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Where are the Conjugates?

Steve Sigur

Abstract. The positions and properties of a point in relation to its isogonal and
isotomic conjugates are discussed. Several families of self-conjugate conics are
given. Finally, the topological implications of conjugacy are stated along with
their implications for pivotal cubics.

1. Introduction

The edges of a triangle divide the Euclidean plane into seven regions. For the
projective plane, these seven regions reduce to four, which we call the central re-
gion, thea region, theb region, and thec region (Figure 1). All four of these
regions, each distinguished by a different color in the figure, meet at each vertex.
Equivalent structures occur in each, making the projective plane a natural back-
ground for fundamental triangle symmetries. In the sense that the projective plane
can be considered a sphere with opposite points identified, the projective plane di-
vided into four regions by the edges of a triangle can be thought of as an octahedron
projected onto this sphere, a remark that will be helpful later.
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Figure 1. The plane of the triangle, Euclidean and projective views

A point P in any of the four regions has an harmonic associate in each of the
others. Cevian lines throughP and/or its harmonic associates traverse two of the
these regions, there being two such possibilities at each vertex, giving 6 Cevian
(including exCevian) lines. These lines connect the harmonic associates with the
vertices in a natural way.
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Given two points in the plane there are two central points (a non-projective con-
cept), the midpoint and a point at infinity. Given two lines there are two central
lines, the angle bisectors. Where there is a sense of center, there is a sense of de-
viation from that center. For each point not at a vertex of the triangle there is a
conjugate point defined using each of these senses of center. The isogonal con-
jugate is the one defined using angles and the isotomic conjugate is defined using
distances. This paper is about the relation of a point to its conjugates.

We shall use the generic termconjugate when either type is implied. Other types
of conjugacy are possible [2], and our remarks will hold for them as well.

Notation. Points and lines will be identified in bold type. John Conway’s notation
for points is used. The four incenters (the incenter and the three excenters) are
Io, Ia, Ib, Ic. The four centroids (the centroid and its harmonic associates) areG,
AG, BG, CG. We shall speak of equivalent structures around the four incenters
or the four centroids. An angle bisector is identifed by the two incenters on it and
a median by the two centroids on it as in “ob”, or “ac”.AP is the Cevian trace of
line AP andAP is a vertex of the pre-Cevian triangle ofP. We shall often refer
to this point as an “ex-”version ofP or as an harmonic associate ofP. Coordinates
are barycentric.tP is the isotomic conjugate ofP, gP the isogonal conjugate.

The isogonal of a line through a vertex is its reflection across either bisector
through that vertex. The isogonal lines of the three Cevian lines of a pointP concur
in its conjugategP. In the central region of a triangle, the relation of a point to its
conjugate is simple. This region of the triangle is divided into 6 smaller regions
by the three internal bisectors. IfP is on a bisector, so isgP, with the incenter
between them, making the bisectors fixed lines under isogonal conjugation. IfP is
not on a bisector, thengP is in the one region of the six that is on the opposite side
of each of the three bisectors. This allows us to color the central region with three
colors so that a point and its conjugate are in regions of the same color (Figure 2).
The isotomic conjugate behaves analogously with the medians serving as fixed or
self-conjugate lines.

C A
P

P

gP

gP

B

Io

Figure 2. Angle bisctors divide the central region of the triangle into co-isotomic
regions. The isogonal conjugate of a point on a bisector is also on that bisector.
The conjugate of a point in one of the colored regions is in the other region of
the same color.
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2. Relation of conjugates to self-conjugate lines

The central region is all well and good, but the other three regions are locally
identical in behavior and are to be considered structurally equivalent. Figure 3
shows the triangle with the incentral quadrangle. Each vertex ofABC hosts two
bisectors, traditionally called internal and external. It is important to realize that an
isogonal line through any vertex can be created by reflection in either bisector. This
means that the three particular bisectors through any of the four incenters (one from
each vertex) can be used to define the isogonal conjugate. Hence the behavior of
conjugates aroundIb, say, is locally identical to that aroundIo, as shown in Figure
4.

bisector ca

oc

bc

oa

ob

ab

A

B

C

Ia

Ib

Io

Ic

Figure 3. The triangle and its incentral quadrangle

If P is in the central region, the conjugategP is also; both are on the same side
(the interior side) of each of the three external bisectors. So in the central region a
point and its conjugate are on opposite sides of three bisectors (the internal ones)
and on the same side of three others (the external ones). This is also true in the
neighborhood ofIb, although the particular bisectors have changed. No matter
where in the plane, a point not on a bisector is on the opposite of three bisectors
from its conjugate and on the same side for the other three bisectors. To some extent
this statement is justified by the local equivalence of conjugate behavior mentioned
above, but this assertion will be fully justified later in§10 on topological properties.

3. Formal properties of the conjugacy operation

Each type of conjugate has special fixed points and lines in the plane. As these
properties are generally known, they will be stated without proof. Figures 5 and 8
show the mentioned structures.
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Figure 4. This picture shows the local equivalence of the region aroundIo to
that aroundIc. This equivalence appears to end at the circumcircle. Numbered
points are co-conjugal, each being the conjugate of the other. For each region a
pair of points both on and off a bisector is given.

conjugacy fixed points fixed lines special curves singularities
isotomic centroid, its har- medians and line at infinity, vertices

monic conjugates ex-medians Steiner ellipse
isogonal incenter, its har- internal and line at infinity, vertices

monic conjugates external bisectors circumcircle

For each type of conjugacy there are 4 points in the plane, harmonically re-
lated, that are fixed points under conjugacy. For isogonal conjugacy these are the
4 in/excenters. For isotomic conjugacy these are the centroid and its harmonic
associates.In each case the six lines that connect the 4 fixed points are the fixed
lines.

Special curves: Each point on the Steiner ellipse has the property that its isotomic
Cevians are parallel, placing the isotomic conjugate at infinity. Similarly for any
point on the circumcircle, its isogonal Cevians are parallel, again placing the isogo-
nal conjugate at infinity. These special curves are very significant in the Euclidean
plane, but not at all significant in the projective plane.

The conjugate of a point on an edge ofABC is at the corresponding vertex, an
∞ to 1 correspondence. This implies that the conjugate at a vertex is not defined,
making the vertices the three points in the plane where this is true. This leads to
a complicated partition of the Euclidean plane, as the behavior the conjugate of a
point inside the Steiner ellipse or the circumcircle is different from that outside. We
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The plane is divided into regions by the 
extended sides of ABC, its Steiner 
ellipse, and the line at infinity.

In the yellow and tan regions the 
isotomic conjugate of a point goes to a 
point in the same colored region. If in a 
blue, red or green region, the point 
hops over the triangle to the other 
region of the same color.

Conjugates are 1-1 unless the point is 
at a vertex. The conjugate of all points 
on an edge of ABC is the 
corresponding vertex. 

The conjugate of a point on the 
Steiner ellipse is on the line at infinity.

The conjugate of a point on an 
internal or external median is 
also on that line. 

The centroid and its harmonic 
associates are each their own 
conjugate.

Six homothetic copies of the Steiner ellipse each 
go through vertices (two through each) and the 
various versions of the centroid (three through 
each).  Their centers are the intersections of the 
medians with the Steiner ellipse. The isotomic 
conjugate of a point on any of these ellipses is 
also on the same ellipse. The conjugate of a 
point inside an ellipse is outside them. 

Figure 5. Isotomic conjugates

thus have the pictures of the regions of the plane in terms of conjugates as shown
in Figures 5 and 8.

The colors in these two pictures show regions of the plane which are shared
by the conjugates. The boundaries of these regions are the sides of the triangle,
the circumconic and the line at infinity. The conjugate of a point in a region of a
certain color is a region of the same color. For the red, green, and blue regions the
conjugate is always in the other region of the same color.

These properties are helpful in locating a point in relation to the position of its
conjugate, but there is more to this story.

4. Conjugate curves

4.1. Lines. The conjugate of a curve is found by taking the conjugate of each point
on the curve. In general the conjugate of a straight line is a circumconic, but there
are some exceptions.
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Theorem 1. If a line goes through a vertex of the reference triangle ABC, the
conjugate of this line is a line through the same vertex.

Proof. Choose vertexB. A line through this vertex has the formnz− �x = 0. The
isotomic conjugate isnz − �

x = 0, which is the same asnx− �z = 0, a line through
the same vertex. The isogonal conjugate works analogously. �

This result is structurally useful. If a point approaches a vertex on a straight line
(or a smooth curve, which must approximate one) its conjugate crosses an edge by
the conjugate line ([3]).

4.2. Self conjugate conics (isotomic case). The isotomic conjugate of the general
conic is a quartic curve, but again there are some interesting exceptions.

Theorem 2. Conics through AGCBG and ACCGAG are self-isotomic.

Proof. The general conic is�x2 +my2+nz2+Lyz+Mzx+Nxy = 0. Choosing
the caseAGCBG, sinceA andC are on the conic, we have that� = n = 0. From
G andBG we get the two equationsm ± L + M ± N = 0, from which we get
M = −m and N = −L giving y2 − zx + λy(z − x) = 0 as the family of
conics through these two points. Replacing each coordinate with its reciprocal and
assuming thatxyz �= 0, we see that this equation is self-isotomic.

For the caseCAAGCG the equation isy2 + zx + λy(z + x) = 0, also self-
isotomic.

�
Each family has one special conic homothetic to the Steiner ellipse and of spe-

cial interest:y2−zx = 0, which goes throughAGCBG, andy2+zx+2y(z+x) =
0, which goes throughACCGAG. Conics homothetic to the Steiner ellipse can
be written asyz + zx + xy + (Lx + My + Nz)(x + y + z) = 0. Choosing
L = N = 0 andM = ±1 gives the two conics of interest. The first of these has
striking properties.

Theorem 3. The ellipse y2 − zx = 0
(1) goes through C, A, G, AG,
(2) is tangent to edges a and c,
(3) contains the isotomic conjugate tP of every point P on it, (and if one of P and
tP is inside, then the other is outside the ellipse; the line connecting a point on the
ellipse with its conjugate is parallel to the b edge [3]),
(4) contains the B-harmonic associate of every point on it,
(5) has center (2 : −1 : 2) which is the intersection of the Steiner ellipse with the
b-median,
(6) is the translation of the Steiner ellipse by the vector from B to G,
(7) contains Pn = (xn : yn : zn) for integer values of n if P = (x : y : z),
(xyz �= 0), is on the curve,
(8) is the inverse in the Steiner ellipse of the b-edge of ABC .

These last two properties are included for their interest, but have little to do with
the topic at hand (other than thatn = −1 is the isotomic conjugate). A second
paper will be devoted to these properties of this curve.
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Proof. (1) can be verified by substituting coordinates as done above.
(2) is true by the general principle that if an equation has the form (line 2)2 =

(line 1)·(line 3), then the curve has a double intersection at the intersection of line
1 and line 2 and at the intersection of line 3 and line 2 and is tangent to lines 1 and
2 at those points.

For (3) we take the isotomic conjugage of a point on the curve to obtain1
y2 −

1
zx = 0, which, since this curve only exists where the productzx is positive, is the
same aszx− y2 = 0, so thattP is on the curve ifP is, which also implies that the
point and the conjugate are on different sides of the ellipse.(yz : zx : xy) is the
conjugate. If on the ellipsezx = y2 we have(yz : y2 : xy) ∼ (z : y : x). The
vector from this point to(x : y : z) is proportional to(−1 : 0 : 1), which is in the
direction of theb-edge.

(4) can be verified by noting that if(x, y, z) is on the ellipse, so is its harmonic
associate(x,−y, z).

(5) The center is found as the polar of the line at infinity.
(6) is verified by computing the translationT : B → G, and computing

S(T−1P), whereS(P) is the Steiner ellipse in terms of a pointP on the curve.
(7) is verified since(yn)2 − znxn hasy2 − zx as a factor, so thatPn is on the

curve ifP is.
(8) (· · · : y : · · · ) → (· · · : y2 − zx : · · · ) is the Steiner inversion and takes

y = 0 into y2 − zx = 0. �

5. The isotomic ellipses

Consider the three curves

x2 − yz = 0,

y2 − zx = 0,

z2 − xy = 0,

which are translations of the Steiner ellipse, each through two vertices, and tangent
to the edges ofABC. Exactly as the three medians are self-isotomic and separate
the central region of the triangle, so too do these ellipses. If a point is inside one, its
conjugate is outside. The line from a point on one of these curves to its conjugate
its parallel to a side of the triangle, or perhaps stated more correctly, to the an
ex-median.

Consider the three curves

x2 + yz + 2x(y + z) = 0,

y2 + zx + 2y(z + x) = 0,

z2 + xy + 2z(x + y) = 0

each homothetic to the Steiner ellipse. Each goes through two ex-centroids and
two vertices and is centered at the other vertex. These are the exterior versions
of the above three, rather as the ex-medians are external versions of the medians.
They are self-isotomic and the line from a point to its conjugate is parallel to a
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median (proved below). These ellipses go through the ex-centroids and serve to
define regions about them just as the others do for the central regions. They can
also be seen in Figure 5. These six isotomic ellipses are all centered on the Steiner
circumellipse ofABC. Their tangents at the vertices are either parallel to the me-
dians or the exmedians. For any point in the plane where the conjugate is defined,
the point and its conjugate are on the same side (inside or outside) for three ellipses
and on opposite sides for the other three (just as for the medians).

6. P − tP lines

For points on the interior versions (those that pass throughG) of these conics,
the lines from a point to its conjugate are parallel to the ex-medians (and hence to
the sides ofABC). For points on the exterior ellipses, the line joining a point to
its conjugate is parallel to a median ofABC. This is illustrated in Figure 6.

B

A

G

CG

BG

AG

C

oa median

ca m
edian

bc median

ab
 m

ed
ia

n

parallel to ab median

parallel to
 oc median

ob median

oc m
edian

Figure 6. Points paired with their conjugates are connected by blue lines, each
of which is parallel to a median or an ex-median ofABC. The direction of the
lines for the two ellipses throughA andB are noted.

For the interior ellipses, this property has been proved. For the exterior ones
the math is a bit harder. Note that a point and its conjugate can be written as
(x : y : z) and (yz : zx : xy). The equation of the ellipse can be written as
zx = y2 + 2y(z + x), so that the conjugate becomes

(yz : y2 + 2y(z + x) : xy) ∼ (z : y + 2(z + x) : x).

The vector between these two (normalized) points is

(x + y + z : −2(x + y + z) : x + y + z) ∼ (1 : −2 : 1)

which is the direction of a median.
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A

B

C

Io

Figure 7. The central region divided by three bisectors and three self-isogonal circles.

7. The self-isogonal circles

Just as the ellipse homothetic to the Steiner ellipse throughCGAGB is isotom-
ically self-conjugate, the circle through the corresponding set of pointsCIoAIb is
isogonally self-conjugate, a very pretty result. Just as the there are six versions of
the isotomic ellipses, each with a center on the Steiner ellipse, there are 6 isogonal
circles, each centered on the circumcircle, also a pretty result (Figure 8).

We note thatIoCIbA is cyclic because the bisectorAIb is perpendicular to the
bisectorIoA. The angles atA andC are right angles so that opposite angles of the
quadrilateral are supplementary. Hence there is a circle throughCIoAIb. It is in
fact the diametral circle onIoIb.

The equation of a general circle is

a2yz + b2zx + c2xy + (�x + my + nz)(x + y + z) = 0.

Demanding that it go through the above 4 points, we get

cay2 − b2zx − (a − c)(ayz − cxy) = 0

with center(a(a + c) : −b2 : c(a + c)), the midpoint ofIoIa. There are six
such circles, each through 2 vertices and two incenters. Each pair of incenters
determines one of these circles hence there are 6 of them. Just as each bisector goes
through 2 incenters, so does each of these circles. Just as the bisectors separate a
point from its conjugate, so do these circles, giving an even more detailed view of
conjugacy in the neighborhood of an incenter (see Figure 7).

If a point on one of these six circles is connected to its conjugate, the line is
parallel to one of the six bisectors, the circles throughIo pairing with exterior
bisectors. The tangent lines at the vertices are also parallel to a bisector. These
statements are proved just as for the isotomic ellipses.
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The background shows the 
plane divided into ten 
regions by the (extended) 
sides of ABC, its circumcircle 
and the line at infinity. 
Isogonal conjugacy maps 
each yellow or tan region to 
itself and pairs the others 
according to their colors.

The isogonal of a point on 
an internal  or external 
bisector is also on that 
bisector. 

The six circles that go through a pair of 
vertices and a pair of incenters are self 
isogonal. Their centers are the midpoints of 
the segments that start and end on an 
incenter and are shown as blue points on the 
circumcircle. 

The isogonal of a point on the 
circumcircle is a point at infinity. 
For this particular intersection, its 
isogonal is the infinite point on 
the ab bisector.

A

B

C

Ib = gIb

Ia = gIa

Io = gIo

Ic = gIc

gP is the isogonal conjugate of 
point P.

Isogonality is 1-1 
unless the point is at 
a vertex. For a point 
in an edge the 
isogonal is the 
opposite vertex.

self iso
gonal circle

Figure 8. Isogonal conjuates

8. Self-isogonal conics

Demanding a conic go throughCIoAIb, we getcay2−b2zx+λy(az−cx) = 0,
which can be verified to be self- isogonal. Those throughCAIaIc have equation
cay2 + b2zx + λy(az + cx) = 0, and are similarly isogonal.
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Figure 9. P − gP lines. On each isogonal circle the line from a point to its
conjugate is parallel to one of the angle bisectors. If the circle goes throughIo
the line is parallel to the corresponding external bisector. The red points on the
circumcircle are the centers of the isogonal circles. For the two circles through
A andB, the directions of theP− gP line is noted.

9. The central region - an enhanced view

These self-conjugate circles thus help us place the isogonal conjugate ofP just
as do the median lines. If a point is on one of these circles, then so is its conjugate.
If inside, the conjugate is outside and vice versa. This division of the plane into
regions is very effective at giving the general location of the conjugate of a point
(Figure 7). Of course this behavior aroundIo is mimicked by that around the other
incenters.

10. Topological considerations

There is a complication to the above analysis which leads to a very pretty picture
of conjugacy in the projective plane. Conjugacy is 1-1 both ways except at the
vertices where it blows up. This is in fact a topological blowup. To see this, let
P move out of the central region across theb-edge, say. Near bothIo andIb, the
behavior of a point to its conjugate is simple and known. In the central region,
P and its conjugateQ were on opposite sides of theb-bisector; onceP passed
through theb-edge,Q passed through theB-vertex, after which it is on the same
side of theb-bisector asP. We say that the plane of the triangle, underwent a
Möbius-like twist at theB-vertex. ContinuingP’s journey out of the central region
through theb-edge towardsIb, we encounter the second problem. AsP nears the
circumcircle,Q goes to infinity. AsP crosses the circumcircle,Q crosses the line
at infinity as well as the bisector, giving another twist to the plane as it passes. As
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Figure 10. Here points numbered 18 are arranged on a line throughC. The
conjugates, numbered equally, are on the isogonal line throughC, but are spaced
wildly. The isogonal circles show and explain the unusual distribution of the

conjugates.

P moves nearIb, the center of theb-excircle,Q moves towards it, now again on the
opposite side of the bisector. (This emphasis on topological properties is a result
of a conversation about conjugacy with John Conway, one of the most interesting
conversations about triangle geometry that I have ever had).

The isotomic conjugate behaves analogously at the vertices and at infinity with
the Steiner ellipse taking the place of the circumcircle and the six medians replac-
ing the six bisectors.

There is a way to tame the conjugacy operation at the three points in the plane
which are not 1-1, and to throw light on the behavior of conjugates at the same
time.

As a point approaches a vertex along a line, its conjugate goes to the point on
the edge intersected by the isogonal line. Hence although the conjugate at a vertex
is undefined, each direction into the vertex corresponds to a point on an edge.We
represent this by letting the point “blowup”, becoming a small disc. Each point on
the edge of the disc represents a direction with respect to the center. Its antipodal
point is on the same line so the disc has opposite points identified. This topological
blowup replaces the vertex with a M¨obius-like surface (a cross-cap), explaining the
shift of the conjugate from the opposite side of a bisector to the same side.

Figure 11 shows the plane of the triangle from this point of view for the isogonal
case. It is a very different view indeed. The important lines are the six bisectors
and the important points are the three vertices and the four incenters. The edges
of the triangle are only shown for orientation and the circumcircle is not relevant
to the picture. The colors show co-isogonal regions - if a point is in a region of
a certain color, so is its conjugate. The twists of the plane occur at the vertices
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A
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Ib
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Figure 11. (Drawn with John Conway). Topological view of the location of
conjugates The colors show co-isogonal regions. The lines issuing from the
vertices show isogonal lines. The isogonal circles are shown. The white lines
are the boundries of the three faces of a projective cube.

as shown by the colored regions converging on the vertices. In fact this figure
forms a projective cube where the incenters are the four vertices that remain after
anitpodes are identified. The view shown is directly toward the “vertex”Io with
the linesIoIa, IoIb, IoIc being the three edges from that vertex.IoIbIcIa form a
face. The white lines are the edges of the cube. In the middle of each face is a
cross-cap structure at a vertex. The final picture is of a projective cube with each
face containing a crosscap singularity. The triangleABC and its sides can be
considered the projective octahedron inscribed to the cube with the four regions
identified in the introductory paragraph being the four faces.
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This leads to a nice view of pivotal cubics which are defined in terms of conju-
gates. The cubics go through all 7 relevant points.

11. Cubics

We can learn a bit about the shape of pivotal cubics from this topological picture
of the conjugates. Pivotal cubics include both a point and its conjugate, so that each
branch of the cubic must stay in co-isogonal regions, which are of a definite color
on our topological picture.

A

B

C Io

Ic

Ia

Ib

O

L

H

Figure 12. The Darboux cubic is a pivotal isogonal cubic, meaning that the isog-
onal conjugate of each point is on the cubic and colinear with the pivot point,
which in this case is the deLongchamps point. The colored regions show the
pattern of the conjugates. If a point is in a region of a certain color, so is its con-
jugate. This picture shows that the branches of the cubic turn to stay in regions
of a particular color.

The Darboux cubic (Figure 12) has two branches, one through a single vertex,Io
and, in the illustration,Ib. The other goes throughIc, Ia and two vertices, wrapping
around through the line at infinity. The Neuberg cubic (Figure 13) does the same.
Its “circular component” being more visible since it does not pass through the line
at infinity. We can understand the various “wiggles” of these cubics as necessary
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to stay in a self-conjugal region. Also we can see that a conjugate of a point on one
branch cannot be on the other branch.

Geometry is fun.

B

C

Ic

Ia

Ib

Io

A

Figure 13. The Neuberg cubic is a pivotal isogonal cubic, meaning that the isog-
onal conjugate of each point is on the cubic and colinear with the pivot point,
which in this case is the Euler infinity point. The colored regions show the pat-
tern of the conjugates. If a point is in a region of a certain color, so its conjugate.
This picture shows that the branches of the cubic turn to stay in regions of a
particular color.
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A Synthetic Proof of Goormaghtigh’s
Generalization of Musselman’s Theorem

Khoa Lu Nguyen

Abstract. We give a synthetic proof of a generalization by R. Goormaghtigh of
a theorem of J. H. Musselman.

Consider a triangleABC with circumcenterO and orthocenterH. Denote by
A∗, B∗, C∗ respectively the reflections ofA, B, C in the sideBC, CA, AB. The
following interesting theorem was due to J. R. Musselman.

Theorem 1 (Musselman [2]). The circles AOA∗, BOB∗, COC∗ meet in a point
which is the inverse in the circumcircle of the isogonal conjugate point of the nine
point center.

A

B C

O

A∗

N
Q

N∗

H

B∗

C∗

Figure 1

R. Goormaghtigh, in his solution using complex coordinates, gave the following
generalization.

Theorem 2 (Goormaghtigh [2]). Let A1, B1, C1 be points on OA, OB, OC such
that

OA1

OA
=

OB1

OB
=

OC1

OC
= t.

(1) The intersections of the perpendiculars to OA at A1, OB at B1, and OC at
C1 with the respective sidelines BC , CA, AB are collinear on a line �.

(2) If M is the orthogonal projection of O on �, M′ the point on OM such that
OM ′ : OM = 1 : t, then the inversive image of M′ in the circumcircle of ABC

Publication Date: January 24, 2005. Communicating Editor: Paul Yiu.
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is the isogonal conjugate of the point P on the Euler line dividing OH in the ratio
OP : PH = 1 : 2t. See Figure 1.

O

A1

B1 C1

X′

Y ′

Z′

A

B C

P
H

P∗

M

Figure 2

Musselman’s Theorem is the case whent = 1
2 . Since the centers of the circles

OAA∗, OBB∗, OCC∗ are collinear, the three circles have a second common point
which is the reflection ofO in the line of centers. This is the inversive image of the
isogonal conjugate of the nine-point center, the midpoint ofOH.

By Desargues’ theorem [1, pp.230–231], statement (1) above is equivalent to
the perspectivity ofABC and the triangle bounded by the three perpendiculars in
question. We prove this as an immediate corollary of Theorem 3 below. In fact,
Goormaghtigh [2] remarked that (1) was well known, and was given in J. Neuberg’s
Mémoir sur le Tétraèdre, 1884, where it was also shown that the envelope of� is
the inscribed parabola with the Euler line as directrix (Kiepert parabola). He has,
however, inadvertently omitted “the isogonal conjugate of ” in statement (2).

Theorem 3. Let A′B′C ′ be the tangential triangle of ABC . Consider points X,
Y , Z dividing OA′, OB′, OC ′ respectively in the ratio

OX

OA′ =
OY

OB′ =
OZ

OC ′ = t. (†)
The lines AX, BY , CZ are concurrent at the isogonal conjugate of the point P
on the Euler line dividing OH in the ratio OP : PH = 1 : 2t.

Proof. Let the isogonal line ofAX (with respect to angleA) intersectOA′ at X ′.
The trianglesOAX andOX′A are similar. It follows thatOX ·OX′ = OA2, and
X, X ′ are inverse in the circumcircle. Note also thatA′ andM are inverse in the
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O

M

X

X′

A′

H

P

A

B C

Figure 3

same circumcircle, andOM · OA′ = OA2. If the isogonal line ofAX intersects
the Euler lineOH atP , then

OP

PH
=

OX ′

AH
=

OX ′

2 · OM
=

1
2
· OA′

OX
=

1
2t

.

The same reasoning shows that the isogonal lines ofBY andCZ intersect the
Euler line at the same pointP . From this, we conclude that the linesAX, BY ,
CZ intersect at the isogonal conjugate ofP . �

For t = 1
2 , X, Y , Z are the circumcenters of the trianglesOBC, OCA, OAB

respectively. The linesAX, BY , CZ intersect at the isogonal conjugate of the
midpoint ofOH, which is clearly the nine-point center. This is Kosnita’s Theorem
(see [3]).

Proof of Theorem 2. Since the triangleXY Z bounded by the perpendiculars at
A1, B1, C1 is homothetic to the tangential triangle atO, with factort. Its vertices
X, Y , Z are on the linesOA′, OB′, OC ′ respectively and satisfy (†). By Theorem
3, the linesAX, BY , CZ intersect at the isogonal conjugate ofP dividing OH
in the ratioOP : HP = 1 : 2t. Statement (1) follows from Desargues’ theorem.
Denote byX′ the intersection ofBC andY Z, Y ′ that ofCA andZX, andZ′ that
of AB andXY . The pointsX′, Y ′, Z ′ lie on a line�.

Consider the inversionΨ with centerO and constantt · R2, whereR is the
circumradius of triangleABC. The image ofM underΨ is the same as the inverse
of M ′ (defined in statement (2)) in the circumcircle. The inversionΨ clearly maps
A, B, C into A1, B1, C1 respectively. LetA2, B2, C2 be the midpoints ofBC,
CA, AB respectively. Since the anglesBB1X andBA2X are both right angles,
the pointsB, B1, A2, X are concyclic, and

OA2 · OX = OB · OB1 = t · R2.
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O

A1

B1 C1

X′

A

B C

X

Y

Z

A2

B2
C2

A3

Figure 4

Similarly, OB2 ·OB′
2 = OC2 ·OC ′

2 = t ·R2. It follows that the inversionΨ maps
X, Y , Z into A2, B2, C2 respectively.

Therefore, the image ofX′ underΨ is the second common pointA3 of the
circlesOB1C1 andOB2C2. Likewise, the images ofY ′ andZ′ are respectively the
second common pointsB3 of the circlesOC1A1 andOC2A2, andC3 of OA1B1

andOA2B2. SinceX ′, Y ′, Z ′ are collinear on�, the pointsO, A3, B3, C3 are
concyclic on a circleC.

UnderΨ, the image of the lineAX is the circleOA1A2, which has diameter
OX ′ and containsM , the projection ofO on �. Likewise, the images ofBY and
CZ are the circles with diametersOY ′ andOZ′ respectively, and they both contain
the same pointM . It follows that the common point of the linesAX, BY , CZ is
the image ofM underΨ, which is the intersection of the lineOM andC. This is
the antipode ofO onC.
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On the Existence of Triangles with Given Lengths of
One Side, the Opposite and One Adjacent Angle Bisectors

Victor Oxman

Abstract. We give a necessary and sufficient condition for the existence of a
triangle with given lengths of one sides, its opposite angle bisector, and one
adjacent angle bisector.

In [1] the problem of existence of a triangle with given lengths of one side and
two adjacent angle bisectors was solved. In this note we consider the same problem
with one of the adjacent angle bisector replaced by the opposite angle bisector. We
prove the following theorem.

Theorem 1. Given a, �a, �b > 0, there is a unique triangle ABC with BC = a
and lengths of bisectors of angles A and B equal to �a and �b respectively if and
only if �b ≤ a or

a < �b < 2a and �a >
4a�b(�b − a)

(2a − �b)(3�b − 2a)
.

Proof. In a triangleABC with BC = a and given�a, �b, lety = CA andz = AB.
We have�b = 2az

a+z cos B
2 and

z =
a�b

2a cos B
2 − �b

. (1)

It follows thatcos B
2 > �b

2a , �b < 2a, and

B < 2 arccos
�b

2a
. (2)

Also,

y2 =a2 + z(z − 2a cos B), (3)

�2
a =yz

(
1 − a2

(y + z)2

)
. (4)

Publication Date: February 10, 2005. Communicating Editor: Paul Yiu.
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Case 1: �b ≤ a. Clearly, (1) definesz as an increasing function ofB on the open

interval
(
0, 2 arccos �b

2a

)
. As B increases from0 to 2 arccos �b

2a , z increases from
a�b

2a−�b
to ∞. At the same time, from (3),y increases froma − a·�b

2a−�b
= 2a(a−�b)

2a−�b
to

∞. Correspondingly, the right hand side of (4) can be any positive number. From
the intermediate value theorem, there exists a uniqueB for which (4) is satisfied.
This proves the existence and uniqueness of the triangle.

Case 2: a < �b < 2a. In this case, (1) defines the same increasing functionz as
before, buty increases froma·�b

2a−�b
−a = 2a(�b−a)

2a−�b
to∞. Correspondingly, the right

hand side of (4) increases from

a�b

2a − �b
· 2a(�b − a)

2a − �b


1 − a2(

a�b
2a−�b

+ 2a(�b−a)
2a−�b

)2


 =

16a2�2
b(�b − a)2

(2a − �b)2(3�b − 2a)2

to ∞. This means�a > 4a�b(�b−a)
(2a−�b)(3�b−2a) . Therefore, there is a unique valueB for

which (4) is satisfied. This proves the existence and uniqueness of the triangle.�
Corollary 2. For the existence of an isosceles triangle with equal sides a with
opposite angle bisectors �a, it is necessary and sufficient that �a < 4

3a.

Reference
[1] V. Oxman, On the existence of triangles with given lengths of one side and two adjacent angle

bisectors,Forum Geom., 4 (2004) 215–218.

Victor Oxman (Western Galilee College): Derech HaYam 191a, Haifa 34890, Israel
E-mail address: voxman@research.haifa.ac.il



Forum Geometricorum
Volume 5 (2005) 23–31. b b

b

b

FORUM GEOM

ISSN 1534-1178

On the Maximal Inflation of Two Squares

Thierry Gensane and Philippe Ryckelynck

Abstract. We consider two non-overlapping congruent squaresq1, q2 and the
homothetic congruent squaresqk1 , q

k
2 obtained from two similitudes centered

at the centers of the squares. We study the supremum of the ratios of these
similitudes for whichqk1 , q

k
2 are non-overlapping. This yields a functionψ =

ψ(q1, q2) for which the squaresqψ1 , q
ψ
2 are non-overlapping although their bound-

aries intersect. When the squaresq1 andq2 are not parallel, we give a 8-step
construction using straight edge and compass of the intersectionqψ1 ∩ qψ2 and we
obtain two formulas forψ. We also give an angular characterization of a vertex
which belongs toqψ1 ∩ qψ2 .

1. Introduction and notation

We study here the problem of maximizing theinflation of two non-overlapping
congruent squaresq1 = qa1,b1,θ1,c andq2 = qa2,b2,θ2,c. The squareqi has the four
vertices

Sj(qi) = (ai, bi) + c · (cos(θi + j π2 ), sin(θi + j π2 )).

Let qka,b,θ,c = qa,b,θ,k be the homothetic of ratiok/c of the squareqa,b,θ,c. Our
problem amounts to determining the supremumψ = ψ(q1, q2) of the numbers
k > 0 for which qk1 andqk2 are disjoint.

q1

q2

q1

q2

qψ1

qψ2

qψ1

qψ2

Figure 1

In [3, §4], ψ = ψ(q1, q2) is called themaximum inflation of a configuration of
two squares. It plays a central part in computation of dense packings of squares in
a larger square. We refer to the paper of P. Erd˝os and R. Graham [1] who initiated
the problem of maximizing the area sum of packings of an arbitrary square by unit
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squares, see also the survey of E. Friedman [2]. We note thatψ is independent ofc
and that

k ≤ ψ ⇔ int(qk1 ) ∩ int(qk2 ) = ∅, (1)

k ≥ ψ ⇔ ∂qk1 ∩ ∂qk2 �= ∅, (2)

where as usual, we denote byint(q) and∂q the interior and the boundary of a
squareq. An explicit formula forψ = ψ(q1, q2) is given in [3, Prop.2] as follows.
Let us define

ψ0(a, b, θ) = min
i=1,...,4

{
|a| + |b|∣∣1 −√

2sgn(ab) sin(θ + π
4 + iπ2 )

∣∣
}
,

and

ρ(q1, q2) = ψ0 (t cos θ1 + t′ sin θ1,−t sin θ1 + t′ cos θ1, θ2 − θ1) ,
with (t, t′) = (a2 − a1, b2 − b1). The maximal inflation of two squaresq1 andq2 is
the maximum ofρ(q1, q2) andρ(q2, q1). The minimum value, sayk = ρ(q1, q2) <
ψ, corresponds to the belongness of a vertexE of qk2 to a straight lineAB when
qk1 = ABCD, but without havingE betweenA andB. This expression ofψ gives
an efficient tool for doing calculations of maximal inflation of configurations of
n ≥ 2 squares.

In this paper, the two congruent squaresq1, q2 are such thatq1∩q2 = ∅ and their
centers are denoted byCi = C(qi). We say as in [3,§4], thatq2 strikes q1 if the set
qψ1 ∩ qψ2 contains a vertex ofqψ2 . In §§3–5, we suppose that the squaresq1, q2 are
not parallel so thatqψ1 ∩qψ2 = {P}, where the vertexP of q1 or q2 is thepercussion
point. However, at the end of each of these sections, we discuss the parallel case in
a final remark. We find in§4 a 8-step construction using straight edge and compass
of P . SinceP is a vertex ofqψ1 or qψ2 , the construction gives immediately the other
vertices ofqψ1 , qψ2 . At the same time, we choose a frame in which we obtain two
simpler formulas forψ. We give in§5 an angular characterization which allows to
identify which squareq1 or q2 strikes the other.

2. Quadrants defined by squares

If q = qa,b,θ,c is a square, we define the twoaxes A1(q) andA2(q) of q as the
straight lines through(a, b) ∈ R2 which are parallel to the sides ofq. We define the
four counterclockwise consecutiverays Di(q) as the half-lines with origin(a, b)
and which contain the vertices ofq; we setD0(q) = D4(q). A couple of consecu-
tive raysDi(q) andDi+1(q) defines theith quadrantQi(q) in R2 associated to the
squareq.

If a pointM , distinct from the center ofq, belongs toint(Qi(q)), then we note
S(q,M) = Qi(q). If the pointM lies on the boundaries of two consecutive quad-
rantsQi−1(q) andQi(q), then we choose indifferentlyS(q,M) as one of the two
quadrantsQi−1(q) orQi(q). Note thatM ∈ int(S(q,N)) iff N ∈ int(S(q,M)).

