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On an Affine Variant of a Steinhaus Problem

Jean-Pierre Ehrmann

Abstract. Given a triangleABC and three positive real numbersu, v, w, we
prove that there exists a unique pointP in the interior of the triangle, with ce-
vian trianglePaPbPc, such that the areas of the three quadrilateralsPPbAPc,
PPcBPa , PPaCPb are in the ratiou : v : w. We locateP as an intersection of
three hyperbolas.

In this note we study a variation of the theme of [2], a generalization of a prob-
lem initiated by H. Steinhaus on partition of a triangle (see[1]). Given a triangle
ABC with interior T , and a pointP ∈ T with cevian trianglePaPbPc, we de-
note by∆A(P ), ∆B(P ), ∆C(P ) the areas of the oriented quadrilateralsPPbAPc,
PPcBPa, PPaCPb. In this note we prove that given three arbitrary positive real
numbersu, v, w, there exists a unique pointP ∈ T such that

∆A(P ) : ∆B(P ) : ∆C(P ) = u : v : w.

To this end, we define

f(P ) = ∆A(P ) : ∆B(P ) : ∆C(P ).

This is the point ofT such that

∆[BCf(P )] = ∆A(P ), ∆[CAf(P )] = ∆B(P ), ∆[ABf(P )] = ∆C(P ).

Lemma 1. If P has homogeneous barycentric coordinatesx : y : z with reference
to triangleABC, then

f(P ) =
(y + z)(2x + y + z)

x
:

(z + x)(2y + z + x)

y
:
(x + y)(x + y + 2z)

z
.

Proof. If P = x : y : z, we have

−−→
APc =

y
−−→
AB

x + y
,

−→
AP =

y
−−→
AB + z

−→
AC

x + y + z
,

−−→
APb =

z
−→
AC

x + z
,

so that

∆a(P ) = ∆(APcP ) + ∆(APPb) =
y z

x + y + z
(

1

x + y
+

1

x + z
) ∆(ABC).

Publication Date: January 7, 2008. Communicating Editor: Paul Yiu.
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By cyclic permutations ofx, y, z, we get the values of∆B(P ) and∆C(P ), and
the result follows. �

We shall prove thatf : T → T is a bijection. We adopt the following nota-
tions.

(i) Ga, Gb, Gc are the vertices of the anticomplementary triangle. They are the
imagesA, B, C under the homothetyh(G,−2), G being the centroid ofABC.

(ii) P ∗ denotes the isotomic conjugate ofP with respect toABC. Its tracesP ∗

a ,
P ∗

b , P ∗

c on the sidelines ofABC are the reflections ofPa, Pb, Pc with respect to
the midpoint of the corresponding side.

(iii) [L]∞ denotes the infinite point of a lineL.

Proposition 2. Let P = x : y : z andU = u : v : w. The linesGaP andP ∗

a U

are parallel if and only ifP lies on the hyperbolaHa,U throughA, Ga, U∗

a , the
reflection ofU∗

b in C and the reflection ofU∗

c in B.

Proof. As P ∗

a = 0 : z : y and[GaP ]∞ = −(2x + y + z) : z + x : x + y, the lines
GaP andP ∗

a U are parallel if and only if

ha,U (P ) := det([GaP ]∞, P ∗

a , U)

=

∣

∣

∣

∣

∣

∣

−(2x + y + z) z + x x + y

0 z y

u v w

∣

∣

∣

∣

∣

∣

= x((u + v)y − (w + u)z) + (x + y + z)(vy − wz)

= 0.

It is clear thatha,U (P ) = 0 defines a conicHa,U throughA = 1 : 0 : 0, and the
infinite points of the linesx = 0 and(u+ v)y − (w + u)z = 0. These are the lines
BC andGaU . It is also easy to check that it contains the pointsGa = −1 : 1 : 1,
U∗

a = 0 : w : v, and

U∗

bc := − w : 0 : u + 2w,

U∗

cb := − v : u + 2v : 0.

These latter two are respectively the reflections ofU∗

b in C andU∗

c in B. The conic
Ha,U is a hyperbola since the four pointsA, Ga, U∗

bc andU∗

cb do not fall on two
lines. �

By cyclic permutations of coordinates, we obtain two hyperbolae Hb,U and
Hc,U defined by

hb,U (P ) := det([GbP ]∞, P ∗

b , U) = 0,

hc,U (P ) := det([GcP ]∞, P ∗

c , U) = 0.

It is easy to check that ifU = f(P ), then

ha,U (P ) = hb,U (P ) = hc,U (P ) = 0.

From this we obtain a very easy construction of the pointf(P ).
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Corollary 3. The pointf(P ) is the intersection of the lines throughP ∗

a , P ∗

b and
P ∗

c parallel toGaP , GbP , GcP respectively.See Figure 1.

A

B C

Ga

GbGc

P P∗

P∗

a

P∗

b

P∗

c

f(P )

Figure 1.

Proof. The linesGaP , GbP , GcP are parallel toP ∗

a f(P ), P ∗

b f(P ), P ∗

c f(P ) re-
spectively. �

Remarks.(1) Ha,U degenerates if and only ifv = w, i.e., whenU lies on the
medianAG. In this case,Ha,U is the union of the medianAG and of a line
parallel toBC.

(2) P , P ∗, f(P ) are collinear.
(3) As ha,U (P ) + hb,U (P ) + hc,U (P ) = 0, the three hyperbolaeHa,U , Hb,U ,

Hc,U are members of a pencil of conics. IfU ∈ T , the pointsP for which
f(P ) = U are their common points lying inT .

Lemma 4. If U ∈ T , Ha,U andHb,U have a real common point inT and a real
common point inTA, reflection inA of the open angular sector bounded by the
half linesAB andAC.

Proof. Using the fact thatHa,U passes through[BC]∞, we can cutHa,U by lines
parallel toBC to get a rational parametrization ofHa,U . More precisely, letBt

andCt be the images ofB andC under the homothetyh(A, 1 − t). The point

(1 − µ)Bt + µCt = t : (1 − µ)(1 − t) : µ(1 − t)

lies onHa,U if and only if

µ = µt =
v + t(u + v)

v + w + t(2u + v + w)
.
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Let P (t) = (1 − µt)Bt + µtCt. It has homogeneous barycentric coordinates

t((v + w) + t(2u + v + w)) : (1 − t)(w + t(w + u)) : (1 − t)(v + t(u + v)).

with coordinate sum is(v + w) + t(2u + v + w).
If t ≥ 0, we have0 < µt < 1. It follows that, for0 < t < 1, P (t) ∈ T and for

t > 1, P (t) ∈ TA. Consider

ϕ(t) :=
hb,U (P (t))

(u + v + w)((v + w) + t(2u + v + w))2
.

More explicitly,

ϕ(t) =
2(u + v)(u + w)(u + v + w)t4 + lower degree terms oft

(u + v + w)(v + w + t(2u + v + w))2
.

Clearly, ϕ(0) = 2vw
(v+w)(u+v+w) > 0 andϕ(1) = − u

u+v+w
< 0. Note also that

ϕ(+∞) = +∞. As ϕ is continuous fort ≥ 0, the result follows. �

Theorem 5. If U ∈ T , the three hyperbolasHa,U , Hb,U , Hc,U have four distinct
real common points, exactly one of which lies inT . This point is the only point
P ∈ T satisfyingf(P ) = U .

A

B C

Ga

GbGc

U U∗

U∗

a

U∗

b

U∗

c

U∗

ab U∗

ac

U∗

ca

U∗

cb

U∗

ba

U∗

bc

Figure 2.
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Proof. In a similar way as in Lemma 4, we can see thatHb,U andHc,U have a
common point inT and a real common point inTB and thatHc,U andHa,U have
a real common point inT and a real common point inTB. As the four setsT , TA,
TB, TC pairwise have empty intersection, it follows thatHa,U , Hb,U , Hc,U have
four real common points, one in each ofT , TA, TB andTC . See Figure 2. �

Remark.(4) If U ∈ T , the pointsP such that

∆(APcP ) + ∆(APPb) : ∆(BPaP ) + ∆(BPPc) : ∆(CPbP ) + ∆(CPPa) = u : v : w

are the four common points ofHa,U , Hb,U andHc,U .

Remark (2) shows thatf−1(U) lies on the isotomic cubic with pivotU . Clearly,
f(G) = f−1(G) = G.

References

[1] A. Tyszka, Steinhaus’ problem on partition of a triangle, Forum Geom., 7(2007) 181–185.
[2] J.-P. Ehrmann, Constructive solution of a generalization of Steinhaus’ problem on partition of a

triangle,Forum Geom., 7 (2007) 187–190.
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Two Triads of Congruent Circles from Reflections

Quang Tuan Bui

Abstract. Given a triangle, we construct two triads of congruent circles through
the vertices, one associated with reflections in the altitudes, and the other reflec-
tions in the angle bisectors.

1. Reflections in the altitudes

Given triangleABC with orthocenterH, let Ba andCa be the reflections ofB
andC in the lineAH. These are points on the sidelineBC so thatBCa = CBa.
Similarly, consider the reflectionsCb, Ab of C, A respectively in the lineBH, and
Ac, Bc of A, B in the lineCH.

Theorem 1. The circles ACbBc, BAcCa, and CBaAb are congruent.

H

A

B C

Cb

Bc

Ac

Ca

Ba

Ab

Oa

Ob Oc

Figure 1.

Proof. Let O be the circumcenter of triangleABC, andX its reflection in the
A-altitude. This is the circumcenter of triangleABaCa, the reflection of triangle
ABC in its A-altitude. See Figure 2. It follows thatH lies on the perpendicular
bisector ofOX, andHX = OH. Similarly, if Y andZ are the reflections ofO in
the linesBH andCH respectively, thenHY = HZ = OH. It follows thatO, X,
Y , Z are concyclic, andH is the center of the circle containing them. See Figure
3.

Publication Date: January 14, 2008. Communicating Editor:Paul Yiu.
The author thanks Paul Yiu for his help in the preparation of this paper.
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O

H

A

B C
Ca

Ba

X

Figure 2

O

H

A

B C

Cb

Bc

Ac

Ca

Ba

Ab

X

Y

Z

Figure 3

Let O be the circumcenter of triangleABC. Note the equalities of vectors

OX =BCa = CBa,

OY =CAb = ACb,

OZ =ABc = BAc.

The three trianglesACbBc, BAcCa, andCBaAb are the translations ofOY Z

by OA, OZX by OB, andOXY by OC respectively.

O

H

A

B C

Cb

Bc

Ac

Ca

Ba

Ab

Oa

Ob Oc

X

Y

Z

Figure 4.

Therefore, the circumcircles of the three triangles are allcongruent and have
radiusOH. Their centers are the translations ofH by the three vectors. �
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2. Reflections in the angle bisectors

Let I be the incenter of triangleABC. Consider the reflections of the vertices
in the angle bisectors:B′

a, C ′

a of B, C in AI, C ′

b, A′

b of C, A in BI, andA′

c, B′

c

of A, B in CI. See Figure 5.

Theorem 2. The circles AC ′

bB
′

c, BA′

cC
′

a, and CB′

aA
′

b are congruent.

I

A

B C

A′

c

A′

b

B′

a

C′

b

B′

c

C′

a

Oa

Ob

Oc

Figure 5.

Proof. Consider the reflectionsB′′

c , C ′′

b of B′

c, C ′

b in AI, C ′′

a , A′′

c of C ′

a, A′

c in BI,
andA′′

b , B′′

a of A′

b, B′

a in CI. See Figure 6.

I

A

B C

A′

c

A′

b

B′

a

C′

b

B′

c

C′

a

A′′

c

A′′

b

B′′

a

B′′

c

C′′

b

C′′

a

Figure 6

I

O

A

B C

A′

c

A′

b

B′

a

C′

b

B′

c

C′

a

A′′

c

A′′

b

B′′

a

B′′

c

C′′

b

C′′

a

X′

Y ′

Z′

Figure 7
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Note the equalities of vectors

BC
′′

a = CB
′′

a, CA
′′

b = AC
′′

b, AB
′′

c = BA
′′

c.

With the circumcenterO of triangleABC, these define pointsX ′, Y ′, Z ′ such that

OX
′ =BC

′′

a = CB
′′

a,

OY
′ =CA

′′

b = AC
′′

b,

OZ
′ =AB

′′

c = BA
′′

c.

The trianglesAC ′′

b B′′

c , BA′′

cC
′′

a andCB′′

aA′′

b are the translations ofOY ′Z ′, OZ ′X ′

andOX ′Y ′ by the vectorsOA, OB andOC respectively. See Figure 7.
Note, in Figure 8, thatOX ′C ′′

aC is a symmetric trapezoid andIC ′′

a = IC ′

a =
IC. It follows that trianglesIC ′′

aX ′ and ICO are congruent, andIX ′ = IO.
Similarly, IY ′ = IO andIZ ′ = IO. This means that the four pointsO, X ′, Y ′,
Z ′ are on a circle centerI. See Figure 9. The circumcentersO′′

a , O′′

b , O′′

c of the
trianglesAC ′′

b B′′

c , BA′′

cC
′′

a andCB′′

aA′′

b are the translations ofI by these vectors.
These circumcircles are congruent to the circleI(O).

I O

A

B CA′

c A′

b

B′

a

C′

b

B′

c

C′

a

A′′

c

A′′

b

B′′

a

B′′

c

C′′

b

C′′

a

X′

Figure 8

I

O

A

B C

A′′

c

A′′

b

B′′

a

B′′

c

C′′

b

C′′

a

X′

Y ′

Z′

O′′

a

O′′

b
O′′

c

Figure 9

The segmentsAO′′

a , BO′′

b andCO′′

c are parallel and equal in lengths. The tri-
anglesAC ′

bB
′

c, BA′

cC
′

a andCB′

aA
′

b are the reflections ofAC ′′

b B′′

c , BA′′

cC
′′

a and
CB′′

aA′′

b in the respective angle bisectors. See Figure 10. It followsthat their cir-
cumcircles are all congruent toI(O). �

Let O′

a, O′

b, O′

c be the circumcenters of trianglesAC ′

bB
′

c, BA′

cC
′

a andCB′

aA
′

b

respectively. The linesAO′

a andAO′′

a are symmetric with respect to the bisector
of angleA. SinceAO′′

a, BO′′

b andCO′′

c are parallel to the lineOI, the reflections
in the angle bisectors concur at the isogonal conjugate of the infinite point ofOI.
This is a pointP on the circumcircle. It is the triangle centerX104 in [1].

Finally, sinceIO′′

a = IO′′

b = IO′′

c , we also haveIO′

a = IO′

b = IO′

c. The6
circumcenters all lie on the circle, centerI, radiusR.
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I
O

A

B C

A′

c

A′

b

B′

a

C′

b

B′

c

C′

a

A′′

c

A′′

b

B′′

a

B′′

c

C′′

b

C′′

a

X′

Y ′

Z′

O′

a

O′

b

O′

c

O′′

a

O′′

b
O′′

c

P

Figure 10.

To conclude this note, we establish an interesting propertyof the centers of the
circles in Theorem 2.

Proposition 3. The lines O′

aI , O′

bI and O′

cI are perpendicular to BC , CA and
AB respectively.

O

I

A

B C

M
C′

b

B′

c
B′′

c

C′′

b

O′

a

O′′

a

Figure 11.
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Proof. It is enough to prove that for the lineO′

aI. The other two cases are similar.
Let M be the intersection (other thanA) of the circle(O′

a) with the circumcircle
of triangleABC. SinceIO′

a = OM (circumradius) andO′

aM = IO, O′

aMOI

is a parallelogram. This means thatO
′

aM = IO = O
′′

aA, andAMO′

aO
′′

a is
also a parallelogram. From this we conclude thatAM , being parallel toO′′

aO′

a, is
perpendicular to the bisectorAI. Thus,M is the midpoint of the arcBAC, and
MO is perpendicular toBC. SinceO′

aI = MO, the lineO′

aI is also perpendicular
to BC. �

Since the six circles(O′

a) and (O′′

a) etc are congruent (with common radius
OI) and their centers are all at a distanceR from I, it is clear that there are two
circles, centerI, tangent to all these circles. These two circles are tangentto the
circumcircle, the point of tangency being the intersectionof the circumcircle with
the lineOI. These are the triangle centersX1381 andX1382 of [1].

O

I

A

B C

O′

a

O′

b

O′

c

O′′

a

O′′

b

O′′

c

X1381

X1382

Figure 12.

References

[1] C. Kimberling,Encyclopedia of Triangle Centers, available at
http://faculty.evansville.edu/ck6/encyclopedia/ETC.html.

Quang Tuan Bui: 45B, 296/86 by-street, Minh Khai Street, Hanoi, Vietnam
E-mail address: bqtuan1962@yahoo.com



Forum Geometricorum
Volume 8 (2008) 13–25. b b

b

b

FORUM GEOM

ISSN 1534-1178

Angles, Area, and Perimeter Caught in a Cubic

George Baloglou and Michel Helfgott

Abstract. The main goal of this paper is to establish sharp bounds for the angles
and for the side ratios of any triangle of known area and perimeter. Our work is
also related to the well known isoperimetric inequality.

1. Isosceles triangles sharing area and perimeter

Suppose we wish to determine all isosceles triangles, if any, of area3 and
perimeter10 – a problem that is a bit harder than the corresponding well known
problem for rectangles!

Let x be the length of the base andy the length of the two equal sides,x <

2y. Then the height of the isosceles triangles we wish to determine is equal to
√

y2 − x2

4 . Thusx+2y = 10 while x
2

√

y2 − x2

4 = 3. Hencex
2

√

(

5 − x
2

)2
− x2

4 =

3, which leads to5x3 − 25x2 + 36 = 0. The positive roots of this cubic are
x1 ≈ 1.4177 andx2 ≈ 4.6698, so thaty1 ≈ 4.2911 andy2 ≈ 2.6651. Thus there
are just two isosceles triangles of area3 and perimeter10 (see Figure 1).

x ≈ 1.4177

z ≈ 4.2911y ≈ 4.2911

x ≈ 4.6698

z ≈ 2.6651y ≈ 2.6651

Figure 1. The two isosceles triangles of area3 and perimeter10

Are there always isosceles triangles of areaA and perimeterP? A complete
answer is provided by the following lemma and theorem.

Lemma 1. Letx be the base of an isosceles triangle with given areaA and perime-
ter P . Then

2Px3 − P 2x2 + 16A2 = 0. (1)

Publication Date: January 22, 2008. Communicating Editor:Paul Yiu.



14 Angles, area, and perimeter caught in a cubic

Proof. Working as in the above special case, we obtainy = P−x
2 andx

2

√

y2 − x2

4 =

A; substituting the former condition into the latter, we arrive at (1). �

Theorem 2. There are exactly two distinct isosceles triangles of area Aand perime-
ter P if and only ifP 2 > 12

√
3A. There is exactly one if and only ifP 2 = 12

√
3A

and the triangle is equilateral. The vertex anglesφ1 < φ2 of these two isosceles
triangles also satisfyφ1 <

π
3 < φ2.

Proof. Let f(x) be the cubic in (1). We first show that it has at most two distinct
positive roots. Indeed the existence of three distinct positive roots would yield, by
Rolle’s theorem, two distinct positive roots forf ′(x) = 6Px2 − 2P 2x; but the
roots off ′(x) arex = P

3 andx = 0.
Notice now thatf ′′(x) = 12Px−2P 2, hencef ′′(0) = −2P 2 < 0 andf ′′(P

3 ) =

2P 2 > 0. So f has a positive local maximum of16A2 at x = 0 and a local
minimum atx = P

3 (Figure 2). It is clear thatf has two distinct positive roots

x1 <
P
3 < x2 if and only if f(P

3 ) < 0; but f(P
3 ) = −P 4

27 + 16A2, sof(P
3 ) < 0 is

equivalent toP 2 > 12
√

3A.

100

200

300

400

−100

−200

1 2 3 4 5−1

x

Figure 2. 2Px
3
− P

2
x

2
+ 16A

2 for A = 3 andP = 10

Moreover,f(P
3 ) = 0 if and only if P 2 = 12

√
3A, implying thatf(x) = 0 has

precisely one (‘tangential’) positive solution if and onlyif P 2 = 12
√

3A. As it
turns out, the cubic is then equivalent to(3x − P )2(6x + P ) = 0, and its unique
positive solution corresponds to the equilateral triangleof side P

3 .
As also noticed in [1], the vertex anglesφ1 andφ2 of the two isosceles triangles

of areaA and perimeterP (that correspond to the positive rootsx1 and x2 of
(1)) do satisfy the inequalitiesφ1 < π

3 < φ2. These inequalities follow from
x1 <

P
3 < x2 since, in every triangle, the greater angle is opposite the greater side:

indeed in every isosceles triangle of perimeterP , basex, vertex angleφ, and sides



G. Baloglou and M. Helfgott 15

y = z, the inequalityx < P
3 implies y = z > P

3 , so thaty = z > x; therefore
π−φ

2 > φ, thusφ < π
3 . In a similar fashion one can prove thatx > P

3 implies
φ > π

3 . �

Remark.That the cubic in (1) can have at most two distinct positive roots may
also be derived algebraically. Indeed, the existence of three distinct positive roots
x1, x2, x3 would imply that the cubic may be written asc(x−x1)(x−x2)(x−x3),
with c(x1x2 + x2x3 + x3x1) being thepositivecoefficient of the first power of
x. That would contradict the fact that the cubic being analyzed has zero as the
coefficient of the first power ofx.

2. The isoperimetric inequality for arbitrary triangles

We have just seen that the inequalityP 2 ≥ 12
√

3A holds for every isosceles
triangle, with equality precisely when the triangle is equilateral. We will prove
next that thisisoperimetricinequality ([5, p.85], [3, p.42]) holds for every triangle.

First we notice that for every scalene triangleBCD, there exists an isosceles
triangleECD with BE parallel toCD (see Figure 3). Letℓ be the line through
B parallel toCD andF be the symmetric reflection of D with respect toℓ. Let
E andG be the points ofℓ onCF andDF , respectively. Clearly,EG‖CD and
|FG| = |DG| imply |FE| = |CE|. Moreover, trianglesFGE andDGE are
congruent by symmetry, therefore|FE| = |DE|. We conclude that triangleECD
is isosceles with|CE| = |DE|.

GB E

F

H DC

ℓ

Figure 3. Reduction to the case of an isosceles triangle

It follows immediately fromBE‖CD that ∆ECD and ∆BCD have equal
areas. Less obviously, the perimeter of∆ECD is smaller than that of∆BCD :
|CD|+ |DE|+ |EC| = |CD|+ |FE|+ |EC| = |CD|+ |FC| < |CD|+ |FB|+
|BC| = |CD| + |DB| + |BC|, with the last equality following from symmetry
and the congruency of∆FGB and∆DGB.

So, given an arbitrary scalene triangleBCD of areaA and perimeterP , there
exists an isosceles triangleECD of areaA and perimeterQ < P . SinceQ2 ≥
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12
√

3A, it follows thatP 2 > 12
√

3A, so the isoperimetric inequality for triangles
has been proven.

We invite the reader to use this geometrical technique to derive the isoperimetric
inequality for quadrilaterals(P 2 ≥ 16A for every quadrilateral of areaA and
perimeterP ), and possibly for othern-gons as well.

It should be mentioned here that the standard proof of the isoperimetric inequal-
ity for triangles (see for example [2, p.88]) relies on Heron’s area formula (which
we essentially derive later through a generalization of (1)for arbitrary triangles)
and the arithmetic-geometric-mean inequalilty.

3. Newton’s parametrization

Turning now to our main goal, namely the relations among a triangle’s area,
perimeter, and angles, we first find an expression for the sides of a triangle in
terms of its area, perimeter, andoneangle. To achieve this, we simply generalize
Newton’s derivation of the formulax = P

2 − 2A
P

, expressing a right triangle’s
hypotenuse in terms of its area and perimeter; this work appeared in Newton’s
Universal Arithmetick, Resolution of Geometrical Questions, Problem III, p. 57
([6, p.103]).

x

zy

φ

Figure 4. Toward ‘Newton’s parametrization’

Observe (as in Figure 4) thatA = 1
2zy sinφ, soy2 = Py−xy− 2A

sinφ
; moreover,

the law of cosines yieldsy2 = Px+ Py − xy + 2A cos φ
sinφ

− P 2

2 . It follows that

x = x(φ) =
P

2
−

2A

P

(

1 + cosφ

sinφ

)

, (2)

extending Newton’s formula for0 < φ < π. Of course we need to haveP
2

A
>

4
(

1+cos φ
sin φ

)

for x to be positive, so we need the conditions(φ) > 0, where

s(φ) =
P 2 sinφ

4(1 + cosφ)
−A. (3)
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Oncex is determined,y andz are easily determined viayz = 2A
sinφ

andy + z =

P
2 + 2A

P

(

1+cos φ
sinφ

)

: they are the roots of the quadratict2−
(

P
2 + 2A

P

(

1+cos φ
sin φ

))

t+
2A

sinφ
= 0, provided thath(φ) ≥ 0, where

h(φ) =

(

P

2
+

2A

P

(

1 + cosφ

sinφ

))2

−
8A

sinφ
(4)

is the discriminant; that is,y = y(φ) andz = z(φ) are given by

z, y =

(

P

4
+
A

P

(

1 + cosφ

sinφ

))

±
1

2

√

(

P

2
+

2A

P

(

1 + cosφ

sinφ

))2

−
8A

sinφ
.

(5)

Putting everything together, and observing thatx, y, z as defined in (2) and (5)
above do satisfy the triangle inequality and are the sides ofa triangle of areaA and
perimeterP , we arrive at the following result.

Theorem 3. The pair of conditionss(φ) > 0 and h(φ) ≥ 0, wheres(φ) =
P 2 sin φ

4(1+cos φ) − A and h(φ) =
(

P
2 + 2A

P

(

1+cos φ
sinφ

))2
− 8A

sinφ
, is equivalent to the

existence of a triangle of area A, perimeter P, sidesx(φ), y(φ), z(φ) as given in
(2), (5) above, and angleφ between the sidesy, z; that triangle is isosceles with
vertex angleφ if and only ifh(φ) = 0.

Figures 5 and 6 below offer visualizations of the three sides’ parametrizations
by the angleφ and of the two functions essential for the ‘triangle conditions’ of
Theorem 3, respectively.

The ‘vertical’ intersections ofy(φ) andz(φ) with each other in Figure 5 occur
at φ ≈ 0.33166 ≈ 19.003◦ andφ ≈ 2.13543 ≈ 122.351◦ : those are the pos-
itive roots ofh(φ) = 0, which are none other than the vertex angles of the two
isosceles triangles in Figure 1. There are also intersections ofx(φ) with z(φ) at
φ ≈ 1.40485 ≈ 80.492◦ and ofx(φ) with y(φ) atφ ≈ 0.50305 ≈ 28.822◦; which
are again associated, via side renaming as needed and withφ being abaseangle,
with the isosceles triangles of Figure 1.

As we see in Figure 6,s andh cannot be simultaneously positive outside the
interval defined by the two largest roots ofh (φ ≈ 0.33166 andφ ≈ 2.13543): this
fact remains true for arbitraryA andP and is going to be of central importance in
what follows.

4. Angles ‘bounded’ by area and perimeter

We are ready to state and prove our first main result.

Theorem 4. In every non-equilateral triangle of area A and perimeterP every
angleφ must satisfy the inequalityφ1 ≤ φ ≤ φ2, whereφ1 <

π
3 < φ2 are the

vertex angles of the two isosceles triangles of area A and perimeter P; specifically,

arccos

(

P 2 − 2Px1 − x2
1

P 2 − 2Px1 + x2
1

)

≤ φ ≤ arccos

(

P 2 − 2Px2 − x2
2

P 2 − 2Px2 + x2
2

)

,
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1 2

φ

x(φ)

z(φ)

y(φ)

Figure 5. The triangle’s three sides parametrized byφ for 19.003
◦

=

0.33166 ≤ φ ≤ 2.13543 = 122.351
◦ atA = 3, P = 10
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h(φ)

Figure 6. s(φ) andh(φ) for 0.1 ≤ φ ≤ 2.3 atA = 3, P = 10
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wherex1 <
P
3 < x2 are the positive roots of2Px3 − P 2x2 + 16A2 = 0.

Proof. As we have seen in Lemma 1, the cubic (1) yields the basex of each of the
two isosceles triangles of areaA and perimeterP ; and the formula above for the
vertex angleφ of an isosceles triangle follows fromx2 = 2y2 − 2y2 cosφ (law of
cosines) andy = P−x

2 .
So it suffices to show that the inequalityφ1 ≤ φ ≤ φ2 is equivalent to the pair of

conditionss(φ) > 0 andh(φ) ≥ 0, wheres(φ) andh(φ) are defined as in Theorem
3; for this, we need four lemmas.

Lemma 5. For someψ in (0, φ1), s(ψ) = 0.

Proof. Notice thatlimφ→0+ s(φ) = −A < 0. On the other hand, the existence of
an isosceles triangle with vertex angleφ1 guarantees thats(φ1) > 0 (Theorem 3).
By the continuity ofs on (0, π), there must existψ such that0 < ψ < φ1 and
s(ψ) = 0. �

Lemma 6. The functions is strictly increasing on(0, π) and, forφ ≥ φ1, s(φ) >
0.

Proof. Since the derivatives′(φ) = P 2

4(1+cos φ) is positive on(0, π), s is strictly
increasing; it follows thats(φ) ≥ s(φ1) > 0 for φ ≥ φ1. �

Lemma 7. For φ > φ2, h(φ) < 0.

Proof. Recall thath(φ) =
(

P
2 + 2A

P

(

1+cos φ
sin φ

))2
− 8A

sin φ
. By L’Hospital’s rule,

we havelimφ→π
1+cos φ

sin φ
= limφ→π

− sinφ
cos φ

= 0; it follows that limφ→π− h(φ) =
P 2

4 − limφ→π−

8A
sin φ

= −∞. Supposeh(φ) ≥ 0 for someφ > φ2. Thenh(φ3) = 0

for someφ3 > φ2 becauseh is continuous on(0, π) and limφ→π− h(φ) = −∞.
At the same time,s(φ3) > 0 (Lemma 6). Then by Theorem 3, there exists a third
isosceles triangle of areaA and perimeterP , which is impossible. �

Lemma 8. There is noφ in (0, π) for whichh(φ) = h′(φ) = 0.

Proof. Supposeh(φ) = h′(φ) = 0 for someφ in (0, π). It follows that
(

P

2
+

2A

P

(

1 + cosφ

sinφ

))2

=
8A

sinφ
and

P

2
+

2A

P

(

1 + cosφ

sinφ

)

=
2P cosφ

1 + cosφ
.

Squaring the latter and dividing it by the former expressionwe getP 2 = 2A(1+cos φ)2

sinφ cos2 φ
.

Substituting this expression forP 2 into
(

P
2 + 2A

P

(

1+cos φ
sinφ

))2
= 8A

sin φ
we arrive

at the equationA(1+cos φ)2

2 sinφ cos2 φ
+ 2A(1+cos φ)

sinφ
+ 2A cos2 φ

sinφ
= 8A

sin φ
, which reduces to

(cosφ− 1)(2 cos φ− 1)(2 cos2 φ+ 5cosφ+ 1) = 0. The only roots in(0, π) are

given byφ = π
3 andφ = arccos

(

−5+
√

17
4

)

. It is easy to see thath′(φ) < 0 for

φ > π
2 , soarccos

(

−5+
√

17
4

)

is an extraneous solution. Moreover,φ = π
3 turns
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P 2 = 2A(1+cos φ)2

sinφ cos2 φ
into P 2 = 12

√
3A, contradicting the fact that the given trian-

gle was assumed to be non-equilateral. We conclude thath(φ) = h′(φ) = 0 is
impossible. �

Completing the proof of Theorem 4.
Claim(a) For φ1 ≤ φ ≤ φ2, s(φ) > 0 andh(φ) ≥ 0, withh(φ) > 0 for φ1 < φ <

φ2.
Recall from Lemma 6 thats(φ) > 0 for φ ≥ φ1. So it remains to establish

h(φ) ≥ 0 for φ1 ≤ φ ≤ φ2. We will argue by contradiction.
Of courseh(φ1) = h(φ2) = 0. Notice thath(φ) = 0 for φ1 < φ < φ2 is

impossible for this would imply (by Theorem 3) the existenceof a third isosceles
triangle of areaA and perimeterP . If h(φ3) < 0 for someφ3 strictly between
φ1 andφ2 then continuity ofh, together with the impossibility ofh(φ) = 0 for
φ1 < φ < φ2, impliesh(φ) < 0 for all angles strictly betweenφ1 andφ2. But
we already know from Lemma 7 thath(φ) < 0 for all angles greater thanφ2. It
follows thath has a local maximum atφ = φ2, so thath(φ2) = h′(φ2) = 0,
contradicting Lemma 8.

Recalling the statement immediately before Lemma 5, we see that the proof of
Theorem 4 will be completed by establishing
Claim(b) At least one of the conditionss(φ) > 0 andh(φ) ≥ 0 fails when either
φ < φ1 or φ > φ2.

Of course the failure ofh(φ) ≥ 0 for φ > φ2 has been established in Lemma 7,
so we only need to show eithers(φ) ≤ 0 or h(φ) < 0 for φ < φ1.

Lemma 5 asserts that there existsψ in (0, π) such thatψ < φ1 ands(ψ) = 0.
Consider now an arbitraryφ < φ1 . If φ ≤ ψ then by Lemma 6s(φ) ≤ s(ψ) = 0,
so we only need to pay attention to the possibilityφ1 > φ > ψ ands(φ) > 0. In
that case we show below thath(φ) < 0, arguing by contradiction.

The failure ofh(φ) < 0 implies, in the presence ofs(φ) > 0, thath(φ) > 0:
indeedh(φ) = 0 ands(φ) > 0 would yield a third isosceles triangle of areaA and
perimeterP , again by Theorem 3. The same argument applies in fact to all angles
betweenψ andφ1. But we have already established through Claim(a) the strict
positivity of h for all angles betweenφ1 andφ2. We conclude thath has a local
minimum atφ = φ1, so thath(φ1) = h′(φ1) = 0, contradicting Lemma 8. This
completes the proof of Theorem 4.

Having completed the proof of Theorem 4, let us provide an example: the bases
of the two isosceles triangles of area3 and perimeter10 (Figure 1) have already
been computed as the positive roots of the cubic5x3 − 25x2 + 36 = 0; it follows
then thatall angles ofeverytriangle of area3 and perimeter10 must be between
about19.003◦ and122.351◦, the angles shown in Figure 5.

Remark.It can be shown thatφ1 andφ2 are the two largest roots of

(P 2 sinφ+ 4A+ 4A cos φ)2 − 32P 2A sinφ = 0
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in (0, π), and that they also satisfy the equation

sinφ2

(

1 + sin
φ1

2

)2

= sinφ1

(

1 + sin
φ2

2

)2

.

5. Heron’s curve

Theorem 4 establishes bounds for the angles of every triangle of given area and
perimeter; appealing to the law of sines, we see that it also yields bounds for the
ratio of any two sides. Determiningsharpbounds for side ratios relies on some
machinery we develop next.

Instead of looking for isosceles triangles(z = y) of areaA and perimeterP ,
let us now look for triangles of areaA and perimeterP where two sides have ratio
r ( z

y
= r); without loss of generality, we may assumer > 1. (Observe here - as

in fact noticed through Figure 5 and related discussion - that r > 1 does not rule
out the possibilitiesx = z (with r ≈ 3.0268 atA = 3, P = 10) or x = y (with
r ≈ 1.7522 atA = 3, P = 10).) Extending the procedure of Lemma 1 to arbitrary
triangles, fromy2 − x2

1 = r2y2 − x2
2 andx = x2 ± x1 (Figure 7) we find that

x1 x

z = ry
y

x2 x

z = ry
y

x1 x2

Figure 7. The case of an arbitrary triangle

x1 = ±
(1−r2)y2+x2

2x
. In view of x

2

√

y2 − x2
1 = A andy = P−x

r+1 , further algebraic
manipulation leads to an equation that generalizes the isosceles triangle’s cubic (1):

8rPx3+4(r2−3r+1)P 2x2−4(1−r)2P 3x+(1−r)2P 4+16(1+r)2A2 = 0. (6)

Appealing to Rolle’s theorem as in the case of the isosceles triangle, we see that
this cubic cannot have more than two positive roots. Indeed one of the derivative’s

roots,
(

−(r2
−3r+1)−

√

r4
−r2+1

6r

)

P, is negative since|r2 − 3r+ 1| <
√
r4 − r2 + 1

for r > 1.
Unlike the case of the isosceles triangle, however, the isoperimetric inequality

P 2 > 12
√

3A does not guarantee the existence of two positive roots. So there
can beat mosttwo triangles of areaA and perimeterP satisfying the condition
z
y

= r > 1.
Settingx = P − y − z andr = z

y
in the cubic (6) leads to

P 4 − 4P 3(y + z) + 4P 2(y2 + 3yz + z2) − 8Pyz(y + z) + 16A2 = 0, (7)
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which can be shown to be equivalent to Heron’s area formula. The graph of this
curve forA = 3 andP = 10 (Figure 8) illustrates the fact established above by
(6): for every pair ofA andP , there can be at most two triangles of areaA and
perimeterP satisfying z

y
= r > 1. Indeed, the three unbounded regions shown

in Figure 8 correspond tox < 0 (first quadrant),y < 0 (second quadrant), and
z < 0 (fourth quadrant), hence it is only the boundary of the bounded region that
corresponds to triangles of area3 and perimeter10; clearly, this boundary that we
call Heron’s curve(Figure 9) may be intersected by any line at most twice.

5

−5

5−5

y

z

Figure 8. Graph of (7) forA = 3 andP = 10

Rather predictably, in view of its symmetry aboutz = y, the triangles corre-
sponding to Heron’s curve’s intersections with (for example) z = 2y andz = y

2
(see Figure 9) are mirror images of each other (about the third sidex’s perpendic-
ular bisector); so it suffices to restrict our computations to r > 1, sticking to our
initial assumption. These triangles are found by first solving the cubic (6) whenr =
2 and are approximately{3.0077, 2.3307, 4.6615} and{4.5977, 1.8007, 3.6015};
they are associated with parametrizing angles of about33.529◦ and112.315◦ , re-
spectively.

6. Side ratios ‘bounded’ by area and perimeter

We present now the following companion to Theorem 4.

Theorem 9. In every non-equilateral triangle of areaA and perimeterP , the ratio
r of any two sides must satisfy the inequalityr1 ≤ r ≤ r2, wherer1 < 1 < r2,
r1r2 = 1 are the positive roots of the sextic

32P 4A2(2r6 − 3r4 − 3r2 + 2) − P 8r2(r − 1)2 + 6912A4r2(r + 1)2 = 0. (8)

Proof. Figures 8 and 9 (and the discussion preceding them) make it clear that not
all linesz = ry intersect Heron’s curve: such intersections (corresponding to trian-
gles of areaA and perimeterP satisfyingz

y
= r) occur only atr = 1 and a varying
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Figure 9. Heron’s curve forA = 3 andP = 10

interval around it depending onA andP by way of (6). To establish sharp bounds
for such ‘intersecting’r, we observe that these bounds are none other than the
slopes of the linestangentto Heron’s curve; in the familiar caseA = 3, P = 10,
these tangent lines are shown in Figure 8. But a linez = ry is tangent to Heron’s
curve if and only if there is precisely one triangle of areaA and perimeterP satis-
fying z

y
= r; that is, if and only if the cubic (6) has a double root.

It is well known (see for example [4, p.91]) that the cubicax3 + bx2 + cx + d

has a double root if and only if

b2c2 − 4ac3 − 4b3d− 27a2d2 + 18abcd = 0.

(The reader may arrive at this ‘tangential’ condition independently, arguing as in
the proof of Theorem 2.) So we may conclude that the slopes of the two lines tan-
gent to Heron’s curve and passing through the origin are the positive roots of the
polynomialS(r) = −64P 2(r + 1)2Q(r), whereQ(r) is the sixth degree polyno-
mial in (8).

It may not be obvious butQ, and thereforeS as well, must have precisely two
positive roots, as they ought to. This relies on the following facts (which imply
a total of four real roots forQ): the leading coefficient ofQ is positive and its
highest power is even, solimr→±∞Q(r) = +∞;Q(−1) = −4P 8−64P 4A2 < 0;
Q(0) = 64P 4A2 > 0; Q(1) = −64A2(P 4 − (12

√
3)2A2) < 0; Q(1

r
) = Q(r)

r6 for
r 6= 0, so thatr is a root ofQ if and only if 1

r
is. �

In the familiar example ofA = 3 andP = 10, the two positive roots ofS are
r1 ≈ 0.3273 andr2 ≈ 3.0551. As pointed out above, these two roots are inverses
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0

10000

20000

30000

40000

0 1 2 3 4 5 6

x

Figure 10. Graph of (6) forA = 3, P = 10, andr ≈ 3.0551

of each other: this is geometrically justified by the fact that the two roots are the
slopes of the two tangent lines in Figure 8, which are of course mirror images of
each other about the diagonalz = y. Moreover,r1 andr2 lead to thesame(modulo
a factor) cubic in (6).

