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Orthocorrespondence and Orthopivotal Cubics

Bernard Gibert

Abstract. We define and study a transformation in the triangle plane called the
orthocorrespondence. This transformation leads to the consideration of a fam-
ily of circular circumcubics containing the Neuberg cubic and several hitherto
unknown ones.

1. The orthocorrespondence

Let P be a point in the plane of triangld BC' with barycentric coordinates
(u:v:w). The perpendicular lines & to AP, BP, CP intersectBC, CA, AB
respectively atP,, P,, P., which we call theorthotraces of P. These orthotraces
lie on a line£p, which we call theorthotransversal of P.1 We denote the trilinear
pole of £p by P+, and call it theorthocorrespondent of P.

Figure 1. The orthotransversal and orthocorrespondent

In barycentric coordinates,

Pl:(U(—USA+USB+wSC)+a2Uw;...;...), (1)

Publication Date: January 21, 2003. Communicating Editor: Paul Yiu.

We sincerely thank Edward Brisse, Jean-Pierre Ehrmann, and Paul Yiu for their friendly and
valuable helps.

The homography on the pencil of lines throuBtwhich swaps a line and its perpendicularat
is an involution. According to a Desargues theorem, the points are collinear.

2All coordinates in this paper are homogeneous barycentric coordinates. Often for triangle cen-
ters, we list only the first coordinate. The remaining two can be easily obtained by cyclically permut-
ing a, b, ¢, and corresponding quantities. Thus, for example, in (1), the second and third coordinates
arev(—vSp + wSc + uSa) + b*wu andw(—wSc + uSa + vSp) + uv respectively.
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where,a, b, ¢ are respectively the lengths of the sidB§’, C A, AB of triangle
ABC, and, in J.H. Conway'’s notations,

1 1 1
Sa= 5(172 +c—d?), Sp = 5(02 +a* - b%), Sc = §(a2 +0° - ). ()

The mapping® : P — P! is called theorthocorrespondence (with respect to
triangle ABC).

Here are some examples. We adopt the notations of [5] for triangle centers, ex-
cept for a few commonest ones. Triangle centers without an explicit identification
as X, are not in the current edition of [5].

(1) I+ = X57, the isogonal conjugate of the Mittenpunks.

(2) G+ = (b® +c* —5a%:---:---)is the reflection of7 aboutK, and the
orthotransversal is perpendicular@i .
) H+ =G.

(4) O+ = (cos2A : cos 2B : cos 2C) on the lineG K.
(5) More generally, the orthocorrespondent of the Euler line is thedihg
The orthotransversal envelopes the Kiepert parabola.

(6) K+ = (a?(b* + ¢* — a* — 4b?c?) : --- : .-+ ) on the Euler line.

(7) X1l5 = Xgo anXmiﬁ = Xg1.

(8) Xii, = Xiis = X110-
See§2.3 for points on the circumcircle and the nine-point circle with orthocorre-
spondents having simple barycentric coordinates.

Remarks. (1) While the geometric definition above &f- is not valid whenP is
a vertex of triangleABC, by (1) we extend the orthocorresponderiz¢o cover
these points. Thusd*+ = 4, B+ = B, andC* = C.

(2) The orthocorrespondent éf is not defined if and only if the three coordi-
nates ofP* given in (1) are simultaneously zero. This is the case wRdrelongs
to the three circles with diameteBC, C A, AB.® There are only two such points,
namely, the circular points at infinity.

(3) We denote byP* the isogonal conjugate d? and by H/ P the cevian quo-
tient of # and P. # It is known that

H/P = (u(—uSa+vSp+wSc) :---:--+).
This shows thaP lies on the line througtP* and H/P. In fact,
(H/P)P* : (H/P)P* = a*>vw + b*wu + Puv : Spu® + Spv? + Scw?.

In [6], Jim Parish claimed that this line also contains the isogonal conjugate of
with respect to its anticevian triangle. We add that this point is in fact the harmonic
conjugate ofP+ with respect toP* and H/P. Note also that the line through
andH/P is perpendicular to the orthotransvergal.

(4) The orthocorrespondent of any (real) point on the line at infifitys G.

3see Proposition 2 below.
4H/P is the perspector of the cevian triangleff(orthic triangle) and the anticevian triangle of
P.
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(5) A straightforward computation shows that the orthocorrespondénicas
exactly five fixed points. These are the vertices3, C, and the two Fermat points
X13, X14. Jim Parish [7] and Aad Goddijn [2] have given nice synthetic proofs
of this in answering a question of Floor van Lamoen [3]. In other wokijs.and
X14 are the only points whose orthotransversal and trilinear polar coincide.

Theorem 1. The orthocorrespondent P+ is a point at infinity if and only if P lies
on the Monge (orthoptic) circle of the inscribed Steiner ellipse.

Proof. From (1), P+ is a point at infinity if and only if
Z Saz? — 2ayz = 0. 3)

cyclic
This is a circle in the pencil generated by the circumcircle and the nine-point circle,
and is readily identified as the Monge circle of the inscribed Steiner eflips&l

It is obvious thatP~ is at infinity if and only if £p is tangent to the inscribed
Steiner ellipse®

Proposition 2. The orthocorrespondent P+ lies on the sideline BC' if and only
if P lies on the circle 'z with diameter BC. The perpendicular at P to AP
intersects BC at the harmonic conjugate of P~ with respect to B and C'.

Proof. P+ lies onBC if and only if its first barycentric coordinate is 0g., if and
only if u(—uSa + vSp + wSc) + a*>vw = 0 which shows that” must lie on
Ipe. O

2. Orthoassociates and the critical conic
2.1 Orthoassociates and antiorthocorrespondents.

Theorem 3. Let (Q be a finite point. There are exactly two points /A and P, (not
necessarily real nor distinct) such that Q = P~ = Pj-.

Proof. Let @ be a finite point. The trilinear polak, of ) intersects the sidelines
of triangle ABC atQ,, Qp, Q.. The circlesl’,, I'y, I'. with diametersAQ,, BQy,
CQ. are in the same pencil of circles since their centrsO,, O, are collinear
(on the Newton line of the quadrilateral formed by the sidelined BIC' and{),
and since they are all orthogonal to the polar circle. Thus, they have two gints
and P, in common. These points, if real, satis®F = Q = P5-. 7 O

We call P; and P, the antiorthocorrespondents of @ and writeQ" = {Py, P»}.
We also say thaP; and P, areorthoassociates, since they share the same ortho-
correspondent and the same orthotransversal. Notdttaatd P, are homologous

SThe Monge (orthoptic) circle of a conic is the locus of points whose two tangents to the conic
are perpendicular to each other. It has the same center of the conic. For the inscribed Steiner ellipse,
the radius of the Monge circle %E a? + b + 2.

6The trilinear polar of a point at infinity is tangent to the in-Steiner ellipse since it is the in-conic
with perspector.

7P, and P, are not always real wheA BC' is obtuse angled, s&2.2 below.
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polar circle

Figure 2. Antiorthocorrespondents

under the inversiony with pole H which swaps the circumcircle and the nine-
point circle.

Proposition 4. The orthoassociate P of P(u : v : w) has coordinates

<SBU2+SCU12 —Sau(v+w) Scw? + Sau? — Spv(w + u) i Sau? + Spv? — Scw(u + v)
Sa ’ SB ’ Sc '
(4)

Let S denotetwice of the area of triangled BC. In terms 0fSy, S, S¢ in (2),
we have

S? = SaSp+ SpSc + ScSa.
Proposition 5. Let

K(u,v,w) = S*(u+ v + w)? — 4(a*S 0w + > Spwu + Scuv).
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The antiorthocorrespondents of Q = (u : v : w) are the points with barycentric
coordinates

VK (u,v,w)
S

These arereal pointsif and only if K (u,v,w) > 0.

(u—w)(u+v—w)Sp+ (u—v)(u—v+w)Sc+ (u—w)Sp+(u—v)Sg):+--:---). (5)

2.2 Thecritical conic C. Consider theeritical conic C with equation

SHa+y+2)? -4 a’Sayz=0, (6)
cyclic
which is degenerate, real, imaginary according as triaddgh is right-, obtuse-,
or acute-angled. It has center the Lemoine péihtand the same infinite points as
the circumconic
a’Sayz + b2Spzr + 2Scxy = 0,
which is the isogonal conjugate of the orthic asige + Spy + Scz = 0, and has
the same centek’. This critical conic is a hyperbola when it is real. ClearlyQif
lies on the critical conic, its two real antiorthocorrespondents coincide.

Figure 3. The critical conic
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Proposition 6. The antiorthocorrespondents of () arereal if and only if one of the
following conditions holds.

(1) Triangle ABC' is acute-angled.

(2) Triangle ABC' is obtuse-angled and @ lies in the component of the critical
hyperbola not containing the center K.

Proposition 7. The critical conic is the orthocorrespondent of the polar circle.
When it isreal, it intersects each sideline of ABC' at two points symmetric about
the corresponding midpoint. These points are the orthocorrespondents of the in-
tersections of the polar circle and thecirclesT'pc, I'ca, I'ap With diameters BC,
CA, AB.

2.3 Orthocorrespondent of the circumcircle. Let P be a point on the circumcircle.
Its orthotransversal passes throughand P lies on the circumconic centered at
K. 8 The orthoassociat® lies on the nine-point circle. The table below shows
several examples of such poirtts.

P P* ? PJ_

X74 | X30 | Xu33 a?Sa/((b? — )? + a%(254 — a?))
Xos | X511 | Xis2 Xog7

ng X512 (b2 —62)2(SA —CLQ)/SA SA/(b2 —62)

Xioo | X513 aSa/(b—c)

X101 | X514 a’Sa/(b—c)

X105 | X518 aSa/(b* +c* —ab— ac)

X106 | X519 a®Sa/(b+c—2a)

X107 | X520 | X125 Xeas = Xur

X108 | X521 | X11 Xo51 = Xiso

X109 | X522 a’Sa/((b—c)(b+c—a))

X110 | X523 | X136 a’Sa/(b* — 2)

X1 | X504 a?S4/(b + 2 — 2a%) = Xjgq
X112 | Xso5 | X5 X110 = X303

Xe7s | Xera Sa/(b? + 3 —a(t? + ?))

Xes9 | Xess Sa/(a®(b* — )

Xeo1 | Xe90 a?Sa/((b” = &) (b + ¢ — 2a?))
PP X X330

Remark. The coordinates of; can be obtained from those &3 by making use
of the fact thatX3s, is the barycentric product df andXg9. Thus,

a2
P = <SA((b2—C2)2—a2(b2+c2_2a2)) Co >

8t p = (u : v : w) lies on the circumcircle, theR+ = (uS4 : vSp : wSc) is the barycentric
product of P and Xs9. See [9]. The orthotransversal is the IiﬂgX + ﬁ + ﬁ = 0 which
containsO.

%The isogonal conjugates are trivially infinite points.
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2.4. The orthocorrespondent of a line. The orthocorrespondent of a sideline, say
BC, is the circumconic throughy and its projection on the corresponding altitude.
The orthoassociate is the circle with the segméht as diameter.

Consider a lind intersectingBC, C A, AB at X, Y, Z respectively. The ortho-
correspondent! of ¢ is a conic containing the centro@ (the orthocorrespondent
of the infinite point of¢) and the pointsX*, Y+, Z1. 19 A fifth point can be
constructed a®', whereP is the pedal of5 on ¢. 1! These five points entirely
determine the conic. According to Proposition/2,meetsBC at the orthocorre-
spondents of the points wheféntersects the circl€zc. 1 It is also the orthocor-
respondent of the circle througt which is the orthoassociate 6f

If the line ¢ containsH, the conic/- degenerates into a double line containing
G. If £ also containg” = (u : v : w) other thanH, then this line has equation

(Spv — Scw)x + (Scw — Sau)y + (Sau — Spv)z = 0.

This double line passes through the second intersectidnnath the Kiepert hy-
perbola.13 It also contains the pointS4 : vSp : wS¢). The two lines intersect
at the point

Sp—Sc  Sc—Sa  Sa—Sp
(SBU —Scw ~ Scw — Sau  Sau — SBU> '
The orthotransversals of points éenvelope the inscribed parabola with direc-
trix £ and focus the antipode (on the circumcircle) of the isogonal conjugate of the
infinite point of/.

2.5, The antiorthocorrespondent of a line. Let £ be the line with equationx +
my + nz = 0.
When ABC is acute angled, the antiorthocorrespondénof / is the circle cen-
tered aty = (m 4+ n : n + 1 : | + m)*and orthogonal to the polar circle. It has
square radius
Sa(m+n)2+Sp(n+1)2%+ Sc(l+m)?
4(l +m+n)?

and equation

(x+y+2) ZSAZCC —(+m+n) Zazyz = 0.

cyclic cyclic

When ABC is obtuse angled" is only a part of this circle according to its
position with respect to the critical hyperbafa This circle clearly degenerates

10These points can be easily constructed. For exanipfeis the trilinear pole of the perpendic-
ular atX to BC.

Uplisthe antipode of> on the conic.

12These points can be real or imaginary, distinct or equal.

Bin particular, the orthocorrespondent of the tangerff @ the Kiepert hyperbola,e., the line
HK, is the Euler line.

140, is the complement of the isotomic conjugate of the trilinear polé of
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into the union of£>*and a line through? when G lies on/. This line is the
directrix of the inscribed conic which is now a parabola.

Conversely, any circle centered Qt(proper or degenerate) orthogonal to the
polar circle is the orthoptic circle of the inscribed conic whose perspédtisrthe
isotomic conjugate of the anticomplement of the center of the circle. The ortho-
correspondent of this circle is the trilinear pofarof P. The table below shows a
selection of usual lines and inscribed contes.

P Q l inscribed conic
X, | X37 | antiorthic axis ellipse, centerl
X5 X5 L Steiner in-ellipse
X X6 orthic axis ellipse, centetX
Xg | X39 | Lemoine axis Brocard ellipse
X7 X1 Gergonne axis incircle

Xs | Xy Mandart ellipse
Xi13 | X306 Simmons conic
X76 | X141 | de Longchamps axis

X110 | Xga7 | Brocard axis

Xros | X597 Lemoine ellipse

2.6. Orthocorrespondent and antiorthocorrespondent of a circle. In general, the
orthocorrespondent of a circle is a conic. More precisely, two orthoassociate cir-
cles share the same orthocorrespondent conic, or the part of it outside the critical
conicC whenABC is obtuse-angled. For example, the circumcircle and the nine-
point circle have the same orthocorrespondent which is the circumconic centered
at K. The orthocorrespondent of each circle (and its orthoassociate) of the pencil
generated by circumcircle and the nine-point circle is another conic also centered
at K and homothetic of the previous one. The axis of these conics are the parallels
at K to the asymptotes of the Kiepert hyperbola. The critical conic is one of them
since the polar circle belongs to the pencil.

This conic degenerates into a double line (or part of it) if and only if the circle is
orthogonal to the polar circle. If the radical axis of the circumcircle and this circle
is Lz + my + nz = 0, this double line has equatiof = + ¥~y + Z-2 = 0. This
is the trilinear polar of the barycentric produkty and the trilinear pole of the
radical axis.

The antiorthocorrespondent of a circle is in general a bicircular quartic.

15The conics in this table are entirely defined either by their center or their perspector in the table.
See [1]. In fact, there are two Simmons conics (and not ellipses as Brocard and Lemoyne wrote) with
perspectors (and fociX13 and X14.
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3. Orthopivotal cubics

For a given a poinP with barycentric coordinate@: : v : w), the locus of point
M such thatP, M, M+ are collinear is the cubic cun@(P):

Z z ((Pu—2Spw)y* — (b*u — 2Scv)2?) = 0. (7)
cyclic

Equivalently,O(P) is the locus of the intersections of a line throuBhwith the
circle which is its antiorthocorrespondent. S@e5. We shall say tha®(P) is an
orthopivotal cubic, and callP its orthopivot.

Equation (7) can be rewritten as

Z u (z(c*y® — b*2%) + 2yz(Spy — Scz)) = 0. (8)
cyclic

Accordingly, we consider the cubic curves

PO z(c?y? — b?22) 4+ 2y2(Spy — Scz) =0,
Xy y(a?2? — 22?) + 222(Scz — Saw) = 0, 9)
Ye: 2(b?z? — a®y?) + 22y(Saz — Spy) = 0,
and very loosely write (8) in the form
UXg + vXp + wd, = 0. (20)

We study the cubicgl,, X, X, in §6.5 below, where we shall see that they are
strophoids. We list some basic properties of th@’).

Proposition 8. (1) The orthopivotal cubic O(P) isacircular circumcubicl® pass-
ing through the Fermat points, P, the infinite point of the line G P, and

P/:(b2—c2:02—a2:a2—b2>’ (11)

VvV —w w—u u—"v

which is the second intersection of the line GP and the Kiepert hyperbola.®’
(2) The“ third” intersection of O(P) and the Fermat line X;3X74 ison theline
(3) The tangent to O(P) at P istheline PP*.
(4) O(P) intersects the sidelines BC, CA, AB at U, V, W respectively given
by
U =(0:2Scu — a’v : 2Spu — a*w),
V =(2Scv — b*u: 0 : 2540 — b*w),
W =(2Spw — ®u : 254w — v : 0).

(5) O(P) also contains the (not always real) antiorthocorrespondents R and
Py of P.

16This means that the cubic passes through the two circular points at infinity common to all
circles, and the three vertices of the reference triangle.

1™ is is therefore the sixth intersection @f P) with the Kiepert hyperbola.
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Here is a simple construction of the intersectidin (4) above. If the parallel at
G to BC intersects the altitudd H at H,,, thenU is the intersection o H, and
BC.18

4. Construction of O(P) and other points

Let the trilinear polar ofP intersect the sideline8C, CA, ABat X, Y, Z
respectively. Denote by, Ty, T'. the circles with diameterd X, BY, CZ and
centersO,, Oy, O.. They are in the same pendilwhose radical axis is the per-
pendicular atd to the line£ passing througld),, O,, O., and the points? and
P, seen abovet?

For an arbitrary poinf\/ on L, letT" be the circle off' passing througid/. The
line PM* intersectd” at two pointsN; and N, on O(P). From these we note the
following.

(1) O(P) contains the second intersectioAs Bs, C; of the linesAP, BP,
C P with the circlesl, Iy, T'...

(2) The pointP’ in (11) lies on the radical axis d.

(3) The circle ofF passing throughP meets the line? P+ atP, tangential of
P.

(4) The perpendicular bisector &f N, envelopes the parabola with fochs
(sees5 below) and directrix the lin&/ P. This parabola is tangent thand
to the two axes of the inscribed Steiner ellipse.

This yields another construction 6f(P): a tangent to the parabola meétst
w. The perpendicular &P to this tangent intersects the circleldbtentered at at
two points onO(P).

5. Singular focus and an involutive transformation

The singular focus of a circular cubic is the intersection of the two tangents to
the curve at the circular points at infinity. When this singular focus lies on the
curve, the cubic is said to be a focal cubic. The singular foc¥3(d?) is the point

Fp = (a®(v? + v —u? —vw) + b*u(u+v — 2w) + u(u+w —20) 1+ -0 ).

If we denote byF; and F» the foci of the inscribed Steiner ellipse, théh is
the inverse of the reflection d@? in the line F F5> with respect to the circle with
diameterl Is.

Consider the mapping : P — Fp in the affine plane (without the centrode)
which transforms a poinP into the singular focugp of O(P). This is clearly an
involution: Fp is the singular focus of(P) if and only if P is the singular focus
of O(Fp). It has exactly two fixed points.e., F; and F. 2°

1817, is the “third” intersection ofAH with the Napoleon cubic, the isogonal cubic with pivot
Xs.
L9This line £ is the trilinear polar of the isotomic conjugate of the anticomplemeit.of
20The two cubicsO(F1) and O(F») are central focals with centers & and F- respectively,
with inflexional tangents through’, sharing the same real asymptdters.



Orthocorrespondence and orthopivotal cubics

The table below shows a selection of homologous points uiidarost of which
we shall meet in the sequel. Whéhis at infinity, Fp = G, i.e, all O(P) with

O(F»)

Figure 4. O(F1) andO(Fz)

orthopivot at infinity haves as singular focus.

Steiner
ellipse

P X1 Xz | X4 | X¢ | X1z | X5 | Xog | Xeo
Fp || X1054 | X110 | X125 | X111 | X1a | X6 | Xis2 | Xoi6
P || Xioo | Xiga | Xig7 | X352 | Xe16 | X617 | Xe21 | Xe22

Fp || X1083 | X186 | X353 | X574 | X619 | X618 | X624 | X623

The involutive transformatio@ swaps

(1) the Euler line and the line throughiX; o, 2*
(2) more generally, any lin& P and its reflection infj £,

(3) the Brocard axi®) K and the Parry circle.

11

(4) more generally, any lin® P (which is not the Euler line) and the circle
throughG, Xi19, andFp,

(5) the circumcircle and the Brocard circle,
(6) more generally, any circle not throughand another circle not througdH.

2l7he nine-point center is swapped into the anticomplemeri;ef.
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The involutive transformatio® leaves the second Brocard culfic®®

Z (b? — Az (Fy? +b22%) =0

cyclic

globally invariant. Se&6.4 below. More generallyy leaves invariant the pencil of
circular circumcubics through the vertices of the second Brocard triangle (they all
pass throught?). 23 There is another cubic from this pencil which is also globally
invariant, namely,

(a*b*c* — 8S4SBSc)xyz + Z (b? + ¢ — 2a®)z(c2Scy? + b*Sp2?) = 0.

cyclic

We call this cubidss. It passes througiXs, X119, and Xss5.
If O(P) is nondegenerate, then its real asymptote is the homothetic image of the
line G P under the homothethi(Fp, 2).

6. Special orthopivotal cubics

6.1 Degenerate orthopivotal cubics. There are only two situations where we find
a degenerat@(P). A cubic can only degenerate into the union of a line and a
conic. If the line is£>, we find only one such cubic. It ©(G), the union of£>

and the Kiepert hyperbola. If the line is n6®°, there are ten different possibilities
depending of the number of vertices of triangld3C' lying on the conic above
which now must be a circle.

(1) O(X110) is the union of the circumcircle and the Fermat I#fe.

(2) O(P) is the union of one sideline of triangléBC and the circle through
the remaining vertex and the two Fermat points wieis the “third” in-
tersection of an altitude o BC with the Napoleon cubié?

(3) O(P) is the union of a circle through two vertices 4BC and one Fermat
point and a line through the remaining vertex and Fermat point when
a vertex of one of the two Napoleon triangles. Seg{31].

6.2 Isocubics O(P). We denote by apivotal isocubic and by:XC anon-pivotal
isocubic. Consider an orthopivotal circumculddP) intersecting the sidelines of
triangle ABC atU, V, W respectively. The cubi©®(P) is an isocubic in the two
following cases.

22The second Brocard cubi8; is the locus of foci of inscribed conics centered on the GHs.
Itis also the locus off for which the lineM M~ contains the Lemoine poirit .

23The inversive image of a circular cubic with respect to one of its points is another circular cubic
through the same point. Her&, swapsABC' and the second Brocard triangle BoC>. Hence,
each circular cubic througil, B, C, Az, Be, C> andG has an inversive image through the same
points.

24X, 10 is the focus of the Kiepert parabola.

25The Napoleon cubic is the isogonal cubic with pi$. These third intersections are the
intersections of the altitudes with the parallel throdglo the corresponding sidelines.
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6.2.1 Pivotal O(P).

Proposition 9. An orthopivotal cubic O(P) is a pivotal circumcubic p/k if and
only if the triangles ABC and UV W are perspective, i.e., if and only if P lieson
the Napoleon cubic (isogonal p/C with pivot X5). In this case,
(1) the pivot Q of O(P) lies on the cubic K,: 2° it is the perspector of ABC
and the (—2)-pedal triangle of P, 2" and lies on the line PXj;
(2) the pole2 of the isoconjugation lies on the cubic

Co : Z (483 — 222 (VP2 — *y) = 0.
cyclic
TheQ-isoconjugate)* of () lies on the Neuberg cubic and is the inverse in the
circumcircle of the isogonal conjugate @f The(2-isoconjugateP* of P lies on
K., and is the third intersection with the ligXs.
Here are several examples of such cubics.
(1) O(0O) = O(X3) is the Neuberg cubic.

(2) O(X5)isK,,.
(3) O(I) = O(X1) has pivotho = ((2SC—ab)(2SB —ac):---:---), pole
(a(2S8¢c — ab)(2Sp — ac) : --+), and singular focus

(a(QSA—l-ab—l—ac—Sbc):~':~').

(4) O(H) = O(X4) has pivotH, pole M, the intersection off K and the
orthic axis, with coordinates
a?(b? + 2 — 2a?) + (b? — 2)? ‘ ‘
o ),

and singular focus(; o5, center of the Jerabek hyperbola.
O(H) is a very remarkable cubic since every point on it has orthocorrespondent
on the Kiepert hyperbola. It is invariant under the inversion with respect to the
conjugated polar circle and is also invariant under the isogonal transformation with
respect to the orthic triangle. It is an isogopél with pivot X3y with respect to
this triangle.

6.2.2 Non-pivotal O(P).

Proposition 10. An orthopivotal cubic O(P) is a non-pivotal circumcubic nk if
and only if its “ third” intersections with the sidelines?® are collinear, i.e., if and
only if P lies on the isogonal n/C with root Xs: 2°

Z (b = ) + a®(b* + ¢® — 2a°)) 2(Py* +b°2*) +2(8S4SpSc — a*b*c®)zyz = 0.
cyclic

We give two examples of such cubics.

261C,, is the 2-cevian cubic associated with the Neuberg and the Napoleon cubics. See [8].

27ror any non-zero real numbgrthet-pedal triangle of? is the image of its pedal triangle under
the homothet(P, t).

28These are the pointg, V, W in Proposition 8(4).

29This passes through, K, X110, and Xs23.
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Lester circle

Euler line

asymptote

Figure 5. IC,,

(1) O(K) = O(Xs) is the second Brocard cubfs.
(2) O(X523) is ank with pole and root both at the isogonal conjugateXef;,
and singular focus: 3°

Z (484 — > (y +2) =0

cyclic

6.3. Isogonal O(P). There are only twgO(P) which are isogonal cubics, one

pivotal and one non-pivotal:

(i) O(X3) is the Neuberg cubic (pivotal),
(i) O(Xg) is By (nonpivotal).

300 (X523) meets the circumcircle at the Tixier poitze.
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Kiepert
hyperbola

Figure 6. O(X4)

6.4. Orthopivotal focals. Recall that a focal is a circular cubic containing its own
singular focus®

Proposition 11. An orthopivotal cubic O(P) isafocal if and only if P lieson 5.

This is the case df; itself, which is an isogonal focal cubic passing through the
following points: A, B, C, G, K, Xi3, X14, X15, X16, X111 (the singular focus),
X368, X524, the vertices of the second Brocard triangle and their isogonal conju-
gates. All those points are orthopivots of orthopivotal focals. When the orthopivot
is a fixed point of the orthocorrespondence, we shall s&é.m below thatO(P)
is a strophoid.

We have seen iff5 thatF} and F5 are invariant undew. These two points lie
on B, (and also on the Thomson cubic). The singular focus of an orthopivotal focal
O(P) always lies om3,; it is the “third” point of 5, and the lineK P.

$Typically, a focal is the locus of foci of conics inscribed in a quadrilateral. The only focals
having double points (nodes) are the strophoids.
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Kiepert
hyperbola

Figure 7. O(X3) andO(Xs)

One remarkable cubic i©(X524): it is another central cubic with center and
singular focus a& and the lineGK as real asymptote. This cubic passes through
Xg7 and obviously the symmetrics of, B, C, Xi3, X14, X¢7 aboutG. Its equa-
tion is
Z x ((b2 +ct —a — P (a® +20° - 262)) v’ — (64 +c* —a' = b’ (a® - 20° + 262)) 22) =0.
cyclic

Another interesting cubic i©(X;;;1) with K as singular focus. Its equation is

Z (b2 +c*—2a2)a? (c2(a4 —b2c? + 3% — ¢t — 2a%0?)y — b2 (a* — b2 + 3¢ — bt — 2a202)z) =0.

cyclic

The sixth intersection with the Kiepert hyperbolaXg;, a point on the Steiner
circumellipse and on the line througtyy and X11.

6.5. Orthopivotal strophoids. Itis easy to see tha?(P) is a strophoid if and only

if P is one of the five real fixed points of the orthocorrespondence, nagly,

C, X13, X14, the fixed point being the double point of the curve. This means that
the mesh of orthopivotal cubics contains five strophoids denoted(by), O(B),
0(C), O(X13), O(X14).
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Figure 8. O(Xs24)

6.5.1 The strophoids O(A), O(B), O(C). These are the cubics,, ¥, X, with
equations given in (9). Itis enough to considefA) = 33,. The bisectors of angle
A are the tangents at the double paiht The singular focus is the corresponding
vertex of the second Brocard triangle, namely, the pdint= (254 : b2 : ¢?). 32
The real asymptote is parallel to the media&’, being the homothetic image of
AG underh(Ay,2).

Here are some interesting propertiesStf4) = %,.

(1) X, is the isogonal conjugate of the Apolloniaticircle
Ca: a?(b%2% — 2y?) + 22(b*Spz — 2Scy) = 0, (12)

which passes through and the two isodynamic poinfs; 5 and X1¢.

(2) The isogonal conjugate of; is the point4; = (a® : 254 : 254) on the
Apollonian circleC4, which is the projection off on AG. The isogonal
conjugate of the antipode ¢f, onC4 is the intersection of, with its real
asymptote3?

(3) O(A) = %, is the pedal curve with respect tbof the parabola with focus
at the second intersection @f and the circumcircle and with directrix the
medianAG.

32This is the projection o on the symmediad K, the tangent atl, being the reflection about
OA; of the parallel atd; to AG.
33This isogonal conjugate is on the perpendiculadab AK, and on the tangent at; to 33,,.
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asymptote Apollonian circle

Figure 9. The strophoid(A)

6.5.2 The strophoids O(X;3) and O(X14). The strophoidD(X;3) has singular
focus X4, real asymptote the parallel &%, to the lineG X3, 3 The circle cen-
tered atXy4 passing througtXis intersects the parallel &4 to GX13 at D; and
D5 which lie on the nodal tangents. The perpendiculakgtto the Fermat line
meets the bisectors of the nodal tangent&;aand F, which are the points where
the tangents are parallel to the asymptote and therefore the centers of anallagmaty
of the curve®
O(X13) is the pedal curve with respect 1 ; of the parabola with directrix the
line GX;3 and focusX/,, the symmetric ofX;3 aboutX,.

34The “third intersection” of this asymptote with the cubic lies on the perpendiculsyato the
Fermat line. The intersection of the perpendiculaKai to G X153 and the parallel a4 to G X3
is another point on the curve.

35This means thak;, and E» are the centers of two circles through s and the two inversions
with respect to those circles leaé® X13) unchanged.



Orthocorrespondence and orthopivotal cubics 19
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Figure 10. O(X13) andO(X14)

The construction of)(X;3) is easy to realize. Draw the parallélat X;, to
G X3 and take a variable poid/ on it. The perpendicular &t/ to M X, and the
parallel atX;3 to M X, intersect at a point on the strophoid.

We can easily adapt all these@( X14).

6.6. Other remarkable O(P). The following table gives a list triangle centefs

with O(P) passing through the Fermat pointgs, X4, and at least four more
triangle centers of [5]. Some of them are already known and some others will be
detailed in the next section. The very frequent appearandg;ofX¢ is explained

in §7.3 below.



20 B. Gibert

P centers P centers

X1 | X10,80,484,519,759 X182 | X15,16,98,542

X3 | Neuberg cubic X187 | X15,16,598,843

X5 | X4,30,79,80,265,621,622 || X354 | X1,105,484,518

X6 | X2,15,16,111,368,524 X386 | X10,15,16,519

X32 | X15,16,83,729,754 X511 | X15,16,262,842
X39 | X15,16,76,538,755 X569 | X15,16,96,539

X51 | X61,62,250,262,511 X574 | X15,16,543,671
Xs4 | X396,265,539 X579 | X15,16,226,527
X57 | X1,226,484,527 Xe27 | X17,532,617,618,622
Xs58 | X15,16,106,540 Xo28 | X18,533,616,619,621
X1 | X15,16,18,533,618 X633 | X18,533,617,623
Xe2 | X15,16,17,532,619 X634 | X17,532,616,624

7. Pencilsof O(P)

7.1 Generalities. The orthopivotal cubics with orthopivots on a given lifeorm

a pencillF, generated by any two of them. Apart from the vertices, the Fermat
points, and two circular points at infinity, all the cubics in the pencil pass through
two fixed points depending on the liie Consequently, all the orthopivotal cubics
passing through a given poi@thave their orthopivots on the tangentato O(Q),
namely, the lineQQ~*. They all pass through another poigton this line which

is its second intersection with the circle which is its antiorthocorrespondent. For
example O(Q) passes througty, O, or H if and only if Q lies onGK, O X54, or

the Euler line respectively.

7.2 Pencilswith orthopivot on a line passing through G. If ¢ contains the centroid
G, every orthopivotal cubic in the pendl passes through its infinite point and
second intersection with the Kiepert hyperbola. Rdraversest, the singular
focus of O(P) traverses its reflection abofi 5 (see§b).

The most remarkable pencil is the one witlthe Euler line. In this case, the
two fixed points are the infinite poidts, and the orthocentel. In other words,
all the cubics in this pencil have their asymptote parallel to the Euler line. In this
pencil, we find the Neuberg cubic aig,. The singular focus traverses the line
G Xgg, Xog being the Tarry point.

Another worth noticing pencil is obtained whénis the line GXy5. In this
case, the two fixed points are the infinite paii;2 and Xog. The singular focus
traverses the Euler line. This pencil contains the two degenerate cbi€sand
O(XH()) seen |n§61

When/ is the lineGK, the two fixed points are the infinite poiti,4 and the
centroidG. The singular focus lies on the li&Xy9, Xog9 being the Steiner point.
This pencil containg3, and the central cubic seen{f.4.
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O(X30)

O(X4)

Neuberg cubic

’ ‘ ryperbla
// w\

Figure 11. The Euler pencil

7.3. Pencils with orthopivots on a line not passing through G. If £ is a line not
through@, the orthopivotal cubics in the pendi} pass through the two (not nec-
essarily real nor distinct) intersections ©ofvith the circle which is its antiortho-
correspondent of. SéR.5 and§3. The singular focus lies on a circle through
and the real asymptote envelopes a deltoid tangent to thé4liteand tritangent
to the reflection of this circle about.

According t0§6.2.1,§6.2.2,§6.4, this pencil contains at least one, at most three
pIC, nkC, focal(s) depending of the number of intersectiong with the cubics met
in those paragraphs respectively.

Consider, for example, the Brocard axid<. We have seen if6.3 that there
are two and only two isogond@(P), the Neuberg cubic and the second Brocard
cubic B, obtained when the orthopivots afeand K respectively. The two fixed
points of the pencil are the isodynamic poirfs.

The singular focus lies on the Parry circle (§8¢ and the asymptote envelopes
a deltoid tritangent to the reflection of the Parry circle ali@ut

The pencilFp g is invariant under isogonal conjugation, the isogonal conjugate
of O(P) beingO(Q), where( is the harmonic conjugate d? with respect to

36The antiorthocorrespondent of the Brocard axis is a circle center&ghat the isogonal con-
jugate of the trilinear pole of the Euler line.
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O and K. It is obvious that the Neuberg cubic ail are the only cubic which
are “self-isogonal” and all the others correspond two by two. Sinéeintersects
the Napoleon cubic ab, Xz and X9, there are only thregkC in this pencil, the
Neuberg cubic an®(Xg; ), O(Xe2). *’

O(Xe1) passes thouglis, X533, X615, and the isogonal conjugates &fs3,
andXg1g.

O(Xe2) passes thougli7, Xs32, X619, and the isogonal conjugates &fs33
and Xg15. There are only three focals in the peri€ilx, namely,B, andO(X;5),
O(X16) (with singular fociXi, X5 respectively).

Neuberg cubic

Figure 12. The Brocard pencil

An interesting situation is found wheR = Xigo, the midpoint ofOK. Its
harmonic conjugate with respect €k is the infinite pointQ = X511. O(X511)
passes througlXs¢e Which is its intersection with its real asymptote paralleGat

37(’)(X61) and O(Xe2) are isogonal conjugates of each other. Their pivotsX¥re and X3
respectively and their poles are quite complicated and unknown in [5].
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to OK. Its singular focus i€+. The third intersection with the Fermat linelison
X23X110 and the last intersection with the circumcircleXs;, = X3 ,,. %

O(X1s2) is the isogonal conjugate @(X511) and passes througkips, Xgo.
Its singular focus isXs3, inverse ofGG in the circumcircle. Its real asymptote is
parallel to the Fermat line af3,3 and the intersection is the isogonal conjugate of
Us.

The following table gives several pairs of harmonic conjugdbeand Q on
OK. Each column gives two cubi@(P) andO(Q), each one being the isogonal
conjugate of the other.

Pl X3 | X50 | X5 | X5g | Xigr | Xo1e | Xoga | Xa71 | X3s9 | X500
Q|| X39 | X566 | X560 | X386 | X574 | X577 | X579 | X372 | X578 | Xss2

8. A quinticand a quartic

We present a pair of interesting higher degree curves associated with the ortho-
correspondence.

Theorem 12. Thelocus of point P whose orthotransversal £p and trilinear polar
¢p are parallel isthe circular quintic

Q1 : Z a?y*2*(Spy — Scz) = 0.
cyclic
Equivalently, Q; isthe locus of point P for which

(1) thelines PP* and ¢p (or Lp ) are perpendicular,
(2) P liesonthe Euler line of the pedal triangle of P*,
(3) P, P*, H/P (and P) are collinear,

(4) P lieson O(FP).

Note thatl p and/p coincide whenP is one of the Fermat poinl%g.

Theorem 13. Theisogonal transform of the quintic @, isthe circular quartic
Qs : Z atSayz(ty? — b?2%) =0,
cyclic

which is also the locus of point P such that

(1) thelines PP* and ¢p~ (or Lp~ ) are perpendicular,

(2) P liesontheEuler line of its pedal triangle,

(3) P, P*, H/P* arecollinear,

(4) P*lieson O(P).

These two curve®); andQs contain a large number of interesting points, which

we enumerate below.

Proposition 14. The quintic Q; contains the 58 following points:

38This is 0NX23 X110 t00. Itis the reflection of the Tarry poidtoes about the Euler line and the
reflection of X7, about the Brocard line.
393ee51, Remark (5).
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/" Euler line

Figure 13. The quinti©@;

(1) the vertices A, B, C, which are singular points with the bisectors as tan-
gents,

(2) thecircular points at infinity and the singular focus G,*°

(3) the three infinite points of the Thomson cubic,*

(4) the infexcenters I, I,, I, I., with tangents passing through O, and the
isogonal conjugates of the intersections of these tangents with the trilinear
polars of the corrresponding in/excenters,

(5) H, with tangent the Euler line,

40The tangent at? passes through the isotomic conjugate@®f, the point with coordinates

(5 +cl_5a Ceeereen).
“Un other wordsQ; has three real asymptotes parallel to those of the Thomson cubic.
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(6) the six points where a circle with diameter a side of ABC' intersects the
corresponding median, 42
(7) the feet of the altitudes, the tangents being the altitudes,
(8) the Fermat points X3 and X4,
(9) the points X7113 and X7114 Where the Euler line meets the circumcircle,
(10) the perspectors of the 27 Morley triangles and ABC .43

Proposition 15. The quartic O, contains the 61 following points:

(1) thevertices 4, B, C, %

(2) thecircular points at infinity, *°

(3) the three points where the Thomson cubic meets the circumcircle again,

(4) thein/excenters I, 1,, I, I.., with tangents all passing through O, and the
intersections of these tangents O, with the trilinear polars of the corre-
sponding in/excenters,

(5) O and K, 4®

(6) the six points where a symmedian intersects a circle centered at the corre-
sponding vertex of the tangential triangle passing through the remaining
two vertices of ABC, 4’

(7) the six feet of bisectors,

(8) theisodynamic points X;5 and X4, with tangents passing through Xs3,

(9) the two infinite points of the Jerabek hyperbola, 4

(10) the isogonal conjugates of the perspectors of the 27 Morley triangles and

ABC. %
We give a proof of (10). Leky, ko, k3 = 0, +1, and consider
A+ 2k B + 2kom C + 2ksm
@1:Ta 902:T7 WBZT'

Denote byM one of the 27 points with barycentric coordinates

acos wy : bcos g : ccos p3).
¥ ¥ ¥

42The two points on the mediaaG have coordinates
(2a: —a+ /202 4+ 2¢? — a? : —a £ /2% + 2¢2 — a?).

43The existence of the these points was brought to my attention by Edward Brisse. In particular,
X357, the perspector ol BC' and first Morley triangle.

4These are inflection points, with tangents passing thrangh

*The singular focus is the inversé; of G in the circumcircle. This point is not on the curve
Qo.
46 Both tangents aD and K pass through the poirt = (a®Sa(b? + > — 2a%) : -+ : -+ ),
the intersection of the trilinear polar 6f with the orthotransversal of110. The tangent ab is also
tangent to the Jerabek hyperbola and the orthocubic.

4"The two points on the symmediahK have coordinateé—a? + ay/2b2 + 2¢2 — a2 : 2b° :
2¢?).

48The two real asymptotes @, are parallel to those of the Jerabek hyperbola and meétat
footnote 46 above.

49 particular, the Morley-Yff centeXsss.
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Thomson
cubic

Brocard axis

Ia

Figure 14. The quarti©s

The isogonal conjugate @i/ is the perspector afi BC' and one of the 27 Morley
triangles.>® We show that\/ lies on the quartic,. ! Sincecos A = cos 3¢, =

4 cos® p1 —3 cos o1, we haveros® p; = I (cos A + 3 cos ¢1) and similar identities
for cos® (, andcos? ¢3. From this and the equation @k, we obtain

Z atS 4bcos py ccos p3 (b2 cos? py — b2c? cos? p3)

cyclic

SOFor example, withk; = ko = k3 = 0, M* = X357 andM = X3ss.
51ConsequentIyM* lies on the quintiaQ;. See Proposition 14(10).
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= Z a4b3c3SA(cos @3 OS> Py — COS Py COS® ©3)

cyclic
1
= Z 1 a*b3¢3S 4 (cos @3 cos B — cos g cos C)
cyclic
1 S S
= Z ~ a*b3e3Sy 28 cos p3 — 29 cos V2
< 4 ac ab
cyclic
L 3,33 COSp3  COS Y3
= —a’b’c’S4SBS —
g ¢V CAE CZ(CSC bSp
cyclic
= 0.

