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On Mixtilinear Incirclesand Excircles

Khoa Lu Nguyen and Juan Carlos Salazar

Abstract. A mixtilinear incircle (respectively excircle) of a triangle is tangent to
two sides and to the circumcircle internally (respectively externally). We study
the configuration of the three mixtilinear incircles (respectively excircles). In
particular, we give easy constructions of the circle (apart from the circumcircle)
tangent the three mixtilinear incircles (respectively excircles). We also obtain a
number of interesting triangle centers on the line joining the circumcenter and
the incenter of a triangle.

1. Preliminaries

In this paper we study two triads of circles associated with a triangle, the mix-
tilinear incircles and the mixtilinear excircles. For an introduction to these circles,
see [4] an&§2, 3 below. In this section we collect some important basic results
used in this paper.

Proposition 1 (d’Alembert’s Theorem [1]) Let Oy (r1), O2(r2), O3(r3) be three
circleswith distinct centers. Accordingase = +1 or —1, denote by A;., As., A3
respectively theinsimilicenters or exsimilicenters of thepairsof circles (), (03)),
((03), (0O71)),and ((01), (02)). Fore; = £1,i = 1,2, 3, the points A;.,, Aae,
and Ajz., are collinear if and only if e;e0¢3 = —1. See Figure 1

The insimilicenter and exsimilicenter of two circles are respectively their inter-
nal and external centers of similitude. In terms of one-dimensional barycentric
coordinates, these are the points

77“2'014-7“1'02

ins(01(r1), O2(r2)) = e (1)
exs(O01(r1), Oa(r)) =2 L ILC2, @)

Proposition 2. Let O;(ry), O2(r2), Os(rs) bethreecircleswith noncollinears cen-
ters. For ¢ = +1, let O-(r.) be the Apollonian circle tangent to the three circles,
all externally or internally according ase = +1 or —1. Then the Monge line con-
taining the three exsimilicenters exs((x(r2), O3(rs)), exs(Os(rs), O1(r1)), and
exs(01(r1), O2(rz)) istheradical axis of the Apollonian circles (Oy) and (O_).
See Figure 1

Publication Date: January 18, 2006. Communicating Editor: Paul Yiu.
The authors thank Professor Yiu for his contribution to the last section of this paper.
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Lemma3. Let BC beachordof acircle O(r). Let O;(r1) beacircle that touches
BC at E and intouches the circle (O) at D. The line DE passes through the
midpoint A of the arc BC' that does not contain the point D. Furthermore, AD -
AE = AB? = AC?.

Proposition 4. The perspectrix of the circumcevian triangle of P isthe polar of P
with respect to the circuncircle.

Let ABC be atriangle with circumcenté& and incented. For the circumcircle
and the incircle,

ins((0), (I)) _% = X5,
exs((0), (1) == — e

in the notations of [3]. We also adopt the following notations.

Ay point of tangency of incircle wittlBC
A7 intersection ofA with the circumcircle
A, antipode ofA; on the circumcircle

Similarly defineBy, By, Bs, Cy, C1 andC,. Note that
(i) ApBoCy is the intouch triangle oA BC,
(iiy Ay B1C1 is the circumcevian triangle of the incentier
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(iii) A2 B2C5 is the medial triangle of the excentral triangle,, A is the midpoint
between the excenters and .. It is also the midpoint of the ar8 AC' of the
circumcircle.

2. Mixtilinear incircles

The A-mixtilinear incircle is the circlg0,) that touches the rayd B and AC
atC, and B, and the circumcircléO) internally atX. See Figure 2. Define the
B- andC-mixtilinear incircles(0,) and(O..) analogously, with points of tangency
Y and Z with the circumcircle. See [4]. We begin with an alternative proof of the
main result of [4].

Proposition 5. Thelines AX, BY, C'Z are concurrent at exs((O), (I)).

Proof. SinceA = exs((0,), (1)) andX = exs((0), (O,)), the line AX passes
throughexs((O), (I)) by d’Alembert's Theorem. For the same reas@&Y, and
CZ also pass through the same point. O

Figure 2 Figure 3

Lemmaé. (1) I isthe midpoint of B,C,.
(2) The A-mixtilinear incircle hasradiusr, = ——.
CcOos )

(3) X1 bisectsangle BXC.
See Figure 3

Consider the radical axi§ of the mixtilinear incircle§0,) and(O.).

Proposition 7. Theradical axis ¢, contains

(1) the midpoint A; of the arc BC' of (O) not containing the vertex A,

(2) the midpoint M, of I Ay, where Ag isthe point of tangency of the incircle with
theside BC.
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Figure 4.

Proof. (1) By Lemma 3,7, A. and A; are collinear, so ar&”, A,, A;. Also,
AA. - A1 Z = AiB? = A1C? = A Ay - A1Y. This shows thatd; is on the
radical axis of(Op) and(O,).

(2) Consider the incirclé¢l) and theB-mixtilinear incircle (G,) with common
ex-tangentsB A and BC. Since the circlé) touchesBA and BC' at (j and Ay,
and the circle(Oy) touches the same two lines @ and A4y, the radical axis of
these two circles is the line joining the midpoints@{_y and A, Ag. Since Ay,

I, Cy are collinear, the radical axis ¢f) and (O,) passes through the midpoints
of TAg and ICy. Similarly, the radical axis of7) and (O.) passes through the
midpoints of I Ay and I By. It follows that the midpoint ofl 4y is the common
point of these two radical axes, and is therefore a point on the radical aiig)of
and(O,). O

Theorem 8. The radical center of (O,), (Op), (O.) isthe point J which divides
OI intheratio
OJ:JI=2R: —r.

Proof. By Proposition 7, the radical axis 06) and(O.) is the line A; M, . Let
M, and M, be the midpoints of By andICj respectively. Then the radical axes of
(O.) and(O,) is the lineB; My, and that of O, ) and(Oy) is the lineC; M. Note
that the trianglest; B;Cy and M, M, M, are directly homothetic. Sincé; B;C4
is inscribed in the circle)(R) and M, M; M. in inscribed in the circle/ (5), the
homothetic center of the triangles is the paihivhich divides the segmeid/ in
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Figure 5.

the ratio .
OJ:JI:R:—§:2R:—T. 3)
See Figure 5. O

Remark. Let T be the homothetic center of the excentral trianjlg. and the
intouch triangledy By Cy. This is the triangle centeXs; in [3]. Since the excentral
triangle has circumcentdt, the reflection off in O,

OT:TI' =2R: —r.
Comparison with (3) shows thdtis the reflection off" in O.

3. Themixtilinear excircles

The mixtilinear excircles are defined analogously to the mixtilinear incircles,
except that the tangencies with the circumcircle are external. AFh@xtilinear
excircle(O),) can be easily constructed by noting that the polat passes through
the excentel,; similarly for the other two mixtilinear excircles. See Figure 6.

Theorem 9. If the mixtilinear excircles touch the circumcircle at X', Y/, Z/ re-
spectively, thelines AX’, BY', CZ' are concurrent at ins((O), (I)).

Theorem 10. Theradical center of the mixtilinear excircles is the reflection of .J
in O, where J istheradical center of the mixtilinear incircles.

Proof. The polar ofA with respect tq O,) passes through the excenfgr Simi-
larly for the other two polars aB with respect tq0),) andC with respect tqO,,).
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Figure 6.

Let A3B3C3 be the triangle bounded by these three polars.A,eB4, C4 be the
midpoints of Ag A3, By Bs, CyC3 respectively. See Figure 7.

Sincel, I, A3l is a parallelogram, ands is the midpoint off, ., it is also the
midpoint of A31,. SinceB3C}5 is parallel tol, 1. (both being perpendicular to the
bisector AA;), I, is the midpoint of B3Cs. Similarly, I,, I. are the midpoints
of C3A3 and A3 B3, and the excentral triangle is the medial triangledeB3Cs.
Note also thaf is the circumcenter ofi; B35 (since it lies on the perpendicular
bisectors of its three sides). This is homothetic to the intouch triaAghyCy at
I, with ratio of homothety—.

If A4 is the midpoint of4yAs, similarly for B, andCy, then A, B,C} is homo-
thetic to A3 B3C with ratio 4£=-.

We claim thatA,B,C, is homothetic tod; BoCy at a point.J’, which is the
radical center of the mixtilinear excircles. The ratio of homothety is clé&g.

Consider the isosceles trapezaigl”y B3 Cs. SinceB4 andCy are the midpoints
of the diagonalsBy, Bs and C,C3, and B3C3 contains the points of tangendy,,
C,, of the circle(O,,) with AC and AB, the line B,C also contains the midpoints
of By B, andCC,, which are on the radical axis ¢f) and(0,). This means that
the line B,C} is the radical axis of7) and(QO,,).
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* O,

Figure 7.

It follows that A, is on the radical axis of0,) and(O,,). Clearly, A, also lies on
the same radical axis. This means that the radical center of the mixtilinear excircles
is the homothetic center of the triangldsB»Cy and A4 B4C,4. Since these two
triangles have circumcentetsand/, and circumradiiR and“RT*T, the homothetic
center is the poinf’ which dividesIO in the ratio

J'T:J0=4R—7r:2R. (4)
Equivalently,0.J' : J'I = —2R : 4R — r. The reflection of/’ in O dividesOI in
the ratio2R : —r. This is the radical centef of the mixtilinear incircles. O

4. Apollonian circles

Consider the circle;(r5) tangent internally to the mixtilinear incircles 4,
Bs, C5 respectively. We call this the inner Apollonian circle of the mixtilinear
incircles. It can be constructed frothsince 4; is the second intersection of the
line JX with the A-mixtilinear incircle, and similarly for3; andCs. See Figure
8. Theorem 11 below gives further details of this circle, and an easier construction.
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Figure 8.

Theorem 11. (1) Triangles A5 B5C's and ABC are perspective at ins((O), (I)).
(2) The inner Apollonian circle of the mixtilinear incircles has center ( divid-

ing the segment O intheratio 4R : r and radius i = 7%=

Proof. (1) Let P = exs((05), (1)), andQ, = exs((O0s), (0)). The following
triples of points are collinear by d’Alembert’s Theorem:

(1) A, A5, P from the circleSOs), (1), (O,);

(2) A, Qq, A5 from the circles(O5), (O,), (O);

(3) 4, Qq, P from the circles(Os), (1), (O.);

(4) A, X', ins((0), (I)) from the circlesO), (1), (O,,).

See Figure 9. Therefore the lindsA; contains the point$> andins((0), (1))
(along with@,, X’). For the same reason, the linB$; and CC5 contain the
same two points. It follows tha® andins((O), (I)) are the same point, which is
common toAA;, BB5s andC (5.

(2) Now we compute the radiug of the circle(Os). From Theorem 80.J :
JI =2R:—r.AsJ = exs((0),(05)), we haveOJ : JO5 = R : —r;. It follows
thatOJ : JI: JO5 = 2R : —r : —2r5, and

005 Q(R — 7“5)

OI ~ 2R—r ®)

SinceP = exs((0s), (1)) = ins((0), (1)), itis alsoins((0),(0s)). Thus,
OP :POs:PI=R:r;:r,and

005 R+rs

O ~ R+ir

(6)
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° OL
Figure 9.
Comparing (5) and (6), we easily obtain = 7. Consequently79s =
AR andO; dividesO1 in the ratioOO; : OsI = 4R : r. O

4R+r

The outer Apollonian circle of the mixtilinear excircles can also be constructed
easily. If the linesJ’X’, J'Y’, J'Z' intersect the mixtilinear excircles again at
Ag, Bg, Cg respectively, then the circlds BsCy is tangent internally to each of
the mixtilinear excircles. Theorem 12 below gives an easier construction without
locating the radical center.

Theorem 12. (1) Triangles As BsCs and ABC are perspective at exs((O), (I1)).
(2) The outer Apollonian circle of the mixtilinear excircles has center (3 divid-

ing the segment O intheratio —4R : 4R + r and radius r; = fUA=37),
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Bs

Figure 10.

Proof. (1) SinceAgs = exs((OL), (Og)) andA = exs((I), (O))), by d’Alembert’s
Theorem, the lined A¢ passes througl® = exs((0s), (I)). For the same reason
BBg andCCy pass through the same point, the trianglg$8:;Cs and ABC are
perspective aP = exs((I), (Os)). See Figure 10.

By Proposition 2AB, X'Y’, A¢Bg, andO,, O, concur atS = exs((0,), (0;))
on the radical axis ofO) and(Os). Now: SA-SB = SX'-SY’ = SAg - SBs.
Let AAg, BBg, CCs intersect the circumcircl€éO) at A, B’, C’' respectively.
SinceSA - SB = SAg - SBg, ABAgBg is cyclic. Since/BAAs = /BB'A" =
/BBgAg, A'B'is parallel toAdg Bg. Similarly, B'C" andC’ A’ are parallel taBsCy
andCg Ag respectively. Therefore the triangle$B’C’ and A¢BgCg are directly
homothetic, and the center of homothetyHis= exs((O), (Os)).

SinceP = exs((0), (0g)) = exs((I), (0g)), itis alsoexs((0), (I)), andPI :
PO=r:R.

(2) Sinceds = exs((0g),(0))) and X' = ins((0%), (0)), by d’Alembert’s
Theorem, the lineds X’ passes through™ = ins((O), (Os)). For the same reason,
BgY' andCsZ’ pass through the same poifit

We claim thatK is the radical center’ of the mixtilinear excircles. Since
SX'-SY' = SAg-SBg, we conclude thak’ AgY’ By is cyclic, andK X' - K Ag =
KY'- KBg. Also,Y'BgCsZ' is cyclic,andKY' - KBg = KZ' - KCg. It follows
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that
KX -KA¢=KY'-KBg=KZ - KCg,
showing thatk’ = ins((O), (Os)) is the radical centey’ of the mixtilinear excir-

cles. HenceJ'O : J'Og = R : —rg. Note alsoPO : POg = R : rg. Then, we
have the following relations.

OJ' : 10 =2R : 2R —r,
J'Og : 10 =2r¢ : 2R —
006 :10 =r¢ — R:R—r.
SinceOJ’ + J'Og = OO0¢, we have
2R 2r¢ rg— R

2R—7“+2R—'r_ R—r’

This gives:rg = 24837 Since K = ins((0), (Og)) = 9+10s gand J/ —

R+rg
(4R—7)O—2R-1 4R+7)O—4AR-1
2R—r ) O

are the same point, we obtain = ( -

Remark. The radical circle of the mixtilinear excircles has cenfeand radius
2= /(4R + ) (4R — 3r).

Corollary 13. 105 - I0g = 10?.

5. The cyclocevian conjugate

Let P be a point in the plane of triangld BC', with tracesX, Y, Z on the
sidelinesBC, C A, AB respectively. Construct the circle through Y, Z. This
circle intersects the sidelind8C, C' A, AB again at pointsY’, Y’, Z’. A simple
application of Ceva’s Theorem shows that th&’, BY’, C'Z’ are concurrent.
The intersection point of these three lines is called the cyclocevian conjug&te of
See, for example, [2, p.226]. We denote this pointiBy Clearly, (P°)° = P.
For example, the centroid and the orthocenters are cyclocevian conjugates, and
Gergonne point is the cyclocevian conjugate of itself.

We prove two interesting locus theorems.

Theorem 14. The locus of ) whose circumcevian triangle with respect to XY Z
isperspective to X'Y'Z’ istheline PP°. For Q on PP°, the perspector isalso on
the same line.

Proof. Let @) be a point on the lind” P°. By Pascal’'s Theorem for the six points,
X' B, X, Y’ A Y, the intersections of the line¥’ A’ andY’B’ lies on the line
connecting@ to the intersection ofXY” and X'Y’, which according to Pappus’
theorem (forY, Z, Z’ andC, Y, Y’), lies on PP°. Since( lies on PP°, it
follows thatX’ A’, Y’ B’, and P P° are concurrent. Similarlyd’ B'C’ and X'Y' 7’
are perspective at a point dA”°. The same reasoning shows thatiff3’C”’ and
X'Y'Z' are perspective at a poiist, then both andS lie on the line connecting
the intersectionsXY’ N X'Y andY Z' NY'Z, which is the linePP°. O
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Figure 11.

For example, ifP = G, thenP° = H. The linePP* is the Euler line. IfQ = O,
the circumcenter, then the circumcevian triangledofwith respect to the medial
triangle) is perspective with the orthic triangle at the nine-point ceNter

Theorem 15. The locus of ) whose circumcevian triangle with respect to XY Z
is perspective to ABC istheline PP°.

Proof. First note that
sin Z'X'A"  sinZ'XA"  sinZ'ZA" sin A’AY  sin ZAA
snA'X'Y'  sinAYY' sinZAA sinAYY' sin AAY
_AA AY sinBAX  sinYXA' sin BAA'
TZA AA sinXAC  sinA'XZ sin A/AC

It follows that
sinZ'X'A" sinX'Y'B’ sinY'Z'C’
sin A'X'Y' sinB'Y'Z snC'Z'X'
sinY XA sinZYB' sin XZC'\ [sin BAA' sin ACC' sinCBB'
> (sin A’AC sinC'CB  sin B’BA)

- (sin AXZ snBYX snC'ZY

_sinBAA" sin ACC' sinCBB'

" sinA’AC sinC'CB sin BBA’
Therefore, A’ B'C" is perspective wittA BC if and only if it is perspective with

X'Y'Z'. By Theorem 14, the locus @} is the lineP . O

6. Some further results

We establish some further results on the mixtilinear incircles and excircles re-
lating to points on the lin@1.
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A

Figure 12.

Theorem 16. The line OI is the locus of P whose circumcevian triangle with
respect to A; B1C is perspective with XY Z.

Proof. We first show thalD = B, Y NC4 Z lies onthe lineA A;. Applying Pascal’'s
Theorem to the six pointg, B, B>, Y, C1, Cs on the circumcircle, the points
D=BYNCi1Z,1=ByYNCyZ,andB;Cy N By are collinear. Sincé; Cy
and By are parallel to the bisectod 4y, it follows that D lies on AA;. See
Figure 13.

Now, if E = C1ZNA1 X andF = A1 XNBY, the triangleDE'F is perspective
with A, B1C; atI. Equivalently,A; B;( is the circumcevian triangle af with
respect to triangleD EF. Triangle XY Z is formed by the second intersections
of the circumcircle of4; B;Cy with the side lines oD EF. By Theorem 14, the
locus of P whose circumcevian triangle with respect ApB;C} is perspective
with XY Z is a line throughl. This is indeed the liné O, sinceO is one such
point. (The circumcevian triangle 6f with respect ta4; B1C is perspective with
XY Z atl). O

Remark. If P dividesOI inthe ratioOP : PI =t : 1 — t, then the perspectap
divides the same segment in the rafd@) : QI = (1 + ¢t)R : —2tr. In particular,

if P =ins((0), (1)), this perspector i§’, the homothetic center of the excentral
and intouch triangles.

Corollary 17. The line OI is the locus of ) whose circumcevian triangle with
respect to A; B1C (or XY Z) is perspective with DEF'.

Proposition 18. Thetriangle A, BoC5 is perspective
(1) with XY Z at the incenter 1,
(2) with X'Y’ 7’ at the centroid of the excentral triangle.
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Figure 13.

Proof. (1) follows from Lemma 6(Db).
(2) Referring to Figure 7, the excentgris the midpointB,C,. ThereforeX'I,
is a median of triangle&X’ B,C,,, and it intersectd3; Cs at its midpointX”. Since
A9 Bs1,C5 is a parallelogramds, X', X” andI, are collinear. In other words, the
line A, X’ contains a median, hence the centroid, of the excentral triangle. So do
BQY/ anngZ. U

Let A7 be the second intersection of the circumcircle with the {finéhe radical
axis of the mixtilinear incirclesO,) and(O,). Similarly defineB; andC;. See
Figure 14.

Theorem 19. Thetriangles A;B7;C'; and XY Z are perspective at a point on the
lineO1.

Remark. This point dividesO1 in the ratio4R — r : —4r and has homogeneous
barycentric coordinates

a(b+c—>5a) blc+a—5b) cla+b—5c)
b+c—a ~ c+a—-b = a+b-c '

7. Summary

We summarize the triangle centers on thé-line associated with mixtilinear
incircles and excircles by listing, for various valuestpthe points which divide
Ol inthe ratioR : tr. The last column gives the indexing of the triangle centers in
[2, 3].
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Figure 14.
| ¢t [firstbarycentric coordinate | | X,
a*(s — a) ins((0), (1)) Xss
perspector oABC and X'Y'Z’
perspector oA BC and As; B5C5
2
perspector oM BC and XY Z
perspector oA BC' and Ag BgClg
2R :
— 5 | hom_othene center of excentral | X57
and intouch triangles
—3 | d®(0® + ¢ — a® — 4bc) radical center of mixtilinear X999
incircles
1 a?(b? + 2 — a? + 8bc) center of Apollonian circle of
mixtilinear incircles
—3=r 162 f(a,b,c) radical center of mixtilinear
excircles
— 1 a2g(a, b, ) center of Apollonian circle of
mixtilinear excircles
—1E 1 4(3a® — 2a(b+ c) — (b — c)?) | centroid of excentral triangle | X¢5
b —
— “(big_za) perspector ofd; B;C; and XY Z

The functionsf andg are given by
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f(a,b,c) =a* — 2a3(b + ¢) + 10abe + 2a(b + ¢)(b* — 4bc + ¢*)
— (b= ¢)*(b* + 4bc + ),
gla,b,c) =a® — a*(b+ ¢) — 2a3(b? — be + ) + 2a2(b + ¢)(b* — 5be + 2)
+a(d* — 263c + 18b%¢® — 2bc3 + ) — (b — €)% (b + ¢)(b* — 8be + ¢2).
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A Conic Associated with Euler Lines

Juan Rodguez, Paula Manuel, and Paulo Sami”

Abstract. We study the locus of a poirdt for which the Euler line of triangle
ABC with given A and B has a given slope:. This is a conic througt¥ and
B, and with center (if it exists) at the midpoint gfB. The main properties of
such an Euler conic are described. We also give a construction of a@dort
which triangleABC, with A and B fixed, has a prescribed Euler line.

1. TheEuler conic

Given two pointsA and B and a real numbet, we study the locus of a point
C for which the Euler line of trianglel BC' has slopen. We show that this locus
is a conic throughA and B. Without loss of generality, we assume a Cartesian
coordinate system in which

A=(-1,0) and B =(1,0),

and writeC = (z,y). The centroidG and the orthocenteH of a triangle can be
determined from the coordinates of its vertices. They are the points

2
_(*Y (Al
G_<3,3> and H_(x, - > 1)
See, for example, [2]. The vector
9.2 2
GH — (2 3B —y +3) @)
3 3y

is parallel to the Euler line. When the Euler line is not vertical, its slope is given
by:
-3 2 _ .2 3
m pr— x—y—i_’ x’ y # 0'
2zy

Therefore, the coordinates of the vertéxsatisfy the equation

3z2 + 2may + % = 3. (3)

Publication Date: January 24, 2006. Communicating Editor: Paul Yiu.
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This clearly represents a conic. We call this the Euler conic associateddwith
and slopem. It clearly has center at the origin, the midpoitt of AB. Its axes
are the eigenvectors of the matrix

o 1)

The characteristic polynomial being — 4\ — (m? — 3), its eigenvectors with
corresponding eigenvalues are as follows.

| eigenvector | eigenvalue |

(Vm24+14+1,m) [2+vVm2+1

(Vm2+1—-1, —m) [ 2 —vVm2+1
Thus, equation (3) can be rewritten in the form

(1) (mx +y)? =3, if m = +/3, or

(2) (2+vVm?2 +1)(zcosa—ysina)?+ (2—+vm?2 + 1)(zsina+ycosa)? = 3,

if m # +v/3, where

vmZ+1+1 i vmZ+1-1
COSQ = || ——F—, SN =4 ————.
2vVm?2 + 1 2v/m?2 +1

Remarks. (1) The pairs(+1,0) are always solutions of (3) and correspond to the
singular cases in which the vert&X coincides, respectively, witl or B, and
consequently, it is not possible to define the triangBC.

(2) The pairs(o, i\/§) are also solutions of (3) and correspond to the trivial case
when the triangled BC' is equilateral. In this case, the centroid, the orthocenter,
and the circumcenter coincide.

2. Classification of the Euler conic

The Euler conic is an ellipse or a hyperbola accordingzas: 3 or m? > 3. It
degenerates into a pair of straight lines when= 3.

Proposition 1. Suppose m? < 3. The Euler conic is an ellipse with eccentricity

2vVm? +1

VmZ+1+42

E =

The foci are the points

i (-seutmy[SLTELD) SO

3 —m?2 3—m?2 ’

wheresgn(m) = +1, 0, or —1 according asm >, =, or < 0.

Figure 1 shows the Euler ellipse for = % a triangle ABC with C on the
ellipse, and its Euler line of slope.
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Figure 1

Proposition 2. Suppose m? > 3. The Euler conic is a hyperbola with eccentricity

2vm? +1
VmZ 41 -2

E =

The foci are the points

. Sgn(m).\/S(\/mQ—Fl—Fl)’\/3(\/m2+11))’

m2—3 m2—3

where sgn(m) = +1 or —1 according asm > 0 or < 0. The asymptotes are the

lines
y=(—m=Lvm?—3)z.

Figure 2 shows the Euler hyperbola far= % a triangleABC with C on the
hyperbola, and its Euler line of slope.
When|m| = V'3, the Euler conic degenerates into a pair of parallel lines, whose
equations are:
y=—mzx=x V3.
Examples of triangles fom = /3 are shown in Figures 3A and 3B, and for
m = —/3in Figures 4A and 4B.

Corollary 3. The slope of the Euler line of the triangle ABC'is
m = :I:\/g,
if and only if, one of angles A and B is60° or 120°.
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Figure 3A Figure 3B

Figure 4A Figure 4B
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3. Triangles with given Euler line

In this section we find the cartesian coordinates of the third vertex order
that a given line be the Euler line of the triangld3C' with verticesA = (—1,0)
andB = (1,0).

Lemma 4. The Euler line of triangle ABC' is perpendicular to AB if and only if
AB = AC. Inthis case, the Euler lineis the perpendicular bisector of AB.

We shall henceforth assume that the Euler line is not perpendiculdaBtolt
therefore has an equation of the form

y=mx+ k.

The circumcenter is the intersection of the Euler line with the line= 0, the
perpendicular bisector i B. It is the pointO = (0, k). The circumcircle is

2 (y—k)2=k+1
or
2.2 _
“+y —2ky—1=0. 4)
Let M be the midpoint ofd B; it is the origin of the Cartesian system. dfis
the centroid, the verte&' is such thatV/C : MG = 3 : 1. Sinced lies on the line

y = mx + k, C lies on the liney = ma + 3k. It can therefore be constructed as
the intersection of this line with the circle (4).

Figure 5
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Proposition 5. The number of points C for which triangle ABC' has Euler line
y = max + kis0, 1, or 2according as (m? — 3)(k* +1) <, =, or > —4.

In the hyperbolic and degenerate cases > 3, there are always two such

triangles. In the elliptic casey? < 3. There are two such triangles if and only if
k}2 < m2+1

3—m?2"

Corollary 6. For m? < 3and k = £,/2°L there is a unique triangle ABC

whose Euler lineistheline y = mx + k. Thelines y = max + 3k are tangent to
the Euler dlipse (3) at the points

" —2m 3+ m?
V2 +1D)B—m?) /(m?+1)3-—m?) )

Figure 6 shows the configuration corresponding te / g”f—;;% The other one

can be obtained by reflection i, the midpoint ofAB.

Figure 6
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A Note on the Droz-Farny Theorem

Charles Thas

Abstract. We give a simple characterization of the Droz-Farny pairs of lines
through a point of the plane.

In [3] J-P. Erhmann and F. van Lamoen prove a projective generalization of the
Droz-Farny line theorem. They say that a pair of lifigg) is apair of DF-lines
through a point P with respect to a given triangle ABC' if they intercept the line
BC in the pointsX andX’, CAinY andY’, andAB in Z andZ’ in such a way
that the midpoints of the segmem&X’, YY’, andZZ’ are collinear. They then
prove that(,!’) is a pair of DF-lines if and only if and/ are tangent lines of a
parabola inscribed i BC (see also [5]). Thus, the DF-lines throughare the
pairs of conjugate lines in the involutichdetermined by the lines through that
are tangent to the parabolas of the pencil of parabolas inscribé@ . Through
a general poinP, there passes just one orthogonal pair of DF-lines with respect to
ABC; call this pair the ODF-lines through P with respect48C.

Considering the tangent lines throufftat the three degenerate inscribed parabo-
las of ABC, it also follows that P A, line throughP parallel withBC), (P B, line
parallel throughP with C A), and (PC, line parallel throughP with AB), are three
conjugate pairs of lines of the involutich

Recall that the medial triangld’ B'C’ of ABC is the triangle whose vertices
are the midpoints oBC,C A, and AB, and that the anticomplementary triangle
A"B"C" of ABC is the triangle whose medial triangleAsBC' ([4]).

Theorem. A pair (I,1') of lines is a pair of DF-lines through P with respect to
ABC, if and only if (I,1') is a pair of conjugate diameters of the conic Cp with
center P, circumscribed at the anticomplementary triangle A’ B”C” of ABC. In
particular, the ODF-lines through P are the axes of this conic.

Proof. SinceA is the midpoint ofB”C"”, andB”C" is parallel withB(C, it follows
immediately thatP A, and the line throughP, parallel with BC, are conjugate
diameters of the coni€p. In the same wayP B and the line througtP parallel
with CA (and PC' and the line troughP parallel with AB) are also conjugate

Publication Date: January 30, 2006. Communicating Editor: J. Chris Fisher.
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diameters oCp. Since two pairs of corresponding lines determine an involution,
this completes the proof. O

Remark that the orthocentéf of ABC is the center of the circumcircle of the
anticomplementary triangle” B”C”. Since any two orthogonal diameters of a
circle are conjugate, we find by this special case the classical Droz-Farny theorem:
Perpendicular lines through are DF-pairs with respect to triangieBC.

As a corollary of this theorem, we can characterize the axes of any circumscribed
ellipse or hyperbola ofi BC' as the ODF-lines through its center with regard to the
medial triangleA’ B’'C’ of ABC'. And in the same way we can construct the axes
of any circumscribed ellipse or hyperbola of any triangle, associatedAvitty'.

Examples

1. The Jerabek hyperbola of BC' (the isogonal conjugate of the Euler line of
ABC) is the rectangular hyperbola through B, C, the orthocentet, the cir-
cumcenteiO and the Lemoine (or symmedian) poifitof ABC, and its center is
Kimberling centerX,5 with trilinear coordinategbc (b +c? —a?) (b —c?)?, .., ..),

which is a point of the nine-point circle of BC' (the center of any circumscribed
rectangular hyperbola is on the nine-point circle). The axes of this hyperbola are
the ODF-lines througtX; 5, with respect to the medial triangé B'C’ of ABC.

2. The Kiepert hyperbola ol BC'is the rectangular hyperbola through B, C, H,

the centroidGz of ABC, and through the Spieker center (the incenter of the medial
triangle of ABC). It has centerX;;5 with trilinear coordinategbe(¥? — c)?, .., ..)

on the nine-point circle. Its axes are the ODF-lines throtgh with respect to

the medial triangled’ B'C".

3. The Steiner ellipse oA BC' is the circumscribed ellipse with center the centroid

G of ABC.. Itis homothetic to (and has the same axes of) the Steiner ellipses of the
medial triangled’ B'C’ and of the anticomplementary triangté B”C” of ABC.
These axes are the ODF-lines throughvith respect toA BC' (and toA B’C’, and

to A"B"C").

4. The Feuerbach hyperbola is the rectangular hyperbola thrdugh C, H, the
incenterl of ABC, the Mittenpunkt (the symmedian point of the excentral triangle
I4Iglc, wherely, I, I are the excenters of BC'), with center the Feuerbach
point F' (at which the incircle and the nine-point circle are tangent; trilinear coor-
dinates(bc(b — ¢)?(b+ ¢ — a), .., ..)) . Its axes are the ODF-lines through with
respect to the medial triangl€ B'C’ of ABC.

5. The Stammler hyperbola of BC has trilinear equation
(b — A)a? + (2 — a®)as + (a® — b3 = 0.

It is the rectangular hyperbola through the incerteghe excenterdy, Iz, I, the
circumcentelO, and the symmedian poit. It is also the Feuerbach hyperbola of
the tangential triangle ol BC', and its center is the focus of the Kiepert parabola
(inscribed parabola with directrix the Euler line diBC'), which is Kimberling
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centerXio with trilinear coordinate$ﬁ, ., ..), on the circumcircle oABC,
which is the nine-point circle of the excentral triandlg zI~. The axes of this
Stammler hyperbola are the ODF-lines through, with regard to the medial
triangle of [ Ip1c.

Remark that centek; is the fourth common point (apart frosh, B, andC)
of the conic throughd, B, C, and with center the symmedian poikt of ABC,
which has trilinear equation

a(—a* 4+ b* + ) waxs + b(a® — b + )wzzy + c(a® + b — w39 = 0,

and the circumcircle oABC.

6. The conic with trilinear equation
a®(b? — Azt + b2 (? — a®)ad 4 A (a® —b*)a2 =0

is the rectangular hyperbola through the incettéhrough the excentets, I3, I,
and through the centroi@@ of ABC. It is also circumscribed to the anticomple-
mentary triangled” B”C" (recall that the trilinear coordinates df , B”, andC”
are (—bc, ac, ab), (bc, —ac, ab), and (be, ac, —ab), respectively). Its center is the
Steiner pointXyy with trilinear coordinateg;;2>, 5% %), a point of inter-
section of the Steiner ellipse and the circumcircled@C.

Remark that the circumcircle of BC' is the nine-point circle o’ B”C" and
also ofI4IgIc. It follows that the axes of this hyperbola, which is often called the
Wallace or the Steiner hyperbola, are the ODF-lines through the SteinerXagint
with regard toABC, and also with regard to the medial triangle of the excentral
trianglelalplic.

Remarks. (1) A biographical note on Arnold Droz-Farny can be found in [1].

(2) A generalization of the Droz-Farny theorem in the three-dimensional Eu-
clidean space was given in an article by J. Bilo [2].

(3) Finally, we give a construction for the ODF-lines through a pdmivith
respect to the triangld BC, i.e, for the orthogonal conjugate pair of lines through
P of the involutionZ in the pencil of lines througl?, determined by the conjugate
pairs (PA, line [, through P parallel toBC) and (P B, line |, through P parallel
to C' A): intersect a circl€ through P with these conjugate pairs:

CNPA=Q, Cnl, =Qq',
CNPB=R, Cniy, =R,

then(Q, Q') and(R, R’) determine an involutio’ onC, with centeQQ'NRR' =

T. Each line through intersect the circl€ in two conjugate points df . In par-
ticular, the line throughl" and through the center ¢f intersectsC in two points

S andS’, such thatPS and PS’ are the orthogonal conjugate pair of lines of the
involution 7.
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On the Cyclic Complex of a Cyclic Quadrilateral

Paris Pamfilos

Abstract. To every cyclic quadrilateral corresponds naturally a complex of six-
teen cyclic quadrilaterals. The radical axes of the various pairs of circumcircles,
the various circumcenters and anticenters combine to interesting configurations.
Here are studied some of these, considered to be basic in the study of the whole
complex.

1. Introduction

Consider a generic convex cyclic quadrilaterat ABC D. Here we consider a
simple figure, resulting by constructing other quadrangles on the sides of g, similar
to g. This construction was used in a recent simple proof, of the minimal area
property of cyclic quadrilaterals, by Antreas Varverakis [1]. It seems though that
the figure is interesting for its own. The principle is to construct the quadrilateral
¢ = CDEF, on a side of and similar tg, but with reversed orientation.

Figure 1. CDEF': top-flank of ABC D

The sides of the new align with those of the old. Besides, repeating the proce-
dure three more times with the other sidesgpfyives the previous basic Figure

1. For convenience | call the quadrilaterals: top-flank C'DEF, right-flank

r = CGHB, bottom-flankb = BIJA and left-flanki = DK LA of ¢ respec-
tively. In addition to thesenain flanks, there are some other flanks, created by the
extensions of the sides gfand the extensions of sides of its four main flanks. Later
create thebig flank denoted below by*. To spare words, | drew in Figure 2 these
sixteen quadrilaterals together with their names. All these quadrilaterals are cyclic
and share the same angles wjtin general, though, only the main flanks are sim-
ilar to g. More precisely, from their construction, flanks are homothetict, b are

also homothetic and two adjacent flanks, like are antihomothetic with respect

Publication Date: February 6, 2006. Communicating Editor: Paul Yiu.
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to their common vertex, her@. The symbol in bracesrt}, will denote the cir-
cumcircle, the symbol in parenthesé¢st), will denote the circumcenter, and the
symbol in brackets)t], will denote the anticenter of the corresponding flank. Fi-
nally, a pair of symbols in parentheses, like, rb), will denote the radical axis of
the circumcircles of the corresponding flanks. I call this figuredjutic complex
associated to the cyclic quadrilateral.

—w | e feln
] falr ..
Cw [ el

Figure 2. The cyclic complex af

2. Radical Axes

By taking all pairs of circles, the total number of radical axes, involved, appears
to be 120. Not all of them are different though. The various sides are radical axes
of appropriate pairs of circles and there are lots of coincidences. For example the
radical axeqt,rt) = (q,r) = (b,rb) = (tqb,rgb) coincide with lineBC. The
same happens with every side out of the eight involved in the complex. Each side
coincides with the radical axis of four pairs of circles of the complex. In order to
study other identifications of radical axes we need the following:

Figure 3. Intersections of lines of the complex
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Lemma 1. Referring to Figure 3, points X, U are intersections of opposite sides
of . U*, X* areintersections of opposite sides of ¢«. V, WY, Z are intersections
of opposite sides of other flanks of the complex. Points XY, Z and U, V, W are
aligned on two parallel lines.

The proof is a trivial consequence of the similarity of opposite located main
flanks. Thus/,r are similar and their similarity center i&. Analogouslyt,b
are similar and their similarity center {$. Besides triangleX DY, VDU are
anti-homothetic with respect t® and trianglesXG~Z, W JU are similar to the
previous two and also anti-homothetic with respecBtoThis implies easily the
properties of the lemma.

Figure 4. Other radical axes

Proposition 2. The following lines are common radical axes of the circle pairs:
(1) Line X X* coincides with (It, 1b) = (t,b) = (rt,rb) = (Itr, lbr).

(2) Line UU* coincides with (it,rt) = (I,r) = (Ib,rb) = (tlb, trb).

(3) Line XY Z coincides with (lbr,b) = (Igr,q) = (ltr,t) = (¢*, tgb).

(4) LineUVW coincides with (¢lb,1) = (tgb, q) = (trb,r) = (¢*,lqr).

Referring to Figure 4, | show that lin&Y Z is identical with(ibr, ). Indeed,
from the intersection of the two circlggbr} and{b} with circle {rb} we see that
Z is on their radical axis. Similarly, from the intersection of these two circles with
{lb} we see thal” is on their radical axis. Hence lin8Y X coincides with the
radical axis(lbr, b). The other statements are proved analogously.

3. Centers

The centers of the cyclic complex form various parallelograms. The first of the
next two figures shows the centers of the small flanks, and certain parallelograms
created by them. Namely those that have sides the medial lines of the sides of
the flanks. The second gives a panorama of all the sixteen centers together with a
parallelogramic pattern created by them.
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Figure 5. Panorama of centers of flanks

Proposition 3. Referring to Figure 5, the centers of the flanks build equal parallel-
ogramswith parallel sides: (1t)(t)(tgb)(tlb), (itr)(rt)(trb)(g*), (1)(¢)(b)(rb) and
(lgr)(r)(rb)(lbr). The parallelogramic pattern is symmetric with respect to the
middle M of segment (¢)(g*) and the centers (t¢gb), (q), (¢*), (lgr) are collinear.

The proof of the various parallelities is a consequence of the coincidences of
radical axes. For example, in the first figure, sidegrt), (¢)(r), (b)(rb) are
parallel because, all, are orthogonal to the corresponding radical axis, coinciding
with line BC. In the second figurélt)(t), (tlb)(tgb), (1)(g), (rb)(b) are all or-
thogonal to AD. Similarly(ltr)(rt), (gx)(trd), (lgr)(r), (Ibr)(rb) are orthogonal
to A*D*. The parallelity of the other sides is proved analogously. The equal-
ity of the parallelograms results by considering other implied parallelograms, as,
for example,(rb)(b)(t)(It), implying the equality of horizontal sides of the two
left parallelograms. Since the labeling is arbitrary, any main flank can be con-
sidered to be the left flank of the complex, and the previous remarks imply that
all parallelograms shown are equal. An importand case, in the second figure, is
that of the collinearity of the cente(sgb), (¢), (¢*), (Igr). Both lines(tgb)(q) and
(¢*)(lqr) are orthogonal to the axi¥Y Z of the previous paragraplitqb)(¢) is
orthogonal to the axi®/ VW, which, after lemma-1, is parallel t§Y Z, hence
the collinearity. In addition, from the parallelograms, follows that the lengths are
equal:|(tgb)(q)|=|(¢*)(lgr)|. The symmetry about/ is a simple consequence of
the previous considerations.

There are other interesting quadrilaterals with vertices at the centers of the
flanks, related directly tg. For example the next proposition relates the cen-
ters of the main flanks to the anticenter of the original quadrilater&ecall that
the anticenter is the symmetric of the circumcenter with respect to the centroid of
the quadrilateral. Characteristically it is the common intersection point of the or-
thogonals from the middles of the sides to their opposites. Some properties of the
anticenter are discussed in Honsberger [2]. See also Court [3] and the miscelanea
(remark after Proposition 11) below.
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Figure 6. Anticenter through the flanks

Proposition 4. Referring to Figure 6, the following properties are valid:

() The circumcircles of adjacent main flanks are tangent at the vertices of g.

(2) The intersection point of the diagonals US, TV of the quadrilateral TSUV,
formed by the centers of the main flanks, coincides with the anticenter M of q.

(3) Theintersection point of the diagonals of the quadrilateral formed by the anti-
centers of the main flanks coincides with the circumcenter O of q.

The properties are immediate consequences of the definitions. (1) follows from
the fact that triangled'T’C and C'SB are similar isosceli. To see that property
(2) is valid, consider the parallelograms= OYM X, p* = UXM*Y and
p* = SY*M*Y, tightly related to the anticenters gfand its left and right flanks
(Figure 7). X, Y, X* andY™ being the middles of the respective sides. One sees
easily that triangle$/ X M and MY’ S are similar and point§/, M, S are aligned.
Thus the anticenteM of ¢ lies on lineU .S, passing througld). Analogously it
must lie also on the line joining the two other circumcenters. Thus, it coincides
with their intersection.

The last assertion follows along the same arguments, from the similarity of par-
allelogramsU X*M** X and SY M*Y™* of Figure 7. O is on the lineM* M**,
which is a diagonal of the quadrangle with vertices at the anticenters of the flanks.

Proposition 5. Referring to the previous figure, the lines QM and QO are sym-
metric with respect to the bisector of angle AQD. The sameistrue for lines QX
and QY.

This is again obvious, since the trapeZid HG andC BLK are similar and in-
versely oriented with respect to the sides of the antleD.

Remark. One could construct further flanks, left from the left and right from the
right flank. Then repeat the procedure and continuing that way fill all the area of
the angleAQ D with flanks. All these having alternatively their anticenters and
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Figure 7. Anticentera/, M™, M™** of the flanks

circumcenters on the two linggO and QM and the centers of their sides on the
two linesO X andOY'.

Figure 8. The circumscriptible quadrilatelst" UV

Proposition 6. The quadrilateral STUV, of the centers of the main flanks, is
circumscriptible, itsincenter coincides with the circumcenter O of ¢ and itsradius
isr - sin(¢ + &). r being the circumcradius of ¢ and 2¢, 2¢ being the measures of
two angles at O viewing two opposite sides of q.

The proof follows immediately from the similarity of trianglésAO andOBS
in Figure 8. The angle = ¢ + &, gives for|OZ| = r - sin(w). Z,Z*, W,W*
being the projections aP on the sides o6TUV. Analogous formulas hold for
the other segment® Z*| = |OW| = |OW*| = r - sin(w).

Remarks. (1) Referring to Figure 87, Z*, W, W* are vertices of a cyclic quadri-
lateralq’, whose sides are parallel to thoseABC D.

(2) The distances of the vertices gfand ¢ are equal:|ZB| = |AZ*| =
|IDW| = |CW*| =r-cos(¢p+&).
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(3) Given an arbitrary circumscriptible quadrilate8I'UV, one can construct
the cyclic quadranglel BC' D, having centers of its flanks the verticesSiFU V.
Simply take on the sides fTUV segment§ZB| = |AZ*| = |[DW| = |CW*|
equal to the above measure. Then it is an easy exercise to show that the circles
centered a5, U and passing fronB, C' and A, D respectively, define with their
intersections on lined B andC'D the right and left flank oABC D.

4. Anticenters

The anticenters of the cyclic complex form a parallelogramic pattern, similar to
the previous one for the centers. The next figure gives a panoramic view of the
sixteen anticenters (in blue), together with the centers (in red) and the centroids of
flanks (white).

B*

A'k

D*

C*

Figure 9. Anticenters of the cyclic complex

Proposition 7. Referring to Figure 9, the anticenters of the flanks build equal
parallelograms with parallel sides: [I¢][t][q][l], [t{b][tqb][D][lb], [g*][trD][rb][lbr]
and [itr][rt][r][lqr]. The parallelogramic pattern is symmetric with respect to the
middle M of segment [¢][¢*] and the anticenters [tqb], [¢], [¢*], [lqr] are collinear.
Besides the angles of the parallelograms are the same with the corresponding of
the parallelogramic pattern of the centers.

The proof is similar to the one of Proposition 2. For example, segm&fts,
[l][q], [tib][tgb], [Ib][b], [ltr]lrt], [lgr][r], [g*][trD], [lbr][rb] are all parallel since
they are orthogonal t&C or its parallelB*C*.

A similar argument shows that the other sides are also parallel and also proves
the statement about the angles. To prove the equality of parallelograms one can
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Figure 10. Collinearity oftgbl, [q], [¢7], [lgT]

use again implied parallelograms, as, for examfilgjt|[tqb][tlb], which shows

the equality of horizontal sides of the two left parallelograms. The details can be
completed as in Proposition 2. The only point where another kind of argument is
needed is the collinearity assertion. For this, in view of the parallelities proven
so far, it suffices to show that poinfig, [lqr], [tqb] are collinear. Figure 10 shows
how this can be don&z, F, &/, H, I, J are middles of sides of flanks, related to the
definition of the three anticenters under consideration. It suffices to calculate the
ratios and show that?' F'|/|EG| = |JI|/|JH|. | omit the calculations.

5. Miscelanea

Here | will mention only a few consequences of the previous considerations and
some supplementary properties of the complex, giving short hints for their proofs
or simply figures that serve as hints.

Figure 11. Barycenters of the flanks
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Proposition 8. The barycenters of the flanks build the pattern of equal parallelo-
grams of Figure 11.

Indeed, this is a consequence of the corresponding results for centers and anti-
centers of the flanks and the fact tiaiear combinations of parallelograms; =
(1—t)a;+tb;, wherea;, b; denote the vertices of parallelograms, are again parallel-
ograms. Hereé = 1/2, since the corresponding barycenter is the middle between
center and anticenter. The equality of the parallelograms follows from the equality
of corresponding parallelograms of centers and anticenters.

C=(()+XD)2

Figure 12. Linear combinations of parallelograms

Proposition 9. Referring to Figure 13, the centers of the sides of the main flanks
are aligned as shown and the corresponding lines intersect at the outer diagonal
of ¢ i.e. theline joining the intersection points of opposite sides of q.

Figure 13. Lines of middles of main flanks

This is due to the fact that the main flanks are antihomothetic with respect to the
vertices ofq. Thus, the parallelograms of the main flanks are homothetic to each
other and their homothety centers are aligned by three on a line. Later assertion
can be reduced to the well known one for similarity centers of three circles, by
considering the circumcircles of appropriate triangles, formed by parallel diagonals
of the four parallelograms. The alignement of the four middles along the sides of
ABC D is due to the equality of angles of cyclic quadrilaterals shown in Figure 14.

Proposition 10. Referring to Figure 15, the quadrilateral (¢)(r)(b)(!) of the cen-
ters of the main flanks is symmetric to the quadrilateral of the centers of the pe-
ripheral flanks (¢1b)(itr)(trb)(lbr). The symmetry center is the middle of the line

of (¢)(g%)-
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D F A

Figure 14. Equal angles in cyclic quadrilaterals

Figure 15. Symmetric quadrilaterals of centers

There is also the corresponding sort of dual for the anticenters, resulting by
replacing the symbolgr) with [x]:

Proposition 11. Referring to Figure 16, the quadrilateral [¢][r][b][/] of the anticen-
ters of the main flanks is symmetric to the quadrilateral of the anticenters of the
peripheral flanks [tib][ltr][trb][lbr]. The symmetry center is the middle of the line

of [q][g"].

By the way, the symmetry of center and anticenter about the barycenter leads to
a simple proof of the chararacteristic property of the anticenter. Indeed, consider
the symmetricA* B*C* D* of ¢ with respect to the barycenter @f The orthogonal
from the middle of one side afto the opposite one, td D say, is also orthogonal
to its symmetricA* D*, which is parallel toAd D (Figure 17). Sincet* D* is a chord
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Figure 16. Symmetric quadrilaterals of anticenters

of the symmetric of the circumcircle, the orthogonal to its middle passes through
the corresponding circumcenter, which is the anticenter.

Figure 17. Anticenter’s characteristic property

The following two propositions concern the radical axes of two particular pairs
of circles of the complex:

Figure 18. Harmonic bundle of radical axes
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Proposition 12. Referring to Figure 18, the radical axes (Igr, ") = (g, tqb) and
(g,lgr) = (tgb, ¢*). Besides the radical axes (tqb, lqr) and (g, ¢") are parallel to
the previous two and define with them a harmonic bundle of parallel lines.

Proposition 13. Referring to Figure 19, the common tangent (¢, r) is parallel to
the radical axis (¢lb, [br). Analogous statements hold for the common tangents of
the other pairs of adjacent main flanks.

Figure 19. Common tangents of main flanks

6. Generalized complexes

There is a figure, similar to the cyclic complex, resulting in another context.
Namely, when considering two arbitrary circlesh and two other circles, d tan-
gent to the first two. This is shown in Figure 20. The figure generates a complex of
guadrilaterals which | call generalized complex of the cyclic quadrilateral. There
are many similarities to the cyclic complex and one substantial difference, which
prepares us for the discussion in the next paragraph. The similarities are:

Figure 20. A complex similar to the cyclic one
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(1) The points of tangency of the four circles define a cyclic quadrilateral

(2) The centers of the circles form a circumscriptible quadrilateral with center at
the circumcenter of.

(3) There are defined flanks, created by the other intersection points of the sides of
g with the circles.

(4) Adjacent flanks are antihomothetic with homothety centers at the vertiges of

(5) The same parallelogramic patterns appear for circumcenters, anticenters and
barycenters.

Figure 21 depicts the parallelogrammic pattern for the circumcenters (in red)
and the anticenters (in blue). Thus, the properties of the complex, discussed so far,
could have been proved in this more general setting. The only difference is that the
central cyclic quadrilateraj is not similar, in general, to the flanks, created in this
way. In Figure 21, for example, the right cyclic-complex-flan&f ¢ has been also
constructed and it is different from the flank created by the general procedure.

Figure 21. Circumcenters and anticenters of the general complex

Having a cyclic quadrilateraj, one could use the above remarks to construct
infinite many generalized complexes (Figure 22) havjras theircentral quadri-
lateral. In fact, start with a point,f’ say, on the medial line of siddB of
g = ABCD. Join it to B, extendF'B and define its intersection poidt with
the medial ofBC'. JoinG with C' extend and define the intersection pakhitwith
the medial ofC'D. Finally, join H with D extend it and defind on the medial
line of sideD A. ¢ being cyclic, implies that there are four circles centered, corre-
spondingly, at point$”, G, H and/, tangent at the vertices @f hence defining the
configuration of the previous remark.

From our discussion so far, it is clear, that tyelic complex is a well defined
complex, uniquely distinguished between the various generalized complexes, by
the property of having its flanks similar to the original quadrilatetal

7. Theinverse problem

The inverse problem asks for the determination,afeparting from the big flank
q*. The answer is in the affirmative but, in general, it is not possible to construct
by elementary means. The following lemma deals with a completion of the figure
handled in lemma-1.
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Figure 22. The generalized setting

Figure 23. LinesXZY andUVW

Lemma 14. Referring to Figure 23, lines XZY and UVW are defined by the
intersection points of the opposite sides of main flanks of ¢. Line X*U* is defined
by the intersection points of the opposite sides of ¢*. The figure has the properties:
(1) Lines XZY and UVW are parallel and intersect line X*U* at points S, R
trisecting segment X*U™*.

(2) TrianglesYK X, ZCX,UCV,UAX,UIV aresimilar.

(3) AnglesVUD = CUX and ZX H = GXU.

(4) The bisectors of angles V/U7(, UXZ are respectively identical with those of
DUC,DXA.
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(5) The bisectors of the previous angles intersect orthogonaly and are parallel to
the bisectors X* M, U* M of angles VX*W and YU~ Z.

(1) is obvious, since lineEVIWV and X 7Y are diagonals of the parallelograms
XWXV andU*YUZ. (2) is also trivial since these triangles result from the
extension of sides of similar quadrilaterals, namghnd its main flanks. (3) and
(4) is a consequence of (2). The orthogonality of (5) is a general property of cyclic
guadrilaterals and the parallelity is due to the fact that the angles mentioned are
opposite in parallelograms.

The lemma suggests a solution of the inverse problem: Draw from pAirtis
two parallel lines, so that the parallelograldW XV andU*Y U Z, with their
sides intersections, createBC' D with the required properties. Next proposition
investigates a similar configuration for a general, not necessarily cyclic, quadran-
gle.

Figure 24. Inverse problem

Proposition 15. Referring to Figure 24, consider a quadrilateral ¢ = ABCD

and trisect the segmet QR, with end-points the intersections of opposite sides

of ¢*. From trisecting points U,V draw two arbitrary parallels UY, VX inter-
secting the sides of ¢* at W, T and S, X respectively. Define the parallelograms

QW ZT, RSY X and through their intersections and the intersections with ¢ de-
finethe central quadrilateral ¢ = EFNT anditsflanks FEHG, FPON, NMLI, IKJE
as shown.

(1) The central quadrilateral ¢ has angles equal to ¢*. The angles of the flanks are
complementary to those of ¢*.

(2) The flanks are always similar to each other, two adjacent being anti-homothetic
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with respect to their common vertex. (3) Thereis a particular direction of the par-
allels, for which the corresponding central quadrilateral ¢ has side-lengths-ratio
|[EF|/|[FN| = |ON|/|OP|.

In fact, (1) is trivial and (2) follows from (1) and an easy calculation of the ratios
of the sides of the flanks. To prove (3) consider pdintarying on sideBC of ¢'.
Define the two parallels and in particul&rX by joining V' to S. Thus, the two
parallels and the whole configuration, defined through them, becomes dependent
on the location of pointS on BC. For S varying on BC, a simple calculation
shows that point&’, Z vary on two hyperbolas (red), the hyperbola containihg
intersectingBC at pointA*. DrawV B* parallel toAB, B* being the intersection
point with BC'. As pointS moves fromA* towardsB* on segment* B*, point Z
moves on the hyperbola frort* to infinity and the cross ratio(.S) = f?—f;" : %
varies increasing continuously frofto infinity. Thus, by continuity it passes
throughl.

Proposition 16. Given acircular quadrilateral ¢ = A* B*C* D* thereis another
circular quadrilateral ¢ = ABC' D, whose cyclic complex has corresponding big
flank the given one.

The proof follows immediately by applying (3) of the previous proposition to
the given cyclic quadrilateraj*. In that case, the condition of the equality of ra-
tios implies that the constructed by the proposition central quadrilatésaimilar
to the main flanks. Thus the givghis identical with the big flank of as required.

Remarks. (1) Figure 24 and the related Proposition 14 deserve some comments.
First, they show a way to produce a complex out of any quadrilateral, not nec-
essary a cyclic one. In particular, condition (3) of the aforementioned proposi-
tion suggests a unified approach for general quadrilaterals that produces the cyclic
complex, when applied to cyclic quadrilaterals. The suggested procedure can
be carried out as follows (Figure 25): (a) Start from the given general quadri-
lateral ¢ = ABCD and construct the first flankkBF E using the restriction
|AE|/|EF| = |BC|/|AB| = k1. (b) Use appropriate anti-homotheties centered
at the vertices of to transplant the flank to the other sides;offhese are defined
inductively. More precisely, having flank-1, use the anti-homothiﬁyl%) to
construct flank-2BGHC'. Then repeat with analogous constructions for the two
remaining flanks. It is easy to see that this procedure, applied to a cyclic quadrilat-
eral, produces its cyclic complex, and this independently from the pair of adjacent
sides ofq, defining the ratiok;. For general quadrilaterals though the complex
depends on the initial choice of sides definiag Thus definings; = |DC|/|BC|
and starting with flank-2, constructed through the conditBty|/|GH| = k etc.
we land, in general, to another complex, different from the previous one. In other
words, the procedure has an element of arbitrariness, producing four complexes in
general, depending on which pair of adjacent sidegweé start it.

(2) The second remark is about the results of Proposition 8, on the centroids
or barycenters of the various flanks. They remain valid for the complexes defined
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Figure 25. Flanks in arbitrary quadrilaterals

through the previously described procedure. The proof though has to be modified
and given more generally, since circumcenters and anticenters are not available in
the general case. The figure below shows the barycenters for a general complex,
constructed with the procedure described in (1).

Figure 26. Barycenters for general complexes

An easy approach is to use vectors. Proposition-9, with some minor changes,
can also be carried over to the general case. | leave the details as an exercise.
(3) Although Proposition 15 gives an answer to the existence of a seoubf{q)
of a given cyclic quadrilateralg{), a more elementary constuction of it is desir-
able. Proposition-14, in combination with the first remark, shows that even general
guadrilaterals havsouls.
(4) One is tempted to look after the soul of a soul, or, stepping inversely, the com-
plex and corresponding big flank of the big flank etc.. Several questions arise in
this context, such as (a) are there repetitions or periodicity, producing something
similar to the original after a finite number of repetitions? (b) which are the limit
points, for the sequence of souls?
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| socubicswith Concurrent Normals

Bernard Gibert

Abstract. It is well known that the tangents at, B, C to a pivotal isocubic
concur. This paper studies the situation where the normals at the same points
concur. The case of non-pivotal isocubics is also considered.

1. Pivotal isocubics

Consider a pivotal isocubip/C = pK (2, P) with poleQ = p : ¢ : r and
pivot P, i.e, the locus of pointM such asP, M and itsQ—isoconjugateM* are
collinear. This has equation

ux(ry2 — qz2) + vy(pz:2 — ch) + wz(qx2 — py2) =0.

It is well known that the tangents at, B, C' and P to p/C, being respectively the
i — _ _ * . . 1
Ilnes—gy + %_z =0, %g_c —Yz= 0 —%x + gy =0, concur atP* = 2. 4.
We characterize the pivotal cubics whose normals at the verticds, C' concur
at a point. These normals are the lines

nA: (Sarv+ (Sa+ Sp)qw)y + (Saqw + (S¢ + Sa)rv)z =0,
nB : (Spru+ (Sa + Sp)pw)x + (Sppw + (S + Sc)ru)z = 0,
nC : (Scqu+ (Sc + Sa)pv)x + (Scpv + (S + Sc)qu)y = 0.

These three normals are concurrent if and only if
(pvw + quu + ruv)(aqru + b?rpv + pquw) = 0.

Let us denote by, the circumconic with perspectde, and by Lq the line
which is theQ—isoconjugate of the circumcirclé.These have barycentric equa-
tions

Cq: pyz + qzx + rxy =0,
and
2 b2 2
Lqg: a—x—i——y—i-c—z:O.
p q r

Publication Date: February 13, 2006. Communicating Editor: Paul Yiu.

IThe tangent aP, namelyu(rv® — qu?)z + v(pw? — ru?)y + w(qu® — pv?)z = 0, also passes
through the same point.

2This line is also the trilinear polar of the isotomic conjugate of the isogonal conjugéte of
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Theorem 1. The pivotal cubic pK(€2, P) has normals at A, B, C' concurrent if
and only if

(1) P lieson Cq, equivalently, P* lies on the line at infinity, or

(2) P lieson Lq, equivalently, P* lies on the circumcircle.

Figure 1. Theorem 1(1p/X with concurring normals

More precisely, in (1), the tangents &f B, C are parallel sincé* lies on the
line at infinity. Hence the normals are also parallel and “concuX a the line at
infinity. The cubicpK meetsCq at A, B, C, P and two other point€’;, E5 lying
on the polar line ofP* in Cq, i.e., the conjugate diameter of the lifeP* in Cq,.
Obviously, the normal aP is parallel to these three normals. See Figure 1.

In (2), P* lies on the circumcircle and the normals concuXatantipode ofP*
on the circumcircle pK passes through the (not always real) common padihts
Es of L and the circumcircle. These two points are isoconjugates. See Figure 2.

2. Theorthopolar

The tangentM at any non-singular poimt/ to any curve is the polar line (or
first polar) of M with respect to the curve and naturally the normaf at M is
the perpendicular at/ to tM. For any pointM not necessarily on the curve, we
define theorthopolar of M with respect to the curve as the perpendiculakfato
the polar line ofM.

In Theorem 1(1) above, we may ask whether there are other poini£ @uch
that the normal passes through We find that the locus of poir® such that the
orthopolar of() containsX is the union of the line at infinity and the circumconic
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Figure 2. Theorem 1(2p/X with concurring normals

passing throughP and P*, the isoconjugate of the lin® P*. Hence, there are no
other points on the cubic with normals passing throgh

In Theorem 1(2), the locus of poid such that the orthopolar @p containsX
is now a circum-cubi¢K') passing througtP* and therefore having six other (not
necessarily real) common points withC. Figure 3 show$/C( Xz, X503) where
four real normals are drawn from the Tarry poiXijs to the curve.

3. Non-pivotal isocubics

Lemma 2. Let M be a point and m its trilinear polar meeting the sidelines of
ABC at U, V, W. The perpendiculars at A, B, C to the lines AU, BV, CW
concur if and only if M lies on the Thomson cubic. The locus of the point of
concurrence is the Darboux cubic.

Let us now consider a non-pivotal isocubik with poleQ = p : ¢ : r and roct
P = w: v :w. This cubic has equation :

ux(ry® + q2%) + vy(pz® + rz?) + wz(qx® + py?) + kaxyz = 0.
Denote bynXy the corresponding cubic withoutz term,i.e.,
uz(ry? + q2%) + vy(p2® + ra?) + wz(qz® + py?) = 0.

3An nkC meets again the sidelines of triangdeBC at three collinear point&’, V', W lying on
the trilinear polar of the root.
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Figure 3. Theorem 1(2): Other normalspt

It can easily be seen that the tangets t B, tC do not depend ok and pass
through the feet’’, V/, W' of the trilinear polar ofP* 4. Hence it is enough to
take the cubiam/(y to study the normals &4, B, C.

Theorem 3. Thenormals of nky at A, B, C are concurrent if and only if
(1) Q2 lies on the pivotal isocubic pK; with pole Q; = a?u? : b*v? : 2w? and
pivot P, or
(2) P lies on the pivotal isocubic pK, with pole Qs = ’;—; : Z—z : 2—5 and pivot
Py=5: % 5.
p/Cy is thep/C with pivot the rootP of thenKy which is invariant in the isocon-
jugation which swaps® and the isogonal conjugate of the isotomic conjugate of
P.
By Lemma 2, it is clear thgi/Cs is the{2—isoconjugate of the Thomson cubic.
The following table gives a selection of such cubig¢s. Each line of the table
gives a selection af/(y (€2, X;) with concurring normals at, B, C.

4n other words, these tangents form a triangle perspectiveR6' whose perspector iB*. Its
vertices are the harmonic associate$6f
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|Cubic] @ || Q2 | P | X;onthe curve foi = |

K034 | X4 X X5 11,2,7,8,63, 75,92, 280, 347, 1895

K184 | X || X76 | X716 || 2, 69, 75, 76, 85, 264, 312

K099 | X3 || X304 | Xg9 || 2,3, 20, 63,69, 77,78, 271, 394

Xy || Xoos2 | Xoga || 2, 4,92, 253, 264, 273, 318, 342

Xo || Xsa6 | X312 || 2, 8,9, 78, 312, 318, 329, 346

Xos || Xogor | X4 || 4,6

K175 | X531 || X39 X1 || 1,6,

K346 | X39 || Xi501 | X6 || 6,25
1,8
1,7
2,7
2

, 6,19, 25, 33, 34, 64, 208, 393
19, 31, 48, 55, 56, 204, 221, 2192

, 31, 32,41, 184, 604, 2199

, 9,40, 55, 200, 219, 281

, 56, 57, 84, 222, 269, 278

57,77, 85, 189, 273, 279

1, 27, 58, 81, 86, 285, 1014, 1790
X7s || Xis02 | Xs61 || 75, 76, 304, 561, 1969

For example, all the isogonak, with concurring normals must have their root
on the Thomson cubic. Similarly, all the isotomi&’, with concurring normals
must have their root 0K 184 = pK(Xzg, X76).

Figure 4 shows Ky (X1, X75) with normals concurring ab. It is possible to
draw fromO six other (not necessarily all real) normals to the curve. The feet of
these normals lie on another circum-cubic labgl&d in the figure.

In the special case where the non-pivotal cubic is a singular eubiwith sin-
gularity ' and rootP, the normals ati, B, C' concur atF' if and only if F' lies on
the Darboux cubic. Furthermore, the locusidfwhose orthopolar passes through
F being also a nodal circumcubic with nodg there are two other points afiC
with normals passing through. In Figure 5,cKC has singularity aO and its root
is X394. The corresponding nodal cubic passes through the poinf§s, X973,
X13s4, X1617. The two other normals are labelléd? andOS.
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A Characterization of the Centroid Using
June L ester’s Shape Function

Mowaffaq Hajja and Margarita Spirova

Abstract. The notion of triangle shape is used to give another proof of the fact
that if P is a point inside triangled BC and if the cevian triangle aP is similar
to ABC in the natural order, theR is the centroid.

