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On an Affine Variant of a Steinhaus Problem

Jean-Pierre Ehrmann

Abstract. Given a triangleA BC' and three positive real numbeiis v, w, we
prove that there exists a unique poftin the interior of the triangle, with ce-
vian triangle P, P, P., such that the areas of the three quadrilatefal3 AP.,
PP.BP, , PP,CP, are in the ratia: : v : w. We locateP’ as an intersection of
three hyperbolas.

In this note we study a variation of the theme of [2], a geneatibn of a prob-
lem initiated by H. Steinhaus on partition of a triangle (fg¢. Given a triangle
ABC with interior 7, and a pointP € 7 with cevian triangleP, P, P,., we de-
note byA 4o (P), Ag(P), Ac(P) the areas of the oriented quadrilater&#, AP,
PP.BP,, PP,CP,. In this note we prove that given three arbitrary positival re
numbersu, v, w, there exists a unique poifit € .7 such that

AA(P) : Ap(P): Ac(P)=u:v:w.
To this end, we define
f(P)=Ax(P): Ap(P) : Ac(P).

This is the point 0of7 such that

A[BCf(P)]=Aa(P), A[CAf(P)]=Ap(P), A[ABf(P)]=Ac(P).
Lemma 1. If P has homogeneous barycentric coordinatesy : z with reference
to triangle ABC, then

F(P) = (y+2)2x+y+=2) : (z+2)2y+ 2+ x) : (ac+y)(x+y+2z)‘

x Y z

Proof. If P =z : y : z, we have

— AB -— AB AC  — AC
AP, = 422 AP:%, AP, = 222
r+y T+y+=z T+ z

so that
Au(P) = A(AP.P) + A(APP) = — 4~ 1 1

+ ) A(ABC).
r+y+zrx+y xT+=z

Publication Date: January 7, 2008. Communicating Editaul Fiu.



2 J.-P. Ehrmann

By cyclic permutations of, y, z, we get the values oAz (P) and A (P), and
the result follows. O

We shall prove thaf : .7 — 7 is a bijection. We adopt the following nota-
tions.

() G4, Gy, G, are the vertices of the anticomplementary triangle. The\tlae
imagesA, B, C under the homothety(G, —2), G being the centroid oA BC.

(i) P* denotes the isotomic conjugate Bfwith respect tad BC'. Its tracesP;,
Py, P; on the sidelines ofABC are the reflections of,, P,, P. with respect to
the midpoint of the corresponding side.

(iii) [L]~ denotes the infinite point of a link.

Proposition 2. LetP =z : y : zandU = u : v : w. The linesG,P and P;U
are parallel if and only ifP lies on the hyperbola&?, ; through 4, G,, U7, the
reflection ofU; in C' and the reflection o/ in B.

Proof. AsPX=0:z:yand[G,Plooc = -2z +y+2): 2+ 2 : 4y, the lines
G, P andP;U are parallel if and only if

ha,u(P) == det([GoPlss, Py, U)
—2zx+y+z2) z4+2x z+y

= 0 z Y
=z((u+v)y — (w+u)2) + (@ +y+2)(vy —w2)

=0.

Itis clear thath, 7 (P) = 0 defines a conic’;, iy throughA =1 : 0 : 0, and the
infinite points of the lines = 0 and(u +v)y — (w +u)z = 0. These are the lines
BC andG,U. ltis also easy to check that it contains the poifits= —1:1: 1,
Ur=0:w:v,and

Up.:= —w:0:u+ 2w,
= —v:iu+2v:0.
These latter two are respectively the reflection&/pin C andU; in B. The conic

;v is a hyperbola since the four points G, Uy, andU};, do not fall on two
lines. O

By cyclic permutations of coordinates, we obtain two hypéab 7 ;; and
.y defined by
hy,r (P) :=det([GyPlss, Py, U) =0,
he, v (P) :=det([GePloo, P, U) =0.
It is easy to check that 7 = f(P), then
ha,u(P) = ho,u(P) = hey(P) = 0.

From this we obtain a very easy construction of the p@iiF).
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Corollary 3. The pointf(P) is the intersection of the lines through;, P; and
P} parallel toG, P, G, P, G.P respectivelySee Figure 1

Figure 1.

Proof. The linesG, P, G,P, G P are parallel toP; f(P), P} f(P), P} f(P) re-
spectively. O

Remarks.(1) J7, ;; degenerates if and only #f = w, i.e, whenU lies on the
median AG. In this case 7,y is the union of the mediaslG and of a line
parallel toBC.

(2) P, P*, f(P) are collinear.

(3) Ashqu(P) + hyu(P) + hey(P) = 0, the three hyperbolag?;, i/, 74 v/,
sty are members of a pencil of conics. Uf € .7, the pointsP for which
f(P) = U are their common points lying i&¥.

Lemmad. If U € .7, 7,y and 7, ;; have a real common point i and a real
common point in74, reflection inA of the open angular sector bounded by the
half linesAB and AC.

Proof. Using the fact that?;, ;; passes throughBC, we can cut’z, iy by lines
parallel to BC to get a rational parametrization o7, ;;. More precisely, letB;
andC; be the images oB andC under the homothetly(A, 1 — ¢). The point

(I=p)Be+pCr=t:(1—p)(l—1):pu(l—1t)
lies onJ7, 7 if and only if

v+ t(u+v)
v4+w+t2u+v+w)

W=t =
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Let P(t) = (1 — p) Bt + 1:Cy. It has homogeneous barycentric coordinates
t((v+w)+tRu+v+w)): (1 —t)(w+tlw+u)): (1—1t)(v+tlu+v)).

with coordinate sum isv + w) + t(2u + v + w).
If ¢ > 0, we haved < p; < 1. It follows that, for0 < ¢ < 1, P(t) € . and for
t> 1, P(t) € Z4. Consider

ho,u (P(t))
(u+v+w)((v+w) +t2u+v+w))?

p(t) =

More explicitly,

2(u 4 v)(u + w)(u + v + w)t* + lower degree terms af
(u+v+w)(v+w+t2u + v+ w))? '

Clearly, p(0) = (v+w)2(27ww+w) > 0andyp(l) = —y < 0. Note also that

p(400) = +0o0. As ¢ is continuous fot > 0, the result follows. 0
Theorem 5. If U € .7, the three hyperbolas?, i, 74 1, 7.y have four distinct

real common points, exactly one of which liesdh This point is the only point
P e 7 satisfyingf(P) = U.

p(t) =

Figure 2.
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Proof. In a similar way as in Lemma 4, we can see thé};; and .77 ;; have a
common point in7 and a real common point ig and that’;. ;y and.JZ, ;y have
areal common point it and a real common point iffs. As the four sets7, Ty,
Tg, Tc pairwise have empty intersection, it follows th#f, 7, 77, 7, 7 have
four real common points, one in each.@f, 74, 73 and 7¢. See Figure 2. [
Remark.(4) If U € 7, the pointsP such that

A(AP.P) + A(APP,) : A(BP,P)+ A(BPP,) : A(CP,P) + A(CPP,) =u:v:w
are the four common points o¥;, i, 74, y and 7, ;.

Remark (2) shows that=!(U) lies on the isotomic cubic with pivdt. Clearly,
f(G)=f1(G) =G
References

[1] A. Tyszka, Steinhaus’ problem on partition of a triangferum Geom.7(2007) 181-185.
[2] J.-P. Ehrmann, Constructive solution of a generaliwatf Steinhaus’ problem on partition of a
triangle,Forum Geom.7 (2007) 187-190.
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Two Triads of Congruent Circles from Reflections

Quang Tuan Bui

Abstract. Given a triangle, we construct two triads of congruentles¢hrough
the vertices, one associated with reflections in the ak#yend the other reflec-
tions in the angle bisectors.

1. Reflections in the altitudes

Given triangleA BC' with orthocenterH, let B, andC,, be the reflections oB
andC in the line AH. These are points on the sidelif' so thatBC, = CB,.
Similarly, consider the reflections,, A, of C, A respectively in the lindBH, and
A., B.of A, BinthelineCH.

Theorem 1. Thecircles ACyB., BA.C,, and C B, A, are congruent.

Figure 1.

Proof. Let O be the circumcenter of triangld BC', and X its reflection in the
A-altitude. This is the circumcenter of triangleB,C,, the reflection of triangle
ABC inits A-altitude. See Figure 2. It follows tha&f lies on the perpendicular
bisector ofOX, andH X = OH. Similarly, if Y andZ are the reflections ad in

the linesBH andC H respectively, thellY = HZ = OH. It follows thatO, X,

Y, Z are concyclic, and{ is the center of the circle containing them. See Figure
3.

Publication Date: January 14, 2008. Communicating EdRaul Yiu.
The author thanks Paul Yiu for his help in the preparatiorhisf paper.



8 Q. T. Bui

Figure 2 Figure 3

Let O be the circumcenter of trianglé BC'. Note the equalities of vectors

OX =BC, = CB,,
OY =CA,;, = ACy,
0Z =AB. = BA...

The three trianglesiC, B., BA.C,, andC B, A, are the translations @Y Z
by OA, OZX by OB, andOXY by OC respectively.

Figure 4.

Therefore, the circumcircles of the three triangles areatigruent and have
radiusO H. Their centers are the translationsifby the three vectors. O
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2. Reflections in the angle bisectors

Let I be the incenter of triangld BC'. Consider the reflections of the vertices
in the angle bisectorsB;,, C;, of B, C'in AI, C;, Aj of C, Ain BI, and A, B,
of A, Bin CI. See Figure 5.

Theorem 2. Thecircles AC; B, BA,.C},, and C'B,, A} are congruent.

Cy

Figure 5.

Proof. Consider the reflectionB!, C;’ of B/, C; in AI, C/, A of C;,, Al in BI,
and Ay, By of A}, B} in C1. See Figure 6.

Figure 6 Figure 7
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Note the equalities of vectors
BC/=CB’, CA! =AC!,  AB!/=BA’.

With the circumcente@ of triangle ABC, these define pointX’, Y/, Z’ such that
OX' =BCJ = CBL,
OY' =CA} = ACY,
OZ =AB” = BA”.

The trianglesAC}' B!/, BA!/C!/ andC B/ A} are the translations @Y’ Z’, 0Z' X’

andOX'Y” by the vector®D A, OB andOC respectively. See Figure 7.

Note, in Figure 8, thaO X'C//C' is a symmetric trapezoid ankC!! = IC! =
IC. It follows that trianglesIC” X’ and ICO are congruent, andX’ = IO.
Similarly, IY' = 10 andIZ’ = IO. This means that the four poin€, X', Y/,
Z' are on a circle centef. See Figure 9. The circumcentary, O;, O/ of the

trianglesAC]' B!, BA!!C! andC B!/ A} are the translations df by these vectors.
These circumcircles are congruent to the ci@).

Figure 8 Figure 9

The segmentslO!/, BO; andCO, are parallel and equal in lengths. The tri-
anglesAC; B,, BA.C| andC B, A; are the reflections oAC} B!/, BA!C!! and
CBy/ A} in the respective angle bisectors. See Figure 10. It folithas their cir-
cumcircles are all congruent 1¢0O). O

Let O, O;, O, be the circumcenters of trianglesC; B.., BA,C,, andC B, A}
respectively. The linestO!, and AO! are symmetric with respect to the bisector
of angleA. SinceAO;, BO; andCO! are parallel to the lin®1I, the reflections
in the angle bisectors concur at the isogonal conjugateeointinite point ofO1.
This is a pointP on the circumcircle. It is the triangle cent&r o4 in [1].

Finally, sincelO) = IO} = IO/, we also havdO), = IO, = IO.. The6
circumcenters all lie on the circle, centerradiusR.
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Figure 10.
To conclude this note, we establish an interesting proprtiie centers of the
circles in Theorem 2.

Proposition 3. The lines O, I, O;I and O_I are perpendicular to BC, CA and
AB respectively.

Figure 11.
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Proof. It is enough to prove that for the lin@/, I. The other two cases are similar.

Let M be the intersection (other thaf) of the circle(O’,) with the circumcircle
of triangle ABC'. SincelO!, = OM (circumradius) and), M = IO, O,MOI
is a parallelogram. This means th@,M = IO = OJA, and AMO,0! is
also a parallelogram. From this we conclude tHat/, being parallel ta”O,, is
perpendicular to the bisectot/. Thus, M is the midpoint of the ar&3AC, and
MO is perpendicular t&C'. SinceO,I = MO, the lineO/, I is also perpendicular
to BC. O

Since the six circlegO!,) and (O/) etc are congruent (with common radius
OI) and their centers are all at a distangdrom I, it is clear that there are two
circles, centel, tangent to all these circles. These two circles are tangettite
circumcircle, the point of tangency being the intersectibthe circumcircle with
the lineO1. These are the triangle centeXssg; and X3g2 of [1].

Figure 12.

References

[1] C. Kimberling, Encyclopedia of Triangle Centers, available at
http://faculty. evansville. edu/ ck6/ encycl opedi a/ ETC. htnl .
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Angles, Area, and Perimeter Caught in a Cubic

George Baloglou and Michel Helfgott

Abstract. The main goal of this paper is to establish sharp bound$iéoangles
and for the side ratios of any triangle of known area and petém Our work is
also related to the well known isoperimetric inequality.

1. Isosceles triangles sharing area and perimeter

Suppose we wish to determine all isosceles triangles, if ahyrea3 and
perimeterl0 — a problem that is a bit harder than the corresponding weiikn
problem for rectangles!

Let = be the length of the base agdthe length of the two equal sides, <
2y. Then the height of the isosceles triangles we wish to deterns equal to

Vy? — 2. Thusz+2y = 10while £, /y2 — 22 = 3. HenceZ /(5 — £)? — 2% =

3, which leads tdhz® — 2522 + 36 = 0. The positive roots of this cubic are
r1 ~ 1.4177 andzs ~ 4.6698, so thaty; ~ 4.2911 andy, =~ 2.6651. Thus there
are just two isosceles triangles of aeand perimeteiO (see Figure 1).

y ~ 4.2911 z 7 4.2911

Yy ~ 2.6651 z ~ 2.6651

x ~ 1.4177 x ~ 4.6698
Figure 1. The two isosceles triangles of aBeand perimeteit0

Are there always isosceles triangles of arkand perimetetP? A complete
answer is provided by the following lemma and theorem.

Lemmal. Letz be the base of an isosceles triangle with given atesnd perime-
ter P. Then
2Pz — P22% +16A4% = 0. 1)

Publication Date: January 22, 2008. Communicating EdRawl Yiu.



14 Angles, area, and perimeter caught in a cubic

. . . . P— 2 _
Proof. Working as in the above special case, we obgaia =~ and$ 4 /y? — 4- =

A; substituting the former condition into the latter, we agrat (1). a

Theorem 2. There are exactly two distinct isosceles triangles of areadperime-
ter P if and only ifP? > 12v/3A. There is exactly one if and only#? = 121/34
and the triangle is equilateral. The vertex angles < ¢, of these two isosceles
triangles also satisfy; < 5 < ¢2.

Proof. Let f(x) be the cubic in (1). We first show that it has at most two distinc
positive roots. Indeed the existence of three distincttpesioots would yield, by
Rolle’s theorem, two distinct positive roots f@gf(z) = 6Pz — 2P?z; but the
roots of /() arex = £ andz = 0.

Notice now thatf”(z) = 12Pz—2P?, hencef”(0) = —2P* < 0andf”(%) =
2P? > 0. So f has a positive local maximum di6A% atz = 0 and a local
minimum atx = § (Figure 2). ltis clear thaf has two distinct positive roots
o1 < L < apifandonlyif f(£) < 0;but f(£) = — L2 + 1642, s0f(£) < 0is
equivalent taP? > 12v/3A.

400 +
300

200

—100

—200

Figure 2. 2Pxz3 — P?z% + 16A% for A = 3andP = 10

Moreover, f(£) = 0 if and only if P2 = 121/34, implying thatf(z) = 0 has
precisely one (‘tangential’) positive solution if and orifyP? = 12v/3A. As it
turns out, the cubic is then equivalent(®x — P)?(6z + P) = 0, and its unique
positive solution corresponds to the equilateral triarm_l’;leideg.

As also noticed in [1], the vertex anglés andg, of the two isosceles triangles
of area A and perimeterP (that correspond to the positive roots and x, of
(1)) do satisfy the inequalitieg; < 5§ < ¢»2. These inequalities follow from
x1 < % < xy Since, in every triangle, the greater angle is opposite teatgr side:
indeed in every isosceles triangle of perimeatebaser, vertex anglep, and sides
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y = z, the inequalityz < £ impliesy = = > £, so thaty = z > x; therefore
;%‘z’ > ¢, thus¢ < 3. In a similar fashion one can prove that> g impIieDs
> 3.

Remark. That the cubic in (1) can have at most two distinct positivetsanay
also be derived algebraically. Indeed, the existence egthlistinct positive roots
x1, T2, x3 would imply that the cubic may be written ase — x1)(z — z2)(z — 23),
with ¢(z1x2 + zoxs + x321) being thepositive coefficient of the first power of
z. That would contradict the fact that the cubic being analyas zero as the
coefficient of the first power of.

2. Theisoperimetric inequality for arbitrary triangles

We have just seen that the inequald? > 121/3A holds for every isosceles
triangle, with equality precisely when the triangle is dgtgral. We will prove
next that thigsoperimetricinequality ([5, p.85], [3, p.42]) holds for every triangle.

First we notice that for every scalene triandgk&’ D, there exists an isosceles
triangle EC'D with BE parallel toC D (see Figure 3). Let be the line through
B parallel toC'D and F' be the symmetric reflection of D with respectftoLet
E andG be the points of on CF and DF, respectively. ClearlyEG|/C' D and
|FG| = |DG| imply |[FE| = |CE|. Moreover, triangle"GE and DGE are
congruent by symmetry, therefofE E| = | DE|. We conclude that triangl&€C D

is isosceles WithCE| = |DE)|.

F

|

|

|

|

|

|
B E Il

¢ 1

|

I |

| |

| |

| |

| |

l

C H D

Figure 3. Reduction to the case of an isosceles triangle

It follows immediately fromBE||CD that AECD and ABCD have equal
areas. Less obviously, the perimeterdFC D is smallerthan that ofABCD :
|CD|+|DE|+|EC| =|CD|+|FE|+|EC| =|CD|+|FC| < |CD|+|FB|+
|BC| = |CD| + |DB| + |BC|, with the last equality following from symmetry
and the congruency & FGB andADGB.

So, given an arbitrary scalene triangd” D of areaA and perimeter”, there
exists an isosceles triangléC' D of areaA and perimete) < P. SinceQ? >
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121/3A, it follows that P? > 12v/3A, so the isoperimetric inequality for triangles
has been proven.

We invite the reader to use this geometrical technique toeléne isoperimetric
inequality for quadrilateral§P?> > 16A for every quadrilateral of ared and
perimeterP), and possibly for other-gons as well.

It should be mentioned here that the standard proof of theersmetric inequal-
ity for triangles (see for example [2, p.88]) relies on Hésarea formula (which
we essentially derive later through a generalization offét)arbitrary triangles)
and the arithmetic-geometric-mean inequalilty.

3. Newton'’s parametrization

Turning now to our main goal, namely the relations among antjie’s area,
perimeter, and angles, we first find an expression for thessiden triangle in
terms of its area, perimeter, andeangle. To achieve this, we simply generalize
Newton’s derivation of the formula = g — %, expressing a right triangle’s
hypotenuse in terms of its area and perimeter; this work ajggein Newton’s
Universal Arithmetick, Resolution of Geometrical QuastidProblem IlI, p. 57

([6, p.103]).

Figure 4. Toward ‘Newton’s parametrization’

24 - moreover,
n¢

si

Observe (as in Figure 4) thadt = Jzysin ¢, soy? = Py—ay—

the law of cosines yieldg? = Px + Py — zy + 2‘2;—’12‘1’ — B2 It follows that
P 2A [1+cos¢
pr— = — — 2

extending Newton’'s formula fod < ¢ < w. Of course we need to ha\@ >

4 (“gﬁf;d’) for x to be positive, so we need the conditie@) > 0, where

P?sin ¢
s(¢) = A1 +oosd) A. €))
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Oncez is determinedy andz are easily determined vigz = smd) andy + z =
7 Ly2d (w) : they are the roots of the quadratfc— ( +2 (1+C°S¢>)

sin ¢ sin ¢
sm¢> = 0, provided that,(¢) > 0, where
(P  2A (1+cos¢ 2 8A
M9) = (5 * P < sin ¢ >> sin ¢ @

is the discriminant; that is; = y(¢) andz = z(¢) are given by
B £+é 14 cos¢ i} £+% 14 cos¢ 2_ 8A
“Y=\37P sin ¢ 2 2 P sin ¢ sing’
5)

Putting everything together, and observing thay, z as defined in (2) and (5)
above do satisfy the triangle inequality and are the sidestoéngle of aread and
perimeterP, we arrive at the following result.

Theorem 3. The pair of conditionss(¢) > 0 and h(¢) > 0, wheres(¢) =

s Aanano) = (543 (5550))" 2, s cquvalent o e

existence of a triangle of area A, perimeter P, sidé$) y(6), z(¢p) as given in
(2), (5) above, and angl® between the sideg, z; that triangle is isosceles with
vertex anglep if and only ifh(¢) =

Figures 5 and 6 below offer visualizations of the three sigasametrizations
by the anglep and of the two functions essential for the ‘triangle comif’ of
Theorem 3, respectively.

The ‘vertical’ intersections of/(¢) andz(¢) with each other in Figure 5 occur
at¢ ~ 0.33166 ~ 19.003° and¢ ~ 2.13543 =~ 122.351°: those are the pos-
itive roots of h(¢) = 0, which are none other than the vertex angles of the two
isosceles triangles in Figure 1. There are also intersestibx(¢) with z(¢) at
¢ ~ 1.40485 ~ 80.492° and ofx(¢) with y(¢) at¢ ~ 0.50305 ~ 28.822°; which
are again associated, via side renaming as needed ang Wwéing abaseangle,
with the isosceles triangles of Figure 1.

As we see in Figure 6s andh cannot be simultaneously positive outside the
interval defined by the two largest roots/o{¢ ~ 0.33166 and¢ ~ 2.13543): this
fact remains true for arbitraryl and P and is going to be of central importance in
what follows.

4. Angles‘bounded’ by area and perimeter
We are ready to state and prove our first main result.

Theorem 4. In every non-equilateral triangle of area A and perimeterevery
angle ¢ must satisfy the inequality; < ¢ < ¢2, whereg; < 5 < ¢, are the
vertex angles of the two isosceles triangles of area A andnater P; specifically,

P? - 2Pz — << P? —2Pxy — 13
arccos arccos s
P?2 — 2Pz + 331 P? — 2Pz + 3
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-3 L

Figure 5. The triangle’s three sides parametrized doyfor 19.003° =
0.33166 < ¢ < 2.13543 = 122.351° atA =3,P =10

60

40

30 -

()

10 +

—~10 4+

Figure 6. s(¢) andh(¢) for 0.1 < ¢ <2.3atA=3,P =10
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wherez; < £ < z, are the positive roots &fPz? — P?z% + 1642 = 0.

Proof. As we have seen in Lemma 1, the cubic (1) yields the basieeach of the
two isosceles triangles of arehand perimete?; and the formula above for the
vertex anglep of an isosceles triangle follows fron? = 2y — 2y cos ¢ (law of
cosines) ang = £5£.

So it suffices to show that the inequality < ¢ < ¢- is equivalent to the pair of
conditionss(¢) > 0 andh(¢) > 0, wheres(¢) andh(¢) are defined as in Theorem
3; for this, we need four lemmas.

Lemmab. For somey in (0, ¢1), s(v) = 0.

Proof. Notice thatlim,_,y+ s(¢) = —A < 0. On the other hand, the existence of
an isosceles triangle with vertex angle guarantees that(¢;) > 0 (Theorem 3).
By the continuity ofs on (0, 7), there must exist) such that) < ¢ < ¢; and
s(y) =0. O

Lemma 6. The functions is strictly increasing or{0, w) and, for¢ > ¢1, s(¢) >
0.

Proof. Since the derivative/(¢) = 4(1+P70i>8¢) is positive on(0, ), s is strictly
increasing; it follows thak(¢) > s(¢1) > 0 for ¢ > ¢;. O

Lemma7. For ¢ > ¢, h(¢) < 0.

2
Proof. Recall thath(¢) = (% +24 (1+°°S¢>> — B4 By L'Hospital’s rule,

sin ¢ sing*
we havelimg, . “52¢ = lim, ., <32 = 0; it follows thatlimy_.- h(¢) =
£ limg ., % = —00. Suppose:(¢p) > 0 for someg > ¢o. Thenh(ps) =0
for some¢s > ¢, because is continuous or{0, ) andlim_, .- h(¢) = —oo.
At the same timeg(¢3) > 0 (Lemma 6). Then by Theorem 3, there exists a third
isosceles triangle of are& and perimetel?, which is impossible. O

Lemma8. Thereis napin (0, 7) for whichh(¢) = h'(¢) = 0.
Proof. Supposéi(¢) = h'(¢) = 0 for somee in (0, 7). It follows that

2
<P+%<1—|—COS¢>> 8A and P+% <1—|—cos¢>_2Pcos¢

= n = .
2 P sin ¢ sin ¢ 2 P sin ¢ 14 cos¢
Squaring the latter and dividing it by the former expressi@getP? = %.

2
Substituting this expression fd?? into (g +24 <1+C°S¢>) = 24 we arrive

sin ¢ sin ¢
. 1+ 2 2A(1+ 2A cos? :
at the equatlorﬁg‘sfin (;225;) =+ (Sincd‘)’s ¢ 4 Lcos ¢ — 24 which reduces to

(cos ¢ — 1)(2cos ¢ — 1)(2cos? ¢ + 5cos ¢ + 1) = 0. The only roots in0, ) are
given by¢ = Z and¢ = arccos (‘5+T\/ﬁ) It is easy to see that'(¢) < 0 for

¢ > 5, sOarccos (‘5+T\/ﬁ> is an extraneous solution. Moreover,= % turns
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p2 = 240tcos )P neg p2 _ 19,/3 A, contradicting the fact that the given trian-

sin ¢ cos? ¢
gle was assumed to be non-equilateral. We concludeftfydt = 2'(¢) = 0 is
impossible.

Completing the proof of Theorem 4.
Claim(a) For ¢; < ¢ < ¢, 5(¢) > 0 andh(¢) > 0, withh(¢) > 0 for ¢; < ¢ <
P2

Recall from Lemma 6 that(¢) > 0 for ¢ > ¢;. So it remains to establish
h(¢) > 0for ¢; < ¢ < ¢o. We will argue by contradiction.

Of courseh(¢1) = h(¢2) = 0. Notice thath(¢) = 0 for ¢1 < ¢ < ¢o is
impossible for this would imply (by Theorem 3) the existeiéa third isosceles
triangle of aread and perimeterP. If h(¢3) < 0 for somegs strictly between
¢1 and ¢, then continuity ofh, together with the impossibility of(¢) = 0 for
P1 < ¢ < ¢, impliesh(p) < 0 for all angles strictly between; and ¢,. But
we already know from Lemma 7 tha{¢) < 0 for all angles greater thapy. It
follows thath has a local maximum at = ¢9, S0 thath(¢2) = h'(¢2) = 0,
contradicting Lemma 8.

Recalling the statement immediately before Lemma 5, welssdhe proof of
Theorem 4 will be completed by establishing
Claim(b) At least one of the conditiong¢) > 0 andh(¢) > 0 fails when either
¢ < ¢10r P> .

Of course the failure of(¢) > 0 for ¢ > ¢2 has been established in Lemma 7,
so we only need to show eithefs) < 0 or h(¢) < 0 for ¢ < ¢5.

Lemma 5 asserts that there exigt$n (0, 7) such that) < ¢; ands(v)
Consider now an arbitrary < ¢ . If ¢ <« then by Lemma 6(¢) < s(¢) =
so we only need to pay attention to the possibitity > ¢ > ¢ ands(¢) > 0. I
that case we show below that¢) < 0, arguing by contradiction.

The failure ofh(¢) < 0 implies, in the presence a{¢) > 0, thath(¢) > 0:
indeedh(¢) = 0 ands(¢) > 0 would yield a third isosceles triangle of ardaand
perimeterP, again by Theorem 3. The same argument applies in fact toglksa
betweeny and¢;. But we have already established through Claim(a) thetstric
positivity of i for all angles betweer; and¢,. We conclude that has a local
minimum at¢ = ¢, so thath(¢1) = h'(¢1) = 0, contradicting Lemma 8. This
completes the proof of Theorem 4.

Having completed the proof of Theorem 4, let us provide amgpta: the bases
of the two isosceles triangles of ar@and perimeted0 (Figure 1) have already
been computed as the positive roots of the cébit — 2522 + 36 = 0 it follows
then thatall angles ofeverytriangle of aree8 and perimetefl 0 must be between
about19.003° and122.351°, the angles shown in Figure 5.

Remark.It can be shown that; and¢, are the two largest roots of

(P?sing +4A + 4Acos ¢)? — 32P? Asing = 0
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n (0, ), and that they also satisfy the equation

1)’ 2\’
sin ¢o <1 + sin 7) = sin ¢ (1 + sin 7) .

5. Heron’scurve

Theorem 4 establishes bounds for the angles of every teasfgiiven area and
perimeter; appealing to the law of sines, we see that it alds/bounds for the
ratio of any two sides. Determiningharp bounds for side ratios relies on some
machinery we develop next.

Instead of looking for isosceles trianglés = y) of areaA and perimeterP,
let us now look for triangles of ared and perimetel” where two sides have ratio
r (§ = r); without loss of generality, we may assume> 1. (Observe here - as
in fact noticed through Figure 5 and related discussiont-tha 1 does not rule
out the possibilitiess = 2 (with r ~ 3.0268 at A = 3, P = 10) or x = y (with
r~1.7522atA=3,P= 10) ) Extending the procedure of Lemma 1 to arbitrary

triangles, fromy? — 2?2 = r2y? — 23 andz = x5 & z; (Figure 7) we find that

Figure 7. The case of an arbitrary triangle

zy = LAyt )y +2° |n view of £ 2Vy?—af = Aandy = f  further algebraic
manipulatlon Ieads toan equatlon that generallzes theeﬂstnangle s cubic (1):

8rPr3+4(r? —3r+1)P22? —4(1—7r)? P32+ (1—r)2 P*4+16(1+7)2 A% = 0. (6)

Appealing to Rolle’s theorem as in the case of the isoscaksgle, we see that
this cubic cannot have more than two positive roots. Indewdad the derivative’s
roots, ( —(r=Sril) T4_7"2+1) P, is negative sinc@2 — 3r + 1| < vrf —r2 + 1
forr > 1.

Unlike the case of the isosceles triangle, however, theeidmetric inequality
P? > 12¢/3A does not guarantee the existence of two positive roots. &e th
can beat mosttwo triangles of aread and perimeterP satisfying the condition
i =r>1

Settingr = P —y — zandr = 5 in the cubic (6) leads to

PY—4P3(y + 2) + 4P%*(y* 4 3yz + 2%) — 8Pyz(y + 2) + 1642 =0, (7)



22 Angles, area, and perimeter caught in a cubic

which can be shown to be equivalent to Heron’s area formule graph of this
curve forA = 3 and P = 10 (Figure 8) illustrates the fact established above by
(6): for every pair ofA and P, there can be at most two triangles of aréand
perimeterP satisfyingg = r > 1. Indeed, the three unbounded regions shown
in Figure 8 correspond to < 0 (first quadrant)y < 0 (second quadrant), and
z < 0 (fourth quadrant), hence it is only the boundary of the baghagion that
corresponds to triangles of ar@and perimeteti 0; clearly, this boundary that we
call Heron's curve(Figure 9) may be intersected by any line at most twice.

z

Figure 8. Graph of (7) fod = 3andP = 10

Rather predictably, in view of its symmetry about= y, the triangles corre-
sponding to Heron's curve’s intersections with (for exag)pl = 2y andz = 4
(see Figure 9) are mirror images of each other (about the $itiex’s perpendic-
ular bisector); so it suffices to restrict our computatioms t> 1, sticking to our
initial assumption. These triangles are found by first sm\the cubic (6) when =
2 and are approximately3.0077,2.3307,4.6615} and{4.5977,1.8007, 3.6015};
they are associated with parametrizing angles of aB®329° and112.315°, re-
spectively.

6. Sideratios ‘bounded’ by area and perimeter

We present now the following companion to Theorem 4.

Theorem 9. In every non-equilateral triangle of ared and perimeterP, the ratio
r of any two sides must satisfy the inequality< r < 79, wherer; < 1 < ro,
riro = 1 are the positive roots of the sextic

32P*A%(2r% — 3r* — 3r2 +2) — P32 (r — 1)2 + 69124%2(r +1)2 = 0. (8)
Proof. Figures 8 and 9 (and the discussion preceding them) makesit that not

all linesz = ry intersect Heron’s curve: such intersections (correspantti trian-
gles of aread and perimetel satisfying§ = r) occur only at- = 1 and a varying
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z

z =2y

33.529° 2=y

z =2y X\ 112.315°

I
Il
ke

33.529°

Figure 9. Heron’s curve fod = 3 andP = 10

interval around it depending af and P by way of (6). To establish sharp bounds
for such ‘intersecting’r, we observe that these bounds are none other than the
slopes of the linetangentto Heron’s curve; in the familiar casé = 3, P = 10,
these tangent lines are shown in Figure 8. But aline ry is tangent to Heron’s
curve if and only if there is precisely one triangle of arkand perimetel” satis-
fying § = r; that is, if and only if the cubic (6) has a double root.

It is well known (see for example [4, p.91]) that the cubic® + ba? + cx + d
has a double root if and only if

b2c? — dac® — 4b3d — 27a%d? + 18abed = 0.

(The reader may arrive at this ‘tangential’ condition indegently, arguing as in
the proof of Theorem 2.) So we may conclude that the slopdsedtfto lines tan-
gent to Heron’s curve and passing through the origin are tiséipe roots of the
polynomial S(r) = —64P2(r + 1)2Q(r), whereQ(r) is the sixth degree polyno-
mial in (8).

It may not be obvious buf), and therefores' as well, must have precisely two
positive roots, as they ought to. This relies on the follayfacts (which imply
a total offour real roots forQ): the leading coefficient of) is positive and its
highest power is even, $m, .+, Q(r) = +o0; Q(—1) = —4P%—64P* A% < 0;
Q(0) = 64P* 42 > 0; Q(1) = —64A42(P* — (12v/3)242) < 0; Q(L) = LD for
r # 0, so thatr is a root ofQ if and only if L is. O

In the familiar example oA = 3 and P = 10, the two positive roots of are
r1 =~ 0.3273 andry ~ 3.0551. As pointed out above, these two roots are inverses
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40000

30000

20000

10000

|

I
0 1 2 3 4 5 6
Figure 10. Graph of (6) fod = 3, P = 10, andr ~ 3.0551

of each other: this is geometrically justified by the fact tte two roots are the
slopes of the two tangent lines in Figure 8, which are of ecungror images of
each other about the diagonat y. Moreover,; andr, lead to thesamgmodulo
a factor) cubic in (6).

We conclude that the side ratios of every triangle of éead perimeten0
must be between approximately3273 and3.0551. To obtain the unique (modulo
reflection) triangle of ared and perimeteil0 where these ratios are realized, we
need to determine its third side It is the double root of the cubic (6) ferequal to
approximately3.0551 (Figure 10). It turns out that equals approximately.2048.

The triangle is now fully determined through ~ 10=22048 1 4991 and

3.0551+1
z ~ 3.0551 x 1.4291 =~ 4.366 (upper ‘corner’ in Figure 9). The angle-parameter

(between sideg andz) at that ‘corner’ is now easy to find asccos %) ~

74.079°. The triangle obtained, approximately.2048, 4.3661, 1.4291} (see Fig-
ure 11), is the furthest possible from being isosceles -tberahe furthest possible
from being equilateral! - among all triangles of agand perimetet 0.

A

2z~ 4.3661
y ~ 1.4291

B z & 4.2048 ¢

Figure 11. The unique extreme-side-ratio triangle of &ead perimetei0

Our findings are confirmed in Figure 12 by a graphg%, wherez(¢) and
y(¢) are the Newton parametrizations of sideandy in (5). That graph shows
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a maximum value of abo@t055 for Zgig with ¢ approximately equal t®.293 ~
74.08°:

Figure 12. ygj;; for 19.003° = 0.33166 < ¢ < 2.13543 ~ 122.351°, A = 3

andP =10
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Kronecker’'s Approximation Theorem and
a Sequence of Triangles

Panagiotis T. Krasopoulos

Abstract. We investigate the dynamic behavior of the sequence oédédsan-

gles with a fixed division ratio on their sides. We prove a ltesoncerning a
special case that was not examined in [1]. We also providenswer to an open
problem posed in [3].

