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Antiparallels and Concurrent Euler Lines

Nikolaos Dergiades and Paul Yiu

Abstract. We study the condition for concurrency of the Euler lines of the three
triangles each bounded by two sides of a reference triangle and an antiparallel to
the third side. For example, if the antiparallels are concurrent atP and the three
Euler lines are concurrent atQ, then the loci ofP andQ are respectively the
tangent to the Jerabek hyperbola at the Lemoine point, and the line parallel to the
Brocard axis through the inverse of the deLongchamps point in the circumcircle.
We also obtain an interesting cubic as the locus of the pointP for which the
three Euler lines are concurrent when the antiparallels are constructed through
the vertices of the cevian triangle ofP .

1. Thébault’s theorem on Euler lines

We begin with the following theorem of Victor Th´ebault [8] on the concurrency
of three Euler lines.

Theorem 1 (Thébault). Let A′B′C ′ be the orthic triangle of ABC . The Euler lines
of the triangles AB′C ′, BC ′A′, CA′B′ are concurrent at the Jerabek center. 1

CB

A

HC′

A′

B′
Oa

Oc

Gc

Ga

J

Figure 1. Thébault’s theorem on the concurrency of Euler lines

We shall make use of homogeneous barycentric coordinates. With reference to
triangleABC, the vertices of the orthic triangle are the points

A′ = (0 : SC : SB), B′ = (SC : 0 : SA), C ′ = (SB : SA : 0).

Publication Date: February 3, 2004. Communicating Editor: Antreas P. Hatzipolakis.
1Thébault [8] gave an equivalent characterization of this common point. See also [7].
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These are the traces of the orthocenterH = (SBC : SCA : SAB).
The centroid ofAB′C ′ is the point

(SAA + 2SAB + 2SAC + 3SBC : SA(SC + SA) : SA(SA + SB)).

The circumcenter ofA′BC, being the midpoint ofAH, has coordinates

(SCA + SAB + 2SBC : SAC : SAB).

It is straightforward to verify that these two points lie on the line

SAA(SB−SC)(x+y+z) = (SA+SB)(SAB+SBC−2SCA)y−(SC+SA)(SBC+SCA−2SAB)z,
(1)

which is therefore the Euler line of triangleAB′C ′. Furthermore, the line (1) also
contains the point

J = (SA(SB − SC)2 : SB(SC − SA)2 : SC(SA − SB)2),

which is the center of the Jerabek hyperbola.2 Similar reasoning gives the equa-
tions of the Euler lines of trianglesBC′A′ andA′B′C, and shows that these contain
the same pointJ . This completes the proof of Th´ebault’s theorem.

2. Triangles intercepted by antiparallels

Since the sides of the orthic triangles are antiparallel to the respective sides of
triangleABC, we consider the more general situation when the residuals of the
orthic triangle are replaced by triangles intercepted by lines	1, 	2, 	3 antiparallel to
the sidelines of the reference triangle, with the following intercepts on the sidelines

BC CA AB
	1 Ba Ca

	2 Ab Cb

	3 Ac Bc

These lines are parallel to the sidelines of the orthic triangleA′B′C ′. We shall
assume that they are the images of the linesB′C ′, C ′A′, A′B′ under the homoth-
etiesh(A, 1 − t1), h(B, 1 − t2), andh(C, 1 − t3) respectively. The pointsBa, Ca

etc. have homogeneous barycentric coordinates

Ba = (t1SA + SC : 0 : (1 − t1)SA), Ca = (t1SA + SB : (1 − t1)SA : 0),
Cb = ((1 − t2)SB : t2SB + SA : 0), Ab = (0 : t2SB + SC : (1 − t2)SB),
Ac = (0 : (1 − t3)SC : t3SC + SB), Bc = ((1 − t3)SC : 0 : t3SC + SA).

2The pointJ appears asX125 in [4].
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Figure 2. Triangles intercepted by antiparallels

2.1. The Euler lines Li, i = 1, 2, 3. Denote byT1 the triangleABaCa intercepted
by 	1; similarly T2 andT3. These are oppositely similar toABC. We shall study
the condition of the concurrency of their Euler lines.

Proposition 2. With reference to triangle ABC , the barycentric equations of the
Euler lines of Ti, i = 1, 2, 3, are

(1 − t1)SAA(SB − SC)(x + y + z) =c2(SAB + SBC − 2SCA)y − b2(SBC + SCA − 2SAB)z,

(1 − t2)SBB(SC − SA)(x + y + z) =a2(SBC + SCA − 2SAB)z − c2(SCA + SAB − 2SBC)x,

(1 − t3)SCC(SA − SB)(x + y + z) =b2(SCA + SAB − 2SBC)x − a2(SAB + SBC − 2SCA)y.

Proof. It is enough to establish the equation of the Euler lineL1 of T1. This is the
image of the Euler lineL′

1 of triangleAB′C ′ under the homothetyh(A, 1− t1). A
point (x : y : z) onL1 corresponds to the point((1 − t1)x − t1(y + z) : y : z) on
L′

1. The equation ofL1 can now by obtained from (1). �

From the equations of these Euler lines, we easily obtain the condition for their
concurrency.

Theorem 3. The three Euler lines Li, i = 1, 2, 3, are concurrent if and only if

t1a
2(SB − SC)SAA + t2b

2(SC − SA)SBB + t3c
2(SA − SB)SCC = 0. (2)

Proof. From the equations ofLi, i = 1, 2, 3, given in Proposition 2, it is clear that
the condition for concurency is

(1−t1)a2(SB−SC)SAA+(1−t2)b2(SC−SA)SBB+(1−t3)c2(SA−SB)SCC = 0.

This simplifies into (2) above. �
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2.2. Antiparallels with given common point of Li, i = 1, 2, 3 . We shall assume
triangleABC scalene,i.e., its angles are unequal and none of them is a right angle.
For such triangles, the Euler lines of the residuals of the orthic triangle and the
corresponding altitudes intersect at finite points.

Theorem 4. Given a point Q in the plane of a scalene triangle ABC , there is a
unqiue triple of antiparallels 	i, i = 1, 2, 3, for which the Euler lines Li, i = 1, 2, 3,
are concurrent at Q.

Proof. Construct the parallel throughQ to the Euler line ofAB′C ′ to intersect the
line AH atOa. The circle throughA with centerOa intersectsAC andAB atBa

andCa respectively. The lineBaCa is parallel toB′C ′. It follows that its Euler
line is parallel to that ofAB′C ′. This is the lineOaQ. Similar constructions give
the other two antiparallels with corresponding Euler lines passing throughQ. �

We make a useful observation here. From the equations of the Euler lines given
in Proposition 2 above, the intersection of any two of them have coordinates ex-
pressible in linear functions oft1, t2, t3. It follows that if t1, t2, t3 are linear func-
tions of a parametert, and the three Euler lines are concurrent, then ast varies,
the common point traverses a straight line. In particular,t1 = t2 = t3 = t, the
Euler lines are concurrent by Theorem 3. The locus of the intersection of the Euler
lines is a straight line. Since this intersection is the Jerabek center whent = 0
(Thébault’s theorem), and the orthocenter whent = −1,3 this is the line

Lc :
∑
cyclic

SAA(SB − SC)(SCA + SAB − 2SBC)x = 0.

We give a summary of some of the interesting loci of common points of Euler
linesLi, i = 1, 2, 3, when the lines	i, i = 1, 2, 3, are subjected to some further
conditions. In what follows,T denotes the triangle bounded by the lines	i, i =
1, 2, 3.

Line Construction Condition Reference
Lc HJ T homothetic to orthic

triangle atX25

Lq Remark below 	i, i = 1, 2, 3, concurrent §3.2
Lt KX74 	i are the antiparallels §6

of a Tucker hexagon
Lf X5X184 Li intersect on Euler line §7.2

of T
Lr GX110 T andABC perspective §8.3

Remark. Lq can be constructed as the line parallel to the Brocard axis through the
intersection of the inverse of the deLongchamps point in the circumcircle.

3For t = 1, this intersection is the pointX74 on the circumcircle, the isogonal conjugate of the
infinite point of the Euler line.
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3. Concurrent antiparallels

In this section we consider the case when the antiparallels	1, 	2, 	3 all pass
through a pointP = (u : v : w). In this case,

Ba = ((SC + SA)u − (SB − SC)v : 0 : (SA + SB)v + (SC + SA)w),
Ca = ((SA + SB)u + (SB − SC)w : (SA + SB)v + (SC + SA)w : 0),
Cb = ((SB + SC)w + (SA + SB)u : (SA + SB)v − (SC − SA)w : 0),
Ab = (0 : (SB + SC)v + (SC − SA)u : (SB + SC)w + (SA + SB)u),
Ac = (0 : (SC + SA)u + (SB + SC)v : (SB + SC)w − (SA − SB)u),
Bc = ((SC + SA)u + (SB + SC)v : 0 : (SC + SA)w + (SA − SB)v).

For example, whenP = K, these are the vertices of the second cosine circle.

CB

A

Ac Ab

Ba

BcCb

Ca

Q(K)

K
O

X110

X74

X184

J

Figure 3. Q(K) and the second Lemoine circle

Proposition 5. The Euler lines of triangles Ti, i = 1, 2, 3, are concurrent if and
only if P lies on the line

Lp :
SA(SB − SC)

a2
x +

SB(SC − SA)
b2

y +
SC(SA − SB)

c2
z = 0.

When P traverses Lp, the intersection Q of the Euler lines traverses the line

Lq :
∑
cyclic

(b2 − c2)(a2(SAA + SBC) − 4SABC)
a2

x = 0.
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For a pointP on the lineLp, we denote byQ(P ) the corresponding point on
Lq.

Proposition 6. For points P1, P2, P3 on Lp, Q(P1), Q(P2), Q(P3) are points on
Lq satisfying

Q(P1)Q(P2) : Q(P2)Q(P3) = P1P2 : P2P3.

3.1. The line Lp. The lineLp containsK and is the tangent to the Jerabek hyper-
bola atK. See Figure 4. It also contains, among others, the following points.

K

H

J

X1495

X184

X25

Lp

O

Figure 4. The lineLp

(1) X25 =
(

a2

SA
: b2

SB
: c2

SC

)
which is on the Euler line ofABC, and is the

homothetic center of the orthic and the tangential triangles,4

(2) X184 = (a4SA : b4SB : c4SC) which is the homothetic center of the orthic
triangle and the medial tangential triangle,5

4See also§4.1.
5For other interesting properties ofX184, see [6], where it is named the procircumcenter of trian-

gleABC.
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(3) X1495 = (a2(SCA +SAB−2SBC) : · · · : · · · ) which lies on the parallel to
the Euler line through the antipode of the Jerabek center on the nine-point
circle. 6

3.2. The line Lq . The lineLq is parallel to the Brocard axis. See Figure 5. It
contains the following points.

(1) Q(K) = (a2SA(b2c2(SBB −SBC +SCC)−2a2SABC) : · · · : · · · ). It can
be constructed as the intersection of the lines joiningK to X74, andJ to
X110. See Figure 3 and§6 below. The lineLq can therefore be constructed
as the parallel through this point to the Brocard axis.

(2) Q(X1495) = (a2SA(a2S2 − 6SABC) : · · · : · · · ), which is on the line
joining O to X184 (onLp).

K

H

X2071

X74

X184

O

Q(K)

Q(X1495)

X1495

Lq

Lp

Figure 5. The lineLq

The lineLq intersects the Euler line ofABC at the point

X2071 = (a2(a2SAAA + SAA(SBB − 3SBC + SCC) − SBBCC) : · · · : · · · ),

6This is the pointX113.
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which is the inverse of the de Longchamps point in the circumcircle. This corre-
sponds to the antiparallels through

P2071 = (a4((a2SAAA + SAA(SBB − 3SBC + SCC) − SBBCC) : · · · : · · · )
on the lineLp. This point can be constructed by a simple application of Theorem
4 or Proposition 6. (See also Remark 2 following Theorem 12).

3.3. The intersection of Lp and Lq. The linesLp andLq intersect at the point

M = (a2SA(SAB + SAC + SBB − 4SBC + SCC) : · · · : · · · ).
(1) Q(M) is the point onLq with coordinates

(a2SA(SAA(SBB +SCC)+a2SA(SBB −3SBC +SCC)+SBC(SB −SC)2) : · · · : · · · ).
(2) The pointP onLp for whichQ(P ) = M has coordinates

(a2(a2(2SAA − SBC) + 2SA(SBB − 3SBC + SCC)) : · · · : · · · ).

4. The triangle T bounded by the antiparallels

We assume the line	i, i = 1, 2, 3, nonconcurrent so that they bound a nonde-
generate triangleT = A1B1C1. Since these lines have equations

−t1SA(x + y + z) =−SAx+SBy+SCz,

−t2SB(x + y + z) = SAx−SBy+SCz,

−t3SC(x + y + z) = SAx+SBy−SCz,

the vertices ofT are the points

A1 =(−a2(t2SB + t3SC) : 2SCA + t2b
2SB + t3SC(SC − SA)

: 2SAB + t2SB(SB − SA) + t3c
2SC),

B1 =(2SBC + t3SC(SC − SB) + t1a
2SA : −b2(t3SC + t1SA)

: 2SAB + t3c
2SC + t1SA(SA − SB))

C1 =(2SBC + t1a
2SA + t2SB(SB − SC) : 2SCA + t1SA(SA − SC) + t2b

2SB

: −c2(t1SA + t2SB)).

4.1. Homothety with the orthic triangle . The triangleT = A1B1C1 is homothetic
to the orthic triangleA′B′C ′. The center of homothety is the point

P (T) =
(

t2SB + t3SC

SA
:
t3SC + t1SA

SB
:
t1SA + t2SB

SC

)
, (3)

and the ratio of homothety is

1 +
t1a

2SAA + t2b
2SBB + t3c

2SCC

2SABC
.

Proposition 7. If the Euler lines Li, i = 1, 2, 3, are concurrent, the homothetic
center P (T) of T and the orthic triangle lies on the line Lp.
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Proof. If we write P (T) = (x : y : z). From (3), we obtain

t1 =
−xSA + ySB + zSC

2SA
, t2 =

−ySB + zSC + xSA

2SB
, t3 =

−zSC + xSA + ySB

2SC
.

Substitution in (2) yields the equation of the lineLp. �

For example, ift1 = t2 = t3 = t, P (T) = X25 =
(

a2

SA
: b2

SB
: c2

SC

)
. 7 If

the ratio of homothety is 0, triangleT degenerates into the pointX25 onLp. The
intersection ofLc andLq is the point

Q(X25) =(a2SA(b4S4
B + c4S4

C + a2SAAA(SB − SC)2

− SABC(4a2SBC + 3SA(SB − SC)2)) : · · · : · · · ).
Remark. The lineLp is also the locus of the centroid ofT for which the Euler lines
Li, i = 1, 2, 3, concur.

4.2. Common point of Li, i = 1, 2, 3, on the Brocard axis. We consider the case
when the Euler linesLi, i = 1, 2, 3, intersect on the Brocard axis. A typical point
on the Brocard axis, dividing the segmentOK in the ratiot : 1− t, has coordinates

(a2(SA(SA + SB + SC) + (SBC − SAA)t) : · · · : · · · ).
This point lies on the Euler linesLi, i = 1, 2, 3, if and only if we choose

t1 =
−(SA + SB + SC)(S2 − SAA) + b2c2(SB + SC − 2SA)t

2SAA(SA + SB + SC)
,

t2 =
−(SA + SB + SC)(S2 − SBB) + c2a2(SC + SA − 2SB)t

2SBB(SA + SB + SC)
,

t3 =
−(SA + SB + SC)(S2 − SCC) + a2b2(SA + SB − 2SC)t

2SCC(SA + SB + SC)
.

The corresponding triangleT is homothetic to the orthic triangle at the point

(a2(−(SA + SB + SC) · a2SA + t(−(2SA + SB + SC)SBC + b2SCA + c2SAB) : · · · : · · · ),

which divides the segmentX184K in the ratio2t : 1−2t. The ratio of homothety is
− a2b2c2

4SABC
. These triangles are all directly congruent to the medial tangential triangle

of ABC. We summarize this in the following proposition.

Proposition 8. Corresponding to the family of triangles directly congruent to the
medial tangential triangle, homothetic to orthic triangle at points on the line Lp,
the common points of the Euler lines of Li, i = 1, 2, 3, all lie on the Brocard axis.

7See also§3.1(1). The tangential triangle isT with t = 1.
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5. Perspectivity of T with ABC

Proposition 9. The triangles T and ABC are perspective if and only if∑
cyclic

(SB − SC)(t1SAA − t2t3SBC) = 0. (4)

Proof. From the coordinates of the vertices ofT, it is straightforward to check that
T andABC are perspective if and only if

t1a
2SAA + t2b

2SBB + t3c
2SCC + 2SABC = 0

or (4) holds. Since the area of triangleT is

(t1a2SAA + t2b
2SBB + t3c

2SCC + 2SABC)2

a2b2c2SABC

times that of triangleABC, we assumet1a2SAA+t2b
2SBB+t3c

2SCC+2SABC �=
0 and (4) is the necessary and sufficient condition for perspectivity. �
Theorem 10. If the triangle T is nondegenerate and is perspective to ABC , then
the perspector lies on the Jerabek hyperbola of ABC .

Proof. If trianglesA1B1C1 andABC are perspective atP = (x : y : z), then

A1 = (u + x : y : z), B1 = (x : v + y : z), C1 = (x : y : w + z)

for someu, v, w. Since the lineB1C1 is parallel toB′C ′, which has infinite point
(SB − SC : −(SC + SA) : SA + SB), we have∣∣∣∣∣∣

SB − SC −(SC + SA) SA + SB

x y + v z
x y z + w

∣∣∣∣∣∣ = 0,

and similarly for the other two lines. These can be rearranged as

(SC + SA)x − (SB − SC)y
v

− (SB − SC)z + (SA + SB)x
w

=SB − SC ,

(SA + SB)y − (SC − SA)z
w

− (SC − SA)x + (SB + SC)y
u

=SC − SA,

(SB + SC)z − (SA − SB)x
u

− (SA − SB)y + (SC + SA)z
v

=SA − SB.

Multiplying these equations respectively by

SA(SB + SC)yz, SB(SC + SA)zx, SC(SA + SB)xy

and adding up, we obtain(
1 +

x

u
+

y

v
+

z

w

) ∑
cyclic

SA(SBB − SCC)yz = 0.

Since the area of triangleT is

uvw
(
1 +

x

u
+

y

v
+

z

w

)
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times that of triangleABC, we must have1 + x
u + y

v + z
w �= 0. It follows that∑

cyclic

SA(SBB − SCC)yz = 0.

This means thatP lies on the Jerabek hyperbola. �

We shall identify the locus of the common points of Euler lines in§8.3 below.
In the meantime, we give a construction for the pointQ from the perspector on the
Jerabek hypebola.

Construction. Given a pointP on the Jerabek hyperbola, construct parallels to
A′B′ and A′C ′ through an arbitrary pointA′

1 on the lineAP . Let M1 be the
intersection of the Euler lines of the triangles formed by these antiparallels and
the sidelines ofABC. With another pointA′′

1 obtain a pointM2 by the same
construction. Similarly, working with two pointsB′

1 andB′′
1 onBP , we construct

another lineM3M4. The intersection ofM1M2 andM3M4 is the common pointQ
of the Euler lines corresponding the antiparallels that bound a triangle perspective
to ABC atP .

6. The Tucker hexagons and the line Lt

It is well known that if the antiparallels, together with the sidelines of triangle
ABC, bound a Tucker hexagon, the vertices lie on a circle whose center is on the
Brocard axis. If this center divides the segmentOK in the ratiot : 1 − t, the
antiparallels pass through the points dividing the symmedians in the same ratio.
The vertices of the Tucker hexagon are

Ba = (SC + (1 − t)c2 : 0 : tc2), Ca = (SB + (1 − t)b2 : tb2 : 0),
Cb = (ta2 : SA + (1 − t)a2 : 0), Ab = (0 : SC + (1 − t)c2 : tc2),
Ac = (0 : tb2 : SB + (1 − t)b2), Bc = (ta2 : 0 : SA + (1 − t)a2).

In this case,

1−t1 =
t · b2c2

SA(SA + SB + SC)
, 1−t2 =

t · c2a2

SB(SA + SB + SC)
, 1−t3 =

t · a2b2

SC(SA + SB + SC)
.

It is clear that the Euler linesLi, i = 1, 2, 3, are concurrent. Ast varies, this
common point traverses a straight lineLt. We show that this is the line joiningK
to Q(K).

(1) For t = 1, this Tucker circle is the second Lemoine circle with centerK,
the triangleT degenerates into the pointK. The common point of the
Euler lines is therefore the pointQ(K). See§3.2 and Figure 3.

(2) Fort = 3
2 , the vertices of the Tucker hexagon are

Ba = (a2 + b2 − 2c2 : 0 : 3c2), Ca = (c2 + a2 − 2b2 : 3b2 : 0),
Cb = (3a2 : b2 + c2 − 2a2 : 0), Ab = (0 : a2 + b2 − 2c2 : 3c2),
Ac = (0 : 3b2 : c2 + a2 − 2b2), Bc = (3a2 : 0 : b2 + c2 − 2a2).
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The trianglesTi, i = 1, 2, 3, have a common centroidK, which is
therefore the common point of their Euler lines. The corresponding Tucker
center is the pointX576 (which dividesOK in the ratio3 : −1).

From these, we obtain the equation of the line

Lt :
∑
cyclic

b2c2SA(SB − SC)(SCA + SAB − 2SBC)x = 0.

Remarks. (1) The triangleT is perspective toABC atK. See, for example, [5].
(2) The lineLt also containsX74 which we may regard as corresponding to

t = 0.

For more about Tucker hexagons, see§8.2.

7. Concurrency of four or more Euler lines

7.1. Common point of Li, i = 1, 2, 3, on the Euler line of ABC . We consider the
case when the Euler linesLi, i = 1, 2, 3, intersect on the Euler line ofABC. A
typical point on the Euler line axis divides the segmentOH in the ratiot : 1 − t,
has coordinates

(a2SA − (SCA + SAB − 2SBC)t) : · · · : · · · ).
This lies on the Euler linesLi, i = 1, 2, 3, if and only if we choose

t1 =
−(S2 − SAA) + (S2 − 3SAA)t

2SAA
,

t2 =
−(S2 − SBB) + (S2 − 3SBB)t

2SBB
,

t3 =
−(S2 − SCC) + (S2 − 3SCC)t

2SCC
.

Independently oft, the corresponding triangleT is always homothetic to the
medial tangential triangle at the pointP2071 on the lineLp for which Q(P2071) =
X2071, the intersection ofLq with the Euler line. See the end of§3.2 above. The
ratio of homothety is1 + t − 8SABC

a2b2c2 t. We summarize this in the following propo-
sition.

Proposition 11. Let P2071 be the point on Lp such that Q(P2071) = X2071. The
Euler lines Li, i = 1, 2, 3, corresponding to the sidelines of triangles homothetic
at P2071 to the medial tangential triangle intersect on the Euler line of ABC .

7.2. The line Lf . The Euler line of triangleT is the line

(x + y + z)
∑
cyclic

t1a
2SAA(SB − SC)(S2 + SBC)(S2 − SAA)

=2SABC

∑
cyclic

(S2 + SCA)(S2 + SAB)x. (5)
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Theorem 12. The Euler lines of the four triangles T and Ti, i = 1, 2, 3, are
concurrent if and only if

t1 = − 16S2 · SABC + t(a2b4c4 − 4SABC(3S2 − SAA))
4SAA(a2b2c2 + 4SABC)

,

t2 = − 16S2 · SABC + t(a4b2c4 − 4SABC(3S2 − SBB))
4SBB(a2b2c2 + 4SABC)

,

t3 = − 16S2 · SABC + t(a4b4c2 − 4SABC(3S2 − SCC))
4SCC(a2b2c2 + 4SABC)

,

with t �= −24a2b2c2SABC
(a2b2c2−8SABC)(3(SA+SB+SC)S2+SABC)

. The locus of the common point
of the four Euler lines is the line Lf joining the nine-point center of ABC to X184,
with the intersection with Lq deleted.

Proof. The equation of the Euler lineLi, i = 1, 2, 3, can be rewritten as

t1SA(SB − SC)(x + y + z) + SAA(SB − SC)x

+(SAB(SB − SC) − (SAA − SBB)SC)y + (SAC(SB − SC) + (SAA − SCC)SB)z = 0, (6)

t2SA(SB − SC)(x + y + z) + SBB(SC − SA)y

+(SBA(SC − SA) + (SBB − SAA)SC)x + (SBC(SC − SA) − (SBB − SCC)SA)z = 0, (7)

t3SC(SA − SB)(x + y + z) + SCC(SA − SB)z

+(SCA(SA − SB) − (SCC − SAA)SB)x + (SCB(SA − SB) + (SCC − SBB)SA)y = 0. (8)

Multiplying (4), (5), (6) respectively by

a2SA(S2+SBC)(S2−SAA), b2SB(S2+SCA)(S2−SBB), c2SC(S2+SAB)(S2−SCC),

and adding, we obtain by Theorem 10 the equation of the line

Lf :
∑
cyclic

(SB − SC)(S2(2SAA − SBC) + SABC · SA)x = 0

which contains the common point of the Euler lines ofTi, i = 1, 2, 3, if it also
lies on the Euler lineL of T. The lineLf contains the nine-point centerX5 and
X184 = (a4SA : b4SB : c4SC). Let Qt be the point which divides the segment
X184X5 in the ratiot : 1 − t. It has coordinates

((1 − t)4S2 · a4SA + t(a2b2c2 + 4SABC)(SCA + SAB + 2SBC)

: (1 − t)4S2 · b4SB + t(a2b2c2 + 4SABC)(2SCA + SAB + SBC)

: (1 − t)4S2 · c4SC + t(a2b2c2 + 4SABC)(SCA + 2SAB + SBC)).

The pointQt lies on the Euler linesLi, i = 1, 2, 3, respectively if we chooset1, t2,
t3 given above.
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If Q lies onLq, thenQt = Q(P ) for some pointP on Lp. 8 In this case, the
triangle T degenerates into the pointP �= Q and its Euler line is not defined.
It should be excluded fromLf . The corresponding value oft is as given in the
statement above. �

Here are some interesting points onLf .

(1) Fort = 0, T is perspective withABC atX74, and the common point of the
four Euler lines isX184. The antiparallels are drawn through the intercepts

of the trilinear polars ofX186 =
(

a2

SA(S2−3SAA)
: · · · : · · ·

)
, the inversive

image of the orthocenter in the circumcircle.
(2) For t = 1, this common point is the nine-point of triangleABC. The

triangle T is homothetic to the orthic triangle atX51 and to the medial
tangential triangle at the pointP2071 in §3.2.

(3) t = − a2b2c2

4SABC
givesX156, the nine-point center of the tangential triangle.

In these two cases, we have the concurrency of five Euler lines.
(4) The lineLf intersects the Brocard axis atX569. This corresponds tot =

2a2b2c2

3a2b2c2+4SABC
.

Proposition 13. The triangle T is perspective with ABC and its Euler line con-
tains the common point of the Euler lines of Ti, i = 1, 2, 3 precisely in the follow-
ing three cases.

(1) t = 0, with perspector X74 and common point of Euler line X184.
(2) t = −12a2b2c2SABC

a4b4c4−12a2b2c2SABC−16(SABC )2 , with perspector K.

Remarks. (1) In the first case,

t1 =
k

SAA
, t2 =

k

SBB
, t3 =

k

SCC

for k = − 4S2·SABC

a2b2c2+4SABC
. The antiparallels pass through the intercepts of the trilin-

ear polar ofX186, the inversive image ofH in the circumcircle.
(2) In the second case, the antiparallels bound a Tucker hexagon. The center of

the Tucker circle dividesOK in the ratiot : 1 − t, where

t =
S2(SA + SB + SC)(a2b2c2 − 16SABC )
a4b4c4 − 12a2b2c2SABC − 16(SABC )2

.

It follows that the common point of the Euler lines is the intersection of the lines
Lf = X5X184 andLt.

8. Common points of Li, i = 1, 2, 3, when T is perspective

If the Euler linesLi, i = 1, 2, 3, are concurrent, then, according to (2) we may
put

t1 =
k(λ + SA)

a2SAA
, t2 =

k(λ + SB)
b2SBB

, t3 =
k(λ + SC)

c2SCC

8This point is the intersection ofLp with the line joining the Jerabek centerJ to X323, the
reflection inX110 of the inversive image of the centroid in the circumcircle.
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for someλ andk. If, also, theT is perspective, (4) gives

k(kλ + SABC)(λ + SA + SB + SC)(k(3λ + SA + SB + SC) + 2SABC) = 0.

If k = 0, T is the orthic triangle. We consider the remaining three cases below.

8.1. The case k(SA + SB + SC + 3λ) + 2SABC = 0. In this case,

t1 = − 2SABC + k(SB + SC − 2SA)
3a2SAA

,

t2 = − 2SABC + k(SC + SA − 2SB)
3b2SBB

,

t3 = − 2SABC + k(SA + SB − 2SC)
3c2SCC

.

The antiparallels are concurrent.

8.2. The case kλ + SABC = 0 . In this case,

t1 =
k − SBC

a2SA
, t2 =

k − SCA

b2SB
, t3 =

k − SAB

c2SC
.

In this case, the perspector is the Lemoine pointK. The antiparallels bound a
Tucker hexagon. The locus of the common point of Euler lines is the lineLt. Here
are some more interesting points on this line.

(1) Fork = 0, we have

t1 = − SBC

SA(SB + SC)
, t2 = − SCA

SB(SC + SA)
, t3 = − SAB

SC(SA + SB)
.

This gives the Tucker hexagon with vertices

Ba = (SCC : 0 : S2), Ca = (SBB : S2 : 0),
Cb = (S2 : SAA : 0), Ab = (0 : SCC : S2),
Ac = (0 : S2 : SBB), Bc = (S2 : 0 : SAA).

These are the pedals ofA′, B′, C ′ on the sidelines. The Tucker circle is the
Taylor circle. The triangleT is the medial triangle of the orthic triangle.
The corresponding Euler lines intersect atX974, which is the intersection
of Lt = KX74 with X5X125. See [2].

(2) Fork = SABC
SA+SB+SC

, we have

t1 = − SBC

SA(SA + SB + SC)
, t2 = − SCA

SB(SA + SB + SC)
, t3 = − SAB

SC(SA + SB + SC)
.

The Tucker circle is the second Lemoine circle, considered in§6.
(3) The lineLt intersects the Euler line at

X378 =
(

a2(S2 + 3SAA)
SA

: · · · : · · ·
)

.

The corresponding Tucker circle has center
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(S2(SB +SC)(SC −SA)(SA −SB)+3(SA +SB)(SB +SC)(SC +SA)SBC : · · · : · · · )

which is the intersection of the Brocard axis and the line joining the ortho-
center toX110.

CB

A

H

K
O

X110

X74

X378

Figure 6. Intersection of 4 Euler lines atX378

8.3. The case λ = −(SA + SB + SC). In this case, we have

t1 = − k

SAA
, t2 = − k

SBB
, t3 = − k

SCC
.

In this case, the perspector is the point(
1

2SABC · SA − k(b2c2 − 2SBC)
: · · · : · · ·

)

on the Jerabek hyperbola. If the point on the Jerabek hyperbola is the isogonal
conjugate of the point which dividesOH in the ratiot : 1 − t, then

k =
4tS2 · SABC

a2b2c2(1 + t) + 4t · SABC
.

The locus of the intersection of the Euler linesLi, i = 1, 2, 3, is clearly a line.
Since this intersection is the Jerabek center fork = 0 (Thébault’s theorem) and the
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centroid fork = S2

3 , this is the line

Lr :
∑
cyclic

(SB − SC)(SBC − SAA)x = 0.

This line also contains, among other points,X110 andX184. We summarize the
general situation in the following theorem.

Theorem 14. Let P be a point on the Euler line other than the centroid G. The
antiparallels through the intercepts of the trilinear polar of P bound a triangle
perspective with ABC (at a point on the Jerabek hyperbola). The Euler lines of
the triangles Ti, i = 1, 2, 3, are concurrent (at a point Q on the line Lr joining the
centroid G to X110).

Here are some interesting examples withP easily constructed on the Euler line.

P Perspector Q

H H X125

O X64 = X∗
20 X110

X30 X∗
2071 G

X186 X74 X184

X403 X265 = X186∗ X1899

X23 X1177 = X∗
858 X182

X858 X1352

X1316 X98

Remarks. (1) X186 is the inversive image ofH in the circumcircle.
(2) X403 is the midpoint betweenH andX186.
(3) X23 is the inversive image ofG in the circumcircle.
(4) X858 is the inferior ofX23.
(5) X182 is the midpoint ofOK, the center of the Brocard circle.
(6) X1352 is the reflection ofK in the nine-point center.
(7) X1316 is the intersection of the Euler line and the Brocard circle apart fromO.

9. Two loci: a line and a cubic

We conclude this paper with a brief discussion on two locus problems.

9.1. Antiparallels through the vertices of a pedal triangle. Suppose the antiparal-
lels 	i, i = 1, 2, 3, are constructed through the vertices of the pedal triangle of a
finite pointP . Then the Euler linesLi, i = 1, 2, 3, are concurrent if and only ifP
lies on the line ∑

cyclic

SA(SB − SC)(SAA − SBC)x = 0.

This is the line containingH and the Tarry pointX98. For P = H, the common
point of the Euler line is

X185 = (a2SA(SA(SBB + SCC) + a2SBC) : · · · : · · · ).
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9.2. Antiparallels through the vertices of a cevian triangle. If, instead, the antipar-
allels 	i, i = 1, 2, 3, are constructed through the vertices of the cevian triangle of
P , then the locus ofP for which the Euler linesLi, i = 1, 2, 3, are concurrent is
the cubic

K :
SA + SB + SC

SABC
xyz +

∑
cyclic

x

SA(SB − SC)

(
SA + SB

SC
y2 − SC + SA

SB
z2

)
= 0.

This can also be written in the form

(
∑
cyclic

(SB + SC)yz)(
∑
cyclic

SA(SB − SC)(SB + SC − SA)x)

=(
∑
cyclic

SA(SB − SC)x)(
∑
cyclic

SA(SB + SC)yz).

From this, we obtain the following points onK:

• the orthocenterH (as the intersection of the Euler line and the line∑
cyclic SA(SB − SC)(SB + SC − SA)x) = 0),

• the Euler reflection pointX110 (as the “fourth” intersection of the circum-
circle and the circumconic

∑
cyclic SA(SB + SC)yz = 0 with centerK),

• the intersections of the Euler line with the circumcircle, the pointsX1113

andX1114.

Corresponding toP = X110, the Euler linesLi, i = 1, 2, 3, intersect at the
circumcenterO. On the other hand,X1113 andX1114 are the points

(a2SA + λ(SCA + SAB − 2SBC) : · · · : · · · )
for λ = − abc√

a2b2c2−8SABC

andλ = abc√
a2b2c2−8SABC

respectively. The antiparallels

through the traces of each of these points correspond to

t1 = t2 = t3 =
λ − 1
λ + 1

.

This means that the corresponding intersections of Euler lines lie on the lineLc =
HJ in §2.2.

9.3. The cubic K. The infinite points of the cubicK can be found by rewriting the
equation ofK in the form

(
∑
cyclic

SA(SB − SC)(SB + SC)yz)(
∑
cyclic

(SB + SC)x)

=(x + y + z)(
∑
cyclic

(SB + SC)(SB − SC)(SA(SA + SB + SC) − SBC)yz)

They are the infinite points of the Jerabek hyperbola and the line(SB + SC)x +
(SC + SA)y + (SA + SB)z = 0. The latter isX523 = (SB − SC : SC − SA :
SA − SB). The asymptotes ofK are
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• the parallels to the asymptotes of Jerabek hyperbola through the antipode
the Jerabek center on the nine-point circle,i.e.,

X113 = ((SCA +SAB − 2SBC)(b2SBB + c2SCC −a2SAA − 2SABC) : · · · : · · · ),
• the perpendicular to the Euler line (ofABC) at the circumcenterO, inter-

sectingK again at

Z =
(

SCA + SAB − 2SBC

b2SBB + c2SCC − a2SAA − 2SABC
: · · · : · · ·

)
,

which also lies on the line joiningH to X110. See Figure 7.9

Γ

A

B C

J=X125

N

X110

Jerabek 

hyperbola

H
O

X1113

X1114

X1313

X1312

X113

Z

K

Figure 7. The cubicK

9We thank Bernard Gibert for providing the sketch ofK in Figure 7.
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Remark. The asymptotes ofK and the Jerabek hyperbola bound a rectangle in-
scribed in the nine-point circle. Two of the vertices andJ = X125 and its antipode
X113. The other two are the pointsX1312 andX1313 on the Euler line.
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Another 5-step Division of a Segment
in the Golden Section

Kurt Hofstetter

Abstract. We give one more 5-step division of a segment into golden section,
using ruler and compass only.

Inasmuch as we have given in [1, 2] 5-step constructions of the golden section
we present here another very simple method using ruler and compass only. It is
fascinating to discover how simple the golden section appears. For two points P
and Q, we denote by P (Q) the circle with P as center and PQ as radius.

A B

C

D

E

F

G

C1

C2

C3

Figure 1

Construction. Given a segment AB, construct

(1) C1 = A(B),
(2) C2 = B(A), intersecting C1 at C and D,
(3) the line AB to intersect C1 at E (apart from B),
(4) C3 = E(B) to intersect C2 at F (so that C and F are on opposite sides of

AB),
(5) the segment CF to intersect AB at G.

The point G divides the segment AB in the golden section.

Publication Date: February 10, 2004. Communicating Editor: Paul Yiu.
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Proof. Suppose AB has unit length. It is enough to show that AG = 1
2(
√

5 − 1).
Extend BA to intersect C3 at H . Let CD intersect AB at I , and let J be the

orthogonal projection of F on AB. In the right triangle HFB, BH = 4, BF = 1.
Since BF 2 = BJ × BH , BJ = 1

4 . Therefore, IJ = 1
4 . It also follows that

JF = 1
4

√
15.

A B

C

D

E

F

G

H I JG′

Figure 2

Now, IG
GJ = IC

JF =
1
2

√
3

1
4

√
15

= 2√
5
. It follows that IG = 2√

5+2
· IJ =

√
5−2
2 , and

AG = 1
2 + IG =

√
5−1
2 . This shows that G divides AB in the golden section. �

Remark. If FD is extended to intersect AH at G′, then G′ is such that G′A :
AB = 1

2 (
√

5 + 1) : 1.

After the publication of [2], Dick Klingens and Marcello Tarquini have kindly
written to point out that the same construction had appeared in [3, p.51] and [4,
S.37] almost one century ago.
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Extreme Areas of Triangles in Poncelet’s Closure Theorem

Mirko Radić

Abstract. Among the triangles with the same incircle and circumcircle, we de-
termine the ones with maximum and miniumum areas. These are also the ones
with maximum and minimum perimeters and sums of altitudes.

Given two circlesC1 andC2 of radii r andR whose centers are at a distanced
apart satisfying Euler’s relation

R2 − d2 = 2Rr, (1)

by Poncelet’s closure theorem, for every pointA1 on the circleC2, there is a triangle
A1A2A3 with incircle C1 and circumcircleC2. In this article we determine those
triangles with extreme areas, perimeters, and sum of altitudes.

O
I

A

C

B

R

dr

C1 C2

Figure 1a

O
I

tM

tm

C1

C2

Figure 1b

Denote bytm andtM respectively the lengths of the shortest and longest tan-
gents that can be drawn fromC2 to C1. These are given by

tm =
√

(R − d)2 − r2, tM =
√

(R + d)2 − r2. (2)

We shall use the following result given in [2, Theorem 2.2]. Lett1 be any given
length satisfying

tm ≤ t1 ≤ tM , (3)

Publication Date: February 23, 2004. Communicating Editor: Paul Yiu.
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and lett2 andt3 be given by

t2 =
2Rrt1 +

√
D

r2 + t21
, t3 =

2Rrt1 −
√

D

r2 + t21
, (4)

where

D = 4R2r2t21 − r2(r2 + t21)(4Rr + r2 + t21).

Then there is a triangleA1A2A3 with incircle C1 and circumcircleC2 with side
lengths

ai = |AiAi+1| = ti + ti+1, i = 1, 2, 3. (5)

Here, the indices are taken modulo 3. It is easy to check that

(t1 + t2 + t3)r2 =t1t2t3,

t1t2 + t2t3 + t3t1 =4Rr + r2,

and that these are necessary and sufficient forC1 andC2 to be the incircle and
circumcircle of triangleA1A2A3.

Denote byJ(t1) the area of triangleA1A2A3. Thus,

J(t1) = r(t1 + t2 + t3). (6)

Note thatD = 0 whent1 = tm or t1 = tM . In these cases,

t2 = t3 =




2Rrtm
r2+t2m

, if t1 = tm,

2RrtM
r2+t2M

, if t1 = tM .

For convenience, we shall write

t̂m =
2Rrtm
r2 + t2m

and t̂M =
2RrtM
r2 + t2M

. (7)

Theorem 1. J(t1) is maximum when t1 = tM and minimum when t1 = tm. In
other words, J(tm) ≤ J(t1) ≤ J(tM ) for tm ≤ t1 ≤ tM .

Proof. It follows from (6) and (4) that

J(t1) = r

(
t1 +

4Rrt1
r2 + t21

)
.

From d
dt1

J(t1) = 0, we obtain the equation

t41 − 2(2Rr − r2)t21 + 4Rr3 + r4 = 0,

and

t21 = 2Rr − r2 ± 2r
√

R2 − 2Rr = 2Rr − r2 ± 2rd.

Since4R2r2 = (R2 − d2)2, we have
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2Rr − r2 + 2rd − t̂m
2

=2Rr − r2 + 2rd − (R + d)2((R − d)2 − r2)
(R − d)2

=
(R − d)2(2Rr − r2 + 2rd) − (R + d)2((R − d)2 − r2)

(R − d)2

=
((R + d)2 − (R − d)2)r2 + 2r(R + d)(R − d)2 − (R2 − d2)2

(R − d)2

=
4Rdr2 + 2r(R − d)(2Rr) − (2Rr)2

(R − d)2

=0.

Similarly, 2Rr − r2 − 2rd − t̂M
2

= 0. It follows that d
dt1

J(t1) = 0 for t1 =
t̂m, t̂M . The maximum ofJ occurs att1 = tM andt̂M while the minimum occurs
at t1 = tm andt̂m.

tm tMt̂mt̂M

J(tM )

J(tm)

t1

J(t1)

Figure 2

The triangle determined bŷtm (respectivelyt̂M ) is exactly the one determined
by tm (respectivelytM ).

�

We conclude with an interesting corollary. Leth1, h2, h3 be the altitudes of the
triangleA1A2A3. Since
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2R(h1 + h2 + h3) = a1a2 + a2a3 + a3a1 = (t1 + t2 + t3)2 + 4Rr + r2,

the following are equivalent:
• the triangle has maximum (respectively minimum) area,
• the triangle has maximum (respectively minimum) perimeter,
• the triangle has maximum (respectively minimum) sum of altitudes.

It follows that these are precisely the two triangles determined bytM andtm.

O
I

tM
t̂M

Figure 3a

O
I

tm

t̂m

Figure 3b
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The Archimedean Circles of Schoch and Woo

Hiroshi Okumura and Masayuki Watanabe

Abstract. We generalize the Archimedean circles in an arbelos (shoemaker’s
knife) given by Thomas Schoch and Peter Woo.

1. Introduction

Let three semicirclesα, β andγ form an arbelos, whereα andβ touch exter-
nally at the originO. More specifically,α andβ have radiia, b > 0 and centers
(a, 0) and (−b, 0) respectively, and are erected in the upper half planey ≥ 0.
The y-axis divides the arbelos into two curvilinear triangles. By a famous the-
orem of Archimedes, the inscribed circles of these two curvilinear triangles are
congruent and have radiir = ab

a+b . See Figure 1. These are called the twin cir-
cles of Archimedes. Following [2], we call circles congruent to these twin circles
Archimedean circles.

O

α

β

γ

Figure 1

O

α

β

γ

α(2a)

β(2b)

U2

2r

Figure 2

For a real numbern, denote byα(n) the semicircle in the upper half-plane with
center(n, 0), touchingα at O. Similarly, let β(n) be the semicircle with center
(−n, 0), touchingβ at O. In particular,α(a) = α andβ(b) = β. T. Schoch has
found that

(1) the distance from the intersection ofα(2a) andγ to they-axis is2r, and
(2) the circleU2 touchingγ internally and each ofα(2a), β(2b) externally is

Archimedean. See Figure 2.

P. Woo considered the Schoch lineLs through the center ofU2 parallel to the
y-axis, and showed that for every nonnegative real numbern, the circleUn with
center onLs touchingα(na) andβ(nb) externally is also Archimedean. See Figure
3. In this paper we give a generalization of Schoch’s circleU2 and Woo’s circles
Un.

Publication Date: March 3, 2004. Communicating Editor: Paul Yiu.
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O

α(2a)

β(2b)

U2

α(na)

β(nb)

Un

Ls

Figure 3

2. A generalization of Schoch’s circle U2

Let a′ andb′ be real numbers. Consider the semicirclesα(a′) andβ(b′). Note
thatα(a′) touchesα internally or externally according asa′ > 0 or a′ < 0; simi-
larly for β(b′) andβ. We assume that the image ofα(a′) lies on the right side of
the image ofβ(b′) when these semicircles are inverted in a circle with centerO.
Denote byC(a′, b′) the circle touchingγ internally and each ofα(a′) andβ(b′) at
a point different fromO.

Theorem 1. The circle C(a′, b′) has radius ab(a′+b′)
aa′+bb′+a′b′ .

O

α(a′)

β(b′)

a′−b′ a−b

Figure 4a

O

α(a′)

β(b′)

a′ −b′ a−b

Figure 4b

Proof. Let x be the radius of the circle touchingγ internally and also touching
α(a′) andβ(b′) each at a point different fromO. There are two cases in which this
circle touches bothα(a′) andβ(b′) externally (see Figure 4a) or one internally and
the other externaly (see Figure 4b). In any case, we have
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(a − b + b′)2 + (a + b − x)2 − (b′ + x)2

2(a − b + b′)(a + b − x)

= − (a′ − (a − b))2 + (a + b − x)2 − (a′ + x)2

2(a′ − (a − b))(a + b − x)
,

by the law of cosines. Solving the equation, we obtain the radius given above.�

Note that the radiusr = ab
a+b of the Archimedean circles can be obtained by

letting a′ = a andb′ → ∞, or a′ → ∞ andb′ = b.
LetP (a′) be the external center of similitude of the circlesγ andα(a′) if a′ > 0,

and the internal one ifa′ < 0, regarding the two as complete circles. DefineP (b′)
similarly.

Theorem 2. The two centers of similitude P (a′) and P (b′) coincide if and only if

a

a′
+

b

b′
= 1. (1)

Proof. If the two centers of similitude coincide at the point(t, 0), then by similar-
ity,

a′ : t − a′ = a + b : t − (a − b) = b′ : t + b′.

Eliminating t, we obtain (1). The converse is obvious by the uniqueness of the
figure.

�

From Theorems 1 and 2, we obtain the following result.

Theorem 3. The circle C(a′, b′) is an Archimedean circle if and only if P (a′) and
P (b′) coincide.

When botha′ andb′ are positive, the two centers of similitudeP (a′) andP (b′)
coincide if and only if the three semicirclesα(a′), β(b′) andγ share a common
external tangent. Hence, in this case, the circleC(a′, b′) is Archimedean if and
only if α(a′), β(b′) andγ have a common external tangent. Sinceα(2a) andβ(2b)
satisfy the condition of the theorem, their external common tangent also touches
γ. See Figure 5. In fact, it touchesγ at its intersection with they-axis, which is
the midpoint of the tangent. The original twin circles of Archimedes are obtained
in the limiting case when the external common tangent touchesγ at one of the
intersections with thex-axis, in which case, one ofα(a′) andβ(b′) degenerates
into they-axis, and the remaining one coincides with the correspondingα or β of
the arbelos.

Corollary 4. Let m and n be nonzero real numbers. The circle C(ma,nb) is
Archimedean if and only if

1
m

+
1
n

= 1.
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O

Figure 5

3. Another characterizaton of Woo’s circles

The center of the Woo circleUn is the point(
b − a

b + a
r, 2r

√
n +

r

a + b

)
. (2)

Denote byL the half linex = 2r, y ≥ 0. This intersects the circleα(na) at the
point (

2r, 2
√

r(na− r)
)

. (3)

In what follows we considerβ as the complete circle with center(−b, 0) passing
throughO.

Theorem 5. If T is a point on the line L, then the circle touching the tangents of
β through T with center on the Schoch line Ls is an Archimedean circle.

O

T

LLs

Figure 6
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Proof. Let x be the radius of this circle. By similarity (see Figure 6),

b + 2r : b = 2r − b − a

b + a
r : x.

From this,x = r. �

The set of Woo circles is a proper subset of the set of circles determined in
Theorem 5 above. The external center of similitude ofUn andβ hasy-coordinate

2a
√

n +
r

a + b
.

WhenUn is the circle touching the tangents ofβ through a pointT onL, we shall
say that it is determined byT . They-coordinate of the intersection ofα andL is

2a
√

r
a+b . Therefore we obtain the following theorem (see Figure 7).

Theorem 6. U0 is determined by the intersection of α and the line L : x = 2r.

O

T

LLs

Figure 7

As stated in [2] as the property of the circle labeled asW11, the external tangent
of α and β also touchesU0 and the point of tangency atα coincides with the
intersection ofα andL. Woo’s circles are characterized as the circles determined
by the points onL with y-coordinates greater than or equal to2a

√
r

a+b .

4. Woo’s circles Un with n < 0

Woo considered the circlesUn for nonnegative numbersn, with U0 passing
throughO. We can, however, construct more Archimedean circles passing through
points on they-axis belowO using points onL lying below the intersection with
α. The expression (2) suggests the existence ofUn for

− r

a + b
≤ n < 0. (4)
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In this section we show that it is possible to define such circles usingα(na) and
β(nb) with negativen satisfying (4).

Theorem 7. For n satisfying (4), the circle with center on the Schoch line touching
α(na) and β(nb) internally is an Archimedean circle.

Proof. Letx be the radius of the circle with center given by (2) and touchingα(na)
andβ(nb) internally, wheren satisfies (4). Since the centers ofα(na) andβ(nb)
are(na, 0) and(−nb, 0) respectively, we have(

b − a

b + a
r − na

)2

+ 4r2

(
n +

r

a + b

)
= (x + na)2,

and (
b − a

b + a
r + nb

)2

+ 4r2

(
n +

r

a + b

)
= (x + nb)2.

Since both equations give the same solutionx = r, the proof is complete. �

5. A generalization of U0

We conclude this paper by adding an infinite set of Archimedean circles passing
throughO. Let x be the distance fromO to the external tangents ofα andβ. By
similarity,

b − a : b + a = x − a : a.

This impliesx = 2r. Hence, the circle with centerO and radius2r touches the
tangents and the linesx = ±2r. We denote this circle byE . SinceU0 touches
the external tangents and passes throughO, the circlesU0, E and the tangent touch
at the same point. We easily see from (2) that the distance between the center of
Un andO is

√
4n + 1r. Therefore,U2 also touchesE externally, and the smallest

circle touchingU2 and passing throughO, which is the Archimedean circleW27

in [2] found by Schoch, andU2 touchesE at the same point. All the Archimedean
circles pass throughO also touchE . In particular, Bankoff’s third circle [1] touches
E at a point on they-axis.

Theorem 8. Let C1 be a circle with center O, passing through a point P on the
x-axis, and C2 a circle with center on the x-axis passing through O. If C2 and the
vertical line through P intersect, then the tangents of C2 at the intersection also
touches C1.

x

O P

r2

Figure 8a

x

O P

r2

Figure 8b
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Proof. Let d be the distance betweenO and the intersection of the tangent ofC2
and thex-axis, and letx be the distance between the tangent andO. We may
assumer1 �= r2 for the radiir1 andr2 of the circlesC1 andC2. If r1 < r2, then

r2 − r1 : r2 = r2 + d = x : d.

See Figure 8a. Ifr1 > r2, then

r1 − r2 : r2 = r2 : d − r2 = x : d.

