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Where are the Conjugates?

Steve Sigur

Abstract. The positions and properties of a point in relation to its isogonal and
isotomic conjugates are discussed. Several families of self-conjugate conics are
given. Finally, the topological implications of conjugacy are stated along with
their implications for pivotal cubics.

1. Introduction

The edges of a triangle divide the Euclidean plane into seven regions. For the
projective plane, these seven regions reduce to four, which we call the central re-
gion, thea region, theb region, and the: region (Figure 1). All four of these
regions, each distinguished by a different color in the figure, meet at each vertex.
Equivalent structures occur in each, making the projective plane a natural back-
ground for fundamental triangle symmetries. In the sense that the projective plane
can be considered a sphere with opposite points identified, the projective plane di-
vided into four regions by the edges of a triangle can be thought of as an octahedron
projected onto this sphere, a remark that will be helpful later.

5

the a region .
the c region

the central region

A

2

the aregion
7 g

the b region

Figure 1. The plane of the triangle, Euclidean and projective views

A point P in any of the four regions has an harmonic associate in each of the
others. Cevian lines througB and/or its harmonic associates traverse two of the
these regions, there being two such possibilities at each vertex, giving 6 Cevian
(including exCevian) lines. These lines connect the harmonic associates with the
vertices in a natural way.
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2 S. Sigur

Given two points in the plane there are two central points (a non-projective con-
cept), the midpoint and a point at infinity. Given two lines there are two central
lines, the angle bisectors. Where there is a sense of center, there is a sense of de-
viation from that center. For each point not at a vertex of the triangle there is a
conjugate point defined using each of these senses of center. The isogonal con-
jugate is the one defined using angles and the isotomic conjugate is defined using
distances. This paper is about the relation of a point to its conjugates.

We shall use the generic teonjugate when either type is implied. Other types
of conjugacy are possible [2], and our remarks will hold for them as well.

Notation. Points and lines will be identified in bold type. John Conway'’s notation
for points is used. The four incenters (the incenter and the three excenters) are
I,, I, I;, I.. The four centroids (the centroid and its harmonic associatedxare
AG, B%, CG. We shall speak of equivalent structures around the four incenters
or the four centroids. An angle bisector is identifed by the two incenters on it and
a median by the two centroids on it as in “ob”, or “adp is the Cevian trace of
line AP and AP is a vertex of the pre-Cevian triangle Bf We shall often refer
to this point as an “ex-"version d or as an harmonic associatel®f Coordinates
are barycentrictP is the isotomic conjugate @, gP the isogonal conjugate.

The isogonal of a line through a vertex is its reflection across either bisector
through that vertex. The isogonal lines of the three Cevian lines of aPaionhcur
in its conjugatezP. In the central region of a triangle, the relation of a point to its
conjugate is simple. This region of the triangle is divided into 6 smaller regions
by the three internal bisectors. ¥ is on a bisector, so igP, with the incenter
between them, making the bisectors fixed lines under isogonal conjugatiens If
not on a bisector, thegP is in the one region of the six that is on the opposite side
of each of the three bisectors. This allows us to color the central region with three
colors so that a point and its conjugate are in regions of the same color (Figure 2).
The isotomic conjugate behaves analogously with the medians serving as fixed or
self-conjugate lines.

C

Figure 2. Angle bisctors divide the central region of the triangle into co-isotomic
regions. The isogonal conjugate of a point on a bisector is also on that bisector.
The conjugate of a point in one of the colored regions is in the other region of
the same color.
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2. Relation of conjugatesto self-conjugate lines

The central region is all well and good, but the other three regions are locally
identical in behavior and are to be considered structurally equivalent. Figure 3
shows the triangle with the incentral quadrangle. Each verteXIBBfC hosts two
bisectors, traditionally called internal and external. It is important to realize that an
isogonal line through any vertex can be created by reflection in either bisector. This
means that the three particular bisectors through any of the four incenters (one from
each vertex) can be used to define the isogonal conjugate. Hence the behavior of
conjugates aroundi, say, is locally identical to that aroudgl as shown in Figure
4.

Figure 3. The triangle and its incentral quadrangle

If P is in the central region, the conjugai® is also; both are on the same side
(the interior side) of each of the three external bisectors. So in the central region a
point and its conjugate are on opposite sides of three bisectors (the internal ones)
and on the same side of three others (the external ones). This is also true in the
neighborhood off,, although the particular bisectors have changed. No matter
where in the plane, a point not on a bisector is on the opposite of three bisectors
from its conjugate and on the same side for the other three bisectors. To some extent
this statement is justified by the local equivalence of conjugate behavior mentioned
above, but this assertion will be fully justified latersibh0 on topological properties.

3. Formal properties of the conjugacy operation

Each type of conjugate has special fixed points and lines in the plane. As these
properties are generally known, they will be stated without proof. Figures 5 and 8
show the mentioned structures.
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Figure 4. This picture shows the local equivalence of the region ardyial

that aroundL.. This equivalence appears to end at the circumcircle. Numbered
points are co-conjugal, each being the conjugate of the other. For each region a
pair of points both on and off a bisector is given.

conjugacy| fixed points fixed lines special curves$ singularities
isotomic | centroid, its har- medians and | line at infinity, vertices

monic conjugates ex-medians | Steiner ellipsd
isogonal | incenter, its har-|  internal and | line atinfinity,|  vertices
monic conjugates external bisectors circumcircle

For each type of conjugacy there are 4 points in the plane, harmonically re-
lated, that are fixed points under conjugacy. For isogonal conjugacy these are the
4 in/excenters. For isotomic conjugacy these are the centroid and its harmonic
associates.In each case the six lines that connect the 4 fixed points are the fixed
lines.

Foecial curves: Each point on the Steiner ellipse has the property that its isotomic
Cevians are parallel, placing the isotomic conjugate at infinity. Similarly for any
point on the circumcircle, its isogonal Cevians are parallel, again placing the isogo-
nal conjugate at infinity. These special curves are very significant in the Euclidean
plane, but not at all significant in the projective plane.
The conjugate of a point on an edgeABC is at the corresponding vertex, an

oo to 1 correspondence. This implies that the conjugate at a vertex is not defined,
making the vertices the three points in the plane where this is true. This leads to
a complicated partition of the Euclidean plane, as the behavior the conjugate of a
point inside the Steiner ellipse or the circumcircle is different from that outside. We
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The plane is divided into regions by the

Six homothetic copies of the Steiner ellipse each !
go through vertices (two through each) and the ’1 extended sides of ABC, its Steiner
various versions of the centroid (three through ) ellipse, and the line at infinity.
each). Their centers are the intersections of the | In the yellow and tan regions the
medians with the Steiner ellipse. The isotomic isotomic conjugate of a point goes to a
conjugate of a point on any of these ellipses is ; point in the same colored region. If in a
also on the same ellipse. The conjugate of a f blue, red or green region, the point
point inside an ellipse is outside them. | hops over the triangle to the other
| region of the same color.
[
Conjugates are |-1 unless the point is { cs
at a vertex. The conjugate of all points |
on an edge of ABC is the [ °®
corresponding vertex. !
The conjugate of a point on the j |
Steiner ellipse is on the line at infinity. | g
I y
) L
[ -
-
AG
°

| The conjugate of a-point on an
| internal or external median is

| also on that line.

The centroid and its harmonic
! associates are each their own
| conjugate.

Figure 5. Isotomic conjugates

thus have the pictures of the regions of the plane in terms of conjugates as shown
in Figures 5 and 8.

The colors in these two pictures show regions of the plane which are shared
by the conjugates. The boundaries of these regions are the sides of the triangle,
the circumconic and the line at infinity. The conjugate of a point in a region of a
certain color is a region of the same color. For the red, green, and blue regions the

conjugate is always in the other region of the same color.
These properties are helpful in locating a point in relation to the position of its

conjugate, but there is more to this story.

4. Conjugate curves
4.1 Lines. The conjugate of a curve is found by taking the conjugate of each point
on the curve. In general the conjugate of a straight line is a circumconic, but there

are some exceptions.
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Theorem 1. If a line goes through a vertex of the reference triangle ABC, the
conjugate of thisline is a line through the same vertex.

Proof. Choose verteB. A line through this vertex has the fornx — ¢z = 0. The
isotomic conjugate i§ — ﬁ = 0, which is the same asr — ¢z = 0, a line through
the same vertex. The isogonal conjugate works analogously. O

This result is structurally useful. If a point approaches a vertex on a straight line
(or a smooth curve, which must approximate one) its conjugate crosses an edge by
the conjugate line ([3]).

4.2 Sef conjugate conics (isotomic case). The isotomic conjugate of the general
conic is a quartic curve, but again there are some interesting exceptions.

Theorem 2. Conics through AGCBS and ACCSAG are self-isotomic.

Proof. The general conic i&? +my?+nz?+ Lyz+ Mzz+ Nzy = 0. Choosing
the caseAGCBE, sinceA andC are on the conic, we have that n = 0. From
G andB© we get the two equations, + L + M + N = 0, from which we get
M = —mand N = —L giving y> — zz + \y(z — x) = 0 as the family of
conics through these two points. Replacing each coordinate with its reciprocal and
assuming thatyz # 0, we see that this equation is self-isotomic.

For the cas€CA AGCEC the equation i3? + zz + \y(z + z) = 0, also self-
isotomic.

O

Each family has one special conic homothetic to the Steiner ellipse and of spe-
cial interest:y?—zz = 0, which goes througAGCB&, andy?+zx+2y(24z) =
0, which goes througtACCSAS. Conics homothetic to the Steiner ellipse can
be written asyz + zx + zy + (Lz + My + Nz)(x + y + z) = 0. Choosing
L =N = 0andM = +1 gives the two conics of interest. The first of these has
striking properties.

Theorem 3. Thedlipsey? — zz =0
(1) goesthrough C, A, G, A,
(2) istangent to edges a and c,
(3) contains the isotomic conjugate tP of every point P on it, (and if one of P and
tP isinside, then the other is outside the ellipse; the line connecting a point on the
ellipse with its conjugate is parallel to the b edge [3]),
(4) contains the B-harmonic associate of every point on it,
(5) has center (2 : —1 : 2) which is the intersection of the Steiner ellipse with the
b-median,
(6) isthe trandation of the Seiner elipse by the vector fromB to G,
(7) contains P"* = (z™ : y™ : 2") for integer valuesof n if P = (x : y : 2),
(zyz # 0), ison the curve,
(8) istheinverse in the Seiner lipse of the b-edge of ABC.

These last two properties are included for their interest, but have little to do with

the topic at hand (other than that= —1 is the isotomic conjugate). A second
paper will be devoted to these properties of this curve.
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Proof. (1) can be verified by substituting coordinates as done above.

(2) is true by the general principle that if an equation has the form (Ifhe 2)
(line 1)-(line 3), then the curve has a double intersection at the intersection of line
1 and line 2 and at the intersection of line 3 and line 2 and is tangent to lines 1 and
2 at those points.

For (3) we take the isotomic conjugage of a point on the curve to o’?égain

% = 0, which, since this curve only exists where the products positive, is the
same agz — y? = 0, so thattP is on the curve i is, which also implies that the
point and the conjugate are on different sides of the ellijge.: zz : zy) is the
conjugate. If on the ellipsex = * we have(yz : y? : zy) ~ (z : y : ). The
vector from this pointtdx : y : z) is proportional to(—1 : 0 : 1), which is in the
direction of theb-edge.

(4) can be verified by noting that {f:, y, z) is on the ellipse, so is its harmonic
associatéx, —y, z).

(5) The center is found as the polar of the line at infinity.

(6) is verified by computing the translatidhi : B — G, and computing
S(T~1P), whereS(P) is the Steiner ellipse in terms of a poiton the curve.

(7) is verified sincgy™)? — z"2™ hasy? — zx as a factor, so th@” is on the
curve ifP is.

@®(¢--:y:-)— (- :y*—zx:---)is the Steiner inversion and takes
y=0intoy? — zx = 0. O

5. Theisotomic elipses

Consider the three curves

x2—yz:0,
y2—zx:0,
22 —xy =0,

which are translations of the Steiner ellipse, each through two vertices, and tangent
to the edges oA BC. Exactly as the three medians are self-isotomic and separate
the central region of the triangle, so too do these ellipses. If a point is inside one, its
conjugate is outside. The line from a point on one of these curves to its conjugate
its parallel to a side of the triangle, or perhaps stated more correctly, to the an
ex-median.

Consider the three curves

22 fyz+2x(y+2) =0,
v 4 zx 4 2y(z +2) =0,
2 4ry+2z2(x+y)=0

each homothetic to the Steiner ellipse. Each goes through two ex-centroids and
two vertices and is centered at the other vertex. These are the exterior versions
of the above three, rather as the ex-medians are external versions of the medians.
They are self-isotomic and the line from a point to its conjugate is parallel to a
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median (proved below). These ellipses go through the ex-centroids and serve to
define regions about them just as the others do for the central regions. They can
also be seen in Figure 5. These six isotomic ellipses are all centered on the Steiner
circumellipse ofABC. Their tangents at the vertices are either parallel to the me-
dians or the exmedians. For any point in the plane where the conjugate is defined,
the point and its conjugate are on the same side (inside or outside) for three ellipses
and on opposite sides for the other three (just as for the medians).

6. P —tP lines

For points on the interior versions (those that pass thradylof these conics,
the lines from a point to its conjugate are parallel to the ex-medians (and hence to
the sides ofABC). For points on the exterior ellipses, the line joining a point to
its conjugate is parallel to a median ABBC. This is illustrated in Figure 6.

Figure 6. Points paired with their conjugates are connected by blue lines, each
of which is parallel to a median or an ex-median ABC. The direction of the
lines for the two ellipses througA andB are noted.

For the interior ellipses, this property has been proved. For the exterior ones
the math is a bit harder. Note that a point and its conjugate can be written as
(x :y: z)and(yz : zzx : zy). The equation of the ellipse can be written as
zx = y? + 2y(z + z), so that the conjugate becomes

(yz: > +2y(z+2)ay) ~ (z:y+2(z+2): ).
The vector between these two (normalized) points is
(x4+y+z:2@+y+z2):z+y+z)~1:-2:1)

which is the direction of a median.
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Figure 7. The central region divided by three bisectors and three self-isogonal circles.

7. Thesdf-isogonal circles

Just as the ellipse homothetic to the Steiner ellipse thréGA G is isotom-
ically self-conjugate, the circle through the corresponding set of p@IiAT, is
isogonally self-conjugate, a very pretty result. Just as the there are six versions of
the isotomic ellipses, each with a center on the Steiner ellipse, there are 6 isogonal
circles, each centered on the circumcircle, also a pretty result (Figure 8).

We note thafl,CI,A is cyclic because the bisect&T, is perpendicular to the
bisectorI,A. The angles aA andC are right angles so that opposite angles of the
qguadrilateral are supplementary. Hence there is a circle thrGIghAT,. Itis in
fact the diametral circle ofpI,.

The equation of a general circle is

a*yz + b*zx + oy + (br +my +n2)(z +y + 2) = 0.
Demanding that it go through the above 4 points, we get
cay® — b?zx — (a — ¢)(ayz — cxy) = 0

with center(a(a + ¢) : —b* : c(a + c)), the midpoint ofI,I,. There are six

such circles, each through 2 vertices and two incenters. Each pair of incenters
determines one of these circles hence there are 6 of them. Just as each bisector goes
through 2 incenters, so does each of these circles. Just as the bisectors separate a
point from its conjugate, so do these circles, giving an even more detailed view of
conjugacy in the neighborhood of an incenter (see Figure 7).

If a point on one of these six circles is connected to its conjugate, the line is
parallel to one of the six bisectors, the circles throdgipairing with exterior
bisectors. The tangent lines at the vertices are also parallel to a bisector. These
statements are proved just as for the isotomic ellipses.
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The background shows the ,I
1

plane divided into ten
regions by the (extended y o )
SiiS of AyBC iis circumc)ircle ! The six circles that go through a pair of
! ,’ vertices and a pair of incenters are self
isogonal. Their centers are the midpoints of

and the line at infinity.
Isogonal conjugacy maps /
8 Jugacy map ! the segments that start and end on an

each yellow or tan region to . :
/ incenter and are shown as blue points on the

itself and pairs the others t o
according to their colors. circumcircle.
1

I 1
o8¢ / The isogonal of a point on

I’ an internal or external
\\ B bisector is also on that
N / bisector. o
\ 1 -
\ / o -
\ N _ - -
\\ / PP
\ 4 e
\ / T -
\ ! P Isogonality is 1-1
\ 2t "i unless the point is at
N N avertex. For a point
\ / \ in anedge the
B Q
o) \
[ /le

isogonakis the
| |

I = glb

opposite vagtex.

O
SE

I\

isogonal is the infinite
4 \ theab-biseetor:

gP is\the isogonal conjugate of / S
point R.
A

Figure 8. Isogonal conjuates

8. Self-isogonal conics

Demanding a conic go througbI,AT,, we getcay? —b?zz+\y(az —cx) = 0,
which can be verified to be self- isogonal. Those throgATI. have equation

cay® + b?zx + A\y(az + cx) = 0, and are similarly isogonal.
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Figure 9. P — gP lines. On each isogonal circle the line from a point to its
conjugate is parallel to one of the angle bisectors. If the circle goes thibugh
the line is parallel to the corresponding external bisector. The red points on the
circumcircle are the centers of the isogonal circles. For the two circles through
A andB, the directions of th& — gP line is noted.

9. Thecentral region - an enhanced view

These self-conjugate circles thus help us place the isogonal conjugBtust
as do the median lines. If a point is on one of these circles, then so is its conjugate.
If inside, the conjugate is outside and vice versa. This division of the plane into
regions is very effective at giving the general location of the conjugate of a point
(Figure 7). Of course this behavior aroulhds mimicked by that around the other
incenters.

10. Topological considerations

There is a complication to the above analysis which leads to a very pretty picture
of conjugacy in the projective plane. Conjugacy is 1-1 both ways except at the
vertices where it blows up. This is in fact a topological blowup. To see this, let
P move out of the central region across thedge, say. Near bot) andI,, the
behavior of a point to its conjugate is simple and known. In the central region,
P and its conjugate&) were on opposite sides of thiebisector; oncéP passed
through theh-edge,Q passed through thB-vertex, after which it is on the same
side of theb-bisector asP. We say that the plane of the triangle, underwent a
Mobius-like twist at théB-vertex. Continuindg’s journey out of the central region
through theb-edge towardd,, we encounter the second problem. Riears the
circumcircle,Q goes to infinity. AsP crosses the circumcircl€) crosses the line
at infinity as well as the bisector, giving another twist to the plane as it passes. As
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Figure 10. Here points numbered 18 are arranged on a line thr@ugfithe
conjugates, numbered equally, are on the isogonal line thr@ydput are spaced
wildly. The isogonal circles show and explain the unusual distribution of the

conjugates.

P moves neal;, the center of thé-excircle,Q moves towards it, now again on the
opposite side of the bisector. (This emphasis on topological properties is a result
of a conversation about conjugacy with John Conway, one of the most interesting
conversations about triangle geometry that | have ever had).

The isotomic conjugate behaves analogously at the vertices and at infinity with
the Steiner ellipse taking the place of the circumcircle and the six medians replac-
ing the six bisectors.

There is a way to tame the conjugacy operation at the three points in the plane
which are not 1-1, and to throw light on the behavior of conjugates at the same
time.

As a point approaches a vertex along a line, its conjugate goes to the point on
the edge intersected by the isogonal line. Hence although the conjugate at a vertex
is undefined, each direction into the vertex corresponds to a point on an edge.We
represent this by letting the point “blowup”, becoming a small disc. Each point on
the edge of the disc represents a direction with respect to the center. Its antipodal
point is on the same line so the disc has opposite points identified. This topological
blowup replaces the vertex with addius-like surface (a cross-cap), explaining the
shift of the conjugate from the opposite side of a bisector to the same side.

Figure 11 shows the plane of the triangle from this point of view for the isogonal
case. It is a very different view indeed. The important lines are the six bisectors
and the important points are the three vertices and the four incenters. The edges
of the triangle are only shown for orientation and the circumcircle is not relevant
to the picture. The colors show co-isogonal regions - if a point is in a region of
a certain color, so is its conjugate. The twists of the plane occur at the vertices
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\ %X\Xx\\\ N e

\

Figure 11. (Drawn with John Conway). Topological view of the location of
conjugates The colors show co-isogonal regions. The lines issuing from the
vertices show isogonal lines. The isogonal circles are shown. The white lines
are the boundries of the three faces of a projective cube.

as shown by the colored regions converging on the vertices. In fact this figure
forms a projective cube where the incenters are the four vertices that remain after
anitpodes are identified. The view shown is directly toward the “verlgxtith

the linesIyI,, IoI;, IoI. being the three edges from that vertdgI,I.I, form a

face. The white lines are the edges of the cube. In the middle of each face is a
cross-cap structure at a vertex. The final picture is of a projective cube with each
face containing a crosscap singularity. The trianglBC and its sides can be
considered the projective octahedron inscribed to the cube with the four regions
identified in the introductory paragraph being the four faces.
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This leads to a nice view of pivotal cubics which are defined in terms of conju-
gates. The cubics go through all 7 relevant points.

11. Cubics

We can learn a bit about the shape of pivotal cubics from this topological picture
of the conjugates. Pivotal cubics include both a point and its conjugate, so that each
branch of the cubic must stay in co-isogonal regions, which are of a definite color
on our topological picture.

Figure 12. The Darboux cubic is a pivotal isogonal cubic, meaning that the isog-
onal conjugate of each point is on the cubic and colinear with the pivot point,

which in this case is the deLongchamps point. The colored regions show the
pattern of the conjugates. If a point is in a region of a certain color, so is its con-

jugate. This picture shows that the branches of the cubic turn to stay in regions
of a particular color.

The Darboux cubic (Figure 12) has two branches, one through a single Jvgrtex,
and, in the illustrationl;,. The other goes throudh, I, and two vertices, wrapping
around through the line at infinity. The Neuberg cubic (Figure 13) does the same.
Its “circular component” being more visible since it does not pass through the line
at infinity. We can understand the various “wiggles” of these cubics as necessary
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to stay in a self-conjugal region. Also we can see that a conjugate of a point on one
branch cannot be on the other branch.
Geometry is fun.

Figure 13. The Neuberg cubic is a pivotal isogonal cubic, meaning that the isog-
onal conjugate of each point is on the cubic and colinear with the pivot point,

which in this case is the Euler infinity point. The colored regions show the pat-

tern of the conjugates. If a point is in a region of a certain color, so its conjugate.
This picture shows that the branches of the cubic turn to stay in regions of a
particular color.
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A Synthetic Proof of Goor maghtigh’s
Generalization of Musselman’s Theorem

Khoa Lu Nguyen

Abstract. We give a synthetic proof of a generalization by R. Goormaghtigh of
a theorem of J. H. Musselman.

Consider a triangled BC with circumcenterO and orthocente/. Denote by
A*, B*, C* respectively the reflections of, B, C in the sideBC, CA, AB. The
following interesting theorem was due to J. R. Musselman.

Theorem 1 (Musselman [2]) The circles AOA*, BOB*, COC* meet in a point
which isthe inverse in the circumcircle of the isogonal conjugate point of the nine
point center.

Figure 1

R. Goormaghtigh, in his solution using complex coordinates, gave the following
generalization.

Theorem 2 (Goormaghtigh [2]) Let Ay, By, C1 bepointson OA, OB, OC such

that
OAy OBy 0C1 ;
OA OB 0OC
(1) The intersections of the perpendicularsto OA at 4, OB at By, and OC' at
C1 with the respective sidelines BC', C A, AB are collinear on aline /.
(2) If M isthe orthogonal projection of O on ¢, M’ the point on O M such that

OM’ : OM = 1 : t, then the inversive image of M’ in the circumcircle of ABC

Publication Date: January 24, 2005. Communicating Editor: Paul Yiu.
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isthe isogonal conjugate of the point P on the Euler line dividing O H intheratio
OP : PH =1:2t. See Figure 1.

Figure 2

Musselman’s Theorem is the case wlten % Since the centers of the circles
OAA*, OBB*, OCC* are collinear, the three circles have a second common point
which is the reflection of) in the line of centers. This is the inversive image of the
isogonal conjugate of the nine-point center, the midpoir® &f.

By Desargues’ theorem [1, pp.230-231], statement (1) above is equivalent to
the perspectivity oA BC' and the triangle bounded by the three perpendiculars in
guestion. We prove this as an immediate corollary of Theorem 3 below. In fact,
Goormaghtigh [2] remarked that (1) was well known, and was given in J. Neuberg’s
Mémoir sur le Tétraedre, 1884, where it was also shown that the envelopé isf
the inscribed parabola with the Euler line as directrix (Kiepert parabola). He has,
however, inadvertently omitted “the isogonal conjugate of ” in statement (2).

Theorem 3. Let A’B’C’ be the tangential triangle of ABC. Consider points X,
Y, Z dividing OA’, OB’, OC’ respectively in the ratio
00X _ oYy _ 0z . )
OA" OB 0OC
Thelines AX, BY, C'Z are concurrent at the isogonal conjugate of the point P
on the Euler linedividing OH intheratio OP : PH =1 : 2t.

Proof. Let the isogonal line ofA.X (with respect to anglel) intersectOA at X'.
The trianglesD AX andO X’ A are similar. It follows thaD X - OX’ = 0 A2, and
X, X’ are inverse in the circumcircle. Note also thatand M are inverse in the
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Al

Figure 3

same circumcircle, an@M - OA' = OA?. If the isogonal line ofAX intersects
the Euler lineOH at P, then
or OX' O0X' 1 OA 1
PH AH 2-O0M 2 OX 2t
The same reasoning shows that the isogonal line8Yfand CZ intersect the

Euler line at the same poirfe. From this, we conclude that the linesX, BY,
CZ intersect at the isogonal conjugate/ef O

Fort = 1, X, Y, Z are the circumcenters of the triangles3C, OCA, OAB
respectively. The lines\X, BY, C'Z intersect at the isogonal conjugate of the
midpoint of O H, which is clearly the nine-point center. This is Kosnita's Theorem
(see [3]).

Proof of Theorem 2. Since the triangleX'Y Z bounded by the perpendiculars at
Ay, By, Cy is homothetic to the tangential triangle@t with factort. Its vertices
X,Y, Z are onthe line® A’, OB’, OC' respectively and satisfyt). By Theorem

3, the linesAX, BY, CZ intersect at the isogonal conjugate Bfdividing O H

in the ratioOP : HP = 1 : 2t. Statement (1) follows from Desargues’ theorem.
Denote byX’ the intersection oBC andY Z, Y’ that of CA andZ X, andZ’ that

of AB andXY. The pointsX’, Y’, Z’ lie on a line’.

Consider the inversio with centerO and constant - &2, whereR is the
circumradius of triangled BC. The image of\/ underV¥ is the same as the inverse
of M’ (defined in statement (2)) in the circumcircle. The inversioolearly maps
A, B, Cinto Ay, By, Cq respectively. Letd,, B, Cs be the midpoints oBC,

C A, AB respectively. Since the anglésB; X and BA» X are both right angles,
the pointsB, By, Ay, X are concyclic, and

OAs-OX =0OB-0OBy =t- R>.
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Y

Figure 4

Similarly, OBy - OB} = OCy - OC% = t - R2. It follows that the inversionr maps
X, Y, Zinto Ay, By, C5 respectively.

Therefore, the image ok’ under ¥ is the second common point; of the
circlesOB;C; andO B, (. Likewise, the images df” andZ’ are respectively the
second common pointB; of the circlesOC; A1 andOCs A5, andCs of O A1 By
andOAyB,. SinceX’, Y’', Z' are collinear orY, the pointsO, Az, Bs, C3 are
concyclic on a circle.

Under ¥, the image of the lined X is the circleO 4; A5, which has diameter
OX' and containsV/, the projection ofD on /. Likewise, the images oBY and
CZ are the circles with diamete€sY” andO Z’ respectively, and they both contain
the same poind/. It follows that the common point of the line$X, BY, CZ is
the image ofM under¥, which is the intersection of the lin@ M andC. This is
the antipode o) onC.
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On the Existence of Triangleswith Given Lengths of
One Side, the Opposite and One Adjacent Angle Bisectors

Victor Oxman

Abstract. We give a necessary and sufficient condition for the existence of a
triangle with given lengths of one sides, its opposite angle bisector, and one
adjacent angle bisector.

In [1] the problem of existence of a triangle with given lengths of one side and
two adjacent angle bisectors was solved. In this note we consider the same problem
with one of the adjacent angle bisector replaced by the opposite angle bisector. We
prove the following theorem.

Theorem 1. Given a, ¢,, £, > 0, thereis a unique triangle ABC with BC = a
and lengths of bisectors of angles A and B equal to ¢, and ¢, respectively if and
onlyif 4, < aor

4aly(by — a)
(2a — 4)(30p — 2a)
Proof. In atriangleABC with BC' = a and givery,, ¢, lety = CAandz = AB.

We havel, = 2% cos £ and

a<tly<2a and £, >

aly
21T =, 1
2acos§—€b @

It follows thatcos £ > £&, ¢, < 2a, and

14

B < 2arccos —2. (2)
2a
Also,

y* =a® + 2(z — 2acos B), 3

2 a’
0 = 1—-— 7. 4
e (15 5) @
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22 V. Oxman

Case 1: ¢, < a. Clearly, (1) defineg as an increasing function @ on the open
interval (O, 2 arccos 5—2) . As B increases fron) to 2 arccos f—g z increases from

s34 10 00, At the same time, from (3) increases frona — ;24 — 2ale=h) g
b ) ) ; a—ty ~ 2a=l

oo. Correspondingly, the right hand side of (4) can be any positive number. From
the intermediate value theorem, there exists a uniguder which (4) is satisfied.

This proves the existence and uniqueness of the triangle.

Case2: a < f, < 2a. In this case, (1) defines the same increasing functias
before,_ buty incrgases frorggf%b —a = 2‘;;45:) to co. Correspondingly, the right
hand side of (4) increases from

aly,  2a(ly —a) B a? _ 16a*65 (6, — a)?
20— 0, 2a—1{ ( aty | za(eb_@)? ~ (2a — £3)%(36 — 2a)?
2a—14y, 2a—4y,

to co. This meand, > % Therefore, there is a unique valifor

which (4) is satisfied. This proves the existence and uniqueness of the triangle.

Corollary 2. For the existence of an isosceles triangle with equal sides a with
opposite angle bisectors /,, it is necessary and sufficient that ¢, < %a.
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On the Maximal Inflation of Two Squares

Thierry Gensane and Philippe Ryckelynck

Abstract. We consider two non-overlapping congruent squareg, and the
homothetic congruent square§, ¢5 obtained from two similitudes centered

at the centers of the squares. We study the supremum of the ratios of these
similitudes for whichg?, ¢5 are non-overlapping. This yields a functign =

1¥(q1, g2) for which the square@jf’, q;/’ are non-overlapping although their bound-
aries intersect. When the squakgsand ¢ are not parallel, we give a 8-step
construction using straight edge and compass of the interseﬁ’ti@rq;” and we

obtain two formulas for). We also give an angular characterization of a vertex
which belongs tg) N gy .

1. Introduction and notation

We study here the problem of maximizing timélation of two non-overlapping

congruent squares = qq, b,,6,,c aNdga = G, b, ,0,.c- 1he squarey; has the four
vertices

Sj(qi) = (ai, b;) + ¢ (cos(b; + j5),sin(0; + 5 5)).
Let Qi;b,g,c = qap,0,x D€ the homothetic of rati&/c of the squarey, ;9. Our

problem amounts to determining the supremum= (¢, ¢2) of the numbers
k > 0 for which ¢} andgk are disjoint.

ay @

q2

q1 q1

af af

Figure 1

In [3, §4], ¥ = ¥(q1,2) is called themaximum inflation of a configuration of
two squares. It plays a central part in computation of dense packings of squares in
a larger square. We refer to the paper of Pdsrdiid R. Graham [1] who initiated
the problem of maximizing the area sum of packings of an arbitrary square by unit

Publication Date: February 24, 2005. Communicating Editor: Paul Yiu.
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squares, see also the survey of E. Friedman [2]. We note/tisindependent of
and that
<y & int(q) Nint(gh) =0, €
k>4 & dqfNogs #0, 2

where as usual, we denote by (q) and dq the interior and the boundary of a
squareg. An explicit formula fory = ¥ (¢, ¢2) is given in [3, Prop.2] as follows.
Let us define

¥o(a,b,0) = min { i + 19 _ } )
i=1...4 | |1 — v/2sgn(ab) sin(f + T + iZ)|
and
p(q1,q2) = g (tcos By +t'sin 6y, —tsin 6y + ¢’ cos by, 605 — 61)

with (¢,t') = (ag — a1, be — by). The maximal inflation of two squares andg, is
the maximum of(q1, ¢2) andp(qz2, ¢1). The minimum value, say = p(q1, ¢2) <
1, corresponds to the belongness of a verierf ¢ to a straight lineA B when
q¥ = ABCD, but without havings betweenA and B. This expression of) gives
an efficient tool for doing calculations of maximal inflation of configurations of
n > 2 squares.

In this paper, the two congruent squaggs;, are such thag; Ngs = () and their
centers are denoted oy = C(q¢;). We say as in [3§4], thatg strikes ¢ if the set
¢" N ¢¥ contains a vertex of). In §§3-5, we suppose that the squaigsy, are
not parallel so thaﬂp mq;f’ = {P}, where the verteX of ¢ or ¢2 is thepercussion
point. However, at the end of each of these sections, we discuss the parallel case in
afinal remark. We find if§4 a 8-step construction using straight edge and compass
of P. SinceP is a vertex ofq}* or q;ﬁ, the construction gives immediately the other
vertices ofg”, ¢4. At the same time, we choose a frame in which we obtain two
simpler formulas for). We give in§5 an angular characterization which allows to
identify which squarey; or ¢- strikes the other.

2. Quadrants defined by squares

If ¢ = qap0.c IS @square, we define the tvasies A;(¢) and A»(q) of ¢ as the
straight lines througlfia, b) € R? which are parallel to the sides @f We define the
four counterclockwise consecutivays D;(q) as the half-lines with origir{a, b)
and which contain the vertices @f we setDy(q) = D4(q). A couple of consecu-
tive raysD;(¢) andD;1(q) defines the'” quadrant;(q) in R? associated to the
squarey.

If a point M, distinct from the center of, belongs tant(Q;(q)), then we note
S(q, M) = Q;(q). If the pointM lies on the boundaries of two consecutive quad-
rants@;—1(q) and@;(q), then we choose indifferentl$(q, M) as one of the two
quadrantg);_1(g) or Q;(q). Note thatM € int(S(q, N)) iff N € int(S(g, M)).