Lemma 1. If the intersection set qψ1 ∩ qψ2 contains a vertex P of qψ2 , then P ∈
S(q2, C1).
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Proof. Let D be the straight line containing a diagonal ofq2 and which does not
containP . Then the disc with centerP and radiusψ containsC1 andC2 since
d(C1, P ) ≤ d(C2, P ) = ψ. Hence there is only one half-planeH, bounded byD,
which contains this disc. Now,H is the unionS1 ∪ S2 of two quadrants associated
to q2 and the rayDi(q2) throughP is S1 ∩S2. If C1 /∈ Di(q2), one ofS1 andS2 is
S(q2, C1); butP ∈ Di(q2) = S1 ∩ S2 givesP ∈ S(q2, C1). If C1 ∈ Di(q2), then
P ∈ Di(q2) ⊂ S(q2, C1). �

Lemma 2. We have

qψ1 ∩ qψ2 ⊂ S(q1, C2) ∩ S(q2, C1). (3)

The intersection of the two quadrants is depicted in Figure 2.

b

b

b

b

C1

C2

S(q1, C2) ∩ S(q2, C1)

Figure 2

Proof. The proof is divided in three exclusive and exhaustive situations.
(i) First, we suppose that the intersection setqψ1 ∩ qψ2 = {P} whereP is a common
vertex ofqψ1 andqψ2 . We readily obtainP ∈ S(q2, C1) andP ∈ S(q1, C2) from
Lemma 1.
(ii) Second, we suppose thatqψ1 ∩ qψ2 contains a vertexP = (xP , yP ) of qψ2 and
thatP is not a vertex ofqψ1 . We denote byABCD the squareqψ1 with P ∈]A,B[
and letC1A, C1B be respectively thex-axis and they-axis. For the interiors of
the two squares to be disjoint,C2 must be in{(x, y) : x ≥ xp and y ≥ yp} since
the straight linex+ y = ψ separates the two squares. Hence the percussion point
P and the centerC2 = (a, b) of q2 lie in the same quadrantS(q1, C2). Due to
Lemma 1,P is also inS(q2, C1).
(iii) Third, whenqψ1 ∩qψ2 is a common edge of the two squaresqψi , thenS(q1, C2)∩
S(q2, C1) is a square of sizeψ and having verticesC1, P1, C2, P2. Sinceqψ1 ∩ qψ2
is a diagonal of this square, the inclusion (3) is obvious. �
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Figure 3

Remark. When the segment[C1, C2] contains a vertex ofqψ1 or qψ2 , sayA, the
statement in (3) can be strengthened:qψ1 ∩ qψ2 = {A} is the percussion point.

3. Location of the percussion point

We consider the integeri1 ∈ {0, 1} such that the axisAi1(q1) bounds an half-
plane containingS(q1, C2). Similarly, we consider the axisAi2(q2) which bounds
an half-plane containingS(q2, C1). SinceAi1(q1),Ai2(q2) are not parallel, we can
setAi1(q1) ∩Ai2(q2) = {W}. We use in§4 the pointV which is the intersection
of the axisAj2(q2) andWC1 and wherej2 ∈ {0, 1} is the integer different from
i2.

The two straight linesAi1(q1) andAi2(q2) define one dihedral angle which
contains bothC1 andC2, that we denote as∠C1WC2. Let γ = γ(q1, q2) =
2ω = Ĉ1WC2 ∈ [0, π] be the measure of this dihedral angle. We define now

B(q1, q2) as the half-line which bisects∠C1WC2. We also note%1 = ||−−−→WC1|| and
%2 = ||−−−→WC2||.
Lemma 3. We have γ = γ(q1, q2) ∈

]
0, π2

[
.

Proof. If γ = 0, the two axesAi1(q1) andAi2(q2) are equal to some straight line
D. The centersC1 andC2 lie onD. But by constructionAi1(q1) andAi2(q2) have
to be perpendicular to the lineD, contradiction.

If γ = π
2 , the two axesAi1(q1) andAi2(q2) are perpendicular but this is ex-

cluded because the squares are not parallel.
We now suppose thatπ2 < γ <

3π
4 . The quadrantS(q2, C1) intersects the axis

Ai1(q1) at a pointM which belongs to the segment[W,C1] forC1 lies inS(q2, C1).
Since the angleŴMC2 = 3

4π − γ is strictly less thanπ4 , the quadrantS(q1, C2)
does not containC2, contradiction. See Figure 4.

The last case3π4 ≤ γ ≤ π implies thatS(q2, C1) does not intersect the boundary
of ∠C1WC2. This is in contradiction withC1 ∈ Ai1(q1) ∩ S(q2, C1). �
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Lemma 4. We have qψ1 ∩ qψ2 ⊂ B(q1, q2).

Proof. Let 0 < k ≤ ψ. The homothetic squareqk1 (resp. qk2 ) has two vertices in
S(q1, C2) (resp.S(q2, C1)). The straight line passing through those vertices ofq1
(resp. q2) is parallel at distancek/

√
2 to the axisAi1(q1) (resp. Ai2(q2)). The

intersection of those two parallels belongs toB(q1, q2) and, according to Lemma
2, allows to localize the point of percussion which is equal toqk1 ∩ qk2 whenk = ψ.
ThusP ∈ B(q1, q2). �

Remark. Whenq1 andq2 are parallel, Lemma 4 remains true providedB(q1, q2)
is replaced with the straight line containing the points equidistant from the two
parallel axesAi1(q1) andAi2(q2).

4. Construction of the percussion point

Two raysDi(q1) andDi+1(q1) intersectB(q1, q2) at I1, I3. We use the natural
order onB(q1, q2) and we can suppose thatW < I1 < I3. Similarly, we define
W < I2 < I4 relatively toq2.

Lemma 5. We have
(a) %1 = %2 ⇔ I1 = I2 < I3 = I4.
(b) %1 < %2 ⇔ I1 < I2 < I3 < I4.
(c) %2 < %1 ⇔ I2 < I1 < I4 < I3.

Proof. If %1 = %2 thenI1 = I2 < I3 = I4. ShiftingC1 alongWC1 towardsW
causesC1I1 andC1I3 to slide in a parallel fashion, so thatI1 < I2 andI3 < I4.
SinceC1 ∈ S(q2, C1), the pointC1 cannot pass the intersectionC� of C2I2 and
WC1. But whenC1 = C�, we haveŴC1I2 = ŴC�C2 = 3π/4−γ. By Lemma 3,
we deduce thatπ/4 < ŴC1I2 < 3π/4 and accordinglyI2 < I3. The remaining
implications are straightforward. �

Theorem 6. (i) Among the four points I1, . . . , I4, the second one is the percussion
point: P = qψ1 ∩ qψ2 = max{I1, I2}. We have

ψ = max{%1, %2}
√

2
1 + cotω

. (4)
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(ii) If, say %2 ≥ %1, then q2 strikes q1 at the point P which is the incenter of the
triangle C2WV .

Proof. (i). We suppose first that%2 > %1. By Lemma 5 we have

d1 = ||−−→C1I1|| < d2 = ||−−→C2I2|| < d3 = ||−−→C1I3|| < d4 = ||−−→C2I4||.
We know from Lemma 4 thatP is one of the four pointsI1, . . . , I4 and thus the

percussion occurs atP = Ii if and only if ψ = di. It is impossible thatP = I1
because in that caseψ = d1 < d2 and thenP ∈ qd12 ∩ B(q1, q2) = ∅. Hence
ψ > d1. If ψ ≥ d3 and sinceI2 ∈]I1, I3[ by Lemma 5, the pointI2 ∈ qψ2 belongs
also to the interior ofqψ1 and then the two interiors are not disjoint. We getψ = d2
andP = I2 > I1. Easy calculations in the frame centered atW = (0, 0) and with
x-axisWC1, giveI2 = %2(1/(1 + tanω), tanω/(1 + tanω)) and (4).

The symmetric case%1 > %2 givesq1 strikesq2 atP = I1 > I2 and (4) again.
Finally, if %1 = %2 the pointP = I1 = I2 is effectively the percussion point.

(ii) If %2 ≥ %1, by Lemma 4, the pointP = I2 belongs to the bisector ray
B(q1, q2) of the geometric angle∠C1WC2 = ∠VWC2. Now, sinceP is a vertex
of q2, we haveV̂ C2P = P̂C2W = π/4, so thatP belongs to the bisector ray of
the geometric angle∠V C2W . We conclude thatP is the incenter of the triangle
V C2W . �

Corollary 7. We have

%1 < %2 ⇔ q2 strikes q1 and q1 does not strike q2,

%2 < %1 ⇔ q1 strikes q2 and q2 does not strike q1,

%1 = %2 ⇔ q2 strikes q1 and q1 strikes q2.

Proof. The three implications from left to right are direct consequences of Theo-
rem 6 and its proof. Since the three cases are exclusive and exhaustive, the three
converse implications readily follow. �



On the maximal inflation of two squares 29

b b

b

b

b

ω

ω

W

C1

C2

I2

V

Figure 6

We now synthesize the whole preceding results. For two pointsM andN , we
denote byΓ(M,N) the circle withM as center andMN as radius.
Construction of P . Given the eight vertices of two congruent, non parallel and
non-overlapping squaresq1 andq2, construct
(1-2) the two centersC1, C2, intersection of the straight lines passing through
opposite vertices ofqi, i = 1, 2,
(3-4) the axesAi1(q1) andAi2(q2) (this requires the determination of the quadrants
S(q1, C2) andS(q2, C1) as much as two intermediate points),
(5) the pointW , intersection ofAi1(q1) andAi2(q2),
(6) the pointCr, intersection ofΓ(W,C2) and the half-lineWC1,
(7) the bisectorB(q1, q2) throughW andΓ(C2,W ) ∩ Γ(Cr,W ) (the four points
I1, · · · , I4 appear at this stage),
(8) the percussion pointP , the second among the four pointsI1, · · · , I4 on the
oriented half-lineB(q1, q2).

Remarks. (1) We know that the area of the triangleVWC2 is equal top · r wherep
is the half-perimeter of the triangle andr = ψ/

√
2 the radius of the incircle. Now,

we also have the formula

ψ =
√

2Area(VWC2)
p

=
√

2V C2 ·WC2

V C2 +WC2 + V W
= %2

√
2 sin γ

sin γ + cos γ + 1
.

The last value is equal to (4) when%2 ≥ %1.
(2) Let us suppose that the segment[C1, C2] contains a vertexSi(q2). This

amounts to saying thatC1 = C�, so thatS(q2, C1) has been chosen as one of two
quadrantsQi−1(q2), Qi(q2). But these choices lead to consider the two dihedral
angles∠C1WC2 and∠C1V C2. Due to the second part of Theorem 6,P and the
formula forψ are not altered by this choice.

(3) Whenq1 andq2 are parallel, the construction of the four pointsI1, · · · , I4
makes sense using again the straight lineB(q1, q2) equidistant from the two axes
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Ai1(q1) andAi2(q2). We choose an order onB(q1, q2) and next we label those
four points in such a way that[I2, I3] ⊂ [I1, I4] and we haveqψ1 ∩ qψ2 = [I2, I3].
In consequence, the steps (5-8) in the above Construction are replaced with the
construction of the midpoint(C1+C2)/2 (three steps), of the straight lineB(q1, q2)
(three steps) and lastly of the two pointsI2, I3.

5. An angular characterization of the percussion point

We defineα(q1, q2) as the minimum of{ ̂Si(q1)C(q1)C(q2), 0 ≤ i ≤ 3}. This
set contains two acute and two obtuse angles. We have0 ≤ α(q1, q2) ≤ π

4 since
α(q1, q2) ≤ π

2 − α(q1, q2).
Theorem 8. The square q2 strikes q1 if and only if α(q2, q1) ≤ α(q1, q2). The
percussion point is the vertex of q1 or q2 which realizes the minimum of the eight
angles appearing in α(q1, q2) and α(q2, q1).

Proof. Suppose thatq2 strikesq1 = ABCD at P in the interior of sideAB, see
Figure 7. LetAB be thex-axis andP the origin. Then for the interiors ofq1 and
q2 to be disjoint, the centerC2 of q2 must be in{(x, y) : y ≥ |x|}. Also,C2 lies
on the arcx2 + y2 = ψ2. Let C0, C�, Cr be the three points on this arc which
intersect the linesC1P , y = −x andy = x respectively.

LettingC2 moving along the arc fromC0 toCr, the angleP̂C2C1 increases from
P̂C0C1 = 0 to P̂CrC1 = B̂C1Cr and the angleB̂C1C2 decreases from̂BC1C0

to B̂C1Cr. Hence throughout the move we havêPC2C1 ≤ B̂C1Cr ≤ B̂C1C2.
But we have obviouslŷPC2C1 < ÂC1C2 and thusP̂C2C1 ≤ α(q1, q2). The same
proof holds whenC2 moves on the arcC0C�.

SinceP̂C2C1 ≤ π/4, we getα(q2, q1) = P̂C2C1 and nextα(q2, q1) ≤ α(q1, q2).
The angleP̂C2C1 realizes effectively the minimum of the eight angles. The con-
verse implication holds becauseα(q2, q1) = α(q1, q2) is equivalent to the fact that
q1 andq2 strike each other at a common vertex. �

Remark. In caseq1 and q2 are parallel,q1 strikesq2 at P1 and q2 strikesq1 at
P2. We haveα(q1, q2) = Ĉ2C1P1 = Ĉ1C2P2 = α(q2, q1). Hence the results in
Theorem 8 remain true.
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[1] P. Erdős and R. L. Graham, On packing squares with equal squares,J. Combin. Theory Ser. A,
19 (1975), 119–123.

[2] E. Friedman, Packing unit squares in squares: A survey and new results,Electron. J. Combin., 7
(2000), #DS7.

[3] Th. Gensane and Ph. Ryckelynck, Improved dense packings of congruent squares in a square,
Discrete Comput. Geom., OF1-OF13 (2004) DOI: 10.1007/s00454-004-1129-z, and in press.



On the maximal inflation of two squares 31

b

b b

b

b b

b

b
A B

C0

C1

C2

P

C�
Cr

Figure 7

Thierry Gensane: Laboratoire de Math´ematiques Pures et Appliqu´ees J. Liouville, 50 rue F. Buis-
son, BP699, 62228 Calais cedex, France

E-mail address: gensane@lmpa.univ-littoral.fr

Philippe Ryckelynck: Laboratoire de Math´ematiques Pures et Appliqu´ees J. Liouville, 50 rue F.
Buisson, BP699, 62228 Calais cedex, France

E-mail address: ryckelyn@lmpa.univ-littoral.fr





Forum Geometricorum
Volume 5 (2005) 33–36. b b

b

b

FORUM GEOM

ISSN 1534-1178

Triangle Centers with Linear Intercepts
and Linear Subangles

Sadi Abu-Saymeh and Mowaffaq Hajja

Abstract. Let ABC be a triangle with side-lengthsa, b, andc, and with angles
A, B, andC. Let AA′, BB′, andCC′ be the cevians through a pointV , let x,
y, andz be the lengths of the segmentsBA′, CB′, andAC′, and letξ, η, andζ
be the measures of the angles∠BAA′, ∠CBB′, and∠ACC′. The centersV
for whichx, y, andz are linear forms ina, b, andc are characterized. So are the
centers for whichξ, η, andζ are linear forms inA, B, andC.

Let ABC be a non-degenerate triangle with side-lengthsa, b, andc, and letV
be a point in its plane. LetAA′, BB′, andCC ′ be the cevians ofABC through
V and let the interceptsx, y, andz be defined to be the directed lengths of the
segmentsBA′, CB′, andAC ′, wherex is positive or negative according asA′ and
C lie on the same side or on opposite sides ofB, and similarly fory andz; see
Figure 1. To avoid infinite intercepts, we assume thatV does not lie on any of
the three exceptional lines passing through the vertices ofABC and parallel to the
opposite sides.

A

B CA′

B′C′

V

x

y

z

ξ

η
ζ

Figure 1

If V is the centroid ofABC, then the intercepts(x, y, z) are clearly given by(
a
2 , b

2 , c
2

)
. It is also easy to see that the triples(x, y, z) determined by the Gergonne

and Nagel points are(
a − b + c

2
,
a + b − c

2
,
−a + b + c

2

)
,

(
a + b − c

2
,
−a + b + c

2
,
a − b + c

2

)
,
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respectively. We now show that these are the only three centers whose correspond-
ing intercepts(x, y, z) are linear forms ina, b, andc. Here, and in the spirit of [4]
and [5], a center is a function that assigns to a triangle, in a familyU of triangles,
a point in its plane in a manner that is symmetric and that respects isometries and
dilations. It is assumed thatU has a non-empty interior, whereU is thought of as
a subset ofR3 by identifying a triangleABC with the point(a, b, c).

Theorem 1. The triangle centers for which the intercepts x, y, z are linear forms
in a, b, c are the centroid, the Gergonne and the Nagel points.

Proof. Note first that if(x, y, z) are the intercepts corresponding to a centerV , and
if

x = αa + βb + γc,

then it follows from reflectingABC about the perpendicular bisector of the seg-
mentBC that

a − x = αa + βc + γb.

Thereforeα = 1
2 andβ + γ = 0. Applying the permutation(A B C) = (a b c) =

(x y z), we see that

x = αa + βb + γc, y = αb + βc + γa, z = αc + βa + γb.

Substituting in the cevian conditionxyz = (a − x)(b − y)(c − z), we obtain the
equation (a

2
+ β(b − c)

)( b

2
+ β(c − a)

)( c

2
+ β(a − b)

)

=
(a

2
− β(b − c)

)( b

2
− β(c − a)

)( c

2
− β(a − b)

)
which simplifies into

β

(
β +

1
2

)(
β − 1

2

)
(a − b)(b − c)(c − a) = 0.

This implies the three possibilitiesβ = 0, −1
2 , or 1

2 that correspond to the centroid,
the Gergonne point and the Nagel point, respectively. �

In the same vein, the cevians throughV define the subanglesξ, η, andζ of the
anglesA, B, andC of ABC as shown in Figure 1. These are given by

ξ = ∠BAV, η = ∠CBV, ζ = ∠ACV.

Here we temporaily takeV to be insideABC for simplicity, and treat the general
case in Note 1 below. It is clear that the subangles(ξ, η, ζ) corresponding to the
incenter ofABC are given by(A

2 , B
2 , C

2 ). Also, if ABC is acute-angled, then the
orthocenter and circumcenter lie insideABC and the triples(ξ, η, ζ) of subangles
that they determine are given by(

A − B + C

2
,
A + B − C

2
,
−A + B + C

2

)
,

(
A + B − C

2
,
−A + B + C

2
,
A − B + C

2

)
,

(1)
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or equivalently by(π

2
− B,

π

2
− C,

π

2
− A

)
,
(π

2
− C,

π

2
− A,

π

2
− B

)
, (2)

respectively. Here again, we prove that these are the only centers whose corre-
sponding subangles(ξ, η, ζ) are linear forms inA, B, andC. As before, we first
show that the subangles(ξ, η, ζ) determined by such a center are of the form

ξ = αA + βB + γC, η = αB + βC + γA, ζ = αC + βA + γB,

whereα = 1
2 andβ + γ = 0. Substituting in the trigonometric cevian condition

sin ξ sin η sin ζ = sin (a − ξ) sin (b − η) sin (c − ζ), (3)

we obtain the equation

sin
(

A

2
+ β(B − C)

)
sin
(

B

2
+ β(C − A)

)
sin
(

C

2
+ β(A − B)

)

= sin
(

A

2
− β(B − C)

)
sin
(

B

2
− β(C − A)

)
sin
(

C

2
− β(A − B)

)
. (4)

Using the facts that

A

2
+

B

2
+

C

2
=

π

2
, β(B − C) + β(C − A) + β(A − B) = 0,

and the facts [3, Formulas 677, 678, page 166] that ifu + v + w = 0, then

4 cos u cos v sin w = − sin 2u − sin 2v + sin 2w,

4 sin u sin v sin w = − sin 2u − sin 2v − sin 2w,

and that ifu + v + w = π/2, then

4 cos u cos v cos w = sin 2u + sin 2v + sin 2w,

4 sin u sin v cos w = sin 2u + sin 2v − sin 2w,

(4) simplifies into

sin A sin(2β(B−C))+sin B sin(2β(C−A))+sin C sin(2β(A−B)) = 0. (5)

It is easy to check that forβ = −1
2 , 0, and 1

2 , this equation is satisfied for all
triangles. Conversely, since (5) holds on a setU having a non-empty interior,
it holds for all triangles, and in particular it holds for the triangle(A,B,C) =
(π

2 , π
3 , π

6 ). This implies that

sin
βπ

3

(
cos

βπ

3
−

√
3

2

)
= 0.

Since−3
2 ≤ β ≤ 3

2 for this particular triangle, it follows thatβ must be−1
2 , 0, or

1
2 . Thus the only solutions of (5) areβ = −1

2 , 0, and 1
2 . These correspond to the

orthocenter, incenter and circumcenter, respectively. We summarize the result in
the following theorem.
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Theorem 2. The triangle centers for which the subangles ξ, η, ζ are linear forms
in A, B, C are the orthocenter, incenter, and circumcenter.

Remarks. (1) Although the subanglesξ, η, andζ of a given pointV were defined
for points that lie insideABC only, it is possible to extend this definition to in-
clude exterior points also, without violating the trigonometric version (3) of Ceva’s
concurrence condition or the formulas (1) and (2) for the subangles corresponding
to the orthocenter and the circumcenter. To do so, we letH1 andH2 be the open
half planes determined by the line that is perpendicular atA to the internal angle-
bisector ofA, where we takeH1 to be the half-plane containingB andC. For
V ∈ H1, we define the subangleξ to be the signed angle∠BAV , where∠BAV
is taken to be positive or negative according as the rotation withinH1 that takes
AB to AV has the same or opposite handedness as the one that takesAB to AC.
For V ∈ H2, we stipulate thatV and its reflection aboutA have the same suban-
gle ξ. We defineη andζ similarly. Points on the three exceptional lines that are
perpendicular at the vertices ofABC to the respective internal angle-bisectors are
excluded.

(2) In terms of the intercepts and subangles, the first (respectively, the second)
Brocard point of a triangle is the point whose subanglesξ, η, andζ satisfyξ =
η = ζ (respectively,A − ξ = B − η = C − ζ.) Similarly, the first and the
second Brocard-like Yff points are the points whose interceptsx, y, andz satisfy
x = y = z anda − x = b − y = c − z, respectively. Other Brocard-like points
corresponding to features other than intercepts and subangles are being explored
by the authors.

(3) The requirement that the interceptsx, y, andz be linear ina, b, andc is quite
restrictive, since the cevian condition has to be observed. It is thus tempting to
weaken this requirement, which can be written in matrix form as[x y z] = [a b c]L,
whereL is a3 × 3 matrix, to take the form[x y z]M = [a b c]L, whereM is not
necessarily invertible. The family of centers defined by this weaker requirement,
together of course with the cevian condition, is studied in detail in [2]. So is the
family obtained by considering subangles instead of intercepts.
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The Arbelos in n-Aliquot Parts

Hiroshi Okumura and Masayuki Watanabe

Abstract. We generalize the classical arbelos to the case divided into many
chambers by semicircles and construct embedded patterns of such arbelos.

1. Introduction and preliminaries

Let {α, β, γ} be an arbelos, that is,α, β, γ are semicircles whose centers
are collinear and erected on the same side of this line,α, β are tangent exter-
nally, andγ touchesα andβ internally. In this paper we generalize results on the
Archimedean circles of the arbelos. We take the line passing through the centers
of α, β, γ as thex-axis and the line passing through the tangent pointO of α and
β and perpendicular to thex-axis as they-axis. Letα0 = α, α1, . . . , αn = β be
n + 1 distinct semicircles touchingα andβ atO, whereα1, . . . , αn−1 are erected
on the same side asα andβ, and intersect withγ. One of them may be the line
perpendicular to thex-axis (i.e. y-axis). If then inscribed circles in the curvilin-
ear triangles bounded byαi−1, αi, γ are congruent we call this configuration of
semicircles{α0 = α, α1, . . . , αn = β, γ} an arbelos inn-aliquot parts, and the
inscribed circles the Archimedean circles inn-aliquot parts. In this paper we calcu-
late the radii of the Archimedean circles inn-aliquot parts and construct embedded
patterns of arbelos in aliquot parts.

γ

α = α0

β = α3

2aO−2b

α1

α2

Figure 1. The casen = 3

For the arbelos{α, β, γ} we denote byΦ(α, β, γ) the family of semicircles
throughO, having the common point withγ in the regiony ≥ 0 and with centers
on thex-axis, together with the line perpendicular to thex-axis atO. Renaming
if necessary we assumeα in the regionx ≥ 0. Let a, b be the radii ofα, β. The
semicircleγ meets thex-axis at−2b and2a.

For a semicircleαi ∈ Φ(α, β, γ), let ai be thex-coordinate of its center. Define
µ(αi) as follows.
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If a �= b,

µ(αi) =




ai − a + b

ai
, if αi is a semi-circle,

1, if αi is the line.

If a = b,

µ(αi) =




1
ai

, if αi is a semi-circle,

0, if αi is the line.

In both casesµ(αi) depends only onαi and the center ofγ, but not on the radius
of γ. For αi, αj ∈ Φ(α, β, γ), the equalityµ(αi) = µ(αj) holds if and only if
αi = αj . For anyαi ∈ Φ(α, β, γ),

b

a
= µ(α) ≥ µ(αi) ≥ µ(β) =

a

b
if a < b,

1
a

= µ(α) ≥ µ(αi) ≥ µ(β) = −1
a

if a = b,

b

a
= µ(α) ≤ µ(αi) ≤ µ(β) =

a

b
if a > b.

Forαi, αj ∈ Φ(α, β, γ), define the order

αi < αj if and only if

{
µ(αi) > µ(αj) if a ≤ b,

µ(αi) < µ(αj) otherwise.

This means thatαi is nearer toα thanαj is. Throughout this paper we shall
adopt these notations and assumptions.

2. An arbelos in aliquot parts

Lemma 1. If αi and αj are semicircles in Φ(α, β, γ) with αi < αj , the radius of
the inscribed circle in the curvilinear triangle bounded by αi, αj and γ is

ab(aj − ai)
aiaj − aai + baj

.

Proof. Let C be the inscribed circle with radiusr. First we invert{αi, αj, γ, C}
in the circle with centerO and radiusk. Thenαi andαj are inverted to the lines
αi andαj perpendicular to thex-axis ,γ is inverted to the semicircleγ erected on
the x-axis andC is inverted to the circleC tangent toγ externally. We write the
x-coordinates of the intersections ofαi, αj andγ with thex-axis ass, t andp, q
with q < p . Thent < s sinceai < aj .

By the definition of inversion we have

s =
k2

2ai
, t =

k2

2aj
, p =

k2

2a
, q = −k2

2b
. (1)
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pstq

γ

αiCαj

Figure 2

Since thex-coordinates of the center and the radius ofC are
s + t

2
and

s − t

2
, and

those ofγ are
p + q

2
and

p − q

2
, we have

(
s + t

2
− p + q

2

)2

+ d2 =
(

s − t

2
+

p − q

2

)2

,

whered is they-coordinate of the center ofC. From this,

st − sp − tq + pq + d2 = 0 . (2)

SinceO is outsideC, we have

r =
k2

| ( s+t
2

)2 + d2 − (
s−t
2

)2 |
· s − t

2
=

k2(
s+t
2

)2 + d2 − (
s−t
2

)2 · s − t

2
.

By using (1) and (2) we get the conclusion. �

Lemma 2. If αi (resp. αj) is the line, then the radius of the inscribed circle is

−ab

aj − a
(resp.

ab

ai + b
).

Proof. Even in this case (2) in the proof of Lemma 1 holds withs = 0 (resp.
t = 0), and we get the conclusion. �

Theorem 3. Assume a �= b, and let αi, αj ∈ Φ(α, β, γ) with αi < αj . The radius
of the circle inscribed in the curvilinear triangle bounded by αi, αj and γ is

ab(µ(αi) − µ(αj))
bµ(αi) − aµ(αj)

.

Proof. If αi andαj are semicircles, then

ab(µ(αi) − µ(αj))
bµ(αi) − aµ(αj)

=
ab

(
ai − a + b

ai
− aj − a + b

aj

)

b · ai − a + b

ai
− a · aj − a + b

aj

=
ab(aj − ai)

aiaj − aai + baj
.
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Hence the theorem follows from Lemma 1. If one ofαi, αj is the line, the result
follows from Lemma 2. �

Similarly we have

Theorem 4. Assume a = b, and let αi, αj ∈ Φ(α, β, γ) with αi < αj . The radius
of the circle inscribed in the curvilinear triangle bounded by αi, αj and γ is

a2(µ(αj) − µ(αi))
a(µ(αj) − µ(αi)) − 1

.

The functionsx �→ ab(1 − x)
b − ax

, a �= b andx �→ a2x

ax − 1
, a > 0 are injective.

Therefore, we have

Corollary 5. Let α0, α1, . . . , αn ∈ Φ(α, β, γ) with α0 < α1 < · · · < αn.
The circles inscribed in the curvilinear triangle bounded by αi−1, αi and γ (i =
1, 2, . . . n) are all congruent if and only if µ(α0), µ(α1), . . . , µ(αn) is a geometric
sequence if a �= b, or an arithmetic sequence if a = b.

Theorem 6. Let {α0 = α, α1, . . . , αn = β, γ} be an arbelos in n-aliquot parts.
The common radius of the Archimedean circles in n-aliquot parts is



ab
(
b

2
n − a

2
n

)
b

2
n

+1 − a
2
n

+1
, if a �= b,

2a
n + 2

, if a = b.

Proof. First we consider the casea �= b. We can assumeα0 < α1 < · · · < αn

by renaming if necessary. The sequence
b

a
= µ(α0), µ(α1), . . . , µ(αn) =

a

b
is

a geometric sequence by Corollary 5. If we write its common ratio asd, we have
a

b
= dn

(
b

a

)
, and thend =

(a

b

) 2
n

. By Theorem 3 the radius of the Archimedean

circle is

ab(1 − d)
b − ad

=
ab

(
1 −

(a

b

) 2
n

)

b − a
(a

b

) 2
n

=
ab

(
b

2
n − a

2
n

)
b

2
n

+1 − a
2
n

+1
.

Similarly we can get the second assertion. �

Note that the second assertion is the limiting case of the first assertion when
b → a.

Theorem 7. Let {α0 = α, α1, . . . , αn = β, γ} be an arbelos in n-aliquot parts
with α0 < α1 < · · · < αn. Then αi is the line in Φ(α, β, γ) if n is even and i = n

2 .
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Otherwise it is a semicircle with radius


∣∣∣∣∣ b
2i
n
−1(a − b)

a
2i
n
−1 − b

2i
n
−1

∣∣∣∣∣ , if a �= b,

∣∣∣∣ na

n − 2i

∣∣∣∣ , if a = b.

Proof. Supposea �= b. Since
b

a
= µ(α0), µ(α1), . . . , µ(αn) =

a

b
is a geometric

sequence with common ratio
(a

b

) 2
n

, we haveµ(αi) =
(a

b

) 2i
n

(
b

a

)
=

(a

b

) 2i
n
−1

.

If n is even andi =
n

2
, thenµ(αi) = 1 andαi is the line. Otherwise,µ(αi) �= 1

andαi is a semicircle. Letai be thex-coordinate of its center. The radius ofαi is

|ai| and
ai − a + b

ai
=

(a

b

) 2i
n
−1

. From this,ai =
b

2i
n
−1(a − b)

b
2i
n
−1 − a

2i
n
−1

.

The proof for the casea = b is similar. �

3. Embedded patterns of the arbelos

Let {α0 = α, α1, . . . , αn = β, γ} be an arbelos inn-aliquot parts withα0 <
α1 < · · · < αn. There exists a semicircleγ′ which is tangent to all Archimedean
circles externally. It is clearly concentric toγ. (If n = 1 we will take forγ′ the
semicircle concentric toγ and tangent to the Archimedean circle externally). Let
α′, β′ be two semicircles iny ≥ 0, tangent toαis at O and also tangent toγ′. We
takeα′ in the regionx ≥ 0 andβ′ in the regionx ≤ 0. Let a′ andb′ be the radii of
α′ andβ′ respectively. Clearlyα′, β′ are tangent externally atO, andγ′ intersects
the x-axis at−2b′ and 2a′, andΦ(α, β, γ) ⊆ Φ(α′, β′, γ′). Moreover, for any
αi ∈ Φ(α, β, γ), µ(αi) considered inΦ(α, β, γ) is equal toµ(αi) considered in
Φ(α′, β′, γ′) since the centers ofγ andγ′ coincide.

Lemma 8. (a) If a �= b,

(
a′

b′

)n

=
(a

b

)n+2
.

(b) If a = b,
a′

n
=

a

n + 2
.

Proof. If a �= b we have

a′ = a −
ab

(
a

2
n − b

2
n

)
a

2
n

+1 − b
2
n

+1
=

a
2
n

+1 (a − b)

a
2
n

+1 − b
2
n

+1
,

b′ = b −
ab

(
a

2
n − b

2
n

)
a

2
n

+1 − b
2
n

+1
=

b
2
n

+1 (a − b)

a
2
n

+1 − b
2
n

+1
,

by the definitions ofa′ andb′. Then the the first assertion follows. The second
assertion follows similarly. �
Theorem 9. {α′, α0, α1, . . . , αn, β′, γ′} is an arbelos in (n + 2)-aliquot parts.
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Proof. Let us assumea �= b. By Lemma 8 and the proof of Theorem 6,µ(α0),

µ(α1), . . . ,µ(αn) is a geometric sequence with common ratio

(
a′

b′

) 2
n+2

. Also by

Lemma 8 we have

µ(α0)
µ(α′)

=
b

a

a′

b′
=

(
b′

a′

) n
n+2 a′

b′
=

(
a′

b′

) 2
n+2

,

and
µ(β′)
µ(αn)

=
a′

b′
b

a
=

a′

b′

(
b′

a′

) n
n+2

=
(

a′

b′

) 2
n+2

.

The casea = b follows similarly. �

Let {α, β, γ} be an arbelos and all the semicircles be constructed iny ≥ 0 such
that the diameters lie on thex-axis. Letα−1 = α, α1 = β andγ1 = γ. If there
exists an arbelos in(2n − 1)-aliquot parts{α−n, α−(n−1), . . . ,α−1, α1, . . . ,αn,
γ2n−1} with α−n < α−(n−1) < · · · < α−1 < α1 < · · · < αn, we shall construct
an arbelos in(2n + 1)-aliquot parts as follows.

Let γ2n+1 be the semicircle concentric toγ and tangent externally to all Archi-
medean circles of the above arbelos. This meets thex-axis at two points one of
which is in the regionx > 0 and the other inx < 0. We write the semicircle
passing throughO and the former point asα−(n+1) and the semicircle passing
throughO and the latter point asαn+1. Then{α−(n+1), α−n, . . . , α−1, α1, . . . ,
αn+1, γ2n+1} is an arbelos in(2n + 1)-aliquot parts by Theorem 9. Now we get
the set of semicircles

{. . . , α−(n+1), α−n, . . . , α−1, α1, . . . , αn, αn+1, . . . γ1, γ3, . . . , γ2n−1 . . . },
where{α−n, . . . , α−1, α1, . . . , αn, γ2n−1} form the arbelos in(2n − 1)-aliquot
parts for any positive integern. We shall call the above configuration theodd
pattern.

Theorem 10. Let δ2n−1 be one of the Archimedean circles in

{α−n, α−(n−1), . . . , α−1, α1, . . . , αn , γ2n−1}.
Then the radii of α−n and αn are

a2n−1(a − b)
a2n−1 − b2n−1

and
b2n−1(a − b)

a2n−1 − b2n−1
,

and the radii of γ2n−1 and δ2n−1 are respectively

(a2n−1 + b2n−1)(a − b)
a2n−1 − b2n−1

and
a2n−1b2n−1(a − b)(a2 − b2)

(a2n−1 − b2n−1)(a2n+1 − b2n+1)
.

Proof. Let a−n andan be the radii ofα−n andαn respectively. By Lemma 8 we
have (

a−n

an

) 1
2n−1

=
(

a−(n−1)

an−1

) 1
2n−3

= · · · =
a−1

a1
=

a

b
. (3)
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Sinceγ2n−1 andγ are concentric, we have

a−n − an = a − b . (4)

By (3) and (4) we have

a−n =
a2n−1(a − b)
a2n−1 − b2n−1

,

an =
b2n−1(a − b)

a2n−1 − b2n−1
.

It follows that the radius ofγ2n−1 is

a−n + an =
(a2n−1 + b2n−1)(a − b)

a2n−1 − b2n−1
,

and that ofδ2n−1 is

(a2n−1 + b2n−1)(a − b)
a2n−1 − b2n−1

− (a2n+1 + b2n+1)(a − b)
a2n+1 − b2n+1

=
a2n−1b2n−1(a − b)(a2 − b2)

(a2n−1 − b2n−1)(a2n+1 − b2n+1)
.

�
As in the odd case, we can construct theeven pattern of arbelos

{. . . β−(n+1), β−n, . . . , β−1, β0, β1, . . . , βn, βn+1, . . . , γ2, γ4, . . . , γ2n . . . }
inductively by starting with an arbelos in2-aliquot parts{β−1, β0, β1, γ2}, where
β−1 = α, β1 = β andγ2 = γ. By Theorem 9,{β−n, . . . , β−1, β0, β1, . . . , βn, γ2n}
forms an arbelos in2n-aliquot parts for any positive integern, andβ0 is the line
by Theorem 7. Analogous to Theorem 10 we have

Theorem 11. Let δ2n be one of the Archimedean circles in

{β−n, β−(n−1), . . . , β−1, β0, β1, . . . , βn , γ2n}.
The radii of β−n and βn are

an(a − b)
an − bn

and
bn(a − b)
an − bn

,

and the radii of γ2n and δ2n are respectively

(an + bn)(a − b)
an − bn

and
anbn(a − b)2

(an − bn)(an+1 − bn+1)
.

Corollary 12. Let cn and dn be the radii of γn and δn respecgtively.

an =b2n−1,

a−n =b−(2n−1),

c2n−1 =c2(2n−1),

d2n−1 =d4n−2 + d4n.

Figure 3 shows the even pattern together with the odd pattern reflected in the
x-axis. The trivial case of these patterns can be found in [2].
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α−1

β−1

β0

α1

β1

γ2

γ1

δ1

δ2

δ3

δ4

γ3

γ4

Figure 3

4. Some Applications

We give two applications here, with the same notations as in§3.

Theorem 13. The external common tangent of βn and β−n touches γ4n for any
positive integer n.

