union of 8
rectangular hyperbolas.

the perspector is the poi(tk
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Some Concurrencies from Tucker Hexagons

Floor van Lamoen

Abstract. We present some concurrencies in the figure of Tucker hexagons to-
gether with the centers of their Tucker circles. To find the concurrencies we make
use of extensions of the sides of the Tucker hexagons, isosceles triangles erected
on segments, and special points defined in some triangles.

1. The Tucker hexagon 7 and the Tucker circle C,

Consider a scalene (nondegenerate) reference trighBl€ in the Euclidean
plane, with sides = BC,b = C A andc = AB. Let B, be a point on the sideline
CA. LetC, be the point where the line throudh, antiparallel toBC meetsAB.
Then let A. be the point where the line throudt}, parallel toC' A meetsBC.
Continue successively the construction of parallels and antiparallels to complete
a hexagonB,C,A.B.C, A, of which B,C,, A.B. and CyA; are antiparallel to
sidesBC, C A and AB respectively, whileB.C,, A.C, and A, B,, are parallel to
these respective sides.

Figure 1

This is the well known way to construct &ucker hexagon. Each Tucker
hexagon is circumscribed by a circle, thiucker circle. The three antiparallel
sides are congruent; their midpoinks,, K and K¢ lie on the symmedians of
ABC insuch away thal K4 : AK = BKp : BK = CK¢ : CK, whereK
denotes the symmedian point. See [1, 2, 3].

1.1 Identification by central angles. We label byZ; the specific Tucker hexagon
in which the congruent central angles on the chagi§,,, C, A, and A.B. have
measure2¢. The circumcircle of the Tucker hexagon is denotedChyand its
radius byr. In this paper, the point&,, Cy, A, Cp, A, and B, are the vertices
of 7,, andT denotes the center of the Tucker cirCle

Publication Date: January 25, 2002. Communicating Editor: Paul Yiu.
The author thanks the Communicating Editor for his assistance§#ith
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Let M,, M, and M, be the midpoints of4, A., B,B. and C,C} respectively.
Since

/MM, =B+C, /MJTIM,=C+A, /M, TM,= A+ B,

the top angles of the isosceles triangle4, A.., T B.B, andT'C,C;, have measures
2(A — $), 2(B — ¢), and2(C — ¢) respectively?

From these top angles, we see that the distances Tramthe sidelines of tri-
angleABC arergcos(A — ¢), 14 cos(B — ¢) andrg cos(C — ¢) respectively, so
that in homogeneous barycentric coordinates,

T = (acos(A — ¢) : becos(B — ¢) : ccos(C — ¢)).

For convenience we write := Z — ¢. In the notations introduced by John H.
Conway,?

T = (a2(SA+S$) : bQ(SBJrSg) : c2(SC+S$)). (@H)
This shows thaf is the isogonal conjugate of the Kiepert perspedtdr)).> We

shall, therefore, writd{*(¢) for T'. Itis clear thati™ (¢) lies on the Brocard axis,
the line through the circumcentér and symmedian poink’.

Some of the most importart™*(¢) are listed in the following table, together
with the corresponding number in Kimberling’s notation of [4, 5]. We wuitéor

the Brocard angle.

o | K*(¢) Kimberling’s Notation
0 Circumcenter X3

w | Brocard midpoint | X3

+7 | Kenmotu points X371, X379

+% | Isodynamic centers X5, Xi6

5 | Symmedian point | Xg

1.2 Coordinates. Let K’ andC; be the feet of the perpendiculars fraifi(¢) and
Cp to BC'. By considering the measures of sides and angl«%@gK/K*(E) we
find that the (directed) distancesfrom Cj, to BC' as

a = rg(cos(A — ¢) —cos(A + ¢))
= 274 sin A sin ¢. (2)
In a similar fashion we find the (directed) distan¢é&om ¢, to AC as

B =1r4(cos(B — ¢) + cos(A — C + ¢))
= 2rysin C'sin(A + ¢). (3)

IHere, a negative measure implies a negative orientation for the isosceles triangle.
2For an explanation of the notation and a brief summary, sefi]7,

3This is the perspector of the triangle formed by the apexes of isosceles triangles on the sides of
ABC with base angles. See, for instance, [7].
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Combining (2) and (3) we obtain the barycentric coordinateg, of
Cy, =(a*sin ¢ : be(sin(A + ¢) : 0)
=(a*: Sa+S4:0).
In this way we find the coordinates for the vertices of the Tucker hexagon as

By = (Sc+S4:0:c%), Co=(Sp+Ss:0%:0),
AC:(O:bQ:SB+S¢), BC:(CLQ:O:SA+S¢), 4)
Cyp=(a*:S4+S4:0), Ap=(0:8Sc+ Sy :c?).

Remark. The radius of the Tucker circle ig = %2,

2. Triangles of parallels and antiparallels

With the help of (4) we find that the three antiparallels from the Tucker hexagons
bound a triangled; B;C; with coordinates:

a?(Sa— Sp)
A= ——22 0
! < Sa+ S C>

b*(Sp — Sy)
By = (a2 L5 =50) 5
! <a SB+S¢ > ()
SC Sy)
_ [ 2.;2. C\RC ™)
Cl—<a :be Sc+S¢ >

C1

Figure 2

In the same way the parallels bound a triandlé3,C> with coordinates:
Ay =(—(Sa — Sy) : b : %),
By =(a*: —(Sp — Sy) : ¢2), (6)
Oy =(a® : b* : —(Sc — Sy)).
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It is clear that the three triangles are perspective at the symmedian fgoint
See Figure 2. Sincd BC and A; B,Cs are homothetic, we have a very easy con-
struction of Tucker hexagons without invoking antiparallels: construct a triangle
homothetic toA BC' through K, and extend the sides of this triangles to meet the
sides ofABC' in six points. These six points form a Tucker hexagon.

3. Congruent rhombi

Fix ¢. Recall thatK 4, Kz and K are the midpoints of the antiparalle C,,,
ApCp and A. B, respectively. With the help of (4) we find

Ka =(a®>+2S4:0%: ),
Kp =(a®: b* +2S4: %), @)
Ko =(a® : b* : ¢ +285y).

Reflect the pointK™*(¢) through K4, K and K¢ to A,, B andC,, respec-
tively. These three points are the opposite vertices of three congruent rhombi from
the pointT = K*(¢). Inspired by the figure of theKenmotu point X371 in [4,
p.268], which goes back to a collection &ngaku problems from 1840, the au-
thor studied these rhombi in [6] without mentioning their connection to Tucker

hexagons.

Figure 3
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With the help of the coordinates féf*(¢) and K 4 found in (1) and (7) we find
after some calculations,

Ay =(a®(Sa — S5) —45% : b*(Sp — S5) : *(Sc — 7)),
By =(a*(Sa — S3) : b*(Sp — S5) — 45% : (Sc — S)), (8)
Cy =(a*(Sa — S3) : b°(Sp — S5) : (Sc — S5) — 45?).

From these, it is clear that BC and A, BsCy are perspective &*(—¢).

The perspectivity gives spectacular figures, because the rhombi formedjfrom
and7_, are parallel. See Figure 3. In addition, it is interesting to note Afi&b)
and K*(—¢) are harmonic conjugates with respect to the circumcentér and the
symmedian poinfs.

4. Isoscelestriangles on the sidesof A, A.B.B,C,Ch

Consider the hexagoA, A.B.B,C,C;. Define the pointsis, Bs, Cs, A4, By
and(} as the apexes of isosceles trianghes\, A3, B,B.B3, C;,C,Cs, B,Cy Ay,
CyApBy and A.B.C, of base angle), where all six triangles have positive orien-
tation whemy > 0 and negative orientation wheh< 0. See Figure 4.

Figure 4

Proposition 1. Thelines A3 A4, B3B4 and C3C, are concurrent.

Proof. Let B,C, = CyA, = A.B. = 2t, wheret is given positive sign when
C,B, and BC have equal directions, and positive sign when these directions are
opposite. Note thak' 4 K 3 K¢ is homothetic toABC' and thatK*(¢) is the cir-
cumcenter ofk4 K K. Denote the circumradius di4 K K¢ by p. Then we
find the following:

— ¢EaKcl.

¢ the signed distance froli4 K. to AC istsin B = T

o the signed distance fromC to By is 3 tan )| K4 K¢| — t tan ) cos B;
¢ the signed distance from,Cy to K 4 K¢ is t tan 1) cos B.
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Adding these signed distances we find that the signed distanceAr6into Bs
is equal to(2ip + %)\KAKC\. By symmetry we see the signed distances from
the sidesB,C, and A4B4 to A3 and Cs respectively aré Kp K| and | K4 K|
multiplied by the same factor. Since triangles K g K and A4 B,C, are similar,
the three distances are proportional to the sidelengthg BfC,. Thus,A3B3C3
is a Kiepert triangle ofd,B,C4. From this, we conclude that; A4, B3B,4 and
C3Cy are concurrent. O

5. Pointsdefined in pap triangles

Let ¢ vary and consider the trianglé,C, B, formed by the lines3, 4;, B,C\,
andC,A.. We call this theA-pap triangle, because it consists ofparallel, an
antiparallel and again parallel. Let the parallel$3, A, andC, A, intersect inA,.
Then, A is the reflection ofd throughK 4. It clearly lies on theA—symmedian.
See als@2. TheA-pap triangle A, C, B, is oppositely similar toABC'. Its vertices
are

Ay =(—(Sa — Sy) : b : %),
Co =(Sp + Sy : % :0), (9)
By =(Sc+ S5 :0:¢%).
Now let P = (u : v : w) be some point given in homogeneous barycentric coordi-
nates with respect td BC. For X € {A, B, C}, the locus of the counterpart &f
in the X -pap triangles for varyingp is a line throughX . This can be seen from the
fact that the quadrangledC, A5 B, in all Tucker hexagons are similar. Because
the sums of coordinates of these points given in (9) are equal, we find that the
A-counterpart of?, namely,P evaluated ird,C, B,,, sayPa_,qp, has coordinates
Pa_pap ~u-As+v-Cyp+w- B,
~u(—(Sa —Sp) 1021 ®) +v(Sp + Sy 1 b7 : 0) +w(Sc + Sy : 0: c2)
~(=Sau+ Spv + Scw + (u+v +w) Sy : b2 (u+v) : (u+ w)).

From this, it is clear thaP,_,,,, lies on the lineAP where
15:( R )
vt+tw wt+u utv
Likewise, we consider the counterparts@fin the B-pap andC-pap triangles

CyB2 Ay and B.A.Cy. By symmetry, the loci ofPg_,,, and Pc_,,, are theB-
andC-cevians ofP.

Proposition 2. For every ¢, the counterparts of P in the three pap-triangles of the
Tucker hexagon 7 form a triangle perspective with ABC at the point P.
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Figure 5

6. Circumcenters of apatriangles

As with thepap-triangles in the preceding section, we name the triadgie.C,
formed by theantiparallel B.C}, theparallel A,C},, and theantiparallel A. B, the
A-apa triangle. The other tw@pa-triangles ared.B,C, and A, B,C;. Unlike
the pap-triangles, these are in general not similatdA®8C. They are nevertheless
isosceles triangles. We have the following interesting results on the circumcenters.

Ay

N
RO
e

B

Figure 6

We note that the quadranglésA.Op_,,C, for all possible are homothetic
through B. Therefore, the locus abz_,,, is a line throughB. To identify this
line, it is sufficient to findDz_,, for one¢. Thus, for one special Tucker hexagon,
we take the one witld, = A and A, = C. Then theB-apa triangle is the isosce-
les triangle erected on sideand having a base angle & and its circumcenter
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OB—qpa is the apex of the isosceles triangle erected on the same side with base
angle2B — Z. Using the identity’
S* = Sap+ Sac + Sse,
we find that
OB-apa =(Sc + Szp-1z : —b%: Sa+ Sap-1z)
=(a®(a?Sa 4 b?Sp) : b*(Spp — S9) : A (VS + 2S¢)),

after some calculations. From this, we see that(he ,,, lies on the lineBN*,
where

a® b2 c?
N* = : :
(bQSB +c2Sc a?2S4+c2Sc  2So + b253>

is the isogonal conjugate of the nine point centér Therefore, the locus of
OB—qpq for all Tucker hexagons is thB-cevian of N*. By symmetry, we see that
the loci ofO4_qpq aNdO¢— gy, are theA- andC'-cevians ofNV* respectively. This,
incidentally, is the same as the perspector of the circumcenters pihigiangles
in the previous section.

Proposition 3. For X € {A, B,C}, the line joining the circumcenters of the X -
paptriangle and the X -apatriangle passes through X . These three lines intersect
at the isogonal conjugate of the nine point center of triangle ABC.

7. More circumcenters of isosceles triangles

From the centef” = K*(¢) of the Tucker circle and the vertices of the Tucker
hexagonZy, we obtain six isosceles triangles. Without giving details, we present
some interesting results concerning the circumcenters of these isosceles triangles.

(1) The circumcenters of the isosceles triandgleR,C,, TCyA, andT A B,
form a triangle perspective with BC' at

K*(2¢) = (a®(Sa + S -tan2¢) : b*(Sp + S - tan 2¢) : ¢*(Sc + S - tan 2¢)).

See Figure 7, where the Tucker hexagbp and Tucker circlel;, are also indi-
cated.

Figure 7

4Here,Sxy stands for the producx Sy .
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(2) The circumcenters of the isosceles triandle, A., T B.B, andTC,C,
form a triangle perspective witA BC' at

a2
(52(382 — SBC) +2CL2SQ . S(z) + (SQ +SBC)S¢¢ R ) .
See Figure 8.

Figure 8 Figure 9

(3) The three lines joining the circumcentersiaB,C,, T Ay A.; ... are concur-
rent at the point

(a*(S*(35? — Swa) +25(Sw + S4)Sy + (25 — Spc + Saa)Spe) i+ 1+ ).
See Figure 9.
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Congruent Inscribed Rectangles

Jean-Pierre Ehrmann

Abstract. We solve the construction problem of an interior pathin a given
triangle ABC' with congruent rectangles inscribed in the subtriang3C),
PCAandPAB.

1. Congruent inscribed rectangles

Given a triangle with sidelengths b, ¢, let L,, = min (a,b,¢); L € (0, L)
andu > 0. Let P be a point insided BC' with distancesi,, dy, d. to the sidelines
of ABC'. Suppose that a rectangle with lengths of sifleand L is inscribed in

the triangleP BC', with two vertices with distancé on the segmenBC, the other
a pal

vertices on the segmenisB andPC. Then,——— = —, ord, = .
g do — pL  d, " a—1

/ A
Figure 1

If we can inscribe congruent rectangles with side lendtladp L in the three
trianglesPBC, PC' A, PAB, we have necessarily

a? b2 2 2A
(L) = - — =0, 1
JulL) a—L b-L oL uL 0 @)
whereA is the area of triangl&l BC'. This is becaused, + bdy + cd. = 2A.

Publication Date: February 7, 2002. Communicating Editor: Bernard Gibert.
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The functionf, (L) increases from-oo to +oco whenL moves on(0, L,,). The
equationf,,(L) = 0 has a unique roat, in (0, L,,) and the point

P, = a’ : r : i
a—L, b—L, c—1L,

in homogeneous barycentric coordinates is the only pBimside A BC for which

we can inscribe congruent rectangles with side lendthand L, in the three
trianglesPBC, PCA, PAB. If Hy is the circumhyperbola through(incenter)
and K (symmedian point), the locus @, whenu moves on(0, +o00) is the open
arc(2 of Hy from I to the vertex ofA BC' opposite to the shortest side. See Figure
1. Forp = 1, the smallest roof; of fi(L) = 0 leads to the point? with
congruent inscribed squares.

Figure 2

2. Construction of congruent inscribed rectangles

ConsiderP € 2, @ and E the reflections ofP and C' with respect to the line
IB. The parallel toAB through( intersectsBP at F'. The linesEF and AP
intersect atX. Then the parallel toAB through X is a sideline of the rectangle
inscribed inP AB. The reflections of this line with respect & and BI will each
give a sideline of the two other rectangles.

BFE a BP d ca—L
Proof. We have=—= = —, =— = - = - 2 Applying the Menelaus
BA ¢ BF dq ac—1L, PRINg

theorem to triangle® AB and transversall F' X, we have
XA FBEA L,—c
XP FPEB L,

More over, the sidelines of the rectangles paralleBtd, C A, AB form a triangle
homothetic atf with ABC. O

IThis construction was given by Bernard Gibert.
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Figure 3

3. Construction of B,

The pointF, is in general not constructible with ruler and compass. We give
here a construction as the intersection of thefamith a circle.
Consider the points

a b c
X100 = : :
100 (b—c c—a a—b)

and

a? b2 2
X106 = : :
b+c—2a c+a—2b a+b—2c

on the circumcircle? Note that the lineX;09 X106 passes through the incentér
The line joining X706 to the symmedian poink intersects the circumcircle again

at
a® b2 c?
Xi01 = : : .
1ot <b —c c—a a-— b>
Construction. Draw outwardly a line parallel toAC at a distance:b from AC,
intersecting the ling’' K at S. The parallel atS to the lineC' X, intersects the

line K X101 X106 atY,. Then P, is the intersection of the ar@ with the circle
through.X90, X106, andY,,. See Figure 4.

Proof. From

I 2aAx _ 2bAy _ 2cAz
T2zt pa(zty+2) 20zt pb2(zty+z2)  28z4pal(z+y+z2)’

2\We follow the notations of [1]. HereXioo is the isogonal conjugate of the infinite point of the
trilinear polar of the incenter, anll; o6 is the isogonal conjugate of the infinite point of the liGé
joining the centroid and the incenter.
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we note thatP, lies on the three hyperbolas,, H;, and, with equations

pbe(z +y + z)(cy — bz) + 2A(b — ¢)yz =0, (Ha)
pca(x +y + z)(az — cx) + 2A(c — a)zx =0, (Hs)
pab(z +y + z)(bx — ay) + 2A(a — b)xy =0. (He)

Computinga?(a—b)(c—a)(Ha)+b*(b—c)(a—b)(Hy) +c*(c—a)(b—c)(H,.),
we see thab, lies on the circld’:

pabe(x +y + 2)A + 2A(a — b) (b — ¢)(c — a)(a®yz + b2z + ay) = 0,
where
A=be(b—c)(b+c—2a)r+ calc—a)(c+a—2b)y +abla+b—2c)(a—b)z.

As A = 0 is the lineX;99 X106, the circlel’, passes througl;op and X .
Now, as/ is the line2Ay + ub*(z + y + z) = 0, we have

S:<a2:b2:—<a2—|—b2+%>>.
1

The parallel througt$ to C Xj; is the line

9

pb+a—2c)(x+y+2)+2A ((b ;QC)IL’ n (a ;20)3/)

and K X is the line
b2 (b —¢)(b+c —2a)x + 2a’(c — a)(c +a — 2b)y + a*b*(a — b)(a + b — 2¢)z = 0.
We can check that these two lines intersect at the point
Y, =(a®*(2A(c — a)(a — b) + p(—a®(b° + ) + 2abe(b + ¢) + (b* — 2b°c — 2bc® + ¢*))
b2 (2A(>a — b) (b — ¢) 4+ u(=b*(* + a®) + 2abe(c + a) + (¢* — 2¢*a — 2¢a® + a*))
P 2AD —¢)(c— a) + p(—c(a® 4+ b%) + 2abe(a+ b) + (a* — 2a°b — 2ab® + b))
on the circlel’,. O

Remark. The circle throughXio, X106 and P, is the only constructible circle
throughP,, and there is no constructible line through
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Coallineations, Conjugacies, and Cubics

Clark Kimberling

Abstract. If F'is an involution andp a suitable collineation, thepo F o ¢+

is an involution; this form includes well-known conjugacies and new conjuga-
cies, includingaleph, beth, complementary, and anticomplementary. If Z(U)

is the self-isogonal cubic with pivat, theny carriesZ(U) to a pivotal cubic.
Particular attention is given to the Darboux and Lucas cubizsand L, and
conjugacy-preserving mappings betwderand L are formulated.

1. Introduction

The defining property of the kind of mapping calleallineation is that it carries
lines to lines. Matrix algebra lends itself nicely to collineations as in [1, Chapter
XlI] and [5]. In order to investigate collineation-induced conjugacies, especially
with regard to triangle centers, suppose that an arbitrary poimt the plane of
ANABC has homogeneous trilinear coordinates g : r relative to AABC, and
write

A=1:0:0, B=0:1:0, C=0:0:1,
so that
A 10
B = 01
C 0 0
Suppose now that suitably chosen poifts= p; : ¢; : 7, and P/ = p), : ¢} : 7|

(2
fori = 1,2,3,4 are given and that we wish to represent the unique collineation
that maps eacl?, to P/. (Precise criteria for “suitably chosen” will be determined

soon.) Let

— o O

Po@1oT / P4
P=1\| p q@ r |, Pr=1 py g5 19
pP3 q3 T3 pé qé T:,%

We seek a matri®l such thatp(X) = XM for every pointX = z : y : z, where
X is represented aslax 3 matrix:

X = ( T Yy z )
In particular, we wish to have
PM =DP' and PM = ( gapy 94y grhy ),

Publication Date: March 11, 2002. Communicating Editor: Paul Yiu.
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where
d 0 0

D= 0 e O
00 f
for some multipliersd, e, f, g. By homogeneity, we can, and do, put 1. Then
substitutingP~'DP’ for M gives P,P~'D = P, (P')~1. Writing out both sides
leads to
Phas — P3q5)Ty
P2g3 — P3q2)ra’

J = (g575 — q379)P}y
4

T2p3 - T3P2 qfl
(QQT:s — 437r2)p 4

Top3 — T'3P2)q

5Py + (11 5) ( )T
)pa + ( ) ( )
(q3r1 — qyr3)py + (rspy — rip3)q) + (Psq) — Pias)r)
(q3m1 — qir3)pa + (r3p1 — r1p3)qa + (P31 — P1g3)Ta’
Vpy + (7] Dy + ( D7)

F o= (q175 — aar1)py + (riph — raph)ay + (P1d5 — Padi)ry
(qir2 — q2r1)pa + (r1p2 — r2p1)qa + (P12 — P1G2)7T4
The pointD := d : e : f is clearly expressible as quotients of determinants:

Py dy T P dy Tl Py dy T
Py g5 T Py g5 T3 Pioa T
/ / / / / / / / /
D— by g3 T3 | | P @1 Ti| | P2 Gy T2
P4 q4 T4 pPa Q4 T4 P4 q4 T4
P2 q2 T2 b3 g3 T3 Pr g1 71
pP3 g3 T3 P @1 7" P2 q2 T2

With D determined, we write
M =P~ 'DP

and are now in a position to state the conditions to be assumed about the eight
initial points:

(i) P and® are nonsingular;

(ii) the denominators in the expressions e, f are nonzero;

(iii) def # 0.

Conditions (i) and (ii) imply that the collineatiop is given byp(X) = XM,
and (iii) ensures thap=!(X) = XM~!. A collineation satisfying (i)-(iii) will
be calledregular. If ¢ is regular then clearly! is regular.

If the eight initial points are centers.€., triangle centers) for which no three
P; are collinear and no threE are collinear, then for every centéf, the image
»(X) is acenter. IfP,, P, P5 are respectively thd-, B-, C- vertices of a central
triangle [3, pp. 53-57] and, is a center, and if the same is true fgrfor i = 1,

2, 3, 4, then in this case, togp,carries centers to centers.

Ia geometric realization ob follows. Let P denote the circle
(pra+ p2fB + psy)(aa + b3 + ) + pa(aBy + bya + caff) =0,
and letQ, R, P', Q', R’ be the circles likewise formed from the poins and P;. Following [3,

p.225], letA andA’ be the radical centers of circlés O, R andP’, Q’, ', respectively. TherD
is the trilinear quotient\ /A’.
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The representatiop(X) = XM shows that folX = = : y : 2, the imagep(X)
has the form

fiz+ g1y + hiz : foxr + goy + hoz : fsx + g3y + hsz.

Consequently, ifA is a curve homogeneous of degree> 1 in «, 3, v, then
©(A) is also a curve homogeneous of degrei@ «, 3, . In particular,p carries
a circumconic onto a conic that circumscribes the triangle having verticds,
o(B), ¢(C), and likewise for higher order curves. We shall§ concentrate on
cubic curves.

Example 1. Suppose

P=p:q:nmn U= u:v:w, U= :v:uw
are points, none lying on a sideline 6fABC, andU' is not on a sideline of the
cevian triangle of? (whose vertices are the rows of matkxshown below). Then
the collineationy that carriesABC to I’ andU to U’ is regular. We have

0 g r 1 —-p q T
P=|p 0], and P)'=—| p —q r ,
||
p q 0 p q -r
leading to
p(X) = XM = p(ey + fz) : q(fz + dz) : r(dz + ey), 1)
where
1 T VA V7 1 /v o W 1 /v o W
die: f=~--——+—+—):"|———+—):=[—F+———].
U P q r v\p ¢ r w\p ¢ r

(2)

Example 2. Continuing from Example 1, ! is the collineation given by

@1(X)_XM1_1<_£+y+£):l(z_gg);l(fﬂ_z),(3)
d\ p q r) e\p q r) f\p q 1

2. Conjugaciesinduced by collineations

Supposer is a mapping on the plane 8f ABC andy is a regular collineation,
and consider the following diagram:

X

P (X)

F(X)

P(F(X))

On writing p(X) as P, we havem(P) = o(F(¢~1(P))). If F(F(X)) = X,
thenm(m(P)) = P; in other words, ifF' is an involution, thenn is an involution.
We turn now to Examples 3-10, in which is a well-known involution and is
the collineation in Example 1 or a special case thereof. In Examples 11 agd 12,
is complementation and anticomplementation, respectively.
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Example 3. For any pointX = z : y : z not on a sideline o\ ABC, the isogonal
conjugate ofX is given by
1 1 1
F(X) —_— E . a . ;.
SupposeP, U, ¢ are as in Example 1. The involutien given bym(X) = o(F (¢ 1(X)))
will be formulated: equation (3) implies

d e f
F(QO_I(X)) = x Y z : x i z : x Y z)
TpTetE P TgTr vty Th
and substituting these coordinates into (1) leads to
m(X) =mq : mg : ms, 4
where
€2 f2
mlzml(pqurvxvyvz):p E_g+§+£+g_§ (5)
p q r P q r

andmy andms are determined cyclically fromn, ; for examplema(p, ¢, 7, z,y, 2) =
ml(Q7 np,Y, =z, 15')

In particular, ifU =1:1:1andU’ = p: q : r, then from equation (2), we
haved:e: f =1:1:1, and (5) simplifies to

x z x z x z
m(X) =z _I4YLE Ly ToVLE) (2482,
p qg r p qg T p qg r

This is theP-Ceva conjugate oK, constructed [3, p. 57] as the perspector of the
cevian triangle ofP and the anticevian triangle of.

Example 4. Continuing with isogonal conjugacy fdr and withy as in Example
3(WwWithU = 1:1:1andU’ = p:q:r), here we use~! in place ofyp, so that
m(X) = ¢ Y (F(o(X)). The result is (4), with

my = —¢*r2x? + 2%y + 0?2 4 (=P it 4 pP ) (yz + 2o+ ay).
In this casem(X) is the P-aleph conjugate of X.

Let

111
y+z z4+x x4y
ThenX = n(X)-aleph conjugate oK. Another easily checked property is that a
necessary and sufficient condition that

X = X-aleph conjugate of the incenter

is that X = incenter or elseX lies on the coni@y + va + af = 0.

In [4], various triples(m(X), P, X) are listed. A selection of these permuted
to (X, P,m(X)) appears in Table 1. The notatio%j refers to the indexing of
triangle centers in [4]. For example,
| 1 A B C

: : = tan — : tan — : tan —
b+c—a c+a—-b a+b—c altg stan s tan g,

n(X) =

X57 =
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abbreviated in Table 1 and later tables a%,“tané". In Table 1 and the sequel,
the arear of AABC is given by

1602 = (a+b+c)(—a+b+c)a—b+c)a+b—c).

Table 1. Selected aleph conjugates

| center,X | P | P-aleph con;. ofX |
57, tan é 7,sec? % 57, tan é
63, cot A 2,1 1,1
57,tan 5 174,sec 4 1,1
1 b 1
2,1 86, ? 2,1
S,COSA 21,m S,COSA
43, ab + ac — bc 1,1 9,b+c—a
610,0% — a’ cot A 2,1 19,tan A
165,tan 2 +tan§ —tan 4 | 100, ;7 101, 7%

Example5. Here,F is reflection about the circumcenter:
F(z:y:2z)= 2RcosA—hx :2Rcos B—hy:2RcosC — hz,

where R = circumradius, and, normalize$ X. Keepingy as in Example 4, we
find

ma(z,y, z) = 2abe(cos B + cos C) <x(b+c—a) + ylera-?) + z(a—!—b—c)) — 1607z,
p q r

which, via (4), defines th&-beth conjugate of X.

Table 2.  Selected beth conjugates

| center, X | P | P-beth conj. ofX |
110, 7% 643, =g 643, g
6,a 101, 3% 6,a
4,sec A 8, csc? % 40,cos B+ cosC —cos A —1
190, < 9,b+c—a 292, a/(a® — be)
11,1 —cos(B — C) | 11,1 — cos(B — C) | 244, (1 — cos(B — O))sin* £
b b2 2
1,1 99, 2 S
10, % 100, ﬁ 73, cos A(cos B + cos C)
3,cos A QI,W 56,1 —cos A

Among readily verifiable properties of beth-conjugates are these:

() p(X3) is collinear with every paif X, m(X)}.

(i) Since each lineC through X3 has two points fixed under reflection i,
the lineyp (L) has two points that are fixed by, namelyp(X3) andp(L£ N L£%).

af X ¢ £°°,thenh = 20/(ax 4+ by + c2); if X € L% andzyz # 0, thenh = 1/ + 1/y +
1/z; otherwise,h = 1. For X ¢ L, the nonhomogeneous representation Xols the ordered
triple (hz, hy, hz) gives the actual directed distandes, hy, hz from X to sidelinesBC,C A, AB,
respectively.
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(i) When P = X5, ¢ carries the Euler lind.(3, 4,20, 30) to L(1, 3,56, 36),
on which them-fixed points areX; and Xsg, andy carries the lind.(1, 3,40, 517)
to L(21,1,58,1078), on which them-fixed points areX; and X;¢7s.

(iv) If X lies on the circumcircle, then th&,; -beth conjugateX’, of X lies on
the circumcircle. Such pairsX, X’) include (X;, X;) for these(s, j): (99, 741),
(100,106), (101,105), (102,108), (103,934), (104,109), (110, 759).

(v) P = P-beth conjugate oX if and only if X = P - X4 (trilinear product).

Example 6. Continuing Example 5 witho—! in place ofy leads to theP-gimel
conjugate of X, defined via (4) by
mi(x,y, z) = 2abc (—COSA + cos B + COSC) S — 8oz,
p q

whereS = z(bq + cr) + y(cr + ap) + z(ap + bq).
It is easy to check that iP € £, thenm/(X;) = X;.

Table 3. Selected gimel conjugates

| center,X | P | P-gimel conjugate of( |
1,1 3,cos A 1,1
A
3,cos A 283, m 3,cos A
30,cos A — 2 cos B cosC 8,CSC2% 30,cos A — 2 cos BcosC
I

4,SGCA 21, s BtcosC 4,SGCA

219,008/100'6% 63, cot A 6,a

Example 7. For distinct pointsX’ = 2/ : ¢/ : 2’ andX = z : y : 2, neither lying
on a sideline oA ABC, the X’-Hirst inverse ofX is defined [4, Glossary] by

y/Z/IEQ _ x/2yz . Z/m/y2 _ y/2zx . x/y/ZQ _ z'Qxy.

We chooseX’ = U = U’ =1:1: 1. Keepingy as in Example 4, foX # P we
obtainm as in expression (4), with

y 2\’
mi(z,y,2) =p|=——~
q T
In this example,m(X) defines theP-daleth conjugate of X. The symbolw in
Table 5 represents the Brocard angle’ o BC.

Table 4. Selected daleth conjugates

| center, X | P | P-daleth conjugate ok |
518,02 + % —a(b +¢) 1,1 37,b+c¢

1.1 1.1 A0+ c—2a
511, cos(A + w) 3,cos A 216,sin 2A cos(B — C)
125, cos Asin?(B — C) 4,sec A 125, cos Asin?(B — C)

511, cos(A + w) 6,a 39, a(b* + ¢?)

672,a(b” + ¢ —a(b+c)) 6,a 42,a(b + c)

396, cos(B — C) 4 2cos(A — %) | 13,csc(A + %) | 30,cos A — 2cos B cos C
395, cos(B — C) +2cos(A+ %) | 14,csc(A — %) | 30,cos A — 2 cos B cos C
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Among properties of daleth conjugacy that can be straightforwardly demon-
strated is that for giver?, a pointX satisfies the equation

P = P-daleth conjugate ok
if and only if X lies on the trilinear polar oP.

Example 8. Continuing Example 7, we usg™! in place ofy and define the re-
sulting imagen (X) as theP-he conjugate of X.3 We havem as in (4) with

mi(z,y,z) = —ply+z)>+q(z+z)?+r(x+y)?

+ C%(9& +y)(x+2) — %(y—i— 2)(y +x) — %(z +2)(z +y).

Table 5. Selected he conjugates

| center, X | P | P-he conjugate ok |
239, be(a® — be) 2, é 9b+c—a
36,1 —2cos A 6,a 43,csc B 4+ cscC' — csc A
514, % 7,sec? % 57, tan %
661, cot B — cot C' | 21, m 3,cos A
101, 7% 100, 7 101, 7%

Example 9. The X;-Ceva conjugate oK not lying on a sideline of iRNABC' is
the point
—z(—x+y+z2)ylr—y+z):z(z+y—=2).
Taking this forF" and keepingp as in Example 4 leads to
mi (2,9, 2) = p(@®¢*r® + 2p*(ry — ¢2)* — pgr’ey — pg°raz),
which viam as in (4) defines thé&-waw conjugate of X.