We conclude that the side ratios of every triangle of area3 and perimeter10
must be between approximately0.3273 and3.0551. To obtain the unique (modulo
reflection) triangle of area3 and perimeter10 where these ratios are realized, we
need to determine its third sidex. It is the double root of the cubic (6) forr equal to
approximately3.0551 (Figure 10). It turns out thatx equals approximately4.2048.

The triangle is now fully determined throughy ≈ 10−4.2048
3.0551+1 ≈ 1.4291 and

z ≈ 3.0551 × 1.4291 ≈ 4.366 (upper ‘corner’ in Figure 9). The angle-parameter

(between sidesy andz) at that ‘corner’ is now easy to find asarccos
(

y2+z2
−x2

2yz

)

≈

74.079◦. The triangle obtained, approximately{4.2048, 4.3661, 1.4291} (see Fig-
ure 11), is the furthest possible from being isosceles - or rather the furthest possible
from being equilateral! - among all triangles of area3 and perimeter10.

x ≈ 4.2048

z ≈ 4.3661

y ≈ 1.4291

A

B C

Figure 11. The unique extreme-side-ratio triangle of area3 and perimeter10

Our findings are confirmed in Figure 12 by a graph ofz(φ)
y(φ) , wherez(φ) and

y(φ) are the Newton parametrizations of sidesz andy in (5). That graph shows
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a maximum value of about3.055 for z(φ)
y(φ) with φ approximately equal to1.293 ≈

74.08◦:

2

3

1 2

φ

Figure 12. z(φ)
y(φ)

for 19.003
◦

≈ 0.33166 ≤ φ ≤ 2.13543 ≈ 122.351
◦ , A = 3

andP = 10
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Kronecker’s Approximation Theorem and
a Sequence of Triangles

Panagiotis T. Krasopoulos

Abstract. We investigate the dynamic behavior of the sequence of nested trian-
gles with a fixed division ratio on their sides. We prove a result concerning a
special case that was not examined in [1]. We also provide an answer to an open
problem posed in [3].

1. Introduction

The dynamic behavior of a sequence of polygons is an intriguing research area
and many articles have been devoted to it (see e.g. [1], [2], [3] and the references
therein). The questions that arise about these sequences are mainly two. The first
one is about the existence of a limiting point of the sequence. The second one
is about the dynamic behavior of the shapes of the polygons that belong to the
sequence. Thus, it is possible to find a limiting shape, periodical shapes or an even
more complicated behavior. In this article we are interesting for the sequence of
triangles with a fixed division ratio on their sides. LetA0B0C0 be an initial triangle
and let the pointsA1 onB0C0, B1 onA0C0 andC1 onA0B0 such that:

B0A1

A1C0
=

C0B1

B1A0
=

A0C1

C1B0
=

t

1 − t
,

wheret is a fixed real number in(0, 1). Thus, the next triangle of the sequence is
A1B1C1. By using the fixed division ratiot : (1 − t) we produce the members of
the sequence consecutively (see Figure 1 wheret = 1

3 ).
In [1] a more complicated sequence of triangles is investigated thoroughly. The

author uses complex analysis and so the vertices of a triangle can be defined by
three complex numbersAn, Bn, Cn on the complex plane. The basic iterative pro-
cess that is studied in [1] has the following matrix form:

Vn = TVn−1, (1)

whereVn =





An

Bn

Cn



, T =





0 1 − t t

t 0 1 − t

1 − t t 0



 is a circulant matrix andV0

is a given initial triangle. Note that in [1]t is considered generally as a complex
number. We stress also that throughout the article we ignorethe scaling factor
1/rn that appears at the above iteration in [1]. This factor does not affect the
shape of the triangles. As an exceptional case in Section 5 in[1], it is studied the
above sequence witht a real number in(0, 1). This is exactly the sequence that
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Figure 1.

we described previously and we study in this article. From now on we call this
sequence the FDRS (i.e., Fixed Division Ratio Sequence). Concerning the FDRS
the author in [1] proved that if

t =
1

2
+

1

2
√

3
tan(aπ), (2)

anda is a rational number, then the FDRS is periodic with respect to the shapes
of the triangles. Apparently the same result is proved in [3](although the proof
is left as an exercise). At first sight the formula for the periodicity in [3] seems
quite different from (2), but after some algebraic calculations it can be shown that
is indeed the same. In [3] it is also proved, that the limitingpoint of the FDRS is
the centroid of the initial triangleA0B0C0. Obviously, this is a direct result from
the recurrence (1) since it holdsAn+1 + Bn+1 + Cn+1 = An + Bn + Cn, which
means that all the triangles of the FDRS have the same centroid.

In this article we are interested in the behavior of the shapes of the triangles in
the FDRS. Particularly, we examine the case whena in (2) is an irrational number.
This case was not examined in [1] and [3]. Throughout the article we use the same
nomenclature as in [1] and our results are an addendum to [1].

2. Preliminary results

In this Section we will repeat the formulation and the basic results from [1] and
we will present some significant remarks. We use the recurrence (1) which is the
FDRS as it represented on the complex plane. Without loss of generality as in [1],
we can consider that the centroid of the initial triangleA0B0C0 is at the origin (i.e.,
A0 +B0 +C0 = 0). This is legitimate since it is just a translation of the centroid to
the origin and it does not affect the shapes of the triangles of the FDRS. By using
results from circulant matrix theory in [1], it is proved that

Vn = T nV0 = s1λ
n
1F3,1 + s2λ

n
2F3,2 (3)
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whereF3,1 = 1
√

3





1
ω

ω2



 andF3,2 = 1
√

3





1
ω2

ω4



 are columns of the3 × 3 Fourier

matrix F3 = 1
√

3





1 1 1
1 ω ω2

1 ω2 ω4



. Moreover,λj = (1 − t)ωj + tω2j, j = 0, 1, 2

are the eigenvalues ofT ands =





s0

s1

s2



 such thatF3s = V0. We also consider

ω = ei2π/3, η = eiπ/3 and asx we denote the conjugate ofx. The following
functionz : C

3 → C is also defined in [1]:

z(Vn) =
Cn − An

Bn − An

. (4)

This is a very useful function. First, it signifies the orientation of the triangle on
the complex plane. Thus, ifarg(z(Vn)) > 0 (< 0) the triangle is positively (nega-
tively) oriented (see Figure 2). Note also the anglêAn of the triangleAnBnCn is
equal toarg(z(Vn)), so ̂An can be regarded as positive or negative.

A

B C

A

C BPositively oriented Negatively oriented

Figure 2.

Functionz(Vn) also signifies the ratio of the sidesbn, cn since|z(Vn)| = bn

cn
.

If for instance we have that|z(Vn)| = 1, the triangle is isosceles (bn = cn). If
additionally we havearg(z(Vn)) = π/3 or arg(z(Vn)) = −π/3 then the triangle
is equilateral. From this observation we have the followingProposition:

Proposition 1. A triangleAnBnCn on the complex plane is equilateral if and only
if z(Vn) = η (positively oriented) orz(Vn) = η (negatively oriented).

All these facts stress the importance of function (4). It is apparent that the shape
of a triangle on the complex plane is determined completely by function (4). Now,
let us assume that the initial triangleA0B0C0 of the FDRS is not degenerate (i.e.,
two or three vertices do not coincide and the vertices are notcollinear). Moreover,
let us assume thatA0B0C0 is not equilateral (i.e., z(V0) 6= η andz(V0) 6= η),
because if it was equilateral then all members of the FDRS would be equilateral
triangles. Let us next present two significant definitions and notations.

Firstly, after some algebraic calculations we define the following ratio:

s2

s1
=

B0 − ωA0

ω2A0 − B0
= reiρ, (5)
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wherer = |s2
s1
| andρ = arg(s2

s1
). Note that (5) holds because we have considered

A0 + B0 + C0 = 0.
Secondly, from the eigenvaluesλ1 andλ2 we can get the following definitions

λ2

λ1
= eiθ, and θ = 2arctan(

√
3(2t − 1)). (6)

If we let θ = 2πa in the above equation we get directly equation (2). Now, we can
consider the following cases:

(1) θ = 0. In this case we havet = 1/2 and all the members of the FDRS are
similar toA0B0C0.

(2) θ = 2kπ/m. This case is studied in [1] wherea = k/m is rational. We
have a periodical behavior and if(k,m) = 1 the period is equal tom
(otherwise it is smaller thanm).

(3) θ = 2aπ, wherea is irrational. This is the case that we study in this article.

In what follows we prove a number of important facts about theFDRS.
Firstly, we note that it holdss1 6= 0 and s2 6= 0. This is a straightforward

result from the equalityz(V0) = s1η+s2

s1+s2η
(see [1]) and from the assumption that

z(Vn) 6= η andz(Vn) 6= η.
Our next aim is to prove thatr 6= 1. Let A0 = a1 + ia2 andB0 = b1 + ib2

and assume thatr = 1 or equivalently|B0 − ωA0| = |ω2A0 − B0|. After some
algebraic calculations we finda1b2 = a2b1, which means that the determinant
∣

∣

∣

∣

a1 a2

b1 b2

∣

∣

∣

∣

= 0 and so the vectors

(

a1

a2

)

and

(

b1

b2

)

are linearly dependent. Thus,

A0 = λB0 whereλ is real andλ 6= 0, λ 6= 1. Now from (4) we get

z(V0) =
C0 − A0

B0 − A0
=

−B0 − 2A0

B0 − A0
= −

1 + 2λ

1 − λ
∈ R.

Thus,arg(z(V0)) = 0 or arg(z(V0)) = π which is impossible since the initial
triangle is not degenerate. Consequently, it holdsr 6= 1.

Next, we examine the caser < 1. From (3) and (6) we have

Vn = λn
1 (s1F3,1 + s2e

inθF3,2).

By using the above equation and (5), equation (4) becomes

z(Vn) =
s1η + s2e

inθ

s1 + s2ηeinθ
= η

1 + rei(ϕn−π/3)

1 + rei(ϕn+π/3)
,

whereϕn = nθ + ρ. From the above equation we get directly that:

arg(z(Vn)) = ̂An = Φ(ϕn, r) = (7)

=
π

3
+ arctan

r sin(ϕn − π/3)

1 + r cos(ϕn − π/3)
− arctan

r sin(ϕn + π/3)

1 + r cos(ϕn + π/3)
,
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and

|z(Vn)| =
bn

cn

= µ(ϕn, r) = (8)

=

√

(1 + r cos(ϕn − π/3))2 + r2 sin2(ϕn − π/3)

(1 + r cos(ϕn + π/3))2 + r2 sin2(ϕn + π/3)
.

0 1 2 3 4 5 6 7 8 9 10 11 12−1−2−3−4−5−6−7−8−9−10−11−12

1

2

Figure 3(a)

Observe that in (7) and (8) functionsΦ(ϕ, r) andµ(ϕ, r) are defined respec-
tively. We also defineΦ(ϕ) = Φ(ϕ, r) andµ(ϕ) = µ(ϕ, r). FunctionΦ(ϕ) is
even (i.e., Φ(ϕ) = Φ(−ϕ)) and periodic with period2π (see Figure 3(a) where
r = 0.5). The minima ofΦ(ϕ) appear atϕ = 0,±2π,±4π, . . . and the maxima at
ϕ = ±π,±3π,±5π, . . . . Thus,arg(z(Vn)) = Φ(ϕn, r) ∈ [m1,m2] where

m1 = Φ(0, r) =
π

3
− 2 arctan

r
√

3

2 + r
, m2 = Φ(π, r) =

π

3
+ 2arctan

r
√

3

2 − r
.

In Figure 3(b), where functionΦ is depicted for different values ofr, we can
observe that the interval[m1,m2] decreases asr → 0+ and increases asr → 1−.
In every case sincer ∈ (0, 1) we find that[m1,m2] ⊂ (0, π), which also means
that the triangles of the FDRS are positively oriented.

Concerning functionµ(ϕ) we have the following properties:µ(kπ) = 1 where
k is integer,µ(−ϕ) = 1/µ(ϕ) andµ(ϕ) is periodic with period2π. Figure 3(c)
depicts functionµ(ϕ) in [−4π, 4π] andr = 0.5.

Remark.Let us present a fact that we will need in Section 3. Letr < 1, since
a similar argument applies forr > 1. Recall that functionΦ(ϕ) is not injective
(one-to-one) and so its inverse can not be determined uniquely. For an anglẽθ ∈

[m1,m2] (i.e., θ̃ belongs to the range ofΦ), we want to find the elements̃ϕm
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Figure 3(b)

0 1 2 3 4 5 6 7 8 9 10 11 12−1−2−3−4−5−6−7−8−9−10−11−12

1

2
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Figure 3(c)

which have the same imagẽθ (i.e., Φ(ϕ̃m) = θ̃). SinceΦ(ϕ) is periodic with
period 2π, the elements̃ϕm have the form:2kπ ± ϕa(θ̃) (k is integer), where
asϕa(θ̃) we define the minimum element̃ϕm such thatϕ̃m ≥ 0 (see Figure 4).
Apparently,ϕa(θ̃) ∈ [0, π] and it holds thatΦ(2kπ ± ϕa(θ̃)) = θ̃ (i.e., all the
elements2kπ ± ϕa(θ̃) have the same imagẽθ). Figure 4 depicts this characteristic
of functionΦ(ϕ).
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θ̃

ϕa(θ̃)−ϕa(θ̃) 2π + ϕa(θ̃)−2π − ϕa(θ̃)

2π − ϕa(θ̃)−2π + ϕa(θ̃)

Figure 4.

Now, for the case|s2
s1
| = r > 1 we can use the inverse ratioss1

s2
= 1

r
e−iρ,

λ1
λ2

= e−iθ and have that

z(Vn) =
s1η + s2e

inθ

s1 + s2ηeinθ
= η

1 + 1
r
ei(−ϕn+π/3)

1 + 1
r
ei(−ϕn−π/3)

,

where againϕn = nθ + ρ. From the above we have as before:

arg(z(Vn)) = ̂An = −Φ(−ϕn, 1/r) = (9)

= −
π

3
+ arctan

1
r
sin(−ϕn + π/3)

1 + 1
r
cos(−ϕn + π/3)

− arctan
1
r
sin(−ϕn − π/3)

1 + 1
r
cos(−ϕn − π/3)

,

and

|z(Vn)| =
bn

cn

=
1

µ(−ϕn, 1/r)
= (10)

=

√

(1 + 1
r
cos(−ϕn + π/3))2 + 1

r2 sin2(−ϕn + π/3)

(1 + 1
r
cos(−ϕn − π/3))2 + 1

r2 sin2(−ϕn − π/3)
.

It is now obvious that equations (7), (8) and equations (9), (10) signify similar
triangles with different orientations provided of course thatϕn andr are common.
When r > 1 the triangles of the FDRS are negatively oriented. Using similar
arguments as before we can prove easily thatarg(z(Vn)) = ̂An ∈ [m1,m2] where

m1 = −Φ(−π, 1/r) = −
π

3
− 2 arctan

1
r

√
3

2 − 1
r

,

m2 = −Φ(0, 1/r) = −
π

3
+ 2arctan

1
r

√
3

2 + 1
r

.
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Thus, for anyr > 1 we have[m1,m2] ⊂ (−π, 0). The interval[m1,m2] increases
asr → 1+ and decreases asr → +∞. In the next Section we apply Kronecker’s
Approximation Theorem in order to get our main result for theFDRS whena in
(2) is an irrational number.

3. Application of Kronecker’s approximation theorem

First we present Kronecker’s Approximation Theorem (see e.g. [4]).

Kronecker’s approximation theorem If ω is a given irrational number, then the
sequence of numbers{nω}, where{x} = x − ⌊x⌋, is dense in the unit interval.
Explicitly, given anyp, 0 ≤ p ≤ 1, and given anyǫ > 0, there exists a positive
integerk such that|{kω} − p| < ǫ.

We know thatϕn = nθ + ρ = 2πan + ρ and recall thata is irrational andρ
is a function ofA0, B0, so it is fixed. From Kronecker’s Approximation Theorem
we know that a member of the sequence{na} = na − ⌊na⌋ will be arbitrarily
close to any givenp ∈ [0, 1]. Similarly, a member of the sequence2π{na} =
ϕn − 2π ⌊na⌋ − ρ will be arbitrarily close to the angleθ = 2πp ∈ [0, 2π]. Thus,
a member of the sequenceϕn will be arbitrarily close to the angleθ + 2π ⌊na⌋ +
ρ. Let us now define the sequence of anglesϕn on the unit circle. The quantity
2π ⌊na⌋ defines complete rotations on the unit circle and can be eliminated. This
implies that a member of the sequenceϕn will be arbitrarily close to the angleθ+ρ

on the unit circle. If additionally, we imagine the unit circle to rotate by−ρ, we
get that a member of the sequenceϕn will be arbitrarily close to the angleθ = 2πp

on the unit circle. Since this holds for any givenp ∈ [0, 1], we conclude that a
member of the sequenceϕn will be arbitrarily close to any given angleθ ∈ [0, 2π]
on the unit circle. This important fact will be used in the proof of the next Theorem
which is the main result of this article. Note that the Theorem uses the notation
that has already been presented.

Theorem 2. Let A0, B0, C0 be complex numbers which define an initial non-
degenerate and non-equilateral triangle on the complex plane such that its centroid
is at the origin (i.e., A0 + B0 + C0 = 0). Suppose we apply the FDRS with
t = 1

2 + 1
2
√

3
tan(aπ) wherea is an irrational number. Letǫ1 > 0 andǫ2 > 0. We

have the following cases:
(1) If r = |s2

s1
| < 1 (positively oriented triangles), choose a˜θ ∈ [m1,m2] ⊂ (0, π).

Then there is a member of the FDRSAkBkCk such that:

| ̂Ak − ˜θ| < ǫ1,

and

either

∣

∣

∣

∣

bk

ck

− µ(ϕa(˜θ), r)

∣

∣

∣

∣

< ǫ2 or

∣

∣

∣

∣

bk

ck

− µ−1(ϕa(˜θ), r)

∣

∣

∣

∣

< ǫ2.

(2) If r = |s2
s1
| > 1 (negatively oriented triangles), choose a˜θ ∈ [m1,m2] ⊂

(−π, 0). Then there is a member of the FDRSAkBkCk such that:

| ̂Ak − ˜θ| < ǫ1,
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and

either

∣

∣

∣

∣

bk

ck

− µ(ϕa(˜θ), 1/r)

∣

∣

∣

∣

< ǫ2 or

∣

∣

∣

∣

bk

ck

− µ−1(ϕa(˜θ), 1/r)

∣

∣

∣

∣

< ǫ2.

Proof: Let r < 1, we have seen that there isϕk which is arbitrarily close to any
given angle on the unit circle. Since functionΦ(ϕn) is continuous with respect to
ϕn, it is apparent that̂Ak = Φ(ϕk) can be arbitrarily close to a˜θ chosen from the
interval [m1,m2] (the range ofΦ(ϕn)). This proves that| ̂Ak − ˜θ| < ǫ1. Since
̂Ak = Φ(ϕk) can be arbitrarily close to˜θ, from Remark we conclude thatϕk will
be arbitrarily close to an element of the form2kπ ± ϕa(θ̃) (see Figure 4). Since
we have considered thatϕk can be defined on the unit circle, we have thatϕk

will be arbitrarily close either toϕa(θ̃) or to 2π − ϕa(θ̃) which are both defined
in [0, 2π]. Observe that functionµ(ϕn, r) is continuous with respect toϕn and so
from equation (8) we get that the ratiobk

ck
= µ(ϕk, r) will be arbitrarily close either

to µ(ϕa(˜θ), r) or to µ(2π − ϕa(˜θ), r) = µ(−ϕa(˜θ), r) = µ−1(ϕa(˜θ), r) (recall

the properties of functionµ). This proves that either
∣

∣

∣

bk

ck

− µ(ϕa(˜θ), r)
∣

∣

∣

< ǫ2 or
∣

∣

∣

bk

ck

− µ−1(ϕa(˜θ), r)
∣

∣

∣

< ǫ2. The caser > 1 can be treated analogously. This

completes the proof.�
Concerning Theorem 2 we stress thatǫ1 andǫ2 can be chosen independently.

This is true since from the Kronecker’s Approximation Theorem we can always
find aϕk as close as we want to a given˜θ. This implies that the anglêAk can be
as close as we want to˜θ, and so the ratiobk

ck
will be as close as we want either to

µ(ϕa(˜θ), r) or to µ−1(ϕa(˜θ), r). Ultimately, aϕk will satisfy both inequalities no
matter how smallǫ1 andǫ2 are.

Although Theorem 2 and the analysis so far seem quite complicated, they have
some interesting consequences. In what follows we considerthatt is fixed anda is
an irrational number as in Theorem 2.

We proved that there will be a member of the FDRS with an anglêAk that will
be arbitrarily close to any given˜θ ∈ [m1,m2] or ˜θ ∈ [m1,m2]. This means that
the countable set of the angleŝAn (i.e., { ̂A0, ̂A1, . . . }) is dense in[m1,m2] or
in [m1,m2]. Also by choosingǫ1, ǫ2 as small as we want, we expect that some
membersAkBkCk of the FDRS will have their shapes as follows:̂Ak ≃ ˜θ and
either bk

ck
≃ µ(ϕa(˜θ), r) or bk

ck
≃ µ−1(ϕa(˜θ), r).

Let us now find if there is a member of the FDRS that is arbitrarily close to an
equilateral triangle. If this was true thenbk

ck

should be arbitrarily close to the unity.
Thus from Theorem 2 (assume thatr < 1 since forr > 1 the same argument
applies),µ(ϕa(˜θ), r) = 1 and from Section 2 we know thatϕa(˜θ) = 0 or ϕa(˜θ) =

π. From these equalities we get˜θ = m1 or ˜θ = m2. It should also hold that
˜θ = π/3 (positively oriented equilateral triangle). So, it shouldbem1 = π/3 ⇒

r = 0 or m2 = π/3 ⇒ r = 0. Obviously,r = 0 is impossible. Consequently,
for a specificr > 0 all the members of the FDRS will have at least a constant
discrepancy from the shape of an equilateral triangle. Thisdiscrepancy can not be
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further decreased for a fixedr > 0, it can only be reduced if we chose another
r > 0 closer to zero.

Let an isosceles triangle withb = c and ̂A = ˜θ < π/3 be given. We want to
find the value ofr < 1 that will give a member of the FDRS arbitrarily close to
the isosceles triangle. In the previous paragraph we show that for this case it holds
˜θ = m1 or ˜θ = m2. Let ˜θ = m1 and we have

˜θ = m1 ⇐⇒ 2 arctan
r
√

3

2 + r
=

π

3
− ˜θ ⇐⇒ r =

2 tan(π
6 −

˜θ
2)

√
3 − tan(π

6 −
˜θ
2 )

.

The above formula gives the value ofr for which a member of the FDRS would be
arbitrarily close to the isosceles triangle witĥA = ˜θ < π/3. The corresponding
formula for an isosceles triangle withb = c and a given̂A = ˜θ > π/3 is

˜θ = m2 ⇐⇒ 2 arctan
r
√

3

2 − r
= ˜θ −

π

3
⇐⇒ r =

2 tan(
˜θ
2 − π

6 )
√

3 + tan(
˜θ
2 − π

6 )
.

In the next Section we offer a simple geometric presentationof the FDRS, we
examine closer the significance of the parametersr andϕn and we answer a ques-
tion posed in [3].

4. Geometric interpretations and final remarks

We have seen that equation (3) is the solution of the recurrence (1) provided that
A0 + B0 + C0 = 0. We can rewrite (3) as follows:

Vn =
s1λ

n
1√
3









1
ω

ω2



 +
s2

s1

(

λ2

λ1

)n





1
ω2

ω







 .

In this article we are interested in the shapes of the triangles. The complex number
s1λn

1
√

3
at the above equation signifies a scaling factor and a rotation of the triangle

Vn, and so it does not affect its shape. This means that we can define the shapes of
the triangles of the FDRS simply as

Sn = P + reiϕnN, (11)

whereP =





1
ω

ω2



, N =





1
ω2

ω



 andr, ϕn as in Section 2. We stress that the tri-

anglesVn andSn have the same shape (i.e., they are similar and they have the same
orientation). Note also thatP is a positively oriented equilateral triangle inscribed
in the unit circle andN is a negatively oriented equilateral triangle inscribed in
the unit circle (1, ω, ω2 are the third roots of unity). It can be seen now that ev-
ery member of the FDRS on the complex plane is represented as the sum of two
equilateral triangles:P andreiϕnN . It is now obvious that the parameterr is the
circumradius and the parameterϕn is the angle of rotation of the equilateral trian-
gle rN at thenth iteration. Thus, the parametersr andϕn determine completely
the contribution of the negatively oriented triangle in (11).
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Let us next consider an open problem that is posed in [3]. The authors of [3]
asked to find all values of the division ratiot ∈ (0, 1) for which the FDRS is
divergent in shape. From the analysis so far, we have seen that the division ratio
t can be given by equation (2). Equation (2) defines a functiont = t(a) which
is one-to-one and fora ∈ (−1

3 , 1
3) its range is(0, 1). Thus, we can describe the

behavior of the members of the FDRS with respect tot, by using equation (2).
Similar to the analysis of Section 2 we have the following cases:

(1) a = 0. Equation (2) impliest = 1
2 . In this case all the members of the

FDRS are similar toA0B0C0 and the sequence is convergent in shape.
(2) a 6= 0 is a rational number in(−1

3 , 1
3) andt is given by (2). The FDRS is

periodic in shape.
(3) a is an irrational number in(−1

3 , 1
3 ) andt is given by (2). From the analysis

of Section 3 we conclude that the FDRS is neither convergent nor periodic
in shape.

Thus, only whent = 1
2 we have that the FDRS is convergent in shape. The second

case above gives the values oft for which the FDRS is periodic in shape. The last
case is described by Theorem 2 and the behavior of the FDRS is rather complex
since it is neither convergent nor periodic in shape.

It is clear that only the change of ana rational to ana irrational in (2) is enough
to produce a complicated dynamic behavior of the FDRS. We believe that only
results of qualitative character like Theorem 2 can be used to describe this sequence
of triangles. However, it would be interesting if one could prove another result (e.g.
a statistical result), for the behavior of the FDRS whena is an irrational number.
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A Short Trigonometric Proof of
the Steiner-Lehmus Theorem

Mowaffaq Hajja

Abstract. We give a short trigonometric proof of the Steiner-Lehmus theorem.

The well known Steiner-Lehmus theorem states that if the internal angle bisec-
tors of two angles of a triangle are equal, then the triangle is isosceles. Unlike
its trivial converse, this challenging statement has attracted a lot of attention since
1840, when Professor Lehmus of Berlin wrote to Sturm asking for a purely ge-
ometrical proof. Proofs by Rougevain, Steiner, and Lehmus himself appeared in
the following few years. Since then, a great number of people, including several
renowned mathematicians, took interest in the problem, resulting in as many as 80
different proofs. Extensive histories are given in [14], [15], [16], and [21], and
biographies and lists of references can be found in [33], [37], and [19]. More ref-
erences will be referred to later when we discuss generalizations and variations of
the theorem.

In this note, we present a new trigonometric proof of the theorem. Compared
with the existing proofs, such as the one given in [17, pp. 194–196], it is also short
and simple. It runs as follows.

V

v
u

U

A

B C

C′

B′

β
γ

Figure 1

Let BB′ andCC ′ be the respective internal angle bisectors of anglesB andC

in triangleABC, and leta, b andc denote the sidelengths in the standard order. As
shown in Figure 1, we set

B = 2β, C = 2γ, u = AB′, U = B′C, v = AC ′, V = C ′B.
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We shall see that the assumptionsBB′ = CC ′ andC > B (and hencec > b) lead
to the contradiction that

b

u
<

c

v
,

b

u
>

c

v
. (1)

Geometrically, this means that the lineB′C ′ intersects both raysBC andCB.
To achieve (1), we use the law of sines, the angle bisector theorem, and the

identity sin 2θ = 2 sin θ cos θ to obtain

b

u
−

c

v
=

u + U

u
−

v + V

v
=

U

u
−

V

v
=

a

c
−

a

b
< 0, (2)

b

u
÷

c

v
=

b

c

v

u
=

sin B

sin C

v

u
=

2cos β sin β

2 cos γ sin γ

v

u
=

cos β

cos γ

sinβ

u

v

sin γ

=
cos β

cos γ

sinA

BB′

CC ′

sinA
=

cos β

cos γ
> 1. (3)

Clearly (2) and (3) lead to the contradiction (1).
No new proofs of the Steiner-Lehmus theorem seem to have appeared in the

past several decades, and attention has been focused on generalizations, variations,
and certain foundational issues. Instead of taking angle bisectors, one may take
r-sectors, i.e., cevians that divide the angles internally in the ratior : 1 − r for
r ∈ (0, 1). Then the result still holds; see [35], [15, X, p. 311], [36],and more
recently, [5], [2], and [10]. In fact, the result still holdsin absolute (or neutral)
geometry; see [15, X, p. 311] and the references therein, andmore recently [6,
Exercise 7, p. 9; solution, p. 420] and [19, Exercise 15, p. 119]. One may also
consider external angle bisectors. Then one sees that the equality of two external
angle bisectors (and similarly the equality of one internaland one external angle
bisectors) does not imply isoscelessness. This is considered in [16], [22], [23], and
more recently in [11]; see also [30] and the references therein. The situation in
spherical geometry was also considered by Steiner; see [16,IX, p. 310].

Variations on the Steiner-Lehmus theme have become popularin the past few
decades with much of the contribution due to the late C. F. Parry. Here, one starts
with a centerP of triangleABC, not necessarily the incenter, and lets the cevians
AA′, BB′, CC ′ throughP intersect the circumcircle ofABC at A∗, B∗, C∗,
respectively. The classical Steiner-Lehmus theorem dealswith the case whenP is
the incenter and considers the assumptionBB′ = CC ′. One may start with any
center and consider any of the assumptionsBB′ = CC ′, BB∗ = CC∗, A′B′ =
A′C ′, A∗B∗ = A∗C∗, etc. Such variations and others have appeared in [27], [28],
[29], [34], [3], [12], [32], [31], [1], and [26, Problem 4, p.31], and are surveyed in
[13]. Some of these variations have been investigated in higher dimensions in [7]
and interesting results were obtained. However, the generalization of the classical
Steiner-Lehmus theorem to higher dimensions remains open:We still do not know
what degree of regularity ad-simplex must enjoy so that two or even all the internal
angle bisectors of the corner angles are equal. This problemis raised at the end of
[7].

The existing proofs of the Steiner-Lehmus theorem are all indirect (many being
proofs by contradiction orreductio ad absurdum) or use theorems that do not have
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direct proofs. The question, first posed by Sylvester in [36], whether there is a
direct proof of the Steiner-Lehmus theorem is still open, and Sylvester’s conjecture
(and semi-proof) that no such proof exists seems to be commonly accepted; see the
refutation made in [20] of the allegedly direct proof given in [24], and compare to
[8], where we are asked on p. 58 (Problem 16) togive a direct proof of the Steiner-
Lehmus theorem, and where such aa proof is given on p. 390 using Stewart’s
theorem. An interesting forum discussion can also be visited at [9]. We would like
here to raise the question whether one can provide a direct proof of the following
weaker version of the Steiner-Lehmus theorem:If the three internal angle bisectors
of the angles of a triangle are equal, then the triangle is equilateral.
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On the Parry Reflection Point

Cosmin Pohoata

Abstract. We give a synthetic proof of C. F. Parry’s theorem that the reflections
in the sidelines of a triangle of three parallel lines through the vertices are con-
current if and only if they are parallel to the Euler line, thepoint of concurrency
being the Parry reflection point. We also show that the Parry reflection point is
common to a triad of circles associated with the tangential triangle and the tri-
angle of reflections (of the vertices in their opposite sides). A dual result is also
given.

1. The Parry reflection point

Theorem 1 (Parry). Suppose triangleABC has circumcenterO and orthocenter
H. Parallel linesα, β, γ are drawn through the verticesA, B, C, respectively.
Let α′, β′, γ′ be the reflections ofα, β, γ in the sidesBC, CA, AB, respectively.
These reflections are concurrent if and only ifα, β, γ are parallel to the Euler line
OH. In this case, their point of concurrencyP is the reflection ofO in E, the Euler
reflection point.

O

H

A

B
C

E

P

α

β

γ

ℓ
α′

β′
γ′

Figure 1.

We give a synthetic proof of this beautiful theorem below. C.F. Parry proposed
this as a problem in the AMERICAN MATHEMATICAL MONTHLY, which was sub-
sequently solved by R. L. Young using complex coordinates [6]. The pointP in
question is called the Parry reflection point. It appears as the triangle centerX399
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in [5]. The Euler reflection pointE, on the other hand, is the point on the circum-
circle which is the point of concurrency of the reflections ofthe Euler line in the
sidelines. See Figure 1. It appears asX110 in [5]. The existence ofE is justified
by another elegant result on reflections of lines, which we use to deduce Theorem
1.

Theorem 2 (Collings). Let ℓ be a line in the plane of a triangleABC. Its reflec-
tions in the sidelinesBC, CA, AB are concurrent if and only ifℓ passes through
the orthocenterH of ABC. In this case, their point of concurrency lies on the
circumcircle.

Synthetic proofs of Theorem 2 can be found in [1] and [3].
We denote byA′, B′, C ′ the reflections ofA, B, C in their opposite sides, and

by AtBtCt the tangential triangle ofABC.

Theorem 3. The circumcircles of trianglesAtB
′C ′, BtC

′A′ andCtA
′B′ are con-

current at Parry’s reflection pointP . See Figure 2.

A

B C

A′

B′

C′

At

Bt

Ct

O

P

Figure 2

A

B C

A′

B′

C′

At

Bt

Ct

O

Q

Figure 3

Theorem 4. The circumcircles of trianglesA′BtCt, B′CtAt andC ′AtBt have a
common pointQ. See Figure 3.

2. Proof of Theorem 1

Let A1B1C1 be the image ofABC under the homothetyh(O, 2). The orthocen-
ter H1 of A1B1C1 is the reflection ofO in H, and is on the Euler line of triangle
ABC.

Consider the lineℓ throughH parallel to the given linesα, β, γ. Let M be the
midpoint ofBC, andM1 = h(O, 2)(M) on the lineB1C1. The lineAH intersects
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A

B C

A1

B1 C1

O

H
H1

A′

M

M1

X

X1

α ℓ α′

Figure 4.

BC andB1C1 atX andX1 respectively. Note that the reflection ofH in B1C1 is
the reflectionD of A in BC sinceAH = 2 · OM and

HA′ =AA′ − AH = 2(AX − OM) = 2(AH + HX − OM)

=2(HX + OM) = 2(HX + XX1) = 2HX1.

Therefore,α′ coincides with the reflection ofℓ in the sidesB1C1. Similarly,
β′ andγ′ coincide with the reflections ofℓ in C1A1 andA1B1. By Theorem 2,
the linesα′, β′, γ′ are concurrent if and only ifℓ passes through the orthocenter
H1. SinceH also lies onℓ, this is the case whenℓ is the Euler line of triangle
ABC, which is also the Euler line of triangleA1B1C1. In this case, the point
of concurrency is the Euler reflection point ofA1B1C1, which is the image ofE
under the homothetyh(O, 2).

3. Proof of Theorem 3

We shall make use of the notion of directed angles(ℓ1, ℓ2) between two lines
ℓ1 and ℓ2 as the angle of rotation (defined moduloπ) that will bring ℓ1 to ℓ2 in
the same orientation asABC. For the basic properties of directed angles, see [4,
§§16–19].

Let α, β, γ be lines through the verticesA, B, C, respectively parallel to the
Euler line. By Theorem 1, their reflectionsα′, β′, γ′ in the sidesBC, CA, AB

pass through the Parry reflection pointP .
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Figure 5

Now, sinceα, β, γ are parallel,

(PB′, PC ′) = (β′, γ′)

= (β′, BC) + (BC, γ′)

= − (β′, B′C) − (BC ′, γ′) because of symmetry inAC

= (B′C, β) + (γ, BC ′)

= (B′C, β) + (β, BC ′)

= (B′C, BC ′)

= (B′C, AC) + (AC, BC ′)

= (AC, BC) + (AC, BC ′) because of symmetry inAC

= (AC, AB) + (AB, BC) + (AC, AB) + (AB, BC ′)

= 2(AC, AB) because of symmetry inAB

= (OC, OB)

= (AtC, AtB).

SinceAtB = AtC andBC ′ = BC = B′C, we conclude that the triangles
AtBC ′ andAtCB′ are directly congruent. Hence,(AtB

′, AtC
′) = (AtC, AtB).

This gives(PB′, PC ′) = (AtB
′, AtC

′), and the pointsP , At, B′, C ′ are con-
cyclic. The circleAtB

′C ′ contains the Parry reflection point, so do the circles
BtC

′A′ andCtA
′B′.
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4. Proof of Theorem 4

Invert with respect to the Parry pointP . By Theorem 3, the circlesAtB
′C ′,

BtC
′A′, CtA

′B′ are inverted into the three lines bounding triangleA′∗B′∗C ′∗.
Here, A′∗, B′∗, C ′∗ are the inversive images ofA′, B′, C ′ respectively. Since
the pointsA∗

t , B∗

t , C∗

t lie on the linesB′∗C ′∗, C ′∗A′∗, A′∗B′∗, respectively, by
Miquel’s theorem, the circumcircles of trianglesA∗

tB
′∗C ′∗, B∗

t C ′∗A′∗, C∗

t A′∗B′∗

have a common point; so do their inversive images, the circles AtB
′C ′, BtC

′A′,
CtA

′B′. This completes the proof of Theorem 4.
The homogenous barycentric coordinates of their point of concurrencyQ were

computed by Javier Francisco Garcia Capitán [2] with the aid of Mathematica.

Added in proof.After the completion of this paper, we have found that the points
P andQ are concyclic with the circumcenterO and the orthocenterH. See Figure
6. Paul Yiu has confirmed this by computing the coordinates ofthe center of the
circle of these four points:

(a2(b2 − c2)(a8(b2 + c2) − a6(4b4 + 3b2c2 + 4c4) + 2a4(b2 + c2)(3b4 − 2b2c2 + 3c4)

− a2(4b8 − b6c2 + b4c4 − b2c6 + 4c8) + (b2 − c2)2(b2 + c2)(b4 + c4)))

: · · · : · · · ),

where the second and third coordinates are obtained by cyclic permutations ofa,
b, c.

A

B C

A′

B′

C′

At

Bt

Ct

Q O

H

P

Figure 6.
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For completeness, we record the coordinates ofQ given by Garcia Capitán:

Q = (a2
10
∑

k=0

a2(10−k)f2k,a(b, c) : b2
10
∑

k=0

b2(10−k)f2k,b(c, a) : c2
10
∑

k=0

c2(10−k)f2k,c(a, b)),

where

f0,a(b, c) = 1,

f2,a(b, c) = − 6(b2 + c2)

f4,a(b, c) = 2(7b4 + 12b2c2 + 7c4),

f6,a(b, c) = − 2(b2 + c2)(7b4 + 10b2c2 + 7c4),

f8,a(b, c) = b2c2(18b4 + 25b2c2 + 18c4),

f10,a(b, c) = (b2 + c2)(14b8 − 15b6c2 + 8b4c4 − 15b2c6 + 14c8),

f12,a(b, c) = − 14b12 + b10c2 + 5b8c4 − 2b6c6 + 5b4c8 + b2c10 − 14c12,

f14,a(b, c) = (b2 − c2)2(b2 + c2)(6b8 + 2b6c2 + 5b4c4 + 2b2c6 + 6c8),

f16,a(b, c) = − (b2 − c2)2(b + c)2(b12 − 2b10c2 − b8c4 − 6b6c6 − b4c8 − 2b2c10 + c12),

f18,a(b, c) = − b2c2(b2 − c2)4(b2 + c2)(3b4 + b2c2 + 3c4),

f20,a(b, c) = b2c2(b2 − c2)6(b2 + c2)2.
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Construction of Malfatti Squares

Floor van Lamoen and Paul Yiu

Abstract. We give a very simple construction of the Malfatti squares of a trian-
gle, and study the condition when all three Malfatti squaresare inside the given
triangle. We also give an extension to the case of rectangles.