1. Introduction

The dynamic behavior of a sequence of polygons is an intigguesearch area
and many articles have been devoted to it (see e.g. [1],3Phrid the references
therein). The questions that arise about these sequereesaanly two. The first
one is about the existence of a limiting point of the sequentiee second one
is about the dynamic behavior of the shapes of the polygoaishiblong to the
sequence. Thus, it is possible to find a limiting shape, parib shapes or an even
more complicated behavior. In this article we are intengsfor the sequence of
triangles with a fixed division ratio on their sides. L&$ByCy be an initial triangle
and let the pointsi; on ByCy, B1 on AgCy andC; on Ag By such that:

BOAl . COBl o A()Cl o t

AlCO - BlAO - ClBO - 1 —t’
wheret is a fixed real number if0, 1). Thus, the next triangle of the sequence is
A1 B C4. By using the fixed division ratio : (1 — ¢) we produce the members of
the sequence consecutively (see Figure 1 wha%).

In [1] a more complicated sequence of triangles is invetdéhoroughly. The
author uses complex analysis and so the vertices of a teazayl be defined by
three complex numbetd,,, B,,, C,, on the complex plane. The basic iterative pro-
cess that is studied in [1] has the following matrix form:

Vn = Tvn—la (1)
A, 0 1—t t

whereV,, = | B, |, T = t 0 1 —t ] is a circulant matrix and/,
Ch, 1—1t t 0

is a given initial triangle. Note that in [1]is considered generally as a complex
number. We stress also that throughout the article we igtit@escaling factor
1/r,, that appears at the above iteration in [1]. This factor dassaffect the
shape of the triangles. As an exceptional case in Sectiorjg,iit is studied the
above sequence witha real number i(0, 1). This is exactly the sequence that

Publication Date: February 4, 2007. Communicating Edigaul Yiu.
The author is indebted to the anonymous referee for the bl usuggestions and comments
which helped to improve this work.
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Ao

B

Ca

Bo Ay Co

Figure 1.

we described previously and we study in this article. Frow oo we call this
sequence the FDR%€., Fixed Division Ratio Sequence). Concerning the FDRS
the author in [1] proved that if

t= % + 2—\1/§ tan(am), 2
anda is a rational number, then the FDRS is periodic with respet¢hé shapes
of the triangles. Apparently the same result is proved in(&hough the proof
is left as an exercise). At first sight the formula for the pdigity in [3] seems
quite different from (2), but after some algebraic caldoles it can be shown that
is indeed the same. In [3] it is also proved, that the limigoaynt of the FDRS is
the centroid of the initial trianglely BoCy. Obviously, this is a direct result from
the recurrence (1) since it holds,+; + By+1 + Cp+1 = Ay + By, + C,, which
means that all the triangles of the FDRS have the same céntroi

In this article we are interested in the behavior of the skagfe¢he triangles in
the FDRS. Particularly, we examine the case wi@n(2) is an irrational number.
This case was not examined in [1] and [3]. Throughout thelarve use the same
nomenclature as in [1] and our results are an addendum to [1].

2. Preliminary results

In this Section we will repeat the formulation and the baeguits from [1] and
we will present some significant remarks. We use the recceréh) which is the
FDRS as it represented on the complex plane. Without lossmédmglity as in [1],
we can consider that the centroid of the initial trianglgB,C is at the origini.e.,
Ag+ By + Cy = 0). Thisis legitimate since it is just a translation of the tceid to
the origin and it does not affect the shapes of the triangiélseoFDRS. By using
results from circulant matrix theory in [1], it is proved tha

Vo, =T"Vy = Sl)\?F&l + SQ)\ELF&Q (3)



Kronecker's approximation theorem 29

1 1
whereFs ) = — w andF32 = wi are columns of thé x 3 Fourier
w w
1 1 1
matrix Fy = % 1 w w?]. Moreover,\; = (1 — t)w! +tw?, j = 0,1,2
1 w? ot
50
are the eigenvalues @f ands = | s; | such thatF3s = V. We also consider
52

w = €27/3 n = ¢7/3 and asz we denote the conjugate af The following
functionz : C* — C is also defined in [1]:
Cn - An
2(Va) = B, A 4)
This is a very useful function. First, it signifies the origmn of the triangle on
the complex plane. Thus, ifrg(z(V;,)) > 0 (< 0) the triangle is positively (nega-
tively) oriented (see Figure 2). Note also the an@lgof the triangleA,, B, C,, is
equal toarg(z(V},) soA can be regarded as positive or negative.

A A

Positively oriented C C Negatively orientedB

Figure 2.

Functionz(V,,) also signifies the ratio of the sidégs, ¢, since|z(V},)| = I;—n

If for instance we have that(V},)| = 1, the triangle is isoscele$,( = ¢,). If
additionally we havewg(z(V},)) = 7/3 orarg(z(V;,)) = —n/3 then the triangle
is equilateral. From this observation we have the followRrgposition:

Proposition 1. A triangle A,, B,,C,, on the complex plane is equilateral if and only
if 2(V,,) = n (positively oriented) oe(V,,) = 77 (negatively oriented).

All these facts stress the importance of function (4). Ifgparent that the shape
of a triangle on the complex plane is determined completgljubction (4). Now,
let us assume that the initial trianghe, BoC of the FDRS is not degeneratiee(,
two or three vertices do not coincide and the vertices areolbhear). Moreover,
let us assume that,ByC) is not equilaterali(e., z(Vp) # n andz(Vp) # 7),
because if it was equilateral then all members of the FDRSdvoe equilateral
triangles. Let us next present two significant definitiond aotations.

Firstly, after some algebraic calculations we define thiefdhg ratio:

59 BO — wAO ip
e =% 7Y 5
S1 w2A0 — BO ren ( )
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wherer = || andp = arg(#2). Note that (5) holds because we have considered
Ao+ By + Cy=0.
Secondly, from the eigenvalues and A, we can get the following definitions

Y 4
)\—2 =¢e  and 6 =2arctan(v/3(2t —1)). (6)
1
If we let§ = 27a in the above equation we get directly equation (2). Now, we ca
consider the following cases:

(1) @ = 0. In this case we have= 1/2 and all the members of the FDRS are
similar to Ay ByCy.

(2) & = 2kw/m. This case is studied in [1] where= k/m is rational. We
have a periodical behavior and (£, m) = 1 the period is equal ton
(otherwise it is smaller tham).

(3) 8 = 2aw, whereq is irrational. This is the case that we study in this article.

In what follows we prove a number of important facts aboutRBdRS.

Firstly, we note that it holds; # 0 andsy # 0. This is a straightforward
result from the equality(Vp) = % (see [1]) and from the assumption that
(Vo) #nandz(V,) #7.

Our next aim is to prove that # 1. Let Ay = a1 + ias and By = by + ibsy
and assume that = 1 or equivalently| By — wAq| = |w?A¢ — By|. After some
algebraic calculations we finadhbo = asb;, Which means that the determinant
9192 _ 0 and so the vector§ ! | and (!
b by as ba
Ag = ABg where\ is real and\ # 0, A # 1. Now from (4) we get

Co—Av  —Bo—24p  1+2\
BQ—AO_ BQ—AO N 1—AX

are linearly dependent. Thus,

z(Vp) = € R.

Thus, arg(z(Vp)) = 0 or arg(z(Vp)) = = which is impossible since the initial
triangle is not degenerate. Consequently, it helgs 1.
Next, we examine the case< 1. From (3) and (6) we have

Vn = /\?(81F3,1 + Szeinng’Q).
By using the above equation and (5), equation (4) becomes

517 + 590 1+ reilen—m/3)
51+ sgmem® 1 reilentn/3)’

2(V) =

wherep,, = nf + p. From the above equation we get directly that:

arg(z(Vy,)) = A, = D(pp, 1) = (7)
_ T arctan —" sin(pp —7/3) arctan —" sin(p, + 7/3) ’
3 1+ rcos(p, — 7/3) 1+ rcos(ep + 7/3)
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and

Vi)l = 2 = () = ®)

Cn

(A +rcos(pn — 7/3))? + r2sin®(p, — 7/3)
(1 +rcos(pn +7/3))2 + r2sin? (¢, +7/3)

[l
T
-12-11-10-9 -8 -7 -6 -5 -4-3-2-10 1 2 3

Figure 3(a)

Observe that in (7) and (8) functior(¢, ) and u(p,r) are defined respec-
tively. We also defineb(y) = ®(p,r) andu(p) = p(e,r). Function®(p) is
even (.e, ®(¢) = ®(—¢)) and periodic with perio@r (see Figure 3(a) where
r = 0.5). The minima of®(y) appear app = 0, £27, £47, ... and the maxima at
@ = +m, +£3m, 5w, . ... Thus,arg(z(V,,)) = ®(pn,r) € [m1, ma] Where

mi; = ®(0,r) = g — 2arctan 2:_34, mo = O(m,r) = g + 2 arctan ;_ .

In Figure 3(b), where functio® is depicted for different values of we can
observe that the intervdin;, mo] decreases as— 0" and increases as— 1~.
In every case since € (0,1) we find that[m,, mg] C (0,7), which also means
that the triangles of the FDRS are positively oriented.

Concerning function:(¢) we have the following propertiegi(kmw) = 1 where
k is integer,u(—¢) = 1/u(v) and u(p) is periodic with perio®2z. Figure 3(c)
depicts functionu(ep) in [—4m, 47] andr = 0.5.

Remark.Let us present a fact that we will need in Section 3. tet 1, since
a similar argument applies for > 1. Recall that function® () is not injective
(one-to-one) and so its inverse can not be determined ugigEer an angle €
[m1,ms] (i.e., 6 belongs to the range ab), we want to find the elements,,
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Figure 3(c)

which have the same imagg(i.e, ®(¢n) = 6). Since®(y) is periodic with
period 27, the elementsp,, have the form:2kr + ¢,(6) (k is integer), where

as,(¢) we define the minimum element,, such thatp,,, > 0 (see Figure 4).
Apparently, ¢, (¢) € [0, 7] and it holds thatb(2kr + ¢,(0)) = 6 (i.e, all the

elementk7 + p,(#) have the same imagg. Figure 4 depicts this characteristic
of function ® ().
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27 + ¢pa (é)

Figure 4.
Now, for the casg$2| = r > 1 we can use the inverse ratigs = Le=ir,
4t = ¢~ and have that
Sln+s2ein9 14+ %ei(—son-i-ﬂ/?,)

2(Vn) = =1

S1 + SQT]eme 1+ %ei(_ﬁpn_ﬂ/?’) ’

where againp,, = n + p. From the above we have as before:

arg(z(Vy,)) = A, = —P(—p, 1/r) = 9)
7r Lsin(—pp +7/3) L sin(—p, —7/3)
= —— 4 arctan T — arctan 1 ,
3 1+ & cos(—pp +7/3) 1+ - cos(—pp —7/3)
and
b, 1
(Vo) = == ——= = (10)

cn p(=pn, 1/7)
(1+ Lcos(—gn +7/3))2 + & sin?(—¢y, + 7/3)
- \/(1 + Lcos(—pp — 7/3))2 + & sin?(—g, — 7/3)
It is now obvious that equations (7), (8) and equations (8)) Gignify similar
triangles with different orientations provided of courbattp,, andr are common.

Whenr > 1 the triangles of the FDRS are negatively oriented. Usinglaim
arguments as before we can prove easily #hgfz(V,,)) = A,, € [m1,m2] where

1

my = —®(—m,1/r) = —g — 2arctan QT—

1°
T

1

™ V3
my = —®(0,1/r) = -3 + 2arctan 2T+ T

T
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Thus, for anyr > 1 we have[m, M) C (—m,0). The intervalm;, m»] increases
asr — 17 and decreases as— +oo. In the next Section we apply Kronecker’s
Approximation Theorem in order to get our main result for Hi2RS whena in
(2) is an irrational number.

3. Application of Kronecker’'s approximation theorem

First we present Kronecker's Approximation Theorem (sge[d]).

Kronecker's approximation theorem If w is a given irrational number, then the
sequence of numbefsw}, where{z} = = — |z|, is dense in the unit interval.
Explicitly, given anyp, 0 < p < 1, and given any > 0, there exists a positive
integerk such thaf{kw} — p| < e.

We know thaty,, = nf + p = 2wan + p and recall that is irrational andp
is a function ofAg, By, so it is fixed. From Kronecker's Approximation Theorem
we know that a member of the sequereer} = na — |na] will be arbitrarily
close to any giverp € [0,1]. Similarly, a member of the sequenge{na} =
©on — 21 |na| — p will be arbitrarily close to the anglé = 27p < [0, 2x]. Thus,
a member of the sequengs, will be arbitrarily close to the anglé + 27 |na| +
p. Let us now define the sequence of anglgson the unit circle. The quantity
27 |na] defines complete rotations on the unit circle and can be ®ditad. This
implies that a member of the sequengewill be arbitrarily close to the angie+ p
on the unit circle. If additionally, we imagine the unit dedo rotate by—p, we
get that a member of the sequengewill be arbitrarily close to the anglé = 27p
on the unit circle. Since this holds for any givgne [0, 1], we conclude that a
member of the sequengs, will be arbitrarily close to any given angtec [0, 27]
on the unit circle. This important fact will be used in the @irof the next Theorem
which is the main result of this article. Note that the Theoneses the notation
that has already been presented.

Theorem 2. Let Ay, By, Cy be complex numbers which define an initial non-
degenerate and non-equilateral triangle on the compler@lsuch that its centroid
is at the origin {.e, Ay + By + Cyp = 0). Suppose we apply the FDRS with
t=1+ 2—\1/3 tan(a7m) wherea is an irrational number. Let; > 0 andey > 0. We
have the following cases:

(1) If r = || < 1 (positively oriented triangles), choosda [mq,ma] C (0,7).
Then there is a member of the FDR®B;,C}, such that:

|A\k — §| < €1,
and

mMm~'?—uwamx> O
k

= N pa(0),7)] < €.
Ck

< € or

(2) If r = |2| > 1 (negatively oriented triangles), choosedac [, me] C
(—m,0). Then there is a member of the FDR$B;.C} such that:

‘A\k — 5‘ < €1,
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and

by,

b ~ ~
either c_k — p(pa(0),1/r)| < ey or e 1 1(g0a(9), 1/r)| < €.
k& k

Proof: Letr < 1, we have seen that theregg which is arbitrarily close to any
given angle on the unit circle. Since functidriy,,) is continuous with respect to
©n, itis apparent thatl, = ® () can be arbitrarily close to @chosen from the
interval [my, ms] (the range ofb(y,,)). This proves thatA;, — 6] < ¢. Since
Aj, = (1) can be arbitrarily close t6, from Remark we conclude that, will
be arbitrarily close to an element of the fohr + gpa(é) (see Figure 4). Since
we have considered that, can be defined on the unit circle, we have that
will be arbitrarily close either t@, () or to 2 — ¢, () which are both defined
in [0, 27]. Observe that functiop(y,,, ) is continuous with respect tp,, and so
from equation (8) we get that the ralﬁg = u(ek, ) will be arbitrarily close either

to p(¢pa(6),7) OF 10 u(27 — 0a(6),7) = p(—pa(6),7) = p~ (a(6),7) (recal
the properties of functiom). This proves that eithe%rlc’—’z — ,u(goa(ﬁ),r)‘ < €y Or

2’—2 - /rl(cpa(g),r)‘ < €. The caser > 1 can be treated analogously. This

completes the proof.]

Concerning Theorem 2 we stress thatande, can be chosen independently.
This is true since from the Kronecker's Approximation Threrarwe can always
find ayy as close as we want to a glvén This implies that the anglﬁ,C can be
as close as we want ﬂb and so the ratld;; will be as close as we want either to

1(pa(6),7) orto =L (a (), 7). Ultimately, ag;, will satisfy both inequalities no
matter how smalt; ande; are.

Although Theorem 2 and the analysis so far seem quite coaiptc they have
some interesting consequences. In what follows we conthdét is fixed anda is
an irrational number as in Theorem 2.

We proved that there will be a member of the FDRS with an aﬁglmat will
be arbitrarily close to any give@i € [mq,ms] Or g c [, m5]. This means that
the countable set of the angle, (i.e., {4y, A1,...}) is dense inm, my] or
in [m1,m2]. Also by choosing;, €2 as small as we want, we expect that some
membersA; B, C), of the FDRS will have their shapes as followg;zC ~ ¢ and
either 2 ~ (4 (9),r) or & ~ =1 (4 (0), 7).

Let us now find if there is a member of the FDRS that is arblgraniose to an
equilateral triangle. If this was true théih should be arbitrarily close to the unity.
Thus from Theorem 2 (assume that< 1 since forr > 1 the same argument
applies) 1u(¢q(A), ) = 1 and from Section 2 we know that,(6) = 0 or ¢, (f) =
w. From these equalities we get_ my Or 0 = me. It should also hold that
0 = /3 (positively oriented equilateral triangle). So, it shobm, = 7/3 =
r =00rmy = 7/3 = r = 0. Obviously,r = 0 is impossible. Consequently,
for a specificr > 0 all the members of the FDRS will have at least a constant
discrepancy from the shape of an equilateral triangle. @isisrepancy can not be
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further decreased for a fixed > 0, it can only be reduced if we chose another
r > 0 closer to zero. o

Let an isosceles triangle with= cand A = 6 < «/3 be given. We want to
find the value ofr < 1 that will give a member of the FDRS arbitrarily close to
the isosceles triangle. In the previous paragraph we shatfdhthis case it holds
0 = mi org = mo. Letd = my and we have

0 3 ~ 2tan£—é
9=m1<:>2arctanrf:z_9<z>rz (5 —32)

2+7r 3 \/g—tan(%—g)'
The above formula gives the valuesofor which a member of the FDRS would be
arbitrarily close to the isosceles triangle with= 6 < 77/3 The corresponding
formula for an isosceles triangle with= c and a glvenA =0> w/31s

0 3 ~ 2tan(s — X
9:m2<:>2arctanr :9_1@70_ (2 6)

2-r 3 V3 +tan(d — 1)

In the next Section we offer a simple geometric presentatioine FDRS, we
examine closer the significance of the parametesdy,, and we answer a ques-
tion posed in [3].

4. Geometric interpretations and final remarks

We have seen that equation (3) is the solution of the reccerél) provided that
Ap + By + Cy = 0. We can rewrite (3) as follows:

1 n 1
AT A
V, = 1 w | + 2 <—2> w?
V3 w2 51\ A1 w
In this article we are interested in the shapes of the tresgrhe complex number
S51A7

= at the above equation signifies a scaling factor and a rotaftighe triangle

Vi, and so it does not affect its shape. This means that we caredbé shapes of
the triangles of the FDRS simply as

S, = P +re'*" N, (11)
1 1
whereP = | w |, N = [ w? | andr, ¢, as in Section 2. We stress that the tri-
w2 w

anglesV,, andsS,, have the same shapes(, they are similar and they have the same
orientation). Note also tha? is a positively oriented equilateral triangle inscribed
in the unit circle andV is a negatively oriented equilateral triangle inscribed in
the unit circle {, w, w? are the third roots of unity). It can be seen now that ev-
ery member of the FDRS on the complex plane is representdieasum of two
equilateral trianglesP andre’*" N. It is now obvious that the parameteis the
circumradius and the parametgy, is the angle of rotation of the equilateral trian-
glerN at thenth iteration. Thus, the parameterand p,, determine completely
the contribution of the negatively oriented triangle in)11
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Let us next consider an open problem that is posed in [3]. Tiieoas of [3]
asked to find all values of the division ratioe (0, 1) for which the FDRS is
divergent in shape. From the analysis so far, we have seéthindivision ratio
t can be given by equation (2). Equation (2) defines a funatien ¢(a) which
is one-to-one and fot € (—%, %) its range is(0,1). Thus, we can describe the
behavior of the members of the FDRS with respect,tby using equation (2).

Similar to the analysis of Section 2 we have the followingesas

(1) @ = 0. Equation (2) implies = % In this case all the members of the
FDRS are similar todg ByCp and the sequence is convergent in shape.
(2) a # 0 is a rational number ii—3, +) andt is given by (2). The FDRS is
periodic in shape.
(3) aisanirrational number iﬁ—%, %) andt is given by (2). From the analysis
of Section 3 we conclude that the FDRS is neither convergenpeariodic
in shape.
Thus, only whert = % we have that the FDRS is convergent in shape. The second
case above gives the valuestdbr which the FDRS is periodic in shape. The last
case is described by Theorem 2 and the behavior of the FDRShisrrcomplex
since it is neither convergent nor periodic in shape.

It is clear that only the change of arrational to aru irrational in (2) is enough
to produce a complicated dynamic behavior of the FDRS. We\selthat only
results of qualitative character like Theorem 2 can be usdéscribe this sequence
of triangles. However, it would be interesting if one coutdye another result (e.g.
a statistical result), for the behavior of the FDRS wheés an irrational number.
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A Short Trigonometric Proof of
the Steiner-L ehmus Theorem

Mowaffaq Hajja

Abstract. We give a short trigonometric proof of the Steiner-Lehnheotem.

The well known Steiner-Lehmus theorem states that if theriatl angle bisec-
tors of two angles of a triangle are equal, then the trianglisasceles. Unlike
its trivial converse, this challenging statement has etitiha lot of attention since
1840, when Professor Lehmus of Berlin wrote to Sturm askargafpurely ge-
ometrical proof. Proofs by Rougevain, Steiner, and Lehnmosélf appeared in
the following few years. Since then, a great number of pedptduding several
renowned mathematicians, took interest in the problenultieg in as many as 80
different proofs. Extensive histories are given in [14]5]}1[16], and [21], and
biographies and lists of references can be found in [33], [@7d [19]. More ref-
erences will be referred to later when we discuss genetalimand variations of
the theorem.

In this note, we present a new trigonometric proof of the tteo Compared
with the existing proofs, such as the one given in [17, pp—194], it is also short
and simple. It runs as follows.

Figure 1

Let BB’ andC'C’ be the respective internal angle bisectors of anglesxdC
in triangle ABC', and leta, b andc denote the sidelengths in the standard order. As
shown in Figure 1, we set

B=23,C=2y, u=AB,U=B'C, v=AC" V =CB.
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We shall see that the assumptidd®’ = CC’ andC > B (and hence > b) lead
to the contradiction that
u v ou v
Geometrically, this means that the lii#C’ intersects both rayBC andC B.
To achieve (1), we use the law of sines, the angle bisectarehe and the

identity sin 20 = 2sin 6 cos # to obtain

b e _ u+U_v+V:g_Z:g_g<O’ @)
U v U v u v ¢ b
b c  bv sinBwv 2cosfsinf v cosfsinfg v
v v cu sinC u 2cosvysiny u cosy wu sinvy
_ cos 3 sinA CC’"  cosf3 o1 3)

cosy BB'sinA  cosvy
Clearly (2) and (3) lead to the contradiction (1).

No new proofs of the Steiner-Lehmus theorem seem to haveaeggbén the
past several decades, and attention has been focused galgatiens, variations,
and certain foundational issues. Instead of taking anglechdrs, one may take
r-sectors, i.e., cevians that divide the angles internallthe ratior : 1 — r for

€ (0,1). Then the result still holds; see [35], [15, X, p. 311], [38hd more
recently, [5], [2], and [10]. In fact, the result still holdis absolute (or neutral)
geometry; see [15, X, p. 311] and the references therein,nzoré recently [6,
Exercise 7, p. 9; solution, p. 420] and [19, Exercise 15, 9].1Dne may also
consider external angle bisectors. Then one sees that ttaditgepf two external
angle bisectors (and similarly the equality of one interanad one external angle
bisectors) does not imply isoscelessness. This is comslda(16], [22], [23], and
more recently in [11]; see also [30] and the references ither€he situation in
spherical geometry was also considered by Steiner; se¢q16, 310].

Variations on the Steiner-Lehmus theme have become pojuthe past few
decades with much of the contribution due to the late C. RyPhliere, one starts
with a centerP of triangle ABC, not necessarily the incenter, and lets the cevians
AA', BB’, CC' through P intersect the circumcircle oABC at A*, B*, C*,
respectively. The classical Steiner-Lehmus theorem dattisthe case whe® is
the incenter and considers the assumpfiti’ = C'C’. One may start with any
center and consider any of the assumpti®B’ = CC’, BB* = CC*, A’'B' =
A'C', A* B* = A*C*, etc. Such variations and others have appeared in [27], [28]
[29], [34], [3], [12], [32], [31], [1], and [26, Problem 4, 1], and are surveyed in
[13]. Some of these variations have been investigated inenigimensions in [7]
and interesting results were obtained. However, the gkratian of the classical
Steiner-Lehmus theorem to higher dimensions remains dfyerstill do not know
what degree of regularity&simplex must enjoy so that two or even all the internal
angle bisectors of the corner angles are equal. This proisleaised at the end of
[7].

The existing proofs of the Steiner-Lehmus theorem are ditéct (many being
proofs by contradiction arductio ad absurdujror use theorems that do not have
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direct proofs. The question, first posed by Sylvester in,[3@jether there is a
direct proof of the Steiner-Lehmus theorem is still opeml 8glvester’s conjecture
(and semi-proof) that no such proof exists seems to be comyraonepted; see the
refutation made in [20] of the allegedly direct proof given24], and compare to
[8], where we are asked on p. 58 (Problem 16jiie a direct proof of the Steiner-
Lehmus theoremand where such a proof is given on p. 390 using Stewart’s
theorem. An interesting forum discussion can also be dsitd9]. We would like
here to raise the question whether one can provide a direof pf the following
weaker version of the Steiner-Lehmus theordfithe three internal angle bisectors
of the angles of a triangle are equal, then the triangle isiledgral.
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On the Parry Reflection Point
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Abstract. We give a synthetic proof of C. F. Parry’s theorem that tlilections
in the sidelines of a triangle of three parallel lines throtilge vertices are con-
current if and only if they are parallel to the Euler line, fi@nt of concurrency
being the Parry reflection point. We also show that the Pafigction point is
common to a triad of circles associated with the tangenti@hgle and the tri-
angle of reflections (of the vertices in their opposite sidésdual result is also
given.

1. The Parry reflection point

Theorem 1 (Parry) Suppose triangled BC has circumcentet) and orthocenter
H. Parallel linesa, g, ~ are drawn through the verticed, B, C, respectively.
Leto/, 3/, 7/ be the reflections af, 3, « in the sidesBC, C A, AB, respectively.
These reflections are concurrent if and onlyjf3, v are parallel to the Euler line
OH. Inthis case, their point of concurrengyis the reflection o® in £, the Euler
reflection point.

Figure 1.

We give a synthetic proof of this beautiful theorem belowFCParry proposed
this as a problem in the MERICAN MATHEMATICAL MONTHLY, which was sub-
sequently solved by R. L. Young using complex coordinatégs The point P in
question is called the Parry reflection point. It appeardiagriangle centeXsg9
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in [5]. The Euler reflection poink, on the other hand, is the point on the circum-
circle which is the point of concurrency of the reflectiongtwg Euler line in the
sidelines. See Figure 1. It appearsXs, in [5]. The existence ofF is justified

by another elegant result on reflections of lines, which wetasleduce Theorem
1.

Theorem 2(Collings) Let? be a line in the plane of a triangld BC'. Its reflec-
tions in the sideline8BC, C A, AB are concurrent if and only if passes through
the orthocenterH of ABC'. In this case, their point of concurrency lies on the
circumcircle.

Synthetic proofs of Theorem 2 can be found in [1] and [3].
We denote byd’, B/, C’ the reflections ofd, B, C in their opposite sides, and
by A, B;C the tangential triangle ol BC.

Theorem 3. The circumcircles of triangled B'C’, B;C’ A’ andC; A’ B’ are con-
current at Parry’s reflection poinP. See Figure 2

Figure 2 Figure 3

Theorem 4. The circumcircles of trianglesl’ B;C;, B'C; A, andC’ A; B; have a
common point). See Figure 3

2. Proof of Theorem 1

Let A; B;C, be the image ofA BC under the homothetly(O, 2). The orthocen-
ter H, of A; B, is the reflection oD in H, and is on the Euler line of triangle
ABC.

Consider the lin¢ through H parallel to the given lineg, G, v. Let M be the
midpoint of BC', andM; = h(O, 2)(M) on the lineB;C;. The lineAH intersects
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Figure 4.

BC and B, (7 at X and X, respectively. Note that the reflection Bfin B, is
the reflectionD of A in BC sinceAH =2 - OM and

HA =AA' — AH = 2(AX — OM) = 2(AH + HX — OM)
=2(HX +OM) = 2(HX + XX;) = 2HX,.

Therefore,o’ coincides with the reflection of in the sidesB;C;. Similarly,
3 and~’ coincide with the reflections of in C; A; and A B;. By Theorem 2,
the lineso/, 3, +/ are concurrent if and only if passes through the orthocenter
H,. SinceH also lies o/, this is the case whebhis the Euler line of triangle
ABC, which is also the Euler line of triangld; B;C;. In this case, the point
of concurrency is the Euler reflection point 4f B;C4, which is the image of¢
under the homothetly(O, 2).

3. Proof of Theorem 3

We shall make use of the notion of directed andlgs ¢2) between two lines
¢1 and ¢, as the angle of rotation (defined modutd that will bring ¢; to ¢5 in
the same orientation a4BC'. For the basic properties of directed angles, see [4,
§816-19].

Let «, 3, v be lines through the verticed, B, C, respectively parallel to the
Euler line. By Theorem 1, their reflections, 3, ' in the sidesBC, CA, AB
pass through the Parry reflection pofit
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Figure 5

Now, sincex, 3, v are parallel,
(PB', PC") = (8',7)

= (8, BC) +(BC,Y)
= —(B',B'C) — (BC',+) because of symmetry inC
= (B'C, B) + (v, BC")
= (B'C, B)+ (8, BC")
= (B'C, BC")
= (B'C, AC) + (AC, BC")
= (AC, BC) + (AC, BC") because of symmetry inC
= (AC, AB) + (AB, BC) + (AC, AB) + (AB, BC")
=2(AC, AB) because of symmetry iAB
= (0C, OB)
= (AC, A¢B).

Since AtB = A;C and BC' = BC = B'C, we conclude that the triangles
AyBC" andA;C B’ are directly congruent. Hence4; B’, A.C’) = (A.C, A¢B).
This gives(PB’, PC’) = (AB’, A,C"), and the points?, A;, B’, C’ are con-
cyclic. The circleA;B’'C’ contains the Parry reflection point, so do the circles
BtC/A/ andCtA/B/.
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4. Proof of Theorem 4

Invert with respect to the Parry poii?. By Theorem 3, the circlesl; B'C’,
BC'A', C{A’B’ are inverted into the three lines bounding triangl& B*C"*.
Here, A, B’™*, C'* are the inversive images of’, B’, C’ respectively. Since
the pointsAf, Bf, Cf lie on the linesB™*C"*, C"™* A", A" B"*, respectively, by
Miquel's theorem, the circumcircles of triangldg B'*C"*, BfC"* A", C¢ A B™*
have a common point; so do their inversive images, the sitdles’C’, B;C'A’,
Cy A’ B'. This completes the proof of Theorem 4.

The homogenous barycentric coordinates of their point ataaencyQ were
computed by Javier Francisco Garcia Capitan [2] with tlleoAiMathematica.

Added in proof.After the completion of this paper, we have found that the{soi
P and(@ are concyclic with the circumcentér and the orthocenteil. See Figure
6. Paul Yiu has confirmed this by computing the coordinatethefcenter of the
circle of these four points:
(@®(b* — ¢*)(a® (D + ¢®) — a®(4b* + 3b%c? + 4c?) + 2a* (b* + ¢2)(3b* — 2b%c + 3c*)
—a?(4b® — b8 + b2t — V2B 4 4c8) + (02 — A2 (0 + A) (bt + )
Do),

where the second and third coordinates are obtained bycqyetimutations ofi,
b, c.

Figure 6.
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For completeness, we record the coordinated given by Garcia Capitan:

10 10
= (a2 Zaz(lo_k)f%a(b, c) : b Zb (10— k)ka b(c,a) : ¢ Zcz(lo k)f% c(a,b)),
k=0 k=0 k=0
where
fO a(b C)
fo.a(byc) = —6(b2+c )
fra(b,c) = 2(7b* + 12b%c* + 7c*),
fo.a(byc) = —2(b* + ) (Tb* 4 10b%c* 4 7ct),
fs.a(b, c) = b2 (18b* + 25b%c? + 18¢%),
fro.a(b, ) = (b* + ) (14b% — 1565¢% 4 8b*c* — 15b%c5 + 14c),
frz.a(b,c) = — 146" 4 b10¢2 4 568 — 205¢° 4 5bc® 4 b?c!0 — 1412,
fra.a(b,c) = (0% — )2 (b? + c)(60° + 205¢2 + 5b*ct + 20%c5 + 6¢8),
fi6.a(bc) = — (b2 — )2 (b +c)?(b'? — 2b19¢% — b¥ct — 60°c0 — bie® — 20210 + ¢12),
fig.a(b,c) = b2 2(b2 A + ) (30T + b2 4 3¢,
f20,a(b, c) = b2 (b? — )5 (b + %)%
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Construction of Malfatti Squares

Floor van Lamoen and Paul Yiu

Abstract. We give a very simple construction of the Malfatti squarka trian-
gle, and study the condition when all three Malfatti squanesinside the given
triangle. We also give an extension to the case of rectangles

1. Introduction

The Malfatti squares of a triangle are the three squareswabhwo adjacent
vertices on two sides of the triangle and the two remainirjgcast vertices from
those of a triangle in its interior. We borrow this termingjyarom [3] (see also [1,
p.48]) where the lengths of the sides of the Malfatti squaresstated. In Figure 1,
the Malfatti squares of triangld BC are B'C'Z,,Y,, C'A’X,Z, and A’B'Y_X..
We shall callA’ B'C’ the Malfatti triangle ofABC, and present a simple construc-
tion of A’B’'C’ from a few common triangle centers dfBC. Specifically, we
shall make use of the isogonal conjugate of the Vecten pdidtBC. 1 This is a
point on the Brocard axis, the line joining the circumceriteand the symmedian
point K.

Figure 1.

Theorem 1. Let P betheisogonal conjugate of the Viecten point of triangle ABC.
The vertices of the Malfatti triangle are the intersections of the lines joining the
centroid G to the pedals of the symmedian point K and the corresponding vertices
to the pedals of P on the opposite sides of ABC'. See Figure 2

Publication Date: March 10, 2008. Communicating Editoan}®ierre Ehrmann.

IThe Vecten point of a triangle is the perspector of the (giamwhose vertices are) the centers
of the squares erected externally on the sides. It appeaXs@sin [6]. See Figure 6. Its isogonal
conjugate appears &%71, and is also called the Kenmotu point. Itis associated agtconstruction
of a triad of congruent squares in a triangle. In [5, p.26&]ékpression for the edge length of the
squares should be reduced by a fagt@. A correct expression appears in [6] and [2, p.94].
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Figure 2.

2. Notations

We adopt the following notations. For a triangle of sidebbsg:, b, ¢, let S
denotetwice the area of the triangle, and

SA:b2+02—a2 SB:c2—i-a2—b2 C:a2+b2—c2
2 ’ 2 ’ 2
These satisfy
SpSc +ScS4+ S45 = S2.
More generally, for an arbitrary anghe Sy = S - cot 6. In particular,
Sa+Sp+Sc = W = Su,

wherew is the Brocard angle of trianglé BC'.

3. Thetriangle of medians
Given atriangled BC with sidelengthsi, b, ¢, letm,, m;, m. denote the lengths
of the medians. By the Apollonius theorem, these are given by
1
m? 21(262 +2¢% — a?),

1
mi 21(262 + 2a% — b?), 1)

1
m? 21(2(12 + 2% — 2).
There is a triangle whose sidelengths arg, m;, m.. See Figure 3A. We call

this the triangle of medians A BC. The following useful lemma can be easily
established.
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Lemma2. Two applications of the triangle of medians construction givesa similar
triangle of similarity factor %. See Figure 3B

Figure 3A Figure 3B

We present an interesting example of a triangle similarédriangle of medians
which is useful for the construction of the Malfatti triaeg|

Lemma 3. The pedal triangle of the symmedian point is similar to the triangle of
medians, the similarity factor being tan w.

