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On Mixtilinear Incircles and Excircles

Khoa Lu Nguyen and Juan Carlos Salazar

Abstract. A mixtilinear incircle (respectively excircle) of a triangle is tangent to
two sides and to the circumcircle internally (respectively externally). We study
the configuration of the three mixtilinear incircles (respectively excircles). In
particular, we give easy constructions of the circle (apart from the circumcircle)
tangent the three mixtilinear incircles (respectively excircles). We also obtain a
number of interesting triangle centers on the line joining the circumcenter and
the incenter of a triangle.

1. Preliminaries

In this paper we study two triads of circles associated with a triangle, the mix-
tilinear incircles and the mixtilinear excircles. For an introduction to these circles,
see [4] and§§2, 3 below. In this section we collect some important basic results
used in this paper.

Proposition 1 (d’Alembert’s Theorem [1]). Let O1(r1), O2(r2), O3(r3) be three
circles with distinct centers. According as ε = +1 or −1, denote by A1ε, A2ε, A3ε

respectively the insimilicenters or exsimilicenters of the pairs of circles ((O2), (O3)),
((O3), (O1)), and ((O1), (O2)). For εi = ±1, i = 1, 2, 3, the points A1ε1 , A2ε2

and A3ε3 are collinear if and only if ε1ε2ε3 = −1. See Figure 1.

The insimilicenter and exsimilicenter of two circles are respectively their inter-
nal and external centers of similitude. In terms of one-dimensional barycentric
coordinates, these are the points

ins(O1(r1), O2(r2)) =
r2 ·O1 + r1 ·O2

r1 + r2
, (1)

exs(O1(r1), O2(r2)) =
−r2 ·O1 + r1 ·O2

r1 − r2
. (2)

Proposition 2. Let O1(r1), O2(r2), O3(r3) be three circles with noncollinears cen-
ters. For ε = ±1, let Oε(rε) be the Apollonian circle tangent to the three circles,
all externally or internally according as ε = +1 or −1. Then the Monge line con-
taining the three exsimilicenters exs(O2(r2), O3(r3)), exs(O3(r3), O1(r1)), and
exs(O1(r1), O2(r2)) is the radical axis of the Apollonian circles (O+) and (O−).
See Figure 1.

Publication Date: January 18, 2006. Communicating Editor: Paul Yiu.
The authors thank Professor Yiu for his contribution to the last section of this paper.
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Figure 1.

Lemma 3. Let BC be a chord of a circle O(r). Let O1(r1) be a circle that touches
BC at E and intouches the circle (O) at D. The line DE passes through the
midpoint A of the arc BC that does not contain the point D. Furthermore, AD ·
AE = AB2 = AC2.

Proposition 4. The perspectrix of the circumcevian triangle of P is the polar of P
with respect to the circumcircle.

LetABC be a triangle with circumcenterO and incenterI. For the circumcircle
and the incircle,

ins((O), (I)) =
r ·O + R · I

R + r
= X55,

exs((O), (I)) =
−r ·O + R · I

R− r
= X56.

in the notations of [3]. We also adopt the following notations.

A0 point of tangency of incircle withBC
A1 intersection ofAI with the circumcircle
A2 antipode ofA1 on the circumcircle

Similarly defineB0, B1, B2, C0, C1 andC2. Note that
(i) A0B0C0 is the intouch triangle ofABC,
(ii) A1B1C1 is the circumcevian triangle of the incenterI,
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(iii) A2B2C2 is the medial triangle of the excentral triangle,i.e., A2 is the midpoint
between the excentersIb and Ic. It is also the midpoint of the arcBAC of the
circumcircle.

2. Mixtilinear incircles

TheA-mixtilinear incircle is the circle(Oa) that touches the raysAB andAC
at Ca andBa and the circumcircle(O) internally atX. See Figure 2. Define the
B- andC-mixtilinear incircles(Ob) and(Oc) analogously, with points of tangency
Y andZ with the circumcircle. See [4]. We begin with an alternative proof of the
main result of [4].

Proposition 5. The lines AX, BY , CZ are concurrent at exs((O), (I)).

Proof. SinceA = exs((Oa), (I)) andX = exs((O), (Oa)), the lineAX passes
throughexs((O), (I)) by d’Alembert’s Theorem. For the same reason,BY and
CZ also pass through the same point. �

O

A

B C

Z

Y

X

Oa

Ob

Oc

Ca

Ba
I

Figure 2

A

B C

X

OaCa

Ba
I

A0

B0

C0

A2

C1

B1

A1

Figure 3

Lemma 6. (1) I is the midpoint of BaCa.
(2) The A-mixtilinear incircle has radius ra = r

cos2 A
2

.

(3) XI bisects angle BXC .
See Figure 3.

Consider the radical axis�a of the mixtilinear incircles(Ob) and(Oc).

Proposition 7. The radical axis �a contains
(1) the midpoint A1 of the arc BC of (O) not containing the vertex A,
(2) the midpoint Ma of IA0, where A0 is the point of tangency of the incircle with
the side BC .
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Proof. (1) By Lemma 3,Z, Ac andA1 are collinear, so areY , Ab, A1. Also,
A1Ac · A1Z = A1B

2 = A1C
2 = A1Ab · A1Y . This shows thatA1 is on the

radical axis of(Ob) and(Oc).
(2) Consider the incircle(I) and theB-mixtilinear incircle(Ob) with common

ex-tangentsBA andBC. Since the circle(I) touchesBA andBC atC0 andA0,
and the circle(Ob) touches the same two lines atCb andAb, the radical axis of
these two circles is the line joining the midpoints ofCbC0 andAbA0. SinceAb,
I, Cb are collinear, the radical axis of(I) and(Ob) passes through the midpoints
of IA0 and IC0. Similarly, the radical axis of(I) and (Oc) passes through the
midpoints ofIA0 and IB0. It follows that the midpoint ofIA0 is the common
point of these two radical axes, and is therefore a point on the radical axis of(Ob)
and(Oc). �

Theorem 8. The radical center of (Oa), (Ob), (Oc) is the point J which divides
OI in the ratio

OJ : JI = 2R : −r.

Proof. By Proposition 7, the radical axis of(Ob) and(Oc) is the lineA1Ma. Let
Mb andMc be the midpoints ofIB0 andIC0 respectively. Then the radical axes of
(Oc) and(Oa) is the lineB1Mb, and that of(Oa) and(Ob) is the lineC1Mc. Note
that the trianglesA1B1C1 andMaMbMc are directly homothetic. SinceA1B1C1

is inscribed in the circleO(R) andMaMbMc in inscribed in the circleI(r
2 ), the

homothetic center of the triangles is the pointJ which divides the segmentOI in
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the ratio
OJ : JI = R : −r

2
= 2R : −r. (3)

See Figure 5. �
Remark. Let T be the homothetic center of the excentral triangleIaIbIc and the
intouch triangleA0B0C0. This is the triangle centerX57 in [3]. Since the excentral
triangle has circumcenterI′, the reflection ofI in O,

OT : TI ′ = 2R : −r.

Comparison with (3) shows thatJ is the reflection ofT in O.

3. The mixtilinear excircles

The mixtilinear excircles are defined analogously to the mixtilinear incircles,
except that the tangencies with the circumcircle are external. TheA-mixtilinear
excircle(O′

a) can be easily constructed by noting that the polar ofA passes through
the excenterIa; similarly for the other two mixtilinear excircles. See Figure 6.

Theorem 9. If the mixtilinear excircles touch the circumcircle at X′, Y ′, Z ′ re-
spectively, the lines AX′, BY ′, CZ ′ are concurrent at ins((O), (I)).

Theorem 10. The radical center of the mixtilinear excircles is the reflection of J
in O, where J is the radical center of the mixtilinear incircles.

Proof. The polar ofA with respect to(O′
a) passes through the excenterIa. Simi-

larly for the other two polars ofB with respect to(O′
b) andC with respect to(O′

c).
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Figure 6.

Let A3B3C3 be the triangle bounded by these three polars. LetA4, B4, C4 be the
midpoints ofA0A3, B0B3, C0C3 respectively. See Figure 7.

SinceIaIbA3Ic is a parallelogram, andA2 is the midpoint ofIbIc, it is also the
midpoint ofA3Ia. SinceB3C3 is parallel toIbIc (both being perpendicular to the
bisectorAA1), Ia is the midpoint ofB3C3. Similarly, Ib, Ic are the midpoints
of C3A3 andA3B3, and the excentral triangle is the medial triangle ofA3B3C3.
Note also thatI is the circumcenter ofA3B3C3 (since it lies on the perpendicular
bisectors of its three sides). This is homothetic to the intouch triangleA0B0C0 at
I, with ratio of homothety− r

4R .
If A4 is the midpoint ofA0A3, similarly forB4 andC4, thenA4B4C4 is homo-

thetic toA3B3C3 with ratio 4R−r
4R .

We claim thatA4B4C4 is homothetic toA2B2C2 at a pointJ′, which is the
radical center of the mixtilinear excircles. The ratio of homothety is clearly4R−r

R .
Consider the isosceles trapezoidB0C0B3C3. SinceB4 andC4 are the midpoints

of the diagonalsB0B3 andC0C3, andB3C3 contains the points of tangencyBa,
Ca of the circle(O′

a) with AC andAB, the lineB4C4 also contains the midpoints
of B0Ba andC0Ca, which are on the radical axis of(I) and(O′

a). This means that
the lineB4C4 is the radical axis of(I) and(O′

a).
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Figure 7.

It follows thatA4 is on the radical axis of(O′
b) and(O′

c). Clearly,A2 also lies on
the same radical axis. This means that the radical center of the mixtilinear excircles
is the homothetic center of the trianglesA2B2C2 andA4B4C4. Since these two
triangles have circumcentersO andI, and circumradiiR and4R−r

2 , the homothetic
center is the pointJ′ which dividesIO in the ratio

J ′I : J ′O = 4R − r : 2R. (4)

Equivalently,OJ′ : J ′I = −2R : 4R − r. The reflection ofJ′ in O dividesOI in
the ratio2R : −r. This is the radical centerJ of the mixtilinear incircles. �

4. Apollonian circles

Consider the circleO5(r5) tangent internally to the mixtilinear incircles atA5,
B5, C5 respectively. We call this the inner Apollonian circle of the mixtilinear
incircles. It can be constructed fromJ sinceA5 is the second intersection of the
line JX with theA-mixtilinear incircle, and similarly forB5 andC5. See Figure
8. Theorem 11 below gives further details of this circle, and an easier construction.
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Figure 8.

Theorem 11. (1) Triangles A5B5C5 and ABC are perspective at ins((O), (I)).
(2) The inner Apollonian circle of the mixtilinear incircles has center O5 divid-

ing the segment OI in the ratio 4R : r and radius r5 = 3Rr
4R+r .

Proof. (1) Let P = exs((O5), (I)), andQa = exs((O5), (O′
a)). The following

triples of points are collinear by d’Alembert’s Theorem:
(1) A, A5, P from the circles(O5), (I), (Oa);
(2) A, Qa, A5 from the circles(O5), (Oa), (O′

a);
(3) A, Qa, P from the circles(O5), (I), (O′

a);
(4) A, X ′, ins((O), (I)) from the circles(O), (I), (O′

a).
See Figure 9. Therefore the linesAA5 contains the pointsP andins((O), (I))

(along withQa, X ′). For the same reason, the linesBB5 andCC5 contain the
same two points. It follows thatP andins((O), (I)) are the same point, which is
common toAA5, BB5 andCC5.

(2) Now we compute the radiusr5 of the circle(O5). From Theorem 8,OJ :
JI = 2R : −r. AsJ = exs((O), (O5)), we haveOJ : JO5 = R : −r5. It follows
thatOJ : JI : JO5 = 2R : −r : −2r5, and

OO5

OI
=

2(R− r5)
2R − r

. (5)

SinceP = exs((O5), (I)) = ins((O), (I)), it is also ins((O), (O5)). Thus,
OP : PO5 : PI = R : r5 : r, and

OO5

OI
=

R + r5

R + r
. (6)
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Oa

O5

X

I

A5

A

B
C

O′
a

X′

P

Qa

Figure 9.

Comparing (5) and (6), we easily obtainr5 = 3Rr
4R+r . Consequently,OO5

OI =
4R

4R+r andO5 dividesOI in the ratioOO5 : O5I = 4R : r. �

The outer Apollonian circle of the mixtilinear excircles can also be constructed
easily. If the linesJ′X ′, J ′Y ′, J ′Z ′ intersect the mixtilinear excircles again at
A6, B6, C6 respectively, then the circleA6B6C6 is tangent internally to each of
the mixtilinear excircles. Theorem 12 below gives an easier construction without
locating the radical center.

Theorem 12. (1) Triangles A6B6C6 and ABC are perspective at exs((O), (I)).
(2) The outer Apollonian circle of the mixtilinear excircles has center O6 divid-

ing the segment OI in the ratio −4R : 4R + r and radius r6 = R(4R−3r)
r .
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A
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Y ′

Z′

O′
a

O′
b

O′
c

J′

A6

B6
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O6

P

A′

B′
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Figure 10.

Proof. (1) SinceA6 = exs((O′
a), (O6)) andA = exs((I), (O′

a)), by d’Alembert’s
Theorem, the lineAA6 passes throughP = exs((O6), (I)). For the same reason
BB6 andCC6 pass through the same point, the trianglesA6B6C6 andABC are
perspective atP = exs((I), (O6)). See Figure 10.

By Proposition 2,AB, X′Y ′, A6B6, andO′
aO

′
b concur atS = exs((O′

a), (O′
b))

on the radical axis of(O) and(O6). Now: SA · SB = SX ′ · SY ′ = SA6 · SB6.
Let AA6, BB6, CC6 intersect the circumcircle(O) at A′, B′, C ′ respectively.
SinceSA · SB = SA6 · SB6, ABA6B6 is cyclic. Since∠BAA6 = ∠BB′A′ =
∠BB6A6, A′B′ is parallel toA6B6. Similarly,B′C ′ andC′A′ are parallel toB6C6

andC6A6 respectively. Therefore the trianglesA′B′C ′ andA6B6C6 are directly
homothetic, and the center of homothety isP = exs((O), (O6)).

SinceP = exs((O), (O6)) = exs((I), (O6)), it is alsoexs((O), (I)), andPI :
PO = r : R.

(2) SinceA6 = exs((O6), (O′
a)) andX′ = ins((O′

a), (O)), by d’Alembert’s
Theorem, the lineA6X

′ passes throughK = ins((O), (O6)). For the same reason,
B6Y

′ andC6Z
′ pass through the same pointK.

We claim thatK is the radical centerJ′ of the mixtilinear excircles. Since
SX ′ ·SY ′ = SA6 ·SB6, we conclude thatX′A6Y

′B6 is cyclic, andKX′ ·KA6 =
KY ′ ·KB6. Also,Y ′B6C6Z

′ is cyclic, andKY ′ ·KB6 = KZ ′ ·KC6. It follows
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that
KX ′ ·KA6 = KY ′ ·KB6 = KZ ′ ·KC6,

showing thatK = ins((O), (O6)) is the radical centerJ′ of the mixtilinear excir-
cles. Hence,J ′O : J ′O6 = R : −r6. Note alsoPO : PO6 = R : r6. Then, we
have the following relations.

OJ ′ : IO =2R : 2R− r,

J ′O6 : IO =2r6 : 2R− r,

OO6 : IO =r6 −R : R− r.

SinceOJ ′ + J ′O6 = OO6, we have

2R
2R− r

+
2r6

2R− r
=

r6 −R

R− r
.

This gives: r6 = R(4R−3r)
r . SinceK = ins((O), (O6)) = r6·O+R·O6

R+r6
andJ ′ =

(4R−r)O−2R·I
2R−r are the same point, we obtainO6 = (4R+r)O−4R·I

r . �

Remark. The radical circle of the mixtilinear excircles has centerJ′ and radius
R

2R−r

√
(4R + r)(4R− 3r).

Corollary 13. IO5 · IO6 = IO2.

5. The cyclocevian conjugate

Let P be a point in the plane of triangleABC, with tracesX, Y , Z on the
sidelinesBC, CA, AB respectively. Construct the circle throughX, Y , Z. This
circle intersects the sidelinesBC, CA, AB again at pointsX′, Y ′, Z ′. A simple
application of Ceva’s Theorem shows that theAX′, BY ′, CZ ′ are concurrent.
The intersection point of these three lines is called the cyclocevian conjugate ofP .
See, for example, [2, p.226]. We denote this point byP◦. Clearly, (P ◦)◦ = P .
For example, the centroid and the orthocenters are cyclocevian conjugates, and
Gergonne point is the cyclocevian conjugate of itself.

We prove two interesting locus theorems.

Theorem 14. The locus of Q whose circumcevian triangle with respect to XY Z
is perspective to X′Y ′Z ′ is the line PP◦. For Q on PP ◦, the perspector is also on
the same line.

Proof. Let Q be a point on the linePP◦. By Pascal’s Theorem for the six points,
X ′, B′, X, Y ′, A′, Y , the intersections of the linesX′A′ andY ′B′ lies on the line
connectingQ to the intersection ofXY ′ andX′Y , which according to Pappus’
theorem (forY , Z, Z′ andC, Y , Y ′), lies onPP◦. SinceQ lies onPP◦, it
follows thatX′A′, Y ′B′, andPP ◦ are concurrent. Similarly,A′B′C ′ andX′Y ′Z ′
are perspective at a point onPP◦. The same reasoning shows that ifA′B′C ′ and
X ′Y ′Z ′ are perspective at a pointS, then bothQ andS lie on the line connecting
the intersectionsXY ′ ∩X ′Y andY Z′ ∩ Y ′Z, which is the linePP◦. �
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A
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Figure 11.

For example, ifP = G, thenP◦ = H. The linePP ◦ is the Euler line. IfQ = O,
the circumcenter, then the circumcevian triangle ofO (with respect to the medial
triangle) is perspective with the orthic triangle at the nine-point centerN .

Theorem 15. The locus of Q whose circumcevian triangle with respect to XY Z
is perspective to ABC is the line PP◦.

Proof. First note that

sinZ ′X ′A′

sinA′X ′Y ′ =
sinZ ′XA′

sinA′Y Y ′ =
sinZ ′ZA′

sinZAA′ ·
sinA′AY

sinA′Y Y ′ ·
sinZAA′

sinA′AY

=
AA′

ZA′ ·
A′Y
AA′ ·

sinBAX

sinXAC
=

sinY XA′

sinA′XZ
· sinBAA′

sinA′AC
.

It follows that
sinZ ′X ′A′

sinA′X ′Y ′ ·
sinX ′Y ′B′

sinB′Y ′Z ′ ·
sinY ′Z ′C ′

sinC ′Z ′X ′

=
(

sinY XA′

sinA′XZ
· sinZY B′

sinB′Y X
· sinXZC ′

sinC ′ZY

)(
sinBAA′

sinA′AC
· sinACC ′

sinC ′CB
· sinCBB′

sinB′BA

)

=
sinBAA′

sinA′AC
· sinACC ′

sinC ′CB
· sinCBB′

sinB′BA
.

Therefore,A′B′C ′ is perspective withABC if and only if it is perspective with
X ′Y ′Z ′. By Theorem 14, the locus ofQ is the linePP◦. �

6. Some further results

We establish some further results on the mixtilinear incircles and excircles re-
lating to points on the lineOI.
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A

B C

P

P◦ Q

X

YZ

X′

Y ′

Z′

S′

O

A′

B′

C′

Figure 12.

Theorem 16. The line OI is the locus of P whose circumcevian triangle with
respect to A1B1C1 is perspective with XY Z .

Proof. We first show thatD = B1Y ∩C1Z lies on the lineAA1. Applying Pascal’s
Theorem to the six pointsZ, B1, B2, Y , C1, C2 on the circumcircle, the points
D = B1Y ∩C1Z, I = B2Y ∩C2Z, andB1C2 ∩B2C1 are collinear. SinceB1C2

andB2C1 are parallel to the bisectorAA1, it follows thatD lies onAA1. See
Figure 13.

Now, if E = C1Z∩A1X andF = A1X∩B1Y , the triangleDEF is perspective
with A1B1C1 at I. Equivalently,A1B1C1 is the circumcevian triangle ofI with
respect to triangleDEF . TriangleXY Z is formed by the second intersections
of the circumcircle ofA1B1C1 with the side lines ofDEF . By Theorem 14, the
locus ofP whose circumcevian triangle with respect toA1B1C1 is perspective
with XY Z is a line throughI. This is indeed the lineIO, sinceO is one such
point. (The circumcevian triangle ofO with respect toA1B1C1 is perspective with
XY Z at I). �

Remark. If P dividesOI in the ratioOP : PI = t : 1 − t, then the perspectorQ
divides the same segment in the ratioOQ : QI = (1 + t)R : −2tr. In particular,
if P = ins((O), (I)), this perspector isT , the homothetic center of the excentral
and intouch triangles.

Corollary 17. The line OI is the locus of Q whose circumcevian triangle with
respect to A1B1C1 (or XY Z) is perspective with DEF .

Proposition 18. The triangle A2B2C2 is perspective
(1) with XY Z at the incenter I ,
(2) with X′Y ′Z ′ at the centroid of the excentral triangle.
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A

B C

Oc

I

Ob

A1

D

C1

B1

Z

Y
A2

B2

C2

Figure 13.

Proof. (1) follows from Lemma 6(b).
(2) Referring to Figure 7, the excenterIa is the midpointBaCa. ThereforeX′Ia

is a median of triangleX′BaCa, and it intersectsB2C2 at its midpointX′′. Since
A2B2IaC2 is a parallelogram,A2, X ′, X ′′ andIa are collinear. In other words, the
line A2X

′ contains a median, hence the centroid, of the excentral triangle. So do
B2Y

′ andC2Z. �

LetA7 be the second intersection of the circumcircle with the line�a, the radical
axis of the mixtilinear incircles(Ob) and(Oc). Similarly defineB7 andC7. See
Figure 14.

Theorem 19. The triangles A7B7C7 and XY Z are perspective at a point on the
line OI .

Remark. This point dividesOI in the ratio4R − r : −4r and has homogeneous
barycentric coordinates(

a(b + c− 5a)
b + c− a

:
b(c + a− 5b)
c + a− b

:
c(a + b− 5c)
a + b− c

)
.

7. Summary

We summarize the triangle centers on theOI-line associated with mixtilinear
incircles and excircles by listing, for various values oft, the points which divide
OI in the ratioR : tr. The last column gives the indexing of the triangle centers in
[2, 3].



On mixtilinear incircles and excircles 15

O

A

B C

X

Oa

Oc

Z

Y

Ob

A1

C1

B1

A7

B7

C7

J

Figure 14.

t first barycentric coordinate Xn

1 a2(s − a) ins((O), (I)) X55

perspector ofABC andX′Y ′Z ′
perspector ofABC andA5B5C5

−1 a2

s−a exs((O), (I)) X56

perspector ofABC andXY Z
perspector ofABC andA6B6C6

− 2R
2R+r

a
s−a homothetic center of excentral X57

and intouch triangles
−1

2 a2(b2 + c2 − a2 − 4bc) radical center of mixtilinear X999

incircles
1
4 a2(b2 + c2 − a2 + 8bc) center of Apollonian circle of

mixtilinear incircles
−4R−r

2r a2f(a, b, c) radical center of mixtilinear
excircles

−4R+r
4r a2g(a, b, c) center of Apollonian circle of

mixtilinear excircles
−4R

r a(3a2 − 2a(b + c) − (b− c)2) centroid of excentral triangle X165

− 4R
4R−r

a(b+c−5a)
b+c−a perspector ofA7B7C7 andXY Z

The functionsf andg are given by



16 K. L. Nguyen and J. C. Salazar

f(a, b, c) =a4 − 2a3(b + c) + 10a2bc + 2a(b + c)(b2 − 4bc + c2)

− (b− c)2(b2 + 4bc + c2),

g(a, b, c) =a5 − a4(b + c) − 2a3(b2 − bc + c2) + 2a2(b + c)(b2 − 5bc + c2)

+ a(b4 − 2b3c + 18b2c2 − 2bc3 + c4) − (b− c)2(b + c)(b2 − 8bc + c2).
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A Conic Associated with Euler Lines

Juan Rodr´ıguez, Paula Manuel, and Paulo Semi˜ao

Abstract. We study the locus of a pointC for which the Euler line of triangle
ABC with givenA andB has a given slopem. This is a conic throughA and
B, and with center (if it exists) at the midpoint ofAB. The main properties of
such an Euler conic are described. We also give a construction of a pointC for
which triangleABC, with A andB fixed, has a prescribed Euler line.

1. The Euler conic

Given two pointsA andB and a real numberm, we study the locus of a point
C for which the Euler line of triangleABC has slopem. We show that this locus
is a conic throughA andB. Without loss of generality, we assume a Cartesian
coordinate system in which

A = (−1, 0) and B = (1, 0),

and writeC = (x, y). The centroidG and the orthocenterH of a triangle can be
determined from the coordinates of its vertices. They are the points

G =
(x

3
,
y

3

)
and H =

(
x,

−x2 + 1
y

)
. (1)

See, for example, [2]. The vector

−−→
GH =

(
2x
3

,
−3x2 − y2 + 3

3y

)
, (2)

is parallel to the Euler line. When the Euler line is not vertical, its slope is given
by:

m =
−3x2 − y2 + 3

2xy
, x, y �= 0.

Therefore, the coordinates of the vertexC satisfy the equation

3x2 + 2mxy + y2 = 3. (3)

Publication Date: January 24, 2006. Communicating Editor: Paul Yiu.
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This clearly represents a conic. We call this the Euler conic associated withA, B
and slopem. It clearly has center at the origin, the midpointM of AB. Its axes
are the eigenvectors of the matrix(

3 m
m 1

)
.

The characteristic polynomial beingλ2 − 4λ − (m2 − 3), its eigenvectors with
corresponding eigenvalues are as follows.

eigenvector eigenvalue

(
√

m2 + 1 + 1, m) 2 +
√

m2 + 1
(
√

m2 + 1 − 1, −m) 2 −√
m2 + 1

Thus, equation (3) can be rewritten in the form
(1) (mx + y)2 = 3, if m = ±√

3, or
(2) (2+

√
m2 + 1)(x cos α− y sin α)2 +(2−√

m2 + 1)(x sin α+ y cos α)2 = 3,
if m �= ±√

3, where

cos α =

√√
m2 + 1 + 1
2
√

m2 + 1
, sinα =

√√
m2 + 1 − 1
2
√

m2 + 1
.

Remarks. (1) The pairs(±1, 0) are always solutions of (3) and correspond to the
singular cases in which the vertexC coincides, respectively, withA or B, and
consequently, it is not possible to define the triangleABC.

(2) The pairs
(
0,±√

3
)

are also solutions of (3) and correspond to the trivial case
when the triangleABC is equilateral. In this case, the centroid, the orthocenter,
and the circumcenter coincide.

2. Classification of the Euler conic

The Euler conic is an ellipse or a hyperbola according asm2 < 3 or m2 > 3. It
degenerates into a pair of straight lines whenm2 = 3.

Proposition 1. Suppose m2 < 3. The Euler conic is an ellipse with eccentricity

ε =

√
2
√

m2 + 1√
m2 + 1 + 2

.

The foci are the points

±

−sgn(m) ·

√
3(
√

m2 + 1 − 1)
3 − m2

,

√
3(
√

m2 + 1 + 1)
3 − m2


 ,

where sgn(m) = +1, 0, or −1 according as m >, =, or < 0.

Figure 1 shows the Euler ellipse form = 3
4 , a triangleABC with C on the

ellipse, and its Euler line of slopem.
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M
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C

O

H

Figure 1

Proposition 2. Suppose m2 > 3. The Euler conic is a hyperbola with eccentricity

ε =

√
2
√

m2 + 1√
m2 + 1 − 2

.

The foci are the points

±

sgn(m) ·

√
3(
√

m2 + 1 + 1)
m2 − 3

,

√
3(
√

m2 + 1 − 1)
m2 − 3


 ,

where sgn(m) = +1 or −1 according as m > 0 or < 0. The asymptotes are the
lines

y = (−m ±
√

m2 − 3)x.

Figure 2 shows the Euler hyperbola form = 12
5 , a triangleABC with C on the

hyperbola, and its Euler line of slopem.
When|m| =

√
3, the Euler conic degenerates into a pair of parallel lines, whose

equations are:
y = −mx ±

√
3.

Examples of triangles form =
√

3 are shown in Figures 3A and 3B, and for
m = −√

3 in Figures 4A and 4B.

Corollary 3. The slope of the Euler line of the triangle ABC is

m = ±
√

3,

if and only if, one of angles A and B is 60◦ or 120◦.
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3. Triangles with given Euler line

In this section we find the cartesian coordinates of the third vertexC in order
that a given line be the Euler line of the triangleABC with verticesA = (−1, 0)
andB = (1, 0).

Lemma 4. The Euler line of triangle ABC is perpendicular to AB if and only if
AB = AC . In this case, the Euler line is the perpendicular bisector of AB.

We shall henceforth assume that the Euler line is not perpendicular toAB. It
therefore has an equation of the form

y = mx + k.

The circumcenter is the intersection of the Euler line with the linex = 0, the
perpendicular bisector ofAB. It is the pointO = (0, k). The circumcircle is

x2 + (y − k)2 = k2 + 1

or
x2 + y2 − 2ky − 1 = 0. (4)

Let M be the midpoint ofAB; it is the origin of the Cartesian system. IfG is
the centroid, the vertexC is such thatMC : MG = 3 : 1. SinceG lies on the line
y = mx + k, C lies on the liney = mx + 3k. It can therefore be constructed as
the intersection of this line with the circle (4).

O

A B

G

G′

M

C′

H′

C

H

y = mx + k

y = mx + 3k

Figure 5
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Proposition 5. The number of points C for which triangle ABC has Euler line
y = mx + k is 0, 1, or 2 according as (m2 − 3)(k2 + 1) <, =, or > −4.

In the hyperbolic and degenerate casesm2 ≥ 3, there are always two such
triangles. In the elliptic case,m2 < 3. There are two such triangles if and only if
k2 < m2+1

3−m2 .

Corollary 6. For m2 < 3 and k = ±
√

m2+1
3−m2 , there is a unique triangle ABC

whose Euler line is the line y = mx + k. The lines y = mx + 3k are tangent to
the Euler ellipse (3) at the points

±
(

−2m√
(m2 + 1)(3 − m2)

,
3 + m2√

(m2 + 1)(3 − m2)

)
.

Figure 6 shows the configuration corresponding tok =
√

m2+1
3−m2 . The other one

can be obtained by reflection inM , the midpoint ofAB.

M
A B

C

O

H

Figure 6
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A Note on the Droz-Farny Theorem

Charles Thas

Abstract. We give a simple characterization of the Droz-Farny pairs of lines
through a point of the plane.

In [3] J-P. Erhmann and F. van Lamoen prove a projective generalization of the
Droz-Farny line theorem. They say that a pair of lines(l, l′) is apair of DF-lines
through a point P with respect to a given triangle ABC if they intercept the line
BC in the pointsX andX′, CA in Y andY ′, andAB in Z andZ′ in such a way
that the midpoints of the segmentsXX′, Y Y ′, andZZ ′ are collinear. They then
prove that(l, l′) is a pair of DF-lines if and only ifl and l′ are tangent lines of a
parabola inscribed inABC (see also [5]). Thus, the DF-lines throughP are the
pairs of conjugate lines in the involutionI determined by the lines throughP that
are tangent to the parabolas of the pencil of parabolas inscribed inABC. Through
a general pointP , there passes just one orthogonal pair of DF-lines with respect to
ABC; call this pair the ODF-lines through P with respect toABC.

Considering the tangent lines throughP at the three degenerate inscribed parabo-
las ofABC, it also follows that (PA, line throughP parallel withBC), (PB, line
parallel throughP with CA), and (PC, line parallel throughP with AB), are three
conjugate pairs of lines of the involutionI.

Recall that the medial triangleA′B′C ′ of ABC is the triangle whose vertices
are the midpoints ofBC,CA, andAB, and that the anticomplementary triangle
A′′B′′C ′′ of ABC is the triangle whose medial triangle isABC ([4]).

Theorem. A pair (l, l′) of lines is a pair of DF-lines through P with respect to
ABC , if and only if (l, l′) is a pair of conjugate diameters of the conic CP with
center P , circumscribed at the anticomplementary triangle A′′B′′C ′′ of ABC . In
particular, the ODF-lines through P are the axes of this conic.

Proof. SinceA is the midpoint ofB′′C ′′, andB′′C ′′ is parallel withBC, it follows
immediately thatPA, and the line throughP , parallel withBC, are conjugate
diameters of the conicCP . In the same way,PB and the line throughP parallel
with CA (and PC and the line troughP parallel with AB) are also conjugate

Publication Date: January 30, 2006. Communicating Editor: J. Chris Fisher.
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diameters ofCP . Since two pairs of corresponding lines determine an involution,
this completes the proof. �

Remark that the orthocenterH of ABC is the center of the circumcircle of the
anticomplementary triangleA′′B′′C ′′. Since any two orthogonal diameters of a
circle are conjugate, we find by this special case the classical Droz-Farny theorem:
Perpendicular lines throughH are DF-pairs with respect to triangleABC.

As a corollary of this theorem, we can characterize the axes of any circumscribed
ellipse or hyperbola ofABC as the ODF-lines through its center with regard to the
medial triangleA′B′C ′ of ABC. And in the same way we can construct the axes
of any circumscribed ellipse or hyperbola of any triangle, associated withABC.

Examples

1. The Jerabek hyperbola ofABC (the isogonal conjugate of the Euler line of
ABC) is the rectangular hyperbola throughA,B,C, the orthocenterH, the cir-
cumcenterO and the Lemoine (or symmedian) pointK of ABC, and its center is
Kimberling centerX125 with trilinear coordinates(bc(b2+c2−a2)(b2−c2)2, .., ..),
which is a point of the nine-point circle ofABC (the center of any circumscribed
rectangular hyperbola is on the nine-point circle). The axes of this hyperbola are
the ODF-lines throughX125, with respect to the medial triangleA′B′C ′ of ABC.

2. The Kiepert hyperbola ofABC is the rectangular hyperbola throughA,B,C,H,
the centroidG of ABC, and through the Spieker center (the incenter of the medial
triangle ofABC). It has centerX115 with trilinear coordinates(bc(b2 − c2)2, .., ..)
on the nine-point circle. Its axes are the ODF-lines throughX115 with respect to
the medial triangleA′B′C ′.

3. The Steiner ellipse ofABC is the circumscribed ellipse with center the centroid
G of ABC. It is homothetic to (and has the same axes of) the Steiner ellipses of the
medial triangleA′B′C ′ and of the anticomplementary triangleA′′B′′C ′′ of ABC.
These axes are the ODF-lines throughG with respect toABC (and toA′B′C ′, and
to A′′B′′C ′′).

4. The Feuerbach hyperbola is the rectangular hyperbola throughA,B,C,H, the
incenterI of ABC, the Mittenpunkt (the symmedian point of the excentral triangle
IAIBIC , whereIA, IB , IC are the excenters ofABC), with center the Feuerbach
point F (at which the incircle and the nine-point circle are tangent; trilinear coor-
dinates(bc(b − c)2(b + c − a), .., ..)) . Its axes are the ODF-lines throughF , with
respect to the medial triangleA′B′C ′ of ABC.

5. The Stammler hyperbola ofABC has trilinear equation

(b2 − c2)x2
1 + (c2 − a2)x2

2 + (a2 − b2)x2
3 = 0.

It is the rectangular hyperbola through the incenterI, the excentersIA, IB , IC , the
circumcenterO, and the symmedian pointK. It is also the Feuerbach hyperbola of
the tangential triangle ofABC, and its center is the focus of the Kiepert parabola
(inscribed parabola with directrix the Euler line ofABC), which is Kimberling
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centerX110 with trilinear coordinates( a
b2−c2

, .., ..), on the circumcircle ofABC,
which is the nine-point circle of the excentral triangleIAIBIC . The axes of this
Stammler hyperbola are the ODF-lines throughX110, with regard to the medial
triangle ofIAIBIC .

Remark that centerX110 is the fourth common point (apart fromA,B, andC)
of the conic throughA,B,C, and with center the symmedian pointK of ABC,
which has trilinear equation

a(−a2 + b2 + c2)x2x3 + b(a2 − b2 + c2)x3x1 + c(a2 + b2 − c2)x1x2 = 0,

and the circumcircle ofABC.

6. The conic with trilinear equation

a2(b2 − c2)x2
1 + b2(c2 − a2)x2

2 + c2(a2 − b2)x2
3 = 0

is the rectangular hyperbola through the incenterI, through the excentersIA, IB , IC ,
and through the centroidG of ABC. It is also circumscribed to the anticomple-
mentary triangleA′′B′′C ′′ (recall that the trilinear coordinates ofA′′, B′′, andC ′′
are(−bc, ac, ab), (bc,−ac, ab), and(bc, ac,−ab), respectively). Its center is the
Steiner pointX99 with trilinear coordinates( bc

b2−c2
, ca

c2−a2 , ab
a2−b2

), a point of inter-
section of the Steiner ellipse and the circumcircle ofABC.

Remark that the circumcircle ofABC is the nine-point circle ofA′′B′′C ′′ and
also ofIAIBIC . It follows that the axes of this hyperbola, which is often called the
Wallace or the Steiner hyperbola, are the ODF-lines through the Steiner pointX99

with regard toABC, and also with regard to the medial triangle of the excentral
triangleIAIBIC .

Remarks. (1) A biographical note on Arnold Droz-Farny can be found in [1].
(2) A generalization of the Droz-Farny theorem in the three-dimensional Eu-

clidean space was given in an article by J. Bilo [2].
(3) Finally, we give a construction for the ODF-lines through a pointP with

respect to the triangleABC, i.e., for the orthogonal conjugate pair of lines through
P of the involutionI in the pencil of lines throughP , determined by the conjugate
pairs (PA, line la throughP parallel toBC) and (PB, line lb throughP parallel
to CA): intersect a circleC throughP with these conjugate pairs:

C ∩ PA = Q, C ∩ la = Q′,
C ∩ PB = R, C ∩ lb = R′,

then(Q,Q′) and(R,R′) determine an involutionI′ onC, with centerQQ′∩RR′ =
T . Each line throughT intersect the circleC in two conjugate points ofI′. In par-
ticular, the line throughT and through the center ofC intersectsC in two points
S andS′, such thatPS andPS′ are the orthogonal conjugate pair of lines of the
involution I.
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On the Cyclic Complex of a Cyclic Quadrilateral

Paris Pamfilos

Abstract. To every cyclic quadrilateral corresponds naturally a complex of six-
teen cyclic quadrilaterals. The radical axes of the various pairs of circumcircles,
the various circumcenters and anticenters combine to interesting configurations.
Here are studied some of these, considered to be basic in the study of the whole
complex.

1. Introduction

Consider a generic convex cyclic quadrilateralq = ABCD. Here we consider a
simple figure, resulting by constructing other quadrangles on the sides of q, similar
to q. This construction was used in a recent simple proof, of the minimal area
property of cyclic quadrilaterals, by Antreas Varverakis [1]. It seems though that
the figure is interesting for its own. The principle is to construct the quadrilateral
q′ = CDEF , on a side of and similar toq, but with reversed orientation.

A B

C
D

E F G

H

I
J

K

L

Figure 1. CDEF : top-flank ofABCD

The sides of the new align with those of the old. Besides, repeating the proce-
dure three more times with the other sides ofq, gives the previous basic Figure
1. For convenience I call the quadrilaterals: top-flankt = CDEF , right-flank
r = CGHB, bottom-flankb = BIJA and left-flankl = DKLA of q respec-
tively. In addition to thesemain flanks, there are some other flanks, created by the
extensions of the sides ofq and the extensions of sides of its four main flanks. Later
create thebig flank denoted below byq∗. To spare words, I drew in Figure 2 these
sixteen quadrilaterals together with their names. All these quadrilaterals are cyclic
and share the same angles withq. In general, though, only the main flanks are sim-
ilar to q. More precisely, from their construction, flanksl, r are homothetic,t, b are
also homothetic and two adjacent flanks, liker, t are antihomothetic with respect
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to their common vertex, hereC. The symbol in braces,{rt}, will denote the cir-
cumcircle, the symbol in parentheses,(rt), will denote the circumcenter, and the
symbol in brackets,[rt], will denote the anticenter of the corresponding flank. Fi-
nally, a pair of symbols in parentheses, like(rt, rb), will denote the radical axis of
the circumcircles of the corresponding flanks. I call this figure thecyclic complex
associated to the cyclic quadrilateral.

ql r

t

b
q*

rtlt

lb rb

ltr

lqr

lbr

tlb tqb trb

Figure 2. The cyclic complex ofq

2. Radical Axes

By taking all pairs of circles, the total number of radical axes, involved, appears
to be 120. Not all of them are different though. The various sides are radical axes
of appropriate pairs of circles and there are lots of coincidences. For example the
radical axes(t, rt) = (q, r) = (b, rb) = (tqb, rqb) coincide with lineBC. The
same happens with every side out of the eight involved in the complex. Each side
coincides with the radical axis of four pairs of circles of the complex. In order to
study other identifications of radical axes we need the following:

G

J

D
X

Y

Z

U

V

W
X*

U*

B

Figure 3. Intersections of lines of the complex
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Lemma 1. Referring to Figure 3, points X,U are intersections of opposite sides
of q. U∗,X∗ are intersections of opposite sides of q∗. V,W, Y,Z are intersections
of opposite sides of other flanks of the complex. Points X,Y,Z and U, V,W are
aligned on two parallel lines.

The proof is a trivial consequence of the similarity of opposite located main
flanks. Thus,l, r are similar and their similarity center isX. Analogouslyt, b
are similar and their similarity center isU . Besides trianglesXDY , V DU are
anti-homothetic with respect toD and trianglesXGZ, WJU are similar to the
previous two and also anti-homothetic with respect toB. This implies easily the
properties of the lemma.

G

J

D

X Y Z

U V W

B
{lbr}

{b}

{rb}

Figure 4. Other radical axes

Proposition 2. The following lines are common radical axes of the circle pairs:
(1) Line XX∗ coincides with (lt, lb) = (t, b) = (rt, rb) = (ltr, lbr).
(2) Line UU∗ coincides with (lt, rt) = (l, r) = (lb, rb) = (tlb, trb).
(3) Line XY Z coincides with (lbr, b) = (lqr, q) = (ltr, t) = (q∗, tqb).
(4) Line UV W coincides with (tlb, l) = (tqb, q) = (trb, r) = (q∗, lqr).

Referring to Figure 4, I show that lineXY Z is identical with(lbr, b). Indeed,
from the intersection of the two circles{lbr} and{b} with circle {rb} we see that
Z is on their radical axis. Similarly, from the intersection of these two circles with
{lb} we see thatY is on their radical axis. Hence lineZY X coincides with the
radical axis(lbr, b). The other statements are proved analogously.

3. Centers

The centers of the cyclic complex form various parallelograms. The first of the
next two figures shows the centers of the small flanks, and certain parallelograms
created by them. Namely those that have sides the medial lines of the sides of
the flanks. The second gives a panorama of all the sixteen centers together with a
parallelogramic pattern created by them.
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Figure 5. Panorama of centers of flanks

Proposition 3. Referring to Figure 5, the centers of the flanks build equal parallel-
ograms with parallel sides: (lt)(t)(tqb)(tlb), (ltr)(rt)(trb)(q∗), (l)(q)(b)(rb) and
(lqr)(r)(rb)(lbr). The parallelogramic pattern is symmetric with respect to the
middle M of segment (q)(q∗) and the centers (tqb), (q), (q∗), (lqr) are collinear.

The proof of the various parallelities is a consequence of the coincidences of
radical axes. For example, in the first figure, sides(t)(rt), (q)(r), (b)(rb) are
parallel because, all, are orthogonal to the corresponding radical axis, coinciding
with line BC. In the second figure(lt)(t), (tlb)(tqb), (l)(q), (rb)(b) are all or-
thogonal to AD. Similarly(ltr)(rt), (q∗)(trb), (lqr)(r), (lbr)(rb) are orthogonal
to A∗D∗. The parallelity of the other sides is proved analogously. The equal-
ity of the parallelograms results by considering other implied parallelograms, as,
for example,(rb)(b)(t)(lt), implying the equality of horizontal sides of the two
left parallelograms. Since the labeling is arbitrary, any main flank can be con-
sidered to be the left flank of the complex, and the previous remarks imply that
all parallelograms shown are equal. An importand case, in the second figure, is
that of the collinearity of the centers(tqb), (q), (q∗), (lqr). Both lines(tqb)(q) and
(q∗)(lqr) are orthogonal to the axisXY Z of the previous paragraph.(tqb)(q∗) is
orthogonal to the axisUV W , which, after lemma-1, is parallel toXY Z, hence
the collinearity. In addition, from the parallelograms, follows that the lengths are
equal:|(tqb)(q)|=|(q∗)(lqr)|. The symmetry aboutM is a simple consequence of
the previous considerations.

There are other interesting quadrilaterals with vertices at the centers of the
flanks, related directly toq. For example the next proposition relates the cen-
ters of the main flanks to the anticenter of the original quadrilateralq. Recall that
theanticenter is the symmetric of the circumcenter with respect to the centroid of
the quadrilateral. Characteristically it is the common intersection point of the or-
thogonals from the middles of the sides to their opposites. Some properties of the
anticenter are discussed in Honsberger [2]. See also Court [3] and the miscelanea
(remark after Proposition 11) below.
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Figure 6. Anticenter through the flanks

Proposition 4. Referring to Figure 6, the following properties are valid:
(1) The circumcircles of adjacent main flanks are tangent at the vertices of q.
(2) The intersection point of the diagonals US, TV of the quadrilateral TSUV ,
formed by the centers of the main flanks, coincides with the anticenter M of q.
(3) The intersection point of the diagonals of the quadrilateral formed by the anti-
centers of the main flanks coincides with the circumcenter O of q.

The properties are immediate consequences of the definitions. (1) follows from
the fact that trianglesFTC andCSB are similar isosceli. To see that property
(2) is valid, consider the parallelogramsp = OY MX, p∗∗ = UXM∗∗Y and
p∗ = SY ∗M∗Y , tightly related to the anticenters ofq and its left and right flanks
(Figure 7).X,Y,X∗ andY ∗ being the middles of the respective sides. One sees
easily that trianglesUXM andMY S are similar and pointsU,M,S are aligned.
Thus the anticenterM of q lies on lineUS, passing throughQ. Analogously it
must lie also on the line joining the two other circumcenters. Thus, it coincides
with their intersection.

The last assertion follows along the same arguments, from the similarity of par-
allelogramsUX∗M∗∗X andSY M∗Y ∗ of Figure 7. O is on the lineM∗M∗∗,
which is a diagonal of the quadrangle with vertices at the anticenters of the flanks.

Proposition 5. Referring to the previous figure, the lines QM and QO are sym-
metric with respect to the bisector of angle AQD. The same is true for lines QX
and QY .

This is again obvious, since the trapeziaDAHG andCBLK are similar and in-
versely oriented with respect to the sides of the angleAQD.

Remark. One could construct further flanks, left from the left and right from the
right flank. Then repeat the procedure and continuing that way fill all the area of
the angleAQD with flanks. All these having alternatively their anticenters and
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Figure 7. AnticentersM, M∗, M∗∗ of the flanks

circumcenters on the two linesQO andQM and the centers of their sides on the
two linesOX andOY .

O

A

B

CD

U

V

S

T

Z

ϖ

φξ
φ

Z*

W W*

Figure 8. The circumscriptible quadrilateralSTUV

Proposition 6. The quadrilateral STUV , of the centers of the main flanks, is
circumscriptible, its incenter coincides with the circumcenter O of q and its radius
is r · sin(φ + ξ). r being the circumcradius of q and 2φ, 2ξ being the measures of
two angles at O viewing two opposite sides of q.

The proof follows immediately from the similarity of trianglesUAO andOBS
in Figure 8. The angleω = φ + ξ, gives for|OZ| = r · sin(ω). Z,Z∗,W,W ∗
being the projections ofO on the sides ofSTUV . Analogous formulas hold for
the other segments|OZ∗| = |OW | = |OW ∗| = r · sin(ω).

Remarks. (1) Referring to Figure 8,Z,Z∗,W,W ∗ are vertices of a cyclic quadri-
lateralq′, whose sides are parallel to those ofABCD.

(2) The distances of the vertices ofq and q′ are equal: |ZB| = |AZ∗| =
|DW | = |CW ∗| = r · cos(φ + ξ).
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(3) Given an arbitrary circumscriptible quadrilateralSTUV , one can construct
the cyclic quadrangleABCD, having centers of its flanks the vertices ofSTUV .
Simply take on the sides ofSTUV segments|ZB| = |AZ∗| = |DW | = |CW ∗|
equal to the above measure. Then it is an easy exercise to show that the circles
centered atS,U and passing fromB,C andA,D respectively, define with their
intersections on linesAB andCD the right and left flank ofABCD.

4. Anticenters

The anticenters of the cyclic complex form a parallelogramic pattern, similar to
the previous one for the centers. The next figure gives a panoramic view of the
sixteen anticenters (in blue), together with the centers (in red) and the centroids of
flanks (white).
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Figure 9. Anticenters of the cyclic complex

Proposition 7. Referring to Figure 9, the anticenters of the flanks build equal
parallelograms with parallel sides: [lt][t][q][l], [tlb][tqb][b][lb], [q∗][trb][rb][lbr]
and [ltr][rt][r][lqr]. The parallelogramic pattern is symmetric with respect to the
middle M of segment [q][q∗] and the anticenters [tqb], [q], [q∗], [lqr] are collinear.
Besides the angles of the parallelograms are the same with the corresponding of
the parallelogramic pattern of the centers.

The proof is similar to the one of Proposition 2. For example, segments[lt][t],
[l][q], [tlb][tqb], [lb][b], [ltr][rt], [lqr][r], [q∗][trb], [lbr][rb] are all parallel since
they are orthogonal toBC or its parallelB∗C∗.

A similar argument shows that the other sides are also parallel and also proves
the statement about the angles. To prove the equality of parallelograms one can
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Figure 10. Collinearity of[tqb], [q], [q∗], [lqr]

use again implied parallelograms, as, for example,[lt][t][tqb][tlb], which shows
the equality of horizontal sides of the two left parallelograms. The details can be
completed as in Proposition 2. The only point where another kind of argument is
needed is the collinearity assertion. For this, in view of the parallelities proven
so far, it suffices to show that points[q], [lqr], [tqb] are collinear. Figure 10 shows
how this can be done.G,F,E,H, I, J are middles of sides of flanks, related to the
definition of the three anticenters under consideration. It suffices to calculate the
ratios and show that|EF |/|EG| = |JI|/|JH|. I omit the calculations.

5. Miscelanea

Here I will mention only a few consequences of the previous considerations and
some supplementary properties of the complex, giving short hints for their proofs
or simply figures that serve as hints.

A B

CD

Figure 11. Barycenters of the flanks
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Proposition 8. The barycenters of the flanks build the pattern of equal parallelo-
grams of Figure 11.

Indeed, this is a consequence of the corresponding results for centers and anti-
centers of the flanks and the fact thatlinear combinations of parallelogramsci =
(1−t)ai+tbi, whereai, bj denote the vertices of parallelograms, are again parallel-
ograms. Heret = 1/2, since the corresponding barycenter is the middle between
center and anticenter. The equality of the parallelograms follows from the equality
of corresponding parallelograms of centers and anticenters.

[x](x)

c=((x)+[x])/2

Figure 12. Linear combinations of parallelograms

Proposition 9. Referring to Figure 13, the centers of the sides of the main flanks
are aligned as shown and the corresponding lines intersect at the outer diagonal
of q i.e. the line joining the intersection points of opposite sides of q.
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Figure 13. Lines of middles of main flanks

This is due to the fact that the main flanks are antihomothetic with respect to the
vertices ofq. Thus, the parallelograms of the main flanks are homothetic to each
other and their homothety centers are aligned by three on a line. Later assertion
can be reduced to the well known one for similarity centers of three circles, by
considering the circumcircles of appropriate triangles, formed by parallel diagonals
of the four parallelograms. The alignement of the four middles along the sides of
ABCD is due to the equality of angles of cyclic quadrilaterals shown in Figure 14.

Proposition 10. Referring to Figure 15, the quadrilateral (t)(r)(b)(l) of the cen-
ters of the main flanks is symmetric to the quadrilateral of the centers of the pe-
ripheral flanks (tlb)(ltr)(trb)(lbr). The symmetry center is the middle of the line
of (q)(q∗).
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Figure 15. Symmetric quadrilaterals of centers

There is also the corresponding sort of dual for the anticenters, resulting by
replacing the symbols(x) with [x]:

Proposition 11. Referring to Figure 16, the quadrilateral [t][r][b][l] of the anticen-
ters of the main flanks is symmetric to the quadrilateral of the anticenters of the
peripheral flanks [tlb][ltr][trb][lbr]. The symmetry center is the middle of the line
of [q][q∗].

By the way, the symmetry of center and anticenter about the barycenter leads to
a simple proof of the chararacteristic property of the anticenter. Indeed, consider
the symmetricA∗B∗C∗D∗ of q with respect to the barycenter ofq. The orthogonal
from the middle of one side ofq to the opposite one, toAD say, is also orthogonal
to its symmetricA∗D∗, which is parallel toAD (Figure 17). SinceA∗D∗ is a chord
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Figure 16. Symmetric quadrilaterals of anticenters

of the symmetric of the circumcircle, the orthogonal to its middle passes through
the corresponding circumcenter, which is the anticenter.
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Figure 17. Anticenter’s characteristic property

The following two propositions concern the radical axes of two particular pairs
of circles of the complex:
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Figure 18. Harmonic bundle of radical axes
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Proposition 12. Referring to Figure 18, the radical axes (lqr, q∗) = (q, tqb) and
(q, lqr) = (tqb, q∗). Besides the radical axes (tqb, lqr) and (q, q∗) are parallel to
the previous two and define with them a harmonic bundle of parallel lines.

Proposition 13. Referring to Figure 19, the common tangent (t, r) is parallel to
the radical axis (tlb, lbr). Analogous statements hold for the common tangents of
the other pairs of adjacent main flanks.

(r)

(t)

(tlb,lbr)

(t,r)

(tlb)

(lbr)

Figure 19. Common tangents of main flanks

6. Generalized complexes

There is a figure, similar to the cyclic complex, resulting in another context.
Namely, when considering two arbitrary circlesa, b and two other circlesc, d tan-
gent to the first two. This is shown in Figure 20. The figure generates a complex of
quadrilaterals which I call ageneralized complex of the cyclic quadrilateral. There
are many similarities to the cyclic complex and one substantial difference, which
prepares us for the discussion in the next paragraph. The similarities are:

a

b

c

d

(a)

(d)

(b)

(c)

(r)

Figure 20. A complex similar to the cyclic one
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(1) The points of tangency of the four circles define a cyclic quadrilateralq.
(2) The centers of the circles form a circumscriptible quadrilateral with center at
the circumcenter ofq.
(3) There are defined flanks, created by the other intersection points of the sides of
q with the circles.
(4) Adjacent flanks are antihomothetic with homothety centers at the vertices ofq.
(5) The same parallelogramic patterns appear for circumcenters, anticenters and
barycenters.

Figure 21 depicts the parallelogrammic pattern for the circumcenters (in red)
and the anticenters (in blue). Thus, the properties of the complex, discussed so far,
could have been proved in this more general setting. The only difference is that the
central cyclic quadrilateralq is not similar, in general, to the flanks, created in this
way. In Figure 21, for example, the right cyclic-complex-flankr of q has been also
constructed and it is different from the flank created by the general procedure.

r(a)

(d)

(b)

(c)

Figure 21. Circumcenters and anticenters of the general complex

Having a cyclic quadrilateralq, one could use the above remarks to construct
infinite many generalized complexes (Figure 22) havingq as theircentral quadri-
lateral. In fact, start with a point,F say, on the medial line of sideAB of
q = ABCD. Join it to B, extendFB and define its intersection pointG with
the medial ofBC. JoinG with C extend and define the intersection pointH with
the medial ofCD. Finally, join H with D extend it and defineI on the medial
line of sideDA. q being cyclic, implies that there are four circles centered, corre-
spondingly, at pointsF,G,H andI, tangent at the vertices ofq, hence defining the
configuration of the previous remark.

From our discussion so far, it is clear, that thecyclic complex is a well defined
complex, uniquely distinguished between the various generalized complexes, by
the property of having its flanks similar to the original quadrilateralq.

7. The inverse problem

The inverse problem asks for the determination ofq, departing from the big flank
q∗. The answer is in the affirmative but, in general, it is not possible to constructq
by elementary means. The following lemma deals with a completion of the figure
handled in lemma-1.
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Figure 23. LinesXZY andUV W

Lemma 14. Referring to Figure 23, lines XZY and UV W are defined by the
intersection points of the opposite sides of main flanks of q. Line X∗U∗ is defined
by the intersection points of the opposite sides of q∗. The figure has the properties:
(1) Lines XZY and UV W are parallel and intersect line X∗U∗ at points S,R
trisecting segment X∗U∗.
(2) Triangles Y KX, ZCX, UCV , UAX, UIV are similar.
(3) Angles V̂ UD = ĈUX and ẐXH = ĜXU .
(4) The bisectors of angles V̂ UX, ÛXZ are respectively identical with those of
D̂UC, D̂XA.
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(5) The bisectors of the previous angles intersect orthogonaly and are parallel to
the bisectors X∗M , U∗M of angles V̂ X∗W and Ŷ U∗Z.

(1) is obvious, since linesUV W andXZY are diagonals of the parallelograms
X∗WXV and U∗Y UZ. (2) is also trivial since these triangles result from the
extension of sides of similar quadrilaterals, namelyq and its main flanks. (3) and
(4) is a consequence of (2). The orthogonality of (5) is a general property of cyclic
quadrilaterals and the parallelity is due to the fact that the angles mentioned are
opposite in parallelograms.

The lemma suggests a solution of the inverse problem: Draw from pointsR,S
two parallel lines, so that the parallelogramsX∗WXV andU∗Y UZ, with their
sides intersections, createABCD with the required properties. Next proposition
investigates a similar configuration for a general, not necessarily cyclic, quadran-
gle.
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Figure 24. Inverse problem

Proposition 15. Referring to Figure 24, consider a quadrilateral q∗ = ABCD
and trisect the segmet QR, with end-points the intersections of opposite sides
of q∗. From trisecting points U, V draw two arbitrary parallels UY, V X inter-
secting the sides of q∗ at W,T and S,X respectively. Define the parallelograms
QWZT,RSY X and through their intersections and the intersections with q∗ de-
fine the central quadrilateral q = EFNI and its flanks FEHG,FPON,NMLI, IKJE
as shown.
(1) The central quadrilateral q has angles equal to q∗. The angles of the flanks are
complementary to those of q∗.
(2) The flanks are always similar to each other, two adjacent being anti-homothetic
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with respect to their common vertex. (3) There is a particular direction of the par-
allels, for which the corresponding central quadrilateral q has side-lengths-ratio
|EF |/|FN | = |ON |/|OP |.

In fact, (1) is trivial and (2) follows from (1) and an easy calculation of the ratios
of the sides of the flanks. To prove (3) consider pointS varying on sideBC of q∗.
Define the two parallels and in particularV X by joining V to S. Thus, the two
parallels and the whole configuration, defined through them, becomes dependent
on the location of pointS on BC. For S varying onBC, a simple calculation
shows that pointsY,Z vary on two hyperbolas (red), the hyperbola containingZ
intersectingBC at pointA∗. DrawV B∗ parallel toAB, B∗ being the intersection
point withBC. As pointS moves fromA∗ towardsB∗ on segmentA∗B∗, pointZ
moves on the hyperbola fromA∗ to infinity and the cross ratior(S) = |EF |

|FN | : |ON |
|OP |

varies increasing continuously from0 to infinity. Thus, by continuity it passes
through1.

Proposition 16. Given a circular quadrilateral q∗ = A∗B∗C∗D∗ there is another
circular quadrilateral q = ABCD, whose cyclic complex has corresponding big
flank the given one.

The proof follows immediately by applying (3) of the previous proposition to
the given cyclic quadrilateralq∗. In that case, the condition of the equality of ra-
tios implies that the constructed by the proposition central quadrilateralq is similar
to the main flanks. Thus the givenq∗ is identical with the big flank ofq as required.

Remarks. (1) Figure 24 and the related Proposition 14 deserve some comments.
First, they show a way to produce a complex out of any quadrilateral, not nec-
essary a cyclic one. In particular, condition (3) of the aforementioned proposi-
tion suggests a unified approach for general quadrilaterals that produces the cyclic
complex, when applied to cyclic quadrilaterals. The suggested procedure can
be carried out as follows (Figure 25): (a) Start from the given general quadri-
lateral q = ABCD and construct the first flankABFE using the restriction
|AE|/|EF | = |BC|/|AB| = k1. (b) Use appropriate anti-homotheties centered
at the vertices ofq to transplant the flank to the other sides ofq. These are defined
inductively. More precisely, having flank-1, use the anti-homothety(B, |BC|

|FB|) to
construct flank-2BGHC. Then repeat with analogous constructions for the two
remaining flanks. It is easy to see that this procedure, applied to a cyclic quadrilat-
eral, produces its cyclic complex, and this independently from the pair of adjacent
sides ofq, defining the ratiok1. For general quadrilaterals though the complex
depends on the initial choice of sides definingk1. Thus definingk1 = |DC|/|BC|
and starting with flank-2, constructed through the condition|BG|/|GH| = k1 etc.
we land, in general, to another complex, different from the previous one. In other
words, the procedure has an element of arbitrariness, producing four complexes in
general, depending on which pair of adjacent sides ofq we start it.

(2) The second remark is about the results of Proposition 8, on the centroids
or barycenters of the various flanks. They remain valid for the complexes defined
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Figure 25. Flanks in arbitrary quadrilaterals

through the previously described procedure. The proof though has to be modified
and given more generally, since circumcenters and anticenters are not available in
the general case. The figure below shows the barycenters for a general complex,
constructed with the procedure described in (1).
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Figure 26. Barycenters for general complexes

An easy approach is to use vectors. Proposition-9, with some minor changes,
can also be carried over to the general case. I leave the details as an exercise.
(3) Although Proposition 15 gives an answer to the existence of a sort ofsoul (q)
of a given cyclic quadrilateral (q∗), a more elementary constuction of it is desir-
able. Proposition-14, in combination with the first remark, shows that even general
quadrilaterals havesouls.
(4) One is tempted to look after the soul of a soul, or, stepping inversely, the com-
plex and corresponding big flank of the big flank etc.. Several questions arise in
this context, such as (a) are there repetitions or periodicity, producing something
similar to the original after a finite number of repetitions? (b) which are the limit
points, for the sequence of souls?
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Isocubics with Concurrent Normals

Bernard Gibert

Abstract. It is well known that the tangents atA, B, C to a pivotal isocubic
concur. This paper studies the situation where the normals at the same points
concur. The case of non-pivotal isocubics is also considered.

1. Pivotal isocubics

Consider a pivotal isocubicpK = pK(Ω, P ) with pole Ω = p : q : r and
pivot P , i.e., the locus of pointM such asP , M and itsΩ−isoconjugateM∗ are
collinear. This has equation

ux(ry2 − qz2) + vy(pz2 − rx2) + wz(qx2 − py2) = 0.

It is well known that the tangents atA, B, C andP to pK, being respectively the
lines−v

q y + w
r z = 0, u

px − w
r z = 0, −u

px + v
q y = 0, concur atP∗ = p

u : q
v : r

w . 1

We characterize the pivotal cubics whose normals at the verticesA, B, C concur
at a point. These normals are the lines

nA : (SArv + (SA + SB)qw)y + (SAqw + (SC + SA)rv)z = 0,
nB : (SBru + (SA + SB)pw)x + (SBpw + (SB + SC)ru)z = 0,
nC : (SCqu + (SC + SA)pv)x + (SCpv + (SB + SC)qu)y = 0.

These three normals are concurrent if and only if

(pvw + qwu + ruv)(a2qru + b2rpv + c2pqw) = 0.

Let us denote byCΩ the circumconic with perspectorΩ, and byLΩ the line
which is theΩ−isoconjugate of the circumcircle.2 These have barycentric equa-
tions

CΩ : pyz + qzx + rxy = 0,

and

LΩ :
a2

p
x +

b2

q
y +

c2

r
z = 0.

Publication Date: February 13, 2006. Communicating Editor: Paul Yiu.
1The tangent atP , namely,u(rv2 − qw2)x+ v(pw2− ru2)y +w(qu2 −pv2)z = 0, also passes

through the same point.
2This line is also the trilinear polar of the isotomic conjugate of the isogonal conjugate ofΩ.
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Theorem 1. The pivotal cubic pK(Ω, P ) has normals at A, B, C concurrent if
and only if
(1) P lies on CΩ, equivalently, P∗ lies on the line at infinity, or
(2) P lies on LΩ, equivalently, P∗ lies on the circumcircle.

A

B
C

P

CΩ

nA nB

nC

S

E
1

E
2

nP

Figure 1. Theorem 1(1):pK with concurring normals

More precisely, in (1), the tangents atA, B, C are parallel sinceP∗ lies on the
line at infinity. Hence the normals are also parallel and “concur” atX on the line at
infinity. The cubicpK meetsCΩ at A, B, C, P and two other pointsE1, E2 lying
on the polar line ofP∗ in CΩ, i.e., the conjugate diameter of the linePP∗ in CΩ.
Obviously, the normal atP is parallel to these three normals. See Figure 1.

In (2), P ∗ lies on the circumcircle and the normals concur atX, antipode ofP∗
on the circumcircle.pK passes through the (not always real) common pointsE1,
E2 of LΩ and the circumcircle. These two points are isoconjugates. See Figure 2.

2. The orthopolar

The tangenttM at any non-singular pointM to any curve is the polar line (or
first polar) ofM with respect to the curve and naturally the normalnM at M is
the perpendicular atM to tM . For any pointM not necessarily on the curve, we
define theorthopolar of M with respect to the curve as the perpendicular atM to
the polar line ofM .

In Theorem 1(1) above, we may ask whether there are other points onpK such
that the normal passes throughX. We find that the locus of pointQ such that the
orthopolar ofQ containsX is the union of the line at infinity and the circumconic
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A

B C

P*
P

X

LΩ

nA

nB

nC

E
1 E

2

Figure 2. Theorem 1(2):pK with concurring normals

passing throughP andP∗, the isoconjugate of the linePP∗. Hence, there are no
other points on the cubic with normals passing throughX.

In Theorem 1(2), the locus of pointQ such that the orthopolar ofQ containsX
is now a circum-cubic(K) passing throughP∗ and therefore having six other (not
necessarily real) common points withpK. Figure 3 showspK(X2,X523) where
four real normals are drawn from the Tarry pointX98 to the curve.

3. Non-pivotal isocubics

Lemma 2. Let M be a point and m its trilinear polar meeting the sidelines of
ABC at U , V , W . The perpendiculars at A, B, C to the lines AU , BV , CW
concur if and only if M lies on the Thomson cubic. The locus of the point of
concurrence is the Darboux cubic.

Let us now consider a non-pivotal isocubicnK with poleΩ = p : q : r and root3

P = u : v : w. This cubic has equation :

ux(ry2 + qz2) + vy(pz2 + rx2) + wz(qx2 + py2) + kxyz = 0.

Denote bynK0 the corresponding cubic withoutxyz term,i.e.,

ux(ry2 + qz2) + vy(pz2 + rx2) + wz(qx2 + py2) = 0.

3An nK meets again the sidelines of triangleABC at three collinear pointsU , V , W lying on
the trilinear polar of the root.
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A

B
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(K)

X99 W

V

X98

nA

nB

nC tA

tC

tB

Figure 3. Theorem 1(2): Other normals topK

It can easily be seen that the tangentstA, tB, tC do not depend ofk and pass
through the feetU′, V ′, W ′ of the trilinear polar ofP∗ 4. Hence it is enough to
take the cubicnK0 to study the normals atA, B, C.

Theorem 3. The normals of nK0 at A, B, C are concurrent if and only if
(1) Ω lies on the pivotal isocubic pK1 with pole Ω1 = a2u2 : b2v2 : c2w2 and
pivot P , or
(2) P lies on the pivotal isocubic pK2 with pole Ω2 = p2

a2 : q2

b2
: r2

c2
and pivot

P2 = p
a2 : q

b2
: r

c2
.

pK1 is thepK with pivot the rootP of thenK0 which is invariant in the isocon-
jugation which swapsP and the isogonal conjugate of the isotomic conjugate of
P .

By Lemma 2, it is clear thatpK2 is theΩ−isoconjugate of the Thomson cubic.
The following table gives a selection of such cubicspK2. Each line of the table

gives a selection ofnK0(Ω,Xi) with concurring normals atA, B, C.

4In other words, these tangents form a triangle perspective toABC whose perspector isP∗. Its
vertices are the harmonic associates ofP∗.
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Cubic Ω Ω2 P2 Xi on the curve fori =
K034 X1 X2 X75 1, 2, 7, 8, 63, 75, 92, 280, 347, 1895
K184 X2 X76 X76 2, 69, 75, 76, 85, 264, 312
K099 X3 X394 X69 2, 3, 20, 63, 69, 77, 78, 271, 394

X4 X2052 X264 2, 4, 92, 253, 264, 273, 318, 342
X9 X346 X312 2, 8, 9, 78, 312, 318, 329, 346
X25 X2207 X4 4, 6, 19, 25, 33, 34, 64, 208, 393

K175 X31 X32 X1 1, 6, 19, 31, 48, 55, 56, 204, 221, 2192
K346 X32 X1501 X6 6, 25, 31, 32, 41, 184, 604, 2199

X55 X220 X8 1, 8, 9, 40, 55, 200, 219, 281
X56 X1407 X7 1, 7, 56, 57, 84, 222, 269, 278
X57 X279 X85 2, 7, 57, 77, 85, 189, 273, 279
X58 X593 X86 21, 27, 58, 81, 86, 285, 1014, 1790
X75 X1502 X561 75, 76, 304, 561, 1969

For example, all the isogonalnK0 with concurring normals must have their root
on the Thomson cubic. Similarly, all the isotomicnK0 with concurring normals
must have their root onK184 = pK(X76,X76).

Figure 4 showsnK0(X1,X75) with normals concurring atO. It is possible to
draw fromO six other (not necessarily all real) normals to the curve. The feet of
these normals lie on another circum-cubic labeled(K) in the figure.

In the special case where the non-pivotal cubic is a singular cubiccK with sin-
gularity F and rootP , the normals atA, B, C concur atF if and only if F lies on
the Darboux cubic. Furthermore, the locus ofM whose orthopolar passes through
F being also a nodal circumcubic with nodeF , there are two other points oncK
with normals passing throughF . In Figure 5,cK has singularity atO and its root
is X394. The corresponding nodal cubic passes through the pointsO, X25, X1073,
X1384, X1617. The two other normals are labelledOR andOS.
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A Characterization of the Centroid Using
June Lester’s Shape Function

Mowaffaq Hajja and Margarita Spirova

Abstract. The notion of triangle shape is used to give another proof of the fact
that if P is a point inside triangleABC and if the cevian triangle ofP is similar
to ABC in the natural order, thenP is the centroid.

Identifying the Euclidean plane with the plane of complex numbers, we define
a (non-degenerate) triangle to be any ordered triple(A,B,C) of distinct complex
numbers, and we write it asABC if no ambiguity may arise. According to this
definition, there are in general six different triangles having the same set of vertices.
We say that trianglesABC andA′B′C ′ aresimilar if

‖A − B‖ : ‖A′ − B′‖ = ‖B − C‖ : ‖B′ − C ′‖ = ‖C − A‖ : ‖C ′ − A′‖.
By the SAS similarity theorem and by the geometric interpretation of the quotient
of two complex numbers, this is equivalent to the requirement that

A − B

A − C
=

A′ − B′

A′ − C ′ .

June A. Lester called the quantity
A − B

A − C
the shape of triangle ABC and she

studied properties and applications of this shape function in great detail in [4], [5],
and [6].

In this note, we use this shape function to prove that ifP is a point inside triangle
ABC, and ifAA′, BB′, andCC ′ are the cevians throughP , then trianglesABC
andA′B′C ′ are similar if and only ifP is the centroid ofABC. This has already
appeared as Theorem 7 in [1], where three different proofs are given, and as a
problem in the Problem Section of theMathematics Magazine [2]. A generalization
to d-simplices for alld is being considered in [3].