This completes the proof of (10).

Remark. Q; and Q, arestrong curves in the sense that they are invariant under
extraversions: any point lying on one of them has its three extraversions also on
the curve>?
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On the Procircumcenter and Related Points

Alexei Myakishev

Abstract. Given a triangleA BC, we solve the construction problem of a point

P, together with point83., C, on BC, C,, A. onC A, and Ay, B, on AB such

that PB,C,, AyPCy, and A.B.P are congruent triangles similar td BC.

There are altogether seven such triads. If these three congruent triangles are all
oppositely similar toA BC, then P must be the procircumcenter, with trilinear
coordinatega® cos A : b*cos B : ¢? cos C). If at least one of the triangles in

the triad is directly similar ttA BC, then P is either a vertex or the midpoint of

a side of the tangential triangle. We also determine the ratio of similarity in each
case.

1. Introduction

Given a triangled BC, we consider the construction of a poit together with
points B., C, on BC, C,, A. on CA, and A,, B, on AB such thatPB,C,,
Ay PCy, andA.B. P are congruent triangles similar thBC'. We first consider in
862,3 the case when these triangles ar@piositely similar to ABC. See Figure
1. In §4, the possibilities when at least one of these congruent triangles is directly
similar to ABC' are considered. See, for example, Figure 2.

Coq

Figure 1

Figure 2
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2. The case of opposite similarity: construction of P

With reference to Figure 1, we try to find the trilinear coordinatesPof As
usual, we denote the lengths of the sides opposite to anglds, C by a, b, c.
Denote theoriented anglesC,PB. by ¢,, A.PC, by ¢,, and B,PA; by ¢.. 1
SincePCy, = PB,., Z/PB.C, = %(w — ¢q). Since alsa/ PB.A. = B, we have
£LA.B.C = 3(m + ¢,) — B. For the same reasor,B.A.C = 1(m + ¢;) — A.
Considering the sum of the angles in triangleB.C, we havel(y, + @) =
m—2C. Sincey, + vp + p. = m, we havep, = 4C' — . Similarly, p, = 4A —7
andy, = 4B — 7.

Let k& be the ratio of similarity of the triangle®B,C,, Ay PCy, and A.B.P
with ABC, i.e, B,C, = PCy, = B.P = k- BC = ka. The perpendicular
distance fromP to the lineBC'is

h, = kacos % = ka cos (2A - g) = kasin 2A.

Similarly, the perpendicular distances fratmto C A and AB areh, = kbsin2B
andh, = kesin 2C. It follows that P has trilinear coordinates,

(asin2A : bsin 2B : ¢sin2C) ~ (a%cos A : b% cos B : ¢ cos C). 1)

Note that we have found not only the trilinears Bf but also the angles of
isosceles triangle®C, B., PA.C,, PB,A;. Itis therefore easy to construct the
triangles by ruler and compass frafh Now, we easily identifyP as the isogonal
conjugate of the isotomic conjugate of the circumceriderwhich has trilinear
coordinategcos A : cos B : cos C'). We denote this point b and follow John
H. Conway in calling it theprocircumcenter of triangle ABC. We summarize the
results in the following proposition.

Proposition 1. Given a triangle ABC' not satisfying (2), the point P for which
there are congruent triangles PB,C,, A, PCy, and A.B.P oppositely similar to
ABC (with B., C, on BC, C,, A. on CA, and A, B, on AB) isthe procircum-
center O. Thisis a finite point unless the given triangle satisfies

AP+ E -+ (E )+ AP+ -2 =0. 2

The procircumcente® appears aXg4 in [3], and is identified as the inverse of
the Jerabek centeX; 5 in the Brocard circle. A simple construction 6fis made
possible by the following property discovered by Fred Lang.

Proposition 2 (Lang [4]). Let the perpendicular bisectors of BC, C' A, AB inter-
sect the other pairs of sides at B;, C1, Cs, Ay, Az, B3 respectively. The perpen-
dicular bisectors of B;C1, C5 A5 and A3 Bs bound a triangle homothetic to ABC
at the procircumcenter O.

Iwe regard the orientation of triangleBC as positive. The oriented angles are defined modulo
2.
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3. Thecase of opposite similarity: ratio of similarity

We proceed to determine the ratio of similarity We shall make use of the
following lemmas.

Lemma 3. Let A denote the area of triangle ABC, and R its circumradius.
(1) A = 2R?sin Asin Bsin C,

(2) sin2A + sin 2B + sin 2C' = 4 sin A sin B sin C,

(3) sin4A + sin4dB + sin4C = —4sin 2A sin 2B sin 2C;;

(4) sin? A + sin? B + sin? C = 2 + 2 cos A cos B cos C.

Proof. (1) By the law of sines,
A= %bcsinA = %(2RsinB)(2Rsin C)sin A = 2R?sin Asin Bsin C.

For (2),
sin2A + sin 2B + sin 2C
=2sin Acos A+ 2sin(B 4 C) cos(B — C)
=2sin A(— cos(B + C') + cos(B — C))
=4 sin Asin BsinC.
The proof of (3) is similar. For (4),
sin? A 4 sin? B + sin? C
1
=sin?A+41— i(cos 2B + cos 2C)
=sin? A + 1 — cos(B + C) cos(B — O)
=2 — cos® A + cos Acos(B — C)
=2+ cos A(cos(B + C) + cos(B — C))
=2+ 2cos A cos B cos C.
O

Lemmad4. a? 4+ b* + ¢ = 9R? — OH?, where R isthe circumradius, and O, H
are respectively the circumcenter and orthocenter of triangle ABC.

This was originally due to Euler. An equivalent statement
a? + 0%+ =9(R? — 0G?),
whered is the centroid of trianglel BC, can be found in [2, p.175].
Proposition 5 (Dergiades [1]) The ratio of similarity of OB,C,, A,0C}, and
A.B.O with ABC'is
RQ
3R? — OH?

=
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Proof. Since2A =a-hy +b- hy + ¢+ he, andh, = kasin 24, hy, = kbsin 2B,
andh. = kcsin 2C, the ratio of similarity is the absolute value of

2A
a?sin2A 4+ b?sin 2B + ¢? sin 2C
4R?sin Asin Bsin C
= . 92 . D) . D) . [Lemma 3(1)]
4R?(sin” Asin2A + sin® B sin 2B + sin® C'sin 2C)
B 2sin Asin Bsin C'
(1 —cos2A)sin24 + (1 — cos 2B) sin 2B + (1 — cos 2C) sin 2C
B 4sin Asin BsinC
~ 2(sin2A +sin 2B +sin 2C) — (sin4A + sin 4B + sin 40)
4sin Asin BsinC

8sin A sin Bsin €'+ 4sin 24 sin 215 sin 2C [Lemma 3(2,3)]

2+8COSACOS?COSC

= L 3(4
Ien? AT s’ B 1ol —g  emmad()
RQ
a? +b% + ¢ — 6R?
R2
3R? — OH?
by Lemma 4. O

Figure 3:0H = 2R Figure 4:0H = /2R

From Proposition 5, we also infer th@tis an infinite point if and only iDH =
V3R. More interesting is that for triangles satisfyitg/ = 2R orv/2R, the
congruent triangles in the triad are also congruent to the reference tridigylé
See Figures 3 and 4. These are triangles satisfying

al(V? + 2 —a?) + b1+ a® = V) + M + VP — ) = +a®bP
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4. Cases allowing direct similarity with ABC

As Jean-Pierre Ehrmann has pointed out, by considering all possible orientations
of the trianglesPB,C,, Ay PCy, A.B.P, there are other points, apart from the
procircumcenter), that yield triads of congruent triangles similarA®BC.

4.1 Exactly one of the triangles oppositely similar to ABC. Suppose, for exam-
ple, that among the three congruent triangles, daly,C, be oppositely similar
to ABC, the other two A, PC}, and A.B. P being directly similar. We denote by
Pt the point P satisfying these conditions. Modifying the calculationg® we
have

Ya=T+2A, pp=71—24A, @.=m—2A.
From these, we obtain the trilinears Bf as
(—asinA:bsinA:csinA) =(—a:b:c).
It follows that ;" is the A-vertex of the tangential triangle of BC'. See Figure 5.

Cy
.

Figure 5

The ratio of similarity, by a calculation similar to that performed;8) isk =
|ﬁ| This is equal to 1 only whed = % or 2. In these cases, the three
triangles are congruent tdBC'.

Clearly, there are two other triads of congruent triangles corresponding to the
other two vertices of the tangential triangle.

4.2 Exactly one of triangles directly similar to ABC. Suppose, for example, that
among the three congruent triangles, o3, C, be directly similar toABC, the
other two, A, PC;, and A.B.P being oppositely similar. We denote by the
point P satisfying these conditions. See Figure 6. In this case, we have

Ya=2A—-7, @pp=71+2B-2C, ¢.=n+2C —2B.
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Figure 6

From these, we obtain the trilinears Bf as
(—asin A : bsin(B — C) : ¢sin(C — B)) = (—a® : b(b* — %) : ¢(c® — b?)).

It is easy to check that this is the midpoint of the siig’; of the tangential
triangle of ABC. In this case, the ratio of similarity s = | ;73— |-

Clearly, there are two other triads of congruent triangles corresponding to the
midpoints of the remaining two sides of the tangential triangle.

We conclude with the remark that it is not possible for all three of the congruent
triangles to be directly similar tal BC, since this would requirg, = ¢, = p. =

.
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Bicentric Pairs of Pointsand Related Triangle Centers

Clark Kimberling

Abstract. Bicentric pairs of points in the plane of triangleBC' occur in con-
nection with three configurations: (1) cevian traces of a triangle center; (2) points
of intersection of a central line and central circumconic; and (3) vertex-products
of bicentric triangles. These bicentric pairs are formulated using trilinear coordi-
nates. Various binary operations, when applied to bicentric pairs, yield triangle
centers.

1. Introduction

Much of modern triangle geometry is carried out in in one or the other of two
homogeneous coordinate systems: barycentric and trilinear. Definitions of triangle
center, central line, and bicentric pair, given in [2] in terms of trilinears, carry over
readily to barycentric definitions and representations. In this paper, we choose to
work in trilinears, except as otherwise noted.

Definitions oftriangle center (or simply center) andbicentric pair will now be
briefly summarized. A triangle center is a point (as defined in [2] as a function of
variablesa, b, ¢ that are sidelengths of a triangle) of the form

fla,b,c) : f(b,e,a): f(c,a,b),

wheref is homogeneous ia, b, ¢, and
|f(a,¢,0)] = |f(a,b,c)|. 1
If a point satisfies the other defining conditions but (1) faten the points
Fa = f(a,b,c): f(bc,a): f(c,a,b),
Foo = fla,c,b): f(ba,c) : f(c,b,a) )
are abicentric pair. An example is the pair of Brocard points,
c¢/b:aj/c:b/a and b/c:b/a:c/b.

Seven binary operations that carry bicentric pairs to centers are discussed in
§82, 3, along with three bicentric pairs associated with a centef4)rbicentric
pairs associated with cevian traces on the sideli€sC A, AB will be examined.
§66—10 examine points of intersection of a central line and central circumconic;
these points are sometimes centers and sometimes bicentric §iEirsonsiders

Publication Date: February, 2003. Communicating Editor: Jean-Pierre Ehrmann.
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bicentric pairs associated with bicentric triangl€S.supports6, and§12 revisits
two operations discussed §8.

2. Products: trilinear and barycentric

Supposel/ = u : v : wandX = x : y : z are points expressed in general
homogeneous coordinates. Their product is defined by

U-X =ux:vy:wz.

Thus, when coordinates are specified as trilinear or barycentric, we have here two
distinct product operations, corresponding to constructions of barycentric product
[8] and trilinear product [6]. Because we have chosen trilinears as the primary
means of representation in this paper, it is desirable to write, for future reference,
a formula for barycentric product in terms of trilinear coordinates. To that end,
suppose: : v : w andzx : y : z are trilinear representations, so that in barycentrics,

U=au:bv:cw and X =ax:by:cz.

Then the barycentric product iduz : b*vy : c>wz, and we conclude as follows:
the trilinear representation for the barycentric productUot= v : v : w and
X =z :y: z, these being trilinear representations, is given by

U+ X =aux: by : cwz.

3. Other centralizing operations

Given a bicentric pair, aside from their trilinear and barycentric products, various
other binary operations applied to the pair yield a center. Consider the bicentric
pair (2). In [2, p. 48], the points

Fop © Fye ::fab+fac:fbc+fba:fca+fcb (3)
and

Fab@Fac ::fab_fac:fbc_fba:fca_fcb (4)
are observed to be triangle centers. §&éor a geometric discussion.

Next, suppose that the poinig, and F,,. do not lie on the line at infinity£>,
and consider normalized trilinears, represented thus:

Fry, = (kabfab kab foes Kav fea)s  Fae = (Kacfacs Kacfoas Kacfeb), (5)
where

20 P 20
afab +0foc + cfea’ " afac+ bfoa +cfen’
These representations give

F(;b S Fc:c = kabfab + kacfac : kabfbc + kacfba : kabfca + kacfcba (6)

which for many choices of (a, b, ¢) differs from (3). In any case, (6) gives the
the midpoint of the bicentric pair (2), and the harmonic conjugate of this midpoint
with respect taFy,;, and F,,. is the point in which the ling;, F,,. meetsC£>.

o = aredAABC).

kap :=
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We turn now to another centralizing operation on the pair (2). Their line is given
by the equation

a B v
fab fbc fca =0
fac fba fcb

and is a central line. Its trilinear pol®, and the isogonal conjugate Bf given by

fbcfcb - fcafba : fcafac - fabfcb : fabfba - fbcfa07

are triangle centers.
If

X:=xz:y:2z= f(a,b,c): f(byc,a): f(c,a,b)

is a triangle center other thaxy, then the points
Y:=y:z:xz and Z:=z:2:y

are clearly bicentric. The operations discussedsi®3, applied to{Y, Z}, yield
the following centers:

trilinear product= X; /X (the indexing of centers a; follows [3]);
barycentric product Xs/X (here, */” signifies trilinear division);
Y& Z=y+z:z4+z: 2+,

YeoZ=y—z:z—x:x—y,

midpoint= m(a, b, c) : m(b,c,a) : m(c, a,b), where

m(a,b,c) = cy?® + bz% + 2ayz + x(by + c2);
e YZNL>®=n(a,b,c):nb,ca):n(ca,b), where

n(a,b,c) = cy* — bz + x(by — c2);

(isogonal conjugate of trilinear pole &f2)

= 22 —yz:yt—zr: -y

= (X;-Hirstinverse ofX).
The pointsZ/Y andY/Z are bicentric and readily yield the centers with first
coordinatesr(y? + 22), z(y? — 2?), andx® — y%2%/2. One more way to make

bicentric pairs from triangle centers will be mentioned:Uif= r : s : ¢t and
X :=x:y: z are centers, then ([2, p.49])

U X :=sz:tx:ry, XU :=ty:rz:sz

are a bicentric pair. For examplél/ ® X) © (X ® U) has for trilinears the
coefficients for linelJ X.
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4. Bicentric pairs associated with cevian traces

SupposeP is a point in the plane oNABC' but not on one of the sidelines
BC, CA, AB and not onL*. Let A’, B’,C’ be the points in which the lines
AP, BP,C P meet the sideline8C, C A, AB, respectively. The pointd’, B’, C’
are thecevian traces of P. Letting | XY'| denote the directed length of a segment
from a pointX to a pointY, we recall a fundamental theorem of triangle geometry
(often called Ceva’s Theorem, but Hogendijk [1] concludes that it was stated and
proved by an ancient king) as follows:

|BA'|-|CB'| - |AC'| = |A'C| - |B'A| - |C'B|.
(The theorem will not be invoked in the sequel.) We shall soon see tlfatsfa
center, then the points
Ppc :=|BA'| : |CB'|: |JAC'| and Pgp:=|A'C|:|B'A|:|C'B|

comprise a bicentric pair, except fér = centroid, in which case both points are
the incenter. Letr denote the area aR ABC, and writeP = z : y : z. Then the
actual trilinear distances are given by

P P P
B=1{0,220) and A =0, 27 _29% ),
b by +cz’ by + cz

Substituting these into a distance formula (e.g. [2, p. 31]) and simplifying give

z

BA/ =
B4 b(by + cz)’
z x y
P = : : ; 7
Be b(by + cz) ~ clez +ax) ~ alax + by)’ 0
Pep = 4 : : : * (8)

c(by +cz) " alcz +azx)  blax + by)’
So represented, it is clear thB;- and Pop comprise a bicentric pair iP is a
center other that the centroid. Next, let
BA'| |CB'| |AC| |CA'| |AB'| |BC'|
Pho = | : : d Php= : : .
BC = (oA 1AB| |Bcr| M 0BT |BA| T |CB| |AC
Equation (7) implies

, cz axr by , by cz ax
PBC_@.;.E and PCB—EE@ (9)
Thus, using "/” for trilinear quotient, or for barycentric quotient in case the coor-
dinates in (7) and (8) are barycentrics, we h#}e. = Ppc/Pcp and P, =
Pcp/Ppe. The pair of isogonal conjugates in (9) generalize the previously men-
tioned Brocard points, represented by (9) whis- Xj.

As has been noted elsewhere, the trilinear (and hence barycentric) product of a
bicentric pair is a triangle center. For both kinds of product, the representation is
given by

a ) b ) c
z(by + ¢2)? " y(cz + ax)? " z(ax + by)?’

Ppc - Pop =
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| P XX | X | X [Xeo| X7 | X5 |
Ppc - Pop | X31 | X593 | X503 | Xoo | Xoo | X57 | X57
Ppc , Pop | X32 | Xgag | Xgag | Xa | Xy | X6 | X56

Table 1. Examples of trilinear and barycentric products

The line of a bicentric pair is clearly a central line. In particular, the line
P, P is given by the equation

2,.2 2,2 2,2
a’x beyz b cazx c°z abx
o )at (- ) B+ -S53)v=0.
bcyz  a*x cazr by abxy  c*z
This is the trilinear polar of the isogonal conjugate of theHirst inverse ofF,
whereE = ax : by : cz, and F' is the isogonal conjugate d&. In other words,
the point whose trilinears are the coefficients for the liyg. P/ ; is the E-Hirst

inverse ofF.
The line Pgc Pe g is given byz'a + /3 + 2/y = 0, where

x' = be(by + cz)(a’x? — beyz),

so thatPgc Pop is seen to be a certain product of center®ifs a center.

Regarding a euclidean construction ., it is easy to transfer distances for
this purpose. Informally, we may describgc and P, as points constructed “by
rotating through 90the corresponding relative distances of the cevian traces from
the verticesA, B, C".

5. Thesguareof aline

Although this section does not involve bicentric pairs directly, the main result
will make an appearance {7, and it may also be of interegér se.

Suppose that/; = w1 : v1 : wy andUs = ug : ve : wo are distinct points
on an arbitrary line, represented in general homogeneous coordinates relative to
AN ABC. For each point

X::u1+th:v1+v2t:w1+w2t,

let

X2 = (ug + ugt)? : (v +vat)? ¢ (wy + wot)?
The locus ofX? ast traverses the real number line is a conic section. Following
the method in [4], we find an equation for this locus:

*a? + m* 5% + nty? — 2m2n2 By — 2n%%ya — 20°m%af = 0, (20)
wherel, m, n are coefficients for the lin&; Us; that is,
l:m:n= VW2 —W1V2 : W1UQ2 — ULW2 © U1V — V1UY.

Equation (10) represents an inscribed ellipse, which we denot& by If the
coordinates are trilinears, then the center of the ellipse is the point

bn? + em? : cl® + an® : am? + b2
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6. (Line L)N(Circumconic I'), two methods

Returning to general homogeneous coordinates, suppose thdt, lgieen by
lae + mpB + ny = 0, meets circumconid’, given byu/a + v/8 + w/y = 0.
Let R and S denote the points of intersection, wheke= S if L is tangent td".
Substituting—(m + n+y)/1 for « yields

mw3? + (mv 4+ nw — lu)By + nvy? = 0, (11)
with discriminant
D = *u? + m?v? + n*w? — 2mnvw — 2nlwu — 2muv, (12)
so that solutions of (11) are given by
B lu — mv —nw+ VD

¥ 2mw (13)

Putting5 and~ equal to the numerator and denominator, respectively, of the right-
hand side (13), putting = —(m/ + n~y)/l, and simplifying give fork and.S the
representation

z1:y1 21 = m(mv—lu—nwF VD) : l(lu—mv—nw=+VD) : 2mw. (14)
Cyclically, we obtain two more representations foand.sS:
Ty 1 ys : 2o = 2mnu : n(nw —mv —luF VD) : m(mv —nw —lu£VD) (15)
and
23 :y3 ¢ 23 = n(nw — lu —mv £ VD) : 2nlv : [(lu — nw — mv F VD). (16)
Multiplying the equal points in (14)-(16) give®® andS® as
L1L2T3 - Y1Y2Y3 - 212273
in cyclic form. The first coordinates in this form are
2m*n*u(mv — lu — nw F VD) (nw — lu — mv = VD),
and these yield
(1st coordinate of®) = m%n?ull?u® — (mv —nw — VD) (17)
(1st coordinate 08%) = m2n2u[i*u® — (mv — nw +VD)?.  (18)
The 2nd and 3rd coordinates are determined cyclically.
In general, products (as §2) of points onl" intercepted by a line are notable:
multiplying the first coordinates shown in (17) and (18) gives
(1st coordinate oR® - S°) = I>m°n’utvw,
so that
R-S =mnu: nlv:Ilmuw.

Thus, onwritingL =1 :m :nandU = u : v : w,we haveR - S = U/ L.
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The above method for finding coordinatesfnd S in symmetric form could
be called the multiplicative method. There is also an additive métiAalding the
coordinates of the points in (14) gives

m(mv — lu — nw) : [(lu — mv — nw) : 2lmw.

Do the same using (15) and (16), then add coordinates of all three resulting points,
obtaining the poinU = w; : us : uz, where

up = (Im+In—2mn)u+ (m—n)(nw—mv)
uz = (mn+ml—2nl)v+ (n—1)(1u—nw)
ug = (nl+nm—2im)w+ (I —m)(mv — lu).

Obviously, the point
V=vi:vg:vg=m—-—-n:n—10:1—-m

also lies onL, so thatl is given parametrically by

uy + tvy  ug + tve : us + tus. (29)
Substituting into the equation far gives

u(ug 4 tve)(ug + tvz) + v(uz + tvg)(uy + tvr) + w(ug + tvr)(ug + tvg) = 0.
The expression of the left side factors as
(t* = D)F =0, (20)
where
F=un-0)1-m)+v{l—m)(m—n)+wim—n)(n-—1).

Equation (20) indicates two cases:
Case 1. F' = 0. Here,V lies on bothZ andI’, and it is then easy to check that
the point

W =mnu(n — 1)l —m) : nlv(l —m)(m —n) : Imw(m —n)(n —1)

also lies on both

Case 2. F' # 0. By (20), the points of intersection are
g £ v1VD : ug + 9V D : us £ v3V/D. (21)

As an example to illustrate Case 1, take, b, c) = (b — ¢)? andl(a, b, c) = a.
ThenD = (b—c)?(c—a)?(a—b)?, and the points of intersection de-c: c—a:
a—band(b—c)/a:(c—a)/b:(a—0b)/c

1| thank the Jean-Pierre Ehrmann for describing this method and its application.
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7. LNnTwhen D =0

The pointsRk and$ are identical if and only ifD = 0. In this case, if in equation
(12) we regard eithdr: m : noru : v : was avariablex : 5 : v, then the resulting
equation is that of a conic inscribed iRABC. In view of equation (10), we may
also describe this locus in terms of squares of lines; to wit, if v : w is the
variablea : (3 : v, then the locus is the set of squares of points on the four lines
indicated by the equations

Vila = /Im]B £ v/Iny = 0.

Taking the coordinates to be trilinears, examples of cemgrs [ : m : n and
X; = u :v:wforwhichD = 0 are given in Table 2. It suffices to show results
for i < j, sincelL andU are interchangeable in (12).

i [J |
1 [ 244,678
2 | 1015,1017
3 [125
6 | 115

11 | 55,56, 181, 202, 203, 215
31 | 244, 1099, 1109, 1111
44 | 44

Table 2. Examples fob = 0

8. LNT'whenD #0and!:m:n=u:v:w

Returning to general homogeneous coordinates, suppose noix that » and
u : v : w are triangle centers for which # 0. Then, sometimesk and S are
centers, and sometimes, a bicentric pair. We begin with thelcase: n = u :
v : w, for which (12) gives

D:=@u+v+w(u—v+w)(ut+v—w)(u—v—w).

This factorization shows that if + v + w = 0, then D = 0. We shall prove that
converse also holds. SuppoBe= 0 butu + v + w # 0. Then one of the other
three factors must be, and by symmetry, they must all lfe so thatu = v + w,
so that

u(a,b,c) = wv(a,b,c)+w(a,b,c)
u(a,b,c) = wu(b,c,a)+ u(c,a,b)
u(b,c,a) = wu(e,a,b) +u(a,b,c).

Applying the third equation to the second givgs, b, ¢) = u(c, a,b)+u(a, b, c)+
u(e, a,b), so thatu(a,b,c) = 0, contrary to the hypothesis thét is a triangle
center.
Writing the roots of (11) as, /r3 andsy/s3, we find
rosy  (u? — 0% —w? + VD) (u? —v? —w? — VD)

= =1
7383 42?2 ’
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which proves thai? and.S are a conjugate pair (isogonal conjugates in case the
coordinates are trilinears). Of particular interest are cases for which these points
are polynomial centers, as listed in Table 3, where, for convenience, we put

E = (b - &) (- a?)(a® - V?).

| u | VD | n [ s ]
a(b? — c?) E a be
a(®® — ) (b* + 2 — a?) 160°E sec A cos A
alb—c)(b+c—a) 4abe(b— ¢)(c —a)(a —b) cot(A/2) | tan(A/2)
a?(b? — ) (b2 + 2 — a?) 4a*v*c’E tan A cot A
be(a® — b*c?) (a* — 22 (b* — ?a?)(c* — a®b?) b/c ¢/b

Table 3. PointdR = r; : ro : ra andS = s1 : s9 : 53 Of intersection

In Table 3, the penultimate row indicates that for v : w = Xg47, the Euler
line meets the circumconie/a + v/3 + w/v = 0 in the pointsXy and Xs. The
final row shows thak andS can be a bicentric pair.

9. LN T : Starting with Intersection Points

It is easy to check that a poimit lies onT if and only if there exists a point
x : gy : z for which
u . v . w

R:

by —cz cz—ax ax—by
From this representation, it follows that every line that méeits distinct points

u v w .
: : i=1,2,

by; — cz; ¢z —ax;  ax; — by;
has the form
(byr — cz1)(by2 — cz2)a n (cz1 — ax1)(cze — axe) . (ax1 — byr)(aze — bya)y

=0.
u v
(22)
and conversely. In this case,
bc ca ab
D:u2v2w2 1 Y =1 y
T2 Y2 =2

indicating thatD = 0 if and only if the pointsy; : y; : z are collinear with the
be : ca : ab, which, in case the coordinates are trilinears, is the centrodABC.

Example 1. Let

x1:y1:21 =c/b:rafc:b/a and x9:y2:z9=0>b/c:c/a:alb.
These are the 1st and 2nd Brocard points in case the coordinates are trilinears, but
in any case, (22) represents the central line

o N g . gl
ua?(b? —c?)  vb%(c? —a?)  wct(a? —b?)
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meetingl" in the bicentric pair
u v w u v w

b2(a? — c2) : A2(b? — a?) : a?(c? = b2)" 2(a? — b?) : a?(b? — c2) : b2(c? —a?)’

Example2. Let X = x : y : z be a triangle center other thafy, so thaty : z : «
andz : x : y are a bicentric pair. The points

u v w u v w
. . an d .

bz —cx cx—ay ay—bz’ cy—b:):'az—cy:bx—az
are the bicentric pair in which the central line
vw(bx — cy)(cx — bz)a+wu(cy — az)(ay — cx)f +uwv(az — bx)(bz —ay)y =0

meetsl'.

10. LNT : Euler Lineand Circumcircle

Example 3. Using trilinears, the circumcircle is given hya,b,c) = a and the
Euler line by
I(a,b,c) = a(b® — &) (b* + & — d?).
The discriminantD = 4a?b*c*d?, where
d=/ab + b6 + 6 + 3a2b2c2 — b2c2 (b2 + 2) — 2a2(c? + a2) — a2b2(a? + b2).
Substitutions into (17) and (18) and simplification give the points of intersection,
centersk and S, represented by 1st coordinates
[ca(a? — ¢) £ bd][ba(a? — b2) + cd] ) /*
(b2 _ C2)2(b2 + CQ _ a2)2 '

11. Vertex-products of bicentric triangles

Suppose thaf (a,b,c) : g(b,c,a) : h(c,a,b) is a point, as defined in [2] We
abbreviate this point ag;, : gi. : heq and recall from [5, 7] that bicentric triangles
are defined by the forms

fab Gbe hca fac hba 9eb
hab fbc YGeca and Yac fba hcb
Gab hbc fca Yac hba fcb

The vertices of the first of these two triangles are the rows of the first matrix, etc.
We assume that,,g.:haqp # 0. Then the product of the three vertices, namely

fabgabhab : fbcgbchbc : fcagcahca (23)
and the product of the vertices of the second triangle, namely
facgachac : fbagbahba : fcbgcbhcb (24)

clearly comprise a bicentric pair if they are distinct, and a triangle center otherwise.
Examples of bicentric pairs thus obtained will now be presented. An inductive
method [6] of generating the non-circle-dependent objects of triangle geometry
enumerates such objects in sets formally of size six. When the actual size is six,
which means that no two of the six objects are identical, the objects form a pair
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of bicentric triangles. The least such pair for whighg.,hey # 0 are given by
Objects 31-36:

b ccosB —bcosB c —ccosC  beosC
—ccosC c acosC and ccos A a —acos A
bcosA —acosA a —bcosB acosB b

In this example, the bicentric pair of points (23) and (24) are

b c a c a b

acos B : bcosC : ccos A acosC : bcos A : ccos B’

and the product of these is the centes A csc® A : cos B csc? B : cos C esc® C.

This example and others obtained successively from Generation 2 of the afore-
mentioned enumeration are presented in Table 4. Column 1 tells the Object num-
bers in [5]; column 2, thed-vertex of the least Object; column 3, the first coordi-
nate of point (23) after canceling a symmetric function @ft( c¢); and column 4,
the first coordinate of the product of points (23) and (24) after canceling a symmet-
ric function of (@, b, ¢). In Table 4cos A, cos B, cos C are abbreviated as, b1, ¢,
respectively.

| ObjeCtS | fab * Gab * hab | [fabgabhab] | [fabfacgabgachabhac] |
31-36 b: Cbl . —bb1 b/ab1 al/a3
37-42 | bcy : —caq : bay bey Jaay (aap)™3
43-48 | bby:c:—b bbi/a (a1a3)7t
49-54 | ab: —c?: be b/c 1
58-63 |c+baj:cc:—bey | (bay +c)/acy | ai(bay + ¢)(car + b)a=?
7176 | —b2:ci: by b2 /ay a;’
86-91 Cl — a1b1 : C% : b161 b1 (Cl — albl) [al(al — blcl)]fl
92-97 a1b1 01 —al bl/Cl 1
98-103 | 1: —¢; : c1a1 b1/c1 1
104-109| aa; : —c: caq a/ccy ada;
110-115| a: b : —bay aby /b a’/a;
116-121| ¢y —a1b; :1: —ay | by (61 — albl) [al(al — blcl)]_l
122-127| 1+ a3 : ¢y : —cray | bi(1+a?)/cy | (1 + a?)?
128-133 2a1 . —b1 : a1b1 aq CL%
Table 4. Bicentric triangles, bicentric points, and central vertex-products

Table 4 includes examples of interest: (i) bicentric triangles for which (23) and
(24) are identical and therefore represent a center; (ii) distinct pairs of bicentric
triangles that yield the identical bicentric pairs of points; and (iii) cases in which
the pair (23) and (24) are isogonal conjugates. Note that Objects 49-54 yield for
(23) and (24) the 2nd Brocard poirfe;, = b/c : ¢/a : a/b and the 1st Brocard
point,Q2; = ¢/b:a/c:b/a.
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12. Geometric discussion: @ and ©

Equations (3) and (4) define operatiofsand © on pairs of bicentric points.
Here, we shall consider the geometric meaning of these operations. First, note that
one of the points in (2) lies 04> if and only if the other lies o>, since the
transformation(a, b, ¢) — (a, ¢, b) carries each of the equations

afab+bfbc+cfcazoa afac+bfba+cfcbzo

to the other. Accordingly, the discussion breaks into two cases.

Case 1. Iy, not onL®>. Let k,, andk,. be the normalization factors given in
§3. Then the actual directed trilinear distancestif and F,. (to the sidelines
BC,CA, AB) are given by (5). The poinf' that separates the segmeit I,
into segments satisfying

FunF| _ hap
’FFac‘ kac ’
where| | denotes directed length, is then
kac / kab / kackab kabkac
F! + S _avrac po
kab + kac ab kab + kac e kab + kac @ kab + kac “

which, by homogeneity, equals,;, & F,.. Similarly, the point “constructed” as
kac / kab /

kab + kac ab kab + kac e
equalsF,, © F,.. These representations show tigs ® F,,. andF,, © F,. are a
harmonic conjugate pair with respectify, and F..
Case 2. F,;, on L. In this case, the isogonal conjuga'ré(’g1 andF.! lie on
the circumcircle, so that Case 1 applies:

_ _ + + +
Fabl @Facl _ fab fac . fbc fba . fca fcb'
fabfac fbcfba fcafcb
Trilinear multiplication [6] by the centeF;, - F,. gives
Fab@Fac: (F(;bl@Fa_cl)'Fab'Fac'

In like manner.F,;, © F,. is “constructed”.
It is easy to prove that a paf,;, and P,. of bicentric points onZ> are neces-
sarily given by

Pap =bfea — cfoc i cfab — afea : afpe — bfap
for some bicentric pair as in (2). Consequently,
Py ® Pae = gla,b,c) : g(b,e.a) : glc,a,b),
Py © Pye = h(a,b,c): h(b,c,a) : h(c,a,b),
where

gla,byc) = b(fea + feb) — c(foe + foa);
h(a7 b, C) = b(fca - fcb) + C(fba - fbc)~
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Example 4. We start withf,, = ¢/b, so thatF,;, and F,. are the Brocard points,
andP,;, and P, are given by 1st coordinates— & /a anda — b?/a, respectively,
yielding 1st coordinate$2a®> — b*> — ¢?)/a and (b* — ¢?)/a for Py, @ P, and
P, © P,.. These points are the isogonal conjugatex@f (the Parry point) and
X110 (focus of the Kiepert parabola), respectively.
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Some Configurations of Triangle Centers

Lawrence S. Evans

Abstract. Many collections of triangle centers and symmetrically defined trian-
gle points are vertices of configurations. This illustrates a high level of organiza-
tion among the points and their collinearities. Some of the configurations illus-
trated are inscriptable in Neuberg’s cubic curve and others arise from Monge’s
theorem.

1. Introduction

By a configurationC we shall mean a collection gf points andy lines withr
points on each line angllines meeting at each point. This implies the relationship
pq = gr. We then say thakl is a(p,, g-) configuration. The simplest configura-
tion is a point with a line through it. Another example is the triangle configuration,
(32,32) with p = g = 3andq = r = 2. Whenp = g, K is calledself-dual, and
then we must also hawe = r. The symbol for the configuration is now simpli-
fied to read(p,). The smallestns) self-dual configurations exist combinatorially,
when the “lines” are considered as suitable triples of points (vertices), but they can-
not be realized with lines in the Euclidean plane. Usually when configurations are
presented graphically, the lines appear as segments to make the figure compact and
easy to interpret. Only ong¥s) configuration exists, the Fano plane of projective
geometry, and only oné&s) configuration exists, the bbius-Kantor configura-
tion. Neither of these can be realized with straight line segments. For larger n, the
symbol may not determine a configuration uniquely. The sma(lgstconfigu-
rations consisting of line segments in the Euclidean plané%jeand there are
three of them, one of which is the familiar Pappus configuration [4, pp.94—-170].
The number of distinctns) configurations grows rapidly with. For example,
there are 228 differen(tl2;) configurations [11, p.40]. In the discussion here, we
shall only be concerned with configurations lying in a plane.

While configurations have long been studied as combinatorial objects, it does
not appear that in any examples the vertices have been identified with triangle-
derived points. In recent years there has been a resurgence of interest in triangle
geometry along with the recognition of many new special points defined in different
very ways. Since each point is defined from original principles, it is somewhat
surprising that so many of them are collinear in small sets. An even higher level
of relationship among special points is seen when they can be incorporated into
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certain configurations of moderate size. Then the collinearities and their incidences
are summarized in a tidy, symmetrical, and graphic way. Here we exhibit several
configurations whose vertices are naturally defined by triangles and whose lines
are collinearities among them. It happens that the general theory for the first three
examples was worked out long ago, but then the configurations were not identified
as consisting of familiar triangle points and their collinearities.

2. Some configurationsinscriptablein a cubic

First let us set the notation for several triangles. Given a trigiigheth vertices
A, B, andC, let A* be the reflection of vertex in side BC, A, the apex of
an equilateral triangle erected outward B, and A_ the apex of an equilateral
triangle erected inward oBC. Similarly define the corresponding points fBr
andC'. Denote the triangle with verticed*, B*, C* asT* and similarly define
the trianglesI'; andT_. Using trilinear coordinates it is straightforward to verify
that the four triangles above are pairwise in perspective to one another. The points
of perspective are as follows.

| T T T, T_

T H F, F_
T | H J_ Js

T_|F. J. O

Here,O and H are respectively the circumcenter and orthoceritethe isogonic
(Fermat) points, andy. the isodynamic points. They are triangle centers as defined
by Kimberling [5, 6, 7, 8], who gives their trilinear coordinates and discusses their
geometric significance. See also th&th For a simple simultaneous construction
of all these points, see Evans [2].

To assemble the configurations, we first need to identify certain sets of collinear
points. Now it is advantageous to introduce a notation for collinearity. Write
L(X,Y,Z,...)todenote the line containing, Y, Z, .... The key tddentifying
configurations among all the previously mentioned points depends on the observa-
tion thatA* , B, andC_ are always collinear, so we may writ§ A*, B, C_).

One can easily verify this using trilinear coordinates. This is also true for any
permutation of4, B, andC, so we have
(1): the 6linesC(A*, B,,C_), L(A*,B_,Cy), L(B*,C4+,A_),
L(B*,C_,Ay), L(C*, Ay, B_), L(C*, A_, By).

They all occur in Figures 1, 2, and 3. In fact the nine poidis A_, A*,
...themselves form the vertices of%&, 63) configuration.

It is easy to see other collinearities, namely 3 from each pair of triangles in
perspective. For example, triangl&s andT_ are in perspective fror®, so we
have

(I11): the 3linesC(A+,0,A_), L(B4+,0,B_)andL(C,0,C_).
See Figure 2.
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N/
[e) s =
\ =T
1/ A\ — /
/ \ - /
| N - /
_-—X /
— \ /
c- \ /
\ /
\ /
\ /
/
/
/
/
B* /
By

Figure 1. The Cremona-Richmond configuration

2.1 The Cremona-Richmond configuration (153). Consider the following sets of
collinearities of three points:

(l | |) the 3 |ineS£(A, F+, A+), ﬁ(B, F+,B+) andE(C, F+, C+),
(IV): the 3linesC(A,F_,A_), L(B,F_,B_)andL(C,F_,C_);
(V): the 3linesC(A, H, A*), L(B, H,B*) andL(C, H,C*).

The 15 points 4, B, C, A*, B*, C*, Ay, By, Cy, H, F1) and 15 lines inl),
(1), (v), and(V) form a figure which is called the Cremona-Richmond configu-
ration [7]. See Figure 1. It has 3 lines meeting at each point with 3 points on each
line, so it is self-dual with symbd(15;). Inspection reveals that this configuration
itself contains no triangles.

The reader may have noticed that the fifteen points in the configuration all lie
on Neuberg’s cubic curve, which is known to contain many triangle centers [7].
Recently a few papers, such as Pinkernell’s [10] discussing Neuberg'’s cubic have
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Figure 2

appeared, so we shall not elaborate on the curve itself. It has been known for a long
time that many configurations are inscriptable in cubic curves, possibly first noticed
by Schoenflies circa 1888 according to Feld [3]. However, it does not appear to
be well-known that Neuberg'’s cubic in particular supports such configurations of
familiar points. We shall exhibit two more configurations inscriptable in Neuberg'’s
cubic.

2.2 A(183) associated with the excentral triangle. For another configuration, this
one of the typg18;), we employ the excentral triangle, that is, the triangle whose
vertices are the excenters'®f Denote the excenter opposite vertédy [, etc.,

and denote the extriangle d%. TrianglesT andTy are in perspective from the
incenter,/. This introduces two more sets of collinearities involving the excenters:

(VI): the 3linesC(A,1,1,), L(B,1,I,) andL(C, I, 1.);
(VII): the 3linesC(1, A, I.), L(I., B,1,) andL(I,, C, Iy).
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The 18 lines of(l), (11), (V), (VI), (VII) and the 18 points\, B, C, 1,, Iy, 1.,
A*, B*, C*, Ay, By, Cy, O, H, and! form an(183) configuration. See Figure
2. There are enough points to suggest the outline of Neuberg’s cubic, which is
bipartite. The 10 points in the lower right portion of the figure lie on the ovoid
portion of the curve. The 8 other points lie on the serpentine portion, which has an
asymptote parallel to Euler’s line (dashed). For other shapes of the basic triangle
T, these points will not necessarily lie on the same components of the curve.