A

Figure 4

Proof. SinceS = besin A, the distance from the centro@ to AC is cIearIy3—5;).
That from the symmedian poiiit to AB is

2 S S
== -c.
a24+b2+c2 ¢ 25,

SinceK and( are isogonal conjugates,

S

¢ 2 3bc  bc

AK = AG- 2 — = Zp, =2 = 2o,
% 3m 55, S m
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This is a diameter of the circle through, K, and its pedals ol B and AC'. It
follows that the distance between the two pedals is

be .

S—w-ma-smA: S—w-ma:tanw'ma.
From this, it is clear that the pedal triangle is similar te thangle of medians, the
similarity factor beingan w. O

Remark. The triangle of medians od BC has the same Brocard angle 48C.

Proposition 4. Let P be a point with pedal triangle XY Z in ABC. The lines
through A, B, C perpendicular tothesidesY Z, ZX, XY concur at the isogonal
conjugate of P.

We shall also make use of the following characterizationhaf symmedian
(Lemoine) point of a triangle.

Theorem 5 (Lemoine) The symmedian point is the unique point which is the cen-
troid of its own pedal triangle.

4, Proof of Theorem 1

Consider a trianglel BC' with its Malfatti squares. Complete the parallelogram
A'B’A*C’. See Figure 5. Note that trianglel$ X, X. andC’ A’ A* are congruent.
Therefore, A’ A* is perpendicular ta3C'. Note that this line contains the centroid
G’ of triangle A’B’C’. Similarly, if we complete parallelogramB’C’B*A’ and
C'A'C*B’, the linesB’ B* andC’C* containG’ and are perpendicular t6A and
AB respectively.

A
\
\
\
\
\ Y.
e
Za A// \
\
B/
\
\
/ /
¢ = Q ~ G Y.
7 =
~
> ~
Zb - & ~ ~
o N
~
7 B! A’ C// S o -
s ~
- ~Q
B Xp X c
Figure 5.

ConsiderA’ B'C" as the pedal triangle @ in a triangleA” B”C" homothetic
to ABC. By Lemoine’s theorem’ is the symmedian point of” B”C”. Since
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A"B"C" is homothetic tacABC, A’ B'C" is homothetic to the pedal triangle of the
symmedian poinfS of ABC.

In Figure 5, triangleA” B'C’ is the image ofAY,Z, under the translation by
the vectorY ,B’ = Z,C’ = AA”. This means that the lina A” is perpendicular
to B'C’, and to theA-side of the pedal triangle ok. Similarly, BB” andCC”
are perpendicular t@- and C-sides of the same pedal triangle. By Proposition
4, the linesAA”, BB”, CC"” concur at the isogonal conjugate &t This means
that trianglesA” B”C"” and ABC are homothetic at the centroi@ of triangle
ABC, and the sides of the Malfatti squares are parallel and pdipalar to the
corresponding medians.

Denote by the homothetic ratio ofA” B”C” and ABC . This is also the
homothetic ratio of the Malfatti trianglel’ B’C’ and the pedal triangle oK. In
Figure 5,BX;, + X.C = B"C"” = \a. Also, by Lemmas 2 and 3,

Xp X, = A’A* = 2\ - A—median of pedal triangle of K
=2\ - tanw - A—median of triangle of medians of ABC

3 3
:2/\'tanw'1a: 5/\-tanw-a.

SinceBX;, + XX, + X.C = BX, we have\(1 + 3 tanw) = 1 and

\ 2 28,
24 3tanw 35 +2S,°

Let h(G, \) be the homothety with centé&F and ratio\. SinceG’ is the sym-
median point ofA” B"C",

1

- = — =
G =h(G, ) = AK + (1= NG = 5o

(35-G+2S, K).
It has homogeneous barycentric coordindigs+ S : b2 + S : ¢ + S). 2

To compute the coordinates of the vertices of the Malfatintyle, we make use
of the pedals of the symmedian poifiton the sidelines. The pedal & is the
point

1
X = ﬁ((SA +2Sc)B + (S4+25p)0).
A’ is the point dividing the segmetX in the ratioGA’ : A’X = S, : 3S.
, 1
= (38-G+25,-X
35+2Sw(3s G+ 28, )
1

2For a construction ofy’, see Proposition 6.



54 F. M. van Lamoen and P. Yiu

Similarly, we haveB’ andC’. In homogeneous barycentric coordinates, these
are

A =(S:8+8S4+2Sc:S5+Sa+2Sp),
B/:(S-I-SB-FQSC:S:S—i—SB—i-QSA),
C'=(S+8Sc+2Sp:S5+Sc+254:9).

The linesAA’, BB’, CC’ intersect the sidelineBC, C A, AB respectively at
the points

X' =(0:S+S4+2Sc:5+S4+2SB),
Y’ =(S+Sp+2Sc:0:5+Sp+2S4), (2)
Z'=(S+ Sc+2Sp: S+ Sc+284:0).

We show that these three intersections are the pedals otdisp®int
P = (a*(Sa+S):0*(Sp+5S):c*(Sc +89)).
In absolute barycentric coordinates,

1

P=——
25(S + S,)

((a*(Sa+ S)A+b*(Sp + S)B + (Sc + 9)C).

The infinite point of the perpendiculars BC being—a? - A+ S¢ - B+ Sp - C,
the perpendicular fron® to BC' contains the point
Sa+S 2
1
= WEI5D (b*(Sp+S) + Sc(Sa+ S8)B+ (*(Sc + S) + Sp(Sa + 5))C)
1

This is the pointX’ whose homogeneous coordinates are given in (2) above. Sim-
ilarly, the pedals of” on the other two line§’' A and AB are the pointy™” and 2’
respectively.

These lead to a simple construction of the vertgxas the intersection of the
linesG X and the line joiningA to the pedal of? on BC'. This completes the proof
of Theorem 1.

Remark. Apart fromA’, B’, C’, the vertices of the Malfatti squares on the sidelines
are

(OZSA+25023S+SA+QSB),
(354 Sp+2Sc:0:254+ Sp),
(253+Sc:35+25,4+50:0).

(0:3S+SA+25025A+253), X,
(SB+2502023S+25A+SB), Y.
=(3S+253+50225A+5020), Zy

Xp
Y.
Zy
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5. An alternative construction

The vertices of the Malfatti triangld’ B’C’ are the intersections of the perpen-
diculars fromG’ to the sidelines of trianglel BC' with the corresponding lines
joining G to the pedals of< on the sidelines. A simple construction Gf would
lead to the Malfatti triangle easily. Note th@t dividesGK in the ratio

GG :G'K =a*> +b* +¢*: 38.
On the other hand, the poift is the isogonal conjugate of the Vecten point

v r 1 1
\Sa+S Sp+S Sc+S)°
As such, it can be easily constructed, as the intersectitimegferpendiculars from

A, B, C'to the corresponding sides of the pedal triangle¥ oSee Figure 6. It is
a point on the Brocard axis, dividinQ K in the ratio

OP: PK =a? +b*+ % :28.

Figure 6.

This leads to a simple construction of the pai#t

Proposition 6. G’ istheintersection of G K with H P, where H isthe orthocenter
of triangle ABC.

Figure 7. H

Proof. Apply Menelaus’ theorem to triangl®@G K with transversalH P, noting
thatOH : HG = 3 : —2. See Figure 7. O
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6. Some observations

6.1 Malfatti squares not in the interior of given triangle. Sokolowsky [3] men-
tions the possibility that the Malfatti squares need notdr@ained in the triangle.
Jean-Pierre Ehrmann pointed out that even the Malfatingteamay have a ver-
tex outside the triangle. Figure 8 shows an example in whath B’ andY,, are
outside the triangle.

c’

Al

B X X,

Figure 8.

Proposition 7. At most one of the vertices the Malfatti triangle and at most one of
the vertices of the Malfatti squares on the sidelines can be outside the triangle.

Figure 9.

Proof. If Y, lies outside triangleABC, thenZAZ,C" < %, and£Z,Z,C" > %.
Since Z,C’ is parallel toAG, /BAG = £Z,Z,C" is obtuse. Under the same
hypothesis, ifB’ andC' are on opposite sides ofB, thenZAZ,C’ < %, and
/BAG > 3.

Similarly, if any of Z,,, Z;, X, X., Y. lies outside the triangle, then correspond-
ingly, ZCAG, ZCBG, LABG, ZACG, ZBCG is obtuse. Since at most one of
these angles can be obtuse, at most one of the six verticé® aides and at most
one of A’, B/, C’ can be outside triangld BC'. O
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6.2 Alocus problem. Francois Rideau [8] asked, givéhand(, for the locus of
A for which the Malfatti squares of triangléBC' are in the interior of the triangle.
Here is a simple solution. Le¥ be the midpoint ofBC, P the reflection ofC
in B, and@ that of B in C'. Consider the circles with diametefsB, BM, M C,
CQ, and the perpendiculars and/g to BC at P and(. See Figure 10.

pQ

p g

Figure 10.

For an arbitrary point, considerA BC with centroidG.
(i) ZABG is obtuse ifA is inside the circle with diametd?P B;
(i) ZBAG is obtuse ifA is inside the circle with diametds M ;
(i) ZCAG is obtuse ifA is inside the circle with diameteV/ C;
(iv) ZACG is obtuse ifA is inside the circle with diameter'Q);
(v) ZCBG is obtuse ifA is on the side of p opposite to the circles;
(vi) ZBCG'is obtuse ifA is on the side of opposite to the circles.
Therefore, the locus of for which the Malfatti squares of trianglé BC are in
the interior of the triangle is the region between the lihesand/ with the four
disks excised.
A similar reasoning shows that the locus4for which the verticesd’, B/, C’
of the Malfatti triangle ofABC are in the interior of triangled BC is the shaded
region in Figure 11.

Figure 11.
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7. Generalization

We present a generalization of Theorem 1 in which the Maléaftiares are
replaced by rectangles of a specified shape. We say thatemgbetconstructed on
a side of triangled BC' has shapé if its center is the apex of the isosceles triangle
constructed on that side with base angléVe assume < 6 < 7 so that the apex
is on the opposite side of the corresponding vertex of thagte. It is well known
that for a giver?, the centers of the three rectangles of shtapeected on the sides
are perspective witll BC' at the Kiepert perspector

1 1 1
K(9) = : : .
() <SA+59 SB + Sy Sc+59>
The isogonal conjugate df () is the point
K*(0) = (a*(Sa + Sp) : b*(Sp + Sp) : 2(Sc + Sp))

on the Brocard axis dividing the segmenk in the ratiotan w tan 6 : 1.
Theorem 8. For agiven 6, let A(9) be the intersection of the lines joining (i) the
centroid G to the pedal of the symmedian point K on BC, (i) the vertex A to the
pedal of K*(#) on BC. Analogously construct points B(#) and C'(#). Construct

rectangles of shape ¢ on the sides of A(¢)B(6)C(6). The remaining vertices of
these rectangles lie on the sidelines of triangle ABC'.

Figure 12 illustrates the case of the isodynamic pdint he Malfatti rectangles
B'C'Z,Y,, C'A' X, Z, and A’ B'Y. X have shapé€, i.e., lengths and widths in the
ratio/3 : 1.

A

Figure 12.

The same reasoning §% shows that exactly one of the six vertices on the side-
lines is outside the triangle if and only if a median makes latuge angle with an
adjacent side. If this angle exceefist ¢, the corresponding vertex of Malfatti
triangle is also outsidd BC'.



Construction of Malfatti squares 59

References

[1] H. Fukagawa and D. Pedodgpanese Temple Geometry Problems, Charles Babbage Research
Centre, Winnipeg, 1989.

[2] H. Fukagawa and J. F. Righ¥raditional Japanese Mathematics Problems of the 18th and 19th
Centuries, SCT Press, Singapore, 2002.

[3] H. Fukagawa and D. Sokolowsky, Problem 10C8ux Math., 11 (1985) 50; solution, ibid., 12
(1986) 119-125, 181-182.

[4] R. A. JohnsonAdvanced Euclidean Geometry, 1925, Dover reprint, 2007.

[5] C. Kimberling, Triangle centers and central triangl@engressus Numerantium, 129 (1998) 1 —
285.

[6] C. Kimberling, Encyclopedia of Triangle Centers, available at
http://faculty.evansville. edu/ ck6/ encycl opedi a/ ETC. ht mi .

[7] F. M. van Lamoen, Friendship among triangle centBoesym Geom., 1 (2001) 1 — 6.

[8] F. Rideau, Hyacinthos message 15961, December 28, 2007.

Floor van Lamoen: Ostrea Lyceum, Bergweg 4, 4461 NB GoesNHtkerlands
E-mail address: f vanl anben@l anet . nl

Paul Yiu: Department of Mathematical Sciences, Floridatilc University, Boca Raton, Florida,
33431-0991, USA
E-mail address: yi u@ au. edu






Forum Geometricorum
Volume 8 (2008) 61-62.

FORUM GEOM

ISSN 1534-1178

A Simple Ruler and Rusty Compass Construction
of the Regular Pentagon

Kurt Hofstetter

Abstract. We construct inl3 steps a regular pentagon with given sidelength
using a ruler and rusty compass.

Suppose a line segmedtB has been divided in the golden ratio at a pdiht
Figure 1 shows the construction of the vertices of a reguisrtagon with four
circles of radii equal toAB. Thus, letC; = A(AB), C2 = B(AB),C4 = G(AB),
intersecting the half linel B at P;, andCs = P, (AB). Then, withP, = C; N Cs,

Py =CiNCy, andP5 = Cy N Cs. Since the radii of the circles involved are equal,
this construction can be performed with a ruler and a rustypass. We claim that
the pentagor?, P, AP, Ps is regular.

Figure 1

Here is a simple proof. Assume unit length for the segmigBt Let ¢ := @
be the golden ratio. Itis well known thaiG = % =¢—1.Now, AP, = (¢p—1)+
1 = ¢. Therefore, the isosceles trianglé”, P, consists of two sides and a diagonal
of a regular pentagon. In particulaf P, AP, = 36° andZ AP, P, = 108°. On the
other hand, trianglél G P, is also isosceles with sides in the proportidnsl : % =
¢ : ¢ : 1. It consists of two diagonals and a side of a regular pentalgquarticular,
/GAPy = 72° andZAP,G = 36°. From these/ P, AP, = 36° + 72° = 108°.

Publication Date: March 24, 2008. Communicating EditomulPau.



62 K. Hofstetter

Now, trianglesA P, P, and P, AP, are congruent. It follows that AP, Py = 36°,
andP,, G, P, are collinear.

By symmetry, we also have P, P; P; = 108°.

In the pentagorP; P, AP, Ps5, since the angles &, P», A are all108°, those
at P, and P5 are alsal08°. On the otrﬂ> hand, since the circlésandCs are the
translations of’; andC, by the vectordAB, P, P5 has unit length. This shows that
the pentagor?, P, AP, Ps is regular.

Now, using a rusty compass (set at a radius equal ) we have constructed
in [1] the pointG in 5 steps, which include the circleg andCs. (In Figure 2,M
is the midpoint ofAB, C3 = M (AB) intersect<; at E on the opposite side @F;
G = CE N AB). It follows that the vertices of the regular pentagBinP, AP, Ps
can be constructed i+ 3 = 8 steps. The pentagon can be completed more
steps by filling in the sides.

Figure 2
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Haruki’sLemma and a Related L ocus Problem

Yaroslav Bezverkhnyev

Abstract. In this paper we investigate the nature of the constant irukia
Lemma and study a related locus problem.

1. Introduction

In his papers [2, 3], Ross Honsberger mentions a remarkaaytiful lemma
that he accredits to Professor Hiroshi Haruki. The beautlyrapstery of Haruki’'s
lemma is in its apparent simplicity.

Figure 1. Haruki’s lemma2Z-LL = constant.

Lemma 1 (Haruki). Given two nonintersecting chordsB andC'D in a circle and
a variable pointP on the arcAB remote from point” and D, let E and F' be

the intersections of chordBC, AB, and of PD, AB respectively. The value of
AEE'# does not depend on the position/of

Avery intriguing statement indeed. It should be duly noteat Haruki’'s Lemma
leads to an easy proof of the Butterfly Theorem; see [2], [3138-140]. The
nature of the constant, however, remains unclear. By la@pkinit in more detail
we shall discover some interesting results.

Publication Date: April 7, 2008. Communicating Editor: P#iu.
The author wishes to thank Paul Yiu for his suggestions featti improvement of the paper and
Gene Foxwell for his help in obtaining some of the referenagemials.
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2. Proof of Haruki’slemma

A good interactive visualisation and proof of Haruki’s lemman be found in
[1]. Here we present the proof essentially as it appeared]inilhe proof is quite
ingenious and relies on the fact that the angé P D is constant.

We begin by constructing a circumcirlce of triangtdc D and define points
to be the intersection of this cirumcircle with the lideB. Note that/EGD =
ZEPD asthey are subtended by the same clioftlof the circumcircle oNPE D
and so these angles remain constar®® asiries on the arél B. Hence, for all posi-
tions of P, ZEG D remains fixed and, therefore, poiitremains fixed on the line
AB (See Figure 2). SBG = constant.

Figure 2. PoinG is a fixed point on lined B.

Now, by applying the intersecting chords theoremA® and AG in the two
circles, we obtain the following:
AF-FB=PF -FD,
EF-FG=PF-FD.

Fromthese(AE + EF) - FB = EF - (FB + BG), andAE - FB = EF - BG.

. AFE-BF :
Therefore, we have obtalneéi = BG, a constant. This completes the

EF
proof of Lemma 1.
Note that in the proof we could have used the circumcircleiada\ PFC in-
stead of the one arounl PED.

3. An extension of Haruki’slemma

Haruki has apparently found the constant. However, findimgises additional
guestions. Why is the ratio of distances that are bound toitbke (through points
A, B, C, D, P) expressed by a constant that involves a point lyangsidethe
circle? We explore the setup in Lemma 1. Consider an invensith centerP and
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Figure 3. Applying inversion with centd?

radiusr that is bigger than the diameter of the circumcircledd? DC (See Figure
3).
Recall two basic facts about an inversion:
(a) It maps a line not through the center of inversion intareleithat goes through
the center of inversion and vice versa.
(b) It maps the line that goes through the center of inversitmthe same line.
Knowing these two facts, we can perform an inversion on thepse Figure 1,
the results of which are shown in Figure 3. We can see thatahmentsA* £*,
B*F* and E* F* have taken the place of the segmeAtS, BD, C'D. We shall
use this hint to deduce the following extension of Harukiésima.

Lemma 2. Given two nonintersecting chordéB andC'D in a circle and a vari-
able point P on the arcAB remote from pointg” and D, let E and F' be the
intersections of chord$*C', AB, and of PD, AB respectively. The following
equalities hold:
AE-BF AC-BD
EF —  CD
AF-BE AD-BC
EF CD °

(1)
(2)
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Proof. (1) Following the notation and proof of Lemma 1, we ha¥g2- = BG.

It remains to show thaBG = 45D or, equivalently,
BG AC
BD CD’

3)

Figure 4. TrianglesAC'D andGBD are similar, as arelGD andC BD

Note that in Figure 4/CAD = /CPD = Z/ZEPD = ZEGD. SinceABDC
is a cyclic quadrilateral, we haveAC' D = /D BG. This means that the triangles
ACD andGBD are similar, thus yielding (3), and therefore (1).

For (2) we note that¥ DCB = ZDAB. Also Z/CBD = Z/CPD = /EPD =

ZEGD, thus we geNAGD ~ ACBD yielding:
AG  BC AD - BC
Ap ~op " AYT "o
However,AF' - BE = (AE + EF) - (EF + BF) = AE - BF + AB - EF. We
obtain, by using Lemma 1,
AF-BE AE-BF AD - BC
EF  —  BR +AB_BG+AB_AG_07D.

d

Note that by switching the position of poins and D we effectively switch
points £ and F', thus equations (1) and (2) are equivalent. It may seemisumgy
but the statement of Lemma 2 holds even for intersectingdshéB andC' D and
for any pointP on the circle for which the point&' and F" are defined.

Theorem 3. Given two distinct chordsl B and C' D in a circle and a pointP on
that circle distinct fromA and B, let E and F' be the intersections of the linéB
with the linesPC' and P D respectively. The equaliti€d) and (2) hold.
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We leave the proof to the reader as an exercise. All that isssaty is to con-
sider the different cases for the relative positiongiof3, C, D, P and to apply the
ideas in the proofs of Lemmas 1 and 2, i.e. finding the p6irts the intersection
of the circumcircle of eithe PED or APFC with AB and then looking for
similar triangles. Note that the poift may coincide with eithe€ or D. In this
case, by the lind’C or PD we would mean the tangent to the circleCabr D.

4. A locus problem

Theorem 3 settles the case when poiAtsB, C, D lie on a circle. But what
happens when pointd, B, C', D do not belong to the same circle? Can we still
find points P that will satisfy equation (1) or (2)? This gives rise to tlo#dwing
locus problem.

Problem. Given the pointsA, B, C, D find the locusL; (respectivelyL,) of all
points P that satisfy (1) (respectively (2)), where poidisand I’ are the intersec-
tions of linesPC and AB, PD and AB respectively.

To investigate the locC; and£,, we begin with a result about the possibility of
a point P belonging to bothC; and £,.

Lemma 4. If there is a pointP satisfying both(1) and (2), then A, B, C, D are
concyclic.

Proof. First of all, pointsA, B, E, F are collinear, hence, they satisfy Euler's
distribution theorem (See [4, p.3] and [5])e., if A, B, E, F are in this order,
then,AF - BE + AB- EF = AE - BF. Dividing through byE F', we obtain

AF - BE AFE - BF
EF AB = EF
and so, by the fact that poirit satisfies equations (1) and (2), we have:
AD - BC AC - BD
—p P ="ep

Now multiplying by C' D yields
AD-BC+ AB-CD = AC - BD,

which, by Ptolemy’s inequality (See [6]), means that poiAts3, C, D are con-
cyclic with pointsA, C' separating point®, D on the circle. The relative positions
of A, B, E, F' will influence the relative positions of point4, B, C, D on the
circle. Similar argument can be applied to establish thigliglof the statement of
this lemma no matter the position of poiis B, F, F. O

This lemmais interesting in the way it ties the “linear” Etgeequality, Ptolemy’s
inequality together with the extension of Haruki’'s lemma.
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5. Barycentric coordinates

In order to find the lociC; and L5 for the general position of pointd, B, C,
D we make use of the notion of homogeneous barycentric caaten Given a
reference trianglel BC, any three numbers, y, z proportional to the signed areas
of oriented triangles? BC', PC A, PAB form a set olhomogeneous barycentric
coordinatesof P, written as(z : y : z).

With reference to triangled BC', the absolute barycentric coordinates of the
vertices are obviously(1 : 0: 0), B(0: 1: 0) andC(0 : 0 : 1). We shall make
use of the following basic property of barycentric coordasa

Lemma5. Let P be point with homogeneous barycentric coordingtes y : z)
with reference to triangleABC. The line AP intersectsBC' at a point X with
coordinates(0 : y : z), which dividesBC in the ratio BX : XC = z : y.
Similarly, BP intersectsCAatY (x : 0: z) suchthatCY : YA =z : zandCP
intersectsAB at Z(x : y : 0) suchthatdZ : ZB =y : x.

Assume thatD and P have barycentric coordinatd3(u : v : w) andP(z : y :
z). Itis our aim to compute the coordinates of poifitsind F'.
When there is no danger of confusion, we shall represeneadin-q5+r~y = 0
by (p : ¢ : v). The intersection of two line§ : ¢ : ) and(s : t : ) is the point
p q

( L)

This same expression also gives the line through the twdgwiith homogeneous
barycentric coordinate® : ¢ : r) and(s : ¢ : u).

q T
t u

rp
u S

6. Solution of the locus problem

From the above formula we compute the coordinates of the ii¥¢, PC and

PD:
Line Coordinates

AB (0:0:1)
PC (—y:x:0)
PD < y oz : =T : vy
vow w u u v
From these we obtain the coordinatestbéind

z 0 (0 —y| |-y =\ _,
E(O 1.‘1 0 .‘0 0>—($.y.0),
2T 2 Y ) = T v — -
F(w Wl U.O)-(uz wz vz —wy : 0).

AssumeBC = a, CA = b, andAB = c¢. Also, AD = o/, BD =¥/, and
CD = (. These are also fixed quantities. From the coordinates ahd F', we

obtain, by Lemma 5, the followingignedlengths:
Y i
AF = ) wers "¢ B = ari—wiery ©
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Consequently,

z(vr — uy) .
(z+y)(z(u+v) —wlx+y)
Now we determine the loal; andLs.

EFF =FEB - FB =

Theorem 6. Given the pointsd, B, C, D and a pointP, define point€y and F" as
the intersections of line®C and AB, PD and AB respectively.

(a) The locusL, of points P satisfying(1) is the union of two circumconics of
ABC D given by the equations

(cc + ebb )uyz — ebb'vze — cdwzy =0, &= =+1. 4)

(b) The locusL, of points P satisfying(2) is the union of two circumconics of
ABCD given by the equations

ead'uyz + (cd — ead vzw — cdwry =0, &= =+1. (5)
Proof. In terms of signed lengths, (1) and (2) should be interpratedFE - BF -
CD=¢-AC-BD-FEFandAF-BE-CD =¢-AD-BC-EF fore =+1. The
results follow from direct substitutions. It is easy to de&tthe conics represented

by (4) and (5) all contain the pointd, B, C, D, with barycentric coordinates
(1:0:0),(0:1:0),(0:0:1), (u:v:w) respectively. O

7. Constructions

Theorem 6 tells us that the loci in question are each a unitwmtonics, each
containing the four given pointd, B, C, D. In order to construct these conics, we
would need to find a fifth point on each of them. The followinggwsition helps
with this problem.

Proposition 7. The four intersections of the bisectors of angle8 D, AC' D, and
the four intersections of the bisectors of angled B andC'D B are points on.;.

Proof. First of all, it is routine to verify that fo® = (x : y : z), we have
[AEP]-[BFP]-[CDP]=[ACP] - [BDP]-[EFP], (6)
where[ XY Z] denotes the signed area of the oriented triadgléZ. Letdxy be
the distance fron® to the lineXY'. In terms of distances, the relation (6) becomes
(AE - dap)(BF -dpr)(CD -dcp) = (AC -dac)(BD - dpp)(EF - dgr).
From this it is clear that (1) is equivalent to
dag -dpr - dop = dac - dpp - dgF. (7)
SinceAF, BF, EF are the same lind B, this condition can be rewritten as
dap -dcp = dac - dBp. (8)
If Pis an intersection of the bisectors of angeB D andAC D, thendap = dpp
anddsc = dop. On the other hand, i? is an intersection of the bisectors of

anglesCAB andC DB, thendac = dap anddep = dpp. In both cases, (7) is
satisfied, showing tha® is a point on the locug;. g
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Figure 5. The locug;

Let )1 be the intersection of the internal bisectors of anglésD and AC D,
and(@)- as the intersection of the external bisector of angjleéD and the internal
bisector of angleAC' D. See Figure 5. Sina@1, )2 andC are collinear, the points
Q1 and(@, must lie on distinct conics of;.

Similarly, the locusLs also contains the four intersections of the bisectors of
anglesBAD and BC D, and the four from angled BC' andADC'. Let Q3 be the
intersection of the internal bisectors afig the intersection of the internal bisector
of BAD and the external bisector of angleC'D. See Figure 6. The point3s
and(@, are on different conics of .

Figure 6. The locug;
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Figure 7.

Figure 7 shows the four conics, with 1, C; » forming £, andC, 1, C2 2 forming
Lo.

Corollary 8. (a) When pointsA, B, C, D all belong to the same circlé, then one
of the conics fronC; and one from_4 coincide withC.

(b) If for some pointP, (1) and (2) are both satisfied, then the poidtsB, C,
D, P are concyclic.

Q2
/
/
/
A 7 B
/ s
/ e
/
/ //
/7 7
v 7
/s
/ 7
///
» Q1
/
c\ D
Figure 8.

Proof. (a) Assume(); not on the circleC. Suppose we have the situation as in
Figure 8. In other cases the reasoning is similar. It is easgé tha ABQ, =
LACQ9 as@), belongs to the external bisector of the andlB D. This means that
the pointsA, B, C and(@- are concyclic. Buty, lies on one of the conics from
L1, therefore, this conic is actually a circle. Similarly, are: show that one of the
conics from£Ly coincides withC. This proves (a).

(b) follows directly from (a) and Lemma 4. O
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Q2

Qs

Figure 9. LociL, and £, for cyclic quadrilateral BDC

Theorem 3 together with Lemma 4 and part (b) of Corollary &ig® us with
the criteria for five pointsd, B, C, D and P to be concyclic. The case when
ABCD is a cyclic quadrilateral is depicted in Figure 9.
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An Inequality Involving the Angle Bisectors
and an Interior Point of a Triangle

Wei-Dong Jiang

Abstract. We establish a new weighted geometric inequality invathe lengths
of the angle bisectors and the radii of three circles thraugmterior point of a
triangle. From this, several interesting geometric inditjga are derived.

1. Introduction

Throughout this paper we consider a triangl&C with sidelengthsa, b, ¢,
circumradiusR, and inradius'. Denote byw,, w;, w, the lengths of the bisectors
of anglesA, B, C. Let P be an interior point. Denote bi,, R, R. the radii of
the circlesPBC, PC' A, PAB respectively. Liu [2] has conjectured the inequality

Wq Wp We 9

< - 1
Rb+RC+RC+Ra+Ra+Rb_4 @)
We prove a stronger inequality in Theorem 1 below, whichudelthe
Wq Wp We 9
+ + < 2. 2
\/RbRc \/RcRa \/RaRb — 2 ( )

Theorem 1. For aninterior point P and positive real numbers x, y, z, we have

TWg Ywy 2ZWe T Yz ~2r Y
<24+ —=(=+—+=]. 3
VRE  VRER VR -V +2R<w+y+z> 3
Equality holds if and only if the triangle ABC' is equilateral, P its center, and
r=y==z.

We shall make use of the following lemma.

Lemma 2. For arbitrary nonzero real numbers x, y, z,
1 2
x2sin2A+y2sin2B—|—z2sin2C’§Z<%+ﬁ+%> . (4)
x Y z

Equality holds if and only if 2% : ¢? : 2?2 =

1 . 1
202 +c2—a?) ° b (cPtai—b?)
1
(@202

Publication Date: April 16, 2008. Communicating EditoruP4iu.
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Proof. We make use of Kooi’s inequality [1, Inequality 14.1]: foat@umbers\;,
A2, A3 With Ay + Ao + A3 # 0,

(A1 4 Aa + A3)2R? > Madza® + A3A1b? + A hec?;

equality holds if and only if the point with homogeneous loamtric coordinates
(A1 : A2 : Ag) with reference to trianglel BC' is the circumcenter of the triangle.
Now, with \; = £, Ay = % A3 = ZZ, the result follows from the law of sines:
a=2RsinA,b=2RsinB,c=2RsinC. O

2. Proof of Theorem 1

The length of the bisector of anglé is given byw, = 2% cos 4. Clearly,

b+e
w, < vbecos 4; equality holds if and only ib = c.
Let/BPC = o, ZCPA = gand/ZAPB = ~. Obviously,0 < o, 8, vy < 7
anda + 8 4+ v = 2x. By the law of sinesh = 2Ry, sin 3, ¢ = 2R, sin . We have

s

= sin ﬁ sin~y - cos o)

A
< (sin 8 + sin ) cos 3

:2sinﬁ+ycosﬁ_7005—
2 2 2

e
§281n§cos—.

2
Equality holds if and only ib = ¢ andg = . Similarly, \/W < 2sin g COS g
and \/%Rb < 2sin § cos % with analogous conditions for equality. Therefore, for
xz, y, 2> 0,
TWq " YWy " 2ZW,
\/RbRC \/RcRa \/RaRb
A B C
< 2xsin%cos§ +2ysin§cos§ +2zsin%cos§ (5)

A B C
< 2\/<cos2 3T cos? 7+ cos? 5) <x2 sin? % + 92 sin? g + 22 sin? %)

(6)

T Yz Zxr Ty

2+2R <x+y+z> (7)
Here, the inequality in (6) follows from the Cauchy-Schwarequality. On the
other hand, the inequality in (7) follows from the identity

cos® = + cos ——Fcos2g—2+L
2 2 2 2R’
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and application of Lemma 2 to a triangle with ang%sg, 2. Equality holds in (5)
holds if and only ifa = b = canda = 3 = . This means thatl BC'is equilateral
andP is its center. Finally, by Lemma 2 again, equality holds ipifand only if

22:y?:22=1:1:1,i.e,x =y = 2 This completes the proof of Theorem 1.

3. Some applications

With z = y = z in Theorem 1, we have

Wy . wp . We <3/2_|_L
\/RbRc \/RcRa \/RaRb N 2R’

By Euler’s famous inequality® > 2r, we have (2).
Since RbRc < %(Rb + Rc)y RcRa < %(Rc + Ra); RaRb < %(Ra + Rb);
we obtain from Theorem 1,

TW, ywp ZW, 1 r (yz zx xy
< 424+ ==+ —=+ 2. 8
Rb+Rc+Rc—|—Ra+Ra—|—Rb_2 +2R<x+y+z> (8)

With x = y = z, we have

Wq N wy, N We
Ry+R. R.+R, R,+Ryp

Liu's inequality (1) follows fromR > 2r.
Again, from Euler’s inequality, we immediately concluderit Theorem 1 that

<3 Jar
=3 2R’

TWgq YWp 2ZWe 3 (yz zx ay
< = —+—=. 9
VR, VRF, VR ? < i > ©)

Ty |z
Corollary 3. For aninterior point P and positive real numbers x, y, z, we have
2
2?R, + y?Ry + 2° R, > g(yzwa + zxwp + TYW,).

Equality holds if and only if the triangle ABC' is equilateral, P its center, and
r=y==z.

Proof. Replace in (9), y, z respectively byyzv/ RyR., zxv/Rc:Rqa, xy\/RaRp.
O

In particular, withr = y = z = 1, we have

2
Ry + Ry + R. > g(wa + wp + we);
equality holds if and only if the triangle is equilateral aRdts center.

Corollary 4. For aninterior point P inatriangle ABC, R,RyR. > %wawbwc.
Equality holds if and only if ABC' isequilateral and P its center.

Proof. This follows from (9) by puttingr = y = z and applying the AM-GM
inequality. O
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Cubics Related to Coaxial Circles

Bernard Gibert

Abstract. This note generalizes a result of Paul Yiu on a locus asksatiaith
a triad of coaxial circles. We present an interesting faroflgubics with many
properties similar to those of pivotal cubics. It is also @partunity to show
how different ways of writing the equation of a cubic lead &vigus geometric
properties of the curve.

1. Introduction

In his Hyacinthos message [7], Paul Yiu encountered thecckiBb60 as the
locus of pointP (in the plane of a given triangld BC') with cevian triangleX'Y Z
such that the three circle$A’ X, BB'Y, CC'Z are coaxial. Hered’ B'C’ is the
circumcevian triangle o6, the external center of similitude of the circumcircle
and incircle. See Figure 1. Itis natural to study the cod@yialf the circles when
A’B’C" is the circumcevian triangle of a given poit

Figure 1. K360 and coaxial circles

Throughout this note, we work with homogeneous barycentrardinates with
reference to trianglel BC, and adopt the following notations:

Publication Date: April 21, 2008. Communicating EditoruP#iu.
The author thanks Paul Yiu for his help in the preparatiorhisf paper.
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gX theisogonal conjugate of

tX theisotomic conjugate of

cX the complement oK

aX the anticomplement ok

tgX the isotomic conjugate of the isogonal conjugateXof

2. Preliminaries

Let@Q = p : ¢ : r be a fixed point with circumcevian triangl¢/ B’'C’ and P
a variable point with cevian triangl€, P, P.. Denote byC4 the circumcircle of
triangle AA’ P, and define&’z, C¢ in the same way.

Lemma 1. The radical center of the circleSs, Cp, Co is the point@.

Proof. The radical center of the circumciraleof triangle ABC andCp, Cc must
be Q. Indeed, it must be the intersection BfB’ (the radical axis of’ andCp)
andC(C’ (the radical axis of andC). Hence the radical axis @fz, Cc contains

Q. O

These three radical axes are in general distinct lines. &meschoices ofP,
however, these circles are coaxial. For examplé i (@, then the three circles
degenerate into the cevian lines@fand we regard these as infinite circles with
radical axis the line at infinity. Another trivial case is wh is one of the vertices
A, B, C, since two circles coincide witfi and the third circle is not defined.

Lemma 2. Let H be the orthocenter of triangld BC'. For any pointQ # H and
P = H, the circlesC4, Cg, Cc are coaxial with radical axi{ ().