See Figure 8b. In each case,x = r1. �
Let tn be the tangent ofα(na) at its intersection with the lineL. This is well de-

fined if n ≥ b
a+b . By Theorem 8,tn also touchesE . This implies that the smallest

circle touchingtn and passing throughO is an Archimedean circle, which we de-
note byA(n). Similarlary, another Archimedean circleA′(n) can be constructed,
as the smallest circle throughO touching the tangentt′n of β(nb) at its intersec-
tion with the lineL′ : x = −2r. See Figure 9 forA(2) andA′(2). Bankoff’s
circle is A (

2r
a

)
= A′ (2r

b

)
, since it touchesE at (0, 2r). On the other hand,

U0 = A(1) = A′(1) by Theorem 6.

O

α

β

γ

α(2a)

β(2b)

U2

E

LL′ Ls

Figure 9

Theorem 9. Let m and n be positive numbers. The Archimedean circles A(m)
and A′(n) coincide if and only if m and n satisfy

1
ma

+
1
nb

=
1
r

=
1
a

+
1
b
. (5)

Proof. By (3) the equations of the tangentstm andt′n are

−(ma + (m − 2)b)x + 2
√

b(ma + (m − 1)b)y =2mab,

(nb + (n − 2)a)x + 2
√

a(nb + (n − 1)a)y =2nab.

These two tangents coincide if and only if (5) holds. �
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The linet2 has equation

−ax +
√

b(2a + b)y = 2ab. (6)

It clearly passes through(−2b, 0), the point of tangency ofγ andβ (see Figure 9).
Note that the point (

− 2r
a + b

a,
2r

a + b

√
b(2a + b)

)

lies onE and the tangent ofE is also expressed by (6). Hence,t2 touchesE at this
point. The point also lies onβ. This means thatA(2) touchest2 at the intersection
of β and t2. Similarly, A′(2) touchest′2 at the intersection ofα and t′2. The
Archimedean circlesA(2) andA′(2) intersect at the point(

b − a

b + a
r,

r

a + b
(
√

a(a + 2b) +
√

b(2a + b))
)

on the Schoch line.
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Steiner’s Theorems on the Complete Quadrilateral

Jean-Pierre Ehrmann

Abstract. We give a translation of Jacob Steiner’s 1828 note on the complete
quadrilateral, with complete proofs and annotations in barycentric coordinates.

1. Steiner’s note on the complete quadrilateral

In 1828, Jakob Steiner published in Gergonne’sAnnalesa very short note [9]
listing ten interesting and important theorems on the complete quadrilateral. The
purpose of this paper is to provide a translation of the note, to prove these theorems,
along with annotations in barycentric coordinates. We begin with a translation of
Steiner’s note.

Suppose four lines intersect two by two at six points.

(1) These four lines, taken three by three, form four triangles whose circum-
circles pass through the same pointF .

(2) The centers of the four circles (and the pointF ) lie on the same circle.
(3) The perpendicular feet fromF to the four lines lie on the same lineR, and

F is the only point with this property.
(4) The orthocenters of the four triangles lie on the same lineR′.
(5) The linesR andR′ are parallel, and the lineR passes through the midpoint

of the segment joiningF to its perpendicular foot onR′.
(6) The midpoints of the diagonals of the complete quadrilateral formed by the

four given lines lie on the same lineR′′ (Newton).
(7) The lineR′′ is a common perpendicular to the linesR andR′.
(8) Each of the four triangles in (1) has an incircle and three excircles. The

centers of these 16 circles lie, four by four, on eight new circles.
(9) These eight new circles form two sets of four, each circle of one set being

orthogonal to each circle of the other set. The centers of the circles of each
set lie on a same line. These two lines are perpendicular.

(10) Finally, these last two lines intersect at the pointF mentioned above.

The configuration formed by four lines is called a complete quadrilateral. Figure
1 illustrates the first 7 theorems on the complete quadrilateral bounded by the four
linesUVW , UBC, AV C, andABW . The diagonals of the quadrilateral are the

Publication Date: March 17, 2004. Communicating Editor: Paul Yiu.
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segmentsAU , BV , CW . The four trianglesABC, AVW , BWU , andCUV are
called the associated triangles of the complete quadrilateral. We denote by

• H, Ha, Hb, Hc their orthocenters,
• Γ, Γa, Γb, Γc their circumcircles, and
• O, Oa, Ob, Oc the corresponding circumcenters.

C

B

A

U

V

W

H

Ha

Hb

Hc

O

Oa

Ob

Oc

F

R

R′

R′′

Figure 1.

2. Geometric preliminaries

2.1. Directed angles.We shall make use of the notion ofdirectedangles. Given
two lines
 and
′, the directed angle(
, 
′) is the angle through which
 must be
rotated in the positive direction in order to become parallel to, or to coincide with,
the line
′. See [3,§§16–19]. It is defined moduloπ.

Lemma 1. (1) (
, 
′′) = (
, 
′) + (
′, 
′′).
(2) Four noncollinear pointsP ,Q,R,S are concyclic if and only if(PR,PS) =

(QR,QS).
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2.2. Simson-Wallace lines.The pedals1 of a pointM on the linesBC, CA, AB
are collinear if and only ifM lies on the circumcircleΓ of ABC. In this case,
the Simson-Wallace line passes through the midpoint of the segment joiningM to
the orthocenterH of triangleABC. The pointM is the isogonal conjugate (with
respect to triangleABC) of the infinite point of the direction orthogonal to its own
Simson-Wallace line.

M

C

B

A

H

Figure 2

C

B

A

H

O

N

Figure 3

2.3. The polar circle of a triangle.There exists one and only one circle with re-
spect to which a given triangleABC is self polar. The center of this circle is the
orthocenter ofABC and the square of its radius is

−4R2 cosA cosB cosC.

Thispolar circle is real if and only ifABC is obtuse-angled. It is orthogonal to any
circle with diameter a segment joining a vertex ofABC to a point of the opposite
sideline. The inversion with respect the polar circle maps a vertex ofABC to its
pedal on the opposite side. Consequently, this inversion swaps the circumcircle
and the nine-point circle.

2.4. Center of a direct similitude.Suppose that a direct similitude with centerΩ
mapsM to M ′ andN to N ′, and that the linesMM′ andNN ′ intersect atS. If Ω
does not lie on the lineMN , thenM , N , Ω, S are concyclic; so areM′, N ′, Ω, S.
Moreover, ifMN⊥M ′N ′, the circlesMNΩS andM′N ′ΩS are orthogonal.

1In this paper we use the word pedal in the sense of orthogonal projection.
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3. Steiner’s Theorems 1–7

3.1. Steiner’s Theorem 1 and the Miquel point.LetF be the second common point
(apart fromA) of the circlesΓ andΓa. Since

(FB,FW ) = (FB,FA)+(FA,FW ) = (CB,CA)+(V A, V W ) = (UB,UW ),

we haveF ∈ Γb by Lemma 1(2). SimilarlyF ∈ Γc. This proves (1).
We callF theMiquel pointof the complete quadrilateral.

C

B

A

U

V

W
O

Oa

Ob

Oc

F

Γ

Γa

Γc

Γb

Figure 4.

3.2. Steiner’s Theorem 3 and the pedal line.The pointF has the same Simson-
Wallace line with respect to the four triangles of the complete quadrilateral. See
Figure 5. Conversely, if the pedals of a pointM on the four sidelines of the com-
plete quadrilateral lie on a same line,M must lie on each of the four circumcircles.
Hence,M = F . This proves (3).

We call the lineR thepedal lineof the quadrilateral.

3.3. Steiner’s Theorems 4, 5 and the orthocentric line.As the midpoints of the
segments joiningF to the four orthocenters lie onR, the four orthocenters lie on a
lineR′, which is the image ofR under the homothetyh(F, 2). This proves (4) and
(5). See Figure 5.

We call the lineR′ theorthocentric lineof the quadrilateral.

Remarks.(1) AsU , V , W are the reflections ofF with respect to the sidelines of
the triangleOaObOc, the orthocenter of this triangle lies onL.

(2) We have(BC,FU) = (CA,FV ) = (AB,FW ) because, for instance,
(BC,FU) = (UB,UF ) = (WB,WF ) = (AB,FW ).
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Figure 5.

(3) Let Pa, Pb, Pc be the projections ofF upon the linesBC, CA, AB. As
Pa, Pb, C, F are concyclic, it follows thatF is the center of the direct similitude
mappingPa to U andPb to V . Moreover, by (2) above, this similitude mapsPc to
W .

3.4. Steiner’s Theorem 2 and the Miquel circle.By Remark (3) above, ifFa,Fb,Fc

are the reflections ofF with respect to the linesBC, CA, AB, a direct similitude
σ with centerF mapsFa to U , Fb to V , Fc to W . As A is the circumcenter of
FFbFc, it follows thatσ (A) = Oa; similarly, σ (B) = Ob andσ (C) = Oc. AsA,
B, C, F are concyclic, so areOa, Ob, Oc, F . HenceF and the circumcenters of
three associated triangles are concyclic. It follows thatO, Oa, Ob, Oc, F lie on the
same circle, say,Γm. This prove (2).

We callΓm theMiquel circleof the complete quadrilateral. See Figure 6.

3.5. The Miquel perspector.Now, by§2.4, the second common point ofΓ andΓm

lies on the three linesAOa, BOb, COc. Hence,
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F
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Figure 6.

Proposition 2. The triangleOaObOc is directly similar and perspective withABC.
The center of similitude is the Miquel pointF and the perspector is the second
common pointF ′ of the Miquel circle and the circumcircleΓ of triangleABC.

We callF ′ theMiquel perspectorof the triangleABC.

3.6. Steiner’s Theorems 6, 7 and the Newton line.We call diagonal trianglethe
triangleA′B′C ′ with sidelinesAU , BV , CW .

Lemma 3. The polar circles of the trianglesABC, AV W , BWU , CUV and the
circumcircle of the diagonal triangle are coaxal. The three circles with diameter
AU , BV , CW are coaxal. The corresponding pencils of circles are orthogonal.

Proof. By §2.3, each of the four polar circles is orthogonal to the three circles with
diameterAU , BV , CW . More over, as each of the quadruples(A,U,B′, C ′),
(B,V,C ′, A′) and(C,W,A′, B′) is harmonic, the circleA′B′C ′ is orthogonal to
the three circles with diameterAU , BV andCW . �
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Figure 7.

As the line of centers of the first pencil of circles is the orthocentric lineR′, it
follows that the midpoints ofAU , BV andCW lie on a same lineR′′ perpendic-
ular toR′. This proves (6) and (7).

4. Some further results

4.1. The circumcenter of the diagonal triangle.

Proposition 4. The circumcenter of the diagonal triangle lies on the orthocentric
line.

This follows from Lemma 3 and§2.3.
We call the lineR′′ theNewton lineof the quadrilateral. As the Simson-Wallace

line R of F is perpendicular toR′′, we have

Proposition 5. The Miquel point is the isogonal conjugate of the infinite point of
the Newton line with respect to each of the four trianglesABC, AVW , BWU ,
CUV .



42 J.-P. Ehrmann

4.2. The orthopoles.Recall that the three lines perpendicular to the sidelines of a
triangle and going through the projection of the opposite vertex on a given line go
through a same point : theorthopoleof the line with respect to the triangle.

CB

A

P

Figure 8

Proposition 6 (Goormaghtigh). The orthopole of a sideline of the complete quadri-
lateral with respect to the triangle bounded by the three other sidelines lies on the
orthocentric line.

Proof. See [1, pp.241–242]. �

5. Some barycentric coordinates and equations

5.1. Notations.Given a complete quadrilateral, we consider the triangle bounded
by three of the four given lines as a reference triangleABC, and construe the fourth
line as the trilinear polar with respect toABC of a pointQ with homogeneous
barycentric coordinates(u : v : w), i.e., the line

L :
x

u
+

y

v
+

z

w
= 0.

The intercepts ofL with the sidelines of triangleABC are the points

U = (0 : v : −w), V = (−u : 0 : w), W = (u : −v : 0).

The linesAU , BV , CW bound the diagonal triangle with vertices

A′ = (−u : v : w), B′ = (u : −v : w), C ′ = (u : v : −w).

TrianglesABC andA′B′C ′ are perspective atQ.
We adopt the following notations. Ifa, b, c stand for the lengths of the sides

BC, CA, AB, then

SA =
1
2
(b2 + c2 − a2), SB =

1
2
(c2 + a2 − b2), SC =

1
2
(a2 + b2 − c2).
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We shall also denote byS twiceof the signed area of triangleABC, so that

SA = S · cotA, SB = S · cotB, SC = S · cotC,

and
SBC + SCA + SAB = S2.

Lemma 7. (1) The infinite point of the lineL is the point

(u(v − w) : v(w − u) : w(u − v)).

(2) Lines perpendicular toL have infinite point(λa : λb : λc), where

λa = SBv(w − u) − SCw(u− v),
λb = SCw(u− v) − SAu(v −w),
λc = SAu(v − w) − SBv(w − u).

Proof. (1) is trivial. (2) follows from (1) and the fact that two lines with infinite
points(p : q : r) and(p′ : q′ : r′) are perpendicular if and only if

SApp′ + SBqq′ + SCrr′ = 0.

Consequently, given a line with infinite point(p : q : r), lines perpendicular to it
all have the infinite point(SBq − SCr : SCr − SAp : SAp− SBq). �

5.2. Coordinates and equations.We give the barycentric coordinates of points and
equations of lines and circles in Steiner’s theorems.

(1) The Miquel point:

F =
(

a2

v − w
:

b2

w − u
:

c2

u− v

)
.

(2) The pedal line:

R :
v − w

SCv + SBw − a2u
x +

w − u

SAw + SCu− b2v
y +

u− v

SBu + SAv − c2w
z = 0.

(3) The orthocentric line:

R′ : (v − w)SAx + (w − u)SBy + (u− v)SCz = 0.

(4) The Newton line:

R′′ : (v + w − u)x + (w + u− v)y + (u + v − w)z = 0.

(5) The equation of the Miquel circle:

a2yz + b2zx + c2xy +
2R2(x + y + z)

(v − w)(w − u)(u − v)

( v − w

a2
λax +

w − u

b2
λby +

u − v

c2
λcz

)
= 0.

(6) The Miquel perspector, being the isogonal conjugate of the infinite point
of the direction orthogonal toL, is

F ′ =
(
a2

λa
:
b2

λb
:
c2

λc

)
.

The Simson-Wallace line ofF ′ is parallel to
.
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(7) The orthopole ofL with respect toABC is the point

(λa(−SBSCvw + b2SBwu + c2SCuv) : · · · : · · · ).

5.3. Some metric formulas .Here, we adopt more symmetric notations. Let
i,
i = 1, 2, , 3, 4, be four given lines.

• For distincti andj, Ai,j = 
i ∩ 
j,
• Ti the triangle bounded by the three lines other than
i, Oi its circumcenter,

Ri its circumradius.
• Fi = OjAk,l ∩ OkAl,j ∩ OlAj,k its Miquel perspector,i.e., the second

intersection (apart fromF ) of its circumcircle with the Miquel circle;Rm

is the radius of the Miquel circle.

Let d be the distance fromF to the pedal lineR andθi = (R, 
i). Up to a direct
congruence, the complete quadrilateral is characterized byd, θ1, θ2, θ3, andθ4.

(1) The distance fromF to 
i is
d

| cos θi|
.

(2) |FAi,j | =
d

| cos θi cos θj |
.

(3) |Ak,iAk,j| = d

∣∣∣∣ sin(θj − θi)
cos θi cos θj cos θk

∣∣∣∣.
(4) The directed angle(FAk,i, FAk,j) = (
i, 
j) = θj − θi mod π.

(5) Rm =
d

4 |cos θ1 cos θ2 cos θ3 cos θ4|
=

Ri

2 |cos θi|
for i = 1, 2, 3, 4.

(6) |FA1,2| · |FA3,4| = |FA1,3| · |FA2,4| = |FA1,4| · |FA2.3| = 4dRm.
(7) |FFi| = 2Ri| sin θi|.
(8) Theorientedangle between the vectorsOiF andOiFi = −2θi mod 2π.
(9) The distance fromF to R′′ is

d

2
|tan θ1 + tan θ2 + tan θ3 + tan θ4| .

6. Steiner’s Theorems 8 – 10

At each vertexM of the complete quadrilateral, we associate the pair of angle
bisectorsm andm′. These lines are perpendicular to each other atM . We denote
the intersection of two bisectorsm andn by m ∩ n.

• T(m, n, p) denotes the triangle bounded by a bisector atM , one atN , and
one atP .

• Γ(m, n, p) denotes the circumcircle ofT(m, n, p).
Consider three bisectorsa, b, c intersecting at a pointJ , the incenter or one of

the excenters ofABC. Suppose two bisectorsv andw intersect ona. Then so do
v′ andw′. Now, the line joiningb ∩ w andc ∩ v is aU -bisector. If we denote this
line byu, thenu′ the line joiningb ∩ w′ andc ∩ v′.

The trianglesT(a′, b′, c′), T(u, v,w), and T(u′, v′,w′) are perspective atJ .
Hence, by Desargues’ theorem, the pointsa′ ∩ u, b′ ∩ v, andc′ ∩ w are collinear;
so area′ ∩ u′, b′ ∩ v′, andc′ ∩ w′. Moreover, as the corresponding sidelines of
trianglesT(u, v,w), andT(u′, v′,w′) are perpendicular, it follows from§2.4 that



Steiner’s theorems on the complete quadrilateral 45

their circumcirclesΓ(u, v,w), andΓ(u′, v′,w′) are orthogonal and pass throughJ .
See Figure 9.2

a

a′

b b′

c

c′
u′ u

v
v′

w′

w

v′ ∩ w′

J

v ∩ w

JA

JB

JC

u ∩ w

u′ ∩ w′

u ∩ v

u′ ∩ v′

Figure 9

As a intersects the circleΓ(u′, v′,w′) atJ andv′∩w′ and u′ intersects the circle
Γ(u′, v′,w′) atu′∩v′ andu′∩w′, it follows that the polar line ofa∩u′ with respect
to Γ(u′, v′,w′) passes throughb ∩ v′ andc ∩ w′. HenceΓ(u′, v′,w′) is the polar
circle of the triangle with verticesa ∩ u′, b ∩ v′, c ∩w′. Similarly, Γ(u, v,w) is the
polar circle of the triangle with verticesa ∩ u, b ∩ v, c ∩ w.

By the same reasoning, we obtain the following.
(a) As the trianglesT(a′, b, c), T(u, v′,w′), andT(u′, v,w) are perspective at

JA = a ∩ b′ ∩ c′, it follows that

• the circlesΓ(u, v′,w′) andΓ(u′, v,w) are orthogonal and pass throughJA,
• the pointsa′ ∩ u, b ∩ v′, andc ∩ w′ are collinear; so area′ ∩ u′, b ∩ v, and

c ∩ w,

2In Figures 9 and 10, at each of the pointsA, B, C, U , V , W are two bisectors, one shown in
solid line and the other in dotted line. The bisectors in solid lines are labeleda, b, c, u, v, w, and
those in dotted line labeleda′, b′, c′, u′, v′, w′. Other points are identified as intersections of two of
these bisectors. Thus, for example,J = a ∩ b, andJA = b′ ∩ c′.
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• the circleΓ(u, v′,w′) is the polar circle of the triangle with verticesa ∩ u,
b′∩v′, c′∩w′, andΓ(u′, v,w) is the polar circle of the triangle with vertices
a ∩ u′, b′ ∩ v, c′ ∩ w.

(b) As the trianglesT(a, b′, c), T(u′, v,w′), andT(u, v′,w) are perspective at
JB = a′ ∩ b ∩ c′, it follows that

• the circlesΓ(u′, v,w′) andΓ(u, v′,w) are orthogonal and pass throughJB ,
• the pointsa ∩ u′, b′ ∩ v, andc ∩ w′ are collinear; so area ∩ u, b′ ∩ v′, and

c ∩ w,
• the circleΓ(u′, v,w′) is the polar circle of the triangle with verticesa′ ∩ u′,

b∩ v, c′∩w′, andΓ(u, v′,w) is the polar circle of the triangle with vertices
a′ ∩ u, b ∩ v′, c′ ∩ w.

(c) As the trianglesT(a, b, c′), T(u′, v′,w), andT(u, v,w′) are perspective at
JC = a′ ∩ b′ ∩ c, it follows that

• the circlesΓ(u′, v′,w) andΓ(u, v,w′) are orthogonal and pass throughJC ,
• the pointsa ∩ u′, b ∩ v′, andc′ ∩ w are collinear; so area ∩ u, b ∩ v, and

c′ ∩ w′,
• the circleΓ(u′, v′,w) is the polar circle of the triangle with verticesa′ ∩ u′,

b′∩ v′, c∩w, andΓ(u, v,w′) is the polar circle of the triangle with vertices
a′ ∩ u, b′ ∩ v, c ∩ w′.

Therefore, we obtain two new complete quadrilaterals:

(1) Q1 with sidelines those containing the triples of points

(a′∩u, b′∩v, c′∩w), (a′∩u, b∩v′, c∩w′), (a∩u′, b′∩v, c∩w′), (a∩u′, b∩v′, c′∩w),

(2) Q2 with sidelines those containing the triples of points

(a′∩u′, b′∩v′, c′∩w′), (a′∩u′, b∩v, c∩w), (a∩u, b′∩v′, c∩w), (a∩u, b∩v, c′∩w′).

The polar circles of the triangles associated withQ1 are

Γ(u′, v′,w′), Γ(u′, v,w), Γ(u, v′,w), Γ(u, v,w′).

These circles pass throughJ , JA, JB , JC respectively.
The polar circles of the triangles associated withQ2 are

Γ(u, v,w), Γ(u, v′,w′), Γ(u′, v,w′), Γ(u′, v′,w).

These circles pass throughJ , JA, JB , JC respectively. Moreover, by§2.4, the
circles in the first group are orthogonal to those in the second group. For example,
asu andu′ are perpendicular to each other, the circlesΓ(u, v,w) andΓ(u′, v,w)
are orthogonal. Now it follows from Lemma 3 applied toQ1 andQ2 that

Proposition 8 (Mention [4]). (1) The following seven circles are members of a
pencilΦ:

Γ(u, v,w), Γ(u, v′,w′), Γ(u′, v,w′), Γ(u′, v′,w),

and those with diameters

(a ∩ u′)(a′ ∩ u), (b ∩ v′)(b′ ∩ v), (c ∩ w′)(c′ ∩ w).



Steiner’s theorems on the complete quadrilateral 47

(2) The following seven circles are members of a pencilΦ′:

Γ(u′, v′,w′), Γ(u′, v,w), Γ(u, v′,w), Γ(u, v,w′),

and those with diameters

(a ∩ u)(a′ ∩ u′), (b ∩ v)(b′ ∩ v′), (c ∩ w)(c′ ∩ w′).

(3) The circles in the two pencilsΦ andΦ′ are orthogonal.

This clearly gives Steiner’s Theorems 8 and 9.

J

A

B

CU

V

W

JA

JB

JC

Figure 10
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Let P be the midpoint of the segment joininga ∩ u′ and a′ ∩ u, andP ′ the
midpoint of the segment joininga ∩ u anda′ ∩ u′. The nine-point circle of the
orthocentric system

a ∩ u, a′ ∩ u′, a ∩ u′, a′ ∩ u

is the circle with diameterPP ′. This circle passes throughA andU . See Figure
11. Furthermore,P andP ′ are the midpoints of the two arcsAU of this circle. As
P is the center of the circle passing throughA, U , a ∩ u′ anda′ ∩ u, we have

a

a′

u′ u

A

B

CU

V

W

a ∩ u′

a′ ∩ u′

a ∩ u

a′ ∩ u

F

Figure 11.

(PA, PU) =2((a ∩ u′)A, (a ∩ u′)U)

=2((a ∩ u′)A, AB) + 2(AB, UV ) + 2(UV, (a ∩ u′)U)

=(AC, AB) + 2(AB, UV ) + (UV,BC)

=(CA, CB) + (AB, UV )

=(CA, CB) + (WB, WU)

=(FA, FB) + (FB, FU)

=(FA, FU).

Hence,F lies on the circle with diameterPP′, and the linesFP , FP ′ bisect
the angles between the linesFA andFU .

As the central lines of the pencilsΦ andΦ′ are perpendicular and pass respec-
tively throughP andP ′, their common point lies on the circleFAU . Similarly,
this common point must lie on the circlesFBV andFCW . Hence, this com-
mon point isF . This proves Steiner’s Theorem 10 and the following more general
result.

Proposition 9 (Clawson). The central lines of the pencilsΦ andΦ′ are the common
bisectors of the three pairs of lines(FA, FU), (FB, FV ), and(FC, FW ).
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Note that, as(FA, FB) = (FV, FU) = (CA, CB), it is clear that the
three pairs of lines(FA, FU), (FB, FV ), (FC, FW ) have a common pair
of bisectors(f, f′). These bisectors are called theincentric linesof the complete
quadrilateral. With the notations of§5.3, we have

2(R, f) = 2(R, f ′) = θ1 + θ2 + θ3 + θ4 mod π.

7. Inscribed conics

7.1. Centers and foci of inscribed conics.We give some classical properties of the
conics tangent to the four sidelines of the complete quadrilateral.

Proposition 10. The locus of the centers of the conics inscribed in the complete
quadrilateral is the Newton lineR′′.

Proposition 11. The locus of the foci of these conics is a circular focal cubic(van
Rees focal).

This cubicγ passes throughA, B, C, U , V , W , F , the circular points at infinity
I∞, J∞ and the feet of the altitudes of the diagonal triangle.

The real asymptote is the image of the Newton line under the homothetyh(F, 2),
and the imaginary asymptotes are the linesFI∞ andFJ∞. In other words,F is
the singular focus ofγ. AsF lies on theγ, γ is said to befocal. The cubicγ is self
isogonal with respect to each of the four trianglesABC, AV W , BWU , CUV . It
has barycentric equation

ux
(
c2y2 + b2z2

)
+ vy

(
a2z2 + c2x2

)
+ wz

(
b2x2 + a2y2

)
+2 (SAu + SBv + SCw) xyz = 0.

If we denote byPQRS the van Rees focal ofP , Q, R, S, i.e., the locus ofM
such as(MP,MQ) = (MR,MS), then

γ = ABV U = BCWV = CAUW = AV BU = BWCV = CUAW.

Here is a construction of the cubicγ.

Construction. Consider a variable circle through the pair of isogonal conjugate
points on the Newton line.3 Draw the lines throughF tangent to the circle. The
locus of the points of tangency is the cubicγ. See Figure 12

7.2. Orthoptic circles.Recall that the Monge (or orthoptic) circle of a conic is the
locus ofM from which the tangents to the conic are perpendicular.

Proposition 12 (Oppermann). The circles of the pencil generated by the three cir-
cles with diameters AU, BV, CW are the Monge circle’s of the conics inscribed in
the complete quadrilateral.

Proof. See [5, pp.60–61]. �

3These points are not necessarily real.
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A

B C

W

V

U

F

Figure 12.

7.3. Coordinates and equations.Recall that the perspector (or Brianchon point) of
a conic inscribed in the triangleABC is the perspector ofABC and the contact
triangle. Suppose the perspector is the point(p : q : r).

(1) The center of the conic is the point

(p(q + r) : q(r + p) : r(p + q)).

(2) The equation of the conic is

x2

p2
+

y2

q2
+

z2

r2
− 2

xy

pq
− 2

yz

qr
− 2

zx

rp
= 0.

(3) The linex
u + y

v + z
w = 0 is tangent to the conic if and only ifu

p + v
q + w

r = 0.
(4) The equation of the Monge circle of the conic is(

1
p

+
1
q

+
1
r

)
(a2yz + b2zx + c2xy) = (x + y + z)

(
SA

p
x +

SB

q
y +

SC

r
z

)
.

The locus of the perspectors of the conics inscribed in the complete quadrilateral
is the circumconic

u

x
+

v

y
+

w

z
= 0,

i.e., the circumconic with perspectorQ.
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7.4. Inscribed parabola.

Proposition 13. The only parabola inscribed in the quadrilateral is the parabola
with focusF and directrix the orthocentric lineR′.

A

B

C

W

V

U

F

S

P

H

Figure 13

The perspector of the parabola has barycentric coordinates(
1

v − w
:

1
w − u

:
1

u− v

)
.

This point is the isotomic conjugate of the infinite point of the Newton line. It is
also the second common point (apart from the Steiner pointS of triangleABC) of
the lineSF and the Steiner circum-ellipse.

If a line 
′ tangent to the parabola intersects the linesBC, CA, AB respectively
atU ′, V ′, W ′, we have

(FU, FU ′) = (FV, FV ′) = (FW, FW ′) = (
, 
′).

If four pointsP , Q, R, S lie respectively on the sidelinesBC, CA, AB, 
 and
verify

(FP, BC) = (FQ, CA) = (FR, AB) = (FS, 
),

then these four points lie on the same line tangent to the parabola. This is a gener-
alization of the pedal line.
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Orthopoles and the Pappus Theorem

Atul Dixit and Darij Grinberg

Abstract. If the vertices of a triangle are projected onto a given line, the per-
pendiculars from the projections to the corresponding sidelines of the triangle
intersect at one point, the orthopole of the line with respect to the triangle. We
prove several theorems on orthopoles using the Pappus theorem, a fundamental
result of projective geometry.

1. Introduction

Theorems on orthopoles are often proved with the help of coordinates or com-
plex numbers. In this note we prove some theorems on orthopoles by using a well-
known result from projective geometry, the Pappus theorem. Notably, we need not
even use it in the general case. What we need is a simple affine theorem which is a
special case of the Pappus theorem. We denote the intersection of two linesg and
g′ by g ∩ g′. Here is the Pappus theorem in the general case.

Theorem 1. Given two lines in a plane, let A, B, C be three points on one line
and A′, B′, C ′ three points on the other line. The three points

BC ′ ∩ CB′, CA′ ∩ AC ′, AB′ ∩ BA′

are collinear.

A

C'B'

C

A'

B

Figure 1

Theorem 1 remains valid if some of the pointsA, B, C, A′, B′, C ′ are projected
to infinity, even if one of the two lines is the line at infinity. In this paper, the only
case we need is the special case if the pointsA′, B′, C ′ are points at infinity. For
the sake of completeness, we give a proof of the Pappus theorem for this case.

Publication Date: March 30, 2004. Communicating Editor: Paul Yiu.
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X

YZ

CBA

Figure 2

Let X = BC ′ ∩ CB′, Y = CA′ ∩ AC ′, Z = AB′ ∩ BA′. The pointsA′, B′,
C ′ being infinite points, we haveCY ‖ BZ, AZ ‖ CX, andBX ‖ AY . See
Figure 2. We assume the linesZX andABC intersect at a pointP , and leave the
easy caseZX ‖ ABC to the reader. In Figure 3, letY ′ = ZX ∩ AY . We show

thatY ′ = Y . SinceAY ‖ BX, we have
PA

PB
=

PY ′

PX
in signed lengths. Since

AZ ‖ CX, we have
PC

PA
=

PX

PZ
. From these,

PC

PB
=

PY ′

PZ
, andCY ′ ‖ BZ.

SinceCY ‖ BZ, the pointY ′ lies on the lineCY . Thus,Y ′ = Y , and the points
X, Y , Z are collinear.

P

X

Y'

Z

CBA

Figure 3
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2. The orthocenters of a fourline

We denote by∆abc the triangle bounded by three linesa, b, c. A complete
quadrilateral, or, simply, a fourline is a set of four lines in a plane. The fourline
consisting of linesa, b, c, d, is denoted by�abcd. If g is a line, then all lines per-
pendicular tog have an infinite point in common. This infinite point will be called
g. With this notation,Pg is the perpendicular fromP to g. Now, we establish the
well-known Steiner’s theorem.

Theorem 2 (Steiner). If a, b, c, d are any four lines, the orthocenters of ∆bcd,
∆acd, ∆abd, ∆abc are collinear.

d

a

b

c

M

L

K

N

D EF

Figure 4

Proof. Let D, E, F be the intersections ofd with a, b, c, andK, L, M , N the
orthocenters of∆bcd, ∆acd, ∆abd, and∆abc. Note thatK = Ec ∩ Fb, being
the intersection of the perpendiculars fromE to c and fromF to b. Similarly,
L = Fa ∩ Dc andM = Db ∩ Ea. The pointsD, E, F being collinear and the
pointsa, b, c being infinite, we conclude from the Pappus theorem thatK, L, M
are collinear. Similarly,L, M , N are collinear. The four orthocenters lie on the
same line. �

The lineKLMN is called the Steiner line of the fourline�ABCD. Theorem
2 is usually associated with Miquel points [6,§9] and proved using radical axes. A
consequence of such proofs is the fact that the Steiner line of the fourline�abcd
is the radical axis of the circles with diametersAD, BE, CF , whereA = b ∩ c,
B = c ∩ a, C = a ∩ b, D = d ∩ a, E = d ∩ b, F = d ∩ c. Also, the Steiner line
is the directrix of the parabola touching the four linesa, b, c, d. The Steiner line is
also called four-orthocenter line in [6,§11] or the orthocentric line in [5], where it
is studied using barycentric coordinates.
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3. The orthopole and the fourline

We prove the theorem that gives rise to the notion of orthopole.

Theorem 3. Let ∆ABC be a triangle and d a line. If A′, B′, C ′ are the pedals of
A, B, C on d, then the perpendiculars from A′, B′, C ′ to the lines BC , CA, AB
intersect at one point.

This point is the orthopole of the lined with respect to∆ABC.

d

a

b

c

W

C'B'

M

L

C

D

B

A

Figure 5

Proof. Denote bya, b, c the linesBC, CA, AB. By Theorem 2, the orthocenters
K, L, M , N of triangles∆bcd, ∆acd, ∆abd, ∆abc lie on a line. LetD =
d ∩ a, andW = B′b ∩ C ′c. The orthocenterL of ∆acd is the intersection of the
perpendiculars fromD to c and fromB to d. Since the perpendicular fromB to d is
also the perpendicular fromB′ to d, L = Dc∩B′d. Analogously,M = Db∩C′d.
By the Pappus theorem, the pointsW , M , L are collinear. Hence,W lies on the
line KLMN . SinceW = B′b ∩ C ′c, the intersectionW of the linesKLMN
andB′b lies onC′c. Similarly, this intersectionW lies onA′a. Hence, the point
W is the common point of the four linesA′a, B′b, C ′c, andKLMN . Since
A′a, B′b, C ′c are the perpendiculars fromA′, B′, C ′ to a, b, c respectively, the
perpendiculars fromA′, B′, C ′ to BC, CA, AB and the lineKLMN intersect at
one point. This already shows more than the statement of the theorem. In fact, we
conclude that the orthopole ofd with respect to triangle∆ABC lies on the Steiner
line of the complete quadrilateral�abcd. �

The usual proof of Theorem 3 involves similar triangles ([1], [10, Chapter 11])
and does not directly lead to the fourline. Theorem 4 originates from R. Goor-
maghtigh, published as a problem [7]. It was also mentioned in [5, Proposition 6],
with reference to [2]. The following corollary is immediate.
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Corollary 4. Given a fourline �abcd, the orthopoles of a, b, c, d with respect to
∆bcd, ∆acd, ∆abd, ∆abc lie on the Steiner line of the fourline.

d

a

b

c

W
c

W
a

W
b

W
d

M

L

K

N

Figure 6

4. Two theorems on the collinarity of quadruples of orthopoles

Theorem 5. If A, B, C , D are four points and e is a line, then the orthopoles of e
with respect to triangles ∆BCD, ∆CDA, ∆DAB, ∆ABC are collinear.

e
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X

Z

A D

C

B

Figure 7
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Proof. Denote these orthopoles byX, Y , Z, W respectively. IfA′, B′, C ′, D′
are the pedals ofA, B, C, D on e, thenX = B′CD ∩ C ′BD. Similarly, Y =
C ′AD ∩ A′CD, Z = A′BD ∩ B′AD. Now,A′, B′, C ′ lie on one line, andAD,
BD, CD lie on the line at infinity. By Pappus’ theorem, the pointsX, Y , Z are
collinear. Likewise,Y , Z, W are collinear. We conclude that all four pointsX, Y ,
Z, W are collinear. �

Theorem 5 was also proved using coordinates by N. Dergiades in [3] and by R.
Goormaghtigh in [8, p.178]. A special case of Theorem 5 was shown in [11] using
the Desargues theorem.1 Another theorem surprisingly similar to Theorem 5 was
shown in [9] using complex numbers.

Theorem 6. Given five lines a, b, c, d, e, the orthopoles of e with respect to ∆bcd,
∆acd, ∆abd, ∆abc are collinear.

d

b

c

a

e

X

Y

Z

W

Figure 8

Proof. Denote these orthopoles byX, Y , Z, W respectively. Let the lined inter-
secta, b, c atD, E, F , and letD′, E′, F ′ be the pedals ofD, E, F on e.

SinceE = b ∩ d andF = c ∩ d are two vertices of triangle∆bcd, andE′ and
F ′ are the pedals of these vertices one, the orthopoleX = E′c ∩ F ′b. Similarly,
Y = F ′a ∩ D′c, andZ = D′b ∩ E′a. SinceD′, E′, F ′ lie on one line, anda, b,
c lie on the line at infinity, the Pappus theorem yields the collinearity of the points
X, Y , Z. Analogously, the pointsY , Z, W are collinear. The four pointsX, Y ,
Z, W are on the same line. �

1In [11], Witczyński proves Theorem 5 for the case whenA, B, C, D lie on one circle and the
line e crosses this circle. Instead of orthopoles, he equivalently considers Simson lines. The Simson
lines of two points on the circumcircle of a triangle intersect at the orthopole of the line joining the
two points.
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On the Areas of the Intouch and Extouch Triangles

Juan Carlos Salazar

Abstract. We prove an interesting relation among the areas of the triangles
whose vertices are the points of tangency of the sidelines with the incircle and
excircles.

1. The intouch and extouch triangles

Consider a triangleABC with incircle touching the sidesBC, CA, AB at A0,
B0, C0 respectively. The triangleA0B0C0 is called the intouch triangle ofABC.
Likewise, the triangle formed by the points of tangency of an excircle with the
sidelines is called an extouch triangle. There are three of them, theA-, B-, C-
extouch triangles,1 as indicated in Figure 1. Fori = 0, 1, 2, 3, let Ti denote the
area of triangleAiBiCi. In this note we present two proofs of a simple interesting
relation among the areas of these triangles.
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Theorem 1. 1
T0

= 1
T1

+ 1
T2

+ 1
T3

.

Publication Date: April 14, 2004. Communicating Editor: Paul Yiu.
1These qualified extouch triangles are not the same as the extouch triangle in [2,§6.9], which

means triangleA1B2C3 in Figure 1. For a result on this unqualified extouch triangle, see§3.
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Proof. Let I be the incenter andr the inradius of triangleABC. Consider the
excircle on the sideBC, with centerI1, tangent to the linesBC, CA, AB at A1,
B1, C1 respectively. See Figure 2. It is easy to see that trianglesI1A1C1 and
BA0C0 are similar isosceles triangles; so are trianglesI1A1B1 andCA0B0. From
these, it easily follows that the anglesB0A0C0 andB1I1C1 are supplementary. It
follows that

T0

T1
=

A0B0 · A0C0

A1B1 · A1C1
=

IC

I1C
· IB

I1B
=

IB · IC

I1B · I1C
.

C
0

A
0

B
0

I

B
1

C
1

A
1

I
1

A

B C

Figure 2

Now, in the cyclic quadrilateralIBI1C with diameterII1,

IB · IC = IB · II1 sin II1C = II1 · IA0 = r · II1.

Similarly, I1B · I1C = II1 · r1, wherer1 is the radius of theA-excircle. It
follows that

T0

T1
=

r

r1
. (1)

Likewise, T0
T2

= r
r2

and T0
T3

= r
r3

, wherer2 andr3 are respectively the radii of the
B- andC-excircles. From these,

1
T1

+
1
T2

+
1
T3

=
(

r

r1
+

r

r2
+

r

r3

)
1
T0

=
1
T0

,

since 1
r1

+ 1
r2

+ 1
r3

= 1
r . �

Corollary 2. Let ABCD be a quadrilateral with an incircle I(r) tangent to the
sides at W , X, Y , Z . If the excircles IW (rW ), IX(rX), IY (rY ), IZ(rZ) have
areas TW , TX , TY , TZ respectively, then

TW

rW
+

TY

rY
=

TX

rX
+

TZ

rZ
=

T

r
,

where T is the area of the intouch quadrilateral WXY Z . See Figure 3.
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Proof. By (1) above, we haveTW
rW

= Area XY Z
r and TY

rY
= Area ZWX

r so that

TW

rW
+

TY

rY
=

Area XY Z + Area ZWX

r
=

T

r
.

Similarly, TX
rX

+ TZ
rZ

= T
r . �

2. An alternative proof using barycentric coordinates

The area of a triangle can be calculated easily from its barycentric coordinates.
Denote by∆ the area of the reference triangleABC. The area of a triangle with
verticesA′ = (x1 : y1 : z1), B′ = (x2 : y2 : z2), C ′ = (x3 : y3 : z3) is given by∣∣∣∣∣∣

x1 y1 z1

x2 y2 z2

x3 y3 z3

∣∣∣∣∣∣ ∆

(x1 + y1 + z1)(x2 + y2 + z2)(x3 + y3 + z3)
. (2)

Note that this area is signed. It is positive or negative according as triangleA′B′C ′
has the same or opposite orientation as the reference triangle. See, for example, [3].
In particular, the area of the cevian triangle of a point with coordinates(x : y : z)
is ∣∣∣∣∣∣

0 y z
x 0 z
x y 0

∣∣∣∣∣∣ ∆

(y + z)(z + x)(z + y)
=

2xyz∆
(y + z)(z + x)(z + y)

. (3)

Let s denote the semiperimeter of triangleABC, i.e., s = 1
2(a + b + c).

The barycentric coordinates of the vertices of the intouch triangle are

A0 = (0 : s−c : s−b), B0 = (s−c : 0 : s−a), C0 = (s−b : s−a : 0). (4)



64 J. C. Salazar

The area of the intouch triangle is

T0 =
1

abc

∣∣∣∣∣∣
0 s − c s − b

s − c 0 s − a
s − b s − a 0

∣∣∣∣∣∣∆

=
2(s − a)(s − b)(s − c)

abc
∆.

For theA-extouch triangleA1B1C1,

A1 = (0 : s−b : s−c), B1 = (−(s−b) : 0 : s), C1 = (−(s−c) : s : 0), (5)

the area is

1
abc

∣∣∣∣∣∣
0 s − b s − c

−(s − b) 0 s
−(s − c) s 0

∣∣∣∣∣∣ ∆ =
−2s(s − b)(s − c)

abc
∆.

Similarly, the areas of theB- andC-extouch triangles are−2s(s−c)(s−a)
abc ∆ and

−2s(s−a)(s−b)
abc ∆ respectively. Note that these are all negative. Disregarding signs,

we have

1
T1

+
1
T2

+
1
T3

=
abc

2s(s − a)(s − b)(s − c)
((s − a) + (s − b) + (s − c)) · 1

∆

=
abc

2(s − a)(s − b)(s − c)
· 1
∆

=
1
T0

.

3. A generalization

Using the area formula (3) it is easy to see that the (unqualifed) extouch triangle
A1B2C3 has the same areaT0 as the intouch triangle. This is noted, for example,
in [1]. The use of coordinates in§2 also leads to a more general result. Replace
the incircle by the inscribed conic with centerP = (p : q : r), and the excircles by
those with centers

P1 = (−p : q : r), P2 = (p : −q : r), P3 = (p : q : −r),

respectively. These are the vertices of the anticevian triangle ofP , and the four
inscribed conics are homothetic. See Figure 4. The coordinates of their points of
tangency with the sidelines can be obtained from (4) and (5) by replacinga, b, c
by p, q, r respectively. It follows that the areas of intouch and extouch triangles for
these conics bear the same relation given in Theorem 1.
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Signed Distances and the Erdős-Mordell Inequality

Nikolaos Dergiades

Abstract. Using signed distances from the sides of a triangle we prove an in-
equality from which we get the Erd˝os-Mordell inequality as a simple conse-
quence.

Let P be an arbitrary point in the plane of triangleABC. Denote byx1, x2, x3

the distances ofP from the verticesA, B, C, andd1, d2, d3 thesigned distances of
P from the sidelinesBC, CA, AB respectively. Leta, b, c be the lengths of these
sides. We establish an inequality from which the famous Erd˝os-Mordell inequality
easily follows.

Theorem.

x1 + x2 + x3 ≥
(

b

c
+

c

b

)
d1 +

( c

a
+

a

c

)
d2 +

(
a

b
+

b

a

)
d3; (1)

equality holds if and only ifP is the circumcenter ofABC.

A

B C

P

d1

d3

d2

x1

h1

x2

x3

Figure 1

Proof. Let h1 be the length of the altitude fromA to BC, and∆ the area ofABC.
Clearly,

2∆ = ah1 = ad1 + bd2 + cd3.

Note thatx1 + d1 ≥ h1. This is true even ifd1 < 0, i.e., whenP is not an interior
point of the triangle. Also, equality holds if and only ifP lies on the line containing
theA-altitude. We haveax1 + ad1 ≥ ah1 = ad1 + bd2 + cd3, or

ax1 ≥ bd2 + cd3. (2)

If we apply inequality (2) to triangleAB′C ′ symmetric toABC with respect to
theA-bisector ofABC we get

ax1 ≥ cd2 + bd3

Publication Date: April 28, 2004. Communicating Editor: Paul Yiu.
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or

x1 ≥ c

a
d2 +

b

a
d3. (3)

Equality holds only whenP lies on theA-altitude ofAB′C ′, i.e., the line passing
throughA and the circumcenter ofABC.

A

B C

P

d1

x1

H

O

B′

C′

Figure 2

Similarly we get

x2 ≥a

b
d3 +

c

b
d1, (4)

x3 ≥b

c
d1 +

a

c
d2, (5)

and by addition of (3), (4), (5), we get the inequality (1). Equality holds only when
P is the circumcenter ofABC. �

If P is an internal point ofABC, d1, d2, d3 > 0. Sinceb
c + c

b ≥ 2, c
a + a

c ≥ 2,
a
b + b

a ≥ 2, we have

x1 + x2 + x3 ≥ 2(d1 + d2 + d3).

This is the famous Erd˝os-Mordell inequality. The equality holds only whena =
b = c, i.e., ABC is equilateral, andP is the circumcenter ofABC.

There are numerous proofs of the Erd˝os-Mordell inequality. See, for example,
[3] and the bibliography therin. In Mordell’s original proof [2], the inequality (1)
was established assumingd1, d2, d3 > 0. See also [1,§12.13]. Our proof of (1) is
more transparent and covers all positions ofP .
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A Simple Construction of the Congruent Isoscelizers Point

Eric Danneels

Abstract. We give a very simple construction of the congruent isoscelizers point
as an application of the cevian nest theorem.

1. Construction of the congruent isoscelizers point

Given a triangle, an isoscelizer is a segment intercepted in the interior of the tri-
angle by a line perpendicular to an angle bisector. There is a unique point through
which the three isoscelizers have equal lengths. This is the congruent isosceliz-
ers points X173 of [4]. In this note we present a very simple construction of this
triangle center.

Theorem 1. Let A′B′C ′ be the intouch triangle of ABC , and A′′B′′C ′′ the in-
touch triangle of A′B′C ′. The triangles A′′B′′C ′′ and ABC are perspective at the
congruent isoscelizers point of ABC .

I

A

B C

X173

Figure 1

The proof is a simple application of the following cevian nest theorem.1

Theorem 2. Let A′B′C ′ be the cevian triangle of P in triangle ABC with homo-
geneous barycentric coordinates (u : v : w) with respect to ABC , and A′′B′′C ′′

Publication Date: May 12, 2004. Communicating Editor: Paul Yiu.
1Theorem 2 appears in [1, p.165, Supplementary Exercise 7] as follows: The triangle (Q) =

DEF is inscribed in the triangle (P ) = ABC, and the triangle (K) = KLM is inscribed in (Q).
Show that if any two of these triangles are perspective to the third, they are perspective to each other.
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the cevian triangle of Q in triangle A′B′C ′, with homogeneous barycentric coor-
dinates (x : y : z) with respect to triangle A′B′C ′. Triangle A′′B′′C ′′ is the cevian
triangle of

Q(P ) =
(

u(v + w)
x

:
v(w + u)

y
:
w(u + v)

z

)
(1)

with respect to triangle ABC .

A

B CA′

B′

C′

A′′

B′′

C′′

Figure 2

The concurrency of the lines AA′′, BB′′, CC ′′ follows from the fact every ce-
vian triangle and every anticevian triangle with respect to A′B′C ′ are perspective.
See, for example, [3, §2.12]. The cevian and anticevian triangles in question are
A′′B′′C ′′ and ABC respectively.

Proof. We compute the absolute barycentric coordinates explicitly.

A′′ =
yB′ + zC ′

y + z
=

y · wC+uA
w+u + z · uA+vB

u+v

y + z

=
(y(u + v) + z(w + u))uA + zv(w + u)B + yw(u + v)C

(y + z)(w + u)(u + v)
.

It is clear that the line AA′′ intersects BCat the point with homogeneous barycen-
tric coordinates

(0 : zv(w + u) : yw(u + v)) =
(

0 :
v(w + u)

y
:
w(u + v)

z

)
.

Similarly, the intersections of BB′′ with CA, CC ′′ with AB are the points(
u(v + w)

x
: 0 :

w(u + v)
z

)
and

(
u(v + w)

x
:

v(w + u)
y

: 0
)

respectively. It is clear that the lines AA′′, BB′′, CC ′′ intersect at the point given
by (1) above. �
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2. Proof of Theorem 1

Let P be the Gergonne point, and A′B′C ′ the intouch triangle. The sidelengths
are in the proportions of

B′C ′ : C ′A′ : A′B′ = cos
A

2
: cos

B

2
: cos

C

2
.

If Q is the Gergonne point of A′B′C ′, then we have

Q(P ) =
(

a

(
− cos

A

2
+ cos

B

2
+ cos

C

2

)
: · · · : · · ·

)
.

This is the point X173, the congruent isoscelizers point.

3. Another example

Let P be the incenter of triangle ABC , with cevian triangle A′B′C ′, and Q the
centroid of A′B′C ′. Then

Q(P ) = (a(b + c) : b(c + a) : c(a + b)).

This is the triangle center X37 of [4].
A

B C

I

A′

B′

C′

A′′

B′′ C′′

Figure 3
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Triangles with Special Isotomic Conjugate Pairs

K. R. S. Sastry

Abstract. We study the condition for the line joining a pair of isotomic conju-
gates to be parallel to a side of a given triangle. We also characterize triangles in
which the line joining a specified pair of isotomic conjugates is parallel to a side.

1. Introduction

Two points in the plane of a given triangleABC are called isotomic conjugates
if the cevians through them divide the opposite sides in ratios that are reciprocals
to each other. See [3], also [1]. We study the condition for the line joining a pair of
isotomic conjugates to be parallel to a side of a given triangle. We also characterize
triangles in which the line joining a specified pair of isotomic conjugates is parallel
to a side.

2. Some background material

The standard notation is used throughout:a, b, c for the sides or the lengths of
BC, CA, AB respectively of triangleABC. The median and the altitude through
A (and their lengths) are denoted byma andha respectively. We denote the cen-
troid, the incenter, and the circumcenter byG, I, andO respectively.

2.1. The orthic triangle. The triangle formed by the feet of the altitudes is called
its orthic triangle. It is the cevian triangle of the orthocenterH. Its sides are easily
calculated to be the absolute values ofa cosA, b cosB, c cosC.

2.2. The Gergonne and symmedian points. The Gergonne pointΓ is the concur-
rence point of the cevians that connect the vertices of triangleABC to the points
of contact of the opposite sides with the incircle.

The symmedian pointK is the Gergonne point of the tangential triangle which
is bounded by the tangents to the circumcircle atA, B, C.

Publication Date: May 24, 2004. Communicating Editor: Paul Yiu.
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2.3. The Brocard points. The Crelle-Brocard pointsΩ+ andΩ− are the interior
points such that

∠Ω+AB = ∠Ω+BC = ∠Ω+CA =ω,

∠Ω−AC = ∠Ω−BA = ∠Ω−CB =ω,

whereω is the Crelle-Brocard angle.