Lemma 1. If the intersection set ¢ N ¢} contains a vertex P of ¢y, then P ¢
S(qucl)'
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Proof. Let D be the straight line containing a diagonalgfand which does not
contain P. Then the disc with centeP and radiusy) containsC; and Cs since
d(C1, P) < d(Cq, P) = ¢. Hence there is only one half-plaft¢, bounded byD,
which contains this disc. Now{ is the unionS; U S» of two quadrants associated
to g2 and the rayD;(q2) throughP is S; N Sa. If C1 ¢ D;(q2), one ofS; andS; is
S(q2,C1); but P € D;(q2) = S1 NSz givesP € S(qa2,Cy). If Cy € D;i(g2), then
P € Di(g2) C S(g2,C1). O

Lemma2. We have
qqlpﬂq;ﬁ C S(q1,C2) N S(g2, Cr). (3)

The intersection of the two quadrants is depicted in Figure 2.

S(q1,C2) N S(gz, C1)

Figure 2

Proof. The proof is divided in three exclusive and exhaustive situations.
(i) First, we suppose that the intersection (g‘em q;ﬁ = {P} whereP is a common

vertex of¢? and¢}. We readily obtainP € S(g,C;) andP € S(q1, Cy) from
Lemma 1.

(i) Second, we suppose th@fﬁ N q;p contains a verteX’ = (zp,yp) of q;ﬁ and
that P is not a vertex of. We denote byd BC'D the square;’ with P €]A, B
and letC1 A, C1 B be respectively the-axis and they-axis. For the interiors of
the two squares to be disjoint; must be in{(z,y) : = > x, and y > y,} since
the straight liner 4+ y = 1) separates the two squares. Hence the percussion point
P and the cente€; = (a,b) of ¢ lie in the same quadrarfi(q;, C2). Due to
Lemma 1,P is also inS (g2, C1).

(iii) Third, when q}pmq;* is a common edge of the two squaqésthenS(ql, Ca)N
S(q2,C1) is a square of size¢ and having vertice§, P;, Cs, Ps. Sinceqip N q;*
is a diagonal of this square, the inclusion (3) is obvious. O
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Figure 3

Remark. When the segmerC;, Cs] contains a vertex oa}}ﬁ or q;ﬁ, say A, the
statement in (3) can be strengthen@}ﬂn q;” = {A} is the percussion point.

3. Location of the percussion point

We consider the integer € {0, 1} such that the axisl;, (¢1) bounds an half-
plane containing (¢, C2). Similarly, we consider the axid;, (¢2) which bounds
an half-plane containin§(¢, C1). Since4;, (q1), 4:,(g2) are not parallel, we can
setA;, (q1) N A, (q2) = {W}. We use ins4 the pointl” which is the intersection
of the axisAj,(¢2) andW ', and wherej, € {0,1} is the integer different from
19.

The two straight linesA4;, (¢1) and A;,(q2) define one dihedral angle which
contains bothC; and Cs, that we denote agCiW(Cs. Lety = y(q1,q2) =

2w = CLWC, € [0, 7] be the measure of this dihedral angle. We define now
—_—
B(q1, g2) as the half-line which bisectsC, W C5. We also noté; = ||[IW || and
—
by = [[W(Cy|.

Lemma3. Wehave y = v(q1,¢2) € |0, 5.

Proof. If v = 0, the two axes4;, (¢1) and 4;, (¢2) are equal to some straight line
D. The centerg; andC;, lie on D. But by construction4;, (¢1) and 4;,(¢2) have
to be perpendicular to the lin@, contradiction.

If v = 3, the two axesA;, (q1) and A;,(q2) are perpendicular but this is ex-
cluded because the squares are not parallel.

We now suppose thadt < v < "{T’f. The quadrant(qs, C1) intersects the axis
A;, (q1) ata pointd which belongs to the segméht, (i | for C1 liesinS(g2, Cy).
Since the angléV M Cy = 37 — v is strictly less tharf, the quadrant (¢, Cs)
does not contaid’,, contradiction. See Figure 4.

The last cats%1 <~ < wimplies thatS (g2, C1) does not intersect the boundary
of ZC1W Cs. This is in contradiction withC; € A;, (¢1) N S(g2, Cy). O
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C2

Figure 4

Lemma4. Wehave ¢ Nq¥ C B(qi,q2).

Proof. Let0 < k < 1. The homothetic squarg (resp. ¢§) has two vertices in
S(q1,C2) (resp.S(g2,C1)). The straight line passing through those verticeg of
(resp. ¢o) is parallel at distancé/v/2 to the axisA;, (¢1) (resp. A;,(g2)). The
intersection of those two parallels belongsR¢q , ¢2) and, according to Lemma
2, allows to localize the point of percussion which is equafto ¢ whenk = .
ThusP € B(q1,q2). O

Remark. Wheng, andg, are parallel, Lemma 4 remains true providBdy , ¢2)
is replaced with the straight line containing the points equidistant from the two
parallel axes4;, (¢1) and 4;, (g2).

4, Construction of the percussion point

Two raysD;(q1) andD;41(q1) intersectB(q1, g2) at 1, I3. We use the natural
order onB(q1,q2) and we can suppose thdf < I; < I3. Similarly, we define
W < Iy < 14 relatively togs,.

Lemmab. We have
(3)61252@11 =1 <I3=14.
(b)gl <€2<:>Il <IQ<13<I4.
Oba<thhesl<<Iy<lIs.

Proof. If ¢ = 45 thenl; = I, < I3 = I4. Shifting C; alongW (4 towardsW
causeg”; 1, and( I3 to slide in a parallel fashion, so that < I, andis < 4.
SinceC; € S(q2,C1), the pointC; cannot pass the intersectién of C»1» and
WC,. ButwhenC; = Cy, we haveW/Cl\Ig = Wg = 3n/4—~. ByLemma 3,
we deduce that /4 < mg < 3w /4 and accordinglyl, < I3. The remaining
implications are straightforward. O

Theorem 6. (i) Among the four points I, . . . , 14, the second one is the percussion
point: P = ¢¥ N¢¥ = max{Iy, I}. Wehave

V2

S S 4
1+ cotw (4)

1/) = max{fl, 62}
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Figure 5

(i) If, say 5 > #q, then ¢ strikes ¢; at the point P which is the incenter of the
triangle CoW'V.

Proof. (i). We suppose first thab > ¢,. By Lemma 5 we have

—_— —_— —_— —_—
dy = "01[1” <dy = HCQIQH < d3 = HClI?)H <d4 = HCQI4H.

We know from Lemma 4 thaP is one of the four pointg, ..., I, and thus the
percussion occurs & = I; if and only if ¢ = d;. It is impossible thatP = I;
because in that case = d; < dp and thenP € qgl N B(q1,q2) = 0. Hence
¥ > dy. If ¢p > ds and sincel, €]1;, I3[ by Lemma 5, the poinf, € q;p belongs
also to the interior oiﬁ and then the two interiors are not disjoint. We get &,
andP = I, > I,. Easy calculations in the frame centeredlat= (0,0) and with
z-axisWCy, give Iy = l5(1/(1 + tanw), tanw/(1 + tanw)) and (4).

The symmetric casé > ¢, givesq strikesqe at P = I; > I, and (4) again.
Finally, if /1 = /5 the pointP = I; = I is effectively the percussion point.

(i) If &, > ¢4, by Lemma 4, the poinf® = I, belongs to the bisector ray
B(qi,q2) of the geometrlc anglgCiWWCy = ZVW Csy. Now, sinceP is a vertex
of ¢o, we haveVCQP PCQW = m/4, so thatP belongs to the bisector ray of
the geometric angle'VC,W. We conclude thaP is the incenter of the triangle
VO, W. O

Corollary 7. We have
b1 <ty & o strikesg; and ¢ does not strike ¢,
by <t & q strikes g and ¢, does not strike ¢,
b =4ty & o strikesq; and ¢ strikes gs.
Proof. The three implications from left to right are direct consequences of Theo-

rem 6 and its proof. Since the three cases are exclusive and exhaustive, the three
converse implications readily follow. O
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, 5 DN
X

Cy

Figure 6

We now synthesize the whole preceding results. For two pdiftand N, we
denote byl'(M, N) the circle withM as center and/ N as radius.
Construction of P. Given the eight vertices of two congruent, non parallel and
non-overlapping squareg andgs, construct
(1-2) the two centerg’;, Cs, intersection of the straight lines passing through
opposite vertices of;, i = 1, 2,
(3-4) the axes\;, (¢1) and 4;, (g2) (this requires the determination of the quadrants
S(q1,C2) andS(q2, C1) as much as two intermediate points),
(5) the pointi¥, intersection of4;, (¢1) and A;,(q2),
(6) the pointC;., intersection of*(W, C;) and the half-linéV (1,
(7) the bisectorB(q1, g2) throughW andT'(Ce, W) N T'(C,., W) (the four points
I,--- , I, appear at this stage),
(8) the percussion poinP, the second among the four poinks- - - , I, on the
oriented half-lineB(q, ¢2).

Remarks. (1) We know that the area of the triangléV C; is equal top - » wherep
is the half-perimeter of the triangle and= 1 /»/2 the radius of the incircle. Now,
we also have the formula

B ﬁArea(VWC’g) B V2V Cy - W, _ V2sin~y
v= D VO, +WC,+ VW 2sirry—l—cos'y—l—l'
The last value is equal to (4) whén> /.

(2) Let us suppose that the segméfit, Cs] contains a vertexS;(g2). This
amounts to saying that; = Cy, so thatS(¢, C1) has been chosen as one of two
quadrants);_1(q2), Q:(g2). But these choices lead to consider the two dihedral
angles/C1WCs and ZC1V (5. Due to the second part of TheoremiBand the
formula for« are not altered by this choice.

(3) Wheng; andg, are parallel, the construction of the four poirts: - - , I4
makes sense using again the straight i@, ¢2) equidistant from the two axes
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A;, (q1) and A;,(g2). We choose an order oB(¢,g2) and next we label those

four points in such a way thafy, Is] C [I1, 1] and we have)’ N ¢} = [, I3).

In consequence, the steps (5-8) in the above Construction are replaced with the
construction of the midpoin(iC; +C5) /2 (three steps), of the straight lid#(¢ , ¢2)

(three steps) and lastly of the two poirds/s.

5. An angular characterization of the percussion point

We definea(q1, ¢2) as the minimum ot{Si(ql)aq\l)C(qg),O <14 < 3}. This
set contains two acute and two obtuse angles. We baven(q, ¢2) < 7 since

a(q1,q2) < 5 — alq1, g2).

Theorem 8. The square ¢ strikes ¢; if and only if a(g,q1) < a(q1,q2). The

percussion point is the vertex of ¢ or g which realizes the minimum of the eight
angles appearing in a(q, ¢2) and a(gz, q1).

Proof. Suppose that, strikesq; = ABCD at P in the interior of sideAB, see
Figure 7. LetAB be thex-axis andP the origin. Then for the interiors of and

q2 to be disjoint, the centef of g» must be in{(z,y) : y > |z|}. Also, (s lies
on the arcr? + 42 = ¢?. Let Cy, Cy, C, be the three points on this arc which
intersect the line¢; P, y = —x andy = x respectively.

Lettlng Cy movmg anng the arc fror@, to C,., the angIeP/Cgﬁl increases frc from
P0001 =0to PC Cq = BCl(J and the angIeB/C’l\Cg decreases frorBC’l(Jo
to 3010 Hence throughout the move we haHé7201 < 3010 < 30102
But we have obV|oustDCgCl < A0102 and thusPCQCl < a(q1,q2). The same
proof holds wher(C; moves on the ar€,Cy.

SincePC,C) < /4, we geta(go, q1) = PC>Cy and nexta(ge, q1) < a(q1, g2).
The angleP@l realizes effectively the minimum of the eight angles. The con-
verse implication holds becauség, q1) = a(q1, ¢2) is equivalent to the fact that
g1 andgs strike each other at a common vertex. O

Remark. In caseq; and ¢, are parallel,q; strikesq, at P, and ¢, strikesq; at

P,. We havea(qi,q2) = C@l = C@g = a(g2,q1). Hence the results in
Theorem 8 remain true.
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Triangle Centerswith Linear Intercepts
and Linear Subangles

Sadi Abu-Saymeh and Mowaffaq Hajja

Abstract. Let ABC be a triangle with side-lengths b, andc, and with angles
A, B,andC. Let AA’, BB’, andCC’ be the cevians through a poiWt, let z,

y, andz be the lengths of the segmerd®sd’, CB’, andAC’, and let¢, n, and(

be the measures of the angle®3AA’, Z/CBB’, andZACC’. The centerd’
for which z, y, andz are linear forms im, b, andc are characterized. So are the
centers for whiclg, , and( are linear forms i4, B, andC.

Let ABC be a non-degenerate triangle with side-lengths, andc, and letV
be a point in its plane. LettA’, BB’, andC'C’ be the cevians oft BC through
V and let the intercepts, y, and z be defined to be the directed lengths of the
segmentB A’, CB’, andAC’, wherer is positive or negative according dsand
C' lie on the same side or on opposite sidesBgfand similarly fory and z; see
Figure 1. To avoid infinite intercepts, we assume thiatloes not lie on any of
the three exceptional lines passing through the vertices®f' and parallel to the
opposite sides.

Figure 1

If V' is the centroid ofABC, then the interceptér, y, z) are clearly given by
(%, g, %) Itis also easy to see that the triples y, z) determined by the Gergonne
and Nagel points are

<a—b+c a+b—c —a+b+c) (a+b—c —a+b+c a—b+c>

2 ’ 2 ’ 2 2 ’ 2 ’ 2
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respectively. We now show that these are the only three centers whose correspond-
ing interceptyz, y, z) are linear forms ir, b, andc. Here, and in the spirit of [4]

and [5], a center is a function that assigns to a triangle, in a fabhibf triangles,

a point in its plane in a manner that is symmetric and that respects isometries and
dilations. It is assumed th&f has a hon-empty interior, whefg is thought of as

a subset oR? by identifying a triangled BC with the point(a, b, ¢).

Theorem 1. Thetriangle centers for which the intercepts z, y, z are linear forms
ina, b, c are the centroid, the Gergonne and the Nagel points.
Proof. Note first that if(z, y, z) are the intercepts corresponding to a cehteand
if
x = aa+ Bb+ e,
then it follows from reflectingd BC' about the perpendicular bisector of the seg-
mentBC that
a—x = aa+ Bc+ b.
Thereforea = % andg + v = 0. Applying the permutatioA B C) = (abc) =
(zy z), we see that
r=aa+ Bb+~vyc, y=ab+ Bc+vya, z=ac+ Pa+ 0.

Substituting in the cevian conditiaryz = (a — x)(b — y)(c — z), we obtain the
equation

(g +B(b— c)) (g + Blc — a)) (% + Bla— b>)

= (5-a0-0) (500 G- 00-)

which simplifies into
ﬂ(ﬁ+%> (ﬁ— %) (a—b)(b—c)(c—a)=0.

This implies the three possibilitigs = 0, —%, or% that correspond to the centroid,
the Gergonne point and the Nagel point, respectively. a

In the same vein, the cevians throughdefine the subangles n, and( of the
anglesA, B, andC of ABC as shown in Figure 1. These are given by

¢=/BAV, n=/CBV, (=/ACV.

Here we temporaily tak&” to be insideA BC for simplicity, and treat the general
case in Note 1 below. It is clear that the subandles), ¢) corresponding to the

incenter of ABC are given by(4, £.5). Also, if ABC is acute-angled, then the
orthocenter and circumcenter lie insidd3C and the tripleg¢, n, ¢) of subangles
that they determine are given by

(A*B‘FC A+B-C —A+B+C> (A+ch -A+B+C AfB+C>

2 2 2 2 2 ’ 2
@)
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or equivalently by

(g_ag_qg—Ay(g—ag—Ag—B) 2

respectively. Here again, we prove that these are the only centers whose corre-
sponding subangleg, n, ¢) are linear forms in4, B, andC'. As before, we first
show that the subanglés, n, ¢) determined by such a center are of the form

§=aA+pB+~C, n=aB+ pC +~vA, ( =aC + A+ B,
wherea = % andg + v = 0. Substituting in the trigonometric cevian condition
sin¢ sin 7 sin ¢ = sin (a — &) sin (b —n) sin (¢ — (), (3)
we obtain the equation

sm(§+MB—COsm<§+ﬁ@—AOSm(%+MA—BO

_sm(g—m3—003m<§—mc—A0sm(%—ﬁm—BQ.(@

Using the facts that

A B (C

St t5 =5 BB-0)+B(C-A)+BA-B)=0,
and the facts [3, Formulas 677, 678, page 166] thatifv + w = 0, then

4 cos uwcos vsinw = —sin 2u — sin 2v 4 sin 2w,

4 sin w sin v sin w = —sin 2u — sin 2v — sin 2w,

and that ifu + v + w = 7/2, then

4 cos ucosvcosw = sin2u + sin 2v + sin 2w,

4 sin u sin v cos w = sin 2u + sin 2v — sin 2w,
(4) simplifies into
sin A sin(26(B—C))+sin B sin(26(C—A))+sin C sin(26(A—B)) = 0. (5)

It is easy to check that fof = —%, 0, and%, this equation is satisfied for all
triangles. Conversely, since (5) holds on a Behaving a non-empty interior,
it holds for all triangles, and in particular it holds for the trianglé, B,C) =
(5, %, %). This implies that

21376
sinﬂ—w COSﬂ—ﬂ-—ﬁ =0
3 3 2 ] 7

Since—3 < 3 < 2 for this particular triangle, it follows that must be—3, 0, or

%. Thus the only solutions of (5) ar¢ = —3, 0, and1. These correspond to the
orthocenter, incenter and circumcenter, respectively. We summarize the result in
the following theorem.
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Theorem 2. The triangle centers for which the subangles &, n, ¢ are linear forms
in A, B, C arethe orthocenter, incenter, and circumcenter.

Remarks. (1) Although the subangles 7, and( of a given pointl” were defined

for points that lie insideABC only, it is possible to extend this definition to in-
clude exterior points also, without violating the trigonometric version (3) of Ceva’s
concurrence condition or the formulas (1) and (2) for the subangles corresponding
to the orthocenter and the circumcenter. To do so, weélleandH, be the open
half planes determined by the line that is perpendiculat & the internal angle-
bisector ofA, where we takdH; to be the half-plane containing andC'. For

V € H;, we define the subangleto be the signed anglé BAV, where/BAV

is taken to be positive or negative according as the rotation wkhithat takes

AB to AV has the same or opposite handedness as the one thatd&gkeEsAC.
ForV € H,, we stipulate thal” and its reflection aboutt have the same suban-
gle £&. We definen and( similarly. Points on the three exceptional lines that are
perpendicular at the vertices dfBC to the respective internal angle-bisectors are
excluded.

(2) In terms of the intercepts and subangles, the first (respectively, the second)
Brocard point of a triangle is the point whose subandles, and( satisfy¢ =
n = ( (respectively,A — ¢ = B —n = C — (.) Similarly, the first and the
second Brocard-like Yff points are the points whose interceptg andz satisfy
r=y=zanda —x =b—y = c— z, respectively. Other Brocard-like points
corresponding to features other than intercepts and subangles are being explored
by the authors.

(3) The requirement that the interceptsy, andz be linear ina, b, andc is quite
restrictive, since the cevian condition has to be observed. It is thus tempting to
weaken this requirement, which can be written in matrix forrfragz] = [a b ¢] L,
whereL is a3 x 3 matrix, to take the formjz y z]M = [a b ¢|L, whereM is not
necessarily invertible. The family of centers defined by this weaker requirement,
together of course with the cevian condition, is studied in detail in [2]. So is the
family obtained by considering subangles instead of intercepts.
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The Arbelosin n-Aliquot Parts

Hiroshi Okumura and Masayuki Watanabe

Abstract. We generalize the classical arbelos to the case divided into many
chambers by semicircles and construct embedded patterns of such arbelos.

1. Introduction and preliminaries

Let {«, B, v} be an arbelos, that isy, 5, v are semicircles whose centers
are collinear and erected on the same side of this kneg are tangent exter-
nally, and~ touchesa: and 3 internally. In this paper we generalize results on the
Archimedean circles of the arbelos. We take the line passing through the centers
of «, 3, ~ as thex-axis and the line passing through the tangent pGif « and
(6 and perpendicular to the-axis as they-axis. Letoy = «, aq,...,a, = (3 be
n + 1 distinct semicircles touching andg at O, whereqy, ..., a,,_1 are erected
on the same side as and 3, and intersect withy. One of them may be the line
perpendicular to the-axis (i.e. y-axis). If then inscribed circles in the curvilin-
ear triangles bounded hy, 1, «;, v are congruent we call this configuration of
semicircles{oy = o, ay,...,a, = (, 7} an arbelos im-aliquot parts, and the
inscribed circles the Archimedean circlegiraliquot parts. In this paper we calcu-
late the radii of the Archimedean circlesrnraliquot parts and construct embedded
patterns of arbelos in aliquot parts.

Q2

Figure 1. The case = 3

For the arbeloq«, 3, v} we denote byb(«, 3,) the family of semicircles
throughO, having the common point with in the regiony > 0 and with centers
on thez-axis, together with the line perpendicular to thexis atO. Renaming
if necessary we assumein the regionz > 0. Leta, b be the radii ofx, 8. The
semicircley meets thes-axis at—2b and2a.

For a semicircley;, € ®(a, 3,7), leta; be thez-coordinate of its center. Define
u(ay;) as follows.

Publication Date: March 22, 2005. Communicating Editor: Paul Yiu.
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If a # 0,
ai—a—l—b

plai) = i
1, if o is the line.

if o; is a semi-circle,

)

If a =b,

i, if «; Is a semi-circle,
mlow) = @i _ _
0, if a;istheline.
In both cases(«;) depends only on; and the center of, but not on the radius
of v. Fora;, o € ®(a, 3,7), the equalityu(cs;) = p(e;) holds if and only if
a; = a;. Foranya; € ®(a, 3,7),

Y= () > o) > u(p) = Lifa <,

L) > o) 2 n() = ~Lita=b,

Y (o) < plas) < plB) = Lifa> b
Foro;, o € ®(a, 3,7), define the order

plos) > ulay) ifa<b,

. < a; ifand only if :
i < g frandonyt {u(ai) < p(aj) otherwise

This means thaty; is nearer tax thanc; is. Throughout this paper we shall
adopt these notations and assumptions.

2. Anarbelosin aliquot parts

Lemma 1. If o; and «; are semicirclesin ®(«, 3, ) with o; < «;, the radius of
the inscribed circlein the curvilinear triangle bounded by o;, «; and - is

ab(a; — a;)

a;aj; —aa; +ba;

Proof. LetC be the inscribed circle with radius First we invert{c;, o, v, C}
in the circle with cente and radiusk. Thenq; ando; are inverted to the lines
o; anday; perpendicular to the-axis ,+ is inverted to the semicircie erected on
the z-axis andC is inverted to the circl&€ tangent toy externally. We write the
x-coordinates of the intersections@f @; and¥y with the z-axis ass, t andp, g
with ¢ < p. Thent < s sinceq; < a;.

By the definition of inversion we have

k2 k2 k2 k2

2a; 7" " 20,07 T 24717 T @)

S
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c
7
q t s P
Figure 2
. . - s+t s—t
Since ther-coordinates of the center and the radiug aire 5 and 5 and
those ofy are” T4 and?= 9 \we have

2
s+t p-l—q2 s—t p—q2
_F v P=—-L 2 1
(7 -2) = ()

whered is they-coordinate of the center ¢f. From this,

st—sp—tq+pg+d>=0. (2)
SinceO is outsideC, we have
B k2 s—t k2 s—t
G +@ (5071 2 (7@ ()" 2
2 2 2 2
By using (1) and (2) we get the conclusion. O

Lemma?2. If a; (resp. «;) istheline, then the radius of the inscribed circleis

—ab ab

- a(resp. pro b).
Proof. Even in this case (2) in the proof of Lemma 1 holds with= 0 (resp.
t = 0), and we get the conclusion. O

Theorem 3. Assumea # b, and let o, a; € ®(a, 3,7) with a; < ;. Theradius
of the circle inscribed in the curvilinear triangle bounded by o;, a; and « is

ab(p(ai) — p(ay))
bu(o) — ap(ay)
Proof. If ; anda; are semicircles, then
a;—a+b aj—a+bd
ab(ju(e) — pula)) _ “ ( @ q )

bu(a;) — ap(oy) b-ai_a—I_b—a-aj_a—i_b - a;a; — aa; +ba;

a; 7

ab(a; — a;)
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Hence the theorem follows from Lemma 1. If onef «; is the line, the result
follows from Lemma 2. O

Similarly we have

Theorem 4. Assumea = b, and let oy, a; € ®(a, B,7) wWith o < ;. Theradius
of the circle inscribed in the curvilinear triangle bounded by o;, a; and «y is

a?(u(ay) — p(ey))
alulag) — plaa)) — 1

_ 2
ab(l — z) x)’ a # bandz — a7
b—ax ar — 1

The functionsy —
Therefore, we have

,a > 0 are injective.

Corollary 5. Let ag, aq,...,a, € ®(a, B, y) Withay < a1 < -+ < ay.
The circles inscribed in the curvilinear triangle bounded by o;_1, «; and ~y (i =
1,2,...n) areall congruent if and only if p(ap), p(aq),. .., p(ay,) isageometric
sequence if a # b, or an arithmetic sequence if a = .

Theorem 6. Let {ay = o, a1,...,a, = (3, v} bean arbelos in n-aliquot parts.
The common radius of the Archimedean circles in n-aliquot partsis

ab (b% — a%>

e Ta#b
n — an

2 .

f2, ifa="o.
n

Proof. First we consider the cage# b. We can assumey < a1 < --- < ay
L b a .

by renaming if necessary. The sequerce- u(ap), p(ai),...,pulan) = 7 is

a geometric sequence by Corollary 5. If we write its common ratid, age have

2

4_ dn <é> and thend = (%) " By Theorem 3 the radius of the Archimedean

b a
circle is
a % 2 2
ab(1—d) ab <1 - (6) > _ab (bZ —aﬁ)
b—ad aNe  pE+l_ A4
b-a(3)
Similarly we can get the second assertion. O

Note that the second assertion is the limiting case of the first assertion when
b— a.

Theorem 7. Let {ap = «, a1,...,a, = (3, v} bean arbelos in n-aliquot parts

withag < a1 < --- < ay,. Then o isthelinein ®(a, 3,) if nisevenand i = 3.
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Otherwise it isa semicircle with radius

Z_g
nHa—10b .
ﬁ, ifa #b,
an~t—bu-
na
ifa =0.
n—2i|’ “

b . .

Proof. Suppose: # b. Slncea = p(ap), plan),...,wlay) = % is a geometric
. a\ = aNZ (b ay Z-1
sequence with common rat(ol;) , we haveu(a;) = (3> (E) = (Z) .
If nis even and = g thenu(o;) = 1 anda; is the line. Otherwiseu(a;) # 1

andq; is a semicircle. Let; be thex-coordinate of its center. The radius @fis

|a;] andw _ <9>%_1. From this,a; = %

The proof ;or the case = b is similar. oo O
3. Embedded patterns of the arbelos

Let{ag = «, a1,...,a, = (3, v} be an arbelos im-aliquot parts withng <

ay < --- < a,. There exists a semicirckg which is tangent to all Archimedean
circles externally. It is clearly concentric ta (If n = 1 we will take for+ the
semicircle concentric te and tangent to the Archimedean circle externally). Let
o/, ' be two semicircles iy > 0, tangent tay;s at O and also tangent t¢/. We
takec’ in the regionz > 0 and/ in the regionz < 0. Letd’ andd’ be the radii of

o/ andf’ respectively. Clearly/, 3’ are tangent externally &, and+ intersects
the z-axis at—20 and 24/, and ®(«, 3,v) C ®(</,5,7'). Moreover, for any

a; € ®(a,5,7), u(ay) considered inb(a, 3, ) is equal tou(c;) considered in
®(a/, #,4") since the centers of and+ coincide.

a\" a2
Lemma8. (a)lfa # b, (F) = (3)
a’ a

Proof. If a # b we have

2 2
2 .2 2
I Gt B O’
a =a—- 2 = T2 2 )
az“rl _ b;“rl a;"rl _ b;“rl
2 2
n — bn 2
ab (an bn) anrl (a—b)
2 2 ) 2
antl —patl  gatl _patl

W=b—

)

by the definitions ofZ’ and®’. Then the the first assertion follows. The second
assertion follows similarly. O

Theorem 9. {&/, a9, 1, ..., an, 5,7} isanarbelosin (n + 2)-aliquot parts.
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Proof. Let us assume # b. By Lemma 8 and the proof of Theorem 6(«y),

" niz
w(ar), ..., u(ay) is a geometric sequence with common r{ti%) . Also by
Lemma 8 we have

plav) _ba (VYT (a7
we!) abtl  \d v\ ’

(B db o /(b a =5
wlan)  Va U \d T\ '

The case: = b follows similarly. O

and

Let{«, 3, v} be an arbelos and all the semicircles be constructgdr) such
that the diameters lie on theaxis. Leta_; = «, a7 = S andvy; = . If there
exists an arbelos i(2n — 1)-aliquot parts{a,, Q_(n—1)y =+ s Q—1, O, « o, Oy,
Yon-1} With a_, < a_(p_1) < -+» < a_1 < aj < -+ < ay, we shall construct
an arbelos if(2n + 1)-aliquot parts as follows.

Letv2,41 be the semicircle concentric tpand tangent externally to all Archi-
medean circles of the above arbelos. This meetscthgis at two points one of
which is in the regionz > 0 and the other it < 0. We write the semicircle
passing througtO and the former point as_, ;) and the semicircle passing
throughO and the latter point as, ;. Then {a_(n+1), Oy ey O],y Oy o nny
Qn+1, Y2n+1} IS @n arbelos in{2n + 1)-aliquot parts by Theorem 9. Now we get
the set of semicircles

{"'7a—(n+1)7a—nv'--7a—17a17---705n7an+17"'717737"'7’7271—1"'}7

where{a_,, ...,a_1, a1, ..., an, y2n—1} form the arbelos if2n — 1)-aliquot
parts for any positive integet. We shall call the above configuration todd
pattern.

Theorem 10. Let 6,1 be one of the Archimedean circlesin
{Oéan a—(n—l)) e, 01, O1,...,0p 772n71}~
Then theradii of o_,, and o, are
a2n—1(a o b) b2n—1(a o b)
o1 gt A
and the radii of 4,1 and 45,1 are respectively

(a2n71 + b2n71)(a _ b) and a2n71b2n71(a _ b)(a2 _ b2)
a2n—1 _ b2n—1 (a2n—1 _ b2n—1)(a2n+1 _ b2n+1) :

Proof. Leta_,, anda, be the radii ofo_,, anda, respectively. By Lemma 8 we

have
——\ ToT a_(n—1) ﬁ a—1
(aj> :(M> e (3)
(7% an—1 a1 b
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Sincevs, 1 and~ are concentric, we have
a,—a,=a—b. (4)
By (3) and (4) we have
a’*"1(a —b)
N T a1 _ p2n—1°
b2n71(a _ b)
a2n71 _ b2n71 :

g
I

It follows that the radius ofy,,_1 is

(a2n71 + anfl)(a _ b)
a2n—1 _ p2n—1 )

@+ a, =

and that ofy,,,_1 is
(a2n—1 + b2n—1)(a o b) (a2n+1 + b2n+1)(a o b)

a2n—1 _ b2n—1 a?n—‘,—l _ b2n+1

_ a2n—1b2n—1(a _ b)(a2 _ b2)
- (a2”*1 _ anfl)(GQTlﬁ’l _ b2n+1) :

O
As in the odd case, we can construct den pattern of arbelos

{”'67(7%%1)7 ﬁ*na sy ﬁ*lu ﬁ(]u ﬁl? ey /Bna ﬁnJrl? <y Y25 Y4, 7’7/271}

inductively by starting with an arbelos aliquot parts{3.-1, 5o, 51,72}, where

/6—1 = qQ, ﬁl = ﬁ and72 =7 By Theorem 9{5—7’“ R 75—17 ﬁ()v /617 cee 7/67177271}
forms an arbelos iRn-aliquot parts for any positive integer, and (3 is the line
by Theorem 7. Analogous to Theorem 10 we have

Theorem 11. Let 65, be one of the Archimedean circlesin

{5—717 /67(7171)7 vee 7/6—17 ﬁ()v ﬁlv v 7/671 77271}'

Theradii of 5_,, and 3,, are
a"(a —b) b"(a —b)
an” — hn and a™ — hn ’

and the radii of 1y,, and d,,, are respectively

n n o nin _1\2

(@ 4+0")(a—0) and a™b™(a — b) '
a — pn (an _ bn)(anJrl _ anrl)

Corollary 12. Let ¢, and d,, be the radii of ~,, and §,, respecgtively.

an =bon—1,
a—n :b—(2n—1)7
Can—1 =C2(2n—1)>
dop—1 =dan—a + dap,.

Figure 3 shows the even pattern together with the odd pattern reflected in the
z-axis. The trivial case of these patterns can be found in [2].
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Figure 3

4. Some Applications
We give two applications here, with the same notations §8.in

Theorem 13. The external common tangent of &, and 5_,, touches ~,, for any
positive integer n.
Proof. The distance between the external common tangenisafid3_,, and the

—2 —2
n

b b_n — — N
center ofyy, is b_+7_ whereb,, and b_,, are the radii of3, and5_,,. By

(0= b)(a? + b2
i a2n — p2n

Theorem 14. Let BK,, be the circle orthogonal to «, 8 and &,,_1, and let AR,
be the inscribed circle of the curvilinear triangle bounded by 4,, Gy and ~,,. The
circles BK,, and AR,, are congruent for every natural number n.

Theorem 11 this is equal

, the radius ofyy,. O

Proof. Assumea # b. SinceAR,, is the Archimedean circle of the arbelos in
2-aliquot parts{5_,,, Bo, Bn, 72n}, the radius ofAR,, is
by b (bn —b_n) _ a""(a —b)
72 _p 2 ~ g2 _p2n
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by Theorem 6 and Theorem 11.

On the other handK,, is the inscribed circle of the triangle bounded by the
three centers ofy, 3, d2,_1. Since the length of three sides of the triangle are
a+ dop—1,b+ dop—1,a + b, the radius oBK,, is

abdap,—1  a™b"(a —D)
a+b+dop_1q g2 —p2n

by Theorem 10. O

This theorem is a generalization of Bankoff circle [1]. Bankoff’s third circle
corresponds to the cagse= 1 in this theorem.
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On a Problem Regarding the n-Sectors of a Triangle

Bart De Bruyn

Abstract. Let A be a triangle with verticesl, B, C' and anglesy = @,
b= @ v = ACB. Then — 1 lines throughA which, together with the
lines AB and AC, divide the anglex in n > 2 equal parts are called the
sectors ofA. In this paper we determine all triangles with the property that all
three edges and &@ln — 1) n-sectors have rational lengths. We show that such
triangles exist only ifv € {2, 3}.