Proof. When P = H, the cevian triangle of’ is the orthic triangled ,H, H..
The inversion with respect to the polar circle swapsB, C and H,, H;, H.
respectively. Hence the products of signed distandes- HH,, HB - HH,,
HC - HH, are equal but, since they represent the powdt afith respect to the
circlesCy4, Cg, Cc, H must be on their radical axes which turns out to be the line
HQ. If Q = H, the property is a simple consequence of the lemma aboved

3. The cubicK(Q) and its construction

Theorem 3. In general, the locus aP for which the circle€ 4, Cp, Cc are coaxial
is a circumcubidC(Q) passing througt, Q and several other remarkable points.
This cubic is tangent atl, B, C to the symmedians of triangléBC.

This is obtained through direct and easy calculation. luficient to write that
the radical circle o4, Cg, Cc degenerates into the line at infinity and another
line which is obviously the common radical axis of the cisclélhis calculation
gives several equivalent forms of the barycentric equatib/C(Q). In §54 — 9
below, we explore these various forms, deriving essendafrgetric properties and
identifying interesting points of the cubic. For now we exaethe simplest of all
these:

2,2 wy+z) (y =z
Z bc*pr(y+2)(ry —gqz) =0 <— Z — <———> =0. (1)

X X a? qa T
cyclic cyclic
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It is clear thatKC(@) containsA, B, C, @ and the vertices\;, By, C; of the
cevian triangle otg( = ;#2 : b% : . Indeed, when we take = 0 in equation (1)
we obtain(b*ry — c2qz)yz = 0.

a?

K(Q) also containag(. Indeed, if we writeagQ) = v : v : w thenv+w = —,
p
etc, since this is the complementag( i.e. g@Q. The second form of equation (1)

. . u v w
obviously glvescyzdziC — <a - ?> = 0.
Finally, it is easy to verify thatC(Q) is tangent at4, B, C' to the symmedians
of triangle ABC. Indeed, wherb?z is replaced byc?y in (1), the polynomial
factorizes byy?.

3.1 Construction.Given (), denote byS be the second intersection of the Euler
line with the rectangular circumhyperbdté, throughQ.

Let H/Q be the rectangular hyperbola passing throagld), S and with asymp-
totes parallel to those 6.

A variable lineL¢ through@ meetsHy, at a pointQ)’.

L meets the rectangular circumhyperbola throggh (the isogonal transform
of the lineOQ’) at two pointsM, M’ of K(Q) collinear withQ.

Note that(@ is the coresidual ofd, B, C, H in K(Q) and thatag( is the
coresidual of4, B, C, Q in I(Q). Thus, the line throughg(@ and M meets again
the circumconic througly and M/ at another point oiC(Q).

Figure 2. Construction of(Q)
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4. Intersections with the circumcircle and the pivotal iso@nal cubic peir (Q)

Proposition 4. K(Q) intersects the circumcircle at the same points as the pivota
isogonal cubiop/Ceir (Q) with pivotag@Q.

Proof. The equation ofC(Q) can be written in the form

> (—a’qr + brp+ Ppg) @ (Py? — b22%)

cyclic

2
+ (ayz + b*zz + Pay) Z p(ctq—b*r)z =0.
cyclic
Any point common tdC(Q) and the circumcircle also lies on the cubic
> (~a’qr+ Upr+ Ppg) a Py’ — 072%) =0, 3)
cyclic
which is the pivotal isogonal circumcubgCe;,.(Q). O

The two cubicsKC(Q) andpK.ir.(Q?) must have three other common points on
the line passing througfy andag@. One of them isagQ and the two other points
FE4, E, are not always real points. Indeed, the equation of thisi$ine

Z p(q —b*r)z = 0.

cyclic

IC(X55) || pKeire = pK(Xs, X144)

Figure 3. K(Q) andpKeir(Q) When@ = Xss
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These pointst;, Es are the intersections of the line passing throdghgQ,
ag(@ with the circumconicABC K@ which is its isogonal conjugate. It follows
that these points are the last common points @) and the Thomson cubK002.

Figure 3 shows these cubics whéh = Xs5, the isogonal conjugate of the
Gergonne poinX7. Here, the pointd’;, E> are Xo, X57 andag@ is Xi44.

Thus, £(Q) meets the circumcircle at, B, C with concurrent tangents &
and three other point@,, @2, @3 (one of them is always real). Following [4gQ
must be the orthocenter of trianglg Q2 Qs.

4.1 Construction of the point§1, @2, Q3. The construction of these points again
follows a construction of [4] : the rectangular hyperbolaihg the same asymp-
totic directions as those ol BC'H( and passing throug, ag(), the antipode
Z on the circumcircle of the isogonal conjugéfé of the infinite point of the line
0OgQ meets the circumcircle & and@1, Q2, Q3. Note thatZ’ is the fourth point
of ABC HQ on the circumcircle. The sixth common point of the hyperlmtal
K(Q) is the second intersectia’ of the line Hag@ with both hyperbolas. It is
the tangential ofp in £(Q). It is also the second intersection of the liieZ’ with
both hyperbolas. See Figure 4.

Figure 4. Construction of the poin@:, Q2, Q3

These points)+, Q2, @3 have several properties related with Simson lines ob-
tained by manipulation of third degree polynomials. Theywdefrom classical
properties of triples of points on the circumcircle 4BC' having concurring Sim-
son lines.
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Theorem 5. The pointsQ:, @2, Q3 are the antipodes on the circumcircle of the
three pointsR, Q%, Q% whose Simson lines pass throug.

It follows that Q1, Q2, Q3 are three real distinct points if and onlygé) lies
inside the Steiner deltoits.

Theorem 6. The Simson lines @1, 2, Q3 are tangent to the inconi€ () with
perspectortg( and centercgl. They form a triangleS; 52,53 perspective atgQ

10 Q1Q2Q)s.

Sy is the common point of the Simson lines @f, @2, Q3. These pointsSy,
So, S3 are the reflections af,, @2, Q3 in cgQ. See Figure 5.

Figure 5. £(Q) and Simson lines

Another computation involving symmetric functions of tleots of a third de-
gree polynomial gives

Theorem 7. K(Q) meets the circumcircle atl, B, C' with tangents concurring
at the Lemoine poink’ of ABC and three other point$), @2, Q3 where the
tangents are also concurrent at the Lemoine poinfef)»()s.

This generalizes the property already encountered in dyfahpivotal cubics
seen in [4,84]. Since the two trianglesl BC' and Q1Q2Q3 are inscribed in the
circumcircle, there must be a conic inscribed in both triasgThis gives

Theorem 8. The inconicZ(Q) with perspectottg( is inscribed in the two trian-
glesABC andQ1Q2Qs. Itis also inscribed in the triangle formed by the Simson

lines of @+, @2, Q3.
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K(Q) meetsZ (@) at six points which are the contacts@fq) with the sidelines
of the two triangles. Three of them are the verticks B, C; of the cevian
triangle oftg@ in ABC. The other pointsk;, R., R3 are the intersections of
the sidelines of)1Q2Q3 with the cevian lines off in 515553. In other words,
Ry = HS| NQ2Qs3, etc. See Figure 5. Note that the reflectiongRef Rs, R3 in
the centercg® of Z(Q) are the contact®y, T, T3 of the Simson lines of)1, Q2,

Q3 with Z(Q).
5. Infinite points on K(Q) and intersection with p/Cin¢(Q)

Proposition 9. (@) meets the line at infinity at the same points as the pivotal
isogonal cubiop/Ciye(Q) with pivotgQ).
Proof. This follows by writing the equation d€(Q) in the form
Z a®qro(y® — 0222 + (x+y+2) Z a®p(tq—b*r)yz=0. (4)
cyclic cyclic
Any infinite point on/C(Q) is also a point on the cubic
2 2,2 2.2 x (y* 2
Zaqrm(cy—bz):0<:> ZE 2= =0, 5)
cyclic cyclic
which is the pivotal isogonal cubielC;,.¢ (@) with pivot gQ. O
The six other common points &f(Q)) andp/Ci,¢(Q) lie on the circumhyperbola
through@ andK. They areA, B, C, (Q and the two point#, 5. Figure 6 shows

these cubics whefy) = X;55 thusgQ is the Gergonne poink;. Recall that the
points 1, Es are Xg, Xs7.

K(Xss)| | | pKine = pK(Xs, X7)

Figure 6. (@) andpKins(Q) when@ = Xss
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6. K(Q) and the inconic with center cgy

Proposition 10. The cubick(Q) contains the four foci of the inconic with center
cg@ and perspectotg(.

Proof. This follows by writing the equation df(Q) in the form

Z px(c 24b%2?%) -2 (Z a?(b* — 62)(]7’) xyYz
(6)

cyclic cyclic

- Z pr(c?q + b*r)(Py? — b22?) = 0.

cyclic
Indeed,
Z px(c r)(y? +b22?) — 2 (Z a?(b? — cz)qr) xyz=0 (7)
cyclic cyclic

is the equation of the non-pivotal isogonal circular cuhiCs(Q) which is the
locus of foci of inconics with center on the line through cg@ and

Z pr(c?q + b*r)(Py? — b22%) =0 (8)
cyclic
is the equation of the pivotal isogonal cubii’s(Q) with pivot cg@. The two
cubics/C(Q) andp/Cs(Q) obviously contain the above mentioned foci. O

K(Xs3)| |pKs=K351

Figure 7. IC(Q) and the related cubiesCs (Q), pKs(Q) when@Q = Xss

These two cubics generate a pencil of cubics contaiki@). Note thatp/Cs(Q)
is a member of the pencil of isogonal pivotal cubics gendrétep/Ci.¢(Q) and
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pPKeirc(Q). The root ofnkls(Q) is the infinite point of the trilinear polar afgQ.
Figure 7 shows these cubics wh@n= X55. The inscribed conic is the Mandart
ellipse.

In the example abovel (@) contains the centarg of the inconicZ(Q) but
this is not generally true. We have

Theorem 11. K£(Q) contains the centergQ of Z(Q) if and only if Q lies on the
cubicK172 = plC(ng, Xg).

Since we know thak’(Q) contains the perspect@() of this same inconic when
it is a pivotal cubic, it follows that there are only two cubi€(Q) passing through
the foci, the center, the perspector&f) and its contacts with the sidelines of
ABC'. These cubics are obtained when
(i) @ = X6 : K(Xg) is the Thomson cubiK002 andZ(Q) is the Steiner inscribed
ellipse,

(i) @ = Xo5 1 K(Xa5) is K233 = pK(Xas5, X4).

In the latter case;gQ = X, tgQ = X4, a0Q = X903, Z(Q) is the K-ellipse}
the infinite points are those 8169 = pK (X, Xg9), the points on the circumcircle
are those op/C( X, X193). See Figure 8.

Figure 8. C(X25) and the related K-ellipse

1TheK—eIIipse is actually an ellipse only when triangdeBC is acute angled.
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7. K(Q) and the Steiner ellipse

Proposition 12. The cubickC(Q) meets the Steiner ellipse at the same points as
pK(tgQ, Q).
Proof. This follows by writing the equation 0€(Q) in the form

Za px (bPry? — 2q2?) + (a:y+yz—|—z3:)Za2(b2—02)qrx:0. 9

cyclic cyclic
Indeed,
2 2.2 2 .2 y? 2
Zapw(bry —cqz*) =0 — Zx<%—%>:0 (10)
cyclic cyclic
is the equation of the pivotal cubjgC(tgQ@, Q). O

Note that » ~ a® (v — ¢*) grx = 0is the equation of the lin@tgQ. This wil
cyclic

be construed in the next paragraph.

8. K(Q) and rectangular hyperbolas

Let P = u : v : w be a given point and |6 (P), H(gP) be the two rectangular
circum-hyperbolas passing through gP respectively. These have equations

Z u(Spv — Scw)yz =0 and Z <SCB2w - %) Yz =

cyclic cyclic
P must not lie on the McCay cubic in order to have two distincpémpolas.
Indeed,gP lies onH(P) if and only if P lies on the lineOgP i.e. P andgP are
two isogonal conjugate points collinear with
Let £(Q) andL'(Q) be the two lines passing throughwith equations

> a® (vr(qz — py) — wq(rz — pz)) =0

cyclic

and
Z v’ pu(v + w)(ry — gz) = 0.
cyclic
These linesC(Q) and £'(Q) can be construed as the trilinear polars of the
(QQ—Iisoconjugates of the infinite points of the polarsfo&ndgP in the circumcir-
cle.
The equation ofC(Q)) can be written in the form

(Z u(Spv — Scw)yz) (Z a? (vr(qx — py) — wq(rz — pz)))

cyclic cyclic

= (Z <S:;w Sbc;v> z) (Z b P pu(v + w)(ry — qz))

cyclic cyclic

(11)
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which will be loosely written under the form :

H(P) - L(Q) = H(gP) - L'(Q).

If we recall that/C(Q)) andH(P) have already four common points namely
B, C, H and that(Q), £(Q) and£'(Q) all contain®, then we have

Corollary 13. K£(Q) meetsH(P) again at two points on the lin€’(Q) and
H(gP) again at two points on the [iN€(Q).

For example, with? = G, H(P) is the Kiepert hyperbola anf (Q) is the line
QgtQ, H(gP) is the Jerabek hyperbola add(Q) is the lineQtgQ.

9. Further representations of C(Q)

Proposition 14. For varying @, the cubicsC(Q) form a net of cubics.

Proof. This follows by writing the equation df(Q) in the form

Z a*qra (Py(z + 2) — bPz(z + y)) =0

cyclic

(12)
= Z a*qra (z(c®y — b%z) — (b? — *)yz) = 0.

The equatior®y(z + z) — b?z(z + y) = 0 is that of the rectangular circumhy-
perbolaH 4 tangent atA to the symmediamd K. Its center is the midpoint aBC'.
Its sixth common point withiC(Q) is the intersection of the lined@ and A;agQ.
Thus the net is generated by the three decomposed cubichk ag¢he union of a
sideline of ABC and the corresponding hyperbola suclas a

Proposition 15. £(Q) is a pivotal cubicp/(Q) if and only if @ lies on the cir-
cumhyperbold+ passing throughz and K.

Proof. We write the equation of(Q) in the form

cyclic cyclic

Z v px (ry? — ¢2%) + (Z a?(b® — 02)q7‘) zyz = 0. (13)

Recall that/C(@)) meets the sidelines of triangléBC' again at the vertices of
the cevian triangle afg(. Thus, the cubic is a pivotal cubic is and only if the term
in zyz vanishes. It is now sufficient to observe that the equaticth@hyperbola
His Z a?(b? — P)yz = 0. O

cyclic

See a more detailed study of theg€(Q) in §10.1.

Proposition 16. The cubick(Q) belongs to another pencil of similar cubics gen-
erated by another pivotal cubic and another isogonal noretal cubic.
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Proof.
Z pr(c?q — b*r)(Py? + b22?) — (Z a?(b* — 62)(]7’) xYz
cyclic cyclic (14)
+ Z atqr(y — 2)yz = 0.
cyclic
Indeed,

Z pr(ctq — b*r)(y? + b?2%) — (Z a?(b* — cz)qr) zyz=0  (15)

cyclic cyclic

is the equation of the non-pivotal isogonal cubik;(Q) with root the infinite
point of the trilinear polar ofg() again and

> atqr(y —2)yz =0 (16)

cyclic

is the equation of the pivotal cubjgC; (@) with pivot the centroid= and pole the
X3o—isoconjugate of) i.e. the pointgtgQ. O

The cubicsnCs(Q) andnfC7(Q) obviously coincide wher) lies on the cir-
cumhyperbolaH passing througlz and K. Figure 9 shows these cubics when

Q = Xss.

Figure 9. K£(Q) and the related cubiosiC; (Q), pK7(Q) when@ = X5
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10. Special cubicdC(Q)

10.1 Pivotal cubicspK(Q). Recall that for any poinf) on the circumhyperbola
'H passing througléz and K the cubick(Q) becomes a pivotal cubic with pol@
and pivottg( on the Kiepert hyperbola. In this cagé()) has equation :

2

szcsz(ryz—q22)20<:> Z£ y_z_z_ =0 (a7)
a2\ q r

cyclic cyclic

The isopivot (secondary pivot) is clearly the Lemoine pdinsince the tangents
atA, B, C are the symmedians. The poigt9 andag( lie on the lineG K namely
the tangent a7 to the Kiepert hyperbola.

These cubics form a pencil of pivotal cubics passing thradgk, C, G, H, K
and tangent to the symmedians. Recall that they have thekabia property to
intersect the circumcircle at three other poifgts Q2, @3 with concurrent tangents
such thatag( is the orthocenter af); Q2Q3. See [4] for further informations.

This pencil is generated by the Thomson cuk@02 (the only isogonal cubic)
and byK141 (the only isotomic cubic). Se€L043 in [2] for a selection of other
cubics of the pencil among theK273, the only circular cubic, an&233 seen
above.

10.2 Circular cubicsK(Q). We have seen tha€(Q) meets the line at infinity
at the same points as the pivotal isogonal culiG,¢(Q) with pivot g@Q. It easily
follows that/C(Q) is a circular cubic if and only iH/Ci,¢ (@) is itself a circular cubic
therefore if and only i@ lies at infinity hence®) must lie on the circumcircl€.
Thus, we have :

Theorem 17. For any point on the circumcircle/C(Q) is a circular cubic with
singular focus on the circle with centérand radius2R. The tangent af) always
passes througl®.

The real asymptote envelopes a deltoid, the homotheticeoStkeiner deltoid
underh(G,4). See Figure 10.

For example K273 (obtained forQQ = X1, the Parry point) an&306 (ob-
tained for() = Xr59) are two cubics of this type in [2]. See also the bottom of the
pageCL035in [2].

10.3 Lemoine generalized cubids(Q). A necessary (but not sufficient) condi-
tion to obtain a Lemoine generalized culii¢Q) is that the cevian triangle agQ
must be a pedal triangle. Henag must be a point on the Lucas cub{®©07
therefore) must be on its isogonal transfordi72.

The only identified points that give a Lemoine generalizenicare H and Xs¢.
K(H) is K028, the third Musselman cubic. Itis also the only cubic withragy
totes making60° angles with one another i.e. the only equilateral cubic & th

type.

K(X56) is K360, at the origin of this note. See Figure 11.

The conic inscribed in the triangle$BC and@Q1Q-Qs is the incircle ofABC
sincetg Xs¢ is the Gergonne poink;. (Q1Q-Qs is a poristic triangle.
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.__ _CHO6R) -~

Figure 10. Circular cubick(Q) and deltoid

pK(X6, X145)/

Figure 11. The Lemoine generalized culi¢Xss) = K360

10.4 K(X32). K(X32) has the remarkable property to have its six tangents at its
common points with the circumcircle concurrent at the LeregiointK. It fol-

lows that the trianglest BC and Q1 Q-2Q3 have the same Lemoine point and the
same Brocard axis. The polar conicigfis therefore the circumcircle.
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The satellite conic of the circumcircle is the Brocard al#ipvhose real fodR,
Q5 (Brocard points) lie on the cubic. See Figure 12.

Figure 12. The cubiéC(X32)

Remark.K(X32) belongs to a pencil of circum-cubics having the same prgpert
meet the circumcircle at six point§, B, C, @1, Q2, @3 with tangents concurring
at K hence the polar conic df is always the circumcircle.

The cubic of the pencil passing through the given pétnt v : v : w has an
equation of the form

Z a*vwyz (v — b*w)z — (u(Py — b*z)) =0,

cyclic
which shows that the pencil is generated by three decompns®ds, one of them
being the union of the sideline$B, AC and the line joiningP to the feetk, of
the A—symmedian, the other two similarly. Each cubic meets the&mb ellipse
at six points which are the tangentials of the six points abovhree of them are
K,, K, K. and the other points are the contacts of the Brocard elligethe

sidelines of)1Q2Qs.

10.5 K(X54). K(X54) = K361 is the only cubic of the family meeting the cir-
cumcircle at the vertices of an equilateral trian@eQ-Q3 namely the circum-
normal triangle. The tangents at these points conci?.aK361 is the isogonal
transform ofK026, the (first) Musselman cubic and the locus of pivots of pivota
cubics that pass through the vertices of the circumnormaaidte. See Figure 13
and further details in [2].
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N
N
McCay cubic ~_
N

Figure 13. The cubiéC(Xs4) = K361

10.6 K(Q) with concurring asymptotesiC(Q) has three (not necessarily all real)
concurring asymptotes if and only @ lies on a circumcubic passing through
H, Xi40. This latter cubic is aC, i.e. it has three real concurring asymptotes
making60° angles with one another. These are the parallelssat (the midpoint
of X5, X5) to those of the McCay cubik003. The cubic meets the cirumcircle
at the same points g8C(Xg, X149) Where X4 is the midpoint ofX3, X5. See
Figure 14.

The two cubicsC(H) = K028 and K(X140) have concurring asymptotes but
their common point is not on the curve. These arecubics.

On the contrary/C(X3) is a central cubic and the asymptotes mee? ain the
curve. Itis said to be £ cubic. See Figure 15.

11. Isogonal transform of £(Q)

Under isogonal conjugation with respect ABC, K(Q) is transformed into
another circum-cubigk(Q) meetingkC(Q) again at the four foci of (¢)) and at
the two pointsE,, F, intersections of the lin€/ag@ with the conicABC K Q.

Thus,K(Q) andgk (@) have nine known common points. When they are dis-
tincti.e. whenQ is not K i.e. when/C(Q) is not the Thomson cubic, they generate
a pencil of cubics which containsC(Xg, cgQ).

It is easy to verify thag/C(Q)
(i) contains the circumcentép, g@Q, the midpoints ofABC,
(i) is tangent atA, B, C' to the cevian lines of th&'s, —isoconjugate of) i.e. the

pointgtgQ,
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pK(;st,\Xuo)

Figure 14. The cubiéCd,

Figure 15. The cubiéC(X3)

(iif) meets the circumcircle at the same point9dJ X, g@@) hence the orthocen-
ter of the triangleD; 0, O3 formed by these points g); following a result of [4],
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the inconic with perspectdcg( is inscribed inA BC and0, 0,03,
(iv) has the same asymptotic directionspdS( X, agQ).

Except the cas@ = K, giC(Q) cannot be a cubic of typ(Q).

The tangents t@kC(Q) at A, B, C are still concurrent (agtg@) but in gen-
eral, the tangents at the other intersectiong/of@) with the circumcircle are not
now concurrent unles® lies on a circular circum-quartic which is the isogonal
transform ofQ063 This quartic containsX;, X3, Xg, Xe4, Xos74, Xos75, the
excenters.

Figure 16. KC(X3), giC(X3) andK003

Figure 16 present&(X3) andgK(X3). These two cubics generate a pencil
which contains the McCay cubi003 and the Euler isogonal focal cubicl87.
The nine common points of these four cubics 4reB3, C, O, H and the four foci
of the inscribed conic with centép.

0K (X3) meets the circumcircle at the same poiffs O, O3 as the Orthocubic
K006 and the trianglegt BC', 010,03 share the same orthocenirtherefore the
same Euler line. The tangents@t, O,, O3 concur atO and those atd, B, C
concur atXs5. The MacBeath inconic (with centéfs, foci O and H) is inscribed
in ABC and0O1050s.

g (X3) meets the line at infinity at the same points as the Darbouic ¢(@04.
Hence, its three asymptotes are parallel to the altitudesR('.
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A Short Proof of Lemoin€'s Theorem

Cosmin Pohoata

Abstract. We give a short proof of Lemoine’s theorem that the Lemoioiatp
of a triangle is the unique point which is the centroid of iegoedal triangle.

Lemoine’s theorem states that the Lemoine (symmedian) pbia triangle is
the unique point which is the centroid of its own pedal triand@\ proof of the fact
that the Lemoine point has this property can be found in Herugy [4, p.72]. The
uniqueness part was conjectured by Clark Kimberling in ey ¥irst Hyacinthos
message [6], and was subsequently confirmed by computdtyoBarry Wolk [7],
Jean-Pierre Ehrmann [2], and Paul Yiu §8,6.2]. Darij Grinberg [3] has given a
synthetic proof. In this note we give a short proof by apglyiwo elegant results
on orthologic triangles.

Lemmal. If Pisapoint in plane of triangle ABC, with pedal triangle A’B'C’,
then the perpendiculars from A to B'C’, from B to C'A’, from C to A'B’ are
concurrent at @, theisogonal conjugate of P.

B

Al
Figure 1 Figure 2

This is quite well-known. See, for example, [5, Theorem 2FiQure 1 shows
that AP and the perpendicular from to B’C’ are isogonal with reference td.
From this Lemma 1 follows. The next beautiful result, ilhased in Figure 2, is
the main subject of [1].

Publication Date: April 23, 2008. Communicating EditoruP4iu.
The author thanks Paul Yiu for his help in the preparatiorhis hote.
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Theorem 2 (Daneels and Dergiadedy triangles ABC and A’ B’C” are orthologic
with centers P, P’, with the perpendiculars from A, B, C to B'C’', C'A’, A'B’
intersecting at P and those from A’, B’, C' to BC, C A, AB intersecting at P/,
then the barycentric coordinates of P with reference to ABC' are egqual to the
barycentric coordinates of P’ with referenceto A’B'C”.

Now we prove Lemoine’s theorem.

Let K be the Lemoine (symmedian) point of triangleBC, and A’B'C"’ its
pedal triangle. According to Lemma 1, the perpendiculaosnfél to B’C’, from
Bto C'A’, from C to A’ B’ are concurrent at the centrofe of ABC. Now since
ABC and A’ B'C’ are orthologic, withG as one of the orthology centers, by The-
orem 2, the perpendiculars frodf to BC, from B’ to C A, from C’ to AB are
concurrent at the centroi@ of A’ B’C’. Hence, the symmedian poift coincides
with the centroid of its pedal triangle.

Conversely, letP a point with pedal triangled’ B’C’, and supposeP is the
centroid of A’B’C’; it has homogeneous barycentric coordindtes 1 : 1) with
reference tod’ B’C’. SinceABC and A’B’'C’ are orthologic, by Theorem 2, we
have that the perpendiculars frafnto B’C’, from B to C'A’, from C' to A’B’ are
concurrent at a poing) with homogeneous barycentric coordinatés 1 : 1) with
reference taA BC'. This is the centroids. By Lemma 1, this is also the isogonal
conjugate ofP. This shows thaP = K, the Lemoine (symmedian) point.

This completes the proof of Lemoine’s theorem.
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M eans as Chords

Francisco Javier Garcia Capitan

Abstract. On the circumcircle of a right triangle, we display chordkose
lengths are the quadratic, arithmetic, geometric, and baitrmeans of the two
shorter sides.

Given two positive numbers andb, the inequalities among their various means

2 2
2CLb <\/%<a+b< a +b
a+b— - 2 2

are well known. In order, these are the harmonic, geomedrittymetic, and qua-
dratic means of; andb. Nelsen [1] has presented several few geometric proofs
(without words). In the same spirit, we exhibit these vasioweans as chords of a
circle constructed from two segments of lengthendb.

A/
A" M’
c v B
!
I
/
4 HG M @
Figure 1

We shall assume < b, and begin with a right trianglél’ BC' with A’B = aq,
CB = b and aright angle aB. Construct
(1) the circumcircle of the triangle (with center at the nodp O of C A/,
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(2) pointsA” on the segmen®' B and andA the circle respectively such thatd =
CA” = A'BandA, A’ are on opposite sides 6fB,

(3) the bisectorA@ of angle AC' B with @ on the circle(O),

(4) the midpointM’ of A” B and the point\/ on the araC’ AB with CM = CM’,
(5) the perpendicular from” to AB to intersectC’ M at.J and the ar&C AB atG,
(6) the pointH on the ara”’AB such thalCH = CJ.

Proposition 1. For the two segments C A and C'B,
(1) CQ isthe quadratic mean,

(2) C M isthe arithmetic mean,

(3) CG isthe geometric mean,

(4) C H isthe harmonic mean.

Proof. Note that the circle has radids/a? + b2.

(1) SinceCA = A'B, CA’BA is an isosceles trapezoid, withB parallel to
CA’. SinceCQ is the bisector of anglelC B, @ is the midpoint of the ar€' AB,
andOQ is perpendicular tAB. Hence, the radiDQ andOC are perpendicular
to each other, and'Q = v2 - OC = # This shows thaC'( is the quadratic
mean ofa andb.

(2) CM = CM' = %(a + b) is the arithmetic mean of and®.

(3) Let A”G intersectOA’ at L. See Figure 2. Sinc€ A’ is parallel toAB,
LG is perpendicular ta”’A’. From the similarity of the right triangle§’A” L
andCA'B, we have £k = £2. In the right triangleC A'G, we haveCG? =
CL-CA" = CA”-CB = ab. This shows tha€'G is the geometric mean afand
b.

Figure 2 Figure 3

(4) Let the perpendicular from/ to C' A’ intersect the latter aX'. See Figure 3.
From the similarity of triangle€’ LJ andC X M, we have

CL CL-CA CG*> CG? 2ab
CJ]=CM-—=CM - ——F—+—=CM - = = .
/ CcX CX. -CA ¢ CM? CM a+b

This shows that’ H = C'J is the harmonic mean af andb. O
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We conclude with an interesting concurrency.

Proposition 2. Thelines AB, CQ, and A”G are concurrent.

A’

A

Figure 4

Proof. Let the bisectorC'Q) of angle ACB intersectAB at K. See Figure 4.
Clearly, the trianglesiC K and A”C K are congruent. Now,

/CA'K =/CAK = /CAB
=180° — ZCA'B (C, A, B, A’ concyclic)

= /ABA (AB parallel toC' A)

=/ABC +90°.
It follows that /A" K B = 90°, andA” K is perpendicular tod B. This shows that
K liesonA"G. O
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[1] R. B. NelsenProofs Without Words, MAA, 1994.

Francisco Javier Garcia Capitan: Departamento de Mateas, I.E.S. Alvarez Cubero, Avda.
Presidente Alcala-Zamora, s/n, 14800 Priego de Corddbejoba, Spain
E-mail address: gar ci acapi tan@nai | . com






Forum Geometricorum
Volume 8 (2008) 103—106.

FORUM GEOM

ISSN 1534-1178

A Condition for a Circumscriptible
Quadrilateral to be Cyclic

Mowaffaq Hajja

Abstract. We give a short proof of a characterization, given by M. Radial,
of convex quadrilaterals that admit both an incircle andreuencircle.

A convex quadrilateral is said to logclic if it admits a circumcirclei(e., a circle
that passes through the vertices); it is said tccivpeumscriptible if it admits an
incircle (i.e., a circle that touches the sides internally). A quadriktesbicentric
if itis both cyclic and circumscriptible. For basic propestof these quadrilaterals,
see [7, Chapter 10, pp. 146-170]. One of the two main theomerflg, namely
Theorem 1 (p. 35), can be stated as follows:

Theorem. Let ABC' D bea circumscriptible quadrilateral with diagonals AC and
BD of lengths u and v respectively. Let a, b, ¢, and d be the lengths of the tangents
from the vertices A, B, C, and D (see Figure 1).The quadrilateral ABCD is

cyclicif and only if % = £¢.

Figure 1 Figure 2

In this note, we give a proof that is much simpler than the omergin [5].
Our proof actually follows immediately from the three vemnple lemmas below,
all under the same hypothesis of the Theorem. Lemma 1 ampaara problem
in the MONTHLY [6] and Lemma 2 appeared in the solution of a quickie in the
MAGAZINE [3], but we give proofs for the reader’s convenience. Lemmsé&s
Lemma 2 and gives formulas for the lengths of the diagonatgsafcumscriptible
quadrilateral counterpart to those for cyclic quadrilai®as given in [1], [7§ 10.2,
p. 148], and other standard textbooks.
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Lemmal. ABCD iscyclicifandonlyif ac = bd.

Proof. Let ABC D be any convex quadrilateral, not necessarily admittingnain-i
cle, and let its vertex angles Rel, 2B, 2C, and2D. ThenA, B, C, andD are
acute, andd + B + C + D = 180°. We shall show that

ABCDiscyclic < tan AtanC = tan Btan D. (1)

If ABCDiscyclic,thenA+C = B+ D = 90°, andtan A tan C' = tan B tan D,
each being equal to 1. ConverselyABC'D is not cyclic, then one may assume
thatA + C > 90° andB + D < 90°. From

tan A 4+ tan C
0>tan(A+C) = 1—tan AtanC

and the fact thatl andC are acute, we conclude thiatn A tan C > 1. Similarly

tan Btan D < 1, and thereforean A tan C' # tan B tan D. This proves (1).
The result follows by applying (1) to the given quadrilateeand usingtan A =

r/a, etc., where- is the radius of the incircle (as shown in Figure 2). O

Lemma 2. Theradiusr of theincircleis given by
9 bed + acd + abd + abe
T = .
a+b+c+d
Proof. Again, let the vertex angles of BC D be2A, 2B, 2C, and2D, and let

a=tan A, =tan B, vy =tanC, 6 = tan D.

(2)

Lete; = > a,e2 = > af, e3 = > afy, andey = afvy6 be the elementary
symmetric polynomials imv, 3, v, andé. By [4, § 125, p. 132], we have

€1 — €3
T—cates
SinceA+ B+ C+ D = 180°, it follows thattan(A+ B+ C + D) = 0 and hence
g1 = é€3, 1.6,

tan(A+ B+ C + D) =

T‘+T+T‘+T‘_T‘3+T3+T3+T‘3
a b ¢ d bed acd abd  abc’
and (2) follows. O
Lemma 3.
2 a+c 2 b + d
u b+d((a—|—c)(b—|—d)—|— bd), and wv a+c((a—|—c)(b—|—d)—|— ac)
Proof. Again, let the vertex angles of BC'D be2A, 2B, 2C, and2D. Then
B 2 2 .2
cosIA — 1—tan“ A a®—r

1 +tan? A a2+ 12

~ d*(a+b+c+d) — (bed + acd + abd + abe) by (2
~ a?(a+b+c+d)+ (bed + acd + abd + abc)’ y(2)
a’*(a+b+c+d) — (bed + acd + abd + abe)

(a+b)(a+c)a+d))
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Therefore
v? = (a+b)?*+ (a+d)?—2(a+b)(a+d)cos2A
2 _
_ (a4 b2+ (a+ d)? L (a+b+c+d)— (bed + acd + abd + abc)
a-+c
b+d

= . ((a+c)(b+d) + 4ac).

A similar formula holds fonu. O

Proof of the main theorem. Using Lemmas 1 and 3 we see that

ABCDiscyclic <= ac=bd, byLemmal

< (a+c)(b+d)+4bd = (a+ c)(b+d) + dac
2 2
— u—:<c+a> , by Lemma 3

v2 b+d
— g_c—i—a
v b+d

as desired. This completes the proof of the main theorem.

Remarks. (1) As mentioned earlier, Theorem 1 is one of the two main rénmas
in [5]. The other theorem is similar and deals with those qiletdrals that admit
anexcircle. Note that the termshordal andtangential are used in that paper to
describe what we referred to egclic andcircumscriptible quadrilaterals.

(2) Let A; ... A,, be circumscriptiblen-gon and letBy, ..., B, be the points
where the incircle touches the siddsAs, ..., A, A;. Let |A;B;| = a; fori =
1,...,n. Theorem 2 states thatiif = 4, then the polygon is cyclic if and only if
a1az = asas. One wonders whether a similar criterion holds#or 4.

(3) It is proved in [2] that ifaq,...,a, are any positive numbers, then there
exists a unique circumscriptible-gon A4, ... A, such that the point®, ..., B,
where the incircle touches the siddsAs, . .., A, A; have the propertyA; B;| =
a; fori = 1,... n. Thus one can, in principle, express all the elements of the
circumscriptible polygon in terms of the parameters. .., a,,. Instances of this,
whenn = 4, are found in Lemms 2 and 3 where the inraditend the lengths of
the diagonals are so expressed. When 4, one can prove that? is the unique
positive zero of the polynomial

Opn—1— 7"20'”_3 + 7‘40n_5 — .o =0,
whereoy,...,0, are the elementary symmetric polynomialsainn .. ., a,, and
whereay, . .., a, are as given in Remark 2. This is obtained in the same way we
obtained (2) using the the formula
€1 —€3+¢€5— ...
tan(A; +---+ A,) =

(41 n) l—eg+eqg—...

wherezq, ..., &, are the elementary symmetric polynomialsdn Ay, ..., tan A,,

and whered, ..., A, are half the vertex angles of the polygon.
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Periodic Billiard Trajectories in Polyhedra

Nicolas Bedaride

Abstract. We consider the billiard map inside a polyhedron. We giverdée
tion for the stability of the periodic trajectories. We apfiiis result to the case of
the tetrahedron. We deduce the existence of an open setalfédta which have
a periodic orbit of length four (generalization of Fagnanotbit for triangles),
moreover we can study completely the orbit of points alomg ¢bding.