Identifying the Euclidean plane with the plane of complex numbers, we define
a (non-degenerate) triangle to be any ordered tiigleB, C') of distinct complex
numbers, and we write it ad BC' if no ambiguity may arise. According to this
definition, there are in general six different triangles having the same set of vertices.
We say that triangled BC and A’ B’C" aresimilar if

A= B|: |A"= Bl =B -C|:||B"=C'| = |C = Al : [|C" = A’

By the SAS similarity theorem and by the geometric interpretation of the quotient
of two complex numbers, this is equivalent to the requirement that

A-B A-p

A—C A -C

June A. Lester called the quantif%:—g the shape of triangle ABC' and she

studied properties and applications of this shape function in great detail in [4], [5],
and [6].

In this note, we use this shape function to prove th&ti$ a point inside triangle
ABC, and if AA’, BB’, andC'C’ are the cevians through, then trianglesA BC
and A’ B’C" are similar if and only ifP is the centroid ofABC. This has already
appeared as Theorem 7 in [1], where three different proofs are given, and as a
problem in the Problem Section of tMathematics Magazine [2]. A generalization
to d-simplices for alld is being considered in [3].

Our proof is an easy consequence of two lemmas that may prove useful in other
contexts.
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Lemma 1. Let ABC be a non-degenerate triangle, and let z, y, and z be real
numbers such that

(A~ B)? 4+ y(B—C)?+2(C— A)? =0. (1)
Theneither x =y =2z =0, 0r xy + yz + zz > 0.
Proof. LetS = ﬁ%g be the shape ol BC. Dividing (1) by (A — C)?, we obtain

(z +v)S? —2yS + (y + 2) = 0. 2)

Since ABC' is non-degeneratey is not real. Thus ift + y = 0, theny = 0 and
hencer = y = z = 0. Otherwisey + y # 0 and the discriminant

4 — Az +y)(y + 2) = —(zy + yz + 22)
of (2) is negativej.e, zy + yz + zz > 0, as desired. O

Lemma 2. Suppose that the cevians through an interior point P of a triangle
dividethesidesintheratiosu:1 —u,v:1—v,andw : 1 — w. Then

(i) wow < &, with equality if and only if u = v = w = 1, i.e, if and only if P is
the centroid.

(i) (u — %) (v — %) + (v — %) (w — %) + (w — %) (u — %) < 0, with equality if
andonlyifu=v=w= % i.e, if and only if P isthe centroid.

Proof. Letuvw = p. Then using the cevian conditienw = (1—u)(1—v)(1—w),
we see that

p = Vau(l —u)y/o(l —v)ywl - w)
ut+(l—u) v+ (1—-v) w+ (1 —w)
- 2 2 2
1
§7
with equality if and only ifu = 1, v = 1, andw = 3. This proves (i).
To prove (ii), note that

) (- (- D (- (-3

, by the AM-GM inequality

3
= (w+vw+wu) — (u+v+w) 2
= 2uvw g
becauseww = (1 — u)(1 — v)(1 —w). Now use (i). O

We now use Lemmas 1 and 2 and the shape function to prove the main result.

Theorem 3. Let AA’, BB’, and C'C’ be the cevians through an interior point P
of triangle ABC. Then triangles ABC and A B'C’ are similar if and only if P is
the centroid of ABC.
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Proof. One direction being trivial, we assume th#iB’C’ and ABC' are similar,
and we prove thaP is the centroid.

Suppose that the ceviankA’, BB’, andCC’ through P divide the sidesBC,
CA,andAB intheratiosu : 1 —u,v:1—wv,andw : 1 — w, respectively. Since
ABC and A’B’C’ are similar, it follows that they have equal shapes,

A-B A -PB
A-C A -C" ®)

Substituting the values
A'=(1—-u)B+uC, B'=(1-v)C+vA, ' =(1-w)A+wB
in (3) and simplifying, we obtain

(u—%) (A—B)2+<v—%> (B_C)2+<w—%> (C— A2 =0

By Lemma 1, eithew = v = w = % in which caseP is the centroid, or

u—l v—l + v—l w—1 + w—l u—1 >0
2 2 2 2 2 2 ’
in which case Lemma 2(ii) is contradicted. This completes the proof. O
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The Locationsof Triangle Centers

Christopher J. Bradley and Geoff C. Smith

Abstract. The orthocentroidal circle of a non-equilateral triangle has diameter
G H whered is the centroid and{ is the orthocenter. We show that the Fermat,
Gergonne and symmedian points are confined to, and range freely over the inte-
rior disk punctured at its center. The Mittenpunkt is also confined to and ranges
freely over another punctured disk, and the second Fermat point is confined to
and ranges freely over the exterior of the orthocentroidal circle. We also show
that the circumcenter, centroid and symmedian point determine the sides of the
reference triangle ABC.

1. Introduction

All results concern non-equilateral non-degenerate triangles. The orthocen-
troidal circle Sy has diametelG H, whereG is the centroid and{ is the or-
thocenter of triangledA BC'. Euler showed [3] thaD, G and determine the sides
a, b andc of triangle ABC'. HereO denotes the circumcenter afidhe incenter.
Later Guinand [4] showed thdtranges freely over the open digky (the inte-
rior of Sgfr) punctured at the nine-point centaf. This work involved showing
that certain cubic equations have real roots. Recently Smith [9] showed that both
results can be achieved in a straightforward way; thaan be anywhere in the
punctured disk follows from Poncelet’s porism, and a formulalfét means that
the position off in Dg enables one to write down a cubic polynomial which has
the side lengths, b andc as roots. As the triangld BC varies, the Euler line may
rotate and the distanad@H may change. In order to say thatanges freely over
all points of this punctured open disk, it is helpful to rescale by insisting that the
distanceG H is constant; this can be readily achieved by dividing by the distance
GH or OG as convenient. Itis also helpful to imagine that the Euler line is fixed.

In this paper we are able to prove similar results for the symmedign Fer-
mat (£") and Gergonne(t.) points, using the same didR; but punctured at its
midpoint J rather than at the nine-point centdr. We show thatQO, G and K
determinea, b andc. The Morleys [8] showed thap, G and the first Fermat point
F determine the reference triangle by using complex numbers. We are not able to
show thatO, G andG, determinea, b andc, but we conjecture that they do.

Sincel, G, S, and N, are collinear and spaced in the rafio 1 : 3 it follows
from Guinand’s theorem [4] that the Spieker center and Nagel point are confined

Publication Date: February 27, 2006. Communicating Editor: Paul Yiu.



58 C.J. Bradley and G. C. Smith

to, and range freely over, certain punctured open disks, and each in conjunction
with O and G determines the triangle’s sides. SinGg G and M are collinear

and spaced in the rati: 1 it follows that M ranges freely over the open disk on
diameterOG with its midpoint deleted. Thus we now know how each of the first
ten of Kimberling’s triangle centers [6] can vary with respect to the scaled Euler
line.

Additionally we observe that the orthocentroidal circle forms part of a coaxal
system of circles including the circumcircle, the nine-point circle and the polar
circle of the triangle. We give an areal descriptions of the orthocentroidal circle.
We show that the Feuerbach point must lie outside the cifglg, a result fore-
shadowed by a recent internet announcement. This result, together with assertions
that the symmedian and Gergonne points (and others) must lie in or outside the
orthocentroidal disk were made in what amount to research announcements on the
Yahoo message board Hyacinthos [5] on 27th and 29th November 2004 by M. R.
Stevanovic, though his results do not yet seem to be in published form. Our results
were found in March 2005 though we were unaware of Stevanovic's announcement
at the time.

The two Brocard points enjoy tH&rocard exclusion principlelf triangle ABC
is not isosceles, exactly one of the Brocard points Bty . If it is isosceles, then
both Brocard points lie on the circl&;y. This last result was also announced by
Stevanovic.

The fact that the (first) Fermat point must lie in the punctured disk was
established by ¥filly [10] who wrote. . .this suggests that the neighborhood of
the Euler line may harbor more secrets than was previously kndanoffer this
article as a verification of this remark.

We realize that some of the formulas in the subsequent analysis are a little daunt-
ing, and we have had recourse to the use of the computer algebra system DERIVE
from time to time. We have also empirically verified our geometric formulas by
testing them with the CABRI geometry package; when algebraic formulas and geo-
metric reality co-incide to 9 decimal places it gives confidence that the formulas are
correct. We recommend this technique to anyone with reason to doubt the algebra.

We suggest [1], [2] and [7] for general geometric background.

2. Theorthocentroidal disk

This is the interior of the circle on diametéfH and a pointX lies in the disk
ifand only if ZGX H > 5. It will lie on the boundary if and only iI¥GXH = 7.
These conditions may be combined to give

XG-XH<O0, 1)

with equality if and only ifX is on the boundary.

In what follows we initially use Cartesian vectors with origin at the circumcenter
O, with OA = x,0B =y, OC = z and, taking the circumcircle to have radius 1,
we have

x| =yl =lz[ =1 (2)
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and
at + b + ¢t —2a2 (V% + ) 3
202 ¢2 3)
with similar expressions for - x andx - y by cyclic change of;, b andc. This
follows fromcos 24 = 2cos? A — 1 and the cosine rule.
We takeX to have position vector

UX + vy + wz
U+v+w
so that the unnormalised areal co-ordinatexadre simply(u, v, w). Now
v+ w—2u), (w+u—20),(ut+v—2w))
U+ v+ w
not as areals, but as components inthg, z frame and
v+ w,w+ u,u+v)
u+v—+w ’
Multiplying by (u + v + w)? we find that condition (1) becomes

Y- Z=cos2A =

sxa - (

)

5d:

> {v+w—2u)(v+w)}

cyclic

+ Z[(w+u—2v)(u+v)—|—(w—l—u)(u—l—v—Qw)]y'zS0,

cyclic

where we have used (2). The sum is taken over cyclic changes. Next, simplifying
and using (3), we obtain

Z 2(u? 4 v? + w? — vw — wu — uw) (a®b?c?)
cyclic

+ 3 (W =0 —w? +ow)[a? (0’ + 5"+ *) — 20" (b7 + ).
cyclic

Dividing by (a+b+c¢)(b+c—a)(c+a—0b)(a+b—c) the condition thatX (u, v, w)
lies in the diskDg g is
(b + 2 — a®)u? + (¢ + a* — b*)v® + (a® +b* — A)w?

—a*vw — bwu — Euv < 0 4)

and the equation of the circular boundary is
Sern =0* + ¢ — a?)x?* + (A +a® — b?)y? + (a* + b* — 2)2?
—a*yz — b2z — Aoy = 0. 5)
The polar circle has equation
Sp=+ 2 —a)x? + (A +a® - )P+ (a®> +b* - P)2 =0.
The circumcircle has equation
Sc = a*yz 4+ b2z + Cay = 0.
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The nine-point circle has equation
Sy =(b? + ¢ —a®)x? + (2 +a® = V)y® + (a® +b* — *)2?
— 2a%yz — 20?2z — 222y = 0.

Evidently Sy — Sc = Sp and Sy + 2S¢ = Sp. We have established the
following result.

Theorem 1. The orthocentroidal circle forms part of a coaxal system of circles
including the circumcircle, the nine-point circle and the polar circle of the triangle.

It is possible to prove the next result by calculating thid < OG directly
(recall thatJ is the midpoint ofGH), but it is easier to use the equation of the
orthocentroidal circle.

Theorem 2. The symmedian point lies in the diBg .

Proof. Substitutingu = a?,v = b*,w = ¢? in the left hand side of equation (4)
we geta’b? + b*c® + cta? + bra? + b + a*c® — 3a2b*c? — a® — b5 — S and
this quantity is negative for all real b, c excepta = b = c. This follows from the
well known inequality for non-negativie m andn that

B+ m3+n®+ 3lmn > Zﬂm
sym

with equality if and only ifl = m = n. O

We offer a second proof. The lindK with areal equation’y = b%z meets
the circumcircle ofABC at D with co-ordinates —a?, 262, 2¢?), with similar ex-
pressions for point& and F' by cyclic change. The reflectiof of D in BC has
co-ordinatega?, b* + c? —a?, b? + c¢* — a?) with similar expressions foE’ andF”.
It is easy to verify that these points lie on the orthocentroidal disk by substituting
in (5) (the circle throughY, E’ and F” is the Hagge circle o).

Let d’, e andf’ denote the vector position®, E’ and F’ respectively. It is
clear that

s = (20% + 2¢® — a®)d' + (2¢% + 2a® — b*)e’ + (2a% + 20> — A)f’

but 26 + 2¢2 — a? = b? + ¢ + 2bccos A > (b — ¢)? > 0 and similar results

by cyclic change. Hence relative to triangléE’ F’ all three areal co-ordinates
of K are positive sd¥ is in the interior of triangleD E'F’ and hence inside its
circumcircle. We are done.

The incenter lies irDgy. SincelGN, are collinear andG : GN, =1 : 2 it
follows that Nagel's point is outside the disk. However, it is instructive to verify
these facts by substituting relevant areal co-ordinates into equation (5), and we
invite the interested reader to do so.

Theorem 3. One Brocard point lies iDgy and the other lies outsid&gyy, or
they both lie simultaneously oz (which happens if and only if the reference
triangle is isosceles)
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Proof. Let f(u,v,w) denote the left hand side of equation (4). One Brocard point
has unnormalised areal co-ordinates

(u,v,w) = (a®b?,b*c?, 2a?)
and the other has unnormalised areal co-ordinates
(p,q,7) = (@, b%a®, *b°),
but they have the same denominator when normalised. It followsfthaw, w)
and f(p, ¢, ) are proportional to the powers of the Brocard points with respect
to Sg i with the same constant of proportionality. If the sum of these powers is

zero we shall have established the result. This is precisely what happens when the
calculation is made. O

The fact that the Fermat point lies in the orthocentroidal disk was established
recently [10] by \érilly.

Theorem 4. Gergonne’s point lies in the orthocentroidal difk ;.

Proof. Putu = (c+a—b)(a+b—c¢),v =(a+b—c)b+c—a),w =
(b+ ¢ —a)(c+ a—b) and the left hand side of (5) becomes

—18a%0%c* + > (—a’(b+ ¢) + 4a’(b* — be + b?) — 6b°c® + 5a® (b*c + bc?)?)

cyclic
which we want to show is negative. This is not immediately recognisable as a
known inequality, but performing the usual trick of puttiag= m +n,b =n +1,

c =1+ mwherel,m,n > 0 we get the required inequality (after division by 8) to
be

2(m3n® +n?2 + Bm?) > Imn <Z m2n>
sym
where the final sum is over all possible permutationsiand n not all equal. Now
B(m3 4+ n3) > 13(m?n + mn?) and adding two similar inequalities we are done.
Equality holds if and only it: = b = ¢, which is excluded. O

3. Thedetermination of thetriangle sides.

3.1 The symmedian poiniVe will find a cubic polynomial which has root$, b2, ¢
given the positions of), G and K.

The idea is to express the formulas foi?, GK? and JK? in terms ofu =
a? + b2 + 2, 0% = a?b? + b2? + 2a? andw?® = a2 2.

We first note some equations which are the result of routine calculations.

16[ABC? = (a+b+c)(b+c—a)(c+a—Db)(a+b—rc)
= Z (2a%% — a*) = 4v* — u?
cyclic

Itis well known that the circumradiu® satisfies the equatioR = ;{7 so
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a?b?c? w?

T16[ABCT? (4% —u?)’

1
OG2 :W Z CL6 + 3@2b202 — <Z a4b2> R2
a C
u
9

R2

cyclic

7u3 + 9w? — 4uv? w?

9(4v? — u?) (4v2 — u?)
By areal calculations one may obtain the formulas

OK? :4R2 chclic (a4 B a2b2) _ 4w? (UQ - 37}2)

(a® + b2 + ?)? o u2(4v? —u?)
K — (chchc 3a4(b2 + 02)> — 15a2b2c2 — (chchc a6> B 6uv? — ud — 27w
N (a® + b2 + ?)? B 9u? ’
JK? —0c2 [1— 48[ABC? A 4 9w — duv?) (u? — 30?)
B (a2+02+c2)2) 9u?(4v? — u?) '

The full details of the last calculation will be given when justifying (14).
Note that

OK? o Qw3
JK?2  (ud + w3 — 4uv?)
or
JK? 1 u(4v? — u?)
OK? ows
We simplify expressions by putting = p, 4v* — u* = ¢ andw® = r. We have
ocg2="_7P° ©)
qg 9
Nowu? — 302 = —3(40? — u?) + Ju? = —3q + }p? so
1,2 3 2
P~ — 1
OK? = 4,13 ; 19) _ (» 2361)7" f_3_72”:r(__%> -
p’q p*q q p q p

2 2 _ 3( 4.2 2 1,2 _ 3¢ | p?
Also 6v° — u —5(421 —u)—|—§u =F+ 5

3q/2 + p%/2) — 27r P g 3r
GKQ:p( == 4+ 4 = 8
9p? 18+6p p? ®
OK? g
JK2 o ©)

We now have four quantities that are homogeneous of degreeZlthand 2.
These are, q/p,/q,7/p* = z,vy, 2, s respectively, wheres = r/p = yz. We
have (6)0OG? = z — 2/9, (7) OK? = z — 35, (8) GK? = x + 6y — 3s and

9) 957 =1 — 2/(92) or 920K? = (92 — 2)JK2. Now u,v andw are known
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unambiguously and hence the equations determfifté andc? and therefores, b
andec.

3.2 The Fermat pointWe assume tha?, G and the (first) Fermat point are given.
ThenF determines and is determined by the second Fermat pogimce they are
inverse inSg . In pages 206-208 [8] the Morleys show tliatG and F' determine
triangle ABC' using complex numbers.

4. Filling thedisk

Following [9], we fix R and r, and consider the configuration of Poncelet’'s
porism for triangles. This diagram contains a fixed circumcircle, a fixed incir-
cle, and a variable triangld BC' which has the given circumcircle and incircle.
Moving point A towards the original poinB by sliding it round the circumcircle
takes us continuously through a family of triangles which are pairwise not directly
similar (by angle and orientation considerations) udtiteaches the originaB,
when the starting triangle is recovered, save that its vertices have been relabelled.
Moving through triangles by sliding to B in this fashion we call #oncelet cycle

We will show shortly that forX the Fermat, Gergonne or symmedian point,
passage through a Poncelet cycle takesound a closed path arbitrarily close
to the boundary of the orthocentroidal disk scaled to have constant diameter. By
choosing the neighbourhood of the boundary sufficiently small, it follows xhat
has winding number 1 (with suitable orientation) with respeci/ tas we move
through a Poncelet cycle.

We will show that when- approaches?/2 (as we approach the equilateral con-
figuration) a Poncelet cycle will keel arbitrarily close to, but never reaching,
in the scaled orthocentroidal disk. Moving the ratjaR from close to O to close to
1/2 induces a homotopy between the ‘large’ and ‘small’ closed paths. So the small
path also has winding number 1 with respect/tdOne might think it obvious that
every point in the scaled punctured disk must arise as a possiblea closed path
intermediate between a path sufficiently close to the edge and a path sufficiently
close to the deletion. There are technical difficulties for those who seek them,
since we have not eliminated the possibility of exotic paths. However, a rigorous
argument is available via complex analysis. Embed the scaled disk in the complex
plane. Lety be an anticlockwise path (i.e. winding numbgt) near the bound-
ary andj be an anticlockwise path (winding number also 1) close to the puncture.
Suppose (for contradiction) that the complex numbeepresents a point between
the wide pathy and the tight patld which is not a possible location fox.

The function defined by/(z — z) is meromorphic irDgx and is analytic save
for a simple pole aty. However by our hypothesis we have a homotopy of paths
from ~ to § which does not involvey being on an intermediate path. Therefore

1 dz 1 dz

1= —

= =0.
211

z—2y 2mi 5% — 20

v
Thus1 = 0 and we have the required contradiction.
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5. Closetotheedge

The areal coordinates of the incenter and the symmedian point of triziigde
are(a, b, c) and(a?,b?, ¢?) respectively. We consider the mean square distance of
the vertex set to itself, weighted once by, b, c) and once by(#, b2, c?). Note
thata,b,c > 0 s00?, 0% > 0. The GPAT [9] asserts that

abc  ab—+ bc+ ca

2 2 2
KI =9 < 4Rr.
TRk bt E S

It follows thatST < 2v/Rr-.

In what follows we fixR and investigate what we can achieve by choosinhg
be sufficiently small.

Sincel lies in the critical disk we hav®H > OI so

OH? > OI° = R?> — 2Rr.

By choosingr < R/8 say, we forcedG.J? = OH? > 3R?/4 s0GJ > R\/3/6.
Now we have

Kl _ 2R for
GJ ~ RV3/6 R

For anye > 0, there isK; > 0 so that if0 < r < Kj, then% < 5. Observe that
we are dividing byGJ to scale the orthocentroidal disk so that it has fixed radius.
Recall that a passage round a Poncelet cycle induces a pathrfahe scaled

critical disk which is a circle of Apollonius with defining pointsand N with ratio

IO :IN =2 %. It is clear from the theory of Apollonius circles that there is

Ky >0 suchthatifo < r < K, thenl — 22 < /2.
Now choosingr such thad < r < min{R/8, K;, K2} we have
1J ¢

andSI/GJ < § so by the triangle inequality

1J KJ ¢
a1 Sar 2
Adding equations (11) and (12) and rearranging we deduce that
1 KJ
€< ik
This shows that for sufficiently small the path ofK in the scaled critical disk
(as the triangle moves through a Poncelet cycle) will be confined to a region at
moste from the boundary. Moreover, assuming that 1 the winding number of
K aboutJ will increase byl, because that it is what happens/t@and.J moves in
proximity to I.
A similar result holds for the Gergonne poiif. This is the intersection of the
Cevians joining triangle vertices to the opposite contact point of the incircle. The
Gergonne point must therefore be inside the incircle.

(10)

(12)
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As before we consider the case thais fixed. NowG,I < r. We proceed as
in the argument for the symmedian point. We get a new version of equation (10)
which is
G I r 27“\/_
R\/_ 3/6 R
For anye > 0, there is a possnbly newk; > 0 so that if0 < r < Ki, then
%JI < 5. The rest of the argument proceeds unchanged.

(13)

6. Near the orthocentroidal center
6.1 The symmedian pointor the purposes of the following calculation only, we
will normalize so thatR = 1. We have
OF — a’x + b’y + c’z
a? + b2 + 2

SO

KJ Z 2 X — chclic(2b2 + 202 - a2)x
o a2+ b2+ 2 3(a? + b2+ 2)
=lx + my +nz
wherel, m andn can be read off.
We have

PVPEKT? = [P+ m? +n?+ Z 2mny - z
cyclic
=+ m® + n*)(@®0°?) + > mn(a®(a* +b* + ) — 22} (0* + )
cyclic
B 4P
T 9(a? 4% + 2)?

where
Py = Z a'® — 243 (b? + ) + aS(b? + 403 + ) — 3a'biE.
cyclic

Now

1
OG? = YTEN) Z a® | + 30 — (Z a4b2)>
a

cyclic sym

so we defing)g by
Qs

2 _
06" = 9a2b2c?’
We haveda?b?c>0G? = Qg and
4Py

90°V° K = ———s
“ve (a? + 1% + ¢2)?
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so that
0G?  Qg(a® + b+ ?)?
KJ?z 4Py '
Now a computer algebra (DERIVE) aided calculation reveals that

Qﬁ(CLQ + b2 + 02) — 4Py

3atb—c)b+c—a)cta—b)atb+c) = s
It follows that ) )
KJ?> _ | 48[ABCP? (14)
OG? (a? + b2 + ¢2)?

Our convenient simplification thak = 1 can now be dropped, since the ratio on
the left hand side of (14) is dimensionless. As the triangle approaches the equilat-
eral, KJ/OG approaches 0. Therefore in the orthocentroidal disk scaled to have
diameter 1, the symmedian point approaches the candéthe circle.

6.2 The Gergonne pointFix the circumcircle of a variable triangld BC. We
consider that the case thaaipproaches?/2, so the triangled BC approaches (but
does not reach) the equilateral. Drop a perpendicldato BC'.

A

Figure 1

Let AD meetlIH at X4. TrianglesI DX, and HAX 4 are similar. Whenr
approaches?/2, H approache®) so H A approache®©) A = R. It follows that
IX 4 : X4H approaches : 2. Similar results hold for corresponding pointg
andX¢.

If we rescale so that point9, G and H are fixed, the points(4, Xp and X¢
all converge to a poinK on I H such thaf X : XH = 1 : 2. Consider the three
raysAX 4, BXp andC X< which meet at the Gergonne point of the triangle. As
ABC approaches the equilateral, these three rays become more and more like the
diagonals of a regular hexagon. In particular, if the poilis X and X arise
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Figure 2

(without loss of generality) in that order on the directed lirfé, then/ X4 G. X
is approachin@ /3, and so we may take this angle to be obtuse. Therefpie
inside the circle on diametef, X . Thus in the scaled diagra6) approaches(,
but I approachedv, soG, approaches the pointwhich dividesN H internally in
the ratiol : 2. ThusG, converges ta/, the center of the orthocentroidal circle.

Thus the symmedian and Gergonne points are confined to the orthocentroidal
disk, make tight loops around its centér as well as wide passages arbitrarily
near its boundary (as moons Bf Neither of them can be att for non-equilateral
triangles (an easy exercise). By continuity we have proved the following result.

Theorem 5. Each of the Gergonne and symmedian points are confined to, and
range freely over the orthocentroidal disk punctured at its center.

6.3 The Fermat point.An analysis of areal co-ordinates reveals that the Fermat
point F' lies on the lineJ K between/ and K, and

JF  a®+ b+
FK  43[ABC]

From this it follows that as we approach the equilateral limiitapproaches the
midpoint of JK. However we have shown thdl approaches/ in the scaled
diagram, saf’ approachey.

As r approache$ with R fixed, the aredA BC] approaches$, so in the scaled
diagramF' can be made arbitrarily close # (uniformly). It follows thatF' per-
forms closed paths arbitrarily close to the boundary.

(15)
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Here is an outline of the areal algebra. The first normalized areal co-ordinate of
His
(? +a? —b?)(a® + b — ?)
2b2¢2 + 2c¢2a? + 2a2b% — a* — bt — A
and the other co-ordinates are obtained by cyclic changes. We suppress this remark
in the rest of our explanation. Sinckis the midpoint ofGH the first areal co-
ordinate ofJ is

at — 2b* — 2¢* + b2 + *a® + a®c?
a+b+c)b+c—a)lc+a—Db)la+b—c)
One can now calculate the areal equation of the Jinéas

Z (b — ) (a® = b* —be— ) (a® —b* +bc— )z =0
cyclic
To calculate the areal co-ordinates Bfwe first assume that the reference tri-
angle has each angle less tRat/3. In this case the rayd F, BFF andC'F' meet
at equal angles, and one can use trigonometry to obtain a formula for the areal co-
ordinates which, when expressed in terms of the reference triangle sides, turns out
to be correct for arbitrary triangles. One can either invoke the charlgpaimsi-
ple of permanence of algebraic foyrar analyze what happens when a reference
angle exceed8r/3. In the latter event, the trigonometry involves a sign change
dependent on the region in whidhlies, but the final formula for the co-ordinates
remains unchanged. In such a case, of course, not all of the areal co-ordinates are
positive.
The unnormalized first areal co-ordinatefoturns out to be

8v3a [ABC] + 2a* — 4b* — 4c* + 2a20% + 202 + 8b22.

The first areal componet{, of K is

a2

PR
and the first componenk, of J is
at — 2b% — 2¢* + a?b? + a?c? + 4b3 P
48[ABC? '
Hence the first co-ordinate df is proportional to
8V3K,[ABC](a® + b + ¢*) + 96.J,[ABC)?.

This is linear inJ, and K, and the other co-ordinates are obtained by cyclic
change. It follows that/, F', K are collinear (as is well known) but also that by the
section theorem/F'/ F K is given by (15).

The Fermat point cannot be &tin a non-equilateral triangle because the second
Fermat point is inverse to the first in the orthocentroidal circle.

We have therefore established the following result.

Theorem 6. Fermat's point is confined to, and ranges freely over the orthocen-
troidal disk punctured at its center and the second Fermat point ranges freely over
the region external t&q .
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7. The Feuerbach point
Let F,, denote the Feuerbach point.
Theorem 7. The pointF; is always outside the orthocentroidal circle.
Proof. Let J be the center of the orthocentroidal circle, aNdbe its nine-point
center. In [9] it was established that

2r

IJ* = OG* 5 (R —2r).

We havelN = R/2 —r, [F, = randJN = OG/2. We may apply Stewart’s
theorem to triangle/ F, N with CevianJ I to obtain

2R —r rR
F? = =) - = 1
JE =04 (2R—4r> 6 (16)
This leaves the issue in doubt so we press on.
3r rR
2 — 2 2 _
JE? = 0G? + 0G (QR_M) !
Now I must lie in the orthocentroidal disk 96)/3 < OG and therefore
3rR(R—2r) rR
F2 2 oriwnv— ) v 2
JF; > OG* + 1SR —2r) 5 oG
O

Corollary 8. The positions off and F; reveal that the interior of the incircle
intersects bottDgsy and the region external 6o non-trivially.

AcknowledgementdiVe thank J. F. Toland for an illuminating conversation about
the use of complex analysis in homotopy arguments.
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The L ocations of the Brocard Points

Christopher J. Bradley and Geoff C. Smith

Abstract. We fix and scale to constant size the orthocentroidal disk of a variable
non-equilateral trianglel BC'. We show that the set of points of the plane which
can be either type of Brocard point consists of the interior of the orthocentroidal
disk. We give the locus of points which can arise as a Brocard point of specified
type, and describe this region and its boundary in polar terms. We show that
ABC' is determined by the locations of the circumcenter, the centroid and the
Brocard points. In some circumstances the location of one Brocard point will
suffice.

1. Introduction

For geometric background we refer the reader to [1], [3] and [4]. In [2] and [5]
we demonstrated that scaling the orthocentroidal circle (on diara&tBrto have
fixed diameter and studying where other major triangle centers can lie relative to
this circle is a fruitful exercise. We now address the Brocard points. We consider
non-equilateral trianglegsl BC. We will have occasion to use polar co-ordinates
with origin the circumcente®. We use the Euler line as the reference ray, with
OG of length 1. We will describe points, curves and regions by means of polar co-
ordinates(r, #). To fix ideas, the equation of the orthocentroidal circle with center
J = (2,0) and radius 1 is

r? —4rcosf + 3 = 0. QD
This circle is enclosed by the curve defined by
r? —2r(cosf +1) +3 = 0. 2

Let I'; denote the region enclosed by the closed curve defined by (2) fer0

and (1) for@ < 0. Include the boundary when using (2) but exclude it when using
(1). Delete the unique poiri in the interior which render&'J Z equilateral. (See
Figure 1). Letl's be the reflection of'; in the Euler line. Lef" = I'y UT; so

I" consists of the set of points inside or ) for any 6, save thatz and H are
removed from the boundary and two points are deleted from the interior (the points
Z such thatG.J Z is equilateral). It is easy to verify that if the poirtg3, £ /6)

are restored t@', then it becomes convex, as do eacl'o&ndI’; if their deleted
points are filled in.

2. Themain theorem

Theorem. (a) One Brocard point ranges freely over, and is confined to, I3, and
the other ranges freely over, and is confined to, I5.
(b) The set of points which can be occupied by a Brocard point isT'.

Publication Date: February 28, 2006. Communicating Editor: Paul Yiu.
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Figure 1

(c) The points which can be inhabited by either Brocard point form the open or-
thocentroidal disk.

(d) The data consisting of O, GG and one of the following items determines the
sides of triangle ABC' and which of the (generically) two possible orientations it
has.

(1) thelocations of the Brocard points without specifying which iswhich;

(2) thelocation of one Brocard point of specified type provided that it liesin the
orthocentroidal disk;

(3) the location of one Brocard point of unspecified type outside the closed
orthocentroidal disk together with the information that the other Brocard point lies
on the same side or the other side of the Euler line;

(4) the location of a Brocard point of unspecified type on the orthocentroidal
circle.

Proof. First we gather some useful information. In [2] we established that
2 2
JK* 1 48[ABC]| 3)
OG? (a2 +b% 4 ¢?)?
where[ABC| denotes the area of this triangle. It is well known [6] that

(a2 + b2+ 02)

= 4
cot w H[ABC] 4)
SO )
JK* 9

The sum of the powers d? and (Y with respect to the orthocentroidal circle
(with diameterGH) is 0. This result can be obtained by substituting the areal
co-ordinates of these points into the areal equation of this circle [2].

JO? + J0? = 20G>. (6)
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We can immediately conclude théf), 7Y < OGv/?2.

Now start to address the loci of the Brocard points. Observe that if we specify the
locations ofO, G and the symmedian poiif (at a point within the orthocentroidal
circle), then a triangle exists which gives rise to this configuration and its sides are
determined [2]. In the subsequent discussion the pa@hend G will be fixed,
and we will be able to conjure up trianglesBC with convenient properties by
specifying the location of<. The anglex is just the directed anglg KOG andw
can be read off frod K?/OG? = 1 — 3tan w?.

We work with a non-equilateral trianglé BC'. We adopt the convention, which
seems to have majority support, that when standin@ ahd viewingk, the point
Q is diagonally to the left an€l diagonally to the right.

The Brocard or seven-point circle has diamebdt’ whereK is the symmedian
point, and the Brocard points are on this circle, and are mutual refections in the
Brocard axisO K. It is well known that the Brocard angle manifests itself as

w=/LKOQ = /KO (7)

As the non-equilateral trianglé BC varies, we scale distances so that the length
OG is 1 and we rotate as necessary so that the referena@@agoints in a fixed
direction. Now letK be at an arbitrary point of the orthocentroidal disk with
deleted. Le/ KOJ = «, s0ZJOSY = w — a. Viewed as a directed angle the
argument oft” in polar terms would b&/Y0.J = a — w.

The positions of the Brocard points are determined by (5), (7) and the fact that
they are on the Brocard circle. Let= O$2 = OfY. By the cosine rule

JO? =4+ 1% — 4rcos(w + a) (8)
and
JOU? =4+ 72 — 4rcos(w — ) 9)
Now add equations (8) and (9) and use (6) so that
20G? = 8 + 212 — 8r cos w cos a.
Recalling that the lengt®G is 1 we obtain
r? —4rcoswcosa + 3 = 0. (20)

We focus on the Brocard poifit with polar co-ordinate$r, o« + w). The other
Brocard point?’ has co-ordinate&-, « — w), but reflection symmetry in the Euler
line means that we need not study the region inhabitef! lsgparately.

Consider the possible locations Qffor a specifiedy + w. From (10) we see
that its distance from the origin ranges over the interval

2 coswcosa + v/4cos?wcos? a — 3.
This can be written
cos(a + w) + cos(a — w) £ /((cos(a + w) + cos(a — w))2 — 3. (11)

Next suppose that > 0. This expression (11) is maximized when= w and
we use the plus sign. Since the product of the roo8s i8e see that the minimum
distance also occurs when= w and we use the minus sign.
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Letd = ZQOG for Q on the boundary of the region under discussiond se
w+a = 2a = 2w. Thus locus of the boundary whén> 0 is given by (10). Using
standard trigonometric relations this transforms to

r? —2r(cos@+1)+3=0

for ¢ > 0. This is equation (2). Note that it follows th&X is on the boundary
precisely wherf? is on the Euler line because the argumenflof o — w.

Next suppose that = 0. Note thatK cannot occupy . WhenK is on the Euler
line (so ABC' is isosceles) equation (10) ensures thdts on the orthocentroidal
circle. Also0 < w < 7/6. Thus the pointg1,0), (v/3,7/6) and(3,0) do not
arise as possible locations far The endpoints of th&’H interval are on the edge
of our region. The more interesting exclusion is thatds, 7/6). We say that this
is aforbidden point of ).

Now suppose thatv < 0. This time equation (11) tells another story. The
expression is maximized (and minimized as before) whea 0 which is illegal.
In this region the boundary is not attained, and the pfirftee to range on the
axis side of the curve defined by

r? —drcosf®+3=0

for # = a < 0. Notice that this is the equation of the boundary of the orthocen-
troidal circle (1). The reflection of this last curve gives the unattained boundary of
Q' whenf > 0, but it is easy to check that — 2(cos + 1)r + 3 = 0 encloses the
relevant orthocentroidal semicircle and so is the envelope of the places which may
be occupied by at least one Brocard point.

Moreover, our construction ensures that every poiti iarises a possible loca-
tion for (2.

We have proved (a). Then (b) follows by symmetry, and (c) is a formality.

Finally we address (d). Suppose that we are giet’ and a Brocard poink .
Brocard points come in two flavours. X is outside the open orthocentroidal disk
on the sided > 0, then the Brocard point must & and if6 < 0, then it must
be(Y. If X is in the disk, we need to be told which it is. Suppose without loss
of generality we know the Brocard pointis We know.J<2 so from (6) we know
JQ'. We also knowOQY = O, so by intersecting two circles we determine two
candidates for the location 6f. Now, if 2 is outside the closed orthocentroidal
disk then the two candidates for the locationtbfare both inside the open ortho-
centroidal disk and we are stuck unless we know on which side of the Euler line
) can be found. If2 is on the orthocentroidal circle thehBC is isosceles and
the position of(Y is known. IfQ is in the open orthocentroidal disk then only one
of the two candidate positions fé¥ lies inside the set of points over whi¢h
may range so the location 6f is determined. Now the Brocard circle atdare
determined, so the antipodal poiitto O is known. However, in [2] we showed
that the triangle sides and its orientation may be recovered ot and K. We
are done. O

In Figure 2, we illustrate the loci of the Brocard points for triangles with various
Brocard angles,. These are enveloped by the curve (2). The redios shaded.
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Figure 2

3. A qualitative description

We present an informal and loose qualitative description of the movements of
Q and(Y as we steef around the orthocentroidal disk. First considémearG,
with small positive argument. Both Brocard points are clos&’td? just outside
and( just inside orthocentroidal circle. Now Ié&f make one orbit, starting with
positive arguments, just inside the circle. All the timestays small, and the two
Brocard points nestle close f in roughly the same configuration unfil passes
H at which point the Brocard points change rol€sdives inside the circle and
Q2 moves outside. Though their paths cross, the Brocard points do not actually
meet of course. For the second half of the passagk @ist inside the circle it
is © which is just inside the circle an@ which is just outside. When reaching
the Euler line neaf, the Brocard points park symmetrically on the circle with
having positive argument.

Now moveK along the Euler line towards; the Brocard points move round the
circle, mutual reflections in the Euler line afdhas positive argument. Triangle
ABC isisosceles. A% approached each Brocard point approaches its forbidden
point. Let K make a small swerve round to rejoin the Euler line on the other
side. Suppose that the swerve is on the 8ide0. In this casd? swerves round its
forbidden point outside the circle, afii swerves inside, both points rejoining the
circle almost immediately. Nouk sails along the Euler line and the three points
come close again together Asapproachedy.

Next let K be at an arbitrary legal position on the Euler line. We@X and
increase the argument &f. Both Brocard points also move in the same general
direction; Q2 leaves the orthocentroidal disk and heads towards the boundary, and
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Q' chaseds. WhenK reaches a certain critical poirf?,reaches the boundary and
at the same instanf) crosses the Euler line. NoW keeps moving toward€
followed by 7, but 2 reverses direction and plunges back towakdsThe three
points come close together &Sapproaches the unattainable circle boundary. The
process will unwrap a& reverses direction until it arrives back on the Euler line.

Another interesting tour whicli can take is to move with positive arguments
and starting neat along the path defined by the following equation:

r? —4rcosf 4+ 3+ 3tan6 =0 (22)

This is the path of critical values which h&moving on the boundary df; and
Q' on the Euler line. NowsSQ'O is a right angle so in this particular sweep the
position of (Y is the perpendicular projection on the Euler line of the position of
K. We derive (12) as follows. Take (2) and expréss terms off /2 and multiply
through bysec? §. Now OK = r sec §. Relabel by replacing sec § by r and then
replacing the remaining occurencegdl’)y 0.

A final journey of note forK is obtained by fixing the Brocard angle Then
K is free to range over a circle with centérand radiusk'J where K. = 1 —
3tan?w because of (3). The direct similarity type of triangl@g2 andOK X
will not change, s@ and{Y will each move round circles. A& takes this circular
tour through the moduli space of directed similarity types of triangle, we make
the same journey through triangles as when a triangle vertex takes a trip round a
Neuberg circle.

4. Discussion

We can obtain an areal equation of the boundary' afsing the fact that one
Brocard point is on the boundary Bfexactly when the other is on the Euler line.
The description is therefore the union of two curves, but the pdéinasid H must
be removed by special fiat.

The equation of the Euler line is

(42 —a®) (b2 =)z + (P +a> =) (P —a)y+(a®>+b* =) ((a* —c*)z = 0.
The Brocard pointa®b?, b>c?, c2a?) lies on the Euler line if and only if

ac® + 0802 + F? = a*v* + bt + tat.
The locus of the other Brocard point= a?,y = a?b?, z = b?c? is then given
by

23y P22 4 B = yz(2® 4 9 + ).
To get the other half of the boundary we must exchange the rol@saoid(} and
this yields

2322 P2 4 23y = xyz(a® 4y + 22)
so the locus is a quintic in areal co-ordinates.

Equation (10) exhibits an intriguing symmetry betweer- /KOG andw =

ZQ0S which we will now explain. Suppose that we are given the localion

of a Brocard point within the orthocentroidal circle, but not the information as to
whether the Brocard point i3 or €7 If this Brocard point i<, we call the location
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of the other Brocard poirf2; and the corresponding symmedian pdiit On the
other hand if the Brocard point &t is ¥ we call the location of the other Brocard
point 2, and the corresponding symmedian pait Let the respective Brocard
angles bev; andws.

We have two Brocard circles, sOK>,Y O = ZK1YO = 7/2 and therefor&”
lies on the line segmenit; K. Using equation (6) we conclude that the lengths
JQp and JQs are equal. AlsaD); = OY = OfQs. Therefore?; and (), are
mutual reflections in the Euler line. Now

ZQQOQl == ZQQOG + ZGOQl == 2(4)1 + 2&)2.

However, the Euler line is the bisector 8, 0G so /K> 0OG = wy andZGOK, =
wy. Thus in the &, " description of()% which follows from equation (10), we
havew = w, anda = w;. However, exchanging the roles of left and right in the
whole discussion (the way in which we have discriminated between the first and
second Brocard points), the resulting descriptiorf2pfvould havew = w; and
« = wo. The symmetry in (10) is explained.

There are a pair of triangles determines by by the quadruple

(07 G’ Q? Q/)

using the value$O, G,<%,Y) and (O, G,Y, Q) which are linked via their com-

mon Brocard point in the orthocentroidal disk. We anticipate that there may be
interesting geometrical relationships between these pairs of non-isosceles trian-
gles.
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Archimedean Adventures

Floor van Lamoen

Abstract. We explore the arbelos to find more Archimedean circles and sev-
eral infinite families of Archimedean circles. To define these families we study
another shape introduced by Archimedes,sddénon.

1. Preliminaries

We consider an arbelos, consisting of three semicir({as, (O2) and (0O),
having radiiry, 7o andr = r1 + r9, mutually tangent in the pointd, B andC' as
shown in Figure 1 below.

A O, C o’ o O2 B
Figure 1. The arbelos with its Archimedean circles

It is well known that Archimedes has shown that the circles tangeriOto

(O1) andC'D and to(O), (O2) andC' D respectively are congruent. Their radius is
ra = 2. SeeFigure 1. Thanksto[1, 2, 3] we know that these Archimedean twins
are not only twins, but that there are many more Archimedean circles to be found
in surprisingly beautiful ways. In their overview [4] Dodge et al have expanded
the collection of Archimedean circles to huge proportions, 29 individual circles
and an infinite family of Woo circles with centers on the Schoch line. Okumura
and Watanabe [6] have added a family to the collection, which all pass through

O, and have given new characterizations of the circles of Schoch and'\Reo.

cently Power has added four Archimedean circles in a short note [7]. In this paper

Publication Date: March, 2006. Communicating Editor: Paul Yiu.

1The circles of Schoch and Woo often make use of tangent lines. The use of tangent lines in the
arbelos, being a curvilinear triangle, may seem surprising, its relevance is immediately apparent when

we realize that the common tangent(6#.), (Oz), (O') andC(2r4) (€ in [6]) and the common
tangent of(O), (W>1) and the incirclgO3) of the arbelos meet 0AB.
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we introduce some new Archimedean circles and some in infinite families. The
Archimedean circle§lV,,) are those appearing in [4]. New ones are lab¢led).
We adopt the following notations.

P(r) circle with centerP and radiug
P(Q) circle with centerP and passing throug®
circle with centerP and radius clear from context
) circle with diameterPQ
R) circle throughP, Q, R

In the context of arbeloi, these are often interpreted as semicircles. Thus, an
arbelos consists of three semicirclgd,) = (AC), (02) = (CB), and(0O) =
(AB) on the same side of the linéB, of radiir, 7o, andr = r;+re. The common
tangent at’ to (O;) and(Oz) meets(O) in D. We shall call the semicirclg)') =
(O102) (on the same side of B) the midway semicircle of the arbelos.

It is convenient to introduce a cartesian coordinate system, @its origin.
Here are the coordinates of some basic points associated with the arbelos.

A (=(r1+12),0) B (r1 +19,0) C (ry — r,0)
01 (—7“2,0) 02 (7“1,0)

M (=rg, 1) M (rq, 72) M (0,71 +72)
O (5] (A

D (7“1 —T9, 2\/?”17“2) ) (?”1 — Ta, \/7“1?”2)

2. New Archimedean circles

2.1 (K;) and (K32). The Archimedean circléls) hasC' as its center and is tan-
gent to the tangent9; K, andOy K to (O) and(O,) respectively. By symmetry
itis easy to find from these the Archimedean cirdl&$) and(K>) tangent taC' D,
see Figure 2. A second characterization of the poijteind K5, clearly equiv-
alent, is that these are the points of intersectioi@f and (O2) with (O’). We
note that the tangent td(C') at the point of intersection od(C'), (W) and(O)
passes throughs, and is also tangent td<; ). A similar statement is true for the
tangent taB(C) at its intersection witt{i¥14) and(O).

To prove the correctness, [&tbe the perpendicular foot df; on AB. Then,

making use of the right triangl®, O, K, we find 01T = rlfm and thus the
radius of(K7) is equal toO,C — O1T = r4. By symmetry the radius ofK>)
equalsry as well.

The circles(K;) and (K>) are closely related toiW,3) and (1W14), which are
found by intersectingd (C') and B(C') with (O) and then taking the smallest circles
through the respective points of intersection tangert®'fa. The relation is clear
when we realize thati(C), B(C') and (O) can be found by a homothety with
centerC, factor 2 applied tqO; ), (O2) and(O’).
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Figure 2. The Archimedean circl¢&;) and(K>2)

2.2 (K3). In private correspondence [10] aboik;) and (K3), Paul Yiu has
noted that the circle with center @D tangent to(O) and(O) is Archimedean.
Indeed, ifz is the radius of this circle, then we have

(r—af ~ (-t = (5 +2) ~ <%>

and that yieldst = r4.

K3

A 0, c o’ o O2 B

Figure 3. The Archimedean circlés)

2.3 (Ky)and (K5). Thereis aninteresting similarity betwegfi;) and Bankoff's
triplet circle (W3). Recall that this is the circle that passes throG#nd the points
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of tangency of O;) and(O-) with the incircle(Os) of the arbelos? Just like(K3),
(W3) has its center o@'D and is tangent t¢('), a fact that seems to have been
unnoted so far. The tangency can be shown by using Pythagoras’ Theorem in trian-

gle CO'Ws3, yielding thatO'W3 = # This leaves for the length of the radius
of (O’) beyondWs:
T r% + r% . rire

2 2r r
This also gives us in a simple way the new Archimedean cifalg: the circle
tangent toAB at O and to((') is Archimedean by reflection ¢#¥3) through the
perpendicular toAB in O'.

M,

A 01

Figure 4. The Archimedean circl¢&4) and(Ks)

Let T3 be the point of tangency @fY) and (W3), and F; be the perpendicular
foot of 73 on AB. Then

/ 3 1 (ra—m)r
BT T T

and from this we see thad, Fs : F30, = 2 : 13, so thatO T3 : T302 = 71 : 19,
and hence the angle bisector 40,750, passes throught'. If Z is the point
of tangency of(Os;) and (O) then [9, Corollary 3] shows the same for the angle
bisector ofZAZ B. But this means that the poin€$, Z and7Z; are collinear. This
also gives us the circléK;) tangent to(O’) and tangent to the parallel td B
throughZ is Archimedean by reflection @¢#13) throughT;. See Figure 4.

There are many ways to find the interesting pdintLet me give two.

(1) Let M, M’, M; and M, be the midpoints of the semicircular arcs(6f),
(0", (01) and (O,) respectively. T is the second intersection 6f) with line
M, M' My, apart fromM’. This line My M’ M, is an angle bisector of the angle
formed by linesA B and the common tangent &), (O;) and(Wa;1).

(2) The circle (AM;0-) intersects the semicirclé),) atY, and the circle
(BM,0,) intersects the semicirclg); ) at X. X andY are the points of tangency

2

)

2For simple constructions @fJs), see [9, 11].
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of (O3) with (O1) and(O,) respectively. Now, each of these circles intersects the
midway semicirclgO’) atT5s. See Figure 5.

D
M
Mo
O3
. a

T5

M, 3

/A . c o o0 o

Figure 5. Construction df3

2.4 (Kg) and (K7). Consider again the circled(C') and B(C'). The circle with
centerK on the radical axis ofi(C') and(O) and tangent to{(C') as well agO)

is the Archimedean circléKg). This circle is easily constructed by noticing that
the common tangent ol (C) and (Ks) passes through,. Let Tg be the point
of tangency, thenks is the intersection of the mentioned radical axis atifj.
Similarly one findg k). See Figure 6.

A SG O] C O’ O S7 02 B
Figure 6. The Archimedean circl¢&s) and(K~)

To prove that Ks) is indeed Archimedean, & be the intersection o B and
the radical axis ofA(C') and(O), thenO' S = 214+ 25 and ASg = 2(r1 —74).
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If xis the radius of K;), then

2 2
(L ;TQ +x> — <2rA + 12 5 Tl) = (2r —2)% —4(r; —ra)?

which yieldsx = r4.
For justification of the simple construction note that

AS(; 2’!”1 - 2TA 2T1 AT(;
€08 AS6K6A N AK6 N 27“1 —TA N 2?”1 + 719 N A02
2.5 (Kg) and (Ky). Let A" and B’ be the reflections of’ through A and B re-
spectively. The circle with center aAB, tangent to the tangent from to (O2)
and to the radical axis od(C') and(O) is the circle(Kg). Similarly we find(Ky)
from B’ and (O ) respectively.
Let = be the radius of Ks). We have

dri+ry  4rp—2rpa-—vw

= cos LAOTg.

T9 X
implying indeed that: = r4. And (K3) is Archimedean, while this follows for
(Ky) as well by symmetry. See Figure 7.

A’ WOI C c o' O [029:€) B B’

Figure 7. The Archimedean circl¢&’s) and(Ky)

2.6. Four more Archimedean circles from the midway semicircle. The pointsM,
M, My, O, C and the point of tangency ¢©) and the incirclg 05 ) are concyclic,
the center of their circle, themid-arc circle is M. This circle (M') meets(0’)
in two points Ky and K1;. The circles withK ¢ and K1, as centers and tangent
to AB are Archimedean. To see this note that the radiug)f\4 Ms) equals
2.

length ‘/(T%HT”E;FTS)(T%”%) and dividesO’ M’ indeed in segments 6#2;;—7"3 and
r 4. Of course by similar reasoning this holds fdt;;) as well.

Now the circleM (C') meets(O) in two points. The smallest circlgg;2) and
(K13) through these points tangent #08 are Archimedean as well. This can be
seen by applying homothety with centéwith factor 2 to the pointgs;, and K71, .

Now we know the sides of triangle’ M’ K. The altitude fromi( has
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M
D /
A /
/
/
; M,
O3 /
L] M/
| d
| / |
K / K !
10 / 11 1
12 K3
| / |
| / ’ |
] o l
A 0, c Oz B

Figure 8. The Archimedean circlé&10), (K11), (K12) and(Ki3)

The image points are the points whev&(C') meets(O) and are at distancery
from AB. See Figure 8.

2.7. (K14) and (K5). Itis easy to see that the semicirclasC'), B(C) and(O)

are images ofO; ), (0O2) and(O") after homothety throughy’ with factor 2. This
shows thatA(C'), B(C) and(O) have a common tangent parallel to the common
tangentd of (Oy), (O2) and(0’). As aresult, the circleéK;4) and(K;5) tangent
internally to A(C') and B(C) respectively and both tangent #bat the opposite

of (01), (O2) and(0’), are Archimedean circles, just as is Bankoff's quadruplet
circle (Wy).

Al A O1 CcCo'Oo O3z B B’

Figure 9. The Archimedean circl¢&14) and(K5)

An additional property of K14) and(K5) is that these are tangent(tO) exter-
2
nally. To see this note that, using linearity, the distance febto d equalsQ%, SO

AKqy = M Let F'14 be the perpendicular foot df;, on AB. In triangle
COD we see thaU D = 2,/rir5 and thus by similarity oCOD and Fi4AK14



86 F. M. van Lamoen

we have
2./T173 2r1y/rire(2r1 + 72
Ki4Fy = " AKyy = T(Q )7
3 2 2 3
Ty — 7T ry +4rir; +4riro — r
OF14:’I”—|— 274 1AK14 — 2 12/]42 12 1’

and now we see tha14F2, + OF% = (r +r4)? In the same way it is shown
(K15) istangent tdO). See Figure 9. Note thay, K5 passes through the point of
tangency ofl and(O,), which also lies orO; (D). We leave details to the reader.

2.8 (Ki6) and (K17). Apply the homothetyh(A4, \) to (O) and (O,) to get the
circles (2) and (€,). LetU(p) be the circle tangent to these two circles and to
CD, andU’ the perpendicular foot d on AB. Then|U'Q2| = Ar — 2r; + p and
|U'Q| = (A — 2)r + p. Using the Pythagorean theorem in triangl&’<) and
UuU’'Q, we find

(A1 +p)? = (A =2)r1+p)? = (\r = p)* = (\r = 2r1 + p)*.

This yieldsp = r4.

By symmetry, this shows that the twin circles of Archimedes are members of a
family of Archimedean twin circles tangent @D. In particular,(Wg) and (1)
of [4] are limiting members of this family. As special members of this family we
add (Ki¢) as the circle tangent t6'(A), B(A), andCD, and (K;7) tangent to
C(B), A(B), andCD. See Figure 10.

Figure 10. The Archimedean circlé&:s) and(Ki7)
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3. Extending circlesto families

There is a very simple way to turn each Archimedean circle into a member of
an infinite Archimedean family, that is by attaching(@) a semicircle(O’) to be
the two inner semicircles of a new arbelos. WHiéX) is chosen smartly, this new
arbelos gives Archimedean circles exactly of the same radii as Archimedean circles
of the original arbelos. By repetition this yields infinite families of Archimedean
circles. Ifr” is the radius of O”), then we must have

"

r1ro . rr
T
which yields
" rriro
T T rire’

surprisingly equal tos, the radius of the incircl¢Os) of the original arbelos, as
derived in [4] or in generalized form in [6, Theorem 1]. See Figure 11.

Figure 11

Now let(O1 (X)) and(O2 (X)) be semicircles with center ofiB, passing through
C and with radiiAr; and \ry respectively. From the reasoning §#.7 it is clear
that the common tangent 60, (\)) and(O2())) and the semicircle€); (A +1)),
(O2(A+ 1)) and(O1 (A 4+ 1)O2(A + 1)) enclose Archimedean circlégi4()\)),
(K15(X)) and (W4(X)). The result is that we have three families. By homothety
the point of tangency of K14(A)) and (O1 (A + 1)) runs through a line through
C, so that the centerK;4(\) run through a line as well. This line and a similar
line containing the centers dfi5(\) are perpendicular. This is seen best by the
well known observation that the two points of tangency(©f) and (O) with
their common tangent together withand D are the vertices of a rectangle, one of
Bankoff’s surprises [2]. Of course the cent&F3()\) lie on a line perpendicular to
AB. See Figure 12.
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O1(A+1) A 0, CO 0, B 03(\) Os(A+1)

Figure 12

4. A family of salina

We consider another way to generalize the Archimedean circles in infinite fam-
ilies. Our method of generalization is to translate the two basic semicif€lgs
and(O2) and build upon them a (skewgalinon. We do this in such a way that to
each arbelos there is a family of salina that accompanies it. The family of salina
and the arbelos are to have common tangents.

This we do by starting with a poir®, that dividesO; 05 in the ratioO,0; :

0,0, =t : 1 —t. We create a semicircl@);) = (Oy10;,2) with radiusr; = (1 —
t)r1+try, SO that it is tangent td. This tangent passes through see [6, Theorem
8], and meetsAB in N, the external center of similitude ¢f) ) and(O,). Then
we create semicircle@); ;) and (O, 2) with radii r; andry respectively. These
two semicircles have a semicircular hold,) = (A, B;) and meetAB as second
points inC; ; andC} » respectively. Through these we draw a semici(cle,) =
(Ct2C¢.1) opposite to the other semicircles with respectitB. Assumer; < 7.
Cy1 is on the left ofC; » if and only if ¢ > % 3 In this case we call the region
bounded by the 4 semicircles thaalinon of the arbelos. See Figure 13.

Here are the coordinates of the various points.

Oy (tr1 + (t — 1)r2,0)

Ot71 ((Qt - 1)T1 — o, 0) Ot,g (Tl + (Qt - 1)T2, 0)

At ((Qt - 2)T1 — T, 0) Bt (Tl + 2tT2, 0)

Ct71 (2t7”1 —T9, 0) Ct,g (7”1 + (Qt — 2)7”2, 0)

O ((t=3)m 0) Ova ((t+3)ry + (t = 11)r2,0)

Ct (r%—r%—i—(?t—l)rl ro ’ O)

T

The radical axis of the circles
(0f) : (x —try — (t — Dro)> + 9% = (1 — t)ry + tro)?
8If ¢ < % we can still find valid results by drawin@: 4) on the same side ol B as the other

semicircles. In this paper we will not refer to these results, as the resulting figure is not really like
Archimedes’ salinon.
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A O1 A
Figure 13. At-salinon

and

r —7T9 2 ?”2
0): - 2=
(©) (a-252) +0 =7
is the line
/- . (2t — )rirg + 12 — 13
t . ’r .
So is the radical axis of
(O): 2+ y? =r?

and

o (e () o= (3 (o))

On this common radical axig, we define points the points, on AB and D; on
(O). See Figure 13.

5. Archimedean circles in the t-salinon

5.1 Thetwin circles of Archimedes. We can generalize the well known Adam and
Eve of the Archimedean circles to adjoint salina in the following way: The circles
W1 and W, o tangent to boti{O,) and/; and to(O;) and (O-) respectively are
Archimedean.

This can be proven with the above coordinates: The semiciéglgss —t)r; +
(t+ 3)ra —ra)) andO; (r1 + r4) intersect in the point

2% — 2 2 _p2 2
Wi (( Jrirs 4 i T2, ?”A\/(S—Qt)(Qt—Fl‘Fﬂ))a

T T9
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which lies indeed-4 left of ¢;. Similarly we find for the intersection cﬂ)t((l% —
try + (6 + %)7“2 —ra))andOa(ry +14)

2 4L 9 rot — 12 2
Wi <T1+ ﬁrm 2 m\/(2t+1)(3—2t+%)>,

which liesr 4 right of /;. See Figure 14.
These circles are real if and onlydif< ¢ < 2.

Figure 14. The Archimedean circl¢®/’; 1) and (W, 2)

Two properties of the twin circles of Archimedes can be generalized as well.
Dodge et al [4] state that the circlé(D) passes through the point of tangency of
(O2) and (W>), while Wendijk [8] and d’lgnazio and Suppa in [5, p. 236] ask
in a problem to show that the poid, where O,Ws meetsCD lies on Oz(A)
(reworded). We can generalize these to

e the circleA(D;) passes through the point of tangency(@dt 2) and(Os);
e the pointV; » whereO,W; » meets the perpendicular #B through(; ;
lies onO2(A).
Of course similar properties are found fidf ;.
To verify this note that); has coordinates

D, <r§ — 3+ (2t = Dryry \/rira((3 — 20)r1 + 2ra) (2r1 + (2t + 1)7«2))

T T

while the point of contact?, of (1, 2) and(Os) is

r2
Wio—O

ot 1 W2~ 02)

B (27“% — 13 + 2trire \/(1 + 2t)r1r3((3 — 2t)r1 + 27“2))

Os +

2r;1 +re ’ 2r1 + 19
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Straightforward verification now shows that
d(A, Dt)2 = d(A, R2)2 = 2r (27“1 + (1 + 2t)7“2).

Furthermore, we see that the poifits = O3 + 2”7,—”2(}%2 — O2) has coordinates

Nio = (2757“1 — 1o,/ (1 +20)r((3 — 2t)r, + 21“2))

so that this point lies indeed am W, 2, onO2(A) and on the perpendicular 1B
throughC; ;.

5.2 (W;3). Consider the circle through’' tangent to(0}) and with center on
C:D;. Whenu is the radius of this circle we have

(r't —u)? = O'tCt* = u* - CCt?

B 2 2
(1= t)ry + try —u)? — (@m«%%)g = (2t~ 1)ra)?

which yieldsu = r4. This shows that this circlél¥; 3) is an Archimedean circle

and generalizes the Bankoff triplet cirgl#53), using the tangency @¢#1s) to (O')

shown above. See Figure 15. These circles are real if and o%mly if <1.

A Ay O1 O¢,1 W O; O, Oz Oy 2 B By

Figure 15. The Archimedean circ{&; 3)

5.3 (W;4). Togeneralize Bankoff's quadruplet cirdl#/;) we start with a lemma.

Lemma 1. Let (K) be a circle with center K and ¢ and ¢, be two tangents to
(K') meeting in a point P. Let L be a point travelling through the line PK . When
L travelslinearly, then the radical axis of (K') and thecircle (L) tangent to 4 and
£5 moveslinearly aswell. The speed relative to the speed of L depends only on the
angle of ¢; and /.
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Proof. Let P be the origin for Cartesian coordinates. Without loss of generality let
¢, and/, be lines making angles ¢ with the z—axis and letK (z;,0), L(x2,0).
With v = sin ¢ the circles(K') and(L) are given by

(x — x1)2 +y? = UQ.T%,
(x —29)* +9* = 0?1}
The radical axis of these is = 1‘2”2 (r1 + x2) = % cos? (w1 + x2). O

It is easy to check that the slope of the line through the midpoints of the semi-
circular arcs(O) and(0Oy) is equal to™—"t and thus equal to te slope of the line
throughM; and M. This shows that the common tangent 6f) and () is par-
allel to the common tangent 00, ) and(0-), i.e. d, also the common tangent of
(O") and(0Oy). As a result of Lemma 1, it is now clear why the the radical axes of
(0) and(0O;) and of(0’) and(O;) coincide for allt. Another consequence is that
the greatest circle tangent tbat the opposite side ¢f0;) and(Oz) and to(O;)
internally is, just as the famous example of Bankoff's quadruplet cifidlg, an
Archimedean circlgW; 4). See Figure 16. Of course this means that the circles
(K12) and(K;3) are found as members of the fami{ly; 4).

Figure 16. The Archimedean circ(éV; 4)

We note that the the Archimedean circlg$; 4) can be constructed easily in
any (skew) salinon without seeing the salinon as adjoint to an arbelos and without
reconstructing (parts of) this arbelos. To see this we noteXhiatexternal center
of similitude of (O;,;) and (O 2), andd is the tangent fronV to (O;).

5.4 (Wtﬁ), (Wt77), (Wt713) and (Wt714). Whereas(ng), (W14), (Kl) and(Kg)

are defined in terms of intersections of (semi-)circles or radical axes, with Lemma
1 their generalizations are obviou§:D, (O) and (O') can be replaced bg; D;,

(O;) and(0y). The generalization ofiVs) and(W7) as Archimedean circles with
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center onAB and tangent ta@'tDt keep having some interest as well. The tan-
gents fromA to (O;2) and fromB to (O ;) are tangent tqW;s) and (W, 7)
respectively. This is seen by straightforward calculation, which is left to the reader.
As a result we have two stacks of three families. See Figure 17.

Figure 17. The Archimedean circlé®’ ), (We,7), (We,13) and(Wy 14)

We zoom in on the familie§lV; 13) and (W, 14). LetT; 13 be the point where
(Wia3), A(C) and(O,) meet and similarly defin&; 4. We find that

A T

T r2+(2t—3)r1ro—1r2 7“1\/—7‘2((8t—12)7“1+(4t2—4t—3)7“2)
t,13 ) ’

T T

T r24+(2t+1)r1ro—12 T2 \/—rl ((4t2—4t—3)r1 —(8t+4)r2)
t,14 ) .

The slope of the tangent t4(C) in 1T; ;3 with respect to the—axis is equal to
TA— XT3
a 0— YT 13
and thex—coordinate of the poink; where this tangent meettB is equal to
YT, 13 _ r(2r; + (1 — 2t)rg)
sA 2r1 + (2t — 1)ry
Similarly we find for the point_; where the tangent t&(C) in 7; 14 meetsAB

sS4 =

TRy = TTy 13 —

(2t = 1)ry + 2r)
t (2t — 1)7“1 — 2r9
The coordinates of are given by

r2 (ri —re) 2rrire
, .
T‘% + T‘% ’I“% + ’I“%
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By straightforward calculation we can now verify that? + Z R? = L, R? and
we have a new characterization of the famili€g ;3) and (W, 14).

Theorem 2. Let K beacirclethrough Z with center on AB. Thiscircle meets AB
in two points L on the left hand side and R on the right hand side. Let the tangent
to A(C) through R meet A(C) in P, and similarly find P, on B(C'). Let k bethe
line through the midpoint of P, P, perpendicular to AB. Then the smallest circles
through P, and P, tangent to k are Archimedean.

Remark. Similar characterizations can be found {dy; ;) and (K 2).

