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On aTriad of Smilar Triangles Associated With the
Perpendicular Bisectorsof the Sides of a Triangle

Quang Tuan Bui

Abstract. We prove some perspectivity and orthology results relssetriad
of similar triangles associated with the perpendiculasedtiors of the sides of a
given triangle.

1. A triad of triangles from the perpendicular bisectors

Given a triangled BC, let the perpendicular bisectors of the side8 and AC
intersect the sidelin®C' at A, and A, respectively. The angles of triangled, A,
have measures — 2A, m — 2B, = — 2C'if ABC is acute angled, artlA — 7, 23,
2C if angle A is obtuse (see Figure 1).

A
A
6}
A. B c A, B A

b Ac c
O

(a) Acute angle case (b) Obtuse angle case

Figure 1.

Similarly, we consider the intersectioft, and B, of C A with the perpendicular
bisectors ofBA and BC, yielding triangle B, BB., and the intersection§,, and
Cy of AB with the perpendicular bisectors 6fA, C B yielding triangleC,C,C.
Itis clear that the triangled A, A.., B, BB. andC,C,C are all similar (see Figure
2). We record the homogeneous barycentric coordinatesséthoints.

Ay =(0:—-S4+Sp:Sa+Sp), Ac=(0:Sc+ Sa:Sc—Sa);
BCZ(SB+50:0:—SB+50), Ba:(SA—SBZO:SA—I—SB);
Ca:(—SC—FSA:SC—I—SA:O), Cb:(SB+50:SB—50:O).

Given a finite pointP with homogeneous barycentric coordinates: y : z)
relative toABC, we consider the points with the same coordinates in thegiés
AAA., B,BB. andC,C,C. These are the points

Publication Date: January 25, 2010. Communicating EdRal Yiu.



2 Q. T. Bui

Figure 2.

Ap = (2Spcz: —Sc(Sa — SB)y+ S(Sc + Sa)z: Sc(Sa+ Sp)y — Se(Sc — Sa)z),
Bp = (SA(SB-l-Sc)Z—Sc(SA—SB)J}: QSCAy: —SA(SB—Sc)Z-I-Sc(SA-‘rSB)x),
Cp = (=SB(Sc — Sa)x +Sa(Sp + Sc)y : Sp(Sc + Sa)x — Sa(Sp — Sc)y : 2SaBz).

with coordinates with respect to triangleBC (see Figure 3).

l o B2
B/ A, Ay
Ca

Figure 3.

Proposition 1. Triangle Ap BpC'p isoppositely similar to ABC.
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Proof. The square lengths of the sides are
(BpCp)? =k -a®, (CpAp)*=k-b*, (ApBp)* =k
where
o 52 (chclic CL4SAAyZ) - (‘T +y+ Z) <2cyclic b2C2SBBSCC$)
N (2SABc(ZL'+y+Z))2 ’

From this the similarity is clear. Note that the multiplieis nonnegative. Now,
the areas are related by

AApBpCp = —k-AABC.
It follows that the two triangles are oppositely oriented. O

2. Perspectivity
Proposition 2. Triangle Ap BpC'p is perspective with the medial triangle at

,:L' x y Z * e e e * e e
(5(‘5*@*%) ' ) M)

Proof. Let DE'F be the medial triangle. The line joining A p has equation
SA(Scy — SBZ)X 4+ SpcxY — SpexZ = 0,

or
Y z T
Y _Z\x+Zw-z=o0.
(SB Sc> AR
This clearly contains the poi —% : % : é) which is a vertex of the an-
ticevian triangle ofQ — (ﬁ = %) Similarly, the linesEBp and FCp

contain the corresponding vertices of the same anticeviangie. It follows that
ApBpCp and DEF are perspective at the cevian quoti€ntQ whose coordi-
nates are given by (1) above. O

Proposition 3. Triangle Ap BpC'p is perspective with ABC' if and only if P lies
on the Jerabek hyperbola of ABC'. In this case, the perspector traverses the Euler
line.

Proof. The linesAAp, BBp, CCp have equations

(Sc(Sa+SB)y+ S(Sc — Sa)2)Y + (Sc(Sa — Sp)y — S(Sc + Sa)z)Z = 0,
(Sa(Sp — Sc)z — Sc(Sa + S5)e)X + (Sa(Sp + Sc)z + Sa(Sa — Sp)z)Z = 0,
(SB(SC + SA)x + SA(SB — Sc)y)X—l- (SB(SC — SA)I — SA(SB + Sc)y)Y = 0.

They are concurrent if and only if

25,430(33 +y+ Z) (Z SA(SBB — Scc)yz) = 0.

cyclic
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SinceP is a finite point, this is the case whéhlies on the conic
> Sa(Ses — Scc)yz =0,
cyclic

which is the Jerabek hyperbola, the isogonal conjugateeoEtiier line.
Now, if P is the isogonal conjugate of the poiifigc +t : Sca+t: Sap+1t),
then the perspector is the point

(a®((2SaBc +t(Sa+Sp+8c))-Sa—t-Spe):---:--).

Since(a?Spc : b¥2Sca : 2Sap) is the pointXas (the homothetic center of the
tangential and orthic triangles) on the Euler line, the footithe perspector is the
Euler line. O

3. Orthology

Proposition 4. Thetriangles ABC and Ap BpC'p are orthologic.
(a) The perpendiculars from A to BpCp, Bto CpAp, and C to Ap Bp intersect
at the point

a’Sa ) b’Sp ) ’Se

Q - _ x Y z : T _ Y z : xT y _ zZ °
( SaB + b2SpRp + c2Scc a?Saa SaBc + cZScc  a?Spa + b2Spp SABC)

(b) The perpendiculars from Ap to BC, Bpto C A, and Cp to AB intersect at
the point

oo((s Vi s swe
N CydicazSAA Sa a?b?c2Sapc Saa ' ' '

Remarks. (1) The orthology cente) lies on the circumcircle of trianglé BC.
The orthology center§(P) andQ(P’) are the same if and only if the linBP’
contains the circumcentér. Here are some examples.

Pl G I K Na | X110 | Xeo | X184
Q || X12094 | X295 | X1297 | Xor3a | Xogoz | Xos | Xma
(2) The coordinates ap’ with respect tad p BpCp are the same as those @f
with respect taA BC.
(3) Therefore' lies on the circumcircle of triangld p BpClp.

4. An example: Gergonne points of thetriad

We assumed BC' to be acute angled, so that the trianged, A., B, BB. and
C,CyC have anglex — 24, m — 2B andrw — 2C' and sidelengths in the proportion
of a?Sa : v¥?’Sp : 2Sc. In this case, the Gergonne poidt, of A4,A. has
homogeneous barycentric coordinafds : Sp : Sc) with respect to the triangle.
Therefore, with? = (S4 : Sg : Sc) (the triangle centeX¢9, we haved, =
Ap = (2SA :Sp+Sc SB—I—Sc), and |ikEWiSGBg = (Sc+SA :25p ¢ Sc+SA)
andCy = (Sa+Sp : Sa+Sp : 25¢). From the table above, the orthology center
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Qis X3 = <SAAiSBC : SBB£SCA : SccisAB)’ the Tarry point (see Figure 4).

The other orthology cent&p’, being the Tarry point ofi, B;Cs, is

(S — Sca)(Scc — SaB)(254,SB + Sc, S + Sc)
+ (Scc — SaB)(Saa — Spc)(Sc + Sa,25B,Sc + Sa)
+ (Saa — SaB)(S — Sca)(Sa+ Sg,Sa+ SB,25¢)
= () Spc —S44)((Ssc + Sca + Sap)(Sa, S, So)

cyclic

+ (Sa+ S+ Sc)(SBc, Sca, Sas)).

This is the triangle centek 352, which is the midpoint off and Xgg.

Figure 4.

Remarks. (1) The circumcenter ofi, B, C; is the point
SA(SB + Sc)(254,SB + Sc, S + Sc)
+ Sp(Sc + Sa)(Sc + 54,258, Sc + Sa)
+ Sc(Sa+SB)(Sa+SB, 5S4+ SB,25¢)
=3(Spc + Sca+SaB)(Sa,SB,Sc)+ (Sa+ S+ Sc)(Sec, Sca, Sas).
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This is the midpoint ofX g9 and X 359.
(2) Since the Tarry point and the Steiner point are antipoddhe circumcircle,
we conclude thaKg is the Steiner point of triangld, B,C,; (see [1]).
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A New Proof of a “Hard But Important”
Sangaku Problem

J. Marshall Unger

Abstract. We present a solution to a well-knovgangakuproblem, previously
solved using the Sawayama Lemma, that does not require it.

1. Introduction
The following problem has been described as “hard but inapwtt

Problem 1 ([5, Problem 2.2.8]) M is the midpoint of chordd B of circle (O).
Given triangle ABC with sidesa, b, ¢, and semiperimtes, let N be the midpoint
of the arcA B opposite the incircld (), and M N = v. Given circleQ)(q) tangent
to AC, BC, and(O) (see Figure 1)prove that

_ 20(s —a)(s —b)

. (1)

Figure 1.

Problem 1 is certainly hard. One solution [6], summarize@jmpp. 25-26], en-
tails a series of algebraic manipulations so lengthy thathard to believe anyone
would have pursued it without knowing in advance that (1dbolAnother solu-
tion [3, 9] involves somewhat less algebra, but requiresSéagayama Lemma, the
proof of which [1] is itself no simple matter. Neither proa¥gs much insight into
the motivation for (1).

Publication Date: February 8, 2010. Communicating Ediaul Yiu.



8 J. M. Unger

Problem 1 is important in that solutions of otlteangakuproblems depend on
(). For instance, in the special case in whitff and BC' are the sides of squares
ACDE and BCFG with E andG on (O), it can be shown using (1) that= 2r
[5, Example 3.2], [8, pp. 20-21]. But the solution we offerdnéollows from that
of anothersangakuproblem, which it cannot be used to solve in a straight-fodwva
way.

2. The source problem

Problem 2. Triangle ABC has incircle (), to which(O), through B and C, is
internally tangent. CircleP(p) is tangent toAB and AC and externally tangent
to (O). The sagitta fromV/, the midpoint ofBC, to the arc opposite the incircle
has lengthv. Prove that-? = 2pw.

N

Figure 2.

In the original problem [5, Problem 2.4.2],in Figure 2 is replaced by a circle
of diameter, which gives the figure a pleasing harmony, but is somethiragred
herring. The solution relies on the following theorem, vhige state as it pertains
to the foregoing figure.

Theorem 1. A circle (O) passing throughB, C, tangent to the circle$I) (inter-
nally) and (P) (externally) exists if and only if one of the intangents(&f) and
(I) is parallel to BC.

Proof. ConsiderP in general position (see Figure 3). Since the two right gies
formed by AT, the two intangents, and radii 6f) are congruent, we see that
(1) DE, FG, andAlI are concurrent i,
(2) the trianglesA E X and AGX are congruent,
(3) the trianglesA D FE and AF'G are congruent.

The equal vertical angles X F andG X D are both equaltd AGF—/ADE =
/AED — /AFG. Hence, if/AFG = /ZABC and/AGF = Z/ACB, thenFG
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Figure 3.

and BC are parallel, and ACB — /ADE = ZAED — ZABC. But since
/ADE < ZACB and ZAED > ZABC, this can be true only ¥ ADE =
/ABC andZAED = ZACB. Thus,

(4) FG (respectivelyDE) is parallel toBC' if and only if DE (respectivelyF'G)
is its antiparallel in triangled BC.

Figure 4.

Now consider the coaxial systeih of circles with centers on the perpendic-
ular bisector of BC'. If a circle inT' cuts AB and AC' in two distinct points,
then, together wittB andC, they form a cyclic quadrilateral. On the other hand,
if FG||BC, BCDE is a cyclic quadrilateral because, as just shoWwA,DE =
/ABC andZAED = ZACB. SayDE touches(I) and(P) in D' and E’ re-
spectively. Because chords of all circledircut off by AB and AC are parallel to
DE, acircle inT" that passes through eith&Y or £’ passes through the other. In
light of statement (4), this is the circl@) in Problem 2 (compare Figure 2 with
Figure 4). O
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Let H be the point onAB touched by(I). AH = s — a, wheres is the
semiperimeter of trianglelBC. Since(!) is the excircle ofAFG, AH is also

the semiperimeter i F'G. Hence% = %. Therefore2pv = w and for
this to be equal te?, we must haveuv(s — a) = rs = (area of ABC). But that
is the case if and only &v is the radius of the excirclgS) touching BC atT (see

Figure 5).

A
E
F Awe
J X
D
1
e O
T
B
’ M
Vs
Vi
U
N
S
Figure 5.

Al is concurrent inS with the bisectors of the exterior angles Atand C,
andST 1 BCjustasJL | BC. Therefore, drawing parallels t8C through
N and S, we obtain rectanglesTUV, LTSW, andSUVW. By construction,
MN =v=TU = LV. SinceBT =CL =s—c¢, MT = M L. Hence triangles
LMN and NUS are congruentL NS is a straight angle, andlS = VIW = v.
Therefore2v is indeed the radius dfs).

3. Extension to Problem 1

We have just proveé@ = rin case(O) is tangent tqI). To extrapolate to
Problem 1, we add circlg?) tangent toAB, AC, and(O) (see Figure 6).

Say(Q) touchesAB in H', and(I) touchesAC in Y. Since trianglesA H and
AQH' are similar, " = AHLZAH _ BHL gyt Aff — 5 — a. Hence

r-HH 2v(s—a) HH'  2v-HH’

Ss—a S sS—a S
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Figure 6.

This givesq — r = 2e=Ws=0) j¢ HI' _ s—¢ SinceBH = s — b andCL =
s — ¢, this proportion is equivalent to the similarity of triarglBLH’ and BC H,
i.e, LH'||CH. ExtendAB and AC to intersect the tangent {@)) at L’ parallel
to BC on the side oppositél). This makes triangles\ BC and AB’C" similar
and (@) the incircle of the latter. SincéY is a side of the intouch triangle of
ABC,CH L LY. LikewiseC'H' 1. L'Y’. SinceL'Y'||LY, C'H'||CH. Thus
C'LH' is a straight angle and H'||C H. Indeed, for this choice af, L is the
Gergonne point ofA B’C’. Now asO varies on the perpendicular bisectorB¢,
points B’, C’, H', L', N, Y’ and Z vary relative toA, B, C, I, L, M, H, and
Y, which are unaffected, but the relatio®C’||BC, H'C'||HC, andL'Y'||LY
remain the same. We still have the similarity of trianglesH and AQH'; hence
(2) is valid, and, although the Gergonne point4B’C’ no longer coincides with
L, we continue to havé;’_ib' = % as before. Therefore, — r = %
With the change of notatioa, b, c — ¢, a, b, we obtain (1).

4. Historical remarks

The problem presented in Figure 7 is found on p. 26 fasc. Seop sanp (¥4
T ) [4] (1781) of Fujita Sadasukéf H iE &), sometimes called Fuijita Teishi,
who lived from 1734 to 1807. Like moseangakuproblems, this one is presented
as a concrete example: one is told that the lengths of thétaaghord, and left
and right diagonal lines are = 5, ¢ = 30, a = 8, andb = 26 inches sun~}),
respectively, and asked for the diameter of the inner cir€lee answeg inches
is then given, following which the method of calculation regented. It uses the
labels East, West, South, and North for intermediate resfiktely translated into
Western notation, if

E:=a+b+c¢, W:=EFE(a+b—c), S:=4ab—W, N:=vWS§S,
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Figure 7.

then the diameter sought%J;iS. This reduces to equation (1) becauge= 4rs.
There is, however, no explicit mention @f) or r in the text. Indeed, the sidesand

b of the triangle are treated as arbitrary line segments etimgrfaom the endpoints
of ¢, and the fact thatV is four times the area of the triangle goes unmentioned.
Looking at just this excerpt, we get no idea of how Fujitaveadi at this method,
but it is doubtful that he had the Sawayama Lemma in mind. Berospecial
choice ofO to consider is the circumcenter dfBC. In that case) is particularly
easy to construct, but standard proofs of the construc@n[10, pp. 56-57]
involve trigonometric equations not seen in Edo period dapa mathematics [7].
One runs into a snag if one assumes (1) and tries to solvedrnoblby adding
circle (Q). If, in Figure 2,(P) is tangent toAB at K, this leads in short order to
HH'- HK = 2pv, but provingHH' - HK = r? is equivalent to showing that
H'IK is aright triangle. If there is a way to do this other than blyisg Problem
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2 independently, it must be quite difficult. At any rate, hesm/'G is not a cevian
of ABC, the Sawayama Lemma does not help when taking this approach.
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The Poncelet Pencil of Rectangular Hyperbolas

Roger C. Alperin

Abstract. We describe a pencil of rectangular hyperbolas depending on a trian-
gle and the relations of the hyperbolas with several triangle centers.

1. Isogonal Transforms

In this section we collect some background on the isogonal transform and its
connections to our study. The results are somewhat scattered in the literature so we
review some of the details necessary for our investigation.

The isogonal transformation determined by a triangle ABC'is a birational qua-
dratic transformation taking a general line to a conic passing through A, B, C. The
fixed points of this transformation are the incenter and excenters of the triangle, see
[2]; the vertices of the triangle are singular points. The isogonal transform of the
point P is denoted P’. The quadratic nature of the transform means that a pencil of
lines through P is transformed to a pencil of conics passing through A, B, C and
P,

Theorem 1. The pencil of lines through the circumcenter O is transformed to a
pencil of rectangular hyperbolas passing through the vertices and orthocenter H
of triangle ABC'. The centers of these rectangular hyperbolas lie on the Euler
circle.

Proof. The isogonal transform of O is O’ = H. Thus all the conics in the pencil
pass through A, B, C, H, an orthocentric set, i.e., any one of the points is the or-
thocenter of the other three. Hence the pencil of conics is a pencil of rectangular
hyperbolas.

It is a well-known theorem of Feuerbach [2] that a pencil of rectangular hyper-
bolas has a circle as its locus of centers.

The pencil has three degenerate rectangular hyperbolas. These are determined
by the lines through O and the vertices; the transform of, say O A is the reducible
conic consisting of the opposite sides BC together with H A, the altitude. These
reducible conics have centers at the feet of the altitudes (this also makes sense
when the triangle is equilateral); thus since the locus of centers is a circle it is the
Euler nine-point circle. O

Publication Date: February 22, 2010. Communicating Editor: Paul Yiu.



16 R. C. Alperin

We refer to this pencil of hyperbolas as the Poncelet pencil. The referee has
kindly pointed out that Poncelet discovered this pencil in 1822.

The points on the circumcircle of triangle ABC are sent by the isogonal trans-
form to points on the line at infinity in the projective plane. The isogonal transfor-
mation from the circumcircle to the line at infinity halves the angle of arc on the
circle, measuring the angle between the lines from O to the corresponding points at
infinity. The orientation of these angles is reversed by the isogonal transformation.

For every line ¢ at O the isogonal transform is a conic of the Poncelet pencil.
The intersections of ¢ with the circumcircle are transformed to the line at infinity;
thus antipodal points on the circumcircle are taken to asymptotic directions which
are consequently perpendicular. Hence again we see that the conics of the Poncelet
pencil are rectangular hyperbolas.

2. Parametrizations

Every point of the plane (other than A, B, C, H) is on a unique conic of the
Poncelet pencil. This gives a curious way of distinguishing the notable ‘centers’ of
a triangle. We give four ways of parameterizing this pencil.

tangent at H

isogonal transform of C

Figure 1. Parametrizations of hyperbolas in the Poncelet pencil
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2.1. Linesat O. Ouir first parametrization (via isogonal transform) uses the pencil
of lines passing through O; the isogonal transform of this pencil yields the Poncelet
pencil of rectangular hyperbolas.

2.2. Euler Point. A conic KC of the Poncelet pencil meets the Euler line at H and
a second time at e(K'), the Euler point. Intersections of a conic in a pencil with
a line affords an involution in general (by Desargues Involution Theorem), except
when the line passes through a common point of the pencil; in this case the Euler
line passes through H so e(K) is linear in K.

2.3. Tangents. Our third parametrization of the Poncelet pencil uses the tangents
at H, a pencil of lines at H.

2.4. Circumcircle Point. The intersection of the circumcircle with any hyperbola
of the Poncelet pencil consists of the vertices of triangle ABC' and a fourth in-
tersection ¢(K) called the circumcircle point of the hyperbola K. Our fourth
parametrization uses the circumcircle point.

For a point S on the circumcircle we determine S’ on the line at infinity. Then
the isogonal transform of OS’ is the hyperbola in the Poncelet pencil passsing
through S.

3. Notable Hyperbolas

We next give some notable members in the Poncelet pencil of rectangular hy-
perbolas.

3.1. Kiepert'shyperbola /Cy. The first Euler point is the centroid GG. Let L denote
the (Lemoine) symmedian point, L = G’. The isogonal transform of the line OL
is the Kiepert hyperbola. Let S be the center of Spieker’s circle; OLS’ lie on a line
[3] so S lies on this hyperbola.

3.2. Jerabek’s hyperbola 7. This is the isogonal transform of the Euler line OH.
Hence O = H’ and the symmedian point L = G’ lie on this hyperbola. Thus
c(Jk)" is the end (at infinity) of the Euler line.

Given a line m through O meeting Jerabek’s hyperbola at X, the isogonal
conjugate of X lies on the Euler line and on the isogonal of m = OX, hence
X' =e(m').

3.3. Feuerbach’s hyperbola F;,. Transform line OI where I denotes the incenter
to obtain this hyperbola. Since OTM’K” lie on a line where M is the Nagel point
and K is the Gergonne point [3], the Nagel and Gergonne points lie on Feuerbach’s
hyperbola. Feuerbach’s hyperbola is tangent to OT at I since I is a fixed point of
the isogonal transformation

The three excentral Feuerbach hyperbolas pass through the excenters, and hence
are tangent to the lines through O there, since the excenters are also fixed points of
the isogonal transformation (see Figure 2).
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Iy
euerbach

Feuérhach

Figure 2. The Feuerbach hyperbolas in the Poncelet pencil

The names for the next two conics are chosen for convenience. Huygens did use
a hyperbola however in his solution of Alhazen’s problem.

3.4. Huygens Hyperbola H,,. We define the isogonal transform of the tangent line
to Jerabek at O as Huygens’ hyperbola. Hence Huygens’ rectangular hyperbola is
tangent to the Euler line at H since O’ = H.

3.5. Euler’'s Hyperbola &,. This hyperbola corresponds to the end of the Euler
line using the parametrization by its second intersection with the Euler line. It
has the property that the isogonal transform is line OW for W = ¢(J) on the
circumcircle. The tangent at H meets circumcircle at .
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Remark. Here are the Euler points for the different hyperbolas mentioned:
e(Ho) = H, elK) =G, e(J) =0, e(&)=oc.

The Euler point of Feuerbach’s hyperbola is the Schiffler point, which is the com-
mon point of the Euler lines of the four triangles IBC, IC A, IAB, and ABC (see
[4]).

4. Orthic Poncelet pencil

Consider the locus X of duals of the Euler line of triangle ABC' in each conic
of the Poncelet pencil. We show next that this locus is a rectangular hyperbola in
the Poncelet pencil of the orthic triangle.

Eule Huygens Kiepe Jefabe

opthic Feuerbach

Euler line

Figure 3. Poncelet pencil with orthic Feuerbach

To see this we recall the close connection between the duality relation and con-
jugacy: every point P of a line £ is conjugate to the dual Q = ¢* of the line, since
the dual of P is a line through (). But the conjugacy relation is the same as isogo-
nal conjugacy, [1, §4]; thus the dual of the line ¢ in every conic of the pencil is the
same as the isogonal conjugate of the line with respect to the triangle of diagonal
points. In our situation here the quadrangle is A, B, C, H and its diagonal triangle
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is the orthic triangle of triangle ABC. Thus the locus K is a conic passing through
the vertices of the orthic triangle and it is the isogonal conjugate of the Euler line
of triangle ABC with respect to the orthic triangle.

Notice that the isogonal conjugate (with respect to the orthic triangle) of the
center of nine-point circle V is the orthocenter & of the orthic triangle, since the
circumcircle of the orthic triangle is the nine-point circle. Since N lies on the Euler
line then A lies on K since K is the isogonal conjugate of the Euler line. Thus the
conic KC is a rectangular hyperbola since it contains an orthocentric set. Since H,
A, B, C are the incenter and excenters of the orthic triangle, C is tangent to the
Euler line at H (see Figure 3). Thus this conic is a Feuerbach hyperbola of the
orthic triangle. If the triangle is acute, then the incenter is H.

Theorem 2. The locus of duals of the Euler line in the conicsin Poncelet pencil is
the Feuerbach hyperbola of the orthic triangle.

As a consequence if we consider the excentral triangle, the original triangle is
its orthic triangle. We obtain the following result.

Corollary 3. Feuerbach’'s hyperbola is the locus of duals of the Euler line of the
excentral triangle in the Poncelet pencil of the excentral triangle.

Remark. The Euler line of the excentral triangle is the line O1.
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A Maximal Parallelogram Characterization
of Ovals Having Circles as Orthoptic Curves

Nicolae Anghel

Abstract. It is shown that ovals admitting circles as orthoptic curves are pre-
cisely characterized by the property that every one of their points is the vertex of
exactly one maximal-perimeter inscribed parallelogram. This generalizes an old
property of ellipses, most recently revived by Connes and Zagier in the paper A
Property of Parallelograms Inscribed in Ellipses.

Let C be a centrally symmetric smooth strictly convex closed plane curve (oval
with a center). It has been known for a long time, see for instance [1], that if C is
an ellipse then among all the inscribed parallelograms those of maximal perimeter
have the property that any point of C is the vertex of exactly one. The proof given
in [1] makes it clear that this property is related to the fact that the Monge orthoptic
curve, i.e., the locus of all the points from where a given closed curve can be seen
at a right angle, of an ellipse is a circle.

The purpose of this note is to show that the maximal-perimeter property of par-
allelograms inscribed in centrally symmetric ovals described above for ellipses is
characteristic precisely to the class of ovals admitting circles as orthoptic curves.
For a parallel result, proved by analytic methods, see [2].

Theorem 1. Let C be a centrally symmetric oval. Then every point of C is the
vertex of an unique parallelogram of maximal perimeter among those inscribed in
C if and only if the orthoptic curve of C isacircle.

The proof of Theorem 1 will be an immediate consequence of the following
lemma.

Lemma 2. Let ABC'D be a parallelogram of maximal perimeter among those
inscribed in a given centrally symmetric oval C. Thenthetangent linestoC at A, B,
C, and D, formwith the sides of the parallelogram equal angles, respectively, (for
the ‘table’ C, the parallelogram is a billiard of period 4), and intersect at the vertices
of arectangle PQR.S, concentric to C (see Figure 1). Moreover, the perimeter of
the parallelogram ABC' D equals four times the radius of the circle circumscribed
about the rectangle PQRS.

Proof. The strict convexity and central symmetry of C imply that the center of
any parallelogram inscribed in C is the same as the center O of C. Therefore, any
parallelogram inscribed in C is completely determined by two consecutive vertices.
The function from C x C to [0, 00) which gives the perimeter of the associated

Publication Date: March 1, 2010. Communicating Editor: Paul Yiu.
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Figure 1. A maximal-perimeter inscribed parallelogram ABC D and its associ-
ated circumscribed rectangle PQRS

parallelogram being continuous, an inscribed parallelogram of maximal perimeter
always exists.

Let now ABC'D be such a parallelogram. In the family of ellipses with foci A
and C there is an unique ellipse £ such that C N & # (), but C N &' = () for any el-
lipse £’ in the family whose major axis is greater than the major axis of £. In other
words, £ is the largest ellipse with foci A and C intersecting C. Consequently, C
and &£ have the same tangent lines at any point in C N €. Notice that C N £ contains
at least two points, symmetric with respect to the center O of C. The maximality
of ABCD implies that B and D belong to C N £ and the familiar reflective prop-
erty of ellipses guarantees the reflective property with respect to the ‘mirror’ C of
the parallelogram ABC' D at the vertices B and D. A similar argument applied
to the family of ellipses with foci B and D yields the reflective property of the
parallelogram ABC D at the other two vertices, A and C.

Assume now that the tangent linesto C at A, B, C, and D, meetat P, ), R, and
S (see Figure 1). By symmetry, PQRS is a parallelogram with the same center as
C. The reflective property of ABC D and symmetry imply that, say AAPB and
ACQB are similar triangles. Consequently, the parallelogram PQRS has two
adjacent angles congruent, so it must be a rectangle.

Referring to Figure 1, let M be the midpoint of AB. Similarity inside AABC

shows that the mid-segment MO is parallel to BC and MO = BTC Now, in the

. . AB . — . .
right triangle APB, PM = BM = 5 since the segment P/ is the median
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relative to the hypotenuse AB. It follows that /M BP is congruent to /M PB,
as base angles in the isosceles triangle M BP. Since by the reflective property of

the parallelogram ABCD, /M BP is congruent to ZC BQ, the transversal BM

< — . _— -
cuts on BC and PM congruent corresponding angles, and so BC' is parallel to

S . . . AB + B
PM. In conclusion, the points P, M, and O are collinear and PO = LC

or equivalently the perimeter of ABC'D = 4PO = four times the radius of the
circle circumscribed about the rectangle PQR.S. Being inscribed in the rectangle
PQRS, clearly the oval C is completely contained inside the circle circumscribed
about PQRS.

As a byproduct of Lemma 2, in a centrally symmetric oval a vertex can be pre-
scribed to at most one parallelogram of maximal perimeter, in which case the other
vertices belong to the unique rectangle circumscribed about C and sharing a side
with the tangent line to C at the prescribed point. Such a construction can be
performed for any point of C but it does not always yield maximal-perimeter par-
allelograms. O

Figure 2. Ovals whose orthoptic curves are circles satisfy the maximal parallel-
ogram property

Proof of Theorem 1. Let p be the common perimeter of all the maximal paral-
lelograms inscribed in the oval C of center O. By Lemma 2, the vertices of the
rectangle PQRS associated to some maximal parallelogram ABC'D inscribed in
C all belong to the orthoptic curve of C and, at the same time, to the circle centered
at O and of radius %. So, when the orthoptic curve of C is a circle it must be the
circle of center O and radius §.

Assume now the existence of maximal-perimeter inscribed parallelograms for

all the points of C. If X is a point on the orthoptic curve of C and X A and X B,
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A, B € C, are the two tangent lines from X to C, then AB must be a side of the
maximal parallelogram inscribed in C and based at A, by Lemma 2. Again by
Lemma 2, XO = g, or X belongs to the circle centered at O and of radius %.

Conversely, let X be a point on the circle. Then X is located outside C and if XA
is one of the two tangent lines from X to C, A € C, and ABCD is the maximal-
perimeter inscribed parallelogram with associated circumscribed rectangle PQR.S,
f<’.S> = )TZL then P belongs to X)_(), PO =S50 = X0 = §,andso X = P, since

S ¢ AX. Thus, X belongs to the orthoptic curve of C.

Assume now the orthoptic curve of C is the circle with center O and radius £.
For a given point A € C, consider the inscribed parallelogram ABC D such that
the tangent lines to C at A, B, C, and D, intersect at the vertices of circumscribed
rectangle PQRS. By hypothesis, PO = QO = . We claim that the perimeter
of ABC D equals p, so ABC' D will be the maximal-perimeter inscribed parallel-
ogram based at A. On the one hand, AB + BC' < §. On the other hand,

AB + BC > min (AY +YC)
YePQ

This minimum occurs exactly at the point Z € PQ where AF, F the symmetric
point of C' with respect to PQ), intersects PQ (see Figure 2). By construction,
/AZP is congruent to ZCZ(@Q, and then an argument similar to that given in
Lemma 2 shows that C'Z is parallel to PO and AZ + CZ = 2PO = 5. Asa
result, AB + BC > g, which concludes the proof of the Theorem. O

We end this note with an application to the Theorem. It gives a ‘quarter-oval’
geometric description of the centrally symmetric ovals whose orthoptic curves are
circles.

Corollary 3. Let C be an oval with center O, having a circle I' centered at O as
orthoptic curve. By continuity, there is a point W € C such that the associated
maximal-perimeter inscribed parallelogram is a rhombus, WNES (see Figure
3). Then C is completely determined by the quarter-oval W N according to the
following recipe:

> <

(a) Consider the coordinate system centered at O, with axes WO and ON, and
such that the quarter-oval W N is situated in the third quadrant and the circle I"
hasradius vOW? + ONZ2. . .

(b) For an arbitrary point A €W N, the tangent line l to WN at A and the
parallel line to I through C', the symmetric point of A with respect to O, intersect
mcircle I" in two points, P, respectively Q, situated on the same side of the line
ACasN. |

(c) Theline AF, F being the symmetric point of C with respect to PQ), intersects
PQinapoint T(A). -

Thenthetransformation WN> A —— T'(A) sendsbijectively and clockwisein-
creasingly the quarter-oval 1W N onto the portion of C situated in the first quadrant
of the coordinate system, in fact another quarter-oval, N E. Moreover, symmetry
with respect to O of the half-oval W N E' completes the oval C.
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Figure 3. Construction of oval whose orthoptic curve is a circle, from quarter-oval

The proof of the Corollary is a simple consequence of all the facts considered in
the proof of the Theorem.