1. Introduction

The Malfatti squares of a triangle are the three squares eachwith two adjacent
vertices on two sides of the triangle and the two remaining adjacent vertices from
those of a triangle in its interior. We borrow this terminology from [3] (see also [1,
p.48]) where the lengths of the sides of the Malfatti squaresare stated. In Figure 1,
the Malfatti squares of triangleABC areB′C ′ZaYa, C ′A′XbZb andA′B′YcXc.
We shall callA′B′C ′ the Malfatti triangle ofABC, and present a simple construc-
tion of A′B′C ′ from a few common triangle centers ofABC. Specifically, we
shall make use of the isogonal conjugate of the Vecten point of ABC. 1 This is a
point on the Brocard axis, the line joining the circumcenterO and the symmedian
pointK.

C

A

B

C′

A′

B′

Ya

Za

Xc

Yc

Zb

Xb

Figure 1.

Theorem 1. Let P be the isogonal conjugate of the Vecten point of triangle ABC .
The vertices of the Malfatti triangle are the intersections of the lines joining the
centroid G to the pedals of the symmedian point K and the corresponding vertices
to the pedals of P on the opposite sides of ABC . See Figure 2.
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of a triad of congruent squares in a triangle. In [5, p.268] the expression for the edge length of the
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2. Notations

We adopt the following notations. For a triangle of sidelengths a, b, c, let S

denotetwice the area of the triangle, and

SA =
b2 + c2 − a2

2
, SB =

c2 + a2 − b2

2
, SC =

a2 + b2 − c2

2
.

These satisfy
SBSC + SCSA + SASB = S2.

More generally, for an arbitrary angleθ, Sθ = S · cot θ. In particular,

SA + SB + SC =
a2 + b2 + c2

2
= Sω,

whereω is the Brocard angle of triangleABC.

3. The triangle of medians

Given a triangleABC with sidelengthsa, b, c, letma, mb, mc denote the lengths
of the medians. By the Apollonius theorem, these are given by

m2
a =

1

4
(2b2 + 2c2 − a2),

m2
b =

1

4
(2c2 + 2a2 − b2), (1)

m2
c =

1

4
(2a2 + 2b2 − c2).

There is a triangle whose sidelengths arema, mb, mc. See Figure 3A. We call
this the triangle of medians ofABC. The following useful lemma can be easily
established.
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Lemma 2. Two applications of the triangle of medians construction gives a similar
triangle of similarity factor 3

4 . See Figure 3B.

A

B C

G

Figure 3A

A

B C

G

Figure 3B

We present an interesting example of a triangle similar to the triangle of medians
which is useful for the construction of the Malfatti triangle.

Lemma 3. The pedal triangle of the symmedian point is similar to the triangle of
medians, the similarity factor being tan ω.

C

A

B X

Y

Z

Z′

K
G

Figure 4

Proof. SinceS = bc sin A, the distance from the centroidG to AC is clearly S
3b

.
That from the symmedian pointK to AB is

c2

a2 + b2 + c2
·
S

c
=

S

2Sω

· c.

SinceK andG are isogonal conjugates,

AK = AG ·

S
2Sω

· c

S
3b

=
2

3
ma ·

3bc

2Sω

=
bc

Sω

· ma.
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This is a diameter of the circle throughA, K, and its pedals onAB andAC. It
follows that the distance between the two pedals is

bc

Sω

· ma · sin A =
S

Sω

· ma = tan ω · ma.

From this, it is clear that the pedal triangle is similar to the triangle of medians, the
similarity factor beingtan ω. �

Remark. The triangle of medians ofABC has the same Brocard angle asABC.

Proposition 4. Let P be a point with pedal triangle XY Z in ABC . The lines
through A, B, C perpendicular to the sides Y Z , ZX, XY concur at the isogonal
conjugate of P .

We shall also make use of the following characterization of the symmedian
(Lemoine) point of a triangle.

Theorem 5 (Lemoine). The symmedian point is the unique point which is the cen-
troid of its own pedal triangle.

4. Proof of Theorem 1

Consider a triangleABC with its Malfatti squares. Complete the parallelogram
A′B′A∗C ′. See Figure 5. Note that trianglesA′XbXc andC ′A′A∗ are congruent.
Therefore,A′A∗ is perpendicular toBC. Note that this line contains the centroid
G′ of triangleA′B′C ′. Similarly, if we complete parallelogramsB′C ′B∗A′ and
C ′A′C∗B′, the linesB′B∗ andC ′C∗ containG′ and are perpendicular toCA and
AB respectively.

C

A

B

C′

A′

B′

Ya

Za

Xc

Yc

Zb

Xb

A∗

G′

C′′

A′′

B′′

G

Figure 5.

ConsiderA′B′C ′ as the pedal triangle ofG′ in a triangleA′′B′′C ′′ homothetic
to ABC. By Lemoine’s theorem,G′ is the symmedian point ofA′′B′′C ′′. Since
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A′′B′′C ′′ is homothetic toABC, A′B′C ′ is homothetic to the pedal triangle of the
symmedian pointK of ABC.

In Figure 5, triangleA′′B′C ′ is the image ofAYaZa under the translation by
the vectorYaB

′ = ZaC
′ = AA

′′. This means that the lineAA′′ is perpendicular
to B′C ′, and to theA-side of the pedal triangle ofK. Similarly, BB′′ andCC ′′

are perpendicular toB- andC-sides of the same pedal triangle. By Proposition
4, the linesAA′′, BB′′, CC ′′ concur at the isogonal conjugate ofK. This means
that trianglesA′′B′′C ′′ and ABC are homothetic at the centroidG of triangle
ABC, and the sides of the Malfatti squares are parallel and perpendicular to the
corresponding medians.

Denote byλ the homothetic ratio ofA′′B′′C ′′ and ABC . This is also the
homothetic ratio of the Malfatti triangleA′B′C ′ and the pedal triangle ofK. In
Figure 5,BXb + XcC = B′′C ′′ = λa. Also, by Lemmas 2 and 3,

XbXc = A′A∗ = 2λ · A−median of pedal triangle of K

= 2λ · tan ω · A−median of triangle of medians of ABC

= 2λ · tan ω ·
3

4
a =

3

2
λ · tan ω · a.

SinceBXb + XbXc + XcC = BX, we haveλ(1 + 3
2 tan ω) = 1 and

λ =
2

2 + 3 tan ω
=

2Sω

3S + 2Sω

.

Let h(G,λ) be the homothety with centerG and ratioλ. SinceG′ is the sym-
median point ofA′′B′′C ′′,

G′ =h(G,λ) = λK + (1 − λ)G =
1

3S + 2Sω

(3S · G + 2Sω · K).

It has homogeneous barycentric coordinates(a2 + S : b2 + S : c2 + S). 2

To compute the coordinates of the vertices of the Malfatti triangle, we make use
of the pedals of the symmedian pointK on the sidelines. The pedal onBC is the
point

X =
1

2Sω

((SA + 2SC)B + (SA + 2SB)C).

A′ is the point dividing the segmentGX in the ratioGA′ : A′X = Sω : 3S.

A′ =
1

3S + 2Sω

(3S · G + 2Sω · X)

=
1

3S + 2Sω

(S · A + (S + SA + 2SC)B + (S + SA + 2SB)C) .

2For a construction ofG′, see Proposition 6.



54 F. M. van Lamoen and P. Yiu

Similarly, we haveB′ andC ′. In homogeneous barycentric coordinates, these
are

A′ =(S : S + SA + 2SC : S + SA + 2SB),

B′ =(S + SB + 2SC : S : S + SB + 2SA),

C ′ =(S + SC + 2SB : S + SC + 2SA : S).

The linesAA′, BB′, CC ′ intersect the sidelinesBC, CA, AB respectively at
the points

X ′ =(0 : S + SA + 2SC : S + SA + 2SB),

Y ′ =(S + SB + 2SC : 0 : S + SB + 2SA), (2)

Z ′ =(S + SC + 2SB : S + SC + 2SA : 0).

We show that these three intersections are the pedals of a specific point

P = (a2(SA + S) : b2(SB + S) : c2(SC + S)).

In absolute barycentric coordinates,

P =
1

2S(S + Sω)

(

(a2(SA + S)A + b2(SB + S)B + c2(SC + S)C
)

.

The infinite point of the perpendiculars toBC being−a2 · A + SC · B + SB · C,
the perpendicular fromP to BC contains the point

P +
SA + S

2S(S + Sω)
(−a2 · A + SC · B + SB · C)

=
1

2S(S + Sω)

(

(b2(SB + S) + SC(SA + S))B + (c2(SC + S) + SB(SA + S))C
)

=
1

2(S + Sω)
((S + SA + 2SC)B + (S + SA + 2SB)C) .

This is the pointX ′ whose homogeneous coordinates are given in (2) above. Sim-
ilarly, the pedals ofP on the other two linesCA andAB are the pointsY ′ andZ ′

respectively.
These lead to a simple construction of the vertexA′, as the intersection of the

linesGX and the line joiningA to the pedal ofP onBC. This completes the proof
of Theorem 1.

Remark. Apart fromA′, B′, C ′, the vertices of the Malfatti squares on the sidelines
are

Xb = (0 : 3S + SA + 2SC : SA + 2SB), Xc = (0 : SA + 2SC : 3S + SA + 2SB),
Yc = (SB + 2SC : 0 : 3S + 2SA + SB), Ya = (3S + SB + 2SC : 0 : 2SA + SB),
Za = (3S + 2SB + SC : 2SA + SC : 0), Zb = (2SB + SC : 3S + 2SA + SC : 0).
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5. An alternative construction

The vertices of the Malfatti triangleA′B′C ′ are the intersections of the perpen-
diculars fromG′ to the sidelines of triangleABC with the corresponding lines
joining G to the pedals ofK on the sidelines. A simple construction ofG′ would
lead to the Malfatti triangle easily. Note thatG′ dividesGK in the ratio

GG′ : G′K = a2 + b2 + c2 : 3S.

On the other hand, the pointP is the isogonal conjugate of the Vecten point

V =

(

1

SA + S
:

1

SB + S
:

1

SC + S

)

.

As such, it can be easily constructed, as the intersection ofthe perpendiculars from
A, B, C to the corresponding sides of the pedal triangles ofV . See Figure 6. It is
a point on the Brocard axis, dividingOK in the ratio

OP : PK = a2 + b2 + c2 : 2S.

O

K

A

B C

V

X

Y

Z
P

Figure 6.

This leads to a simple construction of the pointG′.

Proposition 6. G′ is the intersection of GK with HP , where H is the orthocenter
of triangle ABC .

K

O

G

H

P

G′

Figure 7.

Proof. Apply Menelaus’ theorem to triangleOGK with transversalHP , noting
thatOH : HG = 3 : −2. See Figure 7. �
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6. Some observations

6.1. Malfatti squares not in the interior of given triangle. Sokolowsky [3] men-
tions the possibility that the Malfatti squares need not be contained in the triangle.
Jean-Pierre Ehrmann pointed out that even the Malfatti triangle may have a ver-
tex outside the triangle. Figure 8 shows an example in which both B′ andYa are
outside the triangle.

B

A

A′

B′

C′

Ya

Za

Xc

Yc

Zb

Xb

Figure 8.

Proposition 7. At most one of the vertices the Malfatti triangle and at most one of
the vertices of the Malfatti squares on the sidelines can be outside the triangle.

C

A

B

C′

A′

B′

Ya

Za

Xc

Yc

Zb

Xb

G

Figure 9.

Proof. If Ya lies outside triangleABC, then∠AZaC
′ < π

2 , and∠ZbZaC
′ > π

2 .
SinceZaC

′ is parallel toAG, ∠BAG = ∠ZbZaC
′ is obtuse. Under the same

hypothesis, ifB′ andC are on opposite sides ofAB, then∠AZaC
′ < π

4 , and
∠BAG > 3π

4 .
Similarly, if any ofZa, Zb, Xb, Xc, Yc lies outside the triangle, then correspond-

ingly, ∠CAG, ∠CBG, ∠ABG, ∠ACG, ∠BCG is obtuse. Since at most one of
these angles can be obtuse, at most one of the six vertices on the sides and at most
one ofA′, B′, C ′ can be outside triangleABC. �
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6.2. A locus problem. François Rideau [8] asked, givenB andC, for the locus of
A for which the Malfatti squares of triangleABC are in the interior of the triangle.
Here is a simple solution. LetM be the midpoint ofBC, P the reflection ofC
in B, andQ that ofB in C. Consider the circles with diametersPB, BM , MC,
CQ, and the perpendicularsℓP andℓQ to BC atP andQ. See Figure 10.

B C
P QM

ℓP ℓQ

Figure 10.

For an arbitrary pointA, considerABC with centroidG.
(i) ∠ABG is obtuse ifA is inside the circle with diameterPB;
(ii) ∠BAG is obtuse ifA is inside the circle with diameterBM ;
(iii) ∠CAG is obtuse ifA is inside the circle with diameterMC;
(iv) ∠ACG is obtuse ifA is inside the circle with diameterCQ;
(v) ∠CBG is obtuse ifA is on the side ofℓP opposite to the circles;
(vi) ∠BCG is obtuse ifA is on the side ofℓQ opposite to the circles.

Therefore, the locus ofA for which the Malfatti squares of triangleABC are in
the interior of the triangle is the region between the linesℓP andℓQ with the four
disks excised.

A similar reasoning shows that the locus ofA for which the verticesA′, B′, C ′

of the Malfatti triangle ofABC are in the interior of triangleABC is the shaded
region in Figure 11.

B C
P Q

M

Figure 11.
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7. Generalization

We present a generalization of Theorem 1 in which the Malfatti squares are
replaced by rectangles of a specified shape. We say that a rectangle constructed on
a side of triangleABC has shapeθ if its center is the apex of the isosceles triangle
constructed on that side with base angleθ. We assume0 < θ < π

2 so that the apex
is on the opposite side of the corresponding vertex of the triangle. It is well known
that for a givenθ, the centers of the three rectangles of shapeθ erected on the sides
are perspective withABC at the Kiepert perspector

K(θ) =

(

1

SA + Sθ

:
1

SB + Sθ

:
1

SC + Sθ

)

.

The isogonal conjugate ofK(θ) is the point

K∗(θ) = (a2(SA + Sθ) : b2(SB + Sθ) : c2(SC + Sθ))

on the Brocard axis dividing the segmentOK in the ratiotan ω tan θ : 1.

Theorem 8. For a given θ, let A(θ) be the intersection of the lines joining (i) the
centroid G to the pedal of the symmedian point K on BC , (ii) the vertex A to the
pedal of K∗(θ) on BC . Analogously construct points B(θ) and C(θ). Construct
rectangles of shape θ on the sides of A(θ)B(θ)C(θ). The remaining vertices of
these rectangles lie on the sidelines of triangle ABC .

Figure 12 illustrates the case of the isodynamic pointJ . The Malfatti rectangles
B′C ′ZaYa, C ′A′XbZb andA′B′YcXc have shapeπ3 , i.e., lengths and widths in the
ratio

√
3 : 1.

C

A

B

K
G

J

A′

B′

C′

Ya

Za

Zb

Xb Xc

Yc

Figure 12.

The same reasoning in§6 shows that exactly one of the six vertices on the side-
lines is outside the triangle if and only if a median makes an obtuse angle with an
adjacent side. If this angle exceedsπ

2 + θ, the corresponding vertex of Malfatti
triangle is also outsideABC.
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A Simple Ruler and Rusty Compass Construction
of the Regular Pentagon

Kurt Hofstetter

Abstract. We construct in13 steps a regular pentagon with given sidelength
using a ruler and rusty compass.

Suppose a line segmentAB has been divided in the golden ratio at a pointG.
Figure 1 shows the construction of the vertices of a regular pentagon with four
circles of radii equal toAB. Thus, letC1 = A(AB), C2 = B(AB), C4 = G(AB),
intersecting the half lineAB at P1, andC5 = P1(AB). Then, withP2 = C1 ∩ C5,
P4 = C1 ∩ C4, andP5 = C2 ∩ C5. Since the radii of the circles involved are equal,
this construction can be performed with a ruler and a rusty compass. We claim that
the pentagonP1P2AP4P5 is regular.

A BG P1

P2

P4 P5

C1 C2C4 C5

Figure 1

Here is a simple proof. Assume unit length for the segmentAB. Letφ :=
√

5+1
2

be the golden ratio. It is well known thatAG = 1
φ

= φ−1. Now,AP1 = (φ−1)+

1 = φ. Therefore, the isosceles triangleAP1P2 consists of two sides and a diagonal
of a regular pentagon. In particular,∠P2AP1 = 36◦ and∠AP2P1 = 108◦. On the
other hand, triangleAGP4 is also isosceles with sides in the proportions1 : 1 : 1

φ
=

φ : φ : 1. It consists of two diagonals and a side of a regular pentagon. In particular,
∠GAP4 = 72◦ and∠AP4G = 36◦. From these,∠P2AP4 = 36◦ + 72◦ = 108◦.

Publication Date: March 24, 2008. Communicating Editor: Paul Yiu.
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Now, trianglesAP4P2 andP2AP1are congruent. It follows that∠AP2P4 = 36◦,
andP2, G, P4 are collinear.

By symmetry, we also have∠P2P1P5 = 108◦.
In the pentagonP1P2AP4P5, since the angles atP1, P2, A are all108◦, those

at P4 andP5 are also108◦. On the other hand, since the circlesC2 andC5 are the
translations ofC1 andC4 by the vector

−−→
AB, P4P5 has unit length. This shows that

the pentagonP1P2AP4P5 is regular.

Now, using a rusty compass (set at a radius equal toAB) we have constructed
in [1] the pointG in 5 steps, which include the circlesC1 andC2. (In Figure 2,M
is the midpoint ofAB, C3 = M(AB) intersectsC2 atE on the opposite side ofC;
G = CE ∩ AB). It follows that the vertices of the regular pentagonP1P2AP4P5

can be constructed in5 + 3 = 8 steps. The pentagon can be completed in5 more
steps by filling in the sides.

A BG P1

P2

P4 P5

E

C1 C2C4 C5C3

C

D

M

Figure 2
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Haruki’s Lemma and a Related Locus Problem

Yaroslav Bezverkhnyev

Abstract. In this paper we investigate the nature of the constant in Haruki’s
Lemma and study a related locus problem.

1. Introduction

In his papers [2, 3], Ross Honsberger mentions a remarkably beautiful lemma
that he accredits to Professor Hiroshi Haruki. The beauty and mystery of Haruki’s
lemma is in its apparent simplicity.

P

D

A
B

C

E F

Figure 1. Haruki’s lemma:AE·BF

EF
= constant.

Lemma 1 (Haruki). Given two nonintersecting chordsAB andCD in a circle and
a variable pointP on the arcAB remote from pointsC and D, let E and F be
the intersections of chordsPC, AB, and ofPD, AB respectively. The value of
AE · BF

EF
does not depend on the position ofP .

A very intriguing statement indeed. It should be duly noted that Haruki’s Lemma
leads to an easy proof of the Butterfly Theorem; see [2], [3, pp.135–140]. The
nature of the constant, however, remains unclear. By looking at it in more detail
we shall discover some interesting results.
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2. Proof of Haruki’s lemma

A good interactive visualisation and proof of Haruki’s lemma can be found in
[1]. Here we present the proof essentially as it appeared in [3]. The proof is quite
ingenious and relies on the fact that the angle∠CPD is constant.

We begin by constructing a circumcirlce of trianglePED and define pointG
to be the intersection of this cirumcircle with the lineAB. Note that∠EGD =
∠EPD as they are subtended by the same chordED of the circumcircle of△PED

and so these angles remain constant asP varies on the arcAB. Hence, for all posi-
tions ofP , ∠EGD remains fixed and, therefore, pointG remains fixed on the line
AB (See Figure 2). SoBG = constant.

P

D

A B

C

E F

G

Figure 2. PointG is a fixed point on lineAB.

Now, by applying the intersecting chords theorem toPD andAG in the two
circles, we obtain the following:

AF · FB = PF · FD,

EF · FG = PF · FD.

From these,(AE + EF ) · FB = EF · (FB + BG), andAE · FB = EF · BG.

Therefore, we have obtained
AE · BF

EF
= BG, a constant. This completes the

proof of Lemma 1.
Note that in the proof we could have used the circumcircle around△PFC in-

stead of the one around△PED.

3. An extension of Haruki’s lemma

Haruki has apparently found the constant. However, finding it raises additional
questions. Why is the ratio of distances that are bound to thecircle (through points
A, B, C, D, P ) expressed by a constant that involves a point lyingoutsidethe
circle? We explore the setup in Lemma 1. Consider an inversion with centerP and
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P

D

A B

C

E

F

C∗

E∗

D∗

F∗

A∗

B∗

Figure 3. Applying inversion with centerP

radiusr that is bigger than the diameter of the circumcircle ofABDC (See Figure
3).

Recall two basic facts about an inversion:
(a) It maps a line not through the center of inversion into a circle that goes through
the center of inversion and vice versa.
(b) It maps the line that goes through the center of inversioninto the same line.

Knowing these two facts, we can perform an inversion on the setup in Figure 1,
the results of which are shown in Figure 3. We can see that the segmentsA∗E∗,
B∗F ∗ andE∗F ∗ have taken the place of the segmentsAC, BD, CD. We shall
use this hint to deduce the following extension of Haruki’s Lemma.

Lemma 2. Given two nonintersecting chordsAB andCD in a circle and a vari-
able pointP on the arcAB remote from pointsC and D, let E and F be the
intersections of chordsPC, AB, and ofPD, AB respectively. The following
equalities hold:

AE · BF

EF
=

AC · BD

CD
, (1)

AF · BE

EF
=

AD · BC

CD
. (2)
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Proof. (1) Following the notation and proof of Lemma 1, we haveAE·BF
EF

= BG.
It remains to show thatBG = AC·BD

CD
, or, equivalently,

BG

BD
=

AC

CD
. (3)

P

D

A B

C

E F

G

Figure 4. TrianglesACD andGBD are similar, as areAGD andCBD

Note that in Figure 4,∠CAD = ∠CPD = ∠EPD = ∠EGD. SinceABDC

is a cyclic quadrilateral, we have∠ACD = ∠DBG. This means that the triangles
ACD andGBD are similar, thus yielding (3), and therefore (1).

For (2) we note that∠DCB = ∠DAB. Also ∠CBD = ∠CPD = ∠EPD =
∠EGD, thus we get△AGD ∼ △CBD yielding:

AG

AD
=

BC

CD
⇒ AG =

AD · BC

CD
.

However,AF · BE = (AE + EF ) · (EF + BF ) = AE · BF + AB · EF . We
obtain, by using Lemma 1,

AF · BE

EF
=

AE · BF

EF
+ AB = BG + AB = AG =

AD · BC

CD
.

�

Note that by switching the position of pointsC andD we effectively switch
pointsE andF , thus equations (1) and (2) are equivalent. It may seem surprising;
but the statement of Lemma 2 holds even for intersecting chordsAB andCD and
for any pointP on the circle for which the pointsE andF are defined.

Theorem 3. Given two distinct chordsAB andCD in a circle and a pointP on
that circle distinct fromA andB, let E andF be the intersections of the lineAB

with the linesPC andPD respectively. The equalities(1) and (2) hold.
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We leave the proof to the reader as an exercise. All that is necessary is to con-
sider the different cases for the relative positions ofA, B, C, D, P and to apply the
ideas in the proofs of Lemmas 1 and 2, i.e. finding the pointG as the intersection
of the circumcircle of either△PED or △PFC with AB and then looking for
similar triangles. Note that the pointP may coincide with eitherC or D. In this
case, by the linePC or PD we would mean the tangent to the circle atC or D.

4. A locus problem

Theorem 3 settles the case when pointsA, B, C, D lie on a circle. But what
happens when pointsA, B, C, D do not belong to the same circle? Can we still
find pointsP that will satisfy equation (1) or (2)? This gives rise to the following
locus problem.

Problem. Given the pointsA,B,C,D find the locusL1 (respectivelyL2) of all
pointsP that satisfy (1) (respectively (2)), where pointsE andF are the intersec-
tions of linesPC andAB, PD andAB respectively.

To investigate the lociL1 andL2, we begin with a result about the possibility of
a pointP belonging to bothL1 andL2.

Lemma 4. If there is a pointP satisfying both(1) and (2), thenA, B, C, D are
concyclic.

Proof. First of all, pointsA, B, E, F are collinear, hence, they satisfy Euler’s
distribution theorem (See [4, p.3] and [5]),i.e., if A, B, E, F are in this order,
then,AF · BE + AB · EF = AE · BF . Dividing through byEF , we obtain

AF · BE

EF
+ AB =

AE · BF

EF
,

and so, by the fact that pointP satisfies equations (1) and (2), we have:

AD · BC

CD
+ AB =

AC · BD

CD
.

Now multiplying byCD yields

AD · BC + AB · CD = AC · BD,

which, by Ptolemy’s inequality (See [6]), means that pointsA,B,C,D are con-
cyclic with pointsA,C separating pointsB,D on the circle. The relative positions
of A, B, E, F will influence the relative positions of pointsA, B, C, D on the
circle. Similar argument can be applied to establish the validity of the statement of
this lemma no matter the position of pointsA, B, E, F . �

This lemma is interesting in the way it ties the “linear” Euler’s equality, Ptolemy’s
inequality together with the extension of Haruki’s lemma.
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5. Barycentric coordinates

In order to find the lociL1 andL2 for the general position of pointsA, B, C,
D we make use of the notion of homogeneous barycentric coordinates. Given a
reference triangleABC, any three numbersx, y, z proportional to the signed areas
of oriented trianglesPBC, PCA, PAB form a set ofhomogeneous barycentric
coordinatesof P , written as(x : y : z).

With reference to triangleABC, the absolute barycentric coordinates of the
vertices are obviouslyA(1 : 0 : 0), B(0 : 1 : 0) andC(0 : 0 : 1). We shall make
use of the following basic property of barycentric coordinates.

Lemma 5. Let P be point with homogeneous barycentric coordinates(x : y : z)
with reference to triangleABC. The lineAP intersectsBC at a pointX with
coordinates(0 : y : z), which dividesBC in the ratio BX : XC = z : y.
Similarly,BP intersectsCA at Y (x : 0 : z) such thatCY : Y A = x : z andCP

intersectsAB at Z(x : y : 0) such thatAZ : ZB = y : x.

Assume thatD andP have barycentric coordinatesD(u : v : w) andP (x : y :
z). It is our aim to compute the coordinates of pointsE andF .

When there is no danger of confusion, we shall represent a linepα+qβ+rγ = 0
by (p : q : r). The intersection of two lines(p : q : r) and(s : t : u) is the point

(
∣

∣

∣

∣

q r

t u

∣

∣

∣

∣

:

∣

∣

∣

∣

r p

u s

∣

∣

∣

∣

:

∣

∣

∣

∣

p q

s t

∣

∣

∣

∣

)

.

This same expression also gives the line through the two points with homogeneous
barycentric coordinates(p : q : r) and(s : t : u).

6. Solution of the locus problem

From the above formula we compute the coordinates of the lines AB, PC and
PD:

Line Coordinates
AB (0 : 0 : 1)
PC (−y : x : 0)

PD

(
∣

∣

∣

∣

y z

v w

∣

∣

∣

∣

:

∣

∣

∣

∣

z x

w u

∣

∣

∣

∣

:

∣

∣

∣

∣

x y

u v

∣

∣

∣

∣

)

From these we obtain the coordinates ofE andF :

E

(
∣

∣

∣

∣

x 0
0 1

∣

∣

∣

∣

:

∣

∣

∣

∣

0 −y

1 0

∣

∣

∣

∣

:

∣

∣

∣

∣

−y x

0 0

∣

∣

∣

∣

)

= (x : y : 0),

F

(
∣

∣

∣

∣

z x

w u

∣

∣

∣

∣

:

∣

∣

∣

∣

z y

w v

∣

∣

∣

∣

: 0

)

= (uz − wx : vz − wy : 0).

AssumeBC = a, CA = b, andAB = c. Also, AD = a′, BD = b′, and
CD = c′. These are also fixed quantities. From the coordinates ofE andF , we
obtain, by Lemma 5, the followingsignedlengths:

AE = y
x+y

· c, EB = x
x+y

· c;

AF = vz−wy
z(u+v)−w(x+y) · c, FB = uz−wx

z(u+v)−w(x+y) · c.
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Consequently,

EF = EB − FB =
z(vx − uy)

(x + y)(z(u + v) − w(x + y))
· c.

Now we determine the lociL1 andL2.

Theorem 6. Given the pointsA, B, C, D and a pointP , define pointsE andF as
the intersections of linesPC andAB, PD andAB respectively.
(a) The locusL1 of pointsP satisfying(1) is the union of two circumconics of
ABCD given by the equations

(cc′ + εbb′)uyz − εbb′vzx − cc′wxy = 0, ε = ±1. (4)

(b) The locusL2 of pointsP satisfying(2) is the union of two circumconics of
ABCD given by the equations

εaa′uyz + (cc′ − εaa′)vzx − cc′wxy = 0, ε = ±1. (5)

Proof. In terms of signed lengths, (1) and (2) should be interpretedasAE · BF ·

CD = ε ·AC ·BD ·EF andAF ·BE ·CD = ε ·AD ·BC ·EF for ε = ±1. The
results follow from direct substitutions. It is easy to see that the conics represented
by (4) and (5) all contain the pointsA, B, C, D, with barycentric coordinates
(1 : 0 : 0), (0 : 1 : 0), (0 : 0 : 1), (u : v : w) respectively. �

7. Constructions

Theorem 6 tells us that the loci in question are each a union oftwo conics, each
containing the four given pointsA, B, C, D. In order to construct these conics, we
would need to find a fifth point on each of them. The following proposition helps
with this problem.

Proposition 7. The four intersections of the bisectors of anglesABD, ACD, and
the four intersections of the bisectors of anglesCAB andCDB are points onL1.

Proof. First of all, it is routine to verify that forP = (x : y : z), we have

[AEP ] · [BFP ] · [CDP ] = [ACP ] · [BDP ] · [EFP ], (6)

where[XY Z] denotes the signed area of the oriented triangleXY Z. Let dXY be
the distance fromP to the lineXY . In terms of distances, the relation (6) becomes

(AE · dAE)(BF · dBF )(CD · dCD) = (AC · dAC)(BD · dBD)(EF · dEF ).

From this it is clear that (1) is equivalent to

dAE · dBF · dCD = dAC · dBD · dEF . (7)

SinceAE, BF , EF are the same lineAB, this condition can be rewritten as

dAB · dCD = dAC · dBD. (8)

If P is an intersection of the bisectors of anglesABD andACD, thendAB = dBD

anddAC = dCD. On the other hand, ifP is an intersection of the bisectors of
anglesCAB andCDB, thendAC = dAB anddCD = dBD. In both cases, (7) is
satisfied, showing thatP is a point on the locusL1. �
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A

B

C D

Q1

b

Q2

b

b

b

bb

b

Figure 5. The locusL1

Let Q1 be the intersection of the internal bisectors of anglesABD andACD,
andQ2 as the intersection of the external bisector of angleABD and the internal
bisector of angleACD. See Figure 5. SinceQ1, Q2 andC are collinear, the points
Q1 andQ2 must lie on distinct conics ofL1.

Similarly, the locusL2 also contains the four intersections of the bisectors of
anglesBAD andBCD, and the four from anglesABC andADC. Let Q3 be the
intersection of the internal bisectors andQ4 the intersection of the internal bisector
of BAD and the external bisector of angleBCD. See Figure 6. The pointsQ3

andQ4 are on different conics ofL2.

A
B

C
D

Q3

b

Q4

b

b

b

b

b

Figure 6. The locusL2
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A
B

C D

Q3

Q4

Q1

Q2

C11

C22

C12
C21

Figure 7.

Figure 7 shows the four conics, withC1,1, C1,2 formingL1 andC2,1, C2,2 forming
L2.

Corollary 8. (a)When pointsA, B, C, D all belong to the same circleC, then one
of the conics fromL1 and one fromL2 coincide withC.

(b) If for some pointP , (1) and (2) are both satisfied, then the pointsA, B, C,
D, P are concyclic.

b

A B

C D

Q1

Q2

Figure 8.

Proof. (a) AssumeQ1 not on the circleC. Suppose we have the situation as in
Figure 8. In other cases the reasoning is similar. It is easy to see that∠ABQ2 =
∠ACQ2 asQ2 belongs to the external bisector of the angleABD. This means that
the pointsA, B, C andQ2 are concyclic. ButQ2 lies on one of the conics from
L1, therefore, this conic is actually a circle. Similarly, onecan show that one of the
conics fromL2 coincides withC. This proves (a).

(b) follows directly from (a) and Lemma 4. �
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b

A
B

C D

Q1

Q2

Q3

Q4

C12 = C21

C22

C11

Figure 9. LociL1 andL2 for cyclic quadrilateralABDC

Theorem 3 together with Lemma 4 and part (b) of Corollary 8 provide us with
the criteria for five pointsA, B, C, D and P to be concyclic. The case when
ABCD is a cyclic quadrilateral is depicted in Figure 9.

References

[1] A. Bogomolny, Cut The Knot,
http://www.cut-the-knot.org/Curriculum/Geometry/Haruki.shtml

[2] R. Honsberger, The Butterfly Problem and Other Delicacies from the Noble Art of Euclidean
Geometry I,TYCMJ, 14 (1983) 2 – 7.

[3] R. Honsberger,Mathematical Diamonds, Dolciani Math. Expositions No. 26, Math. Assoc.
Amer., 2003.

[4] R. A. Johnson,Advanced Euclidean Geometry, Dover reprint, 2007.
[5] E. W. Weisstein, Euler’s Distribution Theorem, MathWorld - A Wolfram Web Resource,

http://mathworld.wolfram.com/EulersDistributionTheorem.html
[6] E. W. Weisstein, Ptolemy Inequality, MathWorld - A Wolfram Web Resource,

http://mathworld.wolfram.com/PtolemyInequality.html

Yaroslav Bezverkhnyev: Main Post Office, P/O Box 29A, 88000 Uzhgorod, Transcarpathia,
Ukraine

E-mail address: slavab59@yahoo.ca



Forum Geometricorum
Volume 8 (2008) 73–76. b b

b

b

FORUM GEOM

ISSN 1534-1178

An Inequality Involving the Angle Bisectors
and an Interior Point of a Triangle

Wei-Dong Jiang

Abstract. We establish a new weighted geometric inequality involving the lengths
of the angle bisectors and the radii of three circles throughan interior point of a
triangle. From this, several interesting geometric inequalities are derived.

1. Introduction

Throughout this paper we consider a triangleABC with sidelengthsa, b, c,
circumradiusR, and inradiusr. Denote bywa, wb, wc the lengths of the bisectors
of anglesA, B, C. Let P be an interior point. Denote byRa, Rb, Rc the radii of
the circlesPBC, PCA, PAB respectively. Liu [2] has conjectured the inequality

wa

Rb + Rc

+
wb

Rc + Ra

+
wc

Ra + Rb

≤
9

4
. (1)

We prove a stronger inequality in Theorem 1 below, which include the

wa
√

RbRc

+
wb

√
RcRa

+
wc

√
RaRb

≤
9

2
. (2)

Theorem 1. For an interior point P and positive real numbers x, y, z, we have

xwa
√

RbRc

+
ywb

√
RcRa

+
zwc

√
RaRb

≤

√

2 +
r

2R

(

yz

x
+

zx

y
+

xy

z

)

. (3)

Equality holds if and only if the triangle ABC is equilateral, P its center, and
x = y = z.

We shall make use of the following lemma.

Lemma 2. For arbitrary nonzero real numbers x, y, z,

x2 sin2 A + y2 sin2 B + z2 sin2 C ≤
1

4

(

yz

x
+

zx

y
+

xy

z

)2

. (4)

Equality holds if and only if x2 : y2 : z2 = 1
a2(b2+c2−a2) : 1

b2(c2+a2
−b2) :

1
c2(a2+b2−c2)

.
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Proof. We make use of Kooi’s inequality [1, Inequality 14.1]: for real numbersλ1,
λ2, λ3 with λ1 + λ2 + λ3 6= 0,

(λ1 + λ2 + λ3)
2R2 ≥ λ2λ3a

2 + λ3λ1b
2 + λ1λ2c

2;

equality holds if and only if the point with homogeneous barycentric coordinates
(λ1 : λ2 : λ3) with reference to triangleABC is the circumcenter of the triangle.
Now, with λ1 = yz

x
, λ2 = zx

y
, λ3 = xy

z
, the result follows from the law of sines:

a = 2R sin A, b = 2R sin B, c = 2R sin C. �

2. Proof of Theorem 1

The length of the bisector of angleA is given bywa = 2bc
b+c

cos A
2 . Clearly,

wa ≤
√

bc cos A
2 ; equality holds if and only ifb = c.

Let ∠BPC = α, ∠CPA = β and∠APB = γ. Obviously,0 < α, β, γ < π

andα + β + γ = 2π. By the law of sines,b = 2Rb sin β, c = 2Rc sin γ. We have

wa
√

RbRc

≤

√

bc

RbRc

· cos
A

2

= 2
√

sin β sin γ · cos
A

2

≤ (sin β + sin γ) cos
A

2

= 2 sin
β + γ

2
cos

β − γ

2
cos

A

2

≤ 2 sin
α

2
cos

A

2
.

Equality holds if and only ifb = c andβ = γ. Similarly, wb
√

RcRa

≤ 2 sin β
2 cos B

2

and wc
√

RaRb

≤ 2 sin γ
2 cos C

2 with analogous conditions for equality. Therefore, for
x, y, z > 0,

xwa
√

RbRc

+
ywb

√
RcRa

+
zwc

√
RaRb

≤ 2x sin
α

2
cos

A

2
+ 2y sin

β

2
cos

B

2
+ 2z sin

γ

2
cos

C

2
(5)

≤ 2

√

(

cos2
A

2
+ cos2

B

2
+ cos2

C

2

)(

x2 sin2 α

2
+ y2 sin2 β

2
+ z2 sin2 γ

2

)

(6)

≤

√

2 +
r

2R
·

(

yz

x
+

zx

y
+

xy

z

)

(7)

Here, the inequality in (6) follows from the Cauchy-Schwarzinequality. On the
other hand, the inequality in (7) follows from the identity

cos2 A

2
+ cos2 B

2
+ cos2 C

2
= 2 +

r

2R
,
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and application of Lemma 2 to a triangle with anglesα
2 , β

2 , γ
2 . Equality holds in (5)

holds if and only ifa = b = c andα = β = γ. This means thatABC is equilateral
andP is its center. Finally, by Lemma 2 again, equality holds in (7) if and only if
x2 : y2 : z2 = 1 : 1 : 1, i.e., x = y = z. This completes the proof of Theorem 1.

3. Some applications

With x = y = z in Theorem 1, we have

wa
√

RbRc

+
wb

√
RcRa

+
wc

√
RaRb

≤ 3

√

2 +
r

2R
.

By Euler’s famous inequalityR ≥ 2r, we have (2).
Since

√
RbRc ≤

1
2(Rb + Rc),

√
RcRa ≤ 1

2(Rc + Ra),
√

RaRb ≤
1
2(Ra + Rb),

we obtain from Theorem 1,

xwa

Rb + Rc

+
ywb

Rc + Ra

+
zwc

Ra + Rb

≤
1

2

√

2 +
r

2R

(

yz

x
+

zx

y
+

xy

z

)

. (8)

With x = y = z, we have

wa

Rb + Rc

+
wb

Rc + Ra

+
wc

Ra + Rb

≤
3

2

√

2 +
r

2R
.

Liu’s inequality (1) follows fromR ≥ 2r.
Again, from Euler’s inequality, we immediately conclude from Theorem 1 that

xwa
√

RbRc

+
ywb

√
RcRa

+
zwc

√
RaRb

≤
3

2

(

yz

x
+

zx

y
+

xy

z

)

. (9)

Corollary 3. For an interior point P and positive real numbers x, y, z, we have

x2Ra + y2Rb + z2Rc ≥
2

3
(yzwa + zxwb + xywc).

Equality holds if and only if the triangle ABC is equilateral, P its center, and
x = y = z.

Proof. Replace in (9)x, y, z respectively byyz
√

RbRc, zx
√

RcRa, xy
√

RaRb.
�

In particular, withx = y = z = 1, we have

Ra + Rb + Rc ≥
2

3
(wa + wb + wc);

equality holds if and only if the triangle is equilateral andP its center.

Corollary 4. For an interior point P in a triangle ABC , RaRbRc ≥ 64
27wawbwc.

