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Orthocorrespondence and Orthopivotal Cubics

Bernard Gibert

Abstract. We define and study a transformation in the triangle plane called the
orthocorrespondence. This transformation leads to the consideration of a fam-
ily of circular circumcubics containing the Neuberg cubic and several hitherto
unknown ones.

1. The orthocorrespondence

Let P be a point in the plane of triangleABC with barycentric coordinates
(u : v : w). The perpendicular lines atP toAP ,BP ,CP intersectBC,CA, AB
respectively atPa, Pb, Pc, which we call theorthotraces of P . These orthotraces
lie on a lineLP , which we call theorthotransversal of P .1 We denote the trilinear
pole ofLP by P⊥, and call it theorthocorrespondent of P .
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H/P

P∗

Pc

Pa

Pb

LP

Figure 1. The orthotransversal and orthocorrespondent

In barycentric coordinates,2

P⊥ = (u(−uSA + vSB +wSC) + a2vw : · · · : · · · ), (1)

Publication Date: January 21, 2003. Communicating Editor: Paul Yiu.
We sincerely thank Edward Brisse, Jean-Pierre Ehrmann, and Paul Yiu for their friendly and

valuable helps.
1The homography on the pencil of lines throughP which swaps a line and its perpendicular atP

is an involution. According to a Desargues theorem, the points are collinear.
2All coordinates in this paper are homogeneous barycentric coordinates. Often for triangle cen-

ters, we list only the first coordinate. The remaining two can be easily obtained by cyclically permut-
ing a, b, c, and corresponding quantities. Thus, for example, in (1), the second and third coordinates
arev(−vSB + wSC + uSA) + b2wu andw(−wSC + uSA + vSB) + c2uv respectively.
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where,a, b, c are respectively the lengths of the sidesBC, CA, AB of triangle
ABC, and, in J.H. Conway’s notations,

SA =
1
2
(b2 + c2 − a2), SB =

1
2
(c2 + a2 − b2), SC =

1
2
(a2 + b2 − c2). (2)

The mappingΦ : P �→ P⊥ is called theorthocorrespondence (with respect to
triangleABC).

Here are some examples. We adopt the notations of [5] for triangle centers, ex-
cept for a few commonest ones. Triangle centers without an explicit identification
asXn are not in the current edition of [5].

(1) I⊥ = X57, the isogonal conjugate of the MittenpunktX9.
(2) G⊥ = (b2 + c2 − 5a2 : · · · : · · · ) is the reflection ofG aboutK, and the

orthotransversal is perpendicular toGK.
(3) H⊥ = G.
(4) O⊥ = (cos 2A : cos 2B : cos 2C) on the lineGK.
(5) More generally, the orthocorrespondent of the Euler line is the lineGK.

The orthotransversal envelopes the Kiepert parabola.
(6) K⊥ =

(
a2(b4 + c4 − a4 − 4b2c2) : · · · : · · · ) on the Euler line.

(7) X⊥
15 = X62 andX⊥

16 = X61.
(8) X⊥

112 = X⊥
115 = X110.

See§2.3 for points on the circumcircle and the nine-point circle with orthocorre-
spondents having simple barycentric coordinates.

Remarks. (1) While the geometric definition above ofP⊥ is not valid whenP is
a vertex of triangleABC, by (1) we extend the orthocorrespondenceΦ to cover
these points. Thus,A⊥ = A,B⊥ = B, andC⊥ = C.

(2) The orthocorrespondent ofP is not defined if and only if the three coordi-
nates ofP⊥ given in (1) are simultaneously zero. This is the case whenP belongs
to the three circles with diametersBC,CA,AB. 3 There are only two such points,
namely, the circular points at infinity.

(3) We denote byP∗ the isogonal conjugate ofP and byH/P the cevian quo-
tient ofH andP . 4 It is known that

H/P = (u(−uSA + vSB + wSC) : · · · : · · · ) .
This shows thatP⊥ lies on the line throughP∗ andH/P . In fact,

(H/P )P⊥ : (H/P )P ∗ = a2vw + b2wu+ c2uv : SAu
2 + SBv

2 + SCw
2.

In [6], Jim Parish claimed that this line also contains the isogonal conjugate ofP
with respect to its anticevian triangle. We add that this point is in fact the harmonic
conjugate ofP⊥ with respect toP∗ andH/P . Note also that the line throughP
andH/P is perpendicular to the orthotransversalLP .

(4) The orthocorrespondent of any (real) point on the line at infinityL∞isG.

3See Proposition 2 below.
4H/P is the perspector of the cevian triangle ofH (orthic triangle) and the anticevian triangle of

P .
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(5) A straightforward computation shows that the orthocorrespondenceΦ has
exactly five fixed points. These are the verticesA,B,C, and the two Fermat points
X13, X14. Jim Parish [7] and Aad Goddijn [2] have given nice synthetic proofs
of this in answering a question of Floor van Lamoen [3]. In other words,X13 and
X14 are the only points whose orthotransversal and trilinear polar coincide.

Theorem 1. The orthocorrespondent P⊥ is a point at infinity if and only if P lies
on the Monge (orthoptic) circle of the inscribed Steiner ellipse.

Proof. From (1),P⊥ is a point at infinity if and only if∑
cyclic

SAx
2 − 2a2yz = 0. (3)

This is a circle in the pencil generated by the circumcircle and the nine-point circle,
and is readily identified as the Monge circle of the inscribed Steiner ellipse.5 �

It is obvious thatP⊥ is at infinity if and only ifLP is tangent to the inscribed
Steiner ellipse.6

Proposition 2. The orthocorrespondent P⊥ lies on the sideline BC if and only
if P lies on the circle ΓBC with diameter BC . The perpendicular at P to AP
intersects BC at the harmonic conjugate of P⊥ with respect to B and C .

Proof. P⊥ lies onBC if and only if its first barycentric coordinate is 0,i.e., if and
only if u(−uSA + vSB + wSC) + a2vw = 0 which shows thatP must lie on
ΓBC . �

2. Orthoassociates and the critical conic

2.1. Orthoassociates and antiorthocorrespondents.

Theorem 3. Let Q be a finite point. There are exactly two points P1 and P2 (not
necessarily real nor distinct) such that Q = P⊥1 = P⊥

2 .

Proof. LetQ be a finite point. The trilinear polar�Q of Q intersects the sidelines
of triangleABC atQa,Qb,Qc. The circlesΓa, Γb, Γc with diametersAQa,BQb,
CQc are in the same pencil of circles since their centersOa, Ob, Oc are collinear
(on the Newton line of the quadrilateral formed by the sidelines ofABC and�Q),
and since they are all orthogonal to the polar circle. Thus, they have two pointsP1
andP2 in common. These points, if real, satisfyP⊥1 = Q = P⊥

2 . 7 �
We callP1 andP2 theantiorthocorrespondents of Q and writeQ� = {P1, P2}.

We also say thatP1 andP2 areorthoassociates, since they share the same ortho-
correspondent and the same orthotransversal. Note thatP1 andP2 are homologous

5The Monge (orthoptic) circle of a conic is the locus of points whose two tangents to the conic
are perpendicular to each other. It has the same center of the conic. For the inscribed Steiner ellipse,
the radius of the Monge circle is

√
2

6

√
a2 + b2 + c2.

6The trilinear polar of a point at infinity is tangent to the in-Steiner ellipse since it is the in-conic
with perspectorG.

7P1 andP2 are not always real whenABC is obtuse angled, see§2.2 below.
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Figure 2. Antiorthocorrespondents

under the inversionιH with poleH which swaps the circumcircle and the nine-
point circle.

Proposition 4. The orthoassociate P of P (u : v : w) has coordinates

(
SBv2 + SCw2 − SAu(v + w)

SA
:

SCw2 + SAu2 − SBv(w + u)

SB
:

SAu2 + SBv2 − SCw(u + v)

SC

)
.

(4)

Let S denotetwice of the area of triangleABC. In terms ofSA, SB, SC in (2),
we have

S2 = SASB + SBSC + SCSA.

Proposition 5. Let

K(u, v,w) = S2(u+ v + w)2 − 4(a2SAvw + b2SBwu+ c2SCuv).
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The antiorthocorrespondents of Q = (u : v : w) are the points with barycentric
coordinates

((u−w)(u+v−w)SB+(u−v)(u−v+w)SC±
√

K(u, v, w)

S
((u−w)SB +(u−v)SC) : · · · : · · · ). (5)

These are real points if and only ifK(u, v,w) ≥ 0.

2.2. The critical conic C. Consider thecritical conic C with equation

S2(x+ y + z)2 − 4
∑
cyclic

a2SAyz = 0, (6)

which is degenerate, real, imaginary according as triangleABC is right-, obtuse-,
or acute-angled. It has center the Lemoine pointK, and the same infinite points as
the circumconic

a2SAyz + b2SBzx+ c2SCxy = 0,
which is the isogonal conjugate of the orthic axisSAx+ SBy+ SCz = 0, and has
the same centerK. This critical conic is a hyperbola when it is real. Clearly, ifQ
lies on the critical conic, its two real antiorthocorrespondents coincide.

A

B

C

H

K

polar circle

Figure 3. The critical conic
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Proposition 6. The antiorthocorrespondents of Q are real if and only if one of the
following conditions holds.
(1) Triangle ABC is acute-angled.
(2) Triangle ABC is obtuse-angled and Q lies in the component of the critical
hyperbola not containing the center K .

Proposition 7. The critical conic is the orthocorrespondent of the polar circle.
When it is real, it intersects each sideline of ABC at two points symmetric about
the corresponding midpoint. These points are the orthocorrespondents of the in-
tersections of the polar circle and the circles ΓBC , ΓCA, ΓAB with diameters BC ,
CA, AB.

2.3. Orthocorrespondent of the circumcircle. LetP be a point on the circumcircle.
Its orthotransversal passes throughO, andP⊥ lies on the circumconic centered at
K. 8 The orthoassociateP lies on the nine-point circle. The table below shows
several examples of such points.9

P P ∗ P P⊥

X74 X30 X133 a2SA/((b2 − c2)2 + a2(2SA − a2))
X98 X511 X132 X287

X99 X512 (b2 − c2)2(SA − a2)/SA SA/(b2 − c2)
X100 X513 aSA/(b− c)
X101 X514 a2SA/(b− c)
X105 X518 aSA/(b2 + c2 − ab− ac)
X106 X519 a2SA/(b+ c− 2a)
X107 X520 X125 X648 = X∗

647

X108 X521 X11 X651 = X∗
650

X109 X522 a2SA/((b − c)(b+ c− a))
X110 X523 X136 a2SA/(b2 − c2)
X111 X524 a2SA/(b2 + c2 − 2a2) = X∗

468

X112 X525 X115 X110 = X∗
523

X675 X674 SA/(b3 + c3 − a(b2 + c2))
X689 X688 SA/(a2(b4 − c4))
X691 X690 a2SA/((b2 − c2)(b2 + c2 − 2a2))
P1 P ∗

1 X114 X∗
230

Remark. The coordinates ofP1 can be obtained from those ofX230 by making use
of the fact thatX∗

230 is the barycentric product ofP1 andX69. Thus,

P1 =
(

a2

SA((b2 − c2)2 − a2(b2 + c2 − 2a2))
: · · · : · · ·

)
.

8If P = (u : v : w) lies on the circumcircle, thenP⊥ = (uSA : vSB : wSC) is the barycentric
product ofP andX69. See [9]. The orthotransversal is the linex

uSA
+ y

vSB
+ z

wSC
= 0 which

containsO.
9The isogonal conjugates are trivially infinite points.
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2.4. The orthocorrespondent of a line. The orthocorrespondent of a sideline, say
BC, is the circumconic throughG and its projection on the corresponding altitude.
The orthoassociate is the circle with the segmentAH as diameter.

Consider a line� intersectingBC,CA,AB atX, Y ,Z respectively. The ortho-
correspondent�⊥ of � is a conic containing the centroidG (the orthocorrespondent
of the infinite point of�) and the pointsX⊥, Y ⊥, Z⊥. 10 A fifth point can be
constructed asP⊥, whereP is the pedal ofG on �. 11 These five points entirely
determine the conic. According to Proposition 2,�⊥ meetsBC at the orthocorre-
spondents of the points where� intersects the circleΓBC . 12 It is also the orthocor-
respondent of the circle throughH which is the orthoassociate of�.

If the line � containsH, the conic�⊥ degenerates into a double line containing
G. If � also containsP = (u : v : w) other thanH, then this line has equation

(SBv − SCw)x+ (SCw − SAu)y + (SAu− SBv)z = 0.

This double line passes through the second intersection of� with the Kiepert hy-
perbola.13 It also contains the point(uSA : vSB : wSC). The two lines intersect
at the point (

SB − SC

SBv − SCw
:
SC − SA

SCw − SAu
:
SA − SB

SAu− SBv

)
.

The orthotransversals of points on� envelope the inscribed parabola with direc-
trix � and focus the antipode (on the circumcircle) of the isogonal conjugate of the
infinite point of�.

2.5. The antiorthocorrespondent of a line. Let � be the line with equationlx +
my + nz = 0.
WhenABC is acute angled, the antiorthocorrespondent�� of � is the circle cen-
tered atΩ� = (m+ n : n + l : l +m)14 and orthogonal to the polar circle. It has
square radius

SA(m+ n)2 + SB(n+ l)2 + SC(l +m)2

4(l +m+ n)2

and equation

(x+ y + z)


 ∑

cyclic

SAlx


 − (l +m+ n)


 ∑

cyclic

a2yz


 = 0.

WhenABC is obtuse angled,�� is only a part of this circle according to its
position with respect to the critical hyperbolaC. This circle clearly degenerates

10These points can be easily constructed. For example,X⊥ is the trilinear pole of the perpendic-
ular atX toBC.

11P⊥ is the antipode ofG on the conic.
12These points can be real or imaginary, distinct or equal.
13In particular, the orthocorrespondent of the tangent atH to the Kiepert hyperbola,i.e., the line

HK, is the Euler line.
14Ω� is the complement of the isotomic conjugate of the trilinear pole of�.
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into the union ofL∞and a line throughH whenG lies on �. This line is the
directrix of the inscribed conic which is now a parabola.

Conversely, any circle centered atΩ (proper or degenerate) orthogonal to the
polar circle is the orthoptic circle of the inscribed conic whose perspectorP is the
isotomic conjugate of the anticomplement of the center of the circle. The ortho-
correspondent of this circle is the trilinear polar�P of P . The table below shows a
selection of usual lines and inscribed conics.15

P Ω � inscribed conic
X1 X37 antiorthic axis ellipse, centerI
X2 X2 L∞ Steiner in-ellipse
X4 X6 orthic axis ellipse, centerK
X6 X39 Lemoine axis Brocard ellipse
X7 X1 Gergonne axis incircle
X8 X9 Mandart ellipse
X13 X396 Simmons conic
X76 X141 de Longchamps axis
X110 X647 Brocard axis
X598 X597 Lemoine ellipse

2.6. Orthocorrespondent and antiorthocorrespondent of a circle. In general, the
orthocorrespondent of a circle is a conic. More precisely, two orthoassociate cir-
cles share the same orthocorrespondent conic, or the part of it outside the critical
conicC whenABC is obtuse-angled. For example, the circumcircle and the nine-
point circle have the same orthocorrespondent which is the circumconic centered
atK. The orthocorrespondent of each circle (and its orthoassociate) of the pencil
generated by circumcircle and the nine-point circle is another conic also centered
atK and homothetic of the previous one. The axis of these conics are the parallels
atK to the asymptotes of the Kiepert hyperbola. The critical conic is one of them
since the polar circle belongs to the pencil.

This conic degenerates into a double line (or part of it) if and only if the circle is
orthogonal to the polar circle. If the radical axis of the circumcircle and this circle
is lx+my + nz = 0, this double line has equationlSA

x+ m
SB
y + n

SC
z = 0. This

is the trilinear polar of the barycentric productX69 and the trilinear pole of the
radical axis.

The antiorthocorrespondent of a circle is in general a bicircular quartic.

15The conics in this table are entirely defined either by their center or their perspector in the table.
See [1]. In fact, there are two Simmons conics (and not ellipses as Brocard and Lemoyne wrote) with
perspectors (and foci)X13 andX14.
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3. Orthopivotal cubics

For a given a pointP with barycentric coordinates(u : v : w), the locus of point
M such thatP ,M ,M⊥ are collinear is the cubic curveO(P ):∑

cyclic

x
(
(c2u− 2SBw)y2 − (b2u− 2SCv)z2

)
= 0. (7)

Equivalently,O(P ) is the locus of the intersections of a line throughP with the
circle which is its antiorthocorrespondent. See§2.5. We shall say thatO(P ) is an
orthopivotal cubic, and callP its orthopivot.

Equation (7) can be rewritten as∑
cyclic

u
(
x(c2y2 − b2z2) + 2yz(SBy − SCz)

)
= 0. (8)

Accordingly, we consider the cubic curves

Σa : x(c2y2 − b2z2) + 2yz(SBy − SCz) = 0,
Σb : y(a2z2 − c2x2) + 2zx(SCz − SAx) = 0,
Σc : z(b2x2 − a2y2) + 2xy(SAx− SBy) = 0,

(9)

and very loosely write (8) in the form

uΣa + vΣb + wΣc = 0. (10)

We study the cubicsΣa, Σb, Σc in §6.5 below, where we shall see that they are
strophoids. We list some basic properties of theO(P ).

Proposition 8. (1) The orthopivotal cubic O(P ) is a circular circumcubic16 pass-
ing through the Fermat points, P , the infinite point of the line GP , and

P ′ =
(
b2 − c2
v − w :

c2 − a2
w − u :

a2 − b2
u− v

)
, (11)

which is the second intersection of the line GP and the Kiepert hyperbola.17

(2) The “third” intersection of O(P ) and the Fermat line X13X14 is on the line
PX110.

(3) The tangent to O(P ) at P is the line PP⊥.
(4) O(P ) intersects the sidelines BC , CA, AB at U , V , W respectively given

by

U =(0 : 2SCu− a2v : 2SBu− a2w),

V =(2SCv − b2u : 0 : 2SAv − b2w),

W =(2SBw − c2u : 2SAw − c2v : 0).

(5) O(P ) also contains the (not always real) antiorthocorrespondents P1 and
P2 of P .

16This means that the cubic passes through the two circular points at infinity common to all
circles, and the three vertices of the reference triangle.

17This is therefore the sixth intersection ofO(P ) with the Kiepert hyperbola.
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Here is a simple construction of the intersectionU in (4) above. If the parallel at
G to BC intersects the altitudeAH atHa, thenU is the intersection ofPHa and
BC. 18

4. Construction of O(P ) and other points

Let the trilinear polar ofP intersect the sidelinesBC, CA, AB at X, Y , Z
respectively. Denote byΓa, Γb, Γc the circles with diametersAX, BY , CZ and
centersOa, Ob, Oc. They are in the same pencilF whose radical axis is the per-
pendicular atH to the lineL passing throughOa, Ob, Oc, and the pointsP1 and
P2 seen above.19

For an arbitrary pointM onL, let Γ be the circle ofF passing throughM . The
line PM⊥ intersectsΓ at two pointsN1 andN2 onO(P ). From these we note the
following.

(1) O(P ) contains the second intersectionsA2, B2, C2 of the linesAP , BP ,
CP with the circlesΓa, Γb, Γc.

(2) The pointP ′ in (11) lies on the radical axis ofF.
(3) The circle ofF passing throughP meets the linePP⊥ at P̃ , tangential of
P .

(4) The perpendicular bisector ofN1N2 envelopes the parabola with focusFP
(see§5 below) and directrix the lineGP . This parabola is tangent toL and
to the two axes of the inscribed Steiner ellipse.

This yields another construction ofO(P ): a tangent to the parabola meetsL at
ω. The perpendicular atP to this tangent intersects the circle ofF centered atω at
two points onO(P ).

5. Singular focus and an involutive transformation

The singular focus of a circular cubic is the intersection of the two tangents to
the curve at the circular points at infinity. When this singular focus lies on the
curve, the cubic is said to be a focal cubic. The singular focus ofO(P ) is the point

FP =
(
a2(v2 + w2 − u2 − vw) + b2u(u+ v − 2w) + c2u(u+ w − 2v) : · · · : · · · ) .

If we denote byF1 andF2 the foci of the inscribed Steiner ellipse, thenFP is
the inverse of the reflection ofP in the lineF1F2 with respect to the circle with
diameterF1F2.

Consider the mappingΨ : P �→ FP in the affine plane (without the centroidG)
which transforms a pointP into the singular focusFP of O(P ). This is clearly an
involution: FP is the singular focus ofO(P ) if and only if P is the singular focus
of O(FP ). It has exactly two fixed points,i.e., F1 andF2. 20

18Ha is the “third” intersection ofAH with the Napoleon cubic, the isogonal cubic with pivot
X5.

19This lineL is the trilinear polar of the isotomic conjugate of the anticomplement ofP .
20The two cubicsO(F1) andO(F2) are central focals with centers atF1 andF2 respectively,

with inflexional tangents throughK, sharing the same real asymptoteF1F2.
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A

B

C

G

F1

F2
X13

X14

O(X6)

O(F1)

O(F2)

Steiner
ellipse

Figure 4.O(F1) andO(F2)

The table below shows a selection of homologous points underΨ, most of which
we shall meet in the sequel. WhenP is at infinity, FP = G, i.e., all O(P ) with
orthopivot at infinity haveG as singular focus.

P X1 X3 X4 X6 X13 X15 X23 X69

FP X1054 X110 X125 X111 X14 X16 X182 X216

P X100 X184 X187 X352 X616 X617 X621 X622

FP X1083 X186 X353 X574 X619 X618 X624 X623

The involutive transformationΨ swaps

(1) the Euler line and the line throughGX110, 21

(2) more generally, any lineGP and its reflection inF1F2,
(3) the Brocard axisOK and the Parry circle.
(4) more generally, any lineOP (which is not the Euler line) and the circle

throughG,X110, andFP ,
(5) the circumcircle and the Brocard circle,
(6) more generally, any circle not throughG and another circle not throughG.

21The nine-point center is swapped into the anticomplement ofX110.



12 B. Gibert

The involutive transformationΨ leaves the second Brocard cubicB2
22∑

cyclic

(b2 − c2)x(c2y2 + b2z2) = 0

globally invariant. See§6.4 below. More generally,Ψ leaves invariant the pencil of
circular circumcubics through the vertices of the second Brocard triangle (they all
pass throughG). 23 There is another cubic from this pencil which is also globally
invariant, namely,

(a2b2c2 − 8SASBSC)xyz +
∑
cyclic

(b2 + c2 − 2a2)x(c2SCy
2 + b2SBz

2) = 0.

We call this cubicB6. It passes throughX3,X110, andX525.
If O(P ) is nondegenerate, then its real asymptote is the homothetic image of the

lineGP under the homothetyh(FP , 2).

6. Special orthopivotal cubics

6.1. Degenerate orthopivotal cubics. There are only two situations where we find
a degenerateO(P ). A cubic can only degenerate into the union of a line and a
conic. If the line isL∞, we find only one such cubic. It isO(G), the union ofL∞
and the Kiepert hyperbola. If the line is notL∞, there are ten different possibilities
depending of the number of vertices of triangleABC lying on the conic above
which now must be a circle.

(1) O(X110) is the union of the circumcircle and the Fermat line.24

(2) O(P ) is the union of one sideline of triangleABC and the circle through
the remaining vertex and the two Fermat points whenP is the “third” in-
tersection of an altitude ofABC with the Napoleon cubic.25

(3) O(P ) is the union of a circle through two vertices ofABC and one Fermat
point and a line through the remaining vertex and Fermat point whenP is
a vertex of one of the two Napoleon triangles. See [4,§6.31].

6.2. Isocubics O(P ). We denote bypK apivotal isocubic and bynK anon-pivotal
isocubic. Consider an orthopivotal circumcubicO(P ) intersecting the sidelines of
triangleABC atU , V ,W respectively. The cubicO(P ) is an isocubic in the two
following cases.

22 The second Brocard cubicB2 is the locus of foci of inscribed conics centered on the lineGK.
It is also the locus ofM for which the lineMM⊥ contains the Lemoine pointK.

23The inversive image of a circular cubic with respect to one of its points is another circular cubic
through the same point. Here,Ψ swapsABC and the second Brocard triangleA2B2C2. Hence,
each circular cubic throughA, B, C, A2, B2, C2 andG has an inversive image through the same
points.

24X110 is the focus of the Kiepert parabola.
25The Napoleon cubic is the isogonal cubic with pivotX5. These third intersections are the

intersections of the altitudes with the parallel throughG to the corresponding sidelines.
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6.2.1. Pivotal O(P ).

Proposition 9. An orthopivotal cubic O(P ) is a pivotal circumcubic pK if and
only if the triangles ABC and UVW are perspective, i.e., if and only if P lies on
the Napoleon cubic (isogonal pK with pivot X5). In this case,

(1) the pivot Q of O(P ) lies on the cubic Kn: 26 it is the perspector of ABC
and the (−2)-pedal triangle of P , 27 and lies on the line PX5;

(2) the poleΩ of the isoconjugation lies on the cubic

Co :
∑
cyclic

(4S2
A − b2c2)x2(b2z − c2y) = 0.

TheΩ-isoconjugateQ∗ of Q lies on the Neuberg cubic and is the inverse in the
circumcircle of the isogonal conjugate ofQ. TheΩ-isoconjugateP∗ of P lies on
Kn and is the third intersection with the lineQX5.

Here are several examples of such cubics.

(1) O(O) = O(X3) is the Neuberg cubic.
(2) O(X5) is Kn.
(3) O(I) = O(X1) has pivotX80 = ((2SC −ab)(2SB −ac) : · · · : · · · ), pole

(a(2SC − ab)(2SB − ac) : · · · : · · · ), and singular focus

(a(2SA + ab+ ac− 3bc) : · · · : · · · ).
(4) O(H) = O(X4) has pivotH, poleMo the intersection ofHK and the

orthic axis, with coordinates(
a2(b2 + c2 − 2a2) + (b2 − c2)2

SA
: · · · : · · ·

)
,

and singular focusX125, center of the Jerabek hyperbola.

O(H) is a very remarkable cubic since every point on it has orthocorrespondent
on the Kiepert hyperbola. It is invariant under the inversion with respect to the
conjugated polar circle and is also invariant under the isogonal transformation with
respect to the orthic triangle. It is an isogonalpK with pivot X30 with respect to
this triangle.

6.2.2. Non-pivotal O(P ).

Proposition 10. An orthopivotal cubic O(P ) is a non-pivotal circumcubic nK if
and only if its “third” intersections with the sidelines 28 are collinear, i.e., if and
only if P lies on the isogonal nK with root X30: 29∑
cyclic

(
(b2 − c2)2 + a2(b2 + c2 − 2a2)

)
x(c2y2+b2z2)+2(8SASBSC −a2b2c2)xyz = 0.

We give two examples of such cubics.

26Kn is the 2-cevian cubic associated with the Neuberg and the Napoleon cubics. See [8].
27For any non-zero real numbert, thet-pedal triangle ofP is the image of its pedal triangle under

the homothetyh(P, t).
28These are the pointsU , V , W in Proposition 8(4).
29This passes throughG, K, X110, andX523.
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Figure 5.Kn

(1) O(K) = O(X6) is the second Brocard cubicB2.
(2) O(X523) is anK with pole and root both at the isogonal conjugate ofX323,

and singular focusG: 30∑
cyclic

(4S2
A − b2c2)x2(y + z) = 0

6.3. Isogonal O(P ). There are only two)O(P ) which are isogonal cubics, one
pivotal and one non-pivotal:

(i) O(X3) is the Neuberg cubic (pivotal),
(ii) O(X6) is B2 (nonpivotal).

30O(X523) meets the circumcircle at the Tixier pointX476.
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6.4. Orthopivotal focals. Recall that a focal is a circular cubic containing its own
singular focus.31

Proposition 11. An orthopivotal cubic O(P ) is a focal if and only if P lies on B2.

This is the case ofB2 itself, which is an isogonal focal cubic passing through the
following points:A, B, C,G,K,X13,X14,X15,X16,X111 (the singular focus),
X368, X524, the vertices of the second Brocard triangle and their isogonal conju-
gates. All those points are orthopivots of orthopivotal focals. When the orthopivot
is a fixed point of the orthocorrespondence, we shall see in§6.5 below thatO(P )
is a strophoid.

We have seen in§5 thatF1 andF2 are invariant underΨ. These two points lie
onB2 (and also on the Thomson cubic). The singular focus of an orthopivotal focal
O(P ) always lies onB2; it is the “third” point ofB2 and the lineKP .

31Typically, a focal is the locus of foci of conics inscribed in a quadrilateral. The only focals
having double points (nodes) are the strophoids.
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Figure 7.O(X3) andO(X6)

One remarkable cubic isO(X524): it is another central cubic with center and
singular focus atG and the lineGK as real asymptote. This cubic passes through
X67 and obviously the symmetrics ofA,B,C,X13, X14, X67 aboutG. Its equa-
tion is∑
cyclic

x
((
b2 + c4 − a4 − c2(a2 + 2b2 − 2c2)

)
y2 − (

b4 + c4 − a4 − b2(a2 − 2b2 + 2c2)
)
z2) = 0.

Another interesting cubic isO(X111) withK as singular focus. Its equation is
∑

cyclic

(b2+c2−2a2)x2
(
c2(a4 − b2c2 + 3b4 − c4 − 2a2b2)y − b2(a4 − b2c2 + 3c4 − b4 − 2a2c2)z

)
= 0.

The sixth intersection with the Kiepert hyperbola isX671, a point on the Steiner
circumellipse and on the line throughX99 andX111.

6.5. Orthopivotal strophoids. It is easy to see thatO(P ) is a strophoid if and only
if P is one of the five real fixed points of the orthocorrespondence, namely,A, B,
C,X13,X14, the fixed point being the double point of the curve. This means that
the mesh of orthopivotal cubics contains five strophoids denoted byO(A), O(B),
O(C), O(X13), O(X14).
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Figure 8. O(X524)

6.5.1. The strophoids O(A), O(B), O(C). These are the cubicsΣa, Σb, Σc with
equations given in (9). It is enough to considerO(A) = Σa. The bisectors of angle
A are the tangents at the double pointA. The singular focus is the corresponding
vertex of the second Brocard triangle, namely, the pointA2 = (2SA : b2 : c2). 32

The real asymptote is parallel to the medianAG, being the homothetic image of
AG underh(A2, 2).

Here are some interesting properties ofO(A) = Σa.

(1) Σa is the isogonal conjugate of the ApollonianA-circle

CA : a2(b2z2 − c2y2) + 2x(b2SBz − c2SCy) = 0, (12)

which passes throughA and the two isodynamic pointsX15 andX16.
(2) The isogonal conjugate ofA2 is the pointA4 = (a2 : 2SA : 2SA) on the

Apollonian circleCA, which is the projection ofH onAG. The isogonal
conjugate of the antipode ofA4 onCA is the intersection ofΣa with its real
asymptote.33

(3) O(A) = Σa is the pedal curve with respect toA of the parabola with focus
at the second intersection ofCA and the circumcircle and with directrix the
medianAG.

32This is the projection ofO on the symmedianAK, the tangent atA2 being the reflection about
OA2 of the parallel atA2 toAG.

33This isogonal conjugate is on the perpendicular atA toAK, and on the tangent atA2 to Σa.
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Figure 9. The strophoidO(A)

6.5.2. The strophoids O(X13) and O(X14). The strophoidO(X13) has singular
focusX14, real asymptote the parallel atX99 to the lineGX13, 34 The circle cen-
tered atX14 passing throughX13 intersects the parallel atX14 toGX13 atD1 and
D2 which lie on the nodal tangents. The perpendicular atX14 to the Fermat line
meets the bisectors of the nodal tangents atE1 andE2 which are the points where
the tangents are parallel to the asymptote and therefore the centers of anallagmaty
of the curve.35

O(X13) is the pedal curve with respect toX13 of the parabola with directrix the
lineGX13 and focusX′

13, the symmetric ofX13 aboutX14.

34The “third intersection” of this asymptote with the cubic lies on the perpendicular atX13 to the
Fermat line. The intersection of the perpendicular atX13 to GX13 and the parallel atX14 to GX13

is another point on the curve.
35This means thatE1 andE2 are the centers of two circles throughX13 and the two inversions

with respect to those circles leaveO(X13) unchanged.



Orthocorrespondence and orthopivotal cubics 19

A

B

C

X13

X14

O(X13)

O(X14)

Figure 10.O(X13) andO(X14)

The construction ofO(X13) is easy to realize. Draw the parallel� atX14 to
GX13 and take a variable pointM on it. The perpendicular atM toMX′

13 and the
parallel atX13 toMX ′

13 intersect at a point on the strophoid.
We can easily adapt all these toO(X14).

6.6. Other remarkable O(P ). The following table gives a list triangle centersP
with O(P ) passing through the Fermat pointsX13, X14, and at least four more
triangle centers of [5]. Some of them are already known and some others will be
detailed in the next section. The very frequent appearance ofX15,X16 is explained
in §7.3 below.
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P centers P centers
X1 X10,80,484,519,759 X182 X15,16,98,542

X3 Neuberg cubic X187 X15,16,598,843

X5 X4,30,79,80,265,621,622 X354 X1,105,484,518

X6 X2,15,16,111,368,524 X386 X10,15,16,519

X32 X15,16,83,729,754 X511 X15,16,262,842

X39 X15,16,76,538,755 X569 X15,16,96,539

X51 X61,62,250,262,511 X574 X15,16,543,671

X54 X3,96,265,539 X579 X15,16,226,527

X57 X1,226,484,527 X627 X17,532,617,618,622

X58 X15,16,106,540 X628 X18,533,616,619,621

X61 X15,16,18,533,618 X633 X18,533,617,623

X62 X15,16,17,532,619 X634 X17,532,616,624

7. Pencils of O(P )

7.1. Generalities. The orthopivotal cubics with orthopivots on a given line� form
a pencilF� generated by any two of them. Apart from the vertices, the Fermat
points, and two circular points at infinity, all the cubics in the pencil pass through
two fixed points depending on the line�. Consequently, all the orthopivotal cubics
passing through a given pointQ have their orthopivots on the tangent atQ toO(Q),
namely, the lineQQ⊥. They all pass through another pointQ′ on this line which
is its second intersection with the circle which is its antiorthocorrespondent. For
example,O(Q) passes throughG,O, orH if and only ifQ lies onGK,OX54, or
the Euler line respectively.

7.2. Pencils with orthopivot on a line passing through G. If � contains the centroid
G, every orthopivotal cubic in the pencilF� passes through its infinite point and
second intersection with the Kiepert hyperbola. AsP traverses�, the singular
focus ofO(P ) traverses its reflection aboutF1F2 (see§5).

The most remarkable pencil is the one with� the Euler line. In this case, the
two fixed points are the infinite pointX30 and the orthocenterH. In other words,
all the cubics in this pencil have their asymptote parallel to the Euler line. In this
pencil, we find the Neuberg cubic andKn. The singular focus traverses the line
GX98,X98 being the Tarry point.

Another worth noticing pencil is obtained when� is the lineGX98. In this
case, the two fixed points are the infinite pointX542 andX98. The singular focus
traverses the Euler line. This pencil contains the two degenerate cubicsO(G) and
O(X110) seen in§6.1.

When� is the lineGK, the two fixed points are the infinite pointX524 and the
centroidG. The singular focus lies on the lineGX99,X99 being the Steiner point.
This pencil containsB2 and the central cubic seen in§6.4.
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7.3. Pencils with orthopivots on a line not passing through G. If � is a line not
throughG, the orthopivotal cubics in the pencilF� pass through the two (not nec-
essarily real nor distinct) intersections of� with the circle which is its antiortho-
correspondent of. See§2.5 and§3. The singular focus lies on a circle throughG,
and the real asymptote envelopes a deltoid tangent to the lineF1F2 and tritangent
to the reflection of this circle aboutG.

According to§6.2.1,§6.2.2,§6.4, this pencil contains at least one, at most three
pK, nK, focal(s) depending of the number of intersections of� with the cubics met
in those paragraphs respectively.

Consider, for example, the Brocard axisOK. We have seen in§6.3 that there
are two and only two isogonalO(P ), the Neuberg cubic and the second Brocard
cubicB2 obtained when the orthopivots areO andK respectively. The two fixed
points of the pencil are the isodynamic points.36

The singular focus lies on the Parry circle (see§5) and the asymptote envelopes
a deltoid tritangent to the reflection of the Parry circle aboutG.

The pencilFOK is invariant under isogonal conjugation, the isogonal conjugate
of O(P ) beingO(Q), whereQ is the harmonic conjugate ofP with respect to

36The antiorthocorrespondent of the Brocard axis is a circle centered atX647, the isogonal con-
jugate of the trilinear pole of the Euler line.
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O andK. It is obvious that the Neuberg cubic andB2 are the only cubic which
are “self-isogonal” and all the others correspond two by two. SinceOK intersects
the Napoleon cubic atO,X61 andX62, there are only threepK in this pencil, the
Neuberg cubic andO(X61), O(X62). 37

O(X61) passes thoughX18, X533, X618, and the isogonal conjugates ofX532

andX619.
O(X62) passes thoughX17, X532, X619, and the isogonal conjugates ofX533

andX618. There are only three focals in the pencilFOK , namely,B2 andO(X15),
O(X16) (with singular fociX16,X15 respectively).

A

B

C

K

X13

X14

X15

X16

O(X6)O(X511)

O(X61)

O(X62)

Neuberg cubic

O

Figure 12. The Brocard pencil

An interesting situation is found whenP = X182, the midpoint ofOK. Its
harmonic conjugate with respect toOK is the infinite pointQ = X511. O(X511)
passes throughX262 which is its intersection with its real asymptote parallel atG

37O(X61) andO(X62) are isogonal conjugates of each other. Their pivots areX14 andX13

respectively and their poles are quite complicated and unknown in [5].
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toOK. Its singular focus isG. The third intersection with the Fermat line isU1 on
X23X110 and the last intersection with the circumcircle isX842 = X∗

542. 38

O(X182) is the isogonal conjugate ofO(X511) and passes throughX98, X182.
Its singular focus isX23, inverse ofG in the circumcircle. Its real asymptote is
parallel to the Fermat line atX323 and the intersection is the isogonal conjugate of
U1.

The following table gives several pairs of harmonic conjugatesP andQ on
OK. Each column gives two cubicsO(P ) andO(Q), each one being the isogonal
conjugate of the other.

P X32 X50 X52 X58 X187 X216 X284 X371 X389 X500

Q X39 X566 X569 X386 X574 X577 X579 X372 X578 X582

8. A quintic and a quartic

We present a pair of interesting higher degree curves associated with the ortho-
correspondence.

Theorem 12. The locus of point P whose orthotransversal LP and trilinear polar
�P are parallel is the circular quintic

Q1 :
∑
cyclic

a2y2z2(SBy − SCz) = 0.

Equivalently, Q1 is the locus of point P for which

(1) the lines PP∗ and �P (or LP ) are perpendicular,
(2) P lies on the Euler line of the pedal triangle of P∗,
(3) P , P ∗, H/P (and P⊥) are collinear,
(4) P lies on O(P∗).

Note thatLP and�P coincide whenP is one of the Fermat points.39

Theorem 13. The isogonal transform of the quintic Q1 is the circular quartic

Q2 :
∑
cyclic

a4SAyz(c2y2 − b2z2) = 0,

which is also the locus of point P such that

(1) the lines PP∗ and �P ∗ (or LP ∗ ) are perpendicular,
(2) P lies on the Euler line of its pedal triangle,
(3) P , P ∗, H/P ∗ are collinear,
(4) P ∗ lies on O(P ).

These two curvesQ1 andQ2 contain a large number of interesting points, which
we enumerate below.

Proposition 14. The quintic Q1 contains the 58 following points:

38This is onX23X110 too. It is the reflection of the Tarry pointX98 about the Euler line and the
reflection ofX74 about the Brocard line.

39See§1, Remark (5).
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(1) the vertices A, B, C , which are singular points with the bisectors as tan-
gents,

(2) the circular points at infinity and the singular focus G,40

(3) the three infinite points of the Thomson cubic, 41

(4) the in/excenters I , Ia, Ib, Ic, with tangents passing through O, and the
isogonal conjugates of the intersections of these tangents with the trilinear
polars of the corrresponding in/excenters,

(5) H , with tangent the Euler line,

40The tangent atG passes through the isotomic conjugate ofG⊥, the point with coordinates
( 1

b2+c2−5a2 : · · · : · · · ).
41In other words,Q1 has three real asymptotes parallel to those of the Thomson cubic.
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(6) the six points where a circle with diameter a side of ABC intersects the
corresponding median, 42

(7) the feet of the altitudes, the tangents being the altitudes,
(8) the Fermat points X13 and X14,
(9) the points X1113 and X1114 where the Euler line meets the circumcircle,

(10) the perspectors of the 27 Morley triangles and ABC .43

Proposition 15. The quartic Q2 contains the 61 following points:

(1) the vertices A, B, C , 44

(2) the circular points at infinity, 45

(3) the three points where the Thomson cubic meets the circumcircle again,
(4) the in/excenters I , Ia, Ib, Ic, with tangents all passing through O, and the

intersections of these tangents OIx with the trilinear polars of the corre-
sponding in/excenters,

(5) O and K, 46

(6) the six points where a symmedian intersects a circle centered at the corre-
sponding vertex of the tangential triangle passing through the remaining
two vertices of ABC , 47

(7) the six feet of bisectors,
(8) the isodynamic points X15 and X16, with tangents passing through X23,
(9) the two infinite points of the Jerabek hyperbola, 48

(10) the isogonal conjugates of the perspectors of the 27 Morley triangles and
ABC . 49

We give a proof of (10). Letk1, k2, k3 = 0,±1, and consider

ϕ1 =
A+ 2k1π

3
, ϕ2 =

B + 2k2π
3

, ϕ3 =
C + 2k3π

3
.

Denote byM one of the 27 points with barycentric coordinates

(a cosϕ1 : b cosϕ2 : c cosϕ3).

42The two points on the medianAG have coordinates

(2a : −a±
√

2b2 + 2c2 − a2 : −a±
√

2b2 + 2c2 − a2).

43The existence of the these points was brought to my attention by Edward Brisse. In particular,
X357, the perspector ofABC and first Morley triangle.

44These are inflection points, with tangents passing throughO.
45The singular focus is the inverseX23 of G in the circumcircle. This point is not on the curve

Q2.
46 Both tangents atO andK pass through the pointZ = (a2SA(b2 + c2 − 2a2) : · · · : · · · ),

the intersection of the trilinear polar ofO with the orthotransversal ofX110. The tangent atO is also
tangent to the Jerabek hyperbola and the orthocubic.

47The two points on the symmedianAK have coordinates(−a2 ± a
√

2b2 + 2c2 − a2 : 2b2 :
2c2).

48The two real asymptotes ofQ2 are parallel to those of the Jerabek hyperbola and meet atZ in
footnote 46 above.

49In particular, the Morley-Yff centerX358.
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Figure 14. The quarticQ2

The isogonal conjugate ofM is the perspector ofABC and one of the 27 Morley
triangles.50 We show thatM lies on the quarticQ2. 51 SincecosA = cos 3ϕ1 =
4cos3 ϕ1−3 cosϕ1, we havecos3 ϕ1 = 1

4 (cosA+ 3cosϕ1) and similar identities
for cos3 ϕ2 andcos3 ϕ3. From this and the equation ofQ2, we obtain

∑
cyclic

a4SAb cosϕ2 c cosϕ3 (c2b2 cos2 ϕ2 − b2c2 cos2 ϕ3)

50For example, withk1 = k2 = k3 = 0, M∗ = X357 andM = X358.
51Consequently,M∗ lies on the quinticQ1. See Proposition 14(10).
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=
∑
cyclic

a4b3c3SA(cosϕ3 cos3 ϕ2 − cosϕ2 cos3 ϕ3)

=
∑
cyclic

1
4
a4b3c3SA(cosϕ3 cosB − cosϕ2 cosC)

=
∑
cyclic

1
4
a4b3c3SA

(
SB

ac
cosϕ3 − SC

ab
cosϕ2

)

=
1
4
a3b3c3SASBSC

∑
cyclic

(
cosϕ3

c SC
− cosϕ2

b SB

)
= 0.

This completes the proof of (10).

Remark. Q1 andQ2 arestrong curves in the sense that they are invariant under
extraversions: any point lying on one of them has its three extraversions also on
the curve.52
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On the Procircumcenter and Related Points

Alexei Myakishev

Abstract. Given a triangleABC, we solve the construction problem of a point
P , together with pointsBc, Cb onBC, Ca, Ac onCA, andAb, Ba onAB such
that PBaCa, AbPCb, andAcBcP are congruent triangles similar toABC.
There are altogether seven such triads. If these three congruent triangles are all
oppositely similar toABC, thenP must be the procircumcenter, with trilinear
coordinates(a2 cos A : b2 cos B : c2 cos C). If at least one of the triangles in
the triad is directly similar toABC, thenP is either a vertex or the midpoint of
a side of the tangential triangle. We also determine the ratio of similarity in each
case.

1. Introduction

Given a triangleABC, we consider the construction of a pointP , together with
points Bc, Cb on BC, Ca, Ac on CA, and Ab, Ba on AB such thatPBaCa,
AbPCb, andAcBcP are congruent triangles similar toABC. We first consider in
§§2,3 the case when these triangles are alloppositely similar toABC. See Figure
1. In §4, the possibilities when at least one of these congruent triangles is directly
similar toABC are considered. See, for example, Figure 2.
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2. The case of opposite similarity: construction of P

With reference to Figure 1, we try to find the trilinear coordinates ofP . As
usual, we denote the lengths of the sides opposite to anglesA, B, C by a, b, c.
Denote theoriented anglesCbPBc by ϕa, AcPCa by ϕb, andBaPAb by ϕc.

1

SincePCb = PBc, ∠PBcCb = 1
2(π − ϕa). Since also∠PBcAc = B, we have

∠AcBcC = 1
2(π + ϕa) − B. For the same reason,∠BcAcC = 1

2(π + ϕb) − A.
Considering the sum of the angles in triangleAcBcC, we have1

2(ϕa + ϕb) =
π− 2C. Sinceϕa + ϕb + ϕc = π, we haveϕc = 4C −π. Similarly,ϕa = 4A−π
andϕb = 4B − π.

Let k be the ratio of similarity of the trianglesPBaCa, AbPCb, andAcBcP
with ABC, i.e., BaCa = PCb = BcP = k · BC = ka. The perpendicular
distance fromP to the lineBC is

ha = ka cos
ϕa

2
= ka cos

(
2A − π

2

)
= ka sin 2A.