2.3 A configuration (124,163). Now we define two more sets of collinearities
involving the isodynamic points:

(VI): the 3linesC(A*, J_, Ay), L(B*,J-,B4)andL(C*, J_,Cy);

(IX): the 3linesC(A*, Jy,A_), L(B*, Jy+,B_)andL(C*, J;+,C_).

Among the centers of perspective we have defined so far, there is an additional
collinearity, £(J, O, J_), which is the Brocard axis. See Figure 3.

Figure 3

Using Weierstrass elliptic functions, Feld proved that within any bipartite cubic,
a real configuration can be inscribed which has 12 points and 16 lines, with 4
lines meeting at each point and 3 points on each line [11], so that is, its symbol
is (124,163). Now the Neuberg cubic of a non-equilateral triangle is bipartite,
consisting of an ovoid portion and a serpentine portion whose asymptote is parallel
to the Euler line of the triangle. Here one such inscriptable configuration consists
of the following sets of lines{l), (11), (VIII), (1X), and the line,L(J.,O, J_).
See Figure 3. The three trianglds., T_, andT* are pair-wise in perspective



54 L. S. Evans

with collinear perspectord,, J_, andO. The vertices of the basic triangle are
not in this configuration.

3. A Desargues configuration with triangle centers as vertices

There are so many collinearities involving triangle centers that we can also ex-
hibit a Desargueg103) configuration with vertices consisting entirely of basic
centers. LetK denote the symmedian (Lemoine’s) poim, the center of the
nine-point circle G the centroid,V, the first Napoleon point, anty_ the second
Napoleon point. Then the ten poinks, F_, J, J_, Ny, N_, K, G, H andN,,
form the vertices of such a configuration. This is seen on noting that the triangles
F_Jy N, and F, J_N_ are in perspective fronk with the line of perspective
L(G, Ny, H), which is Euler’s line. See Figure 4. In a Desargues configuration
any vertex may be chosen as the center of perspective of two suitable triangles.
For simplicity we have choseR in this example. Unlike the previous examples,
Desargues configurations are not inscriptable in cubic curves [9].

Figure 4

4. Configurations from Monge's theorem

Another way triangle centers form vertices of configurations arises from Monge’s
theorem [4, 11]. This theorem states that if we have three circles, then the 3 exter-
nal centers of simitudee€s) are collinear and that each external center of simitude
is collinear with two of the internal centers of simitudes. These 4 collinear-
ities form a(4s, 62) configuration,i.e,, a complete quadrilateral with the centers
of similitude as vertices. This is best illustrated by an example. Suppose we have
the circumcircle, the nine-point circle, and the incircle of a triangle. iteof
the circumcircle and the nine-point circle is the centrd@ij,and theirecs is the
orthocenter,H. Theics of the nine-point circle and the incircle &> in Kim-
berling’s list and theecs is Feuerbach’s pointX;;. Theics of the circumcir-
cle and the incircle isX55, and theecs is X55. The lines of the configuration
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are thenl(H, Xs6, X11), L(G, X55, X11), L(G, X556, X12), andL(H, X535, X12).

This construction, of course, applies to any group of three circles related to the
triangle. In the example given, the circles can be nested, so it may not be easy to
see the centers of similitude. In such a case, the radii of the circles can be reduced
in the same proportion to make the circles small enough that they do not overlap.
The ecs’s andics’s remain the same. Thecs of two such circles is the point
where the two common external tangents meet, andcthis the point where the

two common internal tangents meet. When two of the circles have the same radii,
theirics is the midpoint of the line joining their centers and thedis is the point

at infinity in the direction of the line joining their centers.

One may ask what happens when a fourth circle whose center is not collinear
with any other two is also considered. Monge’s theorem applies to each group
of three circles. First it happens that the four lines containing ecl/s them-
selves form g6z, 43) configuration. Second, when the twelve lines containing an
ecs and twoics’s are annexed, the result is(#2, 163) configuration. This is a
projection onto the plane of Reye’s three-dimensional configuration, which arises
from a three-dimensional analog of Monge’s theorem for four spheres [4]. This is
illustrated in Figure 5 with the vertices labelled with the points of Figure 3, which
shows that these twl 2,4, 163) configurations are actually the same even though
the representation in Figure 5 may not be inscriptable in a bipartite cubic. Evi-
dently larger configurations arise by the same process when yet more circles are
considered.

5. Final remarks

We have see that certain collections of collinear triangle points can be knitted to-
gether into highly symmetrical structures called configurations. Furthermore some
relatively large configuratons such as th&;) shown above are inscriptable in low
degree algebraic curves, in this case a cubic.

General information about configurations can be found in Hilbert and Cohn-
Vossen [4]. Also we recommend Coxeter [1], which contains an extensive bibliog-
raphy of related material pre-dating 1950.

The centers here appear in Kimberling [5, 6, 7, 8fasfor n below.

center I G O H N, K Fy F_ Jg J_. N N_
n 1 2 3 4 5 6 13 14 15 16 17 18

While not known by eponymsXis, X55, and X5 are also geometrically sig-
nificant in elementary ways [7, 8].
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On the Circumcenters of Cevasix Configurations

Alexei Myakishev and Peter Y. Woo

Abstract. We strengthen Floor van Lamoen’s theorem that the 6 circumcenters
of the cevasix configuration of the centroid of a triangle are concyclic by giving
a proof which at the same time shows that the converse is also true with a minor
qualification,i.e., the circumcenters of the cevasix configuration of a p6irtre
concyclic if and only ifP is the centroid or the orthocenter of the triangle.

1. Introduction

Let P be a point in the plane of trianglé BC, with tracesA, B’, C’ on the
sidelinesBC', C A, AB respectively. We assume thBtdoes not lie on any of the
sidelines. TriangleABC is then divided by its ceviand A, BB’, CC’ into six
triangles, giving rise to what Clark Kimberling [2, pp.257-260] calleddbesix
configuration of P. See Figure 1. Floor van Lamoen has discovered that when
is the centroid of triangled BC, the 6 circumcenters of the cevasix configuration
are concyclic. See Figure 2. This was posed as a problem iArtieeican Math-
ematical Monthly [3]. Solutions can be found in [3, 4]. In this note we study the
converse.

Figure 1 Figure 2

Theorem 1. The circumcenters of the cevasix configuration of P are concyclic if
and only if P isthe centroid or the orthocenter of triangle ABC.
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2. Preliminary results

We adopt the following notations.

Triangle | PCB’ PC'B  PAC' PA'C PBA" PBA
Notation A(Ay) A(AZ) A(By) A(B-) A(Cy) A(C-)
Circumcenter | Ay A_ By B_ Cy C_
It is easy to see that two of these triangle may possibly share a common circum-
center only when they share a common vertex of trianghC'.

Lemma 2. The circumcenters of triangles APB and APC’ coincide if and only
if P lieson the reflection of the circumcircle in theline BC.

Proof. TrianglesAPB’ and APC’ have the same circumcenter if and only if the
four points A, B’, P, C’ are concyclic. In terms of directed anglesBPC =
/B'PC" = /B'AC' = Z/CAB = —/BAC. See, for example, [£§16-20]. It
follows that the reflection ofl in the line BC' lies on the circumcircle of triangle
PBC, and P lies on the reflection of the circumcircle iIBC. The converse is
clear. O

Thus, if By = C_ andCy = A_, then necessarily’ is the orthocentei,
and alsoA, = B_. In this case, there are only three distinct circumcenters. They
clearly lie on the nine-point circle of triangld BC. We shall therefore assume
P # H, so that there are at least five distinct points in the{skt B, , C. }.

The next proposition appears in [2, p.259].

Proposition 3. The 6 circumcenters of the cevasix configuration of P lie on a
conic.

Proof. We need only consider the case when these 6 circumcenters are all dis-
tinct. The circumcenterd3, and C_ lie on the perpendicular bisector of the
segmentAP; similarly, B_ and C, lie on the perpendicular bisector ¢t4'.

These two perpendicular bisectors are clearly parallel. This meand3tliat

and B_C.. are parallel. SimilarlyC,A_//C_Ay and A, B_//A_By. The
hexagonA,.C_B,A_C,B_ has three pairs of parallel opposite sides. By the
converse of Pascal’'s theorem, there is a conic passing through the six vertices of
the hexagon. O

Proposition 4. The vertices of a hexagon A, C_ B A_C, B_ with parallel oppo-
stesidesB,.C_//CyB_,C1A_//ALC_, Ay B_//B;A_ lieonadcircleif and
only if the main diagonals A, A_, B, B_ and C.C_ have equal lengths.

Proof. If the vertices are concyclic, theA, C_A_C. is an isosceles trapezoid,
andA;A_ = C,C_. Similarly, C; B_C_B. is also an isosceles trapezoid, and
C,C_=ByB_.

Conversely, consider the triang;éY Z bounded by the three diagonals A_,
B.B_ and C,C_. If these diagonals are equal in length, then the trapezoids
A;C_A_C4,CyB_C_By andBLA_B_A, are isosceles. From these we im-
mediately conclude that the common perpendicular bisectal 6f- and A_C



On the circumcenters of cevasix configurations 59

is the bisector of angl&X'Y Z. Similarly, the common perpendicular bisector of
B,C_ and B_C} is the bisector of anglé&(, and that ofA, B_ and A_B the
bisector of angleZ. These three perpendicular bisectors clearly intersect at a point,
the incenter of triangleX'Y Z, which is equidistant from the six vertices of the
hexagon. O

Proposition 5. The vector sum AA’ + BB’ + CC’ = 0 if and only if P isthe
centroid.

Proof. Suppose with reference to triangleBC, the pointP hasabsolute barycen-
tric coordinatestA + vB + wC, whereu + v + w = 1. Then,

1
A= (vB+wC), B' = (wC +uA), C'= (uA +vB).
U+ w w + U U+ v
From these,
AA’' + BB +CC’
=(A+B'+C)-(A+B+0C)
2 2 2

us — ovw vt —wu w~ — Uuv

(w+u)(u+v) A (u+v)(v+w) e (v +w)(w + u) '
This is zero if and only if
u2—vw:212—wu:w2—uv20,
anduy =v =w = % since they are all real, and+ v + w = 1. O
We denote byr,, m, . the orthogonal projections on the lindst, BB’, CC’
respectively.

Proposition 6.

m(AyA_) = —iBB/, T.(AyA_) =1CC,
m.(B4B_) = —1CC/, To(B4+B_) =1AA/, (1)
To(C4C_) = —3AA/, m(C+C_) = sBB/.

Proof. The orthogonal projections of, and A_ on the cevianB B’ are respec-
tively the midpoints of the segmentdB’ and BP. Therefore,

_B+P P+B B -B

1
m(ALA_) = — —-BB.

2 2 2 2
The others follow similarly. O

3. Proof of Theorem 1

Sufficiency part. Let P be the centroid~ of triangle ABC'. By Proposition 4, it is
enough to prove that the diagonals A_, By B_ andC.C_ have equal lengths.
By Proposition 5, we can construct a triangléB*C* whose sides as vectors
B*C*, C*A* and A*B* are equal to the mediansA’, BB’, CC’ respectively.
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Consider the vectoA*Q equal toA ; A_. By Proposition 6, the orthogonal pro-
jections of A, A_ on the two sides”* A* and A*B* are the midpoints of the
sides. This means thg! is the circumcenter of triangld* B*C*, and the length
of A4 A_ is equal to the circumradius of triangf B*C*. The same is true for
the lengths oB,B_ andCC_. The case’ = H is trivial.

Necessity part. Suppose the 6 circumcenters., By, C. lie on a circle. By
Proposition 3, the diagonald, A_, B, B_, andCC_ have equal lengths. We
show thatAA’ + BB’ + CC’ = 0, so thatP is the centroid of trianglel BC by
Proposition 5. In terms of scalar products, we rewrite equation (1) as

A,A_-BB' =-1BB' BB, A/A_.CC' =iCC-CC,
B.B_ CC'=-3CC'-CC/, B B_-AA'=JAA-AA, (2
C;C_-AA' = —1AA'-AA/, C,C_-BB' =1BB'-BB.

From these(B;B_ + C,C_)- AA’ = 0, andAA’ is orthogonal tdB,B_ +
C,.C_. SinceB;B_, andC,C_ have equal lengthsB,B_ + C,.C_ and
B.B_ — C,.C_ are orthogonal. We may therefore wriBe B_ — C.C_ =
kA A’ for a scalark. From (2) above,

EAA'-AA'=(B,B_ - C,C_) - AA’
:%AA’ “AA+ %AA’ -AA’
=AA"-AA’
From this,k = 1 and we have
AA'=B,B_-C,C_.
The same reasoning shows that
BB =C,C_ - A,A_,
CC'=A,A_-B,B_.
Combining the three equations, we have
AA’'+ BB +CC =0.

It follows from Proposition 5 thaP must be the centroid of trianglé BC'.

4. An alternative proof of Theorem 1

We present another proof of Theorem 1 by considering an auxiliary hexagon.
Let £, andL], be the lines perpendicular thA’ at A and A’ respectively; similarly,
Ly, £, andL. andL,,. Consider the points

X, =L.NL, X_=Ly,NnL,
Y+ :Eaﬂﬁlc, Y_ :Ecmﬁév
Zy=LyN L, Z_=L,NL.
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Note that the circumcenterd,, By, C'. are respectively the midpoints of
PX., PYy, PZ.. Hence, the six circumcenters are concyclic if and onl3if,
Y., Z1 are concyclic.

In Figure 3, letzCPA' = ZAPC' = «. Since angle?A’Y_ and PCY_ are
both right angles, the four point8, 4, C, Y_ are concyclic and/ Z, Y_X, =
LAY X, = ZA'PC = «. Similarly, /CPB' = /BPC' = /Y_X,Z_, and
we denote the common measurey

Figure 3

Lemma 7. If the four points X, Y_, Z,, Z_ are concyclic, then P lies on the
median through C.
BP

Proof. Letz = 44 andy = BL.. If the four pointsXy, Y_, Z,, Z_ are con-
cyclic,then/7, 7 X, =aand/Y_Z,7Z_ = (3. Now,

AC’

|BB'|  |ZyZ_|-sind’ sina ||AP||
o sing  sngd  1BO[
|AA!|  |ZyZ_|-sinf’  sinf B

It follows that
|BP| B |AP|

|BB'| - |BC'| - |AA - |AC!|’
and, as a ratio of signed lengths,

BC'
Y (3)
T

ACT
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Now applying Menelaus’ theorem to triangle”C’ with transversald’C B, and
triangle BG A’ with transversalB'C A, we have

AA” PC C'B BB PC (C'A
AP CC' BA ~  B'P CC' AB’
From this, 44 - BC' = 855 AC”, or
BC' AC!

1—x:_1—y' ()

Comparing (3) and (4), we havlle:—z =% (r —y)(x+y—1) = 0. Either
x =yorx+y = 1. Itis easy to eliminate the possibility + y = 1. If P has
homogeneous barycentric coordinates v : w) with reference to trianglel BC,
thenz = - andy = - Thus,z +y = 1 requiresw = 0 and P lies on
the sidelineA B, contrary to the assumption. It follows that= y, and from (3),
(' is the midpoint ofAB, and P lies on the median through. O

The necessity part of Theorem 1 is now an immediate corollary of Lemma 7.

5. Concluding remark

We conclude with a remark on triangles for which two of the circumcenters of
the cevasix configuration of the centroid coincide. Clealy,= C_ if and only
if A, B/, G, C' are concyclic. Equivalently, the image 6funder the homothety
h(A,?2) lies on the circumcircle of trianglel BC'. This point has homogeneous
barycentric coordinates-1 : 2 : 2). Since the circumcircle has equation

a’yz + b2z + Ay = 0,

we have2a? = b? + ¢. There are many interesting properties of such triangles.
We simply mention that it is similar to its own triangle of medians. Specifically,
V3 V3 V3
= —a7 my = —C’ me = _b.
2 2
Editor’s endnote. John H. Conway [5] has located the center of the Van Lamoen
circle (of the circumcenters of the cevasix configuration of the centroid) as

cot? w
12

wheremN is the medial Ninecentet G the centroid K the symmedian point, and
w the Brocard angle of triangld BC'. In particular, the parallel through to the
symmedian lineG K hits the Euler line ilmN. See Figure 4. The poirf’ has
homogeneous barycentric coordinates

(10a* — 13a%(b* + ¢*) + (4b* — 10b%c2 + 4ct) -2 0.

This appears aX;153 of [6].

F=mN + (G- K),

IThis is the point which divide® H in the ratiol : 3.
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Figure 4
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Napoleon Triangles and Kiepert Perspectors
Two examples of the use of complex number coordinates

Floor van Lamoen

Abstract. In this paper we prove generalizations of the well known Napoleon
Theorem and Kiepert Perspectors. We use complex numbers as coordinates to
prove the generalizations, because this makes representation of isosceles trian-
gles built on given segments very easy.

1. Introduction

In[1, XXVII] O. Bottema describes the famous (first) Fermat-Torricelli point of
a triangleABC. This point is found by attaching outwardly equilateral triangles
to the sides ofABC. The new vertices form a triangld B'C’ that is perspective
to ABC, that is,AA’, BB’ andC'C’ have a common point of concurrency, the
perspector ofABC and A’B’C’. A lot can be said about this point, but for this
paper we only need to know that the lindsl, BB’ andCC’ make angles of 60
degrees (see Figure 1), and that this is also the case when the equilateral triangles
are pointed inwardly, which gives the second Fermat-Torricelli point.

lok

Al

B/
Figure 1

B/
Figure 2

It is well known that to yield a perspector, the triangles attached to the sides of
ABC do not need to be equilateral. For example they may be isosceles triangles
with base angl®, like Bottema tells usin [1, XI]. It was Ludwig Kiepert who stud-
ied these triangles - the perspectors with varyinie on a rectangular hyperbola

Publication Date: March 10, 2003. Guest Editor: Dick Klingens.

The Dutch version of this papelapoleons driehoeken en Kieperts perspectors, appeared in
Euclides, 77 (2002) nr 4, 182-187. This issue Biiclides is a tribute to O. Bottema (1901-
1992). Permission from the editors Biiclides to publish the present English version is gratefully
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named after Kiepert. See [4] for some further study on this hyperbola, and some
references. See Figure 2. However, it is already sufficient for the inésB B’,
C'C’ to concur when the attached triangles have oriented angles satisfying

/BAC' = /CAB',  /ABC'=/CBA', /ACB= /BCA.

When the attached triangles are equilateral, there is another nice geometric prop-
erty: the centroids of the triangles A BC', AB'C and ABC' form a triangle that
isequilateral itself, a fact that is known as Napoleon’s Theorem. The triangles are
referred to as théirst and second Napoleon triangles (for the cases of outwardly
and inwardly pointed attached triangles). See Figures 3a and 3b. The perspectors
of these two triangles withl BC are calledirst andsecond Napoleon points. Gen-
eral informations on Napoleon triangles and Kiepert perspectors can be found in
[2, 3,5, 6].

B’

Figure 3a Figure 3b

2. Theequation of alinein the complex plane

Complex coordinates are not that much different from the rectandulay) -
the two directions of the axes are now hidden in one complex number, that we call
the affix of a point. Of course such an affix just exists of a reglgnd imaginary
(v) part - the complex number= p + ¢i in fact resembles the poifip, ¢).

If z = p+ qi, then the numbeE = p — q¢i is called complex conjugate of
z. The combination of andz is used to make formulas, since we do not have
andy anymore! A parametric formula for the line through the poigtend a,
is z = ay + t(az — aq), wheret runs through theeal numbers. The complex
conjugate of this formula is =a; + t(az — a7) . Elimination oft from these two
formulas gives the formula for the line through the points with affixesndas:

z(a1 — ag) — Z(a1 — az) + (a1az — ajaz) = 0.
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3. Isosceles triangle on a segment

Let the pointsA and B have affixes: andb. We shall find the affix of the point
C for which ABC' is an isosceles triangle with base anglend apexC. The
midpoint of AB has affix3 (a + b). The distance from this midpoint @ is equal
to 1| AB|tan ¢. With this we find the affix foiC as

o a;b+itan¢- b;a _ 1—z2tan¢a+ 1+22tanq§b

wherex = 1 + % tan ¢, so thaty + X = 1.

The special case that BC' is equilateral, yields fory the sixth root of unity
(=14+1V3=¢5 =cosZ +isinZ. This number is a sixth root of unity,
because it satisfies

=xa + xb

(% = ¥ = cos 21 + isin 27 = 1.

It also satisfies the identitie® = —1 and¢ - ¢ = ¢ + ¢ = 1. Depending on

orientation one can find two verticé&s that together withA B form an equilateral
triangle, for which we have respectivelty= Ca + Cb (negative orientation) and
¢ = Ca + (b (positive orientation). From this one easily derives

Proposition 1. The complex numbers a, b and c are affixes of an equilateral trian-
gleif and only if
a+ ¢+ Cle=0
for positive orientation or
a+ ¢4 Ce=0
for negative orientation.

4. Napoleon triangles

We shall generalize Napoleon’s Theorem, by extending the idea of the use of
centroids. Napoleon triangles were indeed built in a triangieC' by attaching to
the sides of a triangle equilateral triangles, and taking the centroids of these. We
now start with two trianglesi, B, C for k = 1, 2, and attach equilateral triangles
to the connecting segments between Mg the B's and theC’s. This seems to be
entirely different, but Napoleon’s Theorem will be a special case by starting with
trianglesBC A andC AB.

So we start with two trianglegl, B,C, for k = 1, 2 with affixesay, b and
¢, for the vertices. The centroidg, have affixesy, = %(ak + b + cx). Now
we attach positively orientated equilateral triangles to segméms, B, B, and
C1C5 having As., Bsy, Cs4 as third vertices. In the same way we fiAgl , Bs_,
Cs_ from equilateral triangles with negative orientation. We find as affixes

az+ = Caz + Cay
and

az— = (a1 + Cas,
and similar expressions fés , b3_, c31 andes_. The centroid¥Zs, andZ3;_ now
have affixeszs; = (23 + (21 andzz_ = (z; + (2 respectively, from which we
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Figure 4

see that7, 7,73, and 7, ZyZ5_ are equilateral triangles of positive and negative
orientation respectively.
We now work with the following centroids:
D., Ey andF, of trianglesB;Cy A3, C1 A2 B3, and Ay BoCs, respectively;
D_, E_andF_ of trianglesC, Bs A3, A1CyBs_ andB; A, C5_ respectively.
For these we claim

Theorem 2. Given triangles A, B;C) and points Z; for k = 1, 2, 3+, 3— and
Dy FE, Fy asdescribed above, triangles D, F F'y and D_E_F_ are equilateral
triangles of negative orientation, congruent and parallel, and their centroids coin-
cide with the centroids of 7, Z> 75, and Z1 Z, 75 respectively. (See Figure 4).

Proof. To prove this we find the following affixes

dy = %(b1—|—c2+Ca2 + Cay), d- = %(62—1—01—1—{&1—%2&2),

(e + aj + Cby + Cba),

Wl

(c1 + az + Cby + Cby), e_ =

Wl

€+

f+=%(a1+bz+602+501), f—:%(a2+b1+cc1+662)'

Using Proposition 1 it is easy to show that £, F', andD_E_F_ are equilateral
triangles of negative orientation. For instance, the expression Crel + C2fy
has as ‘coefficient’ ob; the numbe%(l + ¢*¢) = 0. We also find that

dp —er =e_ —d_=((a1 —az) + (b —ba) + (2 — 1),
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from which we see thab, £, and D_FE_ are equal in length and directed oppo-
sitely. Finally it is easy to check tha{d; + ey + f) = 1(21 + 22 + 234) and
2(d- +e_+ f-) = (21 + 22 + z3-), and the theorem is proved. O

We can make a variation of Theorem 2 if in the creation/pft/y F.. we in-
terchange the roles of;, B3, (3, andAs_Bs_Cs_. The roles ofZ3, and Z5_
change as well, and the equilateral triangles found have positive orientation.

We note that if the centroid8; and Z, coincide, then they coincide with;
and Z;_, so thatD, F_F, D_FEF_ is a regular hexagon, of which the center
coincides withZ; and Z5.

Napoleon’s Theorem is a special case. If we tdk8,Cy = BCAandA;ByCs
= CAB, then D, E, F, is the second Napoleon Triangle, and indeed appears
equilateral. We get as a bonus that F¥_F,. D_FE F_ is a regular hexagon.
Now D_ is the centroid ofAAA;z_, that is,D_ is the point onAAs_ such that
AD_ : D_A3_ =1 : 2. In similar ways we findE_ and F_. TrianglesABC
andAs_Bs_(C5_ have the first point of Fermat-Torricelli; as perspector, and the
lines AAs_, BB3;_ andC'C5_ make angles of 60 degrees. From this it is easy to
see (congruent inscribed angles) tiamust be on the circumcircle db_E_F_
and thus also on the circumcircle 6f, £ F,. See Figure 5. In the same way,
now using the variation of Theorem 2, we see that the second Fermat-Torricelli
point lies on the circumcircle of the first Napoleon Triangle.

Asy Bs_

Figure 5
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5. Kiepert perspectors

To generalize the Kiepert perspectors we start with two triangles as well. We
label theseA BC and A’ B’C" to distinguish from Theorem 2. These two triangles
we take to be directly congruent (hendecorresponds tof, etc.) and of the same
orientation. This means that the two triangles can be mapped to each other by a
combination of a rotation and a translation (in fact one of both is sufficient). We
now attach isosceles triangles to segments connecdtiig’ and AB'C’. While
we usually find Kiepert perspectors on a line, for example, frérto the apex
of an isosceles triangle built oBC', now we start from the apex of an isosceles
triangle onA A’ and go to the apex of an isosceles triangle orBar. This gives
the following theorem:

B

A

Al

c///
Figure 6

Theorem 3. Given two directly congruent triangles ABC and A B'C’ with the
same orientation, attach to the segments AA, BB', CC’, CB’, AC’ and BA'
similar isosceles triangles with the same orientation and apexes A’, B”, C”, A",
B" and C". The lines A” A", B"B"" and C"C"" are concurrent, so triangles
A"B"C" and A" B"'C"" are perspective. (See Figure 6).

Proof. For the verticesd, B andC we take the affixes, b andc. Because trian-
glesABC and A’ B'C’ are directly congruent and of equal orientation, we can get
A'B’'C’ by applying onA BC' a rotation about the origin, followed by a translation.
This rotation about the origin can be represented by multiplication by a number
on the unit circle, so thatT = 1. The translation is represented by addition with
a number. So the affixes ofd’, B’ andC’ are the numbersa + o, 76 + o and
TC+ 0.



Napoleon triangles and Kiepert perspectors 71

We take for the base angles of the isosceles triapglgain, and we ley :% +
% tan ¢, so that the affix ford” is (Y + x7)a+ xo. For A” we findyc+ x7b+ xo.
The equation of the linel” A’ we can find after some calculations as

(x@ + x7a — x¢ — x7b)z — (Xa + xTa — Xc — x7b)Z
+(X + x7)a(xe + x7b) + xo(XC + xTb) + XT(X + x7)a
—(x +x7)a(xc + x7b) — Xo(Xc + x7b) — xo (X + XT)a
=0.

In a similar fashion we find foB"” B"”,

(xb + x7b — xa@ — X7¢)z — (Xb + x7b — Xa — x7¢)Z
+(X + x7)b(x@ + X7¢) + xo(xa + X7¢) + Xo (X + x7)b
~(x +x7)b(Xa + x7¢) — Xo(Xa + x7¢) — xo(x + X7)b
=0,

and forC”C",

(

+(X + x7)e(xb + X7a) + xo(xb + X7a) + X (X + Xx7)c
—(x +x7)e(xb + x7a) — Xo(Xb + xTa) — xo(x +X7)¢
=0.
We must do some more effort to see what happens if we add the three equations.

Our effort is rewarded by noticing that the sum gives- 0. The three equations
are dependent, so the lines are concurrent. This proves the theorem. O

X¢+ X7¢ — xb — X7a)z — (xc+ xTec — Xb — xTa)z

We end with a question on the locus of the perspector for varging would
have been nice if the perspector would, like in Kiepert's hyperbola, lie on an equi-
lateral hyperbola. This, however, does not seem to be generally the case.
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On theFermat Lines

Paul Yiu

Abstract. We study the triangle formed by three points each on a Fermat line of
a given triangle, and at equal distances from the vertices. For two specific values
of the common distance, the triangle degenerates into a line. The two resulting
lines are the axes of the Steiner ellipse of the triangle.

1. TheFermat lines

This paper is on a variation of the theme of Bottema [2]. Bottema studied the
triangles formed by three points each onatitude of a given triangle, at equal
distances from the respective vertices. See Figure 1. He obtained many interesting
properties of this configuration. For example, these three points are collinear when
the common distance iR + d, whereR is the circumradius and the distance
between the circumcenter and the incenter of the reference triangle. The two lines
containing the two sets of collinear points are perpendicular to each other at the
incenter, and are parallel to the asymptotes of the Feuerbach hyperbola, the rectan-
gular hyperbola through the vertices, the orthocenter, and the incenter. See Figure
2.

Figure 1 Figure 2

In this paper we consider thHeermat lines, which are the lines joining a vertex
of the given triangled BC to the apex of an equilateral triangle constructed on its
opposite side. We label these trianglB¢§' A., C AB., and ABC,, with ¢ = +1
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for those erected externally, amd= —1 otherwise. There are 6 of such lines,
AA,,BB4,CCy, AA_, BB_,andCC_. See Figure 3. The reason for choosing
these lines is that, far = +1, the three segment$A., BB,, andCC, have equal
lengthsr, given by

1
2 = 5(a2+b2+c2)+e-2\/§A,

wherea, b, ¢ are the side lengths, anfl the area of triangleABC. See, for
example, [1, XXVII.3].

Figure 3

It is well known that the three Fermat linesA., BB,., andCC. intersect each
other at the--Fermat pointf; at60° angles. The centers of the equilateral triangles
BCA,, CAB., and ABC. form thee-Napoleon equilateral triangle. The circum-
circle of thee-Napoleon triangle has radigsand passes through tle ¢)-Fermat
point. See, for example, [5].

2. Thetriangles 7(t)

We shall label points on the Fermat lines by their distances from the correspond-
ing vertices ofABC, positive in the direction from the vertex to the Fermat point,
negative otherwise. Thusl, (¢) is the unique poinX on the positive Fermat line
AF; such thatAX = ¢. In particular,

AE(TE) = Aea Be(Te) = B, CE(TG) = C..

We are mainly interested in the triangl&$¢) whose vertices ard,(t), Be(t),
C(t), for various values of. Here are some simple observations.

(1) The centroid ofAA. A_ is G. This is because the segmentsA_ and BC
have the same midpoint.
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(2) The centers of the equilateral trianglBs’ A, and BC' A_ trisect the seg-
mentA, A_. Therefore, the segment joinind, (%) to the center ofBCA_ is
parallel to the Fermat lind A_. and has midpoing'.

(3) This means thad, (%) is the reflection of thel-vertex of the(—e¢)-Napoleon
triangle in the centroidz. See Figure 4, in which we label, (%) by X and
A_ (%) by X’ respectively.

This is the same for the other two poinfs( %) andCe (5 ).

X/

Ay

Figure 4 Figure 5

(4) It follows that the triangleZ;(% ) is the reflection of thg—e)-Napoleon
triangle inG, and is therefore equilateral.

(5) The circle through the vertices @f( %) and the(—e¢)-Napoleon triangle has

T—e¢

radius—5* and also passes through the Fermat péinSee Figure 5.

SinceGA. (%) = 5=, (see Figure 4), the circle, centdf, radius5<, passes

throughG. See Figure 6A. Likewise, the circle, centst, radius% also passes
throughG. See Figure 6B. In these figures, we label

Vo (B5). Z-A(2E),
VoA (m5), -4 ().

It follows that GY and GZ are perpendicular to each other; so &¥® and
GZ'.




76 P. Yiu

(6) Fore = 1, the lines joining the centroid' to A (=) and A, (™)
are perpendicular to each other. Similarly, the lines joinfRgo E@(TE”“)
and B, (T T‘e) are perpendicular to each other; so are the lines joiding
Ce(TH=2) andCo (=),

Figure 6A Figure 6B

In Figure 6A, since/XGY = /XYG and AXGX' is a parallelogram, the
line GY is the bisector of angle&{GX’, and is parallel to the bisector of angle
AL AA_. If the internal bisector of angld, AA_ intersectsA, A_ at A’, then it
is easy to see that’ is the apex of the isosceles triangle construdtedardly on
BC with base angle> satisfying

T4+ T-
V3(ry - T—)'
Similarly, in Figure 6B, the lin€7 7' is parallel to the external bisector of the same
angle. We summarize these as follows.

cotp = (1)

(7) The lines joiningA (T55=) to A_ (T=5"*) and A4 (5= ) to A_ (=)
are perpendicular ati, and are respectively parallel to the internal and exter-
nal bisectors of anglel, AA_. Similarly, the two lines joiningB, (=5—) to
B_(T=5") and B, (Z%=) to B_(Z£™) are perpendicular &, being parallel
to the internal and external bisectors of angleBB_; so are the lines joining
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C(BF5=) to C_(5=57), and Oy (BH=) to O (Z£7=), being parallel to the

internal and external bisectors of angleCC_.

3. Collinearity

What is interesting is that these 3 pairs of perpendicular lines in (7) above form
the same right angles at the centréid Specifically, the six points

+7- + 71— + 7- +7- +7- +7-
AL (F2), B (), O (P =) A (P ), B (Fg ), O (P )

are collinear with the centroi@ on a line£, ; so are the 6 points

T_ —

3

T+ — T—

3

T+ — T—

3

T+ — T—

3

T— — T4+

™), B(

A (

)7B+( )aC+( )vA*(

on a line£_ throughG. See Figure 7. To justify this, we consider the triangle
Te(t) := Ac(t) Be(t)Cc(t) for varyingt.

(8) Fore = +1, the triangleZ(t) degenerates into a line containing the centroid
Gifand only ift = ZH7< § = +1.

Figure 7
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4. Barycentric coordinates

To prove (8) and to obtain further interesting geometric results, we make use of
coordinates. Bottema has advocated the use of homogeneous barycentric coordi-
nates. See [3, 6]. LaP be a point in the plane of trianglé BC'. With reference
to ABC, the homogeneous barycentric coordinated’adre the ratios of signed
areas

(APBC : APCA: APAB).
The coordinates of the vertek, of the equilateral triangl&C A, for example,
are(—¥342 : Labsin(C + 60°) : Lcasin(B + 60°)), which can be rewritten as
Ay = (=2V3a% : V3(a® + 0% — ) + 440 V3(E + a® — V) +4A).

More generally, foe = +1, the vertices of the equilateral triangles erected on the
sides of triangleA BC are the points

Ac =(—2v3a% : V3(a® + 17 — &) +4elr 1 V3(c? + a® — b) + del)),
B, :(\/§(a2 b2 62) +deN T —2v/3b% \/g(b2 + - CL2) + 4el),
Ce =(VB( +a? — %) + 4es - VBB + ¢ — a?) + 4l : —2V/3cP).

Note that in each case, the coordinate suBtis. From this we easily compute
the coordinates of the centroid by simply adding the corresponding coordinates of
the three vertices.

(9A) Fore = +1, trianglesA. B.C. and ABC have the same centroid.

Sometimes it is convenient to work witbsolute barycentric coordinates. For
a finite pointP = (u : v : w), we obtain the absolute barycentric coordinates by
normalizing its homogeneous barycentric coordinates, namely, by dividing by the
coordinate sum. Thus,

1

= (uA+vB+wC),
u+v+w

providedu + v + w IS nonzero.
The absolute barycentric coordinates of the polrtt) can be easily written
down. For each value df
1
A(t) = —((Te = t) A+t - Ap),
Te
and similarly forB.(t) andC.(t).
This, together with (9A), leads easily to the more general result.

(9B) For arbitraryt, the trianglesZ; () and ABC' have the same centroid.
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5. Areaof 7.(t)

Let X = (1‘1 N 7 x3), Y = (yl Y2 yg) and”Z = (Zl 29 23) be finite
points with homogeneous coordinates with respect to triaddgbe”. The signed
area of the oriented triangl¥Y 7 is

ry T2 I3
Y1 Y2 Y3
Z1 22 Z3
(z1+ 22+ 23)(y1 + Y2 + y3) (21 + 22 + 23)
A proof of this elegant formula can be found in [1, VII] or [3]. A direct application
of this formula yields the area of trianglg(t).

(10) The area of trianglé&:(t) is
3\/§€ <t . Te +7—e> (t . Te — TG> AL

4 3

Statement (8) follows immediately from this formula and (9B).

(11) Z.(t) has the same area A83C if and only ift = 0 or 23=. In fact, the two

trianglesﬁ(%) and T_(%) are symmetric with respect to the centroid. See

Figures 8A and 8B.

Ay
Figure 8A Figure 8B

6. Kiepert hyperbola and Steiner ellipse

The existence of the lin€_ (see§3) shows that the internal bisectors of the
anglesA; AA_, BLBB_, andC.CC_ are parallel. These bisectors contain the
the apexes!’, B, C’ of isosceles triangles constructed inwardly on the sides with
the same base angle given by.( It is well known that4 B’'C’ and ABC are
perspective at a point on the Kiepert hyperbola, the rectangular circum-hyperbola
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through the orthocenter and the centroid. This perspector is necessarily an infinite
point (of an asymptote of the hyperbola). In other words, the finés parallel to
an asymptote of this rectangular hyperbola.

(12) The linesL.. are the parallels throug@ to the asymptotes of the Kiepert
hyperbola.

(13) It is also known that the asymptotes of the Kiepert hyperbola are parallel
to the axes of the Steiner in-ellipse, (see [4]), the ellipse that touches the sides of
triangle ABC' at their midpoints, with center at the centrd@itl See Figure 9.

Ay

Figure 9

(14) The Steiner in-ellipse has major and minor axes of Ien@%&. From
this, we have the following construction of its foci. See Figure 9.

e Construct the concentric circl€s at G throughA ().

e Construct a circl€ with center onZ,. tangent to the circle§;. internally
andC_ externally. There are two such circles; any one of them will do.

e The intersections of the circlé with the line £_ are the foci of Steiner
in-ellipse.

We conclude by recording the homogeneous barycentric coordinates of the two
foci of the Steiner in-ellipse. Let

Q =a*+ v+ — a?? —v?? - Pd®.
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The line£_ containing the two foci has infinite point
I° = ((b—c)(a(a+b+c)— (b? +be+ )
(c—a)(bla+b+c)—(c*+ca+a?)
(a —b)(c(a+b+c)— (a® +ab+b?)
As a vector, this has square len@lQ(f + g/Q), where
f= Z a® — be(d* + ) + a*be(ab + ac — be),

cyclic

g= Z at — be(b? + 2 — a?).

cyclic

- \/é)v
- \/@)7
~VQ)).

Since the square distance from the centroid to each of the fécj@, these two

foci are the points
1
G+ I,

3V2Af +9v/Q)
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Triangle Centers Associated with the Malfatti Circles

Milorad R. Stevanow”

Abstract. Various formulae for the radii of the Malfatti circles of a triangle are
presented. We also express the radii of the excircles in terms of the radii of
the Malfatti circles, and give the coordinates of some interesting triangle centers
associated with the Malfatti circles.

1. Theradii of the Malfatti circles

The Malfatti circles of a triangle are the three circles inside the triangle, mutually
tangent to each other, and each tangent to two sides of the triangle. See Figure 1.
Given a triangleABC, let a, b, ¢ denote the lengths of the sidéx”, CA, AB,

s the semiperimeter] the incenter, and its inradius. The radii of the Malfatti
circles of triangleABC' are given by

Figure 1

" :ﬁ(s—r—(IB—i—IC—IA)),
ry :ﬁ(s_r_(mHA—JB)), 1)
r3:ﬁ(3_r_(m+13—10)).
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According to F.G.-M. [1, p.729], these results were given by Malfatti himself,
and were published in [7] after his death. See also [6]. Another set of formulae
give the same radii in terms af b, c andr:

(IB4+r—(s=b)IC+r—(s—c¢))

"o 2TA+7—(5—a)) ’
. :(IC—l—r—(s—c))(IA—i—r—(s—a)) @
2 2(IB +r— (s —b)) ’
p, A+ — (s —a)(IB+r— (s~ )

20C +r—(s—¢))

These easily follow from (1) and the following formulae that express the radii
ry, 12, 3 in terms ofr and trigonometric functions:

. _(+tand)(I+tan§) r

1+ tan 4 2’

. _(+tan§) (I+tang) r @)
1+ tan 2’

7032(14—‘52111%) (1+tan%) T
1+tan§ 2

These can be found in [10]. They can be used to obtain the following formula
which is given in [2, pp.103-106]. See also [12].

2 1 1 1 1 1 1
= \/+ + 4)

r VT1T2  fTars /7172 riry  Tors  T3ry

2. Exradii in terms of Malfatti radii

Antreas P. Hatzipolakis [3] asked for the exradii r, r. of triangle ABC' in
terms of the Malfatti radir, r2, 3 and the inradius.

Proposition 1.

Tg —T1=

(

’I”b—’l”2:<

3
3
w
3
s,
N~
/N
SN
=
3
V)
~

2
e ©)

3N

Te —T3 =

(

=3 N
3
V)
3
w
N——
/N
3N
Poc)
3
-
—
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Proof. For convenience we write

t1 := tan T to := tan E t3 := tan 1
Note that fromtan (4 + 2 + ¢) = 1, we have
1 —t1 —ty — tg — t1te — tots — tgtq + titats = 0. (6)
From (3) we obtain
2 1t 2
r \Jrars 14t 7
2 1 to 2
- = Ty (7)
r rary 141ty r
2 1tz 2
r Jrirs 14ty 1
For the exradius,, we have
B C 1—t3)(1 —t2
Tq = i 'r:cot—cot—~r:( 2)( 3).7”'
s—a 2 2 4t2t3
It follows that
T (1 —tg)(l —tg) 1
o =(1 4 #5)(1 & £2) - — _
ra =1 =(1+12)(1+15) 2( Utots 1+t
o (L4t1)(1 —t2)(1 — t3) — 2tat3
=(14+to)(1+1t3)- = -
( + 2)( + 3) 2 2t2t3(1+t1)
T 2t1
=(14+t)(1+4t3) =+ —MM— from (6
A+t t) 5 g (from (6))
ot 14ty 14ty 7
14t b ts 2
Now the result follows from (7). O

Note that with the help of (4), the exradij, r,, r. can be explicitly written in
terms of the Malfatti radii, 2, 3. We present another formula useful in the next
sections in the organization of coordinates of triangle centers.