Proof. The distance between the external common tangents ofβn andβ−n and the

center ofγ2n is
bn

2 + b−n
2

bn + b−n

wherebn and b−n are the radii ofβn andβ−n. By

Theorem 11 this is equal to
(a − b)(a2n + b2n)

a2n − b2n
, the radius ofγ4n. �

Theorem 14. Let BKn be the circle orthogonal to α, β and δ2n−1, and let ARn

be the inscribed circle of the curvilinear triangle bounded by βn, β0 and γ2n. The
circles BKn and ARn are congruent for every natural number n.

Proof. Assumea �= b. SinceARn is the Archimedean circle of the arbelos in
2-aliquot parts{β−n, β0, βn, γ2n}, the radius ofARn is

bn b−n(bn − b−n)

bn
2 − b−n

2 =
anbn(a − b)
a2n − b2n

,
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by Theorem 6 and Theorem 11.
On the other handBKn is the inscribed circle of the triangle bounded by the

three centers ofα, β, δ2n−1. Since the length of three sides of the triangle are
a + d2n−1, b + d2n−1, a + b, the radius ofBKn is√

abd2n−1

a + b + d2n−1
=

anbn(a − b)
a2n − b2n

,

by Theorem 10. �
This theorem is a generalization of Bankoff circle [1]. Bankoff’s third circle

corresponds to the casen = 1 in this theorem.
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On a Problem Regarding the n-Sectors of a Triangle

Bart De Bruyn

Abstract. Let ∆ be a triangle with verticesA, B, C and anglesα = B̂AC,
β = ÂBC, γ = ÂCB. Then − 1 lines throughA which, together with the
lines AB andAC, divide the angleα in n ≥ 2 equal parts are called then-
sectors of∆. In this paper we determine all triangles with the property that all
three edges and all3(n − 1) n-sectors have rational lengths. We show that such
triangles exist only ifn ∈ {2, 3}.

1. Introduction

Let ∆ be a triangle with verticesA, B, C and anglesα = B̂AC, β = ÂBC,
γ = ÂCB. Then− 1 lines throughA which, together with the linesAB andAC,
divide the angleα in n ≥ 2 equal parts are called then-sectors of ∆. A triangle
has3(n − 1) n-sectors. The2-sectors and3-sectors are also calledbisectors and
trisectors. In this paper we study triangles with the property that all three edges
and all3(n − 1) n-sectors have rational lengths. We show that such triangles can
exist only if n = 2 or 3. We also determine all triangles with the property that all
edges and bisectors (trisectors) have rational lengths. In each of the casesn = 2
andn = 3, there are infinitely many nonsimilar triangles having that property.

In number theory, there are some open problems of the same type as the above-
mentioned problem.

(i) Does there exists aperfect cuboid, i.e. a cuboid in which all 12 edges, all 12
face diagonals and all 4 body diagonals are rational? ([3, Problem D18]).

(ii) Does there exist a triangle with integer edges, medians and area? ( [3, Prob-
lem D21]).

2. Some properties

An elementary proof of the following lemma can also be found in [2, p. 443].

Lemma 1. The number cos π
n , n ≥ 2, is rational if and only if n = 2 or n = 3.

Proof. Suppose thatcos π
n is rational. Put

ζ2n = cos
2π
2n

+ i sin
2π
2n

,
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thenζ2n is a zero of the polynomialX2 − (2 · cos π
n) · X + 1 ∈ Q[X]. So, the

minimal polynomial ofζ2n over Q is of the first or second degree. On the other
hand, we know that the minimal polynomial ofζ2n overQ is the2n-th cyclotomic
polynomialΦ2n(x), see [4, Theorem 4.17]. The degree ofΦ2n(x) is φ(2n), where
φ is theEuler phi function. We haveφ(2n) = 2n · p1−1

p1
· p2−1

p2
· . . . · pk−1

pk
, where

p1, . . . , pk are the different prime numbers dividing2n. Fromφ(2n) ∈ {1, 2}, it
easily followsn ∈ {2, 3}. Obviously,cos π

2 andcos π
3 are rational. �

Lemma 2. For every n ∈ N \ {0}, there exist polynomials fn(x), gn−1(x) ∈ Q[x]
such that
(i) deg(fn) = n, fn(x) = 2n−1xn + · · · and cos(nx) = fn(cos x) for every
x ∈ R;
(ii) deg(gn−1) = n − 1, gn−1(x) = 2n−1xn−1 + · · · and sin(nx)

sin x = gn−1(cos x)
for every x ∈ R \ {kπ | k ∈ Z}.

Proof. Fromcos x = cos x, sin x
sin x = 1,

cos(k + 1)x = cos(kx) cos x − sin(kx)
sin x

(1 − cos2 x),

sin(k + 1)x
sinx

=
sin(kx)
sin x

cos x + cos(kx)

for k ≥ 1, it follows that we should make the following choices for the polynomi-
als:

f1(x) := x, g0(x) := 1;
fk+1(x) := fk(x) · x − gk−1(x) · (1 − x2) for everyk ≥ 1;
gk(x) := gk−1(x) · x + fk(x) for everyk ≥ 1.

One easily verifies by induction thatfn andgn−1 (n ≥ 1) have the claimed prop-
erties. �

Lemma 3. Let n ∈ N \ {0}, q ∈ Q+ \ {0} and x1, . . . , xn ∈ R. If

cos x1,
√

q · sinx1, . . . , cos xn,
√

q · sin xn

are rational, then so are cos(x1 + · · · + xn) and
√

q · sin(x1 + · · · + xn).

Proof. This follows by induction from the following equations (k ≥ 1).

cos(x1 + · · · + xk+1) = cos(x1 + · · · + xk) · cos(xk+1)

− 1
q

(
√

q · sin(x1 + · · · + xk)) · (√q · sin(xk+1)) ;
√

q · sin(x1 + · · · + xk+1) = (
√

q · sin(x1 + · · · + xk)) · cos(xk+1)

+ cos(x1 + · · · + xk) · (√q · sin(xk+1)) .

�

Lemma 4. Let ∆ be a triangle with vertices A, B and C . Put a = |BC|, b = |AC|,
c = |AB|, α = B̂AC, β = ÂBC and γ = B̂CA. Let n ∈ N \ {0} and suppose
that cos(α

n ), cos(β
n) and cos(γ

n) are rational. Then the following are equivalent:
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(i) b
a and c

a are rational numbers.

(ii)
sin β

n
sin α

n
and

sin γ
n

sin α
n

are rational numbers.

Proof. We have
b

a
=

sin β

sin α
=

sin β

sin β
n

· sin α
n

sin α
· sin β

n

sin α
n

.

By Lemma 2, sinβ

sin β
n

· sin α
n

sinα ∈ Q+ \ {0}. So, b
a is rational if and only if

sin β
n

sin α
n

is

rational. A similar remark holds for the fractionca . �

3. Necessary and sufficient conditions

Theorem 5. Let n ≥ 2 and 0 < α, β, γ < π with α + β + γ = π. There exists
a triangle with angles α, β and γ all whose edges and n-sectors have rational
lengths if and only if the following conditions hold:

(1) cos π
n ∈ Q,

(2) cot π
2n · tan α

2n ∈ Q,

(3) cot π
2n · tan β

2n ∈ Q.

Proof. (a) Let∆ be a triangle with the property that all edges and alln-sectors have
rational lengths. LetA, B andC be the vertices of∆. Putα = B̂AC, β = ÂBC

andγ = ÂCB. LetA0, . . . , An be the vertices on the edgeBC such thatA0 = B,
An = C and ̂Ai−1AAi = α

n for all i ∈ {1, . . . , n}. Putai = |Ai−1Ai| for every
i ∈ {1, . . . , n}. For everyi ∈ {1, . . . , n − 1}, the lineAAi is a bisector of the
triangle with verticesAi−1, A andAi+1. Hence, ai

ai+1
= |AAi−1|

|AAi+1| ∈ Q. Together
with a1 + . . . + an = |BC| ∈ Q, it follows thatai ∈ Q for everyi ∈ {1, . . . , n}.
The cosine rule in the triangle with verticesA, A0 andA1 gives

cos
α

n
=

|AA2
0| + |AA1|2 − a2

1

2 · |AA0| · |AA1| ∈ Q.

In a similar way one shows thatcos β
n , cos γ

n ∈ Q. Putq := (1 − cos2 α
n )−1. By

Lemma 4,
√

q · sin α
n ,

√
q · sin β

n and
√

q · sin γ
n are rational. From Lemma 3, it

follows thatcos π
n ∈ Q and

√
q · sin π

n ∈ Q. Hence,

cot
π

2n
· tan α

2n
=

1 + cos π
n√

q · sin π
n

·
√

q · sin α
n

1 + cos α
n

∈ Q.

Similarly, cot π
2n · tan β

2n ∈ Q andcot π
2n · tan γ

2n ∈ Q.

(b) Conversely, suppose thatcos π
n ∈ Q, cot π

2n · tan α
2n ∈ Q andcot π

2n · tan β
2n ∈

Q. Putq := sin2 π
n = 1 − cos2 π

n ∈ Q. From
√

q · cot π
2n =

√
q · 1+cos π

n
sin π

n
∈ Q,

it follows that
√

q · tan α
2n ∈ Q,

√
q · tan β

2n ∈ Q, cos α
n = 1−tan2 α

2n

1+tan2 α
2n

∈ Q,

cos β
n ∈ Q,

√
q ·sin α

n = 2
√

q·tan α
2n

1+tan2 α
2n

∈ Q,
√

q ·sin β
n ∈ Q. By Lemma 3, alsocos γ

n ,
√

q ·sin γ
n ∈ Q. Now, choose a triangle∆ with anglesα, β andγ such that the edge
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opposite the angleα has rational length. By Lemma 4, it then follows that also the
edges opposite toβ andγ have rational lengths. LetA, B andC be the vertices of
∆ such that̂BAC = α, ÂBC = β andÂCB = γ. As before, letA0, . . . , An be
vertices on the edgeBC such that then + 1 linesAAi, i ∈ {0, . . . , n}, divide the
angleα in n equal parts. By the sine rule,

|AAi| =
|AB| · sin β

sin( iα
n + β)

.

Now,

sin( iα
n + β)

sin β
=

sin iα
n

sin α
n

·
√

q · sin α
n√

q · sin β
n

· sin β
n

sin β
· cos β + cos

iα

n
.

By Lemma 2, this number is rational. Hence|AAi| ∈ Q. By a similar reasoning it
follows that the lengths of all othern-sectors are rational as well. �

By Lemma 1 and Theorem 5 (1), we know that the problem can only have a solution
in the case of bisectors or trisectors.

4. The case of bisectors

The bisector case has already been solved completely, see e.g. [1] or [5]. Here
we present a complete solution based on Theorem 5. Without loss of generality,
we may suppose thatα ≤ β ≤ γ. These conditions are equivalent with

0 < α ≤ π

3
, (1)

α ≤ β ≤ π

2
− α

2
. (2)

By Theorem 5,qα := tan α
4 andqβ := tan β

4 are rational. Equation (1) implies
0 < qα ≤ tan π

12 and equation (2) impliesqα ≤ qβ ≤ x, wherex := tan(π
8 − α

8 ).

Now, 2x
1−x2 = tan(π

4 − α
4 ) = 1−qα

1+qα
and hencex =

√
2+2q2

α−1−qα

1−qα
. Summarizing,

we have the following restrictions forqα ∈ Q andqβ ∈ Q:

0 < qα ≤ tan
π

12
,

qα ≤ qβ ≤
√

2 + 2q2
α − 1 − qα

1 − qα
.

In Figure 1 we depict the areaG corresponding with these inequalities. Every point
in G with rational coordinates inG will give rise to a triangle all whose edges and
bisectors have rational lengths. Two different points inG with rational coefficients
correspond with nonsimilar triangles.
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(tan π
12 , tan π

12 )

(0, tan π
8 )

qα

qβ

G

Figure 1

5. The case of trisectors

An infinite but incomplete class of solutions for the trisector case did also occur
in the solution booklet of a mathematical competition in the Netherlands (univer-
sitaire wiskunde competitie, 1995). Here we present a complete solution based on
Theorem 5. Again we may assume thatα ≤ β ≤ γ; so, equations (1) and (2)
remain valid here. By Theorem 5,qα :=

√
3 · tan α

6 andqβ :=
√

3 · tan β
6 are

rational. As before, one can calculate the inequalities that need to be satisfied by
qα ∈ Q andqβ ∈ Q:

0 < qα ≤
√

3 · tan π

18
,

qα ≤ qβ ≤
√

12 + 4q2
α − 3 − qα

1 − qα
.

(
√

3 · tan π
18 ,

√
3 · tan π

18 )

(0, tan π
8 )

qα

qβ

G′

Figure 2

In Figure 2 we depict the areaG′ corresponding with these inequalities. Every
point inG′ with rational coordinates will give rise to a triangle all whose edges and
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trisectors have rational lengths. Two different points inG′ with rational coefficients
correspond with nonsimilar triangles.
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A Simple Construction of a Triangle
from its Centroid, Incenter, and a Vertex

Eric Danneels

Abstract. We give a simple ruler and compass construction of a triangle given
its centroid, incenter, and one vertex. An analysis of the number of solutions is
also given.

1. Construction

The ruler and compass construction of a triangle from its centroid, incenter, and
one vertex was one of the unresolved cases in [3]. An analysis of this problem,
including the number of solutions, was given in [1]. In this note we give a very
simple construction of triangle ABC with given centroid G, incenter I , and vertex
A. The construction depends on the following propositions. For another slightly
different construction, see [2].

Proposition 1. Given triangle ABC with Nagel point N , let D be the midpoint of
BC . The lines ID and AN are parallel.

Proof. The centroid G divides each of the segments AD and NI in the ratio AG :
GD = NG : GI = 2 : 1. See Figure 1. �

A

B C

G N
I

D

Figure 1

I

X′

X

N

A

B
C

Ia

Z

Figure 2

Proposition 2. Let X be the point of tangency of the incircle with BC . The an-
tipode of X on the circle with diameter ID is a point on AN .

Publication Date: April 12, 2005. Communicating Editor: Paul Yiu.
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Proof. This follows from the fact that the antipode of X on the incircle lies on the
segment AN . See Figure 2. �
Construction. Given G, I , and A, extend AG to D such that AG : GD = 2 : 1.
Construct the circle C with diameter ID, and the line L through A parallel parallel
to ID.

Let Y be an intersection of the circle C and the line L, and X the antipode of Y
on C such that A is outside the circle I(X). Construct the tangents from A to the
circle I(X). Their intersections with the line DX at the remaining vertices B and
C of the required triangle. See Figure 3.

A

B CX

G

I

D

Y

C
L

Figure 3

2. Number of solutions

We set up a Cartesian coordinate system such that A = (0, 2k) and I = (0,−k).
If G = (u, v), then D = 1

2(3G − A) =
(

3
2u, 3

2v − k
)
. The circle C with diameter

ID has equation

2(x2 + y2) − 3ux − (3v − 4k)y + (2k2 − 3kv) = 0

and the line L through A parallel to ID has slope v
u and equation

vx − uy + 2ku = 0.

The line L and the circle C intersect at 0, 1, 2 real points according as

∆ := (u2 + v2 − 4ku)(u2 + v2 + 4ku)

is negative, zero, or positive. Since x2 + y2 ± 4kx = 0 represent the two circles of
radii 2k tangent to each other externally and to the y-axis at (0, 0), ∆ is negative,
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zero, or positive according as G lies in the interior, on the boundary, or in the
exterior of the union of the two circles.

The intersections of the circle and the line are the points

Yε =

(
3u(u2 + v2 − 4kv − ε

√
∆)

4(u2 + v2)
,

8k(u2 + v2) + 3v(u2 + v2 − 4kv − ε
√

∆)
4(u2 + v2)

)

for ε = ±1. Their antipodes on C are the points

Xε =

(
3u(u2 + v2 + 4kv + ε

√
∆)

4(u2 + v2)
,
−16k(u2 + v2) + 3v(u2 + v2 + 4kv + ε

√
∆)

4(u2 + v2)

)
.

There is a triangle ABC tritangent to the circle I(Xε) and with DXε as a side-
line if and only if the point A lies outside the circle I(Xε). Note that IA = 3k
and

IX2
+ =

9
8
(u2 + v2 +

√
∆), IX2

− =
9
8
(u2 + v2 −

√
∆).

From these, we make the following conclusions.
(i) If u2 + v2 − 8k2 ≥ √

∆, then A lies inside or on I(X−). In this case, there is
no triangle.
(ii) If −√

∆ ≤ u2 + v2 − 8k2 <
√

∆, then A lies outside I(X−) but not I(X+).
There is exactly one triangle.
(iii) If u2 +v2−8k2 < −√

∆, then A lies outside I(X+) (and also I(X−)). There
are in general two triangles.

It is easy to see that the condition −√∆ < u2 + v2 − 8k2 <
√

∆ is equivalent
to (v − 2k)(v + 2k) > 0, i.e., |v| > 2k. We also note the following.

(i) When the line Dε passes through A, the corresponding triangle degenerates.
The condition for collinearity leads to

u(3u2 + 3v2 − 4kv ±
√

∆) = 0.

Clearly, u = 0 gives the y-axis. The corresponding triangle is isosceles. On the
other hand, the condition 3u2 + 3v2 − 4kv ±√

∆ = 0 leads to

(u2 + v2)(u2 + v2 − 3kv + 2k2) = 0,

i.e., (u, v) lying on the circle tangent to the circles x2+y2±4kx = 0 at
(±2k

5 , 6k
5

)
and the line y = 2k at A.

(ii) If v > 0, the circle I(Xε), instead of being the incircle, is an excircle of the
triangle. If G lies inside the region ATOT′A bounded by the circular segments,
one of the excircles is the A-excircle. Outside this region, the excircle is always a
B/C-excircle.

From these we obtain the distribution of the position of G, summarized in Table
1 and depicted in Figure 4, for the various numbers of solutions of the construction
problem. In Figure 4, the number of triangles is
0 if G in an unshaded region, on a dotted line, or at a solid point other than I ,
1 if G is in a yellow region or on a solid red line,
2 if G is in a green region.
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Table 1. Number N of non-degenerate triangles
according to the location of G relative to A and I

N Location of centroid G(u, v)
0 (0, 0), (±2k, 2k);(±2k

5 , 6k
5

)
;

v = 2k;
|u| > 2k −√

4k2 − v2, −2k ≤ v < 2k.
1 u = 0, 0 < |v| < 2k;

−2k < u < 2k, v = −2k;
u = 2k −√

4k2 − v2, 0 < |v| < 2k;
|v| > 2k;
u2 + v2 − 3kv + 2k2 = 0 except (0, 2k),

(±2k
5 , 6k

5

)
.

2 |u| < 2k −√
4k2 − v2, 0 < |v| < 2k,

but u2 + v2 − 3kv + 2k2 	= 0.

O

I

TT ′

A

Figure 4
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Triangle-Conic Porism

Aad Goddijn and Floor van Lamoen

Abstract. We investigate, for a given triangle, inscribed triangles whose sides
are tangent to a given conic.

Consider a triangleA1B1C1 inscribed inABC, and a conicC inscribed in
A1B1C1. We ask whether there are other inscribed triangles inABC and tri-
tangent toC. Restricting to circles, Ton Lecluse wrote about this problem in [6].
See also [5]. He suggested after use of dynamic geometry software that in general
there is a second triangle tritangent toC and inscribed inABC. In this paper we
answer Lecluse’s question.

Proposition 1. Let A′B′C ′ be a variable triangle of which B′ and C′ lie on CA
and AB respectively. If the sidelines of triangle A′B′C ′ are tangent to a conic C,
then the locus of A′ is either a conic or a line.

Proof. Let XY Z be the points onC and whereC′A′, A′B′, andB′C ′ respectively
meetC. ZX is the polar (with respect toC) of B′, which passes through a fixed
point PB , the pole ofCA. Similarly XY passes through a fixed pointPC . The
mappingsY �→ X andX �→ Z are thus involutions onC. HenceY �→ Z is a
projectivity. That means that the linesY Z form a pencil of lines or envelope a
conic according asY �→ Z is an involution or not. Consequently the poles of these
lines, the pointsA′, run through a line�A or a conicCA. �

Two degenerate trianglesA′B′C ′, corresponding to the tangents fromA, arise
as limit cases. Hence, whenY �→ Z is an involution, the pointsU1 andU2 of
contact of tangents fromA to C are its fixed points, and�A = U1U2 is the polar of
A.

The conicsC andCA are tangent to each other inU1 andU2. We see thatC and
CA generate a pencil, of which the pair of common tangents, and the polar ofA
(as double line) are the degenerate elements. In view of this we may consider the
line �A as a conicCA degenerated into a “double” line. We do so in the rest of this
paper.

Publication Date: April 26, 2005. Communicating Editor: Paul Yiu.
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Proposition 1 shows us that if there is one inscribed triangle tritangent toC, there
will be in general another such triangle. This answers Lecluse’s question for the
general case. But it turns out that the other cases lead to interesting configurations
as well.

The number of intersections ofCA with BC gives the number of inscribed trian-
gles tritangent toC. There may be infinitely many, ifCA degenerates and contains
BC. This implies thatBC = �A. By symmetry it is necessary thatABC is self-
polar with respect toC. Of course this applies also when the aboveA′ runs through
�A in the plane of the triangle bounded byAB, CA and�A.

There are two possibilities forCA andBC to intersect in one “double” point.
One is thatCA is nondegenerate and tangent toBC. In this case, by reasons of
continuity, the point of tangency belongs to one triangleA′B′C ′, and similar conics
CB andCC are tangent to the corresponding side as well. The points of tangency
form the cevian triangle of the perspector ofC.

This can be seen by considering the pointM whereU1U2 meetsBC. The
polar of M with respect toC passes through the pole ofU1U2, and through the
intersections of the polars ofB andC, hence the pole ofBC. So the polar�M of
M is theA-cevian of the perspector1 of C. The point whereU1U2 and�M meet is
the harmonic conjugate ofM with respect toU1 andU2. This all applies toCA as
well. In caseCA is tangent toBC, the point of tangency is the pole ofBC, and is
thus the trace of the perspector ofC.

A

B C

S

CA

CB

CC

Figure 1

For example, ifC is the incircle of the medial triangle, the conicCA is tangent
to BC at its midpoint, and contains the points(s : s − b : b), (s : c : s − c),

1By Chasles’ theorem on polarity [1, 5.61], each triangle is perspective to its polar triangle. The
perspector is called the perspector of the conic.
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((a+b+c)(b+c−a) : 2c(c+a−b) : b2+3c2−a2+2ca) and((a+b+c)(b+c−a) :
3b2 + c2 −a2 +2ab : 2b(a+ b− c)). It has center(s : c+a : a+ b). See Figure 1.

The other possibility for a double point is whenCA degenerates into�A. To
investigate this case we prove the following proposition.

Proposition 2. If CA degenerates into a line, the triangle ABC is selfpolar with
respect to each conic tangent to the sides of two cevian triangles. The cevian
triangle of the trilinear pole of any tangent to such a conic is tritangent to this
conic.

Proof. Let P be a point andAP BP CP its anticevian triangle.ABC is a polar
triangle with respect to each conic throughAP BP CP , asABC are the diagonal
points of the complete quadrilateralPAP BP CP . Now consider a second antice-
vian triangleAQBQCQ of Q. The vertices ofAP BP CP andAQBQCQ lie on a
conic2 K. But we also know that trianglePBP CP is the anticevian triangle ofAP .
SoPBP CP andAQBQCQ lie on a conic as well, and having 5 common points
this must beK. We conclude thatABC is selfpolar with respect toK.

Let R be a point onK. AR intersectsK in a second pointR′. Let RA be the
intersectionAR andBC, thenR andR′ are harmonic with respect toA andRA.
But that means thatR′ = AR is theA−vertex of the anti-cevian triangle ofR.
Consequently the anti-cevian triangle ofR lies onK. Proposition 2 is now proved
by duality. �

In the proofBP CP is the side of two anticevian triangles inscribed inK - by
duality this means that the vertex of a cevian triangle tangent toK is a common
vertex of two such cevian triangles. In the case of�A intersectingBC in a double
point, clearly the two triangles are cevian triangles with respect to the triangle
bounded byAB, AC and �A. Were they cevian triangles also with respect to
ABC, then the four sidelines of these cevian triangles would form the dual of an
anticevian triangle, andABC would be selfpolar with respect toC, and�A would
beBC.

We conclude that two distinct triangles inscribed inABC and circumscribingC
cannot be cevian triangles.

In the caseABC is selfpolar with respect toC, so thatCA degenerates into�A,
not each point on�A belongs to (real) cevian triangles. On the other hand clearly
infinitely many points on�A will lead to two cevian triangles tritangent toC. The
perpsectors run through a quartic, the tripoles of the tangents toC.

Theorem 3. Given a triangle ABC and a conic C, the triangle-conic poristic
triangles inscribed in ABC and tritangent to C are as follows.

(i) There are be no triangle-conic poristic triangle.
(ii) C is a conic inscribed in a cevian triangle, and ABC is not self-polar with

respect to C. In this case the cevian triangle is the only triangle-conic poristic
triangle.

2This follows from the dual of the well known theorem that two cevian triangles are circumscribed
by and inscribed in a conic.
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(iii) ABC is self-polar with respect to C. In this case there are infinitely many
triangle-conic poristic triangles.

(iv) There are two distinct triangle-conic poristic triangles, which are not cevian
triangles.

Remarks. (1) In case of a conic with respect to whichABC is self-polar, instead of
cevian triangles tritangent toC, we should speak of cevian fourlines quadritangent
to C.

(2) When we investigate triangles inscribed in a conic and circumscribed to
ABC we get similar results as Theorem 3, simply by duality.

In caseC is a conic with respect to whichABC is selfpolar, we see that each
tangent toC belongs to two cevian triangles tritangent toC and that each point on
C belongs to two anticevian triangles inscribed inC. In this case speak oftriangle-
conic porism and conic-triangle porism in extension of the well known Poncelet
porism.

As an example, we consider thenine-point circle triangles, hence the medial
and orthic triangles. We know that these circumscribe a conicCN , with respect to
which ABC is selfpolar. By Proposition 2 we know that the perspectrices of the
medial and orthic triangles are tangent toCN as well, henceCN must be a parabola
tangent to the orthic axis. The barycentric equation of this parabola is

x2

a2(b2 − c2)
+

y2

b2(c2 − a2)
+

z2

c2(a2 − b2)
= 0.

Its focus isX115 of [3, 4], its directrix the Brocard axis, and its axis is the Simson
line of X98. See Figure 2. The parabola contains the infinite pointX512 and passes
throughX661, X647 andX2519. The Brianchon point of the parabola with respect
to the medial triangle isX670(medial).

The perspectors of the tangent cevian triangles run through the quartic

a2(b2 − c2)y2z2 + b2(c2 − a2)z2x2 + c2(a2 − b2)x2y2 = 0,

which is the isotomic conjugate of the conic

a2(b2 − c2)x2 + b2(c2 − a2)y2 + c2(a2 − b2)z2 = 0

through the vertices of the antimedial triangle, the centroid, and the isotomic con-
jugates of the incenter and the orthocenter.

This special case leads us to amusing consequences, to which we were pointed
by [2]. The sides of every cevian triangle and its perspectrix are tangent to one
parabola inscribed in the medial triangle. Consequently theisotomic conjugates3

with respect to to the medial triangle of these are parallel.
In the dual case, we conclude for instance that the isotomic conjugates with

respect to the antimedial triangle of the vertices and perspectorD of any antice-
vian triangle are collinear with the centroidG. The line isGD′, whereD′ is the
barycentric square ofD.

3The isotomic conjugate of a line� with respect to a triangle is the line passing through the
intercepts of� with the sides reflected through the corresponding midpoints. In [3] this is referred to
as isotomic transversal.
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A Maximal Property of Cyclic Quadrilaterals

Antreas Varverakis

Abstract. We give a very simple proof of the well known fact that among all
quadrilaterals with given side lengths, the cyclic one has maximal area.

Among all quadrilaterals ABCD be with given side lengths AB = a, BC = b,
CD = c, DA = d, it is well known that the one with greatest area is the cyclic
quadrilateral. All known proofs of this result make use of Brahmagupta formula.
See, for example, [1, p.50]. In this note we give a very simple geometric proof.

A

B

D C

EF

G
H

IJ

Figure 1

Let ABCD be the cyclic quadrilateral and GHCD an arbitrary one with the
same side lengths: GH = a, HC = b, CD = c and DG = d. Construct
quadrilaterals EFAB similar to ABCD and IJGH similar to GHCD (in the
same order of vertices). Note that
(i) FE is parallel to DC since ABCD is cyclic and DAF , CBE are straight lines;
(ii) JI is also parallel to DC since

Publication Date: May 10, 2005. Communicating Editor: Paul Yiu.
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∠CDJ + ∠DJI =(∠CDG − ∠JDG) + (∠GJI − ∠GJD)

=(∠CDG − ∠JDG) + (∠CHG − ∠GJD)

=∠CDG + ∠CHG − (∠JDG + ∠GJD)

=∠CDG + ∠CHG − (180◦ − ∠DGJ)

=∠CDG + ∠CHG + (∠DGH + ∠HGJ) − 180◦

=∠CDG + ∠CHG + ∠DGH + ∠HCD − 180◦

=180◦.

Since the ratios of similarity of the quadrilaterals are both a
c , the areas of ABEF

and GHIJ are a2

c2
times those of ABCD and GHCD respectively. It is enough

to prove that
area(DCEF ) ≥ area(DCHIJGD).

In fact, since GD · GJ = HC · HI and ∠DGJ = ∠CHI , it follows that
area(DGJ) = area(CHI), and we have

area(DCHIJGD) = area(DCHG) + area(GHIJ) = area(DCIJ).

Note that
−−→
CD · −→DJ =

−−→
CD · (−−→DG +

−→
GJ)

=
−−→
CD · −−→DG +

−−→
CD · −→GJ

=
−−→
CD · −−→DG +

c2

a2

(−→
IJ · −→GJ

)

=
−−→
CD · −−→DG −−−→

CH · −−→HG

=
1
2

(
a2 + b2 − CG2

) − 1
2

(
c2 + d2 − CG2

)

=
1
2
(a2 + b2 − c2 − d2)

is independent of the position of J . This means that the line JF is perpendicular to
DC; so is IE for a similar reason. The vector

−→
DJ =

−−→
DG+

−→
GJ has a constant pro-

jection on
−−→
CD (the same holds for

−→
CI). We conclude that trapezium DCEF has

the greatest altitude among all these trapezia constructed the same way as DCIJ .
Since all these trapezia have the same bases, DCEF has the greatest area. This
completes the proof that among quadrilaterals of given side lengths, the cyclic one
has greatest area.
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Some Brocard-like points of a triangle

Sadi Abu-Saymeh and Mowaffaq Hajja

Abstract. In this note, we prove that for every triangleABC, there exists a
unique interior pointM the ceviansAA′, BB′, andCC′ through which have
the property that∠AC′B′ = ∠BA′C′ = ∠CB′A′, and a unique interior
point M ′ the ceviansAA′, BB′, andCC′ through which have the property
that ∠AB′C′ = ∠BC′A′ = ∠CA′B′. We study some properties of these
Brocard-like points, and characterize those centers for which the anglesAC′B′,
BA′C′, andCB′A′ are linear forms in the anglesA, B, andC of ABC.

1. Notations

Let ABC be a non-degenerate triangle, with anglesA, B, andC. To every
pointP insideABC, we associate, as shown in Figure 1, the following angles and
lengths.

ξ = ∠BAA′, η = ∠CBB′, ζ = ∠ACC ′;
ξ′ = ∠CAA′, η′ = ∠ABB′, ζ ′ = ∠BCC ′;
α = ∠AC ′B′, β = ∠BA′C ′, γ = ∠CB′A′;
α′ = ∠AB′C ′, β′ = ∠BC ′A′, γ′ = ∠CA′B′;
x = BA′, y = CB′, z = AC ′;
x′ = A′C, y′ = B′A, z′ = C ′B.

The well-known Brocard or Crelle-Brocard points are defined by the requirements
ξ = η = ζ and ξ′ = η′ = ζ ′; see [11]. The anglesω andω′ that satisfyξ =
η = ζ = ω andξ′ = η′ = ζ ′ = ω′ are equal, and their common value is called
the Brocard angle. The points known as Yff’s analogues of the Brocard points
are defined by the similar requirementsx = y = z andx′ = y′ = z′. These
were introduced by Peter Yff in [12], and were so named by Clark Kimberling in
a talk that later appeared as [8]. For simplicity, we shall refer to these points asthe
Yff-Brocard points.

2. The cevian Brocard points

In this note, we show that each of the requirementsα = β = γ andα′ = β′ = γ′
defines a unique interior point, and that the anglesΩ andΩ′ that satisfyα = β =
γ = Ω andα′ = β′ = γ′ = Ω′ are equal. We shall call the resulting two points
the first and second cevian Brocard points respectively, and the common value of
Ω andΩ′, the cevian Brocard angle ofABC.
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Figure 1.

We shall freely use the trigonometric forms

sin ξ sin η sin ζ = sin ξ′ sin η′ sin ζ ′ = sin(A− ξ) sin(B − η) sin(C − ζ)

sinα sin β sin γ = sinα′ sin β′ sin γ′ = sin(A+ α) sin(B + β) sin(C + γ)

of the cevian concurrence condition. We shall also freely use a theorem of Seebach
stating that for any trianglesABC andUVW , there exists insideABC a unique
point P the ceviansAA′, BB′, andCC ′ through which have the property that
(A′, B′, C ′) = (U, V,W ), whereA′, B′, andC ′ are the angles ofA′B′C ′ andU ,
V , andW are the angles ofUVW ; see [10] and [7].

Theorem 1. For every triangle ABC , there exists a unique interior point M the
cevians AA′, BB′, and CC ′ through which have the property that

∠AC ′B′ = ∠BA′C ′ = ∠CB′A′ (= Ω, say), (1)

and a unique interior point M′ the cevians AA′, BB′, and CC ′ through which
have the property that

∠AB′C ′ = ∠BC ′A′ = ∠CA′B′ (= Ω′, say). (2)

Also, the angles Ω and Ω′ are equal and acute. See Figures 2A and 2B.

Proof. It is obvious that (1) is equivalent to the condition(A′, B′, C ′) = (C,A,B),
whereA′, B′, andC ′ are the angles of the cevian triangleA′B′C ′. Similarly, (2)
is equivalent to the condition(A′, B′, C ′) = (B,C,A). According to Seebach’s
theorem, the existence and uniqueness ofM andM′ follow by taking(U, V,W ) =
(C,A,B) and(U, V,W ) = (B,C,A).

To prove thatΩ is acute, observe that ifΩ is obtuse, then the anglesΩ, A + Ω,
B + Ω, andC + Ω would all lie in the interval[π/2, π] where the sine function is
positive and decreasing. This would imply that

sin3 Ω > sin(A+ Ω) sin(B + Ω) sin(C + Ω),
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contradicting the cevian concurrence condition

sin3 Ω = sin(A+ Ω) sin(B + Ω) sin(C + Ω). (3)

ThusΩ, and similarlyΩ′, are acute.

A

B C

M

C′

A′

B′

A∗

B∗

C∗

Figure 3.

It remains to prove thatΩ′ = Ω. LetA′B′C ′ be the cevian triangle ofM , and
suppose thatΩ′ < Ω. Then there exist, as shown in Figure 3, pointsB∗, C∗, and
A∗ on the line segmentsA′C,B′A, andC ′B, respectively, such that

∠AC ′B∗ = ∠BA′C∗ = ∠CB′A∗ = Ω′.
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Then

1 =
AB′

B′C
· CA

′

A′B
· BC

′

C ′A
>
AB∗

B′C
· CA

∗

A′B
· BC

∗

C ′A
=
AB∗

AC ′ ·
CA∗

CB′ ·
BC∗

BA′

=
sin Ω′

sin(A+ Ω′)
· sin Ω′

sin(C + Ω′)
· sin Ω′

sin(B + Ω′)
.

This contradicts the cevian concurrence condition

sin3 Ω′ = sin(A+ Ω′) sin(B + Ω′) sin(C + Ω′)

for M ′. �

The pointsM andM ′ in Theorem 1 will be called thefirst andsecond cevian
Brocard points and the common value ofΩ andΩ′ thecevian Brocard angle.

3. An alternative proof of Theorem 1

An alternative proof of Theorem 1 can be obtained by noting that the existence
and uniqueness ofM are equivalent to the existence and uniqueness of a positive
solutionΩ < min{π − A,π − B,π − C} of (3). Lettingu = sin Ω, U = cos Ω,
andT = U/u = cot Ω, and setting

c0 = sinA sinB sinC,
c1 = cosA sinB sinC + sinA cosB sinC + sinA sinB cosC,
c2 = cosA cosB sinC + cosA sinB cosC + sinA cosB cosC,
c3 = cosA cosB cosC,

(3) simplifies into

u3 = c0U
3 + c1U

2u+ c2Uu
2 + c3u

3. (4)

Using the formulas
c2 = c0 and c1 = c3 + 1 (5)

taken from [5, Formulas 674 and 675, page 165], this further simplifies into

u3 = c0U
3 + (c3 + 1)U2u+ c0Uu

2 + c3u
3

= c0U(U2 + u2) + c3u(U2 + u2) + U2u

= c0U + c3u+ U2u

= u(c0T + c3 + U2).

Sinceu2 = 1
1+T 2 andU2 = T 2

1+T 2 , this in turn reduces tof(T ) = 0, where

f(X) = c0X
3 + (c3 + 1)X2 + c0X + (c3 − 1). (6)

Arguing as in the proof of Theorem 1 thatΩ must be acute, we restrict our search
to the intervalΩ ∈ [0, π/2], i.e., toT ∈ [0,∞). On this interval,f is clearly
increasing. Also,f(0) < 0 andf(∞) > 0. Thereforef has a unique zero in
[0,∞). This proves the existence and uniqueness ofM . A similar treatment ofM′
leads to the samef , proving thatM′ exists and is unique, and thatΩ = Ω′.
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This alternative proof of Theorem 1 has the advantage of exhibiting the defining
polynomial ofcot Ω, which is needed in proving Theorems 2 and 3.