1. Introduction

We consider the billiard problem inside polyhedron. Wetstath a point of the
boundary of the polyhedron and we move along a straight I we reach the
boundary, where there is reflection according to the miaar IA famous example
of a periodic trajectory is Fagnano’s orbit: we consider emt@ triangle and the
foot points of the altitudes. Those points form a billiar@éctory which is periodic
[1].

For the polygons some results are known. For example we Kmaittiere exists
a periodic orbit in all rational polygons (the angles areral multiples ofr), and
recently Schwartz has proved in [8] the existence of a paribdliard orbit in
every obtuse triangle with angle less thHi9) degrees . A good survey of what
is known about periodic orbits can be found in the articledg#|Gal’perin, Stépin
and Vorobets or in the book of Masur, Tabachnikov [6]. In #icle they define
the notion of stability: They consider the trajectories ethiemain periodic if we
perturb the polygon. They find a combinatorial rule whichreloterize the stable
periodic words. Moreover they find some results about périotbits in obtuse
triangles.

The study of the periodic orbits has also been done by famioysigists. Indeed
Glashow and Mittag prove that the billiard inside a triangeequivalent to the
system of three balls on a ring, [5]. Some others results edound in the article
of Ruijgrok and Rabouw [7]. In the polyhedral case much laeskniown. The
result on the existence of periodic orbit in a rational polygan be generalized,
but it is less important, because the rational polyhedranatalense in the set of
polyhedra. There is no other general result, the only resuiterns the example
of the tetrahedron. Stenman [10] shows that a periodic wbtdngth four exists
in a regular tetrahedron.

Publication Date: May 19, 2008. Communicating Editor: Péul
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The aim of this paper is to find Fagnano’s orbit in a regularatezdron and to
obtain a rule for the stability of periodic words in polyhadrThis allows us to
obtain a periodic orbit in each tetrahedron in a neighbodhobthe regular one.
Moreover we give examples which prove that the trajectonyoisperiodic in all
tetrahedra, and we find bounds for the size of the neighbdrhiocthe last section
we answer a question of Gal'perin, Kriger, Troubetzkoy h$]an example of
periodic wordv with non periodic points inside its beam.

2. Statement of results

The definitions are given in the following sections as appabd@. In Section 4
we prove the following result. Consider a periodic billiamdit coded by the word
v. In §4.2, we derive a certain isometfy, from the combinatorics of the path.

Theorem 1. Let P be a polyhedron and the prefix of a periodic word of period
|v|in P. If the period is an even number, as{ is different from the identity, then
v is stable. If the period is odd, then the word is stable if antya .S, is constant
as a function ofP.

In Section 5 we prove

Theorem 2. Assume the billiard map inside the tetrahedron is coded,byc, d.

(1) The wordabed is periodic for all the tetrahedra in a neighborhood of the
regular one.(This orbit will be referred to as Fagnano’s orbit).

(2) In any right tetrahedron Fagnano’s orbit does not exist. fEnexists an open
set of obtuse tetrahedron where Fagnano’s orbit does net.exi

The last section of this article is devoted to the study offitst return map of
the billiard trajectory.

3. Background

3.1 Isometries.We recall some usual facts about affine isometrieRdfA gen-
eral reference is [1].

To an affine isometry:;, we can associate an affine mamand a vector, such
that: f has a fixed point or is equal to the identity, and suchédhatt, o f = fot,
wheret,, is the translation of vectot. Then f can be seen as an element of the
orthogonal grougs(R).

Definition. First assume thaft belongs taO3(+), and is not equal to the identity.
If u is not an eigenvector of, thena is called an affine rotation. The axis @fis
the set of invariants points. 1f is an eigenvector of, a is called a screw motion.
In this case the axis af is the axis of the affine rotation.

If f,in O2(—) or O3(—), is areflection and is an eigenvector of with eigen-
value 1, theru is called a glide reflection.

We recall Rodrigue’s formula which gives the axis and thel@ofjthe rotation
product of two rotations. It can be done by the following noeth
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Lemma 3 ([2]). We assume that the two rotations are not equal to the ideatity
to a rotation of angler. Letd andu be the angle and axis of the first rotation, and
denote by the vectortan g -y andt’ the associated vector for the second rotation.
Then the product of the two rotations is given by the ve€t@uch that

1 1 / /
" = 1—t-t’<t+t +tAt).
3.2 Combinatorics.Let.4 be a finite set called the alphabet. By a languagwer
A we mean always a factorial extendable language. A langusageollection of
sets( Ly, )n>0 Where the only element df is the empty word, and eadh, consists
of words of the fornu;as . . . a,, wherea; € A such that
(i) for eachv € L,, there exist, b € A with av,vb € L,, 1, and
(i) forall v € Ly,1q, if v = au = v'bwith a,b € A, thenu, v’ € L,,.

If v = ajas...a, is aword, then for ali < n, the worda; ...q; is called a
prefix of v.

4. Polyhedral billiard

4.1 Definition. We consider the billiard map' inside a polyhedroP. Let X C
OP x PR? consist of(m, ) for whichm + R*6 does not interse@P on an edge.
The mapl is defined by the rule

T(m,0) = (m',0")

if and only if mm/ is collinear withd, wheref’ = S0 and.S is the linear reflection
over the face which contains’.
We identify PR? with the unit vectors oR? in the preceding definition.

4.2. Coding. We code the trajectory by the letters from a finite alphabetrerhve
associate a letter to each face.

We call s; the reflection in the facé S; the linear reflection in this face. If we
start with a point of directio® which has a trajectory of coding = vg---v,_1
the image ob is: S, ,...S,,0. Indeed the trajectory of the point first meets the
facewv, then the face, etc.

If it is a periodic orbit, it meets the faag after the face,,_1 and we have:
SvoSv,_1 - Sl =0 = 8,0, 5, is the product of the;, ands, the product of
thes;.

We recall a result of [3]: the word is the prefix of a periodic word of peridad|
if and only if there exists a point whose orbit is periodic &adv as coding.

Remark.If a point is periodic, the initial direction is an eigenveicbf the maps,
with eigenvalue 1. It implies that iR3, for a periodic word of odd period§ is a
reflection.

Definition. Let v be a finite word. The beam associate ts the set of(m, 0)
wherem is in the facev, (respectively edge) a vector ofR? (respectivelyR?),
such that the orbit ofm, #) has a coding which begins with We denote iv,,.
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A vector u of R? (respectivelyR?) is admissible for, with base pointmn, if
there exists a point: in the face (edge), such thai{m, u) belongs to the beam of
V.

Lemma 4. Let s be an isometry oR? not equal to a translation. Le§ be the
associated linear map andthe vector of translation. Assumsés either a screw

_—
motion or a glide reflection. Then the pointswhich satisfyns(n) € Ru, are
either on the axis of (if S is a rotation), or on the plane of reflection. In this case

— - - -
the vectorns(n) is the vector of the glide reflection.

Proof. We call # the eigenspace aof related to the eigenvalue one. We have
s(n) = s(o) + Son whereo, the origin of the base will be chosen later. Ele-

—_—

—
mentary geometry yieldss(n) = (S — Id)X + Y (whereX = on, Y = 0s(0))
is inside the spacé. .
The maps has no fixed point by assumption, thus(n) is nonzero. The condi-
tion gives that S — Id) X + Y is an eigenvector of associated to the eigenvalue
one. Thus,

S((S—IdX +Y)=(S—-Id)X +Y,
(S —Id)?*X = — (S -1)Y. (1)

We consider first the cas&t S > 0. We choose on the axis ofs. Thené is a
line, we call the direction of the line by the same name. SihgeS > 0 we have

R 0> ,whereR is

S € O3(+) and thus in an appropriate basidas the form(O 1

a matrix of rotation ofR2. The equation (1) is equivalent to

(R—1d)*X' = —(R - Id)Y’,

/
where X is the vector ofR? such thatX = (‘)i) in this basis. Furthermore,

0
sincesS is a screw motion with axig 0 | in these coordinates; has the following
1

/
coordinates<};> whereY’ = 0. SinceS # Id, R — Id is invertible and thus

X'’ = 0. Thus the vectorX solutions of this equation are collinear with the axis.

Consider now the casdetS < 0. By assumptionS is a reflection, it implies
that the eigenspace related to one is a plane. We will so)y&é&ping the notation
/ !
X = <X> andy = (Y)
Z Y
We may assume thatis on the plane of reflection. Moreover we can choose the
0

coordinates such that that this plane is orthogonal to theRi | 0 |. It implies
1
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1 0 0
thatS= |0 1 0 |],andy = 0. The equation (1) becomds = 0. It implies

0 0 -1
that X is on the plane of reflection. Singeis a glide reflection, the last point
becomes obvious. a

Proposition 5. Let P a polyhedron, the following properties are equivalent.
(1) A wordw is the prefix of a periodic word with perioa|.
B E——

(2) There existsn € vy such thats, (m)m is admissible with base point for vv,
Sy a—
and6é = s,(m)m is such thatS6 = 6.

Remark.Assume|v| is even. In the polygonal case the matfix can only be the
identity, thuss,, is a translation. We see by unfolding thgtcan not have a fixed
point, thus in the polyhedral casg is either a translation or a screw motion or
a glide reflection. If we do not assume the admissibility inditon (2) it is not
equivalent to condition (1) as can be seen in a obtuse teargla right prism
above the obtuse triangle and the weid.

Proof of Proposition 5.First we claim the following fact. The vector connecting
T!"l(m, 0) to s,(m) is parallel to the direction of'l*/(m, ). For|v| = 1 if the
billiard trajectory goes fronim, 0) to (m/, §’) without reflection between, then the
directiond’ is parallel tos(m)m’, wheres is the reflection over the face of’ (see
Figure 1). Thus the claim follows combining this observatigith an induction
argument.

Figure 1. Billiard orbit and the associated map

Next assume (1). Then there exiéts, ) periodic. We deduce thatf = 6,

_
moreover this direction is admissible. Then the claim ieplihats, (m)m = 6
and thus is admissible fary.

Finally assume (2). First we consider the case wtieeé Id. Lemma 4 implies
thatm is on the axis of if |v| is even, otherwise on the plane of reflectionfvifis

_
even thery = s(m)m is collinear to the axis of the screw motion. Since we have

assumed, (m)m admissible we deduce théis admissible with base point. If
|v| is odd then Lemma 4 implies théis the direction of the glide. The hypothesis
implies thatd is admissible fow.
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Now we prove thatm, #) is a periodic trajectory. We consider the imagel (m, 6).
We denote this poir(p, §’). We have by hypothesis thats in vy. The above claim
Ep——

implies thats,(m)p is parallel to the directio®’. The equationSé = 6 gives

— . —_— - -
0’ = 6. Thus we haves,(m)m is parallel tos,(m)p, since we do not consider
direction included in a face of a polyhedron this implies- m. Thus(m, ) is a
periodic point.
- . — -

If S = Id, thens is a translation of vectos,(m)m = u. The vectoru is
admissible. Then we consider a pointon the facevy which is admissible. Then
we show tha{m, «) is a periodic point by the same argument related to the claim.
O

Thus we have a new proof of the following result of [3].

Theorem 6. Letv be a periodic word of even length. The set of periodic poimts i
the facev, with codev and lengthjv| can have two shapes. Either it is an open set
oritis a point.

If v is a periodic word of odd length, then the set of periodic in the face
vo With codev and period|v| is a segment.

Proof. Let II be a face of the polyhedron, and tet II be the starting point for
a periodic billiard path. The first return map#ois an isometry ofR?3 that fixes
bothm and the direction of the periodic billiard path.

Assume firstv| is odd. Then the first return map is a reflection since it fixes a
point. Then it fixes a plan&’. Note thatu € IT’, and that the intersectidi N IT’
is a segment. Points in this segment sufficiently nedrave a periodic orbit just
as the one starting at

Assume nowjv| is even, we will use Proposition 5. H, is the identity, then
the periodic points are the points such that the coding obitliard orbit in the
direction of the translation begins with otherwise there is a single point, at the
intersection of the axis of andvy. However the set of points with codeis still
an open set. O

Note that our proof gives an algorithm to locate this set enfte. We will use
it in Section 6.

5. Stability

First of all we define the topology on the set of polyhedra wkitrertices. As in
the polygonal case we identify this set wigi(*—2). But we remark the following
fact. Consider a polyhedroR such that a face oP is not a triangle. Then we
can find a perturbation aP, as small as we want, such that the new polyhedron
has a different combinatorial typed., the numbers of vertices, edges and faces are
different). In this case consider a triangulation of eacie fahich does not add new
vertices. Consider the set of all such triangulations ofaaés. There are finitely
many such triangulations. Each can be considered as a catnbal type of the
given polyhedron. LeB(P,¢) be the ball of radius in R3(:=2) of polyhedraQ.
If P has a single combinatorial type,is chosen so small that alp in the ball
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have the same combinatorial type.Rfhas several combinatorial types, thers
taken so small that at) have one of those combinatorial type. The definition of
stability is now analogous to the definition in polygons. @a tther hand, let be

a periodic word inP andg a piecewise similarity. Consider the polyhedg(P),
and the same coding as . If v exists ing(P) it is always a periodic word in
g(P). We note that the notion of periodicity only depends on thenab vectors to
the planes of the faces.

Theorem 7. Let P be a polyhedron and the prefix of a periodic word of period
|v|in P.

(2) If the period is even, and, is different from the identity, themis stable.

(2) If the period is odd, then the word is stable if and onlyjfis constant as a
function of P.

Remark.The second point has no equivalence in dimension two, siack ele-
ment ofO(2, —) is a reflection. It is not the case for(3, —).

Proof of Theorem 7First consider the case of period even. The mafrix S,

is not the identity, and = 0, is the eigenvector associated to the eigenvalue one.
First note that by continuity persists for sufficiently small perturbations of the
polyhedron. Fix a perturbation and IBt= 59 be the resulting rotation for the new
polyhedron®. We will prove that the eigenvalue 6fis a continuous function aP.

We take the reflections which appearsitwo by two. The product of two of those
reflections is a rotation. We only consider the rotationgedént of the identity.
The axes of the rotations are continuous map as functioR since they are at
the intersection of two faces. Then Rodrigue’s formula iegpthat the axes of the
rotation, product of two of those rotations, are continumagps of the polyhedron,
under the assumption that the rotation is not the identigdlniseé must be of non-
zero norm). Sinces” is not equal tald, there exists a neighborhood Bfwhere
SQ £ Id. It implies that the axis of” is a continuous function oP. Thus the
two eigenvectors o3, S are near ifB is sufficiently close taS. The directiond
was admissible fov, we know that the beam afis an open set of the phase space
[3], so we have forQ sufficiently close taP that« (the real eigenvector aB) is
admissible for the same word. Moreover the foot points atdardrom the initial
points because they are on the axis of the isometries. Tleysettiurbated word is
periodic by Proposition 5.

If the length ofv is odd, then Remark 4.2 implies thétis a reflection. We
have two cases: eithéf, is constant, or not. If it is not a constant function, then
in any neighborhood there exists a polyhedémsuch thatS¥ is different from a
reflection. Then the periodic trajectory can not exisfinif .S, is constant, then it
is always a reflection, and a similar argument to the evenstames that the plane
of reflection ofS is a continuous map aP. It completes the proof of Theorem 7.
O

Corollary 8. (1) All the words of odd length are stable in a polygon.
(2) Consider a periodic billiard path in a right prism. Then iteofection inside the
polygonal basis is a billiard path. We denote the coding effitojected trajectory
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as the projected word. Assume that the projected word istabtesin the polygonal
basis. Then the word is unstable.
(3) All the words in the cube are unstable.

Proof. (1) was already mentioned in [4]. The proof is the same asafiBlheorem
7. Indeed igv| is odd thens has a real eigenvector, and we can apply the proof.

For (2) we begin with the period two trajectory which hits thp and the bottom
of the prism. It is clearly unstable, for example we can cleapige face and keep
the other. Letv be any other periodic word, and the word corresponding to
the projection ofv to the base of the prism assumed to be unstable. We perturb a
vertical face of the prism such that this face contains ame edgch appears in the
coding ofw. The wordv can not be periodic in this polyhedron by unstability of
w.
For (3), letv be a periodic word, by preceding point its projection on each
coordinate plane must be stable. But an easy computationsstimt no word
is stable in the square. O

We remark that the two and three dimensional cases areafitféor the periodic
trajectories of odd length. They are all stable in one case,ad unstable in the
second. Recently Vorobets has shown thaf,if= Id then the word is not stable
[11].

6. Tetrahedron

In the following two Sections we prove the following result.

Theorem 9. Assume the billiard map inside the tetrahedron is coded,lbyc, d.
(1) The wordabcd is periodic for all the tetrahedra in a neighborhood of thgue
lar one.

(2) In any right tetrahedron Fagnanao’s orbit does not exist. fEhexists an open
set of obtuse tetrahedron where Fagnano’s orbit does net.exi

Remark. Steinhaus in his book [9], cites Conway for a proof th&id is periodic
in all tetrahedra, but our theorem gives a counter exampleredver our proof
gives amalgorithm which find the coordinates of the periodic point, when it &xis

For the definition of obtuse tetrahedron, see Section 7.

We consider a regular tetrahedron. We can construct a pefi@jectory of
length four, which is the generalization of Fagnano’s orbit do this we introduce
the appropriate coding (see Figure 2 in which the leitexr opposite to the vertex
A, etc).

Lemma 10. Let ABC D be a regular tetrahedron, with the natural coding.vlfs
the wordadcb, there exists a directiofl, there exists an unique point such that
(m, 0) is periodic and hag as prefix of its coding. Moreover. is on the altitude
of the triangle BC D which starts atC'.

Remark.If we consider the word™, the preceding point: is the unique periodic
point forv™. Indeed the map,~ has the same axis &g, and we use Proposition
5.
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Figure 2. Coding of a tetrahedron

We use the following coordinates for two reasons. Firstalmxordinates were
used by Ruijgrok and Rabouw [7]. Secondly with these coartéis the matrixs,
has rational entries, and the computations seems moreesmpl

Proof. The lemma has already been proved in [10], but we rewriteatdiifferent
form with the help of Proposition 5.

We haveS, = S,.5,.5..54 = Rpc.Rap whereRp¢ is the linear rotation of
axis DC, it is a product of the two reflections. We compute the reatmigctor of
S,, and we obtain the point at the intersection of the axis efind the faceBC D.
We consider an orthonormal base®? such that the points have the following
coordinates (see [10]):

-1 1 1 —1
-1 1 —1 1
The matrices of,, S;, S¢, Sy are
1 1 -2 -2 1 2 2 1 1 -2 2 1 1 2 -2
“ -2 1 —-2],=12 1 —-2|,=|-2 1 2,22 1 2
3\2 2 1) 3\ e 2 1) 32 2 1) 3\2 2 1
From these we obtain
-79 -8 16
S = 5,5,5:.54 = 31 8 49 64
—16 64 —47

NG
s(X) = SX + N. To do this we use the relatioffA) = s,(A). s, is the product

ot

0
This has a real eigenvectar= = [ 2 | . Now we compute the vectd¥ such that
1
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of S, and a translation of vectar. We obtain

1 1 16

7 3 3
=2 (1) s(A):% 1], N:i1 64
6\ 1 81 \34

We see that is a screw motion. Finally we find the point at the intersectd
the axis and the face The points of the axis verify the equation

SX+ N =X+ .

where X are the coordinates of the point of the axis, and a real number. The
pointm is on the face: if we have the dot product

— — —
Cm-(CBACD)=0.
So X is the root of the system made by those two equations. Thetpgttion
givesx +y+ 2z = %. We obtain

V2 (2
m=—1|2
20 1

We remark thaC'm - DB = 0 which proves that is on the altitude of the triangle
BCD. O

In fact there are six periodic trajectories of length fouredor each of the word
abed, abde, acbd, acdb, adbe, adcb.

The six orbits come in pairs which are related by the natukadlution of direction
reversal. Now we can ask the same question in a non reguiainégtron. Applying
Theorem 7 yield the first part of Theorem 9.

Now the natural question is to characterize the tetrahedtuoh contains this
periodic word.

7. Stability for the tetrahedron

A tetrahedron is acute if and only if in each face the orth@d@nojection of the
other vertex is inside the triangle. It is a right tetrahedif@and only if there exists
a vertex, where the three triangles are right triangles.

Proof of second part of Theorem %Ve consider a tetrahedrahBC' D with ver-
tices

A=(0,0,0) B=(a,0,0) C=(0,b0) D=(0,0,1).
We study the word = abed. We haveS = S, * Sy x S. * Sp. Since

-1 0 0 1 0 0 10 0
=10 10|, S=[0o-10], S;=(01 0],
0 0 1 0 0 1 00 —1

we obtainS = —S5,. ThusS has 1 for eigenvalue, and the associated eigenvector
is the normal vector to the plane We remark that(A) = s,(A). The fact that
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S = -5, implies thatS is a rotation of angler, thuss is the product of a rotation
of angler and a translation.

Consider the plane which contaidsand orthogonal to the axis ¢f, let O the
point of intersection. TheA is a rotation of angler, thusO is the middle of AE],

where E is given by S(OE) = OA. It implies that the middleV/ of the edge
[As(A)] is on the axis of, see Figure 3.

M E
/
/
/

/
/
A

/ |
|
|
|
|
|

Figure 3. Screw motion associated to the word abcd

Clearlym is a point in the sided BC'. If v is periodic then applying Proposition
5 yields thatM is the base point of the periodic trajectory. Moreover, sitite
direction of the periodic trajectory is the normal vectothe planex, we deduce
that A is on the trajectory. So the periodic trajectory cannottexis

Now we prove the second part of the theorem. We give an exaafbtuse
tetrahedron where Fagnano’s orbit does not exist.

In this example the point on the initial face, which must beqalic see Propo-
sition 5, is not in the interior of the triangle.

We consider the tetrahedrohBC' D with vertices

A(0,0,0), B(2,0,0), C(1,1,0), D(3,2,1).

We study the word = abcd. We obtain the matrix ob),

1 8 32
33 33 33

104 =25 28

165 33 165

128 20 =29

165 33 165
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4 9

1
Now s is the mapSX + N whereN = 1;41 . S has eigenvecton = 2
2
—= 1

11
Now s is a screw motion and we find the point at the intersection efetkis of
s and the face by solving the system

Sm+ N =m+ \u (2
—_—
Bm-n=0. )

This is equivalent to the system

C D)

1
wheren = 1 | is the normal vector to the fadeC D.
-3
We obtain the matrix
32 8 32 9
33 33 33 8
104 58 28 1
165 33 165 2
128 20 194 4
165 33 165
1 1 -3 0
and
22
161
_ 6
m=1 33

_ 86
161

But this point is not insideBC D. Moreover we see that this point is not on the
altitude atB D which passes througf.

The tetrahedron is obtuse, due to the triangeD. The triangleBC D is acute,
and the axis o does not cut this face in the interior of the triangle.

Moreover we obtain that there exists a neighborhood of #tralhedron, where
Fagnano’s word is not periodic. Indeed in a neighborhoodpthiet m can not be
in the interior of ABCD.

Remark.We can remark that our proof gives a criterion for the existenf a
periodic billiard path of this type. One computes the axithefscrew motion, and
finds if it intersects the relevant faces.

For a generic tetrahedron we can use it to know if there eaistsgnano’s orbit.
But we have not find a good system of coordinates where the atatigns are
easy. Thus we are not able to caracterize the tetrahedrawitignano’s orbit.
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8. First return map

In this section we use the preceding example to study a datetblem for peri-
odic billiard paths. We answer to a question of Gal’perinjigfar and Troubetzkoy
[3] by an example of periodic word with non periodic points inside its beam.

We consider the word = (abed)> and the setr,. The projection of this set on
the facea is an open set. Each point in this open set return to thedadter three
reflections. We study this return map and thesg, ). We consider the same
basis as in Section 6. Moreover, in the facere consider the following basis

4 1 1
0o |+R[ 0 |+R|-2
0 -1 1

Theorem 11. In the regular tetrahedron, consider the wowd= (abcd)>. Then
the setr,(o,) is an open set. There exists only one point in this set withriagtie
billiard orbit.

The theorem of [3] explains that some such cases could gapgiathere were
no example before this result.

Theorem 11 means that for all pointin (o), except one, the billiard orbit is
coded by a periodic word, but it is never a periodic trajectdfor the proof we
make use of the following lemma.

Lemma 12. In the regular tetrahedron, consider the ward= (abcd)*°. The first
return mapr onm, (o) is given by

r<x>:A<x>+B,
y Y

1 (—-83 28 1 (-15
A‘ﬁ(—m —75)’ B_ﬁ<9>'

The setr,(0y,) is the interior of the biggest ellipse of centerrelated to the matrix
A.

where

Proof. If m is a point of the face, the calculation in Section 6 shows that

. —792 — 8y + 161/2
r(m) = — | 66z — 21y + 42z + 32&

81
33v2

Now we computen andrm in the basis of the face. We obtain the matrices

A, B. O
2

Proof of Theorem 11We can verify that the periodic poimg 2 | is fixed by
1

r. Indeed in this basis, it becomég <_12> Now the orbit of a point under



120 N. Bedaride

is contained on an ellipse related to the mattix This shows that the set, (o)
is the biggest ellipse included in the triangle. And an obgicomputation shows
that only one point is fixed by.
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On the Centroids of Polygons and Polyhedra

Maria Flavia Mammana, Biagio Micale, and Mario Pennisi

Abstract. In this paper we introduce the centroid of any finite set dhfsoof
the space and we find some general properties of centroiéseTlgroperties are
then applied to different types of polygons and polyhedra.

1. Introduction

In elementary geometry the centroid of a figure in the plangpace (triangle,
quadrilateral, tetrahedron, ...) is introduced as the compoint of some ele-
ments of the figure (medians or bimedians), once it has bearegrthat these
elements are indeed concurrent. The proofs are appealidichare their own
beauty in the spirit of Euclidean geometry. But they areeddht from figure to
figure, and often use auxiliary elements. For example, tinérae of a triangle
is defined as the common point of its three medians, afterimgathat they are
concurrent. It is usually proved considering, as an auyiligure, the Varignon
parallelogram of the quadrilateral whose vertices are @rdices of the triangle
and the common point to two medians ([3, p. 10]). We can al$mel¢he cen-
troid of a tetrahedron after proving that the four medianshef tetrahedron are
concurrent (Commandino’s Theorem, [1, p.57]). A natura@siion is: is it possi-
ble to characterize the properties of centroids of geom@gures with one unique
and systematic method? In this paper we introduce the ddrafa finite set of
points of the space, called a system, and find some of its glepaperties. These
properties are then applied to different types of polygamd golyhedra. Then it
is possible to obtain, in a simple and immediate way, old aawl results of ele-
mentary geometry. At the end of the paper we introduce themof an extended
system. This allows us to find some unexpected and charmoypepies of some
figures, highlighting the great potential of the method thaised.

2. Systems and centroids

Throughout this paper, the ambient space is either a plamse3atimensional
space. LeSS be a set of points of the space. We call this arsystem or a system
of ordern. LetS’ be a nonempty subset Sfof k points, that we call &-subsystem
of S or a subsystem of orddr of S. There are(}) different subsystems of order
k. We say that two subsysten® andS” of ann-systemS arecomplementaryf
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S'US” = SandS' N S” = 0. We also say tha$’ is complementary t&” andS”
is complementary to S'. I8’ is a k-subsystem$” is an(n — k)-subsystem. Let
A;, i =1,2,...,n, be the points of am-systemS andx; be the position vector
of A; with respect to a fixed poinP. We call thecentroidof S the pointC whose
position vector with respect tB is

n
1
X = — E X;.
n -
i=1

Figure 1

The pointC does not depend aR. In fact, let P’ be another point of the space
—
andx) be the position vector ofl; with respect taP’. Sincex] = x; + P'P , we

have
1 & 1 & —
i=1 i=1

Every subsystem af has its own centroid. The centroid of ssubsyster{ 4; }
is A;. The centroid of &-subsystem{4;, A;} is the midpoint of the segment
AjA;.

L::-t S’ be ak-subsystem of and(’ its centroid. LetS” be the subsystem o
complementary t&’ andC” its centroid. We call the segme6@tC” the median
of S relative toS’. The median relative t6” coincides with the one relative t§.

Let S be ann-system and”' its centroid.

Theorem 1. The medians of are concurrent inC. Moreover, C divides the
medianC’C" relative to ak-subsystens’ of S into two parts such that:
cC'C n-—k
= ()
cc k
Proof. In fact, letv, v/, v” the position vectors of’, C’, C” respectively. It is

easy to prove that
, n—k

v—v = v" —v).

- - % —) -
This relation means that’'C = "T"CCC’”. Hence,C, C’, C" are collinear and (*)
holds. O
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Here are some interesting consequences of Theorem 1.

Corollary 2. The system of centroids of tthe-subsystems & is the image of
the system of centroids of tlie — k)-subsystems @& in the dilatation with ratio
—"T"“ and centerC'. In this dilatation the centroid of &-subsystem is the image
of the centroid of its complementary.

Corollary 3. The segment’; C} that joins the centroids of twh-subsystems,
Sy of S is parallel to the segmer@; CY that joins the centroids of thex — k)-
subsystems complementarySg S5. Moreover,

ciCy n—k

cyey k-
Corollary 4. If n = 2k, C'is the center of symmetry of the system of centroids of
the k-subsystems &. Moreover, the segment; C/, that joins the centroids of two

k-subsystems’, S} of S is parallel and equal to the segmefif' C?/ that joins the
centroids of thek-subsystems complementarysg 5.

We conclude this section by the following theorem which isilgaverified.

Theorem 5. The centroidC' of S is also the centroid of the system of centroids of
the k-subsystems .

3. Applications

We propose here some applications to polygons and polyheldea P be a
polygon or a polyhedron. We associate with it the systemhose points are the
vertices ofP.

3.1 Triangles. Let 7 be a triangle, with associated systéhand centroid”'. The
1-subsystems af detect the vertices df, the2-subsystems detect the sides. The
centroids of the&-subsystems af are the midpoints of the sides &f and detect
the medial triangle of . The medians of are the medians df .

As a consequence of Theorem 1, we have

Proposition 6 ([3, p.10], [4, p.8]) The three medians of a triangle all pass through
one point which divides each median into two segments irati@2 : 1.

It follows that the centroid of” coincides with the centroid’ of S.
From Theorem 5 and Corollary 2, we deduce

Proposition 7 ([4, p.18], [5, p.11]) A triangle 7 and its medial triangle have the
same centroid’. Moreover, the medial triangle is the imageDfin the dilatation
with ratio —3 and centerC. See Figure 2

Corollary 3 yields
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Proposition 8 ([4, p.53]) The segment joining the midpoints of two sides of a
triangle is parallel to the third side and half as long as tllird side.

Figure 2.

3.2 Quadrilaterals. Let A; A, A3A, be a quadrilateral which we denote i
Let S be the system associated withandC' its centroid. Thel-subsystems af
detect the vertices o, the 2-subsystems detect the sides and the diagonals, the
3-subsystems detect the sub-triangleofThe centroids of th@-subsystems of

S are the midpoints of the sides and of the diagonal€ofThe centroids of the
3-subsystems are the centroids, Cs, Cs, Cy of the trianglesd, A3 Ay, A1 AsAy,

A1Ax A, Ay As Ag respectively. We call; C,C3Cy the quadrilateral of centroids
and denote it byQ. ([6]). The medians of relative to the2-subsystems are the
bimediansof @ and the segment that joins the midpoints of the diagonai® dthe

medians ofS relative to thel-subsystems are the segmentg’;, i = 1,2, 3, 4.
Az

Figure 3

From Theorem 1 it follows that

Proposition 9 ([4, p.54]). The bimedians of a quadrilateral and the segment join-
ing the midpoints of the diagonals are concurrent and bisew another. See
Figure 3

Thus, the centroid of the quadrilater@| i.e., the intersection point of the bime-
dians, coincides with the centrodd of S. From Corollary 4, we obtain
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Proposition 10 ([4, p.53]). The quadrilateral whose vertices are the midpoints of
the sides of a quadrilateral is a parallelograiarignon’s Theorem) Moreover,
the quadrilateral whose vertices are the midpoints of thegdnals and of two
opposite sides of a quadrilateral is a parallelogram.

Thus, three parallelograms are naturally associated wijiliaarilateral. These
have the same centroid, which, by Theorem 1, coincides Wwéhcentroid of the
quadrilateral.

Theorem 5 and Corollary 2 then imply

Proposition 11 ([6]). The quadrilateralsQ and Q. have the same centroid'.
Moreover, Q.. is the image o in the dilatation with ratio—% and centerC. See
Figure 4

Figure 4

Some of these properties, with appropriate changes, hetdat polygons with
more than four edges. For example, from Theorem 1 it folldves t

Proposition 12. The five segments that join the midpoint of a side of a pentagon
with the centroid of the triangle whose vertices are the riging vertices and the
five segments that join a vertex of a pentagon with the cehtiiihe quadrilateral
whose vertices are the remaining vertices are all concuriana point C' that
divides the first five segments in the ratio 3:2 and the otherifithe ratio 4:1.

The pointC' is the centroid of the systeassociated with the pentagafi.will
also be called the centroid of the pentagon.

3.3 Tetrahedra.Let 7 be a tetrahedron. L& be the system associated with
andC its centroid. The subsystem &fof order1, 2, and3 detect the vertices, the
edges and the faces @f, respectively. The centroids of tlesubsystems are the
midpoints of the edges. Those of tResubsystems are the centroids of the faces
of 7, which detect the medial tetrahedron®f The medians of relative to the
2-subsystems are the bimediansZafi.e., the segments that join the midpoints of
two opposite sides. The medians®felative to thel-subsystems are the medians
of 7, i.e, the segments that join one vertexbiwith the centroid of the opposite
face.

From Theorem 1 follows Commandino’s Theorem:
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Proposition 13 ([1, p.57]). The four medians of a tetrahedron meet in a point
which divides each median in the ratia 3. See Figure 5

Figure 5

It follows that the centroid of the tetrahedr@n intersection point of the medi-
ans, coincides with the centroid of S. From Theorem 5 and from Corollary 2 it
follows that

Proposition 14 ([1, p.59]) A tetrahedronZ and its medial tetrahedron have the
same centroid’. Moreover the medial tetrahedron is the imageZoin the dilata-

tion with ratio —% and centelC'. The faces and the edges of the medial tetrahedron
of a tetrahedror/” are parallel to the faces and the edges/af

Finally, Theorem 1 and Corollary 2 yield

Proposition 15 ([1, pp.54,58]) The three bimedians of a tetrahedron are con-
current in the centroid of the tetrahedron and are bisectgdtb Moreover, the
midpoints of two pairs of opposite edges of tetrahedron lagevertices of a paral-
lelogram. See Figure 6

Figure 6
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By using the theorems of the theory it is possible to find |dtisi@resting prop-
erties on polyhedra. For example, Corollary 4 gives

Proposition 16. The centroids of the faces of an octahedron with triangutees
are the vertices of a parallelepiped. The centroids of tlve$aof a hexahedron with
guadrangular faces are the vertices of an octahedron witingular faces having
a symmetry centef’. See Figures 7A and 7B

Figure 7A Figure 7B

The pointC' is the centroid of the systeifi associated with the hexahedron.
This point is also called the centroid of the hexahedron.

4. Extended systems and applications

Let S be ann-system and: a fixed positive integer. Lell be a set of points
such thatS N H = (). We call h-extension ofS the systenSy = S U H.

Let ¢ be a fixed integer such that< ¢ < n. Consider the systeify; ; of cen-
troids of the subsystems 6%y, of orderh +t, that contain/f. The complementary
subsystems of these subsystems are the subsysteg®fobrdern — ¢t and we
denote the system of their centroidsdjy ,.

Let us consider now twa-extensions o, Sy, andSy,, and letC; andCs be
their centroids. Consider the systefis, , andCy, ,, and the systerd,,_,.

From Corollary 2 applied to the systefiy;, (respectivelySy,) it follows that
Cm, , (respectivel\Cy, ,) is the image o€, _, in the dilatation with ratio—Z—jri and
centerC', (respectivelyCs).

Thus, we have

Theorem 17. If Sy, andSy, are twoh-extension of, then the systenty, , and
Cu,,, are correspondent in a translation.
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It is easy to see that the vector of the translation transgfagiy, , into Cy, , is
nth oo
ht o122 ) )

The following theorem is also of interest.

Theorem 18. If S is ann-system,Sy is a 1-extension ofS, Sk is a (n — 1)-
extension of, then the systenty; ,—1 andCg ; are correspondent is a half-turn.