Equality holds if and only if ABC is equilateral and P its center.

Proof. This follows from (9) by puttingx = y = z and applying the AM-GM
inequality. �
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Cubics Related to Coaxial Circles

Bernard Gibert

Abstract. This note generalizes a result of Paul Yiu on a locus associated with
a triad of coaxial circles. We present an interesting familyof cubics with many
properties similar to those of pivotal cubics. It is also an opportunity to show
how different ways of writing the equation of a cubic lead to various geometric
properties of the curve.

1. Introduction

In his Hyacinthos message [7], Paul Yiu encountered the cubic K360 as the
locus of pointP (in the plane of a given triangleABC) with cevian triangleXY Z

such that the three circlesAA′X, BB′Y , CC ′Z are coaxial. HereA′B′C ′ is the
circumcevian triangle ofX56, the external center of similitude of the circumcircle
and incircle. See Figure 1. It is natural to study the coaxiality of the circles when
A′B′C ′ is the circumcevian triangle of a given pointQ.

A

B C

Z

Y

X

A’

K360

B’

C’

P

ra
dical a

xis

I

X56

Figure 1. K360 and coaxial circles

Throughout this note, we work with homogeneous barycentriccoordinates with
reference to triangleABC, and adopt the following notations:
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gX the isogonal conjugate ofX
tX the isotomic conjugate ofX
cX the complement ofX
aX the anticomplement ofX
tgX the isotomic conjugate of the isogonal conjugate ofX

2. Preliminaries

Let Q = p : q : r be a fixed point with circumcevian triangleA′B′C ′ andP

a variable point with cevian trianglePaPbPc. Denote byCA the circumcircle of
triangleAA′Pa and defineCB , CC in the same way.

Lemma 1. The radical center of the circlesCA, CB , CC is the pointQ.

Proof. The radical center of the circumcircleC of triangleABC andCB , CC must
be Q. Indeed, it must be the intersection ofBB′ (the radical axis ofC andCB)
andCC ′ (the radical axis ofC andCC). Hence the radical axis ofCB , CC contains
Q. �

These three radical axes are in general distinct lines. For some choices ofP ,
however, these circles are coaxial. For example, ifP = Q, then the three circles
degenerate into the cevian lines ofQ and we regard these as infinite circles with
radical axis the line at infinity. Another trivial case is when P is one of the vertices
A, B, C, since two circles coincide withC and the third circle is not defined.

Lemma 2. LetH be the orthocenter of triangleABC. For any pointQ 6= H and
P = H, the circlesCA, CB , CC are coaxial with radical axisHQ.

Proof. When P = H, the cevian triangle ofP is the orthic triangleHaHbHc.
The inversion with respect to the polar circle swapsA, B, C and Ha, Hb, Hc

respectively. Hence the products of signed distancesHA · HHa, HB · HHb,
HC · HHc are equal but, since they represent the power ofH with respect to the
circlesCA, CB , CC , H must be on their radical axes which turns out to be the line
HQ. If Q = H, the property is a simple consequence of the lemma above.�

3. The cubicK(Q) and its construction

Theorem 3. In general, the locus ofP for which the circlesCA, CB , CC are coaxial
is a circumcubicK(Q) passing throughH, Q and several other remarkable points.
This cubic is tangent atA, B, C to the symmedians of triangleABC.

This is obtained through direct and easy calculation. It is sufficient to write that
the radical circle ofCA, CB , CC degenerates into the line at infinity and another
line which is obviously the common radical axis of the circles. This calculation
gives several equivalent forms of the barycentric equationof K(Q). In §§4 – 9
below, we explore these various forms, deriving essential geometric properties and
identifying interesting points of the cubic. For now we examine the simplest of all
these:

∑

cyclic

b2c2 p x (y + z)(ry − qz) = 0 ⇐⇒
∑

cyclic

x(y + z)

a2

(

y

q
−

z

r

)

= 0. (1)
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It is clear thatK(Q) containsA, B, C, Q and the verticesA1, B1, C1 of the
cevian triangle oftgQ = p

a2 : q
b2

: r
c2

. Indeed, when we takex = 0 in equation (1)
we obtain(b2ry − c2qz)yz = 0.

K(Q) also containsagQ. Indeed, if we writeagQ = u : v : w thenv+w =
a2

p
,

etc, since this is the complement ofagQ i.e. gQ. The second form of equation (1)

obviously gives
∑

cyclic

u

p

(

v

q
−

w

r

)

= 0.

Finally, it is easy to verify thatK(Q) is tangent atA, B, C to the symmedians
of triangle ABC. Indeed, whenb2z is replaced byc2y in (1), the polynomial
factorizes byy2.

3.1. Construction.GivenQ, denote byS be the second intersection of the Euler
line with the rectangular circumhyperbolaHQ throughQ.

LetH′

Q be the rectangular hyperbola passing throughO, Q, S and with asymp-
totes parallel to those ofHQ.

A variable lineLQ throughQ meetsH′

Q at a pointQ′.
LQ meets the rectangular circumhyperbola throughgQ′ (the isogonal transform

of the lineOQ′) at two pointsM , M ′ of K(Q) collinear withQ.
Note thatQ is the coresidual ofA, B, C, H in K(Q) and thatagQ is the

coresidual ofA, B, C, Q in K(Q). Thus, the line throughagQ andM meets again
the circumconic throughQ andM at another point onK(Q).

A

B C

M

S

Q

H

O

K(Q)

Q’

M’

H’Q

HQ

LQ

Figure 2. Construction ofK(Q)
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4. Intersections with the circumcircle and the pivotal isogonal cubicpKcirc(Q)

Proposition 4. K(Q) intersects the circumcircle at the same points as the pivotal
isogonal cubicpKcirc(Q) with pivotagQ.

Proof. The equation ofK(Q) can be written in the form
∑

cyclic

(−a2qr + b2rp + c2pq)x (c2y2 − b2z2)

+ (a2yz + b2zx + c2xy)
∑

cyclic

p (c2q − b2r)x = 0.
(2)

Any point common toK(Q) and the circumcircle also lies on the cubic
∑

cyclic

(−a2qr + b2pr + c2pq)x (c2y2 − b2z2) = 0, (3)

which is the pivotal isogonal circumcubicpKcirc(Q). �

The two cubicsK(Q) andpKcirc(Q) must have three other common points on
the line passing throughG andagQ. One of them isagQ and the two other points
E1, E2 are not always real points. Indeed, the equation of this lineis

∑

cyclic

p(c2q − b2r)x = 0.

A

B
C

X144

K(X55)

X9

X57

X55

pKcirc = pK(X6, X144)

Q1

Q2

Q3

Figure 3.K(Q) andpKcirc(Q) whenQ = X55
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These pointsE1, E2 are the intersections of the line passing throughG, gQ,
agQ with the circumconicABCKQ which is its isogonal conjugate. It follows
that these points are the last common points ofK(Q) and the Thomson cubicK002.

Figure 3 shows these cubics whenQ = X55, the isogonal conjugate of the
Gergonne pointX7. Here, the pointsE1, E2 areX9, X57 andagQ is X144.

Thus,K(Q) meets the circumcircle atA, B, C with concurrent tangents atK
and three other pointsQ1, Q2, Q3 (one of them is always real). Following [4],agQ
must be the orthocenter of triangleQ1Q2Q3.

4.1. Construction of the pointsQ1, Q2, Q3. The construction of these points again
follows a construction of [4] : the rectangular hyperbola having the same asymp-
totic directions as those ofABCHQ and passing throughQ, agQ, the antipode
Z on the circumcircle of the isogonal conjugateZ ′ of the infinite point of the line
OgQ meets the circumcircle atZ andQ1, Q2, Q3. Note thatZ ′ is the fourth point
of ABCHQ on the circumcircle. The sixth common point of the hyperbolaand
K(Q) is the second intersectionQ′ of the lineHagQ with both hyperbolas. It is
the tangential ofQ in K(Q). It is also the second intersection of the lineZZ ′ with
both hyperbolas. See Figure 4.

A

B C

O

Q1

Q2

Q3

Z’

Z

H

Q
agQ

Q’

Figure 4. Construction of the pointsQ1, Q2, Q3

These pointsQ1, Q2, Q3 have several properties related with Simson lines ob-
tained by manipulation of third degree polynomials. They derive from classical
properties of triples of points on the circumcircle ofABC having concurring Sim-
son lines.
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Theorem 5. The pointsQ1, Q2, Q3 are the antipodes on the circumcircle of the
three pointsQ′

1, Q′

2, Q′

3 whose Simson lines pass throughgQ.

It follows that Q1, Q2, Q3 are three real distinct points if and only ifgQ lies
inside the Steiner deltoidH3.

Theorem 6. The Simson lines ofQ1, Q2, Q3 are tangent to the inconicI(Q) with
perspectortgQ and centercgQ. They form a triangleS1S2S3 perspective atcgQ
to Q1Q2Q3.

S1 is the common point of the Simson lines ofQ′

1, Q2, Q3. These pointsS1,
S2, S3 are the reflections ofQ1, Q2, Q3 in cgQ. See Figure 5.
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Figure 5.K(Q) and Simson lines

Another computation involving symmetric functions of the roots of a third de-
gree polynomial gives

Theorem 7. K(Q) meets the circumcircle atA, B, C with tangents concurring
at the Lemoine pointK of ABC and three other pointsQ1, Q2, Q3 where the
tangents are also concurrent at the Lemoine point ofQ1Q2Q3.

This generalizes the property already encountered in a family of pivotal cubics
seen in [4,§4]. Since the two trianglesABC andQ1Q2Q3 are inscribed in the
circumcircle, there must be a conic inscribed in both triangles. This gives

Theorem 8. The inconicI(Q) with perspectortgQ is inscribed in the two trian-
glesABC andQ1Q2Q3. It is also inscribed in the triangle formed by the Simson
lines ofQ1, Q2, Q3.
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K(Q) meetsI(Q) at six points which are the contacts ofI(Q) with the sidelines
of the two triangles. Three of them are the verticesA1, B1, C1 of the cevian
triangle of tgQ in ABC. The other pointsR1, R2, R3 are the intersections of
the sidelines ofQ1Q2Q3 with the cevian lines ofH in S1S2S3. In other words,
R1 = HS1 ∩ Q2Q3, etc. See Figure 5. Note that the reflections ofR1, R2, R3 in
the centercgQ of I(Q) are the contactsT1, T2, T3 of the Simson lines ofQ1, Q2,
Q3 with I(Q).

5. Infinite points on K(Q) and intersection with pKinf(Q)

Proposition 9. K(Q) meets the line at infinity at the same points as the pivotal
isogonal cubicpKinf(Q) with pivotgQ.

Proof. This follows by writing the equation ofK(Q) in the form
∑

cyclic

a2 qr x (c2y2 − b2z2) + (x + y + z)
∑

cyclic

a2 p (c2q − b2r) yz = 0. (4)

Any infinite point onK(Q) is also a point on the cubic
∑

cyclic

a2 qr x (c2y2 − b2z2) = 0 ⇐⇒
∑

cyclic

x

p

(

y2

b2
−

z2

c2

)

= 0, (5)

which is the pivotal isogonal cubicpKinf(Q) with pivot gQ. �

The six other common points ofK(Q) andpKinf(Q) lie on the circumhyperbola
throughQ andK. They areA, B, C, Q and the two pointsE1, E2. Figure 6 shows
these cubics whenQ = X55 thusgQ is the Gergonne pointX7. Recall that the
pointsE1, E2 areX9, X57.

A

B
C

X144

K(X55)

X9

X7 X57

X55

pKinf = pK(X6, X7)

Q1

Q2

Q3

Figure 6. K(Q) andpKinf(Q) whenQ = X55
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6. K(Q) and the inconic with center cgQ

Proposition 10. The cubicK(Q) contains the four foci of the inconic with center
cgQ and perspectortgQ.

Proof. This follows by writing the equation ofK(Q) in the form

∑

cyclic

px(c2q − b2r)(c2y2 + b2z2) − 2





∑

cyclic

a2(b2 − c2)qr



 xyz

−
∑

cyclic

px(c2q + b2r)(c2y2 − b2z2) = 0.

(6)

Indeed,

∑

cyclic

px(c2q − b2r)(c2y2 + b2z2) − 2





∑

cyclic

a2(b2 − c2)qr



xyz = 0 (7)

is the equation of the non-pivotal isogonal circular cubicnK6(Q) which is the
locus of foci of inconics with center on the line throughG, cgQ and

∑

cyclic

px(c2q + b2r)(c2y2 − b2z2) = 0 (8)

is the equation of the pivotal isogonal cubicpK6(Q) with pivot cgQ. The two
cubicsK(Q) andpK6(Q) obviously contain the above mentioned foci. �

A

B C

X2991

K(X55)

X9

F1

X57

F2

Mandart ellipse

pK6 = K351

nK6 = K352

Q1

Q2

Q3

Figure 7. K(Q) and the related cubicsnK6(Q), pK6(Q) whenQ = X55

These two cubics generate a pencil of cubics containingK(Q). Note thatpK6(Q)
is a member of the pencil of isogonal pivotal cubics generated by pKinf(Q) and
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pKcirc(Q). The root ofnK6(Q) is the infinite point of the trilinear polar oftgQ.
Figure 7 shows these cubics whenQ = X55. The inscribed conic is the Mandart
ellipse.

In the example above,K(Q) contains the centercgQ of the inconicI(Q) but
this is not generally true. We have

Theorem 11. K(Q) contains the centercgQ of I(Q) if and only ifQ lies on the
cubicK172 = pK(X32,X3).

Since we know thatK(Q) contains the perspectortgQ of this same inconic when
it is a pivotal cubic, it follows that there are only two cubicsK(Q) passing through
the foci, the center, the perspector ofI(Q) and its contacts with the sidelines of
ABC. These cubics are obtained when
(i) Q = X6 : K(X6) is the Thomson cubicK002 andI(Q) is the Steiner inscribed
ellipse,
(ii) Q = X25 : K(X25) is K233 = pK(X25,X4).

In the latter case,cgQ = X6, tgQ = X4, agQ = X193, I(Q) is the K-ellipse,1

the infinite points are those ofK169 = pK(X6,X69), the points on the circumcircle
are those ofpK(X6,X193). See Figure 8.

A

B C

K

Q1

Q2

Q3

K-ellipse

F2

X25

X193

H

G

F1

Figure 8.K(X25) and the related K-ellipse

1TheK−ellipse is actually an ellipse only when triangleABC is acute angled.
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7. K(Q) and the Steiner ellipse

Proposition 12. The cubicK(Q) meets the Steiner ellipse at the same points as
pK(tgQ, Q).

Proof. This follows by writing the equation ofK(Q) in the form
∑

cyclic

a2 p x (b2ry2 − c2qz2) + (xy + yz + zx)
∑

cyclic

a2 (b2 − c2) qr x = 0. (9)

Indeed,
∑

cyclic

a2 p x (b2ry2 − c2qz2) = 0 ⇐⇒
∑

cyclic

x

(

y2

c2q
−

z2

b2r

)

= 0 (10)

is the equation of the pivotal cubicpK(tgQ, Q). �

Note that
∑

cyclic

a2 (b2 − c2) qr x = 0 is the equation of the lineQtgQ. This will

be construed in the next paragraph.

8. K(Q) and rectangular hyperbolas

Let P = u : v : w be a given point and letH(P ), H(gP ) be the two rectangular
circum-hyperbolas passing throughP , gP respectively. These have equations

∑

cyclic

u(SBv − Scw)yz = 0 and
∑

cyclic

(

SBw

c2
−

SCv

b2

)

yz = 0.

P must not lie on the McCay cubic in order to have two distinct hyperbolas.
Indeed,gP lies onH(P ) if and only if P lies on the lineOgP i.e. P andgP are
two isogonal conjugate points collinear withO.

LetL(Q) andL′(Q) be the two lines passing throughQ with equations
∑

cyclic

a2 (vr(qx − py) − wq(rx − pz)) = 0

and
∑

cyclic

b2c2pu(v + w)(ry − qz) = 0.

These linesL(Q) andL′(Q) can be construed as the trilinear polars of the
Q−isoconjugates of the infinite points of the polars ofP andgP in the circumcir-
cle.

The equation ofK(Q) can be written in the form





∑

cyclic

u(SBv − Scw)yz









∑

cyclic

a2 (vr(qx − py) − wq(rx − pz))





=





∑

cyclic

(

SBw

c2
−

SCv

b2

)

yz









∑

cyclic

b2c2pu(v + w)(ry − qz)





(11)
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which will be loosely written under the form :

H(P ) · L(Q) = H(gP ) · L′(Q).

If we recall thatK(Q) andH(P ) have already four common points namelyA,
B, C, H and thatK(Q), L(Q) andL′(Q) all containQ, then we have

Corollary 13. K(Q) meetsH(P ) again at two points on the lineL′(Q) and
H(gP ) again at two points on the lineL(Q).

For example, withP = G, H(P ) is the Kiepert hyperbola andL′(Q) is the line
QgtQ, H(gP ) is the Jerabek hyperbola andL(Q) is the lineQtgQ.

9. Further representations ofK(Q)

Proposition 14. For varyingQ, the cubicsK(Q) form a net of cubics.

Proof. This follows by writing the equation ofK(Q) in the form
∑

cyclic

a2qr x
(

c2y(x + z) − b2z(x + y)
)

= 0

⇐⇒
∑

cyclic

a2qr x
(

x(c2y − b2z) − (b2 − c2)yz
)

= 0.
(12)

The equationc2y(x + z) − b2z(x + y) = 0 is that of the rectangular circumhy-
perbolaHA tangent atA to the symmedianAK. Its center is the midpoint ofBC.
Its sixth common point withK(Q) is the intersection of the linesAQ andA1agQ.
Thus the net is generated by the three decomposed cubics which are the union of a
sideline ofABC and the corresponding hyperbola such asHA. �

Proposition 15. K(Q) is a pivotal cubicpK(Q) if and only ifQ lies on the cir-
cumhyperbolaH passing throughG andK.

Proof. We write the equation ofK(Q) in the form

∑

cyclic

b2c2 p x (ry2 − qz2) +





∑

cyclic

a2(b2 − c2)qr



 xyz = 0. (13)

Recall thatK(Q) meets the sidelines of triangleABC again at the vertices of
the cevian triangle oftgQ. Thus, the cubic is a pivotal cubic is and only if the term
in xyz vanishes. It is now sufficient to observe that the equation ofthe hyperbola
H is

∑

cyclic

a2(b2 − c2)yz = 0. �

See a more detailed study of thesepK(Q) in §10.1.

Proposition 16. The cubicK(Q) belongs to another pencil of similar cubics gen-
erated by another pivotal cubic and another isogonal non-pivotal cubic.
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Proof.

∑

cyclic

px(c2q − b2r)(c2y2 + b2z2) −





∑

cyclic

a2(b2 − c2)qr



xyz

+
∑

cyclic

a4qr(y − z)yz = 0.

(14)

Indeed,

∑

cyclic

px(c2q − b2r)(c2y2 + b2z2) −





∑

cyclic

a2(b2 − c2)qr



xyz = 0 (15)

is the equation of the non-pivotal isogonal cubicnK7(Q) with root the infinite
point of the trilinear polar oftgQ again and

∑

cyclic

a4qr(y − z)yz = 0 (16)

is the equation of the pivotal cubicpK7(Q) with pivot the centroidG and pole the
X32−isoconjugate ofQ i.e. the pointgtgQ. �

The cubicsnK6(Q) andnK7(Q) obviously coincide whenQ lies on the cir-
cumhyperbolaH passing throughG andK. Figure 9 shows these cubics when
Q = X55.
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pK7

nK7
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Q3

Figure 9. K(Q) and the related cubicsnK7(Q), pK7(Q) whenQ = X55
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10. Special cubicsK(Q)

10.1. Pivotal cubicspK(Q). Recall that for any pointQ on the circumhyperbola
H passing throughG andK the cubicK(Q) becomes a pivotal cubic with poleQ
and pivottgQ on the Kiepert hyperbola. In this case,K(Q) has equation :

∑

cyclic

b2c2 p x (ry2 − qz2) = 0 ⇐⇒
∑

cyclic

x

a2

(

y2

q
−

z2

r

)

= 0 (17)

The isopivot (secondary pivot) is clearly the Lemoine pointK since the tangents
atA, B, C are the symmedians. The pointsgQ andagQ lie on the lineGK namely
the tangent atG to the Kiepert hyperbola.

These cubics form a pencil of pivotal cubics passing throughA, B, C, G, H, K

and tangent to the symmedians. Recall that they have the remarkable property to
intersect the circumcircle at three other pointsQ1, Q2, Q3 with concurrent tangents
such thatagQ is the orthocenter ofQ1Q2Q3. See [4] for further informations.

This pencil is generated by the Thomson cubicK002 (the only isogonal cubic)
and byK141 (the only isotomic cubic). SeeCL043 in [2] for a selection of other
cubics of the pencil among themK273, the only circular cubic, andK233 seen
above.

10.2. Circular cubicsK(Q). We have seen thatK(Q) meets the line at infinity
at the same points as the pivotal isogonal cubicpKinf(Q) with pivot gQ. It easily
follows thatK(Q) is a circular cubic if and only ifpKinf(Q) is itself a circular cubic
therefore if and only ifgQ lies at infinity henceQ must lie on the circumcircleC.
Thus, we have :

Theorem 17. For any pointQ on the circumcircle,K(Q) is a circular cubic with
singular focus on the circle with centerO and radius2R. The tangent atQ always
passes throughO.

The real asymptote envelopes a deltoid, the homothetic of the Steiner deltoid
underh(G, 4). See Figure 10.

For example,K273 (obtained forQ = X111, the Parry point) andK306 (ob-
tained forQ = X759) are two cubics of this type in [2]. See also the bottom of the
pageCL035 in [2].

10.3. Lemoine generalized cubicsK(Q). A necessary (but not sufficient) condi-
tion to obtain a Lemoine generalized cubicK(Q) is that the cevian triangle oftgQ

must be a pedal triangle. Hence,tgQ must be a point on the Lucas cubicK007
thereforeQ must be on its isogonal transformK172.

The only identified points that give a Lemoine generalized cubic areH andX56.
K(H) is K028, the third Musselman cubic. It is also the only cubic with asymp-

totes making60◦ angles with one another i.e. the only equilateral cubic of this
type.

K(X56) is K360, at the origin of this note. See Figure 11.
The conic inscribed in the trianglesABC andQ1Q2Q3 is the incircle ofABC

sincetgX56 is the Gergonne pointX7. Q1Q2Q3 is a poristic triangle.
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A
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C(H,6R)

C(H,2R)

Figure 10. Circular cubicsK(Q) and deltoid
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pK(X6, X145)

Q1
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Q3

Figure 11. The Lemoine generalized cubicK(X56) = K360

10.4. K(X32). K(X32) has the remarkable property to have its six tangents at its
common points with the circumcircle concurrent at the Lemoine pointK. It fol-
lows that the trianglesABC andQ1Q2Q3 have the same Lemoine point and the
same Brocard axis. The polar conic ofK is therefore the circumcircle.
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The satellite conic of the circumcircle is the Brocard ellipse whose real fociΩ1,
Ω2 (Brocard points) lie on the cubic. See Figure 12.

A

B C

K

X32

Q1

K410

Q2

Q3

pK(X6, X76)

Ω1

Ω2

Figure 12. The cubicK(X32)

Remark.K(X32) belongs to a pencil of circum-cubics having the same property to
meet the circumcircle at six pointsA, B, C, Q1, Q2, Q3 with tangents concurring
atK hence the polar conic ofK is always the circumcircle.

The cubic of the pencil passing through the given pointP = u : v : w has an
equation of the form

∑

cyclic

a4vwyz
(

(c2v − b2w)x − (u(c2y − b2z)
)

= 0,

which shows that the pencil is generated by three decomposedcubics, one of them
being the union of the sidelinesAB, AC and the line joiningP to the feetKa of
theA−symmedian, the other two similarly. Each cubic meets the Brocard ellipse
at six points which are the tangentials of the six points above. Three of them are
Ka, Kb, Kc and the other points are the contacts of the Brocard ellipse with the
sidelines ofQ1Q2Q3.

10.5. K(X54). K(X54) = K361 is the only cubic of the family meeting the cir-
cumcircle at the vertices of an equilateral triangleQ1Q2Q3 namely the circum-
normal triangle. The tangents at these points concur atO. K361 is the isogonal
transform ofK026, the (first) Musselman cubic and the locus of pivots of pivotal
cubics that pass through the vertices of the circumnormal triangle. See Figure 13
and further details in [2].
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Figure 13. The cubicK(X54) = K361

10.6. K(Q) with concurring asymptotes.K(Q) has three (not necessarily all real)
concurring asymptotes if and only ifQ lies on a circumcubic passing throughO,
H, X140. This latter cubic is aK+

60 i.e. it has three real concurring asymptotes
making60◦ angles with one another. These are the parallels atX547 (the midpoint
of X2,X5) to those of the McCay cubicK003. The cubic meets the cirumcircle
at the same points aspK(X6,X140) whereX140 is the midpoint ofX3,X5. See
Figure 14.

The two cubicsK(H) = K028 andK(X140) have concurring asymptotes but
their common point is not on the curve. These areK+ cubics.

On the contrary,K(X3) is a central cubic and the asymptotes meet atO on the
curve. It is said to be aK++ cubic. See Figure 15.

11. Isogonal transform ofK(Q)

Under isogonal conjugation with respect toABC, K(Q) is transformed into
another circum-cubicgK(Q) meetingK(Q) again at the four foci ofI(Q) and at
the two pointsE1, E2 intersections of the lineGagQ with the conicABCKQ.

Thus,K(Q) andgK(Q) have nine known common points. When they are dis-
tinct i.e. whenQ is notK i.e. whenK(Q) is not the Thomson cubic, they generate
a pencil of cubics which containspK(X6, cgQ).

It is easy to verify thatgK(Q)
(i) contains the circumcenterO, gQ, the midpoints ofABC,
(ii) is tangent atA, B, C to the cevian lines of theX32−isoconjugate ofQ i.e. the
point gtgQ,
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pK(X6, X140)

Figure 14. The cubicK+
60
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Q2Q3
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X20

X1350

O

H

X69

Figure 15. The cubicK(X3)

(iii) meets the circumcircle at the same points aspK(X6,gQ) hence the orthocen-
ter of the triangleO1O2O3 formed by these points isgQ; following a result of [4],



94 B. Gibert

the inconic with perspectortcgQ is inscribed inABC andO1O2O3,
(iv) has the same asymptotic directions aspK(X6,agQ).

Except the caseQ = K, gK(Q) cannot be a cubic of typeK(Q).
The tangents togK(Q) at A, B, C are still concurrent (atgtgQ) but in gen-

eral, the tangents at the other intersections ofgK(Q) with the circumcircle are not
now concurrent unlessQ lies on a circular circum-quartic which is the isogonal
transform ofQ063. This quartic containsX1, X3, X6, X64, X2574, X2575, the
excenters.

A

B C

Q1

K003

Q2Q3

gK(X3)

X1350

O

H

K(X3)

O1

O2

O3

MacBeath
 inconic

Figure 16.K(X3), gK(X3) andK003

Figure 16 presentsK(X3) and gK(X3). These two cubics generate a pencil
which contains the McCay cubicK003 and the Euler isogonal focal cubicK187.
The nine common points of these four cubics areA, B, C, O, H and the four foci
of the inscribed conic with centerO.

gK(X3) meets the circumcircle at the same pointsO1, O2, O3 as the Orthocubic
K006 and the trianglesABC, O1O2O3 share the same orthocenterH therefore the
same Euler line. The tangents atO1, O2, O3 concur atO and those atA, B, C

concur atX25. The MacBeath inconic (with centerX5, foci O andH) is inscribed
in ABC andO1O2O3.

gK(X3) meets the line at infinity at the same points as the Darboux cubic K004.
Hence, its three asymptotes are parallel to the altitudes ofABC.
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A Short Proof of Lemoine’s Theorem

Cosmin Pohoata

Abstract. We give a short proof of Lemoine’s theorem that the Lemoine point
of a triangle is the unique point which is the centroid of its own pedal triangle.

Lemoine’s theorem states that the Lemoine (symmedian) point of a triangle is
the unique point which is the centroid of its own pedal triangle. A proof of the fact
that the Lemoine point has this property can be found in Honsberger [4, p.72]. The
uniqueness part was conjectured by Clark Kimberling in the very first Hyacinthos
message [6], and was subsequently confirmed by computationsby Barry Wolk [7],
Jean-Pierre Ehrmann [2], and Paul Yiu [8,§4.6.2]. Darij Grinberg [3] has given a
synthetic proof. In this note we give a short proof by applying two elegant results
on orthologic triangles.

Lemma 1. If P is a point in plane of triangle ABC , with pedal triangle A′B′C ′,
then the perpendiculars from A to B′C ′, from B to C ′A′, from C to A′B′ are
concurrent at Q, the isogonal conjugate of P .

A

B C

P

A′

B′

C′

Figure 1

A

B C

A′

B′

C′

P

P ′

Figure 2

This is quite well-known. See, for example, [5, Theorem 237]. Figure 1 shows
thatAP and the perpendicular fromA to B′C ′ are isogonal with reference toA.
From this Lemma 1 follows. The next beautiful result, illustrated in Figure 2, is
the main subject of [1].
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Theorem 2 (Daneels and Dergiades). If triangles ABC and A′B′C ′ are orthologic
with centers P , P ′, with the perpendiculars from A, B, C to B′C ′, C ′A′, A′B′

intersecting at P and those from A′, B′, C ′ to BC , CA, AB intersecting at P ′,
then the barycentric coordinates of P with reference to ABC are equal to the
barycentric coordinates of P ′ with reference to A′B′C ′.

Now we prove Lemoine’s theorem.
Let K be the Lemoine (symmedian) point of triangleABC, andA′B′C ′ its

pedal triangle. According to Lemma 1, the perpendiculars from A to B′C ′, from
B to C ′A′, from C to A′B′ are concurrent at the centroidG of ABC. Now since
ABC andA′B′C ′ are orthologic, withG as one of the orthology centers, by The-
orem 2, the perpendiculars fromA′ to BC, from B′ to CA, from C ′ to AB are
concurrent at the centroidG′ of A′B′C ′. Hence, the symmedian pointK coincides
with the centroid of its pedal triangle.

Conversely, letP a point with pedal triangleA′B′C ′, and supposeP is the
centroid ofA′B′C ′; it has homogeneous barycentric coordinates(1 : 1 : 1) with
reference toA′B′C ′. SinceABC andA′B′C ′ are orthologic, by Theorem 2, we
have that the perpendiculars fromA to B′C ′, from B to C ′A′, from C to A′B′ are
concurrent at a pointQ with homogeneous barycentric coordinates(1 : 1 : 1) with
reference toABC. This is the centroidG. By Lemma 1, this is also the isogonal
conjugate ofP . This shows thatP = K, the Lemoine (symmedian) point.

This completes the proof of Lemoine’s theorem.

References

[1] E. Danneels and N. Dergiades, A theorem on orthology centers,Forum Geom., 4 (2004) 135–
141.

[2] J.-P. Ehrmann, Hyacinthos message 95, January 8, 2000.
[3] D. Grinberg, New Proof of the Symmedian Point to be the centroid of its pedal triangle, and the

Converse, available athttp://de.geocities.com/darij grinberg.
[4] R. Honsberger,Episodes of 19th and 20th Century Euclidean Geometry, Math. Assoc. America,

1995.
[5] R. A. Johnson,Advanced Euclidean Geometry, Dover reprint 2007.
[6] C. Kimberling, Hyacinthos message 1, December 22, 1999.
[7] B. Wolk, Hyacinthos message 19, December 27, 1999.
[8] P. Yiu, Introduction to the Geometry of the Triangle, Florida Atlantic University Lecture Notes,

2001.

Cosmin Pohoata: 13 Pridvorului Street, Bucharest, Romania010014
E-mail address: pohoata cosmin2000@yahoo.com



Forum Geometricorum
Volume 8 (2008) 99–101. b b

b

b

FORUM GEOM

ISSN 1534-1178

Means as Chords

Francisco Javier Garcı́a Capitán

Abstract. On the circumcircle of a right triangle, we display chords whose
lengths are the quadratic, arithmetic, geometric, and harmonic means of the two
shorter sides.

Given two positive numbersa andb, the inequalities among their various means

2ab

a + b
≤

√
ab ≤

a + b

2
≤

√

a2 + b2

2

are well known. In order, these are the harmonic, geometric,arithmetic, and qua-
dratic means ofa andb. Nelsen [1] has presented several few geometric proofs
(without words). In the same spirit, we exhibit these various means as chords of a
circle constructed from two segments of lengthsa andb.

C B

A′

O

A

A′′ M ′

Q
MGH

J

Figure 1

We shall assumea ≤ b, and begin with a right triangleA′BC with A′B = a,
CB = b and a right angle atB. Construct
(1) the circumcircle of the triangle (with center at the midpoint O of CA′,
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(2) pointsA′′ on the segmentCB and andA the circle respectively such thatCA =
CA′′ = A′B andA, A′ are on opposite sides ofCB,
(3) the bisectorAQ of angleACB with Q on the circle(O),
(4) the midpointM ′ of A′′B and the pointM on the arcCAB with CM = CM ′,
(5) the perpendicular fromA′′ to AB to intersectCM atJ and the arcCAB atG,
(6) the pointH on the arcCAB such thatCH = CJ .

Proposition 1. For the two segments CA and CB,
(1) CQ is the quadratic mean,
(2) CM is the arithmetic mean,
(3) CG is the geometric mean,
(4) CH is the harmonic mean.

Proof. Note that the circle has radius12
√

a2 + b2.
(1) SinceCA = A′B, CA′BA is an isosceles trapezoid, withAB parallel to

CA′. SinceCQ is the bisector of angleACB, Q is the midpoint of the arcCAB,
andOQ is perpendicular toAB. Hence, the radiiOQ andOC are perpendicular
to each other, andCQ =

√
2 · OC = a2+b2

2 . This shows thatCQ is the quadratic
mean ofa andb.

(2) CM = CM ′ = 1
2(a + b) is the arithmetic mean ofa andb.

(3) Let A′′G intersectOA′ at L. See Figure 2. SinceCA′ is parallel toAB,
LG is perpendicular toCA′. From the similarity of the right trianglesCA′′L

andCA′B, we have CL
CA′′

= CB
CA′

. In the right triangleCA′G, we haveCG2 =
CL ·CA′ = CA′′ ·CB = ab. This shows thatCG is the geometric mean ofa and
b.

C B

A′

O

A

A′′

G

L

Figure 2

C B

A′

O

A′′

MG

J

L
X

Figure 3

(4) Let the perpendicular fromM to CA′ intersect the latter atX. See Figure 3.
From the similarity of trianglesCLJ andCXM , we have

CJ = CM ·
CL

CX
= CM ·

CL · CA′

CX · CA′
= CM ·

CG2

CM2
=

CG2

CM
=

2ab

a + b
.

This shows thatCH = CJ is the harmonic mean ofa andb. �



Means as chords 101

We conclude with an interesting concurrency.

Proposition 2. The lines AB, CQ, and A′′G are concurrent.

C B

A′

O

A

A′′

Q

K

Figure 4

Proof. Let the bisectorCQ of angleACB intersectAB at K. See Figure 4.
Clearly, the trianglesACK andA′′CK are congruent. Now,

∠CA′′K = ∠CAK = ∠CAB

= 180◦ − ∠CA′B (C,A,B,A′ concyclic)

= ∠ABA′ (AB parallel toCA′)

= ∠ABC + 90◦.

It follows that∠A′′KB = 90◦, andA′′K is perpendicular toAB. This shows that
K lies onA′′G. �
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A Condition for a Circumscriptible
Quadrilateral to be Cyclic

Mowaffaq Hajja

Abstract. We give a short proof of a characterization, given by M. Radić et al,
of convex quadrilaterals that admit both an incircle and a circumcircle.

A convex quadrilateral is said to becyclic if it admits a circumcircle (i.e., a circle
that passes through the vertices); it is said to becircumscriptible if it admits an
incircle (i.e., a circle that touches the sides internally). A quadrilateral is bicentric
if it is both cyclic and circumscriptible. For basic properties of these quadrilaterals,
see [7, Chapter 10, pp. 146–170]. One of the two main theoremsin [5], namely
Theorem 1 (p. 35), can be stated as follows:

Theorem. Let ABCD be a circumscriptible quadrilateral with diagonals AC and
BD of lengths u and v respectively. Let a, b, c, and d be the lengths of the tangents
from the vertices A, B, C , and D (see Figure 1).The quadrilateral ABCD is
cyclic if and only if u

v
= a+c

b+d
.

d a

a

b
b

c

c

d
v

u

A

B

C

D d a

a

b
b

c

c

d

r

A

B

C

D

Figure 1 Figure 2

In this note, we give a proof that is much simpler than the one given in [5].
Our proof actually follows immediately from the three very simple lemmas below,
all under the same hypothesis of the Theorem. Lemma 1 appeared as a problem
in the MONTHLY [6] and Lemma 2 appeared in the solution of a quickie in the
MAGAZINE [3], but we give proofs for the reader’s convenience. Lemma 3uses
Lemma 2 and gives formulas for the lengths of the diagonals ofa circumscriptible
quadrilateral counterpart to those for cyclic quadrilaterals as given in [1], [7,§ 10.2,
p. 148], and other standard textbooks.
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Lemma 1. ABCD is cyclic if and only if ac = bd.

Proof. Let ABCD be any convex quadrilateral, not necessarily admitting an incir-
cle, and let its vertex angles be2A, 2B, 2C, and2D. ThenA, B, C, andD are
acute, andA + B + C + D = 180◦. We shall show that

ABCD is cyclic ⇔ tan A tan C = tan B tan D. (1)

If ABCD is cyclic, thenA+C = B+D = 90◦, andtan A tan C = tan B tan D,

each being equal to 1. Conversely, ifABCD is not cyclic, then one may assume
thatA + C > 90◦ andB + D < 90◦. From

0 > tan(A + C) =
tan A + tan C

1 − tan A tan C

and the fact thatA andC are acute, we conclude thattan A tan C > 1. Similarly
tan B tan D < 1, and thereforetan A tan C 6= tan B tan D. This proves (1).

The result follows by applying (1) to the given quadrilateral, and usingtan A =
r/a, etc., wherer is the radius of the incircle (as shown in Figure 2). �

Lemma 2. The radius r of the incircle is given by

r2 =
bcd + acd + abd + abc

a + b + c + d
. (2)

Proof. Again, let the vertex angles ofABCD be2A, 2B, 2C, and2D, and let

α = tan A, β = tan B, γ = tan C, δ = tan D.

Let ε1 =
∑

α, ε2 =
∑

αβ, ε3 =
∑

αβγ, andε4 = αβγδ be the elementary
symmetric polynomials inα, β, γ, andδ. By [4, § 125, p. 132], we have

tan(A + B + C + D) =
ε1 − ε3

1 − ε2 + ε4
.

SinceA+B +C +D = 180◦, it follows thattan(A+B +C +D) = 0 and hence
ε1 = ε3, i.e.,

r

a
+

r

b
+

r

c
+

r

d
=

r3

bcd
+

r3

acd
+

r3

abd
+

r3

abc
,

and (2) follows. �

Lemma 3.

u2 =
a + c

b + d
((a + c)(b + d) + 4bd), and v2 =

b + d

a + c
((a + c)(b + d) + 4ac).

Proof. Again, let the vertex angles ofABCD be2A, 2B, 2C, and2D. Then

cos 2A =
1 − tan2 A

1 + tan2 A
=

a2 − r2

a2 + r2

=
a2(a + b + c + d) − (bcd + acd + abd + abc)

a2(a + b + c + d) + (bcd + acd + abd + abc)
, by (2)

=
a2(a + b + c + d) − (bcd + acd + abd + abc)

(a + b)(a + c)(a + d))
.
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Therefore

v2 = (a + b)2 + (a + d)2 − 2(a + b)(a + d) cos 2A

= (a + b)2 + (a + d)2 − 2
a2(a + b + c + d) − (bcd + acd + abd + abc)

a + c

=
b + d

c + a
((a + c)(b + d) + 4ac).

A similar formula holds foru. �

Proof of the main theorem. Using Lemmas 1 and 3 we see that

ABCD is cyclic ⇐⇒ ac = bd, by Lemma 1

⇐⇒ (a + c)(b + d) + 4bd = (a + c)(b + d) + 4ac

⇐⇒
u2

v2
=

(

c + a

b + d

)2

, by Lemma 3

⇐⇒
u

v
=

c + a

b + d
,

as desired. This completes the proof of the main theorem.