Table 6. Selected waw conjugates

| center, X | P | P-waw conjugate of |
37,b+c¢ 1,1 354, (b —c)? —ab — ac
5,cos(B — C) 2,1 141, be(b? + %)
10, bt 24 | 142p4c- 0=
53,tan Acos(B — C) | 4,sec A | 427, (b + ¢*)sec A
51,a” cos(B — C) 6,a 39,a(b® + %)

Example 10. Continuing Example 9 witp~—! in place ofy gives

mi(z,y,2) =ply +2)° —ry> —q2® + (p—r)zy + (p — @)z,

which viam as in (4) defines thé-zayin conjugate of X. When P = incenter,
this conjugacy is isogonal conjugacy. Other cases are given in Table 7.

3The fifth letter of the Hebrew alphabethis, homophonous withay.
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Table 7. Selected zayin conjugates

center,.X | P | P-zayinconjugate o |
9b+c—a 2,% 9b+c—a
101, 3% 2,2 661, cot B — cot C
108, % 3,cos A 656, tan B — tan C'
109, 4 4,sec A 656, tan B — tan C
43,ab + ac — be 6,a 43,ab + ac — be
57, tan % 7,sec? % 57, tan %
40,cos B+ cosC —cos A — 1 8,cs02§ 40,cos B+ cosC —cos A — 1

Example 11. The complement of a point’ not on £ is the pointX’ satisfying
the vector equation

JEEEN 1
X'Xy = EXQX.
If X =x:y:2then
by+cz cz4+ar ar+b
Y : : Y (6)
a b c
If X € £, then (6) defines the complement&f The mappingy(X) = X' is a
collineation. LetP = p : ¢ : r be a point not on a sideline @ ABC, and let
1 1 1
FX)=—:—:—,
br qy Tz
the P-isoconjugate ofX. Thenm as in (4) is given by

X' =

1 b2 c?
ma(,y,2) = a <q(am — by + c2) + r(ax + by — cz))
and defines thé’-complementary conjugate of X. The X;-complementary con-
jugate of X5, for example, is the symmedian point of the medial triandig,;,
and X is its own X;-complementary conjugate. Moreovéef;-complementary
conjugacy carriex> onto the nine-point circle. Further examples follow:

Table 8. Selected complementary conjugates

| centerX | P | P-complementary conjugate of |

10, 2< 2,2 141, be(b? + ¢?)

10, % 3,co8 A 3,cos A
10, % 4,sec A 5,cos(B — C)

10, 2t< 6,a 2,1
141, be(b? + ?) 7,sec? é 142,b + ¢ — @

9,04+c—a 9,b4+c—a 141, be(b? + %)
2, % 19, tan A 5,cos(B — C)

125, cos Asin?(B—C) | 10, %< 513,b — c
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Example 12. The anticomplement of a poid is the pointX” given by

X7 —ar+by+cz ar—by+cz axr+by—cz

= - : : : ; .
Keeping F' and ¢ as in Example 11, we have ' (X) = X” and definem by
m = p 1o F oy, Thus,m(X) is determined as in (4) from

( )—1 b + c
ML, y, ~a\qlax+cz)  rlax+by) plby+cz)/)’

Here,m(X) defines theP-anticomplementary conjugate of X. For example, the
centroid is theX;-anticomplementary conjugate &fy (the symmedian point of
the anticomplementary triangle), and the Nagel poiy, is its own self X;-
anticomplementary conjugate. Moreovéf,-anticomplementary conjugacy car-
ries the nine-point circle ontd>. Further examples follow:

Table 9. Selected anticomplementary conjugates

| center, X | P | P-anticomplementary conj. of |

3,co8 A 1,1 4,sec A

5,cos(B — C) 1,1 20, cos A — cos B cos C
10, o< 2,1 69, be(b? + % — a?)
10, % 3,co8 A 20, cos A — cos B cos C
10, % 4,sec A 4,sec A
10, & 6,a 2,1

5,cos(B — C) 19,tan A 2, é

125, cos Asin*(B — C) | 10, 2t< 513,b — c

3. The Darboux cubic, D

This section formulates a mapping on the plane ofA ABC this mapping
preserves two pivotal properties of the Darboux cubicIn Section 4,¥(D) is
recognized as the Lucas cubic. In Section 5, collineations will be applidd, to
carrying it to cubics having two pivotal configurations with properties analogous
to those ofD.

The Darboux cubic is the locus of a poikitsuch that the pedal triangle &f is a
cevian triangle. The pedal triangle &f has for itsA-vertex the point in which the
line through X perpendicular to lined3C meets lineBC, and likewise for theB-
andC- vertices. We denote these three verticesXby X, X, respectively. To
say that their triangle is a cevian triangle means that the lihEs, B Xz, C X
concur. Let¥(P) denote the point of concurrence. In order to obtain a formula for
¥ we begin with the pedal triangle dt:

X 0 B+acy v+ ab;
X | = a+Ba 0 v+ Bar |,
Xc a+vb1 B+ yaq 0
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wherea; = cos A, by = cos B, ¢; = cos C. Then
BXpNCXe =(a+ Ber)(a+vb1) 1 (B+yar)(a+ Ber) : (v + Bar)(a + vb1),
CXcNAXg =(a+701)(B + ac1) : (B+7va1)(B + act) : (v + ab)(B +ya1),
AXANBXp =(a+ per)(y+abi) : (B+ ac1)(y + Bar) : (v + abi)(y + Bar).

Each of these three pointsig X'). Multiplying and taking the cube root gives
the following result:

‘IJ(X) = ¢(a7ﬂ7v7a7b76) : ¢(ﬁ777a7b7c7a) : ¢(’7)a)ﬁ7c7a’b)7
where
Wl 5,7, a,b,¢) = [(a+ fer)* (@ +7b1)* (B + ac) (v + aby)]'/.

The Darboux cubic is one of a family of cubi¢§U) given by the form (e.g.,

[3, p.240])
ua(f? = %) +vp(y* - a?) + wy(a® - %) =0, 7

where the point/ = « : v : w is called the pivot ofZ(U), in accord with
the collinearity ofU, X, and the isogonal conjugaté&~!, of X, for every point
X =a:p:v0onZ(U). The Darboux cubic i (Xy); that is,
(a1 = bicn)a(B% = 7%) + (b1 — c1a1)B(7* = @®) + (e1 — arby)y(a® — %) = 0.

This curve has a secondary pivot, the circumcemter,n the sense that iX lies
on D, then so does the reflection &f in X3. SinceXj itself lies onD, we have
here a second system of collinear triplesion

The two types of pivoting lead to chains of centersion

refl isog refl

X1 — Xy — Xgg — -+ (8)

iso, refl iso; refl
X3 2% X4 ™5 Xog 28 Xy 7 - 9)

Each of the centers in (8) and (9) has a trilinear representation in polynomials with
all coefficients integers. One wonders if all such center®aran be generated by
a finite collection of chains using reflection and isogonal conjugation as in (8) and

9).
4. The Lucas cubic, L

Transposing the roles of pedal and cevian triangles in the descriptibriedds
to the Lucas cubicL, i.e., the locus of a poink = « : 3 : v whose cevian triangle
is a pedal triangle. Mimicking the steps in Section 3 leads to

\II_I(X) = )\(a,ﬂ,'y,a,b, C) : )‘(/6777047[77 ¢, CL) : )\(’)/,Oé,ﬁ, Caaab)v
where\(«, 8,7, a,b,c) =
{[o® = (aar = yer)(aar — Bb1)]([(aB +v(aar — Bb1)][(ay + Blaar —yer)]}/2.

It is well known [1, p.155] that “the feet of the perpendiculars from two isogo-
nally conjugate points lie on a circle; that is, isogonal conjugates have a common
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pedal circle...” Consequently[ is self-cyclocevian conjugate [3, p. 226]. Since
L is also self-isotomic conjugate, certain centerd.care generated in chains:

isot cycl isot cycl
X7 =% Xg 5 Xig9 =5 Xagg o - (10)
cycl isot cycl isot cycl
XQL)X41—)X69L>X2531_>X20L)"" (11)

The mapping¥, of course, carried to L, isogonal conjugate pairs ab to
cyclocevian conjugate pairs dn reflection-in-circumcenter pairs dnto isotomic
conjugate pairs oif, and chains (8) and (9) to chains (10) and (11).

5. Cubicsof theform ¢(Z(U))

Every line passing through the pivot of the Darboux cubiecneetsD in a pair
of isogonal conjugates, and every line through the secondary Fivot D meets
D in areflection-pair. We wish to obtain generalizations of these pivotal properties
by applying collineations td>. As a heuristic venture, we apply t0 trilinear
division by a pointP = p : ¢ : r for which pgr # 0: the setD /P of points X /P
as X traversesD is easily seen to be the cubic

(a1 = bren)pa(q®y® —r®2%) + (b — cran)qy(r?2? — p?a?)
+(c1 — albl)rz(psz — q2y2) =0.
This is the selfP-isoconjugate cubic with pivaky, /P and secondary pivots /P.
The cubicD/P, for some choices aP, passes through many “known points,” of
course, and this is true if fab we substitute any cubic that passes through many
“known points”.

The above preliminary venture suggests applying a variety of collineations to
various cubicsZ(U). To this end, we shall call a regular collineatipratricentral
collineation if there exists a mappingy such that

ola:B:y)=mi(a:B:y):m(B:y:a):m(y:a:p) (12)
forall o : 3 : 7. In this casey ™! has the form given by
nifa:B:y)in(B:y:a) in(y:a:f),
hence is tricentral.

The tricentral collineation (12) carrigg(U) in (7) to the cubicp(Z(U)) having
equation

A~

ud(f? = 4%) +vB(* - &) + wy(a® - 5%) =0, (13)
where
G:B:y=ni(a:B:79):n(B:7v:a):ni(y:a:p).
Example 13. Let
pla:B:y)=pB+7) q(y+a):r(a+p),
so that
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In accord with (13), the cubig(Z(U)) has equation
%<_2+é+1> <§_1>+%(9_§+1> (1_2>
p p q r q r q \P q T rop

N m(&&z) (9_§>:0,
r p q r p q

Isogonic conjugate pairs ad(U) are carried as in Example 3 #8-Ceva con-
jugate pairs onp(Z(U)). Indeed, each collinear tripl&, U, X~! is carried to a
collinear triple, so thap(U) is a pivot forp(Z(U)).

If U = Xy, so thatZ(U) is the Darboux cubic, then collinear triplgg X3, X,
whereX denotes the reflection of in X3, are carried to collinear tripleg(X),
©(X3), p(X), wherep(X) is the P-beth conjugate ok, as in Example 5.

Example 14. Continuing Example 13 witly~! in place ofp, the cubicy~ (Z(U))
is given by

5(uuv7w7p7Q7T7a7/87fy)+5(v7w7u7 Q7T7p7/8777a)+5(w7uav7rup7Q7’Y7O[u/B) = 07
where

s(u, v, w,p, ¢, @, 8,7) = up(B+7)(¢* (v + @)* = r*(a + B)%).
Collinear triplesX, U, X! on Z(U) yield collinear triples onp~! (Z(U)), so that
o~ Y(U) is a pivot fore=1(Z(U)). The pointy~! (X 1) is the P-aleph conjugate
of X, as in Example 4.

On the Darboux cubic, collinear triplé$, X3, X, yield collinear triplesp— (X)),
¢ 1(X3), ¢~ 1(X), this last point being thé-gimel conjugate ofX, as in Exam-
ple 6.
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Equilateral Chordal Triangles

Floor van Lamoen

Abstract. When a circle intersects each of the sidelines of a triangle in two
points, we can pair the intersections in such a way that three chords not along
the sidelines bound a triangle, which we catherdal triangle. In this paper we
show that equilateral chordal triangles are homothetic to Morley’s triangle, and
identify all cases.

1. Chordal triangles

Let T = ABC be the triangle of reference, and let a cirgléntersect side:
in points B, and C,, sideb in A, and(C} and sidec in A. and B.. The chords
a = CyB., vV = A.C, andd = A,B, enclose a triangld”, which we call a
chordal triangle. See Figure 1. We begin with some preliminary results. In writing
these the expressidi;, /2) denotes the directed angle frainto /5.

Figure 1

Proposition 1. The sides of the chordal triangle 77 satisfy
(a';a) + (b',b) + (d;¢) =0 (mod 7).

Proof. Note that(d, ¢) = (B.C}y, B.A) and

(c,b) = —(ApA, ApB,) = (BeBq, B.Cp) (mod 7)
while also

(V') = —(CaC, CaAc) = (BeAc, BeB,)  (mod ).
We conclude thatd/,c) + (¢/,b) + (V/,a) = 0 (mod 7), and the proposition
follows from the fact that the internal directed angles of a triangle haversunl

Publication Date: April 4, 2002. Communicating Editor: Jean-Pierre Ehrmann.
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Proposition 2. Thetriangle 7" is perspective to ABC'.

Proof. From Pascal’s hexagon theorem appliedi®, A,C, B.A. we see that the
points of intersectio, B, N Cy B,., B;A.N B, A, and A,Cy, N A.C,, are collinear.
Therefore, trianglesABC and A'B’C’ are line perspective, and by Desargues’
two-triangle theorem, they are point perspective as well. O

The triangleT” enclosed by the lineg’ = (a N ') U (a/ N b) and similarly
definedd” and ¢’ is also a chordal triangle, which we will call thaternative
chordal triangle of 7". 1

Proposition 3. The corresponding sides of 7" and 7" are antiparalléel with respect
totriangle T'.

Proof. From the fact thaB.A.A,C} is a cyclic quadrilateral, immediately we see
/AB.C, = LZAA,A,, so thata' anda” are antiparallel. By symmetry this proves
the proposition. a

We now see that there is a family of chordal triangles homotheti€.té&-rom
a starting point on one of the sides dfBC' we can construct segments to the
next sides alternately parallel to corresponding side€ ahd7” .2 Extending the
segments parallel &’ we get a chordal triangle homothetica 3
A//

Figure 2

IThis is the triangle enclosed by the lindsA., B.B, andC,C} in Figure 2. The definition of
T" from T andT” is exactly dual to the definition of ‘desmic mate’ (see §4]). This yields also
thatT, T’ andT” are perspective through one perspector, which will be shown differently later this
section, in order to keep this paper self contained.

2This is very similar to the well known construction of the Tucker hexagon.

3In fact it is easy to see that starting with any pair of triangléand 7" satisfying Propositions
1 and 3, we get a family of chordal triangles with this construction.
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With the knowledge of Propositions 1-3 we can indicate angles as in Figure 2. In
this figure we have also drawn altitudé%$Q andC” R to BC and AC respectively.
Note that

C"Q = sin(by)sin(be)csc(C”) - ApBa,
C"R = sin(ay)sin(ag)csc(C”) - ApB,.

This shows that the (homogeneous) normal coordihétes” are of the form
(csc(aq) esc(az) = esc(by) ese(bg) -+ ).
From this we see thaf andT” have perspector
(csc(aq) esc(ag) : csc(by) csc(be) : cscer) ese(ez)).

Clearly this perspector is independent from choic&’adr 7”, and depends only
on the anglesy, ao, b1, b, ¢c; ande,.

C/

Figure 3

Proposition 4. All chordal triangles homothetic to a chordal triangle 7', as well
as all chordal triangles homothetic to the alternative chordal triangle of 7', are
perspective to 1" through one perspector.

2. Equilateral chordal triangles

Jean-Pierre Ehrmann and Bernard Gibert have given a magnificently elegant
characterization of lines parallel to sides of Morley’s trisector triangle.

Proposition 5. [2, Proposition 5Aline ¢ is parallel to a side of Morley’s trisector
triangleif and only if

(£,a)+ (£,b) + ({,c) =0 (mod 7).

“These are traditionally called (homogeneous) trilinear coordinates.
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An interesting consequence of Proposition 5 in combination with Proposition 1
is that Morley triangles of chordal triangles are homothetic to the Morley triangle
of ABC'. Furthermore, equilateral chordal triangles themselves are homothetic to
Morley’s triangle. This means that they are not in general constructible by ruler
and compass.

Figure 4

With this knowledge we can identify all equilateral chordal triangles. First we
can specify the angleg/, ¢), (¢, b), and(V',a). There are six possibilities. Now
we can fix one point, sai,, and use the specified angles and Proposition 3 to find
the other vertices of hexagan, B, A, Cy, B.A.. The rest is easy.
We can now identify all equilateral chordal triangles by (homogeneous) normal
coordinates. As an example we will study the family
2 1 2 1 2 1
'.e)==B+ = 'b)=-A+-B ',a) = = —A.
From the derivation of Proposition 4 we see that the perspector of this family has
normal coordinates
2B+ C B+2C 2A+C A+2C 2A+B A+2B
CSC CSC . CSC CSC . CSC CSC .
3 3 3 3 3 3
Writing (T'U) for the directed arc frorfi” to U, and defining

la = (CbBc)a ty = (AcCa)a te = (BaAb)a
Ug = (CdBa)a Uy = (Abcb)a Ue = (BcAc)a

we find the following system of equations
(ChAc) =t +uc. = 3B+ 2C, (ApB.) = up +t, = 3C + 2B,

(BaCp) = te +up = %A + %‘87 (CaAp) = ug +tc = %B + %A7

(ACBa) =1lp+uq = %C + %A’ (Bcca) =Ue+ Ty = %A + %C
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This system can be solved with one parametey be
ty = LB;C) —27 t 74(0;’4) — 27 t.= UATE)  op

3

ua:—%—i—QT ub:—%—i—QT UC:—%—FQT

The coordinates of the centers of these circles are now giveén by

teos (D7) teos (B ar)izeos (S 4
COS 3 T : COS 3 T : COS 3 T .

Assuming all cosines positive, these centers describe a line, which passes (take
7 = 0) through the perspector of the adjoint Morley triangle ahBC, in [3,4]
numbered as(353. By takingT = 5 we see the line also passes through the point

. A B C
S — S — :S1in — | .
3 3 3
Hence, the equation of this line through the centers of the circles is
. B C B . C
Z sin — cos — — cos —sin — | x = 0,
“ 3 3 3 3
cyclic

or simply

One can find the other families of equilateral chordal triangles by adding and/or
subtracting appropriate multiples §fto the inclinations of the sides af with
respect tdl'. The details are left to the reader.
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SWe have to be careful with this type of conclusion. We cannot blindly give signs to the coor-
dinates. In particular, we cannot blindly follow the signs of the cosines below - if we would add
360 degrees ta,, this would yield a change of sign for the first coordinate for the same figure. To
establish signs, one can shuffle the hexaga®, A,C, B. A. in such a way that the central angles
on the segments on the sides are all positive and the sum of central angles is Zxaéipm this
we can draw conclusions on the location of the center with respect to the sides.
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The Napoleon Configuration
Gilles Boutte

Abstract. It is an elementary fact in triangle geometry that the two Napoleon
triangles are equilateral and have the same centroid as the reference triangle. We
recall some basic properties of the Fermat and Napoleon configurations, and use
them to study equilateral triangles bounded by cevians. There are two families
of such triangles, the triangles in the two families being oppositely oriented.
The locus of the circumcenters of the triangles in each family is one of the two
Napoleon circles, and the circumcircles of each family envelope a conchoid of a
circle.

1. The Fermat-Napoleon configuration

Consider a reference triangle ABC, with side lengths a, b, c. Let F; be the
point such that C BF ! is equilateral with the same orientation as ABC’; similarly
for F," and F. See Figure 1.

Ft “
Figure 1. The Fermat configuration Figure 2. The Napoleon configuration

The triangle F[;FFI:FFCJr is called the first Fermat triangle. It is an elementary
fact that triangles FijJr Fr and ABC are perspective at the first Fermat point
F. We define similarly the second Fermat triangle F;” F," F” in which CBF,,
ACF,” and BAF_ are equilateral triangles with opposite orientation of ABC'
This is perspective with ABC at the second Fermat point F__. * Denote by T4 the
circumcircle of CBF,", and N, its center; similarly for ', T'c, N,F, N . The

Publication Date: April 30, 2002. Communicating Editor: Paul Yiu.
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triangle Nj]\fljr]\f;r is called the first Napoleon triangle, and is perspective with
ABC at the first Napoleon point N,. Similarly, we define the second Napoleon
triangle N, N,” N perspective with ABC' at the second Napoleon point N_. 2
See Figure 2. Note that IV, is the antipode of F;" on T 4.

We summarize some of the important properties of the Fermat and Napoleon
points.

Theorem 1. Let ABC be a triangle with side lengths a, b, c and area A.

(1) The first Fermat point F'; is the common pointto I'4, 'z and I'c.
(2) The segments AF,;", BF,", CF;" have the same length ¢ given by

1
2= 5((12 + 02+ 2 +4V3N).

(3) The first Napoleon triangle Nij*N;r is equilateral with the same orien-
tation as ABC. Its circumradius is .

(4) The Fermat and Napoleon triangles have the same centroid G as ABC'.

(5) The first Fermat point lies on the circumcircle of the second Napoleon tri-
angle. We shall call this circle the second Napoleon circle.

(6) The lines NbJFNgr and AF, are respectively the line of centers and the
common chord of I' g and I'c. They are perpendicular.

Remarks. (i) Similar statements hold for the second Fermat and Napoleon points
F_ and N_, with appropriate changes of signs.

(if) (4) is an easy corollary of the following important result: Given a triangle
A'B'C’ with ABC', BCA’, CAB’ positively similar. Thus ABC and A'B'C’
have the same centroid. See, for example, [3, p.462].

L Fy
NF A
c .F+
N, b
%@
Nt .
“ i
F'a+
Figure 3. The Fermat and Napoleon Figure 4. The Fermat point on the second
triangles Napoleon circle

2In [1], the Napoleon points as X7 and X;s.
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2. Equilateral triangles bounded by cevians

Let A; B1Cq be an equilateral triangle, with the same orientation as ABC and
whose sides are cevian lines in ABC, i.e. A lieson B1Cq, B lieson C1 A1, C lies

on A; Bj. See Figure 5. Thus, C'B is seen from A at an angle z, ie, ZCA1B =
3 and A, lieson I"4. Similarly By lies on I'g and C1 lies on I'c. Conversely, let

Ay be any point on I" 4. The line A, B intersects I'c at B and (', the line A,C
intersects I'p at C' and B;.

Figure 5. Equilateral triangle bounded by cevians

Three of the angles of the quadrilateral A, By AC, are g; so A lieson B;Cy and
A1 B, C1 is equilateral with the same orientation as ABC. We obtain an equilateral
triangle bounded by cevians. There is an infinity of such triangles.

Let O be the center of A; B;C7. BO; is seen from A; at an angle % (mod 7);

similarly for BN, . The line A;0; passes through N, . Similarly the lines B;0;

and C'1 01 pass through N, and N respectively. It follows that N,” N and B1C4
T

2 . .
are seen from O; at the same angle % =3 (mod ), and the point O, lies on
the circumcircle of N, N,” N_ . Thus we have:

Theorem 2. The locus of the center of equilateral triangles bounded by cevians,
and with the same orientation as ABC, is the second Napoleon circle.

Similarly, the locus of the center of equilateral triangles bounded by cevians,
and with the opposite orientation of ABC, is the first Napoleon circle.
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3. Pedal curves and conchoids
We recall the definitions of pedal curves and conchoids from [2].

Definitions. Given a curve C and a point O,

(1) the pedal curve of C with respect to O is the locus of the orthogonal pro-
jections of O on the tangent lines of C;

(2) for a positive number k, the conchoid of C with respect to O and with offset
k is the locus of the points P for which there exists M on C with O, M, P
collinear and M P = k.

For the constructions of normal lines, we have

Theorem 3. Let Py be the pedal curve of C with respect to O. For any point M on
C, if P is the projection of O on the tangent to C at M, and @ is such that OPM Q)
is a rectangle, then the line PQ is normal to Pp at P.

Figure 6. The normal to a pedal curve

Theorem 4. Let Cp 4, be the conchoid of C with respect to O and offset £. For any
point P on Cop 1, if M is the intersection of the line O P with C, then the mormal
linesto Cp i at P and to C at M intersect on the perpendicular to OP at O.

4. Envelope of the circumcircles

Consider one of the equilateral triangles with the same orientation of ABC'. Let
C; be the circumcircle of A; B1C4, Ry its radius. Its center O, lies on the Napoleon
circle and the vertex A; lies on the circle T" 4. The latter two circles pass through
F, and N, . The angles ZN_, A, Fy and ZN, O F have constant magnitudes.
The shape of triangle A;0O1 F remains unchanged when O; traverses the second
0141 Ry
O.F, O.F;

Napoleon circle \/. The ratio remains constant, say, \.



The Napoleon configuration 43

Co
Figure 7. The normal to a conchoid
C,
C1
WM
— -7
* B, ./\L/’ \\9’/,/0/ \\
Ve - 1 N
, _ //% \
/ - - \ Q
| == _ Y-
————— 7 s
A / T
i\ , S
\\ e / 0
N
\ - Ve
P\.e\ —_ - <
Figure 8. Equilateral triangle Figure 9. The pedal of Cy with respect
bounded by cevians and its circumcir- to I

cle

For convenience we denote by A the Napoleon circle which is the locus of O1,
F the Fermat point lying on this circle, F’ the antipode of F on A/, and Cy the
particular position of C; when O; and F” coincide. See Figure 7. Let P be any
point on A/, the line PF” intersects Cy at @ and Q' (F’ between P and Q), we
construct the point M such that FFPQM is a rectangle. The locus P of M is the
pedal curve of Cy with respect to F' and, by Theorem 3, the line M P is the normal
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to Pr at M. The line M P intersects A/ at P and O and the circle through M with
center O is tangent to Pr at M.
The triangles FM O, and FQF" are similar since /ZFMO,; = ZFQF' and
/
/FO\M = /FF'Q. 3 It follows that (())1]\; = ?g = A, and O, M = R;. The
circle through M with center Oy is one inlthe family of circle for which we search
the envelope.

Furthermore, the line FM intersects \ at F'and O’, and O’ M QF" is a rectan-
gle. Thus, O'M = F'Q, the radius of Cy. It follows that M lies on the external
branch of the conchoid of N with respect to F" and the length R = radius of C,.

By the same reasoning for the point Q’, we obtain M’ on P, but on the internal
branch of the conchoid. Each circle C; touches both branches of the conchoid.

Theorem 5. Let F be the family of circumcircles of equilateral triangles bounded
by cevians whose locus of centers is the Napoleon circle N passing through the
Fermat point F'. The envelope of this family F is the pedal with respect to F of
the circle Cy of F whose center is the antipode of F on /, i.e. the conchoid of
with respect to F' and offset the radius of Cy. Each circle of F is bitangent to the
envelope.

Figure 10. The envelope of the circumcirles (A < 1)

3F P is seen at the same angle from O; and from F”’.
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Figure 11. The envelope of the circumcirles (A > 1)

Let ¢ be the inversion with respect to a circle C whose center is F' and such that
Co is invariant under it. The curve i(Pr) is the image of Cy by the reciprocal polar
transformation with respect to C, i.e., a conic with one focus at F'. This conic is :

(1) ahyperbola for A < 1 (F' is exterior at Cy) ;
(2) aparabola for A =1 (F lieson Cy) ;
(3) an ellipse for A > 1 (F'is interior at Cy).

So the envelope P of the circumcircles C; is the inverse of this conic with respect
to one of its foci, i.e., a conchoid of circle which is :

(1) alimagon of Pascal for A < 1 : the hyperbola i(P) as two asymptotes, so
Fis anode on P;

(2) acardioid for A = 1 : the parabola () is tangent to the line at infinity, so
Fisacusp on P;

(3) a curve without singularity for A > 1 : all points of the ellipse i(P) are at
finite distance.

We illustrate (1) and (3) in Figures 12 and 13. 4 It should be of great interest
to see if always A > 1 for F; (and < 1 for F_). We think that the answer is
affirmative, and that A = 1 is possible if and only if A, B, C' are collinear.

4Images of inversion of the limagon of Pascal and the cardioid can also be found in the websites
http://www-history.mcs.st-andrews.ac.uk/history/Curves and
http://xahlee.org/SpecialPlaneCurves.
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Figure 12. The inverse of the envelope (A < 1)

Figure 13. The inverse of the envelope (A > 1)
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The Lemoine Cubic and Its Generalizations

Bernard Gibert

Abstract. For a given triangle, the Lemoine cubic is the locus of points whose
cevian lines intersect the perpendicular bisectors of the corresponding sides of
the triangle in three collinear points. We give some interesting geometric prop-
erties of the Lemoine cubic, and study a number of cubics related to it.

1. The Lemoine cubic and its constructions

In 1891, Lemoine published a note [5] in which he very briefly studied a cubic
curve defined as follows. Lét/ be a point in the plane of trianglé BC'. Denote
by M, the intersection of the linédf A with the perpendicular bisector da3C
and defineM, and M, similarly. The locus ofM such that the three pointg,,

M,, M. are collinear on a lin&,; is the cubic in question. We shall denote this
cubic by K£(0O), and follow Neuberg [8] in referring to it as the Lemoine cubic.
Lemoine claimed that the circumcentér of the reference triangle was a triple
point of £(O). As pointed out in [7], this statement is false. The present paper
considerably develops and generalizes Lemoine’s note.

We use homogeneous barycentric coordinates, and adopt the notations of [4] for
triangle centers. Since the second and third coordinates can be obtained from the
first by cyclic permutations of,, b, ¢, we shall simply give the first coordinates.

For convenience, we shall also write
b2 4 c? — a? 4 a?® - b? a’? + b —c?

S = S e —
A 2 ) B 2 ) C 2

Thus, for example, the circumcenterXs = [a254].
Figure 1 shows the Lemoine cubi¢(O) passing througi, B, C, the ortho-
centerH, the midpoints4’, B’, C’ of the sides of trianglel BC, the circumcenter

O, and several other triangle centers suchXas= [a?], X56 = [bjc—ia} and its

extraversions® Contrary to Lemoine’s claim, the circumcenter is a node. When
M traverses the cubic, the ling; envelopes the Kiepert parabola with focus

Publication Date: May 10, 2002. Communicating Editor: Paul Yiu.

The author sincerely thanks Edward Brisse, Jean-Pierre Ehrmann and Paul Yiu for their friendly
and efficient help. Without them, this paper would never have been the same.

1The three extraversions of a point are each formed by changing in its homogeneous barycentric

. . 2 2 2 . .
coordinates the signs of one @f b, c. Thus, Xs¢q = <b+“c+a : C_ba_b : _ajrb_c), and similarly

for X56b andX5GC .
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F = X190 = [
cubic is

%] and directrix the Euler line. The equation of the Lemoine

Z a'Sayz(y — 2) + (a® = V) (1? — *)(? — a®)zyz =

cyclic

Figure 1. The Lemoine cubic with the Kiepert parabola

We give two equivalent constructions of the Lemoine cubic.

Construction 1. For any pointQ on the lineGK, the trilinear polak of (Q meets
the perpendicular bisecto4’, OB’, OC’ atQ,, Q», Q. respectively? The lines
AQ., BQy, CQ. concur atM on the cubidC(O).

ForQ = (a® 4+t : b> +t : 2 + t), this point of concurrency is

o a? +t . b2+t . 41
C\BE+ (B2 —a?)t 2a?+ (P +a? — )t a?b? + (a? + b2 — )t )

°The tripolarq envelopes the Kiepert parabola.
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Figure 3. The Lemoine cubic as a locus of perspectors (Construction 2)

This gives a parametrization of the Lemoine cubic. This construction also yields
the following points onlC(O), all with very simple coordinates, and are not in [4].

S
69 Sa Fretat
86 b+c a(b+c)— (b2 +bc+c?)
141 B+ b

TP o—at
193 b? 4+ —3a% Sa(b* + c? — 3a?)



50 B. Gibert

Construction 2. For any point@ on the Euler line, the perpendicular bisector of
FQ intersects the perpendicular bisectérsl, OB’, OC’ atQ,, Qy, Q. respec-
tively. The linesAQ,, BQy, CQ. concur atM on the cubidC(O).

See Figure 3 and Remark following Construction 4 on the construction of tan-
gents tokC(O).

2. Geometric properties of the Lemoine cubic

Proposition 1. The Lemoine cubic has the following geometric properties.

(1) Thetwo tangents at O are parallel to the asymptotes of the Jerabek hyper-
bola.

(2) Thetangent at H passes through the center Xjo5 = [(b* — ¢?)254] of the
Jerabek hyperbola. 3

(3) Thetangents at A, B, C concur at Xig4 = [a*S 4], the inverse of Xio5 in
the Brocard circle.

(4) The asymptotes are parallel to those of the orthocubic, i.e., the pivotal
isogonal cubic with pivot H.

(5) The “third” intersections Hu, Hp, He of K(O) and the altitudes lie on
the circle with diameter OH.* Thetriangles A’ B'C’ and HyHpHc are
perspective at a point

Zy = [a4SA(a4 + bt 4+ =202V + 62))]
on the cubic. ®

(6) The “third” intersections A”, B”, C” of K(O) and the sidelines of the
medial triangle form a triangle perspective with Hy H g H at a point

i} 53
~ |3a* —2a2(b? + %) — (b2 — ¢2)2

Z3

on the cubic. ©
(7) K(O) intersects the circumcircle of ABC' at the vertices of the circumnor-
mal triangle of ABC.”

3This is also tangent to the Jerabek hyperbol&at
4In other words, these are the projectiongobn the altitudes. The coordinates &, are

2a*Sa ) )
(e —m=ap % 5a)

57, is the isogonal conjugate dfg47. It lies on a large number of lines, 13 using only triangle
centers from [4], for exampleX2 Xs4, X3 X49, X4 X110, X5 X578, X24 X52 and others.