A

B C

Ω−

Ω+

ω

ω

ω

ω

ω

ω

Figure 1

It is known that

cotω = cotA + cotB + cotC.

See, for example, [3, 5]. According to [4],

A + ω =
π

2
if and only if tan2 A = tanB tanC. (1)

2.4. Self-altitude triangles. The sidesa, b, c of a triangle are in geometric progres-
sion if and only if they are proportional toha, hb, hc in some order. Such a triangle
is called a self-altitude triangle in [6]. It has a number of interesting properties.
Supposea2 = bc. Then

(1) Ω+ andΩ− are the perpendicular feet of the symmedian pointK on the
perpendicular bisectors ofAC andAB.

(2) The lineΩ+Ω− coincides with the bisectorAI.
(3) BΩ+ andCΩ− are tangent to the Brocard circle which has diameterOK.
(4) The medianBG and the symmedianCK intersect onAI; so doCG and

BK.

See Figure 2.

2.5. A generalization of a property of equilateral triangles. An equilateral triangle
ABC has this easily provable property: ifP is any point on the minor arcBC of
the circumcircle ofABC, thenAP = BP+PC. Surprisingly, however, if triangle
ABC is non-isosceles, then there exists a unique pointP on the arcBC (not
containing the vertexA) such thatAP = BP + PC if and only if a = mb2+nc2

mb+nc .
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See [8]. Here,mn is the ratio in whichAP divides the sideBC. In particular, the
extensionAP of the medianma has the preceding property if and only if

a =
b2 + c2

b + c
. (2)

A

B C

O

D

P

Figure 3.

3. Homogeneous barycentric coordinates

With reference to triangleABC, every point in the plane is specified by a set of
homogeneous barycentric coordinates. See, for example, [9]. IfP is a point (not
on any of the side lines of triangleABC) with coordinates(x : y : z), its isotomic
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conjugateP ′ has coordinates
(

1
x : 1

y : 1
z

)
. Here are the coordinates of some of

classical triangle centers.

Point Coordinates
centroid G (1 : 1 : 1)
incenter I (a : b : c)
circumcenter O (a cosA : b cosB : c cosC)
orthocenter H (tanA : tanB : tanC)
symmedian point K (a2 : b2 : c2)

Gergonne point Γ
(

1
b+c−a : 1

c+a−b : 1
a+b−c

)

Brocard point Ω+

(
1
c2

: 1
a2 : 1

b2

)
Brocard point Ω−

(
1
b2 : 1

c2 : 1
a2

)

The isotomic conjugate of the Gergonne point is the Nagel pointN , which is
the concurrence points of the cevians joining the vertices to the point of tangency
of its opposite side with the excircle on that side. It has coordinates(b + c − a :
c + a − b : a + b − c).

The homogeneous barycentric coordinate of a point can be normalized to give its
absolute homogeneous barycentric coordinate, provided the sum of the coordinates
is nonzero. IfP = (x : y : z), we say that in absolute barycentric coordinates,

P =
xA + yB + zC

x + y + z
,

providedx + y + z �= 0. Points(x : y : z) with x + y + z = 0 are called infinite
points. The isotomic conjugate ofP = (x : y : z) is an infinite point if and only
if xy + yz + zx = 0. This is the Steiner circum-ellipse which has center at the
centroidG of triangleABC. Another fruitful way is to view an infinite point as
the differenceQ − P of the absolute barycentric coordinates of two pointsP and
Q. As such, it represents the vector

−−→
PQ.

4. The basic results

The segment joiningP to its isotomic conjugate is represented by the infinite
point

PP ′ =
yzA + zxB + xyC

xy + yz + zx
− xA + yB + zC

x + y + z

=
(y + z)(yz − x2)A + (z + x)(zx − y2)B + (x + y)(xy − z2)C

(x + y + z)(xy + yz + zx)
. (3)

This is parallel to the lineBC if it is a multiple of the infinte point ofBC,
namely,−B + C. This is the case if and only if

(y + z)(x2 − yz) = 0. (4)

The equationy + z = 0 represents the line throughA parallel toBC. It is clear
that this line is invariant under isotomic conjugation. Every finite point on this line
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has coordinates(x : 1 : −1) for a nonzerox. Its isotomic conjugate is the point
( 1

x : 1 : −1) on the same line. On the other hand, the equationx2 − yz = 0
represent an ellipse homothetic to the Steiner circum-ellipse. It passes through
B = (0 : 1 : 0), C = (0 : 0 : 1), G = (1 : 1 : 1), and(−1 : 1 : 1). It is tangent
to AB andAC at B andC respectively. It is obtained by translating the Steiner
circum-ellipse along the vector

−→
AG. We summarize this in the following theorem.

Theorem 1. Let P be a finite point. The line joining P to its isotomic conjugate
if parallel to BC if and only if P lies on the line through A parallel to BC or the
ellipse through the centroid tangent to AB and AC at B and C respectively. In the
latter case, the isotomic conjugate P′ is the second intersection of the ellipse with
the line through P parallel to BC .

A

B C

G

P P ′

(−1 : 1 : 1)

P P ′

Figure 4

Now we consider the possibility forPP′ not only to be parallel toBC, but also
equal to one half of its length. This means that the vectorPP′ is ±1

2(C − B). If
P is a finite point on the parallel toBC throughA, we writeP = (x : 1 : −1),
x �= 0. From (3), we havePP ′ = (1−x2)(−B+C)

x = 1
2(−B + C) if and only

if x = −1±√
17

4 . These give the first two pairs of isotomic conjugates listed in
Theorem 2 below.

By Theorem 1,P may also lie on the ellipsex2 − yz = 0. It is convenient to
use a parametrization

x = µ, y = µ2, z = 1. (5)
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Setting the coefficient ofC in (3) to 1
2 , simplifying, we obtain

µ2 − µ − 3
2(µ2 + µ + 1)

= 0.

The only possibilities areµ = 1
2

(
1±√

13
)
. These give the last two pairs in The-

orem 2 below.

Theorem 2. There are four pairs of isotomic conjugates P , P′ for which the seg-
ment PP ′ is parallel to BC and has half of its length.

i Pi P ′
i

1 (
√
17− 1 : 4 : −4) (

√
17 + 1 : 4 : −4)

2 (
√
17 + 1 : −4 : 4) (

√
17− 1 : −4 : 4)

3 (
√
13 + 1 :

√
13 + 7 : 2) (

√
13 + 1 : 2 :

√
13 + 7)

4 (−(
√
13− 1) : 7−√

13 : 2) (−(
√
13− 1) : 2 : 7−√

13)

A

B C

G

P2 P ′
2P ′

1P1

P3 P ′
3

P4 P ′
4

D

F E

Figure 5

Among these four pairs, only the pair(P3, P ′
3) are interior points. The segments

FP3 andEP ′
3 are parallel to the medianAD, andP3P

′
3EF is a parallelogram with

FP3 = EP ′
3 = (5−√

13)ma

6 .

5. Triangles with specific PP ′ parallel to BC

We examine the condition under which the line joining a pair of isotomic con-
jugates is parallel toC. We shall exclude the trivial case of equilateral triangles.
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5.1. The incenter. Since the incenter has coordinates(a : b : c), if II′ is parallel
to BC, we must have, according to (5),a2 − bc = 0. Therefore, the triangle is
self-altitude. See§2.4. It is, however, not possible to haveII′ equal to half of
the sideBC, since the coordinates ofP3 in Theorem 2 do not satisfy the triangle
inequality.

5.2. The symmedian and Brocard points. Likewise, for the symmedian pointK,
the lineKK′ is parallel toBC if and only if a4 = b2c2, ora2 = bc. In other words,
the triangle is self-altitude again. In fact, the following statements are equivalent.

(1) a2 = bc.
(2) K is on the ellipsex2 − yz = 0; KK ′ is parallel toBC.
(3) Ω+ is on the ellipsez2 − xy = 0; Ω+Ω′

+ is parallel toCA.
(4) Ω− is on the ellipsey2 − zx = 0; Ω−Ω′− is parallel toBA.

A

B C

G

I I′
K

K′

Ω′
+

Ω+

Ω−

Ω′
−

O

Figure 6

The self-altitude triangle with sides

a : b : c =
√

2(1 +
√
13) : 1 +

√
13 : 2

hasKK′ = 1
2BC.

5.3. The circumcenter. Unlike the incenter, the circumcenter may be outside the
triangle. If O lies on the liney + z = 0, thenb cosB + c cosC = 0. From this
we deducecos(B − C) = 0, and|B − C| = ±π

2 . (This also follows from [2] by
noting that the nine-point center lies onBC).
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The homogeneous barycentric coordinates of the circumcenter are proportional
to the sides of the orthic triangle (the pedal triangle of the orthocenter). To con-
struct such a triangle, we take a self-altitude triangleA′B′C ′ with incenterI0, and
construct the perpendiculars toI′A′, I ′B′, I ′C ′ at A′, B′, C ′ respectively. These
bound a triangleABC whose orthocenter isI0. Its circumcenterO is such that
OO′ is parallel toBC.

5.4. The orthocenter. The orthocenter has barycentric coordinates(tanA : tanB :
tanC). If the triangle is acute, the conditiontan2 A = tanB tanC is equivalent
to A + ω = π

2 according to (1).

5.5. The Gergonne and Nagel points. The line joining the Gergonne and Nagel
points is parallel toBC if and only if (b + c − a)2 = (c + a − b)(a + b − c).
This is equivalent to (2). Hence, we have a characterization of such a triangle: the
extension of the medianma intersects the minor arcBC at a pointP such that
AP = BP + CP .

Since the Gergonne and Nagel points are interior points, there is a triangle (up
to similarity) withΓN parallel toBC and half in length. From

b + c − a : c + a − b : a + b − c =
√
13 + 1 : 2 :

√
13 + 7,

we obtain

a : b : c =
√
13 + 9 : 2

√
13 + 8 :

√
13 + 3 = 3

√
13− 7 :

√
13 + 1 : 2.
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On the Intercepts of the OI-Line

Lev Emelyanov

Abstract. We prove a new property of the intercepts of the line joining the cir-
cumcenter and the incenter on the sidelines of a triangle.

Given a triangleABC with circumcenterO and incenterI, consider the intouch
triangleXY Z. Let X′ be the reflection ofX in Y Z, and similarly defineY ′ and
Z ′.

Theorem 1. The intersections of AX′ with BC , BY ′ with CA, and CZ′ with AB
are all on the line OI .

I

X

Y

Z

X′

Y ′

Z′

A

B

C

O

A1

B1

C1

Figure 1.

Lemma 2. The orthocenter H′ of the intouch triangle lies on the line OI .

Proof. Let I1I2I3 be the excentral triangle. The linesY Z and I2I3 are parallel
because both are perpendicular toAI. Similarly, ZX//I3I1 andXY//I1I2. See
Figure 2. Hence, the excentral triangle and the intouch triangle are homothetic
and their Euler lines are parallel. Now,I andO are the orthocenter and nine-point
center of the excentral triangle. On the other hand,I is the circumcenter of the
intouch triangle. Therefore, the lineOI is their common Euler line, contains the
orthocenterH′ of XY Z. �

Publication Date: June 8, 2004. Communicating Editor: Paul Yiu.
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O

A

B C

I

X

Y

Z

I1

I2

I3

H′

Figure 2.

Proof of Theorem 1. To prove that the intersection pointA1 of OI andAX′ lies
BC it is sufficient to show thatX

′H′
H′X = AI

IA2
, whereA2 is the foot of the bisector

AI. See Figure 3.

I

X

Y

Z

X′
A

B

C

O

A1

H′

A2

Figure 3.

It is known that
AI

IA2
=

CA + AB

BC
=

sin B + sinC

sinA
.

For any acute triangle,AH = 2R cos A. The angles of the intouch triangle are

X =
B + C

2
, Y =

C + A

2
, Z =

A + B

2
.

It is clear that triangleXY Z is always acute, and

XH ′ = 2r cos X = 2r cos
B + C

2
= 2r sin

A

2
,

wherer is the inradius of triangleABC.
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X ′H ′

H ′X
=

X ′X − H ′X
H ′X

=
X ′X · Y Z

H ′X · Y Z
− 1

=
2 · area of XY Z

H ′X · Y Z
− 1

=
2r2(sin 2X + sin 2Y + sin 2Z)

2r sinX · 2r cos X
− 1

=
sin 2Y + sin 2Z

sin 2X
=

sin B + sin C

sin A
.

This completes the proof of Theorem 1.

Similar results hold for the extouch triangle. In part it is in [1]. The following
corollaries are clear.

Corollary 3. The line joining A1 to the projection of X on Y Z passes through the
midpoint of the bisector of angle A.

Proof. In Figure 3,X′X is parallel to the bisector of angleA and its midpoint is
the projection ofX onY Z. �

Corollary 4. The OI-line is parallel to BC if and only if the projection of X on
Y Z lies on the line joining the midpoints of AB and AC .

Corollary 5. Let XY Z be the tangential triangle of ABC , X′ the reflection of X
in BC . If A1 is the intersection of the Euler line and XX′, then AA1 is tangent to
the circumcircle.

H

X′

O

A

B C

X

Z

Y

A1

Figure 4.
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On the Schiffler center

Charles Thas

Abstract. Suppose thatABC is a triangle in the Euclidean plane andI its in-
center. Then the Euler lines ofABC, IBC, ICA, andIAB concur at a pointS,
the Schiffler center ofABC. In the main theorem of this paper we give a projec-
tive generalization of this result and in the final part, we construct Schiffler-like
points and a lot of other related centers. Other results in connection with the
Schiffler center can be found in the articles [1] and [3].

1. Introduction

We recall some formulas and tools of projective geometry, which will be used
in §2. Although we focus our attention on the real projective plane, it will be
convenient to work in the complex projective planeP.

1.1. Suppose that(x1, x2) are projective coordinates on a complex projective line
and that two pairs of points are given as follows:P1 and P2 by the quadratic
equation

ax2
1 + 2bx1x2 + cx2

2 = 0 (1)

andQ1 andQ2 by

a′x2
1 + 2b′x1x2 + c′x2

2 = 0. (2)

Then the cross-ratio(P1P2Q1Q2) equals−1 iff

ac′ − 2bb′ + a′c = 0. (3)

Proof. Put t = x1
x2

and assume thatt1, t2 (t′1, t′2 respectively) are the solutions
of (1) ((2) respectively), divided byx2

2. Then(t1 t2 t′1 t′2) = −1 is equivalent to
2(t1t2 + t′1t

′
2) = (t1 + t2)(t′1 + t′2) or 2( c

a + c′
a′ ) = (−2b

a )(−2b′
a′ ), which gives

(3). �

1.2.1. Consider a triangleABC in the complex projective planeP and assume
that 
 is a line inP, not throughA,B, or C. PutAB ∩ 
 = M′

C , BC ∩ 
 =
M ′

A, and CA ∩ 
 = M ′
B and determine the pointsMC , MA, and MB by

(ABM ′
CMC) = (BCM ′

AMA) = (CAM ′
BMB) = −1, thenAMA, BMB, and

CMC concur at a pointZ, the so-called trilinear pole of
 with regard toABC.

Publication Date: June 28, 2004. Communicating Editor: J. Chris Fisher.
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Proof. If A = (1, 0, 0), B = (0, 1, 0), C = (0, 0, 1), and
 is the unit linex1 +
x2 + x3 = 0, thenM ′

C = (1,−1, 0), M ′
A = (0, 1,−1), M ′

B = (1, 0,−1),
andMC = (1, 1, 0), MA = (0, 1, 1),MB = (1, 0, 1), andZ is the unit point
(1, 1, 1). �

1.2.2. The trilinear poleZC of the unit-line
 with regard toABQ, whereA =
(1, 0, 0), B = (0, 1, 0), andQ = (A,B, C), has coordinates(2A + B + C,A +
2B + C, C).

Proof. The pointZC is the intersection of the lineQMC andBMQA, with MC =
(1, 1, 0), andMQA the point ofQA, such that(Q A MQA M ′

QA) = −1, with
M ′

QA = QA ∩ 
. We find forMQA the coordinates(2A + B + C,B, C), and a
straightforward calculation completes the proof. �

1.3. Consider a non-degenerate conicC in the complex projective planeP, and
two pointsA,Q, not onC, whose polar lines with respect toC, intersectC atT1, T2,
andI1, I2 respectively. ThenQ lies on one of the lines
1, 
2 throughA which are
determined by(AT1 AT2 
1 
2) = (AI1 AI2 
1 
2) = −1.

Proof. This follows immediately from the fact that the pole of the line AQ with
respect toC is the pointT1T2 ∩ I1I2. �

1.4. For any triangleABC of P and line
 not through a vertex, the Desargues-
Sturm involution theorem ([7, p.341], [8, p.63]) provides a one-to-one correspon-
dence between the involutions on
 and the pointsP in P that lie neither on
 nor
on a side of the triangle. Specifically, the conics of the pencilB(A,B,C, P ) inter-
sect
 in pairs of points that are interchanged by an involution with fixed pointsI
andJ . Conversely,P is the fourth intersection point of the conics throughA,B,
andC that are tangent to
 at I andJ . The pointP can easily be constructed from
A,B,C, I, andJ as the point of intersection of the linesAA′, andBB′, where
A′ is the harmonic conjugate ofBC ∩ 
 with respect toI andJ , andB′ is the
harmonic conjugate ofAC ∩ 
 with respect toI andJ .

1.5. Denote the pencil of conics through the four pointsA1, A2, A3, andA4 by
B(A1, A2, A3, A4), and assume that
 is a line not throughAi, i = 1, . . . , 4. Put
M ′

12 = A1A2 ∩ 
, and letM12 be the harmonic conjugate ofM′
12 with respect

to A1 andA2, and define the pointsM23, M34, M13, M14, andM24 likewise. Let
X, Y , andZ be the pointsA1A2 ∩ A3A4, A2A3 ∩ A1A4, andA1A3 ∩ A2A4

respectively. Finally, letI andJ be the tangent points with
 of the two conics of
the pencil which are tangent at
. Then the eleven pointsM12, M13, M14, M23,
M24, M34, X, Y , Z, I, andJ belong to a conic ([8, p.109]).

Proof. We prove that this conic is the locusC of the poles of the line
 with regard
to the conics of the pencilB(A1, A2, A3, A4). But first, let us prove that this locus
is indeed a conic: if we represent the pencil byF1 + tF2 = 0, whereF1 = 0
andF2 = 0 are two conics of the pencil, the equation of the locus is obtained
by eliminatingt from two linear equations which represent the polar lines of two
points of
, which gives a quadratic equation. Then, callA′

3 the point which is the
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harmonic conjugate ofA3 with respect toM12A3 ∩ 
 andM12, and consider the
conic of the pencil throughA′

3: the pole of
 with respect to this conic clearly is
M12, which means thatM12, and thus alsoMij , is a point of the locus. Next,X, Y
andZ are points of the locus, since they are singular points of the three degenerate
conics of the pencil. And finally,I andJ belong to the locus, because they are the
poles of
 with regard to the two conics of the pencil which are tangent to
. �

1.6. Consider again a triangleABC in P, and a pointP not on a side ofABC.
TheCeva triangle of P is the triangle with verticesAP∩BC,BP∩CA, andCP∩
AB. Example: with the notation of§1.2.1 the Ceva triangle ofZ is MAMBMC .

Next, assume thatI andJ are any two (different) points, not on a side ofABC,
on a line
, not through a vertex, and thatP is the point which corresponds (ac-
cording to 1.4) to the involution on
 with fixed pointsI andJ . Let H′

AH
′
BH ′

C
be the Ceva triangle ofP , let A′ (B′, andC ′ respectively) be the harmonic conju-
gate ofPA ∩ 
 (PB ∩ 
, andPC ∩ 
 respectively) with respect toA andP (B
andP , andC andP , respectively), and letMAMBMC be the Ceva triangle of
the trilinear poleZ of 
 with regard toABC. Then there is a conic throughI, J ,
and the triplesH′

AH
′
BH ′

C , A′B′C ′, andMAMBMC . This conic is known as the
eleven-point conic of ABC with regard toI andJ ([7, pp.342–343]).

Proof. Apply 1.5 to the pencilB(A,B,C, P ). �

2. The main theorem

Theorem. Let ABC be a triangle in the complex projective plane P, 
 be a line
not through a vertex, and I and J be any two (different) points of 
 not on a side of
the triangle. Choose C to be one of the four conics through I and J that are tangent
to the sides of triangle ABC , and define Q to be the pole of 
 with respect to C. If
Z , ZA, ZB , and ZC are the trilinear poles of 
 with respect to the triangles ABC ,
QBC , QCA, and QAB respectively, while P , PA, PB , and PC respectively, are
the points determined by these triangles and the involution on 
 whose fixed points
are I and J (see 1.4), then the lines PZ , PAZA, PBZB , and PCZC concur at a
point SP .

Proof. We choose our projective coordinate system inP as follows : A(1, 0, 0),
B(0, 1, 0), C(0, 0, 1), and
 is the unit line with equationx1 + x2 + x3 = 0. The
pointP has coordinates(α, β, γ).

Two degenerate conics of the pencilB(A,B,C, P ) are(CP,AB) and(BP,CA),
which intersect
 at the points(−α,−β, α + β), (1,−1, 0) and(−α,α + γ,−γ),
(1, 0,−1)) respectively. Joining these points toA, we find the lines(α + β)x2 +
βx3 = 0, x3 = 0 andγx2 + (α + γ)x3 = 0, x2 = 0, or as quadratic equations
(α + β)x2x3 + βx2

3 = 0 andγx2
2 + (α + γ)x2x3 = 0 respectively. Therefore, the

linesAI andAJ are given bykx2
2 + 2lx2x3 + mx2

3 = 0 wherebyk, l, andm are
solution of (see 1.1): {

βk − (α + β)l = 0
−(α + γ)l + γm = 0,
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and thus(k, l,m) = (γ(α + β), βγ, β(α + γ)). Next, the lines throughA which
form together withAI, AJ and withAB, AC an harmonic quadruple, are deter-
mined bypx2

2 + 2qx2x3 + rx2
3 = 0 with p, q, r solutions of (see again 1.1){

β(α + γ)p− 2βγq + γ(α + β)r = 0
q = 0,

and thus these lines are given byγ(α + β)x2
2 − β(α + γ)x2

3 = 0. In the same
way, we find the quadratic equation of the two lines throughB (C, respectively)
which form together withBI, BJ and withBC, BA (with CI, CJ and with
CA, CB respectively) an harmonic quadruple :α(β + γ)x2

3 − γ(β + α)x2
1 = 0

(β(γ+α)x2
1−α(γ+β)x2

2 = 0 respectively). The intersection points of these three
pairs of lines throughA, B, andC are the polesQ1, Q2, Q3, Q4 of 
 with respect
to the four conics throughI andJ that are tangent to the sides of triangleABC
(see 1.3) and their coordinates areQ1(A,B, C), Q2(−A,B, C), Q3(A,−B, C), and
Q4(A,B,−C), where

A =
√

α(β + γ), B =
√

β(γ + α), C =
√

γ(α + β).

For now, let us choose forQ the pointQ1(A,B, C).
The coordinates of the pointsZ, ZA, ZB , andZC are(1, 1, 1), (A,A + 2B +

C,A+B+ 2C), (2A+B + C,B,A+B + 2C), and(2A+B+ C,A+ 2B + C, C)
(see 1.2.2).

Now, in connection with the pointPC , remark that(APC ∩ 
 (QB ∩ 
) I J) =
−1. But (Q2Q4 ∩ 
 (Q1Q3 ∩ 
) I J) = −1 andQ2Q4 = Q2B, Q1Q3 = Q1B,
so thatAPC ∩ 
 = Q2B ∩ 
, and sinceQ2B has equationCx1 + Ax3 = 0, the
point APC ∩ 
 has coordinates(A, C − A,−C) and the lineAPC has equation
Cx2 + (C − A)x3 = 0. In the same way, we find the equation of the lineBPC :
Cx1 + (C − B)x3 = 0, and the common point of these two lines is the pointPC

with coordinates(B − C,A− C, C).
Finally, the linePCZC has equation :

C(B + C)x1 − C(A + C)x2 + (A2 − B2)x3 = 0,

and cyclic permutation gives us the equations ofPAZA andPBZB .
Now,PAZA, PBZB , andPCZC are concurrent if the determinant∣∣∣∣∣∣

B2 − C2 A(C + A) −A(B + A)
−B(C + B) C2 −A2 B(A + B)
C(B + C) −C(A + C) A2 − B2

∣∣∣∣∣∣
is zero, which is obviously the case, since the sum of the rows gives us three times
zero. Then, the linePZ has equation(β−γ)x1 +(γ−α)x2 +(α−β)x3 = 0. But
A2 = α(β + γ), B2 = β(γ + α), andC2 = γ(α + β), so that(B2 − C2)(−A2 +
B2 + C2) = 2αβγ(β − γ), andPZ has also the following equation

(B2 − C2)(−A2 + B2 + C2)x1 + (C2 −A2)(A2 − B2 + C2)x2

+(A2 − B2)(A2 + B2 − C2)x3 = 0.

ForPZ, PAZA, andPBZB to be concurrent, the following determinant must van-
ish :
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∣∣∣∣∣∣
(B2 − C2)(−A2 + B2 + C2) (C2 −A2)(A2 − B2 + C2) (A2 − B2)(A2 + B2 − C2)

B2 − C2 A(C + A) −A(B + A)
−B(C + B) C2 −A2 B(A + B)

∣∣∣∣∣∣
=(B + C)(C + A)(A + B)(A(B − C)(−A2 + B2 + C2)(−A + B + C)

+ B(C − A)(A2 − B2 + C2)(A− B + C) + C(A− B)(A2 + B2 − C2)(A + B − C))

=0.

We may conclude thatPZ,PAZA, PBZB, andPCZC are concurrent. This
completes the proof. �
Remarks. (1) If Q is chosen as the pointQ2 (Q3, or Q4, respectively), thenA
(B, or C respectively) must be replaced by−A (−B, or −C respectively) in the
foregoing proof.

(2) The coordinates of the common pointSP of the linesPZ,PAZA, PBZB ,
andPCZC are(A−A+B+C

B+C , BA−B+C
C+A , CA+B−C

A+B ).
(3) Of course, when we work in the real (complexified) projective planeP with

a real triangleABC, a real line
 and a real pointP , the pointsQ andSP , are not
always real. That depends on the values ofα, β, andγ and thus on the position of
the pointP in the plane. For instance, in example 5.5 of§5, the pointsQ andSP
will be imaginary.

(4) The conic throughA,B,C, and through the pointsI, J on 
 has equation

α(β + γ)x2x3 + β(γ + α)x3x1 + γ(α + β)x1x2 = 0

or
A2x2x3 + B2x3x1 + C2x1x2 = 0.

Indeed, eliminatingx1 from this equation and fromx1 + x2 + x3 = 0, gives us
γ(α + β)x2

2 + 2γβx2x3 + β(γ + α)x2
3 = 0, which determines the linesAI and

AJ (see the proof of the theorem).
The pole of the line
 with respect to this conic is the pointY (β+γ, γ+α,α+β),
which clearly is a point of the linePZ. We denote this conic by(Y ).

(5) The locus of the poles of the line
 with respect to the conics of the pencil
B(A,B,C, P ) is the conic with equation

βγx2
1 + γαx2

2 + αβx2
3 − α(γ + β)x2x3 − β(α + γ)x3x1 − γ(β + α)x1x2 = 0.

It is the eleven-point conic of triangleABC with regard toI andJ (see 1.6): it is
the conic through the pointsMA(0, 1, 1), MB(1, 0, 1), MC(1, 1, 0), AP ∩ BC =
H ′

A(0, β, γ), BP ∩ CA = H ′
B(α, 0, γ), CP ∩ AB = H ′

C(α, β, 0), A′(2α + β +
γ, β, γ), B′(α,α+2β +γ, γ), C ′(α, β, α+β +2γ), I, andJ . The pole of the line

 with regard to this conic is the pointY ′(2α + β + γ, α + 2β + γ, α + β + 2γ),
which is also a point of the linePZ. We denote this conic by(Y′).

Here is an alternative formulation of the main theorem.

Theorem. Let ABC be a triangle in the complex projective plane P, 
 be a line
not through a vertex, and I and J be any two (different) points of 
 not on a side
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of the triangle. Denote by Q the pole of 
 with respect to one of the four conics
through I and J that are tangent to the sides of the triangle. If Y , YA, YB, and
YC are the poles of 
 with respect to the conics determined by I , J , and the triples
ABC , QBC , QCA, and QAB respectively, while Y ′, Y ′

A, Y ′
B, and Y ′

C are the
respective poles with respect to their eleven-point conics with regard to I and J ,
then Y Y ′, YAY

′
A, YBY ′

B, and YCY ′
C concur at a point S.

3. The Euclidean case

In this section we give applications of the main theorem in the Euclidean plane
Π. Throughout the following sections, we only consider a general real triangle
ABC in Π, i.e., the side-lengthsa, b, andc are distinct and the triangle has no right
angle.

Corollary 1. Let ABC be a triangle in Π and assume that 
 is the line at infinity
of Π. Suppose that P coincides with the orthocenter H of ABC; then the conics
of the pencil B(A,B,C,H) are rectangular hyperbolas and the involution on 
,
determined by H (see 1.4), becomes the absolute (or orthogonal) involution with
fixed points the cyclic points (or circle points) J and J′ of Π. The four conics
through J, J′ and tangent to the sidelines of ABC are now the incircle and the
excircles of ABC , and the points Q = Q1, Q2, Q3, Q4 become the incenter I , and
the excenters IA (the line IIA contains A), IB , and IC , respectively.

Next, the points Z , ZA, ZB , and ZC , are the centroids of ABC , IBC , ICA,
and of IAB respectively. Finally, PA, PB , PC are the orthocenters HA, HB , HC

of IBC , ICA, and IAB respectively. Then the lines HZ , HAZA, HBZB , and
HCZC concur at a point SH .

Remark thatHZ, HAZA, HBZB , andHCZC are the Euler lines of the triangles
ABC, IBC, ICA, andIAB, respectively. The point of concurrence of these Euler
lines is known as the Schiffler pointS ([9]), but we prefer in this paper the notation
SH , since it results from settingP = H.

In connection with Remarks 4 and 5 of the foregoing section, and again working
with 
 as the line at infinity andJ , J′ the cyclic points, the conic(Y ) becomes the
circumcircle(O) of ABC, (Y ′) becomes its nine-point circle(O′), andOO′ is the
Euler line.

In connection with Remark 5, we recall that the locus of the centers of the rect-
angular hyperbolas throughA, B, C (andH) is the nine-point circle(O′) of ABC
and that, for each pointU of the circumcircle(O), the midpoint ofHU is a point
of (O′) (andO′ is the midpoint ofHO on the Euler line).

The main theorem allows us to generalize the foregoing corollary as follows:

Corollary 2. Let ABC be a triangle and let 
 be the line at infinity in Π. Choose
a general point P (i.e., not on a sideline of ABC , not on 
 and different from the
centroid of ABC) and call J , J′ the tangent points on 
 of the two conics of the
pencil B(A,B,C, P ) which are tangent to 
 (these are the centers of the parabolas
through A,B,C and P ). Denote by Q the center of one of the four conics through
J and J ′, which are tangent at the sidelines of ABC . Next, Z is the centroid
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of ABC and ZA, ZB , ZC are the centroids of the triangles QBC , QCA, QAB
respectively. Finally, PA (PB , and PC respectively) is the fourth common point
of the two parabolas through Q, B, C (through Q, C , A, and through Q, A, B
respectively) and tangent to 
 at J and J′. Then the lines PZ , PAZA, PBZB , and
PCZC concur at a point SP .

4. The use of trilinear coordinates

From now on, we work with trilinear coordinates(x1, x2, x3) with respect to
the real triangleABC in the Euclidean planeΠ ([2, 5]): A, B, C, and the incenter
I of ABC, have coordinates(1, 0, 0), (0, 1, 0), (0, 0, 1), and(1, 1, 1) respectively.
The line at infinity
 has equationax1 + bx2 + cx3 = 0, wherea, b, c are the side-
lengths ofABC. The orthocenterH, the centroidZ, the circumcenterO, and the
center of the nine-point circleO′, have trilinear coordinates

(
1

cos A , 1
cos B , 1

cos C

)
,(

1
a ,

1
b ,

1
c

)
, (cosA, cosB, cosC), and (bc(a2b2 + a2c2 − (b2 − c2)2), ca(b2c2 +

b2a2−(c2−a2)2), ab(c2a2 +c2b2−(a2−b2)2)) respectively. The equations of the
circumcircle(O) and the nine-point circle(O′) areax2x3+bx3x1+cx1x2 = 0 and
x2

1 sin 2A+x2
2 sin 2B+x2

3 sin 2C−2x2x3 sinA−2x3x1 sinB−2x1x2 sinC = 0.
The Schiffler pointS = SH (the common point of the Euler lines ofABC,

IBC, ICA, andIAB) has trilinear coordinates
(
−a+b+c

b+c , a−b+c
c+a , a+b−c

a+b

)
.

If T is a point ofΠ, not on a sideline ofABC, reflect the lineAT about the
line AI, and reflectBT andCT about the corresponding bisectorsBI andCI.
The three reflections concur in the isogonal conjugateT−1 of T , andT−1 has

trilinear coordinates(t2t3, t3t1, t1t2) or
(

1
t1
, 1

t2
, 1

t3

)
if T has trilinear coordinates

(t1, t2, t3). Examples: the circumcenterO is the isogonal conjugate of the ortho-
centerH, and the centroidZ is the isogonal conjugate of the Lemoine point (or
symmedian point)K(a, b, c).

Let us now interpret the main theorem (or Corollary 2) in the Euclidean case
using trilinear coordinates, with
 : ax1 +bx2 +cx3 = 0 as line at infinity and with
P (α, β, γ) a general point ofΠ. In fact, the only thing that we have to do, is to re-
place in the proof of the main theorem the equationx1+x2+x3 = 0 of 
, byax1+
bx2+cx3 = 0, and a straightforward calculation gives us the following trilinear co-
ordinates for the pointQ: (

√
bcα(bβ + cγ),

√
caβ(cγ + aα),

√
abγ(aα + bβ)) =

(A,B, C). Next, the pointsZ, ZA, ZB, andZC are the centroids ofABC, QBC,
QCA andQAB with trilinear coordinates

(
1
a ,

1
b ,

1
c

)
, (bcA, c(aA+2bB+cC), b(aA+

bB+2cC)), (c(2aA+bB+cC), caB, a(aA+bB+2cC)), (b(2aA+bB+cC), a(aA+
2bB + cC), baC), respectively. Now, for the pointsPA, PB , PC , again after a
straightforward calculation, we find the coordinates:PA(bcA, c(cC − aA), b(bB−
aA)), PB(c(cC − bB), caB, a(aA− bB)) andPC(b(bB − cC), a(aA − cC), abC).

And finally, we find the trilinear coordinates of the pointSP , corresponding to
Q: (A(−aA + bB + cC)

bB + cC ,
B(aA− bB + cC)

cC + aA ,
C(aA + bB − cC)

aA + bB
)

.
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Remark that we find for the caseP (α, β, γ) = H( 1
cos A , 1

cos B , 1
cos C ):

A =
√

bcα(bβ + cγ) =
√

bc
cos A( b

cos B + c
cos C ) =

√
bc(b cos C+c cos B)
cos A cos B cos C

=
√

abc
cos A cos B cos C = B = C

andQ(A,B, C) = I(1, 1, 1), while sinceA = B = C, we get forSH the coordi-

nates
(
−a+b+c

b+c , a−b+c
c+a , a+b−c

a+b

)
, which gives us the Schiffler pointS.

Let us also calculate the trilinear coordinates of the pointsY andY′, defined
above as the centers of the conic(Y ) throughA, B, C, J andJ′, and of the conic
(Y ′) through the midpoints of the sides ofABC and throughJ , J′ (or the eleven-
point conic ofABC with regard toJ andJ′; remark thatJ andJ′ are the cyclic
points only whenP = H):

(Y ) has equationα(bβ + cγ)x2x3 + β(cγ + aα)x3x1 + γ(aα + bβ)x1x2 = 0
and centerY (bc(bβ + cγ), ca(cγ + aα), ab(aα + bβ)),

(Y ′) has equationaβγx2
1 + bγαx2

2 + cαβx2
3 − α(γc + bβ)x2x3 − β(aα +

cγ)x3x1−γ(bβ+aα)x1x2 = 0 and centerY ′(bc(2aα+ bβ + cγ), ca(aα+2bβ +
cγ), ab(α + bβ + 2cγ)).

Remark thatQ =
√
P ∗ Y , with the notation

√
(x1, x2, x3) ∗ (y1, y2, y3) =

(
√
x1y1,

√
x2y2,

√
x3y3).

Recall that the coordinate transformation between trilinear coordinates
(x1, x2, x3) with regard to
ABC and trilinear coordinates(x′1, x′

2, x
′
3) with re-

gard to the medial triangleMAMBMC , is given by ([5, p.207]):
ax1

bx2

cx3


 =


0 b c
a 0 c
a b 0





x′

1

x′
2

x′
3


 .

Now, this gives for(x1, x2, x3) the coordinates of the pointY , if (x′1, x′
2, x

′
3) are

the coordinates(α, β, γ) of P and it gives for(x1, x2, x3) the coordinates ofY ′ if
(x′

1, x
′
2, x

′
3) are the coordinates ofY . Moreover,
ABC and its medial triangle are

homothetic. As a corollary, we have that ifP (Y , respectively) istriangle center
X(k) for 
ABC (for the definition of triangle center, see [5, p.46]), thenY (Y′
respectively) is centerX(k) for 
MAMBMC .

5. Applications

In this section we chooseP (α, β, γ) as a triangle center of the triangleABC and
calculate the coordinates of the corresponding pointsY , Y′, Q andSP (sometimes
Y ′ andSP are not given).

Remark thatP must be different from the centroidZ of ABC. The triangle
centers are taken from Kimberling’s list :X(1), X(2), . . . , X(2445) (list until
29 March 2004, see [6]). When we found the pointsY , Y ′, Q or SP in this list,
we give the numberX(· · · ) and if possible, the name of the center. But, without
doubt, we overlooked some centers and more pointsY , Y ′, Q, SP than indicated
will occur in Kimberling’s list. Several times, only the first trilinear coordinate is
given: the second and the third are obtained by cyclic permutations.
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5.1. The first example is of course:
P (α, β, γ) = H( 1

cos A , 1
cos B , 1

cos C ) = X(4) (orthocenter),
Y = O(cosA, cosB, cosC) = X(3) (circumcenter),
Y ′ = O′(bc(a2b2 + a2c2 − (b2 − c2)2), · · · , · · · ) = X(5) (nine-point center),
Q = I(1, 1, 1) = X(1) (incenter), and

SH = S
(
−a+b+c

b+c , · · · , · · ·
)

= X(21) (Schiffler point).

5.2. P (α, β, γ) = I(1, 1, 1) = X(1),
Y = ( b+c

a , c+a
b , a+b

c ) = X(10) (Spieker point = incenter of the medial triangle
MAMBMC),
Y ′ = (2a+b+c

a , · · · , · · · ) = X(1125) (Spieker point of the medial triangle),
Q = (

√
bc(b + c), · · · , · · · ), and

SI = (
√

bc(b + c)−a
√

bc(b+c)+b
√

ca(c+a)+c
√

ab(a+b)

b
√

ca(c+a)+c
√

ab(a+b)
, · · · , · · · ).

5.3. P (α, β, γ) = K(a, b, c) = X(6) (Lemoine point),
Y = ( b2+c2

a , · · · , · · · ) = X(141) = Lemoine point of medial triangle,

Y ′ = (2a2+b2+c2

a , · · · , · · · ),
Q = (

√
b2 + c2, · · · , · · · ), and

SK = (
√
b2 + c2−a

√
b2+c2+b

√
c2+a2+c

√
a2+b2

b
√

c2+a2+c
√

a2+b2
, · · · , · · · ).

5.4. P (α, β, γ) = ( 1
a(−a+b+c) , · · · , · · · ) = X(7) (Gergonne point),

Y = (−a + b + c, a− b + c, a + b− c) = X(9) (Mittenpunkt = Lemoine point of
the excentral triangleIAIBIC = Gergonne point of medial triangle),
Y ′ = (bc(a(b+c)−(b−c)2), · · · , · · · ) = X(142) (Mittenpunkt of medial triangle),
Q = ( 1√

a
, 1√

b
, 1√

c
) = X(366), and

SX(7) = ( 1√
a
−√

a+
√

b+
√

c√
b+

√
c

, · · · , · · · ).

5.5. P (α, β, γ) = ( 1
b−c ,

1
c−a ,

1
a−b) = X(100),

Y = (bc(b − c)2(−a + b + c), · · · , · · · ) = X(11) (Feuerbach point =X(100) of
medial triangle),
Y ′ = (bc((a − b)2(a + b− c) + (c− a)2(a− b + c)), · · · , · · · ) (Feuerbach point
of medial triangle), andQ = (

√
bc(b− c)(−a + b + c), · · · , · · · ).

In the foregoing examples, the coordinates of the pointSP are mostly rather
complicated. Another method is to start with the coordinates of the pointQ: if
(k, l,m) are the trilinear coordinates ofQ, then a short calculation shows that it cor-
responds with the pointP ( 1

a(−a2k2+b2l2+c2m2) , · · · , · · · ) andSP becomes the point

(k−ak+bl+cm
bl+cm , · · · , · · · ). Finally, the coordinates ofY andY ′ are(ak2(−a2k2 +

b2l2 + c2m2), · · · , · · · ), and(bc(a2k2(b2l2 + c2m2)− (b2l2 − c2m2)2), · · · , · · · ),
respectively. Here are some examples.
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5.6. Q(k, l,m) = K(a, b, c) = X(6)(Lemoine point),
P = ( 1

a(−a4+b4+c4) , · · · , · · · ) = X(66) = X(22)−1 (X(22) is the Exeter
point),
Y = (a3(−a4 + b4 + c4), · · · , · · · ) = X(206) (X(66) of medial triangle),
Y ′ = (bc(a4(b4 + c4) − (b4 − c4)2), · · · , · · · ) (X(206) of medial triangle), and

SX(66) = (a(−a2+b2+c2)
b2+c2 , · · · , · · · ) = ( cos A

b2+c2 , · · · , · · · ) = X(1176).

5.7. Q(k, l,m) = H( 1
cos A , 1

cos B , 1
cos C ) = X(4) (orthocenter),

P = ( 1

a(− a2

cos2 A
+ b2

cos2 B
+ c2

cos2 C
)
, · · · , · · · ),

Y = ( a
cos2 A(− a2

cos2 A + b2

cos2 B + c2

cos2 C ), · · · , · · · ), and
SP = ( cos A−cos B cos C

cos2 A , · · · , · · · ).

5.8. Q(k, l,m) = ( b+c
a , · · · , · · · ) = X(10) (Spieker point),

P = ( 1
a(−(b+c)2+(c+a)2+(a+b)2)

, · · · , · · · ) = X(596),

Y =
(

(b+c)2

a (−(b + c)2 + (c + a)2 + (a + b)2), · · · , · · ·
)

(X(596) of medial tri-

angle), and
SP = ( b+c

2a+b+c ,
c+a

a+2b+c ,
a+b

a+b+2c).

We also can start with the coordinates of the pointY (p, q, r), then
P = (−ap+bq+cr

a , · · · , · · · ),
Y ′(bc(bq + cr), · · · , · · · ), and

Q =
√
P ∗ Y = (

√
p(−ap+bq+cr)

a , · · · , · · · ). Here are some examples.

5.9. Y (p, q, r) = I(1, 1, 1) = X(1), P = (−a+b+c
a , a−b+c

b , a+b−c
c ) = X(8)

(Nagel point),
Y ′ =

(
b+c
a , · · · , · · · ) = X(10) (Spieker point = incenter of medial triangle),

Q =
(√

−a+b+c
a , · · · , · · ·

)
= X(188), and

SP = (A−aA+bB+cC
bB+cC , · · · , · · · ) with Q(A,B, C).

5.10. Y = K(a, b, c) = X(6) (Lemoine point),
P = (−a2+b2+c2

a , · · · , · · · ) = ( cosA
a2 , · · · , · · · ) = X(69),

Y ′ = ( b2+c2

a , · · · , · · · ) = X(141) (Lemoine point of medial triangle), and
Q = (

√−a2 + b2 + c2, · · · , · · · ).

5.11. Y = (2a+b+c
a , · · · , · · · ) = X(1125) (Spieker point of medial triangle),

P = ( b+c
a , · · · , · · · ) = X(10) (Spieker point),

Y ′ = (2a+3b+3c
a , · · · , · · · ) (X(1125) of medial triangle), and

Q = (bc
√

(b + c)(2a + b + c), · · · , · · · ).
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The Vertex-Midpoint-Centroid Triangles

ZvonkoČerin

Abstract. This paper explores six triangles that have a vertex, a midpoint of a
side, and the centroid of the base triangleABC as vertices. They have many in-
teresting properties and here we study how they monitor the shape ofABC. Our
results show that certain geometric properties of these six triangles are equivalent
to ABC being either equilateral or isosceles.

LetA′,B′,C ′ be midpoints of the sidesBC,CA,AB of the triangleABC and
let G be its centroid (i.e., the intersection of mediansAA′, BB′, CC ′). Let G−

a ,
G+

a , G−
b , G+

b , G−
c , G+

c be trianglesBGA′, CGA′, CGB′, AGB′, AGC ′, BGC ′
(see Figure 1).

A B

C

G

A′B′

C′

G
−
a

G
+
aG−

b

G+
b

G
−
c G

+
c

Figure 1. Six vertex–midpoint–centroid triangles ofABC.

This set of six triangles associated to the triangleABC is a special case of the
cevasix configuration (see [5] and [7]) when the chosen point is the centroidG. It
has the following peculiar property (see [1]).

Theorem 1. The triangle ABC is equilateral if and only if any three of the trian-
gles from the set σG = {G−

a , G
+
a , G

−
b , G

+
b , G

−
c , G

+
c } have the same either perime-

ter or inradius.

In this paper we wish to show several similar results. The idea is to replace
perimeter and inradius with other geometric notions (likek-perimeter and Brocard
angle) and to use various central points (like the circumcenter and the orthocenter
– see [4]) of these six triangles.

Publication Date: July 14, 2004. Communicating Editor: Paul Yiu.
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Let a, b, c be lengths of sides of the base triangleABC. For a real numberk,
the sumpk = pk(ABC) = ak + bk + ck is called thek-perimeter of ABC. Of
course, the1-perimeterp1(ABC) is just the perimeterp(ABC). The above theo-
rem suggests the following problem.

Problem. Find the set Ω of all real numbers k such that the following is true: The
triangle ABC is equilateral if and only if any three of the triangles from σG have
the same k-perimeter.

Our first goal is to show that the setΩ contains some values ofk besides the
valuek = 1. We start withk = 2 andk = 4.

Theorem 2. The triangle ABC is equilateral if and only if any three of the trian-
gles in σG have the same either 2-perimeter or 4-perimeter.

Proof for k = 2. We shall position the triangleABC in the following fashion with
respect to the rectangular coordinate system in order to simplify our calculations.
The vertexA is the origin with coordinates(0, 0), the vertexB is on thex-axis and

has coordinates(r(f + g), 0), and the vertexC has coordinates
(

rg(f2−1)
fg−1 , 2rfg

fg−1

)
.

The three parametersr, f , andg are the inradius and the cotangents of half of
angles at verticesA andB. Without loss of generality, we can assume that bothf
andg are larger than1 (i.e., that anglesA andB are acute).

Nice features of this placement are that many important points of the triangle
have rational functions inf , g, andr as coordinates and that we can easily switch
from f , g, andr to side lengthsa, b, andc and back with substitutions

a =
rf(g2+1)

fg−1 , b =
rg(f2+1)

fg−1 , c = r (f + g) ,

f = (b+c)2−a2

4∆ , g = (a+c)2−b2

4∆ , r = 2∆
a+b+c ,

where the area∆ is 1
4

√
(a + b+ c)(b + c− a)(a− b + c)(a + b− c).

There are20 ways in which we can choose3 triangles from the setσG. The
following three cases are important because all other cases are similar to one of
these.

Case 1:(G−
a , G

+
a , G

−
b ). When we compute the2-perimetersp2(G−

a ), p2(G+
a ),

andp2(G−
b ) and convert to lengths of sides we get

p2(G−
a ) − p2(G+

a ) =
(c− b)(c+ b)

3
,

p2(G−
a ) − p2(G−

b ) =
a2

6
− b2

2
+
c2

3
.

Both of these differences are by assumption zero. From the first we getb = c and
when we substitute this into the second the conclusion is(a−c)(a+c)

6 = 0. Hence,
b = c = a so thatABC is equilateral.

Case 2:(G−
a , G

+
a , G

+
b ). Now we have
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p2(G−
a ) − p2(G+

a ) =
(c− b)(c+ b)

3
,

p2(G−
a ) − p2(G+

b ) =
(a− b)(a + b)

2
,

which makes the conclusion easy.
Case 3:(G−

a , G
−
b , G

−
c ). This time we have

p2(G−
a ) − p2(G−

b ) =
a2

6
− b2

2
+
c2

3
,

p2(G−
a ) − p2(G−

c ) =
a2

2
− b2

3
− c2

6
.

The only solution of this linear system ina2 andb2 is a2 = c2 andb2 = c2. Thus
the triangleABC is equilateral because the lengths of sides are positive. �

Recall that the Brocard angleω of the triangleABC satisfies the relation

cotω =
p2(ABC)

4∆
.

Since all triangles inσG have the same area, from Theorem 2 we get the following
corollary.

Corollary 3. The triangle ABC is equilateral if and only if any three of the trian-
gles in σG have the same Brocard angle.

On the other hand, when we putk = −2 then fora =
√

−5 + 3
√

3 andb = c = 1
we find that the trianglesG−

a , G+
a , andG−

b have the same(−2)-perimeter while
ABC is not equilateral. In other words the value−2 is not inΩ.

The following result answers the final question in [1]. It shows that some pairs
of triangles from the setσG could be used to detect ifABC is isosceles. Letτ de-
note the set whose elements are pairs(G−

a , G
+
a ) (G−

a , G
+
b ), (G−

a , G
+
c ), (G+

a , G
−
b ),

(G+
a , G

−
c ), (G−

b , G
+
b ), (G−

b , G
+
c ), (G+

b , G
−
c ), (G−

c , G
+
c ).

Theorem 4. The triangle ABC is isosceles if and only if triangles from some
element of τ have the same perimeter.

Proof. This time there are only two representative cases.
Case 1:(G−

a , G
+
a ). By assumption,

p(G−
a ) − p(G+

a ) =
√

2a2 − b2 + 2c2

3
−

√
2a2 + 2b2 − c2

3
= 0.

When we move the second term to the right then take the square of both sides and
move everything back to the left we obtain(c−b)(c+b)

3 = 0. Hence,b = c andABC
is isosceles.

Case 2:(G−
a , G

+
b ). This time our assumption is

p(G−
a ) − p(G+

b ) =
a− b

2
+

√
2a2 − b2 + 2c2

6
−

√
2c2 + 2b2 − a2

6
= 0.
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When we move the third term to the right then take the square of both sides and
move the right hand side back to the left and bring the only term with the square
root to the right we obtain

2a2 − 3ab+ b2

6
=

(b− a)
√

2a2 − b2 + 2c2

6
.

In order to eliminate the square root, we take the square of both sides and move the

right hand side to the left to get(a−b)2(a−b−c)(a−b+c)
18 = 0. Hence,a = b and the

triangleABC is again isosceles. �

Remark. The above theorem is true also when the perimeter is replaced with the
2-perimeter and the4-perimeter. It is not true fork = −2 but it holds for anyk �= 0
when only pairs(G−

a , G
+
a ), (G−

b , G
+
b ), (G−

c , G
+
c ) are considered.

We continue with results that use various central points (see [4], [5, 6]) (like the
centroid, the circumcenter, the orthocenter, the center of the nine-point circle, the
symmedian or the Grebe-Lemoine point, and the Longchamps point) of the trian-
gles from the setσG and try to detect whenABC is either equilateral or isosceles.