A Ay O, Ot,l C CU O; O, Oz Otyg B By

Figure 18. The Archimedean circlé&, 1) and (K¢ 2)

5.5. More corollaries. We go back to Lemma 1. Since the distance betwkend

the common tangent ¢D), (O,), A(C) andB(C) is equal ta2r4, we notice that

for instanceA(2r; — r4) andO;(r; 4+ r4) have a common tangent paralleldas

well. But that implies that we can use Lemma 1 on their intersection (and radical
axis). This leads for instance to easy generalizationigf and (k7). See Figure

19. The lemma can also help to generalize for instgri¢g and (Ky), but then
some more work has to be done. We leave this to the reader.

5.6. Archimedean circlesfromthe mid-arc circle of the salinon. We end the adven-
tures with a sole salinon. We note that the midpoibs M; 1, M; » and M; 4 of
the semicircular arcg);), (O:1), (O:2) and(Oy 4) are concyclic. More precisely
they are vertices of a rectangle. Their circle, the mid-arc cif€lg of the sali-
non and the circl¢O, ;O; 2) meet in two points, that are centers of Archimedean
circles (K 10) and (K 11). (Of course the parametedoes not really play a role
here, but for reasons of uniformity we still use it in the naming).

To verify this, denote by, the distance between ; andO; ». Then the distance

between)M; ; and M, ; equals,/u? + (r2 — r1)? and the distance fro®’ to AB
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Figure 20. The Archimedean circlé&,10) and (K¢, 11)

equals™’2. If z is the distance from the intersections(6% 10, 2) and(Os) to
AB, then

5  u? B <T1+T2 _x)2_u2+(r2—r1)2

Ty 2 1

which leads tar = ;72 = r4. We can generalizeKi2) and(K3) in a similar
way. To see this we note that the circle with centertpi/; in the pencil generated
by (M;4) and(Os) intersects(O;) in two points at a distance @4 from AB.
See Figure 21.
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By

1 Mg 4

Figure 21. The Archimedean circlé&,12) and (K¢,13)
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Proof by Picture: Productsand Reciprocals of
Diagonal Length Ratiosin the Regular Polygon

Anne Fontaine and Susan Hurley

Abstract. These “proofs by picture” link the geometry of the reguagon to
formulae concerning the arithmetic of real cyclotomic fields. We illustrate the
formula for the product of diagonal length ratios

min[k,h,n—k,n—h]

ThTk = Tlk—h|4+2i—1-
i=1
and that for the reciprocal of diagonal length ratios wheth(n, k) = 1,

19 Iy ,
- = Zrk(gj,l), wheres = min{j > 0 : kj = £1 mod n}.

j=1

1. Introduction

Consider a regulan-gon. Number the diagonals, d, ...,d,_1 (as shown in
Figure 1.1 forn = 9) including the sides of the polygon dsandd,, ;. Although
the length ofd; equals that ofl,_;, we shall use alk — 1 subscripts since this
simplifies our formulae concerning the diagonal lengths.

d1

dg

Figure 1.1 Figure 1.2

Ratios of the lengths of the diagonals are given by the law of sines. The ratio of

km

the length ofd;, to that ofd; is o ?ﬂ In particular, Figure 1.2 shows us that the

S1n ey

Publication Date: March 13, 2006. Communicating Editor: Paul Yiu.
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sin k= . . . .
—__ This ratio of sines will be denoted

s

ratio of the length ofi;, to that ofd; is

Sin
ri. Note that if the length of the sidg = 1, r is simply the length of thé-th
diagonal.

2. Products of diagonal length ratios

It is an exercise in the algebra of cyclotomic polynomials to show that
min[k,h,n—k,n—h]
ThTk = Z T|k—h|+2i—1-
=1

This formula appears in Steinbach [1] for the case wiietek < n. Steinbach
names it thediagonal product formula and makes use of it to derive a number of
interesting properties of the diagonal lengths of a regular polygon. It is not hard to
extend the formula to cover all — 1 values ofh andk.

In order to understand the geometry of ttiegonal product formula, con-
sider two regulam-gons with the side of the larger equal to some diagonal of
the smaller. Denote the diagonal lengths{lsy};—1, ... ,—1 for the smaller polygon
and{l;};=1, ..n—1 for the larger, so tha = s, for somek. In this case, since
re = % = L andr, = &, the productrr, becomeslsi1 and when we multiply

- 51 1!

through bys; the diagonal product formula becomes
min[k,h,n—k,n—Ah|
I = Z S|k—h|+2i—1-
i=1
In other words, each of the larger diagonal lengths is expressible as a sum of the
smaller ones.

Figure 2.1 Figure 2.2

Figures 2.1-2.4 illustrate what happens when the nonagon is enlarged so that
l; = s4. The summation formula for the diagonals can be visualized by projecting
the left edge of the larger polygon onto each of its other edges in turn. We observe
from the first pair of nonagons that = s4s1 = s4, from the second thdy =



Proof by picture 99

Figure 2.3 Figure 2.4

$489 = 83+ s5, from the third thafs = sys3 = s9 + s4 + sg, and from the last that
ly = 8484 = 81 + s3 + s5 + s7. This is exactly what thdiagonal product formula
predicts.

Whenn and k are both even, the polygons do not have the same orientation,
but the same strategy of projecting onto each side of the larger polygon in turn still
works. Figure 3 shows the cage, k) = (6,2). The sums are

l1 =s9581 = 59,
ly =s989 = 51 + 83,

l3 =s983 = Ss3 + $4.

)
N7

Figure 3.1 Figure 3.2 Figure 3.3

3. Reciprocal of diagonal length ratios

Providedged(k,n) = 1, the diagonal length ratig is a unit in the ring of
integers of the real subfield @&[¢], £ a primitive n-th root of unity. The set of
ratios{r; } with ged(i,n) = 1 andi < 5 forms a basis for this field [2]. Knowing
that this was the case, we searched for a formula to exg}krman integral linear
combination of diagonal length ratios. This time we found the picture first. We
assume that the polygon has unit side, so that the length of the-th diagonal.
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First note thatrik is equal to the length of the line segment obtained when diagonal
k intersects diagonal 2 as shown in Figure 4.1 (ferk) = (8,3). In order to
express this length in terms of thgi = 1, ..., n — 1, notice that, as in Figure

4.2 for(n, k) = (7,2), one can set off along diagonalnd zigzag back and forth,
alternately parallel to diagon&land in the vertical direction, until one arrives at a
vertex adjoining the starting point. Summing the lengths of the diagonals parallel
to diagonalk, with positive or negative sign according to the direction of travel,
will give the desired reciprocal. For example follow the diagonals shown in Figure
4.2 to see tha% =719+ 76 — T4

Start

T6

Figure 4.1 Figure 4.2

Following the procedure outlined above, the head of each directed diagonal used
in the sum isk vertices farther around the polygon from the previous one. Also
as we zigzag our way through the polygon, the positive contributions to the sum
occur as we move in one direction with respect to diagénalbhile the negative

in &*
contributions occur as we move the other way. In fact, allowing ———% to be

defined fori > n, we realized that; = —ry,_; would have the correct sign to
produce the simplest formula for the reciprocal, which is

1 S
— = E Th(2j—1)> wheres = min{j > 0: kj = £1 mod n}.
rE 4

J=1

Once we had discovered this formula, we found it that it was a messy but routine
exercise in cyclotomic polynomial algebra to verify its truth.

Although we are almost certain that these formulas for manipulating the diago-
nal length ratios must be in the classical literature, we have not been able to locate
them, and would appreciate any lead in this regard.
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A Generalization of Power’s Archimedean Circles

Hiroshi Okumura and Masayuki Watanabe

Abstract. We generalize the Archimedean circles in an arbelos given by Frank
Power.

Let three semicircles «, 8 and ~ form an arbelos with inner semicircles o and g
with diameters PA and P B respectively. Let a and b be the radii of the circles «

and 3. Circles with radii ¢t = a—b are called Archimedean circles. Frank Power

a—+
[2] has shown that for “highest” points ¢ and Q2 of « and 3 respectively, the
circles touching ~ and the line OQ; (respectively OQ)-) at Q1 (respectively (Qs)
are Archimedean (see Figure 1). We generalize these Archimedean circles.

Figure 1

We denote the center of v by O. Let @ be the intersection of the circle v and
the perpendicular of AB through P, and let § be acircle touching v at the point
from the inside of . The radius of ¢ is expressed by k(a + b) for areal number
k satisfying 0 < k£ < 1. The tangents of § perpendicular to AB intersect o and
0 at points ()1 and Q5 respectively, and intersect the line AB at points F, and P,
respectively (see Figures 2 and 3).

Theorem. (1) Theradii of the circles touching the circle v and the line OQ, (re-

spectively OQ)-) at the point ) (respectively 2) are 2(1 — k)t.

(2) Thecircle touching the circles v and « at points different from A and the line
P, from the opposite side of B and the circle touching the circles v and 5 at
points different from B and theline Q> fromthe opposite side of A are congruent
with common radii (1 — k)t.

Publication Date: March 20, 2006. Communicating Editor: Paul Yiu.
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Figure 2

Proof. (1) Since |PP,| = 2ka, |OP;| = (b — a) 4+ 2ka. While

|PLQ1]? = |PPy||PiA| = 2ka(2a — 2ka) = 4k(1 — k)a®.
Hence |0Q1]? = ((b — a) + 2ka)? + 4k(1 — k)a® = (a — b)? + 4kab. Let = be
the radius of one of the circles touching + and the line O at Q1. From the right
triangle formed by O, @1 and the center of this circle, we get

(a+b—x)* =2%+ (a — b)* + 4kab

Solving the equation for =, we get x = 2(1(1_74_’?@ = 2(1 — k)t. The other case can
be proved similarly.

Figure 3

(2) Theradius of the circle touching « externally and ~ internally is proportional
to the distance between the center of this circle and the radical axis of « and ~
[1, p. 108]. Henceiitsradiusis (1 — k) times of the radii of the twin circles of
Archimedes. O
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The Archimedean circles of Power are obtained when ¢ is the circle with a di-
ameter OQ. The twin circles with the half the size of the Archimedean circles in
[4] are aso obtained in this case. The statement (2) is ageneraization of the twin
circles of Archimedes, which are obtained when ¢ is the point circle. In this case
the points @1, Q2 and P coincide, and we get the circle with radius 2t touching
theline AB at P and the circley by (1) [3].
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Pseudo-Incircles

Stanley Rabinowitz

Abstract. This paper generalizes properties of mixtilinear incircles.(15tbe
any circle in the plane of triangld BC'. Suppose there are circléS,), (Ss),
and (S.) each tangent internally t0S); and (S,) is inscribed in angleBAC
(similarly for (Sy) and(S.)). Let the points of tangency ¢f.), (Sy), and(S.)
with (S) be X, Y, andZ, respectively. Then itis shown that the liné’, BY’,
andC'Z meet in a point.

1. Introduction

A mixtilinear incircle of a triangleABC is a circle tangent to two sides of the
triangle and also internally tangent to the circumcircle of that triangle. In 1999,
Paul Yiu discovered an interesting property of these mixtilinear incircles.

Proposition 1 (Yiu [8]). If the points of contact of the mixtilinear incircles of
AABC with the circuncircle are X, Y, and Z, then the lines AX, BY, and
CZ are concurrent (Figure 1) The point of concurrence is the external center of
similitude of the incircle and the circumcircle.

B

Figure 1 Figure 2

| wondered if there was anything special about the circumcircle in Proposition
1. After a little experimentation, | discovered that the result would remain true if
the circumcircle was replaced with any circle in the plané\ofBC'.

Publication Date: March 26, 2006. Communicating Editor: Paul Yiu.
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Theorem 2. Let (S) be any circle in the plane of AABC. Suppose that there are
threecircles, (S,), (Sy), and (S..), each internally (respectively externally) tangent
to (S). Furthermore, suppose (.S,), (Sp), (S.) areinscribed in ZBAC, ZABC,
ZAC B respectively (Figure 2) Let the points of tangency of (.S,), (Sy), and (S.)
with (S) be X, Y, and Z, respectively. Then the lines AX, BY, and CZ are
concurrent at a point P. The point P is the external (respectively internal) center
of similitude of the incircle of AABC and circle (S).

When we say that a circle isscribed in an angled BC', we mean that the circle
— —
is tangent to the rayB A and BC.

Definitions. Given a triangle and a circle, gseudo-incircle of the triangle is a
circle that is tangent to two sides of the given triangle and internally tangent to the
given circle. Apseudo-excircle of the triangle is a circle that is tangent to two sides
of the given triangle and externally tangent to the given circle.

There are many configurations that meet the requirements of Theorem 2. Figure
2 shows an example whe(#') surrounds the triangle and the three circles are all
internally tangent td.S). Figure 3a shows an example of pseudo-excircles where
(S) lies inside the triangle. Figure 3b shows an example wh&jentersects the
triangle. Figure 3c shows an example whéfg surrounds the triangle and the
three circles are all externally tangent(i®).

A A

N
)
LN

B c B \_/ c

Figure 3a. Pseudo-excircles Figure 3b. Pseudo-excircles

There is another way of viewing Figure 3a. Instead of starting with the trian-
gle and the circldS), we can start with the other three circles. Then we get the
following proposition.

Proposition 3. Let there be given three circles in the plane, each external to the
other two. Let triangle ABC' be the triangle that circumscribes these three circles
(that is, the three circles are inside the triangle and each side of the triangle is
a common external tangent to two of the circles). Let (S) be the circle that is
externally tangent to all three circles. Let the points of tangency of (S) with the
three circles be X, Y, and Z (Figure 3a) Then lines AX, BY, and CZ are
concurrent.
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Figure 3c. Pseudo-excircles Figure 4. Pseudo-incircles

Figure 4 also shows pseudo-incircles (as in Figure 2), but in this case, the circle
(S) lies inside the triangle. The other three circles are internally tangést)tand
again,AX, BY, andCZ are concurrent. This too can be looked at from the point
of view of the circles, giving the following proposition.

Proposition 4. Let there be given three mutually intersecting circles in the plane.
Let triangle ABC bethetriangle that circumscribes these three circles (Figure 4)
Let (S) be the circle that isinternally tangent to all three circles. Let the points of
tangency of (S) with the three circlesbe X, Y, and Z. Then lines AX, BY, and
C'Z are concurrent.

We need the following result before proving Theorem 2. It is a generalization of
Monge'’s three circle theorem ([7, p.1949]).

Eqp Ecq Ey.

Figure 5. Six centers of similitude
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Proposition 5 ([1, p.188], [2, p.151], [6]) The six centers of similitude of three
circles taken in pairs lie by threes on four straight lines (Figure 5) In particular,
the three external centers of similitude are collinear; and any two internal centers
of similitude are collinear with the third external one.

2. Proof of Theorem 2

Figure 6 shows an example where the three circles are all externally tangent to
(S), but the proof holds for the internally tangent case as well./Lis the center
of the incircle.

Figure 6

Consider the three circlds), (1), and(S;). The external common tangents of
circles(J) and(S,) are sidesAC and BC, soC'is their external center of simili-
tude. CirclegS) and(S;) are tangent externally (respectively internally), so their
point of contactZ, is their internal (respectively external) center of similitude. By
Proposition 5, point€’ and Z are collinear withP, the internal (respectively ex-
ternal) center of similitude of circlesS) and (7). That s, lineC'Z passes through
P. Similarly, linesAX andBY also pass through.

Corollary 6. In Theorem 2, the points S, P, and I are collinear (Figure 6)

Proof. SinceP is a center of similitude of circled) and(.S), P must be collinear
with the centers of the two circles. O
3. Special Cases

Theorem 2 holds for any circléS), in the plane of the triangle. We can get
interesting special cases for particular circles. We have already seen a special case
in Proposition 1, wherés)) is the circumcircle oNABC.
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3.1 Mixtilinear excircles.

Corollary 7 (Yiu [9]). Thecircletangent to sides AB and AC of AABC and also
externally tangent to the circumcircle of A ABC touches the circumcircle at point
X. Inasimilar fashion, points Y and Z are determined (Figure 7) Then the lines
AX, BY,and CZ are concurrent. The point of concurrence isthe internal center
of similitude of the incircle and circumcircle of AABC'.?

Figure 7. Mixtilinear excircles

3.2 Malfatti circles. Consider the Malfatti circles of a trianglé BC'. These are
three circles that are mutually externally tangent with each circle being tangent to
two sides of the triangle.

Corollary 8. Let (S) be the circle circumscribing the three Malfatti circles, i.e.,
internally tangent to each of them. (Figure 8a) Let the points of tangency of (S)
with the Malfatti circlesbe X, Y, and Z. Then AX, BY, and CZ are concurrent.

Corollary 9. Let (S) bethecircleinscribed in the curvilinear triangle bounded by
the three Malfatti circles of triangle ABC (Figure 8b) Let the points of tangency
of (S) with the Malfatti circles be X, Y, and Z. Then AX, BY, and CZ are
concurrent.

This is the triangle centeXss in Kimberling’s list [5]; see also [4, p.75].



112 S. Rabinowitz

Figure 8a. Malfatti circumcircle Figure 8b. Malfatti incircle

3.3 Excircles.

Corollary 10 (Kimberling [3]). Let (.S) be the circle circumscribing the three ex-
circles of triangle ABC, i.e,, internally tangent to each of them. Let the points of
tangency of (S) with the excircles be X, Y, and Z. (Figure 9) Then AX, BY,
and C'Z are concurrent.

The point of concurrence is known as the Apollonius point of the triangle. It is
Xig1 in [5]. See also [4, p.102].

Figure 9. Excircles Figure 10. Nine-point circle

If we look at the circle externally tangent to the three excircles, we know by
Feuerbach’s Theorem, that this circle is the nine-point circla dfBC (the circle
that passes through the midpoints of the sides of the triangle).
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Corollary 11 ([4, p.158]) If the nine point circle of A ABC touches the excircles
at points X, Y, and Z (Figure 10) then AX, BY, and C'Z are concurrent.

4. Generalizations

In Theorem 2, we required that the three cirdl&g), (S;), and(S..) be inscribed
in the angles of the triangle. In that case, lingS,, BS;, andC'S. concur at the
incenter of the triangle. We can use the exact same proof to handle the case where
the three linesAS,, BS,, andC'S,. meet at an excenter of the triangle. We get the
following result.

Theorem 12. Let (S) be any circle in the plane of AABC. Suppose that there
arethreecircles, (S,), (Ss), and (), each tangent internally (respectively exter-
nally) to (.S). Furthermore, suppose (.5;) istangent to lines AB and AC; (S,) is
tangent to lines BC and BA; and (S;) is tangent to lines C A and C'B. Let the
points of tangency of (S,), (Sy), and (S.) with (S) be X, Y, and Z, respectively.
uppose lines AS,, BSy, and C'S. meet at the point J, one of the excenters of
ANABC (Figure 11) Furthermore, assume that sides BA and BC' of the triangle
are the external common tangents between excircle (.J) and circle (.,); similarly
for circles (Sp), and (S.). Then AX, BY, and C'Z are concurrent at a point P.
Thepoint P isthe external (respectively internal) center of similitude of circles (.J)
and (S). Thepoints J, P, and S are collinear.

Figure 11. Pseudo-excircles

Figure 12 illustrates the case whéfi) is tangent internally to each df,),
(55), (Sc)-
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Figure 12. Pseudo-incircles

Examining the proof of Theorem 2, we note that at each vertex of the triangle,
we have found that the line from that vertex to the point of contact of the circle in-
scribed in that angle and circ(&) passes through a fixed point (one of the centers
of similitude of (S) and the incircle of the triangle). We note that the result and
proof would be the same for a polygon provided that the polygon had an incircle.
This gives us the following result.

Theorem 13. Let A1 A>A3... A, beaconvex n-gon circumscribed about a circle
(J). Let (S) beany circlein theinterior of thisn-gon. Suppose there aren circles,
(S1), (S2), ..., (Sy) each tangent externally to (S) such that for i = 1,2,...,n,
circle (S;) isalso inscribed in angle A;_1 A4; 4,11 (Where Ay = A, and 4,41 =
Aj). Let X; be the point of tangency of circles (5;) and (S) (Figure 13) Then
the lines A;X;, ¢ = 1,2,...,n are concurrent. The point of concurrence is the
internal center of similitude of the circles (S) and (.J).

In order to generalize Theorem 2 to three dimensions, we need to first note that
Proposition 5 generalizes to 3 dimensions.

Theorem 14. The six centers of similitude of three spheres taken in pairs lie by
threes on four straight lines. In particular, the three external centers of similitude
arecollinear; and any two internal centers of similitude are collinear with thethird
external one.

Proof. Consider the plane through the centers of the three spheres. This plane
passes through all 6 centers of similitude. The plane cuts each sphere in a circle.
Thus, on this plane, Proposition 5 applies, thus proving that the result holds for the
spheres as well. O

Theorem 15. Let T = A; Ay A3 A, be a tetrahedron. Let (S) be any sphere in
the interior of 7" (or let (.S') be any sphere surrounding 7°). Suppose there are four
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Figure 13. Pseudo-excircles in a pentagon

spheres, (S1), (S2), (S3), and (S4) each tangent internally (respectively exter-
nally) to (S) such that sphere (.S;) isalso inscribed in the trihedral angle at vertex
A;. Let X; be the point of tangency of spheres (.5;) and (.S). Then the lines A; X;,
1 =1,2,3,4, areconcurrent. The point of concurrence isthe external (respectively
internal) center of similitude of sphere (.S) and the sphere inscribed in T'.

The proof of this theorem is exactly the same as the proof of Theorem 2, replac-
ing the reference to Proposition 5 by Theorem 14.
It is also clear that this result generalizesita
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Grassmann cubics and Desmic Structures

Wilson Stothers

Abstract. We show that each cubic of typeC which is not of typeckC can

be described as a Grassmann cubic. The geometry associates with each such
cubic a cubic of type/C. We call this the parent cubic. On the other hand, each
cubic of typepC has infinitely many child cubics. The key is the existence of

a desmic structure associated with parent and child. This extends work of Wolk
by showing that, not only do (some) points of a desmic structure lie on a cubic,
but also that they actually generate the cubic as a locus. Along the way, we meet
many familiar cubics.

1. Introduction

In Hyacinthos, #3991 and follow-up, Ehrmann and others gave a geometrical
description of cubics as loci. They showed that each cubic of tyfiehas an
associated sister of type/C, and that each cubic of type/C has three sisters of
type nkCy. Here, we show that each cubic of typ& but not of typecK has a
parent of typep/C, and every cubic of type/C has infinitely many children, but
just three of typen K. Our results do not appear to extend to cubics of feso
the geometry must be rather different. Throughout, we use barycentric coordinates.
We write the coordinates d? asp : ¢ : . We are interested in isocubics, that is
circumcubics which are invariant under an isoconjugation. The theory of isocubics
is beautifully presented in [1]. There we learn that an isocubic has an equation of
one of the following forms :

pK(W,R) :  rz(wy? — v2?) + sy(uz? — wz?) + tz(va? — uy?) = 0.
nkK(W, R, k) ra(wy? +v2?) + sy(uz? + wz?) + tz(va? + uy?) + kayz = 0.

The pointR = r : s : t is known as the pivot of the cubie/’, and the root of
the cubicnK W = w : v : w is the pole of the isoconjugation. This means that the
isoconjuagte of =z :y: zis : 5 : 7. We may viewlV as the image of~
under the isoconjugation. The constann the latter equation is determined by a
point on the curve which is not on a sideline. Another interpretatioh appears
below. One important subclass of typ& occurs wherk = 0. We have

nfCo(W, R) : re(wy?® +vz2?) + sy(uz? + war?) + tz(va® + uy?) = 0.

Publication Date: April 3, 2006. Communicating Editor: Bernard Gibert.
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Another subclass consists of the conico-pivotal isocubics. These are defined in
terms of the roofR and nodeF’ = f : ¢ : h. The equation has the form

cK(#F,R) : ra(hy — g2)% + sy(fz — hx)? + tz(gz — fy)* = 0.
Itis then/C(W, R, k) with W = f2 : ¢ : h?, soF is a fixed point of the isoconju-
ation, andk = —2(rgh + shf + tfg). We require a further concept from [1], that
of the polar conic ofR for p/C(W, R). In our notation, this has equation

pC(W,R) : (vt? — ws?)x? + (wr? — ut?)y? + (us? —vr?)2% = 0.

Notice that,pC(W, R) contains the four fixed points of the isoconjugation, so is
determined by one other point, suchfasHence, as befits a polar objectSiiis on

pC(W, R), thenR is onpC(W, S). Also, for fixedW, the class of cubics of type

pK splits into disjoint subclasses, each subclass having a common polar conic. We
also remark that the equation for the polar conic vanishes identically Whes

the barycentric square @. In such a case, it is convenient to regard the class of
pKC(W, R) as consisting of jush/C(W, R) itself.

Definition 1. (a) For a point X with barycentrics x : y : z, the A-harmonic of X
is the point X4 with barycentrics —z : y : z. The B- and C-harmonics, Xz and
X, are defined analagously.

(b) The harmonic associate of the triangle A PQR isthetriangle APAQ s Rc.

Observe thath X 4 X5 X is the anticevian triangle oK. Also, if X is on
pC(W, R) thenX 4, Xp, X¢ also lie onpC(W, R). In the preamble toX (2081)
in [5] we meet Gibert'sPK- and N K -transforms. These are defined in terms of
isogonal conjugation. We shall need the general cas@/fasoconjugation.

Definition 2. Suppose that I is a fixed point, let P* denote the W-isoconjugate of
P.
(&) The PKW -transform of P is PK(W,P), the intersection of the tripolars of P
and P* (if P # P*).
(b) The N KW -transform of P is N K (W, P), the crosspoint of P and P*.
Note thatPK (W, P) is the perspector of the circumconic throughand P*.
PK (W, P) occurs several times in our work, in apparently unrelated contexts.
From these definitions, iV =u:v:wandP =p:q: r,then

PK(W,P) = pu(r®v — ¢*w) : qu(p*w — r*u) : rw(q*u — p*v),
NEK(W,P) = pu(r®v+ ¢*w) : qu(p*w + r’u) : rw(q*u + p*v).
Note thatPK (W, R) is undefined ifit = R?.

2. Grassmann cubics associated with desmic Structures

Definition 3. Let A = AABC be the reference triangle. Let A = AA'B'C’
where A’ isnot on BC, B’ isnoton C A and C" isnot on AB.

(@) GP(A’) = {P : thetriangle with vertices AP N BC, B PNCA,C'PN AB
is perspective with A},

b)GN(A")={P: AAPNBC, BPNCA, C'"Pn AB arecollinear}.
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We note thatGZ N (A) is a special case of a Grassmann cubic. There are three
examples in the current (November 2004) edition of [2]. The Darboux cubic
pK (K, X(20)) is K004 in Gibert's catalogue. Under the properties listed is the
fact that it is the locus of points whose pedal triangle is a cevian triangle. This
is GP(AA'B'C’), where the vertices are the infinite points on the altitudes. The
corresponding= N is then the union of the line at infinity and the circumcircle, a
degenerate cubic. In the discussion of the cutiig K, X (5)) - Gibert's K216 -
it is mentioned that it ig7 NV for a certain triangle, and that the corresponding
is the Neuberg cubigy/C(K, X (30)) - Gibert's K001. As we shall see, there are
other examples where suitable triangles are listed, and others where they can be
identified.

Lemma l. If A = AA'B'C'"has A" = a; : as : a3, B = by : by : ba,
C' = Cl:Cy:C3, then,

(a) GP(A’) has eguation

(aex — a1y)(bsy — bez)(c1z — cs3x) + (a1z — agx)(bry — bax)(caz — c3y) = 0,
(b) GN(A') has equation

(aex — a1y)(bsy — bez)(c1z — cs3x) — (a1z — agx)(bry — bax)(coz — csy) = 0.
(c) Each locus contains A, B,C and A', B’, C".

Proof. Itis easy to see that,i® = x : y : z, then
Ap = APNBC=0:ax —a1y: asr — a2,
Bp = B'PNCA=by—byx:0:b3y—byz,
Cp = C'PNAB=c1z—c3x:coz—c3y:0.

The condition iINGN (A) is equivalent to the vanishing of the determinant of the
coefficients of these points. This gives (b).

The condition inGP(A) is equivalent to the concurrence dfdp, BBp and
CCp. This is another determinant condition. The determinant is formed from the
previous one by changing the sign of one entry in each row. This gives (a). Once
we have the equations, (c) is clear. O

We will also require a condition for a trianglé A B’C” to be perspective with
NABC.

LemmaZ2. If A = AA'B'C'has A’ =ay1:a0:a3, B =b; :by:03,C' =¢y :
Ccy : C3, then,

(a) AA'B'C" is perspective with AABC if and only if axbzc; = asbico.

(b) AA'B'C" istriply perspective with AABC' if and only if a;bocs = asbze; =
agblcg.

Proof. We observe that the perspectivity in (a) is equivalent to the concurrence of
AA’, BB’andCC’. The given equality expresses the condition for the intersection
of AA’ and BB’ to lie onCC’. Part (b) follows by noting that\ A’ B’C” is triply
perspective wit\ ABC'if and only if each ofA A B'C’, AB'C' A’ andAC'A’'B’

is perspective witth ABC. O



120 W. Stothers
We observe that each of the equations in Lemma 1 has the form
z(fiy’ + f22°) + y(912° + go2®) + 2(haa® + hoy®) + kayz =0. (1)
This has the correct form for the cubic to be of typ€ or nX.

Theorem 3. For atriangle A’ = AA’B'C’,

(@) GP(A) isof type pK if and only if A’ is perspective with AABC.

(b) If A" isdegenerate, then GN (A') is degenerate.

Suppose that GNN (A’) is non-degenerate. Then

(c) GN(A') isof typenk if and only if A’ is perspective with AABC.

(d) GN(A') isof typenKy if and only if A’ istriply perspective with AABC.

Proof. Suppose thatl’ = a1 : as : a3, B' = by : by : b3, C' = ¢y : ¢3 : c3, With
a1b263 7& 0.

(a) We begin by observing that equation (1) gives a cubic of p/péf and only
if f191f1 + fogohe = 0 andk = 0. The equation in Lemma 1(a) h&as= 0 if and
only if asbsc; = asgbica. By Lemma 2(a), this is the condition for the triangles
to be perspective. A Maple calculation shows that the other condition pé¢ &
satisfied if the triangles are perspective. This establishes (a).

(b) If A’ is degenerate, thed, B’ andC’ lie on a lineL. For anyP on L, the
intersection ofP A’ with BC lies onL, as do those oP B’ with C A, andPC’ with
AB. Thus, these intersections are collinear,/536s on GN (4A'). Now the locus
contains the lineC, so that it must be degenerate.

Now suppose that the locdsN (A') is non-degenerate.

(c) Equation (1) gives a cubic of typeC if and only if fig1 f1 — fogoho = 0.
The equation in Lemma 1(b) has this property if and only if

(agbgcl - agblcz)D == O,

whereD is the determinant of the matrix whose rows are the coordinates 6f
andC’. Now, D = 0 if and only if A’, B’ andC" are collinear, s\’ and hence
GN(A') are degenerate. By Lemma 2(a), the other condition is equivalent to the
perspectivity of the triangles.

(d) For a cubic of typen Xy, we requireasbsc; — agbico = 0, as in (c). We also
require thatt = 0. From the equation in Lemma 1(b), = axbszcy + asbico —
2a1boc3. These two conditions are equivalent to triple perspectivity by Lemma
2(b). O

Our work so far leads us to consider triangles! B'C’ perspective ta\ ABC,
with A’ not onBC, B’ not onC A, andC’ not on AB. Looking at our loci, we are
led to consider a further triangle, also perspective witd BC'. This turns out to
be the desmic mate df A’ B'C’, so we are led to consider desmic structures which
include the pointsd, B andC.

Theorem 4. Suppose that A A’ B’'C’ is perspective to AABC', with A’ not on BC,
B’ noton CA, and C’ not on AB. Let the perspector be P, = p1; : p12 : p13.
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(a) Suitably normalized, we have

A = P21 * P12 - P13,
B' = P11 - P22 : P13,
C = P11 : P12 - P23-
Let
W = Dpiipo1 : p12p22 : P13DP23,

=

= P11 — P21 P12 — P22 : P13 — P23,
S = pi1+Dp21:pi2 + P22 pi3 + pos.

(b) GP(AA'B'C") = pK(W, S),
() GN(AA'B'C") = nK(W, R, 2(p21p22p23 — P11P12P13))-

Let A” = p11 = p2 @ pa3, B” = pa1 : p12 = pa3, C” = pay < po2 : p13. These are
the TW-isoconjugates of A’, B’ and C".
(d) AA”B"C" is perspective with AABC, with perspector P, = po1 : p22 : p23.
(e) AA”B"C" is perspective with A A’ B'C’, with perspector S.
() (P1, P, R, S) isaharmonic range.
Q) GP(AA"B"C") = GP(AA'B'C'). The common locus includes P, P, and
S

(h) GN(AA"B"C") = GN(AA'B'C’). The common locus includes the inter-
sections of the tripolar of R with the sidelines.

() AABC, ANA’B'C" and A A” B”C" have common perspectrix, the tripolar of
R.

() P and P, lieon pK(W, R).

Proof. (a) Since we have the perspector, the coordinates of the veHicBs, C’
must be as described.

(b),(c) These are simply verifications using the equations in Lemma 1.

(d) This follows at once from the coordinates 4f, B”, C".

(e) This requires the calculations that the liréd”, B’B” andC’C” all pass
throughsS.

(f) The coordinates of the points make this clear.

(9),(h) First, we note that, if we interchange the roles?oaind P,, we get the
same equations. The fact that the given points lie on the respective loci are simply
verifications.

(i) Once again, this can be checked by calculation. We can also argue geometri-
cally. Suppose that a poidf on B'C’ lies on the locus. The& B’ and X C' are
B'C’, so this must be the common line. Th&M' must meet3C on this line. But
XisonB'C',soX = BCNB'C'. If X also liesonB”’C"”,thenX = BCNB"C".
This shows that we must have a common perspectrix. The identification of the per-
spectrix uses the fact that the cubic meets the each sidelinedd C in just three
points, two vertices and the intersection with the given tripolar.

() This is a routine verification. O
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In the notation of Theorem 4, we have a desmic structure with the twelve points
described as vertice$, B, C, A, B',C’, A”, B", C", perspectord?, P, S.

Many authors describg as the desmon, anl as the harmon of the structure.
Some refer taP; as the perspector, arél as the coperspector. This description of
a desmic structure with vertices including B, C is discussed by Barry Wolk in
Hyacinthos #462. He observed that the twelve points all lig&iW, S). What
may be new is the fact that the other vertices may be used to generate this cubic as
a locus, and the corresponding’ as a Grassmann cubic.

Notice that the desmic structure in not determined by its perspectors. If we
choose barycentrics faP, we need to scalé> so that the barycentrics of the
desmon and harmon are, respectively, the sum and difference of thdseaod
P,. WhenP, is suitably scaled, we say that the perspectors are normalized. The
normalization is determined by a single vertex, provided neither perspector is on a
sideline.

There are two obvious questions.

(1) Is every cubic of typepX a locus of typeG P associated with a desmic
structure?

(2) Is every cubic of typen/C a locus of typeGN associated with a desmic
structure?

The answer to (1) is that, with six exceptions, each point pit@s a perspector
of a suitable desmic structure. The answer to (2) is more complicated. There is a
class ofnC which do not possess a suitable desmic structure. This is the class of
conico-pivotal isocubics. For each other cubic of ty@ there is a unique desmic
structure.

Theorem 5. Suppose that P is a point on p/C(W,.S) which is not fixed by W-
isoconjugation, and isnot S or its W-isoconjugate. Then there is a unique desmic
structure with vertices A, B, C' and perspector B = P withlocusGP = pK(W, 5).

Proof. For brevity, we shall writeX* for the W -isoconjugate of a poink. As P
isonpKC(W,S), SisonPP*. ThenS = mP + nP*, for some constants, n,
withmn #0. fP=p:q:r,W =u:v:w putdA = nu/p: mq: mr,
B'=mp :nv/q: mr,C" = mp : mq: nw/r. From Theorem 4, this has locus
GP(AA'B'C’) = pK(W, S). O

Note that the conditions oR are necessary to ensure tisatan be expressed in
the stated from. For the second question, we proceed in two stages. First, we show
that a cubic of typa/C has at most one suitable desmic structure. This identifies the
vertices of the structure. We then show that this choice does lead to a description
of the cubic as a Grassmann cubic. The first result uses the idéehafmonics
introduced in the Introduction.

Theorem 6. Throughout, we use the notation of Theorem 4.

(a) The vertices of the desmic structure on n/C(W, R, k) are A, B, C' and intersec-
tions of n/C(W, R, k) with the cubics pXC(W, Ry), pIC(W, Rg), pK(W, R¢).

(b) nK(W, R, k) and pIC(W, R4) touch at B and C, intersect at A, at the inter-
sections of the tripolar of R with AB and AC, and at two further points.
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() If W = f2: g% : h?, then cK(#F, R) and pX(W, R4) touch at B and C, and
meet at A, at the intersections of the tripolar of R with AB and AC, and twice at
F.

(d) If the final two pointsin (b) coincide, then n/C(W, R, k) = cK(#F, R), where
Fissuchthat W = F?2.

(e) If either of the final pointsin (b) lie on a sideline, then k& = 2ust/r, 2urt/s or
2wrs/t,where W =wu:v:w, R=r:s:t.

Proof. We observe that the vertices of the desmic structure can be derived from the
normalized versions of the perspectdisand P,. The normalization is such that

R =P —P,andS = P, +P,. Now consider the loci derived from the perspectors

P, and —P,. From Theorem 4, the cubics apdC(W, R) andnX(W, S, ), for
somek’. The pointA/ = P21 : P12 : P13 is onnlC(W, R, k), SO thatA;‘ = —p21 :

p12 : pis is onpK(W, R). Then A’ is onpK(W, R4) as only the first term is
affected by the sign change, and this involves the product of the first coordinates.
Thus (a) holds.

Part (b) is largely computational. Obviously the cubics meeti a3 andC.

The tangents aB andC' coincide. The intersections with the sidelines in each case
include the stated meetings with the tripolarffSince two cubics have a total of
nine meets, there are two unaccounted for. These are cléaisoconjugate.

For part (c), we use the result of (b) to get seven intersections. Then we need
only verify that the cubics meet twice & Now F is clearly onp/C(WW, Ry). But
F is a double point or/C(#F, R), so there are two intersections here.

Part (d) relies on a Maple calculation. Solving the equations:f6(\V, R, k)
andp/C(W, R4) for {y, z}, we get the known points and the solutions of a qua-
dratic. The discriminant vanishes precisely whe®(W, R, k) is of typeckC.

Part (e) uses the same computation. The quadratic equation in (d) has constant
term zero precisely wheh = 2vrt/s. Looking at othep/C(W, Rp), pK(W, R¢)
gives the other cases listed. O

To describe a cubic of type/C as a Grassmann cubic as above, we require two
perspectors interchanged bij-isoconjugation. Provide®” is not on a sideline,
we need six vertices not on a sideline. After Theorem 6, there are at most six
candidates, with two on each of the associgi&dW, Rx), X = A, B,C. Thus,
there is at most one desmic structure defining the cubic. Also from Theorem 6,
there is no structure if the cubic is@C(#F, R), for then the “six” points and
the perspectors are alf. We need to investigate the cases where either of the
final solutions in Theorem 6(b) lie on a sideline. Rather than interrupt the general
argument, we postpone the discussion of these cases to an Appendix. They still
contain a unique structure which can be used to generate the cubics as Grassmann
loci. The structure is a degenerate kind of desmic structure. We show that, in any
other case, the six points do constitute a suitable desmic structure. In the proof,
we assume that we can choose an intersectiorkg#V, R, k) andpX(W, R4 ) not
on a sideline, so we need the discussion of the Appendix to tidy up the remaining
cases.
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Theorem 7. If a cubic C is of type nkC, but not of type c/C, then there is a unique
desmic structure which defines C as a Grassmann cubic.

Proof. Suppose thaf = n (W, R, k) with W =u : v : w,andR =r : s : t.

We require perspectorB, = pi11 : p12 : p13, and Py = po1 : pag : pog Such that
r:s:t=pi1 — po1: P12 — P22 : P13 — p23. This amounts to two linear equations
which can be used to solve fpr, andpss in terms ofp; 1, p12, p13 andpy;. We also
require thatu : v : w = p11po1 : P1aPas : P13p23- This gives three relations im;
andp»; in terms ofp;» andp;3. These are consistent providdti= po; : p12 : p13

is onp/C(W, R4). This uses a Maple calculation. We can solvezfgrin terms of

p12, p13 andpe;, provided we do not have (after scalingy = —u/r, p13 = v/s
andpe; = w/t. So far, we have shown that, # is on pC(W, R4), then we

can reconstruct perspectors which give rise to safié\lW, R, ¥). Provided that

we can choose!’ also onC, but not on a sideline, thed = k& directly, so we

getC as a Grassmann cubic. As we saw in Theorem 6, there are just two such
choices ofA4’, and these are isoconjugate, so we have just one suitable desmic
structure. We could equally use a point of intersection of C witi(W, Rp) or

with p/IC(W, R¢). It follows that there is a unique desmic structure uniédsas

the points—u/r : v/s : w/t, u/r : —v/s : w/t andu/r : v/s : —w/t. But then

k = 2ust/r = 2urt/s = 2wrs/t, so that = Ry, andk = 2rst. It follows that

C'is the degenerate cubity + sz)(rz + tz)(sx 4+ ry) = 0. Itis easy to check

that this is given as a Grassmann cubic by the degenerate desmic structure with
A= A" = —r: s:t,and similarly forB’, B”, S’ andC”. This has perspectors,
desmon and harmon equal & TheGP locus is the whole plane. 0

3. Parents and children

The reader will have noted the resemblance between the equations for the cubics
GP(A") andGN(A'). In [2, notes on K216], Gibert observes this @001 and
K?216. He refers taK216 as a sister of{001. In Theorem 7, we saw that each
cubicC of typen/C which is not of typecK is the Grassmann cubic associated with
a unique desmic structure, and hence with a unique alilw€type pK. We call
the cubicC’ the parent ofC. On the other hand, Theorem 5 shows that a cubic
C of type pK contains infinitely many desmic structures, each defining a cubic of
typenK. We call each of these cubics a child@f Our first task is to describe
the children of a cubip/C(W, S). This involves the equation of the polar conic of
S, see§l. Our calculations also give information on the parents of the family of
cubics of typen/C with fixed pole and root.

Theorem 8. Suppose that C = pK(W, S)withW =w:v:w,and S =7r:s:t.
(@) Any child of C is of the form n/C(W, R, k), with R on

pC(W,S) : (vt? —ws*)a® + (wr? — ut?)y? + (us® — vr?)z? = 0.

(b) If R isapoint of pC(W, S) which isnot .S and not fixed by 17/ -isoconjugation,
then there isa unique child of C of the form n/C(W, R, k).

(c) Any cubic nK(W, R, k) whichisnot of type c/C has parent of the form p/C(W, .S)
with .S on pC(W, R).
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(d) If n/C(W, R, k) has parent p/C(W, S), then the perspectors are the non-trivial
intersections of p/C(W, R) and p/C(W, S).

Proof. (a) We know from Theorem 7 that a chitdC(W, R, k) of C arises from
a desmic structure. Suppose the perspectordiaead . From Theorem 4(f)
(P1, P», R, S) is a harmonic range. It follows that there are constantandn
with P, = mR + nS and P, = —mR + nS. From Theorem 4(a)lV is the
barycentric product o, and %». Suppose thak = = : y : z. Then we have

m2z? — 22 m2y? —n2s2  m2s2 — n2t2

u v w

If we eliminatem? andn? from these, we getC(W, S) = 0.

(b) Given such ar?, we can reverse the process in (a) to obtain a suitable value
for (m/n)2. Choosing either root, we get the required perspectors.

(c) is really just the observation thatis on pC(W, R) if and only if R is on
pC(W,S).

(d) In Theorem 4, we noted that the perspectors lip&(IV, S) and onp (W, R).
Now these cubics meet att, B, C' and the four points fixed bi# -isoconjugation.
There must be just two other (non-trivial) intersections. O

Example 1. In terms of triangle centers, the most prolific parent seems to be the
Neuberg cubic (K, X (30)), Gibert's K001.

The polar cubipC (K, X (30)) is mentioned in [5] in the discussion of its center,
the Tixier point, X476. There, it is noted that it is a rectangular hyperbola passing
through!, the excenters, anll (30). Of course, being rectangular, the other infinite
point must beX (523). Using the information in [5], we see that its asymptotes pass
throughX' (74) and X (110). The perspectors;, P, of desmic structures oR 001
must be its isogonal pairs other thi (30), X (74)}.

By Theorem 4(f), the root of the child cubic must be the mid-poinfjoand
P,. The pair{O, H} gives a cubic of the fornm/C(K, X (5), k). The informa-
tion in [2] identifies it asK'216. The pair{ X (13), X(15)} gives a cubic of the
form nC(K, X (396),k). The pair{X(14), X(16)} gives a cubic of the form
nk (K, X (395), k).

As noted aboveX (523) is on the polar conic, so we also have a child of the form
n/C(K, X (523), k). SinceX (523) is not on the cubic, the perspectors must be at
infinity. As they are isogonal conjugates, they must be the infinite circular points.
These have already been noted as lyingst1. We now have additional centers
onpC(K, X (30)), X(5), X(395), X(396), as well asX (1), X (30), X (523). We
also have the harmonic associates of each of these points!

4. Roots and pivots

If we have a cubia/C(W, R, k) defined by a desmic structure, then it has a
parent cubicp/C(W, S). From Theorem 8(c), we know th& is on pC(W, R).
SinceR is also on the conic, we can identifyfrom an equation foRS. Although
the results were found by heavy computations, we can establish them quite simply
by “guessing” the pole oRRS with respect toC (W, R).
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Theorem 9. Suppose that W = w : v : w, R = r : s : t and k are such
that n/C(W, R, k) is defined by a desmic structure. Let p/C(W, .S) be the parent of
n/C(W, R, k).
(@) Theline RS isthepolar of P = 2ust — kr : 2utr — ks : 2wrs — kt with respect
to pC(W, R).
(b) The point S has first barycentric coordinate 4r(—r2vw + s2wu + t2uv) —
dkstu + k2r.

Proof. Suppose that the desmic structure has normalized perspéttery : g :
handP, = f': ¢ : h'. Then we have
r=f—1f, s=9—4, t=h—n,
u=ff, v =gg, w = hh/,
k=2(f'g'h — fgh).

(a) The first barycentric aP is then
2ff'(g =) =1) = (f'gW — fgh)(f = f) =2(fg — f'g")(fh— ).
The coefficient ofe? in pC(W, R) is
vt? —ws? = (gh — ¢'B')(hg' — gh').

If we discard a symmetric factor the polar Bfis the lineR P, i.e., the lineRS.

(b) We know thatS = f+ f' : g+ ¢ : h+ k. If we substitute the above values
for r, s, t, u, v, w, k, the expression becomés(f + f), whereK is symmetric
in the variables. Thus, S is as stated. O

This result allows us to find the parent of a cubic, even if we cannot find the
perspectors explicitly. It would also allow us to find the perspectors since these
are thel¥-isoconjugate points on the linBS. Thus the perspectors arise as the
intersections of a line and (circum)conic.

Example 2. The second Brocard cubid( (K, X (523)), Gibert's K018. We can-
not identify the perspectors of the desmic structure. They are complex. Theorem
9(b) gives the parent ggC( K, X (5)) - the Napolean cubic, and Giber#s005.

Example 3. The kjp cubicn/Cy (K, K), Gibert's K024.

Theorem 9(b) gives the parent p& (K, O) - the McCay cubic and Gibert’s
KO003. Theorem 9(a) give®S as the Brocard axis. It follows that the perspectors
of the desmic structure are the intersections of the Brocard axis with the Kiepert
hyperbola.

Our next result identifies the children of a givek (1V, R) which are of the form
n/Co(W, R). It turns out that the perspectors must lie on another cuki¢\W, 7).
The rootT" is most neatly defined using the generalization of Gibdtfs-transform.

Theorem 10. Suppose that { P, P*} # {S,S*} area pair of W-isoconjugates on
p/C(W, S). Then they define a desmic structure with associated cubic of the form
n/Co(W, R) if and only if P, P* lieon nkCo(W, PK (W, S)).
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Proof. SupposethaP =z :y:2, S=7r:s:¢, W =wu:v:w. Then the point
P*isu/z : v/y : w/z. As P is onpK(W,S), there exist constants, n with
P + mP* = nS. Then the normalized forms for the perspectors of the desmic
structure are® andmP*, andR = P — mP*. If we look at a pair of coordinates
in the expressio® + mP* = nS, we get an expression fer in terms of two of
x, v, z. These are

~ (yt = 2t)yx I (zr — xt)xz S (xs —yr)xy

T — ) Yy — ) z — .
Ysw — 2tv ztu — xrv Trv — ysu

We can now compute thiesuch that the cubic is/C(W, R, k) as

9 (w _ xyz) '
TYz
We have amK if and only if this vanishes. Maple shows that this happens pre-
cisely whenP (and hence&”) is on the cubiaXy(W, T"), where

T = ur(vt? — ws?) : vs(wr® — ut?) : wt(us® — vr?) = PK(W, S).
0

Note that we get anky whenP, P* lie onp/C(W, .S) andn/Cy(W, PK (W, S)).
Then there are three pairs and three cubics. AE(W, S) = PK(W, S*) - see
§5 - sop/C(W, S) andp/C(W, S*) give rise to the samekCy.

Example 4. Applying Theorem 10 to the McCay cubiek’(K, O) and the Or-
thocubicp/C(K, H) we get the second Brocard cubié019 = nky (K, X (647)).

In the former case, we can identify the perspectors of the desmic structures. From
[2, KO19], we know that the points dK019 are the foci of inconics with centers

on the Brocard axi®) K. Also, if P is on the McCay cubic, the P* passes
throughO. If PP* is notOK, then the center is o P* and onOK, so must

be O. This gives four of the intersections, two of which are real. Otherwise,

and P* are the uniqud<-isoconjugates oW K. These are the intersections of the
Brocard axis and the Kiepert hyperbola. Again these are complex. They give the
cubicn/Cy (K, K) - see Example 3. 165, we meet these last two points again.

Example 5. The Thomson cubip/K (K, G) and the Grebe cubipC(K, K) give
the cubicnCy (K, X (512)). We will meet this cubic again if5.

5. Desmic structures with triply perspective triangles

As we saw in Theorem 3, a cubic of typé, arises from a desmic structure in
which the triangles are triply perspective with the reference triangleBC. We
begin with a discussion of an obvious way of constructing such a structure. It turns
out that almost all triply perspective structures arise in this way.

Lemma1ll. Supposethat P =p:q:rand Q = u : v : w are points with distinct
cevians.
(a)Let

A'=BPNCQ, B'=CPn AQ, C'= AP N BQ,

A" =BQNCP, B"=CQnN AP, C" = AQ N BP.
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Then the desmic structure with vertices A, B, C, A, B, C', A", B”, C", and
perspectors P = = : L p% and P, = L : ﬁ : qlu has triangles AABC,
NA'B'C’, ANA” B"C" which are triply perspective.

(b) Each desmic structure including the vertices A, B, C' inwhich

(i) the triangles are triply perspective, and

(i) the perspectors are distinct arises from a unique pair P, Q with P # @, and
perspectors normalized asin (a).

Proof. (a) We begin by looking at the desmic structure which is derived from the
given P, and P, as in Theorem 4. Thus, the first three vertices are obtained by
replacing a coordinate af, by the corresponding coordinate Bf. This has the
vertices named, for example the first verteyis L. : ﬁ. This is onBP andCQ,
soisA’. Itis easy to see that the triangles doubly perspective, with perspdetors
and(@), and hence triply perspective.

(b) Suppose we are given such a desmic structure. Then the perspectors are
Pi=f:g:handP, = f': ¢ : W withfgh = f'¢'h' (see Lemmata 2 and 3). We
find points P and @ which give rise to these as in part (a). From the coordinates
of P, we can solve fow, v andw in terms ofp, ¢, » and the coordinates df.
Then, using two of the coordinates £f, we can findg andr in terms ofp. The
equality of the third coordinates follows from the conditigph = f¢’'h’. As the
perspectors are distinc®, # Q. O

Note that from the normalized perpsectors, we can recover the vertices, even if

some cevians coincide. For exampléjs L : L . 1

rv " ru ’ p_v
Definition 4. The desmic structure defined in Lemma 11 is denoted by D(P, Q).

Theorem 12. If P and Q aretriangle centerswith functions p(a, b, ¢) and ¢(a, b, ¢),
then the desmic structure D(P, @) has

(a) perspectors Py, P» with functions h(a, b, c) = m and h(a, c,b).

(b) {P,, P,} isabicentric pair.

(c) The vertices of the triangles are [h(a, ¢, b), h(b, ¢, a), h(c, a,b)], and so on.

The proof requires only the observation thatPaand@ are centersy(a, b, c) =
p(a,c,b) andq(a,b,c) = q(a,c,b).

We leave it as an exercise to the reader tha{ AfQ} is a bicentric pair, then
Py, P, are centers. It follows that, iP, () are centers an®(P, Q) has perspec-
tors P, P, thenD(P;, P») has triangle centerf’, Q" as perspectors. As further
exercises, the reader may verify that Q' are theQ?-isoconjugate ofP and the
P2-isoconjugate of). The desmon of the second structure is fhlirst inverse
of Q.

We can compute the equations of the cubics from the information in Lemma
11(a). These involve ideas introduced in our Definition 2.

Theorem 13. Suppose that P # (). The cubics associated with the desmic struc-
ture D(P, Q) are pK(W, NK (W, P)) and nKo(W, PK (W, P)), where W isthe
isoconjugation which interchanges P and Q).
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Proof. We have the perspectofd and P, of the desmic structure from Lemma
11(a). These give isoconjugation as that which interchaigyesd P, - see The-
orem 4. Now observe that this also interchangeand @, so@Q = P*. From
Theorem 4, we have coordinates for the desrfaand the harmorR in terms of
those of P, and . Using our formulae foi?; and P, we get the stated values of
S andR. O

Definition 5. Suppose that P # @, and that C = nky (W, R) is associated with
the desmic structure D(P, Q). Then

(a) P, Q arethe cevian points for C.

(b) The perspectors of D(P, Q) are the Grassmann points for C.

Theorem 14. Suppose that C = nky (W, R) is not of type ck, and does not have
W = R%

(a) The cevian points for C are the TW-isoconjugate points on 7 (R*). These are
the intersections of C(R) and 7 (R*).

(b) The Grassmann points for C are the 1¥-isoconjugate points on the polar of
PK (W, R) with respect to C(R).

Proof. From Theorems 3 and 7, we know tltats a Grassmann cubic associated
with a desmic structure which has triply perspective triangles. If the perspectors of
the structure coincide aX, then the equation shows thBt= X andW = X2
But we assumed that” # R?, so we do not have this case.

(a) From Theorem 13, this structure I¥(P,Q) with @ = P*, andR =
PK(W,P) = PK(W,Q). From a remark following Definition 2P andQ lie
on the conicC(R). Since they ardV-isoconjugates, they also lie on th&-
isoconjugate ofC(R). This is7(R*). The conic and line have just two inter-
sections, so this gives precisely the pait,@}. These are precisely the pair of
W-isoconjugates off (R*).

(b) By Theorem 4, the Grassmann points #reisoconjugate and lie oS,
whereS is the desmon of the desmic structure.Ais annkj, Theorem 9 gives§
as a point which we recognize as the pol&df*) with respect to the coni€(R).
Now R is the pole of7 (R) for this conic, saRS is the polar of7 (R) N 7T (R*) =
PK(W,R). O

In Theorem 14, we ignored cubics of typé(R?, R, k). To make the algebra
easier, we replace the constanby ¥ rst, whereR = r : s : t.

Theorem 15. If C = nk(R?, R, k'rst) is not of type ckC, then C is the Grassmann
cubic assaociated with the desmic structure having perspectors R and a R, where a
isaroot of

k/
x2+(1+§>x+1—0.

When £/ = 2, a = —1, the desmic structure and C are degenerate.
When k' # 2, —6, the corresponding pK is pK(R?, R), which is the union of
the R-cevians.
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Proof. When we use Maple to solve the equations to identifand A”, we dis-
cover them as : as : at, with a as above. This identifies the perspectors as
R andaR. It is easy to verify that this choice leads €0 Note that the two
roots are inverse, so we get the same vertices from either choice. The quadratic
has equal roots whek = 2 or —6. The latter gives the in the class. In
this case, the “cubic” equation is identically zerosas= 1. In the former case,
a = —1, so we do get thak as a Grassmann cubic, but the equation factorizes as
(ty 4+ s2)(rz + tz)(sz + ry) = 0. In the “desmic structured’ = A", B’ = B”,
C'=C"asa = —1.

Note that here the cubic is not of typé as it contains three fixed poinf3y,
Rp, Rc of R*-isoconjugation. Whe’ # 2, —6, the desmon is defined, and is
againR. Finally, pXC(R?, R) is (ty — sz)(rz — tx)(sz — ry) = 0. O

Example 6. The third Brocard cubicn/Cy (K, X (647)), is K019 in Gibert's list.
As it is of typenKy, but not of typec/C, Theorem 12(b) applies. The cori¢R) is
the Jerabek hyperbola. Alsf; is X (648), so that the lin& (R*) is the Euler line.
These intersect in (th& -isoconjugatesy) and H. This gives some nhew points on
the cubic:

A'=BONCH, B'=COnNAH, C'=AONBH,

A" =BHNCO, B"=CHNAO, C" = AH N BO.

Also, the cubic can be described as the Grassmann cbi¢cAAB'C’) or
GN(AA”B"C"). The associated P has the pivotNK (K,0) = NK(K,H) =
X (185). The cubicpK(K, X (185)) is not (yet) listed in [2], but we know that it
has the pointst’, B’, C’, A”, B”, C"”, the perspector® and P, as well as/, the
excenters and (185).

Example 7. The first Brocard cubicn/Cy (K, X (385)), is K017 in Gibert's list.
Here, the vertices!, B’, C’, A”, B”, C" have already been identified. They are
the vertices of the first and third Brocard triangles. The poftand Q are the
Brocard points. The associatédP is pK(K, X (384)), the fourth Brocard cubic
and K020 in Gibert's list. Again, Gibert's website shows the points Ai020,
together with{ P, P»} = {X(32), X(76)}.

Example 8. The cubicsp/C(K, X (39)) andnkKy(K, X (512)). These cubics do

not appear in Gibert’s list, but the associated desmic structure is well-known. Take
= G, ) = K in Lemma 11(a). Again we get isogonal cubics. The vertices of
the structure are the intersections of medians and symmedians. From the proof of
Lemma 11,P,, P, are the Brocard points. This configuration is discussed in, for
example, [4], but the proof that the triangles obtained from the intersections are
perspective wit\ ABC' uses special properties 6f and K. Here, our Lemma

8(a) gives a very simple (geometric) proof of the general case. &K, G) =
PK(K,K) = X(512),andNK(K,G) = NK(K,K) = X(39).

The pointsP and(@ for a cubic of typenKy are identified as the intersections of
a line with a conic. Of course, it is possible that these have complex coordinates.
This happens, for example, for the second Brocard culfig( /&, X (523)). There,
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the line is the Brocard axis and the conic is the Kiepert hyperbola. A Cabri sketch
shows that these do not have real intersections. We have met these intersections in
64,

Example 9. The kjp cubicn/Cy (K, K) is K024 in Gibert's list. The desmic struc-

ture isD(P,Q), where P, Q are the intersections of the line at infinity and the
circumcircle. These are the infinite circular points. We met this cubic in Example
3, where we identified the perspectors of the desmic structure as the intersections
of the Brocard axis with the Kiepert hyperbola.

6. Harmonic associates and other cubics

In the Introduction, we introduced the idea of harmonic associates. This gives a
pairing of our cubics. We begin with a result which relates desmic structures. This
amplifies remarks made in the proof of Theorem 6.

Theorem 16. Suppose that D is a desmic structure with normalized perspectors
Py, P, and cubics niC(W, R, k), pK(W, S). Then the desmic structure D) with
normalized perspectors P, — P, has

(a) vertices the harmonic associates of those of D, and

(b) cubics nkC(W, S, k'), pK(W, R).

Proof. We refer the reader to the proof of Theorem 6(a), which in turn uses the
notation of Theorem 4(a). O

We refer to the cubia/C(W, S, k') obtained in this way as the harmonic asso-
ciate ofn/C(W, R, k).

Corollary 17. If nK(W, R, k) = GN(A), then pK(W, R) = GP(A'), where A’
is the harmonic associate of A.

Example 10. The second Brocard cubidC(K, X (385)) = K017 was discussed

in Example 7. It isGN(A), whereA is either the first or third Brocard trian-

gle. From Corollary 17, the cubig/C(K, X (385)) = K128 is GP(4A'), where

A’ is the harmonic associate of either of these triangles. This gives us six new
points onK'128. The cubicn/y (K, X (512)) was introduced in Example 8. It is
GN(A), whereA is formed from intersections of medians and symmedians. From
the Corollary, the fifth Brocard cubigkC(K, X (512)) = K021 is GP(4A'). Now

the Grassmann points farky (K, X (512)) are the Brocard points, so these lie on
K021, as do the vertices ak'.

Example 11. LetC = K216 of [2]. This was mentioned ig3. It is of the form
n/C(K, X(5), k) with parentp/C(K, X (30)) = K001. From Theorem 16, the
harmonic associate is of the formkC( K, X (30), /) with parentpK(K, X (5)) =
K005. Using Theorem 9(b), a calculation shows th&i67 = nK(K, X (30), k)
has parenf{005. From Theorem 8(b)i005 has a unique child with roaX (30).
Thus K067 is the harmonic associate &f216. This gives us six points oA 067
as harmonic associates of the points identified in [2] as being 6. We will
give a geometrical description of these shortly.
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Three of the vertices of the desmic structure f6216 are the reflections of
the verticesA, B, C'in BC, CA, AB. These give a triangle with perspectar.
We can generalize these to a geneXahs the result of extending each-cevian
by its own length. IfX = = : y : z, then, starting fromA, we get the point
y+z: —2y: —2z. TheA-harmonic associate is+ z : 2y : 2z, the intersection of
the H-cevian atA with the parallel toBC throughG. This suggests the following
definition.

Definition 6. For X = z : y : z, the desmic structure D(X) is that with normal-
ized perspectorsy + z: z+x: x+yand -2z : —2y : —2z.

Note that the first perspector is the complemekitof X and the second iX.
We can summarize our results on such structures as follows.

Theorem 18. Suppose that X = x : y : z. The cubics associated with D(X) are
n/C(W, R, k) and p/C(W, S), where
()W =z(y+2):y(z+x): z(x +y), the center of the inconic with perspector
X,
(D R=2x+y+z:x+2y+z2:x+y-+ 2z themid-point of X and cX,
(i) S=—-2z+y+z:2x—2y+z:x+y— 2z theinfinite point on GX.

The harmonic associate of n/C(W, R, k) passes through G, the infinite point of
7 (X), and their W-isoconjugates.

Proof. The coordinates dfi”, R andsS follow at once from those of the perspectors
and Theorem 4. The final part needs an equation for the harmonic associate. This
is given by Theorem 4. The fact thatandz(y — z) : y(z — z) : z(z — y) lie on

the cubic is a simple verification using Maple. O

For X = H, we getK216 and K001 and their harmonic associat&é)67 and
K005. The desmic structures and the points given in Theorem 18 account for most
of the known points o216 and K 067.

There is one further example in [2]. In the notesion22 = nkC(O, X (524), k),
it is observed that the cubic contains the vertices of the second Brocard triangle,
and hence theiD-isoconjugates. The latter are the the intersections okt(@9)-
cevians with lines througld: parallel to the corresponding sidelines. These are
the harmonic associates of three verticesDgfX (69)). The other perspector is
K = cX(69). The mid-point ofX (69) and K is X (141), so K022 is the harmonic
associate of the cubiekC(O, X (141), ¥) with parentp/C(O, X (524)). These cu-
bics contain the vertices dP(X(69)), including the harmonic associates of the
second Brocard triangle. Also, the parent?6622 is p/C(O, X (141)).

In the Introduction, we mentioned that the Darboux cupic(K, X (20)) is
GP(A), whereA has vertices the infinite points on the altitudes. Of coursé\ as
is degenerateg7 N (A) degenerates. Itis the union of the circumcircle and the line
at infinity. The harmonic associat¥ has vertices the mid-points of the altitudes,
and this leads to anC( K, X (20), k), and its parent which is the Thomson cubic
pK(K,G) = K002. This will follow from our next result. The fact that the mid-
points lie onK 002 is noted in [5], but now we know that those points can be used
to generatek002 as a locus of type&7P. We can replace the vertices of or
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A by their isogonal conjugates. In the case/ofthe isogonal points lie on the
circumcircle. For any poin = z : y : z, the mid point of the cevian at is
y+ 2y : z. We make the following definition.

Definition 7. For X =z : y : z, thedesmic structure £(X) isthat with normalized
perspectorsy +z: z+x:zx+yandx :y: 2.

Theorem 19. Suppose that X = z : y : 2. Let A bethetriangle AAB'C’ of
E(X). Then GN(A) = nK(W, R, k) and GP(A) = pK(W, G), where
W =uxz(y+z2):y(z+z):z(z+y), thecomplement of the isotomic conjugate of
X,
R=—-2x4+y+z:x—y+z:z+y— z theanticomplement of X,
E=2((y+2)(z+x)(x+y) —zyz).

The harmonic associates are GN (A') = nkC(W, G, k'), which degenerates as
C(W) and theline at infinity, and GP(A’) = pK(W, R), which isa central cubic
with center the complement of X.

Most of the result follow from the equations given by Theorem 4. The fact
that p/C(W, R) is central is quite easy to check, but it is a known result. In [6],
Yiu shows that the cubic defined &yP(A’) has the given center. Yiu derives
interesting geometry related paC(W, R), and these are summarized in {3,1.3].

The caseX = H givesW = K, R = X(20), so we getGP(A) = K002, the
Thomson cubic, and?P(A’) = K004, the Darboux cubic.

Remarks. (1) From [1, Theorem 3.1.2], we know thatWif # G, there is a unique
centralp/C with pole W. After Theorem 19, this arises from the desmic structure
E£(X), whereX is the isotomic conjugate of the anticomplementiof The center
is then the complement of, and hence thé&/-Ceva conjugate ofV. It is also
the perspector of(X) other thanX. The pivot of the centrapk is then the
anticomplement o, and hence the anticomplement of the isotomic conjugate of
the anticomplement of the pole.