5This point Z, is not in the current edition of [4]. It lies on the lin€$; Xs4, X4 X122 and
Xo5 Xo53.

These are the point&, V, W on the circumcircle for which the line§U*, VV*, WW*
(joining each point to its own isogonal conjugate) all pass throlghAs such, they are, together
with the vertices, the intersections of the circumcircle and the McCay cubic, the isogonal cubic with
pivot the circumcente®. See [3, p.16656.29].
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We illustrate (1), (2), (3) in Figure 4, (4) in Figure 5, (5), (6) in Figure 6, and (7)
in Figure 7 below.

Figure 5. The Lemoine cubic and the orthocubic have parallel asymptotes
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Figure 6. The perspectog andZ.

Figure 7. The Lemoine cubic with the circumnormal triangle
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3. The generalized Lemoine cubic

Let P be a point distinct fromH, not lying on any of the sidelines of triangle
ABC. Consider its pedal triangl&, P, P.. For every pointM in the plane, let
M, = PP, N AM. Define M, and M, similarly. The locus ofM such that the
three pointsi/,, M, M. are collinear on a line,, is a cubic/C(P) called the
generalized Lemoine cubic associated with This cubic passes through, B,
C,H, P,, P, P., and P which is a node. Moreover, the ling,, envelopes the
inscribed parabola with directrix the lind P and focusF' the antipode (on the
circumcircle) of the isogonal conjugate of the infinite point of the [ii&.8 The
perspectorS is the second intersection of the Steiner circum-ellipse with the line

throughF' and the Steiner poinXyy = [ﬁ} .
With P = (p : ¢ : r), the equation of(P) is

Z T (r(ch + SBr)y2 — q(bzp + ch)zz) + Z azp(q —r) | zyz=0.

cyclic cyclic

The two constructions ifil can easily be adapted to this more general situation.

Construction 3. For any pointQ on the trilinear polar of5, the trilinear polarg
of Q meets the lineF,, PP, PP. at ., Qp, Q. respectively. The lineslQ,,
BQy, CQ. concur atV on the cubidC(P).

Construction 4. For any point@ on the lineH P , the perpendicular bisector of
FQ intersects the line®P,, PP,, PP. atQ,, Qp, Q. respectively. The linedq,,
BQy, CQ. concur atM on the cubidC(P).

Remark. The tangent al/ to IC(P) can be constructed as follows: the perpendic-
ular atQ to the lineH P intersects the perpendicular bisectorFa at N, which is
the point of tangency of the line through, Q,, Q. with the parabola. The tangent
at M to K(P) is the tangent ab/ to the circum-conic through/ and N. Given a
point M on the cubic, first construa, = AM N PP, andM, = BM N PP,
then @ the reflection ofF' in the line M, M,, and finally apply the construction
above.

Jean-Pierre Ehrmann has noticed tk&P) can be seen as the locus of palit
such that the circum-conic passing throughand the infinite point of the lin@ A/
is a rectangular hyperbola. This property gives another very simple construction
of KL(P) or the construction of the “second” intersection /6fP) and any line
throughP.

Construction 5. Aline £p throughP intersectsBC at . The parallel tdp at A
intersectsHC at P,. AB and P, P, intersect atP;. Finally, H P; intersects/p at
M on the cubidC(P).

Most of the properties of the Lemoine culsi¢O) also hold forlC(P) in general.

8Construction off : draw the perpendicular at to the line H P and reflect it about a bisector
passing through. This line meets the circumcircle @tand F'.



54 B. Gibert

Proposition 2. Let IC(P) be the generalized Lemoine cubic.

(1) The two tangents at P are parallel to the asymptotes of the rectangular
circum-hyperbola passing through P.

(2) Thetangent at H to IC(P) isthe tangent at H to the rectangular circum-
hyperbola which is the isogonal image of the line O F'. The asymptotes of
this hyperbola are perpendicular and parallel to theline H P.

(3) Thetangentsat 4, B, C concur if and only if P lies on the Darboux cubic.®

(4) The asymptotes are parallel to those of the pivotal isogonal cubic with
pivot the anticomplement of P.

(5) The“third”" intersections H4, Hp, Hc of K(P) with the altitudes are on
the circle with diameter HP. The triangles P, P,P. and HyHgH~ are
perspective at a point on K(P). 10

(6) The“third” intersections A”, B”, C" of K(P) and the sidelines of P, P, P
form a triangle perspective with Hy Hp H at a point on the cubic.

Remarks. (1) The tangent ofC(P) at H passes through the center of the rectan-
gular hyperbola througt® if and only if P lies on the isogonal non-pivotal cubic
Ku

Z (Y +022%) —Payz =0
cyclic
where
Y eyetic (2072 (a" +07%) — aB(26 + 2% — a?))
4545550 ’

We shall study this cubic if6.3 below.

(2) The polar conic of? can be seen as a degenerate rectangular hyperbola. If
P # X5, the polar conic of a point is a rectangular hyperbola if and only if it lies
on the linePX5. From this, there is only one point (apart fraR) on the curve
whose polar conic is a rectangular hyperbola. Very obviously, the polar coic of
is a rectangular hyperbola if and only#flies on the Euler line. I? = X;, all the
points in the plane have a polar conic which is a rectangular hyperbola. This very
special situation is detailed f#.2.

(I):

4. Special Lemoine cubics

4.1 K(P) with concuring asymptotes. The three asymptotes &f(P) are concur-
rent if and only if P lies on the cubidC.y.c

Z (Sp ((a® +b*) — (a* = b*)*) y — Sc (b*(a® + *) — (a® — ¢*)?) 2) 2°
cyclic

—2(a® = b*)(0* — *)(® — a*)azyz = 0.

%The Darboux cubic is the isogonal cubic with pivot the de Longchamps paint
10The coordinates of this point at@?*(—Sap + Spq + Scr) +a’pgr = -+ 1 -+).
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The three asymptotes &f(P) are all real if and only ifP lies inside the Steiner
deltoid H;. * For example, the poinkz; = [ ] lies on the cubicKen. and
inside the Steiner deltoid. The cubi®{ X7¢) has three real asymptotes concurring
at a point onX; X¢. See Figure 8. On the other hand, the de Longchamps point
Xy also lies onkC.ype, but it is not always insidé{;. See Figure 10. The three
asymptotes ofC(Xy), however, intersect at the real poilit7¢, the reflection of
GinO.

We shall study the cubik.,,. in more detail in56.1 below.

Figure 8. KC(X76) with three concurring asymptotes

4.2 K(P) with asymptotes making 60° angles with one another. /C(P) has three
real asymptotes making)° angles with one another if and only # is the nine-
point centerX. See Figure 9. The asymptoteskofXs) are parallel again to those
of the McCay cubic and their point of concurrencé?is

Zs = [a*((b* — *)? = a®(0* + ) (a* — 2a*(b* + ¢*) + b* — 5b2c® + c*)] .

ey, Cundy and Parry [1] have shown that for a pivotal isogonal cubic with gijahe three
asymptotes are all real if and only i lies inside a certain “critical deltoid” which is the anticom-
plement ofH3, or equivalently, the envelope of axes of inscribed parabolas.

127, is not in the current edition of [4]. Itis the common point of several lines, &gXs1,
X373 X540 and Xs11 Xsa7.
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Figure 9. K(X5) with three concurring asymptotes makié@® angles

4.3 Generalized Lemoine isocubics. KC(P) is an isocubic if and only if the points
P,, P, P. are collinear. It follows tha® must lie on the circumcircle. The line
through F,, P, P, is the Simson line of? and its trilinear poleR is the root of
the cubic. WhenP traverses the circumcircléy traverses the Simson cubic. See
[2]. The cubic/C(P) is a conico-pivotal isocubic: for any poidt on the curve,
its isoconjugaté\/* (under the isoconjugation with fixed poify) lies on the curve
and the lineM M* envelopes a conic. The poinid and M* are obtained from
two points@ and(’ (see Construction 4) on the liné P which are inverse with
respect to the circle centered Atgoing throughF, focus of the parabola i§2.
(see remark g5 for more details)

5. Theconstruction of nodal cubics

In §3, we have seen how to construct P) which is a special case of nodal
cubic. More generally, we give a very simple construction valid for any nodal
circum-cubic with a node aP, intersecting the sidelines again at any three points
P,, P, P.. Let R, be the trilinear pole of the line passing through the poihisnN
PP,andAC n PP,. Similarly defineR, and R.. These three points are collinear
on a line£ which is the trilinear polar of a poir&. For any point) on the lineL,
the trilinear polarg of Q meetsPFE,, PP,, PP. atQ,, @, Q. respectively. The
lines AQ,, BQy, CQ. concur atM on the sought cubic and, as usuggnvelopes
the inscribed conie with perspectolS.

Remarks. (1) The tangents aP to the cubic are those drawn fromito . These
tangents are
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(i) real and distinct whet® is outsidey and is a "proper” node,
(i) imaginary whenpP is inside~y and is an isolated point, or
(iii) identical whenP lies on~ and is a cusp, the cuspidal tangent being the
tangent at” to .

It can be seen that this situation occurs if and onlyifies on the cubic tangent
at P,, P, P. to the sidelines oA BC and passing through the poin®&C' N R P,
CANP.P,, ABNP,PF,. In other words and generally speaking, there is no cuspidal
circum-cubic with a cusp aP passing througt®,, P, P..

(2) WhenP,, P, P, are collinear on a liné, the cubic becomes a conico-pivotal
isocubic invariant under isoconjugation with fixed paffitfor any pointM on the
curve, its isoconjugaté/™ lies on the curve and the linef M* envelopes the conic
T" inscribed in the anticevian triangle &f and in the triangle formed by the lines
AP,, BP,, CP.. The tangents aP to the cubic are tangent to both conicand
T.

6. Some cubicsrelated to K(P)

6.1 The cubic K., . The circumcubidC,.,,. considered irg4.1 above contains
a large number of interesting points: the orthocetfethe nine-point centeks;,
the de Longchamps poidsyy, X7, the point

Zy = [a®S%(a®(b% + &) — (b — 2)?)]
which is the anticomplement 0fsg, the center of the Taylor circlé® The cubic
Keone @lso contains the traces afg on the sidelines oA BC, the three cusps of
the Steiner deltoid, and its contacts with the altitudes of triadghC' .14 Z is also
the common point of the three lines each joining the trac&zgfon a sideline of

ABC and the contact of the Steiner deltoid with the corresponding altitude. See
Figure 10.

Proposition 3. The cubic &C.,,,. has the following properties.

(1) The tangents at A, B, C' concur at X53, the Lemoine point of the orthic
triangle.

(2) Thetangent at H istheline HK.

(3) The tangent at X5 is the Euler line of the orthic triangle, the tangential
being the point Z,. 1°

(4) The asymptotes of K., are parallel to those of the McCay cubic and
concur at a point 6

Iy = [aQ(az(b2 +¢?) — (b? = )} (25% + b202)] )

L3The pointZ, is therefore the center of the Taylor circle of the antimedial triangle. It lies on the
line X4 X69.

1%The contact with the altitudel I is the reflection of its trace oBC' about the midpoint of
AH.

15This line also contaings:, X2 and other points.

167, is not in the current edition of [4]. It is the common point of quite a number of lines, e.g.
X3X64, X5X51, X113 X127, X128 X130, andX140X185. The three asymptotes of the MCCay cubic
are concurrent at the centrofel
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(5) Keone intersects the circumcircle at A, B, C and three other points which
are the antipodes of the points whose Smson lines pass through X3gg.

We illustrate (1), (2), (3) in Figure 11, (4) in Figure 12, and (5) in Figure 13.

Figure 11. Tangents @€ conc



The Lemoine cubic 59

Figure 13. Kcone With the circumcircle and the Taylor circle

6.2 Theisogonal image of (O). Under isogonal conjugatiork;(O) transforms
into another nodal circum-cubic

Z v’c?x (Spy* — Sc2?) + (a* — b)) (b? — ) (c* — a®)zyz = 0.

cyclic
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The node is the orthocentéf. The cubic also passes through Xg (Nagel point)

and its extraversionsyrs, Xs47 = Z;, and the traces akogy = [ﬁ} The tan-

gents atff are parallel to the asymptotes of the Stammler rectangular hyp€rbola
The three asymptotes are concurrent at the midpoid &t and are parallel to
those of the McCay cubic.

= @

Figure 14. The Lemoine cubic and its isogonal

This cubic was already known by J. R. Musselman [6] although its description
is totally different. We find it again in [9] in a different context. LBtbe a point
on the plane of trianglel BC, and P, P, P3 the orthogonal projections d@? on
the perpendicular bisectors BIC', C' A, AB respectively. The locus d? such that
the triangleP, P, Ps is in perspective witid BC' is the Stammler hyperbola and the
locus of the perspector is the cubic which is the isogonal transforki( 6f). See
Figure 15.

1T he Stammler hyperbola is the rectangular hyperbola through the circumcenter, incenter, and
the three excenters. Its asymptotes are parallel to the lines thedughand the two intersections of
the Euler line and the circumcircle

BThis is Xag1 = [a®(a® + b° + %) — 2(b° — ).
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Figure 15. The isogonal d(O) with the Stammler hyperbola

6.3. The cubic K. Recall from Remark (1) following Proposition 2 that the tan-
gent atH to K(P) passes through the center of the rectangular circum-hyperbola
passing throughP if and only if P lies on the cubidl;. This is a non-pivotal
isogonal circum-cubic with root &F. See Figure 14.

Proposition 4. The cubic g has the following geometric properties.

(1) Ky passes through A, B, C, O, H, the three points H4, Hg, Ho and
their isogonal conjugates HY, Hj, HY,. 1°

(2) Thethreereal asymptotes are parallel to the sidelines of ABC.

(3) Thetangents of Ky at A, B, C arethe sidelines of the tangential triangle.
Hence, Ky istritangent to the circumcircle at the vertices A, B, C.

(4) The tangent at A (respectively B, C') and the asymptote parallel to BC
(respectively C'A, AB) intersect at a poi nt A (respectively B, C) onKp.

(5) The three poi nts A, B, C are collinear on the perpendicular £ to theline
OK at theinverse of Xss9 in the circumcircle?®

OThe pointsH 4, Hp, Hc are on the circle, diameté& H. See Proposition 1(5). Their isogonal
conjugates are on the lin€xA. OB, OC respectively.

201 other words, the lin& is the inversive image of the circle with diamet@Xsso. Hence,ﬁ
is the common point of and the tangent at to the circumcircle, and the parallel througho BC
is an asymptote of .
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Figure 16. The cubi&y with the Jerabek hyperbola

(6) The isogonal conjugate of A is the “third” intersection of Ky with the
parallel to BC through A; similarly for the isogonal conjugates of B and
C.

(7) The third intersection with the Euler line, apart from O and H, is the
point 21

(b — 2)? + a®(b? + * — 2a?)
(% — ?) Sy
(8) Theisogonal conjugate of Z; is the sixth intersection of Ky with the Jer-
abek hyperbola.

We conclude with another interesting property of the cufiic Recall that the
polar circle of triangleABC is the unique circle with respect to which triangle
ABC is self-polar. This is in the coaxal system generated by the circumcircle and
the nine-point circle. It has centéf, radiusp given by

Zg =

1
P2 _ 4R2 _ §(a2 —|—b2 —|—C2),
and is real only when triangld BC' is obtuse angled. L&t be the concentric circle

with radius%.

Proposition 5. Ky is the locus of point M whose pedal circle is orthogonal to
circleC.

21This is not in [4]. It is the homothetic aK42 (Gossard perspector) in the homothety with
centerG, ratio 4 or, equivalently, the anticomplement of the anticomplemeniof.
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Figure 17. The cubi&y for an obtuse angled triangle

In fact, more generally, every non-pivotal isogonal cubic can be seen, in a unique
way, as the locus of point/ such that the pedal circle @f is orthogonal to a fixed
circle, real or imaginary, proper or degenerate.
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A Simple Construction of the Golden Section

Kurt Hofstetter

Abstract. We construct the golden section by drawing 5 circular arcs.

We denote by P(Q) the circle with P as center and P(Q as radius. Figure 1
showstwo circles A(B) and B(A) intersecting at C' and D. Theline AB intersects
the circles again at £ and F'. Thecircles A(F') and B(F) intersect at two points
X andY. Itisclear that C, D, X, Y areonaline. It is much more interesting to
note that D divides the segment C'X in the golden ratio, i.e.,

cD _ V5o

cx 2
Thisis easy to verify. If we assume AB of length 2, then CD = 2/3 and CX =
V15 + /3. From these,

cp 23 2 5-1
CX  Vi5+v3 e+l 2

Figurel

This shows that to construct three collinear points in golden section, we need
four circlesand oneline. It ispossible, however, to replace theline AB by acircle,

say C(D). SeeFigure 2. Thus, the golden section can be constructed with compass
only, in 5 steps.

Publication Date: May 31, 2002. Communicating Editor: Paul Yiu.
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Figure 2

It is interesting to compare this with Figure 3 which aso displays the golden
section. See[1, p.105, note on 3.5(b)] and [2].* Here, ABC isan equilateral trian-
gle. Thelinejoining the midpoints D, E of two sides intersects the circumcircle at
F. Then E divides DF in the golden section, i.e.,

DE 5-1

DF ~— 2
However, it is unlikely that this diagram can be constructed in fewer than 5 steps,
using ruler and compass, or compass alone.

A

/N,
N

B C

Figure3

References

[1] D.H. Fowler, The Mathematics of Plato’s Academy, Oxford University Press, 1988.
[2] G. Odom and J. van de Craats, Elementary Problem 3007, American Math. Monthly, 90 (1983)
482; solution, 93 (1986) 572.

Kurt Hofstetter: Object Hofstetter, Media Art Studio, Langegasse 42/8c, A-1080 Vienna, Austria
E-mail address: pendel @unpendul um at

!| am indebted to areferee for these references.



Forum Geometricorum
Volume 2 (2002) 67—70.

FORU GEOM

ISSN 1534-1178

A Rapid Construction of Some Triangle Centers

Lawrence S. Evans

Abstract. We give a compass and ruler construction of fifteen centers associated
with a triangle by drawing 6 circles and 23 lines.

Given triangleT” with verticesA, B, andC, draw a red circle centered ait
passing througtB, another centered & going throughC, and a third centered
at C going throughA. Now, draw a blue circle centered Atpassing througlt’,
one centered at' going throughB, and one centered & going throughA. There
will be 12 intersections of red circles with blue ones. Three of themda®, and
C. Three are apices of equilateral triangles erected on the sidésné pointing
outward. Denote such an apex By, B, C.. Three are the apices of equilateral
triangles erected on the sides pointing inward. Denote theph hyB_, C_. The
last three are the reflections of the vertices/oin the opposite sides, which we
shall callA*, B*, C*.

Figure 1. Construction ofly, B+, Cy+, A*, B*,C*

The four trianglesl’ = ABC, T, = Ay B.C.,T_- = A_B_C_, andT* =
A*B*C* are pairwise in perspective. The 6 centers of perspectivity are
(1) [T,T4] = F4, the inner Fermat point,
(2) [T,T-] = F_, the outer Fermat point,
(3) [T, T*] = H, the orthocenter,

Publication Date: June 18, 2002. Communicating Editor: Paul Yiu.
Expanded from a presentation at the MAA Meeting, Urbana, lllinois, March 22, 2001.



68 L. S. Evans

(4) [T}, T-] = O, the circumcenter,

(5) [Ty, T*] = J_, the outer isodynamic point,

(6) [T-,T*] = J4, the inner isodynamic point.
Only two lines,AA, and BB, are needed to determid& by intersection. Like-
wise, 10 more are necessary to determine the other 5 cefited, O, J_ and
J.. We have drawn twelve lines so farSee Figure 2, where the green lines only
serve to indicate perspectivity; they are not necessary for the constructions of the
triangle centers.

Figure 2. Construction of'y, H, O, J+

Define three more lines: the Euler lifeH, the Fermat lineF, F_, and the
Apollonius line J,.J_. The Apollonius lineJ,J_ is also known as the Brocard
axis. It contains the circumcentérand the (Lemoine) symmedian poifit Then,

(7) K - J+J7 N F+F7;
(8) D = OH n F, F_ is the center of orthocentroidal circle, the midpoint of
between the centroid and the orthocenter.

We construct six more lines to locate four more centers:

(9) the outer Napoleon point 8. = HJ, N OF.,,

The 18 pointsA, Ay, A*, B, By, B*, C, Cy, C*, H, O, F+, J+ all lie on a third degree
curve called the Neuberg cubic.
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(10) the inner Napoleon pointi 8 = HJ_NOF_;
(11) the centroidy = OH N J. F_ (orOH N J_FL);
(12) the nine-point centel, = OH N N_F, (or OH N N, F-).

Figure 3. Construction oK, D, N+, G, N,

The line N_F (used in (12) above to locat¥,) intersectsOK = J,J_ at
the isogonal conjugate d¥_. Likewise, the linesV, F andOK intersect at the
isogonal conjugate olN,. We also note that the lind, N_ intersects the Euler
line OH at the nine-point centeN), of the medial triangle. Thus,

(13) Nt = N F_NOK,

(14) N* = N_F, NOK, and

(15) N; =JyN_NOH (or J_Ny NOH).

See Figure 4, in which we note that the poiats/N, and N* are collinear, so are
G, N_andN;.

We have therefore constructed 15 centers with 6 circles and 23 lines: 12 to
determineO, H, F4, J+ as the 6 centers of perspectivity Bf I andT™; then 9
to determineX’, D, N4, G, N,, N*, and finally 2 more to giveV; andN}’,.

Remark. The triangle centers in this note appear in [1, 2Xgador n given below.
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center |O H F, F. J. J. K D Ny N. G N, Ni N* N
n |3 4

p
13 14 15 16 6 381 17 18 2 5 61 62 140

Figure 4. Construction aV7, N*, andN{,

This construction uses Kimberling’s list [1] of collinearities among centers. It
can be implemented on a dynamic software like the Geometer's Sketchpad. After
hiding the circles and lines, one is left with and the centers, which can be ob-
served to move in concert as one drags a vertéX of the computer screen. Some
important centers we do not get here are the incenter, the Gergonne and the Nagel
points.
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A Generalization of the Tucker Circles

Peter Yff

Abstract. Let hexagonPQRSTU be inscribed in triangled; A» As (ordered
counterclockwise) such thd and S are on lineds A1, @ andT are on line
A1As, andR andU are on linedxAs. If PQ, RS, andTU are respectively
parallel to A2 As, A1 A2, and AsA;, while QR, ST, andU P are antiparallel

to As A1, A2 As, and A; A, respectively, the vertices of the hexagon are on one
circle. Now, let hexagor”’ Q' R'S’T'U’ be described as above, with each of
its sides parallel to the corresponding sidea) RSTU. Again the six vertices

are concyclic, and the process may be repeated indefinitely to form an infinite
family of circles (Tucker [3]). This family is a coaxaloid system, and its locus
of centers is the Brocard axis of the triangle, passing through the circumcenter
and the symmedian point. J. A. Third ([2]) extended this idea by relaxing the
conditions for the directions of the sides of the hexagon, thus finding infinitely
many coaxaloid systems of circles. The present paper defines a further extension
by allowing the directions of the sides to be as arbitrary as possible, resulting in
families of homothetic conics with properties analogous to those of the Tucker
circles.

1. Circles of Tucker and Third

The system of Tucker circles is a special case of the systems of Third circles. In
a Third system the directions éfQ), Q R, and RS may be taken arbitrarily, while
ST is made antiparallel t&Q (with respect to anglel, A1 A3). Similarly, TU and
U P are made antiparallel t@ R and RS respectively. The hexagon may then be
inscribed in a circle, and a different starting poifitwith the same directions pro-
duces another circle. It should be noted that the six vertices need not be confined
to the sides of the triangle; each point may lie anywhere on its respective sideline.
Thus an infinite family of circles may be obtained, and Third shows that this is a
coaxaloid system. That is, it may be derived from a coaxal system of circles by
multiplying every radius by a constant. (See Figures 1la and 1b). In particular, the
Tucker system is obtained from the coaxal system of circles through the Brocard

points andQ’ by multiplying the radius of each circle RQ, R being the cir-

cumradius of the triangle and its circumcenter ([1, p.276]). In general, the line

of centers of a Third system is the perpendicular bisector of the segment joining the
pair of isogonal conjugate points which are the common points of the correspond-

ing coaxal system. Furthermore, although the coaxal system has no envelope, it

Publication Date: July 5, 2002. Communicating Editor: Clark Kimberling.
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will be seen later that the envelope of the coaxaloid system is a conic tangent to the
sidelines of the triangle, whose foci are the points common to the coaxal circles.

——— - ——— -

~—_— - ~—_— -

Figure 1b: Coaxaloid system with hyperbolic envelope, and its corresponding coaxal
system

2. Two-circuit closed pathsin atriangle

2.1 Consider a polygonal path frol® on A3A; to @Q on A1 A5 to R on Ay Ag

to.Son A3A; to T on A1 As to U on Ay As, and back taP. Again the six points

may be selected anywhere on their respective sidelines. The vertices of the triangle
are numbered counterclockwise, and the lengths of the corresponding sides are
denoted by, a9, a3. Distances measured along the perimeter of the triangle in the
counterclockwise sense are regarded as positive. The lendthof designated



A generalization of the Tucker circles 73

by A, which is negative in casd; is betweends; and P. Thus,AsP = ay — A,
and the barycentric coordinates Bfare(a; — A : 0 : ). Also, six “directions”w;
are defined:

w =LA Q4 RAs
A4,Q° AR’ A58’
SA; T Ay UAs,
AT T ar TP

Any direction may be positive or negative depending on the signs of the directed
A -2 Y

segments. Them;Q = =, QAy = BU "4 p,p= B 74
wq

w1 wi1w2

, and so on.

2.2 A familiar example is that in whichlPQ and ST are parallel tod, A3, QR
andTU are parallel toA3 A1, and RS andU P are parallel taA; As (Figure 2).

Then
a9 as aq
Wy =W = —, Wy = W5 = —, w3 = We = —-
ag ay a2
It is easily seen by elementary geometry that this path closes after two circuits
around the sidelines of the triangle.

/ N
AN
N

T _—/////////// s’

Figure 2. Hexagonal paths formed by parallels
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2.3 Closure is less obvious, but still not difficult to prove, when “parallel” in the
first example is replaced by “antiparallel” (Figure 3). Here,
az ai a2

wp = wqg = —, W2 = W5 = —, w3 = wg = —.
a2 as a

Figure 3. Hexagonal paths formed by antiparallels

2.4. Another positive result is obtained by using isoscelizers ([1, p.93]). That is,
PAl = AlQ, QAQ = AQR, RAg = AgS, s ,UA3 = A3P Therefore,

W] = Wo = W3 = Wy = W5 = wg = 1.

2.5, These examples suggest thatyif = w4, we = ws, w3 = wg, the condition
wiwowsz = 1 is sufficient to close the path after two circuits. Indeed, by computing
lengths of segments around the triangle, one obtains

AP UA; alw%w%wg — agw%wgwg + aswiwows — aqwiwsy + agwi — A
3 = = .
w3 w%w%w%

But alsoAs P = ay — A, and equating the two expressions yields
(1 — wywows)(arwiwe — agwiwows — aswy + A(1 + wiwows)) =0. (1)

In order that (1) may be satisfied for all values\gthe solution iy wows = 1.
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Figure 4. Hexagonal paths formed by isoscelizers

2.6. As aslight digression, the other factor in (1) gives the special solution

\— w1 (agwaws — ajws + az)

)

1+ wi1wWwawWs

and calculation shows that this value otauses the path to close after only one

circuit, that isS = P. For example, if antiparallels are used, aniis the foot of

the altitude fromA,, the one-circuit closed path is the orthic triangledpfis As.
Furthermore, if alsan, wows = 1, the special value of becomes

az — alwiwe + azwi
2 J
and the ceviansl; R, A; P, and A3Q are concurrent at the point (in barycentric
coordinates, as throughout this paper)

1 1 1
<—a1w1w2 +az +azwy  aqwiws — ag + azw; A wiws + ag — a3w1> '
2)
It follows that there exists a conic tangent to the sidelines of the triangke &,
R. The coordinates of the center of the conic @reviws : as : agwy).

2.7. Returning to the COﬂditiOﬂ@ﬂUng =1, w1 = wy, wy = ws, W3 = We, the
coordinates of the six points may be found:
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(ag —A:0:N),

(agw1 — A :A:0),

(0 : aqwywy — agwy + A : agwy — A),
(

(

aqwiwy — agwy + A : 01 ag — aywiws + azwy — A),

H » O T
|

aqwiwy — ag + A i ag — aqwiws + agwy — A : 0),
U=(0:a3 —X\:aqwjws —az + N).
These points are on one conic, given by the equation
)\(CLQ — a1wi1we + aswi — )\)x%
+(agw; — N)(aywiwy — ag + )3
+(az — N)(arwiwy — agwy + )\):):3
(a%wle + 2a2a3w1 — agalw%wg — A1a2W1W2
+ 2(@1’11)1’11)2 — a9 — CL3’U)1))\ + 2\? )x2x3
—(a% + agaswy — aragwiws + 2(awiwe — az — azwi)A + 22231,
—(agw% + agazwy — agalw%wg + 2(awiwy — ag — agwi )\ + 2222129
—0. 3)
This equation may also be written in the form
Aag — aywiws + agwy — ) (21 + z2 + x3)°
+aswi (agwiwy — ag)x% + aswi (awy — a;;)ac%
—(a%w%w% + 2asa3wy — agalw%wg — a1 AW W) T T3
—a2(a2 — a1wi1wa + CL3’U)1){L‘3$1
—as3wi (CLQ — a1W1w2 + a3w1){l?1{l?2
—0. (4)
As \ varies, (3) or (4) represents an infinite family of conics. Howevappears
only when multiplied by(z; + z2 + 3)?, so it has no effect at infinity, where
x1 + 2 + x3 = 0. Hence all conics in the system are concurrent at infinity.
If they have two real points there, they are hyperbolas with respectively parallel
asymptotes. This is not sufficient to make them all homothetic to each other, but it
will be shown later that this is indeed the case. If the two points at infinity coincide,
all of the conics are tangent to the line at infinity at that point. Therefore they are
parabolas with parallel axes, forming a homethetic set. Finally, if the points at
infinity are imaginary, the conics are ellipses and their asymptotes are imaginary.

As in the hyperbolic case, any two conics have respectively parallel asymptotes
and are homothetic to each other.

2.8. The center of (3) may be calculated by the method of [1, p.234], bearing in
mind the fact that the author uses trilinear coordinates instead of barycentric. But it
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is easily shown that the addition of any multiple(af + x5 + x3)? to the equation

of a conic has no effect on its center. Therefore (4) shows that the expression
containingA may be ignored, leaving all conics with the same center. Moreover,
this center has already been found, because the conic tangent to the sidelines at
P =25 Q=T,R = Uis a special member of (3), obtained whirhas the
value%(ag — aywiws + azwy). Thus, the common center of all the members of

(3) is (aywyrwy : as : agwy); and if they are homothetic, any one of them may be
obtained from another by a dilatation about this point. (See Figures 2, 3, 4).

Since the locus of centers is not a line, this system differs from those of Tucker
and Third and may be regarded as degenerate in the context of the general thery.
One case worthy of mention is that in which the sides of the hexagon are isoceliz-
ers, so that

W] = Wy = W3 = Wy = ws = wg = 1.

Exceptionally this is a Third system, because every isocelizer is both parallel and
antiparallel to itself. Therefore, the conics are concentric circles, the smallest real
one being the incircle of the triangle (Figure 4).

Since the “center” of a parabola is at infinity, (3) consists of parabolas only when
a1wiws + as + agwy = 0. This can happen if some of the directions are negative,
which was seen earlier as a possibility.

2.9, Some perspectivities will now be mentioned. If
PUNQR=B,, STNPU=DB,, QRNST =B,

the three linesA; B; are concurrent at (2) for every value bfLikewise, if
RSNTU =C,, PQNRS=C, TUNPQ=Cs,

the linesA;C; also concur at (2). Thus for ea¢hthe pointsB; and’; move on a
fixed line through4;.

2.10 Before consideration of the general case it may be noted that whenever the
directionswy, we, w3 lead to a conic circumscribing hexag®Q RSTU (that is,
wiwows = 1), any permutation of them will do the same. Any permutation of
wit, wyt, wyt will also work. Other such triples may be invented, suchas

w3 w1
wi ! wo”

3. Thegeneral case

3.1 Using all six directionsy;, one may derive the following expressions for the
lengths of segments:
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A1Q =wit ),

QA =wi ! (azwy — N),

AsR :wflwgl(agwl —A),

RA3 :wflwgl(alwlwg — azwi + ),

A3S :wflwglwgl(alwlwg —azwy + ),

SA; :wflwglwgl(agwlwgwg — aqwiws + agwy — A),

1

-1, -1 -1 -1
AT =wi wy wy wy - (apuwews — ajwiwe + aswy — A),

11 -1 -1
TAy =wj wy wy wy  (a3wiwrwsws — AW Waw3 + ajwiwy — azwi + A).

Then working clockwise fromP to U to T,

AgP =a9 — )\,
UA3 :w6(a2 — )\),
AU =a1 — aswg + wgA,
TAs :w5(a1 — asWg + wﬁ)\)
Equating the two expressions f6tA, shows that, if the equality is to be in-

dependent of\, the productu, wowswswswg Must equal 1. From this it follows
that
aiwiwsy + as(1l — wiwowsg) — azwi (1 — wowswy
e — ( ) — agun( )

A1 W1 W2W3W4

Hencews andwg may be expressed in terms of the other directions. Gien
and the first four directions, pointg, R, S, T' are determined, and the five points
determine a conic. Independence)pfused above, ensures thatis also on this
conic.