Recall that trianglesABC andXY Z arehomologic provided linesAX, BY ,
andCZ are concurrent. The point in which they concur is their homologycenter
and the line containing intersections of pairs of lines(BC,Y Z), (CA,ZX), and
(AB,XY ) is their homologyaxis. Instead of homologic, homology center, and
homology axis many authors use the termsperspective, perspector, andperspec-
trix.

The trianglesABC andXY Z areorthologic when the perpendiculars at ver-
tices ofABC onto the corresponding sides ofXY Z are concurrent. The point of
concurrence is[ABC,XY Z]. It is well-known that the relation of orthology for
triangles is reflexive and symmetric. Hence, the perpendiculars at vertices ofXY Z
onto corresponding sides ofABC are concurrent at a point[XY Z,ABC].

By replacing in the above definition perpendiculars with parallels we get the
analogous notion ofparalogic triangles and two centers of paralogy〈ABC,XY Z〉
and〈XY Z,ABC〉.

The triangleABC is paralogic to its first Brocard triangleAbBbCb which has the
orthogonal projections of the symmedian pointK onto the perpendicular bisectors
of sides as vertices (see [2] and [3]).

Theorem 5. The centroids GG−
a

, GG+
a

, GG−
b

, GG+
b

, GG−
c

, GG+
c

of the triangles
from σG lie on the image of the Steiner ellipse of ABC under the homothety
h(G,

√
7

6 ). This ellipse is a circle if and only if ABC is equilateral. The triangles
GG−

a
GG−

b
GG−

c
and GG+

a
GG+

b
GG+

c
are both homologic and paralogic to triangles

AbBbCb, BbCbAb and CbAbBb and they share with ABC the centroid and the Bro-
card angle and both have 7

36 of the area of ABC . They are directly similar to each
other or to ABC if and only if ABC is an equilateral triangle. They are ortho-
logic to either AbBbCb, BbCbAb or CbAbBb if and only if ABC is an equilateral
triangle.



The vertex-midpoint-centroid triangles 101

A B

C

G

A′
B′

C′

G
G

−
a

G
G

−
b

G
G

−
c

G
G

+
a

G
G

+
b

G
G

+
c

Figure 2. The ellipse containing vertices ofG
G−

a
G

G−
b

G
G−

c
andG

G+
a

G
G+

b
G

G+
c

.

Proof. We look for the conic through five of the centroids and check that the the
sixth centroid lies on it. The trilinear coordinates ofGG−

a
are 2

a : 11
b : 5

c while
those of other centroids are similar. It follows that they all lie on the ellipse with
the equation

a11x
2 + 2a12xy + a22y

2 + 2a13x + 2a23y + a33 = 0,

where

a11 = 432∆2, a12 = 108∆(a − b)(a + b),
a22 = 27(a4 + b4 + 3c4−2a2b2),
a13 = −216∆2c, a23 = −54∆c(a2 − b2 + c2), a33 = 116∆2c2.

SinceD0 =
∣∣∣∣
a11 a12

a12 a22

∣∣∣∣ = 3c4

16∆2 > 0, andA0
I0

= −7c4

72(a2+b2+c2) < 0 with I0 = a11 +

a22, andA0 =

∣∣∣∣∣∣
a11 a12 a13

a12 a22 a23

a13 a23 a33

∣∣∣∣∣∣
it follows that this is an ellipse whose center is

G. It will be a circle provided eitherI20 = 4D0 or a11 = a22 anda12 = 0. This
happens if and only ifABC is equilateral.

The precise identification of this ellipse is now easy. We take a point(p, q) which
is on the Steiner ellipse ofABC (with the equationαa + β

b + γ
c = 0 in trilinear

coordinates) and denote its image underh(G,
√

7
6 ) by (x, y). By eliminatingp and

q we check that this image satisfies the above equation (of the common Steiner
ellipse ofGG−

a
GG−

b
GG−

c
andGG+

a
GG+

b
GG+

c
).
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Since the trilinear coordinates ofAb areabc : c3 : b3, the lineAbGG−
a

has the
equation

a(11b2 − 5c2)x+ b(5a2 − 2b2)y + c(11a2 − 2c2)z = 0.

The linesBbGG−
b

andCbGG−
c

have similar equations. The determinant of the
coefficients of these three lines is equal to zero so that we conclude that the triangles
GG−

a
GG−

b
GG−

c
andAbBbCb are homologic. The other claims about homologies

and paralogies are proved in a similar way. We note that〈GG−
a
GG−

b
GG−

c
, AbBbCb〉

is on the (above) Steiner ellipse ofGG−
a
GG−

b
GG−

c
while 〈AbBbCb, GG−

a
GG−

b
GG−

c
〉

is on the Steiner ellipse ofAbBbCb. The other centers behave accordingly.
When we substitute the coordinates of the six centroids into the conditions

x1(v2 − v3) + x2(v3 − v1) + x3(v1 − v2) − u1(y2 − y3) − u2(y3 − y1) − u3(y1 − y2) = 0,

x1(u2 − u3) + x2(u3 − u1) + x3(u1 − u2) − y1(v2 − v3) − y2(v3 − v1) − y3(v1 − v2) = 0,

for triangles with vertices at the points(x1, y1), (x2, y2), (x3, y3) and (u1, v1),
(u2, v2), (u3, v3) to be directly similar and convert to the side lengths, we get

4∆(a− b)(a + b+ c)
9c2

= 0 and
h(1, 1, 2, 1, 1, 2)

9c2
= 0,

where

h(u, v,w, x, y, z) = ub2c2 + vc2a2 + wa2b2 − xa4 − yb4 − zc4.

The first relation impliesa = b, which givesh(1, 1, 2, 1, 1, 2) = 2c2(c− b)(c+ b).
Therefore,b = c so thatABC is an equilateral triangle.

Substituting the coordinates ofGG−
a

, GG−
b

, GG−
c

, Ab, Bb, Cb into the left hand
side of the condition

x1(u2−u3)+x2(u3−u1)+x3(u1−u2)+y1(v2−v3)+y2(v3−v1)+y3(v1−v2) = 0,

for triangles with vertices at the points(x1, y1), (x2, y2), (x3, y3) and (u1, v1),
(u2, v2), (u3, v3) to be orthologic, we obtain

−h(1, 1, 1, 1, 1, 1)
3p2(ABC)

=
(b2 − c2)2 + (c2 − a2)2 + (a2 − b2)2

6p2(ABC)

so that the trianglesGG−
a
GG−

b
GG−

c
andAbBbCb are orthologic if and only ifABC

is equilateral.
The remaining statements are proved similarly or by substitution of coordinates

into well-known formulas for the area, the centroid, and the Brocard angle.�

Let ma, mb, mc be lengths of medians of the triangleABC. The following
result is for the most part already proved in [7]. The center of the circle is given in
[6] asX(1153).

Theorem 6. The circumcenters OG−
a

, OG+
a

, OG−
b

, OG+
b

, OG−
c

, OG+
c

of the trian-
gles from σG lie on the circle whose center OG is a central point with the first
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A B

C

G
A′B′

C′

O
G

−
a

O
G

−
b

O
G

−
c

O
G

+
a

O
G

+
b

O
G

+
c

OG

Figure 3. The vertices ofO
G−

a
O

G−
b

O
G−

c
andO

G+
a

O
G+

b
O

G+
c

are on a circle.

trilinear coordinate

10a4 − 13a2(b2 + c2) + 4b4 + 4c4 − 10b2c2

a

and whose radius is

mambmc

√
2(a4 + b4 + c4) − 5(b2c2 + c2a2 + a2b2)

72∆
.

Also, |OGG| = mambmc

√
(b2−c2)2+(c2−a2)2+(a2−b2)2

72
√

2∆
.

Proof. The proof is conceptually simple but technically involved so that we shall
only outline how it could be done on a computer. In order to find pointsOG−

a
,OG+

a
,

OG−
b

,OG+
b

,OG−
c

,OG+
c

we use the circumcenter function and evaluate it in vertices
of the triangles fromσG. Applying it again in pointsOG−

a
, OG+

a
, OG−

b
we obtain

the pointOG. The remaining pointsOG+
b

, OG−
c

, OG+
c

are at the same distance
from it as the vertexOG−

a
is. The remaining tasks are standard (they involve only

the distance function and the conversion to the side lengths). �

The last sentence in Theorem 6 implies the following corollary.

Corollary 7. The triangle ABC is equilateral if and only if the circumcenters of
any three of the triangles in σG have the same distance from the centroid G.

Let P , Q andR denote vertices of similar isosceles trianglesBCP , CAQ and
ABR.

Theorem 8. (1) The triangles OG−
a
OG−

b
OG−

c
and OG+

b
OG+

c
OG+

a
are congruent.

They are orthologic to BCA and CAB, respectively.
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(2) The triangles OG−
a
OG−

b
OG−

c
and OG+

a
OG+

b
OG+

c
are orthologic to QRP and

RPQ if and only if ABC is an equilateral triangle.
(3) The triangles OG−

a
OG−

b
OG−

c
and OG+

c
OG+

a
OG+

b
are orthologic if and only

if the lengths of sides of ABC satisfy h(7, 7, 7, 4, 4, 4) = 0.
(4) The line joining the centroids of triangles OG−

a
OG−

b
OG−

c
and OG+

c
OG+

a
OG+

b

will go through the centroid, the circumcenter, the orthocenter, the center of the
nine-point circle, the Longchamps point, or the Bevan point of ABC (i.e., X(2),
X(3), X(4), X(5), X(20), or X(40) in [6]) if and only if it is an equilateral
triangle.

(5) The line joining the symmedian points of OG−
a
OG−

b
OG−

c
and OG+

c
OG+

a
OG+

b

goes through the centroid of ABC . It will go through the centroid of its orthic
triangle (i.e., X(51) in [6]) if and only if ABC is an equilateral triangle.

(6) The centroids of triangles OG−
a
OG−

b
OG−

c
and OG+

c
OG+

a
OG+

b
have the same

distance from X(2), X(3), X(4), X(5), X(6), X(20), X(39), X(40), or X(98)
if and only if ABC is an isosceles triangle.

Proof. (1) The pointsOG−
a

andOG+
a

have trilinear coordinates

a(5c2 − a2 − b2) :
2h(3, 3, 5, 2, 2, 1)

b
:
h(6, 1, 3, 1, 2, 4)

c
,

a(5b2 − a2 − c2) :
h(6, 3, 1, 1, 4, 2)

b
:

2h(3, 5, 3, 2, 1, 2)
c

,

while the trilinears of the pointsOG−
b

, OG−
c

, OG+
b

, OG+
c

are their cyclic permuta-

tions. We can show easily that|OG−
b
OG−

c
|2 − |OG+

c
OG+

a
|2 = 0, |OG−

c
OG−

a
|2 −

|OG+
a
OG+

b
|2 = 0, and|OG−

a
OG−

b
|2 − |OG+

b
OG+

c
|2 = 0, so thatOG−

a
OG−

b
OG−

c
and

OG+
b
OG+

c
OG+

a
are indeed congruent.

Substituting the coordinates ofOG−
a

,OG−
b

,OG−
c

,B,C,A into the left hand side
of the above condition for triangles to be orthologic we conclude that it holds. The
same is true for the trianglesOG+

a
OG+

b
OG+

c
andCAB.

(2) The pointP has the trilinear coordinates

2ka :
k(a2 + b2 − c2) + 2∆

b
:
k(a2 − b2 + c2) + 2∆

c

for some real numberk �= 0. The coordinates ofQ andR are analogous. It follows
that the trianglesOG−

c
OG−

a
OG−

b
andQRP are orthologic provided

h(1, 1, 1, 1, 1, 1)k
8∆

= 0,

i.e., if and only ifABC is equilateral.
(3) The trianglesOG−

a
OG−

b
OG−

c
and OG+

c
OG+

a
OG+

b
are orthologic provided

p2(ABC)h(7,7,7,4,4,4)
384∆2 = 0. The triangle with lengths of sides4, 4, 3

√
2 +

√
10 satis-

fies this condition.
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(4) for X(40). The first trilinear coordinates of the centroids of the triangles
OG−

a
OG−

b
OG−

c
andOG+

c
OG+

a
OG+

b
are

3a4 − (2b2 + 7c2)a2 + b4 − 3b2c2 + 2c4

a
and

3a4 − (7b2 + 2c2)a2 + 2b4 − 3b2c2 + c4

a
.

The line joining these centroids will go throughX(40) with the first trilinear coor-
dinatea3 + (b + c)a2 − (b+ c)2a− (b+ c)(b− c)2 provided

(a2 + b2 + c2 − bc− ca− ab)(3bc + 3ca + 3ab + a2 + b2 + c2)
96∆

= 0.

Sincea2 + b2 + c2 − bc− ca− ab = 1
2

(
(b− c)2 + (c− a)2 + (a− b)2

)
it follows

that this will happen if and only ifABC is equilateral.
(5) The first trilinear coordinates of the symmedian points ofOG−

a
OG−

b
OG−

c
and

OG+
c
OG+

a
OG+

b
are

2a6 − (b2 + 3c2)a4 + (3b4 − 12b2c2 − 7c4)a2 + 2c2(b2 − c2)(b2 − 2c2)
a

and
2a6 − (3b2 + c2)a4 − (7b4 + 12b2c2 − 3c4)a2 + 2b2(b2 − c2)(2b2 − c2)

a
.

The line joining these symmedian points will go throughX(51) with the first tri-
linear coordinatea

(
(b2 + c2)a2 − (b2 − c2)2

)
provided

2∆h(1, 1, 1, 0, 0, 0)h(1, 1, 1, 1, 1, 1)
9a2b2c2(a2 + b2 + c2)

= 0.

Sinceh(1, 1, 1, 1, 1, 1) = 1
2

(
(b2 − c2)2 + (c2 − a2)2 + (a2 − b2)2

)
we see that this

will happen if and only ifABC is equilateral. The trilinear coordinates1
a : 1

b : 1
c

of the centroidG satisfy the equation of this line.
(6) for X(40). Using the information from the proof of (4), we see that the

difference of squares of distances fromX(40) to the centroids of the triangles
OG−

a
OG−

b
OG−

c
andOG+

c
OG+

a
OG+

b
is (b−c)(c−a)(a−b)M

192∆2 , where

M = 2(a3 + b3 + c3) + 5(a2b+ a2c+ b2c+ b2a + c2a+ c2b) + 18abc

is clearly positive. Hence, these distances are equal if and only ifABC is isosceles.
�

With pointsOG−
a

, OG+
a

, OG−
b

, OG+
b

, OG−
c

, OG+
c

we can also detect ifABC is
isosceles as follows.

Theorem 9. (1) The relation b = c holds in ABC if and only if OG−
a

is on BG
and/or OG+

a
is on CG.

(2) The relation c = a holds in ABC if and only if OG−
b

is on CG and/or OG+
b

is on AG.
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(3) The relation a = b holds in ABC if and only if OG−
c

is on AG and/or OG+
a

is on BG.

Proof. (1) forOG−
a

. Since the trilinear coordinates ofOG−
a

, G andB are

a(5c2 − a2 − b2) :
2h(3, 3, 5, 2, 2, 1)

b
:
h(6, 1, 3, 1, 2, 4)

c
,

1
a : 1

b : 1
c and(0 : 1 : 0), it follows that these points are collinear if and only if

m2
b(b−c)(b+c)

72∆ = 0. �
For the following result I am grateful to an anonymous referee. It refers to

the pointT on the Euler line which divides the segment joining the circumcen-
ter with the centroid in ratiok for some real numberk �= −1. Notice that for
k = 0,−3

4 ,−3
2 ,−3 the pointT will be the circumcenter, the Longchamps point,

the orthocenter, and the center of the nine-point circle, respectively.

Theorem 10. The triangles TG−
a
TG−

b
TG−

c
and TG+

a
TG+

b
TG+

c
are directly similar to

each other or to ABC if and only if ABC is equilateral.

Proof. ForTG−
a
TG−

b
TG−

c
andTG+

a
TG+

b
TG+

c
.

The pointTG−
a

hasp1

a : p2

b : p3

c as trilinear coordinates, where

p1 =3a2(a2 + b2 − 5c2) − 32∆2k,

p2 =12a4 − 6(5b2 + 3c2)a2 + 6(b2 − c2)(2b2 − c2) − 176∆2k,

p3 =12a4 − 6(3b2 + 5c2)a2 + 6(b2 − c2)(b2 − 2c2) − 176∆2k.

Applying the method of the proof of Theorem 4 we see thatTG−
a
TG−

b
TG−

c
and

TG+
a
TG+

b
TG+

c
are directly similar if and only if

(a2 − b2)M
288∆c2(k + 1)2

= 0 and
h(1, 1, 2, 1, 1, 2)M
1152S2c2(k + 1)2

= 0,

whereM = 128∆2k2 + 240∆2k + h(15, 15, 15, 6, 6, 6). The discriminant

−48∆2h(10, 10, 10,−11,−11,−11)

of the trinomialM is negative so thatM is always positive. Hence, from the first
condition it follows thata = b. Then the factorh(1, 1, 2, 1, 1, 2) in the second
condition is2c2(c− b)(c+ b) so thatb = c andABC is equilateral. The converse
is easy because fora = b = c the left hand sides of both conditions are equal to
zero.

ForTG−
a
TG−

b
TG−

c
andABC. The two conditions are

32∆2(a2 − b2)k − a6 + (4b2 + 3c2)a4

− (5b4 + 2b2c2 + c4)a2 − 3b4c2 + 2b2c4 + 2b6 + c6 = 0

and
h(2, 2, 4, 2, 2, 4)k + h(1, 2, 3, 1, 2, 3) = 0.
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Whena �= b, we can solve the first equation fork and substitute it into the second

to obtain c4(a2+b2+c2)h(1,1,1,1,1,1)
8∆2(a2−b2)

= 0. This implies thatTG−
a
TG−

b
TG−

c
andABC

are directly similar if and only ifABC is equilateral because the first condition is
c2 (b− c) (b+ c)

(
c2 + 2b2

)
= 0 for a = b. �

Theorem 11. (1) TG−
a
TG−

b
TG−

c
and TG+

a
TG+

b
TG+

c
are orthologic to ABC if and

only if k = −3
2 .

(2) TG−
a
TG−

b
TG−

c
and TG+

a
TG+

b
TG+

c
are orthologic to AbBbCb if and only if

either ABC is equilateral or k = −3
4 .

(3) TG−
a
TG−

b
TG−

c
and TG+

a
TG+

b
TG+

c
are paralogic to either AbBbCb, BbCbAb or

CbAbBb if and only if ABC is equilateral.
(4) TG−

a
TG−

b
TG−

c
is orthologic to BbCbAb if and only if either ABC is equilat-

eral or k = −3
2 and to CbAbBb if and only if ABC is equilateral.

(5) TG+
a
TG+

b
TG+

c
is orthologic to BbCbAb if and only if ABC is equilateral and

to CbAbBb if and only if either ABC is equilateral or k = −3
2 .

Proof. All parts have similar proofs. For example, in the first, we find that the trian-

glesTG−
a
TG−

b
TG−

c
andABC are orthologic if and only if−(a2+b2+c2)(2k+3)

12(k+1) = 0.
�

The orthocentersHG−
a

, HG+
a

, HG−
b

, HG+
b

, HG−
c

, HG+
c

of the triangles fromσG

also monitor the shape of the triangleABC.

Theorem 12. The triangles HG−
a
HG−

b
HG−

c
and HG+

a
HG+

b
HG+

c
are orthologic if

and only if ABC is an equilateral triangle.

Proof. Substituting the coordinates ofHG−
a

, HG−
b

, HG−
c

, HG+
a

, HG+
b

, HG+
c

into
the condition for triangles to be orthologic (see the proof of Theorem 6), we obtain

(a2 + b2 + c2)[(b2 − c2)2 + (c2 − a2)2 + (a2 − b2)2]
192∆2

= 0.

Hence,a = b = c and the triangleABC is equilateral. �
Remark. Note that the trianglesHG−

a
HG−

b
HG−

c
andHG+

a
HG+

b
HG+

c
have the same

Brocard angle and both have the area equal to one fourth of the area ofABC.

The centersFG−
a

, FG+
a

, FG−
b

, FG+
b

, FG−
c

, FG+
c

of the nine point circles of the
triangles fromσG allow the following analogous result.

Theorem 13. The triangles FG−
a
FG−

b
FG−

c
and FG+

a
FG+

b
FG+

c
have the same Bro-

card angle and area. The triangle ABC is equilateral if and only if this area is 3
16

of the area of ABC .

Proof. Recall the formula12 |x1(y2 − y3) + x2(y3 − y1) + x3(y1 − y2)| for the area
of the triangle with vertices(x1, y1), (x2, y2), (x3, y3). Since

3
16

|ABC| − |FG−
a
FG−

b
FG−

c
| =

(b2 − c2)2 + (c2 − a2)2 + (a2 − b2)2

1536∆
,
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the second claim is true. The proof of the first are also substitutions of coordinates
into well-known formulas. �

The symmedian pointsKG−
a

, KG+
a

, KG−
b

, KG+
b

, KG−
c

, KG+
c

of the triangles
from σG play the similar role.

Theorem 14. The triangles KG−
a
KG−

b
KG−

c
and KG+

a
KG+

b
KG+

c
have the area

equal to 7
64 of the area of ABC if and only if ABC is an equilateral triangle.

Proof. The difference|KG−
a
KG−

b
KG−

c
| − 7

64 |ABC| is equal to

3∆T

64(5b2 + 8c2 − a2)(5c2 + 8a2 − b2)(5a2 + 8b2 − c2)
,

where

T = 40(a6+b6+c6)+231(b4c2+c4a2+a4b2)−147(b2c4+c2a4+a2b4)−372a2b2c2.

We shall argue thatT is equal to zero if and only ifa = b = c. We can assume that
a ≤ b ≤ c, a =

√
d, b =

√
(1 + h)d, c =

√
(1 + h+ k)d for some positive real

numbersd, h andk. In new variablesTd3 is

164h3 + (204 + 57k)h2 + 3k(68 − 9k)h + 4k2(51 + 10k).

The quadratic part has the discriminant−3k2(41616 + 30056k + 2797k2). Thus
T is always positive except whenh = k = 0 which proves our claim. �
Theorem 15. The triangles KG−

a
KG−

b
KG−

c
and KG+

a
KG+

b
KG+

c
have the same

area if and only if the triangle ABC is isosceles.

Proof. The difference|KG−
a
KG−

b
KG−

c
| − |KG+

a
KG+

b
KG+

c
| is equal to

81∆(b− c)(b + c)(c − a)(c+ a)(a− b)(a + b)T
2t(−1, 8, 5)t(−1, 5, 8)t(8,−1, 5)t(5,−1, 8)t(8, 5,−1)t(5, 8,−1)

,

wheret(u, v,w) = ua2 + vb2 + wc2 and

T = 10(a6 +b6+c6)−105(b4c2 +c4a2+a4b2 +b2c4 +c2a4 +a2b4)−156a2b2c2.

We shall now argue thatT is always negative. Without loss of generality we can
assume thata ≤ b ≤ c and that

a =
√
d, b =

√
(1 + h)d, c =

√
(1 + h+ k)d,

for some positive real numbersd, h andk. Sincea + b > c it follows that

k < 1 + 2
√
h+ 1 ≤ h+ 3

because
√
h+ 1 =

√
1 · (h+ 1) ≤ 1+(h+1)

2 . In new variables,

− T

d3
= 190h3+(285k+936)h2+(1512+936k+75k2)h−10k3+180k2+756k+756.

Fork ≤ h it is obvious that the above polynomial is positive since190h3−10k3 >
0. On the other hand, whenk ∈ (h, h + 3), thenk can be represented as(1−w)h+
w(h+ 3) for somew ∈ (0, 1). The above polynomial for thisk is

540h3+(2052+1215w)h2+(3888w+405w2+2268)h−270w3+1620w2+2268w+756.
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But, the free coefficient of this polynomial forw between0 and1 is positive. Thus
T is always negative which proves our claim. �

The Longchamps points (i.e., the reflections of the orthocenters in the circum-
centers)LG−

a
, LG+

a
, LG−

b
, LG+

b
, LG−

c
, LG+

c
of the triangles fromσG offer the

following result.

Theorem 16. The triangles LG−
a
LG−

b
LG−

c
and LG+

a
LG+

b
LG+

c
have the same areas

and Brocard angles. This area is equal to 3
4 of the area ofABC and/or this Brocard

angle is equal to the Brocard angle of ABC if and only if ABC is an equilateral
triangle.

Proof. The common area ish(10,10,10,1,1,1)
112∆ while the tangent of the common Bro-

card angle is h(10,10,10,1,1,1)
4∆p2(ABC)h(2,2,2,−7,−7,−7) . It follows that the difference

3
4
|ABC| − |LG−

a
LG−

b
LG−

c
| =

h(1, 1, 1, 1, 1, 1)
24∆

while the difference of tangents of the Brocard angles of the trianglesLG−
a
LG−

b
LG−

c

andABC is 32∆h(1,1,1,1,1,1)
p2(ABC)h(2,2,2,−7,−7,−7) . From here the conclusions are easy because

h(1, 1, 1, 1, 1, 1) = 1
2

(
(b2 − c2)2 + (c2 − a2)2 + (a2 − b2)2

)
. �
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Minimal Chords in Angular Regions

Nicolae Anghel

Abstract. We use synthetic geometry to show that in an angular region minimal
chords having a prescribed direction form a ray which is constructible with ruler
and compass.

Let P be a fixed point inside a circle of centerO. It is well-known that among
the chords containingP one of minimal length is perpendicular to the diameter
throughP , if P �= O, or is any diameter, ifP = O. Consequently, such a chord is
always constructible with ruler and compass.

When it comes to geometrically constructing minimal chords through given
points in convex regions the circle is in some sense a singular case. Indeed, as
shown in [1] this task is impossible even in the case of the conics. However, in
generalit is possible to construct all the points inside a convex region which sup-
port minimal chords parallel to a given direction. We proved this in [1, 2] by
analytical means, with special emphasis on the conics.

The purpose of this note is to prove the same thing for angular regions, via
essentially a purely geometrical argument.

To this end let∠AOB be an angle of vertexO and sides
−→
OA,

−−→
OB, such thatO,

A, andB are not colinear, and letP be a point inside the angle. By definition, a
chord in this angle is a straight segmentMN such thatM ∈−→OA andN ∈ −−→OB.
A continuity argument makes clear that among the chords containingP there is at
least one of minimal length, that is a minimal chord throughP in the given angle.

Problem. Given a direction in the plane of∠AOB, construct with ruler and com-
pass the geometric locus of all the points inside the angle which support minimal
chords parallel to that direction.

In order to solve this problem we need the following

Lemma. Inside ∠AOB consider the chordMN , M ∈ −→OA, N ∈ −−→OB, such
that ∠OMN and∠ONM are acute angles. IfP is the foot of the perpendicular
onMN through the pointQ diametrically oppositeO on the circle circumscribed
about�OMN , thenMN is the unique minimal chord throughP inside∠AOB.
P is seen to be the unique point insideMN such thatML ∼= NP , whereL is

Publication Date: July 21, 2004. Communicating Editor: Michael Lambrou.
I would like to thank the editor for a number of very insightful comments which led to the im-

provement of the paper.
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the foot of the perpendicular fromO on MN . Moreover, any point on the ray
−−→
OP

supports an unique minimal chord, parallel toMN .

Proof. Clearly,Q is an interior point to∠AOB, situated on the other side of the
line
←−→
MN with respect toO, andMQ ⊥ −→OA andNQ ⊥ −−→OB. Since∠OMN

and∠ONM are acute angles, and∠QMN and∠QNM are acute angles too, as
complements of acute angles , the pointsP andL described in the statement of the
Lemma are interior points to the segmentMN . (See Figure1).

M

N

P

B

Q

O

A

L

C

K

Figure 1

Let us prove first that MN is a minimal chord through P in ∠AOB. Let M′N ′,
M ′ ∈ −→OA, N ′ ∈ −−→OB, P ∈M ′N ′, be another chord through P (See Figure 2).

A

BO N

M’

M

P P’

Q

N’

Figure 2

Notice now that the following angle inequalities hold:

∠QM ′P < ∠QMP, ∠QN ′P < ∠QNP (1)

Indeed, since the circle circumscribed about �MPQ is tangent to the ray
−→
OA at

M , the point M ′ is located outside this circle. Now ∠QMP and ∠QM′P are
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precisely the angles the segment PQ is seen from M , respectively M′. Since M
belongs to the circle circumscribed about �MPQ and M′ is outside this circle,
the inequality ∠QM′P < ∠QMP becomes obvious. The other inequality (1) can
be proved in a similar fashion.

The inequalities (1) prove that ∠QM′N ′ and ∠QN ′M ′ are acute angles too,

thus the foot P ′ of the perpendicular from Q on the line
←−−→
M ′N ′ belongs to the

interior of the segment M′N ′.
Notice now that

MQ < M ′Q, NQ < N ′Q, P ′Q < PQ.

The above inequalities are obvious since in a right triangle a leg is shorter than the
hypothenuse. Consequently, the Pythagorean Theorem yields

MP =
√

MQ2 − PQ2 <
√

M ′Q2 − P ′Q2 = M ′P ′,

and similarly, NP < N ′P ′. In conclusion,

MN = MP + NP < M ′P ′ + N ′P ′ = M ′N ′,

and so MN is indeed the unique minimal chord through P in ∠AOB.
The perpendicular line on MN through the center C of the circle circumscribed

about the quadrilateral OMQN intersects MN at its midpoint K (See Figure 1).
Clearly, KP ∼= KL, and so ML ∼= NP as stated.

Finally, the fact that any point on the ray
−−→
OP supports an unique minimal chord

parallel to MN is an immediate consequence of standard properties of similar
triangles in the context of what was proved above. �

To ∠AOB we associate now another angle, ∠A′OB′, according to the following
recipe:

a) If ∠AOB is acute then ∠A′OB′ is obtained by rotating ∠AOB counter-
clockwise 90◦ around O.

b) If ∠AOB is not acute(so it is either right or obtuse) then ∠A′OB′ is the

supplementary angle to ∠AOB along the line
←→
OB (See Figure 3).

O

A

B

A’

B’

O

A

BA’

B’D

D

a) Acute b) Not Acute

Figure 3
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Definition. A ray
−−→
OD is called an admissible direction for ∠AOB if D is a point

interior to ∠A′OB′.

It is easy to see that
−−→
OD is an admissible direction for ∠AOB if and only if any

parallel line to
−−→
OD through a point interior to ∠AOB determines a chord MN

such that ∠OMN and ∠ONM are acute angles.

Theorem. Any point P inside ∠AOB supports an unique minimal chord, parallel
to an admissible direction. The geometric locus of all the points inside ∠AOB
which support minimal chords parallel to a given admissible direction can be con-
structed with ruler and compass as follows:

i) Construct first the line
←→
OL perpendicular to the admissible direction, the

point L being interior to ∠AOB.
ii) Construct next the perpendicular through L to the line

←→
OL, which intersects−→

OA at M and
−−→
OB at N .

iii) Inside the segment MN construct the point P such that NP ∼= ML.

iv) Finally, construct the ray
−−→
OP , which is the desired geometric locus.

Using the Lemma, an alternative construction can be provided by using the
circle circumscribed about �OMN , where the point M is chosen arbitrarily on−→
OA and N ∈ −−→OB is such that MN is parallel to the given admissible direction.

Proof. Let P be a fixed point inside ∠AOB. The proof splits naturally into two
cases, according to ∠AOB being acute or not.

a) ∠AOB is acute. Let M1N1 be the perpendicular segment through P to
−→
OA,

M1 ∈ −→OA, N1 ∈ −−→OB and let M2N2 be the perpendicular segment through P to−−→
OB, M2 ∈ −→OA, N2 ∈ −−→OB. Define now a function f : M1M2 −→ R, by

f(M) = ML−NP, M ∈M1M2, (2)

where N is the intersection point of the line
←−→
MP with

−−→
OB, and L is the foot of the

perpendicular from O to the segment MN (See Figure 4).

O

B’

D

A

B N

M

L

P

M

M

1

N1

2

A’

N2

Figure 4
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Clearly, this is a continuous function and f(M1) = −N1P < 0 and f(M2) =
M2P > 0. By the intermediate value property there is some point M ∈ M1M2

such that f(M) = 0, or equivalently NP ∼= ML. According to the above Lemma,
for this point M the chord MN is the unique minimal chord through P . It is also
obvious that MN is parallel to an admissible direction.

b) ∠AOB is not acute. The proof in this case is a variant of that given at a).
Let M0 be the point where the parallel line through P to

−−→
OB intersects the ray−→

OA. Without loss of generality we can assume that M0 is located between O and
A. Defining now the function f :

−−−→
M0A −→ R by the same formula (2), we see

that for points M close to M0, f(M) takes negative values and for points M far
away on

−−−→
M0A, f(M) takes positive values. One more time, the intermediate value

property and the above Lemma guarantee the existence of an unique minimal chord
through P , which is also parallel to an admissible direction.

Given now an admissible direction, the previous Lemma justifies the construc-
tion of the desired geometric locus as indicated in the statement of the theorem if
we can prove that this locus does not contain points outside the ray

−−→
OP described

at iv). Indeed this is the case since if there were other points then the equation
NP ∼= ML would not hold. However, we have just proved that this equation is
necessary for minimal chords. �
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Three Pairs of Congruent Circles in a Circle

Li C. Tien

Abstract. Consider a closed chain of three pairs of congruent circles of radii
a, b, c. The circle tangent internally to each of the 6 circles has radiusR =
a + b + c if and only if there is a pair of congruent circles whose centers are
on a diameter of the enclosing circle. Non-neighboring circles in the chain may
overlap. Conditions for nonoverlapping are established. There can be a “central
circle” tangent to four of the circles in the chain.

1. Introduction

Consider a closed chain of three pairs of congruent circles of radiia, b, c, as
shown in Figure 1. Each of the circles is tangent internally to the enclosing circle
(O) of radiusR and tangent externally to its two neighboring circles.

A

BC

A′

B′C′

O

Q

P

Figure 1A:(abcacb)

A

BC

A′

B′ C′

O

Figure 1B:(abcabc)

The essentially distinct arrangements, depending on the number of pairs of con-
gruent neighboring circles, are

(A): (aabcbc) (B): (aacbbc)
(C): (aabbcc) (D): (aaaabb)
(E): (abcabc), (abcacb) (F): (aabaab), (aaabab)
(G): (aaaaaa)

Figures 1A and 1B illustrate the pattern (E). Patterns (D) and (F) havec = a. In
pattern (G),b = c = a.
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According to [1, 3], in 1877 Sakuma provedR = a + b + c for patterns (E).
Hiroshi Okumura [1] published a much simpler proof. Unaware of this, Tien [4]
rediscovered the theorem in 1995 and published a similar, simple proof. It is easy
to see by symmetry that in each of the patterns (E), (F), (G), there is a pair of
congruent circles with centers on a diameter of the enclosing circle. Let us call
such a pair adiametral pair. Here is a stronger theorem:

Theorem 1. In a closed chain of three pairs of congruent circles of radii a, b, c
tangent internally to a circle of radius R, R = a + b + c if and only if the closed
chain contains a diametral pair of circles.

In Figure 1, two non-neighboring circles intersect. The proof forR = a +
b + c does not forbid such an intersection. Sections 4 and 5 are about avoiding
intersecting circles and about adding a “central” circle.

2. Preliminaries

In Figure 1, the enclosing circle(O) of radiusR centers atO and the circles
(A), (B), (C) of radii a, b, c, center atA, B, C, respectively. The circles(A′),
(B′), (C ′) are also of radiia, b, c respectively.

Suppose two circles(A) and(B) of radii a andb are tangent externally each
other, and each tangent internally to a circleO(R). We denote the magnitude of
angleAOB by θab. See Figure 2A. This clearly depends onR. If a < R

2 , then we
can also speak ofθaa. Note that the centerO is outside each circle of radiusa.

Lemma 2. (a) If a < R
2 , sin θaa

2 = a
R−a . (See Figure 2A).

(b) cos θbc = (R−b)2+(R−c)2−(b+c)2

2(R−b)(R−c) . (See Figure 2B).

A

B

O

a
R − a

θab

Figure 2A

B
C

O

b + c

R − b
R − c

Figure 2B

Proof. These are clear from Figures 2A and 2B. �
Lemma 3. If a and b are unequal and each < R

2 , then θaa + θbb > 2θab.
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Proof. In Figure 1A, consider angleAOP , whereP is a point on the circle(A).
The angleAOP is maximum when lineOP is tangent to the circle(A). This
maximum is θaa

2 ≥ ∠AOQ, whereQ is the point of tangency of(A) and (B).
Similarly, θbb

2 ≥ ∠BOQ, and the result follows. �
Corollary 4. If a, b, c are not the same, then θaa + θbb + θcc > θab + θbc + θca.

Proof. Write

θaa + θbb + θcc =
θaa + θbb

2
+

θbb + θcc

2
+

θcc + θaa

2
and apply Lemma 3. �

3. Proof of Theorem 1

Sakuma, Okumura [1] and Tien [4] have proved the sufficiency part of the the-
orem. We need only the necessity part. This means showing that for distincta,
b, c in patterns (A) through (D) which do not have a diametral pair of circles, the
assumption ofR = a + b + c causes contradictions. In patterns (E) with a pair of
diametral circles andR = a + b + c, the sum of the angles around the centerO of
the enclosing circle is2(θab + θbc + θca) = 2π, that is,

θab + θbc + θca = π.

Pattern (A): (aabcbc). The sum of the angles aroundO is

θaa + θab + θbc + θcb + θbc + θca =θab + θbc + θca + (θaa + 2θbc)

=π + (θaa + 2θbc).

This is 2π if and only if (θaa + 2θbc) = π, or π
2 − θaa

2 = θbc. The cosines of
these angles, Lemma 2 and the assumptionR = a + b + c lead to

a

b + c
=

a2 + ab + ac − bc

(a + b)(a + c)
,

which gives
(a − b)(a − c)(a + b + c) = 0,

an impossibility, ifa, b, c are distinct.

Pattern (B): (aacbbc). If a > R
2 or b > R

2 , then the neighboring tangent circles
of radii a or b, respectively, cannot fit inside the enclosing circle of radiusR =
a + b + c. For this equation to hold, it must be thata ≤ R

2 andb ≤ R
2 . Then,O is

outsideA(a) andB(b). The sum of the angles aroundO exceeds2π, by Lemma
3:

θaa + θac + θcb + θbb + θbc + θca

=(θaa + θbb) + 2(θbc + θca)

>2(θab + θbc + θca)
=2π.
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Patterns (C) and (D): (aabbcc) and (aaaabb). ForR = a + b + c to hold,O must
be outsideA(a), B(b), C(c). Again, the sum of the angles aroundO exceeds2π.
For pattern (C),

θaa + θab + θbb + θbc + θcc + θca

=(θaa + θbb + θcc) + (θab + θbc + θca)

>(θab + θbc + θca) + (θab + θbc + θca)
=2π.

Here, the inequality follows from Corollary 4 fora, b, c, not all the same.
For pattern (D) withc = a, the inequality remains true. This completes the

proof of Theorem 1.

Remark. A narrower version of Theorem 1 treatsa, b, c as variables, instead of
any particular lengths. The proof for this version is simple. We see that when no
pair of the enclosed circles is diametral, at least one pair has its two circles next to
each other. Let these two be point circles and let the other four circles be of the
same radius. Then the six circles become three equal tangent circles tangentially
enclosed in a circle. In this special caseR = a + b + c = 0 + a + a is false. Then,
a, b, c cannot be variables.

4. Nonoverlapping arrangements

Patterns (A) through (G) are adaptable to hands-on activities of trying to fit
chains of three pairs of congruent circles into an enclosing circle of a fixed radius
R. Most of the essential patterns have inessential variations. Assuminga ≤ b ≤ c,
patterns (E) have four variations:

E1 : (abcabc)
E2 : (cabcba)
E3 : (abcacb)
E4 : (bcabac)

For hands-on activities, it is desirable to find the conditions for the enclosed
circles in patterns (E) not to overlap. We find the bounds of the ratioa

R in these
patterns.

4.1. Patterns E1 and E2. The largest circles(C) and C′) are diametral. For a
nonoverlapping arrangement, Clearly,a ≤ 1

3R andc ≤ 1
2R.

In Figure 3, a circle of radiusb′ is tangent externally to the two diametral circles
of radii c, and internally to the enclosing circle of radiusR. From

(b′ + c)2 = (R − b′)2 + (R − c)2,

we haveb′ = R(R−c)
R+c . It follows that in a nonoverlapping patterns E1 and E2, with

1
3R ≤ c ≤ 1

2R, we have

b + c ≤ b′ + c =
R2 + c2

R + c
≤ 5

6
R.
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O

b′

cc

Figure 3

CC′

A

A′

B

B′

Figure 4

From this,a ≥ 1
6R. Figure 4 shows a nonoverlapping arrangement witha = 1

6R,
b = 1

3R, c = 1
2R. It is clear that for everya satisfying1

6R ≤ a ≤ 1
3R, there are

nonoverlapping patterns E1 and E2 (with a ≤ b ≤ c).

4.2. Patterns E3 and E4. In these cases the largest circles(C) and (C′) are not
diametral.

Lemma 5. If three circles of radii x, z, z are tangent externally to each other, and
are each tangent internally to a circle of radius R, then

z =
4Rx(R − x)

(R + x)2
.

X

Z

Z′

O

Figure 5

Proof. By the Descartes circle theorem [2], we have

2
(

1
R2

+
1
x2

+
2
z2

)
=

(
− 1

R
+

1
x

+
2
z

)2

,

from which the result follows. �
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Theorem 6. For a given R, a nonoverlapping arrangement of pattern E3(abcacb)
or E4(bcabac) with a ≤ b ≤ c and a + b + c = R exists if γR ≤ a ≤ 1

3R, where

γ =
1 + 3

√
19 + 12

√
87 + 3

√
19 − 12

√
87

6
≈ 0.25805587 · · · .

Proof. For b = a and the largestc = R − 2a for a nonoverlapping arrangement
E3(abcacb), Lemma 5 gives

4Ra(R − a)
(R + a)2

− (R − 2a) =
f( a

R)R3

(R + a)2
= 0,

wheref(x) = 2x3 − x2 + 4x − 1. It has a unique real rootγ given above.

AA′

B

B′

C

C′

Figure 6

Figure 6 shows a nonoverlapping arrangement E3 with a = b = γR, and
c = (1 − 2γ)R. For γR ≤ a ≤ 1

3R, from the figure we see that(C) and(C′)
and the other circles cannot overlap in arrangements of patterns E3(abcacb) and
E4(bcabac). �

Corollary 7. The sufficient condition γR ≤ a ≤ 1
3R also applies to patterns E1

and E2.

Outside the rangeγR ≤ a ≤ R
3 , patterns E3(abcacb) and E4(bcabac) still

can have nonoverlapping circles. Both of the patterns involve Figure 5 andz =
4Rx(R−x)
(R+x)2

, with z = c, x = a or b, anda ≤ b ≤ c.

The equation gives the smallestx = a = (3 − 2
√

2)R ≈ 0.1715 · · ·R cor-
responding to the largestb = c = (

√
2 − 1)R ≈ 0.4142 · · ·R and the largest

x = b = R
3 corresponding to the largestc = R

2 . Thus, the nonoverlapping condi-

tions are(3 − 2
√

2)R ≤ x ≤ R
3 andc ≤ 4Rx(R−x)

R+x)2
.

For x ≥ R
3 , circles(Z) and (Z′) overlap with(X′), which is diametral with

(X). Now Figure 3 and the associatedb′ = R(R−c)
R+c are relevant. Withb′ replaced

by c andc by b, the equation becomesc = R(R−b)
R+b . By this equation, whenb varies
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from R
3 to (

√
2−1)R, c ≥ b varies fromR

2 to (
√

2−1)R. Thus, the nonoverlapping

conditions areR3 ≤ b ≤ (
√

2 − 1)R andc ≤ R(R−b)
R+b . The case ofb > (

√
2 − 1)R

makesb > c and the largest pair of circles diametral, already covered in§4.1.

5. The central circle and avoiding intersecting circles

Obviously, pattern (G)(aaaaaa) admits a “central” circle tangent to all 6 circles
of radii a. In patterns (F)(aabaab), (aaabab), we can add a central circle tangent
to the four circles of radiusa. Figure 7 shows the less obvious central circle for
(abcacb) of pattern (E).

A

B
C

A′

B′C′

O
A′′

Figure 7

A

BC

A′

B′C′

O

A′′

Figure 8

Theorem 8. Consider a closed chain of pattern (abcacb). There is a “central”
circle of radius a tangent to the four circles of radii b and c. This circle does not
overlap with the circle A(a) if

a ≤ b(b + c)
2c

,

where b ≤ c.

Proof. In Figure 7, the pattern of the chain tells thatR = a + b + c. The central
circle centered atA′′ has radiusa is tangent toB(b), B′(b), C(c), C ′(c) because
trianglesA′′BC andOBC are mirror images of each other. Whenb < c, A′′(a)
is closer toA(a) thanA′(a). If A′′(a) andA(a) are tangent to each other, then
AB2−a2 = OB2− (OA−a)2. Now,AB = a+ b andOB = a+ c, OA = b+ c.
This simplifies intoa = b(b+c)

2c . If a < b(b+c)
2c , the circlesA(a) andA′′(a) are

separate. �
Figure 8 shows an arrangement(abcacb) with a central circle touching 5 inner

circles except(A′).
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The Intouch Triangle and the OI-line

Eric Danneels

Abstract. We prove some interesting results relating the intouch triangle and
theOI line of a triangle. We also give some interesting properties of the triangle
centerX57, the homothetic center of the intouch and excentral triangles.

1. Introduction

L. Emelyanov [4] has recently given an interesting relation between theOI-line
and the triangle of reflections of the intouch triangle. Here,O andI are respectively
the circumcenter and incenter of the triangle. Given triangleABC with intouch
triangle XY Z, let X2, Y2, Z2 be the reflections ofX, Y , Z in their respective
opposite sidesY Z, ZX, XY . Then the linesAX2, BY2, CZ2 intersectBC, CA,
AB at the intercepts of theOI-line.

O

I

X

Y

Z

A

B C

X2

Y2

Z2

X1442
X7

Figure 1.

Emelyanov [3] also noted that the intercepts of the pointsIX2∩BC, IY2∩CA,
IZ2 ∩AB form a triangle perspective withABC. See Figure 1. According to [7],
this perspector is the point

X1442 =
(

a(b2 + bc + c2 − a2)
s − a

:
b(c2 + ca + a2 − b2)

s − b
:
c(a2 + ab + b2 − c2)

s − c

)

Publication Date: August 10, 2004. Communicating Editor: Paul Yiu.
The author thanks Paul Yiu for his help in the preparation of this paper.
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on the Soddy line joining the incenter and the Gergonne point.
In this paper we generalize these results. We work with barycentric coordinates

with reference to triangleABC.

2. The triangle centerX57

Let a, b, c be the lengths of the sidesBC, CA, AB of triangleABC, ands =
1
2(a+ b+ c) the semiperimeter. The intouch triangleXY Z and the excentral trian-
gle (with the excenters as vertices) are clearly homothetic, since their correspond-
ing sides are perpendicular to the same angle bisector of triangleABC. These tri-

angles are respectively the cevian triangle of the Gergonne point
(

1
s−a : 1

s−b : 1
s−c

)
and the anticevian triangle of the incenter(a : b : c), their homothetic center has
coordinates

(a(−a(s − a) + b(s − b) + c(s − c)) : · · · : · · · )
=(2a(s − b)(s − c) : · · · : · · · )

=
(

a

s − a
: · · · : · · ·

)
.

This is the triangle centerX57 in [6], defined as the isogonal conjugate of the
MittenpunktX9 = (a(s − a) : b(s − b) : c(s − c)). This is a point on theOI-line
since the two triangles in question have circumcentersI andX40 (the reflection of
I in O), 1

We give some interesting properties of the triangleX57.
SinceABC is the orthic triangle of the excentral triangle, it is homothetic to the

orthic triangleX1Y1Z1 of XY Z with the same homothetic centerX57. See Figure
2.

OI

X

Y

Z

A

B C

X1

Y1

Z1

X57

Figure 2.

1The circumcircle ofABC is the nine-point circle of the excentral triangle.
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Let DEF be the circumcevian triangle of the incenterI, andD′, E′, F ′ the an-
tipodes ofD, E, F in the circumcircle. In other words,D andD′ are the midpoints
of the two arcsBC, D′ on the arc containing the vertexA; similarly for the other
two pairs. Clearly,

D =
(

a2

−(b + c)
:

b2

b
:

c2

c

)
= (−a2 : b(b + c) : c(b + c)).

Similarly,

E = (a(c + a) : −b2 : c(c + a)) and F = (a(a + b) : b(a + b) : −c2).

To compute the coordinates ofD′, E′, F ′, we make use of the following formula.

Lemma 1. Let P = (a2vw : b2wu : c2uv) be a point on the circumcircle (so that
u + v + w = 0). For a point Q = (x : y : z) different from P and not lying
on the circumcircle, the line PQ intersects the circumcircle again at the point
(a2vw + tx : b2wu + ty : c2uv + tz), where

t =
b2c2u2x + c2a2v2y + a2b2w2z

a2yz + b2zx + c2xy
. (1)

Proof. Entering the coordinates

(X, Y, Z) = (a2vw + tx : b2wu + ty : c2uv + tz)

into the equation of the circumcircle

a2
YZ + b2

ZX + c2
XY = 0,

we obtain

(a2yz + b2zx + c2xy)t2

+(b2c2u(v + w)x + c2a2v(w + u)y + a2b2w(u + v)z)t

+a2b2c2uvw(u + v + w) = 0.

Sinceu + v + w = 0, this givest = 0 or the value given in (1) above. �
Let M = (0 : 1 : 1) be the midpoint ofBC. Applying Lemma 1 toD andM ,

we obtain
D′ = (−a2 : b(b − c) : c(c − b)).

Similarly,

E′ = (a(a − c) : −b2 : c(c − a) and F ′ = (a(a − b) : b(b − a) : −c2).

Applying Lemma 1 toD′ andX = (0 : a + b − c : c + a − b), (likewise toE′
andY , and toF ′ andZ), we obtain the points

X ′ =
( −a2

a(b + c) − (b − c)2
:

b

c + a − b
:

c

a + b − c

)
,

Y ′ =
(

a

b + c − a
:

−b2

b(c + a) − (c − a)2
:

c

a + b − c

)
,

Z ′ =
(

a

b + c − a
:

b

c + a − b
:

−c2

c(a + b) − (a − b)2

)
.
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These are clearly the vertices of the circumcevian triangle ofX57. We summarize
this in the following proposition.

Proposition 2. If X′ (respectively Y ′, Z ′) are the second intersections of D′X
(respectively E′Y , F ′Z) and the circumcircle, then X′Y ′Z ′ is the circumcevian
triangle of X57.

O

I

X

Y

Z

A

B C

D

E

F

D′

E′

F ′

X′

Y ′

Z′

X57

Figure 3.

Remark. The linesD′X, E′Y , F ′Z intersect atX55, the internal center of simili-
tude of the circumcircle and the incircle.

Proposition 3. Let X′′, Y ′′, Z ′′ be the second intersections of the circumcircle
with the lines DX, EY , FZ respectively. The lines AX′′, BY ′′, CZ ′′ bound the
anticevian triangle of X57.

Proof. By Lemma 1, these are the points

X ′′ =
(

a2

s − a
:
b(b − c)
s − b

:
c(c − b)
s − c

)
,

Y ′′ =
(

a(a − c)
s − a

:
b2

s − b
:
c(c − a)
s − c

)
,

Z ′′ =
(

a(a − b)
s − a

:
b(b − a)
s − b

:
c2

s − c

)
.

The linesAX′′, BY ′′, CZ ′′ have equations
s−b
b y + s−c

c z = 0,
s−a
a x + s−c

c z = 0,
s−a
a x + s−b

b y = 0.

They clearly bound the anticevian triangle ofX57. See Figure 4. �
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O
I

X

Y

Z

A

B

C

D

E

F

X′′

Y ′′

Z′′

X57

Figure 4.

Remark. The linesDX, EY , FZ intersect atX56, the external center of similitude
of the circumcircle and incircle.