(2) The cubicp/C(W, G) clearly containgz and1V. From the previous remark,
it contains theGG-Ceva conjugate ofi and itsW¥/-isoconjugate (the poink). It
also includes the mid-points of th€-cevians and theil -isoconjugates. The last
six are the vertices of a defining desmic structure. Finally, it includes the mid-
points of the sides ah ABC.

We have seen that there are several pairs of cubics ofptipehich are loci of
type G P from harmonic associate triangles. We can describe when this is possible.

Theorem 20. For a given W, suppose that R and .S are distinct points, neither
fixed by W -isoconjugation.

(a) There exist harmonic triangles A and A’ with p(W,R) = GP(A) and
pK(W,S) = GP(A') ifand only if pC(W, R) = pC(W, S).

(b) If pC(W, R) = pC(W, S), then the Grassmann points are

(i) the non-trivial intersections of p/C(W, R) and p/C(W, S),

(i) the W-isoconjugate pointson RS.
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Proof. (a) If pIC(W, R) andpK (W, S) are loci of the given type, the@ N (A) =
n/C(W, R, k) by Theorem 16. Thus thisK has parenp/C(W,S). By Theorem
8, pC(W, R) = pC(W,S). Now suppose thatC(W, R) = pC(W,S). ThenR
is onpC(W, S). By Theorem 8, there is a unique child o (W, R) of the form
nC(W, S, k"). From Theorem 7TnC(W, S, k') = GN(A) for a triangleA, and
GP(A) = pK(W, R). By Theorem 16GGP(A’) = pK(W, S).

(b) The Grassmann points are the sameZoand &', and lie on both cubics.
There are just two non-trivial points of intersection, so these are the Grassmann
points. The Grassmann points af&isoconjugate, and lie oR.S, giving (ii). O

We already have some examples of pairs of this kind:
K001 and K005 with Grassmann point®, H. The desmic structures are those
for K067 and K 216.
K002 and K004 with Grassmann point§), H. The desmic structures appear
above.
K020 and K128 with Grassmann pointX (32), X (76). See the first of Example
10.
From Example 1, we found children df001 with roots X (395), X (396),
X (523). We then have
K001 andK129a = pK(K, X (395)) with Grassmann pointX (14), X (16);
K001 and K129b = pK(K, X (396)) with Grassmann pointX (13), X (15);
K001 andpKC(K, X (523)) with Grassmann points the infinite circular points.

In Example 3, we showed thdt024 = n/Cy (K, K) is a child of K003. We
therefore have< 003 and K102 = pK(K, K), the Grebe cubic. The Grassmann
points are the intersection of the Brocard axis and the Kiepert hyperbola. These
are complex.

7. Further examples

So far, almost all of our examples have been isogonal cubics. In this section, we
look at some cubics with different poles. We have chosen examples where at least
one of the cubics involved is in [2]. In the latest edition of [2], we have the class
CLO041. This includes cubics derived froM¥ = p : ¢ : r. In our notation, we
have the cubim/Cy(W, R), whereR = p? — qr : ¢*> — pr : r? — pq, the G-Hirst
inverse of’. The parent ip/C(W, S), whereS = p? +qr : ¢ +pr : 2 +pq. The
Grassmann points are the barycentric square and isotomic conjugtte dhe
cevian points are the bicentric paifr : 1/p: 1/qandl/q : 1/r : 1/p. Example
7 is the case wherd/ = K, so that the Grassmann points are the centgi32),

X (76), and the cevian points are the Brocard points. Our first two examples come
from C'L041.

Example 12. If we put W = X (1) in constructionC'L041, we getn/y(X (1),

X (239)) with parentK'132 = pK(X (1), X(894)). The Grassmann points aré,
X(75), and the cevian points are those described in [3] as the Jerabek points. A
harmonic associate df 132 is then K323 = p/C(X (1), X (239)).
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Example13. If we putiV = H in construction of”' L041, we getn Xy (H, X (297))
with parentp/C(H, S), whereS is as given in the discussion 6fL041. The Grass-
mann points areX (393), X (69), and the cevian points are those described in [3]
as the cosine orthocenters.

Example 14. The shoemaker’s cubics al070a = pX(H, X (1586)) and K 070b
= pK(H,X(1585)). As stated in [2], these meet & and H. If we normalizeG
asl : 1:1andH asAtanA : Atan B : AtanC, with A = £1, we get an
n/C(H, X (1585), k) with parentK070a, and am/C(H, X (1585), k') with parent
KO070b. The Grassmann points afeand H. Note thatK070a and K070b are
therefore harmonic associates.

The next five examples arise from Theorem 19. Further examples may be ob-
tained from the page on centakC in [2].

Example 15. The complement ofX (1) is X (10), the Spieker center, the anti-
complement ofX (1) is X (8), the Nagel point. The center of the inconic with
perspectorX (1) is X (37). If we apply Theorem 19 witlX = X (1), then we
get a cubicC = nkC(X (37), X (8), k) with parentp/C(X (37), G). The Grassmann
points areX (1) and X (10). The cubicp/C(X (37), G) does not appear in the cur-
rent [2], but containsX (1), X (2), X(10) and X (37). The harmonic associate of
C degenerates as the line at infinity and the circumconic with persp&qieir),
and has parenk 033 = pK(X (37), X (8)).

Example 16. The complement ofX (7), the Gergonne point, iX(9), the Mit-
tenpunkt, the anticomplement &f(7) is X (144). The center of the inconic with
perspectorX (7) is X (1). If we apply Theorem 19 wittX = X (7), then we get
a cubicC = nK(X(1), X(144), k) with parentpK(X(1),G). The Grassmann
points areX (7) and X (9). The cubicp/X(X (1), G) does not appear in the current
[2], but containsX (1), X (2), X(7) and X(9). The harmonic associate 6fde-
generates as the line at infinity and the circumconic with perspécfoy, and has
parent/K202 = p/(X (1), X (144)).

Example 17. The complement ofX (8), the Nagel point, isX (1), the incenter,
the anticomplement ok (8) is X (145). The center of the inconic with perspector
X(1) is X(9). If we apply Theorem 19 withX = X (8), then we get a cubic
C = nk(X(9), X (145), k) with parentp/C(X (9), G). The Grassmann points are
X (8) and X (1). The cubicpX(X(9),G) does not appear in the current [2], but
containsX (1), X(2), X(8) and X(9). The harmonic associate 6fdegenerates
as the line at infinity and the circumconic with perspeciof9), and has parent
K201 = pK(X(9), X(145)).

Example 18. The complement ofX (69) is K, the anticomplement ok (69) is

X (193). The center of the inconic with perspect&69) is O. If we apply Theo-

rem 19 withX = X (69), then we get a cubi€ = nkC(O, X (193), k) with parent
K168 = pK(O,G). The Grassmann points af(69) and K. The harmonic as-
sociate ofC degenerates as the line at infinity and the circumconic with perspector
O, and has parentK (0, X (193)).
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Example 19. The complement ofX (66) is X (206), the anticomplement is not

in [5], but appears in [2] a$’161 - see K161. The center of the inconic with
perspectorX (66) is X (32). From Theorem 19 wittlX' = X (66), we get a cubic

C = nK(X(32), P161, k) with parentK177 = pK(X(32),G). The Grassmann
points areX (66) and X (206). The harmonic associate of C degenerates as the line
at infinity and the circumconic with perspectar(32), and has parenk'161 =
pK (X (32), P161).

In Examples 3 and 9, we met the kjp culfid®24 = nky(K, K). The parent
is the McCay cubidf003 = p/ (K, O). It follows that the harmonic associate of
K024 is of the formn/C( K, O, k), and that this has parent the Grebe cukin2 =
pK(K, K). From Theorem 9(b), the genenakly (W, W) has parenpb (W, V),
whereV is the G-Ceva conjugate of¥/. The harmonic associate will be of the
form nKC(W, V, k), with parentp/C(W,W). This means that the clags.007,
which contains cubice/C(W, W), is related to the clas§'L009, which contains
cubicsp/C(W, V), and to the clas§€’L026, which contains cubicaky(W, ).
We give four examples. In general, the Grassmann points and cevian points may
be complex.

Example 20. As above, the cubiaky(X (1), X (1)) has parenp/(X (1), X (9)).
The harmonic associatéC(X (1), X (9), k) has parenf{101 = pK(X (1), X (1)).

Example2l. As above, the cubia/Cy(H, H) has parent 159 = pXC(H, X (1249)).
The harmonic associatéC(H, X (1249), k) has parenf(181 = pK(H, H).

Example 22. The cubicny(X (9), X (9)) has parenf{157 = pK(X(9), X (1)).
The harmonic associatéC(X (9), X (1), k) has parenp/C(X (9), X (9)).

Example 23. The cubicnky(X(32), X(32)) has parent160 = pK(X(32),
X (206)). The harmonic associatélC(X (32), X (206), k) has parenp/C(X (32),
X (32)).

8. Gibert’stheorem

In private correspondence, Bernard Gibert has noted a further characterization
of the vertices of the desmic structures we have used.

Theorem 21 (Gibert) Suppose that P,and () are two VW -isoconjugate points on
the cubic pKC(W, S). For X on pK(W,S), let X* be the tangential of X, and
pC(X) bethe polar conic of X. Now pC(P") meets pXC(W, S) at P* (twice), at P,
and at three other points A, B’, C’, and pC(Q") meets pXC(W, S) at Q' (twice), at
Q, and at three other points A”, B”, C". Then the points A’, B/, C’, A”, B", C"
are the vertices of a desmic structure with perspectors P and Q).

This can be verified computationally.
Appendix

We observe that the cubidC(W, R, k) meets the sidelines dk ABC at A, B,
C and at the intersections with(R). This accounts for all three intersections of
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the cubic with each sideline. The calculation referred to in Theorem 6(e) shows that
n/C(W, R, k) andp/C(W, R4) touch atB, C', meet atA, and at the intersections

of 7(R) with AB and AC. On algebraic grounds, there are nine intersections, so
in the generic case, there are two further intersections. We now look at the Maple
results in detail. If we look at the equations fo/c(W, R, k) andp/C(W, R4 ) and

solve fory,_z,_then we get the expected solutions, and ax, y = %ﬁgr)
whereq satisfies

2u(2vtr — ks) X% + (duvt? + dvwr? — duvs® — k*) X + 2w(2vtr — ks) = 0.

We cannot have = 0, ory = z = 0. Thus we must have = 0, giving z = 0, or
a= —%, givingy = 0. The equation for has a nonzero root only wheén= @
If we put—% in the equation fow, we getk = @ ork = % If we replace
pKC(W, R4) by pK(W, Rp) or pK(W, R¢), we clearly get the same results. This
establishes the criteria set out in Theorem 6(e).

If we consider the cask = 2”% the equation for a becomeés = 0, so we can
regard the solutions as limits as a tend$ @r co. The former leadsto : —s : 0,
the latter to0 : 0 : 1. We will meet these again below. We now examine the locus
GN(AA'B'C") where the vertexd’ = a; : ay : ag lies on a sideline. Ity = 0,
the equation for the locus has some zero coefficients. This cannot include the cubic
n/C(W, R, k) unless it is the whole plane. Thus we cannot define a cubic as a locus
in this case.

Guided by the above discussion, we now examine the gase(. Let B’ =
b1 : by : b3, C' = ¢1 : ¢y : c3. The condition for the locus to be arkC becomes
asbzc; = 0. Takingas, = 0 or b3 = 0 leads to an equation with zero coefficients,
so we must have; = 0. When we equate the coefficients of the equations for the
locus andn/C(W, R, k) other tham?z andzyz, we find a unique solution. After
scaling thisisA' =r: —s:0, B’ =u/r: —v/s:w/t,C’ =0: —s:t. Thenthe
locus isn/C(W, R, 2vtr/s). A little thought shows that for fixedll’, R, there are
only three such loci, giving/C(W, R, k) with k = 2ust/r, 2vtr/s, 2wrs/t. From
our earlier work, we know that there is no other way to express these cubics as loci
of typeGN.

We should expect to obtain a desmic stucture by takingsoconjugates off,
B’, C'. If we write the isoconjugate ok = z : y : z asuyz : vzx : wry, then
the isconjugates ard’ = C,B”" =r: —s:t= Rp, C" = A. ThenAABC and
AA'B'C’" have perspectaB, AABC andAC Rp A have perspectaP = r : 0 : t,
ACRpgA and A A’ B'C’ have perspectoR.

It is a moot point whether this should be termed a desmic structure. It satisfies
the perspectivity conditions, but has only eight distinct points. If we repléce
by any point, we still get the same perspectors. If we allow this as a desmic, then
Theorem 7 holds as stated. If not, we can either add these three cubics to the
excluded list or reword in the weaker form.

Theorem 7'. If acubic C is of type nkC, but not of type ck, then thereisatriangle
A withC = GN(A), and at most two such triangles.
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To get R as the barycentric difference of perspectors, we need to $tdte
0: —s:0. Thenthe sumifg. A check using Theorem 9(b) shows that the parent
is indeedp/C(W, Rp) = GP(AA'B'C’"). Replacing each coordinate £fin turn
by the corresponding one frold, we getC, Rg, A, as expected. On the other
hand, starting fronB, we getA4’, 0 : 0 : 0, C’. This reflects the fact that the other
points do not determing’. When we compute the equation 6N (ACRpA),
we find that all the coefficients are zero. Thus cubics of this kind are Grassmann
cubics for only one triangle rather than the usual two.
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Concurrent Medians of (2n + 1)-gons

Matthew Hudelson

Abstract. We exhibit conditions that determine whether a se2of 1 lines

are the medians of @&n + 1)-sided polygon. We describe how to regard cer-
tain collections of sets of medians as a linear subspace of related collections of
sets of lines, and as a consequence, we show that every 2etpfl concur-

rent lines are the medians of sori + 1)-sided polygon. Also, we derive
conditions om + 1 points so that they can be consecutive vertices(@hat 1)-

sided polygon whose medians intersect at the origin. Each of these constructions
demonstrates a procedure that generglest 4)-degree of freedom families of
median-concurrent polygons. Furthermore, this number of degrees of freedom
is maximal.

1. Motivation

It is well-known that the medians of a triangle intersect in a common point. We
wish to explore which polygons in general have this property. Necessarily, such
polygons must have an odd number of edges. One easy source of such polygons
is to begin with a regula¢2n + 1)-gon centered at the origin and transform the
vertices using an affine transformation. This exhausts the triangles as every triangle
is an affine image of an origin-centered equilateral triangle. On the other hand,
if we begin with either a regular pentagon or a regular pentagram, this process
fails to exhaust the median-concurrent pentagons. Consider the pentagon with the
sequence of verticesy = (0,1), v1 = (1,0), v2 = (2,1), v3 = (—2,-2), and
vg = (6,2), depicted in Figure 1.

Va

Vo ¢ V2

P

Figure 1. A non-affinely regular median concurrent pentagon

v3

It is easy to check that for eaglall indices modulo 5), the line throughand
$(viy2 + vi13) contains the origin. Alternatively, it suffices to check thaand
vi+2 + v;+3 are scalar multiples. On the other hand, this pentagon has a single self-
intersection whereas a regular pentagon has none and a regular pentagram has five,

Publication Date: April 10, 2006. Communicating Editor: Floor van Lamoen.



140 M. Hudelson

so this example cannot be the image under an affine map of a regular 5-gon. Thus,
we seek alternative and more comprehensive means to construct median concurrent
pentagons specifically ari@n + 1)-gons in general.

We approach this problem by two different means. In the next section, we con-
sider families of lines that serve as the medians of polygons and in the section
afterwards, we begin with a collection aft+ 1 consecutive vertices and show how
to “complete” the collection with the remainingvertices; the result will also be a
(2n 4 1)-gon whose medians intersect.

2. Families of polygons constructed by medians

2.1 Oriented lines and the signed law of sines. In this section, we will be working
with oriented lines. Given a lin8 in R?, we associate with it a unit vecterthat is
parallel with?'. The oriented lin€ is defined as the pai¥, v). Then given points

A and B on/, we can solved B = tv for ¢ and say that is the “signed length”
from A to B along/; this quantity is denoted,(A, B). If t > 0, we will say that
B is on the “positive side” ofd along/; if ¢ < 0, we will say thatB is on the
“negative side” ofA along/. Switching the orientation of a line switches the sign
of the signed length from one point to another on that line.

Let ¢, and/s be two non-parallel oriented lines attbe their intersection point.
Let D; be a point on the positive side 6f along4. The “signed angle” frond;
to /5, denotedd,, is the angle whose magnitude (in the rar{@er)) is that of
/D1C Dy and whose sign is that of the cross producik v, the vectors thought
of as lying in thez = 0 plane ofR3. The signed angle of two parallel lines with the
same unit vector i8, and with opposite unit vectorsis Switching the orientation
of a single line switches the sign of the signed angle between them.

43

01

/AIZ \AIS

Figure 2. The signed law of sines
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In Figure 2 we have three oriented lings(s, /3. PointA;; is at the intersection
of ¢; and/;. As drawn,A;3 is on the positive side afl;; along/;, As;3 is on the
positive side ofA4;5 along /s, and Ass is on the positive side ofi;3 along /3.
Letting o = 4142314131412 andﬁ = ZA12A23A13, we havesin o = sin 913 and
sin B = sin 3.

By the ordinary law of sines and the above comments abarid3, we have

dg, (A1, A1)  de,(Ar2, Ass)
sin 923 N sin (913

Note that if we switch the orientation éf, then the numerator of the LHS and the
denominator of the RHS change signs. Switching the orientatignabfanges the
signs of the numerator of the RHS and the denominator of the LHS. Switching the
orientation off3 changes the signs of both denominators. Any of these orientation
switches leaves the LHS and RHS equal, and so the equation above is true for
oriented lines and signed angles as well; we call this equation “the signed law of
sines.”

2.2 Constructing polygons via medians. Let 4, {1, ..., /s, be 2n + 1 oriented
lines, no two parallel, ifR?. Let B; ; be the point of intersection of and/;,
and letd; ;1 bedy,, (B i1, Biy1,42). Finally, choose a pointly on ¢, and let
So = dyy(Bo,1, Ao).

mi Lryo

Figure 3. Constructing consecutive points via medians

Given a point4; on ¢, we construct the pointly 5 on /.o (the indices of
lines are modul@n + 1) as follows and as depicted in Figure 3.

Construction 1. Construct line m; through A;, and perpendicular to /.. Let
point B be the intersection of line ¢,,; and m;. Construct point C' on line m;
so that segments A, B and BC are congruent. Construct line m; through C' and
perpendicular to m;. Let point Ay o be the intersection of lines my and ¢, .
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We note that lin€ 1 intersects segment;,, Ax 5 at its midpoint.

We defineSy, = dy, (B k+1, Ar) andd;; to be the signed angle subtended from
¢; to ¢;. Lettingm be the line through,, and Ay, 2 andy = 0y, | ., We have by
the signed law of sines,

T S

sin O k11 N sin(0 k+1 + @)

and
x Sk42 + O0kt1

sinfpii ke SIN(Opptr + )
Eliminating x, we have

sin O k41

Sk+2 = Sk — Oky1-

SinOg41 k+2

Let )
sin 0k,k+1
9k = = -
Sin 041, k+2

Then we have the recurrence
Sk+2 = 9kSk — Ok41-

This leads to
Sk+4 = Gk+2Sk+2 — Ok43

= Gk+29kSk — Jk+20k+1 — Ok43,

and
Si+6 = 9k+4Sk+4 — Ok45

= Gk+49k+29kSk — Gk+49k+20k+1 — Gk+40k+3 — Ok+5.
In general, if we define
Pk pm = Gk+2pGk+2p+29k-+2p+4 - - - Gh+2(m—1)s
we have

Sk+2m = PiomSk — Pr1,mOk+1 — Mk 2m0k43 — -+ — Okt2m—1-
We are interested in the case when we begin with a pdjran ¢, and eventually
construct the pointdy(,,,, 1) which will also be on linels. Whenk = 0 and
m = 2n + 1, we have
So@2n+1) = 10,0,2n+150 — ho,1,2n+101 — ho2,2n+103 — *++ — da(2n41)—1-
We notice first that

2n 2n . m .
h _ _ sinfokokr1  [Tposin ok 2kt
0,0,2n+1 = Hg% = H no ~ 12n .
k=0 im0 S 02k 12k+2  JTZ0 sin Ogk41,2642

Since the subscripts in the latter products are all mog@ule- 1, it follows that the
terms in the numerator are a permutation of those in the denominator. This means
thathg o,2,+1 = 1. The second observation is that

So(2n+1) = So + alinear combination of théy ; 2,1 values
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The coefficients of this linear combination are this. The nullspace of thé
values will in fact be a codimension 1 subspace of the space of all possible choices
of (60,91, ...,02,)". Animmediate consequence of this is that if forialve have

0; = 0 thenSy,+2 = Sy and so we have closed the polygdp, A,, Ay, ...,

Agnt2 = Ap. We have shown

Proposition 1. Any set of 2n + 1 concurrent lines, no two parallel, in R? are the
medians of some (2n + 1)-gon.

Consider choosing a family @ + 1 concurrent lines. Each line can be chosen
by choosing a unit vector, the choice of each being a single degree of freedom (for
instance, the angle that vector makes with the vectodf"). Another degree of
freedom is the choice of poidly on ¢y. Finally, there are two more degrees of
freedom in the choice of the point of concurrency. This is a totahot 4 degrees
of freedom for constructing2n + 1)-gons with concurrent medians.

3. Families of median-concurrent polygons constructed by vertices

Suppose we have three poirfts b), (c, d), and (e, f) in R? such that(a, b) #
(—c,—d). We seek a fourth poiru, v) such thatu, v), (a + ¢, b+ d) and(0, 0)
are collinear, anda, b), (e + u, f + v) and(0, 0) are also collinear.

(e, f)

(c,d) (z,y)

A (0,0) (u, v)

g~ (@:b)

Figure 4. Constructing the fourth point

The point(u, v) can be constructed as follows:

Construction 2. Let A be the midpoint of the ssgment joining (a, b) and (¢, d) and
m; be the line through A and the origin. Construct the line m, parallel to m,
that is on the same side of, but half the distance from (e, f) asmy. Let m3 bethe
line through (a,b) and the origin, intersecting my at (z,y), and let my4 be the line
through (e, f) and (z,y). The point (u,v) isthe intersection of lines ny and my.
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It must be the case thét, v) = k(a + ¢,b + d) and also
u(b+d) =v(a+c)
ble +u) =a(f +v).
Subtracting, we have
ud — be =vc—af
or
k(a+ ¢)d —be = k(b+ d)c — af.
Isolating k, we have
_be—af
~ ad—bc’
Notice that the fourth point is uniquely determined by the other three, provided
ad — be # 0.
We formalize this in the following definition.
Definition 1. Given point A = (a,b),C = (¢,d), and E = (e, f), we define the
point F'(A, C, E) by the formula

be —af
ad — bc

This point satisfies the property that thelines F, (A + C) and A, (E + F') intersect
at the origin.

F=F(AC,E) = (A+0).

Now, suppose we have+ 1 points inR?, z; = (a;, b;), 0 < i < n, and suppose
that no line joining two consecutive points contains the origin. Starting=at0
we definex;,+1 = F(x;, zit1, zi+n). We address what happens in the sequence
o, T1,T2,. ...

We can recast our definition of the point_,,; using the following definition.

Definition 2. For 0 < j, k, Aj,k = ajbk — bjak.
Armed with this, we have

- AiJrn,i
Litn+1 = A

(.Ti + xi+1).
1,0+1

Also, we use induction to prove:

Proposition 2. For all j > 0, Aj1,; = App.

Proof. The caseg = 0 is obvious. Suppose the result is true jo& k. Then

Apt14nk+1 = Qhp1enbrs1 — Opr14nQrpt

AV
At
AV
C Apgtr
= Dpink
=Ano

which completes the induction. O

((ag + ag41)brr1 — (b + bry1)ak41)

(apbrs+1 — brags1)
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As a consequence, we have

n,0

Titntl = X (w5 + Ti41)-

i,i+1
We verify a useful property of\; ;.:
Proposition 3. For all 5, k, ¢,
A]’,kxz + Amxk = A&k{lj‘j.
Proof. We work component-by-component:

Aj,kag + Amak = (ajbk — bjak)ag + (azbj — bgaj)ak-
= ajbkag — bjakag + aﬂbjak - bga]’ak
= (aeby — beay)a;
= Ay raj,

and

Ajkbe + Ag by = (a;by — bjax)be + (agh; — bea;)by
= ajbkbg — bjakbg + aébjbk - bga]’bk
= (agby — beay,)b;
= A&]gbj.

We can now prove the following:

Proposition 4. For all 0 < i < 2n, thereisak; such that ;1 + z; = k;x,,; (all
subscripts modulo 2n + 1).

Proof. Fori = 0, we calculate

An,O
Anfl,n

1
= A (An,Oxnfl + An,Oxn + Anfl,n-rO)
n—1,n

)

Top + o = (Xn—1 + xn) + 2o

1
= A ((An,Oxn—l + An—l,nxO) + An,Oxn)
n—1,n

1
- A 1 (An—l,Oxn +An,0xn)
n—1n
_ Apaot An,Ox
Anfl,n "

and so
Ap_10+Anp
Anfl,n

If 1 <4 < n,then by the definition of, 4, ki = A;_1,;/An 0.

ko =
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To handle the case whén= n 4 1, we calculate

A
Tn + Tpy1 = Tn + A—mo(xo + xl)
0,1

1
= A—(Aoylxn + An70($0 + 1‘1))
0,1

= A—Ol(Ao,len + Ap o1+ Apoxo)

1
= A—(An,le + Ay 070)
0,1
_ An,l + An,O 0
Ao,1

and so
k | = An,l + An,O
"* Ao

For the values of, n + 2 < i < 2n, we setm = i — n and we have, using the
Symb0|6 = An,O/(Ame,mflAmfl,m)y

Ti—1 + Ti = Tptm—1 + Tn+m
Anp
Amfg,mfl Amfl,m
=0(Am—1m(@m—2+ Tm—1) + A—2m—1(Tm—1 + Tm)
=0((Am—1,mTm—2+ Apm—2.m—1Tm) + (Am—1.m + Am—2.m—1)Tm—1)
=0(Am—2m + Ap—1m + Ar—2m—1)Tm—1
= 0(Am—2m + Am—1m + A—2.m—1)Titn

noting thatm —1 =i —n—1 =i+ n modulo2n + 1, and so fom + 2 < i < 2n,
we have

An,O

(-Tme + .Tm,1) + (xmfl + wm)

Ay o(Aicn—2i—n+Dicn—1i—n+ Din—2i—n_1)

ki =
Aipn—2i-n-18i—n—1,i—n

g

What this proposition says, geometrically, is that the points + x;, ;1
and the origin are collinear. Alternatively, setting= j + n + 1, we find that
the pointsz;, x4, + =;4+n4+1 a@nd the origin are collinear. But this means that
3(Zj4n + Tj4n41) is also on the same line, and so the line connectjngnd the
midpoint of the segment joining; ., andx;,, 1 contains the origin.

As a direct consequence, we obtain the following result:

Proposition 5. Given any sequence of n + 1 points, xy, x1, - . . , £, such that the
originisnot on any linez;, z; ;1 or T, Zg, then these points are n + 1 verticesin
seguence of a unique (2n + 1)-gon whose medians intersect in the origin.

Here, we can choose + 1 points to determine &n + 1)-gon whose medians
intersect at the origin. Each point contributes two degrees of freedom for a total of
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2n+2 degrees of freedom. Two more degrees of freedom are obtained for the point
of concurrency, for a total of2n + 4) degrees of freedom. This echoes the final
result from the previous section. That we cannot obtain further degrees of freedom
follows from the previous section as well. Theaay set of2n + 1 concurrent lines

(in general position) produced a concurrent-medim+ 1)-gon. We cannot hope

for more freedom than this.
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On the Generating M otions and the Convexity of
a Well-Known Curvein Hyperbolic Geometry

Dieter Ruoff

Abstract. In Euclidean geometry the verticésof those angleg’ AP B of size

« that pass through the endpoirts B of a given segment trace the arc of a
circle. In hyperbolic geometry on the other hand a set of equivalently defined
points P determines a different kind of curve. In this paper the most basic prop-
erty of the curve, its convexity, is established. No straight-forward proof could
be found. The argument rests on a comparison of the rigid motions that map one
of the angles AP B into other ones.

1. Introduction

In the hyperbolic plane lel B be a segment and one of the halfplanes with
respect to the line through and B. What will be established here is the convexity
of the locus(2 of the pointP which lies in H and which determines together with
AandB an angleZ AP B of a given fixed size. In Euclidean geometry this locus is
well-known to be an arc of the circle throughand B whose cente€ determines
the (oriented) anglee ACB = 2 - ZAPB. In hyperbolic geometry, on the other
hand, one obtains a wider, flatter curve (see Figure 1; [2, p.79, Exercise 4], [1],
and also [6, Section 50], [7, Section 2]). The evidently greater complexity of the
non-Euclidean version of this locus shows itself most clearly when one considers
the (direct) motion that carries a defining angld P B into another defining angle
/AP'B. Whereas in Euclidean geometry it has to be a rotation, it can in hyperbolic
geometry also be a horocyclic rotation about an improper center, or, surprisingly,
even a translation. For our convexity proof it appears to be practical to consider
the given angle as fixed and the given segment as moving. Then, as will be shown
in the Main Lemma, the relative position of the centers or axes of our motions can
be described in a very simple fashion, with the sought-after convexity proof as an
easy consequence. As to proving the Lemma itself, one has to take into account
that the motions involved can be rotations, horocyclic rotations, or translations, and
it seems that a distinction of cases is the only way to proceed. Still, it would be
desirable if the possibility of an overarching but nonetheless elementary argument
would be investigated further.

The fact of the convexity of our curve yields at least one often used by-product:

Theorem. Let AB bea segment, H a halfplane with respect to the line through A
and B, and ¢ a line which has points in common with A but avoids segment AB.

Publication Date: April 17, 2006. Communicating Editor: Paul Yiu.
Many thanks to my colleague Dr. Chris Fisher for his careful reading of the manuscript and his
helpful suggestions.
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)

A B

h----

Figure 1

Then the point X, when running through ¢ in H, determines angles ZAX B that
first monotonely increase, and thereafter monotonely decrease in size.

Our approach will be strictly axiomatic and elementary, based on Hilbert's ax-
iom system of Bolyai-Lobachevskian geometry (see [3, Appendix IlI]). The appli-
cation of Archimedes’ axiom in particular is excluded. Beyond the initial concepts
of hyperbolic plane geometry we will only rely on the facts about angle sum, de-
fect, and area of polygons (see e.g. [2, 5, 6, 8]), and on the basic properties of
isometries. To facilitate the reading of our presentation we precede it with a list of
frequently used abbreviations.

1.1 Abbreviations.

111 [AjAs...Ap. . A;... A, ... A,] for ann-tuple of points withA; between
ApandA,forl1<h<i<k<n.

112 AB,CD,... for segments, and(AB), (CD), ... for the relatedopen in-
—_— =
tervals AB — {A,B}, CD — {C,D},...; AB,CD,... for therays from A
—_— .
through B, from C through D, ..., and(A)B, (C)D, ... for the relatedchalflines

—_— — .
AB—{A}, CD—{C},...; ((AB),¢(CD),...forthelinesthroughA andB,
CandD,....

1.1.3 a,b,c,... are general abbreviations for Iineﬁ,?,?,... for rays in
—
those lines, anda), (b ), (¢),. .. for the related halflines.

1.1.4 H(a,B), where the poin3 is not on lineq, for the halfplane with respect
to a which contains B, and H (a, B) for the halfplane with respect to a which does
not contain B. The improper ends of rays which enter halfplaidehrougha are
considered as belonging 1.

1.1.5 perga, B) for the line which isperpendicular to a and incident withB;
proj(S, ¢) for the orthogonal projection of the point or pointses to /.

1.1.6 ABCD for the Lambert quadrilateral with right angles atd, B, C and an
acute angle ab.

1.1.7 R forthe size of a right angle.
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1.1.8 a X b, a X P,... fortheintersection point of the linesa andb, of the
line a and the rayp', . . . .

1.1.9 - - o (in figures) for specific acute angles witrdenoting a smaller angle
than-.

Remark. In the figures of Section 3, lines and metric are distorted to better exhibit
the betweenness features.

2. Segmentsthat join thelegs of an angle

In this section we compile a number of facts about segments whose endpoints
move along the legs of a given angle. All statements hold in Euclidean and hy-
perbolic geometry alike; the easy absolute proofs are for the most part left to the
reader. -

Let Z(@, b) be an angle with verte®, andC be the class of segments B,

of lengths that have endpointi, on leg(@’) and endpoint3, on Ieg(?) of this
angle, and satisfy the equivalent conditions

(la) /PA,B, > /PB,A,, (1b) PA, < PB,,

(see Figures 2a, b). We will always drai b as rays that ardirected downwards

and, to simplify expression, refer # as thesummit of /(a’, 7). As a result of
(1a) the segmentd, B, are uniquely determined by their endpoints (@), and
C can be generated by sliding downwards through the pointS&zgrand finding

=
the related points ofb ).

Figure 2a Figure 2b

It is easy to see that during this downwards movemémt4, B, decreases
and ZPB, A, increases in size. Due to (1a) the segmdnB, which satisfies
/PAyBy = LPByAy, PAy = PBjis the lowest of clas§.
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If £(a, 7) < R then the clas§ contains a segment, B, such that/ PA, B, =
R. Note that when4, moves downwards fron® to A,, B, moves in tandem
down from the poin©O s units belowP to B,, but that when4,, moves on down-
wards fromA,, to Ay, By moves back upwards froml, to B, (see Figure 2a). If
/(d, 3)) > R no perpendicular line t¢a’) meets(?) and the pointd3, move
invariably upwards when the points, move downwards (see Figure 2b).

Now consider three segmentsB, A; By, A, By € C whose endpoints ofia’)
satisfy the order relatiopd 4; A, P], and the direct motions that carry segmei?
to segmentd; B; and to segmen#i; B;. These motions belong to the inverses of
the ones described above and may c&tfirst downwards and then upwards. As a
result there are seven conceivable situations as far as the order of the/polts

and Bs is concerned (see Figure 3):

(I)  [ByB1BP], (I) [B1BP], By, = B;
(I1T)  [B1B2BP], (IV) [B1BP], By = B,
(V)  [BiBByP], (VI) [BB2P|, B1 = B, and
(VII) [BB;ByP]
P P P P P P P
A A A A A A A
B, B, B,
B,
—1> —1> —t>
level Bo B, |B B, B T
B 131 B : B| — B
B[, B,
B. B.L B, B B, B.L

BB ap @p @) (V) (VD) (VD

Figure 3

In case/ (@, 7) > R the pointB moves solely downwards (see Figure 2b) and

we find ourselves automatically in situation (I). On the other hand, 7) <R
and A lies on or aboved, both endpoints of segment5 move simultaneously
upwards, first tod; B; and then on tod, B (see Figure 2a); this means that we
are dealing with situation (VII).

In Figure 3 the level of the midpoin¥; of BB is indicated by an arrow to the
left, and the level of the midpoint, of B B, by an arrow to the right. We recognize
at once that we can ug€, and N, instead ofB; and B, to characterize the above
seven situations. Set forth explicitly, a triple of segmeAfs, 4 B, A2By € C
with [AA; A, P] can be classified according to the following conditions on the

midpoints N1, Ny of BB1, BBso:
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(1) [NoN1BP], (II) [N1BP], Ny = Ny,
@ vy mBNP) (VI) [BNP|, Ny = B, and
(VII) [BN;N,P].

1 . . .
Note that alwaysV; N, = EBlBg. The midpointsi;, M, of AA;, AAs sim-

ilarly satisfy My Mo = §A1A2; here the direction\; — M, like the direction
A; — A, points invariably upwards.

Figure 4 Figure 5

In closing this section we deduce two important inequalities which involve the
pointle, My, N7 and Ns.

FromPA < PB, PA; < PB; (see (1b)) follows
(3) PM; < PN; (i=1,2),
(see Figure 4). In addition, for situations (lII) - (VII) in whid, lies aboveB; and
N, aboveN; we can establish this. In the right trianglés4; A, By, A AL A2 Bo
whereA] = proj(A;,b), A, = proj(As,b), Aj A1 > ALAy, A1B1 = AsBs (=39),
and as a resultt) B; < A, B, (see Figure 5). Sal|A) > B;Bs, and because
A1Ay > AL AL, A1 As > B1Bs. Noting what was said above we therefore have:

4 If Ny lies aboveN; thenM; My > N1 Ns.
3. Thecenters of two key segment motions

In this section we locate the centers of the segment motions described above.
Our setting is the hyperbolic plane in which (as is well-known) three kinds of
direct motions have to be considered. The Euclidean case could be subsumed with
few modifications under the heading of rotations.
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Figure 6

Let u; be the rigid, direct motion that carries the segmd® < C onto the
segment4d;B; € C (i = 1,2) whereA; lies aboveA, and letm; = perga, M;),
n; = perpb, N;). If lines m; andn; meet,u; is arotation about their intersection
point G;, if they are boundary parallely; is animproper (horocyclic) rotation
about their common eng}, and if they are hyperparallel; is atranslation along
their common perpendiculaf (see e.g. [4, p. 455, Satz 13; Figure 6]). We ¢l
~i Or g; the center [G;] of the motiony;. For any pointX disjoint from the center,
¢(X[G;)) denotes the line joining to the center of;, namely/(X G;), ¢(X~;),
or perggi, X ). The ray fromX contained in this line and in the direction ;]
will be referred to as theay X [G;] from X towards the center of 1;; specifically

. —) _) - . - —)
for X = P, M;, N; we definep; = P[G;], m; = M;|G;] and (if it exists)n; =
—_

N;[G;].

Figure 7

We now show that the cent@®;] of motion y; must lie inH (a, B).

If n; does not intersecta’) this is clear; ifn; meetsa in a point/ (see Fig-
ure 7) we verify the statement as follows. Segmétas the hypothenuse of
APIN; is larger thanPN; and so (see (3)) larger thah)M;. Consequently the
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angleZPIN; = ZM;IN; is acute, which indicates thaf when entering” (a, B)
atI, approaches;. As a resul{G;] must lie inH (a, B).

Some additional consequences are implied by the fact that the défijterf
either motiony; is determined by a pair of perpendicularg, n; to linesa and
b (see again Figure 6). IfG;] = ~; is a common end ofn;,n;, and thus the

center of a horocyclic rotation, it cannot be the end of?aySimiIarly, if [G;] =

g; is the common perpendicular ef; andn;, and thus the translation axis, it is
hyperparallel to both of the intersecting linesh and, as a result, has no point in
common with either; furthermore, andb, being connected, must belong to the
same halfplane with respect go On the other hand, iiG;] = G; is the common
point of m; andn;, and thus the rotation center, it is indeed possible that it lies on
(7). The pointG; then is collinear withB and with its image5; which means
that for B # B; the rotation is a half-turn an@; coincides with the midpoind;

of BB;; in additionG; should be the midpoint4; of AA; which is impossible. So

B = B, = N; = G;; conversely, one establishes easily that if any two of the three
points B, B;, N; coincide,y; is a rotation with center; equal to all three.

We now assume that our plane is furnished with an orientation (see [3, Section
20]), and that without loss of generality lies to the left of ray@. This ray
entersH (a, B) at the pointA of (@) andH(b, A) at the point3 of (b ). Also
m; = M;[G;] entersH (a, B) at a point of('@’) and so hasP on its left hand
side as well (see Figure 8). As to the i@y = N;[G;] which (if existing, i.e. for
[G;] # N;) originates at the poind; of (?), it has P on its left hand side if and
only if it entersH (b, A), i.e. if and only if[G;] belongs toH (b, A).

Figure 8a Figure 8b

Because the motiop; carriesA acrossm; to A; on the side of?, 4; lies to the
left and A to the right ofm;. Being a direct motiony; consequently also moves
B (if B # N;) from the right hand side of; = N;[G;] to B; on the left hand side
which is the side ofP iff [G;] belongs toH (b, A). In short, motiony; carriesB
upwards on( b ) iff [G;] lies in I (b, A).

We gather from the previous two paragraphs that
e [G;] belongs toH (b, A) if B; andN; lie aboveB on (?),



156 D. Ruoff

—

eto(b)if B;=N; =B, and
eto H(b, A) if B; andV; lie below B on (3}).

Considering the motiong;, io again together we can tell in each of the seven
situations listed in (2) where the two motion centé®], [G2] (which both be-
long to H(a, B)) lie with respect tah. As we shall see, the relative positions of
[G1], [G2] can be described in a way that covers all seven situations: rotating ray

—

@ = PA aboutP into H(a, B) we always pass ra®|G] first, and rayP|[G2]
second. More concisely,

— S — —
MAIN LEMMA (ML). Ray p; = P[G:] alwaysenters Z/(a’, ps) = LAP[G3].

Proof. (The essential steps of the proof are outlined at the end.)

From (2) and the previous paragraph follows th@t] lies in H(b, A) in sit-
uations ()-(V), on(_bj in situation (V1) and inH (b, A) in situation (VII); [Gs]
lies in H(b, A) in situations (I)-(I11), on(?) in situation (IV) and inH (b, A) in
situations (V)-(VIl), (see Figure 9). As a result the Lemma follows trivially for sit-
uations (IV)-(VI1). The other situations are more complex, and their proofs require
that the nature of the motion centéés], (: = 1, 2), which can be a pointr;, end
~; Or axisg; be taken into account. Thus a pair of motion centéfs, [G] can be
equal toG, Ga; G1,72; G1, g2, 71, G2; 71,725 71, 925 91, G2 91,725 91, 92-

The arguments to be presented are dependent on the mutual posiioiof\/,
on @ and of P, N;, N> on 3) and are best followed through Figure 9.

We first consider situations (1)-(lll) in whick (@', ) includes(p;) and (73).
To verify (ML) we have tgshow that; does not enteK(E’,;I)), or equivalently

thatp; does not enter’( b ,ps). (This assumep; # ps which either follows
automatically or as an easy consequence of the arguments below.)

We begin with the special case that meetsms in a pointI. In this case
statement (ML) holds ip> does not intersect linex, at I or in a point between
M, andI. Obviously this is so ifiG2] = 72 or go because thep; andms do
not intersect. IfGa] = G2, ps andms do intersect and we have to show that the
intersection point, which igs,, does not coincide witli or lie between)s; and
I. We first note that line:; does not intersect ray; in I or between/ and P
because the intersection point would have t@hand so lie onn,, a line entirely
belowmsy. As a consequenck P, M,, and, if it would lie betweerl/; and!, also
G4, would all belong to the same halfplane with respectitonamely H (ny, P).
However this would entail that line, which runs throughtz, would belong to this
halfplane, which is not the case in situations (I) and (Il). Thus we have established
for those situations thak, # I, and[MyG>I] does not hold, which means (ML)
is true. We will present the proof of the same in situation (IIl) later on.

Due to the Axiom of Pasch the poihalways exists ifA P M [G1] is a proper or
improper triangle, i.e. ifG1] = Gy, or ;. This means that we have so far proved
(ML) for the cases+1,v2; G1, 92; 71,72, V1, 92 and in addition foiGy, Go; 71, Go
in situations (I) and (I1).
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Figure 9

In the opposite special case thdtmeetsn; in a pointI’ we can analogously
show that for{G1] = 1 or g1 ray p; does not enter (b, p3) and (ML) holds. In
fact it is useful to mention here that this statement and its proof can be extended to
include configurations in which; meetsn,; in an improper point’.

In situation (1) the pointl’ always exists ifG2] = G2 or 42 due to the Axiom
of Pasch. In situation (Il) with, = ny I’ exists for[Gs] = G5 and/ exists for
[G2] = 12 because in the first cag®, = I’ and in the second casg = ¢/. This
means that we have proved (ML) also 81 Gs; g1, 72 in situations (1) and (11).

The proofs of the remaining cases, namelygs in situations (1)-(Ill), and
G1,Ga;, 11, Ge; g1,G2; g1,72 in situation (111) require metric considerations and
will be presented later.
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Remark. Taking into account that we have already established (ML) in the case in
which p; andms, meet in a point/ and [G2] = 72 or g we will assume when
proving (ML) for ¢, g» and~;, g» thatp; andms do not meet. At the same time,
taking into account that we have already established (ML) in the casgthatl

ny meet in a pointl” and [G1] = 71 or g; we will assume thap; andn; do not
meet.

Turning to situation (VII) we observe that each of the rays (i = 1,2)
intersects(?) in a point M, and approaches ray; in H(b, A), thus causing
£ZN;M![G;] to be acute. AnglePM!M; of the right triangleA PM; M is also
acute withP abovem;, which means/N; M/[G;] is its vertically opposite angle
and N; lies belowm;. As to the raysp; = ITGz]) they both entet (b, A) at P
which means that the angle§ @, 7;) have halfline( ) in their interior.

If p; does not intersecty, i.e. for [G2] = 72,92, angleZ(@’, p3) includes
(m3), (3) together with(b ). So, if in addition|[G1] = Gy or 1, halfline (p7)
crossegms) in order to meetm;), i.e. runs in the interior of (@', p3). Lemma
(ML) thus is fulfilled for Gy, v2; G1, 92; 71,725 V1, 92-

The remaining cases of (VIl) depend on two metric properties. Fopiv, <
My My and My My = proj(M] M, a) < M; M} (see (4) and Figure 9, VII) follows
NNy < M{M} and so

(5) NlM{ :NlMé—M{Mé < NlMé_NlNQ :NQMé

In addition, from the fact that\ P M} M, has the smaller area (larger defect) than
A PM;{ M follows £P MMy > /PM; M, and so

From (5) and (6) it is clear that iy, intersects or is boundary parallel tg then
m1 must intersecty, i.e. that the casesg, Go; g1, G2; g1, 72 cannot occur. Also,
from (5) and (6) follows that ifn;, n; intersect inG; andms, ny intersect inGs
then sideN; G, of AN; MG is shorter than sid&»Go of ANy M,G4. This and
PN; > PN, applied toAPN;G;, APN,G5 implies 4(?,;7{) < 4(7,;72’),
and so settles (ML) in the case 6f, G.

The main case left is that @fi, g2, both in situation (VII) and situations (1) -
(111). For use in the following we define pr@4,g;) = R;, proj(N;,g;) = Si,
proj(P, g;) = P;, and, assuming the points existy A\ ¢1 = U,no A ¢1 =
Vipa X g1 =W.

If in situation (V1) (in whichps lies aboven,, see Figure 10) the poift’ does
not existn; lies with ( b ), g1 with n1 and(p1) with g; in the interior ofZ(a’, p3)
thus fulfilling (ML). If W exists, linen, which runs between the lineg, mo and
so avoidsps, enters quadrilateraP N; S; W and leaves it, definin§y’, betweensS,
andv.

From (6) follows that Lambert quadrilaterah S; R, M| has the smaller angle
sum and so the larger area thahS; Ry M), which because of (5) requires that
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N1S1 > NoS,. As aresultV, W on rayS; R; satisfy[N2S2 V], [PP,W] respec-
tively. As /51 V Ny = Z5,V S5 of NoN1S1V is acute /V in B,Ss VW is obtuse
andZPy + /Sy + ZV > 3R. This means thatWW = ZPWV must be acute and

identical with Z PW P;; consequently(p7) = (P—Pf) must lie withV, Ny in the
interior of Z(@, p3 ), again confirming (ML).

M, N
X
M, \“\\
PR
q By
\ “6 N, N,
vk =3
m\ m, VA b
Vol
P M n
T
[
Vo
Wl o o
R UlR W V5§ g
J
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Figure 11a

Figure 11b

Each of the Figures 11a, b relating to situations (1), (lll) contains two pentagons
PM;R;S;N; (i = 1,2) with interior altitude PF,. Adding the images\/, R}

of M;, R; under reflection inPE, (as illustrated fori = 2 in Figure 11a) we note
that P, R; < P,S; because otherwise we would hat*\; = PM* > PN; in
contradiction to (3). Moreover B, PM; > /P;PN; as/P,PM; = ZP;,PM} <
ZP;PN; together withP, R} < P;S; would imply thatPM;* R} P; would be a part
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polygon of PN;S; P; while not having a larger angle sum (i.e. smaller defect). So
(7a) PR; < P;S;, (7b) /P,PM; > /F;PN;, (76) R;M; > S;N;.

In view of an earlieRemark we assume that the poibt exists and that it sat-
isfies [R,U P, |; together with[ Ry P, S1] this extends tqR; U P;.S¢]. In situation
(I) we can similarly assume thak andn; do not meet which means that the
point W exists and that it satisfied/1¥.5;], a relation that can be extended to
[RiUW S4]. In situation (1) we automatically hav& such thafU'V 5] and W
such thafUW V] is fulfilled, altogether thereforg? UWV S;].

In both situationsny andU—R{ include an acute angle which coincides with
the fourth angleZR,U M, of Lambert quadrilateralV/; M1 R;U and so lies on
the upper side of;;. It is congruent to the vertically opposite angle between
and UW Whichms lies on the lower side @f. In situation (Ill), for similar
reasonsn, and VIV include an acute angle which is congruentd, V.S, and
lies on the lower side of;. As a result of all this in situation (Ill) the closest
connectionR; Sy betweenns andns lies belowg,, and so does the auxiliary point
X = proj(W, mz) in situation (I).

Statement (ML) holds in both situations [ W] is fulfilled i.e. if P, =

—

proj( P, g1) belongs to legW)U of ZPWU. We note that this is the case iff
/PWU is acute.

Now, if in situation (I) R, P, and.S; lie below g; then the intersection point
of ny andg; exists and lies betweeN, and.S;, Z/ N,V S is acute,/S,V.S; =
/S5 VW therefore obtuse and in quadrilatef@lSo VW ZPy + /Sy + /V >
3R; as a consequencélV = /RWYV is acute and so is its vertically opposite
angle,/PWU. This, as we mentioned, proves (ML). K, P, lies below XW
and rayﬁ intersectsg; in a pointY’, angle/RWY in triangle APR,WY is
acute, which leads to the same conclusion. R, = XW then ZPWU <
/PWX = ZPP,R, = R. Finally, if RyP; lies aboveXW, ZPWX as the
fourth angle of Lambert quadrilateral R, P,W is acute, and becausePW U <
/PWX, /PWU < R. This concludes the proof of (ML) in situation (I).

In situation (lll) we have aredh M RU > NoN1S1V because of (4), (7¢).
Consequently/ MyU Ry < ZN5V Sy, and so/WURy; < ZWV Sy on the other
side ofg,. If we also had/ RWU < ZP, W'V then quadrilaterak, P, WU would
have a smaller angle sum and larger defect td® 1/ V. At the same time (7a)
and this angle inequality would imply that the former quadrilateral would fit into
the latter, i.e. have the smaller area. Since this is contradict@yV U must be
larger than the adjacent angteRWV; as a resul RWV < R and vertically
opposite /PWU < R which establishes (ML) foy, go in situation (ll1).

The proof of (ML) in situation (lll) can be extended with only very minor
changes to situation (Il). Also closely related is the casg,of, in situation (l11). If
here, in addition t&/ WU, < LWV 74, the inequality/y WU < LWV were
to hold then linem, would have to run farther away from ling than linens in
contradiction to (3). An analogous argument applies to the gaé& in situation
(1) when G-, lies belowg; . Note that if linems intersectsy; in a pointU between
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R, and P; rather tharp; in a pointI betweenP and P, then G must lie below
g1 (see Figure 11b). This is so because according to (4) and (7c) the existence of
a Lambert quadrilateral, M1 R, U with RiU < R;P; implies the existence of
NoN151V with 1V < RiU < R1 Py, and so due to (7a) with, V' < S Py; the
point P; thus lies betwee®/ andV, andM; and No, meet belowy, .

To conclude the proof of (ML) we still have to settle the ca6gsGs; v1, Go
andgy, G> (this with I = my X p1 on or aboveP;) of situation (Ill). We present
here the last case (Figure 12b) which is easy and representative also for the proofs
of the other two cases (Figure 12a).

Figure 12a Figure 12b

Call J = proj(Z,b) and note that'1PMs > ZIPJ (7b) implies(i) MaI > J1,
and(ii) ZPIMy < ZPIJ, ZP\IM, > ZP/1.J. |f G would lie in H(p;, My)
then the pointV, = proj(Gs,b) would determine a segmeng N, > N;J, and
due to (4) the inequalitfiii) My M > N;J would result.

We now carry the pentagoR, = JN1S51 P 1 by an indirect motion td%? =
JONOSYPOIO whereJy = M,, N? lies onMz M, andI® on M,l. Assuming that
G4 belongs toH (p;, M>) we have according t€), (iw?tl0 lies between\/,

andI, and NY betweenM, and M;. Due to (7c) rayS) P lies in the interior of

/MRy Py, and due td(ii) halfline (1°) P° lies in the interior of/ P, I Ms which
implies thatP} is a proper part of polygo®, = M,M; Ry P 1 in contradiction to
the fact thatP) has the smaller angle sum, i.e. the larger defectGSandp; do
not lie in Z(@’, p1) and the proof of (ML) is complete. O

Summary of the Proof.

(1) Situations (1V) - (VI) are trivial.

(2) In situations (1) - (I1), (ML) holds ifp; X ms = I with [G3] # G2, and in
situations (1), (II) also withGs] = Go.

— G1,72; G1, 92571, 72: M1, 92 Of (1) - (M), G, G371, G2 of (1), (IN).

(3) In situations (1) - (I1), (ML) holds ifpy X ni = I' (/) with [G1] # G1.
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— g1, G2; 91,72 of (1), (I1).

(4) In situation (VII) a direct comparison ok Ny M7 [G1], AN2Mj[Gs] reveals
the relative position ofG1], [G2] in all but one case.

— all cases of (VII) excepi, gs.

(5) In situation (VII) the area comparison of S; R M/, NoSsRe MY, helps to
solve the remaining case.

— g1, go of (VIN).

(6) In situations (1), (lll) the area comparison &fAMy R1.51 N1, PMsR2S5No
helps to solve the same case as in 5.

— g1, g2 of (1), (I11).

(7) The arguments of 6. can be extended to three more cases.

— g1, g2 Of (I); g1,v2 Of (II); g1, G5 of (Ill) for Gy belowg;.

(8) The area comparison between a part polyga;¢f, P, P, and one of\f; R P, P,
together with two similar comparisons, settle the remaining cases of (lll).
— g1, Go with G9 aboveg; ; G1, Ga; 71, G2 of (1ll).

4. Reinterpretation and solution of the posed problem

In the following we formulate, re-formulate and prove a statement which es-
sentially contains the convexity claim of Section 1. Subsequently we discuss the
details which make the convexity proof complete.

Theorem 1. Let AB be a fixed segment and £, , P, and P three points in the
same halfplane with respect to the line through A and B such that

(8) LAP; B= /AP B= /APB
and
(9) /BAP, > /BAP; > /BAP > ZABP.

Then the line » which joins P,” and P separates the point 7~ from the segment
AB (see Figure 13a).

For the purpose of re-formulating this theorem we carry the polnts, 5, P
and the liner of this configuration by a rigid, direct motion into the points
Ay, By, P, P and the liner; respectively such that; lies onPA andBj on PB
(see Figure 13b). This allows us to substitute the following equivalent theorem for
Theorem 1.

Theorem 2. In the configuration of the points A, B, P, 4, By, P, and the line r;
as defined above, the line r; separates the point P from segment AB.

Remark. Note that Theorem 1 amounts to the statement that the intersection point

—_—
Cy ofray AP, and liner lies betweemd and 7, and Theorem 2 to the statement

that the intersection poirdt; of A; P andr (i.e. the image of’;” under the motion
u1) lies betweemd; and P.
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Figure 13a Figure 13b

Proof of Theorem 2. We first augment our configuration by the images of another
rigid, direct motionyue which carries the pointst, B, P, P, and the liner into

As, By, P>, P andry respectively whered, lies onP_ft and Bsy on P_B> We note
that because joins P, and P, r; joins P and P». From/ZBAP, > /BAP;

(see (9)) follows/ By Ay P = po(£LBAPy ) > i (£LBAP] ) = £ZB1A; P and so
[AA; Ao P] according to Section 2. In the following we denote the ends lof p
andp’ (with p’ on the same side af = ¢(AP) asC;") and their images on, and

R —_—

ro by p1, p) resp.ps, ph. Sincep’ lies on the left (right) side ol P, and ofAP*
if and onIy if it lies on the left (right) side oﬂP and smceAgP = MQ(AP )

AlP ul(AP ) andAP are equally directeds,, pj andy’ lie together withC|

in H(a, B). We note that as an exterior angle®A P, C; , ZAP; p' > LACT p/,
and that as an exterior angle &fAC P, ZAC| p/ > ZAPp'. Applying 12 and

11 on the two sides of the first and on the left hand side of the second inequality
we obtainZAs Ppl, > £A1Cyp) and LA,C1p > LAPp'. The supplementary
angles consequently satisfy

(10) LAPp > LAC1p1 > LAPpa, 0, p1,p2 € H(a, B).
From (10) follows thatp, lies on the same side of line = ¢(Pp) as A, and

(because rayP—ft does not enter' pPp-) PA enters/p' Pps.
At this point we augment our figure further by the raysps which connect
P to the centergGi], [G2] of the motionsyy, e and, if r,7 have a point/ in
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common, by the ray;* connecting! to [G;]. Becausegu; mapsr and p to 7
and py, while 11 mapsr and p to r; and p;, the rayps is the bisector of angle
Zp' Ppy, and (if existing) the ray;* is the bisector of angle//Ip;. Since(ps)
lies together withp, in H (a, B) (see Section 3) whereahlies in H (a, B), the ray
PA enters/p' P[Ga].

We now show by indirect proof th&t; cannot lie on or abové ona.

ForC; = P (see Figure 14a) formula (10) readsAPp > LAPp, > LAPps,
p,p1,p2 € H(a,B), and we can add to the sentence following (10) that aiso
and A lie on the same side of Thus/gPp; = Zp'PA+ ZAPp; > Zp'PA +
LAPpy = Zp'Ppy, andZp'P|G1] = £ £p'Ppy > 320 Ppy = Zp'P|Go]. This
means thap; does not enter'p/ P[G5] and so does not entefAP[Gs] in contra-
diction to Lemma (ML).

Figure 14a Figure 14b

If C; were to lie aboveP, ona, ray]T,fz of » would, according to (10), approach
rayCl—p{ when enteringH (a, B). This means”p and Pp; either have a poinf
or the ends, p; in common, or = ¢(Pp) andr; = ¢(Pp;) share a perpendic-
ular line whose intersection point withlies in H(a, B). Let us first assume that
]7,5, P—pf meet inl (see Figure 14b).

In this case line: intersects both segme@t A and rayCTp{ which means that
A and p; lie on the same side of. Note that/4Ip, is equal to the exterior
angleZCIp of APC,I and so satisfieg o' Ip; > /PCI + ZC,PI. Because
LPC1I (= LACyp1) > ZAPps (see (10)) and becaus€’y PI = Zp'PA we
have/p'1py > LAPpy + Zp'PA = Zp'Ppy. The lower halves of the compared
angles consequently satisfy/I[G1] > Zp' P[G>] which means that neither *
nor the boundary parallel ray would enter/ ' P[G>], again in contradiction to
Lemma (ML).
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Shouldp = p; (see Figure 14c) then this common end is at the same time the
—_
center[G1] of motion u;. As a result the ray; = Pp, and again fails to enter
LAP|Go].

Figure 14c Figure 14d

Finally, if » andr; have the perpendicular ling in common (see Figure 14d)
then i, which mapsr, p to 1, p; is a translation with axig;. As a resultp; =
P —

P[G4] must coincide withPp which means it does not ent&/ Pp, and so does
not enter/p P[G5] and ZAP[Gs] in contradiction to Lemma (ML). This com-
pletes the proof of Theorem 2 and of Theorem 1.

Figure 15

It should be noted that Theorem 1 contains the assumption (9)2thde,~, P
belong to the half-arc of our locus from to the pointR on the perpendicular
bisector of segmeni B (see Figure 15)). By symmetry the Theorem also shows
the convexity of the half-arc from® to ). In order to establish the convexity of the
whole arc we need to confirm the additional fact that/foa point on the first half-

arc and@ a point on the second, ling PQ)) separates the points of dng) from
those of segment B. To do so we choose a poiff, without loss of generality
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on haIf-arc(PAPo), and establish that segmeAPx meets segmen® between

A and Px. Obviously rayA_PX), which entersZ PAQ, meetsP(Q in a pointDx.
Also, by Theorem 1 segmentPx has a poinCx in common with segmeng, P,
which means that our claim follows frofl Dx C'x ], a relation which is fulfilled if
Py, and so Py P), (PyQ) belong toH (PQ, A). This however is a consequence of
the fact thatf) has a greater distance froffA B) than P and(@), a fact of absolute
geometry for which there are many easy proofs.
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A Very Short and Simple Proof of “The Most
Elementary Theorem” of Euclidean Geometry

Mowaffaq Hajja

Abstract. We give a very short and simple proof of the fact thatliB B’ and
AC'C are straight lines witlBBC and B’ C” intersecting aD, thenAB+ BD =

AC" + C'Difand only if AB' + B'D = AC + CD. The “only if’ part is
attributed to Urquhart, and is referred to by Dan Pedoe as “the most elementary
theorem of Euclidean geometry”.

The theorem referred to in the title states tial BB and AC’C are straight
lines with BC and B'C’ intersecting at D and if AB + BD = AC' + C'D,
then AB’ + B'D = AC + CD ; see Figure 1. The origin and some history of
this theorem are discussed in [9], where Professor Pedoe attributes the theorem to

c

A 5 B

Figure 1

the late L. M. Urquhart (1902-1966) whdiscovered it when considering some

of the fundamental concepts of the theory of special relativity, and where Profes-

sor Pedoe asserts thidie proof by purely geometric methods is not elementary.
Pedoe calls ithe most “ elementary” theorem of Euclidean geometry and gives
variants and equivalent forms of the theorem and cites references where proofs can
be found. Unaware of most of the existing proofs of this theorem (e.g., in [3], [4],
[13], [14], [8], [10], [11] and [7, Problem 73, pages 23 and 128-129]), the author
of this note has published a yet another proof in [5]. In view of all of this, it is
interesting to know that De Morgan had published a proof of Urquhart's Theorem
in 1841 and that Urguhart's Theorem may be viewed as a limiting case of a result
due to Chasles that dates back to 1860; see [2] and [1].

Publication Date: April 24, 2006. Communicating Editor: Floor van Lamoen.
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In this note, we give a much shorter proof based on a very simple and elegant
lemma that Robert Breusch had designed for solving a 196NTNiLY problem.
However, we make no claims that our proof meets the standards set by Professor
Pedoe who hoped for a circle-free proof. Clearly our proof does not qualify since it
rests heavily on properties afrcular functions. Breusch’s lemma [12] states that if
A;B;C; (j = 1,2), are triangles with angled; = 2«;, B; = 24;, C; = 2v;, and
if B1Cy = B35, then the perimeter(A; B1C4) of A; B1C1 is equal to or greater
than the perimetep( A2 BoCs) of A2 BoCy according asan ) tan~y; is equal to
or greater thaman 3 tan 2. This lemma follows immediately from the following
sequence of simplifications, where we work with one of the triangles after dropping
indices, and where we use the law of sines and the addition formulas for the sine
and cosine functions.

p(ABC) 71+AB+AC’ 71+sin2’y+sin25 B sin 27y + sin 23
BC BC sin 2o B sin(2y + 25)
2sin(y + B) cos(y — B) cos 7y cos 3 4 sin y sin 3
- =1 - -
2sin(y + ) cos(y + () cos y cos 3 — sin-y sin 8
2 cosycos 8 2

:cos'ycosﬁ—sin'ysinﬂ - 1 —tanytanf’

c

A B B

Figure 2

Urquhart’s Theorem mentioned at the beginning of this note follows, together
with its converse, immediately. Referring to Figure 1, and letiiiAD = 23,
LCAD = 2v, Z/BDA = 23,andZC'DA = 2+, as shown in Figure 2, we see
from Breusch’s Lemma that

p(AB'D) = p(ACD) <= tan 3 tan(90° — +') = tan~ytan(90° — 3)
<= tan 3 cot 7y’ = tany cot 3
<= tan ' tan 3 = tany tan~’
—p(ABD) = p(AC'D),

as desired.
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The MONTHLY problem that Breusch’s lemma was designed to solve appeared
also as a conjecture in [6, page 78]. It states thdD,fE, and F' are points on
the sidesBC, C A, and AB, respectively, of a trianglelBC, thenp(DEF) <
min{p(AFE),p(BDF),p(CED)} if and only if D, E, and F" are the midpoints
of the respective sides, in which case the four perimeters are equal. In contrast
with the analogous problem obtained by replacing perimeters by areas and the rich
literature that this area version has generated, Breusch’s solution of the perime-
ter version is essentially the only solution that the author was able to trace in the
literature.
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The Orthic-of-1ntouch and Intouch-of-Orthic Triangles

Sandor Kiss

Abstract. Barycentric coordinates are used to prove that the othic of intouch and
intouch of orthic triangles are homothetic. Indeed, both triangles are homothetic
to the reference triangle. Ratios and centers of homothety are found, and certain
collinearities are proved.

1. Introduction

We consider a pair of triangles associated with a given triangle: the orthic tri-
angle of the intouch triangle, and the intouch triangle of the orthic triangle. See
Figure 1. Clark Kimberling [1, p. 274] asks if these two triangles are homothetic.
We shall show that this is true if the given triangle is acute, and indeed each of them
is homothetic to the reference triangle. In this paper, we adopt standard notations
of triangle geometry, and denote the side lengths of triadgk”’ by a, b, c. Let
I denote the incenter, and the incircle (with inradiyisouching the sideline8C,

CA, AB at D, E, F respectively, so thaDE'F' is the intouch triangle oA BC.
Let H be the orthocenter dl BC, and let

D'=AHNBC, E =BHNCA, F =CHNAB,

so thatD'E’ F’ is the orthic triangle ofABC. We shall also denote by the cir-
cumcenter ofABC and R the circumradius. In this paper we make use of homo-
geneous barycentric coordinates. Here are the coordinates of some basic triangle
centers in the notations introduced by John H. Conway:

1 1 1
I=(a:b: H=—:—:1— | =(Spc:85c4: S
(a c), (SA 5, Sc) (Spc : Sca : SaB),

@) :(aQSA : bsz : 0250) = (SA(SB —I-Sc) : SB(SC + SA) : Sc(SA + SB)),
where
P+ —a? A +a? - a’+b> -

SB: SC:

S L v
A 2 ) 2 ) 2 )

and
Spc =SB - Sc, Sca=Sc-Sa, Sap=54-95B.