Similarly, the perpendicular distances fromP to CA andAB arehb = kb sin 2B
andhc = kc sin 2C. It follows thatP has trilinear coordinates,

(a sin 2A : b sin 2B : c sin 2C) ∼ (a2 cos A : b2 cos B : c2 cos C). (1)

Note that we have found not only the trilinears ofP , but also the angles of
isosceles trianglesPCbBc, PAcCa, PBaAb. It is therefore easy to construct the
triangles by ruler and compass fromP . Now, we easily identifyP as the isogonal
conjugate of the isotomic conjugate of the circumcenterO, which has trilinear
coordinates(cos A : cos B : cos C). We denote this point byO and follow John
H. Conway in calling it theprocircumcenter of triangleABC. We summarize the
results in the following proposition.

Proposition 1. Given a triangle ABC not satisfying (2), the point P for which
there are congruent triangles PBaCa, AbPCb, and AcBcP oppositely similar to
ABC (with Bc, Cb on BC , Ca, Ac on CA, and Ab, Ba on AB) is the procircum-
center O. This is a finite point unless the given triangle satisfies

a4(b2 + c2 − a2) + b4(c2 + a2 − b2) + c4(a2 + b2 − c2) = 0. (2)

The procircumcenterO appears asX184 in [3], and is identified as the inverse of
the Jerabek centerX125 in the Brocard circle. A simple construction ofO is made
possible by the following property discovered by Fred Lang.

Proposition 2 (Lang [4]). Let the perpendicular bisectors of BC , CA, AB inter-
sect the other pairs of sides at B1, C1, C2, A2, A3, B3 respectively. The perpen-
dicular bisectors of B1C1, C2A2 and A3B3 bound a triangle homothetic to ABC
at the procircumcenter O.

1We regard the orientation of triangleABC as positive. The oriented angles are defined modulo
2π.
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3. The case of opposite similarity: ratio of similarity

We proceed to determine the ratio of similarityk. We shall make use of the
following lemmas.

Lemma 3. Let � denote the area of triangle ABC , and R its circumradius.
(1) � = 2R2 sin A sin B sinC;
(2) sin 2A + sin 2B + sin 2C = 4 sin A sin B sin C;
(3) sin 4A + sin 4B + sin 4C = −4 sin 2A sin 2B sin 2C;
(4) sin2 A + sin2 B + sin2 C = 2 + 2 cos A cos B cos C .

Proof. (1) By the law of sines,

� =
1
2
bc sin A =

1
2
(2R sin B)(2R sin C) sin A = 2R2 sin A sin B sinC.

For (2),

sin 2A + sin 2B + sin 2C

=2 sin A cos A + 2 sin(B + C) cos(B − C)

=2 sin A(− cos(B + C) + cos(B − C))
=4 sin A sin B sinC.

The proof of (3) is similar. For (4),

sin2 A + sin2 B + sin2 C

= sin2 A + 1 − 1
2
(cos 2B + cos 2C)

= sin2 A + 1 − cos(B + C) cos(B − C)

=2 − cos2 A + cos A cos(B − C)

=2 + cos A(cos(B + C) + cos(B − C))
=2 + 2 cos A cos B cos C.

�

Lemma 4. a2 + b2 + c2 = 9R2 − OH2, where R is the circumradius, and O, H
are respectively the circumcenter and orthocenter of triangle ABC .

This was originally due to Euler. An equivalent statement

a2 + b2 + c2 = 9(R2 − OG2),

whereG is the centroid of triangleABC, can be found in [2, p.175].

Proposition 5 (Dergiades [1]). The ratio of similarity of OBaCa, AbOCb, and
AcBcO with ABC is

k =
∣∣∣∣

R2

3R2 − OH2

∣∣∣∣ .
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Proof. Since2� = a · ha + b · hb + c · hc, andha = ka sin 2A, hb = kb sin 2B,
andhc = kc sin 2C, the ratio of similarity is the absolute value of

2�
a2 sin 2A + b2 sin 2B + c2 sin 2C

=
4R2 sin A sin B sin C

4R2(sin2 A sin 2A + sin2 B sin 2B + sin2 C sin 2C)
[Lemma 3(1)]

=
2 sin A sin B sin C

(1 − cos 2A) sin 2A + (1 − cos 2B) sin 2B + (1 − cos 2C) sin 2C

=
4 sin A sin B sinC

2(sin 2A + sin 2B + sin 2C) − (sin 4A + sin 4B + sin 4C)

=
4 sin A sin B sinC

8 sin A sin B sin C + 4 sin 2A sin 2B sin 2C
[Lemma 3(2, 3)]

=
1

2 + 8 cos A cos B cos C

=
1

4(sin2 A + sin2 B + sin2 C) − 6
[Lemma 3(4)]

=
R2

a2 + b2 + c2 − 6R2

=
R2

3R2 − OH2

by Lemma 4. �

Bc
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Ca

Ac

Ba

Cb

A
B

C
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O

Figure 3:OH = 2R
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√

2R

From Proposition 5, we also infer thatO is an infinite point if and only ifOH =√
3R. More interesting is that for triangles satisfyingOH = 2R or

√
2R, the

congruent triangles in the triad are also congruent to the reference triangleABC.
See Figures 3 and 4. These are triangles satisfying

a4(b2 + c2 − a2) + b4(c2 + a2 − b2) + c4(a2 + b2 − c2) = ±a2b2c2.
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4. Cases allowing direct similarity with ABC

As Jean-Pierre Ehrmann has pointed out, by considering all possible orientations
of the trianglesPBaCa, AbPCb, AcBcP , there are other points, apart from the
procircumcenterO, that yield triads of congruent triangles similar toABC.

4.1. Exactly one of the triangles oppositely similar to ABC . Suppose, for exam-
ple, that among the three congruent triangles, onlyPBaCa be oppositely similar
to ABC, the other two,AbPCb andAcBcP being directly similar. We denote by
P+

a the pointP satisfying these conditions. Modifying the calculations in§2, we
have

ϕa = π + 2A, ϕb = π − 2A, ϕc = π − 2A.

From these, we obtain the trilinears ofP+
a as

(−a sin A : b sin A : c sin A) = (−a : b : c).

It follows thatP+
a is theA-vertex of the tangential triangle ofABC. See Figure 5.

C1

B1

P = A1

A

B = Cb C = Bc

Ab

Ba

Ca

Ac

Figure 5

The ratio of similarity, by a calculation similar to that performed in§3, is k =∣∣ 1
2 cos A

∣∣. This is equal to 1 only whenA = π
3 or 2π

3 . In these cases, the three
triangles are congruent toABC.

Clearly, there are two other triads of congruent triangles corresponding to the
other two vertices of the tangential triangle.

4.2. Exactly one of triangles directly similar to ABC . Suppose, for example, that
among the three congruent triangles, onlyPBaCa be directly similar toABC, the
other two,AbPCb andAcBcP being oppositely similar. We denote byP−

a the
pointP satisfying these conditions. See Figure 6. In this case, we have

ϕa = 2A − π, ϕb = π + 2B − 2C, ϕc = π + 2C − 2B.
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C1

B1

A1

P
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B
C

Cb

Bc

Ab

Ba

Ca

Ac

Figure 6

From these, we obtain the trilinears ofP−
a as

(−a sin A : b sin(B − C) : c sin(C − B)) = (−a3 : b(b2 − c2) : c(c2 − b2)).

It is easy to check that this is the midpoint of the sideB1C1 of the tangential
triangle ofABC. In this case, the ratio of similarity isk =

∣∣ 1
4 cos B cos C

∣∣.
Clearly, there are two other triads of congruent triangles corresponding to the

midpoints of the remaining two sides of the tangential triangle.
We conclude with the remark that it is not possible for all three of the congruent

triangles to be directly similar toABC, since this would requireϕa = ϕb = ϕc =
π.
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Bicentric Pairs of Points and Related Triangle Centers

Clark Kimberling

Abstract. Bicentric pairs of points in the plane of triangleABC occur in con-
nection with three configurations: (1) cevian traces of a triangle center; (2) points
of intersection of a central line and central circumconic; and (3) vertex-products
of bicentric triangles. These bicentric pairs are formulated using trilinear coordi-
nates. Various binary operations, when applied to bicentric pairs, yield triangle
centers.

1. Introduction

Much of modern triangle geometry is carried out in in one or the other of two
homogeneous coordinate systems: barycentric and trilinear. Definitions of triangle
center, central line, and bicentric pair, given in [2] in terms of trilinears, carry over
readily to barycentric definitions and representations. In this paper, we choose to
work in trilinears, except as otherwise noted.

Definitions oftriangle center (or simplycenter) andbicentric pair will now be
briefly summarized. A triangle center is a point (as defined in [2] as a function of
variablesa, b, c that are sidelengths of a triangle) of the form

f(a, b, c) : f(b, c, a) : f(c, a, b),

wheref is homogeneous ina, b, c, and

|f(a, c, b)| = |f(a, b, c)|. (1)

If a point satisfies the other defining conditions but (1) fails, then the points

Fab := f(a, b, c) : f(b, c, a) : f(c, a, b),
Fac := f(a, c, b) : f(b, a, c) : f(c, b, a) (2)

are abicentric pair. An example is the pair of Brocard points,

c/b : a/c : b/a and b/c : b/a : c/b.

Seven binary operations that carry bicentric pairs to centers are discussed in
§§2, 3, along with three bicentric pairs associated with a center. In§4, bicentric
pairs associated with cevian traces on the sidelinesBC,CA,AB will be examined.
§§6–10 examine points of intersection of a central line and central circumconic;
these points are sometimes centers and sometimes bicentric pairs.§11 considers

Publication Date: February, 2003. Communicating Editor: Jean-Pierre Ehrmann.
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bicentric pairs associated with bicentric triangles.§5 supports§6, and§12 revisits
two operations discussed in§3.

2. Products: trilinear and barycentric

SupposeU = u : v : w andX = x : y : z are points expressed in general
homogeneous coordinates. Their product is defined by

U · X = ux : vy : wz.

Thus, when coordinates are specified as trilinear or barycentric, we have here two
distinct product operations, corresponding to constructions of barycentric product
[8] and trilinear product [6]. Because we have chosen trilinears as the primary
means of representation in this paper, it is desirable to write, for future reference,
a formula for barycentric product in terms of trilinear coordinates. To that end,
supposeu : v : w andx : y : z are trilinear representations, so that in barycentrics,

U = au : bv : cw and X = ax : by : cz.

Then the barycentric product isa2ux : b2vy : c2wz, and we conclude as follows:
the trilinear representation for the barycentric product ofU = u : v : w and
X = x : y : z, these being trilinear representations, is given by

U ·� X = aux : bvy : cwz.

3. Other centralizing operations

Given a bicentric pair, aside from their trilinear and barycentric products, various
other binary operations applied to the pair yield a center. Consider the bicentric
pair (2). In [2, p. 48], the points

Fab ⊕ Fac := fab + fac : fbc + fba : fca + fcb (3)

and
Fab � Fac := fab − fac : fbc − fba : fca − fcb (4)

are observed to be triangle centers. See§8 for a geometric discussion.
Next, suppose that the pointsFab andFac do not lie on the line at infinity,L∞,

and consider normalized trilinears, represented thus:

F ′
ab = (kabfab, kabfbc, kabfca), F ′

ac = (kacfac, kacfba, kacfcb), (5)

where

kab :=
2σ

afab + bfbc + cfca
, kac :=

2σ
afac + bfba + cfcb

, σ := area(�ABC).

These representations give

F ′
ab ⊕ F ′

ac = kabfab + kacfac : kabfbc + kacfba : kabfca + kacfcb, (6)

which for many choices off(a, b, c) differs from (3). In any case, (6) gives the
the midpoint of the bicentric pair (2), and the harmonic conjugate of this midpoint
with respect toFab andFac is the point in which the lineFabFac meetsL∞.
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We turn now to another centralizing operation on the pair (2). Their line is given
by the equation ∣∣∣∣∣∣

α β γ
fab fbc fca

fac fba fcb

∣∣∣∣∣∣ = 0

and is a central line. Its trilinear pole,P , and the isogonal conjugate ofP , given by

fbcfcb − fcafba : fcafac − fabfcb : fabfba − fbcfac,

are triangle centers.
If

X := x : y : z = f(a, b, c) : f(b, c, a) : f(c, a, b)

is a triangle center other thanX1, then the points

Y := y : z : x and Z := z : x : y

are clearly bicentric. The operations discussed in§§2,3, applied to{Y,Z}, yield
the following centers:

• trilinear product= X1/X (the indexing of centers asXi follows [3]);
• barycentric product= X6/X (here, “/” signifies trilinear division);
• Y ⊕ Z = y + z : z + x : x + y;
• Y � Z = y − z : z − x : x − y;
• midpoint= m(a, b, c) : m(b, c, a) : m(c, a, b), where

m(a, b, c) = cy2 + bz2 + 2ayz + x(by + cz);

• Y Z ∩ L∞ = n(a, b, c) : n(b, c, a) : n(c, a, b), where

n(a, b, c) = cy2 − bz2 + x(by − cz);

• (isogonal conjugate of trilinear pole ofY Z)

= x2 − yz : y2 − zx : z2 − xy

= (X1-Hirst inverse ofX).

The pointsZ/Y andY/Z are bicentric and readily yield the centers with first
coordinatesx(y2 + z2), x(y2 − z2), andx3 − y2z2/x. One more way to make
bicentric pairs from triangle centers will be mentioned: ifU = r : s : t and
X := x : y : z are centers, then ([2, p.49])

U ⊗X := sz : tx : ry, X ⊗ U := ty : rz : sx

are a bicentric pair. For example,(U ⊗ X) � (X ⊗ U) has for trilinears the
coefficients for lineUX.
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4. Bicentric pairs associated with cevian traces

SupposeP is a point in the plane of�ABC but not on one of the sidelines
BC, CA, AB and not onL∞. Let A′, B′, C ′ be the points in which the lines
AP,BP,CP meet the sidelinesBC, CA, AB, respectively. The pointsA′, B′, C ′
are thecevian traces of P. Letting |XY | denote the directed length of a segment
from a pointX to a pointY, we recall a fundamental theorem of triangle geometry
(often called Ceva’s Theorem, but Hogendijk [1] concludes that it was stated and
proved by an ancient king) as follows:

|BA′| · |CB′| · |AC ′| = |A′C| · |B′A| · |C ′B|.
(The theorem will not be invoked in the sequel.) We shall soon see that ifP is a
center, then the points

PBC := |BA′| : |CB′| : |AC ′| and PCB := |A′C| : |B′A| : |C ′B|
comprise a bicentric pair, except forP = centroid, in which case both points are
the incenter. Letσ denote the area of�ABC, and writeP = x : y : z. Then the
actual trilinear distances are given by

B =
(

0,
2σ
b

, 0
)

and A′ =
(

0,
2σy

by + cz
,

2σz

by + cz

)
.

Substituting these into a distance formula (e.g. [2, p. 31]) and simplifying give

|BA′| =
z

b(by + cz)
;

PBC =
z

b(by + cz)
:

x

c(cz + ax)
:

y

a(ax + by)
; (7)

PCB =
y

c(by + cz)
:

z

a(cz + ax)
:

x

b(ax + by)
. (8)

So represented, it is clear thatPBC andPCB comprise a bicentric pair ifP is a
center other that the centroid. Next, let

P ′
BC =

|BA′|
|CA′| :

|CB′|
|AB′| :

|AC ′|
|BC ′| and P ′

CB =
|CA′|
|BA′| :

|AB′|
|CB′| :

|BC ′|
|AC ′| .

Equation (7) implies

P ′
BC =

cz

by
:
ax

cz
:

by

ax
and P ′

CB =
by

cz
:

cz

ax
:
ax

by
. (9)

Thus, using ”/” for trilinear quotient, or for barycentric quotient in case the coor-
dinates in (7) and (8) are barycentrics, we haveP′

BC = PBC/PCB andP ′
CB =

PCB/PBC . The pair of isogonal conjugates in (9) generalize the previously men-
tioned Brocard points, represented by (9) whenP = X1.

As has been noted elsewhere, the trilinear (and hence barycentric) product of a
bicentric pair is a triangle center. For both kinds of product, the representation is
given by

PBC · PCB =
a

x(by + cz)2
:

b

y(cz + ax)2
:

c

z(ax + by)2
.
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P X2 X1 X75 X4 X69 X7 X8

PBC · PCB X31 X593 X593 X92 X92 X57 X57

PBC ·� PCB X32 X849 X849 X4 X4 X56 X56

Table 1. Examples of trilinear and barycentric products

The line of a bicentric pair is clearly a central line. In particular, the line
P ′

BCP ′
CB is given by the equation(
a2x2

bcyz
− bcyz

a2x2

)
α +

(
b2y2

cazx
− cazx

b2y2

)
β +

(
c2z2

abxy
− abxy

c2z2

)
γ = 0.

This is the trilinear polar of the isogonal conjugate of theE-Hirst inverse ofF,
whereE = ax : by : cz, andF is the isogonal conjugate ofE. In other words,
the point whose trilinears are the coefficients for the lineP′

BCP ′
CB is theE-Hirst

inverse ofF.
The linePBCPCB is given byx′α + y′β + z′γ = 0, where

x′ = bc(by + cz)(a2x2 − bcyz),

so thatPBCPCB is seen to be a certain product of centers ifP is a center.
Regarding a euclidean construction forPBC , it is easy to transfer distances for

this purpose. Informally, we may describePBC andP ′
BC as points constructed “by

rotating through 90◦ the corresponding relative distances of the cevian traces from
the verticesA,B,C”.

5. The square of a line

Although this section does not involve bicentric pairs directly, the main result
will make an appearance in§7, and it may also be of interestper se.

Suppose thatU1 = u1 : v1 : w1 andU2 = u2 : v2 : w2 are distinct points
on an arbitrary lineL, represented in general homogeneous coordinates relative to
�ABC. For each point

X := u1 + u2t : v1 + v2t : w1 + w2t,

let
X2 := (u1 + u2t)2 : (v1 + v2t)2 : (w1 + w2t)2.

The locus ofX2 ast traverses the real number line is a conic section. Following
the method in [4], we find an equation for this locus:

l4α2 + m4β2 + n4γ2 − 2m2n2βγ − 2n2l2γα − 2l2m2αβ = 0, (10)

wherel,m, n are coefficients for the lineU1U2; that is,

l : m : n = v1w2 − w1v2 : w1u2 − u1w2 : u1v2 − v1u2.

Equation (10) represents an inscribed ellipse, which we denote byL2. If the
coordinates are trilinears, then the center of the ellipse is the point

bn2 + cm2 : cl2 + an2 : am2 + bl2.
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6. (Line L)∩(Circumconic Γ), two methods

Returning to general homogeneous coordinates, suppose that lineL, given by
lα + mβ + nγ = 0, meets circumconicΓ, given byu/α + v/β + w/γ = 0.
Let R andS denote the points of intersection, whereR = S if L is tangent toΓ.
Substituting−(mβ + nγ)/l for α yields

mwβ2 + (mv + nw − lu)βγ + nvγ2 = 0, (11)

with discriminant

D := l2u2 + m2v2 + n2w2 − 2mnvw − 2nlwu − 2lmuv, (12)

so that solutions of (11) are given by

β

γ
=

lu − mv − nw ±√
D

2mw
. (13)

Puttingβ andγ equal to the numerator and denominator, respectively, of the right-
hand side (13), puttingα = −(mβ + nγ)/l, and simplifying give forR andS the
representation

x1 : y1 : z1 = m(mv− lu−nw∓
√

D) : l(lu−mv−nw±
√

D) : 2lmw. (14)

Cyclically, we obtain two more representations forR andS:

x2 : y2 : z2 = 2mnu : n(nw−mv− lu∓
√

D) : m(mv−nw− lu±
√

D) (15)

and

x3 : y3 : z3 = n(nw − lu − mv ±
√

D) : 2nlv : l(lu − nw − mv ∓
√

D). (16)

Multiplying the equal points in (14)-(16) givesR3 andS3 as

x1x2x3 : y1y2y3 : z1z2z3

in cyclic form. The first coordinates in this form are

2m2n2u(mv − lu − nw ∓
√

D)(nw − lu − mv ±
√

D),

and these yield

(1st coordinate ofR3) = m2n2u[l2u2 − (mv − nw −
√

D)2] (17)

(1st coordinate ofS3) = m2n2u[l2u2 − (mv − nw +
√

D)2]. (18)

The 2nd and 3rd coordinates are determined cyclically.
In general, products (as in§2) of points onΓ intercepted by a line are notable:

multiplying the first coordinates shown in (17) and (18) gives

(1st coordinate ofR3 · S3) = l2m5n5u4vw,

so that
R · S = mnu : nlv : lmw.

Thus, on writingL = l : m : n andU = u : v : w, we haveR · S = U/L.



Bicentric pairs of points and related triangle centers 41

The above method for finding coordinates ofR andS in symmetric form could
be called the multiplicative method. There is also an additive method.1 Adding the
coordinates of the points in (14) gives

m(mv − lu − nw) : l(lu − mv − nw) : 2lmw.

Do the same using (15) and (16), then add coordinates of all three resulting points,
obtaining the pointU = u1 : u2 : u3, where

u1 = (lm + ln− 2mn)u + (m − n)(nw − mv)
u2 = (mn + ml − 2nl)v + (n − l)(lu − nw)
u3 = (nl + nm − 2lm)w + (l −m)(mv − lu).

Obviously, the point

V = v1 : v2 : v3 = m − n : n − l : l − m

also lies onL, so thatL is given parametrically by

u1 + tv1 : u2 + tv2 : u3 + tv3. (19)

Substituting into the equation forΓ gives

u(u2 + tv2)(u3 + tv3) + v(u3 + tv3)(u1 + tv1) + w(u1 + tv1)(u2 + tv2) = 0.

The expression of the left side factors as

(t2 − D)F = 0, (20)

where

F = u(n − l)(l − m) + v(l − m)(m − n) + w(m − n)(n − l).

Equation (20) indicates two cases:
Case 1: F = 0. Here,V lies on bothL andΓ, and it is then easy to check that

the point

W = mnu(n − l)(l − m) : nlv(l − m)(m − n) : lmw(m − n)(n − l)

also lies on both.

Case 2: F �= 0. By (20), the points of intersection are

u1 ± v1

√
D : u2 ± v2

√
D : u3 ± v3

√
D. (21)

As an example to illustrate Case 1, takeu(a, b, c) = (b − c)2 andl(a, b, c) = a.
ThenD = (b−c)2(c−a)2(a−b)2, and the points of intersection areb−c : c−a :
a − b and(b − c)/a : (c − a)/b : (a − b)/c.

1I thank the Jean-Pierre Ehrmann for describing this method and its application.
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7. L ∩ Γ when D = 0

The pointsR andS are identical if and only ifD = 0. In this case, if in equation
(12) we regard eitherl : m : n or u : v : w as a variableα : β : γ, then the resulting
equation is that of a conic inscribed in�ABC. In view of equation (10), we may
also describe this locus in terms of squares of lines; to wit, ifu : v : w is the
variableα : β : γ, then the locus is the set of squares of points on the four lines
indicated by the equations√

|l|α ±
√

|m|β ±
√

|n|γ = 0.

Taking the coordinates to be trilinears, examples of centersXi = l : m : n and
Xj = u : v : w for which D = 0 are given in Table 2. It suffices to show results
for i ≤ j, sinceL andU are interchangeable in (12).

i j

1 244, 678
2 1015, 1017
3 125
6 115
11 55, 56, 181, 202, 203, 215
31 244, 1099, 1109, 1111
44 44

Table 2. Examples forD = 0

8. L ∩ Γ when D �= 0 and l : m : n = u : v : w

Returning to general homogeneous coordinates, suppose now thatl : m : n and
u : v : w are triangle centers for whichD �= 0. Then, sometimes,R andS are
centers, and sometimes, a bicentric pair. We begin with the casel : m : n = u :
v : w, for which (12) gives

D := (u + v + w)(u − v + w)(u + v −w)(u − v − w).

This factorization shows that ifu + v + w = 0, thenD = 0. We shall prove that
converse also holds. SupposeD = 0 but u + v + w �= 0. Then one of the other
three factors must be0, and by symmetry, they must all be0, so thatu = v + w,
so that

u(a, b, c) = v(a, b, c) + w(a, b, c)
u(a, b, c) = u(b, c, a) + u(c, a, b)
u(b, c, a) = u(c, a, b) + u(a, b, c).

Applying the third equation to the second givesu(a, b, c) = u(c, a, b)+u(a, b, c)+
u(c, a, b), so thatu(a, b, c) = 0, contrary to the hypothesis thatU is a triangle
center.

Writing the roots of (11) asr2/r3 ands2/s3, we find

r2s2

r3s3
=

(u2 − v2 − w2 +
√

D)(u2 − v2 − w2 −√
D)

4v2w2
= 1,
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which proves thatR andS are a conjugate pair (isogonal conjugates in case the
coordinates are trilinears). Of particular interest are cases for which these points
are polynomial centers, as listed in Table 3, where, for convenience, we put

E := (b2 − c2)(c2 − a2)(a2 − b2).

u
√

D r1 s1

a(b2 − c2) E a bc
a(b2 − c2)(b2 + c2 − a2) 16σ2E secA cosA

a(b − c)(b + c − a) 4abc(b− c)(c − a)(a − b) cot(A/2) tan(A/2)
a2(b2 − c2)(b2 + c2 − a2) 4a2b2c2E tanA cotA

bc(a4 − b2c2) (a4 − b2c2)(b4 − c2a2)(c4 − a2b2) b/c c/b

Table 3. PointsR = r1 : r2 : r3 andS = s1 : s2 : s3 of intersection

In Table 3, the penultimate row indicates that foru : v : w = X647, the Euler
line meets the circumconicu/α + v/β + w/γ = 0 in the pointsX4 andX3. The
final row shows thatR andS can be a bicentric pair.

9. L ∩ Γ : Starting with Intersection Points

It is easy to check that a pointR lies onΓ if and only if there exists a point
x : y : z for which

R =
u

by − cz
:

v

cz − ax
:

w

ax − by
.

From this representation, it follows that every line that meetsΓ in distinct points
u

byi − czi
:

v

czi − axi
:

w

axi − byi
, i = 1, 2,

has the form
(by1 − cz1)(by2 − cz2)α

u
+

(cz1 − ax1)(cz2 − ax2)β
v

+
(ax1 − by1)(ax2 − by2)γ

w
= 0.
(22)

and conversely. In this case,

D = u2v2w2

∣∣∣∣∣∣
bc ca ab
x1 y1 z1

x2 y2 z2

∣∣∣∣∣∣
2

,

indicating thatD = 0 if and only if the pointsxi : yi : zi are collinear with the
bc : ca : ab, which, in case the coordinates are trilinears, is the centroid of�ABC.

Example 1. Let

x1 : y1 : z1 = c/b : a/c : b/a and x2 : y2 : z2 = b/c : c/a : a/b.

These are the 1st and 2nd Brocard points in case the coordinates are trilinears, but
in any case, (22) represents the central line

α

ua2(b2 − c2)
+

β

vb2(c2 − a2)
+

γ

wc2(a2 − b2)
= 0,
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meetingΓ in the bicentric pair
u

b2(a2 − c2)
:

v

c2(b2 − a2)
:

w

a2(c2 − b2)
,

u

c2(a2 − b2)
:

v

a2(b2 − c2)
:

w

b2(c2 − a2)
.

Example 2. Let X = x : y : z be a triangle center other thanX1, so thaty : z : x
andz : x : y are a bicentric pair. The points

u

bz − cx
:

v

cx − ay
:

w

ay − bz
, and

u

cy − bx
:

v

az − cy
:

w

bx − az

are the bicentric pair in which the central line

vw(bx− cy)(cx− bz)α +wu(cy− az)(ay− cx)β +uv(az − bx)(bz − ay)γ = 0

meetsΓ.

10. L ∩ Γ : Euler Line and Circumcircle

Example 3. Using trilinears, the circumcircle is given byu(a, b, c) = a and the
Euler line by

l(a, b, c) = a(b2 − c2)(b2 + c2 − a2).
The discriminantD = 4a2b2c2d2, where

d =
√

a6 + b6 + c6 + 3a2b2c2 − b2c2(b2 + c2) − c2a2(c2 + a2) − a2b2(a2 + b2).

Substitutions into (17) and (18) and simplification give the points of intersection,
centersR andS, represented by 1st coordinates{

[ca(a2 − c2) ± bd][ba(a2 − b2) ± cd]
(b2 − c2)2(b2 + c2 − a2)2

}1/3

.

11. Vertex-products of bicentric triangles

Suppose thatf(a, b, c) : g(b, c, a) : h(c, a, b) is a point, as defined in [2] We
abbreviate this point asfab : gbc : hca and recall from [5, 7] that bicentric triangles
are defined by the forms

 fab gbc hca

hab fbc gca

gab hbc fca


 and


 fac hba gcb

gac fba hcb

gac hba fcb


 .

The vertices of the first of these two triangles are the rows of the first matrix, etc.
We assume thatfabgabhab �= 0. Then the product of the three vertices, namely

fabgabhab : fbcgbchbc : fcagcahca (23)

and the product of the vertices of the second triangle, namely

facgachac : fbagbahba : fcbgcbhcb (24)

clearly comprise a bicentric pair if they are distinct, and a triangle center otherwise.
Examples of bicentric pairs thus obtained will now be presented. An inductive

method [6] of generating the non-circle-dependent objects of triangle geometry
enumerates such objects in sets formally of size six. When the actual size is six,
which means that no two of the six objects are identical, the objects form a pair
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of bicentric triangles. The least such pair for whichfabgabhab �= 0 are given by
Objects 31-36:

 b c cos B −b cos B

−c cos C c a cos C
b cos A −a cos A a


 and


 c −c cos C b cos C

c cos A a −a cos A
−b cos B a cos B b


 .

In this example, the bicentric pair of points (23) and (24) are

b

a cos B
:

c

b cos C
:

a

c cos A
and

c

a cos C
:

a

b cos A
:

b

c cos B
,

and the product of these is the centercos A csc3 A : cos B csc3 B : cos C csc3 C.
This example and others obtained successively from Generation 2 of the afore-

mentioned enumeration are presented in Table 4. Column 1 tells the Object num-
bers in [5]; column 2, theA-vertex of the least Object; column 3, the first coordi-
nate of point (23) after canceling a symmetric function of (a, b, c); and column 4,
the first coordinate of the product of points (23) and (24) after canceling a symmet-
ric function of (a, b, c). In Table 4,cos A, cos B, cos C are abbreviated asa1, b1, c1,
respectively.

Objects fab : gab : hab [fabgabhab] [fabfacgabgachabhac]
31-36 b : cb1 : −bb1 b/ab1 a1/a

3

37-42 bc1 : −ca1 : ba1 bc1/aa1 (aa1)−3

43-48 bb1 : c : −b bb1/a (a1a
3)−1

49-54 ab : −c2 : bc b/c 1
58-63 c + ba1 : cc1 : −bc1 (ba1 + c)/ac1 a1(ba1 + c)(ca1 + b)a−2

71-76 −b21 : c1 : b1 b2
1/a1 a−4

1

86-91 c1 − a1b1 : c2
1 : b1c1 b1(c1 − a1b1) [a1(a1 − b1c1)]−1

92-97 a1b1 : 1 : −a1 b1/c1 1
98-103 1 : −c1 : c1a1 b1/c1 1
104-109 aa1 : −c : ca1 a/cc1 a3a1

110-115 a : b : −ba1 ab1/b a3/a1

116-121 c1 − a1b1 : 1 : −a1 b1(c1 − a1b1) [a1(a1 − b1c1)]−1

122-127 1 + a2
1 : c1 : −c1a1 b1(1 + a2

1)/c1 (1 + a2
1)

2

128-133 2a1 : −b1 : a1b1 a1 a2
1

Table 4. Bicentric triangles, bicentric points, and central vertex-products

Table 4 includes examples of interest: (i) bicentric triangles for which (23) and
(24) are identical and therefore represent a center; (ii) distinct pairs of bicentric
triangles that yield the identical bicentric pairs of points; and (iii) cases in which
the pair (23) and (24) are isogonal conjugates. Note that Objects 49-54 yield for
(23) and (24) the 2nd Brocard point,Ω2 = b/c : c/a : a/b and the 1st Brocard
point,Ω1 = c/b : a/c : b/a.
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12. Geometric discussion: ⊕ and �
Equations (3) and (4) define operations⊕ and� on pairs of bicentric points.

Here, we shall consider the geometric meaning of these operations. First, note that
one of the points in (2) lies onL∞ if and only if the other lies onL∞, since the
transformation(a, b, c) → (a, c, b) carries each of the equations

afab + bfbc + cfca = 0, afac + bfba + cfcb = 0

to the other. Accordingly, the discussion breaks into two cases.
Case 1: Fab not onL∞. Let kab andkac be the normalization factors given in

§3. Then the actual directed trilinear distances ofFab andFac (to the sidelines
BC,CA,AB) are given by (5). The pointF that separates the segmentFabFac

into segments satisfying
|FabF |
|FFac| =

kab

kac
,

where| | denotes directed length, is then

kac

kab + kac
F ′

ab +
kab

kab + kac
F ′

ac =
kackab

kab + kac
Fab +

kabkac

kab + kac
Fac,

which, by homogeneity, equalsFab ⊕ Fac. Similarly, the point “constructed” as

kac

kab + kac
F ′

ab −
kab

kab + kac
F ′

ac

equalsFab � Fac. These representations show thatFab ⊕ Fac andFab � Fac are a
harmonic conjugate pair with respect toFab andFac.

Case 2: Fab on L∞. In this case, the isogonal conjugatesF−1
ab andF−1

ac lie on
the circumcircle, so that Case 1 applies:

F−1
ab ⊕ F−1

ac =
fab + fac

fabfac
:
fbc + fba

fbcfba
:
fca + fcb

fcafcb
.

Trilinear multiplication [6] by the centerFab · Fac gives

Fab ⊕ Fac = (F−1
ab ⊕ F−1

ac ) · Fab · Fac.

In like manner,Fab � Fac is “constructed”.
It is easy to prove that a pairPab andPac of bicentric points onL∞ are neces-

sarily given by

Pab = bfca − cfbc : cfab − afca : afbc − bfab

for some bicentric pair as in (2). Consequently,

Pab ⊕ Pac = g(a, b, c) : g(b, c, a) : g(c, a, b),
Pab � Pac = h(a, b, c) : h(b, c, a) : h(c, a, b),

where

g(a, b, c) = b(fca + fcb) − c(fbc + fba),
h(a, b, c) = b(fca − fcb) + c(fba − fbc).
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Example 4. We start withfab = c/b, so thatFab andFac are the Brocard points,
andPab andPac are given by 1st coordinatesa − c2/a anda − b2/a, respectively,
yielding 1st coordinates(2a2 − b2 − c2)/a and (b2 − c2)/a for Pab ⊕ Pac and
Pab � Pac. These points are the isogonal conjugates ofX111 (the Parry point) and
X110 (focus of the Kiepert parabola), respectively.
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Some Configurations of Triangle Centers

Lawrence S. Evans

Abstract. Many collections of triangle centers and symmetrically defined trian-
gle points are vertices of configurations. This illustrates a high level of organiza-
tion among the points and their collinearities. Some of the configurations illus-
trated are inscriptable in Neuberg’s cubic curve and others arise from Monge’s
theorem.

1. Introduction

By a configurationK we shall mean a collection ofp points andg lines withr
points on each line andq lines meeting at each point. This implies the relationship
pq = gr. We then say thatK is a (pq, gr) configuration. The simplest configura-
tion is a point with a line through it. Another example is the triangle configuration,
(32, 32) with p = g = 3 andq = r = 2. Whenp = g, K is calledself-dual, and
then we must also haveq = r. The symbol for the configuration is now simpli-
fied to read(pq). The smallest(n3) self-dual configurations exist combinatorially,
when the “lines” are considered as suitable triples of points (vertices), but they can-
not be realized with lines in the Euclidean plane. Usually when configurations are
presented graphically, the lines appear as segments to make the figure compact and
easy to interpret. Only one(73) configuration exists, the Fano plane of projective
geometry, and only one(83) configuration exists, the M¨obius-Kantor configura-
tion. Neither of these can be realized with straight line segments. For larger n, the
symbol may not determine a configuration uniquely. The smallest(n3) configu-
rations consisting of line segments in the Euclidean plane are(93), and there are
three of them, one of which is the familiar Pappus configuration [4, pp.94–170].
The number of distinct(n3) configurations grows rapidly withn. For example,
there are 228 different(123) configurations [11, p.40]. In the discussion here, we
shall only be concerned with configurations lying in a plane.

While configurations have long been studied as combinatorial objects, it does
not appear that in any examples the vertices have been identified with triangle-
derived points. In recent years there has been a resurgence of interest in triangle
geometry along with the recognition of many new special points defined in different
very ways. Since each point is defined from original principles, it is somewhat
surprising that so many of them are collinear in small sets. An even higher level
of relationship among special points is seen when they can be incorporated into

Publication Date: February 24, 2003. Communicating Editor: Steve Sigur.
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certain configurations of moderate size. Then the collinearities and their incidences
are summarized in a tidy, symmetrical, and graphic way. Here we exhibit several
configurations whose vertices are naturally defined by triangles and whose lines
are collinearities among them. It happens that the general theory for the first three
examples was worked out long ago, but then the configurations were not identified
as consisting of familiar triangle points and their collinearities.

2. Some configurations inscriptable in a cubic

First let us set the notation for several triangles. Given a triangleT with vertices
A, B, andC, let A∗ be the reflection of vertexA in sideBC, A+ the apex of
an equilateral triangle erected outward onBC, andA− the apex of an equilateral
triangle erected inward onBC. Similarly define the corresponding points forB
andC. Denote the triangle with verticesA∗, B∗, C∗ asT∗ and similarly define
the trianglesT+ andT−. Using trilinear coordinates it is straightforward to verify
that the four triangles above are pairwise in perspective to one another. The points
of perspective are as follows.

T T∗ T+ T−
T H F+ F−
T∗ H J− J+

T+ F+ J− O
T− F− J+ O

Here,O andH are respectively the circumcenter and orthocenter,F± the isogonic
(Fermat) points, andJ± the isodynamic points. They are triangle centers as defined
by Kimberling [5, 6, 7, 8], who gives their trilinear coordinates and discusses their
geometric significance. See also the in§5. For a simple simultaneous construction
of all these points, see Evans [2].

To assemble the configurations, we first need to identify certain sets of collinear
points. Now it is advantageous to introduce a notation for collinearity. Write
L(X,Y,Z, . . . ) to denote the line containingX, Y , Z, . . . . The key toidentifying
configurations among all the previously mentioned points depends on the observa-
tion thatA∗ , B+, andC− are always collinear, so we may writeL(A∗, B+, C−).
One can easily verify this using trilinear coordinates. This is also true for any
permutation ofA, B, andC, so we have

(I): the 6 linesL(A∗, B+, C−), L(A∗, B−, C+), L(B∗, C+, A−),
L(B∗, C−, A+), L(C∗, A+, B−), L(C∗, A−, B+).

They all occur in Figures 1, 2, and 3. In fact the nine pointsA+, A−, A∗,
. . . themselves form the vertices of a(92, 63) configuration.

It is easy to see other collinearities, namely 3 from each pair of triangles in
perspective. For example, trianglesT+ andT− are in perspective fromO, so we
have

(II): the 3 linesL(A+, O,A−), L(B+, O,B−) andL(C+, O,C−).
See Figure 2.
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F+
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B

C
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B+

C+

A∗

B∗

C∗
F−

A−

B−

C−

H

Figure 1. The Cremona-Richmond configuration

2.1. The Cremona-Richmond configuration (153). Consider the following sets of
collinearities of three points:

(III): the 3 linesL(A,F+, A+), L(B,F+, B+) andL(C,F+, C+);
(IV): the 3 linesL(A,F−, A−), L(B,F−, B−) andL(C,F−, C−);
(V): the 3 linesL(A,H,A∗), L(B,H,B∗) andL(C,H,C∗).

The 15 points (A, B, C, A∗, B∗, C∗, A±, B±, C±, H, F±) and 15 lines in(I),
(III), (IV), and(V) form a figure which is called the Cremona-Richmond configu-
ration [7]. See Figure 1. It has 3 lines meeting at each point with 3 points on each
line, so it is self-dual with symbol(153). Inspection reveals that this configuration
itself contains no triangles.

The reader may have noticed that the fifteen points in the configuration all lie
on Neuberg’s cubic curve, which is known to contain many triangle centers [7].
Recently a few papers, such as Pinkernell’s [10] discussing Neuberg’s cubic have
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Figure 2

appeared, so we shall not elaborate on the curve itself. It has been known for a long
time that many configurations are inscriptable in cubic curves, possibly first noticed
by Schoenflies circa 1888 according to Feld [3]. However, it does not appear to
be well-known that Neuberg’s cubic in particular supports such configurations of
familiar points. We shall exhibit two more configurations inscriptable in Neuberg’s
cubic.

2.2. A (183) associated with the excentral triangle. For another configuration, this
one of the type(183), we employ the excentral triangle, that is, the triangle whose
vertices are the excenters ofT. Denote the excenter opposite vertexA by Ia, etc.,
and denote the extriangle asTx. TrianglesT andTx are in perspective from the
incenter,I. This introduces two more sets of collinearities involving the excenters:

(VI): the 3 linesL(A, I, Ia), L(B, I, Ib) andL(C, I, Ic);
(VII): the 3 linesL(Ib, A, Ic), L(Ic, B, Ia) andL(Ia, C, Ib).
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The 18 lines of(I), (II), (V), (VI), (VII) and the 18 pointsA, B, C, Ia, Ib, Ic,
A∗, B∗, C∗, A±, B±, C±, O, H, andI form an(183) configuration. See Figure
2. There are enough points to suggest the outline of Neuberg’s cubic, which is
bipartite. The 10 points in the lower right portion of the figure lie on the ovoid
portion of the curve. The 8 other points lie on the serpentine portion, which has an
asymptote parallel to Euler’s line (dashed). For other shapes of the basic triangle
T, these points will not necessarily lie on the same components of the curve.

2.3. A configuration (124, 163). Now we define two more sets of collinearities
involving the isodynamic points:

(VIII): the 3 linesL(A∗, J−, A+), L(B∗, J−, B+) andL(C∗, J−, C+);
(IX): the 3 linesL(A∗, J+, A−), L(B∗, J+, B−) andL(C∗, J+, C−).

Among the centers of perspective we have defined so far, there is an additional
collinearity,L(J+, O, J−), which is the Brocard axis. See Figure 3.
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Using Weierstrass elliptic functions, Feld proved that within any bipartite cubic,
a real configuration can be inscribed which has 12 points and 16 lines, with 4
lines meeting at each point and 3 points on each line [11], so that is, its symbol
is (124, 163). Now the Neuberg cubic of a non-equilateral triangle is bipartite,
consisting of an ovoid portion and a serpentine portion whose asymptote is parallel
to the Euler line of the triangle. Here one such inscriptable configuration consists
of the following sets of lines:(I), (II), (VIII), (IX), and the line,L(J+, O, J−).
See Figure 3. The three trianglesT+, T−, andT∗ are pair-wise in perspective
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with collinear perspectorsJ+, J−, andO. The vertices of the basic triangleT are
not in this configuration.

3. A Desargues configuration with triangle centers as vertices

There are so many collinearities involving triangle centers that we can also ex-
hibit a Desargues(103) configuration with vertices consisting entirely of basic
centers. LetK denote the symmedian (Lemoine’s) point,Np the center of the
nine-point circle,G the centroid,N+ the first Napoleon point, andN− the second
Napoleon point. Then the ten pointsF+, F−, J+, J−, N+, N−, K, G, H andNp

form the vertices of such a configuration. This is seen on noting that the triangles
F−J+N+ andF+J−N− are in perspective fromK with the line of perspective
L(G,Np,H), which is Euler’s line. See Figure 4. In a Desargues configuration
any vertex may be chosen as the center of perspective of two suitable triangles.
For simplicity we have chosenK in this example. Unlike the previous examples,
Desargues configurations are not inscriptable in cubic curves [9].

F+

F−

N+ N−
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G
K
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Figure 4

4. Configurations from Monge’s theorem

Another way triangle centers form vertices of configurations arises from Monge’s
theorem [4, 11]. This theorem states that if we have three circles, then the 3 exter-
nal centers of simitude (ecs) are collinear and that each external center of simitude
is collinear with two of the internal centers of simitude (ics). These 4 collinear-
ities form a(43, 62) configuration,i.e., a complete quadrilateral with the centers
of similitude as vertices. This is best illustrated by an example. Suppose we have
the circumcircle, the nine-point circle, and the incircle of a triangle. Theics of
the circumcircle and the nine-point circle is the centroid,G, and theirecs is the
orthocenter,H. The ics of the nine-point circle and the incircle isX12 in Kim-
berling’s list and theecs is Feuerbach’s point,X11. The ics of the circumcir-
cle and the incircle isX55, and theecs is X56. The lines of the configuration



Some configurations of triangle centers 55

are thenL(H,X56,X11), L(G,X55,X11), L(G,X56,X12), andL(H,X55,X12).
This construction, of course, applies to any group of three circles related to the
triangle. In the example given, the circles can be nested, so it may not be easy to
see the centers of similitude. In such a case, the radii of the circles can be reduced
in the same proportion to make the circles small enough that they do not overlap.
The ecs’s and ics’s remain the same. Theecs of two such circles is the point
where the two common external tangents meet, and theics is the point where the
two common internal tangents meet. When two of the circles have the same radii,
their ics is the midpoint of the line joining their centers and theirecs is the point
at infinity in the direction of the line joining their centers.

One may ask what happens when a fourth circle whose center is not collinear
with any other two is also considered. Monge’s theorem applies to each group
of three circles. First it happens that the four lines containing onlyecs’s them-
selves form a(62, 43) configuration. Second, when the twelve lines containing an
ecs and twoics’s are annexed, the result is a(124, 163) configuration. This is a
projection onto the plane of Reye’s three-dimensional configuration, which arises
from a three-dimensional analog of Monge’s theorem for four spheres [4]. This is
illustrated in Figure 5 with the vertices labelled with the points of Figure 3, which
shows that these two(124, 163) configurations are actually the same even though
the representation in Figure 5 may not be inscriptable in a bipartite cubic. Evi-
dently larger configurations arise by the same process when yet more circles are
considered.