Proposition 4. X57 is the perspector of the triangle bounded by the polars of A,
B, C with respect to the circle through the excenters.

Proof. As is easily verified, the equation of the circumcircle of the excentral trian-
gle is

a2yz + b2zx + c2xy + (x + y + z)(bcx + cay + abz) = 0.

The polars are the lines

x
s + y

b + z
c = 0,

x
a + y

s + z
c = 0,

x
a + y

b + z
s = 0.

They bound a triangle with vertices
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(
− a(s2 − bc)

s(s − b)(s − c)
:

b

s − b
:

c

s − c

)
,

(
a

s − a
: − b(s2 − ca)

s(s − c)(s − a)
:

c

s − c

)
,

(
a

s − a
:

s

s − b
: − c(s2 − ab)

s(s − a)(s − b)

)
.

This clearly has perspectorX57. �

Proposition 5. X57 is the perspector of the reflections of the Gergonne point in the
intouch triangle.

O

X

Y

Z

A

B C

X57

Figure 5.

More generally, the reflection triangle ofP = (u : v : w) in the cevian triangle
of P is perspective withABC at(

u

(
−a2

u2
+

b2

v2
+

c2

w2
+

b2 + c2 − a2

vw

)
: · · · : · · ·

)
.

See [2]. For example, ifP is the incenter, this perspector is the point

X35 = (a2(b2 + bc + c2 − a2) : b2(c2 + ca + a2 − b2) : c2(a2 + ab + b2 − c2))

which divides the segmentOI in the ratioOX35 : X35I = R : 2r.
Finally, we also mention from [5] thatX57 is the orthocorrespondent of the

incenter. This means that the trilinear polar ofX57, namely, the line

s − a

a
x +

s − b

b
y +

s − c

c
z = 0
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intersects the sidelinesBC, CA, AB atX, Y , Z respectively such thatIX ⊥ IA,
IY ⊥ IB, andIZ ⊥ IC.

3. A locus of perspectors

As an extension of the result of [4], we consider, for a real numbert, the triangle
XtYtZt with Xt, Yt, Zt dividing the segmentsXX1, Y Y1, ZZ1 in the ratio

XXt : XtX1 = Y Yt : YtY1 = ZZt : ZtZ1 = t : 1 − t.

Proposition 6. The triangle XtYtZt is perspective with ABC . The locus of the
perspector is the Soddy line joining the incenter to the Gergonne point.

Proof. We compute the coordinates ofXt, Yt, Zt. It is well known thatBX =
s − b, XC = s − c, etc., so that, in absolute barycentric coordinates,

X =
(s − c)B + (s − b)C

a
, Y =

(s − a)C + (s − c)A

b
, Z =

(s − b)A + (s − a)B

c
.

Since the intouch triangleXY Z has (acute) anglesB+C
2 , C+A

2 , and A+B
2 at X,

Y , Z respectively, the pedalX1 of X onY Z divides the segment in the ratio

Y X1 : X1Z = cot
C + A

2
: cot

A + B

2
= tan

B

2
: tan

C

2
= s − c : s − b.

Similarly, Y1 andZ1 divideZX andXY in the ratios

ZY1 : Y1X = s − a : s − c, XZ1 : Z1Y = s − b : s − a.

In absolute barycentric coordinates,

X1 =
(s − b)Y + (s − c)Z

a

=
(b + c)(s − b)(s − c)A + b(s − c)(s − a)B + c(s − a)(s − b)C

abc
.

It follows that

Xt =(1 − t)X + tX1

=
t(b + c)(s − b)(s − c)A + b(s − c)(c − t(s − b))B + c(s − b)(b − t(s − c))C

abc
.

In homogeneous barycentric coordinates, this is

Xt =(t(b + c)(s − b)(s − c) : b(s − c)(c − t(s − b)) : c(s − b)(b − t(s − c)).

The lineIXt has equation

bc(b− c)(s− a)x + c(s− b)(ab− 2s(s− c)t)y − b(s− c)(ca− 2s(s− b)t)z = 0.

The lineIXt intersectsBC at the point

X ′
t =(0 : b(s − c)(ca − 2s(s − b)t) : c(s − b)(ab − 2s(s − c)t)

=
(

0 :
b(ca − 2s(s − b)t)

s − b
:

c(ab − 2s(s − c)t)
s − c

)
.
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Similarly, the linesIYt andIZt intersectCA andAB respectively at

Y ′
t =

(
a(bc − 2s(s − a)t)

s − a
: 0 :

c(ab − 2s(s − c)t)
s − c

)
,

Z ′
t =

(
a(bc − 2s(s − a)t)

s − a
:
b(ca − 2s(s − b)t)

s − b
: 0

)
.

The triangleX′
tY

′
t Z

′
t is perspective withABC at the point(

a(bc − 2s(s − a)t)
s − a

:
b(ca − 2s(s − b)t)

s − b
:
c(ab − 2s(s − c)t)

s − c

)
.

As t varies, this perspector traverses a straight line. Since the perspector is the
Gergonne point fort = 0 and the incenter fort = ∞, this line is the Soddy line
joining these two points. �

The Soddy line has equation

(b − c)(s − a)2x + (c − a)(s − b)2y + (a − b)(s − c)2z = 0.

Here are some triangle centers on the Soddy line, with the corresponding values of
t. The symbolra stands for the radius of theA-excircle.

t perspector first barycentric coordinate

1 X77
a(b2+c2−a2)

s−a

2 X1442
a(b2+bc+c2−a2)

s−a
1
2 X269

a
(s−a)2

R
s X481 2ra − a
−R
s X482 2ra + a

2R
s X175 ra − a
−2R

s X176 ra + a
3R
2s X1372 4ra − 3a
−3R
2s X1371 4ra + 3a

R
2s X1374 4ra − a
−R
2s X1373 4ra + a

The infinite point of the Soddy point is the point

X516 = (2a3−(b+c)(a2+(b−c)2) : 2b3−(c+a)(b2+(c−a)2) : 2c3−(a+b)(c2+(a−b)2)).

It corresponds tot = R(4R+r)
s2 . The deLongchamps pointX20 also lies on the

Soddy line. It corresponds tot = 2R(2R+r)
s2 .

4. Emelyanov’s first problem

From the coordinates ofXt, we easily find the intersections

At = AXt ∩ BC, Bt = BXt ∩ CA, Ct = CXt ∩ AB.
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These are

At =(0 : b(s − c)(c − (s − b)t) : c(s − b)(b − (s − c)t),

Bt =(a(s − c)(c − (s − a)t) : 0 : c(s − a)(a − (s − c)t),

Ct =(a(s − b)(b − (s − a)t) : b(s − a)(a − (s − b)t) : 0). (2)

They are collinear if and only if

(a − (s − b)t)(b − (s − c)t)(c − (s − a)t)

+(a − (s − c)t)(b − (s − a)t)(c − (s − b)t) = 0. (3)

Since this is a cubic equation int, there are three values oft for which At, Bt,
Ct are collinear. One of these ist = 2 according to [4]. The other two roots are
given by

abc − abct + 2(s − a)(s − b)(s − c)t2 = 0. (4)

Sinceabc = 4Rrs and(s−a)(s−b)(s−c) = r2s, whereR andr are respectively
the circumradius and inradius, this becomes

2R − 2Rt + rt2 = 0. (5)

From this,

t =
R ±√

R2 − 2Rr

r
=

R ± d

r
,

whered is the distance betweenO andI.
We identify the lines corresponding to these two values oft.

Proposition 7. Corresponding to the two roots of (4), the lines containing At, Bt,
Ct are the tangents to the incircle perpendicular to the OI-line.

Lemma 8. Consider a triangle ABC with intouch triangle XY Z , and a line L
intersecting the sides BC , CA, AB at A′, B′, C ′ respectively. The line L is tangent
to the incircle if and only if one of the following conditions holds.

(1) The intersection BB′ ∩ CC ′ lies on the line Y Z .
(2) The intersection CC′ ∩ AA′ lies on the line ZX.
(3) The intersection AA′ ∩ BB′ lies on the line XY .

Proof. Let A′B′ be a tangent to the incircle. By Brianchon’s theorem applied to
the circumscribed hexagonAY B′A′XB it immediately follows thatAA′, Y X and
B′B are concurrent.

Now supposeAA′, Y X andB′B are concurrent. Consider the tangent through
A′ (different fromBC) to the incircle. LetB′′ be the intersection of this tangent
with AC. It follows from the preceeding thatAA′, Y X andB′′B are concurrent.
ThereforeB′′ must coincide withB′. This means thatA′B′ is a tangent to the
incircle. �
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5. Proof of Proposition 7

The linesBBt andCCt intersect at the point

A′′ =
(

a

s − a
(b − (s − a)t)(c − (s − a)t)

:
b

s − b
(c − (s − a)t)(a − (s − b)t)

:
c

s − c
(a − (s − c)t)(b − (s − a)t)

)
.

This point lies on the lineY Z : −(s− a)x + (s− b)y + (s− c)z = 0 if and only
if

− a(b − (s − a)t)(c − (s − a)t)

+ b(c − (s − a)t)(a − (s − b)t)

+ c(a − (s − c)t)(b − (s − a)t) = 0.

This reduces to equation (4) above. By Lemma 8, these two lines are tangent to the
incircle. We claim that these are the tangents perpendicular to the lineOI. From
the coordinates given in (2), the equation of the lineBtCt is

− (s − a)(a − (s − b)t)(a − (s − c)t)
a

x

+
(s − b)(a − (s − c)t)(b − (s − a)t)

b
y

+
(s − c)(a − (s − b)t)(c − (s − a)t)

c
z = 0.

According to [6], lines perpendicular toOI have infinite point

X513 = (a(b − c) : b(c − a) : c(a − b)).

The lineBtCt contains the infinite pointX513 if and only if the same equation
(4) holds. This shows that the two lines in question are indeed the tangents to the
incircle perpendicular to theOI-line.
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A Theorem on Orthology Centers

Eric Danneels and Nikolaos Dergiades

Abstract. We prove that if two triangles are orthologic, their orthology centers
have the same barycentric coordinates with respect to the two triangles. For a
point P with cevian triangleA′B′C′, we also study the orthology centers of the
triangle of circumcenters ofPB′C′, PC ′A′, andPA′B′.

1. The barycentric coordinates of orthology centers

Let A′B′C ′ be the cevian triangle ofP with respect to a given triangleABC.
Denote byOa, Ob, Oc the circumcenters of trianglesPB′C ′, PC ′A′, PA′B′ re-
spectively. SinceObOc, OcOa, andOaOb are perpendicular toAP , BP , CP , the
trianglesOaObOc andABC are orthologic atP . It follows that the perpendiculars
from Oa, Ob, Oc to the sidelinesBC, CA, AB are concurrent at a pointQ. See
Figure 1. We noted that the barycentric coordinates ofQ with respect to triangle
OaObOc are the same as those ofP with respect to triangleABC. Alexey A. Za-
slasky [7] pointed out that our original proof [3] generalizes to an arbitrary pair of
orthologic triangles.

A

B C
A′

B′
C′

P
Q

Oa

Ob

Oc

A∗

B∗

C∗

Figure 1

Theorem 1. If triangles ABC and A′B′C ′ are orthologic with centers P , P′ then
the barycentric coordinates of P with respect to ABC are equal to the barycentric
coordinates of P ′ with respect to A′B′C ′.
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A

B C

A′

B′

C′

P

P ′

Figure 2

Proof. SinceA′P ′, B′P ′, C ′P ′ are perpendicular toBC, CA, AB respectively,
we have

sin B′P ′C ′ = sin A, sin P ′B′C ′ = sin PAC, sinP ′C ′B′ = sin PAB.

Applying the law of sines to various triangles, we have

b

P ′B′ :
c

P ′C ′ =
1

c sin P ′C ′B′ :
1

b sin P ′B′C ′

=
1

c sin PAB
:

1
b sin PAC

=
1

AP · c sin PAB
:

1
AP · b sin PAC

=
1

area(PAB)
:

1
area(PAC)

=area(PCA) : area(PAB).

Similarly, a
P ′A′ : b

P ′B′ = area(PBC) : area(PCA). It follows that the
barycentric coordinates ofP′ with respect to triangleA′B′C ′ are

area(P ′B′C ′) : area(P ′C ′A′) : area(P ′A′B′)

=(P ′B′)(P ′C ′) sin A : (P ′C ′)(P ′A′) sin B : (P ′A′)(P ′B′) sin C

=
a

P ′A′ :
b

P ′B′ :
c

P ′C ′
=area(PBC) : area(PCA) : area(PAB),

the same as the barycentric coordinates ofP with respect to triangleABC. �

This property means that ifP is the centroid ofABC thenP′ is also the centroid
of A′B′C ′.
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2. The orthology center of OaObOc

We compute explicitly the coordinates (with respect to triangleABC) of the
orthology centerQ of the triangle of circumcentersOaObOc. See Figure 3. Let
P = (x : y : z) andQ = (u : v : w) in homogeneous barycentric coordinates. then
BC ′ = cx

x+y , CB′ = bx
x+z . In the notations of John H. Conway, the pedalA∗ of Oa

on BC has homogeneous barycentric coordinates(0 : uSC + a2v : uSB + a2w).
See, for example, [6, pp.32, 49].

A

B C
A′

B′C′

P

Q

Oa

A∗

Figure 3

Note thatBA∗ = uSB+a2w
(u+v+w)a andA∗C = uSC+a2v

(u+v+w)a . Also, by Stewart’s theorem,

BB′2 =
c2x2 + a2z2 + (c2 + a2 − b2)xz

(x + z)2
,

CC ′2 =
b2x2 + a2y2 + (a2 + b2 − c2)xy

(x + y)2
.

Hence, ifρ is the circumradius ofPB′C ′, then

a(BA∗ − A∗C)

=(BA∗ + A∗C)(BA∗ − A∗C)

=(BA∗)2 − (A∗C)2

=(OaB)2 − (OaA
∗)2 − (OaC)2 + (OaA

∗)2

=(OaB)2 − ρ2 − (OaC)2 + ρ2

=BP · BB′ − CP · CC ′

=
c2x2 + a2z2 + (c2 + a2 − b2)xz

(x + z)(x + y + z)
− b2x2 + a2y2 + (a2 + b2 − c2)xy

(x + y)(x + y + z)

= − a2(y − z)(x + y)(x + z) + b2x(x + y)(x + 2z) − c2x(x + z)(x + 2y)
(x + y)(x + z)(x + y + z)
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since the powers ofB andC with respect to the circle ofPB′C ′ areBB′ · BP =
(OaB)2 − ρ2 andCC′ · CP = (OaC)2 − ρ2 respectively. In other words,

(c2 − b2)u − a2(v − w)
u + v + w

= − a2(y − z)(x + y)(x + z) + b2x(x + y)(x + 2z) − c2x(x + z)(x + 2y)
(x + y)(x + z)(x + y + z)

,

or

(a2(y − z)(x + y)(x + z) − b2(x + y)(xy + yz + z2) + c2(x + z)(y2 + xz + yz))u

−(a2(x + y)(x + z)(x + 2z)− b2x(x + y)(x + 2z) + c2x(x + z)(x + 2y))v

+(a2(x + y)(x + z)(x + 2y) + b2x(x + y)(x + 2z) − c2x(x + z)(x + 2y))w = 0.

By replacingx, y, z by y, z, x andu, v, w by v,w, u, we obtain another linear
relation inu, v, w. From these we haveu : v : w given by

u =(x2 − z2)y2SBB + (x2 − y2)z2SCC − x(2x + y)(x + z)(y + z)SAB

− x(2x + z)(x + y)(y + z)SCA − 2(x + y)(x + z)(xy + yz + zx)SBC .

andv obtained fromu by replacingx, y, z, SA, SB , SC by v, w, u, SB , SC , SA

respectively, andw from v by the same replacements.

3. Examples

3.1. The centroid. ForP = G,

Oa =(5SA(SB + SC) + 2(SBB + 5SBC + SCC)
: 3SAB + 4SAC + SBC − 2SCC

: 3SAC + 4SAB + SBC − 2SBB).

Similarly, we write down the coordinates ofOb andOc. The perpendiculars from
Oa to BC, from Ob to CA, and fromOc to AB have equations

(SB − SC)x − (3SB + SC)y + (SB + 3SC)z = 0,
(SC + 3SA)x + (SC − SA)y − (3SC + SA)z = 0,
−(3SA + SB)x + (SA + 3SB)y + (SA − SB)z = 0.

These three lines intersect at the nine-point center

X5 = (SCA + SAB + 2SBC : SAB + SBC + 2SCA : SBC + SCA + 2SAB),

which is the orthology center ofOaObOc.

3.2. The orthocenter. If P is the orthocenter, the circumcentersOa, Ob, Oc are
simply the midpoints of the segmentsAP , BP , CP respectively. In this case,
Q = H.
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3.3. The Steiner point. If P is the Steiner point
(

1
SB−SC

: 1
SC−SA

: 1
SA−SB

)
, the

perpendiculars from the circumcenters to the sidelines are

(SB − SC)x − SCy + SBz = 0,
SCx + (SC − SA)y − SAz = 0,
−SBx + SAy + (SA − SB)z = 0.

These lines intersect at the deLongchamps point

X20 = (SCA + SAB − SBC : SAB + SBC − SCA : SBC + SCA − SAB).

3.4. X671. The pointP = X671 =
(

1
SB+SC−2SA

: 1
SC+SA−2SB

: 1
SA+SB−2SC

)
is the antipode of the Steiner point on the Steiner circum-ellipse. It is also on
the Kiepert hyperbola, with Kiepert parameter−arccot(13 cot ω), whereω is the
Brocard angle. In this case, the circumcenters are on the altitudes. This means that
Q = H.

3.5. An antipodal pair on the circumcircle. The pointX925 is the second intersec-
tion of the circumcircle with the line joining the deLongchamps pointX20 to X74,
the isogonal conjugate of the Euler infinity point. It has coordinates(

1
(SB − SC)(S2 − SAA)

:
1

(SC − SA)(S2 − SBB)
:

1
(SA − SB)(S2 − SCC)

)
.

For P = X925, the orthologyQ of OaObOc is the pointX68, 1 which lies on the
same line joiningX20 to X74.

The antipode ofX925 is the point

X1300 =
(

1
SA((SAA − SBC)(SB + SC) − SA(SB − SC)2)

: · · · : · · ·
)

.

It is the second intersection of the circumcircle with the line joining the orthocenter

to the Euler reflection point2 X110 =
(

SB+SC
SB−SC

: SC+SA
SC−SA

: SA+SB
SA−SB

)
. For P =

X1300, the orthology centerQ of OaObOc has first barycentric coordinate

SAA(SBB + SCC)(SA(SB + SC) − (SBB + SCC)) + SBC(SB − SC)2(SAA − 2SA(SB + SC) − SBC))

SA((SB + SC)(SAA − SBC) − SA(SB − SC)2)
.

In this case,OaObOc is also perspective toABC at

X254 =
(

1
SA((SAA − SBC)(SB + SC) − SA(SBB + SCC))

: · · · : · · ·
)

.

By a theorem of Mitrea and Mitrea [5], this perspector lies on the linePQ.

1X68 is the perspector of the reflections of the orthic triangle in the nine-point center.
2The Euler reflection point is the intersection of the reflections of the Euler lines in the sidelines

of triangleABC.
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3.6. More generally, for a generic pointP on the circumcircle with coordinates(
SB+SC

(SA+t)(SB−SC) : · · · : · · ·
)

, the center of orthology ofOaObOc is the point

(
(SB + SC)(F (SA, SB , SC) + G(SA, SB , SC)t)

SA + t
: · · · : · · ·

)
,

where

F (SA, SB , SC) =SAA(SBB + SCC)(SA + SB + SC) + SAABC(SB + SC)

− SBBSCC(2SA + SB + SC),

G(SA, SB , SC) =2(SAA(SBB + SBC + SCC) − SBBSCC).

Proposition 2. If P lies on the circumcircle, the line joining P to Q always passes
through the deLongchamps point X20.

Proof. The equation of the linePQ is∑
cyclic

(SB − SC)(SA + t)(S3
A(SB − SC)2

+ (SB + SC + 2t)(SAA(SBB − SBC + SCC) − SBBSCC)x = 0.

�

3.7. Some further examples. We conclude with a few more examples ofP with
relative simple coordinates forQ, the orthology center ofOaObOc.

P first barycentric coordinate of Q

X7 4a3 + a2(b + c) − 2a(b − c)2 − 3(b + c)(b − c)2

X8 4a4 − 5a3(b + c) − a2(b2 − 10bc + c2) + 5a(b − c)2(b + c) − 3(b2 − c2)2

X69 3a6 − 4a4(b2 + c2) + a2(3b4 + 2b2c2 + 3c4) − 2(b2 − c2)2(b2 + c2)
X80

4a3−3a2(b+c)−2a(2b2−5bc+2c2)+3(b−c)2(b+c)
(b2+c2−a2−bc)

In each of the casesP = X7 andX80, the triangleOaObOc is also perspective
to ABC at the incenter.
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A Grand Tour of Pedals of Conics

Roger C. Alperin

Abstract. We describe the pedal curves of conics and some of their relations to
origami folding axioms. There are nine basic types of pedals depending on the
location of the pedal point with respect to the conic. We illustrate the different
pedals in our tour.

1. Introduction

The main ‘axiom’ of mathematical origami allows one to create a fold-line by
sliding or folding pointF onto a lineL so that another pointS is also folded onto
yet another lineM . One can regard this complicated axiom as making possible
the folding of the common tangents to the parabolaκ with focusF and directrixL
and the parabola with focusS and directrixM . Since two parabolas have at most
four common tangents in the projective plane and one of them is the line at infinity
there are at most three folds in the Euclidean plane which will accomplish this
origami operation. In the field theory associated to origami this operation yields
construction methods for solving cubic equations, [1]. Hull has shown how to
do the ‘impossible’ trisection of an angle using this folding, by a method due to
Abe, [2]. In fact the trisection of Abe is quite similar to a classical method using
Maclaurin’s trisectrix, [3]. The trisectrix is one of the pedals along the tour.

One can simplify this origami folding operation into smaller steps: first foldS to
the pointP by reflection across the tangent of the parabolaκ. The locus of points
P for all the tangents ofκ is a curve; finally, this locus is intersected with the line
M . This ‘origami locus’ of pointsP is a cubic curve since intersecting withM
will generally give three possible solutions. Since reflection ofS across a line is
just the double of the perpendicular projectionS′ of S ontoL, this ‘origami’ locus
is the scale by a factor of 2 of the locus ofS′, also known as the pedal curve of
the parabola, [3]. As a generalization we shall investigate the pedal curves of an
arbitrary conic; this pedal curve is generally a quartic curve.

Pedal of a conic. The pointsS′ of the pedal curve lie on the lines throughS at the
places where the tangents to the curve are perpendicular to these lines. Suppose that
S is at the origin. The line through the origin perpendicular toαx+ βy+ γ = 0 is
the lineβx− αy = 0; these meet whenx = − αγ

α2+β2 , y = − βγ
α2+β2 . This suggests

Publication Date: October 1, 2004. Communicating Editor: Paul Yiu.
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using the inversion transform (at the origin), the map given byx → x
x2+y2 , y →

y
x2+y2 .

A conic has the homogenous quadratic equationF (x, y, z) = 0 which can also
be given by the matrix equationF (x, y, z) = (x, y, z)A(x, y, z)t = 0 for a 3 by 3
symmetric matrixA. It is well-known that the dual curve of tangent lines to a conic
is also a conic having homogeneous equationF′(x, y, z) = 0 obtained from the
adjoint matrixA′ of A. Thus the pedal curve has the (inhomogeneous) equation
obtained by applying the inversion transform toF′(x, y,−z) = 0, evaluated at
z = 1, [4].

The polar line of a pointT is the line through the pointsU andV on the conic
where the tangents fromT meet the conic. It is important to realize the polar line
of a point with respect to the conicκ having equationF = 0 can be expressed
in terms of the matrixA. In terms of equations, ifT has (projective) coordinates
(u, v,w) then the dual line has the equation(x, y, z)A(u, v,w)t = 0. For example,
whenS is placed at the origin the dual line is(x, y, z)A(0, 0, 1)t = 0.

2. Equation of a pedal of a conic

LetS be at the origin. Suppose the (non-degenerate) conic equation isF (x, y, z) =
ax2 + bxy + cy2 + dxz + eyz + fz2 = 0. Applying the inversion to the adjoint
equation gives after a bit of algebra the relatively simple equation

G = ∆(x2 + y2)2 + (x2 + y2)((4cd − 2be)x+ (4ae− 2bd)y) +G2 = 0

where∆ = 4ac − b2 is the discriminant of the conic;∆ = 0 iff the conic is a
parabola. In the case of a parabola, the pedal curve has a cubic equation. The
origin is a singular point having as singular tangent lines the linear factors of the
degree two termG2 = (4cf − e2)x2 + (2ed − 4bf)xy + (4af − d2)y2 = 0.

3. Variety of pedals

Fix a (non-empty) real conicκ in the plane and a pointS. There are two points
U andV on the conic with tangentsτU andτV meeting atS; the corresponding
pedal point for each of these tangents isS. ThusS is a double point. The type
of singularity or double point atS is either a node, cusp or acnode depending on
whether or not the two tangents are real and distinct, real and equal or complex
conjugates.

The perpendicular lines atS to τU andτV are the singular tangents. To see this
notice that the dual line toS = (0, 0) is (x, y, z)A(0, 0, 1)t = 0 or equivalently
dx + ey + 2f = 0. This line meets the conic at the pointsU , V which are on
the tangents fromS. Determining the perpendiculars through the originS to these
tangents, and multiplying the two linear factors yields after a tedious calculation
precisely the second degree termsG2 of G.

The variety of pedals depending on the type of conic and the type of singularity,
are displayed in Figures 1-9, along with their associated conics, the singular point
S, the singular tangents, dual line and its intersections with the conic (whenever
possible).
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S

Figure 1. Elliptic node

S

Figure 2. Hyperbolic node
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Proposition 1. The pedal of the real conic κ has a node, cusp or acnode depending
on whether S is outside, on, or inside κ.

Proof. By the calculation of the second degree terms ofG, the singular tangents at
the pointS of the pedal are the perpendiculars to the two tangents fromS to the
conicκ. Thus the type of node depends on the position ofS with respect to the
conic since that determines howG2 factors over the reals. �

S

Figure 3. Elliptic cusp

Figure 4. Hyperbolic cusp
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S

Figure 5. Elliptic acnode

S

Figure 6. Hyperbolic acnode

4. Bicircular quartics

A quartic curve having circular double points is called bicircular.

Proposition 2. A real quartic curve has the equation G = A(x2 + y2)2 + (x2 +
y2)(Bx+Cy) +Dx2 +Exy+Fy2 = 0 for A �= 0 iff it is bicircular with double
point at the origin. Thus the pedal of an ellipse or hyperbola is a bicircular quartic
with a double point at S.

Proof. A quartic has a double point at the origin iff there are no terms of degree
less than 2 in the (inhomogeneous) equationG = 0. There are double points at
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the circular points iffG(x, y, z) vanishes to second order when evaluated at the
circular points; hence iff the gradient ofG is zero at the circular points. Since
∂G
∂z = 2zG2 +G3; this vanishes at the circular points iffG3 is divisible byx2 +y2.
Also G vanishes at the circular points iffG4 is divisble byx2 + y2. Thus the
homogeneous equation for the quartic isG = (x2 + y2)(ux2 + vxy + wy2) +
z(x2 + y2)(Bx + Cy) + z2G2 = 0. Finally ∂G

∂x or equivalently∂G
∂y will also

vanish at the circular points iffux2 + vxy + wy2 is divisible byx2 + y2. Hence
a bircular quartic with a double point at the origin has the equation as specified in
the proposition and conversely.

The conclusion for the pedal follows immediately from the equation given in
Section 2. �

We now show that any real bicircular quartic having a third double point can be
realized as the pedal of a conic.

Proposition 3. A bicircular quartic is the pedal of an ellipse or hyperbola.

Proof. Using the equation for the pedal of a conic as in Section 2 we consider the
system of equationsA = 4ac−b2,B = 4cd−2be,C = 4ae−2bdy,D = 4cf−e2,
E = 2ed − 4bf , F = 4af − d2. One can easily see that this is equivalent to a
(symmetric) matrix equationY = X′ whereX′ is the adjoint ofX; we want to
solve forX givenY . In our case here,Y involves the variablesA,B, . . . andX
involvesa, b, . . . Certainlydet(Y ) = det(X)2. Then we can solve using adjoints,
X = Y ′ iff the quadratic formQ = Ax2 + Bxy + Cy2 + Dxz + Eyz + Fz2

has positive determinant. However changingG to −G changes the sign of this
determinant so we can represent all these quartics by pedals. �

The type of singularity of a bicircular quartic with double point atS is deter-
mined from Proposition 1 and the previous Proposition. The type of singularity
of the circular double points is determined by the low order terms ofG when ex-
panded at the circular points; since the circular point is complex it is nodal in gen-
eral; a circular point is cuspidal whenBC = 8AE andC2 − B2 = 16A(D − F )
and then in fact both circular points are cusps.

5. Pedal of parabolas

In the case that the conic is a parabola (∆ = 0) the pedal equation simplifies to
a cubic equation. This pedal cubic is singular and circular.

Proposition 4. A singular circular cubic with singularity at the origin has an equa-
tion G = (x2 + y2)(Bx+Cy) +Dx2 +Exy + Fy2 = 0 and conversely. This is
the pedal of a parabola.

Proof. The cubic is singular at the origin iff there are no terms of degree less than
two; the curve is circular iff the cubic terms vanish at the circular points iffx2 +y2

is a factor of the cubic terms.
The pedal of a parabola having∆ = 4ac− b2 = 0, means the cubic equation is

G = (x2 + y2)((4cd− 2be)x+(4ae− 2bd)y)+ (4cf − e2)x2 +(2ed− 4bf)xy+
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(4af − d2)y2 = 0. Solving the system of equations as in Proposition 3 we have a
simpler system sinceA = 0 but similar methods give the desired result. �

S

Figure 7. Parabolic node

6. Tangency of pedal and conic at their intersections

The pedal of a conicκ meets that conic at the placesT iff the normal line to
κ at that point passes throughS. Thus the intersection occurs iff the lineST is a
normal to the curve.

It follows from the fact that the conic and its pedal have a resultant which is a
square (a horrendous calculation) that the pedal is tangent at all of its intersections
with the conic. From Bezout’s theorem, the conic and pedal have eight intersec-
tions (counted with multiplicity) and since each is a tangency there are at most four
actual incidences just as expected from the figures.

Alternatively we can use elementary properties of a arbitrary curveC(t) with
unit speed parameterizations having tangentτ and normalη to see that whenS
is at the origin, the pedalP (t) has a parametrizationP (t) = C(t) · η(t)η(t) and
tangentP ′(t) = −k(t)(C(t)·τ(t)η(t)+C(t)·η(t)τ(t)) wherek(t) is the curvature.
Thus the tangent toP is parallel toτ iff C(t) · τ(t) = 0 iff C(t) is parallel to the
normalη(t) iff the normal passes throughS.

7. Linear families of pedals

Because of the importance of a parabola in the origami axioms, we illustrate in
Figure 10 a family of origami curves. Recall that the origami curve is the pedal of
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S

Figure 8. Parabolic cusp

S

Figure 9. Parabolic acnode

a parabola scaled by 2 from the singular pointS. The origami curves determined
by a fixed parabola andS varying on a line parallel to the directrix are all tangent



A grand tour of pedals of conics 151

to a fixed circle of radius equal to the distance fromS to the directrix. In caseS
varies on the directrix, then all the curves pass through the focusF .

Figure 10. One parameter family of origami curves
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Garfunkel’s Inequality

Nguyen Minh Ha and Nikolaos Dergiades

Abstract. LetI be the incenter of triangleABC andU , V , W the intersections
of the segmentsIA, IB, IC with the incircle. If the centroidG is inside the
incircle, andD, E, F the intersections of the segmentsGA, GB, GC with the
incircle. Jack Garfunkel [1] asked for a proof that the perimeter ofUV W is not
greater than that ofDEF . This problem is hitherto unsolved. We give a proof
in this note.

Consider a triangleABC with centroidG lying inside its incircle(I). Let the
segmentsAG, BG, CG, AI, BI, CI intersect the incircle atD, E, F , U , V , W
respectively. Garfunkel posed the inequality∂(UV W ) ≤ ∂(DEF ) as Problem
648(b) ofCrux Mathematicorum [1, 2]. 1 Here,∂(·) denotes the perimeter of a
triangle. The problem is hitherto unresolved. In this note we give a proof of this
inequality. We adopt standard notations:a, b, c, are the sidelengths of triangle
ABC, s the semiperimeter andr the inradius.

Lemma 1. If the centroid G of the triangle ABC is inside the incircle (I), then

a2 < 4bc, b2 < 4ca, c2 < 4ab.

Proof. BecauseG is inside(I), we have
−→
IG

2

≤ r2, (
−→
AG −

−→
AI)2 ≤ r2,

−→
AG

2

+
−→
AI

2

− 2
−→
AG ·

−→
AI ≤ r2. This inequality is equivalent to the following

−→
AG

2

+ (
−→
AI

2

− r2) − 2
3
(
−→
AB +

−→
AC) ·

−→
AI ≤ 0

2(b2 + c2) − a2

9
+ (s − a)2 − 2(b + c)(s − a)

3
≤ 0

8(b2 + c2) − 4a2 + 9(b + c − a)2 − 12(b + c)(b + c − a) ≤ 0

3(b + c − a)2 + 2(b − c)2 ≤ 2(4bc − a2)

which impliesa2 < 4bc and similarlyb2 < 4ac, c2 < 4ab. �
Let the external bisectors of triangleUV W bound the trianglePQR, and inter-

sect the incircle ofABC atU′, V ′, W ′ respectively.

Publication Date: October 15, 2004. Communicating Editor: Paul Yiu.
The first author thanks Pham Van Thuan of Hanoi University for help in translation.
1Problem 648(a) asked for a proof of∂(XY Z) ≤ ∂(UV W ), XY Z being the intouch triangle.

See Figure 1. A proof by Garfunkel was given in [1].
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Lemma 2. If the centroid G of ABC is inside the incircle, then the points D, E,
F are on the minor arcs UU′, V V ′, WW ′ respectively.

I

Z

X

Y

C

A

B

G

U

V

W

D

U ′

X′

P

Q

R

Figure 1

Proof. If b = c then obviouslyU , D andU′ are the same point.
Assume without loss of generalityb > c. We set for brevityϕ = A

2 , θ = B−C
4 .

Note thatU ′ is the midpoint of the arcV UW . We have

∠UIU ′ =
1
2

(∠UIW − ∠UIV ) =
1
2

(
90◦ +

B

2
− 90◦ − C

2

)
= θ.

Let X ′ be the antipode of the touch pointX of the incircle withBC. Since
∠UIV = ∠X ′IW , the pointU ′ is the mid point of the arcUX′. We have

−→
AU ′ =

−→
AI +

−→
IU ′ =

−→
AI +

1
2 cos θ

(−→
IU +

−→
IX ′

)

=
−→
AI +

1
2 cos θ

(
sin ϕ

−→
IA −

−→
IA −

−→
AX

)

=
(

1 − sinϕ − 1
2 cos θ

)−→
AI − 1

2 cos θ

−→
AX

=
(

1 − sinϕ − 1
2 cos θ

) (
b

2s

−→
AB +

c

2s

−→
AC

)

− 1
2 cos θ

(
s − c

a

−→
AB +

s − b

a

−→
AC

)

=
((

1 − sin ϕ − 1
2 cos θ

)
b

2s
− 1

2 cos θ
· s − c

a

) −→
AB

+
((

1 − sin ϕ − 1
2 cos θ

)
c

2s
− 1

2 cos θ
· s − b

a

) −→
AC.
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Sinceb > c, the centroidG lies inside the angle∠IAC. To prove thatD lies

on the minor arcUU′ it is sufficient to prove that the coefficient of
−→
AC is greater

than that of
−→
AB in the above expression of

−→
AU ′. We need, therefore, to prove the

inequality(
1 − sin ϕ − 1

2 cos θ

)
c

2s
− 1

2 cos θ
· s − b

a
>

(
1 − sin ϕ − 1

2 cos θ

)
b

2s
− 1

2 cos θ
· s − c

a
.

Factoring and grouping common terms, the inequality is equivalent to

1
2 cos θ

· b − c

a
−

(
1 − sinϕ − 1

2 cos θ

)
b − c

2s
> 0

b − c

4s cos θ

(
b + c

a
− 2 cos θ + sin ϕ

)
> 0

(b + c + a sin ϕ)2 > 4a2 cos2 θ. (1)

Using the well-known identitycos2 θ = 1
2 (1+cos 2θ), anda cos 2θ = (b+c) sin ϕ

by the law of sines, inequality (1) can be written in the form

(b + c + a sin ϕ)2 > 2a2 + 2a(b + c) sin ϕ

(b + c)2 − a2 > a2 − a2 sin2 ϕ

2bc + 2bc cos A > a2 cos2 ϕ

4bc cos2(A/2) > a2 cos2 ϕ

4bc > a2.

This inequality holds by Lemma 1 sinceG is inside the incircle. This shows that
D is on the minor arcUU′. The same reasoning also shows thatE andF are on
the minor arcsV V ′, WW ′ respectively. �

Theorem (Garfunkel’s inequality). If the centroid G lies inside the incircle, then
∂(UV W ) ≤ ∂(DEF ).

Proof. By Lemma 2, the pointsD, E, F lie on the minor arcsUU′, V V ′, WW ′
respectively. LetX′′ be the intersection point ofDE andQR, Y ′′ be the intersec-
tion point ofEF andRP , andZ′′ be the intersection point ofFD andPQ. Note
thatX′′, Y ′′, Z ′′ belong to the segmentsDE, EF , FD respectively. See Figure 2.
It follows that

∂(DEF ) = DE + EF + FD

= DX ′′ + X ′′E + EY ′′ + Y ′′F + FZ ′′ + Z ′′D

= (EX ′′ + EY ′′) + (FY ′′ + FZ ′′) + (DZ ′′ + DX ′′)

≥ X ′′Y ′′ + Y ′′Z ′′ + Z ′′X ′′

= ∂(X ′′Y ′′Z ′′).
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E

DU

U ′

R

Q

X′′

Figure 2

Therefore,∂(DEF ) ≥ ∂(X′′Y ′′Z ′′). On the other hand, trianglePQR is acute
and triangleUV W is its orthic triangle. See Figure 1. By Fagnano’s theorem,
we have∂(X′′Y ′′Z ′′) ≥ ∂(UV W ). It follows that∂(DEF ) ≥ ∂(UV W ). The
equality holds if and only if triangleABC is equilateral. �
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On Some Actions of D3 on a Triangle

Paris Pamfilos

Abstract. The action of the dihedral groupD3 on the equilateral triangle is
generalized to various actions on general triangles.

1. Introduction

The equilateral triangle admits in a natural way the action of the dihedral group
D3. The elementsf of the group act as reflexions (order2: f2 = 1) or as rotations
(order3: f3 = 1). If we relax the property off from being isometry, we can define
similar actions on an arbitrary triangle. In fact there are infinitely many actions of
D3 on an arbitrary triangle, described by the following setting.

A

BC

X

Y

Z

Figure 1. Projectivity preserving a conic

It is well known that given six pointsA, A′, B, B′, C, C ′ on a conicc, there is a
unique projectivity preservingc and mappingA toA′, B toB′ andC toC′. Taking
A′, B′, C ′ to be permutations of the setA, B, C we see that there is a groupG of
projectivities that permute the vertices of the trianglet = (ABC) and preserve
the conicc. It is not difficult to see thatG is naturally isomorphic to the group of
symmetries of the equilateral triangle. Thus from the algebraic point of view, the
group action contains no significant information. But from the geometric point of
view the situation is quite interesting. For example, fixing such a group, we can
consider generalized rotations i.e.f ∈ G of order threef3 = 1, which applied
to a pointX ∈ c generate anorbital triangle X,Y = f(X), Z = f(f(X)). All
these orbital triangles envelope a second conic which is also invariant under the
groupG. For definitions, general facts on triangles, transformations and especially
projectivities I refer to [1]. For special conics, circumscribed on a triangle, this
setting unifies several dispersed properties and presents them under a new light.

Publication Date: October 28, 2004. Communicating Editor: Jean-Pierre Ehrmann.
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I shall illustrate this aspect by applying the above method to two special cases.
Then I shall discuss an exceptional, similar setting, which results by replacing the
circumconic with the circumcircle of the triangle and the projectivities by Moebius
transformations. The first case will be that of the exterior Steiner ellipse of the
triangle.

2. Steiner dihedral group of a triangle

We start with a trianglet = (ABC) and its exterior Steiner ellipse. Then we
consider the projectivities that preserve this conic and permute the vertices of the
triangle. First I shall state the facts. The group, which I call theSteiner dihedral
group of the triangle, comprises two kinds of maps: involutions, that resemble to
reflections, and cyclic permutations of the vertices that resemble to rotations.

A

B C

M

X X’

Figure 2. Isotomic conjugation

The involutions are related to the sides of the triangle and coincide with the
isotomic conjugations with respect to the corresponding medians: Sidea of the
triangle defines an involution on the conic:Ia(X) = Y , whereXY is parallel to
the sidea and bisected by the median to a.Ia has the median toa as its line of
fixed points, which coincides with the conjugate diameter ofa relative to the conic.
The corresponding isolated fixed point (Fregier point of the involution) is the point
at infinity of line a. Analogous definitions and properties have the involutionsIb,
Ic.

More important seems to be the projectivityf = Ib ◦ Ia, of order threef3 = 1,
that preserves the conic and cycles the vertices of the triangle. I call it theisotomic
rotation.

As is the case with every projectivityf , preserving a conic, for all pointsX
on c, the lines[X, f(X)] envelope another conic, which in this case is the inner
Steiner ellipse. By the same argument allorbital triangles i.e. triangles of the form
t′ = (X, f(X), f(f(X))), are circumscribed on the inner Steiner ellipse. More
precisely the following statements are valid and easy to prove:

(1) The centroidG of the triangle is the fixed point off .
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P

S

O
Q

E

A

BC

A’

B’

C’

G

Figure 3. Isotomic rotation

(2) Every pointX of the plane defines anorbital triangle

s = (X, f(X), f(f(X))),

which hasG for its centroid.
(3) The orbital triangless, as above, which haveX on the external Steiner el-

lipse, are all circumscribed to the inner Steiner ellipse. They are precisely
the only triangles that have these two ellipses as their external/internal
Steiner ellipses.

(4) The inner and outer Steiner ellipses generate a family of homothetic con-
ics, with homothety center the centroidG of the triangle. For every point
X of the plane the orbital triangles generated byX has the corresponding
conics-family-memberc, passing through X, as its outer Steiner ellipse.
Besides, for all pointsX on c, the corresponding orbital triangles circum-
scribe another conics-family-memberc′, which is the inner Steiner ellipse
of all these triangles.

(5) For a fixed orbital trianglet = (ABC), the orbit of its circumcenterO,
defines a triangleu = (OPQ), whose median throughO is the Euler line
of the initial trianglet. The middleE of PQ is the center of the Euler
circle of t.

(6) The trilinear coordinates of pointsP = f(O) andQ = f(P ) are respec-
tively:

P =
(

sin 2C
sinA

,
sin 2A
sinB

,
sin 2B
sinC

)
,

Q =
(

sin 2B
sinA

,
sin 2C
sinB

,
sin 2A
sinC

)
.



160 P. Pamfilos

Deferring for a later moment the proofs, I shall pass now to the analogous group,
of projectivities, which results by replacing the external ellipse with the circum-
circle of the triangle. For a reason that will be made evident shortly I call the
corresponding group theLemoine dihedral group of the triangle.

3. Lemoine dihedral group of a triangle

We start with a trianglet = (ABC) and its circumcirclec. Then we consider
the projectivities that preservec and permute the vertices of the triangle. There are
again two kinds of such maps. Involutions, and maps of order three.

A
O

Q

B

C
F GK

D
L

c

A* C* B*K*

Figure 4. Lemoine reflexion

Sidea of the triangle defines a projective involutionIa(X) = X ′, by the prop-
ertiesIa(A) = A and Ia(B) = C, Ia(C) = B. Its line of fixed points, is the
symmedian lineAD. The corresponding isolated fixed point (Fregier point) is
the poleA∗ of the symmedian with respect to the circumcircle, which lies on the
Lemoine axisL of the triangle. In the figure above,K is the symmedian point and
Q is the projection of the circumcenter on the symmedianAD (is a vertex of the
second Brocard triangle oft). From the invariance of cross-ratio and the fact that
Ia mapsL to itself, follows that(C∗B∗K∗A∗) = 1, hence the symmedian bisects
the angleB∗QC∗. JoiningQ with B∗, C∗ we find the intersectionsF , G of these
lines with the Brocard circle (with diameterOK). Below (in §6) we show thatF ,
G coincide with the Brocard points of the triangle.

Ia could be called theLemoine reflexion (on the symmedian through A). Analo-
gous is the definition and the properties of the involutionsIb andIc, corresponding
to the other sides of the triangle.

More important seems to be the projectivityf = Ib ◦ Ia, of order threef3 = 1,
which preserves the circumcircle and cycles the vertices of the triangle. I call it the
Lemoine rotation.

As before, for all pointsX on c, the lines[X, f(X)] envelope another conic,
which in this case is the Brocard ellipsec′ of the trianglet. By the same argument
all orbital triangles i.e. triangles of the formt′ = (X,Y = f(X), Z = f(f(X))),
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A* C* B*

Figure 5. Lemoine rotation

are circumscribed on the Brocard ellipse. More precisely the following statements
are valid and easy to prove:

(1) f leaves invariant each member of the family of conics generated by the
circumcircle and the Brocard ellipse oft. In particular the Lemoine axis of
t remains invariant under f, and permutes pointsA∗, B∗, C∗.

(2) The symmedian (or Lemoine) pointK of the triangle is the fixed point of
f .

(3) Every pointX of the circlec defines anorbital triangle

s = (X, f(X), f(f(X))),

which hasK as symmedian point.
(4) The orbital triangless, as above, which haveX on c, are all circumscribed

to the Brocard ellipsec′. They are precisely the only triangles that havec
andc′ as circumcircle and Brocard ellipse, respectively.

(5) For a fixed orbital trianglet = (ABC), the orbit of its circumcenterO,
defines a triangleu = (OPQ), whose median throughO is the Brocard
axis of the initial trianglet.

(6) The triangleu is isosceles and symmetric on the Brocard axis. The feet
G,F of the altitudes ofu from P andQ, respectively, coincide with the
Brocard points oft.

(7) The trianglesu, u′ = (PRF ) andu′′ = (QRG) are similar. The similarity
ratio of the two last to the first is equal to the sine of the Brocard angle.

Deferring once again the proofs at the end (§6), I shall pass to a third group, using
now inversions instead of projectivities. For a reason that will be made evident
shortly I call the corresponding group theBrocard dihedral group of the triangle.

4. Brocard dihedral group of a triangle

Once again we start with a trianglet = (ABC) and its circumcirclec. Then
we consider the Moebius transformations that permute the vertices oft. It is true
that through such maps the sides are not mapped to sides. We do not have proper
maps of the triangle’s set of points onto itself, but we have a group that permutes
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its vertices, is isomorphic toD3 and, as we will see, has intimate relations with the
previous one and the geometry of the triangle.

Everything is based on the well known fact that a Moebius transformation is
uniquely defined by prescribing three points and their images. Thus, fixing a ver-
tex,A say, of the triangle and permuting the other two, we get a Moebius involu-
tion, Ia say. Analogously are defined the other two involutionsIb andIc. I call
them theBrocard reflexions of the triangle. Two of them generate the whole group.
By the well known property of Moebius transformations, we know that all of them
preserve the circumcirclec.

A

B

C

O

Q

A* C* B*K*

K
F G

J

J’

b

c

L
D

Figure 6. Brocard reflexion

I cite some properties ofIa that are easy to prove:

(1) On the points of the circumcircle the Brocard reflexionIa coincides with
the corresponding Lemoine reflexion.

(2) Ia leaves invariant each member of the bundle of circles through its fixed
pointsA andD (D being the intersection of the symmedian from A with
the circumcircle).

(3) Ia leaves invariant each member of the bundle of circles that is orthogonal
to the previous one (i.e. the circles which are orthogonal to the symmedian
AD and the circumcircle).

(4) In particularIa leaves invariant the symmedian fromA and maps the sym-
median pointK to the intersectionK∗ of the Lemoine axis with that sym-
median.

(5) Ia permutes the circles of the bundle generated by the circumcircle and the
Lemoine axis oft. The same happens with the orthogonal bundle to the
previous one, which is the bundle generated by the Apollonian circles oft.
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(6) Ia interchanges the circumcenterO with the poleA∗ of the symmedian at
A. It maps also the Brocard axisb onto the circle through the isodynamic
points andA∗.

(7) All the circles throughO,Q are mapped byIa to lines throughA∗. In
particular the Brocard circle is mapped to the Lemoine axis.

(8) The lineAB is mapped byIa to the circle throughA,C, tangent to this
line atA.

(9) Ia maps the Brocard pointsF , G to the intersection pointsB∗, C∗ of the
sidesAC andAB with the Lemoine axis respectively.

We pass now to the Moebius tansformation that recycles the vertices of the tri-
anglet = (ABC). It is the product of two Brocard reflexionsf = Ib ◦ Ia. It is of
order three:f3 = 1 and I call it theBrocard rotation. The geometric properties of
this transformation are related to the so calledcharacteristic parallelogram of it.
This is generally defined, for every Moebius transformation (may be degenarated),
as the parallelogram whose vertices are the two fixed points and the poles off and
of its inversef−1. A short discussion of this parallelogram will be found in§8.
Here are the main properties of our Brocard Rotation.

X

A

J

C

K

B

O

G

Y

P’

F(X)

F(F(X))

P

F(Y)

F

J’

Figure 7. Brocard rotation

(10) On the points of the circumcirclec of t the Brocard Rotation coincides with
the corresponding Lemoine rotation.

(11) The characteristic parallelogram off is a rhombus with two angles of mea-
sureπ/3. The vertices at these angles are the fixed points off . They also
coincide with the isodynamic points of the triangle. The other vertices of
the parallelogram (angles2π/3) coincide with the inverses of the Brocard
points with respect to the circumcircle.

(12) f leaves invariant every circle of the bundle of circles, generated by the
circumcircle oft and its Brocard circle (circle throuch circumcenter and
Brocard points).
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(13) All circles of the bundle, which is orthogonal to the previous, pass through
the isodynamic pointsJ, J′ of t. Each circlec of this bundle is mapped
to a circlec′ of the same bundle, which makes an angle ofπ/6 with c. In
particular the Apollonian circles of the triangle are cyclically permuted by
f .

(14) Every pointX of the plane defines anorbital triangle

s = (X, f(X), f(f(X))),

which shares witht the same isodynamic pointsJ, J′, hence Brocard and
Lemoine axes. Conversely, every triangle whose isodynamic points areJ
andJ ′ is an orbital triangle off .

(15) The Brocard points of all the above orbital triangless fill the two π/3-
angled arcsJPJ′ andJP ′J ′ on the two circles with centers at the poles
P,P ′ of f , joining the isodynamic pointsJ andJ′.

(16) The orbital triangless, as above, which haveX on the circumcircle oft,
are all circumscribed to the Brocard ellipsec′ of t. They are precisely the
only triangles that havec andc′ as their circumcircle and Brocard ellipse,
respectively.

(17) The other two points of the orbital triangle of the circumcenterO, are the
two Brocard points oft.

(18) The second Brocard triangleA2B2C2 is an orbital triangle off .

5. Proofs on Steiner

A convenient method to define the two Steiner ellipses of a triangle, is to use
a projectivityF , that maps the vertices of an equilateral trianglet′ = (A′B′C ′)
onto the vertices of an arbitrary trianglet = (ABC) and the center oft′ onto the
centroid oft. As is well known, prescribing four points and their images, uniquely
determines a projectivity of the plane. Thus the previous conditions uniquely deter-
mineF (up to permutation of vertices). Leta′, b′ be the circumcircle and incircle,
correspondingly oft′. Their imagesa = F (a′) andb = F (b′) are correspondingly
the exterior and interior Steiner ellipses oft.