Proof. Let C'andCx be the centroids of; and K respectively. From Corollary
2 the systeny ,—; is the image of the syste@{ = S in the dilatation with ratio
% and centeC’ that is,S is the image o€ ,,—; in the dilatation with ratio-n» and
centerC'.

Let C' € Ck,1 and suppose that” is the centroid of the:-subsystemS’ =
K U {A} of Sk, with A € S. From Theorem 1¢" lies on the mediad’x A of S’
and is such that%§ = —L;. It follows that 255 = 1, andCy ; is the image of
S in the dilatation with ratiol and centeC'.

SinceS is the image o€y, in the dilatation with ratio-» and cente’ and
Ck 1 is the image ofS in the dilatation with ratio% and centeCr, thenCp ,—1
andCg,, are correspondent in a dilatation with ratid, i.e., in a half-turn. O

It is easy to see that the ceni€rof the half-turn is the point of the segment

cC _ n—1
CCg such thatﬁ = Z—H

Now, we offer some applications of Theorems 17 and 18.

4.1 Triangles. Let 7 be a triangle and its associated system. L&t be al-
extension ofS, with H = { P}, andSk be a2-extension ofS, with K = { P}, P»}.
The points of the syster@'y; » are vertices of a triangl@y and the points of the
systemC'g ; are vertices of a triangl€x . Theorem 18 gives

Proposition 19. The triangles7y and 7x are correspondent in a half-turnSee
Figure 8

Let {7z} be the family of triangles;; obtained by varying the poinP and
{7k} be the family of triangle§ obtained by varying the point8, and Ps.

From Theorem 17 the triangles of the fam{l¥;; } are all congruent and have
corresponding sides that are parallel. The same propextyhalds for the triangles
of the family {75 }. On the other hand, each trianglg and each triangl& are
correspondent in a half-turn, then:

Proposition 20. The triangles of the family7y } U {7k} are all congruent and
have corresponding sides that are parallel.

4.2 Quadrilaterals. Let Q be a quadrilaterali; A A3 A4 andS its associated sys-
tem. LetSy be al-extension ofS, with H = { P}, and letC' be its centroid.

Let us consider the subsystefi®, A;, As}, {P, As, As}, {P, As, A4},
{P, A4, Ay} of Sy and their centroid€’;, Cs, Cs5, C, respectively, that are points
of Cy 2. From Corollary 3 applied to the systefiy;, the segment€’;Cs, C2C3,
Cs3Cy, C4C1 are parallel to the sides of the Varignon parallelogran@afespec-
tively. Thus,C1C>C3Cy is a parallelogram, that we denote ;. Moreover,
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A3z

A1 A2

Py

Py

Figure 8.

from Corollary 2,9 is the image of the Varignon parallelogram @fin the di-
latation with ratio—% and centeC. In the case whet® is the intersection point
of the diagonals of), the existence of a dilatation betweé&; and the Varignon
parallelogram ol has already been proved ([2, p.424], [7, p.23]).

If we consider twol-extensions ofS, the systemg’y; o, for Theorem 17, are
correspondent in a translation. Thus{@y} is the family of the parallelograms
obtained a<’ varies, we obtain

Proposition 21. The parallelograms of the familfQy } are all congruent and
their corresponding sides are parallel.

Moreover, takingP as the vertex of a pyramid with bagk we are led to

Proposition 22. The centroids of the faces of a pyramid with a quadrangulaeba
are vertices of the parallelogram that is the image to Vaodgmarallelogram ofQ

in the dilatation with ratio—% and centerC'. Moreover, asP varies, the parallel-
ograms whose vertices are the centroids of the faces ar@aliruent.See Figure
0.

The pointC'is called the centroid of the pyramid.
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Another Variation on the Steiner-L enmus Theme

Sadi Abu-Saymeh, Mowaffaq Hajja, and Hassan Ali ShahAli

Abstract. Let the internal angle bisectorsB’ andCC’ of anglesB andC of
triangle ABC be extended to meet the circumcircleRit andC*. The Steiner-
Lehmus theorem states thatBfB’ = C'C’, thenAB = AC. In this article, we
investigate those triangles for whiéhB* = C'C™* and we address several issues
that arise within this investigation.

1. Introduction

The celebrated Steiner-Lehmus theorem states that if teenad angle bisec-
tors of two angles of a triangle are equal, then the triargledsceles. In terms of
triangle centers and cevians, it states that if two ceviarsugh the incenterof
a triangle are equal, then the triangle is isosceles. Vansiton the theme can be
obtained by replacing the incenter by any of the hundred®ofers known in the
literature; see [6] and the website [7]. Other variationgtos theme are obtained
by letting the cevians afl BC' through a centeP meet the circumcircle cA BC
at A*, B*, andC* and asking whether the equaliyB* = CC* implies that
AB = AC,whereXY denotes the length of the line segmeht”. This variation,
together with several others, is investigated in [5] wherie proved that ifP is
the incenter, the orthocenter, or the Fermat-Torricellnhadhen BB* = CC* if
and only ifAB = AC or A = 3. WhenP is the centroid, the triangles for which
BB* = C'C* are proved, in Theorem 9 below, to be the ones whose sidehkengt
satisfy the relatiom* = bv* — b2c? 4 ¢*, a relation that has no geometric inter-
pretation and cannot be fitted into a traditional geometmntext such as Euclid’s
Elements

Using geometric arguments, we show that if the centfdiof a scalene triangle
ABC issuchthaBB* = CC*, thenZBAC must lie in the interv oy g] and that
to everyf in [, 5] there is essentially a unique scalene triangle WifhAC = 6
and with BB* = C'C*. The proof uses a generalization of Proposition 7 of Book
Il of Euclid’s Elementsin brief Euclid I11.7 %, that deserves recording on its own.

Publication Date: June 16, 2008. Communicating Editor] Fau

The first and second named authors are supported by a reggantdrom Yarmouk University
and would like to express their thanks for this support. Th#hars would also like to thank the
referee for his valuable remarks and for providing the aoiesibn given in Remark (2) at the end of
this note, and to Mr. Essam Darabseh for drawing the figures.

1Throughout, the symbol Eucliel«x designates Proposition: of Book « in Euclid’s Elements
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2. Euclid I11.7 and a generalization

Euclid 111.7, not that well known, states that§f is a circle centered ab, if
M # O is a point inside?, and if the intersection of a ray/ X with Q2 is denoted
by X', then
(i) the maximum value of\/ X' is attained when the ray/ X passes throughy
and the minimum is attained when the rafX is the opposite rap M,

(i) as the rayM X rotates from the position/ O to the opposite positio® M, the
guantity M X’ changes monotonically.

We restate this proposition in Theorem 1 as a preparatiothéogeneralization
that is made in Theorem 5.

Theorem 1 (Euclid 111.7). Let BC be a chord in a circl€?, let M be the mid-point
of BC, and let the line perpendicular t8C' through M meet() at £ and F'. As
a point P moves from¥ to F' along the arcECF of €2, the lengthM P changes
monotonically. It increases or decreases accordingrais closer or farther than
F from M.

E
P
(%
Q
e}
F
Figure 1.

Proof. Referring to Figure 1, we shall show thatAiM > M F, i.e, if the center

O of Q is betweenE and M, and if P and( are any points on the af€C'F’ such

that P is closer toF than@, thenM P > M Q. Under these assumptions,
/MQP > /0QP = Z0PQ > /M PQ.

Thus/MQP > /M PQ, and thereforel/ P > M (@), as desired. d

Remark.The proof above uses the fairly simple-minded fact that inaagle, the
greater angle is subtended by the greater side. This isdEutf. It is interesting
that Euclid’s proof uses the more sophisticated Euclid.| s theorem, referred
to in [8, Theorem 6.3.9, page 140] as th@pen Mouth Theorenstates that if
trianglesABC and A’B’C" are such thatlB = A'B’, AC = A'C', /BAC >
/B'A'C’, thenBC > B’C’. Quoting [8], this says thahe wider you open your
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mouth, the farther apart your lips arélthough this follows immediately from the
law of cosines, the intricate proofs given by Euclid and ihHj8ve the advantage
of showing that the theorem is a theorem in neutral geometry.

Theorem 5 below generalizes Theorem 1. In fact Theorem dvislfrom The-
orem 5 by takingBC' to be a diameter of one of the circl@sand(Y’. For the proof
of Theorem 5, we need the following simple lemmas.

Lemma?2. Let ABC be atriangle and le and E be points on the sided B and
AC respectively(see Figure 2)Then is greater than, less than, or equal%
according as/ ABC is greater than, Iess than, or equal t0A D E, respectively.

A

Figure 2

Proof. Let £’ be the point onAC' such that4Z: = 4D i.e, DE' is parallel to

AE _ A AE
BC. If 4& = 48 thenE’ = Eand ZABC — ZADE. If 4L > 248 thenE

Iles betweenr’ andC, andZABC = ZADE' < ZADE. Similarly for the case
AD
< O
c AB-

E

Q/

Figure 3
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Lemma 3. Two circles2 and Y’ intersect atB and C, and the line perpendicular
to BC through the midpoinfi/ of BC meets2 and)’ at £ and E’, respectively,
such thatF’ is insidef2 (see Figure 3)If P is any point on the ar&@C'F' of  and

if the ray M P meetsY’ at P’, then2 > ME.

Proof. Let S be the point of intersection of P and F’P’. Since/EPF = % =
ZE'P'F' it follows that ZME' P’ + ZMF'P' = 5 =4ZMEP + ZMFP. But
/MFP > /MF'P’, by the exterior angle theorem. Hencd/E'P' > /M EP.

By Lemma 2, we havdlZ. > ME a5 desired. O

Lemma4. Let EBC be an isosceles triangle havilgB = EC. Let M be the
midpoint of BC and letE’ be the circumcenter df BC (see Figure 4)TheniL ME

is greater than, equal to, or less thégraccordlng as/ BEC'is less than, equal to,
or greater thang, respectively.

Figure 4.

Proof. Letd = /BEC,x = ME', and letR be the circumradius af BC. Then
/ME'C = 6 and

ME' I 1 Rcosf 1 2cosfh —1

ME 3 z+R 3 Rcos@+R 3 3(cosf+1)
This is positive, zero, or negative accordingcas@é is greater than, equal to, or
less thans. O

Theorem 5. Two circles2 and€)’ intersect atB andC and the line perpendicular
to BC through the midpoint\/ of BC meets2 at £ and F' and meet$)’ at F’

and F’. For every pointP on (2, let P’ be the point where the ray/ P meets
Q. As a pointP moves fromE to F along the arcECF, the ratio 22 changes

MP
monotonically. It decreases or increases accordingzass inside or outside).

Proof. Referring to Figure 5, suppose that lies inside2 and letP and@ be two
points on the ar&@C F' of €2 such thatP is closer toF than(). we are to show that
MP' . MY
MP =~ MQ-

ExtendQM to meet2 at U andQ)’ at U’. Let T be the point of intersection
of EU and E'U’. Since the quadrilateral® PQU and E' P'Q'U’ are cyclic, it
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E
E/
P
Q
Q
T Q/
B c
M
v \U
F
QI
F/
Figure 5
follows that
LUQP + ZUEP =7m = AU’Q’P’ +/ZU'E'P. Q)
But

LUE'P =/UE'M+ /ME'P’
> L/UEM + ZME'P’ (by the exterior angle theorem)
> /UEM + ZMEP (by Lemmas 3 and 2)
=/UFEP.

From this and (1) it follows thar U'Q’' P’ > ZUQP. By Lemma 2, we conclude

MP/ MQ/ .
thatW < 315 8s desired.
Note that if P is on the arcEC and @ is on the arcC'F, then{E < 1 <
M/ 0
MO -

3. Conditions of equality of two chordsthrough a given point

The next simple lemma exhibits the relation between two gagomproperties
of a point P inside a triangleA BC'. 1t will be used in the proof of Theorem 9.

Lemma 6. Let P be a point inside triangledA BC and let the raysBP and C'P
meet the circumcircle ol BC at B* and C* respectively(see Figure 6)Then
(8 BB*=CC*ifandonlyifPB = PC or /BPC = 2/BAC,
(b) £BPC =2/BAC <— PB*=PC < B*C | C*B.

Moreover, ifP is the centroid, then
(c)PB=PC < AB=AC < B*C*| BC.
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Proof. (a) It is clear that
BB* =(CC* < /BAB* = /CAC*or/BAB* + /CAC* ==
<— /CAB* = /BAC* or /CAB* + /BAC* +2/BAC =7

<= /CBB* = /BCC* or ZCBB* + Z/BCC* +2/BAC =7
<= PB=PCor4BPC =2/BAC.

Figure 6.

(b) Also,

/BPC =2/BAC < /PB*C+ £ZPCB* =2/PB*C
<— /PCB*=/PB*C
<— /PB*" = /PC.
This proves the first part of (b). The implicatidhB* = PC «<— B*C || C*B
is easy.
(c) Let the lengths of the medians froBrand C' be 5 and~, respectively. By
Apollonius theorem, we have

b2 2
5—#262:@24-02, 5—1—272 =a’+ b2
The rest follows from the facts th&tB = % andPC = %7 O

4. Chordsof circumcircle through the centroid

In Theorem 7, we focus on trianglesBC' whose centroid> has the property
that/BGC = 2/BAC. Interest in this property stems from Lemma 6. Note that
Part (i) provides a solution of the problem in [4].

Theorem 7. (i) If ABC is a triangle whose centroids has the property that
/BGC = 2 /BAC, theng < /BAC < 5 with ZBAC = 3 if and only if
ABC is equilateral.
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(ii) If 0 is any angle in the intervals, 5) and if BC is any line segment, then
there is a triangleA BC, unique up to reflection abouC and about the perpen-
dicular bisector ofBC, having/ BAC = 6 and whose centroid? has the property
/BGC =2 /BAC.

Proof. (i) Let ©2 be the circumcircle oft BC and letE’ be its circumcenter. Le®’
be the circumcircle of2’ BC. Let M be the midpoint ofBC and let the perpen-
dicular bisector ofBC meet(2 at F andF' and meet?’ at (£’ and) F”’, whereF is
on the arcBAC of (2 (see Figure 7). Let BAC = 6, and letG be the centroid of
ABC. Also, for everyP on(, let P’ be the point where the ray/ P meet(Y'.
Suppose that BGC = 2/BAC. Since/BE'C = 2/BAC, it follows thatG
lies on the ardBE'C of Q. Also, G lies on the mediasi M of ABC. Therefore,
G is the pointA’ where the rayM A meetsQ)’. In particular,% = % As P

moves fromE to F' along the arcEC'F, the ratio%T};,' increases by Theorem 5.
Therefore

ME — MA 3
By Lemma 4,0 > %, with equality if and only ifA = E, or equivalently if and
only if ABC'is equilateral. The possibility that BAC' > 7 is ruled out since it
would lead to the contradictiod BGC > .

ME _MA 1
< —

E E
A
Q Q
0
0

i A" =@ E’
B c B c

M M

F F

94 94
F' F'
Figure 7 Figure 8

(ii) Suppose thaf is a given angle such thgt < 6 < § and thatBC'is a given
segment. Leff BC be an isosceles triangle withB = EC and with/ BEC = 6.
Let © be the circumcircle off BC and letE’ be its circumcenter. Le®’ be the
circumcircle of B’ BC'. Let M be the midpoint ofBC' and let the perpendicular
bisector ofBC meet(2 at (£ and) F' and meef)’ at (£’ and)F’ (see Figure 8). For
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. _ ME
every P on (), we let P’ be the point where the ray/ P meets(Y'. Lett = 577

Sinced > Z, it follows from Lemma 4 that < i. Also,C’' = C and%—%’ = 1.

Thus asP moves fromE to C along one of the arc&C' of ©, the ratio 22

increases from < % to 1. By continuity and the intermediate value theorem, there

is a unique pointd on that arcEC' for which %—i’ = % If we think of M C as

the z-axis and ofM F as they-axis, then the point is the only point in the first
qguadrant for whichABC' has the desired property. Points in the other quadrants
are obtained by reflection about theandy-axes.

This is precisely the poin#l on the arcEC'F for which A’ is the centroid of
ABC. This triangleABC is the unique triangle (up to reflection abaR' and
about the perpendicular bisector BL”) whose vertex angle at is # and whose
centroidG has the property that BGC = 2/BAC. g

Theorem 9 characterizes those triangles whose centroith@asopertyB B* =
CC*. For the proof, we need the following simple lemma.

Lemma 8. Let ABC be a triangle with side-lengths, b, and ¢ (in the standard
order)and with centroidG. Let the raysBG and C'G meet the circumcircle of
ABC at B* andC* respectively. Then

pp?_ _@HE)?

2a? + 2¢2 — b?
Proof. Let m = BB’, x = BB*. By Apollonius’ theoremm? = 2(“2+f)‘b2
SinceBB'B* and AB’'C are diagonals of a cyclic quadrilateral(xz — m) = %
It follows thatmz = 4" ande? = ()7 - _lete) O

Theorem 9. Let ABC be a triangle with side-lengths, b, andc (in the standard
order)and with centroidG. Let the raysBG and C'G meet the circumcircle of
ABC at B* andC*, respectively. It # ¢, then the following are equivalent:

() BB* = CC*,

(i) /BGC =2/BAC,

(i) a* = b* + ¢t — b2

Proof. Sinceb # ¢, it follows thatGB # GC. By Lemma 6, (i) is equivalent
to (i). To see that (i) is equivalent to (iii), let = BB*, y = CC*, and let
s =a’®+b>+c?. ByLemmas,

N P
25 — 3b2” 25 — 3¢’



Another variation on the Steiner-Lehmus theme 139

Therefore
s— 122 (s—c2)2
Ty = (23—3132 - (28—36)2
> (s> = 2b%s + b")(25 — 3c%) = (s* — 2¢?s + ¢*) (25 — 3b%)
= %2 = b?) — 25(c* — b?)(c* + V%) + 32D (2 — b%) =0
= 52— 25(c® + b%) + 3% = 0 (becauseé # c)
— (s = (2 +%)? = (2 + b)) - 32
—at =+t - AV
as claimed. O

Remarks.(1) It follows from [1, Theorem 2.3.3., page 83] (or [9, padd)Zhat
the only positive solutions of the diophantine equation

at + vt —a?? = ¢t (2)

are given bya = b = ¢. Thus there are no non-isosceles triangfe8C' with
integer side-lengths whose centraithas the propertys B* = CC*.

(2) A Euclidean construction, provided by a referee, ofnigias ABC whose
centroid has the propertg B* = C'C*. We start with any segme®C'.

(i) Take any pointd’ on the major ar3 AoC of an equilateral trianglely BC.

(i) Extend A’C' and A’B to Y and Z respectively such thafY = BZ = BC.

(ii) Construct a circle with diameted’Z and the perpendicular d@ to A’'Z,
intersecting the circle aB’

(ii”) Construct a circle with diametet’Y” and the perpendicular & to A’Y,
intersecting the circle at”

(iv) Construct the circles centered AtandC' and passing througB’ and(C’,
respectively.

Letting A be a point of intersection of the two circles in (iv), one canify that
triangle ABC satisfiesBB* = CC*.

(3) With reference to the previous remark and in view of Tleeoi (ii), one may
ask whether one can construct a trianglBC' having the propertyBB* = CC*
and having preassigned sié&' and angleA (in [3, 5]). The answer is affirmative
as seen below.

Without loss of generality, assum@C = 1. Letb = AC, ¢ = AB, and
t = cos A. We are to show thatandc are constructible. These are defined by

W+t =02 =1, b+ = 2bct + 1.

Subtracting the square of the second from the first and dyingi, we obtainbc =
3_4#. Thusbe is constructible. Sinc&® + ¢2 = 2bet + 1, it follows thatb? + ¢2
is constructible. Thus botb?c? andb? + ¢* are constructible, and henéé and
c?, being the zeros of (T) := T? — (b + ¢*)T + b*c?, are constructible. This
shows thab andc are constructible, as desired. The restrictibre [, %], i.e,,

t € [0, 3], guarantees that the zerosfdfl") are real (and positive).
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Haruki’'sLemmafor Conics

Yaroslav Bezverkhnyev

Abstract. We extend Haruki's lemma to conics.

1. Main results

In this paper we continue to explore Haruki’'s lemma intraetlby Ross Hons-
bergerin [2, 3]. In [1], we gave an extension of Haruki’s lem(fheorem 1 below)
and studied a related locus problem, leading to certaimgstiag conics:

Theorem 1 ([1, Lemma 2]) Given two nonintersecting chordéB andC'D in a
circle and a variable point? on the arcAB remote from point€’ and D, let £
and F' be the intersections of chord3C, AB, and of PD, AB respectively. The
following equalities hold:

AE-BF  AC-BD

EF CD ’ (1)
AF-BE AD-BC @)
EF CD

In this paper we generalize this result to conics.

Figure 1.

Theorem 2. Given a nondegenerate conicwith fixed points4, B, C, D on it,

let P be a variable point distinct froml and B. Let £ and F' be the intersections
: . . AFE - BF

of the linesPC, AB, and of PD, AB respectively. Then the ratlosﬁ and

AF - BE

———— are independent of the choice Bf
FE
Publication Date: June 23, 2008. Communicating Editor] Fau
The author wishes to thank Paul Yiu for his invaluable addsiand help with the preparation of

the article.
1See Remark following the proof of Theorem 2 below.
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It turns out that this result still holds when the poiatsand B coincide. In this
case, we replace the lingB by the tangent to the conic dt With a minor change
of notations, we have the following result.

Theorem 3. Given a nondegenerate conicwith fixed points4, B, C on it, let
P be a variable point distinct fromd. Let £ and F' be the intersections of the

lines PB, PC with the tangent to the conic at. Then the ratio% is
independent of the choice 6f

Figure 2

2. Proof of Theorem 2

We choosed BC' as reference triangle. The nondegenerate aohias equation
of the form
fyz+ gzx + hxy =0 3)
for nonzero constantg, g, h. See Figure 1. Suppogehas homogeneous barycen-
tric coordinategu : v : w), i.e,

fow + gwu + huv = 0. 4)

Clearly, u, v, w are all nonzero. For an arbitrary poift with barycentric co-
ordinates(xz : y : z), the coordinates of the intersectiohs = AB N DC and
F = ABn PD can be easily determined:

E=(x:y:0), F = (uz —wx : vz —wy : 0).

See [1,56]. From these, we have the signed lengths of the variousamieseg-
ments:

oy, -z
AE—x-i-y c, EB—Hy c,

2? = z(u-l—iz))z)’;(zwggx_tLyy)) 6 FB = z(u-ﬁs—zfxﬁ-y) "6
— (@+y) (z(utv)—w(z+y))
AE -BF  y(wz —uz)
EF z(vr — uy)
fraction, note that from (4), we havfﬁﬂ = —u(l+k)fork = %. Now, from (3),

-C7

wherec = AB. It follows that - ¢. To calculate this
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we have

f%yz—k%-zw—i—w-xy:&

—u(l+ k)yz + kvze + wry = 0,
y(wr — uz) + kz(ve — uy) = 0.

AE-BF  y(wz —uz)

- ¢ = —kc, a constant.
EF z(vr — uy) ¢ ¢

Hence,

- _ . AF -BE .
A similar calculation glvesT = (1 + k)c, a constant. This completes
the proof of the theorem.

Remark.Note that we have actually proved that

AE - BF AF - BE
AE BE _ 9w . gpg AF-BE_ Jw

EF h € FE hu

In[1, Theorem 6], we have solved two loci problems in conioaclvith Haruki’'s
lemma. Denote, in Figure BC = a, CA =b, AB = c,andAD =d/, BD =¥/,
CD = (. The locus of points satisfying (1) is the union of the two circumconics
of ABCD

(cd + ebb Yuyz — ebb'vze — cdwry =0, = +1.

Now, with
f = (cc + ebb)u, g = —ebbv, h = —ccw,
we have
AFE - BF —ebbvw bb’ AC - BD
EF —cww ¢ @ T T ¢p

Similarly, the locus of point$’ satisfying (2) is the union of the two circumcon-
ics of ABC'D

ead'uyz + (cd — ead' vzw — cdwry =0, &= =+1.

Now, with
f = ead'u, g = (cd —ead v, h=—ccw,
we have
AF - BE fw eaa'uw aa’ AD - BC
TFE b T Tedwu TS ¢ TS T DO

These confirm that Theorem 2 is consistent with Theorem 6]of [1
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3. Proof of Theorem 3

Again, we choosed BC' as the reference triangle, and write the equation of the
nondegenerate conitin the form (3) withfgh # 0. The tangent ad is the line

ta: hy + gz = 0.

For an arbitrary poinf with homogeneous barycentric coordinates vy : z), the
lines PB and PC intersectt 4 respectively at

E =(hz : —gz : hz),
F=(gz : gy : —hy).

Figure 3

On the tangent line there is the polfit= (0 : —g : h), the intersection with the
line BC. Itis clearly possible to express the poifisand F' in terms of A andT'.
In fact, from

(hx,—gz,hz) =hz(1,0,0) — 2(0, g, —h),
(92, 9y, —hy) =gx(1,0,0) + y(0, g, —h),
we have, in absolute barycentric coordinates,
hz —(g—h)z

E:hm—(g—h)z 'A—I_hx—(g—h)z T
9 4 _g-ny
gz +(9—h)y gz + (g —h)y
From these,
AE _ —(g—h)z AF — (g—h)y

AT ~ hz—(g—h)z’ AT gz +(g—h)y
It follows that
EF AF — AE (g —h)y (9 —h)z
AT ~ AT :gx+(g—h)y hx — (g —h)z
(g — hz(hy + g2)
gz + (9= h)y)(ha — (g —h)z)’
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Therefore,
AE-AF _ —(g—Mz-(g-Nhy . _—(g—NMyz .
EF (9 — h)x(hy + gz) gzx + hzxy
—(g—h)yz g—nh
= R =220 aT
—fyz f

This is independent of the choice of the poftx : vy : z) on the conic. This
completes the proof of Theorem 3.
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A Simple Compass-Only Construction of
the Regular Pentagon

Kurt Hofstetter

Abstract. In 7 steps we give a simple compass-only (Mascheroni) oact&in
of the vertices of a regular pentagon .

In [1] we have given a simple 5-step compass-only (Maschgemamstruction
of the golden section. Here we note that with two additionales, it is possible
to construct the vertices of a regular pentagon. As usualjemete byP(Q) the
circle with centerP and passing througf.

Cs

Figure 1

Construction 1. Giventwo points A and B,

(1) A(B),
2 B(A)tointersect C; at C and D,

3) Cg = C(D)tointersect C; at £ andCs at F,
(4) c4 = A(F),

(5) B(E) tointersect C4 at G and H.

(6) C6 = G(O) tointersect Cs at I and J,

(7) C;=H(C)tointersect Cs3 at K and L.
ThenDIK L.J is a regular pentagon.

Publication Date: August 8, 2008. Communicating EditonlP@au.
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Proof. In [1] we have shown that the first five steps above lead to follinear
points C, D, G, H such thatD divides C'GG, andC divides DH, in the golden
section.

Figure 2

(i) This means that in the isosceles triangl€’l, $5 = S = ¢. The base
angles arg2°. Therefore/DCI = 72°. By symmetry,/ DC'J = 72°.

(ii) Also, in the isosceles trianglef CK, £5 = L£C = ¢. The base angles are
36°. Itfollows thatZ/ KCH = 36°. By symmetry,LCH = 36°, andKC'L = 72°.

(iif) SinceC'ison the lineGH, ZICK = 180° — ZGCI — ZKCH = 72°. By
symmetry,/JCL = 72°.

Therefore, the five point®, I, K, L, J are equally spaced on the cirdg.

They form the vertices of a regular pentagon. O

Remark. The circleC; can be replaced bgg with centerD and radiuslJ. This
intersect<’s; at the same point& and L.
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Two More Powerian Pairsin the Arbelos

Quang Tuan Bui

Abstract. We construct two more pairs of Archimedes circles analsgimu
those of Frank Power, in addition to those by Floor van Lanarahthe author.

Consider an arbelos with semicirclg), (O,), (O2) with diametersAB, AC,
BC as diameters respectively. Denote/hyandr, respectively the radii ofO;)
and(O2), andD the intersection of AB) with the perpendicular tel B atC. If P
is a point such thaD P? = r§ + rZ, then the circles tangent {®) and toOP at
P are Archimedean. Examples were first given in Power [3], sgbently also in
[1, 2].

We construct two more Powerian pairs.

Figure 1

Let P, be the intersection of the circle$(C') and B(D). ConsiderOP; as
a median of triangleP; AB, we have, by Apollonius’ theorem (see, for example,

[4]),
OP? = % (AP + BP}) — OA?

1
=3 ((27“1)2 +2rg - 2(r; + 7"2)) — (11 4+ 179)?
= r% + 7‘%.

Similarly, for P, the intersection of3(C) and A(D), OP? = r? + r3. Therefore,
we have two Powerian pairs &%, P».

Publication Date: August 15, 2008. Communicating Edit@ulPYiu.
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On the Generalized Gergonne Point and Beyond

Miklés Hoffmann and Sonja Gorjanc

Abstract. In this paper we further extend the generalization of thecept of
Gergonne point for circles concentric to the inscribedleirdGiven a triangle
V1 V2 V3, a pointI and three arbitrary directiong, g2, g3 from I, we find a dis-
tancex = IQ:1 = IQ2 = IQ3 along these directions, for which the three
ceviansV;Q; are concurrent. Types and number of solutions, which carbbe o
tained by the common intersection points of three coniasatso discussed in
detail.

1. Introduction

The Gergonne point is a well-known center of the trianglés the intersection
of the three cevians defined by the touch points of the inedrdircle [3]. Konetny
[1] has generalized this to circles concentric with theiiitws circle. LeC(I) be a
circle with centerl, the incenter of triangl&; V5 V3. Let Q1, @2, Q3 be the points
of intersection ofC (/) with the lines from/ that are perpendicular to the sides
Vo Vs, V3V, ViV, respectively. Then the lineg;,Q;, ¢ = 1,2,3, are concurrent
(see Figure 1).

Figure 1. Lines/;Q; are also concurrent for circles concentric to the inscritietle

The first question naturally arises: if the radius of theleiis altered, what will
be the locus of the point,.? Boyd and Raychowdhury [4] computed the convex
coordinates of7,., from which it is clear that the locus is a hyperbola.

Now instead of the inscribed circle consider an inscribeic(see Figure 2).
The linesV;Q;, i = 1,2, 3, are still concurrent, at a point called the Brianchon point
of the conic (c.f. [5]). There are infinitely many inscribednics, thus the center

Publication Date: September 2, 2008. Communicating EdReaul Yiu.
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Vi i

Q2

Q2
Qs

Q3
Vs Vs

Q1

Q1
V2 V2

Figure 2. Inscribed ellipse and its directiohg;

I and directionsy; (corresponding to the line connectidgand@;) can be chosen
in many ways, but not arbitrarily. Note that the center caetgldly determines the
inscribed conic and the points of tanger@y, Q2, Q3.

Using these directions we generalize the concept of corncanitcles: given a
triangle V1 V5 V3 and an inscribed conic with centéand touch pointg)+, Q2, Qs,
consider the three lineg connectingl andQ); respectively. A circle with center
has to be found which meets the lingsat Q; such that the line¥;Q;, i = 1, 2, 3,
are concurrent. In fact, as we will see in the next sectiondavaot have to restrict
ourselves in terms of the position of the center and the giwttions.

2. Thegeneral problem and its solution

The general problem can be formulated as follows: givenaadgieV;V,V3, a
point I and three arbitrary directiong, find a distance: = 1Q = 1Q2 = IQ3
along these directions, for which the three cevigj(@; are concurrent. In general
these lines will not meet in one point (see Figure 3): instdazhe single cente&
we have three different intersection poiffs,, G135 andGags.

In the following theorem we will prove that altering the valu, the points
G12,G13 andGas will separately move on three conics. If there is a solutmour
generalized problem, it would mean that these conics haweet in one common
point. It is easy to observe that each pair of conics have twongon points af
and a vertex of the triangle. Here we prove that the other higrsection points
can be common for all the three conics. Previously mentiapestial cases are
excluded from this point.

Theorem 1. Let 17, V5, V3 and I be four points in the plane in general positions.
Let ¢1, g2, g3 be three different oriented lines through I (V; ¢ ¢;). There exist



On the generalized Gergonne point and beyond 153

Q1

Figure 3. For arbitrary directions and distance, ceviej@; are generally not
concurrent, but meet at three different points

at most two values = € R\{0} such that for points @; along the lines ¢; with
1Q1 = 1Qs = IQ3 = x, thelines V;(); are concurrent.

Proof. For a real numbeg andi = 1,2, 3, let @;(z) be a point ony; for which

IQ;(x) = z. The correspondencey;(z) «— Q;(x) define perspectivitieg;) A
(g5), (i # j)-

Now let/;(x) be the line connectinl; andQ;(x). The correspondencégx) <
l;(x) define projectivitieV;) A (V;), (i # j). The intersection points of corre-
sponding lines of these projectivities lie on three conics:

(V)A(Va) = ¢
V) A(V3) = e
(V2)A(V3) = c.

We find the intersection points of these conics. Sigg€)) = I, thenl
Ci, (’L =1, 2,3). V3 € ciNey, Vo € ¢ Neg andVy € ep N e also hold. Denote the
other two intersection points ef andc, by S; andSs, i.e.,

C2 N 3 = {Ia‘/l751752}'
The pointsS; and.S; can be real and distinct, real and identical, or imaginary in
pair.
(i) If they are real and distinct, then for some andz-,
S :ll(acl)ﬁlg(wl) :ll((ﬂl)ﬁlg(fﬂl) = 5 :lg((ﬂl)ﬁlg(fﬂl)
Sy = ll(l'g) N 12(1'2) = ll(xg) N lg((ﬂg) = Sy = lg((ﬂg) N lg((ﬂg)

which immediately yieldsS;, Sy € ¢; as well.
(ii) If they are identical, then for the unique

S:ll(lﬂ)ﬂlg(l’) :ll(l’)ﬁlg(l’) = SZZQ(ZL')ﬂlg(ZL')
which yieldsS € ¢;.
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Figure 4. Given a trianglé/; V2V> and directionsg;(: = 1,2,3) there can
be two different real solutions (upper figure), two coinoglisolutions (bottom
right) and two imaginary solutions (bottom left). Ceviame plotted by dashed
lines. The type of solutions depends on the relative paosibio/ to the shaded
conic. The three conic paths 6fi2 (green),G13 (red) andG2s (blue) are also
shown. (This figure is computed and plotted by the softvidathematica)

(iii) If the points S; and S, are the pair of imaginary points there are no real
numberz for which the linesV;(Q); are concurrent. O

Figure 4 shows the three different possibilities mentioirethe proof. If the
triangle and the directiong, : = 1, 2, 3, are fixed, then the radius of the circle can
be obtained by the solutions of a quadratic equation in wttiehonly unknown
is the point/. The type of the solutions depends on the discriminant, i@
guadratic function of . This means that for every triangle and triple of directions
there exists a conic which separates the possible positibisn the following
way: if I is outside the conic (discriminant 0) then there are two different real
solutions, ifI is on the conic (discriminant 0) then there are two coinciding
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real solutions, while iff is inside the conic (discriminant 0) then there are two
imaginary solutions. This conic is also shown in Figure 4.

Remarks. (1) Note that there are no further restrictions for the pas# of the
center and the directed lines. The center can even be otitgideference triangle.

(2) According to the projective principles in the proof, tsiatement remains
valid if we replace the conditiohQ), = 1Q2 = IQ3 = = with the more condition
that the ratios of these lengths be fixed.

3. Further research

The conicse;, @ = 1,2,3, play a central role in the proof. The affine types of
these conics however, can only be determined by analytpgaioach or by closer
study the type of involutive pencils determined by cevidbss also a topic of fur-
ther research how the types of solutions depend on the ragosioned in Remark
2. The exact representation of the length of the radius bgitre:n data can also be
discussed analytically in a further study.
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Stronger Forms of the Steiner-Lehmus Theorem

Mowaffaq Hajja

Abstract. We give a short proof based on Breusch’s lemma of a stromger f
of the Steiner-Lehmus theorem, and we discuss other pessifainger forms.

1. A stronger form of Steiner-Lehmus Theorem

Leta, b, ¢, A, B, C denote, in the standard manner, the side lengths and angles
of a triangleABC'. An elegant lemma that was designed by Robert Breusch for
solving an interesting 1961 ONTHLY problem [4] states that

p(ABC) 2 )
a  1—tan(B/2)tan(C/2)’
wherep(...) denotes the perimeter. Its simple proof is reproduced inyhgre it
is used to give a very short proof of a theorem of Urquhart.