4. The cevian Brocard angle

Theorem 2. Let Ω be the cevian Brocard angle of triangle ABC .
(i) cot Ω satisfies the polynomial f given in (6), where c0 = sinA sinB sinC and
c3 = cosA cosB cosC .
(ii) Ω ≤ π/3 for all triangles.
(iii) Ω takes all values in (0, π/3].

Proof. (i) follows from the alternative proof of Theorem 1 given in the preceding
section.

To prove (ii), it suffices to prove thatf(1/
√

3) ≤ 0 for all trianglesABC. Let

G = f

(
1√
3

)
=

4
√

3
9

sinA sinB sinC +
4
3

cosA cosB cosC − 2
3
.

ThenG = 0 if ABC is equilateral, and hence it is enough to prove thatG attains
its maximum at such a triangle. To see this, take a non-equilateral triangleABC.
Then we may assume thatA > B andC < π/2. If we replaceABC by the
triangle whose angles are(A + B)/2, (A + B)/2, andC, thenG increases. This
follows from

2 sinA sinB = cos(A−B) − cos(A+B) < 1 − cos(A+B) = 2 sin2 A+B

2
,

2 cosA cosB = cos(A−B) + cos(A+B) < 1 + cos(A+B) = 2 cos2 A+B

2
.

ThusG attains its maximal value, 0, at equilateral triangles, and henceG ≤ 0 for
all triangles, as desired.

To prove (iii), we letS = tan Ω = 1/T and we see thatS is a zero of the
polynomialF (X) = c0 + (c3 + 1)X + c0X

2 + (c3 − 1)X3. The non-negative
zero ofF whenABC is degenerate, i.e., whenc0 = 0, is 0. By continuity of the
zeros of polynomials, we conclude thattan Ω can be made arbitrarily close to0 by
taking a triangle whosec0 is close enough to 0. Note thatc3 − 1 is bounded away
from zero sincec3 ≤ 3

√
3/8 for all triangles. �

Remarks. (1) Unlike the Brocard angleω, the cevian Brocard angleΩ is not neces-
sarily Euclidean constructible. To see this, take the triangleABC with A = π/2,
andB = C = π/4. Thenc3 = 0, c0 = 1/2, and2f(T ) = T 3 + 2T 2 + T − 2.
This is irreducible overZ since none of±1 and±2 is a zero off , and therefore it
is the minimal polynomial ofcot Ω. Since it is of degree 3, it follows thatcot Ω,
and hence the angleΩ, is not constructible.

(2) By the cevian concurrence condition, the Brocard angleω is defined by

sin3 ω = sin(A− ω) sin(B − ω) sin(C − ω). (7)

Letting v = sinω, V = cosω andt = cotω as before, we obtain

v3 = c0V
3 − c1V

2v + c2V v
2 − c3v

3. (8)
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This reduces to the very simple formg(t) = 0, where

g(X) = c0X − c3 − 1, (9)

showing that

t = cotω =
1 + c3
c0

=
c1
c0

= cotA+ cotB + cotC, (10)

as is well known, and exhibiting the trivial constructibility ofω. This heavy con-
trast with the non-constructiblity ofΩ is rather curious in view of the great formal
similarity between (3) and (4) on the one hand and (7) and (8) on the other.

The next theorem shows that a triangle is completely determined, up to similar-
ity, by its Brocard and cevian Brocard angles. This implies, in particular, thatΩ and
ω are independent of each other, since neither of them is sufficient for determining
the shape of the triangle.

Theorem 3. If two triangles have equal Brocard angles and equal cevian Brocard
angles, then they are similar.

Proof. Let ω andΩ be the Brocard and cevian Brocard angles of triangleABC,
and lett = cotω andT = cot Ω. From (10) it follows thatt = c1/c0 and therefore
c1 = tc0. Substituting this in (6), we see thatc0(T + t)(T 2 +1) = 2, and therefore

c0 =
2

(T + t)(T 2 + 1)
, and c1 =

2t
(T + t)(T 2 + 1)

.

Letting s1, s2, ands3 be the elementary symmetric polynomials incotA, cotB,
andcotC, we see that

s1 = cotA+ cotB + cotC = t,

s2 = cotA cotB + cotB cotC + cotC cotA =
c2
c0

= 1,

s3 = cotA cotB cotC =
c3
c1

=
c1 − 1
c1

= 1 − (T + t)(T 2 + 1)
2t

.

Since the angles ofABC are completely determined by their cotangents, which in
turn are nothing but the zeros ofX3 − s1X

2 + s2X − s3, it follows that the angles
of ABC are determined byt andT , as claimed. �

5. Some properties of the cevian Brocard points

It is easy to see that the first and second Brocard points coincide if and only
if the triangle is equilateral. The same holds for the cevian Brocard points. The
next theorem deals with the cases when a Brocard point and a cevian Brocard point
coincide. We use the following simple theorem.

Theorem 4. If the cevians AA′, BB′, and CC ′ through a point P inside trian-
gle ABC have the property that two of the quadrilaterals AC′PB′, BA′PC ′,
CB′PA′, ABA′B′, BCB′C ′, and CAC ′A′ are cyclic, then P is the orthocenter
of ABC . If, in addition, P is a Brocard point, then ABC is equilateral.
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Proof. The first part is nothing but [4, Theorem 4] and is easy to prove. The second
part follows fromω = π/2 −A = π/2 −B = π/2 − C. �
Theorem 5. If any of the Brocard points L and L′ of triangle ABC coincides with
any of its cevian Brocard points M and M′, then ABC is equilateral.

Proof. Let AA′, BB′, andCC ′ be the cevians throughL, and letω andΩ be the
Brocard and cevian Brocard angles ofABC; see Figure 4A. By the exterior angle
theorem,∠ALB′ = ω+(B−ω) = B. Similarly,∠BLC ′ = C and∠CLA′ = A.

A

B C

L

C′

A′

B′

Ω

Ω
Ω

ω

ω ω

X

Y
Z

Figure 4A

A

B C

LC′

A′

B′

Ω

Ω

Ω

ω

ω

ω

Figure 4B

Suppose thatL = M . Then(A′, B′, C ′) = (C,A,B). Referring to Figure 4A,
let X, Y , andZ be the points whereAA′, BB′, andCC ′ meetB′C ′, C ′A′, and
A′B′, respectively. It follows from∠ALB′ = B = C ′ and its iterates that the
quadrilateralsXC′Y L, Y A′ZL, andZB′XL are cyclic. By Theorem 4,L is the
orthocenter ofA′B′C ′. Thereforeω + Ω = π/2. Sinceω ≤ π/6 andΩ ≤ π/3, it
follows thatω = π/6 andΩ = π/3. Thus the Brocard and cevian Brocard angles
of ABC coincide with those for an equilateral triangle. By Theorem 3,ABC is
equilateral.

Suppose next thatL = M′. Referring to Figure 4B, we see that∠AB′C ′ =
∠ACC ′ + ∠B′C ′C, and therefore∠B′C ′C = Ω − ω. Similarly ∠C ′A′A =
∠A′B′B = Ω − ω. ThereforeL is the second Brocard point ofA′B′C ′. Since
(A′, B′, C ′) = (B,C,A), it follows thatABC andA′B′C ′ have the same Brocard
angles. Therefore∠BAA′ = ∠BB′A′ andABA′B′ is cyclic. The same holds for
the quadrilateralsBCB′C ′ andCAC′A′. By Theorem 4,ABC is equilateral. �

The following theorem answers questions that are raised naturally in the proof
of Theorem 5. It also restates Theorem 5 in terms of the Brocard points without
reference to the cevian Brocard points.

Theorem 6. Let L be the first Brocard point of ABC , and let AA′, BB′, and CC ′
be the cevians through L. Then L coincides with one of the two Brocard points
N and N ′ of A′B′C ′ if and only if ABC is equilateral. The same holds for the
second Brocard point L′.
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Proof. Let the angles ofA′B′C ′ be denoted byA′, B′, andC ′. The proof of
Theorem 5 shows that the conditionL = N′ is equivalent toL = M′, which in
turn implies thatABC is equilateral. This leaves us with the caseL = N . In
this case, letω andµ be the Brocard angles ofABC andA′B′C ′, respectively, as
shown in Figure 5. The exterior angle theorem shows that

A = π−∠AC ′B′−∠AB′C ′ = π− (µ+B−ω)− (ω+C ′−µ) = π−B−C ′.

ThusC = C ′. Similarly,A = A′ andB = B′. Thereforeµ = ω, and the quadri-
lateralsAC′LB′ andBA′LC ′ are cyclic. By Theorem 4,ABC is equilateral. �

A

B C

L

C′

A′

B′

ω

ω ωµ

µ

µ

Figure 5

Remark. (3) It would be interesting to investigate whether the many inequalities
involving the Brocard angle, such as Yff’s inequality [1], have analogues for the
cevian Brocard angles, and whether there are inequalities that involve both the
Brocard and cevian Brocard angles. Similar questions can be asked about other
properties of the Brocard points. For inequalities involving the Brocard angle, we
refer the reader to [2] and [9, pp.329-333] and the references therein.

6. A characterization of some common triangle centers

We close with a theorem that complements Theorems 1 and 2 of [3].

Theorem 7. The triangle centers for which the angles α, β, γ are linear forms in
A, B, C are the centroid, the orthocenter, and the Gergonne point.

Proof. Arguing as in Theorems 1 and 2 of [3], we see thatα, β, γ are of the form

α =
π −A

2
+ t(B − C), β =

π −B

2
+ t(C −A), γ =

π − C

2
+ t(A−B).

In particular,α+ β + γ = π, and therefore

4 sinα sin β sin γ = sin 2α+ sin 2β + sin 2γ;
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see [5, Formula 681, p. 166]. Thus the Ceva’s concurrence relation takes the form

sin (A− 2t(B − C)) + sin (B − 2t(C −A)) + sin (C − 2t(A−B))

= sin (A+ 2t(B − C)) + sin (B + 2t(C −A)) + sin (C + 2t(A−B)) ,

which reduces to

cosA sin(2t(B − C)) + cosB sin(2t(C −A)) + cosC sin(2t(A−B)) = 0.

Following word by word the way equation (5) of [3] was treated, we conclude that
t = −1/2, t = 0, or t = 1/2.

If t = 0, thenα = (π −A)/2, and thereforeα = α′ andAB′ = AC ′. ThusA′,
B′, andC ′ are the points of contact of the incircle, and the point of intersection of
AA′,BB′, andCC ′ is the Gergonne point.

If t = 1/2, then(α, β, γ) = (B,C,A), and(A′, B′, C ′) = (A,B,C). This
clearly corresponds to the centroid.

If t = −1/2, then(α, β, γ) = (C,A,B), and(A′, B′, C ′) = (π−A,π−B,π−
C). This clearly corresponds to the orthocenter. �

Remarks. (4) In establishing the parts pertaining to the centroid and the orthocenter
in Theorem 7, we have used the uniqueness component of Seebach’s theorem.
Alternative proofs that do not use Seebach’s theorem follow from [4, Theorems 4
and 7].

(5) In view of the proof of Theorem 7, it is worth mentioning that the proof of
Theorem 2 of [3] can be simplified by noting thatξ + η + ζ = π/2 and using the
identity

1 + 4 sin ξ sin η sin ζ = cos 2ξ + cos 2η + cos 2ζ

given in [5, Formula 678, p. 166].
(6) It is clear that the first and second cevian Brocard points of triangleABC

can be equivalently defined as the points whose cevian trianglesA′B′C ′ have the
properties that(A′, B′, C ′) = (C,A,B) and (A′, B′, C ′) = (B,C,A), respec-
tively. The point corresponding to the requirement that(A′, B′, C ′) = (A,B,C)
is the centroid; see [6] and [4, Theorem 7]. It would be interesting to explore the
point defined by the condition(A′, B′, C ′) = (A,C,B).
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Abstract. With the availability of computer software on dynamic geometry,
beautiful and accurate geometric diagrams can be drawn, edited, and organized
efficiently on computer screens. This new technological capability stimulates
the desire to strive for elegance in actual geometric constructions. The present
paper advocates a closer examination of the geometric meaning of the algebraic
expressions in the analysis of a construction problem to actually effect a con-
struction as elegantly and efficiently as possible on the computer screen. We
present a fantasia of euclidean constructions the analysis of which make use of
elementary algebra and very basic knowledge of euclidean geometry, and focus
on incorporating simple algebraic expressions into actual constructions using the
Geometer’s Sketchpad�.

After a half century of curriculum reforms, it is fair to say that mathematicians
and educators have come full circle in recognizing the relevance of Euclidean ge-
ometry in the teaching and learning of mathematics. For example, in [15], J.
E. McClure reasoned that “Euclidean geometry is the only mathematical subject
that is really in a position to provide the grounds for its own axiomatic proce-
dures”. See also [19]. Apart from its traditional role as the training ground for
logical reasoning, Euclidean geometry, with its construction problems, provides a
stimulating milieu of learning mathematicsconstructivistically. One century ago,
D. E. Smith [17, p.95] explained that the teaching of constructions using ruler and
compass serves several purposes: “it excites [students’] interest, it guards against
the slovenly figures that so often lead them to erroneous conclusions, it has a gen-
uine value for the future artisan, and its shows that geometry is something besides
mere theory”. Around the same time, the British Mathematical Association [16]
recommended teaching school geometry as two parallel courses ofTheoremsand
Constructions. “The course of constructions should be regarded as apractical
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course, the constructions being accurately made with instruments, and no construc-
tion, or proof of a construction, should be deemed invalid by reason of its being
different from that given in Euclid, or by reason of its being based on theorems
which Euclid placed after it”.

A good picture is worth more than a thousand words. This is especially true for
students and teachers of geometry. With good illustrations, concepts and problems
in geometry become transparent and more understandable. However, the diffi-
culty of drawing good blackboard geometric sketches is well appreciated by every
teacher of mathematics. It is also true that many interesting problems on construc-
tions with ruler and compass are genuinely difficult and demand great insights for
solution, as in the case of geometrical proofs. Like handling difficult problems in
synthetic geometry with analytic geometry, one analyzes construction problems by
the use of algebra. It is well known that historically analysis of such ancient con-
struction problems as the trisection of an angle and the duplication of the cube gave
rise to the modern algebraic concept of field extension. A geometric construction
can be effected with ruler and compass if and only if the corresponding algebraic
problem is reducible to a sequence of linear and quadratic equations with con-
structible coefficients. For all the strength and power of such algebraic analysis of
geometric problems, it is often impractical to carry out detailed constructions with
paper and pencil, so much so that in many cases one is forced to settle for mere
constructibility. For example, Howard Eves, in his solution [6] of the problem
of construction of a triangle given the lengths of a side and the median and angle
bisector on the same side, made the following remark after proving constructibility.

The devotee of the game of Euclidean constructions is not really
interested in the actual mechanical construction of the sought tri-
angle, but merely in the assurance that the construction is possible.
To use a phrase of Jacob Steiner, the devotee performs his con-
struction “simply by means of the tongue” rather than with actual
instruments on paper.

Now, the availability in recent years of computer software on dynamic geome-
try has brought about a change of attitude. Beautiful and accurate geometric dia-
grams can be drawn, edited, and organized efficiently on computer screens. This
new technological capability stimulates the desire to strive for elegance in actual
geometric constructions. The present paper advocates a closer examination of the
geometric meaning of the algebraic expressions in the analysis of a construction
problem to actually effect a construction as elegantly and efficiently as possible on
the computer screen.1 We present a fantasia of euclidean constructions the analysis
of which make use of elementary algebra and very basic knowledge of euclidean
geometry.2 We focus on incorporating simple algebraic expressions into actual
constructions using theGeometer’s Sketchpad�. The tremendous improvement

1See§6.1 for an explicit construction of the triangle above with a given side, median, and angle
bisector.

2TheGeometer’s Sketchpad� files for the diagrams in this paper are available from the author’s
websitehttp://www.math.fau.edu/yiu/Geometry.html.
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on the economy of time and effort is hard to exaggerate. The most remarkable fea-
ture of theGeometer’s Sketchpad� is the capability of customizing atool folder to
make constructions as efficiently as one would like. Common, basic constructions
need only be performed once, and saved astools for future use. We shall use the
Geometer’s Sketchpad� simply as ruler and compass, assuming atool folder con-
taining at least the followingtools3 for ready use:
(i) basic shapes such asequilateral triangle andsquare,
(ii) tangents to a circle from a given point,
(iii) circumcircle andincircle of a triangle.

Sitting in front of the computer screen trying to perform geometric construc-
tions is a most ideal constructivistic learning environment: a student is to bring his
geometric knowledge and algebraic skill to bear on natural, concrete but challeng-
ing problems, experimenting with various geometric interpretations of concrete
algebraic expressions. Such analysis and explicit constructions provide a fruitful
alternative to the traditional emphasis of the deductive method in the learning and
teaching of geometry.

1. Some examples

We present a few examples of constructions whose elegance is suggested by
an analysis a little more detailed than is necessary for constructibility or routine
constructions. A number of constructions in this paper are based on diagrams in
the interesting book [9]. We adopt the following notation for circles:
(i) A(r) denotes the circle with centerA, radiusr;
(ii) A(B) denotes the circle with centerA, passing through the pointB, and
(iii) (A) denotes a circle with centerA and unspecified radius, but unambiguous in
context.

1.1. Construct a regular octagon by cutting corners from a square.

P

Q

A B

CD

x 1 − 2x x

x

Figure 1A

O

P

Q

A B

CD

Figure 1B

Suppose an isosceles right triangle of (shorter) sidex is to be cut from each cor-
ner of a unit square to make a regular octagon. See Figure 1A. A simple calculation
shows thatx = 1 −

√
2

2 . This meansAP = 1 − x =
√

2
2 . The pointP , and the

3A construction appearing insans serif is assumed to be one readily performable with a cus-
tomized tool.
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other vertices, can be easily constructed by intersecting the sides of the square with
quadrants of circles with centers at the vertices of the square and passing through
the centerO. See Figure 1B.

1.2. The centersA andB of two circles lie on the other circle. Construct a circle
tangent to the lineAB, to the circle(A) internally, and to the circle(B) externally.

BA

K

X

Figure 2A

BA

C

X

K

M

Y

Figure 2B

SupposeAB = a. Let r = radius of the required circle(K), andx = AX,
whereX is the projection of the centerK on the lineAB. We have

(a+ r)2 = r2 + (a + x)2, (a− r)2 = r2 + x2.

Subtraction gives4ar = a2 + 2ax or x + a
2 = 2r. This means that in Figure 2B,

CMXY is a square, whereM is the midpoint ofAB. The circle can now be easily
constructed by first erecting asquare onCM .

1.3. Equilateral triangle in a rectangle.Given a rectangleABCD, construct points
P andQ onBC andCD respectively such that triangleAPQ is equilateral.

Construction 1. Constructequilateral triangles CDX andBCY , withX andY
inside the rectangle. ExtendAX to intersectBC at P andAY to intersectCD at
Q.

The triangleAPQ is equilateral.See Figure 3B.

A B

CD Q

P

Figure 3A
A B

CD Q

P
X

Y

Figure 3B

This construction did not come from a lucky insight. It was found by an analysis.
Let AB = DC = a, BC = AD = b. If BP = y, DQ = x andAPQ is
equilateral, then a calculation shows thatx = 2a−√

3b andy = 2b−√
3a. From

these expressions ofx andy the above construction was devised.
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1.4. Partition of an equilateral triangle into 4 triangles with congruent incircles.
Given an equilateral triangle, construct three lines each through a vertex so that the
incircles of the four triangles formed are congruent. See Figure 4A and [9, Problem
2.1.7] and [10, Problem 5.1.3], where it is shown that if each side of the equilateral
triangle has lengtha, then the small circles all have radii1

8 (
√

7 −√
3)a. Here is a

calculation that leads to a very easy construction of these lines.
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Figure 4A
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In Figure 4A, letCX = AY = BZ = a andBX = CY = AZ = b. The
equilateral triangleXY Z has sidelengtha − b and inradius

√
3

6 (a − b). Since
∠BXC = 120◦, BC =

√
a2 + ab+ b2, and the inradius of triangleBXC is

1
2
(a+ b−

√
a2 + ab+ b2) tan 60◦ =

√
3

2
(a + b−

√
a2 + ab + b2).

These two inradii are equal if and only if3
√
a2 + ab+ b2 = 2(a+2b). Applying

the law of cosines to triangleXBC, we obtain

cosXBC =
(a2 + ab+ b2) + b2 − a2

2b
√
a2 + ab+ b2

=
a+ 2b

2
√
a2 + ab+ b2

=
3
4
.

In Figure 4B,Y ′ is the intersection of the arcB(C) and the perpendicular from
the midpointE of CA to BC. The lineBY ′ makes an anglearccos 3

4 with BC.
The other two linesAX′ andCZ′ are similarly constructed. These lines bound the
equilateral triangleXY Z, and the fourincircles can be easily constructed. Their
centers are simply the reflections ofX′ in D, Y ′ in E, andZ′ in F .

2. Some basic constructions

2.1. Geometric mean and the solution of quadratic equations.The following con-
structions of the geometric mean of two lengths are well known.

Construction 2. (a) Given two segments of lengtha, b, mark three pointsA, P ,
B on a line (P betweenA andB) such thatPA = a andPB = b. Describe a
semicircle withAB as diameter, and let the perpendicular throughP intersect the
semicircle atQ. ThenPQ2 = AP · PB, so that the length ofPQ is the geometric
mean ofa andb. See Figure 5A.
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(b) Given two segments of lengtha < b, mark three pointsP , A, B on a line
such thatPA = a, PB = b, andA, B are on thesameside ofP . Describe a
semicircle withPB as diameter, and let the perpendicular throughA intersect the
semicircle atQ. ThenPQ2 = PA · PB, so that the length ofPQ is the geometric
mean ofa andb. See Figure 5B.

PA B

Q

a b

√
ab

Figure 5A

P
A

B

Q

Figure 5B

More generally, a quadratic equation can be solved by applying the theorem of
intersecting chords:If a line throughP intersects a circleO(r) at X andY , then
the productPX · PY (of signed lengths) is equal toOP2 − r2. Thus, if two
chordsAB andXY intersect atP , thenPA · PB = PX · PY . See Figure 6A.
In particular, ifP is outside the circle, and ifPT is a tangent to the circle, then
PT 2 = PX · PY for any line intersecting the circle atX andY . See Figure 6B.

O

A BP
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X

Figure 6A

O

X
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T

Figure 6B

A quadratic equation can be put in the formx(x ± a) = b2 or x(a − x) = b2.
In the latter case, for real solutions, we requireb ≤ a

2 . If we arrangea andb as
the legs of a right triangle, then the positive roots of the equation can be easily
constructed as in Figures 6C and 6D respectively.

The algebraic method of the solution of a quadratic equation by completing
squares can be easily incorporated geometrically by using the Pythagorean theo-
rem. We present an example.
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2.1.1. Given a chordBC perpendicular to a diameterXY of circle (O), to con-
struct a line throughX which intersects the circle atA andBC atT such thatAT
has a given lengtht. Clearly,t ≤ YM , whereM is the midpoint ofBC.

Let AX = x. Since∠CAX = ∠CYX = ∠TCX, the lineCX is tangent to
the circleACT . It follows from the theorem of intersecting chords thatx(x− t) =
CX2. The method of completing squares leads to

x =
t

2
+

√
CX2 +

(
t

2

)2

.

This suggests the following construction.4

X

Y

CB

P

Q

T ′

A′

T

A

O

M

Figure 7

Construction 3. On the segmentCY , choose a pointP such thatCP = t
2 . Extend

XP to Q such thatPQ = PC. LetA be an intersection ofX(Q) and (O). If the
lineXA intersectsBC at T , thenAT = t. See Figure 7.

4 This also solves the construction problem of triangleABC with given angleA, the lengthsa of
its opposite side, and of the bisector of angleA.
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2.2. Harmonic mean and the equation1a + 1
b = 1

t . The harmonic mean of two
quantitiesa and b is 2ab

a+b . In a trapezoid of parallel sidesa and b, the parallel
through the intersection of the diagonals intercepts a segment whose length is the
harmonic mean ofa andb. See Figure 8A. We shall write this harmonic mean as
2t, so that1a + 1

b = 1
t . See Figure 8B.

b

a

A B

CD

Figure 8A

t

a b

Figure 8B

Here is another construction oft, making use of the formula for the length of an
angle bisector in a triangle. IfBC = a, AC = b, then the angle bisectorCZ has
length

tc =
2ab
a+ b

cos
C

2
= 2t cos

A

2
.

The lengtht can therefore be constructed by completing the rhombusCXZY (by
constructing the perpendicular bisector ofCZ to intersectBC atX andAC atY ).
See Figure 9A. In particular, if the triangle contains a right angle, this trapezoid is
a square. See Figure 9B.
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3. The shoemaker’s knife

3.1. Archimedes’ Theorem.A shoemaker’s knife (or arbelos) is the region ob-
tained by cutting out from a semicircle with diameterAB the two smaller semi-
circles with diametersAP andPB. Let AP = 2a, PB = 2b, and the common
tangent of the smaller semicircles intersect the large semicircle atQ. The following
remarkable theorem is due to Archimedes. See [12].
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Theorem 1 (Archimedes). (1) The two circles each tangent toPQ, the large semi-
circle and one of the smaller semicircles have equal radiit = ab

a+b . See Figure
10A.

(2) The circle tangent to each of the three semicircles has radius

ρ =
ab(a+ b)

a2 + ab + b2
. (1)

See Figure 10B.

A BOO1 O2P
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C2

Q

Figure 10A

A BOO1 O2P

C

Figure 10B

Here is a simple construction of the Archimedean “twin circles”. LetQ1 and
Q2 be the “highest” points of the semicirclesO1(a) andO2(b) respectively. The
intersectionC3 = O1Q2 ∩O2Q1 is a point “above”P , andC3P = t = ab

a+b .

Construction 4. Construct the circleP (C3) to intersect the diameterAB at P1

andP2 (so thatP1 is onAP andP2 is onPB).
The centerC1 (respectivelyC2) is the intersection of the circleO1(P2) (respec-

tively O2(P1)) and the perpendicular toAB at P1 (respectivelyP2). See Figure
11.
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Q

Figure 11

Theorem 2 (Bankoff [3]). If the incircleC(ρ) of the shoemaker’s knife touches the
smaller semicircles atX andY , then the circle through the pointsP ,X, Y has the
same radiust as the Archimedean circles.See Figure 12.

This gives a very simple construction of the incircle of the shoemaker’s knife.
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Construction 5. LetX = C3(P )∩O1(a), Y = C3(P )∩O2(b), andC = O1X ∩
O2Y . The circleC(X) is the incircle of the shoemaker’s knife. It touches the large
semicircle atZ = OC ∩O(a + b). See Figure 13.

A rearrangement of (1) in the form
1

a+ b
+

1
ρ

=
1
t

leads to another construction of the incircle(C) by directly locating the center and
one point on the circle. See Figure 14.
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Construction 6. LetQ0 be the “highest” point of the semicircleO(a + b). Con-
struct
(i) K = Q1Q2 ∩ PQ,
(ii) S = OC3 ∩Q0K, and
(iii) the perpendicular fromS toAB to intersect the lineOK atC.

The circleC(S) is the incircle of the shoemaker’s knife.

3.2. Other simple constructions of the incircle of the shoemaker’s knife.We give
four more simple constructions of the incircle of the shoemaker’s knife. The first
is by Leon Bankoff [1]. The remaining three are by Peter Woo [21].

Construction 7 (Bankoff). (1) Construct the circleQ1(A) to intersect the semi-
circlesO2(b) andO(a+ b) atX andZ respectively.

(2) Construct the circleQ2(B) to intersect the semicirclesO1(a) andO(a+ b)
at Y and the same pointZ in (1) above.
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Thecircle through X , Y , Z is the incircle of the shoemaker’s knife.See Figure
15.
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Figure 15
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Figure 16

Construction 8 (Woo). (1) Construct the lineAQ2 to intersect the semicircle
O2(b) atX.

(2) Construct the lineBQ1 to intersect the semicircleO1(a) at Y .
(3) Let S = AQ2 ∩ BQ1. Construct the linePS to intersect the semicircle

O(a+ b) at Z.
Thecircle through X , Y , Z is the incircle of the shoemaker’s knife.See Figure

16.

Construction 9 (Woo). LetM be the “lowest” point of the circleO(a + b). Con-
struct
(i) the circleM(A) to intersectO1(a) at Y andO2(b) atX,
(ii) the lineMP to intersect the semicircleO(a + b) atZ.

Thecircle through X , Y , Z is the incircle of the shoemaker’s knife.See Figure
17.
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Construction 10 (Woo). Constructsquares onAP andPB on the same side of
the shoemaker knife. LetK1 andK2 be the midpoints of the opposite sides ofAP
andPB respectively. LetC = AK2 ∩BK1, andX = CO2 ∩O2(b).

The circleC(X) is the incircle of the shoemaker’s knife.See Figure 18.

4. Animation of bicentric polygons

A famous theorem of J. V. Poncelet states that if between two conicsC1 andC2

there is a polygon ofn sides with vertices onC1 and sides tangent toC2, then there
is one such polygon ofn sides with a vertex at an arbitrary point onC1. See, for
example, [5]. For circlesC1 andC2 and forn = 3, 4, we illustrate this theorem by
constructing animation pictures based on simple metrical relations.

4.1. Euler’s formula. Consider the construction of a triangle given its circumcen-
terO, incenterI and a vertexA. The circumcircle isO(A). If the lineAI intersects
this circle again atX, then the verticesB andC are simply the intersections of the
circlesX(I) andO(A). See Figure 19A. This leads to the famous Euler formula

d2 = R2 − 2Rr, (2)

whered is the distance between the circumcenter and the incenter.5
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Figure 19A
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Figure 19B

4.1.1. Given a circleO(R) andr < R
2 , to construct a pointI such thatO(R) and

I(r) are the circumcircle and incircle of a triangle.

Construction 11. LetP (r) be a circle tangent to(O) internally. Construct a line
throughO tangent to the circle P (r) at a pointI.

The circleI(r) is the incircle of triangles which haveO(R) as circumcircle.See
Figure 20.

5Proof: If I is the incenter, thenAI = r

sin A
2

andIX = IB = 2R

sin A
2

. See Figure 19B. The

power ofI with respect to the circumcircle isd2 − R2 = IA · IX = −r sin A
2
· 2R

sin A
2

= −2Rr.
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4.1.2. Given a circleO(R) and a pointI, to construct a circleI(r) such thatO(R)
andI(r) are the circumcircle and incircle of a triangle.

Construction 12. Construct the circleI(R) to intersectO(R) at a pointP , and
construct the linePI to intersectO(R) again atQ. LetT be the midpoint ofIQ.

The circleI(T ) is the incircle of triangles which haveO(R) as circumcircle.
See Figure 21.

4.1.3. Given a circleI(r) and a pointO, to construct a circleO(R) which is the
circumcircle of triangles withI(r) as incircle. SinceR = r +

√
r2 + d2 by the

Euler formula (2), we have the following construction. See Figure 22.

Construction 13. Let IP be a radius ofI(r) perpendicular toIO. ExtendOP to
a pointA such thatPA = r.

The circleO(A) is the circumcircle of triangles which haveI(r) as incircle.

O

I
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P

Figure 22

P
Q
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I

Figure 23

4.1.4. Given I(r) andR > 2r, to construct a pointO such thatO(R) is the
circumcircle of triangles withI(r) as incircle.
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Construction 14. Extend a radiusIP to Q such thatIQ = R. Construct the
perpendicular toIP at I to intersect the circleP (Q) atO.

The circleO(R) is the circumcircle of triangles which haveI(r) as incircle.See
Figure 23.

4.2. Bicentric quadrilaterals.A bicentric quadrilateral is one which admits a cir-
cumcircle and an incircle. The construction of bicentric quadrilaterals is based on
the Fuss formula

2r2(R2 + d2) = (R2 − d2)2, (3)

whered is the distance between the circumcenter and incenter of the quadrilateral.
See [7,§39].

4.2.1. Given a circleO(R) and a pointI, to construct a circleI(r) such thatO(R)
andI(r) are the circumcircle and incircle of a quadrilateral.

The Fuss formula (3) can be rewritten as

1
r2

=
1

(R + d)2
+

1
(R− d)2

.

In this form it admits a very simple interpretation:r can be taken as the altitude
on the hypotenuse of a right triangle whose shorter sides have lengthsR ± d. See
Figure 24.

Construction 15. ExtendIO to intersectO(R) at a pointA. On the perpendicular
to IA at I construct a pointK such thatIK = R − d. Construct the altitudeIP
of the right triangeAIK.

The circlesO(R) andI(P ) are the circumcircle and incircle of bicentric quadri-
laterals.
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Figure 25
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4.2.2. Given a circleO(R) and a radiusr ≤ R√
2
, to construct a pointI such that

I(r) is the incircle of quadrilaterals inscribed inO(R), we rewrite the Fuss formula
(3) in the form

d2 =

(√
R2 +

r2

4
− r

2

)(√
R2 +

r2

4
− 3r

2

)
.

This leads to the following construction. See Figure 25.

Construction 16. Construct a right triangleOAK with a right angle atA,OA =
R andAK = r

2 . On the hypotenuseOK choose a pointP such thatKP = r.
Construct atangent from O to the circle P (r

2 ). LetI be the point of tangency.
The circlesO(R) andI(r) are the circumcircle and incircle of bicentric quadri-

laterals.

4.2.3. Given a circleI(r) and a pointO, to construct a circle(O) such that these
two circles are respectively the incircle and circumcircle of a quadrilateral. Again,
from the Fuss formula (3),

R2 =

(√
d2 +

r2

4
+
r

2

)(√
d2 +

r2

4
+

3r
2

)
.

Construction 17. Let E be the midpoint of a radiusIB perpendicular toOI.
Extend the rayOE to a pointF such thatEF = r. Construct atangent OT to the
circle F

(
r
2

)
. ThenOT is a circumradius.

5. Some circle constructions

5.1. Circles tangent to a chord at a given point.Given a pointP on a chordBC of
a circle(O), there are two circles tangent toBC atP , and to(O) internally. The

radii of these two circles are
BP · PC
2(R± h)

, whereh is the distance fromO to BC.

They can be constructed as follows.

Construction 18. Let M be the midpoint ofBC, andXY be the diameter per-
pendicular toBC. Construct
(i) the circle centerP , radiusMX to intersect the arcBXC at a pointQ,
(ii) the linePQ to intersect the circle(O) at a pointH,
(iii) the circleP (H) to intersect the line perpendicular toBC at P at K (so that
H andK are on the same side ofBC).

The circle with diameterPK is tangent to the circle(O). See Figure 26A.
ReplacingX by Y in (i) above we obtain the other circle tangent toBC at P

and internally to(O). See Figure 26B.

5.2. Chain of circles tangent to a chord.Given a circle(Q) tangent internally to a
circle (O) and to a chordBC at a given pointP , there are two neighbouring circles
tangent to(O) and to the same chord. These can be constructed easily by observing
that in Figure 27, the common tangent of the two circles cuts out a segment whose
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midpoint isB. If (Q′) is a neighbour of(Q), their common tangent passes through
the midpointM of the arcBC complementary to(Q). See Figure 28.

Construction 19. Given a circle(Q) tangent to(O) and to the chordBC, con-
struct
(i) the circleM(B) to intersect(Q) at T1 andT2, MT1 andMT2 being tangents
to (Q),
(ii) the bisector of the angle betweenMT1 andBC to intersect the lineQT1 atQ1.

The circleQ1(T1) is tangent to(O) and toBC.
ReplacingT1 by T2 in (ii) we obtainQ2. The circleQ2(T2) is also tangent to

(O) andBC.
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Figure 27
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Figure 28

5.3. Mixtilinear incircles. Given a triangleABC, we construct the circle tangent
to the sidesAB, AC, and also to the circumcircle internally. Leon Bankoff [4]
called this theA- mixtilinear incircle of the triangle. Its center is clearly on the
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bisector of angleA. Its radius isr sec2 A
2 , wherer is the inradius of the triangle.

The mixtilinear incircle can be constructed as follows. See Figure 29.
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Construction 20 (Mixtilinear incircle). Let I be theincenter of triangle ABC.
Construct
(i) the perpendicular toIA at I to intersectAC at Y ,
(ii) the perpendicular toAY at Y to intersect the lineAI at Ia.

The circleIa(Y ) is theA-mixtilinear incircle ofABC.

The other two mixtilinear incircles can be constructed in a similar way. For
another construction, see [23].

5.4. Ajima’s construction.The interesting book [10] by Fukagawa and Rigby con-
tains a very useful formula which helps perform easily many constructions of in-
scribed circles which are otherwise quite difficult.

Theorem 3 (Ajima). Given trianglesABC with circumcircle(O) and a pointP
such thatA andP are on the same side ofBC, the circle tangent to the linesPB,
PC, and to the circle(O) internally is the image of the incircle of trianglePBC
under the homothety with centerP and ratio1 + tan A

2 tan BPC
2 .

Construction 21 (Ajima). Given two pointsB and C on a circle (O) and an
arbitrary pointP , construct
(i) a pointA on (O) on the same side ofBC asP , (for example, by taking the
midpointM ofBC, and intersecting the rayMP with the circle(O)),
(ii) the incenter I of triangleABC,
(iii) the incenter I′ of trianglePBC,
(iv) the perpendicular toI′P at I ′ to intersectPC atZ.
(v) Rotate the rayZI′ aboutZ through an(oriented) angle equal to angleBAI to
intersect the lineAP atQ.
Then the circle with centerQ, tangent to the linesPB andPC, is also tangent to
(O) internally. See Figure 30.



