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Antiparallelsand Concurrent Euler Lines

Nikolaos Dergiades and Paul Yiu

Abstract. We study the condition for concurrency of the Euler lines of the three
triangles each bounded by two sides of a reference triangle and an antiparallel to
the third side. For example, if the antiparallels are concurreRtand the three
Euler lines are concurrent &, then the loci ofP and @ are respectively the
tangent to the Jerabek hyperbola at the Lemoine point, and the line parallel to the
Brocard axis through the inverse of the deLongchamps point in the circumcircle.
We also obtain an interesting cubic as the locus of the pBifior which the

three Euler lines are concurrent when the antiparallels are constructed through
the vertices of the cevian triangle &

1. Thébault’stheorem on Euler lines

We begin with the following theorem of Victor Bbault [8] on the concurrency
of three Euler lines.

Theorem 1 (Thébault) Let A’ B’C’ betheorthictriangle of ABC'. The Euler lines
of the triangles AB'C’, BC' A, C A’ B’ are concurrent at the Jerabek center. !

Figure 1. Tiebault's theorem on the concurrency of Euler lines

We shall make use of homogeneous barycentric coordinates. With reference to
triangle ABC, the vertices of the orthic triangle are the points

A'=(0:8¢c:SB), B' = (Sc:0:54), C'=(Sp:54:0).

Publication Date: February 3, 2004. Communicating Editor: Antreas P. Hatzipolakis.
IThébault [8] gave an equivalent characterization of this common point. See also [7].
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These are the traces of the orthocerfier= (Spc : Sca : Sap).
The centroid ofAB'C" is the point

(Saa +2Sap +2Sac +3Spc : Sa(Sc+S4) : Sa(Sa+ Sg)).
The circumcenter oft’ BC', being the midpoint ofA H, has coordinates

(Sca+ Sap+2Spc : Sac : Sap)-
It is straightforward to verify that these two points lie on the line

Saa(Sp—Sc)(z+y+z) = (Sa+SB)(Sap+Sc—2Sca)y—(Sc+54)(Spc+Sca—254B)z,

@
which is therefore the Euler line of triangeB'C’. Furthermore, the line (1) also
contains the point

J = (Sa(Sp — Sc)?: Sp(Sc — Sa)?: Sc(Sa — SB)?),

which is the center of the Jerabek hyperbdl&imilar reasoning gives the equa-
tions of the Euler lines of triangleBC' A’ and A’ B'C', and shows that these contain
the same poinf/. This completes the proof of Bbault's theorem.

2. Trianglesintercepted by antiparallels

Since the sides of the orthic triangles are antiparallel to the respective sides of
triangle ABC', we consider the more general situation when the residuals of the
orthic triangle are replaced by triangles intercepted by lings, ¢3 antiparallel to
the sidelines of the reference triangle, with the following intercepts on the sidelines

| BC CA AB
gl Ba Ca
0 | Ay C,
63 Ac Bc

These lines are parallel to the sidelines of the orthic triang#&C’. We shall
assume that they are the images of the liB&s’, C’A’, A’ B’ under the homoth-
etiesh(A,1 — 1), h(B,1 — t2), andh(C, 1 — t3) respectively. The point8,, C,
etc. have homogeneous barycentric coordinates

By =(t1S4a+Sc:0:(1—1t1)Sa), Co=(t15Sa+ Sp:(1—1t1)S4:0),
Cy, = ((1 - tg)SB (oS + 5S4 O), Ay = (O (S + Sc (1 — tg)SB),
Ac=(0: (1 —t3)Sc : t3Sc + Sp), Be=((1—13)Sc : 0:t35¢c + Sa).

’The pointJ appears aX2s in [4].
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Figure 2. Triangles intercepted by antiparallels

2.1 TheEuler lines £;,i = 1,2,3. Denote byT the triangleA B, C,, intercepted
by ¢1; similarly To andT3. These are oppositely similar #oBC. We shall study
the condition of the concurrency of their Euler lines.

Proposition 2. Wth reference to triangle ABC, the barycentric equations of the
Euler linesof T;,7 =1, 2, 3, are

(1 —t1)Saa(Sg — Sc)(z +y+ 2) =c¢*(Sap + Spc — 2Sca)y — b°(Sec + Sca — 2545)z,
(1 —t2)Sr(Sc — Sa)(z +y + 2) =a*(Spc + Sca — 2Sa8)z — ¢*(Sca + Sap — 2Spc),
(1—1t3)Scc(Sa — Sp)(x +y + 2) =b*(Sca + Sap — 2Spc)x — a*(Sas + Spc — 2Sca)y.

Proof. Itis enough to establish the equation of the Euler iihef T. This is the
image of the Euler lin&Z; of triangle AB'C’ under the homothetly(A, 1 —¢). A
point (x : y : z) on £, corresponds to the poiftl — )z —t1(y + 2) : y : z) on
L. The equation of’; can now by obtained from (1). O

From the equations of these Euler lines, we easily obtain the condition for their
concurrency.

Theorem 3. Thethree Euler lines £;, i = 1, 2, 3, are concurrent if and only if
t1a%(Sp — Sc)Saa + t20*(Sc — S4)Spp + t3¢*(Sa — SB)Scc =0.  (2)

Proof. From the equations of;, i = 1,2, 3, given in Proposition 2, it is clear that
the condition for concurency is

(1—t1)a*(Sp—Sc)Saa+(1—t2)b*(Sc—Sa)Spp+(1—t3)c*(Sa—SB)Scc = 0.

This simplifies into (2) above. O
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2.2 Antiparallels with given common point of £;, i = 1,2,3 . We shall assume
triangle ABC scaleneij.e,, its angles are unequal and none of them is a right angle.
For such triangles, the Euler lines of the residuals of the orthic triangle and the
corresponding altitudes intersect at finite points.

Theorem 4. Given a point Q in the plane of a scalene triangle ABC, there is a
ungiuetriple of antiparallels 4,7 = 1, 2, 3, for whichthe Euler lines £;,i = 1,2, 3,
are concurrent at Q).

Proof. Construct the parallel through to the Euler line ofAB C’ to intersect the
line AH atO,. The circle through4 with centerO, intersectsAC andAB at B,
and C, respectively. The line3,C, is parallel toB'C’. It follows that its Euler
line is parallel to that ofAB'C’. This is the lineO,Q. Similar constructions give
the other two antiparallels with corresponding Euler lines passing thrQugh(C

We make a useful observation here. From the equations of the Euler lines given
in Proposition 2 above, the intersection of any two of them have coordinates ex-
pressible in linear functions af, to, t5. It follows that if ¢, ¢o, t3 are linear func-
tions of a parameter, and the three Euler lines are concurrent, themn eeries,
the common point traverses a straight line. In particlae: to = t3 = t, the
Euler lines are concurrent by Theorem 3. The locus of the intersection of the Euler
lines is a straight line. Since this intersection is the Jerabek center tvhe®
(Thébault’s theorem), and the orthocenter whea —1,3 this is the line

Le: Z Saa(Sp — Sc)(Sca+ Sap —2Spc)x = 0.

cyclic

We give a summary of some of the interesting loci of common points of Euler
lines£;, i = 1,2,3, when the line?;, i = 1, 2,3, are subjected to some further
conditions. In what followsT' denotes the triangle bounded by the lidgs =
1,2,3.

Line Construction  Condition Reference
L. HJ T homothetic to orthic

triangle atXss
Ly Remark below ¢;, i =1,2,3, concurrent §3.2

Ly KXy ¢; are the antiparallels  §6
of a Tucker hexagon

L X5X184 L; intersect on Euler line §7.2
of T

L, GX110 T and ABC perspective §8.3

Remark. £, can be constructed as the line parallel to the Brocard axis through the
intersection of the inverse of the deLongchamps point in the circumcircle.

SFort = 1, this intersection is the poinX’74 on the circumcircle, the isogonal conjugate of the
infinite point of the Euler line.
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3. Concurrent antiparallels

In this section we consider the case when the antiparallel&, /5 all pass
through a pointP? = (u : v : w). In this case,

((Sc+ Sa)u— (Sp— Sc)v:0:(Sa+Sp)v+ (Sc + Sa)w),
(((SA-l-SB)u-I-(SB—Sc)w:((SA-i-SB)U-i-(Sc-i-SA)w ,

:0)

((Sp+ Sc)w+ (Sa+ Sp)u: (Sa+ Sp)v— (Sc — Sa)w : 0),
=(0:(Sp+ Sc)v+ (S¢—Sa)u: (Sp+ Sc)w+ (Sa+ Sp)u),
(0:(Sc+ Sa)u+ (Sp+ Sc)v: (Sp + Sc)w — (Sa — Sp)u),
B.=((Sc+ Sa)u+ (Sp+Sc)v:0:(Sc+ Sa)w+ (Sa— Sp)v).
For example, whe® = K, these are the vertices of the second cosine circle.

B,
Ca
Cy
Ay
Ac

X110
Figure 3. Q(K) and the second Lemoine circle

Proposition 5. The Euler lines of triangles T;, i = 1, 2, 3, are concurrent if and
only if P lieson theline
Sa(Sp— Sc) n SB(Sc — SA)y N Sc(Sa— SB)Z _o.

L, x
P a? b2 c?

When P traverses £, the intersection @ of the Euler lines traverses the line

Z (b2 — 02)(a2(SAA + Spc) —4SaBc) N
5 xz = 0.

L :
d ‘ a
cyclic
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For a pointP on the line£,, we denote byQ(P) the corresponding point on
Ly.
Proposition 6. For points P, %, P3 on L, Q(P1), Q(P%), Q(P3) are points on
L satisfying
Q(P)Q(R) : Q(R)Q(P3) = PPy : P2 Ps.

3.1 Theline £,. The line L, containsK and is the tangent to the Jerabek hyper-
bola atK. See Figure 4. It also contains, among others, the following points.

Figure 4. The lineC,

(1) Xo5 = (% : % : %) which is on the Euler line oABC, and is the
homothetic center of the orthic and the tangential trianfjles,

(2) X184 = (a*S4 : b*Sp : ¢*S¢c) which is the homothetic center of the orthic
triangle and the medial tangential triangle,

4See alsg4.1.

SFor other interesting properties &fis4, see [6], where it is named the procircumcenter of trian-
gle ABC.
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(3) X1495 = (a*(Sca+Sap—2Spc) : - : - ) which lies on the parallel to
the Euler line through the antipode of the Jerabek center on the nine-point
circle.®

3.2 Theline £, . The line L, is parallel to the Brocard axis. See Figure 5. It
contains the following points.

1) QK) = (a2SA(b2C2(SBB —Spc+Sce) —QCLQSABc) teeerees).Itean
be constructed as the intersection of the lines joim©go X74, andJ to
Xi110. See Figure 3 angb below. The lineL, can therefore be constructed
as the parallel through this point to the Brocard axis.

(2) Q(X1495) = (a®Sa(a?S? — 6Sapc) : --- : ---), which is on the line
joining O to Xig4 (0N Lp).

Figure 5. The lineCq

The line L, intersects the Euler line o BC' at the point

Xoor1 = (a*(a*Saaa + Saa(Ses — 3Ssc + Scc) — Sppcc) + -+ -++),

5This is the pointX 3.



8 N. Dergiades and P. Yiu

which is the inverse of the de Longchamps point in the circumcircle. This corre-
sponds to the antiparallels through

Pyor1 = (a*((a®Saaa + Saa(Sps — 3Spc + Scc) — Sppec) = -+t -+

on the line£,. This point can be constructed by a simple application of Theorem
4 or Proposition 6. (See also Remark 2 following Theorem 12).

3.3 Theintersection of £, and £,. The linesL, and L, intersect at the point
M = (a*Sa(Sap + Sac + Spg —4Spc + Sc) 1+ 1+ ).
(1) Q(M) is the point onl, with coordinates
(a*SA(Saa(Sps +Scc)+a*Sa(Sep —3Ssc+Scc)+Spc(Sp—Sc)?) 1+ --).
(2) The pointP on £, for which@Q(P) = M has coordinates
(a®(a*(2544 — Spc) +2S4(Spp — 3Spc + Scc)) : -1 0.

4. Thetriangle T bounded by the antiparallels

We assume the ling, ¢ = 1, 2,3, nonconcurrent so that they bound a nonde-
generate triangld® = A, B1 (. Since these lines have equations

—t184(z +y + 2) =—Sax+Spy+Scz,
—toSp(x +y+2) = Sax—Spy+Scz,
—t3Sc(x +y+2) = Sax+Spy—Scz,
the vertices ofT" are the points
A1 =(=a*(t2Sp + t3Sc) : 2504 + t2bSp + t350(Sc — Sa)
12548 + t2SB(Sp — Sa) + t3¢2Sc),
By =(25pc + t35¢(Sc — Sp) + t1a?S4 : —b*(t3Sc + t154)
: 2545 + t3¢*Sc + t154(Sa — SB))
Cy =(2Spc +t16°Sa +t2Sp(Sp — Sc) : 2Sca + t1S4(Sa — Sc) + t2b*Sp
:—c2(t154 + t2SB)).
4.1 Homothety with the orthic triangle . The triangleT = 4, B is homothetic
to the orthic triangled’ B’C’. The center of homothety is the point

P(T) = toSp +1t3Sc  t3Sc + 1154 1154+ 1258
N Sa ' SB ' Sc ’

and the ratio of homothety is

3)

t1a2Saa + taob?>Spp + t3c*Sce
2SaBc '

Proposition 7. If the Euler lines £;, ¢ = 1,2, 3, are concurrent, the homothetic
center P(T) of T and the orthic triangle lies on the line £,.

1+
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Proof. If we write P(T) = (x : y : z). From (3), we obtain

4 = —xSa+ySp+ 2S¢ 4 — —ySp + 2S¢ + xS —zSc +xS4+ySp
' 254 ro T 255 r 250 '

Substitution in (2) yields the equation of the ligg. O

For example, iftl = to = t3 = t, P(T) = X25 = (% : % : %) ’ If
the ratio of homothety is 0, triangl€ degenerates into the poinbs on L,. The
intersection ofZ. and £, is the point

Q(XQE)) :(CLQSA(bLlS% + 64‘5% + (IQSAAA(SB — 50)2
— Sapc(4a®Spc 4+ 384(Sg — Sc)?) 1 -1 --1).

Remark. The lineL, is also the locus of the centroid @ for which the Euler lines
L;,i=1,2,3, concur.

4.2 Common point of £;, i = 1,2, 3, on the Brocard axis. We consider the case
when the Euler line€;, i = 1,2, 3, intersect on the Brocard axis. A typical point
on the Brocard axis, dividing the segmé&ni in the ratiot : 1 — ¢, has coordinates

(@2(Sa(Sa + S + Sc) + (Spe — Saa)t) 1+ 1),
This point lies on the Euler line§;, : = 1, 2, 3, if and only if we choose

—(Sa+ Sp + Sc)(S? — Saa) + 622 (Sp + Sc — 25a)t

L 2S44(Sa + S5 + S¢) ’

. :—(SA—i-SB—I—Sc)(SQ—SBB)—i-CQaQ(Sc—I—SA—QSB)t
? 25pB(Sa+ S+ Sc) ’
—(Sa+ S+ Sc)(SQ — Scco) —|—a2b2(5,4 + Sp —2So)t

2Scc(Sa+ Sp + Sc)

The corresponding triangl® is homothetic to the orthic triangle at the point

t3 =

(a*(—(Sa+ S+ S0) - a’Sa +t(—(254 + Sp + Sc)Spc + b°Sca + *Sap) i+ 1 +-+),

which divides the segmeri; g4 K in the ratio2t : 1 —2¢t. The ratio of homothety is

_Z;ZQBCZ . These triangles are all directly congruent to the medial tangential triangle

of ABC'. We summarize this in the following proposition.

Proposition 8. Corresponding to the family of triangles directly congruent to the
medial tangential triangle, homothetic to orthic triangle at points on the line 4,,
the common points of the Euler lines of £;,i = 1,2, 3, all lie on the Brocard axis.

’see als@3.1(1). The tangential triangle T with ¢ = 1.
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5. Perspectivity of T with ABC

Proposition 9. Thetriangles T and ABC are perspective if and only if
> (SB — Sc)(t1Saa — tatsSpe) = 0. (4)
cyclic

Proof. From the coordinates of the verticesBfit is straightforward to check that
T and ABC are perspective if and only if

t1a%25 44 + t2b%SEE + t3¢2Scc + 2540 = 0
or (4) holds. Since the area of triandleis
(t1a2S a4 + t2b?Spp + t3c2Scc + 2Sapc)?

a?b2c2S Apc
times that of triangled BC, we assume; a?S 44 +t2b?>Spp+t3¢>Scc+2Sapc #
0 and (4) is the necessary and sufficient condition for perspectivity. O

Theorem 10. If the triangle T is hondegenerate and is perspective to ABC, then
the perspector lies on the Jerabek hyperbola of ABC.

Proof. If triangles A; B1C; and ABC are perspective & = (z : y : 2), then
Ai=(u+z:y:2), Bi=(@:v+y:2), Ci=(x:y:w+2)

for someu, v, w. Since the lineB;C is parallel toB’'C’, which has infinite point
(Sp—Sc: —(Sc+S4) : Sa+ Sg), we have

Sp—Sc —(Sc+Sa) Sa+Sp
x Y+ z =0,
T Y zt+w

and similarly for the other two lines. These can be rearranged as

(Sc—I—SA){L’—(SB—Sc)y (SB—Sc)Z—i-(SA—i-SB)x

v - w :SB - SC?
(Sa+SB)y —(Sc —Sa)z  (Sc—Sa)z+ (Sp+Sc)y
" - " =S¢ — Sa,
(SB-l-Sc)Z—(SA—SB)x (SA—SB)y-I-(Sc-I-SA)Z _g g
_ =94 — OB-
U v

Multiplying these equations respectively by
SA(SB +Sc)yz, SB(Sc-I-SA)Zx, Sc(SA-I-SB)xy
and adding up, we obtain

x Yy z)
14247242 SA(Spp — S —0.
(+“+”+wcyzd;c A(Sps — Scc)yz

Since the area of triangI€ is

uvw(l—l—f—i—g—l—i)
U v w
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times that of triangleA BC, we must have + £ + £ 4 2 =£ (. It follows that
> SalSps — Sce)yz =0.

cyclic

This means thaP lies on the Jerabek hyperbola. a

We shall identify the locus of the common points of Euler line§8t8 below.
In the meantime, we give a construction for the pdifrom the perspector on the
Jerabek hypebola.

Construction. Given a pointP on the Jerabek hyperbola, construct parallels to
A'B" and A'C’ through an arbitrary pointl; on the line AP. Let M; be the
intersection of the Euler lines of the triangles formed by these antiparallels and
the sidelines ofABC. With another point4/ obtain a point)M, by the same
construction. Similarly, working with two point8; and By on BP, we construct
another lineM;M,. The intersection ol; M and M3 M, is the common poing)

of the Euler lines corresponding the antiparallels that bound a triangle perspective
to ABC atP.

6. The Tucker hexagons and theline £

It is well known that if the antiparallels, together with the sidelines of triangle
ABC, bound a Tucker hexagon, the vertices lie on a circle whose center is on the
Brocard axis. If this center divides the segménk in the ratiot : 1 — ¢, the
antiparallels pass through the points dividing the symmedians in the same ratio.
The vertices of the Tucker hexagon are

By = (Sc+ (1 —t)c?:0:tc?), C, = (Sp+ (1 —t)b% : tb? : 0),
Cy= (ta?: Sa+ (1 —t)a®:0), Ap=(0:Sc+ (1 —t)c? : tc?),
Ae=(0:tb%: Sp+ (1 —t)b?), Be=(ta? :0: Sa+ (1 —t)a?).
In this case,
2 2 2 2 212
1t = t-b°c 1ty = t-cca 1ty = t-a“b

Sa(Sa+Ss+Sc)’ SB(Sa+ S+ Sc)’ Sc(Sa+ S+ Sc)’
It is clear that the Euler lineg;, i = 1,2,3, are concurrent. As varies, this
common point traverses a straight lide We show that this is the line joining’
to Q(K).
(1) Fort = 1, this Tucker circle is the second Lemoine circle with certer
the triangleT degenerates into the poii€. The common point of the
Euler lines is therefore the poif}(K). See§3.2 and Figure 3.
(2) Fort = % the vertices of the Tucker hexagon are

By = (a®> + % —2¢? : 0 : 3¢?), Cy = (2 +a%—2b%:3b%:0),
Cyp = (3a? : b* + c? — 242 : 0), Ap = (0:a®+ % —2¢%: 3c?),
Ae=(0:3b%: 2 4 a® —20%), B. = (3a%:0: 0%+ 2 — 2a?).
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The trianglesT;, i = 1,2,3, have a common centroi&’, which is
therefore the common point of their Euler lines. The corresponding Tucker
center is the poinks7g (which dividesOK in the ratio3 : —1).

From these, we obtain the equation of the line
Ly > b2?Sa(Sp — Sc)(Sca + Sap — 2Spc)x = 0.
cyclic

Remarks. (1) The triangleT is perspective tod BC at K. See, for example, [5].
(2) The line £; also containsX;, which we may regard as corresponding to
t = 0.

For more about Tucker hexagons, §8e2.

7. Concurrency of four or more Euler lines

7.1 Common point of £;, 7 = 1,2, 3, on the Euler line of ABC. We consider the
case when the Euler ling§;, i = 1,2, 3, intersect on the Euler line cABC. A
typical point on the Euler line axis divides the segmé@# in the ratiot : 1 — ¢,
has coordinates

(a%S4 — (Sca + Sap —2Spo)t) t -+ 1 --+).
This lies on the Euler lines;, ¢ = 1,2, 3, if and only if we choose
(8% — Saa) + (S —3Saa)t

= 2544 ’

t :—(52 — Spp) +(S% - 3SBB)t,

s :—(52 — Scco) + (52 — 3Scc)t.
2Scc

Independently of, the corresponding triangl® is always homothetic to the
medial tangential triangle at the poifffy;; on the lineL,, for which Q(Po71) =
Xoo71, the intersection of, with the Euler line. See the end §3.2 above. The
ratio of homothety id + ¢ — iﬁggg t. We summarize this in the following propo-
sition.

Proposition 11. Let Py7; be the point on £, such that Q(FPo71) = Xao71. The
Euler lines £;, 1 = 1,2, 3, corresponding to the sidelines of triangles homothetic
at P71 to the medial tangential triangle intersect on the Euler line of ABC.

7.2 Theline L¢. The Euler line of triangl€r is the line
(@+y+2) > ta*Saa(Sp — Sc)(S® + Spc)(S® - Saa)

cyclic

=254pc Y (S?+50a)(S® + Sap)z. (5)

cyclic
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Theorem 12. The Euler lines of the four triangles T and T;, ¢ = 1,2,3, are
concurrent if and only if

_ 1652 . Sapc + t(a2b4c4 — 4SABC(3S2 —S44))

t pu—

! 4SAA(a2b2C2 + 4SABC) ’

fy = 1652 . Sapc + t(a4b204 — 4SABc(3SQ — SBB))
4SBB(a2b202 + 4SABC) ’

fy = — 1652 . Sapc + t(a4b402 — 4SABc(3SQ —Sce))
4SCc(a2b262 + 4SABC) ’

; —24a?b%c*S i
with ¢t # (a2b2c2—8SABc)(§(5A0+Sgi%c) ST 5a50)" The locus of the common point

of the four Euler linesisthe line £; joining the nine-point center of ABC' to Xjg4,
with the intersection with £, deleted.

Proof. The equation of the Euler ling;, ¢ = 1, 2, 3, can be rewritten as

t154(SB — Sc)(x+y+ 2z) + Saa(Sp — Sc)x

+(SaB(Se — Sc) — (Saa — SB)Sc)y + (Sac(Se — Sc) + (Saa — Scc)Ss)z =0, (6)
t2Sa(Sp — Sc)(x+y+ z)+ See(Sc — Sa)y

+(SBa(Sc —Sa) + (S — Saa)Sc)x + (Sc(Sc — Sa) — (S — Scc)Sa)z =0, (7)
t3Sc(Sa — SB)(x +y + 2) + Scc(Sa — SB)z

+(Sca(Sa—SB) — (Scc — Saa)Se)z + (Scs(Sa — SB) + (Scc — Ser)Sa)y =0. (8)

Multiplying (4), (5), (6) respectively by
a®Sa(S%4+Spc)(S?—San), b*Sp(S*+Sca)(S*—Spp), *Sc(S*+Sap)(S*—Scc),

and adding, we obtain by Theorem 10 the equation of the line
L : 3" (S5 — Sc)(5%(2544 — Spe) + Sapc - Sa)z =0
cyclic

which contains the common point of the Euler linesof i = 1,2, 3, if it also
lies on the Euler line of T. The line £; contains the nine-point centéf; and
Xig4 = (a*S4 : b*Sp : ¢1S¢c). Let Q; be the point which divides the segment
X1g84X5 in the ratiot : 1 — ¢t. It has coordinates

(1 —)45% - a*S4 + t(a*v?c? + 4Sapc)(Sca + Sap + 2SBc)
(11— t)4S2 b*Sp + t(a2b2c2 +4S4pc)(25ca + Sap + Spo)
(1 —1)4S? - c*Sc + t(a?b?c® + 4Sapc)(Sca + 2Sap + Spe)).

The pointQ; lies on the Euler lineg;, i = 1,2, 3, respectively if we choosg, to,
t3 given above.



14 N. Dergiades and P. Yiu

If Q lies onLy, then@; = Q(P) for some pointP on L. 8 In this case, the
triangle T degenerates into the poiit # @ and its Euler line is not defined.
It should be excluded fronf;. The corresponding value @fis as given in the
statement above. O

Here are some interesting points 6n

(1) Fort =0, T is perspective witth BC' at X74, and the common point of the
four Euler lines isX;g4. The antiparallels are drawn through the intercepts

of the trilinear polars ofX g5 = (Wgwm R ) the inversive
image of the orthocenter in the circumcircle.

(2) Fort = 1, this common point is the nine-point of triangkeBC. The
triangle T is homothetic to the orthic triangle &; and to the medial
tangential triangle at the poiy7; in §3.2.

) t= —Z;iifz gives X156, the nine-point center of the tangential triangle.

In these two cases, we have the concurrency of five Euler lines.

(4) The lineL; intersects the Brocard axis Akgg. This corresponds to =
2 2b2 2
3a2b2((:12+4CSABC '
Proposition 13. Thetriangle T is perspective with ABC' and its Euler line con-
tains the common point of the Euler lines of T;, i = 1,2, 3 precisaly in the follow-
ing three cases.

(1) t = 0, with perspector X7, and common point of Euler line Xig4.

_ —12a2b%c2SaBc .
2 t= T T2 28 1 s 2168 aB0)E with perspector K.

Remarks. (1) In the first case,

t1 = K to = K ts = K
VR °" Spp’ ° 7 Sce
for k = — ,2525apc__ The antiparallels pass through the intercepts of the trilin-

 a?b2c2 4454 pg - . ) )
ear polar ofX g4, the inversive image off in the circumcircle.

(2) In the second case, the antiparallels bound a Tucker hexagon. The center of
the Tucker circle divide®) K in the ratiot : 1 — ¢, where
. 52(5,4 + S+ Sc)(a2b2c2 —16Sapc)
~atbict — 12a2b2c2Sapo — 16(Sapc)?
It follows that the common point of the Euler lines is the intersection of the lines
Ef = X5X184 andﬁt.

8. Common pointsof £;,7 = 1,2,3, when T is perspective

If the Euler liness;, i = 1,2, 3, are concurrent, then, according to (2) we may
put
E(A+Sa4) E(A+ SB) k(A + So)

== =P gy =

a?544 b2Spp 2Scc

8This point is the intersection of, with the line joining the Jerabek centdrto Xs»3, the
reflection inX10 of the inversive image of the centroid in the circumcircle.
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for some\ andk. If, also, theT is perspective, (4) gives
kE(kX 4 Sapc)(A+ Sa+ Sp+ Sc)(k(3A + Sa+ S + Sc) +2Sac) = 0.
If £ =0, T is the orthic triangle. We consider the remaining three cases below.

8.1 Thecase k(S4 + S + Sc + 3A) + 254pc = 0. In this case,

_ 2S8apc +k(Sp + Sc — 254)

= 3a2544 ’
fy = — 2Sapc + k(Sc + Sa — 2SpB)
3b2SpR ’

B 2SaBc + k(Sa + Sp —2S¢)
T 3c¢2Scco '

The antiparallels are concurrent.

8.2 Thecase kA + Sapc = 0. In this case,
= k=S _k—Sca k= Sap
a2S, b2Sg 2S¢
In this case, the perspector is the Lemoine p@intThe antiparallels bound a

Tucker hexagon. The locus of the common point of Euler lines is thedindere
are some more interesting points on this line.

(1) Fork =0, we have
Spe Sca Sap

t1 =

—_— tg= — t3 = — o
Sa(Sp + Sc) 27 Sp(Sc + Sa) ° 7 Sc(Sa+ Sp)
This gives the Tucker hexagon with vertices

By = (Scc:0:5%), C,=(Spp:5%:0),
Cp=(S?:544:0), A,=(0:Scc:5?),
A.=(0:5%:8pp), Be=(5%:0:8544).

These are the pedals df, B/, C’ on the sidelines. The Tucker circle is the
Taylor circle. The triangl€rl’ is the medial triangle of the orthic triangle.
The corresponding Euler lines intersectXat,, which is the intersection
of ﬁt = KX74 with X5X125. See [2]

(2) Fork = 52482, we have

SBC SCA SAB

t1 = — 9 to = — 9 t3 = — .
YT T 5A(Sa+ SB + So) 27 T 95(Sa + S5 + S0) ® T T 50(Sa+ Sp + So)

The Tucker circle is the second Lemoine circle, considerg@in
(3) The lineL; intersects the Euler line at

2/Q2

Xurg — (M . )
Sa

The corresponding Tucker circle has center



16 N. Dergiades and P. Yiu

(S%(Sp+Sc)(Sc—8S4)(Sa—Sp)+3(Sa+Sp)(Sp+Sc)(Sc+Sa)Spc =~ ---)

which is the intersection of the Brocard axis and the line joining the ortho-
center toXy1g.

Figure 6. Intersection of 4 Euler lines &k-s

8.3 Thecase A = —(S4 + S + S¢). In this case, we have
ook kK
1 — SAA’ 2 — SBB’ 3 —

In this case, the perspector is the point

Soo

1
<25ABC.SA_k<bacz_szC> . >

on the Jerabek hyperbola. If the point on the Jerabek hyperbola is the isogonal
conjugate of the point which divide3H in the ratiot : 1 — ¢, then

_ 452 . SABC

N a?b?c2(1+t) + 4t - Sapc

The locus of the intersection of the Euler lingsi = 1,2, 3, is clearly a line.

Since this intersection is the Jerabek centekfer 0 (Thébault's theorem) and the
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centroid fork = 2-, this is the line

S2
3
L, > (SB - Sc)(Sse — Saa)r = 0.

cyclic
This line also contains, among other poini§,;, and X;g4. We summarize the
general situation in the following theorem.

Theorem 14. Let P be a point on the Euler line other than the centroid G. The
antiparallels through the intercepts of the trilinear polar of P bound a triangle
perspective with ABC' (at a point on the Jerabek hyperbola). The Euler lines of
thetriangles T, ¢« = 1,2, 3, are concurrent (at a point ¢ on theline L, joining the
centroid G to X11¢).

Here are some interesting examples witkeasily constructed on the Euler line.

| P | Perspector | Q |

H H X195
O Xes = X3 X110
X30 X§071 G

Xise | X74 X184

Xy03 | Xogs = X186™ | X199
Xog | Xiirr = Xgsg | Xig2
Xgs8 X1352
X1316 Xog

Remarks. (1) X is the inversive image off in the circumcircle.

(2) X403 is the midpoint betwee®l and X;sg.

(3) Xo3 is the inversive image af in the circumcircle.

(4) Xgs5g is the inferior of Xo3.

(5) X1s2 is the midpoint ofO K, the center of the Brocard circle.

(6) X352 is the reflection of{ in the nine-point center.

(7) X316 is the intersection of the Euler line and the Brocard circle apart {tbm

9. Two loci: alineand a cubic
We conclude this paper with a brief discussion on two locus problems.

9.1 Antiparallels through the vertices of a pedal triangle. Suppose the antiparal-
lels ¢;, i = 1,2,3, are constructed through the vertices of the pedal triangle of a
finite point P. Then the Euler lineg;, ¢ = 1,2, 3, are concurrent if and only iP
lies on the line

> Sa(Sp — Sc)(Saa — Spe)r = 0.

cyclic
This is the line containing? and the Tarry pointXps. For P = H, the common
point of the Euler line is

Xigs = (a2S4(Sa(Spp + Scc) +a?Spc) = - -+ -).
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9.2 Antiparallels through the vertices of a cevian triangle. If, instead, the antipar-
allels¢;, 1 = 1,2, 3, are constructed through the vertices of the cevian triangle of
P, then the locus of? for which the Euler lines;, ¢ = 1,2, 3, are concurrent is
the cubic

Sa+ S+ Sc x <5A+SB 9 Sc+8a 2>
K. 2= T ayr+ g - 22) =0.
Sapc Y Sa(Sp — Sc) Sc Y Sp

cyclic
This can also be written in the form
(D) (Sp+Sc)yz)( Y SalSs—Sc)(Sp + S¢ — Sa)z)

cyclic cyclic
=(Y_ 8a(Sp—Sc)x)( > SalSs+ Sc)yz).
cyclic cyclic

From this, we obtain the following points d&:

e the orthocenteH (as the intersection of the Euler line and the line
D eyelic S4(SB — Sc)(Sp + Sc — Sa)z) = 0),

o the Euler reflection poinkig (as the “fourth” intersection of the circum-
circle and the circumconi®_ . ;. Sa(Sg + Sc)yz = 0 with centerk),

¢ the intersections of the Euler line with the circumcircle, the poiits s
and Xq114.

Corresponding taP = Xji9, the Euler lines’;, i = 1,2, 3, intersect at the
circumcenteiO. On the other handX;13 and X114 are the points
(a®Sa+ MSca+ Sap —25pc) - :--+)

for \ = ———2%¢ ____ and\ = ———%<_ respectively. The antiparallels
v a2b2c2—8Sapc vV a2b2c2—8Sapco

through the traces of each of these points correspond to

A—1
t o=ty =t3 = .

This means that the corresponding intersections of Euler lines lie on thé line
HJin§2.2.

9.3 Thecubic K. The infinite points of the cubif can be found by rewriting the
equation offC in the form

() Sa(Sp = Se)(SB + Sc)yz)( Y (Sp + Sc)x)

cyclic cyclic

=(z+y+2)(D_ (Sp+50)(Sp — Sc)(54(Sa + Sp + 5¢) — Spc)yz)

cyclic
They are the infinite points of the Jerabek hyperbola and the(bpe+ S¢)z +

(SC + Sa)y + (SA + Sp)z = 0. The latter isX593 = (Sp — Sc : Sc— Sa :
Sa — Sp). The asymptotes df are
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¢ the parallels to the asymptotes of Jerabek hyperbola through the antipode

.)’

the Jerabek center on the nine-point circle,

X113 = ((Sca+ Sap —2Spc) (b Spp +*Scc —a*Saa—2Sapc) « -
¢ the perpendicular to the Euler line (dfBC) at the circumcente®, inter-

sectingkC again at
Sca+ Sap —2SBc >

Z = :
(bQSBB +c2Scc —a?Saa — 2SaBC
which also lies on the line joiningl to X;19. See Figure 7

," ! Jerabek
‘ hyperbola

\
\
[

Figure 7. The cubidC

9We thank Bernard Gibert for providing the sketchk®fn Figure 7.
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Remark. The asymptotes of and the Jerabek hyperbola bound a rectangle in-
scribed in the nine-point circle. Two of the vertices ahe: Xjo5 and its antipode
X113. The other two are the poinfs;312 and X;313 on the Euler line.
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Another 5-step Division of a Segment
in the Golden Section

Kurt Hofstetter

Abstract. We give one more 5-step division of a segment into golden section,
using ruler and compass only.

Inasmuch as we have given in [1, 2] 5-step constructions of the golden section
we present here another very simple method using ruler and compass only. It is
fascinating to discover how simple the golden section appears. For two points P
and @, we denote by P(Q) the circle with P as center and P(Q asradius.

2%
\/

Figurel

Construction. Given asegment AB, construct
(1) €1 = A(B),
(2) Co = B(A), intersecting C; at C and D,
(3) theline AB tointersect C; at F (apart from B),
(4) C3 = E(B) toiintersect C, a F' (so that C and F are on opposite sides of
AB),
(5) the segment C'F'to intersect AB at G.

The point G divides the segment A B in the golden section.

Publication Date; February 10, 2004. Communicating Editor: Paul Yiu.
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Proof. Suppose AB has unit length. It is enough to show that AG = %(\/5 —1).
Extend BA to intersect C3 at H. Let CD intersect AB at I, and let J be the

orthogonal projection of F'on AB. Intheright triangle HF B, BH = 4, BF = 1.

Since BF? = BJ x BH, BJ = 1. Therefore, IJ = 1. It dso follows that

4
JF = 115,

Figure 2

1
¢ _ IC _ 3V3 _ 2 =2 = Y52
Now, o7 = 77 = 257 = 5 Itfollowsthat /G = = - IJ = ¥5=, and

AG = % +1IG = \/52*1. This shows that GG divides AB in the golden section. [J

Remark. If F'D is extended to intersect AH at G', then G’ is such that G'A :
AB=1(V5+1):1.

After the publication of [2], Dick Klingens and Marcello Tarquini have kindly
written to point out that the same construction had appeared in [3, p.51] and [4,
S.37] amost one century ago.
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Extreme Areas of Trianglesin Poncelet’s Closure Theorem

Mirko Radi¢

Abstract. Among the triangles with the same incircle and circumcircle, we de-
termine the ones with maximum and miniumum areas. These are also the ones
with maximum and minimum perimeters and sums of altitudes.

Given two circles’; and(C, of radii » and R whose centers are at a distante
apart satisfying Euler’s relation

R?* — d* = 2Rr, (1)

by Poncelet’s closure theorem, for every paiaton the circleCs, there is a triangle
A1 A5 Az with incircle C; and circumcircleCs. In this article we determine those
triangles with extreme areas, perimeters, and sum of altitudes.

C

Figure 1a Figure 1b

Denote byt,, andt,; respectively the lengths of the shortest and longest tan-
gents that can be drawn fro@} to C';. These are given by

tm=V(R—d2—12, tyu=+(R+d?—r2 )

We shall use the following result given in [2, Theorem 2.2]. t.die any given
length satisfying
tm <t1 <t (3)

Publication Date: February 23, 2004. Communicating Editor: Paul Yiu.
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and lett, andts be given by

2Rrt] + VD 2Rrt, — VD
2= 22 t3 = 2 42
r? + 2 r? + 2

: (4)
where
D = 4R*r*t] — r?(r® + t])(4Rr +r° + t]).

Then there is a trianglel; A; A3 with incircle C; and circumcircleC, with side
lengths

a; = ’AiAi-i-l’ =1+ ti+1, ;= 1, 2, 3. (5)
Here, the indices are taken modulo 3. It is easy to check that
(t1 + to + t3)r? =tytots,
tite + tots + tat; =4ARr + r2,

and that these are necessary and sufficientCfoand C; to be the incircle and
circumcircle of triangled; A5 As.
Denote by.J(t1) the area of trianglel; A3 As. Thus,

J(tl) :T(tl —|—t2+t3). (6)

Note thatD = 0 whent; = ¢, or t; = ). In these cases,

2t if by =ty

242
to =13 =
R .
22_’2%;, lf tl = tM.
For convenience, we shall write
—~ 2Rrt,, —~ 2Rrt
tm = ———= and ty=-——>-. 7
242 M r2 13, (7)

Theorem 1. J(t¢1) is maximum when ¢; = ¢, and minimum when ¢; = ¢,,. In
other words, J(t,,) < J(t1) < J(tar) for ¢, < t1 <t

Proof. It follows from (6) and (4) that

4R’I”t1
J(t1) = t — .
gy T(l—i—r?—l—t%)

From %J(tl) = 0, we obtain the equation
t1 —2(2Rr — rH)t? + 4R + 1 =0,

and
t? = 2Rr — r* + 2r\/R? — 2Rr = 2Rr — r? + 2rd.
Since4R?r? = (R? — d?)?, we have
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2Rr — 12 + 2rd — t:;Q
(R+d)?*((R—d)? —r?)

=2Rr —r? + 2rd — (R—d)?
(R— d)?(2Rr —r? +2rd) — (R+d)*((R — d)? — r?)
(R—d)?
C(R+d)?*— (R—d)H)r* +2r(R+d)(R —d)* — (R? — d%)?
a (R—d)?
_ 4Rdr? +2r(R — d)(2Rr) — (2Rr)?
(R —d)?
=0.

Similarly, 2Rr — r%2 — 2rd — @2 = 0. It follows that%J(tl) =0fort; =

tm, tar. The maximum of/ occurs at, = ¢,; andt,; while the minimum occurs
att, = t,, andt,,.

J(t1)

J(tam)

J(tm)

t1

Figure 2

The triangle determined by, (respectivelyt,;) is exactly the one determined
by t,,, (respectivelyt,,).
O

We conclude with an interesting corollary. Ligt ho, hs be the altitudes of the
triangle A; A3 As. Since
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2R(h1 + hy + h3) = ajag + az2a3 + aza; = (tl + i+ t3)2 + 4Rr + ?”2,

the following are equivalent:
e the triangle has maximum (respectively minimum) area,
e the triangle has maximum (respectively minimum) perimeter,
e the triangle has maximum (respectively minimum) sum of altitudes.

It follows that these are precisely the two triangles determinetlgndt,,,.

Figure 3a Figure 3b
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The Archimedean Circles of Schoch and Woo

Hiroshi Okumura and Masayuki Watanabe

Abstract. We generalize the Archimedean circles in an arbelos (shoemaker’s
knife) given by Thomas Schoch and Peter Woo.

1. Introduction

Let three semicircles, 3 and~ form an arbelos, whera and § touch exter-
nally at the originO. More specifically,« and 3 have radiia, b > 0 and centers
(a,0) and (—b,0) respectively, and are erected in the upper half plane 0.

The y-axis divides the arbelos into two curvilinear triangles. By a famous the-
orem of Archimedes, the inscribed circles of these two curvilinear triangles are
congruent and have radii = a“—fb See Figure 1. These are called the twin cir-
cles of Archimedes. Following [2], we call circles congruent to these twin circles
Archimedean circles.

B(20)

a(2a)

é o 2r
Figure 1 Figure 2

For a real numben, denote byx(n) the semicircle in the upper half-plane with
center(n,0), touchinga at O. Similarly, let 3(n) be the semicircle with center
(—n,0), touchingg at O. In particular,a(a) = o and3(b) = . T. Schoch has
found that

(1) the distance from the intersection®@f2a) and~y to they-axis is2r, and
(2) the circleU; touching~ internally and each ofi(2a), 3(2b) externally is
Archimedean. See Figure 2.

P. Woo considered the Schoch lidg through the center df, parallel to the
y-axis, and showed that for every nonnegative real numbehe circlelj, with
center onC, touchinga(na) andg(nb) externally is also Archimedean. See Figure
3. In this paper we give a generalization of Schoch’s citélend Woo's circles
Un,.

Publication Date: March 3, 2004. Communicating Editor: Paul Yiu.
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B(2b)

a(na

- a(2a)

o
Figure 3

2. A generalization of Schoch’scircle Us

Let o’ andd’ be real numbers. Consider the semicirclég’) and 3(b'). Note
thata(a’) touchesw internally or externally according a5 > 0 or a’ < 0; simi-
larly for 5(¥') and 3. We assume that the image @fd’) lies on the right side of
the image of3(¢') when these semicircles are inverted in a circle with ceéter
Denote byC(d’,b") the circle touchingy internally and each ofi(d) and3(b') at
a point different fronO.

ab(a’+b")

Theorem 1. ThecircleC(d',b') hasradius =5 romy -

ll/ b 7b/ O a
Figure 4a Figure 4b

Proof. Let x be the radius of the circle touchinginternally and also touching
a(a’) andB(b') each at a point different fro. There are two cases in which this
circle touches both(d') and (V') externally (see Figure 4a) or one internally and
the other externaly (see Figure 4b). In any case, we have
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(a—b+V)2+(a+b—x)>— (b +12)?
2@—b+0b)(a+b—x)
(@ —(a—0))?+(a+b—2)*— (d +x)*
2(a’ = (a—0b))(a+b—2x) ’
by the law of cosines. Solving the equation, we obtain the radius given abave.

Note that the radius = a“—fb of the Archimedean circles can be obtained by
letting a’ = a andb’ — oo, ora’ — oo andd’ = b.

Let P(a’) be the external center of similitude of the circleanda(d) if @’ > 0,
and the internal one if’ < 0, regarding the two as complete circles. Defin@)
similarly.

Theorem 2. The two centers of similitude P(«/) and P (V') coincide if and only if

a b

" + v 1. Q)
Proof. If the two centers of similitude coincide at the po{int0), then by similar-
ity,

ad:t—d=a+b:t—(a—b)=b:t+V.
Eliminating ¢, we obtain (1). The converse is obvious by the uniqueness of the
figure.
O

From Theorems 1 and 2, we obtain the following result.

Theorem 3. Thecircle C(d/,b") isan Archimedean circle if and only if P(d) and
P(V') coincide.

When botha’ and?’ are positive, the two centers of similitudgd) and P(¥)
coincide if and only if the three semicirclegd), 5(b') and~ share a common
external tangent. Hence, in this case, the ci{é, V') is Archimedean if and
only if a(a), B(b') andy have a common external tangent. Sin¢@a) and3(2b)
satisfy the condition of the theorem, their external common tangent also touches
~. See Figure 5. In fact, it touchesat its intersection with thg-axis, which is
the midpoint of the tangent. The original twin circles of Archimedes are obtained
in the limiting case when the external common tangent touehat one of the
intersections with the:-axis, in which case, one ef(d) and 5(b') degenerates
into they-axis, and the remaining one coincides with the correspondings of
the arbelos.