Our proof is an easy consequence of two lemmas that may prove useful in other
contexts.

Publication Date: February 21, 2006. Communicating Editor: Paul Yiu.
The first-named author is supported by a research grant from Yarmouk University.
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Lemma 1. Let ABC be a non-degenerate triangle, and let x, y, and z be real
numbers such that

x(A − B)2 + y(B − C)2 + z(C − A)2 = 0. (1)

Then either x = y = z = 0, or xy + yz + zx > 0.

Proof. Let S = A−B
A−C be the shape ofABC. Dividing (1) by(A − C)2, we obtain

(x + y)S2 − 2yS + (y + z) = 0. (2)

SinceABC is non-degenerate,S is not real. Thus ifx + y = 0, theny = 0 and
hencex = y = z = 0. Otherwise,x + y �= 0 and the discriminant

4y2 − 4(x + y)(y + z) = −(xy + yz + zx)

of (2) is negative,i.e., xy + yz + zx > 0, as desired. �

Lemma 2. Suppose that the cevians through an interior point P of a triangle
divide the sides in the ratios u : 1 − u, v : 1 − v, and w : 1 − w. Then
(i) uvw ≤ 1

8 , with equality if and only if u = v = w = 1
2 , i.e., if and only if P is

the centroid.
(ii)

(
u − 1

2

) (
v − 1

2

)
+

(
v − 1

2

) (
w − 1

2

)
+

(
w − 1

2

) (
u − 1

2

) ≤ 0, with equality if
and only if u = v = w = 1

2 , i.e., if and only if P is the centroid.

Proof. Letuvw = p. Then using the cevian conditionuvw = (1−u)(1−v)(1−w),
we see that

p =
√

u(1 − u)
√

v(1 − v)
√

w(1 − w)

≤ u + (1 − u)
2

v + (1 − v)
2

w + (1 − w)
2

, by the AM-GM inequality

=
1
8
,

with equality if and only ifu = 1
2 , v = 1

2 , andw = 1
2 . This proves (i).

To prove (ii), note that(
u − 1

2

)(
v − 1

2

)
+

(
v − 1

2

) (
w − 1

2

)
+

(
w − 1

2

) (
u − 1

2

)

= (uv + vw + wu) − (u + v + w) +
3
4

= 2uvw − 1
4
,

becauseuvw = (1 − u)(1 − v)(1 − w). Now use (i). �

We now use Lemmas 1 and 2 and the shape function to prove the main result.

Theorem 3. Let AA′, BB′, and CC ′ be the cevians through an interior point P
of triangle ABC . Then triangles ABC and A′B′C ′ are similar if and only if P is
the centroid of ABC .
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Proof. One direction being trivial, we assume thatA′B′C ′ andABC are similar,
and we prove thatP is the centroid.

Suppose that the ceviansAA′, BB′, andCC ′ throughP divide the sidesBC,
CA, andAB in the ratiosu : 1 − u, v : 1 − v, andw : 1 − w, respectively. Since
ABC andA′B′C ′ are similar, it follows that they have equal shapes,i.e.,

A − B

A − C
=

A′ − B′

A′ − C ′ . (3)

Substituting the values

A′ = (1 − u)B + uC, B′ = (1 − v)C + vA, C ′ = (1 − w)A + wB

in (3) and simplifying, we obtain(
u − 1

2

)
(A − B)2 +

(
v − 1

2

)
(B − C)2 +

(
w − 1

2

)
(C − A)2 = 0.

By Lemma 1, eitheru = v = w = 1
2 , in which caseP is the centroid, or(

u − 1
2

)(
v − 1

2

)
+

(
v − 1

2

)(
w − 1

2

)
+

(
w − 1

2

)(
u − 1

2

)
> 0,

in which case Lemma 2(ii) is contradicted. This completes the proof. �
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The Locations of Triangle Centers

Christopher J. Bradley and Geoff C. Smith

Abstract. The orthocentroidal circle of a non-equilateral triangle has diameter
GH whereG is the centroid andH is the orthocenter. We show that the Fermat,
Gergonne and symmedian points are confined to, and range freely over the inte-
rior disk punctured at its center. The Mittenpunkt is also confined to and ranges
freely over another punctured disk, and the second Fermat point is confined to
and ranges freely over the exterior of the orthocentroidal circle. We also show
that the circumcenter, centroid and symmedian point determine the sides of the
reference triangle ABC.

1. Introduction

All results concern non-equilateral non-degenerate triangles. The orthocen-
troidal circleSGH has diameterGH, whereG is the centroid andH is the or-
thocenter of triangleABC. Euler showed [3] thatO, G andI determine the sides
a, b andc of triangleABC. HereO denotes the circumcenter andI the incenter.
Later Guinand [4] showed thatI ranges freely over the open diskDGH (the inte-
rior of SGH) punctured at the nine-point centerN . This work involved showing
that certain cubic equations have real roots. Recently Smith [9] showed that both
results can be achieved in a straightforward way; thatI can be anywhere in the
punctured disk follows from Poncelet’s porism, and a formula forIG2 means that
the position ofI in DGH enables one to write down a cubic polynomial which has
the side lengthsa, b andc as roots. As the triangleABC varies, the Euler line may
rotate and the distanceGH may change. In order to say thatI ranges freely over
all points of this punctured open disk, it is helpful to rescale by insisting that the
distanceGH is constant; this can be readily achieved by dividing by the distance
GH orOG as convenient. It is also helpful to imagine that the Euler line is fixed.

In this paper we are able to prove similar results for the symmedian (K), Fer-
mat (F ) and Gergonne (Ge) points, using the same diskDGH but punctured at its
midpoint J rather than at the nine-point centerN . We show that,O, G andK
determinea, b andc. The Morleys [8] showed thatO,G and the first Fermat point
F determine the reference triangle by using complex numbers. We are not able to
show thatO,G andGe determinea, b andc, but we conjecture that they do.

SinceI, G, Sp andNa are collinear and spaced in the ratio2 : 1 : 3 it follows
from Guinand’s theorem [4] that the Spieker center and Nagel point are confined

Publication Date: February 27, 2006. Communicating Editor: Paul Yiu.
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to, and range freely over, certain punctured open disks, and each in conjunction
with O andG determines the triangle’s sides. SinceGe, G andM are collinear
and spaced in the ratio2 : 1 it follows thatM ranges freely over the open disk on
diameterOG with its midpoint deleted. Thus we now know how each of the first
ten of Kimberling’s triangle centers [6] can vary with respect to the scaled Euler
line.

Additionally we observe that the orthocentroidal circle forms part of a coaxal
system of circles including the circumcircle, the nine-point circle and the polar
circle of the triangle. We give an areal descriptions of the orthocentroidal circle.
We show that the Feuerbach point must lie outside the circleSGH , a result fore-
shadowed by a recent internet announcement. This result, together with assertions
that the symmedian and Gergonne points (and others) must lie in or outside the
orthocentroidal disk were made in what amount to research announcements on the
Yahoo message board Hyacinthos [5] on 27th and 29th November 2004 by M. R.
Stevanovic, though his results do not yet seem to be in published form. Our results
were found in March 2005 though we were unaware of Stevanovic’s announcement
at the time.

The two Brocard points enjoy theBrocard exclusion principle. If triangleABC
is not isosceles, exactly one of the Brocard points is inDGH . If it is isosceles, then
both Brocard points lie on the circleSGH . This last result was also announced by
Stevanovic.

The fact that the (first) Fermat point must lie in the punctured diskDGH was
established by V´arilly [10] who wrote . . . this suggests that the neighborhood of
the Euler line may harbor more secrets than was previously known. We offer this
article as a verification of this remark.

We realize that some of the formulas in the subsequent analysis are a little daunt-
ing, and we have had recourse to the use of the computer algebra system DERIVE
from time to time. We have also empirically verified our geometric formulas by
testing them with the CABRI geometry package; when algebraic formulas and geo-
metric reality co-incide to 9 decimal places it gives confidence that the formulas are
correct. We recommend this technique to anyone with reason to doubt the algebra.

We suggest [1], [2] and [7] for general geometric background.

2. The orthocentroidal disk

This is the interior of the circle on diameterGH and a pointX lies in the disk
if and only if ∠GXH > π

2 . It will lie on the boundary if and only if∠GXH = π
2 .

These conditions may be combined to give

XG ·XH ≤ 0, (1)

with equality if and only ifX is on the boundary.
In what follows we initially use Cartesian vectors with origin at the circumcenter

O, withOA = x, OB = y, OC = z and, taking the circumcircle to have radius 1,
we have

|x| = |y| = |z| = 1 (2)
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and

y · z = cos 2A =
a4 + b4 + c4 − 2a2(b2 + c2)

2b2c2
(3)

with similar expressions forz · x andx · y by cyclic change ofa, b andc. This
follows from cos 2A = 2cos2A− 1 and the cosine rule.

We takeX to have position vector

ux + vy + wz
u+ v + w

,

so that the unnormalised areal co-ordinates ofX are simply(u, v,w). Now

3XG =
((v + w − 2u), (w + u− 2v), (u + v − 2w))

u+ v + w
,

not as areals, but as components in thex,y, z frame and

XH =
(v + w,w + u, u+ v)

u+ v + w
.

Multiplying by (u+ v + w)2 we find that condition (1) becomes

∑
cyclic

{(v + w − 2u)(v + w)}

+
∑
cyclic

[(w + u− 2v)(u + v) + (w + u)(u+ v − 2w)]y · z ≤ 0,

where we have used (2). The sum is taken over cyclic changes. Next, simplifying
and using (3), we obtain∑

cyclic

2(u2 + v2 + w2 − vw − wu− uv)(a2b2c2)

+
∑
cyclic

(u2 − v2 − w2 + vw)[a2(a4 + b4 + c4) − 2a4(b2 + c2)].

Dividing by (a+b+c)(b+c−a)(c+a−b)(a+b−c) the condition thatX(u, v,w)
lies in the diskDGH is

(b2 + c2 − a2)u2 + (c2 + a2 − b2)v2 + (a2 + b2 − c2)w2

−a2vw − b2wu− c2uv < 0 (4)

and the equation of the circular boundary is

SGH ≡(b2 + c2 − a2)x2 + (c2 + a2 − b2)y2 + (a2 + b2 − c2)z2
− a2yz − b2zx− c2xy = 0. (5)

The polar circle has equation

SP ≡ (b2 + c2 − a2)x2 + (c2 + a2 − b2)y2 + (a2 + b2 − c2)z2 = 0.

The circumcircle has equation

SC ≡ a2yz + b2zx+ c2xy = 0.
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The nine-point circle has equation

SN ≡(b2 + c2 − a2)x2 + (c2 + a2 − b2)y2 + (a2 + b2 − c2)z2
− 2a2yz − 2b2zx− 2c2xy = 0.

Evidently SGH − SC = SP andSN + 2SC = SP . We have established the
following result.

Theorem 1. The orthocentroidal circle forms part of a coaxal system of circles
including the circumcircle, the nine-point circle and the polar circle of the triangle.

It is possible to prove the next result by calculating thatJK < OG directly
(recall thatJ is the midpoint ofGH), but it is easier to use the equation of the
orthocentroidal circle.

Theorem 2. The symmedian point lies in the discDGH .

Proof. Substitutingu = a2, v = b2, w = c2 in the left hand side of equation (4)
we geta4b2 + b4c2 + c4a2 + b4a2 + c4b2 + a4c2 − 3a2b2c2 − a6 − b6 − c6 and
this quantity is negative for all reala, b, c excepta = b = c. This follows from the
well known inequality for non-negativel,m andn that

l3 +m3 + n3 + 3lmn ≥
∑
sym

l2m

with equality if and only ifl = m = n. �

We offer a second proof. The lineAK with areal equationc2y = b2z meets
the circumcircle ofABC atD with co-ordinates(−a2, 2b2, 2c2), with similar ex-
pressions for pointsE andF by cyclic change. The reflectionD′ of D in BC has
co-ordinates(a2, b2 +c2−a2, b2 +c2−a2) with similar expressions forE′ andF ′.
It is easy to verify that these points lie on the orthocentroidal disk by substituting
in (5) (the circle throughD′, E′ andF ′ is the Hagge circle ofK).

Let d′, e′ and f ′ denote the vector positionsD′, E′ andF ′ respectively. It is
clear that

s = (2b2 + 2c2 − a2)d′ + (2c2 + 2a2 − b2)e′ + (2a2 + 2b2 − c2)f ′

but 2b2 + 2c2 − a2 = b2 + c2 + 2bc cosA ≥ (b − c)2 > 0 and similar results
by cyclic change. Hence relative to triangleD′E′F ′ all three areal co-ordinates
of K are positive soK is in the interior of triangleD′E′F ′ and hence inside its
circumcircle. We are done.

The incenter lies inDGH . SinceIGNa are collinear andIG : GNa = 1 : 2 it
follows that Nagel’s point is outside the disk. However, it is instructive to verify
these facts by substituting relevant areal co-ordinates into equation (5), and we
invite the interested reader to do so.

Theorem 3. One Brocard point lies inDGH and the other lies outsideSGH , or
they both lie simultaneously onSGH (which happens if and only if the reference
triangle is isosceles).
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Proof. Let f(u, v,w) denote the left hand side of equation (4). One Brocard point
has unnormalised areal co-ordinates

(u, v,w) = (a2b2, b2c2, c2a2)

and the other has unnormalised areal co-ordinates

(p, q, r) = (a2c2, b2a2, c2b2),

but they have the same denominator when normalised. It follows thatf(u, v,w)
and f(p, q, r) are proportional to the powers of the Brocard points with respect
to SGH with the same constant of proportionality. If the sum of these powers is
zero we shall have established the result. This is precisely what happens when the
calculation is made. �

The fact that the Fermat point lies in the orthocentroidal disk was established
recently [10] by Várilly.

Theorem 4. Gergonne’s point lies in the orthocentroidal diskDGH .

Proof. Put u = (c + a − b)(a + b − c), v = (a + b − c)(b + c − a), w =
(b+ c− a)(c+ a− b) and the left hand side of (5) becomes

−18a2b2c2 +
∑
cyclic

(−a5(b+ c) + 4a4(b2 − bc+ b2) − 6b3c3 + 5a3(b2c+ bc2)2
)

which we want to show is negative. This is not immediately recognisable as a
known inequality, but performing the usual trick of puttinga = m+ n, b = n+ l,
c = l+m wherel,m, n > 0 we get the required inequality (after division by 8) to
be

2(m3n3 + n3l3 + l3m3) > lmn

(∑
sym

m2n

)

where the final sum is over all possible permutations andl,m, n not all equal. Now
l3(m3 + n3) > l3(m2n +mn2) and adding two similar inequalities we are done.
Equality holds if and only ifa = b = c, which is excluded. �

3. The determination of the triangle sides.

3.1. The symmedian point.We will find a cubic polynomial which has rootsa2, b2, c2

given the positions ofO,G andK.
The idea is to express the formulas forOK2, GK2 andJK2 in terms ofu =

a2 + b2 + c2, v2 = a2b2 + b2c2 + c2a2 andw3 = a2b2c2.
We first note some equations which are the result of routine calculations.

16[ABC]2 = (a+ b+ c)(b+ c− a)(c+ a− b)(a+ b− c)
=
∑
cyclic

(2a2b2 − a4) = 4v2 − u2.

It is well known that the circumradiusR satisfies the equationR = abc
4[ABC] so
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R2 =
a2b2c2

16[ABC]2
=

w3

(4v2 − u2)
.

OG2 =
1

9a2b2c2




∑

cyclic

a6


+ 3a2b2c2 −

(∑
sym

a4b2

)
R2

=
u3 + 9w3 − 4uv2

9(4v2 − u2)
=

w3

(4v2 − u2)
− u

9
= R2 − a2 + b2 + c2

9
.

By areal calculations one may obtain the formulas

OK2 =
4R2

∑
cyclic

(
a4 − a2b2

)
(a2 + b2 + c2)2

=
4w3(u2 − 3v2)
u2(4v2 − u2)

,

GK2 =

(∑
cyclic 3a4(b2 + c2)

)
− 15a2b2c2 −

(∑
cyclic a

6
)

(a2 + b2 + c2)2
=

6uv2 − u3 − 27w3

9u2
,

JK2 =OG2

(
1 − 48[ABC]2

(a2 + b2 + c2)2

)
=

4(u3 + 9w3 − 4uv2)(u2 − 3v2)
9u2(4v2 − u2)

.

The full details of the last calculation will be given when justifying (14).
Note that

OK2

JK2
=

9w3

(u3 + 9w3 − 4uv2)
or

JK2

OK2
= 1 − u(4v2 − u2)

9w3
.

We simplify expressions by puttingu = p, 4v2 − u2 = q andw3 = r. We have

OG2 =
r

q
− p

9
. (6)

Now u2 − 3v2 = −3
4(4v2 − u2) + 1

4u
2 = −3

4q + 1
4p

2 so

OK2 = 4r
(1
4p

2 − 3
4q)

p2q
=

(p2 − 3q)r
p2q

=
r

q
− 3r
p2

= r

(
1
q
− 3
p2

)
(7)

Also 6v2 − u2 = 3
2(4v2 − u2) + 1

2u
2 = 3q

2 + p2

2

GK2 =
p(3q/2 + p2/2) − 27r

9p2
=
p

18
+
q

6p
− 3r
p2

(8)

OK2

JK2
= 1 − pq

9r
(9)

We now have four quantities that are homogeneous of degree 1 ina2, b2 andc2.
These arep, q/p, r/q, r/p2 = x, y, z, s respectively, wherexs = r/p = yz. We
have (6)OG2 = z − x/9, (7) OK2 = z − 3s, (8) GK2 = x + 6y − 3s and
(9) OK2

JK2 = 1 − x/(9z) or 9zOK2 = (9z − x)JK2. Now u, v andw are known
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unambiguously and hence the equations determinea2, b2 andc2 and thereforea, b
andc.

3.2. The Fermat point.We assume thatO,G and the (first) Fermat point are given.
ThenF determines and is determined by the second Fermat pointF′ since they are
inverse inSGH . In pages 206-208 [8] the Morleys show thatO,G andF determine
triangleABC using complex numbers.

4. Filling the disk

Following [9], we fix R and r, and consider the configuration of Poncelet’s
porism for triangles. This diagram contains a fixed circumcircle, a fixed incir-
cle, and a variable triangleABC which has the given circumcircle and incircle.
Moving pointA towards the original pointB by sliding it round the circumcircle
takes us continuously through a family of triangles which are pairwise not directly
similar (by angle and orientation considerations) untilA reaches the originalB,
when the starting triangle is recovered, save that its vertices have been relabelled.
Moving through triangles by slidingA toB in this fashion we call aPoncelet cycle.

We will show shortly that forX the Fermat, Gergonne or symmedian point,
passage through a Poncelet cycle takesX round a closed path arbitrarily close
to the boundary of the orthocentroidal disk scaled to have constant diameter. By
choosing the neighbourhood of the boundary sufficiently small, it follows thatX
has winding number 1 (with suitable orientation) with respect toJ as we move
through a Poncelet cycle.

We will show that whenr approachesR/2 (as we approach the equilateral con-
figuration) a Poncelet cycle will keepX arbitrarily close to, but never reaching,J
in the scaled orthocentroidal disk. Moving the ratior/R from close to 0 to close to
1/2 induces a homotopy between the ‘large’ and ‘small’ closed paths. So the small
path also has winding number 1 with respect toJ . One might think it obvious that
every point in the scaled punctured disk must arise as a possibleX on a closed path
intermediate between a path sufficiently close to the edge and a path sufficiently
close to the deletion. There are technical difficulties for those who seek them,
since we have not eliminated the possibility of exotic paths. However, a rigorous
argument is available via complex analysis. Embed the scaled disk in the complex
plane. Letγ be an anticlockwise path (i.e. winding number+1) near the bound-
ary andδ be an anticlockwise path (winding number also 1) close to the puncture.
Suppose (for contradiction) that the complex numberz0 represents a point between
the wide pathγ and the tight pathδ which is not a possible location forX.

The function defined by1/(z− z0) is meromorphic inDGH and is analytic save
for a simple pole atz0. However by our hypothesis we have a homotopy of paths
from γ to δ which does not involvez0 being on an intermediate path. Therefore

1 =
1

2πi

∫
γ

dz

z − z0 =
1

2πi

∫
δ

dz

z − z0 = 0.

Thus1 = 0 and we have the required contradiction.
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5. Close to the edge

The areal coordinates of the incenter and the symmedian point of triangleABC
are(a, b, c) and(a2, b2, c2) respectively. We consider the mean square distance of
the vertex set to itself, weighted once by(a, b, c) and once by(a2, b2, c2). Note
thata, b, c > 0 soσ2

I , σ
2
S > 0. The GPAT [9] asserts that

σ2
I +KI2 + σ2

K = 2
abc

a+ b+ c
ab+ bc+ ca
a2 + b2 + c2

≤ 4Rr.

It follows thatSI < 2
√
Rr.

In what follows we fixR and investigate what we can achieve by choosingr to
be sufficiently small.

SinceI lies in the critical disk we haveOH > OI so

OH2 > OI2 = R2 − 2Rr.

By choosingr < R/8 say, we force9GJ2 = OH2 > 3R2/4 soGJ > R
√

3/6.
Now we have

KI

GJ
<

2
√
Rr

R
√

3/6
= 4

√
3r
R
. (10)

For anyε > 0, there isK1 > 0 so that if0 < r < K1, thenKI
GJ <

ε
2 . Observe that

we are dividing byGJ to scale the orthocentroidal disk so that it has fixed radius.
Recall that a passage round a Poncelet cycle induces a path forI in the scaled

critical disk which is a circle of Apollonius with defining pointsO andN with ratio

IO : IN = 2
√

R
R−2r . It is clear from the theory of Apollonius circles that there is

K2 > 0 such that if0 < r < K2, then1 − IJ
GJ < ε/2.

Now choosingr such that0 < r < min{R/8,K1,K2} we have

1 − IJ

GJ
<
ε

2
(11)

andSI/GJ < ε
2 so by the triangle inequality

IJ

GJ
<
KJ

GJ
+
ε

2
. (12)

Adding equations (11) and (12) and rearranging we deduce that

1 − ε < KJ

GJ
.

This shows that for sufficiently smallr, the path ofK in the scaled critical disk
(as the triangle moves through a Poncelet cycle) will be confined to a region at
mostε from the boundary. Moreover, assuming thatε < 1 the winding number of
K aboutJ will increase by1, because that it is what happens toI, andJ moves in
proximity to I.

A similar result holds for the Gergonne pointGe. This is the intersection of the
Cevians joining triangle vertices to the opposite contact point of the incircle. The
Gergonne point must therefore be inside the incircle.
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As before we consider the case thatR is fixed. NowGeI < r. We proceed as
in the argument for the symmedian point. We get a new version of equation (10)
which is

GeI

GJ
<

r

R
√

3/6
=

2r
√

3
R

(13)

For anyε > 0, there is a possibly newK1 > 0 so that if0 < r < K1, then
GeI
GJ < ε

2 . The rest of the argument proceeds unchanged.

6. Near the orthocentroidal center

6.1. The symmedian point.For the purposes of the following calculation only, we
will normalize so thatR = 1. We have

OK =
a2x + b2y + c2z
a2 + b2 + c2

so

KJ =
∑
cyclic

(
2
3
− a2

a2 + b2 + c2

)
x =

∑
cyclic(2b

2 + 2c2 − a2)x
3(a2 + b2 + c2)

=lx +my + nz

wherel,m andn can be read off.
We have

a2b2c2KJ2 =a2b2c2


l2 +m2 + n2 +

∑
cyclic

2mny · z



=(l2 +m2 + n2)(a2b2c2) +
∑
cyclic

mn(a2(a4 + b4 + c4) − 2a4(b2 + c2))

=
4P10

9(a2 + b2 + c2)2

where

P10 =
∑
cyclic

a10 − 2a8(b2 + c2) + a6(b4 + 4b2c2 + c4) − 3a4b4c2.

Now

OG2 =
1

9a2b2c2




∑

cyclic

a6


+ 3a2b2c2 −

(∑
sym

a4b2)

)


so we defineQ6 by

OG2 =
Q6

9a2b2c2
.

We have9a2b2c2OG2 = Q6 and

9a2b2c2KJ2 =
4P10

(a2 + b2 + c2)2
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so that
OG2

KJ2
=
Q6(a2 + b2 + c2)2

4P10
.

Now a computer algebra (DERIVE) aided calculation reveals that

Q6(a2 + b2 + c2) − 4P10

3(a+ b− c)(b + c− a)(c+ a− b)(a+ b+ c)
= Q6

It follows that
KJ2

OG2
= 1 − 48[ABC]2

(a2 + b2 + c2)2
. (14)

Our convenient simplification thatR = 1 can now be dropped, since the ratio on
the left hand side of (14) is dimensionless. As the triangle approaches the equilat-
eral,KJ/OG approaches 0. Therefore in the orthocentroidal disk scaled to have
diameter 1, the symmedian point approaches the centerJ of the circle.

6.2. The Gergonne point.Fix the circumcircle of a variable triangleABC. We
consider that the case thatr approachesR/2, so the triangleABC approaches (but
does not reach) the equilateral. Drop a perpendicularID toBC.

I

H

Ge

E

D

F

CB

A

XA

Figure 1

Let AD meetIH atXA. TrianglesIDXA andHAXA are similar. Whenr
approachesR/2, H approachesO soHA approachesOA = R. It follows that
IXA : XAH approaches1 : 2. Similar results hold for corresponding pointsXB

andXC .

If we rescale so that pointsO, G andH are fixed, the pointsXA, XB andXC

all converge to a pointX on IH such thatIX : XH = 1 : 2. Consider the three
raysAXA, BXB andCXC which meet at the Gergonne point of the triangle. As
ABC approaches the equilateral, these three rays become more and more like the
diagonals of a regular hexagon. In particular, if the pointsXA,XB andXC arise
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I

H

Ge

XA

XB

XC

CF

BE

AD

Figure 2

(without loss of generality) in that order on the directed lineIH, then∠XAGeXC

is approaching2π/3, and so we may take this angle to be obtuse. ThereforeGe is
inside the circle on diameterXAXC . Thus in the scaled diagramGe approachesX,
butI approachesN , soGe approaches the pointJ which dividesNH internally in
the ratio1 : 2. ThusGe converges toJ , the center of the orthocentroidal circle.

Thus the symmedian and Gergonne points are confined to the orthocentroidal
disk, make tight loops around its centerJ , as well as wide passages arbitrarily
near its boundary (as moons ofI). Neither of them can be atJ for non-equilateral
triangles (an easy exercise). By continuity we have proved the following result.

Theorem 5. Each of the Gergonne and symmedian points are confined to, and
range freely over the orthocentroidal disk punctured at its center.

6.3. The Fermat point.An analysis of areal co-ordinates reveals that the Fermat
pointF lies on the lineJK betweenJ andK, and

JF

FK
=
a2 + b2 + c2

4
√

3[ABC]
. (15)

From this it follows that as we approach the equilateral limit,F approaches the
midpoint of JK. However we have shown thatK approachesJ in the scaled
diagram, soF approachesJ .

As r approaches0 with R fixed, the area[ABC] approaches0, so in the scaled
diagramF can be made arbitrarily close toK (uniformly). It follows thatF per-
forms closed paths arbitrarily close to the boundary.
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Here is an outline of the areal algebra. The first normalized areal co-ordinate of
H is

(c2 + a2 − b2)(a2 + b2 − c2)
2b2c2 + 2c2a2 + 2a2b2 − a4 − b4 − c4

and the other co-ordinates are obtained by cyclic changes. We suppress this remark
in the rest of our explanation. SinceJ is the midpoint ofGH the first areal co-
ordinate ofJ is

a4 − 2b4 − 2c4 + b2c2 + c2a2 + a2c2

3(a+ b+ c)(b+ c− a)(c+ a− b)(a+ b− c) .
One can now calculate the areal equation of the lineJK as∑

cyclic

(b2 − c2)(a2 − b2 − bc− c2)(a2 − b2 + bc− c2)x = 0

To calculate the areal co-ordinates ofF we first assume that the reference tri-
angle has each angle less that2π/3. In this case the raysAF,BF andCF meet
at equal angles, and one can use trigonometry to obtain a formula for the areal co-
ordinates which, when expressed in terms of the reference triangle sides, turns out
to be correct for arbitrary triangles. One can either invoke the charlatan’sprinci-
ple of permanence of algebraic form, or analyze what happens when a reference
angle exceeds2π/3. In the latter event, the trigonometry involves a sign change
dependent on the region in whichF lies, but the final formula for the co-ordinates
remains unchanged. In such a case, of course, not all of the areal co-ordinates are
positive.

The unnormalized first areal co-ordinate ofF turns out to be

8
√

3a2[ABC] + 2a4 − 4b4 − 4c4 + 2a2b2 + 2a2c2 + 8b2c2.

The first areal componentKx of K is

a2

a2 + b2 + c2

and the first componentJx of J is

a4 − 2b4 − 2c4 + a2b2 + a2c2 + 4b2c2

48[ABC]2
.

Hence the first co-ordinate ofF is proportional to

8
√

3Kx[ABC](a2 + b2 + c2) + 96Jx[ABC]2.

This is linear inJx andKx, and the other co-ordinates are obtained by cyclic
change. It follows thatJ , F ,K are collinear (as is well known) but also that by the
section theorem,JF/FK is given by (15).

The Fermat point cannot be atJ in a non-equilateral triangle because the second
Fermat point is inverse to the first in the orthocentroidal circle.

We have therefore established the following result.

Theorem 6. Fermat’s point is confined to, and ranges freely over the orthocen-
troidal disk punctured at its center and the second Fermat point ranges freely over
the region external toSGH .
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7. The Feuerbach point

Let Fe denote the Feuerbach point.

Theorem 7. The pointFe is always outside the orthocentroidal circle.

Proof. Let J be the center of the orthocentroidal circle, andN be its nine-point
center. In [9] it was established that

IJ2 = OG2 − 2r
3

(R− 2r).

We haveIN = R/2 − r, IFe = r andJN = OG/2. We may apply Stewart’s
theorem to triangleJFeN with CevianJI to obtain

JF 2
e = OG2

(
2R− r
2R− 4r

)
− rR

6
. (16)

This leaves the issue in doubt so we press on.

JF 2
e = OG2 +OG2

(
3r

2R− 4r

)
− rR

6
.

Now I must lie in the orthocentroidal disk soIO/3 < OG and therefore

JF 2
e > OG

2 +
3rR(R− 2r)
18(R − 2r)

− rR

6
= OG2.

�

Corollary 8. The positions ofI and Fe reveal that the interior of the incircle
intersects bothDGH and the region external toSGH non-trivially.
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The Locations of the Brocard Points

Christopher J. Bradley and Geoff C. Smith

Abstract. We fix and scale to constant size the orthocentroidal disk of a variable
non-equilateral triangleABC. We show that the set of points of the plane which
can be either type of Brocard point consists of the interior of the orthocentroidal
disk. We give the locus of points which can arise as a Brocard point of specified
type, and describe this region and its boundary in polar terms. We show that
ABC is determined by the locations of the circumcenter, the centroid and the
Brocard points. In some circumstances the location of one Brocard point will
suffice.

1. Introduction

For geometric background we refer the reader to [1], [3] and [4]. In [2] and [5]
we demonstrated that scaling the orthocentroidal circle (on diameterGH) to have
fixed diameter and studying where other major triangle centers can lie relative to
this circle is a fruitful exercise. We now address the Brocard points. We consider
non-equilateral trianglesABC. We will have occasion to use polar co-ordinates
with origin the circumcenterO. We use the Euler line as the reference ray, with
OG of length 1. We will describe points, curves and regions by means of polar co-
ordinates(r, θ). To fix ideas, the equation of the orthocentroidal circle with center
J = (2, 0) and radius 1 is

r2 − 4r cos θ + 3 = 0. (1)

This circle is enclosed by the curve defined by

r2 − 2r(cos θ + 1) + 3 = 0. (2)

Let Γ1 denote the region enclosed by the closed curve defined by (2) forθ > 0
and (1) forθ ≤ 0. Include the boundary when using (2) but exclude it when using
(1). Delete the unique pointZ in the interior which rendersGJZ equilateral. (See
Figure 1). LetΓ2 be the reflection ofΓ1 in the Euler line. LetΓ = Γ1 ∪ Γ2 so
Γ consists of the set of points inside or on(2) for any θ, save thatG andH are
removed from the boundary and two points are deleted from the interior (the points
Z such thatGJZ is equilateral). It is easy to verify that if the points(

√
3,±π/6)

are restored toΓ, then it becomes convex, as do each ofΓ1 andΓ2 if their deleted
points are filled in.

2. The main theorem

Theorem. (a) One Brocard point ranges freely over, and is confined to, Γ1, and
the other ranges freely over, and is confined to, Γ2.
(b) The set of points which can be occupied by a Brocard point is Γ.
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O G HJ

Z

Figure 1

(c) The points which can be inhabited by either Brocard point form the open or-
thocentroidal disk.
(d) The data consisting of O, G and one of the following items determines the
sides of triangle ABC and which of the (generically) two possible orientations it
has.

(1) the locations of the Brocard points without specifying which is which;
(2) the location of one Brocard point of specified type provided that it lies in the

orthocentroidal disk;
(3) the location of one Brocard point of unspecified type outside the closed

orthocentroidal disk together with the information that the other Brocard point lies
on the same side or the other side of the Euler line;

(4) the location of a Brocard point of unspecified type on the orthocentroidal
circle.

Proof. First we gather some useful information. In [2] we established that

JK2

OG2
= 1 − 48[ABC]2

(a2 + b2 + c2)2
(3)

where[ABC] denotes the area of this triangle. It is well known [6] that

cot ω =
(a2 + b2 + c2)

4[ABC]
(4)

so
JK2

OG2
= 1 − 3 tan2 ω. (5)

The sum of the powers ofΩ andΩ′ with respect to the orthocentroidal circle
(with diameterGH) is 0. This result can be obtained by substituting the areal
co-ordinates of these points into the areal equation of this circle [2].

JΩ2 + JΩ′2 = 2OG2. (6)
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We can immediately conclude thatJΩ, JΩ′ ≤ OG
√

2.
Now start to address the loci of the Brocard points. Observe that if we specify the

locations ofO, G and the symmedian pointK (at a point within the orthocentroidal
circle), then a triangle exists which gives rise to this configuration and its sides are
determined [2]. In the subsequent discussion the pointsO andG will be fixed,
and we will be able to conjure up trianglesABC with convenient properties by
specifying the location ofK. The angleα is just the directed angle∠KOG andω
can be read off fromJK2/OG2 = 1 − 3 tan ω2.

We work with a non-equilateral triangleABC. We adopt the convention, which
seems to have majority support, that when standing atO and viewingK, the point
Ω is diagonally to the left andΩ′ diagonally to the right.

The Brocard or seven-point circle has diameterOK whereK is the symmedian
point, and the Brocard points are on this circle, and are mutual refections in the
Brocard axisOK. It is well known that the Brocard angle manifests itself as

ω = ∠KOΩ = ∠KOΩ′. (7)

As the non-equilateral triangleABC varies, we scale distances so that the length
OG is 1 and we rotate as necessary so that the reference rayOG points in a fixed
direction. Now letK be at an arbitrary point of the orthocentroidal disk withJ
deleted. Let∠KOJ = α, so∠JOΩ′ = ω − α. Viewed as a directed angle the
argument ofY in polar terms would be∠Ω′OJ = α − ω.

The positions of the Brocard points are determined by (5), (7) and the fact that
they are on the Brocard circle. Letr = OΩ = OΩ′. By the cosine rule

JΩ2 = 4 + r2 − 4r cos(ω + α) (8)

and
JΩ′2 = 4 + r2 − 4r cos(ω − α) (9)

Now add equations (8) and (9) and use (6) so that

2OG2 = 8 + 2r2 − 8r cos ω cos α.

Recalling that the lengthOG is 1 we obtain

r2 − 4r cos ω cos α + 3 = 0. (10)

We focus on the Brocard pointΩ with polar co-ordinates(r, α + ω). The other
Brocard pointΩ′ has co-ordinates(r, α − ω), but reflection symmetry in the Euler
line means that we need not study the region inhabited byΩ′ separately.

Consider the possible locations ofΩ for a specifiedα + ω. From (10) we see
that its distance from the origin ranges over the interval

2 cos ω cos α ±
√

4 cos2 ω cos2 α − 3.

This can be written

cos(α + ω) + cos(α − ω) ±
√

((cos(α + ω) + cos(α − ω))2 − 3. (11)

Next suppose thatα > 0. This expression (11) is maximized whenα = ω and
we use the plus sign. Since the product of the roots is3, we see that the minimum
distance also occurs whenα = ω and we use the minus sign.
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Let θ = ∠ΩOG for Ω on the boundary of the region under discussion, soθ =
ω+α = 2α = 2ω. Thus locus of the boundary whenθ > 0 is given by (10). Using
standard trigonometric relations this transforms to

r2 − 2r(cos θ + 1) + 3 = 0

for θ > 0. This is equation (2). Note that it follows thatΩ is on the boundary
precisely whenΩ′ is on the Euler line because the argument ofΩ′ is α − ω.

Next suppose thatα = 0. Note thatK cannot occupyJ . WhenK is on the Euler
line (soABC is isosceles) equation (10) ensures thatΩ is on the orthocentroidal
circle. Also0 < ω < π/6. Thus the points(1, 0), (

√
3, π/6) and(3, 0) do not

arise as possible locations forΩ. The endpoints of theGH interval are on the edge
of our region. The more interesting exclusion is that of(

√
3, π/6). We say that this

is a forbidden point of Ω.
Now suppose thatα < 0. This time equation (11) tells another story. The

expression is maximized (and minimized as before) whenω = 0 which is illegal.
In this region the boundary is not attained, and the pointΩ′ free to range on the
axis side of the curve defined by

r2 − 4r cos θ + 3 = 0

for θ = α < 0. Notice that this is the equation of the boundary of the orthocen-
troidal circle (1). The reflection of this last curve gives the unattained boundary of
Ω′ whenθ > 0, but it is easy to check thatr2 − 2(cos θ + 1)r + 3 = 0 encloses the
relevant orthocentroidal semicircle and so is the envelope of the places which may
be occupied by at least one Brocard point.

Moreover, our construction ensures that every point inΓ1 arises a possible loca-
tion for Ω.

We have proved (a). Then (b) follows by symmetry, and (c) is a formality.
Finally we address (d). Suppose that we are givenO,G and a Brocard pointX.

Brocard points come in two flavours. IfX is outside the open orthocentroidal disk
on the sideθ > 0, then the Brocard point must beΩ, and if θ < 0, then it must
be Ω′. If X is in the disk, we need to be told which it is. Suppose without loss
of generality we know the Brocard point isΩ. We knowJΩ so from (6) we know
JΩ′. We also knowOΩ′ = OΩ, so by intersecting two circles we determine two
candidates for the location ofΩ′. Now, if Ω is outside the closed orthocentroidal
disk then the two candidates for the location ofΩ′ are both inside the open ortho-
centroidal disk and we are stuck unless we know on which side of the Euler line
Ω′ can be found. IfΩ is on the orthocentroidal circle thenABC is isosceles and
the position ofΩ′ is known. IfΩ is in the open orthocentroidal disk then only one
of the two candidate positions forΩ′ lies inside the set of points over whichΩ′
may range so the location ofΩ′ is determined. Now the Brocard circle andO are
determined, so the antipodal pointK to O is known. However, in [2] we showed
that the triangle sides and its orientation may be recovered fromO, G andK. We
are done. �

In Figure 2, we illustrate the loci of the Brocard points for triangles with various
Brocard anglesω. These are enveloped by the curve (2). The regionΓ1 is shaded.
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O G HJ

Z

Z′

Figure 2

3. A qualitative description

We present an informal and loose qualitative description of the movements of
Ω andΩ′ as we steerK around the orthocentroidal disk. First considerK nearG,
with small positive argument. Both Brocard points are close toK, Ω just outside
andΩ′ just inside orthocentroidal circle. Now letK make one orbit, starting with
positive arguments, just inside the circle. All the timeω stays small, and the two
Brocard points nestle close toK in roughly the same configuration untilK passes
H at which point the Brocard points change roles;Ω′ dives inside the circle and
Ω moves outside. Though their paths cross, the Brocard points do not actually
meet of course. For the second half of the passage ofK just inside the circle it
is Ω which is just inside the circle andΩ′ which is just outside. When reaching
the Euler line nearG, the Brocard points park symmetrically on the circle withΩ
having positive argument.

Now moveK along the Euler line towardsJ ; the Brocard points move round the
circle, mutual reflections in the Euler line andΩ has positive argument. Triangle
ABC is isosceles. AsK approachesJ each Brocard point approaches its forbidden
point. LetK make a small swerve roundJ to rejoin the Euler line on the other
side. Suppose that the swerve is on the sideθ > 0. In this caseΩ swerves round its
forbidden point outside the circle, andΩ′ swerves inside, both points rejoining the
circle almost immediately. NowK sails along the Euler line and the three points
come close again together asK approachesH.

Next letK be at an arbitrary legal position on the Euler line. We fixOK and
increase the argument ofK. Both Brocard points also move in the same general
direction;Ω leaves the orthocentroidal disk and heads towards the boundary, and
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Ω′ chasesK. WhenK reaches a certain critical point,Ω reaches the boundary and
at the same instant,Ω′ crosses the Euler line. NowK keeps moving towardsΩ
followed byΩ′, but Ω reverses direction and plunges back towardsK. The three
points come close together asK approaches the unattainable circle boundary. The
process will unwrap asK reverses direction until it arrives back on the Euler line.

Another interesting tour whichK can take is to move with positive arguments
and starting nearG along the path defined by the following equation:

r2 − 4r cos θ + 3 + 3 tan2 θ = 0 (12)

This is the path of critical values which hasΩ moving on the boundary ofΓ1 and
Ω′ on the Euler line. NowSΩ′O is a right angle so in this particular sweep the
position ofΩ′ is the perpendicular projection on the Euler line of the position of
K. We derive (12) as follows. Take (2) and expressθ in terms ofθ/2 and multiply
through bysec2 θ

2 . NowOK = r sec θ
2 . Relabel by replacingr sec θ

2 by r and then
replacing the remaining occurence ofθ

2 by θ.
A final journey of note forK is obtained by fixing the Brocard angleω. Then

K is free to range over a circle with centerJ and radiusKJ whereKJ2 = 1 −
3 tan2 ω because of (3). The direct similarity type of trianglesOKΩ andOKΩ′
will not change, soΩ andΩ′ will each move round circles. AsK takes this circular
tour through the moduli space of directed similarity types of triangle, we make
the same journey through triangles as when a triangle vertex takes a trip round a
Neuberg circle.

4. Discussion

We can obtain an areal equation of the boundary ofΓ using the fact that one
Brocard point is on the boundary ofΓ exactly when the other is on the Euler line.
The description is therefore the union of two curves, but the pointsG andH must
be removed by special fiat.

The equation of the Euler line is

(b2+c2−a2)(b2−c2)x+(c2+a2−b2)(c2−a2)y+(a2+b2−c2)((a2−c2)z = 0.

The Brocard point(a2b2, b2c2, c2a2) lies on the Euler line if and only if

a6c2 + b6a2 + c6b2 = a4b4 + b4c4 + c4a4.

The locus of the other Brocard pointx = c2a2, y = a2b2, z = b2c2 is then given
by

x3y2 + y3z2 + z3x2 = xyz(x2 + y2 + z2).
To get the other half of the boundary we must exchange the roles ofΩ andΩ′ and
this yields

x3z2 + y3x2 + z3y2 = xyz(x2 + y2 + z2)
so the locus is a quintic in areal co-ordinates.

Equation (10) exhibits an intriguing symmetry betweenα = ∠KOG andω =
∠ΩOS which we will now explain. Suppose that we are given the locationY
of a Brocard point within the orthocentroidal circle, but not the information as to
whether the Brocard point isΩ or Ω′. If this Brocard point isΩ, we call the location



The locations of the Brocard points 77

of the other Brocard pointΩ1 and the corresponding symmedian pointK1. On the
other hand if the Brocard point atY is Ω′ we call the location of the other Brocard
point Ω2 and the corresponding symmedian pointK2. Let the respective Brocard
angles beω1 andω2.

We have two Brocard circles, so∠K2Y O = ∠K1Y O = π/2 and thereforeY
lies on the line segmentK1K2. Using equation (6) we conclude that the lengths
JΩ1 andJΩ2 are equal. AlsoOΩ1 = OY = OΩ2. ThereforeΩ1 andΩ2 are
mutual reflections in the Euler line. Now

∠Ω2OΩ1 = ∠Ω2OG + ∠GOΩ1 = 2ω1 + 2ω2.

However, the Euler line is the bisector of∠Ω2OG so∠K2OG = ω1 and∠GOK1 =
ω2. Thus in the “ω,α” description ofΩ2 which follows from equation (10), we
haveω = ω2 andα = ω1. However, exchanging the roles of left and right in the
whole discussion (the way in which we have discriminated between the first and
second Brocard points), the resulting description ofΩ1 would haveω = ω1 and
α = ω2. The symmetry in (10) is explained.

There are a pair of triangles determines by by the quadruple

(O,G,Ω,Ω′)

using the values(O,G,Ω2, Y ) and(O,G, Y,Ω1) which are linked via their com-
mon Brocard point in the orthocentroidal disk. We anticipate that there may be
interesting geometrical relationships between these pairs of non-isosceles trian-
gles.
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Archimedean Adventures

Floor van Lamoen

Abstract. We explore the arbelos to find more Archimedean circles and sev-
eral infinite families of Archimedean circles. To define these families we study
another shape introduced by Archimedes, thesalinon.

1. Preliminaries

We consider an arbelos, consisting of three semicircles(O1), (O2) and (O),
having radiir1, r2 andr = r1 + r2, mutually tangent in the pointsA, B andC as
shown in Figure 1 below.

C

D

O2 BO1A O′

E

OC

M

M1

M2

M ′

W1

W2

Figure 1. The arbelos with its Archimedean circles

It is well known that Archimedes has shown that the circles tangent to(O),
(O1) andCD and to(O), (O2) andCD respectively are congruent. Their radius is
rA = r1r2

r . See Figure 1. Thanks to [1, 2, 3] we know that these Archimedean twins
are not only twins, but that there are many more Archimedean circles to be found
in surprisingly beautiful ways. In their overview [4] Dodge et al have expanded
the collection of Archimedean circles to huge proportions, 29 individual circles
and an infinite family of Woo circles with centers on the Schoch line. Okumura
and Watanabe [6] have added a family to the collection, which all pass through
O, and have given new characterizations of the circles of Schoch and Woo.1 Re-
cently Power has added four Archimedean circles in a short note [7]. In this paper

Publication Date: March, 2006. Communicating Editor: Paul Yiu.
1The circles of Schoch and Woo often make use of tangent lines. The use of tangent lines in the

arbelos, being a curvilinear triangle, may seem surprising, its relevance is immediately apparent when
we realize that the common tangent of(O1), (O2), (O′) andC(2rA) (E in [6]) and the common
tangent of(O), (W21) and the incircle(O3) of the arbelos meet onAB.
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we introduce some new Archimedean circles and some in infinite families. The
Archimedean circles(Wn) are those appearing in [4]. New ones are labeled(Kn).

We adopt the following notations.

P (r) circle with centerP and radiusr
P (Q) circle with centerP and passing throughQ
(P ) circle with centerP and radius clear from context
(PQ) circle with diameterPQ
(PQR) circle throughP , Q, R

In the context of arbeloi, these are often interpreted as semicircles. Thus, an
arbelos consists of three semicircles(O1) = (AC), (O2) = (CB), and(O) =
(AB) on the same side of the lineAB, of radiir1, r2, andr = r1+r2. The common
tangent atC to (O1) and(O2) meets(O) in D. We shall call the semicircle(O′) =
(O1O2) (on the same side ofAB) themidway semicircle of the arbelos.

It is convenient to introduce a cartesian coordinate system, withO as origin.
Here are the coordinates of some basic points associated with the arbelos.

A (−(r1 + r2), 0) B (r1 + r2, 0) C (r1 − r2, 0)
O1 (−r2, 0) O2 (r1, 0)
M1 (−r2, r1) M2 (r1, r2) M (0, r1 + r2)
O′ ( r1−r2

2 , 0
)

M ′ ( r1−r2
2 , r1+r2

2

)
D (r1 − r2, 2

√
r1r2) E (r1 − r2,

√
r1r2)

2. New Archimedean circles

2.1. (K1) and (K2). The Archimedean circle(W8) hasC as its center and is tan-
gent to the tangentsO1K2 andO2K1 to (O1) and(O2) respectively. By symmetry
it is easy to find from these the Archimedean circles(K1) and(K2) tangent toCD,
see Figure 2. A second characterization of the pointsK1 andK2, clearly equiv-
alent, is that these are the points of intersection of(O1) and(O2) with (O′). We
note that the tangent toA(C) at the point of intersection ofA(C), (W13) and(O)
passes throughB, and is also tangent to(K1). A similar statement is true for the
tangent toB(C) at its intersection with(W14) and(O).

To prove the correctness, letT be the perpendicular foot ofK1 onAB. Then,

making use of the right triangleO1O2K1, we findO1T = r2
1

r1+r2
and thus the

radius of(K1) is equal toO1C − O1T = rA. By symmetry the radius of(K2)
equalsrA as well.

The circles(K1) and(K2) are closely related to(W13) and(W14), which are
found by intersectingA(C) andB(C) with (O) and then taking the smallest circles
through the respective points of intersection tangent toCD. The relation is clear
when we realize thatA(C), B(C) and (O) can be found by a homothety with
centerC, factor 2 applied to(O1), (O2) and(O′).
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W13

W14

C

D

O2 BO1A O′

K1

K2

(W8)
O

Figure 2. The Archimedean circles(K1) and(K2)

2.2. (K3). In private correspondence [10] about(K1) and (K2), Paul Yiu has
noted that the circle with center onCD tangent to(O) and(O′) is Archimedean.
Indeed, ifx is the radius of this circle, then we have

(r − x)2 − (r1 − r2)2 =
(r

2
+ x
)2 −

(
r1 − r2

2

)2

and that yieldsx = rA.

C

D

O2 BO1A O′

K3

OO

Figure 3. The Archimedean circle(K3)

2.3. (K4) and (K5). There is an interesting similarity between(K3) and Bankoff’s
triplet circle(W3). Recall that this is the circle that passes throughC and the points



82 F. M. van Lamoen

of tangency of(O1) and(O2) with the incircle(O3) of the arbelos.2 Just like(K3),
(W3) has its center onCD and is tangent to(O′), a fact that seems to have been
unnoted so far. The tangency can be shown by using Pythagoras’ Theorem in trian-

gleCO′W3, yielding thatO′W3 = r2
1+r2

2
2r . This leaves for the length of the radius

of (O′) beyondW3:
r

2
− r2

1 + r2
2

2r
=

r1r2
r

.

This also gives us in a simple way the new Archimedean circle(K4): the circle
tangent toAB atO and to(O′) is Archimedean by reflection of(W3) through the
perpendicular toAB in O′.

C

D

O2 BO1A O′

T3

F3 O

K4

K5

W3

Z

O3

M1

M2

M ′

Figure 4. The Archimedean circles(K4) and(K5)

Let T3 be the point of tangency of(O′) and(W3), andF3 be the perpendicular
foot of T3 onAB. Then

O′F3 =
r
2

r
2 − rA

·O′C =
(r2 − r1)r2

2(r2
1 + r2

2)
,

and from this we see thatO1F3 : F3O2 = r2
1 : r2

2, so thatO1T3 : T3O2 = r1 : r2,
and hence the angle bisector of∠O1T3O2 passes throughC. If Z is the point
of tangency of(O3) and(O) then [9, Corollary 3] shows the same for the angle
bisector of∠AZB. But this means that the pointsC, Z andT3 are collinear. This
also gives us the circle(K5) tangent to(O′) and tangent to the parallel toAB
throughZ is Archimedean by reflection of(W3) throughT3. See Figure 4.

There are many ways to find the interesting pointT3. Let me give two.
(1) LetM , M ′, M1 andM2 be the midpoints of the semicircular arcs of(O),

(O′), (O1) and(O2) respectively.T3 is the second intersection of(O′) with line
M1M

′M2, apart fromM ′. This lineM1M
′M2 is an angle bisector of the angle

formed by linesAB and the common tangent of(O), (O3) and(W21).
(2) The circle(AM1O2) intersects the semicircle(O2) at Y , and the circle

(BM2O1) intersects the semicircle(O1) atX. X andY are the points of tangency

2For simple constructions of(O3), see [9, 11].
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of (O3) with (O1) and(O2) respectively. Now, each of these circles intersects the
midway semicircle(O′) atT3. See Figure 5.

C

D

O2 BO1A O′ OC

M

M1

M2

M ′

W3

T3

X

Y

O3

Figure 5. Construction ofT3

2.4. (K6) and (K7). Consider again the circlesA(C) andB(C). The circle with
centerK6 on the radical axis ofA(C) and(O) and tangent toA(C) as well as(O′)
is the Archimedean circle(K6). This circle is easily constructed by noticing that
the common tangent ofA(C) and(K6) passes throughO2. Let T6 be the point
of tangency, thenK6 is the intersection of the mentioned radical axis andAT6.
Similarly one finds(K7). See Figure 6.

C

D

O2 BO1A O′ O

K6

K7

T6

T7

S6 S7

Figure 6. The Archimedean circles(K6) and(K7)

To prove that(K6) is indeed Archimedean, letS6 be the intersection ofAB and
the radical axis ofA(C) and(O), thenO′S6 = 2rA+ r2−r1

2 andAS6 = 2(r1−rA).
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If x is the radius of(K6), then(
r1 + r2

2
+ x

)2

−
(

2rA +
r2 − r1

2

)2

= (2r1 − x)2 − 4(r1 − rA)2

which yieldsx = rA.
For justification of the simple construction note that

cos ∠S6K6A =
AS6

AK6
=

2r1 − 2rA

2r1 − rA
=

2r1
2r1 + r2

=
AT6

AO2
= cos ∠AO2T6.

2.5. (K8) and (K9). Let A′ andB′ be the reflections ofC throughA andB re-
spectively. The circle with center onAB, tangent to the tangent fromA′ to (O2)
and to the radical axis ofA(C) and(O) is the circle(K8). Similarly we find(K9)
fromB′ and(O1) respectively.

Let x be the radius of(K8). We have

4r1 + r2
r2

=
4r1 − 2rA − x

x

implying indeed thatx = rA. And (K8) is Archimedean, while this follows for
(K9) as well by symmetry. See Figure 7.

C O2 BO1A O′ OC B′A′ K8 K9

Figure 7. The Archimedean circles(K8) and(K9)

2.6. Four more Archimedean circles from the midway semicircle. The pointsM ,
M1,M2,O,C and the point of tangency of(O) and the incircle(O3) are concyclic,
the center of their circle, themid-arc circle is M′. This circle(M ′) meets(O′)
in two pointsK10 andK11. The circles withK10 andK11 as centers and tangent
to AB are Archimedean. To see this note that the radius of(MM1M2) equals√

r2
1+r2

2
2 . Now we know the sides of triangleO′M ′K10. The altitude fromK10 has

length
√

(r2
1+4r1r2+r2

2)(r2
1+r2

2)

2r and dividesO′M ′ indeed in segments ofr
2
1+r2

2
2r and

rA. Of course by similar reasoning this holds for(K11) as well.
Now the circleM(C) meets(O) in two points. The smallest circles(K12) and

(K13) through these points tangent toAB are Archimedean as well. This can be
seen by applying homothety with centerC with factor 2 to the pointsK10 andK11.
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Figure 8. The Archimedean circles(K10), (K11), (K12) and(K13)

The image points are the points whereM(C) meets(O) and are at distance2rA
fromAB. See Figure 8.

2.7. (K14) and (K15). It is easy to see that the semicirclesA(C), B(C) and(O)
are images of(O1), (O2) and(O′) after homothety throughC with factor 2. This
shows thatA(C), B(C) and(O) have a common tangent parallel to the common
tangentd of (O1), (O2) and(O′). As a result, the circles(K14) and(K15) tangent
internally toA(C) andB(C) respectively and both tangent tod at the opposite
of (O1), (O2) and(O′), are Archimedean circles, just as is Bankoff’s quadruplet
circle (W4).

C O2 BO1A O′

E

O B′A′

K14

K15

W4

Figure 9. The Archimedean circles(K14) and(K15)

An additional property of(K14) and(K15) is that these are tangent to(O) exter-

nally. To see this note that, using linearity, the distance fromA to d equals2r2
1

r , so

AK14 = r1(2r1+r2)
r . LetF14 be the perpendicular foot ofK14 onAB. In triangle

COD we see thatCD = 2
√
r1r2 and thus by similarity ofCOD andF14AK14
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we have

K14F14 =
2
√
r1r2
r

AK14 =
2r1

√
r1r2(2r1 + r2)

r2
,

OF14 = r +
r2 − r1

r
AK14 =

r3
2 + 4r1r2

2 + 4r2
1r2 − r3

1

r2
,

and now we see thatK14F
2
14 + OF 2

14 = (r + rA)2. In the same way it is shown
(K15) is tangent to(O). See Figure 9. Note thatO1K15 passes through the point of
tangency ofd and(O2), which also lies onO1(D). We leave details to the reader.

2.8. (K16) and (K17). Apply the homothetyh(A,λ) to (O) and(O1) to get the
circles (Ω) and (Ω1). Let U(ρ) be the circle tangent to these two circles and to
CD, andU ′ the perpendicular foot ofU onAB. Then|U′Ω| = λr − 2r1 + ρ and
|U ′Ω1| = (λ − 2)r1 + ρ. Using the Pythagorean theorem in triangleUU′Ω and
UU ′Ω1 we find

(λr1 + ρ)2 − ((λ− 2)r1 + ρ)2 = (λr − ρ)2 − (λr − 2r1 + ρ)2.

This yieldsρ = rA.
By symmetry, this shows that the twin circles of Archimedes are members of a

family of Archimedean twin circles tangent toCD. In particular,(W6) and(W7)
of [4] are limiting members of this family. As special members of this family we
add (K16) as the circle tangent toC(A), B(A), andCD, and(K17) tangent to
C(B), A(B), andCD. See Figure 10.

C

D

O2 BO1A O′ OC

K16

K17

Figure 10. The Archimedean circles(K16) and(K17)
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3. Extending circles to families

There is a very simple way to turn each Archimedean circle into a member of
an infinite Archimedean family, that is by attaching to(O) a semicircle(O′′) to be
the two inner semicircles of a new arbelos. When(O′′) is chosen smartly, this new
arbelos gives Archimedean circles exactly of the same radii as Archimedean circles
of the original arbelos. By repetition this yields infinite families of Archimedean
circles. Ifr′′ is the radius of(O′′), then we must have

r1r2
r

=
rr′′

r + r′′

which yields

r′′ =
rr1r2

r2 − r1r2
,

surprisingly equal tor3, the radius of the incircle(O3) of the original arbelos, as
derived in [4] or in generalized form in [6, Theorem 1]. See Figure 11.

O′′

O3

K′
1

K′
2

C

D

O2 BO1A O′

K1

K2

O

Figure 11

Now let(O1(λ)) and(O2(λ)) be semicircles with center onAB, passing through
C and with radiiλr1 andλr2 respectively. From the reasoning of§2.7 it is clear
that the common tangent of(O1(λ)) and(O2(λ)) and the semicircles(O1(λ+1)),
(O2(λ + 1)) and(O1(λ + 1)O2(λ + 1)) enclose Archimedean circles(K14(λ)),
(K15(λ)) and(W4(λ)). The result is that we have three families. By homothety
the point of tangency of(K14(λ)) and(O1(λ + 1)) runs through a line through
C, so that the centersK14(λ) run through a line as well. This line and a similar
line containing the centers ofK15(λ) are perpendicular. This is seen best by the
well known observation that the two points of tangency of(O1) and (O2) with
their common tangent together withC andD are the vertices of a rectangle, one of
Bankoff’s surprises [2]. Of course the centersW4(λ) lie on a line perpendicular to
AB. See Figure 12.
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C O2 BO1A

O′
E

O

O1(λ)

O2(λ)O1(λ + 1) O2(λ + 1)

W4

K14(λ)

K15(λ)

W4(λ)

Figure 12

4. A family of salina

We consider another way to generalize the Archimedean circles in infinite fam-
ilies. Our method of generalization is to translate the two basic semicircles(O1)
and(O2) and build upon them a (skew)salinon. We do this in such a way that to
each arbelos there is a family of salina that accompanies it. The family of salina
and the arbelos are to have common tangents.

This we do by starting with a pointO′
t that dividesO1O2 in the ratioO1O

′
t :

O′
tO2 = t : 1− t. We create a semicircle(O′

t) = (Ot,1Ot,2) with radiusr′t = (1−
t)r1+tr2, so that it is tangent tod. This tangent passes throughE, see [6, Theorem
8], and meetsAB in N , the external center of similitude of(O1) and(O2). Then
we create semicircles(Ot,1) and (Ot,2) with radii r1 andr2 respectively. These
two semicircles have a semicircular hull(Ot) = (AtBt) and meetAB as second
points inCt,1 andCt,2 respectively. Through these we draw a semicircle(Ot,4) =
(Ct,2Ct,1) opposite to the other semicircles with respect toAB. Assumer1 < r2.
Ct,1 is on the left ofCt,2 if and only if t ≥ 1

2 . 3 In this case we call the region
bounded by the 4 semicircles thet-salinon of the arbelos. See Figure 13.

Here are the coordinates of the various points.

O′
t (tr1 + (t− 1)r2, 0)

Ot,1 ((2t− 1)r1 − r2, 0) Ot,2 (r1 + (2t− 1)r2, 0)
At ((2t− 2)r1 − r2, 0) Bt (r1 + 2tr2, 0)
Ct,1 (2tr1 − r2, 0) Ct,2 (r1 + (2t− 2)r2, 0)
Ot

((
t− 1

2

)
r, 0

)
Ot,4

(
(t+ 1

2)r1 + (t− 11
2)r2, 0

)
Ct

(
r2
1−r2

2+(2t−1)r1r2

r , 0
)

The radical axis of the circles

(O′
t) : (x− tr1 − (t− 1)r2)2 + y2 = ((1 − t)r1 + tr2)2

3If t < 1
2

we can still find valid results by drawing(Ot,4) on the same side ofAB as the other
semicircles. In this paper we will not refer to these results, as the resulting figure is not really like
Archimedes’ salinon.
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C

D

O2 BO1A

E

OC OtOt,1 Ot,2At BtCt,2 Ct,1

Ot,4 O′
tCt

Dt

Figure 13. At-salinon

and

(O′) :
(
x− r1 − r2

2

)2

+ y2 =
r2

4

is the line

�t : x =
(2t− 1)r1r2 + r2

1 − r2
2

r
.

So is the radical axis of

(O) : x2 + y2 = r2

and

(Ot) :
(
x−

(
t− 1

2

)
r

)2

+ y2 =
((

1
1
2
− t

)
r1 +

(
t+

1
2

)
r2

)2

.

On this common radical axis�t, we define points the pointsCt onAB andDt on
(O). See Figure 13.

5. Archimedean circles in the t-salinon

5.1. The twin circles of Archimedes. We can generalize the well known Adam and
Eve of the Archimedean circles to adjoint salina in the following way: The circles
Wt,1 andWt,2 tangent to both(Ot) and�t and to(O1) and(O2) respectively are
Archimedean.

This can be proven with the above coordinates: The semicirclesOt((11
2 −t)r1+

(t+ 1
2)r2 − rA)) andO1(r1 + rA) intersect in the point

Wt,1

(
(2t− 2)r1r2 + r2

1 − r2
2

r
, rA

√
(3 − 2t)(2t + 1 +

2r1
r2

)
)
,
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which lies indeedrA left of �t. Similarly we find for the intersection ofOt((11
2 −

t)r1 + (t + 1
2)r2 − rA)) andO2(r2 + rA)

Wt,2

(
r2
1 + 2r1r2t− r2

2

r
, rA

√
(2t + 1)(3 − 2t +

2r2
r1

)
)
,

which liesrA right of �t. See Figure 14.
These circles are real if and only if1

2 ≤ t ≤ 3
2 .

C

D

O2 BO1A

E

OC OtOt,1 Ot,2At BtCt,2 Ct,1

Ot,4 O′
tCt

Dt

Wt,1

Wt,2

Figure 14. The Archimedean circles(Wt,1) and(Wt,2)

Two properties of the twin circles of Archimedes can be generalized as well.
Dodge et al [4] state that the circleA(D) passes through the point of tangency of
(O2) and (W2), while Wendijk [8] and d’Ignazio and Suppa in [5, p. 236] ask
in a problem to show that the pointN2 whereO2W2 meetsCD lies onO2(A)
(reworded). We can generalize these to

• the circleA(Dt) passes through the point of tangency of(Wt,2) and(O2);
• the pointNt,2 whereO2Wt,2 meets the perpendicular toAB throughCt,1

lies onO2(A).
Of course similar properties are found forWt,1.

To verify this note thatDt has coordinates

Dt

(
r2
1 − r2

2 + (2t− 1)r1r2
r

,

√
r1r2((3 − 2t)r1 + 2r2)(2r1 + (2t + 1)r2)

r

)
,

while the point of contactR2 of (Wt,2) and(O2) is

O2 +
r2

r2 + rA
(Wt,2 −O2)

=

(
2r2

1 − r2
2 + 2tr1r2

2r1 + r2
,

√
(1 + 2t)r1r2

2((3 − 2t)r1 + 2r2)
2r1 + r2

)
.
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Straightforward verification now shows that

d(A,Dt)2 = d(A,R2)2 = 2r1(2r1 + (1 + 2t)r2).

Furthermore, we see that the pointNt,2 = O2 + 2r1+r2
r (R2 −O2) has coordinates

Nt,2 =
(
2tr1 − r2,

√
(1 + 2t)r1((3 − 2t)r1 + 2r2)

)
so that this point lies indeed onO2Wt,2, onO2(A) and on the perpendicular toAB
throughCt,1.

5.2. (Wt,3). Consider the circle throughC tangent to(O′
t) and with center on

CtDt. Whenu is the radius of this circle we have

(r′t− u)2 −O′tCt2 = u2 − CCt2

((1 − t)r1 + tr2 − u)2 − (
(t− 1)r2

1 + tr2
2

r
)2 = u2 − ((2t− 1)rA)2

which yieldsu = rA. This shows that this circle(Wt,3) is an Archimedean circle
and generalizes the Bankoff triplet circle(W3), using the tangency of(W3) to (O′)
shown above. See Figure 15. These circles are real if and only if1

2 ≤ t ≤ 1.

C O2 BO1A OC OtOt,1 Ot,2At BtCt,1 O′
t

Dt

Wt,3

Figure 15. The Archimedean circle(Wt,3)

5.3. (Wt,4). To generalize Bankoff’s quadruplet circle(W4) we start with a lemma.

Lemma 1. Let (K) be a circle with center K and �1 and �2 be two tangents to
(K) meeting in a point P . Let L be a point travelling through the line PK. When
L travels linearly, then the radical axis of (K) and the circle (L) tangent to �1 and
�2 moves linearly as well. The speed relative to the speed of L depends only on the
angle of �1 and �2.
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Proof. LetP be the origin for Cartesian coordinates. Without loss of generality let
�1 and�2 be lines making angles±φ with thex−axis and letK(x1, 0), L(x2, 0).
With v = sinφ the circles(K) and(L) are given by

(x− x1)2 + y2 = v2x2
1,

(x− x2)2 + y2 = v2x2
2.

The radical axis of these isx = 1−v2

2 (x1 + x2) = 1
2 cos2 φ(x1 + x2). �

It is easy to check that the slope of the line through the midpoints of the semi-
circular arcs(O) and(Ot) is equal tor2−r1

r and thus equal to te slope of the line
throughM1 andM2. This shows that the common tangent of(O) and(Ot) is par-
allel to the common tangent of(O1) and(O2), i.e. d, also the common tangent of
(O′) and(O′

t). As a result of Lemma 1, it is now clear why the the radical axes of
(O) and(Ot) and of(O′) and(O′

t) coincide for allt. Another consequence is that
the greatest circle tangent tod at the opposite side of(O1) and(O2) and to(Ot)
internally is, just as the famous example of Bankoff’s quadruplet circle(W4), an
Archimedean circle(Wt,4). See Figure 16. Of course this means that the circles
(K12) and(K13) are found as members of the family(Wt,4).

C

D

O2 BO1A

E

OC OtOt,1 Ot,2At BtCt,2 Ct,1

Ot,4 O′
tCt

Dt

Wt,4

W4

Figure 16. The Archimedean circle(Wt,4)

We note that the the Archimedean circles(Wt,4) can be constructed easily in
any (skew) salinon without seeing the salinon as adjoint to an arbelos and without
reconstructing (parts of) this arbelos. To see this we note thatN is external center
of similitude of(Ot,1) and(Ot,2), andd is the tangent fromN to (O′

t).

5.4. (Wt,6), (Wt,7), (Wt,13) and (Wt,14). Whereas(W13), (W14), (K1) and(K2)
are defined in terms of intersections of (semi-)circles or radical axes, with Lemma
1 their generalizations are obvious:CD, (O) and(O′) can be replaced byCtDt,
(Ot) and(O′

t). The generalization of(W6) and(W7) as Archimedean circles with
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center onAB and tangent toCtDt keep having some interest as well. The tan-
gents fromA to (Ot,2) and fromB to (Ot,1) are tangent to(Wt,6) and (Wt,7)
respectively. This is seen by straightforward calculation, which is left to the reader.
As a result we have two stacks of three families. See Figure 17.

C

D

O2 BO1A

E

OC OtOt,1 Ot,2At BtCt,2 Ct,1

Ot,4 O′
tCt

Dt

Wt,7Wt,6

Wt,14

Wt,13

Figure 17. The Archimedean circles(Wt,6), (Wt,7), (Wt,13) and(Wt,14)

We zoom in on the families(Wt,13) and(Wt,14). Let Tt,13 be the point where
(Wt,13), A(C) and(Ot) meet and similarly defineTt,14. We find that

Tt,13

(
r2
1+(2t−3)r1r2−r2

2
r ,

r1

√
−r2((8t−12)r1+(4t2−4t−3)r2)

r

)
,

Tt,14

(
r2
1+(2t+1)r1r2−r2

2
r ,

r2

√
−r1((4t2−4t−3)r1−(8t+4)r2)

r

)
.

The slope of the tangent toA(C) in Tt,13 with respect to thex−axis is equal to

sA = −xA − xTt,13

0 − yTt,13

and thex−coordinate of the pointRt where this tangent meetsAB is equal to

xRt = xTt,13 −
yTt,13

sA
=

r(2r1 + (1 − 2t)r2)
2r1 + (2t− 1)r2

.

Similarly we find for the pointLt where the tangent toB(C) in Tt,14 meetsAB

xLt =
r((2t− 1)r1 + 2r2)
(2t− 1)r1 − 2r2

.

The coordinates ofZ are given by(
r2(r1 − r2)
r2
1 + r2

2

,
2rr1r2
r2
1 + r2

2

)
.
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By straightforward calculation we can now verify thatZL2
t +ZR2

t = LtR
2
t and

we have a new characterization of the families(Wt,13) and(Wt,14).

Theorem 2. Let K be a circle through Z with center on AB. This circle meets AB
in two points L on the left hand side and R on the right hand side. Let the tangent
to A(C) through R meet A(C) in P1 and similarly find P2 on B(C). Let k be the
line through the midpoint of P1P2 perpendicular to AB. Then the smallest circles
through P1 and P2 tangent to k are Archimedean.

Remark. Similar characterizations can be found for(Kt,1) and(Kt,2).

C O2 BO1A OC OtOt,1 Ot,2At BtCt,1 O′
t

Dt

Kt,1

Kt,2

Figure 18. The Archimedean circles(Kt,1) and(Kt,2)

5.5. More corollaries. We go back to Lemma 1. Since the distance betweend and
the common tangent of(O), (Ot), A(C) andB(C) is equal to2rA, we notice that
for instanceA(2r1 − rA) andO′

t(r
′
t + rA) have a common tangent parallel tod as

well. But that implies that we can use Lemma 1 on their intersection (and radical
axis). This leads for instance to easy generalizations of(K3) and(K7). See Figure
19. The lemma can also help to generalize for instance(K8) and(K9), but then
some more work has to be done. We leave this to the reader.