Publication Date: May 1, 2006. Communicating Editor: Paul Yiu.
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2. Two pairs of homothetic triangles

2.1 Perspectivity of a cevian triangle and an anticevian triangle. Let P and@ be
arbitrary points not on any of the sidelines of triangl®&C'. It is well known that
the cevian triangle oP = (u : v : w) is perspective with the anticevian triangle of

Q=(x:y:z)at
o5 L D)l 2e2) a2 2)

w

See, for example, [38.3].

2.2 Theintouch and the excentral triangles. The intouch and the excentral trian-
gles are homothetic since their corresponding sides are perpendicular to the respec-
tive angle bisectors of trianglé BC. The homothetic center is the point
P =(a(-a(s—a)+b(s—=b)+c(s—¢)) : bla(s —a) —b(s — b) + ¢(s — ¢))
ce(a(s —a) +b(s —b) —c(s —¢)))
=(a(s—b)(s—c):b(s—c)(s—a):c(s—a)(s—D))

E— a . b . C
S \s—a s—=b s—c)

This is the triangle centeXsy; in [2].

Ia

Figure 1.
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2.3 The orthic and the tangential triangle. The orthic triangle and the tangential
triangle are also homothetic since their corresponding sides are perpendicular to
the respective circumradii of triangléBC'. The homothetic center is the point

Py = (a*(—a*Sa + b*Sp + *Sc) 1 b (—b?Sp + *Sc + a*Sa)
: *(—c*Sc + a*Sa + b°Sp))

=(a®Spc : b*Sca - *Sap)

a® b2 c?

This is the triangle centeXy; in [2].

Figure 2A. Figure 2B.

The ratio of homothety is positive or negative accordingla®”' is acute-angled
and obtuse-angled. See Figures 2A and 2B. WhehB( is acute-angledH I,
HE' and HF' are the angle bisectors of the orthic triangle, dhds the incenter
of the orthic triangle. IfABC is obtuse-angled, the incenter of the orthic triangle
is the obtuse angle vertex.

3. Theorthic-of-intouch triangle

The orthic-of-intouch triangle oA BC' is the orthic triangle/ VW of the in-
touch triangleDEF'. Leth; be the homothety with centédt,, swappingD, E, F
into U, V, W respectively. Consider an altitudel/ of DEF'. This is the image
of the altitudel, A of the excentral triangle under the homothéty In particu-
lar, U = hy(A). See Figure 3. Similarly, the same homothety ma&pand C

IThis ratio of homothety i€ cos A cos B cos C.
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into V and W respectively. It follows tha7V W is the image ofA BC under the

homothetyh;.
Since the circumcircle o/ VIV is the nine-point circle oD E'F, it has radius

5. It follows that the ratio of homothety is.

Ia

Figure 3.

Proposition 1. The vertices of the orthic-of-intouch triangle are

b+c b ¢
sfa'sfb.sfc)7
a cta c

s—a's—b's—c>
a b a+d
s—a's—b's—c)'

U=((b+c)(s—b)(s—c):b(s—c)(s—a):c(s—a)(s—D)) = (

V=(a(s=b(s—c):(cta)(s—c)(s—a):c(s—a)(s—b)) = <

W =(a(s —b)(s —c¢):b(s —c)(s —a) : (a+b)(s —a)(s—b)) = (
Proof. The intouch triangleD E'F' has vertices
D=0:s—c:s—0), E=(s—c:0:s5—a), F=(s—b:s—a:0).
The sidelines of the intouch triangle have equations

EF: —(s—a)z+(s—=by+(s—c)z=0,

FD: (s—a)z—(s=by+(s—c)z=0,
DE: (s—a)z+(s—by—(s—c)z=0.
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The pointU is the intersection of the lined B and EF'. See Figure 3. The line
AP; has equation
—c(s —b)y+b(s—c)z=0.
Solving this with that ofE' F', we obtain the coordinates 6f given above. Those
of V andW are computed similarly. O

Corollary 2. The equations of the sidelines of the orthic-of-intouch triangle are

VW : —s(s—a)z+(s=b)(s—c)y+(s—b)(s—c)z=0,
WU: (s—c¢)(s—a)x—s(s—b)y+ (s—c)(s—a)z=0,
UV: (s—a)(s—b)x+(s—a)(s—by—s(s—c)z=0.

4. Theintouch-of-orthic triangle

Suppose triangled BC' is acute-angled, so that its orthic triangleE’ F’ has
incenterH, and is the image of the tangential triangtéB’C’ under a homothety
hy with centerP,. Consider the intouch triangl&Y Z of D’E'F’. Under the
homothetyh,, the segmentl’ A is swapped intd)”’ X. See Figure 4. In particular,
ha(A) = X. For the same reasohy(B) = Y andhy(C) = Z. Therefore, the
intouch-of-orthic triangleX'Y Z is homothetic toA BC' underh,.

B’

Figure 4

Proposition 3. If ABC' isacute angled, the vertices of the intouch-of-orthic trian-
gleare

2 2 2 2
X:((b2—|—c2)SBC:b2SCA:C2SAB): <b +c . b C )7

Sa '5:5_0
a? 2 +a?
S_A: SB :S_c>’
a> b a?+b?
S—Azgz 5o )

Y =(a*Spc : (2 +a*)Sca : *Sap) = (

Z :(a2SBC : b2SCA : (a2 + bQ)SAB) = (
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Proof. The orthic trianglel’ £’ F' has vertices
=(0:Sc: Sp), E' = (Sc:0:84), F'=(Sp:54:0).

The sidelines of the orthic triangle have equations

E'F': —Sjx+ Spy+ Scz =0,

F'D':  Spx—Spy+ Scz=0,

D'E':  Six+ Spy— Scz = 0.

The pointX is the intersection of the lined 3 and E'F’. See Figure 4. The
line AP, has equation
~Spy + V*Scz = 0.

Solving this with that ofF’ F’, we obtain the coordinates bf given above. Those
of Y andZ are computed similarly. O

Corollary 4. If ABC isacute-angled, the equations of the sidelines of the intouch-
of-orthic triangle are

YZ: —SA(SA—I—SB—l—SC)x—i-Sch—i-SBcz:O,
ZX SCA{L’—SB(SA—I—SB—I—Sc)y—i-SCAZ:O,
Uuv . SAB{L’—I—SABy—Sc(SA—I—SB—I—Sc)Z:O.

5. Homothety of the intouch-of-orthic and orthic-of-intouch triangles

Proposition 5. If triangle ABC' is acute angled, then its intouch-of-orthic and
orthic-of-intouch triangles are homothetic at the point

Q- ala(b+c)— (b2 +c?) bblc+a) —(? +a?)) clc(a+b) — (a® +b?))
B (s —a)Sa ' (s —b)Sp ' (s —c)Se '
Proof. The homothetic center is the intersection of the libek, VY, andWW Z.
See Figure 5. Making use of the coordinates given in Propositions 1 and 3, we
obtain the equations of these lines as follows.

UX : be(s —a)Sal(c (s—c)SB—b(s—b)Sc)
rels = )5 (02 + ) (s~ @)Sc — (b-+ c)e(s ISy
+b(s — )Sc(b(b+c)(s —b)Sa — (b* + *)(s — a)Sp)z =
VY : c(s —a)Sa(clc+a)(s —c)Sp — (¢ +a?)(s — b) c)x
+ca(s — b)Sp(a (s - a)SC —c(s—c)Sa)y
+a(s —e)Sc((c? + a?)(s — b)Sa — (c+ a)a(s — a)Sp)z = 0,
WZz: b(s —a)Sa((a® +b?)(s —c)Sp — (a + b)b(s — b)Sc)x
+a(s — b)Sp(ala+b)(s —a)Sc — (a®> + b*)(s — ¢)Sa)y
+ab(s — ¢)Sc(b(s —b)Sa —a(s —a)Sp)z = 0.

It is routine to verify that) lies on each of these lines. O

Remark. @ is the triangle centekig7¢ in [2].
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B D' D c

Figure 5

6. Collinearities

Because the circumcenter &fY 7 is the orthocenteH of ABC, the center of
homothetyP; of ABC and XY Z lies on the Euler line&) H of ABC'. See Figure
4. We demonstrate a similar property for the padiht namely, that this point lies
on the Euler linel F of DEF, where F' is the circumcenter o/ VIV. Clearly,
O, F, Py are collinear. Therefore, it suffices to prove that the point9, B are
collinear. This follows from

1 1 1
cos A cos B cos C =0,
(s=b)(s—¢c) (s—c)(s—a) (s—a)s—0)

which is quite easy to check. See Figure 1.
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A 4-Step Construction of the Golden Ratio

Kurt Hofstetter

Abstract. We construct, in 4 steps using ruler and compass, three points two of
the distances between which bear the golden ratio.

We present here a 4-step construction of the golden ratio using ruler and compass
only. More precisely, we construct, in 4 steps using ruler and compass, three points
with two distances bearing the golden ratio. It is fascinating to discover how simple
the golden ratio appears. We denote B{?) the circle with centerP, passing
through@, and byP(XY") that with centerP and radiusX'Y".

H

I

Figure 1

Construction. Given two points4 and B, construct
(1) the circleC, = A(B),
(2) thelineAB tointersect; again atC and extend it long enough to intersect
(3) the circleC; = A(BC) atD andFE,
(4) the circleCs = E(BC) to intersectC; at F' andG, andC, at H and].

GH _ v/5+1
Thenm = 5.

Proof. Without loss of generality lelB = 1, so thatBC = AE = AH =
EH = 2. TriangleAEH is equilateral. LeC; = H(A), intersecting’; at.J. By
symmetry,AGJ is an equilateral triangle. L&y = J(A4) = J(AG) = J(AB),
intersecting’; at K. Finally, letCs = J(H) = J(BC'). See Figure 2.

Publication Date: May 8, 2006. Communicating Editor: Paul Yiu.
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With Cq, Cs, Co, Cg, following [1], K divides GH in the golden section. It
suffices to proveC’H = GK = /3. This is clear forGK since the equilateral
trianglesAJG and AJ K have sides of lengthh. On the other hand, in the right
triangle ACH, AC = 1 and AH = 2. By the Pythogorean theore®lH =

V3. O

Figure 2

CH GH 541
Remark. W:m:f; :
Proof. SinceCH? = GH - KH, itis enough to prove thaf H = KH. Let(,
intersectC; again at/;. Consider the circl€; = J;(A). By symmetry,F’ lies on
CrandFFH = KH. O
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A Theorem by Giusto Bellavitison
a Classof Quadrilaterals

Eisso J. Atzema

Abstract. In this note we prove a theorem on quadrilaterals first published by
the Italian mathematician Giusto Bellavitis in the 1850s, but that seems to have
been overlooked since that time. Where Bellavitis used the functional equivalent
of complex numbers to prove the result, we mostly rely on trigonometry. We
also prove a converse of the theorem.

1. Introduction

Since antiquity, the properties of various special classes of quadrilaterals have
been extensively studied. A class of quadrilaterals that appears to have been little
studied is that of those quadrilaterals for which the products of the two pairs of
opposite sides are equal. In case a quadrilateral ABCD is cyclic as gl D
is usually referred to as lsarmonic quadrilateral (see [2, pp.90-92], [3, pp.159—
160]). Clearly, however, the class of all quadrilaterdl8C D for which AB -

CD = AD - BC includes non-cyclic quadrilaterals as well. In particular, all kites

are included. As far as we have able to ascertain, no name for this more general
class of quadrilaterals has ever been proposed. For the sake of brevity, we will
refer to the elements in this class leaanced quadrilaterals. In hiSposizione

del metodo delle equipollenze of 1854, the Italian mathematician Giusto Bellavitis
(1803-1880) proved a curious theorem on such balanced quadrilaterals that seems
to have been forgotténin this note, we will give an elementary proof of the theo-
rem. In addition, we will show how the converse of Bellavitis’ theorem is (almost)
true as well. Our proof of the first theorem is different from that of Bellavitis. The
converse is not discussed by Bellavitis at all.

2. Bdlavitis Theorem

Let the lengths of the sided B, BC', CD and DA of a (convex) quadrilat-
eral ABC'D be denoted byi, b, ¢ and d respectively. Similarly, the lengths of
the quadrilateral’s diagonaldC' and BD will be denoted by and f. Let E be
the point of intersection of the two diagonals. The magnitude BfAB will be

Publication Date: May 15, 2006. Communicating Editor: Paul Yiu.
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referred to asy, with similar notations for the other angles of the quadrilateral.
The magnitudes of DAC, ZAD B etc will be denoted by, 5c and so on (see
Figure 1). Finally, the magnitude ofC' E D will be referred to as.

D

Figure 1. Quadrilateral Notations

With these notations, the following result can be proved.

Theorem 1 (Bellavitis, 1854) If a (convex) quadrilateral ABC' D is balanced,
then

ap+ Bc+vp+06a=0a+ v+ 0c+ ap = 180°.

Note that the convexity condition is a necessary one. The second equality sign
does not hold for non-convex quadrilaterals. A trigonometric proof of Bellavitis’
Theorem follows from the observation that by the law of sines for any balanced
guadrilateral we have

sinvyp - sinap = sinap - sinyp,
or
cos (Y + ap) — cos (v — ap) = cos (ap + vp) — cos (ap — VD).
That is,
cos (Y + ap) —cos (yp — a+ ap) = cos (ap + vp) — cos (ap — ¥+ VB),

or
cos (7B + ap) + cos (§ + a) = cos (ap +vp) + cos (§ + 7).
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By cycling through, we also have
cos (0c + fa) + cos (o + ) = cos (Bc + da) + cos (o + 6).
Sincecos (a + ) = cos (§ + ), adding these two equations gives
cos (7B + ap) + cos (d¢ + Ba) = cos (ap + vp) + cos (Bc + da),

or
1 1
cos 5(60 +vB + fa+ ap) - cos 5(73 +ap —dc — Ba)

1 1
=cos 5(043 + Bc +vp +04) - cos 5(043 +vp — Bo — d4).

Now, note that
Y8+ ap — 6. — fa =360 —2¢ —6 — 3
and, likewise
ap+vp — Bo — 04 =2 — (3 —0.
Finally,

1 1 ]
5(50 +’yB+ﬁA+ozD)+§(ozB+ﬁc +vp +d4) = 180°.
It follows that
1 1
cos 5(5@ + v+ 4+ ap)-cos(e+ 5(5 +9))

1 1
= — cos 5(50 +9B+ Ba+ap) - cos (e — §(ﬁ+ 5)),
or
1 1
cos 5(50 +9B+ B4+ ap) - cos (€) cos 5((5+ﬁ) =0.

This almost concludes our proof. Clearly, if neither of the last two factors are equal
to zero, the first factor has to be zero and we are done. The last factor, however, will
be zero if and only ifABC D is cyclic. It is easy to see that any such quadrilateral
has the angle property of Bellavitis’ theorem. Therefore, in the caseAtBat D

is cyclic, Bellavitis’ theorem is true. Consequently, we may assumeAlixt' D

is not cyclic and that the third term does not vanish. Likewise, the second factor
only vanishes in cas@ BC D is orthogonal. For such quadrilaterals, we know that
a®? + ¢ = b% + d?. In combination with the initial conditionc = bd, this implies

that each side has to be congruent to an adjacent side. In other widsds)D has

to be a kite. Again, it is easy to see that in that case Bellavitis’ theorem is true.
We can safely assume thatBC' D is not a kite and that the second term does not
vanish either. This proves Bellavitis’ theorem.
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3. TheConverseto Bdlavitis Theorem

Now that we have proved Bellavitis’ theorem, it is only natural to wonder for
exactly which kinds of (convex) quadrilaterals the angle s@gms~yp + 84 + ap
anday + Bc + vp + 04 are equal. Assuming that the two angle sums are equal
and working our way backward from the preceding proof, we find that

sinyp -sinap + K =sinag - sinyp
for someK. Likewise,

sindc - sin 84 = sin B¢ - sind4 + K.

So,
sinyp  sinyp K
sin ap B sinap  sinag-sinap
and
sindc  sindq K
sin B¢ B sin 34 sinfy4 - sinfo
or
d a K a b K
¢ b sinag-sinap’ d ¢ sinfa-sinfe’

If K =0, we havebd = acandABCD is balanced. IfK # 0, it follows that

d  sinfla-sinfc
b sinap-sinap’
Cycling through twice also gives us

b sindg-sindg
d sinqyp -sinyg’
We find
sin B4 - sin B¢ - sindg - sindq = sinap - sinap - sinyp - sinyp.
Division of each side byibed and grouping the factors in the numerators and de-
nominators appropriately shows that this equation is equivalent to the equation
Rapc - Rapc = Rpac - Rpep,

whereR 4 g denotes the radius of the circumcircle to the triangl8C' etc. Now,
the area ofABC' is equal to bothube/4R4pc and %e - EB - sin € with similar
expressions fodDC, BAC, and BC'D. Consequently, the relation between the
four circumradii can be rewritten to the forB\B- EC = EA- EC. But this means
that ABC' D has to be cyclic. We have the following result:

Theorem 2. Any (convex) quadrilateral ABC'D for which
ap+ e +yp +64 = Pa++dc+ap = 180°

iseither cyclic or balanced.
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4. Conclusion

We have not been able to find any references to Bellavitis’ theorem other than
in the Sposizione. Bellavitis was clearly mostly interested in the theorem because
it allowed him to showcase the power of his method of equipollendeseed,
the Sposizione features a fair number of (minor) results on quadrilaterals that are
proved using the method of equipollences. Most of these were definitely well-
known at the time. This suggests that perhaps our particular result was reasonably
well-known at the time as well. Alternatively, Bellavitis may have derived the the-
orem in one of the many papers that he published between 1833, when he first
published on the method, and 1854. These earlier publications, however, are ex-
tremely hard to locate and we have not been able to consuft sviyether the
theorem originated with Bellavitis or not, it is not entirely surprising that this result
seems to have been forgotten. The sums-Gc+~vp+d4 andfa+vys+dc+ap
do not usually show up in plane geometry. We do hope to finish up a paper shortly,
however, in which these sums play a role as part of a generalization of Ptolemy’s
theorem to arbitrary (convex) quadrilaterals.
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A Projectivity Characterized by the Pythagorean Relation

Wiladimir G. Boskoff and Bogdan D. Suceav”

Abstract. We study an interesting configuration that gives an example of an
elliptic projectivity characterized by the Pythagorean relation.

1. A Romanian Olympiad problem

It is known that any projectivity relating two ranges on one line with more than
two invariant points is the identity transformation of the line onto itself. Depend-
ing on whether the number of invariant points is 0, 1, or 2 the projectivity would
be called dliptic, parabolic, or hyperbolic (see Coxeter [1, p.45], or [3, pp.41-
43]). This note will point out an interesting and unusual configuration that gives an
example of projectivity characterized by a Pythagorean relation.

The configuration appears in a problem introduced in the National Olympiad
2001, in Romania, by Mircea Fianu. The statement of the problem is the fol-
lowing: Consider the right isosceles triangle ABC and the points M, N on the
hypothenuse BC intheorder B, M, N, C suchthat BM? + NC? = M N?. Prove

that /M AN = T.
C/

M’

B M N C

Figure 1

We present first an elementary solution for this problem. Consider a counter-
clockwise rotation around! of angle. By applying this rotation AABC' be-
comesAACC’ (see Figure 1) andlM becomesAM’; thus, the angle/ M AM’
is right. The equalityBM? + NC? = MN? transforms intaCM"? + NC? =
MN? = M'N?, sinceACN M’ is right in C. Therefore, AM AN = ANAM’

(SSS case), and this meadd/ AN = ZNAM'. SinceZMAM' = 7, we get
ZMAN = 7, which is what we wanted to prove.

We shall show that the metric relation introduced in the problem above, similar
to the Pythagorean relation, is hiding an elliptic projectivity of focluis Actu-
ally, this is what makes this problem and this geometric structure so special and
deserving of our attention. First, we would like to recall a few facts of projective
geometry.

Publication Date: May 22, 2006. Communicating Editor: Paul Yiu.
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2. Projectivities

Let A, B, C', and D be four points, in this order, on the lingin the Euclidean
plane. Consider a system of coordinatesCosuch thatd, B, C', andD correspond
to 1, x9, x3, andx4, respectively. The cross ratio of four ordered poiAtsB, C,
D on L, is by definition (see for example [5, p.248)):

_AC AD  m3—m | 14— 1
(ABCD)_BC "BD  x3—m3 14— 79 @

This definition may be extended to a pencil consisting of four ordered lihes
Lo, L3, L4. By definition, the cross ratio of four ordered lines is the cross ratio
determined by the points of intersection with a liieTherefore,

_ AAs | ALA
(L1Lo2L3Ly) = Ao A;  AgA,

where{4;} = £ N L;. The law of sines shows us that the above definition is
independent otf.

We call a projectivity on a line&C a mapf : £ — L with the property that the
cross ratio of any four points is preserved, that is

(A1A2A3A4) = (Bl B2B3B4)

whereB; = f (4;), i = 1,2,3,4. The pointsA; and B; are called homologous
points of the projectivity orC, and the relatiorB, = f (4;) is denoted4; — B;.

The following result is presented in many references (see for example [3], The-
orem 4.12, p.34).

Theorem 1. Aprojectivity on £ isdetermined by three pairs of homologous paints.

A consequence of this theorem is that two projectivities which have three com-
mon pairs of homologous points must coincide. Actually, we will use this con-
sequence in the proof we present below. In fact, the coordinatesdy of the
homologous points under a projectivity are related by

mx +n

Y= , mq —np # 0,
pT +q

wherem, n,p,q € R.

In formula (1), it is possible thatABC D) takes the value-1, as for example
in the case of the feet of interior and exterior bisectors associated to th& slde
of a triangleM B D (see Figure 2).

A B C D

Figure 2
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Observe that if” is the midpoint of the segmeii D, then pointA is not on the
line determined by point® andD, sinceM A becomes parallel t&8 D. Indeed, for
anyC on the straight lin€3 D there exist the poind/ in the plane (not necessarily
unigue) such thal/C is the interior bisector o BM D. The point A with the
property (ABCD) = —1 can be found at the intersection between the external
bisector ofZBM D and the straight liné3 D. In the particular case whefi is the
midpoint of BD, we have thal\ M BD is isosceles and the external bisectérA
is parallel toBD. To extend the bijectivity of the projectivity presented above, we
will say that the homologous of the poidt is the point at infinity, denotedo,
which we attach to the liné. We shall also accept the convention

ooC . BC 1
~D '~ BD 7

For our result, we need the following.

Lemma 2. A moving angle with vertex in the fixed point A in the plane intersects
afixed line £, Anoton £, ina pair of points related by a projectivity.

Proof. As mentioned in the statement, létbe a fixed point and a fixed line such
that A is not onL. Consider the rays andk with origin in A, the moving angle
Zhk with the vertex inA and of constant measuse Denote by{ M } = hn L and
{N} = kNnL.We have to prove that : £ — £ defined byf(M) = N is a projec-
tivity on the line £ determined by the rotation ofhk. Consider four positions of
the angleZhk, denoted consecutivelyh kq, Zhoks, Zhsks, Zhsky. Their inter-
sections with the line yield the pointsh, N1; My, No; M3, N3; My, Ny, respec-
tively. It is sufficient to prove that the cross rafit M M3 M,] and[ N1 No N3 Ny|
are equal. The rotation of the moving angték yields, for the pencil of rays
h1, ho, hs, hy andky, ko, k3, k4, respectively, the pairs of equal angles:

/M{AMs =/ Ny ANy = (34,
L MyAMs =/ Ny AN3 = (3,
M3 AMy =/ N3 ANy = (5.
By the law of sines we get that the two cross ratios are equal, both of them having

the value . .
sin(B1 + B2) . sin(B1 + B2 + fB3)
sin ﬂz ’ Sil’l(ﬁg =+ ﬂg)
This proves the claim that is a projectivity onZ in which the homologous points
areM andN. O

3. A projective solution to Romanian Olympiad problem

With these preparations, we are ready to give a projective solution to the initial
problem.

Consider a system of coordinates in which the vertices of the right isosceles tri-
angle areA(0,a), B(—a,0), andC(a,0). See Figure 3. We consider al3é(z, 0)
andN(y,0). The relationBM? + NC? = M N? becomes

(z+a)’+(a—y)°=(y—a)
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A(0,a)

B(—a,0) M(z,0) 0(0,0N (y,0) C(a,0)

Figure 3

or, solving fory,
2
y= 2 @

This is the equation of a projectivity on the lideC', represented by the homolo-
gous pointsM — N.

Consider now another projectivity aBC' determined by the rotation about
by 7 (see Lemma 2). This projectivity is completely determined by three pairs of
homologous points. First, we see that— O, since/BAO = 7. We also have
O — C, sinceZCAO = 7. Finally, C' — oo, sinceZC Aco = 7.

On the other hand3 — O, since by replacing the—coordinate ofB in (2) we
geto, i.e. thex—coordinate ofD. Similarly, 0 — a anda — oo express that) —
C and, respectively’ — oo. Since a projectivity is completely determined by a
triple set of homologous points, the two projectivities must coincide. Therefore,
the pairM — N has the property M AN = 7. O

This concludes the proof and the geometric interpretation: the Pythagorean-like
metric relation from the original problem reveals a projectivity, which makes this
geometric structure remarkable. Furthermore, this solution shows\thand N
can be anywhere on the line determined by the paihedC.
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The Feuerbach Point and Euler lines

Bogdan Suceavand Paul Yiu

Abstract. Given a triangle, we construct three triangles associated its incircle
whose Euler lines intersect on the Feuerbach point, the point of tangency of the
incircle and the nine-point circle. By studying a generalization, we show that the
Feuerbach point in the Euler reflection point of the intouch triangle, namely, the
intersection of the reflections of the line joining the circumcenter and incenter in
the sidelines of the intouch triangle.

1. A MONTHLY problem

Consider a triangled BC' with incenter/, the incircle touching the sideBC,
CA, AB at D, E, F respectively. Lety” (respectivelyZ) be the intersection of
DF (respectivelyDFE) and the line through parallel toBC. If F and F’ are
the midpoints ofDZ and DY, then the six pointsA, E, F, I, E/, F’ are on the
same circle. This is Problem 10710 of thAmerican Mathematical Monthly with
slightly different notations. See [3].

B D C

Figure 1. The triangl&’, and its orthocenter

Here is an alternative solution. The circle in question is indeed the nine-point
circle of triangleDY Z. In Figure 1,ZAZFE = /CDE = ZCED = LZAEZ.
ThereforeAZ = AE. Similarly, AY = AF. It follows thatAY = AF = AE =
AZ, and A is the midpoint ofY’ Z. The circle through4, F/, F’, the midpoints
of the sides of triangle)Y Z, is the nine-point circle of the triangle. Now, since
AY = AZ = AF, the pointE is the foot of the altitude o ~Z. Similarly, F’

Publication Date: June 4, 2006. Communicating Editor: Jean-Pierre Ehrmann.
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is the foot of the altitude oY, and these two points are on the same nine-point
circle. The intersectiotf, = EY N FZ is the orthocenter of trianglPY Z. Since
/H,ED = /H,FD are right anglesf, lies on the circle containin@, E, F,
which is the incircle of triangleA BC, and hasD H, as a diameter. It follows that

I, being the midpoint of the segmehtH,, is also on the nine-point circle. At the
same time, note thatl, is the antipodal point of thé& on the incircle of triangle
ABC.

2. TheFeuerbach point on an Euler line

The center of the nine-point circle @Y Z is the midpointM of I A. The line
M H, is therefore the Euler line of trianglRY Z.

Theorem 1. The Euler line of triangle DY Z contains the Feuerbach point of tri-
angle ABC, the point of tangency of the incircle and the nine-point circle of the
latter triangle.

Proof. Let O, H, and N be respectively the circumcenter, orthocenter, and nine-
point center of triangleABC'. It is well known thatN is the midpoint ofOH.
Denote by/ the Euler lineM H, of triangle DY Z. We show that the parallel
throughN to the lineI H, intersects’ at a point\’ such thatV N’ = £, whereR

is the circumradius of triangld BC'.

Figure 2. The Euler line dT’,,
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Clearly, the lineH A is parallel tol H,. SinceM is the midpoint ofl A, AH
intersectd at a pointH’ such thatd H' = H,I = r, the inradius of trianglel BC'.
See Figure 2. Let the line through parallel tol H, intersect/ atO'.

If A”is the midpoint ofBC, it is well known thatAH =2 - OA'.

Consider the excircl€l,) on the sideBC', with radiusr,. The midpoint ofl I,
is also the midpoiny/ of the arcBC' of the circumcircle (not containing the vertex
A). Consider also the reflectidhof I in O, and the excirclél,). It is well known
that I'1, passes through the point of tangen@yof (1,) and BC. We first show
thatJO' = ry:

. JIM I, A o,
JO="Tag THe =77 7= 5
SinceN is the midpoint ofO H, andO that of IT’, we have

2NN’ =HH' + 00’

=(HA—-H'A)+ (JO' — R)

=2-A'O—r+r,— R

=DI+D'I"+r,—(R+r)

=r+ 2R —1,) +74— (R+7)

=R.
This means thalv’ is a point on the nine-point circle of triangieBC'. SinceN N
andIl H, are directly parallel, the lined” H, and N I intersect at the external center
of similitude of the nine-point circle and the incircle. It is well known that the two

circles are tangent internally at the Feuerbach péintwhich is their external
center of similitude. See Figure 3. a

Figure 3. The Euler line dT', passes through the Feuerbach point

Remark. SinceD H, is a diameter of the incircle, the Feuerbach pdinis indeed
the pedal ofD on the Euler line of triangl®Y Z.
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Denote the triangldY Z by T,. Analogous tdT',, we can also construct the
trianglesT, and T (containing respectivelyy with a side parallel ta” A and F’
with a side parallel tod B). Theorem 1 also applies to these triangles.

Corollary 2. The Feuerbach point is the common point of the Euler lines of the
three triangles T, T, and T...

3. Theexcircle case

If, in the construction off,, we replace the incircle by thé-excircle(1,), we
obtain another triangl&@’,. More precisely, if the excirclél,) touchesBC at D',
andC A, AB at E', F' respectivelyT’, is the triangleDY Z bounded by the lines
D'E’, D'F’', and the parallel throughl to BC. The method in§2 leads to the
following conclusions.

Figure 4. The Euler line dT", passes through, = X442
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(1) The nine-point circle ofl’, contains the excentdf, and the points”’, F’;
its center is the midpointZ, of the segmenti /,.

(2) The orthocentef,, of T, is the antipode ofY’ on the excirclg1,).

(3) The Euler lineZ, of T’, contains the poiniV’.

See Figure 4. Thereforé, also contains the internal center of similitude of the
nine-point circle(V) and the excircl€,), which is the point of tangency, of
these two circles. K. L. Nguyen [2] has recently studied the line contaihjramnd
M,, and shown that it is the image of the Euler line of trianglC under the
homothetyh := h (G, —%) The same is true for the two analogous triandglgs
andT.. Their Euler lines are the images of the Euler line$©fA andI AB under
the same homothety. Recall that the Euler lines of triangle€’, ICA, andI/ AB
intersect at a point on the Euler line, the Schiffler pdintwhich is the triangle
centerXs; in [1]. From this we conclude that the Euler linesEf, T, T.. concur
at the image of5. under the homothetly. This, again, is a point on the Euler line
of triangle ABC. It appears in [1] as the triangle cent&yy,.

4. A generalization

The concurrency of the Euler lines @f,, T, T., can be paraphrased as the
perspectivity of the “midway triangle” of with the triangleH, H,H.. Here,H,,
Hy,, H. are the orthocenters d&f,, T, T respectively. They are the antipodes of
D, E, F on the incircle. More generally, every homothetic imageddC in [ is
perspective withH, H, H... This is clearly equivalent to the following theorem.

Theorem 3. Every homothetic image of ABC'in I is perspective with the intouch
triangle DEF'.

Proof. We work with homogeneous barycentric coordinates.
The image ofA BC under the homothetl(7,¢) has vertices

Ay =(a+tb+c): (1=t)b: (1 —1t)e),

B, =((1-t)a:b+t(c+a):(1—1t)c),

Ce=((1—t)a:(1—-t)b:c+tla+Db)).
On the other hand, the vertices of the intouch triangle are
D=0:s—c:s—0), E=(s—c:0:s5—a), F=(s—b:s—a:0).
The linesA; D, B:E, andC; F' have equations

1-t)b—-c)(s—a)x + (s=bla+b+)t)y — (s—c)la+B+c)t)z = 0,
—(s—a)b+(cta)t)r + (A-t)(c—a)s=by + (s—c)b+(c+a)t)z = 0,
(s—a)(c+(a+b)t)xr — (s—b)(c+(a+bt)y + (Q1—-t)(a—b)(s—c)z = 0.
These three lines intersect at the point
((a+t(b+c))(b+c—a+2at) >
Pt = : o oe. : .. .
b+c—a
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Remark. More generally, for an arbitrary poift, every homothetic image of BC
in P = (u: v :w) is perspective with the cevian triangle of the isotomic conjugate

of the superior of?, namely, the poin( L. _ L1 . __1 ) With P = I,

vtw—u w+u—v u+v—w

we get the cevian triangle of the Gergonne point which is the intouch triangle.

Proposition 4. The perspector of A; B;C; and H, H,H, isthe reflection of P_; in
the incenter.

It is clear that the perspect@t traverses a conit ast varies, since its coordi-
nates are quadratic functions#fThe conicl’ clearly containd and the Gergonne
point, corresponding respectively to= 0 and¢ = 1. Note also thatD = R
fort = —ﬁ or —%. Therefore I" containsD, and similarly,F and F'. Itis a
cirumconic of the intouch triangl® EF'. Now, ast = oo, the line A, D is parallel
to the bisector of anglel, and is therefore perpendicular toF'. Simiarly, B E
and C F' are perpendicular t&'D and DE respectively. The perspectadt, is
therefore the orthocenter of triangleE I, which is the triangle centekgs in [1].

It follows thatI' is a rectangular hyperbola. Since it contains also the circumcenter
I of DEF, T is indeed the Jerabek hyperbola of the intouch triangle. Its center is
the point

aa2 C—CL2 C2 3 63
Q—(( (b4c¢) —2a(b* + %) + (b° + )):...:...>,

b+c—a

Figure 5. The Jerabak hyperbola of the intouch triangle

The reflection ofl" in the incenter is the coni€’ which is the locus of the
perspectors off, H, H. and homothetic images ofBC in 1.

Note that the fourth intersection dfwith the incircle is the isogonal conjugate,
with respect to the intouch triangle, of the infinite point of its Euler line. Its an-
tipode on the incircle is therefore the Euler reflection point of the intouch triangle.



The Feuerbach point and Euler lines 197

This must also be the perspectorffH, H.. (the antipode oD EF in the incircle)
and a homothetic image of BC. It must be the Feuerbach point &n

Theorem 5. The Feuerbach point isthe Euler reflection point of the intouch trian-
gle. This means that the reflections of O (the Euler line of the intouch triangle)
concur at F'.

Figure 6. The Feuerbach point as the Euler reflection poif b

Remarks. (1) The fourth intersection df with the incircle, being the antipode of
the Feuerbach point, is the triangle cefitg,7. The conicl” also containsx,, for
the following values oh: 145, 224, and1537. (Note: X145 is the reflection of the
Nagel point in the incenter). These are the perspectors for the homothetic images
of ABC with ratiost = —1, —RL;M and—w respectively.

(2) The hyperbold” contains the following triangle centers apart frérand ;:
Xg and X390 (Which is the reflection of the Gergonne point in the incenter). These
are the perspector for the homothetic images with raticand—1 respectively.
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A Simple Per spectivity

Eric Danneels

Abstract. We construct a simple perspectivity that is invariant under isotomic
conjugation.

1. Introduction

In this note we consider a simple transformation of the plane of a given reference
triangle ABC'. Given a pointP with cevian triangleX'Y Z, construct the parallels
throughB to XY and throughC to X 7 to intersect at4; similarly defineB’ and

C'’. Construct
A*=BB'ncCcc’, B*=CC'nAA, C*=AA' N BB

Figure 1

Proposition 1. Triangle A* B*C* is the anticevian triangle of the infinite point
Q= (u(v—w): v(w—u): w(u—wv))of thetrilinear polar of P.

We shall prove Proposition 1 §2 below. As an anticevian trianglef B*C* is
perspective with every cevian triangle. In particular, it is perspective ¥ith7 at
the cevian quotien’/Q, which depends o only. We write

7(P) := P/Q = (u(v —w)*: v(w —u)*: w(u—v)?).

Publication Date: June 12, 2006. Communicating Editor: Paul Yiu.
The author thanks Paul Yiu for his help in the preparation of this paper.
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Let P* denote the isotomic conjugate Bt
Proposition 2. 7 isinvariant under isotomic conjugation: 7(P*) = 7(P).

Proposition 3. 7(P) is

(1) the center of the circumconic through P and its isotomic conjugate P,

(2) the perspector of the circum-hyperbola with asymptotes the trilinear polars of
P and P°.

Proof. (1) The circumconic throug? and P* has equation

u(v? — w?) N v(w? — u?) N w(u? — v?) o,

T y z
with perspector
P = (u(v® —w?) : ww? —u?) : wu? —v?)). (1)

Its center is the cevian quotie6t/ P. This isT(P).
(2) The pencil of hyperbolas with asymptotes the trilinears polat8 ahd P
has equation

Yy
v
Fork = —1, the hyperbola passes through B, C, and this circum-hyperbola has
equation

x 2
k(z +y+2)* + (uz + vy + c2) (ﬂ—i_ +E) =0.

ulv —w)?  vlw—u)?

T Y z
It has perspector(P), (and cente” given in (1) above). O

Remark. Wilson Stothers [2] has found that one asymptote of a circum-hyperbola
determines the other. More preciselyuif + vy + wz = 0 is an asymptote of a
circum-hyperbola, then the otherjs+ ¥ + = = 0. This gives a stronger result
than (2) above.

Here is a list of triangle centers with their images underThe labeling of
triangle centers follows Kimberling [1].

| P, P* | 7(P) | | P, P° | 7(P) ]

X1, X75 Xouq X3, Xog4 Xogr2
X4, Xeg X125 X7, Xs X1

X20, Xo53 X122 X30, X1404 | X650
Xs7, X312 Xa170 Xsgg, Xgg X087
Xos, X323 X088 Xog, X325 Xses
Xogg, X523 X1649 X200, X1088 | X2310
X519, Xooz | Xiear X524, Xor1 | X164
X536, X336 | X1646 Xs3s, X335 | X645
Xeo4, Xgos | X20s6 X1022, XTo22 | X1635
X1026, X{o26 | X2254 Xo2304, Xaa07 | X1637
Xo395, X2396 | Xo401 Xo2308, X2400 | X676
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2. Proof of Proposition 1

The lineXY has equationwz+wuy—uvz = 0, and infinite poin{ —u(v+w) :
v(w + u) : w(u—wv)). The parallel througtB to XY is the line

w(u —v)z +u(v+w)z =0.

Similarly, the parallel througlt’ to X 7 is the line

v(u —w)x +u(v+w)y = 0.
These two lines intersect at
A= (u(v+w) : v(w—u): wlv—u)).
The two analogously defined points are
B =(u(w —v) : v(w+u): wlu—v)),
C' =(u(v—w): vu—w): wlu+v)).

Now the linesAA’, BB’, CC’ intersect at the points
A*=BB'nCC" = (—u(v—w) : v(w—u): wlu—")),
B*=CC'NnAA = (u(v —w) : —v(w —u): w(u—v)),
C*=AA'NBB = (u(v—w) : v(w—u): —w(u—v)).

This is clearly the anticevian triangle of the point

1 1 1 1 1 1
Q=ulv—-—w): vw—-u): wlu—v))= (;—E T E—;>,
which is the infinite point of the trilinear polaf. This completes the proof of
Proposition 1.

Remarks. (1) Here is an easy alternative constructiondB*C*. Construct the
parallels through4, B, C to the trilinear polarZ, intersecting the sidelineBC,
CA, AB at A,, By, C1 respectively. Thend*, B*, C* are the midpoints of the
segmentsi A,, BBy, CC4. See Figure 2.

(2) The equations of the sidelines of triangteB*C* are

B : =0
¢ v(w—u)+w(u—v) ’
T z
AT =
¢ u(v — w) + w(u —v) 0
A*B*: v + i =0.

u(v—w)  v(w—u)

Proposition 4. Thetrilinear polar of 7(P) with respect to the cevian triangle of P
passes through P.
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Figure 2

Proof. The trilinear polar ofr(P) with respect taXY 7 is the perspectrix of the
trianglesXY Z and A* B*C*. Now, the sidelines of these triangle intersect at the
points

B C*NYZ =(u(v+w—2u): v(w—u): —w(u—0)),

C*A*NZX =(—u(v —w) : v(w+u—2v): wlu—v)),

A*B*NXY =(u(v—w) : —v(w—u): wlu+v—2w)).
The line through these three points has equation

v —w w—Uu u—"v

T+ Y+ z=0.
v w

This clearly contains the poift = (u : v : w). O

3. Generalization

Since the construction i1 is purely perspective we can replace the line at
infinity by an arbitrary linel : px + qy + rz = 0. The parallel throughB to
XY becomes the line joining to the intersectiod and XY, etc. The perspector
becomes

7(P) = (ulqu — rw)? : v(rw —pu)? : w(pu — qv)?).
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Thent,(P*) = 7(P) where P’ = (p%u P ﬁ) and the following remain
valid:
(1) A*B*C* is the anticevian triangle a) = £ N ¢, whereL is the trilinear
polar of P.

(2) The perspectrix oK'Y Z and A* B*C* contains the poinP.
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Pedalson Circumradii and the Jerabek Center

Quang Tuan Bui

Abstract. Given a triangled BC, beginning with the orthogonal projections of
the vertices on the circumradi? A, OB, OC, we construct two triangles each
with circumcircle tangent to the nine-point circle at the center of the Jerabek

hyperbola.

1. Introduction

Given a triangleA BC, with circumcentelO, let 4, and A, be the pedals (or-
thogonal projections) of the vertex on the linesO B andOC respectively. Simi-
larly, defineB., B,, C, andC;. In this paper we prove some interesting results on
triangles associated with these pedals.

Figure 1

Theorem 1. Thetriangles AA,A., B,BB. and C,C,C are congruent totheorthic
triangle H,HyH.. See Figure 1

Publication Date: June 19, 2006. Communicating Editor: Paul Yiu.
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Theorem 2. Thelines B.Cy, C, A, and A, B, bound a triangle T; homothetic to
ABC. The circumcircle of T; is tangent to the nine-point circle of ABC at the
Jerabek center.

Recall that the Jerabek centéris the center of the circum-hyperbola through
the circumcente. This hyperbola is the isogonal conjugate of the Euler line.
The Jerabek centef is the triangle centeK;,5; in Kimberling’s Encyclopedia of
Triangle Centers[1].

Theorem 3. Thelines A, A., B.B, and C,C} bound a triangle T whose circunm-
circle istangent to the nine-point circle at the Jerabek center.

Hence, the circumcircles &F; and T, are also tangent to each otherJatIn
this paper we work with homogeneous barycentric coordinates and adopt standard
notations of triangle geometry. Basic results can be found in [2]. The Jerabek
centerJ, for example, has coordinates

(Sa(Sp —Sc)?: Sp(Sc —Sa)*: Sc(Sa — Sp)?). (1)
The labeling of triangle centers, except for the common ones, follows [1].

Proposition 4. The homogeneous barycentric coordinates of the pedals of the ver-
tices of triangle ABC' on the circumradii are as follows.

Ay =(Sa(Sp +Sc): Sc(Sc— Sa): Sc(Sa+ Sk)),
A, =(Sa(Sp+Sc): Sp(Sc+54): Sc(Sp —Sa));
B, =(Sa(Sp+ Sc): Sp(Sc+S4): Sa(Sa—SB)),
B, =(Sa(Sc —SB): Sp(Sc + Sa): Sc(Sa+ Sg));
Co =(Sa(Sp —Sc): Sp(Sc +S4a): Sc(Sa+ Sp)),
Ch =Sa((Sp + S0) : S(Sa—S0): Sco(Sa+Sp)).

Proof. We verify that the point
P=(Sa(Sg+Sc): Sc(Sc—Sa): Sc(Sa+ Sg))
is the pedal4, of A on the lineOB. Since
(Sa(Sp + Sc), Sc(Sc — Sa), Sc(Sa+ Sg))
=(Sa(SB + Sc), S(Sc + Sa), Sc(Sa+ SB))
+ (0,Sc(Sc — Sa) — Sp(Sc + Sa), 0),
this is a point on the lin® B. The coordinate sum d? being(Sg+S¢)(Sc+54),
the infinite point of the lineAP is
(Sa(Sp + Sc), Sc(Sc —Sa), Sc(Sa+ SB)) — ((Sc+ Sa)(Sa + Sg), 0, 0)
=Sc(—=(SB + Sc), (Sc —Sa), (Sa+ Sg)).
The infinite point ofOB is
(Sa(Sp + Se), Sp(Sc + Sa), Sc(Sa+ Sg)) — (0, 2(Spe + Sca + Sap), 0)
=(Sa(Sp + S¢), =(Spc +2Sca+ Sap), Sc(Sa+ Sg)).
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By the theorem in [2§4.5], the two linesA P andO B are perpendicular since
=S4 (Sp+Sc)-Sa(Sp + Sc)
—Sp - (Sc —Sa) - (Spc +2Sca + Sap)
+Sc - (Sa+ Sg) - Sc(Sa+ Sp)
=0.

2. Proof of Theorem 1

Note that the pointsi, and A, lie on the circle with diamete®© A, so do the
midpoints of AC' and AB. Therefore,

Figure 2

LAAAy =7 — LAWOA, =7 — LBOC =7 —2A = /ZH .H,H,y,
LAAVA, =LAOA. =1 — LCOA=n—-2B=/H,H,H,,
LAVAA =LA OA=7—-LAOB =7 —-2C = LH,H_ H,.

Therefore the angles in triangles4, A. and H, H, H,. are the same; similarly

for trianglesB, BB. andC,C,C. Since these four triangles have equal circumradii
%, they are congruent. This completes the proof of Theorem 1.
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Remarks. (1) The side lengths of these triangles akes A, bcos B, andccos C
respectively.

(2) If K,, K3, K. are the midpoints of the circumradilA, OB, OC, triangle
K, K, K. is homothetic to
(i) ABC atO, with ratio of homothety}, and
(i) the medial triangleG, G, G at X140, the nine-point center of the medial trian-
gle, with ratio of homothety-1.

(3) The circles(K},) and(K.) intersect at the circumcentér and the midpoint
G, of BC; similarly for the other two pair§K.), (K,) and (K,), (K3). The
midpoints G,, Gy, G. lie on the nine-point circlg§N) of triangle ABC. See
Figure 2.

3. Thetriangle Ty
We now consider the triangl®, bounded by the line8.Cy, C, A., and A, B,,.
Lemmab. Thequadrilateral B.C,C B is an isosceles trapezoid.

Proof. With reference to Figure 1, we have

() £B.BC =5 — Z0CB = § — ZOBC = £CyCB,
(i) B.B = C,C.
It follows that the quadrilateraB.C,C B is an isosceles trapezoid. O

Therefore, the lineB.C, and BC' are parallel. Similarly, the line€, A. and
CA are parallel, as arel, B, and AB. The triangleT; bounded by the lines
B.Cy, C,A., Ay B, is homothetic to trianglel BC', and also to the medial triangle
G.GyGe.

Proposition 6. Triangle T, ishomothetic to
(i) ABC at the procircumcenter (a*S, : b*Sp : ¢*Sc),t
(i) the medial triangle G,G, G, at the Jerabek center J.
Proof. The linesB.Cy, C,A., and A, B, have equations
—(Saa + Spco)x + Sa(Sp + Sc)y + Sa(Sp + Sc)z
Sp(Sc+ Sa)x — (Spp + Sca)y + Sp(Sc + Sa)z
Sc(SA + SB)x + Sc(SA + SB)y - (Scc + SAB)Z
From these, we obtain the coordinates of the verticeF, of
A1 =(Sa(Sp — Sc)* : Sp(Sc+84)*: Sc(Sa+ Sp)?),
By =(S54(Sg + Sc)?: Sp(Sc —S4)?: Sc(Sa+ Sp)?),
C1 =(Sa(Sp + Sc)?: Sp(Sc +S4)%: Sc(Sa— SB)?).

From the coordinates ofl;, By, C1, it is clear that the homothetic center of
trianglesA; B;C, and ABC' is the point

(SA(Sp+Sc)?: Sp(Sc +Sa)?: Sc(Sa+ Sp)?) = (a*Sa: b*Sp: *Se).

0

)
)

=0
=0

This is the triangle centeX g4 in [1].
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For (ii), the equations of the lings, A;, G, B1, G.C; are respectively

(SAA — SBc):C — SA(SB — Sc)y-|- SA(SB — Sc)z
SB(SC — SA):C + (SBB — SCA)y — SB(SC — SA)Z
—Sc(SA — SB)x + Sc(SA — SB)y + (SCC — SAB)Z

0,
0,
0.

It is routine to check that this contains the Jerabek cent@hose coordinates are
given in (1). O

4, Proof of Theorem 2

Theorem 2 is now an immediate consequence of Proposition 6(ii). Since the
homothetic centey lies on the circumcircle of the medial triangle, it must also lie
on the circumcircle of the other, and the two circumcircles are tangeht at

Figure 3
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5. Thetriangle Ty

From the coordinates of the pedals, we obtain the equations of thedjres
B.B,, andC,Cy:

—2Spcx + (S? — Spp)y + (5% — Sce)z =0,
(8% = Saa)z — 2Scay + (S* — Sce)z =0,
(8% — Sax)x + (S? — Spp)y — 25452 =0.
From these, the vertices of triandl® are the points
Ay =((Sp — Sc)? : 3Sap + Sec + Sca — Scc : 3Sca+ Sas + Spe — SpB),
By =(3Sap + Spc + Sca — Scc : (Sc—Sa)*: 3Spc+ Sca+ Sap — Saa),
2

Cy =(3Sca+ Sap+ SBC — Scc : 3Spc + Sca+ Sap — Saa: (Sa— Sp)?).

Figure 4

Proposition 7. Triangles ABC and A, BoC, are perspective at

Q:( 1 : 1 : 1

a2b? + b2c2 + c2a? — b4 _ C4 a2b? + b2¢c2 + c2aq? — C4 _ CL4 a2b? + b2¢2 + c2a? — (14 _ b4

).
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Proof. From the coordinates ofly, B, Cy given above Ts is perspective with
ABC at

1
©= (3SBc+SCA+SAB—SAA S >
These are equivalent to those given above in terms bfc. O

Remark. The triangle cente) does not appear in [1].

6. Proof of Theorem 3

It is easier to work with the image of triangIB, under the homothety(H, 2).
The images of the vertices are

Ay =(S4(Sp + Sc)(Spp — 4SBc + Sce) + Spc(Se — Sc)?
: (Sc +84)(Sa(Sp + Sc)(3Sp — Sc) + Spc (S — Sc))
: (Sa+ SB)(SA(SB + Sc)(Sp —3Se) + SBc(SB - Se))),

andBj, C, whose coordinates are obtained by cyclic permutatior pfs, Sc.
The circumcircle ofA/, B,C’, has equation

852 . SABC((SB + So)yz + (SC + Sa)zx + (SA + SB)xy)

+(x +y+2) (Z (SA + SB)(Sa+ Sc)(Sap + Sca — 2530)236) =0.

cyclic
To verify that this circle is tangent to the circumcircle
(S + Sc)yz + (Sc + Sa)zx + (Sa + Sp)zry = 0,
it is enough to consider the pedal of the circumcedem the radical axis
Z (SA + SB)(SA + Sc)(SAB + Sca — 2530)2x =0.
cyclic
This is the point
Q'—< Sp+ Sc : Sc+ 84 : Sa+SB >
Sca+ Sap —2Spc  Sap+ Spc —2Sca Spc+Sca—2Sa)’
which is clearly on the circumcircle, and also on the Jerabek hyperbola
Sa(SeB — Scc) n Sp(Scc — Saa) N Sc(Saa — SeB)

x Y z

=0.

This shows that the circlet, B,C is tangent to the circumcircle &. 2 Under
the homothetyh(H, 2), Q' is the image of the midpoint d @, which is the center
of the Jerabek hyperbola. Under the inverse homothety, the circumcir@ieisf
tangent to the nine-point circle dt This completes the proof of Theorem 3.

2Q' is the triangle centeK74
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Figure 5
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Simmons Conics

Bernard Gibert

Abstract. We study the conics introduced by T. C. Simmons and generalize
some of their properties.

1. Introduction

In[1, Tome 3, p.227], we find a definition of a conic called “ellipse de Simmons”
with a reference to E. Vigagi'series of papers [8] in 1887-1889. According to
Vigarié, this “ellipse” was introduced by T. C. Simmons [7], and has foci the first
isogonic center or Fermat poink{s in [5]) and the first isodynamic poinf{; in
[5]). The contacts of this “ellipse” with the sidelines of reference triangleC
are the vertices of the cevian triangleXfs. In other words, the perspector of this
conic is one of its foci. The given trilinear equation is :

\/asin (A+ g) + \/ﬁsin(<B + g) + \/’ysin <C+ g) = 0.

It appears that this conic is not always an ellipse and, curiously, the correspond-
ing conic with the other Fermat and isodynamic points is hot mentioned in [1].

In this paper, working with barycentric coordinates, we generalize the study of
inscribed conics and circumconics whose perspector is one focus.

2. Circumconics and inscribed conics

Let P = (u : v : w) be any point in the plane of triangléBC which does not
lie on one sideline oA BC. Denote byL(P) its trilinear polar.

The locus of the trilinear pole of a line passing througlis a circumconic de-
noted byI'.(P) and the envelope of trilinear polar of points®fP) is an inscribed
conicI’;(P). In both casesP is said to be the perspector of the conic &)
its perspectrix. Note that(P) is the polar line ofP in both conics.

The centers of .(P) andl';(P) are

Q(P)=(u(v+w—u) :v(w+u—v) :wlu+v—w)),
Qi(P) =(u(v+w) :v(w+u) :wlu+wv))

respectivelyQ.(P) is also the perspector of the medial triangle and the anticevian
triangle Ap BpCp of P. Q;(P) is the complement of the isotomic conjugaterof
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2.1 Congtruction of theaxesof I'.(P) and I';(P). Let X be the fourth intersection
of the conic and the circumcircleX(is the trilinear pole of the liné( P). The axes
of I'.(P) are the parallels &2.(P) to the bisectors of the lineBC and AX. A
similar construction in the cevian triangke P, P. of P gives the axes df;(P).

2.2 Congtruction of the foci of I'.(P) and I';(P). The line BC and its perpen-
dicular atP, meet one axis at two points. The circle with cer@igfP) which is
orthogonal to the circle having diameter these two points meets the axis at the re-
quested foci. A similar construction in the anticevian trianglePoives the foci

of I'.(P).

3. Inscribed conics with focus at the per spector

Theorem 1. There are two and only two non-degenerate inscribed conics whose
perspector P isonefocus: they are obtained when P isone of theisogonic centers.

Proof. If P is one focus ofl’;(P), the other focus is the isogonal conjugdte

of P and the center is the midpoint é?P*. This center must be the isotomic
conjugate of the anticomplement 8% A computation shows tha? must lie on

three circum-strophoids with singularity at one vertexAd®C'. These strophoids

are orthopivotal cubics as seen in [4, p.17]. They are the isogonal transforms of the
three Apollonian circles which intersect at the two isodynamic points. Hence, the
strophoids intersect at the isogonic centers. O

These conics will be called the (inscribedjnmons conics denoted bySs =
Fi(Xlg) andS;4 = FZ(X14)

| Elements of the conics Si3 I
perspector and focus Xi3 X14
other real focus X5 X6
center X396 X395
focal axis parallel to the Euler ling idem
non-focal axis L(X14) L(X13)
directrix L(X13) L(X14)
other directrix L(X13) L(X17)

Remark. The directrix associated to the perspector/focus in both Simmons conics
is also the trilinear polar of this same perspector/focus. This will be generalized
below.

Theorem 2. Thetwo (inscribed) Simmons conics generate a pencil of conics which
contains the nine-point circle.

The four (not always real) base points of the pencil form a quadrilateral inscribed
in the nine point circle and whose diagonal triangle is the anticevian triangle of
X503, the infinite point of the perpendiculars to the Euler line. In Figure 1 we have
four real base points on the nine point circle and on two parali@laadP,.

Hence, all the conics of the pencil have axes with the same directions (parallel
and perpendicular to the Euler line) and are centered on the rectangular hyperbola
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Figure 1. Simmons ponctual pencil of conics

which is the polar conic 03, (point at infinity of the Euler line) in the Neuberg
cubic. This hyperbola passes through the in/fexcendrsXsg, X395, X396, X523,
X1749 and is centered aXy7¢ (Tixier point). See Figure 2. This is the diagonal
conic with equation :

D (B = P)ASh — bPP)a? = 0.
cyclic
It must also contain the vertices of the anticevian triangle of any of its points
and, in particular, those of the diagonal triangle above. Note that the polar lines of
any of its points in both Simmons inconics are parallel.

Theorem 3. The two (inscribed) Smmons conics generate a tangential pencil of
conics which contains the Seiner inellipse.

Indeed, their centerXs9s and X3g5 lie on the lineGK. The locus of foci of
all inconics with center on this line is the (second) Brocard cubic KO18 which is
n/Co (K, X523) (See [3]). These conics must be tangent to the trilinear polar of the
root X593 which is the line through the centel§:5 and X795 of the Kiepert and
Jerabek hyperbolas.

Another approach is the following. The fourth common tangent to two inconics
is the trilinear polar of the intersection of the trilinear polars of the two perspec-
tors. In the case of the Simmons inconics, the intersectiogds at infinity (the
perspector of the Kiepert hyperbola) hence the common tangent must be the trilin-
ear polar of this point. In fact, more generally, any inconic with perspector on the
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Polar conic
of X30

Figure 2. The two Simmons inconi¢ss andSi4

Kiepert hyperbola must be tangent to this same line (the perpector of each conic
must lie on the Kiepert hyperbola since it is the isotomic conjugate of the anti-
complement of the center of the conic). In particular, si6ckes on the Kiepert
hyperbola, the Steiner inellipse must also be tangent to this line. This is also the
case of the inconic with centdt, perspectorf sometimes called(-ellipse (see

[1]) although it is not always an ellipse.

Remarks. (1) The contacts of this common tangent with, and S14 lie on the
lines throughG' and the corresponding perspector. See Figures 2 and 3.

(2) This line X115 X125 meets the sidelines of BC at three points on K018.

(3) The focal axes meet the non-focal axes at the vertices of a rectangle with
centerXs3g on the orthic axis and on the lif@K. These vertices ar&3qg, X395
and two other point®;, P, on the cubic K018 and collinear witki 11, the singular
focus of the cubic.

(4) The orthic axis is the mediator of the non-focal axes.



Simmons conics 217

Figure 3. Simmons tangential pencil of conics

(5) The pencil contains one and only one paralfdleve will call the Smmons
parabola. This is the in-parabola with perspectdf;; (on the Steiner ellipse),
focus X111 (Parry point), touching the lin&; 15 X125 at Xigus.t

4. Circumconics with focus at the per spector

A circumconic with perspectaP is inscribed in the anticevian triangig P, P.
of P. In other words, it is the inconic with perspectBrin &, P, P.. Thus,P is a
focus of the circumconic if and only if it is a Fermat point BfP, P.. According
to a known resulf, it must then be a Fermat point dfBC'. Hence,

Theorem 4. There are two and only two non-degenerate circumconics whose per-
spector P isone focus : they are obtained when P is one of the isogonic centers.

They will be called theSmmons circumconics denoted byy; s = I'.(X;3) and
Y14 = T'(X14). See Figure 4.

The fourth common point of these conicsXgz¢ (Tixier point) on the circum-
circle. The centers and other real foci are not mentioned in the current edition of
[6] and their coordinates are rather complicated. The focal axes are those of the
Simmons inconics.

1X 1645 is the tripolar centroid of{s3 i.e. the isobarycenter of the traces of the liKe 5 X125.
It lies on the lineGK.

’The angular coordinates of a Fermat pointfofP, P. are the same when they are taken either
with respect taP, P, P, or with respect toA BC.
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Figure 4. The two Simmons circumconiEss andX4

A digression: there are in general four circumconics with given fagud et
Ca, Cp, Cc the circles passing through with centersA, B, C. These circles have
two by two six centers of homothety and these centers are three by three collinear
on four lines. One of these lines is the trilinear palAIRY) of the interior point
Q = 47 : 37 : o and the remaining three are the sidelines of the cevian triangle
of (). These four lines are the directrices of the sought circumconics and their
construction is therefore easy to realize. See Figure 5.

This shows that one can find six other circumconics with focus at a Fermat point
but, in this case, this focus is not the perspector.

5. Somerelated loci

We now generalize some of the particularities of the Simmons inconics and
present several higher degree curves which all contain the Fermat points.

5.1 Directrices and trilinear polars. We have seen that these Simmons inconics
are quite remarkable in the sense that the directrix corresponding to the perspec-
tor/focus F' (which is the polar line of*' in the conic) is also the trilinear polar of

F'. The generalization gives the following
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Figure 5. Directrices of circumconics with given focus

Theorem 5. The locus of the focus F' of the inconic such that the corresponding
directrix is parallel to the trilinear polar of F' isthe Euler-Morley quintic Q003.

Q003 is a very remarkable curve with equation
Z a*(Spy — Sc 2)y*2* =0
cyclic

which (at the time this paper is written) contains 70 points of the triangle plane.
See [3] and [4].

In Figure 6, we have the inconic with focus at one of the extraversions of
X1156 (On the Euler-Morley quintic).

5.2 Perspector lying on one axis. The Simmons inconics (or circumconics) have
their perspectors at a focus hence on an axis. More generally,

Theorem 6. The locus of the perspector P of the inconic (or circumconic) such
that P lies on one of its axis is the Sothers quintic Q012.

The Stothers quintic Q012 has equation
> d(y—2)(a® —y2)yz =0,
cyclic

Q012 is also the locus of poirt/ such that the circumconic and inconic with
same perspectav/ have parallel axes, or equivalently such that the pencil of conics
generated by these two conics contains a circle. See [3].
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Figure 6. An inconic with directrix parallel to the trilinear polar of the focus

The center of the inconic in Theorem 6 must lie on the complement of the iso-
tomic conjugate of Q012, another quartic with equation

Z a?(y+2z—x)(y—2)(y* + 22 — vy — 22) = 0.
cyclic
In Figure 7, we have the inconic with perspecigy;; (on the Stothers quintic)
and centerX3g0s.
The center of the circumconic in Theorem 6 must lie on a septic which is the
(G —Ceva conjugate of Q012.

5.3. Perspector lying onthefocal axis. The focusF, its isogonal conjugaté* (the
other focus), the centeé? (midpoint of F'F*) and the perspectaP (the isotomic
conjugate of the anticomplement@j of the inconic may be seen as a special case
of collinear points. More generally,

Theorem 7. The locus of the focus I of the inconic such that ', F* and P are
collinear isthe bicircular isogonal sextic Q039

Q039 s also the locus of poiifit whose pedal triangle has a Brocard line passing
throughP. See [3].

Remark. The locus ofP such that the polar lines dP and its isogonal conjugate
P* in one of the Simmons inconics are parallel are the two isogonal pivotal cubics
K129a and K129b.
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More precisely, with the coni&;3 we obtain K129b 9p/C( K, X396) and with
the conicS;4 we obtain K129a (K, Xsg5). See [3].

6. Appendices

6.1 In his paper [7], T. C. Simmons has shown that the eccentricity; ofis
twice that ofS;3. This is also true fok;4 andSy 4. The following table gives these
eccentricities.

| conic| eccentricity |
1 OH
813 X
2(cotw + v/3) VA
1 OH
814 X
2(cot w — v/3) VA
5 2 o OH
13
2(cotw + v/3) VA
5 2 o OH
14
2(cot w — v/3) VA

wherew is the Brocard angle) the area ofABC andOH the distance between
O andH.

6.2 SinceX 3 andS;s (or X4 andSi4) have the same focus and the same direc-
trix, it is possible to find infinitely many homologies (perspectivities) transforming
these two conics into concentric circles with cenkgs (or X14) and the radius of
the first circle is twice that of the second circle.

The axis of such homology must be parallel to the directrix and its center must
be the common focus. Furthermore, the homology must send the directrix to the
line at infinity and, for example, must transform the pakhtor P, see remark 3
at the end o§3) into the infinite pointX3, of the Euler line or the lineX;3X75.

Let A; andA; be the two lines with equations

Z(b2—|—c2—2a2+\/a4+b4-|—c4—6262—62a2—a2b2)x20

cyclic

and

Z(b2+62—2a2— Vat + b+t — b2 — 2a? — a2b?) = 0.
cyclic
A1 and A, are the tangents to the Steiner inellipse which are perpendicular to
the Euler line. The contacts lie on the lid&K and on the circle with center
passing throughXiis, the center of the Kiepert hyperbold; and A, meet the
Euler line at two points lying on the circle with cent@rpassing througtX; 5, the
center of the Jerabek hyperbola.
If we take one of these lines as an axis of homology, the two Simmons circum-
conicsX 3 andXq4 are transformed into two circldg s andT'4 having the same
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radius. Obviously, the two Simmons inconics are also transformed into two circles
having the same radius. See Figure 9.

Figure 9. Homologies and circles

For any pointM on X3, the lineM P, meetsA; atm. The parallel to the Euler
line atm meets the line\/ X;3 at M’ onT';3. A similar construction withA/ on
314 and P, instead ofP; will give T'y4.
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A Synthetic Proof and Generalization of
Bellavitis Theorem

Nikolaos Dergiades

Abstract. In this note we give a synthetic proof of Bellavitis’ theorem and then
generalizing this theorem, for not only convex quadrilaterals, we give a synthetic
geometric proof for both theorems direct and converse, as Eisso Atzema proved,
by trigonometry, for the convex case [1]. From this approach evolves clearly the
connection between hypothesis and conclusion.