Corollary 4. Let m and n be nonzero real numbers. The circle C(ma,nb) is
Archimedean if and only if

+—-=1

1
m
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o
Figure 5

3. Another characterizaton of Woo's circles

The center of the Woo circl&,, is the point

b—a r
2 — . 2
(b—i—ar’ T\/n—i_a—l—b) @

Denote byl the half linex = 2r, y > 0. This intersects the circla(na) at the

point
<2r, QW) . 3)

In what follows we considef as the complete circle with centérb, 0) passing
throughO.

Theorem 5. If T is a point on the line £, then the circle touching the tangents of
[ through T" with center on the Schoch line £ is an Archimedean circle.

Figure 6
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Proof. Let z be the radius of this circle. By similarity (see Figure 6),

b—a
T.X.
b+a
From this,z = r. O

b+2r:b=2r—

The set of Woo circles is a proper subset of the set of circles determined in
Theorem 5 above. The external center of similitudéjpaind 5 hasy-coordinate

o
2a4 | .
ay/n+ P

WhenU,, is the circle touching the tangents @through a poinf” on £, we shall

say that it is determined b¥. They-coordinate of the intersection efand L is
2a,/ 71~ Therefore we obtain the following theorem (see Figure 7).

Theorem 6. Uy is determined by the intersection of « and theline £ : z = 2r.

~

L.

Figure 7

As stated in [2] as the property of the circle labeledas, the external tangent
of @ and § also touched; and the point of tangency at coincides with the
intersection ofx and L. Woo’s circles are characterized as the circles determined
by the points orC with y-coordinates greater than or equaB@/aLer.

4, Woo'scircles U, withn < 0

Woo considered the circle, for nonnegative numbers, with U, passing
throughO. We can, however, construct more Archimedean circles passing through
points on they-axis belowO using points ornC lying below the intersection with
«. The expression (2) suggests the existendg,dbr

< . 4
a+b_n<0 (4)
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In this section we show that it is possible to define such circles using) and
B(nb) with negativen satisfying (4).

Theorem 7. For n satisfying (4), the circle with center on the Schoch line touching
a(na) and B(nb) internally is an Archimedean circle.

Proof. Letz be the radius of the circle with center given by (2) and touchitwga)
andg(nb) internally, wheren satisfies (4). Since the centersagfna) and3(nb)
are(na, 0) and(—nb, 0) respectively, we have

b 2
L —na) +4r?(n+—— = (z +na)?,
b+a a+b

and )
b—
Crrnb) + 42 (n+ —— = (z 4 nb)>.
b+a a+b
Since both equations give the same solutioa r, the proof is complete. O

5. A generalization of Uy

We conclude this paper by adding an infinite set of Archimedean circles passing
throughO. Let x be the distance fror® to the external tangents of and3. By
similarity,

b—a:b+a=xz—a:a.
This impliesxz = 2r. Hence, the circle with cent&p and radiu2r touches the
tangents and the lines = +2r. We denote this circle by. Sincelj touches
the external tangents and passes thralgthe circleslj, £ and the tangent touch
at the same point. We easily see from (2) that the distance between the center of
U, andO is v/4n + 1r. Thereforel; also toucheg externally, and the smallest
circle touchinglUs; and passing throug®, which is the Archimedean circlds;
in [2] found by Schoch, and; touchesf at the same point. All the Archimedean
circles pass through also toucke. In particular, Bankoff’s third circle [1] touches
£ at a point on they-axis.

Theorem 8. Let C; be a circle with center O, passing through a point P on the
z-axis, and C, a circle with center on the z-axis passing through O. If G, and the
vertical line through P intersect, then the tangents of G at the intersection also
touches C; .

T2 x ro
x
O P O P

Figure 8a Figure 8b
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Proof. Let d be the distance betwee&n and the intersection of the tangent®f
and thezx-axis, and letr be the distance between the tangent &hd We may
assumer; # ro for the radiir; andr, of the circlesC; andCs. If 1 < ro, then

ro—riirg=ro+d=2x:d.
See Figure 8a. If; > ry, then
rr—ro:rTo=r9:d—19 =2 :d.

See Figure 8b. In each case= . O
Lett, be the tangent af(na) at its intersection with the ling€. This is well de-
fined if n > aLer By Theorem 8t,, also touches. This implies that the smallest
circle touchingt,, and passing throug® is an Archimedean circle, which we de-
note by.A(n). Similarlary, another Archimedean circl(n) can be constructed,
as the smallest circle through touching the tangent, of 5(nb) at its intersec-
tion with the line£’ : x = —2r. See Figure 9 ford(2) and A'(2). Bankoff’s

circle is A (%) = A’ (%), since it touches at (0,2r). On the other hand,
Up = A(1) = A'(1) by Theorem 6.

L' Ls L

B(2b)

a(2a)
Ua

o

Figure 9

Theorem 9. Let m and n be positive numbers. The Archimedean circles A(m)
and A’(n) coincide if and only if m and n satisfy
Proof. By (3) the equations of the tangerttsandt!, are
—(ma + (m — 2)b)z + 2/b(ma + (m — 1)b)y =2mab,
(nb + (n — 2)a)z + 2\/a(nb + (n — 1)a)y =2nab.
These two tangents coincide if and only if (5) holds. O
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The linet, has equation
—ax + /b(2a + b)y = 2ab. (6)
It clearly passes through-2b, 0), the point of tangency of andg (see Figure 9).

Note that the point
2r 2r
(—a—_’_ba, a——|—b b(2(l + b))
lies on& and the tangent of is also expressed by (6). Henggtouchest at this
point. The point also lies oA. This means thatl(2) touches; at the intersection
of 5 andty. Similarly, A'(2) touchest, at the intersection of and#,. The
Archimedean circlesd(2) and.A'(2) intersect at the point

(b—a ’ L(\/a(a+2b)+\/b(2a+b))>

b+ ar a+b
on the Schoch line.
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Steiner’s Theorems on the Complete Quadrilateral

Jean-Pierre Ehrmann

Abstract. We give a translation of Jacob Steiner's 1828 note on the complete
quadrilateral, with complete proofs and annotations in barycentric coordinates.

1. Steiner’snote on the complete quadrilateral

In 1828, Jakob Steiner published in Gergonn&fmalesa very short note [9]
listing ten interesting and important theorems on the complete quadrilateral. The
purpose of this paper is to provide atranslation of the note, to prove these theorems,
along with annotations in barycentric coordinates. We begin with a translation of
Steiner’s note.

Suppose four lines intersect two by two at six points.

(1) These four lines, taken three by three, form four triangles whose circum-
circles pass through the same paifit

(2) The centers of the four circles (and the padifjtlie on the same circle.

(3) The perpendicular feet frorf to the four lines lie on the same lirfe, and
F is the only point with this property.

(4) The orthocenters of the four triangles lie on the same7ihe

(5) Thelinesk andR’ are parallel, and the linR passes through the midpoint
of the segment joining" to its perpendicular foot oRY.

(6) The midpoints of the diagonals of the complete quadrilateral formed by the
four given lines lie on the same i@’ (Newton).

(7) ThelineR” is a common perpendicular to the linRsandR..

(8) Each of the four triangles in (1) has an incircle and three excircles. The
centers of these 16 circles lie, four by four, on eight new circles.

(9) These eight new circles form two sets of four, each circle of one set being
orthogonal to each circle of the other set. The centers of the circles of each
set lie on a same line. These two lines are perpendicular.

(10) Finally, these last two lines intersect at the pdintentioned above.

The configuration formed by four lines is called a complete quadrilateral. Figure
1illustrates the first 7 theorems on the complete quadrilateral bounded by the four
linesUVW,UBC, AVC, andABW . The diagonals of the quadrilateral are the

Publication Date: March 17, 2004. Communicating Editor: Paul Yiu.
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segmentsAU, BV, CW. The four trianglesABC, AVW, BWU, andCUV are
called the associated triangles of the complete quadrilateral. We denote by
e H, H,, Hy, H.their orthocenters,
e I''T",, Iy, ', their circumcircles, and
e 0,0y, Oy, O, the corresponding circumcenters.

R”

Figure 1.

2. Geometric preliminaries

2.1 Directed angles.We shall make use of the notion directedangles. Given
two lines¢ and?, the directed anglé¢/, ¢') is the angle through whichmust be
rotated in the positive direction in order to become parallel to, or to coincide with,
the line/'. See [35§16-19]. It is defined modula.

Lemma 1. Q) (6, 0"y =, 0+ (¢, e").
(2) Four noncollinear points?, @, R, S are concyclic ifand only ifPR, PS) =
(QR,QS).
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2.2. Simson-Wallace linesThe pedalg of a pointM on the linesBC, CA, AB
are collinear if and only if\f lies on the circumcircld” of ABC. In this case,
the Simson-Wallace line passes through the midpoint of the segment jdifitg
the orthocented of triangle ABC. The point)M is the isogonal conjugate (with
respect to trianglel BC') of the infinite point of the direction orthogonal to its own
Simson-Wallace line.

Figure 2 Figure 3

2.3 The polar circle of a triangle.There exists one and only one circle with re-
spect to which a given triangld BC is self polar. The center of this circle is the
orthocenter ofA BC' and the square of its radius is

—4R? cos Acos B cos C.

Thispolar circle is real if and only ifA BC' is obtuse-angled. It is orthogonal to any
circle with diameter a segment joining a vertexABC' to a point of the opposite
sideline. The inversion with respect the polar circle maps a vertek#(t' to its

pedal on the opposite side. Consequently, this inversion swaps the circumcircle
and the nine-point circle.

2.4. Center of a direct similitudeSuppose that a direct similitude with cenfer
mapsM to M’ andN to N/, and that the lined/ M’ and N N’ intersect afS. If
does not lie on the lind/ N, thenM, N, ), S are concyclic; so ard/, N/, Q, S.
Moreover, it M N 1L M'N’, the circlesM NQ.S and M’ N’'Q.S are orthogonal.

Lin this paper we use the word pedal in the sense of orthogonal projection.
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3. Steiner’s Theorems 1-7

3.1 Steiner's Theorem 1 and the Miguel poittet F* be the second common point
(apart fromA) of the circlesl” andT,. Since
(FB,FW) = (FB,FA)+(FA,FW) = (CB,CA)+(VA, VW)= (UB,UW),

we havel’ € I'y, by Lemma 1(2). Similarly” € I'.. This proves (1).
We call F' the Miguel pointof the complete quadrilateral.

Figure 4.

3.2 Steiner’'s Theorem 3 and the pedal linEhe pointF' has the same Simson-
Wallace line with respect to the four triangles of the complete quadrilateral. See
Figure 5. Conversely, if the pedals of a point on the four sidelines of the com-
plete quadrilateral lie on a same ling, must lie on each of the four circumcircles.
Hence,M = F. This proves (3).

We call the lineR the pedal lineof the quadrilateral.

3.3 Steiner’'s Theorems 4, 5 and the orthocentric lies the midpoints of the
segments joining to the four orthocenters lie R, the four orthocenters lie on a
line R’, which is the image oR under the homothetlg(F, 2). This proves (4) and
(5). See Figure 5.

We call the lineR’ the orthocentric lineof the quadrilateral.

Remarks.(1) AsU, V, W are the reflections of" with respect to the sidelines of
the triangleO, 0, 0., the orthocenter of this triangle lies @h

(2) We have(BC,FU) = (CA,FV) = (AB, FW) because, for instance,
(BC,FU) = (UB,UF) = (WB,WF) = (AB,FW).
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Figure 5.

(3) Let P,, P, P. be the projections of" upon the linesBC, C A, AB. As
P,, P, C, F are concyclic, it follows tha¥ is the center of the direct similitude
mappingFP, to U and F, to V. Moreover, by (2) above, this similitude mapgsto
W.

3.4. Steiner’'s Theorem 2 and the Miquel circlBy Remark (3) above, if;, F;, F,
are the reflections aof" with respect to the line®C, C A, AB, a direct similitude
o with centerF mapsF, to U, F, to V, F. to W. As A is the circumcenter of
FF,F,, it follows thato (A) = O,; similarly, o (B) = O, ando (C) = O.. As A,
B, C, F are concyclic, so aré,, Oy, O., F'. HenceF' and the circumcenters of
three associated triangles are concyclic. It follows thaf),, Oy, O, F lie on the
same circle, say.,,,,. This prove (2).

We calll’,,, the Miquel circle of the complete quadrilateral. See Figure 6.

3.5. The Miquel perspectorNow, by§2.4, the second common pointlbfandT;,,
lies on the three lined O, BO,, CO,.. Hence,
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Figure 6.

Proposition 2. The triangleO, 0,0, is directly similar and perspective withBC'.
The center of similitude is the Miquel poift and the perspector is the second
common point” of the Miquel circle and the circumcirclE of triangle ABC.

We call F’ the Miquel perspectoof the triangleABC.

3.6. Steiner’'s Theorems 6, 7 and the Newton lik¢e call diagonal trianglethe
triangle A’ B'C’ with sidelinesAU, BV, CW.

Lemma 3. The polar circles of the triangled BC', AVW, BWU, CUV and the
circumcircle of the diagonal triangle are coaxal. The three circles with diameter
AU, BV, CW are coaxal. The corresponding pencils of circles are orthogonal.

Proof. By §2.3, each of the four polar circles is orthogonal to the three circles with
diameterAU, BV, CW. More over, as each of the quadruples, U, B, C"),
(B,V,C’",A") and(C, W, A’, B') is harmonic, the circled’ B'C’ is orthogonal to

the three circles with diametetU, BV andCW . O
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Figure 7.

As the line of centers of the first pencil of circles is the orthocentric Rhet
follows that the midpoints ofir, BV andCW lie on a same liné?’ perpendic-
ular toR’. This proves (6) and (7).

4. Some further results

4.1 The circumcenter of the diagonal triangle.

Proposition 4. The circumcenter of the diagonal triangle lies on the orthocentric
line.

This follows from Lemma 3 an§2.3.
We call the lineR” theNewton lineof the quadrilateral. As the Simson-Wallace
line R of F is perpendicular t&k”, we have

Proposition 5. The Miquel point is the isogonal conjugate of the infinite point of
the Newton line with respect to each of the four triangleBC, AVIW, BWU,
cUV.
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4.2 The orthopoles.Recall that the three lines perpendicular to the sidelines of a
triangle and going through the projection of the opposite vertex on a given line go
through a same point : th@thopoleof the line with respect to the triangle.

Figure 8

Proposition 6 (Goormaghtigh) The orthopole of a sideline of the complete quadri-
lateral with respect to the triangle bounded by the three other sidelines lies on the
orthocentric line.

Proof. See [1, pp.241-242]. O

5. Some barycentric coor dinates and equations

5.1 Notations. Given a complete quadrilateral, we consider the triangle bounded
by three of the four given lines as a reference triangheC, and construe the fourth
line as the trilinear polar with respect #BC' of a point@ with homogeneous
barycentric coordinate@: : v : w), i.e, the line
C: L )
u v w
The intercepts of. with the sidelines of trianglel BC' are the points

U=(0:v:—-w), V=(-u:0:w), W= (u:—v:0).
The linesAU, BV, CW bound the diagonal triangle with vertices
A= (~u:v:w), B =(u:—v:w), C'=(u:v:—w).

TrianglesABC and A’ B'C’ are perspective a).
We adopt the following notations. i, b, ¢ stand for the lengths of the sides
BC,CA, AB, then

1 1 1
&:§W+8—fyA%:§@+J—VyA%:§M+#—8y
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We shall also denote by twice of the signed area of trianglé BC', so that
Spa=S5-cotA, Sp=85-cotB, Sc=5":cotC,
and
Spc + Sca+ Sap = S2.
Lemma?. (1) The infinite point of the lin& is the point
(u(v —w) : v(w —u) : wlu —v)).
(2) Lines perpendicular t& have infinite point{, : A, : A.), where

A = Spv(w—u)— Scw(u —v),

X = Scw(u—v)—Sau(v—w),

Ae = Sau(v—w)— Spv(w —u).
Proof. (1) is trivial. (2) follows from (1) and the fact that two lines with infinite
points(p : ¢ : v) and(p : ¢ : r") are perpendicular if and only if

Sapp’ + Spqq + Scrr’ = 0.

Consequently, given a line with infinite poif : ¢ : ), lines perpendicular to it
all have the infinite pointSgq — Scr : Sor — Sap : Sap — SBq). O

5.2 Coordinates and equationd/e give the barycentric coordinates of points and
equations of lines and circles in Steiner’s theorems.

(1) The Miquel point:

(2) The pedal line:

v—w w—u u—v

=0.
Scv + Spw — a2ux+ Saiw + Scu — b2vy+ Spu + Sav — 2w’

(38) The orthocentric line:

R : (v —w)Sax + (w—u)Spy + (u — v)Scz = 0.
(4) The Newton line:
R : w+w—uwzr+(w+u—v)y+ (u+v—w)z=0.

(5) The equation of the Miquel circle:

2R*(x 4y + 2)

a’yz + bzz + Cay + W= w)(w—wu—v

) (U;Qw)\ax—&— wb;u)\by—&— uc—2v>\cz> =0.

(6) The Miquel perspector, being the isogonal conjugate of the infinite point
of the direction orthogonal tg, is

o (P8
N Xa N A/

The Simson-Wallace line of” is parallel to/.
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(7) The orthopole ofZ with respect taABC' is the point
()‘a(_SBSC’Uw + bQSBwu + CQSCuv) e )

5.3. Some metric formulas Here, we adopt more symmetric notations. Ket
1=1,2,,3,4, be four given lines.
e For distinct; andyj, 4; j = ¢; N ¢;,
¢ 7, the triangle bounded by the three lines other thaf); its circumcenter,
R; its circumradius.
o I = OjAr; N OpA;; N OA; its Miquel perspectori.e., the second
intersection (apart fron#’) of its circumcircle with the Miquel circleR,,
is the radius of the Miquel circle.

Let d be the distance from’ to the pedal linéR andd, = (R, ¢;). Up to a direct
congruence, the complete quadrilateral is characterizet] #y0-, 65, andf,.

. . d
(1) The distance front" to ¢; is ———.
| cos 0]
d

| cos 6; cos 0]

sin(0; — 6;)
3) |ApAp | = d ’ :
( ) | ki k7-7| Cosgi COSHj Cosek

(4) The directed angleF' Ay, ;, F Ay ;) = (4;,£;) = 0; — ; mod .

d R; _
®) fon = 4|cos 01 cos B cos B3 cos 04| 2 |cos b;] fori=1,2,3,4
(6) |[FAi 2| |FAs4| = |FAi3|-|FAys| = |FAi4| - |FAy3| = 4dR,,.
(7) |FF;| = 2R;|sin 6;).
(8) Theorientedangle between the vecto&F andO;F; = —26; mod 2.
(9) The distance front” to R” is

(2) |FA; ;| =

d
B [tan 01 + tan fs + tan @5 + tan 04] .

6. Steiner’'s Theorems 8 — 10

At each vertex) of the complete quadrilateral, we associate the pair of angle
bisectorsm andm’. These lines are perpendicular to each othév/atWe denote
the intersection of two bisectors andn by m N n.

e T(m,n,p) denotes the triangle bounded by a bisectav/atone atV, and
one atP.
e I'(m, n, p) denotes the circumcircle @f(m,n,p).

Consider three bisectors b, c intersecting at a poinf, the incenter or one of
the excenters oA BC'. Suppose two bisectoksandw intersect ora. Then so do
v/ andw’. Now, the line joiningb N w andc N v is aU-bisector. If we denote this
line by u, thenu’ the line joiningb "w andc N v'.

The trianglesT(a’,b’,¢’), T(u,v,w), and T(u,v/,w’) are perspective af.
Hence, by Desargues’ theorem, the pouits u, b’ N v, andc’ N w are collinear;
so area’ Nu’, b’ NV, andc’ N w’. Moreover, as the corresponding sidelines of
trianglesT(u,v,w), andT(v,v/,w’) are perpendicular, it follows fror§2.4 that
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their circumcircled(u, v, w), andI'(J/, v/, w’) are orthogonal and pass through
See Figure &

Figure 9

As a intersects the circl€ (v, v/, w’) atJ andv'Nw’ and v’ intersects the circle
I'(,v,w') atu’Nv andu’ Nw/, it follows that the polar line of N v’ with respect
to I'(u’, v/, w") passes through NV andc Nw'. Hencel'(v,Vv/,w’) is the polar
circle of the triangle with vertices N v/, bN v/, cNw'. Similarly, I'(u, v, w) is the
polar circle of the triangle with verticesn u, bNv, cNw.

By the same reasoning, we obtain the following.

(a) As the triangled'(a’, b, c), T(u,Vv/,w’), andT(u’,v,w) are perspective at
Ja =anb' nd, it follows that

e the circlesl’(u,V/,w’) andT’(uv’, v, w) are orthogonal and pass through,
e the pointsa’ Nu, b N v/, andc Nw’ are collinear; so ar& Nu’, bNv, and
cNw,

2In Figures 9 and 10, at each of the poiats B, C, U, V, W are two bisectors, one shown in
solid line and the other in dotted line. The bisectors in solid lines are laheledc, u, v, w, and
those in dotted line labeled, b’, ¢, u’, v/, w’. Other points are identified as intersections of two of
these bisectors. Thus, for example=anb,andJs =b' Nc'.
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e the circlel'(u,Vv/,w’) is the polar circle of the triangle with verticas u,
b’Nv/, 'nw/, andl’(u’, v, w) is the polar circle of the triangle with vertices
anud,b’'Nv,d Nw.

(b) As the trianglesT'(a, b, c), T(v’,v,w'), andT(u, V', w) are perspective at
Jg =a' Nnbnd, it follows that

e the circlesl'(u/, v,w’) andT’(u, V', w) are orthogonal and pass throud#,

e the pointsa N v/, b’ Nv, andc Nw’ are collinear; so areNu, b’ N/, and
cNw,

e the circlel’(v, v,w’) is the polar circle of the triangle with verticesu’,
bNv, ' Nw/, andl(u, v/, w) is the polar circle of the triangle with vertices
aNu,bNv,dNw.

(c) As the trianglesT'(a, b, ), T(u',Vv/,w), andT(u,v,w’) are perspective at
Jo = a' Nb' N, it follows that

e the circles'(v/, v/, w) andT’(u, v, w’) are orthogonal and pass through,

e the pointsan v/, bN v/, andc’ N w are collinear; so are N u, b N v, and
d Nw,

e the circleI'(J, v/, w) is the polar circle of the triangle with vertices v/,
b’Nv/, cNw, andl'(u, v, w’) is the polar circle of the triangle with vertices
aNu,b'Nv,enw’.

Therefore, we obtain two new complete quadrilaterals:
(1) 9 with sidelines those containing the triples of points

(a'Nu, b'nv, 'nw), (a’Nu, brv/, cnw’), (anu’, b'Nv, cnw’), (and’, brv/, 'nNw),
(2) Qs with sidelines those containing the triples of points
(@'nd’; b'nv/, 'nw’), (a'nu’, bv, enw), (anu, b'Nv/; cnw), (anu, bnv, c'Nw’).
The polar circles of the triangles associated v@hare
r(,v,w), T(W,v,w), T'(u,v,w), T'(u,v,w).
These circles pass through J4, Jg, Jo respectively.
The polar circles of the triangles associated withare
I'(u,v,w), T(u,v',w'), T'(u,v,w), T(u,v,w).

These circles pass through Ja, Jp, Jo respectively. Moreover, by2.4, the
circles in the first group are orthogonal to those in the second group. For example,
asu andu’ are perpendicular to each other, the cirdiés, v,w) andT'(d, v, w)

are orthogonal. Now it follows from Lemma 3 applied@ and O, that

Proposition 8 (Mention [4]). (1) The following seven circles are members of a
pencil ®:

['(u,v,w), T(u,v,w'), T, v,w'), T(u,V,w),
and those with diameters

(and)@ Nu), (bNV)(b' Nv), (cnw)(d Nw).
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(2) The following seven circles are members of a pedcil
L', v,w), T(W,v,w), T'(u,v,w), T'(u,v,w),
and those with diameters
(anu)@ nd), (bnv)(b'NV), (cnw)(d Nw).
(3) The circles in the two pencitB and ¥ are orthogonal.

This clearly gives Steiner's Theorems 8 and 9.

Figure 10
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Let P be the midpoint of the segment joiningN  anda’ N u, and P’ the
midpoint of the segment joining N u andd N u’. The nine-point circle of the
orthocentric system

anu, a'nd, and, a'Nnu

is the circle with diameteP . This circle passes through andU. See Figure
11. FurthermoreP and P’ are the midpoints of the two arc8lJ of this circle. As
P is the center of the circle passing throudhU, a N v anda’ N u, we have

Figure 11.

(PA, PU) =2((anu')A, (anu)U)
—2((anu)A, AB) +2(AB, UV) +2(UV, (anu)U)
—(AC, AB) +2(AB, UV) + (UV, BC)

—=(CA, CB) + (AB, UV)
—=(CA, CB) + (WB, WU)
—(FA, FB) + (FB, FU)
—(FA, FU).

Hence, F' lies on the circle with diameteP P, and the linesF' P, F'P' bisect
the angles between the linésd and F'U .

As the central lines of the pencifs and® are perpendicular and pass respec-
tively through P and P, their common point lies on the circlEAU. Similarly,
this common point must lie on the circldsBYV and FCW. Hence, this com-
mon point isF'. This proves Steiner’'s Theorem 10 and the following more general
result.

Proposition 9 (Clawson) The central lines of the pencilsandd are the common
bisectors of the three pairs of liné$'A, FU), (FB, FV),and(FC, FWV).
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Note that, af F'A, FB) = (FV, FU) = (CA, CB), itis clear that the
three pairs of line§F'A, FU), (FB, FV), (FC, FW) have a common pair
of bisectors(f,f’). These bisectors are called timeentric linesof the complete
quadrilateral. With the notations §5.3, we have

2(R, f) = 2(R, f/) =01+ 02 + 63+ 04 mod .

7. Inscribed conics

7.1 Centers and foci of inscribed conic8Ve give some classical properties of the
conics tangent to the four sidelines of the complete quadrilateral.

Proposition 10. The locus of the centers of the conics inscribed in the complete
quadrilateral is the Newton lin&”.

Proposition 11. The locus of the foci of these conics is a circular focal cylean
Rees focal)

This cubicy passes througH, B, C, U, V, W, F, the circular points at infinity
I+, Jo and the feet of the altitudes of the diagonal triangle.

The real asymptote is the image of the Newton line under the homdilty),
and the imaginary asymptotes are the lides, and F'J,,. In other words F is
the singular focus of. As F' lies on they, v is said to bdocal. The cubicy is self
isogonal with respect to each of the four triangkeBC, AVW, BWU,CUV. It
has barycentric equation

uz (Py? +6%2%) + vy (a?2% + P2?) + wz (0*2® + a®y?)
+2 (Sau+ Spv + Scw) xyz = 0.

If we denote byPQ RS the van Rees focal aP, @, R, S, i.e,, the locus ofM
suchagMP,MQ) = (MR, MS), then

v=ABVU = BCWV = CAUW = AVBU = BWCV = CUAW.

Here is a construction of the cubic

Construction. Consider a variable circle through the pair of isogonal conjugate
points on the Newton lin€. Draw the lines through tangent to the circle. The
locus of the points of tangency is the cubicSee Figure 12

7.2 Orthoptic circles. Recall that the Monge (or orthoptic) circle of a conic is the
locus of M from which the tangents to the conic are perpendicular.

Proposition 12 (Oppermann) The circles of the pencil generated by the three cir-
cles with diameters AU, BV, CW are the Monge circle’s of the conics inscribed in
the complete quadrilateral.

Proof. See [5, pp.60-61]. O

3These points are not necessarily real.
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Figure 12.

7.3. Coordinates and equation$kecall that the perspector (or Brianchon point) of
a conic inscribed in the triangld BC' is the perspector ol BC' and the contact

triangle. Suppose the perspector is the pgintq : r).
(1) The center of the conic is the point

(p(g+7):q(r+p):r(p+q).

(2) The equation of the conic is

2 2 2

(3) ThelineZ £+ = — (s tangent to the conic if and onlylngr g +3=0.
(4) The equation of the Monge circle of the conic is
1 1 1 S S S,
(— + - —I——) (aPyz + b2z + Pay) = (v +y + 2) (—Ax—i- —By—l-—cz) .
p q T p q r
The locus of the perspectors of the conics inscribed in the complete quadrilateral
is the circumconic
u v w
—+-+—=0,
r vy z

i.e., the circumconic with perspectqy.
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7.4. Inscribed parabola.

Proposition 13. The only parabola inscribed in the quadrilateral is the parabola
with focusE and directrix the orthocentric lin&?.

Figure 13

The perspector of the parabola has barycentric coordinates

I T
v—w w—u u—v)

This point is the isotomic conjugate of the infinite point of the Newton line. It is
also the second common point (apart from the Steiner goofttriangle ABC) of
the line SF and the Steiner circum-ellipse.

If aline ¢’ tangent to the parabola intersects the lib&s, C A, AB respectively
atU’, V!, W', we have

(FU, FU') = (FV, FV') = (FW, FW') = (¢, {').

If four points P, Q, R, S lie respectively on the sideline8C, CA, AB, ¢ and
verify

(FP, BC) = (FQ, CA) = (FR, AB) = (FS, 0),

then these four points lie on the same line tangent to the parabola. This is a gener-
alization of the pedal line.
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Orthopoles and the Pappus Theorem

Atul Dixit and Darij Grinberg

Abstract. If the vertices of a triangle are projected onto a given line, the per-
pendiculars from the projections to the corresponding sidelines of the triangle
intersect at one point, the orthopole of the line with respect to the triangle. We
prove several theorems on orthopoles using the Pappus theorem, a fundamental
result of projective geometry.

1. Introduction

Theorems on orthopoles are often proved with the help of coordinates or com-
plex numbers. In this note we prove some theorems on orthopoles by using a well-
known result from projective geometry, the Pappus theorem. Notably, we need not
even use it in the general case. What we need is a simple affine theorem which is a
special case of the Pappus theorem. We denote the intersection of twg fnes
g by g n¢g'. Here is the Pappus theorem in the general case.

Theorem 1. Given two linesin a plane, let A, B, C be three points on one line
and A’, B’, C’ three points on the other line. The three points

BC'nCB, CA N ACY, AB' N BA’
are collinear.

Figure 1

Theorem 1 remains valid if some of the pointsB, C, A, B/, C' are projected
to infinity, even if one of the two lines is the line at infinity. In this paper, the only
case we need is the special case if the paifitf3’, C’ are points at infinity. For
the sake of completeness, we give a proof of the Pappus theorem for this case.

Publication Date: March 30, 2004. Communicating Editor: Paul Yiu.
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Figure 2

LetX = BC'NCB',Y =CA'NAC'", Z = AB'n BA'. The points4’, B/,
C’ being infinite points, we hav€'Y | BZ, AZ || CX, andBX | AY. See
Figure 2. We assume the lingsX and ABC intersect at a poinP, and leave the
easy cas&/ X || ABC to the reader. In Figure 3, [8f = ZX N AY. We show

PA !
thatY’ = Y. SinceAY || BX, we have— = in signed lengths. Since
[ I . we have— = -~ in sig g [

PC  PX PC  PY’ ,
AZ | CX, we haveP— = ——. From these,—B = 57 andCY' || BZ.

SinceCY || BZ, the pointY” lies on the lineC'Y". Thus,Y’ =Y, and the points
X,Y, Z are collinear.

Figure 3
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2. Theorthocenters of a fourline

We denote byAabc the triangle bounded by three linesb, c. A complete
guadrilateral, or, simply, a fourline is a set of four lines in a plane. The fourline
consisting of lines, b, c, d, is denoted bylabcd. If g is a line, then all lines per-
pendicular tog have an infinite point in common. This infinite point will be called
g. With this notation,Pg is the perpendicular fron® to g. Now, we establish the
well-known Steiner’s theorem.

Theorem 2 (Steiner) If a, b, ¢, d are any four lines, the orthocenters of Abcd,
Aacd, Aabd, Aabc are collinear.

Figure 4

Proof. Let D, E, F be the intersections af with a, b, ¢, and K, L, M, N the
orthocenters of\bcd, Aacd, Aabd, andAabc. Note thatk = E¢ N Fb, being
the intersection of the perpendiculars fraito ¢ and from F' to b. Similarly,

L = Fan DtcandM = DbnN Ea. The pointsD, E, F being collinear and the
points3, b, € being infinite, we conclude from the Pappus theorem fiaf., M
are collinear. Similarly,L, M, N are collinear. The four orthocenters lie on the
same line. O

The line K LM N is called the Steiner line of the fourlineABC D. Theorem
2 is usually associated with Miquel points 8] and proved using radical axes. A
consequence of such proofs is the fact that the Steiner line of the folrtihed
is the radical axis of the circles with diametetd), BE, C'F, whereA = b N,
B=cna, C=anb,D=dna, E=dnb, F =dnc. Also, the Steiner line
is the directrix of the parabola touching the four line$, c, d. The Steiner line is
also called four-orthocenter line in [611] or the orthocentric line in [5], where it
is studied using barycentric coordinates.
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3. Theorthopole and the fourline
We prove the theorem that gives rise to the notion of orthopole.

Theorem 3. Let AABC beatriangleand d aline. If A, B, C’ are the pedals of
A, B, C on d, then the perpendiculars from 4, B’, C’ to the lines BC, CA, AB
intersect at one point.

This point is the orthopole of the linkwith respect ttA ABC.

Figure 5

Proof. Denote bya, b, c the linesBC, C A, AB. By Theorem 2, the orthocenters
K, L, M, N of trianglesAbcd, Aacd, Aabd, Aabc lie on a line. LetD =
dnNa, andW = B’bn C’c. The orthocentel of Aacd is the intersection of the
perpendiculars fron® to c and fromB tod. Since the perpendicular froftod is
also the perpendicular frod’ tod, L = Dcn B’d. Analogously,\/ = DbNC'd.
By the Pappus theorem, the poiMs, M, L are collinear. Hencd} lies on the
line KLMN. SinceW = B’bn C'E, the intersectiodV of the linesK LM N
and B'b lies onC'c. Similarly, this intersectiori’’ lies on Aa. Hence, the point
W is the common point of the four lineda, B'b, C'c, and KLMN. Since
A’a, B'b, C't are the perpendiculars fromf, B/, C’ to a, b, c respectively, the
perpendiculars from{’, B’, C' to BC, C A, AB and the lineK LM N intersect at
one point. This already shows more than the statement of the theorem. In fact, we
conclude that the orthopole dfwith respect to trianglé\ ABC lies on the Steiner
line of the complete quadrilater@labcd. O

The usual proof of Theorem 3 involves similar triangles ([1], [10, Chapter 11])
and does not directly lead to the fourline. Theorem 4 originates from R. Goor-
maghtigh, published as a problem [7]. It was also mentioned in [5, Proposition 6],
with reference to [2]. The following corollary is immediate.
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Corollary 4. Given a fourline Cabcd, the orthopoles of a, b, ¢, d with respect to
Abcd, Aacd, Aabd, Aabc lie on the Steiner line of the fourline.

Figure 6

4. Two theorems on the collinarity of quadruples of orthopoles

Theorem 5. If A, B, C, D arefour points and e is a line, then the orthopoles of e
with respect to triangles ABC D, ACDA, ADAB, AABC are collinear.

Figure 7
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Proof. Denote these orthopoles by, Y, Z, W respectively. If4, B’, C', D’
are the pedals ofl, B, C, D one, thenX = B'CD N C'BD. Similarly,Y =
C'ADNA'CD,Z = ABDn B'AD. Now, A’, B’, C' lie on one line, andA D,
BD, CD lie on the line at infinity. By Pappus’ theorem, the poidfs Y, Z are
collinear. LikewiseY, Z, W are collinear. We conclude that all four points Y,
Z, W are collinear. O

Theorem 5 was also proved using coordinates by N. Dergiades in [3] and by R.
Goormaghtigh in [8, p.178]. A special case of Theorem 5 was shown in [11] using
the Desargues theoremAnother theorem surprisingly similar to Theorem 5 was
shown in [9] using complex numbers.

Theorem 6. Given fivelinesa, b, ¢, d, e, the orthopoles of e with respect to Abcd,
Aacd, Aabd, Aabc are collinear.

Figure 8

Proof. Denote these orthopoles by, Y, Z, W respectively. Let the lind inter-
secta,b,catD, E, F, and letD’, E’, F' be the pedals oD, E, F one.
SinceE = bnd andF = cNd are two vertices of trianglé\bcd, andE and
F' are the pedals of these verticeserihe orthopoleX = Ecn F’b. Similarly,
Y = F'an D', andZ = D'b N E'a. SinceD’, E', F' lie on one line, and, b,
¢ lie on the line at infinity, the Pappus theorem yields the collinearity of the points
X,Y, Z. Analogously, the pointy”, Z, W are collinear. The four pointX, Y,
Z, W are on the same line. O

Un [11], Witczyinski proves Theorem 5 for the case whénB, C, D lie on one circle and the
line e crosses this circle. Instead of orthopoles, he equivalently considers Simson lines. The Simson
lines of two points on the circumcircle of a triangle intersect at the orthopole of the line joining the
two points.
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On the Areas of the Intouch and Extouch Triangles

Juan Carlos Salazar

Abstract. We prove an interesting relation among the areas of the triangles
whose vertices are the points of tangency of the sidelines with the incircle and
excircles.

1. Theintouch and extouch triangles

Consider a triangled BC with incircle touching the sideBC, CA, AB at A,
By, Cy respectively. The triangldy ByCy is called the intouch triangle ol BC.
Likewise, the triangle formed by the points of tangency of an excircle with the
sidelines is called an extouch triangle. There are three of them4dth&-, C-
extouch triangles! as indicated in Figure 1. Far= 0, 1,2, 3, let 7; denote the
area of triangle4; B;C;. In this note we present two proofs of a simple interesting
relation among the areas of these triangles.

Cy

Figure 1

1 _ 1 1 1
Theoreml. = =7+ 7 + 7.

Publication Date: April 14, 2004. Communicating Editor: Paul Yiu.
These qualified extouch triangles are not the same as the extouch triangl&g&9R,which
means triangled; B.C5 in Figure 1. For a result on this unqualified extouch triangle §8ece
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Proof. Let I be the incenter and the inradius of triangleABC'. Consider the
excircle on the sideBC, with centerl;, tangent to the line8C, CA, AB at Ay,
By, Cq respectively. See Figure 2. It is easy to see that trian§lésC; and
BAyCy are similar isosceles triangles; so are triandlels B; andC Ay By. From
these, it easily follows that the anglés AoCy and B, I; C; are supplementary. It
follows that

Ty ApBy - AgCy I1C IB IB-IC

T, AB,-AC, L LB IL,B-I,C

Figure 2

Now, in the cyclic quadrilateral B, C with diameterl I,
IB-IC=1IB-1LsinI[[C=1I-TAy=r-1I.

Similarly, 1B - [LC = 11 - r1, wherery is the radius of thed-excircle. It

follows that T
0 T
= (1)
1 1
Likewise, % = and% =T, wherery andrs are respectively the radii of the

B- and(]-excirclés. From these,

1+1+17’F+T+T T 1
T T Ty \rm ro r3) Ty Ty
H 1 1 1 1
since;- + -+ - = ;. O
Corallary 2. Let ABC'D be a quadrilateral with an incircle I(r) tangent to the
sdesat W, X, Y, Z. If the excircles Iyy (rw ), Ix(rx), Iy(ry), Iz(rz) have
areas Ty, Tx, Ty, Tz respectively, then
T T T T T
w2y _ X 2z 2
T™™w A% rx rz T
where T' isthe area of the intouch quadrilateral W XY Z. See Figure 3

)
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Figure 3

Proof. By (1) above, we havels — Ara X¥Z gnd Ix. — Area ZWX g0 that

r

Tw N Ty Area XYZ + AreaZWX T
rwo ry r o
Similarly, ££ + 1z — L, O

2. An alternative proof using barycentric coordinates

The area of a triangle can be calculated easily from its barycentric coordinates.
Denote byA the area of the reference triangleBC. The area of a triangle with
verticesA' = (z1 : y1: 21), B' = (z2: y2 : 22), C' = (x3 : y3 : 23) IS given by

r1 Yy Z1
T2 Y2 22| A
r3 Ys =3
- (2)
(1 +y1+ 21) (22 + Y2 + 22) (23 + Y3 + 23)
Note that this area is signed. It is positive or negative according as triaifgle”
has the same or opposite orientation as the reference triangle. See, for example, [3].

In particular, the area of the cevian triangle of a point with coordinétesy : z)
is

0 y =

z 0 z|A
x y 0 B 2xyzA 3)
W+2)(z+z)(z+y) (Y+2)E+a)(z+y)

Let s denote the semiperimeter of triangdeBC, i.e.,, s = %(a +b+c).
The barycentric coordinates of the vertices of the intouch triangle are

Ay=(0:s—c:s5-b), By=(s—c:0:s—a), Co=(s—b:s—a:0). (4)
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The area of the intouch triangle is

1 0 s—c s—b
TOZT s—c 0 s—alA
WCls—b s—a 0
2(s — —b)(s —
2As—a)(s—D)(s—¢)

abe

For the A-extouch triangled; B C1,
A1 =(0:s5-b:s—c), Br=(—(s=b):0:5), Ci=(—(s—¢c):s:0), (5
the area is

0 s—b s—c
L —(s=b) 0 s |A= _QS(S_b)(S_C)A.

abc (s—¢) s 0 abc

Similarly, the areas of th&- and C-extouch triangles are2=9E=9 A gnd

abc
—2s(s—a)(s=b) A yespectively. Note that these are all negative. Disregarding signs,

abc

we have
1 1 1 abc 1
?1—1—?2—'_?3:25(5—@)(8—17)(8—6) (s=a)+(s=b)+(s—0) 3
abc 1
“2s—a)s—b)(s—c) A
1
T

3. A generalization

Using the area formula (3) it is easy to see that the (unqualifed) extouch triangle
A1 BsC3 has the same ardg as the intouch triangle. This is noted, for example,
in [1]. The use of coordinates i§2 also leads to a more general result. Replace
the incircle by the inscribed conic with centBr= (p : ¢ : r), and the excircles by
those with centers

P1:(—p:q:7“), P2:(p:—q:7“), P3:(p:q:—r),

respectively. These are the vertices of the anticevian triangle, @nd the four
inscribed conics are homothetic. See Figure 4. The coordinates of their points of
tangency with the sidelines can be obtained from (4) and (5) by replagibge

by p, q, r respectively. It follows that the areas of intouch and extouch triangles for
these conics bear the same relation given in Theorem 1.
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Figure 4
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Signed Distances and the Erdds-M or dell Inequality

Nikolaos Dergiades

Abstract. Using signed distances from the sides of a triangle we prove an in-
equality from which we get the Eod“Mordell inequality as a simple conse-
guence.

Let P be an arbitrary point in the plane of triang#eBC'. Denote by, xo, x3
the distances oP from the verticesA, B, C, andd,, ds, d3 thesigned distances of
P from the sidelinesBC, C A, AB respectively. Let, b, ¢ be the lengths of these
sides. We establish an inequality from which the famouoEiiIordell inequality
easily follows.

Theorem.

b b
mAw o> (242 )di+ (S+ 2 )+ (T2 )ds (@)
c b a c b a
equality holds if and only ifP is the circumcenter cf BC.

A

’ xXo dl
i ¢

B C

Figure 1

Proof. Let h; be the length of the altitude from to BC, andA the area o ABC.
Clearly,
2A = ah1 = ad1 + bdg + Cdg.
Note thatz; + d; > hi. Thisis true even ifl; < 0, i.e., whenP is not an interior
point of the triangle. Also, equality holds if and onlyiiflies on the line containing
the A-altitude. We havez; + ady > ahy = ad; + bds + cds, or
axry > bd2 + Cdg. (2)

If we apply inequality (2) to trianglel B C’ symmetric toA BC' with respect to

the A-bisector ofABC we get

axri > cdy + bds

Publication Date: April 28, 2004. Communicating Editor: Paul Yiu.
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or ,

21> ~dy + ~ds. 3)
Equality holds only wher lies on theA-altitude of AB'C’, i.e., the line passing
through A and the circumcenter o1 BC'.

Figure 2
Similarly we get
a C
>—d —d 4
Ty 27 a3 + o (4)
x3 Zédl + ng, (5)
C C

and by addition of (3), (4), (5), we get the inequality (1). Equality holds only when
P is the circumcenter cfi BC. (|

If Pis an internal point oMBC, d;, ds, d3 > 0. Sinceg +32>22,:+4¢2>2,
¢ +5>2 wehave

x1 + xo + x3 > 2(dy + d2 + d3).

This is the famous Ewk-Mordell inequality. The equality holds only when=
b=c,i.e, ABC is equilateral, and’ is the circumcenter oA BC.

There are numerous proofs of the BsdVordell inequality. See, for example,
[3] and the bibliography therin. In Mordell’'s original proof [2], the inequality (1)
was established assumidg d,, ds > 0. See also [1§12.13]. Our proof of (1) is
more transparent and covers all positiong?of
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A Simple Construction of the Congruent | soscelizer s Point

Eric Dannedls

Abstract. Wegiveavery simple construction of the congruent isoscelizers point
as an application of the cevian nest theorem.

1. Construction of the congruent isoscelizers point

Given atriangle, an isoscelizer isasegment intercepted in the interior of the tri-
angle by aline perpendicular to an angle bisector. There is a unique point through
which the three isoscelizers have equal lengths. This is the congruent isosceliz-
ers points X753 of [4]. In this note we present a very simple construction of this
triangle center.

Theorem 1. Let A’B’C’ be the intouch triangle of ABC, and A”B"C" the in-
touch triangle of A’ B’C’. Thetriangles A” B”"C" and ABC are perspective at the
congruent isoscelizers point of ABC'.

Figurel

The proof isasimple application of the following cevian nest theorem.*

Theorem 2. Let A’B’C" be the cevian triangle of P in triangle ABC with homo-
geneous barycentric coordinates (u : v : w) with respect to ABC, and A'B"C"

Publication Date: May 12, 2004. Communicating Editor: Paul Yiu.

Theorem 2 appears in [1, p.165, Supplementary Exercise 7] as follows: The triangle (Q) =
DEF isinscribed in the triangle (P) = ABC, and the triangle (K') = K LM isinscribed in (Q).
Show that if any two of these triangles are perspective to the third, they are perspective to each other.
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the cevian triangle of @ in triangle A’ B’C’, with homogeneous barycentric coor-
dinates (= : y : z) with respect totriangle A’ B'C’. Triangle A” B”C" isthe cevian
triangle of

ar) = ( ®

with respect to triangle ABC.

u(v+w) vw+u) w(u+v)>
x ’ Y ’ z

A

Figure 2

The concurrency of the lines AA”, BB”, CC" follows from the fact every ce-
vian triangle and every anticevian triangle with respect to A B'C” are perspective.
See, for example, [3, §2.12]. The cevian and anticevian triangles in question are
A"B"C" and ABC respectively.