1. Introduction

Let A be a triangle with verticesl, B, C and anglesx = BAC, g = ABC,
v = ACB. Then — 1 lines throughA which, together with the lined B and AC,
divide the anglex in n > 2 equal parts are called thesectors of A. A triangle
has3(n — 1) n-sectors. The-sectors and-sectors are also calldasectors and
trisectors. In this paper we study triangles with the property that all three edges
and all3(n — 1) n-sectors have rational lengths. We show that such triangles can
exist only ifn = 2 or 3. We also determine all triangles with the property that all
edges and bisectors (trisectors) have rational lengths. In each of thencas@s
andn = 3, there are infinitely many nonsimilar triangles having that property.

In number theory, there are some open problems of the same type as the above-
mentioned problem.

(i) Does there exists perfect cuboid, i.e. a cuboid in which all 12 edges, all 12
face diagonals and all 4 body diagonals are rational? ([3, Problem D18]).

(i) Does there exist a triangle with integer edges, medians and area? ( [3, Prob-
lem D21)).

2. Some properties
An elementary proof of the following lemma can also be found in [2, p. 443].

Lemmal. The number cos Tan =2, isrational ifand only if n = 2 or n = 3.

Proof. Suppose thatos 7 is rational. Put
27

C 27T+. .
= coS — + isin —
2n on on’
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48 B. De Bruyn

then (s, is a zero of the polynomiak® — (2 - cos ) - X + 1 € Q[X]. So, the
minimal polynomial of¢s,, overQ is of the first or second degree. On the other
hand, we know that the minimal polynomial @f, over@Q is the2n-th cyclotomic
polynomial®,,,(z), see [4, Theorem 4.17]. The degreedef,(x) is ¢(2n), where

¢ is theEuler phi function. We havep(2n) = 2n - 22— . 22=1. . Pi=l where
p1,--.,pr are the different prime numbers dividirg. From ¢(2n) € {1,2}, it
easily followsn € {2, 3}. Obviously,cos § andcos % are rational. O

Lemma 2. For everyn € N\ {0}, there exist polynomials f,,(z), gn—1(x) € Q[z]
such that

(i) deg(fn) = n, fa(z) = 2" 12" + ... and cos(nz) = f,(cosz) for every
T € R;

(i) deg(gn_1) =n —1, gp_1(x) = 2»"tz"~1 +... and Sl;gl"f) = gn—1(cos )
for every x € R\ {kw | k € Z}.

Proof. Fromcos z = cos z, $8Z = 1,

sin(kx)

sinx

(1 — cos®x),

cos(k + 1)x = cos(kx) cosx —
sin(k + 1)z _ sin(kx)
sinx  sinz
for k > 1, it follows that we should make the following choices for the polynomi-
als:

cos x + cos(kx)

=z, go(z) :=1;
x) = fr(z) -z — gp_1(x) - (1 — 2?) for everyk > 1;

= gr—1(x) - = + fr(x) for everyk > 1.
One eaS|Iy verifies by induction thgt andg, 1 (n > 1) have the claimed prop-
erties. O

Lemma3. Letn € N\ {0},¢ € Q" \ {0} and z1,...,z, € R. If

COSZ1, \/q -sinxy, ..., coszy, \/q-sinz,

arerational, then so are cos(z; + - - - + x,) and /g - sin(zy + - - - + 5,).
Proof. This follows by induction from the following equations ¢ 1).

cos(xy + -+ xp41) =cos(xy + -+ + xg) - cos(Tp41)
1 . .
g V- sin@r -+ ap)) - (Vi sin@ee))

Vq-sin(xy + - 4 xppr) = (/g - sin(zy + - -+ x)) - cos(Tg41)
+cos(z1 + -+ k) - (Vg - sin(zgy1)) -

O

Lemmad4. Let A beatrianglewithvertices A, BandC. Puta = |BC|,b = |AC/|,
c=|AB|,a = BAC, 3 = ABC andy = BCA. Letn € N\ {0} and suppose
that cos(%), cos( ) and cos() arerational. Then the following are equivalent:
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(i) and arerational numbers.

n

(i) S and 2 are rational numbers.

sm

Proof. We have
. . . o
b _sinf _sinfg siny sin

B
n
e

a sina  gpf sina sin
n n

By Lemma 2, Si“f s ¢ QF )\ {0}. So,! is rational i

sin a

rational. A S|m|Iar remark holds for the fractlén D

3. Necessary and sufficient conditions

Theorem 5. Letn > 2and 0 < o, 8,7 < wwith o + 8 + v = w. There exists
a triangle with angles «, 4 and ~ all whose edges and n-sectors have rational
lengths if and only if the following conditions hold:

(1) cos% € Q,

(2) cot % . tan% € Q,

(3) cot g - tan% € Q.

Proof. (a) LetA be atriangle with the property that all edges andhadlectors have
rational lengths. Letd, B andC' be the vertices oA. Puta :W, 8= ABC
andy = ACB. Let Ap, ..., A, be the vertices on the edd#&_ such that4, = B,
A, = CandA,_ 1 AA; = Sforalli € {1,...,n}. Puta; = |A;_14;| for every
i €{1,...,n}. Foreveryi € {1,...,n — 1}, the IineAAZ- is a bisector of the

triangle W|th vertices4,; 1, A andAhLl Hence, - '@ﬁ:h € Q. Together

witha; + ... 4+ a, = |BC| € Q, it follows thataz e @ for everyi € {1,...,n}.
The cosine rule in the triangle with verticels Ay and A; gives
o  |AAR| 4 |AA P —a?

S T T [AAy A4 &

In a similar way one shows thabs ,cos T € Q. Putg := (1 - cos? ) . By

Lemma 4,,/q - sin 7, \/q - sin and\/é sin ”Y are rational. From Lemma 3, it
follows thatcos 7 € Q and/q - 'sin reQ. Hence,

T o 1+ cosZ -sin &
cot — - tan — = - ’;‘r\/a 2 cQ.
2n 2n \/q-siny  1+cos

n

Similarly, cot o~ tan ~ € Qandcot 5~ tan - e Q.

(b) Conversely, suppose thats 7 € Q, cot 5. - tan 5~ € Q andcot 5~ - tan 5 €

Q. Putq := sin2% =1 —0082% e Q. From\/a-cot% =/q- 1:;08" € Q

. 1—t

it follows that,/q - tan 5~ € Q, \/a'tang € Q cosy = thﬁ e Q,

cosﬁ € Q Vq-sin g = 21\4@;:; 2 eQ,\/q sm € Q. By Lemma 3, als@os 'Y
2n

V/a-sin 1 € Q. Now, choose a trianglé with angIeSa [ and~ such that the edge
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opposite the angle has rational length. By Lemma 4, it then follows that also the
edges opposite t8 and~ have rational lengths. Let, B andC be the vertices of

A such thaBAC = Q, ABC = 0 andACB = ~. As before, letdy, ..., A, be
vertices on the edgB8C such that the: + 1 lines AA4;, i € {0,...,n}, divide the
anglea in n equal parts. By the sine rule,

|AB| - sin 3

|AAi| = — :
Sln(% +5)

Now,
sin(%2 +8)  sin’® /g-sing sin 2

. . ”-cosﬁ—kcosi—a
sin 3 sin & \/q-sinﬁ sin 3 n

n

By Lemma 2, this number is rational. HencéA4;| € Q. By a similar reasoning it
follows that the lengths of all other-sectors are rational as well. O

By Lemma 1 and Theorem 5 (1), we know that the problem can only have a solution
in the case of bisectors or trisectors.

4. Thecase of bisectors

The bisector case has already been solved completely, see e.g. [1] or [5]. Here
we present a complete solution based on Theorem 5. Without loss of generality,
we may suppose that < 3 < «. These conditions are equivalent with

0

N

oy R

<

: (1)
(2)

a<p

IN
ool

By Theorem 54, := tan § andgg := tan% are rational. Equation (1) implies
0 < go < tan {5 and equation (2) implieg, < g3 < z, wherex := tan(g — §).

21— - .
Now, {22, = tan(%' -9) = % and hencer = 7%%1% Summarizing,
we have the following restrictions fa, € Q andgg € Q:

q an
a = 127

V2+2¢2 —1—q,

1_Qa

In Figure 1 we depict the area corresponding with these inequalities. Every point
in G with rational coordinates G will give rise to a triangle all whose edges and
bisectors have rational lengths. Two different point&iwith rational coefficients
correspond with nonsimilar triangles.

QaSQHS
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as

(0, tan %)

a (tan 75, tan 75)

o

Figure 1

5. Thecase of trisectors

An infinite but incomplete class of solutions for the trisector case did also occur
in the solution booklet of a mathematical competition in the Netherlands (univer-
sitaire wiskunde competitie, 1995). Here we present a complete solution based on
Theorem 5. Again we may assume that< § < «; so, equations (1) and (2)
remain valid here. By Theorem 5, = /3 - tan § andgg = V3. tan% are
rational. As before, one can calculate the inequalities that need to be satisfied by
go € Qandgg € Q:

0<qa§\/§-tan1,

18
V124 4¢2 — 3 —qq
Ga < qp < :
“ 7 1 — Gua
ap
0,tan %)
(\/g-tan%,\/g-tan%)
el
o
Figure 2

In Figure 2 we depict the argd corresponding with these inequalities. Every
point in G’ with rational coordinates will give rise to a triangle all whose edges and
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trisectors have rational lengths. Two different point&imvith rational coefficients
correspond with nonsimilar triangles.
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A Simple Construction of a Triangle
from its Centroid, I ncenter, and a Vertex

Eric Dannedls

Abstract. We give asimple ruler and compass construction of a triangle given
its centroid, incenter, and one vertex. An analysis of the number of solutionsis
also given.

1. Construction

The ruler and compass construction of atriangle from its centroid, incenter, and
one vertex was one of the unresolved cases in [3]. An analysis of this problem,
including the number of solutions, was given in [1]. In this note we give a very
simple construction of triangle A BC with given centroid G, incenter I, and vertex
A. The construction depends on the following propositions. For another dightly
different construction, see [2].

Proposition 1. Given triangle ABC' with Nagel point NV, let D be the midpoint of
BC'. Thelines ID and AN are parallel.

Proof. The centroid GG divides each of the segments AD and N1 intheratio AG :
GD = NG :GI =2:1. SeeFigure 1. O

Figure 1 Figure 2

Proposition 2. Let X be the point of tangency of the incircle with BC. The an-
tipode of X on the circle with diameter 1D isa point on AN.

Publication Date: April 12, 2005. Communicating Editor: Paul Yiu.
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Proof. This follows from the fact that the antipode of X on the incircle lies on the
segment AN . See Figure 2. O

Construction. Given G, I, and A, extend AG to D such that AG : GD = 2 : 1.
Construct the circle C with diameter 7D, and the line £ through A parallel parallel
toID.

Let Y beanintersection of the circle C and theline £, and X the antipode of Y
on C such that A is outside the circle 7(X'). Construct the tangents from A to the
circle I(X). Their intersections with the line DX at the remaining vertices B and
C of the required triangle. See Figure 3.

Figure3

2. Number of solutions

We set up a Cartesian coordinate system such that A = (0,2k) and I = (0, —k).
If G = (u,v),then D = 1(3G — A) = (3u, 3v — k). Thecircle C with diameter
1D has equation

2(z? + %) — 3ux — (3v — 4k)y + (2k* — 3kv) = 0
and the line £ through A parallel to I.D has slope and equation
v — uy + 2ku = 0.
Theline £ and the circle C intersect at 0, 1, 2 real points according as
A = (u? +v? — dku)(u® + v? + 4ku)

is negative, zero, or positive. Since 22 + 32 4 4kx = 0 represent the two circles of
radii 2k tangent to each other externaly and to the y-axis at (0,0), A is negative,
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zero, or positive according as G lies in the interior, on the boundary, or in the
exterior of the union of the two circles.
The intersections of the circle and the line are the points

v 3u(u? + v? — 4kv — eV/A)  8k(u® 4 v?) 4 3v(u? + v? — 4kv — eVA)
° 4(u2 + v2) ’ 4(u2 + v2)

for e = £+1. Their antipodes on C are the points
X <3u(u2 + 02 +dkv + eVA)  —16k(u? + v?) + 3v(u? + v? + 4kv + 6\/Z)>

4(u? 4 v2?) ’ 4(u? 4 v?)

Thereisatriangle ABC tritangent to the circle I(X.) and with DX, asaside-
line if and only if the point A lies outside the circle I(X.). Notethat /A = 3k
and

IX? = g(u2 +0v24+VA), IX?= g(u2 + 02 —VA).

From these, we make the following conclusions.
(i) If u? + 02 — 8k? > v/A, then A liesinside or on I(X_). In this case, there is
no triangle.
(i) If —VA < u? + 0% —8k? < VA, then A liesoutside I(X_) but not (X ).
Thereis exactly one triangle.
(iii) If u? + 0% —8k? < —V/A, then A liesoutside I(X ) (and also I(X_)). There
arein general two triangles.

It is easy to see that the condition —/A < u? + v? — 8k% < VA isequivalent
to (v — 2k)(v + 2k) > 0, i.e, |v| > 2k. We aso note the following.

(i) When the line D, passes through A, the corresponding triangle degenerates.
The condition for collinearity leads to

u(3u? + 3v% — dkv £ VA) = 0.

Clearly, u = 0 gives the y-axis. The corresponding triangle is isosceles. On the
other hand, the condition 3u? + 3v? — 4kv + /A = 0 leads to

(u® + v?)(u? + 0% — 3kv + 2k%) = 0,

i.e., (u,v) lying onthecircletangent to thecircles 22 + 4% +-4kz = 0 at (i
and theliney = 2k at A.

(ii) If v > 0, the circle I(X.), instead of being theincircle, is an excircle of the
triangle. If G lies inside the region ATOT' A bounded by the circular segments,
one of the excircles is the A-excircle. Outside this region, the excircle is always a
B/C-excircle.

From these we obtain the distribution of the position of G, summarized in Table
1 and depicted in Figure 4, for the various numbers of solutions of the construction
problem. In Figure 4, the number of trianglesis
0 if G in an unshaded region, on a dotted line, or at a solid point other than 1,
1if Gisinayelow region or on asolid red line,

2 if G isinagreen region.
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Table 1. Number N of non-degenerate triangles
according to the location of G relativeto A and [

| N [ Location of centroid G(u, v) |
0 ](0,0), (£2k,2k);

(5, §);

v =2k;

lu| > 2k — V4k? — 02, —2k < v < 2k.

1 |u=0,0<|v| <2k;

=2k <u <2k, v=—-2k;

u =2k —V4k? — 0%, 0 < |v| < 2k;

lv| > 2k;

u? + v? — 3kv + 2k% = 0 except (0,2k), (2, %),
2 | |ul <2k —V4k%2 — 02, 0 < |v] < 2k,

but u? + v? — 3kv 4 2k% #£ 0.

Figure 4
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Triangle-Conic Porism

Aad Goddijn and Floor van Lamoen

Abstract. We investigate, for a given triangle, inscribed triangles whose sides
are tangent to a given conic.

Consider a triangled; B;C; inscribed in ABC, and a conicC inscribed in
A1B1Cy. We ask whether there are other inscribed trianglestC' and tri-
tangent toC. Restricting to circles, Ton Lecluse wrote about this problem in [6].
See also [5]. He suggested after use of dynamic geometry software that in general
there is a second triangle tritangentd@nd inscribed iMABC'. In this paper we
answer Lecluse’s question.

Proposition 1. Let A’B’C’ be a variable triangle of which B and C’ lieon C A
and AB respectively. If the sidelines of triangle A B'C’ are tangent to a conic C,
then the locus of A’ iseither a conic or aline.

Proof. Let XY Z be the points od and where’’ A’, A’B’, and B'C’ respectively
meetC. ZX is the polar (with respect t6) of B, which passes through a fixed
point Pg, the pole ofC' A. Similarly XY passes through a fixed poifg. The
mappingsY — X and X — Z are thus involutions of. HenceY — Zis a
projectivity. That means that the lin@sZ form a pencil of lines or envelope a
conic according a¥ — Z is an involution or not. Consequently the poles of these
lines, the points4’, run through a lin€4 or a conicCy. O

Two degenerate triangled B’C’, corresponding to the tangents frofi arise
as limit cases. Hence, when — Z is an involution, the pointé¢; and U of
contact of tangents from to C are its fixed points, anéy = U;U; is the polar of
A.

The conicC andCy4 are tangent to each otherif andU,. We see thaf and
Ca generate a pencil, of which the pair of common tangents, and the polar of
(as double line) are the degenerate elements. In view of this we may consider the
line /4 as a conic 4 degenerated into a “double” line. We do so in the rest of this
paper.

Publication Date: April 26, 2005. Communicating Editor: Paul Yiu.
The authors thank Ton Lecluse and Dick Klingens for their inspiring problem and
correspondence.
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Proposition 1 shows us that if there is one inscribed triangle tritangéhthere
will be in general another such triangle. This answers Lecluse’s question for the
general case. But it turns out that the other cases lead to interesting configurations
as well.

The number of intersections 6f; with BC gives the number of inscribed trian-
gles tritangent t@. There may be infinitely many, &4 degenerates and contains
BC. This implies thatBC' = ¢4. By symmetry it is necessary thatBC is self-
polar with respect t@. Of course this applies also when the abaf/euns through
£ 4 in the plane of the triangle bounded BB, C A andé,.

There are two possibilities faf4 and BC' to intersect in one “double” point.
One is thatC4 is nondegenerate and tangentRBd¢’. In this case, by reasons of
continuity, the point of tangency belongs to one triandle’C’, and similar conics
Cp andC¢ are tangent to the corresponding side as well. The points of tangency
form the cevian triangle of the perspector(of

This can be seen by considering the paldt where U3 U; meetsBC. The
polar of M with respect taC passes through the pole 6fUs, and through the
intersections of the polars @& andC, hence the pole aBC'. So the polat;, of
M is the A-cevian of the perspecf.‘oof C. The point wherd/;U; and/,; meet is
the harmonic conjugate d@f/ with respect td; andU,. This all applies t&€4 as
well. In caseC, is tangent taBC, the point of tangency is the pole &C, and is
thus the trace of the perspector(bf

Figure 1

For example, ifC is the incircle of the medial triangle, the cortg is tangent
to BC at its midpoint, and contains the points : s —b : b), (s : ¢ : s — ¢),

lBy Chasles’ theorem on polarity [1, 5.61], each triangle is perspective to its polar triangle. The
perspector is called the perspector of the conic.
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((a+b+e)(b+c—a) : 2¢(c+a—b) : b?>+3c® —a?+2ca) and((a+b+c)(b+c—a) :
32+ c? —a®+2ab : 2b(a+b—c)). It has centefs : c+a : a+b). See Figure 1.
The other possibility for a double point is whélh degenerates inté4. To

investigate this case we prove the following proposition.

Proposition 2. If C4 degenerates into a line, the triangle ABC' is selfpolar with
respect to each conic tangent to the sides of two cevian triangles. The cevian
triangle of the trilinear pole of any tangent to such a conic is tritangent to this
conic.

Proof. Let P be a point andA” BPC” its anticevian triangle.ABC' is a polar
triangle with respect to each conic through BYC*, as ABC are the diagonal
points of the complete quadrilater®A4” B”C*. Now consider a second antice-
vian triangleA® BYC®? of Q. The vertices ofA” BPCT and AY BRC¥ lie on a
conic K. But we also know that triangl® B” C'* is the anticevian triangle ot
So PBPCP and AYBYC? lie on a conic as well, and having 5 common points
this must belC. We conclude thatl BC'is selfpolar with respect ti.

Let R be a point onC. AR intersectsk in a second poinf?. Let R4 be the
intersectionAR and BC, thenR and R’ are harmonic with respect td and R 4.
But that means thak’ = AR is the A—vertex of the anti-cevian triangle d®.
Consequently the anti-cevian triangle ®fies on. Proposition 2 is now proved
by duality. O

In the proof BPC?T is the side of two anticevian triangles inscribedkin by
duality this means that the vertex of a cevian triangle tangeid i® a common
vertex of two such cevian triangles. In the casdpintersectingBC' in a double
point, clearly the two triangles are cevian triangles with respect to the triangle
bounded byAB, AC and /4. Were they cevian triangles also with respect to
ABC, then the four sidelines of these cevian triangles would form the dual of an
anticevian triangle, and BC would be selfpolar with respect t, andé4 would
be BC.

We conclude that two distinct triangles inscribed4®C and circumscribing’
cannot be cevian triangles.

In the caseA BC is selfpolar with respect t6, so thatC4 degenerates inté,,
not each point o4 belongs to (real) cevian triangles. On the other hand clearly
infinitely many points orf4 will lead to two cevian triangles tritangent &b The
perpsectors run through a quartic, the tripoles of the tangeidts to

Theorem 3. Given a triangle ABC' and a conic C, the triangle-conic poristic
triangles inscribed in ABC and tritangent to C are as follows.

(i) There are be no triangle-conic poristic triangle.

(i) C isaconicinscribed in a cevian triangle, and ABC' is not self-polar with
respect to C. In this case the cevian triangle is the only triangle-conic poristic
triangle.

2This follows from the dual of the well known theorem that two cevian triangles are circumscribed
by and inscribed in a conic.



60 A. Goddijn and F. M. van Lamoen

(i) ABC is sef-polar with respect to C. In this case there are infinitely many
triangle-conic poristic triangles.

(iv) There aretwo distinct triangle-conic poristic triangles, which are not cevian
triangles.

Remarks. (1) In case of a conic with respect to whidiBC' is self-polar, instead of
cevian triangles tritangent , we should speak of cevian fourlines quadritangent
toC.

(2) When we investigate triangles inscribed in a conic and circumscribed to
ABC we get similar results as Theorem 3, simply by duality.

In caseC is a conic with respect to whicHBC' is selfpolar, we see that each
tangent taC belongs to two cevian triangles tritangentd@nd that each point on
C belongs to two anticevian triangles inscribed’inn this case speak dfiangle-
conic porism and conic-triangle porism in extension of the well known Poncelet
porism.

As an example, we consider tméne-point circle triangles, hence the medial
and orthic triangles. We know that these circumscribe a c@pjavith respect to
which ABC'is selfpolar. By Proposition 2 we know that the perspectrices of the
medial and orthic triangles are tangentipas well, henc€,y must be a parabola
tangent to the orthic axis. The barycentric equation of this parabola is

xQ y2 2’2

a?(b? — ¢?) + b2(c? — a?) + 2(a? — b?)
Its focus isXy15 of [3, 4], its directrix the Brocard axis, and its axis is the Simson
line of Xy5. See Figure 2. The parabola contains the infinite p&t and passes
through Xg61, X647 and Xo519. The Brianchon point of the parabola with respect
to the medial triangle is(s70 (medial).
The perspectors of the tangent cevian triangles run through the quartic

a?(b? — Ay 22 + b2 (2 — a?)222? + A(d® — V) z2y? =0,
which is the isotomic conjugate of the conic
a?(b® — Aa® + (A — )y + A(a® —b*)22 =0
through the vertices of the antimedial triangle, the centroid, and the isotomic con-
jugates of the incenter and the orthocenter.

This special case leads us to amusing consequences, to which we were pointed
by [2]. The sides of every cevian triangle and its perspectrix are tangent to one
parabola inscribed in the medial triangle. Consequentlyigbtemic conjugates
with respect to to the medial triangle of these are parallel.

In the dual case, we conclude for instance that the isotomic conjugates with
respect to the antimedial triangle of the vertices and perspéztof any antice-
vian triangle are collinear with the centroi@. The line isGD, whereD' is the
barycentric square ab.

=0.

3The isotomic conjugate of a liné with respect to a triangle is the line passing through the
intercepts o with the sides reflected through the corresponding midpoints. In [3] this is referred to
as isotomic transversal.
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Figure 2.
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A Maximal Property of Cyclic Quadrilaterals

Antreas Varverakis

Abstract. We give a very simple proof of the well known fact that among all
quadrilaterals with given side lengths, the cyclic one has maximal area.

Among all quadrilaterals ABC' D be with given side lengths AB = a, BC = b,
CD = ¢, DA = d, it iswell known that the one with greatest area is the cyclic
quadrilateral. All known proofs of this result make use of Brahmagupta formula.
See, for example, [1, p.50]. In this note we give avery simple geometric proof.

Figure 1

Let ABCD be the cyclic quadrilateral and GHC'D an arbitrary one with the
same side lengthss GH = a, HC = b, CD = c and DG = d. Construct
quadrilaterals EFAB similar to ABC'D and IJGH similar to GHCD (in the

same order of vertices). Note that
(i) FEisparallel to DC since ABC D iscyclicand DAF, C BE are straight lines;

(if) JI isadso pardlel to DC' since

Publication Date: May 10, 2005. Communicating Editor: Paul Yiu.
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ZCDJ+ £DJI =(£LCDG — £JDQG) + (LGJI — LG JD)
=(£LCDG — £JDG) + (LCHG — ZGJD)
=/CDG + ZCHG — (LJDG + £LGJD)
=/CDG+ LCHG — (180° — ZDGJ)
=/CDG+ LCHG + (/DGH + ZHGJ) — 180°
=/CDG+ /CHG+ /DGH + Z/ZHCD — 180°
=180°.

Since theratios of similarity of the quadrilaterals are both?, theareasof ABEF

and GHIJ are ‘Z—z times those of ABC' D and GHC' D respectively. It is enough
to prove that
aea(DCEF) > aea(DCHIJGD).

In fact, since GD - GJ = HC - HI and ZDGJ = ZCHI, it follows that
aea(DGJ) =area(C HI), and we have

aea(DCHIJGD) = area(DCHG) + area(GH1J) = area(DC1J).
Note that

(+d* - CG?)

N —

isindependent of the position of .J. This meansthat theline J F' is perpendicular to
DC; s0 islﬂ]‘or asimilar reason. Tie)vectorD—j = D—G>+G—j has a constant pro-
jection on C'D (the same holds for C 7). We conclude that trapezium DC EF' has
the greatest atitude among all these trapezia constructed the same way as DC'1J.
Since all these trapezia have the same bases, DC' E'F' has the greatest area. This
compl etes the proof that among quadrilaterals of given side lengths, the cyclic one
has greatest area.
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[1] N. D. Kazarinoff, Geometric Inequalities, Yale University, 1961.
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Some Brocard-like points of atriangle

Sadi Abu-Saymeh and Mowaffaq Hajja

Abstract. In this note, we prove that for every triangleBC, there exists a
unique interior pointM the ceviansAA’, BB’, andCC’ through which have
the property tha AC'B’ = /BA'C’ = ZCB’A’, and a unique interior
point M’ the ceviansAA’, BB’, and CC’ through which have the property
that LZAB'C' = ZBC'A’ = ZCA'B’. We study some properties of these
Brocard-like points, and characterize those centers for which the angles’,
BA'C’, andC B’ A’ are linear forms in the angle$, B, andC of ABC.

1. Notations

Let ABC be a non-degenerate triangle, with anglesB, andC. To every
point P inside ABC', we associate, as shown in Figure 1, the following angles and
lengths.

¢ = /BAA, n=/CBB, ¢ = JACC:
& = LCAA, o = /ABB, ¢ = /BOC;
a=/LAC'B, B3 =4BAC, ~v=/LCB'A;
o = JAB'C', 8 = /BC'A, = /CA'B':
x = BA', y=CDB, z = AC';

' =AC, y = B'A, 7= (C'B.

The well-known Brocard or Crelle-Brocard points are defined by the requirements
E=n=Cand{ = n' = {’; see [11]. The angles andd/ that satisfy¢ =
n=(=wand¢ =1 = (¢ = are equal, and their common value is called
the Brocard angle. The points known as Yff's analogues of the Brocard points
are defined by the similar requirements= y = z and2 = ¢y = 2. These
were introduced by Peter Yff in [12], and were so hamed by Clark Kimberling in
a talk that later appeared as [8]. For simplicity, we shall refer to these poitite as
Yff-Brocard points.

2. The cevian Brocard points

In this note, we show that each of the requirements 3 = yandd = 3’ = +/
defines a unique interior point, and that the an§leend(Y that satisfya = 3 =
~v=Qandd = 3 =+ = Q are equal. We shall call the resulting two points
the first and second cevian Brocard points respectively, and the common value of
Q and(?, the cevian Brocard angle ofBC.

Publication Date: May 24, 2005. Communicating Editor: Paul Yiu.
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Figure 1.

We shall freely use the trigopnometric forms

sin & sinnsin ¢ =sin ' sinn’ sin ¢’ = sin(A — €) sin(B — 1) sin(C — ¢)

sin asin Bsiny =sina’ sin # siny’ = sin(A + a) sin(B + 3) sin(C + )
of the cevian concurrence condition. We shall also freely use a theorem of Seebach
stating that for any triangled BC' andUV W, there exists insidel BC' a unique
point P the ceviansAA’, BB’, and CC’ through which have the property that

(A", B',C") = (U,V,W), whereA’, B’, andC" are the angles oft B'C’ andU,
V,andW are the angles dV' VW ; see [10] and [7].

Theorem 1. For every triangle ABC, there exists a unique interior point M the
cevians AA’, BB’', and C'C’ through which have the property that

ZAC'B' = /BA'C' = ZCB'A' (= Q, say), (1)

and a unique interior point M’ the cevians AA’, BB’, and C'C’ through which
have the property that

/AB'C' = /BC'A' = Z/CA'B' (=, say). (2)
Also, the angles 2 and ¥ are equal and acute. See Figures 2A and 2B

Proof. Itis obvious that (1) is equivalent to the conditigd, B’, C’) = (C, A, B),
whereA’, B, andC’ are the angles of the cevian triangleB’C’. Similarly, (2)
is equivalent to the conditiof4’, B’,C’) = (B, C, A). According to Seebach’s
theorem, the existence and uniquenes&/adnd M/ follow by taking (U, V, W) =
(Cv A, B) and(U,V,W) = (B7 C, A).

To prove that? is acute, observe that it is obtuse, then the anglés A + €,
B+ Q, andC + Q2 would all lie in the intervalr/2, 7] where the sine function is
positive and decreasing. This would imply that

sin®Q > sin(A + Q) sin(B + Q) sin(C + Q),
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Q/
B A/ C B A/ C
Figure 2A Figure 2B

contradicting the cevian concurrence condition
sin®Q = sin(A + Q) sin(B + Q) sin(C + Q). (3)

Thus(, and similarly§?, are acute.

B A A C

Figure 3.

It remains to prove tha® = Q. Let A’B’C’ be the cevian triangle af/, and
suppose tha®?' < Q. Then there exist, as shown in Figure 3, poibts C*, and
A* on the line segmentd'C, B’ A, andC’ B, respectively, such that

/AC'B* = /BA'C* = Z/OB'A* = Q).
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Then
AB'" CA' BC' - AB* CA* BC* AB* CA* BC~
B'/C A'B C'A~ B'C A'B C'A AC' CB' BA

sin sin sin
sin(A+ ) sin(C+ Q) sin(B+Q)
This contradicts the cevian concurrence condition

sin® Q' = sin(A 4 Q)sin(B + Q) sin(C + Q)

for M. O

The pointsM and M’ in Theorem 1 will be called thérst and second cevian
Brocard points and the common value 6f and{Y the cevian Brocard angle.

3. An alternative proof of Theorem 1

An alternative proof of Theorem 1 can be obtained by noting that the existence
and unigueness ad¥/ are equivalent to the existence and uniqueness of a positive
solutionQ) < min{r — A,7 — B,m — C'} of (3). Lettingu = sin 2, U = cos (2,
andT = U/u = cot (2, and setting

co =sin Asin Bsin C,
c1 =cos Asin B sin C + sin A cos Bsin C' + sin A sin B cos C,
co =cos A cos Bsin C' + cos Asin B cos C + sin A cos B cos C,

c3 = cos A cos B cos C,

(3) simplifies into

u? = U + 1 U%u + coUu? + cgu®. 4)
Using the formulas

co=cy and ¢; =c3+1 (5)
taken from [5, Formulas 674 and 675, page 165], this further simplifies into
ud = coU? + (e3 + 1)U + coUu? + c3u®

= U (U? + u?) + czu(U? + u?) + U%u

= coU + csu + U?u

=u(coT + c3 + U?).

. 2 N
Sinceu? = 177 andU? = 7, this in turn reduces tg(T") = 0, where
F(X) =coX3 4+ (3 + 1)X% 4+ coX + (c3 — 1). (6)

Arguing as in the proof of Theorem 1 th@tmust be acute, we restrict our search
to the interval2 € [0,7/2], i.e., toT € [0,00). On this interval,f is clearly
increasing. Also,f(0) < 0 and f(co) > 0. Thereforef has a unique zero in
[0, 00). This proves the existence and uniquenesa/ofA similar treatment of\/
leads to the samég, proving that)/’ exists and is unique, and th@t= (7.
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This alternative proof of Theorem 1 has the advantage of exhibiting the defining
polynomial ofcot €2, which is needed in proving Theorems 2 and 3.

4. The cevian Brocard angle

Theorem 2. Let 2 be the cevian Brocard angle of triangle ABC.

(i) cot Q2 satisfies the polynomial f given in (6), where ¢ = sin A sin B sin C' and
c3 = cos A cos BeosC.

(i) Q@ < «/3 for all triangles.

(i)  takesall valuesin (0, 7/3].

Proof. (i) follows from the alternative proof of Theorem 1 given in the preceding
section.
To prove (ii), it suffices to prove that(1/v/3) < 0 for all trianglesABC. Let

G=f (%) = %sinAsinBsinC—i— %COSACOSBCOSC — g
ThenG = 0 if ABC is equilateral, and hence it is enough to prove thatttains
its maximum at such a triangle. To see this, take a non-equilateral triziigte.
Then we may assume that > B andC < 7/2. If we replaceABC by the
triangle whose angles atel + B)/2, (A + B)/2, andC, thenG increases. This
follows from

. . . 2o A+ DB
2sin Asin B =cos(A — B) —cos(A+ B) <1 —cos(A+ B) = 2sin 5

A+ B
2cos Acos B =cos(A — B) + cos(A+ B) < 1+ cos(A + B) = 2cos? —12_ :

ThusG attains its maximal value, 0, at equilateral triangles, and héhee0 for
all triangles, as desired.

To prove (iii), we letS = tanQ2 = 1/T and we see tha$ is a zero of the
polynomial F(X) = ¢y + (c3 + 1)X + c9X? + (c3 — 1)X3. The non-negative
zero of F when ABC is degenerate, i.e., whefp = 0, is 0. By continuity of the
zeros of polynomials, we conclude thah €2 can be made arbitrarily close @dy
taking a triangle whose, is close enough to 0. Note that— 1 is bounded away
from zero since:; < 3\/5/8 for all triangles. O

Remarks. (1) Unlike the Brocard angle, the cevian Brocard angle is not neces-
sarily Euclidean constructible. To see this, take the triaogk” with A = 7/2,
andB = C = 7/4. Thencs = 0, co = 1/2, and2f(T) = T3 + 27?% + T — 2.
This is irreducible ovel since none oft1 and+2 is a zero off, and therefore it
is the minimal polynomial otot 2. Since it is of degree 3, it follows thabt (2,
and hence the angl®, is not constructible.