Proposition 2.
1 1 a (l—i—cos%)(l—l—cos%)

T Tq T8 l—i-cosé

3. Triangle centers associated with the M alfatti circles

Let A’ be the point of tangency of the Malfatti circl8sandCs. Similarly define
B’ and(’. It is known ([4, p.97]) that trianglel B'C’ is perspective wittABC'
at thefirst Ajima-Malfatti point X779. See Figure 3. We work out the details here
and construct a few more triangle centers associated with the Malfatti circles. In
particular, we find two new triangle centeFs and P_ which divide the incenter
I and the first Ajima-Malfatti point harmonically.
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3.1 The centers of the Malfatti circles. We begin with the coordinates of the cen-
ters of the Malfatti circles.

Since O divides the segmend], in the ratio AO; : O11, = r1 : rq — 711,
we have%1 = (% — %) A+ % - Ia. With r, = 5 we rewrite the absolute

barycentric coordinates @, along with those o), andOs, as follows.

0] 1 1 —

O (LoD,

T1 T Ta s

O 1 1 —b

R ®
T9 T9 Ty rs

(@) 1 1 —
_3_<___)C_|_s C.[C'
T3 rs3 Te rs

Figure 2
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3.2 Thetriangle center P_. It is clear thatO; 0,03 is perspective withdA BC' at
the incenter(a : b : ¢). However, it also follows that if we consider

A,/:BongOQ, B”ZCOlﬂAO;),, C”:AOQQBOL
then triangleA” B”C" is perspective witA BC' at

1 1 1 1 1 1
P:<2rs<———> —a:2rs(———> —b:2rs(———> —c>
L Ta T2 Th T3 Tec

B (1+cos§)(1+cos%)_l
—<a< 1+cos% 2/ ®)

by Proposition 2. See Figure 2.

Remark. The pointP_ appears in [5] as thfirst Malfatti-Rabinowitz point Xj140.

3.3 Thefirst Ajima-Malfatti point. For the points of tangency of the Malfatti cir-
cles, note thatd’ dividesO,0s in the ratioOxA’ : A’O3 = r5 : r3. We have, in
absolute barycentric coordinates,

1 1 1 1 1 1
<—+—>A/_%+%_E.A+(___>B_|_(___>C;
T9 T3 T9 T3 rs T9 Ty T3 Te
similarly for B’ andC’. In homogeneous coordinates,
W_(e. L 1.1 1
s ' T9 Ty ' T3 Te ’

B’_(i_i;ﬁ;i_l>’ (10)

1 1 1 1 1 1
P:<———:———:———>
71 Teq T2 ™, T3 Te

_ a(1l + cos g)(l + cos %) : b(1 + cos %)(1 + cos %)
1+cos% 1+cos§

(1 +cos %)(1 + cos %)
' 1+cos%

a b c
= : : 11
<(1—|—cos§)2 (l—l—cosg)2 (1—1—005%)2) -
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by Proposition 2. The poinP appears axir9 in [4, p.97], with trilinear coordi-

nates
A B C
N
(sec 7 isect o rsec —4>

computed by Peter Yff, and is named fivat Ajima-Malfatti point. See Figure 3.

Figure 3

3.4 Thetriangle center P,.. Note that the circle through’, B’, C’ is orthogonal

to the Malfatti circles. It is the radical circle of the Malfatti circles, and is the
incircle of O10,03. The linesO, A’, OsB’, O3C" are concurrent at the Gergonne
point of triangleO; O,03. See Figure 4. As such, this is the point given by

111 0, 0, O
(—+—+—>P+:—1 =242

1 T2 3 1 T2 3

1 1 I 1 1 I 1 1 I
:(———>A+—“+(———>B+—b+<———>c+—c

1 Tq Ta T2 Ty Ty T3 Tc Te

1 1 1 1 1 1 I
(i) (D) (3o

1 Ta T9 Ty T3 Te T

1 1 1 1 1 1 1
—<———>A—|—(———)B—I—(———>C+—(aA+bB+cC)

T Tq To T} r3 T 2rs

1 1 1 1 b 1 1
:(——— i>A+<———+—>B+(———+i>C.

L Tq TS ro TR 2rS r3  Te 2rS
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It follows that in homogeneous coordinates,

1 1 a 1 1 b 1 1 ¢
Pp=—— =i — o — — — 4 —

TN re 2rs ro Ty 2rs T3 Te 2rs

(I+cosB)(14+cos§) 1 o
—<a< 1jcosé 2 +§>> (12)

by Proposition 2.

Proposition 3. The points P, and P_ divide the segment 7 P harmonically.
Proof. This follows from their coordinates given in (12), (9), and (11). g

From the coordinates d?, P, and P_, it is easy to see tha®?, and P_ divide
the segmentf P harmonically.

C

Figure 4

3.5. Thetriangle center (). Let the Malfatti circleC; touch the side§’A and AB
atY; and Z; respectively. Likewise, lef; touch AB and BC' at Z, and X5, C3
touch BC andC A at X3 andY3 respectively. Denote by, Y, Z the midpoints
of the segment, X3, Y3Y7, Z1 Z5 respectively. Stanley Rabinowitz [9] asked if
the linesAX, BY, CZ are concurrent. We answer this in the affirmative.

Proposition 4. Thelines AX, BY, C'Z are concurrent at a point ) with homoge-
neous barycentric coordinates

A B C
<tan Z : tan Z . tan Z> . (13)
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Figure 5

Proof. In Figure 5, we have

BX :%(a + BX, — X30)
:% (a—i— 7;—2(8 —b) — 7;—3(8 - c))
:%(a—i- IB — IC)
1

T r
=— | 2RsinA + ——5 — ——
2( sing sin%)

B C B+C
=4 R sin — cos — sin — cos +

2 4 4 4

by making use of the formula
B . C

r= 4Rsin§sinisin5.

Similarly,
B C

1 A
XC = §(a— BX, + X30) = 4Rsin§sin—cos—cos

4 4
It follows that

B _:.. C C
BX _cosgsing tan

=B c = B
XC  sinfcosy tan
Likewise,
A B
CY _ tan 7 and g _ tan 7
YA  tan % ZB  tan % ’

(from (1))

B+C

4
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and it follows from Ceva’s theorem thatX, BY, CZ are concurrent since
BX CY AZ .

In fact, we can easily identify the homogeneous barycentric coordinates of the
intersection® as given in (13) above since thoseXfY, Z are

B
X:(O:tanz :tan%),

A C
Y—(tanz.o.tanz>,

A B
Z—(tanzztan2:0>.

Remark. The coordinates of) can also be written as

- A . B . C
Sll’li ) Sll’li ) SIDE
14+cos2 "1+cosl 1+cos%

2 2

or

a b c
((l—i—cos%)cos% "(1+cosE)cos L (l—i-cos%)cos%).

3.6. The radical center of the Malfatti circles. Note that the common tangent of
C, andCs at A’ passes througl’. This means that! X is perpendicular t@, O3

at A’. This line therefore passes through the incerdtef O;0,03. Now, the
homogeneous coordinates 4fand X can be rewritten as

r a b c
<(1+COS%)(1—|—COS%)(1+COS%) (1+ cos §)? (1+COS%)2>’

b c
X=10: : .
< (1+cosZ)cos 2 (l—i-cos%)cos%)
It is easy to verify that these two points lie on the line

1+cos4 cos B — cos & 1+Cos§ cos 2 1+cosg cos €
(1 +cosg)cos § —cos§)  (LtcosFeos§  (L+cosGeos§

a b c
which also contains the point

a ) b ) c
l—l—cos% ' 1+cos§ ' l—i-cos% '

Similar calculations show that the latter point also lies on the lid&sandC’Z.
It is therefore the incentel of triangleO; 0,03. See Figure 6. This point appears
in [5] as X4s3 , the radical center of the Malfatti circles.
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Figure 6

Remarks. (1) The line joiningQ andI’ has equation

(1 +cosé)(cos§ —cos%)x_i_ (14 cos g)(cos% — cos %)
sin% sing

14 cos §)(cos 4 — cos &

(1+cosGleosd—cosB)
sin%

This line clearly contains the poifitin 4 : sin £ : sin §'), which is the pointX; 74,
the Yff center of congruence in [4, pp.94-95].

(2) According to [4], the triangled B’C’ in §3.3 is also perspective with the
excentral triangle. This is because cevian triangles and anticevian triangles are

always perspective. The perspector

(a((2+cos%+cos§+cos €)% 4 cos 4 (cos® £ + cos®> & — (2+ cos 4)?)) o )

is named thesecond Ajima-Malfatti point Xigy. For the same reason, the triangle
XY Z in §3.5 is also perspective with the excentral triangle. The perspector is the
point

—cos A 1+4+c¢ sé +c sE 1—&—(:0‘E —&—CO‘Q 1—|—cosg
a|—cosg 08 3 08 < 55 53 5 HERR- .

This point and the triangle centé&. apparently do not appear in the current edition
of [5].

Editor’'sendnote. The triangle cente® in §3.5 appears in [5] as theecond Malfatti-
Rabinowitz point X7143. Its coordinates given by the present editor [13] were not
correct owing to a mistake in a sign in the calculations. In the notations of [13], if
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a, (3, ~ are such that
b
sin a = g, sin?f = -, sin’y= E,
S S S
and\ = %(a + B+ v), then the homogeneous barycentric coordinateg afe

(cot(A — @) : cot(A — () : cot(A —7)).
These are equivalent to those given in (13) in simpler form.
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The Lucas Circles and the Descartes Formula

Wilfred Reyes

Abstract. We determine the radii of the three circles each tangent to the cir-
cumcircle of a given triangle at a vertex, and mutually tangent to each other
externally. The calculations are then reversed to give the radii of the two Soddy
circles associated with three circles tangent to each other externally.

1. TheLucascircles

Consider a triangled BC' with circumcircleC. We set up a coordinate system
with the circumcente® at the origin and4, B, C represented by complex numbers
of moduli R, the circumradius. If the lengths of the sidB§’, C A, AB area, b, ¢
respectively, then

CQ

||[A—B||=c and <A,B>:R2—§. (1)
Analogous relations hold for the paifs, C andC, A. Let0 < o < R, and con-
sider the circleC4 («) with center% - A and radiusy. This is internally tangent
to the circumcircle at4, and is the image of under the homothetl(A4,%). See
Figure 1. For real numbers, ~ satisfying0 < 3,7 < R, we consider the cir-
clesCg(B) andCc(y) analogously defined. Now, the circlég(a) andCp(3) are
tangent externally if and only if

HR];O‘A— R;ﬁBH =a+p.
This is equivalent, by a simple application of (1), to
2 o3
(R—a)(R-p)

Therefore, the three circles (a), Cp(5) andCq(7y) are tangent externally to each
other if and only if
9 4R? By 9 4R*ya 9 4R?%af3

TR AR TR R T ER-o®-p P
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These equations can be solved for the ragliz, and~ in terms ofq, b, ¢, and
R. In fact, multiplying the equations in (2), we obtain

SR3afy
abc = .
(R—a)(R—B)(R—7)
Consequently,
Q bc 0 ca 0% ab

R—a 2Ra’ R—B 2R’ R—~ 2Rc
From these, we obtain

be ca ab
O‘_2Ra+bc'R’ ﬁ_2Rb+ca'R’ 7_2Rc+ab'R

Denote byA the area of triangled BC', andh,, hy, h. its three altitudes. We
have2A =a - h, =b- hy = ¢ h.. Sinceabc = 4R/, the expression fa in (3)
can be rewritten as

o abc B 4RN 2N a-hg  he

R 2Ra?+abc 2Ra?2+4RA a2 +2/ a?+a-hy, a-+hg

3)

Therefore, the homothety(A, %) is the one that contracts the square on the side
BC (externally) into the inscribed square on this side. See Figure 1. The same is
true for the other two circles. The three circega), Cp(5), Cc(y) are therefore

the Lucas circles considered in [3]. See Figure 2.

A A
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|
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! N
| // _\\_‘
| - N
| - ~
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| a - N\
: B c
|
|
|

Figure 1 Figure 2
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2. Another triad of circles

A simple modification of the above calculations shows that for positive num-
berso/, 3, v/, the images of the circumcircte under the homothetigg A, —%),

h(B, —%) andh(C, —V—R/) (each tangent t6 at a vertex) are tangent to each other
if and only if

, be ca , ab

_ . /:7. _ .
* T SRa— be R, B 2Rb — ca R 2Rc — ab R

(4)

The tangencies are all external provid28a — bc, 2Rb — ca and2Rc — ab are
all positive. These quantities are essentially the excesses of the sides over the
corresponding altitudes:

b b
9Ra —be = ““(a — hy), 2Rb—ca= %(b— hy), 2Rc—ab= 2(c— hy).

a C

Figure 3

It may occur that one of them is negative. In that case, the tangencies with the
corresponding circle are all internal. See Figure 4.
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Figure 4

3. Inscribed squares

Consider the triad of circles if2. The homothetyh(A, —%) transforms the
square erected oBC' on the same side of into an inscribed square singg" =

—ha . See Figure 5.

az

La

Figure 5 Figure 6

Denote bya; andas the lengths of sides of the two inscribed squares3dr,
under the homothetiels(A, %) andh(A, —%) respectivelyj.e, a; = % - a and
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as = %’ - a. Making use of (3) and (4), we have

1,1 (1L, 1\R_4a R_a_2
ag ay \a oJ)a be a AN hy
This means that the altitudg is the harmonic mean of the lengths of the sides
of the two inscribed squares on the siHé’. See Figure 6.

4. The Descartes formula

We reverse the calculations §31,2 to give a proof of the Descartes formula.
See, [2, pp.90-92]. Given three circles of radji3, v tangent to each other ex-
ternally, we determine the radii of the two Soddy circles tangent to each of them.
See, for example, [1, pp.13-16]. We first seek the radiusf the circle tangent
internally to each of them, theuter Soddy circle. Regard, in equation (3}, a,

b, ¢ as unknowns, and writé for the area of the unknown triangléBC whose
vertices are the points of tangency. Thus, by Heron’s formula,

16A2 = 20%¢% + 2c¢%a® + 2a%0? — a* — bt — ¢4 (5)
In terms of A, (3) can be rewritten as
2/ 2/ 2/
Py N sy MR A s N
or
2(R—a)A 2(R—-pB)A 2(R—7)A
o2 = (R — o) ’ p2 — (R—7) ’ 2= (R —") ' (6)
a B y

Substituting these into (5) and simplifying, we obtain
o’ B2y + 2a8y(By + yo + aB)R
+(8%9? + 72a? + a?B% — 2026y — 207y — 2a8~*)R? = 0.
Dividing throughout byn? 322 - R?, we have

Lol 1 VL 1112 2 2
R? a B )R \a? [ 4 af By o)
SinceR > «, 3,7, we have

171+1+1 2\/1+1+1
R a B = By e af
This is positive if and only if

1 1 1 2 2 2

2 TPTR T B qa
This is the condition necessary and sufficient for the existence of a circle tangent
internally to each of the given circles.
By reversing the calculations #2, the radius of the circle tangent to the three
given circles externally, thisiner Soddy circle, is given by

11+1+1+2\/1+1+1
R a 3 ~» By o af

> 0. (7
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If condition (7) is not satisfied, both Soddy circles are tangent to each of the
given circles externally.
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Similar Pedal and Cevian Triangles

Jean-Pierre Ehrmann

Abstract. The only point with similar pedal and cevian triangles, other than the
orthocenter, is the isogonal conjugate of the Parry reflection point.

1. Introduction

We begin with notation. LedBC be a triangle with sidelengths, b, ¢, or-
thocenterH, and circumcente®. Let K4, Kp, Ko denote the vertices of the
tangential triangleQ 4, Og, O¢ the reflections 0D in A, B, C, andAg, Bg, Cg
the reflections of the vertices ¢f in BC, of Bin CA, and ofC in AB. Let

M* = isogonal conjugate of a poidt;

M = inverse ofM in the circumcircle;

£LL' = the measure, module, of the directed angle of the linds L;

Sa =beeos A = (b + ¢ — a?), with Sz andS¢ defined cyclically;

x : y : z = barycentric coordinates relative to trianglé3C;

I' 4 = circle with diameterK 40 4, with circlesI'g andI'¢ defined cyclically.
The circleI" 4 passes through the poin, Cs and is the locus of/ such that
£BsMCg = —24LBAC. An equation fol 4, in barycentrics, is

254 (a®yz + bz + ay) + (V*cPx + 2¢Scy + 2v°Spz) (z +y + 2) = 0.

Consider a trianglet’ B’C’, where A’, B’, C’ lie respectively on the sidelines
BC,CA, AB. The three circlesiB’'C’, BC'A’, C A’ B’ meet in a pointS called
the Miquel point ofA’B’C’. See [2, pp.131-135]. The poift(or S) is the only
point whose pedal triangle is directly (or indirectly) similarA®B’C"’.

The circled 4, I' g, I'c have a common poirf: the Parry reflection poinfXzgg
in [3]; the three radical axés Ag, T'Bg, T'C's are the reflections with respect to a
sideline of ABC of the parallel to the Euler line going through the opposite vertex.
See [3, 4], and Figure 1 lies on the circlg O, 2R), on the Neuberg cubic, and is
the antipode oD on the Stammler hyperbola. See [1].

2. Similar triangles
Let A’B’'C’ be the cevian triangle of apoifit =p : ¢ : 7.

Lemma 1. The pedal and cevian triangles of P are directly (or indirectly) similar
if and only if P (or P) lieson thethreecircles ABC’, BC'A’, CA'B’.

Proof. This is an immediate consequence of the properties of the Miquel point
above. O

Lemma2. A, B/, C’, P areconcyclic if and only if P lieson thecircle BCH.

Publication Date: April 7, 2003. Communicating Editor: Clark Kimberling.
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Figure 1

Proof. A, B’, C' and P are concyclice £ BPC' = AB'AC' & ABPC =
£BHC < P lies on the circleBCH. O

Proposition 3. The pedal and cevian triangles of P are directly similar only inthe
trivial caseof P = H.

Proof. By Lemma 1, the pedal and cevian trianglesroére directly similar if and
only if P lies on the three circled B'C’, BC'A’, CA’B’. By Lemma 2,P lies on
the three circle8BCH,CAH, ABH. Hence,P = H. O

Lemmad4. A, B',C’, P areconcyclic if and only if P* lieson thecircleT'4.
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Proof. If P =p: q : r, the circle® 4 passing througd, B’, C’ is given by

2 2
2 2 2 c
a‘yz+bzr+cxy—plx+y+ z + z | =0,
Yy y—pl( Yy )<p qy D T)

and its inverse in the circumcircle is the cirdlg given by
(a2(p® — qr) + (1% — A)plg — 1)) (aPyz + B2z + Pay)
— pd*(x+y+2)(E(p+r)y+b(p+q)2) =0.
Since® 4 containsP, its inverse®, containsP. Changing(p,q,7) to (z,y, z)

b2 2

gives the locus of° satisfyingP € ®4. Then changindz, y, z) to (%, 3 %)
gives the locusb 4 of the pointP* such thatP € ®,4. By examination®, =
IT4. O

Proposition 5. The pedal and cevian triangles of P are indirectly similar if and
only if P istheisogonal conjugate of the Parry reflection point.

Proof. By Lemma 1, the pedal and cevian trianglesfofre indirectly similar if
and only if P lies on the three circled B'C’, BC'A’, CA’B’. By Lemma 4,P*
lies on each of the circlelsy, I'g, I'cc. Hence,P* =T, andP = T*. O

Figure 2
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Remarks. (1) The isogonal conjugate 0399 is X113s in [3]: this point lies on the
Neuberg cubic.

(2) We can deduce Lemma 4 from the relatioB’ PC’ — £ B,P*Cs = A BAC,
which is true for every poinf in the plane ofA BC' except the verticed, B, C.

(3) As two indirectly similar triangles are orthologic and as the pedal and cevian
triangles of P are orthologic if and only ifP* lies on the Stammler hyperbola, a
point with indirectly similar cevian and pedal triangles must be the isogonal con-
jugate of a point of the Stammler hyperbola.
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On the Kosnita Point and the Reflection Triangle

Darij Grinberg

Abstract. The Kosnita point of a triangle is the isogonal conjugate of the nine-
point center. We prove a few results relating the reflections of the vertices of
a triangle in their opposite sides to triangle centers associated with the Kosnita
point.

1. Introduction

By the Kosnita point of a triangle we mean the isogonal conjugate of its nine-
point center. The name Kosnita point originated from J. Rigby [5].

Theorem 1 (Kosnhita) Let ABC beatriangle with the circumcenter O, and X, Y,
Z be the circumcenters of triangles BOC', COA, AOB. Thelines AX, BY,CZ
concur at theisogonal conjugate of the nine-point center.

!
V'

Figure 1

We denote the nine-point center By and the Kosnita point byv*. Note that
N*is an infinite point if and only if the nine-point center is on the circumcircle.
We study this special case §5 below. The pointsV and N* appear in [3] asX;
and X5, respectively. An old theorem of J. R. Musselman [4] relates the Kosnita
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point to the reflectionst, B’, C’ of A, B, C in their opposite side8C, CA, AB
respectively.

Theorem 2 (Musselman) The circles AOA', BOB', COC’ pass through the in-
versive image of the Kosnita point in the circumcircle of triangle ABC.

This common point of the three circles is the triangle ceiigg; in [3], which
we denote byQ in Figure 1. The following theorem gives another triad of cir-
cles containing this point. It was obtained by Paul Yiu [7] by computations with
barycentric coordinates. We give a synthetic prodfan

Theorem 3 (Yiu). Thecircles AB'C’, BC'A’, C A’ B’ pass through the inversive
image of the Kosnita point in the circumcircle.

S

25

7=

B ]

Figure 2

On the other hand, it is clear that the circldsBC, B'C A, andC’'AB pass
through the orthocenter of triangkeBC. It is natural to inquire about the circum-
center of theeflection triangle A B’C’. A very simple answer is provided by the
following characterization off B'C’ by G. Boutte [1].
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Theorem 4 (Boutte) Let G be the centroid of ABC. The reflection triangle
A'B’'C" is the image of the pedal triangle of the nine-point center N under the
homothety h(G, 4).

Figure 3 Figure 4

Corollary 5. The circumcenter of the reflection triangle A B'C” is the reflection
of the circumcenter in the Kosnita point.

2. Proof of Theorem 3

Denote byQ the inverse of the Kosnita poid¥* in the circumcircle. By The-
orem 2,(Q lies on the circlesBOB' and COC’. So/B'Q0O = /B’'BO and
/C'Q0 = £C'CO. Since/B'QC" = Z/B'QO + £C'QO0O, we get

/B'QC' =/B'BO + £C'CO
= (£CBB'— ZCBO) + (£BCC' — ZBCO)
=/CBB' + /BCC’ — (/CBO + /BCO)
=/CBB' + /BCC' — (7 — £BOC)
=/CBB'+ /BCC' — 7 + ZBOC.

But we have/CBB' = § — C'andZBCC’ = § — B. Moreover, from the
central angle theorem we gétBOC = 2A. Thus,

‘o’ = (T _ T_B)_—
41.?@(1_(2 C>+(2 B) 7+ 24
=1—-B-C-n+2A=2A-B-C
=3A—-(A+B+C)=3A—m,
and consequently

m—/ZB'QC" =71 — (3A —7) =2r — 3A.
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But on the other hand{ BAC' = Z/BAC = AandZCAB’ = A, so
LB'AC" = 21— (LBAC' + ZBAC + LCAB') = 2n—(A+ A+ A) = 21—3A.

Consequentlyy BPAC’ = 71— /B'QC"’. Thus,Q lies on the circleAB'C’. Similar
reasoning shows tha&} also lies on the circleB®C' A’ andC A’B’.
This completes the proof of Theorem 3.

Remark. In general, if a triangled BC and three pointst, B’, C’ are given, and
the circlesA’ BC, B'C' A, andC’ AB have a common point, then the circlég’'C’,
BC'A’, andCA'B’ also have a common point. This can be proved with some
elementary angle calculations. In our case, the common point of the cif@és,
B'C A, andC’AB is the orthocenter afi BC', and the common point of the circles
AB'C', BC'A',andCA'B’is Q).

3. Proof of Theorem 4

Let Ay, B1, Cq be the midpoints oBC, C A, AB, andA,, Bs, C5 the midpoints
of B1C1, C1 A1, A1 By. Itis clear thatd; BoCs is the image ofABC under the
homothetyh(G, %). Denote byX the image ofAd’ under this homothety. We show
that this is the pedal of the nine-point centéron BC.

Figure 5

First, note thatX, being the reflection ofd; in ByC5, lies on BC. This is
becaused; X is perpendicular taB;Cy and therefore ta3C'. The distance from
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X to A, is twice of that fromA; to BoCs. This is equal to the distance between
the parallel linesB;Cy and BC.

The segmentd, X is clearly the perpendicular bisector & C,. It passes
through the circumcenter of trianglé, B;C1, which is the nine-pointV of tri-
angleABC. It follows that X is the pedal ofV on BC'. For the same reasons, the
images ofB’, C’ under the same homothelh;(G,%) are the pedals oV onCA
and A B respectively.

This completes the proof of Theorem 4.

4. Proof of Corollary 5

It is well known that the circumcenter of the pedal triangle of a péiris the
midpoint of the segmenP P*, P* being the isogonal conjugate &f. See, for
example, [2, pp.155-156]. Applying this to the nine-point cem{gerwe obtain
the circumcenter of the reflection triangleB’C’ as the image of the midpoint of
NN* under the homothety(G, 4). This is the point

N + N*

G+4( —G> —=2(N + N*) — 3G

—2N* + 2N — 3G
—ON* + (O + H) — (2-0 + H)
—2N* — 0,

the reflection ofO in the Kosnita pointV*. Here, H is orthocenter, and we have
made use of the well known facts thitis the midpoint ofO H andG dividesO H
inthe ratioHG : GO =2 : 1.

This completes the proof of Corollary 5.

This point is the pointX; g5 of [3]. Barry Wolk [6] has verified this theorem by
computer calculations with barycentric coordinates.

5. Triangles with nine-point center on the circumcircle

Given a circleO(R) and a point\V on its circumference, lell be the reflec-
tion of O in N. For an arbitrary point” on the minor arc of the circleV(§)
inside O(R), let (i) A be the intersection of thesgment H P with O(R), (i) the
perpendicular taf P at P intersectO(R) at B andC. Then triangleABC has
nine-point centetV on its circumcircleO(R). See Figure 6. This can be shown
as follows. It is clear thaD(R) is the circumcircle of triangled BC'. Let M be
the midpoint of BC' so thatOM is orthogonal toBC and parallel toPH. Thus,
OMPH is a (self-intersecting) trapezoid, and the line joining the midpoints of
PM andOH is parallel toPH. Since the midpoint 0O H is N and PH is or-
thogonal toBC, we conclude thatV lies on the perpendicular bisector 6f\1.
ConsequentyNM = NP = %, and M lies on the circleN(%). This circle is
the nine-point circle of trianglel BC, since it passes through the pedabf A on
BC and through the midpoint/ of BC' and has radiu%.
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Figure 6

Remark. As P traverses the minor arc which the intersectionl\b(fg‘) with the
interior of O(R), the line L passes through a fixed point, which is the reflection of
Oin H.

Theorem 6. Suppose the nine-point center N of triangle ABC' lies on the circum-
circle.

(1) Thereflection triangle A’ B'C’ degenerates into aline L.

(2) If X, Y, Z arethe centersof thecircles BOC, COA, AOB, thelines AX,
BY,CZ areall perpendicular to L.

(3) The circles AOA’, BOB', COC’ are mutually tangent at O. The line
joining their centersisthe parallel to £ through O.

(4) Thecircles AB'C’, BC'A’, C A’ B' pass through O.
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Figure 7 Figure 8

Added in proof: Bernard Gibert has kindly communincated the following results.
Let A; be the intersection of the ling3 A’ and B'C’, and similarly define3; and
C:. Denote, as i1, by @ be the inverse of the Kosnita point in the circumcircle.

Theorem 7 (Gibert). Thelines AA,, BBy, CC4 concur at theisogonal conjugate
of Q.

This is the pointX;,43 in [3]. The points4, B, C, A, B/, C’, O, Q, Ay, By,
C1 all lie on the Neuberg cubic of trianglé BC, which is the isogonal cubic with
pivot the infinite point of the Euler line. This cubic is also the locus of all points
whose reflections in the sides of trianglé3C form a triangle perspective tdBC'.
The pointQ is the unique point whose triangle of reflections has perspector on the
circumcircle. This perspector, called the Gibert paotat,; in [3], lies on the line
joining the nine-point center to the Kosnita point.
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A Note on the Schiffler Point

Lev Emelyanov and Tatiana Emelyanova

Abstract. We prove two interesting properties of the Schiffler point.

1. Main results

The Schiffler point is the intersection of four Euler lines. ILdte the incenter
of triangle ABC'. The Schiffler pointS is the point common to the Euler lines of
trianglesIBC, ICA, IAB, andABC'. See [1, p.70]. Not much is known about
S. In this note, we prove two interesting properties of this point.

Theorem 1. Let A and I; be the circumcenter and A-excenter of triangle ABC,
and A; the intersection of OI; and BC. Smilarly define B; and Cy. The lines
AA;, BB; and CCy concur at the Schiffler point S.

Figure 1

Theorem 2. Let A’, B’, C’ be the touch points of the A-excircle and BC, CA,
AB respectively, and A” the reflection of A’ in B’C’. Smilarly define B” and C”.
Thelines AA”, BB” and CC” concur at the Schiffler point S.

Publication Date: May 16, 2003. Communicating Editor: Paul Yiu.
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We make use of trilinear coordinates with respect to trianglC'. According
to [1, p.70], the Schiffler point has coordinates

1 1 1
(COSB—I—COSC “cosC +cos A’ cosA—i—cosB) '

2. Proof of Theorem 1
We show thatd A; passes through the Schiffler poisit Because
O = (cosA:cosB:cosC) and I =(—-1:1:1),
the lineO1; is given by
(cos B — cos C)ax — (cos C' + cos A) 3 + (cos A + cos B)y = 0.
The line BC' is given bya = 0. Hence the intersection é#/; and BC'is
A1 =(0:cos A+ cosB:cos A+ cosC).

The collinearity of4;, S and A follows from

1 0 0
0 cos A+ cosB cos A+ cosC
1 1 1

cos B+cos C' cos C'+cos A cos A+cos B

cos A+ cosB cosA+cosC
= 1 1

cos C'+cos A cos A+cos B
=0.

This completes the proof of Theorem 1.

Remark. It is clear from the proof above that more generallyPiis a point with
trilinear coordinatesp : ¢ : r), and 4;, By, C; the intersections ofI, with
BC, PI, with CA, PI3 with AB, then the linesAA,, BBy, CC intersect at a

point with trilinear coordmateém L m). If P is the symmedian point,

for example, this intersection is the poiki§; = (ﬁ Lo #,})

3. Proof of Theorem 2
We deduce Theorem 2 as a consequence of the following two lemmas.
Lemma 3. Theline OI; isthe Euler line of triangle A’ B'C".

Proof. Triangle ABC is the tangential triangle off B’C’. It is known that the
circumcenter of the tangential triangle lies on the Euler line. See, for example, [1,
p.71]. It follows thatO1; is the Euler line of triangled B'C". O

Lemma 4. Let A* be the reflection of vertex A of triangle ABC' with respect to
BC, A1 B1C bethetangential triangle of ABC'. Thenthe Euler line of ABC and
line A1 A* intersect line B;C1 in the same point.
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Proof. As is well known, the vertices of the tangential triangle are given by
Ai=(—a:b:¢c), Bi=(a:-b:¢c), Ci=(a:b:—c).

The line B;( is given bycg + by = 0. According to [1, p.42], the Euler line of
triangle ABC' is given by

a(b?* =) (b +* —a?)a+b(c?—a®) (A +a* —b%) B+c(a* —b*) (a* +b*—c?)y = 0.
Now, it is not difficult to see that
A* =(—=1:2cosC : 2cos B)
=(—abc: c(a® +b* — ) : b(c* + a® — b?)).
The equation of the lingl* A; is then

—abe 2c(a? +b% — c2) 2b(c? +a® — b?)
—a b c =0.
e g gl

After simplification, this is
—(b* = A) (B + ¢ — a*)a + ab(a® — b*)B — ac(a® — )y = 0.

Now, the linesB;C4, A* A1, and the Euler line are concurrent if the determinant

0 c b
—(b? — 2)(b? + ¢ — a?) ab(a? — b?) —ac(a? — c?)
aV? = A) (B2 + 2 —a?) b(c?—a?®) (2 +a?-b%) c(a® —b?)(a® +b* — ?)

is zero. Factoring out? — ¢?)(b* + ¢? — a?), we have

0 c b
-1 ab(a? — b?) —ac(a® — ?)
a b(c?—a?)(+a®—-b*) cla®-b*)(a®+b* - )
-1 —ac(a® — %) -1 ab(a? — b?)

+b

T % a @ -v)(a®+ b —?)

=c*((a® = b*)(a* + b* — ) — a®*(a® — %))
—b*(( — a®)( + a® — b%) + a®(a® — b?))
=2 B2 = b%) — b2 - (P — bY)

=0.

a b(c?—a?)(c? +a®—b?)

This confirms that the three lines are concurrent. O

To prove Theorem 2, it is enough to show that the lihd’ in Figure 1 con-
tains.S. Now, triangleA’ B'C’ has tangential triangld BC' and Euler lineO [, by
Lemma 3. By Lemma 4, the ling81;, AA” and BC' are concurrent. This means
that the lineAA” containsA;. By Theorem 1, this line contains.
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Harcourt’s Theorem

Nikolaos Dergiades and Juan Carlos Salazar

Abstract. We give a proof of Harcourt's theorem that if the signed distances
from the vertices of a triangle of sides b, ¢ to a tangent of the incircle are
a1, b1, c1, thenaay + bb1 + cc; is twice of the area of the triangle. We also
show that there is a point on the circumconic with certevhose distances to
the sidelines ofABC are preciselya:, b1, c1. An application is given to the
extangents triangle formed by the external common tangents of the excircles.

1. Harcourt’s Theorem

The following interesting theorem appears in F. G.-M.[1, p.750] as Harcourt’s
theorem.

Theorem 1 (Harcourt) If the distances from the vertices A, B, C to a tangent to
the incircle of triangle ABC are ay, b1, c¢1 respectively, then the algebraic sum
aay + bby + ccy istwice of the area of triangle ABC.

Figure 1

The distances are signed. Distances to a line from points on opposite sides are
opposite in sign, while those from points on the same side have the same sign. For
the tangent lines to the incircle, we stipulate that the distance from the incenter
is positive. For example, in Figure 1, when the tangent lirseparates the ver-
tex A from B andC, a; is negative whileh; andc; are positive. With this sign
convention, Harcourt's theorem states that

aaq + bby + ccp = 2, QD

Publication Date: June 2, 2003. Communicating Editor: Paul Yiu.
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whereA\ is the area of trianglel BC.

We give a simple proof of Harcourt’s theorem by making use of homogeneous
barycentric coordinates with reference to trianglBC'. First, we establish a fun-
damental formula.

Proposition 2. Let ¢ be a line passing through a point P with homogeneous
barycentric coordinates (x : y : z). If the signed distances from the vertices
A, B,Ctoalinel aredy, ds, ds respectively, then

dix + doy +d3zz = 0. (2)

Proof. It is enough to consider the case whéreparatesA from B andC. We
taked; as negative, and,, d3 positive. See Figure 2. i’ is the trace of” on the
side lineBC, it is well known that

APz
PA y+4 2z
A

Figure 2

Sinceﬁfg = Z the distance from!’ to ¢ is
Yy

d, . ydg + Zd3
1= -
y+z
Since*;,fl = 4L = X2 the equation (2) follows. O

Proof of Harcourt's theorem. We apply Proposition 2 to the liné through the
incenter] = (a : b : ¢) parallel to the tangent. The signed distances febni3, C'
tofared, = ay —r,dy = as — r, andds = a3 — r. From these,
aai + bb1 + ccq :a(d1 + T) + b(d2 + ’I”) + C(dg + ’I”)
:(ad1 + bdg + Cdg) + (a +b+ C)’I”
=2/,

sincead; + bds + cd3 = 0 by Proposition 2.
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2. Harcourt’s theorem for the excircles

Harcourt's theorem for the incircle and its proof above can be easily adapted to
the excircles.

Theorem 3. If the distances from the vertices A, B, C to a tangent to the A-
excircle of triangle ABC are a1, by, ¢ respectively, then —aa; + bby + ccp = 2A.
Analogous statements hold for the B- and C-excircles.

Figure 3

Proof. Apply Proposition 2 to the liné through the excentef, = (—a : b : ¢)
parallel to the tangent. If the distances fremB, C to ¢ ared,, d», d3 respectively,
then

—ad1 + bdg + Cd3 =0.
Sincea; = dy + 11, by = dy + r1, cg = d3 + r1, wherery is the radius of the
excircle, it easily follows that

—aaq + bby + cc1 = — a(d1 + 7“1) + b(dQ + ?”1) + C(dg + ?”1)

:(—ad1 + bdy + Cd3) + 'rl(—a +b+ C)

=ri(—a+b+c)

=2A.

O

Consider the external common tangents of the excircles of trianglé’. Let
£, be the external common tangent of tBeandC-excircles. Denote by,1, d.o,
d,3 the distances from thd, B, C to this line. Clearlyd,; = h,, the altitude on
BC. Similarly definef, £. and the associated distances.
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Figure 4

Theorem 4. da2db3dc1 = dagdbldcg.

Proof. Applying Theorem 3 to the tange#t of the B-excircle (respectively the
C-excircle), we have

adgy — bdgs + cdgz =2,

adgy + bdgs — cdgg =2\

From these it is clear thatl,o = cd,3, and

dag . C
ds b
Similarly,
dbg a dcl b
o = and 4 =
Combining these three equations we hadyglsd.; = du3dpides. O

It is clear that the perpendiculars fromto /,, being the reflection of thel-
altitude, passes through the circumcenter; similarly for the perpendicularsBrom
to ¢, and fromC' to /..

Let X be the intersection of the perpendiculars fr@no ¢ and fromC to
£y. Note thatOB andC X are parallel, so ar&C and BX. SinceOB = OC,
it follows that OBXC' is a rhombus, andBX = CX = R, the circumradius
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of triangle ABC'. It also follows thatX is the reflection ofO in the sideBC.
Similarly, if Y is the intersection of the perpendiculars fréhio ¢, and fromA to

L., andZ that of the perpendiculars from to 4, and fromB to ¢,, thenXY 7 is
the triangle of reflections of the circumcent@r As such, it is oppositely congruent
to ABC, and the center of homothety is the nine-point center of triadgb".

3. Thecircum-€llipse with center I

Consider a tangenf to the incircle at a poinf. If the signed distances from
the verticesA, B, C to L areaq, by, c¢1, then by Harcourt's theorem, there is a
point P# whose signed distances to the side§, C A, AB are preciselyy, by,
c1. What is the locus of the poirP# as P traverses the incircle? By Proposition
2, the barycentric equation dfis

a1z + b1y +c1z=0.

This means that the point with homogeneous barycentric coordifrates; : ¢;)
is a point on the dual conic of the incircle, which is the circumconic with equation

(s —a)yz+ (s —b)zz + (s — c)xy = 0. (3)

The pointP# in question has barycentric coordinates; : bb; : cc1). Since
(a1,b1,c1) satisfies (3), if we putx, y, z) = (aaz, bby, cc1), then

a(s —a)yz 4+ b(s — b)zx + ¢(s — ¢)zy = 0.

Thus, the locus of” is the circumconic with perspectda(s — a) : b(s — b) :
c(s —¢)). 1 Itis an ellipse, and its center is, surprisingly, the incertér We
denote this circum-ellipse k. See Figure 5.

O

C
BI\ ]\.\
. b1
/ c1
/

a
Af& pP#

Figure 5

IThis is the Mittenpunkt, the poinXy in [4]. It can be constructed as the intersection of the lines
joining the excenters to the midpoints of the corresponding sides of triahgte.

2In general, the center of the circumcomigz + ¢zx + rzy = 0 is the point with homogeneous
barycentric coordinate®(qg+r —p) : q(r+p—q):r(p+q—71)).
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Let A;, By, C7 be the antipodes of the points of tangency of the incircle with
the sidelines. It is quite easy to see tbﬁt, BY, Cf are the antipodes oA, B, C
in the circum-ellipsec;. Note thatd” B# C# and ABC are oppositely congruent
at I. It follows from Steiner’s porism that if we denote the intersection£ @nd
this ellipse byQ# and R*, then the linesP#Q# and P# R# are tangent to the
incircle at@Q and R. This leads to the following construction &f*.

Construction. If the tangent to the incircle aP intersects the ellips€ at two
points, the second tangents from these points to the incircle intersBttatC;.

2

If the point of tangencyP has coordinateé% Do w—Q),With utvtw =

S s—cC

0, thenP# is the point(“(s;“) . b= C(SJC)). In particular, if£ is the common

tangent of the incircle and the nine-point circle at the Feuerbach point, which has
coordinateg (s — a)(b — ¢)? : (s — b)(c — a)? : (s — ¢)(a — b)?), thenP* is the

point (ﬁ : % : a—fb) This is X1 Of [3, 4]. It is a point on the circumcircle,
lying on the half line joining the Feuerbach point to the centroid of triangh’'.

See [3, Figure 3.12, p.82].