A’ B’

C’

G’

C

A B

G

Figure 8. Creating the two Steiner ellipses of a triangle
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From the general properties of projectivities result the main properties of Steiner’s
ellipses of the trianglet:

(1) From the invariance of cross-ratio, and the fact thatF preserves the mid-
dles of the sides, follows thatF preserves also the line at infinity. Thus,
the images of circles are ellipses.

(2) The same reason implies, that the tangent to the outer ellipse at the vertex
is parallel to the opposite side of the triangle.

(3) The same reason implies, that the centers of the two ellipses coincide with
G and the ellipses are homothetic with ratio 2, with respect to that point.

(4) The invariance of cross-ratio implies also, that theSteiner involution, de-
fined as the projectivity that fixesA and permutesB,C, coincides (on
points of the conic) with the conjugationX �→ Y , whereXY is parallel to
a. It leaves the line at infinity fixed and coincides with the isotomic conju-
gation with respect to the median fromA. The median being a conjugate
direction toa with respect to the conic.

(5) The Fregier point of the involutionIa is the point at infinity of linea = BC
and the line of fixed points ofIa is the median fromA.

The isotomic rotation is the projectivityf = Ib ◦ Ia. One sees immediately that
it has order three:f3 = 1, that preserves the conic and cycles the vertices of the
triangle. Besides it fixes the centroidG and cycles the middles of the sides. All
the statements of§2, about orbital triangles, follow immediately from the previous
facts and the property off , to be conjugate, viaF , to a rotation by2π/3 aboutG′.
For the statement on the particular orbital triangle of the circumcenterO of t, it
suffices to do an easy calculation with trilinears. Actually the Euler line passes also
through the symmetricO′ of O with respect toG, which is one of the intersection
points of the two conics of the figure below.

P

O
Q

A

BC

G

A’

C’B’

O’

Figure 9. Circumcenters of orbital triangles
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One of the conics is the member of the conics-family passing throughO. The
other ellipse has the same axes with the previous one and is the locus of the cir-
cumcenters of orbital trianglesu = (X, f(X), f2(X)), for X on the outer Steiner
ellipse. O′ is the circumcenter of the trianglet′ = (A′B′C ′) which is symmetric
to t with respect toG.

6. Proofs on Lemoine

A convenient method to define the Brocard ellipse of a triangle, is to use a pro-
jectivity F , that maps the vertices of an equilateral trianglet′ = (A′B′C ′) onto
the vertices of an arbitrary trianglet = (ABC) and the center oft′ onto the sym-
median point oft. These conditions uniquely determineF (up to permutation of
vertices).

A’

B’ C’

K’

A

B

C

A* C* B*

O

K

P

K*

Figure 10. Creating the Brocard ellipse of a triangle

F maps the incircle oft′ to the Brocard ellipse oft and the circumcircle oft′
to the circumcircle oft. To see the later, notice thatF preserves the cross ratio of
a bundle of four lines through a point. Now the tangent oft′ at A′, the two sides
A′B′, A′C ′ and the median oft′ fromA′ form a harmonic bundle. The same is true
for the tangent oft atA the two sidesAB,AC and the symmedian fromA. Thus
F maps the tangent oft′ at A′ to the tangent oft at A, and analogous properties
hold for the other vertices. This forces the circumcircle oft to coincide with the
image, underF , of the circumcircle oft′. The other statement, on the Brocard
ellipse, follows from the fact, that this ellipse is characterized as the unique conic
tangent to the sides of the triangle at the traces of the symmedians from the opposite
vertices. The main properties of theLemoine reflexion Ia result from the fact that
it is conjugate, viaF , to the reflexion oft′ with respect to its median fromA′.
Thus the line of fixed points ofIa coincides with the symmedian fromA. The
intersection pointA∗ of the lineBC with the tangent atA is the image, viaF ,
of the point at infinity of the lineB′C ′. Analogous properties hold for the points
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B∗ andC∗. Since these points are known to be on the Lemoine axis, this implies
that the line at infinity is mapped, viaF , to the Lemoine axis of the triangle. All
the lines throughA∗ remain invariant underIa, hence this point coincides with the
Fregier point of the involution.

A

B

C

C*

A*

B*

L
b

Figure 11. Orbital triangles

TheLemoine rotation is the projectivityf = Ib ◦ Ia, of order threef3 = 1, that
preserves the circumcircle and cycles the vertices of the triangle. Besides it fixes
the symmedian pointK of the triangle and cycles the symmedians.f is conjugate,
via F , to a rotation by2π/3 aboutK′. f leaves invariant the family of conics
generated by the circumcircle and the Brocard ellipse. This family is the image,
underF , of the bundle of concentric circles aboutK′. In particular the line at
infinity is mapped onto the Lemoine axis oft, which is also invariant underf .
The conics of the family, left invariant byf , are all symmetric with respect to the
Brocard diameterb. Besides all orbital triangless = (A = X,B = f(X), C =
f(f(X))) of f have the property shown in the above figure.

In this figure the pointA∗ is the intersection point ofBC and the tangent atA
of the conic-family member passing through A. Analogously are defined, B∗ and
C∗. The three points lie on the Lemoine axisL of t and are cyclically permuted by
f . The proof is a repetition of the argument on harmonic bundles at the beginning
of the paragraph. This has though a nice consequence. First, ifA is on the Brocard
diameterb of t, which is the symmetry axis of all the conics of the invariant family,
then the coresponding orbital triangles is symmetric. Besides the linesAB and
AC pass through two fixed pointsC∗ andB∗ of L respectively. In fact, in that case,
the tangent atA meetsL at its point at infinity. Consequently the corresponding
BC is parallel toL ands is isosceles. In addition, sincef cycles the corresponding
pointsA∗, B∗, C∗, the two last points are the image of the point at infinity ofL,
underf and its image respectively. Thus they are independent of the position ofA
on b.
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Figure 12. The orbit of the point at infinity of L

K O X

I

J

Figure 13. Focal points of the conics

Below B∗, C∗ will be identified with the inverses of the Brocard points oft
with respect to the circumcircle. Notice that the Brocard points oft are the focal
points of the Brocard ellipse and they lie on the Brocard circle with diameterOK.
It is well known, that in general the focal points of a family of conics lie on cer-
tain cubics. For a reference, see our paper with Apostolos Thoma [2], where we
investigated such cubics from a geometric point of view. In the present case the
family consists of conics that are symmetric with respect to the Brocard axis and
the cubic must be reducible and equal to the product of a circle and a line. In fact
a calculation shows that the cubic is the union of the Brocard cirlce and the Bro-
card axis. All pointsX inside the circumcircle oft define family members whose
focal points are on the Brocard circle. All pointsX outside the circumcircle oft
define family members whose focal points are on the Brocard axis. ForX varying
on b there are two positions, where the legs of the orbital isosceli contain the foci
of the corresponding conic-member throughX. One of these points is the center
O of the circumcircle. Notice that the family of conics is generated also from the
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Lemoine axis (squared) and the circumcircle. This representation makes simpler
the computations of a proof of the last statements of§3, on the orbital triangle of
the circumcenter. Another geometric proof of this fact may be derived from the
arguments of the two next paragraphs.

7. Proofs on Brocard

K
J

O
O’

A’ B’

C’

A B

C

J’

Figure 14. The isodynamic bundles of the triangle

In contrast to projectivities that need four, Moebius transformations are deter-
mined completely by three pairs of points. Imitating the procedures of the previ-
ous paragraphs, we define the Moebius transformationF that sends the vertices
of an equilateral trianglet′ = (A′B′C ′) to the vertices of an arbitrary triangle
t = (ABC). Since Moebius transformations, preserve the set of circles and lines,
the circumcircle oft′ is mapped on the circumcircle oft. Moreover the bundle of
concentric circles to the circumcircle oft′ maps to the bundleΣ of circles gener-
ated by the circumcircle oft and its Lemoine axis. Below I callΣ the Brocard
bundle of t. This is a hyperbolic bundle with focal (or limiting) points coincid-
ing with the isodynamic pointsJ, J′ of t. SinceF is conformal it maps the lines
from O′ to the circle bundle that is orthogonal to the previous one. All circles of
this bundle pass through the isodynamic points. All these facts result immediately
from the fact that the altitudes oft′ map onto the corresponding Apollonian cir-
cles oft. This in turn follows from the invariance of the complex cross ratio, by
considering the cross ratio of the vertices(ABCD) = (A′B′C ′D′) = 1. D on
the circumcircle is uniquely determined by this condition and coincides with the
trace of the symmedian fromA. The conformality of Moebius transforms implies
also that the Apollonian circles meet atJ at angles equal toπ/3. Below I call the
bundleΣ′ of circles throughJ, J′ theApollonian bundle of t. Now to the proofs of
the statements in§4.

The first statement (1) is a general fact on Moebius transformations preserving a
circle c. Given three pairs of points onc, there is a unique Moebiusf and a unique
projectivity f ′ preservingc and corresponding the points of the pairs.f andf′
coincide on pointsX ∈ c. In fact, taking cross ratios(ABCX) in complex or by
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projecting the points on a line, from a fixed point,Z ∈ c say, gives the same result.
The same is true for the images(A′B′C ′X ′) under both transformations, thus the
images ofX underf andf′ coincide.

A’

B’ C’
D’

O’

Figure 15. TheI ′
a invariant bundles

The next two statements (2,3) follow immediately from the fact thatIa is con-
jugate, viaF , to the Moebius transformationI′a fixing A′,D′ and mappingB′ to
C ′. A short calculation shows thatI′a preserves the circles passing throughA′,D′
and also preserves the circles of the orthogonal bundle to the previous one. These
two I ′a-invariant bundles, map underF to the correspondingIa-invariant bundles
of the statements. The previous argument shows also that the bundle of concentric
circles atO′ is permuted byI′a, consequently the same is true for the bundle of
lines throughO′. But these two bundles map underF to the main bundles of our
configuration, the BrocardΣ and the ApollonianΣ′ correspondingly. This proves
also statement (4).

Next statement (5) follows from the invariance of cross ratio, along theIa-
invariant symmedian from A, and the fact that the Lemoine axis is the polar of
the symmedian point with respect to the circumcircle. A consequence of this, tak-
ing into account thatIa permutes the Brocard bundle, is that the Brocard circle of
t maps viaIa to the Lemoine axis.

From the previous considerations, on the Brocard and Apollonian bundles, fol-
lows thatIa does the following: (a) It interchangesO,P , (b) sendsQ (the pro-
jection of the circumcenter on the symmedian) at the point at infinity, (c) maps
the circles with center atQ to circles with the same property, (d) maps the linese
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Figure 16. Ia on Brocard points

throughQ to their symetricse′ with respect toPQ (or the symmedian atA). As
a consequenceIa maps the lineQB∗ to the lineQC∗ and pointsG, F ontoC∗,
B∗ correspondingly. Consider now the image of lineAB via Ia. By the properties
just described, pointsA,B,C∗ are mapped ontoA,C,G correspondingly. Also
the point at infinity is mapped ontoQ, thus the line maps to a circler passing
through the points(A,Q,C,G). It is trivial to show that the circle through the
points (A,Q,C) is tangent to lineAB at A. This identifiesG with one of the
two Brocard points oft. Statements (6-10) follow immediately from the previous
remarks. Before to proceed to the proofs of the remaining statements of§4, let us
review some facts about the characteristic parallelograms of Moebius transforma-
tions.

8. Characteristic parallelogram

For proofs of properties of Moebius transformations and their characteristic par-
allelogram I refer to Schwerdtfenger [3]. The characteristic parallelogram of a
Moebius transformationf has one pair of opposite vertices coinciding with the
fixed points off , the other pair of vertices coinciding with the poles off and
f−1 respectively. The parallelogram can be degenerated or have infinite sides. It
characterizes completelyf , when we know which vertices are the fixed points and
which are the poles. In the image belowF , F′ are the fixed points off , P is
its pole andP ′ is the pole off−1. TriangleszFP , Fz′P ′ andzz′F ′ are similar
in that orientation. This defines the recipe by which we construct geometrically
z′ = f(z).

Moebius transformationsf permute the bundleΣ of circles which pass through
their fixed pointsF , F ′. Each circlea of Σ is mapped to a circlea′ of the same
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F’

P

z

z’

P’

F

Figure 17. Building the imagez′ = f(z)

bundle, such that the angle atF is the same with the angle of the characteristic
parallelogram at the poleP . In some sense the circles ofΣ are rotated about
the fixed points off . The picture is complemented by the bundleΣ′, which is
orthogonal to the previous one. This is also permuted byf .

F

F’

P

P’

a

a’

b

b’

z

z’

Figure 18. Characteristic bundles of a Moebius transformation

Theelliptic Moebius transformations are characterized by their property to leave
invariant a circle. The circle then belongs to the bundleΣ′, whose all members
remain also invariant byf . In fact, in that casef is conjugate to a rotation, and by
this conjugation the two bundles correspond to the set of concentric circles about
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the rotation-center (Σ′) and the set of lines through the rotation-center (Σ). In
addition the parallelogram is then a rhombus.

Now to the proofs of the properties of Brocard rotationsf of §4, preserving the
notations introduced there. Since these transformations preserve the circumcircle
of the trianglet, they are elliptic. Since they are conjugate, via the mapF , to Rota-
tions by2π/3, their characteristic parallelogram is a rhombus with an angle (at the
pole) equal to2π/3. From the properties ofF we know that the fixed points off
coincide with the isodynamic points of the triangle and the Apollonian circles are
members of the bundleΣ, permuted byf . The Lemoine axis, being axis of symme-
try of the isodynamic points, contains the other vertices of the rhombus. The other
bundleΣ′, of circles left invariant byf , coincides with the bundle generated by the
circumcircle and the Lemoine axis. Later bundle contains the Brocard circle. The
statement on orbital triangles follows from the corresponding property of Lemoine
rotations, since the two maps coincide on the circumcircle.

O

G

F
JJ’

A

B

CB*

C*

Figure 19. Projections of Brocard points on Lemoine axis

The fact that the circumcenterO, together with the two Brocard pointsF , G
build an orbital triangle off , follows now easily from the fact thatf = Ib ◦ Ia.
In fact, from our discussion, on Brocard reflexions, we know thatIa maps the
circumcenter ontoA∗, the intersection of sidea = BC with the Lemoine axis.
ThenIb, as shown there, mapsA∗ to one Brocard point. A similar argument proves
that applying againf we get the other Brocard point. Analogously one proves that
the second Brocard triangle is also an orbital triangle off . All the statements
(10-19) follow from the previous remarks.

Especially the statement about the fact thatP,P′ are the projections, from the
circumcenterO, of the Brocard points, on the Lemoine axis, follows also easily
from our arguments. In fact, the equibrocardian isosceles trianglet = (ABC)
of the previous picture, is also an orbital triangle of the corresponding Lemoine
rotation. From there we know that its legs pass through the fixed pointsB∗, C∗.
These points are identified as the images of the point at infinity of the Lemoine axis
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under the Lemoine Rotation. But this rotation coincides also with the Brocard ro-
tation on that axis. This identifiesP,P′ with the other vertices of the characteristic
parallelogram.

9. Remarks

(1) For every pointP of the triangle’s plane (e.g. some triangle center), one can
define a projectivityF analogous to the one used in the two examples and estab-
lishing the conjugacy of the groupG with the dihedralD3. The projectivityF is
required to map the vertices of the equilateral triangle to the vertices of the arbitrary
trianglet. In addition, it is required to map the centerP′ of the equilateral to the
selected pointP . These conditions completely determineF and there are several
phenomena, generalizing the previous examples. The bundle of circles centered at
P ′ maps to a familyΣ of conics. One of these conics,c ∈ Σ, circumcscribest, one
other being inscribed and touching the triangle’s side at the feet of the cevians from
P . One can define analogously the action ofD3, preservingc and permutting the
vertices of the triangle. The properties of this action, reflect naturally properties of
the pointP with respect to trianglet. The action leaves invariant the whole family
Σ.

A

B

C
B*

C*

L

c

P

B’

M
b

Figure 20. The limit points of the conics-family

Also, using essentially the same arguments as in the examples, one can show,
that the line at infinity maps viaF to the trilinear polar of P . The trilinear polar
being then a singular member (double line)L of Σ. Besides all orbital triangles
t = (ABC) which have a side,BC say, parallel to this line, have the other two
sides passing through two fixed pointsC∗, B∗ of L, whereas the tangent to the
member-conicc circumscribing the triangle at the other pointA of the triangle is
also parallel toL. The lineb = PA, passes through the middleM of B∗C∗ and is
the conjugate direction toL, with respect to every conic of the family. In this case
also the corresponding projective rotationf recycles pointsB∗, C∗ and the point
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at infinity of lineL.
(2) The dataL,P and the location of pointsB∗, C∗ on L uniquely determine the
invariant family of conicsΣ and the related orbital triangles. In fact, onceB∗, C∗
are known, the lineMP , whereM is the middle ofB∗, C∗, is conjugate to the
direction ofL, with respect to all the conics ofΣ. A point A on this line can
be determined, so that a special orbital triangleABC can be constructed from
the previous data. In fact, pointB′ on AB∗ satisfies the condition that the four
points (ACB′B∗) = 1, form a harmonic ratio. A triangleABC is immediately
constructed, so thatBB∗ andBB′ are its bisectors andBC is parallel toL. Con-
sequently the projectivityF can be defined, and from this the whole family is also
constructed.

P

B*

C*

M

A

B

C B’

Figure 21. Special orbital triangle determined fromB∗, C∗, P

(3) The previous considerations give a nice description of the set of triangles
having a given lineL and a given pointP /∈ L as their trilinear polar with respect
to P . They are orbital triangles of actions of the previous kind and they fall into
families. Each family is characterized by the location of its limit pointsB∗, C∗ on
L.
(4) An easy calculation shows that the focal points of the members ofΣ describe
a singular cubic, self-intersecting atP . Besides the asymptotic line of this cu-
bic coincides withb. WhenP is the Symmedian-point, the corresponding cubic
coincides with the reducible one, consting of the Brocard circle and the Brocard
line.
(5) Inscribed conics and corresponding actions ofD3, permutting their contact
points with the sides of the triangle, could be also considered. They offer though
nothing new, since they are equivalent to actions of the previous kind.
(6) In all the above groups of projectivities, the rotations are identical to the pro-
jectivities fixing the pointP and cycling the vertices. One could start from such
a projectivity and show the existence and invariance of the resepective family of
conics. I prefer however the variant with the circumconics which introduces them
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P’

P

Figure 22. The focal cubic of the invariant family

into the play right from the beginning.
(7) The Brocard action is a singularium. It does not fit completely into the frame-
work of circumconics and projectivities. As we have seen however, it has a close
relationship to the Lemoine dihedral group. On Brocard Geometry there is an al-
ternative exposition by John Conway [4], described in a letter to Hyacinthos .
(8) Finally a comment on the many figures used. They are produced withEu-
cliDraw. This is a program, developed at the University of Crete, that does quickly
the job of drawing interesting figures. It has many tools that do complicated jobs,
reflecting the fact that it uses a conceptual granularity a bit wider than the very
basic axioms. I am quite involved in its development and hope that other geome-
ters will find it interesting, since it does quickly its job (sometimes even correctly),
and new tools are continuously added. The program can be downloaded and tested
from www.euclidraw.com.
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Generalized Mandart Conics

Bernard Gibert

Abstract. We consider interesting conics associated with the configuration of
three points on the perpendiculars from a pointP to the sidelines of a given
triangleABC, all equidistant fromP . This generalizes the work of H. Mandart
in 1894.

1. Mandart triangles

Let ABC be a given triangle andA′B′C ′ its medial triangle. Denote by∆, R,
r the area, the circumradius, the inradius ofABC. For anyt ∈ R∪ {∞}, consider
the pointsPa, Pb, Pc on the perpendicular bisectors ofBC,CA, AB such that the
signed distances verifyA′Pa = B′Pb = C ′Pc = t with the following convention:
for t > 0, Pa lies in the half-plane bounded byBC which does not containA.
We callTt = PaPbPc the t-Mandart triangle with respect toABC. H. Mandart
has studied in detail these triangles and associated conics ([5, 6]). We begin a
modernized review with supplementary results, and identify the triangle centers in
the notations of [4]. In the second part of this paper, we generalize the Mandart
triangles and conics.

The vertices of the Mandart triangleTt, in homogeneous barycentric coordi-
nates, are

Pa =− ta2 : a∆+ tSC : a∆+ tSB,

Pb =b∆+ tSC : −tb2 : b∆+ tSA,

Pc =c∆+ tSB : c∆+ tSA : −tc2,
where

SA =
b2 + c2 − a2

2
, SB =

c2 + a2 − b2

2
, SC =

a2 + b2 − c2

2
.

Proposition 1 ([6, §2]). The points Pa, Pb, Pc are collinear if and only if t2+Rt+
1
2Rr = 0, i.e.,

t =
R±√

R2 − 2Rr
2

=
R±OI

2
.

The two lines containing those collinear points are the parallels at X10 (Spieker
center) to the asymptotes of the Feuerbach hyperbola.

Publication Date: November 12, 2004. Communicating Editor: Paul Yiu.
The author thanks Paul Yiu for his help in the preparation of this paper.
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In other words, there are exactly two sets of collinear points on the perpendic-
ular bisectors ofABC situated at the same (signed) distance from the sidelines of
ABC. See Figure 1.

A

B C

X11

Pa

Feuerbach

hyperbola

Pb

Pc

Pa

PbPc

Figure 1. CollinearPa, Pb, Pc

Proposition 2. The triangles ABC and PaPbPc are perspective if and only if
(1) t = 0: PaPbPc is the medial triangle, or
(2) t = −r: Pa, Pb, Pc are the projections of the incenter I = X1 on the perpen-
dicular bisectors.

In the latter case,Pa, Pb, Pc obviously lie on the circle with diameterIO. The
two triangles are indirectly similar and their perspector isX8 (Nagel point).

Remark. For anyt, the triangleQaQbQc bounded by the parallels atPa, Pb, Pc to
the sidelinesBC, CA, AB is homothetic atI (incenter) toABC.

Proposition 3. The Mandart triangle Tt and the medial triangle A′B′C ′ have the
same area if and only if either :
(1) t = 0: Tt is the medial triangle,
(2) t = −R,
(3) t is solution of: t2 +Rt+Rr = 0.
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This equation has two distinct (real) solutions whenR > 4r, hence there are
three Mandart triangles, distinct ofA′B′C ′, having the same area asA′B′C ′. See
Figure 2. In the very particular situationR = 4r, the equation gives the unique

A

B C

O

A'

C'B'

Figure 2. Three equal area triangles whenR > 4r

solutiont = −2r = −R
2 and we find only two such triangles. See Figure 3.

A

B C

O

A'

C'B'

I

Figure 3. Only two equal area triangles whenR = 4r

Proposition 4 ([5, §1]). As t varies, the line PbPc envelopes a parabola Pa.

The parabolaPa is tangent to the perpendicular bisectors ofAB andAC, to
the lineB′C ′ and to the two lines met in proposition 1 above. Its focusFa is the
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projection ofO on the bisectorAI. Its directrix �a is the bisectorA′X10 of the
medial triangle. See Figure 4.

A

B CA'

B'

Fa

∆a

C'

Pa

O

X10

Figure 4. The parabolaPa

Similarly, the linesPcPa andPaPb envelope parabolasPb andPc respectively.
From this, we note the following.
(i) The foci ofPa, Pb, Pc lie on the circle with diameterOI.
(ii) The directrices concur atX10.
(iii) The axes concur atO.
(iv) The contacts of the linesPbPc, PcPa, PaPb with Pa, Pb, Pc respectively are
collinear. See Figure 5.

These three parabolas are generally not in the same pencil of conics since their
jacobian is the union of the perpendicular atO to the lineIX10 and the circle
centered atX10 having the same radius as the Fuhrmann circle: the polar lines of
any point on this circle in the parabolas concur on the line and conversely.

2. Mandart conics

Proposition 5 ([6, §7]). The Mandart triangle Tt and the medial triangle are
perspective at O. As t varies, the perspectrix envelopes the parabola PM with
focus X124 and directrix X3X10.
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Figure 5. The three parabolasPa, Pb, Pc

We callPM theMandart parabola. It has equation

∑
cyclic

x2

(b− c)(b+ c− a)
= 0.

TriangleABC is clearly self-polar with respect toPM . The directrix is the line
X3X10 and the focus isX124. PM is inscribed in the medial triangle with perspec-
tor

X1146 = ((b− c)2(b+ c− a)2 : · · · : · · · ),
the center of the circum-hyperbola passing throughG andX8 with respect to this
triangle. The contacts ofPM with the sidelines of the medial triangle lie on the per-
pendiculars dropped fromA, B, C to the directrixX3X10. PM is the complement
of the inscribed parabola with focusX109 and directrix the lineIH. See Figure 6.

Proposition 6 ([5, 2, p.551]). The Mandart triangle Tt and ABC are orthologic.
The perpendiculars from A, B, C to the corresponding sidelines of PaPbPc are
concurrent at

Qt =
(

a

aSA + 4∆t
: · · · : · · ·

)
.

As t varies, the locus of Qt is the Feuerbach hyperbola.
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A

B
C

A'

B'

X124

C'

PM

O

directrix

Figure 6. The Mandart parabola

Remark. The trianglesA′B′C ′ andTt are also orthologic atQ′
t, the complement

of Qt.

Denote byA1B1C1 the extouch triangle (see [3, p.158,§6.9]), i.e., the cevian
triangle ofX8 (Nagel point) or equivalently the pedal triangle ofX40 (reflection
of I in O). The circumcircleCM of A1B1C1 is calledMandart circle. CM is
therefore the pedal circle ofX40 andX84 (isogonal conjugate ofX40), the cevian
circumcircle ofX189 (cyclocevian conjugate ofX8). CM contains the Feuerbach
pointX11. Its center isX1158, intersection of the linesX1X104 andX8X40. The
second intersection with the incircle isX1364 and the second intersection with the
nine-point circle is the complement ofX934. See Figure 7. TheMandart ellipse EM

(see [6,§§3,4]) is the inscribed ellipse with centerX9 (Mittenpunkt) and perspector
X8. It containsA1, B1, C1, X11 and its axes are parallel to the asymptotes of the
Feuerbach hyperbola. See Figure 7.

The equation ofEM is:

∑
cyclic

(c+ a− b)2(a+ b− c)2x2 − 2(b+ c− a)2(c+ a− b)(a+ b− c)yz = 0



Generalized Mandart conics 183

A

B
C

X104

Mandart

ellipse

A1

X8

X9 X11

X1364

X1158

C1

B1

Feuerbach

hyperbola

Mandart

   circle

incircle

Figure 7. The Mandart circle and the Mandart ellipse

From this, we see thatCM is the Joachimsthal circle ofX40 with respect toEM :
the four normals drawn fromX40 to EM pass throughA1, B1, C1 and

F ′ = ((b+ c− a)((b − c)2 + a(b+ c− 2a))2 : · · · : · · · ),
the reflectionX11 in X9. 1

The radical axis ofCM and the nine-point circle is the tangent atX11 to EM and
also the polar line ofG in PM . The projection ofX9 on this tangent is the point
X1364 we met above. Hence,CM , the nine-point circle and the circle with diameter
X9X11 belong to the same pencil of (coaxal) circles ([6,§§8,9]).

The radical axis ofCM and the incircle is the polar line ofX10 in PM .

Proposition 7. [6, §§1,2] The Mandart triangle Tt and the extouch triangle are
orthologic. The perpendiculars drawn from A1, B1, C1 to the corresponding
sidelines of Tt = PaPbPc are concurrent at S. As t varies, the locus of S is
the rectangular hyperbola HM passing through the traces of X8 and X190 =(

1
b−c : 1

c−a : 1
a−b

)

We callHM theMandart hyperbola. It has equation∑
cyclic

(b− c)
[
(c+ a− b)(a+ b− c)x2 + (b+ c− a)2yz

]
= 0

1This point is not in the current edition of [4].
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and contains the triangle centersX8, X9, X40, X72, X144, X1145, F ′, andF ′′
antipode ofX11 on CM . Its asymptotes are parallel to those of the Feuerbach
hyperbola.HM is the Apollonian hyperbola ofX40 with respect toEM . See Figure
8.
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Figure 8. The Mandart hyperbola

3. Locus of some triangle centers in the Mandart triangles

We now examine the locus of some triangle centers ofTt = PaPbPc when t
varies. We shall consider the centroid, circumcenter, orthocenter, and Lemoine
point.

Proposition 8. The locus of the centroid of Tt is the parallel at G to the line OI .

Proposition 9. The locus of the circumcenter of Tt is the rectangular hyperbola
passing through X1, X5, X10, X21 (Schiffler point) and X1385. 2

The equation of the hyperbola is∑
cyclic

(b− c)
[
bc(b+ c)x2 + a(b2 + c2 − a2 + 3bc)yz

]
= 0.

2X1385 is the midpoint ofOI .
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It has centerX1125 (midpoint ofIX10) and asymptotes parallel to those of the
Feuerbach hyperbola.

The locus of the orthocenter ofTt is a nodal cubic with nodeX10 passing
throughO, X1385, meeting the line at infinity atX517 and the infinite points of
the Feuerbach hyperbola. The line through the orthocenters of thet-Mandart trian-
gle and the(−t)-Mandart triangle passes through a fixed point.

The locus of the Lemoine point ofTt is another nodal cubic with nodeX10.

4. Generalized Mandart conics

Most of the results above can be generalized whenX8 is replaced by any point
M on the Lucas cubic, the isotomic cubic with pivotX69. The cevian triangle
of such a pointM is the pedal triangle of a pointN on the Darboux cubic, the
isogonal cubic with pivot the de Longchamps pointX20. 3

For example, withM = X8, we findN = X40 andM ′ = X1 = I.
Denote byMaMbMc the cevian triangle ofM (on the Lucas cubic) and the

pedal triangle ofN (on the Darboux cubic).N∗ is the isogonal conjugate ofN
also on the Darboux cubic. We now consider
– γM , inscribed conic inABC with perspectorM and centerωM , which is the
complement of the isotomic conjugate ofM . It lies on the Thomson cubic and on
the lineKM ′ (K = X6 is the Lemoine point),
– ΓM , circumcircle ofMaMbMc with centerΩM , midpoint ofNN∗. ΓM is obvi-
ously the pedal circle ofN andN∗ and also the cevian circle ofM◦, cyclocevian
conjugate ofM (see [3, p.226,§8.12]).M◦ is a point on the Lucas cubic since this
cubic is invariant under cyclocevian conjugation.

SinceγM andΓM have already three points in common, they must have a fourth
(always real) common pointZ. Finally, denote byZ′ the reflection ofZ in ωM .
See Figure 9.

Table 1 gives examples for several known centersM on the Lucas cubic.4 Those
marked with∗ are indicated in Table 2; those marked with? are too complicated to
give here.

Table 1

M X8 X2 X4 X7 X20 X69 X189 X253 X329 X1032 X1034

N X40 X3 X4 X1 X1498 X20 X84 X64 X1490 ∗ ∗
M ′ X1 X2 X3 X9 X4 X6 X223 X1249 X57 ∗ ∗
N∗ X84 X4 X3 X1 ∗ X64 X40 X20 ∗ X1498 X1490

M◦ X189 X4 X2 X7 X1032 X253 X8 X69 X1034 X20 X329

ωM X9 X2 X6 X1 X1249 X3 X57 X4 X223 X1073 X282

ΩM X1158 X5 X5 X1 ? ? X1158 ? ? ? ?
Z X11 X115 X125 X11 X122 X125 ∗ X122 ∗ ? ∗
Z′ ∗ ∗ ∗ X1317 ∗ ∗ ∗ ∗ ∗ ? ∗

3It is also known that the complement ofM is a pointM′ on the the Thomson cubic, the isogonal
cubic with pivotG = X2, the centroid.

4Two isotomic conjugates on the Lucas cubic are associated to the same pointZ on the nine-point
circle.
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Table 2

Triangle center First barycentric coordinate

Z′(X8) (b + c − a)(2a2 − a(b + c) − (b − c)2)2

Z′(X2) (2a2 − b2 − c2)2

Z′(X4)
(2a2−b2−c2)2

SA

Z′(X20) ((3a4 − 2a2(b2 + c2) − (b2 − c2)2)
·(2a8 − a6(b2 + c2) − 5a4(b2 − c2)2 + 5a2(b2 − c2)2(b2 + c2)

−(b2 − c2)2(b4 + 6b2c2 + c4))2

Z′(X69) SA(2a4 − a2(b2 + c2) − (b2 − c2)2)2

Z(X189) (b − c)2(b + c − a)2(a3 + a2(b + c) − a(b + c)2 − (b + c)(b − c)2

Z′(X189)
(2a2−a(b+c)−(b−c)2)2

a3+a2(b+c)−a(b+c)2−(b+c)(b−c)2

Z′(X253)
(2a4−a2(b2+c2)−(b2−c2)2)2

3a4−2a2(b2+c2)−(b2−c2)2

Z(X329) (b − c)2(b + c − a)2(a3 + a2(b + c) − a(b + c)2 − (b + c)(b − c)2

Z′(X329) (a3 + a2(b + c) − a(b + c)2 − (b + c)(b − c)2)
·(2a5 − a4(b + c) − 4a3(b − c)2 + 2a2(b − c)2(b + c)

+2a(b − c)2(b2 + c2) − (b − c)2(b + c)3)2

N∗(X20) 1/(a8 − 4a6(b2 + c2) + 2a4(3b4 − 2b2c2 + 3c4)
−4a2(b2 − c2)2(b2 + c2) + (b2 − c2)2(b4 + 6b2c2 + c4))

N∗(X329) a/(a6 − 2a5(b + c) − a4(b + c)2 + 4a3(b + c)(b2 − bc + c2)
−a2(b2 − c2)2 − 2a(b + c)(b − c)2(b2 + c2) + (b − c)2(b + c)4)

N(X1032) 1/(a8 − 4a6(b2 + c2) + 2a4(3b4 − 2b2c2 + 3c4)
−4a2(b2 − c2)2(b2 + c2) + (b2 − c2)2(b4 + 6b2c2 + c4))

M ′(X1032) (a2(a8 − 4a6(b2 + c2) + 2a4(3b4 − 2b2c2 + 3c4)
−4a2(b2 − c2)2(b2 + c2) + (b2 − c2)2(b4 + 6b2c2 + c4))/

(3a4 − 2a2(b2 + c2) − (b2 − c2)2)

N(X1034) a/(a6 − 2a5(b + c) − a4(b + c)2 + 4a3(b + c)(b2 − bc + c2)

−a2(b2 − c2)2 − 2a(b − c)2(b + c)(b2 + c2) + (b − c)2(b + c)4)

M ′(X1034) a(a6 − 2a5(b + c) − a4(b + c)2 + 4a3(b + c)(b2 − bc + c2)
−a2(b2 − c2)2 − 2a(b − c)2(b + c)(b2 + c2) + (b − c)2(b + c)4)/

(a3 + a2(b + c) − a(b + c)2 − (b + c)(b − c)2)

Z(X1034) (b − c)2(b + c − a)(a3 + a2(b + c) − a(b + c)2 − (b + c)(b − c)2)2

·(a6 − 2a5(b + c) − a4(b + c)2 + 4a3(b + c)(b2 − bc + c2)
−a2(b2 − c2)2 − 2a(b − c)2(b + c)(b2 + c2) + (b − c)2(b + c)4))

Z′(X1034) (b + c − a)(2a5 − a4(b + c) − 4a3(b − c)2 + 2a2(b − c)2(b + c)
+2a(b − c)2(b2 + c2) − (b2 − c2)3)2)/(a6 − 2a5(b + c) − a4(b + c)2

+4a3(b + c)(b2 − bc + c2) − a2(b2 − c2)2 − 2a(b − c)2(b + c)(b2 + c2)
+(b − c)2(b + c)4)

M ′(X1034) a(a6 − 2a5(b + c) − a4(b + c)2 + 4a3(b + c)(b2 − bc + c2)
−a2(b2 − c2)2 − 2a(b − c)2(b + c)(b2 + c2) + (b − c)2(b + c)4)/

(a3 + a2(b + c) − a(b + c)2 − (b + c)(b − c)2)

Z(X1034) (b − c)2(b + c − a)(a3 + a2(b + c) − a(b + c)2 − (b + c)(b − c)2)2

·(a6 − 2a5(b + c) − a4(b + c)2 + 4a3(b + c)(b2 − bc + c2)
−a2(b2 − c2)2 − 2a(b − c)2(b + c)(b2 + c2) + (b − c)2(b + c)4))

Z′(X1034) (b + c − a)(2a5 − a4(b + c) − 4a3(b − c)2 + 2a2(b − c)2(b + c)
+2a(b − c)2(b2 + c2) − (b2 − c2)3)2)/(a6 − 2a5(b + c) − a4(b + c)2

+4a3(b + c)(b2 − bc + c2) − a2(b2 − c2)2

−2a(b − c)2(b + c)(b2 + c2) + (b − c)2(b + c)4)
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Proposition 10. Z is a point on the nine-point circle and Z′ is the foot of the fourth
normal drawn from N to γM .

Proof. The linesNMa, NMb, NMc are indeed already three such normals hence
ΓM is the Joachimsthal circle ofN with respect toγM . This yields thatΓM must
pass through the reflection inωM of the foot of the fourth normal. See Figure
9. �

A

B C

M
N

Ma

Lucas cubic

Z’

Z

Mb

Mc

Γ
M

γ
M

ω
M

Figure 9. The generalized Mandart circle and conic

Remark. Z also lies on the cevian circumcircle ofM# isotomic conjugate ofM
and on the inscribed conic with perspectorM# and centerM ′.

Proposition 11. The points Ma, Mb, Mc, M , N , ωM and Z′ lie on a same rectan-
gular hyperbola whose asymptotes are parallel to the axes of γM .

Proof. This hyperbola is the Apollonian hyperbola ofN with respect toγM . �

Proposition 12. The rectangular hyperbola passing through A, B, C , H and M
is centered at Z . It also contains M′, N∗, ωM and M#. Its asymptotes are also
parallel to the axes of γM .

Remark. This hyperbola is the isogonal transform of the lineON and the isotomic
transform of the lineX69M .
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5. Generalized Mandart triangles

We now replace the circumcenterO by any finite pointP = (u : v : w) not
lying on one sideline ofABC and we still callA′B′C ′ its pedal triangle. For
t ∈ R ∪ {∞}, considerPa, Pb, Pc defined as follows: draw three parallels toBC,
CA, AB at the (signed) distancet with the conventions at the beginning of the
paper.Pa, Pb, Pc are the projections ofP on these parallels. See Figure 10.

A

B C

P

A’

Pa

C’

B’

I

Pb

Pc

Qa

Qb Qc

Figure 10. Generalized Mandart triangle

In homogeneous barycentric coordinates, these are the points

Pa =− a3t : 2∆ · SCu+ a2v

u+ v + w
+ taSC : 2∆ · SBu+ a2w

u+ v + w
+ taSB,

Pb =2∆ · SCv + b2u

u+ v + w
+ tbSC : −b3t : 2∆ · SAv + b2w

u+ v + w
+ tbSA,

Pc =2∆ · SBw + c2u

u+ v + w
+ tcSB : 2∆ · SAw + c2v

u+ v +w
+ tcSA : −c3t.

The triangleTt(P ) = PaPbPc is calledt−Mandart triangle ofP .

Proposition 13. For any P distinct from the incenter I , there are always two sets
of collinear points Pa, Pb, Pc. The two lines L1 and L2 containing the points are
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parallel to the asymptotes of the hyperbola which is the isogonal conjugate of the
parallel to IP at X40

5. They meet at the point :

(a((b+ c)bcu+ cSCv + bSBw) : · · · : · · · ).
They are perpendicular if and only if P lies on OI .

Proof. Pa, Pb, Pc are collinear if and only ift is solution of the equation :

abc(a+ b+ c)t2 + 2∆Φ1(u, v,w) t + 4∆2 Φ2(u, v,w) = 0 (1)

where

Φ1(u, v,w) =
∑
cyclic

bc(b+ c)u and Φ2(u, v,w) =
∑
cyclic

a2vw.

We notice thatΦ1(u, v,w) = 0 if and only if P lies on the polar line ofI in the
circumcircle andΦ2(u, v,w) = 0 if and only if P lies on the circumcircle.

The discriminant of (1) is non-negative for allP and null if and only ifP = I. In
this latter case, the pointsPa, Pb, Pc are “collinear” if and only if they all coincide
with I.

Considering nowP �= I, (1) always has two (real) solutions. �
Figure 11 shows the caseP = H with two (non-perpendicular) lines secant at

X65 orthocenter of the intouch triangle.

A

B
C

X65

PaPb Pc

Pa

Pb

Pc
H

A'

C'

B'

Figure 11. CollinearPa, Pb, Pc with P = H

Figure 12 shows the caseP = X40 with two perpendicular lines secant atX8

and parallel to the asymptotes of the Feuerbach hyperbola.
WhenP is a point on the circumcircle, equation (1) has a solutiont = 0 and one

of the two lines, sayL1, is the Simson line ofP : the triangleA′B′C ′ degenerates

5X40 is the reflection ofI in O.
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Figure 12. CollinearPa, Pb, Pc with P = X40

into this Simson line.L1 andL2 meet on the ellipse centered atX10 passing
throughX11, the midpoints ofABC and the feet of the cevians ofX8. This ellipse
is the complement of the circum-ellipse centered atI and has equation :

∑
cyclic

(a+ b− c)(a− b+ c)x2 − 2a(b + c− a)yz = 0.

Figure 13 shows the caseP = X104 with two lines secant atX11, one of them
being the Simson line ofX104.

Following equation (1) again, we observe that, whenP lies on the polar line
of I in the circumcircle, we find to opposite values fort: the two corresponding
pointsPa are symmetric with respect to the sidelineBC, Pb andPc similarly.
The most interesting situation is obtained withP = X36 (inversive image ofI in
the circumcircle) since we find two perpendicular linesL1 andL2, parallel to the
asymptotes of the Feuerbach hyperbola, intersecting at the midpoint ofX36X80

6.
See Figure 14.

Construction ofL1 andL2 : the line IP 7 meets the circumcircle atS1 and
S2. The parallels atP to OS1 andOS2 meetOI at T1 andT2. The homotheties
with centerI which mapO toT1 andT2 also map the triangleABC to the triangles
A1B1C1 andA2B2C2. The perpendicularsPA′,PB′,PC ′ atP to the sidelines of
ABC meet the corresponding sidelines ofA1B1C1 andA2B2C2 at the requested
points.

6X80 is the isogonal conjugate ofX36.
7We supposeI �= P .
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Figure 13. CollinearPa, Pb, Pc with P = X104
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Figure 14. CollinearPa, Pb, Pc with P = X36
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Proposition 14. The triangles ABC and PaPbPc are perspective if and only if k
is solution of :

Ψ2(u, v,w) t2 +Ψ1(u, v,w) t +Ψ0(u, v,w) = 0 (2)

where :

Ψ2(u, v,w) =− 1
2
abc(a+ b+ c)(u + v + w)2

∑
cyclic

(b− c)(b + c− a)SAu,

Ψ1(u, v,w) =
1
2
(a+ b+ c)(u+ v + w)∆

∑
cyclic

(−2bc(b− c)(b+ c− a)SAu
2

+ a2(b− c)(a+ b+ c)(b+ c− a)2vw
)
,

Ψ0(u, v,w) =∆2
∑
cyclic

(3a4 − 2a2(b2 + c2)− (b2 − c2)2)u(c2v2 − b2w2).

Remarks. (1) Ψ2(u, v,w) = 0 if and only if P lies on the lineIH.
(2) Ψ1(u, v,w) = 0 if and only if P lies on the hyperbola passing throughI,

H,X500, X573, X1742
8 and having the same asymptotic directions as the isogonal

transform of the lineX40X758, i.e., the reflection inO of the lineX1X21.
(3) Ψ0(u, v,w) = 0 if and only if P lies on the Darboux cubic. See Figure 15.

The equation (2) is clearly realized for allt if and only if P = I or P =
H: all t−Mandart triangles ofI andH are perspective toABC. Furthermore,
if P = H the perspector is alwaysH, and if P = I the perspector lies on the
Feuerbach hyperbola. In the sequel, we exclude those two points and see that there
are at most two real numberst1 and t2 for which t1− andt2−Mandart triangles
of P are perspective toABC. Let us denote byR1 andR2 the (not always real)
corresponding perspectors.

We explain the construction of these two perspectors with the help of several
lemmas.

Lemma 15. For a given P and a corresponding Mandart triangle Tt(P ) =
PaPbPc, the locus of Ra = BPb ∩ CPc, when t varies, is a conic γa.

Proof. The correspondence on the pencils of lines with polesB andC mapping
the linesBPb andCPc is clearly an involution. Hence, the common point of the
two lines must lie on a conic. �

This conicγa obviously containsB, C, H, Sa = BB′ ∩ CC ′ and two other
pointsB1 onAB,C1 onAC defined as follows. ReflectAB ∩PB′ in the bisector
AI to get a pointB2 onAC. The parallel toAB atB2 meetsPC ′ atB3. B1 is the
intersection ofAB andCB3. The pointC1 onAC is constructed similarly. See
Figure 16.

Lemma 16. The three conics γa, γb, γc have three points in common: H and the
(not always real) sought perspectors R1 and R2. Their jacobian must degenerate

8X500 = X1X30 ∩ X3X6, X573 = X4X9 ∩ X3X6 andX1742 = X1X7 ∩ X3X238.
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X1490

Darboux cubic

H

hyperbola 

Figure 15. Proposition 14

into three lines, one always real LP containing R1 and R2, two other passing
through H .

Lemma 17. LP contains the Nagel point X8. In other words, X8, R1 and R2 are
always collinear.

With P = (u : v : w), LP has equation :

∑
cyclic

a(cv − bw)
b+ c− a

x = 0

LP is the trilinear polar of the isotomic conjugate of pointT , whereT is the
barycentric product ofX57 and the isotomic conjugate of the trilinear pole of the
line PI. The construction ofR1 andR2 is now possible in the most general case
with one of the conics andLP . Nevertheless, in three specific situations already
mentioned, the construction simplifies as we see in the three following corollaries.

Corollary 18. When P lies on IH , there is only one (always real) Mandart trian-
gle Tt(P ) perspective to ABC . The perspector R is the intersection of the lines
HX8 and PX78.

Proof. This is obvious since equation (2) is at most of the first degree whenP lies
on IH. �
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A

B
C

P

γ
a

X8

L
P

HR1

R2

A’

B’

C’

γ
c

γ
b

Sa

Figure 16. The three conicsγa, γb, γc and the perspectorsR1, R2
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X318

Figure 17. Only one trianglePaPbPc perspective toABC whenP lies onIH

In Figure 17, we have takenP = X33 andR = X318.
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Remark. The lineIH meets the Darboux cubic again atX1490. The corresponding
Mandart triangleTt(P ) is the pedal triangle ofX1490 which is also the cevian
triangle ofX329.

Corollary 19. When P (different from I and H) lies on the conic seen above, there
are two (not always real) Mandart triangles Tt(P ) perspective to ABC obtained
for two opposite values t1 and t2. The vertices of the triangles are therefore two by
two symmetric in the sidelines of ABC .

In the figure 18, we have takenP = X500 (orthocenter of the incentral triangle).

A

B C

X500

Pa

Pb

Pc

Pa

PbPc

A'

C'
B'

Figure 18. Two trianglesPaPbPc perspective withABC having vertices sym-
metric in the sidelines ofABC

Corollary 20. When P (different from I , H , X1490 ) lies on the Darboux cubic,
there are two (always real) Mandart triangles Tt(P ) perspective to ABC , one of
them being the pedal triangle of P with a perspector on the Lucas cubic.

Since one perspector, sayR1, is known, the construction of the other is simple:
it is the “second” intersection of the lineX8R1 with the conicBCHSaR1.

Table 3 givesP (on the Darboux cubic), the corresponding perspectorsR1 (on
the Lucas cubic) andR2.

Table 3

P X1 X3 X4 X20 X40 X64 X84 X1498

R1 X7 X2 X4 X69 X8 X253 X189 X20

R2 X8 X4 X388 X10 ∗ X515 ∗
Table 4
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Triangle center First barycentric coordinate

R2(X64)
a8−4a6(b+c)2+2a4(b+c)2(3b2−4bc+3c2)−4a2(b2−c2)2(b2+c2)+(b−c)2(b+c)6

b+c−a

R2(X1498)
a4−2a2(b+c)2+(b2−c2)2)

a3+a2(b+c)−a(b+c)2−(b+c)(b−c)2

In Figure 19, we have takenP = X40 (reflection ofI in O).

A

B
C

X10

Pa

Pb

Pc

Pa

Pb

Pc

X40

X8

Darboux

       cubic

Lucas

   cubic

Figure 19. Two trianglesPaPbPc perspective withABC whenP = X40

Proposition 21. The triangles A′B′C ′ and PaPbPc have the same area if and only
if
(1) t = 0, or
(2) t = − bc(b+c)u+ca(c+a)v+ab(a+b)w

2R(a+b+c)(u+v+w) , 9

(3) t is a solution of a quadratic equation 10 whose discriminant has the same sign
of

f(u, v,w) =
∑
cyclic

b2c2(b+ c)2u2 + 2a2bc(bc − 3a(a + b+ c))vw.

9This can be interpreted ast = −d(P )
d(O)

·R, whered(X) denotes the distance fromX to the polar

line of I in the circumcircle.
10abc(a + b + c)(u + v + w)2t2 + 2∆(u + v + w)

(∑
cyclic bc(b + c)u

)
t + 8∆2(a2vw +

b2wu + c2uv) = 0.
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The equationf(x, y, z) = 0 represents an ellipseE centered atX35
11 whose

axes are parallel and perpendicular to the lineOI. See Figure 20.

A

B C

G

X35

I

O

Figure 20. The ”critical” ellipseE

According to the position ofP with respect to this ellipse, it is possible to have
other triangles solution of the problem. More precisely, ifP is
– insideE , there is no other triangle,
– outsideE , there are two other (distinct) triangles,
– onE , there is only one other triangle.

Proposition 22. As t varies, each line PbPc, PcPa, PaPb still envelopes a parabola.

Denote these parabolas byPa, Pb, Pc respectively.Pa has focus the projection
Fa of P onAI and directrix�a parallel toAI atEa such that

−−→
PEa = cosA

−−→
PFa.

Note that the direction of the directrix (and the axis) is independent ofP . Pa is
still tangent to the linesPB′, PC ′, B′C ′.

In this more general case, the directrices�a, �b, �c are not necessarily concurrent.
This happens if and only ifP lies on the lineOI and, then, their common point
lies onIG.

Proposition 23. The Mandart triangle Tt(P ) and the pedal triangle of P are
perspective at P . As t varies, the envelope of their perspectrix is a parabola.

11Let I ′
a be the inverse-in-circumcircle of the excenterIa, and defineI′

b andI ′
c similarly. The

trianglesABC andI′
aI ′

bI
′
c are perspective atX35 which is a point on the lineOI .
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The directrix of this parabola is parallel to the lineIP∗. It is still inscribed in
the pedal triangleA′B′C ′ of P and is tangent to the two linesL1 andL2 met in
proposition 13.

Remark. Unlike the caseP = X8, ABC is not necessary self polar with respect
to this Mandart parabola.

Proposition 24. The Mandart triangle Tt(P ) and ABC are orthologic. The per-
pendiculars from A, B, C to the corresponding sidelines of PaPbPc are concurrent

at Q =
(

a2

at+2∆u : · · · : · · ·
)

. As t varies, the locus of Q is generally the circum-

conic which is the isogonal transform of the line IP .

This conic has equation∑
cyclic

a2(cv − bw)yz = 0.

It is tangent atI to IP , and is a rectangular hyperbola if and only ifP lies on
the lineOI (P �= I). WhenP = I, the triangles are homothetic atI and the
perpendiculars concur atI.
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Another Proof of Fagnano’s Inequality

Nguyen Minh Ha

Abstract. We prove Fagnano’s inequality using the scalar product of vectors.

In 1775, I. F. Fagnano, an Italian mathematician, proposed the following ex-
tremum problem.

Problem (Fagnano). In a given acute-angled triangle ABC , inscribe a triangle
XY Z whose perimeter is as small as possible.