92 Elegant geometric constructions

O

Z
P

B C

I

I′

A

Q

Figure 30

I

P

A

B C

X
Y

Figure 31

5.4.1. Th́ebault’s theorem.With Ajima’s construction, we can easily illustrate the
famous Thébault theorem. See [18, 2] and Figure 31.

Theorem 4 (Thébault). LetP be a point on the sideBC of triangleABC. If the
circles(X) and(Y ) are tangent toAP ,BC, and also internally to the circumcirle
of the triangle, then the lineXY passes through the incenter of the triangle.

5.4.2. Another example.We construct an animation picture based on Figure 32
below. Given a segmentAB and a pointP , construct thesquares APX′X and
BPY ′Y on the segmentsAP andBP . The locus ofP for whichA, B, X, Y are
concyclic is the union of the perpendicular bisector ofAB and the two quadrants
of circles withA andB as endpoints. ConsiderP on one of these quadrants. The
center of the circleABYX is the center of the other quadrant. ApplyingAjima’s
construction to the triangleXAB and the pointP , we easily obtain the circle
tangent toAP , BP , and (O). Since∠APB = 135◦ and∠AXB = 45◦, the
radius of this circle is twice the inradius of triangleAPB.
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Figure 32
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6. Some examples of triangle constructions

There is an extensive literature on construction problems of triangles with cer-
tain given elements such as angles, lengths, or specified points. Wernick [20] out-
lines a project of such with three given specific points. Lopes [14], on the other
hand, treats extensively the construction problems with three given lengths such
as sides, medians, bisectors, or others. We give three examples admitting elegant
constructions.6

6.1. Construction from a sidelength and the corresponding median and angle bi-
sector. Given the length2a of a side of a triangle, and the lengthsm andt of the
median and the angle bisector on the same side, to construct the triangle. This is
Problem 1054(a) of theMathematics Magazine[6]. In his solution, Howard Eves
denotes byz the distance between the midpoint and the foot of the angle bisector
on the side2a, and obtains the equation

z4 − (m2 + t2 + a2)z2 + a2(m2 − t2) = 0,

from which he concludes constructibility (by ruler and compass). We devise a
simple construction, assuming the data given in the form of a triangleAM′T with
AT = t, AM ′ = m andM ′T = a. See Figure 33. Writinga2 = m2 + t2 − 2tu,
andz2 = m2 + t2 − 2tw, we simplify the above equation into

w(w − u) =
1
2
a2. (4)

Note thatu is length of the projection ofAM′ on the lineAT , andw is the length
of the medianAM on the bisectorAT of the sought triangleABC. The lengthw
can be easily constructed, from this it is easy to complete the triangleABC.

A

T

M ′

Q

W

M
B

C

Figure 33

6Construction 3 (Figure 7) solves the construction problem of triangleABC given angleA, side
a, and the lengtht of the bisector of angleA. See Footnote 4.
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Construction 22. (1) On the perpendicular toAM′ atM ′, choose a pointQ such
thatM ′Q = M ′T√

2
= a√

2
.

(2) Construct the circle with center the midpoint ofAM′ to pass throughQ and
to intersect the lineAT at W so thatT andW are on the same side ofA. (The
lengthw ofAW satisfies(4) above).

(3) Construct the perpendicular atW to AW to intersect the circleA(M′) at
M .

(4) Construct the circleM(a) to intersect the lineMT at two pointsB andC.
The triangleABC hasAT as bisector of angleA.

6.2. Construction from an angle and the corresponding median and angle bisector.
This is Problem 1054(b) of theMathematics Magazine. See [6]. It also appeared
earlier as Problem E1375 of theAmerican Mathematical Monthly. See [11]. We
give a construction based on Th´ebault’s solution.

Suppose the data are given in the form of a right triangleOAM , where∠AOM =
A or 180◦ − A, ∠M = 90◦, AM = m, along with a pointT onAM such that
AT = t. See Figure 34.
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Construction 23. (1) Construct the circleO(A). LetA′ be the mirror image ofA
in M . Construct the diameterXY perpendicular toAA′, X the point for which
∠AXA′ = A.

(2) On the segmentA′X choose a pointP such thatA′P = t
2 . and construct

the parallel throughP toXY to intersectA′Y atQ.
(3) ExtendXQ toK such thatQK = QA′.
(4) Construct a pointB onO(A) such thatXB = XK, and its mirror image

C in M .
TriangleABC has given angleA, medianm and bisectort on the sideBC.

6.3. Construction from the incenter, orthocenter and one vertex.This is one of the
unsolved cases in Wernick [20]. See also [22]. Suppose we put the incenterI at the
origin,A = (a, b) andH = (a, c) for b > 0. Let r be the inradius of the triangle.
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A fairly straightforward calculation gives

r2 − b− c

2
r − 1

2
(a2 + bc) = 0. (5)

If M is the midpoint ofIA andP the orthogonal projection ofH on the line
IA, then1

2(a2 + bc), being the dot product ofIM andIH, is the (signed) product
IM ·IP . Note that if angleAIH does not exceed a right angle, equation (5) admits
a unique positive root. In the construction below we assumeH closer thanA to the
perpendicular toAH throughI.

Construction 24. Given triangleAIH in which the angleAIH does not exceed
a right angle, letM be the midpoint ofIA, K the midpoint ofAH, andP the
orthogonal projection ofH on the lineIA.
(1) Construct the circleC throughP , M andK. LetO be the center ofC andQ
the midpoint ofPK.
(2) Construct a tangent fromI to the circleO(Q) intersectingC at T , with T
farther fromI than the point of tangency.

The circleI(T ) is the incircle of the required triangle, which can be completed
by constructing the tangents fromA to I(T ), and the tangent perpendicular toAH
through the “lowest” point ofI(T ). See Figure 35.

If H is farther thanA to the perpendicular fromI to the lineAH, the same
construction applies, except that in (2)T is the intersection withC closer toI than
the point of tangency.

I

A

H

M
K

PO

B C

T

Q

Figure 35

Remark.The construction of a triangle from its circumcircle, incenter, orthocenter
was studied by Leonhard Euler [8], who reduced it to the problem of trisection of
an angle. In Euler’s time, the impossibility of angle trisection by ruler and compass
was not yet confirmed.
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Circles and Triangle Centers Associated with
the Lucas Circles

Peter J. C. Moses

Abstract. The Lucas circles of a triangle are the three circles mutually tangent
to each other externally, and each tangent internally to the circumcircle of the
triangle at a vertex. In this paper we present some further interesting circles and
triangle centers associated with the Lucas circles.

1. Introduction

In this paper we study circles and triangle centers associated with the three Lucas
circles of a triangle. The Lucas circles of a triangle are the three circles mutually
tangent to each other externally, and each tangent internally to the circumcircle of
the triangle at a vertex.

Oc

Oa

Ob

A

B C

Tc

Ta

Tb

Figure 1

We work with homogeneous barycentric coordinates and make use of John
H. Conway’s notation in triangle geometry. The indexing of triangle centers fol-
lows Kimberling’s Encyclopedia of Triangle Centers [2]. Many of the triangle
centers in this paper are related to the Kiepert perspectors. We recall that given a
triangleABC, the Kiepert perspectorK(θ) is the perspector of the triangle formed
by the apices of similar isosceles triangles with base anglesθ on the sides ofABC.

Publication Date: July 5, 2005. Communicating Editor: Paul Yiu.
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In barycentric coordinates,

K(θ) =
(

1
SA + Sθ

:
1

SB + Sθ
:

1
SC + Sθ

)
.

Its isogonal conjugate is the point

K∗(θ) = (a2(SA + Sθ) : b2(SB + Sθ) : c2(SC + Sθ))

on the Brocard axis joining the circumcenterO and the symmedian pointK.

2. The centers and points of tangency of the Lucas circles

The Lucas circlesCA, CB, CC of triangleABC are the images of the circum-
circle under the homotheties with centersA, B, C, and ratios S

a2+S , S
b2+S , S

c2+S
respectively. As such they have centers

Oa =(a2(SA + 2S) : b2SB : c2SC),

Ob =(a2SA : b2(SB + 2S) : c2SC),

Oc =(a2SA : b2SB : c2(SC + 2S)),

and equations

CA : a2yz + b2zx+ c2xy − a2b2c2

a2 + S
· (x+ y + z)

( y
b2

+
z

c2

)
= 0,

CB : a2yz + b2zx+ c2xy − a2b2c2

b2 + S
· (x+ y + z)

( z
c2

+
x

a2

)
= 0,

CC : a2yz + b2zx+ c2xy − a2b2c2

c2 + S
· (x+ y + z)

( x

a2
+
y

b2

)
= 0.

The Lucas circles are mutually tangent to each other, externally, at

Ta = CB ∩ CC =(a2SA : b2(SB + S) : c2(SC + S)),

Tb = CC ∩ CA =(a2(SA + S) : b2SB : c2(SC + S)),

Tc = CA ∩ CB =(a2(SA + S) : b2(SB + S) : c2SC).

See Figure 1. These points of tangency form a triangle perspective withABC at

K∗(
π

4
) = (a2(SA + S) : b2(SB + S) : c2(SC + C)),

which isX371 of [2].
By Desargues’ theorem, the trianglesOaObOc andTaTbTc are perspective. Their

perspector is clearly the Gergonne point of triangleOaObOc; it has coordinates

(a2(3SA + 2S) : b2(3SB + 2S) : c2(3SC + 2S)).

This is the pointK∗(arctan 3
2).
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The exsimilicenter (external center of similitude) ofCB andCC is the point(0 :
b2 : −c2). Likewise, those of the pairsCC , CA andCA, CB are(−a2 : 0 : c2) and
(a2 − b2 : 0). These three exsimilicenters all lie on the Lemoine axis,

x

a2
+
y

b2
+
z

c2
= 0.

Proposition 1. The pedals of Oa on BC , Ob on CA, and Oc on AB form the
cevian triangle of the Kiepert perspector K(arctan 2). 1

Proof. These pedals are the points(0 : 2SC + S : 2SB + S), (2SC + S : 0 :
2SA + S), and(2SB + S : 2SA + S : 0). �

Proposition 2. The pedals of Ta on BC , Tb on CA, and Tc on AB form the cevian
triangle of the point (a2 + S : b2 + S : c2 + S).

Proof. These pedals are the points(0 : b2 + S : c2 + S), (a2 + S : 0 : c2), and
(a2 + S : b2 + S : 0). �

3. The radical circle of the Lucas circles

From the equations of the Lucas circles, the radical center of these circles is the
point (x : y : z) satisfying

y
b2

+ z
c2

a2 + S
=

z
c2

+ x
a2

b2 + S
=

x
a2 + y

b2

c2 + S
.

This means that
(

x
a2 : y

b2 : z
c2

)
is the anticomplement of(a2 +S : b2 +S : c2 +S),

namely,(2SA + S : 2SB + S : 2SC + S), and the radical center is the point

K∗(arctan 2) = (a2(2SA + S) : b2(2SB + S) : c2(2SC + S)) = X1151

on the Brocard axis. Since the Lucas circles are tangent to each other, their radical
circle is simply the circle through the tangent pointsTa, Tb andTc. It is also the
incircle of triangleOaObOc. As such, it has radius 2S

a2+b2+c2+4S
· R, whereR is

the circumradius of triangleABC. Its equation is

a2yz + b2zx+ c2xy − 2a2b2c2(x+ y + z)
a2 + b2 + c2 + 4S

( x

a2
+
y

b2
+
z

c2

)
.

4. The inner Soddy circle of the Lucas circles

There are two nonintersecting circles which are tangent to all three Lucas circles.
These are the outer and inner Soddy circles of triangleOaObOc. Since the outer
Soddy circle is the circumcircle ofABC, the inner Soddy circle is the inverse of
this circumcircle with respect to the radical circle. Indeed the points of tangency
are the inverses ofA, B, C in the radical circle. They are simply the second

1This isX1131 of [2].
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intersections of the linesAT with Ca, BT with Cb, andCT with Cc, whereT =
K∗(arctan 2). These are the points

(a2(4SA + 3S) : 2b2(2SB + S) : 2c2(2SC + S)),

(2a2(2SA + S) : b2(4SB + 3S) : 2c2(2SC + S)),

(2a2(2SA + S) : 2b2(2SB + S) : c2(4SC + 3S)).

Oc

Oa

Ob

A

B C

Tc

Ta

Tb

Figure 2

The circle through these points has centerK∗ (
arctan 7

4

)
and radius 2S·R

4(a2+b2+c2)+14S
.

It has equation

a2yz + b2zx+ c2xy − 4a2b2c2(x+ y + z)
2(a2 + b2 + c2) + 7S

( x

a2
+
y

b2
+
z

c2

)
= 0.

Proposition 3. The circumcircle, the radical circle, the inner Soddy circle, and the
Brocard circles are coaxal, with the Lemoine axis as radical axis.

The Brocard circle has equation

a2yz + b2zx+ c2xy − a2b2c2(x+ y + z)
a2 + b2 + c2

( x

a2
+
y

b2
+
z

c2

)
= 0.

The radical trace of these circles, namely, the intersection of the radical axis and
the line of centers, is the point

(a2(b2 + c2 − 2a2) : · · · : · · · ) = K∗(− arctan(
6S

a2 + b2 + c2
)).
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This isX187, the inverse ofK in the circumcircle.

5. The Schoute coaxal system

According to [5], the coaxal system of circles containing the circles in Propo-
sition 3 is called the Schoute coaxal system. It has the two isodynamic points as
limit points. Indeed, the circle with centerX187 passing through the isodynamic
pointX15 = K∗(π

3 ) is the radical circle of these circles.

Proposition 4. The circles of the Schoute coaxal system have centers K∗(θ) where

|θ| ≥ π
3 , and radius

∣∣∣ √
tan2 θ−3S

2(Sω+S·tan θ)

∣∣∣ ·R. It has equation

Cs(θ) : a2yz + b2zx+ c2xy − a2b2c2(x+ y + z)
Sω + S · tan θ

( x

a2
+
y

b2
+
z

c2

)
= 0.

Therefore, a circle with center(a2(pSA + qS) : b2(pSB + qS) : c2(pSC + qS))
and square radius (p2−3q2)a2b2c2

(2pS+q(a2+b2+c2))2
is the circleCs(arctan p

q ).

circle Cs(θ)with tan θ =
circumcircle ∞
Brocard circle cotω
Lemoine axis − cotω
radical circle of Lucas circles 2
inner Soddy circle of Lucas circles74

θ = π
3 yields the limit pointX15.

Proposition 5. The inversive image of Cs(θ) in Cs(ϕ) is the circle Cs(ψ), where

tanψ =
tan θ(tan2 ϕ+ 3) − 6 tanϕ
2 tan θ tanϕ− (tan2 ϕ+ 3)

.

Corollary 6. (a) The inverse of Cs(θ) in the circumcircle is Cs(−θ).
(b) The inverse of the circumcircle in Cs(ϕ) is the circle Cs

(
arctan tan2 ϕ+3

2 tan ϕ

)
.

6. Three infinite families of circles

LetA′B′C ′ be the circumcevian triangle of the symmedian pointK, andK′ =
K∗(π

4 ). The lineOA′ intersectsOaK
′ at

Oa
1 = (a2(SA − 2S) : b2(SB + 4S) : c2(SC + 4S)).

This is the center of the circle tangent to theB- andC-Lucas circles, and the
circumcircle. It touches the circumcircle atKa

0 . We label this circleCa
1 . The points

of tangency with theB- andC-Lucas circles are

(a2(SA − S) : b2(SB + 3S) : c2(SC + 2S)),

(a2(SA − S) : b2(SB + 2S) : c2(SC + 3S))

respectively.
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Similarly, there are circlesCb
1 andCc

1 each tangent internally to the circumcircle
and externally to two Lucas circles. The centers of the three circlesCa1 , Cb

1, Cc
1 are

perspective withABC atK∗(arctan 1
4).

Oc

Oa

Ob

A

B C

Tc

Ta

Tb

Oa
1

Ob
1

Oc
1

Figure 3

Remarks. (1) The 6 points of tangency with the Lucas circles lie onCs(arctan 4).
(2) The radical circle of these circles isCs(arctan 6). See Figure 3.

The Lucas circles lend themselves to the creation of more and more circle tan-
gencies. There is, for example, an infinite sequence of circlesCan each tangent
externally to theB- andC-Lucas circles, so thatCa

n touchesCa
n−1 externally atTa

n .
(We treatCa

0 as the circumcircle ofABC so thatTa
1 = A′.
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Oa
n =(a2((2n2 − 1)SA − 2nS) : b2((2n2 − 1)SB + 2n(n + 1)S)

: c2((2n2 − 1)SC + 2n(n + 1)S)),

T a
n =(a2(2n(n − 1)SA − (2n − 1)S) : 2nb2((n − 1)SB + nS) : 2nc2((n − 1)SC + nS)).

The centersOa
n of these circles lie on the hyperbola throughOa with foci Ob

andOc. It also containsO andTa. This is the inner Soddy hyperbola of triangle
OaObOc. The points of tangencyTa

n lie on theA-Apollonian circle.
Similarly, we have two analogous families of circlesCb

n andCc
n, respectively

with centersOb
n,Oc

n and points of tangencyTb
n, T c

n.

Remarks. (1) The centers ofCa
n, Cb

n, Cc
n lie on the circleCs

(
arctan 4n2−2n+1

2n(n−1)

)
.

(2) The six points of tangency with the Lucas circles lie on the circle

Cs

(
arctan 2n2+n+1

n2

)
.

(3) The radical circle ofCa
n, Cb

n, Cc
n is the circleCs

(
arctan 2n(2n+1)

2n2−1

)
.

Proposition 7. The following pairs of triangles are perspective. The perspectors
are all on the Brocard axis.

Triangle Triangle Perspector= K∗(θ)
with tan θ =

Oa
nO

b
nO

c
n ABC 2n2−1

2n(n+1)

Oa
nO

b
nO

c
n OaObOc

3n−1
2n

Oa
nO

b
nO

c
n TaTbTc

4n+1
2n

Oa
nO

b
nO

c
n circumcevian 6n2−3

2n(n−1)

triangle of K
Oa

nO
b
nO

c
n Oa

1O
b
1O

c
1

5n+3
2n

Oa
nO

b
nO

c
n Oa

n+1O
b
n+1O

c
n+1

4n2+6n+3
2n(n+1)

Oa
nO

b
nO

c
n Oa

mO
b
mO

c
m

4mn+m+n+2
2mn

T a
nT

b
nT

c
n ABC n−1

n

T a
nT

b
nT

c
n OaObOc

6n2−2n−1
4n2

T a
nT

b
nT

c
n TaTbTc

4n−1
2n−1

T a
nT

b
nT

c
n T a

mT
b
mT

c
m

4mn−m−n+1
2mn−m−n

7. Centers of similitude

Since the Lucas radical circle, the inner Soddy circle and the circumcircle all
belong to the Schoute family, their centers of similitude are all on the Brocard axis.

Internal External
inner Soddy circle circumcircle K∗(arctan 2) K∗(arctan 3

2)
inner Soddy circle radical circle K∗(arctan 9

5) K∗(arctan 5
3)
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O

A

B C

Figure 4

Proposition 8. (a) The insimilicenters of the Lucas radical circle and the individ-
ual Lucas circles form a triangle perspective with ABC at K∗(arctan 3).

(b) The exsimilicenters of the Lucas radical circle and the individual Lucas cir-
cles form a triangle perspective with ABC at K∗(π

4 ).

Proof. These insimilicenters are the points

(3a2(SA + S) : b2(3SB + S) : c2(3SC + S)),
(a2(3SA + S) : 3b2(SB + S) : c2(3SC + S)),
(a2(3SA + S) : b2(3SB + S) : 3c2(SC + S)).

Likewise, the exsimilicenters are the points

(a2(SA − S) : b2(SB + S) : c2(SC + S)),
(a2(SA + S) : b2(SB − S) : c2(SC + S)),
(a2(SA + S) : b2(SB + S) : c2(SC − S)).

�
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8. Two conics

As explained in [1], the Lucas circles of a triangle are also associated with
the inscribed squares of the triangle. We present two interesting conics associ-
ated with these inscribed squares. Given a triangleABC, theA-inscribed square
X1X2X3X4 has vertices

X1 = (0 : SC + S : SB), and X2 = (0 : SC : SB + S)

on the lineBC and

X3 = (a2 : 0 : S) and X4 = (a2 : S : 0)

onAC andAB respectively. It has center(a2 : SC + S : SB + S). Similarly,
the coordinates of theB− andC-inscribed squares, and their centers, can be easily
written down. It is clear that the centers of these squares form a triangle perspective
with ABC at the Kiepert perspector

K(
π

4
) =

(
1

SA + S
:

1
SB + S

:
1

SC + S

)
.

X2

X3X4

X1

Y2

Y3

Y4

Y1

Z2

Z3

Z4

Z1

A

B C

Figure 5.
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Proposition 9. The six points X1, X2, Y1, Y2, Z1, Z2 lie on the conic∑
cyclic

(a2 + S)2yz = (x+ y + z)
∑
cyclic

SA(SA + S)x.

This conic has center(a2 + S : b2 + S : c2 + S).

Proposition 10. The six points X3, X4, Y3, Y4, Z3, Z4 lie on the conic
∑
cyclic

a2

a2 + S
yz =

a2b2c2S(x+ y + z)
(a2 + S)(b2 + S)(c2 + S)

( x

a2
+
y

b2
+
z

c2

)
.
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On the Geometry of Equilateral Triangles

József Sándor

Dedicated to the memory of Angela Vasiu (1941-2005)

Abstract. By studying the distances of a point to the sides, respectively the
vertices of an equilateral triangle, certain new identities and inequalities are de-
duced. Some inequalities for the elements of the Pompeiu triangle are also es-
tablished.

1. Introduction

The equilateral (or regular) triangle has some special properties, generally not
valid in an arbitrary triangle. Such surprising properties have been studied by many
famous mathematicians, including Viviani, Gergonne, Leibnitz, Van Schooten,
Toricelli, Pompeiu, Goormaghtigh, Morley, etc. ([2], [3], [4], [7]). Our aim in
this paper is the study of certain identities and inequalities involving the distances
of a point to the sides or the vertices of an equilateral triangle. For the sake of
completeness, we shall recall some well-known results.

1.1. Let ABC be an equilateral triangle of side lengthAB = BC = CA = l,
and heighth. Let P be any point in the plane of the triangle. IfO is the center of
the triangle, then the Leibnitz relation (valid in fact for any triangle) implies that

∑
PA2 = 3PO2 +

∑
OA2. (1)

Let PO = d in what follows. Since in our caseOA = OB = OC = R =
l
√

3
3

,

we have
∑

OA2 = l2, and (1) gives∑
PA2 = 3d2 + l2. (2)

Therefore,
∑

PA2 = constant if and only ifd = constant,i.e., whenP is on a
circle with centerO. For a proof by L. Moser via analytical geometry, see [12].
For a proof using Stewart’s theorem, see [13].

1.2. Now, let P be in the interior of triangleABC, and denote bypa, pb, pc its
distances from the sides. Viviani’s theorem says that∑

pa = pa + pb + pc = h =
l
√

3
2

.

Publication Date: July 20, 2005. Communicating Editor: Paul Yiu.
The author thanks the referee for some useful remarks, which have improved the presentation of

the paper.
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Figure 1

This follows by area considerations, since

S(BPC) + S(CPA) + S(APB) = S(ABC),

whereS denotes area. Thus,

∑
pa =

l
√

3
2

. (3)

1.3. By Gergonne’s theorem one has
∑

p2
a = constant, whenP is on the circle

of centerO. For such related constants, see for example [13]. We shall obtain more
general relations, by expressing

∑
p2

a in terms ofl andd = OP .

B

A

C

P

Figure 2

1.4. Another famous theorem, attributed to Pompeiu, states that for any pointP
in the plane of an equilateral triangleABC, the distancesPA, PB, PC can be the
sides of a triangle ([9]-[10], [7], [12], [6]). (See also [1], [4], [11], [15], [16], where
extensions of this theorem are considered, too.) This triangle is degenerate ifP is
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on the circle circumscribed toABC, since if for exampleP is on the interior or
arcBC, then by Van Schooten’s theorem,

PA = PA + PC. (4)

Indeed, by Ptolemy’s theorem onABPC one can write

PA · BC = PC · AB + PB · AC,

so thatBC = AB = AC = l implies (4). For any other positions ofP (i.e., P not
on this circle), by Ptolemy’s inequality in quadrilaterals one obtains

PA < PB + PC, PB < PA + PC, andPC < PA + PB,

so thatPA, PB, PC are the sides of a triangle. See [13] for many proofs. We
shall call a triangle with sidesPA, PB, PC a Pompeiu triangle. WhenP is in
the interior, the Pompeiu triangle can be explicitly constructed. Indeed, by rotating
the triangleABP with centerA through an angle of60◦, one obtains a triangle
AB′C which is congruent toABP . Then, sinceAP = AB′ = PB′, BP = CB′,
the Pompeiu triangle will bePCB′. Such a rotation will enable us also to compute
the area of the Pompeiu triangle.

B

A

C

P

B′60◦

Figure 3

1.5. There exist many known inequalities for the distances of a point to the ver-
tices of a triangle. For example, for any pointP and any triangleABC,∑

PA ≥ 6r, (5)

wherer is the radius of incircle (due to M. Schreiber (1935), see [7], [13]). Now,
in our case6r = l

√
3, (5) gives ∑

PA ≥ l
√

3 (6)

for any pointP in the plane of equilateral triangleABC. For an independent proof
see [12, p.52]. This is based on the following idea: letM1 be the midpoint ofBC.
By the triangle inequality one hasAP +PM1 ≥ AM1. Now, it is well known that
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PM1 ≤ PB + PC

2
. From this, we getl

√
3 ≤ 2PA + PB + PC, and by writing

two similar relations, the relation (6) follows after addition. We note that already
(2) implies

∑
PA2 ≥ l2, but (6) offers an improvement, since

∑
PA2 ≥ 1

3

(∑
PA
)2

≥ l2 (7)

by the classical inequalityx2 + y2 + z2 ≥ 1
3
(x+ y + z)2. As in (7), equality holds

in (6) whenP ≡ O.

2. Identities for pa, pb, pc

Our aim in this section is to deduce certain identities for the distances of an
interior point to the sides of an equilateral triangleABC.

Let P be in the interior of triangleABC (see Figure 1). LetPM ⊥ BC,
etc., wherePM = pa, etc. LetPM1‖AB, PM2‖AC. Then trianglePM1M2 is

equilateral, giving
−−→
PM =

−−→
PM1 +

−−→
PM2

2
. By writing two similar relations for

−−→
PQ

and
−−→
PN , and using

−−→
PO =

−→
PA +

−−→
PB +

−−→
PC

3
, one easily can deduce the following

vectorial identity:
−−→
PM +

−−→
PN +

−−→
PQ =

3
2
−−→
PO. (8)

Since
−−→
PM · −−→PN = PM ·PN · cos 120◦ = −1

2
PM ·PN (in the cyclic quadri-

lateralCNPM ), by puttingPO = d, one can deduce from (8)∑
PM2 +

1
2

∑−−→
PM · −−→PN =

9
4
PO2,

so that

∑
p2

a −
∑

papb =
9
4
d2. (9)

For similar vectorial arguments, see [12]. On the other hand, from (3), we get

∑
p2

a + 2
∑

papb =
3l2

4
. (10)

Solving the system (9), (10) one can deduce the following result.

Proposition 1.

∑
p2

a =
l2 + 6d2

4
, (11)

∑
papb =

l2 − 3d2

4
. (12)
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There are many consequences of (11) and (12). First,
∑

p2
a = constant if and

only if d = constant,i.e., P lying on a circle with centerO. This is Gergonne’s
theorem. Similarly, (12) gives

∑
pa · pb = constant if and only ifd = constant,

i.e., P again lying on a circle with centerO. Another consequence of (11) and (12)
is

∑
papb ≤ l2

4
≤
∑

p2
a. (13)

An interesting connection between
∑

PA2 and
∑

p2
a follows from (2) and

(11): ∑
PA2 = 2

∑
p2

a +
l2

2
. (14)

3. Inequalities connecting pa, pb, pc with PA, PB, PC

This section contains certain new inequalities forPA, pa, etc. Among others,
relation (18) offers an improvement of known results.

By the arithmetic-geometric mean inequality and (3), one has

papbpc ≤
(

pa + pb + pc

3

)3

=

(
l
√

3
6

)3

=
l3
√

3
72

.

Thus,

papbpc ≤ l3
√

3
72

(15)

for any interior pointP of equilateral triangleABC. This is an equality if and only
only if pa = pb = pc, i.e., P ≡ O.

Now, let us denoteα = mes(�BPC), etc. Writing the area of triangleBPC
in two ways, we obtain

BP · CP · sin α = l · pa.

Similarly,

AP · BP · sin γ = l · pc, AP · CP · sin β = l · pc.

By multiplying these three relations, we have

PA2 · PB2 · PC2 =
l3papbpc

sin α sinβ sin γ
. (16)

We now prove the following result.

Theorem 2. For an interior point P of an equilateral triangle ABC , one has

∏
PA2 ≥ 8l3

3
√

3

∏
pa and

∑
PA · PB ≥ l2.
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Proof. Let f(x) = ln sin x, x ∈ (0, π). Sincef ′′(x) = − 1
sin2 x

< 0, f is concave,

and

f

(
α + β + γ

3

)
≥ f(α) + f(β) + f(γ)

3
,

giving ∏
sin α ≤ 3

√
3

8
, (17)

since
α + β + γ

3
= 120◦ andsin 120◦ =

√
3

2
. Thus, (16) implies

∏
PA2 ≥ 8l3

3
√

3

∏
pa. (18)

We note that
8l3

3
√

3

∏
pa ≥ 64

∏
p2

a, since this is equivalent to
∏

pa ≤ l3
√

3
72

,

i.e. relation (15). Thus (18) improves the inequality∏
PA ≥ 8

∏
pa (19)

valid for any triangle (see [2, inequality 12.25], or [12, p.46], where a slightly
improvement appears).

On the other hand, since
α

2
+

β

2
+

γ

2
= 180◦, one has

cos α + cos β + cos γ +
3
2

=2 cos
α + β

2
cos

α − β

2
+ 2 cos2 γ

2
+

1
2

=2
(

cos2 γ

2
− cos

γ

2
cos

α − β

2
+

1
4

)

=2
(

cos2 γ

2
− cos

γ

2
cos

α − β

2
+

1
4

cos2
α − β

2
+

1
4

sin2 α − β

2

)

=2

[(
cos

γ

2
− 1

2
cos

α − β

2

)2

+
1
4

sin2 α − β

2

]
≥ 0,

with equality only forα = β = γ = 120◦. Thus:

cos α + cos β + cos γ ≥ −3
2

(20)

for anyα, β, γ satisfyingα + β + γ = 360◦.
Now, in triangleAPB one has, by the law of cosines,

l2 = PA2 + PB2 − 2PA · PB · cos γ,

giving

cos γ =
PA2 + PB2 − l2

2PA · PB
.
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By writing two similar relations, one gets, by (20),

PA2 + PC2 − l2

2PA · PC
+

PB2 + PC2 − l2

2PB · PC
+

PA2 + PB2 − l2

2PA · PB
+

3
2
≥ 0,

so that

(PA2 · PB + PB2 · PA + PA · PB · PC)

+ (PC2 · PB + PB2 · PC + PA · PB · PC)

+ (PA2 · PC + PC2 · PA + PA · PB · PC)

− l2(PA + PB + PC)
≥ 0.

This can be rearranged as

(PA + PB + PC)
(∑

PA · PB − l2
)
≥ 0,

and gives the inequality ∑
PA · PB ≥ l2, (21)

with equality whenP ≡ O. �

4. The Pompeiu triangle

In this section, we deduce many relations connectingPA, PB, PC, etc by
obtaining an identity for the area of Pompeiu triangle. In particular, a new proof of
(21) will be given.

4.1. Let P be a point inside the equilateral triangleABC (see Figure 3). The
Pompeiu trianglePB′C has the sidesPA, PB, PC. Let R be the radius of cir-
cumcircle of this triangle. It is well known that

∑
PA2 ≤ 9R2 (see [1, p.171],

[6, p.52], [9, p.56]). By (2) we get

R2 ≥ l2 + 3d2

9
≥ l2

9
, (22)

R ≥ l

3
, (23)

with equality only ford = 0, i.e., P ≡ O. Inequality (23) can be proved also by

the known relations ≤ 3R
√

3
2

, wheres is the semi-perimeter of the triangle. Thus

we obtain the following inequalities.

Proposition 3.

3R
√

3 ≥
∑

PA ≥ l
√

3, (24)

where the last inequality follows by (6).
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B
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P

B′C′

A′

60◦

Figure 4

Now, in order to compute the area of the Pompeiu triangle, let us make two
similar rotations as in Figure 3,i.e., a rotation of angle60◦ with centerC of triangle
APC, and another with centerB of BPC. We shall obtain a hexagon (see Figure
4), AB′CA′BC ′, where the Pompeiu trianglesPBA′, PAC ′, PCB′ have equal
areaT . Since�APC ≡ �BA′C, �APB ≡ �AB′C, �AC ′B ≡ �BPC, the

area of hexagon= 2Area(ABC). But Area(APB′) =
AP 2

√
3

4
, APB′ being an

equilateral triangle. Therefore,

2l2
√

3
4

= 3T +
PA2

√
3

4
+

PB2
√

3
4

+
PC2

√
3

4
,

which by (2) implies

T =
√

3
12

(l2 − 3d2). (25)

Theorem 4. The area of the Pompeiu triangle is given by relation (25).

Corollary 5.

T ≤
√

3
12

l2, (26)

with equality when d = 0, i.e., when P ≡ O.

Now, since in any triangle of areaT , and sidesPA, PB, PC one has

2
∑

PA · PB −
∑

PA2 ≥ 4
√

3 · T
(see for example [14], relation (8)), by (2) and (25) one can write

2
∑

PA · PB ≥ 3d2 + l2 + l2 − 3d2 = 2l2,

giving a new proof of (21).
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Corollary 6. ∑
PA2 · PB2 ≥ 1

3

(∑
PA · PB

)2 ≥ l4

3
. (27)

4.2. Note that in any triangle,
∑

PA2 ·PB2 ≥ 16
9

S2, whereS = Area(ABC)
(see [13, pp.31-32]). In the case of equilateral triangles, (27) offers an improve-
ment.

Sincer =
T

s
, wheres is the semi-perimeter andr the radius of inscribed circle

to the Pompeiu triangle, by (6) and (26) one can write

r ≤
(√

3
12 l2

)
(

l
√

3
2

) =
l

6
.

Thus, we obtain the following result.

Proposition 7. For the radii r and R of the Pompeiu triangle one has

r ≤ l

6
≤ R

2
. (28)

The last inequality holds true by (23). This gives an improvement of Euler’s

inequality r ≤ R

2
for the Pompeiu triangle. SinceT =

PA · PB · PC

4R
, and

r =
T

s
, we get

PA · PB · PC = 2Rr(PA + PB + PC),

and the following result.

Proposition 8.

PA · PB · PC ≥ 2l2r
√

3
3

≥ 4r2l
√

3. (29)

The last inequality is the first one of (28). The following result is a counterpart
of (29).

Proposition 9.

PA · PB · PC ≤
√

3l2R
3

. (30)

This follows byT =
PA · PB · PC

4R
and (26).

4.3. The sidesPA,PB,PC can be expressed also in terms ofpa, pb, pc. Since
in trianglePNM (see Figure 1),�NPM = 120◦, by the Law of cosines one has

MN2 = PM2 + PN2 − 2PM · PN · cos 120◦.

On the other hand, in triangleNMC, NM = PC · sin C, PC being the di-

ameter of circumscribed circle. Sincesin C = sin 60◦ =
√

3
2

, we haveMN =

PC

√
3

2
, and the following result.
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Proposition 10.

PC2 =
4
3
(p2

b + p2
a + papb). (31)

Similarly,

PA2 =
4
3
(p2

b + p2
c + pbpc), PB2 =

4
3
(p2

c + p2
a + pcpa). (32)

In theory, all elements of Pompeiu’s triangle can be expressed in terms ofpa,
pb, pc. We note that by (11) and (12) relation (2) can be proved again. By the
arithmetic-geometric mean inequality, we have

∏
PA2 ≤



∑

PA2

3




3

,

and the following result.

Theorem 11.

PA · PB · PC ≤
(

l2 + 3d2

3

)3/2

. (33)

On the other hand, by the P´olya-Szeg¨o inequality in a triangle (see [8], or [14])
one has

T ≤
√

3
4

(PA · PB · PC)2/3,

so by (25) one can write (using (12)):

Theorem 12.

PA · PB · PC ≥
(

l2 − 3d2

3

)3/2

=


4

∑
papb

3




3/2

. (34)

4.4. Other inequalities may be deduced by noting that by (31),

(pa + pb)2 ≤ PC2 ≤ 2(p2
a + p2

b).

Since(
√

x +
√

y +
√

z)2 ≤ 3(x + y + z) applied tox = p2
a + p2

b , etc., we get∑
PA ≤ 4

√
3 ·
√

p2
a + p2

b + p2
c ,

i.e. by (11) we deduce the following inequality.

Theorem 13. ∑
PA ≤

√
3(l2 + 6d2). (35)

This is related to (6). In fact, (6) and (35) imply that
∑

PA = l
√

3 if and only
if d = 0, i.e., P ≡ O.
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[2] O. Bottema et al.,Geometric Inequalities, Groningen, 1969.
[3] H. S. M. Coxeter,Introduction to Geometry, John Wiley and Sons, 1961 (Hungarian Translation

by Müszaki Ed., Budapest, 1973).
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(1979) nr. 10, 368–370 and 85 (1980) nr. 5, 198–199.
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Construction of Brahmagupta n-gons

K. R. S. Sastry

Abstract. The Indian mathematician Brahmagupta’s contributions to mathe-
matics and astronomy are well known. His principle of adjoining Pythagorean
triangles to construct general Heron triangles and cyclic quadrilaterals having
integer sides, diagonals and area can be employed to appropriate Heron triangles
themselves to construct any inscribablen-gon, n ≥ 3, that has integer sides,
diagonals and area. To do so we need a different description of Heron trian-
gles by families that contain a common angle. In this paper we describe such a
construction.