An obvious question is this: ‘Under what circumstances can a smooth quarter-
oval situated in the third quadrant of a coordinate system be completed, as in the
Corollary, to a full oval whose orthoptic curve is a circle?” The answer to this
question has two components:

() The quarter-oval must globally satisfy a certain curvature growth-condition,
which amounts to the fact that the transformation ‘abscissa of A — abscissa of
T'(A)” must be strictly increasing.

(b) The curvatures of the gquarter-oval at the end-points must be related by a
transmission condition guaranteeing the smoothness of the full oval at those points.

These matters are better addressed by analytic methods and in keeping with the
strictly geometric character of this note they will not be considered here.
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On the Inradius of a Tangential Quadrilateral

Martin Josefsson

Abstract. We give a survey of known formulas for the inradius r of a tangential
quadrilateral, and derive the possibly new formula

r— 9 (M — wvz)(M — vzy)(M — zyu)(M — yuv)
wvzy(uwv + zy) (uz + vy) (uy + vo)

where u, v, x and y are the distances from the incenter to the vertices, and
M = %(uvx + vzy + xyu + yuv).

1. Introduction

A tangential quadrilateral * is a convex quadrilateral with an incircle, that is, a
circle which is tangent to all four sides. Not all quadrilaterals are tangential. The
most useful characterization is that its two pairs of opposite sides have equal sums,
a+ c= b+ d, where a, b, cand d are the sides in that order [1, pp. 64-67]. 2

Figure 1. Klamkin’s problem

It is well known that the inradius » of the incircle is given by

r = —
S

where K is the area of the quadrilateral and s is the semiperimeter®. The area of a

tangential quadrilateral ABC D with sides a, b, ¢ and d is according to P. Yiu [10]

Publication Date: March 22, 2010. Communicating Editor: Paul Yiu.

10ther names for these quadrilaterals are circumscriptible quadrilateral [10], circumscribable
quadrilateral [9] and circumscribed quadrilateral [4].

2There exists a lot of other interesting characterizations, see [9] and [7].

3This formula holds for all polygons with an incircle, where K in the area of the polygon.
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given by*

K = vVabed sinA;C.

From the formulas for the radius and area we conclude that the inradius of a tan-
gential quadrilateral is not determined by the sides alone; there must be at least one
angle given, then the opposite angle can be calculated by trigonometry.

Another formula for the inradius is

efg+ fgh+ ghe + hef
r =
e+ f+g+h

where ¢, f, g and h are the distances from the four vertices to the points where
the incircle is tangent to the sides (see Figure 1). This is interesting, since here the
radius is only a function of four distances and no angles! The problem of deriving
this formula was a quickie by M. S. Klamkin, with a solution given in [5].

Figure 2. Minkus’ 5 circles

If there are four circles with radii rq, ro, r3 and r4 inscribed in a tangential
quadrilateral in such a way, that each of them is tangent to two of the sides and the
incircle (see Figure 2), then the radius r of the incircle is a root of the quadratic
equation

1% — (/1172 + /7173 + \/T1T4 + /7213 + /Tord + \/T375) 7+ \/T17T2r374 = 0

according to J. Minkus in [8, editorial comment].®

In [2, p.83] there are other formulas for the inradius, whose derivation was only
a part of the solution of a contest problem from China. If the incircle in a tangential
quadrilateral ABCD is tangent to the sides at points W, X, Y and Z, and if E,

A long synthetic proof can be found in [4]. Another way of deriving the formula is to use the
formula K = \/(s —a)(s —b)(s — c)(s — d) — abed cos? A£€ for the area of a general quadri-

lateral, derived in [10, pp.146-147], and the characterization a + ¢ = b + d.

5The corresponding problem for the triangle is an old Sangaku problem, solved in [8], [3, pp. 30,
107-108.].
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F, G and H are the midpoints of ZW, WX, XY and Y Z respectively, then the
inradius is given by the formulas

r=vAI .- IE=+BI-IF =\/CI-IG =vVDI-ITH

where [ is the incenter (see Figure 3). The derivation is easy. Triangles /T A and
IEW are similar, so 47 = % which gives the first formula and the others follow
by symmetry.

Figure 3. The problem from China

The main purpose of this paper is to derive yet another (perhaps new) formula
for the inradius of a tangential quadrilateral. This formula is also a function of only
four distances, which are from the incenter I to the four vertices 4, B, C and D
(see Figure 4).

Figure 4. The main problem

Theorem 1. If u, v, x and y are the distances from the incenter to the vertices of a
tangential quadrilateral, then the inradius is given by the formula

- 2\/(M—uva:)(M—vxy)(M—xyu)(M_yuv)

woxy(uv + zy)(uxr + vy) (uy + vr) @)
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where
UV + VY + TYU + Yyuv
5 .

Remark. It is noteworthy that formula (1) is somewhat similar to Parameshvaras’
formula for the circumradius R of a cyclic quadrilateral, ©

M =

R— 1\/(ab + cd)(ac + bd)(ad + be)

4\ (s—a)(s=b)(s—c)(s—d)

where s is the semiperimeter, which is derived in [6, p.17].

2. Preliminary resultsabout triangles

The proof of formula (1) uses two equations that holds for all triangles. These
are two cubic equations, and one of them is a sort of correspondence to formula
(1). The fact is, that while it is possible to give r as a function of the distances
Al, BI, CI and DI in a tangential quadrilateral, the same problem of giving r
as a function of AI, BI and C1 in a triangle ABC'is not so easy to solve, since
it gives a cubic equation. The second cubic equation is found when solving the
problem, in a triangle, of finding an exradius as a function of the distances from
the corresponding excenter to the vertices.

Lemma 2. If x, y and z are the distances from the incenter to the vertices of a
triangle, then the inradius r is a root of the cubic equation

2ryzr® + (2%y? 4+ y?2% + 22a%)r? — ¥y = 0. (2

Figure 5. The incircle

A quadrilateral with a circumcircle.
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Proof. If «, 8 and ~ are the angles between these distances and the inradius (see
Figure 5), we have o + 3 + v = m, S0 cos (o + ) = cos (m — ) and it follows
that cos avcos 3 —sin asin 3 = — cos~y. Using the formulas cosa = =, cos § =

y
and sin a + cos® o = 1, we get

ror_ ot ot

Ty x2 Y2 z
or

e AR )

Ty oz xy '

Multiplying both sides with zyz, reducing common factors and squaring, we get
(zr? + zyr)? = 22 (2 — ) (y* — r?)
which after expansion and simplification reduces to (2). O

Lemma 3. If u, v and z are the distances from an excenter to the vertices of a
triangle, then the corresponding exradius r.. is a root of the cubic equation

Quvzrs — (u?v? 4+ 0222 4+ 22u?)r? + w2 = 0. (3)

c

Figure 6. Excircle to triangle ABC and incircleto ABDE

Proof. Define angles «, 3 and ~ to be between u, v, z and the sides of the triangle
ABC or their extensions (see Figure 6). Then 2aa+ A = 7, 26+ B = 7 and
2~y = C. From the sum of angles in a triangle, A + B + C = m, this simplifies to
a4+ = 5 +7. Hence cos (o + ) = cos (5 + ) and it follows that cos cv cos 5 —
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sinasin 3 = —sin~. For the exradius r., we have sina = %, sin ==

o
siny = T—;, and so
\/1 r?\/ 2 ore 1. Te
u? v2  u w z

This can, in the same way as in the proof of Lemma 2, be rewritten as

22(u2 — 7“3)(112 — 7“3) = (zrz — uvrc)2

which after expansion and simplification reduces to (3). O

3. Proof of thetheorem

Given a tangential quadrilateral ABDE where the distances from the incenter
to the vertices are u, v,  and y, we see that if we extend the two sides DB and £ A
to meet at C, then the incircle in ABDE is both an incircle in triangle C DE and
an excircle to triangle ABC (see Figure 6). The incircle and the excircle therefore
have the same radius r, and from (2) and (3) we get that

2wyzr® + (2%y? 4+ y?2% + 22a%)r? — 2?y?? = 0, (4)

Quvzrd — (u*v? + 0222 + 22u?)r? + utv?2? = 0. (5)
We shall use these two equations to eliminate the common variable z. To do so,
equation (4) is multiplied by uv and equation (5) by xy, giving

uvayzrs + uwv(z?y? + 1222 + 222)r? — wvr?y?2? = 0,

2uv:ryzr3 — xy(u202 + 0222 + 22u2)r2 =+ xyu2v2z2 = 0.

Subtracting the second of these from the first gives

2 2

(uv(m2y2 + 9222 + 2227 + zy(uo? + 0?22 + 22u2)) r?—wvz?y? 22 —ryue?2? = 0

from which it follows
wozyr? (zy+uwv)+2* (wy? + wz® + zyv® + ayu®)r? — wozy(zy + uv)) = 0.
Solving for 22,

9 wvry(uv + xy)r?
zt = . (6)
wozy(uv + zy) — r2(uwvy? + wox? + zyv? + ryu?)

Now we multiply (4) by «?v? and (5) by x2%2, which gives

2utvizyer® + u?v? (2%y? + Y22 + 222?)r? — uPvPay?? = 0,

2x2y2uvzr3 — w2y2(u2v2 + 022 + z2u2)r2 =+ u2v2x2y2z2 = 0.
Adding these we get
2uvzyz(uww + zy)rd + (uv?y? + u?v?z? — 2%y?0? — 2%y*u?)22r? =0

and since zr2 # 0 this reduces to

2uvzy(uv + zy)r + (u?vy? + u?o’z? — 22y*0® — 2%y%u?)z = 0.
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Solving for z, we get

2uvzy(uv + zy)r
2

= T w202y + 20222 — 22920 — 2yPul
Squaring and substituting 22 from (6), we get the equality

wvry(uv + zy)r?

wory(uv + zy) — r2(uvy? + wwr? + ryv? + ryu?)
4 (wwzy(uww + zy))? r?
(2022 1 u2v2a? — 22y%0? — 22y2u2)

2 )
which, since uvzy(uv + zy)r? # 0, rewrites as

duvzy(uv + zy) (ue(ve + uy) + vy(uy + ve)) r?

= Quvzy(uv + zy))* — (WPv?y? + u®v?2® — 2?y*0® — ?y*u®)?.

What is left is to factor this equation. Using the basic algebraic identities a® — %> =
(a+0b)(a—1b), a® +2ab+ b*> = (a + b)? and a® — 2ab + b? = (a — b)? we get
duvzy(uv + zy) (uy + ve) (uz + vy)r?
= (2uwvzy(uv + zy) + (wy)? + (wz)? — (zyv)? — (zYu)?)
2+ (zyo)? + (zyu)?)
= ((wy + wz)? — (zyv — ayu)?) ((zyv + zyu)? — (wwy — vvs)?)

- (2uvzy(uv + zy) — (uvy)? — (uvz)

= ((uwvy + wzx + xyv — zyu)(uvy + wvr — TYv + TYU))
- ((zyv + zyu + wvy — vox)(zyv + ryu — wvy + wve)) . 7
Now using M = %(uwf + vy + ryu + yuv) we get
wvy + vz + xyv — xyu = (wvz + vy + xyu + yuv) — 2xyu = 2(M — xyu)
and in the same way
wvy + uvr — xyv + xyu = 2(M — vxy),
xyv + xyu + woy — wvr = 2(M — uvx),
xyv + xyu — woy + wwr = 2(M — uvy).
Thus, (7) is equivalent to
duvzy(uv + zy) (uy + va) (uz + vy)r?
=2(M — uzy) - 2(M —vzy) - 2(M — wvz) - 2(M — uvy).

Hence
2 4(M — uzxy)(M — vay)(M — wvz)(M — uvy)
wozy(uv + zy)(uy + vx) (ur + vy)
Extracting the square root of both sides finishes the derivation of formula (1).
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Some Triangle Centers Associated with the Circles
Tangent to the Excircles

Boris Odehnal

Abstract. We study those tritangent circles of the excircles of a triangle which
enclose exactly one excircle and touch the two others from the outside. It turns
out that these three circles share exactly the Spieker point. Moreover we show
that these circles give rise to some triangles which are in perspective with the
base triangle. The respective perspectors turn out to be new polynomial triangle
centers.

1. Introduction

Let T := ABC be atriangle in the Euclidean plane, and I',, T', T, its excircles,
lying opposite to A, B, C respectively, with centers I, I, I. and radii rq, 7y, 7.
There are eight circles tangent to all three excircles: the side lines of T (considered
as circles with infinite radius), the Feuerbach circle (see [2, 4]), the so-called Apol-
lonius circle (enclosing all the three excircles (see for example [3, 6, 9]), and three
remaining circles which will in the following be denoted by /C,,, Ky, K.. The circle
K, is tangent to ', and externally to T', and T'.; similarly for K, and /C... The radii
of these circles are computed in [1]. These circles have the Spieker center X4 as
a common point. In this note we study these circles in more details, and show that
the triangle of contact points K, , K , K. . is perspective with T. Surprisingly, the
triangle M, M, M. of the centers these circles is also perspective with T.

2. Main results

The problem of constructing the circles tangent to three given circles is well
studied. Applying the ideas of J. D. Gergonne [5] to the three excircles we see
that the construction of the circles /C, etc can be accomplished simply by a ruler.
Let K, ; be the contact point of circle I', with K, and analogously define the
remaining eight contact points. The contact points K ,, K 4, K., are the inter-
sections of the excircles I, I'y, ' with the lines joining their contact points with
the sideline BC to the radical center radical center of the three excircles, namely,
the Spieker point

Xio=((b+c:c+a:a+b)

Publication Date: April 20, 2010. Communicating Editor: Paul Yiu.
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in homogeneous barycentric coordinates (see for example [8]). The circle I, is
the circle containing these points (see Figure 1). The other two circle X, and £,

can be analogously constructed.

Figure 1. The circle i,

Let s := $(a+ b = c) be the semiperimeter. The contact points of the excircles
with the sidelines are the points

Aa=0:s=b:s—c), Bo=(—(s=0):0:5), Co=(—(s—c):5:0);
Ay =(0:—(s—a):s), Bp=(s—a:0:s—c¢), Cpo=(s:—(s—¢):0);
Ac=0:c:—(s—a)), B.=(s:0:—(s=b)), C.=(s—a:s—0:0).

A conic is be represented by an equation in the form =T M2 = 0, where 27 =
(o x1 x2) is the vector collecting the homogeneous barycentric coordinates of a
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Figure 2.

point X, and M is a symmetric 3 x 3-matrix. For the excircles, these matrices are

52 s(s—c¢) s(s —b)
M, =|s(s—¢) (s —c)? —(s=b)(s—c¢) |,
s(s—=b) —(s—b)(s—c) (s — b)?

(s —c)? s(s—¢) —(s—a)(s—c)

M, = s(s —c¢) 52 s(s —a) ,
—(s—a)(s—c) s(s—a) (s —a)?
(s —b)? —(s—a)(s—0b) s(s—b)
M.=|—-(s—a)(s—0) (s —a)? s(s—a)
s(s —b) s(s—a) 52

Itis elementary to verify that the homogeneous barycentrics of the contact points
are given by:
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Kua = (—(b+cP(s—b)(s—c) : s(s — b) : Ps(s —c)),
Kop = (—%s(s—b): (c+a)’*(s—b)(s—c): (as+bc)?),
Koo = (—Ws(s—c): (as+b0) : (a+ B)2(s — b)(s — )
Ky, = ((b+ 0)2(8 a)(s— c) —c?s(s—a): (bs +ac)?),
Ky = (@s(s—a): —(c+a)(s—a)(s—):a®s(s— <)), (1
Kpe = ((bs+ac)?: —a28(s —c): (a+ b)Q(s )(s —¢));
Keo = ((b+0)%(s—a)(s—b): (cs+ab)?: —b*s(s — a)),
Kep = ((es+ ab)2 : (c +a)®(s —a)(s —c) : —a®s(s — b)),
Kee = (Ps(s—a): a®s(s —b) : —(a + b)*(s — a)(s — b)),

Theorem 1.
The triangle K, o K K. . of contact points is perspective with T at a point with
homogeneous barycentric coordinates

s—a s—b s—c
<(12:b2:62>. 2

Proof. The coordinates of K, , K5, K. . can be rewritten as

2(g— — _ —
Koo = (-&rse=g, b, sge),
2 —_ — .
Ky = (5 —Relfned o) ®3)
K _ s—a . s—b . _ (a+b)*(s—a)(s—b)
c,e — a2 2 ¢ a2b?s

From these, it is clear that the lines AK, ., BKjy, CK.. meet in the point
givenin (2). O

Remark. The triangle center P is not listed in [7].

Theorem 2.
Thelines AK, o, BK, 3, and CK, . are concurrent.

Proof. The coordinates of the points K, ,, K, 3, K, . can be rewritten in the form

F: —+c 2 S— S—cC S— s—c
a,a = )b(2c2l;)( ) Lz ° C e )> ’
K s(s—b)(s—c c+a)? s—c)? s—c
ab = ((asb+)l()c)2 : : ( )2((as+bb)2()2 ) : c2 ) (4)
K s(s—b)(s—c) . s— a+b)2(s—b)2(s—c
a,c ((as+)l(70)2 ) : b2 : : 4 b)2(Ezs+b)c)(2 )) '

From these, the lines AK, ,, BK,, and CK, . intersect at the point

(_s(s—b)(s—c)_ s—b s—c>'

(as+bc)2 = b2 T 2

Let M; be the center of the circle IC;.
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Theorem 3.
Thetriangle My M- Mj is perspective with T at the point

1

<—a5 —at(b+c)+a3(b—c)? 4+ a?(b+ c)(b? + ¢2) + 2abe(b? + be + ¢2) + 2(b + ¢)b?c?

Figure 3.

Proof. The center of the circle IC, is the point

M, = —2a*(b+ ¢) — a®(4b> + 4bc + 3¢*) + a*(b+ ) (b* + ) — (b + ¢ — a)(* — &°)?
c =" —cMa+b) +E(a—b)?+ P (a+b)(a® +b%) + 2abe(a® + ab + b%) + 20> (a + b)

:—b° — b (c+a) +b%(c—a)’ + b7 (c+ a)( + a®) + 2abe(c® + ca + a®) + 2¢%d* (¢ + a).
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Similarly, the coordinates of M; and M. can be written down. From these, the
perspectivity of T and M, M, M. follows, with the perspector given above. O
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Conics Tangent at the Verticesto Two Sides of a Triangle

Nikolaos Dergiades

Abstract. We study conics tangent to two sides of a given triangle at two ver-
tices, and construct two interesting triads of such conics, one consisting of parabo-
las, the other rectangular hyperbolas. We also construct a new triangle center, the
barycentric cube root of X55, which is the homothetic center of the orthic and
tangential triangles.

1. Introduction

In the plane of a given triangle ABC, a conic is the locus of points with homo-
geneous barycentric coordinates = : y : z satisfying a second degree equation of
the form

fa® + gy® + h2® + 2pyz + 2qzx + 2hay = 0, (1)

where f, g, h, p, q, r are real coefficients (see [4]). In matrix form, (1) can be
rewritten as

fr q T
(xyz)rgp y| =0.
qg p h z

If we have a circumconic, i.e., a conic that passes through the vertices A, B, C,
then from (1), f = g = h = 0. Since the equation becomes pyz + qzx + rxy = 0,
the circumconic is the isogonal (or isotomic) conjugate of a line.

If the conic passes through B and C', we have ¢ = h = 0. The conic has
equation

fx? 4+ 2pyz + 2qzz + 2ray = 0. 2

2. Conictangent totwo sidesof ABC

Consider a conic given by (2) which is tangent at B, C' to the sides AB, AC. We
call this an A-conic. Since the line AB has equation z = 0, the conic (2) intersects
AB at (x : y : 0) where z(fx + 2ry) = 0. The conic and the line are tangent at
B only if » = 0. Similarly the conic is tangent to AC at C only if ¢ = 0. The
A-conic has equation

fa? + 2pyz = 0. (3)

Publication Date: May 3, 2010. Communicating Editor: Paul Yiu.
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We shall also consider the analogous notions of B- and C'-conics. These are
respectively conics with equations

gy? +2qzx =0, hz?+ 2rzy = 0. 4)
If triangle ABC is scalene, none of these conics is a circle.

Lemma 1. Let BC be a chord of a conic with center O, and M the midpoint of
BC'. If the tangents to the conic at B and C intersect at A, then the points A, M,
O are collinear.

Figure 1.

Proof. The harmonic conjugate S of the point M relative to B, C is the point
at infinity of the line BC'. The center O is the midpoint of every chord passing
through O. Hence, the polar of O is the line at infinity. The polar of A is the line
BC (see Figure 1). Hence, the polar of S is a line that must pass through O, M
and A. O

From Lemma 1 we conclude that the center of an A-conic lies on the A-median.
In the case of a parabola, the axis is parallel to the median of ABC since the center
is a point at infinity. In general, the center of the conic (1) is the point

1 r q| |f 1 q| |f r 1
1 g pl:jr 1 pl:|r g 1]]. (5)
1 p hl |gq 1 h| |¢g p 1

Hence the centers of the A-, B-, C'-conics given in (3) and (4) are the points (p :
f:f)(g:q:g),and h: h:r) respectively.

We investigate two interesting triads when the three conics (i) are parabolas, (ii)
rectangular hyperbolas, and (iii) all pass through a given point P = (u : v : w),
and shall close with a generalization.
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3. A triad of parabolas

The A-conic (3) is a parabola if the center (p : f : f) is on the line at infinity.
Hence, p + f + f = 0, and the A-parabola has equation z? — 4yz = 0. We label
this parabola #2,. Similarly, the B- and C-parabolas are &, : y? — 4zx = 0 and
P . 2> — 4y = 0 respectively. These are also known as the Artzt parabolas (see
Figure 2).

3.1. Congtruction. A conic can be constructed with a dynamic software by locat-
ing 5 points on it. The A-parabola Z2, clearly contains the vertices B, C', and the
points M, = (2:1:1),P,=(4:1:4)and P. = (4 : 4 : 1). Clearly, M, is the
midpoint of the median AA4, and P,, P, are points dividing the medians B B; and
CC intheratio BP, : P,B1=CP.: P.Ci =8 : 1.

Similarly, if M,, M. are the midpoints of the medians BB; and C'C1, and P,
divides AA; inthe ratio AP, : P,A; = 8 : 1, then the B-parabola &7, is the conic
containing C, A, M,, P., P,, and the C-parabola &2, contains A, B, M., P,, P.

3]7 A \\
Figure 2.

Remarks. (1) P,, Py, P. are respectively the centroids of triangles GBC, GC A,
GAB.

(2) Since A, is the midpoint of BC' and M, A; is parallel to the axis of Z,,
by Archimedes’ celebrated quadrature, the area of the parabola triangle M,BC'is
3-AM,BC = 2-AABC.

(3) The region bounded by the three Artzt parabolas has area 2% of triangle
ABC.

3.2. Foci and directrices. We identify the focus and directrix of the A-parabola
Z,. Note that the axis of the parabola is parallel to the median AA;. Therefore,
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the parallel through B to the median AA; is parallel to the axis, and its reflection
in the tangent A B passes through the focus F,. Similarly the reflection in AC' of
the parallel through C' to the median A A; also passes through F7,. Hence the focus
F, is constructible (in the Euclidean sense).

Let D, E be the orthogonal projections of the focus F,, on the sides AB, AC,
and D', E’ the reflections of F, with respect to AB, AC. It is known that the
line DE is the tangent to the A-parabola &2, at its vertex and the line D'E’ is the
directrix of the parabola (see Figure 3).

Figure 3.

Theorem 2. The foci F,, Fy, F. of the three parabolas are the vertices of the
second Brocard triangle of ABC and hence are lying on the Brocard circle. The
triangles ABC and F, F, F, are perspective at the Lemoine point K.

Proof. With reference to Figure 3, in triangle ADE, the median AA; is parallel to
the axis of the A-parabola &2,. Hence, AA; is an altitude of triangle ADE. The
line AF, is a diameter of the circumcircle of ADE and is the isogonal conjugate
to AA;. Hence the line AF, is a symmedian of ABC, and it passes through the
Lemoine point K of triangle ABC.

Similarly, if F, and F are the foci of the B- and C-parabolas respectively, then
the lines BF;, and C'F, also pass through K, and the triangles ABC and F, FyF,
are perspective at the Lemoine point K.

Since the reflection of BF,, in AB is parallel to the median AA;, we have

/F,BA=/D'BA=/BAA, = /F,AC, (6)
and the circle F, AB is tangent to AC' at A. Similarly,
/ACF, = ZACE' = /A1AC = /BAF,, @)
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and the circle F,C' A is tangent to AB at A. From (6) and (7), we conclude that the
triangles F,AB and F,C A are similar, so that

/AF,B=/CF,A=7—A and /BF,C =2A. (8)

Al

Figure 4.

If O is the circumcenter of ABC and the lines AF,, C'F,, meet the circumcircle
again at the points A’, C” respectively then from the equality of the arcs AC” and
BA’, the chords AB = A’C’. Since the triangles ABF, and A’C'F, are similar to
triangle C AF,, they are congruent. Hence, F, is the midpoint of AA’, and is the
orthogonal projection of the circumcenter O on the A-symmedian. As such, itison
the Brocard circle with diameter O K. Likewise, the foci of the B- and C-parabolas
are the orthogonal projections of the point O on the B- and C-symmedians respec-
tively. The three foci form the second Brocard triangle of ABC. O

Remarks. (1) Here is an alternative, analytic proof. In homogeneous barycentric
coordinates, the equation of a circle is of the form

a?yz + b*zx + oy — (x +y+ 2)(Pr + Qy + Rz) = 0,

where a, b, c are the lengths of the sides of ABC, and P, (), R are the powers of
A, B, C relative to the circle. The equation of the circle F, AB tangent to AC at
Alis

a*yz + b2z + Fay — Az 4+ y+ 2)2z =0, 9)
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and that of the circle F,C' A tangentto AB at A is

a’yz 4+ b2z + oy — A +y + 2)y = 0. (10)
Solving these equations we find

F,= b4+ —a?: 0% : A).
It is easy to verify that this lies on the Brocard circle
a’b?c? T z

m(z+y+z) (¥+b—2+c—2) =0.
(2) This computation would be more difficult if the above circles were not tan-

gent at A to the sides AC' and AB. So it is interesting to show another method. We
can get the same result, as we know directed angles (defined modulo ) from

0 =(F,B,F,C)=2A, ¢=(F,C,F,A)=-A, ¢ =(FAF,B)=—-A.
Making use of the formula given in [1], we obtain
- ( 1 . 1 ' 1 )
¢ cot A —cotf ~cot B—coty cotC — cotep
— 1 . 1 . 1
B (cotA —cot2A4 " cot B+ cot A " cot C + cotA>
sin Asin2A sin Asin B sin AsinC

- ( sinA sin(A+ B) sin(4+ C’))
= (2cos Asin Bsin C : sin® B : sin® C)
= B+ —d?: 0 AP

a®yz + bPzx + Aoy — Y

4. Rectangular A-, B-, C-hyperbolas

The A-conic fz? + 2pyz = 0 is a rectangular hyperbola if it contains two
orthogonal points at infinity (1 : y1 : z1) and (z2 : y2 : 22) Where

r1+y1+21=0 and xo+ys+ 20 =0.
and . Putting z = sy and z = —(z + y) we have fs?> — 2ps — 2p = 0 with roots
51+ 852 = 27” and s1s9 = —277’. The two points are orthogonal if
Sazixe + Spyry2 + Scz122 = 0.

Fromthis, Sazi1z2+Spy1y2+Sc(z1+y1)(x2+y2) =0, Sasis2+Sp+Sc(s1+
1)(s2+1) =0, and

p_SB-l-Sc_ a®

f 254 242 —a?
This gives the rectangular A-hyperbola
Ha (b + 2 — a®)x? + 2a2yz = 0,

with center

Oy = (a®: 0> + % —a®: b* + & —d?).
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This point is the orthogonal projection of the orthocenter H of ABC on the A-
median and lies on the orthocentroidal circle, i.e., the circle with diameter GH.
Similarly the centers Oy, O, lie on the orthocentroidal circle as projections of H
on the B-, C-medians. Triangle O,0,0. is similar to the triangle of the medians
of ABC (see Figure 5).

The construction of the A-hyperbola can be done since we know five points of
it: the points B, C, their reflections B’, C’ in O,, and the othocenter of triangle
B'BC.

Figure 5.

5. Triad of conics passing through a given point

Let P = (u : v : w) be a given point. We denote the A-conic through P by
(Ap); similarly for (Bp) and (Cp). These conics have equations

vwz? — quz =0, wuy2 —v?zr = 0, wvz? — w2my =0.

Let XY Z be the cevian triangle of P and X'Y’Z’ be the trillinear polar of P
(see Figure 6). It is known that the point X’ is the intersection of Y Z with BC,
and is the harmonic conjugate of X relative to the points B, C; similarly for Y’
and Z’ are the harmonic conjugates of Y and Z relative to C, A and A, B. These
points have coordinates

X' =0:-v:w), YV =w:0:-w), Z' =(-u:v:0),
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and they lie on the trilinear polar

E + g + i =0.
u v w
Now, the polar of A relative to the conic (Ap) is the line BC'. Hence, the polar
of X’ passes through A. Since X is harmonic conjugate of X" relative to B, C, the
line AX is the polar of X’ and the line X’ P is tangent to the conic (Ap) at P.

Figure 6.

Remark. The polar of an arbitrary point or the tangent of a conic at the point P =
(u: v :w) is the line given by

fr q u
(z y 2)r g p||v]=0
q p h) \w

Hence the tangent of (Ap) at P is the line

20w 0 0 U
(x Y z) 0 0 —u? v | =0,
0 —u?> 0 w

or 2vwz — wuy — uvz = 0. This meets BC at the point X’ = (0 : —v : w) as
shown before.
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5.1. Construction of the conic (Ap). We draw the line YZ to meet BC' at X'
Then X'P is tangent to the conic at P. Let this meet AC and AB at F and F
respectively. Let M- and M3 be the midpoints of PB and PC. Since AB, AC
and E'F are tangents to (Ap) at the points B, C, P respectively, the lines E M3 and
F M5, meet at the center O, of the conic (Ap). If B’, C’ are the symmetric points
of B, C relative to O,, then (Ap) is the conic passing through the five points B,
P,C, B, C.
The conics (Bp) and (Cp) can be constructed in a similar way.

Figure 7.

In the special case when P is the centroid G of triangle ABC, X' is a point at
infinity and the line Y Z is parallel to BC. The center O, is the symmetric A’ of A
relative to G. It is obvious that (Ap) is the translation of the Steiner circumellipse
(with center G), by the vector AG; similarly for (Bp), (Cp) (see Figure 7).

Theorem 3. For an arbitrary point Q the line X’(Q intersects the line AP at the
point R, and we define the mapping ~(Q) = S, where S isthe harmonic conjugate
of @ with respect to X’ and R. The mapping /& swaps the conics (Bp) and (Cp).

Proof. The mapping & is involutive because h(Q) = S if and only if A(S) = Q.
Since the line AP is the polar of X' relative to the pair of lines AB, AC we have
h(A) = A, h(P) = P, h(C) = B, so that h(AB) = AC, and h(BC) = CB.
Hence, the conic h((Bp)) is the one passing through A, P, B and tangent to the
sides AC, BC at A, B respectively. This is clearly the conic (Cp). O

Therefore, a line passing through X’ tangent to (Bp) is also tangent to (Cp).
This means that the common tangents of the conics (Bp) and (Cp) intersect at X'.

Similarly we can define mappings with pivot points Y, Z’ swapping (Cp), (Ap)
and (Ap), (Bp).
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Consider the line X'P tangent to the conic (Ap) at P. It has equation
—2vwzx + wuy + uvz = 0.

This line meets the conic (Bp) at the point X;, = (u : —2v : 4w), and the conic
(Cp) at the point X, = (u : 4v : —2w).

Similarly, the tangent Y’ P of (Bp) intersects (Cp) againat Y. = (4u : v : —2w)
and (Ap)againatY, = (—2u : v : 4w). The tangent Z’ P of (Cp) intersects (Ap)
againat Z, = (—2u : 4v : w) and (Bp) again at Z, = (4u : —2v : w) respectively.

Theorem 4. Theline Z,Y, isa common tangent of (Bp) and (Cp), sois X .Z, of
(Cp)and (Ap),and Y, X} of (Ap) and (Bp).

Figure 8.

Proof. We need only prove the case Y.Z;,. The line has equation
vwz + dwuy + duvz = 0.

This is tangent to (Bp) at Z;, and to (Cp) at Y, as the following calculation con-
firms.