4. Theextangentstriangle

Consider the external common tangénof the excircleg1,) and(1.). Letd,,
da2, dg3 be the distances from, B, C to this line. We have shown th% = -

On the other hand, it is clear th% = % See Figure 6. It follows that
da1 2 dg2 :dgg =be:c(b+c) 1 b(b+ c).
By Proposition 2, the barycentric equation/pis
bex + ¢(b+ c)y + b(b+ ¢)z = 0.
Similarly, the equations of, and/, are
c(e+ a)r + cay + a(c + a)z =0,
b(a + b)x + a(a + b)y + abz =0.

These three external common tangents bound a triangle callestttdmgents tri-
anglein [3]. The vertices are the points

A" =(—a%s : b(c+a)(s —c): cla+b)(s —D)),
B’ =(a(b+¢c)(s —c) : —=b*s : c(a + b)(s — a)),
C' =(alb -+ ¢)(s — b) - ble + a)(s — a) : —~c2s).

Let I be the incenter of the reflection of triangleBC in A. It is clear that the
distances fromA and I/, to ¢, are respectively,, andr. SinceA is the midpoint
of 11, the distance froni to ¢, is 2h, — r.

SThetrilinear coordinates of these vertices givenin [3, p.1§217] are not correct. The diagonal

entries of the matrices should read- cos A etc. and% etc. respectively.
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Figure 6

Now consider the reflection dfin O. We denote this point by. 4 Since the
distances froml andO to ¢, are respectivelgh, — r andR + h,, it follows that
the distance from?’ to ¢, is 2(R + h,) — (2h, — ) = 2R + r. For the same
reason, the distances framto ¢, and/, are als®2R + r. From this we deduce the
following interesting facts about the extangents triangle.

Theorem 5. The extangent triangle bounded by ¢,, ¢;, £,

(1) hasincenter I’ and inradius 2R + r;

(2) is perspective with the excentral triangle at 7;

(3) is homathetic to the tangential triangle at the internal center of similitude
of the circumcircle and the incircle of triangle ABC, the ratio of the ho-
mothety being 22+

Proof. It is enough to locate the homothetic center in (3). This is the point which
dividesI’O in the ratio2R + r : —R, i.e,,

(2R+7r)0—-RR20—-1) r-O+R-I

R+r R+r

the internal center of similitude of the circumcircle and incircle of triangeC'.>
O

9

Remarks. (1) The statement that the extangents triangle has inr&dius r can
also be found in [2, Problem 2.5.4].

(2) Since the excentral triangle has circumcenteand circumradiu®R, it
follows that the excenters and the incenters of the reflections of triahBI€ in
A, B, C are concyclic. Itis well known that sincéBC'is the orthic triangle of the

“This point appears a&4o in [4].
SThis point appears a&ss in [4].
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excentral triangle, the circumcircle dfBC'is the nine-point circle of the excentral
triangle.

(3) If the incircle of the extangents triangle touches its sideX at’, Z respec-
tively, ® then triangleXY Z is homothetic tad BC, again at the internal center of
similitude of the circumcircle and the incircle.

(4) More generally, the reflections of the traces of a pdtin the respective
sides of the excentral triangle are points on the sidelines of the extangents triangle.
They form a triangle perspective withBC' at the isogonal conjugate &f. For ex-
ample, the reflections of the points of tangency of the excircles (traces of the Nagel

point(s —a : s — b : s — ¢)) form a triangle with perspectc(% L2 )

s—b " s—c

the external center of similitude of the circumcircle and the incifcle.
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I sotomic Inscribed Trianglesand Their Residuals

Mario Daldn

Abstract. We prove some interesting results on inscribed triangles which are
isotomic. For examples, we show that the triangles formed by the centroids
(respectively orthocenters) of their residuals have equal areas, and those formed
by the circumcenters are congruent.

1. Isotomic inscribed triangles

The starting point of this investigation was the interesting observation that if
we consider the points of tangency of the sides of a triangle with its incircle and
excircles, we have two triangles of equal areas.

Figure 1

In Figure 1,X, Y, Z are the points of tangency of the incircle with the sidks,
CA, AB of triangle ABC, and X", Y’, Z’ those with the corresponding excircles.
In[2], XY Z and X'Y'Z’ are called the intouch and extouch trianglesdd3C
respectively. That these two triangles have equal areas is best explained by the fact
that each pair of point&’, X’; Y, Y’; Z, Z' are isotomic on their respective sides,
ie.,

BX=X'C, CY=Y'A, AZ=27B. (1)

Publication Date: June 16, 2003. Communicating Editor: Paul Yiu.
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We shall say thaY' Z and X'Y’Z’ are isotomic inscribed triangles. The fol-
lowing basic proposition follows from simple calculations with barycentric coor-
dinates.

Proposition 1. Isotomic inscribed triangles have equal areas.

Proof. Let X, Y, Z be points on the sidelineBC, C A, AB dividing the sides in
the ratios

BX: XC=x:1-2, CY:YA=y:1—y, AZ:ZB=2z:1-z.
In terms of barycentric coordinates with respectBC, we have
X=(1-2)B+2C, Y=(01-y)C+yA, Z=(1-2A+zB. (2)
The area of triangl&X'Y 7, in terms of the ared\ of ABC, is

0 1—=x T
AXYZ =| y 0 1—ylA

1—2 z 0
=(1 - (z+y+2)+ (vy +yz + 22)) A
=(zyz + (1 —2)(1 —y)(1 —=2))A. 3)

See, for example, [4, Proposition 1].XF, Y/, Z’ are points satisfying (1), then

BX': X'C=1-2:2, CY :YA=1-y:y, AZ :ZB=1-z:z, (4)
and

X' =2B+(1-2)C, Y =yC+(1—-y)A, Z'=zA+(1-2)B. (5)

The area of triangl&’Y”’Z’ can be obtained from (3) by replacingy, z by 1 —z,
1 —y, 1 — z respectively. Itis clear that this results in the same expression. This
completes the proof of the proposition. O

Proposition 2. The centroids of isotomic inscribed triangles are symmetric with
respect to the centroid of the reference triangle.

Proof. The expressions in (2) allow one to determine the centroid of triaki§leZ
easily. This is the point

1 l4+y—2A+(Q+z—2)B+(1+z—y)C
3 3 . (6)

On the other hand, with the coordinates given in (5), the centroid of triaxigleZ’
is

Gxyz = (X—l—Y—l—Z) =

L 1—y+2)A+(1-z+2)B+(1—a+y)C
GX/Y’Z’—g(X/—l—Y/—i-Z,)—( Y+ z) ( z+x) ( T +y) .

3
(7)

It follows easily that

1 1
§(GXYZ +Gxryrz) = §(A +B+C) =G,
the centroid of triangled BC'. O
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Corollary 3. Theintouch and extouch triangles have equal areas, and the midpoint
of their centroids isthe centroid of triangle ABC.

Proof. These follow from the fact that the intouch triangle’” Z and the extouch
triangle X'Y’Z’ are isotomic, as is clear from the following data, where, c
denote the lengths of the sidB€”, C A, AB of triangle ABC, ands = %(a+b+c).

BX =X'C =s—, BX' = XC =s—c,
CY =Y'A=s—c, CY'"=YA=s—a,
AZ =7'B=s—a, AZ' =7ZB=s5—b.
O
In fact, we may take
s—b s—c s—a
T = ) y= ) = )
a b c

and use (3) to obtain
2(s—a)(s—b)(s—c¢)
abc

Let R andr denote respectively the circumradius and inradius of triadgbe'.
Since/A = rsand

AXYZ =NANX'Y'Z = A.

_abc _(s—a)(s—=b)(s—c¢)
k= N = S ’

we have ,
A,
2R

If we denote byA, and A, the points of tangency of the linBC' with the B-
and C-excircles, it is easy to see thdt and A. are isotomic points oiBC'. In
fact,

ANXYZ =NXY'Z =

BA,=A.C=s, BA.=A,C=—(s—a).

Similarly, the other points of tangendy., B,, C,, C}, form pairs of isotomic points
on the linesC' A and A B respectively. See Figure 1.

Corollary 4. Thetriangles 4,B.C, and A.B,C} have equal areas. The centroids
of these triangles are symmetric with respect to the centroid G of triangle ABC.

These follow becausd, B.C, and A.B,C, are isotomic inscribed triangles.
Indeed,

BAy: AyC=s:—(s—a)=1+2"2. "% _ A, AB,
a a
—b —b
CBC:BCA:82—(8—b):1—|—Sb :—Sb = AB, : B,C,
AC’a:C'ast:—(s—c)zl—l—S;C:—Szc:BCb:CbA.

Furthermore, the centroids of the four triangl&%” 7, X'Y'Z’, A,B.C, and
A.B,C) form a parallelogram. See Figure 2.
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Figure 2

2. Triangles of residual centroids

For an inscribed triangl&X'Y Z, we call the triangleAY Z, BZX, CXY its
residuals. From (2, 5), we easily determine the centroids of these triangles.

1

Gavz =3(2+y —2)A+ 2B+ (1 -y)0),
1

Gpzx Zg((l —2)A+ (24 z—z)B+2C),

1
Goxy Zg(?/A +(1—=2)B+ (2+z—y)C).

We call these the residual centroids of the inscribed triatigie” .
The following two propositions are very easily to established, by making the
interchanges$z,y,2) < (1 —z,1 —y,1 — 2).

Proposition 5. The triangles of residual centroids of isotomic inscribed triangles
have equal areas.

Proof. From the coordinates given above, we obtain the area of the triangle of
residual centroids as

1 24+y—=z z 1—y
77 11—z 24z—-x x A
Y 1-x 24—y

1
=§(S—x—y—z+xy+yz+zx)A

zéa +ayz + (1 —2)(1 - y)(1 - 2))A
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By effecting the interchangds, y,z) < (1 — 2,1 —y,1 — z), we obtain the area
of the triangle of residual centroids of the isotomic inscribed triadg¥ Z’. This
clearly remains unchanged. O

Proposition 6. Let XY Z and X'Y’Z' be isotomic inscribed triangles of ABC.
The centroids of the following five triangles are collinear:

e (G of triangle ABC,

e Gxyz and Gx/yz of theinscribed triangles,

e G and G’ of the triangles of their residual centroids.
Furthermore,

GXYZ@Z@GIG/G\;I/G\;GX/Y/Z/:l:2:221.

A

Figure 3

Proof. The centroid? is the point
~ 1
G= 5((3 +2y —22)A+ (34 2z —2x)B + (3 + 2z — 2y)C).

We obtain the centroi@” by interchangindz,y, z) < (1—z,1—y,1—z). From
these coordinates and those given in (6,7), the collinearity is clear, and it is easy to
figure out the ratios of division. O

3. Triangles of residual orthocenters

Proposition 7. The triangles of residual orthocenters of isotomic inscribed trian-
gles have equal areas.

See Figure 4. This is an immediate corollary of the following proposition (see
Figure 5), which in turn is a special case of a more general situation considered in
Proposition 8 below.



130 M. Dalcin

Proposition 8. Aninscribed triangle and itstriangle of residual orthocenters have
equal areas.

Figure 4 Figure 5

Proposition 9. Given atriangle ABC, if pairs of parallel lines £; 5, £1¢ through
B, C, Loc, Lo4 through C, A, and L34, L3p through A, B are constructed, and
if

P, = Lsc N L3p, Py = L34N Lic, P.=LipNLaa,
then the triangle P, P, P, has the same area astriangle ABC.

Proof. We writeY = LocN L34 andZ = Lo4 N L3p. Consider the parallelogram
AZP,Y in Figure 6. If the pointsB andC divide the segment& F, andY P, in
the ratios
ZB:BP,=v:1—w, YC:.CP,=w:1—w,
then it is easy to see that
1+ow

Area(ABC) = -Area(AZP,Y). (8)

Py

Pa

Figure 6

Now, P, and P, are points oMY and AZ such thatBF. andC P, are parallel.
If
YP:PA=v:1-7, ZP.:PA=w:1—-u,
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then from the similarlity of triangle®Z F. and B,Y C, we have
ZB:ZP.=YPB,:YC.
This means that : w' = v : w andv'w’ = vw. Now, in the same parallelogram
AZP,Y, we have
1+ v
2
From this we conclude that, P, P. and ABC have equal areas.

Area(P,P,P,) = - Area(AZP,Y).

4. Triangles of residual circumcenters

Consider the circumcircles of the residuals of an inscribed triaAgieZ. By
Miquel’s theorem, the circledY 7, BZ X, andC XY have a common point. Fur-
thermore, the centeig,, O,, O, of these circles form a triangle similar #BC.
See, for example, [1, p.134]. We prove the following interesting theorem.

Theorem 10. The triangles of residual circumcenters of the isotomic inscribed
triangles are congruent.

Figure 7A Figure 7B

We prove this theorem by calculations.

Lemmall. Let X,Y, Z bepointson BC, CA, AB such that
BX : XC=w:v, CY:YA=u.:w, AZ:ZB=wv:u.

The distance between the circumcenters O, and O, is the hypotenuse of a right
triangle with one side 5 and another side

(v —w)(up + v) (ue +w)a? + (v + w)(w — ue) (up + v)b* + (v + w)(w + ue) (up — v)c?

8A (up + v) (v + w)(w + ue) S

9)
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Proof. The distance betweef, andO,. along the side5C is clearlys. We calcu-
late their distance along the altitude &€'. The circumradius oBZ X is clearly
Ry, = 2% The distance of), aboveBC is

~ 2sinB°
ZXcosBZX 2BZ-ZXcosBZX BZ?+ 7ZX? - BX?

Rycos BZX =

2sinB ABZ sin B N 4BZ sin B
_ BZ?+ BZ?+ BX? —2BZ - BX cos B — BX?
N ABZ sin B
BZ-BXcosB ¢(BZ— BX cos B)
- 2sin B - 4N\ @
c(u;‘j’rvc— UjfwacosB)
AN @

up(v + w)2c? — w(up + v)(c? + a® — b?)
a
8A(up + v)(v + w)
(up + v)w(a® — b%) + (2upv + upw — vw)c?

- 8A(u, +0)(v + w) 4

By making the interchangés— c, v < w, andu, < u., we obtain the distance
of O. above the same line as

—(ue + w)v(a® — &) + (2uew + ucv — vw)b?
8A(ue + w) (v + w)
The difference between these two is the expression given in (9) above.

- a.

Consider now the isotomic inscribed triangtéY”’Z’. We have

BX': X'C =v: w,
vw

CY' :Y'A=w:u.=— :v,

Ue
AZ’:Z'B:ub:v:w:@.
Up

Let O; and O, be the circumcenters d8Z' X’ and CX'Y’. By making the
following interchanges

vw vw
V<= w, ub<—>—u, uCH—u
b c

in (9), we obtain the distance betweehandO,, along the altitude oBC as

(w—v)(22 +w) (%2 +v)a® + (v +w)(v —

Y Fwb? + (v +w) (v + (5 - w)e?

8A(%E +w)(vc+ w)(v+ 3%)
(w—v)(v +up) (W + uc)a® + (v + w)(ue — w) (v + up)b? + (v + w)(w + ue) (v — up)c? Ly
8A(v + up) (v + w)(ue + w)

- a

Except for a reversal in sign, this is the same as (9).
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From this we easily conclude that the segmeniS. andO; 0., are congruent.
The same reasoning also yields the congruence®.0f,, O.O., and of 0,0,

0,0;. It follows that the triangles),0,O. and O, 0; 0., are congruent. This
completes the proof of Theorem 9.

5. I'sotomic conjugates

Let XY Z be the cevian triangle of a poit, i.e, X, Y, Z are respectively
the intersections of the line paisP, BC; BP, CA; CP, AB. By the residual
centroids ( (respectively orthocenters, circumcentersy oive mean those of its
cevian triangle. If we construct poin§, Y, Z’ satisfying (1), then the lined X’,
BY’, CZ' intersect at a poinP’ called the isotomic conjugate @t. If the point

P has homogeneous barycentric coordindtesy : z), thenP has homogeneous

barycentric coordinateé% : i : %) All results in the preceding sections apply to

the case whelX'Y Z and X'Y’Z’ are the cevian triangles of two isotomic conju-
gates. In particular, in the case of residual circumcentefd iabove, if XY 7 is
the cevian triangle of” with homogeneous barycentric coordinates: v : w),
then

BX : XC=w:wv, CY:YA=u:w, AZ :ZB=wv:u.

By puttingu, = u. = u in (9) we obtain a necessary and sufficient condition for
the line O, O, to be parallel taBC', namely,

(v—w)(utv) (utw)a® + (v+w)(w—u)(utv)b* + (v+w) (w+u)(u—v)c? = 0.
This can be reorganized into the form
(b + —a®)u(v® —w?) + (A +a* =) v(w? —u®) 4+ (a® +b* — A)w(u? —v?) = 0.

This is the equation of the Lucas cubic, consisting of poiftr which the line
joining P to its isotomic conjugate” passes through the orthocentdr The
symmetry of this equation leads to the following interesting theorem.

Theorem 12. Thetriangle of residual circumcenters of P is homothetic to ABC
if and only if P lies on the Lucas cubic.

It is well known that the Lucas cubic is the locus of poiitwhose cevian
triangle is also the pedal triangle of a poit In this case, the circumcircles of
AY Z, BZX andCXY intersect at), and the circumcenterg,, O, O, are the
midpoints of the segmentd@, BQ, CQ. The triangleO, 0,0, is homothetic to
ABC atQ.

For example, ifP is the Gergonne point, thef, 0,0, is homothetic tcaABC
at the incenter. The isotomic conjugate aP is the Nagel point, and), O, O, is
homothetic toABC at the reflection of in the circumcente©.
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The M-Configuration of a Triangle

Alexei Myakishev

Abstract. We give an easy construction of poims, B., C, on the sides of a
triangle ABC such that the figure M patBC, A, B,C consists of 4 segments

of equal lengths. We study the configuration consisting of the three figures M of
a triangle, and define an interesting mapping of triangle centers associated with
such an M-configuration.

1. Introduction

Given a triangleA BC, we consider pointgl, on the lineBC, B, on the half
line CA, andC, on the half lineBA such thatBC, = C, A, = A,B, = B,C. We
shall refer toBC, A, B.C as M,, because it looks like the letter M when triangle
ABC is acute-angled. See Figures la. Figure 1b illustrates the case when the
triangle is obtuse-angled. Similarly, we also haveavid M.. The three figures
Mg, My, M, constitute the M-configuration of triangléBC'. See Figure 2.

Ay Ac
Figure 1a Figure 1b Figure 2

Proposition 1. Thelines AA,, BB,, CC, concur at the point with homogeneous
barycentric coordinates

111
<cosA "cosB cosC) '
Proof. Let [, be the length ofBC, = C, A, = A,B, = B,C. ltis clear that
the directed lengttBA, = 2[, cos B andA,C = 2l,cosC, andBA, : A,C =
cos B : cosC. For the same reaso/B, : ByA = cosC : cos A and AC, :
C.B = cos A : cos B. It follows by Ceva'’s theorem that the linés4,,, BB,, CC,
concur at the point with homogeneous barycentric coordinates given aboize.

Publication Date: June 30, 2003. Communicating Editor: Paul Yiu.
The author is grateful to the editor for his help in the preparation of this paper.

This point appears in [3] a¥ys.
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Remark. Since2l, cos B+2l,cos C = a = 2R sin A, whereR is the circumradius
of triangle ABC,

a Rsin A Rcos%

= = = . 1
2(cos B+cosC)  cos B+cosC  cos B5¢ @

For later use, we record the absolute barycentric coordinatds, @, C, in
terms ofl,,:

A, :%(COSC' B+ cosB- (),

Ba=(la- A+ (b= 1,)C), @
c, :é(za A+ (c—1a)B).

2. Construction of M,

Proposition 2. Let A’ be the intersection of the bisector of angle A with the cir-
cumcircle of triangle ABC.

(a) A, istheintersection of BC with the parallel to AA through the orthocenter
H.

(b) B, (respectively C,) is the intersection of C' A (respectively BA) with the
parallel to C' A’ (respectively B A’) through the circumcenter O.

Figure 3a Figure 3b

Proof. (a) Theline joining4, = (0: cosC : cos B)to H = (24 : 2= : )
has equation

0 cosC cosB

a b c =0
cos A cos B cos C' :

T Y z
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This simplifies to
—(b—c)xcos A+ a(ycos B—zcosC) = 0.
It has infinite point
(—a(cos B+cosC) :acosC — (b—c)cosA: (b—c)cos A+ acos B)
=(—a(cos B+ cosC) : b(1 —cos A) : ¢(1 — cos A)).

It is clear that this is the same as the infinite pdir(b + ¢) : b : ¢), which is on
the line joining A to the incenter.

Figure 4

(b) Let M be the midpoint ofBC, andY’, Z the pedals of3,, C, on BC'. See
Figure 4. We have

OM :% cot A = l,4(cos B + cos C) cot A,
CuoZ =l,sin B,
MZ :g —lgcos B =lg(cos B+ cosC) —l,cos B=1,cosC.

From this the acute angle between the i€ and BC has tangent ratio
CoZ —OM  sin B — (cos B + cos C) cot A

MZ cos C'
_ sin Bsin A — (cos B + cos (') cos A
B cos C'sin A
~ —cos(A+B) —cosCcosA  cosC(1l —cosA)
N cos C'sin A ~ cosCsinA
:1—cosA :tané.
sin A 2

It follows thatC,O makes an anglé with the line BC, and is parallel taB A'.
The same reasoning shows tHt0 is parallel toC A’. O
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3. Circumcentersin the M-configuration

Note that£B,A,C, = ZA. ltis clear that the circumcircles d$, A,C, and
B,AC, are congruent. The circumradius is
la ly R

= == 3
“ 2sin(%—§) 2005% 2COSB;20 ®)

from (1).

Proposition 3. The circumcircle of triangle AB,C, contains (i) the circumcenter
O of triangle ABC, (ii) the orthocenter H, of triangle A,B,C,, and (iii) the
midpoint of thearc BAC.

Proof. (i) is an immediate corollary of Proposition 2(b) above.

N /A

Figure 5

(ii) Let H, be the orthocenter of trianglé, B,C,. It is clear that
/B,H,Cy =7 — /By,A,Cy =7 — ZBAC = 7 — Z/C,AB,.

It follows that H,, lies on the circumcircle oAB,C,. See Figure 5. Since the
triangleA, B, C, isisoscelesB,H, = C,H,, and the poinf, lies on the bisector
of angleA.

(iii) Let A” be the midpoint of the arB AC'. By a simple calculationy/ AA’O =
T — 1B -0C|. Also, ZAC,0 = % + §|B — C|.  This shows thal” also lies on
the circleAB,OC,,. O

The pointsB, andC,, are therefore the intersections of the cir€lel A’ with
the sidelinesAC and AB. This furnishes another simple construction of the figure
M,.

2ThisisC + 2if C > BandB + 4 otherwise.



The M-configuration of a triangle 139

Remarks. (1) If we take into consideration also the other figurgsad M., we
have three triangled B,C,, BCy A, C A.B. with their circumcircles intersecting
ato.

(2) We also have three triangles B,Ca, A, ByCy, A:.B.C. with their ortho-
centers forming a triangle perspective WHIBC' at the incenter.

Proposition 4. The circumcenter O, of triangle A,B,C, is equidistant from O
and H.

Figure 6

Proof. Construct the circle throug® and H with center@ on the lineBC. We
prove that the midpoinP of the arcO H on the opposite side @ is the circum-
centerQ,, of triangle A, B,C,. See Figure 6. It will follow that), is equidistant
from O and H. Let N be the midpoint oflOH. Suppose the lind’Q) makes an
angleyp with BC. Let X, Y, andM be the pedals off, N, O on the lineBC.

SinceH, X, @, N are concyclic, and the diameter of the circle containing them
isQH = Sjl\;); = QSﬁW' This is the radius of the circl®@ PH.

By symmetry, the circlé) PH contains the reflectiof’ of H in the line BC.

1 1 1 1
/HH'P = EAHQP = EAHQN = EAHXN = §]B - CI.

Therefore, the angle betweéfi P and BC is 5 — 3|B — C|. It is obvious that
the angle betweeA,O, and BC is the same. But from Proposition 2(a), the angle
betweenH A, andBC' is the same too, so is the angle between the refleéfiofy,
andBC. From these we conclude that, A,, O, andP are collinear. Now, lef
be the pedal o on BC.
Pz Pssi
AP — : _ Ql sinp 1R _R,.
cosz(B—-C) cosz(B—C) 2cosz(B—C)
Therefore,P is the circumcente®, of triangle A, B,C,,. O
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Applying this to the other two figures Mand M., we obtain the following re-
markable theorem about the M-configuration of trianglBC'.

Theorem 5. The circumcenters of triangles A, B,C,, AyByCy, and A.B.C. are
collinear. The line containing them is the perpendicular bisector of the segment
OH.

Figure 7

One can check without much effort that in homogeneous barycentric coordi-
nates, the equation of this line is

sin3A4 sin 3B sin3C
sinAac sinBy sinCZ_

4. A central mapping

0.

Let P be a triangle center in the sense of Kimberling [2, 3], given in homoge-
neous barycentric coordinatég(a,b,c) : f(b,c,a) : f(c,a,b)) wheref = fp
satisfiesf(a,b,c¢) = f(a,c,b). If the reference triangled BC' is isosceles, say,
with AB = AC, thenP lies on the perpendicular bisector BIC and has coordi-
nates of the fornfgp : 1 : 1). The coordinate depends only on the shape of the
isosceles triangle, and we express it as a function obéise angle. We shall call
g = gp theisoscelized form of the triangle center functioif-. Let P* denote the
isogonal conjugate aP.

Lemma®6. gp«(B) = 4;??129})3-

Proof. If P = (gp(B) :1: 1) for anisosceles triangld BC with B = C, then

) 2
P* = (sm A :sin? B : sin23> = (4COS B i1 1)
gp(B) gp(B)
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sincesin® A = sin?(7 — 2B) = sin? 2B = 4sin® B cos? B. O

Here are some examples.

Center fp gp
centroid 1 1
incenter a 2cos B
circumcenter  a?(b? + 2 —a?) —2cos2B
1 —2cos? B
orthocen.ter G A
symmedian point a? 4cos’ B
: 1 B

Gergonng point — Toosh
Nagel point s—a locos
Mittenpunkt a(s —a) 2(1 — cos B)
Spieker point b+ c TT7cosB
X5 a’(s — a) 4cos B(1 — cos B)
X a? 4cos® B

56 s—a %—cong
Xs7 = —cos B

Consider a triangle center given by a triangle center function with isoscelized
form g = gp. The triangle center of the isosceles trianglgB A, is the pointF, ;,
with coordinates(g(B) : 1 : 1) relative toC,BA,. Making use of the absolute
barycentric coordinates of,, B,, C, given in (2), it is easy to see that this is the
point

B B)(c— 2 2
(g( )la : 9(B)(c ~ la) +1+ ﬁcosC: ﬁcosB) .
c c a a

Pab:

)

The same triangle center of the isosceles triarigjld,C' is the point

P,.= (g(C’)la : % cosC': 79(0)(17 —la) + % cos B + 1> .
’ b a b a
Itis clear that the line$3 F, , andC'F, . intersect at the point
P g(B)g(C)2 2g(B)l2cosC  2g(C)i%cos B
“ be ’ ca ’ ab
= (ag(B)g(C) : 2bg(B) cos C : 2¢g(C) cos B)

 (fB6(C)  1oB)  50))
2cos BcosC  cosB  cosC

Figure 8 illustrates the case of the Gergonne point.

In the M-configuration, we may also consider the same triangle center (given
in isoscelized formyp of the triangle center function) in the isosceles triangles .
These are the poirf, ., P, 4, Pe o, Pep. The pairs of line'F, ., AP, , intersect-
ing atP, andAPF, ,, BP, intersecting aF.. The coordinates aof}, and P, can be
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Figure 8

written down easily from those a®,. From these coordinates, we easily conclude
that thatP, P, P, is perspective with trianglel BC' at the point

cosA = cosB ~ cosC
=(gp(A)tan A : gp(B)tan B : gp(C)tan C).

()= () br B cor(€))

Proposition 7. ®(P*) = ®(P)*.
Proof. We make use of Lemma 6.

O(P*) =(gp+(A)tan A : gp«(B)tan B : gp=(C) tan C)

4cos? A 4cos? B 4cos?C )
= —tand: ——tan B : tan C
( gpr(A) gp(B) gr(C)
([ sin?A sin®B sin®C
~ \gp(A)tan A " gp(B)tan B~ gp(C)tanC

—(P)*.

We conclude with some examples.
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P d(P) P* (P*) = ®(P)*
incenter incenter

centroid orthocenter symmedian point circumcenter
circumcenter Xoy orthocenter Xes

Gergonne point Nagel point  Xs5 X5

Nagel point X118 X6 X259 = Xik118
Mittenpunkt X34 X57 X7g = X§4

For the Spieker point, we have

tan A tan B tan C
ot - )

1+2cosA : 1+2cosB : 1+2cosC

1
_(a(b2+62_a2)(b2+62_a2+b6) D > .
This triangle center does not appear in the current edition of [3].

Remark. For P = Xg, the Nagel point, the poin®, has an alternative description.
Antreas P. Hatzipolakis [1] considered the incircle of triandlBC' touching the
sidesCA and AB atY and Z respectively, and constructed perpendiculars from
Y, Z to BC intersecting the incircle again & andZ’. See Figure 9. It happens
thatB, Z’, P, ; are collinear; so ar€',Y’, P, .. Therefore, BZ’ andCY” intersect

at P,. The coordinates of” andZ’ are

Y =(a*(b+c—a)(c+a—0b):(a®+b* =) : (b+c)*(a+b—c)(c+a—D)),
Z =(@*(b+c—a)a+b—c): (b+c)*(c+a—-Db)(a+b—c): (a® —b* +2)?).

B IS

>

/
,

l

Figure 9
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The linesBZ’ andCY” intersect at
B 9 . (a2+62762)2 . (a2*b2+62)2
Pa_(a (b+e—a): cta—-b =~ a+b-c

B a*(b+c—a) ) 1 ) 1
T\ (a2 =02+ e2)2(a2 + b2 —c2)2 " (cta—b)(a2—b2+c2)?  (at+b—c)(a?+b2—c2)2 )’
It was in this context that Hatzipolakis constructed the triangle center

1
X = Teee e .
118 ((b+c—a)(b2 + 2 — a?)? >
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Rectangles Attached to Sides of a Triangle

Nikolaos Dergiades and Floor van Lamoen

Abstract. We study the figure of a triangle with a rectangle attached to each
side. In line with recent publications on special cases we find concurrencies
and study homothetic triangles. Special attention is given to the cases in which
the attached rectangles are similar, have equal areas and have equal perimeters,
respectively.

1. Introduction

In recent publications [3, 4, 10, 11, 12] the configurations have been studied
in which rectangles or squares are attached to the sides of a triangle. In these
publications the rectangles are all similar. In this paper we study the more general
case in which the attached rectangles are not necessarily similar. We consider a
triangle ABC with attached rectangleBC A Ay, CAB,B. and ABCyC,. Letu
be the length o’ A, positive if A. and A are on opposite sides &fC, otherwise
negative. Similarly lev andw be the lengths oA B, and BC;,. We describe the
shapes of these rectangles by the ratios

v=2% v=  w==° (1)
u v w
The vertices of these rectangles are
Ap = (—a®: Sc + SU : Sp), A. = (=a®:Sc: Sp+ SU),
BQZ(SC—i-SV:—bQ:SA), BC:(Sc:—bQ:SA—i-SV),
C,=(Sg+SW:84:—c?), Cy=(Sp:S4+SW:—c?).

Consider the flank triangled B,C,, A, BC, and A.B.C. With the same rea-
soning as in [10], or by a simple application of Ceva’s theorem, we can see that the
triangle H, Hy H.. of orthocenters of the flank triangles is perspective #8C with
perspector

b
Pl—(g:—:£>—(U:V:W). (2)

u v ow

Publication Date: August 25, 2003. Communicating Editor: Paul Yiu.

1All coordinates in this note are homogeneous barycentric coordinates. We adopt J. H. Conway’s
notation by lettingS = 2A denote twice the area of BC, while S4 = % = Scot A,
Sp = Scot B, Sc = ScotC, and generallysxy = Sx Sy.
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See Figure 1. On the other hand, the trian@}©,0.. of circumcenters of the flank
triangles is clearly homothetic td BC', the homothetic center being the point

2 2 2
sz(au:bv:cw):<%:vzcw>. (3)

Clearly, P, and P are isogonal conjugates.

Oa
Ca Ba
A
Ha
Pl P2
B.
Cy H.
b
B c
Oy o
A, Ac
Figure 1

Now the perpendicular bisectors &,C,, A,C, and A.B. pass througtO,,
Oy and O, respectively and are parallel o3, BP; andC P; respectively. This
shows that these perpendicular bisectors concur in a pbo P, P, satisfying

P2P1 : P1P3 =25 :au+bv+ cw,

whereS is twice the area oA BC'. See Figure 2. More explicitly,

Py =(—a?VW(V + W)+ U2(b*W + V) + 2SU2VW
L= VPPWUW +U) + V(U + a*W) + 2SUVW) (4)
= AUV(U + V) + W2(a?V 4 b*U) + 2SUVIV?)

This concurrency generalizes a similar result by Hoehn in [4], and was men-
tioned by L. Lagrangia [9]. It was also a question in the Bundeswettbewerb Math-
ematik Deutschland (German National Mathematics Competition) 1996, Second
Round.

From the perspectivity ol BC' and the orthocenters of the flank triangles, we
see thatABC and the triangled’ B'C’ enclosed by the line®,C,, A,C, and
A.B, are orthologic. This means that the lines from the verticed BfC’ to the
corresponding sides of BC are concurrent as well. The point of concurrency is
the reflection of in O, i.e.,
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2
Py = (=SpcU +a“Sa(V+W):eooreon). (5)
Oa
B/
\
Co M.\ Be
!
e} \
A
\
! \
(BN
\
|
| \
| \O Py
PS b PZ
—_ ~N
~ \\ B
Cy ///// \\\\\\\\ ¢
M //B ~
>
O M o,
Ab AC
Al
Figure 2

Remark. We record the coordinates df. Those ofB’ andC’ can be written down
accordingly.

A =(—(a*S(U +V + W) + (a*V + ScU)(a®W + SpU))
:ScS(U +V + W) + (b2U + Sc V) (a®>W 4 SpU)
:SpS(U +V + W) + (a®V + ScU) (U + SgW)).

2. Special cases
We are mainly interested in three special cases.
2.1 Thesimilarity case. This is the case when the rectangles are simii@r,U =

V = W = t for somet. In this case,”, = G, the centroid, and®» = K, the
symmedian point. As varies,

Py = (b® +c® —2a® + 25t : 2 + a® — 20* + 25t : a® + b* — 2¢2 + 25¢)
traverses the lin€&/ K. The pointP;, being the reflection off in O, is X376 in

[7]. The triangleM, M, M. is clearly perspective withld BC' at the orthocenteH .
More interestingly, it is also perspective with the medial triangle at

((Sa + St)(a® +25t) : (Sp + St)(b? + 25t) : (Sc + St)(c% + 25t)),
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which is the complement of the Kiepert perspector

1 1 1
(SA+St Sp+S Sc+8t>'
It follows that ast varies, this perspector traverses the Kiepert hyperbola of the
medial triangle. See [8].
The case = 1 is thePythagorean case, when the rectangles are squares erected
externally. The perspector af, M, M. and the medial triangle is the point

O1 = (2a* = 3> +A) + (B — A2 =2 +)S - :--0),

which is the center of the circle through the centers of the squares. See Figure 3.
This point appears akg4; in [7].

B,

Cy

M,

Figure 3

2.2 Theequiareal case. When the rectangles have equal afgase., (U, V, W) =
(%, #, %) itis easy to see that, = K, »» = G, and
Py =(a*(—=Spc + Sa(b* +c*))io--i0)
=(a®(a® 4 2a*(b* 4+ ?) — (3b +20%c? +3c1)) )
is the reflection ofK in O.2 The special equiareal case is whenT = S, the
rectangles having the same area as triadgl®”'. See Figure 4. In this case,

Py = (6a% — b* — c*: 60> — ¢ —a® : 62 — a® — b?).

2This point is not in the current edition of [7].
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B,

Maq
Ca
ok A
9]
K P,
Ps3 G B.
Cy
B
M.
My
Ay Ac
Al
Figure 4

2.3 Theisoperimetric case. Thisisthe case when the rectangles have equal perime-
ters2p, i.e, (u,v,w) = (p — a,p — b,p — ¢). Thespecial isoperimetric case is
whenp = s, the semiperimeter, the rectangles having the same perimeter as trian-
gle ABC. In this caseP; = X57, P» = Xj, the Mittenpunkt, and

Py =(a(bc(2a® —a(b+¢) — (b—¢)?) +4(s —=b)(s —¢)S) 1 ---:---),
Py =(a(a® — 2a° (b + ¢) — a*(b? — 10bc + %) + 4a3 (b + ¢)(b* — be + ¢?)
— a?(b* + 8b%c — 26%c® + 8¢%b + ¢*) — 2a(b + ¢) (b — ¢)*(b* + )
+(b+c)b—c)t) ).
These points can be described in terms of division ratios as foffows.
PsXs7: X57Xg =4R + 1 : 2s,
Pyl : I X57 =4R : 7.

3. A pair of homothetic triangles

Let A;, By andC; be the centers of the rectangl&’ A.A,, CAB,B. and
ABCyC, respectively, andl; B Cs the triangle bounded by the linésCy, C, A,
and A4, B,. Since, for instance, segmer®sC; and B.C}, are homothetic through

3These points are not in the current edition of [7].
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A, the trianglesA; B;C; and A, BoC, are homothetic. See Figure 5. Their homo-
thetic center is the point

P = (—a?Sa(V4+W)+U(Sp+SW)(Sc+SV) i o0 ).

Ay Ac

Figure 5

For the Pythagorean case with squares attached to trianglegs, =V = W =
1, Toshio Seimiya and Peter Woo [12] have proved the beautiful result that the areas
A andA, of A;B1Cy and A, BoC, have geometric mea. See Figure 5. We
prove a more general result by computation using two fundamental area formulae.

Proposition 1. For i = 1,2, 3, let P; befinite points with homogeneous barycentric
coordinates (z; : y; : z;) with respect to triangle ABC'. The oriented area of the
triangle P, P, P3 is

1 Y1 21
T2 Y2 =2
T3 Ys =3
<A
(21 +y1 + 21) (w2 +y2 + 22) (23 + Y3 + 23)

A proof of this proposition can be found in [1, 2].

Proposition 2. For i = 1, 2, 3, let ¢; be afiniteline with equation p;z+ ¢;y+7;z =
0. The oriented area of the triangle bounded by the threelines 4, ¢, /3 is

2
Pr @1 T

b2 G2 T2
b3 g3 T3

LG R
Dy -Dy- D3 ’
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where
I 1 1 PL Q1 T1 P11 oq1 71
Di=1p2 q2 72|, Dy=|1 1 1|, D3=|p2 q2 7r29|.
P3 g3 T3 D3 q3 T3 11 1

A proof of this proposition can be found in [5].

3. AA%Q _ (U+VAW-UVW)?

Theorem OV

Proof. The coordinates ofl;, By, C; are

Ay :(—a2 :Sc+ SU : Sp + SU),

By =(Sc+ SV : —b*: S4+ SV),

C1 =(Sp+ SW : Sa +SW : —c?).
By Proposition 1, the area of trianglg B, C1 is
SU+V+W+UVW)+ (a*VW + b*WU + 2UV)

Ar= 4SUVW )
The linesB.Cy, C, A, Ay B, have equations
(SA=VW)=Sa(V+W))z+ (S+SV)y+ (S+ ScW)z =0,
(S 4+ SAU)z + (S(1 —WU) — Sg(W +U))y + (S + ScW)z =0,
(S+SAaU)x+ (S+SeV)y+ (SA—-UV) = Sc(U +V))z =0.

By Proposition 2, the area of the triangle bounded by these lines is

B SU+V+W—-UVW)? A ()
CUVW(S(U+V +W+UVW) + (a2VW + bB2WU + 2UV))

From (6, 7), the result follows. O

Ag

Remarks. (1) The ratio of homothety is
-SU+V+W-UVW)
28U+ V+WH+UVW) + (a2VW + 02WU + 2UV))"

(2) We record the coordinates df, below. Those ofB; andCy can be written
down accordingly.
Ay =(—a*((S + SAU)V + W) + SU(1 — VW)) + (Sp + SW)(Sc + SV)U?

(S +SAU)(SUV 4+ Sc(U +V +W))

(S + SAU)(SUW + Sp(U +V +W))).

From the coordinates of; BoC5 we see that this triangle is perspectivettB C'
at the point

1
P: .
0 (SA(U+V+W)+SVW )
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4. Examples

4.1 Thesimilarity case. If the rectangles are similat] =V = W = t, then

1 1 1
Py = : :
0 (35,4 + St 35S+ St 3Sc+ St>
traverses the Kiepert hyperbola. In the Pythagorean case, the homotheticigenter
is the point

((Sp—S)(Sc—S)—4Spc : (Sc—S)(Sa—S)—4Sca : (Sa—S)(Sp—S)—4SapB).

B,
Cq
A B B
Z
\ -
s
-
C \
B W\e?t 7 NB2
27
-~ 5\(\‘2/
~
Cy \(//\P\ti ~
N ~
B ‘\‘ C
Az
\
\
Ay
Ay A
Figure 6

4.2 Theequiareal case. For(U,V,W) = (#, #, %), we have

1
P pu— : CEEEEY : o .. .
6 (T(a2 b2+ 2)S4 + 25622 )
This traverses the Jerabek hyperboldiasaries. When the rectangles have the
same area as the triangle, the homothetic cefites the point

(a®((a® + 30 + 3¢®)? — 4(4b* —b? +4ch)) : o).
5. More homothetic triangles

LetC4, Cp andC¢ be the circumcricles of rectanglésC' A. A, CAB,B. and
ABCyC, respectively. See Figure 7. Since the cir€lepasses through andC,
its equation is of the form

a’yz + b2z + Fay —pr(z+y + 2) = 0.
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Since the same circle passes throughwe havep = %4V+5 — g, 3. By the
same method we derive the equations of the three circles:

S

a2yz + b2z + c2xy =(S4+ ﬁ)x(ﬂc +y+ 2),
S

a2yz + b2z + chy = (Sp + V)y(x +y+2),

S
a*yz + b2zx + Fay = (Sc + W)Z(OC +y+ 2).