Fagnano himself gave a solution to this problem using calculus. The second
proof given in [1] repeatedly using reflections and the mirror property of the orthic
triangle was due to L. Fej´er. While H. A. Schwarz gave another proof in which
reflection was also used, we give another proof by using the scalar product of two
vectors.

B C

A

IX

Z

J

H

K

Y

Figure 1

Let AI,BJ andCK be the altitudes of triangleABC andH its orthocenter.
Suppose thatX,Y,Z are arbitrary points on the linesBC,CA andAB respec-
tively. See Figure 1. We have
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Y Z + ZX + XY

=
Y Z · JK

JK
+

ZX · KI

KI
+

XY · IJ

IJ

�
−→
Y Z

−→
·JK

JK
+

−→
ZX ·

−→
KI

KI
+

−→
XY ·

−→
IJ

IJ

=
(
−→
Y J +

−→
JK +

−→
KZ) ·

−→
JK

JK
+

(
−→
ZK +

−→
KI +

−→
IX) ·

−→
KI

KI
+

(
−→
XI +

−→
IJ +

−→
JY ) ·

−→
IJ

IJ

=JK + KI + IJ +
−→
XI ·

(−→
IJ

IJ
+

−→
IK

IK

)
+

−→
Y J ·

( −→
JK

JK
+

−→
JI

JI

)
+

−→
ZK ·

( −→
KI

KI
+

−→
KJ

KJ

)
.

Since triangleABC is acute-angled, its altitudes bisect the internal angles of its
orthic triangleIJK. It follows that the vectors

−→
IJ

IJ
+

−→
IK

IK
,

−→
JK

JK
+

−→
JI

JI
,

−→
KI

KI
+

−→
KJ

KJ

are respectively perpendicular to the vectors
−→
XI,

−→
Y J,

−→
ZK. It follows that

Y Z + ZX + XY � JK + KI + IJ. (1)

If the equality in (1) occurs, then the vectors
−→
Y Z,

−→
ZX,

−→
XY point in the same direc-

tions of the vectors
−→
JK,

−→
KI,

−→
IJ respectively. Hence there exist positive numbers

α, β andγ such that
−→
Y Z = α

−→
JK,

−→
ZX = β

−→
KI,

−→
XY = γ

−→
IJ .

Now we haveα
−→
JK + β

−→
KI + γ

−→
IJ =

−→
0 . It follows from this and the equality

−→
JK +

−→
KI +

−→
IJ =

−→
0 thatα = β = γ. Consequently,

−→
Y Z = α

−→
JK,

−→
ZX = α

−→
KI,

−→
XY = α

−→
IJ ,

which implies that

Y Z = αJK, ZX = αKI, XY = αIJ,

and
Y Z + ZX + XY = α(JK + KI + IJ).

Note that the equality in (1) occurs, we haveα = β = γ = 1. Then
−→
Y Z =

−→
JK,

−→
ZX =

−→
KI,

−→
XY =

−→
IJ , which means thatX,Y,Z respectively coincides

with I, J,K.
Conversely, ifX, Y , Z coincide withI, J , K respectively, then equality sign

occurs in (1).
In conclusion, the triangleXY Z has the smallest possible perimeter whenX,

Y , Z coincide withI, J , K respectively.
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Further Inequalities of Erdős-Mordell Type

Walther Janous

To the memory of Murray S. Klamkin

Abstract. We extend the recent generalization of the famous Erd˝os-Mordell in-
equality by Dar and Gueron in theAmerican Mathematical Monthly.

1. Introduction

In the recent note [1] the following generalization of the famous Erd˝os - Mordell
inequality has been established. (For a proof of the original inequality see for in-
stance [2]). For a triangleA1A2A3, we denote byai the length of the side opposite
to Ai, i = 1, 2, 3. Let P be an interior point. Denote the distances ofP from the
verticesAi by Ri and from the sides oppositeAi by ri. For positive real numbers
λ1, λ2, λ3,

λ1R1 + λ2R2 + λ3R3 ≥ 2
√

λ1λ2λ3

(
r1√
λ1

+
r2√
λ2

+
r3√
λ3

)
, (1)

This inequality appears in [3, p.318, Theorem 15] without proof and with an
incorrect characterization for equality. In [3, Chapter XI] and [4, Chapter 12], there
are quoted very many extensions and variations of the original Erd˝os - Mordell
inequality. It is the goal of this note to prove a further generalization containing
the results of [1] and to apply it to specific points in a triangle, resulting in new
inequalities for several elements of triangles.

2. The inequalities

Let λ1, λ2, λ3 andt denote positive real numbers, with0 < t ≤ 1.

Theorem 1.

λ1R
t
1 + λ2R

t
2 + λ3R

t
3 ≥ 2t

√
λ1λ2λ3

(
rt
1√
λ1

+
rt
2√
λ2

+
rt
3√
λ3

)
. (2)

Equality holds if and only if λ1 : λ2 : λ3 = a2t
1 : a2t

2 : a2t
3 and P is the circumcenter

of triangle A1A2A3.
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Proof. As for instance in [1] we have

R1 ≥ a3

a1
r2 +

a2

a1
r3, R2 ≥ a1

a2
r3 +

a3

a2
r1, R3 ≥ a2

a3
r1 +

a1

a3
r2.

Using the power means inequality we obtain (for0 < t < 1)

Rt
1 ≥ 2t

( a3
a1

r2 + a2
a1

r3

2

)t

≥ 2t ·
(

a3
a1

)t
rt
2 +

(
a2
a1

)t
rt
3

2
and two similar inequalities. Applying several times the elementary estimation
x + 1

x ≥ 2 for x > 0 we obtain

λ1R
t
1 + λ2R

t
2 + λ3R

t
3

≥2t




(
a3
a2

)t
λ2 +

(
a2
a3

)t
λ3

2
rt
1 +

(
a1
a3

)t
λ3 +

(
a3
a1

)t
λ1

2
rt
2 +

(
a2
a1

)t
λ1 +

(
a1
a2

)t
λ2

2
rt
3




≥2t
(√

λ2λ3r
t
1 +

√
λ3λ1r

t
2 +

√
λ1λ2r

t
3

)
as claimed. The conditions of equality are derived as in [1].

�
In view of the obvious inequality(x + y)t > xt + yt for x, y > 0, we have the

following theorem.

Theorem 2. For t > 1,

λ1R
t
1 + λ2R

t
2 + λ3R

t
3 ≥ 2

√
λ1λ2λ3

(
rt
1√
λ1

+
rt
2√
λ2

+
rt
3√
λ3

)
. (3)

As a consequence of Theorem 1 we get

Theorem 3.

∑3
i=1

λi

rt
i
≥ 2t

√
λ1λ2λ3

∑3
i=1

1√
λiRt

i
, (4)

λi

Rt
i
≥ 2t

√
λ1λ2λ3

(R1R2R3)t
∑3

i=1

∑3
i=1

(Riri)
t√

λi
, (5)

∑3
i=1 λi(Riri)t ≥ 2t

√
λ1λ2λ3(r1r2r3)t

∑3
i=1

1√
λirt

i

, (6)

∑3
i=1 λir

t
i ≥ 2t

√
λ1λ2λ3(r1r2r3)t

∑3
i=1

1√
λi(Riri)t , (7)

∑3
i=1

λi
(Riri)t ≥ 2t

√
λ1λ2λ3

(R1R2R3)t

∑3
i=1

Rt
i√
λi

. (8)

The proofs of these inequalities follow from Theorem 1 upon application of
transformations such as
(i) inversion with respect to the circleC(P,

√
R1R2R3) resulting inRi �→ R1R2R3

Ri

andri �→ Riri for i = 1, 2, 3,
(ii) reciprocation ofA1A2A3 yieldingRi �→ r1r2r3

ri
andri �→ r1r2r3

Ri
for i = 1, 2, 3,

and
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(iii) isogonal conjugation.
For the details consult [3, pp. 293 - 295].

Remarks. (1) From (5) and (6) the following inequality is easily derived.

(R1R2R3)t
3∑

i=1

λi

Rt
i

≥ 4t 4
√

λ1λ2λ3(r1r2r3)t
3∑

i=1

4
√

λi

rt
i

. (9)

whereas (7) and (8) lead to the “converse” of (9),i.e.,

1
(r1r2r3)t

3∑
i=1

λir
t
i ≥

4t 4
√

λ1λ2λ3

(R1R2R3)t

3∑
i=1

4
√

λiR
t
i. (10)

(2) We leave it as an exercise to the reader to derive an analogue of Theorem 2.
It should be noted that the above inequalities include very many results of [3, 4] as
special cases.

3. Applications to special triangle points

In this section we show that the theorems above, when specialized to suitably
chosen interior pointsP , imply an abundance of new interesting triangle inequali-
ties.

3.1. Let P be the incenterI of A1A2A3. Thenr1 = r2 = r3 = r, the inradius of
A1A2A3, andRi = AiI = r csc Ai

2 , i = 1, 2, 3. Thus, from (8), we obtain, upon
recalling that

sin
A1

2
sin

A2

2
sin

A3

2
=

r

4R
,

the following inequality for0 < t ≤ 1:
3∑

i=1

λi sint Ai

2
≥

√
λ1λ2λ3

( r

2R

)t
3∑

i=1

1√
λi

csct Ai

2
. (11)

3.2. Let P be the centroidG of A1A2A3. ThenRi = AiG = 2
3mi, andri =

hi
3 , where, fori = 1, 2, 3, mi andhi denote respectively the median and altitude
emanating from vertexAi. Therefore, as an example, (4) becomes, for0 < t ≤ 1,

3∑
i=1

λi

ht
i

≥
√

λ1λ2λ3

3∑
i=1

1√
λim

t
i

. (12)

If we putλi = ht
i, i = 1, 2, 3, then(√

h2h3

m1

)t

+
(√

h3h1

m2

)t

+
(√

h1h2

m3

)t

≤ 3. (13)

This inequality should be compared with the following one by Klamkin and
Meir in [3, p. 215]:

h1

m1
+

h2

m2
+

h3

m3
≤ 3,

where(h1, h2, h3) is any permutation of(h1, h2, h3).
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Via the median - duality transforming an arbitrary triangleA1A2A3 into one
formed by its medians ([3, pp.109 - 111]), inequality (13) becomes(

h1√
m2m3

)t

+
(

h2√
m3m1

)t

+
(

h3√
m1m2

)t

≤ 3. (14)

Finally, in (12), we putλi = 1
at

i
for i = 1, 2, 3. A short calculation gives

3
(

R

F

) t
2

≥
3∑

i=1

(√
ai

mi

)t

. (15)

Here, we make use of the identitya1a2a3 = 4RF , whereF denotes the area of
A1A2A3.

The median - dual of this inequality in turn reads
3∑

i=1

(√
mi

ai

)t

≤ 3
(√

m1m2m3

2F

)t

. (16)

Of course, if in (12) had we putλi = µi

at
i

with µi > 0, i = 1, 2, 3, we would obtain

an even more general but less elegant inequality.

Remarks. (1) Clearly, many further inequalities could be deduced by the methods
of this section. We leave this as an exercise to the reader.

(2) As the right hand side of inequality (1) indeed reads2(
√

λ2λ3r1+
√

λ3λ1r2+√
λ1λ2r3), it is enough to assumeλ1, λ2, λ2 nonnegative throughout this note.
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Inscribed Squares

Floor van Lamoen

Abstract. We give simple constructions of various squares inscribed in a trian-
gle, and some relations among these squares.

1. Inscribed squares

Given a triangleABC, an inscribed square is one whose vertices are on the side-
lines ofABC. Two of the vertices of an inscribed square must fall on a sideline.
There are two kinds of inscribed squares.

A

B CA+
B A+

C

B+
aC+

a

X+

Figure 1A

A

B C

B−
a C−

a

A−
C A−

B

X−

Figure 1B

1.1. Inscribed squares of type I. The Inscribed squares with two adjacent vertices
on a sideline ofABC can be constructed easily from a homothety of a square
erected on the side ofABC. Consider the two squares erected on the sideBC.
Their centers are the points with homogeneous barycentric coordinates(−a2 :
SC + εS : SB + εS) for ε = ±1. Here, we use standard notations in triangle
geometry. See, for example, [4,§1]. By applying the homothetyh(A, εS

a2+εS
), we

obtain an inscribed squareSqε(A) = Aε
BAε

CBε
aC

ε
a with center

Xε =h(A,
εS

a2 + εS
)(−a2 : SC + εS : SB + εS)

=(a2 : SC + εS : SB + εS),

and two vertices (Aε
B andAε

C) on the sidelineBC. See Figure 1. Similarly there
are the inscribed squaresSqε(B) andSqε(C).

We give the coordinates of the centers and vertices of these squares in Table 1
below.

Publication Date: December 6, 2004. Communicating Editor: Paul Yiu.
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Table 1. Centers and vertices of inscribed squares of type I

Sqε(A) Sqε(B) Sqε(C)

Xε = (a2 : SC + εS : SB + εS) Yε = (SC + εS : b2 : SA + εS) Zε = (SB + εS : SA + εS : c2)

Aε
B = (0 : SC + εS : SB) Aε

b = (0 : b2 : εS) Aε
c = (0 : εS : c2)

Aε
C = (0 : SC : SB + εS)

Bε
a = (a2 : 0 : εS), Bε

C = (SC : 0 : SA + εS) Bε
c = (εS : 0 : c2)

Bε
A = (SC + εS : 0 : SA)

Cε
a = (a2 : εS : 0) Cε

b = (εS : b2 : 0) Cε
A = (SB + εS : SA : 0)

Cε
B = (SB : SA + εS : 0)

Proposition 1. The triangle XεYεZε and ABC perspective at the Vecten point

Vε =
(

1
SA + εS

:
1

SB + εS
:

1
SC + εS

)
.

ForV+ andV− are respectivelyX485 andX486 of [3].

1.2. Inscribed squares of type II. Another type of inscribed squares has two oppo-
site vertices on a sideline ofABC. There are three such squaresSqd(A), Sqd(B),
Sqd(C). The squareSqd(A) has two opposite vertices on the sidelineBC. Its
centerX can be found as follows. The perpendicular atX to BC intersectsCA
andAB at Ba andCa such thatBaX + CaX = 0. If X = (0 : v : w), it is easy
to see that

BaX =CX · tan C =
av

SC(v + w)
,

CaX =BX · tan B =
aw

SB(v + w)
.

It follows thatBaX + CaX = 0 if and only if v : w = −SC : SB , and the center
of Sqd(A) is the pointX = (0 : −SC : SB) on the lineBC. The vertices can be
easily determined, as given in Table 2 below.

Table 2. Centers and vertices of inscribed squares of type II

Sqd(A) Sqd(B) Sqd(C)

X = (0 : −SC : SB) Y = (SC : 0 : −SA) Z = (−SB : SA : 0)

A+ = (0 : −SC − S : SB + S) Ab = (0 : −b2 : 2SA) Ac = (0 : 2SA : −c2)
A− = (0 : −SC + S : SB − S)

Ba = (−a2 : 0 : 2SB) B+ = (SC + S : 0 : −SA − S) Bc = (2SB : 0 : −c2)
B− = (SC − S : 0 : −SA + S)

Ca = (−a2 : 2SC : 0) Cb = (2SC : −b2 : 0) C+ = (−SB − S : SA + S : 0)
C− = (−SB + S : SA − S : 0)

2. Some collinearity relations

Proposition 2. (a) The centers X, Y , Z are the intercepts of the orthic axis with
the sidelines of triangle ABC .
(b) For ε = ±1, the points Aε, Bε and Cε are collinear. The line containing them
is parallel to the orthic axis.
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Proof. The line containing the pointsAε, Bε andCε has equation

(SA + εS)x + (SB + εS)y + (SC + εS)z = 0.

See Figure 2. �

A

B C

H

X

Y

Z

A+

Ca

A−

Ba

Cb

B+

Ab

B−

Ac

C+

Bc

C−

Figure 2

Proposition 3. (a) The centers X, Yε, Zε of the squares Sqd(A), Sqε(B), Sqε(C)
are collinear.
(b) The line Bε

CCε
B passes through the center X of Sqd(A).

(c) The line Bε
ACε

A passes through the point Aε.

Proof. (a) The line joiningYε andZε has equation

−εSx + SBy + SCz = 0

as is easily verified. This line clearly containsX = (0 : −SC : SB).
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(b) The lineBε
CCε

B has equation

−(SA + εS)x + SBy + SCz = 0.

It clearly passes throughX.
(c) The lineBε

ACε
A has equation

−SAx + (SB + εS)y + (SC + εS)z = 0.

It contains the pointAε = (0 : −SC − εS : SB + εS). See Figure 3 forε = 1. �

Remark. Forε = ±1, the lines in (b) and (c) above are parallel.

C+
B

A+
c

B+
c

C+
A

Z+

B+
A

C+
b

B+
C

A+
b

Y+

A

B C

Ba

X

Ca

A+ A−

Figure 3

Let TA := B+
AC+

A ∩B−
AC−

A = (SB −SC : SA : −SA). The linesATA andBC
are parallel. The three pointsTA, TB, TC are collinear. The line connecting them
has equation

SA(SB + SC − SA)x + SB(SC + SA − SB)y + SC(SA + SB − SC)z = 0.

Each of the squares of type II has a diagonal perpendicular to a sideline of tri-
angleABC. These diagonals clearly bound a triangle perspective toABC with
perspectrix the orthic axis. By [1] we know that the perspector lies on the circum-
circle. Specifically, it isX74, the Miquel perspector of the orthic axis.

The linesBε
ACε

A, Cε
BAε

B , Aε
CBε

C bound a triangle perspective withABC at the
Kiepert perspector

K(ε · arctan 2) =
(

1
2SA + εS

:
1

2SB + εS
:

1
2SC + εS

)
.

For ε = +1 and−1 respectively, these areX1131 andX1132 of [3]. The same
perspector is found for the triangle bounded by the linesBε

CCε
B , Aε

CCε
A, Aε

BBε
A.
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3. Inscribed squares and Miquel’s theorem

We first recall Miquel’s theorem.

Theorem 4 (Miquel). Let A1B1C1 be a triangle inscribed in triangle ABC . There
is a pivot pointP such that A1B1C1 is the image of the pedal triangle of P after
a rotation about P followed by a homothety with center P . All inscribed triangles
directly similar to A1B1C1 have the same pivot point.

A corollary of this theorem is for instance given in [2, Problem 8(ii), p.245].

Corollary 5. Let X be a point defined with respect to the pedal triangle AP BP CP

triangle of P . The images of X after the pivoting as in Miquel’s theorem lie on a
line.

Proof. Let A2B2C2 be the image ofAP BP CP after pivoting, and letY be the
image ofX. Clearly trianglesPAP A2, PBP B2, PCP C2, andPXY are similar
right triangles. This shows thatY lies on the line throughX perpendicular to
XP . �

Miquel’s pivot theorem and Corollary 5 together give an easy explanation of
Proposition 3(c). See Figure 4.

A

B C

B′

C′

Figure 4

We have already seen that the centers of the inscribed squares of type II lie on
the orthic axis. By Proposition 3(a), these centers are the intersections of the cor-
responding sides of the trianglesX+Y+Z+ andX−Y−Z− of the inscribed squares
of type I. This means that the trianglesX+Y+Z+ andX−Y−Z− are perspective.
The perspector is symmedian pointK = (a2 : b2 : c2).
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4. Squares with vertices on four given lines

Let us consider a fourth line in the plane ofABC. With the help of the inscribed
squares of type I, we can construct two sets of three squares inscribing a fourline
{a, b, c, d}, depending on the line containing the vertex opposite to that ond. Let
ABC be the triangle bounded by the linesa, b, c. For ε = ±1, there is a square
Sqε(a) := Aε

aB
ε
aD

ε
aC

ε
a with a pair of opposite vertices ona andd. The vertex on

d is simplyDε
a = Bε

ACε
A ∩ d. See the solution of Problem 55(a) of [5, p.146]. The

other vertices of the square are determined by the same division ratio (ofBε
ACε

A by
Dε

a):

Bε
ACε

A : Cε
ADε

a = Aε
bA

ε
c : Aε

cA
ε
a = Bε

CBε
c : Bε

cB
ε
a = Cε

bC
ε
B : Cε

BCε
a .

See Figure 5 forε = +1. In fact, if Dε
a = (SC + εS, 0, SA) + t(SB + εS, SA, 0),

then

Aε
a =(0, b2, εS) + t(0, εS, c2),

Bε
a =(SC , 0, SA + εS) + t(εS, 0, c2),

Cε
a =(εS, b2, 0) + t(SB, SA + εS, 0),

and the center of the square is the point

Xε
a = (SC + εS, b2, SA + εS) + t(SB + εS, SA + εS, c2).

A

B CA+
a

B+
a

D+
a

C+
a

C+
B

A+
c

B+
c

C+
A

B+
A

C+
b

A+
b

B+
C

Z+
Y+

X+
a

Figure 5

It is now clear that the position ofAε
a relative toAε

b andAε
c fixes Dε

a as well,
even if we do not have a given lined. Similarly weDε

b andDε
c are fixed byBε

b
andCε

c respectively. We may thus takeAε
a, Bε

b andCε
c to be the traces of a point

P = (u : v : w) and see if the correspondingDε
a, Dε

b andDε
c are collinear. A
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simple calculation gives

Dε
a =((SB − εS)v + (SC − εS)w : εSv − b2w : εSw − c2v),

Dε
b =(εSu − a2w : (SC − εS)w + (SA − εS)u : εSw − c2u),

Dε
c =(εSu − a2v : εSv − b2u : (SA − εS)u + (SB − εS)v).

Also, the centers of the squaresSqd(A), Sqd(B), Sqd(C) are the points

Xε
a =(−(SB − εS)v − (SC − εS)w : (SA − εS)v + b2w : c2v + (SA − εS)w),

Y ε
b =(a2w + (SB − εS)u : −(SC − εS)w − (SA − εS)u : (SB − εS)w + c2u),

Zε
c =((SC − εS)u + a2v : b2u + (SC − εS)v : −(SA − εS)u − (SB − εS)v).

Proposition 6. Let Aε
a, Bε

b and Cε
c be the traces of a point P = (u : v : w). (a)The

three points Dε
a, Dε

b and Dε
c are collinear if and only if P lies on the circumcubic

4a2b2c2uvw + S2
∑
cyclic

u((2SA + SB)v2 + (2SA + SB)w2)

=εS


2S2uvw +

∑
cyclic

u((2c2a2 − SAB)v2 + (2a2b2 − SCA)w2)


 .

(b) The centers of the squares Sqd(A), Sqd(B), Sqd(C) are collinear if and
only if

2a2b2c2uvw + S2
∑
cyclic

u(c2v2 + b2w2)

=εS


2S2uvw +

∑
cyclic

a2u(c2v2 + b2w2)


 .

Remarks. (1) The locus ofP for which Dε
aD

ε
bD

ε
c andABC are perspective is the

isogonal cubic with pivot(a2 + εS : b2 + εS : c2 + εS).
(2) The locus ofP for whichXε

aY ε
b Zε

c andABC are perspective is the isogonal
cubic with pivotH. Here are some examples of the perspectors forP on the cubic.

Table 3. Perspectors ofXε
aY ε

b Zε
c for ε = ±1

P ε = +1 ε = −1
I I I
O X372 = (a2(SA − S) : · · · : · · · ) X371 = (a2(SA + S) : · · · : · · · )
H X486 =

(
1

SA−S : · · · : · · ·
)

X485 =
(

1
SA+S : · · · : · · ·

)
X485 G (a2 + S : · · · : · · · )
X486 (a2 − S : · · · : · · · ) G

X487

(
1

b2c2+SBC−(SA+SB+SC)S : · · · : · · ·
) (

SA−a2

SA−S : · · · : · · ·
)

X488

(
SA−a2

SA+S : · · · : · · ·
) (

1
b2c2+SBC+(SA+SB+SC)S : · · · : · · ·

)
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(3) In comparison with Proposition 6 (a), if instead of traces, we takeAε
a, Bε

b and
Cε

c to be thepedals of a pointP on the sidelines ofABC, then the locus ofP for
which Dε

a, Dε
b andDε

c are collinear turns out to be a conic, though with equation
too complicated to record here.
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On the Existence of Triangles with Given Lengths
of One Side and Two Adjacent Angle Bisectors

Victor Oxman

Abstract. We give a necessary and sufficient condition for the existence of a
triangle with given lengths of one side and the two adjacent angle bisectors.

1. Introduction

It is known that given three lengths�1, �2, �3, there is always a triangle whose
three internal angle bisectors have lengths�1, �2, �3. See [1]. In this note we
consider the question of existence and uniqueness of a triangle with given lengths
of one side and the bisectors of the two angles adjacent to it. Recall that in a
triangleABC with sidelengthsa, b, c, the bisector of angleA (with opposite side
a) has length

� =
2bc

b + c
cos

A

2
=

√
bc

(
1 − a2

(b + c)2

)
. (1)

We shall prove the following theorem.

Theorem 1. Given a, �1, �2 > 0, there is a unique triangle ABC with BC = a,
and the lengths of the bisectors of angles B, C equal to �1 and �2 if and only if√

�2
1 + �2

2 < 2a < �1 + �2 +
√

�2
1 − �1�2 + �2

2.

2. Uniqueness

First we prove that if such a triangle exists, then it is unique.
Denote the sidelengths of the triangle bya, x, y. If the angle bisectors on the

sidesx andy have lengths�1 and�2 respectively, then from (1) above,

y =(a + x)

√
1 − t2

x
, (2)

x =(a + y)
√

1 − t1
y

, (3)

wheret1 = �21
a , t2 = �22

a , (t1 < y, t2 < x).
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Let t > 0. We consider the functiony : (t,∞) → (0,∞) defined by

y(x) = (a + x)

√
1 − t

x
.

Obviously,y is a continuous function on the interval(t,∞). It is increasing and
has an oblique asymptotey = x + a− t

2 . It is easy to check thaty′′ < 0 in (t,∞),
so thaty is a convex funcion and its graph is below its oblique asymptote. See
Figure 1.

x

y y = x + a − t
2

y = y(x)

Figure 1

x

y

y = x − a +
t1
2

y = x + a − t2
2

x = x1(y)

y = y2(x)

Figure 2

Now consider the system of equations

y =(a + x)

√
1 − t

x
, (4)

x =(a + y)
√

1 − t

y
. (5)

It is obvious that if a pair(x, y) satisfies (4), the pair(y, x) satisfies (5), and
conversely. These equations therefore define inverse functions, and (5) defines a
concave function(0,∞) → (t,∞) with an oblique asymptotey = x − a + t

2 .
Applying to functionsy = y2(x) andx = x1(y) defined by (2) and (3) respec-

tively, we conclude that the system of equations (2), (3) cannot have more than one
solution. See Figure 2.

Proposition 2. If the side and the bisectors of the adjacent angles of triangle are
respectively equal to the side and the bisectors of the adjacent angles of another
triangle, then the triangles are congruent.

Corollary 3 (Steiner-Lehmus theorem). If a triangle has two equal bisectors, then
it is an isosceles triangle.

Indeed, if the bisectors of the anglesA andC of triangleABC are equal, then
triangleABC is congruent toCBA, and soAB = CB.
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3. Existence

Now we consider the question of existence of a triangle with givena, �1 and�2.
First of all note that in order for the system of equations (2), (3) to have a solu-

tion, it is necessary thatx + a − t2
2 > x − a + t1

2 . Geometrically, this means that

the asymptote of (2) is above that of (3). Thus,2a > t1+t2
2 = �21+�22

2a , and

2a >
√

�2
1 + �2

2. (6)

For the three lengthsa, x, y to satisfy the triangle inequality, note that from (2) and
(3), we havey < a + x andx < a + y. If x > a or y > a, then clearlyx + y > a.
We shall therefore restrict tox < a andy < a.

Let BC be a given segment of lengtha. Consider a pointY in the plane such
that the bisector of angleB of triangleY BC has a given length�1. It is easy to see
from (1) that the length ofBY is given by

y =
a�1

2a cos θ
2 − �1

if ∠CBY = θ. (7)

Let α = 2arccos �1
2a . (7) defines a monotonic increasing functiony = y(θ) :

(0, α) →
(

a�1
2a−�1

,∞
)

. It is easy to check that forθ ∈ (0, α),

y >
a�1

2a − �1
> y cos θ.

The locus ofY is a continuous curveξ1 beginning at (but not including) a point
M on the intervalBC with BM = a�1

2a−�1
. It has an oblique asymptote which

forms an angleα with the lineBC. See Figure 3. Since we are interested only in
the casey < a, we may assumea > �1. The angleα exceeds2π

3 .

B CM

ξ1

Figure 3

B CM ′

ξ2

Figure 4

Consider now the locus of pointZ such that the bisector of angleC of triangle
ZBC has length�2 < a. The same reasoning shows that this is a curveξ2 be-
ginning at (but not including) a pointM′ on BC such thatM ′C = a�2

2a−�2
, which
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has an oblique asymptote making an angle2 arccos �2
2a with CB. Again, this angle

exceeds2π
3 . See Figure 4.

The two curvesξ1 and ξ2 intersect if and only ifBM > BM′, i.e., BM +
M ′C > a. This gives

�1

2a − �1
+

�2

2a − �2
> 1.

Simplifying, we have4a2 − 4a(�1 + �2) + 3�1�2 < 0, or

�1 + �2 −
√

�2
1 − �1�2 + �2

2 < 2a < �1 + �2 +
√

�2
1 − �1�2 + �2

2.

Sincea > �1, �2, the first inequality always holds. Comparison with (6) now
completes the proof of Theorem 1.

In particular, for the existence of an isosceles triangle with basea and bisectors
of the equal angles of length�, it is necessary and sufficient that

√
2

2 < a
� < 3

2 .
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A Purely Synthetic Proof of the Droz-Farny Line Theorem

Jean-Louis Ayme

Abstract. We present a purely synthetic proof of the theorem on the Droz-Farny
line, and a brief biographical note on Arnold Droz-Farny.

1. The Droz-Farny line theorem

In 1899, Arnold Droz-Farny published without proof the following remarkable
theorem.

Theorem 1 (Droz-Farny [2]). If two perpendicular straight lines are drawn through
the orthocenter of a triangle, they intercept a segment on each of the sidelines. The
midpoints of these three segments are collinear.

A

B C

H

Y

Y ′

Mb

X X′Ma

Z

Z′

Mc

L

L′

Figure 1.

Figure 1 illustrates the Droz-Farny line theorem. The perpendicular linesL and
L′ through the orthocenterH of triangleABC intersect the sidelinesBC at X,
X ′, CA at Y , Y ′, andAB at Z, Z′ respectively. The midpointsMa, Mb, Mc of
the segmentsXX′, Y Y ′, ZZ ′ are collinear.

It is not known if Droz-Farny himself has given a proof. The Droz-Farny line
theorem was presented again without any proof in 1995 by Ross Honsberger [9,

Publication Date: December 16, 2004. Communicating Editor: Floor van Lamoen.
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p.72]. It also appeared in 1986 as Problem II 206 of [16, pp.111,311-313] without
references but with an analytic proof. This “remarkable theorem”, as it was named
by Honsberger, has been the subject of many recent messages in the Hyacinthos
group. If Nick Reingold [15] proposes a projective proof of it, he does not yet show
that the considered circles intersect on the circumcircle. Darij Grinberg taking up
an elegant idea of Floor van Lamoen presents a first trigonometric proof of this
“rather difficult theorem” [5, 12, 3] which is based on the pivot theorem and applied
on degenerated triangles. Grinberg also offers a second trigonometric proof, which
starts from a generalization of the Droz-Farny’s theorem simplifying by the way
the one of Nicolaos Dergiades and gives a demonstration based on the law of sines
[6]. Milorad Stevanovi´c [17] presents a vector proof. Recently, Grinberg [8] picks
up an idea in a newsgroup on the internet and proposes a proof using inversion
and a second proof using angle chasing. In this note, we present a purely synthetic
proof.

2. Three basic theorems

Theorem 2 (Carnot[1, p.101]). The segment of an altitude from the orthocenter to
the side equals its extension from the side to the circumcircle.

F

O

A

B C

H

Ha

Hb

Hc

Figure 2.

Theorem 3. Let L be a line through the orthocenter of a triangle ABC . The re-
flections of L in the sidelines of ABC are concurrent at a point on the circumcircle.

See [11, p.99] or [10,§333].
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Theorem 4 (Miquel’s pivot theorem [13]). If a point is marked on each side of
a triangle, and through each vertex of the triangle and the marked points on the
adjacent sides a circle is drawn, these three circles meet at a point.

A

B C

P

I

J
K

Figure 3.

See also [10,§184, p.131]. This result stays true in the case of tangency of lines
or of two circles. Very few geometers contemporary to Miquel had realised that
this result was going to become the spring of a large number of theorem.

3. A synthetic proof of Theorem 1

The right triangle case of the Droz-Farny theorem being trivial, we assume tri-
angleABC not containing a right angle. LetC be the circumcircle ofABC.

Let Ca (respectivelyCb, Cc) be the circumcircle of triangleHXX′ (respectively
HY Y ′, HZZ ′), andHa (respectivelyHb, Hc) be the symmetric point ofH in the
line BC (respectivelyCA, AB). The circlesCa, Cb andCc have centersMa, Mb

andMc respectively.

O

A

B C

H

Y

Y ′

Mb

X X′Ma

Ha

Hb

C Cb

Ca

Figure 4.

According to Theorem 2,Ha is on the circleC. XX′ being a diameter of the
circleCa, Ha is on the circle. Consequently,Ha is an intersection ofC andCa, and
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the perpendicular toBC throughH. In the same way,Hb is an intersection ofC
andCb, and the perpendicular toCA throughH. See Figure 4.

O

A

B C

H

Y

Y ′

Mb

X X′

Ma

Z

Z′

Ha

Hb

Hc

M

N

C Cb

Ca

Figure 5.

Consider the pointHc, the symmetric ofH in the lineAB. According to Theo-
rem 2,Ha is on the circleC. Applying Theorem 3 to the lineXY Z throughH, we
conclude that the linesHaX, HbY andHcZ intersect at a pointN on the circleC.
See Figure 5.

Applying Theorem 4 to the triangleXNY with the pointsHa, Hb andH (on
the linesXN , NY andY X respectively), we conclude that the circlesC, Ca, and
Cb pass through a common pointM .

Mutatis mutandis, we show that the circlesC, Cb, andCc also pass through the
same pointM .

The circleCa, Cb, andCc, all passing throughH and M , are coaxial. Their
centers are collinear. This completes the proof of Theorem 1.

4. A biographical note on Arnold Droz-Farny

Arnold Droz, son of Edouard and Louise Droz, was born in La Chaux-de-Fonds
(Switzerland) on February 12, 1856. After his studies in the canton of Neufchatel,
he went to Munich (Germany) where he attended lectures given by Felix Klein,
but he finally preferred geometry. In 1880, he started teaching physics and mathe-
matics in the school of Porrentruy (near Basel) where he stayed until 1908. He is
known for having written four books between 1897 and 1909, two of them about
geometry. He also published in theJournal de Math́ematiques Élementaires et
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O

A

B C

H

Y

Y ′

Mb

X X′Ma
Z

Z′

Mc

Ha

Hb

Hc

M

N

C Cb

Ca

Cc

Figure 6.

Spéciales (1894, 1895), and inL’intermédiaire des Mathématiciens and in theEd-
ucational Times (1899) as well as inMathesis (1901). As he was very sociable, he
liked to be in contact with other geometers likes the Italian Virginio Retali and the
Spanish Juan Jacobo Duran Loriga. In his free time, he liked to climb little moun-
tains and to watch horse races. He was married to Lina Farny who was born also
in La Chaux-de-Fonds. He died in Porrentruy on January 14, 1912 after having
suffered from a long illness. See [4, 14].
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Dedicated to the fifth anniversary of

the Hyacinthos group on triangle geometry

Abstract. We give a projective generalization of the Droz-Farny line theorem.

Ayme [1] has given a simple, purely synthetic proof of the following theorem
by Droz-Farny.

Theorem 1 (Droz-Farny [1]). If two perpendicular straight lines are drawn through
the orthocenter of a triangle. they intercept a segment on each of the sidelines. The
midpoints of these three segments are collinear.

In this note we give and prove a projective generalization. We begin with a
simple observation. Given triangleABC and a pointS, the perpendiculars toAS,
BS, CS atA, B, C respectively concur if and only ifS lies on the circumcircle of
ABC. In this case, their common point is the antipode ofS on the circumcircle.

Now, consider 5 pointsA, B, C, I, I′ lying on a conicE and a pointS not lying
on the lineII′. Using a projective transformation mapping the circular points at
infinity to I andI′, we obtain the following.

Proposition 2. The polar lines of S with respect to the pairs of lines (AI,AI′),
(BI,BI ′), (CI,CI ′) concur if and only if S lies on E . In this case, their common
point lies on E and on the line joining S to the pole of II′ with respect to E .

The dual form of this proposition is the following.

Theorem 3. Let � and �′ be two lines intersecting at P , tangent to the same in-
scribed conic E , and d be a line not passing through P . Let X, Y , Z (respectively
X ′, Y ′, Z ′; Xd, Yd, Zd) be the intersections of � (respectively �′, d) with the side-
lines BC , CA, AB. If X′

d is the harmonic conjugate of Xd with respect to (X,X′),
and similarly for Y ′

d and Z′
d, then X′

d, Y ′
d, Z ′

d lie on a same line d′ if and only if
d touches E . In this case, d′ touches E and the intersection of d and d′ lies on the
polar of P with respect to E .

Publication Date: December 22, 2004. Communicating Editor: Bernard Gibert.
The authors thank Paul Yiu for his help in the preparation of this paper.



226 J.-P. Ehrmann and F. M. van Lamoen

An equivalent condition is thatA, B, C and the vertices of the triangle with
sidelines�, �′, d lie on a same conic.

More generally, consider pointsX′
d, Y ′

d andZ′
d such that the cross ratios

(X,X ′,Xd,X
′
d) = (Y, Y ′, Yd, Y

′
d) = (Z,Z ′, Zd, Z

′
d).

These pointsX′
d, Y ′

d, Z ′
d lie on a lined′ if and only if d is tangent toE . This follows

easily from the dual of Steiner’s theorem and its converse: two pointsP , Q lie on
a conic through four given pointsA, B, C, D if and only if the cross ratios

(PA,PB,PC,PD) = (QA,QB,QC,QD).

If in Theorem 3 we take ford the line at infinity, we obtain the following.

Corollary 4. The midpoints of XX′, Y Y ′, ZZ ′ lie on a same line d′ if and only
if � and �′ touch the same inscribed parabola. In this case, if � and �′ touch the
parabola at M and M′, d′ is the tangent to the parabola parallel to MM′.

An equivalent condition is that the circumhyperbola through the infinite points
of � and�′ passes throughP .

We shall say that(�, �′) is a pair of DF-lines if it satisfies the conditions of
Corollary 4 above.

Now, if � and�′ are perpendicular, we get immediately:
(a) if P = H, then(�, �′) is a pair of DF-lines becauseH lies on any rectangular

circumhyperbola, or, equivalently, on the directrix of any inscribed parabola. This
is the Droz-Farny line theorem (Theorem 1 above).

(b) if P �= H, then(�, �′) is a pair of DF-lines if and only if they are the tangents
from P to the inscribed parabola with directrixHP , or, equivalently, they are the
parallels atP to the asymptotes of the rectangular circumhyperbola throughP .

Remarks. (1) The focus of the inscribed parabola touching� is the Miquel pointF
of the complete quadrilateral formed byAB, BC, CA, �, and the directrix is the
Steiner line ofF . See [3].

(2) If the circle throughF and with centerP intersects the directrix atM , M′,
the tangents fromP to the parabola are the perpendicular bisectors ofFM and
FM ′.

(3) The tripoles of tangents to an inscribed parabola are collinear in a line
throughG.

(4) LetA�, B�, C� be the intercepts of� on the sides ofABC. Let Ar, Br, Cr be
the reflections of these intercepts through the midpoints of the corresponding sides.
ThenAr, Br, andCr are collinear on the “isotomic conjugate” of�. Clearly, the
isotomic conjugates of lines from a pencil are tangents to an inscribed conic and
vice versa. In the case of inscribed parabolas, as above, the isotomic conjugates of
the tangents are a pencil of parallel lines. It is trivial that lines dividing in equal
ratios the intercepted segments by two parallel lines are again parallel. So, by
isotomic conjugation of lines this holds for tangents to a parabola as well.

These remarks lead to a number of simple constructions of pairs of DF-lines
satisfying a given condition.
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The Twin Circles of Archimedes in a Skewed Arbelos

Hiroshi Okumura and Masayuki Watanabe

Abstract. Any area surrounded by three mutually touching circles is called a
skewed arbelos. The twin circles of Archimedes in the ordinary arbelos can be
generalized to the skewed arbelos. The existence of several pairs of twin circles,
under certain conditions, is demonstrated.

1. Introduction

LetO be an arbitrary point on the segmentAB in the plane andα, β andγ the
semicircles on the same side of the diametersAO,BO andAB, respectively. The
area surrounded by the three semicircles is called an arbelos or a shoemaker’s knife
(see Figure 1). The common internal tangent ofα andβ divides the arbelos into
two curvilinear triangles and the incircles of these triangles are congruent. They
are called the twin circles of Archimedes or Archimedean twin circles. The authors
of [3] pose the following question: Is it possible to find any interesting properties
of a “skewed arbelos”, in which the centers of the three circlesα, β and γ are
not collinear (see Figure 2), without resorting to trigonometry? In this article, we
show several interesting properties of the skewed arbelos, one of them being the
existence, in certain situations, of up to four pairs of twin circles. This property is
a generalization of the existence of the twin circles of Archimedes in the ordinary
arbelos.

B AO

α

β

γ

γ

α
β

B AO

Figure 1. Figure 2.
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2. The skewed arbelos

Throughout this paper,α andβ are circles with centers(a, 0) and(0,−b) for
positive real numbersa andb, touching externally at the originO, andγ is another
circle touchingα andβ at points different fromO. We do not exclude the case,
when γ touchesα and β externally or whenγ is one of the common external
tangents ofα andβ. There are always two different areas surrounded byα, β and
γ (if γ touchesα andβ externally, we still consider the exterior infinite area to be
surrounded by these three circles). We select one of these areas in the following
way (see Figure 3): Ifγ touchesα andβ externally from above, we choose the
finite area, ifγ touchesα andβ internally, we choose the upper area, and ifγ
touchesα andβ externally from below, we choose the infinite area. We call this
area theskewed arbelos formed by the circlesα, β andγ.

β

α

γ

O

Figure 3.

Now we define four sets of tangent circles (or four chains of circles). If we
include the lines parallel to they-axis (circles of infinite radius) among the circles
touching they-axis, there are always two different circles touchingγ, α and the
y-axis, which do not pass through the tangency point ofα andγ. We label the one
inside of the skewed arbelos asα+

0 and the other one asα−0 . The circlesβ+
0 and

β−0 touchingγ, β and they-axis are defined similarly (see Figure 4). There are
also two circles touchingα, α+

0 and they-axis, one intersectingγ and the other
not. We label the former asα+

−1 and the latter asα+
1 . The circlesα+

2 , α+
3 , · · · can

be defined inductively in the following way: Assuming the circlesα+i−1 andα+
i are

defined,α+
i+1 is the circles touchingα, α+

i and they-axis and different fromα+
i−1.

The circlesα+
−2, α+

−3, · · · are defined similarly. Now the entire chain of circles
{· · · , α+

−2, α+
−1, α+

0 , α+
1 , α+

2 , · · · }
is defined. The other three chains of circles

{· · · , α−−2, α−−1, α−0 , α−1 , α−2 , · · · },
{· · · , β+

−2, β+
−1, β+

0 , β+
1 , β+

2 , · · · },
{· · · , β−−2, β−−1, β−0 , β−1 , β−2 , · · · },
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whereα−−1, β+
−1 andβ−−1 intersectγ, are defined similarly. Ifα+

i , α−i , β+
i andβ−i

are proper circles, there radii are denoted bya+i , a−i , b+i andb−i , respectively. If,
for example,α+

i is a line parallel to they-axis, we consider the reciprocal value of
its radius to be zero, even though we cannot define the radiusa+i itself.

α

α+
0

α−
0

α+
1

α+
−1

α+
−2

β

β+
0

β−
0γ

x

y

P

Q

S

T

γ′

α+
0

′

α+
1

′

α−
0

′

α+
p

′

α−
q

′

α+
−1

′

α+
−2

′
O

a′b′

Figure 4. Figure 5.

If α+
k is a proper circle and the centers ofα+

k andα+
i lie on the same side of

thex-axis for all proper circlesα+
i (i > k), we defineσ(α+

k ) = 1, otherwise we
defineσ(α+

k ) = −1. If α+
k is a line parallel to they-axis, we defineσ(α+

k ) = 1.
The numbersσ(α−k ), σ(β+

k ), σ(β−k ) are defined similarly. Ifγ touchesα andβ
internally,σ(α+

0 ) = σ(α−0 ) = 1 and consequently,σ(α+
i ) = σ(α−i ) = 1 for all

non-negative integersi. Let si andtj be they-coordinates of the tangency points
of the circlesα+

i andα−j with the y-axis. If α+
i (or α−j ) is a line, we consider

si = 0 (or tj = 0). We defineσ(α+
i , α

−
j ) = 1, whensitj > 0 andsi ≤ tj, or

whensitj ≤ 0 andsi ≥ tj, otherwiseσ(α+
i , α

−
j ) = −1. The numberσ(β+

i , β
−
j )

is defined similarly. If the centers of the three circlesα, β andγ are collinear, we
get an ordinary arbelos. In this case, the radii of the twin circles, which we denote
asrA, are equal toab/(a+ b).
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Theorem 1. For any integers p and q,

σ(α+
p , α

−
q )


σ(α+

p )√
a+

p

+
σ(α−q )√
a−q


 =

∣∣∣∣ 2√
rA

+
p+ q√
a

∣∣∣∣
and for given circles α and β, the value on the right side does not depend on the
circle γ.

Proof. Let p and q be arbitrary integers. We invert the figure in the circle with
centerO and radiusk = 2

√
ab, and label the images of all circles with a prime

(see Figure 5). The circlesα+
0
′
andβ+

0
′
always lie above the circlesα−0

′
andβ−0

′

respectively.σ(α+
p ) = 1 (resp.σ(α−q ) = 1) is equivalent to the fact that the center

of α+
p
′ (resp. α−q

′) lies in the regiony ≥ 0 (resp. y ≤ 0) andσ(α+
p , α

−
q ) = 1

is equivalent to the fact that they-coordinate of the center ofα+p
′ is greater than

or equal to they-coordinate of the center ofα−q
′. Sinceα′ is a line parallel to the

y-axis, the circlesα+
p
′ andα−q

′ are congruent, and we denote their common radius

asa′. Similarly, we denote the common radius of the circlesβ+p
′ andβ−q

′ asb′. Let

us assume thatα+
0
′
, α−0

′
, α+

p
′ andα−q

′ touch they-axis at the pointsS, T , P and
Q. If α+

p is a proper circle, the inversion centerO is also the center of homothety

of the circlesα+
p andα+

p
′ with homothety coefficient equal to the square of the

radius of the inversion circle (i.e., to the power of inversion) divided by the power
O(α+

p
′) of the pointO to the inverted circleα+

p
′: k2/O(α+

p
′). Hence, the radius of

α+
p can be expressed asa+p = k2a′/O(α+

p
′) [5, p. 50]. The reciprocal value of this

radius is then1/a+p = |OP |2/(4aba′). The last equation holds even ifα+
p is a line

parallel to they-axis. Similarly, the reciprocal value of the radius of the circleα−q
is equal to1/a−q = |OQ|2/(4aba′). The segment length of the common external

tangent of the externally touching circlesγ′, α+
0
′
, or γ′, α−0

′
between the tangency

points is equal to|ST |/2 = 2
√

(a′ + b′)a′. Consequently,

σ(α+
p , α

−
q )


σ(α+

p )√
a+

p

+
σ(α−q )√
a−q


 = σ(α+

p , α
−
q )

(
σ(α+

p )|OP | + σ(α−q )|OQ|
2
√
ab
√
a′

)

=
|PQ|

2
√
ab
√
a′

=
||ST | + 2pa′ + 2qa′|

2
√
ab
√
a′

=

∣∣∣4√(a′ + b′)a′ + 2(p + q)a′
∣∣∣

2
√
ab
√
a′

.

Since4aa′ = 4bb′ = 4ab by the definition of inversion, we geta′ = b andb′ = a,
and we finally obtain

σ(α+
p , α

−
q )


σ(α+

p )√
a+

p

+
σ(α−q )√
a−q


 =

∣∣∣∣∣2
√

1
a

+
1
b

+
p+ q√
a

∣∣∣∣∣ .
The proof of the theorem is now complete. �
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We can get a similar expression for the radii of the circlesβ+r andβ−s for any
integerss and r. According to the proof of Theorem 1, the circlesα+p andα−q
coincide if and only ifP = Q and this is also equivalent to√

1 +
a

b
= −p+ q

2
.

Hence, we obtain the following corollary:

Corollary 2. The two chains {· · · , α+
−2, α+

−1, α+
0 , α+

1 , α+
2 , · · · } and {· · · , α−−2,

α−−1, α−0 , α−1 , α−2 , · · · } coincide if and only if there is an integer n such that

a

b
=
n2

4
− 1.

In this event, α+
p = α−−|n|−p for any integer p. For given circles α and β, this

property does not depend on the circle γ .

From the inverted skewed arbelos (see Figure 5), it is easy to see that the circles
α+

p , α−p , β+
q andβ−q have two common tangent circles for any integersp andq. The

line passing through the centerOγ′ of the circleγ′ and perpendicular to they-axis
is also perpendicular to the linesα′ andβ′ and to the circleγ′. Let δ be the circle,
which is inverted into this line. Since inversion preserves angles between circles or
lines, the circleδ is centered on they-axis and perpendicular to the circlesα, β and
γ. Consequently, the inversion inδ with positive power leaves they-axis and these
circles in place and exchangesα+

p , α−p andβ+
q andβ−q , respectively. Since the

inversion center is also the center of homothety of a circle and its image (external,
if the inversion center is outside of the circle, and internal in the opposite case),
the external center of similitude of the circlesα+p andα−p is the same point on the
y-axis (the center of the circleδ) for any integerp. This point is also the external
center of similitude ofβ+

q andβ−q for any integerq.
Sinceσ(α+

p , α
−
−p) = σ(β+

q , β
−
−q) = 1 for any integersp and q, we get the

following corollary:

Corollary 3. For any integers p and q,

σ(α+
p )√
a+

p

+
σ(α−−p)√
a−−p

=
σ(β+

q )√
b+q

+
σ(β−−q)√
b−−q

=
2√
rA

and for given circles α and β, the constant value on the right side does not depend
on the circle γ.

Corollary 4. If γ touches α and β internally,
1√
a+

0

+
1√
a−0

=
1√
b+0

+
1√
b−0

=
2√
rA

and for given circles α and β, the constant value on the right side does not depend
on the circle γ.

From the last corollary, it is obvious that Theorem 1 is a generalization of the
existence of the twin circles of Archimedes in the ordinary arbelos.
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3. The n-th twin circles of Archimedes (symmetrical case)

In this section, we demonstrate that in certain situations, a skewed arbelos also
has a twin circle property, which is a generalization of the twin circles of Archimedes
in an ordinary arbelos. We use the same notations as in the previous section. If
one circle of the set{α+

n , α
−
−n, α

+
−n, α

−
n } is congruent to one circle from the set

{β+
n , β

−
−n, β

+
−n, β

−
n } for some integern, the congruent pair is calleda pair of the

n-th twin circles of Archimedes. The twin circles of Archimedes in the ordinary
arbelos are represented by one pair of the 0-th twin circles.

If the circlesα, β andγ form an ordinary arbelos, the intersection ofγ with the
y-axis in the regiony > 0 has the coordinates(0, 2

√
ab). For a real numberz, the

point (0, 2
√
ab/z) is denoted byVz and we considerV0 to be the point at infinity

on they-axis. We show thatVn±1 are closely related to some pairs of then-th twin
circles of Archimedes. There are also other points on they-axis, related to pairs of
then-th twin circles of Archimedes. For a real numberz, consider the following
points with they-coordinates

W++
z :

−2
√

ab(√a+
√

b)
z(√a+

√
b)+2

√
a+b
,

W−−
z :

−2
√

ab(√a+
√

b)
z(√a+

√
b)−2

√
a+b
,

W+−
z :

−2
√

ab(√a−√
b)

z(√a−√
b)+2

√
a+b
,

W−+
z :

−2
√

ab(√a−√
b)

z(√a−√
b)−2

√
a+b
.