Proof. We compute the absolute barycentric coordinates explicitly.
_yB 420y A uan
Y+ =z y+z
(y(u+v) + 2(w + w)ud + zv(w + u)B + yw(u + v)C
(v + 2)(w +u)(u+v) '

Itisclear that the line AA” intersects BC'at the point with homogeneous barycen-
tric coordinates

A//

(0 z0(w + 1) : yw(u+v)) = (o:”(w”) : "”(“’*"’)).

y oz
Similarly, the intersections of BB” with C' A, CC" with AB are the points
<u(v—|—w) 0 w(u—l—v)) and <u(v+w) : v(w + u) :0>
T z T Y

respectively. It is clear that the lines AA”, BB”, CC” intersect at the point given
by (1) above. O
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2. Proof of Theorem 1

Let P be the Gergonne point, and A’ B'C’ the intouch triangle. The sidelengths
are in the proportions of
A B
B'C':C'A': AB' = cos 3 1C0s i cos %

If Q isthe Gergonne point of A’ B’C’, then we have

Q(P) = <a(—cos§+cos§+cos%> )

Thisisthe point X773, the congruent isoscelizers point.

3. Another example

Let P betheincenter of triangle ABC, with cevian triangle A B’C’, and Q the
centroid of A’B’C’. Then

Q(P) = (a(b+c):b(c+a):cla+Db)).

Thisisthetriangle center X357 of [4].
A

Figure3
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Triangles with Special |sotomic Conjugate Pairs

K. R. S. Sastry

Abstract. We study the condition for the line joining a pair of isotomic conju-
gates to be parallel to a side of a given triangle. We also characterize triangles in
which the line joining a specified pair of isotomic conjugates is parallel to a side.

1. Introduction

Two points in the plane of a given triangleBC are called isotomic conjugates
if the cevians through them divide the opposite sides in ratios that are reciprocals
to each other. See [3], also [1]. We study the condition for the line joining a pair of
isotomic conjugates to be parallel to a side of a given triangle. We also characterize
triangles in which the line joining a specified pair of isotomic conjugates is parallel
to a side.

2. Some background material

The standard notation is used throughautb, c for the sides or the lengths of
BC, CA, AB respectively of triangled BC'. The median and the altitude through
A (and their lengths) are denoted by, andh, respectively. We denote the cen-
troid, the incenter, and the circumcenter@yl, andO respectively.

2.1 The orthic triangle. The triangle formed by the feet of the altitudes is called
its orthic triangle. It is the cevian triangle of the orthocenterlts sides are easily
calculated to be the absolute valuesiebs A, b cos B, ccos C.

2.2 The Gergonne and symmedian points. The Gergonne poink' is the concur-
rence point of the cevians that connect the vertices of triaddd€’ to the points
of contact of the opposite sides with the incircle.

The symmedian poink is the Gergonne point of the tangential triangle which
is bounded by the tangents to the circumcirclelaB, C.

Publication Date: May 24, 2004. Communicating Editor: Paul Yiu.
The author thanks the referee and Paul Yiu for their kind suggestions to improve the presentation
of this paper.
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2.3 The Brocard points. The Crelle-Brocard point§),. and2_ are the interior
points such that

4Q+AB = AQ_FBC = AQ_{_CA =W,

LQ_AC =/£Q_BA=/Q_CB =w,

wherew is the Crelle-Brocard angle.
A

Figure 1

It is known that
cotw = cot A + cot B + cot C.

See, for example, [3, 5]. According to [4],

A+w= g if and only if tan® A = tan BtanC. 1)

2.4. Sdf-altitude triangles. The sides:, b, ¢ of a triangle are in geometric progres-
sion if and only if they are proportional tg, h;, h. in SOome order. Such a triangle

is called a self-altitude triangle in [6]. It has a number of interesting properties.
Suppose? = be. Then

(1) 24 andQ_ are the perpendicular feet of the symmedian pdinbn the
perpendicular bisectors ofC' and AB.

(2) The lineQ2 Q2 _ coincides with the bisectod .

(3) B2, andC()_ are tangent to the Brocard circle which has diamétér.

(4) The medianBG and the symmedia@’ K intersect onA/; so doC'G and
BK.

See Figure 2.

2.5, Ageneralization of a property of equilateral triangles. An equilateral triangle
ABC has this easily provable property: i is any point on the minor ar8C' of
the circumcircle ofABC, thenAP = BP+ PC. Surprisingly, however, if triangle
ABC is non-isosceles, then there exists a unique péirdn the arcBC (not

containing the vertex) such thatAP = BP + PC ifand only ifa = mb?+ne?

mb+nc
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A

Figure 2

See [8]. Here;* is the ratio in whichA P divides the sideBC. In particular, the
extensionA P of the mediann, has the preceding property if and only if
b2 + 2
a = .
b+c

(2)

BWC
P

Figure 3.

3. Homogeneous barycentric coordinates

With reference to trianglel BC, every point in the plane is specified by a set of
homogeneous barycentric coordinates. See, for example, [#].idfa point (not
on any of the side lines of trianglé BC') with coordinategz : y : z), its isotomic
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conjugateP’ has coordinate§% : %

classical triangle centers.

: %) Here are the coordinates of some of

| Point | Coordinates |
centroid G (I:1:1)
incenter 1 (a:b:c)
circumcenter O (acos A:bcosB :ccosC)
orthocenter H (tan A : tan B : tan C')

symmedian point K | (a® : b% : ¢?)

1 . 1 . 1
b+c—a * ct+a—b ° a+b—c

Gergonne point I' (
Brocard point €24 (

=)
c aq b2
Brocard point € _ (b% : }2 : a%)
The isotomic conjugate of the Gergonne point is the Nagel pdintvhich is
the concurrence points of the cevians joining the vertices to the point of tangency
of its opposite side with the excircle on that side. It has coordindiesc — a :
ct+a—b:a+b—c).
The homogeneous barycentric coordinate of a point can be normalized to give its
absolute homogeneous barycentric coordinate, provided the sum of the coordinates
is nonzero. IfP = (z : y : z), we say that in absolute barycentric coordinates,

tA+yB+ zC
r+y+z
providedx + y + z # 0. Points(z : y : z) with z + y + z = 0 are called infinite
points. The isotomic conjugate &f = (z : y : z) is an infinite point if and only
if zy + yz + zx = 0. This is the Steiner circum-ellipse which has center at the

centroidG of triangle ABC'. Another fruitful way is to view an infinite point as
the differencel) — P of the absolute barycentric coordinates of two poiRtand

Q. As such, it represents the vecﬁ’)—@.

P:

4. Thebasic results

The segment joining® to its isotomic conjugate is represented by the infinite
point

yzA+zzB+axyC A+ yB+ 20

N Ty +yz + zx B r+y+z

w42z =)Ao= B+ a)ay - AC g
(x +y+2)(zy +yz + 2x) ’

This is parallel to the lineBC' if it is a multiple of the infinte point ofBC,
namely,— B + C. This is the case if and only if
(y + 2)(2* — yz) = 0. 4)

The equationy + z = 0 represents the line through parallel toBC. Itis clear
that this line is invariant under isotomic conjugation. Every finite point on this line

PP
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has coordinategr : 1 : —1) for a nonzerar. Its isotomic conjugate is the point

(X : 1: —1) on the same line. On the other hand, the equaiion yz = 0

répresent an ellipse homothetic to the Steiner circum-ellipse. It passes through
B=(0:1:0,C=(0:0:1),G=(1:1:1),and(—1:1:1). Itistangent
to AB and AC at B andC respectively. It is obtained by translating the Steiner

circum-ellipse along the vecterG;. We summarize this in the following theorem.

Theorem 1. Let P be afinite point. The line joining P to its isotomic conjugate
if parallel to BC if and only if P lies on the line through A parallel to BC or the
ellipse through the centroid tangent to AB and AC' at B and C' respectively. Inthe
latter case, the isotomic conjugate P is the second intersection of the ellipse with
the line through P parallel to BC.

Figure 4

Now we consider the possibility faP P’ not only to be parallel t&C, but also
equal to one half of its length. This means that the ve&tétis £1(C — B). If
P is afinite point on the parallel t&C' through A, we write P = (z : 1 : —1),
x # 0. From (3), we havePP' = (A=aH)(B+C) _ (=B + C) if and only

x
if z = %\/ﬁ. These give the first two pairs of isotomic conjugates listed in

Theorem 2 below.
By Theorem 1,P may also lie on the ellipsg® — yz = 0. It is convenient to
use a parametrization

x=p, y=p> z=1 (5)
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Setting the coefficient of' in (3) to 3, simplifying, we obtain

wop—3
2(p*+p+1)

The only possibilities arg =
orem 2 below.

1 (1 4+ V/13) . These give the last two pairs in The-

Theorem 2. There are four pairs of isotomic conjugates P, P for which the seg-
ment PP’ isparallel to BC and has half of its length.

L2 | P |
1 (VIT—1:4:—4) (\/_+1 4:—4)

2(| (V1IT+1:-4:4) (V1T —1:—4:4)

3| (VI3+1: VI3+7: 2 (\/ﬁ+1 2: V13+7)

4 (-(V13=1): T—V13: 2) | (=(V13—=1): 2: T—+/13)

Py

Figure 5

Among these four pairs, only the p&ifs, Pj) are interior points. The segments
FP; and EP; are parallel to the mediadD, and 3 P, EF is a parallelogram with

FPy = EP) = =YBima,

5. Triangles with specific PP’ parallel to BC

We examine the condition under which the line joining a pair of isotomic con-
jugates is parallel t6’. We shall exclude the trivial case of equilateral triangles.
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5.1 Theincenter. Since the incenter has coordinates: b : ¢), if 11 is parallel
to BC, we must have, according to (3> — bc = 0. Therefore, the triangle is
self-altitude. Seé2.4. It is, however, not possible to havé equal to half of
the sideBC, since the coordinates @ in Theorem 2 do not satisfy the triangle
inequality.

5.2 The symmedian and Brocard points. Likewise, for the symmedian poirk,
the line K K’ is parallel toBC if and only if ¢* = b?c?, ora? = be. In other words,
the triangle is self-altitude again. In fact, the following statements are equivalent.
(1) a? = be.
(2) K ison the ellipser? — yz = 0; KK'is parallel toBC.
(3) Q. is on the ellipse? — zy = 0; 0, &, is parallel toC'A.
(4) Q_is on the ellipse/? — zz = 0; Q__ is parallel toBA.

Figure 6

The self-altitude triangle with sides
a:b:ie=1/21+V13):1+V13:2
hasK K’ = 1 BC.

5.3 The circumcenter. Unlike the incenter, the circumcenter may be outside the
triangle. If O lies on the liney + z = 0, thenbcos B + ccos C = 0. From this

we deducecos(B — C) = 0, and|B — C| = £5. (This also follows from [2] by
noting that the nine-point center lies &().
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The homogeneous barycentric coordinates of the circumcenter are proportional
to the sides of the orthic triangle (the pedal triangle of the orthocenter). To con-
struct such a triangle, we take a self-altitude trianglB’C” with incenterly, and
construct the perpendiculars fod’, I'B’, I'C’ at A’, B/, C’ respectively. These
bound a triangled BC whose orthocenter i%. Its circumcenteiO is such that
OO0’ is parallel toBC.

5.4. Theorthocenter. The orthocenter has barycentric coordindtes. A : tan B :
tan C). If the triangle is acute, the conditidan? A = tan B tan C is equivalent
to A +w = 7§ according to (1).

5.5. The Gergonne and Nagel points. The line joining the Gergonne and Nagel
points is parallel toBC if and only if (b + ¢ — a)* = (c+a —b)(a + b — ¢).
This is equivalent to (2). Hence, we have a characterization of such a triangle: the
extension of the mediam, intersects the minor ar8C' at a pointP such that
AP =BP+CP.

Since the Gergonne and Nagel points are interior points, there is a triangle (up
to similarity) with "V parallel toBC' and half in length. From

b+c—a:c+a—b:a+b—c=vV13+1: 2: \/ﬁ—i—?,
we obtain

a:b:c=v1349:2V/13+8:V13+3=3V13-7:V13+1:2.
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On the Interceptsof the OI-Line

Lev Emelyanov

Abstract. We prove a new property of the intercepts of the line joining the cir-
cumcenter and the incenter on the sidelines of a triangle.

Given a triangled BC' with circumcenteiO and incenter, consider the intouch
triangle XY Z. Let X’ be the reflection ofX in Y Z, and similarly defin&” and
Z'.

Theorem 1. Theintersections of AX’ with BC, BY’ with C A, and CZ’ with AB
areall ontheline OI.

Figure 1.

Lemma 2. The orthocenter H’ of the intouch triangle lies on theline O1.

Proof. Let I; 1513 be the excentral triangle. The lindsZ and L 13 are parallel
because both are perpendicularAé. Similarly, ZX//5I, andXY//I,1>. See
Figure 2. Hence, the excentral triangle and the intouch triangle are homothetic
and their Euler lines are parallel. NowandO are the orthocenter and nine-point
center of the excentral triangle. On the other hahds the circumcenter of the
intouch triangle. Therefore, the lin@1 is their common Euler line, contains the
orthocenterd’ of XY Z. O

Publication Date: June 8, 2004. Communicating Editor: Paul Yiu.
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I

Figure 2.

Proof of Theorem 1. To prove that the intersection poid of O and AX” lies
BC it is sufficient to show thaf &' = AL, where A, is the foot of the bisector
Al. See Figure 3.

Figure 3.

It is known that

Al  CA+AB  sinB+sinC
IA,  BC sinA
For any acute triangled H = 2R cos A. The angles of the intouch triangle are
B A A+ B
HOyCEA, AD

2
Itis clear that triangleX'Y Z is always acute, and

X:

B+C
XH' =2rcos X = 2rcos +

= 2rsin —,
2

wherer is the inradius of trianglel BC'.
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X'H XX-HX XX YZ

= —1
H'X H'X HX.-YZ
72-areaofXYZ 1
- H'X-YZ

_ 2r%(sin2X +sin2Y +sin22)

2rsin X - 2rcos X
7sin2Y—|—sin2Z B sin B +sin C

sin 2X N sin A
This completes the proof of Theorem 1.

-1

Similar results hold for the extouch triangle. In part it is in [1]. The following
corollaries are clear.

Corollary 3. Thelinejoining A; to the projection of X onY Z passes through the
midpoint of the bisector of angle A.

Proof. In Figure 3,X’X is parallel to the bisector of anglé and its midpoint is
the projection ofX onY Z. a

Corollary 4. The OI-lineisparallel to BC if and only if the projection of X on
Y Z lies on the line joining the midpoints of AB and AC.

Corollary 5. Let XY Z bethe tangential triangle of ABC', X’ the reflection of X
in BC. If A; istheintersection of the Euler lineand X X', then AA; istangent to
the circumcircle.

Figure 4.
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On the Schiffler center

Charles Thas

Abstract. Suppose thatl BC is a triangle in the Euclidean plane andts in-
center. Then the Euler lines afBC, IBC, IC A, andI AB concur at a poinf,

the Schiffler center aA BC'. In the main theorem of this paper we give a projec-
tive generalization of this result and in the final part, we construct Schiffler-like
points and a lot of other related centers. Other results in connection with the
Schiffler center can be found in the articles [1] and [3].

1. Introduction

We recall some formulas and tools of projective geometry, which will be used
in §2. Although we focus our attention on the real projective plane, it will be
convenient to work in the complex projective plahe

1.1 Suppose thatr, x2) are projective coordinates on a complex projective line
and that two pairs of points are given as follows; and P, by the quadratic
equation

ax? + 2bxize + ca3 = 0 (1)
and@; and@; by
a'x? + 2 @0 + 2k = 0. 2
Then the cross-ratioP, Q1 Q-) equals—1 iff
ac —2bb +d'c = 0. 3)

Proof. Putt = i—; and assume that,t, (¢}, t, respectively) are the solutions
of (1) ((2) respectively), divided by3. Then(t; tot) th) = —1 is equivalent to
tity + thth) = (t1 + ta2)(t) + th) or 2(¢ + &) = (—2)(—2), which gives

a/

3). O

1.2.1 Consider a triangleA BC' in the complex projective plan® and assume
that 7 is a line inP, not throughA, B, or C. PutABN{¢ = M, BCN/{ =
My, andCA N ¢ = M'g and determine the pointd/-, M,, and Mg by
(ABM'cM¢e) = (BCM'sMy) = (CAM'gMp) = —1, thenAM,, BMp, and
C M¢ concur at a poin¥, the so-called trilinear pole dfwith regard toABC.

Publication Date: June 28, 2004. Communicating Editor: J. Chris Fisher.
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Proof. If A = (1,0,0), B = (0,1,0) C = (0,0,1), and/ is the unit linex; +

x9 + x3 = 0, thenM'c = (1,-1,0), M'4 = (0,1,-1), M'p = (1,0,-1),
and M¢c = (1,1,0), My = (0,1,1) = (1,0,1), and Z is the unit point
(1,1,1). O

1.2.2 The trilinear poleZq of the unit-line/ with regard toABQ, whereA =
(1,0,0),B = (0,1,0), and@ = (A, B,C), has coordinate§2A + B + C, A +
2B +C,0).

Proof. The pointZ¢ is the intersection of the lin@ Mc and BMg 4, with M¢ =
(1,1,0), and Mg 4 the point of QA, such that(@ A Mga M'ga) = —1, with
M'ga = QAN L. We find for Mg the coordinateg2A + B + C,B,C), and a
straightforward calculation completes the proof. O

1.3 Consider a non-degenerate codiin the complex projective plan®, and
two pointsA, @, not onC, whose polar lines with respect@pintersecC at1;, Ts,
and [y, I, respectively. Ther) lies on one of the line§, ¢, through A which are
determined b}(ATl AT 0y 62) = (AIl Al fq 62) = —

Proof. This follows immediately from the fact that the pole of the line AQ with
respect ta is the pointli T, N I 1. O

1.4 For any triangleABC of P and line/ not through a vertex, the Desargues-
Sturm involution theorem ([7, p.341], [8, p.63]) provides a one-to-one correspon-
dence between the involutions érand the pointg® in P that lie neither orf nor

on a side of the triangle. Specifically, the conics of the peci, B, C, P) inter-
sect/ in pairs of points that are interchanged by an involution with fixed paints
andJ. Conversely,P is the fourth intersection point of the conics throughB,
andC that are tangent tbat I and.J. The pointP can easily be constructed from
A,B,C,I, andJ as the point of intersection of the lines4, and BB’, where

A’ is the harmonic conjugate d8C N ¢ with respect tol and.J, and B is the
harmonic conjugate ofiC N ¢ with respect ta andJ.

1.5 Denote the pencil of conics through the four poidis As, A3, and A4 by
B(A1, Ay, A3, Ay), and assume thdtis a line not through4;, i = 1,...,4. Put
M'19 = A1As N4, and letM; 5 be the harmonic conjugate @f’, with respect
to A; and A,, and define the pointdfgs, M3y, M3, M14, and Moy likewise. Let
X, Y, andZ be the pointsd; As N A3Ay4, AsA3 N A1Ay, and A1 As N As Ay
respectively. Finally, lef and.J be the tangent points withof the two conics of
the pencil which are tangent &t Then the eleven pointd4,, M3, M4, Mss,
Moy, M3y, X, Y, Z, I, andJ belong to a conic ([8, p.109]).

Proof. We prove that this conic is the loc@sof the poles of the liné with regard

to the conics of the penclB(A;, A,, A3, A4). But first, let us prove that this locus

is indeed a conic: if we represent the pencil By+ tF, = 0, whereF; = 0

and F, = 0 are two conics of the pencil, the equation of the locus is obtained
by eliminatingt from two linear equations which represent the polar lines of two
points of¢, which gives a quadratic equation. Then, c&} the point which is the
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harmonic conjugate ofi; with respect toM 5, A3 N £ and M;,, and consider the
conic of the pencil through!'s: the pole of¢ with respect to this conic clearly is
M2, which means that/», and thus alsd/;;, is a point of the locus. Nexf, Y’

andZ are points of the locus, since they are singular points of the three degenerate
conics of the pencil. And finally] and.J belong to the locus, because they are the
poles of¢ with regard to the two conics of the pencil which are tangert to [

1.6. Consider again a triangld BC' in P, and a pointP not on a side o4 BC.
TheCevatriangle of P is the triangle with verticed PN BC, BPNC A, andC PN
AB. Example: with the notation df1.2.1 the Ceva triangle of is My MpMc.

Next, assume thatand.J are any two (different) points, not on a side4BC,
on a line/, not through a vertex, and th&t is the point which corresponds (ac-
cording to 1.4) to the involution o# with fixed points/ andJ. Let H,HH,
be the Ceva triangle aP, let A’ (B’, andC’ respectively) be the harmonic conju-
gate of PAN ¢ (PB N ¢, and PC N ¢ respectively) with respect td and P (B
and P, andC and P, respectively), and lebiy M M- be the Ceva triangle of
the trilinear poleZ of ¢ with regard toABC'. Then there is a conic through J,
and the triplesH’, Hp H(,, A'B'C’, and M4 MpM¢c. This conic is known as the
eleven-point conic of ABC with regard tol andJ ([7, pp.342—-343)).

Proof. Apply 1.5 to the penciB(A, B, C, P). O

2. Themain theorem

Theorem. Let ABC be a triangle in the complex projective plane P, ¢ be a line
not through a vertex, and I and J be any two (different) points of ¢ not on a side of
thetriangle. Choose C to be one of the four conicsthrough 7 and J that are tangent
to the sides of triangle ABC', and define () to be the pole of ¢ with respect to C. If
Z,Za, Zp,and Zq arethetrilinear poles of ¢ with respect to the triangles ABC,
QBC, QCA, and QAB respectively, while P, P4, Pg, and Po respectively, are
the points determined by these triangles and the involution on £ whose fixed points
are I and J (see 1.4), then the lines PZ, PsZ 4, PgZp, and PoZ concur at a
point Sp.

Proof. We choose our projective coordinate systenPiras follows : A(1,0,0),
B(0,1,0), C(0,0,1), and/ is the unit line with equation; + = + x3 = 0. The
point P has coordinate&y, 3, ).

Two degenerate conics of the penil4, B, C, P) are(CP, AB)and(BP,CA),
which intersect at the point§ —a, — 3, + ), (1,—1,0) and(—a, o + 7y, —7),
(1,0,—1)) respectively. Joining these points 4o we find the linega + §)x +
Bxs = 0, z3 = 0 andvyzs + (o + v)zs = 0, 2 = 0, or as quadratic equations
(a + B)xozs + B3 = 0 andyx3 + (a + v)xez3 = 0 respectively. Therefore, the
lines AI and AJ are given byka3 + 2lxex3 + mz3 = 0 wherebyk, [, andm are
solution of (see 1.1):

Bk —(a+B)=0
—(a+y)l+~ym =0,
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and thus(k,l,m) = (v(a + B), 87, B(a + 7v)). Next, the lines throug which
form together withAI, AJ and with AB, AC an harmonic quadruple, are deter-
mined bypz2 + 2qzex3 + r22 = 0 with p, ¢, 7 solutions of (see again 1.1)

{ Bla+)p — 2Bvq + v(a+ B)r =0
q:()a

and thus these lines are given by + 8)23 — B(a + v)z3 = 0. In the same
way, we find the quadratic equation of the two lines throd§)KC, respectively)
which form together withBI, BJ and with BC, BA (with CI, C'J and with

C A, CB respectively) an harmonic quadruplex(3 + )23 — v(8 + a)z} = 0
(B(y+a)z? —a(y+B)x3 = 0 respectively). The intersection points of these three
pairs of lines throug, B, andC are the poleg), 2, Q3, Q4 of £ with respect

to the four conics througli and J that are tangent to the sides of triangl&3C
(see 1.3) and their coordinates &g.A, B,C), Q2(—A, B,C), Q3(A, —B,C), and
Q4(A,B,—C), where

A:\/a(ﬁ"i_’Y)v B:mv C:\/’w

For now, let us choose fap the point@; (A, B,C).

The coordinates of the points, Z4, Zp, andZ- are(1,1,1), (A, A+ 2B +
C,A+B+2C), 2A+B+C,B,A+B+2C),and(2A+B+C, A+2B+C,C)
(see 1.2.2).

Now, in connection with the poink., remark tha{ AP N4 (QBNYE) I J) =
=1 But(@Q2QsN e (@Q1Q3N{) I J) = —-1andQ2Q4 = Q2B, Q1Q3 = Q1 B,
so thatAPo N ¢ = Q2B N £, and sincel)» B has equatiofz; + Ax3 = 0, the
point AP- N ¢ has coordinate$A,C — A, —C) and the lineA has equation
Cxga + (C — A)zs = 0. In the same way, we find the equation of the liBé&.:
Cx1 + (C — B)xz = 0, and the common point of these two lines is the pdt
with coordinatesB — C, A — C,C).

Finally, the linePzZ¢ has equation :

C(B+C)xy — C(A+C)ag + (A? — Bz =0,
and cyclic permutation gives us the equation$2pf 4 and Pg Z .
Now, P4 Z 4, PpZp, and P Z are concurrent if the determinant
B2 -2 AC+A) —AB+ A)
-B(C+B) (C*- A2 B(A+ B)

C(B+C) —CA+C) A*-B?
is zero, which is obviously the case, since the sum of the rows gives us three times
zero. Then, the liné’Z has equatiori —v)x; + (v — a)z2 + (o — B)x3 = 0. But
A? = a(B +7), B2 = B(y + a), andC? = v(a + 3), so that(B? — C?)(— A2 +
B? 4 C?) = 2a8v(B — ), andPZ has also the following equation

(B2 = C?)(— A2 + B2 +C%)xy + (C* — A?)(A? — B> + C?)xy
+(A? — B*)(A* + B? - C*)x3 = 0.

ForPZ, P47 4, and Pg Z g to be concurrent, the following determinant must van-
ish :
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(BQ_CQ)(_A2+B2 +C2) (C2_A2)(A2_B2 +C2) (A2_62)(A2 —|—62—C2)
B?-c? A(C + A) —A(B+ A)
~B(C + B) C? — A B(A+ B)
=(B+C)(C+ A)(A+B)(AB—C)(—A> + B> +C*)(~A+ B +C)
+B(C—A)(A* B> +CHA-B+C)+C(A-B)(A*+ B> -C*)(A+B-0))
=0.

We may conclude thaPZ, P4Z4, PgZp, and PcZc are concurrent. This
completes the proof. O

Remarks. (1) If @ is chosen as the poir, (Qs3, or Q4, respectively), thend
(B, or C respectively) must be replaced byA (—B, or —C respectively) in the
foregoing proof.

(2) The coordinates of the common poiﬁﬁs of the linesPZ, PysZ4, PpZp,
andPpZ¢ are(A=4EH€E, B4 B;\LC, cALEC

(3) Of course, when we work in the real (compIeX|f|ed) projective piBneith
areal triangleA BC, a real linef and a real poinf?, the points) and Sp, are not
always real. That depends on the values:gf, and~ and thus on the position of
the pointP in the plane. For instance, in example 5.56f the points) and Sp
will be imaginary.

(4) The conic throug, B, C, and through the pointg, J on ¢ has equation

a(fB + v)xexs + B(y + a)xszy +y(a + B)rize =0

or
A2x2x3 + BQ.Tg.Tl + CQ$1.T2 =0.

Indeed, eliminatinge; from this equation and fromy + x5 + z3 = 0, gives us
(e + B)x3 + 2yBraxs + B(y + a)z3 = 0, which determines the lined! and
AJ (see the proof of the theorem).
The pole of the lin¢ with respect to this conic is the poilt(5 + v, v+ o, a+ 3),
which clearly is a point of the liné’Z. We denote this conic b{}").

(5) The locus of the poles of the linewith respect to the conics of the pencil
B(A, B, C, P) is the conic with equation

Byat 4+ yaxs + afal — aly + B)zaxs — Bla + y)wszr — (B8 + a)zize = 0.

It is the eleven-point conic of trianglé BC' with regard tol and.J (see 1.6): it is
the conic through the points/4 (0,1, 1), Mp(1,0,1), Mc(1,1,0), APN BC =
H',(0,83,v), BPNCA = Hy(a,0,7), CPNAB = H/,(, 5,0), A’ (2 + 5 +
v, 63,7), B (e, a+28+~,7),C'(a, B,a+ f+27), I, andJ. The pole of the line
¢ with regard to this conic is the poinf (2a + 5+ v, a + 28+ v, a + 5 + 27),
which is also a point of the lin®Z. We denote this conic bf}”).

Here is an alternative formulation of the main theorem.

Theorem. Let ABC be a triangle in the complex projective plane P, ¢ be a line
not through a vertex, and I and J be any two (different) points of ¢ not on a side
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of the triangle. Denote by () the pole of ¢ with respect to one of the four conics
through I and J that are tangent to the sides of the triangle. If Y, Y, Y5, and
Yo arethe poles of £ with respect to the conics determined by 7, J, and the triples
ABC, QBC, QCA, and QAB respectively, while Y’, Y}, Y/, and Y/, are the
respective poles with respect to their eleven-point conics with regard to 7 and J,
then YY’, YY), YRY}, and YoY/. concur at a point S.

3. The Euclidean case

In this section we give applications of the main theorem in the Euclidean plane
II. Throughout the following sections, we only consider a general real triangle
ABC'inTI, i.e., the side-lengths, b, andc are distinct and the triangle has no right
angle.

Corollary 1. Let ABC beatriangle in IT and assume that ¢ is the line at infinity
of TI. Suppose that P coincides with the orthocenter H of ABC'; then the conics
of the pencil B(A, B,C, H) are rectangular hyperbolas and the involution on ¢,
determined by H (see 1.4), becomes the absolute (or orthogonal) involution with
fixed points the cyclic points (or circle points) J and .J of II. The four conics
through J, J and tangent to the sidelines of ABC' are now the incircle and the
excirclesof ABC, and the points @ = @1, Q2, Q3, @4 become theincenter 7, and
the excenters 14 (theline 114 contains A), Ig, and I, respectively.

Next, the points Z, Z4, Zp, and Z¢, are the centroids of ABC, IBC, IC A,
and of 1 AB respectively. Finally, P4, Pp, Pc are the orthocenters Hu, Hg, He
of IBC, ICA, and I AB respectively. Then thelines HZ, HxZ 4, HgZp, and
H¢Ze concur at a point Sgy.

Remarkthat{ Z, HxZ o, Hg Zg, andHx Z - are the Euler lines of the triangles
ABC,IBC,ICA, andl AB, respectively. The point of concurrence of these Euler
lines is known as the Schiffler poist([9]), but we prefer in this paper the notation
Sy, since it results from setting = H.

In connection with Remarks 4 and 5 of the foregoing section, and again working
with ¢ as the line at infinity and’, J' the cyclic points, the conifY") becomes the
circumcircle(O) of ABC, (Y’) becomes its nine-point circl€ ), andOO’ is the
Euler line.

In connection with Remark 5, we recall that the locus of the centers of the rect-
angular hyperbolas through, B, C (and H) is the nine-point circlé¢0) of ABC
and that, for each poirlf’ of the circumcircle(O), the midpoint of HU is a point
of (0’) (andO' is the midpoint ofH O on the Euler line).

The main theorem allows us to generalize the foregoing corollary as follows:

Corollary 2. Let ABC be atriangle and let ¢ be the line at infinity in I1. Choose
a general point P (i.e., not on a sideline of ABC, not on ¢ and different from the
centroid of ABC) and call J, J' the tangent points on ¢ of the two conics of the
pencil B(A, B, C, P) which are tangent to ¢ (these are the centers of the parabolas
through A, B, C and P). Denote by () the center of one of the four conics through
J and J’, which are tangent at the sidelines of ABC. Next, Z is the centroid
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of ABC and Z4, Zp, Z¢ are the centroids of the triangles QBC, QC A, QAB
respectively. Finally, P4 (Pg, and Pc respectively) is the fourth common point
of the two parabolas through @, B, C (through @, C, A, and through @, A, B
respectively) and tangent to ¢ at .7 and .J'. Thenthelines PZ, P47 4, PgZg, and
PcZ¢ concur at a point Sp.

4, Theuseof trilinear coordinates

From now on, we work with trilinear coordinatés; , x2, x3) with respect to
the real triangled BC in the Euclidean plan# ([2, 5]): A, B, C, and the incenter
I of ABC, have coordinateél, 0,0), (0,1,0), (0,0,1), and(1, 1, 1) respectively.
The line at infinity/ has equatiox; + bxy + cxs = 0, wherea, b, ¢ are the side-
lengths ofABC'. The orthocentefd, the centroid?Z, the circumcente®, and the
center of the nine-point circlé/, have trilinear coordinate§—1—, 15, —1-),
(1,3, 1), (cos A, cos B,cos C), and (be(a®b? + a*c? — (b — ¢)?), ca(b?c® +
b2a? — (2 —a?)?), ab(c?a® + % — (a® — b?)?)) respectively. The equations of the
circumcircle(O) and the nine-point circle)') areazors+brsxi +crize = 0 and
x% sin 24+ 23 sin 2B + 23 sin 2C — 21223 sin A — 22371 sin B— 27129 sin C = 0.

The Schiffler pointS = Sy (the common point of the Euler lines ofBC,

i i o—atbtc a—btc atb—
IBC, ICA, andI AB) has trilinear coordinates “bJrc C,“Hac,“a%c .

If T is a point ofIl, not on a sideline ofABC, reflect the lineAT about the
line AI, and reflectBT and C'T" about the corresponding bisectasd and C'1.
The three reflections concur in the isogonal conjugété of 7', and 7! has

trilinear coordinatestyts, tsty,tits) Or (1 L 1) if T has trilinear coordinates

t17 12 t3
(t1,t2,t3). Examples: the circumcentér is the isogonal conjugate of the ortho-
centerH, and the centroid is the isogonal conjugate of the Lemoine point (or
symmedian pointX (a, b, c).

Let us now interpret the main theorem (or Corollary 2) in the Euclidean case
using trilinear coordinates, with: ax; + bxs + cx3 = 0 as line at infinity and with
P(a, B,7) a general point ofl. In fact, the only thing that we have to do, is to re-
place in the proof of the main theorem the equatiof zo +x3 = 0 of £, by ax1 +
brs+cxs = 0, and a straightforward calculation gives us the following trilinear co-
ordinates for the poir®: (v/bca(bB + ), \/caB(cy + aa), /aby(aa + bB)) =
(A, B,C). Next, the pointsZ, Z4, Zp, andZ are the centroids el BC, QBC,
QCAandQAB with trilinear coordinate$’, ¢, 1), (beA, c(aA+2bB+cC), b(aA+
bB+2cC)), (¢(2a.A+bB+cC), caBB, a(aA+bB+2cC)), (b(2aA+bB+cC), a(a A+
2bB + ¢C),baC), respectively. Now, for the point®,, Pg, P, again after a
straightforward calculation, we find the coordinaté{bcA, c¢(cC — a.A), b(bB —
aA)), Pg(c(cC — bB), calB,a(aA — bB)) and Po(b(bB — ¢C),a(aA — C), abC).

And finally, we find the trilinear coordinates of the poijt, corresponding to

Q:

A(—aA+ B+ cC) B(aA—bB+cC) ClaA+bB — cC)
bB + C ’ C+aAd aA+bB
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Remark that we find for the cas®(a, 3,7) = H(—=+, —=, —=):

cos A’ cos B’ cos C'
_ / _ bc b ¢ \ _  /be(bcosC+ccos B)
A = bCCt(bﬂ—i—C’)/) - \/COSA(COSB + cosC) - \/ cos Acos BcosC
_ abc _ _
— \ cosAcosBcosC — B=¢C

andQ(A,B,C) = I(1,1,1), while sinced = B = C, we get forSy the coordi-

—a+b+c a—b+c at+b—c ; ; ; ;
nates( e ),WhICh gives us the Schiffler poirst.

Let us also calculate the trilinear coordinates of the pointandY’, defined
above as the centers of the coi€) through 4, B, C, J and.J, and of the conic
(Y") through the midpoints of the sides dfBC' and through/, .J (or the eleven-
point conic of ABC with regard toJ and.J’; remark that/ and.J’ are the cyclic
points only whenP = H):

(Y) has equatiomy (b3 + cy)xozs + B(cy + aa)xzx; + y(ao + bB)x120 = 0
and centel (be(bf + ), ca(cy + awr), ab(aa + b)),

(Y') has equatiom3yz? + byazx3 + cafr3 — alye + bB)wars — Blaa +
cy)zszr — (b + aa)zize = 0 and centelt” (be(2ac+ b3 + ), calaa + 2b5 +
cy),ab(o + b3 + 2¢y)).

Remark thatQ) = P xY, with the notation\/(z1, za, z3) * (Y1, Y2, y3) =
(VZ1Y1, /T2Y2, /T3Y3)-

Recall that the coordinate transformation between trilinear coordinates
(21, z2,z3) With regard toAABC' and trilinear coordinate&y}, x4, z5) with re-
gard to the medial triangléf4 Mg M, is given by ([5, p.207]):

/
arq 0 b c T
/
bra | =|a 0 ¢ Ty
/
cr3 a b 0 T3

Now, this gives for(x;, z2, x3) the coordinates of the poii, if (2}, z},x%) are
the coordinatesa, 3,~) of P and it gives for(z, xo, 23) the coordinates of” if
(«), xh, 2%) are the coordinates 6f. Moreover,A ABC and its medial triangle are
homothetic. As a corollary, we have thatff (Y, respectively) igriangle center
X (k) for AABC (for the definition of triangle center, see [5, p.46]), tHén(Y’
respectively) is centeK (k) for AMaMpMec.

5. Applications

In this section we choosB(«, 3, ) as a triangle center of the triangleBC and
calculate the coordinates of the corresponding pdint®’, @ and.Sp (sometimes
Y’ andSp are not given).

Remark thatP must be different from the centroid of ABC. The triangle
centers are taken from Kimberling’s listX (1), X (2), ..., X(2445) (list until
29 March 2004, see [6]). When we found the poilitsY’, Q or Sp in this list,
we give the numbeX (- - - ) and if possible, the name of the center. But, without
doubt, we overlooked some centers and more pdint¥’, ), Sp than indicated
will occur in Kimberling's list. Several times, only the first trilinear coordinate is
given: the second and the third are obtained by cyclic permutations.



On the Schiffler center 93

5.1 The first example is of course:
P(a,B,7) = H(2, =25, =) = X (4) (orthocenter),
Y = O(cos A, cos B, cos C') = X(3) (circumcenter),

Y = O'(be(a®b? + a®c® — (b? — 2)?),--- ,---) = X(5) (nine-point center),
Q=1(1,1,1) = X(1) (incenter), and
Sy =S (% S ) — X(21) (Schiffler point).

5.2 P(O‘a/Ba’Y) - I(L L, 1) - X(l)a
Y = (ke cta athy — X(10) (Spieker point = incenter of the medial triangle

MaMpMc),

Y/ = (2etbte ... ...) = X (1125) (Spieker point of the medial triangle),
Q = (y/be(b+¢),---,---),and

B —ay/be(btc)+by/ca(c+a)+cy/ab(a+b) e e
S; = ( bc(b + C) b\/ca(c+a)+0\/ab(a+b) 7 ’ )

53 P(a,p,7v) = K(a,b,c) = X(6) (Lemoine point),

Y = (%, -++,-++) = X(141) = Lemoine point of medial triangle,
Y= (2a2be? L
Q: (,/b2_|_02’... ,...),and
—a 2 c2 02 a2 c (12 2
Sk = (Vb? + 2 ‘/bbf/CQiZ‘Q/Jri/a;rb\Q/ ).
54 P(a,B,7) = ((1(—(17-11-11—}—0)’ -o+ ) = X(7) (Gergonne point),

Y=(-a+b+c,a—b+c,a+b—c) = X(9) (Mittenpunkt = Lemoine point of
the excentral trianglés Iz I~ = Gergonne point of medial triangle),

Y’ = (be(a(b+c)—(b—c)?),--- ,---) = X (142) (Mittenpunkt of medial triangle),
Q = (= & 1) = X(366), and
S = (L —Vat+vbtye )

X(7) — Va \/g+\/5 ) )

55 P(a,f,7) = (550 ma» ap) = X(100),

Y = (be(b—c)?(—a+b+c), - ,---) = X(11) (Feuerbach point X (100) of
medial triangle),

Y' = (be((a —b)*(a+b—c)+ (c—a)*(a—b+c)), - ,---) (Feuerbach point
of medial triangle), and) = (\/bc(b — c)(—a+b+c), -+, --).

In the foregoing examples, the coordinates of the p6jntare mostly rather
complicated. Another method is to start with the coordinates of the gginf
(k,1,m) are the trilinear coordinates @f, then a short calculation shows that it cor-

responds with the poirﬂ’(a(_a2k2+b1212+02m2) ,+-+,--+)andSp becomes the point
(k=4qztian ... ...). Finally, the coordinates df andY’ are (ak?(—a?k? +

VA2 4+ c2m?), - -0, and(be(a?k? (b1 + 2m?) — (b1 — 2m?)?),- -+ ,--),
respectively. Here are some examples.
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56. Q(k,l,m)= K(a,b,c) = X(6)(Lemoine point),

P — (a(ia4ib4+c4)7 ceyee) = X(66) = X(22)71 (X(22) is the Exeter
point),
Y = (a3 (—a* +b* +c),--- ,---) = X(206) (X (66) of medial triangle),
Y = (be(a (b 4 ¢*) — (b — ¢*)?),--- ,---) (X(206) of medial triangle), and

a 7(12 2 62
Sx(66) = (%’ ) = (lf;i??"” ,-0) = X(1176).
5.7. Q(k,l,m) = H(=+, =5, =) = X (4) (orthocenter),
P = ( 22 1,,2 2 y ot );

a(_COSQA COSQB COSQC)
2 2

Y = (COSQA( COSQA + cosgB + cosQC) o ’“')’ and
SP:(COSA cosBcosC | | )

cos? A ) ) :
58 Qk,l,m)= (bzc, -+ ,---) = X(10) (Spieker point),
P = (Ggrep +(c+a) ey ) = X(596),

2
Y = (@(—(b +o)? 4 (cta)?+(at+b)?), -, ) (X (596) of medial tri-
angle), and

b+c ct+a a+b
SP (2a+b+c’ a+2b+c’ a+b+20)

We also can start with the coordinates of the pailtp, ¢, ), then

P pu— (77ap+bq+c,rl ... .. ')
a 5 ) )
Y'(be(bg + cr),---,---), and
— VP xY = (y/peptbater) ) Here are some examples.

59 Y(p,qr) = I(1,1,1) = X(1), P = (=tbte azbic athoc) — X (g)
(Nagel point)

V= (b = X(10) (Spieker point = incenter of medial triangle),
= < —“+b+c X(188), and
Sp= (A%fﬁ;%, -+, ) with Q(A, B, C).

510 Y = K(a,b,c) = X(6) (Lemoine point),
p:(w... ):(cosA... ) = X(69),

a )

Y/ = (M, <+« -++) = X(141) (Lemoine point of medial triangle), and

a

0= (VETETE ),

511 Y = (2"%‘!”“, <, --o) = X(1125) (Spieker point of medial triangle),
P = (b ... ...) = X(10) (Spieker point),
Y/ = (Zek8bise ..y (X(1125) of medial triangle), and

Q= (ber/b+c)2a+b+c), - ,-0).
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The Vertex-Midpoint-Centroid Triangles

ZvonkoCerin

Abstract. This paper explores six triangles that have a vertex, a midpoint of a
side, and the centroid of the base trianglBC' as vertices. They have many in-
teresting properties and here we study how they monitor the shap86f. Our
results show that certain geometric properties of these six triangles are equivalent
to ABC being either equilateral or isosceles.

Let A, B/, C' be midpoints of the sideBC, C' A, AB of the triangleABC and
let G be its centroidi(e,, the intersection of mediand4, BB’, CC"). LetG,,
Gt G, G;F, G, G} be trianglesBGA', CGA', CGB', AGB', AGC', BGC'
(see Figure 1).

A B

Figure 1. Six vertex—midpoint—centroid trianglesABC.

This set of six triangles associated to the triandlBC is a special case of the
cevasix configuration (see [5] and [7]) when the chosen point is the certtroid
has the following peculiar property (see [1]).

Theorem 1. Thetriangle ABC' isequilateral if and only if any three of the trian-
gesfromtheset o = {G,,GS, G, , Gy, G2, G} } have the same either perime-
ter or inradius.

In this paper we wish to show several similar results. The idea is to replace
perimeter and inradius with other geometric notions (likperimeter and Brocard
angle) and to use various central points (like the circumcenter and the orthocenter
— see [4]) of these six triangles.

Publication Date: July 14, 2004. Communicating Editor: Paul Yiu.
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Leta, b, ¢ be lengths of sides of the base triangl&C'. For a real numbek,
the sumpy, = pp(ABC) = a* + b* 4 ¥ is called thek-perimeter of ABC. Of
course, the-perimeterp; (ABC)) is just the perimetep(ABC'). The above theo-
rem suggests the following problem.

Problem. Find the set Q2 of all real numbers & such that the following istrue: The
triangle ABC is equilateral if and only if any three of the triangles from a; have
the same k-perimeter.

Our first goal is to show that the s@t contains some values @fbesides the
valuek = 1. We start witht = 2 andk = 4.

Theorem 2. Thetriangle ABC' is equilateral if and only if any three of the trian-
glesin og have the same either 2-perimeter or 4-perimeter.

Proof for £ = 2. We shall position the triangld BC' in the following fashion with
respect to the rectangular coordinate system in order to simplify our calculations.
The vertex4 is the origin with coordinatef), 0), the vertexB is on thez-axis and

has coordinate§-(f + g),0), and the vertex’ has coordinateé%ﬁl), ?;"f%) :
The three parameters f, andg are the inradius and the cotangents of half of
angles at verticedl and B. Without loss of generality, we can assume that hoth
andg are larger than (i.e, that anglesd and B are acute).