From these, the radical center of the three circles is the point

1.1.1<U.V.W>
“\Sat+Z Ss+E So+n) \SaU+S SpV+S ScW+S)

Ba
Ca
A
e By
Cl .
B
CS . Bc
Cb AS
B C
L]
Ay
Ab A
Figure 7

Note that the isogonal conjugate bfis the point

J = 6125’,4—1—5-(1—2:bQSB—i—S-ﬁ:0250—1—5-é .
U |4 w

It lies on the line joiningO to B. In fact,
PoJ* : J0=2S:au+bv+cw= PP : PP



154 N. Dergiades and F. M. van Lamoen

The circlesCg andCc meet atd and a second poids, which is the reflection
of Ain B;C;. See Figure 8. In homogeneous barycentric coordinates,
Ay = ( V+Ww : Vv : w ) '
SaAV4+W)-SQA-VW) SgV+S ScW+S
Similarly we have point$3; andCs. Clearly, the radical centef is the perspector
of ABC and A3 B3Cs.

B,
Ca
by N
\ Sa
7 \ S~
\ S
// \ \\\
78\ B
/ \\
C1 |\ S
7/ As I
4 | B \\
/
7/ N \\\
4 \ N
4
// C3 & Ol\‘ Co B
/ B
/
Chy As Ma
B( c
Ay
Ab Ae
Figure 8

Proposition 4. Thetriangles ABC and A; BoCs are orthologic. The perpendicu-
larsfromthe vertices of one triangle to the corresponding lines of the other triangle
concur at the point J.

Proof. As C1 B, bisectsA A3, we seeds lies onB.C, andAJ 1L B.Cy. Similarly,
we haveBJ 1 C,A.andCJ 1 AyB,. The perpendiculars from, B, C to the
corresponding sides of; BoCs concur atJ.

On the other hand, the points, Cs, Bs, C are concyclic andsCs is antiparal-
lelto BC with respect to triangld BC. The quadrilaterall B; A>Cs5 is cyclic, with
JA, as a diameter. It is known that every perpendiculay i is antiparallel to
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B3C5 with respect to triangle/ B;C3. Hence,AsJ 1. BC. Similarly, BoJ L CA
andCsJ 1 AB. O

It is clear that the perpendiculars frofy, B3, C3 to the corresponding sides
of triangle A, BoC5, intersect at/. Hence, the triangled, B,Cs and A3 B3sC3 are
orthologic.

Proposition 5. The perpendiculars from A,, By, C5 to the corresponding sides of
A3B3C'3 meet at the reflection of J in the circumcenter Os of triangle A3 B3Cs.

Proof. Since triangleAs BsCs is the pedal triangle off in Ay BoCs, and AsJ
passes through the circumcenter of triangld3;C3, the perpendicular fromi,
to B3C3 passes through the orthocenter &fB3C3 and is isogonal todsJ in
triangle A, BoC,. This line therefore passes through the isogonal conjugate of
in Ay B>C5. We denote this point by'. Similarly, the perpendiculars frof,, C
to the sidesC3 A3 and A3 B3 pass throughy'. The circumcircle ofd; BsCs is the
pedal circle of.J. Hence, its circumcente®; is the midpoint ofJ.J'. It follows
that.J' is the reflection of/ in Os. O

Remark. The point.J and the circumcenter® and Os of triangles ABC and
AsBsC5 are collinear. This is becau$éA - JAs| = |JB - JBs| = |JC - JC3),
say,= d?, and an inversion in the circlg/, d) transformsABC into A3 B3C3 or
its reflection inJ.

Theorem 6. The perpendicular bisectors of B.Cy,, C, A., Ay B, are concurrent at
a point which is the reflection of .J in the circumcenter Oy of triangle 41 B1C4.

Proof. Let M7 andM,, be the midpoints oB3; C; and B.C respectively. Note that
M is also the midpoint ofAM,. Also, let O, be the circumcenter ofi; B1C,
and the perpendicular bisector BfC;, meetJO; at N. See Figure 8. Consider
the trapeziumAM,NJ. SinceO,M; is parallel toAJ, we conclude thaO, is
the midpoint of JN. Similarly the perpendicular bisectors 6fA., A,B, pass
through NV, which is the reflection off in O;. O

We record the coordinates 6% :

(PU?V — P VW(V + W) + ) WU (W +U)
+UVW((Sa +3S5)UV + (Sa + 3Sc)UW))S
+ ASpUV? 4 V2 ScUW?2 — aMV2W2
+ (S? + Spo)UV2W?2 + 452UV WV)

In the Pythagorean case, the coordinate®adire given ing2.1.

6. Moretrianglesrelated to the attached rectangles

Write U = tana, V = tan 8, andW = tan v for anglesa, 3, v in the range

(=%, %) The pointA, for which the swing angle§’ BA, and BC A4 are3 and~y
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respectively has coordinates

w V

It is clear that this point lies on the lind.J. See Figure 9. 1B, andC, are
analogously defined, the trianglds B,C, and ABC are perspective af.

S
(—a2:SC-I-S-Cot’y:SB—I-S-Cotﬁ): (—aQ:Sc—l-ﬁ:SB—l-—).

By
B,
Ca
A
(&
o
Cy
e By
Cl Ld
B3
3 . Bc
G Bl AN T ===
B\3 c
o Ar
Ay A
Ay
Figure 9

Note thatAs, B, A4, C are concyclic sincexA4BC = 3 = LAB.V =
LALASC.
Letd; = B.Cp, do = C,A., d3 = Ap By, dll = AAy, d/2 = BBy, dé = CC4.

4 i =1,2,3, areindependent of triangle ABC'. More

Proposition 7. Theratios

precisely,
di 1 1 do 1 1 ds 1 1

L VIwW @ wrn # UV

Proof. SinceAA; L CyB,, the circumcircle of the cyclic quadrilaterdk BA,C
meetsCy, B, besidesAs at the antipodeds of A4. See Figure 10. Lef, g, h
denote, for vectors, the compositions of a rotatior§; bgnd homotheties of ratios
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By
B,
Cq
Cy N
N . B,
Cy e \
5 By N
TIN ~
3 A > \As B.
C” ZAN T T ANNEE D)
L]
Ay
Ay Ae

Ax

Figure 10

&, ¥, andy; respectively. Then

— —
g(AAy) = g(AC) 4 g(CAy) = OB + AsC = A5B.,
and 42 = L. Similarly, h(AA;) = C,A;, and 45 = 4. It follows that
14 1 O
TV Tw
The coordinates ofl; can be seen immediately: SinggAs is a diameter of
the circle(44,BC), we see that BC A5 = —§ + £ZBC A4, and

As = (—a®: Sc — SW : Sg — SV).

Similarly, we have the coordinates & and C5. From these, it is clear that
AsB5Cs and ABC are perspective at

1 1 1 1 1 1
P: : : = : N .
! (SA—SU Sp— SV SC—SW> (cotA—U cotB—V CotC—W>

For example, in the similarity case it is obvious from the above proof that
the pointsA4s, Bs, C5 are the midpoints oB.Cy,, C, A, ApB,. Clearly in the
Pythagorean case, the poiMs, By, C4 coincide with A;, By, C; respectively.
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In this case,/ is the Vecten point and from the above proof we hdve= 2d},
doy = 2d/2, ds = 2dé andP7 = Xys6.

7. Another interesting special case

fa+8+~vy=mthenU+V 4+ W =UVW. From Theorem 3 we conclude
that A, = 0, and the pointsA,, By, Cs, A3, B3, C3 coincide withJ, which now
is the common point of the circumcircles of the three rectangles. Also, the points
Ay, By, Cy lie on the circles 4, Cp, Co respectively.

B,
By
Ca
A
e By
Cy
e Cq B.
G 5
Bl
Cy
B, C
Ay
L]
Ab AC
Ay
Figure 11

In Figure 11 we illustrate the cage= 3 = v = %. In this case,/ is the Fermat
point. The trianglesBC' A4, C AB4, ABC, are the Fermat equilateral triangles,
and the angles of the line$A,, BBy, CCy, B.Cy, C, A, AyB, aroundJ areg.
The pointsAs, Bs, C5 are the mid points 0B.Cy, C, A., ApB,. Also, d] = d), =
dy, anddy = dy = d3 = %d’l. In this case/* is the second Napoleon point, the
point X;g in [7].
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A Generalization of the Lemoine Point

Charles Thas

Abstract. It is known that the Lemoine poirt” of a triangle in the Euclidean
plane is the point of the plane where the sum of the squares of the distances
d»2, andds to the sides of the triangle takes its minimal value. There are several
ways to generalize the Lemoine point. First, we can consider 3 linesu,

.., un instead of three in the Euclidean plane and search for the point which
minimalizes the expressiaif + - - - 4+ d2, whered; is the distance to the line;,
i =1,...,n. Second, we can work in the EuclidearrspaceR™ and consider
n hyperplanes irR™ with n > m + 1. In this paper a combination of these two
generalizations is presented.

1. Introduction

Let us start with a trianglel; A, A3 in the Euclidean plan&? and suppose that
its sidesu; = A A3, as = A3Aq, andag = A; As have lengthy, I5, andis, respec-
tively. The easiest way to deal with the Lemoine pdinbf the triangle is to work
with trilinear coordinates with regard td A5 A3 (also called normal coordinates).
See [1, 5, 6]. These are homogeneous projective coordifiates,, z3) such that
A1, Ag, As, and the incentef of the triangle, have coordinatés, 0, 0), (0,1,0),
(0,0,1), and(1,1,1), respectively. If(a}l,a?) are the non-homogeneous coordi-
nates(x, y) of the point4; with respect to an orthonormal coordinate system in
R?,i = 1,2,3, then the relationship between homogeneous cartesian coordinates
(z,y, z) and trilinear coordinategr , x2, x3) is given by

x lal lsal l3al 1
2 2 2

y| =|lhay la5 l3a3 x2

z l1 ZQ l3 T3

This follows from the fact that the position vector of the incemtef 4 A, A3 is

given by

117 + o7y + 1373
lh+1+13

with 7; the position vector ofd;. Remark also that = 0 corresponds withy z1 +

loxo + 133 = 0, which is the equation in trilinear coordinates of the line at infinity

7= :

Publication Date: August 29, 2003. Communicating Editor: J. Chris Fisher.
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of R2. If (21,2, 23) are normal coordinates of any poiRtof 2 with regard to
Aq1A5As, then the so-called absolute normal coordinate® afe

2F 2F 2F
(di,da,d3) = ( o1 2 = ) ,

Ly + loxe + I3z’ lixy + loxe + I3z’ lixy + loxe + l323

whereF is the area ofd; A5 A5. It is well known thatd; is the relative distance
from P to the sides; of the triangle {; is positive or negative, according &slies
at the same side or opposite sideaswith regard tag; ).

Next, consider the locus of the points &t for which d? + d3 + d2 = k, with k
a given value. In trilinear coordinates this locus is given by

F(.Tl, To, xg) = .T% + x% + x% - k:(llxl + loxg + l3x3)2 =0. QD

For variablek, we get a pencil of homothetic ellipses (they all have the same points
at infinity, the same asymptotes, the same center and the same axes), and the center
of these ellipses is the Lemoine poiftof the triangle4; A, As. A straightforward
calculation gives thatl, l2,[3) are trilinear coordinates ok and the minimal

4F?
B+12+103

Remark also thal is the singular point of the degenerate ellipse of the pencil
(1) corresponding witht = m (setft = §F = OE — ).

More properties and constructions of the Lemoine péintan be found in [1].

And in [3] and [7] constructions for the axes of the ellipses (1) are given, while [7]
contains a lot of generalizations.

Next, the foregoing can immediately be generalized to higher dimensions as
follows. Consider in the Euclidean-spaceR™ (m > 2), m + 1 hyperplanes not
through a point and no two parallel; this determinesnasimplex with vertices
A1, ..., Apy1. Letus denote thém — 1)-dimensional volume of the “facer;
with verticesA;, ..., A, ... yAm+1 by F, i = 1,...,m + 1. Then the position
vector of the incentef of A;As ... A,,41 (= center of the hypersphere &
inscribed inA; ... A,,41) is given by

value ofd? + d3 + d3 reached aK is

Firy + Fory + -+ + Frp 1Tt
Fi+ P+ + Fps

= ,

wherer; is the position vector ofl;, and normal coordinatgg, . . . , ,,+1) With
respecttad; . .., A,,+1 are homogeneous projective coordinates such4hat .,
Ap+1, andI, have coordinateél, 0,...,0),...,(0,...,0,1), and(1,1,...,1),
respectively. If(a},a?,...,a™) are cartesian coordinates (with respect to an or-
thonormal coordinate system) af, i = 1,...,m + 1, the coordinate transfor-
mation between homogeneous cartesian coordinates. ., z,,+1) and normal

coordinategxy, . .., x;,+1) With respect ta4; ... A,,,11 IS given by
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1 1 1
Z1 Flal F2a2 Fm+1am+1 T
2 2 2
zZ9 Flal F2a2 e Fm+1am+1 i)
Zm Fia* Feay' ... Fpiiap,, Tm,
Zm+1 Fy T Fria Tim41

In normal coordinates the hyperplane at infinity & has the equatio;x; +

-+ Fyr1zme1 = 0. Absolute normal coordinates of a poift of R™ with

mFx;
respect tad;, As, ..., A ared; = - i=1,...,m+
p 1 2 | m+1. "Rt Py .
1, whereF is them-dimensional volume of}; As ... A,,+1 andd; is the relative

distance fromP to the facey; (d; is positive or negative, according &dies at the
same side or at the opposite faceAswith regard toa;). Remark thatFid; +
-+ Fm—‘,—ldm—‘,—l =mkF.
The locus of the points aR™ for whichd? + - - - + d2,, | = k now determines
a pencil of hyperquadrics (hyperellipsoids) with equation

ai+ a4y —k(Fir 4+ Fpp1@mg1)? =0 (2)

and all these (homothethic) hyperellipsoids have the same axes, the same points at
infinity and the same centét, which we call the Lemoine point o, ... A,,+1

and which obviously has normal coordinatds, Fs, ..., F;,+1). The minimal
2F2
value ofd} + --- + d2,, |, reached af( is given by = TEL Remark

that K is the singular point of the smgular hyperquadrlc (hypercone) corresponding
in the pencil (2) with the valugé = W'
Remark. Some characterizations and constructions of the Lemoine poiaf a
triangle in the plang?? are no longer valid in higher dimensions. For instari€e,

is the perspective center of the triangleAs A3 and the triangled] A}, A, whose

sides are the tangents of the circumscribed circlg,of; A3 at A, A5, and Az (in
trilinear coordinates the circumcircle has equafjonxs + lozsx) + I3z = 0).

This construction is, in general, not correctih : a tetrahedrom; 4, A3 A4 and

its so called tangential tetrahedron, which is the tetrahedfor A; A/, consisting

of the tangent planes of the circumscribed spherehofs A3 A4 at Aq, As, As,

and Ay, are, in general, not perspective. If they are perspective, the tetrahedron is
a special one, aisodynamic tetrahedron in which the three products of the three
pairs of opposite edges are equal. The lines joining the vertices of an isodynamic
tetrahedron to the Lemoine points of the respective opposite faces have a point
in common and this common point is the perspective center of the isodynamic
tetrahedron and its tangential tetrahedron (see [2]). It is not difficult to prove that
this point of an isodynamic tetrahedron coincides with the Lemoine goiat the
tetrahedron obtained with our definition of “Lemoine point”.
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2. Themain theorem

First we give some notations. Considehyperplanes, denoted hy, ..., u,
in the Euclidean spacB™ (m > 2,n > m + 1), in general position (this means :
no two are parallel and nan + 1 are concurrent). The “figure” consisting of these
n hyperplanes is called anrthyperface (examples: fan = 2,n = 3 it determines
a triangle inRk?, for m = 2, n = 4 it is an quadrilateral in??, and form = 3,

n = 4 itis a tetrahedron iR®). The Lemoine poinfK of this n-hyperface is, by
definition, the point ofR™ for which the sum of the squares of the distances to the
n hyperplanes, ...,u, is minimal. The uniqueness & follows from the proof

of the next theorem.

Next, K is the Lemoine point of thén — 1)-hyperfaceujus ... ;. .. uy,
i=1,...,n. And K" = K*" is the Lemoine point of thén — 2)-hyperface
ULUL -« - Uy« Ug - .- Up, Withr, s =1, ..., n, 7 # s (Only defined ifn > m + 1).

Now, for an(m + 1)-hyperface om-simplex in R™ (a triangle inR?, a tetra-
hedron inRk3, ...) we know theposition (the normal coordinates) of the Lemoine
point (see§l). The following theorem gives us a construction for the Lemoine
point K of a generah-hyperface inR™ (m > 2 andn > m + 1):

Theorem 1. Worki ng with an njhyperface in ™, we have, with the notations
given abovethat K'K Nuj = K'K7* Nwuj, 4,5 =1,...,nandn > m + 1.

Proof. In this proof, we work with cartesian coordinatés, ..., x,,) or homo-
geneouszy, ..., T,+1) With respect to an orthonormal coordinate systen®inh
Suppose that the hyperplanehas equation x| +a2zo+- - -+a™z,,+a 1 =0,
with (a})? + (a2)2 +--- + (a™)? = 1,7 = 1,...,n. Then the Lemoine poink
of then-hyperfaceuus . . . u, is the center of the hyperquadrics of the pencil with
equation
n
F(x1,.. o xy) = Z(aixl +atzy+ o+ a Ty + a2 k=0, (3)
r=1

wherek is a parameter. Indeed, since the coordinatds ofinimize the expression
S (alay 4+ a;”+1)2, they are a (the) solution g~ = 52 = ... =

6:2?—7; = 0. In homogeneous coordinates, (3) becomes

n

F(x1,. s Tmy1) = Z(a}qxl 4+ a:q”“xmﬂ)Q — k:x%lﬂ =0. (4

r=1
Next, the Lemoine poink™® of uyus . .. 4; . . . uy, is the center of the hyperquadrics
of the pencil given by (we use the same notatidior the parameter)

Fw1, .o Tgr) = Z(aixl +o o ar e, 0)? — kg =0 (5)

r=1

r#i

The diameter of the hyperquadrics (5), conjugate with respect to the direction of
the ith hyperplaneu; has the equations (consider the polar hyperplanes of the
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m— 1pomtsatlnflnltyW|thcoordmateéaQ, —al,0,...,0), (a?,0,—a},0,...,0),
(a},0,0,—a},0,...,0),...,(a™0,...,0,—a}, )ofthe hyperplane:,z)
—aZa}l) =0,

2
Z
3 3,1
a; —aya;) =0,

Sormi(apz + -+ al e, ) (ara
Soi(atzy + -+ a" M apg) (ara

(6)

S _(atzy + -+ am M g0)(aka — aal) = 0.

But the first side of each of these equations becomes zero fori, and thus
(6) gives us also the conjugate diameter with respect to the hyperplafiehe
hyperquadrics of the pencil (5). It follows that (6) determines the K¢ .

Next, the Lemoine poink? is the center of the hyperquadrics of the pencil

Fl@r, o myr) = 3 (arar + -+ al M 1)? — kap, o =0, (7)

r=1
v

and K’ is the center of the hyperquadrics:
n
Flar,tmin) = Y (afwr 4+ alMapn)? —kal = 0. (8)

r=1
r#ji

The diameter of the hyperquadrics (7), conjugate with respect to the directipn of
is given by

S (k4 ) (ala? — aal) = 0
r#j

: 9)
Shei(alzy + o+ @y, i) (ala™ — amal) = 0.
rj
And this gives us also the diameter of the hyperquadrics (8) conjugate with regard
to the direction ofy; in other words, (9) determines the lid€ K"
Finally, the coordinates of the poiAf' K Nu; are the solutions of the linear system

(6)
ajl-xl + -+ CL;»nJrl.Terl = 0,
while the pointK” K7% N u; is given by

(9)
a]lxl + -+ CL;nJrl.Terl = 0.

It is obvious that this gives the same point and the proof is complete. O

3. Applications

3.1 Let us first consider the easiest example for trying out our construction: the
case wheren = 2 andn = 4, or four linesuy, us, u3, uq in general position
(they form a quadrilateral) if?. Using orthonormal coordinatés:, y, z) in R?,

the homogeneous equation af is a,z + b,y + ¢,z = 0 with a2 + b2 = 1,
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r = 1,2,3,4. Where lies the Lemoine poirk of the quadrilateraky usugus?
For instancek! is the Lemoine point of the triangle with sides (lines)us, u4;
K? of the triangle with sides, us, u4, and so on ... . We may assume that we
can construct the Lemoine point of a triangle. But which point is, for instance, the
point K2 : it is the Lemoine point of the-sideuzuy, i.e, it is the pointuz N u,.

Let us denote the six vertices of the quadrilateral as follow$tus = C, us N
ug = AyusNug = Fyuy Nug = D,us Nuy = E, andu; Nug = B, then
KRP=K?'=F K» =D ,K*=C K" =A K*=B,andK" = E. Now,
from K'K Nu; = K/ K7 N u;, we find, for instance foi = 1 and;j = 2:

K'KNuy = K2K*' Nuy = K2F Ny

andfori =2andj = 1: K?KNu; = K'K?Nwu; = K'F Ny, with K (K2,
resp.) the Lemoine point of the triangle AFE (of the triangle BFD, resp.). This
allows us to construct the poirif.

In particular, we can construct the diametéf&™, K K2, K K3, and K K* of the
ellipses of the pencli_*_, (a,z + by + ¢,2)? = k22, which are conjugate to the
directions of the linesu, uo, u3, anduy, respectively. In other words, we have
four pairs of conjugate diameters of these ellipses K, KI' ), wherel’_ is the
point at infinity of the lineu;,7 = 1,..., 4. From this, we can construct the axes of
the conics of this bundle (in fact, two pairs of conjugate diameters are sufficient):
consider any circl€ through K and project the involution of conjugate diameters
ontoC; if S is the center of this involution ofi and if the diameter of throughS
intersects at the pointsS; and.S,, then K.S; and K'S; are the axes.

In the case of a triangle iR?, constructions of the common axes of the ellipses
determined by + d3 + d2 = k with center the Lemoine point of the triangle,
are given in [3] and [7]. In [3], J. Bilo proved that the axes are the perpendicular
lines throughK on the Simson lines of the common points of the Euler line and
the circumscribed circle of the triangle. And in [7], we proved that these axes
are the orthogonal lines througki which cut the sides of the triangle in pairs of
points whose midpoints are three collinear points. Moreover [7] contains a lot of
generalizations for pencils whose conics have any pBiof the plane as common
center and whose common axes are constructed in the same way.

3.2 Inthe casen = 2 andn > 4, we can construct the diameterskK K7, ...,
KK™ of the ellipsesy""_; (a,z + b,y + ¢,2)* = k2% which are conjugate to the
directions of then linesuy, ..., u,.

3.3 The easiest example in space is the case where 3 andn = 5, or five
planes ink3. Assume that the planes have equations+ b,y + ¢,z + d,u = 0,

with a2 + b2 +c2 = 1,7 = 1,2,...,5. We look for the Lemoine poink of the
“5-plane” u ususugus in B3 and assume that we know the position of the Lemoine
point of any tetrahedron i&® (we know its normal coordinates). The poirits,

..., K? are the Lemoine points of the tetrahedsasusus, . . . , uusuzuy, respec-
tively. And, for instancei('? is the Lemoine point of the “3-planelu,us, i.e., it
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is the common point of these three plangsu,, andus. Now, for instance from
K'KNuy=K’K*Nuy and K?KnNu = K'K"? Nuq,

we can construct the lineK' K and K?K, and thus the poinf’. In fact, we

can construct the diametef§K!, ..., K K° conjugate to the plane directions of
ui, .. ., us, respectively, of the quadrics with centirof the pencil given by? +
4 d2=Fkor

5
Z(GNC + by + ez + dpu)? = ku
r=1
Finally, the construction of the poidt in the general case > m + 1, m > 2is
obvious.
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The Parasix Configuration and Orthocor respondence

Bernard Gibert and Floor van Lamoen

Abstract.  We introduce the parasix configuration, which consists of two con-
gruent triangles. The conditions of these triangles to be orthologic AiBt'
or a circumcevian triangle, to form a cyclic hexagon, to be equilateral or to be
degenerate reveal a relation with orthocorrespondence, as defined in [1].

1. The parasix configuration

Consider a trianglel BC' of reference with finite point® and@ not on its side-
lines. Clark Kimberling [2§59.7,8] has drawn attention to configurations defined
by six triangles. As an example of such configurations we may create six triangles
using the linee,, ¢, and{. through@ parallel to sides:, b and ¢ respectively.

The triples of lines(¢,,b,c), (a, ¢y, c) and (a, b, £.) bound three triangles which
we refer to as thegreat paratriple. Figure 1a shows thd-triangle of the great
paratriple. On the other hand, the triples 4, ¢..), (¢4, b, ¢.) and (¢, ¢y, ¢) bound
three triangles which we refer to as tlseall paratriple. See Figure 1b.

A A

Figure la Figure 1b

Clearly these six triangles are all homotheticA8C', and it is very easy to find
the homothetic images dP in these trianglesd, in the A-triangle bounded by
(4q, b, ) In the great paratriple, and, in the A-triangle bounded bya, 4, £.) in
the small paratriple; similarly foB,, C,, B;, Cs. These six points form thearasix
configuration of P with respect to @, or shortlyParasix(P, Q). See Figure 2. If in
homogeneous barycentric coordinates with referencéBa’, P = (u : v : w)
and@ = (f : g : h), then these are the points
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Figure 2. Parasix(P, Q)

Ag=(u(f+g+h)+ flv+w):v(g+h):wlg+h)),

By =(u(f +h): glut+w)+v(f+g+h):w(f+h)),
Cog=(u(f+g):v(f+g):h(utv)+w(f+g+h)); 1)
As =(uf : g(u+w) +o(f +g) : h(u+v) +w(f + h)),

Bs =(u(f +g) + f(v+w) :vg: h(u+v) +w(g+h)),
Cs=u(f+h)+ flo+w):glu+w)+v(g+h): wh).

Proposition 1. (1) Triangles A,B,C, and A,B,C, are symmetric about the
midpoint of segment PQ).
(2) The six points of a parasix configuration lie on a central conic.
(3) The centroids of triangles A, B,C,; and A, B;C; trisect the ssgment PQ).

Proof. Itis clear from the coordinates given above that the segmgnts, B, B,
CyCs, PQ have a common midpoint
(Futotw) +ulf+g+h):-mim).

The six points therefore lie on a conic with this common midpoint as center. For
(3), itis enough to note that the centroids andG, of A,B,C, andA,B,C; are
the points

Gy=Qu(f+g+h)+flutv+w): i),
Gs=(u(f+g+h) +2flu+v+w):---:---).
It follows that vectors”G , = 1 PQ andPG,= 2 PQ. 0
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While Parasix(P, Q) consists of the two triangled,B,C, and A;B,C,, we
write A, B,C, and A, B,C; for the two corresponding triangles Bérasix(Q, P).
From (1) we easily derive their coordinates by interchanging the rolgs @f h,
andu, v, w. Note thatG;, = G, andG, = G,.

Let P4 and@ 4 be the the points wheré P and AQ meetBC respectively, and
let AP : PPy =tp:1—tpwhile AQ : QQa =tg : 1 —tg. Thenitis easy to
see that

AA, : AgPa = AA, : A,Qa = tptg: 1 —tplg

so that the Iine4gﬁg is parallel toBC. By Proposition 1,4,A, is also parallel to
BC.

Proposition 2. (a) Thelines A,A,, B, B, and C,C, bound a triangle homothetic
to ABC'. The center of homothety is the point

(flutv+w)+ulg+h):glutv+w)+olh+[):hutv+w)+wlf+g)).
The ratio of homothety is

fu+gv+ hw
(f+g+h)(u+v+w)

(b) The lines A, A,, B,B, and C;C, bound a triangle homothetic to ABC' with
center of homothety (uf : vg : wh) ! Theratio of homothety is

fu+gv+ hw
(f+g+h)(ut+v+w)

Figure 3a Figure 3b

This point is called the barycentric product Bfand@. Another construction was given by P.
Yiu in [4]. These homothetic centers are collinear with the midpoinP&f.
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2. Parasix loci

We present a few line and conic loci associated with parasix configurations. For
P = (u:v:w), we denote by
(i) Lp the trilinear polar ofP, which has equation

Y

x z
—+=+—=0;
v w

(ii) Cp the circumconic with perspectd?, which has equation

u v w
—4+-+—=0.
T Yy =z
2.1 Areaof parasix triangles. The parasix triangled, B,C, andA,B,C have a
common area
ghu + hfv+ fqw
(f+g9+h)2(u+v+w)

Proposition 3. (a) For a given @, the locus of P for which the triangles A, B,C|,
and A, B;C; have a fixed (signed) areaisaline parallel to Lp.

(b) For a given P, the locus of @ for which the triangles A, B,C, and A, B,C
have a fixed (signed) area is a conic homothetic to Cp at its center.

(2)

In particular, the parasix triangles degenerate into two parallel lines if and only
if
u v w
—+t-+-=0 (%)
g h

This condition can be construed in two way3:c Ly, or equivalently,P € Cp.
Seet6.

2.2 Perspectivity with the pedal triangle.

Proposition 4. (a) Given P, the locus of Q so that A; B;C is perspective to the
pedal triangle of Q isthe line?

> Sa(Spv — Sew)(~uSa + vSp + wSe)z = 0.

cyclic

This line passes through the orthocenteand the point

1
(SA(—uSA+vSB+wSC)"""")’

which can be constructed as the perspectad BiC and the cevian triangle dP
in the orthic triangle.

2Here we adopt J.H. Conway'’s notation by writifgor twice of the area of trianglel BC' and

2 2 _ 2 2 2 32 2 2 _ 2
Sa=S-cot A= H%’ Sp = S-cot B = %7 So = S-cot C = %
These satisi¥ap + Spc + Sca = S2. The expressionSaz, Ssc, Sca stand forSaSz, SsSc,

ScSa respectively.
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2.3 Parallelogy. A triangle is said to be parallelogic to a second triangle if the
lines through the vertices of the triangle parallel to the corresponding opposite
sides of the second triangle are concurrent.

Proposition 5. (a) Given P = (u : v : w), the locus of @ for which ABC' is
parallelogic to A, B,C, (respectively A;B,C;) istheline (v +w)x + (w + u)y +
(u 4+ v)z = 0, which can be constructed as the trilinear polar of the isotomic
conjugate of the complement of P.

(b) Given @ = (f : g : h), the locus of P for which ABC'is parallelogic to
AyB,C, (respectively A,B,C) istheline (g + h)x + (h+ fly+ (f + 9)z =0,
which can be constructed as the trilinear polar of the isotomic conjugate of the
complement of Q.

2.4. Perspectivity with ABC'. Clearly A,B,C, is perspective toABC at P. The
perspectrix is the lingh(g + h)z + fh(f + h)y + fg(f + g)z = 0, parallel to the
trilinear polar of(Q. Given P, the locus of@ such that4; B,C is perspective to
ABC'is the cubic

(v 4 w)z(wy? — v2?) + (u+ w)y(uz? — wr?) + (u +v)z(ve? — uy?) =0,

which is the isocubic with pivotv+w : w+wu : u+v) and poleP. ForP = K, the
symmedian point, this is the isogonal cubic with pivat;; = (b + ¢ : ¢ + a? :
a? + b?).

3. Orthology

Some interesting loci associated with the orthology of triangles attracted our
attention because of their connection with the orthocorrespondence defined in [1].
We recall that two triangles are orthologic if the perpendiculars from the vertices of
one triangle to the opposite sides of the corresponding vertices of the other triangle
are concurrent.

First, consider the locus ap, given P, such that the triangled, B,C, and
AsB;C are orthologic toABC. We can find this locus by simple calculation
since this is also the locus such thiétB,C) is perspective to the triangle of the
infinite points of the altitudes, with coordinates

Hflo - (—(12,SC,SB), H%o - (807_1727514)7 Hg’o - (SB,SA,_C2)-
The linesA,HY, V,HE andC,Hg® concur if and only ifQ) lies on the line
(Spv — Scw)x + (Scw — Sau)y + (Sau — Spv)z =0, (3)

which is the line through the centro@ and the orthocorrespondent Bf namely,
the point3

Pt = (u(=Ssu+ Spv+ Scw) +d®vw : -+ :---).
The line (3) is the orthocorrespondent of the liHd>. See [152.4].
3The lines perpendicular & to AP, BP, CP intersect the respective sidelines at three collinear

points. The orthocorrespondent #f is the trilinear poleP* of the line containing these three
intersections.
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For the second locus problem, wedgbe given, and ask for the locus Bfsuch
that the trianglesi, B,C, and A, B,C are orthologic tad BC'. The computations
are similar, and again we find a line as the locus:

Salg—h)x+Sp(h— fly+ Sc(f —g)z2=0.

This is the line throughf, and the two anti-orthocorrespondents(pf See [1,
Figure 2]. It is the anti-orthocorrespondent of the l{#€).

Given P, for both A, B,C, and A, B,C,, to be orthologic taA BC, the pointQ
has to be the intersection of the ligg”* ((3) above) and

Sa(v —w)z + Sp(w —u)y + Sc(u —v)z =0,

the anti-orthocorrespondent GfP. This is the point

T(P) = (SA(62 - b2)u2 + (SAC - SBB)UU - (SAB - Scc)uw + a2(02 - b2)vw

).

The point7(P) is not well defined if all three coordinates of P) are equal
to zero, which is the case exactly whénis either K, the orthocenterd, or the
centroidG. The pre-images of these points are lin@%7 (the Euler line) GK, and
HK for K, G and H respectively. Outside these lines the mappihg— 7(P)
is an involution. Note thaP andr(P) are collinear with the symmedian poift.

The fixed points of- are the points of the Kiepert hyperbola

(b — A)yz + (2 — a®)zz + (a® — b*)zy = 0.

More precisely, the line joining (P) to H meetsG P on the Kiepert hyperbola.
Therefore we may characteriz¢ P) as the intersection of the linBK with the
polar of P in the Kiepert hyperbold.

In the table below we give the first coordinates of some well known triangle
centers and their images underThe indexing of triangle centers follows [3].

P | first coordinatg 7(P) | first coordinate

X1 |a X9 |a(s—a)

X7 | (s=b)(s—c) | Xoas | (s=b)(s—c)F

Xs [s—a a*+ (b+c)?

X19 aG

X34 a(s —b)(s —c)(a® + (b+ ¢c)?)
X37 Xro |a(b+c)Sa

X0 | a®(b+c) X7 | a®(b+c)Sa

X57 | a/(s —a) Xoo3 | a(s —b)(s —¢)F

Xsg X572 | ®G

“This is also called thelirst inverse of P with respect tak. See the glossary of [3].
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Here,

F=a*+d*(b+c)—alb+c)? = (b+c)b-c)?,

G=a*+d*(b+c)+alb+c)?+(b+c)b-c)?,

We may also wonder, give outside the circumcircle, for whictp are the

Parasix(P, Q) trianglesA,B,C, and A, B;C; orthologic to the circumcevian tri-
angle of P. The A-vertex of the circumcevian triangle &f has coordinates

(—aQyz C(VPz 4 Ay)y s (VP + c2y)z) .
Hence we find that the lines from the vertices of the circumcevian triangle of
perpendicular to the corresponding sidesipi3,C, concur if and only if

(uyz + vez + wzry)L = 0, 4)
where
L= Z (> +2S avw+b*w?) ((® Scv—b* Spw)u’ +a> (v —b*w* )u+(Spv—Scw)vw))z.

cyclic

The first factor in (4) represents the circumconic with perspegtoand when
@ is on this conicParasix(P, Q) is degenerate, s&é below. The second factdr
yields the locus we are looking for, a line passing through®

A point X lies on the lineL. = 0 if and only if P lies on a bicircular circum-
quintic through the in- and excent&rdor the special cas& = G this quintic
decomposes intd,, (with multiplicity 2) and the McCay cubic. In other words,
for any P on the McCay cubic, the circumcevian trianglefis orthologic to the
Parasix(P, Q) triangles if and only ifQ lies on the lineG' P*.

4. Concyclic Parasix( P, Q)-hexagons

We may ask, giverP, for which Q the parasix configuration yields a cyclic
hexagon. This is equivalent to the circumcenter4gf3,C, being equal to the
midpoint of segment’@. Now the midpoint of PQ lies on the perpendicular
bisector of B,C,, if and only if Q lies on the line

—(w(Sau+ Spv — Scw) + Cuv)y + (v(Sau — Spv + Scw)v + bwu)z = 0,

which is indeed the cevian lind P-. Remarkably, we find the same cevian line as
locus for@ satisfying the condition tha,C, 1. AP.

Proposition 6. The following statements are equivalent.
(1) Parasix(P, Q) yields a cyclic hexagon.

SThe line L = 0 is not defined wherP is an in/excenter. This means that, for any Q, triangles
AgBgCy and As BsCs in Parasix(P, Q) are orthologic to the circumcevian triangle Bf This is
not surprising since® is the orthocenter of its own circumcevian triangle. For= X3, L = 0 is
the lineG K, while for P = X3, X14, itis the parallel afP to the Euler line.

5This quintic has equatioQ 1z + Q ry + Qcz = 0 where@ 4 represents the union of the circle
centerA, radius0 and the Van Rees focal which is the isogonal pivotal cubic with pivot the infinite
point of AH and singular focus!.

The McCay cubic is the isogonal cubic with pivo® given by the equation
D eyetic - Saz(cty? — b?2%) = 0.
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(2) AyB,C, and A, B,C are homothetic to the antipedal triangle of P.
(3) Q isthe orthocorrespondent of P.

A

Figure 4

The center of the circle containing the 6 points is the midpoin?f
The homothetic centers and the circumcenter of the cyclic hexagon are collinear.
A nice example is the circle arouribrasix(H, G). It is homothetic to the cir-
cumcircle and nine point circle througt with factors% and% respectively. The
center of the circle divide®H in the ratio2 : 1.8 The antipedal triangle off
is clearly the anticomplementary triangle ABC. The two homothetic centers
divide the same segment in the ratibs2 and3 : 2 respectively’ See Figure 5.
As noted in [1],P = Pt only for the Fermat-Torricelli points{;3 and X14.
The vertices obarasix(Xi3, X13) andParasix(X14, X14) form regular hexagons.
See Figure 6.

5. Equilateral triangles

The last example raises the question of finding, for gi¥&rthe pointsQ for
which the trianglesA, B,C, and A;B,C; are equilateral. We find that thé-
median ofA,B,C, is also an altitude in this triangle if and onlyd} lies on the

8This is also the midpoint off H, the center of the orthocentroidal circle, the poifik; in [3].
9These have homogeneous barycentric coordin@tgst 2a>(b? +¢*) —5(b> —*)? : -+ : -+ )
and(a* — 2a%(b* + ) + 3(b® — ®)? : .- : ---) respectively. They are not in the current edition

of [3].
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A

Figure 5. Parasix(H, G)

conic
—2((Sau + Spv — Scw)w + uv)zy + 2((Sau — Spv + Scw)v + b*uw)zz
— (Fu? + a*w? + 2Spuw)y® + (V?u® + a*v? + 2Scuv)z* = 0.

We find an analogous conic for thg-median ofA,B,C, to be an altitude. The
two conics intersect in four points: two imaginary points and the points

Q12 = ((—SAu+SBv+SCw)u—|—a2vw:|:%\/gSu(u—i—v—l—w):---:---).

Proposition 7. Given P, there aretwo (real) points @ for which triangles 4, B,C,
and A,B,C, are equilateral. These two points divide PP harmonically.

The pointsQ; » from Proposition 7 can be constructed in the following way,
using the fact thaP, Gs, G, and P+ are collinear.

Start with a pointz’ on PP+, We shall construct an equilateral triangte3’C’
with vertices onAP, BP andC P respectively and centroid &. This triangle
must be homothetic to one of the equilateral triangle®,C, of Proposition 7
throughP.
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Figure 6. The parasix configurati®tarasix(Xi3, X13)

Consider the rotatiop aboutG’ throughi%”. The image ofA P intersectsB P
in a pointB’. Now letC’ be the image o3’ and A’ the image of”’. ThenA’B’C’
is equilateral A’ lies on AP, G is the centroid and’ must lie onC P.

The homothety with cented that mapsP to A’ also mapsBC to a line/,.
Similarly we find ¢, and/.. These lines enclose a triangi¥ B”C"” homothetic
to ABC. We of course want to find the case for whidhB”C” degenerates into
one point, which is th&) we are looking for. Since all possible equilateraB’C’
of the same orientation are homothetic throughthe trianges4’ B”C" are all
homothetic toA BC through the same point. So the homothety centet’@” C”
and ABC is the pointQ) we are looking for.

6. Degenerate parasix triangles
We begin with a simple interesting fact.

Proposition 8. Every line through P intersects the circumconic Cp at two real
points.

Proof. For the special case of the symmedian pdinthis is clear, sincds is the
interior of the circumcircle. Now, there is a homographyixing A, B, C' and
transformingP = (u : v : w) into K = (a® : b2 : ¢?). Itis given by

a2 v 2
olr:y:2z)=—z:—y: —2z|,
u v

w
and is a projective transformation mappi@ig into the circumcircle and any line

throughP into a line throughk. If Zis a line throughP, theny(¢) is a line through
K, intersecting the circumcircle at two real poigtsandg.. The circumcircle and
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the circumconidCp have a fourth real poing in common, which is the trilinear
pole of the lineP K. For any pointM onCp, the pointsZ, M, (M) are collinear.
The second intersections of the lindg, andZ ¢, are common points of and the
circumconicCp. O

In §2, we have seen that the parasix triangles are degenerate if and only if
P ¢ Lg or equivalently,@ € Cp. This means that for each ling through
P intersecting the circumconi€p at @, andQ-, the triangles oParasix(P, Q;),
1 = 1,2, are degenerate.