Remarks. (1) As mentioned earlier, Theorem 1 is one of the two main theorems
in [5]. The other theorem is similar and deals with those quadrilaterals that admit
an excircle. Note that the termschordal and tangential are used in that paper to
describe what we referred to ascyclic andcircumscriptible quadrilaterals.

(2) Let A1 . . . An be circumscriptiblen-gon and letB1, . . . , Bn be the points
where the incircle touches the sidesA1A2, . . . , AnA1. Let |AiBi| = ai for i =
1, . . . , n. Theorem 2 states that ifn = 4, then the polygon is cyclic if and only if
a1a3 = a2a4. One wonders whether a similar criterion holds forn > 4.

(3) It is proved in [2] that ifa1, . . . , an are any positive numbers, then there
exists a unique circumscriptiblen-gonA1 . . . An such that the pointsB1, . . . , Bn

where the incircle touches the sidesA1A2, . . . , AnA1 have the property|AiBi| =
ai for i = 1, . . . , n. Thus one can, in principle, express all the elements of the
circumscriptible polygon in terms of the parametersa1, . . . , an. Instances of this,
whenn = 4, are found in Lemms 2 and 3 where the inradiusr and the lengths of
the diagonals are so expressed. Whenn > 4, one can prove thatr2 is the unique
positive zero of the polynomial

σn−1 − r2σn−3 + r4σn−5 − . . . · · · = 0,

whereσ1, . . . , σn are the elementary symmetric polynomials ina1, . . . , an, and
wherea1, . . . , an are as given in Remark 2. This is obtained in the same way we
obtained (2) using the the formula

tan(A1 + · · · + An) =
ε1 − ε3 + ε5 − . . .

1 − ε2 + ε4 − . . .
,

whereε1, . . . , εn are the elementary symmetric polynomials intan A1, . . . , tan An,
and whereA1, . . . , An are half the vertex angles of the polygon.
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Periodic Billiard Trajectories in Polyhedra

Nicolas Bedaride

Abstract. We consider the billiard map inside a polyhedron. We give a condi-
tion for the stability of the periodic trajectories. We apply this result to the case of
the tetrahedron. We deduce the existence of an open set of tetrahedra which have
a periodic orbit of length four (generalization of Fagnano’s orbit for triangles),
moreover we can study completely the orbit of points along this coding.

1. Introduction

We consider the billiard problem inside polyhedron. We start with a point of the
boundary of the polyhedron and we move along a straight line until we reach the
boundary, where there is reflection according to the mirror law. A famous example
of a periodic trajectory is Fagnano’s orbit: we consider an acute triangle and the
foot points of the altitudes. Those points form a billiard trajectory which is periodic
[1].

For the polygons some results are known. For example we know that there exists
a periodic orbit in all rational polygons (the angles are rational multiples ofπ), and
recently Schwartz has proved in [8] the existence of a periodic billiard orbit in
every obtuse triangle with angle less than100 degrees . A good survey of what
is known about periodic orbits can be found in the article [4]by Gal’perin, Stëpin
and Vorobets or in the book of Masur, Tabachnikov [6]. In thisarticle they define
the notion of stability: They consider the trajectories which remain periodic if we
perturb the polygon. They find a combinatorial rule which characterize the stable
periodic words. Moreover they find some results about periodic orbits in obtuse
triangles.

The study of the periodic orbits has also been done by famous physicists. Indeed
Glashow and Mittag prove that the billiard inside a triangleis equivalent to the
system of three balls on a ring, [5]. Some others results can be found in the article
of Ruijgrok and Rabouw [7]. In the polyhedral case much less is known. The
result on the existence of periodic orbit in a rational polygon can be generalized,
but it is less important, because the rational polyhedra arenot dense in the set of
polyhedra. There is no other general result, the only resultconcerns the example
of the tetrahedron. Stenman [10] shows that a periodic word of length four exists
in a regular tetrahedron.

Publication Date: May 19, 2008. Communicating Editor: PaulYiu.
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The aim of this paper is to find Fagnano’s orbit in a regular tetrahedron and to
obtain a rule for the stability of periodic words in polyhedra. This allows us to
obtain a periodic orbit in each tetrahedron in a neighborhood of the regular one.
Moreover we give examples which prove that the trajectory isnot periodic in all
tetrahedra, and we find bounds for the size of the neighborhood. In the last section
we answer a question of Gal’perin, Krüger, Troubetzkoy [3]by an example of
periodic wordv with non periodic points inside its beam.

2. Statement of results

The definitions are given in the following sections as appropriate. In Section 4
we prove the following result. Consider a periodic billiardorbit coded by the word
v. In §4.2, we derive a certain isometrySv from the combinatorics of the path.

Theorem 1. Let P be a polyhedron andv the prefix of a periodic word of period
|v| in P . If the period is an even number, andSv is different from the identity, then
v is stable. If the period is odd, then the word is stable if and only if Sv is constant
as a function ofP .

In Section 5 we prove

Theorem 2. Assume the billiard map inside the tetrahedron is coded bya, b, c, d.
(1) The wordabcd is periodic for all the tetrahedra in a neighborhood of the

regular one.(This orbit will be referred to as Fagnano’s orbit).
(2) In any right tetrahedron Fagnano’s orbit does not exist. There exists an open

set of obtuse tetrahedron where Fagnano’s orbit does not exist.

The last section of this article is devoted to the study of thefirst return map of
the billiard trajectory.

3. Background

3.1. Isometries.We recall some usual facts about affine isometries ofR
3. A gen-

eral reference is [1].
To an affine isometrya, we can associate an affine mapf and a vectoru such

that:f has a fixed point or is equal to the identity, and such thata = tu ◦f = f ◦ tu
wheretu is the translation of vectoru. Thenf can be seen as an element of the
orthogonal groupO3(R).

Definition. First assume thatf belongs toO3(+), and is not equal to the identity.
If u is not an eigenvector off , thena is called an affine rotation. The axis ofa is
the set of invariants points. Ifu is an eigenvector off , a is called a screw motion.
In this case the axis ofa is the axis of the affine rotation.

If f , in O2(−) or O3(−), is a reflection andu is an eigenvector off with eigen-
value 1, thena is called a glide reflection.

We recall Rodrigue’s formula which gives the axis and the angle of the rotation
product of two rotations. It can be done by the following method.
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Lemma 3 ([2]). We assume that the two rotations are not equal to the identity, or
to a rotation of angleπ. Letθ andu be the angle and axis of the first rotation, and
denote byt the vectortan θ

2 ·u andt′ the associated vector for the second rotation.
Then the product of the two rotations is given by the vectort′′ such that

t′′ =
1

1 − t · t′
(t + t′ + t ∧ t′).

3.2. Combinatorics.LetA be a finite set called the alphabet. By a languageL over
A we mean always a factorial extendable language. A language is a collection of
sets(Ln)n≥0 where the only element ofL0 is the empty word, and eachLn consists
of words of the forma1a2 . . . an whereai ∈ A such that
(i) for eachv ∈ Ln there exista, b ∈ A with av, vb ∈ Ln+1, and
(ii) for all v ∈ Ln+1, if v = au = u′b with a, b ∈ A, thenu, u′ ∈ Ln.

If v = a1a2 . . . an is a word, then for alli ≤ n, the worda1 . . . ai is called a
prefix of v.

4. Polyhedral billiard

4.1. Definition. We consider the billiard mapT inside a polyhedronP . Let X ⊂

∂P × PR
3 consist of(m, θ) for whichm + R

∗θ does not intersect∂P on an edge.
The mapT is defined by the rule

T (m, θ) = (m′, θ′)

if and only if mm′ is collinear withθ, whereθ′ = Sθ andS is the linear reflection
over the face which containsm′.

We identifyPR
3 with the unit vectors ofR3 in the preceding definition.

4.2. Coding. We code the trajectory by the letters from a finite alphabet where we
associate a letter to each face.

We callsi the reflection in the facei, Si the linear reflection in this face. If we
start with a point of directionθ which has a trajectory of codingv = v0 · · · vn−1

the image ofθ is: Svn−1 ...Sv1θ. Indeed the trajectory of the point first meets the
facev1, then the facev2 etc.

If it is a periodic orbit, it meets the facev0 after the facevn−1 and we have:
Sv0Svn−1 . . . Sv1θ = θ = Svθ, Sv is the product of theSi, andsv the product of
thesi.

We recall a result of [3]: the wordv is the prefix of a periodic word of period|v|
if and only if there exists a point whose orbit is periodic andhasv as coding.

Remark.If a point is periodic, the initial direction is an eigenvector of the mapSv

with eigenvalue 1. It implies that inR3, for a periodic word of odd period,S is a
reflection.

Definition. Let v be a finite word. The beam associated tov is the set of(m, θ)
wherem is in the facevo (respectively edge),θ a vector ofR3 (respectivelyR2),
such that the orbit of(m, θ) has a coding which begins withv. We denote itσv.
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A vector u of R
3 (respectivelyR2) is admissible forv, with base pointm, if

there exists a pointm in the face (edge)v0 such that(m,u) belongs to the beam of
v.

Lemma 4. Let s be an isometry ofR3 not equal to a translation. LetS be the
associated linear map andu the vector of translation. Assumes is either a screw

motion or a glide reflection. Then the pointsn which satisfy
−−−→
ns(n) ∈ Ru, are

either on the axis ofs (if S is a rotation), or on the plane of reflection. In this case

the vector
−−−→
ns(n) is the vector of the glide reflection.

Proof. We call θ the eigenspace ofS related to the eigenvalue one. We have
s(n) = s(o) + S−→on whereo, the origin of the base will be chosen later. Ele-

mentary geometry yields
−−−→
ns(n) = (S − Id)X + Y (whereX = −→on, Y =

−−−→
os(o))

is inside the spaceθ.

The maps has no fixed point by assumption, thus
−−−→
ns(n) is nonzero. The condi-

tion gives that(S − Id)X + Y is an eigenvector ofS associated to the eigenvalue
one. Thus,

S((S − Id)X + Y ) = (S − Id)X + Y,

(S − Id)2X = − (S − I)Y. (1)

We consider first the casedetS > 0. We chooseo on the axis ofs. Thenθ is a
line, we call the direction of the line by the same name. SincedetS > 0 we have

S ∈ O3(+) and thus in an appropriate basisS has the form

(

R 0
0 1

)

, whereR is

a matrix of rotation ofR2. The equation (1) is equivalent to

(R − Id)2X ′ = −(R − Id)Y ′,

whereX ′ is the vector ofR2 such thatX =

(

X ′

x

)

in this basis. Furthermore,

sinceS is a screw motion with axis





0
0
1



 in these coordinates,Y has the following

coordinates

(

Y ′

y

)

whereY ′ = 0. SinceS 6= Id , R − Id is invertible and thus

X ′ = 0. Thus the vectorsX solutions of this equation are collinear with the axis.

Consider now the casedetS < 0. By assumptionS is a reflection, it implies
that the eigenspace related to one is a plane. We will solve (1), keeping the notation

X =

(

X ′

x

)

andY =

(

Y ′

y

)

.

We may assume thato is on the plane of reflection. Moreover we can choose the

coordinates such that that this plane is orthogonal to the line R





0
0
1



. It implies
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thatS =





1 0 0
0 1 0
0 0 −1



 , andy = 0. The equation (1) becomes4x = 0. It implies

that X is on the plane of reflection. Sinces is a glide reflection, the last point
becomes obvious. �

Proposition 5. LetP a polyhedron, the following properties are equivalent.
(1) A wordv is the prefix of a periodic word with period|v|.

(2) There existsm ∈ v0 such that
−−−−−→
sv(m)m is admissible with base pointm for vv0,

andθ =
−−−−−→
sv(m)m is such thatSθ = θ.

Remark.Assume|v| is even. In the polygonal case the matrixSv can only be the
identity, thussv is a translation. We see by unfolding thatsv can not have a fixed
point, thus in the polyhedral casesv is either a translation or a screw motion or
a glide reflection. If we do not assume the admissibility in condition (2) it is not
equivalent to condition (1) as can be seen in a obtuse triangle, or a right prism
above the obtuse triangle and the wordabc.

Proof of Proposition 5.First we claim the following fact. The vector connecting
T |v|(m, θ) to sv(m) is parallel to the direction ofT |v|(m, θ). For |v| = 1 if the
billiard trajectory goes from(m, θ) to (m′, θ′) without reflection between, then the

directionθ′ is parallel to
−−−−−→
s(m)m′, wheres is the reflection over the face ofm′ (see

Figure 1). Thus the claim follows combining this observation with an induction
argument.

Figure 1. Billiard orbit and the associated map

Next assume (1). Then there exists(m, θ) periodic. We deduce thatSθ = θ,

moreover this direction is admissible. Then the claim implies that
−−−−−→
sv(m)m = θ

and thus is admissible forvv0.
Finally assume (2). First we consider the case whereS 6= Id. Lemma 4 implies
thatm is on the axis ofs if |v| is even, otherwise on the plane of reflection. If|v| is

even thenθ =
−−−−→
s(m)m is collinear to the axis of the screw motion. Since we have

assumed
−−−−−→
sv(m)m admissible we deduce thatθ is admissible with base pointm. If

|v| is odd then Lemma 4 implies thatθ is the direction of the glide. The hypothesis
implies thatθ is admissible forv.



112 N. Bedaride

Now we prove that(m, θ) is a periodic trajectory. We consider the imageT |v|(m, θ).
We denote this point(p, θ′). We have by hypothesis thatp is in v0. The above claim

implies that
−−−−→
sv(m)p is parallel to the directionθ′. The equationSθ = θ gives

θ′ = θ. Thus we have
−−−−−→
sv(m)m is parallel to

−−−−→
sv(m)p, since we do not consider

direction included in a face of a polyhedron this impliesp = m. Thus(m, θ) is a
periodic point.

If S = Id, thens is a translation of vector
−−−−−→
sv(m)m = u. The vectoru is

admissible. Then we consider a pointm on the facev0 which is admissible. Then
we show that(m,u) is a periodic point by the same argument related to the claim.
�

Thus we have a new proof of the following result of [3].

Theorem 6. Letv be a periodic word of even length. The set of periodic points in
the facev0 with codev and length|v| can have two shapes. Either it is an open set
or it is a point.

If v is a periodic word of odd length, then the set of periodic points in the face
v0 with codev and period|v| is a segment.

Proof. Let Π be a face of the polyhedron, and letm ∈ Π be the starting point for
a periodic billiard path. The first return map tom is an isometry ofR3 that fixes
bothm and the directionu of the periodic billiard path.

Assume first|v| is odd. Then the first return map is a reflection since it fixes a
point. Then it fixes a planeΠ′. Note thatu ∈ Π′, and that the intersectionΠ ∩ Π′

is a segment. Points in this segment sufficiently nearm have a periodic orbit just
as the one starting atv.

Assume now|v| is even, we will use Proposition 5. IfSv is the identity, then
the periodic points are the points such that the coding of thebilliard orbit in the
direction of the translation begins withv, otherwise there is a single point, at the
intersection of the axis ofs andv0. However the set of points with codev is still
an open set. �

Note that our proof gives an algorithm to locate this set in the face. We will use
it in Section 6.

5. Stability

First of all we define the topology on the set of polyhedra withk vertices. As in
the polygonal case we identify this set withR

3(k−2). But we remark the following
fact. Consider a polyhedronP such that a face ofP is not a triangle. Then we
can find a perturbation ofP , as small as we want, such that the new polyhedron
has a different combinatorial type (i.e., the numbers of vertices, edges and faces are
different). In this case consider a triangulation of each face which does not add new
vertices. Consider the set of all such triangulations of allfaces. There are finitely
many such triangulations. Each can be considered as a combinatorial type of the
given polyhedron. LetB(P, ε) be the ball of radiusε in R

3(k−2) of polyhedraQ.
If P has a single combinatorial type,ε is chosen so small that allQ in the ball
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have the same combinatorial type. IfP has several combinatorial types, thenε is
taken so small that allQ have one of those combinatorial type. The definition of
stability is now analogous to the definition in polygons. On the other hand, letv be
a periodic word inP andg a piecewise similarity. Consider the polyhedrong(P ),
and the same coding as inP . If v exists ing(P ) it is always a periodic word in
g(P ). We note that the notion of periodicity only depends on the normal vectors to
the planes of the faces.

Theorem 7. Let P be a polyhedron andv the prefix of a periodic word of period
|v| in P .
(1) If the period is even, andSv is different from the identity, thenv is stable.
(2) If the period is odd, then the word is stable if and only ifSv is constant as a
function ofP .

Remark.The second point has no equivalence in dimension two, since each ele-
ment ofO(2,−) is a reflection. It is not the case forO(3,−).

Proof of Theorem 7.First consider the case of period even. The matrixS = Sv

is not the identity, andθ = θv is the eigenvector associated to the eigenvalue one.
First note that by continuityv persists for sufficiently small perturbations of the
polyhedron. Fix a perturbation and letB = S

Q
v be the resulting rotation for the new

polyhedronQ. We will prove that the eigenvalue ofS is a continuous function ofP .
We take the reflections which appears inv two by two. The product of two of those
reflections is a rotation. We only consider the rotations different of the identity.
The axes of the rotations are continuous map as function ofP since they are at
the intersection of two faces. Then Rodrigue’s formula implies that the axes of the
rotation, product of two of those rotations, are continuousmaps of the polyhedron,
under the assumption that the rotation is not the identity (becauset must be of non-
zero norm). SinceSP is not equal toId, there exists a neighborhood ofP where
SQ 6= Id. It implies that the axis ofSP is a continuous function ofP . Thus the
two eigenvectors ofB,S are near ifB is sufficiently close toS. The directionθ
was admissible forv, we know that the beam ofv is an open set of the phase space
[3], so we have forQ sufficiently close toP thatα (the real eigenvector ofB) is
admissible for the same word. Moreover the foot points are not far from the initial
points because they are on the axis of the isometries. Thus the perturbated word is
periodic by Proposition 5.

If the length ofv is odd, then Remark 4.2 implies thatS is a reflection. We
have two cases: eitherSv is constant, or not. If it is not a constant function, then
in any neighborhood there exists a polyhedronQ such thatSQ

v is different from a
reflection. Then the periodic trajectory can not exist inQ. If Sv is constant, then it
is always a reflection, and a similar argument to the even caseshows that the plane
of reflection ofS is a continuous map ofP . It completes the proof of Theorem 7.
�

Corollary 8. (1) All the words of odd length are stable in a polygon.
(2) Consider a periodic billiard path in a right prism. Then its projection inside the
polygonal basis is a billiard path. We denote the coding of the projected trajectory
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as the projected word. Assume that the projected word is not stable in the polygonal
basis. Then the word is unstable.
(3) All the words in the cube are unstable.

Proof. (1) was already mentioned in [4]. The proof is the same as thatof Theorem
7. Indeed is|v| is odd thens has a real eigenvector, and we can apply the proof.

For (2) we begin with the period two trajectory which hits thetop and the bottom
of the prism. It is clearly unstable, for example we can change one face and keep
the other. Letv be any other periodic word, andw the word corresponding to
the projection ofv to the base of the prism assumed to be unstable. We perturb a
vertical face of the prism such that this face contains an edge which appears in the
coding ofw. The wordv can not be periodic in this polyhedron by unstability of
w.

For (3), let v be a periodic word, by preceding point its projection on each
coordinate plane must be stable. But an easy computation shows that no word
is stable in the square. �

We remark that the two and three dimensional cases are different for the periodic
trajectories of odd length. They are all stable in one case, and all unstable in the
second. Recently Vorobets has shown that ifSv = Id then the word is not stable
[11].

6. Tetrahedron

In the following two Sections we prove the following result.

Theorem 9. Assume the billiard map inside the tetrahedron is coded bya, b, c, d.
(1) The wordabcd is periodic for all the tetrahedra in a neighborhood of the regu-
lar one.
(2) In any right tetrahedron Fagnano’s orbit does not exist. There exists an open
set of obtuse tetrahedron where Fagnano’s orbit does not exist.

Remark.Steinhaus in his book [9], cites Conway for a proof thatabcd is periodic
in all tetrahedra, but our theorem gives a counter example. Moreover our proof
gives analgorithm which find the coordinates of the periodic point, when it exists.

For the definition of obtuse tetrahedron, see Section 7.
We consider a regular tetrahedron. We can construct a periodic trajectory of

length four, which is the generalization of Fagnano’s orbit. To do this we introduce
the appropriate coding (see Figure 2 in which the lettera is opposite to the vertex
A, etc).

Lemma 10. LetABCD be a regular tetrahedron, with the natural coding. Ifv is
the wordadcb, there exists a directionθ, there exists an unique pointm such that
(m, θ) is periodic and hasv as prefix of its coding. Moreoverm is on the altitude
of the triangleBCD which starts atC.

Remark.If we consider the wordvn, the preceding pointm is the unique periodic
point for vn. Indeed the mapsvn has the same axis assv, and we use Proposition
5.
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A

B

C

D

Figure 2. Coding of a tetrahedron

We use the following coordinates for two reasons. First these coordinates were
used by Ruijgrok and Rabouw [7]. Secondly with these coordinates the matrixSv

has rational entries, and the computations seems more simples.

Proof. The lemma has already been proved in [10], but we rewrite it ina different
form with the help of Proposition 5.

We haveSv = Sa.Sb.Sc.Sd = RDC .RAB whereRDC is the linear rotation of
axisDC, it is a product of the two reflections. We compute the real eigenvector of
Sv, and we obtain the pointm at the intersection of the axis ofs and the faceBCD.
We consider an orthonormal base ofR

3 such that the points have the following
coordinates (see [10]):

A =

√
2

4





−1
−1
−1



 , D =

√
2

4





1
−1
1



 , C =

√
2

4





1
1
−1



 , B =

√
2

4





−1
1
1



 .

The matrices ofSa, Sd, Sc, Sb are:

1

3





1 −2 −2
−2 1 −2
−2 −2 1



 ,
1

3





1 2 2
2 1 −2
2 −2 1



 ,
1

3





1 −2 2
−2 1 2
2 2 1



 ,
1

3





1 2 −2
2 1 2
−2 2 1



 .

From these we obtain

S = SaSbScSd =
1

81





−79 −8 16
8 49 64

−16 64 −47



 .

This has a real eigenvectoru = 1
√

5





0
2
1



. Now we compute the vectorN such that

s(X) = SX + N . To do this we use the relations(A) = sa(A). sa is the product
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of Sa and a translation of vectorv. We obtain

v =

√
2

6





1
1
1



 , s(A) =
5
√

2

12





1
1
1



 , N =

√
2

81





16
64
34



 .

We see thats is a screw motion. Finally we find the point at the intersection of
the axis and the facea. The points of the axis verify the equation

SX + N = X + λu.

whereX are the coordinates of the point of the axis, andλ is a real number. The
pointm is on the facea if we have the dot product

−−→
Cm · (

−−→
CB ∧

−−→
CD) = 0.

So X is the root of the system made by those two equations. The lastequation
givesx + y + z =

√

2
4 . We obtain

m =

√
2

20





2
2
1



 .

We remark that
−−→
Cm ·

−−→
DB = 0 which proves thatm is on the altitude of the triangle

BCD. �

In fact there are six periodic trajectories of length four, one for each of the word

abcd, abdc, acbd, acdb, adbc, adcb.

The six orbits come in pairs which are related by the natural involution of direction
reversal. Now we can ask the same question in a non regular tetrahedron. Applying
Theorem 7 yield the first part of Theorem 9.

Now the natural question is to characterize the tetrahedronwhich contains this
periodic word.

7. Stability for the tetrahedron

A tetrahedron is acute if and only if in each face the orthogonal projection of the
other vertex is inside the triangle. It is a right tetrahedron if and only if there exists
a vertex, where the three triangles are right triangles.

Proof of second part of Theorem 9.We consider a tetrahedronABCD with ver-
tices

A = (0, 0, 0) B = (a, 0, 0) C = (0, b, 0) D = (0, 0, 1).

We study the wordv = abcd. We haveS = Sa ∗ Sd ∗ Sc ∗ Sb. Since

Sb =





−1 0 0
0 1 0
0 0 1



 , Sc =





1 0 0
0 −1 0
0 0 1



 , Sd =





1 0 0
0 1 0
0 0 −1



 ,

we obtainS = −Sa. ThusS has 1 for eigenvalue, and the associated eigenvector
is the normal vector to the planea. We remark thats(A) = sa(A). The fact that
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S = −Sa implies thatS is a rotation of angleπ, thuss is the product of a rotation
of angleπ and a translation.

Consider the plane which containsA and orthogonal to the axis ofS, let O the
point of intersection. ThenS is a rotation of angleπ, thusO is the middle of[AE],
whereE is given byS(

−−→
OE) =

−→
OA. It implies that the middleM of the edge

[As(A)] is on the axis ofs, see Figure 3.

A

O

EM

s(A)

Figure 3. Screw motion associated to the word abcd

Clearlym is a point in the sideABC. If v is periodic then applying Proposition
5 yields thatM is the base point of the periodic trajectory. Moreover, since the
direction of the periodic trajectory is the normal vector tothe planea, we deduce
thatA is on the trajectory. So the periodic trajectory cannot exist.

Now we prove the second part of the theorem. We give an exampleof obtuse
tetrahedron where Fagnano’s orbit does not exist.

In this example the point on the initial face, which must be periodic see Propo-
sition 5, is not in the interior of the triangle.

We consider the tetrahedronABCD with vertices

A(0, 0, 0), B(2, 0, 0), C(1, 1, 0), D(3, 2, 1).

We study the wordv = abcd. We obtain the matrix ofSv













1
33

8
33

32
33

104
165

−25
33

28
165

128
165

20
33

−29
165













.
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Now s is the mapSX + N whereN =





4
11
4
11

−12
11



. S has eigenvectoru =





9
8
1
2
1



.

Now s is a screw motion and we find the point at the intersection of the axis of
s and the facea by solving the system

Sm + N = m + λu (2)
−−→
Bm · n = 0. (3)

This is equivalent to the system
(

S − Id −u

nt 0

)(

m

λ

)

=

(

−N

2

)

.

wheren =





1
1
−3



 is the normal vector to the faceBCD.

We obtain the matrix




















−32
33

8
33

32
33 −9

8

104
165 −58

33
28
165 −1

2

128
165

20
33 −194

165 −1

1 1 −3 0





















and

m =













22
161

6
23

− 86
161













.

But this point is not insideBCD. Moreover we see that this point is not on the
altitude atBD which passes throughC.

The tetrahedron is obtuse, due to the triangleABD. The triangleBCD is acute,
and the axis ofs does not cut this face in the interior of the triangle.

Moreover we obtain that there exists a neighborhood of this tetrahedron, where
Fagnano’s word is not periodic. Indeed in a neighborhood thepoint m can not be
in the interior ofABCD.

Remark.We can remark that our proof gives a criterion for the existence of a
periodic billiard path of this type. One computes the axis ofthe screw motion, and
finds if it intersects the relevant faces.

For a generic tetrahedron we can use it to know if there existsa Fagnano’s orbit.
But we have not find a good system of coordinates where the computations are
easy. Thus we are not able to caracterize the tetrahedra witha Fagnano’s orbit.
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8. First return map

In this section we use the preceding example to study a related problem for peri-
odic billiard paths. We answer to a question of Gal’perin, Krüger and Troubetzkoy
[3] by an example of periodic wordv with non periodic points inside its beam.

We consider the wordv = (abcd)∞ and the setσv. The projection of this set on
the facea is an open set. Each point in this open set return to the facea after three
reflections. We study this return map and the setπa(σv). We consider the same
basis as in Section 6. Moreover, in the facea we consider the following basis





√

2
4
0
0



 + R





1
0
−1



 + R





1
−2
1



 .

Theorem 11. In the regular tetrahedron, consider the wordv = (abcd)∞. Then
the setπa(σv) is an open set. There exists only one point in this set with a periodic
billiard orbit.

The theorem of [3] explains that some such cases could appear, but there were
no example before this result.

Theorem 11 means that for all point inπa(σv), except one, the billiard orbit is
coded by a periodic word, but it is never a periodic trajectory. For the proof we
make use of the following lemma.

Lemma 12. In the regular tetrahedron, consider the wordv = (abcd)∞. The first
return mapr onπa(σv) is given by

r

(

x

y

)

= A

(

x

y

)

+ B,

where

A =
1

81

(

−83 28
−12 −75

)

, B =
1

81

(

−15
9

)

.

The setπa(σv) is the interior of the biggest ellipse of centerm related to the matrix
A.

Proof. If m is a point of the facea, the calculation in Section 6 shows that

r(m) =
1

81







−79x − 8y + 16
√

2

66x − 21y + 42z + 3
√

2
2

13x + 29y − 58z 33
√

2
12







Now we computem andrm in the basis of the facea. We obtain the matrices
A,B. �

Proof of Theorem 11.We can verify that the periodic point
√

2
20





2
2
1



 is fixed by

r. Indeed in this basis, it becomes
√

2
20

(

−2
1

)

. Now the orbit of a point underr
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is contained on an ellipse related to the matrixA. This shows that the setπa(σv)
is the biggest ellipse included in the triangle. And an obvious computation shows
that only one point is fixed byr.
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[1] M. Berger,Géométrie, 2, Espaces euclidiens, triangles, cercles et sphères, CEDIC, Paris, 1977.
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On the Centroids of Polygons and Polyhedra

Maria Flavia Mammana, Biagio Micale, and Mario Pennisi

Abstract. In this paper we introduce the centroid of any finite set of points of
the space and we find some general properties of centroids. These properties are
then applied to different types of polygons and polyhedra.

1. Introduction

In elementary geometry the centroid of a figure in the plane orspace (triangle,
quadrilateral, tetrahedron, . . . ) is introduced as the common point of some ele-
ments of the figure (medians or bimedians), once it has been proved that these
elements are indeed concurrent. The proofs are appealing and have their own
beauty in the spirit of Euclidean geometry. But they are different from figure to
figure, and often use auxiliary elements. For example, the centroid of a triangle
is defined as the common point of its three medians, after proving that they are
concurrent. It is usually proved considering, as an auxiliary figure, the Varignon
parallelogram of the quadrilateral whose vertices are the vertices of the triangle
and the common point to two medians ([3, p. 10]). We can also define the cen-
troid of a tetrahedron after proving that the four medians ofthe tetrahedron are
concurrent (Commandino’s Theorem, [1, p.57]). A natural question is: is it possi-
ble to characterize the properties of centroids of geometric figures with one unique
and systematic method? In this paper we introduce the centroid of a finite set of
points of the space, called a system, and find some of its general properties. These
properties are then applied to different types of polygons and polyhedra. Then it
is possible to obtain, in a simple and immediate way, old and new results of ele-
mentary geometry. At the end of the paper we introduce the notion of an extended
system. This allows us to find some unexpected and charming properties of some
figures, highlighting the great potential of the method thatis used.

2. Systems and centroids

Throughout this paper, the ambient space is either a plane ora 3-dimensional
space. LetS be a set ofn points of the space. We call this ann-system or a system
of ordern. LetS ′ be a nonempty subset ofS of k points, that we call ak-subsystem
of S or a subsystem of orderk of S. There are

(

n
k

)

different subsystems of order
k. We say that two subsystemsS ′ andS ′′ of ann-systemS arecomplementaryif
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S ′ ∪S′′ = S andS ′ ∩S′′ = ∅. We also say thatS ′ is complementary toS ′′ andS ′′

is complementary to S’. IfS ′ is a k-subsystem,S ′′ is an(n − k)-subsystem. Let
Ai, i = 1, 2, . . . , n, be the points of ann-systemS andxi be the position vector
of Ai with respect to a fixed pointP . We call thecentroidof S the pointC whose
position vector with respect toP is

x =
1

n

n
∑

i=1

xi.

xi

x

x
′

x
′

i

Ai

P
P ′

C

Figure 1

The pointC does not depend onP . In fact, letP ′ be another point of the space

andx
′

i be the position vector ofAi with respect toP ′. Sincex′

i = xi +
−−→
P ′P , we

have
1

n

n
∑

i=1

x
′

i =
1

n

n
∑

i=1

xi +
−−→
P ′P .

Every subsystem ofS has its own centroid. The centroid of a1-subsystem{Ai}

is Ai. The centroid of a2-subsystem{Ai, Aj} is the midpoint of the segment
AiAj .

Let S ′ be ak-subsystem ofS andC ′ its centroid. LetS ′′ be the subsystem ofS
complementary toS ′ andC ′′ its centroid. We call the segmentC ′C ′′ themedian
of S relative toS′. The median relative toS ′′ coincides with the one relative toS ′.

Let S be ann-system andC its centroid.

Theorem 1. The medians ofS are concurrent inC. Moreover,C divides the
medianC ′C ′′ relative to ak-subsystemS ′ of S into two parts such that:

C ′C

CC ′′
=

n − k

k
. (∗)

Proof. In fact, letv, v
′, v

′′ the position vectors ofC, C ′, C ′′ respectively. It is
easy to prove that

v − v
′ =

n − k

k
(v′′ − v).

This relation means that
−−→
C ′C = n−k

k

−−→
CC ′′. Hence,C, C ′, C ′′ are collinear and (*)

holds. �
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Here are some interesting consequences of Theorem 1.

Corollary 2. The system of centroids of thek−subsystems ofS is the image of
the system of centroids of the(n − k)-subsystems ofS in the dilatation with ratio
−n−k

k
and centerC. In this dilatation the centroid of ak-subsystem is the image

of the centroid of its complementary.

Corollary 3. The segmentC ′

1C
′

2 that joins the centroids of twok-subsystemsS ′

1,
S ′

2 of S is parallel to the segmentC ′′

1 C ′′

2 that joins the centroids of the(n − k)-
subsystems complementary toS ′

1, S ′

2. Moreover,

C ′

1C
′

2

C ′′

1 C ′′

2

=
n − k

k
.

Corollary 4. If n = 2k, C is the center of symmetry of the system of centroids of
thek-subsystems ofS. Moreover, the segmentC ′

1C
′

2 that joins the centroids of two
k-subsystemsS′

1, S ′

2 of S is parallel and equal to the segmentC ′′

1 C ′′

2 that joins the
centroids of thek-subsystems complementary toS ′

1, S′

2.

We conclude this section by the following theorem which is easily verified.

Theorem 5. The centroidC of S is also the centroid of the system of centroids of
thek-subsystems ofS.

3. Applications

We propose here some applications to polygons and polyhedra. Let P be a
polygon or a polyhedron. We associate with it the systemS whose points are the
vertices ofP.

3.1. Triangles. Let T be a triangle, with associated systemS and centroidC. The
1-subsystems ofS detect the vertices ofT , the2-subsystems detect the sides. The
centroids of the2-subsystems ofS are the midpoints of the sides ofT and detect
the medial triangle ofT . The medians ofS are the medians ofT .

As a consequence of Theorem 1, we have

Proposition 6 ([3, p.10], [4, p.8]). The three medians of a triangle all pass through
one point which divides each median into two segments in the ratio 2 : 1.

It follows that the centroid ofT coincides with the centroidC of S.
From Theorem 5 and Corollary 2, we deduce

Proposition 7 ([4, p.18], [5, p.11]). A triangleT and its medial triangle have the
same centroidC. Moreover, the medial triangle is the image ofT in the dilatation
with ratio −1

2 and centerC. See Figure 2.

Corollary 3 yields
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Proposition 8 ([4, p.53]). The segment joining the midpoints of two sides of a
triangle is parallel to the third side and half as long as thatthird side.

C

Figure 2.

3.2. Quadrilaterals. Let A1A2A3A4 be a quadrilateral which we denote byQ.
Let S be the system associated withQ andC its centroid. The1-subsystems ofS
detect the vertices ofQ, the2-subsystems detect the sides and the diagonals, the
3-subsystems detect the sub-triangles ofQ. The centroids of the2-subsystems of
S are the midpoints of the sides and of the diagonals ofQ. The centroids of the
3-subsystems are the centroidsC1, C2, C3, C4 of the trianglesA2A3A4, A1A3A4,
A1A2A4, A1A2A3 respectively. We callC1C2C3C4 the quadrilateral of centroids
and denote it byQc ([6]). The medians ofS relative to the2-subsystems are the
bimediansof Q and the segment that joins the midpoints of the diagonals ofQ. The
medians ofS relative to the1-subsystems are the segmentsAiCi, i = 1, 2, 3, 4.

A1

A2

A3

A4

C

Figure 3

From Theorem 1 it follows that

Proposition 9 ([4, p.54]). The bimedians of a quadrilateral and the segment join-
ing the midpoints of the diagonals are concurrent and bisectone another. See
Figure 3.

Thus, the centroid of the quadrilateralQ, i.e., the intersection point of the bime-
dians, coincides with the centroidC of S. From Corollary 4, we obtain
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Proposition 10 ([4, p.53]). The quadrilateral whose vertices are the midpoints of
the sides of a quadrilateral is a parallelogram(Varignon’s Theorem). Moreover,
the quadrilateral whose vertices are the midpoints of the diagonals and of two
opposite sides of a quadrilateral is a parallelogram.

Thus, three parallelograms are naturally associated with aquadrilateral. These
have the same centroid, which, by Theorem 1, coincides with the centroid of the
quadrilateral.

Theorem 5 and Corollary 2 then imply

Proposition 11 ([6]). The quadrilateralsQ and Qc have the same centroidC.
Moreover,Qc is the image ofQ in the dilatation with ratio−1

3 and centerC. See
Figure 4.

A1

A2

A3

A4

C1

C2

C3

C4

C

Figure 4

Some of these properties, with appropriate changes, hold also for polygons with
more than four edges. For example, from Theorem 1 it follows that

Proposition 12. The five segments that join the midpoint of a side of a pentagon
with the centroid of the triangle whose vertices are the remaining vertices and the
five segments that join a vertex of a pentagon with the centroid of the quadrilateral
whose vertices are the remaining vertices are all concurrent in a point C that
divides the first five segments in the ratio 3:2 and the other five in the ratio 4:1.

The pointC is the centroid of the systemS associated with the pentagon.C will
also be called the centroid of the pentagon.

3.3. Tetrahedra.Let T be a tetrahedron. LetS be the system associated withT
andC its centroid. The subsystem ofS of order1, 2, and3 detect the vertices, the
edges and the faces ofT , respectively. The centroids of the2-subsystems are the
midpoints of the edges. Those of the3-subsystems are the centroids of the faces
of T , which detect the medial tetrahedron ofT . The medians ofS relative to the
2-subsystems are the bimedians ofT , i.e., the segments that join the midpoints of
two opposite sides. The medians ofS relative to the1-subsystems are the medians
of T , i.e., the segments that join one vertex ofT with the centroid of the opposite
face.

From Theorem 1 follows Commandino’s Theorem:
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Proposition 13 ([1, p.57]). The four medians of a tetrahedron meet in a point
which divides each median in the ratio1 : 3. See Figure 5.

C

Figure 5

It follows that the centroid of the tetrahedronT , intersection point of the medi-
ans, coincides with the centroidC of S. From Theorem 5 and from Corollary 2 it
follows that

Proposition 14 ([1, p.59]). A tetrahedronT and its medial tetrahedron have the
same centroidC. Moreover the medial tetrahedron is the image ofT in the dilata-
tion with ratio−1

3 and centerC. The faces and the edges of the medial tetrahedron
of a tetrahedronT are parallel to the faces and the edges ofT .

Finally, Theorem 1 and Corollary 2 yield

Proposition 15 ([1, pp.54,58]). The three bimedians of a tetrahedron are con-
current in the centroid of the tetrahedron and are bisected by it. Moreover, the
midpoints of two pairs of opposite edges of tetrahedron are the vertices of a paral-
lelogram.See Figure 6.

C

Figure 6
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By using the theorems of the theory it is possible to find lots of interesting prop-
erties on polyhedra. For example, Corollary 4 gives

Proposition 16. The centroids of the faces of an octahedron with triangular faces
are the vertices of a parallelepiped. The centroids of the faces of a hexahedron with
quadrangular faces are the vertices of an octahedron with triangular faces having
a symmetry centerC. See Figures 7A and 7B.

Figure 7A

C

Figure 7B

The pointC is the centroid of the systemS associated with the hexahedron.
This point is also called the centroid of the hexahedron.

4. Extended systems and applications

Let S be ann-system andh a fixed positive integer. LetH be a set ofh points
such thatS ∩ H = ∅. We callh-extension ofS the systemSH = S ∪ H.