1. Bellavitis' theorem

Eisso J. Atzema has recently given a trigonometric proof of Bellavitis’ theorem
[1]. We present a synthetic proof here. Inside a convex quadrilateBal’ D, let
the diagonalAC' form with one pair of opposite sides angles, ws. Similarly
let the angles inside the quadrilateral that the other diagBialforms with the
remaining pair of opposite sides bg, w;.

Theorem 1 (Bellavitis, 1854) If the side lengths of a convex quadrilateral ABC' D
satisfy AB - CD = BC - DA, then w; + ws + w3z + wy = 180°

A

w1

c’

Wy

D

Al

Figure 1

Proof. If AB = AD thenBC = CD and AC is the perpendicular bisector of
BD. HenceABCD is a kite, and it is obvious that; + wy + w3 + w4 = 180°.

If ABCD is not a kite, then fromiB - CD = BC' - DA, we haveq = &5,
Hence,C lies on theA-Apollonius circle of triangleABD. See Figure 1. This
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circle has diameteF F”, whereAF and AF” are the internal and external bisectors
of angleBAD andC'F is the bisector of angl&C D. The reflection ofAC in AF
meets the Apollonius circle &’. Since arcC'F = arc F'C’, the pointC’ is the
reflection ofC in BD. Similarly the reflection ofAC' in C'F' meets the Apollonius
circle at A’ that is the reflection ofd in BD. Hence the linesAC’, C A’ are
reflections of each other iBD and are met at a poid¥ on BD. So we have

we + w3 =wy + LBCB' = /CB'D = ZAB'D 1)
wy +wy =/B'AD + wy = /BB'A. 2)
From (1) and (2) we get
wy + wy + w3 +wy = LBB'A+ ZAB'D = 180°.

2. A generalization

There is actually no need fot BC'D to be a convex quadrilateral. Since it is
clear thatw; + wy + w3 + w4 = 180° for a cyclic quadrilateral, we consider non-
cyclic quadrilaterals below. We make use of oriented angles and arcs. Denote by
0(XY, XZ) the oriented angle fron’X'Y to X Z. We continue to use the notation

w = 0(AB, AC), ws = 0(CD,CA),
wy = 0(BC, BD), wy = 0(DA, DB).

Theorem 2. In an arbitrary noncyclic quadrilateral ABC D, the side lengths sat-
isfy the equality AB - CD = BC - DA if and only if

w1 + we + w3 + wy = +180°.

Figure 2
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Proof. Since ABCD is not a cyclic quadrilateral the line®A, DB, DC meet
the circumcircle of triangled BC at the distinct points4, B’, C’. The triangle
A’B’C" is the circumcevian triangle dP relative toABC. Note that

2wy =arc BC,
2wy =arc CC' + arc C'B’,
2ws =arc C'A,

2w, =arc AB + arcA'B’.
From thesew, + ws + w3 + wy = +180° if and only if
(arc BC + arc CC’ + arc C'A + arc AB) + arc C'B’ + arc A'B’ = £360°.

Sincearc BC +arc CC'+arc C'A+arc AB = +360°, the above condition holds
if and only if arc C"B’ = arc B’ A’. This means that the circumcevian triangle of
D is isoscelesi.e.,
B'A"=B'C'. (3)

It is well known thatA’ B’C” is similar to with the pedal triangld” B”C"” of D.

See [2,§7.18] The condition (3) is equivalent to
BIIAII — B”C”.

This, in turn, is equivalent to the fact that lies on theB-Apollonius circle of
ABC because for a pedal triangle we know that

B"A" = DC -sinC = B"C" = DA -sin A

or
DC B sin A B BC
DA  sinC BA’
From this we havedB - CD = BC - DA. O
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On Some T heorems of Poncelet and Carnot

Huub P.M. van Kempen

Abstract. Some relations in a complete quadrilateral are derived. In connection
with these relations some special conics related to the angular points and sides
of the quadrilateral are discussed. A theorem of Carnot valid for a triangle is
extended to a quadrilateral.

1. Introduction

The scope of Euclidean Geometry was substantially extended during the seven-
teenth century by the introduction of the discipline of Projective Geometry. Until
then geometers were mainly concentrating onrtisiic (or Euclidean) properties
in which the measure of distances and angles is emphasized. Projective Geometry
has no distances, no angles, no circles and no parallelism but concentrates on the
descriptive (or projective) properties. These properties have to do with the rela-
tive positional connection of the geometric elements in relation to each other; the
properties are unaltered when the geometric figure is subjected to a projection.

Projective Geometry was started by the Grecian mathematician Pappus of Alexan-
dria . After more than thirteen centuries it was continued by two Frenchmen, Desar-
gues and his famous pupil Pascal. The latter one published in 1640 his well-known
Essay pour les coniques. This short study contains the well-knowrexagrammum
mysticum, nowadays known as Pascal’s Theorem. Meanwhile, the related subject
of perspective had been studied by architects and artists (Leonardo da Vinci). The
further development of Projective Geometry was about two hundred years later,
mainly by a French group of mathematicians (Poncelet, Chasles, Carnot, Brian-
chon and others).

An important tool in Projective Geometry is a semi-algebraic instrument, called
thecrossratio. This topic was introduced, independently of each other, lopiMs
(1827) and Chasles (1829).

In this article we present an (almost forgotten) result of Poncelet [4], obtained in
an alternative way and we derive some associated relations (Theorem 1). Further-
more, we extend a theorem by Carnot [1] from a triangle to a complete quadrilateral
(Theorem 3).

Publication Date: September 25, 2006. Communicating Editor: Floor van Lamoen.
The author thanks Floor van Lamoen and the referee for their useful suggestions during the prepa-
ration of this paper.



230 H. P. M. van Kempen

We take as starting-point the theorems of Ceva and Pappus-Pascal. The first one
is a close companion of the theorem of the Grecian mathematician Menelaus. In the
analysis we will follow as much as possible the purist/synthetic approach. It will

be shown that this approach leads to surprising results derived along unexpected
lines.

2. Proof and extension of a Theorem by Poncelet

Theorem 1. Let the diagonal points of a complete quadrilateral ABCD be P, Q
and R. Let the intersections of PQ with AD and BC be H and F respectively and
those of PRwith CD and AB be G and E respectively (Figure 1). Then

AEF BF CG DH

BB FC GD HA " @
AP CG DP BE _| @
PC GD PB EA
BP DH AP CF _, @)
PD HA PC FB

Figure 1

Proof. We apply the Pappus-Pascal theorem to the trifflesA, F) and(R, C, F)

and find that in triangled BC the linesAF, BP andC FE are concurrent so that by
Ceva’s theorem
AE BF CP

EB FC PA " ®
Similarly with the triples(Q, G, C) and(R, H, A) we find
CG DH AP
GD HA PC " ©)
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Relation (1) immediately follows from (4) and (5). Again in the same way with
triples (E, B, Q) and(H, D, R) we find that

AE BP DH
EB PD HA " (©)
(2) follows from (5) and (6), and (3) follows from (4) and (6). a

Poncelet [4] has derived relation (1) by using cross ratios.
We now consider a special case of Theorem 1, taking a convex quadrilateral
ABCD inwhich AB + CD = BC + DA, so that it is circumscriptable (Figure
2). LetE’, F’, G’ and H' be the points of tangency of the incircle withB, BC,
CD and D A respectively. Clearly a relation similar to (1) holds:
AE'" BF' CG' DH'
E'B F'C G'D H'A

(7)

Figure 2

It is well known [5] that the point of intersection &G’ and F"H' is P. This
can be seen for a general quadrilateral with an inscribed conic from subsequent
application of Brianchon'’s theorem to hexaga#&’ BCG'D and BF'CDH'A.
See forinstance [2, p.49]. This raises the questions whether or not a relation similar
to (1) will hold. We will examine this problem by using Ceva’s theorem.
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3. Further Analysis

We start with a given quadrilateradl BC'D whereE andG are arbitrary points
on the linesAB and C' D respectively. We then construct poinks and H; on
BC and AD respectively such that (1) holds. We can do so by the following
construction (Figure 3).

Figure 3

First we consider the triangled BC and ADC. LetT = CE N BD and
Fy = BC' n AT. By Ceva’s theorem we have in triangeBC
AE BR CP _ )
EB F,C PA
Now if S = AGNn DB andH; = AD N CS, then Ceva'’s theorem applied to
triangle ADC gives
¢G DH, AP —1. 9)
GD HA PC
By multiplication of (8) and (9) we find the desired equivalence of (1).

Theorem 2. Ifinthequadrilateral ABC D thepoints F, F, G and H; lieon AB,
BC,CD and DA respectively suchthat S = AGNCHyand T = AF; N CFE lie
on BD,thenthepoints A, E, F;,C, G and Hy lieonaconicand K = EGNF Hy
lieson BD.

Proof. Here we have to switch to the field of Projective Geometry. We will use the
cross ratio of pencils in relation to the cross-ratio of ranges. These concepts are ex-
tensively described by Eves [3]. Now consider the two pertcil&;, AG, AF;, AE)
and(CH,,CG,CF;,CE) in Figure 3. We have the cross-ratio equality between
ranges and pencils:
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A(HlaG;FlaE) = (D787T7B) = (SuDaBaT) = C(HhG;FlpE)' (10)
From this equality we see that, £, Fi, C, G and H, lie on a conic. Applying

Pascal’s theorem to the hexagdiy H;C EG we find that the diagonaB D is the
Pascal line and consequently the poifitd< andT are collinear. g

By using triangleAB D and triangleC'BD instead of triangled BC' and trian-
gle ADC as above, we can also construdgtand H, such that relation (1) holds
(Figure 4). Now we apply Theorem 2, finding th&t F,, G, D, H, and E lie
on a conic. Using Pascal’'s theorem for the hexa@WFE D F; H, we find that
L =FEGnN Fy,H, liesonAC.

Figure 4

With the help of Theorem 2 we prove an extension of Carnot’s theorem in [1]
for a triangle to a complete quadrilateral.

Theorem 3. If in the quadrilateral ABC'D the points E, F, G and H lieon AB,
BC,CD and DA respectively and EG and F'H concur in P = AC N BD, then
(1) is satisfied if and only if there is a conic inscribed in quadrilateral ABCD,
which touches its sidesin the points F, F', G and H.

Proof. Assume that relation (1) holds. By Theorem 2 we know tB#tGDHE
andAEFCGH lie on two conics. LeV = DENBH andW = DF N BG. First
we apply Desargues’ theorem to triangld’C' and triangleE HV (Figure 5).

The linesGFE, F'H andCV concur inP. This means that the intersection points
of the corresponding sides are collinear.lbe- GFF N FH, B= FC N HV and
D = GC N EV are collinear. Next, consider the unique cohithroughFE, F', G
and H which is tangent t@’' D at G. We examine the direction of the tangent to
I' at the pointH. Therefore we consider the hexag6itzFH H F'. We find that
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Figure 5

GENHF = PandGF N EH = U. Since bothP andU are collinear withB
and D, the line BD is the Pascal line. This means that the tangenisabG and
H intersect onB D, which implies thatA D is the tangent t@" at H.

In the same way we prove that the lind$3 and BC' are tangent td' at £ and
F respectively, which proves the sufficiency part.

Now assume that a conic is tangent to the sides of quadrilateBal’ D at the
points E, F, G and H. Note that of coursé&’G and F'H intersect inP, as stated
earlier. With fixedE, F andG there is exactly one poirf?* on AD such that the
equivalent version of relation (1) holds. By the sufficiency part this leads to a conic
tangent to the sides &, F', GG, and H*. As these two conics have three double
points in common, they must be the same conic. This leads to the conclusion that
H and H* are in fact the same point. This proves the necessity part. a

Applying Theorem 3 to the results of Theorem 2 we find

Corollary 4. If inthe quadrilateral ABC' D of Theorem 2 thelines EG and F Hy
concur in P, where P = AC N BD, then F} H; of Figure 3 and F,H, of Figure 4
coincide.
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The Droz-Farny Theorem and Related Topics

Charles Thas

Abstract. At each pointP of the Euclidean planél, not on the sidelines of a
triangle A1 A2 A3 of I1, there exists an involution in the pencil of lines through

such that each pair of conjugate lines intersect the sidels df A3 in segments

with collinear midpoints. IfP = H, the orthocenter afi; A> A3, this involution
becomes the orthogonal involution (where orthogonal lines correspond) and we
find the well-known Droz-Farny Theorem, which says that any two orthogonal
lines throughH intersect the sides of the triangle in segments with collinear
midpoints. In this paper we investigate two closely related loci that have a strong
connection with the Droz-Farny Theorem. Among examples of these loci we
find the circumcirle of the anticomplementary triangle and the Steiner ellipse of
that triangle.

1. The Droz-Farny Theorem

Many proofs can be found for the original Droz-Farny Theorem (for some recent
proofs, see [1], [3]). The proof given in [3] (and [5]) probably is one of the shortest:
Consider, in the Euclidean plahE the pencilB of parabola’s with tangent lines the
sidesa; = A2A3, ay = A3A1, a3 = A1As of A1 A5 A3, and the lind at Inflnlty
Let P be any point ofll, not on a sideline off; A, A3, and not orl, and consider
the tangent lines ands’ through P to a non-degenerate parab@eof this pencil
B. A variable tangent line of intersectsr and+’ in corresponding points of a
projectivity (an affinity, i.e. the points at infinity afands’ correspond), and from
this it follows that the line connecting the midpoints of the segments determined
by r andr’ on a; andas, is a tangent line of?, through the midpoint of the
segment determined an by » andr’. Next, by the Sturm-Desargues Theorem,
the tangent lines througk to a variable parabola of the pendlare conjugate
lines in an involutionZ of the pencil of lines throughP, and this involutionZ
contains in general just one orthogonal conjugate pair. In the following we call
these orthogonal lines through the orthogonal Droz-Farny lines through

Remark that PA;, line throughP parallel toa;), i = 1,2,3 are the tangent
lines throughP of the degenerate parabola’s of the pefiand thus are conjugate
pairs in the involutioriZ. From this it follows that in the case whefe = H, the
orthocenter ofd; A; A3, this involution becomes the orthogonal involution in the
pencil of lines through, and we find the Droz-Farny Theorem.

Publication Date: October 2, 2006. Communicating Editor: J. Chris Fisher.
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Two other characterizations of the orthogonal Droz-Farny lines thrgeigine
obtained as follows: LeX andY be the points at infinity of the orthogonal Droz-
Farny lines throughP. Since the two trianglesgl; A; A3 and PXY are circum-
scribed triangles about a conic (a parabola of the pdsicitheir vertices are six
points of a conic, namely the rectangular hyperbola throdgh,, A3, and P
(and also throught, since any rectangular hyperbola through A5, and As,
passes through). It follows that the orthogonal Droz-Farny lines throughare
the lines throughP which are parallel to the (orthogonal) asymptotes of this rect-
angular hyperbola through;, A,, A3, P, andH.

Next, since, ifP = H, the involutionZ is the orthogonal involution, the direc-
trix of any parabola of the pencll passes througli/, and the orthogonal Droz-
Farny lines through any poir? are the orthogonal tangent lines througtof the
parabola, tangent @, as, a3, and with directrixP H .

2. Thefirst locus

Let us recall some basic properties of trilinear (or normal) coordinates (see for
instance [4]). Trilinear coordinatgs;, z2, x3), with respect to a trianglel; A, A
with side-lenghtd,, [5, I3, of any pointP of the Euclidean plane, are homogeneous
projective coordinates, in the Euclidean plane, for which the vertiged,, A3
are the basepoints and the incenieof the triangle the unit point. The line at
infinity has in trilinear coordinates the equatilml + ZQIL‘Q + l3z3 = 0. The

centroidG of A1A2A3 has trilinear coordmate@—, R ) the orthocenter{ is
(CoslAl, coslAg’ a3 ), the circumcente is (cos Ay, cos A, cos A3), the incenter

lis (1,1,1), and the Lemoine (or symmedian) poiitis (i, l2, [3).

If X has trilinear coordinateéry, z2, x3) with respect toA; A, As, and if d;
is the "signed” distance fromX to the sideqg; (i.e. d; is positive or negative,
according asX lies on the same or opposite side @fas 4;), then, if F' is the
area ofd; Ay A5, we haved; = hmﬁfﬁ =1,2,3, and(d,, d, d3) are the
actual trilinear coordinates of X with respect to4; A; A;. Remark thatd; +
lody + l3dg = 2F.

Our first locus is defined as follows ([5]):

Consider a fixed poinP, not on a sideline of}; A, A3, and not at infinity, with
actual trilinear coordinate@ , d2, d3) with respect tad; A, A3, and suppose that
is a given real number and the set of points of the plane for which the distgnces
from (z1, 22, z3) t0 a; are connected by the equation

61d 5 —ds 53 Zdi =5 (1)

Usingd; = 32—, we see that the set is given by the equation
! b o I3 o 9
4F (51 1 + = 52 To + = 53 ) S(h.rl + lzxz + lgxg) = O, (2)
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or, if we use general trilinear coordinat@s, p2, p3) of P:

QF(;)ll Tq +]l7_22 % + l—xg)(llpl + l2p2 + l3p3) — S(h.Tl + ZQ.TQ + lgxg) =0. (3)

We denote this conic byC(P, A, s): it is the conic determined by (1) and (2),
where (41, 02, d3) are the actual trilinear coordinates 6fwith regard toA =
A1A2 A3, and also by (3), wherépy, p2, p3) are any triple of trilinear coordinates
of P with regard toA, and by the value of. For P and A fixed ands allowed
to vary, the conic#C(P, A, s) belong to a pencil, and a straightforward calculation
shows that all conics of this pencil have cenferand have the same points at
infinity, which means that they have the same asymptotes and the same axes.

The conicsC(P, A, s) can be (homothetic) ellipses or hyperbola’s: this depends
on the location ofP with regard toA, and again a straightforward calculation
shows that we find ellipses or hyperbola’s, according as the pragiaét > 0 or
< 0.

Next, themedial triangle of A = A; A5 A3 is the triangle whose vertices are
the midpoints of the sides @f, and theanticomplementary triangle A;IAQ‘lAgl
of A is the triangle whose medial triangle 4s. An easy calculation shows that
the trilinear coordinates of the vertices ', A, ', andA; ! of this anticomplemen-
tary triangle arﬁé—lzlg, 314, lllz), (lzlg, —I3lq, lllz), and(lglg, I3lq, —lllg), respec-
tively.

Lemmal. Thelocus C(P, A, S) of the points for which the distances ¢, , da, ds to
thesides ay, as, a3 of A = A; A; Az are connected by

1 lo o I3 o 5, 1 1 1

—d? + = d3 —d =4F(—+-—+-—) =S

(5 52 53 (l151 + l252 l353) ’
where (41, d2, 03) are the actual trilinear coordinates of a given point P, is the
conic with center P, and circumscribed about the anticomplementary triangle

ATTAT AT of A

it i 1 1 1 1 _1 1 11 _ 1
Proof. Substituting the coordlnate(&H, i E)’ or (H’ — 7 E)’ or (H’ i _E)
of A7t Ayt and A3t in (2), we find immediately that
1 1 1
=S =4F*(— + — 4 ).
’ Gor s T 1)
Il

3. The second locus

We work again in the Euclidean plari¢ with trilinear coordinates with re-
spect toA = A; Ay As. Assume thaP(py, p2, p3) is @ point ofIl, not at infinity
and not on a sideline oA. We look for the locus of the point® of 11, such
that the point); = ¢; Na;, @ = 1,2,3, whereg; is the line through®, par-
allel to PA;, are collinear. This locus was the subject of the paper [2]. Since
liz1 + laxe + l3x3 = 0 is the equation of the line at infinity, the point at infinity of
P A; has coordinatefsps + I3ps, —l1p2, —l1p3), and if we give@ the coordinates
(x1, 2, z3), we find after an easy calculation th@t has coordinatef), [y pax1 +
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{L‘Q(lgpg + l3p3), xilips + x3(l2p2 + l3p3)). In the same way, we find for the coor-
dinates 0fQ2, and ofQs: (z1(l1p1 + I3p3) + p172l2, 0, p3zals + 23 (l1p1 +13p3)),
and(x1(lip1 + lap2) + w3p1ls, v2(lip1 + l2p2) + x3p2ls, 0), respectively.

Next, after a rather long calculation, and deleting the singularipart-loxo +
I3z3 = 0, the condition that);, @2, andQ3 are collinear, gives us the following
equation for the locus of the poi:

p3(lip1 + lap2)x122 + p1(lop2 + I3ps)xaxs + pa(laps + lipr)xzey = 0. (4)

This is our second locus, and we denote this conic, circumscribed adhdut 5,
by C(P,A), whereA = A; As A3, and whereP is the point with trilinear coordi-
nates(p, p2, p3) with regard toA.

Lemma 2. The center M of C(P, A) hastrilinear coordinates

(lal3(lap2 + 13p3), I3l1 (Isps + Lip1), Lila(lip1 + lap2)).

It is the image f(P), where f is the homothety with center G, the centroid of A,
and homothetic ratio —3, or, in other words: 2GV/ = —GP.

Proof. An easy calculation shows that the polar point of this pdihtvith regard
to the conic (4) is indeed the line at infinity, with equation + lox- + 1323 = 0.
Moreover, if P, is the point at infinity of the line?G, the equatlomGM =GP
is equivalent with the equality of the cross-ratit! PGR,,) to —5 Next, choose
on the linePG homogeneous projective coordinates with basepaditis 0) and
G(0,1), and giveP, coordinatest;, t2) (thus Py, = t1 P + t2G), then(ty,ta) =
(=3,11p1 + l2p2 + I3p3) and the projective coordinaté, t,) of M follow from

| h ty
0 1 =3 lip1 +lap2 +1 1
(MPGPy,) = : 1P1 T t2p2 T 3P3| ey
10 1 0 2
0 1] |=3 bhpi+lop2+I3p3
which gives(#], t5) = (—1,11p1 + lap2 + I3ps3). 0

Remark that the second part of the proof also follows from the connection
between trilineargz;, z2, x3) for a point with respect tod; 4, A3 and trilinears
(«), xh, %) for the same point with respect to the medial trianglelpfl, A3 (see
[4, p.207]):
I = l2l3(l2$/2 + lgfl?g)
T = I3lh (l3xé + llfli‘ll)
xrs = lllg(llxll + l2{li‘/2)

4. The connection between the Droz-Farny -lines and the conics

Recall from§2 that

1 1 1 1 1 1

—AF*(— 4+ — + — ) =2F(] l l
S (l161 + l262 + l353) ( 1P1 + 2P2 + 3p3)(l1p1 + l2p2 l3p3 )
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where F' is the area ofA = A; AsAs, (p1,p2,p3) are trilinear coordinates aP
with regard toA A; A A3, and where(dy, 02, d3) are the actual trilinear coordi-
nates ofP with respect to this triangle.

Furthermore, in the foregoing sectiofi,is the homothety with cente# and ho-
mothetic ratio—%. Remark thatf ~*(A) is the anticomplementary triangle~! of
A. We have:

Theorem 3. (1) Theconics (P, A, S) and C(f~1(P), f~1(A)) coincide.

(2) The common axes of the conics (P, A, s), s € R, and of the conic
C(f~1(P), f~1(A)) arethe orthogonal Droz-Farny -lines through P, with regard
to A = A1 Ay A5,

Proof. (1) Because of Lemma 1 and 2, both conics have cdntend are circum-
scribed about the complementary triangfe (A) of A; A5 Aj.

(2) For the conic with centeP, circumscribed about the anticomplementary
triangle ofA; A As, itis clear tha{ P A;, line throughP, parallel tog;), i = 1,2, 3,
are conjugate diameters. And the result follows from section 1. O

5. Examples

5.1 If P = H, the orthocenter oA = A4; A5 A3, which is also the circumcenter

of its anticomplementary triangl&—*, the conicsC(H, A, s) are circles with cen-

ter H, since any two orthogonal lines throughare axes of these conics. In partic-
A A A

ular, K(H, A, §), whereS = 2F (541 4 cosdz ycosdlay( by by b)),

is the circumcircle ofA~! and it is the locus of the points for which the distances
dy,ds, d3 to the sides ofA are related by

(11 cos Ay)d3 + (Ig cos Ag)d3 + (I3 cos A3)ds
cos A n cos Ao N CoS Ag)

L la I3
B+13+13

Lilaly 7

=4F?(

—2F?

or equivalently,
BB - +B0E+13 -3 +1203 +13—13)d2 =4F*(13 + 15+ 13).

Moreover,C(f~1(H), A~!) is also the circumcirle oAA~!, which is easily seen
from the fact that this circumcircle is the locus of the points for which the feet
of the perpendiculars to the sidesf! are collinear. Remark that™!(H), the
orthocenter ofA~!, is the de Longchamps poit¥ (20) of A.

52 If P = K(l1,la,l3), the Lemoine point o\ = A; A3 A3, then/C(K, A, S),

with

1

B

BE+ B +133)03+13+13)
EIEE ’

1 1
S:ﬂwﬁ+ —+ﬁxﬁ+@+@)
1 3

:2F2(
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is the locus of the points for which the distancegsds, ds to the sides ofA are
related byd} + d3 + dj = 4F*(% + % + ), and it is the ellipse with cente,
1 2 3

circumscribed abouA~!. Moreover, the locug(f~1(K), A1), wheref~1(K)
is the Lemoine point oA~! (or X (69) with coordinates

(l2l3(l§ + l% - l%)vl?)ll(l% + l% - l%)vllb(l% + l% - lg))v

is the same ellipse. The axes of this ellipse are the orthogonal Droz-Farny lines
through K with respect taA.

53 If P = G({, ¢, 1), the centroid ofA = A; A3 A3, thenkK(G, A, S), with
S = 18F, is the locus of the points for which the distanegsds, ds to the sides

of A are related by2d? + 3d% + 12d3 = 12F?, and it is the ellipse with cente?,
circumscribed abouh~1, i.e., it is the Steiner ellipse ak~!, sinced is also the
centroid ofA=1. The locusC(G, A1) is also this Steiner ellipse and its axes are

the orthogonal Droz-Farny lines throughwith respect tQ\.

54 If P = I(1,1,1), the incenter ofA = A;AyAs, thenK(I,A,S), with

S =2F(l1+1, +l3)(% + % + %), is the locus of the points for which the distances
dy, dz, ds to the sides ofA are related by;d? + lod2 + I3d2 = 4F2(% + é + %),
and it is the ellipse with centef, circumscribed about\~!. Moreover the locus
C(f~1(I),A™1), wheref~1(I) is the incenter oA~! (which is centerX (8) of A,

the Nagel point with coordinate+=l | stii—le Lth—ls)) s the same ellipse.
The axes of this ellipse are the orthogonal Droz-Farny lines thrdugith respect
to A.
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On ButterfliesInscribed in a Quadrilateral

Zvonko Cerin

Abstract. We explore a configuration consisting of two quadrilaterals which
share the intersection of diagonals. We prove results analogous to the Sidney
Kung’s Butterfly Theorem for Quadrilaterals in [2].

1. The extended butterfly theorem for quadrilaterals

In this note we consider some properties of pairs of quadrilatet&é’ D and
A'B’'C'D" with A’, B, C" and D’ on linesAB, BC, C D, andD A respectively.

D

B’

' A’ B

Figure 1

The segmentsiC, A'C’ and B’D’ are analogous to the three chords from the
classical butterfly theorem (see [1] for an extensive overview of its many proofs
and generalizations).

When the intersection of the line§C’ and B’D’ is the intersection of the
lines AC andBD, i.e, whenABC'D and A’ B’C’' D’ share the same intersection
of diagonals, in [2] the following equality, known as the Butterfly Theorem for
Quadrilaterals, was established:

|AU| |IV|  |AI
o1 |ve|  |Ic|

(1)
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whereU andV are intersections of the lin@C with the linesD) A’ and B'C’ (see
Figure 1).
For the intersections{ = AC N A'B’ andZ = AC N C'D’, in this situation,
we have similar relations
| XA| |IC| |XI|
|AIl |CZz|  |1Z]’

and
\(XU| |1V| |XI]|

\uI1| |vz| |1zZ|

c
g

Bi]” —< /"

4 B

D

Figure 2

Our first result is the observation that (1) holds when the diagonadd33¢€"' D’
intersect at a poink’ on the diagonalC of ABC D, not necessarily the intersec-
tion I = AC' N BD (see Figure 2).

Theorem 1. Let A’B'C’'D’ be an inscribed quadrilateral of ABCD, and £ =
A'C’'NB'C',] =ACNBD,U =ACND'A",V = ACNnB'C'. If E liesonthe
line AC, then
|AU| |EV|  |AI|
\UE| |vC| |IC]

Proof. We shall use analytic geometry of the plane. Without loss of generality we
can assume that(0,0), B(f,g), C(1,0) and D(p, q) for some real numberg,

g, p andq. The points4’ (uffl, jj;‘l) and B’/ ({jfl’, %) divide segmentsAB

and BC' in ratios v and v, which are real numbers different from1. Let the
rectangular coordinates of the poifitbe (1, k). Then the vertice§’ and D’ are
intersections of the line€' D and D A with the linesA E and B'E, respectively.
Their coordinates are a bit more complicated. Next, we determine the poansl

(2)
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V as intersections of the lindC with the lines4' D’ and B’C"’ and with a small
help from Maple V find that the difference
_JAUP |EV]? |AIP?

C|UER VO IO
_ (fa—gp)? - k- Ps(h, k)

Qa(h.k) - (g+ fa—q—gp)? - (quh + (u+ 1 = fu)k — gu)?’
where P5(h, k) andQ4(h, k) are polynomials of degreesand4 respectively in
variablesh andk. Both are somewhat impractical to write down explicitly. How-
ever, sincek is a factor in the numerator we see that whegn- 0, i.e.,, when the

point £ is on the lineAC, the differenceD is zero so that the extended Butterfly
Theorem for Quadrilaterals holds. O

D

Remark. There is a version of the above theorem where the pdinesxdV" are
intersectiond/ = AEN A'D’ andV = CE N B'C’. The differenceD in this case
is the quotient
—(fg—gp)* - k- Pi(h,k) - Py(h, k)
(gh —pk)*- (9 + fg—q—gp)* - (guh + (u+1— fu)k — gu)*’
where

Pi(h, k) =(u(q — g9) + q(1 + w))h + (uwo(1 — p) + u(f —p) —p)k
—u(qu — gp + fq),
Py(h, k) =2qguh® + (gu — 2ugp — 2fqu + uq — vuq + q) hk—
(p + uv + up + uf — pou — 2puf) k* — 2guqh + u (qu + gp + fq) k.

Note that these are linear and quadratic polynomials and k. In other words,
the extended Butterfly Theorem for Quadrilaterals holds not only for pdints
the line AC but also when the poinE is on a line throughD (with the equation
Py (h, k) = 0) and on a conic througi, C and D (with the equation/3(h, k) =
0).

Moreover, in this case we can easily prove the following converse of Theorem 1.

If the relation (2) holds when the point$ and B’ divide segmentst B and BC'
both in the ratiol : 3,1 : 1 or 3 : 1, then the pointZ lies on the linedC.

Indeed, if we substitute far = v = % 1 or 3 both into P, and P, we get three
equations whose only common solutionshirand k& are coordinates of pointd,
C, andD (which are definitely excluded as possible solutions).

2. A rélation involving areas

Let us introduce shorter notation for six triangles in this configuratipr=
D'AA' ty = D'A'E, t3 = EB'C',ty, = CC'B',t4 = ABD andtc = CDB
(see Figure 2).

Our next result shows that the above relationship also holds for areas of these
triangles.
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Theorem 2. (a)If E lieson theline AC, then
area(t;) area(ts) area(ta) 3)
area(ty) area(ty) area(te)

(b) If the relation (3) holds when the points A and B’ divide AB and BC both
intheratio1 : 2 or 2 : 1, then the point £ lieson theline AC.

Proof. If we keep the same assumptions and notation from the proof of Theorem 1,
then

area(t;) area(ts) area(ta)
area(ty) area(t;) area(to)
(fa—gp) - k- Pi(h,k)
(gh —pk) - (g + fa—qa—gp) - (qguh + (u+1— fu)k — gu)
Hence, (a) is clearly true because= 0 when the pointZ is on the lineAC.
On the other hand, for (b), when= 3 andv = 1 then

& =4-Pi(hk)=(29—-Tq)h+ (Tp—2f 1)k +q—29p+2fq,
while for u = 2 andv = 2 then
E =P (h,k)=29g—Tq)h+ (Tp—2f —4)k+2fq+ 4q — 2¢gp.
The only solution of the system
&1 =0, E =0

is (h,h) = (p,q), i.e, E = D. However, for this solution the triangte degener-
ates to a segment so that its area is zero which is unacceptable. O

3. Other relations

Note that the above theorem holds also for (lengths of) the altitbddss ),
h(E,t2), h(E,t3), h(C,ts), h(A,ta) andh(C, tc) because (for example)
area(t;) = 1n(A ) - |D'A|.

Let G(t) denote the centroid of the triangle= ABC, ande(A4, t) the distance

of G(t) from the sideBC opposite to the vertex. Sinces(A,t) = Q?Sr‘g‘é(f) there
is a version of the above theorem for the distancg$, ), (F,t2), e(E,t3),
e(C,ty), e(A,ta) ande(C,te).

For a trianglet let R(t) denote the radius of its circumcircle. The following
theorem shows that the radii of circumcircles of the six triangles satisfy the same
pattern without any restrictions on the poffit
R(t1)  R(ts) _ R(ta)

R(tz) R(ta) — R(tc)”
Proof. Let us keep again the same assumptions and notation from the proof of The-

orem 1. SinceR(t) = pro"“:;?‘;i?g lengths\ve see that the square of the circumradius

of a triangle with vertices in the points;, a), (y,b) and(z, c) is given by
[(y —2)° + (b= ¢)*] - [(z —2)* + (c = a)*] - [(& — y)* + (a — b)’]
4(x(b —¢) +y(c—a) + z(a — b))? '

Theorem 3.
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Applying this formula we find?(#; )2, R(t2)?, R(t3)?, R(t4)?, R(t4)? andR(tc)%.

In a few seconds Maple V verifies that the diﬁere@{%;—z : ggigi — ggggi is equal
to zero.

For a trianglet let H(t) denote its orthocenter. In the next result we look at the
distances of a particular vertex of the six triangles from its orthocenter. Again the
pattern is independent from the position of the pdint
|AH(t1)|  |EH(t3)| _ |AH(ta)|
[EH(t2)] [CH(ta)] — [CH(tc)["

Proof. This time one can see thattH (¢)[* for the trianglet = ABC with the
vertices in the pointéz, a), (y,b) and(z, ¢) is given as
[(y—2)?+(b—0c)? - [22+a®+yz —2(y+2) +bc—a(b+c))?
(x(b—c)+y(c—a)+ z(a—10))?
Applying this formula we find AH (t1)|?, |EH (t2)|?, |EH (t3)|?, |CH (t4)|?,
|AH (t4)|?, and|CH (tc)|*. In a few seconds Maple V verifies that the difference
[AH(t)|> | |EH(t3)|> _ |AH(ta)[?

|EH (t2)]2 : [CH(t)Z ~ |CH(to)? IS equal to zero. O

Let O(t) be the circumcenter of the triangle= ABC'. Let §(A,t) denote
the distance 0O (t) from the sideBC opposite to the verted. Since|AH (t)| =
25(A,t) there is a version of the above theorem for the distadcést, ), 6(F, t2),
d(E,t3), 0(C,ty), 6(A,ta) andd(C, tc).

Theorem 4.
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On Triangleswith Vertices on the Angle Bisectors

Eric Dannedls

Abstract. We study interesting properties of triangles whose vertices are on the
three angle bisectors of a given triangle. We show that such a triangle is per-
spective with the medial triangle if and only if it is perspective with the intouch
triangle. We present several interesting examples with new triangle centers.

1. Introduction

Let ABC be a given triangle with incenter /. By an I-triangle we mean a
triangle UV'W whose vertices U, V, W are on the angle bisectors A, BI, C1I
respectively. Such triangles are clearly perspective with ABC' at the incenter 1.

Figure 1.

Theorem 1. An I-triangle is perspective with the medial triangle if and only if it
is perspective with the intouch triangle.

Proof. The homogeneous barycentric coordinates of the vertices of an I-triangle
can be taken as

U= (u:b:c), V=(a:v:e¢), W=(a:b:w) Q)

for some u, v, w. In each case, the condition for perspectivity is
F(u,v,w) := (b—c)vw+(c—a)wu+ (a—b)uv+(a—b)(b—c)(c—a) = 0. (2)
O

Publication Date: October 16, 2006. Communicating Editor: Paul Yiu.
The author thanks Paul Yiu for his help in the preparation of this paper.
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Let D, E, F be the midpoints of the sides BC, C A, AB of triangle ABC'. If
P = (z : y: z) isthe perspector of an I-triangle UV W with the medial triangle,
then U isthe intersection of the line D P with the bisector I A. It has coordinates
(b—c)x: by —2) : c(y — 2)).
Similarly, the coordinates of V' and W can be determined. The triangle UV is
perspective with the intouch triangle at

o (m(y—l—z—x)_y(z-l—x—y).z(ﬂc—l-y—z))'

s—a ' s—b ' s—c

Conversely, if an I-triangle is perspective with the intouch triangle at Q = (x :
y : z), then it is perspective with the medial triangle at

P=(s—a)z((s—by+(s—c)z—(s—a)x):--:---).

Theorem 2. Let UVW be an I-triangle perspective with the medial and the in-
touch triangles. If Uy, Uy, W7 aretheinversive imagesof U, V, W in theincircle,
then U; V1 W7 isalso an I-triangle perspective with the medial and intouch trian-
gles.

Proof. If the coordinates of U, V, W are as given in (1), then
U= (up:b:c), Vi=(a:v:c), Wi=(a:b:w),

where
" (alb+c) = (b—c)*)u—2(s —a)(b—c)?
! 2(s—a)u—ab+c)+ (b—c)? ’
. (bt a) = (c—a)*)v—2(s — b)(c — a)?
b 2(s —b)v —blc+a)+ (c—a)? ’
(elath) — (a b s~ c)(a —b)?
! 2(s —c)w — c(a+b) + (a — b)?
From these,

64abc(s —a)(s —b)(s — ¢)
[eyeic(2(s —a)u —a(b+¢) + (b —¢)?)

It follows from (2) that U; V; W is perspective to both the medial and the intouch
triangles. O

F(uy,vi,wy) = - F(u,v,w) = 0.

If an I-triangle UV is perspective with the medial triangle at (z : y : z), then
U, V1 W7 is perspective with
(i) the medial triangle at

((y+2-2)(alb+) = (b= P)a— b+ e—a)b—e)y—2) ),

(i) the intouch triangle at
(al(a(b+c)—(b—c))x—(b+c—a)b—c)(y—2)):---:---).
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Theorem 3. Let UVW be an I-triangle perspective with the medial and the in-
touch triangles. If U, (respectively V45 and 15) isthe inversive image of U (respec-
tively V and W) in the A- (respectively B- and C-) excircle, then 5V, W5 isalso
an I-triangle perspective with the medial and intouch triangles.

If an I-triangle UV WV is perspective with the medial triangle at (= : y : z), then
U, VoW is perspective with
(i) the medial triangle at

(s—a)ly+z—2)((ab+c) +(b—c))z+2s(b—c)ly—2)) -1 --),
(ii) the intouch triangle at

( a ((a(b-i-c)+(b—c)2)x+28(b—c)(y_z));...;...>'

s—a

2. Someinteresting examples

We present some interesting examples of I-triangles perspective with both the
medial and intouch triangles. The perspectors in these examples are new triangle
centers not in the current edition of [1].

21. Let X,, X3, X, be the inversive images of the excenters I, I, I. in the
incircle. We have IX, = % and I[I, = AI, — AI = AT - (S% — 1) = adAl

Hence,
Al a-AI* o abe 4R
IX, r3s—a)  sin2(4) (s—a)(s—b)(s—c) 1’
and by symmetry AL = BL = & = £ Therefore, triangles ABC' and

X, X, X, are homothetic with ratio 4R : —r.

X, =(a® + b* 4 ¢? — 2ab — 2bc — 2ca)(a, b, ¢)
+(b+c—a)(ct+a—-b)(a+b—c)(1,0,0),
Xy =(a® + b* + ¢* — 2ab — 2bc — 2ca)(a, b, ¢)
+(b+c—a)ic+a—-0b)(a+b—)0,1,0),
X, =(a® + b* + ¢* — 2ab — 2bc — 2ca)(a, b, ¢)
+(b+c—a)ct+a—-0b)(a+b—c)0,0,1).
Proposition 4. X, X;, X, isan I-triangle perspective with
(i) the medial triangle at
P,=(a*(b+c)+(b+c—2a)b—c)*: i),
(i) the intouch triangle at
Qu=(alb+c—a)(a*(b+c)+(b+ec—2a)b—c)?):-:---).
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Figure 2.

22. LetY,,Y,, Y. betheinversive images of the incenter I with respect to the
A-, B-, C-excircles.

Yo =(a® +b* + ¢ — 2bc + 2ca + 2ab)(—a, b, )
+(a+b+c)c+a—-b)(a+b—c)(1,0,0),
Yy, =(a* + b* + ¢ + 2bc — 2ca + 2ab)(a, —b, )
+(a+b+c)la+b—c)(b+c—a)0,1,0),
Y. =(a* + b* + ¢* + 2bc + 2ca — 2ab)(a, b, —c)
+(a+b+c)b+c—a)(c+a—10)(1,0,0).
Proposition 5. Y,Y;Y, isan I-triangle perspective with
(i) the medial triangle at
Py=(b+c—a)*(@®*b+ec)+2a+b+ec)b—c)?) i ie0),
(i) the intouch triangle at

Qy = (a<a2<b+c>+<2a+b+c><b—c>2> )

b+c—a
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Ia

Figure 3.

23. LetV,, V,, V. betheinversiveimages of X,, X, X. with respect to the A-,
B-, C-excircles.

Va
Ve
Ve

(3a% + (b —¢)?)(—a, b, c) + 2a(c+ a — b)(a + b — ¢)(1,0,0),
(30 + (¢ — a)?®)(a, —b,¢) + 2b(a + b — ¢)(b+ ¢ — a)(0,1,0),
(3¢2 4 (a — b)?)(a, b, —c) + 2¢(b+ ¢ — a)(c + a — b)(0,0,1).

Proposition 6. V,V,V, isan I-triangle perspective with
(i) the medial triangle at

P,=(alb+c—a)*@®+30b—c)?):-- i1,

(ii) the intouch triangle at

Qu = (“(“2b++30<:0)2> )

24. Let W,, W,, W, be the inversive images of Y, Y}, Y, with respect to the
incircle.
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2 Cp

I,

Figure 4.

(3a% + (b — ¢)*)(a,b,¢) — 2a(c+a —b)(a+b—c)(1,0,0),

W, =
Wy, =(30 + (¢ — a)?)(a,b,c) — 2b(a + b — ¢)(b + ¢ — a)(0,1,0),
W, =(3¢* + (a — b)*)(a,b,c) — 2¢(b+ ¢ — a)(c+ a — b)(0,0,1).

Proposition 7. W,W,W. isan I-triangle perspective with
(i) the medial triangle at
Py = (ala® +3(b— ) s -2 ),

(ii) the intouch triangle at
Qu=(a(b+c—a)@®+30b—c)?):--:---).
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Figure5.

Reference [1] C. Kimberling, Encyclopedia of Triangle Centers, available at
http://faculty.evansville.edu/ck6/encyclopedia/ETC.html.
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Formulas Among Diagonalsin the Regular Polygon
and the Catalan Numbers

Matthew Hudelson

Abstract. We look at relationships among the lengths of diagonals in the reg-
ular polygon. Specifically, we derive formulas for all diagonals in terms of the
shortest diagonals and other formulas in terms of the next-to-shortest diagonals,
assuming unit side length. These formulas are independent of the number of
sides of the regular polygon. We also show that the formulas in terms of the
shortest diagonals involve the famous Catalan numbers.

1. Motivation

In [1], Fontaine and Hurley develop formulas that relate the diagonal lengths
of a regularn-gon. Specifically, given a regular convexgon whose vertices are
Py, P,...,P,_1, defined;, as the distance betwedty and P,. Then the law of
sines yields

s kw
% _ sin n
dj  siniZ
. - n
Defining
s km
e = Sin n
sin X’

n

the formulas given in [1] are
min{k,h,n—k,n—h}

ThTk = Z Tk—h|+2i—1
i=1
and
S
=Y
I Tk(25-1)
Tk s

wheres = min{j > 0: jk = £1 modn}.

Notice thatforl < k <n—1,r, = fl—’;, but there is naa priori restriction on
k in the definition ofr,. Thus, it would make perfect sense to consiges 0 and
r_ = —r not to mentionr, for non-integer values of as well. Also, the only
restriction onn in the definition ofr, is thatn not be zero or the reciprocal of an
integer.

Publication Date: October 23, 2006. Communicating Editor: Paul Yiu.
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2. Short proofs of r;, formulas

Using the identitysin avsin 3 = & (cos(aw — 8) — cos(a + 3)), we can provide
some short proofs of formulas equivalent, and perhaps simpler, to those in [1]:
Proposition 1. For integers h and k,

k—1
ThTk = Zrh—k+2j+1~
=0

Proof. Letting h andk be integers, we have

n
1 h—k h+k
n 2 n n
k—1 . .
1 h—k+2 h—k-+2 2
= (sinz)*2 Z = <cosﬂ — cos ( e )W>
n = 2 n n

™ _2’“‘1(, (h—k+2j+1)r 7T>
Sin Sin

. n
7=0
k—1
= Th—k+2j+1-
=0
The third equality holds since the sum telescopes. O
Note that we can switch the roles ofandk to arrive at the formula
h—1
TETh = Z"”kcherJrl-
j=0

To illustrate that this is not contradictory, consider the example wher2 and
h = 5. From Proposition 1, we have

T5T9 = T4 + T6.
Reversing the roles df andk, we have
Tors =T_9+ 1o+ To+ T4+ T6.

Recalling thaty = 0 andr_; = r;, we see that these two sums are in fact equal.
The reciprocal formula in [1] is proven almost as easily:

Proposition 2. Given an integer & relatively prime to n,
e = k(2j-1)

where s is any (not necessarily the smallest) positive integer such that ks =
+1 mod n.
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Proof. Starting at the right-hand side, we have

° k7 k(2 —1
Zrk@j—l) = (sin % sin %) Zsin % sin ]%T

j=1 j=1
—1 s .
B T 1 k(2j —2)m 2jkm
= | sin E Sin ;> jg . 5 <COS n S T

-1
oo . kmw . o Skm
= | sin — sin — sin® —

n n n
m . km 9 T
= [ sin — sin — sin” —
n n n
-1
km T
= [ sin — sin —
n n
1
Tk ’

Here, the third equality follows from the telescoping sum, and the fifth follows
from the definition ofs. O

3. From powers of r5 to Catalan numbers

We use the special case of Proposition 1 whea 2, namely
TETre = Tp—1 + Tk41,

to develop formulas for powers of.

Proposition 3. For nonnegative integers m,

m
m
?”27” = Z <Z > T1—m+2i-

=0

Proof. We proceed by induction amn. When we haven = 0, the formula reduces
tor," = r; and both sides equal This establishes the basis step. For the inductive
step, we assume the result for = n and begin with the sum on the right-hand
side form =n + 1.
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1)) ()

500 ) ) (B 0]
(

.

(E0)mns) (£ )

J=0
n
T—n—l—?z +ro— n+2z)

I
Mz

/)

=0

3 |l

i 271 —n+2i
=0

(
gn

I
ﬁs

— ]

which completes the induction. The first equality uses the standard identity for

binomial coefﬂment{ nt 1) <n> + < " > .
7 7 1 —1

The third equality is by means of the change of index i — 1 and the fact that
n .
=0ifc<0o0re>n.

The fifth equality is from Proposition 1 and the sixth is from the induction hy-
pothesis. O

Now, we use Proposition 3 and the identity, = —rj to consider an expression
for ro™ as a linear combination of,’s wherek > 0, i.e., we wish to determine the

coefficientsyy, in the sum
m+1

=3 i
k=1

From Proposition 2, the sum is known to endkat= m + 1. In fact, we can
determineay, directly. One contribution occurs whén= 1 — m + 2i¢, ori =
$(m + k —1). A second contribution occurs wheak = 1 —m + 2i, ori =
%(m — k —1). Notice that ifm andk have the same parity, there is no contribution
to oy, 1. Piecing this information together, we find

Am.k = (%(m—l—k—l)) o (%(m_k_1)> ’ if m—kis Odd,
0, if m — kis even.

Notice that ifm — k is odd, then

(s0n "0) = Gt )
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Therefore,

Qm = <%(m—k5+1)

)

m

)-(

2

m

im—-k—-1)

>, if m + k is odd:;

if m + kis even.

259

Intuitively, if we arrange the coefficients of the original formula in a table, in-

dexed horizontally byt € Z and vertically bym € N, then we obtain Pascal’s

triangle (with an extra row correspondingro= 0 attached to the top):

-2 -1 012 3 4 5 6
0,0 0 O010O0O0O0O
170 0 0010000
2/0 0 01010O00O0
3/0 0 1 0 2 0100
410 1 03 0 3 010
5/1 0 4 06 0 4 01

Next, if we subtract the column correspondingste- —k from that correspond-

ing to s = k, we obtain they,, ; array:

As a special case of this formula, consider what happens when 2p and

k = 1. We have

1 23 45 6
0j1 0 0 0 0O
110 1.0 0 0 O
21 01 000
3]0 2 0100
412 03 010
5/0 5 0 4 0 1

o] =

362
_ (@p)! (2p)!

plp! (p—Dip+ 1)
(%)

which is the closed form for thg” Catalan number.

4. Inverse formulas, polynomials, and binomial coefficients

We have a formula for the powers of as linear combinations of thg values.
We now derive the inverse relationship, writing theralues as linear combinations

of powers ofry. We start with Proposition Lzpry, = 11 + rgi1-
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We demonstrate that for natural numbérshere exist polynomial$}(¢) such
that r, = Py(r2). We note thatFy(t) = 0 and P;(t) = 1. Now assume the
existence off,_1(¢) and P, (¢). Then from the identity

Tk+1 = T2TE — Tk—1
we have
Py (t) = tPy(t) — Pe-a(t)
which establishes a second-order recurrence for the polynoiigls Armed
with this, we show fork > 0,

_ k—=1—d\ \ik-—1-2
Pk(t)_z< . )(1)75 .
(2
By inspection, this holds fok = 0 as the binomial coefficients are all zero in the
sum. Also, wherk = 1, thei = 0 term is the only nonzero contributor to the sum.
Therefore, it is immediate that this formula holds foe= 0, 1. Now, we use the
recurrence to establish the induction. Giver 1,

Py (t) = tPy(t) — Pe-1(t)
_ tz ( — 1 — z) )ikl Z (k —? —j) (—1)i¢k=2-2

J

5 () oS (e
(7)o

as desired. The third equality is obtained by replagingth i — 1.
As a result, we obtain the desired formula f@iin terms of powers of,:

_ k—1—1 i k—1-2i
rk_z< ! )(—m |
(2
Assembling these coefficients into an array similar todhg. array in the pre-
vious section, we have

Proposition 4.

o 1 2 3 4 5 6
141 0 0 0 0 00O
2,0 1 0 0 0 0O
3]1-1. 0 1 0 0 00
410 -2 0 1 0 0 O
51 0 -3 0 1 00
6/0 3 0 -4 0 1 0
71-1.. 0 6 0 -5 01

This array displays the coefficiefi{k, m) in the formula

e = Z ﬁ(ku m)Tén,
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wherek is the column number angh is the row number. An interesting obser-
vation is that this array and the(m, k) array are inverses in the sense of "array
multiplication”:

o 1, m=np;
Za(m,z)ﬁ(l,p) = { 0, otherz\jvise.

Also, thek®) column of the3(k, m) array can be generated using the generating
function 2% (1 + x2)~'=*. Using machinery ir§5.1 of [2], this leads to the con-
clusion that the columns of the originalm, k) array can be generated using an
inverse function; in this case, the function that generatesrftfé column of the
a(m, k) array is

222

- <1—\/1 —4x2>m
x —_— .

This game is similar but slightly more complicated in the case.oHere, we
use

T3 = Tk+2 + Tk + Tk—2
which leads to
Tk+2 = (’I”g — 1)’!”k; + Tk—2.

With this, we show that foikk > 0, there are functions, but not necessarily
polynomials,Qx(t) such that, = Q(r3). From the above identity, we have

Qr+2(t) = (t — 1)Qx(t) — Qr—2(t).

This establishes a fourth-order recurrence relation for the functibflg so de-
termining the four functiong)y, Q1, @2, andQ3 will establish the recurrence. By
inspection,Qo(t) = 0, Q1(t) = 1, andQs(t) = ¢ so all that remains is to deter-
mine Q2 (t). We havers = r52 — 1 from Proposition 4. Therefore; = \/r3 + 1
and soQy(t) = vt + 1.

We now claim

Proposition 5. For all natural numbers &,
kE—1—1 . Y
Qui) =viTTY (*7] 7Y v

Qaria(t) =D (k . @> (D)= D Y <k T 'L> (—1)i(t — 1)k 1%,

i
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Proof. We proceed by induction ol. These are easily checked to match the func-
tionsQy, @1, @2, andQs for k = 0, 1. Fork > 2, we have

Qar(t) = (t = 1)Qax—1)(t) — Qaak—2) ()

— VT ((t = <’“ w 'L> (—1)i(t — 1)k22

i

- (k —;’; —j> (L1 (1 1)32
(S () () o)

as desired. The third equality is obtained by replagingth : — 1. The proof for
Q2x+1 1S similar, treating each sum separately, and is omitted. O

As a corollary, we have

Corollary 6.

rop = mz (’“ _2.1 - 'L) (—1)'(rg — 1172
=3 (V7 ) 0 -0 S (BT - g

1 (]
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A Note on the Barycentric Square Roots
of Kiepert Perspectors

Khoa Lu Nguyen

Abstract. Let P be an interior point of a given trianglé BC'. We prove that
the orthocenter of the cevian triangle of the barycentric square raBtliefs on
the Euler line ofABC if and only if P lies on the Kiepert hyperbola.

1. Introduction

In a recent Mathlinks message, the present author proposed the following prob-
lem.

Theorem 1. Given an acute triangle ABC with orthocenter H, the orthocenter
H' of the cevian triangle of /H, the barycentric square root of H, lies on the
Euler line of triangle ABC.

Figure 1.

Paul Yiu has subsequently discovered the following generalization.

Theorem 2. The locus of point P for which the orthocenter of the cevian triangle
of the barycentric square root /P lies on the Euler line is the part of the Kiepert
hyperbola which liesinside triangle ABC.

Publication Date: October 30, 2006. Communicating Editor: Paul Yiu.
The author is grateful to Professor Yiu for his generalization of the problem and his help in the
preparation of this paper.
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The barycentric square root is defined only for interior points. This is the reason
why we restrict to acute angled triangles in Theorem 1 and to the interior points on
the Kiepert hyperola in Theorem 2. It is enough to prove Theorem 2.

2. Trilinear polars

Let A’ B’C’ be the cevian triangle dP, andA;, By, C; be respectively the inter-
sections ofB'C’ and BC, C' A’ andC' A, A’ B’ and AB. By Desargues’ theorem,
the three pointsd;, By, C1 lie on a linelp, the trilinear polar ofP.

A

Ch
Figure 2.

If P has homogeneous barycentric coordindtes v : w), then the trilinear
polar is the line

0 TiV o

u v w
For the orthocentetl = (Spc : Sca : Sagp), the trilinear polar
li e Sar+ Spy + Scz = 0.

is also called the orthic axis.
Proposition 3. The orthic axisis perpendicular to the Euler line.

This proposition is very well known. It follows easily, for example, from the
fact that the orthic axigy is the radical axis of the circumcircle and the nine-point
circle. See, for example, [3§5.4,5].

The trilinear pola¥p and the orthic axigy intersect at the point
(u(Spv — Scw) : v(Scw — Sau) : w(Sau — Spv)).

In particular,/p and{y are parallel, i.e., their intersection is a point at infinity if
and only if

u(Spv — Scw) + v(Scw — Sau) + w(Sau — Spv) = 0.
Equivalently,
(S — Sc)vw + (Se — Sa)wu + (Sqg — Sp)uv = 0. 1)
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Note that this equation defines the Kiepert hyperbola. Points on the Kiepert hyper-
bola are called Kiepert perspectors.

Proposition 4. Thetrilinear polar ¢p is parallel to the orthic axisif and only if P
isa Kiepert perspector.

3. Thebarycentric squareroot of a point

Let P be a point inside trianglel BC', with homogeneous barycentric coordi-
nates(u : v : w). We may assume, v, w > 0, and define the barycentric square
root of P to be the point/P with barycentric coordinate§/u : /v : \/w).

Paul Yiu [2] has given the following construction ¢P.

(1) Construct the circl€, with BC as diameter.

(2) Construct the perpendicular BC at the traced of P to intersecC, at X’.

(3) Construct the bisector of angleX’C to intersectBC at X .

ThenX is the trace of/P on BC. Similar constructions on the other two sides
give the trace§” and Z of P on CA and AB respectively. The barycentric
square root/P is the common point oA X, BY, CZ.

Proposition 5. If the trilinear polar /p intersects BC' at Ay, then
A1 X? = A1B- AC.

Proof. Let M is the midpoint ofBC'. SinceA;, A’ divide B, C harmonically, we
haveM B2 = MC? = M A, - M A’ (Newton’s theorem). Thus\// X"? = M A, -
MA’. It follows that trianglesM X’ A; and M A’ X’ are similar, and/ M X' A; =
/M A'X" = 90°. This means thatl; X’ is tangent af{”’ to the circle with diameter
BC. HenceA; X"? = AB- A,C.

Figure 3.
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To complete the proof it is enough to show thgtX = A, X', i.e, triangle
A1 X X' is isosceles. This follows easly from

LA X' X =/A1X'B+ /BX'X
=/X'CB+/XX'C
=/X'XA;.
O

Corollary 6. If X7 istheintersection of Y Z and BC, then A4; isthe midpoint of
XX;.

Proof. If X is the intersection o' Z and BC, then X, Xj divide B, C har-
monically. The circle througtX, X7, and with center orBC is orthogonal to the
circle C4. By Proposition 5, this has centds, which is therefore the midpoint of
XX;. O

4. Proof of Theorem 2

Let P be an interior point of trianglel BC, and XY Z the cevian triangle of its
barycentric square roatP.

Proposition 7. If H' isthe orthocenter of XY 7, then the line OH' is perpendic-
ular to the trilinear polar /p.

Proof. Consider the orthic triangl® EF of XY Z. Since DEXY, EFY Z, and
FDZX are cyclic, and the common chordsX, EY, FZ intersect at', H' is
the radical center of the three circles, and

HD HX=HE -HY=HF HZ )

Consider the circle$a, &g, &, with diametersX X1, Y'Y, ZZ,. These three
circles are coaxial; they are the generalized Apollonian circles of the ydint
See [3]. As shown in the previous section, their centers are the p&int3;, C;
on the trilinear polafp. See Figure 4.

Now, sinceD, E, F lie on the circlesty, &g, ¢ respectively, it follows from
(2) thatH’ has equal powers with respect to the three circles. It is therefore on the
radical axis of the three circles.

We show that the circumcentéx of triangle ABC' also has the same power with
respect to these circles. Indeed, the poweaDafith respect to the circlé, is

A10* — A1 X2 =0A} - R* - A1X* + R = A|B- A,C — A1 X? + R* = R?

by Proposition 5. The same is true for the circfgsandé-. ThereforeO also lies
on the radical axis of the three circles. It follows that the kD& is the radical
axis of the three circles, and is perpendicular to the fnavhich contains their
centers. O

The orthocenteH’ of XY Z lies on the Euler line of trianglel BC' if and only
if the trilinear polar/p is parallel to the Euler line, and hence parallel to the orthic
axis by Proposition 3. By Proposition 4, this is the case precisely whées on
the Kiepert hyperbola. This completes the proof of Theorem 2.
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Figure 4.

Theorem 8. The orthocenter of the cevian triangle of /P lies on the Brocard axis
if and only if P isaninterior point on the Jerabek hyperbola.

Proof. The Brocard axisDK is orthogonal to the Lemoine axis. The locus of
points whose trilinear polars are parallel to the Brocard axis is the Jerabek hyper-
bola. O

5. Coordinates

In homogeneous barycentric coordinates, the orthocenter of the cevian triangle
of (u: v : w) is the point



268 K. L. Nguyen

).
Applying this to the square root of the orthocenter, With : v? : w?) =
é : i : %),we obtain

CLQSA'\/SABc—FSBCZaQ Spieeereon |,

cyclic

which is the pointH’ in Theorem 1.
More generally, ifP is the Kiepert perspector

1 1 1
K(0) = . : )
() <SA+59 Sp+ Sy Sc-i-Sg)
the orthocenter of the cevian triangle\éP is the point
(a254V/(54 + 5)(S5 + S0)(Sc + 59)

+SBCZQ2 SA+S€+Q2S@ZSA\/SA"_SG:”""'

cyclic cyclic
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Trandated Triangles Per spectiveto a Reference Triangle

Clark Kimberling

Abstract. Supposed, B,C, D, E| F are points and. is a line other than the
line at infinity. This work examines cases in which a translatioi’ F’ of
DEF in the direction ofL is perspective toA BC, in the sense that the lines
AD',BE’,CF’ concur.

1. Introduction

In the transfigured plane of a triangleBC, let L*° be the line at infinity and
L a line other than>°. (To say “transfigured plane” means that the sidelengths
a, b, c of triangle ABC are variables or indeterminates, and points are defined as
functions ofa, b, ¢, so that the “plane” oA BC' is infinite dimensional.) Suppose
that D, E, F' are distinct points, none ok, such that the setA, B,C, D, E, F'}
consists of at least five distinct points. We wish to translate triahgte in the
direction of L and to discuss cases in which the translated triaht¢ F’ is per-
spective toABC, in the sense that the linesDD', BE’, CF’ concur. One of these
cases is the limiting case th& = L N L°°; call this pointU, and note that
D=FE=F =U.

Points and lines will be given (indeed, adefined) by homogeneous trilinear
coordinates. The lind>° at infinity is given byaa 4+ b6 + ¢y = 0, and L, by
an equationa + mg + ny = 0, wherel : m : n is a point. Then the point
U=uwu:v:wisgiven by

u=bn—cm, v=cl—an, w=am — bl. QD
Write the vertices oD E'F' as
D=dy:e: fi, E=ds:ey: fo, F=ds:es: fs,
and let
0 = ady + bey + cfy, € = ads + begy + cfo, @ = ads + bes + cfs.

The hypothesis that none éf, £, F' is on L*> implies that none of, ¢, ¢ is0. The
line L is given parametrically as the locus of poidt= D; = x; : y; : 21 by

r1 = di + dtu, y1 = e1 + dOtw, z1 = f1 + dtw.

Publication Date: November 6, 2006. Communicating Editor: Paul Yiu.
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The pointE’ traverses the line through parallel toL, so thatE = E; = z5 :
Yo : 29 IS given by
T9 = dy + €etu, Yo = eg + €tv, 29 = fo + etw.
The pointF” traverses the line through parallel toL, so thatF’ = F;, = z3: y3 :
z3 IS given by
rx3=ds+ptu ys=-e3+ ptv 23 = f3+ ptw.

In these parameterizations,represents a homogeneous functionagh, c. The
degree of homogeneity ofis that of (z; — dy)/(0u).

2. Two basic theorems

Theorem 1. Suppose ABC and DEF aretriangles suchthat {A, B,C, D, E, F'}
consists of at least five distinct points. Suppose L isalineand U = L N I?°.
As D; traverses the line DU, the triangle D, E, F; of trandation of DEF' in the
direction of L is either perspective to ABC for all ¢ or else perspective to ABC
for at most two values of ¢.

Proof. The linesAD;, BE,, C'F; are given by the equations

—218+y17=0, za—-z27y=0, —ya+wx38=0,
respectively. Thus, the concurrence determinant,
0 —-z1 wn
z9 0 — X9 (2)
-ys w3 0
is a polynomialP, formally of degree in ¢:
P(t) = po + pit + pat?, 3)
where
po =dzei fo — daes fi, (4)
p1 =u(perfz — €e3 f1) +v(0ds fa — pda f1) + w(eerds — desds),  (5)
p2 =0vw(eds — @ds) + ewu(pe; — deg) + puv(dfo — €fy). (6)
Thus, eithemyg, p1, po are all zero, in which cas®; E; F; is perspective taABC
for all ¢, or elseP(t) is zero for at most two values of O

If triangle D E'F' is homothetic toA BC, thenD; E; F; is homothetic tod BC and
hence perspective tdBC, for everyt. This is well known in geometry. The geo-
metric theorem, however, does not imply the “same” theorem in the more general
setting of triangle algebra, in which the objects are defined in terms of variables or
indeterminants. Specifically, perspectivity and parallelism (hence homothety) are
defined by zero determinants. When such determinants are “symbolically zero”,
they are zero not only for Euclidean triangles, for whiclb, ¢ are positive real
numbers satisfyinga > b+ ¢, b > c+a,c>a+b)or(a>b+c¢,b>c+a,
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¢ > a+b), but also fora, b, ¢ as indeterminates. Among geometric theorems that
readily generalize to algebraic theorems are these:

If L1||L2 and LQHLg, then L1||L3
If T is homothetic to 75 and 75 is homothetic to 73, then 77 is homothetic to T3.
If T3 ishomothetic to 75, then T} is perspective to T5.

Theorem 2. Suppose ABC and DEF in Theorem 1 are homothetic. Then D, E; F;
is perspective to ABC for all t.