5.6. Archimedean circles from the mid-arc circle of the salinon. We end the adven-
tures with a sole salinon. We note that the midpointsMt, Mt,1, Mt,2 andMt,4 of
the semicircular arcs(Ot), (Ot,1), (Ot,2) and(Ot,4) are concyclic. More precisely
they are vertices of a rectangle. Their circle, the mid-arc circle(O5) of the sali-
non and the circle(Ot,1Ot,2) meet in two points, that are centers of Archimedean
circles(Kt,10) and(Kt,11). (Of course the parametert does not really play a role
here, but for reasons of uniformity we still use it in the naming).

To verify this, denote byu the distance betweenOt,1 andOt,2. Then the distance
betweenMt,1 andMt,2 equals

√
u2 + (r2 − r1)2 and the distance fromO′′ toAB
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Figure 19. The Archimedean circles(Kt,3) and(Kt,7)
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Figure 20. The Archimedean circles(Kt,10) and(Kt,11)

equalsr1+r2
2 . If x is the distance from the intersections of(Ot,1Ot,2) and(O5) to

AB, then

x2 − u2

4
=
(
r1 + r2

2
− x

)2

− u2 + (r2 − r1)2

4

which leads tox = r1r2
r1+r2

= rA. We can generalize(K12) and(K13) in a similar
way. To see this we note that the circle with center onOtMt in the pencil generated
by (Mt,4) and(O5) intersects(Ot) in two points at a distance of2rA from AB.
See Figure 21.
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Figure 21. The Archimedean circles(Kt,12) and(Kt,13)
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Proof by Picture: Products and Reciprocals of
Diagonal Length Ratios in the Regular Polygon

Anne Fontaine and Susan Hurley

Abstract. These “proofs by picture” link the geometry of the regularn-gon to
formulae concerning the arithmetic of real cyclotomic fields. We illustrate the
formula for the product of diagonal length ratios

rhrk =

min[k,h,n−k,n−h]∑

i=1

r|k−h|+2i−1.

and that for the reciprocal of diagonal length ratios whengcd(n, k) = 1,

1

rk
=

s∑

j=1

rk(2j−1), wheres = min{j > 0 : kj ≡ ±1 mod n}.

1. Introduction

Consider a regularn-gon. Number the diagonalsd1, d2, . . . ,dn−1 (as shown in
Figure 1.1 forn = 9) including the sides of the polygon asd1 anddn−1. Although
the length ofdi equals that ofdn−i, we shall use alln − 1 subscripts since this
simplifies our formulae concerning the diagonal lengths.

d1

d8

d4

d5

d3

d6

d2

d7

Figure 1.1

d1

kπ
n

π
ndk

Figure 1.2

Ratios of the lengths of the diagonals are given by the law of sines. The ratio of

the length ofdk to that ofdj is
sin kπ

n

sin jπ
n

. In particular, Figure 1.2 shows us that the

Publication Date: March 13, 2006. Communicating Editor: Paul Yiu.
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ratio of the length ofdk to that ofd1 is
sin kπ

n

sin π
n

. This ratio of sines will be denoted

rk. Note that if the length of the sided1 = 1, rk is simply the length of thek-th
diagonal.

2. Products of diagonal length ratios

It is an exercise in the algebra of cyclotomic polynomials to show that

rhrk =
min[k,h,n−k,n−h]∑

i=1

r|k−h|+2i−1.

This formula appears in Steinbach [1] for the case whereh + k ≤ n. Steinbach
names it thediagonal product formula and makes use of it to derive a number of
interesting properties of the diagonal lengths of a regular polygon. It is not hard to
extend the formula to cover alln − 1 values ofh andk.

In order to understand the geometry of thediagonal product formula, con-
sider two regularn-gons with the side of the larger equal to some diagonal of
the smaller. Denote the diagonal lengths by{si}i=1, ...,n−1 for the smaller polygon
and{li}i=1, ...,n−1 for the larger, so thatl1 = sk for somek. In this case, since
rk = sk

s1
= l1

s1
andrh = lh

l1
, the productrkrh becomeslhs1

and when we multiply
through bys1 the diagonal product formula becomes

lh =
min[k,h,n−k,n−h]∑

i=1

s|k−h|+2i−1.

In other words, each of the larger diagonal lengths is expressible as a sum of the
smaller ones.

l1

s4

Figure 2.1

l2

s5
s3

Figure 2.2

Figures 2.1-2.4 illustrate what happens when the nonagon is enlarged so that
l1 = s4. The summation formula for the diagonals can be visualized by projecting
the left edge of the larger polygon onto each of its other edges in turn. We observe
from the first pair of nonagons thatl1 = s4s1 = s4, from the second thatl2 =
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l3

s4

s6

s2

Figure 2.3

l4
s5
s7

s3

s1

Figure 2.4

s4s2 = s3 + s5, from the third thatl3 = s4s3 = s2 + s4 + s6, and from the last that
l4 = s4s4 = s1 + s3 + s5 + s7. This is exactly what thediagonal product formula
predicts.

Whenn andk are both even, the polygons do not have the same orientation,
but the same strategy of projecting onto each side of the larger polygon in turn still
works. Figure 3 shows the case(n, k) = (6, 2). The sums are

l1 =s2s1 = s2,

l2 =s2s2 = s1 + s3,

l3 =s2s3 = s3 + s4.

l1

s2

Figure 3.1

s3 s1

l2

Figure 3.2

s4

s2

l3

Figure 3.3

3. Reciprocal of diagonal length ratios

Providedgcd(k, n) = 1, the diagonal length ratiork is a unit in the ring of
integers of the real subfield ofQ[ξ], ξ a primitive n-th root of unity. The set of
ratios{ri} with gcd(i, n) = 1 andi ≤ n

2 forms a basis for this field [2]. Knowing
that this was the case, we searched for a formula to express1

rk
as an integral linear

combination of diagonal length ratios. This time we found the picture first. We
assume that the polygon has unit side, so thatri = the length of thei-th diagonal.
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First note that1rk
is equal to the length of the line segment obtained when diagonal

k intersects diagonal 2 as shown in Figure 4.1 for(n, k) = (8, 3). In order to
express this length in terms of theri, i = 1, . . . , n − 1, notice that, as in Figure
4.2 for(n, k) = (7, 2), one can set off along diagonalk and zigzag back and forth,
alternately parallel to diagonalk and in the vertical direction, until one arrives at a
vertex adjoining the starting point. Summing the lengths of the diagonals parallel
to diagonalk, with positive or negative sign according to the direction of travel,
will give the desired reciprocal. For example follow the diagonals shown in Figure
4.2 to see that1r2

= r2 + r6 − r4.

1
r3

1π
8

3π
8

Figure 4.1

r2

r4

r6

Start

End

1
r2

Figure 4.2

Following the procedure outlined above, the head of each directed diagonal used
in the sum isk vertices farther around the polygon from the previous one. Also
as we zigzag our way through the polygon, the positive contributions to the sum
occur as we move in one direction with respect to diagonalk, while the negative

contributions occur as we move the other way. In fact, allowingri = sin iπ
n

sin π
n

to be

defined fori > n, we realized thatri = −r2n−i would have the correct sign to
produce the simplest formula for the reciprocal, which is

1
rk

=
s∑

j=1

rk(2j−1), wheres = min{j > 0 : kj ≡ ±1 mod n}.

Once we had discovered this formula, we found it that it was a messy but routine
exercise in cyclotomic polynomial algebra to verify its truth.

Although we are almost certain that these formulas for manipulating the diago-
nal length ratios must be in the classical literature, we have not been able to locate
them, and would appreciate any lead in this regard.
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A Generalization of Power’s Archimedean Circles

Hiroshi Okumura and Masayuki Watanabe

Abstract. We generalize the Archimedean circles in an arbelos given by Frank
Power.

Let three semicircles α, β and γ form an arbelos with inner semicircles α and β
with diameters PA and PB respectively. Let a and b be the radii of the circles α

and β. Circles with radii t =
ab

a + b
are called Archimedean circles. Frank Power

[2] has shown that for “highest” points Q1 and Q2 of α and β respectively, the
circles touching γ and the line OQ1 (respectively OQ2) at Q1 (respectively Q2)
are Archimedean (see Figure 1). We generalize these Archimedean circles.

A BOO1 O2P

Q1

Q2α β

γ

Figure 1

We denote the center of γ by O. Let Q be the intersection of the circle γ and
the perpendicular of AB through P , and let δ be a circle touching γ at the point Q
from the inside of γ. The radius of δ is expressed by k(a + b) for a real number
k satisfying 0 ≤ k < 1. The tangents of δ perpendicular to AB intersect α and
β at points Q1 and Q2 respectively, and intersect the line AB at points P1 and P2

respectively (see Figures 2 and 3).

Theorem. (1) The radii of the circles touching the circle γ and the line OQ1 (re-
spectively OQ2) at the point Q1 (respectively Q2) are 2(1 − k)t.
(2) The circle touching the circles γ and α at points different from A and the line
P1Q1 from the opposite side of B and the circle touching the circles γ and β at
points different from B and the line P2Q2 from the opposite side of A are congruent
with common radii (1 − k)t.

Publication Date: March 20, 2006. Communicating Editor: Paul Yiu.
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A BOO1 O2P

Q1

Q2

P1 P2

Q

α

β

γ

δ

Figure 2

Proof. (1) Since |PP1| = 2ka, |OP1| = (b − a) + 2ka. While

|P1Q1|2 = |PP1||P1A| = 2ka(2a − 2ka) = 4k(1 − k)a2.

Hence |OQ1|2 = ((b − a) + 2ka)2 + 4k(1 − k)a2 = (a − b)2 + 4kab. Let x be
the radius of one of the circles touching γ and the line OQ1 at Q1. From the right
triangle formed by O, Q1 and the center of this circle, we get

(a + b − x)2 = x2 + (a − b)2 + 4kab

Solving the equation for x, we get x = 2(1−k)ab
a+b = 2(1 − k)t. The other case can

be proved similarly.

A BOO1 O2P

Q1

Q2

P1 P2

Q

α

β

γ

δ

Figure 3

(2) The radius of the circle touching α externally and γ internally is proportional
to the distance between the center of this circle and the radical axis of α and γ
[1, p. 108]. Hence its radius is (1 − k) times of the radii of the twin circles of
Archimedes. �
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The Archimedean circles of Power are obtained when δ is the circle with a di-
ameter OQ. The twin circles with the half the size of the Archimedean circles in
[4] are also obtained in this case. The statement (2) is a generalization of the twin
circles of Archimedes, which are obtained when δ is the point circle. In this case
the points Q1, Q2 and P coincide, and we get the circle with radius 2t touching
the line AB at P and the circle γ by (1) [3].
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Pseudo-Incircles

Stanley Rabinowitz

Abstract. This paper generalizes properties of mixtilinear incircles. Let(S) be
any circle in the plane of triangleABC. Suppose there are circles(Sa), (Sb),
and (Sc) each tangent internally to(S); and (Sa) is inscribed in angleBAC
(similarly for (Sb) and(Sc)). Let the points of tangency of(Sa), (Sb), and(Sc)
with (S) beX, Y , andZ, respectively. Then it is shown that the linesAX, BY ,
andCZ meet in a point.

1. Introduction

A mixtilinear incircle of a triangleABC is a circle tangent to two sides of the
triangle and also internally tangent to the circumcircle of that triangle. In 1999,
Paul Yiu discovered an interesting property of these mixtilinear incircles.

Proposition 1 (Yiu [8]) . If the points of contact of the mixtilinear incircles of
�ABC with the circumcircle are X, Y , and Z , then the lines AX, BY , and
CZ are concurrent (Figure 1). The point of concurrence is the external center of
similitude of the incircle and the circumcircle. 1

A

B C

Z

Y

X

Figure 1

A

B C

Z

Y

X

Sa

Sb

Sc

Figure 2

I wondered if there was anything special about the circumcircle in Proposition
1. After a little experimentation, I discovered that the result would remain true if
the circumcircle was replaced with any circle in the plane of�ABC.

Publication Date: March 26, 2006. Communicating Editor: Paul Yiu.
1This is the triangle centerX56 in Kimberling’s list [5].
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Theorem 2. Let (S) be any circle in the plane of �ABC . Suppose that there are
three circles, (Sa), (Sb), and (Sc), each internally (respectively externally) tangent
to (S). Furthermore, suppose (Sa), (Sb), (Sc) are inscribed in ∠BAC , ∠ABC ,
∠ACB respectively (Figure 2). Let the points of tangency of (Sa), (Sb), and (Sc)
with (S) be X, Y , and Z , respectively. Then the lines AX, BY , and CZ are
concurrent at a point P . The point P is the external (respectively internal) center
of similitude of the incircle of �ABC and circle (S).

When we say that a circle isinscribed in an angleABC, we mean that the circle
is tangent to the rays

−−→
BA and

−−→
BC.

Definitions. Given a triangle and a circle, apseudo-incircle of the triangle is a
circle that is tangent to two sides of the given triangle and internally tangent to the
given circle. Apseudo-excircle of the triangle is a circle that is tangent to two sides
of the given triangle and externally tangent to the given circle.

There are many configurations that meet the requirements of Theorem 2. Figure
2 shows an example where(S) surrounds the triangle and the three circles are all
internally tangent to(S). Figure 3a shows an example of pseudo-excircles where
(S) lies inside the triangle. Figure 3b shows an example where(S) intersects the
triangle. Figure 3c shows an example where(S) surrounds the triangle and the
three circles are all externally tangent to(S).

A

B C

X

Y Z

Figure 3a. Pseudo-excircles

A

B C

X

Y Z

Figure 3b. Pseudo-excircles

There is another way of viewing Figure 3a. Instead of starting with the trian-
gle and the circle(S), we can start with the other three circles. Then we get the
following proposition.

Proposition 3. Let there be given three circles in the plane, each external to the
other two. Let triangle ABC be the triangle that circumscribes these three circles
(that is, the three circles are inside the triangle and each side of the triangle is
a common external tangent to two of the circles). Let (S) be the circle that is
externally tangent to all three circles. Let the points of tangency of (S) with the
three circles be X, Y , and Z (Figure 3a). Then lines AX, BY , and CZ are
concurrent.
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A

B

C

X

Y
Z

Figure 3c. Pseudo-excircles

A

B C

X

YZ

Figure 4. Pseudo-incircles

Figure 4 also shows pseudo-incircles (as in Figure 2), but in this case, the circle
(S) lies inside the triangle. The other three circles are internally tangent to(S) and
again,AX, BY , andCZ are concurrent. This too can be looked at from the point
of view of the circles, giving the following proposition.

Proposition 4. Let there be given three mutually intersecting circles in the plane.
Let triangle ABC be the triangle that circumscribes these three circles (Figure 4).
Let (S) be the circle that is internally tangent to all three circles. Let the points of
tangency of (S) with the three circles be X, Y , and Z . Then lines AX, BY , and
CZ are concurrent.

We need the following result before proving Theorem 2. It is a generalization of
Monge’s three circle theorem ([7, p.1949]).

a

b

c

Eab Eca Ebc

Iab

Ica

Ibc

Figure 5. Six centers of similitude
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Proposition 5 ([1, p.188], [2, p.151], [6]). The six centers of similitude of three
circles taken in pairs lie by threes on four straight lines (Figure 5). In particular,
the three external centers of similitude are collinear; and any two internal centers
of similitude are collinear with the third external one.

2. Proof of Theorem 2

Figure 6 shows an example where the three circles are all externally tangent to
(S), but the proof holds for the internally tangent case as well. LetI be the center
of the incircle.

I

A

B C

S

P

Sa

Sb Sc

X

Y Z

Figure 6

Consider the three circles(S), (I), and(Sc). The external common tangents of
circles(J) and(Sc) are sidesAC andBC, soC is their external center of simili-
tude. Circles(S) and(Sc) are tangent externally (respectively internally), so their
point of contact,Z, is their internal (respectively external) center of similitude. By
Proposition 5, pointsC andZ are collinear withP , the internal (respectively ex-
ternal) center of similitude of circles(S) and(I). That is, lineCZ passes through
P . Similarly, linesAX andBY also pass throughP .

Corollary 6. In Theorem 2, the points S, P , and I are collinear (Figure 6).

Proof. SinceP is a center of similitude of circles(I) and(S), P must be collinear
with the centers of the two circles. �

3. Special Cases

Theorem 2 holds for any circle,(S), in the plane of the triangle. We can get
interesting special cases for particular circles. We have already seen a special case
in Proposition 1, where(S) is the circumcircle of�ABC.
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3.1. Mixtilinear excircles.

Corollary 7 (Yiu [9]) . The circle tangent to sides AB and AC of �ABC and also
externally tangent to the circumcircle of �ABC touches the circumcircle at point
X. In a similar fashion, points Y and Z are determined (Figure 7). Then the lines
AX, BY , and CZ are concurrent. The point of concurrence is the internal center
of similitude of the incircle and circumcircle of �ABC .2

X

Y

Z

A

B C

Figure 7. Mixtilinear excircles

3.2. Malfatti circles. Consider the Malfatti circles of a triangleABC. These are
three circles that are mutually externally tangent with each circle being tangent to
two sides of the triangle.

Corollary 8. Let (S) be the circle circumscribing the three Malfatti circles, i.e.,
internally tangent to each of them. (Figure 8a). Let the points of tangency of (S)
with the Malfatti circles be X, Y , and Z . Then AX, BY , and CZ are concurrent.

Corollary 9. Let (S) be the circle inscribed in the curvilinear triangle bounded by
the three Malfatti circles of triangle ABC (Figure 8b). Let the points of tangency
of (S) with the Malfatti circles be X, Y , and Z . Then AX, BY , and CZ are
concurrent.

2This is the triangle centerX55 in Kimberling’s list [5]; see also [4, p.75].
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A

B C

X

Y

Z

Figure 8a. Malfatti circumcircle

A

B C

X

Y Z

Figure 8b. Malfatti incircle

3.3. Excircles.

Corollary 10 (Kimberling [3]). Let (S) be the circle circumscribing the three ex-
circles of triangle ABC , i.e., internally tangent to each of them. Let the points of
tangency of (S) with the excircles be X, Y , and Z . (Figure 9). Then AX, BY ,
and CZ are concurrent.

The point of concurrence is known as the Apollonius point of the triangle. It is
X181 in [5]. See also [4, p.102].

A

B C

X

Y

Z

Figure 9. Excircles

A

B C
X

Y

Z

Figure 10. Nine-point circle

If we look at the circle externally tangent to the three excircles, we know by
Feuerbach’s Theorem, that this circle is the nine-point circle of�ABC (the circle
that passes through the midpoints of the sides of the triangle).
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Corollary 11 ([4, p.158]). If the nine point circle of �ABC touches the excircles
at points X, Y , and Z (Figure 10), then AX, BY , and CZ are concurrent.

4. Generalizations

In Theorem 2, we required that the three circles(Sa), (Sb), and(Sc) be inscribed
in the angles of the triangle. In that case, linesASa, BSb, andCSc concur at the
incenter of the triangle. We can use the exact same proof to handle the case where
the three linesASa, BSb, andCSc meet at an excenter of the triangle. We get the
following result.

Theorem 12. Let (S) be any circle in the plane of �ABC . Suppose that there
are three circles, (Sa), (Sb), and (Sc), each tangent internally (respectively exter-
nally) to (S). Furthermore, suppose (Sa) is tangent to lines AB and AC; (Sb) is
tangent to lines BC and BA; and (Sc) is tangent to lines CA and CB. Let the
points of tangency of (Sa), (Sb), and (Sc) with (S) be X, Y , and Z , respectively.
Suppose lines ASa, BSb, and CSc meet at the point J , one of the excenters of
�ABC (Figure 11). Furthermore, assume that sides BA and BC of the triangle
are the external common tangents between excircle (J) and circle (Sa); similarly
for circles (Sb), and (Sc). Then AX, BY , and CZ are concurrent at a point P .
The point P is the external (respectively internal) center of similitude of circles (J)
and (S). The points J , P , and S are collinear.

J

A

B C

S
P

X

Y

Z

Figure 11. Pseudo-excircles

Figure 12 illustrates the case when(S) is tangent internally to each of(Sa),
(Sb), (Sc).
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A

B C

S
Y

Z

X

Figure 12. Pseudo-incircles

Examining the proof of Theorem 2, we note that at each vertex of the triangle,
we have found that the line from that vertex to the point of contact of the circle in-
scribed in that angle and circle(S) passes through a fixed point (one of the centers
of similitude of (S) and the incircle of the triangle). We note that the result and
proof would be the same for a polygon provided that the polygon had an incircle.
This gives us the following result.

Theorem 13. Let A1A2A3 . . . An be a convex n-gon circumscribed about a circle
(J). Let (S) be any circle in the interior of this n-gon. Suppose there are n circles,
(S1), (S2), . . . , (Sn) each tangent externally to (S) such that for i = 1, 2, . . . , n,
circle (Si) is also inscribed in angle Ai−1AiAi+1 (where A0 = An and An+1 =
A1). Let Xi be the point of tangency of circles (Si) and (S) (Figure 13). Then
the lines AiXi, i = 1, 2, . . . , n are concurrent. The point of concurrence is the
internal center of similitude of the circles (S) and (J).

In order to generalize Theorem 2 to three dimensions, we need to first note that
Proposition 5 generalizes to 3 dimensions.

Theorem 14. The six centers of similitude of three spheres taken in pairs lie by
threes on four straight lines. In particular, the three external centers of similitude
are collinear; and any two internal centers of similitude are collinear with the third
external one.

Proof. Consider the plane through the centers of the three spheres. This plane
passes through all 6 centers of similitude. The plane cuts each sphere in a circle.
Thus, on this plane, Proposition 5 applies, thus proving that the result holds for the
spheres as well. �
Theorem 15. Let T = A1A2A3A4 be a tetrahedron. Let (S) be any sphere in
the interior of T (or let (S) be any sphere surrounding T ). Suppose there are four
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A1

A5

A4

A3

A2

X1

X2

X3

X4

X5

Figure 13. Pseudo-excircles in a pentagon

spheres, (S1), (S2), (S3), and (S4) each tangent internally (respectively exter-
nally) to (S) such that sphere (Si) is also inscribed in the trihedral angle at vertex
Ai. Let Xi be the point of tangency of spheres (Si) and (S). Then the lines AiXi,
i = 1, 2, 3, 4, are concurrent. The point of concurrence is the external (respectively
internal) center of similitude of sphere (S) and the sphere inscribed in T .

The proof of this theorem is exactly the same as the proof of Theorem 2, replac-
ing the reference to Proposition 5 by Theorem 14.

It is also clear that this result generalizes toEn.
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Grassmann cubics and Desmic Structures

Wilson Stothers

Abstract. We show that each cubic of typenK which is not of typecK can
be described as a Grassmann cubic. The geometry associates with each such
cubic a cubic of typepK. We call this the parent cubic. On the other hand, each
cubic of typepK has infinitely many child cubics. The key is the existence of
a desmic structure associated with parent and child. This extends work of Wolk
by showing that, not only do (some) points of a desmic structure lie on a cubic,
but also that they actually generate the cubic as a locus. Along the way, we meet
many familiar cubics.

1. Introduction

In Hyacinthos, #3991 and follow-up, Ehrmann and others gave a geometrical
description of cubics as loci. They showed that each cubic of typenK0 has an
associated sister of typepK, and that each cubic of typepK has three sisters of
type nK0. Here, we show that each cubic of typenK but not of typecK has a
parent of typepK, and every cubic of typepK has infinitely many children, but
just three of typenK0. Our results do not appear to extend to cubics of typecK, so
the geometry must be rather different. Throughout, we use barycentric coordinates.
We write the coordinates ofP asp : q : r. We are interested in isocubics, that is
circumcubics which are invariant under an isoconjugation. The theory of isocubics
is beautifully presented in [1]. There we learn that an isocubic has an equation of
one of the following forms :

pK(W,R) : rx(wy2 − vz2) + sy(uz2 −wx2) + tz(vx2 − uy2) = 0.
nK(W,R, k) : rx(wy2 + vz2) + sy(uz2 + wx2) + tz(vx2 + uy2) + kxyz = 0.

The pointR = r : s : t is known as the pivot of the cubicpK, and the root of
the cubicnK W = u : v : w is the pole of the isoconjugation. This means that the
isoconjuagte ofX = x : y : z is u

x : v
y : w

z . We may viewW as the image ofG
under the isoconjugation. The constantk in the latter equation is determined by a
point on the curve which is not on a sideline. Another interpretation ofk appears
below. One important subclass of typenK occurs whenk = 0. We have

nK0(W,R) : rx(wy2 + vz2) + sy(uz2 + wx2) + tz(vx2 + uy2) = 0.

Publication Date: April 3, 2006. Communicating Editor: Bernard Gibert.
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Another subclass consists of the conico-pivotal isocubics. These are defined in
terms of the rootR and nodeF = f : g : h. The equation has the form

cK(#F,R) : rx(hy − gz)2 + sy(fz − hx)2 + tz(gx− fy)2 = 0.

It is thenK(W,R, k) with W = f2 : g2 : h2, soF is a fixed point of the isoconju-
ation, andk = −2(rgh + shf + tfg). We require a further concept from [1], that
of the polar conic ofR for pK(W,R). In our notation, this has equation

pC(W,R) : (vt2 − ws2)x2 + (wr2 − ut2)y2 + (us2 − vr2)z2 = 0.

Notice that,pC(W,R) contains the four fixed points of the isoconjugation, so is
determined by one other point, such asR. Hence, as befits a polar object, ifS is on
pC(W,R), thenR is onpC(W,S). Also, for fixedW , the class of cubics of type
pK splits into disjoint subclasses, each subclass having a common polar conic. We
also remark that the equation for the polar conic vanishes identically whenW is
the barycentric square ofR. In such a case, it is convenient to regard the class of
pK(W,R) as consisting of justpK(W,R) itself.

Definition 1. (a) For a point X with barycentrics x : y : z, the A-harmonic of X
is the point XA with barycentrics −x : y : z. The B- and C-harmonics, XB and
XC , are defined analagously.
(b) The harmonic associate of the triangle �PQR is the triangle �PAQBRC .

Observe that�XAXBXC is the anticevian triangle ofX. Also, if X is on
pC(W,R) thenXA, XB , XC also lie onpC(W,R). In the preamble toX(2081)
in [5] we meet Gibert’sPK- andNK-transforms. These are defined in terms of
isogonal conjugation. We shall need the general case forW -isoconjugation.

Definition 2. Suppose that W is a fixed point, let P∗ denote the W-isoconjugate of
P.
(a) The PKW -transform of P is PK(W,P), the intersection of the tripolars of P
and P ∗ (if P �= P ∗).
(b) The NKW -transform of P is NK(W,P ), the crosspoint of P and P∗.

Note thatPK(W,P ) is the perspector of the circumconic throughP andP∗.
PK(W,P ) occurs several times in our work, in apparently unrelated contexts.
From these definitions, ifW = u : v : w andP = p : q : r, then

PK(W,P ) = pu(r2v − q2w) : qv(p2w − r2u) : rw(q2u− p2v),

NK(W,P ) = pu(r2v + q2w) : qv(p2w + r2u) : rw(q2u + p2v).

Note thatPK(W,R) is undefined ifW = R2.

2. Grassmann cubics associated with desmic Structures

Definition 3. Let ∆ = �ABC be the reference triangle. Let ∆′ = �A′B′C ′
where A′ is not on BC , B′ is not on CA and C′ is not on AB.
(a)GP (∆′) = {P : the triangle with vertices A′P ∩BC , B′P ∩ CA, C ′P ∩AB
is perspective with ∆},
(b) GN(∆′) = {P : A′P ∩BC, B′P ∩ CA, C ′P ∩AB are collinear}.
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We note thatGN(∆) is a special case of a Grassmann cubic. There are three
examples in the current (November 2004) edition of [2]. The Darboux cubic
pK(K,X(20)) is K004 in Gibert’s catalogue. Under the properties listed is the
fact that it is the locus of points whose pedal triangle is a cevian triangle. This
is GP (�A′B′C ′), where the vertices are the infinite points on the altitudes. The
correspondingGN is then the union of the line at infinity and the circumcircle, a
degenerate cubic. In the discussion of the cubicnK(K,X(5)) - Gibert’sK216 -
it is mentioned that it isGN for a certain triangle, and that the correspondingGP
is the Neuberg cubic,pK(K,X(30)) - Gibert’sK001. As we shall see, there are
other examples where suitable triangles are listed, and others where they can be
identified.

Lemma 1. If ∆′ = �A′B′C ′ has A′ = a1 : a2 : a3, B′ = b1 : b2 : b3,
C ′ = c1 : c2 : c3, then,
(a)GP (∆′) has equation

(a2x− a1y)(b3y − b2z)(c1z − c3x) + (a1z − a3x)(b1y − b2x)(c2z − c3y) = 0,

(b) GN(∆′) has equation

(a2x− a1y)(b3y − b2z)(c1z − c3x) − (a1z − a3x)(b1y − b2x)(c2z − c3y) = 0.

(c) Each locus contains A,B,C and A′, B′, C ′.

Proof. It is easy to see that, ifP = x : y : z, then

AP = A′P ∩BC = 0 : a2x− a1y : a3x− a1z,

BP = B′P ∩CA = b1y − b2x : 0 : b3y − b2z,

CP = C ′P ∩AB = c1z − c3x : c2z − c3y : 0.

The condition inGN(∆) is equivalent to the vanishing of the determinant of the
coefficients of these points. This gives (b).

The condition inGP (∆) is equivalent to the concurrence ofAAP , BBP and
CCP . This is another determinant condition. The determinant is formed from the
previous one by changing the sign of one entry in each row. This gives (a). Once
we have the equations, (c) is clear. �

We will also require a condition for a triangle�A′B′C ′ to be perspective with
�ABC.

Lemma 2. If ∆ = �A′B′C ′ has A′ = a1 : a2 : a3, B′ = b1 : b2 : b3, C ′ = c1 :
c2 : c3, then,
(a)�A′B′C ′ is perspective with �ABC if and only if a2b3c1 = a3b1c2.
(b) �A′B′C ′ is triply perspective with �ABC if and only if a1b2c3 = a2b3c1 =
a3b1c2.

Proof. We observe that the perspectivity in (a) is equivalent to the concurrence of
AA′, BB′ andCC′. The given equality expresses the condition for the intersection
of AA′ andBB′ to lie onCC′. Part (b) follows by noting that�A′B′C ′ is triply
perspective with�ABC if and only if each of�A′B′C ′,�B′C ′A′ and�C′A′B′
is perspective with�ABC. �
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We observe that each of the equations in Lemma 1 has the form

x(f1y
2 + f2z

2) + y(g1z
2 + g2x

2) + z(h1x
2 + h2y

2) + kxyz = 0. (1)

This has the correct form for the cubic to be of typepK or nK.

Theorem 3. For a triangle ∆′ = �A′B′C ′,
(a)GP (∆) is of type pK if and only if ∆′ is perspective with �ABC .
(b) If ∆′ is degenerate, then GN(∆′) is degenerate.
Suppose that GN(∆′) is non-degenerate. Then
(c) GN(∆′) is of type nK if and only if ∆′ is perspective with �ABC .
(d) GN(∆′) is of type nK0 if and only if ∆′ is triply perspective with �ABC .

Proof. Suppose thatA′ = a1 : a2 : a3, B′ = b1 : b2 : b3, C ′ = c1 : c2 : c3, with
a1b2c3 �= 0.

(a) We begin by observing that equation (1) gives a cubic of typepK if and only
if f1g1f1 + f2g2h2 = 0 andk = 0. The equation in Lemma 1(a) hask = 0 if and
only if a2b3c1 = a3b1c2. By Lemma 2(a), this is the condition for the triangles
to be perspective. A Maple calculation shows that the other condition for apK is
satisfied if the triangles are perspective. This establishes (a).

(b) If ∆′ is degenerate, thenA′, B′ andC′ lie on a lineL. For anyP onL, the
intersection ofPA′ with BC lies onL, as do those ofPB′ with CA, andPC′ with
AB. Thus, these intersections are collinear, soP is onGN(∆′). Now the locus
contains the lineL, so that it must be degenerate.

Now suppose that the locusGN(∆′) is non-degenerate.
(c) Equation (1) gives a cubic of typenK if and only if f1g1f1 − f2g2h2 = 0.

The equation in Lemma 1(b) has this property if and only if

(a2b3c1 − a3b1c2)D = 0,

whereD is the determinant of the matrix whose rows are the coordinates ofA′, B′
andC′. Now, D = 0 if and only if A′, B′ andC′ are collinear, so∆′ and hence
GN(∆′) are degenerate. By Lemma 2(a), the other condition is equivalent to the
perspectivity of the triangles.

(d) For a cubic of typenK0, we requirea2b3c1 − a3b1c2 = 0, as in (c). We also
require thatk = 0. From the equation in Lemma 1(b),k = a2b3c1 + a3b1c2 −
2a1b2c3. These two conditions are equivalent to triple perspectivity by Lemma
2(b). �

Our work so far leads us to consider triangles�A′B′C ′ perspective to�ABC,
with A′ not onBC, B′ not onCA, andC′ not onAB. Looking at our loci, we are
led to consider a further triangle, also perspective with�ABC. This turns out to
be the desmic mate of�A′B′C ′, so we are led to consider desmic structures which
include the pointsA, B andC.

Theorem 4. Suppose that �A′B′C ′ is perspective to �ABC , with A′ not on BC ,
B′ not on CA, and C′ not on AB. Let the perspector be P1 = p11 : p12 : p13.
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(a) Suitably normalized, we have

A′ = p21 : p12 : p13,

B′ = p11 : p22 : p13,

C ′ = p11 : p12 : p23.

Let

W = p11p21 : p12p22 : p13p23,

R = p11 − p21 : p12 − p22 : p13 − p23,

S = p11 + p21 : p12 + p22 : p13 + p23.

(b) GP (�A′B′C ′) = pK(W,S),
(c) GN(�A′B′C ′) = nK(W,R, 2(p21p22p23 − p11p12p13)).

Let A′′ = p11 : p22 : p23, B′′ = p21 : p12 : p23, C ′′ = p21 : p22 : p13. These are
the W -isoconjugates of A′, B′ and C′.
(d) �A′′B′′C ′′ is perspective with �ABC , with perspector P2 = p21 : p22 : p23.
(e)�A′′B′′C ′′ is perspective with �A′B′C ′, with perspector S.
(f) (P1, P2, R, S) is a harmonic range.
(g) GP (�A′′B′′C ′′) = GP (�A′B′C ′). The common locus includes P1, P2 and
S.
(h) GN(�A′′B′′C ′′) = GN(�A′B′C ′). The common locus includes the inter-
sections of the tripolar of R with the sidelines.
(i) �ABC , �A′B′C ′ and �A′′B′′C ′′ have common perspectrix, the tripolar of
R.
(j) P1 and P2 lie on pK(W,R).

Proof. (a) Since we have the perspector, the coordinates of the verticesA′, B′, C ′
must be as described.

(b),(c) These are simply verifications using the equations in Lemma 1.
(d) This follows at once from the coordinates ofA′′, B′′, C ′′.
(e) This requires the calculations that the linesA′A′′, B′B′′ andC′C ′′ all pass

throughS.
(f) The coordinates of the points make this clear.
(g),(h) First, we note that, if we interchange the roles ofP1 andP2, we get the

same equations. The fact that the given points lie on the respective loci are simply
verifications.

(i) Once again, this can be checked by calculation. We can also argue geometri-
cally. Suppose that a pointX on B′C ′ lies on the locus. ThenXB′ andXC ′ are
B′C ′, so this must be the common line. ThenXA′ must meetBC on this line. But
X is onB′C ′, soX = BC∩B′C ′. If X also lies onB′′C ′′, thenX = BC∩B′′C ′′.
This shows that we must have a common perspectrix. The identification of the per-
spectrix uses the fact that the cubic meets the each sideline of�ABC in just three
points, two vertices and the intersection with the given tripolar.

(j) This is a routine verification. �



122 W. Stothers

In the notation of Theorem 4, we have a desmic structure with the twelve points
described as verticesA, B, C, A′, B′, C ′, A′′, B′′, C ′′, perspectorsP1, P2, S.

Many authors describeS as the desmon, andR as the harmon of the structure.
Some refer toP1 as the perspector, andP2 as the coperspector. This description of
a desmic structure with vertices includingA, B, C is discussed by Barry Wolk in
Hyacinthos #462. He observed that the twelve points all lie onpK(W,S). What
may be new is the fact that the other vertices may be used to generate this cubic as
a locus, and the correspondingnK as a Grassmann cubic.

Notice that the desmic structure in not determined by its perspectors. If we
choose barycentrics forP1, we need to scaleP2 so that the barycentrics of the
desmon and harmon are, respectively, the sum and difference of those ofP1 and
P2. WhenP2 is suitably scaled, we say that the perspectors are normalized. The
normalization is determined by a single vertex, provided neither perspector is on a
sideline.

There are two obvious questions.
(1) Is every cubic of typepK a locus of typeGP associated with a desmic

structure?
(2) Is every cubic of typenK a locus of typeGN associated with a desmic

structure?
The answer to (1) is that, with six exceptions, each point on apK is a perspector

of a suitable desmic structure. The answer to (2) is more complicated. There is a
class ofnK which do not possess a suitable desmic structure. This is the class of
conico-pivotal isocubics. For each other cubic of typenK, there is a unique desmic
structure.

Theorem 5. Suppose that P is a point on pK(W,S) which is not fixed by W -
isoconjugation, and is not S or its W -isoconjugate. Then there is a unique desmic
structure with vertices A, B, C and perspector P1 = P with locus GP = pK(W,S).

Proof. For brevity, we shall writeX∗ for theW -isoconjugate of a pointX. As P
is onpK(W,S), S is onPP∗. ThenS = mP + nP ∗, for some constantsm, n,
with mn �= 0. If P = p : q : r, W = u : v : w, put A′ = nu/p : mq : mr,
B′ = mp : nv/q : mr, C ′ = mp : mq : nw/r. From Theorem 4, this has locus
GP (�A′B′C ′) = pK(W,S). �

Note that the conditions onP are necessary to ensure thatS can be expressed in
the stated from. For the second question, we proceed in two stages. First, we show
that a cubic of typenK has at most one suitable desmic structure. This identifies the
vertices of the structure. We then show that this choice does lead to a description
of the cubic as a Grassmann cubic. The first result uses the idea ofA-harmonics
introduced in the Introduction.

Theorem 6. Throughout, we use the notation of Theorem 4.
(a) The vertices of the desmic structure on nK(W,R, k) are A,B,C and intersec-
tions of nK(W,R, k) with the cubics pK(W,RA), pK(W,RB), pK(W,RC).
(b) nK(W,R, k) and pK(W,RA) touch at B and C , intersect at A, at the inter-
sections of the tripolar of R with AB and AC , and at two further points.
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(c) If W = f2 : g2 : h2, then cK(#F,R) and pK(W,RA) touch at B and C , and
meet at A, at the intersections of the tripolar of R with AB and AC , and twice at
F .
(d) If the final two points in (b) coincide, then nK(W,R, k) = cK(#F,R), where
F is such that W = F2.
(e) If either of the final points in (b) lie on a sideline, then k = 2ust/r, 2vrt/s or
2wrs/t, where W = u : v : w, R = r : s : t.

Proof. We observe that the vertices of the desmic structure can be derived from the
normalized versions of the perspectorsP1 andP2. The normalization is such that
R = P1−P2 andS = P1+P2. Now consider the loci derived from the perspectors
P1 and−P2. From Theorem 4, the cubics arepK(W,R) andnK(W,S, k′), for
somek′. The pointA′ = p21 : p12 : p13 is onnK(W,R, k), so thatA′

A = −p21 :
p12 : p13 is on pK(W,R). ThenA′ is on pK(W,RA) as only the first term is
affected by the sign change, and this involves the product of the first coordinates.
Thus (a) holds.

Part (b) is largely computational. Obviously the cubics meet atA, B andC.
The tangents atB andC coincide. The intersections with the sidelines in each case
include the stated meetings with the tripolar ofR. Since two cubics have a total of
nine meets, there are two unaccounted for. These are clearlyW -isoconjugate.

For part (c), we use the result of (b) to get seven intersections. Then we need
only verify that the cubics meet twice atF . NowF is clearly onpK(W,RA). But
F is a double point oncK(#F,R), so there are two intersections here.

Part (d) relies on a Maple calculation. Solving the equations fornK(W,R, k)
andpK(W,RA) for {y, z}, we get the known points and the solutions of a qua-
dratic. The discriminant vanishes precisely whennK(W,R, k) is of typecK.

Part (e) uses the same computation. The quadratic equation in (d) has constant
term zero precisely whenk = 2vrt/s. Looking at otherpK(W,RB), pK(W,RC)
gives the other cases listed. �

To describe a cubic of typenK as a Grassmann cubic as above, we require two
perspectors interchanged byW -isoconjugation. ProvidedW is not on a sideline,
we need six vertices not on a sideline. After Theorem 6, there are at most six
candidates, with two on each of the associatedpK(W,RX), X = A,B,C. Thus,
there is at most one desmic structure defining the cubic. Also from Theorem 6,
there is no structure if the cubic is acK(#F,R), for then the “six” points and
the perspectors are allF . We need to investigate the cases where either of the
final solutions in Theorem 6(b) lie on a sideline. Rather than interrupt the general
argument, we postpone the discussion of these cases to an Appendix. They still
contain a unique structure which can be used to generate the cubics as Grassmann
loci. The structure is a degenerate kind of desmic structure. We show that, in any
other case, the six points do constitute a suitable desmic structure. In the proof,
we assume that we can choose an intersection ofnK(W,R, k) andpK(W,RA) not
on a sideline, so we need the discussion of the Appendix to tidy up the remaining
cases.
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Theorem 7. If a cubic C is of type nK, but not of type cK, then there is a unique
desmic structure which defines C as a Grassmann cubic.

Proof. Suppose thatC = nK(W,R, k) with W = u : v : w, andR = r : s : t.
We require perspectorsP1 = p11 : p12 : p13, andP2 = p21 : p22 : p23 such that
r : s : t = p11 − p21 : p12 − p22 : p13 − p23. This amounts to two linear equations
which can be used to solve forp22 andp23 in terms ofp11, p12, p13 andp21. We also
require thatu : v : w = p11p21 : p12p22 : p13p23. This gives three relations inp11
andp21 in terms ofp12 andp13. These are consistent providedA′ = p21 : p12 : p13

is onpK(W,RA). This uses a Maple calculation. We can solve forp11 in terms of
p12, p13 andp21, provided we do not have (after scaling)p12 = −u/r, p13 = v/s
andp21 = w/t. So far, we have shown that, ifA′ is on pK(W,RA), then we
can reconstruct perspectors which give rise to somenK(W,R, k′). Provided that
we can chooseA′ also onC, but not on a sideline, thenk′ = k directly, so we
get C as a Grassmann cubic. As we saw in Theorem 6, there are just two such
choices ofA′, and these are isoconjugate, so we have just one suitable desmic
structure. We could equally use a point of intersection of C withpK(W,RB) or
with pK(W,RC). It follows that there is a unique desmic structure unlessC has
the points−u/r : v/s : w/t, u/r : −v/s : w/t andu/r : v/s : −w/t. But then
k = 2ust/r = 2vrt/s = 2wrs/t, so thatW = R2, andk = 2rst. It follows that
C is the degenerate cubic(ty + sz)(rz + tx)(sx + ry) = 0. It is easy to check
that this is given as a Grassmann cubic by the degenerate desmic structure with
A′ = A′′ = −r : s : t, and similarly forB′, B′′, S′ andC′′. This has perspectors,
desmon and harmon equal toR. TheGP locus is the whole plane. �

3. Parents and children

The reader will have noted the resemblance between the equations for the cubics
GP (∆′) andGN(∆′). In [2, notes on K216], Gibert observes this forK001 and
K216. He refers toK216 as a sister ofK001. In Theorem 7, we saw that each
cubicC of typenK which is not of typecK is the Grassmann cubic associated with
a unique desmic structure, and hence with a unique cubicC′ of typepK. We call
the cubicC′ the parent ofC. On the other hand, Theorem 5 shows that a cubic
C of typepK contains infinitely many desmic structures, each defining a cubic of
type nK. We call each of these cubics a child ofC. Our first task is to describe
the children of a cubicpK(W,S). This involves the equation of the polar conic of
S, see§1. Our calculations also give information on the parents of the family of
cubics of typenK with fixed pole and root.

Theorem 8. Suppose that C = pK(W,S) with W = u : v : w, and S = r : s : t.
(a) Any child of C is of the form nK(W,R, k), with R on

pC(W,S) : (vt2 − ws2)x2 + (wr2 − ut2)y2 + (us2 − vr2)z2 = 0.

(b) If R is a point of pC(W,S) which is not S and not fixed by W -isoconjugation,
then there is a unique child of C of the form nK(W,R, k).
(c) Any cubic nK(W,R, k) which is not of type cK has parent of the form pK(W,S)
with S on pC(W,R).
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(d) If nK(W,R, k) has parent pK(W,S), then the perspectors are the non-trivial
intersections of pK(W,R) and pK(W,S).

Proof. (a) We know from Theorem 7 that a childnK(W,R, k) of C arises from
a desmic structure. Suppose the perspectors areP1 andP2. From Theorem 4(f)
(P1, P2, R, S) is a harmonic range. It follows that there are constantsm andn
with P1 = mR + nS andP2 = −mR + nS. From Theorem 4(a),W is the
barycentric product ofP1 andP2. Suppose thatR = x : y : z. Then we have

m2x2 − n2r2

u
=

m2y2 − n2s2

v
=

m2z2 − n2t2

w
.

If we eliminatem2 andn2 from these, we getpC(W,S) = 0.
(b) Given such anR, we can reverse the process in (a) to obtain a suitable value

for (m/n)2. Choosing either root, we get the required perspectors.
(c) is really just the observation thatS is on pC(W,R) if and only if R is on

pC(W,S).
(d) In Theorem 4, we noted that the perspectors lie onpK(W,S) and onpK(W,R).

Now these cubics meet atA, B, C and the four points fixed byW -isoconjugation.
There must be just two other (non-trivial) intersections. �
Example 1. In terms of triangle centers, the most prolific parent seems to be the
Neuberg cubic =pK(K,X(30)), Gibert’sK001.

The polar cubicpC(K,X(30)) is mentioned in [5] in the discussion of its center,
the Tixier point, X476. There, it is noted that it is a rectangular hyperbola passing
throughI, the excenters, andX(30). Of course, being rectangular, the other infinite
point must beX(523). Using the information in [5], we see that its asymptotes pass
throughX(74) andX(110). The perspectorsP1, P2 of desmic structures onK001
must be its isogonal pairs other than{X(30), X(74)}.

By Theorem 4(f), the root of the child cubic must be the mid-point ofP1 and
P2. The pair{O, H} gives a cubic of the formnK(K,X(5), k). The informa-
tion in [2] identifies it asK216. The pair{X(13), X(15)} gives a cubic of the
form nK(K,X(396), k). The pair{X(14), X(16)} gives a cubic of the form
nK(K,X(395), k).

As noted above,X(523) is on the polar conic, so we also have a child of the form
nK(K,X(523), k). SinceX(523) is not on the cubic, the perspectors must be at
infinity. As they are isogonal conjugates, they must be the infinite circular points.
These have already been noted as lying onK001. We now have additional centers
onpC(K,X(30)), X(5), X(395), X(396), as well asX(1), X(30), X(523). We
also have the harmonic associates of each of these points!

4. Roots and pivots

If we have a cubicnK(W,R, k) defined by a desmic structure, then it has a
parent cubicpK(W,S). From Theorem 8(c), we know thatS is on pC(W,R).
SinceR is also on the conic, we can identifyS from an equation forRS. Although
the results were found by heavy computations, we can establish them quite simply
by “guessing” the pole ofRS with respect topC(W,R).
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Theorem 9. Suppose that W = u : v : w, R = r : s : t and k are such
that nK(W,R, k) is defined by a desmic structure. Let pK(W,S) be the parent of
nK(W,R, k).
(a)The line RS is the polar of P = 2ust−kr : 2vtr−ks : 2wrs−kt with respect
to pC(W,R).
(b) The point S has first barycentric coordinate 4r(−r2vw + s2wu + t2uv) −
4kstu + k2r.

Proof. Suppose that the desmic structure has normalized perspectorsP1 = f : g :
h andP2 = f ′ : g′ : h′. Then we have

r = f − f ′, s = g − g′, t = h− h′;
u = ff ′, v = gg′, w = hh′,
k = 2(f ′g′h′ − fgh).

(a) The first barycentric ofP is then

2(ff ′(g − g′)(h− h′) − (f ′g′h′ − fgh)(f − f ′)) = 2(fg − f ′g′)(fh− f ′h′).

The coefficient ofx2 in pC(W,R) is

vt2 − ws2 = (gh− g′h′)(hg′ − gh′).

If we discard a symmetric factor the polar ofP is the lineP1P2, i.e., the lineRS.
(b) We know thatS = f + f ′ : g + g′ : h+h′. If we substitute the above values

for r, s, t, u, v, w, k, the expression becomesK(f + f′), whereK is symmetric
in the variables. Thus, S is as stated. �

This result allows us to find the parent of a cubic, even if we cannot find the
perspectors explicitly. It would also allow us to find the perspectors since these
are theW -isoconjugate points on the lineRS. Thus the perspectors arise as the
intersections of a line and (circum)conic.

Example 2. The second Brocard cubicnK0(K,X(523)), Gibert’sK018. We can-
not identify the perspectors of the desmic structure. They are complex. Theorem
9(b) gives the parent aspK(K,X(5)) - the Napolean cubic, and Gibert’sK005.

Example 3. The kjp cubicnK0(K,K), Gibert’sK024.
Theorem 9(b) gives the parent aspK(K,O) - the McCay cubic and Gibert’s

K003. Theorem 9(a) givesRS as the Brocard axis. It follows that the perspectors
of the desmic structure are the intersections of the Brocard axis with the Kiepert
hyperbola.

Our next result identifies the children of a givenpK(W,R) which are of the form
nK0(W,R). It turns out that the perspectors must lie on another cubicnK0(W,T ).
The rootT is most neatly defined using the generalization of Gibert’sPK-transform.

Theorem 10. Suppose that {P,P∗} �= {S, S∗} are a pair of W -isoconjugates on
pK(W,S). Then they define a desmic structure with associated cubic of the form
nK0(W,R) if and only if P , P∗ lie on nK0(W,PK(W,S)).
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Proof. Suppose thatP = x : y : z, S = r : s : t, W = u : v : w. Then the point
P ∗ is u/x : v/y : w/z. As P is on pK(W,S), there exist constantsm, n with
P + mP ∗ = nS. Then the normalized forms for the perspectors of the desmic
structure areP andmP∗, andR = P − mP ∗. If we look at a pair of coordinates
in the expressionP + mP∗ = nS, we get an expression form in terms of two of
x, y, z. These are

mx =
(yt− zt)yx
ysw − ztv

, my =
(zr − xt)xz
ztu− xrv

, mz =
(xs− yr)xy
xrv − ysu

.

We can now compute thek such that the cubic isnK(W,R, k) as

2
(

mxmymzuvw

xyz
− xyz

)
.

We have annK0 if and only if this vanishes. Maple shows that this happens pre-
cisely whenP (and henceP∗) is on the cubicnK0(W,T ), where

T = ur(vt2 − ws2) : vs(wr2 − ut2) : wt(us2 − vr2) = PK(W,S).

�
Note that we get annK0 whenP , P ∗ lie onpK(W,S) andnK0(W,PK(W,S)).

Then there are three pairs and three cubics. Also,PK(W,S) = PK(W,S∗) - see
§5 - sopK(W,S) andpK(W,S∗) give rise to the samenK0.

Example 4. Applying Theorem 10 to the McCay cubicpK(K,O) and the Or-
thocubicpK(K,H) we get the second Brocard cubicK019 = nK0(K,X(647)).
In the former case, we can identify the perspectors of the desmic structures. From
[2, K019], we know that the points ofK019 are the foci of inconics with centers
on the Brocard axisOK. Also, if P is on the McCay cubic, thenPP∗ passes
throughO. If PP∗ is notOK, then the center is onPP∗ and onOK, so must
beO. This gives four of the intersections, two of which are real. Otherwise,P
andP ∗ are the uniqueK-isoconjugates onOK. These are the intersections of the
Brocard axis and the Kiepert hyperbola. Again these are complex. They give the
cubicnK0(K,K) - see Example 3. In§5, we meet these last two points again.

Example 5. The Thomson cubicpK(K,G) and the Grebe cubicpK(K,K) give
the cubicnK0(K,X(512)). We will meet this cubic again in§5.

5. Desmic structures with triply perspective triangles

As we saw in Theorem 3, a cubic of typenK0 arises from a desmic structure in
which the triangles are triply perspective with the reference triangle�ABC. We
begin with a discussion of an obvious way of constructing such a structure. It turns
out that almost all triply perspective structures arise in this way.

Lemma 11. Suppose that P = p : q : r and Q = u : v : w are points with distinct
cevians.
(a) Let

A′ = BP ∩ CQ, B′ = CP ∩AQ, C ′ = AP ∩BQ,
A′′ = BQ ∩ CP, B′′ = CQ ∩AP, C ′′ = AQ ∩BP.
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Then the desmic structure with vertices A, B, C , A′, B′, C ′, A′′, B′′, C ′′, and
perspectors P1 = 1

qw : 1
ru : 1

pv and P2 = 1
rv : 1

pw : 1
qu has triangles �ABC ,

�A′B′C ′, �A′′B′′C ′′ which are triply perspective.
(b) Each desmic structure including the vertices A, B, C in which
(i) the triangles are triply perspective, and
(ii) the perspectors are distinct arises from a unique pair P , Q with P �= Q, and
perspectors normalized as in (a).

Proof. (a) We begin by looking at the desmic structure which is derived from the
given P1 andP2 as in Theorem 4. Thus, the first three vertices are obtained by
replacing a coordinate ofP1 by the corresponding coordinate ofP2. This has the
vertices named, for example the first vertex is1

rv : 1
ru : 1

pv . This is onBP andCQ,
so isA′. It is easy to see that the triangles doubly perspective, with perspectorsP
andQ, and hence triply perspective.

(b) Suppose we are given such a desmic structure. Then the perspectors are
P1 = f : g : h andP2 = f ′ : g′ : h′ withfgh = f ′g′h′ (see Lemmata 2 and 3). We
find pointsP andQ which give rise to these as in part (a). From the coordinates
of P1, we can solve foru, v andw in terms ofp, q, r and the coordinates ofP1.
Then, using two of the coordinates ofP2, we can findq andr in terms ofp. The
equality of the third coordinates follows from the conditionfgh = f′g′h′. As the
perspectors are distinct,P �= Q. �

Note that from the normalized perpsectors, we can recover the vertices, even if
some cevians coincide. For example,A′ is 1

rv : 1
ru : 1

pv .

Definition 4. The desmic structure defined in Lemma 11 is denoted by D(P,Q).

Theorem 12. If P and Q are triangle centers with functions p(a, b, c) and q(a, b, c),
then the desmic structure D(P,Q) has
(a) perspectors P1, P2 with functions h(a, b, c) = 1

p(b,c,a)q(c,a,b) and h(a, c, b).
(b) {P1, P2} is a bicentric pair.
(c) The vertices of the triangles are [h(a, c, b), h(b, c, a), h(c, a, b)], and so on.

The proof requires only the observation that, asP andQ are centers,p(a, b, c) =
p(a, c, b) andq(a, b, c) = q(a, c, b).

We leave it as an exercise to the reader that, if{P,Q} is a bicentric pair, then
P1, P2 are centers. It follows that, ifP , Q are centers andD(P,Q) has perspec-
torsP1, P2, thenD(P1, P2) has triangle centersP ′, Q′ as perspectors. As further
exercises, the reader may verify thatP′, Q′ are theQ2-isoconjugate ofP and the
P 2-isoconjugate ofQ. The desmon of the second structure is theP -Hirst inverse
of Q.

We can compute the equations of the cubics from the information in Lemma
11(a). These involve ideas introduced in our Definition 2.

Theorem 13. Suppose that P �= Q. The cubics associated with the desmic struc-
ture D(P,Q) are pK(W,NK(W,P )) and nK0(W,PK(W,P )), where W is the
isoconjugation which interchanges P and Q.
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Proof. We have the perspectorsP1 andP2 of the desmic structure from Lemma
11(a). These give isoconjugation as that which interchangesP1 andP2 - see The-
orem 4. Now observe that this also interchangesP andQ, soQ = P∗. From
Theorem 4, we have coordinates for the desmonS and the harmonR in terms of
those ofP1 andP2. Using our formulae forP1 andP2, we get the stated values of
S andR. �

Definition 5. Suppose that P �= Q, and that C = nK0(W,R) is associated with
the desmic structure D(P,Q). Then
(a)P , Q are the cevian points for C.
(b) The perspectors of D(P,Q) are the Grassmann points for C.

Theorem 14. Suppose that C = nK0(W,R) is not of type cK, and does not have
W = R2.
(a) The cevian points for C are the W -isoconjugate points on T (R∗). These are
the intersections of C(R) and T (R∗).
(b) The Grassmann points for C are the W -isoconjugate points on the polar of
PK(W,R) with respect to C(R).

Proof. From Theorems 3 and 7, we know thatC is a Grassmann cubic associated
with a desmic structure which has triply perspective triangles. If the perspectors of
the structure coincide atX, then the equation shows thatR = X andW = X2.
But we assumed thatW �= R2, so we do not have this case.

(a) From Theorem 13, this structure isD(P,Q) with Q = P∗, and R =
PK(W,P ) = PK(W,Q). From a remark following Definition 2,P andQ lie
on the conicC(R). Since they areW -isoconjugates, they also lie on theW -
isoconjugate ofC(R). This is T (R∗). The conic and line have just two inter-
sections, so this gives precisely the pair{P,Q}. These are precisely the pair of
W -isoconjugates onT (R∗).

(b) By Theorem 4, the Grassmann points areW -isoconjugate and lie onRS,
whereS is the desmon of the desmic structure. AsC is annK0, Theorem 9 givesS
as a point which we recognize as the pole ofT (R∗) with respect to the conicC(R).
Now R is the pole ofT (R) for this conic, soRS is the polar ofT (R) ∩ T (R∗) =
PK(W,R). �

In Theorem 14, we ignored cubics of typenK(R2, R, k). To make the algebra
easier, we replace the constantk by k′rst, whereR = r : s : t.

Theorem 15. If C = nK(R2, R, k′rst) is not of type cK, then C is the Grassmann
cubic associated with the desmic structure having perspectors R and aR, where a
is a root of

x2 +
(

1 +
k′

2

)
x + 1 = 0.

When k′ = 2, a = −1, the desmic structure and C are degenerate.
When k′ �= 2, −6, the corresponding pK is pK(R2, R), which is the union of

the R-cevians.
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Proof. When we use Maple to solve the equations to identifyA′ andA′′, we dis-
cover them asr : as : at, with a as above. This identifies the perspectors as
R and aR. It is easy to verify that this choice leads toC. Note that the two
roots are inverse, so we get the same vertices from either choice. The quadratic
has equal roots whenk′ = 2 or −6. The latter gives thecK in the class. In
this case, the “cubic” equation is identically zero asa = 1. In the former case,
a = −1, so we do get thenK as a Grassmann cubic, but the equation factorizes as
(ty + sz)(rz + tx)(sx + ry) = 0. In the “desmic structure”A′ = A′′, B′ = B′′,
C ′ = C ′′ asa = −1.

Note that here the cubic is not of typecK as it contains three fixed pointsRA,
RB, RC of R2-isoconjugation. Whenk′ �= 2, −6, the desmon is defined, and is
againR. Finally, pK(R2, R) is (ty − sz)(rz − tx)(sx− ry) = 0. �

Example 6. The third Brocard cubic,nK0(K,X(647)), is K019 in Gibert’s list.
As it is of typenK0, but not of typecK, Theorem 12(b) applies. The conicC(R) is
the Jerabek hyperbola. Also,R∗ isX(648), so that the lineT (R∗) is the Euler line.
These intersect in (theK-isoconjugates)O andH. This gives some new points on
the cubic:

A′ = BO ∩CH, B′ = CO ∩AH, C ′ = AO ∩BH,
A′′ = BH ∩ CO, B′′ = CH ∩AO, C ′′ = AH ∩BO.

Also, the cubic can be described as the Grassmann cubicGN(�A′B′C ′) or
GN(�A′′B′′C ′′). The associatedGP has the pivotNK(K,O) = NK(K,H) =
X(185). The cubicpK(K,X(185)) is not (yet) listed in [2], but we know that it
has the pointsA′, B′, C ′, A′′, B′′, C ′′, the perspectorsP1 andP2, as well asI, the
excenters andX(185).

Example 7. The first Brocard cubic,nK0(K,X(385)), is K017 in Gibert’s list.
Here, the verticesA′, B′, C ′, A′′, B′′, C ′′ have already been identified. They are
the vertices of the first and third Brocard triangles. The pointsP andQ are the
Brocard points. The associatedGP is pK(K,X(384)), the fourth Brocard cubic
andK020 in Gibert’s list. Again, Gibert’s website shows the points onK020,
together with{P1, P2} = {X(32), X(76)}.

Example 8. The cubicspK(K,X(39)) andnK0(K,X(512)). These cubics do
not appear in Gibert’s list, but the associated desmic structure is well-known. Take
= G, Q = K in Lemma 11(a). Again we get isogonal cubics. The vertices of
the structure are the intersections of medians and symmedians. From the proof of
Lemma 11,P1, P2 are the Brocard points. This configuration is discussed in, for
example, [4], but the proof that the triangles obtained from the intersections are
perspective with�ABC uses special properties ofG andK. Here, our Lemma
8(a) gives a very simple (geometric) proof of the general case. Here,PK(K,G) =
PK(K,K) = X(512), andNK(K,G) = NK(K,K) = X(39).

The pointsP andQ for a cubic of typenK0 are identified as the intersections of
a line with a conic. Of course, it is possible that these have complex coordinates.
This happens, for example, for the second Brocard cubic,nK0(K,X(523)). There,
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the line is the Brocard axis and the conic is the Kiepert hyperbola. A Cabri sketch
shows that these do not have real intersections. We have met these intersections in
§4.

Example 9. The kjp cubicnK0(K,K) is K024 in Gibert’s list. The desmic struc-
ture isD(P,Q), whereP , Q are the intersections of the line at infinity and the
circumcircle. These are the infinite circular points. We met this cubic in Example
3, where we identified the perspectors of the desmic structure as the intersections
of the Brocard axis with the Kiepert hyperbola.

6. Harmonic associates and other cubics

In the Introduction, we introduced the idea of harmonic associates. This gives a
pairing of our cubics. We begin with a result which relates desmic structures. This
amplifies remarks made in the proof of Theorem 6.

Theorem 16. Suppose that D is a desmic structure with normalized perspectors
P1, P2, and cubics nK(W,R, k), pK(W,S). Then the desmic structure D′ with
normalized perspectors P1, −P2 has
(a) vertices the harmonic associates of those of D, and
(b) cubics nK(W,S, k′), pK(W,R).

Proof. We refer the reader to the proof of Theorem 6(a), which in turn uses the
notation of Theorem 4(a). �

We refer to the cubicnK(W,S, k′) obtained in this way as the harmonic asso-
ciate ofnK(W,R, k).

Corollary 17. If nK(W,R, k) = GN(∆), then pK(W,R) = GP (∆′), where ∆′
is the harmonic associate of ∆.

Example 10. The second Brocard cubicnK(K,X(385)) = K017 was discussed
in Example 7. It isGN(∆), where∆ is either the first or third Brocard trian-
gle. From Corollary 17, the cubicpK(K,X(385)) = K128 is GP (∆′), where
∆′ is the harmonic associate of either of these triangles. This gives us six new
points onK128. The cubicnK0(K,X(512)) was introduced in Example 8. It is
GN(∆), where∆ is formed from intersections of medians and symmedians. From
the Corollary, the fifth Brocard cubicpK(K,X(512)) = K021 is GP (∆′). Now
the Grassmann points fornK0(K,X(512)) are the Brocard points, so these lie on
K021, as do the vertices of∆′.

Example 11. Let C = K216 of [2]. This was mentioned in§3. It is of the form
nK(K,X(5), k) with parentpK(K,X(30)) = K001. From Theorem 16, the
harmonic associate is of the formnK(K,X(30), k′) with parentpK(K,X(5)) =
K005. Using Theorem 9(b), a calculation shows thatK067 = nK(K,X(30), k′′)
has parentK005. From Theorem 8(b),K005 has a unique child with rootX(30).
ThusK067 is the harmonic associate ofK216. This gives us six points onK067
as harmonic associates of the points identified in [2] as being onK216. We will
give a geometrical description of these shortly.
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Three of the vertices of the desmic structure forK216 are the reflections of
the verticesA, B, C in BC, CA, AB. These give a triangle with perspectorH.
We can generalize these to a generalX as the result of extending eachX-cevian
by its own length. IfX = x : y : z, then, starting fromA, we get the point
y+z : −2y : −2z. TheA-harmonic associate isy+z : 2y : 2z, the intersection of
theH-cevian atA with the parallel toBC throughG. This suggests the following
definition.

Definition 6. For X = x : y : z, the desmic structure D(X) is that with normal-
ized perspectors y + z : z + x : x + y and −2x : −2y : −2z.

Note that the first perspector is the complementcX of X and the second isX.
We can summarize our results on such structures as follows.

Theorem 18. Suppose that X = x : y : z. The cubics associated with D(X) are
nK(W,R, k) and pK(W,S), where
(i) W = x(y + z) : y(z + x) : z(x + y), the center of the inconic with perspector
X,
(ii) R = 2x + y + z : x + 2y + z : x + y + 2z, the mid-point of X and cX,
(iii) S = −2x + y + z : x− 2y + z : x + y − 2z, the infinite point on GX.

The harmonic associate of nK(W,R, k) passes through G, the infinite point of
T (X), and their W -isoconjugates.

Proof. The coordinates ofW ,R andS follow at once from those of the perspectors
and Theorem 4. The final part needs an equation for the harmonic associate. This
is given by Theorem 4. The fact thatG andx(y − z) : y(z − x) : z(x − y) lie on
the cubic is a simple verification using Maple. �

ForX = H, we getK216 andK001 and their harmonic associatesK067 and
K005. The desmic structures and the points given in Theorem 18 account for most
of the known points onK216 andK067.

There is one further example in [2]. In the notes onK022 = nK(O,X(524), k),
it is observed that the cubic contains the vertices of the second Brocard triangle,
and hence theirO-isoconjugates. The latter are the the intersections of theX(69)-
cevians with lines throughG parallel to the corresponding sidelines. These are
the harmonic associates of three vertices ofD(X(69)). The other perspector is
K = cX(69). The mid-point ofX(69) andK isX(141), soK022 is the harmonic
associate of the cubicnK(O,X(141), k′) with parentpK(O,X(524)). These cu-
bics contain the vertices ofD(X(69)), including the harmonic associates of the
second Brocard triangle. Also, the parent ofK022 is pK(O,X(141)).

In the Introduction, we mentioned that the Darboux cubicpK(K,X(20)) is
GP (∆), where∆ has vertices the infinite points on the altitudes. Of course, as∆
is degenerate,GN(∆) degenerates. It is the union of the circumcircle and the line
at infinity. The harmonic associate∆′ has vertices the mid-points of the altitudes,
and this leads to annK(K,X(20), k), and its parent which is the Thomson cubic
pK(K,G) = K002. This will follow from our next result. The fact that the mid-
points lie onK002 is noted in [5], but now we know that those points can be used
to generateK002 as a locus of typeGP . We can replace the vertices of∆ or
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∆ by their isogonal conjugates. In the case of∆ the isogonal points lie on the
circumcircle. For any pointX = x : y : z, the mid point of the cevian atA is
y + z : y : z. We make the following definition.

Definition 7. For X = x : y : z, the desmic structure E(X) is that with normalized
perspectors y + z : z + x : x + y and x : y : z.

Theorem 19. Suppose that X = x : y : z. Let ∆ be the triangle �A′B′C ′ of
E(X). Then GN(∆) = nK(W,R, k) and GP (∆) = pK(W,G), where
W = x(y + z) : y(z + x) : z(x + y), the complement of the isotomic conjugate of
X,
R = −x + y + z : x− y + z : x + y − z, the anticomplement of X,
k = 2((y + z)(z + x)(x + y) − xyz).

The harmonic associates are GN(∆′) = nK(W,G, k′), which degenerates as
C(W ) and the line at infinity, and GP (∆′) = pK(W,R), which is a central cubic
with center the complement of X.

Most of the result follow from the equations given by Theorem 4. The fact
that pK(W,R) is central is quite easy to check, but it is a known result. In [6],
Yiu shows that the cubic defined byGP (∆′) has the given center. Yiu derives
interesting geometry related topK(W,R), and these are summarized in [1,§3.1.3].
The caseX = H givesW = K, R = X(20), so we getGP (∆) = K002, the
Thomson cubic, andGP (∆′) = K004, the Darboux cubic.

Remarks. (1) From [1, Theorem 3.1.2], we know that ifW �= G, there is a unique
centralpK with poleW . After Theorem 19, this arises from the desmic structure
E(X), whereX is the isotomic conjugate of the anticomplement ofW . The center
is then the complement ofX, and hence theG-Ceva conjugate ofW . It is also
the perspector ofE(X) other thanX. The pivot of the centralpK is then the
anticomplement ofX, and hence the anticomplement of the isotomic conjugate of
the anticomplement of the pole.

(2) The cubicpK(W,G) clearly containsG andW . From the previous remark,
it contains theG-Ceva conjugate ofW and itsW -isoconjugate (the pointX). It
also includes the mid-points of theX-cevians and theirW -isoconjugates. The last
six are the vertices of a defining desmic structure. Finally, it includes the mid-
points of the sides of�ABC.

We have seen that there are several pairs of cubics of typepK which are loci of
typeGP from harmonic associate triangles. We can describe when this is possible.

Theorem 20. For a given W , suppose that R and S are distinct points, neither
fixed by W -isoconjugation.
(a) There exist harmonic triangles ∆ and ∆′ with pK(W,R) = GP (∆) and
pK(W,S) = GP (∆′) if and only if pC(W,R) = pC(W,S).
(b) If pC(W,R) = pC(W,S), then the Grassmann points are
(i) the non-trivial intersections of pK(W,R) and pK(W,S),
(ii) the W -isoconjugate points on RS.
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Proof. (a) If pK(W,R) andpK(W,S) are loci of the given type, thenGN(∆′) =
nK(W,R, k) by Theorem 16. Thus thisnK has parentpK(W,S). By Theorem
8, pC(W,R) = pC(W,S). Now suppose thatpC(W,R) = pC(W,S). ThenR
is onpC(W,S). By Theorem 8, there is a unique child ofpK(W,R) of the form
nK(W,S, k′). From Theorem 7,nK(W,S, k′) = GN(∆) for a triangle∆, and
GP (∆) = pK(W,R). By Theorem 16,GP (∆′) = pK(W,S).

(b) The Grassmann points are the same for∆ and∆′, and lie on both cubics.
There are just two non-trivial points of intersection, so these are the Grassmann
points. The Grassmann points areW -isoconjugate, and lie onRS, giving (ii). �

We already have some examples of pairs of this kind:
K001 andK005 with Grassmann pointsO, H. The desmic structures are those
for K067 andK216.
K002 and K004 with Grassmann pointsO, H. The desmic structures appear
above.
K020 andK128 with Grassmann pointsX(32), X(76). See the first of Example
10.

From Example 1, we found children ofK001 with roots X(395), X(396),
X(523). We then have
K001 andK129a = pK(K,X(395)) with Grassmann pointsX(14), X(16);
K001 andK129b = pK(K,X(396)) with Grassmann pointsX(13), X(15);
K001 andpK(K,X(523)) with Grassmann points the infinite circular points.

In Example 3, we showed thatK024 = nK0(K,K) is a child ofK003. We
therefore haveK003 andK102 = pK(K,K), the Grebe cubic. The Grassmann
points are the intersection of the Brocard axis and the Kiepert hyperbola. These
are complex.

7. Further examples

So far, almost all of our examples have been isogonal cubics. In this section, we
look at some cubics with different poles. We have chosen examples where at least
one of the cubics involved is in [2]. In the latest edition of [2], we have the class
CL041. This includes cubics derived fromW = p : q : r. In our notation, we
have the cubicnK0(W,R), whereR = p2 − qr : q2 − pr : r2 − pq, theG-Hirst
inverse ofW . The parent ispK(W,S), whereS = p2 +qr : q2 +pr : r2 +pq. The
Grassmann points are the barycentric square and isotomic conjugate ofW . The
cevian points are the bicentric pair1/r : 1/p : 1/q and1/q : 1/r : 1/p. Example
7 is the case whereW = K, so that the Grassmann points are the centersX(32),
X(76), and the cevian points are the Brocard points. Our first two examples come
from CL041.