0 0 v? 4u VW
0 —2wu 0 —2v | =v|4wu |,
v2 0 0 w 4uv
0 w? 0 4u VW
w? 0 0 v =w | 4wu
0 0 —2uvw —2w 4uv

O
Theorem 5. The six points X, X, Y., Y,, Z4, Z, lieon a conic (see Figure 7).

Proof. It is easy to verify that the six points satisfy the equation of the conic

202w?z? + 2w?uty? + 2u*v? 22 + TuPvwyz + Tuvtwze + Tuwww?zy = 0, (11)
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which has center

(u(—11u + Tv + Tw) : v(Tu — 11v + Tw) : w(Tu + Tv — 11w)).

Remark. The equation of the conic (11) can be rewritten as

u?(20? — Tow + 2w?)yz + v?(2w? — Twu + 2u?)zz + w?(2u® — Tuv + 20?)zy
—2(x +y + 2) (v w?r + wuly + u?v?z) = 0.

This is a circle if and only if

u?(20% — Tow + 2w?) Vv (2w? — Twu 4 2u?)  w?(2u? — Tuv + 20?)

a? N b2 N c2 '
Equivalently, the isotomic conjugate of P, namely, (1 : 1 : 1) is the intersection
of the three conics defined by

2y? — Tyz + 222 222 — Tzx + 222 222 — Taoy + 242
a? B b2 - c? '

5.2. Thetype of thethreeconics (Ap), (Bp), (Cp). The type of a conic with given

equation (1) can be determined by the quantity

1
d= "
g

— = = O

KR =
ISl I

p

For the conic Ap : vwa? — u?yz = 0, this is
(i) a parabola if u> — 4vw = 0 (and Ap = 2,),
(i) an ellipse if u?> — vw < 0, i.e, P lying inside Z,,
(iii) a hyperbola if u?> — vw > 0, i.e,, P lying outside Z,.

Thus the conics in the triad (Ap, Bp, Cp) are all ellipses if and only if P
lies in the interior of the curvilinear triangle P, P, P. bounded by arcs of the Artzt
parabolas (see Figure 2).

Remarks. (1) Itis impossible for all three conics (Ap, Bp, Cp) to be parabolas.
(2) The various possibilities of conics of different types are given in the table
below.

Ellipses 31212111
Parabolas 1 2|1 1
Hyperbolas 1 1121213

Note that the conics in the triad (Ap, Bp, Cp) cannot be all rectangular hyper-
bolas. This is because, as we have seen in §4 that the only rectangular A-hyperbola
is 7,. The conic Ap is a rectangular hyperbola if and only if P lies on %, and
in this case, Ap = 77,
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6. Generalization

Slightly modifying (3) and (4), we rewrite the equations of a triad of A-, B-,
C-conics as

2?4+ 2Pyz = 0, v +2Qzz =0, 2% 4+ 2Rxy = 0.

Apart from the vertices, these conics intersect at

L\ ot o
Qa:<—<%) :2Q3.2R5>,
_(apt o (L) ome
o= (o0t () omt).
_ [opt. 905 1)
Qc_ Q _<P62> ’

where, for a real number z, 23 stands for the real cube root of z. Clearly, the
triangles Q,Q»Q. and ABC are perspective at

Q:(P% Q%R%>
Let XY Z be the cevian triangle of  relative to ABC and X', Y', Z' the

intersection of the sidelines with the trilinear polar of Q.

Proposition 6. For an arbitrary point S, the line X'S meets the line AQ at the
point 7', and we define the mapping ~(.S) = U, where U isthe harmonic conjugate
of S with respect to X’ and T'. The mapping h swaps the conics B- and C-conics.

Similarly we can define mappings with pivot points Y, Z’ swapping the C- and
A-conics, and the A- and B-conics.

The tangentto at intersects at the point
Ca Qb Ce Xe = (—(RPQ)% 12 2(R2p)%)
C, Q& X =(-(PPQ)i:2APQYs:2)
C Q. Co Y,= (2(132@)% . _(PQ2) : 2)
Cy Qi C Vo= (2:~(Q°R)7 : 2(QR%)1)
Ce Q. C  Zy= (2 . 2(Q*R)5 : _(QR2)%)
C. Q  Ca .= (2rPY)} 2 —(R°P)})

From these data we deduce the following theorem.

Theorem 7. The line Z,Y, is a common tangent of the B- and C-conics; s0 is
X.Z, of the C- and A-conics, and Y, X, of the A- and B-conics.
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Figure 9 shows the case of the triad of rectangular hyperbolas (7%, 74, ).
The perspector @ is the barycentric cube root of X5 (the homothetic center of the
orthic and tangential triangles). 2 does not appear in [3].

Figure 9.
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Simple Relations Regarding the Steiner Inellipse
of a Triangle

Benedetto Scimemi

Abstract. By applying analytic geometry within a special Cartesian reference,
based on the Kiepert hyperbola, we prove a great number of relations (collinear-
ities, similarities, inversions etc.) regarding central points, central lines and cen-
tral conics of a triangle. Most - not all - of these statements are well-known, but
somehow dispersed throughout the literature. Some relations turn out to be easy
consequences of the action of a conjugation - an involutory Mdébius transforma-
tion - whose fixed points are the foci of the Steiner inellipse.

1. Introduction

With the aim of making proofs simpler and more uniform, we applied analytic
geometry to revisit a number of theorems regarding the triangle centers. The choice
of an intrinsic Cartesian frame, which we call the Kiepert reference, turned out to
be very effective in dealing with a good part of the standard results on central
points and related conics: along with several well-known statements, a number of
simple relations which seem to be new have emerged. Here is, perhaps, the most
surprising example:

Theorem 1. Let G, F'., F_ denote, respectively, the centroid, the first and second
Fermat points of a triangle. The major axis of its Seiner inellipse is the inner
bisector of the angle ZF, GF_. The lengths of the axes are |GF_| £ |GF4|, the
sum and difference of the distances of the Fermat points from the centroid.

As a consequence, if 2¢ denotes the focal distance, ¢ is the geometric mean
between |GF_| and |GF|. This means that F, and F_ are interchanged under
the action of an involutory Mobius transformation p, the product of the reflection in
the major axis by the inversion in the circle whose diameter is defined by the foci.
This conjugation plays an interesting role in the geometry of the triangle. In fact,
one easily discovers the existence of many other p-coupled objects: the isodynamic
points; the circumcenter and the focus of the Kiepert parabola; the orthocenter and
the center of the Jerabek hyperbola; the Lemoine point and the Parry point; the
circumcircle and the Brocard circle; the Brocard axis and the Parry circle, etc. By
applying standard properties of homographies, one can then recognize various sets

Publication Date: June 1, 2010. Communicating Editor: Paul Yiu.
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of concyclic central points, parallel central lines, orthogonal central circles, similar
central triangles etc.

Notation and terminology. If A, B are points, AB will indicate both the segment
and the line through A, B, | AB| is the length of the segment AB, AB is a vector;
sometimes we also write AB = B— A. The angle between BA and BC is ZABC.
AB - CD is the scalar product. A? = C means that a half-turn about B maps A
onto C; equivalently, we write B = 4+< .

For the Cartesian coordinates of a point A we write A = [z 4,y4]; for a vector,
AB=[xp —ra,yB — YAl

In order to identify central points of a triangle T = A; A A3 we shall use both
capital letters and numbers, as listed by Clark Kimberling in [3, 2]; for example,
G=X5,0=X3,H = X4,etc.

2. TheKiepert reference

The Kiepert hyperbola 1 of a (non equilateral) triangle T = A; A As is the
(unique) rectangular hyperbola which is circumscribed to T and passes through
its centroid GG. We shall adopt an orthogonal Cartesian reference such that the
equation for K is zy = 1. This is always possible unless K reduces to a pair of
perpendicular lines; and this only happens if T is isosceles, an easy case that we
shall treat separately in §14. How to choose between z and y, as well as orienta-
tions, will be soon treated. Within this Kiepert reference, for the vertices of T we
write A1 = [:Cl, Q}T]’ A2 = [.%'2, 3%2], Ag = [ajg, ?13]

Since central points are symmetric functions of Ay, A, As, for their coordi-
nates we expect to find symmetric functions of x1, x2, x3 and hopefully algebraic

functions of the elementary symmetric polynomials
S$1:=x1+xT9+ 23, 89:=21To+ X2T3 + X3T1, 83:= T1T2X3.

This is true for many, but not all of the classical central points. For example, for
the centroid G we obviously have

1 1 /1 1 1 D)
G: = — — — —_— = |[—, —|.
[3(%14—1’24—1‘3), 3 <x1+x2+x3>] |:37 383]

However, for points like the incenter or the Feuerbach point we cannot avoid en-
countering functions like , /1 + z72% which cannot be expressed explicitly in terms

of s1, s9, s3. Therefore this paper will only deal with a part of the standard geom-
etry of central points, which nevertheless is of importance. Going back to the cen-
S . . 3 9
troid, since G, by definition, lies on IC , we must have 22 —, so that s, = ik
S3 S1 S1
can be eliminated and we are only left with functions of s1, s3. (Note that, under
our assumptions, we always have s; and s3 nonzero).
From now on, it will be understood that this reduction has been made, and we

shall write, for short,

sS1=x1+xo+x3=s and s3=x119T3 = P.
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The location of G = [£, 2] will determine what was still ambiguous about
the reference: without loss of generality, we shall assume that its coordinates are
positive: s > 0. We claim that this implies p < 0. In fact the square of the
Vandermonde product V' := (z1 — x2)(x2 — x3)(z3 — x1) IS Symmetric:

2 _ —4p(s® — 27p)®
53 '
Since we want to deal with proper triangles only, we assume s> — 27p # 0 and
therefore p < 0, as we wanted. These inequalities will be essential when dealing
with square roots as /—sp, 4 /‘TS etc., that we want to be (positive) real numbers.
In fact, our calculations will take place within the field ' = Q(s, p) and its real
—sp
3
As we shall see, the advantage of operating within the Kiepert reference can be

summarized as follows: once coordinates and equations have been derived, which
may require a moderate amount of accurate geometric and algebraic work, many
statements will look evident at a glance, without any computing effort.

v

quadratic extension F'(u), where u =

3. Central points

The center of the Kiepert hyperbola K is the origin of our reference: the Kiepert
center
K = X115 =10,0],
By reflecting the centroid
_ s 3] i 9
oo [29 - Lo
upon K, we obviously find another point of X:
—-s -3
GF = Xgn = [87 ] -
3 S
As the hyperbola is rectangular, we also find on XC the orthocenter
-1 —1
H = X4 - |:7 _p:| == 7[17]?2]
p p
and the Tarry point:
1
T=HY = Xo3 = [,p].
p

For the circumcenter we calculate

14+sp 94 sp 1
= — 1 9
22 0] Lot 1) plep + )L

2sp
and check the collinearity of O, G, H and Euler’s equation: GH = 20G. By
comparing coordinates, we notice that sp = —3 would imply G = H = O. Since
this only holds for equilateral triangles (a case we have excluded), we may assume
t = sp + 3 # 0. We shall soon find an important interpretation for the sign of ¢.

0—x:=|
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Ao

Kiepert y-axis

Kiepert hyperbola

K Kiepert x-axis
T=HK

GK

Asz

Figure 1.

We also want to calculate the nine-point center N and the center M of the or-
thocentroidal circle (see Figure 1):

O+H sp—1 9—sp 1
5 [ 1 ] _4Sp[8( sp), —p(9 — sp)],
G+ H 3—s
= ——— =0%=Xyg = p[5>—3p]-
2 —6sp

We now want the symmedian or Lemoine point L, the isogonal conjugate of G.
To find its coordinates, we can use a definition of isogonal conjugation which is
based on reflections: if we reflect G in the three sides of T and take the circum-
center of the resulting triangle, we find

L=Xs= s, —3p|.
6= 3 Sp[ p)
It appears, at a glance, that K, M, L are collinear. Another central point we want

is the Brocard point

O+L 1

B="""=X;gg=——[s(s’p*> — 6sp— 3 2p? +18sp — 27)].
182 _4Sp(3_sp)[8(8p sp—3), p(s"p” + 18sp — 27)]

2

Notice that G, N, M, H, L (unlike O) always have positive coordinates, and this
gives interesting information about their location.
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4. Central lines
The central points O, G, N, M, H are collinear on the

Euler line: —3pr+sy+sp—3=0.
The line through M, L, K is known as the
Fermat axis: 3pr + sy = 0.

We shall often apply reflections in the xy-axes or parallel lines and map a vector
[X,Y]onto [ X, —Y] or [—X,Y]. For example, looking at coefficients in the equa-
tions above, we notice that such a reflection maps [3p, —s| onto +[3p, s]. This
proves that the asymptotic directions of K bisect the angles between the Euler line
and the Fermat axis.

Ao
line KN
Euler line o
G
N .
M
& Fermat axis
L : n—
K
T=HK
Brocard axis
GK
Fermat bisector
Az
Figure 2.

The line through K, perpendicular to the Fermat axis, will be called the
Fermat bisector: sx — 3py = 0.

These names clearly anticipate the location of the Fermat points. The line through
O, B, L is known as the

Brocard axis: —p(9 — sp)x + s(1 — sp)y + 8sp = 0.
A comparison with the line
KN : p(9—sp)z+s(1—sp)y=0
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shows that, by the same argument, the asymptotic directions of /C bisect also the
angles formed by the Brocard axis and the line K V.

5. Central circles
The circumcircle has equation
5 sp+1 sp+9 52 4+ 9p?
p S sp
and for the circumradius ro we find

9 s2 — 25%p + 81p? + s*p? — 18sp® + s2p?
o= 452p? ’

O 22 +y 0

By direct substitution, it is easy to check that the Tarry point T lies on O. Indeed,
T is the fourth intersection (after the three vertices) of L and ©. The antipode of
T on O is the

. . 9 1
Steiner point: S =T = Xg9 = [s, J = ;[52,9].

S is the Kiepert center of the complementary triangle of T, and therefore can be
equivalently defined by the relation GS = 2KG.
The second intersection (after S) of O with the line GK is the
52 4 9p?
p(s*+81)
The nine-point circle, with center in V' and radius ry = %, has equation
1—sp 9—sp 0
€T — =
% 25 77
This shows that K lies on N, as expected for the center of a circumscribed
rectangular hyperbola. This is also equivalent to stating that S lies on O. Since
KN and SO are parallel, the last remark of §4 reads: the angle /SOL is bisected
by the asymptotic directions of K.
The orthocentroidal circle, centered in M, is defined by its diameter GH and
has equation:

Parry point: P=X = [s%,9].

N : 2?4y +

3— 3— 2 4 9p?
M 2 +y° + Py - spy_s+p =
3p ] 3sp
We now introduce a central circle D whose role in the geometry of the triangle
has been perhaps underestimated (although it is mentioned in [2, p.230]). First
define a central point D as the intersection of the Fermat bisector with the line
through G, normal to the Euler line:
3
57 4+ 27p
D:=——1[3p,s].
Then consider the circle centered in D, passing through G:
9 s+ 27p s3 +27p 52 4 9p?
- 5T — Y+ =
3s 9sp 3sp

0.

D Py 0.
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2
S
ine-pajnt circle
rthocentroidal circle
Euler line
Brocard cjrele/O
N
M Fermat axis
B
H
L 1
D -
Brocard axis
G% K"
B As
Euler G-tangent circle
GD
Figure 3.

We shall call D the Euler G-tangent circle because, by construction, it is tangent
to the Euler line in G. This circle will turn out to contain several interesting central
points besides G. For example: the Parry point P is the second intersection (after
@) of D with the line GK; the antipode of G on D is

o[t
52" 9p
which is clearly a point of C . Another point on D that we shall meet later is the
reflection of P in the Fermat bisector:

" 1

p(s* + 81)
This point (the symbol K* will be clear later) is collinear with G and L. In fact
K* is the second intersection (after ) of the circles M and D, whose radical axis
is therefore the line G L.

Most importantly, the Fermat points will also be shown to lie on D.

Lastly, let us consider the Brocard circle B, centered at B and defined by
its diameter O L; rather than writing down its equation, we shall just calculate its
radius rg. The resulting formula looks rather complicated:

"2 = lm O — (sp + 3)%(s? — 253p + 81p? + s*p? — 18sp> + s2p?)

4 16(3 — sp)?s?p?

[—s(s® — 54p — 9sp?), 3(3s% 4 25°p — 27p?)].
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But we notice the appearance of the same polynomial which we have found for the
circumradius. In fact, we have a very simple ratio of the radii of the Brocard and
the nine-point circles:
B 34 sp
rv |3 — sp
We shall find a surprisingly simple geometrical meaning of this ratio in the next
section.

6. The Steiner inellipse

The Steiner inellipse S of a triangle T is the unique conic section which is
centered at G and tangent to the sides of T. From this definition one calculates the
equation:

S: 32% — spy® — 2sx + 6py = 0.

Since the term in zy is missing, the axes of S (the Steiner axes) are parallel to
the asymptotes of the Kiepert hyperbola C. Just looking at the equation, we also
notice that K lies on S and the line tangent to S at K is parallel to the Fermat
bisector (see Figure 4).

By introducing the traditional parameters a, b for the lengths of the semi-axes,
the equation for S can be rewritten as

r— £)2
it i
where a2 = £=272 and 2 — £-27p,
9s —3s2p

We cannot distinguish between the major and the minor axis unless we take into
account the sign of a? — b* = (83*2975#. This gives a meaning to the sign of
t = sp + 3, with respect to our reference. In fact we must distinguish two cases:
Case 1: t < 0, a > b: the major Steiner axis is parallel to the z-axis.

Case 2: t > 0, a < b: the major Steiner axis is parallel to the y-axis.

Notice that the possibility that S is a circle (t = 0, @ = b) has been excluded, as
the triangle T would be equilateral.

This reduction to cases will appear frequently. For example, we can use a single
formula 2¢ = 2,/|a? — b?| for the focal distance, but for the foci U, U_ we must
write, respectively,

. = Jasls'p = V/pB 4 sp)(s* - 27p), 9pl,  ifsp+3 <0,
5 Lalste 99 VB + sp) (87— 27p)], ifsp+3>0,

The number u = _TSP = % is the tangent of an angle 5 which measures the

eccentricity e of S. Notice, however, that either e = 1 — w2 or e = 1 — u?

according as sp + 3 < 0 or > 0. What we do not expect is for the number
L-w? o> =P _[3+sp

14+u?2  a?2+b2

|cosa| =

3—sp
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Steiner circumellipse

nine-point circle

Asz

Figure 4.

to be precisely the ratio of the radii that we have found at the end of §5. Taking
into account the meaning of ¢ = sp + 3 we conclude that, in any case,

Theorem 2. The ratio between the radii of the Brocard circle and the nine-point
circle equals the cosine of the angle under which the minor axis of the Steiner
ellipseis viewed from an extreme of the major axis: 2 = | cos af.

By applying a homothety of coefficient 2 and fixed point G, the Steiner inellipse
S is transformed into the Steiner circumellipse. This conic is in fact circumscribed
to T and passes through the Steiner point .S, which is therefore the fourth intersec-
tion (after the triangle vertices) of the Steiner circumellipse with the circumcircle
O. The fourth intersection with K is S¢ = GX = Xgr.

7. TheKiepert parabola and itsfocus

The Kiepert parabola of a triangle T is the (unigue) parabola P which is tangent
to the sides of the triangle, and has the Euler line as directrix. By applying this
definition one finds for P a rather complicated equation:

3\\?, 8
Pt (st ) wan (v D)) 5000 -2 -t sirtn) o
or
s 2?4957 y? +65° pry—252 (53 —9p) +2spy ((s° —81p) +5°5—425>p+729p° = 0.
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From this formula one can check that the tangency points E; (on the sides A; Ay,
of T) and the vertices A; are perspective; the center of perspective (sometimes
called the Brianchon point) is the Steiner point S = Xgg9. Less well-known, but
not difficult to prove, is the fact that the orthocenter of the Steiner triangle £ E5 F3
is O, the circumcenter of T.

Direct calculations show that the focus of P is

1
E = X10=

7o 0 — 180+ 35%),35% — 25%p + 817,

Steiner triangle

Euler G-tangent circle

Figure 5.

One can verify that F is a point of the circumcircle O; this also follows from
the well-known fact that, when reflecting the Euler line in the sides of the triangle,
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these three lines intersect at . Thus E is the isogonal conjugate of the point
at infinity, normal to the Euler line. Further calculations show that G, E, T are
collinear on the line

GE : 3pr +sy—3sp—3=0

which is clearly parallel to the Fermat axis. Another well-known collinearity re-
gards the points F, L, and P. The proof requires less easy calculations and the
equation for this line will not be reported. On the other hand, the line

327
ES: sx—Spy—u:()
S

is parallel to the Fermat bisector. This line meets P at the points
s3—18p 3 s 8lp —2s?
le 72])77 and QQZ 77p7 )
s ] 3 9sp

each of which lies on a Steiner axis. When substituting the values y = % orr =2
in the equation of P one discovers a property that we have not found in literature:

wl

Theorem 3. The axes of the Seiner ellipse of a triangle are tangent to its Kiepert
parabola. The tangency points are collinear with the focus and the Steiner point
(see Figure 5).

As a consequence, the images of E under reflections in the Steiner axes both lie
on the Euler line. The relatively poor list of central points which are known to lie
on P may be enriched, besides by ()1 and @2, by the addition of

1
D¢ = m[f9p(s3 —9p), s(s* — 81p)].

The tangent to P at D¢ is the perpendicular bisector of GE. We recall that
D was defined in §5 as the center of the GG-tangent circle D. The close relation
between P and D is confirmed by the fact that, somehow symmetrically, the point
1

EC = —
3s(s% + 9p?)

[—s(s® — 54p — 9sp?), 3(3s% 4 2s3p — 27p?)]
lies on D.

8. Reflections and angle bisectors

In what follows we shall make frequent use of reflections of vectors in lines
parallel to the xy-axes and write the new coordinates by just changing signs, as
explained in §4. Consider, for example,

N s 3 sp—3 sp—3 sp+3
MG=G-M=1[>,%]- - = .3
3,511 & 55 ) 63 [s, 3p]
and its reflection in the x-axis: 376’8;3 [s, —3p]. By comparing coordinates, we see

that the latter is parallel to the vector

2s 6p
3—sp 3—sp

]_[sp—?) _sp—S] B (3 + sp)?

6p 25 6sp(3 —sp)

ML=L-M=] (s, —3p)].
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Note that orientations depend on the sign of the factor t = 3 + sp. But we are
aware of the meaning of this sign (compare §6) and therefore we know that, in any
case, a reflection in the minor Steiner axis maps M G into a vector which is parallel
and has the same orientation as M L.

Figure 6.

If we apply the same argument to other pairs of vectors, as

3 _

GE = 22 s 3l

GO = 3(;;;19[5, —3p),

OL = %[8(1 — sp), p(9 — sp)],
05- [s(1 —sp), —p(9 — sp)],

—2sp
we can conclude similarly:

Theorem 4. Theinner bisectors of the angles /GM L and ZSOL are parallel to

the minor Seiner axis. The inner bisector of ZEGO isthe major Seiner axis (see
Figure 6).
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These are refinements of well-known statements. Similar results regarding other
angles will appear later.

9. The Fermat points

We now turn our attention to the Fermat points. For their coordinates we cannot
expect to find symmetric polynomials in x1, 22, x3, as these points are interchanged
by an odd permutation of the triangle vertices. In fact, by applying the traditional
constructions (through equilateral triangles constructed on the sides of T') one ends
up with the twin points

sV |:S —1} and sV [ 51]
2V/3p(s® — 27p) [3" p 2V/3p(s* —27p) | 3'p]’
where V' is the Vandermonde determinant (see §2). We cannot yet tell which is
which, but we already see that they both lie on the Fermat axis and their midpoint
is the Kiepert center K. Less obvious, but easy to check analytically, is the fact
that both the Fermat points lie on the G-tangent circle D. (Incidentally, this permits
a non traditional construction of the Fermat points from the central points G, O,
K via M). By squaring and substituting for 172, the expressions above can be

rewritten as
I e ) R B G R s A
3p S 3p s

This shows that ', and F_ belong to the Kiepert hyperbola /C (see Figure 7).
In the next formulas we want to avoid the symbol v and use instead the (pos-

F+:

itive) parameter u = |/ —® = ¢, which was introduced in connection with the

Steiner inellipse in §6. We know that v # 1. Moreover, v > 1 or < 1 according
as sp + 3 < 0 or > 0. We now want to distinguish between the two Fermat points
and claim that

Fp=——"[s, ~3p], and F_=——|-s, 3.
sp sp
Note that ', and F_ are always in the first and third quadrants respectively. This
follows by applying the distance inequality |GX13| < |GX14|, a consequence of
their traditional definitions, and only checking the inequality:

4u(s® — 27p)

GF_|*>— |GF,|? =
| ‘ ‘ +‘ 382]92

> 0.

Let us now apply the reflection argument, as described in section 8, to the vec-
tors GF, and GF_. We claim that the major Steiner axis is the inner bisector
of /F,GF_. We shall show, equivalently, that the reflection 7 in the major axis
maps G F; onto a vector GF] that has the same direction and orientation as GF_.
Again, we must treat two cases separately.
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Casel: a < b. Inthis case u < 1. The major Steiner axis is parallel to the y-axis.

GF,=F. —G= {u_s’ ?’U_B}
p 3" s S
_ u s 3u 3
GFT = |—+—-, — ——
+ [p 3 s s}’

We now calculate both the vector and the scalar products of the last two vectors:

v s.,—3u 3 3u 3. u s 3u?  3u 3u? 3u
— (=) =)+ (=== ="—+ = I+ —u—""41=0
(p+3)( s s)+(s s)(p 3) sp +sp+u+ + sp “ sp+ ’
u s, u S 3u 3.,-3u 3 w2 529 u? (83 —27Tp)(sp+3)
(p+3)(p 3)+( s s)( s s) p2 9 +52 52 9s2p ~

Since the last fraction equals b> — a? > 0, this is what we wanted. Moreover, since
the vectors GF, and GF_ share both directions and orientations, we can easily
calculate absolute values as follows
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2

L7

Figure 8.

IGF,|+|GF_| = |GFT| +|GF_| = |GFT + GF_|

u s 3Ju 3 u s —3u 3
— _|._ - — = = _l’_ _—— = — — =
p 3 s s p 3 s s

4u? 36 53 —2Tp
= R D g [T gy,
\/pQ T3 \/ 35%p ;

GFy| - |GF_| = [GFF| - [CF_| = [GF] ~ CF|

[u s 3u 3] [u s —3u 3]
— + - — = = — _ -
p 3 s s

N p 3 s
[452 3602 \/m
9 + 52 9s @

The last computation could be spared by deriving the difference from the sum
and the product

3 _
GF.||GF_| = GFT - GF- = © 2_7522(2 D) g2
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Case 2. a > b. Inthis case u > 1. The major Steiner axis is parallel to the z-
axisand GF] = [2* — §, =2 + 2]. Taking products of GFT and GF_ leads to
similar expressions: the vector product vanishes, while the scalar product equals
a? —b? > 0. As for absolute values, the results are |GF, | + |GF_| = 2a and
|GF_| — |GFy| = 2b,and |GF.||GF_| = a® — V%

All these results together prove Theorem 1.

10. Relationsregarding areas

There are some well-known relations regarding areas, which could somehow
anticipate the close relation between the Steiner ellipse and the Fermat point, as
described in Theorem 1.

The area A of the triangle T = A1 As A3 can be calculated from the coordinates

of the vertices A; = [a:“ x} as a determinant which reduces to VVandermonde (see

§2):

V| _ 1 /(s —27Tp)?

- 2p| 2 —s3p
If we compare this area with that of the Steiner inellipse S, we find that the ratio is
invariant:

B (83 —=2Tp) (s°=27p) = V2 w
A(S)=mab=m7 9% —2p 3\ ge 3\/§A

There actually exists a more elegant argument to prove this result, based on
invariance under affine transformations.

Another famous area relation has to do with the Napoleon triangles N4 and
Nap—. It is well-known that these equilateral triangles are both centered in G and
their circumcircles pass through F_ and F.. respectively. Their areas are easily
calculated in terms of their radius:

3[ 3[
A(Napy) = =—|GF_|?, A(Nap-) = ==|GF,|*.

The difference turns out to be precisely the area of T
3\[ V2
A(Napt) = A(Nap-) = =~ (|GF_|* = |GF,|*) = 3v/3ab = \/? =A.

11. Aninvolutory M 6biustransformation
Let U, and U_ be the foci of the Steiner inellipse. The focal distance is
UL U_| = 2¢ =2y/|a2 — b2| = 2¢/|GF,||GF_|.

If we introduce the circle ¢/, centered at G, with U, U_ as diameter, we know from
§9 that the reflection 7 in the major axis maps GF; onto GF7, a vector which has
the same direction and orientation as GF_. Furthermore, we know from Theorem
1 that ¢ is the geometric mean between |GF. | and |GF_|. This means that the
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inversion in the circle &/ maps 7(F) onto F_. Thus F_ is the inverse in ¢/ of F1],
the reflection of £, in the major axis. We shall denote by p the composite of the
reflection 7 in the major axis of S and the inversion in the circle ¢/ whose diameter
is given by the foci of S. Note that this composite is independent of the order of
the reflection and the inversion.

The mapping w is clearly an involutory Mdobius transformation. Its fixed points
are the foci, its fixed lines are the Steiner axes. The properties of the mapping u
become evident after introducing in the plane a complex coordinate z such that the
foci are the points z = 1,z = —1. Then p is the complex inversion: u(z) = %
What we have proved so far is that . interchanges the Fermat points. But p acts
similarly on other pairs of central points. For example, if we go back to the end of
68, we realize that we have partially proved that 4 interchanges the circumcenter
O with the focus E of the Kiepert parabola; what we still miss is the equality
|GE||GO| = ¢%, which only requires a routine check. In order to describe more
examples, let us consider the isodynamic points 7, and I_, namely, the isogonal
conjugates of F; and F_ respectively. A straightforward calculation gives for
these points:

I, = m[élst + 3us(1 — sp), 12sp* + 3up(9 — sp)],

1
= ———4’p—3us(l —s ,1232—3u 9 — sp)|.
Sp(8p+3)[ p (1—sp), 12sp p(9 — sp)]

We claim that x interchanges 7 and /_. One can proceed as before: discuss
the cases v > 1 and u < 1 separately, reflect GI, to get G17, then calculate
the vanishing of the vector product of GI7 and GI_, and finally check that the
scalar product is |GI.||GI_| = c. In the present case, however, one may use
an alternative argument. In fact, from the above formulas it is possible to derive
several well-known properties such as:

(i) I+ and I_ both lie on the Brocard axis;

(if) the lines F'; I, and F_1_ are both parallel to the Euler line;
(iii) G, Fy, I_ are collinear;

(iv) G, F_, I, are collinear.

These statements imply, in particular, that there is a homothety which has G as
a fixed point and maps F, onto I_, F_ onto I, (see Figure 7). Combined with
what we know about the Fermat points, this proves that x interchanges 7, and 7_,
as we wanted.

The next theorem gives a list of p-conjugated objects.

Theorem 5. The mapping p interchanges the following pairs of central points

circumcenter O = X3 Focus of Kiepert parabola £ = X711
orthocenter H = X4 Jerabek center J = X95

Lemoine point L = Xg Parry point P = X113

Fermat point F;. = X3 Fermat point— F_ = X4

isodynamic point I, = X35  isodynamic point I_ = X4

center of Brocard circle X152 inverse of centroid in circumcircle U = Xo3
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and the following pairs of central lines and circles

Euler line: G, 0, H, U, T* line: G, E,J,B,T
Fermat axis: M, L, K, F'y, F~  Euler G-tangent circle:

G, P, EC =G/ Kt F_, F,
circumcircle: E,PS T Brocard circle: O, L, S*, T#
Fermat bisector: K, D, J orthocentroidal circle: G, K#, D¥#, H
Brocard axis: O, B, L, I, I Parrycircle: G, E,U,P I_, I,
line: D*, Kt M* = E¢, K circle: G, D, K, M, K*

All the p-coupling of points can be proved through the argument of §8. The
u~coupling of lines and circles follows from properties of Mdbius transformations.
Some central points mentioned in Theorem 5 are not listed in [3] but can be rather
naturally characterized:

(i) K* (whose coordinates have been calculated in §5) is the reflection of P in the
Fermat bisector and also the second intersection (after G) of M and D;

(if) T+ is the second intersection (after O) of the Euler line with the Brocard circle;
(iii) S* is the second intersection (after ) of the line G L with the Brocard circle;
(iv) D* is the reflection of G in the Fermat axis;

(v) M* =EC=G".