Proof. ABC and DEF are homothetic, andEF and D, F, F; are homothetic.
ThereforeD, E, F; is homothetic tcA BC, which implies thatD, E, F; is perspec-
tive to ABC. O

It is of interest to express the coefficienis p1, po more directly in terms of
a,b,c and the coordinates ab, E/, F. To that end, we shall use cofactors, as
defined by the identity

-1

dy e1 fi 1 [ P D2 Ds
d2 €9 fg = Z El E2 ES )
ds e3 f3 P Fy F3
where
di e1 fi
A=|dy e fo|=diDi+eE+ fiFr;
d3 e3 f3

that is,D1 = eaf3 — foes, etc. For example, in the case thdBC and DEF' are
homothetic, lineE' F is parallel to lineBC, as defined by a zero determinant (e.g.,
[1], p. 29); likewise, the lineg"D andC A are parallel, as ar® £ and AB. The
zero determinants yield

bF1 = CEl, CD2 = (IFQ, (IE3 = ng (7)

These equations can be used to give a direct but somewhat tedious proof of Theo-
rem 2; we digress to prove only thaf = 0. Let £ and’R denote the products of

the left-hand sides and the right-hand sides in (7). ThenR factors asibcV A,

where

U = e3da f1 — e1d3 fa,

andabc?A = 0 by (7). It is understood thatl, B, C' are not collinear, so that
D, E, F are not collinear. As the defining equation for collinearitylofE, F' is
the determinant equatiod = 0, we haveA # 0. Therefore,¥ = 0, so that

Do = 0.
Next, substitute from (1) for, v, w in (5) and (6), getting

P1 = Ip1 + MPim + NP1y and  py = mnpy + nlpay, + Imay,,
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where
pu =b%e1 Fy + P f1Ey — abdaFy — cads Es,
Pim =2 foDo + a®dyFy — bees D — abei Fi,
pin =a*d3E3 + b*e3D3 — cafi By — befaDa,
and

pa =2a”bc(erda f3 — eads fi) — ab’esFs + ac® f2B,

— b f1 Dy 4 ba’dsF3 — ca’dyFy + cb®e1 Dy,

Pam =2b%ca(faesdy — fzerdy) — b fLDy + ba’dsF

— ca’dyFsy + cb’e1 Dy — ab®esF3 + ac? foEs,

Don :202ab(63d1€2 — dy foez) — ca’dyEy + cb’e1 Dy

— ab’esFy + ac® foEy — b f1 Dy + ba’ds Fs.

The task of expressing the coefficiepsp:, po more directly in terms of, b, ¢
and the coordinates d, E, F' is now completed.

3. Intersecting conics
We begin with a lemma proved in [7]; see also [2].
Lemma 3. Suppose apoint P = p : g : r isgiven parametrically by
p=pit® + qt + 11,
q =pat® + ot + 12,
r =pst® + qst + r3,
where the matrix
P 1 M
M=1p2 q@ r

p3 g3 T3
isnonsingular with adjoint (cofactor) matrix

P Q1 R
M#*=| P, Q2 Ry
Py Q3 R3

Then P lies on this conic:
(Qia+ Q28+ Q37)* = (Pra+ P + Pyy)(Ria+ RoB+ Rsy).  (8)

In Theorem 4, we shall show that the point of concurrence of the Wi@sBE;, C' F;
is also the point of concurrence of three conics. Let

A, = BE,NCF,, B;=CF,NAD,, C,= AD,N BE,.

Theorem 4. If, in Theorem 1, the line L is not parallél to a sideline of triangle
ABC, then the locus of each of the points 4;, B;, C; isaconic.
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Proof. The pointA; = a; : b; : ¢; is given by

ai = xol3, by = w2ys, ¢t = 223,
so that
ar = (dy + etu) (ds + @tu) = eput® + (pdou + edsu)t + dods, 9)
bi = (dg + etu) (e3 + ptv) = epuvt? + (pdov + eezu)t + daes, (20)

et =(f2 + etw) (ds + ptu) = epuwt® + (@ fou + edsw)t + fads. (12)

By Lemma 3, the locug§ A, } is a conic unlesspuvw = 0, in which caseu, v, or
w must be zero. Consider the case= 0; thenu : v : w = 0 : ¢ : —b, but this
is the point in which lineBC meetsL>, contrary to the hypothesis. Likewise, the
loci {B;} and{C,} are conics. Note that the confcl;} passes through andC,
as indicated by Figure 1. a

Figure 1. Intersecting conics

Lemma 3 shows how to write out equations of conics starting with a madrix
As the lemma applies only to nonsingulf, we can, by factoring) | , determine

lFigure 1 can be viewed dynamically using The Geometer’'s Sketchpad; see [6] for access. The
choice of triangleDEF is given by the equation® = C, E = A, F = B. (The labelsD, E, F
are not shown.) Pointf on line AD' is an independent point, and triandl8E’ F’ is a translation
of DEF in the direction of lineA H. Except for special cases, &% traverses lined H, pointsz, y,
z traverse conics as in Theorem 4, and the conics meet twice fwithy = z), at the perspectors
described in Theorem 1.
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criteria for nonsingularity. In connection wif¥; } and (9)-(11),

epu®  pdou + edsu  dads
M| =| epuv  @dav + eesu  daes
eowu  @fou+ edzw  fods

=epu (ufy — wdsy) (vds — ueg) (besda — beads + cda f3 — cds f2) .
By hypothesisepu # 0. Also, (ufy — wds) (vds — ueg) # 0, as it is assumed
that F £ U and F' # U. Finally, the factotbesdy — beads + cds f3 — cds fo IS O if
and only if line E'F is parallel to lineBC. In conclusion, ifE'F' is not parallel to

BC, andF'D is not parallel toC' A, and DE is not parallel toAB, then the three
loci are conics and Theorem 3 applies

4. Terminology and notation

The main theorem in this paper is Theorem 1. For various choicd3fof
and L, the perspectivities indicated by Theorem 1 are of particular interest. Such
choices are considered in Sections 3-6; they are, briefly, fHaf" is a cevian
triangle of a point, or an anticevian triangle, or a rotation of triangfeC' about
its circumcenter. In order to describe the configurations, it will be helpful to adopt
certain terms and notations.

Unless otherwise noted, the poififs= v : v : wandP = p : ¢ : r are arbitrary.

If at least one of the productsp, vq, wr is not zero, the produdy - P is defined
by the equation

U-P=up:vq: wr

The multiplicative inverse oP, defined ifpgr # 0, is the isogonal conjugate &f,
given by

e
The quotient// P is defined by
U/P=U-P
Theisotomic conjugate of P is defined ifpgr # 0 by the trilinears
B

Geometric definitions of isogonal and isotomic conjugates are givitagaworld
[8]. We shall also employ these terms and notations:

crossdifference o/ andP = CD(U, P) = rv — qw : pw — ru : qu — pv,
crosssum oV andP = CS(U, P) = rv + quw : pw + ru : qu + pv,
crosspoint o/ and P = CP(U, P) = pu(rv + qw) : qu(pw + ru) : rw(qu + pv).

Geometric interpretations of these “cross operations” are given at [4].
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Notation of the formX; as in [3] will be used for certain special points, such as
incenter=X; = 1:1:1 = the multiplicative identity
centroid=Xs =1/a:1/b:1/c,

circumcenter=X3 = cos A : cos B : cos C,
symmedian poinEXs =a:b: c.

Instead of the trigonometric trilinears fof, we shall sometimes use trilinears for
X3 expressed directly in terms af b, c. As cos A = (? + ¢? — a?)/(2bc), we
shall use abbreviations:

a; = (P +c?—a?)/(2bc), by = (> +a®—b?)/(2ca), ¢ = (a®>+b*—c?)/(2ab);
thus, X3 = a7 : b1 : 1.

The line X5 X3 is the Euler line, and the lin&3 X is the Brocard axis. When
working with lines algebraically, it is sometimes helpful to do so with reference to
a parameter and the point in which the line mdets In the case of the Euler line,
this point is

X30 = ay — 2b161 . b1 — 261(11 . C1 — 2(11[)1,

and a parametric representation is givendayy : z = z(s) : y(s) : z(s), where

x(s) =a1 + s(a1 — 2bycy),

y(s) =b1 + s(by — 2c1a1),

z(s) =c1 + s(er — 2a1by).
The point X3, will be called the direction of the Euler line. More generally, for
any line, its point of intersection withh> will be called thedirection of the line.
The parametes is not necessarily a numerical variable; rather, it is a function of
a, b, c. In this paper, trilinears for any point are homogeneneous functionshof,
all having the same degree of homogeneity; thus in a parametric expression of the

form p + su, the degree of homogeneity efis that ofp minus that ofu.
Two families of cubics will occur in the sequel. The culd¢U, P) is given by

(vqy — wrz)pz® + (wrz — upx)qy® + (upz — vay)rz> =0,
and the cubicZC(U, P), by
L(wy — v2)x? + M(uz — wz)y* + N(ve — uy)z* = 0.

For details on these and other families of cubics, see [5].

The remainder of this article is mostly about special translations. It will be
helpful to introduce some related terminology. SuppbdgF is a triangle in the
transfigured plane ol BC, andU is a direction (i.e., a point of™). A triangle
D'E'F’, other thanD E'F itself, such thaty E' F" is aU-translation ofD EF and
D'E'F’ is perspective tol BC (in the sense that the linesD', BE', CF’ concur)
will be called aU-ppt of DEF. The designation “ppt” means “proper perspective
translation”.

In view of Theorem 1, except for special cases, eAdhiF’ has, for evenyU,
at most twoU-ppt’s. Thus, if DEF' is perspective ttdBC, as whenDEF' is a
cevian triangle or an anticevian tiangle, there is “usually” just one ppt. That one
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ppt is of primary interest in the next three sections; especially in Case 5.4 and Case
6.4.
5. Trandated cevian triangles

In this section,DEF is the cevian triangle of a poilt = x : y : z; thusDEF
is given as a matrix by

di e1 fi 0y =z
d2 €9 f2 = z 0 =z ;
ds e3 f3 z y 0
and the perspectivity determinant (2) is given-bg(2 + tA1), where
ax® by? cz? a’uz?® bVPoy? Awz?
Ag=| u v o ow |, A= U v w
x Y z T Y z

In particular, the equationd; = 0 andA; = 0 represent cubics im, y, z, specif-
ically, Z(X2, X¢ - U~!) and Z(X75 - U™L, X31), respectively We shall consider
four cases:

Case5.1: Ag = 0andA; = 0. In this case,D; E.F; is perspective ttABC for
everyt. Clearly this holds forX = X5, for all U. Now for any givenU, let X be
the isotomic conjugate df. Rows 1 and 3 of the determinaf{ are equal, so that
A1 = 0. Also,

Ay =bcvw(b?v? — Fw?) + cawu(Fw? — a®u?) + abuv(a*u? — b*v?)
=— (v — cw)(cw — au)(au — bv)(au + bv + cw)
=0.
The cevian trianglé E'F of X is not homothetic toA BC, yet D, E, F} is perspec-

tive to ABC for everyt. Another such example is obtained by simply takiXigo
beU. Further results in Case 1 are given in Theorem 5.

Case5.2: Ay = 0andA; # 0. For givenU, the pointX = CP(X,, U) satisfies
Ag = 0andA; # 0. For quite a different example, let

U = X511 = cos(A + w) : cos(B + w) : cos(C + w),

wherew denotes the Brocard angle. Then the cubic= 0 passes through the
following points, X3 (the circumcenter)Xs (the symmedian point)Xsg7, X325,
X4, X2009, and X919, None of which lies on the cubid; = 0. Other points
on the cubicAy = 0 are given at [5], where the cubify; = 0 is classified as
ZC(511, L(30,511)).

Case 5.3: Ag # 0andA; = 0. In this case, for any/, there is noU-ppt. For
example, takd/ = X593. Then the cubicd\; = 0 passes through the two points
in which the Euler line meets the circumcircle, these bethgs; and X114, and
these points do not also lie on the culdig = 0.
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Case 54: Ay # 0andA; # 0. In this case,D;FE,F; is perspective toABC
fort = —Ag/A;. The perspector is the poinbxs : zoys3 : zox3, Which, after
cancellation of common factors, is the poiXit= 2’ : v/ : 2’ given by

by — cz

"= 12

v (bv — cw)yz + ax(vz — wy)’ (12)
, cz — ax

= 13

4 (cw — au)zx + by(wz — uz)’ (13)

= az — by (14)

(au — bv)zy + cz(uy — vx)

Note that if X and U are triangle centers for whick” is a point, thenX” is a
triangle center. For the special cd$e= X511, pairs X and X’ are shown here:

X 4] 7 [54]168[169] 99 | 183|190 | 385 | 401 | 668 | 670 | 671 | 903
X'131256(52[52] 6 |690 | 262|900 | 325 | 297 | 691 | 888 | 690 | 900

Returning to Case 5.1, in the subcase tKidt the isotomic conjugate @f, it is
natural to ask about the perspectors, and to find the following theorem.

Theorem 5. Suppose U is any point on L>° but not on a sideline BC,C A, AB.
Let X be the isotomic conjugate of U. The locus of the perspector R of triangles
D;E:F; and ABC isa conic that passes through A, B, C, and the point

X2 = pctv?w? - Fatw?u® - atbtu®?. (15)
Proof. The perspector is the poidt = xox3 : xoys : zox3. Substituting and
simplifying give
P =b3Evw(bv — acuwt)(cw — abuvt)

: Sadwu(cw — bavut)(au — bevwt)

- albPuv(au — cbwot) (bv — cawut).
By Theorem 3, the locus aF, is a conic. ClearlyF; passes througil, B, C for
t = au/(bcvw), bv/(cawu), cw/(abuv), respectively, andy is the point given by

(15). See Figure Z O
An equation for the circumconic described in Theorem 5 is found from (8):

b2 (b%0? — Pw?) By + P (Pw? — a*u?)ya + a®b? (a*u® — b*v?)af = 0.

Theorem 6. Suppose X is the isotomic conjugate of a point U; on L*° but not
onasideline BC,C A, AB. Then the perspector X’ in Case 5.4 isinvariant of the
point U. Infact, X' = CD(Xs,U; '), and X’ ison L.

2Figure 2 can be viewed dynamically using The Geometer’s Sketchpad; see [6] for access. An
arbitrary pointU on L is given byU = Awu N L°°, whereu is an independent point; i.e., the user
can varyu freely. The cevian triangle df/ is def, the cevian triangle of the isotomic conjugate
of U is DEF. Point D’ is movable on lineDU. Triangle D'E’F’ is thus a movable translation of
DEF in the direction ofU, and D’ E’' F’ stays perspective td BC. The perspectoP traverses a
circumconic.
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Figure 2. Cevian triangle and circumconic as in Theorem 5.

Proof. Write X = z : y : z = b’ c2viwy : 2a’wiu : a’b*uiv; where the point
Uy = w2 v1 2wy ison L™ anduyviwy # 0. Represent/; parametrically by

up = (b—c)(1+bes), vi =(c—a)(l+cas), wi =(a—>b)(1+abs), (16)
so that
(bv—cw)yz+az(vz—wy) = A (bv — av — aw + cw + as(b*v — abv + Fw — acw)),
where

A =—a*b*c(b—c)(c —a)(a—b)(1+bes)(1 4 cas)(1 + abs).

Thus

(bv — cw)yz + ax(vz — wy) = A—a(u + v+ w) + as(a®u + b*v + w)),
and by (12),

, by — cz
€r =

(bv — cw)yz + ax(vz — wy)
~ (by — c2)/a
A= (u+ v+ w) + s(a?u + b2v + Aw))’
Coordinateg/ andz’ are found in the same manner, and multiplying through by
the common denominator gives

2y 2 =y —cz)/a:(cz—ax)/b: (ax —by)/c
=uq(bvy — cwy) @ vi(cwy — auy) : wi(au; — buy)
=CD(Xe, Uy ).
Clearly,az’ + by’ + ¢z’ = 0, which is to say that the perspectf is onL>°. O
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Corollary 7. As X traversesthe Seiner circumellipse, the perspector X' traverses
the line at infinity.

Proof. The Steiner circumellipse is given by
befBy + caya + abaf = 0.

The corollary follows from the easy-to-verify fact that the isotomic conjugacy map-
ping carries the Steiner circumellipse £&, to which Theorem 6 applies. O

Theorem 7 is exemplified by takin§ = Xjg9; the isotomic conjugate oX is
then X514, for which the perspector & = Xq99 = CD(Xg, X101). Other exam-
ples(X, X") are these: (Xog, X690), (Xe6s, Xs91), (X670, Xs83), (X671, X690),
(X903, Xo900). These examples show that the mappiig— X’ is not one-to-one.

6. Trandated anticevian triangles

In this section,DEF is the anticevian triangle of a poidf = x : y : z; given
as a matrix by

dy e1 fi -r Yy =z
dy ez fo | = xr -y =z
ds e3 f3 x Yy -z

The perspectivity determinant (2) is given bt(A + tAs), where

ax® by? cz? ax? by? cz?
NAp=| v v w |, Ao=]| (lv+cw)u (cw+au)v (au-+bv)w
x Yy oz T Yy z

The cubicAy = 0 is already discussed in Section 3. The equatlen= 0 repre-
sents the cubi€(X,/CS(Xs, U~1)). We consider four cases as in Section 3.

Case 6.1: Ag = 0andAs = 0. In this case,D; E.F; is perspective ttABC for
everyt. Clearly this holds forX = X5, for all U. Now for any givenU, the point
X = U is on both cubics. It is easy to prove that the paiffe(Xs, U) also lies on
both cubics.

Case 6.2. Ay = 0 andAs # 0. For givenU, the isotomic conjugateX of U
satisfiesA\y = 0 andA; # 0. For a diffferent example, lel/ = X5;1; then the
points listed for Case 5.2 in the cevian case are also points for which 0 and
Ay # 0.

Case 6.3: Ay # 0 andA, = 0. In this case, for any/, there is no ppt. For
example, takd/ = Xso3. Then the cubicA, = 0 passes through the points in
which the Brocard axi&(3 X meets the circumcircle these beigs2 and X1313;
these points do not also lie on the culdig = 0.
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Case 6.4: Ay # 0 andA, # 0. In this case,D;E,F; is perspective toABC

for t = —Ay/As. The perspector is the poinbrs : xoys : zows, which on
cancellation of common factors, is the poiXit= 2’ : v/ : 2’ given by
by — cz
I _ 17
v bwy? — cvz? + (bv — cw)yz + ax(vz — wy)’ 7
_ cz — ax (18)
cuz? — awx? + (cw — au)zz + by(wxr — uz)’
—b
S = ar— 2 (19)

ava? — buy? + (au — bv)xy + cz(uy —vx)’

Theorem 8. Suppose X = C'P(X,,U;), where U; isa point on L but not on a
sideline BC, C A, AB. Then the perspector X’ in Case 6.4 isinvariant of the point
U.Infact, X’ = CD(Xe,U; "), and X’ lies on the circumconic given by

aut(bvy — cwy)By + bvi(cwy — aur)yo + cw? (auy — bvy)aB =0.  (20)

Proof. Let X =z : y : z = buyvi + cuqwy : cviwy + aviug : awiuy + bwyvs.
Following the steps of the proof of Theorem 6, we have

bwy? — cvz® + (bv — cw)yz + ax(vz — wy)

=A(bv — av — aw + cw + as(b*v — abv + Fw — acw),
where
A= 2abc(b — ¢)(c — a)(a — b)(1 + bes)(1 + cas)(1 + abs).

Thus
bwy® —cv2® 4+ (bv—cw)yz4-az(vi—wy) = A(—a(utv+w)+as(a®utb’v+ciw)),
and by (17),

x/ _ by —Cz
Cbwy? — cvz? + (bv — cw)yz + ax(vz — wy)
(by —cz)/a

— =< .

A(—(u+ v+ w) + s(a?u + b*v + w))
Coordinateg/ andz’ are found in the same manner, and multiplying through by
the common denominator gives

a' iy 2 = CD(Xe, U,

the same point as at the end of the proof of Theorem 6. It is easy to check that this
point satisfies (20). O

Corallary 9. As X traverses the Seiner inellipse, the perspector X’ traverses the
circumconic (20).

Proof. The Steiner inellipse is given by
a?a? + b2 52 + 2% — 2befy — 2caya — 2abaf = 0. (22)

First, we note that, using (16), it is easy to show thaljifis on L°°, then the
point X =z :y: z = CP(Xy,U) satisfies (21). Now, the mappirlg, —
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CP(X9,Uy) = X isinvertible; specifically, for givelX = z : y : z on the Steiner
inellipse, the poinl; = wq : v1 : wy given by
be ) ca ab

ul:vl:wl:by—i—cz—aw'cz—i-ax—by:ax—i-by—cz

is on L*>°, and Theorem 8 applies. O

Corollary 9 is exemplified by takind = Xjogs, Which isC P(Xs, X514); the
perspector is thelX’ = Xg99 = CD(Xg, X101). Other exampleg X, X’) are
these: (X115, X690), (X1015, X891), (X1084, Xgss), (X242, X690). Note that the
mappingX — X' is not one-to-one.

7. Trandation along the Euler line

In this section, the perspectivity problem for both families, cevian and anticevian
triangles, is discussed for translations in a single direction, namely the direction of
the Euler line. Two points on the Euler line are the circumcenter b, : ¢; =
cos A :cosB :cosC and

U:Xg,o:u:v:w:al—lecl:b1—201a1:cl—2a1b1,

the latter being the point in which the Euler line me£is.

Theorem 10. If X isthe isotomic conjugate of a point X’ on the Euler line other
than X5, then the perspector, in the case of the cevian triangle of X as given by
(12)-(14), is X'.
Proof. An arbitrary pointX’ on the Euler line is given parametrically by
a1 + su: by + sv:cy + sw,
and the isotomic conjugat& =z : y : z by
a 2 (ay + su)t b2 (by 4 sv) 7 (e + sw) L

Substituting forz, y, z in (12) gives a product of several factors, of which exactly
two involve s. The same holds for the results of substituting in (13) and (14). After
canceling all common factors that do not contaithe remaining coordinates for
X' have a common factds + 1. This equald) for s = —1/3, for whicha; + su :

b1 +sv:cp+sw= Xo. As X' # X5, we can and do cancgk + 1. The remaining
coordinates are equivalent to those given just abovetor O

Theorem 11. Suppose P isonthe Euler lineand P # X;. Let X = CP(Xs, P).
Then the perspector X', in the case of the anticevian triangle of X, as given by
(17)-(19), isthe point P.
Proof. Write

p = ay + su, q = by + sv, r = + sw,

where (u,v,w) = (a1 — 2bic1,b1 — 2c1a1,¢1 — 2a1b1), SO that the pointX’ =
CP(Xy, P) is given by

x = p(bg + cr), y = q(cr + ap), z=r(ap + bq).
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Substituting into (17)-(19) and factoring give expressions with several common
factors. Canceling those, including the facBsr+ 1 which corresponds to the
disallowedXs, leaves trilinears for. O

Theorem 12. If P isonthecircumcircleand X = C'S(Xg, P), then the perspector
X', in the case of the anticevian triangle of X as given by (17)-(19), is the point
CD(Xg, P).
Proof. Represent an arbitrary poifit = p : ¢ : r on the circumcircle parametri-
cally by

1 1 1
—c)(bc+8) (¢ —a)(ca+s)’ (a—b)(ab+ s)
Then the pointX = C'S(Xg, P) is given by

x = br+ cq, Yy =cp—+ar, z = aq + bp.

(pa%r) :((b )

Substituting into (17)-(19) and factoring gives expressions with several common
factors. Canceling those leaves trilinearsab(Xg, P). O

We conclude this section with a pair of examples. First,Xet= Xji5, the
complement of the Fermat point (or 1st isogonic cent&t), The perspector in
the case of the anticevian triangle &f is the pointX;3. Finally, let X = Xg19,
the complement of the 2nd isogonic cent&r,. The perspector in this case is the
point X4.

8. Trandated rotated reference triangle

Let DEF be the rotation ofdA BC about the circumcenter ofBC. LetU = u :
v : w be a point onL*°. In this section, we wish to translafe £’ F' in the direction
of line DU, seeking translation®’ £’ F” that are perspective td BC. Except for
rotations of0 and, triangle D E'F' is not perspective tel BC, so that by Theorem
1, there are at most two perspective translations.

Yff's parameterization of the circumcircle ([1, p.39]) is used to express the ro-
tation DEF of ABC counterclockwise with angl29 as follows:

D =csc:csc(C—6): —cse(B+06),
E =—csc(C+0):csch:csc(A—0),
F =csc(B—0):—csc(A+0):csch.

Let
r=a+b+c)(b+c—a)c+a—Db)(a+b—c)?/(2abe),
01 =sinb,
0o =cosf.

Then the vertice®, E, I are given by the rows of the matrices
di e f1 9;1 (7“092 — 6191)71 (’I”b@Q + b101)*1
do ex fo | = (refy+ci6y)7 ! 9;1 (rafy —ar01)~' |,
d3 e3 f3 (’I”b@Q — b191)71 (TCL@Q + a101)*1 91_1
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where
(a1,b1,c1) =(cos A, cos B, cos C)

:((b2 +2 = a2)/(2bc), (02 +a%— b2)/(20a), (a® + b% — 62)/(2ab)).

The perspectivity determinant (2) is factored using a computer. Only one of the
factors involveg, and it is a polynomialP(t) as in (3), with coefficients

Do :4ab09f,
p1 =463 abe (au + b + cw) = 0,
pp=(a+b—c)(a—b+c)(b—a+c)(a+b+c)(avw + buw + cuv),
hence roots
£(01/r)(—abes) /2, (22)

wheres = avw + buw + cuv.

Conjecture. The perspectors given by (22) are a pair of antipodes on the circum-
circle.

See Figure 32 It would perhaps be of interest to study, for fix&d the loci of
D', E’, F' asf varies from0 to .

Figure 3. Translated rotation gfBC.

3Figure 3 can be viewed dynamically using The Geometer’s Sketchpad; see [6] for access. Trian-
gle DEF is a variable rotation ofA BC' about its circumcenteD. Independent poini determines
line DH. Point D’ is movable on lineD H. Triangle D’ E' F'is thus a movable translation &6f £ I’
in the direction ofDH. Three conics as in Theorem 4 meet in two points, which according to the
Conjecture are a pair of antipodes on the circumcircle.
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On the Derivative of a Vertex Polynomial

James L. Parish

Abstract. A geometric characterization of the critical points of a complex poly-
nomial f is given, in the special case where the zerog aefe the vertices of a
polygon affine-equivalent to a regular polygon.

1. Steiner Polygons

The relationship between the locations of the zeros of a complex polyngmial
and those of its derivative has been extensively studied. The best-known theorem in
this area is the Gauss-Lucas Theorem, that the zer@diefin the convex hull of
the zeros off . The following theorem [1, p.93], due to Linfield, is also of interest:

Theorem 1. Let \; € R\{0}, j =1,...,k,andlet z;, j = 1,...,k bedistinct
complex numbers. Then the zeros of the rational function R(z) := Z?:l zij,;j

are the foci of the curve of class k£ — 1 which touches each of the k(k — 1)/2 line
segments z,,, z,, in a point dividing that line ssgment in theratio )\, : A,.

P
can be used to locate the zerosfoivhich are not zeros of.

In this paper, we will consider the case of a polynomial whose zeros form the
vertices of a polygon which is affine-equivalent to a regular polygon; the zeros of
the derivative can be geometrically characterized in a manner resembling Linfield’s
Theorem. First, le¢ be a primitiventh root of unity, for some: > 3. DefineG(()
to be then-gon whose vertices a@, ¢!, ..., ¢ L.

Sincef’ = f - Z?:l LZ] where thez; are the zeros of, Linfield’s Theorem

Proposition 2. Let n > 3, and let G be an n-gon with vertices 1w, ..., v,_1, NO
three of which are collinear. The following are equivalent.

(1) Thereisan elipse which is tangent to the edges of GG at their midpoints.

(2) G isaffine-equivalent to G (¢) for some primitive nth root of unity (.

(3) Thereisa primitive nth root of unity ¢ and complex constants g, u, v such
that |u| # |v| and, for k =0,...,n — 1, v, = g + uc® +v(F.

Proof. 1)=-2): Applying an affine transformation if necessary, we may assume
that the ellipse is a circle centered(aaind thatyy = 1. Let m( be the midpoint
of the edgeugv1. vgvy is then perpendicular tdmg, andvy, v; are equidistant
from my; it follows that the right triangle®mgvy andOmgv; are congruent, and in

Publication Date: November 13, 2006. Communicating Editor: Paul Yiu.
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particular that; also lies on the unit circle. Now let; be the midpoint of; vo;
sincemg andm; are equidistant frord and the triangle®mgv,, 0m7v; are right,
they are congruent, andy, m; are equidistant fron,. It follows that the edges
voup andwvivy have the same length. Furthermore, the trian@tgs; and0vy v,
are congruent, whence = v?. Similarly we obtainy, = o} for all k, and in
particular that] = vy = 1. ( = v is a primitiventh root of unity since none of
v, - - -, Up—1 COINCide, and7 = G(().

2)—1): G(¢) has an ellipse — indeed, a circle — tangent to its edges at their
midpoints; an affine transformation preserves this.

2)<—=-3): Any real-linear transformation & can be put in the form — uz +
vz for some choice of:, v, and conversely; the transformation is invertible iff
ful # Jo]. O

We will refer to ann-gon satisfying these conditions as&@&ner n-gon; when
needed, we will say thasroot (. The ellipse is itsteiner inellipse. (This is a gen-
eralization of the case = 3; every triangle is a Steiner triangle.) The parameters
g,u,v are itsFourier coordinates. Note that a Steineti-gon is regular iff eithew
or v vanishes.

2. TheFoci of the Steiner Inellipse

Now, let S; be the set of Steinet-gons with root¢ for which the constang,
above, is0. We may use the Fourier coordinatesv to identify it with an open
subset ofC2. Let ® be the map taking the-gon with verticesw, v1, ..., vp_1
to the n-gon with verticesuvy,...,v,_1,v9. If f is a complex-valued function
whose domain is a subset 6f which is closed undef, write ¢ f for f o ®.
Note thatpu = (u andypv = ¢~ lv; this will prove useful. Note also that special
points associated with-gons may be identified with complex-valued functions on
appropriate subsets 6f.

We define several useful fields associated wjthFirst, letF' = C(u, v,u,7),
wherew,v are as in 3) of the above proposition. is an automorphism of.
Let K = C(z,y,7,%) be an extension field of satisfyingz? = u, y?> = v,
72 = u,y° = v. Letd be a fixed square root @, we extendy to K by setting
vr =0z, oy = 0"y, T = 07T, o = 0y. Let K be the fixed field ofp and K
the fixed field of™. Elements ofF' may be regarded as complex-valued functions
defined on dense open subsetsSaf Functions corresponding to elementsfof
may only be defined locally; however, givéhe S- such thatw # 0 andf € K
defined at7, one may choose a small neighborhd@df G which is disjoint from
®*(Uy), k = 1,...,n — 1 and on which neither nor v vanish; f may then be
defined onJ = (J;'Z5®*(Up).

For the remainder of this sectioty, is a fixed Steinen-gon with root{. The
vertices ofGG arevy, ..., v,_1. We have the following.

Proposition 3. Thefoci of the Steiner inellipse of G arelocated at f. = g+ (0 +
6= 1)zy.
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Proof. Translating if necessary, we may assume that 0, i.e.,G € S;.. Note

first that f+ € Ky. (This is to be expected, since the Steiner inellipse and its
foci do not depend on the choice of initial vertex.) For= 0,...,n — 1, let

mg = (vr + vis1)/2, the midpoint of the edge,vi1. Let dy be the distance
from fi to mg; we will first show thatd, + d_ is invariant underp. (This will
imply that the sum of the distances frofa to my, is the same for alk.) Now,

mo = (vo+v1)/2 = (1+Qu+(1+¢Hv) /2 = (0+071) (022 +0~1y?) /2. Thus,
mo—fr = (0+071) (022 —22y+0~19y?)/2 = ((+1)(z—0"1y)?/2. Henced, =
|mo— fi| = [¢+1|(z— 07 y) (T — 0y)/2. Similarly,d_ = [ +1|(z+0"1y) (T +
0y)/2, and sady +d_ = |( + 1|(zZ + yy), which is invariant undep as claimed.
This shows that there is an ellipse with fggipassing through the midpoints of the
edges ofGG. If n > 5, this is already enough to show that this ellipse is the Steiner
inellipse; however, forn = 3,4 it remains to show that this ellipse is tangent to
the sides, or, equivalently, that the sigley; is the external bisector of the angle
Zfimyf-. It suffices to show thatl, = (my — vi)(mg — vg+1) IS @ positive
multiple of By, = (my — f1)(my — f). Now Ag = —(¢ — 1)%(u — ¢~1v)?/4,
andBy = (¢ + 1)%(z — 07 1y)%(x + 07 1y)?/4 = (¢ + 1)?(u — (" tv)?/4; thus,
Ag/By = —(C = 1)2/(C+1)2 = —(0 — 67H2/(0 + 6=1)2, which is evidently
positive. This quantity is invariant under, hence4, /By, is also positive for all

k. O

Coroallary 4. The Seiner inellipse of G isacircleiff G issimilar to G(¢).

Proof. f, = f_iff 2y = 0, i.e., iff one ofu andv is zero. (Note tha# + 6~ #
0.) 0

Define thevertex polynomial f(z) of G to be HZ;(l)(Z — v). We have the
following.

Proposition 5. Thefoci of the Steiner inellipse of G are critical points of f;.

Proof. Again, we may assumé& < S¢. Sincef//fa = Z;é(z — )7L it
suffices to show that this sum vanishesfat Now f is invariant undekp, and
ve = @Fvo; hencey pZo(fy —ve) ™ = S rZoe"(fy —vo) ™t (fy —wo) 7t =
—0/((0y — z)(y — 0x)) Now letg = 62/((0? — 1)x(fy — z)). Note thatg € K7;
that is,"g = g¢. A straightforward calculation shows thgt, —vo) ™' = g — ¢g;
therefore,> 3 Zgpk (f1 — vo) ™! = YpT(Fg — ¢Flg) = g — g = 0, as
desired. The proof that_ is a critical point off is similar. O

3. Holomor phs

Again, we letGG be a Steinen-gon with root¢ and verticesy, ..., v, 1. For
any integem, we setv,, = v; wherel = 0,...,n — 1 is congruent ton modn.
The following lemma is trivial.

Lemma®6. Letk =1,...,[n/2]. Then:
(1) If kisrelatively primeton, let G be the n-gon with vertices ofy, . . ., v*

n—1

given by v = vj. Then G* isa Steiner n-gonwithroot ¢*, and its Fourier
coordinates are g, u, v.
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(2) If d = ged(k, n) isgreater than 1 and less than n/2, set m = n/d. Then,

for I = 0,...,d — 1, let G*! be the m-gon with vertices of', ..., v"'

» Ym—1
given by v = vy;4;. Then, for each I, G*! is a Steiner m-gon with root
¢*, and the Fourier coordinates of G* are g, ('u, ¢ ~'v. The G*! all have
the same Steiner inellipse.

(3) If k = n/2, theline segments v;v;, all have midpoint g.

In the three given cases, we will sayholomorph of G to refer toGF, the
union of them-gonsG*, or the union of the line segmentg; . We extend the
definition of Seiner inellipse to the k-holomorphs in Cases 2 and 3, meaning the
common Steiner inellipse of th@ ! or the pointg, respectively. The propositions
of Section Il clearly extend to Case 2; since the foci are critical points of the vertex
polynomials of each of th&*-!, they are also critical points of their product. In
Case 3, taking; as a degenerate ellipse — indeed, circle — with focug, dhe
propositions likewise extend; in this cage= =+, sof + ' = 0, and the sole
critical point of (z — v;)(z — vj1) is (vj + vj415)/2 = g.

In Cases 1 and 2, it should be noted that the Steiner inellipse is a circle iff the
Steiner inellipse of7 itself is a circle —i.e.(G is similar toG(¢). It should also
be noted that the vertex polynomials of the holomorph& afre equal tog; itself;
hence they have the same critical points. SupposeZhatnot similar toG(¢). If
n is odd, G has(n — 1)/2 holomorphs, each with a noncircular Steiner inellipse
and hence two distinct Steiner foci; these account forthel critical points of
fa. If nis even,G has(n — 2)/2 holomorphs in Cases 1 and 2, each with two
distinct Steiner foci, and in addition the Case 3 holomorph, providing one more
Steiner focus; again, these account for- 1 critical points of f;. On the other
hand, ifG is similar toG((), thenfg = (z — g)™ — r™ for some reat; the Steiner
foci of the holomorphs o€ collapse together, anf: has an(n — 1)-fold critical
point atg. We have proven the following.

Theorem 7. If G is a Seiner n-gon, the critical points of f; are the foci of the
Seiner inellipses of the holomorphs of G, counted with multiplicitiesif G isregular.
They are collinear, lying at the points g + (2 cos kw/n)xy, as k ranges from 0 to
n—1.

(For the last statement, note thak(n — k)7/n = — cos kw/n.)
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On Two Remarkable Lines Related to a Quadrilater al

Alexei Myakishev

Abstract. We study the Euler line of an arbitrary quadrilateral and the Nagel
line of a circumscriptible quadrilateral.

1. Introduction

Among the various lines related to a triangle the most popular are Euler and
Nagel lines. Recall that the Euler line contains the orthoceHteathe centroid,
the circumcente® and the nine-point centdr, sothatHE : EG : GO =3 :1:
2. On the other hand, the Nagel line contains the Nagel p¥inthe centroid)M,
the incenter/ and Spieker point (which is the centroid of the perimeter of the
triangle) so thatvs : SG : GI = 3 : 1 : 2. The aim of this paper is to find some
analogies of these lines for quadrilaterals.

It is well known that in a triangle, the following two notions of centroids coin-
cide:
() the barycenter of the system of unit masses at the vertices,
(i) the center of mass of the boundary and interior of the triangle.

D

Figure 1.

But for quadrilaterals these are not necessarily the same. We shall show in this
note, that to get some fruitful analogies for quadrilateral it is useful to consider
the centroid of quadrilateral as a whole figure. For a quadrilatet&C D, this
centroidG can be determined as follows. L&%, Gy, G., G4 be the centroids of
trianglesBC D, ACD, ABD, ABC respectively. The centroid is the intersec-
tion of the linesG,G. andGyGy:

G =G,G.NGGY.
See Figure 1.
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2. TheEuler line of aquadrilateral

Given a quadrilaterah BC' D, denote byO, and H, the circumcenter and the
orthocenter respectively of triangleC D, and similarly,0,, H;, for triangle AC D,
O., H,. for triangle ABD, andOy, H, for triangle ABC. Let

0 =0,0.N 0y0y,
H=H,H.N HyH,.

H,

Figure 2

We shall callO the quasicircumcenter arid the quasiorthocenter of the quadri-
lateral ABC D. Clearly, the quasicircumcentér is the intersection of perpendic-
ular bisectors of the diagonals dfBC D. Therefore, if the quadrilateral is cyclic,
thenO is the center of its circumcircle. Figure 2 shows the three associated quadri-
lateralsG, GG .G 4, O,0,0.04, andH, HyH.H .
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The following theorem was discovered by Jaroslav Ganin, (see [2]), and the idea
of the proof was due to Fraots Rideau [3].

Theorem 1. In any arbitrary quadrilateral the quasiorthocenter H, the centroid
G, and the quasicircumcenter O are collinear. Furthermore, OH : HG = 3 : —2.

Proof. Consider three affine mags:, fo and fg transforming the trianglel BC'
onto triangleG,GyG.., 0,0,0.., andH, Hy, H,. respectively.

In the affine plane, writd) = zA + yB + zC withx +y + 2z = 1.

(i) Note that

fa(D) =fa(xA+yB + 2C)
=xG, + yGy + 2G,

=2(#(B+C+ D) +y(A+C + D)+ 2(A+ B+ D))
:é((y—l—z)A—i— (z+2)B+ (2 +y)C+ (x +y+2)D)
:é((y—l—z)A—i— (2+2)B+ (2 +y)C + (@A +yB + 2C))
:%(x+y+z)(A+B+C)

—Gy.

(ii) It is obvious that trianglesA BC' and O, 0, O, are orthologic with center®
andO,. See Figure 3. From Theorem 1 of [¥} (D) = O,.

D

-
-
-

|
|
y/
|1 Oq
|
|
|
|
l

Figure 3

(i) Since H, dividesO,G, in the ratioO,H, : H,G, = 3 : —2, and sim-
ilarly for H, and H., for @ = A, B, C, the pointfy(Q) divides the segment
fo(Q) fa(Q) into the ratio3 : —2. It follows that forevery point @ in the plane
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of ABC, fi(Q) divides fo(Q) fa(Q) in the same ratio. In particulafg (D) di-
vides fo(D) fa(D), namely,0,G, in the ratio3 : —2. This is clearlyH;. We
have shown thafy (D) = Hy.

(iv) Let @ = AC N BD. Applying the affine maps we have

fa(Q) =G.G.N GGy = G,
fo(Q) =0,0.N 0y0q = O,
fu(Q) =H,H.N HyH; = H.
From this we conclude thdf dividesOG in the ratio3 : —2. O

Theorem 1 enables one to define tader line of a quadrilateralABC D as
the line containing the centroid, the quasicircumcenter, and the quasiorthocenter.
This line contains also the quasininepoint centedefined as follows. Lef,
by, E., E; be the nine-point centers of the trianglBs’' D, ACD, ABD, ABC
respectively. We define the quasininepoint center to be the goist F,E. N
EyE4. The following theorem can be proved in a way similar to Theorem 1 above.

Theorem 2. F isthe midpoint of OH.

3. TheNagel line of a circumscriptible quadrilateral

A quadrilateral is circumscriptible if it has an incircle. L&BC D be a circum-
scriptible quadrilateral with incentdr LetT;, 15, T3, T4 be the points of tangency
of the incircle with the sides\B, BC, CD and D A respectively. LetV; be the
isotomic conjugate ofl; with respect to the segmertB. Similarly definelV;,
N3, N4 in the same way. We shall refer to the po¥t:= N, N3 N No N, as the
Nagel point of the circumscriptible quadrilateral. Note that both lines divide the
perimeter of the quadrilateral into two equal parts.

B

D Ts Ns C

Figure 4.
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In Theorem 6 below we shall show that lies on the line joiningl andG. In

what follows we shall write
P=(x-A y-B, z-C, w-D)

to mean thaf” is the barycenter of a system of massed A, y at B, z atC, andw
atD. Clearly,z, y, z, w can be replaced byzx, ky, kz, kw for nonzerok without
changing the poinP. In Figure 4, assume thatl; = AT, = p, B1; = BT = q,
CT3 = CTy = r,and DT, = DT; = t. Then by putting massesat A, q at B, r
atC, andt at D, we see that
()Ny=(p-A,q-B,0-C,0-D),
(i) N3 = (0-A4, 0-B, r-C, t-D), so that the barycenté&¥ = (p-A, ¢-B, r-C, t-D)
is on the lineNy N3. Similarly, it is also on the linéV, N4 since
(i) No=(0-A, ¢-B, r-C,0-D),and
(iVy Ny=(p-A,0-B,0-C, t-D).

Therefore, we have established the first of the following three lemmas.
Lemma3. N=(p-A, q-B, r-C, t-D).
Lemmad. I = ((¢+t)A, (p+7)B, (¢+1t)C, (p+1r)D).

Figure 5.

Proof. Suppose the circumscriptible quadrilatesdBC D has a pair of non-parallel
sidesAD and BC, which intersect atF. (If not, then ABCD is a rhombus,
p=q=r=s,andl = G, the resultis trivial). Letz = EB andb = F A.
(i) As the incenter of triangl& DC, I = ((t+r)E, (a+q+71)D, (b+p+1t)C).
(ii) As an excenter of trianglel BE, I = ((p + q)E, —a- A, —b- B).

Note thatfG = ¢t gnd £D = b2+ 5o that the systerfp + g+ +t) E is
equivalent to the systea+q¢+r)B, —a-C, (b+p+1t)A, —b- D). Therefore,

I =((—a+b+p+t)A, (=b+a+q+7r)B, (—a+b+p+t)C, (=b+a+q+r)D).
Sinceb + p = a + ¢, the result follows. O
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Lemma5. G = ((p+q+t)A, (p+q+7)B, (g+r+1)C, (p+r+1t)D).

D t Ts r C

Figure 6.

Proof. Denote the point of intersection of the diagonals/byNote tha% =£
and% = 4. Actually, according to one corollary of Brianchon’s theorem, the
linesT T3 andT>T, also pass througl. For another proof, see [4, pp.156—-157].

Hence,
1 1 1 1
P:<—-A, --B, —-C, —-D>.
q T t

ConsequentlyP = (% B, 1-D) and alsoP = (l L )
The quadrilateralz, G, G .G is homothetic taABC D, wit h mothetic center
M*(l'A 1-B, 1-C, 1-D)and ratio—4. Thus, %8 = 48 = 2 and 21& =
p)B

hS]

BE = 4. 1tfollows thatG = (- Gy, p-Ge) = (p- A, (r+p)B,r-C, (r+p)D)
andG (t -Gy, ¢-Gq) = ((¢+V)A, q¢- B, (¢ +1t)C, t- D). To conclude the
proof, it is enough to add up the corresponding masses. O

The following theorem follows easily from Lemmas 3, 4, 5.

Theorem 6. For a circumscriptible quadrilateral, the Nagel point V, centroid G
and incenter I are collinear. Furthermore, NG : GI =2 : 1.

See Figure 7.

Theorem 6 enables us to define the Nagel line of a circumscriptible quadrilateral.
This line also contains the Spieker point of the quadrilateral, by which we mean
the center of mass$' of the perimeter of the quadrilateral, without assuming an
incircle.
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Figure 7.

Theorem 7. For a circumscriptible quadrilateral, the Spieker point isthe midpoint
of the incenter and the Nagel point.

Proof. With reference to Figure 6, each side of the circumscriptible quadrilateral
is equivalent to a mass equal to its length located at each of its two vertices. Thus,
S=(2p+q+t)A, (p+2¢+7r)B, (¢+2r+t)C, (p+r+2t)D).
Splitting into two systems of equal total masses, we have
N =(2pA, 2¢B, 2rC, 2tD),
I'=((¢+t)A, (p+7)B, (¢+1)C, ((p+7)D).
From this the result is clear. O
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I nter secting Circles and their Inner Tangent Circle

Max M. Tran

Abstract. We derive the general equation for the radius of the inner tangent
circle that is associated with three pairwise intersecting circles. We then look at
three special cases of the equation.

It seems to the author that there should be one equation that gives the radius of
the inner tangent circle inscribed in a triangular region bounded by either straight
lines or circular arcs. As a step toward this goal of a single equation, consider
three circlesC4,Cp and Co with radii o, 3,y respectively. C4 intersectsCp at
an angled. Cp intersectCq at an angleo. And Ce intersectC4 at an anglep,
with 0 < 0,p,¢ < w. We seek the radius of the circlg tangent externally to
each of the given circles. See Figure 1. If the three intersecting cirlces were just
touching instead, the inner tangent circle would be the inner Soddy circle. See [1].
The points of tangency of the inner tangent circle form the vertices of an inscribed
triangle. We set up a coordinate system with the origin at the centér See
Figure 1.

Let the points of tangency, B, C be represented by complex numbers of
moduli R, the radius of’. With these labels, the triangléBC and the inscribed
triangle is one and the same. Letting the lengths of the dilésC A, AB bea, b,

c respectively, then

|A-B|=c¢ and <A,B>:R2—E. (1)
Corresponding relations hold for the pafssC' andC, A. With the above coordi-
nate system, the centers of the ciralgsCp, Cc are respectively‘%A, RTWB,
Bty

The circlesC4 andCp intersect at anglé if and only if

R+aA_R+ﬁB
R R

By an application of (1) and the use of a half angle formula, the above can be
shown to be equivalent to

H = a? + % + 203 cos .

5 4R? a3 cos? g

(R+a)(R+ 1)

Publication Date: November 27, 2006. Communicating Editor: Paul Yiu.



298 M. A. Tran

Figure 1

Thus the three circle§4, Cp, Co intersect each other at the given angles if and
only if

9 4R*By cos® &

(R+B)(R+7)
5 4R2a70052%
b= (R+a)(R+7)’ @)
9 4R2a50082%
T R+a)(R+08)

These equations are then used to solveRadn terms of«, 3, v, 6, ¢ andp. In
the first step of this process, we multiply the equations in (2) and take square root
to obtain

3 9 [ L
_ 8afyR’ cos 5 cos 5 cos §

= R R DER L)

@)
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Using (3) and (2) we obtain,

o becos §
R+a 2Racos§cos%7

8 accos% (@)
R+  2Rbcosgcost’

Yy abcosg
R+~ 2Rccos§cos%.

The area/\, of the inscribed trianglel BC' is given by

abc
= IR (5)

Consequently, equations (4) and (5) lead to
2 (R+a)Acosh
B « COS g COS % ’

(R+B)A cos%

b? = (6)
0 )
3 cos 5 cos &
2 (R—l—’y)Acosg
=2
7y cos £ cos §

Now, Heron’s formula for the triangld BC' can be written in the form
16A2% = 2a%b? 4 20°¢? 4 2a2c? — a* — b — ¢
Using the above equation together with equations (6) will enable us to get an
equation forR in terms of the parameters of the intersecting circles. This process

involves substituting the value aof, 2, ¢? into Heron’s formula, dividing by\?,
and performing a lengthy algebraic manipulation to yield the equation:

1 0 0
0= ﬁ {4 cos? 5 cos? g cos? % + cos’ % + cos? g + cos’ 5
0 0
—2cos? 3 cos? % — 2cos? 3 cos? g — 2 cos? % cos? g]
1 [2cos? 2 0
& { o 2 (cos? 5 + cos? g — cos? g)
2cos? ¢ 0
3 2 (cos? 3 + cos? g — cos? g) @)
2cos? ¢ 0
+ -2 (cos? g + cos? g — cos? 5)
Y
cos? g cos? % cos? g
2 32 + 2
2 6 2 ¢ 20 2 29 2
2cos® 5cos? §  2cos® gcos® S 2cos® §cos® 4
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Although the equation can be formal solved in general, it is rather unwieldy. Let
us consider some special cases.

When the three circle€4,Cp andCe are mutually tangeng, p and ¢ equals
zero, thus giving the equation:

0 1 2|1 1 1 1 1 1 2 2 2
R R[a+ﬂ+7}+a2+52+72 af By ay’

Solving for% gives the standard Descartes formula for the Inner Soddy circle.
See [2].

When(C¢ is a line tangent t@€4 andCp, we haveg = oo andf = p = 0, and
equation (7) becomes

2
0o L[t @] 2e088 (1 1] 1 1]
2 R a oy a oy

Solving for 1/R, and using the fact that> 1 and > % gives the equation

L1 11, ]
R_cos2% a oy ay|

When the circle€ 4 andC¢ are lines that intersect at an angle> 0 and are
both tangent to the circl€z, we get a cone and equation (7) becomes

2
1 2cos? & cos? &
0 —l:COS4?:|—72[2—C082?:|+ 2.

COS™ —

T R2 2 YR 2 ol

After solving for 1/R, using some trigonometric identities and the factﬁhat%,
we get the equation

1 2

B 1 —sin?

R~
2
the same as obtained from working with the cone directly.
Unfortunately, equation (7) no longer gives any useful result when all three cir-
cles,C4,Cp andC¢, becomes lines. The inner tangent circle in this case is just the

inscribed circle in the triangle.

. $72
1—|—Sm§]
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Two Brahmagupta Problems

K. R. S. Sastry

Abstract. D. E. Smith reproduces two problems from Brahmagupta’s work Ku-
takhadyaka (algebra) in hislistory of Mathematics, Volume 1. One of them
involves a broken tree and the other a mountain journey. Normally such objects
are represented by vertical line segments. However, it is every day experience
that such objects need not be vertical. In this paper, we generalize these situations
to include slanted positions and provide integer solutions to these problems.

1. Introduction

School textbooks on geometry and trigonometry contain problems about trees,
poles, buildings, hills etc. to be solved using the Pythagorean theorem or trigono-
metric ratios. The assumption is that such objects are vertical. However, trees
grow not only vertically (and tall offering a magestic look) but also assume slanted
positions (thereby offering an elegant look). Buildings too need not be vertical in
structure, for example the leaning tower of Pisa. Also, a distant planar view of a
mountain is more like a scalene triangle than a right one. In this paper we regard
the angles formed in such situations as having rational cosines. We solve the fol-
lowing Brahmagupta problems from [5] in the context of rational cosines triangles.
In [4] these problems have been given Pythagorean solutions.

Problem 1. A bamboo18 cubits high was broken by the wind. Its tip touched
the grounds cubits from the root. Tell the lengths of the segments of the bamboo.

Problem 2. On the top of a certain hill live two ascetics. One of them being
a wizard travels through the air. Springing from the summit of the mountain he
ascends to a certain elevation and proceeds by an oblique descent diagonally to
neighboring town. The other walking down the hill goes by land to the same town.
Their journeys are equal. | desire to know the distance of the town from the hill
and how high the wizard rose.

We omit the numerical data given in Problem 1 to extend it to an indeterminate
one like the second so that an infinity of integer solutions can be found.

Publication Date: December 4, 2006. Communicating Editor: Paul Yiu.
The author thanks the referee for his suggestions.
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2. Background material

An anglef is a rational cosine angle ibs 6 is rational. If bothcos # andsin 6
are rational, the is called a Heron angle. If the angles of a triangle are rational
cosine (respectively Heron) angles, then the sides are rational in proportion, and
they can be rendered integers, by after multiplication by the Icm of the denomi-
nators. Thus, in effect, we deal with triangles of integer sides. Given a rational
cosine (respectively Heron) andgeit is possible to determine the infinite family
of integer triangles (respectively Heron triangles) in which each member triangle
containsf. Our discussion depends on such families of triangles, and we give the
following description.

2.1 Integer triangle family containing a given rational cosineangle. Letcos 6 =

A be a rational number. Whehis obtuse,\ is negative. Our discussion requires
that0 < 6 < § so we must haveé < A\ < 1. Let ABC be a member triangle in
which ZBAC = 0. Let ZABC' = ¢ as shown in Figure 1.

B a C

Figure 1

Applying the law of cosines to trianglé BC we haved® = b? + ¢ — 2bc), or
(c—a)(c+a)=0b02Ac—0).
By the triangle inequality: — a < b so that
c—a 2 c—b v
1> = =,
b c+a U
say, withged(u, v) = 1. We then solve the resulting simultaneous equations

c—azga, c+a=ﬁ(2)\c—b)
u v

for a, b, ¢ in proportional values:
a b c

W2 — 2w+ 02 20w —v)  ul— o
We replace\ by a rational numbef:, 0 < - < 1, and obtain a parametrization of
triangles in thef = arccos ;- family:

(a,b,¢) = (m(u? + v?) — 2nuv, 2u(nu — mv), m(u® — v?)),

SRS
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It is routine to check that )
¢ = arccos me—n ,
ma

and thatcos A = - independently of the parametersv of the family described
in (1) above. Here are two particular integer triangle families.
(1) TheZ integer family is given by(f) with n = 1, m = 2:

(a,b,¢) = (u* —uv + 02, u(u —2v), u* —v?), u>2v, ged(u,v) =1. (1)

Itis common practice to list primitive solutions except under special circumstances.
In (1) we have removegcd(a, b, c) = 2.
(2) Whend is a Heron anglé,e., cos § = gz;g; for integers, ¢ with ged(p, q) =
1, (1) describes a Heron triangle family. For example, wita 2, ¢ = 1, we have
cosf = 2. Now withn = 3, m = 5, (1) yields

(a,b,¢) = (5u® — 6uv + 5v%, 2u(3u — 5v), 5(u? —v?)), ged(u,v) = 1. (2)

This has area\ = jbcsin = 2bc. We may puty = 3, v = 1 to obtain the
specific Heron triangléa, b, ¢) = (4, 3, 5) that is Pythagorean. On the other hand,
u = 4, v = 1 yields the non-Pythagorean triangle b, c) = (61, 56, 75) with area

A = 1680.

3. Generalization of thefirst problem

3.1 Restatement. Throughout this discussion an integer tree is one with the fol-
lowing properties.

() It has an integer lengthl B = c.

(i) It makes a rational cosine angfewith the horizontal.

(iif) When the wind breaks it at a poir® the broken pardD = d and the unbro-

ken partBD = e both have integer lengths.

(iv) The top A of the tree touches the ground@tat an integer lengtBC = a.

All the triangles in the configuration so formed have integer sidelengths. See Fig-
ure 2.

Figure 2

We note from triangleBDC, BD + DC > BC, i.e, AB > BC. When
AB = BC the entire tree falls to the ground. Furthermore, whdéand therefore
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¢) is a Heron angleAB is a Heron tree and Figure 2 represents a Heron triangle
configuration.

In the original Problem 1 = 18, a = 6 and¢ is implicitly given (or assumed)
to be 7. In other words, these elements uniquely determine triadgie”’. Then
the breaking poinD on AB can be located as the intersectionfb, the perpen-
dicular bisector ofAC. Moreover, the present restatement of Problemel, the
determination of the configuration of Figure 2, gives us an option to use either
6 as the rational cosine angle to determine triangleC' and hence the various in-
teger lengthsi, b, . ..,e. We achieve this goal with the help ©f). Before dealing
with the general solution of Problem 1, we consider some interesting examples.

3.2 Examples.

3.2.1 If heavy winds break an integer treeB3 at D so that the resulting config-
uration is an isosceles triangle withB = AC, then the length of the broken part
is the cube of an integer.

Figure 3

Proof. SupposeAB = AC = ¢ and BC = m to begin with. From Figure 3,

it follows that¢ > m, cos29 - 2 cosp = B, AD = g to =
BD =/ — %25_37”2 = %2:22). to obtain integer values we multiply each by

202 — m?. In the notation of Figure 2, the solution is given by

(i) c = the length of the tree- £(2/2 — m?);

(i) d = the broken part ¢, an integer cube;

(iii) e = the unbroken part £(2 — m?);

(iv) a = the distance between the foot and top of the tree (22 — m?);

(V) ¢ = the inclination of the tree with the grourd arccos 5;. O

In particular, if¢ = p? + ¢%, andm = 2(p? — ¢?) for (V24 1)g > p > ¢, then
AB becomes a Heron tree broken by the wind. These yield
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c=b :2(192 +¢*)(2pg +p° — ¢*)(2pg — P* + ¢°),
=(* + ),
e :(p +¢*)(—p* +3¢°)(3p* — ¢%),
a=4(p® — ¢*)(2pg +1° — ) (2pq — P> + ¢°).
For a numerical example, we put= 3, ¢ = 2. This gives a Heron tree of length
3094 broken by the wind intel = 2197 = 13? (an integer cube), and = 897 to
come down at: = 2380. The angle of inclination of the tree with the horizontal is
¢ = arccos %
We leave the details of the following two examples to the reader as an exercise.

3.2.2 If the wind breaks an integer tre€B at D in such a way thalC' = BC,
then both the lengths of the tree and the broken part are perfect squares.

3.2.3 Ifthe wind breaks an integer treeB at D in such away thal D = DC =
BC, then the common length is a perfect square.

4. General solution of Problem 1

Ideally, the general solution of Problem 1 involves the use of integral triangles
given by (). For simplicity we first consider a special case 9fit which 6 =
The solution in this case is elegant. Then we simply state the general solution
leaving the details to the reader.

4.1 A particular case of Problem 1. An integral treeAB is broken by the wind
at D. The broken parfD A comes down so that the top of the tree touches the
ground atC. If ZDAC = %, determine parametric expressions for the various
elements of the configuration formed.

Figure 4

We refer to Figure 4. Since DAC = %, triangle ADC is equilateral and
d =0b= DC. From (1), we have
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a =u? —uv+v2,

d=b=u(u— 2v),

c=u?—?%
e=c—d=v(2u—v),
2c -0 u? + 2uv — 202
¢ = arccos —5, = arccos S — v )’ u > 2v.

For a specific numerical example, we take= 5, v = 2, and obtain a tree of
lengthc = 21, broken intod = b = 5, e = 16 anda = 19, inclined at an angle
¢ = arccos %.

Remark. No tree in thek family can be Heron becausen § = @ is irrational.

Note also that in Figure 4 BDC = %w. Hence the family of triangles
(a,b,e) = (u? — uv + v, u(u — 2v), v(2u — v))

contains the angléw in each member. For example, with= 5, v = 2, we have
(a,b,c) = (19,5,16); cos A = —F andZA = 2.

4.2. General solution of Problem 1. Let cos# = --. The corresponding integral
trees have

(i) lengthc = mn(u? — v?),

(i) broken partd = mu(nu — mv),

(iii) unbroken parte = mv(mu — nv),

(iv) distance between the foot and the top of the tree on the ground

a=n(m(u® +v*) — 2nuv),

and
(v) the angle of inclination with the groungiwhere

(m? = 2n2)u? + 2mnuv — m2v?

)

Remark. The solution in (3) yields the solution of the Heron tree problem broken

by the wind whert is a Heron angld,e., whencos 6 = ﬁz;gz . Here is a numerical
example. Suppose= 2, ¢ = 1. Thencos§ = 2,i.e,n =3, m = 5. To break a
specific Heron tree of this family, we put= 4, v = 1. Then we find that = 225,

d = 140, e = 85, a = 183, and the angle of inclinationp = arccos%, a Heron

angle.

cos ¢ =
ma

5. The second problem

Brahmagupta’'s second problem does not need any restatement. It is an indeter-
minate one in its original form.

An integral mountain is one whose planar view is an integral triangle. If the
angles of this integral triangle are Heron angles, then the plain view becomes a
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heron triangle. In such a case we have a Heron mountain. One interesting feature of
the second problem is the pair of integral triangles that we are required to generate
for its solution. Furthermore, it creates an amusing situation as we shall soon see —
in a sense there is more wizardry!

A = A Cy Cs

Figure 5

Figure 5 shows an integral mountaih B;C,. At By live two ascetics. The
wizard of them flies taB, along the direction ofd; B, and then reaches the town
Cs. The other one walks along the pathC,C>. The hypothesis of the problem
is B1By + BoCy = B1Cq + C1Cy, e,

co2+ag—by=ci+a;— b (4)

Hence the solution to Problem 2 lies in generating a pair of integral triangles
A1B1C1 and A3 B> Coy, with
(i) A2 = Ay,
(il) £B1A1Cy = £ByAsCs,
(i) o + a2 — bs = ¢1 + a1 — b1. As the referee pointed out, together the two
conditions above imply that triangle§ B, C;and A, BoCs have a common excir-
cle opposite to the vertices;, C. Furthermore, we need integral answers to the
guestions
(i) the distance between the hill and the toahCy = by — by,
(i) the height the wizard rose,e., the altitudecs sin A; through B, of triangle
AQBQCQ.

Now, if ¢5 sin A is to be an integer, thetin A; should necessarily be rational.
Therefore the integral mountain must be a Heron mountain. We may now put

cosf = %, i.e,n =p?—q% m=p?+q%in (1) to find the answers. As it turns
out, the solution would not be elegant. Instead, we use the following description of
the family of Heron triangles, each member triangle contaidinghis description

has previously appeared in this journal [4] so we simply state the description.



308 K.R. S. Sastry

Letcos A = %. The Heron triangle family determining the common angle
A'is given by

(a,b,¢) =(pg(u® +v?), (pu— qv)(qu +pv), (P> + ¢*)uv),
(u,v) = (p,q) = 1, p > 1 andpu > qu. (5)

In particular, we note that
()p=q=A=Zand(a,b,c) = (u*+v* u*—v? 2uv),and
(i) (p,q) = (u,v) = (a,b,¢) = (u? + 0%, 2(u® —v*), v* +v?)
are respectively the Pythagorean triangle family and the isoceles Heron triangle
family.

5.1 Thesolution of Problem2. We continue to refer to Figure 5. SingeB A;C =
/By A5Cs, p andqg remain the same in (5). This gives

(a1,b1,c1) =(pq(ui + %), (pur — qui)(qua + pv1), (p* + ¢*)urv),
(az,ba,c2) :(pQ(Ug + /U%)u (puz — qua2)(quz + puv2), (p2 + QQ)UQUQ)'

Next,co + as — by = ¢1 + a1 — by simplifies to
va(qua + pv2) = v1(qui + pv1) = A, aconstant (6)

For givenp, ¢, there are four variables;, v, us, v2, and they generate an
infinity of solutions satisfying the equation (6). We now obtain two particular,
numerical solutions.

5.2 Numerical examples. (1) We putp =2, ¢ =1, u1 = 3, v; = 2in (6). This
givesvy (ug+2v9) = 14 = . Itis easy to verify thaty, = 12, v, = 1is a solution.
Hence we have

(al, b1, Cl) = (13, 14, 15) and (CLQ, ba, CQ) = (145, 161, 30).

Note thatged(a;b;, ¢;) = 2, ¢ = 1,2, has been divided out. It is easy to verify that
¢; +a; — b; = 14,1 = 1, 2. The answers to the questions are

(i) the distance between the hill and th twén— b; = 147.

(il) The wizard rose to a heigh sin A; = 30 x % = 24.

In fact it is possible to give as many solutiofis, b;, ¢;) to (6) as we wish: we
have just to take sufficiently large values for This creates an amusing situation
as we see below.

(2) Suppose\ = 2 x 3 x 5 x 7 = 210. Then (6) becomes;(u; + 2v;) = 210.

The indexing of the six solutions below is unconventional in the interest of Figure
6.
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| ) | U; Uq | a; bl C; |
61 20843265 43575 520
101 | 10205 10500 505
64 | 4105 4375 480
32 | 1049 1239 400
23 | 565 700 345
16 | 305 375 280

DN W | Ut
| S| O W DN

It is easy to check that for all six Heron triangles+ a; — b; = 210, i =
1,2,...,6. From this we deduce that
() B;C; + C;Ci11 = BiBi1 + Bi1+1Ci11 and
(i) B;C; + CZC] = BZ'B]' + BjC', 1,7 =1,2,3,4,5, 7 > 1.

In other words, the two ascetics may choose to live at any of the places,
Bs, By, Bs. Then they may choose to reach any next tawnCs, Cy, Cs, C.
See Figure 6.

(520) Bg

(505) Bs

(480) B4
(400) B3

A C1 Ca C3 Cy Cs Cs
(375) (700) (1239) (4375)  (10500)  (43575)

Figure 6

Another famous problem, ladders leaning against vertical walls, has been solved
in the context of Heron triangles in [2].
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Square Wreaths Around Hexagons

Floor van Lamoen

Abstract. We investigate the figures that arise when squares are attached to a

triple of non-adjacent sides of a hexagon, and this procedure is repeated with

alternating choice of the non-adjacent sides. As a special case we investigate the
figure that starts with a triangle.