5. Final remarks

We have see that certain collections of collinear triangle points can be knitted to-
gether into highly symmetrical structures called configurations. Furthermore some
relatively large configuratons such as the(183) shown above are inscriptable in low
degree algebraic curves, in this case a cubic.

General information about configurations can be found in Hilbert and Cohn-
Vossen [4]. Also we recommend Coxeter [1], which contains an extensive bibliog-
raphy of related material pre-dating 1950.

The centers here appear in Kimberling [5, 6, 7, 8] asXn for n below.

center I G O H Np K F+ F− J+ J− N+ N−
n 1 2 3 4 5 6 13 14 15 16 17 18

While not known by eponyms,X12, X55, andX56 are also geometrically sig-
nificant in elementary ways [7, 8].

References

[1] H. S. M. Coxeter, Self-dual configurations and regular graphs,Bull. Amer. Math. Soc., 56 (1950)
413–455; reprinted inThe Beauty of Geometry: Twelve Essays, Dover, Mineola, New York,
1999, which is a reprint ofTwelve Geometric Essays, Southern Illinois University Press, Car-
bondale, 1968.

[2] L. S. Evans, A rapid construction of some triangle centers,Forum Geom., 2 (2002) 67–70.



56 L. S. Evans

O

A+

A−
B+

B−

C+

C−

A∗

B∗

C∗

J+

J−

Figure 5

[3] J. M. Feld, Configurations inscriptable in a plane cubic curve,Amer. Math. Monthly, 43 (1936)
549–555.

[4] D. Hilbert and S. Cohn-Vossen,Geometry and the Imagination, 2nd. ed., Chelsea (1990), New
York.

[5] C. Kimberling, Central points and central lines in the plane of a triangle,Math. Magazine, 67
(1994) 163–187.

[6] C. Kimberling, Major centers of triangles,Amer. Math. Monthly, 104 (1997) 431–488.
[7] C. Kimberling, Triangle centers and central triangles,Congressus Numerantium, 129 (1998) 1

– 285.
[8] C. Kimberling,Encyclopedia of Triangle Centers, August 22, 2002 edition, available at

http://www2.evansville.edu/ck6/encyclopedia/; February 17, 2003 edition available at
http://faculty.evansville.edu/ck6/encyclopedia/ETC.html.

[9] N. S. Mendelsohn, R. Padmanabhan and B. Wolk, Placement of the Desargues configuration on
a cubic curve,Geom. Dedicata, 40 (1991) 165–170.

[10] G. Pinkernell, Cubic curves in the triangle plane,Journal of Geometry, 55 (1996) 141–161.
[11] D. Wells,The Penguin Dictionary of Curious and Interesting Geometry, (1991), Penguin, Mid-

dlesex.

Lawrence S. Evans: 910 W. 57th Street, La Grange, Illinois 60525, USA
E-mail address: 75342.3052@compuserve.com



Forum Geometricorum
Volume 3 (2003) 57–63. b b

b

b

FORUM GEOM

ISSN 1534-1178

On the Circumcenters of Cevasix Configurations

Alexei Myakishev and Peter Y. Woo

Abstract. We strengthen Floor van Lamoen’s theorem that the 6 circumcenters
of the cevasix configuration of the centroid of a triangle are concyclic by giving
a proof which at the same time shows that the converse is also true with a minor
qualification,i.e., the circumcenters of the cevasix configuration of a pointP are
concyclic if and only ifP is the centroid or the orthocenter of the triangle.

1. Introduction

Let P be a point in the plane of triangleABC, with tracesA′, B′, C ′ on the
sidelinesBC, CA, AB respectively. We assume thatP does not lie on any of the
sidelines. TriangleABC is then divided by its ceviansAA′, BB′, CC ′ into six
triangles, giving rise to what Clark Kimberling [2, pp.257–260] called thecevasix
configuration of P . See Figure 1. Floor van Lamoen has discovered that whenP
is the centroid of triangleABC, the 6 circumcenters of the cevasix configuration
are concyclic. See Figure 2. This was posed as a problem in theAmerican Math-
ematical Monthly [3]. Solutions can be found in [3, 4]. In this note we study the
converse.
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B C
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�(A+)

�(B−)

Figure 1
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Theorem 1. The circumcenters of the cevasix configuration of P are concyclic if
and only if P is the centroid or the orthocenter of triangle ABC .

Publication Date: March 3, 2003. Communicating Editor: Paul Yiu.



58 A. Myakishev and P. Y. Woo

2. Preliminary results

We adopt the following notations.

Triangle PCB′ PC ′B PAC ′ PA′C PBA′ PB′A
Notation �(A+) �(A−) �(B+) �(B−) �(C+) �(C−)

Circumcenter A+ A− B+ B− C+ C−
It is easy to see that two of these triangle may possibly share a common circum-

center only when they share a common vertex of triangleABC.

Lemma 2. The circumcenters of triangles APB′ and APC′ coincide if and only
if P lies on the reflection of the circumcircle in the line BC .

Proof. TrianglesAPB′ andAPC′ have the same circumcenter if and only if the
four pointsA, B′, P , C ′ are concyclic. In terms of directed angles,∠BPC =
∠B′PC ′ = ∠B′AC ′ = ∠CAB = −∠BAC. See, for example, [1,§§16–20]. It
follows that the reflection ofA in the lineBC lies on the circumcircle of triangle
PBC, andP lies on the reflection of the circumcircle inBC. The converse is
clear. �

Thus, if B+ = C− andC+ = A−, then necessarilyP is the orthocenterH,
and alsoA+ = B−. In this case, there are only three distinct circumcenters. They
clearly lie on the nine-point circle of triangleABC. We shall therefore assume
P �= H, so that there are at least five distinct points in the set{A±, B±, C±}.

The next proposition appears in [2, p.259].

Proposition 3. The 6 circumcenters of the cevasix configuration of P lie on a
conic.

Proof. We need only consider the case when these 6 circumcenters are all dis-
tinct. The circumcentersB+ and C− lie on the perpendicular bisector of the
segmentAP ; similarly, B− and C+ lie on the perpendicular bisector ofPA′.
These two perpendicular bisectors are clearly parallel. This means thatB+C−
and B−C+ are parallel. Similarly,C+A−//C−A+ and A+B−//A−B+. The
hexagonA+C−B+A−C+B− has three pairs of parallel opposite sides. By the
converse of Pascal’s theorem, there is a conic passing through the six vertices of
the hexagon. �
Proposition 4. The vertices of a hexagon A+C−B+A−C+B− with parallel oppo-
site sides B+C−//C+B−, C+A−//A+C−, A+B−//B+A− lie on a circle if and
only if the main diagonals A+A−, B+B− and C+C− have equal lengths.

Proof. If the vertices are concyclic, thenA+C−A−C+ is an isosceles trapezoid,
andA+A− = C+C−. Similarly, C+B−C−B+ is also an isosceles trapezoid, and
C+C− = B+B−.

Conversely, consider the triangleXY Z bounded by the three diagonalsA+A−,
B+B− and C+C−. If these diagonals are equal in length, then the trapezoids
A+C−A−C+, C+B−C−B+ andB+A−B−A+ are isosceles. From these we im-
mediately conclude that the common perpendicular bisector ofA+C− andA−C+



On the circumcenters of cevasix configurations 59

is the bisector of angleXY Z. Similarly, the common perpendicular bisector of
B+C− andB−C+ is the bisector of angleX, and that ofA+B− andA−B+ the
bisector of angleZ. These three perpendicular bisectors clearly intersect at a point,
the incenter of triangleXY Z, which is equidistant from the six vertices of the
hexagon. �

Proposition 5. The vector sum AA′ + BB′ + CC′ = 0 if and only if P is the
centroid.

Proof. Suppose with reference to triangleABC, the pointP hasabsolute barycen-
tric coordinatesuA + vB + wC, whereu + v + w = 1. Then,

A′ =
1

v + w
(vB + wC), B′ =

1
w + u

(wC + uA), C ′ =
1

u + v
(uA + vB).

From these,

AA′ + BB′ + CC′

=(A′ + B′ + C ′) − (A + B + C)

=
u2 − vw

(w + u)(u + v)
· A +

v2 − wu

(u + v)(v + w)
· B +

w2 − uv

(v + w)(w + u)
· C.

This is zero if and only if

u2 − vw = v2 − wu = w2 − uv = 0,

andu = v = w = 1
3 since they are all real, andu + v + w = 1. �

We denote byπa, πb, πc the orthogonal projections on the linesAA′, BB′, CC ′
respectively.

Proposition 6.

πb(A+A−) = −1
2BB′, πc(A+A−) = 1

2CC′,

πc(B+B−) = −1
2CC′, πa(B+B−) = 1

2AA′,

πa(C+C−) = −1
2AA′, πb(C+C−) = 1

2BB′.

(1)

Proof. The orthogonal projections ofA+ andA− on the cevianBB′ are respec-
tively the midpoints of the segmentsPB′ andBP . Therefore,

πb(A+A−) =
B + P

2
− P + B′

2
= −B′ − B

2
= −1

2
BB′.

The others follow similarly. �

3. Proof of Theorem 1

Sufficiency part. Let P be the centroidG of triangleABC. By Proposition 4, it is
enough to prove that the diagonalsA+A−, B+B− andC+C− have equal lengths.
By Proposition 5, we can construct a triangleA∗B∗C∗ whose sides as vectors
B∗C∗, C∗A∗ andA∗B∗ are equal to the mediansAA′, BB′, CC′ respectively.
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Consider the vectorA∗Q equal toA+A−. By Proposition 6, the orthogonal pro-
jections ofA+A− on the two sidesC∗A∗ and A∗B∗ are the midpoints of the
sides. This means thatQ is the circumcenter of triangleA∗B∗C∗, and the length
of A+A− is equal to the circumradius of triangleA∗B∗C∗. The same is true for
the lengths ofB+B− andC+C−. The caseP = H is trivial.

Necessity part. Suppose the 6 circumcentersA±, B±, C± lie on a circle. By
Proposition 3, the diagonalsA+A−, B+B−, andC+C− have equal lengths. We
show thatAA′ + BB′ + CC′ = 0, so thatP is the centroid of triangleABC by
Proposition 5. In terms of scalar products, we rewrite equation (1) as

A+A− ·BB′ = −1
2BB′ · BB′, A+A− · CC′ = 1

2CC′ ·CC′,

B+B− · CC′ = −1
2CC′ ·CC′, B+B− ·AA′ = 1

2AA′ ·AA′,

C+C− · AA′ = −1
2AA′ ·AA′, C+C− · BB′ = 1

2BB′ · BB′.

(2)

From these,(B+B− + C+C−) · AA′ = 0, andAA′ is orthogonal toB+B− +
C+C−. SinceB+B−, andC+C− have equal lengths,B+B− + C+C− and
B+B− − C+C− are orthogonal. We may therefore writeB+B− − C+C− =
kAA′ for a scalark. From (2) above,

kAA′ · AA′ =(B+B− − C+C−) ·AA′

=
1
2
AA′ ·AA′ +

1
2
AA′ ·AA′

=AA′ ·AA′.

From this,k = 1 and we have

AA′ = B+B− − C+C−.

The same reasoning shows that

BB′ =C+C− − A+A−,

CC′ =A+A− − B+B−.

Combining the three equations, we have

AA′ + BB′ + CC′ = 0.

It follows from Proposition 5 thatP must be the centroid of triangleABC.

4. An alternative proof of Theorem 1

We present another proof of Theorem 1 by considering an auxiliary hexagon.
LetLa andL′

a be the lines perpendicular toAA′ atA andA′ respectively; similarly,
Lb, L′

b, andLc andL′
c. Consider the points

X+ = Lc ∩ L′
b, X− = Lb ∩ L′

c,
Y+ = La ∩ L′

c, Y− = Lc ∩ L′
a,

Z+ = Lb ∩ L′
a, Z− = La ∩ L′

b.
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Note that the circumcentersA±, B±, C± are respectively the midpoints of
PX±, PY±, PZ±. Hence, the six circumcenters are concyclic if and only ifX±,
Y±, Z± are concyclic.

In Figure 3, let∠CPA′ = ∠APC ′ = α. Since anglesPA′Y− andPCY− are
both right angles, the four pointsP , A′, C, Y− are concyclic and∠Z+Y−X+ =
∠A′Y−X+ = ∠A′PC = α. Similarly, ∠CPB′ = ∠BPC ′ = ∠Y−X+Z−, and
we denote the common measure byβ.

A

B CA′

B′C′

Y+

X−

Z+

Y−

X+

Z−

P
α

α

α

α′

β′ β

ββ

Figure 3

Lemma 7. If the four points X+, Y−, Z+, Z− are concyclic, then P lies on the
median through C .

Proof. Let x = AP
AA′ andy = BP

BB′ . If the four pointsX+, Y−, Z+, Z− are con-
cyclic, then∠Z+Z−X+ = α and∠Y−Z+Z− = β. Now,

|BB′|
|AA′| =

|Z+Z−| · sin α′

|Z+Z−| · sin β′ =
sinα

sin β
=

|AC′|
|AP |
|BC′|
|BP |

.

It follows that
|BP |

|BB′| · |BC ′| =
|AP |

|AA′| · |AC ′| ,
and, as a ratio of signed lengths,

BC ′

AC ′ = −y

x
. (3)
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Now applying Menelaus’ theorem to triangleAPC′ with transversalA′CB, and
triangleBGA′ with transversalB′CA, we have

AA′

A′P
· PC

CC ′ ·
C ′B
BA

= −1 =
BB′

B′P
· PC

CC ′ ·
C ′A
AB

.

From this,AA′
A′P · BC ′ = BB′

B′P · AC ′, or

BC ′

1 − x
= − AC ′

1 − y
. (4)

Comparing (3) and (4), we have1−x
1−y = y

x , (x − y)(x + y − 1) = 0. Either
x = y or x + y = 1. It is easy to eliminate the possibilityx + y = 1. If P has
homogeneous barycentric coordinates(u : v : w) with reference to triangleABC,
thenx = v+w

u+v+w andy = w+u
u+v+w . Thus,x + y = 1 requiresw = 0 andP lies on

the sidelineAB, contrary to the assumption. It follows thatx = y, and from (3),
C ′ is the midpoint ofAB, andP lies on the median throughC. �

The necessity part of Theorem 1 is now an immediate corollary of Lemma 7.

5. Concluding remark

We conclude with a remark on triangles for which two of the circumcenters of
the cevasix configuration of the centroid coincide. Clearly,B+ = C− if and only
if A, B′, G, C ′ are concyclic. Equivalently, the image ofG under the homothety
h(A, 2) lies on the circumcircle of triangleABC. This point has homogeneous
barycentric coordinates(−1 : 2 : 2). Since the circumcircle has equation

a2yz + b2zx + c2xy = 0,

we have2a2 = b2 + c2. There are many interesting properties of such triangles.
We simply mention that it is similar to its own triangle of medians. Specifically,

ma =
√

3
2

a, mb =
√

3
2

c, mc =
√

3
2

b.

Editor’s endnote. John H. Conway [5] has located the center of the Van Lamoen
circle (of the circumcenters of the cevasix configuration of the centroid) as

F = mN +
cot2 ω

12
· (G − K),

wheremN is the medial Ninecenter,1 G the centroid,K the symmedian point, and
ω the Brocard angle of triangleABC. In particular, the parallel throughF to the
symmedian lineGK hits the Euler line inmN . See Figure 4. The pointF has
homogeneous barycentric coordinates

(10a4 − 13a2(b2 + c2) + (4b4 − 10b2c2 + 4c4) : · · · : · · · ).
This appears asX1153 of [6].

1This is the point which dividesOH in the ratio1 : 3.
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Napoleon Triangles and Kiepert Perspectors
Two examples of the use of complex number coordinates

Floor van Lamoen

Abstract. In this paper we prove generalizations of the well known Napoleon
Theorem and Kiepert Perspectors. We use complex numbers as coordinates to
prove the generalizations, because this makes representation of isosceles trian-
gles built on given segments very easy.

1. Introduction

In [1, XXVII] O. Bottema describes the famous (first) Fermat-Torricelli point of
a triangleABC. This point is found by attaching outwardly equilateral triangles
to the sides ofABC. The new vertices form a triangleA′B′C ′ that is perspective
to ABC, that is,AA′, BB′ andCC′ have a common point of concurrency, the
perspector ofABC andA′B′C ′. A lot can be said about this point, but for this
paper we only need to know that the linesAA′, BB′ andCC′ make angles of 60
degrees (see Figure 1), and that this is also the case when the equilateral triangles
are pointed inwardly, which gives the second Fermat-Torricelli point.

A

B

C

F

A′

B′

C′

Figure 1

A

B

C

A′

B′

C′

Figure 2

It is well known that to yield a perspector, the triangles attached to the sides of
ABC do not need to be equilateral. For example they may be isosceles triangles
with base angleφ, like Bottema tells us in [1, XI]. It was Ludwig Kiepert who stud-
ied these triangles - the perspectors with varyingφ lie on a rectangular hyperbola

Publication Date: March 10, 2003. Guest Editor: Dick Klingens.
The Dutch version of this paper,Napoleons driehoeken en Kieperts perspectors, appeared in

Euclides, 77 (2002) nr 4, 182–187. This issue ofEuclides is a tribute to O. Bottema (1901-
1992). Permission from the editors ofEuclides to publish the present English version is gratefully
acknowledged.
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named after Kiepert. See [4] for some further study on this hyperbola, and some
references. See Figure 2. However, it is already sufficient for the linesAA′, BB′,
CC ′ to concur when the attached triangles have oriented angles satisfying

∠BAC ′ = ∠CAB′, ∠ABC ′ = ∠CBA′, ∠ACB = ∠BCA′.

When the attached triangles are equilateral, there is another nice geometric prop-
erty: the centroids of the triangles A′BC , AB′C and ABC′ form a triangle that
is equilateral itself, a fact that is known as Napoleon’s Theorem. The triangles are
referred to as thefirst andsecond Napoleon triangles (for the cases of outwardly
and inwardly pointed attached triangles). See Figures 3a and 3b. The perspectors
of these two triangles withABC are calledfirst andsecond Napoleon points. Gen-
eral informations on Napoleon triangles and Kiepert perspectors can be found in
[2, 3, 5, 6].
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Figure 3a
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2. The equation of a line in the complex plane

Complex coordinates are not that much different from the rectangular(x, y) -
the two directions of the axes are now hidden in one complex number, that we call
theaffix of a point. Of course such an affix just exists of a real (x) and imaginary
(y) part - the complex numberz = p + qi in fact resembles the point(p, q).

If z = p + qi, then the numberz = p − qi is called complex conjugate of
z. The combination ofz andz is used to make formulas, since we do not havex
andy anymore! A parametric formula for the line through the pointsa1 anda2

is z = a1 + t(a2 − a1), wheret runs through thereal numbers. The complex
conjugate of this formula isz = a1 + t(a2 − a1) . Elimination oft from these two
formulas gives the formula for the line through the points with affixesa1 anda2:

z(a1 − a2) − z(a1 − a2) + (a1a2 − a1a2) = 0.



Napoleon triangles and Kiepert perspectors 67

3. Isosceles triangle on a segment

Let the pointsA andB have affixesa andb. We shall find the affix of the point
C for which ABC is an isosceles triangle with base angleφ and apexC. The
midpoint ofAB has affix1

2(a + b). The distance from this midpoint toC is equal
to 1

2 |AB| tan φ. With this we find the affix forC as

c =
a + b

2
+ i tan φ · b − a

2
=

1 − i tan φ

2
a +

1 + i tan φ

2
b = χa + χb

whereχ = 1
2 + i

2 tan φ, so thatχ + χ = 1.
The special case thatABC is equilateral, yields forχ the sixth root of unity

ζ = 1
2 + i

2

√
3 = ei π

3 = cos π
3 + i sin π

3 . This numberζ is a sixth root of unity,
because it satisfies

ζ6 = e2iπ = cos 2π + i sin 2π = 1.

It also satisfies the identitiesζ3 = −1 and ζ · ζ = ζ + ζ = 1. Depending on
orientation one can find two verticesC that together withAB form an equilateral
triangle, for which we have respectivelyc = ζa + ζb (negative orientation) and
c = ζa + ζb (positive orientation). From this one easily derives

Proposition 1. The complex numbers a, b and c are affixes of an equilateral trian-
gle if and only if

a + ζ2b + ζ4c = 0
for positive orientation or

a + ζ4b + ζ2c = 0
for negative orientation.

4. Napoleon triangles

We shall generalize Napoleon’s Theorem, by extending the idea of the use of
centroids. Napoleon triangles were indeed built in a triangleABC by attaching to
the sides of a triangle equilateral triangles, and taking the centroids of these. We
now start with two trianglesAkBkCk for k = 1, 2, and attach equilateral triangles
to the connecting segments between theA’s, theB’s and theC ’s. This seems to be
entirely different, but Napoleon’s Theorem will be a special case by starting with
trianglesBCA andCAB.

So we start with two trianglesAkBkCk for k = 1, 2 with affixesak, bk and
ck for the vertices. The centroidsZk have affixeszk = 1

3(ak + bk + ck). Now
we attach positively orientated equilateral triangles to segmentsA1A2, B1B2 and
C1C2 havingA3+, B3+, C3+ as third vertices. In the same way we findA3−, B3−,
C3− from equilateral triangles with negative orientation. We find as affixes

a3+ = ζa2 + ζa1

and
a3− = ζa1 + ζa2,

and similar expressions forb3+, b3−, c3+ andc3−. The centroidsZ3+ andZ3− now
have affixesz3+ = ζz2 + ζz1 andz3− = ζz1 + ζz2 respectively, from which we
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see thatZ1Z2Z3+ andZ1Z2Z3− are equilateral triangles of positive and negative
orientation respectively.

We now work with the following centroids:
D+, E+ andF+ of trianglesB1C2A3+, C1A2B3+ andA1B2C3+ respectively;
D−, E− andF− of trianglesC1B2A3−, A1C2B3− andB1A2C3− respectively.

For these we claim

Theorem 2. Given triangles AkBkCk and points Zk for k = 1, 2, 3+, 3− and
D±E±F± as described above, triangles D+E+F+ and D−E−F− are equilateral
triangles of negative orientation, congruent and parallel, and their centroids coin-
cide with the centroids of Z1Z2Z3+ and Z1Z2Z3− respectively. (See Figure 4).

Proof. To prove this we find the following affixes

d+ = 1
3(b1 + c2 + ζa2 + ζa1), d− = 1

3(b2 + c1 + ζa1 + ζa2),

e+ = 1
3(c1 + a2 + ζb2 + ζb1), e− = 1

3(c2 + a1 + ζb1 + ζb2),

f+ = 1
3(a1 + b2 + ζc2 + ζc1), f− = 1

3(a2 + b1 + ζc1 + ζc2).

Using Proposition 1 it is easy to show thatD+E+F+ andD−E−F− are equilateral
triangles of negative orientation. For instance, the expressiond+ + ζ4e+ + ζ2f+

has as ‘coefficient’ ofb1 the number13(1 + ζ4ζ) = 0. We also find that

d+ − e+ = e− − d− = ζ(a1 − a2) + ζ(b1 − b2) + (c2 − c1),
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from which we see thatD+E+ andD−E− are equal in length and directed oppo-
sitely. Finally it is easy to check that1

3(d+ + e+ + f+) = 1
3(z1 + z2 + z3+) and

1
3(d− + e− + f−) = 1

3(z1 + z2 + z3−), and the theorem is proved. �

We can make a variation of Theorem 2 if in the creation ofD±E±F± we in-
terchange the roles ofA3+B3+C3+ andA3−B3−C3−. The roles ofZ3+ andZ3−
change as well, and the equilateral triangles found have positive orientation.

We note that if the centroidsZ1 andZ2 coincide, then they coincide withZ3+

andZ3−, so thatD+E−F+D−E+F− is a regular hexagon, of which the center
coincides withZ1 andZ2.

Napoleon’s Theorem is a special case. If we takeA1B1C1 = BCA andA2B2C2

= CAB, thenD+E+F+ is the second Napoleon Triangle, and indeed appears
equilateral. We get as a bonus thatD+E−F+D−E+F− is a regular hexagon.
Now D− is the centroid ofAAA3−, that is,D− is the point onAA3− such that
AD− : D−A3− = 1 : 2. In similar ways we findE− andF−. TrianglesABC
andA3−B3−C3− have the first point of Fermat-TorricelliF1 as perspector, and the
linesAA3−, BB3− andCC3− make angles of 60 degrees. From this it is easy to
see (congruent inscribed angles) thatF1 must be on the circumcircle ofD−E−F−
and thus also on the circumcircle ofD+E+F+. See Figure 5. In the same way,
now using the variation of Theorem 2, we see that the second Fermat-Torricelli
point lies on the circumcircle of the first Napoleon Triangle.

B = A1 = C2

C = B1 = A2

A = C1 = B2

A3−

B3−

C3−

A3+

B3+

C3+

GF+

D+

E+

F1

F−

D−

E−

Figure 5



70 F. M. van Lamoen

5. Kiepert perspectors

To generalize the Kiepert perspectors we start with two triangles as well. We
label theseABC andA′B′C ′ to distinguish from Theorem 2. These two triangles
we take to be directly congruent (henceA corresponds toA′, etc.) and of the same
orientation. This means that the two triangles can be mapped to each other by a
combination of a rotation and a translation (in fact one of both is sufficient). We
now attach isosceles triangles to segments connectingABC andA′B′C ′. While
we usually find Kiepert perspectors on a line, for example, fromA to the apex
of an isosceles triangle built onBC, now we start from the apex of an isosceles
triangle onAA′ and go to the apex of an isosceles triangle on onBC′. This gives
the following theorem:

A B

C

A′

B′

C′

A′′

B′′

C′′

A′′′

B′′′

C′′′

P

Figure 6

Theorem 3. Given two directly congruent triangles ABC and A′B′C ′ with the
same orientation, attach to the segments AA′, BB′, CC ′, CB′, AC ′ and BA′
similar isosceles triangles with the same orientation and apexes A′′, B′′, C ′′, A′′′,
B′′′ and C′′′. The lines A′′A′′′, B′′B′′′ and C′′C ′′′ are concurrent, so triangles
A′′B′′C ′′ and A′′′B′′′C ′′′ are perspective. (See Figure 6).

Proof. For the verticesA, B andC we take the affixesa, b andc. Because trian-
glesABC andA′B′C ′ are directly congruent and of equal orientation, we can get
A′B′C ′ by applying onABC a rotation about the origin, followed by a translation.
This rotation about the origin can be represented by multiplication by a numberτ
on the unit circle, so thatττ = 1. The translation is represented by addition with
a numberσ. So the affixes ofA′, B′ andC′ are the numbersτa + σ, τb + σ and
τc + σ.
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We take for the base angles of the isosceles triangleφ again, and we letχ = 1
2 +

i
2 tan φ, so that the affix forA′′ is (χ+χτ)a+χσ. ForA′′′ we findχc+χτb+χσ.
The equation of the lineA′′A′′′ we can find after some calculations as

(χa + χτa − χc − χτb)z − (χa + χτa − χc − χτb)z

+(χ + χτ)a(χc + χτb) + χσ(χc + χτb) + χσ(χ + χτ)a

−(χ + χτ)a(χc + χτb) − χσ(χc + χτb) − χσ(χ + χτ)a
=0.

In a similar fashion we find forB′′B′′′,

(χb + χτb − χa − χτc)z − (χb + χτb − χa − χτc)z

+(χ + χτ)b(χa + χτc) + χσ(χa + χτc) + χσ(χ + χτ)b

−(χ + χτ)b(χa + χτc) − χσ(χa + χτc) − χσ(χ + χτ)b
=0,

and forC′′C ′′′,

(χc + χτc − χb − χτa)z − (χc + χτc − χb − χτa)z

+(χ + χτ)c(χb + χτa) + χσ(χb + χτa) + χσ(χ + χτ)c

−(χ + χτ)c(χb + χτa) − χσ(χb + χτa) − χσ(χ + χτ)c
=0.

We must do some more effort to see what happens if we add the three equations.
Our effort is rewarded by noticing that the sum gives0 = 0. The three equations
are dependent, so the lines are concurrent. This proves the theorem. �

We end with a question on the locus of the perspector for varyingφ. It would
have been nice if the perspector would, like in Kiepert’s hyperbola, lie on an equi-
lateral hyperbola. This, however, does not seem to be generally the case.
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On the Fermat Lines

Paul Yiu

Abstract. We study the triangle formed by three points each on a Fermat line of
a given triangle, and at equal distances from the vertices. For two specific values
of the common distance, the triangle degenerates into a line. The two resulting
lines are the axes of the Steiner ellipse of the triangle.

1. The Fermat lines

This paper is on a variation of the theme of Bottema [2]. Bottema studied the
triangles formed by three points each on analtitude of a given triangle, at equal
distances from the respective vertices. See Figure 1. He obtained many interesting
properties of this configuration. For example, these three points are collinear when
the common distance isR ± d, whereR is the circumradius andd the distance
between the circumcenter and the incenter of the reference triangle. The two lines
containing the two sets of collinear points are perpendicular to each other at the
incenter, and are parallel to the asymptotes of the Feuerbach hyperbola, the rectan-
gular hyperbola through the vertices, the orthocenter, and the incenter. See Figure
2.
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In this paper we consider theFermat lines, which are the lines joining a vertex
of the given triangleABC to the apex of an equilateral triangle constructed on its
opposite side. We label these trianglesBCAε, CABε, andABCε, with ε = +1
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for those erected externally, andε = −1 otherwise. There are 6 of such lines,
AA+, BB+, CC+, AA−, BB−, andCC−. See Figure 3. The reason for choosing
these lines is that, forε = ±1, the three segmentsAAε, BBε, andCCε have equal
lengthsτε given by

τ2
ε =

1
2
(a2 + b2 + c2) + ε · 2

√
3�,

wherea, b, c are the side lengths, and� the area of triangleABC. See, for
example, [1, XXVII.3].

C

A

B

C−

C+

A−

A+

B−

B+

F−
F+

Figure 3

It is well known that the three Fermat linesAAε, BBε, andCCε intersect each
other at theε-Fermat pointFε at60◦ angles. The centers of the equilateral triangles
BCAε, CABε, andABCε form theε-Napoleon equilateral triangle. The circum-
circle of theε-Napoleon triangle has radiusτε

3 and passes through the(−ε)-Fermat
point. See, for example, [5].

2. The triangles Tε(t)

We shall label points on the Fermat lines by their distances from the correspond-
ing vertices ofABC, positive in the direction from the vertex to the Fermat point,
negative otherwise. Thus,A+(t) is the unique pointX on the positive Fermat line
AF+ such thatAX = t. In particular,

Aε(τε) = Aε, Bε(τε) = Bε, Cε(τε) = Cε.

We are mainly interested in the trianglesTε(t) whose vertices areAε(t), Bε(t),
Cε(t), for various values oft. Here are some simple observations.

(1) The centroid ofAA+A− is G. This is because the segmentsA+A− andBC
have the same midpoint.
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(2) The centers of the equilateral trianglesBCA+ andBCA− trisect the seg-
mentA+A−. Therefore, the segment joiningAε( τε

3 ) to the center ofBCA−ε is
parallel to the Fermat lineAA−ε and has midpointG.

(3) This means thatAε( τε
3 ) is the reflection of theA-vertex of the(−ε)-Napoleon

triangle in the centroidG. See Figure 4, in which we labelA+( τ+
3 ) by X and

A−( τ−
3 ) by X ′ respectively.

This is the same for the other two pointsBε( τε
3 ) andCε( τε

3 ).

C
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B
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A+

G

X

X′

Figure 4
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G C−

A−

B−

F−
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(4) It follows that the triangleTε( τε
3 ) is the reflection of the(−ε)-Napoleon

triangle inG, and is therefore equilateral.

(5) The circle through the vertices ofTε( τε
3 ) and the(−ε)-Napoleon triangle has

radiusτ−ε

3 and also passes through the Fermat pointFε. See Figure 5.

SinceGAε( τε
3 ) = τ−ε

3 , (see Figure 4), the circle, centerX, radiusτ−ε

3 , passes
throughG. See Figure 6A. Likewise, the circle, centerX′, radius τε

3 also passes
throughG. See Figure 6B. In these figures, we label

Y = A+

(
τ+−τ−

3

)
, Z = A+

(
τ++τ−

3

)
,

Y ′ = A−
(

τ−−τ+
3

)
, Z ′ = A−

(
τ++τ−

3

)
.

It follows that GY andGZ are perpendicular to each other; so areGY′ and
GZ ′.
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(6) Forε = ±1, the lines joining the centroidG to Aε(
τε+τ−ε

3 ) andAε(
τε−τ−ε

3 )
are perpendicular to each other. Similarly, the lines joiningG to Bε(

τε+τ−ε

3 )
and Bε(

τε−τ−ε

3 ) are perpendicular to each other; so are the lines joiningG to
Cε(

τε+τ−ε

3 ) andCε(
τε−τ−ε

3 ).
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In Figure 6A, since∠XGY = ∠XY G andAXGX′ is a parallelogram, the
line GY is the bisector of angleXGX′, and is parallel to the bisector of angle
A+AA−. If the internal bisector of angleA+AA− intersectsA+A− at A′, then it
is easy to see thatA′ is the apex of the isosceles triangle constructedinwardly on
BC with base angleϕ satisfying

cot ϕ =
τ+ + τ−√
3(τ+ − τ−)

. (†)

Similarly, in Figure 6B, the lineGZ′ is parallel to the external bisector of the same
angle. We summarize these as follows.

(7) The lines joiningA+( τ+−τ−
3 ) to A−( τ−−τ+

3 ) andA+( τ++τ−
3 ) to A−( τ++τ−

3 )
are perpendicular atG, and are respectively parallel to the internal and exter-
nal bisectors of angleA+AA−. Similarly, the two lines joiningB+( τ+−τ−

3 ) to
B−( τ−−τ+

3 ) andB+( τ++τ−
3 ) to B−( τ++τ−

3 ) are perpendicular atG, being parallel
to the internal and external bisectors of angleB+BB−; so are the lines joining
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C+( τ+−τ−
3 ) to C−( τ−−τ+

3 ), andC+( τ++τ−
3 ) to C−( τ++τ−

3 ), being parallel to the
internal and external bisectors of angleC+CC−.

3. Collinearity

What is interesting is that these 3 pairs of perpendicular lines in (7) above form
the same right angles at the centroidG. Specifically, the six points

A+(
τ+ + τ−

3
), B+(

τ+ + τ−
3

), C+(
τ+ + τ−

3
), A−(

τ+ + τ−
3

), B−(
τ+ + τ−

3
), C−(

τ+ + τ−
3

)

are collinear with the centroidG on a lineL+; so are the 6 points

A+(
τ+ − τ−

3
), B+(

τ+ − τ−
3

), C+(
τ+ − τ−

3
), A−(

τ− − τ+

3
), B−(

τ− − τ+

3
), C−(

τ− − τ+

3
)

on a lineL− throughG. See Figure 7. To justify this, we consider the triangle
Tε(t) := Aε(t)Bε(t)Cε(t) for varyingt.

(8) Forε = ±1, the triangleTε(t) degenerates into a line containing the centroid
G if and only if t = τε+δτ−ε

3 , δ = ±1.

L+

L−

C

A

B

C+

A+

B+

C−

A−

B−

G

Figure 7
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4. Barycentric coordinates

To prove (8) and to obtain further interesting geometric results, we make use of
coordinates. Bottema has advocated the use of homogeneous barycentric coordi-
nates. See [3, 6]. LetP be a point in the plane of triangleABC. With reference
to ABC, the homogeneous barycentric coordinates ofP are the ratios of signed
areas

(�PBC : �PCA : �PAB).

The coordinates of the vertexA+ of the equilateral triangleBCA+, for example,
are(−

√
3

4 a2 : 1
2ab sin(C + 60◦) : 1

2ca sin(B + 60◦)), which can be rewritten as

A+ = (−2
√

3a2 :
√

3(a2 + b2 − c2) + 4� :
√

3(c2 + a2 − b2) + 4�).

More generally, forε = ±1, the vertices of the equilateral triangles erected on the
sides of triangleABC are the points

Aε =(−2
√

3a2 :
√

3(a2 + b2 − c2) + 4ε� :
√

3(c2 + a2 − b2) + 4ε�),

Bε =(
√

3(a2 + b2 − c2) + 4ε� : −2
√

3b2 :
√

3(b2 + c2 − a2) + 4ε�),

Cε =(
√

3(c2 + a2 − b2) + 4ε� :
√

3(b2 + c2 − a2) + 4ε� : −2
√

3c2).

Note that in each case, the coordinate sum is8ε�. From this we easily compute
the coordinates of the centroid by simply adding the corresponding coordinates of
the three vertices.

(9A) For ε = ±1, trianglesAεBεCε andABC have the same centroid.

Sometimes it is convenient to work withabsolute barycentric coordinates. For
a finite pointP = (u : v : w), we obtain the absolute barycentric coordinates by
normalizing its homogeneous barycentric coordinates, namely, by dividing by the
coordinate sum. Thus,

P =
1

u + v + w
(uA + vB + wC),

providedu + v + w is nonzero.
The absolute barycentric coordinates of the pointAε(t) can be easily written

down. For each value oft,

Aε(t) =
1
τε

((τε − t)A + t · Aε),

and similarly forBε(t) andCε(t).
This, together with (9A), leads easily to the more general result.

(9B) For arbitraryt, the trianglesTε(t) andABC have the same centroid.
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5. Area of Tε(t)

Let X = (x1 : x2 : x3), Y = (y1 : y2 : y3) andZ = (z1 : z2 : z3) be finite
points with homogeneous coordinates with respect to triangleABC. The signed
area of the oriented triangleXY Z is∣∣∣∣∣∣

x1 x2 x3

y1 y2 y3

z1 z2 z3

∣∣∣∣∣∣
(x1 + x2 + x3)(y1 + y2 + y3)(z1 + z2 + z3)

· �.

A proof of this elegant formula can be found in [1, VII] or [3]. A direct application
of this formula yields the area of triangleTε(t).

(10) The area of triangleTε(t) is

3
√

3ε

4

(
t − τε + τ−ε

3

)(
t − τε − τ−ε

3

)
�.

Statement (8) follows immediately from this formula and (9B).

(11)Tε(t) has the same area asABC if and only if t = 0 or 2τε
3 . In fact, the two

trianglesT+(2τ+
3 ) andT−(2τ−

3 ) are symmetric with respect to the centroid. See
Figures 8A and 8B.
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6. Kiepert hyperbola and Steiner ellipse

The existence of the lineL− (see§3) shows that the internal bisectors of the
anglesA+AA−, B+BB−, andC+CC− are parallel. These bisectors contain the
the apexesA′, B′, C ′ of isosceles triangles constructed inwardly on the sides with
the same base angle given by (†). It is well known thatA′B′C ′ and ABC are
perspective at a point on the Kiepert hyperbola, the rectangular circum-hyperbola
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through the orthocenter and the centroid. This perspector is necessarily an infinite
point (of an asymptote of the hyperbola). In other words, the lineL− is parallel to
an asymptote of this rectangular hyperbola.

(12) The linesL± are the parallels throughG to the asymptotes of the Kiepert
hyperbola.

(13) It is also known that the asymptotes of the Kiepert hyperbola are parallel
to the axes of the Steiner in-ellipse, (see [4]), the ellipse that touches the sides of
triangleABC at their midpoints, with center at the centroidG. See Figure 9.
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(14) The Steiner in-ellipse has major and minor axes of lengthsτ+±τ−
3 . From

this, we have the following construction of its foci. See Figure 9.

• Construct the concentric circlesC± atG throughAε( τε
3 ).

• Construct a circleC with center onL+ tangent to the circlesC+ internally
andC− externally. There are two such circles; any one of them will do.

• The intersections of the circleC with the lineL− are the foci of Steiner
in-ellipse.

We conclude by recording the homogeneous barycentric coordinates of the two
foci of the Steiner in-ellipse. Let

Q = a4 + b4 + c4 − a2b2 − b2c2 − c2a2.



On the Fermat lines 81

The lineL− containing the two foci has infinite point

I∞− = ((b − c)(a(a + b + c) − (b2 + bc + c2) −
√

Q),

(c − a)(b(a + b + c) − (c2 + ca + a2) −
√

Q),

(a − b)(c(a + b + c) − (a2 + ab + b2) −
√

Q)).

As a vector, this has square length2
√

Q(f + g
√

Q), where

f =
∑
cyclic

a6 − bc(b4 + c4) + a2bc(ab + ac − bc),

g =
∑
cyclic

a4 − bc(b2 + c2 − a2).

Since the square distance from the centroid to each of the foci is1
9

√
Q, these two

foci are the points

G ± 1

3
√

2(f + g
√

Q)
I∞− .
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Triangle Centers Associated with the Malfatti Circles

Milorad R. Stevanovi´c

Abstract. Various formulae for the radii of the Malfatti circles of a triangle are
presented. We also express the radii of the excircles in terms of the radii of
the Malfatti circles, and give the coordinates of some interesting triangle centers
associated with the Malfatti circles.

1. The radii of the Malfatti circles

The Malfatti circles of a triangle are the three circles inside the triangle, mutually
tangent to each other, and each tangent to two sides of the triangle. See Figure 1.
Given a triangleABC, let a, b, c denote the lengths of the sidesBC, CA, AB,
s the semiperimeter,I the incenter, andr its inradius. The radii of the Malfatti
circles of triangleABC are given by

I

BA

C

O2

O1

O3

Z2Z1

Y3

X3

X2

Y1

r2
r1

r2

r1

r3

r3

C1

C2

C3

Figure 1

r1 =
r

2(s − a)
(s − r − (IB + IC − IA)) ,

r2 =
r

2(s − b)
(s − r − (IC + IA − IB)) , (1)

r3 =
r

2(s − c)
(s − r − (IA + IB − IC)) .

Publication Date: March 24, 2003. Communicating Editor: Paul Yiu.
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According to F.G.-M. [1, p.729], these results were given by Malfatti himself,
and were published in [7] after his death. See also [6]. Another set of formulae
give the same radii in terms ofa, b, c andr:

r1 =
(IB + r − (s − b))(IC + r − (s − c))

2(IA + r − (s − a))
,

r2 =
(IC + r − (s − c))(IA + r − (s − a))

2(IB + r − (s − b))
, (2)

r3 =
(IA + r − (s − a))(IB + r − (s − b))

2(IC + r − (s − c))
.

These easily follow from (1) and the following formulae that express the radii
r1, r2, r3 in terms ofr and trigonometric functions:

r1 =

(
1 + tan B

4

) (
1 + tan C

4

)
1 + tan A

4

· r

2
,

r2 =

(
1 + tan C

4

) (
1 + tan A

4

)
1 + tan B

4

· r

2
, (3)

r3 =

(
1 + tan A

4

) (
1 + tan B

4

)
1 + tan C

4

· r

2
.

These can be found in [10]. They can be used to obtain the following formula
which is given in [2, pp.103–106]. See also [12].

2
r

=
1√
r1r2

+
1√
r2r3

+
1√
r1r2

−
√

1
r1r2

+
1

r2r3
+

1
r3r1

. (4)

2. Exradii in terms of Malfatti radii

Antreas P. Hatzipolakis [3] asked for the exradiira, rb, rc of triangleABC in
terms of the Malfatti radiir1, r2, r3 and the inradiusr.

Proposition 1.

ra − r1 =
2
r − 1√

r2r3(
2
r − 1√

r3r1

)(
2
r − 1√

r1r2

) ,

rb − r2 =
2
r − 1√

r3r1(
2
r − 1√

r1r2

)(
2
r − 1√

r2r3

) , (5)

rc − r3 =
2
r − 1√

r1r2(
2
r − 1√

r2r3

)(
2
r − 1√

r3r1

) .
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Proof. For convenience we write

t1 := tan
A

4
, t2 := tan

B

4
, t3 := tan

C

4
.

Note that fromtan
(

A
4 + B

4 + C
4

)
= 1, we have

1 − t1 − t2 − t3 − t1t2 − t2t3 − t3t1 + t1t2t3 = 0. (6)

From (3) we obtain
2
r
− 1√

r2r3
=

t1
1 + t1

· 2
r
,

2
r
− 1√

r3r1
=

t2
1 + t2

· 2
r
, (7)

2
r
− 1√

r1r2
=

t3
1 + t3

· 2
r
.

For the exradiusra, we have

ra =
s

s − a
· r = cot

B

2
cot

C

2
· r =

(1 − t22)(1 − t23)
4t2t3

· r.
It follows that

ra − r1 =(1 + t2)(1 + t3) · r

2

(
(1 − t2)(1 − t3)

2t2t3
− 1

1 + t1

)

=(1 + t2)(1 + t3) · r

2
· (1 + t1)(1 − t2)(1 − t3) − 2t2t3

2t2t3(1 + t1)

=(1 + t2)(1 + t3) · r

2
· 2t1
2t2t3(1 + t1)

(from (6))

=
t1

1 + t1
· 1 + t2

t2
· 1 + t3

t3
· r

2
.

Now the result follows from (7). �
Note that with the help of (4), the exradiira, rb, rc can be explicitly written in

terms of the Malfatti radiir1, r2, r3. We present another formula useful in the next
sections in the organization of coordinates of triangle centers.

Proposition 2.

1
r1

− 1
ra

=
a

rs
· (1 + cos B

2 )(1 + cos C
2 )

1 + cos A
2

.

3. Triangle centers associated with the Malfatti circles

LetA′ be the point of tangency of the Malfatti circlesC2 andC3. Similarly define
B′ andC′. It is known ([4, p.97]) that triangleA′B′C ′ is perspective withABC
at thefirst Ajima-Malfatti point X179. See Figure 3. We work out the details here
and construct a few more triangle centers associated with the Malfatti circles. In
particular, we find two new triangle centersP+ andP− which divide the incenter
I and the first Ajima-Malfatti point harmonically.
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3.1. The centers of the Malfatti circles. We begin with the coordinates of the cen-
ters of the Malfatti circles.

SinceO1 divides the segmentAIa in the ratioAO1 : O1Ia = r1 : ra − r1,

we haveO1
r1

=
(

1
r1

− 1
ra

)
A + 1

ra
· IA. With ra = rs

s−a we rewrite the absolute

barycentric coordinates ofO1, along with those ofO2 andO3, as follows.

O1

r1
=
(

1
r1

− 1
ra

)
A +

s − a

rs
· Ia,

O2

r2
=
(

1
r2

− 1
rb

)
B +

s − b

rs
· Ib, (8)

O3

r3
=
(

1
r3

− 1
rc

)
C +

s − c

rs
· Ic.