Now the coordinates of the six points may be calculated:

az—A:0: ),
asw; — A : A:0),

(
(
(0 : aqwiwy — agwy + A : agwy — N),
(
(

alwiwe — azwi + A:0: AW WaW3 — A1wWiWa + aswi — )\),

N » O T
|

A3W1WoW3W, — AoW1WoW3 + A Wi We — agwi + A
D agwiwows — ajwiwy + azwy — A : 0),

U=(0:a2 — A\ azwiwowswy — Gewiwaws + a1wiwy — azwi + A).

3.2 These points are on the conic whose equation may be written in the form
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AMagwiwows — ajwiws + azwi — A)(z1 + x2 + x3)2
+aszwi (aswiwowszwy — aswiwows + ajwiwse — azwy + (1 — w2w3w4))\)x%
+as(aywiwe — agwy + (1 — wlwgwg))\)x§
—(a3wiw3 + adw? (1 — wowzwy) + agazwi (1 + wywows)
— (13@1?1)%’[1)2(2 — Wowswy) — alagw%wgwg — (a2(1 — wywows)
+ aswi (1 — wowswy))\)z2x3
—ag(aswiwows — ajwiwe + azwi — (1 — wywows)A\)x3:1

—azwi (awiwows — ajwiwg + aswy — (1 — wowswy)A)x129

—0. (6)

The part of (6) not containing the factég; + zo + x3)?, being linear in),
represents a pencil of conics. Each of these conics is transformed by a dilatation
about its center, induced by the expression contairfingt =2 + z3)2. Thus
(6) suggests a system of conics analogous to a coaxaloid system of circles. In
order to establish the analogy with the Tucker circles, it will be necessary to find
a dilatation which transforms every conic by the same ratio of magnification and
also transforms (6) into a pencil of conics.

First, if (6) be solved simultaneously withh + x5 + x5 = 0, it will be found
that all terms containing vanish. As in the special case, all conics are concurrent
at infinity, and it will be shown that all of them are homothetic to each other.

3.3 ltis also expected that the centers of the conics will be on one line. When the
coordinatesy; : ys : y3) of the center are calculated, the results are too long to be
displayed here. Suffice it to say that each coordinate is linearshowing that the

locus of(y; : y2 : y3) is aline. If this line is represented by, +coxo+cs3x3 = 0,

the coefficients, after a large common factor of degree 4 has been removed, may
be written as

c1 =agazwiws(wy — wy)(azwows — ajwe + as),
¢y =agwi (azwswy — agws + a1)(aqwiwe(1 — y) + az(1 — x) — agwi (1 — y)),
c3 =ag(ajwiwe — azwi + ag)(—a1 (1 — z) + agws(1 — ) — agwyws(l — y)).

For brevity the productsn wews and wewsw, have been represented by the
lettersx andy respectively.

3.4. Ashas been seen, addition of any multiplgaf+ x5 + x3)? to the equation

of a conic apparently induces a dilatation of the conic about its center. What must
now be done, in order to establish an analogy with the system of Tucker circles, is
to select a number such that the addition ef(z; + 2 + 3)? to (6) dilates every
conic by the same ratip and transforms the system of conics into a pencil with
two common points besides the two at infinity.
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Using a formula for the distance between two poirgg).( [1, p.31]), it may
be shown that a dilatation with centéy; : y» : y3) sending(z; : x2 : x3) to
(771 : T3 : T3) with ratio p is expressed by; ~ y; + kz;, (i = 1,2, 3), where

+p(y1 + y2 + y3)

k=
(1 F p)(xl + 29 + xg)

or
:|:(.T1 + xT9 + xg)
y1 + kx1) + (y2 + kzo) + (ys + ]C.Tg)'

In particular, if the coni6  a;jz,2; = 0 is dilated about its centels : y2 : y3)
with ratio p, so that the new equation is

"

Z aijrixj + o(x1 + x2 + x3)* =0,

then
o(y1 + y2 +y3)?

> aiyiy;
Here the ambiguous sign is avoided by choosingithso that the denominator of
the fraction is positive.

Since it is required that be the same for all conics in (6), it must be free of the
parameten. For the centefy; : y» : y3) of (6), whose coordinates are linearin

it may be calculated thaf + y» + y3 is independent ok. As for) _ a;;v;y;, let it
first be noted that

PP =1+

Z QijY;T; =(a11y1 + a12y2 + a13y3)z1
+(a12y1 + a2ys + a23ys)xs
+(a13y1 + a23y2 + aszysz)xs.
(By conventiong;; = aj;). Also, ) a;jy;x; = 0is the equation of the polar line of
the center with respect to the conic, but this is the line at infiity x5 +z3 = 0.

Therefore the coefficients af;, x5, 23 in the above equation are all equal, and it
follows that

Z aijYiy; = (a11y1 + a12y2 + a13y3) (Y1 + y2 + ¥3),

and

oY1 +y2 +
E (y1 +y2 +y3) .
a11y1 + a12y2 + a13ys

Since they;; are quadratic i\, and they; are linear, the denominator of the fraction
is at most cubic im\. Calculation shows that

a11y1 + a2y + a13ys = M(A)\2 + BA+O),

in which
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M =ayw (agwows — aqwy + ag)-
(—a%wlwg + a%wg + a§w1w3w4 — agsazws(wi + wy)
+ azajwi (1 —y) — araz(l — z)),
A —a1wW1Ws + a2 + A3W1W2W3Wy4,
B =w1 (a%wlwg — a%wgwg — a§w1w2w3w4 — 2a2a3
— azaqwiws (1l —y) + ayagwy (1 — x)),

C :agagw%(agwgwg — aqwy + ag).
3.5 If the system (6) is to become a pencil of conics, the equation
Z aijzix; + oz + 0 + 23)° =0

must be linear in\. SinceX? appears in (6) as \?(z1 +z, +x3)?, this will vanish

only if the coefficient of\? in ¢ is 1. Therefore, to eliminat& from the fractional
part of p?, it follows that

B C

= A4 SN =

o + 2 + P

With this value ofo, if o(z; + 22 + 23)? be added to (6), the equation becomes

A—azagwi (1 — zy)(z1 + 2 + 23)° + (@rwiws + az + agwiy)-
(azwi(1 — y)z2 + ag(1 — z)23 + (az(1 — x) + azwi (1 — y))zox3
+ as(l — z)z3z1 + aswi (1 — y)xri1x2))
+agagwi (awaws — a1ws + a3)(z1 + 2 + 23)°
+(a1wrwy + as + azwiy)(agwr (awiwy — age — azwi (1 — y))x%
+a2w1 (alwg — ag)xg
—(awiwi + aiwi(1 — y) + agazwi (1 + )
- agalw%wg(Q —Y) — a1a2WWx) T2 T3
+a2(a1w1w2 — ax — (13’[1)1)553.%1
+aswi (awiwe — agr — agwy)r1x2)
—0. (7)
Since (7) is linear in\, it represents a pencil of conics. These conics should have
four points in common, of which two are known to be at infinity. In order to facili-
tate finding the other two points, it is noted that a pencil contains three degenerate
conics, each one consisting of a line through two of the common points, and the
line of the other two points. In this pencil the line at infinity and the line of the
other two common points comprise one such degenerate conic. Its equation may

be given by setting equal to zero the product:pft z» + x3 and a second linear
factor. Since it is known that the coefficient afvanishes at infinity, the conic
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represented by = oo in (7) must be the required one. The coefficient\aloes
indeed factor as follows:

(x1 + x2 + x3)(—agazwi (1 — zy)z1
+ (asw1 (1 — y)(aqwiws + as + aswiy) — asagwy (1 — xy))ws
+ (a2(1l — z)(arwrwe + ag + azwiy) — agaswi (1 — xy))xs).

Therefore the second linear factor equated to zero must represent the line through
the other two fixed points of (7).

3.6. These points may be found as the intersection of this line and any other conic
in the system, for example, the conic given by 0. To solve simultaneously the
equations of the line and the conig, is eliminated, reducing the calculation to

2 2 22 2 2
aswiwawswaxy — agaz(l + wjwiwiswy)rexs + azwowszs = 0

or
(a3$2 — agwgngg)(a3w1w2w3w4x2 — agwg) = 0.
Therefore,
Z2 awWwWs3 a2
= - 0r —.
x3 ag A3W1W2W3w4

The first solution gives the point

A = (aywawswyws : agwaws : ag)
and the second solution gives

N = (aywiws : as @ azwiwewswy).

Thus the dilatation of every conic of (6) about its center with raticansforms (6)
into pencil (7) with common pointd and/'.

3.7. Returning to the question of whether the conics of (6) are all homothetic to
each other, this was settled in the case of parabolas. As for hyperbolas, it was
found that they all have respectively parallel asymptotes, but a hyperbola could be
enclosed in the acute sectors formed by the asymptotes, or in the obtuse sectors.
However, when (6) is transformed to (7), there are at least two hyperbolas in the
pencil that are homothetic. Since the equation of any hyperbola in the pencil may
be expressed as a linear combination of the equations of these two homothetic
ones, it follows that all hyperbolas in the pencil, and therefore in system (6), are
homothetic to each other. A similar argument shows that, if (6) consists of ellipses,
they must all be homothetic. Figure 5 shows a system (6) of ellipses, with one
hexagon left in place. In Figure 6 the same system has been transformed into a
pencil with two common points. Figure 7 shows two hyperbolas of a system (6),
together with their hexagons. The related pencil is not shown.
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Figure 5

3.8 Inthe barycentric coordinate system, the midpdint: v, : vs) of (21 : x5 :
x3) and(y; : y2 : y3) is given by
Vi ~ i Y =123
Ty +T2+x3 Y1 +y2+y3

Thus it may be shown that the coordinates of the midpoint &fare
(2a1wiwe + az(l — ) —aswi (1 — y) : a2(l + ) : azwi(1 +y)).
This point is on the line of centers of (6), expressed earlier as
€171 + e + c3x3 = 0,

so the segment A’ is bisected by the line of centers. However, it is not the perpen-
dicular bisector unless (6) consists of circles. This case has already been disposed
of, because if a circle cuts the sidelinesAfd; A3, PQ and ST must be antipar-

allel to each other, as mu&R andTU, andRS andU P. This would mean that

(6) is a Third system.
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&
) A\

Figure 6

In system (6) the line*Q, RS, TU are concurrent for a unique value &f
which has been calculated but will not be written here. The point of concurrence is

1 1 1
(—a1w1w2 + asx + azwq " aqwiwy — asx + azwi " aiwiwg + asT — a3w1> ’
which is a generalization of (2). The same point is obtained whén ST. UP

i i 1.1
are concurrent. It will also be written é% Cg E)
3.9. System (6) has an envelope which may be found by writing (6) as a quadratic
equation in\. Setting its discriminant equal to zero gives an equation of the enve-
lope. The discriminant contains the factas + z» + 3)2, which may be deleted,
leaving
> FPa? - 2F;Furjap = 0.

This is an equation of the conic which touches the sidelined, df, A3 at L; =
(O : Py FQ), Lo = (Fg :0: Fl), andLs = (F2 By O) The cevians4; L; are
concurrent a(Fi1 L)

The center of the envelope is the midpoint/of’, but A and A’ are not foci
unless they are isogonal conjugates. This happens \hem )(wswswyws) =
(1)(waws) = (wywewswy)(1), for which the solution is

WiWy = WoWs = wawg = 1.

Since this defines a Third system, it follows tllaand A’ are isogonal conjugates
(and foci of the envelope of (6)) if and only if the conics are circles.
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Figure 7

4. The paraboalic case

There remains the question of whether (6) can be a system of parabolas. This
is because the dilatations used above were made from the centers of the conics,
whereas the centers of parabolas may be regarded as being at infinity. If the the-
ory still holds true, the dilatations would have to be translations. That such cases
actually exist may be demonstrated by the following example.

Let the triangle have sideg = 4, ay = 2, a3 = 3, and let
2 3 1 2
57 w2:Z7 w3:§7 w4:§7 w5:37 ’lU6:2.

Substitution of these values in (6) gives the equation (after multiplication by 2)
A1 = 2X\)(z1 + 22 + 23)? + 323 + 3\a3
+2(3)\ — 4)%2%3 + (3)\ — 2)%3%1 + (3)\ — 2)(12‘1%2 = 0. (8)

To verify that this is a system of parabolas, solve (8) simultaneously avith

x9 + 3 = 0, and elimination ofz; gives the double solutiom, = z3. This

shows that for every the conic is tangent to the line at infinity at the pojrt2 :

1:1). Hence, every nondegenerate conic in the system is a parabola, and all are
homothetic to each other. (See Figure 8).

The formulae foto gives the valué)\ — %)2 but (8) was obtained after multi-
plication by 2. Therefore (X — %)2 (1 + xo + x3)? is added to (8), yielding the

w1 =
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Figure 8. A system of parabolas

equation
(8 — 15\) % 4+ 4(2 + 3\) (23 4 22) — 8(7 — 3\ 2923 — (2 + 3\) (2321 + 2122) = 0,

which is linear inA and represents a pencil of parabolas. The parabetacco is
found by using only terms containing which gives the equation

—1522 + 1223 + 1223 + 2493 — 32321 — 3T122 =0

or
3(z1 + wo + x3)(—5x1 + 4x9 + 423) = 0.

Thus it is the degenerate conic consisting of the line at infinity and theling+
4x9 + 4x3 = 0. Calculation shows that this line intersects every parabola of the
pencil atA(4 : 1: 4) andA’(4 : 4 : 1). (See Figure 9). The parallel dashed lines
in both figures form the degenerate parabbla % which is invariant under the
translation which transformed the system into a pencil.

Finally, since all of the “centers” coincide, this is another exception to the rule
that the line of centers of (6) bisects the segmefit
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A Conic Through Six Triangle Centers

Lawrence S. Evans

Abstract. We show that there is a conic through the two Fermat points, the two
Napoleon points, and the two isodynamic points of a triangle.

1. Introduction

It is always interesting when several significant triangle points lie on some sort
of familiar curve. One recently found example is June Lester’s circle, which passes
through the circumcenter, nine-point center, and inner and outer Fermat (isogonic)
points. See [8], also [6]. The purpose of this note is to demonstrate that there is a
conic, apparently not previously known, which passes through six classical triangle
centers.

Clark Kimberling’s book [6] lists 400 centers and innumerable collineations
among them as well as many conic sections and cubic curves passing through them.
The list of centers has been vastly expanded and is now accessible on the internet
[7]. Kimberling's definition of triangle center involves trilinear coordinates, and a
full explanation would take us far afield. It is discussed both in his book and jour-
nal publications, which are readily available [4, 5, 6, 7]. Definitions of the Fermat
(isogonic) points, isodynamic points, and Napoleon points, while generally known,
are also found in the same references. For an easy construction of centers used in
this note, we refer the reader to Evans [3]. Here we shall only require knowledge of
certain collinearities involving these points. When poiftsY’, Z, ... are collinear
we write £(X, Y, Z, ... ) to indicate this and to denote their common line.

2. A conic through six centers

Theorem 1. Theinner and outer Fermat, isodynamic, and Napoleon points lie on
a conic section.

Proof. Let O denote the circumcenter of a triangld, its orthocenter, and- its
centroid. Denote the inner Fermat point By, the inner isodynamic point by, ,
and the inner Napoleon point by,. Similarly denote the outer Fermat, isody-
namic, and Napoleon points dy , J_, andV_.

Consider the hexagon whose vertices Are N, J4, F_, N_, andJ_. Kim-
berling lists many collineations of triangle centers which are readily verified when

Publication Date: July 22, 2002. Communicating Editor: Paul Yiu.
Presented at AMS Meeting, Urbana, lllinois, March 20, 1999.
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the centers are given in homogeneous trilinear coordinates. Within the list are these
collinearities involving the sides of the hexagon and classical centers on the Euler
line: ﬁ(Hv N—l—? J—l—)’ £(H7 N_, J_), ﬁ(ov F_, N_), £(O?F+7N+)1 ﬁ(G7 J—l—aF—)’
andL(G, J_, Fy). These six lines pass through opposite sides of the hexagon and
concur in pairs atf, O, andG. But we know thati, O, andG are collinear, lying

on the Euler line. So, by the converse of Pascal’'s theorem there is a conic section
through the six vertices of the hexagon. O

Figure 1. The conic throughl:, N+ andJ+

Remark. In modern texts one sometimes sees Pascal’'s theorem stated as an “if and
only if” theorem, omitting proper attribution for its converse, first proved indepen-
dently by Braikenridge and by MacLaurin (See [2]). In the proof above, the Euler
line plays the role of the Pascal line for the hexagon.

In Figure 1 the conic is shown as an ellipse, but it can also take the shape of
a parabola or hyperbola. Since its announcement, several geometers have con-
tributed knowledge about it. Peter Yff has calculated the equation of this conic [9],
Paul Yiu has found criteria for it to be an ellipse, parabola, or a hyperbola'[10],
and John H. Conway has generalized the conic [1].

3. Another conic

From Kimberling’s list of collinearities, there is at least one more set of six
points to which similar reasoning applies. We assume the reader is familiar with
the concept of isogonal conjugate, fully explained in [6, 7].

Theorem 2. The inner and outer Fermat (isogonic) and Napoleon points along
with the isogonal conjugates of the Napoleon points all lie on a conic consisting of
two lines intersecting at the center of the nine-point circle.

This conic is an ellipse, a parabola, or a hyperbola according as the Brocard angle is less than,
equal to, or greater thairctan %
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Proof. Denote the isogonal conjugates of the inner and outer Napoleon points by
N7 and N* respectively. Consider the hexagon with vertides F_, N, N_,

N7, andN*. Kimberling lists these collinearitie€ (G, Ny, N*), L(G, N_, N} ),
L(O,F{,N,),L(O,F_,N_),L(H,F{,N), L(H,F_,N*), so the converse of
Pascal’'s theorem applies with the role of the Pascal line played by the Euler line,
L(0,G, H). The conic is degenerate, consisting of two lidg$_, N, N}, N,,)
andL(F,,N_,N*, Np), meeting at the nine-point centay, . O

Second proof. The two collinearitiesC(F_, N, N, Np) andL(F, N_, N*, N,)
are in Kimberling’s list, whicha fortiori says that the six points in question lie on
the degenerate conic consisting of the two lines. See Figure 2.

I
I
- I
I
)
I

Figure 2. The degenerate conic through, N+ and Ni
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Paper-folding and Euler’s Theorem Revisited

Benedetto Scimemi

Abstract. Given three point®), G, I, we give a simple construction by paper-
folding for a triangle having these points as circumcenter, centroid, and incenter.
If two further pointsH and N are defined byDH = 30G = 20N, we prove

that this procedure is successful if and only/ ifies inside the circle oz H

as diameter and differs frody. This locus for! is also independently derived
from a famous paper of Euler, by complementing his calculations and properly
discussing the reality of the roots of an algebraic equation of degree 3.

1. Introduction

The so-calledviodern Geometry of the Triangle can be said to have been founded
by Leonhard Euler in 1765, when his article [2] entitlEdsy Solution to some
\ery Difficult Geometrical Problems was published in St. Petersburg. In this fa-
mous paper the distances between the main notable points of the triangle (centroid
G, circumcentelO, orthocenterH, incenterl) are calculated in terms of the side
lengths, so that several relationships regarding their mutual positions can be estab-
lished. Among Euler’s results, two have become very popular and officially bear
his name: the vector equatiddH = 30G, implying the collinearity ofG, O, H
on the Euler line, and the scalar equatidf = R(R — 2r) involving the radii of
the circumcircle and the incircle. Less attention has been given to the last part of
the paper, though it deals with the problem Euler seems most proud to have solved
in a very convenient way, namely, the “determination of the triangle” from its
points O, G, H, I. If one wants to avoid the “tedious calculations” which had
previously prevented many geometricians from success, says Euler in his introduc-
tion, “everything comes down to choosing proper quantities”. This understatement
hides Euler's masterly use of symmetric polynomials, for which he adopts a clev-
erly chosen basis and performs complicated algebraic manipulations.

A modern reader, while admiring Euler’s far-sightedness and skills, may dare
add a few critical comments:

(1) Eulers§31 is inspired by the correct intuition that, givéh G, H, the
location of I cannot be free. In fact he establishes the proper algebraic
conditions but does not tell what they geometrically imply, namely that
must always lie inside the circle @nH as diameter. Also, a trivial mistake

Publication Date: August 19, 2002. Communicating Editor: Clark Kimberling.
1L atin: commodissime.
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leads Euler to a false conclusion; his late editor’s formal correétitmes
not lead any further.

(2) As for the determination of the triangle, Euler reduces the problem of find-
ing the side lengths to solving an algebraic equation of degree 3. However,
no attention is given to the crucial requirements that the three roots - in
order to be side lengths - be real positive and the triangle inequalities hold.
On the other hand, Euler's equation clearly suggests to a modern reader
that the problem cannot be solved by ruler and compass.

(3) In Euler's words §20) the main problem is described as followSiven
the positions of the four points ..., to construct the triangle. But finding
the side lengths does not imply determining the location of the triangle,
given that of its notable points. The wotdnstruct also seems improperly
used, as this term’s traditional meaning does not include solving an alge-
braic equation. It should rather refer, if not to ruler and compass, to some
alternative geometrical techniques.

The problem of the locus of the incenter (and the excenters) has been indepen-
dently settled by Andrew P. Guinand in 1982, who proved in his nice paper [5]
that I must lie inside the critical circle o&H as diametef (Theorem 1) and,
conversely, any point inside this circle - with a single exception - is eligibld for
(Theorem 4). In his introduction, Guinand does mention Euler’s paper, but he must
have overlooked its final section, as he claims that in all previous researches “the
triangle was regarded as given and the properties of the centers were investigated”
while in his approach “the process is reversed”.

In this paper we give an alternative treatment of Euler’s problem, which is inde-
pendent both of Euler’'s and Guinand’s arguments. Euler’s crucial equation, as we
said, involves the side lengths, while Guinand discusses the cosines of the angles.
We deal, instead, with the coefficients for equations of the sides. But an indepen-
dent interest in our approach may be found in the role played by the Euler point of
the triangle, a less familiar notable poiftlts properties are particularly suitable
for reflections and suggest a most natural paper-folding reconstruction procedure.
Thus, while the first part (locus) of the following theorem is well-known, the con-
struction mentioned in the last statement is new:

Theorem 1. Let O, G, I bethree distinct points. Define two more points H, N on
theline OG by letting OH = 30G = 20N. Then there exists a nondegenerate,
nonequilateral triangle 7 with centroid G, circumcenter O, orthocenter H, and
incenter I, if and only if I lies inside the circle on GH as diameter and differs
from N. In this case the triangle 7 is unique and can be reconstructed by paper-
folding, starting with the points O, G, I.

2A. Speiser in [2, p.155, footnote].
3This is also known as the orthocentroidal circle. See [7]. This term is also used by Varilly in [9].
The author thanks the referee for pointing out this paper also treats this subject.

“This point is the focus of the Kiepert parabola, indexedas in [7], where the notable points
of a triangle are called triangle centers.
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We shall find the sides of the triangle sides as proper creasesieflecting
lines, which simultaneously superimpose two given points onto two given lines.
This can be seen as constructing the common tangents to two parabolas, whose foci
and directrices are given. Indeed, the extra power of paper-folding, with respect to
ruler-and-compass, consists in the feasibility of constructing such lines. See [4, 8].

The reconstruction of a triangle from three of its points (e.g. one vertex, the foot
of an altitude and the centroid G) is the subject of an article of William Wernick
[10], who in 1982 listed 139 triplets, among which 41 corresponded to problems
still unsolved. Our procedure solves items 73, 80, and 121 of the list, which are
obviously equivalent® It would not be difficult to make slight changes in our
arguments in order to deal with one of the excenters in the role of the indenter

As far as we know, paper-folding, which has been successfully applied to tri-
secting an angle and constructing regular polygons, has never yet produced any
significant contribution to the geometry of the triangle.

This paper is structured as follows: §& we reformulate the well-known prop-
erties of the Simson line of a triangle in terms of side reflections and apply them to
paper-folding. Ins3 we introduce the Euler poidf and study its properties. The
relative positions of/, O, GG are described by analytic geometry. This enables us to
establish the locus of and a necessary and sufficient condition for the existence
of the triangle® An immediate paper-folding construction of the triangle fréim
O, G is then illustrated. Ir§4 we use complex variables to relate poiatsand /.

In §5 a detailed ruler-and-compass constructiodfom I, O, G is described.

The expected incenter locus is provedéby reducing the problem to the former
results onF, so that the proof of Theorem 1 is complete §thwe take up Euler’s
standpoint and interpret his formulas to find once more the critical circle locus as
a necessary condition. Finally, we discuss the discriminant of Euler’s equation and
complete his arguments by supplying the missing algebraic calculations which im-
ply sufficiency. Thus a third, independent, proof of the first part of Theorem 1 is
achieved.

2. Simson lines and reflections

In this section we shall reformulate well-known results on the Simson line in
terms of reflections, so that applications to paper-folding constructions will be nat-
ural. The following formulation was suggested by a paper of Longuet-Higgins [6].

Theorem 2. Let H be the orthocenter, C the circumcircle of a triangle 7 =
A1 Ay As.

(i) For any point P, let P, denote the reflection of P across the side A; A,
of 7. (Here, i, j, h is a permutation of 1, 2, 3). Then the points F; are
collinear onaliner = r(P) if and only if P liesonC. Inthiscase H lies
onr.

SGiven I and two ofO, G, H.

6Here too, as in the other approaches, the discussion amounts to evaluating the sign of a
discriminant.

A ruler and compass construction always entails a paper-folding construction. See [4, 8].
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(if) For any liner, let r; denote the reflection of r across the side A;A,. Then
the lines r; are concurrent at a point P = P(r) if and only if H lieson r.
In this case P lieson C. When P describes an arc of angle « on C, r(P)
rotates in the opposite direction around H by an angle —5.

All these statements are easy consequences of well-known properties of the Sim-
son line, which is obviously parallel tq P). See, for example, [1, Theorems 2.5.1,
2.7.1,2]. This theorem defines a bijective mapping— r(P). Thus, given any
line e throughH, there exists a unique poit onC such that(E) = e.

We now recall the basic assumption of paper-folding constructions, hamely the
possibility of determining a line,.e., folding a crease, which simultaneously re-
flects two given points4, B onto points which lie on two given lines, b. It
is proved in [4, 8] that this problem has either one or three solutions. We shall
discuss later how these two cases can be distinguished, depending on the relative
positions of the given points and lines. For the time being, we are interested in
the case that three such lines (creases) are found. The following result is a direct
consequence of Theorem 2.

Corollary 3. Given two points A, B and two (nonparall€el) lines a, b, assume that
there exist three different lines r such that A (respectively B) is reflected across r
onto a point A’ (respectively B’) lying on a (respectively b). These lines are the
sides of atriangle 7 such that
() a and b intersect at the orthocenter H of 7;
(i) A and B lieon the circumcircle of 7;
(iii) thedirected angle ZAO B istwice the directed angle from b to a. Here, O
denotes the circumcenter of 7.

3. The Euler point

We shall now consider a notable point whose behaviour under reflections makes
it especially suitable for paper-folding applications. The Euler pdinis the
unique point which is reflected across the three sides of the triangle onto the Euler
line OG. Equivalently, the three reflections of the Euler line across the sides are
concurrent af. 8

We first prove that for any nonequilateral, nondegenerate triangle with pre-
scribedO and G (hence alsaH), the Euler pointE lies outside a region whose
boundary is a cardioid, a closed algebraic curve of degree 4, which is symmetric
with respect to the Euler line and has the centi@ids a double-point (a cusp; see
Figure 3). If we choose cartesian coordinates such that suclé:tkat(0,0) and
O = (—1,0) (so thatH = (2,0)), then this curve is represented by

(m2+y2+2x)2 —4(x2—|—y2) =0 or p=2(1--cosh). Q)

Since this cardioid is uniquely determined by the choice of the two (different)
pointsG, O, we shall call it theZO-cardioid. As said above, we want to prove that
the locus of Euler poinE for a triangle is the exterior of th€O-cardioid.

8This point can also be described as the Feuerbach point of the tangential triangle.
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Figure 1. The Euler point of a triangle

Theorem 4. Let G, O, E be three distinct points. Then there exists a triangle 7
whose centroid, circumcenter and Euler point are GG, O, E, respectively, if and
only if E' lies outside the GO-cardioid. In this case the triangle 7 is unique and
can be constructed by paper-folding, fromthe points G, O, F .

Proof. Let us first look at isosceles (nonequilateral) triangles, which can be treated
within ruler-and-compass geometfyHere, by symmetry, the Euler poiti lies
on the Euler line; indeed, by definition, it must be one of the vertices,Asay
E = (e,0). Then being external to th@O-cardioid is equivalent to lying outside
the segmen& Hp, whereHp = (—4,0) is the symmetric off with respect taD.
Now the sideA; A, must reflect the orthocentéf into the pointFp = (—2—e, 0),
symmetric of £ with respect toO, and therefore its equation is = —5. This
line has two intersections with the circumcirgle + 12 + y? = (e + 1)? if and
only if e(e + 4) > 0, which is precisely the condition faFf to be outsideG Hp.
Conversely, given any two distinct poin€$, GG, define H and Hp by GHp =
—2GH = 4GO. Then for any choice ofr on line OG, outside the segment
GHp, we can construct an isosceles triangle havingO, G, H as its notable
points as follows: first construct the (circum)-circle centere@® athroughF, and
let Ep be diametrically opposite té&e. Then, under our assumptions @éh the
perpendicular bisector ol Ep intersects the latter circle at two points, say,
Ao, and the isosceles triangle = A; A F fulfills our requirements.

We now deal with the nonisosceles case. Eet (u,v), v # 0 be the Euler
point of a triangleZ. By definition, E' is reflected across the three sides of the
triangle into pointst’ which lie on the liney = 0. Now the line which reflects

%The case of the isosceles triangle is also studied separately by Euleg§252,29].
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E(u,v) onto a point?’ (t,0) has equatioR(u —t)x + 2vy — (u? +v? —t2) = 0. If
the same line must also reflect (according to Theorem 2) gojnt (—u—2, —v)
onto the linex = 2 which is orthogonal to the Euler line throudh(2, 0), then a
direct calculation yields the following condition:

3 — 3(u® + v?)t + 2u(u® +v?) — 4? = 0. 2

Hence we find three different reflecting lines if and only if this polynomial in
has three different real roots. The discriminant is

Au,v) = 1080% ((u? + v* + 2u)? — 4(u? + v?)).

Sincev # 0, the inequalityA(u,v) > 0 holds only if and only ifE' lies outside
the cardioid, as we wanted.

The preceding argument can be also used for sufficiency: the assumed locus of
E guarantees that (2) has three real roots. Therefore, three different lines exist
which simultaneously refledt onto linea = O H and Ep onto the lineb through
H, perpendicular t@ H. According to Corollary 3, these three lines are the sides
of a triangle7 which fulfills our requirements. In fact is the intersection of
linesa andb and therefored is the orthocenter of ; a andb are perpendicular,
henceFE and Ep must be diametrically opposite points on the circumcirclg of
so that their midpoinO is the circumcenter of . The three sides refled onto
the z-axis, that is the Euler line df . Hence, by definitionE is the Euler point of
7. Since a polynomial of degree 3 cannot have more than 3 roots, the triangle is
uniquely determined. O

Let us summarize the procedure for the reconstruction of the sides from the
pointsO, G, E.
(1) Construct pointdf and Ep such thalGH = —2GO andOEp = —OE.
(2) Construct linez throughO, H and lineb through H, perpendicular ta.
(3) Construct three lines that simultaneously refl8ain toa and £y on tob.

4. Coordinates

The preceding results regarding the Euler pdindre essential in dealing with
the incenter/. In fact we shall construckl from GG, O and I, so that Theorem
1 will be reduced to Theorem 3. To this end, we introduce the Gauss plane and
produce complex variable equations relatingnd £.1° The cartesian coordinates
will be different from the one we used #3, but this seems unavoidable if we want
to simplify calculations. A pointZ = (x,y) will be represented by the complex
numberz = x + iy. We write Z = 2z and sometimes indicate operations as if
they were acting directly on points rather than on their coordinates. We also write
¥ =x —iyand|z|? = 2% + y%.

Let A; = a; be the vertices of a nondegenerate, nonequilateral trighgiith-
out loss of generality, we can assume for the circumcentethat0 and|qg| = 1,
SO thatai‘l = a;. Now the orthocenteff and the Euler poinE have the following
simple expressions in terms of elementary symmetric polynomiats;, os.

10p good reference for the use of complex variables in Euclidean geometry is [3].
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H =ai 4+ a2 + a3 = o1,

__aag + ag2a3 + aza; 02
ai +az +as 0'1.

The first formula is trivial, agz = %a andH = 3G. As for F, the equation for
aside, sayd; Aq, ISz + ajasz™ = a1 + ao, and the reflection across this line takes
apointT = tontoT' = aj + as — ajast*. An easy calculation shows that
lies on the Euler lineeo] — 2*01 = 0. This holds for all sides, and this property
characterize€ by Theorem 2. Notice that, # 0, as we have assuméd# O.1!

We now introducers = ajasas, k = |OH| and calculate

of = o0zt osP =1, |onf* =oo* = g10905 " = K.

Hence,

g3 —

0109 (01>2 09 H

= =__FE.
k2 k o1 |H|

In order to deal with the incentdr, let B; = b; denote the (second) intersection
of the circumcircle with the internal angle bisector 4t Thenb; ' = b and
b? = ajay, andb;babz = —ajazaz. Sincel is the orthocenter of trianglB; By Bs,
we have, as abové,= b; + by + b3. Likewise, we define

71 = b1+ by + b3, 7o =0>b1by+ bybg + b3by, T3 = b1bobs3, f: |OI|,
and calculate
=Ty, In2=1, |0 =|nf=nnyt=r~%
From the definition ob;, we derive

722 =o3(01 — 2711),

T3 2 7’22 1 2
73 = — 03 = T_2 7_3:_ F (0'1—27'1).