Example 12. If we put W = X(1) in constructionCL041, we getnK0(X(1),
X(239)) with parentK132 = pK(X(1),X(894)). The Grassmann points areK,
X(75), and the cevian points are those described in [3] as the Jerabek points. A
harmonic associate ofK132 is thenK323 = pK(X(1),X(239)).
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Example 13. If we putW = H in construction ofCL041, we getnK0(H,X(297))
with parentpK(H,S), whereS is as given in the discussion ofCL041. The Grass-
mann points areX(393), X(69), and the cevian points are those described in [3]
as the cosine orthocenters.

Example 14. The shoemaker’s cubics areK070a = pK(H,X(1586)) andK070b
= pK(H,X(1585)). As stated in [2], these meet inG andH. If we normalizeG
as1 : 1 : 1 andH asλ tanA : λ tanB : λ tanC, with λ = ±1, we get an
nK(H,X(1585), k) with parentK070a, and annK(H,X(1585), k′) with parent
K070b. The Grassmann points areG andH. Note thatK070a andK070b are
therefore harmonic associates.

The next five examples arise from Theorem 19. Further examples may be ob-
tained from the page on centralpK in [2].

Example 15. The complement ofX(1) is X(10), the Spieker center, the anti-
complement ofX(1) is X(8), the Nagel point. The center of the inconic with
perspectorX(1) is X(37). If we apply Theorem 19 withX = X(1), then we
get a cubicC = nK(X(37),X(8), k) with parentpK(X(37), G). The Grassmann
points areX(1) andX(10). The cubicpK(X(37), G) does not appear in the cur-
rent [2], but containsX(1), X(2), X(10) andX(37). The harmonic associate of
C degenerates as the line at infinity and the circumconic with perspectorX(37),
and has parentK033 = pK(X(37),X(8)).

Example 16. The complement ofX(7), the Gergonne point, isX(9), the Mit-
tenpunkt, the anticomplement ofX(7) is X(144). The center of the inconic with
perspectorX(7) is X(1). If we apply Theorem 19 withX = X(7), then we get
a cubicC = nK(X(1),X(144), k) with parentpK(X(1), G). The Grassmann
points areX(7) andX(9). The cubicpK(X(1), G) does not appear in the current
[2], but containsX(1), X(2), X(7) andX(9). The harmonic associate ofC de-
generates as the line at infinity and the circumconic with perspectorX(1), and has
parentK202 = pK(X(1),X(144)).

Example 17. The complement ofX(8), the Nagel point, isX(1), the incenter,
the anticomplement ofX(8) is X(145). The center of the inconic with perspector
X(1) is X(9). If we apply Theorem 19 withX = X(8), then we get a cubic
C = nK(X(9),X(145), k) with parentpK(X(9), G). The Grassmann points are
X(8) andX(1). The cubicpK(X(9), G) does not appear in the current [2], but
containsX(1), X(2), X(8) andX(9). The harmonic associate ofC degenerates
as the line at infinity and the circumconic with perspectorX(9), and has parent
K201 = pK(X(9),X(145)).

Example 18. The complement ofX(69) is K, the anticomplement ofX(69) is
X(193). The center of the inconic with perspectorX(69) is O. If we apply Theo-
rem 19 withX = X(69), then we get a cubicC = nK(O,X(193), k) with parent
K168 = pK(O,G). The Grassmann points areX(69) andK. The harmonic as-
sociate ofC degenerates as the line at infinity and the circumconic with perspector
O, and has parentpK(O,X(193)).
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Example 19. The complement ofX(66) is X(206), the anticomplement is not
in [5], but appears in [2] asP161 - seeK161. The center of the inconic with
perspectorX(66) is X(32). From Theorem 19 withX = X(66), we get a cubic
C = nK(X(32), P161, k) with parentK177 = pK(X(32), G). The Grassmann
points areX(66) andX(206). The harmonic associate of C degenerates as the line
at infinity and the circumconic with perspectorX(32), and has parentK161 =
pK(X(32), P161).

In Examples 3 and 9, we met the kjp cubicK024 = nK0(K,K). The parent
is the McCay cubicK003 = pK(K,O). It follows that the harmonic associate of
K024 is of the formnK(K,O, k), and that this has parent the Grebe cubicK102 =
pK(K,K). From Theorem 9(b), the generalnK0(W,W ) has parentpK(W,V ),
whereV is theG-Ceva conjugate ofW . The harmonic associate will be of the
form nK(W,V, k), with parentpK(W,W ). This means that the classCL007,
which contains cubicspK(W,W ), is related to the classCL009, which contains
cubicspK(W,V ), and to the classCL026, which contains cubicsnK0(W,W ).
We give four examples. In general, the Grassmann points and cevian points may
be complex.

Example 20. As above, the cubicnK0(X(1),X(1)) has parentpK(X(1),X(9)).
The harmonic associatenK(X(1),X(9), k) has parentK101 = pK(X(1),X(1)).

Example 21. As above, the cubicnK0(H,H) has parentK159 = pK(H,X(1249)).
The harmonic associatenK(H,X(1249), k) has parentK181 = pK(H,H).

Example 22. The cubicnK0(X(9),X(9)) has parentK157 = pK(X(9),X(1)).
The harmonic associatenK(X(9),X(1), k) has parentpK(X(9),X(9)).

Example 23. The cubicnK0(X(32),X(32)) has parentK160 = pK(X(32),
X(206)). The harmonic associatenK(X(32),X(206), k) has parentpK(X(32),
X(32)).

8. Gibert’s theorem

In private correspondence, Bernard Gibert has noted a further characterization
of the vertices of the desmic structures we have used.

Theorem 21 (Gibert). Suppose that P ,and Q are two W -isoconjugate points on
the cubic pK(W,S). For X on pK(W,S), let Xt be the tangential of X, and
pC(X) be the polar conic of X. Now pC(Pt) meets pK(W,S) at P t (twice), at P ,
and at three other points A′, B′, C ′, and pC(Qt) meets pK(W,S) at Qt (twice), at
Q, and at three other points A′′, B′′, C ′′. Then the points A′, B′, C ′, A′′, B′′, C ′′
are the vertices of a desmic structure with perspectors P and Q.

This can be verified computationally.

Appendix

We observe that the cubicnK(W,R, k) meets the sidelines of�ABC atA, B,
C and at the intersections withT (R). This accounts for all three intersections of
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the cubic with each sideline. The calculation referred to in Theorem 6(e) shows that
nK(W,R, k) andpK(W,RA) touch atB, C, meet atA, and at the intersections
of T (R) with AB andAC. On algebraic grounds, there are nine intersections, so
in the generic case, there are two further intersections. We now look at the Maple
results in detail. If we look at the equations fornK(W,R, k) andpK(W,RA) and
solve fory, z, then we get the expected solutions, andz = ax, y = −2vx(t+ar)

2aus+k ,
wherea satisfies

2u(2vtr − ks)X2 + (4uvt2 + 4vwr2 − 4uvs2 − k2)X + 2w(2vtr − ks) = 0.

We cannot havex = 0, ory = z = 0. Thus we must havea = 0, giving z = 0, or
a = − t

r , giving y = 0. The equation fora has a nonzero root only whenk = 2vrt
s .

If we put − t
r in the equation fora, we getk = 2ust

r or k = 2wrs
t . If we replace

pK(W,RA) by pK(W,RB) or pK(W,RC), we clearly get the same results. This
establishes the criteria set out in Theorem 6(e).

If we consider the casek = 2vtr
s , the equation for a becomesX = 0, so we can

regard the solutions as limits as a tends to0 or ∞. The former leads tor : −s : 0,
the latter to0 : 0 : 1. We will meet these again below. We now examine the locus
GN(�A′B′C ′) where the vertexA′ = a1 : a2 : a3 lies on a sideline. Ifa1 = 0,
the equation for the locus has some zero coefficients. This cannot include the cubic
nK(W,R, k) unless it is the whole plane. Thus we cannot define a cubic as a locus
in this case.

Guided by the above discussion, we now examine the casea3 = 0. Let B′ =
b1 : b2 : b3, C ′ = c1 : c2 : c3. The condition for the locus to be annK becomes
a2b3c1 = 0. Takinga2 = 0 or b3 = 0 leads to an equation with zero coefficients,
so we must havec1 = 0. When we equate the coefficients of the equations for the
locus andnK(W,R, k) other thany2z andxyz, we find a unique solution. After
scaling this isA′ = r : −s : 0, B′ = u/r : −v/s : w/t, C ′ = 0 : −s : t. Then the
locus isnK(W,R, 2vtr/s). A little thought shows that for fixedW , R, there are
only three such loci, givingnK(W,R, k) with k = 2ust/r, 2vtr/s, 2wrs/t. From
our earlier work, we know that there is no other way to express these cubics as loci
of typeGN .

We should expect to obtain a desmic stucture by takingW -isoconjugates ofA′,
B′, C ′. If we write the isoconjugate ofX = x : y : z asuyz : vzx : wxy, then
the isconjugates areA′′ = C, B′′ = r : −s : t = RB , C ′′ = A. Then�ABC and
�A′B′C ′ have perspectorB,�ABC and�CRBA have perspectorP = r : 0 : t,
�CRBA and�A′B′C ′ have perspectorRB.

It is a moot point whether this should be termed a desmic structure. It satisfies
the perspectivity conditions, but has only eight distinct points. If we replaceB′
by any point, we still get the same perspectors. If we allow this as a desmic, then
Theorem 7 holds as stated. If not, we can either add these three cubics to the
excluded list or reword in the weaker form.

Theorem 7′. If a cubic C is of type nK, but not of type cK, then there is a triangle
∆ with C = GN(∆), and at most two such triangles.
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To getR as the barycentric difference of perspectors, we need to scaleB to
0 : −s : 0. Then the sum isRB . A check using Theorem 9(b) shows that the parent
is indeedpK(W,RB) = GP (�A′B′C ′). Replacing each coordinate ofP in turn
by the corresponding one fromB, we getC, RB, A, as expected. On the other
hand, starting fromB, we getA′, 0 : 0 : 0, C ′. This reflects the fact that the other
points do not determineB′. When we compute the equation ofGN(�CRBA),
we find that all the coefficients are zero. Thus cubics of this kind are Grassmann
cubics for only one triangle rather than the usual two.
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Concurrent Medians of (2n + 1)-gons

Matthew Hudelson

Abstract. We exhibit conditions that determine whether a set of2n + 1 lines
are the medians of a(2n + 1)-sided polygon. We describe how to regard cer-
tain collections of sets of medians as a linear subspace of related collections of
sets of lines, and as a consequence, we show that every set of2n + 1 concur-
rent lines are the medians of some(2n + 1)-sided polygon. Also, we derive
conditions onn+1 points so that they can be consecutive vertices of a(2n+1)-
sided polygon whose medians intersect at the origin. Each of these constructions
demonstrates a procedure that generates(2n + 4)-degree of freedom families of
median-concurrent polygons. Furthermore, this number of degrees of freedom
is maximal.

1. Motivation

It is well-known that the medians of a triangle intersect in a common point. We
wish to explore which polygons in general have this property. Necessarily, such
polygons must have an odd number of edges. One easy source of such polygons
is to begin with a regular(2n + 1)-gon centered at the origin and transform the
vertices using an affine transformation. This exhausts the triangles as every triangle
is an affine image of an origin-centered equilateral triangle. On the other hand,
if we begin with either a regular pentagon or a regular pentagram, this process
fails to exhaust the median-concurrent pentagons. Consider the pentagon with the
sequence of verticesv0 = (0, 1), v1 = (1, 0), v2 = (2, 1), v3 = (−2,−2), and
v4 = (6, 2), depicted in Figure 1.

v3

v1

v2v0

v4

Figure 1. A non-affinely regular median concurrent pentagon

It is easy to check that for eachi (all indices modulo 5), the line throughvi and
1
2(vi+2 + vi+3) contains the origin. Alternatively, it suffices to check thatvi and
vi+2 +vi+3 are scalar multiples. On the other hand, this pentagon has a single self-
intersection whereas a regular pentagon has none and a regular pentagram has five,
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so this example cannot be the image under an affine map of a regular 5-gon. Thus,
we seek alternative and more comprehensive means to construct median concurrent
pentagons specifically and(2n + 1)-gons in general.

We approach this problem by two different means. In the next section, we con-
sider families of lines that serve as the medians of polygons and in the section
afterwards, we begin with a collection ofn+ 1 consecutive vertices and show how
to “complete” the collection with the remainingn vertices; the result will also be a
(2n + 1)-gon whose medians intersect.

2. Families of polygons constructed by medians

2.1. Oriented lines and the signed law of sines. In this section, we will be working
with oriented lines. Given a line�′ in R

2, we associate with it a unit vectorv that is
parallel with�′. The oriented line� is defined as the pair(�′,v). Then given points

A andB on �, we can solve
−−→
AB = tv for t and say thatt is the “signed length”

from A to B along�; this quantity is denotedd�(A,B). If t > 0, we will say that
B is on the “positive side” ofA along �; if t < 0, we will say thatB is on the
“negative side” ofA along�. Switching the orientation of a line switches the sign
of the signed length from one point to another on that line.

Let �1 and�2 be two non-parallel oriented lines andC be their intersection point.
Let Di be a point on the positive side ofC along�i. The “signed angle” from�1
to �2, denotedθ12 is the angle whose magnitude (in the range(0, π)) is that of
∠D1CD2 and whose sign is that of the cross productv1 × v2, the vectors thought
of as lying in thez = 0 plane ofR3. The signed angle of two parallel lines with the
same unit vector is0, and with opposite unit vectors isπ. Switching the orientation
of a single line switches the sign of the signed angle between them.

A12 A13

A23

�2

�3

�1

β

α

θ13

θ23

Figure 2. The signed law of sines
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In Figure 2 we have three oriented lines�1, �2, �3. PointAij is at the intersection
of �i and�j. As drawn,A13 is on the positive side ofA12 along�1, A23 is on the
positive side ofA12 along �2, andA23 is on the positive side ofA13 along �3.
Letting α = ∠A23A13A12 andβ = ∠A12A23A13, we havesinα = sin θ13 and
sinβ = sin θ23.

By the ordinary law of sines and the above comments aboutα andβ, we have

d�1(A12, A13)
sin θ23

=
d�2(A12, A23)

sin θ13
.

Note that if we switch the orientation of�1, then the numerator of the LHS and the
denominator of the RHS change signs. Switching the orientation of�2 changes the
signs of the numerator of the RHS and the denominator of the LHS. Switching the
orientation of�3 changes the signs of both denominators. Any of these orientation
switches leaves the LHS and RHS equal, and so the equation above is true for
oriented lines and signed angles as well; we call this equation “the signed law of
sines.”

2.2. Constructing polygons via medians. Let �0, �1, . . . , �2n be 2n + 1 oriented
lines, no two parallel, inR2. Let Bi,j be the point of intersection of�i and �j ,
and letδi+1 be d�i+1

(Bi,i+1, Bi+1,i+2). Finally, choose a pointA0 on �0 and let
S0 = d�0(B0,1, A0).

Ak

B

C

Ak+2

m1

�k

m2

�k+1

�k+2

Figure 3. Constructing consecutive points via medians

Given a pointAk on �k, we construct the pointAk+2 on �k+2 (the indices of
lines are modulo2n + 1) as follows and as depicted in Figure 3.

Construction 1. Construct line m1 through Ak and perpendicular to �k+1. Let
point B be the intersection of line �k+1 and m1. Construct point C on line m1

so that segments AkB and BC are congruent. Construct line m2 through C and
perpendicular to m1. Let point Ak+2 be the intersection of lines m2 and �k+2.
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We note that line�k+1 intersects segmentAk, Ak+2 at its midpoint.
We defineSk = d�k

(Bk,k+1, Ak) andθij to be the signed angle subtended from
�i to �j. Lettingm be the line throughAk andAk+2 andϕ = θ�k+1,m, we have by
the signed law of sines,

x

sin θk,k+1
=

Sk

sin(θk,k+1 + ϕ)

and
x

sin θk+1,k+2
=

Sk+2 + δk+1

sin(θk,k+1 + ϕ)
.

Eliminatingx, we have

Sk+2 =
sin θk,k+1

sin θk+1,k+2
Sk − δk+1.

Let

gk =
sin θk,k+1

sin θk+1,k+2
.

Then we have the recurrence

Sk+2 = gkSk − δk+1.

This leads to
Sk+4 = gk+2Sk+2 − δk+3

= gk+2gkSk − gk+2δk+1 − δk+3,

and
Sk+6 = gk+4Sk+4 − δk+5

= gk+4gk+2gkSk − gk+4gk+2δk+1 − gk+4δk+3 − δk+5.

In general, if we define

hk,p,m = gk+2pgk+2p+2gk+2p+4 . . . gk+2(m−1),

we have

Sk+2m = hk,0,mSk − hk,1,mδk+1 − hk,2,mδk+3 − · · · − δk+2m−1.

We are interested in the case when we begin with a pointA0 on �0 and eventually
construct the pointA2(2n+1) which will also be on line�0. Whenk = 0 and
m = 2n + 1, we have

S2(2n+1) = h0,0,2n+1S0 − h0,1,2n+1δ1 − h0,2,2n+1δ3 − · · · − δ2(2n+1)−1.

We notice first that

h0,0,2n+1 =
2n∏

k=0

g2k =
2n∏

k=0

sin θ2k,2k+1

sin θ2k+1,2k+2
=

∏2n
k=0 sin θ2k,2k+1∏2n

k=0 sin θ2k+1,2k+2

.

Since the subscripts in the latter products are all modulo2n+ 1, it follows that the
terms in the numerator are a permutation of those in the denominator. This means
thath0,0,2n+1 = 1. The second observation is that

S2(2n+1) = S0 + a linear combination of theh0,i,2n+1 values.
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The coefficients of this linear combination are theδ’s. The nullspace of theh
values will in fact be a codimension 1 subspace of the space of all possible choices
of (δ0, δ1, . . . , δ2n)T . An immediate consequence of this is that if for alli we have
δi = 0 thenS4n+2 = S0 and so we have closed the polygonA0, A2, A4, . . . ,
A4n+2 = A0. We have shown

Proposition 1. Any set of 2n + 1 concurrent lines, no two parallel, in R
2 are the

medians of some (2n + 1)-gon.

Consider choosing a family of2n+ 1 concurrent lines. Each line can be chosen
by choosing a unit vector, the choice of each being a single degree of freedom (for
instance, the angle that vector makes with the vector(1, 0)T ). Another degree of
freedom is the choice of pointA0 on �0. Finally, there are two more degrees of
freedom in the choice of the point of concurrency. This is a total of2n+ 4 degrees
of freedom for constructing(2n + 1)-gons with concurrent medians.

3. Families of median-concurrent polygons constructed by vertices

Suppose we have three points(a, b), (c, d), and(e, f) in R
2 such that(a, b) �=

(−c,−d). We seek a fourth point(u, v) such that(u, v), (a + c, b + d) and(0, 0)
are collinear, and(a, b), (e + u, f + v) and(0, 0) are also collinear.

m1

m2

A (0, 0)

(c, d)

(a, b)

(e, f)

(x, y)

(u, v)

m3

m4

Figure 4. Constructing the fourth point

The point(u, v) can be constructed as follows:

Construction 2. Let A be the midpoint of the segment joining (a, b) and (c, d) and
m1 be the line through A and the origin. Construct the line m2 parallel to m1

that is on the same side of, but half the distance from (e, f) as m1. Let m3 be the
line through (a,b) and the origin, intersecting m2 at (x, y), and let m4 be the line
through (e, f) and (x, y). The point (u, v) is the intersection of lines m1 and m4.
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It must be the case that(u, v) = k(a + c, b + d) and also

u(b + d) = v(a + c)

b(e + u) = a(f + v).

Subtracting, we have
ud− be = vc− af

or
k(a + c)d− be = k(b + d)c− af.

Isolatingk, we have

k =
be− af

ad− bc
.

Notice that the fourth point is uniquely determined by the other three, provided
ad− bc �= 0.

We formalize this in the following definition.

Definition 1. Given point A = (a, b), C = (c, d), and E = (e, f), we define the
point F (A,C,E) by the formula

F = F (A,C,E) =
be− af

ad− bc
(A + C).

This point satisfies the property that the lines F, (A + C) and A, (E + F ) intersect
at the origin.

Now, suppose we haven+1 points inR
2, xi = (ai, bi), 0 ≤ i ≤ n, and suppose

that no line joining two consecutive points contains the origin. Starting ati = 0
we definexi+n+1 = F (xi, xi+1, xi+n). We address what happens in the sequence
x0, x1, x2, . . ..

We can recast our definition of the pointxi+n+1 using the following definition.

Definition 2. For 0 ≤ j, k, ∆j,k = ajbk − bjak.

Armed with this, we have

xi+n+1 =
∆i+n,i

∆i,i+1
(xi + xi+1).

Also, we use induction to prove:

Proposition 2. For all j ≥ 0, ∆j+n,j = ∆n,0.

Proof. The casej = 0 is obvious. Suppose the result is true forj = k. Then

∆k+1+n,k+1 = ak+1+nbk+1 − bk+1+nak+1

=
∆k+n,k

∆k,k+1
((ak + ak+1)bk+1 − (bk + bk+1)ak+1)

=
∆k+n,k

∆k,k+1
(akbk+1 − bkak+1)

= ∆k+n,k

= ∆n,0

which completes the induction. �
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As a consequence, we have

xi+n+1 =
∆n,0

∆i,i+1
(xi + xi+1).

We verify a useful property of∆j,k:

Proposition 3. For all j, k, �,

∆j,kx� + ∆�,jxk = ∆�,kxj .

Proof. We work component-by-component:

∆j,ka� + ∆�,jak = (ajbk − bjak)a� + (a�bj − b�aj)ak

= ajbka� − bjaka� + a�bjak − b�ajak

= (a�bk − b�ak)aj

= ∆�,kaj ,

and
∆j,kb� + ∆�,jbk = (ajbk − bjak)b� + (a�bj − b�aj)bk

= ajbkb� − bjakb� + a�bjbk − b�ajbk

= (a�bk − b�ak)bj

= ∆�,kbj .

�

We can now prove the following:

Proposition 4. For all 0 ≤ i ≤ 2n, there is a ki such that xi−1 + xi = kixn+i (all
subscripts modulo 2n + 1).

Proof. For i = 0, we calculate

x2n + x0 =
∆n,0

∆n−1,n
(xn−1 + xn) + x0

=
1

∆n−1,n
(∆n,0xn−1 + ∆n,0xn + ∆n−1,nx0)

=
1

∆n−1,n
((∆n,0xn−1 + ∆n−1,nx0) + ∆n,0xn)

=
1

∆n−1,n
(∆n−1,0xn + ∆n,0xn)

=
∆n−1,0 + ∆n,0

∆n−1,n
xn

and so

k0 =
∆n−1,0 + ∆n,0

∆n−1,n
.

If 1 ≤ i ≤ n, then by the definition ofxn+i, ki = ∆i−1,i/∆n,0.
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To handle the case wheni = n + 1, we calculate

xn + xn+1 = xn +
∆n,0

∆0,1
(x0 + x1)

=
1

∆0,1
(∆0,1xn + ∆n,0(x0 + x1))

=
1

∆0,1
(∆0,1xn + ∆n,0x1 + ∆n,0x0)

=
1

∆0,1
(∆n,1x0 + ∆n,0x0)

=
∆n,1 + ∆n,0

∆0,1
x0

and so

kn+1 =
∆n,1 + ∆n,0

∆0,1
.

For the values ofi, n + 2 ≤ i ≤ 2n, we setm = i − n and we have, using the
symbolδ = ∆n,0/(∆m−2,m−1∆m−1,m),

xi−1 + xi = xn+m−1 + xn+m

=
∆n,0

∆m−2,m−1
(xm−2 + xm−1) +

∆n,0

∆m−1,m
(xm−1 + xm)

= δ(∆m−1,m(xm−2 + xm−1) + ∆m−2,m−1(xm−1 + xm)

= δ((∆m−1,mxm−2 + ∆m−2,m−1xm) + (∆m−1,m + ∆m−2,m−1)xm−1)

= δ(∆m−2,m + ∆m−1,m + ∆m−2,m−1)xm−1

= δ(∆m−2,m + ∆m−1,m + ∆m−2,m−1)xi+n

noting thatm− 1 = i−n− 1 ≡ i+n modulo2n+ 1, and so forn+ 2 ≤ i ≤ 2n,
we have

ki =
∆n,0(∆i−n−2,i−n + ∆i−n−1,i−n + ∆i−n−2,i−n−1)

∆i−n−2,i−n−1∆i−n−1,i−n
.

�
What this proposition says, geometrically, is that the pointsxi−1 + xi, xi+n

and the origin are collinear. Alternatively, settingi = j + n + 1, we find that
the pointsxj , xj+n + xj+n+1 and the origin are collinear. But this means that
1
2(xj+n + xj+n+1) is also on the same line, and so the line connectingxj and the
midpoint of the segment joiningxj+n andxj+n+1 contains the origin.

As a direct consequence, we obtain the following result:

Proposition 5. Given any sequence of n + 1 points, x0, x1, . . . , xn such that the
origin is not on any line xi, xi+1 or xn, x0, then these points are n + 1 vertices in
sequence of a unique (2n + 1)-gon whose medians intersect in the origin.

Here, we can choosen + 1 points to determine a(2n + 1)-gon whose medians
intersect at the origin. Each point contributes two degrees of freedom for a total of
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2n+2 degrees of freedom. Two more degrees of freedom are obtained for the point
of concurrency, for a total of(2n + 4) degrees of freedom. This echoes the final
result from the previous section. That we cannot obtain further degrees of freedom
follows from the previous section as well. There,any set of2n+1 concurrent lines
(in general position) produced a concurrent-median(2n+1)-gon. We cannot hope
for more freedom than this.

Matthew Hudelson: Department of Mathematics, Washington State University, Pullman, Wash-
ington, 99164-3113, USA

E-mail address: hudelson@math.wsu.edu
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On the Generating Motions and the Convexity of
a Well-Known Curve in Hyperbolic Geometry

Dieter Ruoff

Abstract. In Euclidean geometry the verticesP of those angles∠APB of size
α that pass through the endpointsA, B of a given segment trace the arc of a
circle. In hyperbolic geometry on the other hand a set of equivalently defined
pointsP determines a different kind of curve. In this paper the most basic prop-
erty of the curve, its convexity, is established. No straight-forward proof could
be found. The argument rests on a comparison of the rigid motions that map one
of the angles∠APB into other ones.

1. Introduction

In the hyperbolic plane letAB be a segment andH one of the halfplanes with
respect to the line throughA andB. What will be established here is the convexity
of the locusΩ of the pointP which lies inH and which determines together with
A andB an angle∠APB of a given fixed size. In Euclidean geometry this locus is
well-known to be an arc of the circle throughA andB whose centerC determines
the (oriented) angle∠ACB = 2 · ∠APB. In hyperbolic geometry, on the other
hand, one obtains a wider, flatter curve (see Figure 1; [2, p.79, Exercise 4], [1],
and also [6, Section 50], [7, Section 2]). The evidently greater complexity of the
non-Euclidean version of this locus shows itself most clearly when one considers
the (direct) motion that carries a defining angle∠APB into another defining angle
∠AP ′B. Whereas in Euclidean geometry it has to be a rotation, it can in hyperbolic
geometry also be a horocyclic rotation about an improper center, or, surprisingly,
even a translation. For our convexity proof it appears to be practical to consider
the given angle as fixed and the given segment as moving. Then, as will be shown
in theMain Lemma, the relative position of the centers or axes of our motions can
be described in a very simple fashion, with the sought-after convexity proof as an
easy consequence. As to proving the Lemma itself, one has to take into account
that the motions involved can be rotations, horocyclic rotations, or translations, and
it seems that a distinction of cases is the only way to proceed. Still, it would be
desirable if the possibility of an overarching but nonetheless elementary argument
would be investigated further.

The fact of the convexity of our curve yields at least one often used by-product:

Theorem. Let AB be a segment, H a halfplane with respect to the line through A
and B, and � a line which has points in common with H but avoids segment AB.
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Many thanks to my colleague Dr. Chris Fisher for his careful reading of the manuscript and his

helpful suggestions.



150 D. Ruoff

Figure 1

Then the point X, when running through � in H , determines angles ∠AXB that
first monotonely increase, and thereafter monotonely decrease in size.

Our approach will be strictly axiomatic and elementary, based on Hilbert’s ax-
iom system of Bolyai-Lobachevskian geometry (see [3, Appendix III]). The appli-
cation of Archimedes’ axiom in particular is excluded. Beyond the initial concepts
of hyperbolic plane geometry we will only rely on the facts about angle sum, de-
fect, and area of polygons (see e.g. [2, 5, 6, 8]), and on the basic properties of
isometries. To facilitate the reading of our presentation we precede it with a list of
frequently used abbreviations.

1.1. Abbreviations.

1.1.1. [A1A2 . . . Ah . . . Ai . . . Ak . . . An] for ann-tuple of points withAi between
Ah andAk for 1 ≤ h < i < k ≤ n.

1.1.2. AB,CD, . . . for segments, and(AB), (CD), . . . for the relatedopen in-

tervals AB − {A,B}, CD − {C,D}, . . . ; −−→
AB,

−−→
CD, . . . for the rays from A

throughB, from C throughD, . . ., and
−−−→
(A)B,

−−−→
(C)D, . . . for the relatedhalflines−−→

AB −{A}, −−→
CD −{C}, . . .; �(AB), �(CD), . . . for the lines throughA andB,

C andD, . . . .

1.1.3. a, b, c, . . . are general abbreviations for lines,−→a ,
−→
b ,−→c , . . . for rays in

those lines, and(−→a ), (
−→
b ), (−→c ), . . . for the related halflines.

1.1.4. H(a,B), where the pointB is not on linea, for thehalfplane with respect
to a which contains B, andH(a,B) for thehalfplane with respect to a which does
not contain B. The improper ends of rays which enter halfplaneH througha are
considered as belonging toH.

1.1.5. perp(a,B) for the line which isperpendicular to a and incident withB;
proj(S, �) for theorthogonal projection of the point or pointsetS to �.

1.1.6. ABCD for theLambert quadrilateral with right angles atA,B,C and an
acute angle atD.

1.1.7. R for the size of a right angle.
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1.1.8. a � \ b, a � \ −→p , . . . for the intersection point of the linesa andb, of the
line a and the ray−→p , . . . .

1.1.9. ·, ··, ◦ (in figures) for specific acute angles with·· denoting a smaller angle
than·.
Remark. In the figures of Section 3, lines and metric are distorted to better exhibit
the betweenness features.

2. Segments that join the legs of an angle

In this section we compile a number of facts about segments whose endpoints
move along the legs of a given angle. All statements hold in Euclidean and hy-
perbolic geometry alike; the easy absolute proofs are for the most part left to the
reader.

Let ∠(−→a ,
−→
b ) be an angle with vertexP , andC be the class of segmentsAνBν

of lengths that have endpointAν on leg(−→a ) and endpointBν on leg(
−→
b ) of this

angle, and satisfy the equivalent conditions

(1a) ∠PAνBν ≥ ∠PBνAν , (1b) PAν ≤ PBν ,

(see Figures 2a, b). We will always draw−→a ,
−→
b as rays that aredirected downwards

and, to simplify expression, refer toP as thesummit of ∠(−→a ,
−→
b ). As a result of

(1a) the segmentsAνBν are uniquely determined by their endpoints on(−→a ), and
C can be generated by sliding downwards through the points on(−→a ) and finding

the related points on(
−→
b ).

Figure 2a Figure 2b

It is easy to see that during this downwards movement∠PAνBν decreases
and∠PBνAν increases in size. Due to (1a) the segmentA0B0 which satisfies
∠PA0B0 ≡ ∠PB0A0, PA0 ≡ PB0 is the lowest of classC.
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If ∠(−→a ,
−→
b ) < R then the classC contains a segmentApBp such that∠PApBp =

R. Note that whenAν moves downwards fromP to Ap, Bν moves in tandem
down from the pointO s units belowP to Bp, but that whenAν moves on down-
wards fromAp to A0, B0 moves back upwards fromBp to B0 (see Figure 2a). If

∠(−→a ,
−→
b ) ≥ R no perpendicular line to(−→a ) meets(

−→
b ) and the pointsBν move

invariably upwards when the pointsAν move downwards (see Figure 2b).
Now consider three segmentsAB,A1B1, A2B2 ∈ C whose endpoints on(−→a )

satisfy the order relation[AA1A2P ], and the direct motions that carry segmentAB
to segmentA1B1 and to segmentA2B2. These motions belong to the inverses of
the ones described above and may carryB first downwards and then upwards. As a
result there are seven conceivable situations as far as the order of the pointsB,B1

andB2 is concerned (see Figure 3):

(I) [B2B1BP ], (II) [B1BP ], B2 = B1

(III) [B1B2BP ], (IV) [B1BP ], B2 = B,
(V) [B1BB2P ], (VI) [BB2P ], B1 = B, and
(VII) [BB1B2P ].

Figure 3

In case∠(−→a ,
−→
b ) ≥ R the pointB moves solely downwards (see Figure 2b) and

we find ourselves automatically in situation (I). On the other hand if∠(−→a ,
−→
b ) < R

andA lies on or aboveAp both endpoints of segmentAB move simultaneously
upwards, first toA1B1 and then on toA2B2 (see Figure 2a); this means that we
are dealing with situation (VII).

In Figure 3 the level of the midpointN1 of BB1 is indicated by an arrow to the
left, and the level of the midpointN2 of BB2 by an arrow to the right. We recognize
at once that we can useN1 andN2 instead ofB1 andB2 to characterize the above
seven situations. Set forth explicitly, a triple of segmentsAB,A1B1, A2B2 ∈ C
with [AA1A2P ] can be classified according to the following conditions on the
midpointsN1, N2 of BB1, BB2:
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(2)

(I) [N2N1BP ], (II) [N1BP ], N2 = N1,
(III) [N1N2BP ], (IV) [N1BP ], N2 = B,
(V) [N1BN2P ], (VI) [BN2P ], N1 = B, and
(VII) [BN1N2P ].

Note that alwaysN1N2 =
1
2
B1B2. The midpointsM1,M2 of AA1, AA2 sim-

ilarly satisfy M1M2 =
1
2
A1A2; here the directionM1 → M2 like the direction

A1 → A2 points invariably upwards.

Figure 4 Figure 5

In closing this section we deduce two important inequalities which involve the
pointsM1,M2, N1 andN2.

FromPA ≤ PB, PAi < PBi (see (1b)) follows

(3) PMi < PNi (i = 1, 2),

(see Figure 4). In addition, for situations (III) - (VII) in whichB2 lies aboveB1 and
N2 aboveN1 we can establish this. In the right triangles�A′

1A1B1, �A′
2A2B2

whereA′
1 = proj(A1, b), A′

2 = proj(A2, b), A′
1A1 > A′

2A2, A1B1 ≡ A2B2 (=s),
and as a resultA′

1B1 < A′
2B2 (see Figure 5). SoA′

1A
′
2 > B1B2, and because

A1A2 > A′
1A

′
2, A1A2 > B1B2. Noting what was said above we therefore have:

(4) If N2 lies aboveN1 thenM1M2 > N1N2.

3. The centers of two key segment motions

In this section we locate the centers of the segment motions described above.
Our setting is the hyperbolic plane in which (as is well-known) three kinds of
direct motions have to be considered. The Euclidean case could be subsumed with
few modifications under the heading of rotations.
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Figure 6

Let µi be the rigid, direct motion that carries the segmentAB ∈ C onto the
segmentAiBi ∈ C (i = 1, 2) whereAi lies aboveA, and letmi = perp(a,Mi),
ni = perp(b,Ni). If lines mi andni meet,µi is arotation about their intersection
point Gi, if they are boundary parallel,µi is an improper (horocyclic) rotation
about their common endγi, and if they are hyperparallel,µi is a translation along
their common perpendiculargi (see e.g. [4, p. 455, Satz 13; Figure 6]). We callGi,
γi or gi thecenter [Gi] of the motionµi. For any pointX disjoint from the center,
�(X[Gi]) denotes the line joiningX to the center ofµi, namely�(XGi), �(Xγi),
or perp(gi,X). The ray fromX contained in this line and in the direction of[Gi]
will be referred to as theray

−−−→
X[Gi] from X towards the center of µi; specifically

for X = P,Mi, Ni we define−→pi =
−−−→
P [Gi], −→mi =

−−−−→
Mi[Gi] and (if it exists)−→ni =−−−−→

Ni[Gi].

Figure 7

We now show that the center[Gi] of motionµi must lie inH(a,B).
If ni does not intersect(−→a ) this is clear; ifni meetsa in a point I (see Fig-

ure 7) we verify the statement as follows. SegmentPI as the hypothenuse of
�PINi is larger thanPNi and so (see (3)) larger thanPMi. Consequently the
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angle∠PINi = ∠MiINi is acute, which indicates thatni when enteringH(a,B)
at I, approachesmi. As a result[Gi] must lie inH(a,B).

Some additional consequences are implied by the fact that the center[Gi] of
either motionµi is determined by a pair of perpendicularsmi, ni to linesa and
b (see again Figure 6). If[Gi] = γi is a common end ofmi, ni and thus the

center of a horocyclic rotation, it cannot be the end of ray
−→
b . Similarly, if [Gi] =

gi is the common perpendicular ofmi andni, and thus the translation axis, it is
hyperparallel to both of the intersecting linesa, b and, as a result, has no point in
common with either; furthermore,a andb, being connected, must belong to the
same halfplane with respect togi. On the other hand, if[Gi] = Gi is the common
point of mi andni, and thus the rotation center, it is indeed possible that it lies on
(
−→
b ). The pointGi then is collinear withB and with its imageBi which means

that forB �= Bi the rotation is a half-turn andGi coincides with the midpointNi

of BBi; in additionGi should be the midpointMi of AAi which is impossible. So
B = Bi = Ni = Gi; conversely, one establishes easily that if any two of the three
pointsB,Bi, Ni coincide,µi is a rotation with centerGi equal to all three.

We now assume that our plane is furnished with an orientation (see [3, Section
20]), and that without loss of generalityP lies to the left of ray

−−→
AB. This ray

entersH(a,B) at the pointA of (−→a ) andH(b,A) at the pointB of (
−→
b ). Also

−→mi =
−−−−→
Mi[Gi] entersH(a,B) at a point of(−→a ) and so hasP on its left hand

side as well (see Figure 8). As to the ray−→ni =
−−−−→
Ni[Gi] which (if existing, i.e. for

[Gi] �= Ni) originates at the pointNi of (
−→
b ), it hasP on its left hand side if and

only if it entersH(b,A), i.e. if and only if[Gi] belongs toH(b,A).

Figure 8a Figure 8b

Because the motionµi carriesA across−→mi to Ai on the side ofP , Ai lies to the
left andA to the right of−→mi. Being a direct motion,µi consequently also moves

B (if B �= Ni) from the right hand side of−→ni =
−−−−→
Ni[Gi] to Bi on the left hand side

which is the side ofP iff [Gi] belongs toH(b,A). In short, motionµi carriesB

upwards on(
−→
b ) iff [Gi] lies inH(b,A).

We gather from the previous two paragraphs that
• [Gi] belongs toH(b,A) if Bi andNi lie aboveB on (

−→
b ),
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• to (
−→
b ) if Bi = Ni = B, and

• to H(b,A) if Bi andNi lie belowB on (
−→
b ).

Considering the motionsµ1, µ2 again together we can tell in each of the seven
situations listed in (2) where the two motion centers[G1], [G2] (which both be-
long to H(a,B)) lie with respect tob. As we shall see, the relative positions of
[G1], [G2] can be described in a way that covers all seven situations: rotating ray
−→a =

−→
PA aboutP into H(a,B) we always pass ray

−−−→
P [G1] first, and ray

−−−→
P [G2]

second. More concisely,

MAIN LEMMA (ML). Ray −→p1 =
−−−→
P [G1] always enters ∠(−→a ,−→p2) = ∠AP [G2].

Proof. (The essential steps of the proof are outlined at the end.)
From (2) and the previous paragraph follows that[G1] lies in H(b,A) in sit-

uations (I)-(V), on
−→
(b) in situation (VI) and inH(b,A) in situation (VII); [G2]

lies in H(b,A) in situations (I)-(III), on(
−→
b ) in situation (IV) and inH(b,A) in

situations (V)-(VII), (see Figure 9). As a result the Lemma follows trivially for sit-
uations (IV)-(VI). The other situations are more complex, and their proofs require
that the nature of the motion centers[Gi], (i = 1, 2), which can be a pointGi, end
γi or axisgi be taken into account. Thus a pair of motion centers[G1], [G2] can be
equal toG1, G2; G1, γ2; G1, g2; γ1, G2; γ1, γ2; γ1, g2; g1, G2; g1, γ2; g1, g2.

The arguments to be presented are dependent on the mutual position ofP,M1,M2

on−→a and ofP,N1, N2 on
−→
b , and are best followed through Figure 9.

We first consider situations (I)-(III) in which∠(−→a ,
−→
b ) includes(−→p1) and(−→p2).

To verify (ML) we have to show that−→p2 does not enter∠(−→a ,
−→
p1), or equivalently

that−→p1 does not enter∠(
−→
b ,−→p2). (This assumes−→p1 �= −→p2 which either follows

automatically or as an easy consequence of the arguments below.)
We begin with the special case that−→p1 meetsm2 in a point I. In this case

statement (ML) holds if−→p2 does not intersect linem2 at I or in a point between
M2 and I. Obviously this is so if[G2] = γ2 or g2 because then−→p2 andm2 do
not intersect. If[G2] = G2,

−→p2 andm2 do intersect and we have to show that the
intersection point, which isG2, does not coincide withI or lie betweenM2 and
I. We first note that linen1 does not intersect ray−→p1 in I or betweenI andP
because the intersection point would have to beG1 and so lie onm1, a line entirely
belowm2. As a consequenceI, P,M2, and, if it would lie betweenM2 andI, also
G2, would all belong to the same halfplane with respect ton1, namelyH(n1, P ).
However this would entail that linen2 which runs throughG2 would belong to this
halfplane, which is not the case in situations (I) and (II). Thus we have established
for those situations thatG2 �= I, and[M2G2I] does not hold, which means (ML)
is true. We will present the proof of the same in situation (III) later on.

Due to the Axiom of Pasch the pointI always exists if�PM1[G1] is a proper or
improper triangle, i.e. if[G1] = G1, or γ1. This means that we have so far proved
(ML) for the casesG1, γ2; G1, g2; γ1, γ2; γ1, g2 and in addition forG1, G2; γ1, G2

in situations (I) and (II).
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Figure 9

In the opposite special case that−→p2 meetsn1 in a pointI′ we can analogously
show that for[G1] = γ1 or g1 ray−→p1 does not enter∠(

−→
b ,−→p2) and (ML) holds. In

fact it is useful to mention here that this statement and its proof can be extended to
include configurations in which−→p2 meetsn1 in an improper pointι′.

In situation (I) the pointI′ always exists if[G2] = G2 or γ2 due to the Axiom
of Pasch. In situation (II) withn1 = n2 I ′ exists for[G2] = G2 andι′ exists for
[G2] = γ2 because in the first caseG2 = I ′ and in the second caseγ2 = ι′. This
means that we have proved (ML) also forg1, G2; g1, γ2 in situations (I) and (II).

The proofs of the remaining cases, namelyg1, g2 in situations (I)-(III), and
G1, G2; γ1, G2; g1, G2; g1, γ2 in situation (III) require metric considerations and
will be presented later.
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Remark. Taking into account that we have already established (ML) in the case in
which −→p1 andm2 meet in a pointI and [G2] = γ2 or g2 we will assume when
proving (ML) for g1, g2 andγ1, g2 that−→p1 andm2 do not meet. At the same time,
taking into account that we have already established (ML) in the case that−→p2 and
n1 meet in a pointI′ and [G1] = γ1 or g1 we will assume that−→p2 andn1 do not
meet.

Turning to situation (VII) we observe that each of the rays−→mi (i = 1, 2)
intersects(

−→
b ) in a point M ′

i and approaches ray−→ni in H(b,A), thus causing
∠NiM

′
i [Gi] to be acute. Angle∠PM′

iMi of the right triangle�PMiM
′
i is also

acute withP abovemi, which means∠NiM
′
i [Gi] is its vertically opposite angle

andNi lies belowmi. As to the rays−→pi =
−−−→
P [Gi] they both enterH(b,A) at P

which means that the angles∠(−→a ,−→pi ) have halfline(
−→
b ) in their interior.

If −→p2 does not intersectm2, i.e. for [G2] = γ2, g2, angle∠(−→a ,−→p2) includes

(−→m2), (−→n2) together with(
−→
b ). So, if in addition[G1] = G1 or γ1, halfline (−→p1)

crosses(−→m2) in order to meet(−→m1), i.e. runs in the interior of∠(−→a ,−→p2). Lemma
(ML) thus is fulfilled forG1, γ2; G1, g2; γ1, γ2; γ1, g2.

The remaining cases of (VII) depend on two metric properties. FromN1N2 <
M1M2 andM1M2 = proj(M ′

1M
′
2, a) < M ′

1M
′
2 (see (4) and Figure 9, VII) follows

N1N2 < M ′
1M

′
2 and so

(5) N1M
′
1 = N1M

′
2 − M ′

1M
′
2 < N1M

′
2 − N1N2 = N2M

′
2.

In addition, from the fact that�PM′
2M2 has the smaller area (larger defect) than

�PM ′
1M1 follows ∠PM ′

2M2 > ∠PM ′
1M1, and so

(6) ∠N1M
′
1[G1] < ∠N2M

′
2[G2].

From (5) and (6) it is clear that ifm2 intersects or is boundary parallel ton2 then
m1 must intersectn1, i.e. that the casesγ1, G2; g1, G2; g1, γ2 cannot occur. Also,
from (5) and (6) follows that ifm1, n1 intersect inG1 andm2, n2 intersect inG2

then sideN1G1 of �N1M
′
1G1 is shorter than sideN2G2 of �N2M

′
2G2. This and

PN1 > PN2 applied to�PN1G1,�PN2G2 implies ∠(
−→
b ,−→p1) < ∠(

−→
b ,−→p2),

and so settles (ML) in the case ofG1, G2.
The main case left is that ofg1, g2, both in situation (VII) and situations (I) -

(III). For use in the following we define proj(Mi, gi) = Ri, proj(Ni, gi) = Si,
proj(P, gi) = Pi, and, assuming the points exist,m2 � \ g1 = U, n2 � \ g1 =
V, p2 � \ g1 = W .

If in situation (VII) (in which−→p2 lies abovem2, see Figure 10) the pointW does
not exist−→n1 lies with (

−→
b ), g1 with −→n1 and(−→p1) with g1 in the interior of∠(−→a ,−→p2)

thus fulfilling (ML). If W exists, linen2 which runs between the linesn1, m2 and
so avoids−→p2, enters quadrilateralPN1S1W and leaves it, definingV , betweenS1

andW .
From (6) follows that Lambert quadrilateralN1S1R1M

′
1 has the smaller angle

sum and so the larger area thanN2S2R2M
′
2, which because of (5) requires that
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Figure 10

N1S1 > N2S2. As a resultV,W on ray
−−−→
S1R1 satisfy [N2S2V ], [PP2W ] respec-

tively. As ∠S1V N2 = ∠S1V S2 of N2N1S1V is acute,∠V in P2S2V W is obtuse
and∠P2 + ∠S2 + ∠V > 3R. This means that∠W = ∠PWV must be acute and
identical with∠PWP1; consequently(−→p1) = (

−−→
PP1) must lie withV,N2 in the

interior of∠(−→a ,−→p2), again confirming (ML).

Figure 11a Figure 11b

Each of the Figures 11a, b relating to situations (I), (III) contains two pentagons
PMiRiSiNi (i = 1, 2) with interior altitudePPi. Adding the imagesM∗

i , R∗
i

of Mi, Ri under reflection inPPi (as illustrated fori = 2 in Figure 11a) we note
that PiR

∗
i < PiSi because otherwise we would havePMi ≡ PM∗

i ≥ PNi in
contradiction to (3). Moreover∠PiPMi > ∠PiPNi as∠PiPMi ≡ ∠PiPM∗

i ≤
∠PiPNi together withPiR

∗
i < PiSi would imply thatPM∗

i R∗
i Pi would be a part
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polygon ofPNiSiPi while not having a larger angle sum (i.e. smaller defect). So

(7a) PiRi < PiSi, (7b) ∠PiPMi > ∠PiPNi, (7c) RiMi > SiNi.

In view of an earlierRemark we assume that the pointU exists and that it sat-
isfies [R1UP1]; together with[R1P1S1] this extends to[R1UP1S1]. In situation
(I) we can similarly assume that−→p2 and n1 do not meet which means that the
point W exists and that it satisfies[UWS1], a relation that can be extended to
[R1UWS1]. In situation (III) we automatically haveV such that[UV S1] andW
such that[UWV ] is fulfilled, altogether therefore[R1UWV S1].

In both situationsm2 and
−−→
UR1 include an acute angle which coincides with

the fourth angle∠R1UM2 of Lambert quadrilateralM2M1R1U and so lies on
the upper side ofg1. It is congruent to the vertically opposite angle betweenm2

and
−−→
UW which thus lies on the lower side ofg1. In situation (III), for similar

reasons,n2 and
−−→
V W include an acute angle which is congruent to∠N2V S1 and

lies on the lower side ofg1. As a result of all this in situation (III) the closest
connectionR2S2 betweenm2 andn2 lies belowg1, and so does the auxiliary point
X = proj(W,m2) in situation (I).

Statement (ML) holds in both situations if[UP1W ] is fulfilled i.e. if P1 =
proj(P, g1) belongs to leg

−−−→
(W )U of ∠PWU . We note that this is the case iff

∠PWU is acute.
Now, if in situation (I)R2, P2 andS2 lie belowg1 then the intersection pointV

of n2 andg1 exists and lies betweenN2 andS2, ∠N2V S1 is acute,∠S2V S1 =
∠S2V W therefore obtuse and in quadrilateralP2S2V W ∠P2 + ∠S2 + ∠V >
3R; as a consequence∠W = ∠P2WV is acute and so is its vertically opposite
angle,∠PWU . This, as we mentioned, proves (ML). IfR2P2 lies belowXW

and ray
−−−→
R2P2 intersectsg1 in a pointY , angle∠P2WY in triangle�P2WY is

acute, which leads to the same conclusion. IfR2P2 = XW then ∠PWU <
∠PWX = ∠PP2R2 = R. Finally, if R2P2 lies aboveXW , ∠PWX as the
fourth angle of Lambert quadrilateralXR2P2W is acute, and because∠PWU <
∠PWX, ∠PWU < R. This concludes the proof of (ML) in situation (I).

In situation (III) we have areaM2M1R1U > N2N1S1V because of (4), (7c).
Consequently∠M2UR1 < ∠N2V S1, and so∠WUR2 < ∠WV S2 on the other
side ofg1. If we also had∠P2WU ≤ ∠P2WV then quadrilateralR2P2WU would
have a smaller angle sum and larger defect thanS2P2WV . At the same time (7a)
and this angle inequality would imply that the former quadrilateral would fit into
the latter, i.e. have the smaller area. Since this is contradictory∠P2WU must be
larger than the adjacent angle∠P2WV ; as a result∠P2WV < R and vertically
opposite,∠PWU < R which establishes (ML) forg1, g2 in situation (III).

The proof of (ML) in situation (III) can be extended with only very minor
changes to situation (II). Also closely related is the case ofg1, γ2 in situation (III). If
here, in addition to∠WUγ2 < ∠WV γ2, the inequality∠γ2WU ≤ ∠γ2WV were
to hold then linem2 would have to run farther away from linep2 than linen2 in
contradiction to (3). An analogous argument applies to the caseg1, G2 in situation
(III) when G2 lies belowg1. Note that if linem2 intersectsg1 in a pointU between
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R1 andP1 rather than−→p1 in a pointI betweenP andP1 thenG must lie below
g1 (see Figure 11b). This is so because according to (4) and (7c) the existence of
a Lambert quadrilateralM2M1R1U with R1U < R1P1 implies the existence of
N2N1S1V with S1V < R1U < R1P1, and so due to (7a) withS1V < S1P1; the
pointP1 thus lies betweenU andV , andM2 andN2 meet belowg1.

To conclude the proof of (ML) we still have to settle the casesG1, G2; γ1, G2

andg1, G2 (this with I = m2 � \ −→p1 on or aboveP1) of situation (III). We present
here the last case (Figure 12b) which is easy and representative also for the proofs
of the other two cases (Figure 12a).

Figure 12a Figure 12b

Call J = proj(I, b) and note that∠IPM2 > ∠IPJ (7b) implies(i) M2I > JI,
and(ii) ∠PIM2 < ∠PIJ, ∠P1IM2 > ∠P1IJ . If G2 would lie in H(p1,M2)
then the pointN2 = proj(G2, b) would determine a segmentN1N2 > N1J , and
due to (4) the inequality(iii) M1M2 > N1J would result.

We now carry the pentagonPb = JN1S1P1I by an indirect motion toP0
b =

J0N0
1 S0

1P
0
1 I0 whereJ0 = M2, N0

1 lies on
−−−−→
M2M1 andI0 on

−−→
M2I. Assuming that

G2 belongs toH(p1,M2) we have according to(i), (iii) that I0 lies betweenM2

andI, andN0
1 betweenM2 andM1. Due to (7c) ray

−−−→
S0

1P
0
1 lies in the interior of

∠M1R1P1, and due to(ii) halfline
−−−−→
(I0)P 0 lies in the interior of∠P1IM2 which

implies thatP0
b is a proper part of polygonPa = M2M1R1P1I in contradiction to

the fact thatP0
b has the smaller angle sum, i.e. the larger defect. SoG2 and−→p2 do

not lie in∠(−→a ,−→p1) and the proof of (ML) is complete. �

Summary of the Proof.
(1) Situations (IV) - (VI) are trivial.
(2) In situations (I) - (III), (ML) holds if−→p1 � \ m2 = I with [G2] �= G2, and in
situations (I), (II) also with[G2] = G2.
−→ G1, γ2;G1, g2; γ1, γ2; γ1, g2 of (I) - (III), G1, G2; γ1, G2 of (I), (II).
(3) In situations (I) - (III), (ML) holds if−→p2 � \ n1 = I ′ (ι′) with [G1] �= G1.
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−→ g1, G2; g1, γ2 of (I), (II).
(4) In situation (VII) a direct comparison of�N1M

′
1[G1], �N2M

′
2[G2] reveals

the relative position of[G1], [G2] in all but one case.
−→ all cases of (VII) exceptg1, g2.
(5) In situation (VII) the area comparison ofN1S1R1M

′
1, N2S2R2M

′
2 helps to

solve the remaining case.
−→ g1, g2 of (VII).
(6) In situations (I), (III) the area comparison ofPM1R1S1N1, PM2R2S2N2

helps to solve the same case as in 5.
−→ g1, g2 of (I), (III).
(7) The arguments of 6. can be extended to three more cases.
−→ g1, g2 of (II); g1, γ2 of (III); g1, G2 of (III) for G2 belowg1.
(8) The area comparison between a part polygon ofN1S1P1P , and one ofM1R1P1P ,
together with two similar comparisons, settle the remaining cases of (III).
−→ g1, G2 with G2 aboveg1; G1, G2; γ1, G2 of (III).

4. Reinterpretation and solution of the posed problem

In the following we formulate, re-formulate and prove a statement which es-
sentially contains the convexity claim of Section 1. Subsequently we discuss the
details which make the convexity proof complete.

Theorem 1. Let AB be a fixed segment and P−
2 , P−

1 and P three points in the
same halfplane with respect to the line through A and B such that

(8) ∠AP−
2 B ≡ ∠AP−

1 B ≡ ∠APB

and

(9) ∠BAP−
2 > ∠BAP−

1 > ∠BAP ≥ ∠ABP.

Then the line r which joins P−
2 and P separates the point P−

1 from the segment
AB (see Figure 13a).

For the purpose of re-formulating this theorem we carry the pointsA,B,P−
1 , P

and the liner of this configuration by a rigid, direct motionµ1 into the points
A1, B1, P, P1 and the liner1 respectively such thatA1 lies on

−→
PA andB1 on

−−→
PB

(see Figure 13b). This allows us to substitute the following equivalent theorem for
Theorem 1.

Theorem 2. In the configuration of the points A,B,P,A1, B1, P1 and the line r1
as defined above, the line r1 separates the point P from segment AB.

Remark. Note that Theorem 1 amounts to the statement that the intersection point

C−
1 of ray

−−−→
AP−

1 and liner lies betweenA andP−
1 , and Theorem 2 to the statement

that the intersection pointC1 of
−−→
A1P andr1 (i.e. the image ofC−

1 under the motion
µ1) lies betweenA1 andP .
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Figure 13a Figure 13b

Proof of Theorem 2. We first augment our configuration by the images of another
rigid, direct motionµ2 which carries the pointsA,B,P, P−

2 and the liner into

A2, B2, P2, P andr2 respectively whereA2 lies on
−→
PA andB2 on

−−→
PB. We note

that becauser joins P−
2 andP, r2 joins P andP2. From∠BAP−

2 > ∠BAP−
1

(see (9)) follows∠B2A2P = µ2(∠BAP−
2 ) > µ1(∠BAP−

1 ) = ∠B1A1P and so
[AA1A2P ] according to Section 2. In the following we denote the ends ofr by ρ
andρ′ (with ρ′ on the same side ofa = �(AP ) asC−

1 ) and their images onr1 and

r2 by ρ1, ρ
′
1 resp.ρ2, ρ

′
2. Sinceρ′ lies on the left (right) side of

−−−→
AP−

2 and of
−−−→
AP−

1

if and only if it lies on the left (right) side of
−→
AP , and since

−−→
A2P = µ2(

−−−→
AP−

2 ),
−−→
A1P = µ1(

−−−→
AP−

1 ) and
−→
AP are equally directed,ρ′2, ρ′1 andρ′ lie together withC−

1

in H(a,B). We note that as an exterior angle of�AP−
2 C−

1 , ∠AP−
2 ρ′ > ∠AC−

1 ρ′,
and that as an exterior angle of�AC−

1 P , ∠AC−
1 ρ′ > ∠APρ′. Applying µ2 and

µ1 on the two sides of the first andµ1 on the left hand side of the second inequality
we obtain∠A2Pρ′2 > ∠A1C1ρ

′
1 and∠A1C1ρ

′
1 > ∠APρ′. The supplementary

angles consequently satisfy

(10) ∠APρ > ∠AC1ρ1 > ∠APρ2, ρ, ρ1, ρ2 ∈ H(a,B).

From (10) follows thatρ2 lies on the same side of liner = �(Pρ) as A, and

(because ray
−→
PA does not enter∠ρPρ2)

−→
PA enters∠ρ′Pρ2.

At this point we augment our figure further by the rays−→p1,
−→p2 which connect

P to the centers[G1], [G2] of the motionsµ1, µ2 and, if r, r1 have a pointI in
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common, by the ray−→p1
∗ connectingI to [G1]. Becauseµ2 mapsr andρ to r2

andρ2, while µ1 mapsr andρ to r1 andρ1, the ray−→p2 is the bisector of angle
∠ρ′Pρ2, and (if existing) the ray−→p1

∗ is the bisector of angle∠ρ′Iρ1. Since(−→p2)
lies together withρ2 in H(a,B) (see Section 3) whereasρ′ lies inH(a,B), the ray−→
PA enters∠ρ′P [G2].

We now show by indirect proof thatC1 cannot lie on or aboveP ona.
ForC1 = P (see Figure 14a) formula (10) reads:∠APρ > ∠APρ1 > ∠APρ2,

ρ, ρ1, ρ2 ∈ H(a,B), and we can add to the sentence following (10) that alsoρ1
andA lie on the same side ofr. Thus∠ρ′Pρ1 = ∠ρ′PA + ∠APρ1 > ∠ρ′PA +
∠APρ2 = ∠ρ′Pρ2, and∠ρ′P [G1] = 1

2∠ρ′Pρ1 > 1
2∠ρ′Pρ2 = ∠ρ′P [G2]. This

means that−→p1 does not enter∠ρ′P [G2] and so does not enter∠AP [G2] in contra-
diction to Lemma (ML).

Figure 14a Figure 14b

If C1 were to lie aboveP , ona, ray
−→
Pρ of r would, according to (10), approach

ray
−−→
C1ρ1 when enteringH(a,B). This means

−→
Pρ and

−−→
Pρ1 either have a pointI

or the endsρ, ρ1 in common, orr = �(Pρ) andr1 = �(Pρ1) share a perpendic-
ular line whose intersection point withr lies in H(a,B). Let us first assume that−→
Pρ,

−−→
Pρ1 meet inI (see Figure 14b).

In this case liner intersects both segmentC1A and ray
−−→
C1ρ1 which means that

A and ρ1 lie on the same side ofr. Note that∠ρ′Iρ1 is equal to the exterior
angle∠C1Iρ of �PC1I and so satisfies∠ρ′Iρ1 > ∠PC1I + ∠C1PI. Because
∠PC1I (= ∠AC1ρ1) > ∠APρ2 (see (10)) and because∠C1PI ≡ ∠ρ′PA we
have∠ρ′Iρ1 > ∠APρ2 + ∠ρ′PA = ∠ρ′Pρ2. The lower halves of the compared
angles consequently satisfy∠ρ′I[G1] > ∠ρ′P [G2] which means that neither−→p1

∗
nor the boundary parallel ray−→p1 would enter∠ρ′P [G2], again in contradiction to
Lemma (ML).
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Shouldρ = ρ1 (see Figure 14c) then this common end is at the same time the
center[G1] of motion µ1. As a result the ray−→p1 =

−→
Pρ, and again fails to enter

∠AP [G2].

Figure 14c Figure 14d

Finally, if r andr1 have the perpendicular lineg1 in common (see Figure 14d)
thenµ1 which mapsr, ρ to r1, ρ1 is a translation with axisg1. As a result−→p1 =−−−→
P [G1] must coincide with

−→
Pρ which means it does not enter∠ρ′Pρ2 and so does

not enter∠ρ′P [G2] and∠AP [G2] in contradiction to Lemma (ML). This com-
pletes the proof of Theorem 2 and of Theorem 1.

Figure 15

It should be noted that Theorem 1 contains the assumption (9), thatP−
2 , P−

1 , P
belong to the half-arc of our locus fromA to the pointP0 on the perpendicular
bisector of segmentAB (see Figure 15)). By symmetry the Theorem also shows
the convexity of the half-arc fromB toP0. In order to establish the convexity of the
whole arc we need to confirm the additional fact that forP a point on the first half-

arc andQ a point on the second, line�(PQ) separates the points of arc(
	

PQ) from
those of segmentAB. To do so we choose a pointPX , without loss of generality
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on half-arc(
	

PP 0), and establish that segmentAPX meets segmentPQ between

A andPX . Obviously ray
−−−→
APX , which enters∠PAQ, meetsPQ in a pointDX .

Also, by Theorem 1 segmentAPX has a pointCX in common with segmentP0P ,
which means that our claim follows from[ADXCX ], a relation which is fulfilled if
P0, and so(P0P ), (P0Q) belong toH(PQ,A). This however is a consequence of
the fact thatP0 has a greater distance from�(AB) thanP andQ, a fact of absolute
geometry for which there are many easy proofs.
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A Very Short and Simple Proof of “The Most
Elementary Theorem” of Euclidean Geometry

Mowaffaq Hajja

Abstract. We give a very short and simple proof of the fact that ifABB′ and
AC′C are straight lines withBC andB′C′ intersecting atD, thenAB+BD =
AC′ + C′D if and only if AB′ + B′D = AC + CD. The “only if” part is
attributed to Urquhart, and is referred to by Dan Pedoe as “the most elementary
theorem of Euclidean geometry”.

The theorem referred to in the title states thatif ABB′ and AC′C are straight
lines with BC and B′C ′ intersecting at D and if AB + BD = AC′ + C ′D,
then AB′ + B′D = AC + CD ; see Figure 1. The origin and some history of
this theorem are discussed in [9], where Professor Pedoe attributes the theorem to

A B B′

D

C

C′

Figure 1

the late L. M. Urquhart (1902-1966) whodiscovered it when considering some
of the fundamental concepts of the theory of special relativity, and where Profes-
sor Pedoe asserts thatthe proof by purely geometric methods is not elementary.
Pedoe calls itthe most “elementary” theorem of Euclidean geometry and gives
variants and equivalent forms of the theorem and cites references where proofs can
be found. Unaware of most of the existing proofs of this theorem (e.g., in [3], [4],
[13], [14], [8], [10], [11] and [7, Problem 73, pages 23 and 128-129]), the author
of this note has published a yet another proof in [5]. In view of all of this, it is
interesting to know that De Morgan had published a proof of Urquhart’s Theorem
in 1841 and that Urquhart’s Theorem may be viewed as a limiting case of a result
due to Chasles that dates back to 1860; see [2] and [1].
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In this note, we give a much shorter proof based on a very simple and elegant
lemma that Robert Breusch had designed for solving a 1961 MONTHLY problem.
However, we make no claims that our proof meets the standards set by Professor
Pedoe who hoped for a circle-free proof. Clearly our proof does not qualify since it
rests heavily on properties ofcircular functions. Breusch’s lemma [12] states that if
AjBjCj (j = 1, 2), are triangles with anglesAj = 2αj , Bj = 2βj , Cj = 2γj , and
if B1C1 = B2C2, then the perimeterp(A1B1C1) of A1B1C1 is equal to or greater
than the perimeterp(A2B2C2) of A2B2C2 according astan β1 tan γ1 is equal to
or greater thantan β2 tan γ2. This lemma follows immediately from the following
sequence of simplifications, where we work with one of the triangles after dropping
indices, and where we use the law of sines and the addition formulas for the sine
and cosine functions.

p(ABC)
BC

=1 +
AB + AC

BC
= 1 +

sin 2γ + sin 2β
sin 2α

= 1 +
sin 2γ + sin 2β
sin(2γ + 2β)

=1 +
2 sin(γ + β) cos(γ − β)
2 sin(γ + β) cos(γ + β)

= 1 +
cos γ cos β + sin γ sinβ

cos γ cos β − sin γ sinβ

=
2cos γ cos β

cos γ cos β − sin γ sin β
=

2
1 − tan γ tan β

.

A B B′

D

C

C′

2β′
2γ

2β
2γ′

Figure 2

Urquhart’s Theorem mentioned at the beginning of this note follows, together
with its converse, immediately. Referring to Figure 1, and letting∠B′AD = 2β′,
∠CAD = 2γ, ∠BDA = 2β, and∠C ′DA = 2γ′, as shown in Figure 2, we see
from Breusch’s Lemma that

p(AB′D) = p(ACD) ⇐⇒ tan β′ tan(90◦ − γ′) = tan γ tan(90◦ − β)

⇐⇒ tan β′ cot γ′ = tan γ cot β

⇐⇒ tan β′ tan β = tan γ tan γ′

⇐⇒p(ABD) = p(AC ′D),

as desired.
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The MONTHLY problem that Breusch’s lemma was designed to solve appeared
also as a conjecture in [6, page 78]. It states that ifD, E, andF are points on
the sidesBC, CA, andAB, respectively, of a triangleABC, thenp(DEF ) ≤
min{p(AFE), p(BDF ), p(CED)} if and only if D, E, andF are the midpoints
of the respective sides, in which case the four perimeters are equal. In contrast
with the analogous problem obtained by replacing perimeters by areas and the rich
literature that this area version has generated, Breusch’s solution of the perime-
ter version is essentially the only solution that the author was able to trace in the
literature.
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The Orthic-of-Intouch and Intouch-of-Orthic Triangles

Sándor Kiss

Abstract. Barycentric coordinates are used to prove that the othic of intouch and
intouch of orthic triangles are homothetic. Indeed, both triangles are homothetic
to the reference triangle. Ratios and centers of homothety are found, and certain
collinearities are proved.

1. Introduction

We consider a pair of triangles associated with a given triangle: the orthic tri-
angle of the intouch triangle, and the intouch triangle of the orthic triangle. See
Figure 1. Clark Kimberling [1, p. 274] asks if these two triangles are homothetic.
We shall show that this is true if the given triangle is acute, and indeed each of them
is homothetic to the reference triangle. In this paper, we adopt standard notations
of triangle geometry, and denote the side lengths of triangleABC by a, b, c. Let
I denote the incenter, and the incircle (with inradiusr) touching the sidelinesBC,
CA, AB at D, E, F respectively, so thatDEF is the intouch triangle ofABC.
Let H be the orthocenter ofABC, and let

D′ = AH ∩ BC, E′ = BH ∩ CA, F ′ = CH ∩ AB,

so thatD′E′F ′ is the orthic triangle ofABC. We shall also denote byO the cir-
cumcenter ofABC andR the circumradius. In this paper we make use of homo-
geneous barycentric coordinates. Here are the coordinates of some basic triangle
centers in the notations introduced by John H. Conway:

I =(a : b : c), H =
(

1
SA

:
1

SB
:

1
SC

)
= (SBC : SCA : SAB),

O =(a2SA : b2SB : c2SC) = (SA(SB + SC) : SB(SC + SA) : SC(SA + SB)),

where

SA =
b2 + c2 − a2

2
, SB =

c2 + a2 − b2

2
, SC =

a2 + b2 − c2

2
,

and
SBC = SB · SC , SCA = SC · SA, SAB = SA · SB.

Publication Date: May 1, 2006. Communicating Editor: Paul Yiu.
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2. Two pairs of homothetic triangles

2.1. Perspectivity of a cevian triangle and an anticevian triangle. Let P andQ be
arbitrary points not on any of the sidelines of triangleABC. It is well known that
the cevian triangle ofP = (u : v : w) is perspective with the anticevian triangle of
Q = (x : y : z) at

P/Q =
(
x

(
−x

u
+

y

v
+

z

w

)
: y

(x

u
− y

v
+

z

w

)
: z

(x

u
+

y

v
− z

w

))
.

See, for example, [3,§8.3].

2.2. The intouch and the excentral triangles. The intouch and the excentral trian-
gles are homothetic since their corresponding sides are perpendicular to the respec-
tive angle bisectors of triangleABC. The homothetic center is the point

P1 = (a(−a(s − a) + b(s − b) + c(s − c)) : b(a(s − a) − b(s − b) + c(s − c))

: c(a(s − a) + b(s − b) − c(s − c)))

=(a(s − b)(s − c) : b(s − c)(s − a) : c(s − a)(s − b))

=
(

a

s − a
:

b

s − b
:

c

s − c

)
.

This is the triangle centerX57 in [2].

I
O

D

E

F

Ia

Ib

Ic

A

B

C

P1

I′

Figure 1.
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2.3. The orthic and the tangential triangle. The orthic triangle and the tangential
triangle are also homothetic since their corresponding sides are perpendicular to
the respective circumradii of triangleABC. The homothetic center is the point

P2 =
(
a2(−a2SA + b2SB + c2SC) : b2(−b2SB + c2SC + a2SA)

: c2(−c2SC + a2SA + b2SB)
)

=(a2SBC : b2SCA : c2SAB)

=
(

a2

SA
:

b2

SB
:

c2

SC

)
.

This is the triangle centerX25 in [2].

A

B C

O

H

P2

A′

B′

C′

D′

E′

F ′

Figure 2A.

A

B C
O

H

P2

A′

B′

C′

D′

F ′

E′

Figure 2B.

The ratio of homothety is positive or negative according asABC is acute-angled
and obtuse-angled.1 See Figures 2A and 2B. WhenABC is acute-angled,HD′,
HE′ andHF ′ are the angle bisectors of the orthic triangle, andH is the incenter
of the orthic triangle. IfABC is obtuse-angled, the incenter of the orthic triangle
is the obtuse angle vertex.

3. The orthic-of-intouch triangle

The orthic-of-intouch triangle ofABC is the orthic triangleUV W of the in-
touch triangleDEF . Let h1 be the homothety with centerP1, swappingD, E, F
into U , V , W respectively. Consider an altitudeDU of DEF . This is the image
of the altitudeIaA of the excentral triangle under the homothetyh1. In particu-
lar, U = h1(A). See Figure 3. Similarly, the same homothety mapsB andC

1This ratio of homothety is2 cos A cos B cos C.
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into V andW respectively. It follows thatUV W is the image ofABC under the
homothetyh1.