From these expressions we have, in homogeneous barycentric coordinates,

O1 =
(

2rs
(

1
r1

− 1
ra

)
− a : b : c

)
,

O2 =
(

a : 2rs
(

1
r2

− 1
rb

)
− b : c

)
,

O3 =
(

a : b : 2rs
(

1
r3

− 1
rc

)
− c

)
.

BA

C

O2

O1

O3

Z2Z1

Y3

X3

X2

Y1

C′′

B′′

A′′

P−

Figure 2
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3.2. The triangle center P−. It is clear thatO1O2O3 is perspective withABC at
the incenter(a : b : c). However, it also follows that if we consider

A′′ = BO3 ∩ CO2, B′′ = CO1 ∩ AO3, C ′′ = AO2 ∩ BO1,

then triangleA′′B′′C ′′ is perspective withABC at

P− =
(

2rs
(

1
r1

− 1
ra

)
− a : 2rs

(
1
r2

− 1
rb

)
− b : 2rs

(
1
r3

− 1
rc

)
− c

)

=
(

1
r1

− 1
ra

− a

2rs
:

1
r2

− 1
rb

− b

2rs
:

1
r3

− 1
rc

− c

2rs

)

=

(
a

(
(1 + cos B

2 )(1 + cos C
2 )

1 + cos A
2

− 1
2

)
: · · · : · · ·

)
(9)

by Proposition 2. See Figure 2.

Remark. The pointP− appears in [5] as thefirst Malfatti-Rabinowitz point X1142.

3.3. The first Ajima-Malfatti point. For the points of tangency of the Malfatti cir-
cles, note thatA′ dividesO2O3 in the ratioO2A

′ : A′O3 = r2 : r3. We have, in
absolute barycentric coordinates,

(
1
r2

+
1
r3

)
A′ =

O2

r2
+

O3

r3
=

a

rs
· A +

(
1
r2

− 1
rb

)
B +

(
1
r3

− 1
rc

)
C;

similarly for B′ andC′. In homogeneous coordinates,

A′ =
(

a

rs
:

1
r2

− 1
rb

:
1
r3

− 1
rc

)
,

B′ =
(

1
r1

− 1
ra

:
b

rs
:

1
r3

− 1
rc

)
, (10)

C ′ =
(

1
r1

− 1
ra

:
1
r2

− 1
rb

:
c

rs

)
.

From these, it is clear thatA′B′C ′ is perspective withABC at

P =
(

1
r1

− 1
ra

:
1
r2

− 1
rb

:
1
r3

− 1
rc

)

=

(
a(1 + cos B

2 )(1 + cos C
2 )

1 + cos A
2

:
b(1 + cos C

2 )(1 + cos A
2 )

1 + cos B
2

:
c(1 + cos A

2 )(1 + cos B
2 )

1 + cos C
2

)

=

(
a(

1 + cos A
2

)2 :
b(

1 + cos B
2

)2 :
c(

1 + cos C
2

)2
)

(11)
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by Proposition 2. The pointP appears asX179 in [4, p.97], with trilinear coordi-
nates (

sec4 A

4
: sec4 B

4
: sec4 C

4

)

computed by Peter Yff, and is named thefirst Ajima-Malfatti point. See Figure 3.

BA

C

O2

O1

O3

C′

A′
B′

P

Figure 3

3.4. The triangle center P+. Note that the circle throughA′, B′, C ′ is orthogonal
to the Malfatti circles. It is the radical circle of the Malfatti circles, and is the
incircle ofO1O2O3. The linesO1A

′, O2B
′, O3C

′ are concurrent at the Gergonne
point of triangleO1O2O3. See Figure 4. As such, this is the pointP+ given by

(
1
r1

+
1
r2

+
1
r3

)
P+ =

O1

r1
+

O2

r2
+

O3

r3

=
(

1
r1

− 1
ra

)
A +

Ia

ra
+
(

1
r2

− 1
rb

)
B +

Ib

rb
+
(

1
r3

− 1
rc

)
C +

Ic

rc

=
(

1
r1

− 1
ra

)
A +

(
1
r2

− 1
rb

)
B +

(
1
r3

− 1
rc

)
C +

I

r

=
(

1
r1

− 1
ra

)
A +

(
1
r2

− 1
rb

)
B +

(
1
r3

− 1
rc

)
C +

1
2rs

(aA + bB + cC)

=
(

1
r1

− 1
ra

+
a

2rs

)
A +

(
1
r2

− 1
rb

+
b

2rs

)
B +

(
1
r3

− 1
rc

+
c

2rs

)
C.
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It follows that in homogeneous coordinates,

P+ =
(

1
r1

− 1
ra

+
a

2rs
:

1
r2

− 1
rb

+
b

2rs
:

1
r3

− 1
rc

+
c

2rs

)

=

(
a

(
(1 + cos B

2 )(1 + cos C
2 )

1 + cos A
2

+
1
2

)
: · · · : · · ·

)
(12)

by Proposition 2.

Proposition 3. The points P+ and P− divide the segment IP harmonically.

Proof. This follows from their coordinates given in (12), (9), and (11). �

From the coordinates ofP , P+ andP−, it is easy to see thatP+ andP− divide
the segmentIP harmonically.

BA

C

O2

O1

O3

C′

A′
B′

P+

Figure 4

3.5. The triangle center Q. Let the Malfatti circleC1 touch the sidesCA andAB
at Y1 andZ1 respectively. Likewise, letC2 touchAB andBC at Z2 andX2, C3

touchBC andCA at X3 andY3 respectively. Denote byX, Y , Z the midpoints
of the segmentsX2X3, Y3Y1, Z1Z2 respectively. Stanley Rabinowitz [9] asked if
the linesAX, BY , CZ are concurrent. We answer this in the affirmative.

Proposition 4. The lines AX, BY , CZ are concurrent at a point Q with homoge-
neous barycentric coordinates(

tan
A

4
: tan

B

4
: tan

C

4

)
. (13)
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I

BA

C

O2

O1

O3

Z2Z1

Y3

X3

X2

Y1

r2
r1

r2

r1

r3

r3

Z

Y

X

Q

Figure 5

Proof. In Figure 5, we have

BX =
1
2
(a + BX2 − X3C)

=
1
2

(
a +

r2

r
(s − b) − r3

r
(s − c)

)
=

1
2
(a + IB − IC) (from (1))

=
1
2

(
2R sin A +

r

sin B
2

− r

sin C
2

)

=4R sin
A

2
cos

B

4
sin

C

4
cos

B + C

4
by making use of the formula

r = 4R sin
A

2
sin

B

2
sin

C

2
.

Similarly,

XC =
1
2
(a − BX2 + X3C) = 4R sin

A

2
sin

B

4
cos

C

4
cos

B + C

4
.

It follows that
BX

XC
=

cos B
4 sin C

4

sin B
4 cos C

4

=
tan C

4

tan B
4

.

Likewise,

CY

Y A
=

tan A
4

tan C
4

and
AZ

ZB
=

tan B
4

tan A
4

,
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and it follows from Ceva’s theorem thatAX, BY , CZ are concurrent since

BX

XC
· CY

Y A
· AZ

ZB
= 1.

In fact, we can easily identify the homogeneous barycentric coordinates of the
intersectionQ as given in (13) above since those ofX, Y , Z are

X =
(

0 : tan
B

4
: tan

C

4

)
,

Y =
(

tan
A

4
: 0 : tan

C

4

)
,

Z =
(

tan
A

4
: tan

B

4
: 0
)

.

�

Remark. The coordinates ofQ can also be written as(
sin A

2

1 + cos A
2

:
sin B

2

1 + cos B
2

:
sin C

2

1 + cos C
2

)

or (
a

(1 + cos A
2 ) cos A

2

:
b

(1 + cos B
2 ) cos B

2

:
c

(1 + cos C
2 ) cos C

2

)
.

3.6. The radical center of the Malfatti circles. Note that the common tangent of
C2 andC3 atA′ passes throughX. This means thatA′X is perpendicular toO2O3

at A′. This line therefore passes through the incenterI′ of O1O2O3. Now, the
homogeneous coordinates ofA′ andX can be rewritten as

A′ =

(
a

(1 + cos A
2 )(1 + cos B

2 )(1 + cos C
2 )

:
b

(1 + cos B
2 )2

:
c

(1 + cos C
2 )2

)
,

X =

(
0 :

b

(1 + cos B
2 ) cos B

2

:
c

(1 + cos C
2 ) cos C

2

)
.

It is easy to verify that these two points lie on the line

(1 + cos A
2 )(cos B

2 − cos C
2 )

a
x− (1 + cos B

2 ) cos B
2

b
y +

(1 + cos C
2 ) cos C

2

c
z = 0,

which also contains the point(
a

1 + cos A
2

:
b

1 + cos B
2

:
c

1 + cos C
2

)
.

Similar calculations show that the latter point also lies on the linesB′Y andC′Z.
It is therefore the incenterI′ of triangleO1O2O3. See Figure 6. This point appears
in [5] asX483 , the radical center of the Malfatti circles.
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I′

BA

C

O2

O1

O3

Z2Z1

Y3

X3

X2

Y1

Z

Y

X

C′

A′B′

Figure 6

Remarks. (1) The line joiningQ andI′ has equation

(1 + cos A
2 )(cos B

2 − cos C
2 )

sin A
2

x +
(1 + cos B

2 )(cos C
2 − cos A

2 )
sin B

2

y

+
(1 + cos C

2 )(cos A
2 − cos B

2 )
sin C

2

z = 0.

This line clearly contains the point
(
sin A

2 : sin B
2 : sin C

2

)
, which is the pointX174,

the Yff center of congruence in [4, pp.94–95].
(2) According to [4], the triangleA′B′C ′ in §3.3 is also perspective with the

excentral triangle. This is because cevian triangles and anticevian triangles are
always perspective. The perspector

(
a
(
(2 + cos A

2
+ cos B

2
+ cos C

2
)2 + cos A

2
(cos2 B

2
+ cos2 C

2
− (2 + cos A

2
)2)
)

1 + cos A
2

: · · · : · · ·
)

is named thesecond Ajima-Malfatti point X180. For the same reason, the triangle
XY Z in §3.5 is also perspective with the excentral triangle. The perspector is the
point

(
a

(
− cos

A

2

(
1 + cos

A

2

)
+ cos

B

2

(
1 + cos

B

2

)
+ cos

C

2

(
1 + cos

C

2

))
: · · · : · · ·

)
.

This point and the triangle centerP+ apparently do not appear in the current edition
of [5].

Editor’s endnote. The triangle centerQ in §3.5 appears in [5] as thesecond Malfatti-
Rabinowitz point X1143. Its coordinates given by the present editor [13] were not
correct owing to a mistake in a sign in the calculations. In the notations of [13], if
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α, β, γ are such that

sin2 α =
a

s
, sin2 β =

b

s
, sin2 γ =

c

s
,

andλ = 1
2(α + β + γ), then the homogeneous barycentric coordinates ofQ are

(cot(λ − α) : cot(λ − β) : cot(λ − γ)).

These are equivalent to those given in (13) in simpler form.
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The Lucas Circles and the Descartes Formula

Wilfred Reyes

Abstract. We determine the radii of the three circles each tangent to the cir-
cumcircle of a given triangle at a vertex, and mutually tangent to each other
externally. The calculations are then reversed to give the radii of the two Soddy
circles associated with three circles tangent to each other externally.

1. The Lucas circles

Consider a triangleABC with circumcircleC. We set up a coordinate system
with the circumcenterO at the origin andA, B, C represented by complex numbers
of moduli R, the circumradius. If the lengths of the sidesBC, CA, AB area, b, c
respectively, then

||A − B|| = c and 〈A,B〉 = R2 − c2

2
. (1)

Analogous relations hold for the pairsB, C andC, A. Let 0 ≤ α < R, and con-
sider the circleCA(α) with centerR−α

R · A and radiusα. This is internally tangent
to the circumcircle atA, and is the image ofC under the homothetyh(A, α

R ). See
Figure 1. For real numbersβ, γ satisfying0 ≤ β, γ < R, we consider the cir-
clesCB(β) andCC(γ) analogously defined. Now, the circlesCA(α) andCB(β) are
tangent externally if and only if∣∣∣∣

∣∣∣∣R − α

R
A − R − β

R
B

∣∣∣∣
∣∣∣∣ = α + β.

This is equivalent, by a simple application of (1), to

c2 =
4αβ

(R − α)(R − β)
.

Therefore, the three circlesCA(α), CB(β) andCC(γ) are tangent externally to each
other if and only if

a2 =
4R2βγ

(R − β)(R − γ)
, b2 =

4R2γα

(R − γ)(R − α)
, c2 =

4R2αβ

(R − α)(R − β)
. (2)

Publication Date: March 31, 2003. Communicating Editor: Paul Yiu.
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These equations can be solved for the radiiα, β, andγ in terms ofa, b, c, and
R. In fact, multiplying the equations in (2), we obtain

abc =
8R3αβγ

(R − α)(R − β)(R − γ)
.

Consequently,

α

R − α
=

bc

2Ra
,

β

R − β
=

ca

2Rb
,

γ

R − γ
=

ab

2Rc
.

From these, we obtain

α =
bc

2Ra + bc
· R, β =

ca

2Rb + ca
· R, γ =

ab

2Rc + ab
· R. (3)

Denote by� the area of triangleABC, andha, hb, hc its three altitudes. We
have2� = a · ha = b · hb = c · hc. Sinceabc = 4R�, the expression forα in (3)
can be rewritten as

α

R
=

abc

2Ra2 + abc
=

4R�
2Ra2 + 4R� =

2�
a2 + 2� =

a · ha

a2 + a · ha
=

ha

a + ha
.

Therefore, the homothetyh(A, α
R) is the one that contracts the square on the side

BC (externally) into the inscribed square on this side. See Figure 1. The same is
true for the other two circles. The three circlesCA(α), CB(β), CC(γ) are therefore
the Lucas circles considered in [3]. See Figure 2.

O

A

B C

a

ha

Figure 1

O

A

B C

Figure 2
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2. Another triad of circles

A simple modification of the above calculations shows that for positive num-
bersα′, β′, γ′, the images of the circumcircleC under the homothetiesh(A,−α′

R ),
h(B,−β′

R ) andh(C,−γ′
R ) (each tangent toC at a vertex) are tangent to each other

if and only if

α′ =
bc

2Ra − bc
· R, β′ =

ca

2Rb − ca
· R, γ′ =

ab

2Rc − ab
· R. (4)

The tangencies are all external provided2Ra − bc, 2Rb − ca and2Rc − ab are
all positive. These quantities are essentially the excesses of the sides over the
corresponding altitudes:

2Ra − bc =
bc

a
(a − ha), 2Rb − ca =

ca

b
(b − hb), 2Rc − ab =

ab

c
(c − hc).

O

A

B C

C′
a

C′
b C′

c

Figure 3

It may occur that one of them is negative. In that case, the tangencies with the
corresponding circle are all internal. See Figure 4.
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O

A

B
C

C′
a

C′
b

C′
c

Figure 4

3. Inscribed squares

Consider the triad of circles in§2. The homothetyh(A,−α′
R ) transforms the

square erected onBC on the same side ofA into an inscribed square since−α′
R =

−ha
a−ha

. See Figure 5.

A

B C

a2

a − ha

ha

Figure 5

A

B C

a2

a1ha

Figure 6

Denote bya1 anda2 the lengths of sides of the two inscribed squares onBC,
under the homothetiesh(A, α

R ) andh(A,−α′
R ) respectively,i.e., a1 = α

R · a and



The Lucas circles and the Descartes formula 99

a2 = α′
R · a. Making use of (3) and (4), we have

1
a1

+
1
a2

=
(

1
α

+
1
α′

)
R

a
=

4a
bc

· R

a
=

a

� =
2
ha

.

This means that the altitudeha is the harmonic mean of the lengths of the sides
of the two inscribed squares on the sideBC. See Figure 6.

4. The Descartes formula

We reverse the calculations in§§1,2 to give a proof of the Descartes formula.
See, [2, pp.90–92]. Given three circles of radiiα, β, γ tangent to each other ex-
ternally, we determine the radii of the two Soddy circles tangent to each of them.
See, for example, [1, pp.13–16]. We first seek the radiusR of the circle tangent
internally to each of them, theouter Soddy circle. Regard, in equation (3),R, a,
b, c as unknowns, and write� for the area of the unknown triangleABC whose
vertices are the points of tangency. Thus, by Heron’s formula,

16�2 = 2b2c2 + 2c2a2 + 2a2b2 − a4 − b4 − c4. (5)

In terms of�, (3) can be rewritten as

α =
2�

a2 + 2� · R, β =
2�

b2 + 2� · R, γ =
2�

c2 + 2� · R,

or

a2 =
2(R − α)�

α
, b2 =

2(R − β)�
β

, c2 =
2(R − γ)�

γ
. (6)

Substituting these into (5) and simplifying, we obtain

α2β2γ2 + 2αβγ(βγ + γα + αβ)R

+(β2γ2 + γ2α2 + α2β2 − 2α2βγ − 2αβ2γ − 2αβγ2)R2 = 0.

Dividing throughout byα2β2γ2 · R2, we have

1
R2

+ 2
(

1
α

+
1
β

+
1
γ

)
1
R

+
(

1
α2

+
1
β2

+
1
γ2

− 2
αβ

− 2
βγ

− 2
γα

)
= 0.

SinceR > α, β, γ, we have

1
R

=
1
α

+
1
β

+
1
γ
− 2

√
1

βγ
+

1
γα

+
1

αβ
.

This is positive if and only if

1
α2

+
1
β2

+
1
γ2

− 2
αβ

− 2
βγ

− 2
γα

> 0. (7)

This is the condition necessary and sufficient for the existence of a circle tangent
internally to each of the given circles.

By reversing the calculations in§2, the radius of the circle tangent to the three
given circles externally, theinner Soddy circle, is given by

1
R′ =

1
α

+
1
β

+
1
γ

+ 2
√

1
βγ

+
1

γα
+

1
αβ

.
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If condition (7) is not satisfied, both Soddy circles are tangent to each of the
given circles externally.
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Similar Pedal and Cevian Triangles

Jean-Pierre Ehrmann

Abstract. The only point with similar pedal and cevian triangles, other than the
orthocenter, is the isogonal conjugate of the Parry reflection point.

1. Introduction

We begin with notation. LetABC be a triangle with sidelengthsa, b, c, or-
thocenterH, and circumcenterO. Let KA, KB , KC denote the vertices of the
tangential triangle,OA, OB , OC the reflections ofO in A, B, C, andAS , BS , CS

the reflections of the vertices ofA in BC, of B in CA, and ofC in AB. Let
M∗ = isogonal conjugate of a pointM ;
M = inverse ofM in the circumcircle;
�LL′ = the measure, moduloπ, of the directed angle of the linesL, L′;
SA = bc cos A = 1

2(b2 + c2 − a2), with SB andSC defined cyclically;
x : y : z = barycentric coordinates relative to triangleABC;
ΓA = circle with diameterKAOA, with circlesΓB andΓC defined cyclically.

The circleΓA passes through the pointsBS , CS and is the locus ofM such that
�BSMCS = −2�BAC. An equation forΓA, in barycentrics, is

2SA

(
a2yz + b2zx + c2xy

)
+

(
b2c2x + 2c2SCy + 2b2SBz

)
(x + y + z) = 0.

Consider a triangleA′B′C ′, whereA′, B′, C ′ lie respectively on the sidelines
BC, CA, AB. The three circlesAB′C ′, BC ′A′, CA′B′ meet in a pointS called
the Miquel point ofA′B′C ′. See [2, pp.131–135]. The pointS (or S) is the only
point whose pedal triangle is directly (or indirectly) similar toA′B′C ′.

The circlesΓA, ΓB, ΓC have a common pointT : the Parry reflection point,X399

in [3]; the three radical axesTAS , TBS, TCS are the reflections with respect to a
sideline ofABC of the parallel to the Euler line going through the opposite vertex.
See [3, 4], and Figure 1.T lies on the circle(O, 2R), on the Neuberg cubic, and is
the antipode ofO on the Stammler hyperbola. See [1].

2. Similar triangles

Let A′B′C ′ be the cevian triangle of a pointP = p : q : r.

Lemma 1. The pedal and cevian triangles of P are directly (or indirectly) similar
if and only if P (or P ) lies on the three circles AB′C ′, BC ′A′, CA′B′.

Proof. This is an immediate consequence of the properties of the Miquel point
above. �
Lemma 2. A, B′, C ′, P are concyclic if and only if P lies on the circle BCH .

Publication Date: April 7, 2003. Communicating Editor: Clark Kimberling.
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O
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B
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KB

KC
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BS

CS
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OB
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Figure 1

Proof. A, B′, C ′ and P are concyclic⇔ �B′PC ′ = �B′AC ′ ⇔ �BPC =
�BHC ⇔ P lies on the circleBCH. �

Proposition 3. The pedal and cevian triangles of P are directly similar only in the
trivial case of P = H .

Proof. By Lemma 1, the pedal and cevian triangles ofP are directly similar if and
only if P lies on the three circlesAB′C ′, BC ′A′, CA′B′. By Lemma 2,P lies on
the three circlesBCH, CAH, ABH. Hence,P = H. �

Lemma 4. A, B′, C ′, P are concyclic if and only if P∗ lies on the circle ΓA.
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Proof. If P = p : q : r, the circleΦA passing throughA,B′, C ′ is given by

a2yz + b2zx + c2xy − p (x + y + z)
(

c2

p + q
y +

b2

p + r
z

)
= 0,

and its inverse in the circumcircle is the circleΦA given by

(a2(p2 − qr) + (b2 − c2)p(q − r))(a2yz + b2zx + c2xy)
− pa2(x + y + z)(c2(p + r)y + b2(p + q)z) = 0.

SinceΦA containsP , its inverseΦA containsP . Changing(p, q, r) to (x, y, z)
gives the locus ofP satisfyingP ∈ ΦA. Then changing(x, y, z) to

(
a2

x , b2

y , c2

z

)
gives the locuŝΦA of the pointP∗ such thatP ∈ ΦA. By examination,̂ΦA =
ΓA. �
Proposition 5. The pedal and cevian triangles of P are indirectly similar if and
only if P is the isogonal conjugate of the Parry reflection point.

Proof. By Lemma 1, the pedal and cevian triangles ofP are indirectly similar if
and only ifP lies on the three circlesAB′C ′, BC ′A′, CA′B′. By Lemma 4,P ∗
lies on each of the circlesΓA, ΓB , ΓC . Hence,P ∗ = T , andP = T ∗. �

O

A

B

C

T

T∗

Figure 2
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Remarks. (1) The isogonal conjugate ofX399 is X1138 in [3]: this point lies on the
Neuberg cubic.

(2) We can deduce Lemma 4 from the relation�B′PC ′−�BsP
∗Cs = �BAC,

which is true for every pointP in the plane ofABC except the verticesA, B, C.
(3) As two indirectly similar triangles are orthologic and as the pedal and cevian

triangles ofP are orthologic if and only ifP∗ lies on the Stammler hyperbola, a
point with indirectly similar cevian and pedal triangles must be the isogonal con-
jugate of a point of the Stammler hyperbola.
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On the Kosnita Point and the Reflection Triangle

Darij Grinberg

Abstract. The Kosnita point of a triangle is the isogonal conjugate of the nine-
point center. We prove a few results relating the reflections of the vertices of
a triangle in their opposite sides to triangle centers associated with the Kosnita
point.

1. Introduction

By the Kosnita point of a triangle we mean the isogonal conjugate of its nine-
point center. The name Kosnita point originated from J. Rigby [5].

Theorem 1 (Kosnita). Let ABC be a triangle with the circumcenter O, and X, Y ,
Z be the circumcenters of triangles BOC , COA, AOB. The lines AX, BY , CZ
concur at the isogonal conjugate of the nine-point center.

O
C

B

A

X

Z

Y

A′

C′

B′

Q

N∗

Figure 1

We denote the nine-point center byN and the Kosnita point byN∗. Note that
N∗ is an infinite point if and only if the nine-point center is on the circumcircle.
We study this special case in§5 below. The pointsN andN∗ appear in [3] asX5

andX54 respectively. An old theorem of J. R. Musselman [4] relates the Kosnita
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point to the reflectionsA′, B′, C ′ of A, B, C in their opposite sidesBC, CA, AB
respectively.

Theorem 2 (Musselman). The circles AOA′, BOB′, COC ′ pass through the in-
versive image of the Kosnita point in the circumcircle of triangle ABC .

This common point of the three circles is the triangle centerX1157 in [3], which
we denote byQ in Figure 1. The following theorem gives another triad of cir-
cles containing this point. It was obtained by Paul Yiu [7] by computations with
barycentric coordinates. We give a synthetic proof in§2.

Theorem 3 (Yiu). The circles AB′C ′, BC ′A′, CA′B′ pass through the inversive
image of the Kosnita point in the circumcircle.

O

CB

A

A′

C′

B′

Q

N∗

Figure 2

On the other hand, it is clear that the circlesA′BC, B′CA, andC ′AB pass
through the orthocenter of triangleABC. It is natural to inquire about the circum-
center of thereflection triangle A′B′C ′. A very simple answer is provided by the
following characterization ofA′B′C ′ by G. Boutte [1].
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Theorem 4 (Boutte). Let G be the centroid of ABC . The reflection triangle
A′B′C ′ is the image of the pedal triangle of the nine-point center N under the
homothety h(G, 4).

O

CB

A

A′

C′
B′

G

N

H

Figure 3

O
CB

A
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C′ B′

N∗

O′

Figure 4

Corollary 5. The circumcenter of the reflection triangle A′B′C ′ is the reflection
of the circumcenter in the Kosnita point.

2. Proof of Theorem 3

Denote byQ the inverse of the Kosnita pointN∗ in the circumcircle. By The-
orem 2,Q lies on the circlesBOB′ and COC′. So ∠B′QO = ∠B′BO and
∠C ′QO = ∠C ′CO. Since∠B′QC ′ = ∠B′QO + ∠C ′QO, we get

∠B′QC ′ =∠B′BO + ∠C ′CO

=
(
∠CBB′ − ∠CBO

)
+

(
∠BCC ′ − ∠BCO

)
=∠CBB′ + ∠BCC ′ − (∠CBO + ∠BCO)

=∠CBB′ + ∠BCC ′ − (π − ∠BOC)

=∠CBB′ + ∠BCC ′ − π + ∠BOC.

But we have∠CBB′ = π
2 − C and∠BCC′ = π

2 − B. Moreover, from the
central angle theorem we get∠BOC = 2A. Thus,

∠B′QC ′ =
(π

2
− C

)
+

(π

2
− B

)
− π + 2A

=π − B − C − π + 2A = 2A − B − C

=3A − (A + B + C) = 3A − π,

and consequently

π − ∠B′QC ′ = π − (3A − π) = 2π − 3A.
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But on the other hand,∠BAC′ = ∠BAC = A and∠CAB′ = A, so

∠B′AC ′ = 2π−(
∠BAC ′ + ∠BAC + ∠CAB′) = 2π−(A + A + A) = 2π−3A.

Consequently,∠B′AC ′ = π−∠B′QC ′. Thus,Q lies on the circleAB′C ′. Similar
reasoning shows thatQ also lies on the circlesBC′A′ andCA′B′.

This completes the proof of Theorem 3.

Remark. In general, if a triangleABC and three pointsA′, B′, C ′ are given, and
the circlesA′BC, B′CA, andC ′AB have a common point, then the circlesAB′C ′,
BC ′A′, andCA′B′ also have a common point. This can be proved with some
elementary angle calculations. In our case, the common point of the circlesA′BC,
B′CA, andC ′AB is the orthocenter ofABC, and the common point of the circles
AB′C ′, BC ′A′, andCA′B′ is Q.

3. Proof of Theorem 4

LetA1, B1, C1 be the midpoints ofBC, CA, AB, andA2, B2, C2 the midpoints
of B1C1, C1A1, A1B1. It is clear thatA2B2C2 is the image ofABC under the
homothetyh(G, 1

4). Denote byX the image ofA′ under this homothety. We show
that this is the pedal of the nine-point centerN onBC.

O

CB

A

A′

GN

H

X

C1

A1

B1

C2

A2

B2

Figure 5

First, note thatX, being the reflection ofA2 in B2C2, lies onBC. This is
becauseA2X is perpendicular toB2C2 and therefore toBC. The distance from
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X to A2 is twice of that fromA2 to B2C2. This is equal to the distance between
the parallel linesB2C2 andBC.

The segmentA2X is clearly the perpendicular bisector ofB1C1. It passes
through the circumcenter of triangleA1B1C1, which is the nine-pointN of tri-
angleABC. It follows thatX is the pedal ofN onBC. For the same reasons, the
images ofB′, C ′ under the same homothetyh(G, 1

4) are the pedals ofN on CA
andAB respectively.

This completes the proof of Theorem 4.

4. Proof of Corollary 5

It is well known that the circumcenter of the pedal triangle of a pointP is the
midpoint of the segmentPP∗, P ∗ being the isogonal conjugate ofP . See, for
example, [2, pp.155–156]. Applying this to the nine-point centerN , we obtain
the circumcenter of the reflection triangleA′B′C ′ as the image of the midpoint of
NN∗ under the homothetyh(G, 4). This is the point

G + 4
(

N + N∗

2
− G

)
=2(N + N∗) − 3G

=2N∗ + 2N − 3G

=2N∗ + (O + H) − (2 · O + H)

=2N∗ − O,

the reflection ofO in the Kosnita pointN∗. Here,H is orthocenter, and we have
made use of the well known facts thatN is the midpoint ofOH andG dividesOH
in the ratioHG : GO = 2 : 1.

This completes the proof of Corollary 5.
This point is the pointX195 of [3]. Barry Wolk [6] has verified this theorem by

computer calculations with barycentric coordinates.

5. Triangles with nine-point center on the circumcircle

Given a circleO(R) and a pointN on its circumference, letH be the reflec-
tion of O in N . For an arbitrary pointP on the minor arc of the circleN(R2 )
inside O(R), let (i) A be the intersection of thesegment HP with O(R), (ii) the
perpendicular toHP at P intersectO(R) at B andC. Then triangleABC has
nine-point centerN on its circumcircleO(R). See Figure 6. This can be shown
as follows. It is clear thatO(R) is the circumcircle of triangleABC. Let M be
the midpoint ofBC so thatOM is orthogonal toBC and parallel toPH. Thus,
OMPH is a (self-intersecting) trapezoid, and the line joining the midpoints of
PM andOH is parallel toPH. Since the midpoint ofOH is N andPH is or-
thogonal toBC, we conclude thatN lies on the perpendicular bisector ofPM .
Consequently,NM = NP = R

2 , andM lies on the circleN(R
2 ). This circle is

the nine-point circle of triangleABC, since it passes through the pedalP of A on
BC and through the midpointM of BC and has radiusR2 .
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O

CB

A

H

N

MP

Figure 6

Remark. As P traverses the minor arc which the intersection ofN(R2 ) with the
interior ofO(R), the lineL passes through a fixed point, which is the reflection of
O in H.

Theorem 6. Suppose the nine-point center N of triangle ABC lies on the circum-
circle.

(1) The reflection triangle A′B′C ′ degenerates into a line L.
(2) If X, Y , Z are the centers of the circles BOC , COA, AOB, the lines AX,

BY , CZ are all perpendicular to L.
(3) The circles AOA′, BOB′, COC ′ are mutually tangent at O. The line

joining their centers is the parallel to L through O.
(4) The circles AB′C ′, BC ′A′, CA′B′ pass through O.
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Added in proof: Bernard Gibert has kindly communincated the following results.
Let A1 be the intersection of the linesOA′ andB′C ′, and similarly defineB1 and
C1. Denote, as in§1, byQ be the inverse of the Kosnita point in the circumcircle.

Theorem 7 (Gibert). The lines AA1, BB1, CC1 concur at the isogonal conjugate
of Q.

This is the pointX1263 in [3]. The pointsA, B, C, A′, B′, C ′, O, Q, A1, B1,
C1 all lie on the Neuberg cubic of triangleABC, which is the isogonal cubic with
pivot the infinite point of the Euler line. This cubic is also the locus of all points
whose reflections in the sides of triangleABC form a triangle perspective toABC.
The pointQ is the unique point whose triangle of reflections has perspector on the
circumcircle. This perspector, called the Gibert pointX1141 in [3], lies on the line
joining the nine-point center to the Kosnita point.
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A Note on the Schiffler Point

Lev Emelyanov and Tatiana Emelyanova

Abstract. We prove two interesting properties of the Schiffler point.

1. Main results

The Schiffler point is the intersection of four Euler lines. LetI be the incenter
of triangleABC. The Schiffler pointS is the point common to the Euler lines of
trianglesIBC, ICA, IAB, andABC. See [1, p.70]. Not much is known about
S. In this note, we prove two interesting properties of this point.

Theorem 1. Let A and I1 be the circumcenter and A-excenter of triangle ABC ,
and A1 the intersection of OI1 and BC . Similarly define B1 and C1. The lines
AA1, BB1 and CC1 concur at the Schiffler point S.
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S

A1
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Figure 1

Theorem 2. Let A′, B′, C ′ be the touch points of the A-excircle and BC , CA,
AB respectively, and A′′ the reflection of A′ in B′C ′. Similarly define B′′ and C′′.
The lines AA′′, BB′′ and CC′′ concur at the Schiffler point S.
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We make use of trilinear coordinates with respect to triangleABC. According
to [1, p.70], the Schiffler point has coordinates(

1
cos B + cos C

:
1

cos C + cos A
:

1
cos A + cos B

)
.

2. Proof of Theorem 1

We show thatAA1 passes through the Schiffler pointS. Because

O = (cos A : cos B : cos C) and I1 = (−1 : 1 : 1),

the lineOI1 is given by

(cos B − cos C)α − (cos C + cos A)β + (cos A + cos B)γ = 0.

The lineBC is given byα = 0. Hence the intersection ofOI1 andBC is

A1 = (0 : cos A + cos B : cos A + cos C).

The collinearity ofA1, S andA follows from∣∣∣∣∣∣
1 0 0
0 cos A + cos B cos A + cos C
1

cos B+cos C
1

cos C+cos A
1

cos A+cos B

∣∣∣∣∣∣
=

∣∣∣∣cos A + cos B cos A + cos C
1

cos C+cos A
1

cos A+cos B

∣∣∣∣
=0.

This completes the proof of Theorem 1.

Remark. It is clear from the proof above that more generally, ifP is a point with
trilinear coordinates(p : q : r), andA1, B1, C1 the intersections ofPIa with
BC, PI2 with CA, PI3 with AB, then the linesAA1, BB1, CC1 intersect at a
point with trilinear coordinates

(
1

q+r : 1
r+p : 1

p+q

)
. If P is the symmedian point,

for example, this intersection is the pointX81 =
(

1
b+c : 1

c+a : 1
a+b

)
.

3. Proof of Theorem 2

We deduce Theorem 2 as a consequence of the following two lemmas.

Lemma 3. The line OI1 is the Euler line of triangle A′B′C ′.

Proof. TriangleABC is the tangential triangle ofA′B′C ′. It is known that the
circumcenter of the tangential triangle lies on the Euler line. See, for example, [1,
p.71]. It follows thatOI1 is the Euler line of triangleA′B′C ′. �

Lemma 4. Let A∗ be the reflection of vertex A of triangle ABC with respect to
BC , A1B1C1 be the tangential triangle of ABC . Then the Euler line of ABC and
line A1A

∗ intersect line B1C1 in the same point.
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Proof. As is well known, the vertices of the tangential triangle are given by

A1 = (−a : b : c), B1 = (a : −b : c), C1 = (a : b : −c).

The lineB1C1 is given bycβ + bγ = 0. According to [1, p.42], the Euler line of
triangleABC is given by

a(b2−c2)(b2+c2−a2)α+b(c2−a2)(c2+a2−b2)β+c(a2−b2)(a2+b2−c2)γ = 0.

Now, it is not difficult to see that

A∗ =(−1 : 2 cos C : 2 cos B)

=(−abc : c(a2 + b2 − c2) : b(c2 + a2 − b2)).

The equation of the lineA∗A1 is then∣∣∣∣∣∣
−abc 2c(a2 + b2 − c2) 2b(c2 + a2 − b2)
−a b c
α β γ

∣∣∣∣∣∣ = 0.

After simplification, this is

−(b2 − c2)(b2 + c2 − a2)α + ab(a2 − b2)β − ac(a2 − c2)γ = 0.

Now, the linesB1C1, A∗A1, and the Euler line are concurrent if the determinant∣∣∣∣∣∣
0 c b

−(b2 − c2)(b2 + c2 − a2) ab(a2 − b2) −ac(a2 − c2)
a(b2 − c2)(b2 + c2 − a2) b(c2 − a2)(c2 + a2 − b2) c(a2 − b2)(a2 + b2 − c2)

∣∣∣∣∣∣
is zero. Factoring out(b2 − c2)(b2 + c2 − a2), we have∣∣∣∣∣∣

0 c b
−1 ab(a2 − b2) −ac(a2 − c2)
a b(c2 − a2)(c2 + a2 − b2) c(a2 − b2)(a2 + b2 − c2)

∣∣∣∣∣∣
= − c

∣∣∣∣−1 −ac(a2 − c2)
a c(a2 − b2)(a2 + b2 − c2)

∣∣∣∣ + b

∣∣∣∣−1 ab(a2 − b2)
a b(c2 − a2)(c2 + a2 − b2)

∣∣∣∣
=c2((a2 − b2)(a2 + b2 − c2) − a2(a2 − c2))

− b2((c2 − a2)(c2 + a2 − b2) + a2(a2 − b2))

=c2 · b2(c2 − b2) − b2 · c2(c2 − b2)
=0.

This confirms that the three lines are concurrent. �

To prove Theorem 2, it is enough to show that the lineAA′′ in Figure 1 con-
tainsS. Now, triangleA′B′C ′ has tangential triangleABC and Euler lineOI1 by
Lemma 3. By Lemma 4, the linesOI1, AA′′ andBC are concurrent. This means
that the lineAA′′ containsA1. By Theorem 1, this line containsS.
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Harcourt’s Theorem

Nikolaos Dergiades and Juan Carlos Salazar

Abstract. We give a proof of Harcourt’s theorem that if the signed distances
from the vertices of a triangle of sidesa, b, c to a tangent of the incircle are
a1, b1, c1, thenaa1 + bb1 + cc1 is twice of the area of the triangle. We also
show that there is a point on the circumconic with centerI whose distances to
the sidelines ofABC are preciselya1, b1, c1. An application is given to the
extangents triangle formed by the external common tangents of the excircles.

1. Harcourt’s Theorem

The following interesting theorem appears in F. G.-M.[1, p.750] as Harcourt’s
theorem.

Theorem 1 (Harcourt). If the distances from the vertices A, B, C to a tangent to
the incircle of triangle ABC are a1, b1, c1 respectively, then the algebraic sum
aa1 + bb1 + cc1 is twice of the area of triangle ABC .

I

A

CB

P

A′

B′

C′

a1

b1

c1

Figure 1

The distances are signed. Distances to a line from points on opposite sides are
opposite in sign, while those from points on the same side have the same sign. For
the tangent lines to the incircle, we stipulate that the distance from the incenter
is positive. For example, in Figure 1, when the tangent line� separates the ver-
tex A from B andC, a1 is negative whileb1 andc1 are positive. With this sign
convention, Harcourt’s theorem states that

aa1 + bb1 + cc1 = 2�, (1)

Publication Date: June 2, 2003. Communicating Editor: Paul Yiu.
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where� is the area of triangleABC.
We give a simple proof of Harcourt’s theorem by making use of homogeneous

barycentric coordinates with reference to triangleABC. First, we establish a fun-
damental formula.

Proposition 2. Let � be a line passing through a point P with homogeneous
barycentric coordinates (x : y : z). If the signed distances from the vertices
A, B, C to a line � are d1, d2, d3 respectively, then

d1x + d2y + d3z = 0. (2)

Proof. It is enough to consider the case when� separatesA from B andC. We
taked1 as negative, andd2, d3 positive. See Figure 2. IfA′ is the trace ofP on the
side lineBC, it is well known that

AP

PA′ =
x

y + z
.

A

B C

P

A′

d1

d2

d3
d′
1




Figure 2

SinceBA′
A′C = z

y , the distance fromA′ to � is

d′1 =
yd2 + zd3

y + z
.

Since−d1
d′1

= AP
PA′ = y+z

x , the equation (2) follows. �

Proof of Harcourt’s theorem. We apply Proposition 2 to the line� through the
incenterI = (a : b : c) parallel to the tangent. The signed distances fromA, B, C
to � ared1 = a1 − r, d2 = a2 − r, andd3 = a3 − r. From these,

aa1 + bb1 + cc1 =a(d1 + r) + b(d2 + r) + c(d3 + r)

=(ad1 + bd2 + cd3) + (a + b + c)r
=2�,

sincead1 + bd2 + cd3 = 0 by Proposition 2.
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2. Harcourt’s theorem for the excircles

Harcourt’s theorem for the incircle and its proof above can be easily adapted to
the excircles.

Theorem 3. If the distances from the vertices A, B, C to a tangent to the A-
excircle of triangle ABC are a1, b1, c1 respectively, then −aa1 + bb1 + cc1 = 2�.
Analogous statements hold for the B- and C-excircles.

Ia

C

BA

P

C′

A′

B′

c1

a1

b1




Figure 3

Proof. Apply Proposition 2 to the line� through the excenterIa = (−a : b : c)
parallel to the tangent. If the distances fromA, B, C to � ared1, d2, d3 respectively,
then

−ad1 + bd2 + cd3 = 0.
Sincea1 = d1 + r1, b1 = d2 + r1, c1 = d3 + r1, wherer1 is the radius of the
excircle, it easily follows that

−aa1 + bb1 + cc1 = − a(d1 + r1) + b(d2 + r1) + c(d3 + r1)

=(−ad1 + bd2 + cd3) + r1(−a + b + c)

=r1(−a + b + c)
=2�.

�

Consider the external common tangents of the excircles of triangleABC. Let
�a be the external common tangent of theB- andC-excircles. Denote byda1, da2,
da3 the distances from theA, B, C to this line. Clearly,da1 = ha, the altitude on
BC. Similarly define�b, �c and the associated distances.
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Ic

Ia

Ib


a

da2
da3


c

dc2

dc1


b

db1

db3

A

CB

X

YZ

O

Figure 4

Theorem 4. da2db3dc1 = da3db1dc2.

Proof. Applying Theorem 3 to the tangent�a of the B-excircle (respectively the
C-excircle), we have

ada1 − bda2 + cda3 =2�,

ada1 + bda2 − cda3 =2�.

From these it is clear thatbda2 = cda3, and

da2

da3
=

c

b
.

Similarly,
db3

db1
=

a

c
and

dc1

dc2
=

b

a
.

Combining these three equations we haveda2db3dc1 = da3db1dc2. �

It is clear that the perpendiculars fromA to �a, being the reflection of theA-
altitude, passes through the circumcenter; similarly for the perpendiculars fromB
to �b and fromC to �c.

Let X be the intersection of the perpendiculars fromB to �c and fromC to
�b. Note thatOB andCX are parallel, so areOC andBX. SinceOB = OC,
it follows that OBXC is a rhombus, andBX = CX = R, the circumradius
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of triangle ABC. It also follows thatX is the reflection ofO in the sideBC.
Similarly, if Y is the intersection of the perpendiculars fromC to �a and fromA to
�c, andZ that of the perpendiculars fromA to �b and fromB to �a, thenXY Z is
the triangle of reflections of the circumcenterO. As such, it is oppositely congruent
to ABC, and the center of homothety is the nine-point center of triangleABC.

3. The circum-ellipse with center I

Consider a tangentL to the incircle at a pointP . If the signed distances from
the verticesA, B, C to L area1, b1, c1, then by Harcourt’s theorem, there is a
point P# whose signed distances to the sidesBC, CA, AB are preciselya1, b1,
c1. What is the locus of the pointP# asP traverses the incircle? By Proposition
2, the barycentric equation ofL is

a1x + b1y + c1z = 0.

This means that the point with homogeneous barycentric coordinates(a1 : b1 : c1)
is a point on the dual conic of the incircle, which is the circumconic with equation

(s − a)yz + (s − b)zx + (s − c)xy = 0. (3)

The pointP# in question has barycentric coordinates(aa1 : bb1 : cc1). Since
(a1, b1, c1) satisfies (3), if we put(x, y, z) = (aa1, bb1, cc1), then

a(s − a)yz + b(s − b)zx + c(s − c)xy = 0.

Thus, the locus ofP# is the circumconic with perspector(a(s − a) : b(s − b) :
c(s − c)). 1 It is an ellipse, and its center is, surprisingly, the incenterI. 2 We
denote this circum-ellipse byCI . See Figure 5.

I

a1

b1
c1

A

C
B

PA′

B′

C′

a1

b1

c1

P#

L

Q#

R#

R

Q

A1

B1

C1

A#
1

B#
1C#

1

Figure 5

1This is the Mittenpunkt, the pointX9 in [4]. It can be constructed as the intersection of the lines
joining the excenters to the midpoints of the corresponding sides of triangleABC.

2In general, the center of the circumconicpyz + qzx + rxy = 0 is the point with homogeneous
barycentric coordinates(p(q + r − p) : q(r + p − q) : r(p + q − r)).
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Let A1, B1, C1 be the antipodes of the points of tangency of the incircle with
the sidelines. It is quite easy to see thatA#

1 , B#
1 , C#

1 are the antipodes ofA, B, C
in the circum-ellipseCI . Note thatA#

1 B#
1 C#

1 andABC are oppositely congruent
at I. It follows from Steiner’s porism that if we denote the intersections ofL and
this ellipse byQ# andR#, then the linesP#Q# andP#R# are tangent to the
incircle atQ andR. This leads to the following construction ofP#.

Construction. If the tangent to the incircle atP intersects the ellipseCI at two
points, the second tangents from these points to the incircle intersect atP# onCI .

If the point of tangencyP has coordinates
(

u2

s−a : v2

s−b : w2

s−c

)
, with u+v+w =

0, thenP# is the point
(

a(s−a)
u : b(s−b)

v : c(s−c)
w

)
. In particular, ifL is the common

tangent of the incircle and the nine-point circle at the Feuerbach point, which has
coordinates((s − a)(b − c)2 : (s − b)(c − a)2 : (s − c)(a − b)2), thenP# is the

point
(

a
b−c : b

c−a : c
a−b

)
. This isX100 of [3, 4]. It is a point on the circumcircle,

lying on the half line joining the Feuerbach point to the centroid of triangleABC.
See [3, Figure 3.12, p.82].