1. Introduction

A right angled triangle with rational sides is called a rational Pythagorean tri-
angle. This has rational area. When these rationals are integers, it is called a
Pythagorean triangle. More generally, ann-gon with rational sides, diagonals and
area is called a rational Heronn-gon,n ≥ 3. When these rationals are converted
into integers by a suitable similarity transformation we obtain a Heronn-gon. If
a Heronn-gon is cyclic,i.e., inscribable in a circle then we obtain a Brahmagupta
n-gon. In this journal and elsewhere a number of articles have appeared on various
descriptions of Heron triangles and Brahmagupta quadrilaterals. Some of these are
mentioned in the references. Hence we assume familiarity with the basic geometric
and trigonometric results. Also, the knowledge of Pythagorean triples is assumed.

We may look upon the family of Pythagorean triangles as the particular family
of Heron triangles that contain a right angle. This suggests that the complete set of
Heron triangles may be described by families that contain a common Heron angle
(A Heron angle has its sine and cosine rational). Once this is done we may look
upon the Brahmagupta principle as follows: He took two Heron trianglesABC and
A′B′C ′ that havecos A + cos A′ = 0 and ajoined them along a common side to
describe Heron triangles. This enables us to generalize the Brahmagupta principle
to members of appropriate families of Heron triangles to construct rational Brah-
maguptan-gons,n ≥ 3. A similarity transformation assures that these rationals
can be rendered integers to obtain a Brahmaguptan-gon,n ≥ 3.

Publication Date: August 4, 2005. Communicating Editor: Paul Yiu.
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2. Description of Heron triangles by angle families

In the interest of clarity and simplicity we first take a numerical example and
then give the general result [4]. Suppose that we desire the description of the family
of Heron trianglesABC each member of which contains the common Heron angle
given bycos A = 3

5 . The cosine rule applied to a member of that family shows that
the sides(a, b, c) are related by the equation

a2 = b2 + c2 − 6
5
bc =

(
b − 3

5
c

)2

+
(

4
5
c

)2

.

Sincea, b, c are natural numbers the triplea, b − 3
5c, 4

5c must be a Pythagorean
triple. That is to say

a = λ(u2 + v2), b − 3
5
c = λ(u2 − v2),

4
5
c = λ(2uv).

In the above,u, v are relatively prime natural numbers andλ = 1, 2, 3, . . . . The
least value ofλ that makesc integral is 2. Hence we have the description

(a, b, c) = (2(u2 + v2), (u + 2v)(2u − v), 5uv), (u, v) = 1, u >
1
2
v. (1)

A similar procedure determines the Heron triangle familyA′B′C ′ that contains
the supplementary angle ofA, i.e., cos A′ = −3

5 :

(a, b, c) = (2(u2 + v2), (u − 2v)(2u + v), 5uv), (u, v) = 1, u > 2v. (2)

The reader is invited to check that the family (1) hascos A = 3
5 and that (2) has

cos A′ = −3
5 independently ofu andv.

More generally the Heron triangle family determining the common angleA

given bycos A = p2−q2

p2+q2 and the supplementary angle family generated bycos A′ =

−p2−q2

p2+q2 are given respectively by

(a, b, c) = (pq(u2 + v2), (pu − qv)(qu + pv), (p2 + q2)uv),

(u, v) = (p, q) = 1, u > q
pv andp > q.

(3)

(a′, b′, c′) = (pq(u2 + v2), (pu + qv)(qu − pv), (p2 + q2)uv),

(u, v) = (p, q) = 1, u > p
q v andp > q.

(4)

Areas of (3) and (4) are given by12bc sin A and 1
2b′c′ sin A′ respectively. Notice

thatp = 2, q = 1 in (3) and (4) yield (1) and (2) and that∠BAC and∠B′A′C ′
are supplementary angles. Hence these triangles themselves can be adjoined when
u > p

qv. The consequences are better understood by a numerical illustration:
u = 5, v = 1 in (1) and (2) yield(a, b, c) = (52, 63, 25) and (a′, b′, c′) =

(52, 33, 25). These can be adjoined along the common side 25. See Figure 1. The
result is the isosceles triangle(96, 52, 52) that reduces to(24, 13, 13). As a matter
of fact the families (1) and (2) or (3) and (4) may be adjoined likewise to describe
the complete set of isosceles Heron triangles:
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(a, b, c) = (2(u2 − v2), u2 + v2, u2 + v2), u > v, (u, v) = 1. (5)

25

52

63

A

25

52

63π − A

52

25

96
52

Figure 1

As mentioned in the beginning of this section, the general cases involve routine
algebra so the details are left to the reader.

However, the families (1) and (2) or (3) and (4) may be adjoined in another way.
This generates the complete set of Heron triangles. Again, we take a numerical
illustration.

u = 3, v = 2 in (1) yields (a, b, c) = (13, 14, 15) (after reduction by the gcd
of (a, b, c)). Now we put different values foru, v in (2), say,u = 4, v = 1.
This yields(a′, b′, c′) = (17, 9, 10). It should be remembered that we still have
∠BAC + ∠B′A′C ′ = π. As they are, trianglesABC and A′B′C ′ cannot be
adjoined. They must be enlarged suitably by similarity transformations to have
AB = A′B′, and then adjoined. See Figure 2.

A

B C

2830

26

A′

B′ C′51

30 27

51

26 30
5528

27

Figure 2

The result is the new Heron triangle(55, 26, 51). More generally, if we put
u = u1, v = v1 in (1) or(3) andu = u2, v = v2 in (2) or (4) and after applying the
necessary similiarity transformations, the adjoin (after reduction by the gcd) yields

(a, b, c) = (u1v1(u2
2 + v2

2), (u2
1 − v2

1)u2v2 + (u2
2 − v2

2)u1v1, u2v2(u2
1 + v2

1). (6)

This is the same description of Heron triangles that Euler and others obtained
[1]. Now we easily see that Brahmagupta took the case ofp = q in (3) and (4).

In the next section we extend this remarkable adjoining idea to generate Brah-
maguptan-gons,n > 3. At this point recall Ptolemy’s theorem on convex cyclic
quadrilaterals:The product of the diagonals is equal to the sum of the products
of the two pairs of opposite sides. Here is an important observation: In a convex
cyclic quadrilateral with sidesa, b, c, d in order and diagonalse, f , Ptolemy’s the-
orem, viz.,ef = ac + bd shows that if five of the preceding elements are rational
then the sixth one is also rational.
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3. Construction of Brahmagupta n-gons, n > 3

It is now clear that we can take any number of triangles, either all from one of the
families or some from one family and some from the supplementary angle family
and place them appropriately to construct a Brahmaguptan-gon. To convince the
reader we do illustrate by numerical examples. We extensively deal with the case
n = 4. This material is different from what has appeared in [5, 6]. The following
table shows the primitive(a, b, c) and the suitably enlarged one, also denoted by
(a, b, c). T1 to T6 are family (1) triangles, andT7, T8 are family (2) triangles. These
triangles will be used in the illustrations to come later on.

Table 1: Heron triangles

u v Primitive (a, b, c) Enlarged (a, b, c)
T1 3 1 (4, 5, 3) (340, 425, 255)
T2 4 1 (17, 21, 10) (340, 420, 200)
T3 5 3 (68, 77, 75) (340, 385, 375)
T4 7 6 (85, 76, 105) (340, 304, 420)
T5 9 2 (85, 104, 45) (340, 416, 180)
T6 13 1 (68, 75, 13) (340, 375, 65)
T7 4 1 (17, 9, 10) (340, 180, 200)
T8 13 1 (340, 297, 65) (340, 297, 65)

The same or different Heron triangles can be adjoined in different ways. We
first show this in the illustration of the case of quadrilaterals. Once the construction
process is clear, the case ofn > 4 would be analogous to thatn = 4. Hence we
just give one illustration ofn = 5 andn = 6.

3.1. Brahmagupta quadrilaterals. The Brahmagupta quadrilateral can be gener-
ated in the following ways:

(i) A triangle taken from family (1) (respectively (3)) or family (2) (respectively
(4), henceforth this is to be understood) adjoined with itself,

(ii) two different triangles taken from the same family adjoined,
(iii) one triangle taken from family (1) adjoined with a triangle from family (2).
Here are examples of each case.

Example 1. We take the primitive(a, b, c) = (17, 21, 10), i.e., T2 and adjoin
with itself (see Figure 3). Since∠CAD = ∠CBD, ABCD is cyclic. Ptolemy’s
theorem shows thatAB = 341

17 is rational. By enlarging the sides and diagonals17
times each we get the Brahmagupta quadrilateralABCD, in fact a trapezoid, with

AB = 341, BC = AD = 170, CD = 289, AC = BD = 357.

See Figure 3. Rather than calculating the actual area, we give an argument that
shows that the area is integral. This is so general that it is applicable to other
adjunctions to follow in our discussion.

Since ∠BAC = ∠BDC, ∠ABD = ∠ACD, and ∠BAD = ∠BAC +
∠CAD, ∠BAD is also a Heron angle and that triangleABD is Heron. (Note:
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AB

C D

1010

17

21 21

Figure 3

If α andβ are Heron angles thenα±β are also Heron angles. To see this consider
sin(α± β) andcos(α±β)). ABCD being the disjoint sum of the Heron triangles
BCD andBDA, its area must be integral.

This particular adjunction can be done along any side,i.e., 17, 10, or 21. How-
ever, such a liberty is not enjoyed by the remaining constructions which involve
adjunction of different Heron triangles. We leave it to the reader to figure out why.

Example 2. We adjoin the primitive trianglesT4, T5 from Table 1. This can be
done in two ways.

(i) Figure 4A illustrates one way. As in Example 1,AB = 1500
17 , so Figure 4A

is enlarged17 times. The area is integral (reasoned as above). Hence the resulting
quadrilateral is Brahmagupta.

A

B

C D85

76

45 104

105

Figure 4A

A

B

C D85

76

45104

105

Figure 4B

(ii) Figure 4B illustrates the second adjunction in which the vertices of one base
are in reverse order. In this case,AB = 187

5 hence the figure needs only five times
enlargement. Henceforth, we omit the argument to show that the area is integral.

Example 3. We adjoin the primitive trianglesT1 andT7, which contain supple-
mentary anglesA andπ − A. Here, too two ways are possible. In each case no
enlargement is necessary. See Figures 5A and 5B.
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Figure 5A
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Figure 5B

3.2. Brahmagupta pentagons. To construct a Brahmagupta pentagon we need three
Heron triangles, in general, taken either all from (1) or some from (1) and the rest
from (2) in any combination. Here, too, one triangle can be used twice as in Ex-
ample 1 above. Hence, a Brahmagupta pentagon can be constructed in more than
two ways. We give just one illustration using the (enlarged) trianglesT3, T4, and
T7. The reader is invited to play the adjuction game using these to consider all
possibilities,i.e., T3, T3, T4; T3, T4, T4; T7, T7, T3 etc.

A

B

C

D

E

π − A

A

A

Figure 6

Figure 6 shows one Brahmagupta pentagon. It is easy to see that it must be
cyclic. The sideAB, the diagonalsAD andBD are to be calculated. We apply
Ptolemy’s theorem successively toABCE, ACDE andBCDE. This yields

AB =
2023
17

, AD =
7215
17

, BD =
6820
17

.
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The figure needs17 times enlargement. The areaABCDE must be integral be-
cause it is the disjoint sum of the Brahmagupta quadrilateralABCE and the Heron
triangleACD.

3.3. Brahmagupta hexagons. To construct a Brahmagupta hexagon it is now easy
to see that we need at most four Heron triangles taken in any combination from
the families (1) and (2). We use the four trianglesT2, T3, T5, T8 to illustrate the
hexagon in Figure 7. We leave the calculations to the reader.

A

B

C E

F

D

200

340

65

180

297

420

416

375

385

Figure 7

4. Conclusion

In principle the problem of determining Brahmaguptan-gons,n > 3, has been
solved because all Heron triangle families have been determined by (3) and (4) (in
fact by (3) alone). In general to construct a Brahmaguptan-gon, at mostn − 2
Heron triangles taken in any combination from (3) and (4) are needed. They can
be adjoined as described in this paper. We pose the following counting problem to
the reader.

Given n − 2 Heron triangles, (i) all from a single family, or (ii)m from one
Heron family and the remainingn − m − 2 from the supplementary angle family,
how many Brahmaguptan-gons can be constructed?

It is now natural to conjecture that Heron triangles chosen from appropriate
families adjoin to give Heronn-gons. To support this conjecture we give two
Heron quadrilaterals generated in this way.
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Example 4. From thecos θ = 3
5 family, 7(5, 5, 6) and6(4, 13, 15) adjoined with

(35, 53, 24) and6(7, 15, 20) from the supplementary family (withcos θ = −3
5 ) to

giveABCD with

AB = 35, BC = 53, CD = 78, AD = 120, AC = 66, BD = 125,

and area3300. See Figure 8A.

A

B

C D
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35

π − θθ

24
90

42

35

Figure 8A
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π − θ
θ

50 60

104

45

Figure 8B

Example 5. From the same families, the Heron triangles10(5, 5, 6), (85, 45, 104)
with 5(17, 9, 10) and4(37, 15, 26) to give a Heron quadrilateralABCD with

AB = 85, BC = 85, CD = 50, AD = 148, AC = 154, BD = 105,

and area6468. See Figure 8B.

Now, the haunting question is: Which appropriate two members of theθ fam-
ily adjoin with two appropriate members of theπ − θ family to generate Heron
quadrilaterals?
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Another Proof of van Lamoen’s Theorem and Its Converse

Nguyen Minh Ha

Abstract. We give a proof of Floor van Lamoen’s theorem and its converse on
the circumcenters of the cevasix configuration of a triangle using the notion of
directed angle of two lines.

1. Introduction

Let P be a point in the plane of triangleABC with tracesA′, B′, C ′ on the
sidelinesBC, CA, AB respectively. We assume thatP does not lie on any of
the sidelines. According to Clark Kimberling [1], trianglesPCB′, PC ′B, PAC ′,
PA′C, PBA′, PB′A form the cevasix configuration of P . Several years ago,
Floor van Lamoen discovered that whenP is the centroid of triangleABC, the
six circumcenters of the cevasix configuration are concylic. This was posed as a
problem in theAmerican Mathematical Monthly and was solved in [2, 3]. In 2003,
Alexei Myakishev and Peter Y. Woo [4] gave a proof for the converse, that is, if
the six circumcenters of the cevasix configuration are concylic, thenP is either the
centroid or the orthocenter of the triangle.

In this note we give a new proof, which is quite different from those in [2, 3], of
Floor van Lamoen’s theorem and its converse, using the directed angle of two lines.
Remarkably, both necessity part and sufficiency part in our proof are basically the
same. The main results of van Lamoen, Myakishev and Woo are summarized in
the following theorem.

Theorem. Given a triangle ABC and a point P , the six circumcenters of the
cevasix configuration of P are concyclic if and only if P is the centroid or the
orthocenter of ABC.

We shall assume the given triangle non-equilateral, and omit the easy case when
ABC is equilateral. For convenience, we adopt the following notations used in [4].

Triangle PCB′ PC ′B PAC ′ PA′C PBA′ PB′A
Notation �(A+) �(A−) �(B+) �(B−) �(C+) �(C−)

Circumcenter A+ A− B+ B− C+ C−
It is easy to see that two of these triangles may possibly share a common cir-

cumcenter only when they share a common vertex of triangleABC.

Publication Date: August 24, 2005. Communicating Editor: Floor van Lamoen.
The author thansk Le Chi Quang of Hanoi, Vietnam for his help in translation and preparation of

the article.
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2. Preliminary Results

Lemma 1. Let P be a point not on the sidelines of triangle ABC , with traces
B′, C ′ on AC , AB respectively. The circumcenters of triangles APB′ and APC′
coincide if and only if P lies on the reflection of the circumcircle ABC in the line
BC .

The Proof of Lemma 1 is simple and can be found in [4]. We also omit the proof
of the following easy lemma.

Lemma 2. Given a triangle ABC and M , N on the line BC , we have

BC

MN
=

S[ABC]
S[AMN ]

,

where BC and MN denote the signed lengths of the line segments BC and MN ,
and S[ABC], S[AMN ] the signed areas of triangle ABC , and AMN respec-
tively.

Lemma 3. Let P be a point not on the sidelines of triangle ABC , with traces
A′, B′, C ′ on BC , AC , AB respectively, and K the second intersection of the
circumcircles of triangles PCB′ and PC′B. The line PK is a symmedian of
triangle PBC if and only if A′ is the midpoint of BC .

Proof. TrianglesKB′B andKCC′ are directly similar (see Figure 1). Therefore,

S[KB′B]
S[KCC ′]

=
(B′B

CC ′

)2
.

On the other hand, by Lemma 2 we have

S[KPB]
S[KPC]

=
PB
B′B

· S[KB′B]
PC
CC′ · S[KCC ′]

.

Thus,
S[KPB]
S[KPC]

=
PB

PC
.
B′B
CC ′ .

It follows thatPK is a symmedian line of trianglePBC, which is equivalent to
the following

S[KPB]
S[KPC]

= −
(PB

PC

)2
,

PB.B′B
PC.CC ′ = −

(PB

PC

)2
,

B′B
C ′C

=
PB

PC
.

The last equality is equivalent toBC ‖ B′C ′, by Thales’ theorem, orA′ is the
midpoint ofBC, by Ceva’s theorem. �

Remark. Since the linesBC′ andCB′ intersect atA, the circumcircles of triangles
PCB′ andPC′B must intersect at two distinct points. This remark confirms the
existence of the pointK in Lemma 3.
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Lemma 4. Given a triangle XY Z and pairs of points M , N on Y Z , P , Q on
ZX, and R, S on XY respectively. If the points in each of the quadruples P , Q,
R, S; R, S, M , N ; M , N , P , Q are concyclic, then all six points M , N , P , Q, R,
S are concyclic.

Proof. Suppose that(O1), (O2), (O3) are the circles passing through the quadru-
ples(P,Q,R, S), (R,S,M,N), and(M,N,P,Q) respectively. IfO1, O2, O3 are
disctinct points, thenY Z, ZX, XY are respectively the radical axis of pairs of
circles(O2), (O3); (O3), (O1); (O1), (O2). Hence,Y Z, ZX, XY are concurrent,
or parallel, or coincident, which is a contradiction. Therefore, two of the three
points O1, O2, O3 coincide. It follows that six pointsM , N , P , Q, R, S are
concyclic. �

Remark. In Lemma 4, ifM = N and the circumcircles of trianglesRSM , MPQ
touchY Z at M , then the five pointsM , P , Q, R, S lie on the same circle that
touchesY Z at the same pointM .

3. Proof of the main theorem

Suppose that perpendicular bisectors ofAP , BP , CP bound a triangleXY Z.
Evidently, the following pairs of pointsB+, C−; C+, A−; A+, B− lie on the
lines Y Z, ZX, XY respectively. LetH and K respectively be the feet of the
perpendiculars fromP onA−A+, B−B+ (see Figure 2).

Sufficiency part. If P is the orthocenter of triangleABC, thenB+ = C−; C+ =
A−; A+ = B−. Obviously, the six pointsB+, C−, C+, A−, A+, B− lie on the
same circle. IfP is the centroid of triangleABC, then no more than one of the
three following possibilities happen:B+ = C−; C+ = A−; A+ = B−, by Lemma
1. Hence, we need to consider two cases.
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Case 1. Only one of three following possibilities occurs:B+ = C−, C+ = A−,
A+ = B−.

Without loss of generality, we may assume thatB+ = C−, C+ �= A− and
A+ �= B− (see Figure 2). SinceP is the centroid of triangleABC, A′ is the
midpoint of the segmentBC. By Lemma 3, we have

(PH,PB) = (PC,PA′) (mod π).

In addition, sinceA−A+, A−C+, B−A+, B−C+ are respectively perpendicular to
PH, PB, PC, PA′, we have

(A−A+, A−C+) ≡ (PH,PB) (mod π).

(B−A+, B−C+) ≡ (PC,PA′) (mod π).

Thus,(A−A+, A−C+) ≡ (B−A+, B−C+) (mod π), which implies that four
pointsC+, A−, A+, B− are concyclic.

Similarly, we have

(PK,PC) = (PA,PB′) (mod π).

Moreover, sinceB−B+, B−A+, Y Z, B+A+ are respectively perpendicular to
PK, PC, PA, PB ′, we have

(B−B+, B−A+) ≡ (PK,PC) (mod π).

(Y Z,B+A+) ≡ (PA,PB′) (mod π).

Thus,(B−B+, B−A+) ≡ (Y Z,B+A+) (mod π), which implies that the circum-
circle of triangleB+B−A+ touchesY Z atB+.
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The same reasoning also shows that the circumcircle of triangleB+C+A− touches
Y Z atB+.

Therefore, the six pointsB+, C−, C+, A−, A+, B− lie on the same circle and
this circle touchesY Z atB+ = C− by the remark following Lemma 4.

Case 2. None of the three following possibilities occurs:B+ = C−;C+ = A−;A+ =
B−.

Similarly to case 1, each quadruple of points(C+, A−, A+, B−), (A+, B−, B+, C−),
(B+, C−, C+, A−) are concyclic. Hence, by Lemma 4, the six pointsB+, C−, C+,
A−, A+, B− are concyclic.

Necessity part. There are three cases.

Case 1. No less than two of the following possibilities occur:B+ = C−, C+ =
A−, A+ = B−.

By Lemma 1,P is the orthocenter of triangleABC.

Case 2. Only one of the following possibilites occurs:B+ = C−, C+ = A−,
A+ = B−. We assume without loss of generality thatB+ = C−, C+ �= A−,
A+ �= B−.

Since the six pointsB+, C−, C+, A−, A+, B− are on the same circle, so are
the four pointsC+, A−, A+, B−. It follows that

(A−A+, A−C+) ≡ (B−A+, B−C+) (mod π).

Note that linesPH, PB, PC, PA′ are respectively perpendicular toA−A+,
A−C+, B−A+, B−C+. It follows that

(PH,PB) ≡ (A−A+, A−C+) (mod π).

(PC,PA′) ≡ (B−A+, B−C+) (mod π).

Therefore,(PH,PB) ≡ (PC,PA′) (mod π). Consequently,A′ is the midpoint
of BC by Lemma 3.

On the other hand, it is evident thatB+A− ‖ B−A+; B+A+ ‖ C+A−, and
we note that each quadruple of points(B+, A−, B−, A+), (B+, A+, C+, A−) are
concyclic. Therefore, we haveB+B− = A+A− = B+C+. It follows that triangle
B+B−C+ is isosceles withC+B+ = B+B−. Note thatY Z passesB+ and is
parallel toC+B−, so that we haveY Z touches the circle passing six pointsB+ =
C−, C+, A−, A+, B− atB+ = C−. It follows that

(B−B+, B−A+) ≡ (Y Z,B+A+) (mod π).

In addition, sincePK, PC, PA, PB′ are respectively perpendicular toB−B+,
B−A+, Y Z, B+A+, we have

(PK,PC) ≡ (B−B+, B−A+) (mod π).

(PA,PB′) ≡ (Y Z,B+A+) (mod π).

Thus,(PK,PC) ≡ (PA,PB′) (mod π). By Lemma 3,B′ is the midpoint of
CA. We conclude thatP is the centroid of triangleABC.
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Case 3. None of the three following possibilities occur:B+ = C−, C+ = A−,
A+ = B−.

Similarly to case 2, we can conclude thatA′, B′ are respectively the midpoints
of BC, CA. Thus,P is the centroid of triangleABC.

This completes the proof of the main theorem.
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Some More Archimedean Circles in the Arbelos

Frank Power

Abstract. We construct 4 circles in the arbelos which are congruent to the Archimedean
twin circles.

Thomas Schoch [2] tells the remarkable story of his discovery in the 1970’s of
the many Archimedean circles in the arbelos (shoemaker’s knife) that were even-
tually recorded in the paper [1]. In this note, we record four more Archimedean
circles which were discovered in the summer of 1998, when the present author took
a geometry course ([3]) with one of the authors of [1].

Consider an arbelos with inner semicircles C1 and C2 of radii a and b, and outer
semicircle C of radius a + b. It is known the Archimedean circles have radius
t = ab

a+b . Let Q1 and Q2 be the “highest” points of C1 and C2 respectively.

Theorem. A circle tangent to C internally and to OQ1 at Q1 (or OQ2 at Q2) has
radius t = ab

a+b .

C1

C2

C′
1

C′
2

A BOO1 O2P

Q1

Q2
a

b

r

a + b − r

Figure 1

Proof. There are two such circles tangent at Q1, namely, (C1) and (C′
1) in Figure

1. Consider one such circle (C1) with radius r. Note that

OQ2
1 = O1Q

2
1 + OO2

1 = a2 + b2.

It follows that
(a + b − r)2 = (a2 + b2) + r2,

from which r = ab
a+b = t. The same calculation shows that (C′

1) also has radius t,
and similarly for the two circles at Q2. �

Publication Date: September 2, 2005. Communicating Editor: Paul Yiu.
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Divison of a Segment in the Golden Section
with Ruler and Rusty Compass

Kurt Hofstetter

Abstract. We give a simple 5-step division of a segment into golden section,
using ruler and rusty compass.

In [1] we have given a 5-step division of a segment in the golden section with
ruler and compass. We modify the construction by using a rusty compass, i.e., one
when set at a particular opening, is not permitted to change. For a point P and a
segment AB, we denote by P (AB) the circle with P as center and AB as radius.

A B

C

D

M

F

G

C1
C2

C3

Figure 1

Construction. Given a segment AB, construct

(1) C1 = A(AB),
(2) C2 = B(AB), intersecting C1 at C and D,
(3) the line CD to intersect AB at its midpoint M ,
(4) C3 = M(AB) to intersect C2 at F (so that C and D are on opposite sides

of AB),
(5) the segment CF to intersect AB at G.

The point G divides the segment AB in the golden section.

Publication Date: September 13, 2005. Communicating Editor: Paul Yiu.
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Figure 2

Proof. Extend BA to intersect C1 at E. According to [1], it is enough to show that
EF = 2 ·AB. Let F ′ be the orthogonal projection of F on AB. It is the midpoint
of MB. Without loss of generality, assume AB = 4, so that MF′ = F ′B = 1
and EF ′ = 2 · AB − F ′B = 7. Applying the Pythagorean theorem to the right
triangles EFF ′ and MFF ′, we have

EF 2 =EF ′2 + FF ′2

=EF ′2 + MF 2 − MF ′2

=72 + 42 − 12

=64.

This shows that EF = 8 = 2 · AB. �
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On an Erdős Inscribed Triangle Inequality

Ricardo M. Torrejón

Abstract. A comparison between the area of a triangle and that of an inscribed
triangle is investigated. The result obtained extend a result of Aassila giving
insight into an inequality of P. Erd˝os.

1. Introduction

Consider a triangleABC divided into four smaller non-degenerate triangles, a
central oneC1A1B1 inscribed inABC and three others on the sides of this central
triangle, as depicted in

A B

C

A1

B1

C1

Figure 1

A question with a long history is that of comparing the area ofABC to that of
the inscribed triangleC1A1B1. In 1956, H. Debrunnner [5] proposed the inequality

area (C1A1B1) ≥ min {area (AC1B1), area (C1BA1), area (B1A1C)} ;
(1)

according to John Rainwater [7], this inequality originated with P. Erd˝os and was
communicated by N. D. Kazarinoff and J. R. Isbell. However, Rainwater was more
precise in stating thatC1A1B1 cannot have the smallest area of the four unless all
four are equal withA1, B1, andC1 the midpoints of the sidesBC, CA, andAB.

A proof of (1) first appeared in A. Bager [2] and later in A. Bager [3] and P.
H. Diananda [6]. Diananda’s proof is particularly noteworthy; in addition to prov-
ing Erdős’ inequality, it also shows that the stronger form of (1) holds

area (C1A1B1) ≥
√

area (AC1B1) ·area (C1BA1) (2)

where, without loss of generality, it is assumed that

0 < area (AC1B1) ≤ area (C1BA1) ≤ area (B1A1C) .

Publication Date: September 28, 2005. Communicating Editor: Paul Yiu.
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The purpose of this paper is to show that a sharper inequality is possible when
more care is placed in choosing the pointsA1, B1 andC1. In so doing we extend
Aassila’s inequality [1]:

4 · area (A1B1C1) ≤ area (ABC),

which is valid when these points are chosen so as to partition the perimeter ofABC
into equal length segments. Our main result is

Theorem 1. Let ABC be a triangle, and let A1, B1, C1 be on BC, CA, AB,
respectively, with none of A1, B1, C1 coinciding with a vertex of ABC . If

AB + BA1

AC + CA1
=

BC + CB1

AB + AB1
=

AC + AC1

BC + BC1
= α,

then

4 · area (A1B1C1) ≤ area (ABC)+s4

(
α − 1
α + 1

)2

· area (ABC)−1

where s is the semi-perimeter of ABC .

Whenα = 1 we obtain Aassila’s result.

Corollary 2 (Aassila [1]). Let ABC be a triangle, and let A1, B1, C1 be on
BC, CA, AB, respectively, with none of A1, B1, C1 coinciding with a vertex of
ABC . If

AB + BA1 = AC + CA1,

BC + CB1 = AB + AB1,

AC + AC1 = BC + BC1,

then

4 · area (A1B1C1) ≤ area (ABC) .

2. Proof of Theorem 1

We shall make use of the following two lemmas.

Lemma 3 (Curry [4]). For any triangle ABC , and standard notation,

4
√

3 · area (ABC) ≤ 9abc

a + b + c
. (3)

Equality holds if and only if a = b = c.

Lemma 4. For any triangle ABC , and standard notation,

min{a2 + b2 + c2, ab + bc + ca} ≥ 4
√

3 · area (ABC) . (4)

To prove Theorem 1, we begin by computing the area of the corner triangle
AC1B1:
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A

C

B

B1

C1

A1

Figure 2

then

area (AC1B1) =
1
2
AC1 · AB1 · sinA

=
1
2
AC1 · AB1 · 2 · area (ABC)

AB · AC

=
AC1

AB
· AB1

AC
· area (ABC) .

For the semi-perimeters of ABC we have

2s = AB + BC + AC

= (AB + AB1) + (BC + CB1)
= (α + 1)(c + AB1),

and

AB1 =
2

α + 1
s − c

wherec = AB. Also,

2s = AB + BC + AC

= (AC + AC1) + (BC + BC1)

=
(

1 +
1
α

)
(AC + AC1)

=
α + 1

α
(b + AC1),

and

AC1 =
2α

α + 1
s − b
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with b = AC. Hence

area (AC1B1) =
1
bc

(
2α

α + 1
s − b

)(
2

α + 1
s − c

)
· area (ABC) . (5)

Similar computations yield

area (C1BA1) =
1
ca

(
2α

α + 1
s − c

) (
2

α + 1
s − a

)
· area (ABC), (6)

and

area (B1A1C) =
1
ab

(
2α

α + 1
s − a

)(
2

α + 1
s − b

)
· area (ABC) . (7)

From these formulae,

area (A1B1C1)

=area (ABC)− area (AC1B1)− area (C1BA1)− area (B1A1C)

=
[
1 − 1

bc

(
2α

α + 1
s − b

) (
2

α + 1
s − c

)
− 1

ca

(
2α

α + 1
s − c

)(
2

α + 1
s − a

)

− 1
ab

(
2α

α + 1
s − a

) (
2

α + 1
s − b

)]
· area (ABC)

=
1

abc

[(
2

α + 1
s − a

) (
2

α + 1
s − b

)(
2

α + 1
s − c

)

+
(

2α

α + 1
s − a

) (
2α

α + 1
s − b

) (
2α

α + 1
s − c

)]
· area (ABC) .

But
(

2
α + 1

s − a

) (
2

α + 1
s − b

)(
2

α + 1
s − c

)

+
(

2α

α + 1
s − a

) (
2α

α + 1
s − b

)(
2α

α + 1
s − c

)

=2(s − a)(s − b)(s − c) + 2
(

α − 1
α + 1

)2

s3

=
2
s

[area (ABC)]2 + 2
(

α − 1
α + 1

)2

s3.

Hence

abc · s
2

·area (A1B1C1) = [area (ABC)]3+s4 ·
(

α − 1
α + 1

)2

·area (ABC) . (8)
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From (3) and (4)

abc · s
2

≥
√

3
9

· (a + b + c)2 · area (ABC)

≥
√

3
9

[a2 + b2 + c2 + 2(ab + bc + ca)] · area (ABC)

≥
√

3
9

· 12
√

3 · area (ABC)2

≥ 4 · area (ABC)2.

Finally, from (8)

4 · area (ABC)2 · area (A1B1C1)

≤ abc · s
2

· area (A1B1C1)

≤ [area (ABC)]3 + s4 ·
(

α − 1
α + 1

)2

· area (ABC)

and a division byarea (ABC)2 produces

4 · area (A1B1C1) ≤ area (ABC)+s4 ·
(

α − 1
α + 1

)2

· [area (ABC)]−1

completing the proof of the theorem.
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Applications of Homogeneous Functions to Geometric
Inequalities and Identities in the Euclidean Plane

Wladimir G. Boskoff and Bogdan D. Suceav˘a

Abstract. We study a class of geometric identities and inequalities that have
a common pattern: they are generated by a homogeneous function. We show
how to extend some of these homogeneous relations in the geometry of triangle.
Then, we study the geometric configuration created by two intersecting lines and
a pencil ofn lines, where the repeated use of Menelaus’s Theorem allows us to
emphasize a result on homogeneous functions.

1. Introduction

The purpose of this note is to present an extension of a certain class of geometric
identities or inequalities. The idea of this technique is inspired by the study of
homogeneous polynomials and has the potential for additional applications besides
the ones described here.

First of all, we recall that a functionf : R
n → R is calledhomogeneous if

f(tx1, tx2, ..., txn) = tmf(x1, x2, ...xn), for t ∈ R−{0} andxi ∈ R, i = 1, ..., n,
m, n ∈ N, m �= 0, n ≥ 2. The natural numberm is called the degree of the
homogeneous functionf.

Remarks. 1. Letf : R
n → R be a homogeneous function. If forx = (x1, ..., xn) ∈

R
n, we havef(x) ≥ 0, thenf(tx) ≥ 0, for t > 0. Furthermore, ifm is an even

natural number,f(x) ≥ 0, yieldsf(tx) ≥ 0 for any real numbert.
2. Any x > 0 can be written asx = a

b , with a, b ∈ (0, 1).

2. Application to the geometry of triangle

Consider the homogeneous functionfα : R
3 → R given by

fα(x1, x2, x3) = αx1x2x3,

with α ∈ R−{0}. Denote bya, b, c the lengths of the sides of a triangleABC, by
R the circumradius and by� the area of this triangle. By the law of sines, we get

f1(a, b, c) = f1(a, b, 2R sinC) = 2Rf1(a, b, sin C) = 4R�.

Thus, we obtainabc = 4R�.

Publication Date: October 11, 2005. Communicating Editor: Paul Yiu.
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Sincef1(a, b, c) = 8R3f1(sin A, sin B, sin C), we get also the equality

� = 2R2 sin A sin B sin C.

Heron’s formula can be represented by the following setting. The function
f√r(x1, x2, x3) for x1 =

√
s − a, x2 =

√
s − b, x3 =

√
s − c, yields

f√s(
√

s − a,
√

s − b,
√

s − c) = �.

Furthermore, usingcot A
2 = s−a

r and the similar equalities inB and C, we
obtain

f√s(
√

s − a,
√

s − b,
√

s − c) = r
√

rf√s

(√
cot

A

2
,

√
cot

B

2
,

√
cot

C

2

)
,

which yields

� = r2 cot
A

2
cot

B

2
cot

C

2
.

3. Homogeneous polynomials in a2, b2, c2,� and their applications

Consider now a triangleABC in the Euclidean plane, and denote bya, b, c the
length of its sides and by� its area. We prove the following.

Proposition 1. Let p : R
4 → R a homogeneous function with the property that

p(a2, b2, c2,�) ≥ 0, for any triangle in the Euclidean plane. Then for any x > 0
we have:

p

(
xa2,

1
x

b2, c2 +
(

1 − 1
x

)
(xa2 − b2),�

)
≥ 0. (1)

Proof. Considerq(x) =
(
1 − 1

x

)
(xa2 − b2), for x > 0. In the triangleABC we

considerA1 andB1 on the sidesBC andAC, respectively, such thatCA1 = αa,
BC = a, CB1 = βb, AC = b, with α, β ∈ (0, 1). It results that the area of
triangleCA1B1 is σ[CA1B1] = αβ�. By the law of cosines we have

cos C =
a2 + b2 − c2

2ab
,

and therefore
A1B

2
1 = αβc2 + (α − β)(αa2 − βb2).

Since the given inequalityp(a2, b2, c2,�) ≥ 0 takes place in any triangle, then it
must take place also in the triangleCA1B1, thus

p(α2a2, β2b2, αβc2 + (α − β)(αa2 − βb2), αβ�) = 0.

Let us take nowt = αβ, andx = α
β , with α, β ∈ (0, 1). Forx ∈ (0,∞), we have

p

(
xa2,

1
x

b2, c2 + q(x),�
)

≥ 0.