Further well-known properties of homographies can be usefully applied, such as
the conservation of orthogonality between lines or circles and the reflection prin-
ciple: if a point P is reflected (inverted) onto () in a line (circle) £, then P* is
reflected (inverted) onto Q* by the line (circle) £#. A great number of statements
are therefore automatically proved. Here are some examples:

(i) inversion in the orthocentroidal circle interchanges the Fermat points; it also
interchanges L and K;

(ii) inversion in the Brocard circle interchanges the isodynamic points;

(iif) M and D are orthogonal,

(iv) the Parry circle is orthogonal to both the circumcircle and the Brocard circle,
etc.

These statements are surely present in literature but not so easily found.

Among relations which have probably passed unnoticed, we mention equali-
ties of angles, deriving from similarities which also follow from general proper-
ties of homographies. Consider any two pairs of u-coupled points, say Z,«—7_,
W+« W . Then there exists a direct similarity which fixes G and simultaneously
transforms Z onto W~ and W onto Z_. As a consequence, we are able to rec-
ognize a great number of direct similarities (dilative rotations around G) between
triangles, such as the following pairs:

(GOF_, GF,E), (GEF., GF,0), (GOI_, GI,E),
(GOI,, GI_E), (GEL, GPO).

A special case regards the Steiner foci, which are fixed under the action of .
In fact, any pair of p-corresponding points, say Z., Z_, belong to a circle pass-
ing through the foci U, U_. This cyclic quadrangle U, Z,U_Z_ is therefore
split into two pairs of directly similar triangles having G as a common vertex:
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GZ U_— GU_Zy, GZ, Uy «— GU_Z_. All these similarities can be read in
terms of geometric means.

12. Construction of the Steiner foci and a proof of Marden’stheorem

Conversely, having at disposal the centroid G and any pair of p-corresponding
points, say 7., Z_, the Steiner foci Uy, U_ can be easily constructed (by ruler
and compass) through the following simple steps:

(1) Construct the major and minor Steiner axes, as inner and outer bisectors of
L7 GZ_.

(2) Construct the perpendicular bisector of Z, Z_.

(3) Find the intersection 1 of the line in (2) with the minor axis.

(4) Construct the circle centered in 1/, passing through Z,, Z_.

The foci U, and U_ are the intersections of the circle in (4) with the major axis
(see Figure 9).

PR
|
|
|
|
|
+ 1
|
|
|
X '
g
w |
I F
| H
1
I
o |
F_
|
|
|
A3 |
|
| Fermat bisector
|
Figure 9.

Avoiding all sorts of calculations, a short synthetic proof of this construction
relies on considering the reflection of Z, in the major axis and the power of G
with respect to the circle in (4). In particular, by choosing the Fermat points for
Z, and Z_, then we obtain
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Theorem 6. The foci of the Seiner inellipse of a triangle are the intersections of
the major axis and the circle through the Fermat points and with center on the
minor axis.

A direct analytic proof of this statement is achieved by considering, as usual,
separate cases as shown below:

Caselia>b. W =3, %]. The circle in (4) has equation
9 2 2 2 9 2

0
3 9p 3sp ’

and intersects the line y = % As expected, we find the foci

s 3
Ui: |:3:|:C, S:|’

where ¢ = Va2 — b2.
Case2: a <b. W =%, 3], The circle in (4) has equation

18 6 s>+ 9p?
2,2 top O ST

0
s 3sp

and intersects the line = = 3. The foci are the points

s 3
Ui = [3, . + c} ,
where ¢ = Vb2 — a?.

Regarding the Steiner foci, we mention a beautiful result often referred to as
Marden’s Theorem. If one adopts complex coordinates z = = + iy, the following
curious property was proved by J. Sieberg in 1864 (for this reference and a different
proof, see [1]; also [4]). Assume the triangle vertices are z; = z1 + iy1, 29 =
xo + 1Y2, 23 = x3 + iys3, and let F(z) = (z — 21)(z — 22)(z — z3). Then the foci
of the Steiner inellipse are the zeros of the derivative F”(z).

We shall give a short proof of this statement by applying our Kiepert coordinates.
Write

F(z)= 23— 012% + 092 — 03,

F'(2) = 32% — 2012 + 09,

where

.52 .
o1=21+2+23=8+1—=85+1—,
S3 S
2 2
S1 . 97 —s .
09 = 2129+ 2023+ 2321 = S9 — — + 61 = ——— + 061.
S3 sp
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Again we have two cases. Assuming, for example, a > b, we have found for the
Steiner foci u* = +c + 3+i- % where ¢ = va? — b2. Therefore what we have
to check is just

+ 23+.6 201
u U_ = — 11— = ——
* 3 s 3
s s 9 3 2s
upu- = (et gt g) -G Hi0
2 3
—2
_ 8 g 9 (7 -2)B4sp) o2
9 52 9s2p 3

When a < b, the foci are uy = £ + i (+£c+ 2), where ¢ = v/b% — a2 and the
values of vy + u_ and uu_ turn out again to be what we wanted.

13. Further developments and possible obstacles

There are many other central points, lines and conics that can be conveniently
treated analytically within the Kiepert reference, leading to coordinates and coeffi-
cients which still belong to the field F' = Q(s, p) or its quadratic extensions. This
is the case, for example, for the Napoleon points X7 and Xg which are proved to
lie on C and be collinear with L. Incidentally, this line

p(27 + sp)x — s(1 + 3sp)y — 16sp = 0

turns out to be the radical axis of the orthocentroidal circle and the Lester cir-
cle. The Jarabek hyperbola, centered at J = Xj25, can also be treated within
the Kiepert reference. These points, lines and conics, however, produce relatively
complicated formulas. On the other hand, they do not seem to be strictly connected
with the involution i, whose action is the main subject of the present paper.

As we said in the Introduction, the Kiepert reference may be inconvenient in
dealing with many other problems regarding central points: serious difficulties
arise if one tries to treat the incenter, the excenters, the Gergonne and Nagel points,
the Feuerbach points and, more generally, any central point whose definition im-
volves the angle bisectors. The main obstacle is the fact that the corresponding
coordinates are no longer elements of the fields Q(s, q) nor of a quadratic ex-
tension. Typically, for this family of points one encounters rational functions of
V1+ 2322, /1 + 2222, /1 + 2223, which can hardly be reduced to the basic
parameters s = sy, p = s3.

14. Isoscelestriangles

In all of the foregoing sections we have left out the possibility that the triangle
T is isosceles, in which case the Kiepert hyperbola 1 degenerates into a pair of
orthogonal lines and cannot be represented by the equation xy = 1. However, un-
less the triangle is equilateral - an irrelevant case - all results remain true, although
most become trivial. To prove such results, instead of the Kiepert reference, one
makes use of a Cartesian reference in which the vertices have coordinates

A = [—1, 0], A = [17 0]7 Az = [07 h]
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and assume 0 < h # /3. Thanks to symmetry, all central points turn out to lie on
the y-axis. Here are some examples.

G =10, 3], 0 = [0, 252,
H=10,7], M = [0, 351,

N =0, hi;d]’ L=10, %L
E=10,h] =S, P=[0,7}] =T,

F =00, %) Po=[0, =,

I+ = [07 W]v I = [07 W]

Central lines are the reference axes: either z = 0 (Euler, Fermat, Brocard) or
y = 0 (Fermat bisector). Here are the familiar central conics:
circumcircle: 2 y? -yl 1=0
nine-point circle: 2% +¢?% — y% =0
Kiepert hyperbola: zy =0
Kiepert parabola: y=~h
(y—%)?

- - - 2 =
Steiner inellipse: £~ + =~ =1,a= §, b=

wls

All the relations between the Fermat points and the ellipse S remain true, and
proofs still require us to consider separate cases :

Casel: h < V3. a>b 2= % The major axis is parallel to the x- axis.

\/§3+h, GFy|=a—b— \/gg_h.

The foci are cut on the line y = £ by the circle z2 + 3> — £ = 0:

1
Us = 5[+V3 2, hl.

The mapping p is the product of the reflection in the y-axis by the inversion in the
circle

IGF_|=a+b=

h 3 — h?
2 2
) =0.
"+ (y—3) 5
Case2: h>3. a<b,c? = % The major axis is parallel to the y- axis;
3+h h—+/3
GF | —atp= V3T GF.|=b_a=""V3

3 )
The foci are cut by the same circle on the line z = 0:

1
Us = 5[0, h V2 —3].

The mapping w is the product of the reflection in the line y = % by the inversion in
the circle

3

h
2 N2
r + (y 3)
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Orthic Quadrilaterals of a Convex Quadrilateral

Maria Flavia Mammana, Biagio Micale, and Mario Pennisi

Abstract. We introduce the orthic quadrilaterals of a convex quadrilateral, based
on the notion of valtitudes. These orthic quadrilaterals have properties analogous
to those of the orthic triangle of a triangle.

1. Orthic quadrilaterals

The orthic triangle of a triangle T is the triangle determined by the feet of the
altitudes of T. The orthic triangle has several and interesting properties (see [2, 4]).
In particular, it is the triangle of minimal perimeter inscribed in a given acute-
angled triangle (Fagnano’s problem). It is possible to define an analogous notion
for quadrilaterals, that is based on the valtitudes of quadrilaterals [6, p.20]. In this
case, though, given any quadrilateral we obtain a family of “orthic quadrilaterals”.
Precisely, let A1 A; A3A4 be a convex quadrilateral, which from now on we will
denote by Q. We call v-parallelogram of Q any parallelogram inscribed in Q and
having the sides parallel to the diagonals of Q. We denote by V a v-parallelogram
of Q with vertices V;, ¢« = 1, 2, 3, 4, on the side A; A;11 (with indices taken modulo

Figure 1.

The v-parallelograms of Q can be constructed as follows. Fix an arbitrary point
V1 on the segment A; As. Draw from V; the parallel to the diagonal A; A3 and
let V5 be the intersection point of this line with the side A, As. Draw from V5
the parallel to the diagonal A, A4 and let V5 be the intersection point of this line
with the side A3A4. Finally, draw from V3 the parallel to the diagonal A; A3 and
let V, be the intersection point of this line with the side A4A;. The quadrilateral
V1 Vo V3Vy is a v-parallelogram ([6, p.19]). By moving V; on the segment A; As,
we obtain all possible v-parallelograms of Q. The v-parallelogram M; My M3 My,
with M; the midpoint of the segment A; A;. 1, is the Varignon’s parallelogram of

Q.

Publication Date: June 15, 2010. Communicating Editor: Paul Yiu.
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Given a v-parallelogram V of Q, let H; be the foot of the perpendicular from
V; to the line A;12A; 3. We say that H1 HoHs H, is an orthic quadrilateral of Q,
and denote it by Q.. Note that Q, may be convex, concave or self-crossing (see
Figure 1). The lines V; H; are called the valtitudes of Q with respect to V.

The orthic quadrilateral relative to the Varignon’s parallelogram (V; = M;) will
be called principal orthic quadrilateral of Q and will be denoted by Q,,,. The line
M; H; is the maltitude of Q on the side A; 2 A;3 (See Figure 2).

As Hy M As

Figure 2.

The study of the orthic quadrilaterals, and in particular of the principal one, al-
lows us to find some properties that are analogous to those of the orthic triangle.
In §2 we study the orthic quadrilaterals of an orthogonal quadrilateral, in §3 we
consider the case of cyclic and orthodiagonal quadrilaterals. In §4 we find some
particular properties of the principal orthic quadrilateral of a cyclic and orthodi-
agonal quadrilateral. Finally, in §5 we introduce the notion of orthic axis of an
orthodiagonal quadrilateral.

2. Orthic quadrilateralsof an orthodiagonal quadrilateral

We recall that the maltitudes of Q are concurrent if and only if Q is cyclic ([6]).
If Q is cyclic, the point H of concurrence of the maltitudes is called anticenter
of Q (see Figure 3). Moreover, if Q is cyclic and orthodiagonal, the anticenter
is the common point to the diagonals of Q (Brahmagupta’s theorem, [2, p.44]).
In general, if Q is cyclic, with circumcenter O and centroid G, then H is the
symmetric of O with respect to G, and the line containing the three points H, O
and G is called Euler line of Q.

The valtitudes of Q relative to a v-parallelogram may concur only if Q is cyclic
or orthodiagonal [6]. Precisely, when Q is cyclic they concur if and only if they
are the maltitudes of Q. When Q is orthodiagonal there exists one and only one
v-parallelogram of Q with concurrent valtitudes. In this case they concur in the
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Figure 3.

point D common to the diagonals of Q, and are perpendicular to the sides of Q
through D.

Lemmal. If Qisorthodiagonal, thevaltitudesV; H; and V; 1 H; 1 (1 = 1,2, 3,4)
with respect to a v-parallelogram V of Q meet on the diagonal A; 1 A; 13 of Q.

A
Hy>
\
\
\
Vi \
\ \
/ /
Ks 7, S
\ // N //
As yB Ay
; K H N
\ N
\ 4 \
Ky \ 4 \
\ ; \
V4
Vs / V2
/
/
/
Hy
Az

Figure 4.
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Proof. Let Q be orthodiagonal and V a v-parallelogram of Q. Let us prove that
the valtitudes Vi Hy and V> Ho meet on the line As A4 (see Figure 4). The altitudes
Vs K3, VaKy4, A4H of triangle V3V A4 concur at a point K on the line Ay Ay.
Let B be the common point to V; H; and As A4. We prove that B is on V5 H, as
well. The quadrilateral V; BK 'V} is a parallelogram, because its opposite sides are
parallel. Thus, BK is equal and parallel to V4V, and to V5 V3, and the quadrilateral
VL V3 K B is a parallelogram because it has two opposite sides equal and parallel. It
follows that V5 B is parallel to V3K, and B lies on V5 Ho.

Analogously we can proceed for the other pairs of valtitudes. O

Theorem 2. Let Q beorthodiagonal. Let V be a v-parallelogram of Q and Qg be
the orthic quadrilateral of Q relativeto V. The vertices of V and those of Q, lie

on the same circle.
Ay

Vi \ s

Vi

As 2 As

Figure 5.

Proof. In fact, since Q is orthodiagonal, V is a rectangle and it is inscribed in
the circle C of diameter V1 V3 = V5 V4. The vertices of Q, lie on C, because, for
example, ZH,V3H; isaright angle, and H; lie on C (see Figure 5). (]

Note that if V is the Varignon’s parallelogram, the center of the circle C is the
centroid GG of Q. In this case C is known as the eight-point circle of Q (see [1, 3]).

Corollary 3. If Q isorthodiagonal, then each orthic quadrilateral of Q, in partic-
ular Qp., iscyclic.

3. Orthic quadrilaterals of a cyclic and orthodiagonal quadrilateral

The orthic quadrilaterals of Q may not be inscribed in Q. In particular, Q,, is
inscribed in Q if and only if the angles formed by each side of Q with the lines
joining its endpoints with the midpoint of the opposite side are acute. It follows
that if Q is cyclic and orthodiagonal, then Q,,, is inscribed in Q.
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Theorem 4. If Q is cyclic and orthodiagonal and Q, is an orthic quadrilateral
of Q that isinscribed in Q, the valtitudes that detect Q,, are the internal angle
bisectors of Q.

Ay
Va
\%1
\ /
\ /
/
\\ y
\ /
/
47 /N T~
7 / \ N 2
// / \ NI
Hy / ¥ \ -
/ \\;L\ / N ae
Ay I >y v7 \ Ao
VIS N I
N 9 \\ 2 \ !
3 I~ Ny
N AN RN /
N = s Ha
/"/2
\\ ’/
As
Figure 6.

Proof. We prove that the valtitude V; H; is the bisector of / Hs Hy H, (see Figure
6).
Since Q is cyclic, we have
LA1AgAy = LA A3 A, 1)

because they are subtended by the same arc A;A,. Let B be the common point
to the valtitudes V; H, and V> Hs and B’ the common point to the valtitudes V;, Hy
and V,H,4. The quadrilateral BH A4H> is cyclic because the angles in H; and in
H,, are right angles; it follows that

/HyH,B = /H,A4B, )

because they are subtended by the same arc H,B. Analogously the quadrilateral
B'HyA3Hy is cyclic and

/B'H\H, = /B AsHj. (3)
But, for Lemma 1, ZH,A4B = LA1A4A5 and LB’ AsH, = £A; A3 A,, then,
from (1), (2), (3), it follows that /Ho H1V, = /V1 H1 Hy. O

From Corollary 3 and Theorem 4 applied to the case of maltitudes, we obtain
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Corallary 5. If Q iscyclic and orthodiagonal, then Q,,, isbicentric and its centers
are the centroid and the anticenter of Q (see Figure 7).

A

Figure 7.

Theorem 6. If Q iscyclic and orthodiagonal, the bimedians of Q are the axes of
the diagonals of Q.

Ay

Figure 8.



Orthic quadrilaterals of a convex quadrilateral 85

Proof. It is enough to consider the eight-point circle of Q and prove that the bi-
median My My is the axis of the diagonal H, H3 of Qp, (see Figure 8). Note that
/LH3MyMs = ZHsHsMs, because they are subtended by the same arc H3 M.
Moreover, ZH3Ho My = £ H,Ho M-, because Hs M- bisects ZH, Hs Hs (Theo-
rem 4). It follows that £ Hs My Ms = ZHy HyM,. Then Ms is the midpoint of the
arc HyHs and My My is the axis of Hy Hs. O

Note that M, and M, are the midpoints of the two arcs with endpoints H,, Hs,
and My, M3 are the midpoints of the two arcs with endpoints Hy, Hy.

Theorem 7. If Q is cyclic and orthodiagonal, the orthic quadrilaterals of Q in-
scribed in Q have the same perimeter. Moreover, they have the minimum perimeter
of any quadrilateral inscribed in Q.

Proof. Let Q be cyclic and orthodiagonal and let Q, be any orthic quadrilateral
of Q inscribed in Q (see Figure 9). Let Q be any quadrilateral inscribed in Q,
different from Q. . In the figure, Q, is the red quadrilateral and Q is the blue
quadrilateral.

Figure 9.

Let us consider the reflection in the line A; A4, that transforms A1 A5 A3 Ay
in A1 B3B3 Ay, the reflection in the line B3 Ay, that transforms A, By B3 A4 in
B1CyB3 Ay, and the reflection in the line CyBs, that transforms B;Cy B3 A4 in
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C1CyB3By. Let H and K be the vertices of Q, and Q on the segment A; A5 re-
spectively, and H’ and K’ the correspondent points of H and K in the product of
the three reflections.

Let us consider the broken line A; A1 A4B3CsCy. The angles formed by its
sides, measured counterclockwise, are LAy, —Z A4, LAz, —ZAs. The sum of
these angles is equal to zero, because Q is cyclic, then the final side C1C5 is
parallel to Ay As. It follows that the segments HH’ and K K’ are congruent by
translation.

For Theorem 4 the valtitudes of Q relative to Q, are the internal angles bisectors
of Q,, then with the three reflections in the lines A; A4, B3 A4 and Cy B3, the sides
of Q. will lie on the segment H H’, whose length is then equal to the perimeter
of Q, . But, the segment H H’ is equal to the segment K K’, that has the same
endpoints of the broken line formed by the sides of Q. It follows that the perimeter
of Q is greater than or equal to the one of Q,, then the theorem is proved. O

4. Propertiesof theprincipal orthic quadrilateral of a cyclic and orthodiago-
nal quadrilateral

Let Q, be an orthic quadrilateral of Q inscribed in Q. Subtracting from Q the
quadrilateral Q, we produce the corner triangles A; H; 11 H; 12, (i = 1,2, 3, 4).

Lemma 8. Let Q be cyclic and orthodiagonal and let Q, be an orthic quadrilat-
eral of Q inscribed in Q. Thetriangle A;H;11H;12 (i = 1,2,3,4) issimilar to
thetriangle A; A;+1A;+3.

Figure 10.
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Proof. Let us prove that the triangles A1 HoH3 and A As A4 are similar. Then all
we need to prove isthat LA, Ho Hs = £ A1 As Ay (See Figure 10).

Let B be the common point to the valtitudes V;, H; and V5 Hs. Since the quadri-
lateral A4H,BH, is cyclic, itis /BH,H, = Z/BA4H,. Moreover, /BH>H3 =
/BH,Hq, because the valtitude V5 Hs bisects Z/Hy HoHs. We have L A3A1 Ay =
/Ay A4 As, because Q is cyclic. Then LAsA1 Ay = ZBHoHs. Since ZA1Ho Hy =
90° — /BHsHsand LA A3 A4 = 90° — LA3A As, because Q is orthodiagonal,
itis ZAlHQHg = ZA1A2A4. O

Suppose now that Q is cyclic and orthodiagonal. Let us find some properties that
hold for the principal orthic quadrilateral Q,,, but not for any orthic quadrilateral
of Q.

Consider the quadrilateral Q' whose vertices are the points A’ in which Q,,
is tangent to its incircle (Corollary 5) and the quadrilateral Q; whose sides are
tangent to the circumcircle of Q at its vertices. We say that Q,,, is the tangential
quadrilateral of Q" and Q; is the tangential quadrilateral of Q.

Theorem 9. If Q is cyclic and orthodiagonal, the quadrilaterals Q' and Q and
the quadrilaterals Q,,, and Q; are correspondent in a homothetic transformation

whose center lies on the Euler line of Q. -

A

Figure 11.

Proof. It suffices to prove that the quadrilaterals Q' and Q are homothetic (see
Figure 11).

Let us start proving that the sides of Q are parallel to the sides of Q’, for example
that A; A4 is parallel to A} A). In fact, the maltitude H Hy is perpendicular to
Ay Ag; moreover, it bisects £ A, Hy Hs, then it is perpendicular to A} A/, also, thus
Aj Aqand A A are parallel. It follows, in particular, that the angles of Q are equal
to those of Q, precisely ZA; = ZA.
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Let us prove now that the sides of Q are proportional to the sides of Q’. It is
LA1HyHs = /Hy A} Al}, because A; A4 and A} A are parallel, and ZHyA'D' =
ZA'B’D’, because they are subtended by the same arc A’D’, then ZAHyH3 =
LATALA)L It follows that the triangles Ay HoHs and A} AL A/, are similar. But,
for Lemma 8, A H->Hs is similar to A; A5 Ay, then the triangles A1 A2A4 and
A AL A are similar. Analogously it is possible to prove that the triangles A3 A2 A4
and A5 A5 Al are similar. It follows that the sides of Q are proportional to the
sides of Q’. Then it is proved that the quadrilaterals Q' and Q are homothetic.
Finally, the homothetic transformation that transforms Q’ in Q transforms the cir-
cumcenter H of Q' in the circumcenter O of Q, then the center P of the homothetic
transformation lies on the Euler line of Q. O

It is known that given a circumscriptible quadrilateral and considered the quadri-
lateral whose vertices are the points of contact of the incircle with the sides, the di-
agonals of the two quadrilaterals intersect at the same point (see [5] and [7, p.156]).
By applying this result to Q. and Q it follows that the diagonals of Q; are concur-
rent in H. Thus the common point to the diagonals of Q,,,, N, lies on the Euler
line. Moreover, Q; is cyclic, because Q,, is cyclic, and its circumcenter 7" lies on
the Euler line (see Figure 12).
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Figure 12.
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Theorem 10. If Q iscyclic and orthodiagonal and Q,, is an orthic quadrilateral
of Q inscribed in Q, the perimeter of Q,, is twice the ratio between the area of Q
and the radius of the circumcircle of Q.

Proof. In fact, from Theorem 7 all orthic quadrilaterals inscribed in Q have the
same perimeter, then it suffices to prove the property for Q.. The segments H Ho
and 7175 are parallel, because Q and Q; are homothetic, then they both are per-
pendicular to O Ay, radius of the circumcircle of Q (see Figure 13). It follows that
the area of the quadrilateral O H, A4 H> is equal to % QA4 - HiHs. O

Figure 13.

Conjecture. If Q is cyclic and orthodiagonal, among all orthic quadrilaterals of
Q inscribed in Q the one of maximum area is Q.

The conjecture, which we have been unable to prove, arises from several proofs
that we made by using Cabri Géometre.

5. Orthic axisof an orthodiagonal quadrilateral

Suppose that Q is not a parallelogram. If Q does not have parallel sides, let
‘R be the straight line joining the common points of the lines containing opposite
sides of Q; if Q is a trapezium, let R be the line parallel to the basis of Q and
passing through the common point of the lines containing the oblique sides of Q.
Let Q, be any orthic quadrilateral of Q and let S; (i = 1,2, 3,4) be the common
point of the lines H; H; 1 and V;V; 1, when these lines intersect (see Figure 14).

Theorem 11. If Q isorthodiagonal and is not a square, for any orthic quadrilat-
eral Q, of Q the points Sy, Ss, S3, Sy lieonalineR.
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Vs,

S Va | B
/l Ao 1\\H\\

Figure 14.

Proof. Set up an orthogonal coordinate system whose axes are the diagonals of Q;
then the vertices of Q have coordinates 4; = (a1,0), A2 = (0, a2), Az = (as,0),
Ay = (0, a4). The equation of line R is

asays(al + az)x + ajas(az + aq)y — 2a1az2a3a4 = 0. 4

If V is a v-parallelogram of Q, with z-coordinate « for the vertex V7, then

S1 =

)

as(a; + az) ay

<a3(a2(a —a1) +ag(a+ay)) as(a; — a)) 7

aag azay(2a? — a(ay + as))

%= ( ap’ ai(az + as) > ’
. <a3(a2(a +a1) +as(a—ar)) ag(ar — oz)) |

)

as (al + CL3) aq

g < asas(2a1a3 — alag + ag))>
4 — Oé, .
araz(az + as)

It is not hard to verify that the coordinates of the points .S; satisfy (4). O

We call the line R the orthic axis of Q. It is possible to verify that if Q is
cyclic and orthodiagonal, i.e., ajas = asay, the orthic axis of Q is perpendicular
to the Euler line of Q (see Figure 15). Moreover, it is known that in a cyclic
quadrilateral Q without parallel sides the tangent lines to the circumcircle of Q
in two opposite vertices meet on the line joining the common points of the lines
containing the opposite sides of Q (see [2, p. 76]). It follows that if Q is cyclic and
orthodiagonal and it has not parallel sides, the common points to the lines tangent
to the circumcircle of Q in the opposite vertices of Q lie on the orthic axis of Q.
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Figure 15.
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Diophantine Steiner Triplesand
Pythagorean-Type Triangles

Bojan Hvala

Abstract. We present a connection between Diophantine Steiner triples (integer
triples related to configurations of two circles, the larger containing the smaller,
in which the Steiner chain closes) and integer-sided triangles with an angle of
60°, 90° or 120°. We introduce an explicit formula and provide a geometrical
interpretation.

1. Introduction

In [3] we described all integer triples (R, r,d), R > r + d, for which a con-
figuration of two circles of radii R and r with the centers d apart possesses a
closed Steiner chain. This means that there exists a cyclic sequence of n circles
L4, ..., L, each tangent to the two circles of radii R and r, and to its two neigh-
bors in the sequence. Such triples are called Diophantine Seiner (DS) triples. For
obvious reasons the consideration can be limited to primitive DS triples, i.e., DS
triples with gcd(R, r,d) = 1. We also proved in [3] that the only possible length of
a Steiner chain in a DS triple is 3, 4 or 6. Therefore, the set of primitive DS triples
can be divided into three disjoint sets D.S,, for n = 3,4, 6. The elements of these
sets are solutions of the following Diophantine equations:

n | relation

3| RZ—14Rr+7r>—d*’=0,

4| R?—6Rr +r*—d?>=0,

6 | 3R> — 10Rr +3r2 —3d*> = 0.

The sequence of Rin DSy is
6,15,20,28, . ...

In the ENCYCLOPEDIA OF INTEGER SEQUENCES (EIS) [6], this is the sequence
A020886 of semi-perimeters of Pythagorean triangles. This suggested to us that
DS, might be closely connected with the Pythagorean triangles. It turns out that in
the same manner the sets DS3 and D.Sg are connected with integer sided triangles
having an angle of 120° or of 60°, respectively. Such triangles were considered in
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papers [1, 4, 5]. Together with Pythagorean triangles, these form a set of triangles
that we will call Pythagorean-type triangles.

It is surprising that bijective correspondences between three pairs of triples sets
are given by the same formula (Theorem 1 below). It is the purpose of this paper to
present this formula, provide a geometrical interpretation and derive some further
curiosities.

2. Bijective correspondence between the sets Q, and D.S,,

The sides of Pythagorean-type triangles form three sets of triples, which we
denote by Qe0, Q90 and Q120 respectively. The set (), contains all primitive integer
triples (a, b, ¢) such that a triangle with the sides a, b, ¢ contains the angle ¢ degrees
opposite to side ¢. We also require b > a. (This excludes the triple (1,1, 1) from
Q6o and avoids duplication of triples with the roles of a and b interchanged.)

It is also convenient to slightly modify the sets Qgp and Q120 to sets Qy, and
Q90 as follows: triple (a, b, c¢) with three odd numbers a, b, c is replaced with a
triple (2a, 2b, 2¢). Other triples remain unchanged. Modification in Qg is not nec-
essary, since primitive Pythagorean triples always include exactly one even num-
ber.

Theorem 1. The correspondences DSy «— Qgo, DS3 «— Q5o and DS «—
Qg given by

(R,r,d) — (3(R+r—d),3(R+r+d),R—r) (1)

(a,b,c) — (3(a+b+c),i(a+b—c),b—a) )
are bijective and inverse to each other.

Proof. It is straightforward that the above maps are mutually inverse and that they
map the solution (R, r, d) of the equation R% —6Rr +r% —d? = 0 into the solution
(a,b, c) of the equation a® +b% — c? = 0, and vice versa. The same could be proved
for the pair R2 — 14Rr + 2 — d®> = 0 and a® + b + ab — ¢® = 0, as well as for
the pair 3R% — 10Rr + 3r? — 3d?> = 0 and a® 4+ b> — ab — ¢? = 0.

Using standard arguments, we also prove that the given primitive triple of DS,
corresponds to the primitive triple of QQgg, and vice versa. In the other two cases,
consideration is similar but with a slight difference: the triples from Qg and Q12
can have three odd components; therefore, the multiplication by 2 was needed.
Now we prove that triples (R, r, d) from DS5 and D.Ss with an even d correspond
to the modified triples of Qg, and @, of the form (2a, 2b, 2¢), a, b, ¢ being odd;
and triples with odd d correspond to the untouched triples of Q0g, and Q4. In each
case, the primitiveness of the triples from Qgo and Q120 implies the primitiveness
of those from D.S35 and DSg, and vice versa. O

Remark. Without restriction to integer values, these correspondences extend to the
configurations (R, r,d) with Steiner chains of length n = 3,4,6 and triangles
containing an angle 18°

n_ "
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3. Geometrical interpretation

We present a geometrical interpretation of the relations (1) and (2). Let (R, r,d)
be a DS triple from DS,,, n € {3,4,6}. Beginning with two points S;, So at
a distance d apart, we construct two circles S;(R) and Sa(r). Let the line S1.52
intersect the circle S;(R) at the points U, V and Sz(r) at W and Z. On opposite
sides of S1.55, construct two similar isosceles triangles VU 1. and W Z1I on the
segments UV and W Z, with angle % between the legs. Complete the triangle
ABC with I as incenter I. Then I is the excenter on the side ¢ along the line
S51S592. This is the corresponding Pythagorean-type triangle (see Figure 1 for the
case of n = 4). To prove this, it is enough to show that the sides of triangle ABC
area=3(R+r—d), b=3(R+r+d), c=R—r, ie. thesides given in (1).

Figure 1.

This construction yields a triangle with given incircle, C-excircle and their
touching points with side ¢. To calculate sides a, b and ¢, we make use of the
following formulas, where r;, r., and d are the inradius, C-exradius, and the dis-
tance between the touching points:

a= 1 (\/47’17"0 +d2. fethi d),

Te—Ti

b= 1 (VArre+ @ =0 4 a),
c= VAarir. + d2.
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Now let us consider different n € {3,4,6}. In the case n = 3, according to the
construction, 7, = rv/3, r. = Rv/3 and 4rir. + d*> = 12Rr + d>. Since triples
from DSs satisfy R? — 14Rr + 12 — d* = 0, we have 12Rr + d*> = (R —r)2.
Hence, V4rir. +d?> = R —r.

For n = 4 and n = 6, we have different r; and r. and apply different Diophan-
tine equations, but end up with the same value of the square root. Applying all
these to the formulas above, we get the desired sides a, b, c.

4, Theredation between sets DS3 and D Sg

In [3] we found an injective (but not surjective) map from D.S3 to DSg. In this
section, we will explain the background and provide a geometrical interpretation
of this relation. In §2, we have the bijections D.S5 «— Q55 <> Q120 and DSg <
Q4o — Qeo- Besides, it is clear from Figure 2 that the map (a, b, ¢) — (a,a+b,¢)

represent an injective map from Q129 to Qgp.
D

A c B

Figure 2.