Since the circumcircle ofUV W is the nine-point circle ofDEF , it has radius
r
2 . It follows that the ratio of homothety isr2R .

I

D

E

F

Ia

Ib

Ic

A

B C

P1

U

V
W

Figure 3.

Proposition 1. The vertices of the orthic-of-intouch triangle are

U =((b + c)(s − b)(s − c) : b(s − c)(s − a) : c(s − a)(s − b)) =

(
b + c

s − a
:

b

s − b
:

c

s − c

)
,

V =(a(s − b)(s − c) : (c + a)(s − c)(s − a) : c(s − a)(s − b)) =

(
a

s − a
:

c + a

s − b
:

c

s − c

)
,

W =(a(s − b)(s − c) : b(s − c)(s − a) : (a + b)(s − a)(s − b)) =

(
a

s − a
:

b

s − b
:

a + b

s − c

)
.

Proof. The intouch triangleDEF has vertices

D = (0 : s− c : s− b), E = (s− c : 0 : s− a), F = (s− b : s− a : 0).

The sidelines of the intouch triangle have equations

EF : −(s − a)x + (s − b)y + (s − c)z = 0,
FD : (s − a)x − (s − b)y + (s − c)z = 0,
DE : (s − a)x + (s − b)y − (s − c)z = 0.
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The pointU is the intersection of the linesAP1 andEF . See Figure 3. The line
AP1 has equation

−c(s − b)y + b(s − c)z = 0.
Solving this with that ofEF , we obtain the coordinates ofU given above. Those
of V andW are computed similarly. �
Corollary 2. The equations of the sidelines of the orthic-of-intouch triangle are

V W : −s(s − a)x + (s − b)(s − c)y + (s − b)(s − c)z = 0,
WU : (s − c)(s − a)x − s(s − b)y + (s − c)(s − a)z = 0,
UV : (s − a)(s − b)x + (s − a)(s − b)y − s(s − c)z = 0.

4. The intouch-of-orthic triangle

Suppose triangleABC is acute-angled, so that its orthic triangleD′E′F ′ has
incenterH, and is the image of the tangential triangleA′B′C ′ under a homothety
h2 with centerP2. Consider the intouch triangleXY Z of D′E′F ′. Under the
homothetyh2, the segmentA′A is swapped intoD′X. See Figure 4. In particular,
h2(A) = X. For the same reason,h2(B) = Y andh2(C) = Z. Therefore, the
intouch-of-orthic triangleXY Z is homothetic toABC underh2.

A

B C

O

H

P2

A′

B′

C′

D′

E′

F ′
X

Y
Z

Figure 4

Proposition 3. If ABC is acute angled, the vertices of the intouch-of-orthic trian-
gle are

X =((b2 + c2)SBC : b2SCA : c2SAB) =
(

b2 + c2

SA
:

b2

SB
:

c2

SC

)
,

Y =(a2SBC : (c2 + a2)SCA : c2SAB) =
(

a2

SA
:
c2 + a2

SB
:

c2

SC

)
,

Z =(a2SBC : b2SCA : (a2 + b2)SAB) =
(

a2

SA
:

b2

SB
:
a2 + b2

SC

)
.
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Proof. The orthic triangleD′E′F ′ has vertices

D′ = (0 : SC : SB), E′ = (SC : 0 : SA), F ′ = (SB : SA : 0).

The sidelines of the orthic triangle have equations

E′F ′ : −SAx + SBy + SCz = 0,
F ′D′ : SAx − SBy + SCz = 0,
D′E′ : SAx + SBy − SCz = 0.

The pointX is the intersection of the linesAP2 andE′F ′. See Figure 4. The
line AP2 has equation

−c2SBy + b2SCz = 0.

Solving this with that ofE′F ′, we obtain the coordinates ofU given above. Those
of Y andZ are computed similarly. �

Corollary 4. If ABC is acute-angled, the equations of the sidelines of the intouch-
of-orthic triangle are

Y Z : −SA(SA + SB + SC)x + SBCy + SBCz = 0,
ZX : SCAx − SB(SA + SB + SC)y + SCAz = 0,
UV : SABx + SABy − SC(SA + SB + SC)z = 0.

5. Homothety of the intouch-of-orthic and orthic-of-intouch triangles

Proposition 5. If triangle ABC is acute angled, then its intouch-of-orthic and
orthic-of-intouch triangles are homothetic at the point

Q =
(

a(a(b + c) − (b2 + c2))
(s − a)SA

:
b(b(c + a) − (c2 + a2))

(s − b)SB
:

c(c(a + b) − (a2 + b2))
(s − c)SC

)
.

Proof. The homothetic center is the intersection of the linesUX, V Y , andWZ.
See Figure 5. Making use of the coordinates given in Propositions 1 and 3, we
obtain the equations of these lines as follows.

UX : bc(s − a)SA(c(s − c)SB − b(s − b)SC)x
+c(s − b)SB((b2 + c2)(s − a)SC − (b + c)c(s − c)SA)y
+b(s − c)SC(b(b + c)(s − b)SA − (b2 + c2)(s − a)SB)z = 0,

V Y : c(s − a)SA(c(c + a)(s − c)SB − (c2 + a2)(s − b)SC)x
+ca(s − b)SB(a(s − a)SC − c(s − c)SA)y
+a(s − c)SC((c2 + a2)(s − b)SA − (c + a)a(s − a)SB)z = 0,

WZ : b(s − a)SA((a2 + b2)(s − c)SB − (a + b)b(s − b)SC)x
+a(s − b)SB(a(a + b)(s − a)SC − (a2 + b2)(s − c)SA)y
+ab(s − c)SC(b(s − b)SA − a(s − a)SB)z = 0.

It is routine to verify thatQ lies on each of these lines. �

Remark. Q is the triangle centerX1876 in [2].
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A

B C

I

D

E

F U

VW

H

D′

E′

F ′
X

Y
Z

Q

Figure 5

6. Collinearities

Because the circumcenter ofXY Z is the orthocenterH of ABC, the center of
homothetyP2 of ABC andXY Z lies on the Euler lineOH of ABC. See Figure
4. We demonstrate a similar property for the pointP1, namely, that this point lies
on the Euler lineIF of DEF , whereF is the circumcenter ofUV W . Clearly,
O, F , P1 are collinear. Therefore, it suffices to prove that the pointsI, O, P1 are
collinear. This follows from∣∣∣∣∣∣

1 1 1
cos A cos B cos C

(s − b)(s − c) (s − c)(s − a) (s − a)(s − b)

∣∣∣∣∣∣ = 0,

which is quite easy to check. See Figure 1.
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A 4-Step Construction of the Golden Ratio

Kurt Hofstetter

Abstract. We construct, in 4 steps using ruler and compass, three points two of
the distances between which bear the golden ratio.

We present here a 4-step construction of the golden ratio using ruler and compass
only. More precisely, we construct, in 4 steps using ruler and compass, three points
with two distances bearing the golden ratio. It is fascinating to discover how simple
the golden ratio appears. We denote byP (Q) the circle with centerP , passing
throughQ, and byP (XY ) that with centerP and radiusXY .

A BC DE

H

I

F

G

C1
C2C3

Figure 1

Construction. Given two pointsA andB, construct

(1) the circleC1 = A(B),
(2) the lineAB to intersectC1 again atC and extend it long enough to intersect
(3) the circleC2 = A(BC) atD andE,
(4) the circleC3 = E(BC) to intersectC1 atF andG, andC2 atH andI.

ThenGH
CH =

√
5+1
2 .

Proof. Without loss of generality letAB = 1, so thatBC = AE = AH =
EH = 2. TriangleAEH is equilateral. LetC4 = H(A), intersectingC1 at J . By
symmetry,AGJ is an equilateral triangle. LetC5 = J(A) = J(AG) = J(AB),
intersectingC1 atK. Finally, letC6 = J(H) = J(BC). See Figure 2.

Publication Date: May 8, 2006. Communicating Editor: Paul Yiu.
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With C1, C5, C2, C6, following [1], K divides GH in the golden section. It
suffices to proveCH = GK =

√
3. This is clear forGK since the equilateral

trianglesAJG andAJK have sides of length1. On the other hand, in the right
triangle ACH, AC = 1 and AH = 2. By the Pythogorean theoremCH =√

3. �

A

BC D

E

J

H

I

F

G

K
J1

C1

C2C3

C4

C5C6

C7

Figure 2

Remark. CH
FH = GH

CH =
√

5+1
2 .

Proof. SinceCH2 = GH · KH, it is enough to prove thatFH = KH. Let C4
intersectC1 again atJ1. Consider the circleC7 = J1(A). By symmetry,F lies on
C7 andFH = KH. �
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A Theorem by Giusto Bellavitis on
a Class of Quadrilaterals

Eisso J. Atzema

Abstract. In this note we prove a theorem on quadrilaterals first published by
the Italian mathematician Giusto Bellavitis in the 1850s, but that seems to have
been overlooked since that time. Where Bellavitis used the functional equivalent
of complex numbers to prove the result, we mostly rely on trigonometry. We
also prove a converse of the theorem.

1. Introduction

Since antiquity, the properties of various special classes of quadrilaterals have
been extensively studied. A class of quadrilaterals that appears to have been little
studied is that of those quadrilaterals for which the products of the two pairs of
opposite sides are equal. In case a quadrilateral ABCD is cyclic as well,ABCD
is usually referred to as aharmonic quadrilateral (see [2, pp.90–92], [3, pp.159–
160]). Clearly, however, the class of all quadrilateralsABCD for which AB ·
CD = AD · BC includes non-cyclic quadrilaterals as well. In particular, all kites
are included. As far as we have able to ascertain, no name for this more general
class of quadrilaterals has ever been proposed. For the sake of brevity, we will
refer to the elements in this class asbalanced quadrilaterals. In hisSposizione
del metodo delle equipollenze of 1854, the Italian mathematician Giusto Bellavitis
(1803-1880) proved a curious theorem on such balanced quadrilaterals that seems
to have been forgotten.1 In this note, we will give an elementary proof of the theo-
rem. In addition, we will show how the converse of Bellavitis’ theorem is (almost)
true as well. Our proof of the first theorem is different from that of Bellavitis. The
converse is not discussed by Bellavitis at all.

2. Bellavitis’ Theorem

Let the lengths of the sidesAB, BC, CD and DA of a (convex) quadrilat-
eral ABCD be denoted bya, b, c andd respectively. Similarly, the lengths of
the quadrilateral’s diagonalsAC andBD will be denoted bye andf . Let E be
the point of intersection of the two diagonals. The magnitude of∠DAB will be

Publication Date: May 15, 2006. Communicating Editor: Paul Yiu.
1Bellavitis’ book is very hard to locate. We actually used Charles-Ange Laisant’s 1874 translation

into French [1], which is available on-line from the Biblioth`eque Nationale. In this translation, the
theorem is on p.26 as Corollary III of Bellavitis’ derivation of Ptolemy’s theorem.
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referred to asα, with similar notations for the other angles of the quadrilateral.
The magnitudes of∠DAC, ∠ADB etc will be denoted byαB , δC and so on (see
Figure 1). Finally, the magnitude of∠CED will be referred to asε.

a

b

c

d

e

f

A

B

C

D

E

αB

αD ε

βA
βC

γD

γB

δA
δC

Figure 1. Quadrilateral Notations

With these notations, the following result can be proved.

Theorem 1 (Bellavitis, 1854). If a (convex) quadrilateral ABCD is balanced,
then

αB + βC + γD + δA = βA + γB + δC + αD = 180◦.

Note that the convexity condition is a necessary one. The second equality sign
does not hold for non-convex quadrilaterals. A trigonometric proof of Bellavitis’
Theorem follows from the observation that by the law of sines for any balanced
quadrilateral we have

sin γB · sin αD = sin αB · sin γD,

or

cos (γB + αD) − cos (γB − αD) = cos (αB + γD) − cos (αB − γD).

That is,

cos (γB + αD) − cos (γB − α + αB) = cos (αB + γD) − cos (αB − γ + γB),

or
cos (γB + αD) + cos (δ + α) = cos (αB + γD) + cos (δ + γ).
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By cycling through, we also have

cos (δC + βA) + cos (α + β) = cos (βC + δA) + cos (α + δ).

Sincecos (α + β) = cos (δ + γ), adding these two equations gives

cos (γB + αD) + cos (δC + βA) = cos (αB + γD) + cos (βC + δA),

or

cos
1
2
(δC + γB + βA + αD) · cos 1

2
(γB + αD − δC − βA)

= cos
1
2
(αB + βC + γD + δA) · cos 1

2
(αB + γD − βC − δA).

Now, note that

γB + αD − δc − βA = 360 − 2ε − δ − β

and, likewise

αB + γD − βC − δA = 2ε − β − δ.

Finally,

1
2
(δC + γB + βA + αD) +

1
2
(αB + βC + γD + δA) = 180◦.

It follows that

cos
1
2
(δC + γB + βA + αD) · cos (ε +

1
2
(β + δ))

= − cos
1
2
(δC + γB + βA + αD) · cos (ε − 1

2
(β + δ)),

or

cos
1
2
(δC + γB + βA + αD) · cos (ε) cos

1
2
(δ + β) = 0.

This almost concludes our proof. Clearly, if neither of the last two factors are equal
to zero, the first factor has to be zero and we are done. The last factor, however, will
be zero if and only ifABCD is cyclic. It is easy to see that any such quadrilateral
has the angle property of Bellavitis’ theorem. Therefore, in the case thatABCD
is cyclic, Bellavitis’ theorem is true. Consequently, we may assume thatABCD
is not cyclic and that the third term does not vanish. Likewise, the second factor
only vanishes in caseABCD is orthogonal. For such quadrilaterals, we know that
a2 + c2 = b2 + d2. In combination with the initial conditionac = bd, this implies
that each side has to be congruent to an adjacent side. In other words,ABCD has
to be a kite. Again, it is easy to see that in that case Bellavitis’ theorem is true.
We can safely assume thatABCD is not a kite and that the second term does not
vanish either. This proves Bellavitis’ theorem.
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3. The Converse to Bellavitis’ Theorem

Now that we have proved Bellavitis’ theorem, it is only natural to wonder for
exactly which kinds of (convex) quadrilaterals the angle sumsδC + γB +βA +αD

andαA + βC + γD + δA are equal. Assuming that the two angle sums are equal
and working our way backward from the preceding proof, we find that

sin γB · sin αD + K = sin αB · sin γD

for someK. Likewise,

sin δC · sinβA = sin βC · sin δA + K.

So,
sin γB

sin αB
− sin γD

sin αD
= − K

sinαB · sin αD

and
sin δC

sinβC
− sin δA

sin βA
=

K

sin βA · sin βC

or
d

c
− a

b
= − K

sinαB · sinαD
,

a

d
− b

c
=

K

sin βA · sin βC
.

If K = 0, we havebd = ac andABCD is balanced. IfK �= 0, it follows that

d

b
=

sinβA · sin βC

sinαB · sin αD
.

Cycling through twice also gives us

b

d
=

sin δC · sin δA

sin γD · sin γB
.

We find

sin βA · sinβC · sin δC · sin δA = sin αB · sin αD · sin γD · sin γB .

Division of each side byabcd and grouping the factors in the numerators and de-
nominators appropriately shows that this equation is equivalent to the equation

RABC · RADC = RBAC · RBCD,

whereRABC denotes the radius of the circumcircle to the triangleABC etc. Now,
the area ofABC is equal to bothabe/4RABC and 1

2e · EB · sin ε with similar
expressions forADC, BAC, andBCD. Consequently, the relation between the
four circumradii can be rewritten to the formEB ·EC = EA ·EC. But this means
thatABCD has to be cyclic. We have the following result:

Theorem 2. Any (convex) quadrilateral ABCD for which

αB + βC + γD + δA = βA + γB + δC + αD = 180◦

is either cyclic or balanced.
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4. Conclusion

We have not been able to find any references to Bellavitis’ theorem other than
in theSposizione. Bellavitis was clearly mostly interested in the theorem because
it allowed him to showcase the power of his method of equipollences.2 Indeed,
the Sposizione features a fair number of (minor) results on quadrilaterals that are
proved using the method of equipollences. Most of these were definitely well-
known at the time. This suggests that perhaps our particular result was reasonably
well-known at the time as well. Alternatively, Bellavitis may have derived the the-
orem in one of the many papers that he published between 1833, when he first
published on the method, and 1854. These earlier publications, however, are ex-
tremely hard to locate and we have not been able to consult any.3 Whether the
theorem originated with Bellavitis or not, it is not entirely surprising that this result
seems to have been forgotten. The sumsαB+βC +γD+δA andβA+γB+δC +αD

do not usually show up in plane geometry. We do hope to finish up a paper shortly,
however, in which these sums play a role as part of a generalization of Ptolemy’s
theorem to arbitrary (convex) quadrilaterals.
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A Projectivity Characterized by the Pythagorean Relation

Wladimir G. Boskoff and Bogdan D. Suceav˘a

Abstract. We study an interesting configuration that gives an example of an
elliptic projectivity characterized by the Pythagorean relation.

1. A Romanian Olympiad problem

It is known that any projectivity relating two ranges on one line with more than
two invariant points is the identity transformation of the line onto itself. Depend-
ing on whether the number of invariant points is 0, 1, or 2 the projectivity would
be called elliptic, parabolic, or hyperbolic (see Coxeter [1, p.45], or [3, pp.41-
43]). This note will point out an interesting and unusual configuration that gives an
example of projectivity characterized by a Pythagorean relation.

The configuration appears in a problem introduced in the National Olympiad
2001, in Romania, by Mircea Fianu. The statement of the problem is the fol-
lowing: Consider the right isosceles triangle ABC and the points M,N on the
hypothenuse BC in the order B,M,N,C such that BM2 +NC2 = MN2. Prove
that ∠MAN = π

4 .

C

C′

A

M N

M ′

B

Figure 1

We present first an elementary solution for this problem. Consider a counter-
clockwise rotation aroundA of angleπ

2 . By applying this rotation,∆ABC be-
comes∆ACC′ (see Figure 1) andAM becomesAM′; thus, the angle∠MAM′
is right. The equalityBM2 + NC2 = MN2 transforms intoCM′2 + NC2 =
MN2 = M ′N2, since∆CNM ′ is right in C. Therefore,∆MAN ≡ ∆NAM′
(SSS case), and this means∠MAN ≡ ∠NAM′. Since∠MAM ′ = π

2 , we get
∠MAN = π

4 , which is what we wanted to prove.
We shall show that the metric relation introduced in the problem above, similar

to the Pythagorean relation, is hiding an elliptic projectivity of focusA. Actu-
ally, this is what makes this problem and this geometric structure so special and
deserving of our attention. First, we would like to recall a few facts of projective
geometry.

Publication Date: May 22, 2006. Communicating Editor: Paul Yiu.
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2. Projectivities

Let A, B, C, andD be four points, in this order, on the lineL in the Euclidean
plane. Consider a system of coordinates onL such thatA, B, C, andD correspond
to x1, x2, x3, andx4, respectively. The cross ratio of four ordered pointsA, B, C,
D onL, is by definition (see for example [5, p.248]):

(ABCD) =
AC

BC
÷ AD

BD
=

x3 − x1

x3 − x2
÷ x4 − x1

x4 − x2
. (1)

This definition may be extended to a pencil consisting of four ordered linesL1,
L2, L3, L4. By definition, the cross ratio of four ordered lines is the cross ratio
determined by the points of intersection with a lineL. Therefore,

(L1L2L3L4) =
A1A3

A2A3
÷ A1A4

A2A4

where{Ai} = L ∩ Li. The law of sines shows us that the above definition is
independent onL.

We call a projectivity on a lineL a mapf : L → L with the property that the
cross ratio of any four points is preserved, that is

(A1A2A3A4) = (B1B2B3B4)

whereBi = f (Ai) , i = 1, 2, 3, 4. The pointsAi andBi are called homologous
points of the projectivity onL, and the relationBi = f (Ai) is denotedAi → Bi.

The following result is presented in many references (see for example [3], The-
orem 4.12, p.34).

Theorem 1. A projectivity on L is determined by three pairs of homologous points.

A consequence of this theorem is that two projectivities which have three com-
mon pairs of homologous points must coincide. Actually, we will use this con-
sequence in the proof we present below. In fact, the coordinatesx andy of the
homologous points under a projectivity are related by

y =
mx + n

px + q
, mq − np 	= 0,

wherem,n, p, q ∈ R.
In formula (1), it is possible that(ABCD) takes the value−1, as for example

in the case of the feet of interior and exterior bisectors associated to the sideBD
of a triangleMBD (see Figure 2).

A B C D

M

Figure 2
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Observe that ifC is the midpoint of the segmentBD, then pointA is not on the
line determined by pointsB andD, sinceMA becomes parallel toBD. Indeed, for
anyC on the straight lineBD there exist the pointM in the plane (not necessarily
unique) such thatMC is the interior bisector of∠BMD. The pointA with the
property(ABCD) = −1 can be found at the intersection between the external
bisector of∠BMD and the straight lineBD. In the particular case whenC is the
midpoint ofBD, we have that∆MBD is isosceles and the external bisectorMA
is parallel toBD. To extend the bijectivity of the projectivity presented above, we
will say that the homologous of the pointC is the point at infinity, denoted∞,
which we attach to the lined. We shall also accept the convention

∞C

∞D
÷ BC

BD
= −1.

For our result, we need the following.

Lemma 2. A moving angle with vertex in the fixed point A in the plane intersects
a fixed line L, A not on L, in a pair of points related by a projectivity.

Proof. As mentioned in the statement, letA be a fixed point andL a fixed line such
thatA is not onL. Consider the raysh andk with origin in A, the moving angle
∠hk with the vertex inA and of constant measureα. Denote by{M} = h∩L and
{N} = k∩L. We have to prove thatf : L → L defined byf(M) = N is a projec-
tivity on the lineL determined by the rotation of∠hk. Consider four positions of
the angle∠hk, denoted consecutively∠h1k1, ∠h2k2, ∠h3k3, ∠h4k4. Their inter-
sections with the lineL yield the pointsM1, N1;M2, N2;M3, N3;M4, N4, respec-
tively. It is sufficient to prove that the cross ratio[M1M2M3M4] and[N1N2N3N4]
are equal. The rotation of the moving angle∠hk yields, for the pencil of rays
h1, h2, h3, h4 andk1, k2, k3, k4, respectively, the pairs of equal angles:

∠M1AM2 =∠N1AN2 = β1,

∠M2AM3 =∠N2AN3 = β2,

∠M3AM4 =∠N3AN4 = β3.

By the law of sines we get that the two cross ratios are equal, both of them having
the value

sin(β1 + β2)
sin β2

÷ sin(β1 + β2 + β3)
sin(β2 + β3)

.

This proves the claim thatf is a projectivity onL in which the homologous points
areM andN. �

3. A projective solution to Romanian Olympiad problem

With these preparations, we are ready to give a projective solution to the initial
problem.

Consider a system of coordinates in which the vertices of the right isosceles tri-
angle areA(0, a), B(−a, 0), andC(a, 0). See Figure 3. We consider alsoM(x, 0)
andN(y, 0). The relationBM2 + NC2 = MN2 becomes

(x + a)2 + (a − y)2 = (y − x)2,
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A(0, a)

B(−a, 0) C(a, 0)O(0, 0)M(x, 0) N(y, 0)

Figure 3

or, solving fory,

y =
ax + a2

a − x
. (2)

This is the equation of a projectivity on the lineBC, represented by the homolo-
gous pointsM → N.

Consider now another projectivity onBC determined by the rotation aboutA
by π

4 (see Lemma 2). This projectivity is completely determined by three pairs of
homologous points. First, we see thatB → O, since∠BAO = π

4 . We also have
O → C, since∠CAO = π

4 . Finally, C → ∞, since∠CA∞ = π
4 .

On the other hand,B → O, since by replacing thex−coordinate ofB in (2) we
get0, i.e. thex−coordinate ofO. Similarly, 0 → a anda → ∞ express thatO →
C and, respectively,C → ∞. Since a projectivity is completely determined by a
triple set of homologous points, the two projectivities must coincide. Therefore,
the pairM → N has the property∠MAN = π

4 . �
This concludes the proof and the geometric interpretation: the Pythagorean-like

metric relation from the original problem reveals a projectivity, which makes this
geometric structure remarkable. Furthermore, this solution shows thatM andN
can be anywhere on the line determined by the pointsB andC.
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The Feuerbach Point and Euler lines

Bogdan Suceav˘a and Paul Yiu

Abstract. Given a triangle, we construct three triangles associated its incircle
whose Euler lines intersect on the Feuerbach point, the point of tangency of the
incircle and the nine-point circle. By studying a generalization, we show that the
Feuerbach point in the Euler reflection point of the intouch triangle, namely, the
intersection of the reflections of the line joining the circumcenter and incenter in
the sidelines of the intouch triangle.

1. A MONTHLY problem

Consider a triangleABC with incenterI, the incircle touching the sidesBC,
CA, AB at D, E, F respectively. LetY (respectivelyZ) be the intersection of
DF (respectivelyDE) and the line throughA parallel toBC. If E′ andF ′ are
the midpoints ofDZ andDY , then the six pointsA, E, F , I, E′, F ′ are on the
same circle. This is Problem 10710 of theAmerican Mathematical Monthly with
slightly different notations. See [3].

A

B C

I

D

E

F

Y Z

E′F ′

Ha

Figure 1. The triangleTa and its orthocenter

Here is an alternative solution. The circle in question is indeed the nine-point
circle of triangleDY Z. In Figure 1,∠AZE = ∠CDE = ∠CED = ∠AEZ.
ThereforeAZ = AE. Similarly,AY = AF . It follows thatAY = AF = AE =
AZ, andA is the midpoint ofY Z. The circle throughA, E′, F ′, the midpoints
of the sides of triangleDY Z, is the nine-point circle of the triangle. Now, since
AY = AZ = AE, the pointE is the foot of the altitude onDZ. Similarly, F
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is the foot of the altitude onDY , and these two points are on the same nine-point
circle. The intersectionHa = EY ∩FZ is the orthocenter of triangleDY Z. Since
∠HaED = ∠HaFD are right angles,Ha lies on the circle containingD, E, F ,
which is the incircle of triangleABC, and hasDHa as a diameter. It follows that
I, being the midpoint of the segmentDHa, is also on the nine-point circle. At the
same time, note thatHa is the antipodal point of theD on the incircle of triangle
ABC.

2. The Feuerbach point on an Euler line

The center of the nine-point circle ofDY Z is the midpointM of IA. The line
MHa is therefore the Euler line of triangleDY Z.

Theorem 1. The Euler line of triangle DY Z contains the Feuerbach point of tri-
angle ABC , the point of tangency of the incircle and the nine-point circle of the
latter triangle.

Proof. Let O, H, andN be respectively the circumcenter, orthocenter, and nine-
point center of triangleABC. It is well known thatN is the midpoint ofOH.
Denote by� the Euler lineMHa of triangleDY Z. We show that the parallel
throughN to the lineIHa intersects� at a pointN′ such thatNN ′ = R

2 , whereR
is the circumradius of triangleABC.

A

B
C

I

D

E

F

Z Y

E′
F ′

Ha

H
ON

D′

Ia

H′

O′

N ′

M

I′

J

A′

Figure 2. The Euler line ofTa
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Clearly, the lineHA is parallel toIHa. SinceM is the midpoint ofIA, AH
intersects� at a pointH′ such thatAH′ = HaI = r, the inradius of triangleABC.
See Figure 2. Let the line throughO parallel toIHa intersect� atO′.

If A′ is the midpoint ofBC, it is well known thatAH = 2 ·OA′.
Consider the excircle(Ia) on the sideBC, with radiusra. The midpoint ofIIa

is also the midpointJ of the arcBC of the circumcircle (not containing the vertex
A). Consider also the reflectionI′ of I in O, and the excircle(Ia). It is well known
thatI′Ia passes through the point of tangencyD′ of (Ia) andBC. We first show
thatJO′ = ra:

JO′ =
JM

IM
· IHa =

IaA

IA
· r =

2ra
2r

· r = ra.

SinceN is the midpoint ofOH, andO that ofII′, we have

2NN ′ =HH ′ +OO′

=(HA−H ′A) + (JO′ −R)

=2 ·A′O − r + ra −R

=DI +D′I ′ + ra − (R+ r)

=r + (2R − ra) + ra − (R + r)
=R.

This means thatN ′ is a point on the nine-point circle of triangleABC. SinceNN′
andIHa are directly parallel, the linesN′Ha andNI intersect at the external center
of similitude of the nine-point circle and the incircle. It is well known that the two
circles are tangent internally at the Feuerbach pointFe, which is their external
center of similitude. See Figure 3. �

A

B
C

I

D

E

F

Z Y

E′F ′

Ha

N

N ′

A′

Fe

Figure 3. The Euler line ofTa passes through the Feuerbach point

Remark. SinceDHa is a diameter of the incircle, the Feuerbach pointFe is indeed
the pedal ofD on the Euler line of triangleDY Z.
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Denote the triangleDY Z by Ta. Analogous toTa, we can also construct the
trianglesTb andTc (containing respectivelyE with a side parallel toCA andF
with a side parallel toAB). Theorem 1 also applies to these triangles.

Corollary 2. The Feuerbach point is the common point of the Euler lines of the
three triangles Ta, Tb, and Tc.

3. The excircle case

If, in the construction ofTa, we replace the incircle by theA-excircle(Ia), we
obtain another triangleT′

a. More precisely, if the excircle(Ia) touchesBC atD′,
andCA, AB atE′, F ′ respectively,T′

a is the triangleDY Z bounded by the lines
D′E′, D′F ′, and the parallel throughA to BC. The method in§2 leads to the
following conclusions.

A

B
C

Z Y

E
F

ON

D′

F ′

E′

Ia

N ′

Ma

A′

H′
a

Fa

S′
c

Figure 4. The Euler line ofT′
a passes throughS′

c = X442
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(1) The nine-point circle ofT′
a contains the excenterIa and the pointsE′, F ′;

its center is the midpointMa of the segmentAIa.
(2) The orthocenterH′

a of T′
a is the antipode ofD′ on the excircle(Ia).

(3) The Euler line�′a of T′
a contains the pointN′.

See Figure 4. Therefore,�′a also contains the internal center of similitude of the
nine-point circle(N) and the excircle(Ia), which is the point of tangencyFa of
these two circles. K. L. Nguyen [2] has recently studied the line containingFa and
Ma, and shown that it is the image of the Euler line of triangleIBC under the
homothetyh := h

(
G,−1

2

)
. The same is true for the two analogous trianglesT′

b
andT′

c. Their Euler lines are the images of the Euler lines ofICA andIAB under
the same homothety. Recall that the Euler lines of trianglesIBC, ICA, andIAB
intersect at a point on the Euler line, the Schiffler pointSc, which is the triangle
centerX21 in [1]. From this we conclude that the Euler lines ofT′

a, T′
b, T

′
c concur

at the image ofSc under the homothetyh. This, again, is a point on the Euler line
of triangleABC. It appears in [1] as the triangle centerX442.

4. A generalization

The concurrency of the Euler lines ofTa, Tb, Tc, can be paraphrased as the
perspectivity of the “midway triangle” ofI with the triangleHaHbHc. Here,Ha,
Hb, Hc are the orthocenters ofTa, Tb, Tc respectively. They are the antipodes of
D, E, F on the incircle. More generally, every homothetic image ofABC in I is
perspective withHaHbHc. This is clearly equivalent to the following theorem.

Theorem 3. Every homothetic image of ABC in I is perspective with the intouch
triangle DEF .

Proof. We work with homogeneous barycentric coordinates.
The image ofABC under the homothetyh(I, t) has vertices

At =(a+ t(b+ c) : (1 − t)b : (1 − t)c),

Bt =((1 − t)a : b+ t(c+ a) : (1 − t)c),

Ct =((1 − t)a : (1 − t)b : c+ t(a+ b)).

On the other hand, the vertices of the intouch triangle are

D = (0 : s− c : s− b), E = (s− c : 0 : s− a), F = (s− b : s− a : 0).

The linesAtD,BtE, andCtF have equations

(1 − t)(b − c)(s − a)x + (s − b)(a + (b + c)t)y − (s − c)(a + (b + c)t)z = 0,
−(s − a)(b + (c + a)t)x + (1 − t)(c − a)(s − b)y + (s − c)(b + (c + a)t)z = 0,

(s − a)(c + (a + b)t)x − (s − b)(c + (a + b)t)y + (1 − t)(a − b)(s − c)z = 0.

These three lines intersect at the point

Pt =
(

(a+ t(b+ c))(b + c− a+ 2at)
b+ c− a

: · · · : · · ·
)
.

�
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Remark. More generally, for an arbitrary pointP , every homothetic image ofABC
in P = (u : v : w) is perspective with the cevian triangle of the isotomic conjugate

of the superior ofP , namely, the point
(

1
v+w−u : 1

w+u−v : 1
u+v−w

)
. WithP = I,

we get the cevian triangle of the Gergonne point which is the intouch triangle.

Proposition 4. The perspector of AtBtCt and HaHbHc is the reflection of P−t in
the incenter.

It is clear that the perspectorPt traverses a conicΓ ast varies, since its coordi-
nates are quadratic functions oft. The conicΓ clearly containsI and the Gergonne
point, corresponding respectively tot = 0 and t = 1. Note also thatD = Pt

for t = − a
b+c or −s−a

a . Therefore,Γ containsD, and similarly,E andF . It is a
cirumconic of the intouch triangleDEF . Now, ast = ∞, the lineAtD is parallel
to the bisector of angleA, and is therefore perpendicular toEF . Simiarly,BtE
andCtF are perpendicular toFD andDE respectively. The perspectorP∞ is
therefore the orthocenter of triangleDEF , which is the triangle centerX65 in [1].
It follows thatΓ is a rectangular hyperbola. Since it contains also the circumcenter
I of DEF , Γ is indeed the Jerabek hyperbola of the intouch triangle. Its center is
the point

Q =
(
a(a2(b+ c) − 2a(b2 + c2) + (b3 + c3))

b+ c− a
: · · · : · · ·

)
.

At

Bt

Ct

Pt

A

B
C

I

D

E

F

Fe

Q
Ge

Figure 5. The Jerabak hyperbola of the intouch triangle

The reflection ofΓ in the incenter is the conicΓ′ which is the locus of the
perspectors ofHaHbHc and homothetic images ofABC in I.

Note that the fourth intersection ofΓ with the incircle is the isogonal conjugate,
with respect to the intouch triangle, of the infinite point of its Euler line. Its an-
tipode on the incircle is therefore the Euler reflection point of the intouch triangle.
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This must also be the perspector ofHaHbHc (the antipode ofDEF in the incircle)
and a homothetic image ofABC. It must be the Feuerbach point onΓ′.

Theorem 5. The Feuerbach point is the Euler reflection point of the intouch trian-
gle. This means that the reflections of OI (the Euler line of the intouch triangle)
concur at F .

O

A

B
C

I

D

E

F

Fe

Figure 6. The Feuerbach point as the Euler reflection point ofDEF

Remarks. (1) The fourth intersection ofΓ with the incircle, being the antipode of
the Feuerbach point, is the triangle centeX1317. The conicΓ also containsXn for
the following values ofn: 145, 224, and1537. (Note:X145 is the reflection of the
Nagel point in the incenter). These are the perspectors for the homothetic images
of ABC with ratiost = −1, − R

R+r , and− r
2(R−r) respectively.

(2) The hyperbolaΓ′ contains the following triangle centers apart fromI andFe:
X8 andX390 (which is the reflection of the Gergonne point in the incenter). These
are the perspector for the homothetic images with ratio+1 and−1 respectively.
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A Simple Perspectivity

Eric Danneels

Abstract. We construct a simple perspectivity that is invariant under isotomic
conjugation.

1. Introduction

In this note we consider a simple transformation of the plane of a given reference
triangleABC. Given a pointP with cevian triangleXY Z, construct the parallels
throughB to XY and throughC to XZ to intersect atA′; similarly defineB′ and
C ′. Construct

A∗ = BB′ ∩ CC ′, B∗ = CC ′ ∩ AA′, C∗ = AA′ ∩ BB′.
A

B C

P

X

Y

Z

A′

B′

C′

A∗

B∗

C∗

τP

Figure 1

Proposition 1. Triangle A∗B∗C∗ is the anticevian triangle of the infinite point
Q = (u(v − w) : v(w − u) : w(u − v)) of the trilinear polar of P .

We shall prove Proposition 1 in§2 below. As an anticevian triangle,A∗B∗C∗ is
perspective with every cevian triangle. In particular, it is perspective withXY Z at
the cevian quotientP/Q, which depends onP only. We write

τ(P ) := P/Q = (u(v − w)2 : v(w − u)2 : w(u − v)2).
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Let P • denote the isotomic conjugate ofP .

Proposition 2. τ is invariant under isotomic conjugation: τ(P•) = τ(P ).

Proposition 3. τ(P ) is
(1) the center of the circumconic through P and its isotomic conjugate P•,
(2) the perspector of the circum-hyperbola with asymptotes the trilinear polars of
P and P •.

Proof. (1) The circumconic throughP andP• has equation

u(v2 − w2)
x

+
v(w2 − u2)

y
+

w(u2 − v2)
z

= 0,

with perspector

P ′ = (u(v2 − w2) : w(w2 − u2) : w(u2 − v2)). (1)

Its center is the cevian quotientG/P′. This isτ(P ).
(2) The pencil of hyperbolas with asymptotes the trilinears polars ofP andP•

has equation

k(x + y + z)2 + (ux + vy + cz)
(x

u
+

y

v
+

z

w

)
= 0.

Fork = −1, the hyperbola passes throughA, B, C, and this circum-hyperbola has
equation

u(v − w)2

x
+

v(w − u)2

y
+

w(u − v)2

z
= 0.

It has perspectorτ(P ), (and centerP′ given in (1) above). �

Remark. Wilson Stothers [2] has found that one asymptote of a circum-hyperbola
determines the other. More precisely, ifux + vy + wz = 0 is an asymptote of a
circum-hyperbola, then the other isx

u + y
v + z

w = 0. This gives a stronger result
than (2) above.

Here is a list of triangle centers with their images underτ . The labeling of
triangle centers follows Kimberling [1].

P, P • τ(P ) P, P • τ(P )
X1, X75 X244 X3, X264 X2972

X4, X69 X125 X7, X8 X11

X20, X253 X122 X30, X1494 X1650

X57, X312 X2170 X88, X•
88 X2087

X94, X323 X2088 X98, X325 X868

X99, X523 X1649 X200, X1088 X2310

X519, X903 X1647 X524, X671 X1648

X536, X•
536 X1646 X538, X•

538 X1645

X694, X•
694 X2086 X1022, X•

1022 X1635

X1026, X•
1026 X2254 X2394, X2407 X1637

X2395, X2396 X2491 X2398, X2400 X676
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2. Proof of Proposition 1

The lineXY has equationvwx+wuy−uvz = 0, and infinite point(−u(v+w) :
v(w + u) : w(u − v)). The parallel throughB to XY is the line

w(u − v)x + u(v + w)z = 0.

Similarly, the parallel throughC to XZ is the line

v(u − w)x + u(v + w)y = 0.

These two lines intersect at

A′ = (u(v + w) : v(w − u) : w(v − u)).

The two analogously defined points are

B′ =(u(w − v) : v(w + u) : w(u − v)),

C ′ =(u(v − w) : v(u − w) : w(u + v)).

Now the linesAA′, BB′, CC ′ intersect at the points

A∗ =BB′ ∩ CC ′ = (−u(v − w) : v(w − u) : w(u − v)),

B∗ =CC ′ ∩ AA′ = (u(v − w) : −v(w − u) : w(u − v)),

C∗ =AA′ ∩ BB′ = (u(v − w) : v(w − u) : −w(u − v)).

This is clearly the anticevian triangle of the point

Q = (u(v − w) : v(w − u) : w(u − v)) =
(

1
v
− 1

w
:

1
w

− 1
u

:
1
u
− 1

v

)
,

which is the infinite point of the trilinear polarL. This completes the proof of
Proposition 1.

Remarks. (1) Here is an easy alternative construction ofA∗B∗C∗. Construct the
parallels throughA, B, C to the trilinear polarL, intersecting the sidelinesBC,
CA, AB at A1, B1, C1 respectively. Then,A∗, B∗, C∗ are the midpoints of the
segmentsAA1, BB1, CC1. See Figure 2.

(2) The equations of the sidelines of triangleA∗B∗C∗ are

B∗C∗ :
y

v(w − u)
+

z

w(u − v)
= 0,

C∗A∗ :
x

u(v − w)
+

z

w(u − v)
= 0,

A∗B∗ :
x

u(v − w)
+

y

v(w − u)
= 0.

Proposition 4. The trilinear polar of τ(P ) with respect to the cevian triangle of P
passes through P .
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Proof. The trilinear polar ofτ(P ) with respect toXY Z is the perspectrix of the
trianglesXY Z andA∗B∗C∗. Now, the sidelines of these triangle intersect at the
points

B∗C∗ ∩ Y Z =(u(v + w − 2u) : v(w − u) : −w(u − v)),

C∗A∗ ∩ ZX =(−u(v − w) : v(w + u − 2v) : w(u − v)),

A∗B∗ ∩ XY =(u(v − w) : −v(w − u) : w(u + v − 2w)).

The line through these three points has equation

v − w

u
x +

w − u

v
y +

u − v

w
z = 0.

This clearly contains the pointP = (u : v : w). �

3. Generalization

Since the construction in§1 is purely perspective we can replace the line at
infinity by an arbitrary line� : px + qy + rz = 0. The parallel throughB to
XY becomes the line joiningB to the intersection� andXY , etc. The perspector
becomes

τ�(P ) = (u(qv − rw)2 : v(rw − pu)2 : w(pu − qv)2).
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Thenτ�(P �) = τ(P ) whereP � =
(

1
p2u : 1

q2v : 1
r2w

)
, and the following remain

valid:

(1) A∗B∗C∗ is the anticevian triangle ofQ = L ∩ �, whereL is the trilinear
polar ofP .

(2) The perspectrix ofXY Z andA∗B∗C∗ contains the pointP .
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Pedals on Circumradii and the Jerabek Center

Quang Tuan Bui

Abstract. Given a triangleABC, beginning with the orthogonal projections of
the vertices on the circumradiiOA, OB, OC, we construct two triangles each
with circumcircle tangent to the nine-point circle at the center of the Jerabek
hyperbola.

1. Introduction

Given a triangleABC, with circumcenterO, let Ab andAc be the pedals (or-
thogonal projections) of the vertexA on the linesOB andOC respectively. Simi-
larly, defineBc, Ba, Ca andCb. In this paper we prove some interesting results on
triangles associated with these pedals.

A

B C

O
Ab

Ac

Bc

Ba

Ca

Cb

H

Ha

Hb

Hc

Figure 1

Theorem 1. The triangles AAbAc, BaBBc and CaCbC are congruent to the orthic
triangle HaHbHc. See Figure 1.
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Theorem 2. The lines BcCb, CaAc and AbBa bound a triangle T1 homothetic to
ABC . The circumcircle of T1 is tangent to the nine-point circle of ABC at the
Jerabek center.

Recall that the Jerabek centerJ is the center of the circum-hyperbola through
the circumcenterO. This hyperbola is the isogonal conjugate of the Euler line.
The Jerabek centerJ is the triangle centerX125 in Kimberling’s Encyclopedia of
Triangle Centers [1].

Theorem 3. The lines AbAc, BcBa and CaCb bound a triangle T2 whose circum-
circle is tangent to the nine-point circle at the Jerabek center.

Hence, the circumcircles ofT1 andT2 are also tangent to each other atJ . In
this paper we work with homogeneous barycentric coordinates and adopt standard
notations of triangle geometry. Basic results can be found in [2]. The Jerabek
centerJ , for example, has coordinates

(SA(SB − SC)2 : SB(SC − SA)2 : SC(SA − SB)2). (1)

The labeling of triangle centers, except for the common ones, follows [1].

Proposition 4. The homogeneous barycentric coordinates of the pedals of the ver-
tices of triangle ABC on the circumradii are as follows.

Ab =(SA(SB + SC) : SC(SC − SA) : SC(SA + SB)),

Ac =(SA(SB + SC) : SB(SC + SA) : SC(SB − SA));

Bc =(SA(SB + SC) : SB(SC + SA) : SA(SA − SB)),

Ba =(SA(SC − SB) : SB(SC + SA) : SC(SA + SB));

Ca =(SA(SB − SC) : SB(SC + SA) : SC(SA + SB)),

Cb =SA((SB + SC) : SB(SA − SC) : SC(SA + SB)).

Proof. We verify that the point

P = (SA(SB + SC) : SC(SC − SA) : SC(SA + SB))

is the pedalAb of A on the lineOB. Since

(SA(SB + SC), SC(SC − SA), SC(SA + SB))

=(SA(SB + SC), SB(SC + SA), SC(SA + SB))

+ (0, SC(SC − SA) − SB(SC + SA), 0),

this is a point on the lineOB. The coordinate sum ofP being(SB+SC)(SC+SA),
the infinite point of the lineAP is

(SA(SB + SC), SC(SC − SA), SC(SA + SB)) − ((SC + SA)(SA + SB), 0, 0)

=SC(−(SB + SC), (SC − SA), (SA + SB)).

The infinite point ofOB is

(SA(SB + SC), SB(SC + SA), SC(SA + SB)) − (0, 2(SBC + SCA + SAB), 0)

=(SA(SB + SC), −(SBC + 2SCA + SAB), SC(SA + SB)).
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By the theorem in [2,§4.5], the two linesAP andOB are perpendicular since

−SA · (SB + SC) · SA(SB + SC)

−SB · (SC − SA) · (SBC + 2SCA + SAB)

+SC · (SA + SB) · SC(SA + SB)
=0.

�

2. Proof of Theorem 1

Note that the pointsAb andAc lie on the circle with diameterOA, so do the
midpoints ofAC andAB. Therefore,

A

B C

O Ab

Ac

Bc

Ba

Ca

Cb

H

Ha

Hb

Hc

Ga

Gb

Gc

Ka

Kb

Kc

N

Figure 2

∠AcAAb =π − ∠AbOAc = π − ∠BOC = π − 2A = ∠HcHaHb,

∠AAbAc =∠AOAc = π − ∠COA = π − 2B = ∠HaHbHc,

∠AbAcA =∠AbOA = π − ∠AOB = π − 2C = ∠HbHcHa.

Therefore the angles in trianglesAAbAc andHaHbHc are the same; similarly
for trianglesBaBBc andCaCbC. Since these four triangles have equal circumradii
R
2 , they are congruent. This completes the proof of Theorem 1.
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Remarks. (1) The side lengths of these triangles area cos A, b cos B, andc cos C
respectively.

(2) If Ka, Kb, Kc are the midpoints of the circumradiiOA, OB, OC, triangle
KaKbKc is homothetic to
(i) ABC atO, with ratio of homothety12 , and
(ii) the medial triangleGaGbGc atX140, the nine-point center of the medial trian-
gle, with ratio of homothety−1.

(3) The circles(Kb) and(Kc) intersect at the circumcenterO and the midpoint
Ga of BC; similarly for the other two pairs(Kc), (Ka) and (Ka), (Kb). The
midpointsGa, Gb, Gc lie on the nine-point circle(N) of triangle ABC. See
Figure 2.

3. The triangle T1

We now consider the triangleT1 bounded by the linesBcCb, CaAc, andAbBa.

Lemma 5. The quadrilateral BcCbCB is an isosceles trapezoid.

Proof. With reference to Figure 1, we have
(i) ∠BcBC = π

2 − ∠OCB = π
2 − ∠OBC = ∠CbCB,

(ii) BcB = CbC.
It follows that the quadrilateralBcCbCB is an isosceles trapezoid. �

Therefore, the linesBcCb andBC are parallel. Similarly, the linesCaAc and
CA are parallel, as areAbBa and AB. The triangleT1 bounded by the lines
BcCb, CaAc, AbBa is homothetic to triangleABC, and also to the medial triangle
GaGbGc.

Proposition 6. Triangle T1 is homothetic to
(i) ABC at the procircumcenter (a4SA : b4SB : c4SC), 1

(ii) the medial triangle GaGbGc at the Jerabek center J .

Proof. The linesBcCb, CaAc, andAbBa have equations

−(SAA + SBC)x + SA(SB + SC)y + SA(SB + SC)z =0,

SB(SC + SA)x − (SBB + SCA)y + SB(SC + SA)z =0,

SC(SA + SB)x + SC(SA + SB)y − (SCC + SAB)z =0.

From these, we obtain the coordinates of the vertices ofT1:

A1 =(SA(SB − SC)2 : SB(SC + SA)2 : SC(SA + SB)2),

B1 =(SA(SB + SC)2 : SB(SC − SA)2 : SC(SA + SB)2),

C1 =(SA(SB + SC)2 : SB(SC + SA)2 : SC(SA − SB)2).

From the coordinates ofA1, B1, C1, it is clear that the homothetic center of
trianglesA1B1C1 andABC is the point

(SA(SB + SC)2 : SB(SC + SA)2 : SC(SA + SB)2) = (a4SA : b4SB : c4SC).

1This is the triangle centerX184 in [1].
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For (ii), the equations of the linesGaA1, GbB1, GcC1 are respectively

(SAA − SBC)x − SA(SB − SC)y + SA(SB − SC)z =0,

SB(SC − SA)x + (SBB − SCA)y − SB(SC − SA)z =0,

−SC(SA − SB)x + SC(SA − SB)y + (SCC − SAB)z =0.

It is routine to check that this contains the Jerabek centerJ whose coordinates are
given in (1). �

4. Proof of Theorem 2

Theorem 2 is now an immediate consequence of Proposition 6(ii). Since the
homothetic centerJ lies on the circumcircle of the medial triangle, it must also lie
on the circumcircle of the other, and the two circumcircles are tangent atJ .

A

B C

O
Ab

Ac

Bc

Ba

Ca

Cb

A1

B1C1

X184

J

N

Ga

Gb
Gc

Figure 3
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5. The triangle T2

From the coordinates of the pedals, we obtain the equations of the linesAbAc,
BcBa, andCaCb:

−2SBCx + (S2 − SBB)y + (S2 − SCC)z =0,

(S2 − SAA)x − 2SCAy + (S2 − SCC)z =0,

(S2 − SAA)x + (S2 − SBB)y − 2SABz =0.

From these, the vertices of triangleT2 are the points

A2 =((SB − SC)2 : 3SAB + SBC + SCA − SCC : 3SCA + SAB + SBC − SBB),

B2 =(3SAB + SBC + SCA − SCC : (SC − SA)2 : 3SBC + SCA + SAB − SAA),

C2 =(3SCA + SAB + SBC − SCC : 3SBC + SCA + SAB − SAA : (SA − SB)2).

A

B C

O
Ab

Ac

Bc

Ba

Ca

Cb

A2

B2

C2

Q

Figure 4

Proposition 7. Triangles ABC and A2B2C2 are perspective at

Q =

(
1

a2b2 + b2c2 + c2a2 − b4 − c4
:

1

a2b2 + b2c2 + c2a2 − c4 − a4
:

1

a2b2 + b2c2 + c2a2 − a4 − b4

)
.
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Proof. From the coordinates ofA2, B2, C2 given above,T2 is perspective with
ABC at

Q =
(

1
3SBC + SCA + SAB − SAA

: · · · : · · ·
)

.

These are equivalent to those given above in terms ofa, b, c. �

Remark. The triangle centerQ does not appear in [1].

6. Proof of Theorem 3

It is easier to work with the image of triangleT2 under the homothetyh(H, 2).
The images of the vertices are

A′
2 =(SA(SB + SC)(SBB − 4SBC + SCC) + SBC(SB − SC)2

: (SC + SA)(SA(SB + SC)(3SB − SC) + SBC(SB − SC))

: (SA + SB)(SA(SB + SC)(SB − 3SC) + SBC(SB − SC))),

andB′
2, C ′

2 whose coordinates are obtained by cyclic permutations ofSA, SB , SC .
The circumcircle ofA′

2B
′
2C

′
2 has equation

8S2 · SABC((SB + SC)yz + (SC + SA)zx + (SA + SB)xy)

+(x + y + z)


 ∑

cyclic

(SA + SB)(SA + SC)(SAB + SCA − 2SBC)2x


 = 0.

To verify that this circle is tangent to the circumcircle

(SB + SC)yz + (SC + SA)zx + (SA + SB)xy = 0,

it is enough to consider the pedal of the circumcenterO on the radical axis∑
cyclic

(SA + SB)(SA + SC)(SAB + SCA − 2SBC)2x = 0.

This is the point

Q′ =
(

SB + SC

SCA + SAB − 2SBC
:

SC + SA

SAB + SBC − 2SCA
:

SA + SB

SBC + SCA − 2SAB

)
,

which is clearly on the circumcircle, and also on the Jerabek hyperbola

SA(SBB − SCC)
x

+
SB(SCC − SAA)

y
+

SC(SAA − SBB)
z

= 0.

This shows that the circleA′
2B

′
2C

′
2 is tangent to the circumcircle atQ′. 2 Under

the homothetyh(H, 2), Q′ is the image of the midpoint ofHQ, which is the center
of the Jerabek hyperbola. Under the inverse homothety, the circumcircle ofT2 is
tangent to the nine-point circle atJ . This completes the proof of Theorem 3.

2Q′ is the triangle centerX74
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Simmons Conics

Bernard Gibert

Abstract. We study the conics introduced by T. C. Simmons and generalize
some of their properties.

1. Introduction

In [1, Tome 3, p.227], we find a definition of a conic called “ellipse de Simmons”
with a reference to E. Vigari´e series of papers [8] in 1887-1889. According to
Vigarié, this “ellipse” was introduced by T. C. Simmons [7], and has foci the first
isogonic center or Fermat point (X13 in [5]) and the first isodynamic point (X15 in
[5]). The contacts of this “ellipse” with the sidelines of reference triangleABC
are the vertices of the cevian triangle ofX13. In other words, the perspector of this
conic is one of its foci. The given trilinear equation is :√

α sin
(
A +

π

3

)
+

√
β sin(

(
B +

π

3

)
+

√
γ sin

(
C +

π

3

)
= 0.

It appears that this conic is not always an ellipse and, curiously, the correspond-
ing conic with the other Fermat and isodynamic points is not mentioned in [1].

In this paper, working with barycentric coordinates, we generalize the study of
inscribed conics and circumconics whose perspector is one focus.

2. Circumconics and inscribed conics

Let P = (u : v : w) be any point in the plane of triangleABC which does not
lie on one sideline ofABC. Denote byL(P ) its trilinear polar.

The locus of the trilinear pole of a line passing throughP is a circumconic de-
noted byΓc(P ) and the envelope of trilinear polar of points ofL(P ) is an inscribed
conicΓi(P ). In both cases,P is said to be the perspector of the conic andL(P )
its perspectrix. Note thatL(P ) is the polar line ofP in both conics.

The centers ofΓc(P ) andΓi(P ) are

Ωc(P ) =(u(v + w − u) : v(w + u − v) : w(u + v − w)),

Ωi(P ) =(u(v + w) : v(w + u) : w(u + v))

respectively.Ωc(P ) is also the perspector of the medial triangle and the anticevian
triangleAP BP CP of P . Ωi(P ) is the complement of the isotomic conjugate ofP .

Publication Date: June 26, 2006. Communicating Editor: Paul Yiu.
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2.1. Construction of the axes of Γc(P ) and Γi(P ). LetX be the fourth intersection
of the conic and the circumcircle (X is the trilinear pole of the lineKP ). The axes
of Γc(P ) are the parallels atΩc(P ) to the bisectors of the linesBC andAX. A
similar construction in the cevian trianglePaPbPc of P gives the axes ofΓi(P ).

2.2. Construction of the foci of Γc(P ) and Γi(P ). The lineBC and its perpen-
dicular atPa meet one axis at two points. The circle with centerΩi(P ) which is
orthogonal to the circle having diameter these two points meets the axis at the re-
quested foci. A similar construction in the anticevian triangle ofP gives the foci
of Γc(P ).

3. Inscribed conics with focus at the perspector

Theorem 1. There are two and only two non-degenerate inscribed conics whose
perspector P is one focus : they are obtained when P is one of the isogonic centers.

Proof. If P is one focus ofΓi(P ), the other focus is the isogonal conjugateP∗
of P and the center is the midpoint ofPP∗. This center must be the isotomic
conjugate of the anticomplement ofP . A computation shows thatP must lie on
three circum-strophoids with singularity at one vertex ofABC. These strophoids
are orthopivotal cubics as seen in [4, p.17]. They are the isogonal transforms of the
three Apollonian circles which intersect at the two isodynamic points. Hence, the
strophoids intersect at the isogonic centers. �

These conics will be called the (inscribed)Simmons conics denoted byS13 =
Γi(X13) andS14 = Γi(X14).

Elements of the conics S13 S14

perspector and focus X13 X14

other real focus X15 X16

center X396 X395

focal axis parallel to the Euler line idem
non-focal axis L(X14) L(X13)
directrix L(X13) L(X14)
other directrix L(X18) L(X17)

Remark. The directrix associated to the perspector/focus in both Simmons conics
is also the trilinear polar of this same perspector/focus. This will be generalized
below.

Theorem 2. The two (inscribed) Simmons conics generate a pencil of conics which
contains the nine-point circle.

The four (not always real) base points of the pencil form a quadrilateral inscribed
in the nine point circle and whose diagonal triangle is the anticevian triangle of
X523, the infinite point of the perpendiculars to the Euler line. In Figure 1 we have
four real base points on the nine point circle and on two parabolasP1 andP2.

Hence, all the conics of the pencil have axes with the same directions (parallel
and perpendicular to the Euler line) and are centered on the rectangular hyperbola
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Figure 1. Simmons ponctual pencil of conics

which is the polar conic ofX30 (point at infinity of the Euler line) in the Neuberg
cubic. This hyperbola passes through the in/excenters,X5, X30, X395, X396, X523,
X1749 and is centered atX476 (Tixier point). See Figure 2. This is the diagonal
conic with equation :

∑
cyclic

(b2 − c2)(4S2
A − b2c2)x2 = 0.

It must also contain the vertices of the anticevian triangle of any of its points
and, in particular, those of the diagonal triangle above. Note that the polar lines of
any of its points in both Simmons inconics are parallel.

Theorem 3. The two (inscribed) Simmons conics generate a tangential pencil of
conics which contains the Steiner inellipse.

Indeed, their centersX396 andX395 lie on the lineGK. The locus of foci of
all inconics with center on this line is the (second) Brocard cubic K018 which is
nK0(K,X523) (See [3]). These conics must be tangent to the trilinear polar of the
root X523 which is the line through the centersX115 andX125 of the Kiepert and
Jerabek hyperbolas.

Another approach is the following. The fourth common tangent to two inconics
is the trilinear polar of the intersection of the trilinear polars of the two perspec-
tors. In the case of the Simmons inconics, the intersection isX523 at infinity (the
perspector of the Kiepert hyperbola) hence the common tangent must be the trilin-
ear polar of this point. In fact, more generally, any inconic with perspector on the



216 B. Gibert

A

B
C

G

K
X396

K018

P1

L(X14)

X13

X14

X395

X15

X16

Polar conic
of X30

P2

L(X18)

L(X17)

L(X13)

X230

X111

S14

S13 X115

X125

NPC

Figure 2. The two Simmons inconicsS13 andS14

Kiepert hyperbola must be tangent to this same line (the perpector of each conic
must lie on the Kiepert hyperbola since it is the isotomic conjugate of the anti-
complement of the center of the conic). In particular, sinceG lies on the Kiepert
hyperbola, the Steiner inellipse must also be tangent to this line. This is also the
case of the inconic with centerK, perspectorH sometimes calledK-ellipse (see
[1]) although it is not always an ellipse.

Remarks. (1) The contacts of this common tangent withS13 andS14 lie on the
lines throughG and the corresponding perspector. See Figures 2 and 3.

(2) This lineX115X125 meets the sidelines ofABC at three points on K018.
(3) The focal axes meet the non-focal axes at the vertices of a rectangle with

centerX230 on the orthic axis and on the lineGK. These vertices areX396, X395

and two other pointsP1, P2 on the cubic K018 and collinear withX111, the singular
focus of the cubic.

(4) The orthic axis is the mediator of the non-focal axes.
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Figure 3. Simmons tangential pencil of conics

(5) The pencil contains one and only one parabolaP we will call the Simmons
parabola. This is the in-parabola with perspectorX671 (on the Steiner ellipse),
focusX111 (Parry point), touching the lineX115X125 atX1648.1

4. Circumconics with focus at the perspector

A circumconic with perspectorP is inscribed in the anticevian trianglePaPbPc

of P . In other words, it is the inconic with perspectorP in PaPbPc. Thus,P is a
focus of the circumconic if and only if it is a Fermat point ofPaPbPc. According
to a known result2, it must then be a Fermat point ofABC. Hence,

Theorem 4. There are two and only two non-degenerate circumconics whose per-
spector P is one focus : they are obtained when P is one of the isogonic centers.

They will be called theSimmons circumconics denoted byΣ13 = Γc(X13) and
Σ14 = Γc(X14). See Figure 4.

The fourth common point of these conics isX476 (Tixier point) on the circum-
circle. The centers and other real foci are not mentioned in the current edition of
[6] and their coordinates are rather complicated. The focal axes are those of the
Simmons inconics.

1X1648 is the tripolar centroid ofX523 i.e. the isobarycenter of the traces of the lineX115X125.
It lies on the lineGK.

2The angular coordinates of a Fermat point ofPaPbPc are the same when they are taken either
with respect toPaPbPc or with respect toABC.
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Figure 4. The two Simmons circumconicsΣ13 andΣ14

A digression: there are in general four circumconics with given focusF . Let
CA, CB, CC the circles passing throughF with centersA, B, C. These circles have
two by two six centers of homothety and these centers are three by three collinear
on four lines. One of these lines is the trilinear polarL(Q) of the interior point
Q = 1

AF : 1
BF : 1

CF and the remaining three are the sidelines of the cevian triangle
of Q. These four lines are the directrices of the sought circumconics and their
construction is therefore easy to realize. See Figure 5.

This shows that one can find six other circumconics with focus at a Fermat point
but, in this case, this focus is not the perspector.

5. Some related loci

We now generalize some of the particularities of the Simmons inconics and
present several higher degree curves which all contain the Fermat points.

5.1. Directrices and trilinear polars. We have seen that these Simmons inconics
are quite remarkable in the sense that the directrix corresponding to the perspec-
tor/focusF (which is the polar line ofF in the conic) is also the trilinear polar of
F . The generalization gives the following
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Figure 5. Directrices of circumconics with given focus

Theorem 5. The locus of the focus F of the inconic such that the corresponding
directrix is parallel to the trilinear polar of F is the Euler-Morley quintic Q003.

Q003 is a very remarkable curve with equation∑
cyclic

a2(SB y − SC z)y2z2 = 0

which (at the time this paper is written) contains 70 points of the triangle plane.
See [3] and [4].

In Figure 6, we have the inconic with focusF at one of the extraversions of
X1156 (on the Euler-Morley quintic).

5.2. Perspector lying on one axis. The Simmons inconics (or circumconics) have
their perspectors at a focus hence on an axis. More generally,

Theorem 6. The locus of the perspector P of the inconic (or circumconic) such
that P lies on one of its axis is the Stothers quintic Q012.

The Stothers quintic Q012 has equation∑
cyclic

a2(y − z)(x2 − yz)yz = 0.

Q012 is also the locus of pointM such that the circumconic and inconic with
same perspectorM have parallel axes, or equivalently such that the pencil of conics
generated by these two conics contains a circle. See [3].
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A

B C

di
re

ctr
ix

L(F)

F

Q003

Figure 6. An inconic with directrix parallel to the trilinear polar of the focus

The center of the inconic in Theorem 6 must lie on the complement of the iso-
tomic conjugate of Q012, another quartic with equation∑

cyclic

a2(y + z − x)(y − z)(y2 + z2 − xy − xz) = 0.

In Figure 7, we have the inconic with perspectorX673 (on the Stothers quintic)
and centerX3008.

The center of the circumconic in Theorem 6 must lie on a septic which is the
G−Ceva conjugate of Q012.

5.3. Perspector lying on the focal axis. The focusF , its isogonal conjugateF∗ (the
other focus), the centerΩ (midpoint ofFF∗) and the perspectorP (the isotomic
conjugate of the anticomplement ofΩ) of the inconic may be seen as a special case
of collinear points. More generally,

Theorem 7. The locus of the focus F of the inconic such that F , F∗ and P are
collinear is the bicircular isogonal sextic Q039.

Q039 is also the locus of pointP whose pedal triangle has a Brocard line passing
throughP . See [3].

Remark. The locus ofP such that the polar lines ofP and its isogonal conjugate
P ∗ in one of the Simmons inconics are parallel are the two isogonal pivotal cubics
K129a and K129b.
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Figure 7. An inconic with perspector on one axis
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Figure 8. The bicircular isogonal sextic Q039



222 B. Gibert

More precisely, with the conicS13 we obtain K129b =pK(K,X396) and with
the conicS14 we obtain K129a =pK(K,X395). See [3].

6. Appendices

6.1. In his paper [7], T. C. Simmons has shown that the eccentricity ofΣ13 is
twice that ofS13. This is also true forΣ14 andS14. The following table gives these
eccentricities.

conic eccentricity

S13
1√

2(cot ω +
√

3)
× OH√

∆

S14
1√

2(cot ω −√
3)

× OH√
∆

Σ13
2√

2(cot ω +
√

3)
× OH√

∆

Σ14
2√

2(cot ω −√
3)

× OH√
∆

whereω is the Brocard angle,∆ the area ofABC andOH the distance between
O andH.

6.2. SinceΣ13 andS13 (or Σ14 andS14) have the same focus and the same direc-
trix, it is possible to find infinitely many homologies (perspectivities) transforming
these two conics into concentric circles with centerX13 (or X14) and the radius of
the first circle is twice that of the second circle.

The axis of such homology must be parallel to the directrix and its center must
be the common focus. Furthermore, the homology must send the directrix to the
line at infinity and, for example, must transform the pointP1 (or P2, see remark 3
at the end of§3) into the infinite pointX30 of the Euler line or the lineX13X15.

Let ∆1 and∆2 be the two lines with equations∑
cyclic

(b2 + c2 − 2a2 +
√

a4 + b4 + c4 − b2c2 − c2a2 − a2b2) x = 0

and ∑
cyclic

(b2 + c2 − 2a2 −
√

a4 + b4 + c4 − b2c2 − c2a2 − a2b2) x = 0.

∆1 and∆2 are the tangents to the Steiner inellipse which are perpendicular to
the Euler line. The contacts lie on the lineGK and on the circle with centerG
passing throughX115, the center of the Kiepert hyperbola.∆1 and∆2 meet the
Euler line at two points lying on the circle with centerG passing throughX125, the
center of the Jerabek hyperbola.

If we take one of these lines as an axis of homology, the two Simmons circum-
conicsΣ13 andΣ14 are transformed into two circlesΓ13 andΓ14 having the same
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radius. Obviously, the two Simmons inconics are also transformed into two circles
having the same radius. See Figure 9.

A

B C

m

L(X14)

X13

X14

P1

M

L(X13)

X476

Σ14
Σ13

P2

M’

∆1

Γ13

Γ14

Figure 9. Homologies and circles

For any pointM onΣ13, the lineMP1 meets∆1 atm. The parallel to the Euler
line atm meets the lineMX13 at M ′ on Γ13. A similar construction withM on
Σ14 andP2 instead ofP1 will give Γ14.
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A Synthetic Proof and Generalization of
Bellavitis’ Theorem

Nikolaos Dergiades

Abstract. In this note we give a synthetic proof of Bellavitis’ theorem and then
generalizing this theorem, for not only convex quadrilaterals, we give a synthetic
geometric proof for both theorems direct and converse, as Eisso Atzema proved,
by trigonometry, for the convex case [1]. From this approach evolves clearly the
connection between hypothesis and conclusion.

1. Bellavitis’ theorem

Eisso J. Atzema has recently given a trigonometric proof of Bellavitis’ theorem
[1]. We present a synthetic proof here. Inside a convex quadrilateralABCD, let
the diagonalAC form with one pair of opposite sides anglesw1, w3. Similarly
let the angles inside the quadrilateral that the other diagonalBD forms with the
remaining pair of opposite sides bew2, w4.

Theorem 1 (Bellavitis, 1854). If the side lengths of a convex quadrilateral ABCD
satisfy AB · CD = BC · DA, then w1 + w2 + w3 + w4 = 180◦

w1

w2
w3

w4

A

B

C

DF ′

B′

A′

F

C′

Figure 1

Proof. If AB = AD thenBC = CD andAC is the perpendicular bisector of
BD. HenceABCD is a kite, and it is obvious thatw1 + w2 + w3 + w4 = 180◦.

If ABCD is not a kite, then fromAB · CD = BC · DA, we haveAB
AD = CB

CD .
Hence,C lies on theA-Apollonius circle of triangleABD. See Figure 1. This
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circle has diameterFF ′, whereAF andAF ′ are the internal and external bisectors
of angleBAD andCF is the bisector of angleBCD. The reflection ofAC in AF
meets the Apollonius circle atC′. Since arcCF = arc FC′, the pointC′ is the
reflection ofC in BD. Similarly the reflection ofAC in CF meets the Apollonius
circle at A′ that is the reflection ofA in BD. Hence the linesAC′, CA′ are
reflections of each other inBD and are met at a pointB′ onBD. So we have

w2 + w3 =w2 + ∠BCB′ = ∠CB′D = ∠AB′D (1)

w1 + w4 =∠B′AD + w4 = ∠BB′A. (2)

From (1) and (2) we get

w1 + w2 + w3 + w4 = ∠BB′A + ∠AB′D = 180◦.

�

2. A generalization

There is actually no need forABCD to be a convex quadrilateral. Since it is
clear thatw1 + w2 + w3 + w4 = 180◦ for a cyclic quadrilateral, we consider non-
cyclic quadrilaterals below. We make use of oriented angles and arcs. Denote by
θ(XY,XZ) the oriented angle fromXY to XZ. We continue to use the notation

w1 = θ(AB,AC), w3 = θ(CD,CA),
w2 = θ(BC,BD), w4 = θ(DA,DB).

Theorem 2. In an arbitrary noncyclic quadrilateral ABCD, the side lengths sat-
isfy the equality AB · CD = BC · DA if and only if

w1 + w2 + w3 + w4 = ±180◦.

w1

w2

w3

w4

A

B

C

D

C′

B′

A′

Figure 2
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Proof. SinceABCD is not a cyclic quadrilateral the linesDA, DB, DC meet
the circumcircle of triangleABC at the distinct pointsA′, B′, C ′. The triangle
A′B′C ′ is the circumcevian triangle ofD relative toABC. Note that

2w1 =arc BC,

2w2 =arc CC ′ + arc C ′B′,

2w3 =arc C ′A,

2w4 =arc AB + arcA′B′.

From these,w1 + w2 + w3 + w4 = ±180◦ if and only if

(arc BC + arc CC ′ + arc C ′A + arc AB) + arc C ′B′ + arc A′B′ = ±360◦.

Sincearc BC+arc CC ′+arc C ′A+arc AB = ±360◦, the above condition holds
if and only if arc C′B′ = arc B′A′. This means that the circumcevian triangle of
D is isosceles,i.e.,

B′A′ = B′C ′. (3)
It is well known thatA′B′C ′ is similar to with the pedal triangleA′′B′′C ′′ of D.

See [2,§7.18] The condition (3) is equivalent to

B′′A′′ = B′′C ′′.

This, in turn, is equivalent to the fact thatD lies on theB-Apollonius circle of
ABC because for a pedal triangle we know that

B′′A′′ = DC · sin C = B′′C ′′ = DA · sin A

or
DC

DA
=

sin A

sin C
=

BC

BA
.

From this we haveAB · CD = BC · DA. �
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On Some Theorems of Poncelet and Carnot

Huub P.M. van Kempen

Abstract. Some relations in a complete quadrilateral are derived. In connection
with these relations some special conics related to the angular points and sides
of the quadrilateral are discussed. A theorem of Carnot valid for a triangle is
extended to a quadrilateral.

1. Introduction

The scope of Euclidean Geometry was substantially extended during the seven-
teenth century by the introduction of the discipline of Projective Geometry. Until
then geometers were mainly concentrating on themetric (or Euclidean) properties
in which the measure of distances and angles is emphasized. Projective Geometry
has no distances, no angles, no circles and no parallelism but concentrates on the
descriptive (or projective) properties. These properties have to do with the rela-
tive positional connection of the geometric elements in relation to each other; the
properties are unaltered when the geometric figure is subjected to a projection.