Equivalently,

2 2
(i) E— (i) A2l
|H 1] 1]
G>2 <I>23G—2J
=) E=(7) = ©)
(\G\ 1] 12
where the Euler equatioH = 3G has been used.

UThe triangle is equilateral if = O.
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5. Construction of the Euler point

The last formulas suggest easy constructionggdfom O, G (or H) and I.
SinceH — 2] = 3G — 21 = G — 2(I — G), our attention moves frord” to
its antimedial triangleZ7™ (the midpoints of whose sides are the vertices79f
and the homothetic mapping — G — 2(Z — G). ThusI* = 3G — 2I is the
incenter of7*. Note that multiplying by aunit complex numberos 6 + i sin ¢
is equivalent to rotating aroun@ by an angled. SinceG/|G| andI/|I| are unit

e I/|1])? . I
complex numbers, multiplication IEE represents a rotation which is the

product of two reflections, first across the li@€7, then acros$) 1. Since|IF =
f2, dividing f? by I* is equivalent to inverting* in the circle with cente) and
radiusO1. Altogether, we conclude thdt can be constructed fro@, G andI by
the following procedure. See Figure 2.

(1) Construct line$)G andO1I; construct/* by the equatiorGI* = —2GI.

(2) Construct the circlé) centered at throughI. By inverting I* with re-
spect to this circle, construét'. Note that this inversion is possible if and
only if I* # O, or, equivalently] # N.?

(3) ConstructE: first reflectF™ in line OG, and then its image in lin@1.

Note that all these steps can be performed by ruler and compass.

sjrcumcircle

Figure 2. Construction of the Euler point froth G, T

12t will appear thatF* is the Feuerbach point af*. Thus, at this stage we have both the
circumcircle (cente©, throughF™) and the incircle off (centerl, throughF, as defined bGF* =
—2GF).
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6. The locus of incenter

As we know from§3, one can now apply paper-folding & G, E and produce
the sides of7. But in order to prove Theorem 1 we must show that the critical
circle locus forl is equivalent to the existence of three different good creases. To
this end we check that lies inside the orthocentroid&¥ H -circle if and only if £/
lies outside theZO-cardioid. If we show that the two borders correspond under
the transformatiod — FE described by (3) for give®, G, H, then, by continuity,
the two ranges, the interior of the circle and the exterior of the cardioid, will also
correspond.

We first notice that the right side of (3) can be simplified wHeles on the
GH-circle, as|IO| = 2|IN| = |I*O| implies that the inversion (step 2) does not
affectl*. In order to compare the transformatidém— FE with our previous results,
we must change scale and return to the cartesian coordinates usdvitiere
G = (0,0), H = (2,0). If we setl = (r,s), thenI* = (—2r, —2s). The first
reflection (across the Euler line) magson to (—2r,2s); the second reflection
takes place across lin@!: s(x + 1) — (r + 1)y = 0 and yieldsE(u, v), where

—2(7‘3 —3rs24+r+2r2 — 82) —28(37”2 —s2 4 3r)
(u’v) = s
(r+1)2+s2

r4+1)2 + 52
(

Figure 3. Construction of the GO-cardioid from the GH-circle

Notice thatl # O implies (r + 1) + s # 0. Then, by direct calculations, we
have

((u? + 0% +2u)? —4(u® +0°))((r4+1)2 + 8% = 16(r* + s> — 2r)(r? + 5> 4 1)?

and conclude thak(r, s) lies on theG H-circle 22 + y? — 2o = 0 wheneverE lies
on theGO-cardioid (1), as we wanted. Thus the proof of Theorem 1 is complete.
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7. Euler’s theorem revisited

We shall now give a different proof of the first part of Theorem 1 by exploiting
Euler’s original ideas and complementing his calculations.

Necessity. In [2] Euler begins §§1-20) with a nonequilateral, nondegenerate trian-
gle and calculates the “notable” lengths

as functions of the side lengths, as, a3. From those expressions he derives a
number of algebraic equalities and inequalities, whose geometrical interpretations
he only partially studies:® In particular, in§31, by observing that some of his
guantities can only assume positive values, Euler explicitly states that the two in-
equalities

k% <2e? 4 212, (4)
k? >2¢% + f? (5)

must hold. However, rather than studying their individual geometrical meaning, he
tries to combine them and wrongly concludes, owing to a trivial mistake, that the
inequalities19f? > 8e? and13f? < 19¢? are also necessary conditions. Speiser’s
correction of Euler's mistake [2, p.155, footnote] does not produce any interesting
result. On the other hand, if one uses the main re@lt = 300G, defines the
nine-point centerV (by letting OH = 20N) and applies elementary geometry
(Carnot’s and Apollonius’s theorems), it is very easy to check that the two original
inequalities (4) and (5) are respectively equivalent to

(4) I is different fromxN, and
(5) I lies inside the H-circle.

These are precisely the conditions of Theorem 1. It is noteworthy that Euler,
unlike Guinand, could not use Feuerbach’s theorem.

Sufficiency. In §21 Euler begins with three positive numbefisg, h and derives

a real polynomial of degree 3, whose roaets as, as - in case they are sides of

a triangle - produce indeefl, g, h for the notable distances. It remains to prove
that, under the assumptions of Theorem 1, these roots are real positive and satisfy
the triangle inequalities. In order to complete Euler's work, we need a couple of
lemmas involving symmetric polynomials.

Lemma 5. (a) Three real numbers a;, as, ag are positive if and only if o3 =
a1 + as + as, 09 = aijas + asaz + aga; and o3 = ajaqag are all positive.

13The famous result on the collinearity 6f, G, H and the equatio®H = 30G are explicitly
described in [2]. The other famous formulal> = R(R — 2r) is not explicitly given, but can be

immediately derived, by applying the well known formulas for the triangle &réa; + a2 + as) =

ajagzas
4R
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(b) Three positive real numbersa;, as, as satisfy thetriangle inequalities a; +as >
as, ag + az > a; and az + a; > ay if and only if 14

T(ay,a9,a3) = (a1 + az + asg)(—ay + a2 +as)(a; —az +as) (a1 +az —as) > 0.

Now suppose we are given three different poiht$), N and define two more
pointsG, H by 30G = 20N = OH. Assume thaf is inside theG H-circle. If
we let

m =|ON|, n=|IN|, f=|0I,
then we haven > 0,n > 0, f > 0,n+ f —m > 0, and also, according to Lemma
5(b), 7(f, m,n) > 0. Moreover, the assumed locus bfvithin the critical circle
implies, by Apollonius,f — 2n > 0 so thatf? — 4n? = b? for some reab > 0.
We now introduce the same quantitigs;, - of Euler,*® but rewrite their defining
relations in terms of the new variables n, f as follows:

n’r=f*,
dn’q =b*f?,
9h* =(f —2n)* +2((n + f)* — m?),
An%p =27b* + 128n2b% + 144h%n2.
Notice that, under our assumptions, all these functions assume positive values, so

that we can define three more positive quantitfes
2

p q
0_1:\/1797 02:Z+2q+77 0—3ZQ\/Z3'

Now leta;, as, a3 be the (complex) roots of the polynomial — o1 22 + ooz — 03.
The crucial point regards the discriminant

Alar,az,a3) =(a1 — az)*(az2 — as)*(az — a1)?
—=0l02 4 18010903 — 40303 — 4o — 2703.

By a tedious but straightforward calculation, involving a polynomial of degree
8inm,n, f, one finds

n2A(a1, az, a3) = b4T(f7 m, n)

Since, by assumptiom # 0, this impliesA(ay, az,a3) > 0, so thata;, as,
az are real. By Lemma 5(a), sineg, o, o3 > 0, we also haveu, as, ag > 0.

. . . 4pq? :
A final calculation yieldsr(a;,as,a3) = L 0, ensuring, by Lemma 5(b)

again, that the triangle inequalities hold. lln'herefore, under our assumptions, there
exists a triangle withy, ao, as as sides lengths, which is clearly nondegenerate
and nonequilateral, and whose notable distanceg are n. Thus the alternative
proof the first part of Theorem 1 is complete. Of course, the last statement on

14The expressionr (a1, az, asz) appears under the square root in Heron’s formula for the area of
atriangle.

These quantities reall, Q, R in [2, p.149].

16These quantities read q, r in [2, p.144].
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construction is missing: the actual location of the triangle, in terms of the location
of its notable points, cannot be studied by this approach.
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Loci Related to Variable Flanks

ZvonkoCerin

Abstract. Let BR1R2C, CRsR4+A, AR5 Rs B be rectangles built on the sides

of a triangle ABC' such that the oriented distancd3R; |, |CRs|, |ARs| are
A|BC|, X|CA|, X|AB| for some real numbeA. We explore relationships
among the central points of trianglds8C', AR4 Rs, BRs R1, andC Rz R3. Our

results extend recent results by Hoehn, van Lamoen, C. Pranesachar and Venkat-
achala who considered the case whes 1 (with squares erected on sides).

1. Introduction

In recent papers (see [2], [5], and [6]), L. Hoehn, F. van Lamoen, and C. R.
Pranesachar and B. J. Venkatachala have considered the classical geometric config-
uration with square®5,5,C, C S35, A, andAS5 S B erected on the sides of a tri-
angleA BC and studied relationships among the central points (see [3]) of the base
triangle = ABC and of three interesting triangles = AS,Ss5, 78 = BSsS1,

7o = CS,53 (calledflanks in [5] andextriangles in [2]). In order to describe their
main results, recall that trianglesBC and XY Z arehomologic provided that the
linesAX, BY, andCZ are concurrent. The poir in which they concur is their
homology center and the line/ containing the intersections of the pairs of lines
(BC,YZ), (CA, ZX), and(AB, XY) is theirhomology axis. In this situation

we use the notatiomBC;;q XY Z, wherel or both/ and P may be omitted. Let

X; = X,;(7), X! = X;(rj) (for j = A, B, C), ando; = X/ XPXC, where X,
(fori =1,...) is any of the triangle central point functions from Kimberling’s lists
[3] or [4].

Instead of homologic, homology center, and homology axis many authors use
the termsperspective, perspector, and perspectrix. Also, it is customary to use
lettersI, G, O, H, F, K, and L instead ofX;, Xo, X3, X4, X5, Xg, and Xog
to denote the incenter, the centroid, the circumcenter, the orthocenter, the cen-
ter of the nine-point circle, the symmedian (or Grebe-Lemoine) point, and the de
Longchamps point (the reflection &f aboutO), respectively.

X,
In [2] Hoehn provedr < o3 andr 4 o; for (4, j) = (1, 1), (2, 4), (4, 2). In
[6] C. R. Pranesachar and B. J. Venkatachala added some new results because they

X.
showed thatr > o; for (i, j) = (1, 1), (2, 4), (4, 2), (3, 6), (6, 3). Moreover,

Publication Date: September 5, 2002. Communicating Editor: Floor van Lamoen.
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they observed that if§<1 XaXpXc, andY, Yy, Yg, andYs are the isogonal
conjugates of pointX, X4, Xz, and X with respect to triangles, 74, 753, and

To respectively, ther’rgq Y4YgYe. Finally, they also answered negatively the
guestion by Prakash Mulabagal of Pune ik XY Z, whereX, Y, andZ are the
points of contact of the incircles of trianglesg, 73, andr¢ with the sides opposite
to A, B, andC, respectively.

X.
In [5] van Lamoen said thak; befriends X; whent > o; and showed first
X,
thatr > o; impliest )l>(£ om WhereX,,, and X, are the isogonal conjugates &f

X; : X;

and X;. Also, he proved that >4 o; is equivalent tor 2 o;, and thatr > o; for
K(5-¢)

(i, 7) = (1, 1), (2, 4), (3, 6), (4,2), (6, 3). Then he noted that i (),

where K (¢) denotes the homology center ofand the Kiepert triangle formed

by apexes of similar isosceles triangles with the base apgleected on the sides

of ABC'. This result implies that é(q o, for i = 485, 486 (Vecten points — for
X,

¢ ==+%), andr > a; for (i, 7) = (13, 17), (14, 18) (isogonic or Fermat points

X13 and X4 — for ¢ = %, and Napoleon point(;7 and X5 — for ¢ = £%).

Finally, van Lamoen observed that the Kiepert hyperbola (the locus(gf) be-

friends itself; so does its isogonal transform, the Brocard @#is

Ry
C-fl ank

Figure 1. Triangled BC' with three rectangles and three flanks.

The purpose of this paper is to extend and improve the above results by re-
placing squares with rectangles whose ratio of nonparallel sides is constant. More
precisely, letBR; R2C, CR3R4A, AR5 RgB be rectangles built on the sides of a
triangle ABC' such that the oriented distancd3R, |, |C Rs|, |ARs| are \|BC|,
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A|CAJ, X|AB| for some real numbek. Let 7} = AR4Rs, 73 = BRgR;, and
78 = CRyR3 and letX/(\) and o}, for j = A, B, C, have obvious meaning.
The most important central points have their traditional notations so that we shall
often use these because they might be easier to follow. For exaf#p(e,) is
the orthocenter of the flank} and o), is the triangleG*(\)GE ()G ()) of the
centroids of flanks.

Since trianglesAS, S5 and AR, R are homothetic and the vertekis the center
of this homothety (and similarly for pairB.%S1, BRgR1 and(C'S2S3, C Ry R3),
we conclude thaf{A4, X3, XA\, {B, XZ, XE(\)}, and{C, X, X (\)}
are sets of collinear points so that all statements from [2], [6], and [5] concerning
triangleso; are also true for triangleg*.

However, since in our approach instead of a single square on each side we have
a family of rectangles it is possible to get additional information. This is well
illustrated in our first theorem.

Theorem 1. The homology axis of ABC and G4(\)G®(\)GC()\) envelopes the
Kiepert parabola of ABC.

Horol ogy axi s of ABC and XYZ

Ry
directrix_——-]
Euler |ine

A

Ki epert parabol a

Figure 2. The homology axis of BC' and XY Z envelopes the Kiepert parabola
of ABC.

Proof. In our proofs we shall use trilinear coordinates. The advantage of their use
is that a high degree of symmetry is present so that it usually suffices to describe
part of the information and the rest is self evident. For example, when we write
X1(1) or I(1) or simply sayI is 1 this indicates that the incenter has trilinear
coordinatesl : 1 : 1. We give only the first coordinate while the other two are
cyclic permutations of the first. Similarly>(1), or G(2), says that the centroid
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has has trilinears : 1 : 1, wherea, b, ¢ are the lengths of the sides 8fBC. The
expressions in terms of sidesb, ¢ can be shortened using the following notation.
dg=b—c, dy=c—a, d.=a—-b, z,=b+c, zp=c+a, z.=a+b,
t=a+b+c, tq=b+c—a, tp=c+a—-0b, t.=a+b—c,
m =abc, mg,=0bc, my=-ca, m.=ab, T = /tt,tptc,
For an integen, lett, = a™ + b™ + " andd,,, = b™ — ", and similarly for other
cases. Instead @4, to,, top, andto. we write k, k,, kp, andk..

In order to achieve even greater economy in our presentation, we shall describe
coordinates or equations of only one object from triples of related objects and use
cyclic permutationsgy andi below to obtain the rest. For example, the first vertex
A, of the anticomplementary trianglé, B,C, of ABC has trilinears—1 : ; : 1.

Then the trilinears ofB, and C, need not be described because they are easily
figured out and memorized by relatioss = p(A4,) andC, = ¥(A4,). One must
remember always that transformationand+ are not only permutations of letters
but also of positions,e.,

p:a,b,c,1,2,3—b,ca,2 3,1
and
¢:ab0123»—>cab312
1

Therefore, the trilinears aB, andC, arel : —1 : Landl . 1. -1
The trilinears of the pointg; and R, are equal to-2\m - c(T + k) © Abky
and —2\m : Ack, b(T—I—)\kb) (Whlle R3 = (Rl) Ry = (RQ) Rs5 = w(Rl),
and R = ¥(Ry)). It follows that the centroidX;'(\) or G4()\) of the triangle
AR4R5 is 3T+2aa2)\ . kc)\ . kb)\
Hence, the IineﬁB()\)GC()\) has equation

A(TXN 4620, A+ 9T)x +bNTA+3k)y+cANTA+3k) z=0.
T>\+3kc

Itintersects the lind3C whose equation is = 0 in the point0 : L2435
Joining this point with its related points on lin€s4 and/orAB we get the homol-
ogy axis of trianglesA BC andG4(\)GE(\)GC (\) whose equation is

Y aT® N +6a°TA+9kyke)x =0.

When we differentiate this equation with respectXand solve forA we get
A= % Substituting this value back into the above equation of the axis
we obtain the equation

Z(a2 d3, 2% — 2mg doy docy 2) = 0

of their envelope. It is well-known (see [1]) that this is in fact the equation of the
Kiepert parabola oA BC. g

Recall that trianglest BC' and XY Z areorthologic provided the perpendiculars
from the vertices oA BC to the sides’ 7, Z X, and XY of XY Z are concurrent.
The point of concurrence of these perpendiculars is denoted B¢, XY Z]. Itis
well-known that the relation of orthology for triangles is reflexive and symmetric.
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Hence, the perpendiculars from the verticesXof Z to the sidesBC, C'A, and
AB of ABC are concurrent at a poinX'Y Z, ABC].

SinceG (the centroid) befriendé/ (the orthocenter) it is clear that triangles
anda, are orthologic andoy,, 7] = H. Our next result shows that poift, o3\
traces the Kiepert hyperbola of

Theorem 2. The locus of the orthology center [, o2y] of 7 and o7 is the Kiepert
hyperbola of ABC.

Ki epert hyperbol a

Ki epert hyperbol a

Figure 3. The orthology centefiABC, XY Z] of trianglesT = ABC and
o0& = XY Z traces the Kiepert hyperbola afBC.

Proof. The perpendicular fromt onto the lineGZ (\)G® (\) has equation
b(TA+3ky)y —c(TA+3k.)z=0.

It follows that [7, o3y] is m This point traces the conic with equation

> madaq y z = 0. The verification that this is the Kiepert hyperbola is easy be-
cause we must only check that it goes throughB, C, H(;1-), andG(2). O

Theorem 3. For every A\ € R, thetriangles 7 and og are homothetic, with center
of homothety at the symmedian point K. Hence, they are homol ogic with homology
center K and their homology axis is the line at infinity.

Proof. The pointT#2222 . A . A jg the circumcente©4 () of the flank AR, Rs.

—abc c b

Since the determinant

1 0 0

a b ¢
THzoa X A A
—abc c b
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is obviously zero, we conclude that the points K, and O*(\) are collinear.
In a similar way it follows that{ B, K, OP(\)} and{C, K, O“(\)} are triples
of collinear points. Hencer,é(q 0. Ford = —Z, the pointsO4(X), OB()), and
O%()) coincide with the symmedian poiif. For\ # —~, the lineO®(A)O%(A)
has equatior(a®> A + T)x + Aaby + Acaz = 0 and is therefore parallel to the
sideline BC. Hence, the triangles and o)} are homothetic and the center of this
homothety is the symmedian poiht of 7. O

Theorem 4. For every A € R, thetriangles  and ag\) areorthologic. The orthology
center [ 7, o ] isthe orthocenter H while the orthology center [}, 7] traces the
line H K joining the orthocenter with the symmedian point.

Proof. Since the triangles and oy are homothetic and their center of simili-
tude is the symmedian poidt, it follows thatr andog\) are orthologic and that
[7, 0] = H. On the other hand, the perpendicutd©” ()\), BC) from O4(\)
onto BC' has equation

Nadag kg 4+ b(Ndgg ko — T k) y + ¢ (Adag ka + Tke) 2 = 0.

It follows that [}, 7] (= the intersection op(O*4(\), BC) andp(OF (), CA))
T ky ke+(2 a8 —224 a* —224 d%a)

is the point - 2 This point traces the line with equation
> ada, k2 2 = 0. One can easily check that the poidfsand K lie on it. O

Theorem 5. The homology axisof  and oj\{ envel opes the parabola with directrix
the line H K and focus the central point Xi15.

directrix -

b4

Figure 4. The homology axis of trianglesy = XY Z and 7 = ABC en-
velopes the parabola with directriX K and focusXi 2.

Par abol a
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Proof. The orthocentet/#()\) of the flank AR, R; is T-22%« : 2 : 2. The line
HEB(A\)H®()\) has equation
a(Bkpke N2 —4a> TA+T*) 2z +bNky (3ke \—=T)y+cAke(3ky \—=T) z = 0.

ke (T—3ky A) . ky (B3ke A=T)
b : c

It intersects the sidelin&C in the pointO : . We infer

that the homology axis of the trianglesando}; has equation
> aka (Vkyke A —6a>TA+T?) 2 =0.
It envelopes the conic with equation
> (a®d5, k2 a® = 2mg dyy dac ky ke y 2) = 0.

Itis easy to check that the above is an equation of a parabola because it intersects
the line at infinity>" az = 0 only at the point22Xe On the other hand, we obtain
the same equation when we look for the locus of all paihtshich are at the same
distance from the central po@fm(d T ) and from the lineH K. Hence, the
above parabola has the poikit;- for focus and the liné? K for directrix. O

Theorem 6. For every real number A the triangles — and oj,\{ are orthologic. The
locus of the orthology center |7, og\{] is the Kiepert hyperbola of ABC'. Thelocus
of the orthology center [0}, 7] istheline H K.

Li ne HK

Figure 5. The orthology centefs;, 7] are on the lined K.

Proof. The perpendiculap(A, HZ(\)HC ()\)) from A onto the linel? (\) HC (\)
has equatiod/_ (b, ¢)y — M (¢, b) z = 0, where

My (b, ¢) =b[(3a" £ 2dog a® £ dog (> + 33N — Ky T).
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The linesp(A, HB(NHC(N)), p(B, HE(\)HA(N)), andp(C, HAN)HB(N))
. 1 ,
t
concur at the poma (a7 1272007 — 2mge — 3osa) At Fa T Just as in the
proof of Theorem 2 we can show that this point traces the Kiepert hyperbola of
ABC.
The perpendiculap(H*()\), BC) from H4()\) onto BC has equation

2XNadogkiqx +b(2daaka A+ ki T)y + ¢ (2dog ko A — ke T) 2 = 0.

Thelinesp(HA()\), BC),p(HE()\), CA), andp(H(\), AB) concur at the point
2(2a5 — 290 a* — 200 A3, ) N\ — kp ke T

. We infer that the orthology cent{if%{, 7]

a
traces the lingdd K because we get its equation by eliminating the parameiem
the equations = xg, y = yo, andz = zy, wherexy, yo, andzy are the trilinears
of [0}y, 7] O

Theorem 7. For every A\ € R\ {0}, thetriangles ABC and FA(\)FB(A\)FC(\)
are homologic if and only if the triangle ABC' isisosceles.
Proof. The centem*()\) of the nine-point circle of the flank R, R; is

(ko —a®)X—2T  Xdy Ao

a b ¢

The lineAF4()\) has equatioh dy. y + cday, z = 0. Hence, the condition for these
three lines to concur (expressed in terms of the side lengtBsyig,, dsy, doe = 0,
which immediately implies our claim. 0

When triangleABC' is scalene and isosceles, one can show easily that the ho-
mology center ofABC and F4(\)FB(\)FC(\) is the midpoint of the base while
the homology axis envelopes again the Kiepert parabold BE (which agrees
with the line parallel to the base through the opposite vertex).

The following two theorems have the same proofs as Theorem 6 and Theorem
1, respectively.

Theorem 8. For every real number ) thetriangles ABC and FA(\)FB(A\)FY(\)
are orthologic. The orthology centers [0, 7] and [ 7, o7 | trace theline H K and
the Kiepert hyperbola, respectively.

Theorem 9. The homology axis of the triangles ABC and K4 (\)KB(A\)KY(\)
envelopes the Kiepert parabola of ABC'.

Theorem 10. For every A € R\{0}, thetriangles ABC and K4 (\)KB(A\)KY(\)
are orthologic if and only if the triangle ABC isisosceles.

Proof. The symmedian poink“()) of the flank AR, Rs is
(d3, — a® 200)\ — T (3 ko + 2a?)

a
It follows that the perpendicular( K4 ()\), BC) from K4(\) to BC has equation

Nady Tx+b(Ndog T —ky (3ka+2a%) y+c(Ndog T4 ke (3kq+2a%)) 2 = 0.

cAbky: Acke.
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The trianglesABC and K4 (\) K Z(\)K“()\) are orthologic if and only if the co-
efficient determinant of the equations of the lipg&™“(\), BC), p(KB()\), CA),
andp(K®()\), AB) is zero. But, this determinant is equaltd 6 \mds, doydo. T,
which immediately implies that our claim is true. O

When the triangleABC' is scalene and isosceles one can show easily that the
orthology centers oA BC and K4 (\) K2 (\) K¢ (\) both trace the perpendicular
bisector of the base.

The proofs of the following two theorems are left to the reader because they
are analogous to proofs of Theorem 1 and Theorem 6, respectively. However, the
expressions that appear in them are considerably more complicated.

Theorem 11. The homology axis of 7 and o envelopes the Kiepert parabola of
ABC for z = 15, 16, 61, 62.

Theorem 12. For every real number ) the triangles ~ and o} are orthologic. The
loci of the orthology centers [, o7 ] and [0}, 7| are the Kiepert hyperbola and
theline H K, respectively.
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Napoleon-like Configurations and Sequences of Triangles

Barukh Ziv

Abstract. We consider the sequences of triangles where each triangle is formed
out of the apices of three similar triangles built on the sides of its predecessor. We
show under what conditions such sequences converge in shape, or are periodic.

1. Introduction

The well-known geometrical configuration consisting of a given triangle and
three equilateral triangles built on its sides, all outwardly or inwardly, has many
interesting properties. The most famous is the theorem attributed to Napoleon that
the centers of the three equilateral triangles built on the sides are vertices of another
equilateral triangle [3, pp. 60-65]. Numerous works have been devoted to this
configuration, including various generalizations [6, 7, 8] and converse problems
[10].

Some authors [5, 9, 1] considered the iterated configurations where construc-
tion of various geometrical objects (e.g. midpoints) on the sides of polygons is
repeated an arbitrary number of times. Douglass [5] called such construlitions
ear polygon transformations and showed their relation with circulant matrices. In
this paper, we study the sequence of triangles obtained by a modification of such
a configuration. Each triangle in the sequence is callbdsatriangle, and is ob-
tained from its predecessor by two successive transformations: (1) the classical
construction on the sides of the base triangle triangles similar to a gixess-(
formation) triangle and properly oriented, (2) a normalization which is a direct
similarity transformation on the apices of these new triangles so that one of the
images lies on a fixed circle. The three points thus obtained become the vertices
of the new base triangle. The normalization step is the feature that distinguishes
the present paper from earlier works, and it gives rise to interesting results. The
main result of this study is that under some general conditions the sequence of base
triangles converges to an equilateral triangle (in a sense defined at the &d of
When the limit does not exist, we study the conditions for periodicity. We study
two types of sequences of triangles: in the first, the orientation of the transforma-
tion triangle is given a priori; in the second, it depends on the orientation of the
base triangle.

Publication Date: October 4, 2002. Communicating Editor: Floor van Lamoen.
The author is grateful to Floor van Lamoen and the referee for their valuable suggestions in
improving the completeness and clarity of the paper.
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The rest of the paper is organized as follows.§H) we explain the notations
and definitions used in the paper. 48, we give a formal definition of the trans-
formation that generates the sequencegdinwe study the first type of sequences
mentioned above. 185, we consider the exceptional case when the transforma-
tion triangle degenerates into three collinear points;@nwe consider the second
type of sequences mentioned above§Tnwe study a generalization for arbitrary
polygons.

2. Terminology and definitions

We adopt the common notations of complex arithmetic. For a complex number
z, Re() denotes its real part, Imy its imaginary part,|z| its modulus, argy)
its argument (chosen in the interviatr, 7]), andz its conjugate. The primitive
complexn-th root of unity cos 2% + isin 27, is denoted by;,. Specifically, we
write w = (3 andn = (5. The important relation between the twaJds+ n = 0.

A triangle is oriented if an ordering of its vertices is specified. It is positively
(negatively) oriented if the vertices are ordered counterclockwise (clockwise). Two
oriented triangles are directly (oppositely) similar if they have the same (opposite)
orientation and pairs of corresponding vertices may be brought into coincidence by
similarity transformations.

Throughout the paper, we coordinatized points in a plane by complex numbers,
using the same letter for a point and its complex number coordinate. An oriented
triangle is represented by an ordered triple of complex numbers. To obtain the
orientation and similarity conditions, we define the following functionC — C
on the set of all vector¥ = (A, B, C) by

C—-A

2[V] =2(A,B,C) = B4

1)
Triangle ABC is positively or negatively oriented according as afg{(, B, C))
is positive or negative. Furthermore, every complex numbeefines a class of
directly similar oriented trianglest BC' such thatz(A, B,C) = z. In particular,
if ABC is a positively (respectively negatively) oriented equilateral triangle, then
z(A, B,C) = n (respectivelyy).
Finally, we define the convergence of triangles. An infinite sequence of trian-
gles(A, B, C),) converges to a triangld BC if the sequence of complex numbers
z(An, By, Cy,) converges ta(A4, B, C).

3. Thetransformation f

We describe the transformations that generate the sequence of triangles we study
in the paper. We start with a base trianglgB,C, and a transformation triangle
XY Z. Let G be the centroid ofdyByCy, andI' the circle centered aff and
passing through the vertex farthest fram (Figure 1a). For every > 0, triangle
A, B, C, is obtained from its predecessdy,_ 1B, _1C,_1 by f = f2 o f1, where
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(i) f1 mapsA,,_1B,-1C,—1 to A, B/, C/!,, by building on the sides of trian-
gle A,_1B,,_1C,_1, three triangleﬁn_lCn_lA;l, Cn—lAn—lB;w An_an_lC{l
similar to XY Z and all with the same orientatioh(Figure 1b);

(i) fo transforms by similarity with centef the three points4,, B, C), so

that the image of the farthest point lies on the cifdcl€Figure 1c).

Figure 1la Figure 1b Figure 1c

The three points so obtained are the vertices of the next base tridngjg’,, .
We call this thenormalization of triangle A, B/,C! . In what follows, it is conve-
nient to coordinatize the vertices of triangleB,Cy so that its centroid- is at the
origin, andT" is the unit circle. In this setting, normalization is simply division by

Tn = max(]AH, ‘B;’L‘7 ’C;z’)

It is easy to see that may lead to a degenerate triangle. Figure 2 depicts an
example of a triple of collinear points generated fy Neverthelessf is well
defined, except only when,, 1 B,,_1C,,_1 degenerates into the poi6t But it is
readily verified that this happens only if triangle _, B,,_1C,,_1 is equilateral, in
which case we stipulate that, B,,C,, coincides withA,,_1B,_1C,_1.

C

Ao By

Figure 2

The normalization is a crucial part of this transformation. While preserving di-
rect similarity of the trianglest, B/, C/, and A,, B,,C,,, it prevents the latter from

Iwe deliberately do not specify the orientation of those triangles with respect to the transfor-
mation triangle, since they are specific for the different types of sequences we discuss later in this
paper.
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converging to a single point or diverging to infinity (since every triangle after nor-
malization lies inside a fixed circle, and at least one of its vertices lies on the circle),
and the convergence of triangles receives a definite geometrical meaning. Also,
since f; and f, leaveG fixed, we have a rather expected important property¢hat

is a fixed point of the transformation.

4. Thefirst sequence

We first keep the orientation of the transformation triangle fixed and independent
from the base triangle.

Theorem 1. Let Ay ByC bean arbitrary basetriangle, and XY Z a non-degenerate
transformation triangle. The sequence (A, B, C,,) of base triangles generated by
the transformation f in §3 (with B,_1C,,_1 A}, C,—1An—1B),, An—1Bn_1C}, di-
rectly similar to XY Z) converges to the equilateral triangle with orientation op-
positeto XY 7, except when Ay ByCy, and the whole sequence, is equilateral with
the same orientation as XY 7.

Proof. Without loss of generality leX'Y Z be positively oriented. We treat the
special cases first. The exceptional case stated in the theorem is verified straight-
forwardly; also it is obvious that we may exclude the cases whgk;, C), is posi-
tively oriented equilateral. Hence in what follows it is assumedhat, By, Cy) #
n, andr,, # 0 for everyn.

Letz(X,Y, Z) = t. Since for every:, triangle B,,_1C,,_1 A, is directly similar
to XY Z, by (1)

Al =1 —t)Bp_1 + tCp_1,

and similarly forB], andC},. After normalization,

1
Vo= —TV,_1, 2
Tn
A, 0 1-—¢ t
whereV,, = | B, |, T is the circulant matri t 0 1-¢|,andr, =
Cn 1—t t 0
max(|AL|,|By|,|Ch|). By induction,
1
Vo = V.
’r‘l PEEEEY ’r‘n

We use the standard diagonalization procedure to compute the powErsofce
T is circulant, its eigenvectors are the columns of the Fourier matrix ([4, pp.72—
73))

— 0 2
Fs=—|Ww w w],

V30 o2 Wl
and the corresponding eigenvalues &7e\;, \, are?
Aj = (1 —t)w! + tw?, (3)

2Interestingly enough, ordered triplés, w?, A1) and(w?, w, X2) form triangles directly similar
to XY Z.
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for j = 0,1, 2. With these, we have

T =FUF; !,
Ao 0 O
whereU is the diagonal matriy 0 Xy 0
0 0 X
50
Let S = | s1 | be a vector of points in the complex plane that is transformed
52
into V; by the Fourier matrixi.e.,
Vo = F3S. (4)
SinceAq + By + Cy = 3G = 0, we getsy = 0, and
Vo = s1F3,1 + saF3 2, (5)

whereFs3 ; is the j-th column ofF3. After n iterations,
Vi ~ TV = F3UnF?:1(81F371 + 82F372) = 81)\711F371 + 82)\3F372. (6)
According to (3) and the assumption thal’ Z is negatively oriented,
|>\2|2 — |>\1|2 = )\2)\_2— )\1)\_1 = 2\/§Im(t) <0,

o] that% <1, and% — 0 whenn — . Also, expressing(Ay, By, Cp) in
1 1
terms ofsq, so, we get

+(Ao, By, Cp) = 122 )

81+ s21m

so thatz( Ay, By, Cp) # 7 impliess; # 0. Therefore,

lim z(A,, By, Cp) = lim 2[V,] = 2[F31] = n.