The same is true for the map (a,b,c) — (b,a + b,c). We therefore have two
maps Q120 — Qeo, the union of their disjoint images being the whole Qgo. There-
fore, the sequence of maps DS3 — Qo9 — Q120 — Q0 — Qg — DS defines
two maps DS; — DSg. Following step by step, we can easily find both explicit
formulas:

g(R,r,d) = k-(36R+r—d),3(R+5r—d),3(R+7+d))
gp(R,rd) = k- (AGR+7+d), X(R+5r+d), 5(R+7—d))

with the appropriate factor k£ € {2, 1, %}.

The correspondence noticed in [3] is, in fact, just go with the chosen maximal
possible factor £ = 2 (in multiplying by a larger factor, we only lose primitiveness).
The existence of two maps g; and g whose images cover DSg explains why the
image of g, alone covered only “one half” of DSg.

Now we give a geometric interpretation of these maps. Let us start with a triple
(R,r,d) € DSsand construct the associated triangle ABC from Q' 4,. According
to (1), the sides a and b of this triangle are @ = £+7=2 and b = £+7+4. Hence,
gi(R,r,d) = k- (R+ §,7 + §,b). To get the first possible configuration of
two circles with the closed Steiner triple of the length n = 6, we draw circles with
centers A and C' with the radii R = R+ § and r’ = 7+ (see Figure 3). Similarly,

drawing the circles with centers B and C with the radii R’ = R+ 5 and 7' = r+ 2,
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Figure 3.

we get the second possibility, arising from go. To obtain triples in D.Sg, we must
consider the effect of £: i.e, it is possible that the elements (R, ', d’) need to be
multiplied or divided by 2.
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Three Maximal Cyclic Quadrangles

Paris Pamfilos

Abstract. We study three problems concerning the determination of the maxi-
mal cyclic quadrangle under certain restrictions on its diagonals: (a) assuming
that one of the diagonals as well as the intersection point of the two diagonals are
fixed, (b) assuming that the location of the intersection point of the two diagonals
is fixed, and (c) assuming that the intersection point of the diagonals is fixed and
the diagonals intersect under a constant angle.

1. Introduction

Consider a convex cyclic quadrangle ABC' D and assume that one of its diago-
nals AC is a diameter of its circumcircle. Assume also that the intersection point £
of the two diagonals is a fixed point and that the second diagonal B.D turns about
that point. For which position of the turning diagonal does the resulting quadrangle
have maximum area? Figure 1 displays such a case of maximal quadrangle indi-
cating that the solution is asymmetric, whereas changing the position of £ on AC
towards the center we do obtain symmetric maximal quadrangles (Kites).

Figure 1. Maximal for fixed AC and E

Figure 1 also displays a nice quartic curve which controls this behavior. §2 be-
low explores the geometric structure of the problem and establishes its connection
to the aforementioned quartic. §3 solves the problem of finding the maximal cyclic
guadrangles in the two cases:

(a) one diagonal AC and the intersection E of the diagonals are held fixed, and
(b) only the intersection E is held fixed.
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84 handles the problem of finding the maximal cyclic quadrangle under the con-
dition that its diagonals pass through a given point and intersect there at a fixed
angle.

2. TheHippopede of Proclus

The basic configuration in this section is suggested by Figure 2. In this a chord
AC turns about a fixed point E lying inside the circle ¢. The segment OG drawn
from the center of the circle parallel and equal to this chord has its other end-point
G moving on a curve called the Hippopede of Proclus [7, p. 88], [8, p. 35], [3] or
the Lemniscate of Booth [2, vol.ll, p. 163], [5, p.127].

Figure 2. Hippopede of Proclus

This curve is a quartic described by the equation
(2% 4+ y*)? —4R*(2* + (1 — s*)y?) = 0.
Here s € (0,1) defines the distance OFE = sR in terms of the radius R of the

circle. A compendium of the various aspects of this interesting curve can be seen
in [3]. Regarding the maximum quadrangle the following fact results immediately.

Proposition 1. Let ABC'D be a cyclic quadrangle, E be the intersection point
of its diagonals and k(E) the corresponding hippopede. Let the positions of the
diagonal AC and E be fixed and consider the other diagonal B D turning about
E. Further, let G be the corresponding point on the hippopede, such that OG is
parallel and equal and equally oriented to BD. Then the quadrangle attains its
maximum area when the tangent ¢ at GG is paralld to the fixed diagonal AC and
at maximum distance from the center O (see Figure 3).

The proof follows trivially from the formula |AC| - | BD|sin 6 expressing the
area of the quadrangle in terms of the diagonals and their angle. Since AC is fixed
the problem reduces to maximizing the product |BD|sin 6, which is the length of
the projection of OG on the axis orthogonal to AC'. The claim follows at once.

In general the construction of the point G' cannot be effected through elemen-
tary operations by ruler and compasses. This is because the position of G, which
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Figure 3. Maximal quadrangle for fixed AC and E

determines the width of the hippopede in a certain direction, amounts to a cubic
equation. In fact, it can be easily seen that the parameterization of the curve in
polar coordinates is given by:

(z,y) = 2R\/1 — s2sin? ¢ - (cos ¢, sin ).

Then, the inner product (V f,€,) of the gradient of the function defining the curve
with the direction &, = (cos «, sin «) of the fixed diagonal AC defining the width
of the curve in the direction o + 7 is:

%(Vf,éo) = ((* 4+ y*) — 2R*)zcosa + ((z? + y*) — 2R*(1 — s*))ysina

= 4R%\/1 — s%sin% ¢ (cos2 ¢+ (1 — 25?)sin? @) cos ¢ cos
+4R*\/1 — s2sin? ¢ ((1 + s%) cos® ¢ + (1 — s%) sin® ¢) sin psin @

= 0.

Assumingz # 0,1.e, ¢ # 7, andalso o # 7, simplifying, dividing by cos® ¢ cos a,
and setting z = tan ¢, a = tan «, we get the cubic

a(l—sH)2B3 +(1-2s)22+a(l+s%)z+1=0. (1)

This, as expected, controls the position of the variable diagonal BD in depen-
dence of the position (s) of E and the direction « of the fixed diagonal AC. In
dependence of these parameters the previous cubic can have one, two or three real
solutions. In fact, the cubic depends on the form of the hippopede which in turn de-
pends only on s. It is easily seen that for s < % the hippopede is convex, whereas

for s > % the curve is non-convex and has two real horizontal bitangents. In the
latter case, depending on the orientation of the line AC (i.e., on «), there may be
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one, two, or three tangents of the hippopede parallel to the fixed chord AC and the
maximal quadrangle is determined by the one lying at maximum distance from the
origin O (see Figure 4).

Figure 4. Meaning of roots of the cubic

This is also the reason (noticed in the introduction) for the diversity of behavior
of the maximal quadrangle in the case AC' is a diameter. In fact, for a = 0, (1)
reduces to the quadratic
(1-2s%)2241=0,
which has real solutions z = #+1/v/2s2 — 1 # 0 only in the case s > % The
two corresponding solutions define an asymmetric quadrangle (see Figure 1) and

its reflection on the x-axis. In the case s < % it is easily seen that only ¢ = 5

(i.e, x = 0) is possible, resulting in symmetric maximal quadrangles (Kites; see
Figure 5).

Figure 5. Kites for s < -

S
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3. The set of maximal quadrangles

Proposition 2 summarizes some well known facts about the various ways to
generate the hippopede, as pedal of the ellipse with respect to its center (as does
point I in Figure 6) [1, p. 148], but mainly, for us, as envelope of circles passing
through the center of an ellipse with eccentricity s (with axes (R, v1 — s2R)) and
having their centers at points of this ellipse, called the deferent of the hippopede

3.

Figure 6. Hippopede as envelope

Proposition 2. Let ¢(O, R) be a circle of radius R centered at the origin and
E :|OE|=sR,s € (0,1) beafixed point inside the circle.

(1) The ellipse e(s) centered at O having one focus at E' and eccentricity equal
to s has c asits auxiliary circle and its pedal with respect to the center O isthe
homothetic with ratio  of the hippopede.

(2) The hippopede isthe envelope of all circles passing through O and having their
centerson the ellipse e(s).

(3) For each point .J on the ellipse thecircle ¢(J, |OJ|) istangent to the hippopede
at a point G which is the reflection of O on the tangent ¢ ; to the ellipse at .J. The
tangent ¢ of the hippopede at G is the reflection of the tangent ¢ of ¢(O, |OJ|)
with respectto ¢ ;.

Using these facts and the symmetry of the figure we can eliminate the difficulties
of selecting the furthest to O tangent of the hippopede and show that, by restricting
the locations of the diagonal AC to the absolutely necessary needed to cover all
possible quadrangles, the other diagonal B.D of the corresponding maximal quad-
rangle depends continuously and in an invertible correspondence from AC. This
among other things guarantees also the existence of maximal quadrangles under
the restrictions we are considering. Denote by Pa = ABC D the quadrangle with
maximum area among all quadrangles inscribed in ¢ with diagonals intersecting
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at E and having the diagonal AC fixed in the direction €, = (cosa,sina). To
obtain all such quadrangles it suffices to consider directions e, of the fixed diago-
nal AC which are restricted to one quadrant of the circle, for instance by selecting
o € [—g, O]. Then the polar angle ¢ of the corresponding point G on the hip-
popede, defining the other diagonal BD can be considered to lie in an interval
[0, @] with ® < 7 (see Figure 7). With these conventions it is trivial to prove the
following.

Proposition 3. The correspondence p : o — ¢ mapping eacha € [—%,0] tothe
polar angle ¢ € [0, ®] such that the tangent ¢ of the hippopede at its point G¢
isparallel toe, and at maximum distance from O is a differentiable and invertible
one.

Figure 7. Domain ®

This is obvious from the geometry of the figure. The analytic proof follows
from the angle relations of the triangle OJG in Figure 6. In fact, if (z,y) =
(acosf,bsinf) is a parametrization of the ellipse, then the direction of BD is

. L _ z/a?
that of the normal of the ellipse at (z, y), which is ¢ = arccos (W) .
Setting x = acosf = Rcosf and y = bsinf = Rv/1 — s2sin6, we obtain the

function ¢ = g(f) = arccos (\W , increasing for 6 € [0,%] (see
Figure 8).

On the other hand, by the aforementioned relations, we obtain o« = h(6) =
2¢ — 0 + 5 with its first root at ©, such that « = h(©) =20 - © + 5 = 0. It
follows easily that in [0, ©] the function a = h(0) is also increasing. The relation
between the two angles is given by ¢ = p(a) = g(h~'(a)) , which proves the
claim.

In the following we restrict ourselves to quadrangles Pa with o € [0, 3] and

denote the set of all these maximal quadrangles by P.
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Figure 8. Composing the function ¢(«)

Proposition 4. For each point £ there is a unique quadrangle Pa. € P having
the diagonal s symmetric with respect to the diameter O E' hence equal, so that P«
in this case is an isosceles trapezium. This quadrangle is also the maximal onein
area among all quadrangles whose diagonals pass through F.

In fact, by the previous discussion we see that the diametral position of AC
does not deliver equal diagonals, except in the trivial case for s = 0 defining the
square inscribed in the circle. Thus, we can assume ¢ # 3 and the proof follows
by observing the role of a = tan « in the cubic equation. The symmetry condition
implies z = tan ¢ = —a, hence the biquadratic equation in a:

(1—s*)a* +4s%*> —1=0.

The only acceptable solution for a? producing two symmetric solutions, hence a
unique guadrangle (see Figure 9), is

1
a? = ——(V4st —s2 4+ 1 —25%).

T2

Figure 9. Maximal for diagonals through E

The last claim results again from the necessary cubic equation holding for AC
as well as for BD in the case of the maximal quadrangle among all quadrangles
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with both diagonals varying but also passing through E. Taking the symmetric
quadrangle with respect to the diameter £O we may assume that the cubic equation
holds true two times with the roles of o and ¢ reversed. Subtracting the resulting
cubic equations we obtain

(a(1 — sH23 +(1— 282)22) — (2(1- s3)ad + (1 — 252)a2)
= (1—s%)az(2® —a?®) + (1 — 25%) (2% — d?)
= ((1 - sYaz+ (1-25%) (2 —a)(z +a) = 0.

It is readily seen that only z 4+ a = 0 is possible, and this proves the last claim.

4. Diagonals making a fixed angle

Here we turn to the problem of finding the quadrangle with maximum area
among all quadrangles ABC'D inscribed in a circle ¢(O, R) whose diagonals pass
through the fixed point E and intersect there at a fixed angle «. By the discussion
in §2 we know that the area of the quadrilateral in this case can be expressed by the
product:

A= 432\/1 — s2sin? ¢>\/1 — s2sin%(¢ + a) - sin a.
Essentially this amounts to maximizing the product
(1 — s%sin? ¢)(1 — s?sin?(¢ + ).

Using the identity sin? ¢ = % we rewrite this product as

s 82 2 st 9\ . 9
((1 — 5) + 2xcosa) - <4(1 — z%)sin a) )

with z = cos(2¢+«). A further short calculation leads to the quadratic polynomial

st o 2 s? st o 2
Vil + s(l—g)cosa x + 4 o8 a+1l-—s

2 /.2 2 2
=(1-5s%)+ % <82332 +(1- %)xcosa + $2COS2Oz>
The quadratic in z is easily seen to maximize among all values |z| < 1 for z = 1.
Since x = cos(2¢ + «), this corresponds to 2¢ + a = 2kmi.e, ¢ = —5 + k7.
This establishes the following result.

Proposition 5. The maximal in area quadrangleinscribed inacircle ¢(O, R) and
having its diagonals passing through a fixed point £ and intersecting there under
a constant angle « isthe equilateral trapeziumwhose diagonals are inclined to the
diameter OF by an angle of +5.
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| ter ates of Brocardian Pointsand Lines

Gotthard Weise

Abstract. We establish some interesting results on Brocardians in relation to the
Steiner ellipses of a triangle.

1. Notations
Let ABC be a triangle with vertices A, B, C and sidelines a, b, c. For the
representation of points and lines we use barycentric coordinates, and write
P = (u:v:w) fora point,
p=[u:v:w| :=uxr+vy+wz=0foraline.

The point P = (u : v : w) and the line p = [u : v : w] are said to be dual, and
we write P = *p and p = xP. The trilinear polar (or simply tripolar) of a point

(u:v:w)istheline [1:1: L] The trilinear pole (or simply tripole) of a line
[u: v :w]isthe point (1 : 1. 1) The conjugate * of a point P = (u: v : w) is
the point P* = (L : 1. 1) and the conjugate of aline p = [u : v : w] is the line
b o [idid]

2. Brocardians of a point

Let P be a point (not on the sidelines of ABC' and different from the centroid
() with cevian traces P,, P, P.. The parallels of b through P,, c through P, and
a through P. intersect the sidelines c, a, b respectively in the point Py, Py, Peq.
These points are the traces of a point P_.,, called the forward (or right) Brocardian
of P. Similarly, the parallels of c through P,, a through P, and b through P,
intersect the sidelines b, c, a respectively in the point P,., Py, P, the traces of
a point P._, the backward (or left) Brocardian of P (see Figure 1). In barycentric

coordinates,
1 1 1 1 1 1
PH:<::>, PH:<::>.
w u v v w u

We say that a point P = (ujug : vivg @ wiwe) is the barycentric product of the
points P; = (uj : v1 : wy) and Py = (ug : ve : we). A point P is obviously the
barycentric product of its two Brocardians.

For P = K, the symmedian point, the Brocardian points are the Brocard points
of the reference triangle ABC.

Publication Date: September 27, 2010. Communicating Editor: Paul Yiu.
Lin this paper, the term “conjugate” always means isotomic conjugate.
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Figure 1.

3. Brocardians of aline

Let p be a line not parallel to the sidelines, intersecting a, b, c respectively at X,
X3, Xc. The parallels of c through X, a through X3, and b through X intersect b,
c, a respectively at Y3, Y, Y,. These three points are collinear in a line p_, which
we call the right Brocardian line of p. Likewise, the parallels of b through X, c
through X3, and a through X, intersect c, a, b respectively at Z., Z,, Z,. These
points are on a line p._, the left Brocardian line of p (see Figure 2).

If p = [u: v : w], then the representation of its Brocardian lines (p-Brocardians)

[1 1 1] [1 1 1]
po=|—:—:—=| and p_=|-:—:—
w u v voOw u
can be derived by an easy calculation.

Here is an interesting connection between Brocardian points, Brocardian lines,
and their trilinear elements.

Proposition 1. (a) Thetripolar of theright (Ieft) Brocardian point of P istheright
(Ieft) Brocardian line of the tripolar of P.

(b) Thetripoleof theright (left) Brocardian line of p istheright (left) Brocardian
point of the tripole of p.

Proof. xP_, =p_ andxp. = P._. (|

We say that the line p = [ujus : vivs @ wiws] is the barycentric product of the
lines p1 = [u1 : vy : wi] and pa = [ug : ve : we). Hence, a line is the barycentric
product of its Brocardian lines.
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Figure 2.

4. Iterates of Brocardian points

Now we examine on what happens when we repeat the Brocardian operations.
First of all,

P,.,=w:w:u), P,.=P__,=P, P =(w:u:v).
With respect to (isotomic) conjugation,
(P =(P.)* =P, (P)o=(P.) =P .

More generally, for a positive integer, let P,_. denote the n-th iterate of P_,
and P, the n-th iterate of P._. These operations form a cycle of period 6 (see
Figure 3). The “neighbors” of each point are its Brocardians, and the “antipode”
its conjugate, i.e.,

P, =P =P

For example, consider the case of the symmedian point P = K = Xg (in
Kimberling’s notation [1, 2]). The conjugate of X is the third Brocard point X+,
the Brocardians of X are the bicentric pair P(1), U(1), and the Brocardians of
X6 are the bicentric pair P(11), U(11), which are also the conjugates of the
Brocard points.
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P, =P P =P

P=P; =P P =Py = P?

PS%:PL— P4*>:P2<;

Figure 3.

The 6-cycle of Brocardians can be divided into two 3-cycles by selecting alter-
nate points. We call (P, P,_,, P». ) the P-Brocardian triple, and (P°®, P—, P_,)
the conjugate P-Brocardian triple (or simply the P*-Brocardian triple). For each
point in such a triple, the remaining two points are the Brocardians of its conjugate.

Figure 4.
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5. Iterates of Brocardian lines

Analogous to the Brocardian operation for points one can iterate this process for
lines. The results of two and three operations are the following:

PZH:[UIUJZU], P—— =P =D, pgkz[w:u:v],

{1 11 ] .

P3—=P3—=|— "~ —|=DP.

u v w

The lines po_, and po. are the tripolars of P and P_, (and the duals of P, and
P, ) respectively. The line p3_, is the tripolar of P and the barycentric product
of po_, and po._. It is obvious that the iterates of a Brocardian operation for lines
have the same structure as those of a Brocardian operation for points. This is not
surprising because the iterates of Brocardian lines are the duals of the iterates of
Brocardian points.

We call the line triple {p, p2—,, p2) a p-Brocardian triple. It is the dual of
the P-Brocardian triple and has the same centroid as the reference triangle. The
triangles formed by the P-Brocardian triple and p-triple are homothetic at G, i.e,
they are similar and their corresponding sides are parallel. (The vertices of the
p-triple in Figure 4 are defined in the next section.

6. Brocardian pointson aline

There are geometric causes to complete the above structure of six points and
their duals. For instance, it is desirable to solve following problem: Given a line
p = [u: v : w]and its dual P, does there exist a point X with Brocardians X_,
and X . lying on p? How can such a point be constructed?

Consider the lines ps_. and ps._. They generate three new points:

|

P =

P Npa = (u? —vw : v* — wu : w? — ),
P~ = pNpes = (w? —uw : u® —vw : v? — wu),
P™ = pNpec = (02 —wu: w? —uv : u? — vw).
The point P' is also called the Steiner inverse of P (see [3]). It is interesting that
P~ and P are the Steiner inverses of P, and P,_. respectively. The point with
its Brocardians P~ and P is the conjugate of P':

. 1 1 1
P" = : : .
<u2—vw v? —wu wz—uv>

The line containing P»_, and P, has tripole P'°. For P = K, the symmedian
point, we have P' = Xsgs and P'* = X 956.

7. Brocardian linesthrough a point

Given a point P not on the sidelines and different from the centroid G, are there
two lines through P which are the Brocardian lines of a third line? This is easy to
answer by making use of duality. The Brocardian lines are the duals of the points
P~ and P, and the third line is the dual of the point P'®.
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8. Generation of further Brocardian triples

There are many possibilities to create new Brocardian triples from a given one.
We consider a few of these.

8.1. The midpoints of each pair in a P-Brocardian triple form a new Brocardian
triple with coordinates

(vtw:wtu:u+v), (wWtu:u+tv:v+w), (ut+v:v+w:w+u).

8.2. The P-Brocardian and P*®-Brocardian triples have an interesting property:
they are triply perspective:

- 2
PP, P,_ P, P, P_ areconcurrentin P, := (“ —vw . YW, W ‘“”),

u v w

v w u

- 2
PP_., P, ,P_, P, P*® areconcurrentin P, := (” —wu . WUy . U ﬂ””),

M 2 2 2
PP_, P, ,P® P, P_ areconcurrentin P := (w e ;‘““).
These intersections form a Brocardian triple.

Figure 5.

8.3. Given a P-Brocardian triple and its dual, the lines p, po_., po of that dual
intersect the infinite line at the points of another Brocardian triple:

Q= (v—w:w—u:u—v),
Q5= (wW—u:u—v:v—w),

Q5. = (u—v:v—w:w—u).
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Likewise, their conjugates

1 1 1
om (1)
v—w w—UuUu uUu—v
1 1 1
Q2—>:< : : >’
w—uUu UuU—v v—w

1 1 1
QQH:( : : )
U—UV V—wW W—1U

form a Brocardian triple with points lying on the Steiner circumellipse yz + zx +
xy = 0. The connecting line of Q2_. and Q.. is the dual of Q:

1 1 1
*Q) = [ : : ]
v—w w—U U—UU
and is tangent to the Steiner inellipse 22 + y? + 2% — 2yz — 2z — 2xy = O at

R:=((v—w)?:(w—u)?:(u—0)?).

The point () is the fourth intersection of the Steiner circumellipse with the P-
circumconic. The midpoints of QQ>_. and Q2. are the points

Roim (=0 (0—w): (w—u))
Ry = ((w— u)2 c(u— v)2 : (v — w)Q)

lying on the Steiner inellipse, which, together with R, form a Brocardian triple.

P-circumconic

Steiner circumellipse

Figure 6.
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9. Brocardianson a circumconic

Let 2p be the circumconic uyz + vzzx + wzy = 0. The triangle formed by the
tangents of 2p at the vertices is perspective with ABC' at P = (u : v : w). We
call 2p the P-circumconic of triangle ABC.

A natural question is the following: Are there a pair of points X_, and X._ ona
given conic 2 which are the Brocardians of a point X?

Let us begin with the special case of the Steiner circumellipse 2 = 2¢
xy + yz + zx = O with perspector G = (1 : 1 : 1). f X = (z :y:z2)isa
point on 2, its conjugate X * is an infinite point and has Brocardians

Xt =(z:z:y), XL =(y:z:1),

which also lie on 2. These three points on the Steiner ellipse obviously form a
Brocardian triple. The Brocardians of a point Y lie on the Steiner ellipse if and
only if Y is an infinite point.

We can answer the above question for the Steiner circumellipse as follows: the
set of points X constitutes the infinite line.

Now, for the case of 2 = 2p with P # (@, consider a variable point X =
(r :y:z)on Zp. Itis easy to see that the Brocardians X_, and X . lie on the
tripolars of P_, and P._ respectively. The intersection of these lines is the Steiner
inverse P' of P. Hence there must be a pair of points X; and X5 on 2 such that
(X3)_, = (X1)_ = P". Then we have

PL=(X1)e.=X1 PL=(X3)—c =Xo
with coordinates

1 1 1
P, = : :
- <w2—uv u? —vw UQ—wu)’

1 1 1
Pl = : : .
- (vQ—wu w? — uw u2—vw)

Since the P-circumconic is the point-by-point conjugate of p, it is clear that these
points are the conjugates of P~ and P—.
Now we want to list some possibilities to construct the points P*, and P._:
(1) Construct the Brocardians of P'.
(2) Construct the conjugates of P~ and P.
(3) Construct the tripoles of the lines PP,_, and PP;. .
(4) Reflect the Brocardians P_, and P— in Ry and Ry_, respectively.
(5) The tripoles of the lines PP_, and PP, are the points

u v w U v w
le( : : > and ZQZ< : : )
U—w V—U W-—0 U—v v—w w-—u

These are the barycentric products of P and Q5. and ()o. respectively. They lie
on the P-circumconic and are the intersections of the lines QQ2. with GP", and
QQ_, with GP._ respectively. The line Z; Z is tangent to the Steiner inellipse.
Construct the intersections of the P-circumconic with the lines GZ; and GZ5 to
obtain the points P', and P! .
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P-circumconic

Figure 7.

10. Brocardiansof a curve

Avre there simple types of curves with the property that a point of one such curve
has Brocardians on some simple curves?

Here is one special case for lines.

Given a line p = [u : v : w] with dual P, the circumconics 2 = Z2p,
2_,=9p, and 2_ = 2p,_, the following statements hold for X is a point on
p (see Figure 8).

(1) The Brocardians X_, and X lie on the circumconics 2. : wyz + uzz +

vey = 0and 2_, : vyz + wzzr + uzry = 0.

(2) The fourth intersection of 2_, and 2_ is the point P*°.

(3) The fourth intersections of the Steiner circumellipse with 2_, and 2. are the

points Q2. and Q2. respectively.

(4) The fourth intersections of 2 with 2_, and 2_ are P', and P._ respectively.
It is easy to show that the Brocardians X _, and X of all points X on a circum-

conic lie on the Brocardians ¢_, and /. of a line /.
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Calculations Concerning the Tangent Lengths and
Tangency Chords of a Tangential Quadrilateral

Martin Josefsson

Abstract. We derive formulas for the length of the tangency chords and some
other quantities in a tangential quadrilateral in terms of the tangent lengths.
Three formulas for the area of a bicentric quadrilateral are also proved.

1. Introduction

A tangential quadrilateral is a quadrilateral with an incircle, i.e., a circle tangent
to its four sides. We will call the distances from the four vertices to the points of
tangency the tangent lengths, and denote these by e, f, g and h, as indicated in
Figure 1.

Figure 1. The tangent lengths

What is so interesting about the tangent lengths is that they alone can be used to
calculate for instance the inradius r, the area of the quadrilateral & and the length
of the diagonals p and ¢. The formula for r is

_ |efg+ fgh+ ghe + hef 1)
"= e+f+gth

and its derivation can be found in [5, p.26], [6, pp.187-188] and [13, 15]. Using the
well known formula K = rs = r(e + f + g + h), where s is the semiperimeter,
we get the area of the tangential quadrilateral [6, p.188]

K =+/(e+ f+g+h)(efg+ fgh+ ghe + hef). 2)

Publication Date: October 4, 2010. Communicating Editor: Paul Yiu.
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Hajja [13] has also derived formulas for the length of the diagonals p = AC and
q = BD. They are given by

- e+g
b Ft+h

_ f+n

e (et a)(f +h) + deg). ®

((e+9)(f +h)+4fh),

In this paper we prove some formulas that express a few other quantities in a
tangential quadrilateral in terms of the tangent lengths.

2. Thelength of the tangency chords

If the incircle in a tangential quadrilateral ABC'D is tangent to the sides AB,
BC,CD and DA at W, X, Y and Z respectively, then the segments WY and
X Z are called the tangency chords according to Dorrie [10, pp.188-189]. One
interesting property of the tangency chords is that their intersection is also the
intersection of the diagonals AC' and BD (see [12, 20] and [24, pp.156-157]; the
paper by Tan contains nine different proofs).

Figure 2. The tangency chord £ = WY

Theorem 1. The lengths of the tangency chords WY and X7 in a tangential
guadrilateral are respectively

2(efg + fgh + ghe + hef)

T Vet Dt et +h)
2(efg + fgh + ghe + hef)

Vie+h)(f+ag)(e+g)(f+h)

Proof. If I is the incenter and angles 3 and - are defined as in Figure 2, by the law
of cosines in triangle WY I we get

k? = 2r% — 2r? cos (208 + 27v) = 2r*(1 — cos (28 + 27)).
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Hence, using the addition formula
k2
202

From the double angle formulas, we have

1 —tan? 3 B r? —r?tan? g3 B r? — f?

1+tan?3  r2+r2tan?f  r2 4 f2

=1 — cos 20 cos 2y + sin 2(3 sin 2.

cos 23 = 4)

and
2tan 3 2rf

in20 = = .
S 2 = T Pt P
Similar formulas holds for +, with ¢ instead of f. Thus, we have
Tl A ey 20 | 2rg > (f +9)?

2T2 7”2 _|_f2 T‘2 _|_gQ 7”2 _|_f2 7”2 _|_92 r (7”2 _|_f2)(,r.2 +92)
SO

(f +9)?
(r2 + f2)(r* + %)
Now we factor 2 4 £2, where r is given by (1). We get
efg+ fgh+ghe +hef + f2(e+f+g+h)
e+f+g+h
e(fg+ fh+gh+ f2) + flgh+ f*+ fg + fh)
e+f+g+h
(e+ Hlg(f +h)+ f(h+f))
e+ f+g+h
(e+H)f +9)(f +h)
e+f+g+h

]6‘2 — (2?”2)2 i

r? 4 2 =

In the same way

e+ 9)(f+g9)(g+h)
g = et f+gth ©)
(f+9)Pe+f+g+h)?

e+ N+ +h)(e+g)(f+9)(g+h)

SO

K2 = (2r%)%.

After simplification
e+f+g+h
Vie+ NI+ 1) +g)(g +e)
and using (1) we finally get
~ 2(efg+ fgh+ ghe + hef)
Ve NN R+ +e)

The formula for [ can either be derived the same way, or we can use the symme-
try in the tangential quadrilateral and need only to make the change f < h in the
formula for k. O

k=2r2.
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From Theorem 1 we get the following result, which was Problem 1298 in the
MATHEMATICS MAGAZINE [8].

Corollary 2. In atangential quadrilateral with sides a, b, ¢ and d, the quotient of
the tangency chords satisfy
kK\?  bd
(1) =

Proof. Taking the quotient of k& and [ from Theorem 1, after simplification we get
(e + h)( f +9)
(e + f )(h+9)

and the result follows. O

Corollary 3. Thetangency chordsin atangential quadrilateral are of equal length
if and only if it is a kite.

Figure 3. The tangency chords in a kite

Proof. (=) If the quadrilateral is a kite it directly follows that the tangency chords
are of equal length because of the mirrow symmetry in the longest diagonal (see
Figure 3).

(<) Conversely, if the tangency chords are of equal length in a tangential quadri-
lateral, from Corollary 2 we get ac = bd. In all tangential quadrilaterals the con-
secutive sides a, b, cand d satisfy a+c = b+d (= e+ f+g—+h; see also [1, p.135],
[2, pp.65-67] and [23]). Squaring, this implies & + 2ac + ¢? = b? + 2bd + d?
and using ac = bd it follows that a® + ¢ = b* + d2. This is the characteriza-
tion for orthodiagonal quadrilaterals' [24, p.158]. The only tangential quadrilateral
with perpendicular diagonals is the kite. We give an algebraic proof of this claim.
Rewriting two of the equations above, we have

a—b=d-—c, (6)
a2 —b? = d? -2 (7

In quadrilateral with perpendicular diagonals.
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Factorizing the second, we get
(@ —b)(a+b)=(d—c)(d+c). (8)

Case 1. If a = b we also have d = c using (6).

Case 2. If a # b, then we get a + b = d + c after division in (8) by « — b and
d — c on respective sides (which by (6) are equal). Now adding @ + b = d + c and
a—b=d—c, weget2a = 2d. Hence a = d and also b = c using (6).

In both cases two pairs of adjacent sides are equal, so the quadrilateral is a
kite. O

3. Theangle between the tangency chords

In the proof of the next theorem we will use the following simple lemma.

Figure 4. Alternate angles w and y

Lemma 4. The alternate angles between a chord and two tangents to a circle are
supplementary angles, i.e., w + y = « in Figure 4.

Proof. Extend the tangents at W and Y to intersect at 7', see Figure 4. Triangle
TWY is isosceles according to the two tangent theorem, so the angles at the base
are equal, w = v. Also, v + y = 7 since they are angles on a straight line. Hence
w4y =T. ([

Now we derive a formula for the angle between the two tangency chords.

Theorem 5. If e, f, g and h are the tangent lengths in a tangential quadrilateral,
the angle ¢ between the tangency chords is given by

. (e+ f+g+h)efg+ fgh+ ghe + hef)
sSin @ =
(e+f)(f+9)(g+h)(h+e)
Proof. We start by relating the angle ¢ to two opposite angles in the tangential
quadrilateral (see Figure 5).