Nice features of this placement are that many important points of the triangle
have rational functions iif, g, andr as coordinates and that we can easily switch

from f, g, andr to side lengths;, b, andc and back with substitutions

_ rf(g*+1) _ rg(f241) _

S e I B A
o c)*—a _ (a+c)*— 2

f - 4A 9= 4A  T= a+b+c?

where the ared\ is 3\/(a +b+c)(b+c—a)(a—b+c)(a+b—c).

There are20 ways in which we can choosgtriangles from the set;. The
following three cases are important because all other cases are similar to one of
these.

Case 1:(G,,G{,G, ). When we compute the-perimetersn (G, ), p2(GY),
andp2 (G, ) and convert to lengths of sides we get

p2(Gy) — pa(GY) zw,
_ _ a? v A2
p2(G,) — p2(Gy) ) + 3

Both of these differences are by assumption zero. From the first vie-getand
when we substitute this into the second the conclusidffal®*<) — 0. Hence,
b= c = asothatABC is equilateral.

Case 2:(G,, G, G;). Now we have
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p2(Gy) — p2(GY) :%?M’
p2(Gy) — p2(Gf) :W,

which makes the conclusion easy.
Case 3:(G, ,G, ,G_). This time we have

_ _ a? b 2
P(Gy) ~ma(Gy) =% — 5+ 5
_ _ a? b P
p2(Gy) — p2(GY) > 3§

The only solution of this linear system i andb? is a? = ¢? andb® = 2. Thus
the triangleABC' is equilateral because the lengths of sides are positive. [J

Recall that the Brocard angleof the triangleA BC' satisfies the relation
_ p2(ABC)
4A

Since all triangles i have the same area, from Theorem 2 we get the following
corollary.

cot w

Corollary 3. Thetriangle ABC isequilateral if and only if any three of the trian-
glesin o have the same Brocard angle.

On the other hand, when we put= —2then fora =/ —5 + 3v3andb=c=1
we find that the triangles:,, G, andG, have the same—2)-perimeter while
ABC is not equilateral. In other words the valu is not in<.

The following result answers the final question in [1]. It shows that some pairs
of triangles from the sets could be used to detect A BC is isosceles. Let de-
note the set whose elements are péi¥s, GJ) (G, G{), (G5, GY), (G, Gy ),
(GF.G2), Gy, Gy), Gy, GE), (Gy, G2, (G2, GY).

Theorem 4. The triangle ABC is isosceles if and only if triangles from some
element of 7 have the same perimeter.

Proof. This time there are only two representative cases.

Case 1(G, ,G/). By assumption,

B V2a2 — 02 +2¢2 /242 + 22 — 2
p(G2) —p(G) = R =0,

When we move the second term to the right then take the square of both sides and
move everything back to the left we obtéf—ﬁw = 0. Hencep = candABC
is isosceles.

Case 2(G, ,G;"). This time our assumption is

a—b V2a2—02+22 V22 + 202 — a2
y * 6 a 6

p(GZ) —p(Gy) = =0.
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When we move the third term to the right then take the square of both sides and
move the right hand side back to the left and bring the only term with the square
root to the right we obtain

2a% —3ab+ b  (b—a)V2a® — b + 2¢2
6 N 6 ’
In order to eliminate the square root, we take the square of both sides and move the

right hand side to the left to gé‘f*b)Z(a*?gc)(a*b“) = 0. Hence,a = b and the
triangle ABC' is again isosceles. O

Remark. The above theorem is true also when the perimeter is replaced with the
2-perimeter and theé-perimeter. It is not true fok = —2 but it holds for anyk # 0
when only pair{G; , GY), (G ,Gy), (G; , GT) are considered.

We continue with results that use various central points (see [4], [5, 6]) (like the
centroid, the circumcenter, the orthocenter, the center of the nine-point circle, the
symmedian or the Grebe-Lemoine point, and the Longchamps point) of the trian-
gles from the set; and try to detect wheA BC' is either equilateral or isosceles.

Recall that trianglesABC' and XY Z arehomologic provided linesAX, BY,
andCZ are concurrent. The point in which they concur is their homologyer
and the line containing intersections of pairs of liféx”, Y Z), (CA, ZX), and
(AB, XY) is their homologyaxis. Instead of homologic, homology center, and
homology axis many authors use the tenpesspective, perspector, and perspec-
trix.

The trianglesABC and XY Z are orthologic when the perpendiculars at ver-
tices of ABC' onto the corresponding sides &Y Z are concurrent. The point of
concurrence i$ABC, XY Z]. Itis well-known that the relation of orthology for
triangles is reflexive and symmetric. Hence, the perpendiculars at vertices gf
onto corresponding sides dfBC' are concurrent at a poifX'Y Z, ABC].

By replacing in the above definition perpendiculars with parallels we get the
analogous notion gdaralogic triangles and two centers of paralogyBC, XY Z)
and(XY Z, ABC).

The triangleA BC'is paralogic to its first Brocard trianglé, B, C;, which has the
orthogonal projections of the symmedian paifitonto the perpendicular bisectors
of sides as vertices (see [2] and [3]).

Theorem 5. The centroids G, Gy, Gy Gy Gy Gy of the triangles
from o¢ lie on the image of the Steiner ellipse of ABC under the homothety
h(G, %). This ellipseisa circleif and only if ABC' is equilateral. The triangles
GG; GGb_ GG; and GG$ GG;* GG: are both homologic and paralogic to triangles
ApByCy, BLCp Ay and Cy, Ay By, and they sharewith ABC the centroid and the Bro-
card angle and both have % of thearea of ABC'. They aredirectly similar to each
other or to ABC if and only if ABC'is an equilateral triangle. They are ortho-
logic to either A, B,Cy, ByCp Ay or Cp Ay By if and only if ABC' is an equilateral
triangle.
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A c’ B

Figure 2. The ellipse containing vertices(ég; GG; GG: andGG: GG; ch-

Proof. We look for the conic through five of the centroids and check that the the
sixth centroid lies on it. The trilinear coordinates Gf,- are 2 : 41 : 2 while
those of other centroids are similar. It follows that they all lie on the ellipse with
the equation

a1z + 2a192y + agey? + 2a13% + 2a93y + azz = 0,

where

ajy = 432A%  ajp = 108A(a — b)(a + b),
azy = 27(a* + b* + 3c*—2a2p?),
a3 — —216A20, ao3 — —54AC(CL2 - b2 + 62), aszs — 116A202.

ail a2
a12 a2
aip a2 i3
as, and Ag = |a12 azx aos| it follows that this is an ellipse whose center is
a13 a3 ass
G. It will be a circle provided eithellg = 4Dy or a;; = a9 andais = 0. This
happens if and only iR BC' is equilateral.
The precise identification of this ellipse is now easy. We take a ppjgh which
is on the Steiner ellipse ol BC' (with the equatiorf + % + 2 =0 in trilinear
coordinates) and denote its image unhié@,%) by (z,y). By eliminatingp and

g we check that this image satisfies the above equation (of the common Steiner
ellipse ofG, GG andGe: Gt G ).

4 A —7ct i
— 1:;22 >O,andI—§ = W < 0 with Ip =an +

SinceDy =
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Since the trilinear coordinates of, areabc : ¢3 : b3, the IineAbGG; has the
equation

a(116? — 5¢3)x + b(5a% — 26%)y + c(11a® — 2¢?)z = 0.

The lines B,G,- and GyG - have similar equations. The determinant of the

coefficients of these three lines is equal to zero so that we conclude that the triangles
Go- GGb_ G- and A4, B,C), are homologic. The other claims about homologies

and paralogies are proved in a similar way. We note <t@gtg GGb_ GG; , Ap By Cy)

is on the (above) Steiner ellipse@f, - G, - G- while (4, ByCy, G, G- Gy )

is on the Steiner ellipse of, B,C,. The other centers behave accordingly.
When we substitute the coordinates of the six centroids into the conditions

z1(v2 —v3) + z2(vs —v1) + z3(v1 — v2) —ui(y2 — y3) — u2(ys — y1) — us(y1 — y2) =0,
z1(u2 —ug) + z2(us —u1) + x3(ur — u2) — y1(v2 — v3) — y2(vs — v1) — ys(v1 —v2) =0,
for triangles with vertices at the points1, y1), (z2,y2), (z3,y3) and (u1,v1),
(ug,v2), (us,vs3) to be directly similar and convert to the side lengths, we get
4A(a —b)(a+b+c) h(1,1,2,1,1,2)
92 =0 and SR R

=0,

where

h(u,v,w,z,y,z) = ub’c® + vcta® + wa®b? — zat — yb* — 2zt

The first relation implies, = b, which givesh(1,1,2,1,1,2) = 2¢Z(c — b)(c +b).
Thereforep = ¢ so thatABC is an equilateral triangle.
Substituting the coordinates GfG;, GGb_, GGC_, Ay, By, Oy into the left hand

side of the condition

w1 (ug—ug)+w2(uz—ur)+r3(ur —u2)+y1 (v2—v3)+y2(v3—v1)+ys(vi—v2) = 0,
for triangles with vertices at the pointsy, y1), (z2,v2), (x3,y3) and (uq,v1),
(ug,v2), (us,vs3) to be orthologic, we obtain

—h(1,1,1,1,1,1)  (® — *)? + (® — a®)* + (a? — b?)?

3p2(ABC) 6p2(ABC)
so that the triangle@G; GG; GG; and A, B,C), are orthologic if and only ifA BC'
is equilateral.
The remaining statements are proved similarly or by substitution of coordinates
into well-known formulas for the area, the centroid, and the Brocard anglel]

Let m,, my, m. be lengths of medians of the triangeBC'. The following
result is for the most part already proved in [7]. The center of the circle is given in
[6] as X (1153).

Theorem 6. The circumcenters OG;, OG:{, OGb_, OG;, OGC_, OG:r of the trian-
gles from o¢ lie on the circle whose center Og is a central point with the first
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Figure 3. The vertices @ - O,- O,- andO_+ O+ O+ are on acircle.
a Gy TG a Gy TGE

trilinear coordinate
10a* — 13a%(b? + ¢) + 4b* + 4 — 10622
a

and whoseradiusis
mampmer/2(a* + b4 + ct) — 5(b2¢2 + c2a2 + a2b?)
T2A ’
mambmc\/(bQ—c2)2+(02—a2)2+(a2—b2)2
72v/2A ’

Proof. The proof is conceptually simple but technically involved so that we shall
only outline how it could be done on a computer. In order to find pcﬂggls, Oc;p
Og;+Og+ Og» Ogy we use the circumcenter function and evaluate itin vertices
of the triangles fromv. Applying it again in point@G;, ch’ OGb_ we obtain

the pointOg. The remaining point@Gr, OG;’ OG: are at the same distance

from it as the vertex),- is. The remaining tasks are standard (they involve only
the distance function and the conversion to the side lengths). O

Also, |0¢G| =

The last sentence in Theorem 6 implies the following corollary.

Corollary 7. Thetriangle ABC is equilateral if and only if the circumcenters of
any three of the triangles in o have the same distance from the centroid G.

Let P, @ and R denote vertices of similar isosceles triangle€' P, C' AQ) and
ABR.

Theorem 8. (1) The triangles Oy, O~ O~ and Ot O+ O are congruent.
They are orthologic to BC'A and C'AB, respectively.
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(2) Thetriangles O~ OO, and O+ O+ O are orthologic to QR P and
RPQ if and only if ABC’ is an equilateral trlangle

(3) Thetriangles O o= Oc c; -O¢- and Og+Og+ OG? are orthologic if and only
if the lengths of sides of ABC satisfy h(7,7,7,4,4,4) = 0.

(4) Thelinejoining the centroids of triangles O, - O~ O and O+ O 1 O+
will go through the centroid, the circumcenter, the orthocenter, the center of the
nine-point circle, the Longchamps point, or the Bevan point of ABC' (i.e., X (2),
X(3), X(4), X(5), X(20), or X(40) in [6]) if and only if it is an equilateral
triangle.

(5) Theline joining the symmedian points of OG; OGb_ OG; and OG:r ch OG;
goes through the centroid of ABC'. It will go through the centroid of its orthic
triangle (i.e, X (51) in [6]) if and only if ABC' isan equilateral triangle.

(6) The centroids of triangles O, O~ O~ and O+ Ot Ot have the same
distance from X (2), X (3), X(4), X(5), X(6), X(20), X(39), X(40), or X (98)
if and only if ABC'is an isosceles triangle.

Proof. (1) The pointsOGg andOG; have trilinear coordinates

2h(3,3,5,2,2,1) h(6,1,3,1,2,4)

a(5c® —a® —b?) :

b ’ c ’
h 1,1,4,2) 2h 2,1,2
a(5b2—a2—02): (67371)7 ) ): (375737 y 4y ),
C

while the trilinears of the pointé)G;, Og-» OG;, Og+ are their cyclic permuta-
tions. We can show easily th{a(DG; Og-1? = 104+0¢+1? = 0,104-Og-|* —
‘OG;OG;P =0, and|O,- OGb_ |2 — ’OG;'OG;*"Q =0, so thatO, - OG; O and
Oy Ogt Ogy are indeed congruent.

Substituting the coordinates %;1 OG;, ch’ B, C, Ainto the left hand side

of the above condition for triangles to be orthologic we conclude that it holds. The
same is true for the triangleg;+ O O+ andCAB.

(2) The pointP has the trilinear coordinates

Ck(a®+ 0 =) +2A  k(a® - b2+ ) +2A

' b ' c

for some real numbét # 0. The coordinates af) and R are analogous. It follows
that the triangle@Gc_ OG; OGb_ and@RP are orthologic provided

2ka

h(1,1,1,1,1,1)k

8A

i.e, if and only if ABC' is equilateral.
(3) The trianglesOg, O Og- and O+ O+ O are orthologic provided

nABORTLTA44) — . The triangle with lengths of sideis 4, 3v/2 + /10 satis-

fies this condition.

=0,
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(4) for X(40). The first trilinear coordinates of the centroids of the triangles
O, Oc; Og; andOg: Oy Oy are

3at — (2b% + 7c¢?)a® + bt — 3b%c + 24
a

and
3a* — (Tb? + 2¢%)a® + 2b* — 3b%c? + 4

a

The line joining these centroids will go through(40) with the first trilinear coor-
dinatea® + (b + ¢)a? — (b + ¢)%a — (b + ¢)(b — ¢)? provided

(@ +b% + c® — be — ca — ab)(3be + 3ca + 3ab + a® + b? + ¢?)

96A
Sincea® +b? + 2 —bc — ca — ab = 3 ((b— ¢)* + (¢ — a)? + (a — b)?) it follows
that this will happen if and only id BC' is equilateral.
(5) The first trilinear coordinates of the symmedian pointé)(gg OGb_ OG; and

OgtOgt Oy are
2a5 — (b2 + 3c)at + (3b* — 126%c? — Tct)a? + 2¢2(b? — 2) (b% — 2¢%)
a

=0.

and
2a5 — (3b% + c?)a* — (Tb* + 12b%c? — 3ct)a? + 2b%(b? — 2) (20 — ¢?)
- .
The line joining these symmedian points will go througii51) with the first tri-
linear coordinate: ((b? + ¢?)a® — (b? — ¢*)?) provided
2AK(1,1,1,0,0,0)h(1,1,1,1,1,1)
9a2b%c?(a? 4 b2 4 ¢?)
Sinceh(1,1,1,1,1,1) =  ((b* — *)? 4 (¢? — a?)? + (a® — b%)?) we see that this
will happen if and only ifABC is equilateral. The trilinear coordinatés 3 : 1
of the centroid satisfy the equation of this line.

(6) for X (40). Using the information from the proof of (4), we see that the
difference of squares of distances frak(40) to the centroids of the triangles

Og; Og; O, andOg; Oy Oy is L=Ul =t where

=0.

M =2(a® + b® + ¢3) 4 5(a®b + a®c + b*c + b%a + 2a + ¢*b) + 18abc

is clearly positive. Hence, these distances are equal if and oAIB{ is isosceles.
O

. With points O, O, Og-, Ogity O, Ot we can also detect ilBC is
isosceles as follows.

Theorem 9. (1) The relation b = ¢ holds in ABC' if and only if Oq- ison BG
and/or Og+ ison CG.

(2) Therelation ¢ = a holdsin ABC'if and only if O ; ison C'GG and/or OG;
ison AG.
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(3) Thereation a = b holdsin ABC if and only if Og- ison AG and/or O+
ison BG.

Proof. (1) for O-. Since the trilinear coordinates 6f,-, G andB are

a(5c2 — a? — b?) : 2h(3,3,5,2,2,1) : h(6,1,3, 1,2,4)7
b c

1. 1:1and(0:1:0), it follows that these points are collinear if and only if
m2(b—c)(b+c

i 72&( to _q. O

For the following result I am grateful to an anonymous referee. It refers to
the pointT on the Euler line which divides the segment joining the circumcen-
ter with the centroid in ratide for some real numbek # —1. Notice that for
k=0, —%, —%, —3 the pointT will be the circumcenter, the Longchamps point,
the orthocenter, and the center of the nine-point circle, respectively.

Theorem 10. Thetriangles 7(; T, T(; - and T,y T+ iy aredirectly similar to
each other or to ABC'if and only if ABC' isequilateral.
Proof. For Tt TGb_ T andTG:{ TG;' T

The pointT,,- has®L : B2 . P2 as trilinear coordinates, where
a

p1 =3a%(a® + b — 5¢%) — 32A%k,

po =12a* — 6(5b% + 3c*)a® + 6(b* — ?)(2b? — ¢*) — 1T6A%k,

p3 =12a* — 6(3b% + 5c2)a® + 6(b* — ) (b — 2¢%) — 1T6A%k.
Applying the method of the proof of Theorem 4 we see t@;tTG;T - and
TG;TG;TGj are directly similar if and only if

2 12
(@M h(1,1,2,1,1,2)M70’

288Ac2(k +1)2 115252¢2(k +1)2
whereM = 128A%k? 4 240A%k + h(15,15, 15,6, 6, 6). The discriminant
—48A%h(10,10,10, —11, —11, —11)
of the trinomial M is negative so that/ is always positive. Hence, from the first
condition it follows thata = b. Then the factorh(1,1,2,1,1,2) in the second
condition is2¢(c — b)(c + b) so thath = c and ABC is equilateral. The converse
is easy because far= b = c the left hand sides of both conditions are equal to

zero.
ForTy, Tg - Tg, andABC. The two conditions are

32A%(a® — b*)k — a® + (4b* + 3¢?)at
— (50 + 20%¢% + M)a?® — 31?4 207t + 208 4+ B =0
and
h(2,2,4,2,2,4)k + h(1,2,3,1,2,3) = 0.
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Whena # b, we can solve the first equation fbrand substitute it into the second
a2 HA)h(1,1,1,1,1,1) ‘o :
to obtain = 0. This implies thalTG;TG;T - and ABC

8AZ(aZ—b?)
are directly similar if and only ifABC' is equilateral because the first condition is
?(b—c)(b+c) (2 +2v*) =0fora=0b. O

Theorem 11. (1) 7, TG;T - and TG:{TG;TG;r are orthologic to ABC' if and
onlyif k = —3.

(2 TG;TG;TGg and TG;TG;TGj are orthologic to A,B,C} if and only if
either ABC isequilateral or k = —3.

(©)] TG; TGb_T - and Tc;ﬁ TG; TGC+ are paralogic to either A, B,Cy, B,Cp Ay OF
CpApBy if and only if ABC' isequilateral.

4 Ty TG;T - isorthologic to B,Cy A, if and only if either ABC'is equilat-
eral or k = —% and to Cy A, By, if and only if ABC'is equilateral.

(5) Tip+ TG,T T+ isorthologic to B,Cy Ay if and only if ABC' isequilateral and
to Cy Ay By if and only if either ABC isequilateral or k = —%.

Proof. All parts have similar proofs. For example, in the first, we find that the trian-

glesTy, T, Ty, and ABC are orthologic if and only i.L(“QH’f;(FIj?l()%*?’) — 0.

The orthocentersl -, H+, HG;, HG;, Hg-, Hgq of the triangles fromvg
also monitor the shape of the triangle3C'.

Theorem 12. The triangles Hy,-H, - H,- and Hey H i H gy are orthologic if
and only if ABC isan equilateral triangle.

Proof. Substituting the coordinates @, H, Hq_, Hgy, Het, Hey into
the condition for triangles to be orthologic (see the proof of Theorem 6), we obtain
(a® + 0%+ A)[(0? — 2)? + (2 — a?)? + (a® — b?)?]
192A2
Hencea = b = ¢ and the triangled BC' is equilateral. 0

=0.

Remark. Note that the triangIeHG;HG;H - andHGjHGjHGj have the same
Brocard angle and both have the area equal to one fourth of the areB©Of

.The centers,, Fir, F-s G F-, Fg+ of the nine point circles of the
triangles fromo allow the following analogous result.
Theorem 13. The tnangl@ Fo  Far FG? and. FG;FG}TFG? hav.e thésame ?ro—
card angle and area. Thetriangle ABC isequilateral if and only if thisarea |s%
of the area of ABC.
Proof. Recall the formulad |z (y2 — y3) + z2(y3 — y1) + 23(y1 — y2)| for the area
of the triangle with vertice$z:, 1), (x2,v2), (z3,y3). Since
(b2 o 62)2 4 (62 o a2)2 4 (a2 o b2)2

1536A ’

3
E’ABC‘ - ‘FG;FG;FG;‘ =
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the second claim is true. The proof of the first are also substitutions of coordinates
into well-known formulas. O

The symmedlar? pothG;, Kg+, KGb_, G K- Kgr of the triangles
from o play the similar role.

Theorem 14. The triangles K K- K- and Kq: K1 K+ have the area
equal to é of thearea of ABC if and only if ABC'isan equilateral triangle.
Proof. The difference K, KG;KG;] s1/ABC|is equal to

3AT
64(5b2 + 8¢2 — a?)(5c? + 8a? — b2)(5a2 + 8b% — ¢2)’

where
T = 40(a®405+c%)+231 (b A +-cla®+a'b?) - 147 (B2 M+ Pat +-a?b1) - 3720202 2.
We shall argue thdf is equal to zero if and only i = b = ¢. We can assume that

a<b<e¢ a=+d b=+/(1+h)d, c=+/(1+h+ k)d for some positive real

numbersd, h andk. In new variablesd% is
164h° + (204 4 57k)h* + 3k(68 — 9k)h + 4k*(51 + 10k).

The quadratic part has the discriminandi? (41616 + 30056k + 2797k?). Thus
T is always positive except whén= k£ = 0 which proves our claim. O

Theorem 15. The triangles K- K- K- and K1 K+ Ky have the same
areaif and only if the triangle ABC' isisosceles.

Proof. The difference K- KG;KG;] - ’KG;KG;KGﬂ is equal to
81A(b —c¢)(b+¢)(c —a)(c+a)(a—b)(a+b)T
2t(—1,8,5)t(—1,5,8)t(8, —1,5)t(5, —1,8)t(8,5, —1)t(5,8, —1)’
wheret(u, v, w) = ua? + vb? + wc? and
T = 10(a® +b°4+%) —105(b* 2 + *a? + a*b? + b2 + Pa + a®bt) — 15662 b 2.
We shall now argue thdf is always negative. Without loss of generality we can
assume that < b < c and that

a=vd, b=A1hd c=I+hiRd

for some positive real numbetis h andk. Sincea + b > c it follows that
k<l+2Vh+1<h+3

because/h+1=/1-(h+1) < % In new variables,

T
-5 = 19002 + (285k 4+ 936)h? + (1512 + 936k + 75k?)h — 10> + 180k* 4 756k + 756.

Fork < hitis obvious that the above polynomial is positive sin6e/* — 103 >
0. On the other hand, whéne (h, h + 3), thenk can be represented @is—w)h+
w(h + 3) for somew € (0, 1). The above polynomial for this is

5403 +(20524-1215w) h? + (3888w -+405w? +2268) h— 270w 4+-1620w> + 2268w+ 756.
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But, the free coefficient of this polynomial far betweerd and1 is positive. Thus
T is always negative which proves our claim. O

The Longchamps points.€, the reflections of the orthocenters in the circum-
centers)Lq,, Lgs Loy Lats Lg.» Ly of the triangles fromve offer the
following result.

Theorem 16. Thetriangles L, LGb_ Lg-and L+ LG; L+ have the same areas
and Brocard angles. Thisareaisequal to% of thearea of ABC' and/or thisBrocard
angle is equal to the Brocard angle of ABC' if and only if ABC' is an equilateral
triangle.

Proof. The common area 81%181%LLY \yhile the tangent of the common Bro-
card angle is; 7 It follows that the difference

7(10,10,10,1,1,1)
Ap2(ABOYA(2,2,2,—7,—7,—7

h(l, 1,1,1,1, 1)
24A

while the difference of tangents of the Brocard angles of the triarigled. ;- L, -

3
“IABC| = |Lg; Ly Loy | =

: 32Ah(1,1,1,1,1,1) .
andABC'is P (ABC)h(2.2.5—7. =7 =7) From here the conclusions are easy because

h(1,1,1,1,1,1) = 1 (12 — )2 + (2 — a?)? + (a® — b?)?). 0
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Minimal Chordsin Angular Regions

Nicolae Anghel

Abstract. We use synthetic geometry to show that in an angular region minimal
chords having a prescribed direction form a ray which is constructible with ruler
and compass.

Let P be a fixed point inside a circle of centéx. It is well-known that among
the chords containindg® one of minimal length is perpendicular to the diameter
throughP, if P # O, or is any diameter, iP = O. Consequently, such a chord is
always constructible with ruler and compass.

When it comes to geometrically constructing minimal chords through given
points in convex regions the circle is in some sense a singular case. Indeed, as
shown in [1] this task is impossible even in the case of the conics. However, in
generalit is possible to construct all the points inside a convex region which sup-
port minimal chords parallel to a given direction. We proved this in [1, 2] by
analytical means, with special emphasis on the conics.

The purpose of this note is to prove the same thing for angular regions, via
essentially a purely geometrical argument.

To this end let” AO B be an angle of verte® and sideQ_fL O—é such thaD,

A, and B are not colinear, and |g? be a point inside the angle. By definition, a
chordin this angle is a straight segmehEN such thatV € OA and N € OB.

A continuity argument makes clear that among the chords contafitigre is at
least one of minimal length, that is a minimal chord througn the given angle.

Problem. Given a direction in the plane of AO B, construct with ruler and com-
pass the geometric locus of all the points inside the angle which support minimal
chords parallel to that direction.

In order to solve this problem we need the following

Lemma. Inside ZAOB consider the chordIN, M ¢ OA, N € OB, such
that Z/OM N and ZON M are acute angles. IP is the foot of the perpendicular
on M N through the point) diametrically opposite) on the circle circumscribed
about AOM N, thenM N is the unique minimal chord through inside ZAOB.
P is seen to be the unique point insidéN such thatM L = NP, whereL is

Publication Date: July 21, 2004. Communicating Editor: Michael Lambrou.
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provement of the paper.
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the foot of the perpendicular fro®@ on M N. Moreover, any point on the r@?
supports an unigue minimal chord, parallel 3 N.

Proof. Clearly, @ is an interior point ta/ AO B, situated on the other side of the
line MN with respect to0, andMQ L OA andNQ L OB. SinceZOMN
andZON M are acute angles, andQM N and ZQN M are acute angles too, as
complements of acute angles , the poiRtand L described in the statement of the
Lemma are interior points to the segmedtN . (See Figurd).

Figure 1

Let usprovefirst that M N isaminimal chord through P in ZAOB. Let M' N/,
M' € OA, N' € OB, P € M'N’, be another chord through P (See Figure 2).

Figure 2

Notice now that the following angle inequalities hold:
ZOQM'P < ZQMP, ZQN'P < ZQNP (@)

Indeed, since the circle circumscribed about A M PQ is tangent to the rayO_fl a
M, the point M’ is located outside this circle. Now ZQMP and ZQM'P are
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precisely the angles the segment PQ is seen from M, respectively M. Since M
belongs to the circle circumscribed about AM P(Q and M’ is outside this circle,
the inequality ZQM'P < ZQM P becomes obvious. The other inequality (1) can
be proved in asimilar fashion.

The inequalities (1) prove that ZQM'N' and AQN’M’Mute angles too,
thus the foot P’ of the perpendicular from @ on the line M’ N’ belongs to the
interior of the segment M’ N'.

Notice now that

MQ < M'Q, NQ< N'Q, PQ < PQ.
The above inequalities are obvious since in aright triangle aleg is shorter than the
hypothenuse. Consequently, the Pythagorean Theorem yields
MP =+\/MQ? - PQ? < /M'Q?>—P'Q2>=MP,
and similarly, NP < N'P’. In conclusion,
MN =MP+ NP < M'P +N'P = MN',
and so M N isindeed the unique minimal chord through P in ZAOB.

The perpendicular lineon M N through the center C' of the circle circumscribed
about the quadrilateral OM QN intersects M N at its midpoint K (See Figure 1).
Clearly, KP = KL,and so M L = N P as stated.

—

Finaly, the fact that any point on the ray O P supports an unique minimal chord
paralel to M N is an immediate consequence of standard properties of similar
triangles in the context of what was proved above. O

To £/ AO B we associate now another angle, Z A'O B’, according to the following
recipe:

a) If ZAOB is acutethen ZA'OB’ is obtained by rotating ZAOB counter-
clockwise 90° around O.

b) If ZAOB is not acute(so it is either right or obtuse) then ZAOB' is the

supplementary angleto ZAO B aong the lineOB (See Figure 3).

a) Acute b) Not Acute

Figure3
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Definition. A ray OD iscaled an admissible direction for ZAOB if D isapoint
interior to ZA'OB’.

Itiseasy to seethat OD isan admissible direction for ZAOB if and only if any

paralel line to OD through a point interior to ZAOB determines a chord M N
suchthat Z/OM N and ZON M are acute angles.

Theorem. Any point P inside ZAO B supports an unigue minimal chord, parallel
to an admissible direction. The geometric locus of all the points inside ZAOB
which support minimal chords parallel to a given admissible direction can be con-
structed with ruler and compass as follows:

i) Construct first the line oL perpendicular to the admissible direction, the
point L being interior to ZAOB.

i1) Construct next the perpendicular through L to the IineO<_I>/, which intersects
OAat MandOB at N,

iii) Inside the segment M N construct the point P such that NP2 M L.

iv) Finally, construct the ray 0—15 which is the desired geometric locus.

Using the Lemma, an alternative construction can be provided by using the
circle circumscribed about AOM N, where the point M is chosen arbitrarily on
OA and N € OB issuch that 7N isparallél to the given admissible direction.

Proof. Let P be afixed point inside ZAOB. The proof splits naturally into two
cases, according to £ AO B being acute or not.
—

a) ZAOB isacute. Let M; N, be the perpendicular segment through P toO A,
—_— —
My € OA, Ny € OB and let My N, be the perpendicular segment through P to
OB, My € OA, Ny € OB. Definenow afunction f : My My, — R, by

f(M)=ML— NP, M € MM, )

where N istheintersection point of the line M P with O_B) and L isthefoot of the
perpendicular from O to the segment M N (See Figure 4).

Figure4
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Clearly, thisis a continuous function and f(M;) = —N1P < 0 and f(Msy) =
M>P > 0. By the intermediate value property there is some point M € M M,
suchthat f(M) = 0, or equivalently NP = M L. According to the above Lemma,
for this point M the chord M N isthe unique minimal chord through P. It isalso
obvious that M N is parallel to an admissible direction.

b) ZAOB is not acute. The proof in this case is a variant of that given at a).
Iﬂ My be the point where the parallel line through P to OB intersects the ray
OA. Without loss of generality we can assume that M, is located between O and
A. Defining now the function f : J\m — R by the same formula (2), we see
that for points M close to My, f(M) takes negative values and for points M far
away on J\m f (M) takes positive values. One more time, the intermediate value
property and the above Lemma guarantee the existence of an unique minimal chord
through P, which isalso parallel to an admissible direction.

Given now an admissible direction, the previous Lemma justifies the construc-
tion of the desired geometric locus as indicated in the statement of the theorem if
we can prove that this locus does not contain points outside the rayO—f? described
at 7v). Indeed this is the case since if there were other points then the equation

NP = ML would not hold. However, we have just proved that this equation is
necessary for minimal chords. O
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Three Pairs of Congruent Circlesin aCircle

Li C. Tien

Abstract. Consider a closed chain of three pairs of congruent circles of radii
a, b, c. The circle tangent internally to each of the 6 circles has raélius

a + b+ c if and only if there is a pair of congruent circles whose centers are
on a diameter of the enclosing circle. Non-neighboring circles in the chain may
overlap. Conditions for nonoverlapping are established. There can be a “central
circle” tangent to four of the circles in the chain.

1. Introduction

Consider a closed chain of three pairs of congruent circles of wadii ¢, as
shown in Figure 1. Each of the circles is tangent internally to the enclosing circle
(O) of radiusR and tangent externally to its two neighboring circles.

Figure 1A:(abcach) Figure 1B:(abcabc)

The essentially distinct arrangements, depending on the number of pairs of con-
gruent neighboring circles, are

(A): (aabcbe) (B): (aacbbc)
(C): (aabbec) (D): (aaaabd)
(E): (abcabe), (abeach) (F): (aabaab), (aaabab)

(G): (aaaaaa)

Figures 1A and 1B illustrate the pattern (E). Patterns (D) and (F) have. In
pattern (G)p = c = a.

Publication Date: July 30, 2004. Communicating Editor: Paul Yiu.
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According to [1, 3], in 1877 Sakuma provddl = a + b + ¢ for patterns (E).
Hiroshi Okumura [1] published a much simpler proof. Unaware of this, Tien [4]
rediscovered the theorem in 1995 and published a similar, simple proof. It is easy
to see by symmetry that in each of the patterns (E), (F), (G), there is a pair of
congruent circles with centers on a diameter of the enclosing circle. Let us call
such a pair aliametral pair. Here is a stronger theorem:

Theorem 1. In a closed chain of three pairs of congruent circles of radii a, b, ¢
tangent internally to a circle of radius R, R = a + b + c if and only if the closed
chain contains a diametral pair of circles.

In Figure 1, two non-neighboring circles intersect. The proof Bor= a +
b + ¢ does not forbid such an intersection. Sections 4 and 5 are about avoiding
intersecting circles and about adding a “central” circle.

2. Preliminaries

In Figure 1, the enclosing circlg)) of radius R centers aD and the circles
(A), (B), (C) of radii a, b, ¢, center atd, B, C, respectively. The circleg4),
(B'), (C") are also of radiu, b, c respectively.

Suppose two circle$A) and (B) of radii « andb are tangent externally each
other, and each tangent internally to a cir€léR). We denote the magnitude of
angleAOB by 6,,. See Figure 2A. This clearly depends Bnlf a < %, then we
can also speak @f,,. Note that the centeD is outside each circle of radius

Lemma2. (a)lfa < &, sin %2 = 2. (See Figure 2A)

(b) cos Oy = (beg(;g;(c])%:gbﬂ){ (See Figure 2B)

> VS

Figure 2A Figure 2B

Proof. These are clear from Figures 2A and 2B. g

Lemma 3. If ¢ and b are unequal and each < %, then O, + Oy > 260,p.
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Proof. In Figure 1A, consider angldO P, whereP is a point on the circlé A).
The angleAOP is maximum when line) P is tangent to the circl¢ A). This
maximum iseaTa > LAOQ, whereQ is the point of tangency ofA) and (B).
Similarly, % > ZBOQ, and the result follows. O

Corollary 4. If a, b, c are not the same, then 6., + Oy, + O > Oap + Ope + Oca.
Proof. Write

Haa + ebb ‘9bb + Gcc Hcc + Gaa
2 + 2 + 2
and apply Lemma 3. O

Gaa + be + Hcc =

3. Proof of Theorem 1

Sakuma, Okumura [1] and Tien [4] have proved the sufficiency part of the the-
orem. We need only the necessity part. This means showing that for digfinct
b, c in patterns (A) through (D) which do not have a diametral pair of circles, the
assumption ol = a 4 b + ¢ causes contradictions. In patterns (E) with a pair of
diametral circles an® = a + b + ¢, the sum of the angles around the cerideof
the enclosing circle i8(0,p + Oy + 0cq) = 2, that is,

Oap + Ope + Ocq = .
Pattern (A): (aabcbe). The sum of the angles arouiddlis
Haa + Hab + Hbc + ch + Hbc + Hca :Hab + Hbc + Hca + (Haa + 2Hbc)

=7 4+ (faa + 26p).

This is 27 if and only if (6, + 20,.) = 7, or & — %2 = g, The cosines of

these angles, Lemma 2 and the assumpiioa a + b + ¢ lead to

a a’® + ab + ac — be

b+c  (a+b)(atc) ’

which gives
(a—=b)(a—c)la+b+c)=0,
an impossibility, ifa, b, ¢ are distinct.

Pattern (B): (aacbbe). If a > % orb > %, then the neighboring tangent circles
of radii a or b, respectively, cannot fit inside the enclosing circle of radiis=
a+ b+ c. For this equation to hold, it must be that< £ andb < £. Then,O is
outsideA(a) and B(b). The sum of the angles arourd2lexceed2r, by Lemma

3:

Haa + Hac + ch + be + Hbc + Hca
:(eaa + be) + 2(Hbc + Hca)
>2(9ab + Hbc + Hca)

=2m.
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Patterns (C) and (D): (aabbce) and (aaaabb). For R = a + b+ c to hold, O must
be outsideA(a), B(b), C(c). Again, the sum of the angles arou@dexceed27.
For pattern (C),

Haa + Hab + be + Hbc + Hcc + Hca
:(Haa + be + HCC) + (Hab + Hbc + Hca)
>(9ab + Hbc + Hca) + (Hab + Hbc + Hca)

=27.

Here, the inequality follows from Corollary 4 fat, b, ¢, not all the same.
For pattern (D) withc = a, the inequality remains true. This completes the
proof of Theorem 1.

Remark. A narrower version of Theorem 1 treaisb, c as variables, instead of

any particular lengths. The proof for this version is simple. We see that when no
pair of the enclosed circles is diametral, at least one pair has its two circles next to
each other. Let these two be point circles and let the other four circles be of the
same radius. Then the six circles become three equal tangent circles tangentially
enclosed in a circle. In this special caBe=a+ b+ c =0+ a + ais false. Then,

a, b, c cannot be variables.

4. Nonoverlapping arrangements

Patterns (A) through (G) are adaptable to hands-on activities of trying to fit
chains of three pairs of congruent circles into an enclosing circle of a fixed radius
R. Most of the essential patterns have inessential variations. Assuming < c,
patterns (E) have four variations:

E;: (abcabe)
Eo: (cabcba)
Es: (abcach)

E4:  (beabac)
For hands-on activities, it is desirable to find the conditions for the enclosed

circles in patterns (E) not to overlap. We find the bounds of the faiio these
patterns.

4.1 Patterns E; and E;. The largest circlegC) and C’) are diametral. For a
nonoverlapping arrangement, Cleary< : R andc < 1R.

In Figure 3, a circle of radiug is tangent externally to the two diametral circles
of radii ¢, and internally to the enclosing circle of radifts From

V' +e)=(R-V)*+(R-c)?,

we havet' = R(RR—J:CC). It follows that in a nonoverlapping patterns &d E, with

iR < ¢ < 3R, we have

2, 2
R—FcS

5
—R.
R+c 6

b+c<bV +c=
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Figure 3 Figure 4

From this,a > %R. Figure 4 shows a nonoverlapping arrangement with %R,
b= iR, c = iR. Itis clear that for every satisfyingi R < a < iR, there are
nonoverlapping patterns Bnd & (with a < b < ¢).

4.2 Patterns Es and E,. In these cases the largest circlgs) and (C') are not
diametral.

Lemmab. If threecircles of radii z, z, z are tangent externally to each other, and
are each tangent internally to a circle of radius R, then

_ 4Rx(R — x)
T T Rya?

-
[©
Figure 5

Proof. By the Descartes circle theorem [2], we have

oL L 2y (L 12y
R2 2 2] R =z z)°

from which the result follows. O
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Theorem 6. For a given R, a honoverlapping arrangement of pattern E;(abcacb)
or E4(bcabac) witha <b<canda+b+c= RexistsifyR <a < %R, where

L Lt V19 + 1287 + v/19 — 12/87
B 6

~ 0.25805587 - - - .

Proof. Forb = a and the largest = R — 2a for a nonoverlapping arrangement
Es(abcacdb), Lemma 5 gives
4Ra(R — a) f(§)R?
——— _ _(R-21) =B =9
Riap B2 =(Frp =0

wheref(r) = 22® — 22 + 42 — 1. It has a unique real roet given above.

Figure 6

Figure 6 shows a nonoverlapping arrangemenwih ¢« = b = R, and
¢c=(1-2y)R. ForyR < a < %R, from the figure we see thdt') and (")
and the other circles cannot overlap in arrangements of pattgfakcb) and
E4(bcabac). O

Corollary 7. The sufficient condition YR < a < %R also applies to patterns E;
and E,.

Outside the rangeR < a < %, patterns E(abcacb) and E(bcabac) still
can have nonoverlapping circles. Both of the patterns involve Figure 5 aad

%’Withzzc,xzaorb,andagbgC_

The equation gives the smallest= a = (3 — 2y/2)R ~ 0.1715--- R cor-
responding to the largest = ¢ = (V2 — 1)R ~ 0.4142--- R and the largest
r=0b= § corresponding to the largest= %. Thus, the nonoverlapping condi-

tions are(3 — 2v/2)R < z < £ andc < ARz(R—z)

R+1)?
Forz > £, circles(Z) and (Z') overlap with(X’), which is diametral with
(X). Now Figure 3 and the associat&éd= R(RR—;) are relevant. With' replaced
. R(R—b)

by c andc by b, the equation becomes= == By this equation, whehvaries
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from £ to (vV2—1)R, ¢ > bvaries from4 to (v/2—1)R. Thus, the nonoverlapping

conditions areff < b < (v2—1)R andc < Rgi_bb). The case ob > (v2 — 1)R

makesh > ¢ and the largest pair of circles diametral, already coveréd ih.

5. Thecentral circle and avoiding inter secting circles

Obviously, pattern (Glaaaaaa) admits a “central” circle tangent to all 6 circles
of radii a. In patterns (F)aabaab), (aaabab), we can add a central circle tangent
to the four circles of radiua. Figure 7 shows the less obvious central circle for

(abcacd) of pattern (E).
@)

&

Figure 7 Figure 8

Theorem 8. Consider a closed chain of pattern (abcacb). Thereis a “ central”
circle of radius a tangent to the four circles of radii b and c. This circle does not
overlap with the circle A(a) if

b(b+c)

a <
— 20 )

whereb < c.

Proof. In Figure 7, the pattern of the chain tells tHat= a + b + ¢. The central
circle centered atl” has radius: is tangent taB(b), B'(b), C(c), C'(c) because
trianglesA” BC andOBC are mirror images of each other. Wher< ¢, A”(a)

is closer toA(a) than A'(a). If A”(a) and A(a) are tangent to each other, then
AB%2—a?2=0B%— (OA—a)z. Now, AB =a-+bandOB =a+c, OA=b+c.
This simplifies intoa = 229 |f ¢ < Y29 the circlesA(a) and A”(a) are

2c 2c !
separate. O

Figure 8 shows an arrangeménbcach) with a central circle touching 5 inner
circles except4’).
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The Intouch Triangle and the OI-line

Eric Danneels

Abstract. We prove some interesting results relating the intouch triangle and
theOI line of a triangle. We also give some interesting properties of the triangle
centerXs7, the homothetic center of the intouch and excentral triangles.

1. Introduction

L. Emelyanov [4] has recently given an interesting relation betwee®hkne
and the triangle of reflections of the intouch triangle. Hérendr are respectively
the circumcenter and incenter of the triangle. Given triangleC' with intouch
triangle XY 7, let X,, Y5, Z5 be the reflections o, Y, Z in their respective
opposite side¥ 7, ZX, XY. Then the linesA X, BY;, CZ; intersectBC, C A,
AB at the intercepts of th@I-line.

Figure 1.

Emelyanov [3] also noted that the intercepts of the paltsN BC, IY,NC A,
175N AB form a triangle perspective witA BC'. See Figure 1. According to [7],
this perspector is the point

a(b? +bc+c? —a?) b(2+ca+a®—b*) c(a®+ab+b*—c?)
s—a ' s—b ' s—c

X442 = (

Publication Date: August 10, 2004. Communicating Editor: Paul Yiu.
The author thanks Paul Yiu for his help in the preparation of this paper.
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on the Soddy line joining the incenter and the Gergonne point.
In this paper we generalize these results. We work with barycentric coordinates
with reference to trianglel BC.

2. The triangle center X5z

Let a, b, ¢ be the lengths of the sidd3C', C A, AB of triangle ABC, ands =
(a+b+c) the semiperimeter. The intouch triangte” Z and the excentral trian-
gle (with the excenters as vertices) are clearly homothetic, since their correspond-
ing sides are perpendicular to the same angle bisector of triahi§lé. These tri-

angles are respectively the cevian triangle of the Gergonne(@éi@t: L L

and the anticevian triangle of the incenter: b : ¢), their homothetic center has
coordinates

(a(—a(s—a)+b(s—=b)+c(s—c)):--:--+)
=2a(s—=b)(s—c): - ")

This is the triangle centeXs; in [6], defined as the isogonal conjugate of the
Mittenpunkt Xo = (a(s — a) : b(s — b) : ¢(s — ¢)). This is a point on th&I-line
since the two triangles in question have circumcenieaad Xy (the reflection of
Iin0),t

We give some interesting properties of the triangle.

SinceABC is the orthic triangle of the excentral triangle, it is homothetic to the
orthic triangleX; Y7 Z; of XY Z with the same homothetic cent&g;. See Figure
2.

Figure 2.

IThe circumcircle ofABC is the nine-point circle of the excentral triangle.
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Let DEF be the circumcevian triangle of the incenfeand D, £/, F’ the an-
tipodes ofD, E, F in the circumcircle. In other word€) and D' are the midpoints
of the two arcsBC, D' on the arc containing the vertek similarly for the other
two pairs. Clearly,

2 2 2
D= (ﬁ : % : %) = (—a®:b(b+c):c(b+c)).
Similarly,

E=(a(c+a): —b*:c(c+a)) and F = (a(a+0b):b(a+b):—c?).
To compute the coordinates 6f, £/, F’, we make use of the following formula.