Let t be a fixed integer such that1 ≤ t < n. Consider the systemCH,t of cen-
troids of the subsystems ofSH , of orderh+ t, that containH. The complementary
subsystems of these subsystems are the subsystems ofS of ordern − t and we
denote the system of their centroids byC′

n−t.
Let us consider now twoh-extensions ofS, SH1 andSH2 , and letC1 andC2 be

their centroids. Consider the systemsCH1,t
andCH2,t

, and the systemC′

n−t.
From Corollary 2 applied to the systemSH1 (respectivelySH2) it follows that

CH1,t
(respectivelyCH2,t

) is the image ofC′

n−t in the dilatation with ratio−n−t
h+t

and
centerC1 (respectivelyC2).

Thus, we have

Theorem 17. If SH1 andSH2 are twoh-extension ofS, then the systemsCH1,t
and

CH2,t
are correspondent in a translation.
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It is easy to see that the vector of the translation transforming CH1,t
into CH2,t

is
n+h
h+t

−−−→
C1C2.

The following theorem is also of interest.

Theorem 18. If S is an n-system,SH is a 1-extension ofS, SK is a (n − 1)-
extension ofS, then the systemsCH,n−1 andCK,1 are correspondent is a half-turn.

Proof. Let C andCK be the centroids ofSH andK respectively. From Corollary
2 the systemCH,n−1 is the image of the systemC′

1 = S in the dilatation with ratio
1
n

and centerC that is,S is the image ofCH,n−1 in the dilatation with ratio−n and
centerC.

Let C ′ ∈ CK,1 and suppose thatC ′ is the centroid of then-subsystemS ′ =
K ∪ {A} of SK , with A ∈ S. From Theorem 1,C ′ lies on the medianCKA of S ′

and is such thatCKC′

C′A
= 1

n−1 . It follows that CKC′

CKA
= 1

n
, andCK,1 is the image of

S in the dilatation with ratio1
n

and centerCK .
SinceS is the image ofCH,n−1 in the dilatation with ratio−n and centerC and

CK,1 is the image ofS in the dilatation with ratio1
n

and centerCK , thenCH,n−1

andCK,1 are correspondent in a dilatation with ratio−1, i.e., in a half-turn. �

It is easy to see that the centerC of the half-turn is the point of the segment
CCK such that CC

CCK

= n−1
n+1 .

Now, we offer some applications of Theorems 17 and 18.

4.1. Triangles. Let T be a triangle andS its associated system. LetSH be a1-
extension ofS, with H = {P}, andSK be a2-extension ofS, with K = {P1, P2}.
The points of the systemCH,2 are vertices of a triangleTH and the points of the
systemCK,1 are vertices of a triangleTK . Theorem 18 gives

Proposition 19. The trianglesTH andTK are correspondent in a half-turn.See
Figure 8.

Let {TH} be the family of trianglesTH obtained by varying the pointP and
{TK} be the family of trianglesTK obtained by varying the pointsP1 andP2.

From Theorem 17 the triangles of the family{TH} are all congruent and have
corresponding sides that are parallel. The same property also holds for the triangles
of the family{TK}. On the other hand, each triangleTH and each triangleTK are
correspondent in a half-turn, then:

Proposition 20. The triangles of the family{TH} ∪ {TK} are all congruent and
have corresponding sides that are parallel.

4.2. Quadrilaterals. LetQ be a quadrilateralA1A2A3A4 andS its associated sys-
tem. LetSH be a1-extension ofS, with H = {P}, and letC be its centroid.

Let us consider the subsystems{P, A1, A2}, {P, A2, A3}, {P, A3, A4},
{P, A4, A1} of SH and their centroidsC1, C2, C3, C4 respectively, that are points
of CH,2. From Corollary 3 applied to the systemSH , the segmentsC1C2, C2C3,
C3C4, C4C1 are parallel to the sides of the Varignon parallelogram ofQ respec-
tively. Thus,C1C2C3C4 is a parallelogram, that we denote byQH . Moreover,
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A1 A2

A3

P

P1

P2

Figure 8.

from Corollary 2,QH is the image of the Varignon parallelogram ofQ in the di-
latation with ratio−2

3 and centerC. In the case whenP is the intersection point
of the diagonals ofQ, the existence of a dilatation betweenQH and the Varignon
parallelogram ofQ has already been proved ([2, p.424], [7, p.23]).

If we consider two1-extensions ofS, the systemsCH,2, for Theorem 17, are
correspondent in a translation. Thus, if{QH} is the family of the parallelograms
obtained asP varies, we obtain

Proposition 21. The parallelograms of the family{QH} are all congruent and
their corresponding sides are parallel.

Moreover, takingP as the vertex of a pyramid with baseQ, we are led to

Proposition 22. The centroids of the faces of a pyramid with a quadrangular base
are vertices of the parallelogram that is the image to Varignon parallelogram ofQ
in the dilatation with ratio−2

3 and centerC. Moreover, asP varies, the parallel-
ograms whose vertices are the centroids of the faces are all congruent.See Figure
9.

The pointC is called the centroid of the pyramid.
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Another Variation on the Steiner-Lehmus Theme

Sadi Abu-Saymeh, Mowaffaq Hajja, and Hassan Ali ShahAli

Abstract. Let the internal angle bisectorsBB
′ andCC

′ of anglesB andC of
triangleABC be extended to meet the circumcircle atB

∗ andC
∗. The Steiner-

Lehmus theorem states that ifBB
′

= CC
′, thenAB = AC. In this article, we

investigate those triangles for whichBB
∗

= CC
∗ and we address several issues

that arise within this investigation.

1. Introduction

The celebrated Steiner-Lehmus theorem states that if the internal angle bisec-
tors of two angles of a triangle are equal, then the triangle is isosceles. In terms of
triangle centers and cevians, it states that if two cevians through the incenterof
a triangle are equal, then the triangle is isosceles. Variations on the theme can be
obtained by replacing the incenter by any of the hundreds of centers known in the
literature; see [6] and the website [7]. Other variations onthis theme are obtained
by letting the cevians ofABC through a centerP meet the circumcircle ofABC

at A∗, B∗, andC∗ and asking whether the equalityBB∗ = CC∗ implies that
AB = AC, whereXY denotes the length of the line segmentXY . This variation,
together with several others, is investigated in [5] where it is proved that ifP is
the incenter, the orthocenter, or the Fermat-Torricelli point, thenBB∗ = CC∗ if
and only ifAB = AC or A = π

3 . WhenP is the centroid, the triangles for which
BB∗ = CC∗ are proved, in Theorem 9 below, to be the ones whose side lengths
satisfy the relationa4 = b4 − b2c2 + c4, a relation that has no geometric inter-
pretation and cannot be fitted into a traditional geometry context such as Euclid’s
Elements.

Using geometric arguments, we show that if the centroidP of a scalene triangle
ABC is such thatBB∗ = CC∗, then∠BAC must lie in the interval[π3 , π

2 ] and that
to everyθ in [π3 , π

2 ] there is essentially a unique scalene triangle with∠BAC = θ

and withBB∗ = CC∗. The proof uses a generalization of Proposition 7 of Book
III of Euclid’s Elements, in brief Euclid III.7 1, that deserves recording on its own.

Publication Date: June 16, 2008. Communicating Editor: Paul Yiu.
The first and second named authors are supported by a researchgrant from Yarmouk University

and would like to express their thanks for this support. The authors would also like to thank the
referee for his valuable remarks and for providing the construction given in Remark (2) at the end of
this note, and to Mr. Essam Darabseh for drawing the figures.

1Throughout, the symbol Euclid∗.∗∗ designates Proposition∗∗ of Book∗ in Euclid’sElements.
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2. Euclid III.7 and a generalization

Euclid III.7, not that well known, states that ifΩ is a circle centered atO, if
M 6= O is a point insideΩ, and if the intersection of a rayMX with Ω is denoted
by X ′, then
(i) the maximum value ofMX ′ is attained when the rayMX passes throughO
and the minimum is attained when the rayMX is the opposite rayOM ,
(ii) as the rayMX rotates from the positionMO to the opposite positionOM , the
quantityMX ′ changes monotonically.

We restate this proposition in Theorem 1 as a preparation forthe generalization
that is made in Theorem 5.

Theorem 1 (Euclid III.7). LetBC be a chord in a circleΩ, let M be the mid-point
of BC, and let the line perpendicular toBC throughM meetΩ at E andF . As
a pointP moves fromE to F along the arcECF of Ω, the lengthMP changes
monotonically. It increases or decreases according asE is closer or farther than
F from M .

B M C

E

F

O

P

Q
θ

Figure 1.

Proof. Referring to Figure 1, we shall show that ifEM > MF , i.e., if the center
O of Ω is betweenE andM , and ifP andQ are any points on the arcECF such
thatP is closer toE thanQ, thenMP > MQ. Under these assumptions,

∠MQP > ∠OQP = ∠OPQ > ∠MPQ.

Thus∠MQP > ∠MPQ, and thereforeMP > MQ, as desired. �

Remark.The proof above uses the fairly simple-minded fact that in a triangle, the
greater angle is subtended by the greater side. This is Euclid I.19. It is interesting
that Euclid’s proof uses the more sophisticated Euclid I.24. This theorem, referred
to in [8, Theorem 6.3.9, page 140] as theOpen Mouth Theorem, states that if
trianglesABC andA′B′C ′ are such thatAB = A′B′, AC = A′C ′, ∠BAC >

∠B′A′C ′, thenBC > B′C ′. Quoting [8], this says thatthe wider you open your



Another variation on the Steiner-Lehmus theme 133

mouth, the farther apart your lips are.Although this follows immediately from the
law of cosines, the intricate proofs given by Euclid and in [8] have the advantage
of showing that the theorem is a theorem in neutral geometry.

Theorem 5 below generalizes Theorem 1. In fact Theorem 1 follows from The-
orem 5 by takingBC to be a diameter of one of the circlesΩ andΩ′. For the proof
of Theorem 5, we need the following simple lemmas.

Lemma 2. LetABC be a triangle and letD andE be points on the sidesAB and
AC respectively(see Figure 2). ThenAD

AB
is greater than, less than, or equal toAE

AC

according as∠ABC is greater than, less than, or equal to∠ADE, respectively.

A

B C

D E′

E

Figure 2

Proof. Let E′ be the point onAC such thatAE′

AC
= AD

AB
; i.e., DE′ is parallel to

BC. If AE
AC

= AD
AB

, thenE′ = E and∠ABC = ∠ADE. If AE
AC

> AD
AB

, thenE

lies betweenE′ andC, and∠ABC = ∠ADE′ < ∠ADE. Similarly for the case
AE
AC

< AD
AB

. �

P

B C

E

F

F ′

E′

P ′

S

M

Ω

Ω′

Figure 3
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Lemma 3. Two circlesΩ andΩ′ intersect atB andC, and the line perpendicular
to BC through the midpointM of BC meetsΩ andΩ′ at E andE′, respectively,
such thatE′ is insideΩ (see Figure 3). If P is any point on the arcECF of Ω and
if the rayMP meetsΩ′ at P ′, thenMP ′

MP
> ME′

ME
.

Proof. Let S be the point of intersection ofFP andF ′P ′. Since∠EPF = π
2 =

∠E′P ′F ′, it follows that∠ME′P ′ + ∠MF ′P ′ = π
2 = ∠MEP + ∠MFP. But

∠MFP > ∠MF ′P ′, by the exterior angle theorem. Hence∠ME′P ′ > ∠MEP .
By Lemma 2, we haveMP ′

MP
> ME′

ME
, as desired. �

Lemma 4. Let EBC be an isosceles triangle havingEB = EC. Let M be the
midpoint ofBC and letE′ be the circumcenter ofEBC (see Figure 4). ThenME′

ME

is greater than, equal to, or less than13 according as∠BEC is less than, equal to,
or greater thanπ

3 , respectively.

R R

B M C

E

x

E′

Figure 4.

Proof. Let θ = ∠BEC, x = ME′, and letR be the circumradius ofEBC. Then
∠ME′C = θ and

ME′

ME
−

1

3
=

x

x + R
−

1

3
=

R cos θ

R cos θ + R
−

1

3
=

2 cos θ − 1

3(cos θ + 1)
.

This is positive, zero, or negative according ascos θ is greater than, equal to, or
less than1

2 . �

Theorem 5. Two circlesΩ andΩ′ intersect atB andC and the line perpendicular
to BC through the midpointM of BC meetsΩ at E and F and meetsΩ′ at E′

and F ′. For every pointP on Ω, let P ′ be the point where the rayMP meets
Ω′. As a pointP moves fromE to F along the arcECF , the ratio MP ′

MP
changes

monotonically. It decreases or increases according asE′ is inside or outsideΩ.

Proof. Referring to Figure 5, suppose thatE′ lies insideΩ and letP andQ be two
points on the arcECF of Ω such thatP is closer toE thanQ. we are to show that
MP ′

MP
< MQ′

MQ
.

ExtendQM to meetΩ at U andΩ′ at U ′. Let T be the point of intersection
of EU andE′U ′. Since the quadrilateralsEPQU andE′P ′Q′U ′ are cyclic, it
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follows that

∠UQP + ∠UEP = π = ∠U ′Q′P ′ + ∠U ′E′P ′. (1)

But

∠U ′E′P ′ = ∠U ′E′M + ∠ME′P ′

> ∠UEM + ∠ME′P ′ (by the exterior angle theorem)

> ∠UEM + ∠MEP (by Lemmas 3 and 2)

= ∠UEP.

From this and (1) it follows that∠U ′Q′P ′ > ∠UQP . By Lemma 2, we conclude
that MP ′

MP
< MQ′

MQ
, as desired.

Note that ifP is on the arcEC andQ is on the arcCF , then MP ′

MP
< 1 <

MQ′

MQ
. �

3. Conditions of equality of two chords through a given point

The next simple lemma exhibits the relation between two geometric properties
of a pointP inside a triangleABC. It will be used in the proof of Theorem 9.

Lemma 6. Let P be a point inside triangleABC and let the raysBP and CP

meet the circumcircle ofABC at B∗ andC∗ respectively(see Figure 6). Then
(a)BB∗ = CC∗ if and only ifPB = PC or ∠BPC = 2∠BAC;
(b) ∠BPC = 2∠BAC ⇐⇒ PB∗ = PC ⇐⇒ B∗C ‖ C∗B.

Moreover, ifP is the centroid, then
(c) PB = PC ⇐⇒ AB = AC ⇐⇒ B∗C∗ ‖ BC.
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Proof. (a) It is clear that

BB∗ = CC∗ ⇐⇒ ∠BAB∗ = ∠CAC∗ or ∠BAB∗ + ∠CAC∗ = π

⇐⇒ ∠CAB∗ = ∠BAC∗ or ∠CAB∗ + ∠BAC∗ + 2∠BAC = π

⇐⇒ ∠CBB∗ = ∠BCC∗ or ∠CBB∗ + ∠BCC∗ + 2∠BAC = π

⇐⇒ PB = PC or ∠BPC = 2∠BAC.

B

A

C

P

B∗

C∗

Figure 6.

(b) Also,

∠BPC = 2∠BAC ⇐⇒ ∠PB∗C + ∠PCB∗ = 2∠PB∗C

⇐⇒ ∠PCB∗ = ∠PB∗C

⇐⇒ ∠PB∗ = ∠PC.

This proves the first part of (b). The implicationPB∗ = PC ⇐⇒ B∗C ‖ C∗B

is easy.
(c) Let the lengths of the medians fromB andC beβ andγ, respectively. By

Apollonius theorem, we have

b2

2
+ 2β2 = a2 + c2 ,

c2

2
+ 2γ2 = a2 + b2.

The rest follows from the facts thatPB = 2β
3 andPC = 2γ

3 . �

4. Chords of circumcircle through the centroid

In Theorem 7, we focus on trianglesABC whose centroidG has the property
that∠BGC = 2∠BAC. Interest in this property stems from Lemma 6. Note that
Part (i) provides a solution of the problem in [4].

Theorem 7. (i) If ABC is a triangle whose centroidG has the property that
∠BGC = 2 ∠BAC, then π

3 ≤ ∠BAC < π
2 with ∠BAC = π

3 if and only if
ABC is equilateral.
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(ii) If θ is any angle in the interval(π
3 , π

2 ) and if BC is any line segment, then
there is a triangleABC, unique up to reflection aboutBC and about the perpen-
dicular bisector ofBC, having∠BAC = θ and whose centroidG has the property
∠BGC = 2 ∠BAC.

Proof. (i) Let Ω be the circumcircle ofABC and letE′ be its circumcenter. LetΩ′

be the circumcircle ofE′BC. Let M be the midpoint ofBC and let the perpen-
dicular bisector ofBC meetΩ atE andF and meetΩ′ at (E′ and)F ′, whereE is
on the arcBAC of Ω (see Figure 7). Let∠BAC = θ, and letG be the centroid of
ABC. Also, for everyP onΩ, let P ′ be the point where the rayMP meetsΩ′.

Suppose that∠BGC = 2∠BAC. Since∠BE′C = 2∠BAC, it follows thatG
lies on the arcBE′C of Ω′. Also, G lies on the medianAM of ABC. Therefore,
G is the pointA′ where the rayMA meetsΩ′. In particular, MA′

MA
= 1

3 . As P

moves fromE to F along the arcECF , the ratio MP ′

MP
increases by Theorem 5.

Therefore
ME′

ME
≤

MA′

MA
=

1

3
.

By Lemma 4,θ ≥ π
3 , with equality if and only ifA = E, or equivalently if and

only if ABC is equilateral. The possibility that∠BAC ≥ π
2 is ruled out since it

would lead to the contradiction∠BGC ≥ π.

B
M

C

A

A′ = G

E

F ′

E′

F

Ω

Ω′

θ

Figure 7

B
M

C

E

F ′

E′

F

Ω

Ω′

θ

Figure 8

(ii) Suppose thatθ is a given angle such thatπ
3 ≤ θ < π

2 and thatBC is a given
segment. LetEBC be an isosceles triangle withEB = EC and with∠BEC = θ.
Let Ω be the circumcircle ofEBC and letE′ be its circumcenter. LetΩ′ be the
circumcircle ofE′BC. Let M be the midpoint ofBC and let the perpendicular
bisector ofBC meetΩ at (E and)F and meetΩ′ at (E′ and)F ′ (see Figure 8). For
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everyP on Ω, we letP ′ be the point where the rayMP meetsΩ′. Let t = ME′

ME
.

Sinceθ ≥ π
3 , it follows from Lemma 4 thatt ≤ 1

3 . Also, C ′ = C and MC′

MC
= 1.

Thus asP moves fromE to C along one of the arcsEC of Ω, the ratio MP ′

MP

increases fromt ≤ 1
3 to 1. By continuity and the intermediate value theorem, there

is a unique pointA on that arcEC for which MA′

MA
= 1

3 . If we think of MC as
thex-axis and ofME as they-axis, then the pointA is the only point in the first
quadrant for whichABC has the desired property. Points in the other quadrants
are obtained by reflection about thex- andy-axes.

This is precisely the pointA on the arcECF for which A′ is the centroid of
ABC. This triangleABC is the unique triangle (up to reflection aboutBC and
about the perpendicular bisector ofBC) whose vertex angle atA is θ and whose
centroidG has the property that∠BGC = 2∠BAC. �

Theorem 9 characterizes those triangles whose centroid hasthe propertyBB∗ =
CC∗. For the proof, we need the following simple lemma.

Lemma 8. Let ABC be a triangle with side-lengthsa, b, andc (in the standard
order)and with centroidG. Let the raysBG and CG meet the circumcircle of
ABC at B∗ andC∗ respectively. Then

BB∗2 =
(a2 + c2)2

2a2 + 2c2 − b2
.

Proof. Let m = BB′, x = BB∗. By Apollonius’ theorem,m2 = 2(a2+c2)−b2

4 .

SinceBB′B∗ andAB′C are diagonals of a cyclic quadrilateral,m(x − m) = b2

4 .

It follows thatmx = a2+c2

2 andx2 = (a2+c2)2

4m2 = (a2+c2)2

2a2+2c2−b2
. �

Theorem 9. Let ABC be a triangle with side-lengthsa, b, andc (in the standard
order)and with centroidG. Let the raysBG and CG meet the circumcircle of
ABC at B∗ andC∗, respectively. Ifb 6= c, then the following are equivalent:
(i) BB∗ = CC∗,
(ii) ∠BGC = 2∠BAC,
(iii) a4 = b4 + c4 − b2c2.

Proof. Sinceb 6= c, it follows thatGB 6= GC. By Lemma 6, (i) is equivalent
to (ii). To see that (i) is equivalent to (iii), letx = BB∗, y = CC∗, and let
s = a2 + b2 + c2. By Lemma 8,

x2 =
(s − b2)2

2s − 3b2
, y2 =

(s − c2)2

2s − 3c2
.
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Therefore

x = y ⇐⇒
(s − b2)2

2s − 3b2
=

(s − c2)2

2s − 3c2

⇐⇒ (s2 − 2b2s + b4)(2s − 3c2) = (s2 − 2c2s + c4)(2s − 3b2)

⇐⇒ s2(c2 − b2) − 2s(c2 − b2)(c2 + b2) + 3c2b2(c2 − b2) = 0

⇐⇒ s2 − 2s(c2 + b2) + 3c2b2 = 0 (becauseb 6= c)

⇐⇒ (s − (c2 + b2))2 = (c2 + b2)2 − 3c2b2

⇐⇒ a4 = c4 + b4 − c2b2,

as claimed. �

Remarks.(1) It follows from [1, Theorem 2.3.3., page 83] (or [9, page 20]) that
the only positive solutions of the diophantine equation

a4 + b4 − a2b2 = c4 (2)

are given bya = b = c. Thus there are no non-isosceles trianglesABC with
integer side-lengths whose centroidG has the propertyBB∗ = CC∗.

(2) A Euclidean construction, provided by a referee, of trianglesABC whose
centroid has the propertyBB∗ = CC∗. We start with any segmentBC.

(i) Take any pointA′ on the major arcBA0C of an equilateral triangleA0BC.
(ii) ExtendA′C andA′B to Y andZ respectively such thatCY = BZ = BC.
(iii) Construct a circle with diameterA′Z and the perpendicular atB to A′Z,

intersecting the circle atB′

(iii ′) Construct a circle with diameterA′Y and the perpendicular atC to A′Y ,
intersecting the circle atC ′

(iv) Construct the circles centered atB andC and passing throughB′ andC ′,
respectively.

LettingA be a point of intersection of the two circles in (iv), one can verify that
triangleABC satisfiesBB∗ = CC∗.

(3) With reference to the previous remark and in view of Theorem 7(ii), one may
ask whether one can construct a triangleABC having the propertyBB∗ = CC∗

and having preassigned sideBC and angleA (in [π3 , π
2 ]). The answer is affirmative

as seen below.
Without loss of generality, assumeBC = 1. Let b = AC, c = AB, and

t = cos A. We are to show thatb andc are constructible. These are defined by

b4 + c4 − b2c2 = 1 , b2 + c2 = 2bct + 1.

Subtracting the square of the second from the first and simplifying, we obtainbc =
4t

3−4t2
. Thusbc is constructible. Sinceb2 + c2 = 2bct + 1, it follows thatb2 + c2

is constructible. Thus bothb2c2 andb2 + c2 are constructible, and henceb2 and
c2, being the zeros off(T ) := T 2 − (b2 + c2)T + b2c2, are constructible. This
shows thatb andc are constructible, as desired. The restrictionA ∈

[

π
3 , π

2

]

, i.e.,
t ∈

[

0, 1
2

]

, guarantees that the zeros off(T ) are real (and positive).
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Haruki’s Lemma for Conics

Yaroslav Bezverkhnyev

Abstract. We extend Haruki’s lemma to conics.

1. Main results

In this paper we continue to explore Haruki’s lemma introduced by Ross Hons-
berger in [2, 3]. In [1], we gave an extension of Haruki’s lemma (Theorem 1 below)
and studied a related locus problem, leading to certain interesting conics.1

Theorem 1 ([1, Lemma 2]). Given two nonintersecting chordsAB andCD in a
circle and a variable pointP on the arcAB remote from pointsC andD, let E

andF be the intersections of chordsPC, AB, and ofPD, AB respectively. The
following equalities hold:

AE · BF

EF
=

AC · BD

CD
, (1)

AF · BE

EF
=

AD · BC

CD
. (2)

In this paper we generalize this result to conics.

A B

C
D

P

EF

Figure 1.

Theorem 2. Given a nondegenerate conicC with fixed pointsA, B, C, D on it,
let P be a variable point distinct fromA andB. LetE andF be the intersections

of the linesPC, AB, and ofPD, AB respectively. Then the ratios
AE · BF

EF
and

AF · BE

FE
are independent of the choice ofP .

Publication Date: June 23, 2008. Communicating Editor: Paul Yiu.
The author wishes to thank Paul Yiu for his invaluable additions and help with the preparation of

the article.
1See Remark following the proof of Theorem 2 below.
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It turns out that this result still holds when the pointsA andB coincide. In this
case, we replace the lineAB by the tangent to the conic atA. With a minor change
of notations, we have the following result.

Theorem 3. Given a nondegenerate conicC with fixed pointsA, B, C on it, let
P be a variable point distinct fromA. Let E and F be the intersections of the

lines PB, PC with the tangent to the conic atA. Then the ratio
AE · AF

EF
is

independent of the choice ofP .

A

B

C

P

E

F
tA

Figure 2

2. Proof of Theorem 2

We chooseABC as reference triangle. The nondegenerate conicC has equation
of the form

fyz + gzx + hxy = 0 (3)

for nonzero constantsf , g, h. See Figure 1. SupposeD has homogeneous barycen-
tric coordinates(u : v : w), i.e.,

fvw + gwu + huv = 0. (4)

Clearly, u, v, w are all nonzero. For an arbitrary pointP with barycentric co-
ordinates(x : y : z), the coordinates of the intersectionsE = AB ∩ DC and
F = AB ∩ PD can be easily determined:

E = (x : y : 0), F = (uz − wx : vz − wy : 0).

See [1,§6]. From these, we have the signed lengths of the various relevant seg-
ments:

AE = y
x+y

· c, EB = x
x+y

· c,

AF = vz−wy
z(u+v)−w(x+y) · c, FB = uz−wx

z(u+v)−w(x+y) · c,

EF = z(vx−uy)
(x+y)(z(u+v)−w(x+y)) · c,

wherec = AB. It follows that
AE · BF

EF
=

y(wx − uz)

z(vx − uy)
· c. To calculate this

fraction, note that from (4), we havefw
h

= −u(1 + k) for k = gw
hv

. Now, from (3),
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we have

fw

h
· yz +

gw

h
· zx + w · xy = 0,

− u(1 + k)yz + kvzx + wxy = 0,

y(wx − uz) + kz(vx − uy) = 0.

Hence,
AE · BF

EF
=

y(wx − uz)

z(vx − uy)
· c = −kc, a constant.

A similar calculation gives
AF · BE

FE
= (1 + k)c, a constant. This completes

the proof of the theorem.

Remark.Note that we have actually proved that

AE · BF

EF
= −

gw

hv
· c and

AF · BE

FE
= −

fw

hu
· c.

In [1, Theorem 6], we have solved two loci problems in connection with Haruki’s
lemma. Denote, in Figure 1,BC = a, CA = b, AB = c, andAD = a′, BD = b′,
CD = c′. The locus of pointsP satisfying (1) is the union of the two circumconics
of ABCD

(cc′ + εbb′)uyz − εbb′vzx − cc′wxy = 0, ε = ±1.

Now, with

f = (cc′ + εbb′)u, g = −εbb′v, h = −cc′w,

we have

AE · BF

EF
= −

−εbb′vw

−cc′wv
· c = −ε ·

bb′

c′
= ε ·

AC · BD

CD
.

Similarly, the locus of pointsP satisfying (2) is the union of the two circumcon-
ics ofABCD

εaa′uyz + (cc′ − εaa′)vzx − cc′wxy = 0, ε = ±1.

Now, with

f = εaa′u, g = (cc′ − εaa′)v, h = −cc′w,

we have

AF · BE

FE
= −

fw

hu
· c = −

εaa′uw

−cc′wu
· c = ε ·

aa′

c′
= −ε ·

AD · BC

DC
.

These confirm that Theorem 2 is consistent with Theorem 6 of [1].
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3. Proof of Theorem 3

Again, we chooseABC as the reference triangle, and write the equation of the
nondegenerate conicC in the form (3) withfgh 6= 0. The tangent atA is the line

tA : hy + gz = 0.

For an arbitrary pointP with homogeneous barycentric coordinates(x : y : z), the
linesPB andPC intersecttA respectively at

E =(hx : −gz : hz),

F =(gx : gy : −hy).

A

B

C

P

E

F

T

tA

Figure 3

On the tangent line there is the pointT = (0 : −g : h), the intersection with the
line BC. It is clearly possible to express the pointsE andF in terms ofA andT .
In fact, from

(hx,−gz, hz) =hx(1, 0, 0) − z(0, g,−h),

(gx, gy,−hy) =gx(1, 0, 0) + y(0, g,−h),

we have, in absolute barycentric coordinates,

E =
hx

hx − (g − h)z
· A +

−(g − h)z

hx − (g − h)z
· T,

F =
gx

gx + (g − h)y
· A +

(g − h)y

gx + (g − h)y
· T.

From these,

AE

AT
=

−(g − h)z

hx − (g − h)z
,

AF

AT
=

(g − h)y

gx + (g − h)y
.

It follows that

EF

AT
=

AF − AE

AT
=

(g − h)y

gx + (g − h)y
+

(g − h)z

hx − (g − h)z

=
(g − h)x(hy + gz)

(gx + (g − h)y)(hx − (g − h)z)
.
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Therefore,

AE · AF

EF
=

−(g − h)z · (g − h)y

(g − h)x(hy + gz)
· AT =

−(g − h)yz

gzx + hxy
· AT

=
−(g − h)yz

−fyz
· AT =

g − h

f
· AT.

This is independent of the choice of the pointP (x : y : z) on the conic. This
completes the proof of Theorem 3.
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A Simple Compass-Only Construction of
the Regular Pentagon

Kurt Hofstetter

Abstract. In 7 steps we give a simple compass-only (Mascheroni) construction
of the vertices of a regular pentagon .

In [1] we have given a simple 5-step compass-only (Mascheroni) construction
of the golden section. Here we note that with two additional circles, it is possible
to construct the vertices of a regular pentagon. As usual, wedenote byP (Q) the
circle with centerP and passing throughQ.

A B

C

D

E F

G

H

I J

K L

C7

C6

C3

C1 C2

C4 C5

Figure 1

Construction 1. Given two points A and B,
(1) C1 = A(B),
(2) C2 = B(A) to intersect C1 at C and D,
(3) C3 = C(D) to intersect C1 at E and C2 at F ,
(4) C4 = A(F ),
(5) C5 = B(E) to intersect C4 at G and H .
(6) C6 = G(C) to intersect C3 at I and J ,
(7) C7 = H(C) to intersect C3 at K and L.

ThenDIKLJ is a regular pentagon.

Publication Date: August 8, 2008. Communicating Editor: Paul Yiu.
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Proof. In [1] we have shown that the first five steps above lead to four collinear
pointsC, D, G, H such thatD dividesCG, andC dividesDH, in the golden
section.

A B

C

D

E F

G

H

I J

K L

C7

C6

C3

C8

Figure 2

(i) This means that in the isosceles triangleGCI, GC
IC

= GC
DC

= φ. The base
angles are72◦. Therefore,∠DCI = 72◦. By symmetry,∠DCJ = 72◦.

(ii) Also, in the isosceles triangleHCK, KC
CH

= DC
CH

= φ. The base angles are
36◦. It follows that∠KCH = 36◦. By symmetry,LCH = 36◦, andKCL = 72◦.

(iii) SinceC is on the lineGH, ∠ICK = 180◦ −∠GCI −∠KCH = 72◦. By
symmetry,∠JCL = 72◦.

Therefore, the five pointsD, I, K, L, J are equally spaced on the circleC3.
They form the vertices of a regular pentagon. �

Remark. The circleC7 can be replaced byC8 with centerD and radiusIJ . This
intersectsC3 at the same pointsK andL.
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Two More Powerian Pairs in the Arbelos

Quang Tuan Bui

Abstract. We construct two more pairs of Archimedes circles analogous to
those of Frank Power, in addition to those by Floor van Lamoenand the author.

Consider an arbelos with semicircles(O), (O1), (O2) with diametersAB, AC,
BC as diameters respectively. Denote byr1 andr2 respectively the radii of(O1)
and(O2), andD the intersection of(AB) with the perpendicular toAB atC. If P

is a point such thatOP 2 = r2
1 + r2

2, then the circles tangent to(O) and toOP at
P are Archimedean. Examples were first given in Power [3], subsequently also in
[1, 2].

We construct two more Powerian pairs.

D

P1

P2

A BCOO1 O2

Figure 1

Let P1 be the intersection of the circlesA(C) and B(D). ConsiderOP1 as
a median of triangleP1AB, we have, by Apollonius’ theorem (see, for example,
[4]),

OP 2
1 =

1

2

(

AP 2
1 + BP 2

1

)

− OA2

=
1

2

(

(2r1)
2 + 2r2 · 2(r1 + r2)

)

− (r1 + r2)
2

= r2
1 + r2

2.

Similarly, for P2 the intersection ofB(C) andA(D), OP 2
2 = r2

1 + r2
2. Therefore,

we have two Powerian pairs atP1, P2.

Publication Date: August 15, 2008. Communicating Editor: Paul Yiu.
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On the Generalized Gergonne Point and Beyond

Miklós Hoffmann and Sonja Gorjanc

Abstract. In this paper we further extend the generalization of the concept of
Gergonne point for circles concentric to the inscribed circle. Given a triangle
V1V2V3, a pointI and three arbitrary directionsq1, q2, q3 from I , we find a dis-
tancex = IQ1 = IQ2 = IQ3 along these directions, for which the three
ceviansViQi are concurrent. Types and number of solutions, which can be ob-
tained by the common intersection points of three conics, are also discussed in
detail.

1. Introduction

The Gergonne point is a well-known center of the triangle. Itis the intersection
of the three cevians defined by the touch points of the inscribed circle [3]. Konečný
[1] has generalized this to circles concentric with the inscribed circle. LetC(I) be a
circle with centerI, the incenter of triangleV1V2V3. Let Q1, Q2, Q3 be the points
of intersection ofC(I) with the lines fromI that are perpendicular to the sides
V2V3, V3V1, V1V2 respectively. Then the linesViQi, i = 1, 2, 3, are concurrent
(see Figure 1).

V1

V2 V3

I

Q1

Q2

Q3

Gr

Figure 1. LinesViQi are also concurrent for circles concentric to the inscribedcircle

The first question naturally arises: if the radius of the circle is altered, what will
be the locus of the pointGr? Boyd and Raychowdhury [4] computed the convex
coordinates ofGr, from which it is clear that the locus is a hyperbola.

Now instead of the inscribed circle consider an inscribed conic (see Figure 2).
The linesViQi, i = 1, 2, 3, are still concurrent, at a point called the Brianchon point
of the conic (c.f. [5]). There are infinitely many inscribed conics, thus the center

Publication Date: September 2, 2008. Communicating Editor: Paul Yiu.
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V1

V2

V3

I

Q1

Q2

Q3

V1

V2

V3

I

Q1

Q2

Q3

Figure 2. Inscribed ellipse and its directionsIQi

I and directionsqi (corresponding to the line connectingI andQi) can be chosen
in many ways, but not arbitrarily. Note that the center completely determines the
inscribed conic and the points of tangencyQ1, Q2, Q3.

Using these directions we generalize the concept of concentric circles: given a
triangleV1V2V3 and an inscribed conic with centerI and touch pointsQ1, Q2, Q3,
consider the three linesqi connectingI andQi respectively. A circle with centerI
has to be found which meets the linesqi at Q̄i such that the linesViQ̄i, i = 1, 2, 3,
are concurrent. In fact, as we will see in the next section, wedo not have to restrict
ourselves in terms of the position of the center and the givendirections.

2. The general problem and its solution

The general problem can be formulated as follows: given a triangleV1V2V3, a
point I and three arbitrary directionsqi, find a distancex = IQ1 = IQ2 = IQ3

along these directions, for which the three ceviansViQi are concurrent. In general
these lines will not meet in one point (see Figure 3): insteadof one single centerG
we have three different intersection pointsG12, G13 andG23.

In the following theorem we will prove that altering the value x, the points
G12,G13 andG23 will separately move on three conics. If there is a solution to our
generalized problem, it would mean that these conics have tomeet in one common
point. It is easy to observe that each pair of conics have two common points atI
and a vertex of the triangle. Here we prove that the other two intersection points
can be common for all the three conics. Previously mentionedspecial cases are
excluded from this point.

Theorem 1. Let V1, V2, V3 and I be four points in the plane in general positions.
Let q1, q2, q3 be three different oriented lines through I (Vi 6∈ qi). There exist
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V1

V2 V3

I

Q1

Q2

Q3

G13

G12

G23

Figure 3. For arbitrary directions and distance, ceviansViQi are generally not
concurrent, but meet at three different points

at most two values x ∈ R\{0} such that for points Qi along the lines qi with
IQ1 = IQ2 = IQ3 = x, the lines ViQi are concurrent.

Proof. For a real numberx andi = 1, 2, 3, let Qi(x) be a point onqi for which
IQi(x) = x. The correspondencesQi(x) ↔ Qj(x) define perspectivities(qi) [

(qj), (i 6= j).
Now letli(x) be the line connectingVi andQi(x). The correspondencesli(x) ↔

lj(x) define projectivities(Vi) ⊼ (Vj), (i 6= j). The intersection points of corre-
sponding lines of these projectivities lie on three conics:

(V1) ⊼ (V2) ⇒ c3

(V1) ⊼ (V3) ⇒ c2

(V2) ⊼ (V3) ⇒ c1.

We find the intersection points of these conics. SinceQi(0) = I, thenI ∈

ci, (i = 1, 2, 3). V3 ∈ c1 ∩ c2, V2 ∈ c1 ∩ c3 andV1 ∈ c2 ∩ c3 also hold. Denote the
other two intersection points ofc1 andc2 by S1 andS2, i.e.,

c2 ∩ c3 = {I, V1, S1, S2}.

The pointsS1 andS2 can be real and distinct, real and identical, or imaginary in
pair.

(i) If they are real and distinct, then for somex1 andx2,

S1 = l1(x1) ∩ l2(x1) = l1(x1) ∩ l3(x1) ⇒ S1 = l2(x1) ∩ l3(x1)

S2 = l1(x2) ∩ l2(x2) = l1(x2) ∩ l3(x2) ⇒ S2 = l2(x2) ∩ l3(x2)

which immediately yieldsS1, S2 ∈ c1 as well.
(ii) If they are identical, then for the uniquex,

S = l1(x) ∩ l2(x) = l1(x) ∩ l3(x) ⇒ S = l2(x) ∩ l3(x)

which yieldsS ∈ c1.
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Figure 4. Given a triangleV1V2V2 and directionsqi(i = 1, 2, 3) there can
be two different real solutions (upper figure), two coinciding solutions (bottom
right) and two imaginary solutions (bottom left). Cevians are plotted by dashed
lines. The type of solutions depends on the relative position of I to the shaded
conic. The three conic paths ofG12 (green),G13 (red) andG23 (blue) are also
shown. (This figure is computed and plotted by the softwareMathematica)

(iii) If the points S1 andS2 are the pair of imaginary points there are no real
numberx for which the linesViQi are concurrent. �

Figure 4 shows the three different possibilities mentionedin the proof. If the
triangle and the directionsqi, i = 1, 2, 3, are fixed, then the radius of the circle can
be obtained by the solutions of a quadratic equation in whichthe only unknown
is the pointI. The type of the solutions depends on the discriminant, which is a
quadratic function ofI. This means that for every triangle and triple of directions
there exists a conic which separates the possible positionsof I in the following
way: if I is outside the conic (discriminant> 0) then there are two different real
solutions, ifI is on the conic (discriminant= 0) then there are two coinciding
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real solutions, while ifI is inside the conic (discriminant< 0) then there are two
imaginary solutions. This conic is also shown in Figure 4.

Remarks. (1) Note that there are no further restrictions for the positions of the
center and the directed lines. The center can even be outsidethe reference triangle.

(2) According to the projective principles in the proof, thestatement remains
valid if we replace the conditionIQ1 = IQ2 = IQ3 = x with the more condition
that the ratios of these lengths be fixed.

3. Further research

The conicsci, i = 1, 2, 3, play a central role in the proof. The affine types of
these conics however, can only be determined by analytical approach or by closer
study the type of involutive pencils determined by cevians.It is also a topic of fur-
ther research how the types of solutions depend on the ratiosmentioned in Remark
2. The exact representation of the length of the radius by thegiven data can also be
discussed analytically in a further study.
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Stronger Forms of the Steiner-Lehmus Theorem

Mowaffaq Hajja

Abstract. We give a short proof based on Breusch’s lemma of a stronger form
of the Steiner-Lehmus theorem, and we discuss other possible stronger forms.