Projective Geometry was started by the Grecian mathematician Pappus of Alexan-
dria . After more than thirteen centuries it was continued by two Frenchmen, Desar-
gues and his famous pupil Pascal. The latter one published in 1640 his well-known
Essay pour les coniques. This short study contains the well-knownhexagrammum
mysticum, nowadays known as Pascal’s Theorem. Meanwhile, the related subject
of perspective had been studied by architects and artists (Leonardo da Vinci). The
further development of Projective Geometry was about two hundred years later,
mainly by a French group of mathematicians (Poncelet, Chasles, Carnot, Brian-
chon and others).

An important tool in Projective Geometry is a semi-algebraic instrument, called
thecross ratio. This topic was introduced, independently of each other, by M¨obius
(1827) and Chasles (1829).

In this article we present an (almost forgotten) result of Poncelet [4], obtained in
an alternative way and we derive some associated relations (Theorem 1). Further-
more, we extend a theorem by Carnot [1] from a triangle to a complete quadrilateral
(Theorem 3).
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We take as starting-point the theorems of Ceva and Pappus-Pascal. The first one
is a close companion of the theorem of the Grecian mathematician Menelaus. In the
analysis we will follow as much as possible the purist/synthetic approach. It will
be shown that this approach leads to surprising results derived along unexpected
lines.

2. Proof and extension of a Theorem by Poncelet

Theorem 1. Let the diagonal points of a complete quadrilateral ABCD be P, Q
and R. Let the intersections of PQ with AD and BC be H and F respectively and
those of PR with CD and AB be G and E respectively (Figure 1). Then

AE

EB
· BF

FC
· CG

GD
· DH

HA
=1, (1)

AP

PC
· CG

GD
· DP

PB
· BE

EA
=1, (2)

BP

PD
· DH

HA
· AP

PC
· CF

FB
=1. (3)

A B

C

D

P

Q

R

E

F

H

G

Figure 1

Proof. We apply the Pappus-Pascal theorem to the triples(Q,A,E) and(R,C,F )
and find that in triangleABC the linesAF , BP andCE are concurrent so that by
Ceva’s theorem

AE

EB
· BF

FC
· CP

PA
= 1. (4)

Similarly with the triples(Q,G,C) and(R,H,A) we find

CG

GD
· DH

HA
· AP

PC
= 1. (5)
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Relation (1) immediately follows from (4) and (5). Again in the same way with
triples(E,B,Q) and(H,D,R) we find that

AE

EB
· BP

PD
· DH

HA
= 1. (6)

(2) follows from (5) and (6), and (3) follows from (4) and (6). �
Poncelet [4] has derived relation (1) by using cross ratios.
We now consider a special case of Theorem 1, taking a convex quadrilateral

ABCD in which AB + CD = BC + DA, so that it is circumscriptable (Figure
2). LetE′, F ′, G′ andH ′ be the points of tangency of the incircle withAB, BC,
CD andDA respectively. Clearly a relation similar to (1) holds:

AE′

E′B
· BF ′

F ′C
· CG′

G′D
· DH ′

H ′A
= 1. (7)

A B

C

D

P

Q

R

E

F

H

G

E′

F ′

G′

H′

M

Figure 2

It is well known [5] that the point of intersection ofE′G′ andF ′H ′ is P . This
can be seen for a general quadrilateral with an inscribed conic from subsequent
application of Brianchon’s theorem to hexagonsAE′BCG′D andBF ′CDH ′A.
See for instance [2, p.49]. This raises the questions whether or not a relation similar
to (1) will hold. We will examine this problem by using Ceva’s theorem.
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3. Further Analysis

We start with a given quadrilateralABCD whereE andG are arbitrary points
on the linesAB andCD respectively. We then construct pointsF1 andH1 on
BC and AD respectively such that (1) holds. We can do so by the following
construction (Figure 3).

A B

C

D

E

G

F1H1

S

T

K
P

Figure 3

First we consider the trianglesABC and ADC. Let T = CE ∩ BD and
F1 = BC ∩ AT . By Ceva’s theorem we have in triangleABC

AE

EB
· BF1

F1C
· CP

PA
= 1. (8)

Now if S = AG ∩ DB andH1 = AD ∩ CS, then Ceva’s theorem applied to
triangleADC gives

CG

GD
· DH1

H1A
· AP

PC
= 1. (9)

By multiplication of (8) and (9) we find the desired equivalence of (1).

Theorem 2. If in the quadrilateral ABCD the points E, F1, G and H1 lie on AB,
BC , CD and DA respectively such that S = AG ∩ CH1 and T = AF1 ∩CE lie
on BD, then the points A, E, F1, C , G and H1 lie on a conic and K = EG∩F1H1

lies on BD.

Proof. Here we have to switch to the field of Projective Geometry. We will use the
cross ratio of pencils in relation to the cross-ratio of ranges. These concepts are ex-
tensively described by Eves [3]. Now consider the two pencils(AH1, AG,AF1, AE)
and(CH1, CG,CF1, CE) in Figure 3. We have the cross-ratio equality between
ranges and pencils:
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A(H1, G;F1, E) = (D,S;T,B) = (S,D;B,T ) = C(H1, G;F1, E). (10)

From this equality we see thatA, E, F1, C, G andH1 lie on a conic. Applying
Pascal’s theorem to the hexagonAF1H1CEG we find that the diagonalBD is the
Pascal line and consequently the pointsS, K andT are collinear. �

By using triangleABD and triangleCBD instead of triangleABC and trian-
gle ADC as above, we can also constructF2 andH2 such that relation (1) holds
(Figure 4). Now we apply Theorem 2, finding thatB, F2, G, D, H2 andE lie
on a conic. Using Pascal’s theorem for the hexagonBGEDF2H2 we find that
L = EG ∩ F2H2 lies onAC.

A B

C

D

E

G

F2
H2

L

P

Figure 4

With the help of Theorem 2 we prove an extension of Carnot’s theorem in [1]
for a triangle to a complete quadrilateral.

Theorem 3. If in the quadrilateral ABCD the points E, F , G and H lie on AB,
BC , CD and DA respectively and EG and FH concur in P = AC ∩ BD, then
(1) is satisfied if and only if there is a conic inscribed in quadrilateral ABCD,
which touches its sides in the points E, F , G and H .

Proof. Assume that relation (1) holds. By Theorem 2 we know thatBFGDHE
andAEFCGH lie on two conics. LetV = DE∩BH andW = DF ∩BG. First
we apply Desargues’ theorem to triangleGFC and triangleEHV (Figure 5).

The linesGE, FH andCV concur inP . This means that the intersection points
of the corresponding sides are collinear. SoU = GF ∩ EH, B = FC ∩ HV and
D = GC ∩ EV are collinear. Next, consider the unique conicΓ throughE, F , G
andH which is tangent toCD at G. We examine the direction of the tangent to
Γ at the pointH. Therefore we consider the hexagonGGEHHF . We find that
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A B

C

D

E

G

F

H

V

W

P = K

Figure 5

GE ∩ HF = P andGF ∩ EH = U . Since bothP andU are collinear withB
andD, the lineBD is the Pascal line. This means that the tangents toΓ at G and
H intersect onBD, which implies thatAD is the tangent toΓ atH.

In the same way we prove that the linesAB andBC are tangent toΓ at E and
F respectively, which proves the sufficiency part.

Now assume that a conic is tangent to the sides of quadrilateralABCD at the
pointsE, F , G andH. Note that of courseEG andFH intersect inP , as stated
earlier. With fixedE, F andG there is exactly one pointH∗ on AD such that the
equivalent version of relation (1) holds. By the sufficiency part this leads to a conic
tangent to the sides atE, F , G, andH∗. As these two conics have three double
points in common, they must be the same conic. This leads to the conclusion that
H andH∗ are in fact the same point. This proves the necessity part. �

Applying Theorem 3 to the results of Theorem 2 we find

Corollary 4. If in the quadrilateral ABCD of Theorem 2 the lines EG and F1H1

concur in P , where P = AC ∩ BD, then F1H1 of Figure 3 and F2H2 of Figure 4
coincide.
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The Droz-Farny Theorem and Related Topics

Charles Thas

Abstract. At each pointP of the Euclidean planeΠ, not on the sidelines of a
triangleA1A2A3 of Π, there exists an involution in the pencil of lines throughP ,
such that each pair of conjugate lines intersect the sides ofA1A2A3 in segments
with collinear midpoints. IfP = H , the orthocenter ofA1A2A3, this involution
becomes the orthogonal involution (where orthogonal lines correspond) and we
find the well-known Droz-Farny Theorem, which says that any two orthogonal
lines throughH intersect the sides of the triangle in segments with collinear
midpoints. In this paper we investigate two closely related loci that have a strong
connection with the Droz-Farny Theorem. Among examples of these loci we
find the circumcirle of the anticomplementary triangle and the Steiner ellipse of
that triangle.

1. The Droz-Farny Theorem

Many proofs can be found for the original Droz-Farny Theorem (for some recent
proofs, see [1], [3]). The proof given in [3] (and [5]) probably is one of the shortest:
Consider, in the Euclidean planeΠ, the pencilB of parabola’s with tangent lines the
sidesa1 = A2A3, a2 = A3A1, a3 = A1A2 of A1A2A3, and the linel at infinity.
Let P be any point ofΠ, not on a sideline ofA1A2A3, and not onl, and consider
the tangent linesr andr′ throughP to a non-degenerate parabolaP of this pencil
B. A variable tangent line ofP intersectsr andr′ in corresponding points of a
projectivity (an affinity, i.e. the points at infinity ofr andr′ correspond), and from
this it follows that the line connecting the midpoints of the segments determined
by r and r′ on a1 and a2, is a tangent line ofP, through the midpoint of the
segment determined ona3 by r andr′. Next, by the Sturm-Desargues Theorem,
the tangent lines throughP to a variable parabola of the pencilB are conjugate
lines in an involutionI of the pencil of lines throughP , and this involutionI
contains in general just one orthogonal conjugate pair. In the following we call
these orthogonal lines throughP , the orthogonal Droz-Farny lines throughP .

Remark that(PAi, line throughP parallel toai), i = 1, 2, 3 are the tangent
lines throughP of the degenerate parabola’s of the pencilB, and thus are conjugate
pairs in the involutionI. From this it follows that in the case whereP = H, the
orthocenter ofA1A2A3, this involution becomes the orthogonal involution in the
pencil of lines throughH, and we find the Droz-Farny Theorem.
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Two other characterizations of the orthogonal Droz-Farny lines throughP are
obtained as follows: LetX andY be the points at infinity of the orthogonal Droz-
Farny lines throughP . Since the two trianglesA1A2A3 andPXY are circum-
scribed triangles about a conic (a parabola of the pencilB), their vertices are six
points of a conic, namely the rectangular hyperbola throughA1, A2, A3, andP
(and also throughH, since any rectangular hyperbola throughA1, A2, andA3,
passes throughH). It follows that the orthogonal Droz-Farny lines throughP are
the lines throughP which are parallel to the (orthogonal) asymptotes of this rect-
angular hyperbola throughA1, A2, A3, P , andH.

Next, since, ifP = H, the involutionI is the orthogonal involution, the direc-
trix of any parabola of the pencilB passes throughH, and the orthogonal Droz-
Farny lines through any pointP are the orthogonal tangent lines throughP of the
parabola, tangent toa1, a2, a3, and with directrixPH.

2. The first locus

Let us recall some basic properties of trilinear (or normal) coordinates (see for
instance [4]). Trilinear coordinates(x1, x2, x3), with respect to a triangleA1A2A
with side-lenghtsl1, l2, l3, of any pointP of the Euclidean plane, are homogeneous
projective coordinates, in the Euclidean plane, for which the verticesA1, A2, A3

are the basepoints and the incenterI of the triangle the unit point. The line at
infinity has in trilinear coordinates the equationl1x1 + l2x2 + l3x3 = 0. The
centroidG of A1A2A3 has trilinear coordinates( 1

l1
, 1

l2
, 1

l3
), the orthocenterH is

( 1
cos A1

, 1
cos A2

, 1
cos A3

), the circumcenterO is (cos A1, cos A2, cos A3), the incenter
I is (1, 1, 1), and the Lemoine (or symmedian) pointK is (l1, l2, l3).

If X has trilinear coordinates(x1, x2, x3) with respect toA1A2A3, and if di

is the ”‘signed”’ distance fromX to the sideai (i.e. di is positive or negative,
according asX lies on the same or opposite side ofai asAi), then, if F is the
area ofA1A2A3, we havedi = 2Fxi

l1x1+l2x2+l3x3
, i = 1, 2, 3, and(d1, d2, d3) are the

actual trilinear coordinates of X with respect toA1A2A3. Remark thatl1d1 +
l2d2 + l3d3 = 2F .

Our first locus is defined as follows ([5]):
Consider a fixed pointP , not on a sideline ofA1A2A3, and not at infinity, with

actual trilinear coordinates(δ1, δ2, δ3) with respect toA1A2A3, and suppose thats
is a given real number and the set of points of the plane for which the distancesdi
from (x1, x2, x3) to ai are connected by the equation

l1
δ1

d2
1 +

l2
δ2

d2
2 +

l3
δ3

d2
3 = s. (1)

Usingdi = 2Fixi
l1x1+l2x2+l3x3

, we see that the set is given by the equation

4F 2(
l1
δ1

x2
1 +

l2
δ2

x2
2 +

l3
δ3

x2
3) − s(l1x1 + l2x2 + l3x3)2 = 0, (2)
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or, if we use general trilinear coordinates(p1, p2, p3) of P :

2F (
l1
p1

x2
1 +

l2
p2

x2
2 +

l3
p3

x2
3)(l1p1 + l2p2 + l3p3)− s(l1x1 + l2x2 + l3x3)2 = 0. (3)

We denote this conic byK(P,∆, s): it is the conic determined by (1) and (2),
where(δ1, δ2, δ3) are the actual trilinear coordinates ofP with regard to∆ =
A1A2A3, and also by (3), where(p1, p2, p3) are any triple of trilinear coordinates
of P with regard to∆, and by the value ofs. For P and∆ fixed ands allowed
to vary, the conicsK(P,∆, s) belong to a pencil, and a straightforward calculation
shows that all conics of this pencil have centerP , and have the same points at
infinity, which means that they have the same asymptotes and the same axes.

The conicsK(P,∆, s) can be (homothetic) ellipses or hyperbola’s: this depends
on the location ofP with regard to∆, and again a straightforward calculation
shows that we find ellipses or hyperbola’s, according as the productδ1δ2δ3 > 0 or
< 0.

Next, themedial triangle of ∆ = A1A2A3 is the triangle whose vertices are
the midpoints of the sides of∆, and theanticomplementary triangle A−1

1 A−1
2 A−1

3
of ∆ is the triangle whose medial triangle is∆. An easy calculation shows that
the trilinear coordinates of the verticesA−1

1 , A−1
2 , andA−1

3 of this anticomplemen-
tary triangle are(−l2l3, l3l1, l1l2), (l2l3,−l3l1, l1l2), and(l2l3, l3l1,−l1l2), respec-
tively.

Lemma 1. The locus K(P,∆, S) of the points for which the distances d1, d2, d3 to
the sides a1, a2, a3 of ∆ = A1A2A3 are connected by

l1
δ1

d2
1 +

l2
δ2

d2
2 +

l3
δ3

d2
3 = 4F 2(

1
l1δ1

+
1

l2δ2
+

1
l3δ3

) = S,

where (δ1, δ2, δ3) are the actual trilinear coordinates of a given point P , is the
conic with center P , and circumscribed about the anticomplementary triangle
A−1

1 A−1
2 A−1

3 of ∆.

Proof. Substituting the coordinates(− 1
l1

, 1
l2

, 1
l3

), or ( 1
l1

,− 1
l2

, 1
l3

), or ( 1
l1

, 1
l2

,− 1
l3

)
of A−1

1 , A−1
2 , andA−1

3 , in (2), we find immediately that

s = S = 4F 2(
1

l1δ1
+

1
l2δ2

+
1

l3δ3
).

�

3. The second locus

We work again in the Euclidean planeΠ, with trilinear coordinates with re-
spect to∆ = A1A2A3. Assume thatP (p1, p2, p3) is a point ofΠ, not at infinity
and not on a sideline of∆. We look for the locus of the pointsQ of Π, such
that the pointsQi = qi ∩ ai, i = 1, 2, 3, whereqi is the line throughQ, par-
allel to PAi, are collinear. This locus was the subject of the paper [2]. Since
l1x1 + l2x2 + l3x3 = 0 is the equation of the line at infinity, the point at infinity of
PA1 has coordinates(l2p2 + l3p3,−l1p2,−l1p3), and if we giveQ the coordinates
(x1, x2, x3), we find after an easy calculation thatQ1 has coordinates(0, l1p2x1 +
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x2(l2p2 + l3p3), x1l1p3 + x3(l2p2 + l3p3)). In the same way, we find for the coor-
dinates ofQ2, and ofQ3: (x1(l1p1 + l3p3) + p1x2l2, 0, p3x2l2 + x3(l1p1 + l3p3)),
and(x1(l1p1 + l2p2) + x3p1l3, x2(l1p1 + l2p2) + x3p2l3, 0), respectively.

Next, after a rather long calculation, and deleting the singular partl1x1 + l2x2 +
l3x3 = 0, the condition thatQ1, Q2, andQ3 are collinear, gives us the following
equation for the locus of the pointQ:

p3(l1p1 + l2p2)x1x2 + p1(l2p2 + l3p3)x2x3 + p2(l3p3 + l1p1)x3x1 = 0. (4)

This is our second locus, and we denote this conic, circumscribed aboutA1A2A3,
by C(P,∆), where∆ = A1A2A3, and whereP is the point with trilinear coordi-
nates(p1, p2, p3) with regard to∆.

Lemma 2. The center M of C(P,∆) has trilinear coordinates

(l2l3(l2p2 + l3p3), l3l1(l3p3 + l1p1), l1l2(l1p1 + l2p2)).

It is the image f(P ), where f is the homothety with center G, the centroid of ∆,
and homothetic ratio −1

2 , or, in other words: 2 �GM = − �GP .

Proof. An easy calculation shows that the polar point of this pointM with regard
to the conic (4) is indeed the line at infinity, with equationl1x1 + l2x2 + l3x3 = 0.
Moreover, ifP∞ is the point at infinity of the linePG, the equation2 �GM = − �GP
is equivalent with the equality of the cross-ratio(MPGP∞) to −1

2 . Next, choose
on the linePG homogeneous projective coordinates with basepointsP (1, 0) and
G(0, 1), and giveP∞ coordinates(t1, t2) (thusP∞ = t1P + t2G), then(t1, t2) =
(−3, l1p1 + l2p2 + l3p3) and the projective coordinates(t′1, t′2) of M follow from

(MPGP∞) =

∣∣∣∣
t′1 t′2
0 1

∣∣∣∣∣∣∣∣
1 0
0 1

∣∣∣∣
:

∣∣∣∣
t′1 t′2
−3 l1p1 + l2p2 + l3p3

∣∣∣∣∣∣∣∣
1 0
−3 l1p1 + l2p2 + l3p3

∣∣∣∣
= −1

2
,

which gives(t′1, t′2) = (−1, l1p1 + l2p2 + l3p3). �

Remark that the second part of the proof also follows from the connection
between trilinears(x1, x2, x3) for a point with respect toA1A2A3 and trilinears
(x′

1, x
′
2, x

′
3) for the same point with respect to the medial triangle ofA1A2A3 (see

[4, p.207]): 


x1 = l2l3(l2x′
2 + l3x

′
3)

x2 = l3l1(l3x′
3 + l1x

′
1)

x3 = l1l2(l1x′
1 + l2x

′
2).

4. The connection between the Droz-Farny -lines and the conics

Recall from§2 that

S = 4F 2(
1

l1δ1
+

1
l2δ2

+
1

l3δ3
) = 2F (l1p1 + l2p2 + l3p3)(

1
l1p1

+
1

l2p2
+

1
l3p3

),
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whereF is the area of∆ = A1A2A3, (p1, p2, p3) are trilinear coordinates ofP
with regard to∆A1A2A3, and where(δ1, δ2, δ3) are the actual trilinear coordi-
nates ofP with respect to this triangle.
Furthermore, in the foregoing section,f is the homothety with centerG and ho-
mothetic ratio−1

2 . Remark thatf−1(∆) is the anticomplementary triangle∆−1 of
∆. We have:

Theorem 3. (1) The conics K(P,∆, S) and C(f−1(P ), f−1(∆)) coincide.
(2) The common axes of the conics K(P,∆, s), s ∈ R, and of the conic
C(f−1(P ), f−1(∆)) are the orthogonal Droz-Farny -lines through P , with regard
to ∆ = A1A2A3.

Proof. (1) Because of Lemma 1 and 2, both conics have centerP and are circum-
scribed about the complementary trianglef−1(∆) of A1A2A3.

(2) For the conic with centerP , circumscribed about the anticomplementary
triangle ofA1A2A3, it is clear that(PAi, line throughP , parallel toai), i = 1, 2, 3,
are conjugate diameters. And the result follows from section 1. �

5. Examples

5.1. If P = H, the orthocenter of∆ = A1A2A3, which is also the circumcenter
of its anticomplementary triangle∆−1, the conicsK(H,∆, s) are circles with cen-
terH, since any two orthogonal lines throughH are axes of these conics. In partic-
ular,K(H,∆, S), whereS = 2F (cos A1

l1
+ cos A2

l2
+ cos A3

l3
)( l1

cos A1
+ l2

cos A2
+ l3

cos A3
),

is the circumcircle of∆−1 and it is the locus of the points for which the distances
d1, d2, d3 to the sides of∆ are related by

(l1 cos A1)d2
1 + (l2 cos A2)d2

2 + (l3 cos A3)d2
3

=4F 2(
cos A1

l1
+

cos A2

l2
+

cos A3

l3
)

=2F 2 l21 + l22 + l23
l1l2l3

,

or equivalently,

l21(l
2
2 + l23 − l21)d

2
1 + l22(l

2
3 + l21 − l22)d

2
2 + l23(l

2
1 + l22 − l23)d

2
3 = 4F 2(l21 + l22 + l23).

Moreover,C(f−1(H),∆−1) is also the circumcirle of∆−1, which is easily seen
from the fact that this circumcircle is the locus of the points for which the feet
of the perpendiculars to the sides of∆−1 are collinear. Remark thatf−1(H), the
orthocenter of∆−1, is the de Longchamps pointX(20) of ∆.

5.2. If P = K(l1, l2, l3), the Lemoine point of∆ = A1A2A3, thenK(K,∆, S),
with

S =2F (
1
l21

+
1
l22

+
1
l23

)(l21 + l22 + l23)

=2F 2 (l22l
2
3 + l23l

2
1 + l21l

2
2)(l

2
1 + l22 + l23)

l21l
2
2l

2
3

,
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is the locus of the points for which the distancesd1, d2, d3 to the sides of∆ are
related byd2

1 + d2
2 + d2

3 = 4F 2( 1
l21

+ 1
l22

+ 1
l23

), and it is the ellipse with centerK,

circumscribed about∆−1. Moreover, the locusC(f−1(K),∆−1), wheref−1(K)
is the Lemoine point of∆−1 (or X(69) with coordinates

(l2l3(l22 + l23 − l21), l3l1(l
2
3 + l21 − l22), l1l2(l

2
1 + l22 − l23)),

is the same ellipse. The axes of this ellipse are the orthogonal Droz-Farny lines
throughK with respect to∆.

5.3. If P = G( 1
l1

, 1
l2

, 1
l3

), the centroid of∆ = A1A2A3, thenK(G,∆, S), with
S = 18F , is the locus of the points for which the distancesd1, d2, d3 to the sides
of ∆ are related byl21d

2
1 + l22d

2
2 + l23d

2
3 = 12F 2, and it is the ellipse with centerG,

circumscribed about∆−1, i.e., it is the Steiner ellipse of∆−1, sinceG is also the
centroid of∆−1. The locusC(G,∆−1) is also this Steiner ellipse and its axes are
the orthogonal Droz-Farny lines throughG with respect to∆.

5.4. If P = I(1, 1, 1), the incenter of∆ = A1A2A3, thenK(I,∆, S), with
S = 2F (l1 + l2 + l3)( 1

l1
+ 1

l2
+ 1

l3
), is the locus of the points for which the distances

d1, d2, d3 to the sides of∆ are related byl1d2
1 + l2d

2
2 + l3d

2
3 = 4F 2( 1

l1
+ 1

l2
+ 1

l3
),

and it is the ellipse with centerI, circumscribed about∆−1. Moreover the locus
C(f−1(I),∆−1), wheref−1(I) is the incenter of∆−1 (which is centerX(8) of ∆,
the Nagel point with coordinates(l2+l3−l1

l1
, l3+l1−l2

l2
, l1+l2−l3

l3
)) is the same ellipse.

The axes of this ellipse are the orthogonal Droz-Farny lines throughI with respect
to ∆.
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On Butterflies Inscribed in a Quadrilateral

ZvonkoČerin

Abstract. We explore a configuration consisting of two quadrilaterals which
share the intersection of diagonals. We prove results analogous to the Sidney
Kung’s Butterfly Theorem for Quadrilaterals in [2].

1. The extended butterfly theorem for quadrilaterals

In this note we consider some properties of pairs of quadrilateralsABCD and
A′B′C ′D′ with A′, B′, C ′ andD′ on linesAB, BC, CD, andDA respectively.

A
B

C

D

I

A′

B′

C′

D′

X

Z

U

V

Figure 1

The segmentsAC, A′C ′ andB′D′ are analogous to the three chords from the
classical butterfly theorem (see [1] for an extensive overview of its many proofs
and generalizations).

When the intersection of the linesA′C ′ andB′D′ is the intersectionI of the
linesAC andBD, i.e., whenABCD andA′B′C ′D′ share the same intersection
of diagonals, in [2] the following equality, known as the Butterfly Theorem for
Quadrilaterals, was established:

|AU |
|UI| ·

|IV |
|V C| =

|AI|
|IC| , (1)

Publication Date: October 9, 2006. Communicating Editor: Paul Yiu.



242 Z. Čerin

whereU andV are intersections of the lineAC with the linesD′A′ andB′C ′ (see
Figure 1).

For the intersectionsX = AC ∩ A′B′ andZ = AC ∩ C′D′, in this situation,
we have similar relations

|XA|
|AI| · |IC|

|CZ| =
|XI|
|IZ| ,

and
|XU |
|UI| · |IV |

|V Z| =
|XI|
|IZ| .

A
B

C

D

I

A′

B′

C′

D′

U

V

E

t1 t2

t3

t4
tA = ABD

tC = BCD

Figure 2

Our first result is the observation that (1) holds when the diagonals ofA′B′C ′D′
intersect at a pointE on the diagonalAC of ABCD, not necessarily the intersec-
tion I = AC ∩BD (see Figure 2).

Theorem 1. Let A′B′C ′D′ be an inscribed quadrilateral of ABCD, and E =
A′C ′ ∩B′C ′, I = AC ∩BD, U = AC ∩D′A′, V = AC ∩B′C ′. If E lies on the
line AC , then

|AU |
|UE| ·

|EV |
|V C| =

|AI|
|IC| . (2)

Proof. We shall use analytic geometry of the plane. Without loss of generality we
can assume thatA(0, 0), B(f, g), C(1, 0) andD(p, q) for some real numbersf ,

g, p andq. The pointsA′
(

fu
u+1 ,

gu
u+1

)
andB′

(
f+v
v+1 ,

g
v+1

)
divide segmentsAB

andBC in ratios u and v, which are real numbers different from−1. Let the
rectangular coordinates of the pointE be(h, k). Then the verticesC′ andD′ are
intersections of the linesCD andDA with the linesA′E andB′E, respectively.
Their coordinates are a bit more complicated. Next, we determine the pointsU and
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V as intersections of the lineAC with the linesA′D′ andB′C ′ and with a small
help from Maple V find that the difference

D :=
|AU |2
|UE|2 · |EV |2

|V C|2 − |AI|2
|IC|2

=
(fq − gp)2 · k · P5(h, k)

Q4(h, k) · (g + fq − q − gp)2 · (guh + (u + 1 − fu)k − gu)2
,

whereP5(h, k) andQ4(h, k) are polynomials of degrees5 and4 respectively in
variablesh andk. Both are somewhat impractical to write down explicitly. How-
ever, sincek is a factor in the numerator we see that whenk = 0, i.e., when the
point E is on the lineAC, the differenceD is zero so that the extended Butterfly
Theorem for Quadrilaterals holds. �

Remark. There is a version of the above theorem where the pointsU andV are
intersectionsU = AE ∩A′D′ andV = CE ∩B′C ′. The differenceD in this case
is the quotient

−(fq − gp)2 · k · P1(h, k) · P2(h, k)
(qh− pk)2 · (g + fq − q − gp)2 · (guh + (u + 1 − fu)k − gu)2

,

where

P1(h, k) =(u(q − g) + q(1 + uv))h + (uv(1 − p) + u(f − p) − p)k

− u(qv − gp + fq),

P2(h, k) =2qguh2 + (gu− 2ugp − 2fqu + uq − vuq + q)hk−
(p + uv + up + uf − pvu− 2puf) k2 − 2guqh + u (qv + gp + fq)k.

Note that these are linear and quadratic polynomials inh andk. In other words,
the extended Butterfly Theorem for Quadrilaterals holds not only for pointsE on
the lineAC but also when the pointE is on a line throughD (with the equation
P1(h, k) = 0) and on a conic throughA, C andD (with the equationP2(h, k) =
0).

Moreover, in this case we can easily prove the following converse of Theorem 1.
If the relation (2) holds when the pointsA′ andB′ divide segmentsAB andBC

both in the ratio1 : 3, 1 : 1 or 3 : 1, then the pointE lies on the lineAC.
Indeed, if we substitute foru = v = 1

3 , 1 or 3 both intoP1 andP2 we get three
equations whose only common solutions inh andk are coordinates of pointsA,
C, andD (which are definitely excluded as possible solutions).

2. A relation involving areas

Let us introduce shorter notation for six triangles in this configuration:t1 =
D′AA′, t2 = D′A′E, t3 = EB′C ′, t4 = CC ′B′, tA = ABD andtC = CDB
(see Figure 2).

Our next result shows that the above relationship also holds for areas of these
triangles.
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Theorem 2. (a) If E lies on the line AC , then

area(t1)
area(t2)

· area(t3)
area(t4)

=
area(tA)
area(tC)

. (3)

(b) If the relation (3) holds when the points A′ and B′ divide AB and BC both
in the ratio 1 : 2 or 2 : 1, then the point E lies on the line AC .

Proof. If we keep the same assumptions and notation from the proof of Theorem 1,
then

area(t1)
area(t2)

· area(t3)
area(t4)

− area(tA)
area(tC)

=
(fq − gp) · k · P1(h, k)

(qh− pk) · (g + fq − q − gp) · (guh + (u + 1 − fu)k − gu)
.

Hence, (a) is clearly true becausek = 0 when the pointE is on the lineAC.
On the other hand, for (b), whenu = 1

2 andv = 1
2 then

E1 = 4 · P1(h, k) = (2g − 7q)h + (7p − 2f − 1) k + q − 2gp + 2fq,

while for u = 2 andv = 2 then

E2 = P1(h, k) = (2g − 7q)h + (7p− 2f − 4) k + 2fq + 4q − 2gp.

The only solution of the system

E1 = 0, E2 = 0

is (h, h) = (p, q), i.e., E = D. However, for this solution the trianglet2 degener-
ates to a segment so that its area is zero which is unacceptable. �

3. Other relations

Note that the above theorem holds also for (lengths of) the altitudesh(A, t1),
h(E, t2), h(E, t3), h(C, t4), h(A, tA) andh(C, tC) because (for example)
area(t1) = 1

2h(A, t1) · |D′A′|.
Let G(t) denote the centroid of the trianglet = ABC, andε(A, t) the distance

of G(t) from the sideBC opposite to the vertexA. Sinceε(A, t) = 2area(t)
3|BC| there

is a version of the above theorem for the distancesε(A, t1), ε(E, t2), ε(E, t3),
ε(C, t4), ε(A, tA) andε(C, tC).

For a trianglet let R(t) denote the radius of its circumcircle. The following
theorem shows that the radii of circumcircles of the six triangles satisfy the same
pattern without any restrictions on the pointE.

Theorem 3. R(t1)
R(t2) · R(t3)

R(t4) = R(tA)
R(tC ) .

Proof. Let us keep again the same assumptions and notation from the proof of The-
orem 1. SinceR(t) = product of side lengths

4area(t) , we see that the square of the circumradius
of a triangle with vertices in the points(x, a), (y, b) and(z, c) is given by

[(y − z)2 + (b− c)2] · [(z − x)2 + (c− a)2] · [(x− y)2 + (a− b)2]
4(x(b − c) + y(c− a) + z(a− b))2

.
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Applying this formula we findR(t1)2,R(t2)2, R(t3)2,R(t4)2,R(tA)2 andR(tC)2.

In a few seconds Maple V verifies that the differenceR(t1)2

R(t2)2
·R(t3)2

R(t4)2
−R(tA)2

R(tC )2
is equal

to zero. �
For a trianglet let H(t) denote its orthocenter. In the next result we look at the

distances of a particular vertex of the six triangles from its orthocenter. Again the
pattern is independent from the position of the pointE.

Theorem 4. |AH(t1)|
|EH(t2)| ·

|EH(t3)|
|CH(t4)| = |AH(tA)|

|CH(tC)| .

Proof. This time one can see that|AH(t)|2 for the trianglet = ABC with the
vertices in the points(x, a), (y, b) and(z, c) is given as

[(y − z)2 + (b− c)2] · [x2 + a2 + yz − x(y + z) + bc− a(b + c)]2

(x(b− c) + y(c− a) + z(a− b))2
.

Applying this formula we find|AH(t1)|2, |EH(t2)|2, |EH(t3)|2, |CH(t4)|2,
|AH(tA)|2, and|CH(tC)|2. In a few seconds Maple V verifies that the difference
|AH(t1)|2
|EH(t2)|2 · |EH(t3)|2

|CH(t4)|2 − |AH(tA)|2
|CH(tC)|2 is equal to zero. �

Let O(t) be the circumcenter of the trianglet = ABC. Let δ(A, t) denote
the distance ofO(t) from the sideBC opposite to the vertexA. Since|AH(t)| =
2δ(A, t) there is a version of the above theorem for the distancesδ(A, t1), δ(E, t2),
δ(E, t3), δ(C, t4), δ(A, tA) andδ(C, tC ).
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On Triangles with Vertices on the Angle Bisectors

Eric Danneels

Abstract. We study interesting properties of triangles whose vertices are on the
three angle bisectors of a given triangle. We show that such a triangle is per-
spective with the medial triangle if and only if it is perspective with the intouch
triangle. We present several interesting examples with new triangle centers.

1. Introduction

Let ABC be a given triangle with incenter I . By an I-triangle we mean a
triangle UV W whose vertices U , V , W are on the angle bisectors AI , BI , CI
respectively. Such triangles are clearly perspective with ABC at the incenter I .

I

A

B C

U

V

W

P

Q

Figure 1.

Theorem 1. An I-triangle is perspective with the medial triangle if and only if it
is perspective with the intouch triangle.

Proof. The homogeneous barycentric coordinates of the vertices of an I-triangle
can be taken as

U = (u : b : c), V = (a : v : c), W = (a : b : w) (1)

for some u, v, w. In each case, the condition for perspectivity is

F (u, v,w) := (b−c)vw+(c−a)wu+(a−b)uv+(a−b)(b−c)(c−a) = 0. (2)

�
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Let D, E, F be the midpoints of the sides BC , CA, AB of triangle ABC . If
P = (x : y : z) is the perspector of an I-triangle UV W with the medial triangle,
then U is the intersection of the line DP with the bisector IA. It has coordinates

((b − c)x : b(y − z) : c(y − z)).

Similarly, the coordinates of V and W can be determined. The triangle UV W is
perspective with the intouch triangle at

Q =
(

x(y + z − x)
s − a

:
y(z + x − y)

s − b
:
z(x + y − z)

s − c

)
.

Conversely, if an I-triangle is perspective with the intouch triangle at Q = (x :
y : z), then it is perspective with the medial triangle at

P = ((s − a)x((s − b)y + (s − c)z − (s − a)x) : · · · : · · · ).
Theorem 2. Let UV W be an I-triangle perspective with the medial and the in-
touch triangles. If U1, U1, W1 are the inversive images of U , V , W in the incircle,
then U1V1W1 is also an I-triangle perspective with the medial and intouch trian-
gles.

Proof. If the coordinates of U , V , W are as given in (1), then

U1 = (u1 : b : c), V1 = (a : v1 : c), W1 = (a : b : w1),

where

u1 =
(a(b + c) − (b − c)2)u − 2(s − a)(b − c)2

2(s − a)u − a(b + c) + (b − c)2
,

v1 =
(b(c + a) − (c − a)2)v − 2(s − b)(c − a)2

2(s − b)v − b(c + a) + (c − a)2
,

w1 =
(c(a + b) − (a − b)2)w − 2(s − c)(a − b)2

2(s − c)w − c(a + b) + (a − b)2
.

From these,

F (u1, v1, w1) =
64abc(s − a)(s − b)(s − c)∏

cyclic(2(s − a)u − a(b + c) + (b − c)2)
· F (u, v,w) = 0.

It follows from (2) that U1V1W1 is perspective to both the medial and the intouch
triangles. �

If an I-triangle UV W is perspective with the medial triangle at (x : y : z), then
U1V1W1 is perspective with
(i) the medial triangle at

((y + z − x)((a(b + c) − (b − c)2)x − (b + c − a)(b − c)(y − z)) : · · · : · · · ),

(ii) the intouch triangle at

(a((a(b + c) − (b − c)2)x − (b + c − a)(b − c)(y − z)) : · · · : · · · ).
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Theorem 3. Let UV W be an I-triangle perspective with the medial and the in-
touch triangles. If U2 (respectively V2 and W2) is the inversive image of U (respec-
tively V and W ) in the A- (respectively B- and C-) excircle, then U2V2W2 is also
an I-triangle perspective with the medial and intouch triangles.

If an I-triangle UV W is perspective with the medial triangle at (x : y : z), then
U2V2W2 is perspective with
(i) the medial triangle at(

(s − a)(y + z − x)((a(b + c) + (b − c)2)x + 2s(b − c)(y − z)) : · · · : · · · ) ,

(ii) the intouch triangle at(
a

s − a
((a(b + c) + (b − c)2)x + 2s(b − c)(y − z)) : · · · : · · ·

)
.

2. Some interesting examples

We present some interesting examples of I-triangles perspective with both the
medial and intouch triangles. The perspectors in these examples are new triangle
centers not in the current edition of [1].

2.1. Let Xa, Xb, Xc be the inversive images of the excenters Ia, Ib, Ic in the

incircle. We have IXa = r2

IIa
and IIa = AIa − AI = AI ·

(
s

s−a − 1
)

= a·AI
s−a .

Hence,

AI

IXa
=

a · AI2

r2(s − a)
=

a

sin2(A
2 )

=
abc

(s − a)(s − b)(s − c)
=

4R
r

,

and by symmetry AI
IXa

= BI
IXb

= CI
IXc

= 4R
r . Therefore, triangles ABC and

XaXbXc are homothetic with ratio 4R : −r.

Xa =(a2 + b2 + c2 − 2ab − 2bc − 2ca)(a, b, c)

+ (b + c − a)(c + a − b)(a + b − c)(1, 0, 0),

Xb =(a2 + b2 + c2 − 2ab − 2bc − 2ca)(a, b, c)

+ (b + c − a)(c + a − b)(a + b − c)(0, 1, 0),

Xc =(a2 + b2 + c2 − 2ab − 2bc − 2ca)(a, b, c)

+ (b + c − a)(c + a − b)(a + b − c)(0, 0, 1).

Proposition 4. XaXbXc is an I-triangle perspective with
(i) the medial triangle at

Px = (a2(b + c) + (b + c − 2a)(b − c)2 : · · · : · · · ),
(ii) the intouch triangle at

Qx = (a(b + c − a)(a2(b + c) + (b + c − 2a)(b − c)2) : · · · : · · · ).
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Figure 2.

2.2. Let Ya, Yb, Yc be the inversive images of the incenter I with respect to the
A-, B-, C-excircles.

Ya =(a2 + b2 + c2 − 2bc + 2ca + 2ab)(−a, b, c)

+ (a + b + c)(c + a − b)(a + b − c)(1, 0, 0),

Yb =(a2 + b2 + c2 + 2bc − 2ca + 2ab)(a,−b, c)

+ (a + b + c)(a + b − c)(b + c − a)(0, 1, 0),

Yc =(a2 + b2 + c2 + 2bc + 2ca − 2ab)(a, b,−c)

+ (a + b + c)(b + c − a)(c + a − b)(1, 0, 0).

Proposition 5. YaYbYc is an I-triangle perspective with
(i) the medial triangle at

Py = ((b + c − a)2(a2(b + c) + (2a + b + c)(b − c)2) : · · · : · · · ),
(ii) the intouch triangle at

Qy =
(

a(a2(b + c) + (2a + b + c)(b − c)2)
b + c − a

: · · · : · · ·
)

.
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Figure 3.

2.3. Let Va, Vb, Vc be the inversive images of Xa, Xb, Xc with respect to the A-,
B-, C-excircles.

Va =(3a2 + (b − c)2)(−a, b, c) + 2a(c + a − b)(a + b − c)(1, 0, 0),

Vb =(3b2 + (c − a)2)(a,−b, c) + 2b(a + b − c)(b + c − a)(0, 1, 0),

Vc =(3c2 + (a − b)2)(a, b,−c) + 2c(b + c − a)(c + a − b)(0, 0, 1).

Proposition 6. VaVbVc is an I-triangle perspective with
(i) the medial triangle at

Pv = (a(b + c − a)3(a2 + 3(b − c)2) : · · · : · · · ),

(ii) the intouch triangle at

Qv =
(

a(a2 + 3(b − c)2)
b + c − a

: · · · : · · ·
)

.

2.4. Let Wa, Wb, Wc be the inversive images of Ya, Yb, Yc with respect to the
incircle.
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Figure 4.

Wa =(3a2 + (b − c)2)(a, b, c) − 2a(c + a − b)(a + b − c)(1, 0, 0),

Wb =(3b2 + (c − a)2)(a, b, c) − 2b(a + b − c)(b + c − a)(0, 1, 0),

Wc =(3c2 + (a − b)2)(a, b, c) − 2c(b + c − a)(c + a − b)(0, 0, 1).

Proposition 7. WaWbWc is an I-triangle perspective with
(i) the medial triangle at

Pw = (a(a2 + 3(b − c)2) : · · · : · · · ),
(ii) the intouch triangle at

Qw = (a(b + c − a)2(a2 + 3(b − c)2) : · · · : · · · ).
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Reference [1] C. Kimberling, Encyclopedia of Triangle Centers, available at
http://faculty.evansville.edu/ck6/encyclopedia/ETC.html.
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Formulas Among Diagonals in the Regular Polygon
and the Catalan Numbers

Matthew Hudelson

Abstract. We look at relationships among the lengths of diagonals in the reg-
ular polygon. Specifically, we derive formulas for all diagonals in terms of the
shortest diagonals and other formulas in terms of the next-to-shortest diagonals,
assuming unit side length. These formulas are independent of the number of
sides of the regular polygon. We also show that the formulas in terms of the
shortest diagonals involve the famous Catalan numbers.

1. Motivation

In [1], Fontaine and Hurley develop formulas that relate the diagonal lengths
of a regularn-gon. Specifically, given a regular convexn-gon whose vertices are
P0, P1, . . . , Pn−1, definedk as the distance betweenP0 andPk. Then the law of
sines yields

dk

dj
=

sin kπ
n

sin jπ
n

.

Defining

rk =
sin kπ

n

sin π
n

,

the formulas given in [1] are

rhrk =
min{k,h,n−k,n−h}∑

i=1

r|k−h|+2i−1

and
1
rk

=
s∑

j=1

rk(2j−1)

wheres = min{j > 0 : jk ≡ ±1 modn}.
Notice that for1 ≤ k ≤ n − 1, rk = dk

d1
, but there is noa priori restriction on

k in the definition ofrk. Thus, it would make perfect sense to considerr0 = 0 and
r−k = −rk not to mentionrk for non-integer values ofk as well. Also, the only
restriction onn in the definition ofrn is thatn not be zero or the reciprocal of an
integer.

Publication Date: October 23, 2006. Communicating Editor: Paul Yiu.
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2. Short proofs of rk formulas

Using the identitysin α sinβ = 1
2 (cos(α − β) − cos(α + β)), we can provide

some short proofs of formulas equivalent, and perhaps simpler, to those in [1]:

Proposition 1. For integers h and k,

rhrk =
k−1∑
j=0

rh−k+2j+1.

Proof. Letting h andk be integers, we have

rhrk = (sin
π

n
)−2 sin

hπ

n
sin

kπ

n

= (sin
π

n
)−2 1

2

(
cos

(h − k)π
n

− cos
(h + k)π

n

)

= (sin
π

n
)−2


k−1∑

j=0

1
2

(
cos

(h − k + 2j)π
n

− cos
(h − k + 2j + 2)π

n

)

= (sin
π

n
)−2

k−1∑
j=0

(
sin

(h − k + 2j + 1)π
n

sin
π

n

)

=
k−1∑
j=0

rh−k+2j+1.

The third equality holds since the sum telescopes. �
Note that we can switch the roles ofh andk to arrive at the formula

rkrh =
h−1∑
j=0

rk−h+2j+1.

To illustrate that this is not contradictory, consider the example whenk = 2 and
h = 5. From Proposition 1, we have

r5r2 = r4 + r6.

Reversing the roles ofh andk, we have

r2r5 = r−2 + r0 + r2 + r4 + r6.

Recalling thatr0 = 0 andr−j = rj , we see that these two sums are in fact equal.
The reciprocal formula in [1] is proven almost as easily:

Proposition 2. Given an integer k relatively prime to n,

1
rk

=
s∑

j=1

rk(2j−1)

where s is any (not necessarily the smallest) positive integer such that ks ≡
±1 mod n.
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Proof. Starting at the right-hand side, we have

s∑
j=1

rk(2j−1) =
(

sin
π

n
sin

kπ

n

)−1 s∑
j=1

sin
k(2j − 1)π

n
sin

kπ

n

=
(

sin
π

n
sin

kπ

n

)−1 s∑
j=1

1
2

(
cos

k(2j − 2)π
n

− cos
2jkπ

n

)

=
(

sin
π

n
sin

kπ

n

)−1 1
2

(
cos 0 − cos

2skπ

n

)

=
(

sin
π

n
sin

kπ

n

)−1

sin2 skπ

n

=
(

sin
π

n
sin

kπ

n

)−1

sin2 π

n

=
(

sin
kπ

n

)−1

sin
π

n

=
1
rk

.

Here, the third equality follows from the telescoping sum, and the fifth follows
from the definition ofs. �

3. From powers of r2 to Catalan numbers

We use the special case of Proposition 1 whenh = 2, namely

rkr2 = rk−1 + rk+1,

to develop formulas for powers ofr2.

Proposition 3. For nonnegative integers m,

r2
m =

m∑
i=0

(
m
i

)
r1−m+2i.

Proof. We proceed by induction onm. When we havem = 0, the formula reduces
to r2

0 = r1 and both sides equal1. This establishes the basis step. For the inductive
step, we assume the result form = n and begin with the sum on the right-hand
side form = n + 1.
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n+1∑
i=0

(
n + 1

i

)
r−n+2i =

n+1∑
i=0

((
n
i

)
+
(

n
i − 1

))
r−n+2i

=

(
n+1∑
i=0

(
n

i − 1

)
r−n+2i

)
+

(
n+1∑
i=0

(
n
i

)
r−n+2i

)

=


 n∑

j=0

(
n
j

)
r2−n+2j


+

(
n∑

i=0

(
n
i

)
r−n+2i

)

=
n∑

i=0

(
n
i

)
(r−n+2i + r2−n+2i)

=
n∑

i=0

(
n
i

)
r2r1−n+2i

= r2r2
n

= r2
n+1

which completes the induction. The first equality uses the standard identity for

binomial coefficients

(
n + 1

i

)
=
(

n
i

)
+
(

n
i − 1

)
.

The third equality is by means of the change of indexj = i− 1 and the fact that(
n
c

)
= 0 if c < 0 or c > n.

The fifth equality is from Proposition 1 and the sixth is from the induction hy-
pothesis. �

Now, we use Proposition 3 and the identityr−k = −rk to consider an expression
for r2

m as a linear combination ofrk ’s wherek > 0, i.e., we wish to determine the
coefficientsαk in the sum

r2
m =

m+1∑
k=1

αm,krk.

From Proposition 2, the sum is known to end atk = m + 1. In fact, we can
determineαk directly. One contribution occurs whenk = 1 − m + 2i, or i =
1
2(m + k − 1). A second contribution occurs when−k = 1 − m + 2i, or i =
1
2(m− k− 1). Notice that ifm andk have the same parity, there is no contribution
to αm,k. Piecing this information together, we find

αm,k =



(

m
1
2(m + k − 1)

)
−
(

m
1
2(m − k − 1)

)
, if m − k is odd;

0, if m − k is even.

Notice that ifm − k is odd, then(
m

1
2(m − k + 1)

)
=
(

m
1
2 (m + k − 1)

)
.
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Therefore,

αm,k =



(

m
1
2(m − k + 1)

)
−
(

m
1
2(m − k − 1)

)
, if m + k is odd;

0, if m + k is even.

Intuitively, if we arrange the coefficients of the original formula in a table, in-
dexed horizontally byk ∈ Z and vertically bym ∈ N, then we obtain Pascal’s
triangle (with an extra row corresponding tom = 0 attached to the top):

−2 −1 0 1 2 3 4 5 6
0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0
2 0 0 0 1 0 1 0 0 0
3 0 0 1 0 2 0 1 0 0
4 0 1 0 3 0 3 0 1 0
5 1 0 4 0 6 0 4 0 1

Next, if we subtract the column corresponding tos = −k from that correspond-
ing tos = k, we obtain theαm,k array:

1 2 3 4 5 6
0 1 0 0 0 0 0
1 0 1 0 0 0 0
2 1 0 1 0 0 0
3 0 2 0 1 0 0
4 2 0 3 0 1 0
5 0 5 0 4 0 1

As a special case of this formula, consider what happens whenm = 2p and
k = 1. We have

α1 =
(

2p
p

)
−
(

2p
p − 1

)

=
(2p)!
p!p!

− (2p)!
(p − 1)!(p + 1)!

=
(2p)!
p!p!

(
1 − p

p + 1

)

=
1

p + 1

(
2p
p

)

which is the closed form for thepth Catalan number.

4. Inverse formulas, polynomials, and binomial coefficients

We have a formula for the powers ofr2 as linear combinations of therk values.
We now derive the inverse relationship, writing therk values as linear combinations
of powers ofr2. We start with Proposition 1:r2rk = rk−1 + rk+1.
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We demonstrate that for natural numbersk, there exist polynomialsPk(t) such
that rk = Pk(r2). We note thatP0(t) = 0 and P1(t) = 1. Now assume the
existence ofPk−1(t) andPk(t). Then from the identity

rk+1 = r2rk − rk−1

we have
Pk+1(t) = tPk(t) − Pk−1(t)

which establishes a second-order recurrence for the polynomialsPk(t). Armed
with this, we show fork ≥ 0,

Pk(t) =
∑

i

(
k − 1 − i

i

)
(−1)itk−1−2i.

By inspection, this holds fork = 0 as the binomial coefficients are all zero in the
sum. Also, whenk = 1, thei = 0 term is the only nonzero contributor to the sum.
Therefore, it is immediate that this formula holds fork = 0, 1. Now, we use the
recurrence to establish the induction. Givenk ≥ 1,

Pk+1(t) = tPk(t) − Pk−1(t)

= t
∑

i

(
k − 1 − i

i

)
(−1)itk−1−2i −

∑
j

(
k − 2 − j

j

)
(−1)jtk−2−2j

=
∑

i

(
k − 1 − i

i

)
(−1)itk−2i −

∑
i

(
k − 1 − i

i − 1

)
(−1)i−1tk−2i

=
∑

i

(
k − i

i

)
(−1)itk−2i

as desired. The third equality is obtained by replacingj with i − 1.
As a result, we obtain the desired formula forrk in terms of powers ofr2:

Proposition 4.

rk =
∑

i

(
k − 1 − i

i

)
(−1)ir2

k−1−2i.

Assembling these coefficients into an array similar to theαm,k array in the pre-
vious section, we have

0 1 2 3 4 5 6
1 1 0 0 0 0 0 0
2 0 1 0 0 0 0 0
3 −1 0 1 0 0 0 0
4 0 −2 0 1 0 0 0
5 1 0 −3 0 1 0 0
6 0 3 0 −4 0 1 0
7 −1 0 6 0 −5 0 1

This array displays the coefficientβ(k,m) in the formula

rk =
∑
m

β(k,m)rm
2 ,
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wherek is the column number andm is the row number. An interesting obser-
vation is that this array and theα(m,k) array are inverses in the sense of ”array
multiplication”:

∑
i

α(m, i)β(i, p) =
{

1, m = p ;
0, otherwise.

Also, thek(th) column of theβ(k,m) array can be generated using the generating
function xk(1 + x2)−1−k. Using machinery in§5.1 of [2], this leads to the con-
clusion that the columns of the originalα(m,k) array can be generated using an
inverse function; in this case, the function that generates them(th) column of the
α(m,k) array is

xm−1

(
1 −√

1 − 4x2

2x2

)m

.

This game is similar but slightly more complicated in the case ofr3. Here, we
use

r3rk = rk+2 + rk + rk−2

which leads to

rk+2 = (r3 − 1)rk + rk−2.

With this, we show that fork ≥ 0, there are functions, but not necessarily
polynomials,Qk(t) such thatrk = Qk(r3). From the above identity, we have

Qk+2(t) = (t − 1)Qk(t) − Qk−2(t).

This establishes a fourth-order recurrence relation for the functionsQk(t) so de-
termining the four functionsQ0, Q1, Q2, andQ3 will establish the recurrence. By
inspection,Q0(t) = 0, Q1(t) = 1, andQ3(t) = t so all that remains is to deter-
mineQ2(t). We haver3 = r2

2 − 1 from Proposition 4. Therefore,r2 =
√

r3 + 1
and soQ2(t) =

√
t + 1.

We now claim

Proposition 5. For all natural numbers k,

Q2k(t) =
√

t + 1
∑

i

(
k − 1 − i

i

)
(−1)i(t − 1)k−1−2i

Q2k+1(t) =
∑

i

(
k − i

i

)
(−1)i(t − 1)k−2i +

∑
i

(
k − 1 − i

i

)
(−1)i(t − 1)k−1−2i.
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Proof. We proceed by induction onk. These are easily checked to match the func-
tionsQ0, Q1, Q2, andQ3 for k = 0, 1. Fork ≥ 2, we have

Q2k(t) = (t − 1)Q2(k−1)(t) − Q2(k−2)(t)

=
√

t + 1

(
(t − 1)

∑
i

(
k − 2 − i

i

)
(−1)i(t − 1)k−2−2i

−
∑

j

(
k − 3 − j

j

)
(−1)j(t − 1)k−3−2j




=
√

t + 1

(∑
i

((
k − 2 − i

i

)
+
(

k − 2 − i
i − 1

))
(−1)i(t − 1)k−1−2i

)

=
√

t + 1

(∑
i

(
k − 1 − i

i

)
(−1)i(t − 1)k−1−2i

)

as desired. The third equality is obtained by replacingj with i − 1. The proof for
Q2k+1 is similar, treating each sum separately, and is omitted. �

As a corollary, we have

Corollary 6.

r2k =
√

r3 + 1
∑

i

(
k − 1 − i

i

)
(−1)i(r3 − 1)k−1−2i

r2k+1 =
∑

i

(
k − i

i

)
(−1)i(r3 − 1)k−2i +

∑
i

(
k − 1 − i

i

)
(−1)i(r3 − 1)k−1−2i.
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A Note on the Barycentric Square Roots
of Kiepert Perspectors

Khoa Lu Nguyen

Abstract. Let P be an interior point of a given triangleABC. We prove that
the orthocenter of the cevian triangle of the barycentric square root ofP lies on
the Euler line ofABC if and only if P lies on the Kiepert hyperbola.

1. Introduction

In a recent Mathlinks message, the present author proposed the following prob-
lem.

Theorem 1. Given an acute triangle ABC with orthocenter H , the orthocenter
H ′ of the cevian triangle of

√
H , the barycentric square root of H , lies on the

Euler line of triangle ABC .

O

H

√
H

H′

A

B C

Figure 1.

Paul Yiu has subsequently discovered the following generalization.

Theorem 2. The locus of point P for which the orthocenter of the cevian triangle
of the barycentric square root

√
P lies on the Euler line is the part of the Kiepert

hyperbola which lies inside triangle ABC .

Publication Date: October 30, 2006. Communicating Editor: Paul Yiu.
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The barycentric square root is defined only for interior points. This is the reason
why we restrict to acute angled triangles in Theorem 1 and to the interior points on
the Kiepert hyperola in Theorem 2. It is enough to prove Theorem 2.

2. Trilinear polars

LetA′B′C ′ be the cevian triangle ofP , andA1, B1, C1 be respectively the inter-
sections ofB′C ′ andBC, C ′A′ andCA, A′B′ andAB. By Desargues’ theorem,
the three pointsA1, B1, C1 lie on a line�P , the trilinear polar ofP .

A

B
C

A′

B′
C′

P

A1

B1

C1

Figure 2.

If P has homogeneous barycentric coordinates(u : v : w), then the trilinear
polar is the line

�P :
x

u
+

y

v
+

z

w
= 0.

For the orthocenterH = (SBC : SCA : SAB), the trilinear polar

�H : SAx + SBy + SCz = 0.

is also called the orthic axis.

Proposition 3. The orthic axis is perpendicular to the Euler line.

This proposition is very well known. It follows easily, for example, from the
fact that the orthic axis�H is the radical axis of the circumcircle and the nine-point
circle. See, for example, [2,§§5.4,5].

The trilinear polar�P and the orthic axis�H intersect at the point

(u(SBv − SCw) : v(SCw − SAu) : w(SAu − SBv)).

In particular,�P and�H are parallel, i.e., their intersection is a point at infinity if
and only if

u(SBv − SCw) + v(SCw − SAu) + w(SAu − SBv) = 0.

Equivalently,

(SB − SC)vw + (SC − SA)wu + (SA − SB)uv = 0. (1)
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Note that this equation defines the Kiepert hyperbola. Points on the Kiepert hyper-
bola are called Kiepert perspectors.

Proposition 4. The trilinear polar �P is parallel to the orthic axis if and only if P
is a Kiepert perspector.

3. The barycentric square root of a point

Let P be a point inside triangleABC, with homogeneous barycentric coordi-
nates(u : v : w). We may assumeu, v,w > 0, and define the barycentric square
root ofP to be the point

√
P with barycentric coordinates(

√
u :

√
v :

√
w).

Paul Yiu [2] has given the following construction of
√

P .
(1) Construct the circleCA with BC as diameter.
(2) Construct the perpendicular toBC at the traceA′ of P to intersectCA atX ′.
(3) Construct the bisector of angleBX′C to intersectBC atX.
ThenX is the trace of

√
P onBC. Similar constructions on the other two sides

give the tracesY and Z of
√

P on CA and AB respectively. The barycentric
square root

√
P is the common point ofAX, BY , CZ.

Proposition 5. If the trilinear polar �P intersects BC at A1, then

A1X
2 = A1B · A1C.

Proof. Let M is the midpoint ofBC. SinceA1, A′ divide B, C harmonically, we
haveMB2 = MC2 = MA1 · MA′ (Newton’s theorem). Thus,MX′2 = MA1 ·
MA′. It follows that trianglesMX′A1 andMA′X ′ are similar, and∠MX′A1 =
∠MA′X ′ = 90◦. This means thatA1X

′ is tangent atX′ to the circle with diameter
BC. Hence,A1X

′2 = A1B · A1C.

M

A

B C

P

A′A1

X′

X

Figure 3.



266 K. L. Nguyen

To complete the proof it is enough to show thatA1X = A1X
′, i.e., triangle

A1XX ′ is isosceles. This follows easly from

∠A1X
′X =∠A1X

′B + ∠BX ′X

=∠X ′CB + ∠XX ′C

=∠X ′XA1.

�
Corollary 6. If X1 is the intersection of Y Z and BC , then A1 is the midpoint of
XX1.

Proof. If X1 is the intersection ofY Z and BC, thenX, X1 divide B, C har-
monically. The circle throughX, X1, and with center onBC is orthogonal to the
circle CA. By Proposition 5, this has centerA1, which is therefore the midpoint of
XX1. �

4. Proof of Theorem 2

Let P be an interior point of triangleABC, andXY Z the cevian triangle of its
barycentric square root

√
P .

Proposition 7. If H′ is the orthocenter of XY Z , then the line OH′ is perpendic-
ular to the trilinear polar �P .

Proof. Consider the orthic triangleDEF of XY Z. SinceDEXY , EFY Z, and
FDZX are cyclic, and the common chordsDX, EY , FZ intersect atH′, H ′ is
the radical center of the three circles, and

H ′D · H ′X = H ′E · H ′Y = H ′F · H ′Z. (2)

Consider the circlesξA, ξB, ξC , with diametersXX1, Y Y1, ZZ1. These three
circles are coaxial; they are the generalized Apollonian circles of the point

√
P .

See [3]. As shown in the previous section, their centers are the pointsA1, B1, C1

on the trilinear polar�P . See Figure 4.
Now, sinceD, E, F lie on the circlesξA, ξB , ξC respectively, it follows from

(2) thatH′ has equal powers with respect to the three circles. It is therefore on the
radical axis of the three circles.

We show that the circumcenterO of triangleABC also has the same power with
respect to these circles. Indeed, the power ofO with respect to the circleξA is

A1O
2 − A1X

2 = OA2
1 − R2 − A1X

2 + R2 = A1B · A1C − A1X
2 + R2 = R2

by Proposition 5. The same is true for the circlesξB andξC . Therefore,O also lies
on the radical axis of the three circles. It follows that the lineOH′ is the radical
axis of the three circles, and is perpendicular to the line�P which contains their
centers. �

The orthocenterH′ of XY Z lies on the Euler line of triangleABC if and only
if the trilinear polar�P is parallel to the Euler line, and hence parallel to the orthic
axis by Proposition 3. By Proposition 4, this is the case precisely whenP lies on
the Kiepert hyperbola. This completes the proof of Theorem 2.
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A1

B1

C1

A

B C

P

√
P

X1

Z1

X

Y

Z

H′

D

E F

O

Figure 4.

Theorem 8. The orthocenter of the cevian triangle of
√

P lies on the Brocard axis
if and only if P is an interior point on the Jerabek hyperbola.

Proof. The Brocard axisOK is orthogonal to the Lemoine axis. The locus of
points whose trilinear polars are parallel to the Brocard axis is the Jerabek hyper-
bola. �

5. Coordinates

In homogeneous barycentric coordinates, the orthocenter of the cevian triangle
of (u : v : w) is the point
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((
SB

(
1

w
+

1

u

)
+ SC

(
1

u
+

1

v

))(
−SA

(
1

v
+

1

w

)2

+ SB

(
1

u2
− 1

w2

)
+ SC

(
1

u2
− 1

v2

))

: · · · : · · · ) .

Applying this to the square root of the orthocenter, with(u2 : v2 : w2) =(
1

SA
: 1

SB
: 1

SC

)
, we obtain

a2SA ·
√

SABC + SBC

∑
cyclic

a2
√

SA : · · · : · · ·

 ,

which is the pointH′ in Theorem 1.
More generally, ifP is the Kiepert perspector

K(θ) =
(

1
SA + Sθ

:
1

SB + Sθ
:

1
SC + Sθ

)
,

the orthocenter of the cevian triangle of
√

P is the point(
a2SA

√
(SA + Sθ)(SB + Sθ)(SC + Sθ)

+SBC

∑
cyclic

a2
√

SA + Sθ + a2Sθ

∑
cyclic

SA

√
SA + Sθ : · · · : · · ·


 .
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Translated Triangles Perspective to a Reference Triangle

Clark Kimberling

Abstract. SupposeA, B, C, D, E, F are points andL is a line other than the
line at infinity. This work examines cases in which a translationD′E′F ′ of
DEF in the direction ofL is perspective toABC, in the sense that the lines
AD′, BE′, CF ′ concur.

1. Introduction

In the transfigured plane of a triangleABC, let L∞ be the line at infinity and
L a line other thanL∞. (To say “transfigured plane” means that the sidelengths
a, b, c of triangleABC are variables or indeterminates, and points are defined as
functions ofa, b, c, so that the “plane” ofABC is infinite dimensional.) Suppose
thatD,E,F are distinct points, none onL∞, such that the set{A,B,C,D,E, F}
consists of at least five distinct points. We wish to translate triangleDEF in the
direction ofL and to discuss cases in which the translated triangleD′E′F ′ is per-
spective toABC, in the sense that the linesAD′, BE′, CF ′ concur. One of these
cases is the limiting case thatD′ = L ∩ L∞; call this pointU, and note that
D′ = E′ = F ′ = U.

Points and lines will be given (indeed, aredefined) by homogeneous trilinear
coordinates. The lineL∞ at infinity is given byaα + bβ + cγ = 0, andL, by
an equationlα + mβ + nγ = 0, where l : m : n is a point. Then the point
U = u : v : w is given by

u = bn − cm, v = cl − an, w = am − bl. (1)

Write the vertices ofDEF as

D = d1 : e1 : f1, E = d2 : e2 : f2, F = d3 : e3 : f3,

and let

δ = ad1 + be1 + cf1, ε = ad2 + be2 + cf2, ϕ = ad3 + be3 + cf3.

The hypothesis that none ofD,E,F is onL∞ implies that none ofδ, ε, ϕ is 0. The
line L is given parametrically as the locus of pointD′ = Dt = x1 : y1 : z1 by

x1 = d1 + δtu, y1 = e1 + δtv, z1 = f1 + δtw.

Publication Date: November 6, 2006. Communicating Editor: Paul Yiu.



270 C. Kimberling

The pointE′ traverses the line throughE parallel toL, so thatE′ = Et = x2 :
y2 : z2 is given by

x2 = d2 + εtu, y2 = e2 + εtv, z2 = f2 + εtw.

The pointF ′ traverses the line throughF parallel toL, so thatF′ = Ft = x3 : y3 :
z3 is given by

x3 = d3 + ϕtu y3 = e3 + ϕtv z3 = f3 + ϕtw.

In these parameterizations,t represents a homogeneous function ofa, b, c. The
degree of homogeneity oft is that of(x1 − d1)/(δu).

2. Two basic theorems

Theorem 1. Suppose ABC and DEF are triangles such that {A,B,C,D,E, F}
consists of at least five distinct points. Suppose L is a line and U = L ∩ L∞.
As Dt traverses the line DU, the triangle DtEtFt of translation of DEF in the
direction of L is either perspective to ABC for all t or else perspective to ABC
for at most two values of t.

Proof. The linesADt, BEt, CFt are given by the equations

−z1β + y1γ = 0, z2α − x2γ = 0, − y3α + x3β = 0,

respectively. Thus, the concurrence determinant,∣∣∣∣∣∣
0 −z1 y1

z2 0 −x2

−y3 x3 0

∣∣∣∣∣∣ (2)

is a polynomialP , formally of degree2 in t:

P (t) = p0 + p1t + p2t
2, (3)

where

p0 =d3e1f2 − d2e3f1, (4)

p1 =u(ϕe1f2 − εe3f1) + v(δd3f2 − ϕd2f1) + w(εe1d3 − δe3d2), (5)

p2 =δvw(εd3 − ϕd2) + εwu(ϕe1 − δe3) + ϕuv(δf2 − εf1). (6)

Thus, eitherp0, p1, p0 are all zero, in which caseDtEtFt is perspective toABC
for all t, or elseP (t) is zero for at most two values oft. �

If triangleDEF is homothetic toABC, thenDtEtFt is homothetic toABC and
hence perspective toABC, for everyt. This is well known in geometry. The geo-
metric theorem, however, does not imply the “same” theorem in the more general
setting of triangle algebra, in which the objects are defined in terms of variables or
indeterminants. Specifically, perspectivity and parallelism (hence homothety) are
defined by zero determinants. When such determinants are “symbolically zero”,
they are zero not only for Euclidean triangles, for whicha, b, c are positive real
numbers satisfying(a > b + c, b > c + a, c > a + b) or (a ≥ b + c, b ≥ c + a,
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c ≥ a + b), but also fora, b, c as indeterminates. Among geometric theorems that
readily generalize to algebraic theorems are these:

If L1‖L2 and L2‖L3, then L1‖L3.
If T1 is homothetic to T2 and T2 is homothetic to T3, then T1 is homothetic to T3.
If T1 is homothetic to T2, then T1 is perspective to T2.

Theorem 2. Suppose ABC and DEF in Theorem 1 are homothetic. Then DtEtFt

is perspective to ABC for all t.

Proof. ABC andDEF are homothetic, andDEF andDtEtFt are homothetic.
ThereforeDtEtFt is homothetic toABC, which implies thatDtEtFt is perspec-
tive toABC. �

It is of interest to express the coefficientsp0, p1, p2 more directly in terms of
a, b, c and the coordinates ofD,E,F. To that end, we shall use cofactors, as
defined by the identity


 d1 e1 f1

d2 e2 f2

d3 e3 f3




−1

=
1
∆


 D1 D2 D3

E1 E2 E3

F1 F2 F3


 ,

where

∆ =

∣∣∣∣∣∣
d1 e1 f1

d2 e2 f2

d3 e3 f3

∣∣∣∣∣∣ = d1D1 + e1E1 + f1F1;

that is,D1 = e2f3 − f2e3, etc. For example, in the case thatABC andDEF are
homothetic, lineEF is parallel to lineBC, as defined by a zero determinant (e.g.,
[1], p. 29); likewise, the linesFD andCA are parallel, as areDE andAB. The
zero determinants yield

bF1 = cE1, cD2 = aF2, aE3 = bD3. (7)

These equations can be used to give a direct but somewhat tedious proof of Theo-
rem 2; we digress to prove only thatp0 = 0. Let L andR denote the products of
the left-hand sides and the right-hand sides in (7). ThenL −R factors asabcΨ∆,
where

Ψ = e3d2f1 − e1d3f2,

andabcΨ∆ = 0 by (7). It is understood thatA,B,C are not collinear, so that
D,E,F are not collinear. As the defining equation for collinearity ofD,E,F is
the determinant equation∆ = 0, we have∆ 	= 0. Therefore,Ψ = 0, so that
p0 = 0.

Next, substitute from (1) foru, v,w in (5) and (6), getting

p1 = lp1l + mp1m + np1n and p2 = mnp2l + nlp2m + lm2n,
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where

p1l =b2e1F1 + c2f1E1 − abd2F2 − cad3E3,

p1m =c2f2D2 + a2d2F2 − bce3D3 − abe1F1,

p1n =a2d3E3 + b2e3D3 − caf1E1 − bcf2D2,

and

p2l =2a2bc(e1d2f3 − e2d3f1) − ab2e3F3 + ac2f2E2

− bc2f1D1 + ba2d3F3 − ca2d2E2 + cb2e1D1,

p2m =2b2ca(f2e3d1 − f3e1d2) − bc2f1D1 + ba2d3F3

− ca2d2E2 + cb2e1D3 − ab2e3F3 + ac2f2E2,

p2n =2c2ab(e3d1e2 − d1f2e3) − ca2d2E2 + cb2e1D1

− ab2e3F3 + ac2f2E1 − bc2f1D1 + ba2d3F3.

The task of expressing the coefficientsp0, p1, p2 more directly in terms ofa, b, c
and the coordinates ofD,E,F is now completed.

3. Intersecting conics

We begin with a lemma proved in [7]; see also [2].

Lemma 3. Suppose a point P = p : q : r is given parametrically by

p =p1t
2 + q1t + r1,

q =p2t
2 + q2t + r2,

r =p3t
2 + q3t + r3,

where the matrix

M =


 p1 q1 r1

p2 q2 r2

p3 q3 r3




is nonsingular with adjoint (cofactor) matrix

M# =


 P1 Q1 R1

P2 Q2 R2

P3 Q3 R3


 .

Then P lies on this conic:

(Q1α + Q2β + Q3γ)2 = (P1α + P2β + P3γ)(R1α + R2β + R3γ). (8)

In Theorem 4, we shall show that the point of concurrence of the linesADt, BEt, CFt

is also the point of concurrence of three conics. Let

At = BEt ∩CFt, Bt = CFt ∩ ADt, Ct = ADt ∩BEt.