Lemma 1. Let P = (a?vw : b?>wu : c2uv) be a point on the circumcircle (so that
u+v+w =0). Forapoint@ = (x : y : z) different from P and not lying
on the circumcircle, the line PQ intersects the circumcircle again at the point
(a®vw + tx : b*wu + ty : Puv + tz), where

L b c?ulx + 2a*viy + a’b*w?z 1)

N a?yz + b2zx + xy ’
Proof. Entering the coordinates
(X,Y,Z) = (a*vw + tz : b*wu + ty : uv + t2)

into the equation of the circumcircle

a*YZ + b*ZX + XY = 0,

we obtain
(a*yz + b*zx + ay)t?
+(0*u(v + w)z + a’v(w + u)y + a*b*w(u 4 v)2)t
+a*b*Fuvw(u + v + w) = 0.
Sinceu + v + w = 0, this givest = 0 or the value given in (1) above. O

Let M = (0: 1: 1) be the midpoint ofBC. Applying Lemma 1 toD and M,
we obtain
D' = (—a®:b(b—c):c(c—b)).
Similarly,
E'=(ala—c):=b*:clc—a) and F' = (a(a—0b):b(b—a):—c?).
Applying Lemma 1toD’andX = (0:a+b—c:c+a—0), (likewise toF’
andY’, and toF” and Z), we obtain the points

Y a? ) b ) c
“\alb+e)—(b—¢c)? ct+ta—b atb—c)’

v’ a ) —b? ) c
\b+c—a blcta)—(c—a)? at+b—-c)’

pa a ) b ) —c?
“\b+c—a ct+a—>b cla+b)—(a—b)2)"
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These are clearly the vertices of the circumcevian triangl&ef We summarize
this in the following proposition.

Proposition 2. If X’ (respectively Y’, Z’) are the second intersections of D'X
(respectively E'Y, F'Z) and the circumcircle, then X’Y’Z’ is the circumcevian
triangle of X5x7.

Figure 3.

Remark. The linesD'X, E'Y, F'Z intersect atX5s, the internal center of simili-
tude of the circumcircle and the incircle.

Proposition 3. Let X", Y, Z” be the second intersections of the circumcircle
withthelines DX, EY, F'Z respectively. The lines AX”, BY”, CZ" bound the
anticevian triangle of Xs7.

Proof. By Lemma 1, these are the points
7 a? ‘ b(b — . c(c—10)
s—a s—b @ s—c

¢)
Y,,:(a(a—c)‘ P clc—a)

s—a s—b s—c

Z,,_(a(a—b) bb—a)

s—a  s—b ~s—

)
)

)
)

The linesAX"”, BY"”, CZ" have equations

S+ St =0,
s—a sS—cC _
T , Tt ez =0
s—a S— _
=Tt = 0.

They clearly bound the anticevian triangle Xf;. See Figure 4. O
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Figure 4.

Remark. The linesDX, EY, F Z intersect atXs4, the external center of similitude
of the circumcircle and incircle.

Proposition 4. X57 is the perspector of the triangle bounded by the polars of A,
B, C with respect to the circle through the excenters.

Proof. As is easily verified, the equation of the circumcircle of the excentral trian-
gleis

a*yz + b’zx + *zy + (x +y + 2)(bew + cay + abz) = 0.

The polars are the lines

§+§+§_0,
%4‘54—;:0,
S+ 5 + 2 =0

They bound a triangle with vertices
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<_s(g(—82b)_(sbc—)c) : sib : sic>’
a 5?2 —ca c
(s—a:_s(j(—c)(s—)a) : s—c)’

a s c(s% — ab)
s—a s—b  s(s—a)(s—0b))"
This clearly has perspectofs;. O

Proposition 5. X57 isthe perspector of the reflections of the Gergonne point in the
intouch triangle.

Figure 5.

More generally, the reflection triangle &f = (u : v : w) in the cevian triangle
of P is perspective with BC' at

a2  b? 2 b2 + 2 —a?
u __2_1__2_1__2_1_7 St .
U v w vw

See [2]. For example, iP is the incenter, this perspector is the point
X35 = (a®(b? + be+ % —a®) V(A +ca+a® = V) : Pa® +ab+ b - 2))

which divides the segmeidd! in the ratioO X35 : X351 = R : 2r.
Finally, we also mention from [5] thaks; is the orthocorrespondent of the
incenter. This means that the trilinear polar’@f, namely, the line
s—a s—b s—c

T+ y+ z2=0
b c

a
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intersects the sidelineBC, CA, AB at X, Y, Z respectively such thdtX | 1A,
1Y 1 IB,andIZ 1 IC.

3. Alocus of perspectors

As an extension of the result of [4], we consider, for a real numldée triangle
XY Zy with X, Y;, Z; dividing the segmentX X, YY1, ZZ; in the ratio

XXy XeXn=YYVe VWY1 =22 Z4Zy =1:1—1¢.

Proposition 6. The triangle X;Y;Z; is perspective with ABC'. The locus of the
perspector is the Soddy line joining the incenter to the Gergonne point.

Proof. We compute the coordinates af, Y;, Z;. It is well known thatBX =
s—b, XC = s — ¢, €tc., so that, in absolute barycentric coordinates,
X:(S—C)B—:(S—b)c’ Y:(s—a)C’—bF(s—c)A’ Z:(s—b)A—Z(s—a)B.
Since the intouch triangl&’Y Z has (acute) anglegt<, <4 and 452 at X,
Y, Z respectively, the pedal; of X onY Z divides the segment in the ratio

A A+ B

C; : cot ; :tani :tanazs—c:s—b.
Similarly, Y; and Z; divide ZX and XY in the ratios

ZY1: Y1 X=s—a:s5—¢ XZ1:Z21Y =s—b:s—a.
In absolute barycentric coordinates,
(s=b0)Y +(s—c)Z

a
b+c)(s—b)(s—c)A+b(s—c)(s—a)B+c(s—a)(s—b)C
abc '

YX1 : XlZ = cot

Xy =

It follows that
tb+e)(s=b)(s—c)A+b(s—c)(c—t(s—b)B+c(s—b)(b—1t(s—c)C
N abe ’
In homogeneous barycentric coordinates, this is

Xe=(@tb+c)(s—b)(s—c):b(s—c)lc—1t(s—0b)):c(s—b)(b—t(s—c)).

The linel X; has equation
be(b—c)(s —a)r +c(s —b)(ab—2s(s —c)t)y —b(s — ¢)(ca — 2s(s — b)t)z = 0.
The linel X; intersectsBC at the point
X{=(0:b(s —c)(ca —2s(s —b)t) : c(s — b)(ab — 2s(s — c)t)
_ <0 : b(ca —2s(s —b)t) c(ab—2s(s — c)t)) .

s—b ' s—c
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Similarly, the linesl'Y; andZ; intersectC' A and AB respectively at
y! (a(bc —2s(s — a)t) 0. c(ab — 2s(s — c)t))

7l = <a(bc —828_(2— a)t) : b(ca —SQi(Z —b)t) : O> .

The triangleX}Y} Z/ is perspective wittd BC at the point
(a(bc —2s(s —a)t) b(ca—2s(s—b)t) clab—2s(s— c)t))

s—a ' s—b ' s—c

As t varies, this perspector traverses a straight line. Since the perspector is the
Gergonne point for = 0 and the incenter fof = oo, this line is the Soddy line

joining these two points.
The Soddy line has equation
(b—c)(s—a)z+ (c—a)(s —b)*y+ (a —b)(s — c)?z = 0.

Here are some triangle centers on the Soddy line, with the corresponding values of

t. The symbol-, stands for the radius of th&-excircle.

| t | perspector | first barycentric coordinate |
1 X771 bt e ;Li_az)
2 X442 —a(bz+icj;z_az)
3 Xog9 ﬁ
% X481 27“a —a
—~ X480 2r, +a
2 X Tq — @
73R X176 Te ta
% X1372 47”(1 —3a
7239R X371 4r, + 3a
2| Xism drg —a
2| Xigrs dra +a

The infinite point of the Soddy point is the point

X516 = (2a®—(b+c)(a*+(b—c)?) : 2b° —(c+a)(b*+(c—a)?) : 2¢*—(a+b)(c*+(a—Db)?)).

It corresponds tad = R(4§+T). The deLongchamps pointy also lies on the
Soddy line. It corresponds to= 2222+r).

4. Emelyanov’s first problem
From the coordinates of;, we easily find the intersections

A, = AX,NBC, B;,=BX,NCA, C,=CX;NnAB.
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These are

A =(0:b(s—c)(c—(s—=Db)t) : c(s —b)(b— (s — o)),

By =(a(s —¢c)(c—(s—a)t): 0:¢c(s —a)(a— (s — o)),

Cy=(a(s —b)(b— (s —a)t) : b(s —a)(a—(s—0b)t): 0). (2)

They are collinear if and only if

(a—(s=b)t)(b— (s —o)t)(c — (s —a)t)
+(a—(s—c)t)(b— (s —a)t)(c—(s—b)t) =0. (3)
Since this is a cubic equation inthere are three values ofor which 4, B,
C; are collinear. One of these is= 2 according to [4]. The other two roots are
given by
abe — abet +2(s — a)(s — b)(s — ¢)t? = 0. 4)

Sinceabc = 4Rrs and(s —a)(s —b)(s —c) = r%s, whereR andr are respectively
the circumradius and inradius, this becomes

2R — 2Rt + rt* = 0. (5)

From this,

,_ REVEZ-2Rr _Rd
r r

whered is the distance betweean and /.
We identify the lines corresponding to these two values of

Proposition 7. Corresponding to the two roots of (4), the lines containing 4, By,
C, are the tangents to theincircle perpendicular to the OI-line.

Lemma 8. Consider a triangle ABC' with intouch triangle XY 7, and a line £
intersecting thesides BC, C A, AB at A, B, C' respectively. Theline £ istangent
to theincircle if and only if one of the following conditions holds.

(1) Theintersection BB’ N CC' liesonthelineY Z.
(2) Theintersection CC’' N AA’ liesontheline Z X .
(3) Theintersection AA’' N BB’ lieson theline XY'.

Proof. Let A’B’ be a tangent to the incircle. By Brianchon’s theorem applied to
the circumscribed hexagaofly” B’ A’ X B it immediately follows thatd A, Y X and
B'B are concurrent.

Now supposed A’, Y X and B’ B are concurrent. Consider the tangent through
A’ (different from BC') to the incircle. LetB” be the intersection of this tangent
with AC. It follows from the preceeding that 4, Y X and B” B are concurrent.
Therefore B” must coincide withB’. This means thatl’ B’ is a tangent to the
incircle. O
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5. Proof of Proposition 7

The linesB B; andC'C; intersect at the point

A”_< C (b—(s—a)t)(c— (s —a)t)

s—a

: sfb(c— (s — a)t)(a — (s — b)Y)

P _C(a— (s—=o)t)(b—(s— a)t)) .

This point liesonthe lin& Z : —(s —a)x + (s — b)y + (s — ¢)z = 0 if and only
if

C

—ab—(s—a)t)(c— (s —a)t)
+b(c— (s —a)t)(a— (s —Db)t)
+cla—(s—o)t)(b—(s—a)t) =0.

This reduces to equation (4) above. By Lemma 8, these two lines are tangent to the
incircle. We claim that these are the tangents perpendicular to th&lind-rom
the coordinates given in (2), the equation of the IR€); is

(s—a)(a—(s=b)t)(a—(s—))

L s=b)la—(s —g)t)(b —-ap),

(s—)(a—(s—b(c—(s—a))
C
According to [6], lines perpendicular 01 have infinite point

X513 = (a(b—c¢) : b(c—a) : c(a —b)).
The line B;C; contains the infinite poinks;3 if and only if the same equation

(4) holds. This shows that the two lines in question are indeed the tangents to the
incircle perpendicular to th@1I-line.

+ z=0.
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A Theorem on Orthology Centers

Eric Danneels and Nikolaos Dergiades

Abstract. We prove that if two triangles are orthologic, their orthology centers
have the same barycentric coordinates with respect to the two triangles. For a
point P with cevian triangled’ B’C’, we also study the orthology centers of the
triangle of circumcenters dPB'C’, PC'A’, andPA'B’.

1. Thebarycentric coordinates of orthology centers

Let A’B’C’ be the cevian triangle aP with respect to a given triangld BC'.
Denote byO,, O, O, the circumcenters of triangleBB'C’, PC'A’, PA’B’ re-
spectively. Sinc&,0., 0.0,, andO,0, are perpendicular td P, BP, CP, the
trianglesO,0,0. and ABC are orthologic af. It follows that the perpendiculars
from O, Oy, O, to the sidelinesBC, C' A, AB are concurrent at a poiri). See
Figure 1. We noted that the barycentric coordinate§)afith respect to triangle
0,0,0,. are the same as those Bfwith respect to triangled BC. Alexey A. Za-
slasky [7] pointed out that our original proof [3] generalizes to an arbitrary pair of
orthologic triangles.

Figure 1

Theorem 1. If triangles ABC and A’ B’C" are orthologic with centers P, P’ then
the barycentric coordinates of P with respect to ABC are equal to the barycentric
coordinates of P’ with respect to A'B'C".

Publication Date: September 15, 2004. Communicating Editor: Paul Yiu.
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Al

Figure 2

Proof. Since A’P’, B'P’, C' P’ are perpendicular t&C, C A, AB respectively,
we have

sin B'P'C’ =sin A, sin P’B'C' =sin PAC, sin P'C'B’ = sin PAB.

Applying the law of sines to various triangles, we have

b c 1 1
P'B’ " P'C' ¢sin P'/C'B’' " bsin P'B'C
1 1
"~ ¢sin PAB T bsin PAC
1 1
AP -¢csin PAB © AP - bsin PAC
1 1

:area(PAB) : area(PAC)
=area(PCA) : area(PAB).

Similarly, 5% : 52 = area(PBC) : area(PCA). It follows that the
barycentric coordinates @ with respect to trianglel’ B'C’ are

area(P'B'C") : area(P'C'A’) : area(P'A'B’)
=(P'B")(P'C")sin A : (P'C")(P'A")sin B : (P'A")(P'B")sinC
— a . b . c
~P'AP'B P
=area(PBC) : area(PCA) : area(PAB),

the same as the barycentric coordinate® afith respect to trianglel BC. O

This property means that I is the centroid ofA BC thenF is also the centroid
of A’B'C".
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2. Theorthology center of O,0,0,

We compute explicitly the coordinates (with respect to triang8C) of the
orthology centei of the triangle of circumcenter§,0,0.. See Figure 3. Let
P=(x:y:z)andQ = (u: v : w)in homogeneous barycentric coordinates. then

B(C' = xc_fy, CB' = x”—@ In the notations of John H. Conway, the pedalof O,

on BC has homogeneous barycentric coordindtesu.So + a’v : uSp + a’w).
See, for example, [6, pp.32, 49].

Figure 3

Note thatBA* = % andA*C = % Also, by Stewart’s theorem,

Az’ +a?2? + (2 + a® — b?)xz

BB/2 —
(x + 2)? ’
oo V2?4 aPy? + (a® + 07— Py
- (z +y)? '

Hence, ifp is the circumradius oP B'C’, then

a(BA* — A*C)
(BA* + A*C)(BA* — A*C)
(BA")? —(A*C)?
(04B)? = (04A")? = (0,C)? + (0, A*)?
=(0uB)? = p* = (0.C)* + p?
=BP -BB'—CP-CC’
A2+ a?22 + (A +a? - b)rz V2?4 a®y? + (0 + b2 - )y
- (z+2) (@ +y+2) B z+y)(z+y+2)
a?(y — 2)(x +y)(z + 2) + b2x(z + y)(z + 22) — Pa(x + 2)(z + 2y)
(x4+y)(z+2)(zr+y+2)
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since the powers aB andC with respect to the circle dPBC’ are BB' - BP =
(OuB)? — p?> andCC’ - CP = (0,C)? — p? respectively. In other words,

(=) )u —a?(v—w)
U+ v+ w
_ a(y — 2)(x +y)(x + 2) + b2x(x + y)(x + 22) — a(x + 2)(z + 2y)
(x4+y)(z+2)(z+y+2)

)

or
(@®(y = 2) (@ +y)(z +2) = V(2 +y) ey +yz +2°) + (e +2)(y° + 22+ y2)u
—(a®(z +y)(z + 2)(x + 22) — bx(x + y)(x + 22) + Ex(z + 2)(z + 2y))v
+(@®(z +y) (@ + 2)(z + 2y) + b*z(x + y)(z + 22) — 2(x + 2)(z + 2y))w = 0.

By replacingz, y, z by y, z, x andu, v, w by v,w, u, we obtain another linear
relation inu, v, w. From these we have : v : w given by

u=(2? - 2)y?*Spp + (2% — y*)2*Scc — (2 +y)(z + 2)(y + 2)San

— 22z + 2)(z +y)(y + 2)Sca — 2(x + y)(z + 2)(zy + y2 + 22)Spe.

andwv obtained fromu by replacingz, y, z, Sa, Sg, Sc by v, w, u, Sg, Sc, Sa
respectively, andv from v by the same replacements.

3. Examples
3.1 Thecentroid. ForP = G,
O, =(554(Sp + Sc) + 2(Sps + 5Spc + Scc)
2354 +4S4c + Spc — 2Scc
:3S4c +4Sa + Spc — 2SBB).

Similarly, we write down the coordinates 6} andO,.. The perpendiculars from
O, to BC, from O, to C' A, and fromO, to AB have equations

(Sp—Sc)xr — (BSp+Sc)y + (Sp+3Sc)z = 0,
(Sc+3Sa)r + (Se—Sa)y — (BSc+Sa)z = 0,
—(3SA+SB)x + (SA—I—?)SB)y + (SA—SB)Z = 0.

These three lines intersect at the nine-point center
X5 = (Sca + Sap +2Spc : Sap + Spc +2Sca : Spe + Sca +254B),
which is the orthology center @, 0,0...

3.2 The orthocenter. If P is the orthocenter, the circumcenteds, O,, O, are
simply the midpoints of the segmentsP, BP, C P respectively. In this case,

Q=H.
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3.3 The Steiner point. If P is the Steiner poin(sBisc : SCiSA : S;SB), the
perpendiculars from the circumcenters to the sidelines are

(SB — Sc){L’ — Scy + Spz = 0,
Scx + (SC - SA)y - Saz = 0,
—Spx + Say + (SA —Sp)z = 0.

These lines intersect at the deLongchamps point

X90 = (Sca+Sap — Spc : Sap +Spc — Sca : Spc + Sca — SaB)-

3.4 X671. The pOIntP = X671 = (SB—l—S(l;—QSA : SC+Si—2SB : SA+S]13—2SC>

is the antipode of the Steiner point on the Steiner circum-ellipse. It is also on
the Kiepert hyperbola, with Kiepert parametearccot(é cot w), wherew is the
Brocard angle. In this case, the circumcenters are on the altitudes. This means that

Q= H.

3.5 Anantipodal pair on the circumcircle. The pointXy»5 is the second intersec-
tion of the circumcircle with the line joining the deLongchamps pdiffto X4,
the isogonal conjugate of the Euler infinity point. It has coordinates

1 1 1
<(SB — Sc)(S? = Saa)  (Sc —Sa)(S? — Spp)  (Sa— Sp)(S? - SCC)> '
For P = Xg95, the orthology@ of O,0,0. is the pointXgs, L which lies on the
same line joiningXyg to X74.
The antipode ofXgo5 is the point

1
00 = <SA((SAA — S5c)(SE +Sc) — 8a(Sp— S0)2) > '

Itis the second intersection of the circumcircle with the line joining the orthocenter

to the Euler reflection poirtt X119 = (ggfﬁg : ggfgﬁ : gg‘fgg) For P =

X1300, the orthology centef) of O,0,0. has first barycentric coordinate

Saa(Sps + Scc)(Sa(Se + Sc) = (Sps + Scc)) + Spc(Sp — Sc)*(Saa — 254(Ss + So) — Spo))
Sa((Sp + Sc)(Saa — Spc) — Sa(Ss — 5¢)?) '

In this case(), 0,0, is also perspective td BC' at

1
X = Tee e le e .
2 <SA((SAA — Spc)(Se + Sc) — Sa(Ses + Scc)) >
By a theorem of Mitrea and Mitrea [5], this perspector lies on the hdg

Ixes is the perspector of the reflections of the orthic triangle in the nine-point center.
2The Euler reflection point is the intersection of the reflections of the Euler lines in the sidelines
of triangle ABC.
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3.6. More generally, for a generic poiit on the circumcircle with coordinates

(% Do ) the center of orthology af, 0,0, is the point

(Sp +Sc)(F(Sa, 58, Sc) + G(Sa, S, Sc)t)
Sa+t o ’

where
F(Sa,SB,Sc) =S4a(SeB + Scc)(Sa+ Sp+ Sc) + Saapc(Se + Sc)
— SppScc(254 + Sp + Sco),
G(Sa,SB,Sc) =2(Sa4(SeB + Spc + Scc) — SpScc).

Proposition 2. If P lieson the circumcircle, thelinejoining P to @Q always passes
through the deLongchamps point X5g.

Proof. The equation of the lin@@ is

> (S8 = Sc)(Sa+t)(S%(Ss — Sc)?

cyclic

+ (Sp+ Sc +2t)(Saa(Ses — Spc + Scc) — SppSce)r = 0.
O

3.7. Some further examples. We conclude with a few more examples Bfwith
relative simple coordinates f@p, the orthology center af),O,O..

| P | first barycentric coordinate of @ |
X7 |4a® +a?(b+c) —2a(b—c)?> —3(b+c)(b— c)?
Xs | 4a® —5a3(b + ¢) — a%(b? — 10bc + ¢?) + 5a(b — ¢)2(b+ ¢) — 3(b? — ?)?
Xoo | 305 — 4a*(b? + %) + a®(3b* + 2b%c? + 3¢?) — 2(b% — ?)?(b° + ?)
Xao 4a®—3a% (b+c)—2a(2b% —5bc+2c%)+3(b—c)? (b+c)

(b2+c2—a2—bc)

In each of the caseB = X; and Xy, the triangleO,0,0. is also perspective
to ABC at the incenter.
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A Grand Tour of Pedals of Conics

Roger C. Alperin

Abstract. We describe the pedal curves of conics and some of their relations to
origami folding axioms. There are nine basic types of pedals depending on the
location of the pedal point with respect to the conic. We illustrate the different
pedals in our tour.

1. Introduction

The main ‘axiom’ of mathematical origami allows one to create a fold-line by
sliding or folding pointF' onto a lineL so that another point is also folded onto
yet another lineM/. One can regard this complicated axiom as making possible
the folding of the common tangents to the paraholsith focus F' and directrixL
and the parabola with focu$ and directrix)/. Since two parabolas have at most
four common tangents in the projective plane and one of them is the line at infinity
there are at most three folds in the Euclidean plane which will accomplish this
origami operation. In the field theory associated to origami this operation yields
construction methods for solving cubic equations, [1]. Hull has shown how to
do the ‘impossible’ trisection of an angle using this folding, by a method due to
Abe, [2]. In fact the trisection of Abe is quite similar to a classical method using
Maclaurin’s trisectrix, [3]. The trisectrix is one of the pedals along the tour.

One can simplify this origami folding operation into smaller steps: first fotd
the pointP by reflection across the tangent of the parabold@he locus of points
P for all the tangents of is a curve; finally, this locus is intersected with the line
M. This ‘origami locus’ of pointsP is a cubic curve since intersecting wifid
will generally give three possible solutions. Since reflectiorb @fcross a line is
just the double of the perpendicular projectigirof S onto L, this ‘origami’ locus
is the scale by a factor of 2 of the locus #f also known as the pedal curve of
the parabola, [3]. As a generalization we shall investigate the pedal curves of an
arbitrary conic; this pedal curve is generally a quartic curve.

Pedal of a conic. The pointsS’ of the pedal curve lie on the lines throughat the

places where the tangents to the curve are perpendicular to these lines. Suppose that
S is at the origin. The line through the origin perpendiculanto+ Sy +~v = 0 is

the lineSz — ay = 0; these meet when = —#Vm, Y= —#752. This suggests

Publication Date: October 1, 2004. Communicating Editor: Paul Yiu.
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using the inversion transform (at the origin), the map given:by %ﬂg, y —

A conic has the homogenous quadratic equafigm, y, z) = 0 which can also
be given by the matrix equatioRi(x,y, 2) = (z,y, 2)A(z,y,2) = 0 fora 3 by 3
symmetric matrixA. Itis well-known that the dual curve of tangent lines to a conic
is also a conic having homogeneous equatitfx, y, z) = 0 obtained from the
adjoint matrix A’ of A. Thus the pedal curve has the (inhomogeneous) equation
obtained by applying the inversion transform iz, y, —z) = 0, evaluated at
z=1,1[4].

The polar line of a poinf” is the line through the point§ andV” on the conic
where the tangents froffi meet the conic. It is important to realize the polar line
of a point with respect to the conic having equationf” = 0 can be expressed
in terms of the matrix4. In terms of equations, if" has (projective) coordinates
(u, v, w) then the dual line has the equation y, z) A(u, v,w)} = 0. For example,
when S is placed at the origin the dual line (s, y, 2) A(0,0, 1} = 0.

2. Equation of a pedal of a conic

Let S be at the origin. Suppose the (non-degenerate) conic equafitn g, z) =
ax® + bxy + cy?® + drz + eyz + f22 = 0. Applying the inversion to the adjoint
equation gives after a bit of algebra the relatively simple equation

G =A@ + 922 + (2% + v*)((4cd — 2be)z + (4ae — 2bd)y) + G2 =0

whereA = 4ac — b? is the discriminant of the conicA = 0 iff the conic is a
parabola. In the case of a parabola, the pedal curve has a cubic equation. The
origin is a singular point having as singular tangent lines the linear factors of the
degree two ternGy = (4cf — e?)a? + (2ed — 4bf)xy + (4daf — d?)y? = 0.

3. Variety of pedals

Fix a (non-empty) real conig in the plane and a poirfi. There are two points
U andV on the conic with tangents; and, meeting atS; the corresponding
pedal point for each of these tangentsSis Thus .S is a double point. The type
of singularity or double point a$ is either a node, cusp or acnode depending on
whether or not the two tangents are real and distinct, real and equal or complex
conjugates.

The perpendicular lines &tto 7y andry are the singular tangents. To see this
notice that the dual line t& = (0,0) is (z,y,2)A(0,0,1) = 0 or equivalently
dr + ey + 2f = 0. This line meets the conic at the poirits V' which are on
the tangents fron$. Determining the perpendiculars through the ori§ito these
tangents, and multiplying the two linear factors yields after a tedious calculation
precisely the second degree terGisof G.

The variety of pedals depending on the type of conic and the type of singularity,
are displayed in Figures 1-9, along with their associated conics, the singular point
S, the singular tangents, dual line and its intersections with the conic (whenever
possible).
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Figure 1. Elliptic node

Figure 2. Hyperbolic node
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Proposition 1. The pedal of thereal conic « hasa hode, cusp or acnode depending
on whether S isoutside, on, or inside .

Proof. By the calculation of the second degree termé&othe singular tangents at
the pointS of the pedal are the perpendiculars to the two tangents Fdmthe
conic k. Thus the type of node depends on the positioi$ afith respect to the
conic since that determines ha factors over the reals. O

Figure 3. Elliptic cusp

Figure 4. Hyperbolic cusp
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Figure 6. Hyperbolic acnode

4. Bicircular quartics
A quartic curve having circular double points is called bicircular.

Proposition 2. Areal quartic curve has the equation G = A(2? + %) + (2% +

y?)(Bx + Cy) + Dx? + Exy + Fy? = 0 for A # 0iff itisbicircular with double
point at the origin. Thusthe pedal of an ellipse or hyperbolaisa bicircular quartic
with a double point at .S.

Proof. A quartic has a double point at the origin iff there are no terms of degree
less than 2 in the (inhomogeneous) equatior= 0. There are double points at
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the circular points iffG(z,y, z) vanishes to second order when evaluated at the
circular points; hence iff the gradient éf is zero at the circular points. Since
% = 22G + G3; this vanishes at the circular points @ is divisible byz? + 2.
Also G vanishes at the circular points iff is divisble byz? + y2. Thus the
homogeneous equation for the quarticGis= (2? + y?)(uz? + vay + wy?) +
2(2? + y?)(Bz + Cy) + 22Go = 0. Finally %€ or equivalently% will also
vanish at the circular points iffia? + vry + wy? is divisible byz? + 32. Hence
a bircular quartic with a double point at the origin has the equation as specified in
the proposition and conversely.

The conclusion for the pedal follows immediately from the equation given in
Section 2. O

We now show that any real bicircular quartic having a third double point can be
realized as the pedal of a conic.

Proposition 3. Abicircular quartic isthe pedal of an ellipse or hyperbola.

Proof. Using the equation for the pedal of a conic as in Section 2 we consider the
system of equationd = 4ac—b?, B = 4cd—2be, C = 4ae—2bdy, D = 4cf —e?,

E = 2ed — 4bf, F = 4af — d?. One can easily see that this is equivalent to a
(symmetric) matrix equatio” = X’ where X’ is the adjoint ofX; we want to
solve for X givenY'. In our case heréy” involves the variablesi, B, ... and X
involvesa, b, ... Certainlydet(Y) = det(X)?. Then we can solve using adjoints,

X = Y’ iff the quadratic formQ = Az? + Bxy + Cy? + Dxz + Eyz + Fz?

has positive determinant. However changiigo —G changes the sign of this
determinant so we can represent all these quartics by pedals. a

The type of singularity of a bicircular quartic with double pointsts deter-
mined from Proposition 1 and the previous Proposition. The type of singularity
of the circular double points is determined by the low order term& ofhen ex-
panded at the circular points; since the circular point is complex it is nodal in gen-
eral; a circular point is cuspidal wheBC' = 8AE andC? — B2 = 16 A(D — F)
and then in fact both circular points are cusps.

5. Pedal of parabolas

In the case that the conic is a parabata £ 0) the pedal equation simplifies to
a cubic equation. This pedal cubic is singular and circular.

Proposition 4. Asingular circular cubic with singularity at the origin has an equa-
tion G = (2% + y?)(Bx + Cy) + D2? + Exy + Fy? = 0 and conversely. Thisis
the pedal of a parabola.

Proof. The cubic is singular at the origin iff there are no terms of degree less than
two; the curve is circular iff the cubic terms vanish at the circular pointg iff /2
is a factor of the cubic terms.
The pedal of a parabola haviny = 4ac — ¥ = 0, means the cubic equation is
G = (2% +y?)((4ed — 2be)x + (4ae — 2bd)y) + (def — €?)a? + (2ed — 4bf)zy +
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(4af — d?)y? = 0. Solving the system of equations as in Proposition 3 we have a
simpler system sincd = 0 but similar methods give the desired result. O

Figure 7. Parabolic node

6. Tangency of pedal and conic at their inter sections

The pedal of a conie meets that conic at the plac&siff the normal line to
 at that point passes through Thus the intersection occurs iff the lit&l" is a
normal to the curve.

It follows from the fact that the conic and its pedal have a resultant which is a
square (a horrendous calculation) that the pedal is tangent at all of its intersections
with the conic. From Bezout’s theorem, the conic and pedal have eight intersec-
tions (counted with multiplicity) and since each is a tangency there are at most four
actual incidences just as expected from the figures.

Alternatively we can use elementary properties of a arbitrary carie with
unit speed parameterizations having tangemsind normal; to see that whery
is at the origin, the pedaP(¢) has a parametrizatioR(t) = C(t) - n(t)n(t) and
tangentP’(t) = —k(t)(C(t)-7(t)n(t)+C(t)-n(t)r(t)) wherek(t) is the curvature.
Thus the tangent t® is parallel tor iff C(¢) - 7(¢) = 0 iff C(¢t) is parallel to the
normaln(t) iff the normal passes through

7. Linear families of pedals

Because of the importance of a parabola in the origami axioms, we illustrate in
Figure 10 a family of origami curves. Recall that the origami curve is the pedal of
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Figure 8. Parabolic cusp

Figure 9. Parabolic acnode

a parabola scaled by 2 from the singular pdintThe origami curves determined
by a fixed parabola anfl varying on a line parallel to the directrix are all tangent



A grand tour of pedals of conics 151

to a fixed circle of radius equal to the distance fréhto the directrix. In case
varies on the directrix, then all the curves pass through the fécus

Figure 10. One parameter family of origami curves
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Garfunke’snequality

Nguyen Minh Ha and Nikolaos Dergiades

Abstract. LetI be the incenter of triangld BC' andU, V', W the intersections
of the segmentg A, I B, IC with the incircle. If the centroid~ is inside the
incircle, andD, E, F the intersections of the segmeidisi, GB, GC' with the
incircle. Jack Garfunkel [1] asked for a proof that the perimetdy BfiV is not
greater than that D E'F'. This problem is hitherto unsolved. We give a proof
in this note.

Consider a triangleA BC' with centroidG lying inside its incircle(l). Let the
segmentsAG, BG, CG, Al, BI, CI intersect the incircle ab, E, F, U, V, W
respectively. Garfunkel posed the inequalityyU’ VW) < 9(DEF') as Problem
648(b) of Crux Mathematicorum [1, 2].* Here, d(-) denotes the perimeter of a
triangle. The problem is hitherto unresolved. In this note we give a proof of this
inequality. We adopt standard notations; b, ¢, are the sidelengths of triangle
ABC, s the semiperimeter andthe inradius.

Lemma 1. If the centroid G of thetriangle ABC isinside theincircle (1), then
a? < 4dbe, b? <dca, * < 4ab.

—2 — —_ -2
Proof. BecauseG is inside(I), we havel G < r?, (AG — AI)? < r?, AG +

—»2 e _
Al —2AG - AI < r2. This inequality is equivalent to the following
2 .2

AG + (AT —r2)—§(£+1@)-ﬂg0
2 2\ 2 _
2(b +S) a +(5—a)2—2(b+cg(8 Q)SO

8(b? +c*) —4a®>+90b+c—a)* —12(b+c)b+c—a) <0
3(b+c—a)? +2(b—c)? < 2(4bc — a?)
which impliesa? < 4bc and similarlyb? < 4ac, ¢* < 4ab. O

Let the external bisectors of trianglel’ W bound the trianglé?Q R, and inter-
sect the incircle oABC atU’, V', W' respectively.

Publication Date: October 15, 2004. Communicating Editor: Paul Yiu.

The first author thanks Pham Van Thuan of Hanoi University for help in translation.

Iproblem 648(a) asked for a proof @ XY Z) < 9(UVW), XY Z being the intouch triangle.
See Figure 1. A proof by Garfunkel was given in [1].
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Lemma 2. If the centroid G of ABC' isinside the incircle, then the points D, F,
F areontheminor arcsUU’, VV', WW' respectively.

Figure 1

Proof. If b = ¢ then obviouslyl/, D andU’ are the same point.
Assume without loss of generality> c. We set for brevityy = 4, 0 = 7€,
Note thatU’ is the midpoint of the ar&’ UTW. We have

1 1 B
LUIU = i(éUIW—AUIV) =3 (9004—5 —90° — %) =40.

Let X’ be the antipode of the touch poiit of the incircle with BC. Since
LUIV = ZX'IW, the pointU’ is the mid point of the ar€/ X’. We have

— RN — N 1 N —
AU =AT+TU' = AT+ —— [ IU+ IX'
2cos b
—_— 1 — — —_—
=Al+ —— (sinplA—TA - AX
2cosf

_ 1_smgp—1 /Tj— 1 ,5(
2cosf 2cosf
sinp —1 b — c
=(1- —AB+ —A
( 2cosd )(25 +2s C>
B 1 S_CE+S_bE
2cosf a a
_ 1_s1nga—1 ﬁ_ I s—c IZB>
2cosl 25  2cosf a

sinpg—1\ ¢ 1 s—b\ —
1- ——— AC.
+<< 2cosd )25 2cosf a > ¢
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Sinceb > ¢, the centroidG lies inside the angle’TAC. To prove thatD lies
on the minor ard/U’ it is sufficient to prove that the coefficient 4" is greater

than that ofAB in the above expression dflU/’. We need, therefore, to prove the
inequality

1 sinp — 1\ ¢ 1 5—b> 1 sinp—1\ b 1 s—c
2cosf )2s 2cosf a 2cosf )2s 2cosf a

Factoring and grouping common terms, the inequality is equivalent to

1 b—c sinpg—1\b—c
. — (1=
2cosf a ( 2cos ) 2s >0

b— b
€ +C—2cos@—|—sin<p >0
4scos 6 a
(b4 ¢+ asinp)? > 4a? cos® 6. (1)

Using the well-known identityos? § = £ (1+cos 26), anda cos 20 = (b+c) sin ¢
by the law of sines, inequality (1) can be written in the form

(b4 c+asinp)? > 2a® + 2a(b+ ¢) sin ¢
(b+¢)* —a? > a® — a®sin’ ¢
2bc + 2bccos A > a? cos®
4bc cos?(A)2) > a? cos® o
4bc > a®.

This inequality holds by Lemma 1 sin&& is inside the incircle. This shows that
D is on the minor ar&/U’. The same reasoning also shows thaand F' are on
the minor arcd/ V', WW' respectively. O

Theorem (Garfunkel’s inequality) If the centroid G liesinside the incircle, then
O(UVW) < O(DEF).

Proof. By Lemma 2, the point®, E, F lie on the minor arc&/U’, VV', WW’
respectively. LetX” be the intersection point dDF andQR, Y” be the intersec-
tion point of EF and RP, andZ” be the intersection point af D and PQ. Note
thatX”,Y"”, Z" belong to the segmenf3F, E'F, F'D respectively. See Figure 2.
It follows that

(DEF) = DE + EF + FD
—DX"+ X"E+EY"+Y"F+FZ"+ Z"D
_ (EX”—I—EY”) + (FY”—i—FZ”) + (DZ”—I—DX”)
>X'Y"+Y"7" + 7" X"
_ 8(X”Y”Z”).
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Figure 2

Therefore)(DEF) > 9(X"Y"Z"). On the other hand, triangleQ R is acute
and triangleUV W is its orthic triangle. See Figure 1. By Fagnano’s theorem,
we haved(X"Y"Z") > o(UVW). It follows thatd(DEF) > o(UVW). The
equality holds if and only if trianglel BC' is equilateral. O
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On SomeActionsof D3 on aTriangle

Paris Pamfilos

Abstract. The action of the dihedral groups on the equilateral triangle is
generalized to various actions on general triangles.

1. Introduction

The equilateral triangle admits in a natural way the action of the dihedral group
Ds. The elementg of the group act as reflexions (ord&r > = 1) or as rotations
(order3: f3 = 1). If we relax the property of from being isometry, we can define
similar actions on an arbitrary triangle. In fact there are infinitely many actions of
D3 on an arbitrary triangle, described by the following setting.

A X

Y

Figure 1. Projectivity preserving a conic

It is well known that given six pointsl, A, B, B/, C, C’ on a conicc, there is a
unique projectivity preservingand mappingd to A, B to B’ andC' to C’. Taking
A’, B', C" to be permutations of the sdt, B, C we see that there is a grodp of
projectivities that permute the vertices of the triangle- (ABC') and preserve
the conice. It is not difficult to see thaty is naturally isomorphic to the group of
symmetries of the equilateral triangle. Thus from the algebraic point of view, the
group action contains no significant information. But from the geometric point of
view the situation is quite interesting. For example, fixing such a group, we can
consider generalized rotations i.¢. ¢ G of order threef> = 1, which applied
to a pointX € c generate awrbital triangle X, Y = f(X),Z = f(f(X)). All
these orbital triangles envelope a second conic which is also invariant under the
groupG. For definitions, general facts on triangles, transformations and especially
projectivities | refer to [1]. For special conics, circumscribed on a triangle, this
setting unifies several dispersed properties and presents them under a new light.

Publication Date: October 28, 2004. Communicating Editor: Jean-Pierre Ehrmann.
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| shall illustrate this aspect by applying the above method to two special cases.
Then | shall discuss an exceptional, similar setting, which results by replacing the
circumconic with the circumcircle of the triangle and the projectivities by Moebius
transformations. The first case will be that of the exterior Steiner ellipse of the
triangle.

2. Steiner dihedral group of atriangle

We start with a trianglé = (ABC) and its exterior Steiner ellipse. Then we
consider the projectivities that preserve this conic and permute the vertices of the
triangle. First | shall state the facts. The group, which | call &teener dihedral
group of the triangle, comprises two kinds of maps: involutions, that resemble to
reflections, and cyclic permutations of the vertices that resemble to rotations.

A

Figure 2. Isotomic conjugation

The involutions are related to the sides of the triangle and coincide with the
isotomic conjugations with respect to the corresponding medians: é&Sodehe
triangle defines an involution on the conif(X) = Y, whereXY is parallel to
the sidea and bisected by the median to &. has the median ta as its line of
fixed points, which coincides with the conjugate diameter wdlative to the conic.
The corresponding isolated fixed point (Fregier point of the involution) is the point
at infinity of line a. Analogous definitions and properties have the involutins
I..

More important seems to be the projectivity= I, o I,,, of order threef® = 1,
that preserves the conic and cycles the vertices of the triangle. | calligdioenic
rotation.

As is the case with every projectivity, preserving a conic, for all pointX
on ¢, the lines[X, f(X)] envelope another conic, which in this case is the inner
Steiner ellipse. By the same argumentaalbital triangles i.e. triangles of the form
t' = (X, f(X), f(f(X))), are circumscribed on the inner Steiner ellipse. More
precisely the following statements are valid and easy to prove:

(1) The centroid of the triangle is the fixed point of.
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Figure 3. Isotomic rotation

(2) Every pointX of the plane defines aorbital triangle
s = (X, f(X), fF(f(X))),

which hasG for its centroid.

(3) The orbital triangles, as above, which hav& on the external Steiner el-
lipse, are all circumscribed to the inner Steiner ellipse. They are precisely
the only triangles that have these two ellipses as their external/internal
Steiner ellipses.

(4) The inner and outer Steiner ellipses generate a family of homothetic con-
ics, with homothety center the centraid of the triangle. For every point
X of the plane the orbital trianglegenerated byX has the corresponding
conics-family-membeg, passing through X, as its outer Steiner ellipse.
Besides, for all pointsY on ¢, the corresponding orbital triangles circum-
scribe another conics-family-membéy which is the inner Steiner ellipse
of all these triangles.

(5) For a fixed orbital triangle = (ABC'), the orbit of its circumcente®,
defines a trianglee = (OPQ), whose median throug is the Euler line
of the initial trianglet. The middleE of P( is the center of the Euler
circle oft.

(6) The trilinear coordinates of poinf8 = f(0O) and@ = f(P) are respec-
tively:

po (sinQC’ sin2A sin2B>
sinA’ sinB’ sinC )’

_ (sin2B sin2C sin2A
B ( sinA’ sinB’ sinC > '
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Deferring for a later moment the proofs, | shall pass now to the analogous group,
of projectivities, which results by replacing the external ellipse with the circum-
circle of the triangle. For a reason that will be made evident shortly | call the
corresponding group theemoine dihedral group of the triangle.

3. Lemoinedihedral group of atriangle

We start with a triangleé = (ABC') and its circumcirclee. Then we consider
the projectivities that preserveand permute the vertices of the triangle. There are
again two kinds of such maps. Involutions, and maps of order three.

Figure 4. Lemoine reflexion

Sidea of the triangle defines a projective involutidp(X) = X', by the prop-
ertiesl,(A) = AandI,(B) = C,I,(C) = B. lts line of fixed points, is the
symmedian lineAD. The corresponding isolated fixed point (Fregier point) is
the poleA* of the symmedian with respect to the circumcircle, which lies on the
Lemoine axisL of the triangle. In the figure abové; is the symmedian point and
Q is the projection of the circumcenter on the symmedidn (is a vertex of the
second Brocard triangle @j. From the invariance of cross-ratio and the fact that
I, mapsL to itself, follows that(C* B* K* A*) = 1, hence the symmedian bisects
the angleB*QC™*. Joining@ with B*, C* we find the intersectiong’, G of these
lines with the Brocard circle (with diametérK). Below (in §6) we show that?",

G coincide with the Brocard points of the triangle.

1, could be called théemoine reflexion (on the symmedian through A). Analo-
gous is the definition and the properties of the involutigrend!,., corresponding
to the other sides of the triangle.

More important seems to be the projectivity= I, o I,,, of order threef® = 1,
which preserves the circumcircle and cycles the vertices of the triangle. | call it the
Lemoine rotation.

As before, for all pointsX on ¢, the lines[X, f(X)] envelope another conic,
which in this case is the Brocard ellipgeof the trianglet. By the same argument
all orbital triangles i.e. triangles of the forth= (X, Y = f(X), Z = f(f(X))),
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Figure 5. Lemoine rotation

are circumscribed on the Brocard ellipse. More precisely the following statements
are valid and easy to prove:
(1) f leaves invariant each member of the family of conics generated by the
circumcircle and the Brocard ellipse ©fin particular the Lemoine axis of
t remains invariant under f, and permutes poidtsB*, C*.
(2) The symmedian (or Lemoine) poiff of the triangle is the fixed point of

f

(3) Every pointX of the circlec defines arorbital triangle

s = (X, f(X), f(f(X))),

which hasK as symmedian point.

(4) The orbital triangles, as above, which hav& on ¢, are all circumscribed
to the Brocard ellips@. They are precisely the only triangles that have
andc as circumcircle and Brocard ellipse, respectively.

(5) For a fixed orbital triangle = (ABC'), the orbit of its circumcente®,
defines a triangle. = (OPQ), whose median throug® is the Brocard
axis of the initial trianglet.

(6) The triangleu is isosceles and symmetric on the Brocard axis. The feet
G, F of the altitudes ofu from P and @), respectively, coincide with the
Brocard points of.

(7) The triangles:, v’ = (PRF) andu” = (QRG) are similar. The similarity
ratio of the two last to the first is equal to the sine of the Brocard angle.

Deferring once again the proofs at the ef@)( | shall pass to a third group, using
now inversions instead of projectivities. For a reason that will be made evident
shortly | call the corresponding group tBeocard dihedral group of the triangle.

4. Brocard dihedral group of atriangle

Once again we start with a triangte= (ABC') and its circumcirclec. Then
we consider the Moebius transformations that permute the verticeslok true
that through such maps the sides are not mapped to sides. We do not have proper
maps of the triangle’s set of points onto itself, but we have a group that permutes
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its vertices, is isomorphic t&; and, as we will see, has intimate relations with the
previous one and the geometry of the triangle.