1. A stronger form of Steiner-Lehmus Theorem

Let a, b, c, A, B, C denote, in the standard manner, the side lengths and angles
of a triangleABC. An elegant lemma that was designed by Robert Breusch for
solving an interesting 1961 MONTHLY problem [4] states that

p(ABC)

a
=

2

1 − tan(B/2) tan(C/2)
, (1)

wherep(. . . ) denotes the perimeter. Its simple proof is reproduced in [1], where it
is used to give a very short proof of a theorem of Urquhart.

V

U
u

v
y

z

A

B C

Z

Y

Figure 1

We now consider the Steiner-Lehmus configuration shown in Figure 1, where
BY andCZ are the internal angle bisectors of anglesB andC. Applying Breusch’s
lemma to trianglesY BC andZBC, we obtain

p(Y BC)

p(ZBC)
=

1 − tan(B/2) tan(C/4)

1 − tan(B/4) tan(C/2)
.
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If c > b, then

tan
C

2
tan

B

4
=

2 tan(B/4) tan(C/4)

1 − tan2(C/4)
>

2 tan(B/4) tan(C/4)

1 − tan2(B/4)
= tan

B

2
tan

C

4
,

and thereforep(Y BC) > p(ZBC). Letting

|BY | = y , |CZ| = z , |AZ| = U , |ZB| = V , |AY | = u , |Y C| = v,

we have proved the stronger form

c > b ⇐⇒ y + v > z + V (2)

of the traditional Steiner-Lehmus theorem

c > b ⇐⇒ y > z. (3)

To see that (2) is indeed stronger than (3), we need to show that V > v. By the
angle bisector theorem, we haveV

U
= a

b
. Therefore, V

V +U
= a

a+b
, andV = ac

a+b
.

A similar formula holds forv. Thus we have

V =
ac

a + b
, v =

ab

a + c
, (4)

and

V − v =
ac

a + b
−

ab

a + c
=

a(c(a + c) − b(b + c))

(a + b)(a + c)
=

a(a + b + c)(c − b)

(a + b)(a + c)

Thus

c > b =⇒ V > v, (5)

and (2) is stronger than (3).
It follows from (4) that

U =
bc

a + b
, u =

bc

a + c
, (6)

and therefore
c > b =⇒ U > u.

Thus the statement
c > b =⇒ y + b > z + c (7)

would be stronger, and more pleasant, than (2). Unfortunately, (7) is not true. In
fact, a recent MONTHLY problem [3] states that ifa ≥ c > b, then the reverse
inequalityy + b < z + c holds.

2. Additive stronger forms

2.1. One then wonders about the statement

c > b =⇒ y + u > z + U. (8)

This is also stronger than the classical form (3). In order toprove (8), sincec >

b =⇒ y > z andU > u, it is sufficient to prove that

y2 − z2

U − u
> y + z, or

(

y2 − z2

U − u

)2

> (y + z)2, or

(

y2 − z2

U − u

)2

> 2(y2 + z2),
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or
a(a + b + c)(a8 + s7a

7 + · · · + s1a + s0)

b2c2(a + c)2(a + b)2
> 0,

which is true because

s7 = 3(b + c), s6 = 3(b2 + 4bc + c2),
s5 = b2 + 16bc + 16c2, s4 = bc(2b + 5c)(5b + 2c),
s3 = bc(b + c)(2b2 + 17bc + 2c2), s2 = 5b2c2(b + c)2,
s1 = b2c2(b + c)(b2 + c2), s0 = 2b3c3(b − c)2.

Combining (8) with (2) would yield the form

c > b =⇒ y +
b

2
> z +

c

2

or

c > b =⇒ y − z >
1

2
(c − b). (9)

2.2. In all cases, it is interesting to investigate the best constantλ for which

c > b =⇒ y − z ≥ λ(c − b). (10)

Similar questions can be asked about the best constants in

c > b =⇒ y − z ≥ λ(U − u), c > b =⇒ y − z ≥ λ(V − v). (11)

These may turn out to be quite easy given available computer packages such as
BOTTEMA. For example, the stronger formc > b =⇒ y − z > 0.8568(c − b) of
(9) was verified for all triangles whose side lengths are integers less than 51. The
minimum value 0.8568 of the fractiony−z

c−b
, verified for all triangles whose side

lengths are integers less than 51, is attained for(a, b, c) = (48, 37, 38), and the
minimum value 0.856762, verified for all triangles whose side lengths are integers
less than 501, is attained for(a, b, c) = (499, 388, 389). Hence one may cnjecture
that the minimum value ofy−z

c−b
is attained whenc tends tob. Note that

lim
c→b

y − z

c − b
=

√

(a + 2b)b(a2 + ab + 2b2)

2b(a + b)2
. (12)

Let f(x) :=
√

x+2(x2+x+2)
2(x+1)2 , so that the above limit isf(a

b
). Since

f ′(x) =
x3 + 4x2 + x − 10

4(x + 1)3
√

x + 2
,

we conclude that the minimum isf(q) = 0.856762, whereq = 1.284277 is the
unique real zero ofx3 + 4x2 + x − 10. Hence, we may conjecture that

c > b ⇐⇒ y − z > f(q)(c − b). (13)



160 M. Hajja

3. Multiplicative stronger forms

3.1. One may also wonder about possibilities such as

c > b =⇒ yb > zc.

This is again false. In fact, it is proved in [5, Exercise 4, p.15] that

y2b2 − z2c2 =
abc(c − b)(a + b + c)2(b2 − bc + c2 − a2)

(a + b)2(a + c)2
, (14)

and therefore

c > b =⇒ (yb > zc ⇐⇒ A < 60◦) . (15)

However, it is direct to check that

y2b − z2c =
abc(c − b)(a + b + c)(b2 + c2 + ab + ac)

(a + b)2(a + c)2
, (16)

showing that

c > b ⇐⇒ y2b > z2c, (17)

yet another stronger form of the Steiner-Lehmus theorem (3).

3.2. Formulas (14) and (16) are derived from the formulas

y2 = ac

(

1 −

(

b

a + c

)2
)

, z2 = ab

(

1 −

(

c

a + b

)2
)

. (18)

These follow from Stewart’s theorem using (6) and (4); see [5, Exercise 1, p. 15],
where these are used to give a proof of the Steiner-Lehmus theorem via

y2 − z2 =
(c − b)a(a + b + c)(a2(a + b + c) + bc(b + c + 3a))

(a + b)2(a + c)2
.

Similarly one can prove the stronger forms

c > b =⇒ y2u − z2U > a(c − b), (19)

c > b =⇒ y2 − z2 > V 2 − v2 (20)

using

y2u − z2U =
(c − b)abc(a + b + c)Q1

(a + b)3(a + c)3
,

(y2 + v2) − (z2 + V 2) =
(c − b)a(a + b + c)Q2

(a + b)2(a + c)2
.

where

Q1 = (a3 + 2abc)(a + b + c) + bc(a2 + b2 + c2),

Q2 = a3 + b2c + c2b + 3abc − b2a − c2a.

HereQ2 can be seen to be positive by substitutinga = β+γ, b = α+γ, c = α+β.
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Remark. It is well known that the Steiner-Lehmus theorem (3) is validin neutral
(or absolute) geometry; see [2, p. 119]. One wonders whetherthe same is true of
the stronger forms (2), (8), and the other possible forms discussed in§2.
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A New Proof of a Weighted
Erdős-Mordell Type Inequality

Yu-Dong Wu

Dedicated to Miss Xiao-Ping Lü
on the occasion of the 24-th Teachers’ Day

Abstract. In this short note, by making use of one of Liu’s theorems andCauchy-
Schwarz Inequality, we solve a conjecture posed by Liu [3] and give a new proof
of a weighted Erdős–Mordell type inequality. Some interesting corollaries are
also given at the end.

1. Introduction and Main Results

Let P be an arbitrary point in the plane of triangleABC. Denote byR1, R2,
andR3 the distances fromP to the verticesA, B, andC, andr1, r2, andr3 the
signed distances fromP to the sidelinesBC, CA, andAB, respectively. The neat
and famous inequality

R1 + R2 + R3 ≥ 2(r1 + r2 + r3), (1)

conjectured by Paul Erdős in 1935, was first proved by L. J. Mordell and D. F. Bar-
row (see [2]). In 2005, Jian Liu [3] obtained a weighted Erdős-Mordell type in-
equality as follows.

Theorem 1. For x, y, z ∈ R,

x2
√

R2 + R3 + y2
√

R3 + R1 + z2
√

R1 + R2

≥
√

2(yz
√

r2 + r3 + zx
√

r3 + r1 + xy
√

r1 + r2). (2)

Liu’s proof, however, is quite complicated. We give a simpleproof of Theorem
1 as a corollary of a more general result, also conjectured byLiu in [3].
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Theorem 2. For x, y, z ∈ R and arbitrary positive real numbers u, v, w, we have

x2
√

v + w + y2
√

w + u + z2
√

u + v

≥2

(

yz

√

u sin
A

2
+ zx

√

v sin
B

2
+ xy

√

w sin
C

2

)

. (3)

2. Preliminary Results

In order to prove our main results, we shall require the following two lemmas.

Lemma 3 ([4, 5]). For x, y, z ∈ R, pi ∈ (−∞, 0)
⋃

(0,+∞), and qi ∈ R for
i = 1, 2, 3, the quadratic inequality of three variables

p1x
2 + p2y

2 + p3z
2 ≥ q1yz + q2zx + q3xy

holds if and only if










pi > 0, i = 1, 2, 3;

4p2p3 > q2
1, 4p3p1 > q2

2 , 4p1p2 > q2
3,

4p1p2p3 ≥ p1q
2
1 + p2q

2
2 + p3q

2
3 + q1q2q3.

Lemma 4. In △ABC, we have

sin2 A

2
+ sin2 B

2
+ sin2 C

2
+ 2 sin

A

2
sin

B

2
sin

C

2
= 1.

Proof. This follows from the formulasin2 α = 1
2 (1 − cos 2α) and the known

identity

cos A + cos B + cos C = 1 + 4 sin
A

2
sin

B

2
sin

C

2
.

�

3. Proof of Theorem 2

(1) Foru, v,w > 0,










√
v + w > 0,

√
w + u > 0,

√
u + v > 0.

(4)

(2) Fromsin A
2 , sin B

2 , sin C
2 ∈ (0, 1), we easily get











4
√

(w + u)(u + v) > 4u > 4u sin A
2 ,

4
√

(u + v)(v + w) > 4v > 4v sin B
2 ,

4
√

(v + w)(w + u) > 4w > 4w sin C
2 .

(5)
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By the Cauchy-Schwarz inequality and Lemma 4, we have
(

u
√

v + w sin

A

2

+ v
√

w + u sin

B

2

+ w
√

u + v sin

C

2

+

√
2uvw

√

2 sin

A

2

sin

B

2

sin

C

2

)2

≤
(

u
2
(v + w) + v

2
(w + u) + w

2
(u + v) + 2uvw

)

·

(

sin
2 A

2

+ sin
2 B

2

+ sin
2 C

2

+ 2 sin

A

2

sin

B

2

sin

C

2

)

=(u + v)(v + w)(w + u). (6)

From Lemma 3 and (4)–(6), we conclude that inequality (3) holds. The proof of
Theorem 2 is complete.

4. Applications of Theorem 2

Proof of Theorem 1. If we take u = R1, v = R2, w = R3 and with known
inequalities (see [1])

2R1 sin
A

2
≥ r2 + r3, 2R2 sin

B

2
≥ r3 + r1, 2R3 sin

C

2
≥ r1 + r2,

we obtain Theorem 1 immediately. This completes the proof ofTheorem 1.
Many further inequalities can be obtained from various substitutions for(u, v,w).

Here are two examples.

Corollary 5. For △ABC and real numbers x, y, z, we have

x2

√

sin
B

2
+ sin

C

2
+ y2

√

sin
C

2
+ sin

A

2
+ z2

√

sin
A

2
+ sin

B

2

≥2

(

yz sin
A

2
+ zx sin

B

2
+ xy sin

C

2

)

.

Corollary 6. For △ABC and real numbers x, y, z, we have

x2

√

csc
B

2
+ csc

C

2
+ y2

√

csc
C

2
+ csc

A

2
+ z2

√

csc
A

2
+ csc

B

2
≥2(yz + zx + xy).

Further inequalities can also be obtained from substitutions of(x, y, z) by geo-
metric elements of△ABC. The reader is invited to experiment with the possibili-
ties.
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Another Compass-Only Construction of the Golden
Section and of the Regular Pentagon

Michel Bataille

Abstract. We present a compass-only construction of the point dividing agiven
segment in the golden ratio. As a corollary, we obtain a very simple construction
of a regular pentagon inscribed in agiven circle.

Various constructions of the golden section and of the regular pentagon have
already appeared in this journal. In particular, in[1, 2], Kurt Hofstetter offers very
interesting compass-only constructions that require onlya small number of circles.
However, the constructed divided segment and pentagon comeinto sight as fortu-
nate outcomes of the completed figures and are not subject to any prior constraint.
As a result, these constructions do not adjust easily to the usual cases when the
segment to be divided or the circumcircle of the pentagon aregiven at the start.
The purpose of this note is to propose direct, simple compass-only constructions
adapted to such situations.

A B

D

C

H

FE

G

I

J

PP ′

Figure 1

Construction 1. Given two distinct points A,B, to obtain the point P of the line
segment AB such that AP

AB
=

√

5−1
2 , construct

(1) with the same radius AB, the circles with centers A and B, to intersect at C

and D,
(2) with the same radius AB, the circles with centers C and D, to intersect the two
circles in (1) at E,F,G,H (see Figure 1),

Publication Date: September 30, 2008. Communicating Editor: Paul Yiu.
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(3) with the same radius DC , the circles with centers D and F , to intersect at I

and J ,
(4) with the same radius BI , the circles with centers E and H .
The points of intersection of these two circles are on the line AB, and P is the one
between A and B.

Note that eight circles are needed, but if the line segmentAB has been drawn,
the number of circles drops to six, as it is easily checked. Note also that only three
different radii are used.

Construction 2. Given a point B on a circle Γ with center A, to obtain a regular
pentagon inscribed in Γ with vertex B, construct
(1) the point P which divides AB in the golden section,
(2) the circle with center P and radius AB, to intersect Γ at B1 and B4,
(3) the circles B1(B) and B4(B) to intersect Γ, apart from B, at B2 and B3

respectively.
The pentagon BB1B2B3B4 is the desired one (see Figure 2).

A B
P

B4

B1

B3

B2

Figure 2

Proof of Construction 1. Let a = AB. Clearly,E,F (respectivelyF,D) are di-
ametrically opposite on the circle with centerC (respectivelyB) and radiusa. It
follows thatEB is the perpendicular bisector ofDF and sinceIF = ID, I is
on the lineEB. Therefore∆IBF is right-angled atB, andIB = a

√
2 (since

IF = CD = a
√

3 andBF = a). Now, the circles in(4) do intersect (since
HE = CD < 2BI) and are symmetrical in the lineAB, hence their intersections
P , P ′ are certainly on this line. As for the relationAP =

√

5−1
2 AB, it directly

results from the following key property:
Let triangleBAE satisfyAE = AB = a and∠BAE = 120◦ and letP be on

the sideAB such thatEP = a
√

2. ThenAP =
√

5−1
2 a (see Figure 3).

Indeed, the law of cosines yieldsPE2 = AE2 + AP 2 − 2AE · AP · cos 120◦

and this shows thatAP is the positive solution to the quadraticx2 + ax − a2 = 0.
Thus,AP =

√

5−1
2 a. �

Note thatAP ′ =
√

5+1
2 a is readily obtained in a similar manner.
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A

BE

P

Figure 3

Proof of Construction 2. Since∆AB4P is isosceles withB4A = B4P = a,
we havecos BAB4 = 1

2
AP
a

=
√

5−1
4 . Hence∠BAB4 = 72◦ and the result

immediately follows. �

As a final remark, Figure 3 and the property above lead to a quick construction
of the golden section with ruler and compass.
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Some Identities Arising From Inversion of
Pappus Chains in an Arbelos

Giovanni Lucca

Abstract. We consider the inversive images, with respect to the incircle of an
arbelos, of the three Pappus chains associated with the arbelos, and establish
some identities connecting the radii of the circles involved.

In a previous work [1], we considered the three Pappus chainsthat can be drawn
inside the arbelos and demonstrated some identities relating the radii of the circles
in these chains. In Figure 1, the diameterAC of the left semicircleCa is 2a, the
diameterCB of the right semicircleCb is 2b, and the diameterAB of the outer
semicircleCr is 2r, r = a+ b. The first circleΓ1 is common to all three chains and
is the incircle of the arbelos.

C BA

Figure 1. The Pappus chains in an arbelos

With reference to Figure 1, we denote byΓr, Γa andΓb the chains converging
to C, A, B respectively. Table 1 gives the coordinates of the centers and the radii
of the circles in the chains, referring to a Cartesian reference system with origin at
C andx-axis alongAB.
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Table 1: Center coordinates and radii of the circles in the Pappus chains

Chain Γr Γa Γb

Abscissa ofn-th circle xrn = ab(a−b)
n2r2

−ab
xan = 2b −

rb(r+b)
n2a2+rb

xbn = −2a + ra(r+a)
n2b2+ra

Ordinate ofn-th circle yrn = 2nrab
n2r2

−ab
yan = 2nrab

n2a2+rb
ybn = 2nrab

n2b2+ra

Radius ofn-th circle ρrn = rab
n2r2

−ab
ρan = rab

n2a2+rb
ρbn = rab

n2b2+ra

The following proposition was established in [1].

Proposition 1. Given a generic arbelos with its three Pappus chains, the following
identities hold for each integer n:

ρinc

(

1

ρrn
+

1

ρan

+
1

ρbn

)

= 2n2 + 1, (1)

ρ2
inc

(

1

ρ2
rn

+
1

ρ2
an

+
1

ρ2
bn

)

= 2n4 + 1, (2)

ρ2
inc

(

1

ρrn
·

1

ρan

+
1

ρan

·
1

ρbn

+
1

ρbn

·
1

ρrn

)

= n4 + 2n2. (3)

In particular, the center of the incircle of the arbelos is the point

(xinc, yinc) =

(

ab(a − b)

a2 + ab + b2
,

2ab(a + b)

a2 + ab + b2

)

.

Its radius is

ρinc =
ab(a + b)

a2 + ab + b2
.

We now consider the inversion of these three Pappus chains with respect to the
incircle of arbelos. See Figure 2. For convenience, we record a useful formula,
which can be found in [2], we use for the computation of the centers and radii of
the inversive images of the circles in the Pappus chains.

Lemma 2. With respect the circle of center (x0, y0) and radius R0, the inversive
image of the circle with center (xC , yC) and radius R is the circle with center
(xi

C , yi
C) and radius Ri given by

xi
C = x0 +

R2
0

(xC − x0)2 + (yC − y0)2 − R2
(xC − x0),

yi
C = y0 +

R2
0

(xC − x0)2 + (yC − y0)2 − R2
(yC − y0),

Ri =

∣

∣

∣

∣

R2
0

(xC − x0)2 + (yC − y0)2 − R2

∣

∣

∣

∣

R.

We give in Table 2 the coordinates of the centers of the inversive images of the
circles in the Pappus chains, and their radii.
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C BA

Figure 2. Inversive images of the Pappus chains

Table 2: Center coordinates and radii of inversive images
of circles in the Pappus chains

Inverted chainΓi
r

Abscissa ofn-th circle x
i
rn = xinc +

ρ2
inc(xrn−xinc)

(xrn−xinc)2+(yrn−yinc)2−ρ2
inc

Ordinate ofn-th circle y
i
rn = yinc +

ρ2
inc(yrn−yinc)

(xrn−xinc)2+(yrn−yinc)2−ρ2
inc

Radius ofn-th circle ρ
i
rn =

∣

∣

∣

ρ2
inc

(xrn−xinc)2+(yrn−yinc)2−ρ2
inc

∣

∣

∣
ρrn

Inverted chainΓi
a

Abscissa ofn-th circle x
i
an = xinc +

ρ2
inc(xan−xinc)

(xan−xinc)2+(yan−yinc)2−ρ2
inc

Ordinate ofn-th circle y
i
an = yinc +

ρ2
inc(yan−yinc)

(xan−xinc)2+(yan−yinc)2−ρ2
inc

Radius ofn-th circle ρ
i
an =

∣

∣

∣

ρ2
inc

(xan−xinc)2+(yan−yinc)2−ρ2
inc

∣

∣

∣
ρan

Inverted chainΓi
b

Abscissa ofn-th circle x
i
bn = xinc +

ρ2
inc(xbn−xinc)

(xbn−xinc)2+(ybn−yinc)2−ρ2
inc

Ordinate ofn-th circle y
i
bn = yinc +

ρ2
inc(ybn−yinc)

(xbn−xinc)2+(ybn−yinc)2−ρ2
inc

Radius ofn-th circle ρ
i
bn =

∣

∣

∣

ρ2
inc

(xbn−xinc)2+(ybn−yinc)2−ρ2
inc

∣

∣

∣
ρbn

From these data, we can deduce some identities connecting the radii of these
circles.
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Theorem 3. For the circles in the Pappus chains and their inversive images in the
incircle, the following identities hold. For n ≥ 2,

ρinc

ρi
rn

−
ρinc

ρrn
=

ρinc

ρi
an

−
ρinc

ρan

=
ρinc

ρi
bn

−
ρinc

ρbn

= 4n2 − 8n + 2, (4)

ρinc

ρi
rn

+
ρinc

ρi
an

+
ρinc

ρi
bn

= 14n2 − 24n + 7, (5)

ρinc

ρi
rn

+
ρinc

ρan

+
ρinc

ρbn

=
ρinc

ρrn
+

ρinc

ρi
an

+
ρinc

ρbn

=
ρinc

ρrn
+

ρinc

ρan

+
ρinc

ρi
bn

= 6n2 − 8n + 3,

(6)
ρinc

ρrn
+

ρinc

ρi
an

+
ρinc

ρi
bn

=
ρinc

ρi
rn

+
ρinc

ρan

+
ρinc

ρi
bn

=
ρinc

ρi
rn

+
ρinc

ρi
an

+
ρinc

ρbn

= 10n2 − 16n + 5,

(7)

ρ2
inc

ρrnρi
rn

+
ρ2
inc

ρanρi
an

+
ρ2
inc

ρbnρi
bn

= 10n4 − 16n3 + 8n2 − 8n + 3, (8)

ρ2
inc

ρi
anρi

bn

+
ρ2
inc

ρi
anρi

rn

+
ρ2
inc

ρi
bnρi

rn

= 65n4 − 224n3 + 258n2 − 112n + 16, (9)

(

ρinc

ρi
rn

)2

+

(

ρinc

ρi
an

)2

+

(

ρinc

ρi
bn

)2

= 66n4 − 224n3 + 256n2 − 112n + 17.

(10)

From (9), (10) above, and also (2), (3) in Proposition 1, we have

(

ρinc

ρi
rn

)2

+

(

ρinc

ρi
an

)2

+

(

ρinc

ρi
bn

)2

−

(

ρ2
inc

ρi
anρi

bn

+
ρ2
inc

ρi
anρi

rn

+
ρ2
inc

ρi
bnρi

rn

)

=

(

ρinc

ρrn

)2

+

(

ρinc

ρan

)2

+

(

ρinc

ρbn

)2

−

(

ρ2
inc

ρanρbn

+
ρ2
inc

ρanρrn
+

ρ2
inc

ρbnρrn

)

= (n2 − 1)2.
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Second-Degree Involutory Symbolic Substitutions

Clark Kimberling

Abstract. Supposea, b, c are algebraic indeterminates. The mapping(a, b, c) →

(bc, ca, ab) is an example of a second-degree involutory symbolic substitution
(SISS) which maps the transfigured plane of a triangle to itself. The main result
is a classification of SISSs as four individual mappings and two families of map-
pings. The SISS(a, b, c) → (bc, ca, ab) maps the circumcircle onto the Steiner
ellipse. This and other examples are considered.

1. Introduction

This article is a sequel to [2], in which symbolic substitutions are introduced. A
brief summary follows. The symbolsa, b, c are algebraic indeterminates over the
field of complex numbers. Supposeα, β, γ are nonzero homogeneous algebraic
functions of(a, b, c) :

α(a, b, c), β(a, b, c), γ(a, b, c), (1)

all of the same degree of homogeneity. Throughout this work,triples with notations
such asU = (u, v,w) andX = (x, y, z) are understood to be as in (1), except
that one or two (but not all three) of the coordinates can be0. Triples (x, y, z)
and(x′, y′, z′) areequivalentif xy′ = yx′ andyz′ = zy′. The equivalence class
containing any particular(x, y, z) is denoted byx : y : z and is apoint. The set
of points is thetransfigured plane, denoted byP. A well known model ofP is
obtained by takinga, b, c to be sidelengths of a euclidean triangleABC and taking
x : y : z to be the point whose directed distances1 from the sidelinesBC,CA,AB

are respectively proportional tox, y, z.

A simple example of a symbolic substitution is indicated by

(a, b, c) → (bc, ca, ab).

This means that a point

x : y : z = x(a, b, c) : y(a, b, c) : z(a, b, c) (2)

Publication Date: October 21, 2008. Communicating Editor:Paul Yiu.
1The coordinatesx : y : z arehomogeneous trilinear coordinates, or simplytrilinears. The nota-

tion (x, y, z), in this paper, represents an ordinary ordered triple, as when x, y, z are actual directed
distances or when(x, y, z) is the argument of a function. Unfortunately, the notation(x, y, z) has
sometimes been used for homogeneous coordinates, so that, for example(2x, 2y, 2z) = (x, y, z),

which departs from ordinary ordered triple notation. On theother hand, using colons, we have
2x : 2y : 2z = x : y : z.
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maps to the point

x : y : z = x(bc, ca, ab) : y(bc, ca, ab) : z(bc, ca, ab), (3)

so thatP is mapped to itself. We are interested in the effects of such substitu-
tions on various points and curves. Consider, for example the Thompson cubic,
Z(X2,X1), given by the equation2

bcα(β2 − γ2) + caβ(γ2 − α2) + abγ(α2 − β2) = 0. (4)

For each point (2) on (4), the point (3) is on the cubicZ(X6,X1), given by the
equation

aα(β2 − γ2) + bβ(γ2 − α2) + cc(α2 − β2) = 0. (5)

LettingS(Xi) denote the image ofXi under the substitution(a, b, c) → (bc, ca, ab),
specific points onZ(X2,X1) map to points onZ(X6,X1) as shown in Table 1:

Table 1. FromZ(X2,X1)to Z(X6,X1)
Xi onZ(X2,X1) X1 X2 X3 X4 X6 X9 X57

S(Xi) onZ(X6,X1) X1 X6 X194 X3224 X2 X43 X87

As suggested by Table 1,S(S(X)) = X for everyX, which is to say thatS is
involutory. The main purpose of this article is to find explicitly all second-degree
involutory symbolic substitutions.

2. Terminology and Examples

A polynomial triangle centeris a pointU which has a representation

u(a, b, c) : v(a, b, c) : w(a, b, c),

whereu(a, b, c) is a polynomial ina, b, c and these conditions hold:

v(a, b, c) = u(b, c, a); (6)

w(a, b, c) = u(c, a, b); (7)

|u(a, c, b)| = |u(a, b, c)| . (8)

If u(a, b, c) has degree 2, thenU is a second-degree triangle center. A second-
degree symbolic substitutionis a transformation ofP or some subsert thereof, with
images inP, given by a symbolic substitution of the form

(a, b, c) −→ (u(a, b, c), v(a, b, c), w(a, b, c))

for some second-degree triangle centerU . The mapping (whether of polynomial
form or not) isinvolutory if its compositional square is the identity; that is, if

u(u, v,w) : v(u, v,w) : w(u, v,w) = a : b : c,

2Triangle centers are indexed as in [1]:X1 = incenter,X2 = centroid, etc. The cubicZ(U, P )

is defined as the set of pointsα : β : γ satisfying

upα(qβ
2
− rγ

2
) + vqβ(rγ

2
− pα

2
) + wrγ(pα

2
− qβ

2
) = 0

whereU = u : v : w andP = p : q : r. Geometrically,Z(U, P ) is the locus ofX = x : y : z such
that theP -isoconjugate ofX is on the lineUX. TheP -isoconjugate ofX (and theX-isoconjugate
of P ) is the pointqryz : rpzx : pqxy.
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where
u = u(a, b, c), v = v(a, b, c), w = w(a, b, c).

Equivalently, a symbolic substitution(a, b, c) −→ (u, v,w) is involutory if

u(u, v,w) = ta

for some functiont of (a, b, c) that is symmetric ina, b, c. Henceforth we shall
abbreviate “second-degree involutory symbolic substitution” as SISS. Following
are four examples.

Example 1. The SISS
(a, b, c) −→ (bc, ca, ab) (9)

gives

u(u, v,w) = u(bc, ca, ab)

= (bc)(ca)

= ta,

wheret = abc.

Example 2. The SISS

(a, b, c) −→ (a2 − bc, b2 − ca, c2 − ab) (10)

gives

u(u, v,w) = u(a2 − bc, b2 − ca, c2 − ab)

= (a2 − bc)2 − (b2 − ca)(c2 − ab)

=ta,

where
t = (a + b + c) (a2 + b2 + c2 − bc − ca − ab).

Note that (10) is meaningless fora = b = c. As a, b, c, are indeterminates,
however, such cases do not require additional writing, justas, when one writes
“tan θ” whereθ is a variable, it is understood thatθ 6= π

2 .

Example 3. The SISS

(a, b, c) −→ (b2 + c2 − ab − ac, c2 + a2 − bc − ba, a2 + b2 − ca − cb) (11)

gives
u(u, v,w) = ta,

where
t = 2 (a + b + c) (a2 + b2 + c2 − bc − ca − ab).

Example 4. The SISS

(a, b, c) −→ (a(a − b − c), b(b − c − a), c(c − a − b)) (12)

gives
u(u, v,w) = ta,
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where
t = (a − b − c) (b − c − a)(c − a − b).

3. Main result

Theorem. In addition to the four SISSs (9)-(12), there are two families of SISSs
given below by (17) and (18), and there is no other SISS.

Proof. Equations (6) –(8) and the requirement thatu be a polynomial of degree2
imply thatu is expressible in one of these two forms:

u = ja2 + k(b2 + c2) + lbc + ma(b + c) (13A)

u = (b − c)(ja + k(b + c)) (14)

for some complex numbersj, k, l,m. The proof will be given in two parts, depend-
ing on (13A) and (14).

Part 1: u given by (13A). In this case,

v = jb2 + k(c2 + a2) + lca + mb(c + a), (13B)

w = jc2 + k(a2 + b2) + lab + mc(a + b). (13C)

Let P = u(u, v,w). We wish to find allj, k, l,m for whichP factors asta, where
t is symmetric ina, b, c. The polynomialP can be written asaQ + R, whereQ

andR are polynomials and theR is invariant ofa. In order to haveP = ta, the
coefficientsj, k, l,m must makeR(a, b, c) identically0. We have

R = (b4 + c4)S1 + 2bc(b2 + c2)S2 + b2c2S3,

where

S1 = jkl + jkm + k3 + jk2 + j2k + k2m,

S2 = jkl + jkm + jlm + klm + km2 + k2m,

S3 = 2jkm + 6jk2 + jl2 + j2l + k2l + 2km2 + 2k2m + 3lm2.

Thus, we seekj, k, l,m for whichS1 = S2 = S3 = 0.

Case 1: j = 0. Here,
S1 = (k + m) k2, so thatk = 0 or k = −m.
S2 = mk (k + l + m), so thatm = 0 or k = 0 or k + l + m = 0.
S3 = k2l + 2km2 + 2k2m + 3lm2.

Subcase 1.1: j = 0 andk = 0. Here,S2 = 0, S3 = 3lm2, so thatl = 0 or
m = 0 but not both. Ifl = 0 andm 6= 0, then by (13A-C),

P = mu(v + w) = −m3a (ab + ac + 2bc) (b + c) ,

not of the required formaQ whereQ is symmetric ina, b, c. On the other hand,
if m = 0 andl 6= 0, thenP = lvw = l3a2bc, so that, on puttingl = 1, we have
(u, v,w) = (bc, ab, ca), as in (9).
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Subcase 1.2: j = 0 andk = −m 6= 0. Here, withS2 = 0, k 6= 0, m 6= 0, and
k + l + m = 0, we havel = 0, and (13A-C) give

P = k(v2 + w2) − ku(v + w) = 2a (a + b + c)
(

a2 + b2 + c2 − bc − ca − ab
)

k3,

so that taking(j, k, l,m) = (0, 1, 0,−1) gives the SISS (11).

Case 2: k = 0. Here, S1 = 0, S2 = jlm, andS3 = l
(

jl + j2 + 3m2
)

.

Subcase 2.1: k = 0 andj = 0. Here, sinceS3 = 0, we have3lm2 = 0. If
l = 0, then

u = ma(b + c), v = mb(c + a), w = mc(a + b),

P = mu(v + w) = − (ab + ac + 2bc) (b + c) am3,

not of the required formaQ. On the other hand, ifm = 0, then

u = lbc, v = lca, w = lab,

so that taking(j, k, l,m) = (0, 0, 1, 0) gives the SISS (9).

Subcase 2.2: k = 0 andl = 0. Here,S2 = S3 = 0, and (13A-C) give

P = ju2 + mu(v + w)

= a (aj + bm + cm)

·
(

abjm + acjm + abm2 + acm2 + 2bcm2 + b2jm + c2jm + a2j2
)

.

In order forP to have the formaQ with Q symmetric ina, b, c, the factor
(

abjm + acjm + abm2 + acm2 + 2bcm2 + b2jm + c2jm + a2j2
)

must factor as

(bj + cm + am)(cj + am + bm).

The identity
(

abjm + acjm + abm2 + acm2 + 2bcm2 + b2jm + c2jm + a2j2
)

− (bj + cm + am)(cj + am + bm)

= (m − j) (j + m)
(

bc − a2
)

shows that this factorization occurs if and only ifj = m or j = −m. If j = m,
then

u = a2 + a(b + c), v = b2 + b(c + a), w = c2 + c(a + b),

leading to(j, k, l,m) = (1, 0, 0, 1), but this is simply the identity substitution
(a, b, c) → (a, b, c), not an SISS.

On the other hand, ifj = −m, then

P = a (aj + bm + cm) (bj + cm + am)(cj + am + bm),

so that for(j, k, l,m) = (1, 0, 0,−1), we have the SISS (12).
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Subcase 2.3: k = 0 andm = 0. Here,

P = ju2 + lvw

= a4j3 + a2bcl3 + ab3jl2 + ac3jl2 + 2a2bcj2l + b2c2jl2 + b2c2j2l,

which has the formaQ only if b2c2jl2 +b2c2j2l = 0, which means thatjl(j+ l) =
0. If j = 0 or l = 0, we have solutions already found. Ifj = −l, then

P = ju2 − jvw

= l3a (a + b + c)
(

ab + ac + bc − a2 − b2 − c2
)

,

giving (j, k, l,m) = (1, 0,−1, 0), the SISS (10).

Case 3: l = 0. Here,

S1 =
(

jk + jm + km + j2 + k2
)

k,

S2 = 2mk (j + k + m) ,

S3 = 2k
(

3jk + jm + km + m2
)

.

Subcase 3.1: l = 0, m = 0, S1 =
(

jk + j2 + k2
)

k, S2 = 0, andS3 = 6jk2.
SinceS3 = 0, we havej = 0 or k = 0, already covered.

Subcase 3.2: l = 0, and eitherj = 0 or k = 0, already covered.

Case 4: m = 0. Here,S1 = k
(

jk + jl + j2 + k2
)

, S2 = 2jkl, andS3 =
(

6jk2 + jl2 + j2l + k2l
)

. SinceS2 = 0, we must havej = 0 or k = 0 or l = 0.
All of these possibilities are already covered.

Case 5: none ofj, k, l,m is 0. Here,

S1 = k
(

jk + jl + jm + km + j2 + k2
)

,

S2 = jkl + jkm + jlm + klm + km2 + k2m,

S3 = 2jkm + 6jk2 + jl2 + j2l + k2l + 2km2 + 2k2m + 3lm2.

As j 6= 0 andk 6= 0, the requirement thatS1 = 0 gives

l = −
jk + jm + km + j2 + k2

j
. (15)

Substitutel into the expression forS2 and factor, getting

S2 = −
(k + m)(j + m)(jk + j2 + k2)

j
= 0. (16)

Subcase 5.1: m = −j. Here,l = −k2

j
. This impliesS1 = S2 = S3 = 0 and

P =
a(ak + (a − b − c)j)(bk + (b − c − a)j)(ck + (c − a − b)j)(k − j)3

j3
,
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which is of the formaQ with Q symmetric ina, b, c. Because of homogeneity,
we can without loss of generality take(j, k, l,m) = (1, k,−k2,−1), wherek /∈

{0, 1,−2}. This leaves a family of SISSs:

(a, b, c) → (u, v,w), (17)

where

u = a2 + k(b2 + c2) − k2bc − a(b + c),

v = b2 + k(c2 + a2) − k2ca − b(c + a),

w = c2 + k(a2 + b2) − k2ab − c(a + b),

P = a(k − 1)3(a − b − c + ak)(b − a − c + bk)(c − b − a + ck).

Note that fork = −2, we haveu = (a + b + c)(a − 2b − 2c), so that the
involutory substitution

(a, b, c) → (a − 2b − 2c, b − 2c − 2a, c − 2a − 2b)

is actually of first-degree, not second. (It is easy to check that for

u = a + mb + mc,

the only values ofm for which the substitution(a, b, c) → (u, v,w) is involutory
are0 and−2.)

Subcase 5.2: m = −k. Here,l = −j. This impliesS1 = S2 = S3 = 0 and

P = a(a + b + c)(a2 + b2 + c2 − bc − ca − ab)(j + 2k)(k − j)2,

which is of the formaQ with Q symmetric ina, b, c. Thus, ifj 6= k andj 6= −2k,
we take(j, k, l,m) = (j, k,−j,−k) and have a family of SISSs:

(a, b, c) → (u, v,w) (18)

where

u = a2j + b2k + c2k − bcj − abk − ack,

v = b2j + c2k + a2k − caj − bck − bak,

w = c2j + a2k + b2k − abj − cak − cbk.

Note thatu = (a2 − bc)j + (b2 + c2 − ab − ac)k, a linear combination of
second-degree polynomials appearing in (10) and (11).

Subcase 5.3: Equation (16) leaves one more subcase:jk + j2 + k2 = 0. This
and (15) givel = (j+k)k

j
, implying S1 = (k + m) (j + k) k. Sincek 6= 0 and

j + k 6= 0 (becausel 6= 0), we haveS1 = 0 only if m = −k, already covered in
subcase 5.2.

Part 2: u given by (14). In this case,

P = (aj + bk + ck) (b − c) (j − k)
(

2bcj − acj − abj − 2a2k + b2k + c2k
)

,

which is not, for any(j, k, l,m), of the formaQ whereQ is symmetric ina, b, c.
�
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4. Mappings by symbolic substitutions

To summarize from [2], a symbolic substitutionS maps points to points, lines
to lines, conics to conics, cubics to cubics, circumconics to circumconics, and in-
conics to inconics. Regarding cubics,S maps each cubicZ(U,P ) to the cubic
Z(S(U),S(P )) and each cubicZP(U,P ) to the cubicZP(S(U),S(P )). Sym-
bolic substitutions thus have in common with projections and collineations various
incidence properties and degree-preserving properties. On the other hand, sym-
bolic substitutions are fundamentally different from strictly geometric transforma-
tions: given an ordinary 2-dimensional triangleABC and a pointX = x(a, b, c) :
y(a, b, c) : z(a, b, c) there seems no opportunity to apply geometric methods for
describing the image-point

S(X) = x′ : y′ : z′ = x(bc, ca, ab) : y(bc, ca, ab) : z(bc, ca, ab).

Algebraically, however, it is clear ifX lies on the circumcircle, which is to say that
X is on the locusaβγ + bγα + cαβ = 0, and ifS is the symbolic substitution in
(9), thenS(X) satisfiesbcy′z′ + caz′x′ + abx′y′ = 0, which is to say thatS(X)
lies on the Steiner ellipse,bcβγ + caγα + abαβ = 0.