(2) By the cevian concurrence condition, the Brocard angtedefined by

sinffw = sin(4 —w) sin(B — w) sin(C — w). (7)
Lettingv = sinw, V' = cosw andt = cot w as before, we obtain

P = VP — Vi 4 Vo? — e’ (8)
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This reduces to the very simple forgit) = 0, where

9(X) = X —c—1, 9)
showing that
14 c3 c1
t=cotw = = — =cot A+ cot B+ cot C, (20)
€o €o

as is well known, and exhibiting the trivial constructibility ©f This heavy con-
trast with the non-constructiblity d® is rather curious in view of the great formal
similarity between (3) and (4) on the one hand and (7) and (8) on the other.

The next theorem shows that a triangle is completely determined, up to similar-
ity, by its Brocard and cevian Brocard angles. This implies, in particular{ttzatd
w are independent of each other, since neither of them is sufficient for determining
the shape of the triangle.

Theorem 3. If two triangles have equal Brocard angles and equal cevian Brocard
angles, then they are similar.

Proof. Let w and2 be the Brocard and cevian Brocard angles of triangleC,
and lett = cot w andT" = cot 2. From (10) it follows that = ¢; /¢y and therefore
c1 = tco. Substituting this in (6), we see th@{(T +¢)(72 + 1) = 2, and therefore
2 and 2t

s c = .
(T +t)(T?2 + 1) N ED )
Letting s1, s2, andss be the elementary symmetric polynomialscist A, cot B,
andcot C', we see that

Cy —

s1 =cot A+ cot B+ cot C =t,
C2

s9g =cot Acot B+ cot Becot C' +cot Ccot A = — =1,
co
-1 T+t)(T?+1
s:),:cotAcothotC’:C—3:C1 :1—( + (T + )
al c1 2t

Since the angles cd BC are completely determined by their cotangents, which in
turn are nothing but the zeros &F — s; X2 + s, X — s3, it follows that the angles
of ABC are determined byandT’, as claimed. O

5. Some properties of the cevian Brocard points

It is easy to see that the first and second Brocard points coincide if and only
if the triangle is equilateral. The same holds for the cevian Brocard points. The
next theorem deals with the cases when a Brocard point and a cevian Brocard point
coincide. We use the following simple theorem.

Theorem 4. If the cevians AA', BB’, and C'C’ through a point P inside trian-
gle ABC' have the property that two of the quadrilaterals AC PB’, BA'PC’,
CB'PA'", ABA'B’, BCB'C’, and C AC' A’ are cyclic, then P is the orthocenter
of ABC'. If, in addition, P isa Brocard point, then ABC'is equilateral.
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Proof. The first part is nothing but [4, Theorem 4] and is easy to prove. The second
part follows fromw =7/2 - A=7/2—- B =7n/2 - C. O
Theorem 5. If any of the Brocard points L and I of triangle ABC' coincides with

any of its cevian Brocard points M and M, then ABC isequilateral.

Proof. Let AA’, BB’, andC'C’ be the cevians through, and letw and( be the
Brocard and cevian Brocard angles4BC'; see Figure 4A. By the exterior angle
theorem/ALB' = w+ (B —w) = B. Similarly, /BLC" = C andZCLA" = A.

B A/ C
Figure 4A Figure 4B

Suppose that. = M. Then(4', B’,C") = (C, A, B). Referring to Figure 4A,
let X, Y, andZ be the points wherel A, BB’, andCC’ meetB'C’, C'A’, and
A'B’, respectively. It follows from/ALB' = B = C’ and its iterates that the
quadrilateralsXC'Y L, YA'ZL, andZ B’ X L are cyclic. By Theorem 4L is the
orthocenter ofA’ B'C’. Thereforew + 2 = /2. Sincew < 7/6 andQ < 7/3, it
follows thatw = 7 /6 andQ2 = 7/3. Thus the Brocard and cevian Brocard angles
of ABC coincide with those for an equilateral triangle. By TheoremABC' is
equilateral.

Suppose next that = M’. Referring to Figure 4B, we see thaiAB'C' =
LACC' + £B'C'C, and therefore«B'C'C = Q — w. Similarly ZC'A’A =
/A'B'B = Q — w. ThereforeL is the second Brocard point of B'C’. Since
(A, B',C") = (B, C,A), itfollows that ABC and A’ B'C’ have the same Brocard
angles. Thereforg BAA' = Z/BB’A’ andABA’' B’ is cyclic. The same holds for
the quadrilateral$8C B'C' andCAC’A’. By Theorem 4 ABC' is equilateral. [J

The following theorem answers questions that are raised naturally in the proof
of Theorem 5. It also restates Theorem 5 in terms of the Brocard points without
reference to the cevian Brocard points.

Theorem 6. Let L bethefirst Brocard point of ABC, and let AA, BB’, and CC’
be the cevians through L. Then L coincides with one of the two Brocard points
N and N’ of A’B’C" if and only if ABC is equilateral. The same holds for the
second Brocard point L.
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Proof. Let the angles ofd’ B’C’ be denoted by4’, B’, andC’. The proof of
Theorem 5 shows that the conditidn= N’ is equivalent tol. = M’, which in
turn implies thatABC' is equilateral. This leaves us with the cae= N. In
this case, letv andu be the Brocard angles of BC and A B’C’, respectively, as
shown in Figure 5. The exterior angle theorem shows that

A=r1—LAC'B' - ZAB'C'=7n—(u+B-w)— (w+C' —p)=n—B-C".

ThusC = C’. Similarly, A = A’ and B = B’. Thereforeu = w, and the quadri-
lateralsAC' LB’ and BA'LC" are cyclic. By Theorem 44 BC'is equilateral. [J

Figure 5

Remark. (3) It would be interesting to investigate whether the many inequalities
involving the Brocard angle, such as Yff’s inequality [1], have analogues for the
cevian Brocard angles, and whether there are inequalities that involve both the
Brocard and cevian Brocard angles. Similar questions can be asked about other
properties of the Brocard points. For inequalities involving the Brocard angle, we
refer the reader to [2] and [9, pp.329-333] and the references therein.

6. A characterization of some common triangle centers
We close with a theorem that complements Theorems 1 and 2 of [3].

Theorem 7. The triangle centers for which the angles «, 3, v arelinear formsin

A, B, C arethe centroid, the orthocenter, and the Gergonne point.

Proof. Arguing as in Theorems 1 and 2 of [3], we see thaB, v are of the form
—A — B —

TR B -0), =R O ), =T 20

In particular,«e + 3 + v = 7, and therefore

(A - B).

o=

4sin o sin Fsiny = sin 2a + sin 20 + sin 27;
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see [5, Formula 681, p. 166]. Thus the Ceva’s concurrence relation takes the form
sin (A — 2t(B — C)) +sin (B — 2t(C — A)) + sin (C — 2t(A — B))
=sin (A4 2t(B — C)) +sin (B + 2t(C — A)) +sin (C + 2t(A — B)),
which reduces to
cos Asin(2t(B — C)) + cos Bsin(2t(C' — A)) + cos C'sin(2t(A — B)) = 0.

Following word by word the way equation (5) of [3] was treated, we conclude that
t=-1/2,t=0,0rt=1/2.

If t =0, thena = (m — A)/2, and thereforex = o/ andAB’ = AC’. ThusA4’,
B’, andC’ are the points of contact of the incircle, and the point of intersection of
AA’, BB', andCC’ is the Gergonne point.

If t = 1/2, then(w, 3,7) = (B,C,A), and(A',B’,C") = (A, B,C). This
clearly corresponds to the centroid.

If t = —1/2,then(w, 3,7) = (C, A, B),and(A', B',C") = (n— A, 71— B, 7 —
(). This clearly corresponds to the orthocenter. O

Remarks. (4) In establishing the parts pertaining to the centroid and the orthocenter
in Theorem 7, we have used the uniqueness component of Seebach’s theorem.
Alternative proofs that do not use Seebach’s theorem follow from [4, Theorems 4
and 7].

(5) In view of the proof of Theorem 7, it is worth mentioning that the proof of
Theorem 2 of [3] can be simplified by noting th@t- » + ¢ = x/2 and using the
identity

1 4 4sin¢sinnsin ¢ = cos 2€ + cos 21 + cos 2¢

given in [5, Formula 678, p. 166].

(6) It is clear that the first and second cevian Brocard points of triadd@é’
can be equivalently defined as the points whose cevian triangi#¢"’ have the
properties that4’, B, C") = (C,A,B) and (4, B’,C") = (B,C, A), respec-
tively. The point corresponding to the requirement thédit B’, C') = (A, B, C)
is the centroid; see [6] and [4, Theorem 7]. It would be interesting to explore the
point defined by the conditiofd’, B’,C’) = (4, C, B).
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Abstract. With the availability of computer software on dynamic geometry,
beautiful and accurate geometric diagrams can be drawn, edited, and organized
efficiently on computer screens. This new technological capability stimulates
the desire to strive for elegance in actual geometric constructions. The present
paper advocates a closer examination of the geometric meaning of the algebraic
expressions in the analysis of a construction problem to actually effect a con-
struction as elegantly and efficiently as possible on the computer screen. We
present a fantasia of euclidean constructions the analysis of which make use of
elementary algebra and very basic knowledge of euclidean geometry, and focus
on incorporating simple algebraic expressions into actual constructions using the
Geometer’s Sketchpad®.

After a half century of curriculum reforms, it is fair to say that mathematicians
and educators have come full circle in recognizing the relevance of Euclidean ge-
ometry in the teaching and learning of mathematics. For example, in [15], J.
E. McClure reasoned that “Euclidean geometry is the only mathematical subject
that is really in a position to provide the grounds for its own axiomatic proce-
dures”. See also [19]. Apart from its traditional role as the training ground for
logical reasoning, Euclidean geometry, with its construction problems, provides a
stimulating milieu of learning mathematicenstructivistically One century ago,

D. E. Smith [17, p.95] explained that the teaching of constructions using ruler and
compass serves several purposes: “it excites [students’] interest, it guards against
the slovenly figures that so often lead them to erroneous conclusions, it has a gen-
uine value for the future artisan, and its shows that geometry is something besides
mere theory”. Around the same time, the British Mathematical Association [16]
recommended teaching school geometry as two parallel courSdseofemsand
Constructions “The course of constructions should be regarded asaatical
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course, the constructions being accurately made with instruments, and no construc-
tion, or proof of a construction, should be deemed invalid by reason of its being
different from that given in Euclid, or by reason of its being based on theorems
which Euclid placed after it”.

A good picture is worth more than a thousand words. This is especially true for
students and teachers of geometry. With good illustrations, concepts and problems
in geometry become transparent and more understandable. However, the diffi-
culty of drawing good blackboard geometric sketches is well appreciated by every
teacher of mathematics. It is also true that many interesting problems on construc-
tions with ruler and compass are genuinely difficult and demand great insights for
solution, as in the case of geometrical proofs. Like handling difficult problems in
synthetic geometry with analytic geometry, one analyzes construction problems by
the use of algebra. It is well known that historically analysis of such ancient con-
struction problems as the trisection of an angle and the duplication of the cube gave
rise to the modern algebraic concept of field extension. A geometric construction
can be effected with ruler and compass if and only if the corresponding algebraic
problem is reducible to a sequence of linear and quadratic equations with con-
structible coefficients. For all the strength and power of such algebraic analysis of
geometric problems, it is often impractical to carry out detailed constructions with
paper and pencil, so much so that in many cases one is forced to settle for mere
constructibility. For example, Howard Eves, in his solution [6] of the problem
of construction of a triangle given the lengths of a side and the median and angle
bisector on the same side, made the following remark after proving constructibility.

The devotee of the game of Euclidean constructions is not really
interested in the actual mechanical construction of the sought tri-
angle, but merely in the assurance that the construction is possible.
To use a phrase of Jacob Steiner, the devotee performs his con-
struction “simply by means of the tongue” rather than with actual
instruments on paper.

Now, the availability in recent years of computer software on dynamic geome-
try has brought about a change of attitude. Beautiful and accurate geometric dia-
grams can be drawn, edited, and organized efficiently on computer screens. This
new technological capability stimulates the desire to strive for elegance in actual
geometric constructions. The present paper advocates a closer examination of the
geometric meaning of the algebraic expressions in the analysis of a construction
problem to actually effect a construction as elegantly and efficiently as possible on
the computer screehWe present a fantasia of euclidean constructions the analysis
of which make use of elementary algebra and very basic knowledge of euclidean
geometry? We focus on incorporating simple algebraic expressions into actual
constructions using th&eometer's Sketchpad®. The tremendous improvement

1See§6.1 for an explicit construction of the triangle above with a given side, median, and angle
bisector.

2TheGeometer’s Sketchpad® files for the diagrams in this paper are available from the author’s
websitehttp://www.math.fau.edu/yiu/Geometry.html.



P. Yiu 77

on the economy of time and effort is hard to exaggerate. The most remarkable fea-
ture of theGeometer's Sketchpad® is the capability of customizingtaol folder to

make constructions as efficiently as one would like. Common, basic constructions
need only be performed once, and savedbals for future use. We shall use the
Geometer's Sketchpad® simply as ruler and compass, assumirtga folder con-
taining at least the followingpols® for ready use:

(i) basic shapes such aguilateral triangle andsquare,

(i) tangents to a circle from a given point,

(iii) circumcircle andincircle of a triangle.

Sitting in front of the computer screen trying to perform geometric construc-
tions is a most ideal constructivistic learning environment: a student is to bring his
geometric knowledge and algebraic skill to bear on natural, concrete but challeng-
ing problems, experimenting with various geometric interpretations of concrete
algebraic expressions. Such analysis and explicit constructions provide a fruitful
alternative to the traditional emphasis of the deductive method in the learning and
teaching of geometry.

1. Some examples

We present a few examples of constructions whose elegance is suggested by
an analysis a little more detailed than is necessary for constructibility or routine
constructions. A number of constructions in this paper are based on diagrams in
the interesting book [9]. We adopt the following notation for circles:

(i) A(r) denotes the circle with centet, radiusr;

(i) A(B) denotes the circle with cente¥, passing through the poii, and

(iii) (A) denotes a circle with centet and unspecified radius, but unambiguous in
context.

1.1 Construct a regular octagon by cutting corners from a square.

D C D C

RN
N " Q

A x 1_9¢zPp x B A P B

Figure 1A Figure 1B

Suppose an isosceles right triangle of (shorter) sigeto be cut from each cor-
ner of a unit square to make a regular octagon. See Figure 1A. A simple calculation

shows thatr = 1 — @ This meansdP =1 —x = @ The pointP, and the

3A construction appearing igans serif is assumed to be one readily performable with a cus-
tomized tool.
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other vertices, can be easily constructed by intersecting the sides of the square with
guadrants of circles with centers at the vertices of the square and passing through
the centelO. See Figure 1B.

1.2 The centersA and B of two circles lie on the other circle. Construct a circle
tangent to the lined B, to the circle(A) internally, and to the circléB) externally.

Y c
I %
1
XA B XA M B
Figure 2A Figure 2B

SupposeAB = a. Letr = radius of the required circléK’), andz = AX,
where X is the projection of the centdt on the lineAB. We have

(a+r)?=r*+@+a)?  (a—r?=r"+2%
Subtraction givedar = o + 2az or z + % = 2r. This means that in Figure 2B,

CMXY is asquare, wher#{ is the midpoint ofA B. The circle can now be easily
constructed by first erectingsguare on C' M.

1.3 Equilateral triangle in a rectangle Given a rectanglel BC D, construct points
P and@ on BC andC' D respectively such that triangléP@ is equilateral.

Construction 1. Constructequilateral triangles CDX and BC'Y, with X andY
inside the rectangle. Extendl.X to intersectBC at P and AY to intersectC' D at

Q.
The triangleAP(Q is equilateral. See Figure 3B

D Q c D Q c
AY PRand
\ PR s
AY -, 4
\ 4 U
\ & ’
\ ,’ 4
\ ’/ /7
e /
Y AL /
AYREN /7
AY S /7
\ \.[
\\ // S
P X S N p
A B A B
Figure 3A Figure 3B

This construction did not come from a lucky insight. It was found by an analysis.
Let AB = DC = a, BC = AD =b. If BP =y, DQ = x and APQ is
equilateral, then a calculation shows that 2a —+/3b andy = 2b — v/3a. From
these expressions efandy the above construction was devised.
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1.4. Partition of an equilateral triangle into 4 triangles with congruent incircles.
Given an equilateral triangle, construct three lines each through a vertex so that the
incircles of the four triangles formed are congruent. See Figure 4A and [9, Problem
2.1.7] and [10, Problem 5.1.3], where it is shown that if each side of the equilateral
triangle has length, then the small circles all have radiiv'7 — v/3)a. Here is a
calculation that leads to a very easy construction of these lines.

0
<
O

Y

Figure 4A Figure 4B

In Figure 4A, letCX = AY = BZ = aandBX = CY = AZ = b. The
equilateral triangleXY Z has sidelengthu — b and inradius@(a — b). Since
/ZBXC = 120°, BC = Va? + ab + b2, and the inradius of trianglB X C is

1
—(a+b—\/a2+ab+b2)tan600zg(a—kb—\/cﬂ—kab—kb?).

2

These two inradii are equal if and only3{/a? + ab + b> = 2(a+2b). Applying
the law of cosines to triangl& BC', we obtain

(a® +ab+b%) +b* —a® a+2b 3
Wv/a +ab+b2  2Valtab+ b2 4
In Figure 4B,Y” is the intersection of the aB(C') and the perpendicular from
the midpointE of C A to BC. The line BY’ makes an anglerccos% with BC.
The other two linesA X’ andC'Z’ are similarly constructed. These lines bound the

equilateral triangleX'Y Z, and the fouiincircles can be easily constructed. Their
centers are simply the reflections®fin D, Y’ in E,andZ’ in F.

cos XBC =

2. Some basic constructions

2.1 Geometric mean and the solution of quadratic equatioRse following con-
structions of the geometric mean of two lengths are well known.

Construction 2. (a) Given two segments of length b, mark three points, P,
B on aline(P betweenA and B) such thatPA = a and PB = b. Describe a
semicircle withAB as diameter, and let the perpendicular throughintersect the
semicircle atQ. ThenPQ? = AP - PB, so that the length oP( is the geometric
mean ofa andb. See Figure 5A.
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(b) Given two segments of length< b, mark three points®, A, B on a line
such thatPA = a, PB = b, and A, B are on thesameside of P. Describe a
semicircle withP B as diameter, and let the perpendicular throughintersect the
semicircle atQ. ThenPQ? = PA - PB, so that the length oP(Q is the geometric
mean ofa andb. See Figure 5B.

Figure 5A Figure 5B

More generally, a quadratic equation can be solved by applying the theorem of
intersecting chordslf a line through P intersects a circle)(r) at X andY’, then
the productPX - PY (of signed lengthsis equal toOFP — r2. Thus, if two
chordsAB and XY intersect atP, thenPA - PB = PX - PY. See Figure 6A.
In particular, if P is outside the circle, and iPT is a tangent to the circle, then
PT? = PX - PY for any line intersecting the circle & andY . See Figure 6B.

o o
Y .
Y
! w ’ ) \/ "
X T
Figure 6A Figure 6B

A quadratic equation can be put in the forrfw + a) = ¥ or x(a — =) = b
In the latter case, for real solutions, we requirec 5. If we arrangea andb as
the legs of a right triangle, then the positive roots of the equation can be easily
constructed as in Figures 6C and 6D respectively.

The algebraic method of the solution of a quadratic equation by completing
squares can be easily incorporated geometrically by using the Pythagorean theo-
rem. We present an example.
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B
X Y
A
X
b
a
B
w |
c b A
Figure 6C Figure 6D

2.1.1 Given a chordBC perpendicular to a diametefY of circle (O), to con-
struct a line throughX which intersects the circle &t and BC atT such thatAT
has a given length. Clearly,t < Y M, whereM is the midpoint ofBC.

Let AX = z. Since/CAX = ZCYX = /TCX, the lineCX is tangent to
the circleACT. It follows from the theorem of intersecting chords thét —¢) =
CX?. The method of completing squares leads to

t f £\ 2
= — 2 —
T 2—1— CcCX —|—(2>.

This suggests the following constructibn.

Figure 7

Construction 3. On the segmen®'Y’, choose a poinP such thatC' P = % Extend
X P to @ such thatP@) = PC. Let A be an intersection ok () and (O). If the
line X A intersectsBC at T, thenAT = t. See Figure 7

4 This also solves the construction problem of trianglBC with given angleA, the lengths: of
its opposite side, and of the bisector of angle
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2.2 Harmonic mean and the equatién+ ; = 1. The harmonic mean of two
quantitiesa and b is % In a trapezoid of parallel sides and b, the parallel
through the intersection of the diagonals intercepts a segment whose length is the
harmonic mean of andb. See Figure 8A. We shall write this harmonic mean as

2t, so thatl + 1 = 1. See Figure 8B.

A b B
Figure 8A Figure 8B

Here is another construction gfmaking use of the formula for the length of an
angle bisector in a triangle. BC = a, AC = b, then the angle bisect@rZ has

length

2ab C
= cos — = 2t cos —.
a+b 2 2

The lengtht can therefore be constructed by completing the rhonth¥s7Y (by
constructing the perpendicular bisector(af to intersectBC at X andAC atY’).

See Figure 9A. In particular, if the triangle contains a right angle, this trapezoid is
a square. See Figure 9B.

C

c

a
Figure 9A Figure 9B

3. The shoemaker’s knife

3.1 Archimedes’ TheoremA shoemaker's knife (or arbelos) is the region ob-
tained by cutting out from a semicircle with diamet¢B the two smaller semi-
circles with diametersiP and PB. Let AP = 2a, PB = 2b, and the common
tangent of the smaller semicircles intersect the large semicir¢le @he following
remarkable theorem is due to Archimedes. See [12].
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Theorem 1 (Archimedes) (1) The two circles each tangent féQ), the large semi-
circle and one of the smaller semicircles have equal radi a“—& See Figure
10A.

(2) The circle tangent to each of the three semicircles has radius

ab(a + b)

= - 1
P= @ ab+ 12 @
See Figure 10B
A 6 O P 0, B

Figure 10A Figure 10B

Here is a simple construction of the Archimedean “twin circles”. Qetand
Q2 be the “highest” points of the semicirclé (a) and O, (b) respectively. The

intersectionCs; = O1Q2 N O2Q is a point “above”P, andCs P =t = a“—fb

Construction 4. Construct the circleP(Cs) to intersect the diametedB at P,
and P; (so thatP, ison AP and P, is on PB).

The centelC; (respectively(s) is the intersection of the circl®, () (respec-
tively O2(P;)) and the perpendicular tol B at P, (respectivelyP). See Figure
11

A 01 PO p / PO, B
N /

~ -

Figure 11

Theorem 2 (Bankoff [3]). If the incircle C(p) of the shoemaker’s knife touches the
smaller semicircles ak andY’, then the circle through the poinf3, X, Y has the
same radiug as the Archimedean circleSee Figure 12

This gives a very simple construction of the incircle of the shoemaker’s knife.
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Y

<)

Vi
A O o P O3 B

Figure 12 Figure 13

Congtruction 5. Let X = C3(P)N0O;(a),Y = C3(P)NO2(b),andC = O1 X N
02Y . The circleC'(X) is the incircle of the shoemaker’s knife. It touches the large
semicircle atZ = OC N O(a + b). See Figure 13

A rearrangement of (1) in the form
1 1 1

arb o
leads to another construction of the incir¢t&) by directly locating the center and
one point on the circle. See Figure 14.

Qo

Figure 14

Construction 6. Let @), be the “highest” point of the semicircl®(a + b). Con-
struct
() K = Q1Q2N PQ,
(ll) S =0C3N Q()K, and
(iii) the perpendicular fron$ to AB to intersect the lin€ K at C.
The circleC(S) is the incircle of the shoemaker’s knife.

3.2 Other simple constructions of the incircle of the shoemaker’s kiife.give
four more simple constructions of the incircle of the shoemaker’s knife. The first
is by Leon Bankoff [1]. The remaining three are by Peter Woo [21].

Construction 7 (Bankoff). (1) Construct the circle); (A) to intersect the semi-
circlesO;(b) andO(a + b) at X and Z respectively.

(2) Construct the circlg);(B) to intersect the semicircled; (a) andO(a + b)
atY and the same poird in (1) above.
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Thecircle through X, Y, Z is the incircle of the shoemaker's knif8ee Figure
15.

Figure 15 Figure 16

Construction 8 (Woo). (1) Construct the lineAQ, to intersect the semicircle
Og(b) at X.

(2) Construct the lineBQ; to intersect the semicircl®, (a) at Y.

(3) Let S = AQ2 N BQ;. Construct the linePS to intersect the semicircle
O(a+b)atZ.

Thecircle through X, Y, Z is the incircle of the shoemaker's knif8ee Figure
16.

Construction 9 (Woo). Let M be the “lowest” point of the circleD(a + b). Con-
struct
(i) the circle M (A) to intersectO; (a) atY and O, (b) at X,
(i) the line M P to intersect the semicircl®(a + b) at Z.

Thecircle through X, Y, Z is the incircle of the shoemaker’s knif€ee Figure
17.

Figure 17 Figure 18
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Construction 10 (Woo). Constructsquares on AP and PB on the same side of
the shoemaker knife. L&f; and K5 be the midpoints of the opposite sidesAd?
and PB respectively. Le€ = AK; N BK;, and X = CO2 N Oy(b).

The circleC'(X) is the incircle of the shoemaker’s kniféee Figure 18.

4. Animation of bicentric polygons

A famous theorem of J. V. Poncelet states that if between two cén@asdCs
there is a polygon of sides with vertices o6, and sides tangent &, then there
is one such polygon af sides with a vertex at an arbitrary point 6n See, for
example, [5]. For circleg; andC; and forn = 3,4, we illustrate this theorem by
constructing animation pictures based on simple metrical relations.

4.1 Euler's formula. Consider the construction of a triangle given its circumcen-
terO, incenter! and a vertexd. The circumcircle i€)(A). If the line AT intersects
this circle again af{, then the vertice® andC are simply the intersections of the
circlesX (I) andO(A). See Figure 19A. This leads to the famous Euler formula

d* = R* — 2Rr, (2)

whered is the distance between the circumcenter and the incénter.

Figure 19A Figure 19B

4.1.1 GivenacircleO(R) andr < &, to construct a poinf such thaO(R) and
I(r) are the circumcircle and incircle of a triangle.

Construction 11. Let P(r) be a circle tangent tdO) internally. Construct a line
throughO tangent to the circle P(r) at a point/.

The circleI(r) is the incircle of triangles which haw@(R) as circumcircle.See
Figure 20.

SProof: If I is the incenter, theml = — andIX = IB = —2E_. See Figure 19B. The
sin ?

sin 4

power of I with respect to the circumcircle i — R> = IA-IX = —rsin 4 - 28 = —2Ry.
sin ?
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Ae

Figure 20 Figure 21

4.1.2 GivenacircleO(R) and a point/, to construct a circlé(r) such thaO(R)
andI(r) are the circumcircle and incircle of a triangle.

Construction 12. Construct the circle/ (R) to intersectO(R) at a point P, and
construct the linePI to intersectO(R) again at@. LetT" be the midpoint of Q).

The circleI(T) is the incircle of triangles which hav@(R) as circumcircle.
See Figure 21.

4.1.3 Given a circleI(r) and a pointO, to construct a circlé(R) which is the
circumcircle of triangles with/ (r) as incircle. SinceR = r + /72 + d? by the
Euler formula (2), we have the following construction. See Figure 22.

Construction 13. LetIP be aradius ofl (r) perpendicular to/O. ExtendOP to
a point A such thatPA = r.

The circleO(A) is the circumcircle of triangles which havér) as incircle.

Figure 22 Figure 23

4.1.4 GivenI(r) and R > 2r, to construct a poin© such thatO(R) is the
circumcircle of triangles with () as incircle.
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Construction 14. Extend a radius/ P to () such that/(Q = R. Construct the
perpendicular tal P at I to intersect the circle?(Q) at O.

The circleO(R) is the circumcircle of triangles which havér) as incircle. See
Figure 23.

4.2. Bicentric quadrilaterals.A bicentric quadrilateral is one which admits a cir-
cumcircle and an incircle. The construction of bicentric quadrilaterals is based on
the Fuss formula

2r?(R? + d*) = (R* — d*)?, (3)

whered is the distance between the circumcenter and incenter of the quadrilateral.
See [7,339].

4.2.1 GivenacircleO(R) and a point/, to construct a circlé(r) such thaO(R)
and(r) are the circumcircle and incircle of a quadrilateral.
The Fuss formula (3) can be rewritten as
1 1 1

2T R+d?  (B=dP

In this form it admits a very simple interpretation:can be taken as the altitude
on the hypotenuse of a right triangle whose shorter sides have leRgthd. See
Figure 24.

Construction 15. Extend/ O to intersectO(R) at a pointA. On the perpendicular
to I A at I construct a pointK’ such that/ K = R — d. Construct the altitudd P
of the right triangeAl K.

The circlesO(R) and(P) are the circumcircle and incircle of bicentric quadri-
laterals.

Figure 24 Figure 25
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4.2.2 Given acircleO(R) and a radiug < %, to construct a poinf such that

I(r) is the incircle of quadrilaterals inscribeddn R), we rewrite the Fuss formula
(3) in the form

This leads to the following construction. See Figure 25.

Construction 16. Construct a right triangle) AK with a right angle at4, OA =
R and AK = 3. On the hypotenus@® K choose a point’ such thatkK P = r.
Construct atangent from O to the circle P(5). Let! be the point of tangency.

The circlesO(R) and I (r) are the circumcircle and incircle of bicentric quadri-
laterals.

4.2.3 Given acirclel(r) and a pointD, to construct a circl¢O) such that these
two circles are respectively the incircle and circumcircle of a quadrilateral. Again,
from the Fuss formula (3),

2 2
SN R B B S
R <d+4+2><d+4+2.

Construction 17. Let £ be the midpoint of a radiug B perpendicular toO1.
Extend the ray) E' to a pointF’ such thatF' F' = r. Construct aangent OT to the
circle F' (%). ThenOT is a circumradius.

5. Some circle constructions

5.1 Circles tangent to a chord at a given poiriiven a pointP on a chordBC of
a circle(0O), there are two circles tangent BC' at P, and to(O) internally. The
BP - PC
radii of these two circles ar: hereh is the distance fron® to BC.
ii WO Ci CEDR W i i n® C
They can be constructed as follows.

Construction 18. Let M be the midpoint oBC, and XY be the diameter per-
pendicular toBC'. Construct
(i) the circle centerP, radius M X to intersect the ard&3 X C' at a point(),
(i) the line PQ to intersect the circléO) at a pointH,,
(iii) the circle P(H) to intersect the line perpendicular t8C' at P at K (so that
H and K are on the same side &iC").
The circle with diameteP K is tangent to the circl€O). See Figure 26A
ReplacingX by Y in (i) above we obtain the other circle tangentBt at P
and internally to(O). See Figure 26B

5.2 Chain of circles tangent to a chordsiven a circle(Q) tangent internally to a
circle (O) and to a chord3C at a given pointP, there are two neighbouring circles
tangent tq O) and to the same chord. These can be constructed easily by observing
that in Figure 27, the common tangent of the two circles cuts out a segment whose
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y @
Figure 26A Figure 26B

midpointisB. If (') is a neighbour ofQ®), their common tangent passes through
the midpoint)M of the arcBC complementary td()). See Figure 28.

Construction 19. Given a circle(Q) tangent to(O) and to the chordBC, con-
struct
(i) the circle M (B) to intersect(Q) at7; andT>, MT; and M T, being tangents
o (Q),
(ii) the bisector of the angle betweafiT; and BC to intersect the lin€)T; at Q.
The circleQ:(T1) is tangent ta/O) and toBC.
ReplacingT; by 75 in (ii) we obtain@.. The circleQs(T3) is also tangent to
(O)and BC.

Figure 27 Figure 28

5.3 Mixtilinear incircles. Given a triangleABC, we construct the circle tangent
to the sidesAB, AC, and also to the circumcircle internally. Leon Bankoff [4]
called this theA- mixtilinear incircle of the triangle. Its center is clearly on the
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bisector of angled. Its radius isr sec® %, wherer is the inradius of the triangle.
The mixtilinear incircle can be constructed as follows. See Figure 29.

A

(B

X

Figure 29

Construction 20 (Mixtilinear incircle). Let I be theincenter of triangle ABC.
Construct
(i) the perpendicular td A at [ to intersectAC at Y,
(i) the perpendicular toAY at Y to intersect the lineAl at [,.
The circlel,(Y) is the A-mixtilinear incircle of ABC'.

The other two mixtilinear incircles can be constructed in a similar way. For
another construction, see [23].

5.4. Ajima’s construction.The interesting book [10] by Fukagawa and Rigby con-
tains a very useful formula which helps perform easily many constructions of in-
scribed circles which are otherwise quite difficult.

Theorem 3 (Ajima). Given trianglesABC' with circumcircle(O) and a pointP
such thatd and P are on the same side &fC), the circle tangent to the lineB B,
PC, and to the circlg(O) internally is the image of the incircle of triangle BC
under the homothety with cent&and ratio1 + tané tan BTPC.

Construction 21 (Ajima). Given two pointsB and C' on a circle (O) and an
arbitrary point P, construct

(i) a point A on (O) on the same side dBC as P, (for example, by taking the
midpoint M of BC', and intersecting the ray/ P with the circle(O)),

(i) theincenter I of triangle ABC,

(iii) theincenter I’ of triangle PBC,

(iv) the perpendicular td’ P at I’ to intersectPC at Z.

(v) Rotate the rayZ I’ aboutZ through an(oriented angle equal to angld3 AT to
intersect the lineA P at Q.

Then the circle with centep, tangent to the line$B and PC, is also tangent to
(O) internally. See Figure 30
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Figure 30 Figure 31

5.4.1 Thébault's theoremWith Ajima’s construction, we can easily illustrate the
famous Tlebault theorem. See [18, 2] and Figure 31.

Theorem 4 (Thébault) Let P be a point on the sid&C of triangle ABC. If the
circles(X) and(Y) are tangent tod P, BC', and also internally to the circumcirle
of the triangle, then the lin&'Y” passes through the incenter of the triangle.

5.4.2 Another exampleWe construct an animation picture based on Figure 32
below. Given a segmemtB and a pointP, construct thesquares APX’'X and
BPY'Y on the segmentd P and BP. The locus ofP for which A, B, X, Y are
concyclic is the union of the perpendicular bisector4dd® and the two quadrants
of circles with A and B as endpoints. Considé? on one of these quadrants. The
center of the circledABY X is the center of the other quadrant. ApplyiAgma’s
construction to the triangleX AB and the pointP, we easily obtain the circle
tangent toAP, BP, and(O). SinceZAPB = 135° and ZAXB = 45°, the
radius of this circle is twice the inradius of triangieP B.