Everything is based on the well known fact that a Moebius transformation is
uniguely defined by prescribing three points and their images. Thus, fixing a ver-
tex, A say, of the triangle and permuting the other two, we get a Moebius involu-
tion, I, say. Analogously are defined the other two involutidnand I... | call
them theBrocard reflexions of the triangle. Two of them generate the whole group.
By the well known property of Moebius transformations, we know that all of them
preserve the circumcircle

b
A O
J
K
B
L N
A* C* K* B*
J,

Figure 6. Brocard reflexion

| cite some properties df, that are easy to prove:

(1) On the points of the circumcircle the Brocard reflexiprtoincides with
the corresponding Lemoine reflexion.

(2) 1, leaves invariant each member of the bundle of circles through its fixed
points A and D (D being the intersection of the symmedian from A with
the circumcircle).

(3) I, leaves invariant each member of the bundle of circles that is orthogonal
to the previous one (i.e. the circles which are orthogonal to the symmedian
AD and the circumcircle).

(4) In particularl, leaves invariant the symmedian frafnand maps the sym-
median pointK to the intersection* of the Lemoine axis with that sym-
median.

(5) I, permutes the circles of the bundle generated by the circumcircle and the
Lemoine axis oft. The same happens with the orthogonal bundle to the
previous one, which is the bundle generated by the Apollonian circles of
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(6) I, interchanges the circumcent@rwith the poleA* of the symmedian at
A. It maps also the Brocard axbsonto the circle through the isodynamic
points andA*.

(7) All the circles throughO, ) are mapped by, to lines throughA*. In
particular the Brocard circle is mapped to the Lemoine axis.

(8) The line AB is mapped by, to the circle through4, C, tangent to this
line at A.

(9) I, maps the Brocard pointg, G to the intersection point®*, C* of the
sidesAC' and A B with the Lemoine axis respectively.

We pass now to the Moebius tansformation that recycles the vertices of the tri-
anglet = (ABC). Itis the product of two Brocard reflexiors= I, o I,. Itis of
order three;f3 = 1 and | call it theBrocard rotation. The geometric properties of
this transformation are related to the so calbbdracteristic parallelogram of it.
This is generally defined, for every Moebius transformation (may be degenarated),
as the parallelogram whose vertices are the two fixed points and the pgiesdf
of its inversef~!. A short discussion of this parallelogram will be found§s.
Here are the main properties of our Brocard Rotation.

F(Y

F(F(X))

Figure 7. Brocard rotation

(10) Onthe points of the circumcircteof ¢ the Brocard Rotation coincides with
the corresponding Lemoine rotation.

(11) The characteristic parallelogram jois a rhombus with two angles of mea-
surer /3. The vertices at these angles are the fixed points dfhey also
coincide with the isodynamic points of the triangle. The other vertices of
the parallelogram (anglexr/3) coincide with the inverses of the Brocard
points with respect to the circumcircle.

(12) f leaves invariant every circle of the bundle of circles, generated by the
circumcircle oft and its Brocard circle (circle throuch circumcenter and
Brocard points).



164 P. Pamfilos

(13) All circles of the bundle, which is orthogonal to the previous, pass through
the isodynamic pointy, J' of . Each circlec of this bundle is mapped
to a circled of the same bundle, which makes an angler 6 with c. In
particular the Apollonian circles of the triangle are cyclically permuted by
f.

(14) Every pointX of the plane defines aorbital triangle

s = (X, f(X), f(f(X))),

which shares witht the same isodynamic poinis.J, hence Brocard and
Lemoine axes. Conversely, every triangle whose isodynamic pointg are
andJ’ is an orbital triangle off.

(15) The Brocard points of all the above orbital triangle§ll the two 7/3-
angled arcs/PJ’ and JP'.J’ on the two circles with centers at the poles
P, P’ of f, joining the isodynamic pointg and./.

(16) The orbital triangles, as above, which hav& on the circumcircle of,
are all circumscribed to the Brocard ellipdef t. They are precisely the
only triangles that have and¢ as their circumcircle and Brocard ellipse,
respectively.

(17) The other two points of the orbital triangle of the circumceiteare the
two Brocard points of.

(18) The second Brocard trianghe BoCs is an orbital triangle off.

5. Proofs on Steiner

A convenient method to define the two Steiner ellipses of a triangle, is to use
a projectivity F', that maps the vertices of an equilateral triangle- (A’B'C")
onto the vertices of an arbitrary triangle= (ABC') and the center of onto the
centroid oft. As is well known, prescribing four points and their images, uniquely
determines a projectivity of the plane. Thus the previous conditions uniquely deter-
mine F' (up to permutation of vertices). Let b’ be the circumcircle and incircle,
correspondingly of'. Theirimages: = F'(a') andb = F' (V') are correspondingly
the exterior and interior Steiner ellipsestof

C1

Figure 8. Creating the two Steiner ellipses of a triangle
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From the general properties of projectivities result the main properties of Steiner’s
ellipses of the triangle:

(1) From the invariance of cross-ratio, and the fact thigireserves the mid-
dles of the sides, follows thdt preserves also the line at infinity. Thus,
the images of circles are ellipses.

(2) The same reason implies, that the tangent to the outer ellipse at the vertex
is parallel to the opposite side of the triangle.

(3) The same reason implies, that the centers of the two ellipses coincide with
G and the ellipses are homothetic with ratio 2, with respect to that point.

(4) The invariance of cross-ratio implies also, that 8ener involution, de-
fined as the projectivity that fixed and permutes3, C, coincides (on
points of the conic) with the conjugatioki — Y, whereXY is parallel to
a. It leaves the line at infinity fixed and coincides with the isotomic conju-
gation with respect to the median from The median being a conjugate
direction toa with respect to the conic.

(5) The Fregier point of the involutioh, is the point at infinity of linex = BC
and the line of fixed points of, is the median fromA.

Theisotomic rotation is the projectivityf = I, o I,. One sees immediately that

it has order three;f> = 1, that preserves the conic and cycles the vertices of the
triangle. Besides it fixes the centroid and cycles the middles of the sides. All
the statements @2, about orbital triangles, follow immediately from the previous
facts and the property gf, to be conjugate, vid&', to a rotation by2x/3 aboutG.

For the statement on the particular orbital triangle of the circumcentef ¢, it
suffices to do an easy calculation with trilinears. Actually the Euler line passes also
through the symmetri®’ of O with respect ta=, which is one of the intersection
points of the two conics of the figure below.

Figure 9. Circumcenters of orbital triangles
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One of the conics is the member of the conics-family passing thréugihe
other ellipse has the same axes with the previous one and is the locus of the cir-
cumcenters of orbital triangles = (X, f(X), f2(X)), for X on the outer Steiner
ellipse. O’ is the circumcenter of the triangte= (A’ B’C") which is symmetric
to ¢ with respect ta5.

6. Proofs on Lemoine

A convenient method to define the Brocard ellipse of a triangle, is to use a pro-
jectivity F', that maps the vertices of an equilateral trianfle- (A’B’C’) onto
the vertices of an arbitrary triangle= (ABC') and the center of onto the sym-
median point oft. These conditions uniquely determif&(up to permutation of
vertices).

Figure 10. Creating the Brocard ellipse of a triangle

F maps the incircle of’ to the Brocard ellipse of and the circumcircle of
to the circumcircle ot. To see the later, notice that preserves the cross ratio of
a bundle of four lines through a point. Now the tangent at A’, the two sides
A'B’, A’C" and the median of from A’ form a harmonic bundle. The same is true
for the tangent of at A the two sidesAB, AC' and the symmedian from. Thus
F maps the tangent af at A’ to the tangent of at A, and analogous properties
hold for the other vertices. This forces the circumcirclet ¢ coincide with the
image, underF, of the circumcircle off. The other statement, on the Brocard
ellipse, follows from the fact, that this ellipse is characterized as the unique conic
tangent to the sides of the triangle at the traces of the symmedians from the opposite
vertices. The main properties of themoine reflexion I, result from the fact that
it is conjugate, viaF', to the reflexion off with respect to its median from’.
Thus the line of fixed points of, coincides with the symmedian from. The
intersection pointd* of the line BC' with the tangent a#d is the image, viaF’,
of the point at infinity of the lineB’C’. Analogous properties hold for the points
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B* andC*. Since these points are known to be on the Lemoine axis, this implies
that the line at infinity is mapped, vi&, to the Lemoine axis of the triangle. All
the lines througM* remain invariant undef,, hence this point coincides with the
Fregier point of the involution.

Figure 11. Orbital triangles

TheLemoine rotation is the projectivityf = I, o I,,, of order threef = 1, that
preserves the circumcircle and cycles the vertices of the triangle. Besides it fixes
the symmedian poink of the triangle and cycles the symmedialfiss conjugate,
via F, to a rotation by27/3 aboutK’. f leaves invariant the family of conics
generated by the circumcircle and the Brocard ellipse. This family is the image,
under F', of the bundle of concentric circles aboit. In particular the line at
infinity is mapped onto the Lemoine axis gf which is also invariant undef.

The conics of the family, left invariant by, are all symmetric with respect to the
Brocard diameteb. Besides all orbital triangles = (A = X, B = f(X),C =
f(f(X))) of f have the property shown in the above figure.

In this figure the pointd* is the intersection point oBC and the tangent at
of the conic-family member passing through A. Analogously are defj##dnd
C*. The three points lie on the Lemoine aXi®f ¢t and are cyclically permuted by
f. The proof is a repetition of the argument on harmonic bundles at the beginning
of the paragraph. This has though a nice consequence. Fifsis ibn the Brocard
diametem of t, which is the symmetry axis of all the conics of the invariant family,
then the coresponding orbital triangids symmetric. Besides the line$B and
AC pass through two fixed points* and B* of L respectively. In fact, in that case,
the tangent atl meetsL at its point at infinity. Consequently the corresponding
BC'is parallel toL ands is isosceles. In addition, singecycles the corresponding
points A*, B*, C*, the two last points are the image of the point at infinity/of
underf and its image respectively. Thus they are independent of the positidn of
onb.
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Figure 12. The orbit of the point at infinity of L

Figure 13. Focal points of the conics

Below B*, C* will be identified with the inverses of the Brocard pointstof
with respect to the circumcircle. Notice that the Brocard points are the focal
points of the Brocard ellipse and they lie on the Brocard circle with diantefér
It is well known, that in general the focal points of a family of conics lie on cer-
tain cubics. For a reference, see our paper with Apostolos Thoma [2], where we
investigated such cubics from a geometric point of view. In the present case the
family consists of conics that are symmetric with respect to the Brocard axis and
the cubic must be reducible and equal to the product of a circle and a line. In fact
a calculation shows that the cubic is the union of the Brocard cirlce and the Bro-
card axis. All pointsX inside the circumcircle of define family members whose
focal points are on the Brocard circle. All points outside the circumcircle of
define family members whose focal points are on the Brocard axisXRa@rying
on b there are two positions, where the legs of the orbital isosceli contain the foci
of the corresponding conic-member throudh One of these points is the center
O of the circumcircle. Notice that the family of conics is generated also from the
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Lemoine axis (squared) and the circumcircle. This representation makes simpler
the computations of a proof of the last statement§3yfon the orbital triangle of

the circumcenter. Another geometric proof of this fact may be derived from the
arguments of the two next paragraphs.

7. Proofson Brocard

Figure 14. The isodynamic bundles of the triangle

In contrast to projectivities that need four, Moebius transformations are deter-
mined completely by three pairs of points. Imitating the procedures of the previ-
ous paragraphs, we define the Moebius transformakidhat sends the vertices
of an equilateral triangl¢ = (A’B’C’) to the vertices of an arbitrary triangle
t = (ABC). Since Moebius transformations, preserve the set of circles and lines,
the circumcircle of’ is mapped on the circumcircle of Moreover the bundle of
concentric circles to the circumcircle éfmaps to the bundI& of circles gener-
ated by the circumcircle of and its Lemoine axis. Below | call the Brocard
bundle of t. This is a hyperbolic bundle with focal (or limiting) points coincid-
ing with the isodynamic pointd, J' of t. SinceF is conformal it maps the lines
from O’ to the circle bundle that is orthogonal to the previous one. All circles of
this bundle pass through the isodynamic points. All these facts result immediately
from the fact that the altitudes @f map onto the corresponding Apollonian cir-
cles oft. This in turn follows from the invariance of the complex cross ratio, by
considering the cross ratio of the vertice$BCD) = (AB'C'D’') = 1. D on
the circumcircle is uniquely determined by this condition and coincides with the
trace of the symmedian from. The conformality of Moebius transforms implies
also that the Apollonian circles meet.afat angles equal ta/3. Below | call the
bundleX of circles through/, .J' the Apollonian bundle of . Now to the proofs of
the statements if4.

The first statement (1) is a general fact on Moebius transformations preserving a
circle c. Given three pairs of points anthere is a unique Moebiusand a unique
projectivity f’ preservingc and corresponding the points of the pairs.and f
coincide on pointsX € c. In fact, taking cross ratiof4 BC' X) in complex or by
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projecting the points on a line, from a fixed poiat,c ¢ say, gives the same result.
The same is true for the imaged’ B’C' X’) under both transformations, thus the
images ofX underf and f’ coincide.

A’

Figure 15. Thd invariant bundles

The next two statements (2,3) follow immediately from the fact thas con-
jugate, viaF, to the Moebius transformatiofj fixing A’, D’ and mappingB’ to
C’. A short calculation shows thd}f preserves the circles passing throughD’
and also preserves the circles of the orthogonal bundle to the previous one. These
two I/ -invariant bundles, map undét to the correspondind,-invariant bundles
of the statements. The previous argument shows also that the bundle of concentric
circles atO’ is permuted byl!, consequently the same is true for the bundle of
lines throughO’. But these two bundles map undgrto the main bundles of our
configuration, the Brocar®l and the Apolloniar®> correspondingly. This proves
also statement (4).

Next statement (5) follows from the invariance of cross ratio, alongithe
invariant symmedian from A, and the fact that the Lemoine axis is the polar of
the symmedian point with respect to the circumcircle. A consequence of this, tak-
ing into account thal, permutes the Brocard bundle, is that the Brocard circle of
t maps vial, to the Lemoine axis.

From the previous considerations, on the Brocard and Apollonian bundles, fol-
lows that, does the following: (a) It interchange&s, P, (b) sends (the pro-
jection of the circumcenter on the symmedian) at the point at infinity, (c) maps
the circles with center ap to circles with the same property, (d) maps the lines



On some actions ab3 on a triangle 171

Figure 16. I, on Brocard points

through@ to their symetrics’ with respect toPQ (or the symmedian atl). As

a consequencé, maps the lineQ B* to the lineQC* and pointsG, F' onto C*,

B* correspondingly. Consider now the image of lid& via [,. By the properties
just described, pointgl, B, C* are mapped ontdl, C, G correspondingly. Also
the point at infinity is mapped ont@, thus the line maps to a cirche passing
through the point§ 4, Q, C, G). It is trivial to show that the circle through the
points (A, @, C) is tangent to lineAB at A. This identifiesG with one of the
two Brocard points of. Statements (6-10) follow immediately from the previous
remarks. Before to proceed to the proofs of the remaining statemefys let us
review some facts about the characteristic parallelograms of Moebius transforma-
tions.

8. Characteristic parallelogram

For proofs of properties of Moebius transformations and their characteristic par-
allelogram | refer to Schwerdtfenger [3]. The characteristic parallelogram of a
Moebius transformatiory has one pair of opposite vertices coinciding with the
fixed points of f, the other pair of vertices coinciding with the poles fofand
f~! respectively. The parallelogram can be degenerated or have infinite sides. It
characterizes completelf, when we know which vertices are the fixed points and
which are the poles. In the image beldw £ are the fixed points of’, P is
its pole andF’ is the pole off~!. TriangleszF P, Fz' P’ andzz'F' are similar
in that orientation. This defines the recipe by which we construct geometrically
2= f(2).

Moebius transformationg permute the bundI& of circles which pass through
their fixed pointsF', F'. Each circlea of X is mapped to a circle’ of the same
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Figure 17. Building the image’ = f(z)

bundle, such that the angle Atis the same with the angle of the characteristic
parallelogram at the pol#. In some sense the circles bf are rotated about
the fixed points off. The picture is complemented by the bundle which is
orthogonal to the previous one. This is also permuted by

Figure 18. Characteristic bundles of a Moebius transformation

Thedlliptic Moebius transformations are characterized by their property to leave
invariant a circle. The circle then belongs to the bundlewhose all members
remain also invariant by. In fact, in that cas¢g is conjugate to a rotation, and by
this conjugation the two bundles correspond to the set of concentric circles about
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the rotation-centerX() and the set of lines through the rotation-centgj. ( In
addition the parallelogram is then a rhombus.

Now to the proofs of the properties of Brocard rotatighsf §4, preserving the
notations introduced there. Since these transformations preserve the circumcircle
of the trianglet, they are elliptic. Since they are conjugate, via the g Rota-
tions by27 /3, their characteristic parallelogram is a rhombus with an angle (at the
pole) equal t@7/3. From the properties of' we know that the fixed points of
coincide with the isodynamic points of the triangle and the Apollonian circles are
members of the bundlE, permuted byf. The Lemoine axis, being axis of symme-
try of the isodynamic points, contains the other vertices of the rhombus. The other
bundleX’, of circles left invariant byf, coincides with the bundle generated by the
circumcircle and the Lemoine axis. Later bundle contains the Brocard circle. The
statement on orbital triangles follows from the corresponding property of Lemoine
rotations, since the two maps coincide on the circumcircle.

Figure 19. Projections of Brocard points on Lemoine axis

The fact that the circumcent&?, together with the two Brocard points, G
build an orbital triangle off, follows now easily from the fact that = £ o I,.

In fact, from our discussion, on Brocard reflexions, we know thanaps the
circumcenter ontad*, the intersection of side = BC' with the Lemoine axis.
ThenlIy, as shown there, maps to one Brocard point. A similar argument proves
that applying agairf we get the other Brocard point. Analogously one proves that
the second Brocard triangle is also an orbital trianglef ofAll the statements
(10-19) follow from the previous remarks.

Especially the statement about the fact tRaf” are the projections, from the
circumcenterO, of the Brocard points, on the Lemoine axis, follows also easily
from our arguments. In fact, the equibrocardian isosceles triangie (ABC)
of the previous picture, is also an orbital triangle of the corresponding Lemoine
rotation. From there we know that its legs pass through the fixed p&ints*.
These points are identified as the images of the point at infinity of the Lemoine axis
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under the Lemoine Rotation. But this rotation coincides also with the Brocard ro-
tation on that axis. This identifieB, ' with the other vertices of the characteristic
parallelogram.

9. Remarks

(1) For every pointP of the triangle’s plane (e.g. some triangle center), one can
define a projectivityF’ analogous to the one used in the two examples and estab-
lishing the conjugacy of the grou@ with the dihedralD;. The projectivity F' is
required to map the vertices of the equilateral triangle to the vertices of the arbitrary
trianglet. In addition, it is required to map the centErof the equilateral to the
selected poin’. These conditions completely determifieand there are several
phenomena, generalizing the previous examples. The bundle of circles centered at
P’ maps to a family: of conics. One of these coniasge X, circumcscribes, one
other being inscribed and touching the triangle’s side at the feet of the cevians from
P. One can define analogously the action/gf preservinge and permutting the
vertices of the triangle. The properties of this action, reflect naturally properties of
the pointP with respect to triangle. The action leaves invariant the whole family
3.

Figure 20. The limit points of the conics-family

Also, using essentially the same arguments as in the examples, one can show,

that the line at infinity maps vi#' to thetrilinear polar of P. The trilinear polar

being then a singular member (double lifepf >. Besides all orbital triangles

t = (ABC) which have a sideBC say, parallel to this line, have the other two
sides passing through two fixed point8, B* of L, whereas the tangent to the
member-conia: circumscribing the triangle at the other poiatof the triangle is

also parallel tal.. The lineb = P A, passes through the middd of B*C* and is

the conjugate direction th, with respect to every conic of the family. In this case
also the corresponding projective rotatigrrecycles pointsB*, C* and the point
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at infinity of line L.

(2) The dataL, P and the location of point&*, C* on L uniguely determine the
invariant family of conics: and the related orbital triangles. In fact, onge C*
are known, the line\/ P, where M is the middle of B*, C*, is conjugate to the
direction of L, with respect to all the conics df. A point A on this line can
be determined, so that a special orbital triangl8C can be constructed from
the previous data. In fact, poif®’ on AB* satisfies the condition that the four
points (ACB’B*) = 1, form a harmonic ratio. A trianglel BC' is immediately
constructed, so tha®B* and BB’ are its bisectors an8C is parallel toL. Con-
sequently the projectivity’ can be defined, and from this the whole family is also
constructed.

Figure 21. Special orbital triangle determined fréh, C*, P

(3) The previous considerations give a nice description of the set of triangles
having a given linel and a given poinf® ¢ L as their trilinear polar with respect
to P. They are orbital triangles of actions of the previous kind and they fall into
families. Each family is characterized by the location of its limit poiBRtsC* on
L.
(4) An easy calculation shows that the focal points of the membe¥sa#scribe
a singular cubic, self-intersecting & Besides the asymptotic line of this cu-
bic coincides withb. When P is the Symmedian-point, the corresponding cubic
coincides with the reducible one, consting of the Brocard circle and the Brocard
line.
(5) Inscribed conics and corresponding actionsipf permutting their contact
points with the sides of the triangle, could be also considered. They offer though
nothing new, since they are equivalent to actions of the previous kind.
(6) In all the above groups of projectivities, the rotations are identical to the pro-
jectivities fixing the pointP and cycling the vertices. One could start from such
a projectivity and show the existence and invariance of the resepective family of
conics. | prefer however the variant with the circumconics which introduces them
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Figure 22. The focal cubic of the invariant family

into the play right from the beginning.

(7) The Brocard action is a singularium. It does not fit completely into the frame-
work of circumconics and projectivities. As we have seen however, it has a close
relationship to the Lemoine dihedral group. On Brocard Geometry there is an al-
ternative exposition by John Conway [4], described in a letter to Hyacinthos .

(8) Finally a comment on the many figures used. They are producedBuith
cliDraw. This is a program, developed at the University of Crete, that does quickly
the job of drawing interesting figures. It has many tools that do complicated jobs,
reflecting the fact that it uses a conceptual granularity a bit wider than the very
basic axioms. | am quite involved in its development and hope that other geome-
ters will find it interesting, since it does quickly its job (sometimes even correctly),
and new tools are continuously added. The program can be downloaded and tested
from www.euclidraw.com.
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Generalized Mandart Conics

Bernard Gibert

Abstract. We consider interesting conics associated with the configuration of
three points on the perpendiculars from a pdihto the sidelines of a given
triangle ABC, all equidistant fromP. This generalizes the work of H. Mandart

in 1894.

1. Mandart triangles

Let ABC be a given triangle and’ B'C" its medial triangle. Denote b, R,
r the area, the circumradius, the inradiusAdBC'. For anyt € RU {co}, consider
the pointsF,, P, P. on the perpendicular bisectors B{”, C A, AB such that the
signed distances verify P, = B’ P, = C'P. = t with the following convention:
fort > 0, P, lies in the half-plane bounded hyC which does not containl.
We call T; = P, P, P, thet-Mandart triangle with respect toABC'. H. Mandart
has studied in detail these triangles and associated conics ([5, 6]). We begin a
modernized review with supplementary results, and identify the triangle centers in
the notations of [4]. In the second part of this paper, we generalize the Mandart
triangles and conics.

The vertices of the Mandart trianglg;, in homogeneous barycentric coordi-
nates, are

P, =—ta®:aA +tSc : al +tSg,
Py =bA +tSc : —tb? : bA + Sy,
P.=cA+1tSp:cA +1tSy: —tc?,

where

b? + 2 —a? 2 +a®—b? a® +b% — 2
SA: 2 ) SB: 2 ) Cc = 2

Proposition 1 ([6, §2]). Thepoints P,, P,, P. arecollinear if and only if * 4+ Rt +

%Rr =0,i.e,

_ REVR?-2Rr R#+O0I

B 2 2
The two lines containing those collinear points are the parallels at Xjo (Spieker
center) to the asymptotes of the Feuerbach hyperbola.

t
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In other words, there are exactly two sets of collinear points on the perpendic-
ular bisectors ofA BC situated at the same (signed) distance from the sidelines of
ABC. See Figure 1.

Figure 1. Collinear”,, Py, P.

Proposition 2. Thetriangles ABC' and P, P, P, are perspective if and only if
(1)t =0: P,P,P, isthe medial triangle, or

2t =-r. P, Py, P. arethe projections of the incenter I/ = X; on the perpen-
dicular bisectors.

In the latter caseP,, Py, P. obviously lie on the circle with diametdiO. The
two triangles are indirectly similar and their perspectakiqNagel point).

Remark. For anyt, the triangleQ,Q,Q. bounded by the parallels &, P, P. to
the sidelinesBC, C' A, AB is homothetic af (incenter) toABC.

Proposition 3. The Mandart triangle T, and the medial triangle A’ B’C” have the
same area if and only if either :

(1) t = 0: T; isthe medial triangle,

A t=-R,

(3) tissolution of: 2 + Rt + Rr = 0.
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This equation has two distinct (real) solutions wher> 4r, hence there are
three Mandart triangles, distinct af B’C’, having the same area d5B'C’. See
Figure 2. In the very particular situatioR = 4r, the equation gives the unique

Figure 2. Three equal area triangles when> 4r

solutiont = —2r = —% and we find only two such triangles. See Figure 3.

Figure 3. Only two equal area triangles wh&n= 4r

Proposition 4 ([5, §1]). Ast varies, theline B, P, envelopes a parabola 7, .

The paraboldP, is tangent to the perpendicular bisectorsA®B and AC, to
the line B’C’ and to the two lines met in proposition 1 above. Its foéyss the
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projection of O on the bisectordl. Its directrix ¢, is the bisectord’ X, of the
medial triangle. See Figure 4.

Figure 4. The parabol®,

Similarly, the linesP.P, and P, P, envelope parabolaB, and P, respectively.

From this, we note the following.

() The foci of P,, Py, P. lie on the circle with diameteD1.

(ii) The directrices concur aXj.

(iii) The axes concur ab.

(iv) The contacts of the line#) P., P.P,, P, P, with P,, P, P. respectively are
collinear. See Figure 5.

These three parabolas are generally not in the same pencil of conics since their
jacobian is the union of the perpendicular(@tto the line I X;o and the circle
centered afX7, having the same radius as the Fuhrmann circle: the polar lines of
any point on this circle in the parabolas concur on the line and conversely.

2. Mandart conics

Proposition 5 ([6, §7]). The Mandart triangle T; and the medial triangle are
perspective at O. Ast varies, the perspectrix envelopes the parabola 7, with
focus X124 and directrix X3.X1g.
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Figure 5. The three parabol@s, Py, P.

We call Py, the Mandart parabola. It has equation
2

2 G—bte—a)

cyclic

Triangle ABC' is clearly self-polar with respect tB,,. The directrix is the line
X3X10 and the focus is(124. Py is inscribed in the medial triangle with perspec-
tor

Xiug=((b—c)?b+c—a)?:---:---),
the center of the circum-hyperbola passing throggand X5 with respect to this
triangle. The contacts 6%, with the sidelines of the medial triangle lie on the per-

pendiculars dropped from, B, C to the directrixX5 X1g. Py is the complement
of the inscribed parabola with focus o9 and directrix the lind H. See Figure 6.

Proposition 6 ([5, 2, p.551]) The Mandart triangle T; and ABC' are orthologic.
The perpendiculars from A, B, C to the corresponding sidelines of R, P, P, are

concurrent at
a
o ().

Ast varies, the locus of (), isthe Feuerbach hyperbola.
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Figure 6. The Mandart parabola

Remark. The trianglesA’ B'C’ andT; are also orthologic af;, the complement

of Qt-

Denote byA; B;C; the extouch triangle (see [3, p.158.9]), i.e, the cevian
triangle of Xg (Nagel point) or equivalently the pedal triangle &f, (reflection
of I in O). The circumcircleCy; of A;B;C1 is calledMandart circle. Cy, is
therefore the pedal circle ofyy and Xg4 (isogonal conjugate akyg), the cevian
circumcircle of Xig9 (cyclocevian conjugate akg). C;s contains the Feuerbach
point X11. Its center isXy5s, intersection of the lines; X194 and XgX49. The
second intersection with the incircle l§ 364 and the second intersection with the
nine-point circle is the complement &f34. See Figure 7. Thilandart ellipse &y,
(see [6353,4]) is the inscribed ellipse with cent&h (Mittenpunkt) and perspector
Xg. It containsA;, By, C1, X11 and its axes are parallel to the asymptotes of the
Feuerbach hyperbola. See Figure 7.

The equation of) is:

Z(c+a—b)2(a+b—c)2x2—2(b+c—a)2(c+a—b)(a+b—c)yz:0

cyclic
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Figure 7. The Mandart circle and the Mandart ellipse

From this, we see that,, is the Joachimsthal circle ofy, with respect taf,,:
the four normals drawn fronXy, to £, pass throughi,, By, C; and

F'=((b+c—a)((b—ec?+ab+ec—2a)%::---),

the reflectionXy; in Xg.*

The radical axis of,; and the nine-point circle is the tangentXgt to £, and
also the polar line of5 in Py;. The projection ofXy on this tangent is the point
X364 We met above. Henc€,,, the nine-point circle and the circle with diameter
X9X11 belong to the same pencil of (coaxal) circles {§3,9]).

The radical axis of; and the incircle is the polar line of;g in Py,.

Proposition 7. [6, §§1,2] The Mandart triangle T; and the extouch triangle are
orthologic. The perpendiculars drawn from A;, By, C; to the corresponding
sidelines of T, = P,P,P. are concurrent at S. Ast varies, the locus of S is
the rectangular hyperbola H,; passing through the traces of Xg and Xq99 =

We call’H;; the Mandart hyperbola. It has equation
Z(b—c) [(c+a—b)(a+b—c)az? + (b+c—a)yz] =0

cyclic

IThis point is not in the current edition of [4].
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and contains the triangle centeks, Xo, X40, X72, Xj44, X1145, F/, and F”
antipode ofX1; on Cy,. Its asymptotes are parallel to those of the Feuerbach
hyperbola.H, is the Apollonian hyperbola oX), with respect t&,. See Figure

Mandart

\ AN
Mandart>
hyperbola "«

Figure 8. The Mandart hyperbola

3. Locus of sometriangle centersin the Mandart triangles

We now examine the locus of some triangle centerSot= P, P, P. whent
varies. We shall consider the centroid, circumcenter, orthocenter, and Lemoine
point.

Proposition 8. The locus of the centroid of T} isthe parallel at G to theline O1.

Proposition 9. The locus of the circumcenter of T; is the rectangular hyperbola
passing through X, X5, X10, Xo1 (Schiffler point) and X 3g5. 2

The equation of the hyperbola is

Z (b—c) [be(b+ c)a* + a(b® + ¢ — a® + 3bc)yz] = 0.

cyclic

2X 1355 is the midpoint ofO1.
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It has centerX7125 (Midpoint of I X7y) and asymptotes parallel to those of the
Feuerbach hyperbola.

The locus of the orthocenter &; is a nodal cubic with nodeX;, passing
throughO, Xi3s5, meeting the line at infinity aks,7 and the infinite points of
the Feuerbach hyperbola. The line through the orthocenters effamdart trian-
gle and thg —¢)-Mandart triangle passes through a fixed point.

The locus of the Lemoine point @f; is another nodal cubic with nodg.

4. Generalized Mandart conics

Most of the results above can be generalized whgis replaced by any point
M on the Lucas cubic, the isotomic cubic with piv&§g. The cevian triangle
of such a point)/ is the pedal triangle of a poin¥ on the Darboux cubic, the
isogonal cubic with pivot the de Longchamps palat. 3

For example, with\/ = Xg, we find N = Xy andM’' = X; = I.

Denote byM, MM, the cevian triangle of\f (on the Lucas cubic) and the
pedal triangle ofV (on the Darboux cubic)/V* is the isogonal conjugate af
also on the Darboux cubic. We now consider
— vum, inscribed conic inABC with perspectorM and centewy,,, which is the
complement of the isotomic conjugate &f. It lies on the Thomson cubic and on
the line K M’ (K = Xg is the Lemoine point),

—TI"as, circumcircle of M, M, M, with centerQ;;, midpoint of N N*. I, is obvi-
ously the pedal circle oV and N* and also the cevian circle @f°, cyclocevian
conjugate ofM (see [3, p.226§8.12]). M® is a point on the Lucas cubic since this
cubic is invariant under cyclocevian conjugation.

Sincey,s andI'y; have already three points in common, they must have a fourth
(always real) common poinf. Finally, denote byZ the reflection ofZ in wy,.
See Figure 9.

Table 1 gives examples for several known cenféren the Lucas cubit. Those
marked with« are indicated in Table 2; those marked withre too complicated to
give here.

Table 1
M X3 Xa X4 X7 X2 | Xeo | Xiso | Xosz | X329 | X032 | Xi034
N Xao X3 X4 X1 X1498 Xoo Xs4 Xe4 X1490 * *
M’ X1 XQ X3 X9 X4 X6 X223 X1249 X57 * *
N* Xz X4 X3 X1 * Xea | Xao X20 * X408 | X1400

M° || Xigo | Xu Xa X7 | Xio32 | Xosz | X Xeo | X1oza | Xoo | X320
W Xy Xo Xe X1 X249 | X3 Xs7 X4 Xoo3 | Xio73 | Xos2

Qur || Xuss | Xs X5 X1 ? ? X158 ? ? ? ?
4 X1 | Xus | Xies | X1 X122 | Xi2s * X122 * ? *
A * * * X1317 * * * * * ? *

31t is also known that the complement df is a pointd’ on the the Thomson cubic, the isogonall
cubic with pivotG = X, the centroid.

“Two isotomic conjugates on the Lucas cubic are associated to the samé& pwithe nine-point
circle.



186

Table 2
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| Triangle center | First barycentric coordinate

7' (X3) (b+c—a)(2a® —a(b+c) — (b—c)?)*
( ) (2&2 _ b2 . C2)2
/( ) (2a2—§i—02)2
Z'(X20) ((3a* —2a*(b* + 2) — (b — &2)?)
(2a® — a®(B* + ¢*) — 5a* (b? — )% + 5a%(b® — A)*(b? + 2)
_(b2 _ 02)2(b4 +6b202 +C4))2
Z'(Xe9) Sa2a” —a*(b® + %) — (b° — *)?)?
Z(X1s9) b- 0)2(26 +c— a)Q(a?’zj a’(b+c)—ab+c)* —(b+c)(b—c)?
Z'(X1s9) a3+a2((2b{fl»c)jg)(-'b—i)c)2(}:(lflc))(bfc)z
7 (Xas3) B e
Z(X329) (b—c)b+c—a)(a®+a*(b+c)—alb+c)* —(b+c)(b—c)?
7' (X329) (a®+a*(b+c)—alb+c)> — (b+c)(b—c)?)
(2a° — a*(b+¢) —4a®(b — ¢)® 4+ 2a*(b — ¢)* (b + ¢)
+2a(b—c)*(b? + ) — (b—c)?(b + ¢)?)?
N*(Xa20) 1/(a® — 4a®(b* + ¢*) + 2a™ (36" — 2b%c* + 3¢7)
4a2(b2 _ CQ)Q(bQ +02) + (b2 _ 02)2(b4 +6b202 +C4))
N™(X329) a/(a® —2a®(b+c) —a*(b+c)? +4a°(b+ c) (b — be + &)
—a?(b> = )% = 2a(b+c)(b—)2(b* + ) + (b—c)*(b+ )
N(Xi032) 1/(a® — 4a®(b* + ¢*) + 2a™ (36" — 2b%c* + 3¢Y)
4a2(b2 _ CQ)Q(bQ +02) + (b2 _ 02)2(b4 +6b202 +C4))
M’ (X1032) (a*(a® — 4a®(d* + %) + 2a"(3b* — 2b°c® + 3¢7)
4a2(b2 _ CQ)Q(bQ +02) + (b2 _ 02)2(b4 +6b202 +C4))/
(3a™ —2a*(b* + %) — (b* — ¢%)?)
N(X1034) a/(a® —2a°(b+c) —a*(b+c)® +4a®(b + )(bechch)
—a’(b” — c)” —2a(b—c)’(b+c)(b” + ) + (b—)*(b+c)?)
M’ (X1034) a(a® —2a°(b+c) —a’(b+ ) +4a®(b+ )(bszc+cz)
—a?(b® = *)? = 2a(b—c)}(b+ )V + ¢ ) +(b=c)b+o)?)/
(a®+a?(b+c)—ab+c)?> — (b+c)(b—c)?)
Z(X1034) (b—c)*(b+c—a)(a®+a (b +c)—alb+c)?—(b+ c)(b —c)?)?
(a® =2a°(b+¢) — a*(b+¢)* + 4a®* (b + c)(b2 —be+c?)
0 = )P 2l = 0+ O + ) + (0= (b +0)")
Z'(X1034) (b+cfa)(2a5fa4(b+c) 4a® (bfc) +2a (bfc) b+ )
+20(b = (7 + %) = (1 = )1 (= 200+ ) — a0 o)
+4a®(b + ¢)(b? — be + ) — a®(b* — c2)? 2a(b—c) (b+c)(d* + )
+(b—c)?(b+9)"
M’ (X1034) a(a® —2a°(b+c) —a®*(b+¢c)* +4a>(b + ¢)(b* — bc + ¢7)
—a?(b® — )% = 2a(b— )’ (b+ ) (B> + ) + (b—c)*(b+ )Y/
(@®+a*(b+c)—alb+c)? —(b+c)(b—c)?)
Z(X1034) (b—c)b+c—a)a®+a*(b+c)—alb+c)* —(b+ c)(b —c)?)?
(a® —=2a5(b+¢c) —a'(b+¢)? + 4a®(b+ c)(b? — bc + ¢?)
—a?(b® — A)? —2a(b— )*(b+ ) (b + ) + (b—c)*(b+)*))
Z"(X1034) b+c— a)(2a5 —a'(b+c)—4a3(b—c)® + 2a (b —c)*(b+c¢)
—|—2a(b —¢)? (b2 +c2) - (b2 —cA*?)/(a® —2a°(b+¢) —a*(b+¢)?
+4a®(b + )( —bc+c ) a?(b* — 2)?
—2a(b—c)?(b+¢)(b” + ) + (b—c)?*(b+c)*)
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Proposition 10. Z isa point on the nine-point circle and Z isthe foot of the fourth
normal drawn from N to vy

Proof. The linesN M,, NM,, N M, are indeed already three such normals hence
T"ps is the Joachimsthal circle df with respect toy,,. This yields thaf"y; must
pass through the reflection imy,; of the foot of the fourth normal. See Figure
9. O

Lucas cubic

Figure 9. The generalized Mandart circle and conic

Remark. Z also lies on the cevian circumcircle 8f# isotomic conjugate of\/
and on the inscribed conic with perspecida? and centef\/’.

Proposition 11. The points M,,, My, M., M, N, wy; and Z’ lie on a same rectan-
gular hyperbola whose asymptotes are parallel to the axes of .

Proof. This hyperbola is the Apollonian hyperbola 8fwith respect toy,. O

Proposition 12. The rectangular hyperbola passing through A, B, C, H and M
is centered at Z. It also contains M, N*, wy; and M#. |ts asymptotes are also
parallel to the axes of ;.

Remark. This hyperbola is the isogonal transform of the liné’ and the isotomic
transform of the lineXgy M.
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5. Generalized Mandart triangles

We now replace the circumcentér by any finite pointP = (u : v : w) not
lying on one sideline ofABC' and we still callA B’C” its pedal triangle. For
t € RU {0}, considerR,, B, P, defined as follows: draw three parallelsiBd,
CA, AB at the (signed) distancewith the conventions at the beginning of the
paper.P,, Py, P, are the projections aP on these parallels. See Figure 10.

Figure 10. Generalized Mandart triangle

In homogeneous barycentric coordinates, these are the points

S 2 S 2
Pa:_agt:2A'M+tGSCIQA’M+tGSB,
u+v+w u+v+w
S, b2 S b2
P, =2A . 2CY O L G i an . 2AVTTW L g
u+v+w u+v+w
S 2 S 2
PC:2A-M+tcSB:2A-M+tCSA:—cgt.
u+v+w u+v+w

The triangleTy(P) = P, P, P. is calledt—Mandart triangle ofP.

Proposition 13. For any P distinct from the incenter I, there are always two sets
of collinear points P,, P,, P.. Thetwo lines £, and £, containing the points are
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parallel to the asymptotes of the hyperbola which is the isogonal conjugate of the
parallel to I P at X4°. They meet at the point :

(a((b+ c)bcu + cScv + bSpw) -+ -+ ).
They are perpendicular if and only if P lieson O1.

Proof. P,, P, P. are collinear if and only if is solution of the equation :

abe(a + b+ e)t* 4+ 2A &1 (u, v, w) t + 4A% By (u, v, w) = 0 (@)
where
D4 (u, v, w) = Z be(b+c)u and Po(u,v,w) = Z a*vw.
cyclic cyclic

We notice thai®, (u, v, w) = 0 if and only if P lies on the polar line of in the
circumcircle andb, (u, v, w) = 0 if and only if P lies on the circumcircle.

The discriminant of (1) is non-negative for &land null if and only if? = 1. In
this latter case, the poinf3,, P,, P. are “collinear” if and only if they all coincide
with 1.

Considering nowP # I, (1) always has two (real) solutions. O

Figure 11 shows the cade = H with two (non-perpendicular) lines secant at
Xg5 orthocenter of the intouch triangle.

Figure 11. Collinea?,, Py, P. with P = H

Figure 12 shows the cade = X, with two perpendicular lines secant &t
and parallel to the asymptotes of the Feuerbach hyperbola.

WhenP is a point on the circumcircle, equation (1) has a solutien0 and one
of the two lines, say’y, is the Simson line of: the triangleA’ B'C’ degenerates

5X40 is the reflection off in O.
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Figure 12. Collineal,, P», P. with P = X4

into this Simson line. £; and £ meet on the ellipse centered Aj, passing
through X3, the midpoints ofA BC and the feet of the cevians &k. This ellipse
is the complement of the circum-ellipse centered ahd has equation :

Z(a+b—c)(a—b+c)x2—2a(b+c—a)yz:O.

cyclic

Figure 13 shows the cage = Xjq4 With two lines secant ak;, one of them
being the Simson line ak;y4.

Following equation (1) again, we observe that, wheiies on the polar line
of I in the circumcircle, we find to opposite values forthe two corresponding
points P, are symmetric with respect to the sidelii®”, B, and P, similarly.
The most interesting situation is obtained with= X3¢ (inversive image of in
the circumcircle) since we find two perpendicular lingsand Lo, parallel to the
asymptotes of the Feuerbach hyperbola, intersecting at the midpakat &f°.
See Figure 14.

Construction ofZ; and £ : the line IP 7 meets the circumcircle a; and
Ss. The parallels aP to O5; andOS; meetOI atT; andT,. The homotheties
with centerl which mapO to 77 andT; also map the triangld BC to the triangles
A1B1C; andA,B>C,. The perpendicular® A’, PB’, PC’ at P to the sidelines of
ABC meet the corresponding sidelines4fB;Cy and A, BoC, at the requested
points.

640 is the isogonal conjugate s6.
We suppose # P.
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Feuerbach

hyperbola

Figure 14. Collineal,, Py, P. with P = X3¢
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Proposition 14. The triangles ABC and P, P, P. are perspective if and only if &
is solution of :

Uy (u, v, w)t* + Uy (u,v,w)t + Vo(u,v,w) =0 2
where :
Uy (u,v,w) = — %abc(a +b+c)(u+v+w)? Z (b—c)(b+c—a)Sau,
cyclic
Uy (u, v, w) :%(a +b+c)(utv+w)A D (=2be(b—c)(b+c— a)Sau®
cyclic

+a’(b—c)a+b+c)(b+c—a)vw),
To(u,v,w) =A? Z (3a" — 2a%(0* + %) — (b? — )?)u(*v? — b?w?).

cyclic

Remarks. (1) ¥y (u,v,w) = 0 if and only if P lies on the linel H.

(2) ¥4 (u,v,w) = 0if and only if P lies on the hyperbola passing through
H, X500, X573, X1740 & and having the same asymptotic directions as the isogonal
transform of the lineXyy X75g, i.€., the reflection irO of the line X; X»;.

(3) Yo(u,v,w) = 0if and only if P lies on the Darboux cubic. See Figure 15.

The equation (2) is clearly realized for allif and only if P = I or P =
H: all t—Mandart triangles of and H are perspective tel BC'. Furthermore,
if P = H the perspector is alwayH, and if P = I the perspector lies on the
Feuerbach hyperbola. In the sequel, we exclude those two points and see that there
are at most two real humbets andt, for which t;— andt,—Mandart triangles
of P are perspective tal BC'. Let us denote by, and R, the (not always real)
corresponding perspectors.

We explain the construction of these two perspectors with the help of several
lemmas.

Lemma 15. For a given P and a corresponding Mandart triangle T,(P) =
P,P,P., thelocusof R, = BP, N CP,, whent varies, isa conic ~,.

Proof. The correspondence on the pencils of lines with pdkeand C' mapping
the linesBP, andCF, is clearly an involution. Hence, the common point of the
two lines must lie on a conic. O

This conic~, obviously containsB, C, H, S, = BB’ N CC’ and two other
points B; on AB, C; on AC defined as follows. Reflect BN PB' in the bisector
Al to get a pointBy on AC. The parallel taAB at B, meetsPC’ at Bs. B is the
intersection ofAB andC' Bs. The pointC; on AC is constructed similarly. See
Figure 16.

Lemma 16. The three conics ~,, v, 7. have three points in common: H and the
(not always real) sought perspectors R, and R,. Their jacobian must degenerate

8 X500 = X1 X350 N X3X6, X573 = XaXo N X5X6 and Xi742 = X1 X7 N X3 Xoss.
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hyperbola

Darboux cubic

Figure 15. Proposition 14

into three lines, one always real Lp containing R; and Rs, two other passing
through H.

Lemma 17. £p contains the Nagel point Xg. In other words, Xg, Ry and R, are
always collinear.