Theorem 9. For i = 1, 2, the two lines containing the degenerate triangles of
the parasix configuration Parasix(P, ();) are parallel to a tangent from P to the
inscribed conic C, with perspector thetrilinear pole of /. Thetwo tangentsfor i =
1, 2 are perpendicular if and only if the line ¢» contains the orthocorrespondent
Pt

For example, forP = K, the symmedian point, the circumcord® is the
circumcircle. The orthocorrespondent is the point

Kt = (a®(a* = b+ 402 -ty -0
on the Euler line. The liné joining K to this point has equation

b2 — (b + % — 24° & —a?)(® +a% - 2b° a®? =¥ (a® +b% — 22
LG GETICE ), 4 @ = P ), _

The inscribed coni€, has center
(@®(0* — ) (a* = bt + b2 =)o),
The tangents fronk to the conidC; are the Brocard axi® K and its perpendicular
at K. 1° The points of tangency are
a?(2a® = b — ) V(2% - —a?) (22 —a® - b?)
b2 — 2 : 2 _ g2 : a2 — b2
on the Brocard axis and

(a2(b2—c2) . b2(c2—a2) . 62((12—62))

2

202 — b2 —c2 T 22 — 2 — a2 " 2¢2 —qa? — b2

on the perpendicular tangent. See Figure 7. Thedimgersects the circumcircle

at the point
2 2 2
a b c
X110 = <b2—c2 22 a2—b2>

and the Parry point

a® b2 c?
X =5 2 24 2 2 2 p2 2 )
b>4+c?—2a* c?+a*—20° a*+b°—2c
The lines containing the degenerate triangle®ahsix(K, Xi19) are parallel to

the Brocard axis, while those f®arasix( K, X;11) are parallel to the tangent from
K which is perpendicular to the Brocard axis.

109The infinite points of these lines are respectiv&ly 1 and Xs12.
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Figure 7. Degeneratearasix(K, X110) andParasix(K, X111)
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A Tetrahedral Arrangement of Triangle Centers

Lawrence S. Evans

Abstract. We present a graphic scheme for indexing 25 collinearities of 17 tri-
angle centers three at a time. The centers are used to label vertices and edges of
nested polyhedra. Two new triangle centers are introduced to make this possible.

1. Introduction

Collinearities of triangle centers which are defined in apparently different ways
has been of interest to geometers since it was first noticed that the orthocenter,
centroid, and circumcenter are collinear, lying on Euler’s line. Kimberling [3]
lists a great many collinearites, including many more points on Euler’s line. The
object of this note is to present a three-dimensional graphical summary of 25 three-
center collinearities involving 17 centers, in which the centers are represented as
vertices and edge midpoints of nested polyhedra: a tetrahedron circumscribing
an octahedron which then circumscribes a cubo-octahedron. Such a symmetric
collection of collinearities may be a useful mnemonic. Probably the reason why
this has not been recognized before is that two of the vertices of the tetrahedron
represent previously undescribed centers. First we describe two new centers, which
Kimberling lists asXi27¢ and X1277 in his Encyclopedia of Triangle Centers [3].

Then we describe the tetrahedron and work inward to the cubo-octahedron.

2. Perspectors and the excentral triangle

The excentral triangl€Ty, of a triangleT is the triangle whose vertices are the
excenters of". Let T, be the triangle whose vertices are the apices of equilateral
triangles erected outward on the sidedlbfSimilarly letT_ be the triangle whose
vertices are the apices of equilateral triangles erected inward on the sidedtof
happens thafly is in perspective fronT; from a pointV.,., a previously unde-
scribed triangle center now listed A$:7¢ in [3], and thatTy is also in perspective
from T_ from another new centdr_ listed asX;s77 in [3]. See Figure 1.

Fore = 41, the homogeneous trilinear coordinates/oére

1l —vg+vp+ve:14+v, —vp+ve: 14+ v, + v — v,
wherev, = —% sin(A + ¢ - 60°) etc.

Itis well known thatT, andT are in perspective from the incenterDefineT*
as the triangle whose vertices are the reflections of the verticEsrothe opposite
sides. TherT andT* are in perspective from a poift” listed asXg4 in [3]. See
Figure 2. The five triangle¥', Ty, T, T_, andT* are pairwise in perspective,

giving 10 perspectors. Denote the perspector of two triangles by enclosing the two
triangles in brackets, so, for examplg,, T| = I.

Publication Date: September 19, 2003. Communicating Editor: Paul Yiu.
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Figure 2

Here is a list of the 10 perspectors with their namesBNE numbers:

T, T, F, | First Fermat point Xi3
T, T_ F_ | Second Fermat point X4
T, T H | Orthocenter Xy
T, Ty I Incenter X1
T,,T_]| O | Circumcenter X3
T, T*] | J— | Second isodynamic point | X4
T_, T* | Jy | First isodynamic point X5
Ty, T*] | W | First Evans perspector Xuga
Ty, T4] | V4 | Second Evans perspector | Xi276
Ty, T_| | V_ | Third Evans perspector | Xio77
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3. Collinearities among the ten perspectors

As in [2], we shall write£ (X, Y, Z, ... ) to denote the line containing, Y, Z,
.... Thefollowing collinearities may be easily verified:

L(I,0,W), L(I,J_,V.), L(I,J:, V),
L(Vo, HV.), LW,F., V), L(W,F—,V,).

What is remarkable is that all five triangles are involved in each collinearity, with
T, used twice. For example, rewritsd 7, O, W) as

[’([Ta TX]: [T+7 T*]? [TX7 T*])

to see this. The six collinearites have been stated so that the first and third perspec-
tors involve T, with the perspector of the remaining two triangles listed second.
This lends itself to a graphical representation as a tetrahedron with vertices labelled
with I, V., V_, andW, and the edges labelled with the perspectors collinear with
the vertices. See Figure 3. When these centers are actually constructed, they may
not be in the order listed in these collinearities. For examplés not necessarily
betweenl andW. There is another collinearity which we do not use, however,
namely,L£(O, J4, J_), which is the Brocard axis. Triangl&, is not involved in

any of the perspectors in this collinearity.

W = [Ty, T*]

Fp =[T,Ty]

V_ = [Ty, T_]

Jo = [Ty, T7]

I=[Ty,T]

Figure 3

If we label each edge of the tetrahedron at its midpoint by the middle center
listed in each of the collinearities above, then opposite edge midpoints are pairs
of isogonal conjugates: H and U, and F';, andJ_ and F_. Also the lines
L(O,H), L(F4,Jy), andL(F_, J_) are parallel to the Euler line, and may be
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interpreted as intersecting at the Euler infinity paffitlisted asXzq in [3]. This
adds three more collinearities to the tetrahedral scheme:

L(O,E,H), L(F,,E,J.), L(F_,E,J_).

The five trianglesT’, T, T_, T*, andTy are all inscribed in Neuberg’s cubic
curve. Now consider a triangl@®’, in perspective witHT; and inscribed in the
cubic with vertices very close to those ®f. (the excenters of'). The lines of
perspective ofl, and T, approach the tangents to Neuberg’s cubic at the vertices
of T asT’, approachedy. These tangents are known to be parallel to the Euler
line and may be thought of as converging at the Euler point at infiRity; X3q.

So we can write = [Ty, Ty], interpreting this to mean th&, is in perspective
from itself from E. | propose the term “ipseperspector” for such a point, from the
Latin “ipse” for self. Note that the notion of ipseperspector is dependent on the
curve circumscribing the triangl®. A well-known example of an ipseperspector
for a triangle curcumscribed in Neuberg’s cubicXis,, this being the point where

the tangents to the curve at the verticeSahtersect.

4. Further nested polyhedra

We shall encounter other named centers, which are listed here for reference:

G Centroid X
K Symmedian (Lemoine) point X
N, First Napoleon point X7
N_ Second Napoleon point Xis
N7 Isogonal conjugate of N X1
N* TIsogonal conjugate of N_ Xeo

The six midpoints of the edges of the tetrahedron may be considered as the ver-
tices of an inscribed octahedron. This leads to indexing more collinearities in the
following way: label the midpoint of each edge of the octahedron by the point
where the lines indexed by opposite edges meet. For example, opposite edges
of the octahedronC(F,,J_) and L(F_, J.) meet at the centroid?. We can
then write two 3-point collinearities a&(F,, G, J_) andL(F_, G, J1). Now the
edges adjacent to both of these edges index the Iifiés, F_) and £(J5, J-),
which meet at the symmedian poiRt This gives two more 3-point collinearities,
L(Fy,K,F_)andL(J;,K,J_). Note thatG and K are isogonal conjugates.

This pattern persists with the other pairs of opposite edges of the octahedron.

The intersections of other lines represented as opposite edges intersect at the
Napoleon points and their isogonal conjugates. When we consider the four ver-
ticesO, F_, H, andJ_ of the octahedron, four more 3-point collinearities are
indexed in the same mannef(O, N*,J_), L(H,N*,F_), L(O,N_, F_), and
L(H,N_,J_). Similarly, from verticesO, F, , H, andJ, four more 3-point
collinearites arise in the same indexing proces$O, Ny, Jy), L(H, N, Fy),
L(O,N,,Fy),andL(H, N,, Jy). So each of the twelve edges of the octahedron
indexes a different 3-point collinearity.
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Let us carry this indexing scheme further. Now consider the midpoints of the
edges of the octahedron to be the vertices of a polyhedron inscribed in the octa-
hedron. This third nested polyhedron is a cubo-octahedron: it has eight triangular
faces, each of which is coplanar with a face of the octahedron, and six square
faces. Yet again more 3-point collinearities are indexed, but this time by the tri-
angular faces of the cubo-octahedron. It happens that the three vertices of each
triangular face of the cubo-octahedron, which inherit their labels as edges of the
octahedron, are collinear in the plane of the basic triaAgleOpposite edges of
the octahedron have the same point labelling their midpoints, so opposite triangular
faces of the cubo-octahedron are labelled by the same three centers. This means
that there are four instead of eight collinearities indexed by the triangular faces:
L(G,Ny,N*),L(G,N_,NY), L(K,Ny,N_), andL(K,N*,N). See Figure
4.

Figure 4

So we have 6 collinearites indexed by edges of the tetrahedron, 3 more by its
diagonals, 12 by the inscribed octahedron, and 4 more by the further inscribed
cubo-octahedron, for a total of 25.
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5. Concluding remarks

In a sense, the location of each center entering into this graphical scheme places
it in equal importance to the other centers in similar locations. So the four cen-
tersI, U, V, andW, which arose as perspectors with the excentral triangle are
on one level. On the next level we may place the six centerdd, J,, J_,

F,, and F_ which index the edges of the tetrahedron and the vertices of the in-
scribed octahedron. It is interesting that these six centers are the first to appear
in the construction given by the author [1], and that the subsequent centers in-
dexed by the midpoints of the edges of the octahedron arise as intersections of
lines they determine. The Euler infinity poiti, is the only point at the third level

of construction. Centers, V., V_, W, O, H, Fy , J., F_, J_, and FE all lie

on Neuberg’s cubic curve. The Euler line appears as the collineéfy £, H),

with no indication that= lies on the line. The Brocard axis appears four times as
L(Jy, K,J_), L(K,N*,N}), L(O,N},J;), andL(O, N*, J—), but the better-
known collinearity£(O, J, J_) does not.
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The Apollonius Circle and Related Triangle Centers

Milorad R. Stevanow”

Abstract. We give a simple construction of the Apollonius circle without di-
rectly invoking the excircles. This follows from a computation of the coordi-
nates of the centers of similitude of the Apollonius circle with some basic circles
associated with a triangle. We also find a circle orthogonal to the five circles,
circumcircle, nine-point circle, excentral circle, radical circle of the excircles,
and the Apollonius circle.

1. TheApolloniuscircle of atriangle

The Apollonius circle of a triangle is the circle tangent internally to each of the
three excircles. Yiu [5] has given a construction of the Apollonius circle as the in-
versive image of the nine-point circle in the radical circle of the excircles, and the
coordinates of its centé)p. It is known that this radical circle has center the Spieker
centerS and radiuyp = %\/ﬂ + s2. See, for example, [6, Theorem 4]. Ehrmann
[1] found that this center can be constructed as the intersection of the Brocard axis
and the line joiningS to the nine-point centelN. See Figure 1. A proof of this
fact was given in [2], where Grinberg and Yiu showed that the Apollonius circle is a

Figure 1

Publication Date: October 15, 2003. Communicating Editor: Paul Yiu.
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Tucker circle. In this note we first verify these results by expressing the coordinates
of @ interms ofR, r, ands, (the circumradius, inradius, and semiperimeter) of the
triangle. By computing some homothetic centers of circles associated with the
Apollonius circle, we find a simple construction of the Apollonius circle without
directly invoking the excircles. See Figure 4.

Figure 2

For triangle centers we shall adopt the notation of Kimberlirigyisyclopedia
of Triangle Centers [3], except for the most basic ones:

G centroid O circumcenter

I incenter H orthocenter

N nine-point center K symmedian point
S Spieker center I' reflection ofl in O

We shall work with barycentric coordinates, absolute and homogeneous. It is
known that if the Apollonius circle touches the three excircles respectivelf; at
B’, C’, then the linesAA’, BB', CC' concur in the point

Xy (aQ(b—i-c)2 b*(c+a)? 02(a+b)2> .

s—a ~ s—b = s—c
We shall make use of the following simple lemma.

Lemma 1. Under inversion with respect to a circle, center P, radius p, the image
of the circle center P/, radius //, is the circle, radius ﬁ -p'| and center Q
which divides the segment PP’ intheratio

PQIQP/:P21d2—P2—p/27

IThe trilinear coordinates o¥1s; were given by Peter Yffin 1992.
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where d is the distance between P and P. Thus,
Q: (d2—p2—pl2)P+p2'Pl
d2 _ pl2

Theorem 2. The Apollonius circle has center

1
Q= 1Rr ((?”2 +4Rr 4+ s*)O + 2Rr - H — (r? +2Rr+52)1)
r

and radius #.

Proof. Itis well known that the distance betweénand! is given by
OI* = R? — 2Rr.

SinceS and N divide the segmentsG andOG in the ratio3 : —1,

2 _
SN2 R 2R7“.
4
Applying Lemma 1 with
P=S5=33G-1)=3(20+H 1), P'=N =3(0+ H),
p2 — i(TQ 4 82), ,0/2 — iR2’
d> = SN? = 3(R? — 2Rr),

we have
1
Q= 1% ((r* 4+ 4Rr + s*)O + 2Rr - H — (r* + 2Rr + s%)I) .
T

The radius of the Apollonius circle FSQL—SQ. O

The point@ appears in Kimberling'&€ncyclopedia of Triangle Centers[3] as
Xor0 =(a*(a®(b + ¢)? + (b + ) (b + ) — a(b? 4 2b3c + 2bc® 4 ¢?)
—(b4)@r ) ).
We verify that it also lies on the Brocard axis.

Proposition 3.

2 —r2 —4Rr —

00 = OK
Q= 4Rr ' '

Proof. The oriented areas of the triangl&sH I, OK I, andOH K are as follows.

a—>b)(b—c)lc—a
A(K‘HI) :(16(a2):_b2 ‘3(62) . gfa
abc(a —b)(b—c)(c—a
A(OKT) = 8((a2 —i-)b(2 -+ 02))( A )’
(a—=b)(b—c)c—a)la+b)(b+c)(c+a)
8(a2+b2+c2)- A ’

AOHK) =—
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whereA\ is the area of trianglel BC and

f=a*(b+c—a)+b*(cta—>b)+c(a+b—c)+2abe
=8rs(2R + ).

Sinceabe = 4Rrs and(a + b)(b + ¢)(c + a) = 2s(r? + 2Rr + s?), it follows
that, with respect t@) H I, the symmedian poink” has homogeneous barycentric
coordinates

f:2abc: —2(a+0b)(b+c)(c+ a)
=8rs(2R + 1) : 8Rrs : —4s(r® + 2Rr + s?)
=2r(2R+ 1) : 2Rr : —(r? + 2Rr + s2).

Therefore,

1

- - X (2 2
K_4Rr—|—r2—52 (2r(2R+7)O +2Rr - H — (r* + 2Rr + s*)I),

and

N 1

K=
0 ARr + 12 — 52

_ 4Rr O—C>2

2 —r2 _4Rr

(r* 4+ s*)O +2Rr - H — (r* 4+ 2Rr + s*)I)

2. Centersof similitude

We compute the coordinates of the centers of similitude of the Apollonius circle
with several basic circles. Figure 3 below shows the Apollonius circle with the
circumcircle, incircle, nine-point circle, excentral circle, and the radical circle (of
the excircles). Recall that the excentral circle is the circle through the excenters of
the triangle. It has centdf and radiuR.

Lemma4. Twocircleswith centers P, P, and radii p, p’ respectively have internal
plP+pP/ p/P_pPl

- and external center of similitude
P

center of similitude -
+p rr=p

Proposition 5. The homogeneous barycentric coordinates (with respect to triangle
ABC) of the centers of similitude of the Apollonius circle with the various circles
are as follows.
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Figure 3

circumcircle
internal X573 a?(a®(b+c) —abe— (B2 +c3)) oo i
external Xsgg a?(a(b+c)+b> +bc+c?):-miene

incircle

internal  Xqgg2 a2(s — a)(a(b +c)+ b2 + 02)2 e
a’(b+o)® . .

external Xig; KRR REE

nine — point circle
internal S bt+c:ct+a:a+b
external X2051 1

a3—a(b?—bc+c?)—be(b+c) s

excentral circle
internal X695 a-F:oooron.
external Xy ala(b+c)—bec):---:---

where
F =a®(b+ c) + a*(4b* + Tbe + 4c?) 4 2a3 (b + ¢) (b* + ¢?)
—2a%(2b* + 3b%c + 3bc® + 2¢*) — a(b+ ¢)(3b* + 20%c® + 3c*) — be(b? — 2)2.
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Proof. The homogenous barycentric coordinates (with respect to triaD@ld)
of the centers of similitude of the Apollonius circle with the various circles are as
follows.

circumcircle
internal  Xg73 2(r? + 2Rr + s%) : 2Rr : —(r? + 2Rr + s?%)
external Xsgq 4Rr : 2Rr : —(r? + 2Rr + s2)

incircle

internal X782 —r(r? +4Rr + s%) : —2Rr?: 3 + Rr? — (R —r)s?
external  Xig; —r(r? +4Rr + s?) : —2Rr? : 13 + 3Rr? + (R +1)s?
nine — point circle

internal S 2:1:-1

external Xogs51 —4Rr :r?> —2Rr + 8% : 2 + 2Rr + 52

excentral circle
internal  X7ig95 4(r? + 2Rr + s%) : 4Rr : —(3r? + 4Rr + 35?)
external Xy3 S8Rr: 4Rr : —(r? + 4Rr + s%)

Using the relations

o mat=b=d o e
s 4rs

and the following coordinates @, H, I (with equal coordinate sums),

O =(a*(* + ¢ — a?),b*(¢* + a® — b%), 2 (a® + b* — 7)),
H=((+a*> =) (a®>+ b —?),(a®> +b* — &) (b + & — ad?),
(b + 2 — a®)(? +a® - V?)),
I=(b+c—a)(c+a—-0b)(a+b—c)(a,b,c),

these can be converted into those given in the proposition. O

Remarks. 1. X356 = OK N IG.
2. X573 =OKNHI' = 0K N X55X131.
3. Xy3 = IGN X57X131.

From the observation that the Apollonius circle and the nine-point circle have
S as internal center of similitude, we have an easy construction of the Apollonius
circle without directly invoking the excircles.

Construct the centep of Apollonius circle as the intersection 6fK and N S.
Let D be the midpoint ofBC'. Join N D and construct the parallel t§ D through
Q (the center of the Apollonius circle) to intersdetS at A’, a point on the Apol-
lonius circle, which can now be easily constructed. See Figure 4.
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Figure 4

Proposition 6. The center Q of the Apollonius circle lies on the each of the lines
X201 X51, X40X43 and X411 X1g5. More precisely,

X51X01 1 X21Q = 2r : 3R,
Xy3Xa0 : X43Q = 8Rr : v + 5,
X185X411 . X411Q =2r:R.

Remark. The Schiffler pointXs; is the intersection of the Euler lines of the four
trianglesABC, IBC, ICAandIAB. It dividesOH in the ratio

OX91: XogH=R:2(R+7).
The harmonic conjugate df,; in OH is the triangle center
Xy11 =(a(a® — a®(b + ¢) — a*(2b* + be + 2¢2) + 243 (b + ¢) (b? — be + )
+a?(b? +cA)? —a(b —c)*(b+ ¢)(b? + ) + be(b — ¢)*(b + ¢)?)
).
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3. A circle orthogonal to 5 given ones
We write the equations of the circles encountered above in the form
a’yz+b2zx + Fay+ (x+y+ 2)L; =0,

whereL;, 1 < i < 5, are linear forms given below.

| 1 | circle | L; |
1 | circumcircle 0
2 | nine — point circle | —3((0* + & — a®)x + (¢ + a*> = b}y + (a* + b* — ?)2)
3 | excentral circle bex + cay + abz
4 | radical circle (s=b)(s—c)x+(s—c)(s—a)y+(s—a)(s—b)z
5 | Apollonius s((s+ )2+ (s+ L)y + (s +2)2)

Remark. The equations of the Apollonius circle was computed in [2]. The equa-
tions of the other circles can be found, for example, in [6].

Proposition 7. Thefour lines L; = 0,7 = 2, 3,4, 5, are concurrent at the point
Xes50 = (a(b—¢)(s —a) : b(c —a)(s —b) : ¢(a —b)(s — ¢)).

It follows that this point is the radical center of the five circles above. From this
we obtain a circle orthogonal to the five circles.

Theorem 8. Thecircle
a’yz 4+ b2z + oy + (x +y+ 2)L =0,
where
I be(b? + % — aQ)x ca(c® + a* — b2)y ab(a® + b* — cz)z
2(c —a)(a —b) 2(a —b)(b—c) 2(b—c)(c—a) "’

is orthogonal to the circumcircle, excentral circle, Apollonius circle, nine-point
circle, and the radical circle of the excircles. It has center X509 and radius the
square root of

abc - G
4(a —b)2(b—c)%(c — a)?’

where
G =abc(a®> + v + ) —a'(b+c—a) —b(c+a—b) —c(a+b—c)
=16r%s(r® 4+ 5Rr + 4R? — 5?).

This is an interesting result because among these five circles, only three are
coaxal, namely, the Apollonius circle, the radical circle, and the nine-point circle.

Remark. Xgs50 is also the perspector of the triangle formed by the intersections of
the corresponding sides of the orthic and intouch triangles. It is the intersection of
the trilinear polars of the Gergonne and Nagel points.
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4. More centers of similitudes with the Apolloniuscircle

We record the coordinates of the centers of similitude of the Apollonius circle
with the Spieker radical circle. These are

(a*(=a®(b+c)* — a®(b+ ) (b* + ) + a(d* + 2b3c + 2bc® + c*) + (b + ) (b* + ¢*))
+ abe(b+ ¢)\/(b+c—a)(c+a—b)(a+b—c)(a2(b+ ¢) + b2(c + a) + c2(a + b) + abc)

It turns out that the centers of similitude with the Spieker circle (the incircle of
the medial triangle) and the Moses circle (the one tangent internally to the nine-
point circle at the center of the Kiepert hyperbola) also have rational coordinates
ina,bd,c:

Spieker circle
internal a(b+c—a)(a®(b+ )2 + a(b+ c)(b? + ) + 2b%c?)
external a(a*(b+ )+ a®(b+c)(b? + c2) — a?(b* — 4b>°c® + )
—a(b+ ¢)(b* — 2b3¢c — 202c? — 2bc® + ) + 2622 (b + ¢)?)

Moses circle
internal a?(b+ ¢)*(a® — a(2b® — be + 2¢2) — (b3 + %))
external a%(a®(b+ ¢)? + 2a%(b + ¢)(b® + ¢2) — abe(b — ¢)?
—(b—¢)?2(b+ ¢)(b* + be + ¢?))
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Two Triangle Centers Associated with the Excircles

Milorad R. Stevanow”

Abstract. The triangle formed by the second intersections of the bisectors of
a triangle and the respective excircles is perspective to each of the medial and
intouch triangles. We identify the perspectors. In the former case, the perspector
is closely related to the Yff center of congruence.

1. Introduction

In this note we construct two triangle centers associated with the excircles.
Given a triangleABC, let A’ be the “second” intersection of the bisector of angle
A with the A-excircle, which is outside the segmetit,, I, being theA-excenter.
Similarly, defineB” and(".

Al

Figure 1

Theorem 1. Triangle A’B’C’ is perspective with the medial triangle at the Yff
center of congruence of the latter triangle, namely, the point P with homogeneous
barycentric coordinates

B il anC A A B
Sin 9 Sin 9 . SIn 9 Sin 9 . S1in 9 Sin 9

with respect to ABC.

Publication Date: October 22, 2003. Communicating Editor: Paul Yiu.
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Theorem 2. Triangle A’ B’C’ is perspective with the intouch triangle at the point
() with homogeneous barycentric coordinates

< A ( B C> B < C A> C < A B))
tan — ( csc — +csc— ) :tan — { csc — +csc — | : tan — | csc — + csc — .
2 2 2 2 2 2 2 2 2

Remark. These triangle centers now appearagy, and Xsg1 in [2].

2. Notations and preliminaries

We shall make use of the following notations. In a trianglBC' of sidelengths
a, b, ¢, circumradiusR, inradiusr, and semiperimete, let

Sq = sin%, Sp = sin %, S = sin %;

Cq = cosé, Cp = COS %, Ce = COS %

The following formulae can be found, for example, in [1].

r = 4Rs,5pSc, s = 4Rcqcpce;
s —a=4Rcy8pSe, S—b=4RsscpSe., S— c = 4Rs,SpcCe.
2.1 Themedial triangle. The medial triangle4; B1C; has vertices the midpoints
of the sidesBC, C'A, AB of triangle ABC'. From
B+C C+A A+B
2 ; 1 2 ; 1 2 )

Ay

we have
A=B;+C; —Ay4, B=C,+A; -By, C=A+B;-C;. (1)
Lemma 3. The barycentric coordinates of the excenters with respect to the medial
triangle are
5-A1—(s—¢)B; — (s —b)Cy

I, )
s—a
1 _ —(s=c)A1+5-B1 — (s —a)Cy
b s—b )
_—(s—=bA;—(s—a)B; +5-C4
s—c

Proof. Itis enough to compute the coordinates of the excefter
—a-A+b-B+c-C

L= b+c—a
~—a(B1 +C1 — A1) +b(C1+A; —By) +c¢(A1 + By — Cy)
N b+c—a
_(a+b+c)Ay—(a+b—c)By — (c+a—b)Cy
N b+c—a
5-A1—(s—¢)B; — (s —b)Cy
N s—a '
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2.2 The intouch triangle. The vertices of the intouch triangle are the points of
tangency of the incircle with the sides. These are

(s—c)B+ (s—b)C

X = : L Y= . 7= :
Equivalently,

—a(s —a)X +b(s =b)Y +c(s —c)Z
A= 2(s —b)(s —¢) ’

_a(s—a)X =b(s =b)Y +c(s — ¢)Z
B= 2(s —¢)(s —a) ’ @
C :a(s —a)X+b(s—bY —c(s—c)Z

2(s—a)(s—b)

Lemma4. The barycentric coordinates of the excenters with respect to the intouch
triangle are

:a(bc — (s —a))X —b(s — b)2Y —c(s — ¢)*Z

L 205 —a)(s —b)(s — 0 !
1 _—a(s—a)*X +b(ca— (s —b)*)Y — (s — ¢)?Z
b 2(s — a)(s — b)(s — c) ’

1 :—a(s —a)?X —b(s — b)%Y +c(ab — (s — C)Q)Z.

2(s—a)(s—b)(s—c¢)

3. Proof of Theorem 1

We compute the barycentric coordinatesfvith respect to the medial trian-
gle. Note thatd’ divides AI, externally in the raticd A’ : A'T, = 1+ s, : —54. It
follows that

A =(1+45,)I, — 54 A
1+,
s—a

(8 . A1 — (8 — C)B1 — (8 — b)Cl) - Sa(Bl + Cl - Al)

From this, the homogeneous barycentric coordinate$ wifth respect tod; B C
are

(1+84)s+8a(s—a): —(1+54)(s—c)—s4(s —a)

i —(1+84)(s —b) — sa(s — a)
=s+ sa(b+c): —((s — )+ 8ab) : —((s — b) + s40)
=4Rcqcpce + ARsq(Spch + Scce) + —4AR(SaSpCe + SaspCh) : —4R(SaChSe + SaScCe)
CaChCe + Sa(Spcp + ScCe)
= — D Sp i Se.
sa(cb + Cc)
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Similarly,
B — (sa : _Cacbcc + Sb(sccc + Saca) : 30) ’
sb(cc + Ca)
' = <sa L SclSaca + Sbcb)) :
Se(Ca + Cp)

From these, it is clear that’ B’C’ and the medial triangle are perspective at the
point with coordinatess, : s, : s.) relative toA; B;C;. This is clearly the Yff
center of congruence of the medial triangle. See Figure 2. Its coordinates with
respect taABC are

(Sb+ Sc: Sc+ Sq: Sa+ Sp)-
This completes the proof of Theorem 1.

Figure 2
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Remark. In triangle ABC, let A”, B”, C" be the feet of the bisectors of angles
BIC, CIA, AIB respectively on side®C, CA, AB. TrianglesA”B”C"” and
ABC are perspective at the Yff center of congrueigey, i.e., if the perpendicu-
lars from X774 to the bisectors of the angles ABC intersect the sides of triangle
ABC at Xy, X, Y., Y., Z,, Zy (see Figure 3), then the trianglé§ 7, X, X,

Y, X174Y, andZ, 7, X174 are congruent. See [3].

A

Figure 3

4, Proof of Theorem 2

Consider the coordinates &f = (1+ s,)I, — s, - A with respect to the intouch
triangle XY Z. By Lemma 3, th& -coordinate is

—(1 4 84)b(s — b)? — s4b(s — a)(s — b)
2(s —a)(s = b)(s —¢)
b5 = B)((1+ 5)(5 — b) + 5a(5 — @)
2(s —a)(s = b)(s —¢)
~ —b(s=b)(s —b+5,-¢C)
2(s —a)(s = b)(s —¢)
—(ep +ce) i

2¢cqCpee sp
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o o

Similarly for the Z-coordinate g lcotee) ¢

2¢cqcpce

. Therefore A’ B'C" is perspective

&

with XY Z at

Figure 4

Note that the angles of the intouch triangles afe= 55¢, Y = &4, and
Z = 4£B_ This means

Sq = COS

c
=sin X,
etc. It follows that() has homogeneous barycentric coordinates
<sin2X sin?Y sin22>

= cos X, Cq = sin

cosX cosY " cosZ
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and is the Clawson point of the intouch triangter" Z. With respect to triangle
ABC, this perspecto€) has coordinates given by

a(s—a) b(s—b) c(s—c)
< n n )q

Sa Sp Se
:a(s ; a)X n b(s ;bb)Y n c(s ; c)Z
(s —=b)(s—¢c)(sp+ s¢) (s —c)(s —a)(sc+ 3q) (s —a)(s—b)(sq + sp)

= A+ B+

SpSe ScSa SaSb
:(4R)2$§cbcc(sb +sc)A + (4R)2$§ccca(sc +54)B+ (4R)2$Ecacb(sa + s)C

2 2 2
:(4R)20aCch (M . A + Sb(sc + Sa) -B + Sc(sa‘—i_ Sb) . C) )

Ca &) Cc

C

Therefore, the homogeneous barycentric coordinateg wiith respect toABC
are

52 (sp + 8¢) . s%(sC +5q) 52(sq + 8p)
Ca ' c ' Ce

i (e Bt e €Y ctan B (o€t s A o € (e A e B
= an B CSC B CSC B . tan B CSC B CSC 9 . tan 9 CSC 9 CSC B .

This completes the proof of Theorem 2.

Inasmuch ag) is the Clawson point of the intouch triangle, it is interesting to
point out that the congruent isoscelizers po¥ts, a point closely related to the
Yff center of congruence(;74 and with coordinates

(a(_ca +cp + Cc) : b(ca —Cp+ Cc) : C(Ca +cp — Cc))a

is the Clawson point of the excentral triangld, . (which is homothetic to the
intouch triangle atX57). This fact was stated in an earlier edition of [2], and can
be easily proved by the method of this paper.
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A 5-step Division of a Segment in the Golden Section

Kurt Hofstetter

Abstract. Using ruler and compass only in five steps, we divide a given segment
in the golden section.

Inasmuch as we have given in [1] a construction of the golden section by draw-
ing 5 circular arcs, we present here a very simple division of a given segment in the
golden section, in 5 euclidean steps, using ruler and compass only. For two points
P and@), we denote byP(Q) the circle withP as center an@( as radius.

Construction. Given a segmenti B, construct
(1) ¢ = A(B),
(2) C2 = B(A), intersecting’; atC and D,
(3) C3 = C(A), intersecting’; again atF,
(4) the segment’D to intersecCs; at F',
(5) C4 = E(F) to intersectdB atG.

The pointG divides the segmem B in the golden section.

Publication Date: November 26, 2003. Communicating Editor: Paul Yiu.
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Proof. SupposeAB has unit length. Thed@D = /3 and EG = EF = /2.
Let H be the orthogonal projection df on the lineAB. SinceHA = % and

HG?> = EG> —FEH? =2 -3 = 3 we haveAG = HG — HA = (V5 - 1).
This shows thats divides AB in the golden section. O

Remark. The other intersection’ of C4 and the linedB is such that?’ A : AB =
S(VE+1) 1
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Circumcenters of Residual Triangles

Eckart Schmidt

Abstract. This paper is an extension of Mario Dalts work on isotomic in-
scribed triangles and their residuals [1]. Considering the circumcircles of resid-
ual triangles with respect to isotomic inscribed triangles there are two congruent
triangles of circumcenters. We show that there is a rotation mapping these tri-
angles to each other. The center and angle of rotation depend on the Miquel
points. Furthermore we give an interesting generalization of Dalcin’s definitive
example.

1. Introduction

If X,Y, Z are points on the sides of a triangleBC, there are three residual
trianglesAZY, BXZ, CY X. The circumcenters of these triangles form a trian-
gle 0,00, similar to the reference triangld BC' [2]. The circumcircles have
a common pointM by Miquel’'s theorem. The lined/ X, MY, MZ and the
corresponding side lines have the same angle of intersegtien(AY,Y M) =
(BZ,ZM) = (CX,XM). The angles are directed angles measured between 0
andr.

Figure 1

Dalcin considers isotomic inscribed trianglésY Z and X'Y'Z’. Here, X/,
Y’, Z' are the reflections of, Y, Z in the midpoints of the respective sides.
The triangle XY Z may or may not be cevian. If it is the cevian triangle of a
point P, thenX'Y’Z’ is the cevian triangle of the isotomic conjugatefaf The

Publication Date: December 8, 2003. Communicating Editor: Paul Yiu.
The author thanks the editor for his helps in the preparation of this paper.



208 E. Schmidt

corresponding Miquel point/’ of X', Y’, Z’' has Miquel angle/ = = — u. The
circumcircles of the residual trianglesZ’Y’, BX'Z’, CY'X' give further points
of intersection. The intersection$ of the circlesAZY andAZ'Y’, B’ of BXZ
andBX'Z', andC’ of CY X andCY’ X’ form a triangleA’ B'C’ perspective to
the reference trianglel BC' with the center of perspectivity). See Figure 2. It
can be shown that the poindd, M, A’, B’, C’, Q and the circumcentead of the
reference triangle lie on a circle with the diamet&p.

Figure 2

These results can be proved by analytical calculations. We make use of ho-
mogeneous barycentric coordinates. DgtY, Z divide the sidesBC, CA, AB
respectively in the ratios

BX . XC=x:1, CY:YA=y:1, AZ . ZB=1z:1.
These points have coordinates

X=0:1:2), Y=(y:0:1), Z=(1:2:0);
X' =0:2:1), YY=(01:0:y), Z'=(2:1:0).
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The circumcenter, the Miquel points, and the center of perspectivity are the points

O =(a®>(b* + ¢ — a?) : B*(* + a® — b?) : (a® + b* — ¢?)),

M :(0295(1 +y)(1+2)— bey(l +x)(1+42) — 02(1 + )1 4gy):-en),

M =(a*z(1+y)(1+2) - b*Q+a)(1+2) —zz(l+z)(L+y) o),
B (1—2)a? (1 —y)b? . (1—2)c?

Q_( 142 = 1+y = 1+z )

The Miquel angle is given by

1-— 1-— 1-—
yz cot B + i

T (T+y)(1+2) A+2)0+a) Ar o0 1) ¢

For example, lefX, Y, Z divide the sides in the same ratigi.e., z =y =z =
k, then we have

M =(a*(—c* + a®k — b*k?) : b*(—a® + bk — k%) : (0> + Pk — a*k?)),
M’ =(a*(—b* + a®k — A2k?) : D*(— 2 + b*k — a®k?) : P (—a® + Pk — bPk?)),
Q =(a® : v* : ¢*) = X4( Lemoine point);

1+k

cot u = cotw,

wherew is the Brocard angle.

2. Two triangles of circumcenters

Considering the circumcenters of the residual trianglesXidtZ and X'Y'Z7’,
Dalcin ([1, Theorem 10]) has shown that the triangl£,O. andO;,0; 0., are
congruent. We show that there is a rotation mapgih@,0. to O;0;0... This
rotation also maps the Miquel poidt to the circumcente€, andO to the other
Miquel point M’. See Figure 3. The center of rotation is therefore the midpoint
of OQ. This center of rotation is situated with respecO®,O. andO,,0; O, as
the center of perspectivity with respect to the reference triangle ABC. The angle
of rotation is given by

p=m—2u.
The similarity ratio of triangle€), 0,0, and ABC'is
1 1

2cos £ 2sinp’

similarly for triangleO, 0, O..
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Figure 3

3. Daldn’s example

If we chooseX, Y, Z as the points of tangency of the incircle with the sides,
XY Z is the cevian triangle of the Gergonne poffitand X'Y’Z’ is the cevian
triangle of the Nagel pointV,. The Miquel point)M is the incenterl and the
Miquel point M’ is the reflection off in O, i.e,,

Xy =(a(@® -0 +(@a—b)la—c)(b+c)):--:---).

In this case”,0,0. is homothetic taABC at M, with factor%. This is also the
case wherX'Y 7 is the cevian triangle of the Nagel point, with = Xj,.

Therefore, the circle described {2, degenerates into a line. The center of
perspectivityQ(a(b — ¢) : b(c — a) : ¢(a — b)) is a point of infinity. The triangles
0,050, andO,,0; 0., are homothetic to the triangléBC at the Miquel points\/
and M’ with factor. There is a parallel translation mappi@gO,O.. to 0,0, 0.,

The fact thatd BC is homothetic toOaObOc with the factor; does not only
hold for the Gergonne and Nagel points. Here are further examples.
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Figure 4
P Homothetic center and Miquel poidt’
centroidG circumcenteiO
orthocenterd | H
X9 Xo
X189 Xg4
Xo53 X4
X329 X1490

These points”(u : v : w), whose cevian triangle is also the pedal triangle of
the point, lie on the Lucas cubit

(b +c2—a®)u(v® —w?)+ (A 4a* —b*)v(w? —u?) +(a* +b* — A)w(u? —v?) = 0.

The points)M lie on the Darboux cubié. Isotomic pointsP and P” on the Lucas
cubic have corresponding point$ and A/’ on the Darboux cubic symmetric with
respect to the circumcenter. Isogonal poilfsand M* on the Darboux cubic have

IThe Lucas cubic is invariant under the isotomic conjugation and the isotomic conjkigate
the orthocenter is the pivot point.

2The Darboux cubic is invariant under the isogonal conjugation and the pivot point is the De-
Longchamps poinso, the reflection of the orthocenter in the circumcenter. It is symmetric with
respect to the circumcenter.
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corresponding point® and P on the Lucas cubic witt? = P"*". Here,()* is
the isogonal conjugation with respect to the anticomplementary triangleBaf .
The line PM and M M* all correspond with the DeLongchamps paki) and so
the pointsP, P, M, M* and Xy are collinear. For example, f@? = N,, the

five pointsN,, X159, X40, Xs4, Xo0 are collinear.

Darboux

Darboux

y Lucas

Figure 5. The Darboux and Lucas cubics

4. Further results

Dalcin’s example can be extended. The cevian triangle of the Gergonne point
G. is the triangle of tangency of the incircle, the cevian triangle of the Nagel point
N, is the triangle of the inner points of tangency of the excircles. Consider the
points of tangency of the excircles with the sidelines:
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A—excircle =(—a+b—c:0:a+b+c) withCA
=(—a—b+c:a+b+c:0) with AB
=0:a—b—c:a+b+c) with BC
=(a+b+c:—a—b+c:0) with AB

=0:a+b+c:a—b—c¢) with BC
=(a+b+c:0:—a+b—c) withCA
The point pairg 4, A.), (B., B,) and(C,, C;) are symmetric with respect to

the corresponding midpoints of the sides. XY Z = A4, B.C,, thenX'Y'Z’ =

A.B,Cy. See Figure 6.

B,
c,
B—excircle A
C—excircle A
B,

Figure 6

Consider the residual triangles df B.C,, and those ofd.B,C}, with the cir-
cumcenters. The two congruent triangtesO,O. and O;,0; O., have a common
area
A N (ab + be + ca)?

4 16A
The center of perspectivity is

Q= (alb+c):blc+a):cla+b)) = Xar.
The center of rotation which mags,0,0.. to O,,0; O., is the midpoint 0of0Q. The
point X37 of a triangle is the complement of the isotomic conjugate of the incenter.
The center of rotation is the common poik; of 0,0,0. and0,0,0.. The
angle of rotation is given by

; ¢w ab+bc+ca 1 n 1 N 1
an — = = .
2 2/ sinA sinB sinC
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Circumrhombi

Floor van Lamoen

Abstract. We consider rhombi circumscribing a given triangleBC in the
sense that one vertex of the rhombus coincides with a vertex®€f', while

the sidelines of the rhombus opposite to this vertex pass through the two re-
maining vertices ofA BC respectively. We construct some new triangle centers
associated with these rhombi.