O

Are there cases when the sequence converges after a finite number of iterations?
Because the columns of the Fourier matfixare linearly independent, this may
happen if and only if the second term in (6) equals 0. There are two cases:

(i) s2 = 0: this, according to (7), corresponds to a base triange,Cy which
is equilateral and positively oriented;

(i) A2 = 0: this, according to (3), corresponds to a transformation triangle
XY Z which is isosceles with base angleln this case, one easily recognizes the
triangle of the Napoleon theorem.

We give a geometric interpretation of the valugss,. Changing for a while
the coordinates of the complex plane so thats at the origin, we get from (4):

|s1] = |Bo — Conl, |s2| = |Bo — CoTl,

and we have the following construction: On the si§€’, of the triangleA,ByCy
build two oppositely oriented equilateral triangles (Figure 3), theh= ByB’,
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|se] = BoB”. After some computations, we obtain the following symmetric for-
mula for the ratioZ in terms of the angles, 3, v of triangle 4y B Cy:

2 _ sinasin(a + §) +sin Bsin(8 + §) + sinysin(y + §)
~ sinasin(a — Z) +sin Bsin(8 — %) 4 sinysin(y — %)

S1

52

Co

Ao Bg

B

Figure 3

5. An exceptional case

In this section we consider the casis a real number. Geometrically, it means
that the transformation triangl®Y Z degenerates into a triple of collinear points,
so thatA/,, B;,, C/ divide the corresponding sides of triangle_1B,,—1C,,—1 in
the ratiol — ¢ : t. (Figure 4 depicts an example for= %). Can the sequence of
triangles still converge in this case? To settle this question, notice that #iken
real,\; and )\, are complex conjugates, and rewrite (6) as follows:

n

A
Vi ~ AT (31F3,1 + A—iSzF?,g) 5 (8)
1

and becaus&2 defines arotation, it is clear that it does not have a limit unless
1

)\—2 = 1, in which case the sequence consists of directly similar triangles. Now,
1
A1 = Ao impliest = % so we have the well-known result that the triangle is
similar to its medial triangle [3, p. 19].

Next, we find the conditions under which the sequence has a finite period
Geometrically, it means that is the least number such that triangldsB,,C,,

and A, BnimCnim are directly similar for everyn > 0. The formula (8)
. A . . .
shows that it happens wh«aﬁ = ¢k, andk, m are co-prime. Plugging this into
1
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Figure 4a Figure 4b

(3) and solving fort, we conclude that the sequence of triangles with period

exists fort of the form

1 1 km
t(m)—2+2\/§tanm. 9)

Several observations may be made from this formula. First, the periodic se-
guence with finite exists for everyn £ 2. (The casen = 2 corresponds to trans-
formation triangle with two coinciding verticeX, Y). The number of different
sequences of a given periad is ¢(m), Euler’s totient function [2, pp.154-156].
Finally, the casen = 1 yieldst = % which is the case of medial triangles.

Also, several conclusions may be drawn about the position of corresponding
triangles in a periodic sequence. Comparing (8) with (5), we see that triangle
A B Cy, is obtained from triangledg BoCy by a rotation about their common
centroidG through anglen - arg()\;). Because 2arg() = 0 mod2, it follows
thatA,, B,,,C,, coincides withdo By Cy, or is a half-turn. In both cases, the triangle
Aoy, Bon Corn Will always coincide withAyg ByCy. We summarize these results in
the following theorem.

Theorem 2. Let atriangle Ay ByCy and a real number ¢ be given. The sequence
(A, B,C,) of triangles constructed by first dividing the sides of each triangle in
theratio 1 — ¢ : ¢ and then normalizing consists of similar triangles with period
m if and only if ¢ satisfies (9) for some k relatively prime to m. In this case, tri-
angles A, B,,C,, and A, 12, By t2mCryom coincide for every n > 0. In all other
cases the sequence never converges, unless 4, ByCy, and hence every A, B,,C,,
isequilateral.

6. The second sequence

In this section we study another type of sequence, where the orientation of trans-
formation triangles depends on the base triangle. More precisely, we consider two
cases: when triangles built on the sides of the base triangle are oppositely or equally
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oriented to it. The main results of this section will be derived using the following
important lemma.

Lemma3. Let ABC beany triangle, and V' = (A, B, C) the corresponding vec-
tor of points in the complex plane with the centroid of ABC' at the origin. If S is
defined as in (4), then ABC' is positively (negatively) oriented when |s| > |sg]

(|s1] < |s2]), and A, B, C arecollinear if |s1| = |s2].

Proof. According to (7), Im¢(A, B,C)) ~ 5151 — s252 = |s1]% — [s2|%. O

Before proceeding, we extend notations. As the orientation of the transformation
triangle may change throughout the sequen¢&; Y, Z) equalst or ¢, depending
on the orientation of the base triangle. So, for the transformation matrix we shall
use the notatiori’(¢) or T'(¢) accordingly. Note that if the eigenvaluesBft) are
Ao, A1, A2, then the eigenvalues @f(7) are )\, A1, A2. The first result concerning
the case of the oppositely oriented triangles is as follows.

Theorem 4. Let AyByCy be the base triangle, and XY Z the transformation tri-
angle. If the sequence of triangles A, B,,C,, is generated as described in §3 with
every triangle B,,_1C,,—1 A}, etc. oppositely oriented to A, B,,—1C),—1, then the
sequence converges to the equilateral triangle that has the same orientation as
A()B()C().

Proof. Without loss of generality, we may assumgB,C, positively oriented. It

is sufficient to show that trianglg,, B,,C), is positively oriented for every. Then,
every triangleB,,_1C,,_1 A, etc. is negatively oriented, and the result follows
immediately from Theorem 1.

We shall show this by induction. Assume triangleB,Co, ..., An_1Bn_1Cn_1
are positively oriented, then they all are the base fondgatively oriented directly
similar triangles to build their successors, so(&rg< 0, and|X| > |A\5]. Also,
|si| > [s2|, and according to (6) and the above lemmia B,,C,, is positively
oriented. O

We proceed with the case when triangles are constructed with the same orien-
tation of the base triangle. In this case, the behavior of the sequence turns out to
be much more complicated. Like in the first case, assugig, C, positively ori-
ented. Ifso = 0, which corresponds to the equilateral triangle, then all triangles
A, B,C, are positively oriented and, of course, equilateral. Otherwise, because
arg't) > 0, and therefore\; | < |z, it follows that|s; A\T| — |s2 A5 | eventually be-
comes negative, and the sequence of triangles changes the orientation. Specifically,
it happens exactly aftetsteps, where

In 22
{ = |V—f\11-‘ ) (20)

What happens next? We know th&tB,C, is the first negatively oriented tri-
angle in the sequence, therefore trianghes'y A; | etc. built on its sides are also
negatively oriented. Thus,(B,,Cy, A ,) = t. Therefore, according to (3) and
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(6),
Vi ~ T T@ Vo = siA Ao F31 + s2\5M Fy 0.
Since
51T he] = st AT A Aa] > [s225 A da] = [s2A5 0],
triangle Ay 1 By11Cyy1 is positively oriented. Analogously, we get that for>
0, every triangleAy 2, Br12,Crio, iS Negatively oriented, while its successor
Apsont1Beiont1Criont IS positively oriented.
Consider now the sequenéé, o, By12,Cri2,) CONsisting of negatively ori-
ented triangles. Clearly, the transformation matrix for this sequence is the product
of T'(t) andT'(¢), which is a circulant matrix

t+1t—2tt tt 1—t—t+tt
1—t—T+tt t+t—2t tt
tt 1—t—1t+tt t+t—2t
with eigenvalues
Ny=t+T 200+ thw’ + (1 —t — T + th)w?, j=0,1,2.  (11)

Since this matrix is real, the sequenc& o, Br12,Cr12,) Of triangles does not
converge. It follows at once that the sequefde, o, 11 Bri2,+1Cr12,+1) Of SUC-
cessors does not converge either.
Finally, we consider the conditions when these two sequences are periodic.

Clearly, only even period@m may exist. In this case), and )\, must satisfy
A . . . . .
/\—} = ¢k for k relatively prime tom. Since)X;, A}, are complex conjugates, this is

2
equivalent to argy} ) = % Applying (11), we arrive at the following condition:
kr 1 Re(t) — 1
m V3 Re(t) - [P —§
Several interesting properties about periodic sequences may be derived from this
formula. First, for a given pair of numbeks m, the locus oft is acircle centered
at the pointO on a real axis, and radius defined as follows:

1 1 km 1 km
O(m)—2 2\/§cot — R(m)—Q\/gcscm. (12)
Furthermore, all the circles have the two poihts + 77) and (1 + ) in common.
This is clear if we note that they correspond to the cages- 0 and )\, = 0
respectivelyj.e., when the triangle becomes equilateral after the first iteration (see
the discussion following Theorem 1 §3).
Summarizing, we have the following theorem.

tan

Theorem 5. Let Ay ByCy be the base triangle, and XY Z the transformation tri-
angle. The sequence (A, B,,C,,) of triangles constructed by the transformation
f ( Bpo1Cp—1A,, Ch_1A,_1B), A,—1B,-1C], with the same orientation of
A, 1B,_1C,_1) converges only if AgByCy is equilateral (and so is the whole
sequence). Otherwise the orientation of Ay ByC is preserved for first £ — 1 iter-
ations, where ¢ is determined by (10); afterwards, it is reversed in each iteration.
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The sequence consists of similar triangles with an even period 2m if and only if
t=2(X,Y,Z)liesonacircle O(R) defined by (12) for some k relatively prime to
m. Inthis case, triangles A, B,,C,, and A, 1 4 Brn+4mCr+am coincide for every
n > 4.

We conclude with a demonstration of the last theorem’s results. Seittirgl
in (12), bothO and R tend to infinity, and the circle degenerates into lind#Re=
%, that corresponds to any isosceles triangle. Figures 5a through 5d illustrate this
case whenX'Y 7 is the right isosceles triangle, and BoCy is also isosceles pos-
itively oriented with base ang%’{. According to (10)¢ = 2. Indeed,A3 BoCs is
the first negatively oriented triangle in the sequenég3sC’; is again positively
oriented and similar tol; B;C1. The next similar triangled; B5Cs will coincide
with AlBlCl.

Figure 5a Figure 5b

Figure 5¢ Figure 5d
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7. Generalization to polygons

In this section, we generalize the results§ih by replacing the sequences of
triangles by sequences of polygons. The transformation performed at every itera-
tion remains much the same asg®, with triangles built on every side of the base
polygon directly similar to a given transformation triangle. We seek the conditions
under which the resulting sequence of polygons converges in shape.

Let the unit circle be divided int& equal parts by the point®, P, ...,

P,._1. We call the polygon regulak-gon of g-type if it is similar to the polygon
PyPy - -+ Py,_1)4, Where the indices are taken moduld5, p. 558]. The regular
1-type and(k — 1)-type polygons are simply the convex regular polygons in an
ordinary sense. Other regulargons may be further classified into

(i) star-shaped if, k are co-prime, (for example, a pentagram is a 2-type regular
pentagon, Figure 6a), and

(i) multiply traversed polygons with fewer verticesdf k£ have a common di-
visor, (for example, a regular hexagon of 2-type is an equilateral triangle traversed
twice, Figure 6b).

Py
Py P,
P
Po Py Py
Ps
Pa Py Ps
Figure 6a Figure 6b

In general, regulak-gons ofg-type and(k — ¢)-type are equally shaped and
oppositely oriented. It is also evident thatq)-type and(k — ¢)-type k-gons are
identical. We shall show that under certain conditions the sequence of polygons
converges to regular polygons so defined.

LetIly = PooPiyo - - - Py—1,0 be anarbitrary;-gon, andX'Y Z the non-degenerate
transformation triangle, and let the sequencé-gonsll, = Py, Pi - Pi—1n
be generated as {8, with trianglesR)vn_lPLn_lPé,n, o Po1n1Pon—1P_,
built on the sides ofl,,_; directly similar to XY Z and then normalized. The
transformation matrix;, for such a sequence is a circulani k& matrix with the
first row

(1—¢t ¢t 0 - 0),
whose eigenvectors are columns of Fourier matrix
1 .
F,=—({)), 4,j=0,...,k—1,

and the eigenvalues:
N=(1—t)+t, i=0,...k—1. (13)
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PutIlj into the complex plane so that its centrdid= % Zf;ol P, o is at the origin,
and letV,, be a vector of points correspondingliy. If S = (sg,...,s,_1)isa
vector of points that is transformed int§ by Fourier matrixj.e., S = F,.V;, then
similar to (6), we get:

k—1
Vo~ ) 8iA! Fi (14)
1=0

Noticing that the column vectorB;, , correspond to regulak-gons ofg-type, we
have the following theorem:

Theorem 6. The sequence of k-gonsI1,, converges to aregular k-gon of ¢-type, if
and only if |\,| > |\;| for every i # g such that s; # 0.

As in the case of triangles, we proceed to the cases when the sequence converges
after a finite number of iterations. As follows immediately from (14), we may
distinguish between two possibilities:

() s4 # 0 ands; = 0 for everyi # ¢. This corresponds tbj, - and the whole
sequence - being regular gftype.

(if) There are two integerg, r such thaty. = 0, s,, s, # 0, ands; = 0 for every
i # q,r. In this case]ly turns into regulak-gon of ¢-type after the first iteration.

An example will be in order here. Lét=4,q¢ =1, \» = 0 andS = (0,1,1,0).
Then,t = % and Tl is a concave kite-shaped quadrilateral; the midpoints of its
sides form a square, as depicted in Figure 7.

i—1

—i—1

Figure 7

The last theorem shows that the convergence of the sequence of polygons de-
pends on the shapes of both the transformation triangle and the original polygon
IIy. Let us now consider for what transformation triangles the sequence converges
for anyIly? Obviously, this will be the case if no two eigenvalues (13) have equal
moduli. That is, for every pair of distinct integefsr,

(1 —t) + tQel # [(1 = t) + 1Cx].

Dividing both sides byl — ¢, we conclude that-¢} and - ¢; should not be
complex conjugates, that is:

t
arg (ﬁ) %—qzrw, 0<q,r<k. (15)
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Solving fort and designating for (¢ + ) mod k, we get:
Im(t) 14
————F -1, 0</(<k.
Ret)— e 7 5" S
This last inequality is given a geometric interpretation in the following final theo-
rem.

Theorem 7. The sequence of k-gons converges to a regular k-gon for every T if
andonlyift = z(X,Y, Z) doesnot lie on any circle O(R) defined as follows:

1 1 12 1 l
= _ —T < .
O—<2,2cotk7r>, R 2csck, 0<i<k

We conclude with a curious application of the last result. et 5, and XY 7
be a negatively oriented equilateral triangle,, ¢ = 7. It follows from (15) that
the sequence of pentagons converges for any dikehet 11, be similar to

(1+€v C57 C527 C537 C54)

Taking e # 0 sufficiently small,Ily may be made as close to the regular convex
pentagon as we please. The striking fact is that 2! Figures 8 depict this
transforming of an “almost regular” convex pentagon into an “almost regular” pen-
tagram in just 99 iterations.

Py

P
Py ’ P 7

. Po Po
Py
P
\ Fs > P3
Py
Figure 8a:n =0 Figure 8b:n = 20 Figure 8c:n = 40
Py Py Py

Py

RN

Py
Ps Py

Figure 8d:n = 60 Figure 8e:n = 80 Figure 8f:n = 99
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An Elementary Proof of the I soperimetric I nequality
Nikolaos Dergiades

Abstract. We give an elementary proof of the isoperimetric inequality for poly-
gons, simplifying the proof given by T. Bonnesen.

We present an elementary proof of the known inequalfty> 47.A, wherel

and.A are the perimeter and the area of a polygon. It simplifies the proof given by
T. Bonnesen [1, 2].

Theorem. In every polygon with perimeter £ and area A we have 2 > 41 A.

Proof. It is sufficient to prove the inequality for a convex polygdBM --- Z.
From the vertex4 of the polygon we can draw the segmet® dividing the poly-
gon in two polygons such that

(1) AB+BM +---+ PQ =%, and

(2) the aread; of the polygonABM - -- PQ) A satisfies4; > é.

Figure 1

Let O be the mid-point ofAQ, and letM be the vertex ofABM --- PQA
farthest fromO, with OM = R. Draw the circlg O, R), and from the pointsl and
Q draw perpendiculars t® M to meet the circle atf, Q' respectively. Because
of symmetry, the part of the circld A MQ'QA has areaS equal to half of the
area of the circlei.e,, S = %WRQ. Outside the polygomABM - - - PQ construct
parallelograms touching the circle, with bases the sides sucif ds= ¢ and

Publication Date: October 28, 2002. Communicating Editor: Michael Lambrou.
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other sides parallel tal A'. If h; is the altitude of triangl@d M N andd; is the
height of the parallelogram/ M’ N’ N, thenh; + d; = R. Note that4, is the sum
of the areas of triangle®AB, ...,OMN, ...,0PQ,i.e,

./41 = % Zazhz

If we denote byA, the sum of the areas of the parallelograms, we have
L
.AQ == Zazdz = Zai(R— hz) =R 5 — 2A1.

SinceA; +A; > S, we haveR - £ — A; > 17R2, and sorR? — LR +24; < 0.

Rewriting this as
£\? /2
- =) (= - <
T (R 27T> <47T 2A1> =0,
we conclude that’? > 47 - 2.4; > 41 A. O

The above inequality, by means of limits can be extended to a closed curve.
Since for the circle the inequality becomes equality, we conclude that of all closed
curves with constant perimetgr, the curve that contains the maximum area is the
circle.
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The Perimeter of a Cevian Triangle

Nikolaos Dergiades

Abstract. We show that the cevian triangles of certain triangle centers have
perimeters not exceeding the semiperimeter of the reference triangle. These in-
clude the incenter, the centroid, the Gergonne point, and the orthocenter when
the given triangle is acute angled.

1. Perimeter of an inscribed triangle

We begin by establishing an inequality for the perimeter of a triangle inscribed
in a given triangleABC.

Proposition 1. Consider atriangle ABC witha < b < ¢. Denoteby X, Y, Z the
midpoints of the sides BC, C' A, and AB respectively. Let D, E, F be points on
thesides BC, C' A, AB satisfying the following two conditions:

(1.1) D isbetween X and C, E isbetween Y and C, and F' is between Z and
B.
1.2) /CDE < /BDF,/CED < ZAEF,and /BFD < /AFE.
Then the perimeter of triangle D E'F’ does not exceed the semiperimeter of triangle
ABC.

B

O

Figure 1

Proof. Denote byi, j, k the unit vectors alon@F, FD, DE. See Figure 1. Since
/BFD < Z/AFFE,we havei - ZF < j- ZF. Similarly, sinceZCDE < /BDF
andZCED < ZAEF,we havej- XD < k-XD andi-EY < k-EY. Now,
we have

EF+FD+ DE

i-EF+j-FD+k-DE

= i (EY+YZ+ZF)+j-(FZ+ZX +XD) +k-DE

< (k-EY +i-YZ+j-ZF)
+(j-FZ+j-ZX+k-XD)+k-DE

Publication Date: November 1, 2002. Communicating Editor: Paul Yiu.
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= i-YZ+j-ZX+k - XY
< [IYZ] + |jl[Z2X] + k]| XY 1
= YZ+ZX+ XY

AB + BC + CA).

5
Equality holds in (1) only when the triangld3E F' and XY Z have parallel sides,
i.e,, when the pointd, E, F' coincide with the midpoints(, Y, Z respectively, as
is easily seen. O

2. Cevian triangles

Proposition 2. Suppose the side lengths of triangle ABC satisfy a < b < c.
Let P be an interior point with (positive) homogeneous barycentric coordinates
(z:y: z) satisfying

(2.2) zcot A>ycot B > zcot C.

Then the perimeter of the cevian triangle of P does not exceed the perimeter of the
medial triangle of ABC, i.e,, the cevian triangle of the centroid.

Proof. In Figure 1,BD = y‘fz, DC = % andBF = ;—fy Sincey < z, itis
clear thatBD > DC. Similarly, AE > EC, andAF > FB. Condition (1.1) is
satisfied. Applying the law of sines to triangl2D F, we haves‘ns(if—;m = B0 1t
follows that

sin(B + () B sin(B+C) z(zx+vy)

sinBsinf3  sinBsinC  z(y+2)

From this,cot 3 + cot B = (cot B + cot C) - ZZE4) - Similarly, cot v + cot C' =

z(y+2)
(cot B + cot C) - g(éig . Consequently,

2(y cot B — zcot C)

ty —cot =
coty —cot o
so that3 > ~ providedy cot B > z cot C. The other two inequalities in (1.2) can
be similarly established. The result now follows from Proposition 1. O

This applies, for example, to the following triangle centers. For the case of the
orthocenter, we require the triangle to be acute-andldtlis easy to see that the
barycentrics of each of these points satisfy condition (2.1).

| P [(x:y:2) | zcot A > ycot B> zcot C |
Incenter (a:b:¢c) cos A > cos B > cos C
Centroid (1:1:1) cot A > cot B > cot C
Orthocenter (tanA:tanB:tanC) |1>12>1
Gergonne point | (tan4 :tanZ :tan <) | 2(1—tan® £) > 1(1 —tan® £)
> 1(1—tan® §)

Iror the homogeneous barycentric coordinates of triangle centers, see [1].
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The perimeter of the cevian triangle of each of these points does not exceed the
semiperimeter ofA BC'2 The case of the incenter can be found in [2].

3. Another example

The triangle center with homogeneous barycentric coordir(aiﬂé : sin % :

sin %) provides another example of a poiRtthe perimeter of whose cevian tri-
angle not exceeding the semiperimeterABC'. It clearly satisfies (2.1). Since
sin 4 cot A = cos 4 L__ it also satisfies condition (2.2). In [1], this point

2 2cos 4"’
appears as(i74 and is called the Yff center of congruence. Here is another de-
scription of this triangle center [3]:
The tangents to the incircle at the intersections with the angle bisectors farther
from the vertices intersect the corresponding sides at the traces of the point with

: : AL G B Lo C
homogeneous barycentric coordinates (sin% : sin 5 : sin 5 ).

Figure 2

2The Nagel point, with homogeneous barycentric coordin(itesé : cot § : cot %), also
satisfies (2.2). However, it does not satisfy (2.1) so that the conclusion of Proposition 2 does not
apply. The same is true for the circumcenter.
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Geometry and Group Structures of Some Cubics

Fred Lang

Abstract. We review the group structure of a cubic in the projective complex
plane and give group theoretic formulations of some geometric properties of a
cubic. Then, we apply them to pivotal isocubics, in particular to the cubics of
Thomson, Darboux and Lucas. We use the group structure to identify different
transformations of cubics. We also characterize equivalence of cubics in terms
of the Salmon cross ratio.

1. Thegroup structure of a cubic

LetI" be a nonsingular cubic curve in the complex projective plaeg,I’ has
no cusp and no node. It is well known thathas a group structure, which does
not depend on the choice of a neutral elem@ndn the cubic. In other words, the
group structures oh for various choices of the neutral elements are isomorphic.

If P and@ are points of a cubit’, we denote by - () the third intersection of
the line PQ with T". In particular,P - P := P, is thetangential of P, the second
intersection of” with the tangent aP.

Proposition 1. The operation - is commutative but not associative. For P, @, R
onT,
1) P-Q)-P=Q,
2)P-Q=R-Q < P =R,
B P Q=R P=R-Q.
Convention: When we writé - @ - R, we mean P - Q) - R.
We choose a poind onT as the neutral point,and define a group structure
onI by
P+Q=(P-Q)-0.
We call the tangential ab, the pointN = O, = O - O, theconstant point of T.
Note that— N = N;,sinceN + N, =N -N;-O=N -0 = O.
We begin with a fundamental result whose proof can be found in [4, p.392].

Theorem 2. 3k points P, 1 < ¢ < 3k, of acubic I" are on a curve of order k if
andonlyif Y P, = kN.

Fork =1, 2, 3, we have the following corollary.

Corollary 3. Let P, Q, R, S, T,U,V,W, X bepointsof .

(1) P,Q, Rarecoallinear ifandonlyif P+ Q + R= N.
2 P,Q,R,S,T,U areonaconicifandonlyif P+Q+R+S+T+U = 2N.

Publication Date: November 8, 2002. Communicating Editor: Paul Yiu.
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Figure 1. The first three tangentials Bfand P + Q

) P,Q,R, ST, UV, W, X aeonacubicifandonlyif P+ Q + R +
S+T+U+V+W+ X =3N.

Remark. The casé: = 2 is equivalent to the following property.

Geometric formulation Group theoretic formulation
LetP,Q, R, S, T, U be six points LetP,Q, R, S, T, U be six points
of a cubicl’, and letX = P - Q, ofacubicl',and letP + Q + X = N,

Y=R-S5,Z=T-U,thenP,Q,R, | R+ S4+Y =N, T4+U+Z=N,
S,T,Uareonaconicifandonly if | thenP+Q + R+ S+ T +U =2N
X,Y, Z are collinear. ifandonlyif X +Y +Z = N.

A geometrical proof is given [8, p.135]; an algebraic proof is a straightforward
calculation.

We can do normal algebraic calculations in the group, but have to be careful to
torsion points: for exampleP = O does not implyP = O. The group ofl" has
non zero torsion points, i.e, points with the propetty = O, for P # O. Indeed
the equatiorkX = Q hask? (complex) solutions for the point. See [10, 17].

The tangentialP;, of P is N — 2P, sinceP, P, andF, are collinear. Theecond
tangential P; of P is N — 2(N — 2P) = —N + 4P. Thethird tangential is
N —2(—N +4P)=3N — 8P.

2. A sample of theorems on cubics

We give a sample of theorems on cubics, in both geometric and group-theoretic
formulations. Most of the theorems can be found in [8, p.135]. In the following
table, all points are on a cublc. A point P € T is asextatic point if there is a
conic throughP with contact of order 6 with" at P.
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Geometric formulation Group theoretic formulation
1 | P and@ have the same tangential. 2P=2Qor2(P-Q)=0
2 | There are four tangents frof. 2X + P = N has four solutions
3 | Pisaflex 3P=N
4 | T has nine flexes 3P = N has nine solutions
5 | If P andQ are flexes, then 3P =N,3Q =N,
R = P - Q is another flex. andP+Q+R=N
If P# Q,thenR # P, Q. = 3R = N.
6 | Let P, P, P; andP;, be fixed orT. Pi+P,+P3+ Py+ Ps+ FPs =2N
If a variable conic intersecfs at andPs + Ps+Q =N
Py ...,Ps,thenthe lineP; Pg passes | = Q = —N + P, + P, + P3 + Py,
through a fixed poinf) onT', which we | which is fixed.
call thecoresidual of Py, P, P3, P;.
7 | Ifaconicintersect§ at Py, ...Ps, > P,=2N,2P,+Q; =N
then the tangential®, ..., Qs fori=1,...,6
are on another conic = > Q; =2N.
8 | LetQ2 be a conidritangenttoI" at 2P +2Q + 2R =2N and
P, Q, R, and let¥ be another conic P+Q+R+P +Q +R =2N
which intersect§” at P, Q, R, P’, = 2P’ +2Q" + 2R’ = 2N.
Q', R, then there exists a conic
tangenttd” at P’, Q’, R'.
9 | AconicQ is tritangent td" at For2P+P'=N,2Q+ Q' = N,
P, @, Rif and only if the tangentials | and2R + R’ = N,
P,Q',R of P,Q, Rare 2P +2Q + 2R =2N
collinear. < P'+Q +R =N.
10| If @, R, S are given points, there exist| The equation
9 pointsX such that a coniosculates | 3X +Q + R+ S =2N
at X and passes throudgh, R, S has nine solutions.
11| P is sextatic if and only if the tangent | For2P + @ = N,
at P contains a flexQ different fromP. | 6P = 2N <= 3Q = N.
12 | P is sextatic if and only if 6P = 2N <—
P is the tangential of a fleg). 2Q + P = N and3@Q = N.
13 | There are 27 sextatic points on a cubic6 P = 2N has 36 solutions,
nine are the flexes, the others
27 are the sextatic points.
14 | If P andQ are sextatic, 6P =2N,6Q =2N
thenR = P - () is sextatic. andP+Q+R=N
— 6R =2N.

Remarks. The coresidual in (6) is called tlgegeriiberliegende Punkt in [8, p.140].

3. Thegroup structure of a pivotal isocubic

Let P — P* be a given isoconjugation in the plane of the trianglBC' (with
trilinear coordinates). See, for example, [5]. For example; : y : 2) — Pk(% :
i %) is the isogonal transformation arfd(z : y : z) — (ﬁ Ly .;le) is
the isotomic transformation. We shall also consider the notion of cevian quotient.
For any two points”? and@, the cevian triangle oP and the precevian triangle of
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Q are always perspective. We call their perspectorctivean quotient P/Q. See
[11].

LetT" be a pivotal isocubic with pivoE'. See, for example, [6, 7, 14]. Take the
pivot F for the neutral elemer® of the group. The constant pointié = E.

Figure 2. Two tangential quadruples on the Thomson cubic

Definition. Four points ofl" form atangential quadruple if they have the same
tangential point.

Theorem 4. Consider the group structure on a pivotal isocubic with the pivot F
as neutral element. The constant pointis N = F;.

(1) P-P*=F,P.-F=P* P* F=P.

(2) Fy = F™.

(3) P+ P*=F,.

@ P+Q=(P-QForP Q=(P+Q).

(5) P,Q, Rarecollinear ifandonly if P+ Q + R = F.

(6) —P=P-F,.

(7) —P =F/P.

(8) If (P,Q,R,S) isatangential quadruple then (P*,Q*, R*,S*) isalso a

tangential quadruple.
(9) Every tangential quadruple isof theform (P, P+ A, P + B, P + C).
(10) A, B, C arepoints of order 2,i.e,2A =2B =2C = F.

Proof. (1) F' is the pivot, saP, P* and F' are collinear.
(2) PutP = F'in (1).
3P+ P =(P-P*)-F=F-F=F,.
@DP+Q=(P Q) F=(P-Q). (use (1)
(5) This is Corollary 3.
®)P+(P-F)=(P-(P-F) - F=FK-F=F.
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(7) If the pivot F' has trilinear coordinate@: : v : w) andP(z : y : z), then the
Cevian quotient’/ P is the point

(x(—vwz + vwy + wvz) : y(vwr —vwy + wz) @ z(vwr + vwy — uvz)).
We can verify that it is of” and is collinear with? and ;.

(8) We have to prove that, iP and@ have a common tangentid@l, then* and
Q* have a common tangentiél. Let U be the tangential of*, then (5) and (2)
give

U+2P*=F, = F*.
SinceF’, P, P* are collinear, and so ai€, (), Q*, we have
P+P'=F" and Q-+ Q*=F".
SinceT is the common tangential d? andQ),
2P+ T =F*" and 2Q+T =F".
From these,
U+2Q" =(F* —-2P*) 4+ 2Q"
=F*—2(F*"—P)+2(F"-Q)

=F*+2P —2Q
=F*4+F*—-T—-F*+T
—F*

andU is the tangential of)* too.

(9) We have to prove that, iP is on the cubic,P and P + A have the same
tangential. LetQ and @, be the tangential oP and P + A respectively. By
property (3),P + P+ Q@ = F*and(P + A) + (P + A) + Q, = F*. Hence
Q=Q, < 24 =0+= A= —A. By properties (6) and (2}y A = A - I,
hence we have to prove that= A-F*, i.e. the tangential oft is F*. The equation
of the tangent to the cubic at is vy = ¢*wz, and F* (p*vw : ¢*uw : r?uw) is
clearly on this line. But™ is onT". Hence it is the tangential point of.

(10)2A=A4+A=A- A=A =F"=F. O

A consequence of (10) is that the cubic is not connected. See, for example, [10,
p.20].

4, The Thomson, Darboux and L ucas cubics

These well-known pivotal cubics have for pivétgcentroid), (de Longchamps
point) andK, (isotomic of the orthocentelf). Thomson and Darboux are isogo-
nal cubics and Lucas is an isotomic one. We study the subgroups generated by the
pointsG, I, A, B, C for Thomson,L, I', A, B, C for Darboux andX’,, N,, A, B,
C for Lucas. For a generic triangfethese groups are isomorphicZox Z, x Z.

°This may be false for some particular triangles. For exampld,BiC has a right angle at,
thenH = A and for ThomsonH = 41.
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Notation. For each pointP, we denote byP,, P,, P. the pointsP + A, P + B,
P + C respectively. We use the notations of [12] for triangle centers, but adopt the
following for the common ones.

centroid

symmedian (Lemoine) point
orthocenter

circumcenter

incenter;l,, I, I. are the excenters
de Longchamps point

Mittenpunkt

Gergonne point

Nagel point

SHRETTORARQ

Darboux

Thomson

Figure 3. The Thomson, Darboux and Lucas cubics
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In the following table, the lines represent thepart, and the columns thHg x
Zo-part. The last column give the tangential point of the tangential quadruple of
the corresponding line. The line number O is the subgroup generated by the pivot
andA, B, C. Itis isomorphic tdZs x Zs.