From the sum of angles in quadrilaterals BW PX and DY PZ we have w+ z +
¢+ B =2mandy + z + ¢ + D = 27. Adding these,

wH+zr+y+z+20+ B+ D =A4nm. 9
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Figure 5. The angle ¢ between the tangency chords

Using the lemma, w + y = w and = + z = 7. Inserting these into (9), we get
2r+2p+B+D =47 & B+ D =21 —2p. (10)

For the area K of a tangential quadrilateral we have the formula
B+ D
K = Vabed sin —; (12)

where a, b, ¢ and d are the sides of the tangential quadrilateral [9, p.28]. Inserting
(10), we get

K = Vabedsin (m — @) = Vabedsin g,

hence
sing = - _ Vet f+g+h)(efg+ fgh+ ghe + hef)
v abed Vie+H(f+9)(g+h)(h+e)
where we used (2). 0

From equation (10) we also get the following well known characterization for
a quadrilateral to be bicentric, i.e., both tangential and cyclic. We will however
formulate it as a characterization for the tangency chords to be perpendicular. Our
proof is similar to that given in [10, pp.188-189] (if we include the derivation of
(10) from the last theorem). Other proofs are given in [4, 11].

Corollary 6. Thetangency chordsin a tangential quadrilateral are perpendicular
if and only if it isa bicentric quadrilateral.

Proof. In any tangential quadrilateral, B + D = 27w — 2 by (10). The tangency
chords are perpendicular if and only if

(p:g & B+D=n7

which is a well known characterization for a quadrilateral to be cyclic. Hence this
is a characterization for the quadrilateral to be bicentric. O
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4. Thearea of the contact quadrilateral

If the incircle in a tangential quadrilateral ABC'D is tangent to the sides AB,
BC, CD and DA at W, X, Y and Z respectively, then in [11] Yett? calls the
quadrilateral W XY 7 the contact quadrilateral (see Figure 6). Here we shall de-
rive a formula for its area in terms of the tangent lengths.

Figure 6. The contact quadrilateral W XY Z

Theorem 7. If e, f, g and h are the tangent lengths in a tangential quadrilateral,
then the contact quadrilateral has area

_2/(e+f+g+h)(efg+ fgh+ghe + hef)?
(et Hletgle+ M +of+h)g+h)

Proof. The area of any convex quadrilateral is

K= %pq sin 0 (12)

where p and ¢ are the length of the diagonals and 6 is the angle between them (see
[21, p.213] and [22]). Hence for the area of the contact quadrilateral we have

K. = %kl sin ¢

where k and [ are the length of the tangency chords and ¢ is the angle between
them. Using Theorems 1 and 5, the formula for K. follows at once after simplifi-
cation. O

5. Theangles of thetangential quadrilateral

The next theorem gives formulas for the sines of the half angles of a tangential
quadrilateral in terms of the tangent lengths.

2etti is the username of an American physicist at the website Art of Problem Solving [3].
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Theorem 8. If ¢, f, g and h are the tangent lengths in a tangential quadrilateral
ABC D, then its angles satisfy

A \/efg—l—fgh—i—ghe—l—hef

M TV e Ner et h)

B \/efg+fgh+ghe+hef
> =

(f+e)f+a(f+h)’

sing: efg+ fgh + ghe + hef
2 (g+e)g+fllg+h)’
singf efg+ fgh + ghe + hef
2\ (h+e)h+f)h+g)

Proof. If the incircle has center I and is tangent to sides AB and AD at W and Z

(see Figure 7), then by the law of cosines in triangle W Z 1
4 2,.2
WZ% = 2r%(1 — cos 2a) = %

where we used

r2 _ o2

r2 + 2
which we get from (4) when making the change f < e.

cos 2 =

Figure 7. Half the angle of A

Now using (1) and
(e+f)le+g)(e+h)
et+f+g+h
which by symmetry follows from (5) when making the change g < e, we have
efg+ fgh+ ghe + hef e+f4+g+h
etf+g+h (et e+gle+h)

r? e? =

WZ?% = 4 -




Tangent lengths and tangency chords of a tangential quadrilateral 127

hence

e+ flletg)e+h)
Finally, from the definition of sine, we get (see Figure 7)

Siné: %WZ _ efg+ fgh+ ghe + hef
(e+fllet+g)e+h)

2 e
The other formulas can be derived in the same way, or we get them at once using
symmetry. O

WZ_2€\/efg+fgh+ghe+hef

6. Thearea of abicentric quadrilateral

The formula for the area of a bicentric quadrilateral (see Figure 8) is almost
always derived in one of two ways2 Either by inserting B + D = = into formula
(11) or by using a + ¢ = b + d in Brahmagupta’s formula®

K=\G-a(-0-0(-d
for the area of a cyclic quadrilateral, where s is the semiperimeter. A third deriva-
tion was given by Stapp as a solution to a problen® by Rosenbaum in an old number
of the MONTHLY [18]. Another possibility is to use the formuld

K = 1/(pg)? — (ac — bd)?
for the area of a tangential quadrilateral [9, p.29], inserting Ptolemy’s theorem
pq = ac + bd (derived in [1, pp.128-129], [9, p.25] and [24, pp.148-150]) and
factorize the radicand.
Here we shall give a fifth proof, using the tangent lengths in a way different from
what Stapp did in [18].

Theorem 9. A bicentric quadrilateral with sides a, b, c and d has area
K = Vabed.

Proof. From formula (2) we get

K% = (efg+ fgh+ ghe + hef)(e+ f+ g+ h)
=ef(g+h)(e+ f)+ef(g+h)*+ghle+ f)* +ghle + f)(g +h)
= (e+ f)g+h)(ef +gh+eg+hf—eg—hf)+ef(g+h)®+ghle+ [)?
= (e+ f)(g+h)(f+9)(e+h)—(eg— fh)?

where we used the factorizations ef + gh +eg + hf = (f + g)(e + h) and

(e+ f)(g+h)(—eg — hf) +ef(g+h)*+ ghle + f)* = —(eg — fh)?,

30r intended to be derived so; in many books [1, 7, 16, 24] this is an exercise rather than a
theorem.

4Fora derivation, see [7, pp.57-58] or [9, p.24].

5The problem was to prove our Theorem 9. Stapp used the tangent lengths in his calculation.

6This formula can be derived independently from (11) and Brahmagupta’s formula.
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Figure 8. A bicentric quadrilateral ABC'D

which are easy to check. Hence

K? = acbd — (eg — fh)?
and we have K = v/abed if and only if eg = fh, which according to Hajja’ [13]
is a characterization for a tangential quadrilateral to be cyclic, i.e,, bicentric. [

In a bicentric quadrilateral there is a simpler formula for the area in terms of the
tangent lengths than (2), according to the next theorem.

Theorem 10. A bicentric quadrilateral with tangent lengthse, f, g and h hasarea
K = \/efgh(e+ f+g+h).

Proof. The quadrilateral has an incircle, so (see Figure 8)
B C D
r= etang = ftan; :gtan§ = htan;,
hence

A B C D
r = efghtanatanitanitan 5 (13)

It also has a circumcircle, so A + C' = 7. Hence 4 = Z — & and it follows that

Q

A
tan — = cot — & tan —tan — = 1.
an2 CO 5 an2 an2
In the same way

t Bt D 1
an —tan — = 1.
2 2

"Note that Hajja uses a, b, c and d for the tangent lengths.
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Thus, in a bicentric quadrilateral we gef
rt =efgh.
Finally, the area® is given by

K =rs=+/efgh(e+ f+g+h)
where s is the semiperimeter. O
We conclude with another interesting and possibly new formula for the area of

a bicentric quadrilateral in terms of the lengths of the tangency chords and the
diagonals.

Figure 9. The tangency chords and diagonals

Theorem 11. A bicentric quadrilateral with tangency chords & and I, and diago-
nals p and ¢ has area

_ kipq

R+
Proof. Using (12), Theorem 9 and Ptolemy’s theorem, we have

K = ipgsind < vabed = 3(ac+ bd)sin 6.

2 ac+bd /%Jr /%7i+ﬁik2+l2
sinf  abed V bd ac k1 Kl

8This derivation was done by Yetti in [19], where there are also some proofs of formula (1).

9This formula also gives the area of a tangential trapezoid. Since it has two adjacent supple-
mentary angles, tan 4 tan 2 = tan £ tan £ = 1 or tan 4 tan £ = tan £ tan £ = 1; thus the
formula for  is still valid.

Hence
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where we used Corollary 2. Then we get the area of the bicentric quadrilateral
using (12) again
K- sind  kipq
T My
completing the proof. O
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Generalized Fibonacci Circle Chains

Giovanni Lucca

Abstract. We consider a particular circle chain where, each circle belonging to
it, is tangent to the two previous ones and to a common straight line. We give a
simple formula for calculating the limit point of the chain in terms of the radii of
the first two circles and of the golden ratio.

1. Introduction

By taking a cue from [4] we define a generalized Fibonacci circle chain as fol-
lows. Let £ be a line and C; and C, two circles of radii a and b respectively, tangent
to each other and both tangent to £. The generalized Fibonacci circles chain is the
sequence of circles Cs, C4, ..., where C, is tangentto C,,_1, C,,_2 and L (see Figure
1). Denote by r,, the radius of C,,, with r{ = a and o = b.

Let X,, be the point of tangency of the circle C, with the line £, with coordinates
(zn, 0). Assuming z; < z2, We have x3 < x9, ©4 > x3, and more generally,
Tnt1 — Ty > 00r < 0according as n is odd or even.

Figure 1.

In Figure 1, a simple application of the Pythagorean theorem shows that
(2 — x1)% = (a + b)? — (a — b)* = 4ab,

so that x5 — x1 = 2vab. Applying the same relation to three consecutive circles
with points of tangency X,,, X,,+1 and X, 2 with the line £, we have
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(=) 2y/rpgarm, 1)
(_1)7171 : 2\/ Tn4+2Tn+1,
Tn42 — Tpn = (_1)7171 : 2\/7%—1—727%

Since z,+1 — Tp = (Tpt2 — Tn) + (Tpg1 — Tntz), We have

2\/ Tn4+1Tn = 2\/7471-‘,-27471 + 2\/7an+27an+17

Tntl — Tn =

Tp+1l — Tpt2 =

and
1 _ 1 n 1 . @
Vintz  Tatt - VT
If we put G,, = \/% then (2) becomes a Fibonacci-like recursive relation
Gni2=Gni1+Gn, G = i, Gy = L (3)
Va Vb

The solution of this recurrence relation can be expressed in terms of the Fi-
bonacci humbers F,, according to a formula in [3]:

Fou1  F

Gnio2 = GoF, 11 +G1F, = i + 7% (4)
Here, (F,,) is the Fibonacci sequence defined by
Fpio=Fp+F,, F=F=1 (5)
Relations (4) can be easily verified by induction. It is well known that
oy Pt V5 +1
n—co I 2

n

the golden ratio. In particular, when a = b = 1, (3) becomes the classical Fibonacci
recurrence (5). Thus, the circles in the chain shown in Figure 1 can be regarded as
generalized Fibonacci circles.

2. Limit point of thecircle chain

We are interested in locating the limit point of the generalized Fibonacci circle
chain. From (1), we have

1)k—1

2 = (-
Tn4+1 :xn—i—(—l)nilﬁﬂ —xl—i—QZ((;ki (6)

Grt1

The sum 72, ggz: = Gl(GfigoGQ) can be found as a particular case of
formulas given in [1, 2]. We give a direct proof here. First of all, by induction, it is
easy to establish

GiGrt2 — Gry1 = —(Gr-1Gry1 — G7).
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From this it follows that
GGryo2 — Gryr = (—1)F1(G1G3 — G3)

b++ab—a

(k-1

— (_1)1971 (\/E + 90\/5)(30\/5 — \/a)
pab ’

Using this, we rewrite (6) as
2pab ~ GrGiya — Giﬂ
Tptl = T1 +
TVt eva)(evVh - Va) ,; GGt

— 2¢ab & Gri2 _ Gr+1

ST (\/5+<p\/5)(<p\/5—\/5);(Gk+1 G >
2pab (Gn+2 _ @)

Vb + pva) (Vb — v/a) |

Gny1 G1
Since lim, gzi = ¢, which is easy to see from (4), we obtain the limit
point

:x1—|—
(

=t 20ab | (@_ @)

Vb4 pVa)(pvh - va Vb
= T ao - \/a
BRI

Since 29 = x1 + 2V/ab, this limit point divides X; X5 in the ratio
Too — 1 1 T2 — Too = Va1 (¢ — 1)V = pv/a: Vb.
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Trilinear Distance I nequalities for the Symmedian Point,
the Centroid, and Other Triangle Centers

Clark Kimberling

Abstract. Seven inequalities which appear to be new are derived using Hélder’s
inequality and the arithmetic-mean—geometric-mean inequality. In particular,
bounds are found for power sums 27 + y? + 2%, where x, y, z are the directed
distances of a point to the sidelines of a triangle ABC, and the centroid maxi-
mizes the product xyz.

We begin with a very special point inside a triangle ABC' and prove its well
known extremal property; however, the proof is not the one often cited (e.g., [2,
p.75]). Instead, the proof given here depends on Hélder’s inequality and extends
to extremal properties of other special points. Then, a second classical inequality,
namely the arithmetic-mean—geometric-mean inequality, is used to prove that yet
another special point attains an extreme. These results motivate an open question
stated at the end of the note.

A

Figure 1.

Regarding the very special point, Honsberger [2] writes, “The symmedian point
is one of the crown jewels of modern geometry.” A construction of the symmedian
point, K, of a triangle ABC, goes like this: let M4 be the A-median; i.e, the line
of the vertex A and the midpoint A’ of segment BC. Let m 4 be the A-symmedian;
i.e., the reflection of M4 in the bisector of angle A. Let mp be the B-symmedian
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and m¢ the C-symmedian. Then the three symmedians m4, mp, m¢ concur in
K, as shown in Figure 1, where you can also see the medians concurring in the
centroid, GG, and the bisectors concurring in the incenter, 1.
In 1873, Emile Lemoine proved that if a point X inside a triangle ABC has
distances z, y, z from the lines BC, C A, AB, then
o+ 447 <a?+y? 4+ 22 (1)
where «, 3,~ are the distances from K to those lines. That is, K minimizes
22 +y? + 2. Lemoine’s proof [4] can be found by googling “minimum aura donc
lieu pour le pied”. Expositions in English can be found by googling the titles of
John MacKay’s historical articles ([6], [7]); these describe the proposal of “Yanto”
about 1803, a proof in 1809 by Simon Lhuilier [5, pages 296-8], and rediscoveries.
Holder’s inequality [1, pages 19 and 51])of 1889, generalizes Cauchy’s inequality
[1, pages 2 and 50] of 1821. (Perhaps rediscoverers of the minimal property of K
recognized that it follows easily from Cauchy’s inequality.)
We shall now generalize (1), starting with Holder’s inequality [1]: that if a, b, ¢,
x,y, z are positive real numbers, then
ax + by + cz < (aP 4+ WP + )P (a9 4 7 4 27)14 )
for all real p, g satisfying
1 1
—+-=1landqg > 1,
P q
with the inequality (2) reversed if ¢ < 1 and ¢ # 0. It is easy to check that Holder’s
inequality is equivalent to

(az + by + c2)1? o4
[a‘J/(q—l) 4 pa/(a-1) 4 cQ/(q—l)]q—l <z'+y'+z (3)

if g > 1o0rq<0,with (3) reversed if 0 < ¢ < 1.

Let ABC be atriangle with sidelengths « = |BC|,b = |CA|,c = |AB|and area
A.If U is any point inside ABC', then homogeneous trilinear coordinates (or sim-
ply trilinears) for U, written as « : v : w, are any triple of numbers proportional to
the respective perpendicular distances x, y, z from U to the sidelines BC,C A, AB.
Thus, there is a constant & such that (x, y, z) = (hu, hv, hw). In fact,

A
au + bv + cw’

since A = L (ax + by + cz) is the sum of areas 1ahu, 1bhv, Lchw of the triangles

BCU, CAU, ABU. Writing S(q) for 2 4+ y? + 29, we now recast (2), via (3), as
(2A)4 {g S(q) ifg<Oorg>1,

4
[aal/(@=1) + ppl/(a=1)  ccl/@-D]a-1 | > S(q) if0<q< 1. )
These two inequalities show that the point a!/(@=1) : pt/(@=1) . (1/(@=1) js an
extreme point of S(q) for ¢ # 1. Taking ¢ = 2 (which reduces Holder’s inequality
to Cauchy’s) gives (1). Other choices of ¢ give inequalities not mentioned in [8].
In order to list several, we use the indexing of special points in the Encyclopedia



Distance inequalities for triangle centers 137

of Triangle Centerg[3], where K is indexed as X, and many of its properties, and
properties of other special points to be mentioned here, are recorded.

The point X = a : b: ¢ minimizes S(2) :
4A2 2 2 2
a? + b2 4 2 Sat Ayt
The point X5 = a'/2 : b1/2 : ¢1/2 minimizes S(3) :

8A3
(a3/2 + b3/2 1 3/2)

The point X531 = a? : b2 : ¢ minimizes S(3/2) :

3 1/2
(L) < 232 4 B2 4 B

s <a’ 4y’ + 2

ad+ b+ 3
The point X35 = a? : b3 : ¢ minimizes S(4/3) :

(a4 ibe: c4> h < g3yt 4 A3
The point X75 = a=2: b=2 : ¢~2 maximizes S(1/2) :

At + b —|—c_1)]1/2 > /2 Lyl 4 12
The point X76 = a=3 : b3 : ¢=3 maximizes S(2/3) :

UA2(a~2 + 572 + 072)]1/3 > 23 423 4 203
The point X355 = a~ /2 : b=1/2 : ¢~1/2 minimizes S(—1) :

(a2 + b1/2 4 (1/2)?2
2A

In these examples, the extreme point is of the form P(t) = d : b' : . If ABC
has distinct sidelengths then P(t) traces the power curve, as in Figure 2. Taking
limits as ¢ — oo and ¢ — —oo shows that this curve is tangent to the shortest and
longest sides of ABC' at the vertices opposite those sides. The incenter I = P(0)
lies on the power curve, and for each ¢ # 0, the points P(t) and P(—t) are a pair of
isogonal conjugates; e.g., for t = 1, they are the symmedian point and the centroid.

<z l4y Tty

Here are two more choices of ¢ : the solutions of 1/(¢ — 1) = ¢, namely the
golden ratio 3(1 + v/5) and 1(1 — +/5). These are the only values of ¢ for which
the point a? : b7 : ¢? minimizes x? + y? + 29.

We turn now to a different sort of inequality for points inside ABC. As a special
case of the arithmetic-mean—geometric-mean inequality [1],

2Tuwvw < (u+ v + w)?
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Figure 2.

for all positive u, v, w, so that if a, b, ¢, z, y, z are arbitrary positive real numbers,
then

(ax + by + cz)?
< .
TE= 27abc ©)
The distances from the centroid (X, = o' : b~ : ¢!, labeled G in Figures 1
and 2) to the sidelines BC,C'A, AB are given by

2A 2A 2A
< 3a’ 3b’ 3¢ > ’
so that their product is 8A?/(27abc). Since ax + by + cz = 2, we may interpret
(5) thus: the centroid maximizes the product zyz.

What other extrema are attained by special points inside a triangle? To seek
others, it is easy and entertaining to devise computer-based searches — either vi-
sual searches with dynamic distance measurements using Cabri or The Geometer’s
Sketchpad, or algebraic using trilinears or other coordinates. Such searches prompt
an intriguing problem: to determine conditions on a function in x, y, z for which
an extreme value is attained inside ABC. If the function is homogeneous and sym-
metric in a, b, ¢, as in the examples considered above, then must such an extreme

point be a triangle center? Is there a simple example in which the extreme point is
not on the power curve?
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Constructionswith Inscribed Ellipsesin a Triangle

Nikolaos Dergiades

Abstract. We give a simple construction of the axes and foci of an inscribed
ellipse with prescribed center, and as an application, a simple solution of the
problem of construction of a triangle with prescribed circumcevian triangle of
the centroid.

1. Construction of the axes and foci of an inscribed ellipse

Given a triangle ABC', we give a simple construction of the axes and foci of an
inscribed ellipse with given center or perspector. If a conic touches the sides BC,
CA, AB at X, Y, Z respectively, then the lines AX, BY, C'Z are concurrent at a
point P called the perspector of the conic. The center M of the conic is the com-
plement of the isotomic conjugate of P. In homogeneous barycentric coordinates,
if P=(p:q:r),then

1 1 1

M:<—+—:—+

11 1
g ' r pp

+ §> =(plg+r):q(r+p):r(p+q).

Figure 1

Consider triangle ABC and its inscribed ellipse with center M = (u : v : w)
as the orthogonal projections of a triangle AB'C’ and its incircle. We may take
A’ = A and assume BB’ = m, CC’" = n. If the incircle of AB'C’ touches
B'C', C'Aand AB" at X', Y’, Z' respectively, then X, Y, Z are the orthogonal
projections of X', Y’, Z’. It follows that the perspector P is the projection of
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the Gergonne point G, of AB’'C’. Suppose triangle AB'C" has sides B'C' = d/,
C'A =V and AB’' = ¢, then

1 1 1
V+d—d:d+d-b:d+6-==:2:Z2.
p q r
It follows that
1 11 1 1 1
a:bv:d="4+=2: 24+ .24+ =u:v:w.
q r r p p q

From this we draw a remarkable conclusion.

Proposition 1. If atriangle and an inscribed ellipse are the orthogonal projections
of atriangle and itsincircle, the sidelengths of the latter triangle are proportional
to the barycentric coordinates of the center of the ellipse.

Since o/, V/, ¢ satisfy the triangle inequality, the center M = (u : v : w) of the
ellipse is an interior point of the medial triangle of BAC'

We determine the relative positions of ABC and AB'C’ leading to a simple
construction of the axes and foci of the inscribed ellipse of given center M. We
first construct two triangles A, BC and A_ BC with sidelengths proportional to
the barycentric coordinates of M.

Construction 2. Let M = (u : v : w) be a point in the interior of the medial
triangle of ABC, with cevian triangle Ay ByCy. Construct
(i) the parallels of BBy and C'Cy through A to intersect BC' at D and E respec-
tively,
(ii) thecircles B(D) and C'(F) to intersect at two points A, and A_ symmetricin
theline BC'. Label A the one on the opposite side of BC' as A.

Each of the triangles A, BC and A_ BC' have sidelengths v : v : w.

Figure 2
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Proof. Note that
BC BC  BCy

u

CA_~ CE CoA v
BC BC ByC u

A B DB AB, w
Fromthese, BC : CA_ : A_B =w:v: w;similarly for BC: CA, : A, B. O
Lemma 3. Thelengths of AA, and AA_ are given by

/ 7 /O _ 7
AAJr:M and AAi:M,
\/iu \/iu
where
Q= >+ — a®)u* + (& + a* — v*)v? + (a® + b — P)w?, Q)

and A’ isthe area of the triangle with sidelengths u, v, w.
Proof. Applying the law of cosines to triangle ABA_, we have
AA% = AB%* + BA%? —2AB - BA_ cos(ABC — A_BC)
2
=+ (ﬂ> —2c- ﬂ(cos Bcos A_BC +sin Bsin A_BC)
u u

Au? + a?w? — 2cacos B - wucos A_ BC — 2casin B - wusin A_ BC
2

u
22?4+ 20%w? — (4 @ — b)) (w? + u? —v?) — 16AA’
N 2u?
Q9 -—16AA'
2u? ’
The case of AA, is similar. O

Let Q be the intersection of the lines BC and B'C’. The line AQ is the inter-
section of the planes ABC and AB'C’. The diameters of the incircle of AB'C’
parallel and orthogonal to AQ) project onto the major and minor axes of the in-
scribed ellipse.

Proposition 4. Theline AQ istheinternal bisector of angle AL AA_.

Proof. The sidelengths of triangle A_BC are BC' = a, CA_ = %% = ‘2—”,’ and
A B =% = ‘Z—C,' Set up a Cartesian coordinate system so that A = (1, 1),
B = (—a,0),C =(0,0), Ay = (zo, —yo) and A_ = (xo,yo), Where

a/2 4 b/2 _ C/2

Tro = —CA_cosA_CB = _20,—/2 - a, (2)

2432 _ 2
1 = —bcosC = _a—l—ic. (3)
2a
Since the lines AA and AA_ have equations
(y1 +yo)z — (z1 — 20)y — (z190 + oY1) = O,
(y1 — yo)z — (z1 — 20)y + (2190 — Toy1) = O,
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a bisector of angle A, AA_ meets BC at a point with coordinates (x, 0) satisfying

(1 — yo)z + (z1y0 — zov1))?  ((y1 + yo)z — (z1y0 + 9003/1))2'

(y1 — y0)* + (z1 — 20)? (y1 +0)* + (21 — 20)?
Simplifying this into
(21 — @o)a® + (af +y§ — 2% — yi)a + wo(a +y7) — 21(2g + y5) = 0,

and making use of (2) and (3), we obtain

a12 4 b/2 o C/2 a2 4 b2 o C2 5 b/2 b2
2a/? B 2a2 vta 2 a2)”

) a2 42— 2 o a2+ b2 — 2

-\ 2a’? - 2a? e )
Now, since

a?=(m-n)?+a V2=n2+0% =m+c (5)

we reorganize (4) into the form

((m—n)z—na)((m(a*+b* =) +n(c2+a® = b))z — (n(b*+* — a?) — 2mb?)a) = 0.

Note that the two roots

2 2 2y 2
na_ o X, - (n(b* 4+ ¢ —a®) — 2mb~)a

X, =
YT m—n m(a? + b — c2) + n(c? + a® — b?)

satisfy

m?b? — mn(b* + ¢ — a?) + n’c?
a?+ (m —n)?

(wo—.’bl)(Xl —XQ) = >0,

since the discriminant of m?b% —mn (b +c%—a?) +n?c? (as a quadratic form in m,
n)is (b + ¢ — a?)? — 4b%c? = —4b%c? sin? A < 0. We conclude that if x; < o,
then X; > X, and X is the root that corresponds to the internal bisector. Since

+4- = #, this intercept is the intersection Q of the lines BC and BC". a

Theorem 5. The inscribed ellipse of triangle ABC' with center M = (u : v : w)
(inside the medial triangle) has semiaxes given by

o _uAALFAA) L u(Ady - AA)

2(u+v+w) 2(u+v+w)

Proof. Making use of (5), we have
o2mn =m? +n? — (m—n)? = b? + % —d?) — (b + 2 — d?).
It follows that
A2 = 0°)(? = ) = (1 + ? —d?) — (VP + & - a?))?,
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and
4262 _ (b/2 42— a/2)2 + 43R — (b2 + 2 a2)2
= 4b%c? + 422 — 2(0* + & — a®) (B + % — d?)
=2((b* + ¢ — a®)a”? + (¢ + a* — V)b + (a® + b* — ). (6)
Note that 4b%c? — (b% + % — a?)? = 4b%c?(1 — cos? A) = 4b%c?sin® A = 16A2
and similarly, 4622 — (b2 + ¢? — a'?)? = 16A(AB'C’)%. Let p and o' be the

inradii of triangle AB'C” and the one with sidelengths u, v, w. These two triangles

have ratio of similarity £ — 2022E0) e have
p

i A [ Plut v+ w) 2 ~ PAu+v+w)?
A(ABC)_A< A > = A .
With this, (6) can be rewritten as

2u+ v+ w)tpt — (u+v+w)>Qp® + 32A%A7% = 0.

This has roots +p; and +p-, where

_\/Q+16AA’+\/Q—16AA’ _\/Q+16AA’—\/Q—16AA’
L= 2v/2(u + v + w) ’ 2= 2v2(u + v + w) .
Note that p1 ps = %, and

Qmin A . 4AN __ P1p2
amax  A(AB'CY) — pPlutv+w)?  p?
Since p1 > po, it follows that ay.x = p = p1 and amin = po. O

Now we construct the axes and foci of an inscribed ellipse.

Construction 6. Let M be a point in the interior of the medial triangle of ABC,
and A, BC, A_BC triangles with sidelengths proportional to the barycentric co-
ordinates of M (see Construction 2). Construct
(1) the internal bisector of angle A AA_ tointersect theline BC at @,
(2) the parallel of AQ through M. This is the major axis of the ellipse.

Further construct
(3) the orthogonal projection S of Q on AA,,
(4) the parallel through M to AA, tointersect A;S at T,
(5) thecircle M (T'). This is the auxiliary circle of the ellipse.

Finally, construct
(6) the perpendiculars to the sides at the intersections with the circle M(T") to
intersect the major axis at F' and F”. These are the foci of the ellipse. See Figure
3.
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Figure 3.

2. Thecircumcevian triangle of the centroid

For the Steiner inellipse with center G = (1 : 1 : 1), the triangles A BC and
A_BC are equilateral triangles, and

2112 1 2 1 44/3A 2 12 4 2 — 4v/3A
AA+=\/a S +;+ V3 and AA_:\/a 0 +; V3 )

By Theorem 5,

= AAL + AA_ and ai — AA, — AA_.
6 6
Theorem 7. Let G be the centroid of ABC, with circumcevian triangle A, B1C'.
The pedal circle of G relative to A; B1C has center the centroid Gy of A; B1Ch.

Hence, GG isafocus of the Seiner inellipse of triangle 4 B1C1.

Proof. Let a, b, c and a1, b1, ¢1 be the sidelengths of triangles ABC and 4, B1C1
respectively. Let x = AG, y = BG and z = C'G. By Apollonius’ theorem,
2_2b2+202—a2 2_202+2a2—b2 2_2a2+2b2—02

T 9 ay—g y 2 9
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Ay

Figure 4

If &2 is the power of G relative to circumcircle of ABC, then

GA) = 2, GB, = 2, GOy = 2
x Y z

From the similarity of triangles GBC and GC; By, we have
ag GG CG-GC, &
a BG BG-GC yz
From this we obtain aq, and similarly b, and ¢;:
2 b

cP
a1 = ; bl ) 1 = .
Yz 2T Yy

(7)
The homogeneous barycentric coordinates of G relative to 4 B;C are

AG3101 . AGClAl . AGAlBl
_ AGBICi  AGC1A,  AGA B
~ AGBC =~ AGCA =~ AGAB
_ GB,-GC, GC,-GA, GA,-GB
~ GB-GC "~ GC-GA = GA-GB
(BG-GB))(CG-GC)) (CG-GC)(AG-GA;) (AG-GA)(BG-GB))

BG?.CG? ' CG? . AG? ' AG? . BG?
P p? g2
= 222 C 22 22y2
= x2 . y2 N Z2.

The isogonal conjugate of G (relative to triangle A, B1C1) is the point

2 2 2

a; by c
G*:—éz—éz—E:aQ:bQ:c?

2?2y oz
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We find the midpoint of GG* by working with absolute barycentric coordinates.
Since 22 + y% + 2% = L(a? + 0* + ¢2), and

202 4 b2 4+ 2

322 +a? =3+ 02 =32+ 2 = w7

we have for the first component,

1 x? a® 322 + a? 1

2 <:):2—|—y2—|—z2 * a2+b2+c2> C 240242 3
Similarly, the other two components are also equal to%. It follows that the midpoint
of GG* is the centroid GG; of A1 B1C1. As such, it is the center of the pedal circle of
the points G and G*, which are the foci of an inconic that has center and perspector
G1. This inconic is the Steiner inellipse of triangle 4, B1C. O

3. A construction problem

Theorem 7 gives an elementary solution to a challenging construction problem
in Altshiller-Court [1, p.292, Exercise 11]. The interest on this problem was reju-
venated by a recent message on the Hyacinthos group [2].

Problem 8. Construct a triangle given, in position, the traces of its medians on the
circumcircle.

Solution. Let a given triangle A; B1C; be the circumcevian triangle of the (un-
known) centroid G of the required triangle ABC'. We construct the equilateral
triangles A, B1Cy and A_B1C4 on the segment B;C,. Let G be the centroid
of A1B1Cyand r = %(AlAJr + A1 A_). The circle Gi(r) is the auxiliary circle
of the Steiner inellipse, hence the pedal circle of G (one of the foci) relative to
A1 B1C1. From the intersections of this circle with the sides of A4, B;C; and the
parallel from G to the internal bisector of angle A, A1 A_ we determine the point
G (two solutions). The second intersections of the circle with the lines 4 G, B1G,
C1G give the points A, B, C.
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Integer Triangleswith R/r = N

Allan J. MacLeod

Abstract. We consider the problem of finding integer-sided triangles with R/r
an integer, where R and r are the radii of the circumcircle and incircle respec-
tively. We find that such triangles are relatively rare.

1. Introduction

Let ABC be a triangle with sides of integer length a, b, c. Possibly the two most
fundamental circles associated with the triangle are the circumcircle which passes
through the three vertices, and the incircle which has the three sides as tangents.
The radii of these circles are denoted R and r respectively. If we look at the basic
equilateral triangle with sides of length 1, it is clear that both circles will have

their centers at the centroid of the triangle. Simple trigonometry gives R = L

V3
and r = \/% so that % = 2. Itis interesting to speculate whether§ (a positive
dimensionless quantity) can be an integer value for larger integers.