1. Introduction

In this paper we further study the rhombi circumscribing a given reference tri-
angleABC that the author defined in [4]. These rhombi circumscrilieC' in the
sense that each of them shares one vertex WiliC, with its two opposite sides
passing through the two remaining verticesAd®C'. These rhombi will depend on
a fixed anglep and its complemenp = 5 — ¢. More precisely, for a given, the
rhombusR 4(¢) = AA A, A will be such thatZ A,AA. = 2¢, B € A.A, and
C € AyA,. Similarly there are rhomhB B, B, B. andC C,C.C,,.

In [4] it was shown that the vertices of the rhombi oppositeAtBC' form a
triangle A, B, C.. perspective toA BC, and that their perspector lies on the Kiepert
hyperbola. We give another proof of this result (Theorem 3).

We denote byC(¢) = A? B®C? the Kiepert triangle formed by isosceles trian-
gles built on the sides oft BC with base angleg. When the isosceles triangles
are constructed outwardly, > 0. Otherwisep < 0. These vertices have homo-
geneous barycentric coordinates

A® =(—(Sp+ Sc): Sc + S4: Sp + Sy),
B¢ :(SC + S(z, : —(SC + SA) 1S4+ S¢),
C? =(Sp+Sg:Sa+Sy: —(Sa+Sp)).

From these it is clear th&t(¢) is perspective witd BC' at the point

1 1 1
K = : : .
(¢) <SA+S¢ SB+S¢ Sc+5¢>

Publication Date: December 15, 2003. Communicating Editor: Paul Yiu.
Iror the notations, see [5].
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2. Circumrhombi to atriangle

Theorem 1. Consider AABC and ¢ € (=%, %) \ {0}. There are unique rhombi

RA(¢) = AAAq Ay, Rp(6) = BByByB, and Re(¢) = CCC.C, with
LA AA, = /B,BB, = £C,CCy = 24,

and B € A, A, and C € ApA,. Smilarlytherearerhombi C' € B, By, A € B.By,
AeCyC., BeC,C..

Proof. It is enough to show the construction®fy = R 4(¢).

Let B, be the image of3 after a rotation through-2¢ aboutA, andC. the
image ofC after a rotation through¢ aboutA. Then let4, = B,CNC, B. Points
A. € C.A, and A, € B.A, can be constructed in such a way thid.A, A, is
a parallelogram. Observe th&tAC.B = AACB,, so that the perpendicular
distances fromA to lines B, A, andC,. A, are equal. AnddA.A,A, must be a
rhombus. See Figure 1.

Figure 1

Note that lineB,.C = A, A, is the image of lineC.B = A, A, after rotation
through2¢ about A, so that the directed angléA.A, A, = 2¢. It follows that
AA.A, Ay is the rhombus desired in the theorem.

It is easy to see that this is the unique rhombus fulfilling these requirements.
When we rotate the complete figure 6fA BC and rhombus4d A. A, A, through
—2¢ aboutA, and letB, be the image of3 again, we see immediately th&t ¢
A,C. In the same way we see that the imageadfter rotation througl2¢é about
A must be on the linel, B. O
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ConsiderR 4 andRg. We note thatz AA, B = ¢ mod 7 and also/AB,B =
¢ mod 7. This means thatlBA, B, is cyclic. The centet of its circle should
be the apex of the isosceles triangle built4B such that” APB = 2¢,2 so that
P = C%. This shows tha€’ lies on the perpendicular bisectorsAfi, and B By,
henced,A. N B,B. = 9. See Figure 2.

Figure 2

Theorem 2. The diagonals A, A., B,B. and C,C}, of the circumrhombi R 4(¢),

Ri5(¢), Rc(¢) bound the Kiepert triangle IC(¢).

3. Radical center of atriad of circles
It is now interesting to further study the circle$( B), B®(C') andC?(A) with

centers at the apices &f(¢), passing through the vertices dfBC. Since the
circle A?(B) passes througB andC, it is represented by an equation of the form
a’yz + bz + Py — kx(z +y + 2) = 0.

Since it also passes througtt/2 = (—(Sp + S¢) : Sc — Sys2 2 SB — S4/2),
we find
5342545, — 5

2542

:SA+S¢.

2Hence, whenrp is negative, the apex is on the same sidel&f as the vertexC.
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Figure 3

The equations of the three circles are thus
a*yz + b*zx + Py — (Sa + Sp)r(x + y + 2) =0,
a*yz + b*zx + Py — (Sp + Sy)y(x + y + 2) =0,
a*yz + b?zx + ay — (Sc + Sg)z(x +y + 2) =0.

From this, it is clear that the radical center of the three circles is the point

1 1 1
K = : : .
(¢) <SA+S¢ SB—I—S¢ Sc+S¢>

The intersections of the circles apart frofm B andC are the points

A( 1 )
“ SA—SQ¢ ' SB+S¢ ' S(j—I—S¢ ’

1 1 1
B, = : : , 1
b <SA+S¢ SB — Sag SC+S¢> (1)

C_( 1 )
o SA+S¢ ' SB+S¢ ' Sc—SQ¢ '

Theorem 3. The triangle A, B,C. is perspective to ABC and the perspector is
K(9).

Remark. For¢ = +%, triangleA, B,C. degenerates into the Fermat palfif+% ).
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The coordinates of the circumcenter 4f B,C. are too complicated to record
here, even in the case of circumsquares. However, we prove the following interest-
ing collinearity.

Theorem 4. The circumcenters of triangles ABC and A, B, C.. are collinear with
K (o).
Proof. SinceP = K(¢) is the radical center ol?(B), B®(C) andC?(A) we see
that
PA.-PA,=PB. -PB,=PC - PC,,

which product we will denote b¥. WhenI" > 0 then the inversion with centd?
and radius,/T mapsA to 4,, B to B, andC to C... Consequently the circumcircles
of ABC and A,B,C. are inverses of each other, and the centers of these circles
are collinear with the center of inversion.

WhenI' < 0 then the inversion with centd? and radius/—I" mapsA, B and
C to the reflections of4,, B, andC, through P. And the collinearity follows in

the same way as above.
WhenI' = 0 the theorem is trivial. O

4, Coordinates of the vertices of the circumrhombi

Along with the coordinates given in (1), we record those of the remaining ver-
tices of the circumrhombi.

Ap =((b% + Scsc20)(Sp + Sy) : (Sa — Sa)(b? + Scsc2¢) : —(Sa — Sap)?),

Ao = ((¢® + Scsc2¢)(Sc + Sp) : —(Sa — S26)? + (Sa — S26)(c® + Scsc29)) ;
B, =(—(Sp — S24)? : (¢? + Scsc2¢)(Sc + Sy) : (Sp — Sag)(c? + S csc2¢)),
B, = ((Sp — S2¢)(a® + Scsc2¢) : (a®> + Scsc2¢)(Sa + Sp) : —(Sp — 526)°)
Co =((Sc — Sa24)(a* + Scsc2) : —(Sc — Sa2g)? 1 (a* + S esc20)(Sa + Sy)),
Cy = (—(Sc — 92¢)* : (Sc — S2)(b* + Scsc2¢) : (b* + Scsc2¢)(Sp + Sp)) -

5. Thetriangle A'B'C’

LetA' = CC,NBB,, B' = CCy,NnAA, andC’ = AA.NBB,. The coordinates
of A’, using (2), are
A'=(a® + Scsc2¢ 1 —(Sc — Sap) : —(Sp — Sap))
_( a® + Scsc2¢ s ! )
(Sp — S2g)(Sc — Sag) * Sp — Sa2g ~ Sc — Sag )’

Similarly for B’ and(C". It is clear thatd’ B'C" is perspective tol BC at K (—2¢).
Note that in absolute barycentric coordinates,
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S(csc2¢ + 2 cot 2¢) A’
= (a® + Scsc2¢, —(Sc — S20), —(Sp — Sag))
=(Sp+ Sc,—(Sc + Sg), —(Sp + Sg)) + S(csc 2¢, cot 2¢ + tan ¢, cot 2¢ + tan ¢)
=(SB + Sc, —(Sc + S3), = (S + S3)) + Scsc2¢(1,1,1)
—S5(—2tan A% + 3 csc 20G).

—2tan ¢ _ 4
' —2tan ¢+3csc2¢ ~ 1—3cot?

A =h (G, ﬁ) (A%).
Similarly for B’ andC".
Proposition 5. Triangles A’ B’C’ and K(¢) are homothetic at G.
Corallary 6. ABC isthe Kiepert triangle K(—¢) with respect to A B'C".

Now,

e It follows that

See [5, Proposition 4].

Figure 4
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6. Thedesmic mates

Let XY Z be a triangle perspective withBC at P = (u : v : w). Its vertices
have coordinates

X =(zx:v:w),

Y =(u:y:w), Z=(u:v:z),

for somez, y, z. The desmic mate oKY Z is the triangle with vertices{’ =
BZNCY, Y =CXnNAZ,Z = AY N BX. These have coordinates

X'=(u:y:z),

Yi=(z:v:2), Z'=(z:y:w).

Lemma7. Thetriangle X'Y'Z' isperspectiveto ABC at (z : y : z) andto XY Z
at(u+zx:v+y:w+ 2).

See, for example, [X4].
The desmic mate ofl, B, C, has vertices

A,( 1 ) 1 ) 1 >
a SA+S¢'SB_SQ¢'SC_SQ¢ ’

By

( 1 ] 1 ) 1 > 3)
SA—S% ’ SB+S¢ ' Sc—SQ¢ ’

! < 1 ) 1 ) 1 )
¢ SA—SQ¢ ' SB—SQ¢ ' Sc+S¢ '

Figure 5
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Proposition 8. Triangle A], B,C. is perspective to ABC' at K(—2¢). Itisalso
perspective to A, B,C,. at

P(d))_ < 254 + Scsc2¢ . 255 + Scsc2¢ . 25¢c + Scsc2¢ )
P TN (Sa + 55)(Sa+ S26) (S +S9)(Sp + S29) (S + S4) (S + S20)
See Figure 5.

The desmic mate o B’C’ has vertices

A" =(—(Sp — S24)(Sc — Sag) : (Sp — Sag)(b? + S csc 2¢)

: (Sc — Sag)(c® + Scsc20));
B" =((Sa — Sap)(a* + Scsc2¢) : —(Sc — Sag)(Sa — Sap)

2 (Sc — Sag)(c* + Scsc26)), (4)
C" =((Sa — Sag)(a* 4+ Scsc2¢) : (Sp — Sag)(b* + S csc 26)

:—(Sa — S2¢)(SB — S29))-

Proposition 9. Triangle A”B"”C" is perspective to

(1) ABC at
Po(¢) = ((Sa — Sag)(a® + Scsc2¢) - :---),
(2) A'B'C’ at
Ps(¢) = ((a2S4 — Spe) — Scsc20(Sa — Spcos2¢) t - :--),
(3) the dilated triangle® at

Py(¢p) =(Sp+Sc—Sa—Sap:---:---).
Proof. (1) is clear from the coordinates given in (4). Since
(a® + Scsc2¢)(Sa — S cot 26) — (Sp — S cot 26)(Sc — S cot 2¢)
=(a®S4 — Spc) + S%csc2pcot A — S cot 26(a® + Scsc2¢ — (Sp + Sc) + S cot 2¢)
=(a®S4 — Spc) + S?csc2¢ cot A — S§% cot 2¢ cot ¢
=(a*Sa — Spc) — SaScsc2¢ + S24S,
=(a*S4 — Spc) — Scsc2¢(Sa — Sy cos 26),

it follows from Lemma 7 thatd” B”C" is perspective tof’ B'C’ at

< a’® + Scsc2¢ B 1 >
(SB — S2¢)(Sc — Sap)  Sa— Sz ’
—((a®Sa — Spo) — Scsc26(Sa — Spcos2) - i),

SThis is also called the anticomplementary triangle, it is formed by the lines through the vertices
of ABC, parallel to the corresponding opposite sides.
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This proves (2). For (3), we rewrite the coordinates A8ras
A" =(Sp — S2¢)(Sc — S2¢) - (—1,1,1)
+ (Sesc(29) + Sz + Sa) - (0, Sp — Sz, S — Sap)
=(Sp — S2¢)(Sc — Sag) - (—1,1,1)
+ (Sa+ Sy) - (0,58 — Sa¢, Sc — Sap)

From this we see that” is on the line connecting thé-vertices of the dilated
triangle and the cevian triangle of the isotomic conjugat&¢f-2¢), namely, the
point

K.(—QQZ)) = (SA - SQ(z, . SB - SQ(z, : SC - 82(75).
This shows thatl” B”C" is perspective to both triangles, and that the perspector is
the cevian quotient K*(—2¢)/G, * whereG denotes the centroid. It is easy to see
that this is the superior aK*(—2¢). Equivalently, it isK*(—2¢) of the dilated
triangle, with coordinates

(Sp+Sc—Sa—Sagiomrioo).
O

We conclude with a table showing the triangle centers associated with the circum-
squares, whep = +7.

k1 Pe(f) [ P(=1) |
1] K(%) K(=1)
2 | circumcenter circumcenter
3 | de Longchamps point | de Longchamps point
4| X3 X193
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Sawayama and Thébault’s theorem

Jean-Louis Ayme

Abstract. We present a purely synthetic proof of dgult’s theorem, known
earlier to Y. Sawayama.

1. Introduction

In 1938 in a “Problems and Solutions” section of the Monthly [24], the famous
French problemist Victor Tébault (1882-1960) proposed a problem about three
circles with collinear centers (see Figure 1) to which he added a correct ratio and
a relation which finally turned out to be wrong. The date of the first three metric

Figure 1

solutions [22] which appeared discreetly in 1973 in the Netherlands was more
widely known in 1989 when the Canadian rev@iaux Mathematicorum [27] pub-

lished the simplified solution by Veldkamp who was one of the two first authors to
prove the theorem in the Netherlands [26, 5, 6]. It was necessary to wait until the
end of this same year when the Swiss R. Stark, a teacher of the Kantonsschule of
Schaffhausen, published in the Helvetic re\&lemente der Mathematik [21] the

first synthetic solution of a “more general problem” in which the one a¥hilt's
appeared as a particular case. This generalization, which gives a special importance
to arectangle known by J. Neuberg [15], citing [4], has been pointed out in 1983 by
the editorial comment of thilonthly in an outline publication about the supposed

Publication Date: December 22, 2003. Communicating Editor: Floor van Lamoen.
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first metric solution of the English K. B. Taylor [23] which amounted to 24 pages.

In 1986, a much shorter proof [25], due to Gerhard Turnwald, appeared. In 2001,
R. Shail considered in his analytic approach, a “more complete” problem [19] in
which the one of Stark appeared as a particular case. This last generalization was
studied again by S. Gueron [11] in a metric and less complete way. In 2003, the
Monthly published the angular solution by B. J. English, received in 1975 and “lost
in the mists of time” [7].

Thanks toJSTOR, the present author has discovered in an anciant edition of the
Monthly [18] that the problem of Shail was proposed in 1905 by an instructor Y.
Sawayama of the central military School of Tokyo, and geometrically resolved by
himself, mixing the synthetic and metric approach. On this basis, we elaborate a
new, purely synthetic proof of SawayamaeHtault theorem which includes several
theorems that can all be synthetically proved. The initial step of our approach
refers to the beginning of the Sawayama'’s proof and the end refers to Stark’s proof.
Furthermore, our point of view leads easily to the Sawayama-Shail result.

2. A lemma

Lemma 1. Through the vertex A of atriangle ABC, a straight line AD isdrawn,
cutting the side BC at D. Let P be the center of the circle G which touches DC,
DA at E, F and the circumcircle G, of ABC' at K. Then the chord of contact £ F
passes through the incenter I of triangle ABC.

Figure 2

Proof. Let M, N be the points of intersection df £/, K F' with G, and J the
point of intersection oAM and E'F (see Figure 3)K E is the internal bisector of
/BKC'[8, Théoeme 119]. The poind/ being the midpoint of the arBC which
does not contaid’, AM is the A-internal bisector oA BC and passes through
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The circlesC; andC, being tangent ak’, EF and M N are parallel.

Figure 3

The circleC,, the basic pointsl and K, the linesM AJ and N K F, the parallels
MN andJF, lead to a converse of Reim’s theorem ([8,eDi€me 124]). There-
fore, the pointsA, K, F' andJ are concyclic. This can also be seen directly from
the fact that angles’J A and F K A are congruent.

Miquel’s pivot theorem [14, 9] applied to the trianglgF’J by consideringF' on
AF, EonFJ,andJ on AJ, shows that the circlé, passing througlt’, J and K
is tangent toAJ atJ. The circleCs with centerM, passing througtB, also passes
through ([2, Livre Il, p.46, tréoeme XXI] and [12, p.185]). This circle being
orthogonal to circle’; [13, 20] is also orthogonal to circlg ([10, 1]) asK EM
is the radical axis of circle§; and(,. 1 Therefore, MB = MJ, andJ = I.
Conclusion: the chord of contaétF' passes through the incenter a

Remark. WhenD is at B, this is the theorem of Nixon [16].

3. Sawayama-Thébault theorem

Theorem 2. Through the vertex A of atriangle ABC, a straight line AD isdrawn,
cutting the side BC' at D. I isthe center of the incircle of triangle ABC'. Let P
be the center of the circle which touches DC, DA at E, F', and the circumcircle of
ABC, and let () bethe center of a further circle whichtouches DB, DA in G, H
and the circumcircle of ABC. Then P, I and () are collinear.

IFrom/BKE = /M AC = /M BE, we see that he circumcircle &fK F is tangent taBM
at B. So circleCs is orthogonal to this circumcircle and consequently als6,tas M lies on their
radical axis.
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Figure 4

Proof. According to the hypothesis)G L BC, BC 1L PFE; soQG//PE. By
Lemma l1(GH andE F pass throughi. TrianglesD HG andQG H being isosceles
in D andQ respectively,DQ is

(1) the perpendicular bisector 6fH,

(2) the D-internal angle bisector of triangle HG.

Mutatis mutandisPDP is
(1) the perpendicular bisector éfF,

(2) the D-internal angle bisector of triangle E' F'.

As the bisectors of two adjacent and supplementary angles are perpendicular,
we haveD(@) L DP. ThereforeGH//DP andDQ//EF. Conclusion: using the
converse of Pappus’s theorem ([17, Proposition 139] and [3, p.67]), applied to the
hexagonP EIGQDP, the pointsP, I and@ are collinear. O
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Antiorthocorrespondents of Circumconics

Bernard Gibert

Abstract. This note is a complement to our previous paper [3]. We study how
circumconics are transformed under antiorthocorrespondence. This leads us to
consider a pencil of pivotal circular cubics which contains in particular the Neu-
berg cubic of the orthic triangle.

1. Introduction

This paper is a complement to our previous paper [3] on the orthocorrespon-

dence. Recall that in the plane of a given trianglBC, the orthocorrespondent of
a point)M is the pointM whose trilinear polar intersects the sidelinesdd?C at
the orthotraces ad/. If M = (p : ¢ : r) in homogeneous barycentric coordinates,
then?

ML:(p(—pSA+qSB+rSC)+a2qr:---:---). (D)
The antiorthocorrespondents 8f consists of the two pointd4 and M, not
necessarily real, for which/;* = M = Ms-. We write M = {M;, M}, and
say thatM; and M- are orthoassociates. We shall make use of the following basic
results.

Lemmal Let M = (p:q:r)and M " = {M;, Ma}.
(1) Theline M; M, ? has equation

Salg—r)z+ Sp(r —ply+ Sclp —q)z = 0.
It always passes through the orthocenter H, and intersects theline GM at

the point
(0 =)/ (g=r):eieo)
on the Kiepert hyperbola.

(2) The perpendicular bisector ¢, of the sesgment M M5 isthetrilinear polar
of the isotomic conjugate of the anticomplement of M, i.e.,

(g+r—pax+r+p—qy+@P+qg—1)z=0.

Publication Date: December 29, 2003. Communicating Editor: Paul Yiu.

The author thanks Paul Yiu for his helps in the preparation of the present paper.

lThroughout this paper, we use the same notations in [3]. All coordinates are barycentric coordi-
nates with respect to the reference trianglBC'.

2\, Ms is the Steiner line of the isogonal conjugate of the infinite point of the trilinear polar of
the isotomic conjugate af/.
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We study how circumconics are transformed under antiorthocorrespondence.
Let P = (u : v : w) be a point not lying on the sidelines afBC. Denote by
T'p the circumconic with perspectd?, namely,

u v w
Syl rZ =0
r Yy oz
This has centet
G/P=u(-u+v4+w):v(—v+w+u): wu+v—w)),

and is the locus of trilinear poles of lines passing throégh
A point (x : y : 2) is the orthocorrespondent of a point Ba if and only if

u
= U. 2
C§C x(—xSa +ySp + 2S¢) + a’yz 0 2)

The antiorthocorrespondent Bf is therefore in general a quart@p. It is easy
to check thatQp passes through the vertices of the orthic triangle and the pedal
triangle of P. It is obviously invariant under orthoassociatiom,, inversion with
respect to the polar circle. See [2]. It is therefore a special case of anallagmatic
fourth degree curve.

Figure 1. The bicircular circum-quarti@p

3This is the perspector of the medial triangle and anticevian triangie of
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The equation oBp can be rewritten as

(utv+w)C®— | Y (vtw)Sax | LC— [ Y uSpScyz | L2 =0, (3)
cyclic cyclic
with
C = a’yz + b?zx + Aay, L=x+y+ =z
From this it is clear tha@p is a bicircular quartic if and only ifi + v + w # 0;

equivalently,I'» does not contain the centro@. We shall study this case &8
below, and the casé € I'p in §4.

2. Theconic vp
A generic point on the coniEp is
u v w
M = M((t) = : : .
O S = e e M s v

As M varies on the circumconi€'p, the perpendicular bisectdi; of My M,
envelopes the conigp:

Z((u + v+ w)? — dvw)r? - 2(u+ v +w)(v+w — u)yz = 0.

/

Figure 2. The conieyp

The point of tangency ofp and the perpendicular bisector bf M, is
Tor = (v(uw—v)2(w+1)* +wu —w)w+t)> 1),
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The conicyp is called the éférente ofl'p in [1]. It has centewp = (2u + v +
w:---:---),and is homothetic to the circumconic with perspedfer+ w) :
(w +u)?: (u+v)?). % Itis therefore a circle whei® is the Nagel point or one of
its extraversions. This circle is the Spieker circle. We shall sé8.in below that
Qp is an oval of Descartes.

Itis clear thatyp is a parabola if and only i and thereforeP are at infinity.
In this casel'p contains the centroid’. See§4 below.

3. Antiorthocorrespondent of a circumconic not containing the centroid

Throughout this section we assurRea finite point so that the circumconig
does not contain the centrodg.

Proposition 2. Let ¢ bea linethrough G intersecting I'p at two points M and N.
The antiorthocorrespondents of M and N are four collinear points on Op.

Proof. Let M, M5 be the antiorthocorrespondents/df, and/V;, N, those of V.
By Lemma 1, each of the linek; M> and N1 N, intersecty at the same point on
the Kiepert hyperbola. Since they both contain A, M, and N1 N, are the same
line. O

Corollary 3. Let the medians of ABC meet I'p again at A, By, C,. The an-
tiorthocorrespondents of these points are the third and fourth intersections of O
with the altitudes of ABC.°

Proof. The antiorthocorrespondents 4fare A and H,,. O

In this case, the third and fourth points difif are symmetric about the second
tangent toyp which is parallel toBC'. The first tangent is the perpendicular bisec-
tor of AH, with contact(v + w : v : w), the contact with this second tangent is
(u(v +w) : vw + (v +w)? : v + (v +w)?) while Ay = (—u: v+ w : v +w).

For distinct pointsP, and P, the circumconicd’p, andI'p, have a “fourth”
common pointl’, which is the trilinear pole of the lin& P». LetT " = {1, T»}.
The conicsl'p, andI'p, generate a penciF consisting ofl['» for P on the line
P, P,. The antiorthocorrespondent of every cohje € F contains the following
16 points:

(i) the vertices ofA BC and the orthic triangléd, H, H..,
(ii) the circular points at infinity with multiplicity 48
(iii) the antiorthocorrespondent&’ = {71, T»}.

Proposition 4. Apart fromthe circular points at infinity and the vertices of ABC
and the orthic triangle, the common points of the quartics Op, and Qp, are the
antiorthocorrespondents of the trilinear pole of theline R P;.

4t is inscribed in the medial triangle; its anticomplement is the circumconic with center the
complement ofP, with perspector the isotomic conjugate®f
5They are not always real whetiBC' is obtuse angle.

6Think of Qp, as the union of two circles an@p, likewise. These have at most 8 real finite
points and the remaining 8 are the circular points at infinity, each counted with multiplicity 4.
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Figure 3. The bicircular quartio@p, andQp,

Remarks. 1. T7 andTs lie on the line throughd which is the orthocorrespondent
of the lineGT. See [3,82.4]. This lineT;T; is the directrix of the inscribed (in
ABC) parabola tangent to the ling P».

2. The pencilF contains three degenerate conigé’ U AT, CA U BT, and
AB U CT. The antiorthocorrespondent &C U AT, for example, degenerates
into the circle with diameteBC and another circle through, H,, 71 andT; (see
[3, Proposition 2]).

3.1 The points S; and S;. Since Qp and the circumcircle have already seven
common points, the verticed, B, C, and the circular points at infinity, each of
multiplicity 2, they must have an eighth common point, namely,

CL2
¥2Sg ~ 2S¢

which is the isogonal conjugate of the infinite point of the line

a2S4
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Similarly, Qp and the nine-point circle also have a real eighth common point
Sy = ((Sp(u —v+w) — So(u+v—w))(c*Scv — b>Spw) : ---:---), (5)
which is the inferior of

a2
(SB(u—v+w) —So(u+v—w) )
on the circumcircle.
We know that the orthocorrespondent of the circumcircle is the circum-ellipse
I'p, with centerK, the Lemoine point, ([3§2.6]). If P # O, this ellipse meetEp
atA, B, C and a fourth point

S_S(P)_(CQch—lb2SBw:m:”'>’ (6)

which is the trilinear pole of the lin@P. The pointS lies on the circumcircle if
and only if P is on the Brocard axi® K.

Proposition 5. ST = {5, S}.
Corollary 6. S(P) = S(P")ifand only if P, P’ and O are collinear.

Remark. When P = O (circumcenter)'p is the circum-ellipse with centek.
In this caseQp decomposes into the union of the circumcircle and the nine point
circle.

3.2 Bitangents.

Proposition 7. The points of tangency of the two bitangents to Op passing through
H are the antiorthocorrespondents of the points where the polar line of G in Ip
meetsI'p.

Proof. Consider a lind; throughH which is supposed to be tangent@p at two
(orthoassociate) point/ and N. The orthocorrespondents 8f and N must lie
onT'p and on the orthocorrespondent &f which is a line throughz. Since M
and N are double points, the line throughmust be tangent tbp and M N is the
polar of G in T'p. O

Remark. M and N are not necessarily real. F/T = {M;, My} andN' =
{N1, N2}, the perpendicular bisectors 8f; M> and N1 N, are the asymptotes of
~p.” The four pointsi;, Ms, Ny, N, are concyclic and the circle passing through
them is centered atp.

Denote byH,, H,, H3 the vertices of the triangle which is self polar in both
the polar circle andjp. The orthocenter of this triangle is obviously. Fori =
1, 2, 3, letC; be the circle centered &f; orthogonal to the polar circle arid the
circle centered abp orthogonal taC;. The circlel’; intersectsQp at the circular
points at infinity (with multiplicity 2) and four other points two by two homologous
in the inversion with respect t6; which are the points of tangency of the (not

"The union of the line at infinity and a bitangent is a degenerate circle which is bitang@pt to
Its center must be an infinite point 9.
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always real) bitangents drawn frof to Qp. The orthocorrespondent of is a

conic (see [3§2.6]) intersectind p at four points whose antiorthocorrespondents
are eight points, two by two orthoassociate. Four of them lidoand are the
required points of tangency. The remaining four are their orthoassociates and they
lie on the circle which is the orthoassociatdbfFigure 4 below shows an example

of Qp with three pairs of real bitangents.

Figure 4. Bitangents t@p

Proposition 8. Qp istangentat H,, Hy, H.to BC,CA, ABifandonlyif P = H.
3.3 Qp asan envelope of circles.

Theorem 9. Thecircle Cy; centered at Ty, passing through M; and M is bitan-
gent to Qp at those points and orthogonal to the polar circle.

This is a consequence of the following result from [1, tome 3, p.170]. A bicir-
cular quartic is a special case of “plane cyclic curve”. Such a curve always can
be considered in four different ways as the envelope of circles centered on a conic
(déférente) cutting orthogonally a fixed circle. Here the fixed circle is the polar
circle with centerH, and sincelM; and M- are anallagmatic (inverse in the polar
circle) and collinear with, there is a circle passing throudhi , M, centered on
the déférente, which must be bitangent to the quartic.

Corollary 10. 9p is the envelope of circles Cy;, M € I'p, centered on vp and
orthogonal to the polar circle.
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Construction. It is easy to drawyp since we know its centepp. For m on

~vp, draw the tangent,, at m to vp. The perpendicular at. to Hm meets the
perpendicular bisector of H, at a point which is the center of a circle through

(and H,). This circle intersect${m at two points which lie on the circle centered
atm and orthogonal to the polar circle. This circle intersects the perpendicular at
H to t,, at two points ofQp.

Corollary 11. Thetangents at M; and M, to @ p arethe tangents to the circle Cy,
at these points.

Figure 5. Qp as an envelope of circles

3.4. Inversions leaving Qp invariant.

Theorem 12. Qp isinvariant under three other inversions whose poles are the
vertices of the triangle which is self-polar in both the polar circle and .

Proof. This is a consequence of [1, tome 3, p.172].

Construction: Consider the transformatigprnwhich maps any poini/ of the
plane to the intersectio®/’ of the polars of)M in both the polar circle andp.
Let X,, X4, 3. be the conics which are the images of the altitudés, BH, CH
under¢. The conicy, is entirely defined by the following five points:
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(1) the point at infinity ofBC'.

(2) the point at infinity of the polar off in ~p.

(3) the foot onBC of the polar ofA in p.

(4) the intersection of the polar @f, in vp with the parallel atA to BC.
(5) the pole ofAH in ~p.

self-polar
triangle

T

Similarly, we define the conics, andX.. These conics are in the same pencil
and meet at four points: one of them is the point at infinity of the poldf af
and the three others are the required poles. The circles of inversion are centered
at those points and are orthogonal to the polar circle. Their radical axes with the
polar circle are the sidelines of the self-polar triangle. O

Figure 6. The conic&,, 3, X

Another construction is possible : the transformation of the sidelines of triangle
ABC under¢ gives three other conics,, o;, 0. but not defining a pencil since
the three lines are not now concurresy.passes througi, the two points where
the trilinear polar ofP* (anticomplement of’) meetsA B and AC, the pole of the
line BC' in ~yp, the intersection of the parallel g@tto BC with the polar ofH, in
~vp. See Figure 7.

Remark. The Jacobian of,, o, o. is a degenerate cubic consisting of the union
of the sidelines of the self-polar triangle.
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of PT

Figure 7. The conics,, os, 0.

3.5 Examples. We provide some examples related to common centersRif'.

P S S1 Sa I'p Remark
H | Xess | X107 | X125 see Figure 8
K X110 X112 X115 circumcircle
G | Xeas | X107 | S125 | Steiner circum — ellipse
Xea7 Jerabek hyperbola

Remarks. 1. ForP = H, Op is tangent atd,, H;, H,. to the sidelines oABC.
See Figure 8.

2. P = Xg47, the isogonal conjugate of the tripole of the Euler litg: is the
Jerabek hyperbola.

3. Qp has two axes of symmetry if and only i is the point such thad P —
30H (this is a consequence of [1, tome 3, p.1§15]. Those axes are the parallels
at H to the asymptotes of the Kiepert hyperbola. See Figure 9.

4. WhenP = Xjg (Nagel point),yp is the incircle of the medial triangle (its
center isX;o = Spieker center) anHlp the circum-conic centered &% = ((b +
c—a)lb+c—3a):---:---). Since the dférente is a circleQp is now an oval
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Figure 8. The quarti@y

Figure 9. Qp with two axes of symmetry

of Descartes (see [1, tome 1, p.8]) with axis the Iii&7,. We obtain three more
ovals of Descartes Ky is replaced by one of its extraversions. See Figure 10.
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Figure 10. Qp as an oval of Descartes

4. Antiorthocorrespondent of a circum-conic passing through G

We consider the case when the circumcdniccontains the centroid; equiv-
alently, P = (u : v : w) is an infinite point. In this casd,r has centefu? : v? :
w?) on the inscribed Steiner ellipse. The trilinear polar of poigtst G on I'p
are all parallel, and have infinite poifit. It is clear from (3) that the curvép
decomposes into the union of the line at infindy? : x 4+ y + z = 0 and the cubic
Kp

> w(Sp(Sau — Spv)y® — Sc(Sew — Sau)z?) = 0. 7)
This is the pivotal isocubic/6(Q2p, H), with pivot H and pole
Op— Spv— Scw  Scw — Sau Sau— Spv
P S+ S So ‘
Since the orthocorrespondent of the line at infinity is the centfgidve shall
simply say that the antiorthocorrespondent’pfis the cubicKp. The orthocenter
H is the only finite point whose orthocorrespondentisWe know thatOp has

already the circular points (counted twice) 61¢. This means that the cubiCp
is also a circular cubic. In fact, equation (7) can be rewritten as

(uSaz + vSpy + wScz)(a*yz + b2zx + Pay)
+(z+y+ 2)(uSBcyz + vScazx + wSapxy) = 0. (8)
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As P traversesC®, these cubicdCp form a pencil of circular pivotal isocubics
since they all contail, B, C, H, H,, Hy, H. and the circular points at infinity.
The poles of these isocubics all lie on the orthic axis.

Figure 11. The circular pivotal cubi€p

4.1 Properties of Cp.

(1) Kp isinvariant under orthoassociation: the line througltand M on Kp
meetsKp again atM’ simultaneously thé)p-isoconjugate and orthoas-
sociate ofM. Kp is also invariant under the three inversions with poles
A, B, C which swapH andH,, H,, H, respectively® See Figure 11.

(2) The real asymptote d&fp is the linelp

=0. 9
SBU—Swa—I_Scw—SAuy+SAu—SBUZ ©)

It has infinite point

P' = (Sgv — Scw : Scw — Sau: Sau — Spv),

811, H,, H,, H. are often called the centers of anallagmaty of the circular cubic.
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and is parallel to the tangents 4t B, C, andH.° It is indeed the Simson
line of the isogonal conjugate d?. It is therefore tangent to the Steiner
deltoid.

(3) The tangents t&p at H,, Hy, H. are the reflections of those 4dt, B,
C, about the perpendicular bisectors 4#,, BH;, C H, respectively?
They concur on the cubic at the point

X — Spv — Scw bQSB_CQSC . .
N U v w ' ' ’

which is also the intersection d@f and the nine point circle. This is the
inferior of the isogonal conjugate d?. It is also the image of”*, the
isogonal conjugate aP, under the homotheW(H,%).

(4) The antipode” of X on the nine point circle is the singular focus/gf:

F = (u(b?v — w) : v(Pw — a®u) : w(a*u — b*v)).

(5) The orthoassociat¥ of X is the “last” intersection ofCp with the cir-
cumcircle, apart from the vertices and the circular points at infinity.
(6) The second intersection of the lidgY” with the circumcircle isZ = P*.

asymptote

Figure 12. The pointX, Y, Z andKp for P = X512

he latter is the lineuSaz + vSpy + wScz = 0.
10These are the lineS?uz — (Ssv — Scw)(Ssy — Scz) = 0 etc.
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(7) Kp intersects the sidelines of the orthic triangle at three points lying on the
cevian lines ofY” in ABC.

(8) Kp is the envelope of circles centered on the parapléfocus F, direc-
trix the parallel atO to the Simson line of) and orthogonal to the polar
circle. See Figure 13.

directrix

Figure 13. Kp and the parabol®p

(9) T'p meets the circumcircle again at

. 1 1 1
A\ 020 —cw " Aw—a?u  a?u— b
and the Steiner circum-ellipse again at

1 1 1
R—( : : )
vV—w w—u UuU—0

The antiorthocorrespondents of these two postre four points orkp.
They lie on a same circle orthogonal to the polar circle. SeéZ%] and
Figure 14.

4.2 Kp passing through a given point. Since all the cubics form a pencil, there
is a uniquelCp passing through a given poifl which is not a base-point of the
pencil. The circumconi€'p clearly contaings andQ", the orthocorrespondent of
Q. It follows that P is the infinite point of the tripolar of)".

Here is another construction @f. The circumconic througld’ and Q" inter-
sects the Steiner circum-ellipse at a fourth pdintThe midpointM of GR is the
center of['p. The anticevian triangle al/ is perspective to the medial triangle
at P. The lines through their corresponding vertices are parallel to the tangents to
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Yff parabola
medial

Figure 14. The point®, S andCp for P = X514

KpatA, B, C. The point at infinity of these parallel lines is the poiifor which
Kp containsQ.

In particular, ifQ is a point on the circumcircle? is simply the isogonal con-
jugate of the second intersection of the liH&) with the circumcircle.

4.3. Some examples and special cases.

(1) The most remarkable circum-conic throughs probably the Kiepert rect-
angular hyperbola with perspectét = Xs»3, point at infinity of the or-
thic axis. Its antiorthocorrespondent i& (X990, H ), identified as the
orthopivotal cubicO(H) in [3, §6.2.1]. See Figure 15.

(2) With P = isogonal conjugate aKysy 1% Kp is the Neuberg cubic of the
orthic triangle. We havé” = Xj37, X = Xj98, Y = isogonal conjugate
of X539, Z = Xo30. The cubic contain§(5, X15, X16, X352, X186, X1154
(at infinity). See Figure 16.

(3) Kp degenerates wheR is the point at infinity of one altitude. For ex-
ample, with the altituded H, Kp is the union of the sideliné&C and the
circle throughA, H, Hy, H..

Up — (a®(b? — ¢®)(45% — 3bc?) : -+ : - -- ). The pointXos, is the anticomplement o, 37
which is X119 of the orthic triangle.
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Euler line

Kiepert
hyperbola

Figure 15. O(H) or Kp for P = X523

Figure 16. Kp as the Neuberg cubic of the orthic triangle

(4) Kp is a focal cubic if and only ifP is the point at infinity of one tangent
to the circumcircle a#, B, C. For example, with4, Kp is the focal cubic
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denotedK, with singular focusH, and pole the intersection of the orthic
axis with the symmediad K. The tangents afl, B, C, H are parallel to
the lineOA. I'p is the isogonal conjugate of the line passing throdgh
and the midpoint ofBC. Pp is the parabola with focusl, and directrix
the lineO A.
K, is the locus of pointM from which the segment® H,, C H, are
seen under equal or supplementary angles. It is also the locus of contacts
of tangents drawn froni, to the circles centered dff, H. and orthogonal
to the circle with diametefl, H.. See Figure 17.

\
\ / / /
\ / / /
\ A / /
= /
~_ \ / /
~ o \ / / /
~o \ / / /
S. \ / / 7
~o Ny / /
~ \ /
~_ ¥ |
\/\/\Z /

o/

LA
/) VV/ ’,5\ vy };/m‘almla Pp

P

Ad g
4

./ .
directrix / AR

Figure 17. The focal cubik,

4.4. Conclusion. We conclude with the following table showing the repartition of
the points we met in the study above in some particular situations. Recalfthat
X,Y always lie onCp, Y, Z, S on the circumcircle X, F' on the nine point circle,

R on the Steiner circum-ellipse. When the point is not mentioned in [6], its first
barycentric coordinate is given, as far as it is not too complicatéddenotes the
isogonal conjugate af/, andM# denotes the isotomic conjugate uf.
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P P X Y Z F S R || Remark
X30 | X523 | X195 | Xior | Xva | X113 | Xus02 | Xeas
X523 | Xso0 | X113 | Xuzoo | Xa10 | Xi25 | Xog | Xem (1)
X514 | X516 | X118 | Xo17 | Xio1 | X116 | Xers | Xoos (2)
X511 | X512 | Xu1s | Xuio | Xog | Xnia | X110 | My
X512 | Xs11 | X1 | Mo | Xogg | X115 | X1 X?ég (3)
X513 | X517 | X119 | Xois | Xioo | X11 | Xios X?ég (4)
KNsoq | Xnago | M3z | My | Xann | Xige | Xog | Xog
X520 | Xiogs | X133 | X7a | Xuor | Xi22 | X207
X525 | X1503 | X132 | Xog | X112 | X127 X8#58 X;,%
Xg30 | X154 | X2 | X539 | Xozo | X137
X515 | X522 | Xuoa | M5 | Xuo2 | X117
X516 | X514 | X116 | Me | X103 | X118 My

Remarks. (1) Q2p = X115. I'p is the Kiepert hyperbolaPp is the Kiepert parabola
of the medial triangle with directrix the Euler line. See Figure 15.
(2) Qp = X10s6- Pp is the Yff parabola of the medial triangle. See Figure 14.
(3) Qp = Xi0s4. The directrix of Pp is the Brocard line.
(4) Qp = X1015. The directrix ofPp is the lineO1.

The pointsMy, ..., M; are defined by their first barycentric coordinates as
follows.

M, 1/[(b% — c®)(a®Sa + b*c?)]
Mo a?/[Sa((b? — ?)? — a®(b? + &2 — 2a?))]
Mz | (0% — )2 (b + 2 — 5a®) (b + * — a® — 4b°?)

M,y 1/[Sa(b* — ) (b + ¢ — a® — 4b%c?)]
Ms Sa(b— )b+ —a’b — a*c + abe)
Mg 1/[Sa(b — ¢)(b? + ¢* — ab — ac + bc)]

My | 1/[(b— ¢)(3b* + 3c* — a® — 2ab — 2ac + 2bc)]
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