4.1 The Thomson cubic.

| | P | P | B | P. |tangential]

—6 Ht Hta th Htc

—5 || —Xogo | —Xogoa | —Xog2p | —Xos2c

—4 Ozi,k O;tka O;fkb O;tkc

—3 || Xoog | Xooza | Xoozp | Xoose

-2 O A_ B_ C_ O;

1 M 1, 1, L 0
0 G A B C K
1 i T, T, I, G
2 K A_ B_ C_ 0]
3 M | M | My | M o
1 H o, o, . T,
5 || Xos2 | Xogoa | Xogop | Xosoc

6 Ot Ota Otb Otc Ott

(1) Neutral = pivot =G = centroid.
(2) Constant= Gy = G* = K.
(3) Three points are collinear if and only if their sum is 2.
(4) Examples of calculation:
@I+K=(-K)-G=M-G=M*
by A+A=(A-A)-G=K-G=G.
(c) To find the intersectiorX of the line OM with the cubic, we have
to solve the equatiom + (—2) + (—1) = 2. Hence,x = 5 and
X = Xogs.
(5) A_, B_, C_ are the midpoints of the sides dfBC, diagonal triangle of
GABC.
(6) A—, B—, C~ are the midpoints of the altitudes dfBC', diagonal triangle
of KA_B_C_.
(7) O, istheisoconjugate of the circumcenterelative to the pencil of conics
through the point¥(, A_, B_,C_.
(8) Oy is the isoconjugate of); relative to the pencil of conics through the
pointsO, A=, B~—,C".
(9) 04,00y is the diagonal triangle adD A~ B~ C ™.
(10) H,=A"*=0ANAG=B"CNnC™ B.
(11) X993 = —(M™) is the third intersection of the linéH andI'. (Proof:
I+ H + X923 =1+ (—3) +4 =2 = constant).
(12) If a pointX has the line numbet, then the pointsy*, X; andG/X have
line number® — z, 2 — 2¢ and—z.
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4.2 The Darboux cubic.

F. Lang

|| P | P, | P, | P, |tangential|

6| L
—5 | -1
—4 | —H
_3 I/*/:k/ I;*,*, Il/)*/*/ I(/:*/*/
7 [ o, | L, | L,
| I

0 L A B C L*
T 7 [ I, | I, | I i
2 0 Hloo HQoo H3oo @)
31 7T | L, | I, | L L
4 H A’ B’ c’ L,
5| | | oy |

6 | o= | Li | Lo | Ls 5
7 I’*’* I{’l*’* Il’)*’* I;*/* t
] L*’*

(1) Neutral = pivot =L = de Longchamps point = symmetric &f relative to
O; constant point 5*.

(2) Three points are collinear if and only if their sum is 6.

(3) Ly, L, L3 = Cevian points of_.

(4) Hio = infinite point in the direction of the altitudd H .

(5) P’ is the symmetric of? relative toO. (Symmetry relative to line 2)

(6) P'* gives the translation of-2 and P*' of —2. Three points are collinear

if and only if their sum is 6.

(7) If a point X has the line numbet, then the pointsX*, X;, X’ andG/X
have line numberg — z, 6 — 2z, 4 — x and—=z.

4.3. The Lucas cubic.

| || P | P, B, | P, | tangential |
—4 | Ky
3| -G, | —G, -Gy -G,
-2 L L, Ly, L. X1032
—1 || X320 | X329 | X3200 | X320c L
0 K. | A B C H
11 N, | N, | N | N G
s ¢ | 4. | B: | Cs K
3 G, G, Gy G, L
i H | K | Ko | Kis | Ko
5 || Xiso | Xis9a | Xisop | Xisoc
6 L L} Ly L7
7 || X1034 | X1034a | X10346 | X1034¢
8 || X1032
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(1) Neutral =K, = Lemoine point of the precevian trianglé, B, C of
ABC = isotomic of H; Constant point =H. Three points are collinear
if and only if their sum is 4.

(2) P" =isotomic of P (symmetry relative to line 2).

(3) K41, K42, K43 =cevian points of{ = intersections of Lucas cubic with
the sides ofABC.

(4) X329 = intersection of the linedV, H andG,G with the cubic.

(5) If apointX has line numbet, then the points\™*, X; andG/X have line
numberst — x, 4 — 2z and—zx.

(6) X399 = Xigo-

5. Transformations of pivotal isocubics

We present here some general results without proofs. See [16, 15, 9, 4].

5.1 Salmon crossratio. The Salmon cross ratio of a cubic is the cross ratio of the
four tangents issued from a poiftof I'. It is defined up to permutations of the
tangents. We shall therefore take it to be a set of the form

11 AoA-1
{/\’A_l’X’)\—l’)\—l’ A }

since if A is a Salmon cross ratio, then we obtain the remaining five values of
permutation of the tangents.

A cubicT isharmonicif A = —1; itis equiharmonic if ) satisfies\> —\+1 = 0.

The Salmon cross ratio is independent of the choic®.of

5.2 Birational equivalence. A transformation [9] ofl” is birational if the transfor-
mation and its inverse are given by rational functions of the coordinat@so
cubicsT'; andT'; are equivalent if there is a birational transformatign— T's.

Theorem 5. A birational transformation of a cubic I" onto itself induces a trans-
formation of its group of the form z — ux + k, where

(1) u? = 1 for a general cubic,

(2) u* = 1 for a harmonic cubic, and

(3) ub = 1 for an equiharmonic cubic.

Theorem 6. Two equivalent cubics have isomorphic groups.

Examples:
1) The groups of the cubics of Darboux, Thomson and Lucas are isomorphic.
2) The transformation that associate to a point its tangential is givek by

N — 2X and is not birational.

Theorem 7. Two cubicsT'; and I's are equivalent if and only if their Salmon cross
ratios are equal.

Scautions: Two different transformations of the projective plane may induce the same transfor-
mation on curves. see [15].
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If the isoconjugation has fixed poifip : ¢ : 7), it is easy to prove the following
result:

Theorem 8. A pivotal isocubic of pivot (u : v : w) has Salmon cross ratio

q2(r2u2 o p2w2)

r2(q2u? — p20?)

For example, the cubics of Darboux, Thomson, Lucas all have Salmon cross
ratio
b2(a? — %)
62(a2 _ b2) :
Are Thomson, Darboux and Lucas the only equivalent pivotal cubics? No! Here
is a counter-example. Take the isoconjugation with fixed p&jat The pivotal
isocubic of pivotXg9 (the same as Lucas) is equivalent to Thomson.

6. Examples of birational transformations of cubics

We give now a list of birational transformations, with the corresponding effects
on the lines of the group table. Recall thétis the tangential of the pivot,e., the
constant point.

6.1 Projection: I' — I'. Let P € I'. A projection ofl" on itself from P gives a
transformationX — X’ so thatP, X, X’ are collinear:

Tr—n—p—z.

6.2 Cevian quotient: I' — T". Let F’ be the pivot ofl’, then the involutionX —
F/X gives the transformation: — —zx.

6.3 Isoconjugation: I' — T". SinceF’, X, X* are collinear, the isoconjugation is
a projection from the pivof' : x — n — x.

6.4. Pinkernell’s quadratic transformations. We recall the definition of thé—pedal
cubicsI'; and of thed—cevian cubics),;. If P hasabsolute trilinear coordinates
(z,y, z), then defineP4, Pg, P on the perpendiculars fromR to the sides such
that PP, = dz, etc. The locus of? for which P4 Pg P¢ is perspective toABC' is
a cubicl'y, and the locus of the perspector is another cubicHence we have a
birational transformatiorf; : T'y — Ag.

The d—pedal is different from thé—d)-pedal, but thel-cevian is the same as
the (—d)-cevian.

For exampleI'; = Darboux ,I'_; = Thomson, and\; = Lucas.

Let Ly be the pivot ofl'; and X onTy. SinceLy, X and f;(X) are collinear
we can identifyf, as a projection of; to A, from the pivotZ,.

These transformations are birational. Hence the groups of the cihi€s 4
andA, are isomorphic.

Ford =1, X and f;(X) are on the same line in the group table: z.
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6.5. The quadratic transformations h; : I'y — I'_4. Let g4 be the inverse of,.
Definehg = gq o f4.
xXr +— I.

Ford = 1, we have a map from Darboux to Thomson. In this case, a simple con-
struction ofh, is given by: LetP be a point on Darboux an@ the perpendicular
projections ofP on the sides of ABC, lei—, B—, C~ be the midpoint of the alti-
tudes of ABC, then@ = h;(P) is the intersection of the line§ A~, P,B~ and
P;C.

A
Darboux
L2
Thomson
—_— | A
) VAN
K
H
B c C
°] L,

Figure 4. G = h1(L) andK = h1(0O), hi1 : Darboux— Thomson

6.6. Cevian, precevian, pedal and prepedal quadratic transformations. 1. The
Lucas cubic is the set of point8 such that the cevian triangle &f is the pedal
triangle of . The locus ofQ is the Darboux cubic and the transformation is
g1 T H—x.
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2. The Lucas cubic is the set of poirfissuch that the cevian triangle éfis the
prepedal triangle of). The locus of) is the Darboux cubic and the transformation
is the isogonal ofy; : © +— 6 — x.

3. The Thomson cubic is the set of poirfissuch that the precevian triangle
of P is the pedal triangle of). The locus of@) is the Darboux cubic and the
transformation is the inverse of : x — =.

4. The Thomson cubic is the set of points P such that the precevian triangle
of P is the prepedal triangle @. The locus ofQ is the Darboux cubic and the
transformation is the symmetric of the inversehpf x — 4 — x.

This last transformation commutes with isogonality:

Proof.z +—»4—2—6—(4—z) =2+zandz — 2—x — 4—(2—2) = 2+u.

6.7. Symmetry of center O of the Darboux cubic and induced transformations on
Thomson and Lucas. The symmetry is a linear transformation of the Darboux cu-
bic: x — 4 — z. It induces viaf; and f_; a quadratic involution of the Thomson
cubic: x — 4 — . And, via f; andgg, a quadratic involution of the Lucas cubic:
r—4—x.

6.8. Cyclocevian transformation. The cyclocevian transformation [12] is an invo-
lution of the Lucas cubic. It is the symmetry relative to the line 3 of the group
table:z — 6 — .
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On Some Remar kable Concurrences

Charles Thas

Abstract. In [2], Bruce Shawyer proved the following result : “At the midpoint

of each side of a triangle, we construct the line such that the product of the
slope of this line and the slope of the side of the triangle is a fixed constant. We
show that the three lines obtained are always concurrent. Further, the locus of
the points of concurrency is a rectangular hyperbola. This hyperbola intersects
the sides of the triangle at the midpoints of the sides, and each side at another
point. These three other points, when considered with the vertices of the triangle
opposite to the point, form a Ceva configuration. Remarkably, the point of con-
currency of these Cevians lies on the circumcircle of the original triangle”. Here,
we extend these results in the projective plane and give a short synthethic proof.

We work in the complex or the real complexified projective pl&erhe conic
through five pointsA, B, C, D, E is denoted by’ (A, B,C, D, E) and(XY ZW)
is the notation for the cross-ratio of four collinear poiisy, Z, W.

Theorem 1. Consider atriangle ABC and alinel, not through A, B or C, in P.
PuuABNI=C",BCnil=A",CAnl = B” and construct the points A’, B’
and C’ for which (BCA’A”) = (CAB'B") = (ABC'C") = —1. Then, take two
different points I and I’ on [ (both different from A”, B” , C"”) and consider the
points A”; B"” and C"" such that (I1I'A”A") = (II'B"B") = (I1I'C"C") =
—1. Thenthelines A’A”, B’B"" and C'C"" are concurrent at a point L.

Proof. The line A’A” is clearly the polar line ofd” with respect to the conic
C(A,B,C,1,I') and likewise for the line3’ B” and B”, and for the lineC’'C"”
andC”. Thus,A’ A", B’B"" andC’C"” concur at the polar point of [ with respect
toC(A4,B,C,1,TI"). O

Theorem 2. If I, I’ are variable conjugate pointsin an involution €2 on theline
with double (or fixed) points D and IV, then the locus of the point L is the conic
L =C(A,B,C',D,D"). Moreover, putting LN AB = {C',Z}, LN BC =
{A", X} and LN CA = {B'.Y}, the triangles ABC and XY Z form a Ceva
configuration. The point K of concurrency of the Cevians AX, BY,CZ is the
fourth basis point (besides A, B, C) of the pencil of conicsC(A, B,C, I, T).

Publication Date: November 18, 2002. Communicating Editor: Roland Eddy.
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Proof. Since the conic§(A, B,C, I, I') intersect the liné in the variable conju-
gate points/, I’ of an involution onl, these conics must belong to a pencil with
basis pointsA, B, C and a fourth pointK : this follows from the Theorem of
Desargues-Sturm (see [1], page 63). So, the lotus the locus of the polar
point L of the linel with respect to the conics of this pencil. Now, it is not diffi-
cult to prove (or even well known) that such locus is the conic through the points
A',B/C’,D,D’ and through the point&”, K", K" which are determined by
(AKK'K,) = (BKK"K,) = (CKK"K3) = —1, whereK; = IN KA, Ky =
INKBandK3 = INKC, and finally, through the singular poink§ = K ANBC,

Y =KBNCA,Z = KCn AB of the degenerate conics of the pencil. This com-
pletes the proof. O

Next, let us consider a special case of the foregoing theorems in the Euclidean
planell. Take a triangleABC' in IT and letl = [, be the line at infinity, while
the pointsD and D’ of theorem 2 are the points at infinity of thé-axis and the
Y -axis of the rectangular coordinate systenilifrespectively.

Homogeneous coordinateslihare(x, y, z) andz = 0 is the linel,; the pointsD
andD’ have coordinate§l, 0,0) and(0, 1,0), respectively. A line with slope has
an equatiory = ax + bz and point at infinity(1, a, 0). Now, if (in Theorem 1) the
product of the slopes of the ling$C' and A A", CA andB’B"”", AB andC’'C"" is
a fixed constani (s 0), then the points at infinity of these lines (i.d’ and A",
B"” and B"”, C" andC"") have coordinates of the forfi, ¢,0) and(1,?,0), with
tt’ = \. This means that” andA”’, B” andB"", C"” andC"" are conjugate points
in the involution orl,, with double points/(1, —/X, 0) and’(1,+/X, 0) and thus
(II'A"A") = (I'B"B") = (1I'C"C") = —1. If we let A be variable, the
pointsI andI’ are variable conjugate points in the involution ignwith double
points D and D)’ the latter occuring fot = 0 and? = oo respectively.

Now all the results of [2], given in the abstract, easily follow from Theorems 1
and 2. For instance, the locusis the rectangular hyperbol®8 A, B',C’, D, D')
(also) through the point&”’, K", K", X,Y, Z. Remark that the basis poi
belongs to any coni€(A, B,C,1,I') and forA = —1, we get that/(1,4,0) and
I'(1,—i,0) are the cyclic points, so thé{ A, B, C, I, I') becomes the circumcircle
of AABC. For\ = —1, we haved’A” 1 BC,B'B"” 1 CAandC'C" 1 AB,
andA’A” B'B",C’C" concur at the centaD of the circumcircle ofABC.

Remark also tha® is the orthocenter oA A B’C” and that any conic (like)
through the vertices of a triangle and through its orthocenter is always a rectangular
hyperbola.

At the end of his paper, B. Shawyer asks the following question : Does the
Cevian intersection poink” have any particular significance? It follows from the
foregoing thatK is a point of the parabolas through, B,C and with centers
D(1,0,0) andD’(0, 1,0), the points at infinity of theX-axis and thé&”-axis. And
from this it follows that the circumcircle of any triangléBC is the locus of the
fourth common point of the two parabolas throughB, C with variable orthogo-
nal axes.
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Next, we look for an (other) extension of the results of B. Shawyer : At the
midpoint of each side of a triangle, construct the line such that the slope of this line
and the slope of the side of the triangle satisfy the equatibr a(t+¢') — b = 0,
with a,b andc constant and? + bc # 0. Then these three lines are concurrent.
This follows from Theorem 1, since the given equation determines a general non-
singular involution. Shawyer’s results correspond witk= 0 (and% = Aand\
variable). Now, consider the special case where 0 and put—g = \; the sum
of the slopes is a constantor t + ¢ = \. On the linel, at infinity we get the
corresponding pointél, ¢,0) and(1,#,0) and the fixed points of the involution on
I~ determined by + ¢ = X\ arel(0,1,0) (or the point at infinity of thé/"-axis)
and’(1, g, ). In this case, the locu$ of the point of concurrency. is the locus
of the polar pointZ, of the linel,, with respect to the conics of the pencil with basis
points A, B,C and(0,1,0). A straightforward calculation shows that this locus
L is the parabola through the midpoind§ B’, C' of BC,C' A, AB, respectively,
and with center. The second intersection points of this parabohaith the sides
of the triangle areX = IANBC,Y = IBNCAandZ = IC N AB. Remark that
TA,IB,IC are the lines parallel with thE-axis throughA, B, C, respectively.
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The Stammler Circles

Jean-Pierre Ehrmann and Floor van Lamoen

Abstract. We investigate circles intercepting chords of specified lengths on the
sidelines of a triangle, a theme initiated by L. Stammler [6, 7]. We generalize
his results, and concentrate specifically on the Stammler circles, for which the
intercepts have lengths equal to the sidelengths of the given triangle.

1. Introduction

Ludwig Stammler [6, 7] has investigated, for a triangle with sidelengtlis c,
circles that intercept chords of lengths, ub, uc (1 > 0) on the sideline$3C, C A
and AB respectively. He called these circlpsoportionally cutting circles,* and
proved that their centers lie on the rectangular hyperbola through the circumcenter,
the incenter, and the excenters. He also showed that, dependjngiuere are 2,
3 or 4 circles cutting chords of such lengths.

Figure 1. The three Stammler circles with the circumtangential triangle

As a special case Stammler investigated, ;o= 1, the three proportionally
cutting circles apart from the circumcircle. We call these Sammler circles.
Stammler proved that the centers of these circles form an equilateral triangle, cir-
cumscribed to the circumcircle and homothetic to Morley’s (equilateral) trisector

Publication Date: November 22, 2002. Communicating Editor: Bernard Gibert.
lProportionalschnittkreise in [6].
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triangle. In fact this triangle is tangent to the circumcircle at the vertices of the
circumtangential trianglé. See Figure 1.

In this paper we investigate the circles that cut chords of specified lengths on
the sidelines oA BC, and obtain generalizations of results in [6, 7], together with
some further results on the Stammler circles.

2. Thecutting circles

We define a(u, v, w)-cutting circle as one that cuts chords of lengths), w
on the sidelinesBC, CA, AB of ABC respectively. This is to be distinguished
from a(u : v : w)-cutting circle, which cuts out chords of lengths in the proportion
u:vlw.

2.1 Consider apu, pv, pw)-cutting circle with centerP, whose (signed) dis-
tances to the sidelines afBC are respectivelX, Y, Z.3 Itis clear that
2 2 (M 2.9 9
Y°—-27%= (2> (w* —v?). (1)
If v £ w, this equation describes a rectangular hyperbola with cehéerd asymp-

totes the bisectors of angle In the same way also lies on the conics (generally
rectangular hyperbolas)

72 - X% = (g)Q(UQ—wQ) 2)
and
X2_y?= (gf (v? —u?). 3)

These three hyperbolas generate a pencil which contains the conic with barycentric
equation
(,02 . w2)w2 (wQ . u2)y2 (u2 _ U2)Z2
" + 72 + = =0. 4)
This is a rectangular hyperbola through the incenter, excenters and the points
(£au : £bv : £cw).

Theorem 1. The centers of the (u : v : w)-cutting circles lie on the rectangular
hyperbola through the incenter and the excenters and the points with homogeneous
barycentric coordinates (+au : £bv : £cw).

Remarks. 1. Whenu = v = w, the centers ofu : v : w)-cutting circles are the
incenter and excenters themselves.
2. TriangleABC is self polar with respect to the hyperbola (4).

2The vertices of the circumtangential triangle are the triple of paktsn the circumcircle for
which the line throughX and its isogonal conjugate is tangent to the circumcircle. These are the
isogonal conjugates of the infinite points of the sidelines of the Morley trisector triangle. See [4] for
more on the circumtangential triangle.

Swe say that the poinf hasabsolute normal coordinate$X, Y, Z) with respect to triangle
ABC.



The Stammler circles 153

2.2 Since (1) and (2) represent two rectangular hyperbolas with distinct asymp-
tote directions, these hyperbolas intersect in four points, of which at least two are
real points. Such are the centerspfi, v, pw)-cutting circles. The limiting case

u = 0 always yields four real intersections, the incenter and excenterg: iks
creases, there is some= py for which the hyperbolas (1) and (2) are tangent,
yielding a double point. For > g, the hyperbolas (1, 2, 3) have only two real
common points. When there are four real intersections, these form an orthocentric
system. From (1), (2) and (3) we conclude tHatB, C' must be on the nine point
circle of this orthocentric system.

Theorem 2. Given positive real numbers u, v, w, there are four (u, v, w)-cutting
circles, at least two of which are real. When there are four distinct real circles,
their centers form an orthocentric system, of which the circumcircle is the nine
point circle. When two of these centers coincide, they forma right triangle with its
right angle vertex on the circumcircle.

2.3 Let(O;) and(O2) be two(u, v, w)-cutting circles with center®; andOs.
Consider the midpoint/ of O;O,. The orthogonal projection af/ on BC clearly
is the midpoint of the orthogonal projections@fandO- on the same line. Hence,
it has equal powers with respect to the cirdl€s) and(O-), and lies on the radical
axis of these circles. In the same way the orthogonal projectiong oh AC' and
AB lie on this radical axis as well. It follows that/ is on the circumcircle of
ABC, its Simson-Wallace line being the radical axig6f) and(O2). See Figure
2.

Figure 2. The radical axis df01) and(O-) is the Simson-Wallace line g/

2.4 LetQ be the reflection of the De Longchamps palnin M # It lies on the
circumcircle of the dilated (anticomplementary) triangle. The Simson-Wallace line

“The de Longchamps poirit is the reflection of the orthocentéf in the circumcenteO. It is
also the orthocenter of the dilated (anticomplementary) triangle.
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of @ in the dilated triangle passes through and is perpendicular to the Simson-
Wallace line ofM in ABC. It is therefore the lin€); Oy, which is also the same
asM M*, whereM* denotes the isogonal conjugatedf (in triangle ABC).

Theorem 3. The lines connecting centers of (u, v, w)-cutting circles are Smson-
Wallace lines of the dilated triangle. The radical axes of (u, v, w)-cutting circles
are Smson-Wallace lines of ABC'. When there are four real (u, v, w)-cutting cir-
cles, their radical axes form the sides of an orthocentric system perpendicular to
the orthocentric system formed by the centers of the circles, and half of its size.

2.5. For the special case of the centérg O, and O3 of the Stammler circles,

we immediately see that they must lie on the cir@le 2R), whereR is the cir-
cumradius. Since the medial triangle ©f O,O3 must be circumscribed by the
circumcircle, we see in fact th&) O,O3 must be an equilateral triangle circum-
scribing the circumcircle. The sides 6F 0,03 are thus Simson-Wallace lines

of the dilated triangle, tangent to the nine point circle of the dilated triangle. See
Figure 3.

Figure 3. The ling); O is the dilated Simson-Wallace line &f

Corollary 4. The centers of the Sammler circles form an equilateral triangle cir-
cumscribing the circumcircle of ABC, and tangent to the circumcircle at the ver-
tices AgByCy of the circumtangential triangle. The radical axes of the Sammler
circles among themselves are the Simson-Wallace lines of Ay, By, Cy. ® Theradi-

cal axes of the Sammler circles with the circumcircle are the sidelines of triangle
AgByCy trandlated by ON, where N is the nine-point center of triangle ABC.

SThese are the three Simson-Wallace lines passing thralgte., the cevian lines ofV in the
triangle which is the translation ofo BoCp by ON. They are also the tangents to the Steiner deltoid
at the cusps.
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Remark. Since the nine-point circle of an equilateral triangle is also its incircle, we
see that the centers of the Stammler circles are the only possible equilateral triangle
of centers of u, v, w)-cutting circles.

3. Constructions

3.1 Given a(u, v, w)-cutting circle with centef, let P’ be the reflection oP in

the circumcente©. The centers of the othér, v, w)-cutting circles can be found
by intersecting the hyperbola (4) with the ciréd®&2R). One of the common points

is the reflection ofP in the center of the hyperbof.The others are the required
centers. This gives eonic construction. In general, the points of intersection are
not constructible by ruler and compass. See Figure 4.

Figure 4. Construction dfu, v, w)-cutting circles

3.2 The same method applies when we are only given the magnitudesw.

The centers ofu, v, w)-cutting circles can be constructed as the common points
of the hyperbolas (1), (2), (3) with = 1. If we consider two pointd}, Tz lying
respectively on the line§'B, C' A and such a§’Ty = u, CTp = v, the hyperbola

(3) passes through the intersectidfy of the perpendicular bisectors 6fT4 and
CTpg. Its asymptotes being the bisectors of an@lea variable line through4
intersects these asymptotesiat V. The reflection ofM,, with respect to the
midpoint of DD’ lies on the hyperbola.

2

The center of the hyperbola (4) is the po(r'.vtz‘fw2 PR ) on the circumcircle.

w2 —u2 * u2—o2
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3.3 When two distinct center® and P are given, then it is easy to construct
the remaining two centers. Intersect the circumcircle and the circle with diameter
PP, let the points of intersection Hé andU’. Then the point§) = PU N P'U’
and@Q’ = PU’' N P'U are the points desired.

When one centeP on the circumcircle is given, theR must in fact be a dou-
ble point, and thus the right angle vertex of a right triangle containing the three
(u, v, w)—intercepting circles. As the circumcircle dfBC' is the nine point circle
of the right triangle, the two remaining vertices must lie on the circle thraigh
with P, as center, wher&,. is the reflection ofP throughO. By the last sentence
before Theorem 3, we also know that the two remaining centers must lie on the
line P P}. Intersection of circle and line give the desired points.

3.4. Let three positive numbers, v andw be given, and lef’ be a point on the
hyperbola of centers @i : v : w)-cutting circles. We can construct the circle with
centerP intercepting on the sidelines efBC' chords of lengthgiu, pv and pw
respectively for some.

We start from the poin® with barycentrics(au : bv : cw). Let X, Y andZ
be the distances from? to BC, AC and AB respectively. Sincé satisfies (4) we
have

(W? —uwH X2+ (w? —u®)Y? 4+ (u? —0?) 2% =0, (5)

which is the equation in normal coordinates of the rectangular hyperbola through
Q, the incenter and the excenters.

Now, the parallel througld) to AC' (respectivelyAB) intersectsAB (respec-
tively AC) in @, (respectively@-). The line perpendicular t@; Q- through P
intersectsAQ@ at U. The powerp, of P with respect to the circle with diameter

2v2 U2Z2

AU is equal tow— Similarly we find powers, andp,.

As P lies on the hyperbola given by (5), we haye = p, = p.. Definep
by p* = p,. Now, the circle(P, p) intercepts chords of with lengths,, L, L.
respectively on the sidelines afBC, where

Ly 2p2—X2pc—X2(U)2
Ly) —p=Y? p.—Y2

2) = ()
L.)] \w/ "~
Hence this circle(P, p), if it exists and intersects the side lines, is the required

circle. To construct this circle, note thatif is the midpoint of AU, the circle
goes through the common points of the circles with diametérsand PU .

and similarly

4. The Stammler circles

For some particular results on the Stammler circles we use complex number co-
ordinates. Each point is identified with a complex numpe#? called itsaffix.
Here, (p,#) are the polar coordinates with the circumcenterns pole, scaled in
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such a way that points on the circumcircle are represented by unit complex num-
bers. Specifically, the vertices of the circumtangential triangle are represented by
the cube roots of unity, namely,

A():l, B():w, C():w2:w,
wherew?® = 1. In this way, the verticesi, B, C have as affixes unit complex
numbersA = ¢, B = ¢, C = ¢ satisfyingd + ¢ + 1 = 0 (mod2x). In fact,
we may take
2 2 2
0=30-7), e=300+2), ¢v=-320+), (6)

wherea, 3, v are respectively the measures of anglesB, C. In this setup the
centers of the Stammler circles are the points

Qp = -2, Op = —2w, Qo = —2w.

4.1 The intersections of thd-Stammler circle with the sidelines gfBC are

A1:B—|—Z—1, AQZC—‘FZ—I,
Bi=C+B-1, By=A+B-1,
Ci=A+C—1, Co=B+C—1.

The reflections of4, B, C in the line ByC, are respectively
Al =—-1-A4, B'=-1-B, C'=-1-C.
The reflections ofd’, B’, C’ respectively inBC, C A, AB are
A" =(1+B)(1+0), B"=(1+C)(1+ A4), C" =1+ A)(1+ B).
Now,

B” — A” :BQ - A1 :% (sin@ — sin (p) (Co - Bo) N
C” - B” :CQ - Bl == %(sincp — sin ¢)(Co - Bo),
A” - C” :A2 - Cl = %(snnb - sin@)(Co - Bo)

Moreover, as the orthocentéf = A + B + C, the points2z + H andQ¢ + H
are collinear withA” B"C".

4.2 Let R4 be the radius of thel-Stammler circle. It is easy to check that the
twelve segments’ B, A'C, A”B, A"C,B'C,B'A, B"C,B"A,C'A,C'B, C" A,
C”B all have length equal td&?4 = Q4A;. See Figure 6. Making use of the
affixes, we easily obtain

R% =3+ 2(cosf + cos ¢ + cos 1)) . (7)

Theorem 5. From the points of intersection of each of the Sammler circles with
the sidelines of ABC three chords can be formed, with the condition that each
chord is parallel to the side of Morley's triangle corresponding to the Sammler
circle. The smaller two of these chords together are aslong as the greater one.
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Figure 5. Three parallel chords on tBe-Stammler circle

Remark. This is indeed true for any conic intercepting chords of lengthis c on
the sidelines.

4.3, We investigate the triangleBy P Pc with P4 B, PoC, PgA, PgC, PoA,
P B all of lengthp = /v, which are perspective td BC through P. Let P
have homogeneous barycentric coordinates: ¢ : r). The line AP and the
perpendicular bisector d8C meet in the point

Py = (—(q —ra?:qb®* = ) r(b* — 62)) .
With the distance formuld,we have
(a®(c2q? + b*r?) + (b2 — )2 — a® (b + 2))qr
((a®> =02+ c?)g — (a®> + % — 2)r)?
Similarly we find expressions for the squared distanég€’|? and|Po A|*.
Now let |P4BJ? = |PgC|* = |PcA|*> = v. From these three equations we

can eliminateg andr. When we simplify the equation assuming théBC' is
nonisosceles and nondegenerate, this results in

|P4B|? = a®

pr(—16A20+a%b?c?) (16 A% 4202 (9% —=3(a® +0*+ 2 v+a b +b* 2 +a*c?)) = 0.
(8

a?b?c?
1642

Here, A is the area of trianglel BC'. One real solution is clearly =
R?. The other nonzero solutions are the roots of the cubic equation

V3 — R*(90% — 3(a® + 0% + v + a®V? + b2 + a*c?) = 0. 9)

’See for instance [5, Proposition 2].
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As A'B’C’ is a particular solution of the problem, the roots of this cubic equation
are the squares of the radii of the Stammler circles. A simple check of cases shows
that the mentioned solutions are indeed the only ones.

Theorem 6. Reflect the vertices of ABC' through one of the sides of the circum:
tangential triangle to A, B’ and C’. Then A’B’C’ lie on the perpendicular bi-
sectors. In particular, together with O as a triple point and the reflections of O
through the sides of ABC' these are the only triangles perspective to ABC' with
A'B = AC = B'A=B'C =CA= (C'B, for nonisosceles (and nondegener-
ate) ABC.

Remark. Theorem 6 answers a question posed by A. P. Hatzipolakis [3].

Figure 6. A perspective trianglé’ B’C’ and the corresponding degenerateB” C"”

4.4, Suppose that three poirit V', W lie on a same linéand that/ B = UC =
VC=VA=WA=WB=r#R.

Let z, the signed distance from to /. We havetan (¢, BC') = 2 - S

and

22 = r2 — 177, It follows that
(¢, BC) + (¢,CA) + (£, AB) = 0,

and/ is parallel to a sideline of the Morley triangle dfBC'. See [2, Proposition
5]. Now, U, V, W are the intersections dfwith the perpendicular bisectors of
ABC and, for a fixed direction of, there is only one position of for which
VA = WA # R. Hence the degenerate triangl¢sB”C"”, together withO as



160 J.-P. Ehrmann and F. M. van Lamoen

a triple point, are the only solutions in the collinear cases witB = A”"C =
B"A=B"C=C"A=C"B.

Theorem 7. Reflect A’B’'C’ through the sides of ABC' respectively to A”, B”,
C"”. Then A”B"C" are contained in the same line ¢; paralld to the side L; of
the circumtangential triangle. Together with O as a triple point these are the only
degenerate triangles A” B”C" satisfying the condition A’B = A”"C = B"A =
B"C = C"A = C"B. Thelines {4, g, {c bound the triangle which is the
tranglation of ©2,4Q Q¢ through the vector OH.

The three segments from’ B”C"” are congruent to the chords of Theorem 5.
See Figure 6.

4.5 With 6, ¢, ¢ given by (6), we obtain from (7), after some simplifications,

C

Ra\?2 — 2 2
( A> :1+8C08ﬂ37 osﬁ—iz_3 PYCOS 5;_7.