4. The extangents triangle

Consider the external common tangent�a of the excircles(Ib) and(Ic). Letda1,
da2, da3 be the distances fromA, B, C to this line. We have shown thatda2

da3
= c

b .

On the other hand, it is clear thatda1
da2

= b
b+c . See Figure 6. It follows that

da1 : da2 : da3 = bc : c(b + c) : b(b + c).

By Proposition 2, the barycentric equation of�a is

bcx + c(b + c)y + b(b + c)z = 0.

Similarly, the equations of�b and�c are

c(c + a)x + cay + a(c + a)z =0,

b(a + b)x + a(a + b)y + abz =0.

These three external common tangents bound a triangle called theextangents tri-
angle in [3]. The vertices are the points3

A′ =(−a2s : b(c + a)(s − c) : c(a + b)(s − b)),

B′ =(a(b + c)(s − c) : −b2s : c(a + b)(s − a)),

C ′ =(a(b + c)(s − b) : b(c + a)(s − a) : −c2s).

Let I ′a be the incenter of the reflection of triangleABC in A. It is clear that the
distances fromA andI′a to �a are respectivelyha andr. SinceA is the midpoint
of II ′a, the distance fromI to �a is 2ha − r.

3Thetrilinear coordinates of these vertices given in [3, p.162,§6.17] are not correct. The diagonal
entries of the matrices should read1 + cos A etc. and −a(a+b+c)

(a−b+c)(a+b−c)
etc. respectively.
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A

B C

X

I
O I′

I′
a

Ib

Ic


a

Figure 6

Now consider the reflection ofI in O. We denote this point byI′. 4 Since the
distances fromI andO to �a are respectively2ha − r andR + ha, it follows that
the distance fromI′ to �a is 2(R + ha) − (2ha − r) = 2R + r. For the same
reason, the distances fromI′ to �b and�c are also2R + r. From this we deduce the
following interesting facts about the extangents triangle.

Theorem 5. The extangent triangle bounded by �a, �b, �c

(1) has incenter I′ and inradius 2R + r;
(2) is perspective with the excentral triangle at I′;
(3) is homothetic to the tangential triangle at the internal center of similitude

of the circumcircle and the incircle of triangle ABC , the ratio of the ho-
mothety being 2R+r

R .

Proof. It is enough to locate the homothetic center in (3). This is the point which
dividesI′O in the ratio2R + r : −R, i.e.,

(2R + r)O − R(2O − I)
R + r

=
r · O + R · I

R + r
,

the internal center of similitude of the circumcircle and incircle of triangleABC.5

�
Remarks. (1) The statement that the extangents triangle has inradius2R + r can
also be found in [2, Problem 2.5.4].

(2) Since the excentral triangle has circumcenterI′ and circumradius2R, it
follows that the excenters and the incenters of the reflections of triangleABC in
A, B, C are concyclic. It is well known that sinceABC is the orthic triangle of the

4This point appears asX40 in [4].
5This point appears asX55 in [4].
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excentral triangle, the circumcircle ofABC is the nine-point circle of the excentral
triangle.

(3) If the incircle of the extangents triangle touches its sides atX, Y , Z respec-
tively, 6 then triangleXY Z is homothetic toABC, again at the internal center of
similitude of the circumcircle and the incircle.

(4) More generally, the reflections of the traces of a pointP in the respective
sides of the excentral triangle are points on the sidelines of the extangents triangle.
They form a triangle perspective withABC at the isogonal conjugate ofP . For ex-
ample, the reflections of the points of tangency of the excircles (traces of the Nagel

point (s − a : s − b : s − c)) form a triangle with perspector
(

a2

s−a : b2

s−b : c2

s−c

)
,

the external center of similitude of the circumcircle and the incircle.7
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Isotomic Inscribed Triangles and Their Residuals

Mario Dalcı́n

Abstract. We prove some interesting results on inscribed triangles which are
isotomic. For examples, we show that the triangles formed by the centroids
(respectively orthocenters) of their residuals have equal areas, and those formed
by the circumcenters are congruent.

1. Isotomic inscribed triangles

The starting point of this investigation was the interesting observation that if
we consider the points of tangency of the sides of a triangle with its incircle and
excircles, we have two triangles of equal areas.

A

B

C

Z

X

Y

Ca

X′

Ba

Cb

Ab

Y ′

Z′

Ac

Bc

Figure 1

In Figure 1,X, Y , Z are the points of tangency of the incircle with the sidesBC,
CA, AB of triangleABC, andX′, Y ′, Z ′ those with the corresponding excircles.
In [2], XY Z andX′Y ′Z ′ are called the intouch and extouch triangles ofABC
respectively. That these two triangles have equal areas is best explained by the fact
that each pair of pointsX, X′; Y , Y ′; Z, Z ′ are isotomic on their respective sides,
i.e.,

BX = X ′C, CY = Y ′A, AZ = Z ′B. (1)
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We shall say thatXY Z andX′Y ′Z ′ are isotomic inscribed triangles. The fol-
lowing basic proposition follows from simple calculations with barycentric coor-
dinates.

Proposition 1. Isotomic inscribed triangles have equal areas.

Proof. Let X, Y , Z be points on the sidelinesBC, CA, AB dividing the sides in
the ratios

BX : XC = x : 1 − x, CY : Y A = y : 1 − y, AZ : ZB = z : 1 − z.

In terms of barycentric coordinates with respect toABC, we have

X = (1 − x)B + xC, Y = (1 − y)C + yA, Z = (1 − z)A + zB. (2)

The area of triangleXY Z, in terms of the area� of ABC, is

�XY Z =

∣∣∣∣∣∣
0 1 − x x
y 0 1 − y

1 − z z 0

∣∣∣∣∣∣�
=(1 − (x + y + z) + (xy + yz + zx))�
=(xyz + (1 − x)(1 − y)(1 − z))�. (3)

See, for example, [4, Proposition 1]. IfX′, Y ′, Z ′ are points satisfying (1), then

BX ′ : X ′C = 1−x : x, CY ′ : Y ′A = 1−y : y, AZ ′ : Z ′B = 1−z : z, (4)

and

X ′ = xB + (1 − x)C, Y ′ = yC + (1 − y)A, Z ′ = zA + (1 − z)B. (5)

The area of triangleX′Y ′Z ′ can be obtained from (3) by replacingx, y, z by 1−x,
1 − y, 1 − z respectively. It is clear that this results in the same expression. This
completes the proof of the proposition. �
Proposition 2. The centroids of isotomic inscribed triangles are symmetric with
respect to the centroid of the reference triangle.

Proof. The expressions in (2) allow one to determine the centroid of triangleXY Z
easily. This is the point

GXY Z =
1
3
(X+Y +Z) =

(1 + y − z)A + (1 + z − x)B + (1 + x − y)C
3

. (6)

On the other hand, with the coordinates given in (5), the centroid of triangleX′Y ′Z ′
is

GX′Y ′Z′ =
1
3
(X ′ + Y ′ + Z ′) =

(1 − y + z)A + (1 − z + x)B + (1 − x + y)C
3

.

(7)
It follows easily that

1
2
(GXY Z + GX′Y ′Z′) =

1
3
(A + B + C) = G,

the centroid of triangleABC. �
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Corollary 3. The intouch and extouch triangles have equal areas, and the midpoint
of their centroids is the centroid of triangle ABC .

Proof. These follow from the fact that the intouch triangleXY Z and the extouch
triangleX′Y ′Z ′ are isotomic, as is clear from the following data, wherea, b, c
denote the lengths of the sidesBC, CA, AB of triangleABC, ands = 1

2(a+b+c).

BX = X ′C = s − b, BX ′ = XC = s − c,
CY = Y ′A = s − c, CY ′ = Y A = s − a,
AZ = Z ′B = s − a, AZ ′ = ZB = s − b.

�

In fact, we may take

x =
s − b

a
, y =

s − c

b
, z =

s − a

c
,

and use (3) to obtain

�XY Z = �X ′Y ′Z ′ =
2(s − a)(s − b)(s − c)

abc
�.

Let R andr denote respectively the circumradius and inradius of triangleABC.
Since� = rs and

R =
abc

4� , r2 =
(s − a)(s − b)(s − c)

s
,

we have
�XY Z = �X ′Y ′Z ′ =

r

2R
· �.

If we denote byAb andAc the points of tangency of the lineBC with theB-
andC-excircles, it is easy to see thatAb andAc are isotomic points onBC. In
fact,

BAb = AcC = s, BAc = AbC = −(s − a).
Similarly, the other points of tangencyBc, Ba, Ca, Cb form pairs of isotomic points
on the linesCA andAB respectively. See Figure 1.

Corollary 4. The triangles AbBcCa and AcBaCb have equal areas. The centroids
of these triangles are symmetric with respect to the centroid G of triangle ABC .

These follow becauseAbBcCa andAcBbCa are isotomic inscribed triangles.
Indeed,

BAb : AbC =s : −(s − a) = 1 +
s − a

a
: −s − a

a
= CAc : AcB,

CBc : BcA =s : −(s − b) = 1 +
s − b

b
: −s − b

b
= ABa : BaC,

ACa : CaB =s : −(s − c) = 1 +
s − c

c
: −s − c

c
= BCb : CbA.

Furthermore, the centroids of the four trianglesXY Z, X′Y ′Z ′, AbBcCa and
AcBaCb form a parallelogram. See Figure 2.
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A

B

C

Z

X

Y

Ca

X′

Ba

Cb

Ab

Y ′

Z′

Ac

Bc

Figure 2

2. Triangles of residual centroids

For an inscribed triangleXY Z, we call the trianglesAY Z, BZX, CXY its
residuals. From (2, 5), we easily determine the centroids of these triangles.

GAY Z =
1
3
((2 + y − z)A + zB + (1 − y)C),

GBZX =
1
3
((1 − z)A + (2 + z − x)B + xC),

GCXY =
1
3
(yA + (1 − x)B + (2 + x − y)C).

We call these the residual centroids of the inscribed triangleXY Z.
The following two propositions are very easily to established, by making the

interchanges(x, y, z) ↔ (1 − x, 1 − y, 1 − z).

Proposition 5. The triangles of residual centroids of isotomic inscribed triangles
have equal areas.

Proof. From the coordinates given above, we obtain the area of the triangle of
residual centroids as

1
27

∣∣∣∣∣∣
2 + y − z z 1 − y

1 − z 2 + z − x x
y 1 − x 2 + x − y

∣∣∣∣∣∣�

=
1
9
(3 − x − y − z + xy + yz + zx)�

=
1
9
(2 + xyz + (1 − x)(1 − y)(1 − z))�
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By effecting the interchanges(x, y, z) ↔ (1− x, 1− y, 1− z), we obtain the area
of the triangle of residual centroids of the isotomic inscribed triangleX′Y ′Z ′. This
clearly remains unchanged. �
Proposition 6. Let XY Z and X′Y ′Z ′ be isotomic inscribed triangles of ABC .
The centroids of the following five triangles are collinear:

• G of triangle ABC ,
• GXY Z and GX′Y ′Z′ of the inscribed triangles,
• G̃ and G̃′ of the triangles of their residual centroids.

Furthermore,

GXY ZG̃ : G̃G : GG̃′ : G̃′GX′Y ′Z′ = 1 : 2 : 2 : 1.

A

B CX

Y

Z

X′

Y ′

Z′

GXY Z

G̃

G

G̃′
GX′Y ′Z′

Figure 3

Proof. The centroidG̃ is the point

G̃ =
1
9
((3 + 2y − 2z)A + (3 + 2z − 2x)B + (3 + 2x − 2y)C).

We obtain the centroid̃G′ by interchanging(x, y, z) ↔ (1−x, 1−y, 1−z). From
these coordinates and those given in (6,7), the collinearity is clear, and it is easy to
figure out the ratios of division. �

3. Triangles of residual orthocenters

Proposition 7. The triangles of residual orthocenters of isotomic inscribed trian-
gles have equal areas.

See Figure 4. This is an immediate corollary of the following proposition (see
Figure 5), which in turn is a special case of a more general situation considered in
Proposition 8 below.
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Proposition 8. An inscribed triangle and its triangle of residual orthocenters have
equal areas.

A

B CX

Y

Z

X′

Y ′

Z′
Ha

Hb

Hc

H′
a

H′
b

H′
c

Figure 4

A

B CX

Y

Z

Ha

Hb

Hc

Figure 5

Proposition 9. Given a triangle ABC , if pairs of parallel lines L1B, L1C through
B, C , L2C , L2A through C , A, and L3A, L3B through A, B are constructed, and
if

Pa = L2C ∩ L3B, Pb = L3A ∩ L1C , Pc = L1B ∩ L2A,

then the triangle PaPbPc has the same area as triangle ABC .

Proof. We writeY = L2C ∩L3A andZ = L2A∩L3B. Consider the parallelogram
AZPaY in Figure 6. If the pointsB andC divide the segmentsZPa andY Pa in
the ratios

ZB : BPa = v : 1 − v, Y C : CPa = w : 1 − w,

then it is easy to see that

Area(ABC) =
1 + vw

2
· Area(AZPaY ). (8)

A

B
C

Pa

Z

Y

Pc

Pb

Figure 6

Now, Pb andPc are points onAY andAZ such thatBPc andCPb are parallel.
If

Y Pb : PbA = v′ : 1 − v′, ZPc : PcA = w′ : 1 − w′,



Isotomic inscribed triangles and their residuals 131

then from the similarlity of trianglesBZPc andPbY C, we have

ZB : ZPc = Y Pb : Y C.

This means thatv : w′ = v′ : w andv′w′ = vw. Now, in the same parallelogram
AZPaY , we have

Area(PaPbPc) =
1 + v′w′

2
· Area(AZPaY ).

From this we conclude thatPaPbPc andABC have equal areas.
�

4. Triangles of residual circumcenters

Consider the circumcircles of the residuals of an inscribed triangleXY Z. By
Miquel’s theorem, the circlesAY Z, BZX, andCXY have a common point. Fur-
thermore, the centersOa, Ob, Oc of these circles form a triangle similar toABC.
See, for example, [1, p.134]. We prove the following interesting theorem.

Theorem 10. The triangles of residual circumcenters of the isotomic inscribed
triangles are congruent.

C

A

B

Z

X′

Y

Z′

X

Y ′

Oa

Ob

Oc

Figure 7A

C

A

B

Z

X′

Y

Z′

X

Y ′

O′
c

O′
a

O′
b

Figure 7B

We prove this theorem by calculations.

Lemma 11. Let X, Y , Z be points on BC , CA, AB such that

BX : XC = w : v, CY : Y A = uc : w, AZ : ZB = v : ub.

The distance between the circumcenters Ob and Oc is the hypotenuse of a right
triangle with one side a

2 and another side

(v − w)(ub + v)(uc + w)a2 + (v + w)(w − uc)(ub + v)b2 + (v + w)(w + uc)(ub − v)c2

8�(ub + v)(v + w)(w + uc)
· a.

(9)
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Proof. The distance betweenOb andOc along the sideBC is clearlya
2 . We calcu-

late their distance along the altitude onBC. The circumradius ofBZX is clearly
Rb = ZX

2 sin B . The distance ofOb aboveBC is

Rb cos BZX =
ZX cos BZX

2 sin B
=

2BZ · ZX cos BZX

4BZ sin B
=

BZ2 + ZX2 − BX2

4BZ sin B

=
BZ2 + BZ2 + BX2 − 2BZ · BX cos B − BX2

4BZ sinB

=
BZ − BX cos B

2 sin B
=

c(BZ − BX cos B)
4� · a

=
c
(

ub
ub+vc − w

v+wa cos B
)

4� · a

=
ub(v + w)2c2 − w(ub + v)(c2 + a2 − b2)

8�(ub + v)(v + w)
· a

=
−(ub + v)w(a2 − b2) + (2ubv + ubw − vw)c2

8�(ub + v)(v + w)
· a

By making the interchangesb ↔ c, v ↔ w, andub ↔ uc, we obtain the distance
of Oc above the same line as

−(uc + w)v(a2 − c2) + (2ucw + ucv − vw)b2

8�(uc + w)(v + w)
· a.

The difference between these two is the expression given in (9) above.�

Consider now the isotomic inscribed triangleX′Y ′Z ′. We have

BX ′ : X ′C =v : w,

CY ′ : Y ′A =w : uc =
vw

uc
: v,

AZ ′ : Z ′B =ub : v = w :
vw

ub
.

Let O′
b and O′

c be the circumcenters ofBZ′X ′ andCX′Y ′. By making the
following interchanges

v ↔ w, ub ↔ vw

ub
, uc ↔ vw

uc

in (9), we obtain the distance betweenO′
b andO′

c along the altitude onBC as

(w − v)( vw
ub

+ w)( vw
uc

+ v)a2 + (v + w)(v − vw
uc

)( vw
ub

+ w)b2 + (v + w)(v + vw
uc

)( vw
ub

− w)c2

8�( vw
ub

+ w)(v + w)(v + vw
uc

)
· a

=
(w − v)(v + ub)(w + uc)a

2 + (v + w)(uc − w)(v + ub)b
2 + (v + w)(w + uc)(v − ub)c

2

8�(v + ub)(v + w)(uc + w)
· a.

Except for a reversal in sign, this is the same as (9).
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From this we easily conclude that the segmentsObOc andO′
bO

′
c are congruent.

The same reasoning also yields the congruences ofOcOa, O′
cO

′
a, and ofOaOb,

O′
aO

′
b. It follows that the trianglesOaObOc and O′

aO
′
bO

′
c are congruent. This

completes the proof of Theorem 9.

5. Isotomic conjugates

Let XY Z be the cevian triangle of a pointP , i.e., X, Y , Z are respectively
the intersections of the line pairsAP , BC; BP , CA; CP , AB. By the residual
centroids ( (respectively orthocenters, circumcenters) ofP , we mean those of its
cevian triangle. If we construct pointsX′, Y ′, Z ′ satisfying (1), then the linesAX′,
BY ′, CZ ′ intersect at a pointP ′ called the isotomic conjugate ofP . If the point
P has homogeneous barycentric coordinates(x : y : z), thenP′ has homogeneous

barycentric coordinates
(

1
x : 1

y : 1
z

)
. All results in the preceding sections apply to

the case whenXY Z andX′Y ′Z ′ are the cevian triangles of two isotomic conju-
gates. In particular, in the case of residual circumcenters in§4 above, ifXY Z is
the cevian triangle ofP with homogeneous barycentric coordinates(u : v : w),
then

BX : XC = w : v, CY : Y A = u : w, AZ : ZB = v : u.

By puttingub = uc = u in (9) we obtain a necessary and sufficient condition for
the lineObOc to be parallel toBC, namely,

(v−w)(u+v)(u+w)a2 +(v+w)(w−u)(u+v)b2+(v+w)(w+u)(u−v)c2 = 0.

This can be reorganized into the form

(b2+c2−a2)u(v2−w2)+(c2+a2−b2)v(w2−u2)+(a2+b2−c2)w(u2−v2) = 0.

This is the equation of the Lucas cubic, consisting of pointsP for which the line
joining P to its isotomic conjugateP′ passes through the orthocenterH. The
symmetry of this equation leads to the following interesting theorem.

Theorem 12. The triangle of residual circumcenters of P is homothetic to ABC
if and only if P lies on the Lucas cubic.

It is well known that the Lucas cubic is the locus of pointP whose cevian
triangle is also the pedal triangle of a pointQ. In this case, the circumcircles of
AY Z, BZX andCXY intersect atQ, and the circumcentersOa, Ob, Oc are the
midpoints of the segmentsAQ, BQ, CQ. The triangleOaObOc is homothetic to
ABC atQ.

For example, ifP is the Gergonne point, thenOaObOc is homothetic toABC
at the incenterI. The isotomic conjugate ofP is the Nagel point, andO′

aO
′
bO

′
c is

homothetic toABC at the reflection ofI in the circumcenterO.
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The M-Configuration of a Triangle

Alexei Myakishev

Abstract. We give an easy construction of pointsAa, Ba, Ca on the sides of a
triangleABC such that the figure M pathBCaAaBaC consists of 4 segments
of equal lengths. We study the configuration consisting of the three figures M of
a triangle, and define an interesting mapping of triangle centers associated with
such an M-configuration.

1. Introduction

Given a triangleABC, we consider pointsAa on the lineBC, Ba on the half
lineCA, andCa on the half lineBA such thatBCa = CaAa = AaBa = BaC. We
shall refer toBCaAaBaC as Ma, because it looks like the letter M when triangle
ABC is acute-angled. See Figures 1a. Figure 1b illustrates the case when the
triangle is obtuse-angled. Similarly, we also have Mb and Mc. The three figures
Ma, Mb, Mc constitute the M-configuration of triangleABC. See Figure 2.

Aa

Ba
Ca

A

B C

Figure 1a

A

B CAa

Ca

Ba

Figure 1b

Aa

Ba

Ca

Ab

Bb

Cb

Ac

Bc

Cc

A

B C

Figure 2

Proposition 1. The lines AAa, BBa, CCa concur at the point with homogeneous
barycentric coordinates (

1
cos A

:
1

cos B
:

1
cos C

)
.

Proof. Let la be the length ofBCa = CaAa = AaBa = BaC. It is clear that
the directed lengthBAa = 2la cos B andAaC = 2la cos C, andBAa : AaC =
cos B : cos C. For the same reason,CBb : BbA = cos C : cos A andACc :
CcB = cos A : cos B. It follows by Ceva’s theorem that the linesAAa, BBa, CCa

concur at the point with homogeneous barycentric coordinates given above.1 �

Publication Date: June 30, 2003. Communicating Editor: Paul Yiu.
The author is grateful to the editor for his help in the preparation of this paper.
1This point appears in [3] asX92.
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Remark. Since2la cos B+2la cos C = a = 2R sin A, whereR is the circumradius
of triangleABC,

la =
a

2(cos B + cos C)
=

R sin A

cos B + cos C
=

R cos A
2

cos B−C
2

. (1)

For later use, we record the absolute barycentric coordinates ofAa, Ba, Ca in
terms ofla:

Aa =
2la
a

(cos C · B + cos B · C),

Ba =
1
b
(la · A + (b − la)C), (2)

Ca =
1
c
(la · A + (c − la)B).

2. Construction of Ma

Proposition 2. Let A′ be the intersection of the bisector of angle A with the cir-
cumcircle of triangle ABC .

(a)Aa is the intersection of BC with the parallel to AA′ through the orthocenter
H .

(b) Ba (respectively Ca) is the intersection of CA (respectively BA) with the
parallel to CA′ (respectively BA′) through the circumcenter O.

O

Aa

Ba

Ca

A

B C

H

A′

Figure 3a

A

B CAa

Ca

Ba
O

H

A′

Figure 3b

Proof. (a) The line joiningAa = (0 : cos C : cos B) to H =
(

a
cos A : b

cos B : c
cos C

)
has equation ∣∣∣∣∣∣

0 cos C cos B
a

cos A
b

cos B
c

cos C
x y z

∣∣∣∣∣∣ = 0.
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This simplifies to

−(b − c)x cos A + a(y cos B − z cos C) = 0.

It has infinite point

(−a(cos B + cos C) : a cos C − (b − c) cos A : (b − c) cos A + a cos B)

=(−a(cos B + cos C) : b(1 − cos A) : c(1 − cos A)).

It is clear that this is the same as the infinite point(−(b + c) : b : c), which is on
the line joiningA to the incenter.

O

Aa

Ca

Ba

A

B C

A′

M Y

Z

Figure 4

(b) LetM be the midpoint ofBC, andY , Z the pedals ofBa, Ca on BC. See
Figure 4. We have

OM =
a

2
cot A = la(cos B + cos C) cot A,

CaZ =la sin B,

MZ =
a

2
− la cos B = la(cos B + cos C) − la cos B = la cos C.

From this the acute angle between the lineCaO andBC has tangent ratio

CaZ − OM

MZ
=

sin B − (cos B + cos C) cot A

cos C

=
sin B sin A − (cos B + cos C) cos A

cos C sin A

=
− cos(A + B) − cos C cos A

cos C sin A
=

cos C(1 − cos A)
cos C sin A

=
1 − cos A

sin A
= tan

A

2
.

It follows thatCaO makes an angleA2 with the lineBC, and is parallel toBA′.
The same reasoning shows thatBaO is parallel toCA′. �
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3. Circumcenters in the M-configuration

Note that∠BaAaCa = ∠A. It is clear that the circumcircles ofBaAaCa and
BaACa are congruent. The circumradius is

Ra =
la

2 sin
(

π
2 − A

2

) =
la

2 cos A
2

=
R

2 cos B−C
2

(3)

from (1).

Proposition 3. The circumcircle of triangle ABaCa contains (i) the circumcenter
O of triangle ABC , (ii) the orthocenter Ha of triangle AaBaCa, and (iii) the
midpoint of the arc BAC .

Proof. (i) is an immediate corollary of Proposition 2(b) above.

I

Aa

Ca

BaHa

A

B C

O

A′′

Figure 5

(ii) Let Ha be the orthocenter of triangleAaBaCa. It is clear that

∠BaHaCa = π − ∠BaAaCa = π − ∠BAC = π − ∠CaABa.

It follows that Ha lies on the circumcircle ofABaCa. See Figure 5. Since the
triangleAaBaCa is isosceles,BaHa = CaHa, and the pointHa lies on the bisector
of angleA.

(iii) Let A′′ be the midpoint of the arcBAC. By a simple calculation,∠AA′′O =
π
2 − 1

2 |B −C|. Also,∠ACaO = π
2 + 1

2 |B −C|. 2 This shows thatA′′ also lies on
the circleABaOCa. �

The pointsBa andCa are therefore the intersections of the circleOAA′′ with
the sidelinesAC andAB. This furnishes another simple construction of the figure
Ma.

2This isC + A
2

if C ≥ B andB + A
2

otherwise.
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Remarks. (1) If we take into consideration also the other figures Mb and Mc, we
have three trianglesABaCa, BCbAb, CAcBc with their circumcircles intersecting
atO.

(2) We also have three trianglesAaBaCa, AbBbCb, AcBcCc with their ortho-
centers forming a triangle perspective withABC at the incenterI.

Proposition 4. The circumcenter Oa of triangle AaBaCa is equidistant from O
and H .

Aa

Ca

Ba

A

B C

O

H
N

Q

P

H′

MX Y

Z

Figure 6

Proof. Construct the circle throughO andH with centerQ on the lineBC. We
prove that the midpointP of the arcOH on the opposite side ofQ is the circum-
centerOa of triangleAaBaCa. See Figure 6. It will follow thatOa is equidistant
from O andH. Let N be the midpoint ofOH. Suppose the linePQ makes an
angleϕ with BC. Let X, Y , andM be the pedals ofH, N , O on the lineBC.

SinceH, X, Q, N are concyclic, and the diameter of the circle containing them
is QH = NX

sinϕ = R
2 sinϕ . This is the radius of the circleOPH.

By symmetry, the circleOPH contains the reflectionH′ of H in the lineBC.

∠HH ′P =
1
2
∠HQP =

1
2
∠HQN =

1
2
∠HXN =

1
2
|B − C|.

Therefore, the angle betweenH′P andBC is π
2 − 1

2 |B − C|. It is obvious that
the angle betweenAaOa andBC is the same. But from Proposition 2(a), the angle
betweenHAa andBC is the same too, so is the angle between the reflectionH′Aa

andBC. From these we conclude thatH′, Aa, Oa andP are collinear. Now, letZ
be the pedal ofP onBC.

AaP =
PZ

cos 1
2(B − C)

=
QP sin ϕ

cos 1
2(B − C)

=
R

2 cos 1
2(B − C)

= Ra.

Therefore,P is the circumcenterOa of triangleAaBaCa. �
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Applying this to the other two figures Mb and Mc, we obtain the following re-
markable theorem about the M-configuration of triangleABC.

Theorem 5. The circumcenters of triangles AaBaCa, AbBbCb, and AcBcCc are
collinear. The line containing them is the perpendicular bisector of the segment
OH .

Aa

Ba

Ca

Ab

Bb

Cb

Ac

Bc

Cc

A

B C

Oa

ObOc

O

H

N

Figure 7

One can check without much effort that in homogeneous barycentric coordi-
nates, the equation of this line is

sin 3A
sin A

x +
sin 3B
sin B

y +
sin 3C
sin C

z = 0.

4. A central mapping

Let P be a triangle center in the sense of Kimberling [2, 3], given in homoge-
neous barycentric coordinates(f(a, b, c) : f(b, c, a) : f(c, a, b)) wheref = fP
satisfiesf(a, b, c) = f(a, c, b). If the reference triangleABC is isosceles, say,
with AB = AC, thenP lies on the perpendicular bisector ofBC and has coordi-
nates of the form(gP : 1 : 1). The coordinateg depends only on the shape of the
isosceles triangle, and we express it as a function of thebase angle. We shall call
g = gP the isoscelized form of the triangle center functionfP . Let P ∗ denote the
isogonal conjugate ofP .

Lemma 6. gP ∗(B) = 4 cos2 B
gP (B) .

Proof. If P = (gP (B) : 1 : 1) for an isosceles triangleABC with B = C, then

P ∗ =
(

sin2 A

gP (B)
: sin2 B : sin2 B

)
=

(
4 cos2 B

gP (B)
: 1 : 1

)
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sincesin2 A = sin2(π − 2B) = sin2 2B = 4 sin2 B cos2 B. �

Here are some examples.

Center fP gP

centroid 1 1
incenter a 2 cos B
circumcenter a2(b2 + c2 − a2) −2 cos 2B
orthocenter 1

b2+c2−a2
−2 cos2 B

cos 2B

symmedian point a2 4 cos2 B
Gergonne point 1

s−a
cos B

1−cos B

Nagel point s − a 1−cos B
cos B

Mittenpunkt a(s − a) 2(1 − cos B)
Spieker point b + c 2

1+2 cos B
X55 a2(s − a) 4 cos B(1 − cos B)
X56

a2

s−a
4 cos3 B
1−cos B

X57
a

s−a
2 cos2 B
1−cos B

Consider a triangle center given by a triangle center function with isoscelized
form g = gP . The triangle center of the isosceles triangleCaBAa is the pointPa,b

with coordinates(g(B) : 1 : 1) relative toCaBAa. Making use of the absolute
barycentric coordinates ofAa, Ba, Ca given in (2), it is easy to see that this is the
point

Pa,b =
(

g(B)la
c

:
g(B)(c − la)

c
+ 1 +

2la
a

cos C :
2la
a

cos B

)
.

The same triangle center of the isosceles triangleBaAaC is the point

Pa,c =
(

g(C)la
b

:
2la
a

cos C :
g(C)(b − la)

b
+

2la
a

cos B + 1
)

.

It is clear that the linesBPa,b andCPa,c intersect at the point

Pa =
(

g(B)g(C)l2a
bc

:
2g(B)l2a cos C

ca
:
2g(C)l2a cos B

ab

)

= (ag(B)g(C) : 2bg(B) cos C : 2cg(C) cos B)

=
(

ag(B)g(C)
2 cos B cos C

:
bg(B)
cos B

:
cg(C)
cos C

)
.

Figure 8 illustrates the case of the Gergonne point.
In the M-configuration, we may also consider the same triangle center (given

in isoscelized formgP of the triangle center function) in the isosceles triangles .
These are the pointPb,c, Pb,a, Pc,a, Pc,b. The pairs of linesCPb,c, APb,a intersect-
ing atPb andAPc,a, BPc,b intersecting atPc. The coordinates ofPb andPc can be
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Aa

Ba

Ca

Pa,b

Pa,c

Pa

A

B C

Figure 8

written down easily from those ofPa. From these coordinates, we easily conclude
that thatPaPbPc is perspective with triangleABC at the point

Φ(P ) =
(

agP (A)
cos A

:
bgP (B)
cos B

:
cgP (C)
cos C

)

= (gP (A) tan A : gP (B) tan B : gP (C) tan C) .

Proposition 7. Φ(P ∗) = Φ(P )∗.

Proof. We make use of Lemma 6.

Φ(P ∗) =(gP ∗(A) tan A : gP ∗(B) tan B : gP ∗(C) tan C)

=
(

4 cos2 A

gP (A)
tan A :

4 cos2 B

gP (B)
tan B :

4 cos2 C

gP (C)
tan C

)

=
(

sin2 A

gP (A) tan A
:

sin2 B

gP (B) tan B
:

sin2 C

gP (C) tan C

)

=Φ(P )∗.

�

We conclude with some examples.
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P Φ(P ) P ∗ Φ(P ∗) = Φ(P )∗

incenter incenter
centroid orthocenter symmedian point circumcenter
circumcenter X24 orthocenter X68

Gergonne point Nagel point X55 X56

Nagel point X1118 X56 X1259 = X∗
1118

Mittenpunkt X34 X57 X78 = X∗
34

For the Spieker point, we have

Φ(X10) =
(

tan A

1 + 2 cos A
:

tan B

1 + 2 cos B
:

tan C

1 + 2 cos C

)

=
(

1
a(b2 + c2 − a2)(b2 + c2 − a2 + bc)

: · · · : · · ·
)

.

This triangle center does not appear in the current edition of [3].

Remark. ForP = X8, the Nagel point, the pointPa has an alternative description.
Antreas P. Hatzipolakis [1] considered the incircle of triangleABC touching the
sidesCA andAB at Y andZ respectively, and constructed perpendiculars from
Y , Z to BC intersecting the incircle again atY ′ andZ′. See Figure 9. It happens
thatB, Z ′, Pa,b are collinear; so areC, Y ′, Pa,c. Therefore,BZ′ andCY ′ intersect
atPa. The coordinates ofY ′ andZ′ are

Y ′ =(a2(b + c − a)(c + a − b) : (a2 + b2 − c2)2 : (b + c)2(a + b − c)(c + a − b)),

Z′ =(a2(b + c − a)(a + b − c) : (b + c)2(c + a − b)(a + b − c) : (a2 − b2 + c2)2).

Aa

Ba

Ca

A

B CX

Z

Y

Z′

Y ′

Pa,b

Pa,cPa

Figure 9
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The linesBZ′ andCY ′ intersect at

Pa =

(
a2(b + c − a) :

(a2 + b2 − c2)2

c + a − b
:

(a2 − b2 + c2)2

a + b − c

)

=

(
a2(b + c − a)

(a2 − b2 + c2)2(a2 + b2 − c2)2
:

1

(c + a − b)(a2 − b2 + c2)2
:

1

(a + b − c)(a2 + b2 − c2)2

)
.

It was in this context that Hatzipolakis constructed the triangle center

X1118 =
(

1
(b + c − a)(b2 + c2 − a2)2

: · · · : · · ·
)

.
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Rectangles Attached to Sides of a Triangle

Nikolaos Dergiades and Floor van Lamoen

Abstract. We study the figure of a triangle with a rectangle attached to each
side. In line with recent publications on special cases we find concurrencies
and study homothetic triangles. Special attention is given to the cases in which
the attached rectangles are similar, have equal areas and have equal perimeters,
respectively.

1. Introduction

In recent publications [3, 4, 10, 11, 12] the configurations have been studied
in which rectangles or squares are attached to the sides of a triangle. In these
publications the rectangles are all similar. In this paper we study the more general
case in which the attached rectangles are not necessarily similar. We consider a
triangleABC with attached rectanglesBCAcAb, CABaBc andABCbCa. Let u
be the length ofCAc, positive ifAc andA are on opposite sides ofBC, otherwise
negative. Similarly letv andw be the lengths ofABa andBCb. We describe the
shapes of these rectangles by the ratios

U =
a

u
, V =

b

v
, W =

c

w
. (1)

The vertices of these rectangles are1

Ab = (−a2 : SC + SU : SB), Ac = (−a2 : SC : SB + SU),
Ba = (SC + SV : −b2 : SA), Bc = (SC : −b2 : SA + SV ),
Ca = (SB + SW : SA : −c2), Cb = (SB : SA + SW : −c2).

Consider the flank trianglesABaCa, AbBCb andAcBcC. With the same rea-
soning as in [10], or by a simple application of Ceva’s theorem, we can see that the
triangleHaHbHc of orthocenters of the flank triangles is perspective toABC with
perspector

P1 =
(
a

u
:
b

v
:
c

w

)
= (U : V : W ). (2)

Publication Date: August 25, 2003. Communicating Editor: Paul Yiu.
1All coordinates in this note are homogeneous barycentric coordinates. We adopt J. H. Conway’s

notation by lettingS = 2∆ denote twice the area ofABC, while SA = −a2+b2+c2

2
= S cot A,

SB = S cot B, SC = S cot C, and generallySXY = SXSY .
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See Figure 1. On the other hand, the triangleOaObOc of circumcenters of the flank
triangles is clearly homothetic toABC, the homothetic center being the point

P2 = (au : bv : cw) =
(
a2

U
:
b2

V
:
c2

W

)
. (3)

Clearly,P1 andP2 are isogonal conjugates.

A

B C

Ab
Ac

Bc

BaCa

Cb

Ha

Hb
Hc

P1

Oa

Ob Oc

P2

Figure 1

Now the perpendicular bisectors ofBaCa, AbCb andAcBc pass throughOa,
Ob andOc respectively and are parallel toAP1, BP1 andCP1 respectively. This
shows that these perpendicular bisectors concur in a pointP3 onP1P2 satisfying

P2P1 : P1P3 = 2S : au + bv + cw,

whereS is twice the area ofABC. See Figure 2. More explicitly,

P3 =(−a2VW (V + W ) + U2(b2W + c2V ) + 2SU2VW

: − b2WU(W + U) + V 2(c2U + a2W ) + 2SUV 2W ) (4)

: − c2UV (U + V ) + W 2(a2V + b2U) + 2SUVW 2)

This concurrency generalizes a similar result by Hoehn in [4], and was men-
tioned by L. Lagrangia [9]. It was also a question in the Bundeswettbewerb Math-
ematik Deutschland (German National Mathematics Competition) 1996, Second
Round.

From the perspectivity ofABC and the orthocenters of the flank triangles, we
see thatABC and the triangleA′B′C ′ enclosed by the linesBaCa, AbCb and
AcBc are orthologic. This means that the lines from the vertices ofA′B′C ′ to the
corresponding sides ofABC are concurrent as well. The point of concurrency is
the reflection ofP1 in O, i.e.,
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P4 = (−SBCU + a2SA(V + W ) : · · · : · · · ). (5)

O

A

B C

A′

B′

C′

Ab
Ac

Bc

BaCa

Cb

P1

Oa

Ob Oc

P2

Ma

Mb

Mc

P3

P4

Figure 2

Remark. We record the coordinates ofA′. Those ofB′ andC′ can be written down
accordingly.

A′ =(−(a2S(U + V + W ) + (a2V + SCU)(a2W + SBU))

:SCS(U + V + W ) + (b2U + SCV )(a2W + SBU)

:SBS(U + V + W ) + (a2V + SCU)(c2U + SBW )).

2. Special cases

We are mainly interested in three special cases.

2.1. The similarity case. This is the case when the rectangles are similar,i.e., U =
V = W = t for somet. In this case,P1 = G, the centroid, andP2 = K, the
symmedian point. Ast varies,

P3 = (b2 + c2 − 2a2 + 2St : c2 + a2 − 2b2 + 2St : a2 + b2 − 2c2 + 2St)

traverses the lineGK. The pointP4, being the reflection ofG in O, is X376 in
[7]. The triangleMaMbMc is clearly perspective withABC at the orthocenterH.
More interestingly, it is also perspective with the medial triangle at

((SA + St)(a2 + 2St) : (SB + St)(b2 + 2St) : (SC + St)(c2 + 2St)),
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which is the complement of the Kiepert perspector(
1

SA + St
:

1
SB + St

:
1

SC + St

)
.

It follows that ast varies, this perspector traverses the Kiepert hyperbola of the
medial triangle. See [8].

The caset = 1 is thePythagorean case, when the rectangles are squares erected
externally. The perspector ofMaMbMc and the medial triangle is the point

O1 = (2a4 − 3a2(b2 + c2) + (b2 − c2)2 − 2(b2 + c2)S : · · · : · · · ),
which is the center of the circle through the centers of the squares. See Figure 3.
This point appears asX641 in [7].

A

B C

Ma

Mb

Mc

Ab
Ac

Bc

Ba

Ca

Cb

A1

B1

C1

O1

Figure 3

2.2. The equiareal case. When the rectangles have equal areasT
2 , i.e., (U, V,W ) =(

2a2

T , 2b2

T , 2c2

T

)
, it is easy to see thatP1 = K, P2 = G, and

P4 =(a2(−SBC + SA(b2 + c2)) : · · · : · · · )
=(a2(a4 + 2a2(b2 + c2) − (3b4 + 2b2c2 + 3c4)) : · · · : · · · )

is the reflection ofK in O. 2 The special equiareal case is whenT = S, the
rectangles having the same area as triangleABC. See Figure 4. In this case,

P3 = (6a2 − b2 − c2 : 6b2 − c2 − a2 : 6c2 − a2 − b2).

2This point is not in the current edition of [7].
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O

A

B C

A′

B′

C′

Ab
Ac

Bc

Ba

Ca

Cb

K
G

Ma

Mb

Mc

P3
P4

Figure 4

2.3. The isoperimetric case. This is the case when the rectangles have equal perime-
ters2p, i.e., (u, v,w) = (p − a, p − b, p − c). The special isoperimetric case is
whenp = s, the semiperimeter, the rectangles having the same perimeter as trian-
gleABC. In this case,P1 = X57, P2 = X9, the Mittenpunkt, and

P3 =(a(bc(2a2 − a(b + c) − (b− c)2) + 4(s − b)(s− c)S) : · · · : · · · ),
P4 =(a(a6 − 2a5(b + c) − a4(b2 − 10bc + c2) + 4a3(b + c)(b2 − bc + c2)

− a2(b4 + 8b3c− 2b2c2 + 8c3b + c4) − 2a(b + c)(b− c)2(b2 + c2)

+ (b + c)2(b− c)4) : · · · : · · · ).
These points can be described in terms of division ratios as follows.3

P3X57 : X57X9 =4R + r : 2s,
P4I : IX57 =4R : r.

3. A pair of homothetic triangles

Let A1, B1 andC1 be the centers of the rectanglesBCAcAb, CABaBc and
ABCbCa respectively, andA2B2C2 the triangle bounded by the linesBcCb, CaAc

andAbBa. Since, for instance, segmentsB1C1 andBcCb are homothetic through

3These points are not in the current edition of [7].
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A, the trianglesA1B1C1 andA2B2C2 are homothetic. See Figure 5. Their homo-
thetic center is the point

P5 =
(−a2SA(V + W ) + U(SB + SW )(SC + SV ) : · · · : · · · ) .

A

B C

A2

B2

C2

Ab
Ac

Bc

Ba
Ca

Cb

A1

B1C1

P6
P5

Figure 5

For the Pythagorean case with squares attached to triangles,i.e.,U = V = W =
1, Toshio Seimiya and Peter Woo [12] have proved the beautiful result that the areas
∆1 and∆2 of A1B1C1 andA2B2C2 have geometric mean∆. See Figure 5. We
prove a more general result by computation using two fundamental area formulae.

Proposition 1. For i = 1, 2, 3, let Pi be finite points with homogeneous barycentric
coordinates (xi : yi : zi) with respect to triangle ABC . The oriented area of the
triangle P1P2P3 is ∣∣∣∣∣∣

x1 y1 z1

x2 y2 z2

x3 y3 z3

∣∣∣∣∣∣
(x1 + y1 + z1)(x2 + y2 + z2)(x3 + y3 + z3)

· ∆.

A proof of this proposition can be found in [1, 2].

Proposition 2. For i = 1, 2, 3, let "i be a finite line with equation pix+qiy+riz =
0. The oriented area of the triangle bounded by the three lines "1, "2, "3 is∣∣∣∣∣∣

p1 q1 r1

p2 q2 r2

p3 q3 r3

∣∣∣∣∣∣
2

D1 ·D2 ·D3
· ∆,
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where

D1 =

∣∣∣∣∣∣
1 1 1
p2 q2 r2

p3 q3 r3

∣∣∣∣∣∣ , D2 =

∣∣∣∣∣∣
p1 q1 r1

1 1 1
p3 q3 r3

∣∣∣∣∣∣ , D3 =

∣∣∣∣∣∣
p1 q1 r1

p2 q2 r2

1 1 1

∣∣∣∣∣∣ .
A proof of this proposition can be found in [5].

Theorem 3. ∆1∆2

∆2 = (U+V +W−UV W )2

4(UV W )2
.

Proof. The coordinates ofA1, B1, C1 are

A1 =(−a2 : SC + SU : SB + SU),

B1 =(SC + SV : −b2 : SA + SV ),

C1 =(SB + SW : SA + SW : −c2).

By Proposition 1, the area of triangleA1B1C1 is

∆1 =
S(U + V + W + UVW ) + (a2VW + b2WU + c2UV )

4SUVW
· ∆. (6)

The linesBcCb, CaAc, AbBa have equations

(S(1 − V W ) − SA(V + W ))x + (S + SBV )y + (S + SCW )z =0,

(S + SAU)x + (S(1 −WU) − SB(W + U))y + (S + SCW )z =0,

(S + SAU)x + (S + SBV )y + (S(1 − UV ) − SC(U + V ))z =0.

By Proposition 2, the area of the triangle bounded by these lines is

∆2 =
S(U + V + W − UVW )2

UVW (S(U + V + W + UVW ) + (a2VW + b2WU + c2UV ))
·∆. (7)

From (6, 7), the result follows. �

Remarks. (1) The ratio of homothety is

−S(U + V + W − UVW )
2(S(U + V + W + UVW ) + (a2VW + b2WU + c2UV ))

.

(2) We record the coordinates ofA2 below. Those ofB2 andC2 can be written
down accordingly.

A2 =(−a2((S + SAU)(V + W ) + SU(1 − VW )) + (SB + SW )(SC + SV )U2

: (S + SAU)(SUV + SC(U + V + W ))

: (S + SAU)(SUW + SB(U + V + W ))).

From the coordinates ofA2B2C2 we see that this triangle is perspective toABC
at the point

P6 =
(

1
SA(U + V + W ) + SVW

: · · · : · · ·
)
.
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4. Examples

4.1. The similarity case. If the rectangles are similar,U = V = W = t, then

P6 =
(

1
3SA + St

:
1

3SB + St
:

1
3SC + St

)
traverses the Kiepert hyperbola. In the Pythagorean case, the homothetic centerP5
is the point

((SB−S)(SC−S)−4SBC : (SC−S)(SA−S)−4SCA : (SA−S)(SB−S)−4SAB).