Figure 1

We now consider the Steiner-Lehmus configuration shown guréi 1, where
BY andC'Z are the internal angle bisectors of anglkeandC'. Applying Breusch'’s
lemma to triangley” BC' and Z BC', we obtain

p(YBC) 1—tan(B/2)tan(C/4)
p(ZBC) 1 —tan(B/4)tan(C/2)

Publication Date: September 8, 2008. Communicating EdNdwolaos Dergiades.
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If ¢ > b, then
c B _ 2tan(B/4)tan(C/4) _ 2tan(B/4)tan(C/4) B c
N o AN = 2 (O [ tan?(B/4) _ hg g

and therefore(Y BC') > p(ZBC(C). Letting
|BY |=y, |CZ|=2,|AZ|=U, |ZB| =V, |[AY|=u, |[YC| =0,
we have proved the stronger form

c>be=y+v>2+V (2
of the traditional Steiner-Lehmus theorem
c>b<=y>z 3)
To see that (2) is indeed stronger than (3), we need to shawthawv. By the
angle bisector theorem, we haye= 4. Therefore,V—KU = 4, andV = 25,
A similar formula holds for. Thus we have
ac ab
V_a+b’v_a+c’ ()
and
ac ab a(c(a+c) —b(b+c)) ala+b+c)(c—0b)
V — U = — = =
a+b a+c (a+b)(a+c) (a+b)(a+c)
Thus
c>b=V >u, (5)

and (2) is stronger than (3).
It follows from (4) that

be be

- 6
a—l—b’u a-+c’ (6)

and therefore
c>b=U >u.
Thus the statement
c>b=y+b>z2+c (7

would be stronger, and more pleasant, than (2). Unfortlng@® is not true. In
fact, a recent MNTHLY problem [3] states that i& > ¢ > b, then the reverse
inequalityy + b < z + ¢ holds.

2. Additive stronger forms
2.1 One then wonders about the statement
c>b=y+u>z+U. (8)

This is also stronger than the classical form (3). In ordgprtave (8), since: >
b=y > z andU > u, itis sufficient to prove that

2 2 2 2 2 2

2 2
Yy —z y -z 2 y —z 2 2
> , or > , or > 2 ,
U-—-u y+z (U u> (y+2) <U u> (" +27)
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or
ala+b+c)(a® +s7a” + -+ s1a + s0) =0
b2c%(a + ¢)?(a + b)? ’
which is true because
s7=3(b+c), s6 = 3(b? + 4bc + ¢2),
s5 = b? + 16bc + 16¢2, 54 = bc(2b + 5¢)(5b + 2¢),
s3 = be(b + ¢)(2b% + 17be + 2¢2), 53 = 5b%c? (b + ¢)?,
51 = b2 (b+c)(b® + ?), 5o = 2033 (b — ¢)2.
Combining (8) with (2) would yield the form
c>b=y+ b >z 4+ <
Y73 2
or
1
c>b:>y—z>§(c—b). 9)

2.2 Inall cases, it is interesting to investigate the best @onist for which
c>b=y—2z>Ac-0). (20)
Similar questions can be asked about the best constants in
c>b=y—2>ANU—-u), c>b=y—2z> ANV —v). (11)

These may turn out to be quite easy given available compu@ekgges such as
BOTTEMA. For example, the stronger foranx> b — y — z > 0.8568(c — b) of
(9) was verified for all triangles whose side lengths aregets less than 51. The
minimum value 0.8568 of the fractioig[—g, verified for all triangles whose side
lengths are integers less than 51, is attained dob, c) = (48,37, 38), and the
minimum value 0.856762, verified for all triangles whoseediehgths are integers
less than 501, is attained f(4, b, ¢) = (499, 388, 389). Hence one may cnjecture
that the minimum value of=; is attained whem tends tob. Note that

y—z  +/(a+2b)b(a*+ ab+ 2b*)
c—bc—b N 2b(a + b)2

12)

Let f(x) := 7W so that the above limit ig(%). Since

234+ 422 + 2 —10
4z + 13z +2

(@) =

we conclude that the minimum i§(q) = 0.856762, whereq = 1.284277 is the
unique real zero of? + 422 + 2 — 10. Hence, we may conjecture that

c>b<=y—z> f(¢)(c—0). (13)
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3. Multiplicative stronger forms

3.1 One may also wonder about possibilities such as
c>b= yb> zc.

This is again false. In fact, it is proved in [5, Exercise 41p] that

22 2.2 abe(c —b)(a+b+c)2(b? — be + 2 — a?)

= 14
Y ¢ (a+ b2+ c)? ’ (14)

and therefore
c>b= (yb> zc <= A < 60°). (15)

However, it is direct to check that

9 5 abc(ec—b)(a+b+c)(b®+ %+ ab+ ac)
— = 16
Y-zt (a+0)%(a+0)? ’ (16)

showing that
c> b= y’b> 2, an

yet another stronger form of the Steiner-Lehmus theorem (3)

3.2 Formulas (14) and (16) are derived from the formulas

2 _ 1— b ’ 2_abl1= ¢ i 18
yo=ac ate) )0 2 7¢ atb) |- (18)

These follow from Stewart’s theorem using (6) and (4); sed&}ercise 1, p. 15],
where these are used to give a proof of the Steiner-Lehmuosetimevia

22 _ (c—b)ala +b+c)(a*(a+ b+ c) + be(b+ ¢+ 3a))
/ - (0 )%(a+ o) :
Similarly one can prove the stronger forms
c>b = y*u— 22U > a(c—b), (29)

c>b = PP -22>V?_? (20)

using
9 9 ~ (c—=b)abc(a+b+c)Qq
yu-zU = (a+b)3(a+c)d 7
(c—blala+ b+ c)Q2
(a+0b)2(a+c)?

(2 + 0} — (2 +V?) =

where
Q1 = (a®+2abe)(a+b+c)+ be(a® + b2 + %),
Qs = a®+b%c+ b+ 3abe — b?a — a.
Here(, can be seen to be positive by substituting 6+, b = a+~v,c = a+4.
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Remark. It is well known that the Steiner-Lehmus theorem (3) is vatisgheutral
(or absolute) geometry; see [2, p. 119]. One wonders whéitieesame is true of
the stronger forms (2), (8), and the other possible formsudised irk2.
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A New Proof of a Weighted
Erd 6s-Mordell Type Inequality

Yu-Dong Wu

Dedicated to Miss Xiao-Ping Lu
on the occasion of the 24-th Teachers’ Day

Abstract. Inthis short note, by making use of one of Liu’s theorems@adchy-
Schwarz Inequality, we solve a conjecture posed by Liu [8]gime a new proof
of a weighted Erd6s—Mordell type inequality. Some inténgscorollaries are
also given at the end.

1. Introduction and Main Results

Let P be an arbitrary point in the plane of triangleBC. Denote byR;, Rs,
and R5 the distances fron® to the vertices4d, B, andC, andry, r, andrs the
signed distances frorR to the sidelineBC, C A, andAB, respectively. The neat
and famous inequality

Ri + Ry + R3 > 2(7”1 + 79+ 7”3), (1)

conjectured by Paul Erd8s in 1935, was first proved by L. Xddiband D. F. Bar-
row (see [2]). In 2005, Jian Liu [3] obtained a weighted Eddordell type in-
equality as follows.

Theorem 1. For x,y,z € R,
2*\/Ry + R3 + y*\/R3 + R1 + 2*\/R1 + Ry
2\/§(y2\/7°2 + 73+ zz\/r3 + 11 + Y1 +1r2). (2)

Liu’s proof, however, is quite complicated. We give a simpteof of Theorem
1 as a corollary of a more general result, also conjectureldiubin [3].

Publication Date: Month, 2008. Communicating Editor: LiaZh
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Theorem 2. For z,y, z € R and arbitrary positive real numbers u, v, w, we have

VUt w+ Y Vw +u+ 22Vt o

>2 <yz\/usm—+zx\/fusm—+wy\/wsm—> 3)

2. Preliminary Results

In order to prove our main results, we shall require the foitg two lemmas.

Lemma 3 ([4, 5]). For z,y,z € R, p; € (—00,0)J(0,+00), and ¢; € R for
1 =1,2,3, the quadratic inequality of three variables

12 + pay® + p32? > quyz + gz + @3y
holdsif and only if
pi>07 Zzla 27 37

Apops > qf, dpsp1 > ¢35, 4pip2 > 43,
4p1paps > P1G3 + p2gi + P33 + q1q2qs-

Lemma4. In AABC, we have
9 5 C A B C

: A+ : 2B+ : P : : )
sin” — +sin” — + sin” — sin —sin —sin — = 1.
2 2 2 2 2 2

Proof. This follows from the formulasin? « = (1 — cos2a) and the known
identity

A B
cosA+cosB+cosC =1 +4sin§sin§sing.
O

3. Proof of Theorem 2
(1) Foru,v,w > 0,

Vvt w >0,

Vw4 u >0, (4)

vu+v>0.

B
29

4y/(w +u)(u +v) > 4u > 4usin 4,
4y/(u+v)(v + w) > 4v > dvsin 2, (5)

4/(v+w)(w +u) > 4w > dwsin §.

(2) Fromsin 4,sin £, sin § € (0,1), we easily get
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By the Cauchy-Schwarz inequality and Lemma 4, we have

2
(u\/v + wsing + vvw —|—usin§ + wvu + vsin% + \/quw\/Q sin é sin g sin %)

< (uQ(v +w) 4+ v (w +u) + w?(u+v) + 2uvw)
. (sin2 é + sin® E + sin® g + 2sin é sin E sin 9)
2 2 2 27272
=(u+v)(v+w)(w + u). (6)
From Lemma 3 and (4)—(6), we conclude that inequality (3&olThe proof of
Theorem 2 is complete.

4. Applications of Theorem 2

Proof of Theorem 1. If we takeu = Ry, v = Ry, w = Rs3 and with known
inequalities (see [1])

A B C
2R sin 2 >ro+r3, 2R sin; >r3+1ry, 2Rgsin Bl > 11+ re,

we obtain Theorem 1 immediately. This completes the prodfaforem 1.
Many further inequalities can be obtained from various sti®ns for(u, v, w).
Here are two examples.

Corollary 5. For AABC and real numbers z, y, z, we have

\/sm——l—sm——l—y Usm——|—sm——|—z Usm——l—sm—

>2 <yz sin B + zx sin 5 + 2y sin 5)

Corollary 6. For AABC and real numbers z, y, z, we have

\/csc——kcsc——i-y \/csc——i-csc——kz \/CSC——FCSC—

>2(yz + zx + zy).

Further inequalities can also be obtained from substitstiof (x, y, z) by geo-
metric elements oA ABC. The reader is invited to experiment with the possibili-
ties.
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Another Compass-Only Construction of the Golden
Section and of the Regular Pentagon

Michel Bataille

Abstract. We present a compass-only construction of the point digidigiven
segment in the golden ratio. As a corollary, we obtain a vampk construction
of a regular pentagon inscribed irgeven circle.

Various constructions of the golden section and of the eegpéntagon have
already appeared in this journal. In particular[in2], Kurt Hofstetter offers very
interesting compass-only constructions that require arggnall number of circles.
However, the constructed divided segment and pentagon camsight as fortu-
nate outcomes of the completed figures and are not subjenytpreor constraint.
As a result, these constructions do not adjust easily to s@alucases when the
segment to be divided or the circumcircle of the pentagongasen at the start.
The purpose of this note is to propose direct, simple compalysconstructions
adapted to such situations.

Figure 1

Construction 1. Given two distinct points A, B, to obtain the point P of the line

segment AB such that 4% — ¥5-1 construct

(1) with the same radius A B, the circles with centers A and B, to intersect at C
and D,

(2) with the sameradius A B, the circles with centers C' and D, to intersect the two

circlesin(1)at £, F', G, H (see Figure 1)

Publication Date: September 30, 2008. Communicating Ediaul Yiu.
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(3) with the same radius DC, the circles with centers D and F, to intersect at 1
and J,

(4) with the same radius B1, the circles with centers E and H.

The points of intersection of these two circles are on theline AB, and P isthe one
between A and B.

Note that eight circles are needed, but if the line segmdithas been drawn,
the number of circles drops to six, as it is easily checkedeMtso that only three
different radii are used.

Construction 2. Given a point B on acircle I" with center A, to obtain a regular
pentagon inscribed in ' with vertex B, construct

(1) the point P which divides AB in the golden section,

(2) the circle with center P and radius AB, tointersect I at B; and By,

(3) the circles B;(B) and B4(B) to intersect T', apart from B, at By and Bs
respectively.

The pentagon B B B, B3 B, isthe desired one (see Figure 2)

By

B3

B
B1
Figure 2

Proof of Construction 1. Leta = AB. Clearly, E, F' (respectivelyF’, D) are di-
ametrically opposite on the circle with cent@r(respectivelyB) and radiusz. It
follows that EB is the perpendicular bisector @?f" and sincel FF = ID, I is
on the lineEB. ThereforeAIBF is right-angled atB, andIB = a\/2 (since
IF = CD = ay/3 and BF = a). Now, the circles in(4) do intersect (since
HE = CD < 2BI) and are symmetrical in the lingB, hence their intersections
P, P’ are certainly on this line. As for the relatiohP = Y5-1 AB, it directly
results from the following key property:

Let triangle BAFE satisfyAE = AB = aand/BAFE = 120° and letP be on
the sideA B such thatE P = a/2. ThenAP = @ a (see Figure 3).

Indeed, the law of cosines yieldd3E? = AE? 4+ AP? — 2AFE - AP - cos 120°
and this shows thad P is the positive solution to the quadratié + ax — a? = 0.
Thus, AP = ¥3-1 4. O

Note thatAP' = @ a is readily obtained in a similar manner.
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Figure 3

Proof of Construction 2. Since AAB,P is isosceles withB4A = B4P = a,

we havecos BAB; = 142 — ¥5-1  Hence/BAB, = T72° and the result

immediately follows. O

As a final remark, Figure 3 and the property above lead to &kaqugnstruction
of the golden section with ruler and compass.
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Some | dentities Arising From I nversion of
Pappus Chainsin an Arbelos

Giovanni Lucca
Abstract. We consider the inversive images, with respect to thedteiof an

arbelos, of the three Pappus chains associated with théosstand establish
some identities connecting the radii of the circles invdlve

In a previous work [1], we considered the three Pappus chihatsan be drawn
inside the arbelos and demonstrated some identitiesngltte radii of the circles
in these chains. In Figure 1, the diametht' of the left semicircleC, is 2a, the
diameterC B of the right semicircleCy, is 2b, and the diameteA B of the outer
semicircleC, is 2r, r = a + b. The first circlel'; is common to all three chains and
is the incircle of the arbelos.

Figure 1. The Pappus chains in an arbelos

With reference to Figure 1, we denote By, I", andT', the chains converging
to C, A, B respectively. Table 1 gives the coordinates of the centaildlze radii
of the circles in the chains, referring to a Cartesian refegesystem with origin at
C andz-axis alongAB.

Publication Date: October 13, 2008. Communicating Ediaul Yiu.
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Table 1: Center coordinates and radii of the circles in thgpBa chains

| Chain [ T I | Iy |
Abscissa ofi-th circle | v, = S50 | 20 =20 — 5 [ wp, = —2a + Lhp
f H __ _2nrab __ _2nrab _ _2nrab
Ordinate ofn-th circle | y., = nz;lggab Yan = #;Tb Yon = n2g27£-m
Radius ofn-th circle | p., = 22— Pan = ety Pbn = w7 ira

The following proposition was established in [1].

Proposition 1. Given a generic arbelos with its three Pappus chains, the following
identities hold for each integer n:

1 1 1
pie (o bt ) 2, ®
Prn Pan Pbn
1 1 1
Pinc (T T T) =2t +1, 2
prn an pbn
1 1 1 1 1 1
N e e gt I AR T ©
Prn  Pan Pan  Pbn Pbn  Prn

In particular, the center of the incircle of the arbelos &s point
(a o) = ab(a —b) 2ab(a +b)
incsy Yinc) = 2rab+ b a2tab+b2 )

Its radius is
ab(a + b)

a? + ab+ b2’

We now consider the inversion of these three Pappus chathsegpect to the
incircle of arbelos. See Figure 2. For convenience, we teaouseful formula,
which can be found in [2], we use for the computation of thet@enand radii of
the inversive images of the circles in the Pappus chains.

Pinc =

Lemma 2. With respect the circle of center (z,yo) and radius Ry, the inversive
image of the circle with center (x¢, yc) and radius R is the circle with center
(z, yi) and radius R' given by

Th =20 + g (xo — o)
- Cc — )
T (@we —20)? + (yo — wo)? — R? ’
R2
c =10+ 0 (yc — yo)
At (rc —20)? + (yo — yo)? — R? ’
) R?
R = 9 R

(xc —20)* + (yo —yo)? — R?|
We give in Table 2 the coordinates of the centers of the inveismages of the
circles in the Pappus chains, and their radii.
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Figure 2. Inversive images of the Pappus chains

Table 2: Center coordinates and radii of inversive images
of circles in the Pappus chains
Inverted chairl’;,

I - H i . pjznc(xrn_xinc)
AbSCISsa Oh th CIrCle xrn — Linc + (Z'rn—CCinCz)z'f‘(yrn_yinc)z_piznc
i - i i . Pine(Yrn—Yinc)
Ordinate ofn-th circle | 4!, = yinc + LY .
2
i i i — pinc
Radius ofn-th circle | pi = | Grm s (e | 7
Inverted chair’,
Abscissa of.-th circle | 1 = z;,. + Ping(Fan —Tinc) .
an Inc (CCan—Cl?incz)z'i‘(yan—yinc)z—pinc
i - 1 i I 3 pinc(yan_yinc)
Ordinate ofn-th circle | ., = yin + (o ige) (e —tinc = 7
i i i — pinc
Radius ofn-th circle | p!, = Ton e P (yom —gme P2 | Pan

Inverted chairl’,
i - 1 i — e piznc(zbn_zinc)
AbSCISsa Oh th CIrCle xbn — Vine T (zbn_xinc)2+(ybn_yinc)2_pi2nc

H H i pfnc(ybn_yinc)
Ordinate ofn-th circle | y;,, = Yinc + oo+ om— im0

Radius ofn-th circle | pl = e Pbn

(bn—Tinc) 2+ Ybn —Yinc) 2 — P2,

From these data, we can deduce some identities connecenadli of these
circles.
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Theorem 3. For the circles in the Pappus chains and their inversive images in the
incircle, the following identities hold. For n > 2,

pi.nc . Pinc _ pi.nc . Pinc _ piinc . Pinc _ 4712 _8n+ 27 (4)
Prn Prn Pan Pan Pbn Pbn
Pinc Pinc Pinc 2

—+ =+ 5 =14n"—24n+7, )
prn pan pbn
Pinc + Pinc + Pinc _ Pinc + Pinc + Pinc _ Pinc + Pinc + pi.nc _ 6n2 —8n+ 3’

p}n Pan Pbn Prn p;n Pbn Prn Pan ptn
(6)

Pinc + Pinc + Pinc _ Pinc + Pinc + Pinc _ Pinc + Pinc + Pinc _ 10”2 —16n + 5’

prn pian pign pi‘n pan pi)n pin pian an

(7)
p? 2 p?
e e 4 e — 10p* — 16n° + 8n” — 8n + 3, (8)
PrnPrn PanPan pbnpbn
p? p? 2
e ne e — G5p® — 224n° 4 258n” — 112n + 16, (9)
panpbn panprn pbnprn
. 2 ) 2 ) 2
<p‘.“0> 4 (pl.“> 4 (‘5“) — 66n* — 22403 + 25612 — 1120 + 17.
Prn Pan Pon
(10)

From (9), (10) above, and also (2), (3) in Proposition 1, weeha

2 2 2 2 2 2
Pinc Pinc Pinc Pinc Pinc Pinc
i + i {7 N T T
Prn Pan Pbn PanPpn PanPrn PbnPrn

pinc )" | (Pinc\" , (P’ i i o;
< 1n0> + < 1nc> 4 < 1nc> _ < inc + inc + inc )
Prn Pan Pbn PanPbn PanPrn Pobn Prn

= (n? —1)%
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Second-Degree Involutory Symbolic Substitutions

Clark Kimberling

Abstract. Suppose, b, c are algebraic indeterminates. The mapgiag, c) —
(be, ca, ab) is an example of a second-degree involutory symbolic stwibistin
(SISS) which maps the transfigured plane of a triangle tdfitfe main result
is a classification of SISSs as four individual mappings aaifamilies of map-
pings. The SIS%a, b, c¢) — (be, ca, ab) maps the circumcircle onto the Steiner
ellipse. This and other examples are considered.

1. Introduction

This article is a sequel to [2], in which symbolic substituis are introduced. A
brief summary follows. The symbols, b, ¢ are algebraic indeterminates over the
field of complex humbers. Suppose 3, v are nonzero homogeneous algebraic
functions of(a, b, c) :

a(a,b,c), B(a,b,c),v(a,b,c), @
all of the same degree of homogeneity. Throughout this wagtes with notations
such asd/ = (u,v,w) and X = (z,y, z) are understood to be as in (1), except
that one or two (but not all three) of the coordinates cart be&riples (z,y, 2)
and(2’,y/,2’) areequivalentif xy’ = ya’ andyz’ = zy'. The equivalence class
containing any particulafz, y, z) is denoted byr : y : z and is apoint The set
of paints is thetransfigured planedenoted byP. A well known model ofP is
obtained by taking, b, c to be sidelengths of a euclidean triangl&C and taking
x : 1y : z to be the point whose directed distanéé®m the sidelines3C, C A, AB
are respectively proportional ta y, .

A simple example of a symbolic substitution is indicated by

(a,b,c) — (bc, ca, ab).
This means that a point
x:y:z=uz(ab,c):y(a,b,c): z(a,b,c) 2

Publication Date: October 21, 2008. Communicating Edigaul Yiu.

IThe coordinates : y : z arehomogeneous trilinear coordinates simplytrilinears. The nota-
tion (z,y, z), in this paper, represents an ordinary ordered triple, aswhg, ~ are actual directed
distances or wheflz, y, z) is the argument of a function. Unfortunately, the notatieny, z) has
sometimes been used for homogeneous coordinates, sodhakample(2z, 2y, 2z) = (z,y, 2),
which departs from ordinary ordered triple notation. On thieer hand, using colons, we have
20:2y:2z2=x:9y: 2.
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maps to the point
x:y:z=ux(be, ca,ab) : y(be, ca,ab) : z(be, ca, ab), 3)
so thatP is mapped to itself. We are interested in the effects of sudistgu-

tions on various points and curves. Consider, for exammeTtompson cubic,
Z(X,, X1), given by the equaticn

bea(3% — 4%) + caB(v* — o?) + aby(a? — §?) = 0. (4)
For each point (2) on (4), the point (3) is on the culBi€Xs, X;), given by the
equation

ac(B? = 7%) +bp(y* = @?) + ce(0® — 5%) = 0. 5)
Letting S(X;) denote the image of; under the substitutiotu, b, ¢) — (bc, ca, ab),

specific points or€(X., X;) map to points or£(Xg, X1) as shown in Table 1:

Table 1. FromZ(X,, X1)to Z(Xg, X1)
XZ' on Z(XQ,Xl) Xl X2 X3 X4 X6 Xg X57
S(X;)onZ(Xe, X1) || X1 | X6 | Xioa | X324 | Xo | Xuz | X7

As suggested by Table &(S(X)) = X for every X, which is to say thaf is
involutory. The main purpose of this article is to find exjtlicall second-degree
involutory symbolic substitutions.

2. Terminology and Examples

A polynomial triangle centeis a pointUU which has a representation

u(a,b,c) : v(a,b,c): w(a,b,c),

whereu(a, b, ¢) is a polynomial ina, b, c and these conditions hold:

v(a,b,c) = u(b,c,a); (6)
w(a,b,c) = wu(c,a,b); (7
lu(a,c,b)| = |u(a,b,c)]|. (8)

If u(a,b,c) has degree 2, thell is asecond-degree triangle centeA second-
degree symbolic substitutias a transformation oP or some subsert thereof, with
images inP, given by a symbolic substitution of the form

(a,b,¢) — (u(a,b,c),v(a,b,c),w(a,b,c))
for some second-degree triangle ceriter The mapping (whether of polynomial
form or not) isinvolutory if its compositional square is the identity; that is, if

u(u,v,w) :v(u,v,w) : wlu,v,w) =a:b:ec

2Triangle centers are indexed as in [§1 = incenter, X, = centroid, etc. The cubi€(U, P)
is defined as the set of points: 3 : v satisfying

upa(qB® — rv?) + vgB(ry’ — pa®) + wry(pa® — ¢B%) =0
whereU = w:v:wandP = p: q:r. Geometrically,Z (U, P) is the locus ofX = z : y : z such

that theP-isoconjugate ofX is on the linel/ X . The P-isoconjugate ofX (and theX -isoconjugate
of P)isthe pointgryz : rpzx : pqry.
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where
u=u(a,b,c), v=0v(a,b,c), w=w(a,b,c).
Equivalently, a symbolic substitutiafa, b, ¢c) — (u, v, w) is involutory if
u(u,v,w) = ta
for some functiort of (a,b, c) that is symmetric iru, b, c. Henceforth we shall

abbreviate “second-degree involutory symbolic subsbittitas SISS. Following
are four examples.

Examplel. The SISS

(a,b,¢) — (be, ca, ab) 9
gives
u(u, v, w) = u(be, ca, ab)
= (bc)(ca)
=ta,
wheret = abc.
Example2. The SISS
(a,b,¢) — (a® — be, b* — ca, c* — ab) (10)
gives
u(u, v, w) = u(a® — be,b* — ca, c® — ab)
= (a® — be)? — (0% — ca)(? — ab)
=ta,
where

t=(a+b+c)(a>+b*+c—bc—ca—ab).
Note that (10) is meaningless far= b = c¢. Asa,b,c, are indeterminates,

however, such cases do not require additional writing, fisstwhen one writes
“tan 0” whered is a variable, it is understood thét~ 7.

Example3. The SISS
(a,b,¢) — (b® +c® —ab—ac,® + a®> —bc — ba,a® +b*> — ca — cb)  (11)
gives
u(u,v,w) = ta,
where
t=2(a+b+c)(a®+b*+c* —bc—ca— ab).
Example4. The SISS
(a,b,c) — (a(a —b—c¢),b(b—c—a),c(c—a—10)) (12)

gives
u(u,v,w) = ta,
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where
t=(a—b—c)(b—c—a)(c—a—Db).

3. Main result

Theorem. In addition to the four SISSs (9)-(12), there are two familé SISSs
given below by (17) and (18), and there is no other SISS

Proof. Equations (6) —(8) and the requirement thdie a polynomial of degre2
imply thatw is expressible in one of these two forms:

u = ja® + k(b* 4+ ) + lbc + ma(b + ¢) (13A)
u=(b—c)(ja+k(b+c)) (14)

for some complex numbersk, I, m. The proof will be given in two parts, depend-
ing on (13A) and (14).

Part 1: w given by (13A). In this case,
v = jb% 4+ k(® + a®) + lca + mb(c + a), (13B)
w = jc + k(a® + b%) + lab+ mc(a + b). (13C)

Let P = u(u,v,w). We wish to find allj, k, [, m for which P factors aga, where
t is symmetric ina, b, c. The polynomialP can be written ag(@ + R, where@
and R are polynomials and the& is invariant ofa. In order to haveP = ta, the
coefficientsy, k, I, m must makeR(a, b, ¢) identically 0. We have

R = (b*+ "8y + 2bc(b? + ¢?)Sy + b?c2Ss,
where
Sy = jkl + jkm + k* + jk* + 7%k + k®m,
So = jkl + jkm + jlm + klm + km? + k*m,
Ss = 2jkm + 6jk* + 1 + 521 + k21 + 2km? + 2k*m + 3lm>.
Thus, we seelg, k, [, m for which S; = S, = S35 = 0.

Casel j = 0. Here,
Sy = (k+m)k? sothatt =0 ork = —m.
Soy=mk(k+1+4+m),sothatn =0ork=00rk+1+m =0.
S5 = k2l + 2km? + 2k*m + 3lm?2.

Subcase 1:1 j = 0 andk = 0. Here,S; = 0, S3 = 3lm?, so thatl = 0 or
m = 0 but not both. Ifl = 0 andm # 0, then by (13A-C),

P = mu(v+w) = —m3a (ab+ ac + 2be) (b + ¢),

not of the required forna@ where(@ is symmetric ina, b, c. On the other hand,
if m = 0andl # 0, thenP = lvw = [3a®be, so that, on putting = 1, we have
(u,v,w) = (be, ab, ca), asin (9).
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Subcase 1:2 j = 0andk = —m # 0. Here, withSy = 0, k # 0, m # 0, and
k 4+ 1+ m = 0, we have = 0, and (13A-C) give

P =k +w?) — ku(v+w) = 2a(a+b+c) (a* + b* + ¢ — be — ca — ab) k?,
so that takingj, k,1,m) = (0,1,0, —1) gives the SISS (11).
Case2 k=0.HereS; =0,5; = jlm,andSs =1 (jl + j* + 3m?).

Subcase 2:1 k£ = 0 andj = 0. Here, sinceS; = 0, we have3lm? = 0. If
{ =0, then

u=ma(b+ c),v =mb(c+ a),w =mc(a+b),
P = mu(v +w) = — (ab + ac + 2bc) (b + ¢) am?,
not of the required formaQ. On the other hand, it = 0, then
u=1Ilbc, v=Ilca, w =lab,
so that takingj, k,1,m) = (0,0, 1,0) gives the SISS (9).
Subcase 2:2 k = 0and! = 0. Here,S; = S3 = 0, and (13A-C) give
P = ju® + mu(v + w)
=a(aj +bm+cm)
- (abjm + acjm + abm? + acm?® + 2bem? + b2 jm + ¢*jm + a®57) .
In order for P to have the formuQ with () symmetric ina, b, ¢, the factor
(abjm + acim + abm?® + acm? + 2bem? + b%jm + c*jm + a*5?)
must factor as
(bj + em + am)(cj + am + bm).
The identity
(abjm + acim + abm? + acm? + 2bem?® + b%jm + ¢*jm + a*5?)
— (bj + em + am)(cj + am + bm)
= (m—j) (j +m) (be — @)

shows that this factorization occurs if and onlyji= m or j = —m. If j = m,
then

u=a*+alb+c), v=>b+blc+ta), w=c*+cla+bh),

leading to(j,k,l,m) = (1,0,0,1), but this is simply the identity substitution
(a,b,¢) — (a,b,c), notan SISS.
On the other hand, if = —m, then

P =a(aj +bm+ cm) (bj + ecm + am)(cj + am + bm),
so that for(j, k,1,m) = (1,0,0, —1), we have the SISS (12).
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Subcase 2:3 k£ = 0 andm = 0. Here,
P = ju? + lvw
= a*5® + a®bcl® + abj1% + ac®§1% 4 2abej?l + V221 + VA P42,
which has the fornaQ only if b2¢2512 +b%c?521 = 0, which means thatl(j +1) =
0. If 7 =0orl =0, we have solutions already found.jl= —I, then
P = ju2 — Jow
=Pa(a+b+c)(ab+ac+bec—a®>—b* — %),
giving (4, k,1,m) = (1,0,—1,0), the SISS (10).

Case 3 [ = 0. Here,
Si= (jk + jm + km + 5% + k*) k,
Sy =2mk (j+k+m),
Sy = 2k (3jk + jm + km + m?) .
Subcase 3:1 1 =0,m =0, S = (jk + j* + k*) k, S = 0, and S5 = 6k>.
SinceS3 = 0, we havej = 0 or k = 0, already covered
Subcase 3:2 [ =0, and either; = 0 or k£ = 0, already covered.

Case 4 m = 0. Here,S; = k(jk+jl+j*+k%), So = 2jkl, andS; =
(65k* + j1* + j1 + k?1). SinceS, = 0, we must havg =0 ork = 0 or/ = 0.
All of these possibilities are already covered.

Case 5 none ofj, k, I, m is 0. Here,

Sy =k (jk + jl + jm + km + 52 + k),

So = jkl + jkm + jlm + klm + km? + k*m,

Sy = 2jkm + 6jk% + jI% + 521 + k%l 4+ 2km? + 2k*m + 3Im?>.
As j # 0 andk # 0, the requirement thaf; = 0 gives
gk +gm+ km o+ 5% + K

l= (15)
J
Substitute into the expression faf, and factor, getting
52:—( +m)(3+m?(3 tITHE) (16)

J

Subcase 5:1 m = —j. Here,l = —’fy—?. This impliesS; = S, = S3 =0 and

a(ak + (a —b—c)j)(bk + (b — c— a)j)(ck + (c —a —b)j)(k — j)3

P = 7

)
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which is of the forma@ with () symmetric ina,b,c. Because of homogeneity,
we can without loss of generality take, k,1,m) = (1,k, —k?, —1), wherek ¢
{0,1, —2}. This leaves a family of SISSs:

(a,b,¢) — (u,v,w), a7
where
u=a?+ k(b + %) — k*bc — a(b+ ¢),
v =02+ k(2 + a®) — k*ca — b(c + a),
w = c + k(a® + b*) — k%ab — c(a + b),
P=a(k—1)>3(a—b—c+ak)(b—a—c+bk)(c—b—a+ck).

Note that fork = —2, we haveu = (a + b+ ¢)(a — 2b — 2¢), so that the
involutory substitution

(a,b,c) — (@ —2b—2¢,b — 2¢ — 2a,c — 2a — 2b)
is actually of first-degree, not second. (It is easy to chiek for
u = a + mb+ mc,
the only values ofn for which the substitutioria, b, ¢) — (u,v,w) is involutory
are0 and—2.)
Subcase 5:2 m = —k. Here,l = —j. This impliesS; = S, = S3 = 0 and
P=a(a+b+c)(a®+b* 4+ —bc— ca —ab)(j + 2k)(k — j)?,

which is of the forma @ with Q) symmetric ina, b, c. Thus, ifj # k andj # —2k,
we take(j, k,1,m) = (j, k,—j, —k) and have a family of SISSs:

(a,b,c) — (u,v,w) (18)
where
u=a’j + b’k + ?k — bej — abk — ack,
v =b%j 4+ Pk + a®k — caj — bek — bak,
w = c?j + a’k + b’k — abj — cak — cbk.
Note thatu = (a? — be)j + (b? + ¢ — ab — ac)k, a linear combination of
second-degree polynomials appearing in (10) and (11).

Subcase 5:3 Equation (16) leaves one more subcage: j2 + k2 = 0. This
and (15) givel = (”j—k)k implying S = (k+m) (j + k) k. Sincek # 0 and
j+ k # 0 (becausé # 0), we haveS; = 0 only if m = —k, already covered in
subcase 5.2.

Part 2.« given by (14). In this case,
P = (aj + bk +ck) (b —c) (j — k) (2bcj — acj — abj — 2a*k + b’k + czk‘) ,

which is not, for any(j, £, 1, m), of the forma@ where@ is symmetric ina, b, c.
U
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4. Mappings by symbolic substitutions

To summarize from [2], a symbolic substitutidhmaps points to points, lines
to lines, conics to conics, cubics to cubics, circumconicsitcumconics, and in-
conics to inconics. Regarding cubicS,maps each cubi& (U, P) to the cubic
Z(S(U),S(P)) and each cubi€P(U, P) to the cubicZP(S(U),S(P)). Sym-
bolic substitutions thus have in common with projectiond emllineations various
incidence properties and degree-preserving propertiesth® other hand, sym-
bolic substitutions are fundamentally different fromaitgi geometric transforma-
tions: given an ordinary 2-dimensional triangl3C' and a pointX = z(a, b, c) :
y(a,b,c) : z(a,b,c) there seems no opportunity to apply geometric methods for
describing the image-point

S(X)=2a":y : 2 =x(bc,ca,ab) : y(be,ca,ab) : z(be, ca, ab).
Algebraically, however, itis clear X lies on the circumcircle, which is to say that
X is on the locusi 5y + bya + caf = 0, and ifS is the symbolic substitution in
(9), thenS(X) satisfieshey’ 2z’ + caz’'z’ + abx’y’ = 0, which is to say thaS(X)
lies on the Steiner ellipsé¢sy + caya + abaf = 0.

Table 2. From circumcirclé' to Steiner ellipsét
X;onl Xog | Xog | X100 | X101 | X105 | X106 | X110 | X111
S(X;) onE || X3205 | Xog | X190 | Xees | X3226 | X227 | X670 | X3208

As a final example, note that the poiit;; = b—c:c—a:a—bis afixed
point of the SISS (10), as verified here:

b—c—b*—ca— (> —ab) = (a+b+c)(b—c).
Consequently, the lin&; X, given by the equation
(b—ca+(c—a)B+ (a—0b)y=0,
is left fixed by the SIS in (10), as typified by Table 3.