Theorem 4. If, in Theorem 1, the line L is not parallel to a sideline of triangle
ABC, then the locus of each of the points At, Bt, Ct is a conic.
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Proof. The pointAt = at : bt : ct is given by

at = x2x3, bt = x2y3, ct = z2x3,

so that

at = (d2 + εtu) (d3 + ϕtu) = εϕu2t2 + (ϕd2u + εd3u)t + d2d3, (9)

bt = (d2 + εtu) (e3 + ϕtv) = εϕuvt2 + (ϕd2v + εe3u)t + d2e3, (10)

ct =(f2 + εtw) (d3 + ϕtu) = εϕuwt2 + (ϕf2u + εd3w)t + f2d3. (11)

By Lemma 3, the locus{At} is a conic unlessεϕuvw = 0, in which caseu, v, or
w must be zero. Consider the caseu = 0; thenu : v : w = 0 : c : −b, but this
is the point in which lineBC meetsL∞, contrary to the hypothesis. Likewise, the
loci {Bt} and{Ct} are conics. Note that the conic{At} passes throughB andC,
as indicated by Figure 1.1 �

z

x

y

F'
E'

A

B
C

H

D'

Figure 1. Intersecting conics

Lemma 3 shows how to write out equations of conics starting with a matrixM .
As the lemma applies only to nonsingularM , we can, by factoring|M | , determine

1Figure 1 can be viewed dynamically using The Geometer’s Sketchpad; see [6] for access. The
choice of triangleDEF is given by the equationsD = C, E = A, F = B. (The labelsD, E, F
are not shown.) PointH on lineAD′ is an independent point, and triangleD′E′F ′ is a translation
of DEF in the direction of lineAH. Except for special cases, asD′ traverses lineAH , pointsx, y,
z traverse conics as in Theorem 4, and the conics meet twice (withx = y = z), at the perspectors
described in Theorem 1.
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criteria for nonsingularity. In connection with{At} and (9)-(11),

|M | =

∣∣∣∣∣∣
εϕu2 ϕd2u + εd3u d2d3

εϕuv ϕd2v + εe3u d2e3

εϕwu ϕf2u + εd3w f2d3

∣∣∣∣∣∣
=εϕu (uf2 − wd2) (vd3 − ue3) (be3d2 − be2d3 + cd2f3 − cd3f2) .

By hypothesis,εϕu 	= 0. Also, (uf2 − wd2) (vd3 − ue3) 	= 0, as it is assumed
thatE 	= U andF 	= U. Finally, the factorbe3d2 − be2d3 + cd2f3 − cd3f2 is 0 if
and only if lineEF is parallel to lineBC. In conclusion, ifEF is not parallel to
BC, andFD is not parallel toCA, andDE is not parallel toAB, then the three
loci are conics and Theorem 3 applies.

4. Terminology and notation

The main theorem in this paper is Theorem 1. For various choices ofDEF
andL, the perspectivities indicated by Theorem 1 are of particular interest. Such
choices are considered in Sections 3-6; they are, briefly, thatDEF is a cevian
triangle of a point, or an anticevian triangle, or a rotation of triangleABC about
its circumcenter. In order to describe the configurations, it will be helpful to adopt
certain terms and notations.

Unless otherwise noted, the pointsU = u : v : w andP = p : q : r are arbitrary.
If at least one of the productsup, vq, wr is not zero, the productU · P is defined
by the equation

U · P = up : vq : wr.

The multiplicative inverse ofP, defined ifpqr 	= 0, is the isogonal conjugate ofP,
given by

P−1 = p−1 : q−1 : r−1.

The quotientU/P is defined by

U/P = U · P−1.

The isotomic conjugate ofP is defined ifpqr 	= 0 by the trilinears

a−2p−1 : b−2q−1 : c−2r−1.

Geometric definitions of isogonal and isotomic conjugates are given atMathWorld
[8]. We shall also employ these terms and notations:

crossdifference ofU andP = CD(U,P ) = rv − qw : pw − ru : qu − pv,

crosssum ofU andP = CS(U,P ) = rv + qw : pw + ru : qu + pv,

crosspoint ofU andP = CP (U,P ) = pu(rv + qw) : qv(pw + ru) : rw(qu + pv).

Geometric interpretations of these “cross operations” are given at [4].
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Notation of the formXi as in [3] will be used for certain special points, such as

incenter=X1 = 1 : 1 : 1 = the multiplicative identity,

centroid=X2 = 1/a : 1/b : 1/c,
circumcenter=X3 = cos A : cos B : cos C,

symmedian point=X6 = a : b : c.

Instead of the trigonometric trilinears forX3, we shall sometimes use trilinears for
X3 expressed directly in terms ofa, b, c. As cos A = (b2 + c2 − a2)/(2bc), we
shall use abbreviations:

a1 = (b2+c2−a2)/(2bc), b1 = (c2+a2−b2)/(2ca), c1 = (a2+b2−c2)/(2ab);

thus,X3 = a1 : b1 : c1.
The lineX2X3 is the Euler line, and the lineX3X6 is the Brocard axis. When

working with lines algebraically, it is sometimes helpful to do so with reference to
a parameter and the point in which the line meetsL∞. In the case of the Euler line,
this point is

X30 = a1 − 2b1c1 : b1 − 2c1a1 : c1 − 2a1b1,

and a parametric representation is given byx : y : z = x(s) : y(s) : z(s), where

x(s) =a1 + s(a1 − 2b1c1),

y(s) =b1 + s(b1 − 2c1a1),

z(s) =c1 + s(c1 − 2a1b1).

The pointX30 will be called the direction of the Euler line. More generally, for
any line, its point of intersection withL∞ will be called thedirection of the line.
The parameters is not necessarily a numerical variable; rather, it is a function of
a, b, c. In this paper, trilinears for any point are homogeneneous functions ofa, b, c,
all having the same degree of homogeneity; thus in a parametric expression of the
form p + su, the degree of homogeneity ofs is that ofp minus that ofu.

Two families of cubics will occur in the sequel. The cubicZ(U,P ) is given by

(vqy − wrz)px2 + (wrz − upx)qy2 + (upx − vqy)rz2 = 0,

and the cubicZC(U,P ), by

L(wy − vz)x2 + M(uz − wx)y2 + N(vx − uy)z2 = 0.

For details on these and other families of cubics, see [5].
The remainder of this article is mostly about special translations. It will be

helpful to introduce some related terminology. SupposeDEF is a triangle in the
transfigured plane ofABC, andU is a direction (i.e., a point onL∞). A triangle
D′E′F ′, other thanDEF itself, such thatD′E′F ′ is aU -translation ofDEF and
D′E′F ′ is perspective toABC (in the sense that the linesAD′, BE′, CF ′ concur)
will be called aU -ppt of DEF. The designation “ppt” means “proper perspective
translation”.

In view of Theorem 1, except for special cases, eachDEF has, for everyU,
at most twoU -ppt’s. Thus, ifDEF is perspective toABC, as whenDEF is a
cevian triangle or an anticevian tiangle, there is “usually” just one ppt. That one
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ppt is of primary interest in the next three sections; especially in Case 5.4 and Case
6.4.

5. Translated cevian triangles

In this section,DEF is the cevian triangle of a pointX = x : y : z; thusDEF
is given as a matrix by

 d1 e1 f1

d2 e2 f2

d3 e3 f3


 =


 0 y z

x 0 z
x y 0


 ,

and the perspectivity determinant (2) is given by−t(∆0 + t∆1), where

∆0 =

∣∣∣∣∣∣
ax2 by2 cz2

u v w
x y z

∣∣∣∣∣∣ , ∆1 =

∣∣∣∣∣∣
a2ux2 b2vy2 c2wz2

u v w
x y z

∣∣∣∣∣∣ .
In particular, the equations∆0 = 0 and∆1 = 0 represent cubics inx, y, z, specif-
ically, Z(X2,X6 · U−1) andZ(X75 · U−1,X31), respectively. We shall consider
four cases:

Case 5.1: ∆0 = 0 and∆1 = 0. In this case,DtEtFt is perspective toABC for
everyt. Clearly this holds forX = X2, for all U. Now for any givenU, let X be
the isotomic conjugate ofU . Rows 1 and 3 of the determinant∆1 are equal, so that
∆1 = 0. Also,

∆0 =bcvw(b2v2 − c2w2) + cawu(c2w2 − a2u2) + abuv(a2u2 − b2v2)

= − (bv − cw)(cw − au)(au − bv)(au + bv + cw)
=0.

The cevian triangleDEF of X is not homothetic toABC, yetDtEtFt is perspec-
tive toABC for everyt. Another such example is obtained by simply takingX to
beU. Further results in Case 1 are given in Theorem 5.

Case 5.2: ∆0 = 0 and∆1 	= 0. For givenU, the pointX = CP (X2, U) satisfies
∆0 = 0 and∆1 	= 0. For quite a different example, let

U = X511 = cos(A + ω) : cos(B + ω) : cos(C + ω),

whereω denotes the Brocard angle. Then the cubic∆0 = 0 passes through the
following points,X3 (the circumcenter),X6 (the symmedian point),X297, X325,
X694, X2009, andX2010, none of which lies on the cubic∆1 = 0. Other points
on the cubic∆0 = 0 are given at [5], where the cubic∆1 = 0 is classified as
ZC(511, L(30, 511)).

Case 5.3: ∆0 	= 0 and∆1 = 0. In this case, for anyU, there is noU -ppt. For
example, takeU = X523. Then the cubic∆1 = 0 passes through the two points
in which the Euler line meets the circumcircle, these beingX1113 andX1114, and
these points do not also lie on the cubic∆0 = 0.
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Case 5.4: ∆0 	= 0 and∆1 	= 0. In this case,DtEtFt is perspective toABC
for t = −∆0/∆1. The perspector is the pointx2x3 : x2y3 : z2x3, which, after
cancellation of common factors, is the pointX′ = x′ : y′ : z′ given by

x′ =
by − cz

(bv − cw)yz + ax(vz − wy)
, (12)

y′ =
cz − ax

(cw − au)zx + by(wx − uz)
, (13)

z′ =
ax − by

(au − bv)xy + cz(uy − vx)
. (14)

Note that ifX andU are triangle centers for whichX′ is a point, thenX′ is a
triangle center. For the special caseU = X511, pairsX andX′ are shown here:

X 4 7 54 68 69 99 183 190 385 401 668 670 671 903
X ′ 3 256 52 52 6 690 262 900 325 297 691 888 690 900

Returning to Case 5.1, in the subcase thatX is the isotomic conjugate ofU, it is
natural to ask about the perspectors, and to find the following theorem.

Theorem 5. Suppose U is any point on L∞ but not on a sideline BC,CA,AB.
Let X be the isotomic conjugate of U . The locus of the perspector Pt of triangles
DtEtFt and ABC is a conic that passes through A,B,C, and the point

X2 = b4c4v2w2 : c4a4w2u2 : a4b4u2v2. (15)

Proof. The perspector is the pointPt = x2x3 : x2y3 : z2x3. Substituting and
simplifying give

Pt =b3c3vw(bv − acuwt)(cw − abuvt)

: c3a3wu(cw − bavut)(au − bcvwt)

: a3b3uv(au − cbwvt)(bv − cawut).

By Theorem 3, the locus ofPt is a conic. Clearly,Pt passes throughA,B,C for
t = au/(bcvw), bv/(cawu), cw/(abuv), respectively, andP0 is the point given by
(15). See Figure 2.2 �

An equation for the circumconic described in Theorem 5 is found from (8):

b2c2(b2v2 − c2w2)βγ + c2a2(c2w2 − a2u2)γα + a2b2(a2u2 − b2v2)αβ = 0.

Theorem 6. Suppose X is the isotomic conjugate of a point U1 on L∞ but not
on a sideline BC,CA,AB. Then the perspector X′ in Case 5.4 is invariant of the
point U. In fact, X′ = CD(X6, U

−1
1 ), and X′ is on L∞.

2Figure 2 can be viewed dynamically using The Geometer’s Sketchpad; see [6] for access. An
arbitrary pointU on L∞ is given byU = Au ∩ L∞, whereu is an independent point; i.e., the user
can varyu freely. The cevian triangle ofU is def, the cevian triangle of the isotomic conjugate
of U is DEF. PointD′ is movable on lineDU. TriangleD′E′F ′ is thus a movable translation of
DEF in the direction ofU, andD′E′F ′ stays perspective toABC. The perspectorP traverses a
circumconic.
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Figure 2. Cevian triangle and circumconic as in Theorem 5.

Proof. Write X = x : y : z = b2c2v1w1 : c2a2w1u1 : a2b2u1v1 where the point
U1 = u1 : v1 : w1 is onL∞ andu1v1w1 	= 0. RepresentU1 parametrically by

u1 = (b − c)(1 + bcs), v1 = (c − a)(1 + cas), w1 = (a − b)(1 + abs), (16)

so that

(bv−cw)yz+ax(vz−wy) = Λ
(
bv − av − aw + cw + as(b2v − abv + c2w − acw

)
),

where

Λ = −a3b3c3(b − c)(c − a)(a − b)(1 + bcs)(1 + cas)(1 + abs).

Thus

(bv − cw)yz + ax(vz − wy) = Λ(−a(u + v + w) + as(a2u + b2v + c2w)),

and by (12),

x′ =
by − cz

(bv − cw)yz + ax(vz − wy)

=
(by − cz)/a

Λ(−(u + v + w) + s(a2u + b2v + c2w))
.

Coordinatesy′ andz′ are found in the same manner, and multiplying through by
the common denominator gives

x′ : y′ : z′ =(by − cz)/a : (cz − ax)/b : (ax − by)/c

=u1(bv1 − cw1) : v1(cw1 − au1) : w1(au1 − bv1)

=CD(X6, U
−1
1 ).

Clearly,ax′ + by′ + cz′ = 0, which is to say that the perspectorX′ is onL∞. �
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Corollary 7. As X traverses the Steiner circumellipse, the perspector X′ traverses
the line at infinity.

Proof. The Steiner circumellipse is given by

bcβγ + caγα + abαβ = 0.

The corollary follows from the easy-to-verify fact that the isotomic conjugacy map-
ping carries the Steiner circumellipse toL∞, to which Theorem 6 applies. �

Theorem 7 is exemplified by takingX = X190; the isotomic conjugate ofX is
thenX514, for which the perspector isX′ = X900 = CD(X6,X101). Other exam-
ples(X,X′) are these: (X99,X690), (X668,X891), (X670,X888), (X671,X690),
(X903,X900). These examples show that the mappingX → X′ is not one-to-one.

6. Translated anticevian triangles

In this section,DEF is the anticevian triangle of a pointX = x : y : z; given
as a matrix by 

 d1 e1 f1

d2 e2 f2

d3 e3 f3


 =


 −x y z

x −y z
x y −z


 .

The perspectivity determinant (2) is given by−2t(∆0 + t∆2), where

∆0 =

∣∣∣∣∣∣
ax2 by2 cz2

u v w
x y z

∣∣∣∣∣∣ , ∆2 =

∣∣∣∣∣∣
ax2 by2 cz2

(bv + cw)u (cw + au)v (au + bv)w
x y z

∣∣∣∣∣∣ .
The cubic∆0 = 0 is already discussed in Section 3. The equation∆2 = 0 repre-
sents the cubicZ(X2/CS(X6, U

−1)). We consider four cases as in Section 3.

Case 6.1: ∆0 = 0 and∆2 = 0. In this case,DtEtFt is perspective toABC for
everyt. Clearly this holds forX = X2, for all U. Now for any givenU, the point
X = U is on both cubics. It is easy to prove that the pointCP (X2, U) also lies on
both cubics.

Case 6.2: ∆0 = 0 and ∆2 	= 0. For givenU, the isotomic conjugateX of U
satisfies∆0 = 0 and∆1 	= 0. For a diffferent example, letU = X511; then the
points listed for Case 5.2 in the cevian case are also points for which∆0 = 0 and
∆2 	= 0.

Case 6.3: ∆0 	= 0 and ∆2 = 0. In this case, for anyU, there is no ppt. For
example, takeU = X523. Then the cubic∆2 = 0 passes through the points in
which the Brocard axisX3X6 meets the circumcircle these beingX1312 andX1313;
these points do not also lie on the cubic∆0 = 0.



280 C. Kimberling

Case 6.4: ∆0 	= 0 and∆2 	= 0. In this case,DtEtFt is perspective toABC
for t = −∆0/∆2. The perspector is the pointx2x3 : x2y3 : z2x3, which on
cancellation of common factors, is the pointX′ = x′ : y′ : z′ given by

x′ =
by − cz

bwy2 − cvz2 + (bv − cw)yz + ax(vz − wy)
, (17)

y′ =
cz − ax

cuz2 − awx2 + (cw − au)zx + by(wx − uz)
, (18)

z′ =
ax − by

avx2 − buy2 + (au − bv)xy + cz(uy − vx)
. (19)

Theorem 8. Suppose X = CP (X2, U1), where U1 is a point on L∞ but not on a
sideline BC,CA,AB. Then the perspector X′ in Case 6.4 is invariant of the point
U. In fact, X′ = CD(X6, U

−1
1 ), and X′ lies on the circumconic given by

au2
1(bv1 − cw1)βγ + bv2

1(cw1 − au1)γα + cw2
1(au1 − bv1)αβ = 0. (20)

Proof. Let X = x : y : z = bu1v1 + cu1w1 : cv1w1 + av1u1 : aw1u1 + bw1v1.
Following the steps of the proof of Theorem 6, we have

bwy2 − cvz2 + (bv − cw)yz + ax(vz − wy)

=Λ̂(bv − av − aw + cw + as(b2v − abv + c2w − acw),

where

Λ̂ = 2abc(b − c)(c − a)(a − b)(1 + bcs)(1 + cas)(1 + abs).

Thus

bwy2−cvz2+(bv−cw)yz+ax(vz−wy) = Λ̂(−a(u+v+w)+as(a2u+b2v+c2w)),

and by (17),

x′ =
by − cz

bwy2 − cvz2 + (bv − cw)yz + ax(vz − wy)

=
(by − cz)/a

Λ̂(−(u + v + w) + s(a2u + b2v + c2w))
.

Coordinatesy′ andz′ are found in the same manner, and multiplying through by
the common denominator gives

x′ : y′ : z′ = CD(X6, U
−1
1 ),

the same point as at the end of the proof of Theorem 6. It is easy to check that this
point satisfies (20). �
Corollary 9. As X traverses the Steiner inellipse, the perspector X′ traverses the
circumconic (20).

Proof. The Steiner inellipse is given by

a2α2 + b2β2 + c2γ2 − 2bcβγ − 2caγα − 2abαβ = 0. (21)

First, we note that, using (16), it is easy to show that ifU1 is on L∞, then the
point X = x : y : z = CP (X2, U1) satisfies (21). Now, the mappingU1 →
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CP (X2, U1) = X is invertible; specifically, for givenX = x : y : z on the Steiner
inellipse, the pointU1 = u1 : v1 : w1 given by

u1 : v1 : w1 =
bc

by + cz − ax
:

ca

cz + ax − by
:

ab

ax + by − cz

is onL∞, and Theorem 8 applies. �
Corollary 9 is exemplified by takingX = X1086, which isCP (X2,X514); the

perspector is thenX′ = X900 = CD(X6,X101). Other examples(X,X′) are
these: (X115,X690), (X1015,X891), (X1084,X888), (X2482,X690). Note that the
mappingX → X′ is not one-to-one.

7. Translation along the Euler line

In this section, the perspectivity problem for both families, cevian and anticevian
triangles, is discussed for translations in a single direction, namely the direction of
the Euler line. Two points on the Euler line are the circumcenter, a1 : b1 : c1 =
cosA : cos B : cosC and

U = X30 = u : v : w = a1 − 2b1c1 : b1 − 2c1a1 : c1 − 2a1b1,

the latter being the point in which the Euler line meetsL∞.

Theorem 10. If X is the isotomic conjugate of a point X′ on the Euler line other
than X2, then the perspector, in the case of the cevian triangle of X as given by
(12)-(14), is X′.

Proof. An arbitrary pointX′ on the Euler line is given parametrically by

a1 + su : b1 + sv : c1 + sw,

and the isotomic conjugateX = x : y : z by

a−2(a1 + su)−1 : b−2(b1 + sv)−1 : c−2(c1 + sw)−1.

Substituting forx, y, z in (12) gives a product of several factors, of which exactly
two involves. The same holds for the results of substituting in (13) and (14). After
canceling all common factors that do not contains, the remaining coordinates for
X ′ have a common factor3s + 1. This equals0 for s = −1/3, for whicha1 + su :
b1 +sv : c1 +sw = X2. As X ′ 	= X2, we can and do cancel3s+1. The remaining
coordinates are equivalent to those given just above forX′. �
Theorem 11. Suppose P is on the Euler line and P 	= X2. Let X = CP (X2, P ).
Then the perspector X′, in the case of the anticevian triangle of X, as given by
(17)-(19), is the point P.

Proof. Write

p = a1 + su, q = b1 + sv, r = c1 + sw,

where(u, v,w) = (a1 − 2b1c1, b1 − 2c1a1, c1 − 2a1b1), so that the pointX =
CP (X2, P ) is given by

x = p(bq + cr), y = q(cr + ap), z = r(ap + bq).
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Substituting into (17)-(19) and factoring give expressions with several common
factors. Canceling those, including the factor3s + 1 which corresponds to the
disallowedX2, leaves trilinears forP. �
Theorem 12. If P is on the circumcircle and X = CS(X6, P ), then the perspector
X ′, in the case of the anticevian triangle of X as given by (17)-(19), is the point
CD(X6, P ).

Proof. Represent an arbitrary pointP = p : q : r on the circumcircle parametri-
cally by

(p, q, r) = (
1

(b − c)(bc + s)
,

1
(c − a)(ca + s)

,
1

(a − b)(ab + s)
).

Then the pointX = CS(X6, P ) is given by

x = br + cq, y = cp + ar, z = aq + bp.

Substituting into (17)-(19) and factoring gives expressions with several common
factors. Canceling those leaves trilinears forCD(X6, P ). �

We conclude this section with a pair of examples. First, letX = X618, the
complement of the Fermat point (or 1st isogonic center),X13. The perspector in
the case of the anticevian triangle ofX is the pointX13. Finally, let X = X619,
the complement of the 2nd isogonic center,X14. The perspector in this case is the
pointX14.

8. Translated rotated reference triangle

Let DEF be the rotation ofABC about the circumcenter ofABC. Let U = u :
v : w be a point onL∞. In this section, we wish to translateDEF in the direction
of line DU, seeking translationsD′E′F ′ that are perspective toABC. Except for
rotations of0 andπ, triangleDEF is not perspective toABC, so that by Theorem
1, there are at most two perspective translations.

Yff’s parameterization of the circumcircle ([1, p.39]) is used to express the ro-
tationDEF of ABC counterclockwise with angle2θ as follows:

D = csc θ : csc(C − θ) : − csc(B + θ),

E = − csc(C + θ) : csc θ : csc(A − θ),

F = csc(B − θ) : − csc(A + θ) : csc θ.

Let

r =((a + b + c)(b + c − a)(c + a − b)(a + b − c))1/2/(2abc),
θ1 = sin θ,

θ2 = cos θ.

Then the verticesD,E,F are given by the rows of the matrices
 d1 e1 f1

d2 e2 f2

d3 e3 f3


 =


 θ−1

1 (rcθ2 − c1θ1)−1 (rbθ2 + b1θ1)−1

(rcθ2 + c1θ1)−1 θ−1
1 (raθ2 − a1θ1)−1

(rbθ2 − b1θ1)−1 (raθ2 + a1θ1)−1 θ−1
1


 ,
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where

(a1, b1, c1) =(cos A, cos B, cos C)

=((b2 + c2 − a2)/(2bc), (c2 + a2 − b2)/(2ca), (a2 + b2 − c2)/(2ab)).

The perspectivity determinant (2) is factored using a computer. Only one of the
factors involvest, and it is a polynomialP (t) as in (3), with coefficients

p0 =4abcθ2
1 ,

p1 =4θ2
1abc (au + bv + cw) = 0,

p2 =(a + b − c) (a − b + c) (b − a + c) (a + b + c) (avw + buw + cuv) ,

hence roots

±(θ1/r)(−abcs)−1/2, (22)

wheres = avw + buw + cuv.

Conjecture. The perspectors given by (22) are a pair of antipodes on the circum-
circle.

See Figure 3.3 It would perhaps be of interest to study, for fixedH, the loci of
D′, E′, F ′ asθ varies from0 to π.

z
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Figure 3. Translated rotation ofABC.

3Figure 3 can be viewed dynamically using The Geometer’s Sketchpad; see [6] for access. Trian-
gleDEF is a variable rotation ofABC about its circumcenterO. Independent pointH determines
line DH. PointD′ is movable on lineDH. TriangleD′E′F ′is thus a movable translation ofDEF
in the direction ofDH. Three conics as in Theorem 4 meet in two points, which according to the
Conjecture are a pair of antipodes on the circumcircle.



284 C. Kimberling

References

[1] C. Kimberling, Triangle centers and central triangles,Congressus Numerantium, 129 (1998)
1–285.

[2] C. Kimberling, Conics associated with a cevian nest,Forum Geom., 1 (2001) 141–150.
[3] C. Kimberling,Encyclopedia of Triangle Centers, 2000-, available at

http://faculty.evansville.edu/ck6/encyclopedia/ETC.html.
[4] C. Kimberling,Glossary, 2002-,http://faculty.evansville.edu/ck6/encyclopedia/glossary.html.
[5] C. Kimberling,Points on Cubics, 2003-,

http://faculty.evansville.edu/ck6/encyclopedia/Intro&Zcubics.html .
[6] C. Kimberling,Translated Triangles, 2005,

http://faculty.evansville.edu/ck6/encyclopedia/TransTri.html .
[7] E. A. Maxwell, General Homogeneous Coordinates, Cambridge University Press, Cambridge,

1957.
[8] E. Weisstein,MathWorld, http://mathworld.wolfram.com/ .

Clark Kimberling: Department of Mathematics, University of Evansville, 1800 Lincoln Avenue,
Evansville, Indiana 47722, USA

E-mail address: ck6@evansville.edu



Forum Geometricorum
Volume 6 (2006) 285–288. b b

b

b

FORUM GEOM

ISSN 1534-1178

On the Derivative of a Vertex Polynomial

James L. Parish

Abstract. A geometric characterization of the critical points of a complex poly-
nomialf is given, in the special case where the zeros off are the vertices of a
polygon affine-equivalent to a regular polygon.

1. Steiner Polygons

The relationship between the locations of the zeros of a complex polynomialf
and those of its derivative has been extensively studied. The best-known theorem in
this area is the Gauss-Lucas Theorem, that the zeros off′ lie in the convex hull of
the zeros off . The following theorem [1, p.93], due to Linfield, is also of interest:

Theorem 1. Let λj ∈ R\{0}, j = 1, . . . , k, and let zj , j = 1, . . . , k be distinct

complex numbers. Then the zeros of the rational function R(z) :=
∑k

j=1
λj

z−zj

are the foci of the curve of class k − 1 which touches each of the k(k − 1)/2 line
segments zµ, zν in a point dividing that line segment in the ratio λµ : λν .

Sincef ′ = f · ∑k
j=1

1
z−zj

, where thezj are the zeros off , Linfield’s Theorem

can be used to locate the zeros off′ which are not zeros off .
In this paper, we will consider the case of a polynomial whose zeros form the

vertices of a polygon which is affine-equivalent to a regular polygon; the zeros of
the derivative can be geometrically characterized in a manner resembling Linfield’s
Theorem. First, letζ be a primitiventh root of unity, for somen ≥ 3. DefineG(ζ)
to be then-gon whose vertices areζ0, ζ1, . . . , ζn−1.

Proposition 2. Let n ≥ 3, and let G be an n-gon with vertices v0, . . . , vn−1, no
three of which are collinear. The following are equivalent.

(1) There is an ellipse which is tangent to the edges of G at their midpoints.
(2) G is affine-equivalent to G (ζ) for some primitive nth root of unity ζ .
(3) There is a primitive nth root of unity ζ and complex constants g, u, v such

that |u| 	= |v| and, for k = 0, . . . , n − 1, vk = g + uζk + vζ−k.

Proof. 1)=⇒2): Applying an affine transformation if necessary, we may assume
that the ellipse is a circle centered at0 and thatv0 = 1. Let m0 be the midpoint
of the edgev0v1. v0v1 is then perpendicular to0m0, andv0, v1 are equidistant
from m0; it follows that the right triangles0m0v0 and0m0v1 are congruent, and in
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particular thatv1 also lies on the unit circle. Now letm1 be the midpoint ofv1v2;
sincem0 andm1 are equidistant from0 and the triangles0m0v1, 0m1v1 are right,
they are congruent, andm0, m1 are equidistant fromv1. It follows that the edges
v0v1 andv1v2 have the same length. Furthermore, the triangles0v0v1 and0v1v2

are congruent, whencev2 = v2
1. Similarly we obtainvk = vk

1 for all k, and in
particular thatvn

1 = v0 = 1. ζ = v1 is a primitiventh root of unity since none of
v0, . . . , vn−1 coincide, andG = G(ζ).

2)=⇒1): G(ζ) has an ellipse – indeed, a circle – tangent to its edges at their
midpoints; an affine transformation preserves this.

2)⇐⇒3): Any real-linear transformation ofC can be put in the formz �→ uz +
vz for some choice ofu, v, and conversely; the transformation is invertible iff
|u| 	= |v|. �

We will refer to ann-gon satisfying these conditions as aSteiner n-gon; when
needed, we will say ithas root ζ. The ellipse is itsSteiner inellipse. (This is a gen-
eralization of the casen = 3; every triangle is a Steiner triangle.) The parameters
g, u, v are itsFourier coordinates. Note that a Steinern-gon is regular iff eitheru
or v vanishes.

2. The Foci of the Steiner Inellipse

Now, let Sζ be the set of Steinern-gons with rootζ for which the constantg,
above, is0. We may use the Fourier coordinatesu, v to identify it with an open
subset ofC2. Let Φ be the map taking then-gon with verticesv0, v1, . . . , vn−1

to the n-gon with verticesv1, . . . , vn−1, v0. If f is a complex-valued function
whose domain is a subset ofSζ which is closed underΦ, write ϕf for f ◦ Φ.
Note thatϕu = ζu andϕv = ζ−1v; this will prove useful. Note also that special
points associated withn-gons may be identified with complex-valued functions on
appropriate subsets ofSζ .

We define several useful fields associated withSζ . First, letF = C(u, v, u, v),
whereu, v are as in 3) of the above proposition.ϕ is an automorphism ofF .
Let K = C(x, y, x, y) be an extension field ofF satisfyingx2 = u, y2 = v,
x2 = u, y2 = v. Let θ be a fixed square root ofζ; we extendϕ to K by setting
ϕx = θx, ϕy = θ−1y, ϕx = θ−1x, ϕy = θy. LetK0 be the fixed field ofϕ andK1

the fixed field ofϕn. Elements ofF may be regarded as complex-valued functions
defined on dense open subsets ofSζ . Functions corresponding to elements ofK
may only be defined locally; however, givenG ∈ Sζ such thatuv 	= 0 andf ∈ K1

defined atG, one may choose a small neighborhoodU0 of G which is disjoint from
Φk(U0), k = 1, . . . , n − 1 and on which neitheru nor v vanish;f may then be
defined onU =

⋃n−1
k=0Φ

k(U0).
For the remainder of this section,G is a fixed Steinern-gon with rootζ. The

vertices ofG arev0, . . . , vn−1. We have the following.

Proposition 3. The foci of the Steiner inellipse of G are located at f± = g ± (θ +
θ−1)xy.
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Proof. Translating if necessary, we may assume thatg = 0, i.e., G ∈ Sζ . Note
first that f± ∈ K0. (This is to be expected, since the Steiner inellipse and its
foci do not depend on the choice of initial vertex.) Fork = 0, . . . , n − 1, let
mk = (vk + vk+1)/2, the midpoint of the edgevkvk+1. Let d± be the distance
from f± to m0; we will first show thatd+ + d− is invariant underϕ. (This will
imply that the sum of the distances fromf± to mk is the same for allk.) Now,
m0 = (v0+v1)/2 = ((1+ζ)u+(1+ζ−1)v)/2 = (θ+θ−1)(θx2+θ−1y2)/2. Thus,
m0−f+ = (θ+θ−1)(θx2−2xy+θ−1y2)/2 = (ζ+1)(x−θ−1y)2/2. Henced+ =
|m0−f+| = |ζ +1|(x−θ−1y)(x−θy)/2. Similarly,d− = |ζ +1|(x+θ−1y)(x+
θy)/2, and sod+ + d− = |ζ + 1|(xx+ yy), which is invariant underϕ as claimed.
This shows that there is an ellipse with focif± passing through the midpoints of the
edges ofG. If n ≥ 5, this is already enough to show that this ellipse is the Steiner
inellipse; however, forn = 3, 4 it remains to show that this ellipse is tangent to
the sides, or, equivalently, that the sidevkvk+1 is the external bisector of the angle
∠f+mkf−. It suffices to show thatAk = (mk − vk)(mk − vk+1) is a positive
multiple of Bk = (mk − f+)(mk − f−). Now A0 = −(ζ − 1)2(u − ζ−1v)2/4,
andB0 = (ζ + 1)2(x − θ−1y)2(x + θ−1y)2/4 = (ζ + 1)2(u − ζ−1v)2/4; thus,
A0/B0 = −(ζ − 1)2/(ζ + 1)2 = −(θ − θ−1)2/(θ + θ−1)2, which is evidently
positive. This quantity is invariant underϕ; henceAk/Bk is also positive for all
k. �
Corollary 4. The Steiner inellipse of G is a circle iff G is similar to G(ζ).

Proof. f+ = f− iff xy = 0, i.e., iff one ofu andv is zero. (Note thatθ + θ−1 	=
0.) �

Define thevertex polynomial fG(z) of G to be
∏n−1

k=0(z − vk). We have the
following.

Proposition 5. The foci of the Steiner inellipse of G are critical points of fG.

Proof. Again, we may assumeG ∈ Sζ . Sincef ′
G/fG =

∑n−1
k=0(z − vk)−1, it

suffices to show that this sum vanishes atf±. Now f+ is invariant underϕ, and
vk = ϕkv0; hence

∑n−1
k=0(f+ − vk)−1 =

∑n−1
k=0ϕ

k(f+ − v0)−1. (f+ − v0)−1 =
−θ/((θy − x)(y − θx)) Now let g = θ2/((θ2 − 1)x(θy − x)). Note thatg ∈ K1;
that is,ϕng = g. A straightforward calculation shows that(f+ − v0)−1 = g −ϕg;
therefore,

∑n−1
k=0ϕ

k(f+ − v0)−1 =
∑n−1

k=0(ϕkg − ϕk+1g) = g − ϕng = 0, as
desired. The proof thatf− is a critical point offG is similar. �

3. Holomorphs

Again, we letG be a Steinern-gon with rootζ and verticesv0, . . . , vn−1. For
any integerm, we setvm = vl wherel = 0, . . . , n − 1 is congruent tom modn.
The following lemma is trivial.

Lemma 6. Let k = 1, . . . , �n/2�. Then:

(1) If k is relatively prime to n, let Gk be the n-gon with vertices vk
0 , . . . , vk

n−1

given by vk
j = vjk. Then Gk is a Steiner n-gon with root ζk, and its Fourier

coordinates are g, u, v.
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(2) If d = gcd(k, n) is greater than 1 and less than n/2, set m = n/d. Then,
for l = 0, . . . , d − 1, let Gk,l be the m-gon with vertices vk,l

0 , . . . , vk,l
m−1

given by vk,l
j = vkj+l. Then, for each l, Gk,l is a Steiner m-gon with root

ζk, and the Fourier coordinates of Gk,l are g, ζlu, ζ−lv. The Gk,l all have
the same Steiner inellipse.

(3) If k = n/2, the line segments vjvj+k all have midpoint g.

In the three given cases, we will sayk-holomorph of G to refer toGk, the
union of them-gonsGk,l, or the union of the line segmentsvjvj+k. We extend the
definition of Steiner inellipse to thek-holomorphs in Cases 2 and 3, meaning the
common Steiner inellipse of theGk,l or the pointg, respectively. The propositions
of Section II clearly extend to Case 2; since the foci are critical points of the vertex
polynomials of each of theGk,l, they are also critical points of their product. In
Case 3, takingg as a degenerate ellipse – indeed, circle – with focus atg, the
propositions likewise extend; in this case,θ = ±i, soθ + θ−1 = 0, and the sole
critical point of(z − vj)(z − vj+k) is (vj + vj+k)/2 = g.

In Cases 1 and 2, it should be noted that the Steiner inellipse is a circle iff the
Steiner inellipse ofG itself is a circle – i.e.,G is similar toG(ζ). It should also
be noted that the vertex polynomials of the holomorphs ofG are equal tofG itself;
hence they have the same critical points. Suppose thatG is not similar toG(ζ). If
n is odd,G has(n − 1)/2 holomorphs, each with a noncircular Steiner inellipse
and hence two distinct Steiner foci; these account for then − 1 critical points of
fG. If n is even,G has(n − 2)/2 holomorphs in Cases 1 and 2, each with two
distinct Steiner foci, and in addition the Case 3 holomorph, providing one more
Steiner focus; again, these account forn − 1 critical points offG. On the other
hand, ifG is similar toG(ζ), thenfG = (z − g)n − rn for some realr; the Steiner
foci of the holomorphs ofG collapse together, andfG has an(n − 1)-fold critical
point atg. We have proven the following.

Theorem 7. If G is a Steiner n-gon, the critical points of fG are the foci of the
Steiner inellipses of the holomorphs of G, counted with multiplicities if G is regular.
They are collinear, lying at the points g + (2 cos kπ/n)xy, as k ranges from 0 to
n − 1.

(For the last statement, note thatcos(n − k)π/n = − cos kπ/n.)
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On Two Remarkable Lines Related to a Quadrilateral

Alexei Myakishev

Abstract. We study the Euler line of an arbitrary quadrilateral and the Nagel
line of a circumscriptible quadrilateral.

1. Introduction

Among the various lines related to a triangle the most popular are Euler and
Nagel lines. Recall that the Euler line contains the orthocenterH, the centroidG,
the circumcenterO and the nine-point centerE, so thatHE : EG : GO = 3 : 1 :
2. On the other hand, the Nagel line contains the Nagel pointN , the centroidM ,
the incenterI and Spieker pointS (which is the centroid of the perimeter of the
triangle) so thatNS : SG : GI = 3 : 1 : 2. The aim of this paper is to find some
analogies of these lines for quadrilaterals.

It is well known that in a triangle, the following two notions of centroids coin-
cide:
(i) the barycenter of the system of unit masses at the vertices,
(ii) the center of mass of the boundary and interior of the triangle.

A B

C

D

GaGb

Gc
Gd

G

Figure 1.

But for quadrilaterals these are not necessarily the same. We shall show in this
note, that to get some fruitful analogies for quadrilateral it is useful to consider
the centroidG of quadrilateral as a whole figure. For a quadrilateralABCD, this
centroidG can be determined as follows. LetGa, Gb, Gc, Gd be the centroids of
trianglesBCD, ACD, ABD, ABC respectively. The centroidG is the intersec-
tion of the linesGaGc andGbGd:

G = GaGc ∩ GbGd.

See Figure 1.
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2. The Euler line of a quadrilateral

Given a quadrilateralABCD, denote byOa andHa the circumcenter and the
orthocenter respectively of triangleBCD, and similarly,Ob, Hb for triangleACD,
Oc, Hc for triangleABD, andOd, Hd for triangleABC. Let

O =OaOc ∩ ObOd,

H =HaHc ∩ HbHd.

A B

C

D

GaGb

Gc

Gd

G

Oa

Ob
Oc

Od

O

Ha

Hb

Hc
Hd

H

Figure 2

We shall callO the quasicircumcenter andH the quasiorthocenter of the quadri-
lateralABCD. Clearly, the quasicircumcenterO is the intersection of perpendic-
ular bisectors of the diagonals ofABCD. Therefore, if the quadrilateral is cyclic,
thenO is the center of its circumcircle. Figure 2 shows the three associated quadri-
lateralsGaGbGcGd, OaObOcOd, andHaHbHcHd.
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The following theorem was discovered by Jaroslav Ganin, (see [2]), and the idea
of the proof was due to Franc¸ois Rideau [3].

Theorem 1. In any arbitrary quadrilateral the quasiorthocenter H , the centroid
G, and the quasicircumcenter O are collinear. Furthermore, OH : HG = 3 : −2.

Proof. Consider three affine mapsfG, fO andfH transforming the triangleABC
onto triangleGaGbGc, OaObOc, andHaHbHc respectively.

In the affine plane, writeD = xA + yB + zC with x + y + z = 1.
(i) Note that

fG(D) =fG(xA + yB + zC)
=xGa + yGb + zGc

=
1
3
(x(B + C + D) + y(A + C + D) + z(A + B + D))

=
1
3
((y + z)A + (z + x)B + (x + y)C + (x + y + z)D)

=
1
3
((y + z)A + (z + x)B + (x + y)C + (xA + yB + zC))

=
1
3
(x + y + z)(A + B + C)

=Gd.

(ii) It is obvious that trianglesABC andOaObOc are orthologic with centersD
andOd. See Figure 3. From Theorem 1 of [1],fO(D) = Od.

A B

C

D

Oa

Ob
Oc

Od

Figure 3

(iii) Since Ha dividesOaGa in the ratioOaHa : HaGa = 3 : −2, and sim-
ilarly for Hb andHc, for Q = A, B, C, the pointfH(Q) divides the segment
fO(Q)fG(Q) into the ratio3 : −2. It follows that forevery point Q in the plane
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of ABC, fH(Q) dividesfO(Q)fG(Q) in the same ratio. In particular,fH(D) di-
videsfO(D)fG(D), namely,OdGd, in the ratio3 : −2. This is clearlyHd. We
have shown thatfH(D) = Hd.

(iv) Let Q = AC ∩ BD. Applying the affine maps we have

fG(Q) =GaGc ∩ GbGd = G,

fO(Q) =OaOc ∩ ObOd = O,

fH(Q) =HaHc ∩ HbHd = H.

From this we conclude thatH dividesOG in the ratio3 : −2. �

Theorem 1 enables one to define theEuler line of a quadrilateralABCD as
the line containing the centroid, the quasicircumcenter, and the quasiorthocenter.
This line contains also the quasininepoint centerE defined as follows. LetEa,
Eb, Ec, Ed be the nine-point centers of the trianglesBCD, ACD, ABD, ABC
respectively. We define the quasininepoint center to be the pointE = EaEc ∩
EbEd. The following theorem can be proved in a way similar to Theorem 1 above.

Theorem 2. E is the midpoint of OH .

3. The Nagel line of a circumscriptible quadrilateral

A quadrilateral is circumscriptible if it has an incircle. LetABCD be a circum-
scriptible quadrilateral with incenterI. LetT1, T2, T3, T4 be the points of tangency
of the incircle with the sidesAB, BC, CD andDA respectively. LetN1 be the
isotomic conjugate ofT1 with respect to the segmentAB. Similarly defineN2,
N3, N4 in the same way. We shall refer to the pointN := N1N3 ∩ N2N4 as the
Nagel point of the circumscriptible quadrilateral. Note that both lines divide the
perimeter of the quadrilateral into two equal parts.

I

A

B

CD

T1

T2

T3

T4

N1

N2

N3

N4
N

Figure 4.
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In Theorem 6 below we shall show thatN lies on the line joiningI andG. In
what follows we shall write

P = (x · A, y · B, z · C, w · D)

to mean thatP is the barycenter of a system of massesx atA, y atB, z atC, andw
atD. Clearly,x, y, z, w can be replaced bykx, ky, kz, kw for nonzerok without
changing the pointP . In Figure 4, assume thatAT1 = AT4 = p, BT2 = BT1 = q,
CT3 = CT2 = r, andDT4 = DT3 = t. Then by putting massesp at A, q atB, r
atC, andt atD, we see that
(i) N1 = (p · A, q · B, 0 · C, 0 · D),
(ii) N3 = (0·A, 0·B, r·C, t·D), so that the barycenterN = (p·A, q·B, r·C, t·D)
is on the lineN1N3. Similarly, it is also on the lineN2N4 since
(iii) N2 = (0 · A, q · B, r · C, 0 · D), and
(iv) N4 = (p · A, 0 · B, 0 · C, t · D).

Therefore, we have established the first of the following three lemmas.

Lemma 3. N = (p · A, q · B, r · C, t · D).

Lemma 4. I = ((q + t)A, (p + r)B, (q + t)C, (p + r)D).

I

A

B

CD

T1

T2

T3

T4

E

t r

a

b

q

p

r

t

p
q

Figure 5.

Proof. Suppose the circumscriptible quadrilateralABCD has a pair of non-parallel
sidesAD and BC, which intersect atE. (If not, thenABCD is a rhombus,
p = q = r = s, andI = G; the result is trivial). Leta = EB andb = EA.
(i) As the incenter of triangleEDC, I = ((t + r)E, (a+ q + r)D, (b+ p + t)C).
(ii) As an excenter of triangleABE, I = ((p + q)E, −a · A, −b · B).

Note thatEC
EB = a+q+r

a andED
EA = b+p+t

b , so that the system(p+ q + r + t)E is
equivalent to the system((a+ q + r)B, −a ·C, (b+ p+ t)A, −b ·D). Therefore,

I = ((−a+b+p+t)A, (−b+a+q+r)B, (−a+b+p+t)C, (−b+a+q+r)D).

Sinceb + p = a + q, the result follows. �
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Lemma 5. G = ((p + q + t)A, (p + q + r)B, (q + r + t)C, (p + r + t)D).

I

A

B

CD

T1

T2

T3

T4

P

rt

q

p

r

t

p

q

Figure 6.

Proof. Denote the point of intersection of the diagonals byP . Note thatAP
CP = p

r

and BP
DP = q

t . Actually, according to one corollary of Brianchon’s theorem, the
linesT1T3 andT2T4 also pass throughP . For another proof, see [4, pp.156–157].
Hence,

P =
(

1
p
· A,

1
q
· B,

1
r
· C,

1
t
· D

)
.

Consequently,P =
(

1
q · B, 1

t · D
)

and alsoP =
(

1
p · A, 1

r · C
)

.

The quadrilateralGaGbGcGd is homothetic toABCD, with homothetic center
M = (1 ·A, 1 ·B, 1 ·C, 1 ·D) and ratio−1

3 . Thus,GaG
GcG = AP

CP = p
r and GbG

GdG =
BP
DP = q

t . It follows thatG = (r ·Ga, p ·Gc) = (p ·A, (r + p)B, r ·C, (r + p)D)
andG = (t · Gb, q · Gd) = ((q + t)A, q · B, (q + t)C, t · D). To conclude the
proof, it is enough to add up the corresponding masses. �

The following theorem follows easily from Lemmas 3, 4, 5.

Theorem 6. For a circumscriptible quadrilateral, the Nagel point N , centroid G
and incenter I are collinear. Furthermore, NG : GI = 2 : 1.

See Figure 7.
Theorem 6 enables us to define the Nagel line of a circumscriptible quadrilateral.

This line also contains the Spieker point of the quadrilateral, by which we mean
the center of massS of the perimeter of the quadrilateral, without assuming an
incircle.
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I

A

B

CD

T1

T2

T3

T4

N1

N2

N3

N4
N

Ga

Gb

Gc Gd

G

Figure 7.

Theorem 7. For a circumscriptible quadrilateral, the Spieker point is the midpoint
of the incenter and the Nagel point.

Proof. With reference to Figure 6, each side of the circumscriptible quadrilateral
is equivalent to a mass equal to its length located at each of its two vertices. Thus,

S = ((2p + q + t)A, (p + 2q + r)B, (q + 2r + t)C, (p + r + 2t)D).

Splitting into two systems of equal total masses, we have

N =(2pA, 2qB, 2rC, 2tD),

I =((q + t)A, (p + r)B, (q + t)C, ((p + r)D).

From this the result is clear. �
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Intersecting Circles and their Inner Tangent Circle

Max M. Tran

Abstract. We derive the general equation for the radius of the inner tangent
circle that is associated with three pairwise intersecting circles. We then look at
three special cases of the equation.

It seems to the author that there should be one equation that gives the radius of
the inner tangent circle inscribed in a triangular region bounded by either straight
lines or circular arcs. As a step toward this goal of a single equation, consider
three circlesCA, CB and CC with radii α, β, γ respectively. CA intersectsCB at
an angleθ. CB intersectsCC at an angleρ. And CC intersectsCA at an angleφ,
with 0 � θ, ρ, φ � π. We seek the radius of the circleC, tangent externally to
each of the given circles. See Figure 1. If the three intersecting cirlces were just
touching instead, the inner tangent circle would be the inner Soddy circle. See [1].
The points of tangency of the inner tangent circle form the vertices of an inscribed
triangle. We set up a coordinate system with the origin at the center ofC. See
Figure 1.

Let the points of tangencyA, B, C be represented by complex numbers of
moduli R, the radius ofC. With these labels, the triangleABC and the inscribed
triangle is one and the same. Letting the lengths of the sidesBC, CA, AB bea, b,
c respectively, then

‖ A − B ‖= c and 〈A,B〉 = R2 − c2

2
. (1)

Corresponding relations hold for the pairsB,C andC,A. With the above coordi-
nate system, the centers of the circlesCA, CB , CC are respectivelyR+α

R A, R+β
R B,

R+γ
R C.
The circlesCA andCB intersect at angleθ if and only if∥∥∥∥R + α

R
A − R + β

R
B

∥∥∥∥ = α2 + β2 + 2αβ cos θ.

By an application of (1) and the use of a half angle formula, the above can be
shown to be equivalent to

c2 =
4R2αβ cos2 θ

2

(R + α)(R + β)
.
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A

B

C

θ

φ

ρ

CA

CB

CC

Figure 1

Thus the three circlesCA, CB , CC intersect each other at the given angles if and
only if

a2 =
4R2βγ cos2 ρ

2

(R + β)(R + γ)
,

b2 =
4R2αγ cos2 φ

2

(R + α)(R + γ)
, (2)

c2 =
4R2αβ cos2 θ

2

(R + α)(R + β)
.

These equations are then used to solve forR in terms ofα, β, γ, θ, φ andρ. In
the first step of this process, we multiply the equations in (2) and take square root
to obtain

abc =
8αβγR3 cos θ

2 cos φ
2 cos ρ

2

(R + α)(R + β)(R + γ)
. (3)
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Using (3) and (2) we obtain,

α

R + α
=

bc cos ρ
2

2Ra cos θ
2 cos φ

2

,

β

R + β
=

ac cos φ
2

2Rb cos θ
2 cos ρ

2

, (4)

γ

R + γ
=

ab cos θ
2

2Rc cos ρ
2 cos φ

2

.

The area,�, of the inscribed triangleABC is given by

� =
abc

4R
. (5)

Consequently, equations (4) and (5) lead to

a2 =
(R + α)� cos ρ

2

α cos θ
2 cos φ

2

,

b2 =
(R + β)� cos φ

2

β cos θ
2 cos ρ

2

, (6)

c2 =
(R + γ)� cos θ

2

γ cos ρ
2 cos φ

2

.

Now, Heron’s formula for the triangleABC can be written in the form

16�2 = 2a2b2 + 2b2c2 + 2a2c2 − a4 − b4 − c4.

Using the above equation together with equations (6) will enable us to get an
equation forR in terms of the parameters of the intersecting circles. This process
involves substituting the value ofa2, b2, c2 into Heron’s formula, dividing by�2,
and performing a lengthy algebraic manipulation to yield the equation:

0 =
1

R2

[
4 cos2

θ

2
cos2

ρ

2
cos2

φ

2
+ cos4

φ

2
+ cos4

ρ

2
+ cos4

θ

2

−2 cos2
θ

2
cos2

φ

2
− 2 cos2

θ

2
cos2

ρ

2
− 2 cos2

φ

2
cos2

ρ

2

]

− 1
R

[
2 cos2 ρ

2

α
(cos2

θ

2
+ cos2

φ

2
− cos2

ρ

2
)

+
2 cos2 φ

2

β
(cos2

θ

2
+ cos2

ρ

2
− cos2

φ

2
)

+
2 cos2 θ

2

γ
(cos2

φ

2
+ cos2

ρ

2
− cos2

θ

2
)

]

+
cos4 ρ

2

α2
+

cos4 φ
2

β2
+

cos4 θ
2

γ2

− 2 cos2 θ
2 cos2 φ

2

βγ
− 2 cos2 θ

2 cos2 ρ
2

αγ
− 2 cos2 φ

2 cos2 ρ
2

αβ
.

(7)
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Although the equation can be formal solved in general, it is rather unwieldy. Let
us consider some special cases.

When the three circlesCA, CB andCC are mutually tangent,θ, ρ andφ equals
zero, thus giving the equation:

0 =
1

R2
− 2

R

[
1
α

+
1
β

+
1
γ

]
+

1
α2

+
1
β2

+
1
γ2

− 2
αβ

− 2
βγ

− 2
αγ

.

Solving for 1
R gives the standard Descartes formula for the Inner Soddy circle.

See [2].
WhenCC is a line tangent toCA andCB , we haveβ = ∞ andθ = ρ = 0, and

equation (7) becomes

0 =
1

R2

[
cos4

φ

2

]
− 2 cos2 φ

2

R

[
1
α

+
1
γ

]
+

[
1
α
− 1

γ

]2

.

Solving for 1/R, and using the fact that1
R > 1

α and 1
R > 1

γ , gives the equation

1
R

=
1

cos2 φ
2

[
1
α

+
1
γ

+ 2
√

1
αγ

]
.

When the circlesCA andCC are lines that intersect at an angleφ > 0 and are
both tangent to the circleCB , we get a cone and equation (7) becomes

0 =
1

R2

[
cos4

φ

2

]
− 2 cos2 φ

2

γR

[
2 − cos2

φ

2

]
+

[
cos2 φ

2

γ

]2

.

After solving for 1/R, using some trigonometric identities and the fact that1
R > 1

γ ,
we get the equation

1
R

=
2
γ

[
1 + sin φ

2

1 − sin φ
2

]2

,

the same as obtained from working with the cone directly.
Unfortunately, equation (7) no longer gives any useful result when all three cir-

cles,CA, CB andCC , becomes lines. The inner tangent circle in this case is just the
inscribed circle in the triangle.
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Two Brahmagupta Problems

K. R. S. Sastry

Abstract. D. E. Smith reproduces two problems from Brahmagupta’s work Ku-
takhādyaka (algebra) in hisHistory of Mathematics, Volume 1. One of them
involves a broken tree and the other a mountain journey. Normally such objects
are represented by vertical line segments. However, it is every day experience
that such objects need not be vertical. In this paper, we generalize these situations
to include slanted positions and provide integer solutions to these problems.

1. Introduction

School textbooks on geometry and trigonometry contain problems about trees,
poles, buildings, hills etc. to be solved using the Pythagorean theorem or trigono-
metric ratios. The assumption is that such objects are vertical. However, trees
grow not only vertically (and tall offering a magestic look) but also assume slanted
positions (thereby offering an elegant look). Buildings too need not be vertical in
structure, for example the leaning tower of Pisa. Also, a distant planar view of a
mountain is more like a scalene triangle than a right one. In this paper we regard
the angles formed in such situations as having rational cosines. We solve the fol-
lowing Brahmagupta problems from [5] in the context of rational cosines triangles.
In [4] these problems have been given Pythagorean solutions.

Problem 1. A bamboo18 cubits high was broken by the wind. Its tip touched
the ground6 cubits from the root. Tell the lengths of the segments of the bamboo.

Problem 2. On the top of a certain hill live two ascetics. One of them being
a wizard travels through the air. Springing from the summit of the mountain he
ascends to a certain elevation and proceeds by an oblique descent diagonally to
neighboring town. The other walking down the hill goes by land to the same town.
Their journeys are equal. I desire to know the distance of the town from the hill
and how high the wizard rose.

We omit the numerical data given in Problem 1 to extend it to an indeterminate
one like the second so that an infinity of integer solutions can be found.

Publication Date: December 4, 2006. Communicating Editor: Paul Yiu.
The author thanks the referee for his suggestions.
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2. Background material

An angleθ is a rational cosine angle ifcos θ is rational. If bothcos θ andsin θ
are rational, thenθ is called a Heron angle. If the angles of a triangle are rational
cosine (respectively Heron) angles, then the sides are rational in proportion, and
they can be rendered integers, by after multiplication by the lcm of the denomi-
nators. Thus, in effect, we deal with triangles of integer sides. Given a rational
cosine (respectively Heron) angleθ, it is possible to determine the infinite family
of integer triangles (respectively Heron triangles) in which each member triangle
containsθ. Our discussion depends on such families of triangles, and we give the
following description.

2.1. Integer triangle family containing a given rational cosine angle θ. Letcos θ =
λ be a rational number. Whenθ is obtuse,λ is negative. Our discussion requires
that0 < θ < π

2 so we must have0 < λ < 1. Let ABC be a member triangle in
which∠BAC = θ. Let ∠ABC = φ as shown in Figure 1.

a

bc

A

B C

φ

θ

Figure 1

Applying the law of cosines to triangleABC we havea2 = b2 + c2 − 2bcλ, or

(c − a)(c + a) = b(2λc − b).

By the triangle inequalityc − a < b so that

1 >
c − a

b
=

2λc − b

c + a
=

v

u
,

say, withgcd(u, v) = 1. We then solve the resulting simultaneous equations

c − a =
v

u
a, c + a =

u

v
(2λc − b)

for a, b, c in proportional values:

a

u2 − 2λuv + v2
=

b

2(λu − v)
=

c

u2 − v2
.

We replaceλ by a rational numbernm , 0 < n
m < 1, and obtain a parametrization of

triangles in theθ = arccos n
m family:

(a, b, c) = (m(u2 + v2) − 2nuv, 2u(nu − mv), m(u2 − v2)),
u

v
>

m

n
. (†)
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It is routine to check that

φ = arccos
mc − nb

ma
,

and thatcos A = n
m independently of the parametersu, v of the family described

in (†) above. Here are two particular integer triangle families.
(1) Theπ

3 integer family is given by(†) with n = 1, m = 2:

(a, b, c) = (u2 − uv + v2, u(u − 2v), u2 − v2), u > 2v, gcd(u, v) = 1. (1)

It is common practice to list primitive solutions except under special circumstances.
In (1) we have removedgcd(a, b, c) = 2.

(2) Whenθ is a Heron angle,i.e., cos θ = p2−q2

p2+q2 for integersp, q with gcd(p, q) =
1, (†) describes a Heron triangle family. For example, withp = 2, q = 1, we have
cos θ = 3

5 . Now with n = 3, m = 5, (†) yields

(a, b, c) = (5u2 − 6uv + 5v2, 2u(3u − 5v), 5(u2 − v2)), gcd(u, v) = 1. (2)

This has area� = 1
2bc sin θ = 2

5bc. We may putu = 3, v = 1 to obtain the
specific Heron triangle(a, b, c) = (4, 3, 5) that is Pythagorean. On the other hand,
u = 4, v = 1 yields the non-Pythagorean triangle(a, b, c) = (61, 56, 75) with area
� = 1680.

3. Generalization of the first problem

3.1. Restatement. Throughout this discussion an integer tree is one with the fol-
lowing properties.
(i) It has an integer lengthAB = c.
(ii) It makes a rational cosine angleφ with the horizontal.
(iii) When the wind breaks it at a pointD the broken partAD = d and the unbro-
ken partBD = e both have integer lengths.
(iv) The topA of the tree touches the ground atC at an integer lengthBC = a.
All the triangles in the configuration so formed have integer sidelengths. See Fig-
ure 2.

a

b

d

e

d

A

B C

φ

θ

D

E

Figure 2

We note from triangleBDC, BD + DC > BC, i.e., AB > BC. When
AB = BC the entire tree falls to the ground. Furthermore, whenθ (and therefore



304 K.R. S. Sastry

φ) is a Heron angle,AB is a Heron tree and Figure 2 represents a Heron triangle
configuration.

In the original Problem 1,c = 18, a = 6 andφ is implicitly given (or assumed)
to be π

2 . In other words, these elements uniquely determine triangleABC. Then
the breaking pointD onAB can be located as the intersection ofED, the perpen-
dicular bisector ofAC. Moreover, the present restatement of Problem 1,i.e., the
determination of the configuration of Figure 2, gives us an option to use eitherφ or
θ as the rational cosine angle to determine triangleABC and hence the various in-
teger lengthsa, b, . . . ,e. We achieve this goal with the help of(†). Before dealing
with the general solution of Problem 1, we consider some interesting examples.

3.2. Examples.

3.2.1. If heavy winds break an integer treeAB at D so that the resulting config-
uration is an isosceles triangle withAB = AC, then the length of the broken part
is the cube of an integer.

a

bd

e
d

A

B C

φ

θ

D

E

Figure 3

Proof. SupposeAB = AC = � andBC = m to begin with. From Figure 3,
it follows that � > m, cos θ = 2
2−m2

2
2
, cos φ = m

2
 , AD = 

2 cos θ = 
3

2
2−m2 ,

BD = � − 
3

2
2−m2 = 
(
2−m2)
2
2−m2 . to obtain integer values we multiply each by

2�2 − m2. In the notation of Figure 2, the solution is given by
(i) c = the length of the tree= �(2�2 − m2);
(ii) d = the broken part= �3, an integer cube;
(iii) e = the unbroken part =�(�2 − m2);
(iv) a = the distance between the foot and top of the tree= m(2�2 − m2);
(v) φ = the inclination of the tree with the ground= arccos m

2
 . �

In particular, if� = p2 + q2, andm = 2(p2 − q2) for (
√

2 + 1)q > p > q, then
AB becomes a Heron tree broken by the wind. These yield
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c = b =2(p2 + q2)(2pq + p2 − q2)(2pq − p2 + q2),

d =(p2 + q2)3,

e =(p2 + q2)(−p2 + 3q2)(3p2 − q2),

a =4(p2 − q2)(2pq + p2 − q2)(2pq − p2 + q2).

For a numerical example, we putp = 3, q = 2. This gives a Heron tree of length
3094 broken by the wind intod = 2197 = 133 (an integer cube), ande = 897 to
come down ata = 2380. The angle of inclination of the tree with the horizontal is
φ = arccos 5

13 .
We leave the details of the following two examples to the reader as an exercise.

3.2.2. If the wind breaks an integer treeAB atD in such a way thatAC = BC,
then both the lengths of the tree and the broken part are perfect squares.

3.2.3. If the wind breaks an integer treeAB atD in such a way thatAD = DC =
BC, then the common length is a perfect square.

4. General solution of Problem 1

Ideally, the general solution of Problem 1 involves the use of integral triangles
given by (†). For simplicity we first consider a special case of (†) in which θ = π

3 .
The solution in this case is elegant. Then we simply state the general solution
leaving the details to the reader.

4.1. A particular case of Problem 1. An integral treeAB is broken by the wind
at D. The broken partDA comes down so that the topA of the tree touches the
ground atC. If ∠DAC = π

3 , determine parametric expressions for the various
elements of the configuration formed.

a

b

d

e d

A

B C

φ

π
3

D E

2
3
π

c

Figure 4

We refer to Figure 4. Since∠DAC = π
3 , triangle ADC is equilateral and

d = b = DC. From (1), we have
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a =u2 − uv + v2,

d = b =u(u − 2v),

c =u2 − v2,

e =c − d = v(2u − v),

φ = arccos
2c − b

2a
= arccos

u2 + 2uv − 2v2

2(u2 − uv + v2)
, u > 2v.

For a specific numerical example, we takeu = 5, v = 2, and obtain a tree of
lengthc = 21, broken intod = b = 5, e = 16 anda = 19, inclined at an angle
φ = arccos 37

38 .

Remark. No tree in theπ
3 family can be Heron becausesin π

3 =
√

3
2 is irrational.

Note also that in Figure 4,∠BDC = 2
3π. Hence the family of triangles

(a, b, e) = (u2 − uv + v2, u(u − 2v), v(2u − v))

contains the angle23π in each member. For example, withu = 5, v = 2, we have
(a, b, c) = (19, 5, 16); cos A = −1

2 and∠A = 2
3π.

4.2. General solution of Problem 1. Let cos θ = n
m . The corresponding integral

trees have
(i) lengthc = mn(u2 − v2),
(ii) broken partd = mu(nu − mv),
(iii) unbroken parte = mv(mu − nv),
(iv) distance between the foot and the top of the tree on the ground

a = n(m(u2 + v2) − 2nuv),

and
(v) the angle of inclination with the groundφ where

cos φ =
(m2 − 2n2)u2 + 2mnuv − m2v2

ma
. (3)

Remark. The solution in (3) yields the solution of the Heron tree problem broken
by the wind whenθ is a Heron angle,i.e., whencos θ = p2−q2

p2+q2 . Here is a numerical

example. Supposep = 2, q = 1. Thencos θ = 3
5 , i.e., n = 3, m = 5. To break a

specific Heron tree of this family, we putu = 4, v = 1. Then we find thatc = 225,
d = 140, e = 85, a = 183, and the angle of inclinationφ = arccos 207

305 , a Heron
angle.

5. The second problem

Brahmagupta’s second problem does not need any restatement. It is an indeter-
minate one in its original form.

An integral mountain is one whose planar view is an integral triangle. If the
angles of this integral triangle are Heron angles, then the plain view becomes a
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heron triangle. In such a case we have a Heron mountain. One interesting feature of
the second problem is the pair of integral triangles that we are required to generate
for its solution. Furthermore, it creates an amusing situation as we shall soon see –
in a sense there is more wizardry!

b1 b2 − b1

c1

c2 − c1

a2

a1

A1 = A2 C1 C2

B2

B1

Figure 5

Figure 5 shows an integral mountainA1B1C1. At B1 live two ascetics. The
wizard of them flies toB2 along the direction ofA1B1, and then reaches the town
C2. The other one walks along the pathB1C1C2. The hypothesis of the problem
is B1B2 + B2C2 = B1C1 + C1C2, i.e.,

c2 + a2 − b2 = c1 + a1 − b1. (4)

Hence the solution to Problem 2 lies in generating a pair of integral triangles
A1B1C1 andA2B2C2, with
(i) A2 = A1,
(ii) ∠B1A1C1 = ∠B2A2C2,
(iii) c2 + a2 − b2 = c1 + a1 − b1. As the referee pointed out, together the two
conditions above imply that trianglesA1B1C1andA2B2C2 have a common excir-
cle opposite to the verticesC1, C2. Furthermore, we need integral answers to the
questions
(i) the distance between the hill and the townC1C2 = b2 − b1,
(ii) the height the wizard rose,i.e., the altitudec2 sin A1 throughB2 of triangle
A2B2C2.

Now, if c2 sin A1 is to be an integer, thensin A1 should necessarily be rational.
Therefore the integral mountain must be a Heron mountain. We may now put
cos θ = p2−q2

p2+q2 , i.e., n = p2−q2, m = p2 +q2 in (†) to find the answers. As it turns
out, the solution would not be elegant. Instead, we use the following description of
the family of Heron triangles, each member triangle containingθ. This description
has previously appeared in this journal [4] so we simply state the description.
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Let cos A = p2−q2

p2+q2 . The Heron triangle family determining the common angle
A is given by

(a, b, c) =(pq(u2 + v2), (pu − qv)(qu + pv), (p2 + q2)uv),

(u, v) = (p, q) = 1, p ≥ 1 andpu > qv. (5)

In particular, we note that
(i) p = q ⇒ A = π

2 and(a, b, c) = (u2 + v2, u2 − v2, 2uv), and
(ii) (p, q) = (u, v) ⇒ (a, b, c) = (u2 + v2, 2(u2 − v2), u2 + v2)
are respectively the Pythagorean triangle family and the isoceles Heron triangle
family.

5.1. The solution of Problem 2. We continue to refer to Figure 5. Since∠B1A1C1 =
∠B2A2C2, p andq remain the same in (5). This gives

(a1, b1, c1) =(pq(u2
1 + v2

1), (pu1 − qv1)(qu1 + pv1), (p2 + q2)u1v1),

(a2, b2, c2) =(pq(u2
2 + v2

2), (pu2 − qv2)(qu2 + pv2), (p2 + q2)u2v2).

Next,c2 + a2 − b2 = c1 + a1 − b1 simplifies to

v2(qu2 + pv2) = v1(qu1 + pv1) = λ, a constant. (6)

For givenp, q, there are four variablesu1, v1, u2, v2, and they generate an
infinity of solutions satisfying the equation (6). We now obtain two particular,
numerical solutions.

5.2. Numerical examples. (1) We putp = 2, q = 1, u1 = 3, v1 = 2 in (6). This
givesv2(u2+2v2) = 14 = λ. It is easy to verify thatu2 = 12, v2 = 1 is a solution.
Hence we have

(a1, b1, c1) = (13, 14, 15) and (a2, b2, c2) = (145, 161, 30).

Note thatgcd(aibi, ci) = 2, i = 1, 2, has been divided out. It is easy to verify that
ci + ai − bi = 14, i = 1, 2. The answers to the questions are
(i) the distance between the hill and th twon,b2 − b1 = 147.
(ii) The wizard rose to a heightc2 sin A1 = 30 × 4

5 = 24.
In fact it is possible to give as many solutions(ai, bi, ci) to (6) as we wish: we

have just to take sufficiently large values forλ. This creates an amusing situation
as we see below.

(2) Supposeλ = 2 × 3 × 5 × 7 = 210. Then (6) becomesvi(ui + 2vi) = 210.
The indexing of the six solutions below is unconventional in the interest of Figure
6.
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i vi ui ai bi ci

6 1 208 43265 43575 520
5 2 101 10205 10500 505
4 3 64 4105 4375 480
3 5 32 1049 1239 400
2 6 23 565 700 345
1 7 16 305 375 280

It is easy to check that for all six Heron trianglesci + ai − bi = 210, i =
1, 2, . . . , 6. From this we deduce that
(i) BiCi + CiCi+1 = BiBi+1 + Bi+1Ci+1 and
(ii) BiCi + CiCj = BiBj + BjCj, i, j = 1, 2, 3, 4, 5, j > i.

In other words, the two ascetics may choose to live at any of the placesB1, B2,
B3, B4, B5. Then they may choose to reach any next townC2, C3, C4, C5, C6.
See Figure 6.

305

565
1049

4105
10205

43265

A1 C1

(375)

C2

(700)

C3

(1239)

C4

(4375)

C5

(10500)

C6

(43575)

(520)B6

(505)B5

(480)B4

(400)B3

(345)B2

(280)B1

Figure 6

Another famous problem, ladders leaning against vertical walls, has been solved
in the context of Heron triangles in [2].
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Square Wreaths Around Hexagons

Floor van Lamoen

Abstract. We investigate the figures that arise when squares are attached to a
triple of non-adjacent sides of a hexagon, and this procedure is repeated with
alternating choice of the non-adjacent sides. As a special case we investigate the
figure that starts with a triangle.

1. Square wreaths around hexagons

Consider a hexagonH1 = H1,1H2,1H3,1H4,1H5,1H6,1 with counterclockwise
orientation. We attach squares externally on the sidesH1,1H2,1, H3,1H4,1 and
H5,1H6,1, to form a new hexagonH2 = H1,2H2,2H3,2H4,2H5,2H6,2. Following
Nottrot, [8], we say we have made the firstsquare wreath aroundH1. Then we
attach externally squares to the sidesH6,2H1,2, H2,2H3,2 andH4,2H5,2, to get a
third hexagonH3, creating the second square wreath. We may repeat this operation
to find a sequence of hexagonsHn = H1,nH2,nH3,nH4,nH5,nH6,n and square
wreaths. See Figure 1.

H1,1

H2,1

H3,1H4,1
H5,1

H6,1

H1,2

H2,2

H3,2
H4,2

H5,2

H6,2

H1,3

H2,3

H3,3

H4,3

H5,3

H6,3

Figure 1

We introduce complex number coordinates, and abuse notations by identifying
a point with its affix. Thus, we shall also regardHm,n as a complex number, the
first subscriptm taken modulo6.
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Assuming a standard orientation of the given hexagonH1 in the complex plane,
we easily determine the vertices of the hexagons in the above iterations.