�
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Remark. In terms of identities, we state the following. Letp : R
4 → R a homoge-

neous function with the property thatp(a2, b2, c2,�) = 0, for any triangle in the
Euclidean plane. Then for anyx > 0 we have

p

(
xa2,

1
x

b2, c2 +
(

1 − 1
x

)
(xa2 − b2),�

)
= 0. (2)

The proof is similar to the proof of Proposition 1.

We present now a few applications of Proposition 1.

3.1. In any triangleABC in the Euclidean plane, for anyx ∈ (0,∞), we have

4� ≤ min
[
xa2 +

1
x

b2, xa2 + c2 + q(x),
1
x

b2 + c2 + q(x)
]

.

To prove this inequality, it is sufficient to prove the statement forx = 1, then we
apply Proposition 1. Let us assume, without losing any generality, thata ≥ b ≥ c.
We also useb2 + c2 ≥ 2bc, and2bc ≥ 2bc sin A = 4�. Thus,b2 + c2 ≥ 4�, and
this means

4� ≤ min(b2 + c2, a2 + c2, a2 + b2).

Applying this result in the triangleCA1B1, considered as in the proof of Proposi-
tion 1, we obtain the stated inequality.

3.2. Considerq(x) =
(
1 − 1

x

)
(xa2 − b2), for x > 0. Then in any triangle we

have the inequality

a2b2[c2 + q(x)] ≥
(

4�
3
√

3

)3

.

This results as a direct consequence of Carlitz’ inequality

a2b2c2 ≥
(

4�
3
√

3

)3

.

by applying Proposition 1.

3.3. It is known that in any triangle we have Hadwiger’s inequality

a2 + b2 + c2 ≥ �
√

3.

This inequality can be generalized for anyx ∈ (0,∞) as follows

(2x − 1)a2 +
(

2
x

+ 1
)

b2 + c2 ≥ 4�
√

3.

(This inequality appears inMatematika v Shkole, No. 5, 1989.)
Hadwiger’s inequality can be proven by using the law of cosines to get

a2 + b2 + c2 = 2(b2 + c2) − 2bc cos A.
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Then, keeping in mind that2� = bc sin A, we get

a2 + b2 + c2 − 4�
√

3 =2(b2 + c2 − 2bc cos A − 2bc
√

3 sin A)

=2
(
b2 + c2 − 4bc cos

(π

3
− A

))
≥2
(
b2 + c2 − 4bc cos

π

3

)
=2(b − c)2

≥0.

The equality holds whenb = c andA = π
3 , i.e. when triangleABC is equilateral.

Applying Hadwiger’s inequality to the triangleCA1B1 constructed in Proposi-
tion 1, we get

α2a2 + β2b2 + αβc2 + (α − β)(αa2 − βb2) ≥ 4αβ�
√

3.

Dividing by αβ and denoting, as before,x = α
β , we obtain

xa2 +
1
x

b2 + c2 + q(x) ≥ 4�
√

3.

After grouping the factors, we get the inequality that we wanted to prove in the first
place. �

3.4. Consider Goldner’s inequality

b2c2 + c2a2 + a2b2 ≥ 16�2.

This inequality can be extended by using the technique presented here to the fol-
lowing relation:

a2b2 +
(

xa2 +
1
x

b2

)[
c2 +

(
1 − 1

x

)
(xa2 − b2)

]
≥ 16�2.

To remind here the proof of Goldner’s inequality, we use an argument based on
a consequence of Heron’s formula:

2(b2c2 + c2a2 + a2b2) − (a4 + b4 + c4) = 16�2,

and the inequality

a4 + b4 + c4 ≥ a2b2 + a2c2 + b2c2.

This proves Goldner’s inequality. For its extension, we apply Goldner’s inequality
to triangleCA1B1, as in Proposition 1.

4. Menelaus’ Theorem and homogeneous polynomials

In this section we prove the following result.

Proposition 2. Let p : R
n → R be a homogeneous function of degree m, and

consider n collinear points A1, A2, ..., An lying on the line d. Let S be a point
exterior to the line L and a secant L′ whose intersection with each of the segments
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(SAi) is denoted A′
i, with i = 1, ..., n. Denote by K the intersection point of L

and L′. Then,
p(KA1,KA2, ...,KAn) = 0

if and only if

p

(
A1A

′
1

A′
1S

,
A2A

′
2

A′
2S

, ...,
AnA′

n

A′
nS

)
= 0.

Proof. Denoteai = AiA′
i

A′
iS

, for i = 1, ..., n. Applying Menelaus’ Theorem in each
of the trianglesSA1A2, SA2A3, . . . ,SAn−1An we have, for alli = 1, ..., n − 1,

1
ai

· AiK

Ai+1K
· ai+1 = 1.

This yields
A1K

a1
=

A2K

a2
= ... =

AnK

an
= t,

wheret > 0. The fact thatp(KA1,KA2, ...,KAn) = 0 is equivalent, by Remark
1, with

p(ta1, ta2, ..., tan) = 0,

or, furthermore
tmp(a1, a2, ..., an) = 0.

Sincet > 0, the conclusion follows immediately. �

Remark. 3. As in the case of Proposition 1, we can discuss this result in terms of
inequalities. For example, the Proposition 2 is still true if we claim that

p(KA1,KA2, ...,KAn) ≥ 0

if and only if

p

(
A1A

′
1

A′
1S

,
A2A

′
2

A′
2S

, ...,
AnA′

n

A′
nS

)
≥ 0.

We present now an application.

4.1. A line intersects the sidesAC andBC and the medianCM0 of an arbitrary
triangle in the pointsB1, A1, andM3, respectively. Then,

1
2

(
AB1

B1C
+

BA1

A1C

)
=

M3M0

M3C
, (3)

M3B1

M3A1
=

KB1

KA1
· KB

KA
. (4)

Furthermore, (3) is still true if we apply to this configuration a projective transfor-
mation that mapsK into ∞.

We use Proposition 2 to prove (3). Let{K} = AB ∩ A1B1. Then, the relation
we need to prove is equivalent toKA + KB = 2KM0, which is obvious, since
M0 is the midpoint of(AB).
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To prove (4), remark that the anharmonic ratios[KM3B1A1] and[KM0AB] are
equal, since they are obtained by intersecting the pencil of linesCK,CA,CM0, CB
with the linesKA andKB. Therefore, we have

M3B1

M3A1
:

KB1

KA1
=

M0A

M0B
:

KA

KB
.

SinceM0A = M0B, we have
M3B1

M3A1
=

KB1

KA1
· KB

KA
.

Finally, by mappingM into the point at infinity, the linesB1A1 andBA become
parallel. By Thales Theorem, we have

B1A

B1C
=

BA1

A1C
=

M3M0

M3C
,

therefore the relation is still true.
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On the Complement of the Schiffler Point

Khoa Lu Nguyen

Abstract. Consider a triangleABC with excircles(Ia), (Ib), (Ic), tangent to
the nine-point circle respectively atFa, Fb, Fc. Consider also the polars ofA,
B, C with respect to the corresponding excircles, bounding a triangleXY Z. We
present, among other results, synthetic proofs of (i) the perspectivity ofXY Z
andFaFbFc at the complement of the Schiffler point ofABC, (ii) the concur-
rency at the same point of the radical axes of the nine-point circles of triangles
IaBC, IbCA, andIcAB.

1. Introduction

Consider a triangleABC with excircles(Ia), (Ib), (Ic). It is well known that
the nine-point circle(W ) is tangent externally to the each of the excircles. Denote
by Fa, Fb, andFc the points of tangency. Consider also the polars of the vertices
A with respect to(Ia), B with respect to(Ib), andC with respect to(Ic). These
are the linesBaCa, CbAb, andAcBc joining the points of tangency of the excircles
with the sidelines of triangleABC. Let these polars bound a triangleXY Z. See
Figure 1. Juan Carlos Salazar [12] has given the following interesting theorem.

Theorem 1 (Salazar). The triangles XY Z and FaFbFc are perspective at a point
on the Euler line.

Darij Grinberg [3] has identified the perspector as the triangle centerX442 of
[6], the complement of the Schiffler point. Recall that the Schiffler pointS is
the common point of the Euler lines of the four trianglesIBC, ICA, IAB, and
ABC, whereI is the incenter ofABC. Denote byA′, B′, C ′ the midpoints of the
sidesBC, CA, AB respectively, so thatA′B′C ′ is the medial triangle ofABC,
with incenterI′ which is the complement ofI. Grinberg suggested that the lines
XFa, Y Fb andZFc are the Euler lines of trianglesI′B′C ′, I ′C ′A′ and I′A′B′
respectively. The present author, in [10], conjectured the following result.

Theorem 2. The radical center of the nine-point circles of triangles IaBC , IbCA
and IcAB is a point on the Euler line of triangle ABC .

Subsequently, Jean-Pierre Ehrmann [1] and Paul Yiu [13] pointed out that this
radical center is the same pointS′, the complement of the Schiffler pointS. In
this paper, we present synthetic proofs of these results, along with a few more
interesting results.

Publication Date: October 18, 2005. Communicating Editor: Paul Yiu.
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O
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Z
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Y
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Fa

Fb

S′

Figure 1.

2. Notations

a, b, c Lengths of sidesBC, CA, AB
R, r, s Circumradius, inradius, semiperimeter
ra, rb, rc Exradii
O, G, W , H, Circumcenter, centroid, nine-point center, orthocenter
I, F , S, M Incenter, Feuerbach point, Schiffler point, Mittenpunkt
P ′ Complement ofP in triangleABC
A′, B′, C ′ Midpoints ofBC, CA, AB
A1, B1, C1 Points of tangency of incircle withBC, CA, AB
Ia, Ib, Ic Excenters
Fa, Fb, Fc Points of tangency of the nine-point circle with the excircles
Aa, Ba, Ca Points of tangency of theA-excircle with the lines

BC, CA, AB; similarly for Ab, Bb, Cb andAc, Bc, Cc

Wa, Wb, Wc Nine-point centers ofIaBC, IbCA, IcAB
Ma, Mb, Mc Midpoints ofAIa, BIb, CIc

X AbCb ∩ AcBc; similarly for Y , Z
Xb, Xc Orthogonal projections ofB onCIa andC onBIa;

similarly for Yc, Ya, Za, Zb

Ja Midpoint of arcBC of circumcircle not containingA;
similarly for Jb, Jc

Ka AbFb ∩ AcFc; similarly for Kb, Kc
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Figure 2.

3. Some preliminary results

We shall make use of the notion of directed angle between two lines. Given two
lines a andb, the directed angle(a, b) is the angle of counterclockwise rotation
from a to b. It is defined modulo180◦. We shall make use of the following basic
properties of directed angles. For further properties of directed angles, see [7].

Lemma 3. (i) For arbitrary lines a, b, c,

(a, b) + (b, c) ≡ (a, c) mod 180◦.

(ii) Four points A, B, C , D are concyclic if and only if (AC,CB) = (AD,DB).

Lemma 4. Let (O) be a circle tangent externally to two circles (Oa) and (Ob)
respectively at A and B. If PQ is a common external tangent of (Oa) and (Ob),
then the quadrilateral APQB is cyclic, and the lines AP , BQ intersect on the
circle (O).

Proof. Let PA intersect(O) atK. Since(O) and(Oa) touch each other externally
at A, OK is parallel toOaP . On the other hand,OaP is also parallel toObQ as
they are both perpendicular to the common tangentPQ. ThereforeKO is parallel
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Oa

Ob

O

P Q

K

A

B

Figure 3

to ObQ in the same direction. This implies thatK, B, Q are collinear since(Ob)
and(O) touch each other at externally atB. Therefore

(PQ,QB) =
1
2
(QOb, ObB) =

1
2
(KO,OB) = (KA,AB) = (PA,AB),

andAPQB is cyclic. �
We shall make use of the following results.

Lemma 5. Let ABC be a triangle inscribed in a circle (O), and points M and N
lying on AB and AC respectively. The quadrilateral BNMC is cyclic if and only
if MN is perpendicular to OA.

Theorem 6. The nine-point circles of ABC , IaBC , IaCA, and IaAB intersect at
the point Fa.

Aa

A

B

C

Ia

Fa

Figure 4.



On the complement of the Schiffler point 153

Proposition 7. The circle with diameter AaMa contains the point Fa.

M ′
b M ′

c

Aa

A

B

C

Ia

Ma

Fa

C′

Figure 5.

Proof. Denote byM ′
b andM ′

c the midpoints ofIaB and IaC respectively. The
point Fa is common to the nine-point circles ofIaBC, IaCA and IaAB. See
Figure 5. We show that(AaFa, FaMa) = 90◦.

(AaFa, FaMa) =(AaFa, FaM
′
b) + (M ′

bFa, FaMa)

=(AaM
′
c,M

′
cMb) + (M ′

bC
′, C ′Ma)

= − (IaM
′
c,M

′
cM

′
b) − (BIa, IaA)

= − ((IaC,BC) + (BIa, IaA)) = 90◦.

�

4. Some properties of triangle XY Z

In this section we present some important properties of the triangleXY Z.

4.1. Homothety with the excentral triangle. SinceY Z andIbIc are both perpen-
dicular to the bisector of angleA, they are parallel. Similarly,ZX andXY are
parallel toIcIa andIaIb respectively. The triangleXY Z is therefore homothetic
to the excentral triangleIaIbIc. See Figure 7. We shall determine the homothetic
center in Theorem 11 below.



154 K. L. Nguyen

4.2. Perspectivity with ABC . Consider the orthogonal projectionsP andP′ of A
andX on the lineBC. We have

AcP : PAb = (s − c) + c cos B : (s − b) + b cos C = s − b : s − c

by a straightforward calculation.

Ib

Ic

A

B C

X

P P ′

Figure 6.

On the other hand,

AcP
′ : P ′Ab =cot XAcAb : cot XAbAc

=cot
(

90◦ − C

2

)
: cot

(
90◦ − B

2

)

=tan
C

2
: tan

B

2

=
1

s − c
:

1
s − b

=s − b : s − c.

It follows thatP andP ′ are the same point. This shows that the lineXA is perpen-
dicular toBC and contains the orthocenterH of triangleABC. The same is true
for the linesY B andZX. The trianglesXY Z andABC are perspective atH.

4.3. The circumcircle of XY Z . Applying the law of sines to triangleAXBc, we
have

XA = (s − b) · sin
(
90◦ − C

2

)
sin C

2

= (s − b) cot
C

2
= ra.

It follows thatHX = 2R cos A+ ra = 2R+ r. See Figure 4. Similarly,HY =
HZ = 2R + r. Therefore, triangleXY Z has circumcenterH and circumradius
2R + r.
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X
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Figure 7.

5. The Taylor circle of the excentral triangle

Consider the excentral triangleIaIbIc with its orthic triangleABC. The or-
thogonal projectionsYa andZa of A on IaIc andIaIb, Zb andXb of B on IbIc

andIaIb, together withXc andYc of C on IbIc andIcIa are on a circle called the
Taylor circle of the excentral triangle. See Figure 8.

Proposition 8. The points Xb, Xc lie on the line Y Z .

Proof. The collinearity ofCa, Xb, Xc follows from

(CaXb,XbB) =(CaIa, IaB)

=(CaIa, AB) + (AB, IaB)

=90◦ + (IaB,BC)

=(XcC, IaB) + (IaB,BC)

=(XcC,CB)

=(XcXb,XbB).

Similarly, Xb is also on the lineY Z, andZa, Zb are on the lineXY , Yc, Ya are on
the lineXZ. �

Proposition 9. The line YaZa contains the midpoints B′, C ′ of CA, AB, and is
parallel to BC .
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Proof. SinceA, Ya, Ia, Za are concyclic,

(AYa, YaZa) = (AIa, IaZa) =
C

2
= (CA,AYa).

Therefore, the intersection ofAC andYaZa is the circumcenter of the right triangle
ACYa, and is the midpointB′ of CA. Similarly, the intersection ofAB andYaZa

is the midpointC′ of AB. �
Proposition 10. The line IaX contains the midpoint A′ of BC .

Proof. Since the diagonals of the parallelogramIaYaXZa bisect each other, the
line IaX passes through the midpoint of the segmentYaZa. SinceYaZa andBC
are parallel, withB onIaZa andC onIaYa, the same lineIaX also passes through
the midpoint of the segmentBC. �
Theorem 11. The triangles XY Z and IaIbIc are homothetic at the Mittenpunkt
M of triangle ABC , the ratio of homothety being 2R + r : −2R.

Proof. The linesIaX, IbY , IcZ contain respectively the midpoints ofA′, B′, C ′
of BC, CA, AB. They intersect at the common point ofIaA

′, IbB
′, IcC

′, the
MittenpunktM of triangleABC. This is the homothetic center of the triangles
XY Z andIaIbIc. The ratio of homothety of the two triangle is the same as the
ratio of their circumradii. �
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Theorem 12. The Taylor circle of the excentral triangle is the radical circle of the
excircles.

Proof. The perpendicular bisector ofYcZb is a line parallel to the bisector of angle
A and passing through the midpointA′ of BC. This is theA′-bisector of the
medial triangleA′B′C ′. Similarly, the perpendicular bisectors ofZaXc andXbYa

are the other two angle bisectors of the medial triangle. These three intersect at the
incenter of the medial triangle, the Spieker center ofABC.

It is well known thatSp is also the center of the radical circle of the excircles.
To show that the Taylor circle coincides with the radical circle, we show that they
have equal radii. This follows easily from

IaXc · IaZa =
ra sin A

2

cos C
2

· IaA cos
C

2
= ra · IaA sin

A

2
= r2

a.

�

6. Proofs of Theorems 1 and 2

We give a combined proof of the two theorems, by showing that the lineXFa

is the radical axis of the nine-point circles(Wb) and(Wc) of trianglesIbCA and
IcAB. In fact, we shall identify some interesting points on this line to show that it
is also the Euler line of triangleI′B′C ′.

6.1. XFa as the radical axis of (Wb) and (Wc).

Proposition 13. X lies on the radical axis of the circles (Wb) and (Wc).

Proof. By Theorem 12,XZa · XZb = XYa · XYc. SinceYc, Ya are on the nine-
point circle(Wb) andZa, Zb on the the circle(Wc), X lies on the radical axis of
these two nine-point circles. �

SinceAZa andAYa are perpendicular toIaIc andIaIb, andIaIbIc andXY Z
are homothetic,A is the orthocenter of triangleXYaZa. It follows thatX is the
orthocenter ofAYaZa. Since(AYa, YaIa) = (AZa, ZaIa) = 90◦, the triangle
AYaZa has circumcenter the midpointMa of AIa. It follows that XMa is the
Euler line of triangleAYaZa.

Proposition 14. Ma lies on the radical axis of the circles (Wb) and (Wc).

Proof. Let M ′′
b andM ′′

c be the midpoints ofAIb andAIc respectively. See Figure
9. Note that these lie on the nine-point circles(Wb) and(Wc) respectively. Since
C, Ib, Ic, B are concyclic, we haveIaB ·IaIc = IaC ·IaIb. Applying the homthety
h(A, 1

2 ), we have the collinearity ofMa, C ′, M ′′
c , and ofMa, B′, M ′′

b , Furthermore,
MaC

′ · MaM
′′
c = MaB

′ · MaM
′′
b . This shows thatMa lies on the radical axis of

(Wb) and(Wc). �



158 K. L. Nguyen

O
H

Ia

Ib

Ic

Aa

Ba

Ca

Ab

Bb

Cb

Ac

Bc

Cc

A

B C
Z

Wa

M ′′
b

Wb

M ′′
c

Wc

Figure 9.

Proposition 15. X, Fa, and Ma are collinear.

Proof. We prove that the Euler line of triangleAYaZa contains the pointFa. The
pointsX andMa are respectively the orthocenter and circumcenter of the triangle.

Let A′
a be the antipode ofAa on theA-excircle. SinceAX has lengthra and is

perpendicular toBC, XAA′
aIa is a parallelogram. Therefore,XA′

a contains the
midpointMa of AIa.

By Proposition 7,(AaFa, FaMa) = 90◦. Clearly,(AaFa, FaA
′
a) = 90◦. This

means thatFa, Ma, andA′
a are collinear. The line containing them also contains

X. �
Proposition 16. XFa is also the Euler line of triangle AYaZa.

Proof. The circumcenter ofAYaZa is clearlyMa. On the other hand, sinceA is the
orthocenter of triangleXYaZa, X is the orthocenter of triangleAYaZa. Therefore
the lineXMa, which also containsFa, is the Euler line of triangleAYaZa. �
6.2. XFa as the Euler line of triangle I′B′C ′.
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Proposition 17. Ma is the orthocenter of triangle I′B′C ′.

Aa

A

B
C

Ia

Ma

A′

C′

A1

Ha

G

Figure 10.

Proof. Let Ha be the orthocenter ofIBC. SinceBHa is perpendicular toIC, it
is parallel toIaC. Similarly, CHa is parallel toIaB. Thus,BHaCIa is a parallel-
ogram, andA′ is the midpoint ofIaHa. Consider triangleAIaHa which hasMa

andA′ for the midpoints of two sides. The intersection ofMaHa andAA′ is the
centroid of the triangle, which coincides withG. Furthermore,

GHa : GMa = GA : GA′ = 2 : −1.

Hence,Ma is the orthocenter ofI′B′C ′. �
Proposition 18. Ka is the circumcenter of I′B′C ′.

Proof. By Lemma 4, the pointsFb, Fc, Ab andAc are concyclic, and the linesAbFb

andAcFc intersect at a pointKa on the nine-point circle, which is the midpoint of
the arcB′C ′ not containingA′. See Figure 11. The image ofKa underh(G,−2) is
Ja, the circumcenter ofIBC. It follows thatKa is the circumcenter ofI′B′C ′. �
Proposition 19. Ka lies on the radical axis of (Wb) and (Wc).

Proof. Let D andE be the second intersections ofKaFb with (Wb) andKaFc with
(Wc) respectively. We shall show thatKaFb · KaD = KaFc · KaE.

SinceAc, Fc, Fb, Ab are concyclic, we haveKaFc ·KaAc = KaFb ·KaAb = k,
say. Note that

AcE · AcFc = AcZa · AcZb =
(s − a)2 sin

(
B + A

2

)
tan B

2 cos A
2

.
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Since(Ic) and(W ) extouch atFc, we haveKaFc
AcFc

= − R
2ra

. Therefore,

AcE

KaAc
=

KaFc

AcFc
· AcE · AcFc

KaFc · KaAc

= − R

2ra
· (s − a)2 sin

(
B + A

2

)
k · tan B

2 cos A
2

= − R(s − a)2 sin
(
B + A

2

)
k · s tan B

2 tan C
2 cos A

2

.

Similarly,

AbD

KaAb
= −R(s − a)2 sin

(
C + A

2

)
k · s tan B

2 tan C
2 cos A

2

.

Sincesin
(
B + A

2

)
= sin

(
C + A

2

)
, it follows that AbD

KaAb
= AcE

KaAc
. Hence,DE is

parallel toAbAc. FromKaFb · KaAb = KaFc · KaAc, we haveKaFb · KaD =
KaFc · KaE. This shows thatKa lies on the radical axis of(Wb) and(Wc).

�

Corollary 20. Ka lies on the line XFa.

6.3. Proof of Theorems 1 and 2. We have shown that the lineXFa is the radical
axis of (Wb) and (Wc). Likewise, Y Fb is that of (Wc), (Wa), andZFc that of
(Wa), (Wb). It follows that the three lines are concurrent at the radical center of
the three circles. This proves Theorem 1.
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We have also shown that the lineXFa is the image of the Euler line ofIBC
under the homothetyh(G,−1

2 ); similarly for the linesY Fb andZFc. Since the
Euler lines ofIBC, ICA, andIAB intersect at the Schiffler pointS on the Euler
line of ABC, the linesXFa, Y Fb, ZFc intersect at the complement of the Schiffler
pointS, also on the same Euler line. This proves Theorem 2.

7. Some further results

Theorem 21. The six points Y , Z , Ab, Ac, Fb, Fc are concyclic.

Fc

Fa

Fb

W

Ka

Ja

V

Ia

Ib

Ic

Aa

Ba

Ca

Ab

Bb

Cb

Ac

Bc

Cc

Z

Y

X

A

B C

Xa

Figure 12.

Proof. (i) The pointsAb, Ac, Fb, Fc are concyclic and the linesAbFb, AcFc meet
at Ka. Let Xa be the circumcenter ofKaAbAc. SinceFb andFc are points on
KaAb andKaAc, andFbAbAcFc is cyclic, it follows from Lemma 5 thatKaXa is
perpendicular toFbFc. HenceXa is the intersection of the perpendicular fromKa

to FbFc and the perpendicular bisector ofBC. Since triangleKaAbAc is similar
to KaFcFb, andAbAc = b + c, its circumradius is

b + c

FbFc
· R

2
=

1
2

√
(R + 2rb)(R + 2rc).
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Here, we have made use of the formula

FbFc =
b + c√

(R + 2rb)(R + 2rc)
· R

from [2].
(ii) A simple angle calculation shows that the pointsY , Z, Ab, Ac are also

concyclic. Its center is the intersection of the perpendicular bisectors ofAbAc and
Y Z. The perpendicular bisector ofAbAc is clearly the same as that ofBC. Since
Y Z is parallel toIbIc, its perpendicular is the parallel throughH (the circumcenter
of XY Z) to the bisector of angleA.

(iii) Therefore, if this circumcenter isV , thenJaV = AH = 2R cos A.
(iv) To show that the two circleFbAbAcFc is the same as the circle in (ii),

it is enough to show thatV lies on the perpendicular bisector ofFbFc. This is
equivalent to showing thatV W is perpendicular toFbFc. To prove this, we show
thatKaWV Xa is a parallelogram. Applying the Pythagorean theorem to triangle
A′AbXa, we have

4A′X2
a =(R + 2rb)(R + 2rc) − (b + c)2

=R2 + 4R(rb + rc) + 4rbrc − (b + c)2

=R2 + 4R · R(1 + cos A) + 4s(s − a) − (b + c)2

=R2(1 + 4(1 + cos A)) − a2

=R2(1 + 4(1 + cos A) − 4 sin2 A)

=R2(1 + 2 cos A)2.

This means thatA′Xa = R
2 (1 + 2 cos A), and it follows that

XaV =A′V − A′Xa = A′J + JV − A′Xa

=R(1 − cos A) + 2R cos A − R

2
(1 + 2 cos A)

=
R

2
= KaW.

Therefore,V W , being parallel toKaXa, is perpendicular toFbFc. �

Denote byCa the circle through these 6 points. Similarly defineCb andCc.

Corollary 22. The radical center of the circles Ca, Cb, Cc is S′.

Proof. The pointsX andFa are common to the circlesCb andCc. The lineXFa is
the radical axis of the two circles. Similarly the radical axes of the two other two
pairs of circles areY Fb andZFc. The radical center is thereforeS′. �

Proposition 23. The line XAa is perpendicular to Y Z .
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Proof. With reference to Figure 8, note that

AbYa : AbX =AbC · sin
(
C + A

2

)
sin C

2

: AbAc ·
sin A+B

2

sin B+C
2

=AbC : (b + c) · sin C
2 sin A+B

2

sin
(
C + A

2

)
sin B+C

2

=AbC : (b + c) · sin C

sin(C + A) + sin C

=AbC : c

=AbC : AbAa.

This means thatXAa is parallel toYcC, which is perpendiculartoIbIc andY Z.
�

Corollary 24. XY Z is perspective with the extouch triangle AaBbCc, and the
perspector is the orthocenter of XY Z .

Remark. This is the triangle centerX72 of [6].

Proposition 25. The complement of the Schiffler point is the point S′ which divides
HW in the ratio

HS′ : S′W = 2(2R + r) : −R.
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Y
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Fb

S′

Ka

Kb

KcH

Figure 13.

Proof. We defineKb andKc similarly asKa. SinceKb andKc are the midpoints
of the arcsC′A′ andA′B′, KbKc is perpendicular to theA′-bisector ofA′B′C ′,
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and hence parallel toY Z. The triangleKaKbKc is homothetic toXY Z. The
homothetic center is the common point of the linesXKa, Y Kb, andZKc, which
areXFa, Y Fb, ZFc. This is the complement of the Schiffler point. Since triangles
KaKbKc andXY Z have circumcentersW , H, and circumradiiR2 and2R + r,
this homothetic centerS′ divides the segmentHW in the ratio given above. �
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On the Existence of Triangles with Given Circumcircle,
Incircle, and One Additional Element

Victor Oxman

Abstract. We give necesssary and sufficient conditions for the existence of poris-
tic triangles with two given circles as circumcircle and incircle, and (1) a side
length, (2) the semiperimeter (area), (3) an altitude, and (4) an angle bisector.
We also consider the question of construction of such triangles.

1. Introduction

It is well known that the distanced between the circumcenter and incenter of a
triangle is given by the formula:

d2 = R2 − 2Rr, (1)

whereR andr are respectively the circumradius and inradius of the triangle ([3,
p.29]). Therefore, if we are given two circles on the plane, with radiiR and r,
(R ≥ 2r), a necessary condition for an existence of a triangle, for which the two
circles will be the circumcircle and the incircle, is that the distanced between their
centers satifies (1). From Poncelet’s closure theorem it follows that this condition
is also sufficient. Furthermore, each point on the circle with radiusR may be one of
the triangle vertex,i.e., in general there are infinitely many such triangles. A natural
question is on the existence and uniqueness of such a triangle if we specify one
additional element. We shall consider this question when this additional element is
one of the following: (1) a side length, (2) the semiperimeter (area), (3) an altitude,
and (4) an angle bisector.

2. Main results

Throughout this paper, we consider two given circlesO(R) andI(r) with dis-
tanced between their centers satisfying (1). Following [2], we shall call a triangle
with circumcircleO(R) and incircleI(r) a poristic triangle.

Theorem 1. Let a be a given positive number. (1). If d ≤ r, i.e. R ≤ (
√

2 + 1)r,
then there is a unique poristic triangle ABC with BC = a if and only if

4r(2R − r − 2d) ≤ a2 ≤ 4r(2R − r + 2d). (2)

Publication Date: November 8, 2005. Communicating Editor: Paul Yiu.
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(2). If d > r, i.e. R > (
√

2 + 1)r, then there is a unique poristic triangle ABC
with BC = a if and only if

4r(2R − r − 2d) ≤ a2 < 4r(2R − r + 2d) or a = 2R, (3)

and there are two such triangles if and only if

4r(2R − r + 2d) ≤ a2 < 4R2. (4)

Theorem 2. Given s > 0, there is a unique poristic triangle with semiperimeter s
if and only if√

R + r − d(
√

2R +
√

R − r + d) ≤ s ≤ √
R + r + d(

√
2R +

√
R − r − d).

(5)

Theorem 3. Given h > 0, there is a unique poristic triangle with an altitude h if
and only if

R + r − d ≤ h ≤ R + r + d. (6)

Theorem 4. Given � > 0, there is a unique poristic triangle with an angle bisector
� if and only if

R + r − d ≤ � ≤ R + r + d. (7)

3. Proof of Theorem 1

3.1. Case 1. d ≤ r. The length ofBC = a attains its minimal value when the
distance fromO to BC is maximal, which isd + r. See Figure 1. Therefore,

a2
min = 4r(2R − r − 2d).

Similarly, a attains its maximum when the distance fromO to BC is minimal,i.e.,
r − d. See Figure 2.

a2
max = 4r(2R − r + 2d).

This shows that (2) is a necessary conditiona to be a side of a poristic triangle.

A

O

I

B C

Figure 1

A

O

I

B C

Figure2

We prove the sufficiency part by an explicit construction. Ifa satisfies (2), we
construct the circleO(R1) with R2

1 = R2 − a2

4 , and a common tangent of this
circle andI(r). The segment of this tangent inside the circleO(R) is a side of a
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poristic triangle with a side of lengtha. The third vertex is, by Poncelet’s closure
theorem, the intersection of the tangents from these endpoints toI(r), and it lies
onO(R).

C
O

I

A

B

Figure 3

Remark. If a �= amax, amin, we can construct two common tangents to the circles
O(R) andI(r). These are both external common tangents and are symmetric with
respect to the lineOI. The resulting triangles are congruent.

A

O

I

B C

Figure 4
A

O

I

B

C

Figure 5

3.2. Case 2. d > r. In this case by the same way we have

a2
min = 4r(2R − r − 2d).

See Figure 4. On the other hand, the maximum occurs whenBC passes through
the centerO, i.e., amax = 2R. See Figure 5.

For a givena > 0, we again construct the circleO(R1) with R2
1 = R2 − a2

4 .
Chords of the circle(O) which are tangent toO(R1) have lengtha. If R1 >
d− r, the construction in§3.1 gives a poristic triangle with a sidea. Therefore for
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C

O

I

B

A

Figure 6

4r(2R− r − 2d) ≤ a2 < 4r(2R− r + 2d), there is a unique poristic triangle with
sidea. See Figure 6. It is clear that this is also the case ifa = 2R.

However, ifR1 ≤ d − r, there are also internal common tangents of the circles
O(R1) and I(r). The internal common tangents give rise to an obtuse angled
triangle. See Figures 7 and 8.

C

O

I

B

A

Figure 7

A

O

I

B

C

Figure 8

4. Proof of Theorem 2

Let A1B1C1 andA2B2C2 be the poristic triangles withA1 andA2 on the line
OI. We assume∠A1 ≤ ∠A2. If ∠A1 = ∠A2, the triangle is equilateral and
the statement of the theorem is trivial. We shall therefore assume∠A1 < ∠A2.
Consider an arbitrary poristic triangleABC with semiperimeters. According to
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[4], s attains its maximum when the triangle coincides withA1B1C1 and minimum
when it coincides withA2B2C2. Therefore,

smax =
√

R2 − (r + d)2 +
√

R2 − (r + d)2 + (R + r + d)2

=
√

R + r + d(
√

2R +
√

R − r − d),

smin =
√

R2 − (r − d)2 +
√

R2 − (r − d)2 + (R + r − d)2

=
√

R + r − d(
√

2R +
√

R − r + d).

This proves (5).

A1

O

I

C1 B1

A2

B2 C2

B

A

C

Figure 9

As A traverses a semicircle from positionA1 to A2, the measureα of angle
A is monotonically increasing fromαmin = ∠A1 to αmax = ∠A2. For each
α ∈ [αmin, αmax],

s = s(α) =
r

tan α
2

+ 2R sinα.

Differentiating with respect toα, we have

s′(α) = − r

2 sin2 α
2

+ 2R cos α.

Clearly,s′(α) = 0 if and only if sin2 α
2 = R±d

4R . Sincesin α
2 > 0, there are two

values ofα ∈ (αmin, αmax) for which s′(α) = 0. One of these isα1 = ∠B1 for
which s(α1) = smax and the other isα2 = ∠C2 for whichs(α2) = smin.

Therefore for given real numbers > 0 satisfying (5), there are three values of
α (or two values ifs = smin or smax) for which s(α) = s. These values are the
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values of the three angles of the same triangle that has semiperimeters. So for
suchs the triangle is unique up to congruence.

Remark. Generally the ruler and compass construction of the triangle with given
R, r ands is impossible. In fact, ift = tan α

2 , then froms = r
tan α

2
+ 2R sin α we

have
st3 − (4R + r)t2 + st − r = 0.

The triangle is constructible if and only ift is constructible. It is known that the
roots of a cubic equation with rational coefficients are constructible if and only if
the equation has a rational root [1, p.16]. ForR = 4, r = 1, s = 8 (such a triangle
exists by Theorem 2) we have

8t3 − 17t2 + 8t − 1 = 0. (8)

It is easy to see that it does not have rational roots. Therefore the roots of (8) are
not constructible, and the triangle with givenR, r, s is also not constructible.

5. Proof of Theorem 3

Let α be the measure of angleA.

h =
2rs
a

=
2r2

tan α
2

+ 4Rr sin α

2R sin α
=

r2

2R sin2 α
2

+ 2r.

Sinceα is monotonically increasing (fromαmin to αmax while vertexA moves
from A1 to A2 along the arcA1A2, h = h(α) monotonically decreases from
hmax = h(αmin) to hmin = h(αmax). Furthermore,

hmin =R + r − d,

hmax =R + r + d.

This completes the proof of Theorem 3.

Remark. It is easy to construct the triangle by givenR, r andh with the help of
ruler and compass. Indeed, for a triangleABC with given altitudeAH = h we
have

AI2 =
r2

sin2 α
2

= 2R(h − 2r).

6. Proof of Theorem 4

The length of the bisector of angleA is given by

� =
2bc cos α

2

b + c
.

SinceR = abc
4� = abc

4rs , we have

� =
8Rrs

a · cos α
2

2s − a
=

r

sin α
2

+
2Rr sin α

2

r + 2R sin2 α
2

.
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Differentiating with respect toα, we have

�′(α)
r

= − cos α
2

2 sin2 α
2

+
R cos α

2 (r − 2R sin2 α
2 )

(r + 2R sin2 α
2 )2

= − cos α
2 (r2 + 2Rr sin2 α

2 + 8R2 sin4 α
2 )

2 sin2 α
2 (r + 2R sin2 α

2 )2

<0.

Therefore,�(α) monotonically decreases on[αmin, αmax] from �max = R + r + d
to �min = R + r − d.

Remark. Generally the ruler and compass construction of the triangle with given
R, r and� is impossible. Indeed, ift = sin α

2 , then

2R�t3 − 4Rrt2 + r�t − r2 = 0.

ForR = 3, r = 1 and� = 5 (such a triangle exists by Theorem 4), we have

30t3 − 12t2 + 5t − 1 = 0.

It can be easily checked that this equation doe not have a rational root. This shows
that the ruler and compass construction of the triangle is not possible.

References

[1] B. Bold, Famous Problems of Geometry and How to Solve Them, Van Nostrand Reinhold, New
York, 1969.

[2] E. Brisse, Perspective poristic triangles,Forum Geom., 1 (2001) 9–16.
[3] H. S. M. Coxeter and S. Greitzer,Geometry Revisited, Math. Assoc. Amer., 1967.
[4] M. Radic, Extreme area of triangles in Poncelet’s closure theorem,Forum Geom., 4 (2004) 23–

26.