Figure 32
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6. Some examples of triangle constructions

There is an extensive literature on construction problems of triangles with cer-
tain given elements such as angles, lengths, or specified points. Wernick [20] out-
lines a project of such with three given specific points. Lopes [14], on the other
hand, treats extensively the construction problems with three given lengths such
as sides, medians, bisectors, or others. We give three examples admitting elegant
constructions®

6.1 Construction from a sidelength and the corresponding median and angle bi-
sector. Given the lengti2a of a side of a triangle, and the lengthsandt¢ of the
median and the angle bisector on the same side, to construct the triangle. This is
Problem 1054(a) of th&¥athematics Magazinf§]. In his solution, Howard Eves
denotes by the distance between the midpoint and the foot of the angle bisector
on the side2a, and obtains the equation

A (m? 12+ aD) +a?(m? —t%) =0,
from which he concludes constructibility (by ruler and compass). We devise a
simple construction, assuming the data given in the form of a triaAgI&l” with

AT =t, AM' = m andM'T = a. See Figure 33. Writing? = m? + t? — 2tu,
andz? = m? 4 2 — 2tw, we simplify the above equation into

w(w —u) = %aQ. 4)
Note thatu is length of the projection afiA/’ on the lineAT', andw is the length
of the medianA M on the bisectoAT of the sought triangled BC. The lengthw
can be easily constructed, from this it is easy to complete the triahgl€'.

Figure 33

®Construction 3 (Figure 7) solves the construction problem of triaddk” given angleA, side
a, and the length of the bisector of anglel. See Footnote 4.



94 Elegant geometric constructions

Construction 22. (1) On the perpendicular tal M’ at M’, choose a poinf) such
1y _ M'T _ a
that M'Q = NV
(2) Construct the circle with center the midpoint4fi/ to pass through) and
to intersect the lineAT at W so that7 and W are on the same side of. (The
lengthw of AW satisfieq4) abovg.
(3) Construct the perpendicular & to AW to intersect the circled()M) at
M.
(4) Construct the circleV/(a) to intersect the liné\/T" at two pointsB and C'.
The triangleABC has AT as bisector of anglel.

6.2 Construction from an angle and the corresponding median and angle bisector.
This is Problem 1054(b) of thilathematics MagazineSee [6]. It also appeared
earlier as Problem E1375 of tianerican Mathematical MonthlySee [11]. We
give a construction based on @lault’'s solution.

Suppose the data are given in the form of a right triadgieV/, whereZ AOM =
Aori180° — A, ZM = 90°, AM = m, along with a pointl" on AM such that
AT = t. See Figure 34.

Figure 34

Construction 23. (1) Construct the circle)(A). Let A’ be the mirror image ofA
in M. Construct the diameteK'Y" perpendicular toAA, X the point for which
/AXA = A

(2) On the segment’ X choose a point” such thatA'P = L. and construct
the parallel throughP to XY to intersect4AY at Q.

(3) ExtendX (Q to K such thatQK = QA’.

(4) Construct a pointB on O(A) such thatX B = X K, and its mirror image
CinM.

Triangle ABC has given anglel, medianm and bisectort on the sideBC'.

6.3. Construction from the incenter, orthocenter and one veriéxis is one of the
unsolved cases in Wernick [20]. See also [22]. Suppose we put the indeaattdre
origin, A = (a,b) andH = (a,c) for b > 0. Letr be the inradius of the triangle.
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A fairly straightforward calculation gives

s b—c 1,
5" 2(@ +bc) = 0. (5)

If M is the midpoint of/ A and P the orthogonal projection off on the line
I4, then3(a® 4 be), being the dot product afM andIH, is the (signed) product
IM-IP. Note that if angledl H does not exceed a right angle, equation (5) admits
a unique positive root. In the construction below we assifraoser tham to the
perpendicular tA H throughI.

r

Construction 24. Given triangle Al H in which the angledl H does not exceed
a right angle, letM be the midpoint of A, K the midpoint ofAH, and P the
orthogonal projection off on the linel A.
(1) Construct the circle through P, M and K. LetO be the center of and )
the midpoint ofP K.
(2) Construct a tangent fronf to the circle O(Q) intersectingC at 7', with T’
farther from1 than the point of tangency.

The circleI(T) is the incircle of the required triangle, which can be completed
by constructing the tangents fromto 7(7'), and the tangent perpendicular tbH
through the “lowest” point of/ (T"). See Figure 35

If H is farther thanA to the perpendicular frond to the line AH, the same
construction applies, except that in (2)is the intersection witld closer tol than
the point of tangency.

Figure 35

Remark.The construction of a triangle from its circumcircle, incenter, orthocenter

was studied by Leonhard Euler [8], who reduced it to the problem of trisection of
an angle. In Euler’s time, the impossibility of angle trisection by ruler and compass
was not yet confirmed.
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Circlesand Triangle Centers Associated with
the Lucas Circles

Peter J. C. Moses

Abstract. The Lucas circles of a triangle are the three circles mutually tangent
to each other externally, and each tangent internally to the circumcircle of the
triangle at a vertex. In this paper we present some further interesting circles and
triangle centers associated with the Lucas circles.

1. Introduction

In this paper we study circles and triangle centers associated with the three Lucas
circles of a triangle. The Lucas circles of a triangle are the three circles mutually
tangent to each other externally, and each tangent internally to the circumcircle of
the triangle at a vertex.

Figure 1

We work with homogeneous barycentric coordinates and make use of John
H. Conway'’s notation in triangle geometry. The indexing of triangle centers fol-
lows Kimberling’s Encyclopedia of Triangle Centers [2]. Many of the triangle
centers in this paper are related to the Kiepert perspectors. We recall that given a
triangle ABC, the Kiepert perspectdk () is the perspector of the triangle formed
by the apices of similar isosceles triangles with base afgbesthe sides oA BC.

Publication Date: July 5, 2005. Communicating Editor: Paul Yiu.
The author thanks Clark Kimberling and Paul Yiu for their helps in the preparation of this paper.
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In barycentric coordinates,

1 1 1
K(9) = : : .
( ) <SA+59 Sp + Sy Sc-l-Sg)
Its isogonal conjugate is the point
K*(Q) = (a2(SA + S@) : 62(53 + Sg) : CQ(SC + Sg))

on the Brocard axis joining the circumcenterand the symmedian poirt .

2. Thecenters and points of tangency of the Lucascircles

The Lucas circle€ 4, Cp, C¢ of triangle ABC are the |mages of the C|rcum-

S

circle under the homotheties with centets B, C, and ratios—> 205 IS CQ+S
respectively. As such they have centers

O, =(a*(S4 +28) : b2Sp : *Sc),
Op =(a®S4 : b¥*(Sp +29) : *Se),
O, =(a%S4 : b¥*Sp : *(Sc + 29)),

and equations

272 2
. Qyr et Pay - LU (L+2)=
Ca: a“yz + bzx + c“xy 2 1S (x+y+2) b2+02 =0,
Cp : + 02w + 2b”(++)(z+w)—o
B: a’yz 2z + Cay R rtytz)(z+2)=0
a2b2e2 "

) 2 _ A
Co : a’yz + b zx + Cay 215 (x—i—y—l—z)( b2) 0.

The Lucas circles are mutually tangent to each other, externally, at
T, =CpNCc =(a*S4: b*(Sp + S) : 2(Sc + 9)),
Ty, =CcoNCa =(a*(Sa+ S) : B2Sp : (Sc + 9)),
T.=CaNCp =(a*(Ss+8): b*(Sp + 8) : *Sc).
See Figure 1. These points of tangency form a triangle perspectiveddtti at

w, T
K*(3)
which is X37; of [2].

By Desargues’ theorem, the triangl@sO, O. andT, T, T, are perspective. Their
perspector is clearly the Gergonne point of trian@l€),O.; it has coordinates

(a*(3S4 +29) : b*(3Sp +29) : 2(3Sc + 25)).
This is the pointK* (arctan 3).

= (a*(Sa +8) : b*(Sp + S) : *(Sc + C)),
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The exsimilicenter (external center of similitude)@f andC¢ is the point(0 :
b? . —c?). Likewise, those of the pai&, C4 andC4, Cp are(—a® : 0 : ¢?) and
(a® — b? : 0). These three exsimilicenters all lie on the Lemoine axis,

T Yy z
$+—+C—2—O.

Proposition 1. The pedals of O, on BC, O, on C' A, and O. on AB form the
cevian triangle of the Kiepert perspector K (arctan 2).?

Proof. These pedals are the poift$ : 25c +5 : 2S5+ 5), 2S¢+ S : 0 :
254+ 85),and(2Sp + 5 :254+ 5 : 0). O

Proposition 2. The pedals of T, on BC, T, on C' A, and T, on AB formthe cevian
triangle of the point (a® + S : b2 + S : 2 + 9).

Proof. These pedals are the poir: ¥ +S : 2+ 5), (a?> + S : 0 : ¢?), and
(a>+S:0?+5:0). O

3. Theradical circle of the Lucascircles

From the equations of the Lucas circles, the radical center of these circles is the
point (z : y : z) satisfying

R Rk O du
a2+ S b2+ S 24+ 8

This means that% : % : %) is the anticomplement @fi* + 5 : b+ 5 : ¢+ 5),
namely,(254 + S : 255 + S : 25¢ + S), and the radical center is the point

K*(arctan 2) = (a*(2S4 + S) : b*(2Sp + S) : ¢*(2Sc + 9)) = X1151

on the Brocard axis. Since the Lucas circles are tangent to each other, their radical
circle is simply the circle through the tangent poifits 7, and 7. It is also the
incircle of triangle0,0,0.. As such, it has radiu% - R, whereR is

the circumradius of trianglé BC. Its equation is

2062 (x +y + 2) (m y z)

FiPrE4s \@ B2

ayz + b*zx + Axy — 2

c2

4. Theinner Soddy circle of the Lucascircles

There are two nonintersecting circles which are tangent to all three Lucas circles.
These are the outer and inner Soddy circles of trialdgi@,0O.. Since the outer
Soddy circle is the circumcircle A BC, the inner Soddy circle is the inverse of
this circumcircle with respect to the radical circle. Indeed the points of tangency
are the inverses ofl, B, C in the radical circle. They are simply the second

IThis is X1131 of [2].
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intersections of the linedT with C,, BT with C,, andCT with C., whereT =
K*(arctan 2). These are the points

(a?(4S4 +3S) : 26%(2Sp + S) : 2¢*(2Sc + 9)),
(2a%(254 + S) : b?(4Sp + 3S) : 2¢*(2Sc + 9)),
(2a%(254 + S) : 2b%(2Sp + S) : 2(4Sc + 35)).

Figure 2
i i 7 i 25-R
The circle through these points has cerftgr{arctan 1) and radius; 32"y 17g-

It has equation

Aa2h2 2
a’yz + bz + Aoy — @b ewty+2) (ac i

V4
2(a% + b2+ c2) + 7S ﬁ+b_2+c_2> =0.
Proposition 3. The circumcircle, theradical circle, theinner Soddy circle, and the
Brocard circles are coaxal, with the Lemoine axis as radical axis.

The Brocard circle has equation
aQbQCQ(:):—I—y—l—z)(x y—l—z)*o
a? + b% + c2 a2 b2 2) 7
The radical trace of these circles, namely, the intersection of the radical axis and
the line of centers, is the point

a’yz + b zx 4+ Cay —

i)

(@b +F —2a) i) = K*(— arctan(m

))-
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This is X157, the inverse ofx in the circumcircle.

5. The Schoute coaxal system

According to [5], the coaxal system of circles containing the circles in Propo-
sition 3 is called the Schoute coaxal system. It has the two isodynamic points as
limit points. Indeed, the circle with centéf;g; passing through the isodynamic
point X5 = K*(%) is the radical circle of these circles.

Proposition 4. The circles of the Schoute coaxal system have centers K*(6) where

0] >, and radius‘WM‘ - R. It has equation

Cs(0):  a’yz+bPzx + oy —

a2z +y+z2) (x Yy oz
S+ 4+ ) =0.
S, + S -tan6 <a2 + b2 + 02)
Therefore, a circle with centén?(pSa + ¢S) : ¥*(pSp +qS) : 2 (pSc +qS))
and square radiug =3¢) s the circleCs(arctan £).

pS+q(a?+b2+c?))
| circle | Cs(f)withtan § = |
circumcircle 00
Brocard circle cotw
Lemoine axis —cotw
radical circle of Lucas circles 2
inner Soddy circle of Lucas circles

¢ = % yields the limit pointX;s.
Proposition 5. Theinversive image of G;(0) in Cs(y) isthe circle Cs(v), where

tan 0(tan? ¢ + 3) — 6tan ¢

t = .
any 2tan 6 tan p — (tan? ¢ + 3)

Corollary 6. (a) Theinverse of ;(6) in the circumcircle is Cs(—0).
(b) Theinverse of the circumcircle in G(¢) isthe circle C (arctan tan® p+3 ) :

2tan ¢

6. Threeinfinite families of circles

Let A’B’C’ be the circumcevian triangle of the symmedian pdihtand K’ =
K*(%). The lineO A’ intersect), K at

0% = (a*(Sa — 2S) : b*(Sp +4S) : *(Sc +45)).

This is the center of the circle tangent to tBe and C-Lucas circles, and the
circumcircle. It touches the circumcircle AF. We label this circle’f. The points
of tangency with the3- andC-Lucas circles are

(a*(Sa — S) : b*(Sp +3S) : 2(Sc + 25)),
(a*(Sa — S) : b*(Sp +25) : *(Sc + 39))
respectively.
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Similarly, there are circle€? andC¢ each tangent internally to the circumcircle
and externally to two Lucas circles. The centers of the three cif|e¥, C$ are
perspective wittd BC at K*(arctan ).

Figure 3

Remarks. (1) The 6 points of tangency with the Lucas circles lie(arctan 4).
(2) The radical circle of these circles@qarctan 6). See Figure 3.

The Lucas circles lend themselves to the creation of more and more circle tan-
gencies. There is, for example, an infinite sequence of ciElesach tangent
externally to theB- andC'-Lucas circles, so tha, touchesC?_, externally atZ};.

(We treatC§ as the circumcircle ofiBC so thatl{ = A’.
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0p =(a*((2n® — 1)Sa — 2nS) : b*((2n* — 1)Sp + 2n(n + 1)S)
:2((2n* = 1)Sc + 2n(n +1)8)),
T =(a*(2n(n — 1)Sa — (2n — 1)S) : 2nb*((n — 1)Sp + nS) : 2nc*((n — 1)Sc + nS)).

The centergD? of these circles lie on the hyperbola through with foci O,
andO.. It also containg®) andT,. This is the inner Soddy hyperbola of triangle
0,0,0.. The points of tangencyy lie on the A-Apollonian circle.

Similarly, we have two analogous families of circlés and C¢, respectively
with centersO?, O¢ and points of tangency?, T¢.

2n(n—1)
(2) The six points of tangency with the Lucas circles lie on the circle

2
n

(3) The radical circle o€, C3, C¢ is the circleCs (arctaﬂ %)

Remarks. (1) The centers of?, C, C¢ lie on the circleC, (arctan 74”2‘2”“).

Proposition 7. The following pairs of triangles are perspective. The perspectors
are all on the Brocard axis.

Triangle | Triangle Perspectoe= K*(0)
withtan 6 =

b 2n2—1
00b O | ABC e
020 O¢ | 0,040, i1
04040, | TIT, S

b ; . 6n%—3
020, 0y, | circumcevian 2n7(’n71)

triangle of K
050,05, | 01010% -

b b 4n?+6n+3
00,05 | 071107 1051y | 5505
0,005, | 05,0505, i
TeTITS | ABC n—di
ToTP TS | 0,040, On2n—1
ToTiTy | T T, 21
LYoy | Th T Ty, T

7. Centersof similitude

Since the Lucas radical circle, the inner Soddy circle and the circumcircle all
belong to the Schoute family, their centers of similitude are all on the Brocard axis.

Internal External
inner Soddy circlg circumcircle | K*(arctan2) | K*(arctan 3)
inner Soddy circlg radical circle] K*(arctan ) | K*(arctan 2)
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Figure 4

Proposition 8. (a) The insimilicenters of the Lucas radical circle and the individ-
ual Lucas circles form a triangle perspective with ABC' at K*(arctan 3).

(b) The exsimilicenters of the Lucas radical circle and the individual Lucas cir-
clesformatriangle perspective with ABC at K*(%).

Proof. These insimilicenters are the points

(3a%(Sa+S) : b*(3Sp+5) 2(3Sc + 9)),

(a®(3S4+5S) : 3b%(Sp+S) : A(3Sc+09)),

(a2(3SA+S) : 62(3SB+S) : 362(Sc+5)).
Likewise, the exsimilicenters are the points

(a®(Sa—8) : bv*(Sp+9) A(Sc +9)),
(CLZ(SA—FS) : bQ(SB—S) : 02(50+S)),
(a®(Sa+8) : bv*(Sp+9) A2 (Sc — 9)).
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8. Two conics

As explained in [1], the Lucas circles of a triangle are also associated with
the inscribed squares of the triangle. We present two interesting conics associ-
ated with these inscribed squares. Given a trianglC', the A-inscribed square
X1X5X3X, has vertices

X1=0:Sc+S5:S5g), and Xo=(0:Sc:Sp+59)
on the lineBC and
X3=(a?:0:S5) and X;=(a®:S5:0)

on AC and AB respectively. It has centér? : Sc + S : Sp + 5). Similarly,

the coordinates of th8— andC-inscribed squares, and their centers, can be easily
written down. It is clear that the centers of these squares form a triangle perspective
with ABC at the Kiepert perspector

T 1 1 1
K(-) = : : .
(4) (SA+S Sp+ S SC+S>

Y2

X3

Y1
Y3

Za

Figure 5.
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Proposition 9. The six points X7, Xs, Y1, Y3, Z1, Z5 lie on the conic
Z (a®> 4+ 8)yz = (z +y + 2) Z Sa(Sa+ 9)z.

cyclic cyclic
This conic has centdu? + S : b + S : ¢ + 9).
Proposition 10. The six points X3, X4, Y3, Y4, Z3, Z4 lie on the conic

Z a’  a?PPS(rty+2) (x y —I—i>
2+ 57T (@1 90+ ) (2 +9) 2)

. a? b2
cyclic
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On the Geometry of Equilateral Triangles

Jozsef Sindor

Dedicated to the memory of Angela Vasiu (1941-2005)

Abstract. By studying the distances of a point to the sides, respectively the
vertices of an equilateral triangle, certain new identities and inequalities are de-
duced. Some inequalities for the elements of the Pompeiu triangle are also es-
tablished.

1. Introduction

The equilateral (or regular) triangle has some special properties, generally not
valid in an arbitrary triangle. Such surprising properties have been studied by many
famous mathematicians, including Viviani, Gergonne, Leibnitz, Van Schooten,
Toricelli, Pompeiu, Goormaghtigh, Morley, etc. ([2], [3], [4], [7]). Our aim in
this paper is the study of certain identities and inequalities involving the distances
of a point to the sides or the vertices of an equilateral triangle. For the sake of
completeness, we shall recall some well-known results.

1.1 Let ABC be an equilateral triangle of side lengtB = BC = CA = |,
and heighth. Let P be any point in the plane of the triangle.¥is the center of
the triangle, then the Leibnitz relation (valid in fact for any triangle) implies that

> PA?=3P0%+) 0A% (1)

Let PO = din what follows. Since inourca®eA = OB =0C =R = ?
we haved ~0A? = I?, and (1) gives

> PA*=3d+ 17 2)

Therefore,z PA? = constant if and only ifl = constantj.e., whenP is on a

circle with centerO. For a proof by L. Moser via analytical geometry, see [12].
For a proof using Stewart’s theorem, see [13].

1.2 Now, let P be in the interior of triangleA BC', and denote by, py, p. its
distances from the sides. Viviani’s theorem says that

3
Zpa:pa+pb+pc:h: T

Publication Date: July 20, 2005. Communicating Editor: Paul Yiu.
The author thanks the referee for some useful remarks, which have improved the presentation of
the paper.
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Figure 1

This follows by area considerations, since
S(BPC)+ S(CPA)+ S(APB) = S(ABC),
whereS denotes area. Thus,

D Pa= ? 3)

1.3 By Gergonne’s theorem one hgs: p2 = constant, wherP is on the circle
of centerO. For such related constants, see for example [13]. We shall obtain more
general relations, by expressiE p2 in terms ofl andd = OP.

A

B c
Ne——"
Figure 2

1.4. Another famous theorem, attributed to Pompeiu, states that for any point
in the plane of an equilateral triangleBC, the distance$ A, PB, PC' can be the
sides of a triangle ([9]-[10], [7], [12], [6]). (See also [1], [4], [11], [15], [16], where
extensions of this theorem are considered, too.) This triangle is degenebai® if
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on the circle circumscribed td BC, since if for exampleP is on the interior or
arc BC, then by Van Schooten’s theorem,

PA=PA+ PC. 4)
Indeed, by Ptolemy’s theorem ohB PC one can write
PA-BC=PC-AB+ PB - AC,

sothatBC = AB = AC = [ implies (4). For any other positions &f (i.e., P not
on this circle), by Ptolemy’s inequality in quadrilaterals one obtains

PA < PB+PC, PB< PA+ PC,andPC < PA+ PB,

so thatPA, PB, PC are the sides of a triangle. See [13] for many proofs. We
shall call a triangle with side® A, PB, PC aPompeiu triangle. WhenP is in

the interior, the Pompeiu triangle can be explicitly constructed. Indeed, by rotating
the triangle AB P with centerA through an angle o6(°, one obtains a triangle
AB'C which is congruent tel BP. Then, sinceAP = AB' = PB', BP = CB/,

the Pompeiu triangle will b&C B'. Such a rotation will enable us also to compute
the area of the Pompeiu triangle.

60°
B/

Figure 3

1.5, There exist many known inequalities for the distances of a point to the ver-
tices of a triangle. For example, for any poiitand any triangleA BC,

> PA>6r, (5)
wherer is the radius of incircle (due to M. Schreiber (1935), see [7], [13]). Now,
in our casebr = 11/3, (5) gives

> PA>1V3 (6)

for any pointP in the plane of equilateral triangléBC'. For an independent proof
see [12, p.52]. This is based on the following idea:Mgtbe the midpoint oBC.
By the triangle inequality one hasP + PM; > AM;. Now, itis well known that
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PB+P . i
PM, < LC From this, we gety/3 < 2PA + PB + PC, and by writing

two similar relations, the relation (6) follows after addition. We note that already
(2) impliesz PA? > 2, but (6) offers an improvement, since

Y pA’> % (Z PA)2 > |2 7)

L . 1 . .
by the classical inequality? + 2 + 22 > §<x +y+2)% Asin (7), equality holds
in (6) whenP = O.

2. ldentitiesfor pq, pp, pe

Our aim in this section is to deduce certain identities for the distances of an
interior point to the sides of an equilateral triangl&C'.

Let P be in the interior of triangleABC (see Figure 1). LePM | BC,
etc., wherePM = p,, etc. LetPM1||AB PM;||AC. Then triangleP M; M, is

. PM,+PM
equilateral, givingPM = # By writing two similar relations foPQ
PA +2P_é +PC
— —
andPN, and usingPO = 3 , one easily can deduce the following
vectorial identity:
_ = — 33—
PM + PN + PQ = §PO. (8)

L= = 1 , . :
SincePM - PN = PM - PN - cos 120° = —§PM - PN (in the cyclic quadri-
lateral C N P M), by putting PO = d, one can deduce from (8)
9

1 _— —
PM?+ =Y PM- PN = -P0O?
D PMP4oy PO,
so that

> 2= papy = —d2 ©)

For similar vectorial arguments, see [12]. On the other hand, from (3), we get

3l2
Y opi A2 papy= (10)
Solving the system (9), (10) one can deduce the following result.

Proposition 1.

2 2
Sy I +6d, 1)

— 3d2
> papy = (12)
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There are many consequences of (11) and (12). Empi = constant if and
only if d = constantj.e.,, P lying on a circle with cente). This is Gergonne’s
theorem. Similarly, (12) givegpa - pp = constant if and only it/ = constant,

i.e., P again lying on a circle with cent&p. Another consequence of (11) and (12)
is

2
> paps < ZZ <> p (13)

An interesting connection betweén_ PA” and > p, follows from (2) and
(12):

l2
ZPA2:2Zp§+§. (14)

3. Inequalities connecting p,, ps, p. With PA, PB, PC

This section contains certain new inequalities fod, p,, etc. Among others,
relation (18) offers an improvement of known results.
By the arithmetic-geometric mean inequality and (3), one has

3
_(patpetpc) (W3 _BVB
PaPbPec > 3 = 6 B
Thus,
133
PaPpPe < Ty (15)

for any interior pointP of equilateral triangled BC'. This is an equality if and only
only if p, = pp = pe, i€, P = 0.

Now, let us denotex = mes(<<BPC), etc. Writing the area of triangl8 PC
in two ways, we obtain

BP-CP -sina=1:p,.
Similarly,
AP -BP - -siny=1-p., AP-CP-sinff=1-p..

By multiplying these three relations, we have

l3 a C
PA?. pB?. pC? = PaPtPe (16)

sin v sin Bsiny
We now prove the following result.

Theorem 2. For aninterior point P of an equilateral triangle ABC, one has

[[ra®= 38—\l/3§Hpa and Y PA-PB>1"
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Proof. Let f(z) = lnsinz, z € (0, 7). Sincef”(z) = —— 12 < 0, f is concave,
S~ T
and
F(OFBEYY S S+ ) +50)
3 - 3 ’
giving
Hsina < 3—\8/§, @an
since%ﬁﬂ = 120° andsin 120° = ? Thus, (16) implies

813
[[Pa*> 33 []7. (18)

813 V3
We note that— . > 64 2 since this is equivalent . < ——,\
3 3I_Ip > 6 Hpa [ is is equiv i po < =

i.e. relation (15). Thus (18) improves the inequality

HPA > SHpa (19)

valid for any triangle (see [2, inequality 12.25], or [12, p.46], where a slightly
improvement appears).

On the other hand, sinc%+§+%:180°,one has
3
cosa+cosﬁ+cosy+§
— 1
ZQCOSa;ﬁCOSa2ﬁ+2COS2%+§
— 1
:2(0032%—c0s%cosa2ﬁ+1>
— 1 — 1 _
:2<0082%—c0s%cosa2ﬁ+10032a2ﬂ+15m2a2_ﬁ>
1 —8\%? 1 _
=2 cosz——cosa B +—sin2—a B >0,
2 2 2 4 2

with equality only fora = 3 =« = 120°. Thus:
3
cosa—i—cosﬁ—i—cos*yZ—E (20)

for anya, 3, v satisfyinga + 5 + v = 360°.
Now, in triangle AP B one has, by the law of cosines,

I?=PA%> + PB> —2PA - PB - cos 7,
giving
PA? 4 PB? - [?
2PA-PB

cosy =
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By writing two similar relations, one gets, by (20),
PA% 4 PC? - 2 N PB? + PC? — I? N PA%? 4 PB? - [? L3
2PA - PC 2PB - PC 2PA-PB 2
so that

>0

9

(PA? . PB+ PB?.- PA+ PA-PB- PC)
PC?.PB+ PB?-PC+ PA-PB- PO)
PA%*.PC + PC?*.-PA+PA-PB-PC)
(PA+ PB + PC)

+
+

2
0.

AV

This can be rearranged as
(PA+ PB + PC) (ZPA-PB - F) >0,
and gives the inequality
Y PA-PB>P, (21)
with equality whenP = O. g

4, The Pompeiu triangle

In this section, we deduce many relations connectitv, PB, PC, etc by
obtaining an identity for the area of Pompeiu triangle. In particular, a new proof of
(21) will be given.

4.1 Let P be a point inside the equilateral triangleBC (see Figure 3). The
Pompeiu triangleP B'C' has the side* A, PB, PC. Let R be the radius of cir-

cumcircle of this triangle. It is well known thdt_ PA” < 9R? (see [1, p.171],
[6, p.52], [9, p.56]). By (2) we get

2 2

. +93d

: (23)

l2
> — 22
=" (22)

R >

W ~

with equality only ford = 0, i.e., P = O. Inequality (23) can be proved also by

. 3RV3 . o .
the known relatiors < \/_, wheres is the semi-perimeter of the triangle. Thus
we obtain the following inequalities.

Proposition 3.
3RV3>> PA>1V3, (24)
where the last inequality follows by (6).
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A
60°
c’ B’
P
B c
A/
Figure 4

Now, in order to compute the area of the Pompeiu triangle, let us make two
similar rotations as in Figure 8g., a rotation of anglé(® with centerC' of triangle
APC, and another with centd of BPC'. We shall obtain a hexagon (see Figure
4), AB'CA’BC’, where the Pompeiu triangld3BA’, PAC’, PC B’ have equal
areal'. SinceAAPC = ABA'C, NAPB = NAB'C, NAC'B = ABPC, the

AP%/3

area of hexagon- 2Area(ABC'). But Area(APB') = T APB' being an
equilateral triangle. Therefore,
202\/3 PA%/3 PB*/3 PC?*/3
V3 =3T+ V3 + V3 + \/_,

4 4 4 4
which by (2) implies

T = ﬁ(ﬂ — 3d?). (25)
12
Theorem 4. The area of the Pompeiu triangle is given by relation (25).

Corollary 5.

T < gﬁ, (26)

with equality when d = 0, i.e,, when P = O.
Now, since in any triangle of aréf, and sides? A, PB, PC one has
2) PA-PB-) PA*>4V3.T
(see for example [14], relation (8)), by (2) and (25) one can write
23 PA-PB>3d*+1°+1° - 3d* = 21,

giving a new proof of (21).
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Corollary 6.
l4

}:PAWPB22§(§:PAJnﬁ2z§n 27)

. . 1
4.2 Note that in any triangle) _ PA*- PB* > —682, whereS = Area(ABC)

(see [13, pp.31-32)]). In the case of equilateral triangles, (27) offers an improve-
ment.

Sincer = z wheres is the semi-perimeter andthe radius of inscribed circle
S
to the Pompeiu triangle, by (6) and (26) one can write
(#7)

< =—.
T‘(M% 6
2
Thus, we obtain the following result.

Proposition 7. For theradii » and R of the Pompeiu triangle one has
I R
< - < = 28
"=6=72 (28)
The last inequality holds true by (23). This gives an improvement of Euler’s
. . R S . PA-PB-PC
inequality r < By for the Pompeiu triangle. Sinc€ = — R and
T
r= we get

PA-PB-PC =2Rr(PA+ PB+ PC),
and the following result.
Proposition 8.

202r/3
3

PA-PB-PC > > 4r21V/3. (29)

The last inequality is the first one of (28). The following result is a counterpart
of (29).

Proposition 9.
V3I’R
T

and (26).

PA-PB-PC<

PA-PB-PC
4R
4.3 The sidesPA, PB, PC can be expressed also in termsppfpy, p.. Since
in triangle PN M (see Figure 1)gxNPM = 120°, by the Law of cosines one has
MN? = PM? + PN? —2PM - PN - cos 120°.

On the other hand, in triangl® M C, NM = PC - sinC, PC being the di-
V3

ameter of circumscribed circle. SineaC = sin6(0° = > we haveM N =

V3

PCT’ and the following result.

(30)

This follows byT =
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Proposition 10.

4
PC? = S (b} + P} + paps)- (31)
Smilarly,
4 4
PA? = (9} + i +pope),  PB® = (0% + 1} + pepa). (32)

In theory, all elements of Pompeiu’s triangle can be expressed in terms of
Dy, Pe. We note that by (11) and (12) relation (2) can be proved again. By the
arithmetic-geometric mean inequality, we have

HPA2§ (Z;DAQ)?,’

and the following result.

Theorem 11.

2 2\ 3/2
l +3d> ‘ (33)

PA-PB-PC< (
On the other hand, by theoBa-Szeg@ inequality in a triangle (see [8], or [14])

one has
T < ?(PA . PB - PC)*?,

so by (25) one can write (using (12)):
Theorem 12.

3/2
232\ (4> paps
PA-PB-PC > ; == - (34)

4.4. Other inequalities may be deduced by noting that by (31),
(Pa +p1)? < PC? < 2(p2 + p}).
Since(\/z + \/y + v/2z)? < 3(z + y + z) applied tox = p? + p}, etc., we get

> PA<4AVE-\[p2+ 0+ 12,

i.e. by (11) we deduce the following inequality.

Theorem 13.

D PA< /B2 +6d2). (35)

This is related to (6). In fact, (6) and (35) imply tiet PA = I/3 if and only
ifd=0,ie,P=0.
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Construction of Brahmagupta n-gons

K. R. S. Sastry

Abstract. The Indian mathematician Brahmagupta’s contributions to mathe-
matics and astronomy are well known. His principle of adjoining Pythagorean
triangles to construct general Heron triangles and cyclic quadrilaterals having
integer sides, diagonals and area can be employed to appropriate Heron triangles
themselves to construct any inscribablegon, n > 3, that has integer sides,
diagonals and area. To do so we need a different description of Heron trian-
gles by families that contain a common angle. In this paper we describe such a
construction.

1. Introduction

A right angled triangle with rational sides is called a rational Pythagorean tri-
angle. This has rational area. When these rationals are integers, it is called a
Pythagorean triangle. More generally, :igon with rational sides, diagonals and
area is called a rational Herarrgon,n > 3. When these rationals are converted
into integers by a suitable similarity transformation we obtain a Hergon. If
a Heronn-gon is cyclic,i.e., inscribable in a circle then we obtain a Brahmagupta
n-gon. In this journal and elsewhere a number of articles have appeared on various
descriptions of Heron triangles and Brahmagupta quadrilaterals. Some of these are
mentioned in the references. Hence we assume familiarity with the basic geometric
and trigonometric results. Also, the knowledge of Pythagorean triples is assumed.

We may look upon the family of Pythagorean triangles as the particular family
of Heron triangles that contain a right angle. This suggests that the complete set of
Heron triangles may be described by families that contain a common Heron angle
(A Heron angle has its sine and cosine rational). Once this is done we may look
upon the Brahmagupta principle as follows: He took two Heron triangiB€’ and
A’B’C’ that havecos A + cos A’ = 0 and ajoined them along a common side to
describe Heron triangles. This enables us to generalize the Brahmagupta principle
to members of appropriate families of Heron triangles to construct rational Brah-
maguptan-gons,n > 3. A similarity transformation assures that these rationals
can be rendered integers to obtain a Brahmaguggan,n > 3.