If n is even, thenH1,nH2,n,H3,nH4,n andH5,nH6,n are the opposite sides of the
squares erected onH1,n−1H2,n−1, H3,n−1H4,n−1 andH5,n−1H6,n−1 respectively.
This means, fork = 1, 2, 3,

H2k−1,n =H2k−1,n−1 − i(H2k,n−1 −H2k−1,n−1)

=(1 + i)H2k−1,n−1 − i ·H2k,n−1, (1)

H2k,n =H2k,n−1 + i(H2k−1,n−1 −H2k,n−1)

=i ·H2k−1,n−1 + (1 − i)H2k,n−1. (2)

If n is odd, thenH2,nH3,n, H4,nH5,n, H6,nH1,n are the opposite sides of the
squares erected onH2,n−1H3,n−1, H4,n−1H5,n−1 andH6,n−1H1,n−1 respectively.
This means, fork = 1, 2, 3, reading first subscripts modulo6, we have

H2k,n =H2k,n−1 − i(H2k+1,n−1 −H2k,n−1)

=(1 + i)H2k,n−1 − i ·H2k+1,n−1, (3)

H2k+1,n =H2k+1,n−1 + i(H2k,n−1 −H2k+1,n−1)

=i ·H2k,n−1 + (1 − i)H2k+1,n−1. (4)

The above recurrence relations (1, 2, 3, 4) may be combined into

H2k,n =(1 + (−1)ni)H2k,n−1 + (−1)ni ·H2k+(−1)n+1,n−1,

H2k+1,n =(1 + (−1)ni)H2k+1,n−1 + (−1)n+1i ·H2k+1+(−1)n,n−1,

or even more succintly,

Hm,n = (1 + (−1)ni)Hm,n−1 + (−1)m+ni ·Hm+(−1)m+n+1,n−1.

Proposition 1. Triangles H1,nH3,nH5,n and H1,n−2H3,n−2H5,n−2 have the same
centroid, so do triangles H2,nH4,nH6,n and H2,n−2H4,n−2H6,n−2.

Proof. Applying the relations (1, 2, 3, 4) twice, we have

H1,n = − (1 − i)H6,n−2 + 2H1,n−2 + (1 − i)H2,n−2 −H3,n−2,

H3,n = − (1 − i)H2,n−2 + 2H3,n−2 + (1 − i)H4,n−2 −H5,n−2,

H5,n = − (1 − i)H4,n−2 + 2H5,n−2 + (1 − i)H6,n−2 −H1,n−2.

The triangleH1,nH3,nH5,n has centroid

1
3

(H1,n +H3,n +H5,n) =
1
3

(H1,n−2 +H3,n−2 +H5,n−2) ,

which is the centroid of triangleH1,n−2H3,n−2H5,n−2. The proof for the other
pair is similar. �
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Theorem 2. For each m = 1, 2, 3, 4, 5, 6, the sequence of vertices Hm,n satisfies
the recurrence relation

Hm,n = 6Hm,n−2 − 6Hm,n−4 +Hm,n−6. (5)

Proof. By using the recurrence relations (1, 2, 3, 4), we have

H1,2 =(1 + i)H1,1 − iH2,1,

H1,3 =2H1,1 − (1 + i)H2,1 −H5,1 + (1 + i)H6,1,

H1,4 =3(1 + i)H1,1 − 4iH2,1 − (1 + i)H3,1 + iH4,1 − (1 + i)H5,1 + 2iH6,1,

H1,5 =8H1,1 − 5(1 + i)H2,1 −H3,1 − 6H5,1 + 5(1 + i)H6,1,

H1,6 =13(1 + i)H1,1 − 18iH2,1 − 6(1 + i)H3,1 + 6iH4,1 − 6(1 + i)H5,1 + 11iH6,1,

H1,7 =37H1,1 − 24(1 + i)H2,1 − 6H3,1 − 30H5,1 + 24(1 + i)H6,1.

Elimination ofHm,1, m = 2, 3, 4, 5, 6, from these equations gives

H1,7 = 6H1,5 − 6H1,3 +H1,1.

The same relations hold if we simultaneously increase each first subscript by
2, or each second subscript by1. Thus, we have the recurrence relation (5) for
m = 1, 3, 5. Similarly,

H2,2 =iH1,1 + (1 − i)H2,1,

H2,3 = − (1 − i)H1,1 + 2H2,1 + (1 − i)H3,1 −H4,1,

H2,4 =4iH1,1 + 3(1 − i)H2,1 − 2iH3,1 − (1 − i)H4,1 − iH5,1 − (1 − i)H6,1,

H2,5 = − 5(1 − i)H1,1 + 8H2,1 + 5(1 − i)H3,1 − 6H4,1 −H6,1,

H2,6 =18iH1,1 + 13(1 − i)H2,1 − 11iH3,1 − 6(1 − i)H4,1 − 6iH5,1 − 6(1 − i)H6,1,

H2,7 = − 24(1 − i)H1,1 + 37H2,1 + 24(1 − i)H3,1 − 30H4,1 − 6H6,1.

Elimination ofHm,1, m = 1, 3, 4, 5, 6, from these equations gives

H2,7 − 6H2,5 + 6H2,3 −H2,1 = 0.

A similar reasoning shows that (5) holds form = 2, 4, 6. �

2. Midpoint triangles

Let M1,M2,M3 be the midpoints ofH4,1H5,1, H6,1H1,1 andH2,1H3,1 and
M ′

1,M
′
2,M

′
3 the midpoints ofH1,3H2,3, H3,3H4,3 andH5,3H6,3 respectively. We

have

M ′
1 =

1
2

(H1,3 +H2,3)

=
1
2

((1 + i)H1,1 + (1 − i)H2,1 + (1 − i)H3,1 −H4,1 −H5,1 + (1 + i)H6,1)

= −M1 + (1 + i)M2 + (1 − i)M3.
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Similarly,

M ′
2 =(1 − i)M1 −M2 + (1 + i)M3,

M ′
3 =(1 + i)M1 + (1 − i)M2 −M3.

Proposition 3. For a permutation (j, k, 
) of the integers 1, 2, 3, the segments
MjM

′
k and MkM

′
j are perpendicular to each other and equal in length, while

M�M
′
� is parallel to an angle bisector of MjM

′
k and MkM

′
j , and is

√
2 times as

long as each of these segments.

Proof. From the above expressions forM′
j , j = 1, 2, 3, we have

M ′
2 −M3 =(1 − i)M1 −M2 + i ·M3, (6)

M ′
3 −M2 =(1 + i)M1 − i ·M2 −M3,

=i ((1 − i)M1 −M2 + iM3) ,

=i(M ′
2 −M3); (7)

M1 −M ′
1 =2M1 − (1 + i)M2 − (1 − i)M3

=(M ′
2 −M3) + (M ′

3 −M2). (8)

From (6) and (7),M2M
′
3 andM3M

′
2 are perpendicular and have equal lengths.

From (8), we conclude thatM′
1M1 is parallel to an angle bisector ofM2M

′
3 and

M3M
′
2, and is

√
2 times as long as each of these segments. The same results for

(k, 
) = (3, 1), (1, 2) follow similarly. �

The midpoints of the segmentsMjM
′
j , j = 1, 2, 3, are the points

N1 =
1
2

((1 + i)M2 + (1 − i)M3) ,

N2 =
1
2

((1 + i)M3 + (1 − i)M1) ,

N3 =
1
2

((1 + i)M1 + (1 − i)M2) .

Note that

N1 =
M2 +M3

2
+ i · M2 −M3

2
,

=
M ′

2 +M ′
3

2
− i · M

′
2 −M ′

3

2
.

Thus,N1 is the center of the square constructed externally on the sideM2M3

of triangleM1M2M3, and also the center of the square constructed internally on
M ′

1M
′
2M

′
3. Similarly, forN2 andN3. From this we deduce the following corollar-

ies. See Figure 2.
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Corollary 4. The triangles M1M2M3 and M ′
1M

′
2M

′
3 are perspective.

The perspector is the outer Vecten point of M1M2M3 and the inner Vecten point
of M ′

1M
′
2M

′
3. 1

Corollary 5. The segments MjN� and MkN� are equal in length and are perpen-
dicular. The same is true for M′

jN� and M ′
kN�.

H1,1

H2,1

H3,1H4,1

H5,1

H6,1

H1,2

H2,2

H3,2
H4,2

H5,2

H6,2

H1,3

H2,3

H3,3

H4,3

H5,3

H6,3

M1

M2

M3

M ′
1

M ′
2

M ′
3

N1

N2

N3

Figure 2

Let M ′′
1M

′′
2M

′′
3 be the desmic mate ofM1M2M3 andM ′

1M
′
2M

′
3, i.e., M ′′

1 =
M2M

′
3 ∩M3M

′
2 etc. By Proposition 3,∠M2M

′′
1M3 is a right angle, andM′′

1 lies
on the circle with diameterM2M3. Since the bisector angleM2M

′′
1M3 is parallel

to the lineN1M1, M ′′
1N1 is perpendicular to this latter line. See Figure 3.

Proposition 6. If (j, k, 
) is a permutation of 1, 2, 3, the lines MjM
′
k and MkM

′
j

and the line through N� perpendicular to M�M
′
� are concurrent (at M′′

� ).

Corollary 7. The circles (MjMkN�), (M ′
jM

′
kN�), (M�M

′′
� N�) and (M ′

�M
′′
� N�)

are coaxial, so the midpoints of MjMk, M ′
jM

′
k, M�M

′′
� and M ′

�M
′′
� are collinear,

the line being parallel to M�M
′
�.

1The outer (respectively inner) Vecten point is the pointX485 (respectivelyX486) of [4].
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Since the linesMjM
′
j, j = 1, 2, 3, concur at the outer Vecten point of triangle

M1M2M3, the intersection of the lines is the inferior (complement) of the outer
Vecten point.2 As such, it is the center of the circle throughN1N2N3 (see [4]).

Corollary 8. The three lines joining the midpoints of M1M
′
1, M2M

′
2, M3M

′
3 are

concurrent at the center of the circle through N1, N2, N3, which also passes
through M ′′

1 , M ′
2 and M ′′

3 .

H1,1

H2,1

H3,1H4,1H5,1

H6,1

H1,2

H2,2

H3,2
H4,2

H5,2

H6,2

H1,3

H2,3

H3,3

H4,3

H5,3

H6,3

M1

M2

M3

M ′
1

M ′
2

M ′
3

N1

N2

N3

M ′′
1

M ′′
2

M ′′
3

Figure 3

3. Starting with a triangle

An interesting special case occurs when the initial hexagonH1 degenerates into
a triangle with

H1,1 = H6,1 = A, H2,1 = H3,1 = B, H4,1 = H5,1 = C.

This case has been studied before by Haight and Nottrot, who examined especially
the side lengths and areas of the squares in each wreath. Under this assumption,

2X641 in [4].
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between two consecutive hexagonsHn andHn+1 are three squares and three al-
ternating trapezoids of equal areas. The trapzoids betweenH1 andH2 degenerate
into triangles. The sides of the squares are parallel and perpendicular to the sides
or to the medians of triangleABC according asn is odd or even. We shall assume
the sidelengths of triangleABC to bea, b, c, and the median lengthsma, mb, mc

respectively.
The squares of the first wreath are attached to the triangle sides outwardly.3

Haight [2] has computed the ratios of the sidelengths of the squares.
If n = 2k − 1, the squares have sidelengthsa, b, c multiplied bya1(k), where

a1(k) = 5a1(k − 1) − a1(k − 2),
a1(1) = 1, a1(2) = 4.

This is sequence A004253 in Sloane’sOnline Encyclopedia of Integer sequences
[9]. This also means that

Hm,2k −Hm,2k−1 = a1(k)(Hm,2 −Hm,1). (9)

If n = 2k, the squares have sidelengths2ma, 2mb, 2mc multiplied by a2(k),
where

a2(k) = 5a2(k − 1) − a2(k − 2),
a2(1) = 1, a2(2) = 5.

This is sequence A004254 in [9]. This also means that

Hm,2k+1 −Hm,2k = a2(k)(Hm,3 −Hm,2). (10)

Proposition 9. Each trapezoid in the wreath bordered by Hn and Hn+1 has area
a2(n) · �ABC .

Lemma 10. (1)
∑k

j=1 a1(j) = a2(k).
(2) The sums a3(k) =

∑k
j=1 a2(j) satisfy the recurrence relation

a3(k) = 6a3(k − 1) − 6a3(k − 2) + a3(k − 3),
a3(1) = 1, a3(2) = 6, a3(3) = 30.

The sequencea3(k) is essentially sequence A089817 in [9].4

It follows from (9) and (10) that

Hm,2k =Hm,1 +
k∑

j=1

(Hm,2j −Hm,2j−1) +
k−1∑
j=1

(Hm,2j+1 −Hm,2j)

=Hm,1 +


 k∑

j=1

a1(j)


 (Hm,2 −Hm,1) +


k−1∑

j=1

a2(j)


 (Hm,3 −Hm,2)

=Hm,1 + a2(k)(Hm,2 −Hm,1) + a3(k − 1)(Hm,3 −Hm,2).

3Similar results as those in§§3, 4 can be found if these initial squares are constructed inwardly.
4Note that sequencesa1 anda2 follow this third order recurrence relation as well.
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Also,

Hm,2k+1 =Hm,1 +
k∑

j=1

(Hm,2j −Hm,2j−1) +
k∑

j=1

(Hm,2j+1 −Hm,2j)

=Hm,1 +


 k∑

j=1

a1(j)


 (Hm,2 −Hm,1) +


 k∑

j=1

a2(j)


 (Hm,3 −Hm,2)

=Hm,1 + a2(k)(Hm,2 −Hm,1) + a3(k)(Hm,3 −Hm,2)

Here is a table of theabsolute barycentric coordinates (with respect to triangle
ABC) of the initial values in the above recurrence relations.

m Hm,1 Hm,2 −Hm,1 Hm,3 −Hm,2

1 (1, 0, 0) 1
S (SB , SA,−c2) (2,−1,−1)

2 (0, 1, 0) 1
S (SB , SA,−c2) (−1, 2,−1)

3 (0, 1, 0) 1
S (−a2, SC , SB) (−1, 2,−1)

4 (0, 0, 1) 1
S (−a2, SC , SB) (−1,−1, 2)

5 (0, 0, 1) 1
S (SC ,−b2, SA) (−1,−1, 2)

6 (1, 0, 0) 1
S (SC ,−b2, SA) (2,−1,−1)

From these we have the homogeneous barycentric coordinates

Hm,2k =Hm,1 + a2(k)(Hm,2 −Hm,1) + a3(k − 1)(Hm,3 −Hm,2),

Hm,2k+1 =Hm,1 + a2(k)(Hm,2 −Hm,1) + a3(k)(Hm,3 −Hm,2).

These can be combined into a single relation

Hm,n = Hm,1 + a2(n′)(Hm,2 −Hm,1) + a3(n′′)(Hm,3 −Hm,2),

in whichn′ = �n
2 � andn′′ = �n−1

2 �.
Here are the coordinates of the pointsHm,n.

m x y z

1 (2a3(n
′′) + 1)S + a2(n

′)SB −a3(n
′′)S + a2(n

′)SA −a3(n
′′)S − a2(n

′)c2

2 −a3(n
′′)S + a2(n

′)SB (2a3(n
′′) + 1)S + a2(n

′)SA −a3(n
′′)S − a2(n

′)c2

3 −a3(n
′′)S − a2(n

′)a2 (2a3(n
′′) + 1)S + a2(n

′)SC −a3(n
′′)S + a2(n

′)SB

4 −a3(n
′′)S − a2(n

′)a2 −a3(n
′′)S + a2(n

′)SC (2a3(n
′′) + 1)S + a2(n

′)SB

5 −a3(n
′′)S + a2(n

′)SC −a3(n
′′)S − a2(n

′)b2 (2a3(n
′′) + 1)S + a2(n

′)SA

6 (2a3(n
′′) + 1)S + a2(n

′)SC −a3(n
′′)S − a2(n

′)b2 −a3(n
′′)S + a2(n

′)SA

Note that the coordinate sum of each of the points in the above is equal toS.
Consider the midpoints of the following segments

segment H1,nH2,n H2,nH3,n H3,nH4,n H4,nH5,n H5,nH6,n H6,nH1,n

midpoint C1,n B2,n A1,n C2,n B1,n A2,n
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For j = 1, 2, denote byTj,n the triangle with verticesAj,nBj,nCj,n.

A1,n −2a3(n
′′)S − 2a2(n

′)a2 (a3(n
′′) + 1)S + 2a2(n

′)SC (a3(n
′′) + 1)S + 2a2(n

′)SB

B1,n (a3(n
′′) + 1)S + 2a2(n

′)SC −2a3(n
′′)S − 2a2(n

′)b2 (a3(n
′′) + 1)S + 2a2(n

′)SA

C1,n (a3(n
′′) + 1)S + 2a2(n

′)SB (a3(n
′′) + 1)S + 2a2(n

′)SA −2a3(n
′′)S − 2a2(n

′)c2

A2,n −2(2a3(n
′′) + 1)S − a2(n

′)a2 2a3(n
′′)S + a2(n

′)SC 2a3(n
′′)S + a2(n

′)SB

B2,n 2a3(n
′′)S + a2(n

′)SC −2(2a3(n
′′) + 1)S − a2(n

′)b2 2a3(n
′′)S + a2(n

′)SA

C2,n 2a3(n
′′)S + a2(n

′)SB 2a3(n
′′)S + a2(n

′)SA −2(2a3(n
′′) + 1)S − a2(n

′)c2

Proposition 11. The triangles T1,n and T2,n are perspective.

This is a special case of the following general result.

Theorem 12. Every triangle of the form

−2fS − ga2 : (f + 1)S + gSC : (f + 1)S + gSB

(f + 1)S + gSC : −2fS − gb2 : (f + 1)S + gSA

(f + 1)S + gSB : (f + 1)S + gSA : −2fS − gc2

where f and g represent real numbers, is perspective with the reference triangle.
Any two such triangles are perspective.

Proof. Clearly the triangle given above is perspective withABC at the point(
1

(f + 1)S + gSA
:

1
(f + 1)S + gSB

:
1

(f + 1)S + gSC

)
,

which is the Kiepert perspectorK(φ) for φ = cot−1 f+1
g .

Consider a second triangle of the same form, withf andg replaced byp andq
respectively. We simply give a description of this perspectorP . This perspector is
the centroid if and only if(g − q) + 3(gp − fq) = 0. Otherwise, the line joining
this perspector to the centroidG intersects the Brocard axis at the point

Q = (a2((g−q)SA − (f−p)S) : b2((g−q)SB − (f−p)S) : c2((g−q)SC − (f−p)S)),

which is the isogonal conjugate of the Kiepert perspectorK
(
− cot−1 f−p

g−q

)
. The

perspectorP in question dividesGQ in the ratio

GP : GQ

=((g − q) + 3(gp − fq))((g − q)S − (f − p)Sω)

: (3(f − p)2 + (g − q)2)S + 2(f − p)(g − q)Sω.

�
Note thatTj,n for j ∈ {1, 2} and the Kiepert trianglesKφ

5 are of this form. Also
the medial triangle of a triangle of this form is again of the same form. The per-
spectors ofTj,n andABC lie on the Kiepert hyperbola. It is the Kiepert perspector
K(φj,n) where

cotφ1,n =
a3(n′′) + 1

2a2(n′)
,

5See for instance [6].
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and

cot φ2,n =
2a3(n′′)
a2(n′)

.

In particular the perspectors tend to limits whenn tends to infinity. The perspec-
tors and limits are given by

triangle perspectorKφ with limit for k → ∞
T1,2k φ1,2k = cot−1 a3(k−1)+1

2a2(k) φ1,even = cot−1
√

21−3
12

T1,2k+1 φ1,2k+1 = cot−1 a3(k)+1
2a2(k) φ1,odd = cot−1

√
21+3
12

T2,2k φ2,2k = cot−1 2a3(k−1)
a2(k) φ2,even = cot−1

√
21−3
3

T2,2k+1 φ2,2k+1 = cot−1 2a3(k)
a2(k) φ2,odd = cot−1

√
21+3
3

Remarks. (1) T2,2 is the medial triangle ofT1,3.
(2) The perspector ofT2,2 andT2,3 isX591.
(3) The perspector ofT2,2 andT2,4 is the common circumcenter ofT1,3 andT2,4.

Nottrot [8], on the other hand, has found that the sum of the areas of the squares
betweenHn andHn+1 asa4(n)(a2 + b2 + c2), where wreaths.

a4(n) = 4a4(n− 1) + 4a4(n− 2) − a4(n− 3),
a4(1) = 1, a4(2) = 3, a4(3) = 16.

This is sequence A005386 in [9]. Note thata1(n) = a4(n) + a4(n− 1) for n ≥ 2.

4. Pairs of congruent triangles

Lemma 13. (a) If n ≥ 2 is even, then

−−−−−−−→
A1,nA1,n+1 = − 1

2
−−−−−−−−→
H6,nH6,n+1 = −1

2
−−−−−−−−→
H1,nH1,n+1,

−−−−−−−−→
B1,nB1,n+1 = − 1

2
−−−−−−−−→
H2,nH2,n+1 = −1

2
−−−−−−−−→
H3,nH3,n+1,

−−−−−−−→
C1,nC1,n+1 = − 1

2
−−−−−−−−→
H4,nH4,n+1 = −1

2
−−−−−−−−→
H5,nH5,n+1.

(b) If n ≥ 3 is odd, then
−−−−−−−→
A2,nA2,n+1 = − 1

2
−−−−−−−−→
H3,nH3,n+1 = −1

2
−−−−−−−−→
H4,nH4,n+1,

−−−−−−−−→
B2,nB2,n+1 = − 1

2
−−−−−−−−→
H5,nH5,n+1 = −1

2
−−−−−−−−→
H6,nH6,n+1,

−−−−−−−→
C2,nC2,n+1 = − 1

2
−−−−−−−−→
H1,nH1,n+1 = −1

2
−−−−−−−−→
H2,nH2,n+1.

Proof. Consider the case ofA1,nA1,n+1 for evenn. Translate the trapezoid

H5,n+1H6,n+1H6,nH5,n by the vector
−−−−−−−−−→
H5,n+1H4,n+1 and the trapezoid

H2,n+1H2,nH1,nH1,n+1 by the vector
−−−−−−−−−→
H2,n+1H3,n+1. Together with the trapezoid

H3,nH4,nH4,n+1H3,n+1, these images form two trianglesXH3,n+1H4,n+1 and
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A

B C

H1,2

H1,3

H2,2

H2,3

H3,2

H3,3

H4,2

H4,3

H5,2

H5,3

H6,2

H6,3

A1,2

A1,3

B1,2C1,2

X

Y

G

Figure 4.

Y H3,nH4,n homothetic at their common centroidG. 6 See Figure 4. It is clear that
the pointsX, Y ,A1,n,A1,n+1 all lie on a line through the centroidG. Furthermore,
−−−−−−−→
A1,nA1,n+1 = 1

2

−−→
XY = −1

2

−−−−−−−−→
H1,nH1,n+1. The other cases follow similarly. �

Proposition 14. (1) If n ≥ 3 is odd, the following pairs of triangles are congruent.
(i) H2,nB2,n+1C1,n−1 and H5,nB1,n−1C2,n+1,
(ii) H3,nA1,n−1B2,n+1 and H6,nA2,n+1B1,n−1,
(iii) H4,nC2,n+1A1,n−1 and H1,nC1,n−1A2,n+1.

(2) If n ≥ 2 is even, the following pairs of triangles are congruent.
(iv) H2,nB2,n−1C1,n+1 and H5,nB1,n+1C2,n−1,
(v) H3,nA1,n+1B2,n−1 and H6,nA2,n−1B1,n+1,
(vi) H4,nC2,n−1A1,n+1 and H1,nC1,n+1A2,n−1.

Proof. We consider the first of these cases. Letn ≥ 3 be an odd number. Consider
the trianglesH2,nB2,n+1C1,n−1 andH5,nB1,n−1C2,n+1. We show thatH2,nB2,n+1

andH5,nB1,n−1 are perpendicular to each other and equal in length, and the same
for H2,nC1,n−1 andH5,nC2,n+1.

Consider the trianglesH2,nB2,nB2,n+1 andB1,n−1B1,nH5,n. By Lemma 13,
B2,nB2,n+1 is parallel toH5,nH5,n+1 and is half its length. It follows thatB2,nB2,n+1

is perpendicular to and has the same length asB1,nH5,n. Similarly, B2,nH2,n is
perpendicular to and has the same length asB1,nB1,n−1. Therefore, the triangles
H2,nB2,nB2,n+1 andB1,n−1B1,nH5,n are congruent, and the segmentsH2,nB2,n+1

6As noted in the beginning of§3, the sides of the squares are parallel to and perpendicular to the
sides ofABC or the medians ofABC according asn is odd or even. In the even case it is thus clear
that the homothetic center is the centroid. In the odd case it can be seen as the lines perpendicular to
the sides ofABC are parallel to the medians of the triangles in the first wreath (the flank triangles).
The centroid and the orthocenter befriend each other. See [5].
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A

B C

H1,3

H1,4

H2,3

H2,4

H3,3

H3,4

H4,3

H4,4

H5,3

H5,4

H6,3

H6,4

A1,2

B1,2 B1,3C1,2

A2,4

B2,3

B2,4

C2,4

Figure 5.

andB1,n−1H5,n are perpendicular and equal in length. See Figure 5. The same rea-
soning shows that the segmentsH2,nC1,n−1 andH5,nC2,n+1 are perpendicular and
equal in length. Therefore, the trianglesH2,nB2,n+1C1,n−1 andH5,nB1,n−1C2,n+1

are congruent.
The other cases can be proved similarly. �

Remark. The fact that the segmentsB2,n+1C1,n−1 andB1,n−1C2,n+1 are perpen-
dicular and equal in length has been proved in Proposition 3 for square wreaths
arising from an arbitrary hexagon.

5. A pair of Kiepert hyperbolas

The trianglesA1,3H4,2H3,2, H5,2B1,3H6,2 andH2,2H1,2C1,3 are congruent to
ABC. The counterparts of a pointP in these triangles are the points with the
barycentric coordinates relative to these three triangles asP relative toABC.
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Theorem 15. The locus of point P in ABC whose counterparts in the triangles
A1,3H4,2H3,2, H5,2B1,3H6,2 and H2,2H1,2C1,3 form a triangle A′B′C ′ perspec-
tive to ABC is the union of the line at infinity and the rectangular hyperbola

S
∑
cyclic

(SB − SC)yz + (x+ y + z)


 ∑

cyclic

(SB − SC)(SA + S)x


 = 0. (11)

The locus of the perspector is the union of the line at infinity and the Kiepert hy-
perbola of triangle ABC .

Proof. The counterparts ofP = (x : y : z) form a triangle perspective with
ABC if and only if the parallels throughA, B, C toA1,3P , B1,3P andC1,3P are
concurrent. These parallels have equations

((S + SB)(x + y + z) − Sz)Y − ((S + SC)(x + y + z) − Sy)Z = 0,

−((S + SA)(x + y + z) − Sz)X + ((S + SC)(x + y + z) − Sx)Z = 0,

((S + SA)(x + y + z) − Sy)X − ((S + SB)(x + y + z) − Sx)Y = 0.

They are concurrent if and only if

(x+ y + z)


 ∑

cyclic

(b2 − c2)((SA + S)x2 − SAyz)


 = 0.

The locus therefore consists of the line at infinity and a conic. Rearranging the
equation of the conic in the form (11), we see that it is homothetic to the Kiepert
hyperbola.

For a pointP on the locus (11), letQ = (x : y : z) be the corresponding
perspector. This means that the parallels throughA1,3, B1,3,C1,3 toAQ,BQ,CQ
are concurrent. These parallels have equations

((S + SB)y − (S + SC)z)X + ((S + SB)y − SCz)Y − ((S + SC)z − SBy)Z = 0,
−((S + SA)x − SCz)X + ((S + SC)z − (S + SA)x)Y + ((S + SC)z − SAx)Z = 0,

((S + SA)x − SBy)X − ((S + SB)y − SAx)Y + ((S + SA)x − (S + SB)y)Z = 0.

They are concurrent if and only if

(x + y + z)((SB − SC)yz + (SC − SA)zx + (SA − SB)xy) = 0.

This means the perspector lies on the union of the line at infinity and the Kiepert
hyperbola. �

Here are some examples of points on the locus (11) with the corresponding
perspectors on the Kiepert hyperbola (see [1, 7]).



324 F. M. van Lamoen

Q on Kiepert hyperbola P on locus
K

(
arctan 3

2

)
centroid

orthocenter de Longchamps point
centroid G′ = (−2SA + a2 + S : · · · : · · · )
outer Vecten point outer Vecten point
A A′ = B1,3H5,2 ∩ C1,3H2,2

B B′ = C1,3H1,2 ∩A1,3H4,2

C C ′ = A1,3H3,2 ∩B1,3H6,2

A0 A1,3 = (−(S + SB + SC) : S + SC : S + SB)
B0 B1,3 = (S + SC : −(S + SC + SA) : S + SA)
C0 C1,3 = (S + SB : S + SA : −(S + SA + SB))

A

B C

A1,3

B1,3

C1,3

C′

A′

B′

G

G′

A0

C0

B0

Figure 6.

Here,A0 is the intersection of the Kiepert hyperbola with the parallel throughA
to BC; similarly for B0 andC0. Since the triangleA1,3B1,3C1,3 has centroidG,
the rectangular hyperbola (11) is the Kiepert hyperbola of triangleA1,3B1,3C1,3.
See Figure 6. We show that it is also the Kiepert hyperbola of triangleA′B′C ′.
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This follows from the fact thatA′, B′, C ′ have coordinates

A′ −S − 2SA : S + SA : S + SA

B′ S + SB : −S − 2SB : S + SB

C ′ S + SC : S + SC : −S − 2SC

From these, the centroid of triangleA′B′C ′ is the pointG′ in the above table. The
rectangular hyperbola (11) is therefore the Kiepert hyperbola of triangleA′B′C ′.
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Some Geometric Constructions

Jean-Pierre Ehrmann

Abstract. We solve some problems of geometric construction. Some of them
cannot be solved with ruler and compass only and require the drawing of a rect-
angular hyperbola: (i) construction of the Simson lines passing through a given
point, (ii) construction of the lines with a given orthopole, and (iii) a problem of
congruent incircles whose analysis leads to some remarkable properties of the
internal Soddy center.

1. Simson lines through a given point

1.1. Problem. A triangleABC and a pointP are given,P �= H, the orthocenter,
and does not lie on the sidelines of the triangle. We want to construct the points of
the circumcircleΓ of ABC whose Simson lines pass throughP .

1.2. Analysis. We make use of the following results of Trajan Lalesco [3].

Proposition 1 (Lalesco). If the Simson lines of A′, B′, C ′ concur at P , then
(a)P is the midpoint of HH′, where H ′ is the orthocenter of A′B′C ′,
(b) for any point M ∈ Γ, the Simson lines S(M) and S′(M) of M with respect to
ABC and A′B′C ′ are parallel.

Let h be the rectangular hyperbola throughA, B, C, P . If the hyperbolah
intersectsΓ again atU , the centerW of h is the midpoint ofHU . Let h′ be the
rectangular hyperbola throughA′, B′, C ′, U . The centerW ′ of h′ is the midpoint
of H ′U . Hence, by (a) above,W ′ = T (W ), whereT is the translation by the

vector
−−→
HP .

Let D, D′ be the endpoints of the diameter ofΓ perpendicular to the Simson line
S(U). The asymptotes ofh areS(D) andS(D′); as, by (b),S(U) andS′(U) are
parallel, the asymptotes ofh′ areS′(D) andS′(D′) and, by (b), they are parallel
to the asymptotes ofh.

It follows thatT maps the asymptotes ofh to the asymptotes ofh′. Moreover,
T mapsP ∈ h to H ′ ∈ h′. As a rectangular hyperbola is determined by a point
and the asymptotes, it follows thath′ = T (h).

Construction 1. Given a point P �= H and not on any of the sidelines of triangle
ABC , let the rectangular hyperbola h through A, B, C , P intersect the circum-
circle Γ again at U . Let h′ be the image of h under the translation T by the vector

Publication Date: December 18, 2006. Communicating Editor: Floor van Lamoen.



328 J.-P. Ehrmann

−−→
HP . Then h′ passes through U . The other intersections of h′ with Γ are the points
whose Simson lines pass through P . See Figure 1.

W

W ′

O

H

P

A

B
C

B′

A′

C′

H′

U

Figure 1.

1.3. Orthopole. The above construction leads to a construction of the lines whose
orthopole isP . It is well known that, ifM and N lie on the circumcircle, the
orthopole of the lineMN is the common point of the Simson lines ofM andN
(see [1]). Thus, if we have three real pointsA′, B′, C ′ whose Simson lines pass
throughP , the lines with orthopoleP are the sidelines ofA′B′C ′.

Moreover, the orthopole of a lineL lies on the directrix of the insribed parabola
touchingL (see [1, pp.241–242]). Thus, in any case and in order to avoid imaginary
lines, we can proceed this way: for each pointM whose Simson line passes through
P , let Q be the isogonal conjugate of the infinite point of the direction orthogonal
to HP . The line throughQ parallel to the Simson line ofM intersects the lineHP
atR. ThenP is the orthopole of the perpendicular bisector ofQR.
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2. Two congruent incircles

2.1. Problem. Construct a pointP inside ABC such that ifB′ and C′ are the
traces ofP onAC andAB respectively, the quadrilateralAB′PC ′ has an incircle
congruent to the incircle ofPBC.

2.2. Analysis. Let ha be the hyperbola throughA with foci B andC, andDa the
projection of the incenterI of triangleABC upon the sideBC.

I

Da

A

B C

Wa

Qa

P

B′

C′

Figure 2.

Proposition 2. Let P be a point inside ABC and Qa the incenter of PBC . The
following statements are equivalent.
(a)PB − PC = AB − AC .
(b) P lies on the open arc ADa of ha.
(c) The quadrilateral AB′PC ′ has an incircle.
(d) IQa ⊥ BC .
(e) The incircles of PAB and PAC touch each other.

Proof. (a)⇐⇒ (b). As2BDa = AB+BC−AC and2CDa = AC+BC−AB,
we haveBDa−CDa = AB−AC andDa is the vertex of the branch ofha through
A.

(b)=⇒ (c). AI andPQa are the lines tangent toha respectively atA and
P . If Wa is their common point,BWa is a bisector of∠ABP . Hence,Wa is
equidistant from the four sides of the quadrilateral.
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(c)=⇒ (b). If the incircle ofAB′PC ′ touchesPB′, PC ′, AC, AB respec-
tively atU , U ′, V , V ′, we havePB−PC = BU−CV = BV ′−CU ′ = AB−AC.

(a)⇐⇒ (d). If Sa is the projection ofQa uponBC, we have2BSa = PB +
BC − PC. Hence,PB − PC = AB − AC ⇐⇒ Sa = Da ⇐⇒ IQa ⊥ BC.

(a)⇐⇒ (e). If the incircles ofPAC andPAB touch the lineAP respectively
at Sb andSc, we have2ASb = AC + PA − PC and2ASc = AB + PA − PB.
Hence,PB − PC = AB − AC ⇐⇒ Sb = Sc. See Figure 3. �

I

A

B C

P

Figure 3.

Proposition 3. When the conditions of Proposition 2 are satisfied, the following
statements are equivalent.
(a) The incircles of PBC and AB′PC ′ are congruent.
(b) P is the midpoint of WaQa.
(c) WaQa and ADa are parallel.
(d) P lies on the line MaI where Ma is the midpoint of BC .

Proof. (a)⇐⇒ (b) is obvious.
Let’s notice that, asI is the pole ofADa with respect toha, MaI is the conjugate

diameter of the direction ofADa with respect toha.
So (c)⇐⇒ (d) becauseWaQa is the tangent toha atP .
As the lineMaI passes through the midpoint ofADa, (b’) ⇐⇒ (c). �
Now, let us recall the classical construction of an hyperbola knowing the foci

and a vertex: For any pointM on the circle with centerMa passing throughDa,
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if L is the line perpendicular atM to BM , andN the reflection ofB in M , L
touchesha atL ∩ CN .

Construction 2. The perpendicular from B to ADa and the circle with center Ma

passing through Da have two common points. For one of them M , the perpendic-
ular at M to BM will intersect MaI at P and the lines DaI and AI respectively
at Qa and Wa. See Figure 4.

I

Da

A

B C

Qa

Wa

P

B′

C′

Ma

Figure 4.

Remark. We have already known thatPB − PC = c − b. A further investigation
leads to the following results.
(i) PB + PC =

√
as wheres is the semiperimeter ofABC.

(ii) The homogeneous barycentric coordinates ofP , Qa, Wa are as follows.

P : (a, b − s +
√

as, c − s +
√

as)

Qa :
(

a, b + 2(s − c)
√

s

a
, c + 2(s − b)

√
s

a

)

Wa : (a + 2
√

as, b, c)

(iii) The common radius of the two incircles isra

(
1 −

√
a

s

)
, wherera is the

radius of theA−excircle.
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3. The internal Soddy center

Let ∆, s, r, andR be respectively the area, the semiperimeter, the inradius, and
the circumradius of triangleABC.

The three circles(A, s−a), (B, s− b), (C, s− c) touch each other. The internal
Soddy circle is the circle tangent externally to each of these three circles. See
Figure 5. Its center isX(176) in [2] with barycentric coordinates(

a +
∆

s − a
, b +

∆
s − b

, c +
∆

s − c

)

and its radius is

ρ =
∆

2s + 4R + r
.

See [2] for more details and references.

P I

A

B C

Figure 5.

Proposition 4. The inner Soddy center X(176) is the only point P inside ABC
(a) for which the incircles of PBC , PCA, PAB touch each other;
(b) with cevian triangle A′B′C ′ for which each of the three quadrilaterals AB′PC ′,
BC ′PA′, CA′PB′ have an incircle. See Figure 6.
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P

A

B C

Figure 6.

Proof. Proposition 2 shows that the conditions in (a) and (b) are both equivalent to

PB − PC = c − b, PC − PA = a − c, PA − PB = b − a.

As PA = ρ + s − a, PB = ρ + s − b, PC = ρ + s − c, these conditions
are satisfied forP = X(176). Moreover, a pointP insideABC verifying these
conditions must lie on the open arcADa of ha and on the open arcBDb of hb and
these arcs cannot have more than a common point. �

Remarks. (1) It follows from Proposition 2(d) that the contact points of the incircles
of PBC, PCA, PAB with BC, CA, AB respectively are the same onesDa, Db,
Dc than the contact points of incircle ofABC.1

(2) The incircles ofPBC, PCA, PAB touch each other at the points where the
internal Soddy circle touches the circles(A, s − a), (B, s − b), (C, s − c).

(3) If Qa is the incenter ofPBC, andWa the incenter ofAB′PC ′, we have
QaDa

IQa

=
ra

a
, and

WaI

AWa

=
ra

s
, wherera is the radius of theA-excircle.

(4) The four common tangents of the incircles ofBC′PA′ andCA′PB′ are
BC, QbQc, AP andDaI.

(5) The linesAQa, BQb, CQc concur at

X(482) =
(

a +
2∆

s − a
, b +

2∆
s − b

, c +
2∆

s − c

)
.

1Thanks to Franc¸ois Rideau for this nice remark.



334 J.-P. Ehrmann

References

[1] J. W. Clawson, The complete quadrilateral,Annals of Mathematics, ser. 2, 20 (1919)? 232–261.
[2] C. Kimberling,Encyclopedia of Triangle Centers, available at

http://faculty.evansville.edu/ck6/encyclopedia/ETC.html.
[3] T. Lalesco,La geometrie du Triangle, Paris Vuibert 1937; Jacques Gabay reprint 1987.

Jean-Pierre Ehrmann: 6, rue des Cailloux, 92110 - Clichy, France
E-mail address: Jean-Pierre.EHRMANN@wanadoo.fr



Forum Geometricorum
Volume 6 (2006) 335–342. b b

b

b

FORUM GEO
MISSN 1534-1178

Hansen’s Right Triangle Theorem,
Its Converse and a Generalization

Amy Bell

Abstract. We generalize D. W. Hansen’s theorem relating the inradius and exradii
of a right triangle and its sides to an arbitrary triangle. Specifically, given a tri-
angle, we find two quadruples of segments with equal sums and equal sums of
squares. A strong converse of Hansen’s theorem is also established.

1. Hansen’s right triangle theorem

In an interesting article inMathematics Teacher, D. W. Hansen [2] has found
some remarkable identities associated with a right triangle. LetABC be a triangle
with a right angle atC, sidelengthsa, b, c. It has an incircle of radiusr, and three
excircles of radiira, rb, rc.

Theorem 1 (Hansen). (1) The sum of the four radii is equal to the perimeter of the
triangle:

ra + rb + rc + r = a + b + c.

(2) The sum of the squares of the four radii is equal to the sum of the squares of the
sides of the triangle:

r2
a + r2

b + r2
c + r2 = a2 + b2 + c2.

We seek to generalize Hansen’s theorem to an arbitrary triangle, by replacinga,
b, c by appropriate quantities whose sum and sum of squares are respectively equal
to those ofra, rb, rc andr. Now, for a right triangleABC with right angle vertex
C, this latter vertex is the orthocenter of the triangle, which we generically denote
by H. Note that

a = BH and b = AH.

On the other hand, the hypotenuse being a diameter of the circumcircle,c = 2R.
Note also thatCH = 0 sinceC andH coincide. This suggests that a possible
generalization of Hansen’s theorem is to replace the triplea, b, c by the quadruple
AH, BH, CH and2R. SinceAH = 2R cos A etc., one of the quantitiesAH,
BH, CH is negative if the triangle contains an obtuse angle.

Publication Date: December 20, 2006. Communicating Editor: Floor van Lamoen.
The paper is a revision of part of the author’s thesis for the degree of Master of Science in Teaching

(Mathematics) at Florida Atlantic University, under the direction of Professor Paul Yiu. Thanks are
also due to the referee for suggestions leading to improvements on the paper.
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We shall establish the following theorem.

Theorem 2. Let ABC be a triangle with orthocenter H and circumradius R.
(1) ra + rb + rc + r = AH + BH + CH + 2R;
(2) r2

a + r2
b + r2

c + r2 = AH2 + BH2 + CH2 + (2R)2.

I

H

O

A

B C

Ia

Ib

Ic

Figure 1. Two quadruples with equal sums and equal sums of squares

2. A characterization of right triangles in terms of inradius and exradii

Proposition 3. The following statements for a triangle ABC are equivalent.
(1) rc = s.
(2) ra = s − b.
(3) rb = s − a.
(4) r = s − c.
(5) C is a right angle.

Proof. By the formulas for the exradii and the Heron formula, each of (1), (2), (3),
(4) is equivalent to the condition

(s − a)(s − b) = s(s − c). (1)
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ra = s − b

rb = s − a

r = s − c

rc = s

A

B

C

Figure 2. Inradius and exradii of a right triangle

Assuming (1), we haves2 − (a + b)s + ab = s2 − cs, (a + b − c)s = ab,
(a + b− c)(a + b + c) = 2ab, (a + b)2 − c2 = 2ab, a2 + b2 = c2. This shows that
each of (1), (2), (3), (4) implies (5). The converse is clear. See Figure 2. �

3. A formula relating the radii of the various circles

As a preparation for the proof of Theorem 2, we study the excircles in relation
to the circumcircle and the incircle. We establish a basic result, Proposition 6,
below. Lemma 4 and the statement of Proposition 6 can be found in [3, pp.185–
193]. An outline proof of Proposition 5 can be found in [4,§2.4.1]. Propositions
5 and 6 can also be found in [5,§4.6.1].1 We present a unified detailed proof of
these propositions here, simpler and more geometric than the trigonometric proofs
outlined in [3].

Consider triangleABC with its circumcircle(O). Let the bisector of angleA
intersect the circumcircle atM . Clearly,M is the midpoint of the arcBMC. The
line BM clearly contains the incenterI and the excenterIa.

Lemma 4. MB = MI = MIa = MC .

1The referee has pointed out that these results had been known earlier, and can be found, for
example, in the nineteenth century work of John Casey [1].
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I

X X′

M

O

A

B
C

Ia

Figure 3. ra + rb + rc = 4R + r

Proof. It is enough to prove thatMB = MI. See Figure 3. This follows by an
easy calculation of angles.
(i) ∠IBIa = 90◦ since the two bisectors of angleB are perpendicular to each
other.
(ii) The midpointN of IaI is the circumcenter of triangleIBIa, soNB = NI =
NIa.
(iii) From the circle(IBIa) we see∠BNA = ∠BNI = 2∠BCI = ∠BCA, but
this means thatN lies on the circumcircle(ABC) and thus coincides withM .
It follows thatMIa = MB = MI, andM is the midpoint ofIIa.

The same reasoning shows thatMC = MI = MIa as well. �

Now, let I ′ be the intersection of the lineIO and the perpendicular fromIa to
BC. See Figure 4. Note that this latter line is parallel toOM . SinceM is the
midpoint ofIIa, O is the midpoint ofII′. It follows thatI′ is the reflection ofI in
O. Also, I ′Ia = 2 · OM = 2R. Similarly, I ′Ib = I ′Ic = 2R. We summarize this
in the following proposition.

Proposition 5. The circle through the three excenters has radius 2R and center I′,
the reflection of I in O.

Remark. Proposition 5 also follows from the fact that the circumcircle is the nine
point circle of triangleIaIbIc, andI is the orthocenter of this triangle.
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I

M

O

A

B
C

Ia

I′

D

Figure 4. I ′Ia = 2R

Proposition 6. ra + rb + rc = 4R + r.

Proof. The lineIaI
′ intersectsBC at the pointX′ of tangency with the excircle.

Note thatI′X ′ = 2R − ra. SinceO is the midpoint ofII′, we haveIX + I′X ′ =
2 · OD. From this, we have

2 · OD = r + (2R − ra). (2)

Consider the excentersIb andIc. Since the anglesIbBIc andIbCIc are both
right angles, the four pointsIb, Ic, B, C are on a circle, whose center is the mid-
pointN of IbIc. See Figure 5. The centerN must lie on the perpendicular bisector
of BC, which is the lineOM . ThereforeN is the antipodal point ofM on the
circumcircle, and we have2ND = rb + rc. Thus,2(R + OD) = rb + rc. From
(2), we havera + rb + rc = 4R + r. �

4. Proof of Theorem 2

We are now ready to prove Theorem 2.
(1) SinceAH = 2 ·OD, by (2) we express this in terms ofR, r andra; similarly

for BH andCH:

AH = 2R + r − ra, BH = 2R + r − rb, CH = 2R + r − rc.
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N
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D

Figure 5. ra + rb + rc = 4R + r

From these,

AH + BH + CH + 2R =8R + 3r − (ra + rb + rc)

=2(4R + r) + r − (ra + rb + rc)

=2(ra + rb + rc) + r − (ra + rb + rc)
=ra + rb + rc + r.

(2) This follows from simple calculation making use of Proposition 6.

AH2 + BH2 + CH2 + (2R)2

=(2R + r − ra)2 + (2R + r − rb)2 + (2R + r − rc)2 + 4R2

=3(2R + r)2 − 2(2R + r)(ra + rb + rc) + r2
a + r2

b + r2
c + 4R2

=3(2R + r)2 − 2(2R + r)(4R + r) + 4R2 + r2
a + r2

b + r2
c

=r2 + r2
a + r2

b + r2
c .

This completes the proof of Theorem 2.
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5. Converse of Hansen’s theorem

We prove a strong converse of Hansen’s theorem (Theorem 10 below).

Proposition 7. A triangle ABC satisfies

r2
a + r2

b + r2
c + r2 = a2 + b2 + c2 (3)

if and only if it contains a right angle.

Proof. UsingAH = 2R cos A anda = 2R sin A, and similar expressions forBH,
CH, b, andc, we have

AH2 + BH2 + CH2 + (2R)2 − (a2 + b2 + c2)

=4R2(cos2 A + cos2 B + cos2 C + 1 − sin2 A − sin2 B − sin2 C)

=4R2(2 cos2 A + cos 2B + cos 2C)

=8R2(cos2 A + cos(B + C) cos(B − C))

= − 8R2 cos A(cos(B + C) + cos(B − C))

= − 16R2 cos A cos B cos C.

By Theorem 2(2), the condition (3) holds if and only ifAH2 + BH2 + CH2 +
(2R)2 = a2 + b2 + c2. One ofcos A, cos B, cos C must be zero from above. This
means that triangleABC contains a right angle. �

In the following lemma we collect some useful and well known results. They
can be found more or less directly in [3].

Lemma 8. (1) rarb + rbrc + rcra = s2.
(2) r2

a + r2
b + r2

c = (4R + r)2 − 2s2.
(3) ab + bc + ca = s2 + (4R + r)r.
(4) a2 + b2 + c2 = 2s2 − 2(4R + r)r.

Proof. (1) follows from the formulas for the exradii and the Heron formula.

rarb + rbrc + rcra =
�2

(s − a)(s − b)
+

�2

(s − b)(s − c)
+

�2

(s − c)(s − a)
=s((s − c) + (s − a) + (s − b))

=s2.

From this (2) easily follows.

r2
a + r2

b + r2
c =(ra + rb + rc)2 − 2(rarb + rbrc + rcra)

=(4R + r)2 − 2s2.
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Again, by Proposition 6,

4R + r

=ra + rb + rc

=
�

s − a
+

�
s − b

+
�

s − c

=
�

(s − a)(s − b)(s − c)
((s − b)(s − c) + (s − c)(s − a) + (s − a)(s − b))

=
1
r

(
3s2 − 2(a + b + c)s + (ab + bc + ca)

)

=
1
r

(
(ab + bc + ca) − s2

)
.

An easy rearrangement gives (3).
(4) follows from (3) sincea2 + b2 + c2 = (a + b + c)2 − 2(ab + bc + ca) =

4s2 − 2(s2 + (4R + r)r) = 2s2 − 2(4R + r)r. �
Proposition 9. r2

a + r2
b + r2

c + r2 = a2 + b2 + c2 if and only if 2R + r = s.

Proof. By Lemma 8(2) and (4),r2
a + r2

b + r2
c + r2 = a2 + b2 + c2 if and only if

(4R+ r)2 − 2s2 + r2 = 2s2 − 2(4R+ r)r; 4s2 = (4R+ r)2 +2(4R+ r)r + r2 =
(4R + 2r)2 = 4(2R + r)2; s = 2R + r. �
Theorem 10. The following statements for a triangle ABC are equivalent.
(1) ra + rb + rc + r = a + b + c.
(2) r2

a + r2
b + r2

c + r2 = a2 + b2 + c2.
(3) R + 2r = s.
(4) One of the angles is a right angle.

Proof. (1) =⇒ (3): This follows easily from Proposition 6.
(3) ⇐⇒ (2): Proposition 9 above.
(2) ⇐⇒ (4): Proposition 7 above.
(4) =⇒ (1): Theorem 1 (1). �
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Some Constructions Related to the Kiepert Hyperbola

Paul Yiu

Abstract. Given a reference triangle and its Kiepert hyperbolaK, we study sev-
eral construction problems related to the triangles which haveK as their own
Kiepert hyperbolas. Such triangles necessarily have their vertices onK, and are
called special Kiepert inscribed triangles. Among other results, we show that the
family of special Kiepert inscribed triangles all with the same centroidG form
part of a poristic family betweenK and an inscribed conic with center which is
the inferior of the Kiepert center.

1. Special Kiepert inscribed triangles

Given a triangleABC and its Kiepert hyperbolaK, consisting of the Kiepert
perspectors

K(t) =
(

1
SA + t

:
1

SB + t
:

1
SC + t

)
, t ∈ R ∪ {∞},

we study triangles with vertices onK havingK as their own Kiepert hyperbolas.
We shall work with homogeneous barycentric coordinates and make use of stan-
dard notations of triangle geometry as in [2]. Basic results on triangle geometry
can be found in [3]. The Kiepert hyperbola has equation

K(x, y, z) := (SB − SC)yz + (SC − SA)zx + (SA − SB)xy = 0 (1)

in homogeneous barycentric coordinates. Its center, the Kiepert center

Ki = ((SB − SC)2 : (SC − SA)2 : (SA − SB)2),

lies on the Steiner inellipse. In this paper we shall mean by a Kiepert inscribed
triangle one whose vertices are on the Kiepert hyperbolaK. If a Kiepert inscribed
triangle is perspective withABC, it is called the Kiepert cevian triangle of its
perspector. Since the Kiepert hyperbola of a triangle can be characterized as the
rectangular circum-hyperbola containing the centroid, our objects of interest are
Kiepert inscribed triangles whose centroids are Kiepert perspectors. We shall as-
sume the vertices to be finite points onK, and call such triangles special Kiepert
inscribed triangles. We shall make frequent use of the following notations.

Publication Date: December 28, 2006. Communicating Editor: Jean-Pierre Ehrmann.
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P (t) = ((SB − SC)(SA + t) : (SC − SA)(SB + t) : (SA − SB)(SC + t))
Q(t) = ((SB − SC)2(SA + t) : (SC − SA)2(SB + t) : (SA − SB)2(SC + t))

f2 = SAA + SBB + SCC − SBC − SCA − SAB

f3 = SA(SB − SC)2 + SB(SC − SA)2 + SC(SA − SB)2

f4 = (SAA − SBC)SBC + (SBB − SCA)SCA + (SCC − SAB)SAB

g3 = (SA − SB)(SB − SC)(SC − SA)

Here,P (t) is a typical infinite point, andQ(t) is a typical point on the tangent
of the Steiner inellipse throughKi. Fork = 2, 3, 4, the functionfk, is a symmetric
function inSA, SB, SC of degreek.

Proposition 1. The area of a triangle with vertices K(ti), i = 1, 2, 3, is∣∣∣ g3(t1−t2)(t2−t3)(t3−t1)∏
(S2+2(SA+SB+SC)ti+3t2i

∣∣∣ · 	ABC.

Proposition 2. A Kiepert inscribed triangle with vertices K(ti), i = 1, 2, 3, is
special, i.e., with centroid on the Kiepert hyperbola, if and only if

S2f ′
2 + (SA + SB + SC)f ′

3 − 3f ′
4 = 0,

where f ′
2, f ′

3, f ′
4 are the functions f2, f3, f4 with SA, SB, SC replaced by t1, t2, t3.

We shall make use of the following simple construction.

M

P

Q

polar ofM

Figure 1. Construction of chord of conic with given midpoint

Construction 3. Given a conic C and a point M , to construct the chord of C with
M as midpoint, draw
(i) the polar of M with respect to C,
(ii) the parallel through M to the line in (i).
If the line in (ii) intersects C at the two real points P and Q, then the midpoint of
PQ is M .
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Ki

G

H

A

B C

K1

Q

K2
K3

M

polar ofM

Figure 2. Construction of Kiepert inscribed triangle with prescribed centroid
and one vertex

A simple application of Construction 3 gives a Kiepert inscribed triangle with
prescribed centroidQ and one vertexK1: simply takeM to be the point dividing
K1Q in the ratioK1M : MQ = 3 : −1. See Figure 2.

Here is an interesting family of Kiepert inscribed triangles with prescribed cen-
troids onK.

Construction 4. Given a Kiepert perspector K(t), construct
(i) K1 on K and M such that the segment K1M is trisected at Ki and K(t),
(ii) the parallel through M to the tangent of K at K(t),
(iii) the intersections K2 and K3 of K with the line in (ii) .
Then K1K2K3 is a special Kiepert inscribed triangle with centroid K(t). See
Figure 3.

G

H

Ki

A

B C

K2

K3

K(t)

M

K1

Figure 3. Kiepert inscribed triangle with centroidK(t)
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It is interesting to note that the area of the Kiepert inscribed triangle is indepen-

dent oft. It is 3
√

3
2 |g3|f− 3

2
2 times that of triangleABC. This result and many others

in the present paper are obtained with the help of a computer algebra system.

2. Special Kiepert cevian triangles

Given a pointP = (u : v : w), the vertices of its Kiepert cevian triangle are

AP =
( −(SB − SC)vw

(SA − SB)v + (SC − SA)w
: v : w

)
,

BP =
(

u :
−(SC − SA)wu

(SB − SC)w + (SA − SB)u
: w

)
,

CP =
(

u : v :
−(SA − SB)uv

(SC − SA)u + (SB − SC)v

)
.

These are Kiepert perspectors with parameterstA, tB , tC given by

tA = −SBv − SCw

v − w
, tB = −SCw − SAu

w − u
, tC = −SAu − SBv

u − v
.

Clearly, if P is on the Kiepert hyperbola, the Kiepert cevian triangleAP BP CP

degenerates into the pointP .

Theorem 5. The centroid of the Kiepert cevian triangle of P lies on the Kiepert
hyperbola if and only if P is
(i) an infinite point, or
(ii) on the tangent at Ki to the Steiner inellipse.

Proof. Let P = (u : v : w) in homogeneous barycentric coordinates. Applying
Proposition 2, we find that the centroid ofAP BP CP lies on the Kiepert hyperbola
if and only if

(u + v + w)K(u, v,w)2L(u, v,w)P (u, v,w) = 0,

where

L(u, v,w) =
u

SB − SC
+

v

SC − SA
+

w

SA − SB
,

P (u, v,w) =
∏

((SA − SB)v2 − 2(SB − SC)vw + (SC − SA)w2).

The factorsu + v + w andK(u, v,w) clearly define the line at infinity and the
Kiepert hyperbolaK respectively. On the other hand, the factorL(u, v,w) defines
the line

x

SB − SC
+

y

SC − SA
+

z

SA − SB
= 0, (2)

which is the tangent of the Steiner inellipse atKi.
Each factor ofP (u, v,w) defines two points on a sideline of triangleABC. If

we set(x, y, z) = (−(v + w), v, w) in (1), the equation reduces to(SA −SB)v2 −
2(SB − SC)vw + (SC − SA)w2. This shows that the two points on the lineBC
are the intercepts of lines throughA parallel to the asymptotes ofK, and the corre-
sponding Kiepert cevian triangles have vertices at infinite points. This is similarly
the case for the other two factors ofP (u, v,w). �
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Remark. Altogether, the six points defined byP (u, v,w) above determine a conic
with equation

G(x, y, z) =
∑ x2

SB − SC
− 2(SB − SC)yz

(SC − SA)(SA − SB)
= 0.

Since

g3 · G(x, y, z)

= − f2(x + y + z)2 +
∑

(SB − SC)2x2 − 2(SC − SA)(SA − SB)yz,

this conic is a translation of the inscribed conic∑
(SB − SC)2x2 − 2(SC − SA)(SA − SB)yz = 0,

which is the Kiepert parabola. See Figure 4.

G
H

A

B C

Ki

Figure 4. Translation of Kiepert parabola

3. Kiepert cevian triangles of infinite points

Consider a typical infinite point

P (t) = ((SB − SC)(SA + t) : (SC − SA)(SB + t) : (SA − SB)(SC + t))

in homogeneous barycentric coordinates. It can be easily verified thatP (t) is the
infinite point of perpendiculars to the line joining the Kiepert perspectorK(t) to
the orthocenterH. 1 The Kiepert cevian triangle ofP (t) has vertices

1This is the line
∑

SA(SB − SC)(SA + t)x = 0.
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A(t) =
(

(SB − SC)(SB + t)(SC + t)
SB + SC + 2t

: (SC − SA)(SB + t) : (SA − SB)(SC + t)
)

,

B(t) =
(

(SB − SC)(SA + t) :
(SC − SA)(SC + t)(SA + t)

SC + SA + 2t
: (SA − SB)(SC + t)

)
,

C(t) =
(

(SB − SC)(SA + t) : (SC − SA)(SB + t) :
(SA − SB)(SA + t)(SB + t)

SC + SA + 2t

)
.

G

H

A

B C

A(t)

B(t)

C(t)

K(t)

Figure 5. The Kiepert cevian triangle ofP (t) is the same as the Kiepert paral-
lelian triangle ofK(t)

It is also true that the line joiningA(t) to K(t) is parallel toBC; 2 similarly
for B(t) andC(t). Thus, we say that the Kiepert cevian triangle of the infinite
point P (t) is the same as the Kiepert parallelian triangle of the Kiepert perspector
K(t). See Figure 5. It is interesting to note that the area of triangleA(t)B(t)C(t)
is equal to that of triangleABC, but the triangles have opposite orientations.

Now, the centroid of triangleA(t)B(t)C(t) is the point(
SB − SC

SAB + SAC − 2SBC − (SB + SC − 2SA)t
: · · · : · · ·

)
,

which, by Theorem 5, is a Kiepert perspector. It isK(s) wheres is given by

2f2 · st + f3 · (s + t) − 2f4 = 0. (3)

Proposition 6. Two distinct Kiepert perspectors have parameters satisfying (3) if
and only if the line joining them is parallel to the orthic axis.

2This is the line−(SA + t)(SB + SC + 2t)x + (SB + t)(SC + t)(y + z) = 0.
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Proof. The orthic axisSAx + SBy + SCz = 0 has infinite point

P (∞) = (SB − SC : SC − SA : SA − SB).

The line joiningK(s) andK(t) is parallel to the orthic axis if and only if∣∣∣∣∣∣
1

SA+s
1

SB+s
1

SC+s
1

SA+t
1

SB+t
1

SC+t

SB − SC SC − SA SA − SB

∣∣∣∣∣∣ = 0.

Fors �= t, this is the same condition as (3). �

This leads to the following construction.

G

H

A

B C

A(t)

B(t)

C(t)

K(s)

K(t)

Figure 6. The Kiepert cevian triangle ofP (t) has centroidK(s)

Construction 7. Given a Kiepert perspector K(s), to construct a Kiepert cevian
triangle with centroid K(s), draw
(i) the parallel through K(s) to the orthic axis to intersect the Kiepert hyperbola
again at K(t),
(ii) the parallels through K(t) to the sidelines of the triangle to intersect K again
at A(t), B(t), C(t) respectively.
Then, A(t)B(t)C(t) has centroid K(s). See Figure 6.

4. Special Kiepert inscribed triangles with common centroid G

We construct a family of Kiepert inscribed triangles with centroidG, the cen-
troid of the reference triangleABC. This can be easily accomplished with the help
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of Construction 3. Beginning with a Kiepert perspectorK1 = K(t) andQ = G,
we easily determine

M = ((SA+t)(SB+SC +2t) : (SB+t)(SC +SA+2t) : (SC +t)(SA+SB+2t)).

The line throughM parallel to its own polar with respect toK3 has equation

SB − SC

SA + t
x +

SC − SA

SB + t
y +

SA − SB

SC + t
z = 0. (4)

As t varies, this line envelopes the conic

(SB − SC)4x2 + (SC − SA)4y2 + (SA − SB)4z2

− 2(SB − SC)2(SC − SA)2xy − 2(SC − SA)2(SA − SB)2yz

− 2(SA − SB)2(SB − SC)2zx = 0,

which is the inscribed ellipseE tangent to the sidelines ofABC at the traces of(
1

(SB − SC)2
:

1
(SC − SA)2

:
1

(SA − SB)2

)
,

and to the Kiepert hyperbola atG, and to the line (4) at the point

((SA + t)2 : (SB + t)2 : (SC + t)2).

It has center

((SC−SA)2+(SA−SB)2 : (SA−SB)2+(SB−SC)2 : (SB−SC)2+(SC−SA)2),

the inferior of the Kiepert centerKi. See Figure 7.

Ki

G

H

A

B C

P

P3

P2

M

Figure 7. Poristic triangles with common centroidG

3The polar ofM has equation
∑

(SB − SC)(SAA − S2 − 2(SB + SC)t − 2t2)x = 0 and has
infinite point((SA + t)(SA(SB + SC − 2t) − (SB + SC)(SB − SC + t)) : · · · : · · · ).
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Theorem 8. A poristic triangle completed from a point on the Kiepert hyperbola
outside the inscribed ellipse E (with center the inferior of Ki) has its center at G
and therefore has K as its Kiepert hyperbola.

More generally, if we replaceG by a Kiepert perspectorKg, the envelope is a
conic with center which dividesKiKg in the ratio3 : −1. It is an ellipse inscribed
in the triangle in Construction 4.

5. A family of special Kiepert cevian triangles

5.1. Triple perspectivity. According to Theorem 5, there is a family of special
Kiepert cevian triangles with perspectors on the line (2) which is the tangent of
the Steiner inellipse atKi. Since this line also contains the Jerabek center

Je = (SA(SB − SC)2 : SB(SC − SA)2 : SC(SA − SB)2),

its points can be parametrized as

Q(t) = ((SB − SC)2(SA + t) : (SC − SA)2(SB + t) : (SA − SB)2(SC + t)).

The Kiepert cevian triangle ofQ(t) has vertices

A′(t) =

(
(SC − SA)(SA − SB)(SB + t)(SC + t)

SA + t
: (SC − SA)2(SB + t) : (SA − SB)2(SC + t)

)
,

B′(t) =

(
(SB − SC)2(SA + t) :

(SA − SB)(SB − SC)(SC + t)(SA + t)

SB + t
: (SA − SB)2(SC + t)

)
,

C′(t) =

(
(SB − SC)2(SA + t) : (SC − SA)2(SB + t) :

(SB − SC)(SC − SA)(SA + t)(SB + t)

SC + t

)
.

Theorem 9. The Kiepert cevian triangle of Q(t) is triply perspective to ABC . The
three perspectors are collinear on the tangent of the Steiner inellipse at Ki.

Proof. The trianglesB′(t)C ′(t)A′(t) andC′(t)A′(t)B′(t) are each perspective to
ABC, at the points

Q′(t) =
(

SC + t

SC − SA
:

SA + t

SA − SB
:

SB + t

SB − SC

)
,

and

Q′′(t) =
(

SB + t

SA − SB
:

SC + t

SB − SC
:

SA + t

SC − SA

)

respectively. These two points are clearly on the line (2). �

5.2. Special Kiepert cevian triangles with the same area as ABC . The area of
triangleA′(t)B′(t)C ′(t) is

(f2 · t2 + f3 · t − f4)3∏
(f2 · (SA + t)2 − (SC − SA)2(SA − SB)2)

Among these, four have the same area as the reference triangle.
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5.2.1. t = SA(SB+SC)−2SBC

SB+SC−2SA
. The points

Q(t) =(−2(SB − SC) : SC − SA : SA − SB),

Q′(t) =(SB − SC : −2(SC − SA) : SA − SB),

Q′′(t) =(SB − SC : SC − SA : −2(SA − SB)),

give the Kiepert cevian triangle

A′
1 =(−(SB − SC) : 2(SC − SA) : 2(SA − SB)),

B′
1 =(2(SB − SC) : −(SC − SA) : 2(SA − SB)),

C ′
1 =(2(SB − SC) : 2(SC − SA) : −(SA − SB)).

This has centroid

K

(
− f3

2f2

)
=

(
SB − SC

SB + SC − 2SA
:

SC − SA

SC + SA − 2SB
:

SA − SB

SA + SB − 2SC

)
.

A′(t)B′(t)C ′(t) is also the Kiepert cevian triangle of the infinite pointP (∞)
(of the orthic axis). See Figure 8.

A

B C

G

Q′′Q′ Ki

A′
1

B′
1

C′
1

Q

G′
1

Figure 8. Oppositely oriented triangle triply perspective withABC at three
points on tangent atKi
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5.2.2. t = ∞. With the Kiepert centerKi = Q(∞), we have the points

Q(∞) =((SB − SC)2 : (SC − SA)2 : (SA − SB)2),

Q′(∞) =
(

1
SA − SB

:
1

SB − SC
:

1
SC − SA

)
,

Q′′(∞) =
(

1
SC − SA

:
1

SA − SB
:

1
SB − SC

)
,

The pointsQ′(∞) andQ′′(∞) are the intersection with the parallels throughB,

C to the line joiningA to the Steiner pointSt =
(

1
SB−SC

: 1
SC−SA

: 1
SA−SB

)
.

These points give the Kiepert cevian triangle which is the image ofABC under
the homothetyh(Ki,−1):

A′
2 =((SC − SA)(SA − SB) : (SC − SA)2 : (SA − SB)2),

B′
2 =((SB − SC)2 : (SA − SB)(SB − SC) : (SA − SB)2),

C ′
2 =((SB − SC)2 : (SC − SA)2 : (SC − SA)(SB − SC)),

which has centroid

K

(
−SA + SB + SC

3

)
=

(
1

SB + SC − 2SA
:

1
SC + SA − 2SB

:
1

SA + SB − 2SC

)
.

The pointsQ′(t), Q′′(t) andG′
2 are on the Steiner circum-ellipse. See Figure 9.
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B C
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Q′
Q = Ki
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A′
2

B′
2

C′
2

G′
2

Figure 9. Oppositely congruent triangle triply perspective withABC at three
points on tangent atKi
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5.2.3. t = −f3

2f2
. Q(t) is the infinite point of the line (2).

Q(t) = ((SB − SC)(SB + SC − 2SA) : (SC − SA)(SC + SA − 2SB) : (SA − SB)(SA + SB − 2SC)) ,

Q′(t) = ((SB − SC)(SA + SB − 2SC) : (SC − SA)(SB + SC − 2SA) : (SA − SB)(SC + SA − 2SB)) ,

Q′′(t) = ((SB − SC)(SC + SA − 2SB) : (SC − SA)(SA + SB − 2SC) : (SA − SB)(SB + SC − 2SA)) .

These give the Kiepert cevian triangle

A′
3 =

(
SB − SC

SB + SC − 2SA
:

SC − SA

SA + SB − 2SC
:

SA − SB

SC + SA − 2SB

)
,

B′
3 =

(
SB − SC

SA + SB − 2SC
:

SC − SA

SC + SA − 2SB
:

SA − SB

SB + SC − 2SA

)
,

C′
3 =

(
SB − SC

SC + SA − 2SB
:

SC − SA

SB + SC − 2SA
:

SA − SB

SA + SB − 2SC

)
,

with centroid (
SB − SC

(SB − SC)2 + 2(SC − SA)(SA − SB)
: · · · : · · ·

)
.

See Figure 10.
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3

B′
3

G′
3

Q′′
Q′

Figure 10. Triangle triply perspective withABC (with the same orientation) at
three points on tangent atKi
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5.2.4. t = −SA. For t = −SA, we have

Q(t) =(0 : SC − SA : −(SA − SB)),

Q′(t) =(−(SB − SC) : 0 : SA − SB),

Q′′(t) =(SB − SC : −(SC − SA) : 0).

These points are the interceptsQa, Qb, Qc of the line (2) with the sidelinesBC,
CA, AB respectively. The linesAQa, BQb, CQc are the tangents toK at the
vertices. The common Kiepert cevian triangle ofQa, Qb, Qc is ABC oppositely
oriented asACB, CBA, BAC, triply perspective withABC at Qa, Qb, Qc re-
spectively.

6. Special Kiepert inscribed triangles with two given vertices

Construction 10. Given two points K1 and K2 on the Kiepert hyperbola K, con-
struct
(i) the midpoint M of K1K2,
(ii) the polar of M with respect to K,
(iii) the reflection of the line K1K2 in the polar in (ii) .
If K3 is a real intersection of K with the line in (iii) , then the Kiepert inscribed
triangle K1K2K3 has centroid on K. See Figure 11.
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Ki
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K′
3

A

B C
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K2
M

Figure 11. Construction of special Kiepert inscribed triangles given two ver-
ticesK1, K2
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Proof. A point K3 for which triangleK1K2K3 has centroid onK clearly lies on
the image ofK under the homothetyh(M, 3). It is therefore an intersection ofK
with this homothetic image. IfM = (u : v : w) in homogeneous barycentric
coordinates, this homothetic conic has equation

(u + v + w)2K(x, y, z)

+2(x + y + z)
(∑

((SB − SC)vw + (SC − SA)(3u + w)w + (SA − SB)(3u + v)v)x
)

=0.

The polar ofM in K is the line∑
((SA − SB)v + (SC − SA)w)x = 0. (5)

The parallel throughM is the line∑
(3(SB − SC)vw + (SC − SA)(u − w)w + (SA − SB)(u − v)v)x = 0. (6)

The reflection of (6) in (5) is the radical axis ofK and its homothetic image above.
�

If there are two such real intersectionsK3 andK′
3, then the two trianglesK1K2K3

andK1K2K
′
3 clearly have equal area. These two intersections coincide if the line

in Construction 10 (iii) above is tangent toK. This is the case whenK1K2 is a
tangent to the hyperbola

4f2 · K(x, y, z) − 3g3 · (x + y + z)2 = 0,

which is the image ofK under the homothetyh(Ki, 2). See Figure 12.
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Figure 12. Family of special Kiepert inscribed triangles withK1, K2 uniquely
determiningK3
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The resulting family of special Kiepert inscribed triangles is the same family
with centroidK(t) and one vertex its antipode onK, given in Construction 4.
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