A

B C
A2

B2C2

Ab
Ac

Bc

Ba

Ca

Cb

A1

B1

C1

P6

P5

Figure 6

4.2. The equiareal case. For (U, V,W ) = (2a2

T , 2b2

T , 2c2

T ), we have

P6 =
(

1
T (a2 + b2 + c2)SA + 2Sb2c2

: · · · : · · ·
)
.

This traverses the Jerabek hyperbola asT varies. When the rectangles have the
same area as the triangle, the homothetic centerP5 is the point

(a2((a2 + 3b2 + 3c2)2 − 4(4b4 − b2c2 + 4c4)) : · · · : · · · ).
5. More homothetic triangles

Let CA, CB andCC be the circumcricles of rectanglesBCAcAb, CABaBc and
ABCbCa respectively. See Figure 7. Since the circleCA passes throughB andC,
its equation is of the form

a2yz + b2zx + c2xy − px(x + y + z) = 0.
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Since the same circle passes throughAb, we havep = SAU+S
U = SA + S

U . By the
same method we derive the equations of the three circles:

a2yz + b2zx + c2xy = (SA +
S

U
)x(x + y + z),

a2yz + b2zx + c2xy = (SB +
S

V
)y(x + y + z),

a2yz + b2zx + c2xy = (SC +
S

W
)z(x + y + z).

From these, the radical center of the three circles is the point

J =

(
1

SA + S
U

:
1

SB + S
V

:
1

SC + S
W

)
=
(

U

SAU + S
:

V

SBV + S
:

W

SCW + S

)
.

A

B C

Ab Ac

Bc

Ba

Ca

Cb

A1

B1

C1

A3

B3

C3 J

Figure 7

Note that the isogonal conjugate ofJ is the point

J∗ =
(
a2SA + S · a

2

U
: b2SB + S · b

2

V
: c2SC + S · c

2

W

)
.

It lies on the line joiningO to P2. In fact,

P2J
∗ : J∗O = 2S : au + bv + cw = P2P1 : P1P3.
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The circlesCB andCC meet atA and a second pointA3, which is the reflection
of A in B1C1. See Figure 8. In homogeneous barycentric coordinates,

A3 =
(

V + W

SA(V + W ) − S(1 − VW )
:

V

SBV + S
:

W

SCW + S

)
.

Similarly we have pointsB3 andC3. Clearly, the radical centerJ is the perspector
of ABC andA3B3C3.

A

B C

A2

B2
C2

Ab Ac

Bc

Ba

Ca

Cb

A1

B1

C1

A3

B3

C3

J

M1

Ma

N

O1

Figure 8

Proposition 4. The triangles ABC and A2B2C2 are orthologic. The perpendicu-
lars from the vertices of one triangle to the corresponding lines of the other triangle
concur at the point J .

Proof. AsC1B1 bisectsAA3, we seeA3 lies onBcCb andAJ ⊥ BcCb. Similarly,
we haveBJ ⊥ CaAc andCJ ⊥ AbBa. The perpendiculars fromA, B, C to the
corresponding sides ofA2B2C2 concur atJ .

On the other hand, the pointsB, C3, B3, C are concyclic andB3C3 is antiparal-
lel toBC with respect to triangleJBC. The quadrilateralJB3A2C3 is cyclic, with
JA2 as a diameter. It is known that every perpendicular toJA2 is antiparallel to
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B3C3 with respect to triangleJB3C3. Hence,A2J ⊥ BC. Similarly,B2J ⊥ CA
andC2J ⊥ AB. �

It is clear that the perpendiculars fromA3, B3, C3 to the corresponding sides
of triangleA2B2C2 intersect atJ . Hence, the trianglesA2B2C2 andA3B3C3 are
orthologic.

Proposition 5. The perpendiculars from A2, B2, C2 to the corresponding sides of
A3B3C3 meet at the reflection of J in the circumcenter O3 of triangle A3B3C3.

Proof. Since triangleA3B3C3 is the pedal triangle ofJ in A2B2C2, andA2J
passes through the circumcenter of triangleA2B3C3, the perpendicular fromA2

to B3C3 passes through the orthocenter ofA2B3C3 and is isogonal toA2J in
triangleA2B2C2. This line therefore passes through the isogonal conjugate ofJ
in A2B2C2. We denote this point byJ!. Similarly, the perpendiculars fromB2, C2

to the sidesC3A3 andA3B3 pass throughJ!. The circumcircle ofA3B3C3 is the
pedal circle ofJ . Hence, its circumcenterO3 is the midpoint ofJJ!. It follows
thatJ ! is the reflection ofJ in O3. �
Remark. The pointJ and the circumcentersO and O3 of trianglesABC and
A3B3C3 are collinear. This is because|JA · JA3| = |JB · JB3| = |JC · JC3|,
say,= d2, and an inversion in the circle(J, d) transformsABC into A3B3C3 or
its reflection inJ .

Theorem 6. The perpendicular bisectors of BcCb, CaAc, AbBa are concurrent at
a point which is the reflection of J in the circumcenter O1 of triangle A1B1C1.

Proof. LetM1 andMa be the midpoints ofB1C1 andBcCb respectively. Note that
M1 is also the midpoint ofAMa. Also, letO1 be the circumcenter ofA1B1C1,
and the perpendicular bisector ofBcCb meetJO1 at N . See Figure 8. Consider
the trapeziumAMaNJ . SinceO1M1 is parallel toAJ , we conclude thatO1 is
the midpoint ofJN . Similarly the perpendicular bisectors ofCaAc, AbBa pass
throughN , which is the reflection ofJ in O1. �

We record the coordinates ofO1:

((c2U2V − a2V W (V + W ) + b2WU(W + U)

+ UVW ((SA + 3SB)UV + (SA + 3SC)UW ))S

+ c2SBU
2V 2 + b2SCU

2W 2 − a4V 2W 2

+ (S2 + SBC)U2V 2W 2 + 4S2U2VW )

: · · · : · · · )
In the Pythagorean case, the coordinates ofO1 are given in§2.1.

6. More triangles related to the attached rectangles

Write U = tanα, V = tanβ, andW = tan γ for anglesα, β, γ in the range
(−π

2 ,
π
2 ). The pointA4 for which the swing anglesCBA4 andBCA4 areβ andγ
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respectively has coordinates

(−a2 : SC + S · cot γ : SB + S · cot β) =
(
−a2 : SC +

S

W
: SB +

S

V

)
.

It is clear that this point lies on the lineAJ . See Figure 9. IfB4 andC4 are
analogously defined, the trianglesA4B4C4 andABC are perspective atJ .

A

B C

Ab Ac

Bc

Ba

Ca

Cb

A1

B1
C1

A3

B3

C3
J

A4

B4

C4

α

β

β

γ

γ

α
α

Figure 9

Note thatA3, B, A4, C are concyclic since∠A4BC = β = ∠ABcV =
∠A4A3C.

Let d1 = BcCb, d2 = CaAc, d3 = AbBa, d′1 = AA4, d′2 = BB4, d′3 = CC4.

Proposition 7. The ratios di
d′i

, i = 1, 2, 3, are independent of triangle ABC . More

precisely,

d1

d′1
=

1
V

+
1
W

,
d2

d′2
=

1
W

+
1
U
,

d3

d′3
=

1
U

+
1
V
.

Proof. SinceAA4 ⊥ CbBc, the circumcircle of the cyclic quadrilateralA3BA4C
meetsCbBc besidesA3 at the antipodeA5 of A4. See Figure 10. Letf , g, h
denote, for vectors, the compositions of a rotation byπ

2 , and homotheties of ratios
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Figure 10

1
U , 1

V , and 1
W respectively. Then

g(
−−→
AA4) = g(

−→
AC) + g(

−−→
CA4) =

−−→
CBc +

−−→
A5C =

−−−→
A5Bc,

and A5Bc
AA4

= 1
V . Similarly, h(

−−→
AA4) =

−−−→
CbA5, and CbA5

AA4
= 1

W . It follows that
d1
d′1

= 1
V + 1

W . �

The coordinates ofA5 can be seen immediately: SinceA4A5 is a diameter of
the circle(A4BC), we see that∠BCA5 = −π

2 + ∠BCA4, and

A5 = (−a2 : SC − SW : SB − SV ).

Similarly, we have the coordinates ofB5 and C5. From these, it is clear that
A5B5C5 andABC are perspective at

P7 =
(

1
SA − SU

:
1

SB − SV
:

1
SC − SW

)
=
(

1
cotA− U

:
1

cotB − V
:

1
cotC −W

)
.

For example, in the similarity case it is obvious from the above proof that
the pointsA5, B5, C5 are the midpoints ofBcCb, CaAc, AbBa. Clearly in the
Pythagorean case, the pointsA4, B4, C4 coincide withA1, B1, C1 respectively.
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In this case,J is the Vecten point and from the above proof we haved1 = 2d′1,
d2 = 2d′2, d3 = 2d′3 andP7 = X486.

7. Another interesting special case

If α + β + γ = π, thenU + V + W = UVW . From Theorem 3 we conclude
that�2 = 0, and the pointsA2, B2, C2, A3, B3, C3 coincide withJ , which now
is the common point of the circumcircles of the three rectangles. Also, the points
A4, B4, C4 lie on the circlesCA, CB , CC respectively.

A

B C

A4

B4

C4

Ab Ac

Bc

Ba

Ca

Cb

A5

B5

C5

P7

A1

B1

C1

J

Figure 11

In Figure 11 we illustrate the caseα = β = γ = π
3 . In this case,J is the Fermat

point. The trianglesBCA4, CAB4, ABC4 are the Fermat equilateral triangles,
and the angles of the linesAA4, BB4, CC4, BcCb, CaAc, AbBa aroundJ are π

6 .
The pointsA5, B5, C5 are the mid points ofBcCb, CaAc, AbBa. Also,d′1 = d′2 =
d′3, andd1 = d2 = d3 = 2

√
3

3 d′1. In this case,P7 is the second Napoleon point, the
pointX18 in [7].
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A Generalization of the Lemoine Point

Charles Thas

Abstract. It is known that the Lemoine pointK of a triangle in the Euclidean
plane is the point of the plane where the sum of the squares of the distancesd1,
d2, andd3 to the sides of the triangle takes its minimal value. There are several
ways to generalize the Lemoine point. First, we can considern ≥ 3 lines u1,
. . . , un instead of three in the Euclidean plane and search for the point which
minimalizes the expressiond2

1 + · · ·+d2
n, wheredi is the distance to the lineui,

i = 1, . . . ,n. Second, we can work in the Euclideanm-spaceRm and consider
n hyperplanes inRm with n ≥ m + 1. In this paper a combination of these two
generalizations is presented.

1. Introduction

Let us start with a triangleA1A2A3 in the Euclidean planeR2 and suppose that
its sidesa1 = A2A3, a2 = A3A1, anda3 = A1A2 have lengthl1, l2, andl3, respec-
tively. The easiest way to deal with the Lemoine pointK of the triangle is to work
with trilinear coordinates with regard toA1A2A3 (also called normal coordinates).
See [1, 5, 6]. These are homogeneous projective coordinates(x1, x2, x3) such that
A1, A2, A3, and the incenterI of the triangle, have coordinates(1, 0, 0), (0, 1, 0),
(0, 0, 1), and(1, 1, 1), respectively. If(a1

i , a
2
i ) are the non-homogeneous coordi-

nates(x, y) of the pointAi with respect to an orthonormal coordinate system in
R2, i = 1, 2, 3, then the relationship between homogeneous cartesian coordinates
(x, y, z) and trilinear coordinates(x1, x2, x3) is given by


x

y
z


 =


l1a

1
1 l2a

1
2 l3a

1
3

l1a
2
1 l2a

2
2 l3a

2
3

l1 l2 l3





x1

x2

x3


 .

This follows from the fact that the position vector of the incenterI of A1A2A3 is
given by


r =
l1
r1 + l2
r2 + l3
r3

l1 + l2 + l3
,

with 
ri the position vector ofAi. Remark also thatz = 0 corresponds withl1x1 +
l2x2 + l3x3 = 0, which is the equation in trilinear coordinates of the line at infinity
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of R2. If (x1, x2, x3) are normal coordinates of any pointP of R2 with regard to
A1A2A3, then the so-called absolute normal coordinates ofP are

(d1, d2, d3) =
(

2Fx1

l1x1 + l2x2 + l3x3
,

2Fx2

l1x1 + l2x2 + l3x3
,

2Fx3

l1x1 + l2x2 + l3x3

)
,

whereF is the area ofA1A2A3. It is well known thatdi is the relative distance
from P to the sideai of the triangle (di is positive or negative, according asP lies
at the same side or opposite side asAi, with regard toai).

Next, consider the locus of the points ofR2 for whichd2
1 + d2

2 + d2
3 = k, with k

a given value. In trilinear coordinates this locus is given by

F (x1, x2, x3) = x2
1 + x2

2 + x2
3 − k(l1x1 + l2x2 + l3x3)2 = 0. (1)

For variablek, we get a pencil of homothetic ellipses (they all have the same points
at infinity, the same asymptotes, the same center and the same axes), and the center
of these ellipses is the Lemoine pointK of the triangleA1A2A3. A straightforward
calculation gives that(l1, l2, l3) are trilinear coordinates ofK and the minimal

value ofd2
1 + d2

2 + d2
3 reached atK is

4F 2

l21 + l22 + l23
.

Remark also thatK is the singular point of the degenerate ellipse of the pencil
(1) corresponding withk = 1

l21+l22+l23
(set ∂F

∂x1
= ∂F

∂x2
= ∂F

∂x3
= 0).

More properties and constructions of the Lemoine pointK can be found in [1].
And in [3] and [7] constructions for the axes of the ellipses (1) are given, while [7]
contains a lot of generalizations.

Next, the foregoing can immediately be generalized to higher dimensions as
follows. Consider in the Euclideanm-spaceRm (m ≥ 2), m + 1 hyperplanes not
through a point and no two parallel; this determines anm-simplex with vertices
A1, . . . , Am+1. Let us denote the(m − 1)-dimensional volume of the “face”ai
with verticesA1, . . . , Âi, . . . , Am+1 by Fi, i = 1, . . . ,m + 1. Then the position
vector of the incenterI of A1A2 . . . Am+1 (= center of the hypersphere ofRm

inscribed inA1 . . . Am+1) is given by


r =
F1
r1 + F2
r2 + · · · + Fm+1
rm+1

F1 + F2 + · · · + Fm+1
,

where
ri is the position vector ofAi, and normal coordinates(x1, . . . , xm+1) with
respect toA1 . . . , Am+1 are homogeneous projective coordinates such thatA1, . . . ,
Am+1, andI, have coordinates(1, 0, . . . , 0) , . . . , (0, . . . , 0, 1), and(1, 1, . . . , 1),
respectively. If(a1

i , a
2
i , . . . , a

m
i ) are cartesian coordinates (with respect to an or-

thonormal coordinate system) ofAi, i = 1, . . . ,m + 1, the coordinate transfor-
mation between homogeneous cartesian coordinates(z1, . . . , zm+1) and normal
coordinates(x1, . . . , xm+1) with respect toA1 . . . Am+1 is given by
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


z1

z2
...

zm

zm+1




=




F1a
1
1 F2a

1
2 . . . Fm+1a

1
m+1

F1a
2
1 F2a

2
2 . . . Fm+1a

2
m+1

...
...

...
F1a

m
1 F2a

m
2 . . . Fm+1a

m
m+1

F1 F2 . . . Fm+1







x1

x2
...

xm

xm+1




.

In normal coordinates the hyperplane at infinity ofRm has the equationF1x1 +
· · · + Fm+1xm+1 = 0. Absolute normal coordinates of a pointP of Rm with

respect toA1, A2, . . . ,Am+1 aredi =
mFxi

F1x1 + · · · + Fm+1xm+1
, i = 1, . . . ,m +

1, whereF is them-dimensional volume ofA1A2 . . . Am+1 anddi is the relative
distance fromP to the faceai (di is positive or negative, according asP lies at the
same side or at the opposite face asAi, with regard toai). Remark thatF1d1 +
· · · + Fm+1dm+1 = mF .

The locus of the points ofRm for which d2
1 + · · · + d2

m+1 = k now determines
a pencil of hyperquadrics (hyperellipsoids) with equation

x2
1 + x2

2 + · · · + x2
m+1 − k(F1x1 + · · · + Fm+1xm+1)2 = 0 (2)

and all these (homothethic) hyperellipsoids have the same axes, the same points at
infinity and the same centerK, which we call the Lemoine point ofA1 . . . Am+1

and which obviously has normal coordinates(F1, F2, . . . , Fm+1). The minimal

value ofd2
1 + · · · + d2

m+1, reached atK is given by
m2F 2

F 2
1 + · · · + F 2

m+1

. Remark

thatK is the singular point of the singular hyperquadric (hypercone) corresponding
in the pencil (2) with the valuek = 1

F 2
1 +···+F 2

m+1
.

Remark. Some characterizations and constructions of the Lemoine pointK of a
triangle in the planeR2 are no longer valid in higher dimensions. For instance,K
is the perspective center of the triangleA1A2A3 and the triangleA′

1A
′
2A

′
3 whose

sides are the tangents of the circumscribed circle ofA1A2A3 atA1, A2, andA3 (in
trilinear coordinates the circumcircle has equationl1x2x3 + l2x3x1 + l3x1x2 = 0).
This construction is, in general, not correct inR3 : a tetrahedronA1A2A3A4 and
its so called tangential tetrahedron, which is the tetrahedronA′

1A
′
2A

′
3A

′
4 consisting

of the tangent planes of the circumscribed sphere ofA1A2A3A4 at A1, A2, A3,
andA4, are, in general, not perspective. If they are perspective, the tetrahedron is
a special one, anisodynamic tetrahedron in which the three products of the three
pairs of opposite edges are equal. The lines joining the vertices of an isodynamic
tetrahedron to the Lemoine points of the respective opposite faces have a point
in common and this common point is the perspective center of the isodynamic
tetrahedron and its tangential tetrahedron (see [2]). It is not difficult to prove that
this point of an isodynamic tetrahedron coincides with the Lemoine pointK of the
tetrahedron obtained with our definition of “Lemoine point”.
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2. The main theorem

First we give some notations. Considern hyperplanes, denoted byu1, . . . , un

in the Euclidean spaceRm (m ≥ 2, n ≥ m + 1), in general position (this means :
no two are parallel and nom + 1 are concurrent). The “figure” consisting of these
n hyperplanes is called ann-hyperface (examples: form = 2, n = 3 it determines
a triangle inR2, for m = 2, n = 4 it is an quadrilateral inR2, and form = 3,
n = 4 it is a tetrahedron inR3). The Lemoine pointK of this n-hyperface is, by
definition, the point ofRm for which the sum of the squares of the distances to the
n hyperplanesu1, . . . ,un is minimal. The uniqueness ofK follows from the proof
of the next theorem.

Next, Ki is the Lemoine point of the(n − 1)-hyperfaceu1u2 . . . ûi . . . un,
i = 1, . . . , n. And Krs = Ksr is the Lemoine point of the(n − 2)-hyperface
u1u2 . . . ûr . . . ûs . . . un, with r, s = 1, . . . ,n, r �= s (only defined ifn > m + 1).

Now, for an(m + 1)-hyperface orm-simplex inRm (a triangle inR2, a tetra-
hedron inR3, . . . ) we know theposition (the normal coordinates) of the Lemoine
point (see§1). The following theorem gives us a construction for the Lemoine
pointK of a generaln-hyperface inRm (m ≥ 2 andn > m + 1):

Theorem 1. Working with an n-hyperface in Rm, we have, with the notations
given above that KiK ∩ uj = KjKji ∩ uj , i, j = 1, . . . , n and n > m + 1.

Proof. In this proof, we work with cartesian coordinates(x1, . . . , xm) or homo-
geneous(x1, . . . , xm+1) with respect to an orthonormal coordinate system inRm.
Suppose that the hyperplaneur has equationa1

rx1+a2
rx2+· · ·+am

r xm+am+1
r = 0,

with (a1
r)2 + (a2

r)2 + · · · + (am
r )2 = 1, r = 1, . . . , n. Then the Lemoine pointK

of then-hyperfaceu1u2 . . . un is the center of the hyperquadrics of the pencil with
equation

F(x1, . . . , xm) =
n∑

r=1

(a1
rx1 + a2

rx2 + · · · + am
r xm + am+1

r )2 − k = 0, (3)

wherek is a parameter. Indeed, since the coordinates ofK minimize the expression∑n
r=1

(
a1

rxr + · · · + am+1
r

)2
, they are a (the) solution of∂F∂x1

= ∂F
∂x2

= · · · =
∂F
∂xm

= 0. In homogeneous coordinates, (3) becomes

F(x1, . . . , xm+1) =
n∑

r=1

(a1
rx1 + · · · + am+1

r xm+1)2 − kx2
m+1 = 0. (4)

Next, the Lemoine pointKi of u1u2 . . . ûi . . . un is the center of the hyperquadrics
of the pencil given by (we use the same notationk for the parameter)

F i(x1, . . . , xm+1) =
n∑

r=1
r �=i

(a1
rx1 + · · · + am+1

r xm+1)2 − kx2
m+1 = 0. (5)

The diameter of the hyperquadrics (5), conjugate with respect to the direction of
the ith hyperplaneui has the equations (consider the polar hyperplanes of the
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m−1 points at infinity with coordinates(a2
i ,−a1

i , 0, . . . , 0), (a
3
i , 0,−a1

i , 0, . . . , 0),
(a4

i , 0, 0,−a1
i , 0, . . . , 0), . . . ,(am

i , 0, . . . , 0,−a1
i , 0) of the hyperplaneui):



∑n
r=1(a

1
rx1 + · · · + am+1

r xm+1)(a1
ra

2
i − a2

ra
1
i ) = 0,∑n

r=1(a
1
rx1 + · · · + am+1

r xm+1)(a1
ra

3
i − a3

ra
1
i ) = 0,

...∑n
r=1(a

1
rx1 + · · · + am+1

r xm+1)(a1
ra

m
i − am

r a1
i ) = 0.

(6)

But the first side of each of these equations becomes zero forr = i, and thus
(6) gives us also the conjugate diameter with respect to the hyperplaneui of the
hyperquadrics of the pencil (5). It follows that (6) determines the lineKKi.

Next, the Lemoine pointKj is the center of the hyperquadrics of the pencil

F j(x1, . . . , xm+1) =
n∑

r=1
r �=j

(a1
rx1 + · · · + am+1

r xm+1)2 − kx2
m+1 = 0, (7)

andKji is the center of the hyperquadrics:

F ji(x1, . . . , xm+1) =
n∑

r=1
r �=j,i

(a1
rx1 + · · · + am+1

r xm+1)2 − kx2
m+1 = 0. (8)

The diameter of the hyperquadrics (7), conjugate with respect to the direction ofui
is given by




∑n
r=1
r �=j

(a1
rx1 + · · · + am+1

r xm+1)(a1
ra

2
i − a2

ra
1
i ) = 0

...∑n
r=1
r �=j

(a1
rx1 + · · · + am+1

r xm+1)(a1
ra

m
i − am

r a1
i ) = 0.

(9)

And this gives us also the diameter of the hyperquadrics (8) conjugate with regard
to the direction ofui; in other words, (9) determines the lineKjKji.
Finally, the coordinates of the pointKiK∩uj are the solutions of the linear system{

(6)
a1

jx1 + · · · + am+1
j xm+1 = 0,

while the pointKjKji ∩ uj is given by
{

(9)
a1

jx1 + · · · + am+1
j xm+1 = 0.

It is obvious that this gives the same point and the proof is complete. �

3. Applications

3.1. Let us first consider the easiest example for trying out our construction: the
case wherem = 2 and n = 4, or four linesu1, u2, u3, u4 in general position
(they form a quadrilateral) inR2. Using orthonormal coordinates(x, y, z) in R2,
the homogeneous equation ofur is arx + bry + crz = 0 with a2

r + b2
r = 1,
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r = 1, 2, 3, 4. Where lies the Lemoine pointK of the quadrilateralu1u2u3u4?
For instanceK1 is the Lemoine point of the triangle with sides (lines)u2, u3, u4;
K2 of the triangle with sidesu1, u3, u4, and so on ... . We may assume that we
can construct the Lemoine point of a triangle. But which point is, for instance, the
pointK12 : it is the Lemoine point of the2-sideu3u4, i.e., it is the pointu3 ∩ u4.

Let us denote the six vertices of the quadrilateral as follows :u1 ∩u2 = C, u2 ∩
u3 = A,u3 ∩ u4 = F, u1 ∩ u4 = D,u2 ∩ u4 = E, andu1 ∩ u3 = B, then
K12 = K21 = F , K23 = D,K34 = C,K14 = A,K24 = B, andK13 = E. Now,
from KiK ∩ uj = KjKji ∩ uj, we find, for instance fori = 1 andj = 2:

K1K ∩ u2 = K2K21 ∩ u2 = K2F ∩ u2

and fori = 2 andj = 1: K2K ∩ u1 = K1K12 ∩ u1 = K1F ∩ u1, with K1 (K2,
resp.) the Lemoine point of the triangle AFE (of the triangle BFD, resp.). This
allows us to construct the pointK.
In particular, we can construct the diametersKK1,KK2,KK3, andKK4 of the
ellipses of the pencil

∑4
r=1(arx + bry + crz)2 = kz2, which are conjugate to the

directions of the linesu1, u2, u3, andu4, respectively. In other words, we have
four pairs of conjugate diameters of these ellipses :(KKi,KIi∞), whereIi∞ is the
point at infinity of the lineui, i = 1, . . . , 4. From this, we can construct the axes of
the conics of this bundle (in fact, two pairs of conjugate diameters are sufficient):
consider any circleC throughK and project the involution of conjugate diameters
ontoC; if S is the center of this involution onC and if the diameter ofC throughS
intersectsC at the pointsS1 andS2, thenKS1 andKS2 are the axes.

In the case of a triangle inR2, constructions of the common axes of the ellipses
determined byd2

1 + d2
2 + d2

3 = k with center the Lemoine point of the triangle,
are given in [3] and [7]. In [3], J. Bilo proved that the axes are the perpendicular
lines throughK on the Simson lines of the common points of the Euler line and
the circumscribed circle of the triangle. And in [7], we proved that these axes
are the orthogonal lines throughK which cut the sides of the triangle in pairs of
points whose midpoints are three collinear points. Moreover [7] contains a lot of
generalizations for pencils whose conics have any pointP of the plane as common
center and whose common axes are constructed in the same way.

3.2. In the casem = 2 andn ≥ 4, we can construct then diametersKK1, . . . ,
KKn of the ellipses

∑n
r=1 (arx + bry + crz)2 = kz2 which are conjugate to the

directions of then linesu1, . . . ,un.

3.3. The easiest example in space is the case wherem = 3 andn = 5, or five
planes inR3. Assume that the planes have equationsarx + bry + crz + dru = 0,
with a2

r + b2
r + c2

r = 1, r = 1, 2, . . . , 5. We look for the Lemoine pointK of the
“5-plane”u1u2u3u4u5 in R3 and assume that we know the position of the Lemoine
point of any tetrahedron inR3 (we know its normal coordinates). The pointsK1,
. . . ,K5 are the Lemoine points of the tetrahedrau2u3u4u5, . . . , u1u2u3u4, respec-
tively. And, for instanceK12 is the Lemoine point of the “3-plane”u3u4u5, i.e., it



A generalization of the Lemoine point 167

is the common point of these three planesu3, u4, andu5. Now, for instance from

K1K ∩ u2 = K2K21 ∩ u2 and K2K ∩ u1 = K1K12 ∩ u1,

we can construct the linesK1K and K2K, and thus the pointK. In fact, we
can construct the diametersKK1, . . . ,KK5 conjugate to the plane directions of
u1, . . . , u5, respectively, of the quadrics with centerK of the pencil given byd21 +
· · · + d2

5 = k or
5∑

r=1

(arx + bry + crz + dru)2 = ku2.

Finally, the construction of the pointK in the general casen > m + 1, m ≥ 2 is
obvious.
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The Parasix Configuration and Orthocorrespondence

Bernard Gibert and Floor van Lamoen

Abstract. We introduce the parasix configuration, which consists of two con-
gruent triangles. The conditions of these triangles to be orthologic withABC
or a circumcevian triangle, to form a cyclic hexagon, to be equilateral or to be
degenerate reveal a relation with orthocorrespondence, as defined in [1].

1. The parasix configuration

Consider a triangleABC of reference with finite pointsP andQ not on its side-
lines. Clark Kimberling [2,§§9.7,8] has drawn attention to configurations defined
by six triangles. As an example of such configurations we may create six triangles
using the lines�a, �b and �c throughQ parallel to sidesa, b and c respectively.
The triples of lines(�a, b, c), (a, �b, c) and (a, b, �c) bound three triangles which
we refer to as thegreat paratriple. Figure 1a shows theA-triangle of the great
paratriple. On the other hand, the triples(a, �b, �c), (�a, b, �c) and(�a, �b, c) bound
three triangles which we refer to as thesmall paratriple. See Figure 1b.

CB

A

Q �a

�b�c

Figure 1a

CB

A

Q �a

�b�c

Figure 1b

Clearly these six triangles are all homothetic toABC, and it is very easy to find
the homothetic images ofP in these triangles,Ag in theA-triangle bounded by
(�a, b, c) in the great paratriple, andAs in theA-triangle bounded by(a, �b, �c) in
the small paratriple; similarly forBg,Cg,Bs,Cs. These six points form theparasix
configuration of P with respect to Q, or shortlyParasix(P,Q). See Figure 2. If in
homogeneous barycentric coordinates with reference toABC, P = (u : v : w)
andQ = (f : g : h), then these are the points
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CB

A

Q

Cg

Ag

Bg

Cs

As

Bs

P

Figure 2. Parasix(P, Q)

Ag =(u(f + g + h) + f(v + w) : v(g + h) : w(g + h)),

Bg =(u(f + h) : g(u+ w) + v(f + g + h) : w(f + h)),

Cg =(u(f + g) : v(f + g) : h(u+ v) + w(f + g + h)); (1)

As =(uf : g(u +w) + v(f + g) : h(u+ v) + w(f + h)),

Bs =(u(f + g) + f(v + w) : vg : h(u+ v) + w(g + h)),

Cs =(u(f + h) + f(v + w) : g(u+ w) + v(g + h) : wh).

Proposition 1. (1) Triangles AgBgCg and AsBsCs are symmetric about the
midpoint of segment PQ.

(2) The six points of a parasix configuration lie on a central conic.
(3) The centroids of triangles AgBgCg and AsBsCs trisect the segment PQ.

Proof. It is clear from the coordinates given above that the segmentsAgAs,BgBs,
CgCs, PQ have a common midpoint

(f(u+ v +w) + u(f + g + h) : · · · : · · · ).
The six points therefore lie on a conic with this common midpoint as center. For
(3), it is enough to note that the centroidsGg andGs of AgBgCg andAsBsCs are
the points

Gg =(2u(f + g + h) + f(u+ v + w) : · · · : · · · ),
Gs =(u(f + g + h) + 2f(u+ v + w) : · · · : · · · ).

It follows that vectors
−→
PGg= 1

3

−→
PQ and

−→
PGs= 2

3

−→
PQ. �



The parasix configuration and orthocorrespondence 171

While Parasix(P,Q) consists of the two trianglesAgBgCg andAsBsCs, we
write ÃgB̃gC̃g andÃsB̃sC̃s for the two corresponding triangles ofParasix(Q,P ).
From (1) we easily derive their coordinates by interchanging the roles off , g, h,
andu, v, w. Note thatG̃s = Gg andG̃g = Gs.

LetPA andQA be the the points whereAP andAQ meetBC respectively, and
letAP : PPA = tP : 1 − tP whileAQ : QQA = tQ : 1 − tQ. Then it is easy to
see that

AAg : AgPA = AÃg : ÃgQA = tP tQ : 1 − tP tQ

so that the lineAgÃg is parallel toBC. By Proposition 1,AsÃs is also parallel to
BC.

Proposition 2. (a) The lines AgÃg, BgB̃g and CgC̃g bound a triangle homothetic
to ABC . The center of homothety is the point

(f(u+ v + w) + u(g + h) : g(u+ v + w) + v(h+ f) : h(u+ v + w) + w(f + g)) .

The ratio of homothety is

− fu+ gv + hw

(f + g + h)(u + v + w)
.

(b) The lines AsÃs, BsB̃s and CsC̃s bound a triangle homothetic to ABC with
center of homothety (uf : vg : wh) 1 The ratio of homothety is

1 − fu+ gv + hw

(f + g + h)(u+ v + w)
.

CB

A

Q
Cg

Ag

Bg C̃g

Ãg

B̃g

P

Figure 3a

CB

A

Q

C̃s

Ãs

B̃sCs

As

Bs

P

Figure 3b

1This point is called the barycentric product ofP andQ. Another construction was given by P.
Yiu in [4]. These homothetic centers are collinear with the midpoint ofPQ.
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2. Parasix loci

We present a few line and conic loci associated with parasix configurations. For
P = (u : v : w), we denote by

(i) LP the trilinear polar ofP , which has equation
x

u
+
y

v
+
z

w
= 0;

(ii) CP the circumconic with perspectorP , which has equation
u

x
+
v

y
+
w

z
= 0.

2.1. Area of parasix triangles. The parasix trianglesAgBgCg andAsBsCs have a
common area

ghu+ hfv + fgw

(f + g + h)2(u+ v + w)
. (2)

Proposition 3. (a) For a given Q, the locus of P for which the triangles AgBgCg

and AsBsCs have a fixed (signed) area is a line parallel to LP .
(b) For a given P , the locus of Q for which the triangles AgBgCg and AsBsCs

have a fixed (signed) area is a conic homothetic to CP at its center.

In particular, the parasix triangles degenerate into two parallel lines if and only
if

u

f
+
v

g
+
w

h
= 0. (∗)

This condition can be construed in two ways:P ∈ LQ, or equivalently,P ∈ CP .
See§6.

2.2. Perspectivity with the pedal triangle.

Proposition 4. (a) Given P , the locus of Q so that AsBsCs is perspective to the
pedal triangle of Q is the line 2∑

cyclic

SA(SBv − SCw)(−uSA + vSB + wSC)x = 0.

This line passes through the orthocenterH and the point(
1

SA(−uSA + vSB + wSC)
: · · · : · · ·

)
,

which can be constructed as the perspector ofABC and the cevian triangle ofP
in the orthic triangle.

2Here we adopt J.H. Conway’s notation by writingS for twice of the area of triangleABC and

SA = S·cot A =
b2 + c2 − c2

2
, SB = S·cot B =

c2 + a2 − b2

2
, SC = S·cot C =

a2 + b2 − c2

2
.

These satisfySAB +SBC +SCA = S2. The expressionsSAB, SBC , SCA stand forSASB , SBSC ,
SCSA respectively.
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2.3. Parallelogy. A triangle is said to be parallelogic to a second triangle if the
lines through the vertices of the triangle parallel to the corresponding opposite
sides of the second triangle are concurrent.

Proposition 5. (a) Given P = (u : v : w), the locus of Q for which ABC is
parallelogic to AgBgCg (respectively AsBsCs) is the line (v+w)x+ (w+ u)y+
(u + v)z = 0, which can be constructed as the trilinear polar of the isotomic
conjugate of the complement of P .

(b) Given Q = (f : g : h), the locus of P for which ABC is parallelogic to
AgBgCg (respectively AsBsCs) is the line (g + h)x+ (h+ f)y + (f + g)z = 0,
which can be constructed as the trilinear polar of the isotomic conjugate of the
complement of Q.

2.4. Perspectivity with ABC . ClearlyAgBgCg is perspective toABC atP . The
perspectrix is the linegh(g+ h)x+ fh(f +h)y+ fg(f + g)z = 0, parallel to the
trilinear polar ofQ. GivenP , the locus ofQ such thatAsBsCs is perspective to
ABC is the cubic

(v + w)x(wy2 − vz2) + (u+ w)y(uz2 − wx2) + (u+ v)z(vx2 − uy2) = 0,

which is the isocubic with pivot(v+w : w+u : u+v) and poleP . ForP = K, the
symmedian point, this is the isogonal cubic with pivotX141 = (b2 + c2 : c2 + a2 :
a2 + b2).

3. Orthology

Some interesting loci associated with the orthology of triangles attracted our
attention because of their connection with the orthocorrespondence defined in [1].
We recall that two triangles are orthologic if the perpendiculars from the vertices of
one triangle to the opposite sides of the corresponding vertices of the other triangle
are concurrent.

First, consider the locus ofQ, givenP , such that the trianglesAgBgCg and
AsBsCs are orthologic toABC. We can find this locus by simple calculation
since this is also the locus such thatAgBgCg is perspective to the triangle of the
infinite points of the altitudes, with coordinates

H∞
A = (−a2, SC , SB), H∞

B = (SC ,−b2, SA), H∞
C = (SB, SA,−c2).

The linesAgH
∞
A , VgH

∞
B andCgH

∞
C concur if and only ifQ lies on the line

(SBv − SCw)x+ (SCw − SAu)y + (SAu− SBv)z = 0, (3)

which is the line through the centroidG and the orthocorrespondent ofP , namely,
the point3

P⊥ = (u(−SAu+ SBv + SCw) + a2vw : · · · : · · · ).
The line (3) is the orthocorrespondent of the lineHP . See [1,§2.4].

3The lines perpendicular atP to AP , BP , CP intersect the respective sidelines at three collinear
points. The orthocorrespondent ofP is the trilinear poleP⊥ of the line containing these three
intersections.
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For the second locus problem, we letQ be given, and ask for the locus ofP such
that the trianglesAgBgCg andAsBsCs are orthologic toABC. The computations
are similar, and again we find a line as the locus:

SA(g − h)x+ SB(h− f)y + SC(f − g)z = 0.

This is the line throughH, and the two anti-orthocorrespondents ofQ. See [1,
Figure 2]. It is the anti-orthocorrespondent of the lineGQ.

GivenP , for bothAgBgCg andÃgB̃gC̃g to be orthologic toABC, the pointQ
has to be the intersection of the lineGP⊥ ((3) above) and

SA(v − w)x+ SB(w − u)y + SC(u− v)z = 0,

the anti-orthocorrespondent ofGP . This is the point

τ(P ) =
(
SA(c2 − b2)u2 + (SAC − SBB)uv − (SAB − SCC)uw + a2(c2 − b2)vw

: · · · : · · · ) .

The pointτ(P ) is not well defined if all three coordinates ofτ(P ) are equal
to zero, which is the case exactly whenP is eitherK, the orthocenterH, or the
centroidG. The pre-images of these points are lines:GH (the Euler line),GK, and
HK for K, G andH respectively. Outside these lines the mappingP �−→ τ(P )
is an involution. Note thatP andτ(P ) are collinear with the symmedian pointK.

The fixed points ofτ are the points of the Kiepert hyperbola

(b2 − c2)yz + (c2 − a2)xz + (a2 − b2)xy = 0.

More precisely, the line joiningτ(P ) to H meetsGP on the Kiepert hyperbola.
Therefore we may characterizeτ(P ) as the intersection of the linePK with the
polar ofP in the Kiepert hyperbola.4

In the table below we give the first coordinates of some well known triangle
centers and their images underτ . The indexing of triangle centers follows [3].

P first coordinate τ(P ) first coordinate
X1 a X9 a(s− a)
X7 (s− b)(s− c) X948 (s− b)(s − c)F
X8 s− a a2 + (b+ c)2

X19 aG
X34 a(s− b)(s − c)(a2 + (b+ c)2)
X37 X72 a(b+ c)SA

X42 a2(b+ c) X71 a2(b+ c)SA

X57 a/(s− a) X223 a(s− b)(s − c)F
X58 X572 a2G

4This is also called theHirst inverse of P with respect toK. See the glossary of [3].
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Here,

F =a3 + a2(b+ c) − a(b+ c)2 − (b+ c)(b− c)2,

G =a3 + a2(b+ c) + a(b+ c)2 + (b+ c)(b− c)2,

We may also wonder, givenP outside the circumcircle, for whichQ are the
Parasix(P,Q) trianglesAgBgCg andAsBsCs orthologic to the circumcevian tri-
angle ofP . TheA-vertex of the circumcevian triangle ofP has coordinates(−a2yz : (b2z + c2y)y : (b2z + c2y)z

)
.

Hence we find that the lines from the vertices of the circumcevian triangle ofP
perpendicular to the corresponding sides ofAgBgCg concur if and only if

(uyz + vxz +wxy)L = 0, (4)

where
L =

∑
cyclic

(c2v2+2SAvw+b2w2)((c2SCv−b2SBw)u2+a2((c2v2−b2w2)u+(SBv−SCw)vw))x.

The first factor in (4) represents the circumconic with perspectorP , and when
Q is on this conic,Parasix(P,Q) is degenerate, see§6 below. The second factorL
yields the locus we are looking for, a line passing throughP⊥. 5

A point X lies on the lineL = 0 if and only if P lies on a bicircular circum-
quintic through the in- and excenters6. For the special caseX = G this quintic
decomposes intoL∞ (with multiplicity 2) and the McCay cubic.7 In other words,
for anyP on the McCay cubic, the circumcevian triangle ofP is orthologic to the
Parasix(P,Q) triangles if and only ifQ lies on the lineGP⊥.

4. Concyclic Parasix(P,Q)-hexagons

We may ask, givenP , for which Q the parasix configuration yields a cyclic
hexagon. This is equivalent to the circumcenter ofAgBgCg being equal to the
midpoint of segmentPQ. Now the midpoint ofPQ lies on the perpendicular
bisector ofBgCg if and only ifQ lies on the line

−(w(SAu+ SBv − SCw) + c2uv)y + (v(SAu− SBv + SCw)v + b2wu)z = 0,

which is indeed the cevian lineAP⊥. Remarkably, we find the same cevian line as
locus forQ satisfying the condition thatBgCg ⊥ AP .

Proposition 6. The following statements are equivalent.

(1) Parasix(P,Q) yields a cyclic hexagon.

5The lineL = 0 is not defined whenP is an in/excenter. This means that, for any Q, triangles
AgBgCg andAsBsCs in Parasix(P, Q) are orthologic to the circumcevian triangle ofP . This is
not surprising sinceP is the orthocenter of its own circumcevian triangle. ForP = X3, L = 0 is
the lineGK, while for P = X13, X14, it is the parallel atP to the Euler line.

6This quintic has equationQAx+ QBy + QCz = 0 whereQA represents the union of the circle
centerA, radius0 and the Van Rees focal which is the isogonal pivotal cubic with pivot the infinite
point ofAH and singular focusA.

7The McCay cubic is the isogonal cubic with pivotO given by the equation∑
cyclic a2SAx(c2y2 − b2z2) = 0.



176 B. Gibert and F. M. van Lamoen

(2) AgBgCg and AsBsCs are homothetic to the antipedal triangle of P .
(3) Q is the orthocorrespondent of P .

CB

A

P⊥ Cg

Ag

Bg

Cs

As

Bs

P

Figure 4

The center of the circle containing the 6 points is the midpoint ofPQ.
The homothetic centers and the circumcenter of the cyclic hexagon are collinear.
A nice example is the circle aroundParasix(H,G). It is homothetic to the cir-

cumcircle and nine point circle throughH with factors1
3 and 2

3 respectively. The
center of the circle dividesOH in the ratio2 : 1. 8 The antipedal triangle ofH
is clearly the anticomplementary triangle ofABC. The two homothetic centers
divide the same segment in the ratios5 : 2 and3 : 2 respectively.9 See Figure 5.

As noted in [1],P = P⊥ only for the Fermat-Torricelli pointsX13 andX14.
The vertices ofparasix(X13,X13) andParasix(X14,X14) form regular hexagons.
See Figure 6.

5. Equilateral triangles

The last example raises the question of finding, for givenP , the pointsQ for
which the trianglesAgBgCg andAsBsCs are equilateral. We find that theA-
median ofAgBgCg is also an altitude in this triangle if and only ifQ lies on the

8This is also the midpoint ofGH , the center of the orthocentroidal circle, the pointX381 in [3].
9These have homogeneous barycentric coordinates(3a4+2a2(b2+c2)−5(b2−c2)2 : · · · : · · · )

and(a4 − 2a2(b2 + c2) + 3(b2 − c2)2 : · · · : · · · ) respectively. They are not in the current edition
of [3].
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Figure 5. Parasix(H,G)

conic

− 2((SAu+ SBv − SCw)w + c2uv)xy + 2((SAu− SBv + SCw)v + b2uw)xz

− (c2u2 + a2w2 + 2SBuw)y2 + (b2u2 + a2v2 + 2SCuv)z2 = 0.

We find an analogous conic for theB-median ofAgBgCg to be an altitude. The
two conics intersect in four points: two imaginary points and the points

Q1,2 =
(

(−SAu+ SBv + SCw)u + a2vw ± 1
3

√
3Su(u+ v + w) : · · · : · · ·

)
.

Proposition 7. Given P , there are two (real) pointsQ for which triangles AgBgCg

and AsBsCs are equilateral. These two points divide PP⊥ harmonically.

The pointsQ1,2 from Proposition 7 can be constructed in the following way,
using the fact thatP ,Gs,Gg andP⊥ are collinear.

Start with a pointG′ onPP⊥. We shall construct an equilateral triangleA′B′C ′
with vertices onAP , BP andCP respectively and centroid atG′. This triangle
must be homothetic to one of the equilateral trianglesAgBgCg of Proposition 7
throughP .
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Ag

Bg

Cs
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Bs

X13

Figure 6. The parasix configurationParasix(X13, X13)

Consider the rotationρ aboutG′ through±2π
3 . The image ofAP intersectsBP

in a pointB′. Now letC ′ be the image ofB′ andA′ the image ofC′. ThenA′B′C ′
is equilateral,A′ lies onAP ,G′ is the centroid andC′ must lie onCP .

The homothety with centerA that mapsP to A′ also mapsBC to a line �a.
Similarly we find�b and�c. These lines enclose a triangleA′′B′′C ′′ homothetic
toABC. We of course want to find the case for whichA′′B′′C ′′ degenerates into
one point, which is theQ we are looking for. Since all possible equilateralA′B′C ′
of the same orientation are homothetic throughP , the triangesA′′B′′C ′′ are all
homothetic toABC through the same point. So the homothety center ofA′′B′′C ′′
andABC is the pointQ we are looking for.

6. Degenerate parasix triangles

We begin with a simple interesting fact.

Proposition 8. Every line through P intersects the circumconic CP at two real
points.