Publication Date: August 4, 2005. Communicating Editor: Paul Yiu.
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2. Description of Heron triangles by angle families

In the interest of clarity and simplicity we first take a numerical example and
then give the general result [4]. Suppose that we desire the description of the family
of Heron trianglesA BC' each member of which contains the common Heron angle
given bycos A = % The cosine rule applied to a member of that family shows that
the sideqa, b, ¢) are related by the equation

6 3 2 4 2
2 _ 12 2 _ v -
a”=b"+c 5bC— (b 5C> + <5C> .

Sincea, b, ¢ are natural numbers the tripte b — %c, %c must be a Pythagorean
triple. That is to say

4
a=\u®+v?), b- gc = A(u? —v?), £C= A(2uv).

In the abovey, v are relatively prime natural numbers akd= 1,2,3,.... The
least value of\ that makes: integral is 2. Hence we have the description

(a,b,¢) = (2(u? +v?), (u+2v)(2u —v), 5uw), (u,v) =1, u> %v. (1)

A similar procedure determines the Heron triangle famlyg’C’ that contains

: _ _3.
the supplementary angle df, i.e.,, cos A’ = —z:

(a,b,¢) = (2(u* +v?), (u—2v)(2u +v), 5uv), (u,v) =1, u>2v. (2)

The reader is invited to check that the family (1) has A = % and that (2) has
cos A’ = —2 independently of andv.
More generally the Heron triangle family determining the common argle

given bycos A = ﬁi;gi and the supplementary angle family generateddsy4 =

P’=q’ i i
— 7.2 are given respectively by

(a,b,c) = (pg(u® +v?), (pu— qv)(qu + pv), (P* + ¢*)w),
(3

(u,v) = (p,q) =1, u>Tv andp>gq.

(@0, )= (pgu® +2?), (pu+ qu)(qu — pv), (P* + ¢*)wv),
(4)
(u,v) = (p,q) =1, u>Lv andp>q.

Areas of (3) and (4) are given Bycsin A and$b'¢’ sin A’ respectively. Notice
thatp = 2, ¢ = 1in (3) and (4) yield (1) and (2) and thatBAC andZB A’C’
are supplementary angles. Hence these triangles themselves can be adjoined when
u > gv. The consequences are better understood by a numerical illustration:

u =5, v = 1in (1) and (2) yield(a,b,c) = (52,63,25) and (d,V',¢) =
(52, 33,25). These can be adjoined along the common side 25. See Figure 1. The
result is the isosceles triang(@6, 52, 52) that reduces t¢24, 13, 13). As a matter
of fact the families (1) and (2) or (3) and (4) may be adjoined likewise to describe
the complete set of isosceles Heron triangles:
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(a,b,c) = (2(u* —v?), v + 0%, v* + %), u>wv, (u,v) = 1. (5)

25 63
25 At — A 63

52 52

Figure 1

As mentioned in the beginning of this section, the general cases involve routine
algebra so the details are left to the reader.

However, the families (1) and (2) or (3) and (4) may be adjoined in another way.
This generates the complete set of Heron triangles. Again, we take a numerical
illustration.

u = 3,v = 2in (1) yields(a,b,c) = (13,14, 15) (after reduction by the gcd
of (a,b,c)). Now we put different values for, v in (2), say,u = 4, v = 1.

This yields(d/, b, ) = (17,9,10). It should be remembered that we still have
/BAC + /B’A'C" = =. As they are, trianglesiBC and A'B'C’ cannot be
adjoined. They must be enlarged suitably by similarity transformations to have
AB = A’'B’, and then adjoined. See Figure 2.

A
Al 28 55
30 28 26 (30 _
30, 27 - 2
-
B 26 ¢ B 51 c’ 51
Figure 2

The result is the new Heron triang(&5,26,51). More generally, if we put
u = up, v = vy in (1) or(3) andu = uy, v = w9 in (2) or (4) and after applying the
necessary similiarity transformations, the adjoin (after reduction by the gcd) yields

(a,b,¢) = (urvy (3 + 03), (uf — vD)usvn + (3 — o)urvn, wsvs(ud +03). (6)

This is the same description of Heron triangles that Euler and others obtained
[1]. Now we easily see that Brahmagupta took the cage-=6fq in (3) and (4).

In the next section we extend this remarkable adjoining idea to generate Brah-
maguptan-gons,n > 3. At this point recall Ptolemy’s theorem on convex cyclic
guadrilaterals: The product of the diagonals is equal to the sum of the products
of the two pairs of opposite sides. Here is an important observation: In a convex
cyclic quadrilateral with sideg, b, ¢, d in order and diagonals, f, Ptolemy’s the-
orem, viz.,ef = ac + bd shows that if five of the preceding elements are rational
then the sixth one is also rational.
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3. Construction of Brahmagupta n-gons, n. > 3

Itis now clear that we can take any number of triangles, either all from one of the
families or some from one family and some from the supplementary angle family
and place them appropriately to construct a Brahmagugan. To convince the
reader we do illustrate by numerical examples. We extensively deal with the case
n = 4. This material is different from what has appeared in [5, 6]. The following
table shows the primitivéa, b, ¢) and the suitably enlarged one, also denoted by
(a,b, c). Ty to Tg are family (1) triangles, and;, Ts are family (2) triangles. These
triangles will be used in the illustrations to come later on.

Table 1: Heron triangles

u | v | Primitive (a, b, ¢) | Enlarged (a, b, c)
ERR (1,5,3) (340, 425, 255)
T,| 4 [1] (17,21,10) (340, 420, 200)
T5| 5 [3] (68,77,75) (340, 385, 375)
To| 7 6] (85,76,105) | (340,304,420)
T5] 9 [2] (85,104, 45) (340, 416, 180)
T |13 1| (68,75,13) (340, 375, 65)
o 41|  (17,9,10) (340, 180, 200)
Ts |13 | 1| (340,297,65) (340, 297, 65)

The same or different Heron triangles can be adjoined in different ways. We
first show this in the illustration of the case of quadrilaterals. Once the construction
process is clear, the caserof> 4 would be analogous to that = 4. Hence we
just give one illustration of, = 5 andn = 6.

3.1 Brahmagupta quadrilaterals. The Brahmagupta quadrilateral can be gener-
ated in the following ways:

(i) A triangle taken from family (1) (respectively (3)) or family (2) (respectively
(4), henceforth this is to be understood) adjoined with itself,

(i) two different triangles taken from the same family adjoined,

(iii) one triangle taken from family (1) adjoined with a triangle from family (2).

Here are examples of each case.

Example 1. We take the primitive(a,b,c) = (17,21,10), i.e, 75 and adjoin
with itself (see Figure 3). SincECAD = ZCBD, ABCD is cyclic. Ptolemy’s
theorem shows that B = %1 is rational. By enlarging the sides and diagonials
times each we get the Brahmagupta quadrilatd@@lC D, in fact a trapezoid, with

AB =341, BC = AD = 170, CD = 289, AC = BD = 35T7.

See Figure 3. Rather than calculating the actual area, we give an argument that
shows that the area is integral. This is so general that it is applicable to other
adjunctions to follow in our discussion.

Since /BAC = «/BDC, ZABD = ZACD, and ZBAD = /BAC +
/CAD, /BAD is also a Heron angle and that triangle3 D is Heron. (Note:



Construction of Brahmaguptagons 123

B A

C 17 D

Figure 3

If « and are Heron angles thea+ (5 are also Heron angles. To see this consider
sin(a =+ 3) andcos(a + 3)). ABC'D being the disjoint sum of the Heron triangles
BCD andBDA, its area must be integral.

This particular adjunction can be done along any sige,17, 10, or 21. How-
ever, such a liberty is not enjoyed by the remaining constructions which involve
adjunction of different Heron triangles. We leave it to the reader to figure out why.

Example 2. We adjoin the primitive triangle¥, Ts from Table 1. This can be
done in two ways.

(i) Figure 4A illustrates one way. As in Example AB = % so Figure 4A
is enlarged!7 times. The area is integral (reasoned as above). Hence the resulting
quadrilateral is Brahmagupta.

Figure 4A Figure 4B

(ii) Figure 4B illustrates the second adjunction in which the vertices of one base
are in reverse order. In this caséB = % hence the figure needs only five times
enlargement. Henceforth, we omit the argument to show that the area is integral.

Example 3. We adjoin the primitive triangle$; and 7%, which contain supple-
mentary anglesi andm — A. Here, too two ways are possible. In each case no
enlargement is necessary. See Figures 5A and 5B.
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Figure 5A Figure 5B

3.2 Brahmagupta pentagons. To construct a Brahmagupta pentagon we need three
Heron triangles, in general, taken either all from (1) or some from (1) and the rest
from (2) in any combination. Here, too, one triangle can be used twice as in Ex-
ample 1 above. Hence, a Brahmagupta pentagon can be constructed in more than
two ways. We give just one illustration using the (enlarged) trian@e%;, and

T7. The reader is invited to play the adjuction game using these to consider all
possibilities,i.e., Tz, T3, Ty; T3, T4, Ty; T7, T7, T3 €tc.

Figure 6

Figure 6 shows one Brahmagupta pentagon. It is easy to see that it must be
cyclic. The sideAB, the diagonalsAD and BD are to be calculated. We apply
Ptolemy’s theorem successively #aBCFE, ACDE and BCDE. This yields

2023 7215 6820

AB , , =7
17 17 17
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The figure need$7 times enlargement. The areBBC' D E must be integral be-
cause itis the disjoint sum of the Brahmagupta quadrilatéfad’ £ and the Heron
triangle ACD.

3.3 Brahmagupta hexagons. To construct a Brahmagupta hexagon it is now easy
to see that we need at most four Heron triangles taken in any combination from
the families (1) and (2). We use the four trianglBs T3, T5, T3 to illustrate the
hexagon in Figure 7. We leave the calculations to the reader.

N 297 N/ 65

Figure 7

4. Conclusion

In principle the problem of determining Brahmaguptaons,n > 3, has been
solved because all Heron triangle families have been determined by (3) and (4) (in
fact by (3) alone). In general to construct a Brahmagupton, at most, — 2
Heron triangles taken in any combination from (3) and (4) are needed. They can
be adjoined as described in this paper. We pose the following counting problem to
the reader.

Givenn — 2 Heron triangles, (i) all from a single family, or (i from one
Heron family and the remaining — m — 2 from the supplementary angle family,
how many Brahmagupta-gons can be constructed?

It is now natural to conjecture that Heron triangles chosen from appropriate
families adjoin to give Herom-gons. To support this conjecture we give two
Heron quadrilaterals generated in this way.
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Example 4. From thecos ¢ = 2 family, 7(5, 5, 6) and6(4, 13, 15) adjoined with
(35,53,24) and6(7, 15, 20) from the supplementary family (wittos 0 = —%) to
give ABC'D with

AB =35, BC =53, CD =178, AD =120, AC =66, BD = 125,
and are&300. See Figure 8A.

148

Figure 8A Figure 8B

Example 5. From the same families, the Heron triangl€g5, 5, 6), (85, 45, 104)
with 5(17,9,10) and4(37, 15, 26) to give a Heron quadrilaterad BC' D with

AB =85, BC =85, CD =50, AD =148, AC =154, BD = 105,
and are&468. See Figure 8B.

Now, the haunting question is: Which appropriate two members of fiaen-
ily adjoin with two appropriate members of the— 6 family to generate Heron
guadrilaterals?
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Another Proof of van Lamoen’s Theorem and Its Conver se

Nguyen Minh Ha

Abstract. We give a proof of Floor van Lamoen’s theorem and its converse on
the circumcenters of the cevasix configuration of a triangle using the notion of
directed angle of two lines.

1. Introduction

Let P be a point in the plane of triangld BC' with tracesA4, B’, C’ on the
sidelinesBC, C'A, AB respectively. We assume th&tdoes not lie on any of
the sidelines. According to Clark Kimberling [1], triangl&” B, PC'B, PAC’,

PA'C, PBA', PB’A form the cevasix configuration of P. Several years ago,
Floor van Lamoen discovered that whénis the centroid of triangledABC, the

six circumcenters of the cevasix configuration are concylic. This was posed as a
problem in theAmerican Mathematical Monthly and was solved in [2, 3]. In 2003,
Alexei Myakishev and Peter Y. Woo [4] gave a proof for the converse, that is, if
the six circumcenters of the cevasix configuration are concylic, thereither the
centroid or the orthocenter of the triangle.

In this note we give a new proof, which is quite different from those in [2, 3], of
Floor van Lamoen’s theorem and its converse, using the directed angle of two lines.
Remarkably, both necessity part and sufficiency part in our proof are basically the
same. The main results of van Lamoen, Myakishev and Woo are summarized in
the following theorem.

Theorem. Given a triangle ABC and a point P, the six circumcenters of the
cevasix configuration of P are concyclic if and only if P is the centroid or the
orthocenter of ABC.

We shall assume the given triangle non-equilateral, and omit the easy case when
ABC'is equilateral. For convenience, we adopt the following notations used in [4].
Triangle | PCB' PC'B  PAC' PA'C PBA" PBA
Notation | A(Ay) A(A-) A(By) A(B-) A(Cy) A(C-)
Circumcenten A, A_ B B_ Ct C_
It is easy to see that two of these triangles may possibly share a common cir-
cumcenter only when they share a common vertex of triadde.

Publication Date: August 24, 2005. Communicating Editor: Floor van Lamoen.
The author thansk Le Chi Quang of Hanoi, Vietnam for his help in translation and preparation of
the article.
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2. Preliminary Results

Lemma 1. Let P be a point not on the sidelines of triangle ABC', with traces
B’, C" on AC, AB respectively. The circumcenters of triangles APB and APC’
coincide if and only if P lies on the reflection of the circumcircle ABC in the line
BC.

The Proof of Lemma 1 is simple and can be found in [4]. We also omit the proof
of the following easy lemma.

Lemma 2. Givenatriangle ABC and M, N ontheline BC, we have
BC  S[ABC]
MN S[AMN]’

where BC and M N denote the signed lengths of the line segments BC and M N,
and S[ABC], S[AM N] the signed areas of triangle ABC, and AM N respec-
tively.

Lemma 3. Let P be a point not on the sidelines of triangle ABC, with traces
A, B, C' on BC, AC, AB respectively, and K the second intersection of the
circumcircles of triangles PCB and PC'B. The line PK is a symmedian of
triangle PBC if and only if A’ isthe midpoint of BC.

Proof. TrianglesK B’ B and K C'C’ are directly similar (see Figure 1). Therefore,
S[KB'B] B (B’B)2
SIKCC \cc'/)
On the other hand, by Lemma 2 we have

S[KPB] £E-S|KB'B|
S[KPC] ~ PC . '
[ I LS sKkCe

Thus,
S[KPB] PB B'B
S[KPC] ~ PC CC"
It follows that PK is a symmedian line of triangl® BC', which is equivalent to
the following
S[KPB] _(ﬁ){ PB.B'B _(ﬁ){ B'B PB

S[KPC] PC/ ' PC.OC PC C'C  PC
The last equality is equivalent tBC' || B'C’, by Thales’ theorem, o#’ is the
midpoint of BC, by Ceva'’s theorem. O

Remark. Since the lines3C” andC B’ intersect at4, the circumcircles of triangles
PCB’ and PC' B must intersect at two distinct points. This remark confirms the
existence of the poink™ in Lemma 3.
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Figure 1

Lemma 4. Given a triangle XY Z and pairs of points M, N onY Z, P, (Q on
ZX,and R, S on XY respectively. If the points in each of the quadruples P, @,
R,S;R,S,M,N; M, N, P, Q) are concyclic, then all six points M, N, P, Q, R,
S are concyclic.

Proof. Suppose thatO; ), (O2), (O3) are the circles passing through the quadru-
ples(P,Q,R,S), (R,S,M,N),and(M, N, P, Q) respectively. IfO;, Oz, O5 are
disctinct points, therY’ Z, ZX, XY are respectively the radical axis of pairs of
circles(02), (03); (03),(01); (01),(02). HenceY Z, ZX, XY are concurrent,

or parallel, or coincident, which is a contradiction. Therefore, two of the three
points Oy, O3, O3 coincide. It follows that six point/, N, P, Q, R, S are
concyclic. O

Remark. In Lemma 4, ifM = N and the circumcircles of triangle3SM, M P(Q
touchY Z at M, then the five points/, P, @), R, S lie on the same circle that
touchesy Z at the same point/.

3. Proof of the main theorem

Suppose that perpendicular bisectorsdd?, BP, C'P bound a triangleX'Y Z.
Evidently, the following pairs of point83,, C_; C,, A_; Ay, B_ lie on the
linesYZ, ZX, XY respectively. Letd and K respectively be the feet of the
perpendiculars fron® on A_ A, B_ B, (see Figure 2).

Sufficiency part. If P is the orthocenter of triangld BC, thenB, = C_; C; =
A_; AL = B_. Obviously, the six point83,, C_, Cy, A_, Ay, B_ lie on the
same circle. IfP is the centroid of triangled BC, then no more than one of the
three following possibilities happe3, = C_; C,. = A_; Ay = B_, by Lemma
1. Hence, we need to consider two cases.
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Figure 2

Case 1. Only one of three following possibilities occur&, = C_, C, = A_,
A+ - B_.

Without loss of generality, we may assume tiiat = C_, C. # A_ and
A, # B_ (see Figure 2). Sinc® is the centroid of triangled BC, A4 is the
midpoint of the segmenBC. By Lemma 3, we have

(PH,PB) = (PC,PA’) (mod 7).

In addition, sinced_A,, A_C,, B_A,, B_C, are respectively perpendicular to
PH, PB, PC, PA’, we have

(A_A,,A_C,)=(PH,PB) (mod 7).
(B_Ay,B_C,)=(PC,PA") (mod ).

Thus,(A_A+,A_Cy) = (B_A4,B_C4) (mod =), which implies that four
pointsCy, A_, A, B_ are concyclic.
Similarly, we have

(PK,PC) = (PA,PB') (mod 7).

Moreover, sinceB_By, B_A,, YZ, BL A, are respectively perpendicular to
PK, PC,PA, PB', we have

(B_B4+,B_A;) = (PK,PC) (mod 7).
(YZ,BLAy) = (PA,PB") (mod 7).

Thus,(B_By,B_A}) = (YZ,B;+A;) (mod ), which implies that the circum-
circle of triangleB; B_ A touchesY' Z at B...
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The same reasoning also shows that the circumcircle of triggiglé, A_ touches
YZ atB,.

Therefore, the six point®,, C_, Cy, A_, Ay, B_ lie on the same circle and
this circle touched”Z at By = C_ by the remark following Lemma 4.

Case2. None of the three following possibilities occuB; = C_;Cy = A_; A, =
B_.

Similarly to case 1, each quadruple of poift§, A_, A, ,B_), (A+,B_,B.,C_),
(B4,C_,C4, A_)are concyclic. Hence, by Lemma 4, the six poiBis C_, C,
A_, A4, B_ are concyclic.

Necessity part. There are three cases.

Case 1. No less than two of the following possibilities occuB, = C_, Cy =
A,, A+ — B,.
By Lemma 1,P is the orthocenter of triangld BC'.

Case 2. Only one of the following possibilites occurs3, = C_, Cy = A_,
AL = B_. We assume without loss of generality thfat = C_, Cy # A_,
AL # B_.

Since the six point$,, C_, C, A_, Ay, B_ are on the same circle, so are
the four pointsC,, A_, Ay, B_. It follows that

(A,A+,A,C+) = (B7A+,B,C+) (mod 7T).

Note that linesPH, PB, PC, PA' are respectively perpendicular t A,
A_Cy,B_Ay, B_C4. Itfollows that

(PH,PB)=(A_A,,A_Cy) (mod 7).
(PC,PA"Y=(B_A,;,B_C,) (mod 7).
Therefore,(PH, PB) = (PC,PA’) (mod 7). Consequentlyd’ is the midpoint
of BC' by Lemma 3.

On the other hand, it is evident th&,. A_ || B_A,; ByA; || C+A_, and
we note that each quadruple of poifs,, A_,B_,A,), (B4+,A+,Cy, A_) are
concyclic. Therefore, we hawB, B_ = AL A_ = B, C.. It follows that triangle
B.B_C. is isosceles withC. By = B B_. Note thatY'Z passesB; and is
parallel toC, B_, so that we hav& Z touches the circle passing six poiris =
C_,Cy,A_,A,, B_atB, = (C_. Itfollows that

(B,B+, B,A+) = (YZ, B+A+) (HlOd 7T).
In addition, sincePK, PC, PA, PB’ are respectively perpendicular i B,
B_A,,YZ, By A,, we have
(PK,PC)=(B-B4+,B_-Ay) (mod 7).
(PA,PB"Y=(YZ,ByA,) (mod 7).
Thus, (PK,PC) = (PA, PB’) (mod 7). By Lemma 3,B’ is the midpoint of
C A. We conclude thaP is the centroid of trianglel BC.
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Case 3. None of the three following possibilities occu, = C_, Cy = A_,
Ay =DB_.

Similarly to case 2, we can conclude thélf B’ are respectively the midpoints
of BC, C A. Thus,P is the centroid of trianglel BC'.

This completes the proof of the main theorem.
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Some More Archimedean Circlesin the Arbelos

Frank Power

Abstract. We construct 4 circlesin the arbel os which are congruent to the Archimedean
twin circles.

Thomas Schoch [2] tells the remarkable story of his discovery in the 1970's of
the many Archimedean circles in the arbelos (shoemaker’s knife) that were even-
tually recorded in the paper [1]. In this note, we record four more Archimedean
circleswhich were discovered in the summer of 1998, when the present author took
ageometry course ([3]) with one of the authors of [1].

Consider an arbelos with inner semicircles G and Cs, of radii a and b, and outer
semicircle C of radius a + b. It is known the Archimedean circles have radius

t= a“—& Let @)1 and Q5 be the “highest” points of C; and C, respectively.

Theorem. A circle tangent to C internally and to OQ; at Q1 (or OQ- at QQ3) has

i — _ab_
radiust = g

Figure 1

Proof. There are two such circles tangent at ¢, namely, (C;) and (C]) in Figure
1. Consider one such circle (Cy) with radius r. Note that

0Q3i = 01Q7 + 007 = a® + V°.
It follows that
(a+b—7“)2: (a2—|—b2)+r2,

from which r = aa—& = t. The same calculation shows that (Cf) also has radius ¢,

and similarly for the two circles at (). O

Publication Date: September 2, 2005. Communicating Editor: Paul Yiu.
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Divison of a Segment in the Golden Section
with Ruler and Rusty Compass

Kurt Hofstetter

Abstract. We give a simple 5-step division of a segment into golden section,
using ruler and rusty compass.

11 wa hava o
J-J VvV IV o 5lv\4lluu ‘K\JH v 1 1 uwlll\dll

ruler and compass. We modify the construction by using arusty compass, i.e., one
when set at a particular opening, is not permitted to change. For apoint P and a
segment AB, we denote by P(AB) the circle with P as center and AB asradius.

[

iven a 5-step division of a segment in the golden section with

F

C
C1 .< §

Figurel

Construction. Given asegment AB, construct
(1) C1 = A(AB),
(2) Co = B(AB), intersecting C; at C and D,
(3) theline C'D tointersect AB at its midpoint M,
(4) C3 = M(AB) tointersect C, at F' (so that C' and D are on opposite sides
of AB),
(5) the segment C'F'to intersect AB at G.

The point G divides the segment A B in the golden section.

Publication Date: September 13, 2005. Communicating Editor: Paul Yiu.
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Figure 2

Proof. Extend BA tointersect C; at E. According to [1], it is enough to show that
EF =2-AB. Let F’ bethe orthogonal projection of F' on AB. It isthe midpoint
of M B. Without loss of generality, assume AB = 4, sothat MF = F'B =1
and EF' = 2- AB — F'B = 7. Applying the Pythagorean theorem to the right
triangles EFF’ and M FF’, we have

EF? =FEF"? + FF"?
—EF? + MF?> - MF"”
=7* 4% 17
—64.
Thisshowsthat EF' =8 =2 AB. O
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On an Erdos Inscribed Triangle Inequality

Ricardo M. Torrepn

Abstract. A comparison between the area of a triangle and that of an inscribed
triangle is investigated. The result obtained extend a result of Aassila giving
insight into an inequality of P. Eas’”

1. Introduction

Consider a triangled BC' divided into four smaller non-degenerate triangles, a
central one’; A; By inscribed inABC and three others on the sides of this central

triangle, as depicted in o

Ay
B1

A (of} B

Figure 1

A question with a long history is that of comparing the aread@&C' to that of
the inscribed triangl€}; A; B;. In 1956, H. Debrunnner [5] proposed the inequality
area (C1A1By) > min {area (AC1B,), area (C1BA;), area (B14,C)};

1)
according to John Rainwater [7], this inequality originated with PoEralid was
communicated by N. D. Kazarinoff and J. R. Isbell. However, Rainwater was more
precise in stating that; A; B; cannot have the smallest area of the four unless all
four are equal withd,, By, andC; the midpoints of the sideBC, C' A, andAB.

A proof of (1) first appeared in A. Bager [2] and later in A. Bager [3] and P.
H. Diananda [6]. Diananda’s proof is particularly noteworthy; in addition to prov-
ing Erdds’ inequality, it also shows that the stronger form of (1) holds

area (C1A1B;) > \/area (ACB,) - area (C1 BA;) 2
where, without loss of generality, it is assumed that
0 < area (AC1By) < area(C1BA;) < area(B1A:C).

Publication Date: September 28, 2005. Communicating Editor: Paul Yiu.
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The purpose of this paper is to show that a sharper inequality is possible when
more care is placed in choosing the poidis B; andC;. In so doing we extend
Aassila’s inequality [1]:

4 -area(A;B1Cy) < area (ABC),

which is valid when these points are chosen so as to partition the perimet&@f
into equal length segments. Our main result is

Theorem 1. Let ABC beatriangle, and let A;, By, C; beon BC, CA, AB,
respectively, with none of A;, By, C7 coinciding with a vertex of ABC. If

AB+BA _ BO+CBi _ AC+AC _
AC+CA; ~ AB+AB, BC+BC,

then

a—1
a+1

2
4 -area(A;B1C;) < area (ABC) +s? ( > -area (ABC’)_1

where s is the semi-perimeter of ABC.
Whena = 1 we obtain Aassila’s result.

Corollary 2 (Aassila [1]) Let ABC be a triangle, and let 4, By, Cy be on
BC, CA, AB, respectively, with none of A;, By, Cy coinciding with a vertex of
ABC. If

AB+BA, = AC+CA,,
BC+CBy = AB+ ABq,
AC+A01 = BC+BCI7

then
4 -area(A;B1C)) < area(ABC).

2. Proof of Theorem 1

We shall make use of the following two lemmas.

Lemma 3 (Curry [4]). For any triangle ABC, and standard notation,

4V/3 - area (ABC) < Jabe (3)
a+b+c
Equality holdsif and only ifa = b = c.
Lemma4. For any triangle ABC', and standard notation,
min{a® + b% + ¢, ab+ bc + ca} > 4V/3 - area (ABC). 4)

To prove Theorem 1, we begin by computing the area of the corner triangle
AClBl:



On an Erd5 inscribed triangle inequality 139

c
Ay
B1
A C1 B
Figure 2
then
1
area (AC1B;) = §A01-ABl-sinA
1 2. area (ABC)
= ACABL TR
_ AC, AB
= A5 AC -area (ABC).

For the semi-perimeter of ABC we have

2s = AB+ BC+ AC
— (AB+ AB)) + (BC +CBy)
= (a—l—l)(c—l—ABl),

and

2
ABy =

S—cC
wherec = AB. Also,
2s = AB+ BC+ AC
= (AC + ACh) + (BC + B(CY)

_ <L+é>MC+ACQ

1
_ 2t ao,
8]
and
AC = 2% ¢
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with b = AC. Hence

2
area (AC1B;) = a

Similar computations yield
area (C1BA;) =

and

area (B1A1C) = ib ( 20

From these formulae,

area (A; B1Cy)
=area (ABC) —

:{1__(04—#1
(=

_ﬁK +1 ><

+ (e -e) (e

area (AC 1 By)

) (e
) (5

1 s
be \a+1

1 2a
— S
ca \a+1

a+1

2 2
s—b
a+1 )<a—|—1

R. M. Torrepn

- b) (a i s c) Larea(ABC). (5)

B 2
¢ a+1S

- a) -area (ABC), (6)

2
s—a> (a+18_b> -area (ABC). (7)

—area (C1BA;) —

1 2¢
a—i—l

area (B1A4:C)

2
c a—l—ls

_a>

s b)] area (ABC)

_C)

>< 2_ils—c)]-area(ABC’).
But
2 _ 2 _ 2 _
a—i—ls “ a—l—ls a—l—ls ¢
n 200 2a b 20
a—i—ls “ a—l—ls a—l—ls ¢
a—1\2 3
_2(s—a)(s—b)(s—c)—|—2(a+1) s
2 2 a—1\° 3
7S[area(ABC)] +2<a—|—1) s°.
Hence
abc - s

-area (A;B,Cy) =

[area (ABC))? +s*

-(Z;i)Q-area(ABC). 8)
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From (3) and (4)

be -
a;S > ?( +b+c)? - area (ABC)
3
2 %[ 24 0%+ ¢® +2(ab + be + ca)] - area (ABC)
> ? -12V/3 - area (ABC)?

> 4-area(ABC)>
Finally, from (8)
4 -area(ABC)? - area (A B,C})

abe - s

-area(A;B1CY)

a—1
a—+1

< [area(ABC) + s*- ( )2 -area (ABC)

and a division byarea (ABC)* produces

a—1
a—+1

2
4-area (A, B;C)) < area (ABC) +s* - < ) - |area (ABC)] ™!

completing the proof of the theorem.
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Applications of Homogeneous Functionsto Geometric
Inequalities and I dentitiesin the Euclidean Plane

Wiladimir G. Boskoff and Bogdan D. Suceav”

Abstract. We study a class of geometric identities and inequalities that have
a common pattern: they are generated by a homogeneous function. We show
how to extend some of these homogeneous relations in the geometry of triangle.
Then, we study the geometric configuration created by two intersecting lines and
a pencil ofn lines, where the repeated use of Menelaus’s Theorem allows us to
emphasize a result on homogeneous functions.

1. Introduction

The purpose of this note is to present an extension of a certain class of geometric
identities or inequalities. The idea of this technique is inspired by the study of
homogeneous polynomials and has the potential for additional applications besides
the ones described here.

First of all, we recall that a functiorf : R* — R is called homogeneous if
fltzy, teg, .. tey,) =" f(x1, 29, ...y, fort € R—{0} andz; € R,i =1,...,n,

m,n € N, m # 0, n > 2. The natural numbem is called the degree of the
homogeneous functiofi.

Remarks. 1. Letf : R™ — R be a homogeneous function. If for= (1, ...,z,) €
R™, we havef(x) > 0, then f(tx) > 0, for ¢t > 0. Furthermore, ifm is an even
natural numberf (z) > 0, yields f(tx) > 0 for any real numbet.

2. Any z > 0 can be written ag = ¢, witha,b € (0,1).

2. Application to the geometry of triangle
Consider the homogeneous functign: R? — R given by

fa(xl, "172, .’173) = Oéfl?l.’l?g.’l?g,

with o € R — {0}. Denote bya, b, c the lengths of the sides of a triangleBC, by
R the circumradius and bxx the area of this triangle. By the law of sines, we get

fi(a,b,¢) = fi(a,b,2RsinC) = 2R f1(a,b,sin C) = 4RA.
Thus, we obtairmbc = 4RA.

Publication Date: October 11, 2005. Communicating Editor: Paul Yiu.
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Sincefi(a, b, c) = 8R3 f1(sin A, sin B, sin C'), we get also the equality
A = 2R?sin Asin Bsin C.

Heron’s formula can be represented by the following setting. The function

f\/;($1,$2,$3) forz; = /s —a,z9 =+vs—b,x3=+/s—c,Yyields
fa(Vs—a,Vs—bVs—c)=A.

Furthermore, usin@ot% = 2% and the similar equalities i and C, we
obtain

f\/g(\/s—a,\/s—b,\/s—c):r\/'r_”f\/g <\/cot§,\/cot§,\/cot%>,

which yields

A B C
AN :r200t§cot§cot 3

3. Homogeneous polynomialsin a2, b2, ¢, A and their applications

Consider now a trianglel BC' in the Euclidean plane, and denote &y, c the
length of its sides and b its area. We prove the following.

Proposition 1. Let p : R* — R a homogeneous function with the property that
p(a?,b%, c2, \) > 0, for any triangle in the Euclidean plane. Then for any z > 0
we have:
1 1
D (xa2, 5()2,02 + (1 — 5) (za? — b?), A) > 0. 1)
Proof. Considerg(z) = (1 — 1) (za? — b%), for z > 0. In the triangleABC we
considerA4; and B; on the sidesBC and AC, respectively, such that' 4, = «aa,
BC = a,CBy = pb, AC = b, with a, 3 € (0,1). It results that the area of
triangleC A, By is o[C' A1 B1] = aA. By the law of cosines we have
a? + b2 — 2
c=_" -
COS 2%ab s
and therefore
A1B? = afc® + (a — B)(aa® — Bb%).
Since the given inequality(a?, b?, 2, A) > 0 takes place in any triangle, then it
must take place also in the trianglé4; By, thus
p(a?a®, 6%, afc® + (a — B)(aa® — Bb?),afA) = 0.
Let us take now = a8, andz = 5, with o, € (0,1). Forz € (0,00), we have

1
P (:):aQ, —b?, ¢+ q(x), A) > 0.
T
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Remark. In terms of identities, we state the following. Let R* — R a homoge-
neous function with the property thata?, b2, ¢?, A) = 0, for any triangle in the
Euclidean plane. Then for any> 0 we have

P (maQ, ébQ,c2 + (1 — é) (za® — b?), A) = 0. (2)

The proof is similar to the proof of Proposition 1.

We present now a few applications of Proposition 1.

3.1 Inany triangleABC in the Euclidean plane, for any < (0, c0), we have
1 1
4N < min |za® + b, za® + 2 + q(x), =b* + 2 + q(z) | .
x x

To prove this inequality, it is sufficient to prove the statement:fet 1, then we
apply Proposition 1. Let us assume, without losing any generalityathab > c.
We also usé? + ¢ > 2bc, and2be > 2besin A = 4A. Thus,b? + ¢2 > 4/, and
this means

AN < min(b® + 2, a? + 2, a® + b?).
Applying this result in the triangl€’ 4, By, considered as in the proof of Proposi-
tion 1, we obtain the stated inequality.

3.2 Considerg(z) = (1 — 1) (za® — b?), for z > 0. Then in any triangle we
have the inequality

PRI+ g(x)] > (%)

This results as a direct consequence of Carlitz’ inequality

3
a’b?c? > (£> .
3v3

by applying Proposition 1.
3.3 Itis known that in any triangle we have Hadwiger’s inequality
a? + b2+ 2> AV3.