Reflecting the pointsVz, W++
z andW+−

z in the x-axis, we get the pointsV−z,

W−−
−z andW−+

−z . Since
√

2 ≤ 2
√
a+ b/

(√
a+

√
b
)
< 2, W++

n andW−−
n

cannot be the point at infinity on they-axis for any integern, but it can happen
that each ofW+−

n andW−+
n is identical with the point at infinity for somea, b and

integern. If the circleγ passes, for example, through bothVn+1 andVn−1, we say
thatγ passes throughVn±1.

Theorem 5. Let n be an integer and a 	= b.
(i) 1/a+

n = 1/b+n if and only if the circle γ passes through Vn±1 or W++
n±1. If γ

passes through Vn±1,

1
a+

n
=

1
b+n

=
(
n

(
1√
a

+
1√
b

)
+

1√
rA

)2

(1)

and if γ passes through W++
n±1,

1
a+

n
=

1
b+n

=

((
n

(
1√
a

+
1√
b

)
+

1√
rA

)(√
a−√

b√
a+

√
b

))2

. (2)
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(ii) 1/a−−n = 1/b−−n if and only if the circle γ passes through Vn±1 or W−−
n±1. If γ

passes through Vn±1,

1
a−−n

=
1
b−−n

=
(
−n
(

1√
a

+
1√
b

)
+

1√
rA

)2

and if γ passes through W−−
n±1,

1
a−−n

=
1
b−−n

=

((
−n
(

1√
a

+
1√
b

)
+

1√
rA

)(√
a−√

b√
a+

√
b

))2

.

(iii) 1/a+−n = 1/b−n if and only if the circle γ passes through Vn±1 or W+−
n±1. If γ

passes through Vn±1,

1
a+
−n

=
1
b−n

=
(
−n
(

1√
a
− 1√

b

)
+

1√
rA

)2

and if γ passes through W+−
n±1,

1
a+
−n

=
1
b−n

=

((
−n
(

1√
a
− 1√

b

)
+

1√
rA

)(√
a+

√
b√

a−√
b

))2

.

(iv) 1/a−n = 1/b+−n if and only if the circle γ passes through Vn±1 or W−+
n±1. If γ

passes through Vn±1,

1
a−n

=
1
b+−n

=
(
n

(
1√
a
− 1√

b

)
+

1√
rA

)2

and if γ passes through W−+
n±1,

1
a−n

=
1
b+−n

=

((
n

(
1√
a
− 1√

b

)
+

1√
rA

)(√
a+

√
b√

a−√
b

))2

.
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O

Q

P

R

S′

T ′

β′
α′

α+
0

′

Oγ′

αβ
γ

γ′

Figure 6.

Proof. Let S andT be the intersections ofγ and they-axis, whereS lies on the
arc or the line forming the boundary of the skewed arbelos. We denote they-
coordinates ofS andT by s and t. If the circle γ touchesα andβ internally,
t < 0 < s, otherwises < t. We invert the figure in the circle centered atO and
with radius2

√
ab as in the proof of Theorem 1 (see Figure 6), label the images

of all circles and points with a prime and denote the radii ofα+n
′ andβ+

n
′ by a′

andb′. Then we obtaina′ = b andb′ = a. Let the line parallel to thex-axis and
passing throughS′ intersect the lineα′ at the pointP . Let γ′ andα+

0
′
touchα′ at

the pointsQ andR, respectively, and letOγ′ be the center of the circleγ′. From
the right triangle formed by the linesOγ′S′, S′P and the line throughOγ′ parallel
to they-axis, we get|PQ| = 2

√
a′b′. The segment length of the common external

tangent of the touching circlesγ′, α+
0
′

between the tangency points is equal to
|QR| = 2

√
(a′ + b′)a′. Hence, the reciprocal radius ofα+

n is equal to

1
a+

n
=
O(α+

n
′)

4aba′
=

(s′ − |PQ| + |QR| + 2na′)2

4aba′

=
(s′ − 2

√
a′b′ + 2

√
(a′ + b′)a′ + 2na′)2

4aba′

=
(s′ − 2

√
ab+ 2

√
(a+ b)b+ 2nb)2

4ab2
,

wheres′ is they-coordinate of the pointS′ andO(α+
n
′) is the power of the point

O to the inverted circleα+
n
′. Therefore,1/a+n = 1/b+n is equivalent to

(s′ − 2
√
ab+ 2

√
(a+ b)b+ 2nb)2

4ab2
=

(s′ − 2
√
ab+ 2

√
(a+ b)a+ 2na)2

4a2b
.
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This quadratic equation fors′ has two roots:

s′ = 2(n+ 1)
√
ab. (3)

and

s′ = −2(n− 1)
√
ab− 4

√
ab(a+ b)√
a+

√
b
. (4)

Sincess′ = 4ab, these are equivalent to

s =
2
√
ab

n+ 1
and

s =
−2

√
ab
(√
a+

√
b
)

(n − 1)
(√
a+

√
b
)

+ 2
√
a+ b

.

Hence,1/a+
n = 1/b+n is equivalent toS = Vn+1 or S = W++

n−1. If S = Vn+1, then

t′ = s′ − 2|PQ| = 2(n− 1)
√
ab,

wheret′ is they-coordinate of the pointT′. Hence,

t =
4ab
t′

=
2
√
ab

n− 1
,

and we obtainT = Vn−1. Similarly,S = W++
n−1 impliesT = W++

n+1. Assume now
that the circleγ passes throughVn±1. If S = Vn−1 andT = Vn+1, we would have

s′ − t′ =
4ab
s

− 4ab
t

= −4
√
ab < 0,

which contradicts to the facts′ > t′. Therefore,S = Vn+1 and s′ is given by
equation (3). Consequently, we arrive to equation (1):

1
a+

n
=

(
s′ − 2

√
ab+ 2

√
(a+ b)b+ 2nb

)2

4ab2
=
(
n

(
1√
a

+
1√
b

)
+

1√
rA

)2

.

If γ passes throughW++
n±1, S = W++

n−1. For if S = W++
n+1, we would again have

s′ − t′ =
4ab
s

− 4ab
t

= −4
√
ab < 0,

which is a contradiction. Using equation (4), we arrive to equation (2):

1
a+

n
=

(
−2n

√
ab+ 2

√
(a+ b)b+ 2nb− 4

√
ab(a+b)√
a+

√
b

)2

4ab2

=

((
n

(
1√
a

+
1√
b

)
+

1√
rA

) √
a−√

b√
a+

√
b

)2

.
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Cases (ii), (iii) and (iv) can be proved similarly as case (i). The reciprocal radii
1/a−−n, 1/a+

−n and1/a−n are equal to

1
a−−n

=
(s′ − |PQ| − |QR| + 2na′)2

4aba′
=

(s′ − 2
√
ab− 2

√
(a+ b)b+ 2nb)2

4ab2
,

1
a+
−n

=
(s′ − |PQ| + |QR| − 2na′)2

4aba′
=

(s′ − 2
√
ab+ 2

√
(a+ b)b− 2nb)2

4ab2
,

1
a−n

=
(s′ − |PQ| − |QR| − 2na′)2

4aba′
=

(s′ − 2
√
ab− 2

√
(a+ b)b− 2nb)2

4ab2
.

One root of the quadratic equations corresponding to cases (ii), (iii) and (iv) is
always given by equation (3) and the other roots are

s′ = − 2(n − 1)
√
ab+

4
√
ab(a+ b)√
a+

√
b
, (5)

s′ = − 2(n − 1)
√
ab− 4

√
ab(a+ b)√
a−√

b
, (6)

s′ = − 2(n − 1)
√
ab+

4
√
ab(a+ b)√
a−√

b
. (7)

�

If the circleγ passes through the pointVn±1, we label the arbelos as(Vn±1). The
arbeloi (W++

n±1), (W−−
n±1), (W+−

n±1) and(W−+
n±1) are defined similarly. Reflecting

the arbeloi(Vn±1), (W++
n±1), (W+−

n±1) in the x-axis yields the arbeloi(V−n±1),
(W−−

−n±1), (W−+
−n±1), respectively. Equation (3) is obtained, when the signs of the

expressionss′−2
√
ab+2

√
(a+ b)b+2nb ands′−2

√
ab+2

√
(a+ b)a+2na are

the same. This implies that in(Vn±1), the centers of the circlesα+
n andβ+

n lie on
the same side of thex-axis. On the other hand, equation (4) is obtained, when the
signs of these expressions are different from each other. Consequently, in(W++

n±1),
the centers ofα+

n andβ+
n lie on the opposite sides of thex-axis. Similarly, we

can find, on which sides of thex-axis lie the centers of then-th twin circles of
Archimedes in the remaining arbeloi. These results are arranged in Table 1.

(Vn±1) (W++
n±1) (W−−

n±1) (W+−
n±1) (W−+

n±1)
same α+

n , β
+
n α+

−n, β
−
n α−n , β

+
−n

side α−−n, β
−
−n

opposite α+
−n, β

−
n α+

n , β
+
n α−−n, β

−
−n

side α−n , β
+
−n

Table 1.
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According to Theorem 5, there are four different pairs of then-th twin circles
of Archimedes in(Vn±1), for any non-zero integern (see Figure 9). In this case,γ
touchesα andβ externally from below forn ≤ −1, internally forn = 0, externally
from above forn ≥ 1. The twin circles of Archimedes in the ordinary arbelos
(V0±1) and their radii are obtained forn = 0. Figures 7 and 8 show the other pairs
of the 0-th twin circles of Archimedes in the arbeloi(W++

0±1) and(W+−
0±1). The 0-th

twin circles of Archimedes in(W−−
0±1) and(W−+

0±1) are obtained by reflecting these
figures in thex-axis and exchanging all plus and minus signs in the notation.

αβ

γ

α+
0

β+
0

W ++
0−1

W ++
0+1

α
β

γ
α+

0

β−
0

W +−
0−1

W +−
0+1

Figure 7.a+0 = b+0 for (W++
0±1) Figure 8.a+0 = b−0 for (W+−

0±1)

If γ is the common external tangent ofα and β touching these circles from
above, it passes throughV1±1, because this tangent bisects the segmentOV1 [2].
Hence, we get the following corollary (see Figure 9):

Corollary 6. If γ is the common external tangent of α and β, touching these circles
from above, then (i) a+1 = b+1 , (ii) a−−1 = b−−1, (iii) a+−1 = b−1 , (iv) a−1 = b+−1, and

(v)
1√
a+

1

=
1√
a−1

+
1√
a+
−1

+
1√
a−−1

=
1√
b+1

=
1√
b−1

+
1√
b+−1

+
1√
b−−1

.

Proof. Since1/
√
a, 1/

√
b, 1/

√
rA satisfy the triangle inequality, relation (v) im-

mediately follows from Theorem 5. �



240 H. Okumura and M. Watanabe

β−
0

γ

β

α+
−1

β−
1

β−
−1

α−
0

α−
−1

α+
0

α−
1

β+
−1

β+
0

γ

α

β α−
0

α+
1

β+
1

α+
−1

Figure 9. a+−1 = b−1 , a−−1 = b−−1 for (V1±1) Magnified,a+1 = b+1 , a−1 = b+−1

Theorem 7. Any circle touching α and β at points different from O passes through
Vz±1 for some real number z. The proper circle touching α and β at points different
from O and passing through Vz±1 for a real number z 	= ±1 can be given by the
equation (

x− b− a
z2 − 1

)2

+

(
y − 2z

√
ab

z2 − 1

)2

=
(
a+ b
z2 − 1

)2

(8)

and conversely. The common external tangents of α and β can be expressed by the
equations

(a− b)x∓ 2
√
aby + 2ab = 0, (9)

which are obtained from equation (8) by approaching z to ±1.

Proof. We again invert the circlesα, β andγ in the circle centered atO and with
radius2

√
ab as in the proofs of Theorems 1 and 5 and use the same notation.

The circleγ is then carried into the circleγ′ with radiusc′ = a + b, because
a′ = b andb′ = a. The intersection of the skewed arbelos boundary and they-axis
can be expressed asVz+1 for some real numberz. Let t be they-coordinate of
the other intersection ofγ and they-axis. These intersections are carried into the
intersections ofγ′ and they-axis with they-coordinatess′ = 4ab/s = 2(z+1)

√
ab

and t′ = s′ − 4
√
ab = 2(z − 1)

√
ab (see the proof of Theorem 5), leading to

t = 4ab/t′ = 2
√
ab/(z − 1). Hence, the other intersection ofγ and they-axis
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is identical with the pointVz−1. Assume thatγ is a proper circle passing through
Vz±1 for a real numberz 	= ±1 and let(x0, y0) be the coordinates of the center
of γ. Obviously,y′0 = (s′ + t′)/2 = 2z

√
ab andx′0 = (2a′ − 2b′)/2 = b − a,

where(x′0, y′0) are the coordinates of the center ofγ′. The inversion center at the
coordinate originO is also the center of homothety of the circlesγ andγ′, with
homothety coefficient equal toh = 4ab/O(γ′). SinceO(γ′) = s′t′ = 4(z2−1)ab,
this homothety coefficient is equal toh = 1/(z − 1)2. Hence,x0 = x′0h =
(b − a)/(z2 − 1), y0 = y′0h = 2z

√
ab/(z2 − 1) and the radius of the circleγ is

c = c′h = (a + b)/|z2 − 1|, which leads to equation (8). The converse follows
from the fact that (8) determines a circle touchingα andβ at points different from
O and passing throughVz+1 at the skewed arbelos boundary and this circle is then
expressed by (8) again as we have already demonstrated. Ifz → ±1 and we neglect
the terms quadratic inz2 − 1 in (8), the remaining factorsz2 − 1 cancel out and we
arrive to equation (9). �

4. Relationship of two skewed arbeloi

In this section, we analyze further properties of the skewed arbeloi(Vn±1),
(W++

n±1), (W−−
n±1), (W+−

n±1) and (W−+
n±1) for an arbitrary integern and also con-

sider properties of the circle orthogonal toα andβ. We assume that the circlesα
andβ are fixed. For these arbeloi, the circles formerly denoted byα+m for an integer
m are now labeled explicitly asα+

n,m and their radii asa+n,m. Similarly, we relabel
the circles formerly denoted byα−m, β+

m andβ−m and their radii. The circle passing
throughVz±1 and touchingα andβ at points different fromO is denoted byγz for
a real numberz. If γz is a proper circle, it is expressed by (8), and the circleγn
forms (Vn±1) with α andβ. Reflecting the arbeloi(Vn±1), (W++

n±1) and(W+−
n±1)

in thex-axis yields the arbeloi(V−n±1), (W−−
−n±1), (W−+

−n±1), respectively. There-
fore 1/a±n,m = 1/a∓−n,m and1/b±n,m = 1/b∓−n,m in the arbelos pairs(Vn±1) and
(V−n±1); (W++

n±1) and(W−−
−n±1); (W+−

n±1) and(W−+
−n±1), but this is trivial.

Since they-coordinates of the pointsVn±1,W++
n±1 andW−−

n±1 are symmetrical in
a andb, the radiib±n,m can be obtained froma±n,m by replacinga with b andb with
a in the arbeloi(Vn±1), (W++

n±1) and(W−−
n±1). On the other hand, they-coordinates

of the pointsW+−
n±1 andW−+

n±1 are not symmetrical ina andb. Hence, we cannot
draw the same conclusion for the arbeloi(W+−

n±1) and (W−+
n±1). Using the same

notations as in the proof of Theorem 5, from equation (3) for the arbelos(Vn±1),
we get

1
a±n,m

=

(
s′ − 2

√
ab± 2

√
(a+ b)b± 2mb

)2

4ab2
=
(
n√
b
± m√

a
± 1√

rA

)2

.

Using equation (4) for the arbelos(W++
n±1),

1
a+

n,m
=

(
n√
b
− m√

a
+

√
a−√

b√
a+

√
b

1√
rA

)2

,



242 H. Okumura and M. Watanabe

1
a−n,m

=

(
n√
b

+
m√
a

+
3
√
a+

√
b√

a+
√
b

1√
rA

)2

.

Using equation (5) for the arbelos(W−−
n±1),

1
a+

n,m
=

(
n√
b
− m√

a
− 3

√
a+

√
b√

a+
√
b

1√
rA

)2

,

1
a−n,m

=

(
n√
b

+
m√
a
−

√
a−√

b√
a+

√
b

1√
rA

)2

.

Using equation (6) for the arbelos(W+−
n±1),

1
a+

n,m
=

(
n√
b
− m√

a
+

√
a+

√
b√

a−√
b

1√
rA

)2

,

1
a−n,m

=

(
n√
b

+
m√
a

+
3
√
a−√

b√
a−√

b

1√
rA

)2

,

1
b+n,m

=

(
n√
a
− m√

b
− 3

√
b−√

a√
b−√

a

1√
rA

)2

,

1
b−n,m

=

(
n√
a

+
m√
b
−

√
b+

√
a√

b−√
a

1√
rA

)2

.

Using equation (7) for the arbelos(W−+
n±1),

1
a+

n,m
=

(
n√
b
− m√

a
− 3

√
a−√

b√
a−√

b

1√
rA

)2

,

1
a−n,m

=

(
n√
b

+
m√
a
−

√
a+

√
b√

a−√
b

1√
rA

)2

,

1
b+n,m

=

(
n√
a
− m√

b
+

√
b+

√
a√

b−√
a

1√
rA

)2

,

1
b−n,m

=

(
n√
a

+
m√
b

+
3
√
b−√

a√
b−√

a

1√
rA

)2

.

By comparing the above equations, we obtain the following theorem (see Figure
10):
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α+
1,0

β+
0,1

β

α

γ1

γ0

Figure 10.a+1,0 = b+0,1 for (V1±1) and(V0±1)

Theorem 8. Let n and m be integers.
(i) For (Vn±1) and (Vm±1), we have 1/a+n,m = 1/b+m,n, 1/b+n,m = 1/a+

m,n,
1/a−n,−m = 1/b−m,−n, and 1/b−n,−m = 1/a−m,−n.
(ii) For (W++

n±1) and (W++
m±1), we have 1/a+n,m = 1/b+m,n and 1/b+n,m = 1/a+

m,n.
(iii) For (W−−

n±1) and (W−−
m±1), we have 1/a−n,−m = 1/b−m,−n and 1/b−n,−m =

1/a−m,−n.
(iv) For (W+−

n±1) and (W+−
m±1), we have 1/a+n,−m = 1/b−m,n.

(v) For (W−+
n±1) and (W−+

m±1), we have 1/a−n,m = 1/b+m,−n.
(vi) For (W−−

n±1) and (W++
m±1), we have 1/a−n,m = 1/b+m,−n and 1/b−n,m = 1/a+

m,−n.
(vii) For (W+−

n±1) and (W−+
m±1), we have 1/a+n,m = 1/b+m,n and 1/b−n,−m = 1/a−m,−n.

For different real numbersz andw, ζαz,w is the circle touchingα, γz andγw and
passing through neither the tangency point ofα andγz nor the tangency point of
α andγw and different fromβ. Similarly the circleζβz,w is defined. In the figure
formed by(V0±1) and(V1±1), two other congruent pairs of inscribed circles can
be found (see Figure 11).

Theorem 9. The circle inscribed in the curvilinear triangle formed by γ0, the y-
axis, and one of the twin circles of Archimedes touching β is congruent to ζα0,1.

To prove this theorem, we use the following result of the old Japanese geometry
[7] (see Figure 12):

Lemma 10. Assume that the circle C with radius r is divided by a chord t into
two arcs and let h be the distance from the midpoint of one of the arcs to t. If two
externally touching circles C1 and C2 with radii r1 and r2 also touch the chord t
and the other arc of the circle C internally, then h, r, r1 and r2 are related as

1
r1

+
1
r2

+
2
h

= 2
√

2r
r1r2h

.

Proof. The centers ofC1 andC2 can be on the opposite sides of the normal dropped
on t from the center ofC or on the same side of this normal. From the right
triangles formed by the centers ofC andCi (i = 1, 2), the line parallel tot through
the center ofC, and the normal dropped ont from the center ofCi, we have

|
√

(r − r1)2 − (h+ r1 − r)2 ±
√

(r − r2)2 − (h+ r2 − r)2| = 2
√
r1r2,
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where we used the fact that the segment length of the common external tangent of
C1 andC2 between the tangency points is equal to2

√
r1r2. The formula of the

lemma follows from this equation. �

Now we can prove Theorem 9. The distance between the common external
tangent ofα andβ and the midpoint of the minor arc of the circleγ0 formed by
this tangent is2rA [2]. According to Lemma 10, the radii of the two inscribed
circles are the root of the same quadratic equation

1
r

+
1
a

+
a+ b
ab

= 2

√
(a+ b)2

a2br
.

From Figure 11, it is obvious that one root of this quadratic equation is equal tob.
The other root is thena2b/(a+ 2b)2. �

AOB

ζα
0,1

V1

α
β

γ0

γ1

ζβ
0,1

h

t

C

C1 C2

Figure 11. Two small congruent pairs Figure 12.

Now we consider circles orthogonal toα andβ. Let t = (a + b)/
√
ab and let

εz be the circle with a diameterOVz for a real numberz, where we considerε0 is
identical with thex-axis. The mappingγz → εz gives a one to one correspondence
between the circles touchingα andβ at points different fromO and the circles
orthogonal toα andβ. The circleε1 intersectsα andγ1 perpendicularly at their
tangency point and the line segmentAV1 also passes through this point [2].

Theorem 11. Let z and w be real numbers.
(i) The circle εz intersects α and γz perpendicularly at their tangency point and
the line segment AVz also passes through this point.
(ii) Letw 	= 0. The circle εz is orthogonal to any circle touching γz−w and γz+w. In
particular εz intersects α and ζαz−w,z+w perpendicularly at their tangency point. If
the two circles γz−w and γz+w intersect, εz also passes through their intersection.
(iii) The two circles γz and γw touch if and only if z − w = ±t. The circle εz
touches γz−t/2 and γz+t/2 at their tangency point.
(iv) The reciprocal radius of εzt is |z|/rA.

Proof. We once again invert the circles in the circle centered atO and with ra-
dius 2

√
ab as in the proofs of Theorems 1, 5 and 7 and use the same notation.
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The circleγz is then carried into the circleγz ′ touchingα′ at a point with the
y-coordinate2z

√
ab as shown in the proof of Theorem 7 andεz is carried into

the line εz ′: y = 2z
√
ab. This implies thatεz intersectsα andγz at their tan-

gency point perpendicularly. The last part of (i) follows from the fact that the three
pointsA′, the tangency point ofα′ andγz

′ andVz
′ lie on a circle passing through

O in this order. (ii) follows from the fact that the two circlesγz−w
′ andγz+w

′
are symmetrical in the lineεz ′. The two circlesγz ′ andγw

′ touch if and only if
2z

√
ab − 2w

√
ab = ±2(a + b) and this is equivalent toz − w = ±t. This gives

the first half part of (iii). The remaining part of (iii) and (iv) are now obvious.�

The circleζαz−w,z+w touchesα at a fixed point for any non-zero real numberw,
which is the intersection ofα andεz by (ii) of the theorem. For any chain of circles
touchingα andβ, the reciprocals of the radii of their associated circles orthogonal
to α andβ and the circles in this chain form a geometric progression by the first
half part of (iii) and (iv) of the theorem, where we assume that the radius of the
associated circle touching thex-axis from below has minus sign. In particular,
starting with the ordinary arbelos, we get the chain of circles

{· · · , γ−2t, γ−t, γ0, γt, γ2t, · · · }
and the reciprocal radius of the circleεnt associated withγnt in this chain isn/rA.
In the casen = 1, we get the well-known fact that the circle orthogonal toα, β
and the inscribed circle of the ordinary arbelos is congruent to the twin circles of
Archimedes in the ordinary arbelos [1]. Now let us consider some other special
cases of Theorem 11. In Figure 11, the circle with centerV1 passing throughO,
i.e., ε1/2, intersectsα andζα0,1 (alsoβ andζβ0,1) perpendicularly at their tangency
point and also intersectsγ0 andγ1 at their intersections. These results are obtained
by lettingz = w = 1/2 in (ii). The circleε(n+1/2)t with radiusrA/(n+ 1

2 ) touches
γnt andγ(n+1)t at their tangency point by (iii) and (iv). In particular the circleεt/2,
which is double the size of the twin circles of Archimedes in the ordinary arbelos,
intersectsα andζα0,t (alsoβ andζβ0,t) perpendicularly at their tangency point and
also touchesγ0 andγt at their tangency point (see Figure 13).

γt

ζα
0,t

γ0

α

β

ζβ
0,t

εt/2

O
B

A

γt/2

Figure 13.
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There is a tangent betweenεt/2 and each of the twin circles of Archimedes in the
ordinary arbelos which is parallel to they-axis. In order to avoid the overlapping
circles, reflected twin circles of Archimedes in thex-axis are drawn in Figure 13.
From (8) we can see that the circleγt/2 (alsoγ−t/2) touches thex-axis.

5. The n-th twin circles of Archimedes (asymmetrical case)

To investigate further possibilities of the existence of pairs of then-th twin cir-
cles of Archimedes, we define several other points on they-axis, which are also
related to some of those pairs. Consider the following points on they-axis with
giveny-coordinates:

Xn,+ :
−2

√
ab(√a−√

b)
n(√a+

√
b)+(√a−√

b) ,

Xn,− :
−2

√
ab(√a−√

b)
n(√a+

√
b)−(√a−√

b) ;

Yn,+ :
−2

√
ab(√a+

√
b)

n(√a−√
b)+(√a+

√
b) ,

Yn,− :
−2

√
ab(√a+

√
b)

n(√a−√
b)−(√a+

√
b) .

Also,

Z++
n,+ :

2
√

ab(√a+
√

b)
n(√a−√

b)+(√a+
√

b)−2
√

a+b
,

Z++
n,− :

2
√

ab(√a+
√

b)
n(√a−√

b)−(√a+
√

b)−2
√

a+b
,

Z−−
n,+ :

2
√

ab(√a+
√

b)
n(√a−√

b)+(√a+
√

b)+2
√

a+b
,

Z−−
n,− :

2
√

ab(√a+
√

b)
n(√a−√

b)−(√a+
√

b)+2
√

a+b
,

Z+−
n,+ :

2
√

ab(√a−√
b)

n(√a+
√

b)+(√a−√
b)−2

√
a+b
,

Z+−
n,− :

2
√

ab(√a−√
b)

n(√a+
√

b)−(√a−√
b)−2

√
a+b
,

Z−+
n,+ :

2
√

ab(√a−√
b)

n(√a+
√

b)+(√a−√
b)+2

√
a+b
,

Z−+
n,− :

2
√

ab(√a−√
b)

n(√a+
√

b)−(√a−√
b)+2

√
a+b
.

Reflecting the pointsXn,+, Xn,−, Yn,+, Yn,−, Z++
n,+, Z++

n,−, Z+−
n,+ andZ+−

n,− in
thex-axis, we get the pointsX−n,−,X−n,+, Y−n,−, Y−n,+, Z−−

−n,−, Z−−
−n,+, Z−+

−n,−
andZ−+

−n,+, respectively. Since−1 < (
√
a−√

b)/(
√
a+

√
b) < 1,Xn,+ andXn,−

cannot be the point at infinity on they-axis for any integern, if a 	= b. However,
any of the other points can be identical with the point at infinity for somea andb
and integern. The proof of the next theorem is similar to the proof of Theorem 5.

Theorem 12. Let n be an arbitrary integer and a 	= b.
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(i) 1/a+
n = 1/b+−n if and only if the circle γ passes through Xn,± or Z++

n,±. If γ
passes through Xn,±,

1
a+

n
=

1
b+−n

=
(
n

√
a+ b√
a−√

b
− 1
)2 1
rA

and if γ passes through Z++
n,±,

1
a+

n
=

1
b+−n

=

((
n

√
a+ b√
a−√

b
− 1
)(√

a−√
b√

a+
√
b

))2
1
rA
.

(ii) 1/a−−n = 1/b−n if and only if the circle γ passes through Xn,± or Z−−
n,±. If γ

passes through Xn,±,

1
a−−n

=
1
b−n

=
(
n

√
a+ b√
a−√

b
+ 1
)2 1
rA

and if γ passes through Z−−
n,±,

1
a−−n

=
1
b−n

=

((
n

√
a+ b√
a−√

b
+ 1
)(√

a−√
b√

a+
√
b

))2
1
rA
.

(iii) 1/a+−n = 1/b−−n if and only if the circle γ passes through Yn,± or Z+−
n,±. If γ

passes through Yn,±,

1
a+
−n

=
1
b−−n

=
(
n

√
a+ b√
a+

√
b
− 1
)2 1
rA

and if γ passes through Z+−
n,±,

1
a+
−n

=
1
b−−n

=

((
n

√
a+ b√
a+

√
b
− 1
)(√

a+
√
b√

a−√
b

))2
1
rA
.

(iv) 1/a−n = 1/b+n if and only if the circle γ passes through Yn,± or Z−+
n,±. If γ

passes through Yn,±,

1
a−n

=
1
b+n

=
(
n

√
a+ b√
a+

√
b

+ 1
)2 1
rA

and if γ passes through Z−+
n,±,

1
a−n

=
1
b+n

=

((
n

√
a+ b√
a+

√
b

+ 1
)(√

a+
√
b√

a−√
b

))2
1
rA
.

Each of the propositions (i), (ii), (iii) and (iv) in Theorems 5 and 11 asserts
the existence of two different pairs of then-th twin circles of Archimedes in two
different arbeloi, but the ratio of their radii is independent ofn and the circleγ and

always equal to
(
(
√
a+

√
b)/(

√
a−√

b)
)±2

.
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αβ

γ

X1,+

X1,−

α−
−1

β+
−1

β−
1

α+
1 αβ

γ

β+
1

α−
1

α+
−1

β−
−1

Y1,−

Y1,+

Figure 14.a+1 = b+−1, a−−1 = b−1 for (X1,±) a+
−1 = b−−1, a−1 = b+1 for (Y1,±)

If the circleγ passes through the pointsXn,±, we label the arbelos as(Xn,±).
The arbeloi(Yn,±), (Z++

n,±), (Z−−
n,±), (Z+−

n,±) and(Z−+
n,±) are defined similarly. Re-

flecting(Xn,±), (Yn,±), (Z++
n,±) and(Z+−

n,±) in thex-axis, we get(X−n,±), (Y−n,±),
(Z−−

−n,±) and(Z−+
−n,±), respectively. Table 2 shows, on which sides of thex-axis

lie the centers of then-th twin circles of Archimedes in these arbeloi. According
to Theorem 12, there are two pairs of then-th twin circles of Archimedes in the
arbeloi(Xn,±) and(Yn,±) (see Figure 14).

(Xn,±) (Yn,±) (Z++
n,±) (Z−−

n,±) (Z+−
n,±) (Z−+

n,±)
same α+

n , β
+
−n α+

−n, β
−
−n α−n , β+

n

side α−−n, β
−
n

opposite α+
−n, β

−
−n α+

n , β
+
−n α−−n, β

−
n

side α−n , β+
n

Table 2.
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6. Another twin circle property

We demonstrate the existence of another pair of twin circles in the case, when
the circleγ and the line joining the centers ofα andβ intersect. This pair of twin
circles is a generalization of the circlesW6 andW7 in [4]. A related result can be
seen in [6]. We start by proving the following lemma:

Lemma 13. Let A0B0 be the diameter of the circle γ parallel to the x-axis and
intersecting the y-axis at the point O′. Let a0 = |A0O

′| and b0 = |B0O
′|, where

A0 and B0 lie on the same sides of the y-axis as the circles α and β, respectively.
If γ touches α and β internally, a/b = a0/b0 and if γ touches α and β externally,
a/b = b0/a0.

Proof. Assume thatγ touchesα andβ internally anda < b (see Figure 15). Let
Oα,Oβ andOγ be the centers ofα, β andγ andF the foot of the normal dropped
fromOγ to thex-axis. By Pythagorean theorem we get

|OγOα|2 − |OαF |2 = |OγOβ |2 − |OβF |2.
Substituting|OγOα| = (a0 + b0)/2 − a, |OγOβ | = (a0 + b0)/2 − b, |OαF | =
a + |OγO

′|, |OβF | = b − |OγO
′| and |OγO

′| = (a0 + b0)/2 − a0, we obtain
a/b = a0/b0. The case, whenγ touchesα andβ externally, can be proved in a
similar way. �

PQ

A0B0

Oγ O′

F

γ

Oβ

LPLQ

β

α

Figure 15.

Theorem 14. Let AO and BO be the diameters of the circles α and β on the x-
axis. Let P and Q be the intersections of the circle γ with the x-axis, choosing P
and Q so that A, P , Q, B follow in this order on the x-axis, if we regard it as a
circle of infinite radius closed through the point at infinity. Let LP and LQ be the
lines through P and Q perpendicular to the x-axis. The circle touching the y-axis
from the side opposite to β and the tangents to β from an arbitrary point on LP

is congruent to the circle touching the y-axis from the side opposite to α and the
tangents to α from an arbitrary point on LQ.
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Proof. We use the same notation as in Lemma 13 and its proof. Assume thatγ
touchesα andβ internally anda < b. According to Lemma 13, there is a real
numberk, such thata = a0k andb = b0k. Hence,

|OγF |2 =((a0 + b0)/2 − b0k)2 − (b0k − d)2,
|QF |2 =|OγQ|2 − |OγF |2 = 2a0b0k + d2,

whered = |OF | = (b0 − a0)/2. Let rb be the radius of the circle touching the
y-axis from the side opposite toα and the common external tangents ofα from
an arbitrary point onLQ. Similarly, letra be the radius of the circle touching the
y-axis from the side opposite toβ and the common external tangent ofβ from an
arbitrary point onLP . From the similarity of the circle with radiusrb and the circle
α, we have

√
d2 + 2a0b0k + d− rb

rb
=

√
d2 + 2a0b0k + d+ a0k

a0k
,

1
rb

=
1
a0k

+
√
d2 + 2a0b0k − d

a0b0k
.

Similarly we obtain

1
ra

=
1
b0k

+
√
d2 + 2a0b0k + d

a0b0k
.

But we can easily show that1/ra−1/rb = 0 or ra = rb. The case, whenγ touches
α andβ externally, can be proved in a similar way. �

Theorem 14 holds even in the case, whenγ is one of the common external
tangents of the circlesα andβ, if we considerγ to intersect thex-axis at the point
at infinity. In this case, ifa < b, these twin circles are congruent toα. If γ touches
α andβ internally, the minimum radii of these twin circles are equal torA, which
is the case of the ordinary arbelos. Ifγ touchesα andβ externally, the radii of
the twin circles are maximum in the case, whenγ touches thex-axis. Letr be
the maximum radius of the twin circles,c the radius ofγ andd the distance of the
tangency point ofγ with thex-axis from the originO and assumea < b. In this
case

c2 = (c+ a)2 − (d− a)2 = (c+ b)2 − (d+ b)2.

Eliminating c and solving this equation ford, we getd = 4ab/(b − a). From the
similarity of the circleα and the corresponding twin circle,(d−a)/a = (d+r)/r,
which impliesr = 2rA. Consequently, we obtain that ifa < b, rA < a < 2rA,
and the the common radii of the twin circles take the minimum valuerA for the
ordinary arbelos,a whenγ is one of the common external tangents ofα andβ, and
the maximum value2rA whenγ touches thex-axis. Since the circleγ touching the
x-axis is identical withγ±t/2 as mentioned at the end of§4, there is one more circle
congruent to the twin circles in the last case, which is the circleε±t/2 associated to
γ±t/2 by (iv) of Theorem 11 (see Figure 13).
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7. Conclusion

We have demonstrated several interesting properties of the skewed arbelos, which
could not have been found by consider the ordinary one. Since we confined our dis-
cussion largely to a generalization of the twin circles of Archimedes, it appears to
be worth the effort to investigate other topics related to the skewed arbelos. We
conclude our paper by proposing a problem. Letα, β andγ be three circles form-
ing a skewed arbelos, i.e.,γ is given by equations (8) or (9), and letδ be a circle
touchingα andβ at their tangency pointO and intersectingγ. The circleδ divides
the skewed arbelos into two curvilinear triangles. Find (or construct) the circleδ,
such that the incircles of the two curvilinear triangles are congruent (see Figure
16).

δγ

αβ O

Figure 16.
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A Generalization of the Kiepert Hyperbola

Darij Grinberg and Alexei Myakishev

Abstract. Consider an arbitrary pointP in the plane of triangleABC with
cevian triangleA1B1C1. Erecting similar isosceles triangles on the segments
BA1, CA1, CB1, AB1, AC1, BC1, we get six apices. If the apices of the two
isosceles triangles with basesBA1 andCA1 are connected by a line, and the two
similar lines forB1 andC1 are drawn, then these three lines form a new triangle,
which is perspective to triangleABC. For fixedP and varying base angle of
the isosceles triangles, the perspector draws a hyperbola. Some properties of this
hyperbola are studied in the paper.

1. Introduction

We consider the following configuration. LetP be a point in the plane of a
triangleABC, andAA1,BB1 andCC1 be the three cevians ofP . For an arbitrary
nonzero angleϕ satisfying−π

2 < ϕ < π
2 , we erect two isosceles trianglesBAbA1

andCAcA1 with the basesBA1 andA1C and base angleϕ, both externally to
triangleABC if ϕ > 0, and internally otherwise. The same construction also
gives the pointsBc, Ba, Ca, Cb, with isosceles triangles all with base angleϕ.
This configuration depends on triangleABC, the pointP andϕ ∈(−π

2 ,
π
2

)\{0}.

Ca

Cb

Ab

Ac

Bc

Ba

P

A1

B1

C1

A

B C

Figure 1.

We study an interesting locus problem associated with this configuration.

Publication Date: December 29, 2004. Communicating Editor: Paul Yiu.
The authors thank Professor Paul Yiu for his assistance and for the contribution of results which

form a great part of§5.
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2. The coordinates of the vertices

In this paper we work with homogeneous barycentric coordinates, and make use
of John H. Conway’s notations. See [1] for some basic properties of the Conway
symbols. We begin by calculating the barycentric coordinates of the apices of our
isosceles triangles. Let(u : v : w) be the homogeneous barycentric coordinates of
the pointP .

Proposition 1. The apices of the isosceles triangles on BA1 and A1C are the
points

Ab =(−a2w : 2Sϕv + (SC + Sϕ)w : (SB + Sϕ)w), (1)

Ac =(−a2v : (SC + Sϕ)v : 2Sϕw + (SB + Sϕ)v). (2)

Proof. LetAϕ be the apex of the isosceles triangle with baseBC and base angleϕ.
It is well known that the pointAϕ has the coordinates(−a2 : SC +Sϕ : SB +Sϕ).
The lineAbA1 is parallel to the lineAϕC; hence, using directed segments, we have
BAb

AbAϕ
=

BA1

A1C
=

w

v
, so that (identifying every point with the vector to the point

from an arbitrarily chosen origin),

Ab =
vB + wAϕ

v + w
=
(
−a2w

2Sϕ
:

(SC + Sϕ)w
2Sϕ

+ v :
(SB + Sϕ)w

2Sϕ

)
.

Here, we have used the fact that the sum of the coordinates of the pointAϕ is
−a2 + (SB + SC) + 2Sϕ = 2Sϕ.

This yields the coordinates ofAb given in (1) above. Similarly,Ac is as given in
(2). The four remaining apices can be computed readily. �

Let La be the line joining the apicesAb andAc. It is routine to compute the
barycentric equation of the lineLa.

Proposition 2. The equation of the line La is

(SBv
2 + SCw

2 + Sϕ(v + w)2)x + a2w2y + a2v2z = 0. (3)

Proof. Forϕ ∈ (−π
2 ,

π
2

) \ {0}, the equation of the line joiningAb andAc is∣∣∣∣∣∣
x y z

−a2w 2Sϕv + (SC + Sϕ)w (SB + Sϕ)w
−a2v (SC + Sϕ)v 2Sϕw + (SB + Sϕ)v

∣∣∣∣∣∣ = 0.

This simplifies into (3) above. �

Similarly, we defineLb andLc. Their equations can be easily written down:

b2w2x + (SCw
2 + SAu

2 + Sϕ(w + u)2)y + b2u2z =0, (4)

c2v2x+ c2u2y + (SAu
2 + SBv

2 + Sϕ(u + v)2)z =0. (5)
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3. The triangle formed by the lines La, Lb, Lc

Consider the triangle bounded by the linesLa, Lb andLc. This has vertices

A2 = Lb ∩ Lc, B2 = Lc ∩ La, C2 = La ∩ Lb.

Theorem 3. The triangle bounded by the lines La, Lb, Lc is perspective with
ABC . Their axis of perspectivity is the trilinear polar of the barycentric square of
the point P .

Proof. LetA0 = BC ∩La,B0 = CA∩Lb, andC0 = AB ∩Lc. In homogeneous
barycentric coordinates, these are the points

A0 = (0 : −v2 : w2), B0 = (u2 : 0 : −w2), C0 = (−u2 : v2 : 0)

respectively, and are all on the line
x

u2
+

y

v2
+

z

w2
= 0. (6)

It follows from the Desargues theorem thatABC and the triangle bounded by
the linesLa, Lb, Lc are perspective. Note that the axis of perspectivity (6) is the
trilinear polar of the point(u2 : v2 : w2), the barycentric square ofP .1 It is
independent ofϕ. �

The perspector of the triangles, however, varies withϕ. We work out its coordi-
nates explicitly. The vertices of the triangle in question are

A2 = Lb ∩ Lc, B2 = Lc ∩ La, C2 = La ∩ Lb.

From (4) and (5), the line joiningA2 toA has equation

c2(v2(SCw
2 + SAu

2 + 2Sϕ(w + u)2) − b2w2u2)y

− b2(w2(SAu
2 + SBv

2 + 2Sϕ(u + v)2) − c2u2v2)z = 0.

Similarly, by writing down the equations of the linesBB2 andCC2, we easily find
the perspector of the trianglesABC andA2B2C2.

Theorem 4. For any point P and any angle ϕ, the perspector of the triangles
ABC and A2B2C2 is the point

KP (ϕ) =
(

a2

−SBv2(w2 − u2) + SCw2(u2 − v2) + u2(v + w)2Sϕ
: · · · : · · ·

)
(7)

Strictly speaking, the perspectorKP (ϕ) is not defined in the casesϕ = 0 and
ϕ = π

2 . However, in these two cases we can define the perspectors as the limits of
the perspector when the angle approaches0 andπ

2 , respectively. The coordinates
of these limiting perspectors can be obtained from (7) by substitutingϕ = 0 andπ

2
respectively.

1If we take the harmonic conjugatesA′
0, B′

0 andC′
0 of the pointsA0, B0, C0 with respect to the

sidesBC, CA, AB respectively, then the linesAA′
0, BB′

0 andCC′
0 concur at the trilinear pole of

the lineA0B0C0, which is the barycentric square ofP . This gives an interesting construction of the
barycentric square of a point. For another construction, see [2].
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Ca

Cb

Ab

Ac

Bc

Ba

A2

B2

C2

KP (ϕ)

P

A1

B1

C1

A

B C

Figure 2.

KP (0) =
(

a2

u2(v + w)2
:

b2

v2(w + u)2
:

c2

w2(u + v)2

)
,

KP

(π
2

)
=

(
a2

SB

(
1

w2 − 1
u2

)− SC

(
1
u2 − 1

v2

) : · · · : · · ·
)
.

4. The locus of the perspector

From the coordinates of the perspectorKP (ϕ) given in (7), it is clear that the
point lies on the isogonal conjugate of the line joining the points

P1 =(u2(v + w)2 : v2(w + u)2 : w2(u + v)2),

P2 =(−SBv
2(w2 − u2) + SCw

2(u2 − v2) : · · · : · · · )

=
(
SB

(
1
w2

− 1
u2

)
− SC

(
1
u2

− 1
v2

)
: · · · : · · ·

)
.

ObviouslyP1 is an interior point of triangleABC. It is more interesting to note
thatP2 is an infinite point, evidently of the line

SA

(
1
v2

− 1
w2

)
x+ SB

(
1
w2

− 1
u2

)
y + SC

(
1
u2

− 1
v2

)
z = 0. (8)

Note that
(

1
v2 − 1

w2 : 1
w2 − 1

u2 : 1
u2 − 1

v2

)
is also an infinite point, of the line (6).

From (8), these two lines are orthogonal. See [3, p.52].

Theorem 5. Let P = (u : v : w). The locus KP is the isogonal conjugate of the
line through the point (u2(v + w)2 : v2(w + u)2 : w2(u + v)2) perpendicular to
the trilinear polar of (u2 : v2 : w2).
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If P is not the centroid2 and if this line does not pass through any of the vertices
of ABC or its antimedial triangle, then the locusKP is a circum-hyperbola,3

which is rectangular if and only ifP lies on the quintic

a2v2w2(v − w) + b2w2u2(w − u) + c2u2v2(u− v)

=uvw(u + v + w)((b2 − c2)u+ (c2 − a2)v + (a2 − b2)w). (9)

We shall study the degenerate case in§6 below.

5. Special cases

5.1. The orthocenter. If P = H, the orthocenter,P1 = (a4 : b4 : c4) and the

trilinear polar of
(

1
SAA

: 1
SBB

: 1
SCC

)
is the lineSAAx+ SBBy + SCCz = 0. The

perpendicular fromP1 to this line is the line

b2 − c2

a2
x+

c2 − a2

b2
y +

a2 − b2

c2
z = 0,

which is clearly the Brocard axisOK. The locusKH is therefore the Kiepert
hyperbolaK. A typical point onK is the Kiepert perspector

K(θ) =
(

1
SA + Sθ

:
1

SB + Sθ
:

1
SC + Sθ

)
which is the perspector of the triangle of apices of isosceles triangles of base angles
θ erected on the sides of triangleABC.

Theorem 6. KH(ϕ) = K(θ) if and only if

cotϕ(cot ω + cot θ) + cot θ cotω + 1 = 0, (10)

where ω is the Brocard angle of triangle ABC .

Proof. From (7),

KH(ϕ) =
(

1
SBC − SAA + a2Sϕ

: · · · : · · ·
)
.

This is the same asK(θ) if and only if

((SCA − SBB + b2Sϕ)(SAB − SCC + c2Sϕ), · · · , · · · )
=k((SB + Sθ)(SC + Sθ), · · · , · · · )

for somek. These conditions are satisfied if and only if

k = (SA + SB + SC + Sϕ)2,

and
SθSϕ + (SA + SB + SC)(Sθ + Sϕ) + S2 = 0.

This latter condition translates into (10) above. �
2KG(ϕ) = K, the symmedian point, for everyϕ.
3In fact, being the isogonal conjugate of the lineP1P2, this is a circumconic. Since the lineP1P2

intersects the circumcircle of triangleABC (asP1 is an interior point), it is a circum-hyperbola. The
isogonal conjugate of the pointP2 is the fourth point of intersection of the circumscribed hyperbola
with the circumcircle of triangleABC.
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Note that the relation (10) is symmetric inϕ, ω, andθ. From this we obtain the
following interesting corollary.

Corollary 7. KH(ϕ) = K(θ) if and only if KH(θ) = K(ϕ).

Here are some examples of correspondingϕ andθ.

ϕ π
4 −π

4 ω −ω
θ −π

4
π
4 − arctan(sin 2ω) 0

5.2. The incenter. If P = I, the incenter, we have

P1 = (a2(b + c)2 : b2(c+ a)2 : c2(a + b)2) = X1500.

The pointP2 is the infinite point of the perpendicular to the Lemoine axis, namely,

X511 = (a2(a2(b2 + c2) − (b4 + c4)) : · · · : · · · ),
the same as the caseP = H. The hyperbolaKI is the circum-hyperbola through
X98 and

X1509 =
(

1
(b+ c)2

:
1

(c+ a)2
:

1
(a + b)2

)
.

The center of the hyperbola is the point

((b− c)2f(a, b, c)g(a, b, c) : (c− a)2f(b, c, a)g(b, c, a) : (a− b)2f(c, a, b)g(c, a, b)),

where

f(a, b, c) =a5 − a3(b2 + bc+ c2) − a2(b + c)(b2 + c2) − abc(b + c)2 − b2c2(b+ c),

g(a, b, c) =a5 − a3(2b2 + bc+ 2c2) − a2(b+ c)(2b2 + bc+ 2c2)

− a(b4 − b3c− 2b2c2 − bc3 + c4) − bc(b + c)3.

5.3. The Gergonne point. If P is the Gergonne point,P1 is the symmedian point
K and the infinite point of the perpendicular to the trilinear polar of

X279 =
(

1
(b + c− a)2

:
1

(c+ a− b)2
:

1
(a + b− c)2

)
is

X517 = (a(a2(b + c) − 2abc− (b + c)(b− c)2) : · · · : · · · ).
The hyperbola passes through the centroid andX104 and has center

(a2(b− c)2(a3 − a2(b + c) − a(b− c)2 + (b + c)(b2 + c2))2 : · · · : · · · ).

5.4. P = X671. The pointX671 =
(

1
2a2−b2−c2 : 1

2b2−c2−a2 : 1
2c2−a2−b2

)
lies on

the quintic (9). It is the reflection of the centroid in the Kiepert centerX115. If
P = X671, the locusKP is the rectangular hyperbola whose center is the point

((b2 − c2)2(2a2 − b2 − c2)(a4 − b4 + b2c2 − c4) : · · · : · · · )
on the nine-point circle.
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5.5. P on a sideline. If P is a point on a sideline of triangleABC, say,BC, then
P1 = (0 : 1 : 1) is the midpoint ofBC, andP2 = (−a2 : SC : SB) is the
infinite point of theA-altitude. It follows thatP1P2 is the perpendicular bisector of
BC. Its isogonal conjugate is the circum-hyperbola whose center is the midpoint
of BC. It also passes through the antipode ofA in the circumcircle.

6. The degenerate case

The locusKP is a circum-hyperbola if and only if the lineP1P2 does not contain
a vertex of the triangle. The equation of the lineP1P2 is of the form

U(P )x+ V (P )y +W (P )z = 0,

where

U(P ) = v2(w + u)2(w2(u2SA + v2SB) − c2u2v2)

− w2(u + v)2(v2(u2SA + w2SC) − b2u2w2),

andV (P ) andW (P ) are obtained fromU(P ) by cyclic permutations of(u, v,w),
(a, b, c) and(SA, SB, SC). The locus of the perspectorsKP is degenerate (i.e., it is
not a hyperbola) if and only if at least one of the three coefficientsU(P ), V (P ) and
W (P ) in the equation of the lineP1P2 is zero,i.e., if the pointP lies on at least one
of the three curves of 8 degree defined by the equationsU(P ) = 0, V (P ) = 0 and
W (P ) = 0. Each of these three curves contains the vertices of the triangleABC,
its centroidG, and also the vertices of the antimedial triangleGaGbGc. Moreover,
for any two of these three curves, the only real common points are these 7 points
just listed. We conclude with the following observations.

• If P is one of the verticesA,B andC, then the locusKP is not defined. It
is possibly an isolated singularity of one or more of the curvesU(P ) = 0,
V (P ) = 0, andW (P ) = 0.

• If P is a vertex of the antimedial triangle, then the locusKP is the corre-
sponding sideline of the triangleABC. For example,KGa = BC.

• If P = G, the centroid of triangleABC, thenKP consists of one single
point, the symmedian pointK of triangleABC.

• In all other degenerate cases, the hyperbola degenerates into a pair of lines,
one of them being a sideline of the triangle, while the other one passes
through the opposite vertex (but does not coincide with a sideline).

If we put

(u, v,w) =
(

1
y + z − x

,
1

z + x− y
,

1
x+ y − z

)
,

the equationU(P ) = 0 defines the quartic curve

x =
yz(SBy

2 − SCz
2)

SA(y − z)(y2 + z2) + SBy3 − SCz3

with respect to the antimedial triangle ofABC. Figure 3 shows an example
of these curves in which the vertexB is an isolated singularity of the curves
U(P ) = 0 andW (P ) = 0.
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A

B

C

G

V (P ) = 0U(P ) = 0

W (P ) = 0

Figure 3.
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