With P = (u : v : w), Lp has equation :

Z a(cv—bw)xzo
b+c—a

cyclic

Lp is the trilinear polar of the isotomic conjugate of poifit whereT is the
barycentric product of(57 and the isotomic conjugate of the trilinear pole of the
line PI. The construction ofz; and R, is now possible in the most general case
with one of the conics andp. Nevertheless, in three specific situations already
mentioned, the construction simplifies as we see in the three following corollaries.

Corollary 18. When P lieson I H, thereis only one (always real) Mandart trian-
gle T, (P) perspective to ABC. The perspector R is the intersection of the lines
HXg and PXrs.

Proof. This is obvious since equation (2) is at most of the first degree vithibes
onlH. Il
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Figure 16. The three conieg, s, 7. and the perspecto®:, R2

Figure 17. Only one triangl&, P, P. perspective ttABC whenP lies on] H

In Figure 17, we have takeR = X33 andR = X3;5.

B. Gibert
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Remark. The linel H meets the Darboux cubic againét,o,. The corresponding
Mandart triangleT,(P) is the pedal triangle o490 Which is also the cevian
triangle of X399.

Corollary 19. When P (different from I and H) lies on the conic seen above, there
are two (not always real) Mandart triangles T (P) perspective to ABC' obtained
for two opposite values t; and t5. The vertices of the triangles are therefore two by
two symmetric in the sidelines of ABC.

In the figure 18, we have takdh = Xj5qo (orthocenter of the incentral triangle).

Figure 18. Two triangle$’, P, P. perspective withA BC having vertices sym-
metric in the sidelines e BC

Corollary 20. When P (different from I, H, Xj490 ) lies on the Darboux cubic,
there are two (always real) Mandart triangles T; (P) perspective to ABC, one of
them being the pedal triangle of P with a perspector on the Lucas cubic.

Since one perspector, séy, is known, the construction of the other is simple:
it is the “second” intersection of the ling R, with the conicBCHS,R;.

Table 3 givesP (on the Darboux cubic), the corresponding perspecihr®n
the Lucas cubic) ands.

Table 3

P || X1 | X3 | Xq| Xoog | Xao | Xea | Xsa | X1498
Ry || X7 | Xo| Xy | Xeg | Xg | Xosz | Xigg | Xoo
Ry Xg | Xy | X3gg | X1o| * | X515 *

Table 4
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| Triangle center | First barycentric coordinate |

— 1.0 T o 4 T 212 N1 272 212 2 (2 G
RQ(X64) a®—4a”(b+c)“+2a” (b+c¢)“(3b 4bc4b—iccza4a (b —c*)?(b"+c*)+(b—c)*(b+c)
a®—2a%(b+c)’ + (> =c*)?)
R (X1498) a®ta2(btc)—a(bte)2—(bte)(b—c)?

In Figure 19, we have takeR = Xy, (reflection ofI in O).

Darboux
cubic

Figure 19. Two triangle®, P, P. perspective wittABC whenP = X4

Proposition 21. Thetriangles A’ B’C’ and P, P, P. have the same area if and only
if
() t=0,o0r

_be(b+c)utca(cta)v+abla+b)w 9
(2) t=-— 2R(a+b+c)(ut+v+w) !
(3) t isa solution of a quadratic equation*® whose discriminant has the same sign
of

flu,v,w) = Z b2 (b + ¢)?u® 4 2a*be(be — 3ala + b + ¢))vw.

cyclic

9This can be interpreted &s= f% - R, whered(X') denotes the distance frofi to the polar
line of I in the circumcircle.
1Oabc(a + b4 c)(u+ v+ w4+ 2Au + v + w) <chclic be(b + c)u) t + 8A2(a*vw +

b2wu + Euv) = 0.



Generalized Mandart conics 197

The equationf(z,y,z) = 0 represents an ellipsé centered atX; 1* whose
axes are parallel and perpendicular to the line See Figure 20.

Figure 20. The "critical” ellips&

According to the position oP with respect to this ellipse, it is possible to have
other triangles solution of the problem. More preciselyifs
—insideé&, there is no other triangle,
— outsidef, there are two other (distinct) triangles,
—on¢, there is only one other triangle.

Proposition 22. Ast varies, eachline B, P, P.P,, P, P, still envelopes a parabola.

Denote these parabolas By, P, P. respectively.P, has focus the projection
F, of P on AI and directrix¢, parallel toAI at E, such thatP—E; =cos A P—>Fa
Note that the direction of the directrix (and the axis) is independert.of, is
still tangent to the line$*B', PC’, B'C".

In this more general case, the directriégdy, £. are not necessarily concurrent.
This happens if and only iP lies on the lineOI and, then, their common point
lies onI@.

Proposition 23. The Mandart triangle T;(P) and the pedal triangle of P are
perspective at P. Ast varies, the envelope of their perspectrix is a parabola.

1y et 17, be the inverse-in-circumcircle of the excenfer and definel; and I/ similarly. The
trianglesABC andI/I;I. are perspective a3s which is a point on the lin©1.
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The directrix of this parabola is parallel to the lidé*. It is still inscribed in
the pedal triangled’ B'C’ of P and is tangent to the two lineg and £, met in
proposition 13.

Remark. Unlike the case? = Xg, ABC is not necessary self polar with respect
to this Mandart parabola.

Proposition 24. The Mandart triangle T;(P) and ABC are orthologic. The per-
pendiculars from A, B, C to the corresponding sidelines of P, P, P, are concurrent

2

atQ = (atfm :---: .-+ ). Ast varies, the locus of Q is generally the circum-
conic which isthe isogonal transform of the line I P.

This conic has equation

Z a?(cv — bw)yz = 0.
cyclic
It is tangent at/ to /P, and is a rectangular hyperbola if and onlyHflies on

the lineOI (P # I). When P = I, the triangles are homothetic atand the
perpendiculars concur @t
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Another Proof of Fagnano’'s I nequality

Nguyen Minh Ha

Abstract. We prove Fagnano’s inequality using the scalar product of vectors.

In 1775, I. F. Fagnano, an Italian mathematician, proposed the following ex-
tremum problem.

Problem (Fagnano) In a given acute-angled triangle ABC, inscribe a triangle
XY Z whose perimeter is as small as possible.

Fagnano himself gave a solution to this problem using calculus. The second
proof given in [1] repeatedly using reflections and the mirror property of the orthic
triangle was due to L. Fej. While H. A. Schwarz gave another proof in which
reflection was also used, we give another proof by using the scalar product of two
vectors.

Figure 1

Let AI, BJ andCK be the altitudes of triangld BC and H its orthocenter.
Suppose thal, Y, Z are arbitrary points on the lineBC, C A and AB respec-
tively. See Figure 1. We have

Publication Date: November 19, 2004. Communicating Editor: J. Chris Fisher.
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YZ+ZX + XY
_YZ JK | ZX KI XY.IJ
K K1 1J
YZJK ZX-KI XY -1J
> + +
JK KI 1J
_ (YA IK+KZ) JK | (ZK+KI+1X)- KI | (XI+1]+JY) 1]

JK TR I
:JK+KI+IJ+)?I-<%+E) ﬁ(j—ng%) Z_f{(%—kg—j)

Since triangleABC' is acute-angled, its altitudes bisect the internal angles of its
orthic triangle/ J K. It follows that the vectors
IJ IK JK JI KI KJ
—t—, =+, =+
1J  IK JK JI KI KJ
are respectively perpendicular to the vectﬁis ﬁ, 27{ It follows that
YZ4+ZX+XY >2JK+KI+1J. 1)

If the equality in (1) occurs, then the vectdrg, Z X, XY point in the same direc-

tions of the vectord K, K1, I.J respectively. Hence there exist positive numbers
«,  and~ such that

YZ=alK, ZX=p8KI, XY =~IJ.
Now we I haveaJK + ﬂKI + 711] — 0. It follows from this and the equality
JK + KI+ IJ = O thata = § = . Consequently,

YZ=aJK, ZX =aKI, XY = allJ,
which implies that
YZ=aJK, ZX =aKI, XY =all,

and
YZ4+ZX+ XY =a(JK+KI+1J).

Note that the equallty in (1) occurs, we hawe= g = v = 1. ThenYZ

JK ZX KI XY = IJ which means thak, Y, Z respectively coincides
Wlth 1,J K.

Conversely, ifX, Y, Z coincide withI, J, K respectively, then equality sign
occurs in (1).

In conclusion, the triangl&Y Z has the smallest possible perimeter whén
Y, Z coincide withI, J, K respectively.
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Further Inequalities of Erdos-Mordell Type

Walther Janous

To the memory of Murray S. Klamkin

Abstract. We extend the recent generalization of the famous&idordell in-
equality by Dar and Gueron in thigmerican Mathematical Monthly.

1. Introduction

In the recent note [1] the following generalization of the famousErdVlordell
inequality has been established. (For a proof of the original inequality see for in-
stance [2]). For a triangld; As A3, we denote by, the length of the side opposite
to A;,i = 1,2,3. Let P be an interior point. Denote the distancesibfrom the
verticesA; by R; and from the sides opposit& by r;. For positive real numbers
A1, A2, Az,

T1 4 (] 4 T3 )
VAV VA3

This inequality appears in [3, p.318, Theorem 15] without proof and with an
incorrect characterization for equality. In [3, Chapter XI] and [4, Chapter 12], there
are quoted very many extensions and variations of the originadsErdvordell
inequality. It is the goal of this note to prove a further generalization containing
the results of [1] and to apply it to specific points in a triangle, resulting in new
inequalities for several elements of triangles.

AR+ ARy + A3R3 > 24/ A1 A2)3 < (1)

2. Theinequalities
Let A1, A2, A3 andt denote positive real numbers, with< ¢ < 1.

Theorem 1.

t t t
ARt+ARt+ARt>2tAAA<T1+T2+T3). 2
1417 21419 33_ 123\/)\—1 \/)\—2 \/)\—3 ()

Equality holdsif and onlyif Ay : Ao : A3 = a3® : a3t : a3! and P isthe circumcenter
of triangle A; A3 As.

Publication Date: November 29, 2004. Communicating Editor: Paul Yiu.
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Proof. As for instance in [1] we have

as as ap as as ap
Ry > —ro+ —r3, Ry > —r3 + —rq, R3 > —=ri + —ra.
ap ap as as as as

Using the power means inequality we obtain (o ¢ < 1)

t t

a t a t

R >2t(%r2+%r3>t>2t. (£> rt <ﬁ> "3
- 2 - 2

and two similar inequalities. Applying several times the elementary estimation
z+ 1 >2forz > 0 we obtain

MERL + X RE + A3 R

t t
a2 as
>0t 5 rt 5

(8) s+ (@) 0, (8) nr(8)n

Ty + 5 T3

ZQt (\/ )\2)\37{ + )\3)\1?”5 + )\1)\2T§>

as claimed. The conditions of equality are derived as in [1].
O

In view of the obvious inequalityz + y)t > x! + 4 for x,y > 0, we have the
following theorem.

Theorem 2. Fort > 1,

t t t
ALR! + AoRL + A\sR, > 2 )\)\)\(T1+T2+T3>. 3
14y 249 343 = 1A2A3 \/)\—1 \/)\—2 \/)\—3 ( )
As a consequence of Theorem 1 we get
Theorem 3.
Y 3 2 2V T (4)
A 26/ A1 A2 A 3 (Riry)*
R 2 (RleR;)tQZS?zl 2=t )
Sy Ni(Riri)t = 20/ A g Xs(rirars)t 300 ﬁ (6)
S0 At > 28X oA (rirars)E 300 m (7)

3 i 28/ A1 A2 3 Rl

i (Riri)t = (R1R12RQB)§ i VA (8)

The proofs of these inequalities follow from Theorem 1 upon application of
transformations such as
(i) inversion with respect to the circlé&( P,«/R1 Ry R3) resulting inR; +— %333
andr; — R;r; fori =1,2,3,
(ii) reciprocation ofA; A; A3 yielding R; — ”:—”3 andr; — % fori=1,2,3,
and
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(iii) isogonal conjugation.
For the details consult [3, pp. 293 - 295].

Remarks. (1) From (5) and (6) the following inequality is easily derived.
3

Ai
(RiRyR3)" > w24 PV A A3 (ryrars)f 9)
i=1 "t i=1
whereas (7) and (8) lead to the “converse” of {3,
4 \/)\1)\2/\3 '
AT VAR 10
(ryrars) t Z B R1R2R3 Z (10)

(2) We leave it as an exercise to the reader to derlve an analogue of Theorem 2.
It should be noted that the above inequalities include very many results of [3, 4] as
special cases.

3. Applicationsto special triangle points

In this section we show that the theorems above, when specialized to suitably
chosen interior point®, imply an abundance of new interesting triangle inequali-
ties.

3.1 Let P bethe incentef of A1 A3 As. Thenr; = ro = r3 = r, the inradius of
A1AsAs, andR; = AT = rcsc’g , 1 =1,2,3. Thus, from (8), we obtain, upon

recalling that
A1 AQ Ag T

SIDESIH781H7 = E,

the following inequality forl0 <t < 1:

Z)\ sin % > /A ohs (2R) \/_ A (11)

3.2 Let P be the centroidy of A;A3A3. ThenR;, = A;G = gmi, andr; =

% where, fori = 1,2, 3, m; and h; denote respectively the median and altitude
emanating from vertex;. Therefore, as an example (4) becomespfert < 1,

3
Z Z )\1)\2)\32\/— P (12)

=1
If we put); = hl,i =1,2,3, then

(20 (5 (8

m1 ma m3

(13)

This inequality should be compared with the following one by Klamkin and
Meir in [3, p. 215]:
hi  ha  hs
R L )
mq ma ms3

where(hy, ho, h3) is any permutation ofhy , ho, h3).
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Via the median - duality transforming an arbitrary trianglgd, A3 into one
formed by its medians ([3, pp.109 - 111]), inequality (13) becomes

() + () + () =5 oo
moms m3mq mimsa
Finally, in (12), we put\; = a—lt for i = 1,2, 3. A short calculation gives
s(5) =y () (15)
F - P m;
Here, we make use of the identityasas = 4RF', whereF' denotes the area of

A1As As.
The median - dual of this inequality in turn reads

3 t t
vauz A/ 111213
2 (T) =3 (T) ‘ (16)

i=1
Of course, if in (12) had we put; = g—t with p; > 0,47 =1, 2,3, we would obtain
an even more general but less elegént inequality.

Remarks. (1) Clearly, many further inequalities could be deduced by the methods
of this section. We leave this as an exercise to the reader.

(2) As the right hand side of inequality (1) indeed rea@g\o A3r1++v/ A3\ 1o+
VA1 A\ors), itis enough to assumi, A2, Ao nonnegative throughout this note.
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Inscribed Squares

Floor van Lamoen

Abstract. We give simple constructions of various squares inscribed in a trian-
gle, and some relations among these squares.

1. Inscribed squares

Given a triangleA BC, an inscribed square is one whose vertices are on the side-
lines of ABC. Two of the vertices of an inscribed square must fall on a sideline.
There are two kinds of inscribed squares.

A
+ [\ +
Ca , \ Ba
T\ B cy
I \
\
k+ \\ /
B \ c h A
TAE é\ \\\\ , //
| \\ \Aﬁ/
I \ X,
| \ - N\
| \ // \
\ - N
_ B - C
Figure 1A Figure 1B

1.1 Inscribed squares of type I. The Inscribed squares with two adjacent vertices
on a sideline ofABC can be constructed easily from a homothety of a square
erected on the side A BC. Consider the two squares erected on the #de
Their centers are the points with homogeneous barycentric coordifiatés:
Sc +¢eS : Sp+eS)fore = £1. Here, we use standard notations in triangle
geometry. See, for example, [4]. By applying the homothety(A,a;jr%), we
obtain an inscribed squatef (A) = AL A% BSCS with center

eS
"a? + &S
=(a®:Sc+¢eS:Sp+¢eS),

and two vertices 43 and Az) on the sidelineBC. See Figure 1. Similarly there

are the inscribed squarés (B) andSq°(C).
We give the coordinates of the centers and vertices of these squares in Table 1

below.

X. =h(A )(—a®: Sc +eS: Sp+eS)

Publication Date: December 6, 2004. Communicating Editor: Paul Yiu.



208 F. M. van Lamoen

Table 1._Centers and vertices of inscribed squares of type |

[Sa°(4) [ Sa°(B) [ Sa°(C) |
X.=(a?:Sc +eS:Sp+eS) | Yo =(Sc+¢eS:b2:54+¢eS) | Z. = (Sp +eS:5a+eS:c2)
A% =(0:Sc +eS:SB A =(0:b%: ¢S A =(0:e5: ¢
B b c
Az =(0:Sc : Sp +¢€S)
BE = (a?:0:¢9), B =(Sc:0:S54 +eS) BE=(eS:0:¢%)
B =(Sc +eS:0:54)
CE = (a%:e5:0) Ci = (eS:b2:0) CS =(Sp+¢eS:54:0)
CE=(SB:SA+ES:O)

Proposition 1. Thetriangle X.Y.Z. and ABC' perspective at the Vecten point

1 1 1
Ve= <SA+5S " Sp+eS SC+ES>'

For V. andV_ are respectivelyX,s; and X,g6 Of [3].

1.2 Inscribed squares of type Il. Another type of inscribed squares has two oppo-
site vertices on a sideline of BC. There are three such squafeg(A), Sq¢(B),
Sqd(C). The squaresq?(A) has two opposite vertices on the sideliBe. Its
centerX can be found as follows. The perpendiculatxato BC' intersectsC A
andAB at B, andC, such thatB, X + C, X = 0. If X = (0: v : w), itis easy

to see that

av
B,X =CX -tanC = —————
@ MY T S0+ w)
aw
C,X=BX -tanB= ——+——.
o an Sp(o+w)

It follows that B, X + C, X = 0ifand only ifv : w = —S¢ : Sg, and the center
of Sq¢(A) is the pointX = (0 : —S¢ : Sp) on the lineBC. The vertices can be
easily determined, as given in Table 2 below.

Table 2._Centers and vertices of inscribed squares of type Il

[ Sa7(4) [ Sq(B) [ Sa7(0) |

X=(0:—-Sc:S5B) Y =(Sc:0:—Sa) Z =(—Sp:54:0)

Ay =(0:-Sc—S:Sg+5) | A, =(0: —b7:2S4) A.=(0:254: —c%)

A_=(0:—-Sc+S:8S—19)

B, = (—a®:0:25p) By =(Sc+S5:0:-S4—-8) | B.= (2S5 :0: =¢?%)

B,:(Scfs:():fSAJrS)

Co = (—a?:25¢:0) Cp, = (2S¢ : —b%:0) Ci=(-Sp—S:54+5:0)

C_=(-Sp+S5:54—-5:0)

2. Some collinearity relations

Proposition 2. (a) The centers X, Y, Z are the intercepts of the orthic axis with
the sidelines of triangle ABC.

(b) For ¢ = +1, the points A., B, and C. are collinear. The line containing them
isparallel to the orthic axis.
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Proof. The line containing the pointd., B. andC. has equation

(Sa+eS)z+ (S +eS)y+ (S¢ +e5)z=0.
See Figure 2. O

Figure 2

Proposition 3. (a) The centers X, Y;, Z. of the squares Sq*(A), Sq°(B), Sq°(C)
are collinear.

(b) The line BE,C5, passes through the center X of Sq*(A).

(c) Theline BS C% passes through the point A..

Proof. (a) The line joiningY. andZ. has equation
—eSz+ Spy+ Scz =0

as is easily verified. This line clearly contaiAs= (0 : —S- : Sg).
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(b) The lineB;.C5 has equation
—(Sa+eS)x+ Spy + Scz = 0.

It clearly passes through .
(c) The line B, C% has equation

—Sax+ (Sp+eS)y+ (Sc+eS)z=0.
It contains the poinl; = (0: —Sc —eS : Sp+¢S). See Figure 3fog = 1. O

Remark. Fore = +1, the lines in (b) and (c) above are parallel.

Figure 3

LetTy := B{CiNB,C = (Sg—Sc:S4:—54). The linesAT, andBC
are parallel. The three poini&,, T, T are collinear. The line connecting them
has equation

Sa(Sp+ Sc — SA)CL’-I-SB(SC + 5S4 — SB)y+Sc(SA +Sp—Sc)z=0.

Each of the squares of type Il has a diagonal perpendicular to a sideline of tri-
angle ABC'. These diagonals clearly bound a triangle perspectivé Bd’ with
perspectrix the orthic axis. By [1] we know that the perspector lies on the circum-
circle. Specifically, it isX74, the Miquel perspector of the orthic axis.

The linesB5C5, C; A%, Az Bg bound a triangle perspective withBC' at the
Kiepert perspector

1 1 1
Kl(e- tan 2) = : : '

Fores = +1 and —1 respectively, these ar&;;13; and X132 of [3]. The same
perspector is found for the triangle bounded by the liRg€';;, A7.C4, Az BY.




Inscribed squares 211

3. Inscribed squares and Miquel’stheorem

We first recall Miquel’'s theorem.

Theorem 4 (Miquel). Let A; B;C4 beatriangleinscribed intriangle ABC'. There
is a pivot point P such that A; B;C1 isthe image of the pedal triangle of P after
arotation about P followed by a homothety with center P. All inscribed triangles
directly similar to A; B1C4 have the same pivot point.

A corollary of this theorem is for instance given in [2, Problem 8(ii), p.245].

Corollary 5. Let X be a point defined with respect to the pedal triangle Ap BpCp
triangle of P. The images of X after the pivoting as in Miquel’'s theorem lie on a
line.

Proof. Let A;B>C5 be the image ofAp BpCp after pivoting, and letr” be the
image ofX. Clearly trianglesPAp Ay, PBpBsy, PCpCs, and PXY are similar
right triangles. This shows that lies on the line throughX perpendicular to
XP. O

Miquel's pivot theorem and Corollary 5 together give an easy explanation of
Proposition 3(c). See Figure 4.

Figure 4

We have already seen that the centers of the inscribed squares of type Il lie on
the orthic axis. By Proposition 3(a), these centers are the intersections of the cor-
responding sides of the trianglég Y, 7, andX_Y_Z_ of the inscribed squares
of type I. This means that the triangléS. Y, Z, and X_Y_Z_ are perspective.

The perspector is symmedian poiit= (a? : b* : ¢?).
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4. Squareswith vertices on four given lines

Let us consider a fourth line in the plane 4B C'. With the help of the inscribed
squares of type |, we can construct two sets of three squares inscribing a fourline
{a,b,c,d}, depending on the line containing the vertex opposite to thak dret
ABC be the triangle bounded by the linesb, c. Fore = +1, there is a square
Sq°(a) := ASB: DECE with a pair of opposite vertices anandd. The vertex on
dis simply D; = B C% Nnd. See the solution of Problem 55(a) of [5, p.146]. The
other vertices of the square are determined by the same division rafify (6f by
D3):

B5CG : C4D; = AJAL - ALAS = BeB: : BiB; = C;Cg : C5C%.
See Figure 5 foe = +1. Infact, if D; = (S¢ +¢S5,0,54) +t(Sg + €5, 54,0),
then
A =(0,b%,e8) + (0,8, ¢?),
B: =(S¢,0,84 +¢5) + (85,0, c?),
CS =(e5,b,0) + t(Sp, Sa +£S,0),
and the center of the square is the point

XE = (Sc+¢e8,b%, 54 +eS) +t(Sp+¢eS,54 +¢85,¢?).

Figure 5

It is now clear that the position of relative to A; and A fixes D3 as well,
even if we do not have a given line Similarly we Iy and D; are fixed byB5;
andC¢ respectively. We may thus také, By andC¢ to be the traces of a point
P = (u : v : w) and see if the corresponding;, Di and D are collinear. A
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simple calculation gives

DE =((Sp —eS)v + (S — eS)w : eSv — b*w : eSw — *v),

Di =(eSu — a*w : (S¢ — eS)w + (Sa — eS)u : eSw — *u),

DE =(eSu — a*v : eSv — b?u : (S4 —eS)u + (Sp — S)v).

Also, the centers of the squargg!(A), Sq¢(B), Sq¢(C) are the points

X: =(—(Sp —eS)v — (Sc —eS)w : (Sa —eS)v + b?w : *v + (S4 — eS)w),
YE =(a*w+ (S — eS)u: —(Sc — eS)w — (Sa — S)u : (Sp — eS)w + cu),
Z¢ =((Sc — eS)u + a*v : b*u+ (Sc — eS)v : —(Sa —eS)u — (Sp — S)v).
Proposition 6. Let AZ, By and C¢ bethetracesof apoint P = (u : v : w). (a) The
three points D, D¢ and D; are collinear if and only if P lies on the circumcubic

4a?b*uvw 4 S? Z u((284 + Sp)v? + (254 + Sp)w?)

cyclic

cyclic

=S (252uvw + Z u((2¢2a® — Sap)v? + (2a%b* — SCA)w2)) )

(b) The centers of the squares Sq'(A), Sq¥(B), Sq¥(C) are collinear if and
only if
2a%b? Fuvw + S? Z u(c*v? + bw?)

cyclic

=S (252uvw + Z a’u(c?v® + bzwz)) :

cyclic

Remarks. (1) The locus ofP for which D; Di Dz and ABC' are perspective is the
isogonal cubic with pivofa® + &5 : b? + &S : ¢? + &8S).

(2) The locus ofP for which X] Y Z: and ABC are perspective is the isogonal
cubic with pivotH. Here are some examples of the perspectorg’fon the cubic.

Table 3. Perspectors of;Y,s Z: fore = +1

[P [e=+1 [e=-1 |
I I I

(@) X3727(a2(SA_S) ) X&?l*(GQ(SA-i-S) )

H X486:(SA—S ) X485:(SA+S )

Xugs | G (a*+ S )

X4s6 ( 2_¢8 ) G

_ 2
Xag7 (b202+SBC*(§A+SB+Sc)S P ) (%Z:g N )
—a?
X488 (%:+S Tee e e .) (b2c2+SBc+(§‘A+SB+SC)S Tee e e .)
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(3) In comparison with Proposition 6 (a), if instead of traces, we #ké; and
C¢ to be thepedals of a point P on the sidelines oA BC, then the locus of for
which D3, Dy and DZ are collinear turns out to be a conic, though with equation
too complicated to record here.
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On the Existence of Triangleswith Given Lengths
of One Side and Two Adjacent Angle Bisectors

Victor Oxman

Abstract. We give a necessary and sufficient condition for the existence of a
triangle with given lengths of one side and the two adjacent angle bisectors.

1. Introduction

It is known that given three lengtltfs, /-, /3, there is always a triangle whose
three internal angle bisectors have lengthsts, /3. See [1]. In this note we
consider the question of existence and uniqueness of a triangle with given lengths
of one side and the bisectors of the two angles adjacent to it. Recall that in a
triangle ABC with sidelengths:, b, ¢, the bisector of anglel (with opposite side

a) has length
2bc A a?
= —_— = 1 - . 1
J4 b—l—cCOS2 \/bc( (b—l—c)2> (1)

We shall prove the following theorem.

Theorem 1. Given a, ¢4, ¢ > 0, there is a unique triangle ABC with BC = a,
and the lengths of the bisectors of angles B, C equal to 4 and /5 if and only if

\/€%+€%<2a<€1 +€2+\/€%—€1€2+€%.

First we prove that if such a triangle exists, then it is unique.
Denote the sidelengths of the triangle byz, y. If the angle bisectors on the
sidesz andy have lengthg; and/s respectively, then from (1) above,

2. Uniqueness

y=(o+a)/1-2, @

I
r=(a+y)\/1 y’ 3)

2 2
4 tzz%,(t1<y,t2<$)-

a’

wheret; =

Publication Date: December 13, 2004. Communicating Editor: Paul Yiu.



216 V. Oxman

Lett > 0. We consider the function : (¢,00) — (0, c0) defined by

y(@) = (a+ 1) 1—%

Obviously, y is a continuous function on the interval oo). It is increasing and
has an oblique asymptote= = + a — £. Itis easy to check that’ < 0in (¢, c0),

so thaty is aconvex funcion and its graph is below its oblique asymptote. See
Figure 1.

Figure 1 Figure 2

Now consider the system of equations
y:(a—i_x) I_Ev (4)

o =(a+y)f1- . (5)

It is obvious that if a paif(x,y) satisfies (4), the paify, z) satisfies (5), and
conversely. These equations therefore define inverse functions, and (5) defines a
concave function (0, co) — (¢, o) with an oblique asymptotg =z — a +£.

Applying to functionsy = w(x) andz = x;(y) defined by (2) and (3) respec-
tively, we conclude that the system of equations (2), (3) cannot have more than one
solution. See Figure 2.

Proposition 2. If the side and the bisectors of the adjacent angles of triangle are
respectively egual to the side and the bisectors of the adjacent angles of another
triangle, then the triangles are congruent.

Corollary 3 (Steiner-Lehmus theorem)f a triangle has two equal bisectors, then
itisan isosceles triangle.

Indeed, if the bisectors of the angldsandC of triangle ABC are equal, then
triangle ABC'is congruent ta”’ B A, and soAB = CB.
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3. Existence

Now we consider the question of existence of a triangle with givehand/s.
First of all note that in order for the system of equations (2), (3) to have a solu-
tion, it is necessary that+ a — 2 > z — a + 4. Geometrically, this means that

the asymptote of (2) is above that of (3). Th2g,> % — 44 and

2a !

20 > \/2 + 12, 6)

For the three lengths, x, y to satisfy the triangle inequality, note that from (2) and
(3), we havey < a +x andx < a+y. If z > a ory > a, then clearlyr +y > a.
We shall therefore restrict to < a andy < a.

Let BC be a given segment of length Consider a point” in the plane such
that the bisector of anglB of triangleY BC has a given length. It is easy to see
from (1) that the length oBY is given by

(Ifl

=——~  ifZCBY =0. 7
4 2acosg—€1 0

Let & = 2arccos ﬁ—; (7) defines a monotonic increasing functign= y(0) :
0,a) — (2;21,00). It is easy to check that fat € (0, @),

afl
2a — 61

The locus ofY is a continuous curvg§ beginning at (but not including) a point
M on the intervalBC with BM = 2531. It has an obligue asymptote which
forms an anglex with the line BC. See Figure 3. Since we are interested only in
the case; < a, we may assume > /1. The anglex exceed523£.

Yy >

> ycosf.

B M B M’ C

Figure 3 Figure 4

Consider now the locus of poirif such that the bisector of angte of triangle
ZBC has length?, < a. The same reasoning shows that this is a cuygvee-

ginning at (but not including) a point’ on BC such that\M'C' = 2522, which
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has an obliqgue asymptote making an arigehmcosﬁ—z with C' B. Again, this angle
exceedsy. See Figure 4.
The two curvest; and&; intersect if and only ifBM > BM', i.e, BM +
M'C > a. This gives
141 o
2a — fl + 2a — 62
Simplifying, we haveta? — 4a(¢; + ls) + 30165 < 0, Or

lq +£2—\/€%—€1€2+€%<2a<£1+€2+\/£%—€1£2+£%.

Sincea > {1,/ the first inequality always holds. Comparison with (6) now
completes the proof of Theorem 1.
In particular, for the existence of an isosceles triangle with lacesed bisectors

of the equal angles of lengt it is necessary and sufficient th@ < 7<3.

> 1.
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A Purely Synthetic Proof of the Droz-Farny Line Theorem

Jean-Louis Ayme

Abstract. We present a purely synthetic proof of the theorem on the Droz-Farny
line, and a brief biographical note on Arnold Droz-Farny.

1. The Droz-Farny line theorem

In 1899, Arnold Droz-Farny published without proof the following remarkable
theorem.

Theorem 1 (Droz-Farny [2]) If two perpendicular straight lines are drawn through
the orthocenter of atriangle, they intercept a segment on each of the sidelines. The
midpoints of these three segments are collinear.

Yol

X M/ /B X/\ c

Figure 1.

Figure 1 illustrates the Droz-Farny line theorem. The perpendicular freasd
L' through the orthocentefl of triangle ABC' intersect the sideline®C at X,
X', CAatY,Y' andAB at Z, Z' respectively. The midpoint&/,, M, M, of
the segmentX' X', YY’, ZZ' are collinear.
It is not known if Droz-Farny himself has given a proof. The Droz-Farny line
theorem was presented again without any proof in 1995 by Ross Honsberger [9,

Publication Date: December 16, 2004. Communicating Editor: Floor van Lamoen.



220 J.-L. Ayme

p.72]. It also appeared in 1986 as Problem Il 206 of [16, pp.111,311-313] without
references but with an analytic proof. This “remarkable theorem”, as it was named
by Honsberger, has been the subject of many recent messages in the Hyacinthos
group. If Nick Reingold [15] proposes a projective proof of it, he does not yet show
that the considered circles intersect on the circumcircle. Darij Grinberg taking up
an elegant idea of Floor van Lamoen presents a first trigopnometric proof of this
“rather difficult theorem” [5, 12, 3] which is based on the pivot theorem and applied
on degenerated triangles. Grinberg also offers a second trigonometric proof, which
starts from a generalization of the Droz-Farny’s theorem simplifying by the way
the one of Nicolaos Dergiades and gives a demonstration based on the law of sines
[6]. Milorad Stevanow’[17] presents a vector proof. Recently, Grinberg [8] picks

up an idea in a newsgroup on the internet and proposes a proof using inversion
and a second proof using angle chasing. In this note, we present a purely synthetic
proof.

2. Three basic theorems

Theorem 2 (Carnot[1, p.101]) The segment of an altitude from the orthocenter to
the side equals its extension from the side to the circumcircle.

Figure 2.

Theorem 3. Let £ be a line through the orthocenter of a triangle ABC. There-
flections of £ inthe sidelines of ABC' are concurrent at a point on the circumcircle.

See [11, p.99] or [10§333].
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Theorem 4 (Miquel's pivot theorem [13]) If a point is marked on each side of
atriangle, and through each vertex of the triangle and the marked points on the
adjacent sides a circle is drawn, these three circles meet at a point.

B\/I\_/

Figure 3.

See also [103184, p.131]. This result stays true in the case of tangency of lines
or of two circles. Very few geometers contemporary to Miquel had realised that
this result was going to become the spring of a large number of theorem.

3. A synthetic proof of Theorem 1

The right triangle case of the Droz-Farny theorem being trivial, we assume tri-
angleABC not containing a right angle. Létbe the circumcircle oA BC.

LetC, (respectivelyCy, C.) be the circumcircle of trianglé X X’ (respectively
HYY' ,HZZ"), andH, (respectivelyH,, H.) be the symmetric point off in the
line BC (respectivelyC A, AB). The circlesC,, C, andC. have centerd/,, M,
and M, respectively.

Figure 4.

According to Theorem 2H,, is on the circleC. X X’ being a diameter of the
circleC,, H, is on the circle. Consequentl¥, is an intersection of andC,, and



222 J.-L. Ayme

the perpendicular t&3C throughH. In the same wayl, is an intersection of
andCy, and the perpendicular tGA throughH. See Figure 4.

Figure 5.

Consider the pointf., the symmetric of{ in the line AB. According to Theo-
rem 2,H, is on the circleC. Applying Theorem 3 to the lin&Y 7 throughH, we
conclude that the line#l, X, H,Y and H.Z intersect at a poinv on the circleC.
See Figure 5.

Applying Theorem 4 to the triangl& NY with the pointsH,, H, and H (on
the linesX N, NY andY X respectively), we conclude that the circles,, and
Cp pass through a common poiff.

Mutatis mutandis, we show that the circleS, G,, andC, also pass through the
same point\/.

The circleC,, Cp, and(,, all passing throughd and M, are coaxial. Their
centers are collinear. This completes the proof of Theorem 1.

4. A biographical note on Arnold Droz-Farny

Arnold Droz, son of Edouard and Louise Droz, was born in La Chaux-de-Fonds
(Switzerland) on February 12, 1856. After his studies in the canton of Neufchatel,
he went to Munich (Germany) where he attended lectures given by Felix Klein,
but he finally preferred geometry. In 1880, he started teaching physics and mathe-
matics in the school of Porrentruy (near Basel) where he stayed until 1908. He is
known for having written four books between 1897 and 1909, two of them about
geometry. He also published in tdeurnal de Matrematiques Elementaires et
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Figure 6.

Foéciales (1894, 1895), and ih’internmédiaire des Mathématiciens and in theEd-
ucational Times (1899) as well as itMathesis (1901). As he was very sociable, he
liked to be in contact with other geometers likes the Italian Virginio Retali and the
Spanish Juan Jacobo Duran Loriga. In his free time, he liked to climb little moun-
tains and to watch horse races. He was married to Lina Farny who was born also
in La Chaux-de-Fonds. He died in Porrentruy on January 14, 1912 after having
suffered from a long illness. See [4, 14].
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A Projective Generalization of
the Droz-Farny Line Theorem

Jean-Pierre Ehrmann and Floor van Lamoen
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the Hyacinthos group on triangle geometry

Abstract. We give a projective generalization of the Droz-Farny line theorem.

Ayme [1] has given a simple, purely synthetic proof of the following theorem
by Droz-Farny.

Theorem 1 (Droz-Farny [1]) If two perpendicular straight lines are drawn through
the orthocenter of atriangle. they intercept a segment on each of the sidelines. The
midpoints of these three segments are collinear.

In this note we give and prove a projective generalization. We begin with a
simple observation. Given triangleBC' and a pointS, the perpendiculars td S,
BS,CS atA, B, C respectively concur if and only 8 lies on the circumcircle of
ABC. In this case, their common point is the antipodeSain the circumcircle.

Now, consider 5 pointsl, B, C, I, I’ lying on a conicE and a pointS not lying
on the linelI’. Using a projective transformation mapping the circular points at
infinity to I andI’, we obtain the following.

Proposition 2. The polar lines of .S with respect to the pairs of lines (AI, AT),
(BI,BI'), (CI,CT') concur if and only if S lieson £. In this case, their common
point lies on £ and on the line joining S to the pole of 17 with respect to £.

The dual form of this proposition is the following.

Theorem 3. Let ¢ and ¢’ be two lines intersecting at P, tangent to the same in-
scribed conic £, and d be a line not passing through P. Let X, Y, Z (respectively
X'\ Y' 7', Xq, Yy, Z4) be the intersections of ¢ (respectively /, d) with the side-
lines BC, C'A, AB. If X isthe harmonic conjugate of Xy with respect to (X, X),
and similarly for Y] and Z), then X}, Y{, Z} lie on a same line d' if and only if
d touches £. In this case, d’ touches £ and the intersection of d and d' lies on the
polar of P with respect to £.

Publication Date: December 22, 2004. Communicating Editor: Bernard Gibert.
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An equivalent condition is thatl, B, C' and the vertices of the triangle with
sidelinest, ¢, d lie on a same conic.
More generally, consider poinfs), Yy and Z} such that the cross ratios

(X, X', Xg, X)) = (VY Yq,Y)) = (2,7, Z4, 7).

These pointst}, Yy, Z| lie on alined’ if and only ifd is tangent t&€. This follows
easily from the dual of Steiner’s theorem and its converse: two péintg lie on
a conic through four given pointd, B, C, D if and only if the cross ratios

(PA,PB,PC,PD) = (QA,QB,QC,QD).
If in Theorem 3 we take fod the line at infinity, we obtain the following.

Corollary 4. The midpoints of X X', YY', ZZ' lie on a same line d’ if and only
if £ and ¢’ touch the same inscribed parabola. In this case, if £ and ¢ touch the
parabola at M and M’, d’ is the tangent to the parabola parallel to M M.

An equivalent condition is that the circumhyperbola through the infinite points
of £ and/’ passes througPk.

We shall say that¢, ) is a pair of DF-lines if it satisfies the conditions of
Corollary 4 above.

Now, if £ and?’ are perpendicular, we get immediately:

(a)if P = H, then(¢, ) is a pair of DF-lines becaud# lies on any rectangular
circumhyperbola, or, equivalently, on the directrix of any inscribed parabola. This
is the Droz-Farny line theorem (Theorem 1 above).

(b) if P # H,then(¢,¢) is a pair of DF-lines if and only if they are the tangents
from P to the inscribed parabola with directrié{ P, or, equivalently, they are the
parallels atP to the asymptotes of the rectangular circumhyperbola thratgh

Remarks. (1) The focus of the inscribed parabola touchitig the Miquel pointF
of the complete quadrilateral formed byB, BC, C A, ¢, and the directrix is the
Steiner line ofF. See [3].

(2) If the circle throughZ” and with center” intersects the directrix av/, M,
the tangents fronP to the parabola are the perpendicular bisectoré’&f and
FM'.

(3) The tripoles of tangents to an inscribed parabola are collinear in a line
throughG.

(4) Let Ay, By, Cy be the intercepts afon the sides oA BC. Let 4,, B,, C, be
the reflections of these intercepts through the midpoints of the corresponding sides.
Then A,, B,, andC, are collinear on the “isotomic conjugate” 6f Clearly, the
isotomic conjugates of lines from a pencil are tangents to an inscribed conic and
vice versa. In the case of inscribed parabolas, as above, the isotomic conjugates of
the tangents are a pencil of parallel lines. It is trivial that lines dividing in equal
ratios the intercepted segments by two parallel lines are again parallel. So, by
isotomic conjugation of lines this holds for tangents to a parabola as well.

These remarks lead to a number of simple constructions of pairs of DF-lines
satisfying a given condition.
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The Twin Circles of Archimedesin a Skewed Arbelos

Hiroshi Okumura and Masayuki Watanabe

Abstract. Any area surrounded by three mutually touching circles is called a
skewed arbelos. The twin circles of Archimedes in the ordinary arbelos can be
generalized to the skewed arbelos. The existence of several pairs of twin circles,
under certain conditions, is demonstrated.

1. Introduction

Let O be an arbitrary point on the segmetB in the plane andy, 3 and~ the
semicircles on the same side of the diametéfs BO and AB, respectively. The
area surrounded by the three semicircles is called an arbelos or a shoemaker’s knife
(see Figure 1). The common internal tangenticdnd 3 divides the arbelos into
two curvilinear triangles and the incircles of these triangles are congruent. They
are called the twin circles of Archimedes or Archimedean twin circles. The authors
of [3] pose the following question: Is it possible to find any interesting properties
of a “skewed arbelos”, in which the centers of the three cirdle® and~ are
not collinear (see Figure 2), without resorting to trigonometry? In this article, we
show several interesting properties of the skewed arbelos, one of them being the
existence, in certain situations, of up to four pairs of twin circles. This property is
a generalization of the existence of the twin circles of Archimedes in the ordinary
arbelos.

7
y
B
o 8
«
B o A B o A

Figure 1. Figure 2.
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230 H. Okumura and M. Watanabe

2. The skewed arbelos

Throughout this papery and 5 are circles with centergz, 0) and (0, —b) for
positive real numberg andb, touching externally at the origi®, and~ is another
circle touchinga and g at points different fromO. We do not exclude the case,
when ~ touchesa and 3 externally or wheny is one of the common external
tangents ofv and 3. There are always two different areas surrounded. by and
~ (if v touchesn and 5 externally, we still consider the exterior infinite area to be
surrounded by these three circles). We select one of these areas in the following
way (see Figure 3). Ify touchesa and 3 externally from above, we choose the
finite area, ify touchesa and 3 internally, we choose the upper area, and if
touchesa and 8 externally from below, we choose the infinite area. We call this
area theskewed arbelos formed by the circlesy, 5 and-.

%

Z

Figure 3.

Now we define four sets of tangent circles (or four chains of circles). If we
include the lines parallel to the-axis (circles of infinite radius) among the circles
touching they-axis, there are always two different circles touchingx and the
y-axis, which do not pass through the tangency point ahd~. We label the one
inside of the skewed arbelos a§ and the other one as, . The circles3,” and
B, touching~, 8 and they-axis are defined similarly (see Figure 4). There are
also two circles touchingy, of and they-axis, one intersecting and the other
not. We label the former ag", and the latter as; . The circlesay, a4, -+ can
be defined inductively in the following way: Assuming the circlzg‘[s1 andozl.+ are
defined o, | is the circles touching, o and they-axis and different fromy;" ;.

The circIeSan, afg, --- are defined similarly. Now the entire chain of circles
{""aiQ’O‘il’O‘giaf’a;"'}

is defined. The other three chains of circles
{ alyaly 09,0709, 00}
{"'1ﬁi_gaﬁj11ﬁa_!ﬁi’—!ﬁ;_1"'}:
{022,870, By By By -}
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wherea—,, 8, and3_, intersecty, are defined similarly. 1&", o, 3;" and3;”
are proper circles, there radii are denotedapya; , b andb; , respectively. If,

for exampleo' is a line parallel to the-axis, we consider the reciprocal value of
its radius to be zero, even though we cannot define the raﬁihself.

I+

8

\Q\
N Q )
Q
I+

Figure 4. Figure 5.