This inequality can be generalized for any (0, co) as follows
(22 — 1)a® + (Z + 1) b2 + 2 > 4AV3.
X

(This inequality appears iMatematika v Shkole, No. 5, 1989.)
Hadwiger’s inequality can be proven by using the law of cosines to get

a® + 0%+ =2(b* + ) — 2bccos A.
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Then, keeping in mind th&A = besin A, we get
a? +b% 4+ 2 — 4AV3 =2(b® + & — 2bccos A — 2bev/3sin A)
=2 <b2 + ¢* — 4bccos (% — A))
>2 <b2 + ¢ — 4bccos g)
=2(b — ¢)?
>0.

The equality holds wheh = candA = %, i.e. when triangled BC is equilateral.
Applying Hadwiger’s inequality to the triangl€ A, B, constructed in Proposi-
tion 1, we get

o?a® + 520 + aBc? + (a — B)(aa® — Bb?) > 4aBAV3.
Dividing by o3 and denoting, as before,= %, we obtain
I BTSN q(z) > 4AV3.
X

After grouping the factors, we get the inequality that we wanted to prove in the first
place. O

3.4. Consider Goldner’s inequality
b2 + a® + a®b? > 1612,

This inequality can be extended by using the technique presented here to the fol-
lowing relation:

a?b* + (wa2 + %b2> [02 + (1 — %) (za® — b2)] > 1642

To remind here the proof of Goldner’s inequality, we use an argument based on

a consequence of Heron’s formula:
2b%c + *a® + a®b?) — (a* + b + ¢t = 1672,
and the inequality
at + vt + > a’b?® + a’® + b*2.

This proves Goldner’s inequality. For its extension, we apply Goldner’s inequality
to triangleC A, By, as in Proposition 1.
4. Menelaus' Theorem and homogeneous polynomials

In this section we prove the following result.

Proposition 2. Let p : R® — R be a homogeneous function of degree m, and
consider n collinear points 4, Ao, ..., A, lying on the line d. Let S be a point
exterior to the line £ and a secant £ whose intersection with each of the segments
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(SA;) isdenoted A, with i = 1,...,n. Denote by K the intersection point of £
and £'. Then,

p(KAl, KAQ, ceey KAn) =0

if and only if
(AlA’1 Ay Al AnA;l> _0
AlS T ALS T ALS ’
Proof. Denotea; = A%, fori = 1,...,n. Applying Menelaus’ Theorem in each
of the trianglesS*AlA;, SAsAs, ..., SA,_1A, we have, forali =1,....n — 1,
@ Ak U7 .
This yields
AlK:AQK: :A”K_t
ai a2 G,

wheret > 0. The fact thapp(K Ay, K As, ..., K A,,) = 0 is equivalent, by Remark
1, with

p(tay, tas, ..., ta,) =0,
or, furthermore
t"p(ai,az,...,a,) = 0.
Sincet > 0, the conclusion follows immediately. O

Remark. 3. As in the case of Proposition 1, we can discuss this result in terms of
inequalities. For example, the Proposition 2 is still true if we claim that

p(KAl,KAQ, ,KAn) > 0
if and only if

/ / /!
(A A Ay AN
ATS U ALS T TALS

We present now an application.

4.1 Aline intersects the sidedC and BC' and the mediad' M, of an arbitrary
triangle in the point$3;, A1, and M3, respectively. Then,

1 (AB, BA)\ MM,
2 (BlC * A10> ~ M0 ®)
M;B, KB, KB @

MsA, KA, KA
Furthermore, (3) is still true if we apply to this configuration a projective transfor-
mation that mapg into oc.
We use Proposition 2 to prove (3). LEK} = AB N A; B;. Then, the relation
we need to prove is equivalent #0A + KB = 2K My, which is obvious, since
M, is the midpoint of AB).
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To prove (4), remark that the anharmonic rafiis\s B, A;| and[ K My AB] are
equal, since they are obtained by intersecting the pencil of ilh€sC A, C My, CB
with the linesK' A and K B. Therefore, we have

M3By KBy MyA KA
M3A; " KAy MyB KB’
SinceMyA = My B, we have
M3By KBy, KB
MsA, KA, KA

Finally, by mappingV/ into the point at infinity, the line®; A; and B A become

parallel. By Thales Theorem, we have

BiA  BA,  MzM,

Bi.C  AC  MC’
therefore the relation is still true.
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On the Complement of the Schiffler Point

Khoa Lu Nguyen

Abstract. Consider a triangled BC' with excircles(1.), (1), (I.), tangent to

the nine-point circle respectively &, F,, F.. Consider also the polars of,

B, C with respect to the corresponding excircles, bounding a triakigfeZ. We
present, among other results, synthetic proofs of (i) the perspectiviyo¥/
and F, F, F.. at the complement of the Schiffler point dfBC, (ii) the concur-
rency at the same point of the radical axes of the nine-point circles of triangles
1,BC,I,CA,andI.AB.

1. Introduction

Consider a triangled BC' with excircles(1,), (1), (I.). Itis well known that
the nine-point circlé1V) is tangent externally to the each of the excircles. Denote
by F,, F,, andF, the points of tangency. Consider also the polars of the vertices
A with respect to1,), B with respect to 1), andC with respect taI.). These
are the lines3,C,, Cy Ay, and A, B, joining the points of tangency of the excircles
with the sidelines of trianglel BC'. Let these polars bound a triangleY Z. See
Figure 1. Juan Carlos Salazar [12] has given the following interesting theorem.

Theorem 1 (Salazar) Thetriangles XY Z and F, F; F,. are perspective at a point
on the Euler line.

Darij Grinberg [3] has identified the perspector as the triangle ceXigr of
[6], the complement of the Schiffler point. Recall that the Schiffler pdiris
the common point of the Euler lines of the four triangle8C, IC A, IAB, and
ABC, wherel is the incenter ofABC'. Denote byA’, B’, C’ the midpoints of the
sidesBC, C A, AB respectively, so that! B’C’ is the medial triangle ofABC,
with incenter” which is the complement of. Grinberg suggested that the lines
XF,, YF, and ZF, are the Euler lines of triangleBB'C’, I'C'A’ and I’ A’ B’
respectively. The present author, in [10], conjectured the following result.

Theorem 2. The radical center of the nine-point circles of triangles [, BC, I,C' A
and I.AB isapoint on the Euler line of triangle ABC'.

Subsequently, Jean-Pierre Ehrmann [1] and Paul Yiu [13] pointed out that this
radical center is the same poifit, the complement of the Schiffler poist In
this paper, we present synthetic proofs of these results, along with a few more
interesting results.

Publication Date: October 18, 2005. Communicating Editor: Paul Yiu.
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2. Notations

a, b, c

R, 7, s
TayThy Te
O,G,W,H,
I,F,S, M
Pl

A, B, C
Ay, By, Cy
Ia,-[b, Ic
Fa’ Fb’ Fc
Aa’ Ba’ Ca

Way Wb1 Wc
Ma’ Mb’ Mc
X

be Xc

Ja

K,

Figure 1.

Lengths of side3C, CA, AB

Circumradius, inradius, semiperimeter

Exradii

Circumcenter, centroid, nine-point center, orthocenter
Incenter, Feuerbach point, Schiffler point, Mittenpunkt
Complement ofP in triangle ABC

Midpoints of BC, CA, AB

Points of tangency of incircle witBC', CA, AB
Excenters

Points of tangency of the nine-point circle with the excircles
Points of tangency of thd-excircle with the lines
BC,CA, AB; similarly for Ay, By, Cy, andA,, B, C.
Nine-point centers of , BC, I,C A, I.AB

Midpoints of Al,, BI, C1.

ApCy N AcB.; similarly forY, Z

Orthogonal projections aB on C'I, andC' on Bl,;
similarly for Y., Y,, Z,, Z;

Midpoint of arc BC' of circumcircle not containingi;
similarly for Jy, J.

ApFy N AFy; similarly for K, K.
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Figure 2.

3. Some preliminary results

We shall make use of the notion of directed angle between two lines. Given two
linesa andb, the directed angléa, b) is the angle of counterclockwise rotation
from a to b. It is defined moduld 80°. We shall make use of the following basic
properties of directed angles. For further properties of directed angles, see [7].

Lemma 3. (i) For arbitrary linesa, b, c,
(a, b) + (b, ¢) = (a, ¢) mod 180°.
(i) Four points A, B, C, D areconcyclicifandonlyif (AC,CB) = (AD, DB).

Lemma 4. Let (O) be a circle tangent externally to two circles (0,) and (Oy)
respectively at A and B. If PQ isacommon external tangent of (0,) and (Oy),
then the quadrilateral APQB is cyclic, and the lines AP, B( intersect on the
circle (0).

Proof. Let PA intersect(O) at K. Since(O) and(O,) touch each other externally
at A, OK is parallel toO,P. On the other hand), P is also parallel ta0,Q as
they are both perpendicular to the common tandget ThereforeK O is parallel
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K
‘ \
P Q
Figure 3

to O,Q in the same direction. This implies that, B, @ are collinear sincé0,)
and(O) touch each other at externally Bt Therefore

1 1
andAPQ@B is cyclic. O
We shall make use of the following results.

Lemmab. Let ABC beatriangle inscribed in acircle (O), and points M/ and N
lying on AB and AC respectively. The quadrilateral BN M C'iscyclic if and only
if M N isperpendicular to OA.

Theorem 6. The nine-point circlesof ABC, I, BC, 1,CA, and I,AB intersect at
the point £,.

Figure 4.
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Proposition 7. The circle with diameter A, M, contains the point F;,.

Figure 5.

Proof. Denote by); and M/ the midpoints ofl, B and I,C respectively. The
point F, is common to the nine-point circles &fBC, I,CA and[,AB. See
Figure 5. We show thdtA, F,, F, M,) = 90°.
(AaFm FaMa) :(AaFau FaM[;) + (Ml;Fap FaMa)
=(Ao M., M.M,) + (M;C',C'M,)
=— ([,M., M!M}) — (BI,, I,A)
=—((1,C,BC) + (BlI,,I,A)) = 90°.

4. Some properties of triangle XY Z

In this section we present some important properties of the triakiyfe.

4.1 Homothety with the excentral triangle. SinceY Z and 1. are both perpen-
dicular to the bisector of angld, they are parallel. SimilarlyZX and XY are
parallel tol.I, andI, I, respectively. The triangl& Y Z is therefore homothetic
to the excentral trianglé, I,I.. See Figure 7. We shall determine the homothetic
center in Theorem 11 below.
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4.2 Perspectivity with ABC. Consider the orthogonal projectiofisand P of A
and X on the lineBC'. We have

AP :PAy,=(s—c)+ccosB:(s—b)+bcosC=s—b:s—c¢

by a straightforward calculation.

Figure 6.

On the other hand,
AP : P'Ay =cot XA Ay : cot X ApA,

B
=cot (90O — %) : cot (90O — 5)

B

=tan — : tan —
an2 an2
R 1 . 1
s—c s—b
=s—b:s—c.

It follows that P and P’ are the same point. This shows that the lfd is perpen-
dicular to BC and contains the orthocentéf of triangle ABC. The same is true
for the linesY B andZ X . The trianglesX'Y Z and ABC are perspective &t .

4.3. The circumcircle of XY Z. Applying the law of sines to triangld X B., we
have

sin (90° — &
(—02) = (s—0b)cot — =r,.
sin 5 2
It follows that H X = 2R cos A+r, = 2R+ r. See Figure 4. Similarhyi/Y =
HZ = 2R + r. Therefore, triangleX'Y Z has circumcentef/ and circumradius
2R+ .

XA=(s—b)
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Figure 7.

5. TheTaylor circle of the excentral triangle

Consider the excentral trianglgl, I, with its orthic triangleABC. The or-
thogonal projectiond,, and Z, of A on 1,I. and .1, Z, and X, of B on I, 1.
andl, I, together withX,. andY, of C on [;I. and.I, are on a circle called the
Taylor circle of the excentral triangle. See Figure 8.

Proposition 8. The points X;, X. lieonthelineY Z.
Proof. The collinearity ofC,, X;, X, follows from

(CaXp, XoB) =(Cola, 1By

=(Cala, AB) + (AB, 1,B)

=90° + (I,B, BC)

=(X.C,1,B)+ (I,B, BC)

=(X.C,CB)

=(X:Xyp, X3 B).
Similarly, X is also on the lin&” Z, andZ,, Z, are on the lineXY, Y., Y, are on
the line X Z. O

Proposition 9. The line Y, Z, contains the midpoints B, C’ of CA, AB, and is
parallel to BC.
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Figure 8.

Proof. SinceA,Y,, I,, Z, are concyclic,

(AYy, Yo Zy) = (AL, I, Z,) = % = (CA, AY,).
Therefore, the intersection afC andY, Z, is the circumcenter of the right triangle
ACY,, and is the midpoinB3’ of C'A. Similarly, the intersection ofi B andY, Z,
is the midpointC’ of AB. O

Proposition 10. Theline I, X contains the midpoint A’ of BC.

Proof. Since the diagonals of the parallelogrdpY, X 7, bisect each other, the
line I, X passes through the midpoint of the segmgi,. SinceY,Z, and BC
are parallel, withB on I, Z, andC on 1, Y,, the same lind, X also passes through
the midpoint of the segme®C'. O

Theorem 11. Thetriangles XY Z and I,1,1. are homothetic at the Mittenpunkt
M of triangle ABC, the ratio of homothety being 2R + r : —2R.

Proof. The linesI, X, 1Y, I1.Z contain respectively the midpoints df, B’, C’

of BC, CA, AB. They intersect at the common point Bf4’, I, B’, I1.C’, the
Mittenpunkt M of triangle ABC'. This is the homothetic center of the triangles
XY Z andI,I,I.. The ratio of homothety of the two triangle is the same as the
ratio of their circumradii. O
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Theorem 12. The Taylor circle of the excentral triangle is the radical circle of the
excircles.

Proof. The perpendicular bisector &f7, is a line parallel to the bisector of angle
A and passing through the midpoirf of BC. This is the A’-bisector of the
medial triangleA’ B’C’. Similarly, the perpendicular bisectors 4fX. and XY,
are the other two angle bisectors of the medial triangle. These three intersect at the
incenter of the medial triangle, the Spieker centeA®C.

It is well known thatS}, is also the center of the radical circle of the excircles.
To show that the Taylor circle coincides with the radical circle, we show that they
have equal radii. This follows easily from

A
Ta Slng

C
COS 5

2
a

1, X 1,7, =

C .
~IaAcos§ :ra-IaAsm5 =r

6. Proofs of Theorems 1 and 2

We give a combined proof of the two theorems, by showing that theXifg
is the radical axis of the nine-point circl¢d/}) and (W,) of triangles,C A and
I.AB. In fact, we shall identify some interesting points on this line to show that it
is also the Euler line of triangl&€ B'C".

6.1 XF, astheradical axis of (W) and (W.).
Proposition 13. X lieson theradical axis of the circles (W) and (W.,).

Proof. By Theorem 12X 7, - X7, = XY, - XY,. SinceY,, Y, are on the nine-
point circle (W;) and Z,,, Z, on the the circlg§WW.), X lies on the radical axis of
these two nine-point circles. O

Since AZ, and AY, are perpendicular t@,I. andI, I, andI,I,I. and XY Z
are homotheticA is the orthocenter of triangl&’Y, Z,. It follows that X is the
orthocenter ofAY,Z,. Since(AY,,Y.l,) = (AZ,, Z,1,) = 90°, the triangle
AY,Z, has circumcenter the midpoint/, of Al,. It follows that X M, is the
Euler line of triangleAY, Z,,.

Proposition 14. M, lieson theradical axis of the circles (W) and (W,).

Proof. Let M} and M be the midpoints ofAl, and A, respectively. See Figure
9. Note that these lie on the nine-point circlé,) and (1V,) respectively. Since
C, Iy, 1., B are concyclic, we have, B-I,1. = 1,C-1,1,. Applying the homthety
h(A, %), we have the collinearity ot/,, C’, M/, and ofM,, B, M;’, Furthermore,
M,C" - MM} = M,B’" - M,M;'. This shows thaf//, lies on the radical axis of
(W) and (V). O
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Figure 9.

Proposition 15. X, F,, and M, are collinear.

Proof. We prove that the Euler line of triangléY, 7, contains the poinf,. The
points X and M, are respectively the orthocenter and circumcenter of the triangle.

Let A/ be the antipode afl, on theA-excircle. SinceAX has length, and is
perpendicular taBC, X AA, I, is a parallelogram. Therefor& A, contains the
midpoint M, of Al,.

By Proposition 7(A.F,, F,M,) = 90°. Clearly, (A, F,, F,A],) = 90°. This
means tha¥,, M,, and A/, are collinear. The line containing them also contains
X. O

Proposition 16. X F, isalso the Euler line of triangle AY, Z,.

Proof. The circumcenter oflY, Z,, is clearlyM,. On the other hand, sincgis the
orthocenter of triangl&X 'Y, Z,,, X is the orthocenter of triangldY, Z,. Therefore
the line X M,,, which also containg,, is the Euler line of trianglelY, Z,,. O

6.2 X F, astheEuler line of triangle I' B'C".
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Proposition 17. M, isthe orthocenter of triangle ' B'C".

Figure 10.

Proof. Let H, be the orthocenter afBC. Since BH, is perpendicular tdC, it
is parallel tol,C. Similarly, CH, is parallel tol, B. Thus,BH,C1, is a parallel-
ogram, andA’ is the midpoint ofl, H,. Consider triangledl, H, which has)M,
and A’ for the midpoints of two sides. The intersection/df H, and AA’ is the
centroid of the triangle, which coincides wifh Furthermore,

GH,:GM,=GA:GA' =2 —1.
Hence,M, is the orthocenter of B'C’. O
Proposition 18. K, isthe circumcenter of I’ B'C".

Proof. By Lemma 4, the point$y, F.., A, and A, are concyclic, and the line% F,
and A.F, intersect at a poink’, on the nine-point circle, which is the midpoint of
the arcB’C’ not containing4’. See Figure 11. The image &f, underh(G, —2) is
J,, the circumcenter of BC. It follows thatk, is the circumcenter of B'C’. O

Proposition 19. K, lieson the radical axis of (17;,) and (W%,).

Proof. Let D andF be the second intersectionsf F;, with (1) and K, F,. with
(W.) respectively. We shall show thé&f, Fy, - K,D = K, F. - K, E.

SinceA,, F,, F, A, are concyclic, we hav&, F,.- K, A. = K. Fy- K, Ay = k,
say. Note that

(s —a)?sin (B + %)
B A '

tan 5 Cos 5

AE-AF,=AZ, - AZy =
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Figure 11.
Since(I.) and(W) extouch at;., we havefafe = — . Therefore,

AE K,F. A.FE-A.F,
KaAc B ACFC . KaFc : KaAc

R (s—a)sin(B+9)
A
2
R(s —a)?sin (B + 4)

B C A
k-stan7tan§cos§

2rq k - tan % cos

Similarly,
AyD R(s —a)?sin (C' + %)

K, A k-stan%tan%cos%'

Sincesin (B + 4) = sin (C' + 4), it follows that 2:2- = #<-. Hence,DE is
parallel toA,A.. FromK,F, - K, Ay = K F. - K A, we haveK Fy, - K,D =
K,F. - K,E. This shows thaf(, lies on the radical axis dfit;) and(W.,.).

U

Corollary 20. K, liesontheline X F,.

6.3. Proof of Theorems 1 and 2. We have shown that the lin& F; is the radical

axis of (W}) and (W,). Likewise, Y F; is that of (W), (W,), and ZF, that of
(Wa), (Wy). It follows that the three lines are concurrent at the radical center of
the three circles. This proves Theorem 1.
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We have also shown that the liféF; is the image of the Euler line ofBC
under the homothety (G, —%); similarly for the linesY F, and ZF,. Since the
Euler lines oflBC, IC A, andI AB intersect at the Schiffler poirit on the Euler
line of ABC, the linesX F,, Y Fy, Z F, intersect at the complement of the Schiffler
point S, also on the same Euler line. This proves Theorem 2.

7. Somefurther results
Theorem 21. Thesix paintsY', Z, Ay, A, Fy, F, are concyclic.

Figure 12.

Proof. (i) The points4,, A., F;, F. are concyclic and the lined, F;,, A.F. meet
at K,. Let X, be the circumcenter ok, A,A.. SinceF, and F,. are points on
K, A, andK A., andF, A, A F, is cyclic, it follows from Lemma 5 thai(, X, is
perpendicular taF, F.. HenceX, is the intersection of the perpendicular frdi
to F; F,. and the perpendicular bisector BIC. Since triangleK, A A, is similar
to K, F.Fy, andAy A. = b+ ¢, its circumradius is

b+¢c R 1

=== 2 2r.).
RE 3 2\/(R+ ) (R + 2r.)
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Here, we have made use of the formula

b
FyF, = te 'R
\/(R + 2rp) (R + 2rc)

from [2].

(ii) A simple angle calculation shows that the poiits Z, 4,, A, are also
concyclic. Its center is the intersection of the perpendicular bisectodsffand
Y Z. The perpendicular bisector df, A, is clearly the same as that 8fC. Since
Y Z is parallel tol, I.., its perpendicular is the parallel through(the circumcenter
of XY Z) to the bisector of anglel.

(iii) Therefore, if this circumcenter i¥, thenJ,V = AH = 2R cos A.

(iv) To show that the two circleq, A, A F,. is the same as the circle in (ii),
it is enough to show that” lies on the perpendicular bisector fF,.. This is
equivalent to showing that W is perpendicular tdy F,.. To prove this, we show
that K,WWV X, is a parallelogram. Applying the Pythagorean theorem to triangle
A’ Ay X, we have

4A' X% =(R + 2rp) (R + 2rc) — (b+ ¢)?
=R? +4R(ry + 1) + dryre — (b + ¢)?
—R?>+4R-R(1+4cos A) 4 4s(s — a) — (b + ¢)?
=R*(1 4+ 4(1 + cos A)) — a®
=R?*(1 +4(1 + cos A) — 4sin? A)
=R?*(1 + 2cos A)?.

This means thatt’ X, = £ (1 + 2 cos A), and it follows that
XV =AV-AX,=AT+JV-AX,

=R(1 —cosA) +2Rcos A — g(l + 2cos A)

R
=—=K,W.
5 w.
Therefore VW, being parallel taK, X,, is perpendicular td F. O

Denote byC, the circle through these 6 points. Similarly defijendC..
Corollary 22. Theradical center of the circlesC,, Cy, C. isS".

Proof. The pointsX andF; are common to the circlegg andC.. The lineX F, is
the radical axis of the two circles. Similarly the radical axes of the two other two
pairs of circles ar& F, andZ F... The radical center is therefof. (]

Proposition 23. Theline X A, isperpendicular to Y Z.
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Proof. With reference to Figure 8, note that
A+B

sin(C’—l—%) aA .sinT
. sin% e sintC
sin%sinA%B
sin (C’+ é) sin B*Q'C
sin C'

) sin(C' + A) +sinC

AbYa : AbX :AbC

—A,C: (b+c) -

:AbC : (b +c
:AbC . C
:AbC : AbAa'

This means thaX A, is parallel toY,.C, which is perpendiculartd, /. andY Z.
O

Corollary 24. XY Z is perspective with the extouch triangle 4, B,C,., and the
perspector is the orthocenter of XY Z.

Remark. This is the triangle centeX; of [6].

Proposition 25. The complement of the Schiffler point isthe point S which divides
HW intheratio

HS' : S'W =2(2R+7r): —R.

Figure 13.

Proof. We defineK, and K. similarly asK,. SinceK, and K. are the midpoints
of the arcsC’ A’ and A’ B’, K, K, is perpendicular to thel’-bisector of A’ B’C’,
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and hence parallel t& Z. The triangle K, K, K. is homothetic toXY Z. The
homothetic center is the common point of the limé&,, Y K, and Z K., which
areX F,, Y F,, ZF,. This is the complement of the Schiffler point. Since triangles
K, KyK. and XY Z have circumcenter8/, H, and circumradii25 and2R + r,
this homothetic centet’ divides the segmerif 1V in the ratio given above. [
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On the Existence of Triangleswith Given Circumcircle,
Incircle, and One Additional Element

Victor Oxman

Abstract. We give necesssary and sufficient conditions for the existence of poris-
tic triangles with two given circles as circumcircle and incircle, and (1) a side
length, (2) the semiperimeter (area), (3) an altitude, and (4) an angle bisector.
We also consider the question of construction of such triangles.

1. Introduction

It is well known that the distancé between the circumcenter and incenter of a
triangle is given by the formula:

d?> = R?> — 2Rr, (1)

where R andr are respectively the circumradius and inradius of the triangle ([3,
p.29]). Therefore, if we are given two circles on the plane, with r&dand r,

(R > 2r), a necessary condition for an existence of a triangle, for which the two
circles will be the circumcircle and the incircle, is that the distathbetween their
centers satifies (1). From Poncelet’s closure theorem it follows that this condition
is also sufficient. Furthermore, each point on the circle with raftinsay be one of

the triangle vertex,e., in general there are infinitely many such triangles. A natural
question is on the existence and uniqueness of such a triangle if we specify one
additional element. We shall consider this question when this additional element is
one of the following: (1) a side length, (2) the semiperimeter (area), (3) an altitude,
and (4) an angle bisector.

2. Main results

Throughout this paper, we consider two given ciralgg?) andI(r) with dis-
tanced between their centers satisfying (1). Following [2], we shall call a triangle
with circumcircleO(R) and incirclel(r) a poristic triangle.

Theorem 1. Let a be a given positive number. (1). If d < r,i.e. R < (V2 4+ 1)r,
then thereisa unique poristic triangle ABC with BC = qa if and only if

4r(2R —r — 2d) < a® < 4r(2R — r + 2d). (2)

Publication Date: November 8, 2005. Communicating Editor: Paul Yiu.
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(2). Ifd > r,i.e. R > (v/2 + 1)r, then there is a unique poristic triangle ABC
with BC' = a if and only if

4r(2R —r —2d) < a®> < 4r(2R —r+2d) or a=2R, (3)
and there are two such triangles if and only if
4r(2R — 7+ 2d) < a® < 4R%. (4)

Theorem 2. Given s > 0, there is a unique poristic triangle with semiperimeter s
if and only if

VR+7r—dV2R+VR—r+d) <s<VR+r+dV2R+VR—7r—d).
(5)

Theorem 3. Given h > 0, there is a unique poristic triangle with an altitude A if
and only if
R+r—d<h<R+r+d. (6)

Theorem 4. Given ¢ > 0, thereisa unique poristic triangle with an angle bisector
£if and only if
R+r—d<l{<R+r+d. (7

3. Proof of Theorem 1

3.1 Case 1. d < r. The length of BC' = « attains its minimal value when the
distance fromD to BC'is maximal, which isl 4+ r. See Figure 1. Therefore,

ai, = 4r(2R — r — 2d).

Similarly, ¢ attains its maximum when the distance frémo BC'is minimal,i.e.,
r — d. See Figure 2.
a2 = 4r(2R — r + 2d).

This shows that (2) is a necessary conditioto be a side of a poristic triangle.

A
B / c
I I
o o
B c
A
Figure 1 Figure2

We prove the sufficiency part by an explicit constructiona Hatisfies (2), we
construct the circleD(R;) with R? = R? — “4—2 and a common tangent of this
circle andI(r). The segment of this tangent inside the cirf@lgR) is a side of a
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poristic triangle with a side of lengtt. The third vertex is, by Poncelet’s closure
theorem, the intersection of the tangents from these endpoidts-fpand it lies

onO(R).
B
/

/7
/7

I /
/ c

O

A

Figure 3

Remark. If a # amax, amin, W€ Can construct two common tangents to the circles
O(R) andI(r). These are both external common tangents and are symmetric with
respect to the lin€) 1. The resulting triangles are congruent.

@

Figure 4 Figure 5

3.2 Case2. d > r. Inthis case by the same way we have
a’. =4r(2R —r — 2d).

See Figure 4. On the other hand, the maximum occurs wWh@rpasses through
the centelO, i.e, am.x = 2R. See Figure 5.

For a givena > 0, we again construct the circle(R;) with R? = R? — “4—2
Chords of the circlgO) which are tangent t@(R;) have lengtha. If R} >
d — r, the construction if3.1 gives a poristic triangle with a side Therefore for
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c

Figure 6

4r(2R —r —2d) < a? < 4r(2R — r + 2d), there is a unique poristic triangle with
sidea. See Figure 6. It is clear that this is also the case=if 2R.

However, ifR; < d — r, there are also internal common tangents of the circles
O(Ry) and I(r). The internal common tangents give rise to an obtuse angled
triangle. See Figures 7 and 8.

B

A
Figure 7 Figure 8

4. Proof of Theorem 2

Let A;B1Cy and A, BoCy be the poristic triangles withl; and As on the line
OI. We assume/A; < LA, If LA, = ZA,, the triangle is equilateral and
the statement of the theorem is trivial. We shall therefore asstre< £A,.
Consider an arbitrary poristic trianglkBC with semiperimetes. According to
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[4], s attains its maximum when the triangle coincides wittB; C; and minimum
when it coincides withd, BoC. Therefore,

Smax =V B2 — (r+d)?2 + /R2 — (r +d)2 + (R +r + d)?
=VR+r+d(V2R+VR—r—d),

Smin =V R2 — (r —d)2 +/R2—(r —d)2 + (R+7r —d)?
=VR+r—d(V2R+ VR —r+4d).

DA T,

This proves (5).

C2

A\

Ay

Figure 9

As A traverses a semicircle from positiofy to Ao, the measurer of angle
A is monotonically increasing fromy,in, = £A7 10 amax = ZAs. For each

a € [amina amax]y

= 2R
s=s(a) = fan 2 +2Rsina.
Differentiating with respect te, we have
s'(a) = — A —~ +2Rcosa.

2 sin2 5
Clearly, s'(a) = 0if and only if sin? ¢ = £Z4. Sincesin ¢ > 0, there are two
values ofa € (amin, max) for which s'(ar) = 0. One of these isy = 4B for
which s(a) = smax @nd the other is, = ZC5 for which s(ag) = Smin-

Therefore for given real number > 0 satisfying (5), there are three values of
a (or two values ifs = spyin OF smax) fOr which s(a) = s. These values are the
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values of the three angles of the same triangle that has semiperimeSsy for
suchs the triangle is unique up to congruence.

Remark. Generally the ruler and compass construction of the triangle with given
R, r ands is impossible. In fact, it = tan 5, then froms = ——= + 2Rsina we

tan %
have

st3 — (AR +r)t* + st —r = 0.
The triangle is constructible if and only #fis constructible. It is known that the
roots of a cubic equation with rational coefficients are constructible if and only if
the equation has a rational root [1, p.16]. Foe= 4, = 1, s = 8 (such a triangle
exists by Theorem 2) we have

8t2 — 17t + 8t — 1 =0. (8)

It is easy to see that it does not have rational roots. Therefore the roots of (8) are
not constructible, and the triangle with givéh r, s is also not constructible.

5. Proof of Theorem 3
Let o be the measure of angle

o2 :
s fan @ + 4Rrsin « r2

h=—= =
a 2Rsin o 2Rsin” §

Since« is monotonically increasing (fromy,i, 10 amax While vertex A moves
from A; to A, along the arcA; Ay, h = h(a) monotonically decreases from
hmax = h(Qmin) 10 Amin = h(amax ). Furthermore,

hmin =R+ 7 —d,

hmax =R+ 7+ d.

+ 2r.

This completes the proof of Theorem 3.

Remark. It is easy to construct the triangle by givéh) » and h with the help of
ruler and compass. Indeed, for a triangl&C with given altitudeAH = h we

have

?”2

AI? =

= 2R(h — 2r).

sin?

no[Q

6. Proof of Theorem 4

The length of the bisector of angleis given by

2bccos
 bte
SinceR = ¢ = 2 'we have
8Rrs a Sy
/e —a “cosg 2Rrsin g

25 —a sin% r+2Rsin2%'
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Differentiating with respect te, we have
() __ cos 5 Rcos §(r — 2Rsin* §)
r 2sin? § (r + 2Rsin* §)?
_ cos 2(r? 4+ 2Rrsin? ¢ 4+ 8R?sin 2)

2sin® §(r + 2R sin® §)?

<0.
Therefore /(o) monotonically decreases (yin, max) from oy = R+ 7+ d
t0 lin = R+ 17— d.
Remark. Generally the ruler and compass construction of the triangle with given
R, r and/ is impossible. Indeed, if = sin%, then
2RIP — ARrt* + vt —r? = 0.
For R = 3, = 1 and/ = 5 (such a triangle exists by Theorem 4), we have
30t% — 12t% + 5t — 1 = 0.
It can be easily checked that this equation doe not have a rational root. This shows
that the ruler and compass construction of the triangle is not possible.
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The Eppstein Centers and the Kenmotu Points

Eric Danneels

Abstract. The Kenmotu points of a triangle are triangle centers associated with
squares each with a pair of opposite vertices on two sides of a triangle. Given a
triangle ABC', we prove that the Kenmotu points of the intouch triangle are the
same as the Eppstein centers associated with the Soddy circld3@f

1. Introduction

D. Eppstein [1] has discovered two interesting triangle centers associated with
the Soddy circles of a triangle. Given a triangeBC', construct three circles
with centers atd, B, C, mutually tangent to each other externallyZat T, T,
respectively. These are indeed the points of tangency of the incircle of triangle
ABC, and triangl€l, T, T, is the intouch triangle oA BC. The inner (respectively
outer) Soddy circle is the circleS) (respectively()) tangent to each of these
circles externally af,, Sy, S. (respectively internally as;,, S;, S.).

Theorem 1 (Eppstein [1]) (1) Thelines T..S,, T,Sy, and TS, are concurrent at
apoint M.
(2) Thelines 1;,S!,, Ty,S;, and T..S.. are concurrent at a point M.

See Figures 1 and 2. In [2]\/ and M’ are the Eppstein centers,s; and
X4g2. Eppstein showed that these points are on the line joining the incénter
the Gergonne point:,. See Figure 1.

The Kenmotu points of a triangle, on the other hand, are associated with tri-
ads of congruent squares. Given a trianglBC, the Kenmotu pointk, is the
unigue point such that there are congruent squagds.A,Cy, K.C,ByA,., and
K.A,C.B, with the same orientation as triangleBC, and with 4,, A. on BC,

B., B,onCA, andC,, C, on AB respectively. We call, the positive Kenmotu
point. There is another triad of congruent squares with the opposite orientation as
ABC, sharing a common vertex at the negative Kenmuto piJntSee Figure 3.
These Kenmotu points lie on the Brocard axis of trianglBC', which contains

the circumcente® and the symmedian poirt .

The intouch triangld, T, T, has circumcentef and symmedian poink.. It is
immediately clear that the Kenmotu points of the intouch triangle lie on the same

Publication Date: November 15, 2005. Communicating Editor: Paul Yiu.
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line as do the Soddy and Eppstein centers of triarigh”'. The main result of this
note is the following theorem.