Victor Oxman (Western Galilee College): Derech HaYam 191A, Haifa 34890, Israel
E-mail address: voxman@013.net





Forum Geometricorum
Volume 5 (2005) 173–180. b b

b

b

FORUM GEOM

ISSN 1534-1178

The Eppstein Centers and the Kenmotu Points

Eric Danneels

Abstract. The Kenmotu points of a triangle are triangle centers associated with
squares each with a pair of opposite vertices on two sides of a triangle. Given a
triangleABC, we prove that the Kenmotu points of the intouch triangle are the
same as the Eppstein centers associated with the Soddy circles ofABC.

1. Introduction

D. Eppstein [1] has discovered two interesting triangle centers associated with
the Soddy circles of a triangle. Given a triangleABC, construct three circles
with centers atA, B, C, mutually tangent to each other externally atTa, Tb, Tc

respectively. These are indeed the points of tangency of the incircle of triangle
ABC, and triangleTaTbTc is the intouch triangle ofABC. The inner (respectively
outer) Soddy circle is the circle(S) (respectively(S′)) tangent to each of these
circles externally atSa, Sb, Sc (respectively internally atS′

a, S′
b, S′

c).

Theorem 1 (Eppstein [1]). (1) The lines TaSa, TbSb, and TcSc are concurrent at
a point M .
(2) The lines TaS

′
a, TbS

′
b, and TcS

′
c are concurrent at a point M′.

See Figures 1 and 2. In [2],M and M′ are the Eppstein centersX481 and
X482. Eppstein showed that these points are on the line joining the incenterI to
the Gergonne pointGe. See Figure 1.

The Kenmotu points of a triangle, on the other hand, are associated with tri-
ads of congruent squares. Given a triangleABC, the Kenmotu pointKe is the
unique point such that there are congruent squaresKeBcAaCb, KeCaBbAc, and
KeAbCcBa with the same orientation as triangleABC, and withAb, Ac on BC,
Bc, Ba onCA, andCa, Cb on AB respectively. We callKe the positive Kenmotu
point. There is another triad of congruent squares with the opposite orientation as
ABC, sharing a common vertex at the negative Kenmuto pointK′

e. See Figure 3.
These Kenmotu points lie on the Brocard axis of triangleABC, which contains
the circumcenterO and the symmedian pointK.

The intouch triangleTaTbTc has circumcenterI and symmedian pointGe. It is
immediately clear that the Kenmotu points of the intouch triangle lie on the same

Publication Date: November 15, 2005. Communicating Editor: Paul Yiu.
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line as do the Soddy and Eppstein centers of triangleABC. The main result of this
note is the following theorem.

Theorem 2. The positive and negative Kenmotu points of the intouch triangle
TaTbTc coincide with the Eppstein centers M and M′.

We shall give two proofs of this theorem.

2. The Eppstein centers

According to [2], the coordinates of the Eppstein centers were determined by
E. Brisse.1 We shall work with homogeneous barycentric coordinates and make
use of standard notations in triangle geometry. In particular,ra, rb, rc denote the
radii of the respective excircles, andS stands for twice the area of the triangle.

Theorem 3. The homogeneous barycentric coordinates of the Eppstein centers are
(1) M = (a + 2ra : b + 2rb : c + 2rc), and
(2) M ′ = (a − 2ra : b − 2rb : c − 2rc).

A

B C

M
S

Ta

Tb

Tc

Sc

Sa

Sb

I

Ge

Figure 1. The Soddy centerS and the Eppstein centerM

1The coordinates ofX481 andX482 in [2] (September 2005 edition) should be interchanged.
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Remark. In [2], the Soddy centers appear asX175 = S′ andX176 = S. In homo-
geneous barycentric coordinates

S =(a + ra : b + rb : c + rc),

S′ =(a − ra : b − rb : c − rc).

A

B C

M ′

S′

Ta

TbTc

S′
b

S′
a

S′
c

I

Figure 2. The Soddy centerS′ and the Eppstein centerM ′

3. The Kenmotu points

The Kenmotu pointsKe and K′
e have homogeneous barycentric coordinates

(a2(SA ± S) : b2(SB ± S) : c2(SC ± S)). They are therefore points on the
Brocard axisOK. See Figure 3.

Proposition 4. The Kenmotu points Ke and K′
e divide the segment OK in the ratio

OKe : KeK =a2 + b2 + c2 : 2S,

OK ′
e : K ′

eK =a2 + b2 + c2 : −2S.

Proof. A typical point on the Brocard axis has coordinates

K∗(θ) = (a2(SA + Sθ) : b2(SB + Sθ) : c2(SC + Sθ)).
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It divides the segmentOK in the ratio

OK∗(θ) : K∗(θ)K = (a2 + b2 + c2) sin θ : 2S · cos θ.

The Kenmotu points are the pointsKe andK′
e are the pointsK∗(θ) for θ = π

4 and
−π

4 respectively. �

A

B C

Ke

Ac

Bc

Cc

Cb

Ab

Bb

Ba

Ca

Aa

K

O

K′
e

A′
c

B′
c

C′
c

C′
b

A′
b

B′
b

B′
a

C′
a

A′
a

Figure 3. The Kenmotu pointsKe andK′
e

4. First proof of Theorem 2

We shall make use of the following results.

Lemma 5. (1) cos A
2 cos B

2 cos C
2 = s

4R .
(2) cos2 A

2 + cos2 B
2 + cos2 C

2 = 4R+r
2R .

(3) ra + rb + rc = 4R + r.
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The intouch triangleTaTbTc has sidelengths

TbTc = 2r cos
A

2
, TcTa = 2r cos

B

2
, TaTb = 2r cos

C

2
.

The area of the intouch triangle is

1
2
S =

1
2
TcTa · TaTb · sinTa = 2r2 cos

A

2
cos

B

2
cos

C

2
= 2r2 · s

4R
.

On the other hand,

TbT
2
c + TcT

2
a + TaT

2
b = 4r2

(
cos2

A

2
+ cos2 B

2
+ cos2 C

2

)
=

2r2(4R + r)
R

.

A

C

M
S

Ta

Tb

Tc

Sc

Sa

Sb

I

Figure 4. The positive Kenmotu point of the intouch triangle

By Proposition 4, the positive Kenmotu pointKe of the intouch triangle divides
the segmentIGe in the ratio

IKe : KeGe =TbT
2
c + TcT

2
a + TaT

2
b : 2S

=4R + r : s

=ra + rb + rc : s.
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It has absolute barycentric coordinates

Ke =
1

s + ra + rb + rc
(s · I + (ra + rb + rc) · Ge)

=
1

s + ra + rb + rc

(
1
2
(a, b, c) + (ra, rb, rc)

)

=
1

2(s + ra + rb + rc)
· (a + 2ra, b + 2rb, c + 2rc).

Therefore,Ke has homogeneous barycentric coordinates(a + 2ra : b + 2rb :
+2rc). By Theorem 3, it coincides with the Eppstein centerM . See Figure 4.

Similar calculations show that the Eppstein centerM′ coincides with the nega-
tive Kenmotu pointK

′
e of the intouch triangle. See Figure 5. The proof of Theorem

2 is now complete.

A

B
C

M ′

S′

Ta

TbTc

S′
b

S′
a

S′
c

I

Figure 5. The negative Kenmotu point of the intouch triangle

5. Second proof of Theorem 2

Consider a pointP with homogeneous barycentric coordinates(u′ : v′ : w′)
with respect to the intouch triangleTaTbTc. We determine its coordinates with
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respect to the triangleABC. By the definition of barycentric coordinates, a system
of three massesu′, v′ andw′ at the pointsTa, Tb andTc will balance atP . The
massu′ at Ta can be replaced by a masss−c

a · u′ at B and a masss−b
a · u′ at C.

Similarly, the massv′ at Tb can be replaced by a masss−a
b · v′ at C and a mass

s−c
b · v′ atA, and the massw′ atTc by a masss−b

c · w′ atA and a masss−a
c · w′ at

B. The resulting mass atA is therefore

s − c

b
· v′ + s − b

c
· w′ =

a(c(s − c)v′ + b(s − b)w′)
abc

.

From similar expressions for the masses atB andC, we obtain

(a(c(s−c)v′+b(s−b)w′) : b(a(s−a)w′+c(s−c)u′) : c(b(s−b)u′+a(s−a)v′))

for the barycentric coordinates ofP with respect toABC.
The Kenmotu pointKe appears the triangle centerX371 in [2]. For the Kenmotu

point of the intouch triangle, we may take

u′ =TbTc(cos Ta + sin Ta)

=2(s − a) sin
A

2

(
sin

A

2
+ cos

A

2

)
,

v′ =2(s − b) sin
B

2

(
sin

B

2
+ cos

B

2

)
,

w′ =2(s − c) sin
C

2

(
sin

C

2
+ cos

C

2

)
.

Therefore,

u =a(c(s − c)v′ + b(s − b)w′)

=2a(s − b)(s − c)
(

c · sin B

2

(
sin

B

2
+ cos

B

2

)
+ b · sin C

2

(
sin

C

2
+ cos

C

2

))

=2a(s − b)(s − c)
(

c sin2 B

2
+ b sin2 C

2
+ c · sin B

2
+ b · sin C

2

)

=2a(s − b)(s − c)
(

c · (s − c)(s − a)
ca

+ b · (s − a)(s − b)
ab

+
bc

2R

)

=2(s − a)(s − b)(s − c)
(

a +
abc

2R(s − a)

)

=2(s − a)(s − b)(s − c)
(

a +
S

s − a

)

=2(s − a)(s − b)(s − c)(a + 2ra).

Similar expressions forv andw give

u : v : w = a + 2ra : b + 2rb : c + rc,

which are the coordinates of the Eppstein centerM .
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Statics and the Moduli Space of Triangles

Geoff C. Smith

Abstract. The variance of a weighted collection of points is used to prove classi-
cal theorems of geometry concerning homogeneous quadratic functions of length
(Apollonius, Feuerbach, Ptolemy, Stewart) and to deduce some of the theory of
major triangle centers. We also show how a formula for the distance of the in-
center to the reflection of the centroid in the nine-point center enables one to
simplify Euler’s method for the reconstruction of a triangle from its major cen-
ters. We also exhibit a connection between Poncelet’s porism and the location of
the incenter in the circle on diameter GH (the orthocentroidal or critical circle).
The interior of this circle is the moduli (classification) space of triangles.

1. Introduction

There are some theorems of Euclidean geometry which have elegant proofs by
means of mechanical principles. For example, ifABC is an acute triangle, one
can ask which pointP in the plane minimizesAP + BP + CP? The answer
is the Fermat point, the place where∠APB = ∠BPC = ∠CPA = 2π/3.
The mechanical solution is to attach three pieces of inextensible massless string
to P , and to dangle the three strings over frictionless pulleys at the vertices of the
triangle, and attach the same mass to each string. Now hold the triangle flat and
dangle the masses in a uniform gravitational field. The forces atP must balance so
the angle equality is obtained, and the potential energy of the system is minimized
whenAP +BP + CP is minimized.

In this article we will develop a geometric technique which involves a notion
analogous to the moment of inertia of a mechanical system, but because of an
averaging process, this notion is actually more akin tovariancein statistics. The
main result is well known to workers in the analysis of variance. The applications
we give will (in the main) not yield new results, but rather give alternative proofs
of classical results (Apollonius, Feuerbach, Stewart, Ptolemy) and make possible a
systematic statical development of some of the theory of triangle centers. We will
conclude with some remarks concerning the problem of reconstructing a triangle
fromO,G andI which will, we hope, shed more light on the constructions of Euler
[3] and Guinand [4].

Publication Date: December 6, 2005. Communicating Editor: Paul Yiu.
I wish to thank Christopher Bradley of Bristol both for helping to rekindle my interest in Eu-

clidean geometry, and for lending plausibility to some of the longer formulas in this article by means
of computational experiments.
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For geometrical background we recommend [1] and [2].

Definition. Let X andY be non-empty finite subsets of an inner product space
V . We have weight mapsm : X −→ R andn : Y −→ R with the property that
M =

∑
xm(x) �= 0 �= ∑

y∈Y n(y) = N . The mean square distancebetween
these weighted sets is

d2(X,m, Y, n) =
1
MN

∑
x∈X,y∈Y

m(x)n(y)||x− y||2.

Let

x =
1
M

∑
x∈X

m(x)x

be the centroid ofX. Ignoring the distinction betweenx and{x}, and assigning
the weight 1 tox, we put

σ2(X,m) = d2(X,m, x, 1)

and call this thevarianceof X,m. In fact the non-zero weight assigned tox is
immaterial since it cancels. When the weighting is clear in a particular context,
mention of it may be suppressed. We will also be cavalier with the arguments of
these functions for economy.

We call the main result the generalized parallel axis theorem (abbreviated to
GPAT) because of its relationship to the corresponding result in mechanics.

Theorem 1 (GPAT).

d2(X,m, Y, n) = σ2(X,m) + ||x− y||2 + σ2(Y,m).

Proof.

1
MN

∑
x∈X,y∈Y

m(x)n(y)||x− y||2

=
1
MN

∑
x∈X,y∈Y

m(x)n(y)||x− x+ x− y + y − y||2

=
1
MN

∑
x∈X,y∈Y

m(x)n(y)||x− x||2 + ||x− y||2 +
1
MN

∑
x∈X,y∈Y

m(x)n(y)||y − y||2

since the averaging process makes the cross terms vanish. We are done.�
Corollary 2. d2(X,m,X,m) = 2σ2(X,m).

Note that the averaging process ensures that scaling the weights of a given set
does not alter mean square distances or variances.

The method of areal co-ordinates involves fixing a reference triangleABC in
the plane, and given a pointP in its interior, assigning weights which are the areas
of triangles: the weights[PBC], [PCA] and [PAC] are assigned to the points
A,B andC respectively. The center of mass of{A,B,C} with the given weights
is P . With appropriate signed area conventions, this can be extended to define a
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co-ordinate system for the whole plane. If the weights are scaled by dividing by the
area of�ABC, then one obtains normalized areal co-ordinates; the co-ordinates of
A are then(1, 0, 0) for example. A similar arrangement works in Euclidean space
of any dimension. The GPAT has much to say about these co-ordinate systems.

2. Applications

2.1. Theorems of Apollonius and Stewart.LetABC be a triangle with correspond-
ing sides of lengtha, b and c. A point D on the directed lineCB is such that
CD = m, DB = n and these quantities may be negative. LetAD have length
x. WeightingB with m andC with n, the center of mass of{B,C} is atD and
the variance of the weighted{B,C} is σ2 = (mn2 + nm2)/(m+ n) = mn. The
GPAT now asserts that

nb2 +mc2

m+ n
= 0 + x2 + σ2

or rather
nb2 +mc2 = (m+ n)(x2 +mn).

This is Stewart’s theorem. Ifm = n we deduce Apollonius’s result thatb2 + c2 =
2(x2 + (a

2 )2).

2.2. Ptolemy’s Theorem.LetA,B,C andD be four points in Euclidean 3-space.
Consider the two sets{A,C} and{B,D} with weight 1 at each point. The GPAT
asserts that

AB2 +BC2 + CD2 +DA2 = AC2 +BD2 + 4t2

wheret is the distance between the midpoints of the line segmentsAC andBD.
This may be familiar in the context thatt = 0 andABCD is a parallelogram.

Recall that Ptolemy’s theorem asserts that ifABCD is a cyclic quadrilateral,
then

AC · BD = AB · CD +BC ·DA.
We prove this as follows. Let the diagonalsAC andBD meet atX. Now weight
A,B,C andD so that the centers of mass of both{A,C} and{B,D} are atX.
The GPAT now asserts that

XC ·AX2 +AX ·XC2

AC
+
XB ·DX2 +DX ·BX2

BD

=
XC ·AB2 ·XD +XC · AD2 · BX +XA · CB2 ·XD +XA · CD2 ·XB

AC ·BD .

The left side of this equation tidies toAX · XC + BX · XD. One could regard
this equation as a generalization of Ptolemy’s theorem to quadrilaterals which are
not necessarily cyclic.

Now we invoke cyclicity:AX ·XC = BX ·XD = x by the intersecting chords
theorem. ThereforeAC · BD =
XC ·AB2 ·XD +XC · AD2 · BX +XA · CB2 ·XD +XA · CD2 ·XB

2x
.
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HoweverAB/CD = BX/XC = AX/XD andDA/BC = AX/BX = DX =
CX (by similarity) so the right side of this equation isAB · CD +BC ·DA and
Ptolemy’s theorem is established.

2.3. A geometric interpretation ofσ2. Let ABC be a triangle with circumcenter
O and incenterI and the usual side lengthsa, b andc. We can arrange that the
center of mass of{A,B,C} is at I by placing weightsa, b and c at A,B and
C respectively. By calculating the mean square distance of this set of weighted
triangle vertices to itself, we obtain the varianceσ2I = abc

a+b+c . Howeverabc/4R =
[ABC], the area of the triangle, and(a + b + c)r = 2[ABC] whereR, r are the
circumradius and inradius respectively. Therefore

σ2
I = 2Rr =

abc

a+ b+ c
. (1)

Now calculate the mean square distance fromO to the weighted triangle vertices
both in the obvious way, and also by the GPAT to obtain Euler’s result

OI2 = R2 − 2Rr. (2)

Observation More generally suppose that a finite coplanar set of pointsΛ is con-
cyclic, and is weighted to have center of mass atL, Let the center of the circle be
atX and its radius beρ. By the GPAT applied toX and the weighted setΛ we
obtain

LX2 = ρ2 − σ2(Λ, L)

so

σ2(Λ, L) = ρ2 − LX2 = (ρ− LX)(ρ+ LX).

Thus we conclude thatσ2(Λ, L) is minus thepower ofL with respect to the circle.

2.4. The Euler line.LetABC be a triangle with circumcenterO, centroidG and
orthocenterH. These three points are collinear and this line is called the Euler
line. It is easy to show thatOH = 3OG. It is well known that

OH2 = 9R2 − (a2 + b2 + c2). (3)

We derive this formula using the GPAT. Assign unit weights to the vertices of
triangleABC. The center of mass will be atG the intersection of the medians.
Calculate the mean square distance of this triangle to itself to obtain the variance
σ2

G of this triple of points. By the GPAT we have

2σ2
G =

2a2 + 2b2 + 2c2

9

soσ2
G = a2+b2+c2

9 . Now calculate the mean square distance fromO to this triangle
with unit weight the sensible way, and also by the GPAT to obtain

R2 = OG2 + σ2
G.

Multiply through by 9 and use the fact thatOH = 3OG to obtain (3).
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2.5. The Nine-point Circle.LetABC be a triangle. The nine-point circle ofABC
is the circle which passes through the midpoints of the sides, the feet of the al-
titudes and the midpoints of the line segments joining the orthocenterH to each
vertex. This circle has radiusR/2 and is tangent to the inscribed circle of triangle
ABC (they touch internally to the nine-point circle), and the three escribed cir-
cles (externally). We will prove this last result using the GPAT, and calculate the
squares of the distances fromI to important points on the Euler line.

Proposition 3. Let p denote the perimeter of the triangleA,B,C. The distance
between the incenterI and centroidG satisfies the following equation:

IG2 =
p2

6
− 5

18
(a2 + b2 + c2) − 4Rr. (4)

Proof. Let �G denote the triangle weighted 1 at each vertex and�I denote the
same triangle with weights attached to the vertices which are the lengths of the
opposite sides. We apply the GPAT and a direct calculation:

d2(�G,�I) = σ2
G + IG2 + σ2

I =
ab2 + ba2 + bc2 + cb2 + ca2 + ac2

3(a+ b+ c)
so

a2 + b2 + c2

9
+ IG2 + 2Rr =

(ab+ bc+ ca)(a + b+ c) − 3abc
3(a+ b+ c)

=
ab+ bc+ ca

3
− 2Rr.

Therefore

4Rr + IG2 +
a2 + b2 + c2

9
=

(a+ b+ c)2

6
− a

2 + b2 + c2

6
.

This equation can be tidied into the required form.

Corollary Using Euler’s inequalityR ≥ 2r (which follows fromIO2 ≥ 0) and
the condition|IG|2 ≥ 0 we obtain that in any triangle we have

3p2 ≥ 5(a2 + b2 + c2) + 144r2

with equality exactly whenR = 2r andI = G. Thus the inequality becomes an
equality if and only if the triangle is equilateral. �

Theorem 4 (Feuerbach). The nine point circle of�ABC is internally tangent to
the incircle.

Proof. (outline) The radius of the nine point circle isR/2. The result will estab-
lished if we show that|IN | = R/2 − r. However, in�INO the pointG is on
the sideNO andNG : GO = 1 : 2. We know|IO|, |IG|, |NG| and |GO|, so
Stewart’s theorem and some algebra enable us to deduce the result.

SinceOG : GN = 2 : 1 Stewart’s theorem applies and we have

IG2 +
2
9
ON2 =

2
3
IN2 =

1
3
IO2.
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Rearranging this becomes

IN2 =
3
2
IG2 +

3
4
OG2 − 1

2
IO2.

Now we aim to show that this expression is(R/2 − r)2, or ratherR2/4 − Rr +
r2. We put in known values in terms of the side lengths, and perform algebraic
manipulations, deploying Heron’s formula where necessary. Feuerbach’s theorem
follows. �

It must be admitted that this calculation does little to illuminate Feuerbach’s
result. We will give a more conceptual statics proof shortly.

2.6. The location of the incenter.

Proposition 5. The incenter of a non-equilateral triangle lies strictly in the interior
of the circle on diameterGH.

This was presumably known to Euler [5], and a stronger version of the re-
sult was proved in [4]. Given Feuerbach’s theorem, this result almost proves it-
self. LetN be the nine-point center, the midpoint of the segmentOH, Feuer-
bach’s tangency result yieldsIN = R/2 − r. HoweverOI2 = R2 − 2Rr so
OI2 − 4IN2 = R2 − 4Rr + 4r2 − R2 + 2Rr = 2r(R − 2r). However Euler’s
formula forOI yields2r < R (with equality only for equilateral triangles). There-
fore I lies in the interior of the circle of Apollonius consisting of pointsP such
thatOP = 2NP , which is precisely the circle on diameterGH as required.

We can verify this result by an explicit calculation. LetJ be the center of the
circle on diameterGH soOG = GJ = JH. Using Apollonius’s theorem on
�IHO we obtain

2IN2 + 2(
3
2
OG)2 = OI2 + IH2

which expands to reveal that

HI2 =
OH2 − (R2 − 4r2)

2
.

Now use Stewart’s theorem on�IHO to calculateIJ2. We have

IJ2 + 2OG2 =
OI2 ·OG+ IH2 · 2OG

OH

which after simple manipulation yields that

IJ2 = OG2 − 2r
3

(R− 2r) < OG2. (5)

The formulas for the squares of the distances fromI to important points on the
Euler line can be quite unwieldy, and some care has been taken to calculate these
quantities in such a way that the algebraic dependence between the triangle sides
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andr,R andOG is produces relatively straightforward expressions. More inter-
esting relationship can be found; for example using Stewart’s theorem on�INO
with CevianIG we obtain

6IG2 + 3OG2 = (3R − 2r)(R− 2r).

3. Areal co-ordinates and Feuerbach revisited

The use of areal or volumetric co-ordinates is a special but important case of
weighted systems of points. The GPAT tells us about the change of co-ordinate
frames: given two reference triangles�1 with verticesA,B,C and�2 with ver-
ticesA′, B′, C ′ and pointsP andQ in the plane. it is natural to consider the rela-
tionship between the areal co-ordinates of a pointP in the first frame(x, y, z) and
those ofQ in the second(x′, y′, z′). We assume that co-ordinates are normalized.
Now GPAT tells us that

d2(�1,P ,�2,Q) = σ2
1,P + PQ2 + σ2

1,Q.

The resulting formulas can be read off. The recipe which determines the square
of the distance between two points given in areal co-ordinates with respect to the
same reference triangle is straightforward. Suppose thatP has areal co-ordinates
(p1, p2, p3) andQ has co-ordinates(q1, q2, q3). Let (x, y, z) = (p1, p2, p3) −
(q1, q2, q3) (subtraction of 3-tuples) and let(u, v,w) = (yz, zx, xy) (the Cremona
transformation) then we deduce that

PQ2 = −(a2, b2, c2) · (u, v,w).

Here we are using the ordinary dot product of 3-tuples. Note that(a2, b2, c2)
viewed as an areal co-ordinate is the symmedian point, the isogonal conjugate of
G. We do not know if this observation has any significance.

A another special situation arises when�1 and�2 have the same circumcircle
(perhaps they are the same triangle) and pointsP andQ are both on the common
circle. In this caseσ2

1,P = 0 = σ2
2,Q and

d2(�1,P ,�2,Q) = PQ2.

In the context of areal co-ordinates, we are now in a position to revisit Feuer-
bach’s theorem and give a more conceptual statics proof which yields an interesting
corollary.

3.1. Proof of Feuerbach’s theorem.To prove Feuerbach’s theorem it suffices to
show that the power ofI with respect to the nine-point circle is−r(R − r) or
equivalently that̂σ2

I = r(R− r) where the hat indicates that we are using the me-
dial triangle (with vertices the midpoints of the sides of�ABC) as the triangle
of reference. Now the medial triangle is obtained by rotating the original triangle
aboutG throughπ, and scaling by 1/2. LetI′ denote the incenter of the medial tri-
angle with co-ordinates(a/2, b/2, c/2). The co-ordinates ofG are(s/3, s/3, s/3).
Now I ′, G, I are collinear andI′G : GI = 1 : 2. The co-ordinates ofI are there-
fore(s−a, s−b, s−c), Next we use cyc to indicate a sum over cyclic permutations
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of a, b andc, and syma sum over all permutations. We calculate

σ̂2
I =

∑
cyc

(s− a)(s− b)c2
4s2

=
s2

∑
cyc a

2 − s∑
sym a

2b+ 2abcs
4s2

=
a3 + b3 + c3

4(a+ b+ c)
−

∑
sym a

2b

4(a+ b+ c)
+ 2Rr.

However by Heron’s formula

r2 =
(b+ c− a)(a+ c− b)(a+ b− c)

4(a+ b+ c)
so

rR− r2 =
2abc

4(a+ b+ c)
+
a3 + b3 + c3

4(a+ b+ c)
−

∑
sym a

2b

4(a+ b+ c)
+

2abc
4(a+ b+ c)

= σ̂2
I

sinceabc/(a + b+ c) = 2Rr.

Corollary 6. The areal co-ordinates ofI with respect to the medial triangle are
(s − a, s − b, s − c), perhaps better written(s

2 − a
2 ,

s
2 − b

2 ,
s
2 − c

2). Therefore the
incenter of the reference triangle is the Nagel point of the medial triangle.

4. The Euler-Guinand problem

In 1765 Euler [3] recovered the sides lengthsa, b and c of a non-equilateral
triangle from the positions ofO, G andI. At the time he did not have access to
Feuerbach’s formula forIN2 nor our formula (5). This extra data enables us to
make light of Euler’s calculations. From (5) we haver(2R − r) and combining
with (2) we obtain firstR/r and then bothR andr. Now (3) yieldsa2 + b2 + c2

and (4) givesa + b + c. Finally (1) yieldsabc. Thus the polynomial�(x) =
(X − a)(X − b)(X − c) can be easily recovered from the positions ofO,G and
I. We call this the triangle polynomial This may be an irreducible rational cubic
so the construction ofa, b andc by ruler and compasses may not be possible.

The actual locations ofA,B andC may be determined as follows. Note that
this addresses the critical remark (3) of [5]. The circumcircle of�ABC is known
sinceO andR are known. Now by the GPAT we obtain the well known formula

02 + b2 + c2

3
= AG2 +

a2 + b2 + c2

9
so

AG2 =
2b2 + 2c2 − a2

9
and similarly ofBG2 andCG2. By intersecting circles of appropriate radii cen-
tered atG with the circumcircle, we recover at most two candidate locations for
each pointA, B andC. Now triangleABC is one of at most23 = 8 triangles.
These can be inspected to see which ones have correctO,G andI. Note that there
is only one correct triangle sinceAG2, AO2 andAI2 are all determined.
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In fact every point in the interior of the circle on diameterGH other than the
nine-point centerN arises as a possible location of an incenterI [4]. We give a
new derivation of this result addressing the same question as [4] and [5] but in a
different way.

Given any valuek ∈ (0, 1) there is a triangle such that2r/R = k. Choosing
such a triangle, with circumradiusR we observe that

(
IO

IN

)2

=
R2 − 2Rr(

R
2 − r)2

so

IO

IN
= 2

√
R

R− 2r
. (6)

If O andN were fixed, this would forceI to lie on a circle of Apollonius with defin-

ing ratio2
√

R
R−2r . In what follows we rescale our diagrams (when convenient) so

that the distanceON is fixed, so the circle on diameterGH (the orthocentroidal or
critical [4] circle) can be deemed to be of fixed diameter.

Consider the configuration of Poncelet’s porism for triangleABC. We draw the
circumcircle with radiusR and centerO, and the incenterI internally tangent to
triangleABC at three points. Now move the pointA to A′ elsewhere on the cir-
cumcircle and generate a new triangleA′B′C ′ with the same incircle. We moveA
toA′ continuously and monotonically, and observe how the configuration changes;
the quantitiesR andr do not change but in the scaled diagram the corresponding
point I′ moves continuously on the given circle of Apollonius. WhenA′ reaches
B the initial configuration is recovered. Consideration of the largest angle in the
moving triangleA′B′C ′ shows that until the initial configuration is regained, the
triangles formed are pairwise dissimilar, so inside the scaled version of the circle
on diameterGH, the pointI′ moves continuously on the circle of Apollonius in
a monotonic fashion. ThereforeI′ makes exactly one rotation round the circle of
Apollonius andA′ moves toB. Thus all points on this circle of Apollonius arise
as possible incenters, and since the defining constant of the circle is arbitrary, all
points (other thanN ) in the interior of the scaled circle on diameterGH arise as
possible locations forI and Guinand’s result is obtained [4].

Letting the equilateral triangle correspond toN , the open disk becomes a moduli
space for direct similarity types of triangle. The boundary makes sense if we allow
triangles to have two sides parallel with included angle 0. Some caution should be
exercised however. The angles of a triangle are not a continuous function of the side
lengths when one of the side lengths approaches0. Fix A and letB tend toC by
spiraling in towards it. The pointI in the moduli space will move enthusiastically
round and round the disk, ever closer to the boundary.

Isosceles triangles live in the moduli space as the points on the distinguished
(Euler line) diameter. If the unequal side is short,I is nearH, but if it is long,I is
nearG.
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A Gergonne Analogue of the Steiner - Lehmus Theorem

K. R. S. Sastry

Abstract. In this paper we prove an analogue of the famous Steiner - Lehmus
theorem from the Gergonne cevian perspective.

1. Introduction

Can a theorem be both famous and infamous simultaneously? Certainly there is
one such in Euclidean Geometry if the former is an indicator of a record number
of correct proofs and the latter an indicator of a record number of incorrect ones.
Most school students must have found it easy to prove the following: The angle
bisectors of equal angles of a triangle are equal. However, not many can prove its
converse theorem correctly:

Theorem 1 (Steiner-Lehmus). If two internal angle bisectors of a triangle are
equal, then the triangle is isosceles.

According to available history, in 1840 a Berlin professor named C. L. Lehmus
(1780-1863) asked his contemporary Swiss geometer Jacob Steiner for a proof
of Theorem 1. Steiner himself found a proof but published it in 1844. Lehmus
proved it independently in 1850. The year 1842 found the first proof in print
by a French mathematician [3]. Since then mathematicians and amateurs alike
have been proving and re-proving the theorem. More than 80 correct proofs of the
Steiner - Lehmus theorem are known. Even larger number of incorrect proofs have
been offered. References [4, 5] provide extensive bibliographies on the Steiner -
Lehmus theorem.

For completeness, we include a proof by M. Descube in 1880 below, recorded
in [1, p.235]. The aim of this paper is to prove an analogous theorem in which
we consider the equality of two Gergonne cevians. We offer two proofs of it and
then consider an extension. Recall that a Gergonne cevian of a triangle is the line
segment connecting a vertex to the point of contact of the opposite side with the
incircle.

2. Proof of the Steiner - Lehmus theorem

Figure 1 shows the bisectorsBE andCF of ∠ABC and∠ACB. We assume
BE = CF . If AB �= AC, let AB < AC, i.e., ∠ACB < ∠ABC or C

2 < B
2 . A
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comparison of trianglesBEC with BFC shows that

CE > BF. (1)

Complete the parallelogramBFGE. SinceEG = BF , ∠FGE = B
2 , FG =

BE = CF implying that∠FGC = ∠FCG. But by assumption∠FGE = B
2 >

∠FCE = C
2 . So∠EGC < ∠ECG, andCE < GE = BF , contradicting (1).

E

F

GA

B C

Figure 1.

Likewise, the assumptionAB > AC also leads to a contradiction. Hence,
AB = AC and�ABC must be isosceles.

3. The Gergonne analogue

We provide two proofs of Theorem 2 below. The first proof equates the ex-
pressions for the two Gergonne cevians to establish the result. The second one is
modelled on the proof of the Steiner - Lehmus theorem in§2 above.

Theorem 2. If two Gergonne cevians of a triangle are equal, then the triangle is
isosceles.

s − b s − c

s − c

s − a

s − a

s − b

I

A

B CD

E

F

Figure 2.
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3.1. First proof. Figure 2 shows the equal Gergonne ceviansBE, CF of triangle
ABC. We consider�ABE, �ACF and apply the law of cosines:

BE2 =c2 + (s − a)2 − 2c(s − a) cos A,

CF 2 =b2 + (s − a)2 − 2b(s − a) cos A.

Equating the expressions forBE2 andCF 2 we see that

2(b − c)(s − a) cos A − (b2 − c2) = 0

or

(b − c)
[
(−a + b + c)(b2 + c2 − a2)

2bc
− (b + c)

]
= 0.

There are two cases to consider.
(i) b − c = 0 ⇒ b = c and triangleABC is isosceles.

(ii) (−a+b+c)(b2+c2−a2)
2bc − (b + c) = 0. This can be put, after simplification, in

the form
a2(b + c − a) + b2(c + a − b) + c2(a + b − c) = 0.

This clearly is an impossibility by the triangle inequality.
Therefore (i) must hold and triangleABC is isosceles.

3.2. Second proof. We employ the same construction as in Figure 1 for Theorem
1. Hence we do not repeat the description here for Figure 3.

s − a

s − b

s − c

E

F

G

H

A

B C

Figure 3.

If AB �= AC, let AB < AC, i.e., c < b, ands− c > s− b. As seen in the proof
of Theorem 1,∠EBC > ∠FCB ⇒ CH > BH. SinceCF = BE, we have

FH < EH. (2)

In trianglesABE andAFC, AE = AF = s − a, BE = CF and by assumption
AB < AC. Hence∠AEB < ∠AFC ⇒ ∠BEC > ∠BFC or

∠HEC > ∠HFB. (3)

Therefore, in trianglesBFH andEHC, ∠BHF = ∠EHC and from (3) we see
that

∠FBH > ∠HCE. (4)
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TriangleFGC is isosceles by construction, so∠FGC = ∠FCG or ∠FGE +
∠EGC = ∠HCE + ∠ECG. Because of (4) we see that∠EGC < ∠ECG or
EC < EG, i.e., s − c < s − b ⇒ b < c, contradicting the assumption.

Likewise the assumptionb > c would lead to a similar contradiction. Hence we
must haveb = c, and triangleABC is isosceles.

4. An extension

Theorem 3 shows that the equality of the segments of two angle bisectors of a
triangle intercepted by a Gergonne cevian itself implies that the triangle is isosce-
les.

Theorem 3. The internal angle bisectors of the angles ABC and ACB of triangle
ABC meet the Gergonne cevian AD at E and F respectively. If BE = CF , then
triangle ABC is isosceles.

Proof. We refer to Figure 4. IfAB �= AC, let AB < AC. Henceb > c, s − b <
s − c andE lies belowF on AD. A simple calculation with the help of the angle
bisector theorem shows that the Gergonne cevianAD lies to the left of the cevian
that bisects∠BAC and hence that∠ADC is obtuse.

s − b s − c

A

B C

E

D

F

Figure 4.

By assumption,∠ABC > ∠ACB ⇒ ∠EBC > ∠FCD > ∠ECB. There-
fore,

CE > BE or CE > CF (5)

becauseBE = CF . However,∠ADC = ∠EDC > π
2 as mentioned above.

Hence∠FEC = ∠EDC + ∠ECD > π
2 and ∠EFC < π

2 ⇒ CE < CF ,
contradicting (5).

Likewise, the assumptionAB > AC also leads to a contradiction. This means
that triangleABC must be isosceles. �
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5. Conclusion

The reader is invited to consider other types of analogues or extensions of the
Steiner - Lehmus theorem. To conclude the discussion, we pose two problems to
the reader.

(1) The external angle bisectors of∠ABC and∠ACB meet the extension of
the Gergonne cevianAD at the pointsE andF respectively. IfBE = CF , prove
or disprove that triangleABC is isosceles.

(2) AD is an internal cevian of triangleABC. The internal angle bisectors of
∠ABC and∠ACB meetAD at E andF respectively. Determine a necesssary
and sufficient condition so thatBE = CF implies that triangleABC is isosceles.
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[1] F. G.-M.,Exercices de Géométrie, 6th ed., 1920; Gabay reprint, Paris, 1991.
[2] D. C. Kay, Nearly the last comment on the Steiner – Lehmus theorem,Crux Math., 3 (1977)

148–149.
[3] M. Lewin, On the Steiner - Lehmus theorem,Math. Mag., 47 (1974) 87–89.
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