Table 2. From circumcircleΓ to Steiner ellipseE
Xi onΓ X98 X99 X100 X101 X105 X106 X110 X111

S(Xi) onE X3225 X99 X190 X668 X3226 X3227 X670 X3228

As a final example, note that the pointX101 = b − c : c − a : a − b is a fixed
point of the SISS (10), as verified here:

b − c → b2 − ca − (c2 − ab) = (a + b + c)(b − c).

Consequently, the lineX1X6, given by the equation

(b − c)α + (c − a)β + (a − b)γ = 0,

is left fixed by the SISSS in (10), as typified by Table 3.

Table 3. FromX1X6 to X1X6

Xi onX1X6 X1 X6 X9 X37 X44 X238

S(Xi) onX1X6 X1 X238 X1757 X518 X44 X6
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On the Nagel Line and a Prolific Polar Triangle

Jan Vonk

Abstract. For a given triangleABC, the polar triangle of the medial triangle
with respect to the incircle is shown to have as its vertices the orthocenters of
trianglesAIB, BIC andAIC. We prove results which relate this polar triangle
to the Nagel line and, eventually, to the Feuerbach point.

1. A prolific triangle

In a triangleABC we construct a triad of circlesCa, Cb, Cc that are orthogonal to
the incircleΓ of the triangle, with their centers at the midpointsD, E, F of the sides
BC, AC, AB. These circles pass through the points of tangencyX, Y , Z of the
incircle with the respective sides. We denote byℓa (respectivelyℓb, ℓc) the radical
axis ofΓ andCa (respectivelyCb, Cc), and examine the triangleA∗B∗C∗ bounded
by these lines (see Figure 1). J.-P. Ehrmann [1] has shown that this triangle has the
same area as triangleABC.
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X

Y

Z

A

B CD

EF

Na

A∗

B∗

C∗

Figure 1.

Lemma 1. The triangle A∗B∗C∗ is the polar triangle of the medial triangle DEF

of triangle ABC with respect to Γ.
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Proof. BecauseCa is orthogonal toΓ, the lineℓa is the polar ofD with respect toΓ.
Similarly, ℓb andℓc are the polars ofE andF with respect to the same circle.�

Note that Lemma 1 implies that trianglesA∗B∗C∗ andXY Z are perspective
with centerI: A∗I ⊥ EF becauseEF is the polar line ofA∗ with respect toΓ.
BecauseEF ‖ BC andBC ⊥ XI, the assertion follows.

Lemma 2. The lines XY , BI , EF , and AC∗ are concurrent at a point of Cb, as
are the lines Y Z , BI , DE, and AB∗ (see Figure 2).

I

X

Y

Z

A

B CD

EF

A∗

B∗

C∗

Ab

Cb

Figure 2.

Proof. Let Ab as the point onEF , on the same side ofF asE, so thatFAb = FA.
(i) BecauseFA = FAb = FB, the pointsA, Ab andB all lie on a circle with

centerF . This implies that∠ABC = ∠AFAb = 2∠ABAb, yielding ∠ABI =
∠ABAb. This shows thatAb lies onBI.

(ii) BecauseY C = 1
2 (AC + CB − BA) = EC + EF − FA, we have

EY = Y C − EC = EF − FA = FE − FAb = EAb,

showing thatAb lies onCb. Also, noting thatCX = CY , we have
EY

CY
=

EAb

CX
.

This implies that trianglesEY Ab andCY X are isosceles and similar. From this
we deduce thatAb lies onXY .

A similar argument shows thatDE, BI, Y Z are concurrent at a pointCb on the
circleCb. We will use this to prove the last part of this lemma.

(iii) BecauseY Z andDE are the polar lines ofA andC∗ with respect toΓ,
AC∗ is the polar line ofCb, which also lies onBI. This implies thatAC∗ ⊥ BI,
so the intersection ofAC∗ andBI lies on the circle with diameterAB. We have
shown thatAb lies on this circle, and onBI, soAb also lies onAC∗.
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Similarly, Cb also lies on the lineAB∗. �

Note that the pointsAb andCb are the orthogonal projections ofA andC on
BI. Analogous statements can be made of quadruples of lines intersecting on the
circlesCa andCc. Reference to this configuration can be found, for example, in
a problem on the2002 − 2003 Hungarian Mathematical Olympiad. A solution
and further references can be found inCrux Mathematicorum with Mathematical
Mayhem, 33 (2007) 415–416.

We are now ready for our first theorem, conjectured in 2002 by D. Grinberg [2].

Theorem 3. The points A∗, B∗, and C∗ are the respective orthocenters of triangles
BIC , CIA, and AIB.

Proof. Because the pointAb lies on the polar lines ofA∗ andC with respect to
Γ, we know thatA∗C ⊥ BI. Combining this with the fact thatA∗I ⊥ BC we
conclude thatA∗ is indeed the orthocenter of triangleBIC. �

Theorem 4. The medial triangle DEF is perspective with triangle A∗B∗C∗, at
the Mittenpunkt Mt

1 of triangle ABC (see Figure 3).
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Figure 3.

Proof. BecauseA∗C is perpendicular toBI, it is parallel to the external bisector
of angleB. A similar argument holds forBA∗, so we conclude thatA∗BIaC is a
parallelogram. It follows thatA∗, D, andIa are collinear. This shows thatMt lies
on IaD, and similar arguments show thatMt lies on the linesIbE andIcF . �

We already know that triangleA∗B∗C∗ and triangleXY Z are perspective at
the incenterI. By proving Theorem 4, we have in fact found two additional trian-
gles that are perspective with triangleA∗B∗C∗: the medial triangleDEF and the

1The Mittenpunkt (calledX(9) in [4]) is the point of concurrency of the lines joiningD to the
excenterIa, E to the excenterIb, andC to the excenterIc. It is also the symmedian point of the
excentral triangleIaIbIc.
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excentral triangleIaIbIc, both with centerMt. This is however just a taste of the
many special properties of triangleA∗B∗C∗, which will be treated throughout the
rest of this paper.

Theorem 3 shows thatB, C, A∗, I are four points that form an orthocentric sys-
tem. A consequence of this is thatI is the orthocenter of trianglesA∗BC, AB∗C,
ABC∗. In the following theorem we prove a similar result that willproduce an
unexpected point.

Theorem 5. The Nagel point Na of triangle ABC is the common orthocenter of
triangles AB∗C∗, A∗BC∗, A∗B∗C .
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Y ∗

Z∗

X′

Y ′

Z′

Figure 4.

Proof. Consider the homothetyζ := h(D,−1). 2 This carriesA into the vertex
A′ of the anticomplementary triangleA′B′C ′ of ABC. It follows from Theorem
4 thatζ(A∗) = Ia. This implies thatA′A∗ is the bisector of∠BA′C.

The Nagel line is the lineIG joining the incenter and the centroid. It is so named
because it also contains the Nagel pointNa. Since2IG = GNa, the Nagel point
Na is the incenter of the anticomplementary triangle. This implies thatA′Na is the
bisector of∠BA′C. Hence,ζ carriesA∗Na into AI, soA∗Na andAI are parallel.
From this,A∗Na ⊥ CB∗.

Similarly, we deduce thatB∗Na ⊥ CA∗, soNa is the orthocenter of triangle
A∗B∗C. �

The next theorem was proved by J.-P. Ehrmann in [1] using barycentric coordi-
nates. We present a synthetic proof here.

Theorem 6(Ehrmann). The centroid G∗ of triangle A∗B∗C∗ is the point dividing
IH in the ratio IG∗ : G∗H = 2 : 1.

2A homothety with centerP and factork is denoted byh(P, k).
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Figure 5.

Proof. The four pointsA, Ab, I, Ac all lie on a circle with diameterIA, which
we will call C′

a. Let H be the orthocenter of triangleABC, andS the (second)
intersection ofC′

a with the altitudeAH. Construct also the parallelAT to B∗C∗

throughA to intersect the circle atT (see Figure 5).
Denote byRb andRc the circumradii of trianglesAIC andAIB respectively.

BecauseC∗ is the orthocenter of triangleAIB, we can writeAC∗ = Rc · cos
A
2 ,

and similarly forAB∗. Using this and the propertyB∗C∗ ‖ AT , we have

sin TAAb

sin TAAc

=
sinAC∗B∗

sinAB∗C∗
=

AB∗

AC∗
=

Rb

Rc

=
sin B

2

sin C
2

=
IC

IB
.

The pointsAb, Ac are onEF according to Lemma 2, so triangleIAbAc and

triangleIBC are similar. This implies
IC

IB
=

IAc

IAb

.

In any triangle, the orthocenter and circumcenter are knownto be each other’s
isogonal conjugates. Applying this to triangleAAbAc, we find that∠SAAb =

∠AcAI. We can now see that
SAb

SAc

=
IAc

IAb

.

Combining these results, we obtain

SAb

SAc

=
IAc

IAb

=
IC

IB
=

sin TAAb

sinTAAc

=
TAb

TAc

.
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This proves thatTAc ·SAb = SAc ·TAb, soTAcSAb is a harmonic quadrilateral.
It follows that AC∗, AB∗ divide AH, AT harmonically. BecauseAT ‖ B∗C∗,
we know thatAH must pass through the midpoint ofB∗C∗.

Let us callD∗ the midpoint ofB∗C∗, and consider the homothetyξ = h(G∗,−2).
Becauseξ takesD∗ to B∗ while AH ‖ A∗X, we know thatξ takesAH to A∗X.
Similar arguments applied toB andB∗ establish thatξ takesH to I. �

2. Two more triads of circles

Consider again the orthogonal projectionsAb, Ac of A on the bisectorsBI and
CI. It is clear that the circleC′

a with diameterIA in Theorem 6 contains the points
Y andZ as well. Similarly, we consider the circlesC′

b andC′

c with diametersIB

andIC (see Figure 6). It is easy to determine the intersections of the circles from
the two triadsCa, Cb, Cc, andC′

a, C′

b, C
′

c, which we summarize in the following table.

Table 1. Intersections of circles

C′

a C′

b C′

c

Ca X, Ba X, Ca

Cb Y, Ab Y, Xb

Cc Z, Ac Z, Bc

Now we introduce another triad of circles.
Let X∗ (respectivelyY ∗, Z∗) be the intersection ofΓ with Ca (respectivelyCb,

Cc) different fromX (respectivelyY , Z). Consider also the orthogonal projections
A∗

b andA∗

c of A∗ ontoB∗Na andC∗Na, and similarly definedB∗

a, B∗

c , C∗

a , C∗

b .

Lemma 7. The six points A∗, A∗

b , A∗

c , Y ∗, Z∗, and Na all lie on the circle with
diameter A∗Na (see Figure 6).

Proof. The pointsA∗

b andA∗

c lie on the circle with diameterA∗Na by definition.
We know that the Nagel point and the Gergonne point are isotomic conjugates,

so if we call Y ′ the intersection ofBNa and AC, it follows that Y E = Y ′E.
Therefore,Y ′ lies onCb.

Clearly Y Y ′ is a diameter ofCb. It follows from Theorem 5 thatBNa is per-
pendicular toA∗C∗, so their intersection point must lie onCb. SinceY ∗ is the
intersection point ofA∗C∗ and Cb different from Y , it follows that Y ∗ lies on
BNa.

Combining the above results, we obtain thatNaY
∗ ⊥ A∗Y ∗, soY ∗ lies on the

circle with diameterA∗Na. A similar proof holds forZ∗. �

We will call this circleC∗

a. Likewise, C∗

b andC∗

c are the ones with diameters
B∗Na andC∗Na. Here are the intersections of the circles in the two triadsCa, Cb,
Cc, andC∗

a, C∗

b , C∗

c .
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Table 2. Intersections of circles

C∗

a C∗

b C∗

c

Ca X
∗
, B

∗

a X
∗
, C

∗

a

Cb Y
∗
, A

∗

b Y
∗
, X

∗

b

Cc Z
∗
, A

∗

c Z
∗
, B

∗

c

Lemma 8. The circle C∗

a intersects Cb in the points Y ∗ and A∗

b . The point A∗

b lies
on EF (see Figure 7).

Proof. The pointY ∗ lies onCb by definition, and onC∗

a by Lemma 7.
Consider the homothetyφ := h(E,−1). We already know thatφ(AC∗) = CA∗

andφ(BI) = B∗Na. This shows that the intersection points are mapped onto each
other, orφ(Ab) = A∗

b . It follows thatA∗

b lies onCb andEF . �



190 J. Vonk

I

X

Y

Z

A

B CD

EF

Na

Sa

A∗

B∗

C∗

AbAc

Y ∗

Figure 7.

The two triads of circles have some remarkable properties, strongly related to
the Nagel line and eventually to the Feuerbach point. We willstart with a property
that may be helpful later on.

Theorem 9. The point X has equal powers with respect to the circles Cb, Cc, C∗

a ,
and C′

a (see Figure 7).

Proof. Let us callSa the intersection ofEY ∗ andBC, andSb the intersection of
XY ∗ andEF . BecauseEY ∗ is tangent toΓ, we haveSaY

∗ = SaX. Because
trianglesXSaY

∗ andSbEY ∗ are similar, it follows thatEY ∗ = ESb. This implies
thatSb lies onCb so in factSb andA∗

b coincide. This shows thatX lies onY ∗A∗

b .
Similar arguments can be used to prove thatX lies onZ∗A∗

c .
From Table 1, it follows thatAbY (respectivelyAcZ) is the radical axis of the

circlesC′

a andCb (respectivelyCc). Lemma 2 implies thatX lies on bothAbY and
AcZ, so it is the radical center ofC′

a, Cb andCc.
From Lemma 8, it follows thatY ∗A∗

b (respectivelyZ∗A∗

c ) is the radical axis of
the circlesCb andC∗

a (respectivelyCc andC∗

b ). We have just proved thatX lies on
bothY ∗A∗

b andZ∗A∗

c , so it is the radical center ofC∗

a, Cb, andCc. The conclusion
follows. �

3. Some similitude centers and the Nagel line

Denote byU , V , W the intersections of the Nagel lineIG with the linesEF ,
DF andDE respectively (see Figure 8).
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Theorem 10. The point U is a center of similitude of circles C′

a and C∗

a . Likewise,
V is a center of similitude of circles C′

b and C∗

b , and W of C′

c and C∗

c .

Proof. We know from Lemma 2 and Theorem 5 thatA∗A∗

b ‖ AAb, andAI ‖

A∗Na, as well asA∗

bNa ‖ AbI. Hence triangles triangleA∗NaA
∗

b and triangle
AIAb have parallel sides. It follows from Desargues’ theorem that AA∗, AbA

∗

b ,
INa are concurrent. Clearly, the point of concurrency is a center of similitude of
both triangles, and therefore also of their circumcircles,C∗

a andCa. This point of
concurrency is the intersection point ofEF and the Nagel line as shown above, so
the theorem is proved. �

Theorem 11. The point U is a center of similitude of circles Cb and Cc. Likewise,
V is a center of similitude of circles Cc and Ca, and W of Ca and Cb.

Proof. By Theorem 10, we know that

AbU

AcU
=

A∗

bU

A∗

cU
. (1)

By Table 1 and Theorem 8, we know thatAb, A
∗

c lie on Cc andAb, A∗

b lie on Cb.
Knowing thatU lies onEF , the line connecting the centers ofCb andCc, relation
(1) now directly expresses thatU is a center of similitude ofCb andCc. �

Depending on the shape of triangleABC, the center of similitude ofCb andCc

which occurs in the above theorem could be either external orinternal. Whichever
it is, we will meet the other in the next theorem.

Theorem 12. The lines BV and CW intersect at a point on EF . This point is the
center of similitude different from U of Cb and Cc (see Figure 9).

Proof. Let us callU ′ the point of intersection ofBV andEF . We have thatG =
BE ∩ CF andV = DF ∩ BU ′. By the theorem of Pappus-Pascal applied to the
collinear triplesE, U ′, F andC, D, B, the intersection ofU ′C andDE must lie
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on GV , and therefore, it must beW . It follows thatBV andCW are concurrent
in the pointU ′ onEF .

By similarity of triangles, we have
DB

DV
=

FU ′

FV
and

DC

DW
=

EU ′

EW
.

This gives us:

WE

WD
·
V D

V F
·
U ′F

U ′E
=

EU ′

DC
·

DB

FU ′
·
U ′F

U ′E
=

DB

DC
= −1.

HenceDU ′, EV , FW are concurrent by Ceva’s theorem applied to triangle
DEF . By Menelaus’s theorem applied to the transversalWV U we obtain thatU ′

is the harmonic conjugate ofU with respect toE andF . Therefore, it is a center
of similitude ofCb andCc. �

Let us callX ′′, Y ′′, Z ′′ the antipodes ofX, Y , Z respectively on the incircleΓ.

Theorem 13. The point X ′′ is the center of similitude different from U of circles
C′

a and C∗

a. Likewise, Y ′′ is a center of similitude of C′

b and C∗

b , and Z ′′ one of C′

c

and C∗

c .

Proof. We construct the linelX′′ which passes throughX ′′ and is parallel toBC.
The triangle bounded byAC,AB, lX′′ hasΓ as its excircle oppositeA. This im-
plies that its Nagel point lies onAX ′′, and because it is homothetic to triangle
ABC from centerA, we have thatX ′′ lies onANa. We have also proved thatA∗,
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I, X are collinear, so it follows thatX ′′ lies onA∗I. Hence the intersection point
of ANa andA∗I is X ′′, a center of similitude ofCa andC∗

a, different fromU . �

Having classified all similitude centers of the pairs of circles C′

a, C
∗

a andCb, Cc

(and we obtain similar results for the other pairs of circles), we now establish a
surprising concurrency. Not only does this involve hitherto inconspicuous points
introduced at the beginning of§2, it also strongly relates the triangleA∗B∗C∗ to
the Nagel line ofABC.

Theorem 14. The triangles A∗B∗C∗ and X∗Y ∗Z∗ are perspective at a point on
the Nagel line (see Figure 10).

Proof. Considering the powers ofA∗, B∗, C∗ with respect to the incircleΓ of
triangleABC, we have

A∗Z·A∗Z∗ = A∗Y ∗·A∗Y, B∗X∗·B∗X = B∗Z∗·B∗Z, C∗X ·C∗X∗ = C∗Y ·C∗Y ∗.

From these,
B∗X∗

X∗C∗
·
C∗Y ∗

Y ∗A∗
·
A∗Z∗

Z∗B∗
=

B∗X∗

Z∗B∗
·
C∗Y ∗

X∗C∗
·
A∗Z∗

Y ∗A∗

=
B∗Z

XB∗
·
C∗X

Y C∗
·
A∗Y

ZA∗
=

B∗Z

ZA∗
·
C∗X

XB∗
·
A∗Y

Y C∗
= 1

sinceA∗B∗C∗ andXY Z are perspective. By Ceva’s theorem, we conclude that
A∗B∗C∗ andX∗Y ∗Z∗ are perspective,i.e., A∗X∗, B∗Y ∗, C∗Z∗ intersect at a
pointQ.

To prove thatQ lies on the Nagel line, however, we have to go a considerable
step further. First, note thatA∗

bY
∗ZAc is a cyclic quadrilateral, becauseXA∗

b ·

XY ∗ = XAc ·XZ using Theorem 9. We callNc the point whereDE meetsZY ∗

and working with directed angles we deduce that

∡ZY ∗A∗

b = ∡ZAcU = ∡NcAbU = ∡NcAbA
∗

b = ∡NcY
∗A∗

b

We conclude thatNc, Y ∗, Z and therefore alsoZ, Y ∗, U are collinear. Similar
proofs show that

U ∈ Y Z∗, V ∈ XZ∗, V ∈ ZX∗,W ∈ XY ∗, W ∈ Y X∗.

If we construct the intersection points

J = FZ∗ ∩ BC and K = DX∗ ∩ AB,

we know that the pole ofJK with respect toΓ is the intersection ofXZ∗ with
X∗Z, which isV . The fact thatJK is the polar line ofV shows thatB∗ lies on
JK, and thatJK is perpendicular to the Nagel line.

Now we construct the points

O = EF ∩ DX∗, P = DE ∩ FZ∗, R = OD ∩ FZ∗.

Recalling Lemma 1 and the definitions ofX∗ andZ∗ following Lemma 3, we see
that OP is the polar line ofQ with respect toΓ. We also know by similarity of
the trianglesORF andDRJ that OR · RJ = DR · RF . Likewise, we find by
similarity of the trianglesKFR andDPR thatRF ·DR = KR ·RP . Combining
these identities we getOR ·RJ = KR ·RP , and this proves thatOP andJK are
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Figure 10.

parallel. Thus,OP is perpendicular to the Nagel line, whence its poleQ lies on
the Nagel line. �

4. The Feuerbach point

Theorem 15. The line connecting the centers of C′

a and C∗

a passes through the
Feuerbach point of triangle ABC; so do the lines joining the centers of C′

b, C∗

b and
those of C′

c, C∗

c (see Figure 11).
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Proof. Let us callHa the orthocenter of triangleAAbAc. SinceAI is the diameter
of C′

a (as in the proof of Theorem 6), we haveAHa = AI ·cos AbAAc = AI ·sin A
2 ,

where the last equality follows fromπ2 −
A
2 = ∠BIC = ∠AbIAc = π−∠AbAAc.

By observing triangleAIZ, for instance, and writingr for the inradius of triangle
ABC we find that

AHa = AI · sin
A

2
= r.

Now consider the homothetyχ with factor−1 centered at the midpoint ofAI

(which is also the center ofC′

a). We have thatχ(A) = I andχ(AHa) = A∗I. But
we just proved thatAHa = r = IX ′′, so it follows thatχ(Ha) = X ′′. This shows
thatX ′′ lies on the Euler line of triangleAAbAc, so the line joining the centers of
C′

a andC∗

a is exactly the Euler line of triangleAAaAb.
According to A. Hatzipolakis ([3]; see also [5]), the Euler line of triangleAAbAc

passes through the Feuerbach point of triangleABC. From this our conclusion
follows immediately. �

In summary, the Euler line of triangleAAbAc and the Nagel line of triangle
ABC intersect onEF . We will show that the circlesCa, C∗

a have another amazing
connection to the Feuerbach point.
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Theorem 16. The radical axis of C′

a and C∗

a passes through the Feuerbach point of
triangle ABC; so do the radical axes of C′

b, C∗

b , and of C′

c, C∗

c (see Figure 12).
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Figure 12.

Proof. Because the radical axis of two circles is perpendicular to the line joining
the centers of the circles, the radical axisRa of C′

a andC∗

a is perpendicular to the
Euler line of triangleAAbAc. Since this Euler line containsX ′′, andRa contains
X (see Theorem 9), their intersection lies onΓ. This point is also the intersection
point of the Euler line withΓ, different fromX ′′. It is the Feuerbach point of
ABC. �
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A Purely Geometric Proof of the Uniqueness of
a Triangle With Prescribed Angle Bisectors

Victor Oxman

Abstract. We give a purely geometric proof of triangle congruence on three
angle bisectors without using trigonometry, analysis and the formulas for triangle
angle bisector length.

It is known that three given positive numbers determine a unique triangle with
the angle bisectors lengths equal to these numbers [1]. Therefore two triangles are
congruent on three angle bisectors. In this note we give a pure geometric proof of
this fact. We emphasize that the proof does not use trigonometry, analysis and the
formulas for triangle angle bisector length, but only synthetic reasoning.

Lemma 1. Suppose triangles ABC and AB′C ′ have a common angle at A, and
that the incircle of AB′C ′ is not greater than the incircle of ABC . If C ′ > C , then
the bisector of C ′ is less than the bisector of C .

Proof. Let CF and C ′F ′ be the bisectors of anglesC, C ′ of trianglesABC,
AB′C ′. AssumingC ′ > C, we shall prove thatC ′F ′ < CF .

d′
d

A

B

C

B′

C′

O

F

F ′

Figure 1.

Case 1. The triangles have equal incircles (see Figure 1). Without loss of gen-
erality assumeB > B′ and the pointC ′ betweenA andC. Let O be the center of
the common incircle of the triangles. It is known thatOF < OC andOF ′ < OC ′.
Hence, in areas,

△OFF ′ < △OCC ′. (1)

Publication Date: December 1, 2008. Communicating Editor:Nikolaos Dergiades.
The author thanks Nikolaos Dergiades for his helps in the preparation of this paper.
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Let d, d′ be the distances ofA from the bisectorsCF , C ′F ′ respectively. Since
∠AOF ′ = ∠OAC ′ + ∠AC ′O = A+C′

2 < 90◦, we have∠AOF < ∠AOF ′ <

90◦, andd < d′. Now, from (1), we have

△OFF ′ + △OC ′AF < △OCC ′ + OC ′AF.

This gives△AF ′C ′ < △AFC, or 1
2d′ · C ′F ′ < 1

2d · CF . Sinced < d′, we have
C ′F ′ < CF .

Case 2. The incircle ofAB′C ′ is smaller than the incircle ofABC (see Figure
2). Since the incircle ofAB′C ′ is inside triangleABC, we construct a tangent
B′′C ′′ parallel toBC that is closer toA thanBC. Let C ′′F ′′ be the bisector of
triangleAB′′C ′′. We haveC ′′F ′′||CF and

C ′′F ′′ < CF. (2)
A

B′′

C′′

B′

C′

O

F ′′

F ′

B

C

F

Figure 2.

Since∠AC ′′B′′ = ∠ACB < ∠AC ′B′, from Case 1 we have

C ′F ′ < C ′′F ′′ (3)

From (2) and (3) we haveC ′F ′ < CF . �

Lemma 2. Suppose triangles ABC and AB′C ′ have a common angle at A, and
a common angle bisector AD, the common angle not greater than any other angle
of AB′C ′. If C ′ > C , then the bisector of C ′ is less than the bisector of C .

Proof. If the incirle of triangleAB′C ′ is not greater than that ofABC, then the
result follows from Lemma 1.

Assume the incircle ofAB′C ′ greater than the incircle ofABC (see Figure 3).
The lineBC cuts the incircle ofAB′C ′ incircle. Hence, the tangent fromC to
this incircle meetsAB′ at a pointB′′ betweenB andB′. Let CF , C ′F ′ be the
bisectors of anglesC, C ′ in trianglesABC and AB′C ′ respectively. We shall
prove thatC ′F ′ < CF .

Consider also the bisectorCF ′′ in triangleAB′′C. SinceB is betweenA and
B′′, F is betweenA andF ′′. From lemma 1 we have

C ′F ′ < CF ′′ (4)
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Since∠CB′′A > ∠C ′B′A ≥ ∠B′AC ′, we have∠CF ′′A > 90◦, and from
triangleCFF ′′

CF ′′ < CF. (5)

From (4) and (5) we conclude thatC ′F ′ < CF . �

Now we prove the main theorem of this note.

Theorem 3. If three internal angle bisectors of triangle ABC are respectively
equal to three internal angle bisectors of triangle A′B′C ′, then the triangles are
congruent.

Proof. Denote the angle bisectors ofABC by AD, BE, CF and letAD = A′D′,
BE = B′E′, CF = C ′F ′.

If for the angles of the triangles we haveA = A′, B = B′, C = C ′, then from
the similarity ofABC with A′B′C ′ and ofABD with A′B′D′ we conclude the
congruence ofABC with A′B′C ′.

Let A′ be an angle that is not greater than any other angle of trianglesA′B′C ′

andABC. We construct a triangleAB1C1 congruent toA′B′C ′ that hasAD as
bisector of angleB1AC1.

If A′ = A andC ′ > C, then the trianglesABC andAB1C1 satisfy the condi-
tions of Lemma 2. It follows thatC ′F ′ < CF , a contradiction.

If A′ < A and the linesAB1, AC1 meetBC at the pointsB2, C2 respectively,
without loss of generality we assumeC1 betweenA andC2, possibly coinciding
with C2 (see Figure 4). Suppose the bisector of angleAC2B2 meetsAB2 atF2 and
AB atF3. Since trianglesAB1C1 andAB2C2 satisfy the conditions of Lemma 2,
we have

C ′F ′ ≤ C2F2 < C2F3. (6)
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The incircle of triangleABC2 is smaller than that of triangleABC. Since
∠AC2B > ∠ACB, by Lemma 1,C2F3 < CF and from (6) we concludeC ′F ′ <

CF . This again is a contradiction. Hence, trianglesABC andA′B′C ′ are congru-
ent. �
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An Elementary Proof of a Theorem by Emelyanov

Eisso J. Atzema

Abstract. In this note, we provide an alternative proof of a theorem byLev
Emelyanov stating that the Miquel point of any complete quadrilateral (in general
position) lies on the nine-point circle of the triangle formed by the diagonals of
that same complete quadrilateral.

1. Introduction and terminology

In their recent book on the geometry of conics, Akopyan and Zaslavsky prove
a curious theorem by Lev Emelyanov on complete quadrilaterals. Their proof is
very concise, but it does rely on the theory of conic sections, as presumably does
Emelyanov’s original proof. Indeed, it is the authors’ contention that the theorem
does not seem to allow for a “short and simple” proof without using the so-called
inscribed parabola of the complete quadrilateral.1 In this note, we will show that
actually it is possible to avoid the use of conic sections andto give a proof that
uses elementary means only. It is left to the reader to decidewhether our proof is
reasonably short and simple.

Recall that acompletequadrilateral is usually defined as the configuration of
four given lines, no three of which are concurrent, and the six points at which they
intersect each other. For this paper, we will also assume that no two of the lines
are parallel. Without loss of generality, we can think of a complete quadrilateral
as the configuration associated with a quadrilateralABCD in the traditional sense
with no two sides parallel and no two vertices coinciding, together with the points
F = AD ∩ BC andG = AB ∩ CD. By abuse of notation, we will refer to
a generic complete quadrilateral as acompletequadrilateral�ABCD, where we
will assume that none of the sides ofABCD are parallel and no three are con-
current.2 The linesAC, BD andFG are known as thediagonalsof �ABCD.
Let AC ∩ BD be denoted byEFG and so on. Then, the triangle△EACEBDEFG

formed by the diagonals of�ABCD is usually referred to as thediagonal trian-
gle of �ABCD (see Figure 2). With these notations, we are now ready to prove
Emelyanov’s Theorem.

Publication Date: December 3, 2008. Communicating Editor:Paul Yiu.
1See [1, pp.110–111] for both the proof (which relies on two propositions proved earlier) and the

authors’ contention.
2Thus, for any quadrilateralABCD with F and G as above,�ABCD, �AFCG, and

�BGDF and so on, all denote the same configuration.
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2. Emelyanov’s Theorem

We will prove Emelyanov’s Theorem as a corollary to a slightly more general
result. For this we first need the following lemma (see Figure1).

Lemma 1. For any complete quadrilateral�ABCD (as defined above), let FBC

be the unique point onAD such thatFBCEFG is parallel to BC and letFDA,
GAB andGCD be defined similarly. Finally, letFG and GF be the midpoints of
FEFG andGEFG, respectively. ThenFBC , FDA, GAB , GCD all four lie on the
line FGGF .

A B

C

D

F

GGCD

GF

GAB

EF G

FDA

FG

FBC

Figure 1. Collinearity ofFBC , FDA, GAB , GCD and ofFG, GF

Proof. Note that by the harmonic property of quadrilaterals, the sidesDA andBC

are harmonically separated byFEFG and FG. Therefore, the pointsFDA and
FBC are harmonically separated by the points of intersectionFEFG ∩ FDAFBC

andFG ∩ FDAFBC . By the construction ofFDA andFBC , EFGFDAFFBC is a
parallelogram and thereforeFEFG ∩ FDAFBC coincides withFG. As FG is also
the midpoint ofFDAFBC , it follows thatFG ∩ FDAFBC has to be the point at
infinity of FDAFBC . In other words,FG andFDAFBC are parallel. AsFGGF is
parallel toFG as well andFG also lies onFDAFBC , it follows thatFDAFBC and
FGGF coincide. By the same argument,GABGCD coincides withFGGF as well.
It follows that the six points are collinear. �

Corollary 2. With the notation introduced above, the directed ratios
FBCD

FBCA
and

FDAC

FDAB
are equal, as are the ratios

GCDA

FCDB
and

GABD

FABC
.

Proof. It suffices to prove the first part of the statement. Note that by construction

the ratio
FBCD

FBCA
is equal to the cross ratio[EFGD,EFGA;EFGFBC , EFGFDA]

of the linesEFGD, EFGA, EFGFBC , andEFGFDA. Similarly, the ratio
FDAC

FDAB
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equals the cross ratio[EFGC,EFGB;EFGFDA, EFGFBC ]. As ED is parallel to
EB, whileEA is parallel toEC, the two cross ratios are equal. Therefore, the two
ratios are equal as well. �

We are now ready to derive our main result. We start with a lemma about Miquel
points, which we prefer to associate to a complete quadrilateral �ABCD, rather
than toABCD.

Lemma 3. For any quadrilateralABCD (with its sides in general position), the
Miquel points of�ABFDAFBC and�CDFBCFDA both coincide with the Miquel
pointM of �ABCD.

Proof. Let M be constructed as the second point of intersection (other thanF ) of
the circumcircles of△FAB and△FCD. By Corollary 2, the ratio of the power
of FBC with respect to the circumcircle of△FCD and the power ofFBC with
respect to the circumcircle of△FAB equals the ratio of the power ofFDA with
respect to the same two circles. This means thatFBC andFDA lie on the same
circle of the coaxal system generated by the circumcircles of △FCD and△FAB.
In other words,F , FBC , FDA andM are co-cyclic. SinceM lies on both the
circumcircle of△FBCFDAF and the circumcircle of△FAB, it follows thatM is
also the Miquel point of�ABFDAFBC . By a similar argument,M is the Miquel
point of�CDFBCFDA as well. �

A B

C

D

F

EAC

MF G

MBD

MAC

EBD

EF G

GAB

GCD G

FBC

FDA

M

Figure 2. Coincidence of Miquel points

Corollary 4. For any quadrilateralABCD (with sides in general position), the
(orthogonal) projection ofM onFBCFDA lies on the pedal line of�ABCD.

Proof. By Lemma 3 and the properties of Miquel points, the (orthogonal) projec-
tion of M onFBCFDA is collinear with the (orthogonal) projections ofM onAB,
BFDA andFBCA, i.e. its projections onAB, BC, andDA. But for ABCD in
general position, the latter points do not all three coincide. As they also lie on the
pedal line of�ABCD, they therefore define the pedal line and the (orthogonal)
projection ofM onFBCFDA has to lie on it. �
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Now, let MAC be the midpoint ofEBDEFG and so on. Clearly,MACMBD

coincides withFBCFDA. Furthermore, Corollary 4 applies to the quadrilater-
als AFCG and BFDG as well. Since�AFCG and �BFDG coincide with
�ABCD, their Miquel points also coincide. These observations immediately lead
to our main result.

Theorem 5. For any quadrilateralABCD (with sides in general position), the
(orthogonal) projections of the Miquel pointM of �ABCD on the sides of the
triangle△MACMBDMFG all three lie on the pedal line of�ABCD.

Emelyanov’s Theorem follows from Theorem 5 as a corollary.

Corollary 6 (Emelyanov). For any quadrilateralABCD (with sides in general
position), the Miquel pointM of �ABCD lies on the nine-point circle of the
diagonal triangle△EACEBDEFG of �ABCD.

Proof. Since the (orthogonal) projections ofM on the sides of△MACMBDMFG

are collinear,M has to lie on the circumcircle of△MACMBDMFG. But this is
the same as saying thatM lies on the nine-point circle of△EACEBDEFG. �

3. Conclusion

In this note we derived an elementary proof of Emelyanov’s Theorem as stated
in [?] from a more general result. At this point, it is unclear to uswhether this
Theorem 5 may have any other implications than Emelyanov’s Theorem, but it
was not our goal to look for such implications. Similarly, wecould have shortened
our proof a little bit by noting that Corollary 2 implies thatFBCFDA is a tangent
line to the unique inscribed parabola of�ABCD. The same parabola therefore is
also the inscribed parabola to�ABFDAFBC and�CDFBCFDA. Since the focal
point of the parabola inscribing a complete quadrilateral is the Miquel point of
the same, Lemma 3 immediately follows. As stated in the introduction, however,
our goal was to provide a proof of the theorem without using the theory of conic
sections.
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A Generalization of Thébault’s Theorem on
the Concurrency of Three Euler Lines

Shao-Cheng Liu

Abstract. We prove a generalization of Victor Thébault’s theorem that if HaHbHc

is the orthic triangle ofABC, then the Euler lines of trianglesAHcHb, BHaHc,
andCHbHa are concurrent at the center of the Jerabek hyperbola which is the
isogonal tranform of the Euler line.

In this note we generalize a theorem of Victor Thébault’s asgiven in [1, Theorem
1]. Given a triangleABC with orthic triangleHaHbHc, the Euler lines of the
trianglesAHbHc, BHcHa, andCHaHb are concurrent at a point on the nine-point
circle, which is the center of the Jerabek hyperbola, the isogonal transform of the
Euler line of triangleABC.

Since triangleAHcHb is similar to ABC, it is the reflection in the bisector
of angleA of a triangleABaCa, which is a homothetic image ofABC. Let P

be a triangle center of triangleABC. Its counterpart inAHcHb is the pointPa

constructed as the reflection in the bisector of angleA of the point onAP which
is the intersection of the parallels toBP , CP throughCa, Ba respectively (see
Figure 1).

O

A

B C

H

Ha

Hb

Hc

P

BaCa

Pa

Oa

O′

a

P ′

a

Figure 1.

Note that the circumcenterOa of triangleAHcHb is the midpoint ofAH. It is
also the reflection (in the bisector of angleA) of the circumcenterO′

a of triangle
ABaCa. The lineOaPa is the reflection ofO′

aP
′

a in the bisector of angleA.

Publication Date: December 5, 2008. Communicating Editor:Paul Yiu.
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Here is an alternative description of the lineOaPa that leads to an interesting
result. Consider the lineℓ′a throughA parallel toOP , and its reflectionℓa in the
bisector of angleA. It is well known thatℓa intersects the circumcircle at a point
Q′ which is the isogonal conjugate of the infinite point ofOP . Now, the lineOaPa

is clearly the image ofℓa under the homothetyh(H, 1
2). As such, it contains the

midpointQ of the segmentHQ′.

O

A

B C

H

Ha

Hb

Hc

P

BaCa

Pa

Oa

O′

a

P ′

a

Q′

Q

Figure 2.

The above reasoning applies to the linesObPb andOcPc as well. The reflections
of the parallels toOP throughB andC in the respective angle bisectors intersect
the circumcircle ofABC at the same pointQ′, which is the isogonal conjugate
of the infinite point ofOP (see Figure 3). Therefore, the linesObPb andOcPc

also contain the same pointQ, which is the image of theQ′ under the homothety
h(H, 1

2). As such, it lies on the nine-point circle of triangleBAC. It is well
known (see [3]) thatQ is the center of the rectangular circum-hyperbola which is
the isogonal transform of the lineOP .

We summarize this in the following theorem.

Theorem. Let P be a triangle center of triangle ABC . If Pa, Pb, Pc are the corre-
sponding triangle centers in triangles AHcHb, BHaHc, CHbHa respectively, the
lines OaPa, ObPb, OcPc intersect at a point Q on the nine-point circle of ABC ,
which is the center of the rectangular circumhyperbola which is the isogonal trans-
form of the line OP .

Thébault’s theorem is the case whenP is the orthocenter.
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We conclude with a record of coordinates. SupposeP has homogeneous barycen-
tric coordinates(u : v : w) in reference to triangleABC. The lineOaPa, ObPb,
OcPc intersect at the point

Q =
(

(b2
− c2)u + a2(v − w))(c2(a2 + b2

− c2)v − b2(c2 + a2
− b2)w)

: (c2
− a2)v + b2(w − u))(a2(b2 + c2

− a2)w − c2(a2 + b2
− c2)u)

: (a2
− b2)w + c2(u − v))(b2(c2 + a2

− b2)u − a2(b2 + c2
− a2)v)

)

on the nine-point circle, which is the center of the rectangular hyperbola through
A, B, C, H and

Q′ =

(

a2

((b2
− c2)2 − a2(b2 + c2))u + a2(b2 + c2

− a2)(v + w)

:
b2

((c2
− a2)2 − b2(c2 + a2))v + b2(c2 + a2

− b2)(w + u)

:
c2

((a2
− b2)2 − c2(a2 + b2))w + c2(a2 + b2

− c2)(u + v)

)

.

on the circumcircle. Here are some examples. The labeling oftriangle centers
follows [2].



208 S.-C. Liu

P Q on nine-point circle Q′ on circumcircle

OrthocenterX4 Jerabek centerX125 X74

Symmedian pointX6 Kiepert centerX115 X98

IncenterX1 Feuerbach pointX11 X104

Nagel pointX8 X3259 X953

Spieker centerX10 X124 X102

X66 X127 X1297

Steiner pointX99 X2679 X2698
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