Proof. For the special case of the symmedian pointK this is clear, sinceK is the
interior of the circumcircle. Now, there is a homographyϕ fixing A, B, C and
transformingP = (u : v : w) intoK = (a2 : b2 : c2). It is given by

ϕ(x : y : z) =
(
a2

u
x :

b2

v
y :

c2

w
z

)
,

and is a projective transformation mappingCP into the circumcircle and any line
throughP into a line throughK. If � is a line throughP , thenϕ(�) is a line through
K, intersecting the circumcircle at two real pointsq1 andq2. The circumcircle and
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the circumconicCP have a fourth real pointZ in common, which is the trilinear
pole of the linePK. For any pointM onCP , the pointsZ,M ,ϕ(M) are collinear.
The second intersections of the linesZq1 andZq2 are common points of� and the
circumconicCP . �

In §2, we have seen that the parasix triangles are degenerate if and only if
P ∈ LQ or equivalently,Q ∈ CP . This means that for each line�P through
P intersecting the circumconicCP atQ1 andQ2, the triangles ofParasix(P,Qi),
i = 1, 2, are degenerate.

Theorem 9. For i = 1, 2, the two lines containing the degenerate triangles of
the parasix configuration Parasix(P,Qi) are parallel to a tangent from P to the
inscribed conic C� with perspector the trilinear pole of �P . The two tangents for i =
1, 2 are perpendicular if and only if the line �P contains the orthocorrespondent
P⊥.

For example, forP = K, the symmedian point, the circumconicCP is the
circumcircle. The orthocorrespondent is the point

K⊥ = (a2(a4 − b4 + 4b2c2 − c4) : · · · : · · · )
on the Euler line. The line� joiningK to this point has equation

(b2 − c2)(b2 + c2 − 2a2)

a2
x +

(c2 − a2)(c2 + a2 − 2b2)

b2
y +

(a2 − b2)(a2 + b2 − 2c2)

c2
z = 0.

The inscribed conicC� has center

(a2(b2 − c2)(a4 − b4 + b2c2 − c4) : · · · : · · · ).
The tangents fromK to the conicC� are the Brocard axisOK and its perpendicular
atK. 10 The points of tangency are(

a2(2a2 − b2 − c2)
b2 − c2

:
b2(2b2 − c2 − a2)

c2 − a2
:
c2(2c2 − a2 − b2)

a2 − b2

)
on the Brocard axis and(

a2(b2 − c2)
2a2 − b2 − c2

:
b2(c2 − a2)

2b2 − c2 − a2
:
c2(a2 − b2)

2c2 − a2 − b2

)
on the perpendicular tangent. See Figure 7. The line� intersects the circumcircle
at the point

X110 =
(

a2

b2 − c2
:

b2

c2 − a2
:

c2

a2 − b2

)
and the Parry point

X111 =
(

a2

b2 + c2 − 2a2
:

b2

c2 + a2 − 2b2
:

c2

a2 + b2 − 2c2

)
.

The lines containing the degenerate triangles ofParasix(K,X110) are parallel to
the Brocard axis, while those forParasix(K,X111) are parallel to the tangent from
K which is perpendicular to the Brocard axis.

10The infinite points of these lines are respectivelyX511 andX512.
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X110

X111

Figure 7. DegenerateParasix(K, X110) andParasix(K, X111)
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A Tetrahedral Arrangement of Triangle Centers

Lawrence S. Evans

Abstract. We present a graphic scheme for indexing 25 collinearities of 17 tri-
angle centers three at a time. The centers are used to label vertices and edges of
nested polyhedra. Two new triangle centers are introduced to make this possible.

1. Introduction

Collinearities of triangle centers which are defined in apparently different ways
has been of interest to geometers since it was first noticed that the orthocenter,
centroid, and circumcenter are collinear, lying on Euler’s line. Kimberling [3]
lists a great many collinearites, including many more points on Euler’s line. The
object of this note is to present a three-dimensional graphical summary of 25 three-
center collinearities involving 17 centers, in which the centers are represented as
vertices and edge midpoints of nested polyhedra: a tetrahedron circumscribing
an octahedron which then circumscribes a cubo-octahedron. Such a symmetric
collection of collinearities may be a useful mnemonic. Probably the reason why
this has not been recognized before is that two of the vertices of the tetrahedron
represent previously undescribed centers. First we describe two new centers, which
Kimberling lists asX1276 andX1277 in his Encyclopedia of Triangle Centers [3].
Then we describe the tetrahedron and work inward to the cubo-octahedron.

2. Perspectors and the excentral triangle

The excentral triangle,Tx, of a triangleT is the triangle whose vertices are the
excenters ofT. Let T+ be the triangle whose vertices are the apices of equilateral
triangles erected outward on the sides ofT. Similarly letT− be the triangle whose
vertices are the apices of equilateral triangles erected inward on the sides ofT. It
happens thatTx is in perspective fromT+ from a pointV+, a previously unde-
scribed triangle center now listed asX1276 in [3], and thatTx is also in perspective
from T− from another new centerV− listed asX1277 in [3]. See Figure 1.

For ε = ±1, the homogeneous trilinear coordinates ofVε are

1 − va + vb + vc : 1 + va − vb + vc : 1 + va + vb − vc,

whereva = − 2√
3
sin(A + ε · 60◦) etc.

It is well known thatTx andT are in perspective from the incenterI. DefineT∗
as the triangle whose vertices are the reflections of the vertices ofT in the opposite
sides. ThenTx andT∗ are in perspective from a pointW listed asX484 in [3]. See
Figure 2. The five trianglesT, Tx, T+, T−, andT∗ are pairwise in perspective,
giving 10 perspectors. Denote the perspector of two triangles by enclosing the two
triangles in brackets, so, for example[Tx,T] = I.

Publication Date: September 19, 2003. Communicating Editor: Paul Yiu.
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Here is a list of the 10 perspectors with their names andETC numbers:

[T,T+] F+ First Fermat point X13

[T,T−] F− Second Fermat point X14

[T,T∗] H Orthocenter X4

[T,Tx] I Incenter X1

[T+,T−] O Circumcenter X3

[T+,T∗] J− Second isodynamic point X16

[T−,T∗] J+ First isodynamic point X15

[Tx,T∗] W First Evans perspector X484

[Tx,T+] V+ Second Evans perspector X1276

[Tx,T−] V− Third Evans perspector X1277
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3. Collinearities among the ten perspectors

As in [2], we shall writeL(X,Y,Z, . . . ) to denote the line containingX, Y , Z,
. . . . Thefollowing collinearities may be easily verified:

L(I,O,W ), L(I, J−, V−), L(I, J+, V+),
L(V+,H, V−), L(W,F+, V−), L(W,F−, V+).

What is remarkable is that all five triangles are involved in each collinearity, with
Tx used twice. For example, rewriteL(I,O,W ) as

L([T,Tx], [T+,T−], [Tx,T∗])

to see this. The six collinearites have been stated so that the first and third perspec-
tors involveTx, with the perspector of the remaining two triangles listed second.
This lends itself to a graphical representation as a tetrahedron with vertices labelled
with I, V+, V−, andW , and the edges labelled with the perspectors collinear with
the vertices. See Figure 3. When these centers are actually constructed, they may
not be in the order listed in these collinearities. For example,O is not necessarily
betweenI andW . There is another collinearity which we do not use, however,
namely,L(O, J+, J−), which is the Brocard axis. TriangleTx is not involved in
any of the perspectors in this collinearity.

V+ = [Tx, T+]

W = [Tx, T∗]

V− = [Tx, T−]

I = [Tx, T]

H = [T, T∗]

F+ = [T, T+]

F− = [Tx, T]

O = [T+, T−]

J+ = [T−, T∗]

J− = [T+, T∗]

E = [Tx, Tx]

Figure 3

If we label each edge of the tetrahedron at its midpoint by the middle center
listed in each of the collinearities above, then opposite edge midpoints are pairs
of isogonal conjugates: H and O,J+ and F+, andJ− and F−. Also the lines
L(O,H), L(F+, J+), andL(F−, J−) are parallel to the Euler line, and may be
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interpreted as intersecting at the Euler infinity pointE, listed asX30 in [3]. This
adds three more collinearities to the tetrahedral scheme:

L(O,E,H), L(F+, E, J+), L(F−, E, J−).

The five trianglesT, T+, T−, T∗, andTx are all inscribed in Neuberg’s cubic
curve. Now consider a triangleT′

x in perspective withTx and inscribed in the
cubic with vertices very close to those ofTx (the excenters ofT). The lines of
perspective ofT′

x andTx approach the tangents to Neuberg’s cubic at the vertices
of Tx asT′

x approachesTx. These tangents are known to be parallel to the Euler
line and may be thought of as converging at the Euler point at infinity,E = X30.
So we can writeE = [Tx,Tx], interpreting this to mean thatTx is in perspective
from itself fromE. I propose the term “ipseperspector” for such a point, from the
Latin “ipse” for self. Note that the notion of ipseperspector is dependent on the
curve circumscribing the triangleT. A well-known example of an ipseperspector
for a triangle curcumscribed in Neuberg’s cubic isX74, this being the point where
the tangents to the curve at the vertices ofT intersect.

4. Further nested polyhedra

We shall encounter other named centers, which are listed here for reference:

G Centroid X2

K Symmedian (Lemoine) point X6

N+ First Napoleon point X17

N− Second Napoleon point X18

N∗
+ Isogonal conjugate of N+ X61

N∗− Isogonal conjugate of N− X62

The six midpoints of the edges of the tetrahedron may be considered as the ver-
tices of an inscribed octahedron. This leads to indexing more collinearities in the
following way: label the midpoint of each edge of the octahedron by the point
where the lines indexed by opposite edges meet. For example, opposite edges
of the octahedronL(F+, J−) andL(F−, J+) meet at the centroidG. We can
then write two 3-point collinearities asL(F+, G, J−) andL(F−, G, J+). Now the
edges adjacent to both of these edges index the linesL(F+, F−) andL(J+, J−),
which meet at the symmedian pointK. This gives two more 3-point collinearities,
L(F+,K, F−) andL(J+,K, J−). Note thatG and K are isogonal conjugates.
This pattern persists with the other pairs of opposite edges of the octahedron.

The intersections of other lines represented as opposite edges intersect at the
Napoleon points and their isogonal conjugates. When we consider the four ver-
tices O, F−, H, andJ− of the octahedron, four more 3-point collinearities are
indexed in the same manner:L(O,N∗−, J−), L(H,N∗−, F−), L(O,N−, F−), and
L(H,N−, J−). Similarly, from verticesO, F+ , H, andJ+, four more 3-point
collinearites arise in the same indexing process:L(O,N∗

+, J+), L(H,N∗
+, F+),

L(O,N+, F+), andL(H,N+, J+). So each of the twelve edges of the octahedron
indexes a different 3-point collinearity.
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Let us carry this indexing scheme further. Now consider the midpoints of the
edges of the octahedron to be the vertices of a polyhedron inscribed in the octa-
hedron. This third nested polyhedron is a cubo-octahedron: it has eight triangular
faces, each of which is coplanar with a face of the octahedron, and six square
faces. Yet again more 3-point collinearities are indexed, but this time by the tri-
angular faces of the cubo-octahedron. It happens that the three vertices of each
triangular face of the cubo-octahedron, which inherit their labels as edges of the
octahedron, are collinear in the plane of the basic triangleT. Opposite edges of
the octahedron have the same point labelling their midpoints, so opposite triangular
faces of the cubo-octahedron are labelled by the same three centers. This means
that there are four instead of eight collinearities indexed by the triangular faces:
L(G,N+, N∗−),L(G,N−, N∗

+), L(K,N+, N−), andL(K,N∗−, N∗
+). See Figure

4.
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So we have 6 collinearites indexed by edges of the tetrahedron, 3 more by its
diagonals, 12 by the inscribed octahedron, and 4 more by the further inscribed
cubo-octahedron, for a total of 25.
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5. Concluding remarks

In a sense, the location of each center entering into this graphical scheme places
it in equal importance to the other centers in similar locations. So the four cen-
tersI, U , V , andW , which arose as perspectors with the excentral triangle are
on one level. On the next level we may place the six centersO, H, J+, J−,
F+, andF− which index the edges of the tetrahedron and the vertices of the in-
scribed octahedron. It is interesting that these six centers are the first to appear
in the construction given by the author [1], and that the subsequent centers in-
dexed by the midpoints of the edges of the octahedron arise as intersections of
lines they determine. The Euler infinity point,E, is the only point at the third level
of construction. CentersI, V+, V−, W , O, H, F+ , J+, F−, J−, andE all lie
on Neuberg’s cubic curve. The Euler line appears as the collinearityL(O,E,H),
with no indication thatG lies on the line. The Brocard axis appears four times as
L(J+,K, J−), L(K,N∗−, N∗

+), L(O,N∗
+, J+), andL(O,N∗−, J−), but the better-

known collinearityL(O, J+, J−) does not.
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The Apollonius Circle and Related Triangle Centers

Milorad R. Stevanovi´c

Abstract. We give a simple construction of the Apollonius circle without di-
rectly invoking the excircles. This follows from a computation of the coordi-
nates of the centers of similitude of the Apollonius circle with some basic circles
associated with a triangle. We also find a circle orthogonal to the five circles,
circumcircle, nine-point circle, excentral circle, radical circle of the excircles,
and the Apollonius circle.

1. The Apollonius circle of a triangle

The Apollonius circle of a triangle is the circle tangent internally to each of the
three excircles. Yiu [5] has given a construction of the Apollonius circle as the in-
versive image of the nine-point circle in the radical circle of the excircles, and the
coordinates of its centerQ. It is known that this radical circle has center the Spieker
centerS and radiusρ = 1

2

√
r2 + s2. See, for example, [6, Theorem 4]. Ehrmann

[1] found that this center can be constructed as the intersection of the Brocard axis
and the line joiningS to the nine-point centerN . See Figure 1. A proof of this
fact was given in [2], where Grinberg and Yiu showed that the Apollonius circle is a

CB

A

C′

A′

B′

Q

N

K

S

O

Figure 1
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Tucker circle. In this note we first verify these results by expressing the coordinates
of Q in terms ofR, r, ands, (the circumradius, inradius, and semiperimeter) of the
triangle. By computing some homothetic centers of circles associated with the
Apollonius circle, we find a simple construction of the Apollonius circle without
directly invoking the excircles. See Figure 4.

CB

A

I

C′

A′

B′

Q

X181

Figure 2

For triangle centers we shall adopt the notation of Kimberling’sEncyclopedia
of Triangle Centers [3], except for the most basic ones:

G centroid O circumcenter
I incenter H orthocenter
N nine-point center K symmedian point
S Spieker center I′ reflection ofI in O

We shall work with barycentric coordinates, absolute and homogeneous. It is
known that if the Apollonius circle touches the three excircles respectively atA′,
B′, C ′, then the linesAA′, BB′, CC ′ concur in the point1

X181 =
(

a2(b + c)2

s − a
:

b2(c + a)2

s − b
:
c2(a + b)2

s − c

)
.

We shall make use of the following simple lemma.

Lemma 1. Under inversion with respect to a circle, center P , radius ρ, the image

of the circle center P ′, radius ρ′, is the circle, radius
∣∣∣ ρ2

d2−ρ′2 · ρ′
∣∣∣ and center Q

which divides the segment PP ′ in the ratio

PQ : QP ′ = ρ2 : d2 − ρ2 − ρ′2,

1The trilinear coordinates ofX181 were given by Peter Yff in 1992.
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where d is the distance between P and P′. Thus,

Q =
(d2 − ρ2 − ρ′2)P + ρ2 · P ′

d2 − ρ′2
.

Theorem 2. The Apollonius circle has center

Q =
1

4Rr

(
(r2 + 4Rr + s2)O + 2Rr · H − (r2 + 2Rr + s2)I

)

and radius r2+s2

4r .

Proof. It is well known that the distance betweenO andI is given by

OI2 = R2 − 2Rr.

SinceS andN divide the segmentsIG andOG in the ratio3 : −1,

SN2 =
R2 − 2Rr

4
.

Applying Lemma 1 with

P = S = 1
2(3G − I) = 1

2(2O + H − I), P ′ = N = 1
2 (O + H),

ρ2 = 1
4(r2 + s2), ρ′2 = 1

4R2,
d2 = SN2 = 1

4(R2 − 2Rr),

we have

Q =
1

4Rr

(
(r2 + 4Rr + s2)O + 2Rr · H − (r2 + 2Rr + s2)I

)
.

The radius of the Apollonius circle isr
2+s2

4r . �

The pointQ appears in Kimberling’sEncyclopedia of Triangle Centers [3] as

X970 =(a2(a3(b + c)2 + a2(b + c)(b2 + c2) − a(b4 + 2b3c + 2bc3 + c4)

− (b + c)(b4 + c4)) : · · · : · · · ).
We verify that it also lies on the Brocard axis.

Proposition 3.
−−→
OQ = −s2 − r2 − 4Rr

4Rr
· −−→OK.

Proof. The oriented areas of the trianglesKHI, OKI, andOHK are as follows.

�(KHI) =
(a − b)(b − c)(c − a)f
16(a2 + b2 + c2) · � ,

�(OKI) =
abc(a − b)(b − c)(c − a)

8(a2 + b2 + c2) · � ,

�(OHK) =
−(a − b)(b − c)(c − a)(a + b)(b + c)(c + a)

8(a2 + b2 + c2) · � ,
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where� is the area of triangleABC and

f =a2(b + c − a) + b2(c + a − b) + c2(a + b − c) + 2abc

=8rs(2R + r).

Sinceabc = 4Rrs and(a + b)(b + c)(c + a) = 2s(r2 + 2Rr + s2), it follows
that, with respect toOHI, the symmedian pointK has homogeneous barycentric
coordinates

f : 2abc : −2(a + b)(b + c)(c + a)

=8rs(2R + r) : 8Rrs : −4s(r2 + 2Rr + s2)

=2r(2R + r) : 2Rr : −(r2 + 2Rr + s2).

Therefore,

K =
1

4Rr + r2 − s2

(
2r(2R + r)O + 2Rr · H − (r2 + 2Rr + s2)I

)
,

and

−−→
OK =

1
4Rr + r2 − s2

(
(r2 + s2)O + 2Rr · H − (r2 + 2Rr + s2)I

)

= − 4Rr

s2 − r2 − 4Rr
· −−→OQ.

�

2. Centers of similitude

We compute the coordinates of the centers of similitude of the Apollonius circle
with several basic circles. Figure 3 below shows the Apollonius circle with the
circumcircle, incircle, nine-point circle, excentral circle, and the radical circle (of
the excircles). Recall that the excentral circle is the circle through the excenters of
the triangle. It has centerI′ and radius2R.

Lemma 4. Two circles with centers P , P ′, and radii ρ, ρ′ respectively have internal

center of similitude
ρ′ · P + ρ · P ′

ρ′ + ρ
and external center of similitude

ρ′ · P − ρ · P ′

ρ′ − ρ
.

Proposition 5. The homogeneous barycentric coordinates (with respect to triangle
ABC) of the centers of similitude of the Apollonius circle with the various circles
are as follows.
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circumcircle
internal X573 a2(a2(b + c) − abc − (b3 + c3)) : · · · : · · ·
external X386 a2(a(b + c) + b2 + bc + c2) : · · · : · · ·
incircle
internal X1682 a2(s − a)(a(b + c) + b2 + c2)2 : · · · : · · ·
external X181

a2(b+c)2

s−a : · · · : · · ·
nine − point circle
internal S b + c : c + a : a + b
external X2051

1
a3−a(b2−bc+c2)−bc(b+c)

: · · · : · · ·
excentral circle
internal X1695 a · F : · · · : · · ·
external X43 a(a(b + c) − bc) : · · · : · · ·

where

F =a5(b + c) + a4(4b2 + 7bc + 4c2) + 2a3(b + c)(b2 + c2)

− 2a2(2b4 + 3b3c + 3bc3 + 2c4) − a(b + c)(3b4 + 2b2c2 + 3c4) − bc(b2 − c2)2.
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Proof. The homogenous barycentric coordinates (with respect to triangleOHI)
of the centers of similitude of the Apollonius circle with the various circles are as
follows.

circumcircle
internal X573 2(r2 + 2Rr + s2) : 2Rr : −(r2 + 2Rr + s2)
external X386 4Rr : 2Rr : −(r2 + 2Rr + s2)
incircle
internal X1682 −r(r2 + 4Rr + s2) : −2Rr2 : r3 + Rr2 − (R − r)s2

external X181 −r(r2 + 4Rr + s2) : −2Rr2 : r3 + 3Rr2 + (R + r)s2

nine − point circle
internal S 2 : 1 : −1
external X2051 −4Rr : r2 − 2Rr + s2 : r2 + 2Rr + s2

excentral circle
internal X1695 4(r2 + 2Rr + s2) : 4Rr : −(3r2 + 4Rr + 3s2)
external X43 8Rr : 4Rr : −(r2 + 4Rr + s2)

Using the relations

r2 =
(s − a)(s − b)(s − c)

s
and R =

abc

4rs
,

and the following coordinates ofO, H, I (with equal coordinate sums),

O =(a2(b2 + c2 − a2), b2(c2 + a2 − b2), c2(a2 + b2 − c2)),

H =((c2 + a2 − b2)(a2 + b2 − c2), (a2 + b2 − c2)(b2 + c2 − a2),

(b2 + c2 − a2)(c2 + a2 − b2)),

I =(b + c − a)(c + a − b)(a + b − c)(a, b, c),

these can be converted into those given in the proposition. �

Remarks. 1. X386 = OK ∩ IG.
2. X573 = OK ∩ HI ′ = OK ∩ X55X181.
3. X43 = IG ∩ X57X181.

From the observation that the Apollonius circle and the nine-point circle have
S as internal center of similitude, we have an easy construction of the Apollonius
circle without directly invoking the excircles.

Construct the centerQ of Apollonius circle as the intersection ofOK andNS.
Let D be the midpoint ofBC. JoinND and construct the parallel toND through
Q (the center of the Apollonius circle) to intersectDS atA′′, a point on the Apol-
lonius circle, which can now be easily constructed. See Figure 4.
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Proposition 6. The center Q of the Apollonius circle lies on the each of the lines
X21X51, X40X43 and X411X185. More precisely,

X51X21 : X21Q = 2r : 3R,

X43X40 : X43Q = 8Rr : r2 + s2,

X185X411 : X411Q = 2r : R.

Remark. The Schiffler pointX21 is the intersection of the Euler lines of the four
trianglesABC, IBC, ICA andIAB. It dividesOH in the ratio

OX21 : X21H = R : 2(R + r).

The harmonic conjugate ofX21 in OH is the triangle center

X411 =(a(a6 − a5(b + c) − a4(2b2 + bc + 2c2) + 2a3(b + c)(b2 − bc + c2)

+ a2(b2 + c2)2 − a(b − c)2(b + c)(b2 + c2) + bc(b − c)2(b + c)2)

: · · · : · · · ).
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3. A circle orthogonal to 5 given ones

We write the equations of the circles encountered above in the form

a2yz + b2zx + c2xy + (x + y + z)Li = 0,

whereLi, 1 ≤ i ≤ 5, are linear forms given below.

i circle Li

1 circumcircle 0
2 nine− point circle −1

4((b2 + c2 − a2)x + (c2 + a2 − b2)y + (a2 + b2 − c2)z)
3 excentral circle bcx + cay + abz
4 radical circle (s − b)(s − c)x + (s − c)(s − a)y + (s − a)(s − b)z
5 Apollonius s

(
(s + bc

a )x + (s + ca
b )y + (s + ab

c )z
)

Remark. The equations of the Apollonius circle was computed in [2]. The equa-
tions of the other circles can be found, for example, in [6].

Proposition 7. The four lines Li = 0, i = 2, 3, 4, 5, are concurrent at the point

X650 = (a(b − c)(s − a) : b(c − a)(s − b) : c(a − b)(s − c)).

It follows that this point is the radical center of the five circles above. From this
we obtain a circle orthogonal to the five circles.

Theorem 8. The circle

a2yz + b2zx + c2xy + (x + y + z)L = 0,

where

L =
bc(b2 + c2 − a2)
2(c − a)(a − b)

x +
ca(c2 + a2 − b2)
2(a − b)(b − c)

y +
ab(a2 + b2 − c2)
2(b − c)(c − a)

z,

is orthogonal to the circumcircle, excentral circle, Apollonius circle, nine-point
circle, and the radical circle of the excircles. It has center X650 and radius the
square root of

abc · G
4(a − b)2(b − c)2(c − a)2

,

where

G =abc(a2 + b2 + c2) − a4(b + c − a) − b4(c + a − b) − c4(a + b − c)

=16r2s(r2 + 5Rr + 4R2 − s2).

This is an interesting result because among these five circles, only three are
coaxal, namely, the Apollonius circle, the radical circle, and the nine-point circle.

Remark. X650 is also the perspector of the triangle formed by the intersections of
the corresponding sides of the orthic and intouch triangles. It is the intersection of
the trilinear polars of the Gergonne and Nagel points.
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4. More centers of similitudes with the Apollonius circle

We record the coordinates of the centers of similitude of the Apollonius circle
with the Spieker radical circle. These are

(a2(−a3(b + c)2 − a2(b + c)(b2 + c2) + a(b4 + 2b3c + 2bc3 + c4) + (b + c)(b4 + c4))

± abc(b + c)
√

(b + c − a)(c + a − b)(a + b − c)(a2(b + c) + b2(c + a) + c2(a + b) + abc)

: · · · : · · · )

It turns out that the centers of similitude with the Spieker circle (the incircle of
the medial triangle) and the Moses circle (the one tangent internally to the nine-
point circle at the center of the Kiepert hyperbola) also have rational coordinates
in a, b, c:

Spieker circle
internal a(b + c − a)(a2(b + c)2 + a(b + c)(b2 + c2) + 2b2c2)
external a(a4(b + c)2 + a3(b + c)(b2 + c2) − a2(b4 − 4b2c2 + c4))

−a(b + c)(b4 − 2b3c − 2b2c2 − 2bc3 + c4) + 2b2c2(b + c)2)
Moses circle
internal a2(b + c)2(a3 − a(2b2 − bc + 2c2) − (b3 + c3))
external a2(a3(b + c)2 + 2a2(b + c)(b2 + c2) − abc(b − c)2

−(b − c)2(b + c)(b2 + bc + c2))
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Two Triangle Centers Associated with the Excircles

Milorad R. Stevanovi´c

Abstract. The triangle formed by the second intersections of the bisectors of
a triangle and the respective excircles is perspective to each of the medial and
intouch triangles. We identify the perspectors. In the former case, the perspector
is closely related to the Yff center of congruence.

1. Introduction

In this note we construct two triangle centers associated with the excircles.
Given a triangleABC, let A′ be the “second” intersection of the bisector of angle
A with theA-excircle, which is outside the segmentAIa, Ia being theA-excenter.
Similarly, defineB′ andC′.

Ia

Ib

Ic

CB

A
C′

A′

B′

Figure 1

Theorem 1. Triangle A′B′C ′ is perspective with the medial triangle at the Yff
center of congruence of the latter triangle, namely, the point P with homogeneous
barycentric coordinates(

sin
B

2
+ sin

C

2
: sin

C

2
+ sin

A

2
: sin

A

2
+ sin

B

2

)

with respect to ABC .
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198 M. R. Stevanovi´c

Theorem 2. Triangle A′B′C ′ is perspective with the intouch triangle at the point
Q with homogeneous barycentric coordinates(

tan
A

2

(
csc

B

2
+ csc

C

2

)
: tan

B

2

(
csc

C

2
+ csc

A

2

)
: tan

C

2

(
csc

A

2
+ csc

B

2

))
.

Remark. These triangle centers now appear asX2090 andX2091 in [2].

2. Notations and preliminaries

We shall make use of the following notations. In a triangleABC of sidelengths
a, b, c, circumradiusR, inradiusr, and semiperimeters, let

sa = sin A
2 , sb = sin B

2 , sc = sin C
2 ;

ca = cos A
2 , cb = cos B

2 , cc = cos C
2 .

The following formulae can be found, for example, in [1].

r = 4Rsasbsc, s = 4Rcacbcc;
s − a = 4Rcasbsc, s − b = 4Rsacbsc, s − c = 4Rsasbcc.

2.1. The medial triangle. The medial triangleA1B1C1 has vertices the midpoints
of the sidesBC, CA, AB of triangleABC. From

A1 =
B + C

2
, B1 =

C + A
2

, C1 =
A + B

2
,

we have

A = B1 + C1 − A1, B = C1 + A1 − B1, C = A1 + B1 − C1. (1)

Lemma 3. The barycentric coordinates of the excenters with respect to the medial
triangle are

Ia =
s · A1 − (s − c)B1 − (s − b)C1

s − a
,

Ib =
−(s − c)A1 + s ·B1 − (s − a)C1

s − b
,

Ic =
−(s − b)A1 − (s − a)B1 + s ·C1

s − c
.

Proof. It is enough to compute the coordinates of the excenterIa:

Ia =
−a ·A + b ·B + c ·C

b + c − a

=
−a(B1 + C1 − A1) + b(C1 + A1 − B1) + c(A1 + B1 − C1)

b + c − a

=
(a + b + c)A1 − (a + b − c)B1 − (c + a − b)C1

b + c − a

=
s ·A1 − (s − c)B1 − (s − b)C1

s − a
.

�



Two triangle centers associated with the excircles 199

2.2. The intouch triangle. The vertices of the intouch triangle are the points of
tangency of the incircle with the sides. These are

X =
(s − c)B + (s − b)C

a
, Y =

(s − c)A + (s − a)C
b

, Z =
(s − b)A + (s − a)B

c
.

Equivalently,

A =
−a(s − a)X + b(s − b)Y + c(s − c)Z

2(s − b)(s − c)
,

B =
a(s − a)X − b(s − b)Y + c(s − c)Z

2(s − c)(s − a)
, (2)

C =
a(s − a)X + b(s − b)Y − c(s − c)Z

2(s − a)(s − b)
.

Lemma 4. The barycentric coordinates of the excenters with respect to the intouch
triangle are

Ia =
a(bc − (s − a)2)X − b(s − b)2Y − c(s − c)2Z

2(s − a)(s − b)(s − c)
,

Ib =
−a(s − a)2X + b(ca − (s − b)2)Y − c(s − c)2Z

2(s − a)(s − b)(s − c)
,

Ic =
−a(s − a)2X− b(s − b)2Y + c(ab − (s − c)2)Z

2(s − a)(s − b)(s − c)
.

3. Proof of Theorem 1

We compute the barycentric coordinates ofA′ with respect to the medial trian-
gle. Note thatA′ dividesAIa externally in the ratioAA′ : A′Ia = 1 + sa : −sa. It
follows that

A′ =(1 + sa)Ia − sa ·A
=

1 + sa

s − a
(s · A1 − (s − c)B1 − (s − b)C1) − sa(B1 + C1 − A1).

From this, the homogeneous barycentric coordinates ofA′ with respect toA1B1C1

are

(1 + sa)s + sa(s − a) : −(1 + sa)(s − c) − sa(s − a)

: −(1 + sa)(s − b) − sa(s − a)

=s + sa(b + c) : −((s − c) + sab) : −((s − b) + sac)

=4Rcacbcc + 4Rsa(sbcb + sccc) : −4R(sasbcc + sasbcb) : −4R(sacbsc + sasccc)

= − cacbcc + sa(sbcb + sccc)
sa(cb + cc)

: sb : sc.



200 M. R. Stevanovi´c

Similarly,

B′ =
(

sa : −cacbcc + sb(sccc + saca)
sb(cc + ca)

: sc

)
,

C ′ =
(

sa : sb : −cacbcc + sc(saca + sbcb)
sc(ca + cb)

)
.

From these, it is clear thatA′B′C ′ and the medial triangle are perspective at the
point with coordinates(sa : sb : sc) relative toA1B1C1. This is clearly the Yff
center of congruence of the medial triangle. See Figure 2. Its coordinates with
respect toABC are

(sb + sc : sc + sa : sa + sb).
This completes the proof of Theorem 1.

Ia

Ib

Ic

CB

A
C′

A′

B′

P

Figure 2
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Remark. In triangleABC, let A′′, B′′, C ′′ be the feet of the bisectors of angles
BIC, CIA, AIB respectively on sidesBC, CA, AB. TrianglesA′′B′′C ′′ and
ABC are perspective at the Yff center of congruenceX174, i.e., if the perpendicu-
lars fromX174 to the bisectors of the angles ofABC intersect the sides of triangle
ABC at Xb, Xc, Ya, Yc, Za, Zb (see Figure 3), then the trianglesX174XbXc,
YaX174Yc andZaZbX174 are congruent. See [3].

C

A

B

X174

Za

Zb

Xc Xb

Yc

Ya

I

A′′

B′′

C′′

Figure 3

4. Proof of Theorem 2

Consider the coordinates ofA′ = (1+sa)Ia−sa ·A with respect to the intouch
triangleXY Z. By Lemma 3, theY -coordinate is

−(1 + sa)b(s − b)2 − sab(s − a)(s − b)
2(s − a)(s − b)(s − c)

=
−b(s − b)((1 + sa)(s − b) + sa(s − a))

2(s − a)(s − b)(s − c)

=
−b(s − b)(s − b + sa · c)
2(s − a)(s − b)(s − c)

=
−(cb + cc)

2cacbcc
· c2

b

sb
.
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Similarly for theZ-coordinate is−(cb+cc)
2cacbcc

· c2c
sc

. Therefore,A′B′C ′ is perspective
with XY Z at

Q =
(

c2
a

sa
:

c2
b

sb
:
c2
c

sc

)
.

Ia

Ib

Ic

CB

A
C′

A′

B′

Z

X

Y

Q

Figure 4

Note that the angles of the intouch triangles areX = B+C
2 , Y = C+A

2 , and
Z = A+B

2 . This means

sa = cos
B + C

2
= cos X, ca = sin

B + C

2
= sin X,

etc. It follows thatQ has homogeneous barycentric coordinates(
sin2 X

cos X
:
sin2 Y

cos Y
:
sin2 Z

cos Z

)
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and is the Clawson point of the intouch triangleXY Z. With respect to triangle
ABC, this perspectorQ has coordinates given by(

a(s − a)
sa

+
b(s − b)

sb
+

c(s − c)
sc

)
Q

=
a(s − a)X

sa
+

b(s − b)Y
sb

+
c(s − c)Z

sc

=
(s − b)(s − c)(sb + sc)

sbsc
A +

(s − c)(s − a)(sc + sa)
scsa

B +
(s − a)(s − b)(sa + sb)

sasb
C

=(4R)2s2
acbcc(sb + sc)A + (4R)2s2

bccca(sc + sa)B + (4R)2s2
ccacb(sa + sb)C

=(4R)2cacbcc

(
s2

a(sb + sc)
ca

·A +
s2

b(sc + sa)
cb

· B +
s2

c(sa + sb)
cc

·C
)

.

Therefore, the homogeneous barycentric coordinates ofQ with respect toABC
are

(
s2

a(sb + sc)
ca

:
s2

b(sc + sa)
cb

:
s2

c(sa + sb)
cc

)

=
(

tan
A

2

(
csc

B

2
+ csc

C

2

)
: tan

B

2

(
csc

C

2
+ csc

A

2

)
: tan

C

2

(
csc

A

2
+ csc

B

2

))
.

This completes the proof of Theorem 2.
Inasmuch asQ is the Clawson point of the intouch triangle, it is interesting to

point out that the congruent isoscelizers pointX173, a point closely related to the
Yff center of congruenceX174 and with coordinates

(a(−ca + cb + cc) : b(ca − cb + cc) : c(ca + cb − cc)),

is the Clawson point of the excentral triangleIaIbIc (which is homothetic to the
intouch triangle atX57). This fact was stated in an earlier edition of [2], and can
be easily proved by the method of this paper.
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A 5-step Division of a Segment in the Golden Section

Kurt Hofstetter

Abstract. Using ruler and compass only in five steps, we divide a given segment
in the golden section.

Inasmuch as we have given in [1] a construction of the golden section by draw-
ing 5 circular arcs, we present here a very simple division of a given segment in the
golden section, in 5 euclidean steps, using ruler and compass only. For two points
P andQ, we denote byP (Q) the circle withP as center andPQ as radius.

A B

C

D

E

F

G

H

G′

C1
C2

C3

C4

Construction. Given a segmentAB, construct

(1) C1 = A(B),
(2) C2 = B(A), intersectingC1 atC andD,
(3) C3 = C(A), intersectingC1 again atE,
(4) the segmentCD to intersectC3 atF ,
(5) C4 = E(F ) to intersectAB atG.

The pointG divides the segmentAB in the golden section.

Publication Date: November 26, 2003. Communicating Editor: Paul Yiu.
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Proof. SupposeAB has unit length. ThenCD =
√

3 andEG = EF =
√

2.
Let H be the orthogonal projection ofE on the lineAB. SinceHA = 1

2 , and
HG2 = EG2 − EH2 = 2 − 3

4 = 5
4 , we haveAG = HG − HA = 1

2 (
√

5 − 1).
This shows thatG dividesAB in the golden section. �
Remark. The other intersectionG′ of C4 and the lineAB is such thatG′A : AB =
1
2(
√

5 + 1) : 1.
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Circumcenters of Residual Triangles

Eckart Schmidt

Abstract. This paper is an extension of Mario Dalc´ın’s work on isotomic in-
scribed triangles and their residuals [1]. Considering the circumcircles of resid-
ual triangles with respect to isotomic inscribed triangles there are two congruent
triangles of circumcenters. We show that there is a rotation mapping these tri-
angles to each other. The center and angle of rotation depend on the Miquel
points. Furthermore we give an interesting generalization of Dalcin’s definitive
example.

1. Introduction

If X, Y , Z are points on the sides of a triangleABC, there are three residual
trianglesAZY , BXZ, CY X. The circumcenters of these triangles form a trian-
gle OaObOc similar to the reference triangleABC [2]. The circumcircles have
a common pointM by Miquel’s theorem. The linesMX, MY , MZ and the
corresponding side lines have the same angle of intersectionµ = (AY, Y M) =
(BZ,ZM) = (CX,XM). The angles are directed angles measured between 0
andπ.

A B

C

XY

Z

Oa

Ob

Oc

M

Figure 1

Dalcı́n considers isotomic inscribed trianglesXY Z and X′Y ′Z ′. Here,X ′,
Y ′, Z ′ are the reflections ofX, Y , Z in the midpoints of the respective sides.
The triangleXY Z may or may not be cevian. If it is the cevian triangle of a
point P , thenX′Y ′Z ′ is the cevian triangle of the isotomic conjugate ofP . The

Publication Date: December 8, 2003. Communicating Editor: Paul Yiu.
The author thanks the editor for his helps in the preparation of this paper.
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corresponding Miquel pointM′ of X ′, Y ′, Z ′ has Miquel angleµ′ = π − µ. The
circumcircles of the residual trianglesAZ′Y ′, BX ′Z ′, CY ′X ′ give further points
of intersection. The intersectionsA′ of the circlesAZY andAZ′Y ′, B′ of BXZ
andBX′Z ′, andC ′ of CY X andCY ′X ′ form a triangleA′B′C ′ perspective to
the reference triangleABC with the center of perspectivityQ. See Figure 2. It
can be shown that the pointsM , M′, A′, B′, C ′, Q and the circumcenterO of the
reference triangle lie on a circle with the diameterOQ.

O

A B

C

X

Y

Z

Oa

Ob

Oc

M

M ′

X′

Y ′

Z′

O′
a

O′
b

O′
c

A′ B′

C′
Q

Figure 2

These results can be proved by analytical calculations. We make use of ho-
mogeneous barycentric coordinates. LetX, Y , Z divide the sidesBC, CA, AB
respectively in the ratios

BX : XC = x : 1, CY : Y A = y : 1, AZ : ZB = z : 1.

These points have coordinates

X = (0 : 1 : x), Y = (y : 0 : 1), Z = (1 : z : 0);
X ′ = (0 : x : 1), Y ′ = (1 : 0 : y), Z ′ = (z : 1 : 0).
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The circumcenter, the Miquel points, and the center of perspectivity are the points

O =(a2(b2 + c2 − a2) : b2(c2 + a2 − b2) : c2(a2 + b2 − c2)),

M =(a2x(1 + y)(1 + z) − b2xy(1 + x)(1 + z) − c2(1 + x)(1 + y) : · · · : · · · ),
M ′ =(a2x(1 + y)(1 + z) − b2(1 + x)(1 + z) − c2xz(1 + x)(1 + y) : · · · : · · · ),

Q =
(

(1 − x)a2

1 + x
:

(1 − y)b2

1 + y
:

(1 − z)c2

1 + z

)
.

The Miquel angleµ is given by

cot µ =
1 − yz

(1 + y)(1 + z)
cot A +

1 − zx

(1 + z)(1 + x)
cot B +

1 − xy

(1 + x)(1 + y)
cot C.

For example, letX, Y , Z divide the sides in the same ratiok, i.e., x = y = z =
k, then we have

M =(a2(−c2 + a2k − b2k2) : b2(−a2 + b2k − c2k2) : c2(−b2 + c2k − a2k2)),

M ′ =(a2(−b2 + a2k − c2k2) : b2(−c2 + b2k − a2k2) : c2(−a2 + c2k − b2k2)),

Q =(a2 : b2 : c2) = X6( Lemoine point);

cot µ =
1 − k

1 + k
cot ω,

whereω is the Brocard angle.

2. Two triangles of circumcenters

Considering the circumcenters of the residual triangles forXY Z andX′Y ′Z ′,
Dalcı́n ([1, Theorem 10]) has shown that the trianglesOaObOc andO′

aO
′
bO

′
c are

congruent. We show that there is a rotation mappingOaObOc to O′
aO

′
bO

′
c. This

rotation also maps the Miquel pointM to the circumcenterO, andO to the other
Miquel point M ′. See Figure 3. The center of rotation is therefore the midpoint
of OQ. This center of rotation is situated with respect toOaObOc andO′

aO
′
bO

′
c as

the center of perspectivity with respect to the reference triangle ABC. The angleϕ
of rotation is given by

ϕ = π − 2µ.

The similarity ratio of trianglesOaObOc andABC is

1
2 cos ϕ

2

=
1

2 sin µ
,

similarly for triangleO′
aO

′
bO

′
c.
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O

A B

C

X

Y

Z

Oa

Ob

Oc

M

M ′

X′

Y ′

Z′

O′
a

O′
b

O′
c

Q

Figure 3

3. Dalćın’s example

If we chooseX, Y , Z as the points of tangency of the incircle with the sides,
XY Z is the cevian triangle of the Gergonne pointGe andX′Y ′Z ′ is the cevian
triangle of the Nagel pointNa. The Miquel pointM is the incenterI and the
Miquel pointM ′ is the reflection ofI in O, i.e.,

X40 = (a(a3 − b3 − c3 + (a − b)(a − c)(b + c)) : · · · : · · · ).

In this case,OaObOc is homothetic toABC at M , with factor 1
2 . This is also the

case whenXY Z is the cevian triangle of the Nagel point, withM = X40.
Therefore, the circle described in§2, degenerates into a line. The center of

perspectivityQ(a(b − c) : b(c − a) : c(a − b)) is a point of infinity. The triangles
OaObOc andO′

aO
′
bO

′
c are homothetic to the triangleABC at the Miquel pointsM

andM ′ with factor 1
2 . There is a parallel translation mappingOaObOc to O′

aO
′
bO

′
c.

The fact thatABC is homothetic toOaObOc with the factor12 does not only
hold for the Gergonne and Nagel points. Here are further examples.
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O

A B

C

X

Y

Z

Oa Ob

Oc

M = I

M ′
X′

Y ′

Z′

O′
a

O′
b

O′
c

Figure 4

P Homothetic center and Miquel pointM
centroidG circumcenterO
orthocenterH H
X69 X20

X189 X84

X253 X64

X329 X1490

These pointsP (u : v : w), whose cevian triangle is also the pedal triangle of
the pointM , lie on the Lucas cubic1

(b2+c2−a2)u(v2−w2)+(c2+a2−b2)v(w2−u2)+(a2+b2−c2)w(u2−v2) = 0.

The pointsM lie on the Darboux cubic.2 Isotomic pointsP andP∧ on the Lucas
cubic have corresponding pointsM andM′ on the Darboux cubic symmetric with
respect to the circumcenter. Isogonal pointsM andM∗ on the Darboux cubic have

1The Lucas cubic is invariant under the isotomic conjugation and the isotomic conjugateX69 of
the orthocenter is the pivot point.

2The Darboux cubic is invariant under the isogonal conjugation and the pivot point is the De-
Longchamps pointX20, the reflection of the orthocenter in the circumcenter. It is symmetric with
respect to the circumcenter.
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corresponding pointsP andP′ on the Lucas cubic withP ′ = P∧∗∧. Here,()∗ is
the isogonal conjugation with respect to the anticomplementary triangle ofABC.
The linePM andMM∗ all correspond with the DeLongchamps pointX20 and so
the pointsP , P∧∗∧, M , M∗ andX20 are collinear. For example, forP = Na, the
five pointsNa, X189, X40, X84, X20 are collinear.

B

C

A

G
H

X20

Ge

Na

X40

X69I

O

Darboux

Darboux

Darboux

Lucas

Lucas

Lucas

X84X189

Figure 5. The Darboux and Lucas cubics

4. Further results

Dalcı́n’s example can be extended. The cevian triangle of the Gergonne point
Ge is the triangle of tangency of the incircle, the cevian triangle of the Nagel point
Na is the triangle of the inner points of tangency of the excircles. Consider the
points of tangency of the excircles with the sidelines:
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A−excircle Ba = (−a + b − c : 0 : a + b + c) with CA
Ca = (−a − b + c : a + b + c : 0) with AB

B−excircle Ab = (0 : a − b − c : a + b + c) with BC
Cb = (a + b + c : −a − b + c : 0) with AB

C−excircle Ac = (0 : a + b + c : a − b − c) with BC
Bc = (a + b + c : 0 : −a + b − c) with CA

The point pairs(Ab, Ac), (Bc, Ba) and(Ca, Cb) are symmetric with respect to
the corresponding midpoints of the sides. IfXY Z = AbBcCa, thenX′Y ′Z ′ =
AcBaCb. See Figure 6.

C

A

B

Y

Z

X

Bc

Z′

Ac

Ba

Ca

X′

Y ′

Cb

Ab

Figure 6

Consider the residual triangles ofAbBcCa and those ofAcBaCb, with the cir-
cumcenters. The two congruent trianglesOaObOc andO′

aO
′
bO

′
c have a common

area
�
4

+
(ab + bc + ca)2

16� .

The center of perspectivity is

Q = (a(b + c) : b(c + a) : c(a + b)) = X37.