Table 3. FromX; X4 to X; X
XionX1Xe || X1| Xe Xo | X3r | Xuya | Xosg
S(X;)onX 1 X || X1 | Xosg | Xirsy | Xs1s | Xaa | Xe
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On the Nagel Line and a Prolific Polar Triangle

Jan Vonk

Abstract. For a given triangled BC, the polar triangle of the medial triangle
with respect to the incircle is shown to have as its vertibesdrthocenters of
trianglesAI B, BIC andAIC. We prove results which relate this polar triangle
to the Nagel line and, eventually, to the Feuerbach point.

1. A prolific triangle

In atriangleABC we construct a triad of circles,, Cy, C. that are orthogonal to
the incirclel” of the triangle, with their centers at the midpoifils F, F’ of the sides
BC, AC, AB. These circles pass through the points of tangekicy’, Z of the
incircle with the respective sides. We denotefhyrespectively’,, £.) the radical
axis ofI" andC, (respectivelyC;, C.), and examine the trianglé* B*C* bounded
by these lines (see Figure 1). J.-P. Ehrmann [1] has showthisdriangle has the
same area as triangkeBC.

A

Figure 1.
B
Lemma 1. Thetriangle A* B*C™* isthe polar triangle of the medial triangle DEF’
of triangle ABC with respect to I".
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The author thanks Chris Fisher, Charles Thas and Paul Yitéarhelp in the preparation of this
paper.
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Proof. Becaus&,, is orthogonal td", the line/, is the polar ofD with respect td".
Similarly, ¢, and/. are the polars off and F' with respect to the same circle.

Note that Lemma 1 implies that triangles' B*C* and XY Z are perspective
with centerl: A*I 1 EF becauseFF is the polar line ofA* with respect td".
Because/'F' | BC'andBC L X1, the assertion follows.

Lemma 2. Thelines XY, BI, EF, and AC* are concurrent at a point of Cy, as
arethelinesY Z, BI, DE, and AB* (see Figure 2)

Figure 2.

Proof. Let 4, as the point orE'F', on the same side df asF, so thatF' A, = F A.
(i) BecauseF'A = F'A, = FB, the pointsA, A, and B all lie on a circle with
centerF'. This implies tha ABC = LAF A, = 2/ABAy, yielding ZABI =
ZABA,. This shows tha#d; lies onBI.
(i) BecauseY C' = 1(AC + CB — BA) = EC + EF — F A, we have

EY =YC -~ EC=EF —FA=FE — FA, = EAy,

EY FEA
showing that4, lies onC,. Also, noting thatC’ X = CY’, we have—Y =t

This implies that triangle&’Y" A, andCY X are isosceles and similar. Fro% this
we deduce tha#l; lies onXY.

A similar argument shows thd@ F, BI, Y Z are concurrent at a poit, on the
circle C,. We will use this to prove the last part of this lemma.

(iii) BecauseY Z and DF are the polar lines off and C* with respect tal’,
AC™ is the polar line ofC}, which also lies omBI. This implies thatAC* 1 BI,
so the intersection aiC* and BI lies on the circle with diametedA B. We have
shown that4, lies on this circle, and o1, so A, also lies onAC*.
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Similarly, Cy, also lies on the lined B*. O

Note that the pointsi, andC} are the orthogonal projections df and C' on
BI. Analogous statements can be made of quadruples of lineséuting on the
circlesC, andC.. Reference to this configuration can be found, for example, i
a problem on the002 — 2003 Hungarian Mathematical Olympiad. A solution
and further references can be found@rux Mathematicorum with Mathematical
Mayhem, 33 (2007) 415-416.

We are now ready for our first theorem, conjectured in 2002 b@inberg [2].

Theorem 3. Thepoints A*, B*, and C* are the respective orthocenters of triangles
BIC,CIA,and AIB.

Proof. Because the pointl, lies on the polar lines ofi* and C' with respect to
T", we know thatA*C 1 BI. Combining this with the fact thal*/ | BC we
conclude thatd* is indeed the orthocenter of triangle/ C'. O

Theorem 4. The medial triangle DEF' is perspective with triangle A*B*C*, at
the Mittenpunkt M/ * of triangle ABC (see Figure 3)

Figure 3.

B*

Proof. Becaused*C is perpendicular td31, it is parallel to the external bisector
of angle B. A similar argument holds foB A*, so we conclude that*BI,C'is a
parallelogram. It follows tha#l*, D, andl, are collinear. This shows that; lies
on I, D, and similar arguments show thaf; lies on the lined, F andi.F'. O

We already know that triangld* B*C* and triangleXY Z are perspective at
the incenterl. By proving Theorem 4, we have in fact found two additionglrtr
gles that are perspective with trianglé B*C*: the medial triangleD £ F' and the

IThe Mittenpunkt (calledX (9) in [4]) is the point of concurrency of the lines joinirg to the
excenterl,, E to the excenter,, andC' to the excentel.. It is also the symmedian point of the
excentral triangld, I, I..
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excentral triangld, I, 1., both with centeM/;. This is however just a taste of the
many special properties of trianghe" B*C*, which will be treated throughout the
rest of this paper.

Theorem 3 shows thd, C, A*, I are four points that form an orthocentric sys-
tem. A consequence of this is thats the orthocenter of triangle4* BC, AB*C,
ABC™. In the following theorem we prove a similar result that vgtbduce an
unexpected point.

Theorem 5. The Nagel point N, of triangle ABC' is the common orthocenter of
triangles AB*C*, A*BC*, A*B*C.

Figure 4.

Proof. Consider the homothety := h(D, —1). 2 This carriesA into the vertex
A’ of the anticomplementary trianglé’ B'C’ of ABC. It follows from Theorem
4 that((A*) = I,. This implies thatd’ A* is the bisector o BA'C..

The Nagel line is the linéG joining the incenter and the centroid. Itis so named
because it also contains the Nagel pa\at Since2/G = GN,, the Nagel point
N, is the incenter of the anticomplementary triangle. ThislieggthatA’ NV, is the
bisector of/ BA’'C. Hence( carriesA* N, into AI, soA* N, and AT are parallel.
From this,A*N, 1. CB*.

Similarly, we deduce thaB*N, L CA*, so N, is the orthocenter of triangle
A*B*C. O

The next theorem was proved by J.-P. Ehrmann in [1] usingdeautyic coordi-
nates. We present a synthetic proof here.

Theorem 6 (Ehrmann) The centroid G* of triangle A* B*C* isthe point dividing
IH intheratio IG* : G*H =2 : 1.

ZIN homothety with centeP and factork is denoted by (P, k).



On the Nagel line and a prolific polar triangle 187

Figure 5.

Proof. The four pointsA, Ay, I, A, all lie on a circle with diametef A, which
we will call C,. Let H be the orthocenter of triangld BC', and S the (second)
intersection ofC/, with the altitudeAH. Construct also the parallelT” to B*C*
through A to intersect the circle af (see Figure 5).

Denote byR;, and R, the circumradii of trianglesi/C and AI B respectively.
BecauseC™* is the orthocenter of triangld B, we can writeAC* = R, - cos 4,
and similarly forAB*. Using this and the propertg*C* | AT, we have

Sllsy

sinTAA, sinAC*B* AB* Ry sin
sinTAA, sinAB*C* AC* R. sin

_Ic
~IB’

w|Q

The points4,, A. are onEF according to Lemma 2, so triangled, A, and

. - .. IC  TA.
riangleI BC' are similar. This impl = .
triangle I BC are similal iSi pleslE TA,

In any triangle, the orthocenter and circumcenter are knimare each other’s
isogonal conjugates. Applying this to triangheAd, A., we find that/SAA, =

/A AI. We can now see thég% = IAC'
c b

Combining these results, we obtain

SAb . IAC - e - SinTAAb - TAb
SA. IA, IB sinTAA, TA,
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This proves thaf'A.- SA, = SA.-T Ay, SOT A.S A, is a harmonic quadrilateral.
It follows that AC*, AB* divide AH, AT harmonically. BecausdT | B*C*,
we know thatA H must pass through the midpoint BfC*.

Let us callD* the midpoint ofB*C*, and consider the homothety= h(G*, —2).
Because takesD* to B* while AH || A* X, we know thatt takesAH to A*X.
Similar arguments applied t8 and B* establish thaf takesH to 1. a

2. Two more triads of circles

Consider again the orthogonal projectiofig A. of A on the bisector$37 and
CI. ltis clear that the circl€/, with diameter/ A in Theorem 6 contains the points
Y andZ as well. Similarly, we consider the circl€g andC, with diameters/ B
and/C (see Figure 6). It is easy to determine the intersectionketircles from
the two triad<,, Cp, C., andC;,, C;, C.., which we summarize in the following table.

Table 1. Intersections of circles

HEEEEYS
C, X, B, | X, C,
Gy | Y, Ay Y, X,
C.||Z, A.| Z, B.

Now we introduce another triad of circles.

Let X* (respectivelyY™*, Z*) be the intersection df with C, (respectivelyCy,
C.) different from X (respectivelyy’, Z). Consider also the orthogonal projections
Ay and A} of A* onto B* N, andC* N,, and similarly defined3;, B}, C, C;.

Lemma 7. The six points A*, Ay, A%, Y*, Z*, and N, all lie on the circle with
diameter A* N, (see Figure 6)

Proof. The pointsA; and A} lie on the circle with diameteA* N, by definition.

We know that the Nagel point and the Gergonne point are isotoonjugates,
so if we call Y’ the intersection ofBN, and AC, it follows thatYE = Y'E.
Therefore Y’ lies on(;,.

Clearly YY"’ is a diameter of’;. It follows from Theorem 5 thaB N, is per-
pendicular toA*C*, so their intersection point must lie @i. SinceY™ is the
intersection point ofA*C* and C, different fromY, it follows thatY* lies on
BN,.

Combining the above results, we obtain thgfy™* L A*Y™, soY ™ lies on the
circle with diameterd* N,. A similar proof holds forZ*. d

We will call this circleC;. Likewise,C; andC; are the ones with diameters
B*N, andC*N,. Here are the intersections of the circles in the two tria@d<;,
C., andC;, C;, C:.
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Figure 6.

Table 2. Intersections of circles

L T a [ & [ ¢ |
Ca X, B | X", C
C, | V¥, A; Y, X}
C.| Z°, A | Z*, B;

Lemma 8. Thecircle C; intersects C;, in the points Y* and A;. The point A; lies
on E'F (see Figure 7)

Proof. The pointY™* lies onC; by definition, and o€} by Lemma 7.

Consider the homothety := h(E, —1). We already know that(AC*) = C A*
and¢(BI) = B*N,. This shows that the intersection points are mapped onto eac
other, org(A4,) = A;. It follows that A; lies onC, and EF. a
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Figure 7.

The two triads of circles have some remarkable propertiesngly related to
the Nagel line and eventually to the Feuerbach point. Westalit with a property
that may be helpful later on.

Theorem 9. The point X has equal powers with respect to the circles Cy, C., C;,
and C! (see Figure 7)

Proof. Let us callS, the intersection oEY™* and BC', and.S; the intersection of
XY* and EF. Becausel’Y* is tangent td’, we haveS,Y* = S,X. Because
trianglesX S, Y* andS, EY * are similar, it follows thal?Y™* = E.S;,. This implies
that Sy lies onC, so in factS, and A; coincide. This shows thaX lies onY ™ A;.
Similar arguments can be used to prove thdies onZ*A*.

From Table 1, it follows thatd, Y (respectivelyA.Z) is the radical axis of the
circlesC!, andC, (respectivelyC.). Lemma 2 implies thaX lies on bothA,Y and
A.Z, soitis the radical center @f,, C;, andC..

From Lemma 8, it follows thaY ™ A; (respectivelyZ*AY) is the radical axis of
the circlesC, andC;; (respectivelyC. andC;). We have just proved that lies on
bothY*A; andZ* A}, so it is the radical center @f;, C;, andC... The conclusion
follows. O

3. Some similitude centers and the Nagel line

Denote byU, V, W the intersections of the Nagel lin&> with the linesEF,
DF and DFE respectively (see Figure 8).
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A

B* Figure 8.
Theorem 10. The point U is a center of similitude of circlesC/, and C;. Likewise,
V isacenter of similitude of circles C; and C;, and W of C and C;.

Proof. We know from Lemma 2 and Theorem 5 thatA; || AA,, and AT ||
A*N,, as well as4A; N, || Ayl. Hence triangles trianglel* N, A; and triangle
AT A, have parallel sides. It follows from Desargues’ theorent thd*, A, A;,
IN, are concurrent. Clearly, the point of concurrency is a geoftasimilitude of
both triangles, and therefore also of their circumcirc&sandC,. This point of
concurrency is the intersection point Bf" and the Nagel line as shown above, so
the theorem is proved. O

Theorem 11. The point U is a center of similitude of circlesC, and C... Likewise,
V isacenter of similitude of circlesC. and C,, and W of C, and Cp,.

Proof. By Theorem 10, we know that
AU AU
AU AU’ @)
By Table 1 and Theorem 8, we know thag, A} lie onC. and Ay, A; lie on G,

Knowing thatU lies onEF', the line connecting the centers@fandC,, relation
(1) now directly expresses thétis a center of similitude of, andC.. O

Depending on the shape of triangd&3C, the center of similitude of, andC,
which occurs in the above theorem could be either externatemal. Whichever
it is, we will meet the other in the next theorem.

Theorem 12. Thelines BV and CW intersect at a point on EF'. This point isthe
center of similitude different from U of C, and C.. (see Figure 9)

Proof. Let us callU’ the point of intersection oBV and EF. We have thatG =
BENCF andV = DF N BU'. By the theorem of Pappus-Pascal applied to the
collinear triplest, U’, F andC, D, B, the intersection of/'C and DFE must lie
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Figure 9.

B*

on GV, and therefore, it must b@’. It follows that BV andCW are concurrent
in the pointU’ on E'F.
DB FU’ DC  EU’
By similarity of triang| h = = )
y‘5|m.| arity of triangles, we av%—v TG and DW= W
This gives us:

WE VD UF EU'" DB UF DB

WD VF UE DC FU UE DC

HenceDU’, EV, FW are concurrent by Ceva’'s theorem applied to triangle
DEF. By Menelaus’s theorem applied to the transvel&dl U we obtain that/’

is the harmonic conjugate &f with respect toF and F'. Therefore, it is a center
of similitude ofC, andC.. O

—1.

Letus callX”,Y”, Z" the antipodes ok, Y, Z respectively on the incircl&.

Theorem 13. The point X” is the center of similitude different from U of circles
C, and C;. Likewise, Y is a center of similitude of C; and C;, and Z” one of C.,
andC}.

Proof. We construct the linéx» which passes through” and is parallel taBC'.
The triangle bounded by C, AB, [x~» hasI as its excircle oppositel. This im-
plies that its Nagel point lies od X", and because it is homothetic to triangle
ABC from centerA, we have thafX” lies on AN,. We have also proved that*,
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I, X are collinear, so it follows thak” lies on A*I. Hence the intersection point
of AN, andA*I is X", a center of similitude of, andC;, different fromU. O

Having classified all similitude centers of the pairs of leisc,, C; andCy, C,.
(and we obtain similar results for the other pairs of cir;lese now establish a
surprising concurrency. Not only does this involve hitbdriconspicuous points
introduced at the beginning @2, it also strongly relates the triange* B*C* to
the Nagel line ofABC.

Theorem 14. The triangles A*B*C* and X*Y*Z* are perspective at a point on
the Nagdl line (see Figure 10)

Proof. Considering the powers ol*, B*, C* with respect to the incircld" of
triangle ABC', we have

A*Z-A*ZF = A'Y*AYY, B*X*B*X =B*Z*B*Z, C*'X.C*X*=C*Y.C*'Y*.
From these,

X*C* Y*A* Z*B*  Z*B* X*C* Y*A*

B*Z C*X AY B*Z C*X A'Y
T XB* YC* ZA* ZA* XB* YC*
since A*B*C* and XY Z are perspective. By Ceva’s theorem, we conclude that
A*B*C* and X*Y*Z* are perspectivei.e.,, A*X™*, B*Y™*, C*Z* intersect at a
point Q).

To prove that() lies on the Nagel line, however, we have to go a considerable
step further. First, note that;Y*Z A, is a cyclic quadrilateral, becauseA; -
XY* = XA.-XZ using Theorem 9. We calV. the point whereDE meetsZY *
and working with directed angles we deduce that

LZY*Af = LZAU = AN AU = AN, A A; = KN,Y* A;

We conclude thaiv,., Y*, Z and therefore als@, Y*, U are collinear. Similar
proofs show that

UeYZ",\ VeXZ* VeZX" WeXY* WeYX".
If we construct the intersection points
J=FZ*NBC and K =DX"NAB,

we know that the pole off K with respect tal" is the intersection ofX Z* with
X*Z,which isV. The fact that/ K is the polar line ofl” shows thatB* lies on
JK, and that/ K is perpendicular to the Nagel line.

Now we construct the points

O=FEFNnDX*, P=DENFZ*, R=0DNFZ".

Recalling Lemma 1 and the definitions &f* and Z* following Lemma 3, we see
that O P is the polar line of@) with respect td’. We also know by similarity of
the trianglesORF and DRJ thatOR - RJ = DR - RF. Likewise, we find by
similarity of the trianglesk FRandDPRthatRF - DR = KR- RP. Combining
these identities we g& R - RJ = KR - RP, and this proves tha® P andJ K are

=1




194 J. Vonk

Figure 10.

parallel. ThusOP is perpendicular to the Nagel line, whence its pQldies on
the Nagel line. O

4. The Feuerbach point

Theorem 15. The line connecting the centers of C/, and C passes through the
Feuerbach point of triangle ABC'; so do thelines joining the centers of C;, C; and
those of C,, C (see Figure 11)
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Figure 11.

Proof. Let us callH, the orthocenter of triangld A, A.. SinceAlI is the diameter
of C! (as in the proof of Theorem 6), we havéi, = Al-cos A,AA. = Al-sin é,
where the last equality follows frofi— 4 = ZBIC = LA, A, = m— LA AA,.
By observing triangledl 7, for instance, and writing for the inradius of triangle
ABC we find that

AHa:AI-singzr.

Now consider the homothety with factor —1 centered at the midpoint of/
(which is also the center @f,). We have thai(A) = I andx(AH,) = A*I. But
we just proved thatl H, = » = I X", so it follows thaty(H,) = X"”. This shows
that X” lies on the Euler line of trianglél A, A.., so the line joining the centers of
C! andC; is exactly the Euler line of triangld A, Ay.

According to A. Hatzipolakis ([3]; see also [5]), the Eulerd of triangleA A, A,
passes through the Feuerbach point of triangleC. From this our conclusion
follows immediately. O

In summary, the Euler line of triangld A, A. and the Nagel line of triangle
ABC intersect onE F'. We will show that the circle€,, C; have another amazing
connection to the Feuerbach point.
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Theorem 16. Theradical axis of C, and C; passes through the Feuerbach point of
triangle ABC'; so do theradical axes of C;, C;, and of C,,, C} (see Figure 12)

I \

Figure 12.

Proof. Because the radical axis of two circles is perpendiculah#oline joining
the centers of the circles, the radical aRls of C/, andC} is perpendicular to the
Euler line of triangled A, A.. Since this Euler line containk”, and’R,, contains
X (see Theorem 9), their intersection lieslonThis point is also the intersection
point of the Euler line withl’, different from X”. It is the Feuerbach point of
ABC. U
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A Purely Geometric Proof of the Uniqueness of
a Triangle With Prescribed Angle Bisectors

Victor Oxman

Abstract. We give a purely geometric proof of triangle congruence loed
angle bisectors without using trigonometry, analysis &eddormulas for triangle
angle bisector length.

It is known that three given positive numbers determine gumitriangle with
the angle bisectors lengths equal to these humbers [1]efdrertwo triangles are
congruent on three angle bisectors. In this note we give @ geometric proof of
this fact. We emphasize that the proof does not use trigotrgnamalysis and the
formulas for triangle angle bisector length, but only swtithreasoning.

Lemma 1. Suppose triangles ABC and AB’C’ have a common angle at A, and
that theincircle of AB’C’ isnot greater than theincircle of ABC'. If C’ > C, then
the bisector of C’ isless than the bisector of C.

Proof. Let CF and C'F’ be the bisectors of angleS, C’ of triangles ABC,
AB’C’. AssumingC’ > C, we shall prove that’F’ < C'F'.

Figure 1.

Case 1. The triangles have equal incircles (see Figure 1thowtfiloss of gen-
erality assume&3 > B’ and the pointC’ betweenA andC'. Let O be the center of
the common incircle of the triangles. It is known tliaf" < OC andOF’ < OC'.
Hence, in areas,

AOFF' < AOCC'. (1)

Publication Date: December 1, 2008. Communicating EdNikolaos Dergiades.
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Letd, d’ be the distances of from the bisector€' I, C' F’ respectively. Since
LAOF' = ZOAC' + ZAC'O = 45& < 90°, we haveZAOF < LAOF' <
90°, andd < d'. Now, from (1), we have

ANOFF'+ ANOC'AF < AOCC' 4+ OC' AF.

This givesAAF'C’ < AAFC,orid - C'F' < 1d-CF. Sinced < d’, we have
C'F' < CF.

Case 2. The incircle afl B'C" is smaller than the incircle ol BC' (see Figure
2). Since the incircle oAB’C’ is inside triangleABC, we construct a tangent
B"(C" parallel toBC that is closer tad than BC. Let C”F" be the bisector of
triangle AB”C”. We haveC” F"||C'F and

C"F" < CF. )

Figure 2.

SinceZAC"B" = ZACB < LAC'B’, from Case 1 we have
C/F/ < C//F// (3)
From (2) and (3) we hav€’F’ < CF. O

Lemma 2. Suppose triangles ABC and AB’C’ have a common angle at A, and
a common angle bisector AD, the common angle not greater than any other angle
of AB'C’. If C' > C, then the bisector of C” isless than the bisector of C.

Proof. If the incirle of triangle AB’'C’ is not greater than that of BC, then the
result follows from Lemma 1.

Assume the incircle ofi B’C’ greater than the incircle of BC' (see Figure 3).
The line BC cuts the incircle ofAB’C’ incircle. Hence, the tangent frod to
this incircle meetsd B’ at a pointB” betweenB and B’. Let CF, C'F’ be the
bisectors of angleg’, C’ in triangles ABC and AB’C’ respectively. We shall
prove thatC’F’' < CF.

Consider also the bisecté!F” in triangle AB”C. SinceB is between4 and
B, F is betweend and F”. From lemma 1 we have

C'F' <CF" (4)
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A

Figure 3.

SinceZCB"A > ZC'B'A > /B'AC’', we haveZCF"”A > 90°, and from
triangle CFF"”
CF" < CF. (5)

From (4) and (5) we conclude th&fF’ < CF. O
Now we prove the main theorem of this note.

Theorem 3. If three internal angle bisectors of triangle ABC' are respectively
equal to three internal angle bisectors of triangle A’ B’C’, then the triangles are
congruent.

Proof. Denote the angle bisectors 4iBC by AD, BE, CF and letAD = A'D’,
BE =B'E'\CF =C'F'.

If for the angles of the triangles we have= A’, B = B’, C = (', then from
the similarity of ABC with A’B’C’ and of ABD with A’B’D’ we conclude the
congruence ofA BC with A’B'C".

Let A’ be an angle that is not greater than any other angle of teanlB’C’
and ABC. We construct a trianglel B;C; congruent toA’ B’C’ that hasAD as
bisector of angle3; ACY.

If A = AandC’ > C, then the trianglesi BC and AB;C satisfy the condi-
tions of Lemma 2. It follows tha®”’ F’ < C'F, a contradiction.

If A’ < A and the linesAB;, AC; meetBC at the pointsBsy, C> respectively,
without loss of generality we assunig betweenA and (5, possibly coinciding
with C5 (see Figure 4). Suppose the bisector of antyle B, meetsA B; at F» and
AB at F3. Since trianglesA B;C; and AByC5 satisfy the conditions of Lemma 2,
we have

C'F’ < CoFy < CyFs. (6)
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Figure 4.

The incircle of triangleABC5 is smaller than that of trianglel BC. Since
/ACyB > ZACB, by Lemma 15 F3 < C'F and from (6) we concludé’ F’ <
CF. This again is a contradiction. Hence, triangieBC and A’ B’C" are congru-
ent. O
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An Elementary Proof of a Theorem by Emelyanov

Eisso J. Atzema

Abstract. In this note, we provide an alternative proof of a theoremlLby
Emelyanov stating that the Miquel point of any complete gilaigral (in general
position) lies on the nine-point circle of the triangle fardhby the diagonals of
that same complete quadrilateral.

1. Introduction and terminology

In their recent book on the geometry of conics, Akopyan anslaXaky prove
a curious theorem by Lev Emelyanov on complete quadrilsterBheir proof is
very concise, but it does rely on the theory of conic sectiasspresumably does
Emelyanov’s original proof. Indeed, it is the authors’ @ntton that the theorem
does not seem to allow for a “short and simple” proof withasing the so-called
inscribed parabola of the complete quadrilatérai. this note, we will show that
actually it is possible to avoid the use of conic sections @ndive a proof that
uses elementary means only. It is left to the reader to deeiasher our proof is
reasonably short and simple.

Recall that acompletequadrilateral is usually defined as the configuration of
four given lines, no three of which are concurrent, and th@eints at which they
intersect each other. For this paper, we will also assuntenthéwo of the lines
are parallel. Without loss of generality, we can think of anpdete quadrilateral
as the configuration associated with a quadrilatdrBIC' D in the traditional sense
with no two sides parallel and no two vertices coincidingetiimer with the points
= AD N BC andG = AB N CD. By abuse of notation, we will refer to
a generic complete quadrilateral as@npletequadrilateralJABC D, where we
will assume that none of the sides AfBC' D are parallel and no three are con-
current.? The linesAC, BD and FG are known as thdiagonalsof JABCD.
Let AC N BD be denoted by and so on. Then, the triangleE 4o Egp Erc
formed by the diagonals aflABC D is usually referred to as thdiagonal trian-
gleof JABCD (see Figure 2). With these notations, we are now ready toeprov
Emelyanov’s Theorem.

Publication Date: December 3, 2008. Communicating EdRaul Yiu.
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2. Eméyanov’s Theorem

We will prove Emelyanov’s Theorem as a corollary to a sliglitiore general
result. For this we first need the following lemma (see Fid)re

Lemma 1. For any complete quadrilaterdlABC' D (as defined abovedet Fpe
be the unique point oD such thatF'gc Epg is parallel to BC and let Fpy,
Gap and Gop be defined similarly. Finally, leF; and G be the midpoints of
FEpgc andGErg, respectively. Thet'ze, Fpa, Gap, Gop all four lie on the
line FoGp.

Figure 1. Collinearity o'sc, Fpa, Gas, Gep and of Fg, Gp

Proof. Note that by the harmonic property of quadrilaterals, tdesD A and BC
are harmonically separated WyErs and F'G. Therefore, the pointé’p4 and
Fpe are harmonically separated by the points of interseci@yg N FpaFpc
andF'G N FpaFpc. By the construction ofp4 and Fpo, EraFpaF Fpo is a
parallelogram and therefolErc N FpaFpc coincides withf;. As Fg is also
the midpoint of F'p 4 Fise, it follows that FG N Fp 4 Fpc has to be the point at
infinity of Fp4Fpc. In other wordsF'G and Fp 4 Fpc are parallel. AFGr is
parallel toF'G as well andF also lies onFp 4 Fipe, it follows that F'p 4 Fipe and
FoGF coincide. By the same argumeit, gG¢op coincides withF G as well.
It follows that the six points are collinear. O

, . _ D
Corollary 2. With the notation introduced above, the directed rat%gc—A and
BC

FpaC . GepA GapD
are equal, as are the ratios and .
FpaB q FopB FupC

Proof. It suffices to prove the first part of the statement. Note tlyatdnstruction
FpeD
FBcA

of the |iHESEpgD, EpgA, FEraFpeo, andEngDA. Similarly, the ratio

the ratio is equal to the cross I’atikEpgD, EpgA; ErcFpeo, EFGFDA]

FpaC
FpaB
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equals the cross rati®rcC, ErpgB; ErgFpa, EraFpc]. As ED is parallel to
E B, while EA is parallel toEC, the two cross ratios are equal. Therefore, the two
ratios are equal as well. a

We are now ready to derive our main result. We start with a larabout Miquel
points, which we prefer to associate to a complete quadrdaflABC D, rather
than toABCD.

Lemma 3. For any quadrilateral ABC D (with its sides in general positionjhe
Miquel points of 1AB Fp 4 Fpc andUC' D Fpeo Fp 4 both coincide with the Miquel
point M of JABC'D.

Proof. Let M be constructed as the second point of intersection (otlaer A of
the circumcircles oNFAB and AFCD. By Corollary 2, the ratio of the power
of Fpc with respect to the circumcircle gk FC' D and the power of'gc with
respect to the circumcircle ak FFAB equals the ratio of the power &fp 4 with
respect to the same two circles. This means gt and Fp 4 lie on the same
circle of the coaxal system generated by the circumcirdes BC D andAF AB.
In other words,F', Fc, Fpa and M are co-cyclic. Sincel! lies on both the
circumcircle of AFgc Fp 4 F and the circumcircle of\ F AB, it follows that M is
also the Miquel point of JABFp 4 Fpc. By a similar argument)/ is the Miquel
point of UCDFpcFp 4 as well. O

Figure 2. Coincidence of Miquel points

Corollary 4. For any quadrilateral ABC' D (with sides in general positionjhe
(orthogonal) projection of\f on Fgc Fp 4 lies on the pedal line di1ABCD.

Proof. By Lemma 3 and the properties of Miquel points, the (orth@dpprojec-
tion of M on FgcFp 4 is collinear with the (orthogonal) projections bf on AB,
BFp4 and Fgc A, i.e. its projections oM B, BC, andDA. But for ABCD in
general position, the latter points do not all three coiacids they also lie on the
pedal line of JABC D, they therefore define the pedal line and the (orthogonal)
projection of M on FgcFp4 has to lie on it. O
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Now, let M 4¢ be the midpoint ofEgp Ere and so on. ClearlyM cMpp
coincides withFgcFpa. Furthermore, Corollary 4 applies to the quadrilater-
als AFCG and BFDG as well. SincdJAFCG andOBF DG coincide with
OABC D, their Miquel points also coincide. These observations édiately lead
to our main result.

Theorem 5. For any quadrilateral ABC' D (with sides in general positionjhe
(orthogonal) projections of the Miquel poidt/ of JABCD on the sides of the
triangle AMacMpp Mpq all three lie on the pedal line dflABC D.

Emelyanov’s Theorem follows from Theorem 5 as a corollary.

Corollary 6 (Emelyanov) For any quadrilateral ABC' D (with sides in general
position) the Miquel pointM of ABCD lies on the nine-point circle of the
diagonal triangleAE4scEpp Erq 0f UABCD.

Proof. Since the (orthogonal) projections &f on the sides oNM cMpp Mrc
are collinear,M has to lie on the circumcircle ch M 4o Mpp Mpqg. But this is
the same as saying th&f lies on the nine-point circle ch Exac Fpp Erg. O

3. Conclusion

In this note we derived an elementary proof of Emelyanov'edrem as stated
in [?] from a more general result. At this point, it is unclear towisether this
Theorem 5 may have any other implications than Emelyanotssofem, but it
was not our goal to look for such implications. Similarly, e@uld have shortened
our proof a little bit by noting that Corollary 2 implies thAz-Fp 4 is a tangent
line to the unique inscribed parabolaléfA BC'D. The same parabola therefore is
also the inscribed parabolaf®ABFp 4 Fgc andCOC D FEFgcFp 4. Since the focal
point of the parabola inscribing a complete quadrilatesathie Miquel point of
the same, Lemma 3 immediately follows. As stated in the éhtotion, however,
our goal was to provide a proof of the theorem without usirgyttieory of conic
sections.

Reference
[1] A. V. Akopyan and A. A. ZaslavskyGeometry of ConigdMathematical WorlgdVol. 26, Amer.
Math. Soc. 2007.

Eisso J. Atzema: Department of Mathematics, University afrid, Orono, Maine 04469, USA
E-mail addressat zema@mat h. unmai ne. edu



Forum Geometricorum
Volume 8 (2008) 205-208.

FORUM GEOM
ISSN 1534-1178

A Generalization of Thébault's Theorem on
the Concurrency of Three Euler Lines

Shao-Cheng Liu

Abstract. We prove a generalization of Victor Thébault's theoreat thH,, H, H..
is the orthic triangle ofA BC, then the Euler lines of triangle$H.H,, BH. H.,
andCH,H,, are concurrent at the center of the Jerabek hyperbola whittei
isogonal tranform of the Euler line.

In this note we generalize a theorem of Victor Thébault'gigsn in [1, Theorem
1]. Given a triangleA BC with orthic triangle H, H, H,., the Euler lines of the
trianglesAH,H., BH.H,, andC H, H, are concurrent at a point on the nine-point
circle, which is the center of the Jerabek hyperbola, thgdsal transform of the
Euler line of triangleABC.

Since triangleAH.H, is similar to ABC, it is the reflection in the bisector
of angle A of a triangle AB,C,, which is a homothetic image ABC. Let P
be a triangle center of triangld BC'. Its counterpart inAH_.H, is the pointP,
constructed as the reflection in the bisector of angjlef the point onAP which
is the intersection of the parallels ®P, C'P throughC,, B, respectively (see
Figure 1).

Figure 1.

Note that the circumcent&p, of triangle AH.H, is the midpoint ofAH. It is
also the reflection (in the bisector of anglg of the circumcente)!, of triangle
AB,C,. The lineO, P, is the reflection of)/ P, in the bisector of anglel.

Publication Date: December 5, 2008. Communicating EdRaul Yiu.
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Here is an alternative description of the lidg P, that leads to an interesting
result. Consider the lin€, through A parallel toO P, and its reflectior/,, in the
bisector of angled. It is well known that¢, intersects the circumcircle at a point
Q' which is the isogonal conjugate of the infinite point@f. Now, the lineO, P,
is clearly the image of, under the homothetki( H, %). As such, it contains the
midpointQ of the segmentl Q’.

Figure 2.

The above reasoning applies to the liags?, andO_ P, as well. The reflections
of the parallels t@) P through B andC in the respective angle bisectors intersect
the circumcircle ofABC' at the same poinf)’, which is the isogonal conjugate
of the infinite point ofOP (see Figure 3). Therefore, the linég P, and O.P.
also contain the same poi@t, which is the image of th€)’ under the homothety
h(H, %). As such, it lies on the nine-point circle of triangleAC. It is well
known (see [3]) that) is the center of the rectangular circum-hyperbola which is
the isogonal transform of the lin@ P.

We summarize this in the following theorem.

Theorem. Let P beatriangle center of triangle ABC. If P,, P,, P. arethe corre-
sponding triangle centersin triangles AH.H,, BH,H ., C HyH, respectively, the
lines O, F,, Oy Py, O.P, intersect at a point Q on the nine-point circle of ABC,
which isthe center of the rectangular circumhyperbola which istheisogonal trans-
formof theline OP.

Thébault’s theorem is the case whBrns the orthocenter.
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Figure 3.

We conclude with arecord of coordinates. SuppB¢®s homogeneous barycen-
tric coordinatequ : v : w) in reference to trianglel BC. The lineO,P,, Oy F,
O.P. intersect at the point

Q= ((b2 — A u+a(v —w)) (A (a® + b — A — (P + a® — b*)w)
(= a®)v 4+ 0 (w —u))(a® (b + & — aP)w — P (a® + ¥ — F)u)
s (@ = ) w + A u— ) (0 (2 + a® — b)u — a* (b + ¢ — a®)v))

)
)

on the nine-point circle, which is the center of the rectdagbyperbola through
A, B,C, H and

a2

<((62 —c2)2 —a?(0? + 2))u + a?(b? + % — a?) (v + w)
b2
(@ = a2 — (Pt a?))v + B2(A2 + a — b2)(w + u)

Q =

62
:«&—my—&mtm%m+&mmw%%%m+@>

on the circumcircle. Here are some examples. The labelingiaofgle centers
follows [2].
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| P | Q on nine-point circlgl Q" on circumcircle]
OrthocenterX 4 Jerabek centeK o5 X7
Symmedian poinfXg | Kiepert centetXi5 Xog
IncenterX; Feuerbach poink;; | X4
Nagel pointXs X3259 Xos3
Spieker centeX X194 X102
Xe6 X127 X1297
Steiner pointhg Xog79 Xogos
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