If we denote the distance between the centers of these two circles as d, then it is
a standard result in triangle geometry that & = R(R — 2r), so that % > 2. For the
equilateral triangle, d = 0, and it is easy to prove the converse — if d = 0 then the
triangle must be equilateral.

Basic trigonometry gives the formulae

R = Z—bAC, r= % Q
with s being the semi-perimeter 1 (a + b + ) and A the area. Thus,
R abcs
o= AT )
Now, A = /s(s — a)(s — b)(s — ¢), so that
R _ 2abc ' 3)
r  (a+b—c)lat+c—b)(b+c—a)

If § = N, with N a strictly positive integer, we must find integers a, b, ¢ such

that
2abc

(a+b—c)la+c—Db)(b+c—a)

— N, (4)
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which bears a very strong resemblance to the integer representation problems in
[1, 2]. In all cases, we look to express NV as a ratio of two homogeneous cubics in
3 variables.

Expressing equation (4) as a single fraction, we derive the cubic

Na* — N(b+c)a* — (0*N —2be(N + 1)+ EN)a+ N(b+¢c)(b—c)* = 0. (5)
We cannot get very far with this form, but we can proceed quickly if we replace ¢
by 2s — a — b.
2(4Ns—b(4N+1))a®—2(b*(4N+1)—2bs(6N+1)+8Ns?)a+8Ns(b—s)* = 0,

(6)
and it should be noted that we only need to consider rational a, b, ¢ and scale to
integer values, since this would not affect the value of £.

Since we want rational values for a, this quadratic must have a discriminant
which is a rational square, so that there must be a rational d with

d? = (4N—|—1)2b4—4(2N+1)(4N+1)b3s+4(4N2—|—8N+1)b232—16Nbs3. 7)

Define d = and g = x5, giving the quartic

4N+1
y? = 2! — 42N + 1)2® + 4(4N? + 8N + 1)2® — I6N(4N + )z,  (8)
which can be transformed to an equivalent elliptic curve by a birational transfor-

mation.
We find the curve to be

En: v =u® +2(2N? —2N — 1)u? + (4N + 1)u (9)

with the transformation
b v—(4N+1—- (2N +1)u)

Z = ) 10

s (u—1)4AN +1) (10)

As an example, consider the case of N = 7, so that £ is the curve v = u? +
166u* + 29u. It is moderately easy to find the rational point (u,v) = (£, g?g%)
which lies on the curve. This glves 2 = 6 , and the equation for a is —14a® +

938a+14560 = 0, from which we find the representatlon (a,b,c) = (—13,63,80),
clearly not giving a real triangle.

2. Elliptic Curve Properties

We have shown that integer solutions to equation (4) are related to rational points
on the curves E defined in equation (9). The problem is that equation (4) can be
satisfied by integers which could be negative as in the representation problems of
[1, 2].

To find triangles for the original form of the problem, we must enforce extra con-
straints on a, b, c. To investigate the effect of this, we must examine the properties
of the curves.

We first note that the discriminant of the curve is given by

D = 256N?(N — 2)(4N +1)?
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so that the curve is singular for N = 2, which we now exclude from possible
values, having seen before that the equilateral triangle gives N = 2.

Given the standard method of addition of rational points on an elliptic curve, see
[3], the set of rational points forms a finitely-generated group. The points of finite-
order are called torsion points, and we look for these first. The point at infinity is
considered the identity of the group. The form of Ey implies, by the Nagell-Lutz
theorem, that the coordinates of the torsion points are integers.

The points of order 2 are integer solutions of

ud +2(2N? —2N — 1)u? + (AN + 1)u =0

and it is easy to see that the roots are w = 0 and v = 2N +1—2N?4/N(N — 2).
The latter two are clearly irrational and negative for IV a positive integer, so there
is only one point of order 2.

The fact that there are 3 real roots implies that the curve consists of two com-
ponents - an infinite component for « > 0 and a closed finite component (usually
called the “egg™).

Points of order 2 allow one to look for points of order 4, since if P = (j, k)
has order 4, 2P must have order 2. For a curve of the form given by (9), the

u-coordinate of 2P must be of the form W. Thus, we must have j2 =
4N +1 = (2t +1)2,50 N = t? + t. Substituting these values into (9), we see that
we get a rational point only if ¢(¢ + 2) is an integer square, which never happens.
There are thus no points of order 4.

Points of order 3 are points of inflexion of the curve. Simple analysis shows that
there are points of inflexion at (1, +2/V)). We can also use the doubling formula to
show that there are 2 points of order 6, namely (4N + 1, £2N (4N + 1)).

The presence of points of orders 2, 3, 6, together with Mazur’s theorem on
possible torsion structures, shows that the torsion subgroup must be isomorphic to
Zig OF Z15.

The latter possibility would need a point P of order 12, with 2P of order 6, and
thus an integer solution of

(J°2 = (4N +1))°
4k?

=4N +1

implying that NV = #24-t. Substituting into this equation, we get an integer solution
if either 2 — 1 or ¢(t + 2) are integer squares - which they are not, unless N = 2
which has been excluded previously.

Thus the torsion subgroup is isomorphic to Zg, with finite points (0, 0), (1, £2N),
(4N +1, £2N (4N + 1)). Substituting these points into theg transformation for-
mula leads to g being 0, 1 or undefined, none of which lead to a practical solution
of the problem.

Thus, we must look at the second type of rational point - those of infinite order.
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3. Practical Solutions

If there are rational points of infinite order, Mordell’s theorem implies that there

are r generator points G, ..., G, such that any rational point P can be written
P=T+nGy+---+n,.G, (12)
with T" one of the torsion points, and n, ..., n, integers. The value r is called the

rank of the curve.

Unfortunately, there is no simple method of determining firstly the rank, and
then the generators. We used a computational approach to estimate the rank using
the Birch and Swinnerton-Dyer conjecture. A useful summary of the computations
involved can be found in the paper of Silverman [4].

Applying the calculations to a range of values of N, we find several examples
of curves with rank greater than zero, mostly with rank 1. A useful byproduct
of the calculations in the rank 1 case is an estimate of the height of the generator,
where the height gives an indication of number of digits in the rational coordinates.
For curves of rank greater than 1 and rank 1 curves with small height, we can
reasonably easily find generators. However, when we backtrack the calculations to
solutions of the original problem, we hit a significant problem.

The elliptic curve generators all give solutions to equation (4), but for the vast
majority of N values, these include at least one negative value of a, b, c. Thus we
find extreme difficulty in finding real triangles with strictly positive sides. In fact,
for 3 < N < 99, there are only 2 values of N where this occurs, at N = 26 and N
=T74.

To investigate this problem, consider the quadratic equation (6), but written as

4N s(b — 5)?
ANs —b(AN 1 1)

The sum of the roots of this is clearly 2s — b, but since a + b + ¢ = 2s, this means
that the roots of this quadratic are in fact a and c. Positive triangles thus require
$>0,b>0,2s—b>0and 4Ns — b(4N + 1) > 0, all of which reduce to

b AN
s < AN +1°
Looking at equation (10), we see that the analysis splits first according as v > 1 or
u < 1. Consider first u > 1, so that, forg >(0weneedv > 4N +1— (2N + 1)u.
The line v = 4N + 1 — (2N + 1)u meets Ey in only two points, (1, 2/N) and
(4N +1, —2N (4N + 1)) with the line actually being a tangent to the curve at the
latter point. Thus, if » > 1 we need v > 0 to give points on the curve withg > 0.
For the second half of the inequality with w > 1, we need v < 1 + (2N — 1)u.
The linev = 1+ (2N — 1)u meets Ey only at (1, 2.V), so none of the points with
u > 1, v > 0 are satisfactory. Thus to satisfy (13) we must look in the range v < 1.
Firstly, in the interval [0, 1), we haveg > 0, since the numerator and denominator
of (10) are negative. For the second half, however, we need v > 1 + (2N — 1)u,
but the previous analysis shows this cannot happen.

a® + (b — 2s)a +

(12)

0< (13)
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Thus, the only possible way of achieving real-world triangles is to have points
on the egg component. From the previous analysis it is clear that any point on the
egg leads to g > 0. For the other part of (10), we must consider where the egg
lies in relation to the line v = 1 + (2N — 1)u. Since the line only meets Ey at
u = 1, the entire egg either lies above or below the line. The line meets the u-axis
at u = 53, and the extreme left-hand end of the egg is at u = 2N + 1 — 2N? —

N (N —2) which is less than —1 for N > 3. Thus the entire egg lies above the
linesov > 1+ (2N — 1)u and so (10) is satisfied.

Thus, we get a real triangle if and only if (u,v) is a rational point on Ey with
u < 0.

Consider now the effect of the addition P + T = @Q where P lies on the egg
and 7T is one of the torsion points. All of the five finite torsion points lie on the
infinite component. Since Ey is symmetrical about the u-axis, P, T', —( all lie
on a straight line, and since the egg is a closed convex region, simple geometry
implies that —@ and hence @ must lie on the egg. Similarly, if P lies on the
infinite component, then @ must also lie on the infinite component.

Geometry also shows that 2P must lie on the infinite component irrespective of
where P lies.

TABLE 1
Integer sided triangles with £ = N

| N | a b c
2 1 1 1
26 11 39 49
74 259 475 729
218 115 5239 5341
250 97 10051 10125

314 177487799 55017780825 55036428301
386 | 1449346321141 2477091825117 3921344505997

394 12017 2356695 2365193
458 395 100989 101251

086 3809 18411 22201

602 833 14703 15523

634 10553413 1234267713 1243789375
674 535 170471 170859

746 47867463 6738962807 6782043733
778 | 1224233861981 91266858701995 92430153628659
866 3025 5629 8649

This shows that if the generators of Ey all lie on the infinite component then
there is NO rational point on the egg, and hence no real triangle.
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We have, for 1 < N < 999, found 16 examples of integer triangles, which
are given in Table 1. There are probably more to be found, but these almost cer-
tainly come from rank 1 curves with generators having a large height and therefore
difficult to find. 1 am not sure that the effort to find more examples is worthwhile.

A close look at the values of N shows that they all satisfy N = 2 (mod 8). Is
this always true? If so, why?

4. Nearly-equilateral Triangles

As mentioned in the introduction, if we have an equilateral triangle with side
1 then N = 2. This suggests investigating how close we can get to N = 2 with
non-equilateral integer triangles. We thus investigate

1
=94
T +-A4
with M a positive integer.

We can proceed in an almost identical manner to before, so the precise details
are left out, but we use the same names for the lengths and semi-perimeter. The
problem is equivalent to finding rational points on the elliptic curve

Fu o v? = ud 4 (6M?% + 12M + 4)u? + (9M* + 4M>)u (14)

with

b v— (9M3+4M? — (5M + 2)u)

s (u— M?)(9IM + 4)
The curves Fj; have an obvious point of order 2 at (0, 0), and can be shown
to have points of order 3 at (M?, +2M?(2M + 1)) and order 6 at (9M? +
AM, £2M(2M + 1)(9M + 4)). In general these are the only torsion points,
none of which lead to a practical solution.

For M = 2k? + 2k, however, with k& > 0, the elliptic curve has 3 points of
order 2, which lead to the isosceles triangles with a = 2k, b = ¢ = 2k + 1. This
shows that we can get as close to NV = 2 as we like with an isosceles triangle. If we
reverse the process and start with an isosceles triangle, we can show that A/ must
be of the form 2&2 + 2k.

The curves F); have two components, the infinite one and the egg, and, as be-
fore, we can show that real triangles can only come from rational points on the egg.
Numerical experiments show that these are much more common than for Ejy.

As an example, the analysis for M = 2009 leads to an elliptic curve of rank 1,
with generator of height 33.94, and finally to sides

a = 893780436979684590267493037241340104559255616
b= 877646641306278516279522874129152375921514449
c = 885805950860882235231118974654122876065715369

with angles A = 60.9045°, B = 59.0969° and C' = 59.9987°.
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On the Euler Reflection Point

Cosmin Pohoata

Abstract. The Euler reflection point £ of a triangle is known in literature as
the common point of the reflections of its Euler line OH in each of its side-
lines, where O and H are the circumcenter and the orthocenter of the triangle,
respectively. In this note we prove that £ lies on six circles associated with the
triangles of Napoleon.

1. Introduction

The Euler reflection point E of a triangle ABC'is the concurrency point of the
reflections of the Euler line in the sidelines of the triangle. The existence of E is
justified by the following more general result.

Theorem 1 (S. N. Collings). Let p be aline in the plane of atriangle ABC'. Its
reflections in the sidelines BC', C'A, AB are concurrent if and only if p passes
through the orthocenter H of ABC. In this case, their point of concurrency lies
on the circumcircle.

Figure 1

Synthetic proofs of Theorem 1 can be found in [1] and [2]. Known as Xjjo in
Kimberling’s list of triangle centers, the Euler reflection point is also the focus of
the Kiepert parabola (see [8]) whose directrix is the line containing the reflections
of E in the three sidelines.

Before proceeding to our main theorem, we give two preliminary results.

Publication Date: December 15, 2010. Communicating Editor: Paul Yiu.
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Lemma 2 (J. Rigby). The threelinesjoining the vertices of a given triangle ABC
with the circumcenter of the triangle formed by the other two vertices of ABC

and the circumcenter O are concurrent at the isogonal conjugate of the nine-point
center.

0. I
Figure 2.

The common point of these lines is also known as the Kosnita point of triangle

ABC. For a synthetic proof of this result, see [7]. For further references, see [3]
and [5].

Lemma 3. The three lines joining the vertices of a given triangle ABC with the
reflections of the circumcenter O into the opposite sidelines are concurrent at the
nine-point center of triangle ABC.

Figure 3.

This is a simple consequence of the fact that the reflection O4 of O into the
sideline BC' is the circumcenter of triangle BHC, where H is the orthocenter of
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ABC. In this case, according to the definition of the nine-point circle, the circum-
circle of BHC is the homothetic image of the nine-point circle under h(A, 2). See
also [4].

2. TheEuler reflection point and thetriangles of Napoleon

Let Ay, B4, Cy, A_, B_, C_ be the apices of the outer and inner equilateral
triangles erected on the sides BC, C'A and AB of triangle ABC, respectively.
Denote by N4, N, N¢, N/, Ny, N{, the circumcenters of triangles BC' A,
CAB4, ABCy, BCA_, CAB_, ABC_, respectively. The triangles NANpN¢
and N/, N N¢. are known as the two triangles of Napoleon (the outer and the
inner).

Theorem 4. Thecircumcirclesof triangles ANg N¢, BNcNa, CNANp, AN N[,
BN{N!,, CN,Nyj; are concurrent at the Euler reflection point £ of triangle
ABC.

Figure 4
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Proof. We shall show that each of these circles contains E. It is enough to consider
the circle ABgN¢.

Denote by Op, O¢ the reflections of the circumcenter O into the sidelines C'A
and AB, respectively. The lines EOg, EO¢ are the reflections of the Euler line
OH in the sidelines C'A and AB, respectively. Computing directed angles, we
have

(EO¢,EOB) = (EOc,OH) + (OH,EOR)
= 2(AB,0OH) +2(OH, AC)
= 2(AB,AC) (mod ).
On the other hand,
(AO¢, AOB) = (AO¢, AO)+(AO, AOp) = 2(AB, AO)+2(A0, AC) = 2(AB, AC).
Therefore, the quadrilateral O AOgF is cyclic. We show that the centers of the
three circles Op AO¢c, ABC and ANgN¢ are collinear. Since they all contain A,

it follows that they are coaxial with two common points. Since E lies on the first
two circles, it must also lie on the the third circle ANgN¢. O

Proposition 5. Let ABC be a triangle with circumcenter O and orthocenter H.
Consider the points Y and Z on the sides C' A and AB respectively such that the
directed angles (AC, HY') = —% and (AB, HZ) = %. Let U be the circumcenter
of triangle HY Z.

(@) A_, U, H arecallinear.

(b) A, U, O4 are collinear.

Figure 5
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Proof. (a) Let V' be the orthocenter of triangle HY Z, and denote by Y, Z’ the
intersections of the lines HZ with C A and HY with AB. Since the quadrilateral
Y ZY'Z' is cyclic, the lines Y'Z', Y Z are antiparallel. Since the lines HU, HV
are isogonal conjugate with respect to the angle Y H 7, it follows that the lines HU
and Y'Z’ are perpendicular.

Let C’ be the reflections of C in the line HY’. Triangle HC'C is equilateral
since

(HY',HC) = (HY',CA)+ (CA,HC)

— (AB, AC) — g + g — (AB, AC)
™

E.
Now, triangles Y’HC and Z'H B are similar since /HY'C = /HZ'B and
LHCY' = ZHBZ'. Since Y'HC' is the reflection of YYHC in HY’, we con-
clude that triangles Y’ HC’ and Z’ H B are similar. This means

HY' HC'

ﬁ - HB and ZY/HC/:4Z,HB,
and

HY' HZ

o0 = HB and /Z'HY' = /BHC(C'.

Hence, Z'HY' and BHC" are directly similar. This implies that A_H and Y’'Z’
are perpendicular:

(Y'Z',A_H) = (Y'Z',BC") + (BC', A_H)
(Z’H,BH) 4 (BC,A_C)

T
5"
Together with the perpendicularity of HU and Y’Z’, this yields the collinearity of
A_,U,and H.

(b) Note that the triangles BC'C and A_ HC are congruent since BC' = A_C,
C'C = HC, and Z/BCC'" = ZA_CH. Applying the law of sines to triangle
HY Z, we have

YZ YZ

T 2sinYHZ  2sin (Z - A)

From the similarity of triangles Z/HY' and BHC" and of HY Z and HY'Z’, we
have

UH

BH Y'H BH cos T V3
A H=BC' =Y'Z —=YZ— —=YZ. 6 _vyz. ]
Y'H ZH Y'H | cos Al 2| cos A|
Therefore,
UH | cos Al

A_H V/3sin (%” —A).
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Since AH = 2R cos A, we have
2
AH+A_Op = 3Rcos A+a sin% = Rcos A+V3Rsin A = 2v/3Rsin (% — A) ,

and
|AH | B | cos A UH UH

AH+A_04  Bsin(ZE—A) A_H AU+UH

Since U, H and A_ are collinear by (a), we have Af‘gA = ZL Combining this

with the parallelism of the lines AH and A_O 4, we have the direct similarity of
triangles AHU and O A_U. We now conclude that the angles HU A and A_UO’
are equal. This, together with (a) above, implies the collinearity of the points A,
U,O4.

On the other hand, according to Lemma 3, the points A, N, O4 are collinear.
Hence, the points A, U, N are collinear as well. O

According to Lemma 1, the lines AO, and AN are isogonal conjugate with
respect to angle BAC. Thus, by reflecting the figure in the internal bisector of
angle BAC, and following Lemma 6, we obtain the following result.

Corollary 6. Given a triangle ABC' with circumcenter O, let Y, Z be points
on the sides AC, AB satisfying (AC,0Y) = —% and (AB,0Z) = . The
circumcenters of triangles OY Z and BOC, and the vertex A are collinear.

Oa

Figure 6

Now we complete the proof of Theorem 4. By applying Corollary 6 to triangle
00 pO¢ with the points Ng, N¢ lying on the sidelines OOg and OO¢ such that
(OOp,ANp) = —% and (OO¢, AN¢) = 5, we conclude that the circumcenters
of triangles ANgN¢, OpAO¢ and ABC are collinear.
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Figure 7
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Characterizations of Bicentric Quadrilaterals

Martin Josefsson

Abstract. We will prove two conditions for a tangential quadrilateral to be
cyclic. According to one of these, a tangential quadrilateral is cyclic if and only
if its Newton line is perpendicular to the Newton line of its contact quadrilateral.

1. Introduction

A bicentric quadrilateral is a convex quadrilateral with both an incircle and a
circumcircle. One characterization of these quadrilaterals is obtained by combining
the most useful characterizations of tangential and cyclic quadrilaterals, that the
consecutive sides a, b, cand d, and angles A, B, C and D satisfy

a+c= b+d,
A+C= B+ D=m.

We review a few other characterizations of bicentric quadrilaterals before proving
two possibly new ones.

w

Figure 1. The tangency chords and diagonals

If the incircle in a tangential quadrilateral ABC D is tangent to the sides AB,
BC,CDand DAatW, X,Y and Z respectively, then the segments WY and X Z
are called the tangency chords in [8, pp.188-189]. See Figure 1. In[4, 9, 13] it s
proved that a tangential quadrilateral is cyclic if and only if the tangency chords
are perpendicular.

Problem 10804 in the MONTHLY [14] states that a tangential quadrilateral is
cyclic if and only if

AW DY
WB YC'

Publication Date: December 21, 2010. Communicating Editor: Paul Yiu.
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Using the same notations, Hajja proved in [11] that a tangential quadrilateral is

cyclic if and only if
AC AW +CY
BD BX+DZ’

If £, F, G and H are the midpoints of WX, XY, YZ and ZW respectively
(see Figure 2), then the tangential quadrilateral ABCD is cyclic if and only if
the quadrilateral FFGH isa rectangle. This characterization was Problem 6 on
China Western Mathematical Olympiad 2003 [5, pp.182-183].

Figure 2. ABCD is cyclic iff EFGH is a rectangle

2. Two characterizations of right triangles

To prove one of the characterizations of bicentric quadrilaterals we will need the
following characterization of right triangles. The direct part of the theorem is an
easy exercise *, but we have found no reference of the converse result.

Theorem 1. In a non-isosceles triangle the median and altitude to one of the sides
divide the opposite angle into three parts. This angle is a right one if and only if
the angle between the median and the longer of the sides at the considered vertex
isequal to the angle between the altitude and the shorter side at that vertex.

Proof. We use notations as in Figure 3. If C' = 7, we shall prove that a« = £.
Triangle AMC is isosceles 2 with AM = CM, so A = «. Triangles AC B and
CH B are similar, so A = 5. Hence o = (3.

Conversely, if « = 3, we shall prove that C' = 7. By the exterior angle theorem,
angle CM B = A + «, so in triangle M C H we have

A+a+7:g. )

LA similar problem also including the angle bisector can be found in [1, pp.46-49] and [12, p.32].
2The midpoint of the hypotenuse is the circumcenter.
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c
(e}
'yﬂ
m
-
A z M H B

Figure 3. Median and altitude in a triangle

Letz = AM = BM and m = CM. Using the law of sines in triangles C AM
and CM B,

sina sin A r  sina
r  om m  sinA
and with o = 3,
sin(a++v) sinB N x _sin(3-A) cosA
x m m  sin(§ —a) cosa

since B + o = 5 intriangle BC H. Combining the last two equations, we get

s.m @ _ s A & sin2a =sin 24.

sinA  cosa
This equation has the two solutions 2« = 24 and 2a = m — 2A, hence o = A or
a = 5 — A. The second solution combined with B + o = 7 gives A = B, which
is impossible since the triangle is not isosceles by the assumption in the theorem.

Thus a = A is the only valid solution. Hence

C:oz—i-’y—i-ﬁ:A—i-’y—l—oz:g
according to (1), completing the proof. O

Corollary 2. Let C M, C D and C'H beamedian, an angle bisector and an altitude
respectively in triangle ABC. The angle C' is a right angle if and only if CD
bisectsangle HC M.

-
A MD H B

Figure 4. Median, angle bisector and altitude in a triangle
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Proof. Since C'D is an angle bisector in triangle ABC', we have (see Figure 4)
a+/MCD=/HCD + (. (2
Using Theorem 1 and (2), we get

czg & a=8 & /MCD=/HCD.

3. Corollaries of Pascal’s theorem and Brocard’s theorem

Pascal’s theorem states that if a hexagon is inscribed in a circle and the three
pairs of opposite sides are extended until they meet, then the three points of inter-
section are collinear. A proof is given in [6, pp.74-75]. Pascal’s theorem is also
true in degenerate cases.

In [7, p.15], the following theorem is called Brocard’s theorem: if the extensions
of opposite sides in a cyclic quadrilateral intersect at J and K, and the diagonals
intersect at P, then the circumcenter O of the quadrilateral is also the orthocenter
intriangle J K P (see Figure 5). An elementary proof of this theorem can be found
at [16].

Figure 5. Brocard’s theorem

To prove our second characterization of bicentric quadrilaterals we will need
two corollaries of these theorems that are quite well known. The first is a special
case of Pascal’s theorem in a quadrilateral. If the incircle in a tangential quadri-
lateral ABCD is tangent to the sides AB, BC, CD and DAat W, X, Y and Z
respectively, then in [9] Yetti 3 calls the quadrilateral W XY Z the contact quadri-
lateral.

3Vetti is the username of an American physicist at the website Art of Problem Solving [3].
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M

Figure 6. Pascal’s theorem in a tangential quadrilateral

Corollary 3. If the extensions of opposite sidesin a tangential quadrilateral inter-
sect at J and K, and the extensions of opposite sides in its contact quadrilateral
intersect at L and M, then the four points J, L, K and M are collinear.

Proof. Consider the degenerate cyclic hexagon WW XYY Z, where W and Y are
double vertices. The extensions of the sides at these vertices are the tangents at W
and Y, see Figure 6. According to Pascal’s theorem, the points J, L and M are
collinear.

Next consider the degenerate cyclic hexagon WX XY ZZ. In the same way the
points M, K and L are collinear. This proves that the four points J, L, K and M
are collinear, since M and L are on both lines, so these lines coincide. O

Corollary 4. If the extensions of opposite sides in a tangential quadrilateral inter-
sect at J and K, and the diagonals intersect at P, then JK is perpendicular to the
extension of 7 P where I istheincenter.

Proof. The contact quadrilateral W XY 7 is a cyclic quadrilateral with circumcen-
ter I, see Figure 7. It is well known that the point of intersection of WY and
X Z is also the point of intersection of the diagonals in the tangential quadrilat-
eral ABCD, see [10, 15, 17]. If the extensions of opposite sides in the contact
quadrilateral W XY Z intersect at L and M, then by Brocard’s theorem M L1 1P.
According to Corollary 3, M L and JK are the same line. Hence JK 1 IP. O

4. Two characterizations of bicentric quadrilaterals

Many problems on quadrilaterals in text books and on problem solving web sites
are formulated as implications of the form: if the quadrilateral is a special type
(like a bicentric quadrilateral), then you should prove it has some property. How
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Figure 7. Perpendicular lines JK and I P

about the converse statement? Sometimes it is concidered, but far from always.
The two characterizations we will prove here was found when considering if the
converse statement of two such problems are also true. The first is a rather easy
one and it would surprise us if it hasn’t been published before; however we have
been unable to find a reference for it. Besides, it will be used in the proof of the
second characterization.

Theorem 5. Let the extensions of opposite sides in a tangential quadrilateral in-
tersect at J and K. If I istheincenter, then the quadrilateral is also cyclic if and
only if JIK isaright angle.

Proof. We use notations as in Figure 8, where GG and H are the midpoints of the
tangency chords WY and X Z respectively and P is the point of intersection of
WY and X Z. In isosceles triangles WJY and XK Z, IJ1WY and IK1XZ.
Hence opposite angles /G P and I H P in quadrilateral GI H P are right angles, so
by the sum of angles in quadrilateral GIH P,

JJIK = /GIH = 27 — 2 - g — /WPZ.
Hence we have
JJIK = g o /WPZ = g o WYLXZ

and according to [4, 9, 13] the tangency chords in a tangential quadrilateral are
perpendicular if and only if it is cyclic?. O

Now we are ready for the main theorem in this paper, our second characteri-
zation of bicentric quadrilaterals. The direct part of the theorem was a problem

“4This was also mentioned in the introduction to this paper.
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K

Figure 8. ABCD is cyclic iff JIK is aright angle

studied at [2]. The Newton line® of a quadrilateral is the line defined by the mid-
points of the two diagonals.

Theorem 6. A tangential quadrilateral is cyclic if and only if its Newton line is
perpendicular to the Newton line of its contact quadrilateral.

Figure 9. The Newton linesin ABCD and W XY Z

51t is sometimes known as the Newton-Gauss line.
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Proof. We use notations as in Figure 9, where P is the point where both the diag-
onals and the tangency chords intersect (see [10, 15, 17]) and L is the midpoint of
JK. If I is the incenter, then the points E, I, F and L are collinear on the Newton
line, see Newton’s theorem in [7, p.15] (this is proved in two different theorems in
[1, p.42] ® and [17, p.169]). Let M be the intersection of JK and the extension of
IP. By Corollary 4 IM 1 JK. Inisosceles triangles ZK X and WJY,IK 1 ZX
and IJLWY.

Since it has two opposite right angles (/IHP and ZIGP), the quadrilateral
GIHP is cyclic, so ZHGI = ZHPI. From the sum of angles in a triangle, we
have

ZING=7— (LGIF + ZHGI) =7 — (LJIL+ £LHPI)

where N is the intersection of £ F and GH. Thus
JING =7 — /JIL — (g - AHIP) - g — /JIL + /KIM.

So far we have only used properties of tangential quadrilaterals, so
/ING = g — LJIL+ /KIM

is valid in all tangential quadrilaterals where no pair of opposite sides are parallel’.
Hence we have

EF1GH & /ING = g & LJIL=/KIM & /JIK = g
where the last equivalence is due to Theorem 1 and the fact that /M 1 J K (Corol-
lary 4). According to Theorem 5, ZJIK = 7 if and only if the tangential quadri-
lateral is also cyclic.

Figure 10. An isosceles tangential trapezoid

It remains to concider the case when at least one pair of opposite sides are par-
allel. Then the tangential quadrilateral is a trapezoid, so®

A+D=B+C & A-B=C-D.
6That the incenter I lies on the Newton line EF is actually a solved problem in this book.

Otherwise at least one of the points J and K do not exist.
8We suppose without loss of generality that AB || CD.
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The trapezoid has a circumcircle if and only if
A+C=B+D & A-B=D-C.
Hence the quadrilateral is bicentric if and only if
C-D=D-C & C=D & A=B,

that is, the quadrilateral is bicentric if and only if it is an isosceles tangential trape-
zoid. In these EF L GH (see Figure 10, where EF || AB and GH 1. AB) com-
pleting the proof. O
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Abstract. Beginning with the famous Lester circle containing the circumcenter,
nine-point center and the two Fermat points of a triangle, we survey a number of
interesting circles in triangle geometry.

1. Introduction

This paper treats a number of interesting circles discovered by June Lester,
Lawrence Evans, and Cyril Parry. We prove their existence and establish their
equations. Lester [12] has discovered that the Fermat points, the circumcenter, and
the nine-point center are concyclic. We call this the first Lester circle, and study it
in §§3 — 6. Lester also conjectured in [12] the existence of a circle through the sym-
median point, the Feuerbach point, the Clawson point, and the homothetic center
of the orthic and the intangent triangles. This conjecture is validated in §15. Evans,
during the preparation of his papers in Forum Geometricorum, has communicated
two conjectures on circles through two perspectors V4 which has since borne his
name. In §9 we study in detail the first Evans circle in relation to the excentral
circle. The second one is established in §14. In [9], a great number of circles have
been reported relating to the Parry point, a point on the circumcircle. These circles
are studied in §§10 — 12.
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2. Preliminaries

We refer to [15] for the standard notations of triangle geometry. Given a triangle
ABC, with sidelengths a, b, ¢, the circumcircle is represented in homogeneous
barycentric coordinates by the equation

a’yz + V?zx + ay = 0.
The equation of a general circle C is of the form
a?yz +b2zx + Cay + (x+y+2) - Lz, y,2) =0 (1)

where L(z,y, z) is a linear form, and the line L(z,y, z) = 0 is the radical axis of
the circle C and the circumcircle.

2.1. Intersection of a circle with the circumcircle . The intersections of the circle
C with the circumcircle can certainly be determined by solving the equations

a’yz + b*zx + ry = 0,
L(xayvz) =0
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simultaneously. Here is an interesting special case where these intersections can
be easily identified. We say that a triangle center function f(a, b, c) represents an
infinite point if

fla,b,c) + f(b,c,a) + f(c,a,b) = 0. )
Proposition 1. If acircle C isrepresented by an equation (1) in which
L(x,y,2) = F(a,b,c)- Y b f(a,b,c) - gla,b ), 3)
cyclic

where F'(a, b, c¢) issymmetricina, b, ¢, and f(a, b, c), g(a, b, ¢) aretriangle center
functions representing infinite points, then the circle intersects the circumcircle at
the points

a2 b2 c?
Qf - (f((l,b,c) : f(b,c,a) : f(c7a’b)>

and

a® b2 c?
Q“‘(amaa:gwmﬂ>:aqmw>'
Proof. The line L(x,y,z) = 0 clearly contains the point Qy, which by (2) is
the isogonal conjugate of an infinite point, and so lies on the circumcircle. It is
therefore a common point of the circumcircle and C. The same reasoning applies
to the point Q,. O

For an application, see Remark after Proposition 11.