The center of rotation which mapsOaObOc toO′
aO

′
bO

′
c is the midpoint ofOQ. The

pointX37 of a triangle is the complement of the isotomic conjugate of the incenter.
The center of rotation is the common pointX37 of OaObOc andO′

aO
′
bO

′
c. The

angle of rotation is given by

tan
ϕ

2
=

ab + bc + ca

2� =
1

sin A
+

1
sin B

+
1

sinC
.
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Circumrhombi

Floor van Lamoen

Abstract. We consider rhombi circumscribing a given triangleABC in the
sense that one vertex of the rhombus coincides with a vertex ofABC, while
the sidelines of the rhombus opposite to this vertex pass through the two re-
maining vertices ofABC respectively. We construct some new triangle centers
associated with these rhombi.

1. Introduction

In this paper we further study the rhombi circumscribing a given reference tri-
angleABC that the author defined in [4]. These rhombi circumscribeABC in the
sense that each of them shares one vertex withABC, with its two opposite sides
passing through the two remaining vertices ofABC. These rhombi will depend on
a fixed angleφ and its complementφ = π

2 − φ. More precisely, for a givenφ, the
rhombusRA(φ) = AAcAaAb will be such that∠AbAAc = 2φ, B ∈ AcAa and
C ∈ AbAa. Similarly there are rhombiBBaBbBc andCCbCcCa.

In [4] it was shown that the vertices of the rhombi opposite toABC form a
triangleAaBbCc perspective toABC, and that their perspector lies on the Kiepert
hyperbola. We give another proof of this result (Theorem 3).

We denote byK(φ) = AφBφCφ the Kiepert triangle formed by isosceles trian-
gles built on the sides ofABC with base anglesφ. When the isosceles triangles
are constructed outwardly,φ > 0. Otherwise,φ < 0. These vertices have homo-
geneous barycentric coordinates1

Aφ =(−(SB + SC) : SC + Sφ : SB + Sφ),

Bφ =(SC + Sφ : −(SC + SA) : SA + Sφ),

Cφ =(SB + Sφ : SA + Sφ : −(SA + SB)).

From these it is clear thatK(φ) is perspective withABC at the point

K(φ) =
(

1
SA + Sφ

:
1

SB + Sφ
:

1
SC + Sφ

)
.

Publication Date: December 15, 2003. Communicating Editor: Paul Yiu.
1For the notations, see [5].
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2. Circumrhombi to a triangle

Theorem 1. Consider �ABC and φ ∈ (−π
2 , π

2 ) \ {0}. There are unique rhombi
RA(φ) = AAcAaAb, RB(φ) = BBaBbBc and RC(φ) = CCbCcCa with

∠AbAAc = ∠BcBBa = ∠CaCCb = 2φ,

and B ∈ AcAa and C ∈ AbAa. Similarly there are rhombi C ∈ BaBb, A ∈ BcBb,
A ∈ CbCc, B ∈ CaCc.

Proof. It is enough to show the construction ofRA = RA(φ).
Let Br be the image ofB after a rotation through−2φ aboutA, andCr the

image ofC after a rotation through2φ aboutA. Then letAa = BrC∩CrB. Points
Ac ∈ CrAa andAb ∈ BrAa can be constructed in such a way thatAAcAaAb is
a parallelogram. Observe that�ACrB ≡ �ACBr, so that the perpendicular
distances fromA to linesBrAa andCrAa are equal. AndAAcAaAb must be a
rhombus. See Figure 1.

2φ−2φ

A
B

C

Br

Ab

Aa

Ac

Cr

Figure 1

Note that lineBrC = AaAb is the image of lineCrB = AaAc after rotation
through2φ aboutA, so that the directed angle∠AcAaAb = 2φ. It follows that
AAcAaAb is the rhombus desired in the theorem.

It is easy to see that this is the unique rhombus fulfilling these requirements.
When we rotate the complete figure of�ABC and rhombusAAcAaAb through
−2φ aboutA, and letBr be the image ofB again, we see immediately thatBr ∈
AaC. In the same way we see that the image ofC after rotation through2φ about
A must be on the lineAaB. �
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ConsiderRA andRB. We note that∠AAaB ≡ φ mod π and also∠ABbB ≡
φ mod π. This means thatABAaBb is cyclic. The centerP of its circle should
be the apex of the isosceles triangle built onAB such that∠APB = 2φ,2 so that
P = Cφ. This shows thatCφ lies on the perpendicular bisectors ofAAa andBBb,
henceAbAc ∩ BaBc = Cφ. See Figure 2.

A
B

C

Ab

Ac

Bc

Ba

Ca

Cb

Bb

Cc

Aa

Bφ

Cφ

Aφ

Figure 2

Theorem 2. The diagonals AbAc, BaBc and CaCb of the circumrhombi RA(φ),
RB(φ), RC(φ) bound the Kiepert triangle K(φ).

3. Radical center of a triad of circles

It is now interesting to further study the circlesAφ(B), Bφ(C) andCφ(A) with
centers at the apices ofK(φ), passing through the vertices ofABC. Since the
circleAφ(B) passes throughB andC, it is represented by an equation of the form

a2yz + b2zx + c2xy − kx(x + y + z) = 0.

Since it also passes throughA−φ/2 = (−(SB + SC) : SC − Sφ/2 : SB − Sφ/2),
we find

k =
S2

φ + 2SASφ/2 − S2

2Sφ/2
= SA + Sφ.

2Hence, whenφ is negative, the apex is on the same side ofAB as the vertexC.
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B

C A

Cφ

Bφ

Aφ

φ

φ

φ
φ

φ

φ

K(−φ)

K(φ)Cc
Aa

Bb

Figure 3

The equations of the three circles are thus

a2yz + b2zx + c2xy − (SA + Sφ)x(x + y + z) =0,

a2yz + b2zx + c2xy − (SB + Sφ)y(x + y + z) =0,

a2yz + b2zx + c2xy − (SC + Sφ)z(x + y + z) =0.

From this, it is clear that the radical center of the three circles is the point

K(φ) =
(

1
SA + Sφ

:
1

SB + Sφ
:

1
SC + Sφ

)
.

The intersections of the circles apart fromA, B andC are the points

Aa =
(

1
SA − S2φ

:
1

SB + Sφ
:

1
SC + Sφ

)
,

Bb =
(

1
SA + Sφ

:
1

SB − S2φ
:

1
SC + Sφ

)
, (1)

Cc =
(

1
SA + Sφ

:
1

SB + Sφ
:

1
SC − S2φ

)
.

Theorem 3. The triangle AaBbCc is perspective to ABC and the perspector is
K(φ).

Remark. Forφ = ±π
3 , triangleAaBbCc degenerates into the Fermat pointK

(±π
3

)
.
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The coordinates of the circumcenter ofAaBbCc are too complicated to record
here, even in the case of circumsquares. However, we prove the following interest-
ing collinearity.

Theorem 4. The circumcenters of triangles ABC and AaBbCc are collinear with
K(φ).

Proof. SinceP = K(φ) is the radical center ofAφ(B), Bφ(C) andCφ(A) we see
that

PA · PAa = PB · PBb = PC · PCc,

which product we will denote byΓ. WhenΓ > 0 then the inversion with centerP
and radius

√
Γ mapsA to Aa, B to Bb andC to Cc. Consequently the circumcircles

of ABC andAaBbCc are inverses of each other, and the centers of these circles
are collinear with the center of inversion.

WhenΓ < 0 then the inversion with centerP and radius
√−Γ mapsA, B and

C to the reflections ofAa, Bb andCc throughP . And the collinearity follows in
the same way as above.

WhenΓ = 0 the theorem is trivial. �

4. Coordinates of the vertices of the circumrhombi

Along with the coordinates given in (1), we record those of the remaining ver-
tices of the circumrhombi.

Ab =((b2 + S csc 2φ)(SB + Sφ) : (SA − S2φ)(b2 + S csc 2φ) : −(SA − S2φ)2),

Ac =
(
(c2 + S csc 2φ)(SC + Sφ) : −(SA − S2φ)2 : (SA − S2φ)(c2 + S csc 2φ)

)
;

Bc =(−(SB − S2φ)2 : (c2 + S csc 2φ)(SC + Sφ) : (SB − S2φ)(c2 + S csc 2φ)),

Ba =
(
(SB − S2φ)(a2 + S csc 2φ) : (a2 + S csc 2φ)(SA + Sφ) : −(SB − S2φ)2

)
; (2)

Ca =((SC − S2φ)(a2 + S csc 2φ) : −(SC − S2φ)2 : (a2 + S csc 2φ)(SA + Sφ)),

Cb =
(−(SC − S2φ)2 : (SC − S2φ)(b2 + S csc 2φ) : (b2 + S csc 2φ)(SB + Sφ)

)
.

5. The triangle A′B′C ′

LetA′ = CCa∩BBa, B′ = CCb∩AAb andC′ = AAc∩BBc. The coordinates
of A′, using (2), are

A′ =
(
a2 + S csc 2φ : −(SC − S2φ) : −(SB − S2φ)

)

=
(

a2 + S csc 2φ
(SB − S2φ)(SC − S2φ)

:
−1

SB − S2φ
:

−1
SC − S2φ

)
;

Similarly for B′ andC′. It is clear thatA′B′C ′ is perspective toABC atK(−2φ).
Note that in absolute barycentric coordinates,



220 F. M. van Lamoen

S(csc 2φ + 2cot 2φ)A′

=
(
a2 + S csc 2φ,−(SC − S2φ),−(SB − S2φ)

)
=(SB + SC ,−(SC + Sφ),−(SB + Sφ)) + S(csc 2φ, cot 2φ + tan φ, cot 2φ + tan φ)

=(SB + SC ,−(SC + Sφ),−(SB + Sφ)) + S csc 2φ(1, 1, 1)

=S(−2 tan φAφ + 3csc 2φG).

Now, −2 tan φ
−2 tan φ+3 csc 2φ = 4

1−3 cot2 φ
. It follows that

A′ = h

(
G,

4
1 − 3 cot2 φ

)
(Aφ).

Similarly for B′ andC′.

Proposition 5. Triangles A′B′C ′ and K(φ) are homothetic at G.

Corollary 6. ABC is the Kiepert triangle K(−φ) with respect to A′B′C ′.

See [5, Proposition 4].

A
B

C

Ab

Ac

Bc

Ba

Ca

Cb

Bφ

Cφ

Aφ

A′

B′

C′

Figure 4
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6. The desmic mates

Let XY Z be a triangle perspective withABC at P = (u : v : w). Its vertices
have coordinates

X = (x : v : w), Y = (u : y : w), Z = (u : v : z),

for somex, y, z. The desmic mate ofXY Z is the triangle with verticesX′ =
BZ ∩ CY , Y ′ = CX ∩ AZ, Z ′ = AY ∩ BX. These have coordinates

X ′ = (u : y : z), Y ′ = (x : v : z), Z ′ = (x : y : w).

Lemma 7. The triangle X′Y ′Z ′ is perspective to ABC at (x : y : z) and to XY Z
at (u + x : v + y : w + z).

See, for example, [1,§4].
The desmic mate ofAaBbCa has vertices

A′
a =

(
1

SA + Sφ
:

1
SB − S2φ

:
1

SC − S2φ

)
,

B′
b =

(
1

SA − S2φ
:

1
SB + Sφ

:
1

SC − S2φ

)
, (3)

C ′
c =

(
1

SA − S2φ
:

1
SB − S2φ

:
1

SC + Sφ

)
.

A
B

C

Ab

Ac

Bc

Ba

Ca

Cb

Bb

Cc

Aa

Bφ

Cφ

Aφ

A′
a

B′
b

C′
c

P1

Figure 5
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Proposition 8. Triangle A′
aB

′
bC

′
c is perspective to ABC at K(−2φ). It is also

perspective to AaBbCc at

P1(φ) =
(

2SA + S csc 2φ

(SA + Sφ)(SA + S2φ)
:

2SB + S csc 2φ

(SB + Sφ)(SB + S2φ)
:

2SC + S csc 2φ

(SC + Sφ)(SC + S2φ)

)
.

See Figure 5.
The desmic mate ofA′B′C ′ has vertices

A′′ =(−(SB − S2φ)(SC − S2φ) : (SB − S2φ)(b2 + S csc 2φ)

: (SC − S2φ)(c2 + S csc 2φ));

B′′ =((SA − S2φ)(a2 + S csc 2φ) : −(SC − S2φ)(SA − S2φ)

: (SC − S2φ)(c2 + S csc 2φ)), (4)

C ′′ =((SA − S2φ)(a2 + S csc 2φ) : (SB − S2φ)(b2 + S csc 2φ)

: −(SA − S2φ)(SB − S2φ)).

Proposition 9. Triangle A′′B′′C ′′ is perspective to

(1) ABC at

P2(φ) =
(
(SA − S2φ)(a2 + S csc 2φ) : · · · : · · · ) ,

(2) A′B′C ′ at

P3(φ) = ((a2SA − SBC) − S csc 2φ(SA − Sφ cos 2φ) : · · · : · · · ),
(3) the dilated triangle 3 at

P4(φ) = (SB + SC − SA − S2φ : · · · : · · · ).
Proof. (1) is clear from the coordinates given in (4). Since

(a2 + S csc 2φ)(SA − S cot 2φ) − (SB − S cot 2φ)(SC − S cot 2φ)

=(a2SA − SBC) + S2 csc 2φ cot A − S cot 2φ(a2 + S csc 2φ − (SB + SC) + S cot 2φ)

=(a2SA − SBC) + S2 csc 2φ cot A − S2 cot 2φ cot φ

=(a2SA − SBC) − SAS csc 2φ + S2φSφ

=(a2SA − SBC) − S csc 2φ(SA − Sφ cos 2φ),

it follows from Lemma 7 thatA′′B′′C ′′ is perspective toA′B′C ′ at(
a2 + S csc 2φ

(SB − S2φ)(SC − S2φ)
− 1

SA − S2φ
: · · · : · · ·

)

=((a2SA − SBC) − S csc 2φ(SA − Sφ cos 2φ) : · · · : · · · ).

3This is also called the anticomplementary triangle, it is formed by the lines through the vertices
of ABC, parallel to the corresponding opposite sides.
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This proves (2). For (3), we rewrite the coordinates forA′′ as

A′′ =(SB − S2φ)(SC − S2φ) · (−1, 1, 1)

+ (S csc(2φ) + S2φ + SA) · (0, SB − S2φ, SC − S2φ)

=(SB − S2φ)(SC − S2φ) · (−1, 1, 1)

+ (SA + Sφ) · (0, SB − S2φ, SC − S2φ)

From this we see thatA′′ is on the line connecting theA-vertices of the dilated
triangle and the cevian triangle of the isotomic conjugate ofK(−2φ), namely, the
point

K•(−2φ) = (SA − S2φ : SB − S2φ : SC − S2φ).
This shows thatA′′B′′C ′′ is perspective to both triangles, and that the perspector is
thecevian quotient K•(−2φ)/G, 4 whereG denotes the centroid. It is easy to see
that this is the superior ofK•(−2φ). Equivalently, it isK•(−2φ) of the dilated
triangle, with coordinates

(SB + SC − SA − S2φ : · · · : · · · ).
�

We conclude with a table showing the triangle centers associated with the circum-
squares, whenφ = ±π

4 .

k Pk(π
4 ) Pk(−π

4 )
1 K(π

4 ) K(−π
4 )

2 circumcenter circumcenter
3 de Longchamps point de Longchamps point
4 X193 X193
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Sawayama and Thébault’s theorem

Jean-Louis Ayme

Abstract. We present a purely synthetic proof of Th´ebault’s theorem, known
earlier to Y. Sawayama.

1. Introduction

In 1938 in a “Problems and Solutions” section of the Monthly [24], the famous
French problemist Victor Th´ebault (1882-1960) proposed a problem about three
circles with collinear centers (see Figure 1) to which he added a correct ratio and
a relation which finally turned out to be wrong. The date of the first three metric

I

B C

A

D

P

Q

Figure 1

solutions [22] which appeared discreetly in 1973 in the Netherlands was more
widely known in 1989 when the Canadian revueCrux Mathematicorum [27] pub-
lished the simplified solution by Veldkamp who was one of the two first authors to
prove the theorem in the Netherlands [26, 5, 6]. It was necessary to wait until the
end of this same year when the Swiss R. Stark, a teacher of the Kantonsschule of
Schaffhausen, published in the Helvetic revueElemente der Mathematik [21] the
first synthetic solution of a “more general problem” in which the one of Th´ebault’s
appeared as a particular case. This generalization, which gives a special importance
to a rectangle known by J. Neuberg [15], citing [4], has been pointed out in 1983 by
the editorial comment of theMonthly in an outline publication about the supposed

Publication Date: December 22, 2003. Communicating Editor: Floor van Lamoen.
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first metric solution of the English K. B. Taylor [23] which amounted to 24 pages.
In 1986, a much shorter proof [25], due to Gerhard Turnwald, appeared. In 2001,
R. Shail considered in his analytic approach, a “more complete” problem [19] in
which the one of Stark appeared as a particular case. This last generalization was
studied again by S. Gueron [11] in a metric and less complete way. In 2003, the
Monthly published the angular solution by B. J. English, received in 1975 and “lost
in the mists of time” [7].

Thanks toJSTOR, the present author has discovered in an anciant edition of the
Monthly [18] that the problem of Shail was proposed in 1905 by an instructor Y.
Sawayama of the central military School of Tokyo, and geometrically resolved by
himself, mixing the synthetic and metric approach. On this basis, we elaborate a
new, purely synthetic proof of Sawayama-Th´ebault theorem which includes several
theorems that can all be synthetically proved. The initial step of our approach
refers to the beginning of the Sawayama’s proof and the end refers to Stark’s proof.
Furthermore, our point of view leads easily to the Sawayama-Shail result.

2. A lemma

Lemma 1. Through the vertex A of a triangle ABC , a straight line AD is drawn,
cutting the side BC at D. Let P be the center of the circle C1 which touches DC ,
DA at E, F and the circumcircle C2 of ABC at K. Then the chord of contact EF
passes through the incenter I of triangle ABC .

I

B C

A

D E

F

K

P

C1

C2

Figure 2

Proof. Let M , N be the points of intersection ofKE, KF with C2, andJ the
point of intersection ofAM andEF (see Figure 3).KE is the internal bisector of
∠BKC [8, Théorème 119]. The pointM being the midpoint of the arcBC which
does not containK, AM is theA-internal bisector ofABC and passes throughI.
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The circlesC1 andC2 being tangent atK, EF andMN are parallel.

B C
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D E

F

K

P

J

M

N

C1

C2

C3

C4

C5

Figure 3

The circleC2, the basic pointsA andK, the linesMAJ andNKF , the parallels
MN andJF , lead to a converse of Reim’s theorem ([8, Th´eorème 124]). There-
fore, the pointsA, K, F andJ are concyclic. This can also be seen directly from
the fact that anglesFJA andFKA are congruent.

Miquel’s pivot theorem [14, 9] applied to the triangleAFJ by consideringF on
AF , E onFJ , andJ onAJ , shows that the circleC4 passing throughE, J andK
is tangent toAJ atJ . The circleC5 with centerM , passing throughB, also passes
throughI ([2, Livre II, p.46, théorème XXI] and [12, p.185]). This circle being
orthogonal to circleC1 [13, 20] is also orthogonal to circleC4 ([10, 1]) asKEM
is the radical axis of circlesC1 andC4. 1 Therefore,MB = MJ , andJ = I.
Conclusion: the chord of contactEF passes through the incenterI. �
Remark. WhenD is atB, this is the theorem of Nixon [16].

3. Sawayama-Thébault theorem

Theorem 2. Through the vertex A of a triangle ABC , a straight line AD is drawn,
cutting the side BC at D. I is the center of the incircle of triangle ABC . Let P
be the center of the circle which touches DC , DA at E, F , and the circumcircle of
ABC , and let Q be the center of a further circle which touches DB, DA in G, H
and the circumcircle of ABC . Then P , I and Q are collinear.

1From∠BKE = ∠MAC = ∠MBE, we see that he circumcircle ofBKE is tangent toBM
at B. So circleC5 is orthogonal to this circumcircle and consequently also toC1 asM lies on their
radical axis.
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I

B C

A

D EG
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P

Q
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H

Figure 4

Proof. According to the hypothesis,QG ⊥ BC, BC ⊥ PE; soQG//PE. By
Lemma 1,GH andEF pass throughI. TrianglesDHG andQGH being isosceles
in D andQ respectively,DQ is
(1) the perpendicular bisector ofGH,
(2) theD-internal angle bisector of triangleDHG.

Mutatis mutandis,DP is
(1) the perpendicular bisector ofEF ,
(2) theD-internal angle bisector of triangleDEF .

As the bisectors of two adjacent and supplementary angles are perpendicular,
we haveDQ ⊥ DP . Therefore,GH//DP andDQ//EF . Conclusion: using the
converse of Pappus’s theorem ([17, Proposition 139] and [3, p.67]), applied to the
hexagonPEIGQDP , the pointsP , I andQ are collinear. �
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Antiorthocorrespondents of Circumconics

Bernard Gibert

Abstract. This note is a complement to our previous paper [3]. We study how
circumconics are transformed under antiorthocorrespondence. This leads us to
consider a pencil of pivotal circular cubics which contains in particular the Neu-
berg cubic of the orthic triangle.

1. Introduction

This paper is a complement to our previous paper [3] on the orthocorrespon-
dence. Recall that in the plane of a given triangleABC, the orthocorrespondent of
a pointM is the pointM⊥ whose trilinear polar intersects the sidelines ofABC at
the orthotraces ofM . If M = (p : q : r) in homogeneous barycentric coordinates,
then1

M⊥ = (p(−pSA + qSB + rSC) + a2qr : · · · : · · · ). (1)

The antiorthocorrespondents ofM consists of the two pointsM1 and M2, not
necessarily real, for whichM⊥

1 = M = M⊥
2 . We writeM� = {M1,M2}, and

say thatM1 andM2 are orthoassociates. We shall make use of the following basic
results.

Lemma 1. Let M = (p : q : r) and M� = {M1,M2}.

(1) The line M1M2
2 has equation

SA(q − r)x+ SB(r − p)y + SC(p − q)z = 0.

It always passes through the orthocenter H , and intersects the line GM at
the point (

(b2 − c2)/(q − r) : · · · : · · · )
on the Kiepert hyperbola.

(2) The perpendicular bisector �M of the segment M1M2 is the trilinear polar
of the isotomic conjugate of the anticomplement of M , i.e.,

(q + r − p)x+ (r + p − q)y + (p+ q − r)z = 0.

Publication Date: December 29, 2003. Communicating Editor: Paul Yiu.
The author thanks Paul Yiu for his helps in the preparation of the present paper.
1Throughout this paper, we use the same notations in [3]. All coordinates are barycentric coordi-

nates with respect to the reference triangleABC.
2M1M2 is the Steiner line of the isogonal conjugate of the infinite point of the trilinear polar of

the isotomic conjugate ofM .
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We study how circumconics are transformed under antiorthocorrespondence.
Let P = (u : v : w) be a point not lying on the sidelines ofABC. Denote by
ΓP the circumconic with perspectorP , namely,

u

x
+

v

y
+

w

z
= 0.

This has center3

G/P = (u(−u + v + w) : v(−v +w + u) : w(u + v − w)),

and is the locus of trilinear poles of lines passing throughP .
A point (x : y : z) is the orthocorrespondent of a point onΓP if and only if∑

cyclic

u

x(−xSA + ySB + zSC) + a2yz
= 0. (2)

The antiorthocorrespondent ofΓP is therefore in general a quarticQP . It is easy
to check thatQP passes through the vertices of the orthic triangle and the pedal
triangle ofP . It is obviously invariant under orthoassociation,i.e., inversion with
respect to the polar circle. See [3,§2]. It is therefore a special case of anallagmatic
fourth degree curve.

A

B C

H

P

Ha

Hc

Hb

Pa

Pc

Pb

ΓP

Figure 1. The bicircular circum-quarticQP

3This is the perspector of the medial triangle and anticevian triangle ofP .
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The equation ofQP can be rewritten as

(u+ v + w)C2 −

∑

cyclic

(v + w)SA x


LC −


∑

cyclic

uSBSC yz


L2 = 0, (3)

with
C = a2yz + b2zx+ c2xy, L = x+ y + z.

From this it is clear thatQP is a bicircular quartic if and only ifu+ v +w 	= 0;
equivalently,ΓP does not contain the centroidG. We shall study this case in§3
below, and the caseG ∈ ΓP in §4.

2. The conic γP

A generic point on the conicΓP is

M = M(t) =
(

u

(v − w)(u + t)
:

v

(w − u)(v + t)
:

w

(u − v)(w + t)

)
.

As M varies on the circumconicΓP , the perpendicular bisector�M of M1M2

envelopes the conicγP :∑
((u + v +w)2 − 4vw)x2 − 2(u + v +w)(v + w − u)yz = 0.

A

B C

H

P

Ha

Hc
Hb

Pa

Pc
Pb

ΓP

M1

M2

lM

γP

Figure 2. The conicγP

The point of tangency ofγP and the perpendicular bisector ofM1M2 is

TM = (v(u − v)2(w + t)2 + w(u − w)2(v + t)2 : · · · : · · · ).
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The conicγP is called the d´eférente ofΓP in [1]. It has centerωP = (2u+ v +
w : · · · : · · · ), and is homothetic to the circumconic with perspector((v + w)2 :
(w + u)2 : (u + v)2). 4 It is therefore a circle whenP is the Nagel point or one of
its extraversions. This circle is the Spieker circle. We shall see in§3.5 below that
QP is an oval of Descartes.

It is clear thatγP is a parabola if and only ifωP and thereforeP are at infinity.
In this case,ΓP contains the centroidG. See§4 below.

3. Antiorthocorrespondent of a circumconic not containing the centroid

Throughout this section we assumeP a finite point so that the circumconicΓP
does not contain the centroidG.

Proposition 2. Let � be a line through G intersecting ΓP at two points M and N .
The antiorthocorrespondents of M and N are four collinear points on QP .

Proof. Let M1, M2 be the antiorthocorrespondents ofM , andN1, N2 those ofN .
By Lemma 1, each of the linesM1M2 andN1N2 intersects� at the same point on
the Kiepert hyperbola. Since they both containH, M1M2 andN1N2 are the same
line. �
Corollary 3. Let the medians of ABC meet ΓP again at Ag, Bg, Cg. The an-
tiorthocorrespondents of these points are the third and fourth intersections of QP

with the altitudes of ABC . 5

Proof. The antiorthocorrespondents ofA areA andHa. �
In this case, the third and fourth points onAH are symmetric about the second

tangent toγP which is parallel toBC. The first tangent is the perpendicular bisec-
tor of AHa with contact(v + w : v : w), the contact with this second tangent is
(u(v + w) : uw + (v + w)2 : uv + (v + w)2) while Ag = (−u : v + w : v + w).

For distinct pointsP1 andP2, the circumconicsΓP1 andΓP2 have a “fourth”
common pointT , which is the trilinear pole of the lineP1P2. Let T� = {T1, T2}.
The conicsΓP1 andΓP2 generate a pencilF consisting ofΓP for P on the line
P1P2. The antiorthocorrespondent of every conicΓP ∈ F contains the following
16 points:
(i) the vertices ofABC and the orthic triangleHaHbHc,
(ii) the circular points at infinity with multiplicity 4,6

(iii) the antiorthocorrespondentsT� = {T1, T2}.

Proposition 4. Apart from the circular points at infinity and the vertices of ABC
and the orthic triangle, the common points of the quartics QP1 and QP2 are the
antiorthocorrespondents of the trilinear pole of the line P1P2.

4It is inscribed in the medial triangle; its anticomplement is the circumconic with center the
complement ofP , with perspector the isotomic conjugate ofP .

5They are not always real whenABC is obtuse angle.
6Think of QP1 as the union of two circles andQP2 likewise. These have at most 8 real finite

points and the remaining 8 are the circular points at infinity, each counted with multiplicity 4.
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A

B
C

H

P1

Ha

Hc

Hb

ΓP1

P2

ΓP2

QP1

QP2

T1

T2

Figure 3. The bicircular quarticsQP1 andQP2

Remarks. 1. T1 andT2 lie on the line throughH which is the orthocorrespondent
of the lineGT . See [3,§2.4]. This lineT1T2 is the directrix of the inscribed (in
ABC) parabola tangent to the lineP1P2.

2. The pencilF contains three degenerate conicsBC ∪ AT , CA ∪ BT , and
AB ∪ CT . The antiorthocorrespondent ofBC ∪ AT , for example, degenerates
into the circle with diameterBC and another circle throughA, Ha, T1 andT2 (see
[3, Proposition 2]).

3.1. The points S1 and S2. SinceQP and the circumcircle have already seven
common points, the verticesA, B, C, and the circular points at infinity, each of
multiplicity 2, they must have an eighth common point, namely,

S1 =

(
a2

v
b2SB

− w
c2SC

: · · · : · · ·
)

, (4)

which is the isogonal conjugate of the infinite point of the line

u

a2SA
x+

v

b2SB
y +

w

c2SC
z = 0.
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Similarly,QP and the nine-point circle also have a real eighth common point

S2 = ((SB(u − v + w)− SC(u+ v − w))(c2SCv − b2SBw) : · · · : · · · ), (5)

which is the inferior of(
a2

SB(u − v + w)− SC(u+ v − w)
: · · · : · · ·

)
on the circumcircle.

We know that the orthocorrespondent of the circumcircle is the circum-ellipse
ΓO, with centerK, the Lemoine point, ([3,§2.6]). If P 	= O, this ellipse meetsΓP

atA, B, C and a fourth point

S = S(P ) =
(

1
c2SCv − b2SBw

: · · · : · · ·
)

, (6)

which is the trilinear pole of the lineOP . The pointS lies on the circumcircle if
and only ifP is on the Brocard axisOK.

Proposition 5. S� = {S1, S2}.

Corollary 6. S(P ) = S(P ′) if and only if P , P ′ and O are collinear.

Remark. WhenP = O (circumcenter),ΓP is the circum-ellipse with centerK.
In this caseQP decomposes into the union of the circumcircle and the nine point
circle.

3.2. Bitangents.

Proposition 7. The points of tangency of the two bitangents to QP passing through
H are the antiorthocorrespondents of the points where the polar line of G in ΓP
meets ΓP .

Proof. Consider a line�H throughH which is supposed to be tangent toQP at two
(orthoassociate) pointsM andN . The orthocorrespondents ofM andN must lie
on ΓP and on the orthocorrespondent of�H which is a line throughG. SinceM
andN are double points, the line throughG must be tangent toΓP andMN is the
polar ofG in ΓP . �
Remark. M and N are not necessarily real. IfM� = {M1,M2} and N� =
{N1, N2}, the perpendicular bisectors ofM1M2 andN1N2 are the asymptotes of
γP .7 The four pointsM1, M2, N1, N2 are concyclic and the circle passing through
them is centered atωP .

Denote byH1, H2, H3 the vertices of the triangle which is self polar in both
the polar circle andγP . The orthocenter of this triangle is obviouslyH. For i =
1, 2, 3, let Ci be the circle centered atHi orthogonal to the polar circle andΓi the
circle centered atωP orthogonal toCi. The circleΓi intersectsQP at the circular
points at infinity (with multiplicity 2) and four other points two by two homologous
in the inversion with respect toCi which are the points of tangency of the (not

7The union of the line at infinity and a bitangent is a degenerate circle which is bitangent toQP .
Its center must be an infinite point ofγP .
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always real) bitangents drawn fromHi to QP . The orthocorrespondent ofΓi is a
conic (see [3,§2.6]) intersectingΓP at four points whose antiorthocorrespondents
are eight points, two by two orthoassociate. Four of them lie onΓi and are the
required points of tangency. The remaining four are their orthoassociates and they
lie on the circle which is the orthoassociate ofΓi. Figure 4 below shows an example
of QP with three pairs of real bitangents.

A

B C

H

H1

H2

H3

P

ΩP

ωP

ΓP

Figure 4. Bitangents toQP

Proposition 8. QP is tangent at Ha, Hb, Hc to BC , CA, AB if and only if P = H .

3.3. QP as an envelope of circles.

Theorem 9. The circle CM centered at TM passing through M1 and M2 is bitan-
gent to QP at those points and orthogonal to the polar circle.

This is a consequence of the following result from [1, tome 3, p.170]. A bicir-
cular quartic is a special case of “plane cyclic curve”. Such a curve always can
be considered in four different ways as the envelope of circles centered on a conic
(déférente) cutting orthogonally a fixed circle. Here the fixed circle is the polar
circle with centerH, and sinceM1 andM2 are anallagmatic (inverse in the polar
circle) and collinear withH, there is a circle passing throughM1, M2, centered on
the déférente, which must be bitangent to the quartic.

Corollary 10. QP is the envelope of circles CM , M ∈ ΓP , centered on γP and
orthogonal to the polar circle.



238 B. Gibert

Construction. It is easy to drawγP since we know its centerωP . For m on
γP , draw the tangenttm at m to γP . The perpendicular atm to Hm meets the
perpendicular bisector ofAHa at a point which is the center of a circle throughA
(andHa). This circle intersectsHm at two points which lie on the circle centered
at m and orthogonal to the polar circle. This circle intersects the perpendicular at
H to tm at two points ofQP .

Corollary 11. The tangents at M1 and M2 to QP are the tangents to the circle CM
at these points.

A

B C

H

P

M1

M2

lM

γP

TM

Ha

Hc

Hb

Pa

Pc
Pb

ΓP

Figure 5.QP as an envelope of circles

3.4. Inversions leaving QP invariant.

Theorem 12. QP is invariant under three other inversions whose poles are the
vertices of the triangle which is self-polar in both the polar circle and γP .

Proof. This is a consequence of [1, tome 3, p.172].
Construction: Consider the transformationφ which maps any pointM of the

plane to the intersectionM′ of the polars ofM in both the polar circle andγP .
LetΣa, Σb, Σc be the conics which are the images of the altitudesAH, BH, CH
underφ. The conicΣa is entirely defined by the following five points:
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(1) the point at infinity ofBC.
(2) the point at infinity of the polar ofH in γP .
(3) the foot onBC of the polar ofA in γP .
(4) the intersection of the polar ofHa in γP with the parallel atA to BC.
(5) the pole ofAH in γP .

A

B C

H

Ha

Hc

Hb

Σb

Σc

Σa

self-polar

triangle

Figure 6. The conicsΣa, Σb, Σc

Similarly, we define the conicsΣb andΣc. These conics are in the same pencil
and meet at four points: one of them is the point at infinity of the polar ofH in γP
and the three others are the required poles. The circles of inversion are centered
at those points and are orthogonal to the polar circle. Their radical axes with the
polar circle are the sidelines of the self-polar triangle. �

Another construction is possible : the transformation of the sidelines of triangle
ABC underφ gives three other conicsσa, σb, σc but not defining a pencil since
the three lines are not now concurrent.σa passes throughA, the two points where
the trilinear polar ofP+ (anticomplement ofP ) meetsAB andAC, the pole of the
line BC in γP , the intersection of the parallel atA to BC with the polar ofHa in
γP . See Figure 7.

Remark. The Jacobian ofσa, σb, σc is a degenerate cubic consisting of the union
of the sidelines of the self-polar triangle.
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A

B C

H

σa        polar 

of P+

self-polar

    triangle

σb
σc

Figure 7. The conicsσa, σb, σc

3.5. Examples. We provide some examples related to common centers ofABC.

P S S1 S2 ΓP Remark
H X648 X107 X125 see Figure 8
K X110 X112 X115 circumcircle
G X648 X107 S125 Steiner circum− ellipse

X647 Jerabek hyperbola

Remarks. 1. ForP = H, QP is tangent atHa,Hb,Hc to the sidelines ofABC.
See Figure 8.

2. P = X647, the isogonal conjugate of the tripole of the Euler line:ΓP is the
Jerabek hyperbola.

3. QP has two axes of symmetry if and only ifP is the point such that
−−→
OP =

3
−−→
OH (this is a consequence of [1, tome 3, p.172,§15]. Those axes are the parallels

atH to the asymptotes of the Kiepert hyperbola. See Figure 9.
4. WhenP = X8 (Nagel point),γP is the incircle of the medial triangle (its

center isX10 = Spieker center) andΓP the circum-conic centered atΩP = ((b +
c − a)(b + c − 3a) : · · · : · · · ). Since the d´eférente is a circle,QP is now an oval
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A

B
C

P=H

Ha

Hc

Hb

ΓP

Figure 8. The quarticQH
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Hc

HbO

ΓP

Pa

P

Pb

Pc

X107

X125

γP

L

Figure 9. QP with two axes of symmetry

of Descartes (see [1, tome 1, p.8]) with axis the lineHX10. We obtain three more
ovals of Descartes ifX8 is replaced by one of its extraversions. See Figure 10.
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A

B C

X8

   axe of 

symmetry

H

X10
γP

ΓP

Figure 10. QP as an oval of Descartes

4. Antiorthocorrespondent of a circum-conic passing through G

We consider the case when the circumconicΓP contains the centroidG; equiv-
alently,P = (u : v : w) is an infinite point. In this case,ΓP has center(u2 : v2 :
w2) on the inscribed Steiner ellipse. The trilinear polar of pointsQ 	= G on ΓP
are all parallel, and have infinite pointP . It is clear from (3) that the curveQP

decomposes into the union of the line at infinityL∞ : x+ y+ z = 0 and the cubic
KP ∑

x(SB(SAu − SBv)y2 − SC(SCw − SAu)z2) = 0. (7)

This is the pivotal isocubic pK(ΩP ,H), with pivot H and pole

ΩP =
(

SBv − SCw

SA
:
SCw − SAu

SB
:
SAu − SBv

SC

)
.

Since the orthocorrespondent of the line at infinity is the centroidG, we shall
simply say that the antiorthocorrespondent ofΓP is the cubicKP . The orthocenter
H is the only finite point whose orthocorrespondent isG. We know thatQP has
already the circular points (counted twice) onL∞. This means that the cubicKP

is also a circular cubic. In fact, equation (7) can be rewritten as

(uSAx+ vSBy + wSCz)(a2yz + b2zx + c2xy)

+(x+ y + z)(uSBCyz + vSCAzx+ wSABxy) = 0. (8)
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As P traversesL∞, these cubicsKP form a pencil of circular pivotal isocubics
since they all containA, B, C, H, Ha, Hb, Hc and the circular points at infinity.
The poles of these isocubics all lie on the orthic axis.

A

B C

H

Ha

Hc

Hb

ΩP

ΓP

X

G

Π

asymptote

Figure 11. The circular pivotal cubicKP

4.1. Properties of KP .

(1) KP is invariant under orthoassociation: the line throughH andM onKP

meetsKP again atM ′ simultaneously theΩP -isoconjugate and orthoas-
sociate ofM . KP is also invariant under the three inversions with poles
A,B,C which swapH andHa, Hb, Hc respectively.8 See Figure 11.

(2) The real asymptote ofKP is the line�P

u

SBv − SCw
x+

v

SCw − SAu
y +

w

SAu − SBv
z = 0. (9)

It has infinite point

P ′ = (SBv − SCw : SCw − SAu : SAu − SBv),

8H , Ha, Hb, Hc are often called the centers of anallagmaty of the circular cubic.
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and is parallel to the tangents atA, B, C, andH.9 It is indeed the Simson
line of the isogonal conjugate ofP . It is therefore tangent to the Steiner
deltoid.

(3) The tangents toKP at Ha, Hb, Hc are the reflections of those atA, B,
C, about the perpendicular bisectors ofAHa, BHb, CHc respectively.10

They concur on the cubic at the point

X =
(

SBv − SCw

u

(
b2SB

v
− c2SC

w

)
: · · · : · · ·

)
,

which is also the intersection of�P and the nine point circle. This is the
inferior of the isogonal conjugate ofP′. It is also the image ofP∗, the
isogonal conjugate ofP , under the homothetyh(H, 12 ).

(4) The antipodeF of X on the nine point circle is the singular focus ofKP :

F = (u(b2v − c2w) : v(c2w − a2u) : w(a2u − b2v)).

(5) The orthoassociateY of X is the “last” intersection ofKP with the cir-
cumcircle, apart from the vertices and the circular points at infinity.

(6) The second intersection of the lineXY with the circumcircle isZ = P∗.

A

B C

H

Ha

Hc

Hb

Z

ΓP

X

Y

G

F

asymptote

Figure 12. The pointsX, Y , Z andKP for P = X512

9The latter is the lineuSAx + vSBy + wSCz = 0.
10These are the linesS2ux − (SBv − SCw)(SBy − SCz) = 0 etc.
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(7) KP intersects the sidelines of the orthic triangle at three points lying on the
cevian lines ofY in ABC.

(8) KP is the envelope of circles centered on the parabolaPP (focusF , direc-
trix the parallel atO to the Simson line ofZ) and orthogonal to the polar
circle. See Figure 13.

A

B
C

H

Ha

Hc

Hb

Z

ΩP

ΓP

X

Y

G
O asymptote

parabola PP

directrix

Figure 13. KP and the parabolaPP

(9) ΓP meets the circumcircle again at

S =
(

1
b2v − c2w

:
1

c2w − a2u
:

1
a2u − b2v

)
and the Steiner circum-ellipse again at

R =
(

1
v − w

:
1

w − u
:

1
u − v

)
.

The antiorthocorrespondents of these two pointsS are four points onKP .
They lie on a same circle orthogonal to the polar circle. See [3,§2.5] and
Figure 14.

4.2. KP passing through a given point. Since all the cubics form a pencil, there
is a uniqueKP passing through a given pointQ which is not a base-point of the
pencil. The circumconicΓP clearly containsG andQ⊥, the orthocorrespondent of
Q. It follows thatP is the infinite point of the tripolar ofQ⊥.

Here is another construction ofP . The circumconic throughG andQ⊥ inter-
sects the Steiner circum-ellipse at a fourth pointR. The midpointM of GR is the
center ofΓP . The anticevian triangle ofM is perspective to the medial triangle
at P . The lines through their corresponding vertices are parallel to the tangents to
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A

B C

H S R

X

Y

Z

F

ΩP

G

Yff parabola

Yff parabola

    medial

ΓΓP

Figure 14. The pointsR, S andKP for P = X514

KP atA, B, C. The point at infinity of these parallel lines is the pointP for which
KP containsQ.

In particular, ifQ is a point on the circumcircle,P is simply the isogonal con-
jugate of the second intersection of the lineHQ with the circumcircle.

4.3. Some examples and special cases.

(1) The most remarkable circum-conic throughG is probably the Kiepert rect-
angular hyperbola with perspectorP = X523, point at infinity of the or-
thic axis. Its antiorthocorrespondent is pK(X1990,H), identified as the
orthopivotal cubicO(H) in [3, §6.2.1]. See Figure 15.

(2) With P = isogonal conjugate ofX930
11, KP is the Neuberg cubic of the

orthic triangle. We haveF = X137, X = X128, Y = isogonal conjugate
of X539, Z = X930. The cubic containsX5, X15, X16, X52, X186, X1154

(at infinity). See Figure 16.
(3) KP degenerates whenP is the point at infinity of one altitude. For ex-

ample, with the altitudeAH, KP is the union of the sidelineBC and the
circle throughA, H, Hb, Hc.

11P = (a2(b2 − c2)(4S2
A − 3b2c2) : · · · : · · · ). The pointX930 is the anticomplement ofX137

which isX110 of the orthic triangle.
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A

B
C

H

X115

X113X110

X1300

G

X125

    Euler line

Kiepert

hyperbola

Figure 15. O(H) or KP for P = X523
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F
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Figure 16. KP as the Neuberg cubic of the orthic triangle

(4) KP is a focal cubic if and only ifP is the point at infinity of one tangent
to the circumcircle atA, B, C. For example, withA, KP is the focal cubic
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denotedKa with singular focusHa and pole the intersection of the orthic
axis with the symmedianAK. The tangents atA, B, C, H are parallel to
the lineOA. ΓP is the isogonal conjugate of the line passing throughK
and the midpoint ofBC. PP is the parabola with focusHa and directrix
the lineOA.

Ka is the locus of pointM from which the segmentsBHb, CHc are
seen under equal or supplementary angles. It is also the locus of contacts
of tangents drawn fromHa to the circles centered onHbHc and orthogonal
to the circle with diameterHbHc. See Figure 17.
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X

Y
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F
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directrix

Figure 17. The focal cubicKa

4.4. Conclusion. We conclude with the following table showing the repartition of
the points we met in the study above in some particular situations. Recall thatP′,
X, Y always lie onKP , Y , Z, S on the circumcircle,X, F on the nine point circle,
R on the Steiner circum-ellipse. When the point is not mentioned in [6], its first
barycentric coordinate is given, as far as it is not too complicated.M∗ denotes the
isogonal conjugate ofM , andM# denotes the isotomic conjugate ofM .
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P P ′ X Y Z F S R Remark
X30 X523 X125 X107 X74 X113 X1302 X648

X523 X30 X113 X1300 X110 X125 X98 X671 (1)
X514 X516 X118 X917 X101 X116 X675 X903 (2)
X511 X512 X115 X112 X98 X114 X110 M1

X512 X511 X114 M2 X99 X115 X111 X#
538 (3)

X513 X517 X119 X915 X100 X11 X105 X#
536 (4)

X524 X1499 M3 M4 X111 X126 X99 X99

X520 X∗
1294 X133 X74 X107 X122 X1297

X525 X1503 X132 X98 X112 X127 X#
858 X#

30

X∗
930 X1154 X128 X∗

539 X930 X137

X515 X522 X124 M5 X102 X117

X516 X514 X116 M6 X103 X118 M7

Remarks. (1)ΩP = X115. ΓP is the Kiepert hyperbola.PP is the Kiepert parabola
of the medial triangle with directrix the Euler line. See Figure 15.

(2)ΩP = X1086. PP is the Yff parabola of the medial triangle. See Figure 14.
(3)ΩP = X1084. The directrix ofPP is the Brocard line.
(4)ΩP = X1015. The directrix ofPP is the lineOI.

The pointsM1, . . . , M7 are defined by their first barycentric coordinates as
follows.

M1 1/[(b2 − c2)(a2SA + b2c2)]
M2 a2/[SA((b2 − c2)2 − a2(b2 + c2 − 2a2))]
M3 (b2 − c2)2(b2 + c2 − 5a2)(b4 + c4 − a4 − 4b2c2)
M4 1/[SA(b2 − c2)(b4 + c4 − a4 − 4b2c2)]
M5 SA(b − c)(b3 + c3 − a2b − a2c+ abc)
M6 1/[SA(b − c)(b2 + c2 − ab − ac+ bc)]
M7 1/[(b − c)(3b2 + 3c2 − a2 − 2ab − 2ac + 2bc)]
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