1. Square wreaths around hexagons

Consider a hexagoh, = H; 1Hs1Hs1Hy1Hs1Hg,1 with counterclockwise
orientation. We attach squares externally on the sillesH, 1, H3z1H4,; and
Hs1Hg,1, to form a new hexagofty = HisHs 2 Hs2Hy2Hs2Hep. Following
Nottrot, [8], we say we have made the fissjuare wreath around?;. Then we
attach externally squares to the sidés, H1 2, Ho2Hs32 and Hy 2 Hs 2, to get a
third hexagor#s, creating the second square wreath. We may repeat this operation
to find a sequence of hexagot, = Hi,Hs,Hs,HynHs,Hey, and square

wreaths. See Figure 1.
Hy 3

Figure 1

We introduce complex number coordinates, and abuse notations by identifying
a point with its affix. Thus, we shall also regaf, ,, as a complex number, the
first subscriptn taken moduld.

Publication Date: December 11, 2006. Communicating Editor: Paul Yiu.
The author wishes to thank Paul Yiu for his assistance in the preparation of this paper.
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Assuming a standard orientation of the given hexagpim the complex plane,
we easily determine the vertices of the hexagons in the above iterations.

If nis even, therdd, ,,Hs ,,, H3 , H4,, andHs , H ,, are the opposite sides of the
squares erected oty ,—1 Ho p—1, H3 n—1H4n—1 andHs ,,_1 He ,—1 respectively.
This means, fok =1, 2, 3,

Hop1n =Hop—1n—1 — i(Hotn—1 — Hop—1n-1)

=(1+9)Hop—1n—1 — 1 Hopp1, (1)
Hopy =Hop 1 + i(Hop—1n—1 — Hotn—1)
=i Hop—1p—1+ (1 —i)Hop p—1. (2

If nis odd, thenHs , Hs,,, Hy,Hs p, HenHi, are the opposite sides of the
squares erected d ,,_1 H3 y—1, Hin—1Hs5n—1 andHg ,,—1 Hq ,—1 respectively.
This means, fok = 1,2, 3, reading first subscripts moduy we have

Hopy =Hop -1 — i(Hop1,n—1 — Hokn—1)

=(1+9)Hoppn-1 — 1 Hoptr1n-1, (3
Hopi1n =Hopt1n—1 + 1(Hokn—1 — Hopg1,n-1)
=i Hop 1+ (1 — 1) Hopp1 p—1- (4)

The above recurrence relations (1, 2, 3, 4) may be combined into
Hopn =(1+ (=1)")Hog 1 + (=1)"1 - Hopy (—1ynt1 15
Hopi1,n =(1+ (=1)™) Hopy1,n—1 + (=1)" i Hoppy o (1yn e,
or even more succintly,
Hypp = (14 (=1)") Hingno1 + (=1)™ " Hypy (Cymtntt g

Proposition 1. Triangles Hy , H3 ,, H5 ,, and Hy ,,_oH3 ,,_2H5 ,—2 have the same
centroid, so do triangles Hy ,, Hy n Hen, and Ho ,,_oHy 2 He n—2.

Proof. Applying the relations (1, 2, 3, 4) twice, we have

Hi,=—1—-4i)Hpn-o+2H1 2+ (1 —i)Hop—2— H3p2,
H3,=—1—i)Hopo+2Hs, o+ (1 —i)Hyp—2— Hsp2,
Hsp=—(1—i)Hyp 2+2Hs, 2+ (1 —i)Hgpn 2 — Hipn o

The triangleH, ,, Hs , Hs , has centroid
1 1
3 3

which is the centroid of trianglél; ,_2Hs ,,—2H5,,—2. The proof for the other
pair is similar. O

(Hin+H3p+Hsy) =< (Hip—2+ Hspo+ Hs p2),
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Theorem 2. For each m = 1,2, 3,4, 5, 6, the sequence of vertices H,, ,, satisfies
the recurrence relation

Hm,n - 6Hm,n—2 - 6Hm,n—4 + Hm,n—fi- (5)

Proof. By using the recurrence relations (1, 2, 3, 4), we have

Hyo=01+4)H11—iHa1,

Hy3=2H11— (1+i)Hs1 — Hs1+ (1 +14)Hs 1,

Hy 4 =3(1+4)H11—4iHo1 — (1 +4)H31+iHyn1 — (14 i)Hs1 + 2iHg 1,
H,5=8H, —5(1+i)Hyy — H31 —6Hs1+5(1 4+ i)He 1,

Hy =13(1 +i)Hy 1 — 18iHsy — 6(1+ i) Hsy + 6iHy 1 — 6(1 +i)Hs 1 + 11iHg 1,
Hi7 =37H1, — 24(1 + i)Ha, — 6Hs1 — 30Hs1 + 24(1 + i) He.1.

Elimination of H,,, 1, m = 2, 3,4, 5,6, from these equations gives
Hy7=6H5—6H1 3+ Hy;.

The same relations hold if we simultaneously increase each first subscript by
2, or each second subscript y Thus, we have the recurrence relation (5) for
m = 1,3,5. Similarly,

Hyo =iH11+ (1 —4)Ha1,

Hys=—(1—-4)H11+2Hs1+ (1 —4)Hs1 — Hy1,

Hoy =4iHy 1 +3(1 — i) Hyy — 2iHs, — (1 — i) Hy1 — iHs,1 — (1 — i) Hg.,

Has = —5(1 — i)Hy + 8Hoy +5(1 — i)Hsy — 6Hyq — He,

Hy =18iH1 1 +13(1 — i)Hay — 11iHs,1 — 6(1 — i)Hy1 — 6iHs, — 6(1 — i)He.1,
Hor = —24(1 — i)Hy 1 + 37THsy +24(1 — i) Hs.y — 30Hy1 — 6Hg y.

Elimination of H,,, 1, m = 1, 3,4, 5,6, from these equations gives
Hy7 —6Hy 5+ 6Ho3 — Hoq = 0.
A similar reasoning shows that (5) holds far= 2,4, 6. g
2. Midpoint triangles

Let My, My, M3 be the mideintS OH4,1H5’1, H6,1H1’1 and H271H371 and
M{, Mj, M; the midpoints ofH; 3H 3, Hs 3H, 3 and Hs 3 Hg 3 respectively. We
have

1
My =5 (His + Hz;)

1 . . . .
25 ((1 + Z)Hl,l + (1 - Z)HQJ + (1 - Z)H371 — H4,1 — H571 + (1 + 'L)Hﬁ’l)
=— M + (1 +Z)M2 + (1 — Z)Mg
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Similarly,

Mé :(1 — ’L)Ml — MQ =+ (1 + i)Mg,

My =(1+ )My + (1 — )My — Ms.

Proposition 3. For a permutation (7, k, ¢) of the integers 1,2,3, the segments
M;My, and M M; are perpendicular to each other and equal in length, while

M,M] is parallel to an angle bisector of M; M} and M;, M/, and is /2 times as
long as each of these segments.

Proof. From the above expressions ’er’j =1,2,3, we have
M5 — Mz =(1 —i)My — My + i - Mg, (6)

Mé—Mg :(1—|—Z)M1 — 1 My — Ms,
=1 ((1 — Z)Ml — My + ZMg) s

=i(My — M3); (7)
My — M} =2M; — (1 +4)Ms — (1 — i) Ms
=(My — M3) + (M3 — Msy). (8)

From (6) and (7),M2 M} and M3 M) are perpendicular and have equal lengths.
From (8), we conclude that/] M, is parallel to an angle bisector af, M/} and
M3M}, and isv/2 times as long as each of these segments. The same results for
(k,¢) = (3,1), (1,2) follow similarly. O

The midpoints of the segmendd; M/}, j = 1,2, 3, are the points

1 . .
Ny =1 (L4 0)My + (1))
1
Ny =3 (T +4)Mz + (1 —i)My),
1
Ny =5 ((L+ )My + (1 i) My).
Note that
M. M. —
N, = 2+ 3—|—i-M2 M3’
2 2
M+ M, M- M,
= — - .
2 2

Thus, NV; is the center of the square constructed externally on the&ides
of triangle M; M5 M3, and also the center of the square constructed internally on
M/ M, M;. Similarly, for N, and N3. From this we deduce the following corollar-
ies. See Figure 2.



Square wreaths around hexagons 315

Corollary 4. Thetriangles M; My M3 and M M, M are perspective.
The perspector is the outer Veecten point of M, M, M3 and the inner Vecten point
of M| MM}t

Corollary 5. The segments M; N, and M;, N, are equal in length and are perpen-
dicular. The sameistrue for MJ’.Ng and M} Ny.

Hys

Hi 3

Figure 2

Let M{' MY MY be the desmic mate d¥f; My Mz and M{M;M;, i.e, M] =
M, M N M3 M) etc. By Proposition 3/M, M/’ M3 is a right angle, and/;’ lies
on the circle with diametei/; M. Since the bisector anglel, M M3 is parallel
to the lineV; My, M7 N is perpendicular to this latter line. See Figure 3.

Proposition 6. If (4, k,£) isa permutation of 1, 2, 3, the lines M; M and M M;
and the line through N, perpendicular to M, M, are concurrent (at M)').
Corollary 7. The circles (M; My N,), (M;M; Ng), (MM N,) and (MM N;)
are coaxial, so the midpoints of M; My, MMy, M,M; and MM, are collinear,
the line being parallel to M, M.

IThe outer (respectively inner) Vecten point is the poiiats (respectivelyXss) of [4].
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Since the Iineg\/[jM]f,j = 1,2,3, concur at the outer Vecten point of triangle
My M5 M3, the intersection of the lines is the inferior (complement) of the outer
Vecten point? As such, it is the center of the circle throughN, N5 (see [4]).

Corollary 8. Thethree lines joining the midpoints of M M/, MM}, M3M; are
concurrent at the center of the circle through M, No, N3, which also passes
through M7, M} and MY

Hi 3

Figure 3

3. Starting with atriangle

An interesting special case occurs when the initial hexdgodegenerates into
a triangle with

Hy; = Hg1 = A, Hyy = H31 = B, Hyy = Hs1=C.
This case has been studied before by Haight and Nottrot, who examined especially
the side lengths and areas of the squares in each wreath. Under this assumption,

2X641 in [4]
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between two consecutive hexagohs andH,,+; are three squares and three al-
ternating trapezoids of equal areas. The trapzoids betig@md?{, degenerate
into triangles. The sides of the squares are parallel and perpendicular to the sides
or to the medians of triangld BC' according as is odd or even. We shall assume
the sidelengths of triangld BC to bea, b, ¢, and the median lengths,, my, m.
respectively.

The squares of the first wreath are attached to the triangle sides outwardly.
Haight [2] has computed the ratios of the sidelengths of the squares.

If n = 2k — 1, the squares have sidelength9, ¢ multiplied by« (k), where

al(kz) == 50,1(]{3 - 1) - al(k: - 2),
al(l) = 1, a1(2) = 4.

This is sequence A004253 in Sloan®sline Encyclopedia of Integer sequences

[9]. This also means that

Hyor — Hporp—1 = a1(k)(Hpo — Hp1). 9)

If n = 2k, the squares have sidelengths,,, 2m;, 2m,. multiplied by as(k),
where

ag(k) = 5a2(k — 1) — a2(k‘ — 2),
ag(l) = 1, a2(2) = 5.

This is sequence A004254 in [9]. This also means that
Hyyok41 — Hiok = a2 (k)(Hpz — Hp2). (10)

Proposition 9. Each trapezoid in the wreath bordered by H,, and H,,,1 has area
as(n) - AABC.
Lemma10. (1) S5, a1(j) = aa(k).
(2) Thesums agz(k) = Zle ao () satisfy the recurrence relation

(Ig(ki) = 6(13(]€ - 1) - 6(13(]€ - 2) + (Ig(k - 3),

az(1) =1, az(2) = 6, a3(3) = 30.

The sequences (k) is essentially sequence A089817 in [9].
It follows from (9) and (10) that

k k-1
Hypok =Hm1 + Y (Hmaj = Hnzj1) + Y (Hmj11 — Hm,z))
P =1
k k-1
=Hpa+ | Y a1() | (Hmo — Hua) + [ D a2(i) | (Hims — Hmy2)

J=1 j=1
=Hm1+ CLQ(k‘)(HmQ — Hm,l) + ag(k‘ — 1)(Hm73 — Hmyg).

3Similar results as those 83, 4 can be found if these initial squares are constructed inwardly.
4Note that sequences andas follow this third order recurrence relation as well.
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Also,
k k
Hyp k41 =Hm1 + Z(Hm,2j Hypoj-1) + Z m,2j+1 — Hm 2j)
=1 =1
k
Z Hpp — Z az2(j) | (Hm,3 — Hm,2)
7j=1
m,1 + a2 (k)(Hp )+03(k¢)(Hm,3 — Hyp2)

Here is a table of thabsolute barycentric coordinates (with respect to triangle
ABQC) of the initial values in the above recurrence relations.

| m | Hina | Hipno— Hma | Hipn3 — Himp |
1](1,0,0) | £(Sp,54,—¢?) (2,—1,—1)
2 (07170) %(SBaSAa 2) ( ' 2, 1)
31(0,1,0) [ (- a ,Sc,Sp) | (—1,2,—1)
4 (07071) %( a’ SCaSB) ( L, - 72)
o (07071) %(Sc,—b2 ) ( L1, )
6 |(1,0,0) [ 5(Sc,—b*,Sa) | (2,-1,-1)

From these we have the homogeneous barycentric coordinates

Hypor =Hma + a2(k)(Hma — Hma) +as(k—1)(Hp3 — Hpm2),
Hypok41 =Hpm1 + a2(k)(Hpmo — Hp1) + as(k)(Hpmz — Hp 2).
These can be combined into a single relation
Hypn=Hpi+ax(n)(Hpo — Hn) + as(n”)(Hms — Hm2),

inwhichn' = |2 andn” = |25 ].
Here are the coordinates of the poits, ,,.

m x y z
1 (203(n") +1)S +ax(n)Sp  —as(n")S + az(n')Sa —a3(n”)S — az(n)c?

2 —az(n”")S + az(n')Sk (2a3(n”) +1)S + az2(n')Sa —az(n”)S — az(n’)c?

3 —az(n”)S — az(n’)a? (2a3(n”) +1)S + ag(n') 70,3( "VS + az2(n’)SE

4 —az(n”)S — az(n)a? —asz(n'")S + az(n’)Sc (2a5(n’") +1)S + a2(n)SB
5 —az(n”)S + az(n’)Sc —as(n”)S — az(n’)b? (2a3(n") + 1)S + az2(n')Sa
6 (2a3(n”)+1)S +az(n ’) —az(n’)S — az(n')b? —az(n”)S + az2(n’)Sa

Note that the coordinate sum of each of the points in the above is egfal to
Consider the midpoints of the following segments

Segment Hl,nHQ,n H2,nH3,n H3,nH4,n H4,nH5,n H5,nH6,n H6,nH1,n
mldeInt Cl,n Bgm Al,n Cgm Bl,n Ag,n
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Forj = 1,2, denote by7; ,, the triangle with vertices); ,, B; ,Cj ..

A1 —2a3(n")5’ — 2az(n)a? (as(n”) +1)S + 2a2(n")Sc (as(n”) +1)S + 2a2(n)SE
Bin  (as(n”) +1)S + 2a2(n’)Sc —2a3(n")S — 2a2(n’)b? (as(n”) +1)S + 2a2(n’)Sa
Cin (as(n”) +1)S + 2a2(n)Sp (a ( ") +1)S + 2a2(n’)Sa —2a3(n")S — 2az(n’)c?
Az —2(2a3(n”) +1)S — az(n))a® 2a3(n”)S + az(n")Sc 2a3(n")S + a2(n')SE
Ban 2a3(n"")S + az(n’)Sc —2(2as3(n”) + 1)S — az(n’)b? 2a3(n’")S + az(n')Sa
Can 2a3(n")S + a2(n’)Sp 2a3(n”")S + a2(n’)Sa —2(2a3(n”) +1)S — az(n’)c?

Proposition 11. Thetriangles 7; ,, and 73 ,, are perspective.
This is a special case of the following general result.

Theorem 12. Every triangle of the form

—2f8 — ga® : (f+1D)S+gSe : (f+1)S+gSB
(f+1)S+gSc —2fS—gb2 s (f+1)S+9gSa
(F+1D)S+gSp : (f+1)S+gSa : —2fS —gc?

where f and g represent real numbers, is perspective with the reference triangle.
Any two such triangles are perspective.

Proof. Clearly the triangle given above is perspective witBC' at the point

1 1 1
((f+1>S+gSA F+DS+958 (f+1>S+gSc>’

which is the Kiepert perspectdt (¢) for ¢ = cot™! %.

Consider a second triangle of the same form, vfitandg replaced by andg
respectively. We simply give a description of this perspeétoi his perspector is
the centroid if and only ifg — q) + 3(gp — fq) = 0. Otherwise, the line joining
this perspector to the centrofd intersects the Brocard axis at the point

Q= (a*((9—-9)Sa—(f=p)S) : 0*((9—9)SB — (f—p)S) : *((9—a)Sc — (f —p)9)),
which is the isogonal conjugate of the Kiepert perspeéf@r— cot ! L p) The
perspector” in question divides>() in the ratio
GP:GQ
=((9 —a) +3(gp — fa))((g — a)S = (f —p)Sw)
L (3(f — )+ (9~ 0))S +2(f —p)(g — 9)S.
O
Note that7;,, for j € {1,2} and the Kiepert triangle1§¢,5 are of this form. Also
the medial triangle of a triangle of this form is again of the same form. The per-
spectors off; ,, and ABC lie on the Kiepert hyperbola. Itis the Kiepert perspector
K(¢;n) where
ag(n”) +1

cot ¢1. = Wv

SSee for instance [6].
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and
2a3(n")

as(n’)
In particular the perspectors tend to limits whetends to infinity. The perspec-
tors and limits are given by

cot g, =

triangle | perspectoifs, with limit for £ — oo

71 2 ¢1,05 = cot ™ % P1,even = cot ™! %
Tiok+1 | $1.2k4+1 = cot™? ag’éfz,:r)l $1.0dd = cot ™1 @
Took | G20k = cot™! %@51) $2even = cot ™! V2=
Took+1 | P22k4+1 = cot ™! 2;123(%) $2.0dd = cot 1 YLD

Remarks. (1) 732 is the medial triangle of; 3.
(2) The perspector df; » and7; 3 is X591 .
(3) The perspector df; » and7; 4 is the common circumcenter @f 3 and7s 4.

Nottrot [8], on the other hand, has found that the sum of the areas of the squares
betweertH,, and’H,, 11 asas(n)(a® + b2 + %), where wreaths.

as(n) = das(n — 1) + 4dag(n — 2) — aq(n — 3),
a4(1) = 1, a4(2) = 3, a4(3) = 16.

This is sequence A005386 in [9]. Note thafn) = a4(n) + as(n —1) forn > 2.
4, Pairsof congruent triangles

Lemma 13. (a)lf n > 2 iseven, then

1 1

Al,nAl,n-i-l = - §H6,71,H6,n+1 = _§H1,7LH1,71,+17
1 1

B nBips1 =— §H2,nH2,n+1 = _§H3,nH3,n+17
1 1

Cl,ncl,nJrl = - §H4,nH4,n+1 = _§H5,nH5,n+1-

(b) If n > 3 isodd, then

1 1
As Ao i1 =— -Hz pHs i1 = —=HynHy i,

2 2
1 1

BQ,nBQ,nJrl = - §H5,nH5,n+1 = _§H6,nH6,n+17
1 1

C2,n02,n+1 = - iHl,nHl,nJrl = _§H2,nH2,n+1-

Proof. Consider the case of; ,, 4, ,,1 for evenn. Translate the trapezoid
_
Hs p+1Hg nt1HenHs n by the vectotHs ,, 1 Hy 1 and the trapezoid

— . .
Hj pi1Ho pnHy nHy o q1 by the vectotH 1 H3 1. TOgether with the trapezoid
Hs3,HypnHypi1Hs g1, these images form two triangleS Hs ,, 1 Hy 41 and
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Hg,3
Hi3

H, \ Hg 2

== _Cug | POL:2

7 A 4 5,2

3 Hy3
Figure 4.

Y H3 ,,H, , homothetic at their common centrodel 6 See Figure 4. Itis clear that
the pointsX, Y, Ay ,,, A1 ,,41 all lie on aline through the centroi@. Furthermore,

_— 195 T L.
A1 n At 1 = 5XY = —5H1 ,Hy 1. The other cases follow similarly. [

Proposition 14. (1) If n > 3 isodd, the following pairs of triangles are congruent.
() Hy, B2 1C1 -1 and Hs , B1 102 5041,

(i) H3pnA1n-1B2n41 and He A2 11 B1,0-1,

(i) HynConi1A1n—1 and Hy ,Crp1A2041-

(2) If n > 2 iseven, the following pairs of triangles are congruent.

(V) Ho , B3 5,—1C1 51 @nd Hs ,,B1 5, 41C2 51,

(V) H3n A1 pt1B2n—1 and Heg , Ao 181 i1,

(Vi) HynCon—1A1 41 and Hy ,C1 np1A25-1.

Proof. We consider the first of these cases. et 3 be an odd number. Consider
the triangles‘l'g,ntvnHCLn_l andH57nBLn_1Cgvn+1. We show thaH27nB27n+1
andHs ,, B ,—1 are perpendicular to each other and equal in length, and the same
for Hs;,C1 1 @and Hs ,Co 4 1.

Consider the triangle$l, ,, B2 ,, B2 41 and By ,,—1 By, Hs . By Lemma 13,
By, Bs 1 is parallel toHs ,, H5 ,, 1 and is half its length. It follows thab, ,, B2 41
is perpendicular to and has the same lengttBasHs ,,. Similarly, By ,, H ,, iS
perpendicular to and has the same lengttBasB, ,,—:. Therefore, the triangles
Hj By By 1 andB; ,,—1 By ,Hs , are congruent, and the segmefts, Ba 11

6As noted in the beginning &3, the sides of the squares are parallel to and perpendicular to the
sides ofABC or the medians ofi BC according as: is odd or even. In the even case it is thus clear
that the homothetic center is the centroid. In the odd case it can be seen as the lines perpendicular to
the sides ofA BC' are parallel to the medians of the triangles in the first wreath (the flank triangles).
The centroid and the orthocenter befriend each other. See [5].
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Heg 4
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Hiy 4 |
| /
| /
I )/ Hs .4
N | /
N | Heg /
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H /
Hj 4 N 1.3
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N C1.2 \ Blf X B1,3
N /
Hs 3
Has Bl C
32,3 - 1 T~ ~
N
// h
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/ | Hy3
Bz 4 |
|
|
|
|
|
|
|
|
|
|
|
-
Hs 4 Hy g
Figure 5.

andB; ,,—1 Hs ,, are perpendicular and equal in length. See Figure 5. The same rea-
soning shows that the segmeiiis,,C; ,,—1 andHs ,C> .1 are perpendicular and
equal in length. Therefore, the trianglfs,, B2 ,,+1C1,n—1 andHs ,, B ,—1C2 n41
are congruent.

The other cases can be proved similarly. O

Remark. The fact that the segments ,,;1C' ,,—1 and By ,,—1Ca 41 are perpen-
dicular and equal in length has been proved in Proposition 3 for square wreaths
arising from an arbitrary hexagon.

5. A pair of Kiepert hyperbolas

The trianglesA; s Hy 2 H3 2, Hs 2B 3Hs 2 and Hy o Hy 2C 3 are congruent to
ABC. The counterparts of a poirf® in these triangles are the points with the
barycentric coordinates relative to these three triangld? ative toABC.
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Theorem 15. The locus of point P in ABC whose counterparts in the triangles
A173H472H372, H572B173H672 and H272H1720173 forma triangle AB'C’ perspec-
tive to ABC isthe union of the line at infinity and the rectangular hyperbola

S (Sp—Sc)yz+ (x+y+2) ( > (Sp—Sc)(Sa+ S)x) =0. (11)

cyclic cyclic

The locus of the perspector is the union of the line at infinity and the Kiepert hy-
perbola of triangle ABC'.

Proof. The counterparts o = (z : y : z) form a triangle perspective with
ABC if and only if the parallels throughl B,Cto A 3P, By 3P andC, 3P are
concurrent. These parallels have equations

(S+Se)(z+y+2)—82)Y = ((S+ Sc)(z+y+2) — Sy)Z =0,
—((S+8a)z+y+2)—S2)X+((S+Sc)(x+y+2)—Sz)Z =0,
((S+Sa)z+y+2)—SyY)X —((S+Se)(x+y+2)—Sz)Y =0.

They are concurrent if and only if

(z+y+2) (Z (b* = ¢*)((Sa + 8)z* — SA:UZ)) = 0.

cyclic

The locus therefore consists of the line at infinity and a conic. Rearranging the
equation of the conic in the form (11), we see that it is homothetic to the Kiepert
hyperbola.

For a pointP on the locus (11), le) = (x : y : z) be the corresponding
perspector. This means that the parallels thradgh B, 3, C1 3 10 AQ, BQ, CQ
are concurrent. These parallels have equations

((S4+8SB)y—(S+Sc)z)X + ((S+ SB)y — Scz)Y — ((S+ Sc)z— Spy)Z =0,
—((S+Sa)r — Scz)X +((S+ Sc)z—(S+ Sa)x)Y + ((S+ Sc)z — Sax)Z =0,
((S+Sa)x—Spy)X — ((S+ SB)y — Saz)Y + ((S+ Sa)z — (S+SB)y)Z =0.

They are concurrent if and only if
(x+y+2)((Sp—Sc)yz+ (S¢ — Sa)zz + (Sa — Sp)zy) = 0.

This means the perspector lies on the union of the line at infinity and the Kiepert
hyperbola. O

Here are some examples of points on the locus (11) with the corresponding
perspectors on the Kiepert hyperbola (see [1, 7]).
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Q@ on Kiepert hyperbola P on locus

K (arctan %) centroid
orthocenter de Longchamps point
centroid G =(-2Sa+a’>+8S:- 1)
outer Vecten point outer Vecten point
A A" = By 3Hs,NC13Ha
B B'=Ci13H1 2N A1 3H,p
C C'= A1 3H35N By 3Hg
Ag A173:(—(S+SB—|—Sc):S—I—Scis—i-SB)
By B1,3:(S+Sc:—(S+SC—|—SA):S—l—SA)
Cy 0173:(5—%53:S+SA:—(S+SA+SB))
Bo
A
N
N
AN
N Co
\\ i
N\ i
c’ AN / ¢
N i 1,3
N /
AN
N\ i
1,3 N A
\\ AO
N . /
N a’ Il
\\ p /

Figure 6.

Here, Ay is the intersection of the Kiepert hyperbola with the parallel throdgh
to BC; similarly for By andCy. Since the trianglel; 3B 3C4 3 has centroidZ,
the rectangular hyperbola (11) is the Kiepert hyperbola of triadglgB; 3C 3.
See Figure 6. We show that it is also the Kiepert hyperbola of triatgiC’.
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This follows from the fact thatt’, B/, C’ have coordinates

A’ -5 —-254 : S4+854 S+ 5,4
B’ S+ Sg : =S5 -25 : S+ 5B
c’ S+ Sc . S+ Se . =S —-2S5¢

From these, the centroid of triangl8B’C" is the pointG’ in the above table. The
rectangular hyperbola (11) is therefore the Kiepert hyperbola of triafigie’.
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Some Geometric Constructions

Jean-Pierre Ehrmann

Abstract. We solve some problems of geometric construction. Some of them
cannot be solved with ruler and compass only and require the drawing of a rect-
angular hyperbola: (i) construction of the Simson lines passing through a given
point, (ii) construction of the lines with a given orthopole, and (iii) a problem of
congruent incircles whose analysis leads to some remarkable properties of the
internal Soddy center.

1. Simson linesthrough a given point

1.1 Problem. A triangle ABC and a pointP are given,P # H, the orthocenter,
and does not lie on the sidelines of the triangle. We want to construct the points of
the circumcirclel’ of ABC whose Simson lines pass through

1.2 Analysis. We make use of the following results of Trajan Lalesco [3].

Proposition 1 (Lalesco) If the Smson lines of A, B/, C’ concur at P, then

(a) P isthe midpoint of H H’, where H' isthe orthocenter of A'B’C’,

(b) for any point M € T', the Smson lines S(M) and S'(M) of M with respect to
ABC and A’B'C" are paralldl.

Let 1 be the rectangular hyperbola through B, C, P. If the hyperbolah
intersectsl” again atU, the centedV of h is the midpoint of HU. Let I/ be the
rectangular hyperbola throughi, B’, C’, U. The centedV’ of b’ is the midpoint
of H’U._)Hence, by (a) abovey’ = T(W), whereT is the translation by the

vectorH P.

Let D, D’ be the endpoints of the diameterloperpendicular to the Simson line
S(U). The asymptotes of are S(D) andS(D'); as, by (b),S(U) andS'(U) are
parallel, the asymptotes &f are S’(D) andS’(D’) and, by (b), they are parallel
to the asymptotes df.

It follows that 7' maps the asymptotes afto the asymptotes df. Moreover,

T mapsP € hto H € I/. As a rectangular hyperbola is determined by a point
and the asymptotes, it follows that= T7'(h).

Construction 1. Givena point P # H and not on any of the sidelines of triangle
ABC, let the rectangular hyperbola h through A, B, C, P intersect the circum-
circleT" againat U. Let i/ be the image of i under the translation 7" by the vector

Publication Date: December 18, 2006. Communicating Editor: Floor van Lamoen.
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HP. Then I passes through U. The other intersections of #/ with I" are the points
whose Smson lines pass through P. See Figure 1

Figure 1.

1.3 Orthopole. The above construction leads to a construction of the lines whose
orthopole isP. It is well known that, if A/ and N lie on the circumcircle, the
orthopole of the lineM N is the common point of the Simson lines &f and N

(see [1]). Thus, if we have three real poinfs B’, C' whose Simson lines pass
through P, the lines with orthopole® are the sidelines off B'C’.

Moreover, the orthopole of a link lies on the directrix of the insribed parabola
touchingL (see [1, pp.241-242]). Thus, in any case and in order to avoid imaginary
lines, we can proceed this way: for each pdifitvhose Simson line passes through
P, letQ be the isogonal conjugate of the infinite point of the direction orthogonal
to H P. The line through®) parallel to the Simson line a¥/ intersects the liné/ P
at R. ThenP is the orthopole of the perpendicular bisectolR.
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2. Two congruent incircles

2.1 Problem. Construct a pointP inside ABC such that if B and C’ are the
traces ofP on AC and AB respectively, the quadrilateral B PC’ has an incircle
congruent to the incircle aPBC.

2.2 Analysis. Let h, be the hyperbola through with foci B andC', and D, the
projection of the incentef of triangle ABC' upon the sideBC.

Figure 2.

Proposition 2. Let P be a point inside ABC and @, the incenter of PBC. The
following statements are equivalent.

(aPB—-PC=AB - AC.

(b) P lieson the open arc AD, of h,.

(c) The quadrilateral AB'PC’ hasan incircle.

(d)IQ, L BC.

(e) Theincircles of PAB and P AC touch each other.

Proof. (a)<= (b). As2BD, = AB+BC—ACand2CD, = AC+BC—AB,
we haveBD,—CD, = AB— AC andD, is the vertex of the branch &f, through
A.

()= (c). AI and PQ, are the lines tangent th, respectively at4 and
P. If W, is their common pointBW, is a bisector of/ABP. Hence,IW, is
equidistant from the four sides of the quadrilateral.
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(c)= (b). If the incircle of AB'’PC’ touchesPB’, PC’', AC, AB respec-
tively atU, U’, V, V', we havePB— PC = BU-CV = BV'-CU’ = AB—AC.

(a)<= (d). If S, isthe projection of), uponBC, we have2BS, = PB +
BC — PC.Hence,PB— PC=AB - AC <— S, =D, <~ 1Q, L BC.

(a)<= (e). Iftheincircles ofP AC andP AB touch the lined P respectively
at S, andS., we have2AS, = AC + PA — PC and2AS, = AB + PA — PB.
Hence,PB — PC = AB — AC < S, = S.. See Figure 3. O

Figure 3.

Proposition 3. When the conditions of Proposition 2 are satisfied, the following
statements are equivalent.

(a) Theincircles of PBC and AB'PC’ are congruent.

(b) P isthe midpoint of W, Q.

(c) W,Q, and AD, are parallel.

(d) P lieson theline M, I where M, isthe midpoint of BC.

Proof. (a) <= (b) is obvious.

Let’s notice that, ag is the pole ofA D, with respect tay,, M, I is the conjugate
diameter of the direction ofl D, with respect td,.

So (c)<= (d) becauséV, @, is the tangent ta, at P.

As the lineM,I passes through the midpoint 4iD,, (b’) <= (c). O

Now, let us recall the classical construction of an hyperbola knowing the foci
and a vertex: For any point/ on the circle with centen/, passing throughD,,
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if L is the line perpendicular a to BM, and N the reflection ofB in M, L
touchesh, atL N C'N.

Construction 2. The perpendicular from B to AD, and the circle with center M,
passing through D, have two common points. For one of them M, the perpendic-
ular at M to BM will intersect M, I at P and the lines D, I and Al respectively
at @, and W,. See Figure 4

Figure 4.

Remark. We have already known th&B — PC' = ¢ — b. A further investigation
leads to the following results.

(i) PB + PC = \/as wheres is the semiperimeter A BC'.

(i) The homogeneous barycentric coordinatesof),, W, are as follows.

P: (a, b—s++/as, c— s+ /as)

Qa: (“7 b+2(8—0)\/§, C+2(s—b)\/§)

Wy (a+2y/as, b, ¢

(iif) The common radius of the two incircles tg (1 — \/E) wherer, is the
S

radius of thed—excircle.
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3. Theinternal Soddy center

Let A, s, 7, and R be respectively the area, the semiperimeter, the inradius, and
the circumradius of trianglel BC'.

The three circle$A, s —a), (B,s—b), (C, s — c) touch each other. The internal
Soddy circle is the circle tangent externally to each of these three circles. See
Figure 5. Its center i (176) in [2] with barycentric coordinates

( A A A)
a+ , b+ c+
s

and its radius is

p:25+4R+r'

See [2] for more details and references.

Figure 5.

Proposition 4. Theinner Soddy center X (176) isthe only point P inside ABC
(a) for which theincircles of PBC, PC' A, P AB touch each other;

(b) with cevian triangle A’ B’C’ for which each of the three quadrilaterals AB PC’,
BC'PA’, CA'PB’ have anincircle. See Figure 6
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A

Figure 6.

Proof. Proposition 2 shows that the conditions in (a) and (b) are both equivalent to
PB—-—PC=c-b, PC—PA=a—c¢, PA—PB=b—a.

AsPA=p+s—a, PB=p+s—0b PC = p+ s — c these conditions
are satisfied fol? = X (176). Moreover, a pointP inside ABC verifying these
conditions must lie on the open aAd), of h, and on the open arB D, of h; and
these arcs cannot have more than a common point. O

Remarks. (1) It follows from Proposition 2(d) that the contact points of the incircles
of PBC, PCA, PAB with BC, CA, AB respectively are the same onBs, Dy,
D, than the contact points of incircle gfBC.!

(2) Theincircles ofPBC', PC' A, PAB touch each other at the points where the
internal Soddy circle touches the circles$, s — a), (B,s — b), (C,s — c¢).

(3) If Q, is the incenter ofPBC, andW, the incenter ofAB' PC’, we have
QaDa _ Ta and Wal _ Ta. wherer, is the radius of thel-excircle.

1Q, a AW, s

(4) The four common tangents of the incircles BC'PA’ and CA'’PB’ are
BC, QpQ., AP andD,1I.

(5) The linesAQ,,, BQy, CQ. concur at

2A 2A 2A
X(482):(a+8 , b+ )

—a s—b’ s—c

Thanks to Frapmis Rideau for this nice remark.
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Hansen’s Right Triangle Theorem,
Its Converse and a Gener alization

Amy Bell

Abstract. We generalize D. W. Hansen’s theorem relating the inradius and exradii
of a right triangle and its sides to an arbitrary triangle. Specifically, given a tri-
angle, we find two quadruples of segments with equal sums and equal sums of
squares. A strong converse of Hansen’s theorem is also established.

1. Hansen’sright triangle theorem

In an interesting article iMathematics Teacher, D. W. Hansen [2] has found
some remarkable identities associated with a right triangle At be a triangle
with a right angle at’, sidelengths, b, c. It has an incircle of radius, and three
excircles of radiir,, 73, 7.

Theorem 1 (Hansen) (1) The sum of the four radii is equal to the perimeter of the
triangle:

rgt+ry+ret+r=a+b+ec
(2) The sum of the squares of the four radii is equal to the sum of the squares of the
sides of the triangle:

r2pri4ri e =a® 02 + A

We seek to generalize Hansen'’s theorem to an arbitrary triangle, by reptacing
b, c by appropriate quantities whose sum and sum of squares are respectively equal
to those ofr,, 13, 7. andr. Now, for a right triangled BC' with right angle vertex
C, this latter vertex is the orthocenter of the triangle, which we generically denote
by H. Note that
a=BH and b= AH.

On the other hand, the hypotenuse being a diameter of the circumeirel&R.
Note also thatU H = 0 sinceC and H coincide. This suggests that a possible
generalization of Hansen’s theorem is to replace the triplg ¢ by the quadruple
AH, BH, CH and2R. SinceAH = 2Rcos A etc., one of the quantitied H,
BH, CH is negative if the triangle contains an obtuse angle.

Publication Date: December 20, 2006. Communicating Editor: Floor van Lamoen.
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We shall establish the following theorem.
Theorem 2. Let ABC be atriangle with orthocenter H and circumradius R.

(1) 70 + 7y + 70 + 7 = AH + BH + CH + 2R;
@) r2+r2 +r2+r2=AH*+ BH? + CH? + (2R)%.

Ia
Figure 1. Two quadruples with equal sums and equal sums of squares

2. A characterization of right trianglesin terms of inradius and exr adii
Proposition 3. The following statements for atriangle ABC' are equivalent.

Q) r. =s.

(2)r, =s—0.
B)r, =s—a.
dr=s—c

(5) C'isaright angle.
Proof. By the formulas for the exradii and the Heron formula, each of (1), (2), (3),

(4) is equivalent to the condition
(s—a)(s—0b) =s(s—c). (1)
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Figure 2. Inradius and exradii of a right triangle

Assuming (1), we have? — (a + b)s + ab = s? — ¢s, (a + b — ¢)s = ab,
(a+b—c)a+b+c)=2ab, (a+b)?—c? = 2ab, a® + b? = . This shows that
each of (1), (2), (3), (4) implies (5). The converse is clear. See Figure 2. [

3. A formularelating theradii of the various circles

As a preparation for the proof of Theorem 2, we study the excircles in relation
to the circumcircle and the incircle. We establish a basic result, Proposition 6,
below. Lemma 4 and the statement of Proposition 6 can be found in [3, pp.185—
193]. An outline proof of Proposition 5 can be found in §2,4.1]. Propositions
5 and 6 can also be found in [64.6.1].> We present a unified detailed proof of
these propositions here, simpler and more geometric than the trigonometric proofs
outlined in [3].

Consider triangleA BC' with its circumcircle(O). Let the bisector of anglel
intersect the circumcircle d/. Clearly, M is the midpoint of the ar&@MC. The
line BM clearly contains the incentdrand the excentef,.

Lemmad4. MB=MI=MI,=MC.

IThe referee has pointed out that these results had been known earlier, and can be found, for
example, in the nineteenth century work of John Casey [1].
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Ia

Figure3. ro + 71, + 1. =4R+ 1

Proof. It is enough to prove that/ B = M. See Figure 3. This follows by an

easy calculation of angles.
(i) ZIBI, = 90° since the two bisectors of anglg are perpendicular to each

other.
(if) The midpoint N of 1,1 is the circumcenter of triangleB1,, SONB = NI =
NI,.
(iii) From the circle(/BI,) we see/BNA = /BNI = 2/BCI = ZBCA, but
this means thalv lies on the circumcircl¢ ABC') and thus coincides with/.
It follows thatM [, = M B = M1, andM is the midpoint of/ I,.
The same reasoning shows tldtC = M T = M I, as well. O
Now, let I’ be the intersection of the linBO and the perpendicular from to
BC'. See Figure 4. Note that this latter line is parallelQd/. SinceM is the

midpoint of I1,, O is the midpoint of/ I'. It follows that’ is the reflection of in
0. Also, I'l, =2-OM = 2R. Similarly, I'T, = I'[. = 2R. We summarize this

in the following proposition.
Proposition 5. Thecircle through the three excenters has radius 2R and center 7,

the reflection of 7 in O.
Remark. Proposition 5 also follows from the fact that the circumcircle is the nine
point circle of trianglel, I, 1., andI is the orthocenter of this triangle.
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Figure4. I'l, = 2R

Proposition 6. v, + 1, + 7. = 4R+ 7.

Proof. The line I, I’ intersectsBC' at the pointX’ of tangency with the excircle.
Note thatl’ X’ = 2R — r,. SinceO is the midpoint of/I’, we havel X + I' X’ =
2 - OD. From this, we have

2.0D =1+ (2R —ry). )

Consider the excenter and .. Since the angle%, BI. and I,CI. are both
right angles, the four points, 1., B, C' are on a circle, whose center is the mid-
point N of I1.. See Figure 5. The cent&f must lie on the perpendicular bisector
of BC, which is the lineOM. ThereforeN is the antipodal point ofi/ on the
circumcircle, and we haveN D = r, + r.. Thus,2(R + OD) = r, + r.. From
(2), we haver, +ry +7r. = 4R+ . O

4. Proof of Theorem 2

We are now ready to prove Theorem 2.
(1) SinceAH = 2-0OD, by (2) we express this in terms &f r andr,; similarly
for BH andCH:

AH =2R+7r —rq, BH =2R+r —ry, CH =2R+r —r,.
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Figure5. ro + 1y + 1. =4R+ 1

From these,

AH + BH +CH +2R =8R +3r — (rq + 14 +7¢)
=2(4R+7r)+71r— (rg + 15+ 7¢)
=2(rq +1p+7c)+ 17— (Ta + 75+ 7¢)
=rq+rp+retr.

(2) This follows from simple calculation making use of Proposition 6.
AH? + BH? + CH? + (2R)?

=Q2R47 1)+ 2R +7r —1)> + QR+ 7 —r.)? + 4R*

=3(2R+ 1) —22R+71)(rq +7p + 1) + T2+ 15 + 12 + 4R

=32R +7)? —2Q2R+1)(4R + 1) + 4R* + 12 + 1} + 1’

=r? 4+ 7«2 + rg + rg.

This completes the proof of Theorem 2.
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5. Converse of Hansen’s theorem

We prove a strong converse of Hansen’s theorem (Theorem 10 below).
Proposition 7. Atriangle ABC satisfies
r2+r§+r§+r2:a2+b2+c2 3)
if and only if it contains a right angle.

Proof. UsingAH = 2R cos A anda = 2R sin A, and similar expressions f@ H,
CH, b, andc, we have
AH? + BH? + CH? + (2R)? — (a* + b* + &%)

=4R?(cos® A+ cos® B + cos> C' + 1 — sin? A — sin® B — sin® 0)

=4R*(2 cos® A + cos 2B + cos 2C)

=8R%(cos?® A + cos(B + C) cos(B — C))

= — 8R?cos A(cos(B + C) + cos(B — C))

= — 16R? cos A cos B cos C.

By Theorem 2(2), the condition (3) holds if and only4fi? + BH? + CH? +
(2R)? = a® + b% + 2. One ofcos A, cos B, cos C must be zero from above. This
means that triangled BC' contains a right angle. O

In the following lemma we collect some useful and well known results. They
can be found more or less directly in [3].

Lemma8. (1) rory + rpre + rera = S°.
(@) r2 +r2 +r2= (4R +1r)* — 252
(3)ab +bc+ ca = s>+ (4R +1)r.

@) a® +b*+ 2 =252 —24R+r)r.

Proof. (1) follows from the formulas for the exradii and the Heron formula.

A2 A2 A2
G_a)-0 G-0e-0 G-oE-a
=s((s —¢)+(s—a)+(s—0))

282.

TaTh + 1T + Telq =

From this (2) easily follows.

Tg + Tl% + Tg :(Ta + 7+ Tc)2 - 2(Tarb + rpre + Tcra)
(4R +r)* — 252
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Again, by Proposition 6,
4R+ r
=Tq +Tp+7Tc

A A A
:s—a+s—b+s—c
A
G a6 —0 (s=b)(s—c)+(s—c)(s—a)+(s—a)(s—D))
:% (382—2(a+b+c)s+(ab+bc+ca))
:% ((ab+ be + ca) — s?) .

An easy rearrangement gives (3).
(4) follows from (3) sincen® + b? + ¢ = (a + b+ ¢)? — 2(ab + be + ca) =
452 — 2(s? + (AR +7)r) = 252 — 2(4R + r)r. O

Proposition 9. r2 + rZ +r2 4+ 12 =a? +b* + 2 ifand only if 2R + r = s.

Proof. By Lemma 8(2) and (4);2 + r2 + r2 + r? = a® + b + ¢? if and only if
(A4R+71)? —252+712 =252 —2(4R+7)r; 45> = (AR +7)2 +24R+7)r+ 1% =
(4R +2r)2 =4(2R+1)% s =2R + . a

Theorem 10. The following statements for a triangle ABC' are equivalent.
MQ)ro+rp+re+r=a+b+ec.

@)r2+r2+ri4+r2=a®+b*+ 2

B)R+2r = s.

(4) One of the anglesisa right angle.

Proof. (1) = (3): This follows easily from Proposition 6.
(3) < (2): Proposition 9 above.
(2) < (4): Proposition 7 above.
(4) = (1): Theorem 1 (1). O
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Some Constructions Related to the Kiepert Hyperbola

Paul Yiu

Abstract. Given a reference triangle and its Kiepert hyperti6)ave study sev-

eral construction problems related to the triangles which Haaes their own
Kiepert hyperbolas. Such triangles necessarily have their verticks and are
called special Kiepert inscribed triangles. Among other results, we show that the
family of special Kiepert inscribed triangles all with the same centifbrm

part of a poristic family betweeit and an inscribed conic with center which is
the inferior of the Kiepert center.

1. Special Kiepert inscribed triangles

Given a triangleABC and its Kiepert hyperbol#’, consisting of the Kiepert
perspectors

1 1 1
K(t) = : : , teRU ,

®) <SA+t Sp +t Sc+t> {oc}
we study triangles with vertices dG having C as their own Kiepert hyperbolas.
We shall work with homogeneous barycentric coordinates and make use of stan-
dard notations of triangle geometry as in [2]. Basic results on triangle geometry
can be found in [3]. The Kiepert hyperbola has equation

K(x,y,2) = (Sp — Sc)yz + (Sc — Sa)zx + (Sa — Sp)zy =0 (1)
in homogeneous barycentric coordinates. Its center, the Kiepert center
Ki=((Sg—Sc)?: (Sc—Sa)?: (Sa— Sg)?),

lies on the Steiner inellipse. In this paper we shall mean by a Kiepert inscribed
triangle one whose vertices are on the Kiepert hyperkol# a Kiepert inscribed
triangle is perspective wittld BC, it is called the Kiepert cevian triangle of its
perspector. Since the Kiepert hyperbola of a triangle can be characterized as the
rectangular circum-hyperbola containing the centroid, our objects of interest are
Kiepert inscribed triangles whose centroids are Kiepert perspectors. We shall as-
sume the vertices to be finite points #ip and call such triangles special Kiepert
inscribed triangles. We shall make frequent use of the following notations.

Publication Date: December 28, 2006. Communicating Editor: Jean-Pierre Ehrmann.



344 P. Yiu

P(t) = ((SB - Sc)(SA + t) : (Sc - SA)(SB + t) : (SA — SB)(SC + t))
Q(t) =((S—Sc)*(Sa+1t):(Sc—S54)*(Sp+1):(Sa—SB)*(Sc +1))
fo =8aa+ S+ Scc —Spc —Sca—Sas
f3 =85a(S—Sc)?+ Sp(Sc — Sa)? + Sc(Sa — Sp)?
fa =(Sa4a —SBc)SBc + (S — Sca)Sca+ (Scc — Sas)Sas
93 = (Sa—SB)(Sp — Sc)(Sc — Sa)

Here, P(t) is a typical infinite point, and)(¢) is a typical point on the tangent
of the Steiner inellipse through;. Fork = 2, 3, 4, the functionfy, is a symmetric
function inS4, Sp, Sc of degreek.

Proposition 1. The area of a triangle with vertices K (¢;),i = 1,2, 3, is

g3(t1—to)(ta—t3)(ts—t1)
H(S32‘i2(§A+QSBiS;)ti‘1F3t% - AABC.

Proposition 2. A Kiepert inscribed triangle with vertices K (), © = 1,2,3, is
special, i.e., with centroid on the Kiepert hyperbola, if and only if

S2fh+ (Sa+Sp+Sc)fs—3f1 =0,
where f3, f3, f1 arethefunctions fa, f3, fa With Sa, Sp, Sc replaced by t1, 2, t3.

We shall make use of the following simple construction.

polar of M

P

Figure 1. Construction of chord of conic with given midpoint

Construction 3. Given a conic C and a point M, to construct the chord of C with
M as midpoint, draw

(i) the polar of M with respect to C,

(i) the parallel through M tothelinein (i).

If the line in (i) intersects C at the two real points P and @, then the midpoint of
PQisM.
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Figure 2. Construction of Kiepert inscribed triangle with prescribed centroid
and one vertex

A simple application of Construction 3 gives a Kiepert inscribed triangle with
prescribed centroid) and one vertexs;: simply takeM to be the point dividing
KiQ intheratioKi M : MQ = 3 : —1. See Figure 2.

Here is an interesting family of Kiepert inscribed triangles with prescribed cen-
troids onkC.

Construction 4. Given a Kiepert perspector K (t), construct

(i) K71 on K and M such that the segment K; M istrisected at K; and K (),

(i) the parallel through M to the tangent of KC at K (),

(iii) theintersections K> and K3 of IC with the linein (ii) .

Then K, K, K3 is a special Kiepert inscribed triangle with centroid K (¢). See
Figure 3

Figure 3. Kiepert inscribed triangle with centraid(t)
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It is interesting to note that the area of the Kiepert inscribed triangle is indepen-
_3
dent oft. Itis 32£|gg|f2 2 times that of triangled BC'. This result and many others
in the present paper are obtained with the help of a computer algebra system.

2. Special Kiepert cevian triangles

Given a pointP = (u : v : w), the vertices of its Kiepert cevian triangle are
—(Sp — Sc)vw )
Ap = viw |,
F ((SA — Sp)v+ (Sc — Sa)w
—(Sc — Sa)wu )
Bp=(u: Tw |,
F ( (Sp — Sc)w + (5S4 — Sp)u

o <u'v' —(Sa— Sp)uw >
P T (Sc—SA)u+(SB—Sc)U ’
These are Kiepert perspectors with parametgrss, to given by
Spv — Scw Scw — Sau Sau — Sgv
tfp=—, tp=—""""", to=—"7".
v —w w—Uu u—v

Clearly, if P is on the Kiepert hyperbola, the Kiepert cevian triangleBpCp
degenerates into the poift

Theorem 5. The centroid of the Kiepert cevian triangle of P lies on the Kiepert
hyperbola if and only if P is

() an infinite point, or

(i) on the tangent at K to the Steiner inellipse.

Proof. Let P = (u : v : w) in homogeneous barycentric coordinates. Applying
Proposition 2, we find that the centroid 45 BpCp lies on the Kiepert hyperbola
if and only if

(u+ v +w) K (u, v, w)? L(u, v, w) P(u,v,w) = 0,
where

O e 8 T Se— 84 Sa4—Sg’

P(u,v,w) = H((SA — Sp)v? —2(Sp — Sc)vw + (Sc — Sa)w?).

The factorsu + v + w and K (u, v, w) clearly define the line at infinity and the
Kiepert hyperboldC respectively. On the other hand, the facidu, v, w) defines
the line

x Y z
Sp—Sc  Sc—Si Sa-Sp

which is the tangent of the Steiner inellipsefat

Each factor ofP(u, v, w) defines two points on a sideline of triangleBC'. If
we set(z,y, z) = (—(v+w),v,w) in (1), the equation reduces (64 — Sg)v? —
2(Sp — Sc)vw + (Sc — Sa)w?. This shows that the two points on the lif
are the intercepts of lines throughparallel to the asymptotes #&f, and the corre-
sponding Kiepert cevian triangles have vertices at infinite points. This is similarly
the case for the other two factors Bfu, v, w). O

0, (2)
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Remark. Altogether, the six points defined By(u, v, w) above determine a conic
with equation
2(Sp — So)yz

2

X
G(z,y,z) = — =0.
(@y.2) =3 S5 —Sc  (Sc— 84)(Sa— Sp)

Since
93 G(z,y,2)
=— fl@+y+2)?+> (Sp—Sc)*z® = 2(Sc — Sa)(Sa — Sp)yz,
this conic is a translation of the inscribed conic
> (Sp — S¢)*a? — 2(Sc — Sa)(Sa — Sp)yz =0,
which is the Kiepert parabola. See Figure 4.

Figure 4. Translation of Kiepert parabola

3. Kiepert cevian triangles of infinite points
Consider a typical infinite point
P(t)=((Sp—Sc)(Sa+1t): (Sc—Sa)(Sp+1t):(Sa—Sp)(Sc+1))

in homogeneous barycentric coordinates. It can be easily verifiedPttiats the
infinite point of perpendiculars to the line joining the Kiepert perspeéi¢t) to
the orthocente . ! The Kiepert cevian triangle dP(t) has vertices

IThisis the line>™ Sa (S — Sc)(Sa + t)z = 0.
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At = (BE=5n IR (so - Sa)Sn+0): (Sa - Su)Sc+1))
5(0) = (S~ Sc)(sa + ) SL=AEIBED (5, 55)(5+1))
ct) = ((SB L S0)(Sa 1) (So—Sa)(Sp+1): AT in)fg;f);?g + t)) .

Figure 5. The Kiepert cevian triangle &f(¢) is the same as the Kiepert paral-
lelian triangle ofK (¢)

It is also true that the line joiningl(t) to K (t) is parallel to BC;? similarly
for B(t) andC'(t). Thus, we say that the Kiepert cevian triangle of the infinite
point P(t) is the same as the Kiepert parallelian triangle of the Kiepert perspector
K(t). See Figure 5. Itis interesting to note that the area of triadgte B (¢)C (t)
is equal to that of trianglel BC', but the triangles have opposite orientations.

Now, the centroid of trianglel(t) B(¢)C(t) is the point

Sp —Sc .
(SAB+SAC_QSBC_(SB+SC_2SA)t o ) ’
which, by Theorem 5, is a Kiepert perspector. Ifigs) wheres is given by
2fy - st+ f- (s+1) —2fs =0. (3)

Proposition 6. Two distinct Kiepert perspectors have parameters satisfying (3) if
and only if the line joining themis parallél to the orthic axis.

2This is the line—(Sa + t)(Ss + Sc + 26)z + (SB + t)(Sc + ) (y + 2) = 0.



Some constructions related to the Kiepert hyperbola 349
Proof. The orthic axisSax + Sy + Scz = 0 has infinite point
P(co) = (Sg— Sc: So— Sa: 54— SB).

The line joining K (s) and K (t) is parallel to the orthic axis if and only if

1 1 1
SA1+S SBl+5 Scl+s 0
Sa+t Sp+t Sc+t -
SB—SC SC—SA SA_SB
For s # t, this is the same condition as (3). O

This leads to the following construction.

Figure 6. The Kiepert cevian triangle #f(¢) has centroidk (s)

Construction 7. Given a Kiepert perspector K (s), to construct a Kiepert cevian
triangle with centroid K (s), draw

(i) the parallel through K (s) to the orthic axis to intersect the Kiepert hyperbola
again at K (t),

(i) the parallels through K (¢) to the sidelines of the triangle to intersect X again
at A(t), B(t), C(t) respectively.

Then, A(t)B(t)C(t) has centroid K (s). See Figure 6

4. Special Kiepert inscribed triangles with common centroid G

We construct a family of Kiepert inscribed triangles with centr6idthe cen-
troid of the reference triangld BC'. This can be easily accomplished with the help
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of Construction 3. Beginning with a Kiepert perspectgr= K (t) and@ = G,
we easily determine

M = ((Sa+t)(Sp+Sc+2t): (Sp+1t)(Sc+Sa+2t) : (Sc+t)(Sa+Sp+2t)).
The line through\/ parallel to its own polar with respect #6° has equation

Sp — S Sc —Sa Sa—SB
—0. 4
Sttt i it Ve 0 ()

As t varies, this line envelopes the conic
(Sp — Sc)'a? + (Sc — Sa)*y? + (Sx — Sp)t2?
—2(Sp — Sc)*(Sc — Sa)?zy — 2(Sc — S4)%(Sa — SB)*y=
—2(84 — 9B)*(Sp — Sc)?zz =0,
which is the inscribed ellipsé tangent to the sidelines of BC' at the traces of

1 1 1
((SB —Sc)? " (Sc—58a)*  (Sa— SB)2> ’
and to the Kiepert hyperbola &t, and to the line (4) at the point
(Sa+1)?:(Sp+1)?:(Sc +1)?).
It has center
((Sc—S84)*+(Sa—Sp)?: (Sa—SB)*+(Sp—S50)*: (Sp—Sc)*+(Sc—S4)?),
the inferior of the Kiepert centek;. See Figure 7.

Figure 7. Poristic triangles with common centragid

3The polar ofM has equatio” (Sp — Sc)(Saa — S? — 2(Sp + So)t — 2t*)z = 0 and has
infinite point ((S4 + t)(Sa(Se + Sc —2t) — (S + Sc)(S — Sc +1t)) : -+ :---).
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Theorem 8. A porigtic triangle completed from a point on the Kiepert hyperbola
outside the inscribed ellipse £ (with center the inferior of K) has its center at G
and therefore has K as its Kiepert hyperbola.

More generally, if we replacé&r by a Kiepert perspectoky, the envelope is a
conic with center which divide& K, in the ratio3 : —1. Itis an ellipse inscribed
in the triangle in Construction 4.

5. A family of special Kiepert cevian triangles

5.1 Triple perspectivity. According to Theorem 5, there is a family of special
Kiepert cevian triangles with perspectors on the line (2) which is the tangent of
the Steiner inellipse &;. Since this line also contains the Jerabek center

Jo = (Sa(Sp — Sc)?: Sp(Sc — S4)%: Sc(Sa — SB)?),
its points can be parametrized as
Q) = ((Sp — Sc)*(Sa+1) : (Sc — S4)*(Sp +1) : (Sa — Sp)*(Sc +1)).
The Kiepert cevian triangle @) (¢) has vertices

1o [ (Sc—Sa)(Sa—SB)(SB+1)(Sc +1)
A= ( Sa+t
Sa—SB)(SB _Sji)isc +8)(Satt) (Sa— S5)(Sc +1)

Sp — S0)(Sc — Sa)(Sa +t)(Ss + t)) _

)

:(Sc— 8a)*(Sp+1): (Sa—SB)*(Sc + t)) ,

B'(t) = <(SB —Sc)*(Sa+1t): (

c'(t) = <(SB*SC)2(SA+t) - (Sc — 5w (S +1) Sc+t

Theorem 9. The Kiepert cevian triangle of Q(t) istriply perspectiveto ABC'. The
three perspectors are collinear on the tangent of the Steiner inellipse at k.

Proof. The trianglesB’(t)C’(t)A’(t) andC’(t)A’(t)B'(t) are each perspective to
ABC, at the points

Q/(t)— Sc +t ] Sa+t ] Sp+t
C\Sc—S4 Sa—Sg Sg—5Sc)’

and
Q”(t)* Sp+t ) Sc+t ) Sa+t
- \S4—S8p Sp—Sc Sc—Sa
respectively. These two points are clearly on the line (2). d

5.2 Special Kiepert cevian triangles with the same area as ABC. The area of
triangle A'(¢t) B'(t)C'(t) is
(fa-t*+ f-t—fa)?
[1(f2- (Sa+1t)* = (Sc — 54)*(Sa — SB)?)
Among these, four have the same area as the reference triangle.
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_ Sa(Sp+Sc)—28 -
521t= ASBB+SCC—2SABC' The points

Q(t) =(-2(Sp — S¢) : S¢ — Sa: 5S4 — Sp),
Q'(t) =(Sp — Sc : —2(Sc — Sa) : Sa — Sp),
Q"(t) =(Sp—Sc : S¢ — Sa: —2(54 — SB)),

give the Kiepert cevian triangle
A} =(—(Sp — Sc) : 2(Sc — Sa) : 2(Sa — Sg)),
By =(2(Sp — S¢) : —=(Sc — Sa) : 2(Sa — SB)),
C| =(2(Sg — S¢) : 2(S¢ — Sa) : —(Sa — SB)).

This has centroid

=
=

K(—ﬁ):( Sp—Sc . Sc—=8Sa . Sa—Sp )
2f2 Sp+Sc—254 Sc+Sa—2Sg Sa+Sp—2Sc)

A'(t)B'(t)C'(t) is also the Kiepert cevian triangle of the infinite poiffco)
(of the orthic axis). See Figure 8.

Figure 8. Oppositely oriented triangle triply perspective witiBC' at three
points on tangent ak;
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5.2.2 t = co. With the Kiepert centek; = Q(c0), we have the points
Q(o0) =((Sp — Sc)? : (Sc — Sa)* = (Sa — Sp)?),

, B 1 ) 1 ) 1
Q<°°>_(SA—SB‘SB—SC‘SC—SA)’

. 1 1 1
“ (OO):(SC—SA " Sa-5Sp SB—SC)’
The points@’ (o) and Q" (o) are the intersection with the parallels through
C to the line joining A to the Steiner points, = (SBiSC e SAiSB).
These points give the Kiepert cevian triangle which is the imagd B under
the homothetyh (K, —1):

Ay =((So — S4)(Sa = SB) : (So — Sa)? : (Sa — Sp)?),

By =((Sp — S¢)? : (Sa— SB)(Sp — Sc) : (Sa — Sp)?),

Cy =((Sp — Sc)? : (Sc — Sa)? : (Sc — Sa)(SB — S0)),
which has centroid

g _SatSe+Scy _ 1 . 1 . 1
3 - SB—FSc—QSA'Sc—l-SA—QSB‘SA—I—SB—QSC '
The pointsQ’(t), Q" (t) andGY are on the Steiner circum-ellipse. See Figure 9.

Figure 9. Oppositely congruent triangle triply perspective wvitBC' at three
points on tangent ak;
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523 t= ngj Q(t) is the infinite point of the line (2).

Q(t) =((SB — Sc)(SB +Sc — 2SA) : (SC — SA)(SC +Sa — QSB) : (SA — SB)(SA + S — QS())),
Ql(t) =((SB - Sc)(SA + S — QS()) : (SC - SA)(SB + So — 2SA) : (SA - SB)(SC + 5S4 — 233)),
Q”(t) =((SB - Sc)(SC + S5 — 2SB) : (SC - SA)(SA + S — 2SC) : (SA - SB)(SB + S¢o — 2SA)) .

These give the Kiepert cevian triangle

A’—( Sp—Sc  Sc—Sa Sa—SB )
37\ Sp+Sc—254 Sa+Sp—25c Sc+Sa-255)"
B,_( Sp—Sc  Sc—Sa  Sa—Sp )
87\ Sa+Sp—25c Sc+8Sa—2Sp Sp+Sc—254)"
C,_( Sg—Sc  Sc—Sa  Sai—Sp )
87 \Sc+54—-255 Sp+Sc—254 Sa+Sp-—25c)"

with centroid

5o S =)

((SB —8¢)?+2(Sc — Sa)(Sa — Sg)

See Figure 10.

Figure 10. Triangle triply perspective withBC' (with the same orientation) at
three points on tangent &f;
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5.2.4 t = —S4. Fort = —S4, we have

Q) =(0:Sc—Sa:—(Sa—SB)),
Q'(t) =(—(Sp — Sc) :0: Sa— Sp),
Q"(t) =(Sp — Sc : —(Sc — Sa) : 0).

These points are the intercepds, Qp, Q. of the line (2) with the sideline8C,
CA, AB respectively. The linesiQ,, BQ,, CQ. are the tangents t& at the
vertices. The common Kiepert cevian triangle@f, Q,, Q. is ABC oppositely
oriented asACB, CBA, BAC, triply perspective withABC' at Q,, @, Q. re-
spectively.

6. Special Kiepert inscribed triangles with two given vertices

Construction 10. Given two points K7 and K5 on the Kiepert hyperbola /C, con-
struct

(i) the midpoint M of K1 K>,

(ii) the polar of M with respect to IC,

(iii) the reflection of the line K K5 inthe polar in (ii).

If K3 isareal intersection of IC with the line in (iii), then the Kiepert inscribed
triangle Ky Ks K3 has centroid on K. See Figure 11

Figure 11. Construction of special Kiepert inscribed triangles given two ver-
ticesKi, K>
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Proof. A point K3 for which triangle K7 K5 K3 has centroid ork clearly lies on
the image offC under the homotheti (M, 3). It is therefore an intersection &t
with this homothetic image. IV = (u : v : w) in homogeneous barycentric
coordinates, this homothetic conic has equation

(u+v+w)’K(z,y,2)

12z 4y + 2) (Z((SB — Sc)vw + (Sc — Sa)(3u + w)w + (Sa — S5)(3u + v)v)x)
=0.

The polar ofM in K is the line
> (84 = Sp)v+ (Sc = Sayw)z = 0. (5)
The parallel throughl/ is the line
> (3(Ss = Sc)vw + (Sc — Sa)(u — w)w + (Sa — Sp)(u — v)v)z = 0. (6)

The reflection of (6) in (5) is the radical axis kfand its homothetic image above.
U

If there are two such real intersectioRg and K7, then the two triangle&’; K, K3
and K K, Kj clearly have equal area. These two intersections coincide if the line
in Construction 10 (iii) above is tangent 10. This is the case wheR; K5 is a
tangent to the hyperbola

Afs - K(z,y,2) = 3g3- (x +y+2)° =0,
which is the image oK under the homothetly( £, 2). See Figure 12.

Figure 12. Family of special Kiepert inscribed triangles wifh, K> uniquely
determiningK;
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The resulting family of special Kiepert inscribed triangles is the same family
with centroid K (¢) and one vertex its antipode @ given in Construction 4.
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