Theorem 2. The positive and negative Kenmotu points of the intouch triangle
T,T,T. coincide with the Eppstein centers M and M'.

We shall give two proofs of this theorem.

2. The Eppstein centers

According to [2], the coordinates of the Eppstein centers were determined by
E. Brisse.! We shall work with homogeneous barycentric coordinates and make
use of standard notations in triangle geometry. In particular;, r. denote the
radii of the respective excircles, asdstands for twice the area of the triangle.

Theorem 3. The homogeneous barycentric coordinates of the Eppstein centers are
AWM= (a+2ry:b+2r,:c+2r.),and
Q@M =(a—2rq:b—2r:c—2r).

Figure 1. The Soddy centérand the Eppstein centédl

IThe coordinates aKus1 and Xusz in [2] (September 2005 edition) should be interchanged.
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Remark. In [2], the Soddy centers appear &g;; = S’ and X 76 = S. In homo-
geneous barycentric coordinates

S=(a+r,:b+rp:c+re),

S'=(a—rg:b—rp:c—re).

Figure 2. The Soddy cent&’ and the Eppstein centdr’

3. The Kenmotu points

The Kenmotu pointsk, and K have homogeneous barycentric coordinates
(a%(Sa £ 8) : ¥*(Sp £ 8) : 2(Sc £ S)). They are therefore points on the
Brocard axisO K. See Figure 3.

Proposition 4. The Kenmotu points K, and K, divide the ssgment OK intheratio
OK, : K. K =a®> +b* + % : 28,
OK/: K.K =a® +b* + ¢* : —28.
Proof. A typical point on the Brocard axis has coordinates
K*(0) = (a*(Sa+ S9) : b* (S + Sp) : *(Sc + Sp)).-
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It divides the segmer® K in the ratio
OK*(#) : K*(0)K = (a® +b* + ¢*)sinf : 25 - cos .

The Kenmotu points are the poink§ and K/ are the pointg<*(#) for = T and
—7 respectively. O

AL

Figure 3. The Kenmotu point&. and K,

4. First proof of Theorem 2

We shall make use of the following results.

Lemmas. (1) cos%cos %cos% = 55
(2) cos? é + cos? g + cos? % = 412%1‘%‘7"_
@) ra+ry+re=4R+r.
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The intouch triangld; T, T, has sidelengths
A B C
TyT,. = 2r cos X T. T, = 2r cos 5 1,1y = 27 cos 7

The area of the intouch triangle is

1—- 1 A B C
58 = §T6Ta -ToTy - sin T, = 2r? cos 3 cos Bl cos 5= 22 . é

On the other hand,

Tch2 + TcTa2 + TaTb2 — 472 (cos o) + cos? Bl + cos 5l

g A B 20) 2r2(4R + 1)

Figure 4. The positive Kenmotu point of the intouch triangle

177

By Proposition 4, the positive Kenmotu poift, of the intouch triangle divides

the segmenf G, in the ratio

IK.: K.Ge =T,T? + T.T? + T,T¢ : 28
=4R+1r:s
=rq+Tp+TcS.
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It has absolute barycentric coordinates
— 1
K. =
S+ 7Tq+Tp+Te
: (0.5.€) 4 (raurire)
= —(a,0,c TayThy T
S+ 7yt 7yt 2 s Uy ar by e
1
= “(a+2rq,b+ 2rp, c+ 2r.).
Mo rratrirg | “ ’ °)
Therefore, K. has homogeneous barycentric coordindtes- 2, : b + 27, :
+2r.). By Theorem 3, it coincides with the Eppstein centér See Figure 4.
Similar calculations show that the Eppstein cenit€rcoincides with the nega-
tive Kenmotu poim‘T(f3 of the intouch triangle. See Figure 5. The proof of Theorem
2 is now complete.

(s T+ (ra+rp+re) - Ge)

Figure 5. The negative Kenmotu point of the intouch triangle

5. Second proof of Theorem 2

Consider a poinf” with homogeneous barycentric coordinates: v : w')
with respect to the intouch trianglg,7,7.. We determine its coordinates with
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respect to the triangld BC. By the definition of barycentric coordinates, a system
of three masseg’, v" andw’ at the pointsT,, T, andT, will balance atP. The
massu’ atT, can be replaced by a ma$s® - «/ at B and a mas$=> - v’ at C.
Similarly, the mass/ at T; can be replaced by a ma$g® - ' at C' and a mass
53¢ -0 at A, and the mass/ atT. by a mas§%” -w' atAand a mass;? - v’ at

B. The resulting mass & is therefore

s—b , alc(s—c)v +b(s—buw)

/ —
b U—’_c v abe

From similar expressions for the masseBandC, we obtain

(a(c(s—c)v'+b(s=b)w') : bla(s—a)w +c(s—c)u') : c(b(s—b)u' +a(s—a)v"))

S—¢C

for the barycentric coordinates &f with respect taABC.
The Kenmotu poinf, appears the triangle cent&g7; in [2]. For the Kenmotu
point of the intouch triangle, we may take

u =TyT.(cosT, +sinT,)

=2(s —a) siné (sin A + cos é) ,

2 2
B B B

v' =2(s — b) sin ) (sin 3 + cos 5) ,
C C C

w' =2(s — ¢) sin Bl <sin Bl + cos 5) :

Therefore,

u =a(c(s — c)v' + b(s — b)w')

. B(. B B O, C C
=2a(s — b)(s — ¢) <c~sm5 <s1n5 + cos 5) +b~s1n5 <s1n5 + cos E))

B C sin B sinC
_ o o -2 = -2 ~ . .
=2a(s —b)(s — ¢) (csm 5 + bsin 5 +c 5 +b 5 )
B (s —c)(s—a) (s—a)(s—b) be
=2a(s —b)(s — ¢) <c - +b b + R

=2(s —a)(s —b)(s — ¢) <“+ #biaQ

S
=2(s—a)(s—b)(s—c¢) (a + E)
=2(s —a)(s —b)(s — ¢)(a+ 2r,).
Similar expressions for andw give
uiviw=a+2r,:b+2r,:c+re,

which are the coordinates of the Eppstein ceiter
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Statics and the M oduli Space of Triangles

Geoff C. Smith

Abstract. The variance of a weighted collection of points is used to prove classi-
cal theorems of geometry concerning homogeneous quadratic functions of length
(Apollonius, Feuerbach, Ptolemy, Stewart) and to deduce some of the theory of
major triangle centers. We also show how a formula for the distance of the in-
center to the reflection of the centroid in the nine-point center enables one to
simplify Euler’'s method for the reconstruction of a triangle from its major cen-
ters. We also exhibit a connection between Poncelet’s porism and the location of
the incenter in the circle on diameter GH (the orthocentroidal or critical circle).
The interior of this circle is the moduli (classification) space of triangles.

1. Introduction

There are some theorems of Euclidean geometry which have elegant proofs by
means of mechanical principles. For exampledBBC is an acute triangle, one
can ask which point? in the plane minimizesAP + BP + CP? The answer
is the Fermat point, the place whereAPB = /BPC = ZCPA = 2x/3.

The mechanical solution is to attach three pieces of inextensible massless string
to P, and to dangle the three strings over frictionless pulleys at the vertices of the

triangle, and attach the same mass to each string. Now hold the triangle flat and
dangle the masses in a uniform gravitational field. The forcésraust balance so

the angle equality is obtained, and the potential energy of the system is minimized

whenAP + BP + CP is minimized.

In this article we will develop a geometric technique which involves a notion
analogous to the moment of inertia of a mechanical system, but because of an
averaging process, this notion is actually more akinvésiancein statistics. The
main result is well known to workers in the analysis of variance. The applications
we give will (in the main) not yield new results, but rather give alternative proofs
of classical results (Apollonius, Feuerbach, Stewart, Ptolemy) and make possible a
systematic statical development of some of the theory of triangle centers. We will
conclude with some remarks concerning the problem of reconstructing a triangle
from O, G andI which will, we hope, shed more light on the constructions of Euler
[3] and Guinand [4].

Publication Date: December 6, 2005. Communicating Editor: Paul Yiu.
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For geometrical background we recommend [1] and [2].

Definition. Let X andY be non-empty finite subsets of an inner product space
V. We have weight maps: : X — R andn : Y — R with the property that

M =3, m(z) #0# > cynly) = N. The mean square distandgetween
these weighted sets is

EXm Vo) = g 3 mln(le -y,

zeX,yeY
Let

zeX
be the centroid ofX. Ignoring the distinction betweén and {z}, and assigning
the weight 1 taz, we put
o?(X,m) = d*(X,m, 7, 1)

and call this thevarianceof X, m. In fact the non-zero weight assigneditas
immaterial since it cancels. When the weighting is clear in a particular context,
mention of it may be suppressed. We will also be cavalier with the arguments of
these functions for economy.

We call the main result the generalized parallel axis theorem (abbreviated to
GPAT) because of its relationship to the corresponding result in mechanics.

Theorem 1 (GPAT).
d*(X,m,Y,n) = 0*(X,m) + ||z - 7[|* + o*(Y,m).

Proof
Z W)l —yll?
eX,y
1
:M— Z Ylle—T+T-7+75—ylf
eX,y
1 P | L
= >, m@nlle—zP+ -7+ 55 Y m@nlly -l
reX,yeyY zeX,yeY

since the averaging process makes the cross terms vanish. We are done.[]
Corollary 2. d*(X,m, X, m) = 20%(X,m).

Note that the averaging process ensures that scaling the weights of a given set
does not alter mean square distances or variances.
The method of areal co-ordinates involves fixing a reference triadgt€’ in
the plane, and given a poift in its interior, assigning weights which are the areas
of triangles: the weight$PBC], [PC A] and [PAC] are assigned to the points
A, B andC respectively. The center of mass{ol, B, C'} with the given weights
is P. With appropriate signed area conventions, this can be extended to define a
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co-ordinate system for the whole plane. If the weights are scaled by dividing by the
area ofA ABC, then one obtains normalized areal co-ordinates; the co-ordinates of
A are then(1,0,0) for example. A similar arrangement works in Euclidean space
of any dimension. The GPAT has much to say about these co-ordinate systems.

2. Applications

2.1 Theorems of Apollonius and Stewalttet ABC be a triangle with correspond-
ing sides of lengthu, b andc. A point D on the directed line”' B is such that
CD = m, DB = n and these quantities may be negative. Ud? have length
x. Weighting B with m andC' with n, the center of mass dfB,C'} is atD and
the variance of the weighted3, C} is 0® = (mn? +nm?)/(m + n) = mn. The
GPAT now asserts that

nb? + mc?

m-+n

=0+2°+0°

or rather

nb* + mc* = (m + n)(z* + mn).
This is Stewart’s theorem. th = n we deduce Apollonius’s result th&t+ ¢ =
2(2% + (§)°)-

2.2 Ptolemy’s TheoremLet A, B, C and D be four points in Euclidean 3-space.
Consider the two setsA, C'} and{ B, D} with weight 1 at each point. The GPAT
asserts that

AB? 4+ BC? + CD? + DA? = AC? + BD? + 4¢?

wheret is the distance between the midpoints of the line segméatsand BD.
This may be familiar in the context that= 0 and ABC' D is a parallelogram.
Recall that Ptolemy’s theorem asserts thattBC D is a cyclic quadrilateral,
then
AC-BD =AB-CD+ BC - DA.

We prove this as follows. Let the diagonals” and BD meet atX. Now weight
A, B,C and D so that the centers of mass of bdth, C'} and{B, D} are atX.
The GPAT now asserts that
XC-AX?+ AX - XC? N XB-DX?+ DX - BX?
AC BD
_ XC-AB*. XD+ XC-AD? - BX +XA-CB?- XD+ XA-CD?-XB
B AC - BD '
The left side of this equation tidies X - XC' + BX - X D. One could regard
this equation as a generalization of Ptolemy’s theorem to quadrilaterals which are
not necessarily cyclic.
Now we invoke cyclicity:AX - XC = BX - X D = z by the intersecting chords
theorem. ThereforelC' - BD =
XC-AB? - XD+ XC-AD? - BX +XA-CB?- XD+ XA-CD?-XB
2x ’
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HoweverAB/CD = BX/XC = AX/XD andDA/BC = AX/BX = DX =
CX (by similarity) so the right side of this equationisB - CD + BC - DA and
Ptolemy’s theorem is established.

2.3. A geometric interpretation of?. Let ABC be a triangle with circumcenter

O and incenter/ and the usual side lengtlasb andc. We can arrange that the
center of mass of A, B,C} is at I by placing weightse,b andc at A, B and

C respectively. By calculating the mean square distance of this set of weighted
triangle vertices to itself, we obtain the variange= - J‘:Zic Howeverabc/4R =
[ABC], the area of the triangle, arld + b + ¢)r = 2[ABC] whereR, r are the
circumradius and inradius respectively. Therefore

abc
_. 1
a+b+c (@)
Now calculate the mean square distance frorno the weighted triangle vertices
both in the obvious way, and also by the GPAT to obtain Euler’s result

OI*> = R* — 2Rr. 2)

0? =2Rr =

Observation More generally suppose that a finite coplanar set of pairtscon-
cyclic, and is weighted to have center of masg akLet the center of the circle be
at X and its radius be. By the GPAT applied toX and the weighted set we
obtain

LX?=p* - 0%\ L)
SO
o*(A, L) = p* = LX? = (p — LX)(p + LX).
Thus we conclude that?(A, L) is minus thepower ofL with respect to the circle.
2.4. The Euler line.Let ABC be a triangle with circumcenté&p, centroidG and

orthocenterH. These three points are collinear and this line is called the Euler
line. Itis easy to show thab H = 30G. It is well known that

OH? = 9R? — (a® +b* + &2). (3)

We derive this formula using the GPAT. Assign unit weights to the vertices of
triangle ABC. The center of mass will be &t the intersection of the medians.
Calculate the mean square distance of this triangle to itself to obtain the variance
o2, of this triple of points. By the GPAT we have
2a% + 2b% + 2¢2

9

SOO'?; = “QL;*CQ Now calculate the mean square distance f@no this triangle
with unit weight the sensible way, and also by the GPAT to obtain

R? = OG? + o}.
Multiply through by 9 and use the fact thatd = 30G to obtain (3).

20% =
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2.5. The Nine-point CircleLet ABC be a triangle. The nine-point circle afBC

is the circle which passes through the midpoints of the sides, the feet of the al-
titudes and the midpoints of the line segments joining the orthocditer each
vertex. This circle has radiug/2 and is tangent to the inscribed circle of triangle
ABC (they touch internally to the nine-point circle), and the three escribed cir-
cles (externally). We will prove this last result using the GPAT, and calculate the
squares of the distances frafio important points on the Euler line.

Proposition 3. Letp denote the perimeter of the trianghe, B, C. The distance
between the incentdrand centroidG satisfies the following equation:

p° 5
IG? = 5 1—8(a2 + 0%+ ¢?) — 4Rr. (4)
Proof. Let As denote the triangle weighted 1 at each vertex apddenote the
same triangle with weights attached to the vertices which are the lengths of the

opposite sides. We apply the GPAT and a direct calculation:

b? 4 ba® + bc? + cb? 2 2
P(Dg, Ar) = 0% + IG? 4 o2 = T+ 07 T e+ ca” + ac

3(a+b+c)
S0 2 2 2
a®+b°+c +IG2+2RT:(ab—l—bc—l—ca)(a—i—b—i—c)—3abc
9 3la+b+c)
b+ b
:LSC—FCG_QRT_
Therefore
4RT+IGQ+a2—|—b2—|—027(a—l—b+c)2_a2+b2+62

9 6 6
This equation can be tidied into the required form.

Corollary Using Euler’s inequality? > 2r (which follows fromZ(&* > 0) and
the condition|/G|> > 0 we obtain that in any triangle we have

3p% > 5(a® + b + ) + 14412

with equality exactly wherkR = 2r and! = (. Thus the inequality becomes an
equality if and only if the triangle is equilateral. O

Theorem 4 (Feuerbach) The nine point circle oNABC'is internally tangent to
the incircle.

Proof. (outline) The radius of the nine point circle 1/2. The result will estab-
lished if we show that{/N| = R/2 — r. However, inAINO the pointG is on
the sideNO and NG : GO =1 : 2. We know|IO|,|IG|,|NG| and|GO|, so
Stewart’s theorem and some algebra enable us to deduce the result.
SinceOG : GN = 2 : 1 Stewart’s theorem applies and we have
2 2 2 2 2 1 2
IG +90N = 3IN = 3IO )
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Rearranging this becomes

3 3 1

= “0G? - =107

2 4 2

Now we aim to show that this expression(&/2 — r)?, or ratherk?/4 — Rr +

r2. We put in known values in terms of the side lengths, and perform algebraic
manipulations, deploying Heron'’s formula where necessary. Feuerbach’s theorem

follows. O

IN? = ZIG? +

It must be admitted that this calculation does little to illuminate Feuerbach’s
result. We will give a more conceptual statics proof shortly.

2.6. The location of the incenter.

Proposition 5. The incenter of a non-equilateral triangle lies strictly in the interior
of the circle on diamete€ H.

This was presumably known to Euler [5], and a stronger version of the re-
sult was proved in [4]. Given Feuerbach’s theorem, this result almost proves it-
self. Let N be the nine-point center, the midpoint of the segm@f, Feuer-
bach’s tangency result yieldsN = R/2 — r. HoweverO? = R? — 2Rr so
OI? —4IN? = R? — 4Rr + 4r? — R%? + 2Rr = 2r(R — 2r). However Euler’s
formula forO1 yields2r < R (with equality only for equilateral triangles). There-
fore I lies in the interior of the circle of Apollonius consisting of poinssuch
thatOP = 2N P, which is precisely the circle on diamet6tH as required.

We can verify this result by an explicit calculation. Létbe the center of the
circle on diameteiGH so OG = GJ = JH. Using Apollonius’s theorem on
ANTHO we obtain

3
2IN? + 2(§OG)2 =OI* + IH?
which expands to reveal that
2 _ OH? — (R? — 4r?)
5 .
Now use Stewart’s theorem ah/ HO to calculatel J?. We have

OI*.OG + IH? - 20G
OH
which after simple manipulation yields that

HI

IJ? +20G? =

2
1J2=0G? - ET(R —2r) < OG2. (5)
The formulas for the squares of the distances fioto important points on the
Euler line can be quite unwieldy, and some care has been taken to calculate these
guantities in such a way that the algebraic dependence between the triangle sides
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andr, R and OG is produces relatively straightforward expressions. More inter-
esting relationship can be found; for example using Stewart’s theoref/avnO
with CevianIG we obtain

6I1G? +30G? = (3R — 2r)(R — 2r).

3. Areal co-ordinates and Feuerbach revisited

The use of areal or volumetric co-ordinates is a special but important case of
weighted systems of points. The GPAT tells us about the change of co-ordinate
frames: given two reference trianglés with verticesA, B, C and A\, with ver-
ticesA’, B’,C" and pointsP and( in the plane. it is natural to consider the rela-
tionship between the areal co-ordinates of a péini the first frame(z, y, z) and
those ofQ in the second?/, v/, z’). We assume that co-ordinates are normalized.
Now GPAT tells us that

dz(ALp, AQ}Q) = J%,P + PQ2 + J%’Q.

The resulting formulas can be read off. The recipe which determines the square
of the distance between two points given in areal co-ordinates with respect to the
same reference triangle is straightforward. Supposefhaas areal co-ordinates
(p1,p2,p3) and Q has co-ordinatesq, q2, g3). Let (x,y,2) = (p1,p2,p3) —

(g1, g2, q3) (subtraction of 3-tuples) and lét, v, w) = (yz, zz, zy) (the Cremona
transformation) then we deduce that

PQ2 = _(a’27b2762) ' (U,’U,’w).

Here we are using the ordinary dot product of 3-tuples. Note (ifab?, c?)
viewed as an areal co-ordinate is the symmedian point, the isogonal conjugate of
G. We do not know if this observation has any significance.

A another special situation arises whén and A, have the same circumcircle
(perhaps they are the same triangle) and paihend @ are both on the common
circle. In this case} , = 0 = 03 , and

d*(N1.p, Dag) = PQ>.

In the context of areal co-ordinates, we are now in a position to revisit Feuer-
bach’s theorem and give a more conceptual statics proof which yields an interesting
corollary.

3.1 Proof of Feuerbach’s theorenTo prove Feuerbach’s theorem it suffices to
show that the power of with respect to the nine-point circle isr(R — r) or
equivalently that? = r(R — r) where the hat indicates that we are using the me-
dial triangle (with vertices the midpoints of the sides/dfA BC) as the triangle

of reference. Now the medial triangle is obtained by rotating the original triangle
aboutG throughm, and scaling by 1/2. Lef denote the incenter of the medial tri-
angle with co-ordinate&:/2,b/2, ¢/2). The co-ordinates af are(s/3, s/3,s/3).

Now I’, G, I are collinear and’G : GI = 1 : 2. The co-ordinates of are there-
fore (s—a,s—b, s—c), Next we use cyc to indicate a sum over cyclic permutations
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of a, b and¢, and syma sum over all permutations. We calculate

Ss—a)ls — 02

452
cyc

s D eye a?—s > sym a®b + 2abcs
B 452
CL3 + b3 + C3 Zsym a’2b

pu— —_— 2R .
Hatb+o Hatbro oW

However by Heron’s formula
5 (bt+c—a)lat+c—Db)(a+b—c)
N 4(a+b+c)

SO
2
B2 2abe +a3+b3—|—c3_ D sym @b N 2abc _ 52
4la+b+c) 4dla+b+ec) 4dla+b+c) 4dla+b+e)

sinceabe/(a + b+ ¢) = 2Rr.

Corollary 6. The areal co-ordinates of with respect to the medial triangle are
(s —a,s — b,s — c), perhaps better writtels — 4,5 — 2,5 — £). Therefore the
incenter of the reference triangle is the Nagel point of the medial triangle.

4. The Euler-Guinand problem

In 1765 Euler [3] recovered the sides length® and ¢ of a non-equilateral
triangle from the positions o, G and/. At the time he did not have access to
Feuerbach’s formula fof N? nor our formula (5). This extra data enables us to
make light of Euler’s calculations. From (5) we hav@R — r) and combining
with (2) we obtain firstR /r and then both? andr. Now (3) yields# + b2 + 2
and (4) givesa + b + ¢. Finally (1) yieldsabe. Thus the polynomialA(z) =
(X —a)(X — b)(X — ¢) can be easily recovered from the positiongbfG and
I. We call this the triangle polynomial This may be an irreducible rational cubic
so the construction af, b andc by ruler and compasses may not be possible.

The actual locations oft, B and C may be determined as follows. Note that
this addresses the critical remark (3) of [5]. The circumcircl&efBC is known
sinceO and R are known. Now by the GPAT we obtain the well known formula

02 +b2+¢2 a’® + b2+ 2
L e L A R R N
3 + 9
SO
9

and similarly of BG? and CG?. By intersecting circles of appropriate radii cen-
tered atG with the circumcircle, we recover at most two candidate locations for
each point4, B andC. Now triangle ABC is one of at mosg® = 8 triangles.
These can be inspected to see which ones have carréetand/. Note that there

is only one correct triangle sincéG?, AO? and AI? are all determined.
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In fact every point in the interior of the circle on diamet@H other than the
nine-point centetV arises as a possible location of an inceritg¢d]. We give a
new derivation of this result addressing the same question as [4] and [5] but in a
different way.

Given any value: € (0, 1) there is a triangle such that/R = k. Choosing
such a triangle, with circumradiu’ we observe that

<10>2 R?2 —2Rr
TN =75 2
) ()

10 [ R
I TS ©

If O andN were fixed, this would forcé to lie on a circle of Apollonius with defin-
ing ratio 2, /%. In what follows we rescale our diagrams (when convenient) so
that the distanc® N is fixed, so the circle on diameté&tH (the orthocentroidal or
critical [4] circle) can be deemed to be of fixed diameter.

Consider the configuration of Poncelet’s porism for triangl8C'. We draw the
circumcircle with radiusk and centelO, and the incentef internally tangent to
triangle ABC' at three points. Now move the poidtto A elsewhere on the cir-
cumcircle and generate a new triangleB’C’ with the same incircle. We mové
to A’ continuously and monotonically, and observe how the configuration changes;
the quantitieskR andr do not change but in the scaled diagram the corresponding
point I’ moves continuously on the given circle of Apollonius. Whémeaches
B the initial configuration is recovered. Consideration of the largest angle in the
moving triangleA’ B'C’ shows that until the initial configuration is regained, the
triangles formed are pairwise dissimilar, so inside the scaled version of the circle
on diameterGH, the pointI’” moves continuously on the circle of Apollonius in
a monotonic fashion. Therefoe makes exactly one rotation round the circle of
Apollonius andA’ moves toB. Thus all points on this circle of Apollonius arise
as possible incenters, and since the defining constant of the circle is arbitrary, all
points (other thanV) in the interior of the scaled circle on diamet@#{ arise as
possible locations fof and Guinand’s result is obtained [4].

Letting the equilateral triangle correspond¥othe open disk becomes a moduli
space for direct similarity types of triangle. The boundary makes sense if we allow
triangles to have two sides parallel with included angle 0. Some caution should be
exercised however. The angles of a triangle are not a continuous function of the side
lengths when one of the side lengths approac¢hdsix A and letB tend toC' by
spiraling in towards it. The point in the moduli space will move enthusiastically
round and round the disk, ever closer to the boundary.

Isosceles triangles live in the moduli space as the points on the distinguished
(Euler line) diameter. If the unequal side is shdris nearH, but if it is long, I is
nearG.

SO
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A Gergonne Analogue of the Steiner - Lehmus Theorem

K. R. S. Sastry

Abstract. In this paper we prove an analogue of the famous Steiner - Lehmus
theorem from the Gergonne cevian perspective.

1. Introduction

Can a theorem be both famous and infamous simultaneously? Certainly there is
one such in Euclidean Geometry if the former is an indicator of a record number
of correct proofs and the latter an indicator of a record number of incorrect ones.
Most school students must have found it easy to prove the following: The angle
bisectors of equal angles of a triangle are equal. However, not many can prove its
converse theorem correctly:

Theorem 1 (Steiner-Lehmus) If two internal angle bisectors of a triangle are
equal, then the triangle isisosceles.

According to available history, in 1840 a Berlin professor named C. L. Lehmus
(1780-1863) asked his contemporary Swiss geometer Jacob Steiner for a proof
of Theorem 1. Steiner himself found a proof but published it in 1844. Lehmus
proved it independently in 1850. The year 1842 found the first proof in print
by a French mathematician [3]. Since then mathematicians and amateurs alike
have been proving and re-proving the theorem. More than 80 correct proofs of the
Steiner - Lehmus theorem are known. Even larger number of incorrect proofs have
been offered. References [4, 5] provide extensive bibliographies on the Steiner -
Lehmus theorem.

For completeness, we include a proof by M. Descube in 1880 below, recorded
in [1, p.235]. The aim of this paper is to prove an analogous theorem in which
we consider the equality of two Gergonne cevians. We offer two proofs of it and
then consider an extension. Recall that a Gergonne cevian of a triangle is the line
segment connecting a vertex to the point of contact of the opposite side with the
incircle.

2. Proof of the Steiner - Lehmustheorem

Figure 1 shows the bisectof8E andC'F' of ZABC andZACB. We assume
BE = CF. If AB # AC, letAB < AC,i.e, ZACB < ZABCor§ < 2. A

Publication Date: December 20, 2005. Communicating Editor: Paul Yiu.
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comparison of triangle® EC with BF'C' shows that
CE > BF. (1)

Complete the parallelograBFGE. SinceEG = BF, /FGE = %, FG =
BE = CF implying that/FGC = ZFCG. But by assumptio FGE = £
/FCE = %.S0/EGC < LECG, andCE < GE = BF, contradicting (1).

Figure 1.

Likewise, the assumptioddB > AC also leads to a contradiction. Hence,
AB = AC andAABC must be isosceles.

3. The Gergonne analogue

We provide two proofs of Theorem 2 below. The first proof equates the ex-
pressions for the two Gergonne cevians to establish the result. The second one is
modelled on the proof of the Steiner - Lehmus theoreiRiabove.

Theorem 2. If two Gergonne cevians of a triangle are equal, then the triangle is
isosceles.

Figure 2.
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3.1 First proof. Figure 2 shows the equal Gergonne cevi&is, C' F of triangle
ABC. We consideNABE, AACF and apply the law of cosines:

BE? =c% + (s —a)? — 2¢(s — a) cos A,

CF? =b? + (s — a)® — 2b(s — a) cos A.
Equating the expressions f&rE? andC F? we see that

2(b—c)(s —a)cos A — (b —c*) =0

> ( @ + o)
—a+b+c)(b*+c*—a
(b—c) 2bc

There are two cases to consider.

(i) b—c=0= b= candtriangleABC is isosceles.

(ii) (_“+b+c)2(blf+02_“2) — (b+ ¢) = 0. This can be put, after simplification, in

—(b+c¢)| =0.

the form
a?(b+c—a)+b*(c+a—b)+c*(a+b—rc)=0.
This clearly is an impossibility by the triangle inequality.
Therefore (i) must hold and triangléBC' is isosceles.

3.2 Second proof. We employ the same construction as in Figure 1 for Theorem
1. Hence we do not repeat the description here for Figure 3.

Figure 3.

If AB # AC,letAB < AC,i.e,c < b, ands—c > s—b. As seen in the proof
of Theorem 1/EBC > /FCB = CH > BH. SinceCF = BFE, we have

FH < EH. )

In trianglesABE andAFC, AE = AF = s — a, BE = C'F and by assumption
AB < AC. HenceZAEB < ZAFC = /BEC > ZBFC or

/HEC > /HFB. 3)

Therefore, in triangle3FH and EFHC, /BHF = Z/EHC and from (3) we see
that
/FBH > /HCE. (4)
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Triangle FGC is isosceles by construction, so0FGC = ZFCG or ZFGE +
/EGC = /ZHCFE + Z/ECG. Because of (4) we see thatFGC < ZECG or
EC < EG,i.e,s—c<s—b=b< c, contradicting the assumption.

Likewise the assumptiob > ¢ would lead to a similar contradiction. Hence we
must haveh = ¢, and triangleA BC' is isosceles.

4, An extension

Theorem 3 shows that the equality of the segments of two angle bisectors of a
triangle intercepted by a Gergonne cevian itself implies that the triangle is isosce-
les.

Theorem 3. Theinternal angle bisectors of theangles ABC and AC'B of triangle
ABC meet the Gergonne cevian AD at E and F' respectively. If BE = C'F, then
triangle ABC isisosceles.

Proof. We refer to Figure 4. IAB # AC, let AB < AC. Henceb > ¢, s — b <

s —candF lies belowF on AD. A simple calculation with the help of the angle
bisector theorem shows that the Gergonne ceviahlies to the left of the cevian
that bisects” BAC and hence that ADC' is obtuse.

Figure 4.

By assumption/ABC > ZACB = /EBC > /FCD > ZECB. There-
fore,

CE>BE or CE>CF (5)

becauseBE = CF. However,ZADC
Hence/FEC = ZEDC + Z/ECD >
contradicting (5).

Likewise, the assumptiod B > AC also leads to a contradiction. This means
that triangleA BC' must be isosceles. O

ZEDC > 7 as mentioned above.

and/EFC < 5 = CE < CF,

v ||
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5. Conclusion

The reader is invited to consider other types of analogues or extensions of the
Steiner - Lehmus theorem. To conclude the discussion, we pose two problems to
the reader.

(1) The external angle bisectors aiABC and ZAC B meet the extension of
the Gergonne ceviad D at the pointsk and F' respectively. IfBE = C'F, prove
or disprove that trianglel BC' is isosceles.

(2) AD is an internal cevian of triangld BC. The internal angle bisectors of
/ZABC and ZACB meetAD at E and F' respectively. Determine a necesssary
and sufficient condition so th& £ = C'F implies that triangled BC'is isosceles.

References

[1] F. G.-M., Exercices de Géométrie, 6th ed., 1920; Gabay reprint, Paris, 1991.

[2] D. C. Kay, Nearly the last comment on the Steiner — Lehmus theo@mnx Math., 3 (1977)
148-149.

[3] M. Lewin, On the Steiner - Lehmus theoreMath. Mag., 47 (1974) 87-89.

[4] L. Sau, The Steiner - Lehmus theore@rux Math., 2 (1976) 19-24.

[5] C. W. Trigg, A bibliography of the Steiner - Lehmus theore@nux Math., 2 (1976) 191-193.

K. R. S. Sastry: Jeevan Sandhya, DoddaKalsandra Post, Raghuvana Halli, Bangalore, 560 062,
India.






Forum Geometricorum
Volume 5 (2005) 197-198.
FORUM GEOM

ISSN 1534-1178

Author Index

Abu-Saymeh, S.: Triangle centers with linear intercepts and linear suban-
gles, 33
Some Brocard-like points of a triangle, 65
Boskoff, W. G.: Applications of homogeneous functions to geometric inequal-
ities and identities in the euclidean plane, 143
Danneels, E.: A simple construction of a triangle from its centroid, incenter,
and a vertex, 53
The Eppstein centers and the Kenmotu points, 173
De Bruyn, B.: On a problem regarding thesectors of a triangle, 47
Gensane, Th.: On the maximal inflation of two squares, 23
Hajja, M.: Triangle centers with linear intercepts and linear subangles, 33
Some Brocard-like points of a triangle, 65
Goddijn, A.: Triangle-conic porism, 57
Hofstetter, K: Divison of a segment in the golden section with ruler and
rusty Compass, 135
van Lamoen, F. M.: Triangle-conic porism, 57
Moses, P. J. C.:Circles and triangle centers associated with the Lucas cir-
cles, 97
Nguyen, K. L.: A synthetic proof of Goormaghtigh’s generalization of Mus-
selman’s theorem, 17
On the complement of the Schiffler point, 149
Nguyen, M. H.: Another proof of van Lamoen’s theorem and its converse,
127
Okumura, H.: The arbelos im-aliquot parts, 37
Oxman, V.: On the existence of triangles with given lengths of one side, the
opposite and an adjacent angle bisectors, 21
On the existence of triangles with given circumcircle, incircle, and one
additional element, 165
Power, F.: Some more Archimedean circles in the arbelos, 133
Ryckelynck, Ph.: On the maximal inflation of two squares, 23
Sandor, J.: On the geometry of equilateral triangles, 107
Sigur, S.: Where are the conjugates?, 1
Smith, G. C.: Statics and moduli space of triangles, 181
Suceaw, B. D.: Applications of homogeneous functions to geometric inequal-
ities and identities in the euclidean plane, 143
Torrej 6n, R. M.: On an Er@$ inscribed triangle inequality, 137
Varverakis, A.: A maximal property of the cyclic quadrilaterals, 63



Author Index

Watanabe, M.: The arbelos im-aliquot parts, 37
Yiu, P: Elegant geometric constructions, 75