If o is a proper circle and the centers@f andc;" lie on the same side of
the z-axis for all proper circlesy” (i > k), we defines (o)) = 1, otherwise we
definec(a;) = —1. If o} is a line parallel to thg-axis, we definer(o;) = 1.
The numbersr(a;, ), o(8;), o(3; ) are defined similarly. Ify touchesa and 3
internally, o(af ) = o(ag) = 1 and consequentlyr(a;”) = o(a; ) = 1 for all
non-negative integers Lets; andt; be they-coordinates of the tangency points
of the circlesa;” anda; with the y-axis. If o] (or o) is a line, we consider
si = 0 (ort; = 0). We defines(o;, ;) = 1, whens;t; > 0 ands; < t;, or
whens;t; < 0 ands; > t;, otherwiseo (o;", a; ) = —1. The numbew (3], ;")
is defined similarly. If the centers of the three circtes3 and~ are collinear, we
get an ordinary arbelos. In this case, the radii of the twin circles, which we denote
asra, are equal tab/(a + b).
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Theorem 1. For any integers p and ¢,

U(a$)+0(a;) 2 Pty

Jab B VN

and for given circles « and 3, the value on the right side does not depend on the
circle~.

oo, o)

Proof. Let p and ¢ be arbitrary integers. We invert the figure in the circle with
centerO and radiust = 2v/ab, and label the images of all circles with a prime
(see Figure 5). The circles}’ and 3" always lie above the circles;” and3;”
respectivelya(a;) = 1 (resp.o(ay ) = 1) is equivalent to the fact that the center
of ait’ (resp. o) lies in the regiony > 0 (resp. y < 0) ando(ajf,a;) = 1

is equivalent to the fact that thecoordinate of the center oip*' is greater than
or equal to they-coordinate of the center @g'. Sincec’ is a line parallel to the
y-axis, the circlesa;f/ andaq—’ are congruent, and we denote their common radius
asa’. Similarly, we denote the common radius of the circ@éandﬂq—’ asbt’. Let

us assume thaty’, oy, it anda;” touch they-axis at the pointsS, 7', P and

Q. If o;f is a proper circle, the inversion cen@ris also the center of homothety

of the circIeSa; and oz;;/ with homothety coefficient equal to the square of the
radius of the inversion circle (i.e., to the power of inversion) divided by the power
O(e") of the pointO to the inverted circlex!’: k2/O(c;"). Hence, the radius of

;) can be expressed a% = k%’/O(a;’) [5, p. 50]. The reciprocal value of this
radius is thenl /ot = [OP|?/(4aba’). The last equation holds evendif is a line
parallel to they-axis. Similarly, the reciprocal value of the radius of the ciigje

is equal tol/a; = |OQ|?*/(4aba’). The segment length of the common external

tangent of the externally touching circldsozar', or~/, ag/ between the tangency
points is equal t9ST'|/2 = 2,/(a’ + V')a’. Consequently,

_ o)) aleg) ) _ [ o(@)|OP| + o(ay)|0Q)|
J(a;{,aq) a;—i- - —J(Oé;r, q)( b a )

|PQ)| ||ST| 4+ 2pa’ + 2qd’| ‘4\/m+2(p+q)a’
C2Vabvd 2v/abVa B 2vabVa '

Sincedaa’ = 4bb' = 4ab by the definition of inversion, we get = b andd’ = aq,
and we finally obtain

o(af) o(ay) 1 1 p+gq
olag, o) | —Z=+—""=| =12+ +—F
a;» CL; b \/a

The proof of the theorem is now complete. O
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We can get a similar expression for the radii of the cirgiésand 3; for any
integerss andr. According to the proof of Theorem 1, the circle§ and o’
coincide if and only ifP = @ and this is also equivalent to

[, a_ p+tg
1+-=-214
3 2

Hence, we obtain the following corollary:

Corollary 2. Thetwo chains {--, af,, o}, of, o, af, --- }and {---, a7,

a”y,ap, 07, ay, -} coincide if and only if there is an integer n such that

a 7’L2

b 4
In this event, oz;' = O‘:\n|—p for any integer p. For given circles o and (3, this

property does not depend on thecircle v .

From the inverted skewed arbelos (see Figure 5), it is easy to see that the circles
o, o, B andf,; have two common tangent circles for any integeamidg. The
line passing through the centéx. of the circley/ and perpendicular to the-axis
is also perpendicular to the linesand 3’ and to the circley. Let § be the circle,
which is inverted into this line. Since inversion preserves angles between circles or
lines, the circle) is centered on thg-axis and perpendicular to the circless and
~. Consequently, the inversion énwith positive power leaves thgaxis and these
circles in place and exchangeg, a, and ﬂ; and 3, respectively. Since the
inversion center is also the center of homothety of a circle and its image (external,
if the inversion center is outside of the circle, and internal in the opposite case),
the external center of similitude of the circle§ anda,, is the same point on the
y-axis (the center of the circl® for any integem. This point is also the external
center of similitude ofﬁ’q+ andg, for any integer.

Since(oyf,a”,) = o(B),6-,) = 1 for any integeryy and ¢, we get the

following corollary:
Corollary 3. For any integers p and q,

olag) olez,) o))  o(B,)

2
+ = + =
\/ay \/aZ, \/ba b=, V'
and for given circles o and /3, the constant value on the right side does not depend
onthecircle .

Corollary 4. If v touches o and § internally,
1 2

1 1 1
+ = + =
Vad  Jao be ke VA
and for given circles o and /3, the constant value on the right side does not depend
onthecircle .

From the last corollary, it is obvious that Theorem 1 is a generalization of the
existence of the twin circles of Archimedes in the ordinary arbelos.
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3. Then-th twin circles of Archimedes (symmetrical case)

In this section, we demonstrate that in certain situations, a skewed arbelos also
has a twin circle property, which is a generalization of the twin circles of Archimedes
in an ordinary arbelos. We use the same notations as in the previous section. If
one circle of the sefaf,a”,,at,,a; } is congruent to one circle from the set
{B+, 8=, 5 ,, 8, } for some integen, the congruent pair is calleal pair of the
n-th twin circles of Archimedes. The twin circles of Archimedes in the ordinary
arbelos are represented by one pair of the 0-th twin circles.

If the circlesa, B and~ form an ordinary arbelos, the intersectiomoivith the
y-axis in the regiony > 0 has the coordinate®, 2/ab). For a real numbet, the
point (0,2v/ab/z) is denoted by, and we consideV to be the point at infinity
on they-axis. We show thak},, are closely related to some pairs of tir¢h twin
circles of Archimedes. There are also other points onythagis, related to pairs of
the n-th twin circles of Archimedes. For a real numbgrconsider the following
points with they-coordinates

—2v/ab(\/a+Vb)
2(Va+vb)+2va+b’
—2v/ab(/a+Vb)
z(Va+vb)—2va+b’
—2v/ab(/a—Vb)
2(Va—vb)+2va+b’
—2vab(v/a—Vb)
2(Va—vb)—2va+b’

Wit

W

Wj_:

Wt

Reflecting the pointd, W * and W}~ in the z-axis, we get the point§_,
W= andW_. Sincev2 < 2va +b/ (\/5+ \/5> < 2, Wt and W, ~

cannot be the point at infinity on thgaxis for any integer, but it can happen
that each of¥~ andW,, * is identical with the point at infinity for some b and
integern. If the circley passes, for example, through bdéfh ; andV,,_;, we say

that~ passes throughy, 1.

Theorem 5. Let n be aninteger and a # b.
(i) 1/} = 1/b} if and only if the circle v passes through V41 or W1, If 4
passes through V.11,

SO o

and if ~ passes through W,

i (G R (E) e
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(i) 1/aZ, = 1/b_,, if and only if the circle v passes through 1}, or W, . If
passes through V.11,

and if v passes through W, -,

() ) (=)

(i) 1/a*,, = 1/b, if and only if the circle  passes through V,,.1 or W, . If y
passes through V.11,

#H(—n(ﬁ—%)w%) (4)

(iv) 1/a;, = 1/b%, if and only if the circle  passes through V,..; or W, . If v
passes through V;, 41,

b))
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N
ﬁ/’\g

Figure 6.

Proof. Let S andT be the intersections of and they-axis, whereS lies on the
arc or the line forming the boundary of the skewed arbelos. We denotg-the
coordinates ofS andT by s andt. If the circle v touchesa and g internally,

t < 0 < s, otherwises < t. We invert the figure in the circle centered@tand
with radius2v/ab as in the proof of Theorem 1 (see Figure 6), label the images
of all circles and points with a prime and denote the radi'tgp’f and ﬂj{’ by o’
andd’. Then we obtairt’ = b andd’ = a. Let the line parallel to the-axis and
passing througts’ intersect the line/ at the pointP. Let~/ andaﬁ{' toucho’ at
the pointsQ and R, respectively, and leb,, be the center of the circlg’. From
the right triangle formed by the lines,,.S’, S’ P and the line througld),. parallel

to they-axis, we get PQ| = 2v/a’b'. The segment length of the common external
tangent of the touching circleg, aj’ between the tangency points is equal to

|QR| = 2+/(a’ + V')a’. Hence, the reciprocal radius af is equal to

1L Oag) (5~ |PQ|+|QR| + 2nd)?
E ~ daba’ 4daba’
(s —2Vab +2/(d +V)d + 2na’)?
N 4daba’
(8" —2Vab+2y/(a + b)b + 2nb)?
4ab? ’

wheres' is they-coordinate of the poins’ andO(a;t’) is the power of the point
O to the inverted circleyt’. Therefore,l/a;f = 1/b is equivalent to

(s — 2v/ab + 2+/(a + b)b + 2nb)? _ (5’—2\/%+2\/(a—|—b)a—|—2na)2'

4ab? 4a2b
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This quadratic equation fof has two roots:
s' = 2(n 4 1)Vab. (3)
and
s =—2(n—1)Vab— dyablatb) (4)
Vva+ b

Sincess’ = 4ab, these are equivalent to

_ 2Vab

n+1

and

—2Vab (\/5+\/5)
(n=1) (Va+vh) +2va+b

Hence,l/a;} = 1/b}} is equivalent toS = V;,.; or S = W, If S =V}, 41, then

S =

' =5 —2|PQ| = 2(n — 1)Vab,

wheret’ is they-coordinate of the poinf’. Hence,

. _ Aab _ 2v/ab
Y n=1
and we obtairl” = V;,_;. Similarly, S = W, impliesT = W,",. Assume now
that the circley passes through, ;. If S = V,,_; andT = V,,.1, we would have
4ab  4ab
s’—t’:i—%:—4\/%<0,
S

which contradicts to the fac{ > ¢'. Therefore,S = V,,.1 and s’ is given by
equation (3). Consequently, we arrive to equation (1):

) (s'—2\/%+2\/m+2nb)2 L1 L \2
a 1ab? —<”(ﬁ+%>w—m>'
If v passes through/,/;, S = W, 7. Forif S = W}, we would again have
s’—t’:%‘bb—%‘bbz—4@<0,

which is a contradiction. Using equation (4), we arrive to equation (2):

2
(—2n\/% +2/(a+0)b + 2nb — Lﬁiﬁ)

1
al 4ab?

() o) )
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Cases (i), (iii) and (iv) can be proved similarly as case (i). The reciprocal radii
1/a”,, 1/at, andl/a, are equal to

—n

1 (s —|PQ|—|QR|+2na")? (s’ —2Vab—2/(a+b)b+ 2nb)?

a” 4aba’ 4ab?

—-n

1 (s —|PQ|+|QR|—2na")? (s’ —2Vab+2\/(a+b)b—2nb)>

at 4daba’ 4ab?

1 (¢ —|PQ| - |QR| —2nd)* (s’ —2Vab—2 (a+wb—%w)
am 4aba’ N 4ab?

One root of the quadratic equations corresponding to cases (ii), (iii) and (iv) is
always given by equation (3) and the other roots are

§ = —2n - 1)Wab+ 4;b(+“:}b) (5)
s’——2(n—1)\/a_—ﬁ, (6)
y_—%n—n%E+ij§%%Q. )

O

If the circle~y passes through the poitit.;, we label the arbelos &%/,11). The
arbeloi (W.'1), (W, ), (W,75;) and (W, ) are defined similarly. Reflecting

n n n

the arbeloi(V,,+1), (W,51), (W,75) in the z-axis yields the arbelo{V._,1),

n n

(W=, 1), (W-1,,), respectively. Equation (3) is obtained, when the signs of the
expressions’ —2v/ab+2+/(a + b)b+2nb ands’' —2v/ab+2+/(a + b)a+2na are

the same. This implies that ii¥,,11), the centers of the circleg! and3;" lie on

the same side of the-axis. On the other hand, equation (4) is obtained, when the
signs of these expressions are different from each other. Consequeftiy.in),

the centers ofy! and 3! lie on the opposite sides of theaxis. Similarly, we

can find, on which sides of the-axis lie the centers of the-th twin circles of
Archimedes in the remaining arbeloi. These results are arranged in Table 1.

Var) | (W) | W) <Wnﬂ> (W)
same | o, 57 at,. B, | aw, 85,
side |a_,,B3-,
opposite| o*,,,3,; | o, 85 | aZ,, 52,
side | a;,0%,

Table 1.
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According to Theorem 5, there are four different pairs of th#h twin circles
of Archimedes inV},+1), for any non-zero integer (see Figure 9). In this case,
touchesy andg externally from below for. < —1, internally forn = 0, externally
from above forn > 1. The twin circles of Archimedes in the ordinary arbelos
(Vo+1) and their radii are obtained far = 0. Figures 7 and 8 show the other pairs
of the O-th twin circles of Archimedes in the arbe(®i[,} ) and(W; ;). The 0-th
twin circles of Archimedes itiW, ;) and (W, ) are obtained by reflecting these
figures in ther-axis and exchanging all plus and minus signs in the notation.

Figure 7.a = b7 for (W) Figure 8.a5 = by for (W)

If v is the common external tangent afand S touching these circles from
above, it passes throudh.;, because this tangent bisects the segm#rt[2].
Hence, we get the following corollary (see Figure 9):

Coroallary 6. If v isthe common external tangent of o and 3, touching these circles
from above, then (i) aj = b7, (i) a_; = b4, (iii) a*;, = b7, (iv) a] =b",, and

1 1 1 1 1 1 1 1
(v) = + + = = + + :
Proof. Sincel/\/a, 1/v/b, 1/./7a satisfy the triangle inequality, relation (v) im-
mediately follows from Theorem 5. O
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Qg
\ .
ot 5y
oY
ay
8 Qg

Figure 9. o™, =b;,a"; =b_, for (Vix1) Magnified,a = b],a; =T,

Theorem 7. Any circle touching oo and g at points different from O passes through
V,+1 for somereal number z. The proper circle touching o and 3 at points different
from O and passing through V..., for areal number = # +1 can be given by the

eguation
2
b—a\? 22v/ab a+b)?
(x_z2—1> +<y_z2—1> _<z2—1> ®)
and conversely. The common external tangents of o and /3 can be expressed by the
equations

(a —b)z T 2V aby 4 2ab = 0, (9)
which are obtained from equation (8) by approaching z to +1.

Proof. We again invert the circles, g and+ in the circle centered & and with
radius 2v/ab as in the proofs of Theorems 1 and 5 and use the same notation.
The circle is then carried into the circle’ with radiusd = a + b, because

a’ = bandb’ = a. The intersection of the skewed arbelos boundary ang-dves

can be expressed a§,, for some real numbet. Lett¢ be they-coordinate of

the other intersection of and they-axis. These intersections are carried into the
intersections of/ and they-axis with they-coordinates/ = 4ab/s = 2(z+1)vab

andt’ = s’ — 4vab = 2(z — 1)V ab (see the proof of Theorem 5), leading to

t = 4ab/t' = 2v/ab/(z — 1). Hence, the other intersection efand they-axis



The twin circles of Archimedes in a skewed arbelos 241

is identical with the poin?,_;. Assume thaty is a proper circle passing through
V.41 for a real number # +1 and let(xy,yo) be the coordinates of the center
of v. Obviously,y = (s + t')/2 = 2zvabandz) = (2’ — 20')/2 = b — a,
where(z(, y;) are the coordinates of the center~af The inversion center at the
coordinate originO is also the center of homothety of the circlesnd <, with
homothety coefficient equal fo= 4ab/O(v). SinceO(v') = s't' = 4(2% —1)ab,
this homothety coefficient is equal to = 1/(z — 1)*. Hence,zg = xj)h =
(b—a)/ (2> — 1), yo = yhh = 22vab/(z*> — 1) and the radius of the circlg is

c = ch = (a + b)/|2? — 1], which leads to equation (8). The converse follows
from the fact that (8) determines a circle touchim@ndg at points different from

O and passing througlt , ; at the skewed arbelos boundary and this circle is then
expressed by (8) again as we have already demonstrated- H-1 and we neglect
the terms quadratic ie? — 1 in (8), the remaining factors’ — 1 cancel out and we
arrive to equation (9). a

4. Relationship of two skewed arbeloi

In this section, we analyze further properties of the skewed arl§&jai, ),
W), W, 5), (W,[5) and (W, ) for an arbitrary integern and also con-
sider properties of the circle orthogonaldcand 3. We assume that the circles
andg are fixed. For these arbeloi, the circles formerly denoted'bfor an integer
m are now labeled explicitly as’,,, and their radii ag,; .. Similarly, we relabel
the circles formerly denoted hy,,, 5,5 andg;, and their radii. The circle passing
throughV.; and touchingx and s at points different fronO is denoted byy, for
a real numbee. If v, is a proper circle, it is expressed by (8), and the cirgle

forms (V,,+1) with o and 3. Reflecting the arbelaiV},+1), (W, il) and (W, il)

n n

in the z-axis yields the arbeldiV_,,+1), (W=, ), (W_,1,,), respectively. There-
fore1/at,, = 1/a¥,,, and1/b = 1/bT . in the arbelos pair§V,+;) and
(Vont1); (Wnﬂ) and(W Tt )s (Wnﬂ) and(W nﬂ) but this is trivial.

Since they-coordinates of the pointi,..1, W, ., andW, ., are symmetrical in
a andb, the radiib;,,, can be obtained from?,, by replacinga with b andb with

ain the arbeloi(V,,+1), (W,1}) and(W, ;). On the other hand, thecoordinates
of the pointsW,"; andW, ., are not symmetrical im andb. Hence, we cannot
draw the same conclusion for the arbef®' ;) and (W, ;). Using the same
notations as in the proof of Theorem 5, from equation (3) for the arli@jos ),

we get

2
1 (- 2vabk2/(a B)b = 2mb) 0o 1 \2
_ =(—=+—==
ariz,m 4ab? (\/5 \/a \/ﬁ)
Using equation (4) for the arbeld®/ '),
2
1 _(n_m _ va-vb 1
anm  \Vb V& Ja+VbyTA) '
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an,m

n m+3\/——|—\/_1
bV ar Vb Vi

Using equation (5) for the arbel@$V,, ),
I ( n m  3ya+vb 1

Vb Va \/E+\/5\/ﬁ>’

L _(n_m  Vatvhb 1
aﬁm \/E \/a \/a \/Eﬁ ’
L (o m 3va-vE1)
anm  \Vb V@ Ja—Vb\Ta) '
(nom sb-va 1Y
bim  \Va Vb Vb—ya ra) '’
1 (n  m Vb+va 1 ’
bum  \Va Vb Vb—\aVvia)

a;”b—,m

L (n,m arvb 1Y
ag,m_ \/5 \/a \/a_\/l_)\/ﬁ ’
I i_ﬁ+\/5+\/5 1 2
bim  \Va Vb Vb—yayia) '

Va b V- va v

By comparing the above equations, we obtain the following theorem (see Figure
10):

br,m

1<nm3\/—\/—1>2
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Figure 10.afO = b({l for (Vi41) and(Voi1)

Theorem 8. Let n and m beintegers.

(i) For (Vi11) and (Vina1), wehave 1/a,t,, = 1/b ., 1/0) = 1/a}t, .,

1/an -m = 1/bm —n? and l/bn -_m l/am,—n

(i) For (W, ) and (W,/ 1), wehave 1/a;},, = 1/b;§m and 1/, = 1/af,

(i) For (W, ;) and (Wmﬂ) we have 1/a,, _,, = 1/b,, _ and /b, . =
1/ay,

(IV) FOf ( nil) and (WJril) we have 1/an -m 1/br_n,n
(V) For ( n:l:l) and (szl:l) we have 1/an,m - l/br—’r—t,fn
(vi) For (W, ;) and (W1, ), wehavel/a, ,, = 1/b), _, and1/b;, ,, = 1/a;, ..

(vii) For (W, ;) and (W, ;) wehavel/a} , = 1/bf  and1/b, . =1/a,, ..

For different real numbers andw, ¢, is the circle touchingy, -, and~,, and
passing through neither the tangency pointadnd~, nor the tangency point of
« and~,, and different from3. Similarly the circlegﬁw is defined. In the figure
formed by (Vp+1) and (V1+1), two other congruent pairs of inscribed circles can
be found (see Figure 11).

Theorem 9. The circle inscribed in the curvilinear triangle formed by ~, the y-
axis, and one of the twin circles of Archimedes touching 3 is congruent to ¢'; .

To prove this theorem, we use the following result of the old Japanese geometry
[7] (see Figure 12):

Lemma 10. Assume that the circle C with radius r is divided by a chord ¢ into
two arcs and let h be the distance from the midpoint of one of the arcsto ¢. If two
externally touching circles C; and C, with radii r; and r» also touch the chord ¢
and the other arc of the circle C internally, then h, », r and r, arerelated as

1 1 2 2r

T T9 h 7“1?”2h'

Proof. The centers of’; andC, can be on the opposite sides of the normal dropped
on t from the center of”' or on the same side of this normal. From the right
triangles formed by the centers@fandC; (i = 1, 2), the line parallel ta through

the center of”, and the normal dropped a@rfrom the center of}, we have

IV —r)2 = (h+71 —7)2 £/ (r —12)2 — (h+ 19 — 1)2| = 2¢/r179,
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where we used the fact that the segment length of the common external tangent of
C: and C;, between the tangency points is equab{grir,. The formula of the
lemma follows from this equation. g

Now we can prove Theorem 9. The distance between the common external
tangent ofa and 5 and the midpoint of the minor arc of the circig formed by
this tangent i2ra [2]. According to Lemma 10, the radii of the two inscribed
circles are the root of the same quadratic equation

1 1 a+bd (a+0b)?

i =2 .

r + a + ab a2br
From Figure 11, it is obvious that one root of this quadratic equation is equéal to
The other root is then?b/(a + 2b)2. O

Figure 11. Two small congruent pairs Figure 12.

Now we consider circles orthogonal toand . Lett = (a + b)/\/ab and let
€, be the circle with a diametepV, for a real number, where we consideq; is
identical with thex-axis. The mapping, — ¢, gives a one to one correspondence
between the circles touching and g at points different fron0O and the circles
orthogonal too and 3. The circlee; intersectsae and~; perpendicularly at their
tangency point and the line segmeti] also passes through this point [2].

Theorem 11. Let z and w be real numbers.

(i) The circle ¢, intersects « and ~, perpendicularly at their tangency point and
the line segment AV, also passes through this point.

(il) Letw # 0. Thecirclee, isorthogonal to any circletouching . —,, and .4, In
particular e, intersectscand ¢, .., perpendicularly at their tangency point. If
the two circles v,_,, and v, 1, intersect, e, also passes through their intersection.
(iif) The two circles ~, and ~,, touch if and only if z — w = +t. Thecircle e,
touchesy,_; /o and ./, at their tangency point.

(iv) Thereciprocal radius of e, is |z|/ra.

Proof. We once again invert the circles in the circle centered a&nd with ra-
dius 2v/ab as in the proofs of Theorems 1, 5 and 7 and use the same notation.
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The circle~, is then carried into the circle,’ touchingo/ at a point with the
y-coordinate2zv/ab as shown in the proof of Theorem 7 andis carried into

the linee,”: y = 2zv/ab. This implies thate, intersectsee and~, at their tan-
gency point perpendicularly. The last part of (i) follows from the fact that the three
points A, the tangency point of/ and~.’ andV.’ lie on a circle passing through

O in this order. (ii) follows from the fact that the two circles_,,/ and ..,

are symmetrical in the line,’. The two circlesy,” and~,,’ touch if and only if
22v/ab — 2wvab = +2(a + b) and this is equivalent to — w = =+t. This gives

the first half part of (iii). The remaining part of (iii) and (iv) are now obvioud]

The circlecy,, ., touchesu at a fixed point for any non-zero real numher
which is the intersection af ande, by (ii) of the theorem. For any chain of circles
touchinga: and 3, the reciprocals of the radii of their associated circles orthogonal
to a and 8 and the circles in this chain form a geometric progression by the first
half part of (iii) and (iv) of the theorem, where we assume that the radius of the
associated circle touching theaxis from below has minus sign. In particular,
starting with the ordinary arbelos, we get the chain of circles

{' S V=2t V5 Y0, Vs V2t5 }

and the reciprocal radius of the cirelg associated with,,; in this chain isn/ra.

In the casen = 1, we get the well-known fact that the circle orthogonakitos

and the inscribed circle of the ordinary arbelos is congruent to the twin circles of
Archimedes in the ordinary arbelos [1]. Now let us consider some other special
cases of Theorem 11. In Figure 11, the circle with ceMepassing througl®,

I.e., €19, intersectsy and ¢ (alsoS andg"gl) perpendicularly at their tangency
point and also intersectg and~; at their intersections. These results are obtained
by lettingz = w = 1/2in (ii). The circlee(, 112y, with radiusry /(n+ 1) touches

Ynt @Nd7y(,41); @t their tangency point by (iii) and (iv). In particular the cirelg,

which is double the size of the twin circles of Archimedes in the ordinary arbelos,
intersects and (', (also8 and g‘gt) perpendicularly at their tangency point and
also touches, and~; at their tangency point (see Figure 13).

B
CO,t
—

Yt/2

Figure 13.
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There is a tangent between, and each of the twin circles of Archimedes in the
ordinary arbelos which is parallel to theaxis. In order to avoid the overlapping
circles, reflected twin circles of Archimedes in theaxis are drawn in Figure 13.
From (8) we can see that the cirejg, (alsoy_, ;) touches ther-axis.

5. Then-th twin circles of Archimedes (asymmetrical case)

To investigate further possibilities of the existence of pairs ofrttik twin cir-
cles of Archimedes, we define several other points onytiagis, which are also
related to some of those pairs. Consider the following points orytaeis with
giveny-coordinates:

Also,

Reflecting the points\,, , Xy, Yo 4, Yo, 25, Z*, ZF7 and Z~ in

n,—1
thez-axis, we getthe point&_,, _, X ., Y., Yy, 27, ,Z 2
andZ~," ,, respectively. Since-1 < (Va—vb)/(vVa+vb) <1, X, + andX,,
cannot be the point at infinity on theaxis for any integen, if a # b. However,
any of the other points can be identical with the point at infinity for sanaadb

and integemn. The proof of the next theorem is similar to the proof of Theorem 5.

Theorem 12. Let n be an arbitrary integer and a # b.



The twin circles of Archimedes in a skewed arbelos 247

(i) 1/af = 1/b%,, if and only if the circle v passes through X;, + or Z 1. If 5
passes through X, +,
LI I (nim_lyi
an  bY, \ Va— b TA
and if  passes through Z 1,

11 (nimb_l) va-vi\\ 1
ay b5, va—+/b Vva+ b A

(i) 1/aZ, = 1/b, if and only if the circle v passes through X,, + or Z, 7. If v
passes through X, +,

1 1 ( Va<+b )2 1
by \/__\/B TA

o

—n

and if v passes through Z, .,

1 1 < Vatb 1> va-vi\\ 1
_— = — = n—m—— _— —_—
a”, bn va—+b va++vb TA
(iii) 1/a*,, = 1/b”,, if and only if the circle y passes through ¥, + or Z 5. If y
passes through Y;, +,

at  b-

—-n —-n

TA

1 1 ( Va+b )2 1
Va+ b
and if - passes through Z; 3,

11 (nim_g va+vi\\ 1
at, b, Ja+ b Ja—-vb)) ra

(iv) 1/a, = 1/b} if and only if the circle v passes through Y, . or Z,;i. If ~
passes through Y;, -+,

Gn - E B
and if - passes through Z, 1,
2
11 <¢mw > va+ Vb)) 1
— === n———+1 — -
b Va+ b va-vb) ) ra

an n
Each of the propositions (i), (ii), (iii) and (iv) in Theorems 5 and 11 asserts
the existence of two different pairs of theth twin circles of Archimedes in two
different arbeloi, but the ratio of their radii is independent:@nd the circley and

always equal tc((\/a +Vb)/(va — ﬁ))ﬂ.

2
1 1 (n va-+b +1> 1
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Figure 14.af =b",a=, = by for (X14) af; =b"y,a; =b] for (Y1 +)

If the circle y passes through the poin, ., we label the arbelos &s,, + ).
The arbeloi(Y,, +), (2, 1), (Z,%), (£, %) and(Z,, ) are defined similarly. Re-
flecting (X, +), (Ya,+), (2, 1) and(Z; 3) in thez-axis, we getX_,, 1), (Y_n,+),
(Z-, ) and(Z_, ), respectively. Table 2 shows, on which sides of thaxis
lie the centers of the-th twin circles of Archimedes in these arbeloi. According
to Theorem 12, there are two pairs of theh twin circles of Archimedes in the
arbeloi(X,, +) and(Y;, +) (see Figure 14).

(Xos) | My) | (D) | (Z.2) | (Z35) | (Z.0)
same | o, 37, or,, B2, | an. By
side |aZ,,5,

opposite ot 87, e, 65, | a2, By
side a, B

Table 2.
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6. Another twin circle property

We demonstrate the existence of another pair of twin circles in the case, when
the circley and the line joining the centers afandg intersect. This pair of twin
circles is a generalization of the circlélg; and 1 in [4]. A related result can be
seen in [6]. We start by proving the following lemma:

Lemma 13. Let AyB, be the diameter of the circle v parallél to the xz-axis and
intersecting the y-axis at the point O'. Let ag = |ApO’| and by = |ByO’|, where
Ag and By lie on the same sides of the y-axis as the circles « and 3, respectively.
If ~ touches « and 3 internally, a/b = ag/by and if  touches o and 3 externally,
a/b = bo/ao.

Proof. Assume thaty touchesa and g internally anda < b (see Figure 15). Let
O., Og andO, be the centers af, 3 and~y and F' the foot of the normal dropped
from O, to thez-axis. By Pythagorean theorem we get

070af* = |0aF|* = |0,08]* — |OgF*.

Substituting|0q,0a| = (CLQ + bo)/2 — a, |O,YO/3‘ = (CLQ + bo)/2 — b, ’OaF| =
a+10,0'], |OgF| = b — |0,0'| and|0,0'| = (ag + by)/2 — ag, we obtain
a/b = ap/by. The case, when touchesa and 3 externally, can be proved in a

similar way. O
A :
Bo ,.,O” Q Ao
VANID <
Q 0[} 7 P
Lq Lp
Figure 15.

Theorem 14. Let AO and BO be the diameters of the circles o and 3 on the z-
axis. Let P and (@ be the intersections of the circle v with the z-axis, choosing P
and @ sothat A, P, Q, B follow in this order on the xz-axis, if we regard it as a
circle of infinite radius closed through the point at infinity. Let £p and £ be the
lines through P and @ perpendicular to the xz-axis. The circle touching the y-axis
from the side opposite to ¢ and the tangents to § from an arbitrary point on £p

is congruent to the circle touching the y-axis from the side opposite to « and the
tangents to « from an arbitrary point on £g.
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Proof. We use the same notation as in Lemma 13 and its proof. Assume that
touchesa and 3 internally anda < b. According to Lemma 13, there is a real
numberk, such thaty = apk andb = byk. Hence,

‘OVF‘Q =((ao + bo)/2 — bok)? — (bok — d)?,
|QF? =|0,Q|? — |04 F* = 2agbok + d?,

whered = |OF| = (byp — ap)/2. Letr, be the radius of the circle touching the
y-axis from the side opposite @ and the common external tangentscofrom
an arbitrary point orCg. Similarly, letr, be the radius of the circle touching the
y-axis from the side opposite t® and the common external tangent®from an
arbitrary point onCp. From the similarity of the circle with radiug and the circle
o, we have

Vd% + 2a0bok +d — 1y Vd? 4 2apbok 4 d + aok

Ty aok‘
i B i n Vd? + 2apbok — d
Ty N aok aobok '

Similarly we obtain

1 L Vv d? + 2a0b0k +d

e bok aobok
But we can easily show thayr, —1/r, = 0 orr, = r,. The case, when touches
a andg externally, can be proved in a similar way. O

Theorem 14 holds even in the case, wheiis one of the common external
tangents of the circles andg, if we considery to intersect thec-axis at the point
at infinity. In this case, it < b, these twin circles are congruentdoIf ~ touches
« andg internally, the minimum radii of these twin circles are equattpwhich
is the case of the ordinary arbelos. ~lftouchesa and 3 externally, the radii of
the twin circles are maximum in the case, whetouches thec-axis. Letr be
the maximum radius of the twin circlesthe radius ofy andd the distance of the
tangency point ofy with the z-axis from the originO and assume < b. In this
case

A =(c+a)?—-(d—a)?=(c+b)?*—(d+D)>

Eliminating ¢ and solving this equation faf, we getd = 4ab/(b — a). From the
similarity of the circlea and the corresponding twin circle] —a)/a = (d+r)/r,
which impliesr = 2r,. Consequently, we obtain thatdf< b, ra < a < 2ra,
and the the common radii of the twin circles take the minimum valutor the
ordinary arbelosg when+ is one of the common external tangentswdnd3, and
the maximum valu@r, when~ touches the:-axis. Since the circle touching the
r-axis is identical withy,, , as mentioned at the end §, there is one more circle
congruent to the twin circles in the last case, which is the citglg associated to
Y+¢/2 bY (iv) of Theorem 11 (see Figure 13).
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7. Conclusion

We have demonstrated several interesting properties of the skewed arbelos, which
could not have been found by consider the ordinary one. Since we confined our dis-
cussion largely to a generalization of the twin circles of Archimedes, it appears to
be worth the effort to investigate other topics related to the skewed arbelos. We
conclude our paper by proposing a problem. &efi and~ be three circles form-
ing a skewed arbelos, i.ey,is given by equations (8) or (9), and l&be a circle
touchinga and at their tangency poinD and intersectingy. The circles divides
the skewed arbelos into two curvilinear triangles. Find (or construct) the dircle
such that the incircles of the two curvilinear triangles are congruent (see Figure
16).

Figure 16.
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A Generalization of the Kiepert Hyperbola

Darij Grinberg and Alexei Myakishev

Abstract. Consider an arbitrary poinP in the plane of triangleABC with

cevian triangleA; B1C1. Erecting similar isosceles triangles on the segments
BA,,CA.,CB1, AB1, AC1, BC4, we get six apices. If the apices of the two
isosceles triangles with basBsA, andC A, are connected by aline, and the two
similar lines forB;, andC; are drawn, then these three lines form a new triangle,
which is perspective to triangld BC'. For fixed P and varying base angle of

the isosceles triangles, the perspector draws a hyperbola. Some properties of this
hyperbola are studied in the paper.

1. Introduction

We consider the following configuration. Lét be a point in the plane of a
triangle ABC, andAA,, BBy andCC be the three cevians @f. For an arbitrary
nonzero angle satisfying—%5 < ¢ < 7, we erect two isosceles trianglésd, A,
and C A.A; with the basesBA; and A;C' and base angle, both externally to
triangle ABC if ¢ > 0, and internally otherwise. The same construction also
gives the pointsB,, B,, C,, C, with isosceles triangles all with base angle

This configuration depends on triangle3C, the pointP andy € (-5, %)\ {0}.

Figure 1.

We study an interesting locus problem associated with this configuration.

Publication Date: December 29, 2004. Communicating Editor: Paul Yiu.
The authors thank Professor Paul Yiu for his assistance and for the contribution of results which
form a great part of5.
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2. The coordinates of the vertices

In this paper we work with homogeneous barycentric coordinates, and make use
of John H. Conway’s notations. See [1] for some basic properties of the Conway
symbols. We begin by calculating the barycentric coordinates of the apices of our
isosceles triangles. Lét : v : w) be the homogeneous barycentric coordinates of
the pointP.

Proposition 1. The apices of the isosceles triangles on B4, and A;C are the
points

Ay =(—a*w : 28,0 + (Sc + S,)w : (S + S,)w), 1)
A. =(—ad*v: (Sc + S,)v : 2S,w + (Sp + S,)v). 2

Proof. Let A, be the apex of the isosceles triangle with b&gg and base angle.
Itis well known that the pointl,, has the coordinates-a® : Sc+ S, : Sp+S,).

The line A, A, is parallel to the lined,C; hence, using directed segments, we have

BA BA : o . . :
b =22 E, so that (identifying every point with the vector to the point
A,  AC v

from an arbitrarily chosen origin),

vB+wA, (_a2w (Sc+ Sp)w o (SB—l—S(p)w)

Ay =

25, 28, ©Tag,
Here, we have used the fact that the sum of the coordinates of the foist
—a*+ (Sp+ Sc) + 25, = 25,.

This yields the coordinates of, given in (1) above. SimilarlyA. is as given in
(2). The four remaining apices can be computed readily. O

v+ w

Let £, be the line joining the apiced, and A.. It is routine to compute the
barycentric equation of the ling,.

Proposition 2. The equation of theline £, is
Spv? + Scw? + S, (v + w)?)x + a*wy + a*v?z = 0. 3
®

Proof. Fory € (-3, 5) \ {0}, the equation of the line joining, and A is

T Y z
—a*w 25,0+ (S¢ + Sy)w (S + S,)w = 0.
—a®v (Sc + Sp)v 2S,w + (Sp + Sp)v

This simplifies into (3) above. O

Similarly, we definel, andL.. Their equations can be easily written down:

bw?z + (Scw?® + Sau® + S, (w + u)?)y + b*u?z =0, 4)
vz + Auly + (Sau? + Spov? + S, (u + v)?)z =0. (5)
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3. Thetriangle formed by thelines £,, Ly, L.

Consider the triangle bounded by the lings £, andL.. This has vertices
As = LyN L, By =L.NL,, Cy=L,NLy.

Theorem 3. The triangle bounded by the lines £,, £y, L. is perspective with
ABC. Their axis of perspectivity isthe trilinear polar of the barycentric square of
the point P.

Proof. Let A = BCNL,, By = CANL,, andCy = ABN L.. In homogeneous
barycentric coordinates, these are the points

Ag=(0:—v*:w?), By=u’:0:—-w?), Co=(—u®:v?:0)

respectively, and are all on the line

x Y z

2 + 2 + o2 =0. (6)
It follows from the Desargues theorem thaBC and the triangle bounded by
the linesL,, £, L. are perspective. Note that the axis of perspectivity (6) is the
trilinear polar of the point(u? : v? : w?), the barycentric square d?! It is
independent op. O

The perspector of the triangles, however, varies withVe work out its coordi-
nates explicitly. The vertices of the triangle in question are

As = Ly N Le, By = L.NL,, Cy=LyN Ly
From (4) and (5), the line joiningl, to A has equation
A (V3 (Scw® + Sau® + 2S,(w + u)?) — b*w?u?)y
— bA(w?(Sau® + Spv? + 25, (u + v)?) — Fu?v?)z = 0.

Similarly, by writing down the equations of the linésB, andC (5, we easily find
the perspector of the trianglesBC and Ay B2 Cs.

Theorem 4. For any point P and any angle ¢, the perspector of the triangles
ABC and A; B> C5 isthe point
Kp(p) = (

CL2

—Spv?(w? — u?) + Scw?(u? — v?) + u?(v 4+ w)%S, e

(7)

Strictly speaking, the perspectéip(p) is not defined in the cases = 0 and
¢ = 5. However, in these two cases we can define the perspectors as the limits of
the perspector when the angle approadhesd?, respectively. The coordinates
of these limiting perspectors can be obtained from (7) by substityting0 ands
respectively.

1if we take the harmonic conjugate, B), andC} of the pointsAo, Bo, Co with respect to the
sidesBC, C A, AB respectively, then the lined A}, BB{, andCC{, concur at the trilinear pole of
the line Ao BoCy, which is the barycentric square 8f This gives an interesting construction of the
barycentric square of a point. For another construction, see [2].
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4. Thelocus of the per spector

From the coordinates of the perspectds(y) given in (7), it is clear that the
point lies on the isogonal conjugate of the line joining the points
Py =(u*(v +w)? : v*(w + u)? : w?(u+v)?),
Py =(—Spv?*(w? — u?) + Scw?(u® —v?) -+ 1)

(o d) ()

Obviously P; is an interior point of triangled BC'. It is more interesting to note
that P, is an infinite point, evidently of the line

1 1 1 1 1 1
() rro (- a)rese(m5)=0 ®

Note that(% — L : L — L. 1, — 4 is also an infinite point, of the line (6).

w?Z u? Cu?
From (8), these two lines are orthogonal. See [3, p.52].
Theorem 5. Let P = (u : v : w). Thelocus Kp isthe isogonal conjugate of the
line through the point (u?(v + w)? : v?(w + u)? : w?(u + v)?) perpendicular to
thetrilinear polar of (v? : v? : w?).
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If P is not the centroid and if this line does not pass through any of the vertices
of ABC or its antimedial triangle, then the loci is a circum-hyperbola®
which is rectangular if and only iP lies on the quintic

a*v*w? (v — w) 4+ Vwu? (w — u) + u*v? (u — v)
=wvw(u 4+ v +w)((b* — )u + (¢ — a*)v + (a* — b*)w). 9)
We shall study the degenerate casg@rbelow.

5. Special cases

5.1 The orthocenter. If P = H the orthocenter, = (a* : b* : ¢*) and the
trilinear polar of( 1 SC ) isthe lineSaax + Sy + Sccz = 0. The

Saa " Spp
perpendicular fronP; to this line is the line
b2 — 2 A —a? a’? — b?
2 T+ 02 Y+ 2 z =0,
which is clearly the Brocard axi® K. The locusKy is therefore the Kiepert
hyperbolakC. A typical point onK is the Kiepert perspector

1 1 1
K(09) = : :
( ) (SA-i-Sg Sp+ Sy Sc-i-Sg)
which is the perspector of the triangle of apices of isosceles triangles of base angles
0 erected on the sides of triangleBC.

Theorem 6. Ky (p) = K(0) if and only if

cot p(cot w + cot §) + cot fcotw + 1 =0, (10)
where w isthe Brocard angle of triangle ABC'.
Proof. From (7),

1
B 1
This is the same a& (#) if and only if
((Sca — Spp +b2S,)(Sap — Scc + 2Sy), -+ )
=k((Sp + So)(Sc + Sg), -+ -++)

for somek. These conditions are satisfied if and only if
k= (Sa+ S+ Sc +S<p)27
and
SpSy + (Sa + Sp +Sc)(Se + S,) + S* = 0.
This latter condition translates into (10) above. a

ZKG(Lp) = K, the symmedian point, for every.

3In fact, being the isogonal conjugate of the liReP, this is a circumconic. Since the lirf@ P
intersects the circumcircle of triangleBC (asP; is an interior point), it is a circum-hyperbola. The
isogonal conjugate of the poiifit, is the fourth point of intersection of the circumscribed hyperbola
with the circumcircle of triangled BC.
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Note that the relation (10) is symmetric ¢n w, andd. From this we obtain the
following interesting corollary.

Corollary 7. Kg(p) = K(0) ifand only if Kz (6) = K(p).

Here are some examples of correspondingndé.

w —w
—arctan(sin2w) | 0

N
NE

Y
o=

NE
NE

5.2 Theincenter. If P = I, the incenter, we have
P = (a®>(b+¢)?: b (c+ a)? : (a+b)?) = Xi500.
The pointP; is the infinite point of the perpendicular to the Lemoine axis, namely,
Xsn = (@@ + ) = (1 + ) ioieee),

the same as the cagé= H. The hyperbold(; is the circum-hyperbola through
Xog and

1 1 1
s = <<b+c>2 letap <a+b>2>'
The center of the hyperbola is the point
((b—¢)?f(a,b,0)g(a,b,¢) : (c = a)f (b, ¢, a)g(b, ¢, a) : (a = b)*f(c, a,b)g(c, a,b)),
where
fla,b,¢) =a® — a*(b* + be+ ) — a®(b+ c)(b* + %) — abe(b + ¢)* — b2 (b + ¢),
g(a,b,c) =a® — a®(2b* 4 be 4 2¢) — a®(b + ¢) (20 + be + 2¢%)
—a(b* — b3c — 2622 — b + ) — be(b + ).

5.3 The Gergonne point. If P is the Gergonne point? is the symmedian point
K and the infinite point of the perpendicular to the trilinear polar of

1 1 1
Xorg = <(b+c—a)2 : (c+a—b)2 : (a+b—c)2>

is
X517 = (a(a®(b4¢) —2abc — (b+c)(b—¢)?) s -z --0).
The hyperbola passes through the centroid &nd and has center
(a2(b = ¢)*(a® = a*(b+¢) —a(b— &) + (b+ ) (O* +¢2))? 1ot 00).
5.4 P = Xg71. The pointXg;; = (QaL})LCQ D 2027(124)2) lies on

the quintic (9). It is the reflection of the centroid in the Kiepert centgr. If
P = Xg71, the locusCp is the rectangular hyperbola whose center is the point

(0% —)?(2a® = b* — A (a? = + 02—ty i)

on the nine-point circle.
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5.5 Ponasddine. If Pisa pointon a sideline of trianglé BC, say,BC, then

Py = (0 : 1 : 1) is the midpoint of BC, and P, = (—a® : Sc : Sp) is the
infinite point of theA-altitude. It follows that?, P, is the perpendicular bisector of
BC. Its isogonal conjugate is the circum-hyperbola whose center is the midpoint
of BC. It also passes through the antipodedoin the circumcircle.

6. The degenerate case

The locusKp is a circum-hyperbola if and only if the linB P, does not contain
a vertex of the triangle. The equation of the liRg>, is of the form

UP)x+V(P)y+ W(P)z=0,
where
U(P) = v*(w 4 u)*(w? (u?S4 + v2Sp) — Pu*v?)
—w?(u+v)*(v*(u?Sa + w Sc) — buPw?),

andV (P) andWW (P) are obtained froni/(P) by cyclic permutations ofu, v, w),
(a,b,c) and(S4, Sg, Sc). The locus of the perspectok% is degeneratd €, it is
not a hyperbola) if and only if at least one of the three coefficiéi{t8), V' (P) and
W (P) inthe equation of the liné, P is zero,i.e, if the point P lies on at least one
of the three curves of 8 degree defined by the equaligif3) = 0, V(P) = 0 and
W (P) = 0. Each of these three curves contains the vertices of the triahBI€,
its centroidG, and also the vertices of the antimedial trianGig=,G .. Moreover,

for any two of these three curves, the only real common points are these 7 points
just listed. We conclude with the following observations.
o If Pis one of the verticegl, B andC, then the locusCp is not defined. It
is possibly an isolated singularity of one or more of the cuvég) = 0,
V(P)=0,andW(P) = 0.
e If P is a vertex of the antimedial triangle, then the loéi}sis the corre-
sponding sideline of the trianglé BC'. For exampleKs, = BC.
e If P = @G, the centroid of triangled BC, then/Cp consists of one single
point, the symmedian poirit’ of triangle ABC.
¢ In all other degenerate cases, the hyperbola degenerates into a pair of lines,
one of them being a sideline of the triangle, while the other one passes
through the opposite vertex (but does not coincide with a sideline).
If we put

1 1 1
(u,v,w) = , ) )
Yy+z—x z+r—y x+y—=z

the equatiorU (P) = 0 defines the quartic curve
yz(Spy? — Sc2?)
Saly — 2)(y? + 22) + Spy? — Scz?
with respect to the antimedial triangle 4B C'. Figure 3 shows an example

of these curves in which the vertéxis an isolated singularity of the curves
U(P)=0andW(P) = 0.

xr =
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U(P) =0 V(P) =0

Figure 3.
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