. OH\? .
Since =) = 1 — 8sin asin Fsin~y, (see, for instance, [1, Chapter XI]),

this shows that the radiuB4 can be constructed, allowing angle trisectiaRy
is the distance fron® to the orthocenter of the trianglé BC’, where B’ is the

image of B after rotation throughﬂﬂz));w aboutO, and(’ is the image ofA

after rotation througw aboutO.

The barycentric coordinates ©f, are

(a (cosa—Qcosﬁ;fy) :b(cosﬁ—&—Zcosﬁ—ngy) :c(cosw+2c0s 26;—7)).

We find the distances

B1C5 = 2acos ﬂ%, BA; = CAy = 2Rsin @,
C1 Ay = 2bcos 2121 CB; = ABy = 2Rsin 7127,
A1By = 2ccos 2%, AC; = B(Cy = 2Rsin %%

Finally we mention the following relations of the Stammler radii. These follow
easily from the fact that they are the roots of the cubic equation (9).

R% + R% + RE = 9R?;
1 1 1 3@+ b+ )

B R TR el pd
RiRpRc = RV a2b? + b2¢2 + c2a?.
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Some Similarities Associated with Pedals

Jean-Pierre Ehrmann and Floor van Lamoen

Abstract. The pedals of a point divide the sides of a triangle into six segments.
We build on these segments six squares and obtain some interesting similarities.

Given a triangleABC, the pedals of a poinP are its orthogonal projection4,
B’, ' on the sidelineBC, C A, AB of the triangle. We build on the segments
AC', C'B, BA', A’/C, CB' and B’ A squares with orientation opposite to that of
ABC.

Figure 1

About this figure, O. Bottema [%77] showed that the sum of the areas of the
squares orBA’, CB" and AC’ is equal to the sum of the areas of the squares on
A'C, B'A andC’B, namely,

af + b +cf =a? + b2+l

See also [2, p.112]. Bottema showed conversely that when this equation holds,
A’B’C" is indeed a pedal triangle. While this can be easily established by apply-
ing the Pythagorean Theorem to the right trianglg3 P, AC’'P, BA'P, BC'P,

CA'P andCB'P, we find a few more interesting properties of the figure. We
adopt the following notations.

Publication Date: December 2, 2002. Communicating Editor: Paul Yiu.
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O circumcenter

K symmedian point

A area of triangleABC

w Brocard angle cot w = %

04 Brocard point LBAQ) = ZCBQy = LZACO = w
Oy Brocard point LABQy = ZBCQy = LCOAQy = w

h(P,r) homothety with centeP and ratior
p(P,0) rotation aboutP through an anglé

Let A; B1C; be the triangle bounded by the lines containing the sides of the
squares opposite tB A, CB’, AC’ respectively. Similarly, letd; BoC5 be the
one bounded by the lines containing the sides of the squares oppodife 6’ A
andC'B.

Figure 2

Theorem. Triangles A; B1Cy and A3 B;Cs are each homothetic to ABC. Let
01, and O4 be the respective centers of homothety.

(1) Theratio of homothety in each caseis 1 + cot w. Therefore, 4 B;C; and
Ay B5C4 are homothetic and congruent.

(2) Themapping P — O isthedirect similarity whichistherotation p(¢, 7)
followed by the homothety h(2;, tan w). Likewise, The mapping P — O,
is the direct similarity which is the rotation p({%, —7) followed by the
homothety h(Qs, tan w).

(3) The midpoint of the segment O; O, is the symmedian point K.

(4) The vector of trandlation A; B;C — A, B>C5 istheimage of 20P under
the rotation p(O, 7).

Proof. We label the directed distances = BA’, a, = A'C, by = CB’, b, =
B'A, ¢, = AC" andc, = C'B as in Figure 1. Becaus@éBC and A; B,C are
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homothetic througli), , the distanceg, g, h of O; to the respective sides afBC
are in the same ratio as the distances between the corresponding side€' and
A1B1Cy. We havef : g : h = a; : by : ¢. See Figure 2. Furthermore, the sum of
the areas of triangle®, BC, AO;C and ABO;+ is equal to the ared of ABC,

so thataf + bg + ch = 2. But we also have

a? b +c = a2+ b4
= (a—a)?*+(b-=b)*+(c—q)?

from which we find

2 024 2
aa; + bb; + cc; = % = 2A cot w.

This shows that% = % = 3L = cotw, and thus that the ratio of homothety of
A1B1Cy to ABC is 1 4 cot w. By symmetry, we find the same ratio of homothety
of As BoCs to ABC'. This proves (1).

Now suppose thaP = Oy. Thentan /CBO; = L = tanw. By symmetry
this shows thai” must be the Brocard poilfl, .

To investigate the mapping — O, we imagine that” moves through a line
perpendicular taBC. For all pointsP on this lineq is the same, so that for all
imagesO; the distancef is the same. Therefor&), traverses a line parallel to
BC. Now imagine that” travels a distancé in the direction4 P. ThenAC’ = ¢
decreases with/ sin B. The distancé: of O; to AB thus decreases witﬂ@%,
andO; must have travelled in the directid®B throughd tan w. Of course we can
find similar results by letting® move through a line perpendicular #” or AB.

Now any pointP can be reached from?; by first going through a certain dis-
tance perpendicular tBC and then through another distance perpendiculaio
Since(?; is a fixed point ofP — O;, we can combine the results of the previous
paragraph to conclude th&t — O; is the rotationp(€2, 7) followed by the ho-
mothetyh (£, tan w).

In a similar fashion we see th&t — O, is the rotationp($2, — %) followed by
the homothetyn(Q2s, tan w). This proves (2).

Now note that the pedal triangle 6f is the medial triangle, so that the images
of O under both mappings are identical. This image must be the point for which
the distances to the sides are proportional to the corresponding sides, well known
to be the symmedian poidt. Now the segmend P is mapped tad{ O, and KO,
respectively under the above mappings, while the image segments are congruent
and make an angle af. This proves (3).

More precisely the ratio of length$(O; | : |OP| =tanw : 1, so thatO; 0] :
|OP| = 2tanw : 1. By (1), we also know thatO; 03| : |A1As| = tanw : 1.
Together with the observation th&y O, and A; A, are oppositely parallel, this
proves (4). d

We remark that (1) can be generalizedimscribed triangles AB’C’. Since
BA' + A'C = BC'itis clear that the line midway betwed® C; and BoCs is at
distance3 from BC, it is the line passing through the apex of the isosceles right
triangle erected outwardly aBC'. We conclude that the midpoints df A5, B1 Bo
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andC;C, form a triangle independent froaf B’C’, homothetic taABC through

K with ratio 1 4+ cot w. But then sinced; B;C; and 4, B,C5 are homothetic to
each other, as well as t4BC, it follows that the sum of their homothety ratios is
2(1 + cotw).
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Brahmagupta Quadrilaterals

K. R. S. Sastry

Abstract. The Indian mathematician Brahmagupta made valuable contributions
to mathematics and astronomy. He used Pythagorean triangles to construct gen-
eral Heron triangles and cyclic quadrilaterals having integer sides, diagonals, and
areaj.e., Brahmagupta quadrilaterals. In this paper we describe a new numerical
construction to generate an infinite family of Brahmagupta quadrilaterals from a
Heron triangle.

1. Introduction

A triangle with integer sides and area is called a Heron triangle. If some of
these elements are rationals that are not integers then we call it a rational Heron
triangle. More generally, a polygon with integer sides, diagonals and area is called
a Heron polygon. A rational Heron polygon is analogous to a rational Heron tri-
angle. Brahmagupta’s work on Heron triangles and cyclic quadrilaterals intrigued
later mathematicians. This resulted in Kummer’s complex construction to generate
Heron quadrilaterals outlined in [2]. By a Brahmagupta quadrilateral we mean a
cyclic Heron quadrilateral. In this paper we give a construction of Brahmagupta
quadrilaterals from rational Heron triangles.

We begin with some well known results from circle geometry and trigonometry
for later use.

Figure 1 Figure 2

Figure 1 shows a chord B of a circle of radiusk. Let C' andC' be points of
the circle on opposite sides dfB. Then,

/ACB + ZAC'B = r;
AB = 2Rsin6. Q)

Publication Date: December 9, 2002. Communicating Editor: Paul Yiu.
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Throughout our discussion on Brahmagupta quadrilaterals the following nota-
tion remains standardd BC D is a cyclic quadrilateral with vertices located on a
circle in an order.AB = a, BC = b, CD = ¢, DA = d represent the sides or
their lengths. LikewiseAC' = e, BD = f represent the diagonals. The symbol
represents the area dfBC' D. Brahmagupta’s famous results are

(ac + bd)(ad + bc)
\/ ab + cd ’ @)
(ac + bd)(ab + cd)
f \/ ad + be ’ ®)
A =+/(s —a)(s —b)(s — c)(s — d), (4)

wheres = 3(a + b+ ¢+ d).

We observe that = 0 reduces to Heron’s famous formula for the area of triangle
in terms ofa, b, c. In fact the reader may derive Brahmagupta’'s expressions in
(2), (3), (4) independently and see that they give two characterizations of a cyclic
guadrilateral. We also observe that Ptolemy’s theorem, the. product of the
diagonals of a cyclic quadrilateral equals the sum of the products of the two pairs
of opposite sides, follows from these expressions. In the next section, we give a
construction of Brahmagupta quadrilaterals in terms of Heron angles. A Heron
angle is one with rational sine and cosine. See [4]. Since

, 2t 1—¢2

sm@zm, cosé?:m,
fort = tan , the angled is Heron if and onlytan is rational. Clearly, sums
and dlfferences of Heron angles are Heron angles If we write, for triah§€’,
t1 = tan 4, t» = tan 2, andtz = tan §, then

a:b:c= tl(tQ + t3) : tg(tg + tl) : t3(t1 + t2).
It follows that a triangle is rational if and only if its angles are Heron.

2. Construction of Brahmagupta quadrilaterals

Since the opposite angles of a cyclic quadrilateral are supplementary, we can al-
ways label the vertices of one such quadrilatet&C D so that the angled, B <
5 andC,D > 3. The cyclic quadrilaterah BCD is a rectangle if and only if
A =B = 3, itis atrapezoid ifand only iA = B. Let Z/CAD = ZCBD = 0.
The cyclic quadrilateral BC D is rational if and only if the angled, B andf are
Heron angles.
If ABCD is a Brahmagupta quadrilateral whose sides and BC' are not

parallel, letE denote their intersectioh.In Figure 3, letEC = o and ED = f.

AB  EB EA
The trianglesE AB and EC' D are similar so thatC—D D - R0 - A, say.

lUnder the assumption that, B < 7, these lines are parallel only if the quadrilateral is a
rectangle.
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Figure 3
That is,
a a+b pB+d
_ = — = :A,
c J6] «
or
a 3
a=X, b=X0—a, d=Xla-20, )\>max<5,—>. (5)
Q

Furthermore, from the law of sines, we have

e =2Rsin B=2RsinD = l ca, f[f=2RsinA=2RsinC = 2 -B. (6)
p

0
wherep is the circumradius of triangl&€C' D. Ptolemy’s theorem givesc + bd =
ef,and

R2
5 raB =+ (BA-a)(ar - )

This equation can be rewritten as

2 2 2 2
<E> :)\2_M)\+1
p ap

=22 —2\cos E +1
=(\—cos E)? +sin® E,

or

(E —)\—l—cosE) (E—I—)\—COSE> =sin’ E.
P 4
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Note thatsin E andcos F are rational sincé is a Heron angle. In order to obtain
rational values folR and A we put

R
— —A—cosFE =tsinF,

P
R in K
—+)\+cosEzsm ,
p t

for a rational numbet. From these, we have
o . 1 c 1
=—sinE(t+-)=-(t+ =
R 2sm (+t> 4<+t>’
1 1
A=—sinFE (— — t) —cos E.
2 t
From the expression faR, it is clear thatt = tang. If we set
t t D d t t
= tan — an = tan —
! 2 2 2

for the Heron angle€’ and D, then

(t1 4+ t2)? — (1 — t1to)?
(14+3)(1+2)

cos & =

and
2(t1 +t2)(1 — t1to)

(14+¢3)(1+12)

By choosinge = t(1 + #3)(1 + t3), we obtain from (6)
(1 +83)(1 4 t3)? (1 +t)2(1 4 13)
o (ty o) (1 —tyt) (b ) (1 —tit) ]

and from (5) the following simple rational parametrization of the sides and diago-
nals of the cyclic quadrilateral:

a =(t(t1 + t2) + (1 — t1ta))(t1 + to — t(1 — t1te)),
b=(1+t3)(ty — t)(1 + tta),
c=t(1+t3)(1+13),
d=14t3)(t; —t)(1 +tty),
e =t1(1+t*)(1+t3),
f=ta(1+t3)(1 +t3).
This has area
A = titg(2(1 — trta) — (ty + ta) (1 — 7)) (2(t1 + t2)t + (1 — trta) (1 — 7)),
and is inscribed in a circle of diameter

(1+)(1+3) (1 +¢?)
5 .

sin £ =

2R =
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Replacingt; = -, to = %, andt = ¢ for integersm, n, p, ¢, u, v in these
expressions, and clearing denominators in the sides and diagonals, we obtain Brah-
magupta quadrilaterals. Every Brahmagupta quadrilateral arises in this way.

3. Examples
Example 1. By choosingt; = t; = ;- and puttingt = -, we obtain a generic
Brahmagupta trapezoid:

2u — n2u + 2mnov) (2mnu — m*v + n*v),

a=(
b=d=(m?+ n?)(nu — mv)(mu + nv),
¢ =(m? +n?)uv,
e = f =mn(m? + n?)(u® + v?),
This has area
A = 2m*n* (nu—mu)(mu+nv)(m-+n)u— (m—n)v)((m+n)v—(m—n)u),
and is inscribed in a circle of diameter
(m? 4+ n?)2(u? 4+ v?)
5 .
The following Brahmagupta trapezoids are obtained from simple valugsaati
t, and clearing common divisors.

2R =

|t1 t |a b=d c|e:f|A| 2R |
1/2 1/7 [25 15 7] 20 [192] 25
1/2 2/9 |21 10 9 17 1120 41
1/3 3/14 |52 15 28| 41 |360| 197
1/3 3/19 |51 20 19| 37 |420| 181
2/3 1/8 |14 13 4 15 | 108 | 65/4
2/3 3/11 |21 13 11 20 192 61
2/3 9/20 40 13 30| 37 |420|1203/4
3/4 2/11125 25 11| 30 |432 61
3/4 1/18 |17 25 3 26 | 240 | 325/12
3/52/9 128 17 12| 25 |300| 164/3

Example?2. Let EC' D be the rational Heron triangle with: o : 8 = 14 : 15 : 13.
Here,t; = 2, ¢, = 1 (andt; = 2). By putting¢ = £ and clearing denominators,
we obtain Brahmagupta quadrilaterals with sides

a=(Tu—4v)(4u+Tv), b = 13(u—2v)(2u +v), ¢ = 65uv, d = 5(2u — 3v)(3u + 2v),

diagonals
e =30(u? +0%), f=26(u®+v?),
and area
A = 24(2u? + Tuv — 20°)(Tu® — Suv — Tv?).
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If we putu = 3, v = 1, we generate the particular one:
(a,b,c,d, e, f; A) = (323,91, 195, 165, 300, 260; 28416).

On the other hand, with = 11, v = 3, we obtain a quadrilateral whose sides and
diagonals are multiples of 65. Reduction by this factor leads to

(a,b,c,d, e, f; AN) = (65,39,33,25,52,60;1344).

This is inscribed in a circle of diameter 65. This latter Brahmagupta quadrilateral
also appears in Example 4 below.

Example 3. If we take EC'D to be a right triangle with sideS'D : EC : ED =
m2 4+ n?: 2mn : m? — n?, we obtain

a =(m? +n?)(u? — v?),

b=((m—n)u— (m+n)v)((m+n)u+ (m—n)v),
¢ =2(m? + n?)uw,

d =2(nu — mv)(mu + nv),

e =2mn(u® + v?),

J=(m? = n?) (e +02);

A =mn(m? — n?)(u® 4 2uv — v?)(u? — 2uv —v?).

Here,> > ™ min \\e give two very small Brahmagupta quadrilaterals from this

n’m—-n

construction.

n/m v/ula b ¢ d|e f| A |2R
1/2 1/4 |75 13 40 36|68 51966 85
1/2 1/5|60 16 25 33|52 39| 714 | 65

, then the sideBC'

Example 4. If the angled is chosen suchthat + B — 6 =
is a diameter of the circumcircle ofBC D. In this case,
0 B 1—1t3 B t1+to— 1+ ti1ty

t=tan - = = .
2 1+1t3 t1+to+1—tity

vl

Puttingt; = -, to = 1%, andt = %, we obtain the following Brah-
magupta quadrilaterals.

a =(m* +n®)(p* + ¢*),

b=(m* —n?®)(p* +¢°),

c=((m+n)p— (m —n)g)((m+n)qg— (m —n)p),

d =(m*+n*)(p* - ¢*),

e =2mn(p* + ¢*),

I :2pq(m2 + n2).
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Here are some examples with relatively small sides.

| ty to t || a b ¢ d | e f | A |
2/3 1/2 3/11| 65 25 33 39 | 60 52 |1344
3/4 1/2 1/3 |25 7 15 15|24 20 | 192
3/4 1/3 2/11 || 125 35 44 100|120 75 |4212
6/7 1/3 1/4 | 8 13 40 68 | 84 51 | 1890
7/9 1/3 1/5 | 65 16 25 52 | 63 39 |1134
8/9 1/2 3/7 | 145 17 105 87 |144 116 | 5760
7/11 1/2 1/4 || 8 36 40 51 | 77 68 | 2310
8/11 1/3 1/6 || 185 57 60 148|176 111 | 9240
11/13 1/2 2/5 || 145 24 100 87 | 143 116 | 6006
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The Apollonius Circleasa Tucker Circle

Darij Grinberg and Paul Yiu

Abstract. We give a simple construction of the circular hull of the excircles of
a triangle as a Tucker circle.

1. Introduction

The Apollonius circle of a triangle is the circular hull of the excircles, the cir-
cle internally tangent to each of the excircles. This circle can be constructed by
making use of the famous Feuerbach theorem that the nine-point circle is tangent
externally to each of the excircles, and that the radical center of the excircles is the
Spieker pointX;, the incenter of the medial triangle. If we perform an inversion
with respect to the radical circle of the excircles, which is the circle orthogonal to
each of them, the excircles remain invariant, while the nine-point circle is inverted
into the Apollonius circle. The points of tangency of the Apollonius circle, being
the inversive images of the points of tangency of the nine-point circle, can be con-
structed by joining to these latter points to Spieker point to intersect the respective
excircles again* See Figure 1. In this paper, we give another simple construction
of the Apollonius circle by identifying it as a Tucker circle.

F

Fy Fy
Figure 1 Figure 2

Theorem 1. Let B, and C,, be points respectively on the extensions of C A and BA
beyond A suchthat B,C, isantiparallel to BC' and haslength s, the semiperimeter
of triangle ABC. Likewise, let C;, A, be on the extensions of AB and C'B beyond

Publication Date: December 16, 2002. Communicating Editor: Jean-Pierre Ehrmann.

The tangency of this circle with each of the excircles is internal because the Spieker point, the
center of inversion, is contained in nine-paint circle.
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B, with C, A, antiparallel to C A and of length s, A., B. on the extensions of BC
and AC beyond C, with A.B. isantiparallel to AB and of length s. Then the six
points Ay, Ba, Cy, Ac, Be, Cy are concyclic, and the circle containing themis the
Apollonius circle of triangle ABC'.

The vertices of the Tucker hexagon can be constructed as followsX;Laaid
X, be the points of tangency & C' with excircles(Z,) and(I.) respectively. Since
BX, andC X, each has length, the parallel ofA B through.X, intersectsAC at
(', and that ofAC' through X, intersectsA B at B’ such that the segme® C’ is
parallel toBC and has length. The reflections of3’ andC’ in the linel, I, are the
points B, andC, such that triangleA B,C,, is similar to ABC, with B,C, = s.
See Figure 3. The other vertices can be similarly constructed. In fact, the Tucker
circle can be constructed by locatiay as the intersection dBC' and the parallel
throughC, to AC.

Figure 3

2. Some basic results

We shall denote the side lengths of triangl&C by a, b, c.
R circumradius

r inradius

s semiperimeter
A area

w Brocard angle

The Brocard angle is given by
a’® + b + 2

tw =
cot w A
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Lemma 2. (1) abc = 4Rrs;
(2) ab+ bc + ca = r? + s + 4Rr;
(3) a® +b? 4+ 2 =2(s®> — 1% —4Rr);
@) (a+0b)(b+c)(c+a) = 2s(r® + s® + 2Rr).
Proof. (1) follows from the formulae\ = rs andR = “bc
(2) follows from the Heron formula\? = s(s — a)(s —b)(s—c)and

s3 — (s —a)(s —b)(s — ¢) = (ab + bc + ca)s + abe.

(3) follows from (2) andu? + b% + c? = (a + b+ ¢)? — 2(ab + be + ca).
(4) follows from (a + b)(b+ ¢)(c+ a) = (a + b+ ¢)(ab+ bc+ ca) — abe. O

Unless explicitly stated, all coordinates we use in this papeham®geneous
barycentric coordinates. Here are the coordinates of some basic triangle centers.

circumecenter O (a?(B*+ % —a?) b3 (2 +a?—b%) : 2(a® + b2 — ?))
incenter I (a:b:c)
Spieker point S (b+c:ct+a:a+b)

symmedian point K (a®: b : ¢?)

Note that the sum of the coordinates®@fis 162 = 16r2s2. 2 We shall also
make use of the following basic result on circles, whose proof we omit.

Proposition 3. Let p1, po, p3 be the powers of A, B, C' with respect to a circle C.
The power of a point with homogeneous barycentric coordinates (z : y : z) with
respect to the samecircleis
(x +y+ 2)(p1x + p2y + p32) — (a®yz + b%zx + Aay)
(x+y+ 2)? '
Hence, the equation of the circleis

a2yz +b%zx + 02:):y = (z+y+ 2)(p1x + p2y + p32).

3. The Spieker radical circle

The fact that the radical center of the excircles is the Spieker @oistwell
known. See, for example, [3]. We verify this fact by computing the powes of
with respect to the excircles. This computation also gives the radius of the radical
circle.

Theorem 4. The radical circle of the excircles has center at the Spieker point
S={b+c:c+a:a+b),and radius%\/ﬂ + s2.

2This is equivalent to the following version of Heron’s formula:

1642 = 2a%b% + 2b°¢* + 2¢%a® — a — b — ¢t
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Proof. We compute the power db + ¢ : ¢ + a : a + b) with respect to thed-
excircle. The powers ofi, B, C with respect to thel-excircle are clearly
p1 = 8%, pgz(s—c)Q, p32($—b)2.
Withz =b+c¢,y=c+a,z=a+ b, wehaver +y+ z = 4s and
(z +y+ 2)(p1x + poy + p3z) — (ayz + b2z + Cay)
=45(s*(b+¢) + (s —c)*(c+a) + (s — b)*(a + b))
—(a*(c+a)(a+b) +b*(a+b)(b+c)+*(b+c)(c+a))
=25(2abc + (a + b+ ¢)(a® + b* + c2)) — 2s(a® + b® + ¢ + abe)
=2s(abc + a*(b + c) + b*(c + a) + *(a + b))
=45%(r? + %),
and the power of the Spieker point with respect to thexcircle is%(r2 + 52).
This being symmetric im, b, ¢, it is also the power of the same point with respect

to the other two excircles. The Spieker point is therefore the radical center of the
excircles, and the radius of the radical circlé{ér2 + s2. O

We call this circle the Spieker radical circle, and remark that the Spieker point is
the inferior of the incenter, namely, the image of the incenter under the homothety
h(G, —1) at the centroids.

4. The Apolloniuscircle

To find the Apollonius circle it is more convenient to consider its superiar,
its homothetic imagé (G, —2) in the centroidG with ratio —2. This homothety
transforms the nine-point circle and the Spieker radical circle into the circumcircle
O(R) and the circlel (v/r? + s?) respectively.

Let d be the distance betwee&n andI. By Euler’s theorem® = R? — 2Rr.
On the lineOI we treat/ as the origin, an@ with coordinateR. The circumcircle
intersects the lindO at the pointsd + R. The inversive images of these points

have coordinateéﬂ—;f. The inversive image is therefore a circle with radius
1]r?2+s2 72452 R(r? + s?)
2|d—R d+ R d? — R?
The center is the poin® with coordinate

77“2—1-82
o

1 <’I”2+82 +7“2—|—82> _d(r? + 5% __?”2-1—82 d
2\ d—R d+ R d? — R? 2Rr ’
In other words,
IQ : 10 = —(r* + 5*) : 2Rr-
Explicitly,
o =1 7“2—1—82(0_1_) _ (r2+s2+2Rr)I—(7“2+82)O'

2Rr 2Rr
From this calculation we make the following conclusions.
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(1) The radius of the Apollonius circle js= %.
(2) The Apollonius center, being the homothetic imagé€)ainderh(G, —%),
is the point®

_ 6Rr-G+ (r*+s%)0 — (r* + s>+ 2Rr)I
B ARr '

1 :
Q=3(66-Q)

Various authors have noted th@tlies on the Brocard axi® K, where the cen-
ters of Tucker circles lie. See, for example, [1, 9, 2, 7]. In [1], Aeppli states that if
da, dp, do are the distances of the verticds B, C to the line joining the center
of the Apollonius circle with the circumcenter gfBC, then

2—c ?—a® a®—b?

dg:dp:do = R

It follows that the barycentric equation of the line is

b2 — 2 2 — a2 a? — b2
5%+ 02 Y+ e z=0.

a

This is the well known barycentric equation of the Brocard axis. Thus, the Apollo-
nius center lies on the Brocard axis. Here, we wjtexplicitly in terms ofO and
K.

Proposition 5. @ = ;&= ((s?> — r2)0 — 3(a® + b* + A)K).

Proof.
1
Q ~1Rr ((7”2+82)O+6R7”-G— (1 +52+QR7«)])
1
:4—R]” ((82 _T2)0+2’r’2 . O+6RTG— (T2+82 +2R’I”)I)
1
—Tomr 457 (87 =)0+ 8% O+ 24Rrs” - G = 4s°(r +5° +-2Rr)1) .
rSs

Consider the sum of the last three terms. By Lemma 2, we have
8r25% - O + 24Rrs? - G — 4s*(r* 4+ s> 4+ 2Rr)[
=8r252 - O 4 abc - 25 - 3G — 2s(a + b)(b+¢)(c + a)]
1
:§(c12(b2 + % —a?), b3 (A + a® — b?), P (a® + b - P))
+ (a+b+c)abe(1,1,1) — (a +b)(b+ ¢)(c + a)(a,b,c).

3This point isXo7o of [7].
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Consider the first component.
a*(b? + ¢ — a®) + 2abe(a + b+ ¢) — 2(a + b) (b + ¢)(c + a)a)

a?(b? + 2be + ¢ — a*) + 2abe(a + b+ ¢) — 2a((a + b) (b + ¢)(c + a) + abe))

|
NI RN~ DN~
— — —

a*(a+b+c)(b+c—a)+2abc(a+b+c) —2a(a+b+c)(ab+ be+ ca))
s(a®(b+ ¢ — a) + 2abc — 2a(ab + be + ca))

s(a*(b+ ¢ — a) — 2a(ab + ca))

=a?s(b+c—a—2(b+c))

=—a® 25°

Similarly, the other two components aré? - 25> and—c? - 2s2. It follows that

Q :16]; 5 (45%(s* = r*)0 — 25 (a®, 1%, ¢?))
rs
_ 1 2 o Lloo 9 o
= 1R ((s r*)O 2(a +b0"+c)K ). 1)

5. The Apalloniuscircle asa Tucker circle
It is well known that the centers of Tucker circles also lie on the Brocard axis.
According to [8], a Tucker hexagon/circle has three principal parameters:

e the chordal angle € (-3, 3],
e the radius of the Tucker circle

R
"o = cos ¢+ cotwsing |’
¢ the length of the equal antiparallels
d(z, = 2T¢ - sin ¢

This lengthdy is negative for¢ < 0. In this way, for a givernd,, there is one
and only one Tucker hexagon with as the length of the antiparallel segments.
In other words, a Tucker circle can be uniquely identifieddpy The center of
the Tucker circle is the isogonal conjugate of the Kiepert perspde(d — ¢).
Explicitly, this is the point

4N cot ¢ - O + (a® +b? + A)K
AN cot ¢ + (a® + b? + ¢?)

Comparison with (1) shows thdt\ cot ¢ = —2(s*> — r2). Equivalently,

2rs

tanqb = —m
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This means thap = —2arctan %. Clearly, sinces > r,
2_p2 iné 2rs

S E— Simp = ————.

r2 4 52’ r? + s2

Now, the radius of the Tucker circle with chordal angle= —2 arctang is
given by

cos ¢ =

R Cri4s?
cos ¢ +cotwsing|  4r

This is exactly the radius of the Apollonius circle. We therefore conclude that
the Apollonius circle is the Tucker circle with chordal angl€ arctan’. The
common length of the antiparallels is

Ty =

2 Q2
. re 48 —2rs
dy =21y -sing =2 - ™ .7”24—52:_8'

This proves Theorem 1 and justifies the construction in Figure 3.

6. Concluding remarks
We record the coordinates of the vertices of the Tucker hex&gon.

B, = (—as:0:as+bc), Cy=(—as:as+bc:0),
Ay,=(0:cs+ab: —cs), B, = (cs+ab:0:—cs),
Co = (bs+ca: —bs:0), A. = (0: —bs : bs+ ca).
From these, the power of with respect to the Apollonian circle is

cs as —s(bc + as)
i+ =) = 2 -
)=
Similarly, by computing the powers a8 and C, we obtain the equation of the
Apollonius circle as

bc—i—asx _o.

a’yz + bz 4 Cry 4+ s(x +y + 2) Z

cyclic

Finally, with reference to Figure 1, lwata and Fukagawa [5] have shown that
trianglesF, Fy F, and ABC are perspective at a poifit on the linelQ with IP :

PQ = —r : p.° They also remarked without proof that according to a Japanese

wooden tablet dating from 1797,

1 st TqTbTe
P=1 (rarbrc + s2 ’

which is equivalent tp = % established above.

“These coordinates are also given by Jean-Pierre Ehrmann [2].
SThis perspector is the Apollonius poiffis; = (22¢te)? . Pletm)?® . 2@th)?) jy 7] |
persp p p s—c

s—a s—b
fact, the coordinates df, are(—a?(a(b+c)+(b?4c?))? : 4b*(c+a)?s(s—c) : 4¢® (a+b)%s(s=b));
similarly for F;, and F..
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An Application of Thébault’s Theorem

Wilfred Reyes

Abstract. We prove the “Japanese theorem” as a very simple corollaryethdtit's
theorem.

Theorem 1 below is due to the French geometer Victabehilt [8]. See Figure
1. It had been a long standing problem, but a number of proofs have appeared
since the early 1980’s. See, for example, [7, 6, 1], and also [5] for a list of proofs
in Dutch published in the 1970’s. A very natural and understandable proof based
on Ptolemy’s theorem can be found in [3].

Theorem 1 (Thébault) Let E be a point on the side of triangle ABC' such that
ZAEB = 0. Let O1(r1) beacircle tangent to the circumcircle and to the ssgments
EA, EB. Let Oy(r2) be also tangent to the circumcircle and to EA, EC. If I(p)
istheincircle of ABC, then

(1.1) I lies on the segment O; O and Od _ tan?

9
10, 2

290
5

(1.2) p = ry cos? % + 19 sin

Figure 1 Figure 2

Theorem 2 below is called the “Japanese Theorem” in [4, p.193]. See Figure
2. A very long proof can be found in [2, pp.125-128]. In this note we deduce the
Japanese Theorem as a very simple corollary @bBuilt's Theorem.

Publication Date: December 30, 2002. Communicating Editor: Paul Yiu.
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Theorem 2. Let ABC' D be a convex quadrilateral inscribed in a circle. Denote
by I.(pa), In(ps), Ic(pe), La(pa) theincircles of thetriangles BC D, CD A, DAB,

and ABC.

(2.1) Theincenters form a rectangle.

(2.2) pa + pec = po + pa-
Proof. In ABC' D we have the following circlesO.4(7¢q), Oda(Tda), Oab(Tap),
andOy. (7. ) inscribed respectively in anglesE B, BEC, CED,andDE A, each
tangent internally to the circumcircle. LetAEB = /CED = § and/BEC =

/DFEA =7 —20.

Figure 3

Now, by Theorem 1, the centefs, I, I.., I, lie on the lines0,O0up, OutOpe
OpcO¢d, 0404, respectively. Furthermore,

Odala = Obele — tan? (—W ; 9) = cot? Qa

IaOab B IcOcd B 2
Owly  Ocqly tom? 0
= = tan™ —.
I,Op. 1404, 2
From these, we have
OdaIa _ Obch OabIb _ Ochc
IaOab IbOab ’ IbObc IcObc ’

ObcIc - OdaId Ochd - OabIa

IcOcd B Idocd’ IdOda IaOda '
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These proportions imply the following parallelism:
IaIb//OdaObca IbIc//OabOcda IcId//Ochdaa IdIa//Ochab'

As the segment®,.;,0,, andO,4, O are perpendicular because they are along the
bisectors of the angles &, I,1,1.1; is an inscribed rectangle i0,,04.0:404a,
and this proves (2.1).

Also, the following relation results from (1.2):

0 . o0
Pa + pe = (Tap + Teg) cos> 3 + (rgq + Tbe) sin? 7
This same expression is readily seen to be equal te p, as well. This proves

2.2). O
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