2.2. Construction of circle equation. Suppose we know the equation of a circle
through two points @; and @2, in the form of (1), and the equation of the line
Q1Q2, inthe form L'(z,y, z) = 0. To determine the equation of the circle through
Q1, Q2 and a third point Q@ = (x, yo, 20) not on the line Q1Q)>, it is enough to
find ¢ such that

a2?/020 + %290 + 62300?/0 + (20 +yo + 20) (L(z0, Yo, 20) +t - L' (0, Y0, 20)) = 0.
With this value of ¢, the equation
a’yz + 0%z + Fry + (@ +y + 2)(L(z,y,2) +t- L'(2,y,2)) =0

represents the circle Q1 Q2Q. For an application of this method, see §6.3 (11) and
Proposition 11.

2.3. Some common triangle center functions. We list some frequently occurring
homogeneous functions associated with the coordinates of triangle centers or co-
efficients in equations of lines and circles. An asterisk indicates that the function
represents an infinite point.
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Quartic forms

f4,1 = a2(b2 + 02) . (b2 _ 02)2

fi2:=a*(b* + ) — (b* + )

fi3:=a*— (b* = b?c* + )

f4’4 = (b2 + 62 - a2)2 - b2C2

* | fas = 2a* — a?(b? + c2) — (b — 2)?
fa6:=2a* — 3a(b? + %) + (b — ?)?

* | fo7:=2a% —2a%(b% + ¢?) — (b* — 4b%c? + 1)

Sextic forms

fo.1 :=ab —3a*(b? + 2) + a*(3b* — b?c? + 3ct) — (% + ?) (b — ¢?)?
* | fo2 = 2a® — 2a%(b? + ¢*) + a?(b* + ) — (b2 + ) (b% — 2)?

* | fo3 :=2a% — 6a*(b? + %) + 9a?(b* + c*) — (b2 + )3

Octic forms

fs1:= a®—2a%0% + %) + a?b?c? + a2 (V% + 2)(2b* — b?? + 2¢F)
—(B® — 265¢2 + 6b*c* — 202 + ¢8)

*| fso:= 2a® —2a5%(b* + ¢?) — a’(30* — 8b?c? + 3c?)

+4a?(b% + ) (b? — )% — (b% — )2 (b* + 4b%c® + %)

*| fs3:= 2a®—5a%(b* + ?) +a’(3bT 4 8b?c* + 3c7)
+a?(b? + ) (b* — 5b%c? + ) — (b — ¢?)?

fsa:= 3a® —8a8(b? + 2) + a*(8b* + Tb?c? + 8¢*)
—a?(b? + %) (4b* — 3b%c? + 4ct) + (bt — ¢1)?

3. Thefirst Lester circle

Theorem 2 (Lester). The Fermat points, the circumcenter, and the nine-point cen-
ter of a triangle are concyclic.

C

Figure 1. The first Lester circle through O, N and the Fermat points

Our starting point is a simple observation that the line joining the Fermat points
intersects the Euler line at the midpoint of the orthocenter H and the centroid G.
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Clearing denominators in the homogeneous barycentric coordinates of the Fermat
point

1 1 1
F - b b b
* <\/§SA+S V3SE + S \/§sc+s>
we rewrite it in the form

F. = (3Spc+52,350c4+52,3548+5%)+v35(Sp+Sc, Sc+S4, 54+ 5B).
This expression shows that F, is a point of the line joining the symmedian point
K = (Sg+ Sc,Sc + Sa,S4+ Si)

to the point
M = (3Spc + 5%,3Sca + 52,3548 + S?)
= 3(Spc, Sca, Sap) +S%(1,1,1).

Note that M is the midpoint of the segment HG, where H = (Spc, Sca, SaB) 1S
the orthocenter and G = (1, 1,1) is the centroid. It is the center of the orthocen-
troidal circle with HG as diameter. Indeed, F, divides M K in the ratio

MF, : FL K =2V3S(S4+ Sp + Sc) : 652 = (Sa + S + Sc) : V/38.

With an obvious change in sign, we also have the negative Fermat point £ divid-
ing M K in the ratio

MF_:F_K = (Sa+Sp+Sc): —V38S.
We have therefore established

Proposition 3. The Fermat points divide M K harmonically.

C

Figure 2. Intersection of Fermat line and Euler line

This simple observation suggests a proof of Lester’s circle theorem by the inter-
section chords theorem.
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Proposition 4. The following statements are equivalent.

AMF, -MF_=MO-MN.

(B) Thecircle F, F_G istangent tothe Euler lineat G, i.e., MF,-MF_ = MG?.
(C) Thecircle F, F_ H istangent tothe Euler lineat H,i.e, MF_-MF_ = MH?.
(D) The Fermat points are inverse in the orthocentroidal circle.

2d d d 2d

Figure 3. The Euler line

Proof. Since M is the midpoint of HG, the statements (B), (C), (D) are clearly
equivalent. On the other hand, putting OH = 6d, we have

MO-MN = (MH)? = (MG)?* = 4d?,
see Figure 3. This shows that (A), (B), (C) are equivalent. O

Note that (A) is Lester’s circle theorem (Theorem 2). To complete its proof, it
is enough to prove (D). We do this by a routine calculation.

Theorem 5. The Fermat points are inverse in the orthocentroidal circle
1 J. |||\l|\'l||ML'~JU| 2 AU O HTHIVUL OO T LTI UL LIV (SRR | il vl

c

Figure 4. F; on the polar of F_ in the orthocentroidal circle

Proof. The equation of the orthocentroidal circle is

3(a*yz + b*zx + Pay) — 2(x + y + 2)(Sax + Spy + Scz) = 0,
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equivalently, *
—2(Sax® 4+ Spy? +Sc2*) + ((Sp+ Sc)yz+ (Sc + Sa)zz + (Sa+ Sp)zy) = 0.
This is represented by the matrix

—4S4  Sa+Sp Sa+ Sc
M= 1[54+5g —45p Sp+ Sc
Sa+Sc Sp+ Sc —4S¢

The coordinates of the Fermat points can be written as
Fy =X+Y and F_.=X-Y,
with
X =(3Spc+ 5% 3Sca+5? 3Sap+S5%),
Y =V3S(Sp+Sc Sc+8Sa Sa+Sg).
With these, we have
XMX? =YMY? =65%(S4(Sp — Sc)? + Sp(Sc — Sa)> + Sc(Sa — Sp)?),

and
FMF! = (X +Y)M(X - Y) = XMX' - YMY" = 0.
This shows that the Fermat points are inverse in the orthocentroidal circle. O
The proof of Theorem 2 is now complete, along with tangency of the Euler line

with the two circles F F_ G and Fy F_ H (see Figure 5). We call the circle through
O, N, and F the first Lester circle.

Figure 5. Thecircles FL F_Gand Fy F_ H

Litis easy to see that this circle contains H and G. The center of the circle (see [15, §10.7.2]) is
the point M = (Sa(Ss+ Sc) +4Ssc : SB(Sc + Sa) +4Sca : Sc(Sa+ Sp) +4Sap) onthe
Euler line, which is necessarily the midpoint of HG.
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Remarks. (1) The tangency of the circle £y F__ G and the Euler line was noted in
[9, pp.229-230].

(2) The symmedian point K and the Kiepert center K; (which is the midpoint
of F\y F_) are inverse in the orthocentroidal circle.

4. Gibert’sgeneralization of thefirst Lester circle

Bernard Gibert [7] has found an interesting generalization of the first Lester cir-
cle, which we explain as a natural outgrowth of an attempt to compute the equations
of the circles F F_ G and F  F_H.

Theorem 6 (Gibert). Every circle whose diameter is a chord of the Kiepert hyper-
bola perpendicular to the Euler line passes through the Fermat points.

Figure 6. Gibert’s generalization of the first Lester circle

Proof. Since F. and G are on the Kiepert hyperbola, and the center of the cir-
cle F. F_G is on the perpendicular to the Euler line at G, this line intersects the
Kiepert hyperbola at a fourth point Y (see Figure 6), and the circle is a mem-
ber of the pencil of conics through F., F_, G and Yy. Let L(z,y,z) = 0 and
Lo(x,y,z) = 0 represent the lines F, F_ and G} respectively. We may assume
the circle given by

ko((b? = )yz + (¢ = a®)zx + (a® = b)ay) — L(z,y,2) - Lo(w,y,2) =0

for an appropriately chosen constant k.
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Replacing G by H and Yj by another point Y1, the intersection of the Kiepert
hyperbola with the perpendicular to the Euler line at H, we write the equation of
the circle F, F_H in the form

kl((bQ - CQ)yZ + (62 - GQ)Z‘T + (CL2 - b2)$y) - L(.I,y, Z) : Ll(xaya Z) =0,

where Ly (z,y, z) = 0 is the equation of the line HY].

The midpoints of the two chords GY; and HY; are the centers of the two circles
F,F_Gand Fy F_H. The line joining them is therefore the perpendicular bisector
of FL F_.

Every line perpendicular to the Euler line is represented by an equation

Lt(xayuz) = tLO('T7y7 Z) + (1 - t)Ll('T7y7 Z) =0

for some real number ¢. Let k := tko + (1 — t)k; correspondingly. Then the
equation

kt((b2 - CQ)yZ + (C2 - CL2)Z£1? + (CL2 - b2)$y) - L(xvyv Z) : Lt(xvyv Z) =0

represents a circle C; through the Fermat points and the intersections of the line
Li(x,y, z) = 0 and the Kiepert hyperbola. The perpendicular bisector of . F_ is
the diameter of the family of parallel lines L;(x, y, z) = 0. Therefore the center of
the circle is the midpoint of the chord cut out by ;(x, y, z) = 0. O

Remark. If the perpendicular to the Euler line intersects it outside the segment
HG@G, then the circle intersects the Euler line at two points dividing the segment
HG harmonically, say in the ratio 7 : 1 — 7 for 7 < 0 or 7 > 1. In this case, the
line divides HG in the ratio —72 : (1 — 7).

5. Center of thefirst Lester circle

Since the circumcenter O and the nine-point center N divides the segment HG
in the ratio 3 : 1, the diameter of the first Lester circle perpendicular to the Euler
line intersects the latter at the point L dividing HG in the ratio 9 : —1. This is the
midpoint of ON (see Figure 7), and has coordinates

(fae(a,b,c): fae(b,c,a): fae(c,a,b)).

As such it is the nine-point center of the medial triangle, and appears as Xj4o in
[10].

Figure 7. The Euler line

Proposition 7. (a) Lines perpendicular to the Euler line have infinite point

X503 = (b2 B e b2).
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(b) The diameter of thefirst Lester circle perpendicular to the Euler lineisalong
theline

Z fe,1(a,b,c)x = 0. (@)

cyclic

Proposition 8. (a) The equation of theline Fi F_ is

> (0F — ) faala,b, )z = 0. (5)
cyclic
(b) The perpendicular bisector of F F_ istheline
SR ) (6)

2 — 2 2_g2 " a2 2
Proof. (a) The line F, F_ contains the symmedian point K and the Kiepert center
Ki = ((b2 - 62)27 (02 - a’2)27 (CL2 - b2)2)‘

(b) The perpendicular bisector of F} F_ is the perpendicular at K; to the line
K K;, which has infinite point

Xeoo = (0% = ) (b? + * — 2a?), (® — a?)(c* + a® — 2b%), (a® —b?)(a® + b* — 2¢2)).
O

Proposition 9. The center of the first Lester circle has homogeneous barycentric
coordinates

((b2 - 62)f8,3(a7 bv C) : (62 - a2)f8,3(b7 c, CL) : (a2 - b2)f8,3(ca a, b))
Proof. This is the intersection of the lines (4) and (6). O

Remarks. (1) The center of the first Lester circle appears as Xi116 in [10].
(2) The perpendicular bisector of F. F_ also contains the Jerabek center

Jo = (0* =) 0*+ 2 —d?), (P —ad®)2 (P4 a® —b?), (a®> = b))% (a® + b* — 7)),
which is the center of the Jerabek hyperbola, the isogonal conjugate of the Euler
line. It follows that J, is equidistant from the Fermat points. The points K; and J,
are the common points of the nine-point circle and the pedal circle of the centroid.
6. Equations of circles

6.1. Thecircle Fy F_G. In the proof of Theorem 6, we take

L(Qﬁ‘, Y, Z) = Z (b2 - 62)f4,4(a7 ba C)xv (7)
cyclic

Lo(z,y,2) = ) (0" + ¢ —2a°)z (8)
cyclic

for the equation of the line F F_ (Proposition 8(a)) and the perpendicular to the
Euler line at G. Now, we seek a quantity &y such that the member

ko((bZ - CQ)yZ + (62 - (IQ)Z.I + ((12 - bQ)xy) - L(‘T7y7 Z) : LO('T7y7 Z) =0



The circles of Lester, Evans, Parry, and their generalizations 185
of the pencil of conic through the four points Fi, G, Yy is a circle. For this,
ko = —3(a®(c? — a®)(a® — b?) + b*(a® — b*)(0* — *) + 20 — &) (P — a?)),
and the equation can be reorganized as
9(b% — &) (? — a®)(a® — b*)(aPyz + b2z + Pay)
t@ty+z) | D 0= A+ =2 faa(a,b o)z | =0. (9
cyclic

The center of the circle i F__G is the point
Zy = ((b* = ) fazla,b,¢) : (2 = a®) faz(b.c,a) : (= b%) faz(c,a,0).

The point Y{, has coordinates (lﬁi SR )

+c?—2a?

6.2. Thecircle Fy F_ H. With the line

Li(z,y,2) = Z (b* + * —a?)(2a* — a*(V? + %) — (b — *) )z =0

cyclic
perpendicular to the Euler line at H, we seek a number & such that

k(0?2 — A)yz + (& — a®)zzx + (a® — b*)zy) — Lz, y,2) - Li(z,y,2) =0
of the pencil of conic through the four points F., H, Y; is a circle. For this,
ki = 16A%(a* (0% + ¢ — a®) + b (¢ + a® — b%) + *(a® + 0% — 2) — 3d*bP),
and the equation can be reorganized as

48(b* — ) (? — a®)(a® — B*)A%(a®yz + b%zx + Pay)
—(z4+y+2) (Z (b = A + & = a*) faala,b,c) fr5(a,b,0)x | =0.
cyclic )

This is the equation of the circle F. F_ H. The center is the point

Zy = ((0° = ) fsalaby) : (¢ = a®) fsa(b,c,a) : (a® = b?) fs (e, a,b)).

The triangle center

b2 — 2 2 — a2 a? —bv?
Y = : :
! (f475(a, b,c) " fas(b,c,a)  fas(c,a, b))

is X2394.
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6.3. The first Lester circle. Since the line joining the Fermat points has equation
L(z,y,z) = 0 with L given by (7), every circle through the Fermat points is
represented by

9(* — A)(c? — a®)(a® — b*)(aPyz + b2z + Pay)

+(x+y+2) (Z (b* — ) (b* + ® — 2a* +t) faa(a, b, c):r) =0 (11)

cyclic

for an appropriate choice of ¢. The value of ¢ for which this circle passes through
the circumcenter is
a?(c? — a®)(a® — b%) + % (a® — b?)(b? — ) + 2 (b? — 2)(c? — a?)

b= 32A2

The equation of the circle is
96A2(b% — 2)(? — a®)(a® — b*)(aPyz + b2z + Pay)

cyclic

+(x+y+=2) ( Z (b° — ) faa(a,b,¢) fe1(a,b, C)QU) =0.

7. TheBrocard axis and the Brocard circle

7.1. The Brocard axis. The isogonal conjugate of the Kiepert perspector K (6) is
the point

K*(0) = (a®(Sa + Sp), b*(SB + Sp), *(Sc + Sp)),

which lies on the line joining the circumcenter O and the symmedian point K. The
line OK is called the Brocard axis. It is represented by the equation

Z v’ (b — A = 0. (12)

cyclic

7.2. The Brocard circle. The Brocard circle is the circle with OK as diameter. It
is represented by the equation

(a?+0*+2) (aPyz+b2za4ay) — (z+y+2) (B2 Pr+Pa’y+a?h?z) = 0. (13)
Itis clear from
K*(0) = (a®Sa, b*Sp, *Sc) + Sp(a?, b2, ),
K*(—0) = (a*Sa, b*Sp, ¢*Sc) — Sg(a®, b?, c?)

that K*(0) and K*(—0) divide O and K harmonically, and so are inverse in the
Brocard circle. The points K* (i%) are called the isodynamic points, and are
more simply denoted by J...

Proposition 10. K*(+0) areinverse in the circumcircle if and only if they are the
isodynamic points.
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7.3. Theisodynamic points. The isodynamic points .I; are also the common points
of the three Apollonian circles, each orthogonal to the circumcircle at a vertex
(see Figure 8). Thus, the A-Apollonian circle has diameter the endpoints of the
bisectors of angle A on the sidelines BC'. These are the points (b, £c). The center
of the circle is the midpoint of these, namely, (1, —c?). The circle has equation
(0* — *)(a*yz + b2 2x + Pay) + d*(x + y + 2)(c’y — b%z) = 0.
Similarly, the B- and C-Apollonian circles have equations
(? — a*)(a®yz + b2z + Pay) + b (x + y + 2)(a’z — *x) = 0,
(a* — b%)(a®yz + b*2x + Pay) + Az + y + 2) (b2 — a’y) = 0.
These three circles are coaxial. Their centers lie on the Lemoine axis
T Y z
o) + 02 + z= 0, (14)
which is the perpendicular bisector of the segment .J. J_.

Figure 8. The Apollonian circles and the isodynamic points



188 P. Yiu

Proposition 11. Every circle through the isodynamic points can be represented by
an equation

3(b% — )(? — a®)(a® — b?*)(a’yz + b? 2z + Pay)
t@t+ytz) | D PO -AP+ -2 +t)z | =0 (15)
cyclic
for some choice of ¢.
Proof. Combining the above equations for the three Apollonian circles, we obtain
3(b% — )(? — a®)(a® — b?*)(a’yz + b? 2z + Pay)
+(z+y+2) Z a?(c® — a?)(a® — V*)(Py — b*2) = 0.

cyclic
A simple rearrangement of the terms brings the radical axis into the form

3(b% — A)(? — a®)(a® — b?)(aPyz + b2z + Pay)

+@ty+2) | > P =)+ 207z | =0. (16)

cyclic

Now, the line containing the isodynamic points is the Brocard axis given by (12). It
follows that every circle through L. is represented by (15) above for some choice
of ¢ (see §2.2). O

Remark. As is easily seen, equation (16) is satisfied by z = y = 2z = 1, and so
represents the circle through .J. and G. Since the factors &* — ¢? and b2 + 2 — 242
yield infinite points, applying Proposition 1, we conclude that this circle intersects

the circumcircle at the Euler reflection point £ = (% R ) and the Parry

. 2
pOInt (m N
This is the Parry circle we consider in §10 below.

Proposition 12. The circle through the isodynamic points and the orthocenter has
equation

16A% - (b? — )(c® — a®)(a® — b?)(aPyz + b2z + Pay)
+(x+y+=2) Z V(b — )0+ —a*) faa(a,b,c)z | = 0.
cyclic
Its center isthe point

Z3 = (a2(b2 - 02)(52 +c - GQ)f4,1(a, byc)roriee).
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8. Theexcentral triangle

The excentral triangle 1,11, has as vertices the excenters of triangle ABC. It
has circumradius 2R and circumcenter I’, the reflection of I in O (see Figure 9).
Since the angles of the excentral triangle are (B + C), (C + A), and 3(A+ B),
its sidelengths ' = I,1., V' = I.1,, ¢ = I,1I, satisfy

12,102, 12 2A, QB, 2C
a“:b*:c* = cos 5.c0s E.cos )
=alb+c—a):blc+a—>b):cla+b—c).

Figure 9. The excentral triangle and its circumcircle

8.1. Change of coordinates. A point with homogeneous barycentric coordinates
(x,y, z) with reference to ABC' has coordinates
(@',y',2") = (a(b+c—a)(cy+bz), b(c+a—b)(az+cz), cla+b—c)(bx+ay))

with reference to the excentral triangle.
Consider, for example, the Lemoine axis of the excentral triangle, with equation

x/ y/ z/
Etimt =0

With reference to triangle ABC, the same line is represented by the equation
a(b+c—a)(cy + bz) n blc+a—0b)az+cx) cla+b—c)(br+ ay)
alb+c—a) blc+a—0b) cla+b—c)

which simplifies into

b+c)x+ (c+a)y+ (a+b)z=0. (17)
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On the other hand, the circumcircle of the excentral triangle, with equation

a/2 b/2 Cl2
? + ? + ? = 0,
is represented by
1 1 1
+ + =
cy+bz az+cx br+ay

with reference to triangle ABC' This can be rearranged as

a?yz + bzx + Fay + (v +y + 2)(bex + cay + abz) = 0. (18)

9. Thefirst Evanscircle

9.1. The Evans perspector W. Let A*, B*, C* be respectively the reflections of
Ain BC, Bin CA, C in AB. The triangle A*B*C* is called the triangle of
reflections of ABC'. Larry Evans has discovered the perspectivity of the excentral
triangle and A* B*C™.

Theorem 13. The excentral triangle and the triangle of reflections are perspective
at a point which is the inverse image of the incenter in the circumcircle of the
excentral triangle.

Figure 10. The Evans perspector W
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Proof. We show that the lines I, A*, I, B*, and I.C™* intersect the line OI at the
same point. Let X be the intersection of the lines AA* and O1 (see Figure 10). If
he is the A-altitude of triangle ABC', and the parallel from [ to AA* meets [, A*

at I*, then since

I LI YY' a

2h, AA* IL,A AY' s’
we have IT* = % = 4r and VVVV—§ = ?{g = %. Therefore, W divides 71’ in the
ratio

I'W :WI=R:—2r.
Since this ratio is a symmetric function of the sidelengths, we conclude that the
same point T lies on the lines I, B* and 1.C*. Moreover, since I'IW = szr Il
by the famous Euler formula OI? = R(R — 2r), we have

R 4R 4R
/ . / _= . 172 = . 2 _= . —_ = 2
I'w.ri T 'l 7o ol o R(R —2r) = (2R)".
This shows that W and I are inverse in the circumcircle of the excentral triangle.

O

The point W is called the Evans perspector; it has homogeneous barycentric
coordinates,

W =(a(a® +a*(b+c) —a®® +bc+c) —(b+ec)b—c)?): - )
=(a((a+b+c)(c+a—-Db)(a+b—c)—3abc): ---: ).
It appears as Xyg4 in [10].
9.2. Perspectivity of the excentral triangle and Kiepert triangles.

Lemma 14. Let X BC and X', 1. be oppositely oriented similar isosceles trian-
gles with bases BC' and I 1. respectively. The lines [, X and I, X' are isogonal
with respect to angle I, the excentral triangle (see Figure 11).

Figure 11. Isogonal lines joining I, to apices of similar isosceles on BC and I, 1.



192 P. Yiu

Proof. The triangles I, BC' and 1,11, are oppositely similar since BC and L1,
are antiparallel. In this similarity X and X’ are homologous points. Hence, the
lines I, X and I, X’ are isogonal in the excentral triangle. O

We shall denote Kiepert perspectors with reference to the excentral triangle by
Ko(—).

Theorem 15. The excentral triangle and the Kiepert triangle /C(#) are perspective
at the isogonal conjugate of K, (—0) in the excentral triangle.

Proof. Let XY Z be a Kiepert triangle X(6). Construct X', Y’, Z’ as in Lemma
14 (see Figure 11).

() X', I,Y', I.Z'" concur at the Kiepert perspector K.(—6) of the excentral
triangle.

(ii) Since 1, X and I, X’ are isogonal with respect to I,, and similarly for the
pairs 1Y, I,Y' and I.Z and I.Z’, the lines I, X, 1Y, I.Z concur at the isogonal
conjugate of K.(—6) in the excentral triangle. O

I,

Figure 12. Evans’ perspector V_ of K (fg) and excentral triangle

We denote the perspector in Theorem 15 by V/(6), and call this a generalized
Evans perspector. In particular, V(%) and V (—%) are the isodynamic points
of the excentral triangle, and are simply denoted by V} and V_ respectively (see
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Figure 12 for V_). These are called the second and third Evans perspectors respec-
tively. They are X976 and X1277 of [10].

Proposition 16. Theline V.. V_ has equation
Z (b—c)* + % —a*)z =0. (19)
cyclic

Proof. The line V. V_ is the Brocard axis of the excentral triangle, with equation

bl2_612
' =0

a'?
cyclic
with reference to the excentral triangle (see §7.1). Replacing these by parameter
with reference to triangle ABC, we have 3. ;.(b —¢)(b+c—a)(cy +bz) = 0.
Rearranging terms, we have the form (19) above. d

Proposition 17. The Kiepert triangle /C(6) is perspective with the triangle of re-
flections A*B*C™ if and only if = +%. The perspector is K*(—0), the isogonal
conjugate of K (—6).

This means that for ¢ = +1, the Fermat triangle C (¢ - Z) and the triangle of
reflections are perspective at the isodynamic point J_. (see Figure 13 for the case
e=—1).

A*

Figure 13. K (—%) and A*B*C* perspective at J
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9.3. The first Evans circle. Since V.. are the isodynamic points of the excentral
triangle, they are inverse in the circumcircle of the excentral triangle. Since W
and I are also inverse in the same circle, we conclude that V,, V_, I, and W are
concyclic (see [1, Theorem 519]). We call this the first Evans circle. A stronger
result holds in view of Proposition 10.

Theorem 18. The four points V' (0), V(—6), I, W are concyclic if and only if
0=+%.
3

Figure 14. The first Evans circle

We determine the center of the first Evans circle as the intersection of the per-
pendicular bisectors of the segments /W and V. V_.

Lemma 19. The perpendicular bisector of the ssgment /W istheline
be(b+ ¢)x + ca(c+ a)y + ab(a + b)z = 0. (20)

Proof. If M’ is the midpoint of T/, then since O is the midpoint of 17, from

the degenerate triangle 77'W we have OM’ = £V — g—j. This shows that the
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midpoint of 7T is the inverse of I in the circumcircle. Therefore, the perpendicular
bisector of IW is the polar of [ in the circumcircle. This is the line

2 b2

0 c T
(a b C) 2 0 a? y| =0,
¥ a®> 0 z
which is the same as (20). O

Remark. M’ = (a?(a®—b%+bc—c?) : b?(b? —c4-ca—a?) : *(c® —a®+ab—b?))
is the triangle center Xsg in [10].

Lemma 20. The perpendicular bisector of the segment V. V_ istheline
b+c)x+ (c+a)y+ (a+b)z=0. (21)

Proof. Since V. and V_ are the isodynamic points of the excentral triangle, the
perpendicular bisector of V. V_ is the polar of the symmedian point of the excen-
tral triangle with respect to its own circumcircle. With reference to the excentral
triangle, its Lemoine axis has equation

ZE/ yl Z/

Bttt a=0
Changing coordinates, we have, with reference to ABC, the same line represented
by the equation

alb+c—a)(cy+bz) blc+a—Db)(az+cx) cla+b—c)(bx+ ay)

a(b+c—a) blc+a—0) cla+b—c) =0,
which simplifies into (21). O
Proposition 21. The center of the first Evans circle is the point
(a(b —c¢) blc—a) cla— b))
b+c =~ c+a = a+b )
Proof. This is the intersection of the lines (20) and (21). O

Remark. The center of the first Evans circle is the point X9 in [10]. It is also
the perspector of excentral triangle and the cevian triangle of the Steiner point.

Proposition 22. The equation of the first Evans circleis
(a—b)(b—c)(c—a)(a+b+c)(a*yz + b2z + ay)

—(@+y+2)| Y be(b—c)c+a)a+b)(b+c—a)z | =0. (22)

cyclic
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Figure 15. The Parry circle

10. TheParry circle and the Parry point

The Parry circle Cp, according to [9, p.227], is the circle through a number of
interesting triangle centers, including the isodynamic points and the centroid. We
shall define the Parry circle as the circle through these three points, and seek to
explain the incidence of the other points.

First of all, since the isodynamic points are inverse in each of the circumcircle
and the Brocard circle, the Parry circle is orthogonal to each of these circles. In
particular, it contains the inverse of G in the circumcircle. This is the triangle
center

Xoz = (a®(a® = b1+ 022 = Y), (b — M+ Pa® —a?), At —at +a?? —bYh).
(23)

The equation of the Parry circle has been computed in §7.3, and is given by (16).
Applying Proposition 1, we see that this circle contains the Euler reflection point

E:< a? ’ 2b2 2 ) (24)

b2 —c2’ 2 —a?’ a2 -—0b2
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and the point
2 2 2
P = - 3 b ) c (25)
b2 4+ ¢c2 —2a?’ 2 +a? — 2027 a2 +b% — 2c2
which we call the Parry point.

Remark. The line EP also contains the symmedian point K.
Lemma23. Theline EG isparallel to the Fermat line £ F_.

Proof. The line F F_ is the same as the line K K;, with equation given by (5).
The line EG has equation

> (07 — ) fap(a,b, )z = 0. (26)
cyclic
Both of these lines have the same infinite point
X542 = (fo2(a,b,¢) : fo2(b,c,a) = foa(c,a,b)).
O

Proposition 24. The Euler reflection point £ and the centroid are inverse in the
Brocard circle.

Figure 16. E and G are inverse in the Brocard circle

Proof. Note that the line F F_ intersects the Euler line at the midpoint M of HG,
and G is the midpoint of OM. Since EG is parallel to M K, it intersects OK at
its midpoint, the center of the Brocard circle. Since the circle through E, G, J;. is
orthogonal to the Brocard circle, E and G are inverse to each other with respect to
this circle. a
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The following two triangle centers on the Parry circle are also listed in [9]:
(i) the second intersection with the line joining G to K, namely,

X350 = (a2(a4 — 4a2(b2 + 62) + (b4 4 5b%c2 + 64))7 ce ),
(ii) the second intersection with the line joining X3 to K, namely,
X353 = ((12(4CL4 —4(12(b2 +62) - (2b4+b262 +204))7 Ty )7

which is the inverse of the Parry point P in the Brocard circle, and also the inverse
of X359 in the circumcircle.

10.1. The center of the Parry circle.
Proposition 25. The perpendicular bisector of the segment GFE istheline

x y z
=0. 27
b2+62—2a2+c2+a2—2b2+a2+b2—202 27)

Proof. The midpoint of EG is the point
Zy = ((B*+c*=2a%) fa5(a,b,¢) : (E+a®—2b%) fa5(b,c,a) : (a*+b*—2¢2) fa5(c, a,b)).

By Lemma 23 and Proposition 8(b), the perpendicular bisector of EG has infinite
point Xg90. The line through Z, with this infinite point is the perpendicular bisector

of EG. ]
Proposition 26. The center of the Parry circle Cp is the point

(a®(b* — &) (b + 2 —24%), ---, ---).
Fro)of. This is the intersection of the line (27) above and the the Lemoine axis
14). ]

Remark. The center of the Parry circle appears in [10] as X35;.

11. Thegeneralized Parry circles

We consider the generalized Parry circle Cp (6) passing through the centroid and
the points K™ (+6) on the Brocard axis. Since K*(6) and K*(—#) are inverse in
the Brocard circle (see §7.2), the generalized Parry circle G>(6) is orthogonal to
the Brocard circle, and must also contain the Euler reflection point E. Its equation
is

3(b% — ) (? — a®)(a® — b*)(16A%sin? 0 — (a® + b* + ¢*)% cos? ) (a’yz + b2zx + Eay)
+(x+y+2) Z b2 (b? — *)(fo.2(a,b,¢)sin® 0 + fg.3(a,b,c) cos? §)x = 0.

cyclic

The second intersection with the circumcircle is the point

a2
Q(G)_< - ' )
f6,2(a7 b, C) sin” ¢ + f673(a7 b, C) cos” ¢
The Parry point P is Q(6) for 6 = %. Here are two more examples.
(i) With 6 = 7, we have the circle GEO tangent to the Brocard axis and with

center
Zs = (@0 = )0+ = 207 fra(abic) i),



The circles of Lester, Evans, Parry, and their generalizations 199

It intersects the circumcircle again at the point

a? b2 c?
(f6,2(a7 ba C) ’ f6,2(ba ¢, a) ’ f6,2(ca a, b) ) . (28)

This is the triangle center Xgys.
(if) With # = 0, we have the circle GEK tangent to the Brocard axis and with
center

Zs = (a®(b? — A)(b* + & — 2a*)((a®> + b* + )2 = 90?c) : -1 -0,

It intersects the circumcircle again at the point

a? b? c?
Z7 o (f6,3(aa b7 C) ‘ f6,3(ba c, (,Z) ' f6,3(ca a, b) ) ' (29)

Figure 17. The circles GEO and GEK

12. Circles containing the Parry point

12.1. Thecircle Fiy F_G. The equation of the circle £ F._G has been computed
in §6.1, and is given by (9). Applying Proposition 1, we see that the circle £, F_ G
contains the Parry point and the point

— 1 . 1 . 1
©= ((b2 — ) faa(a,b,c) (e —a?) faa(b,c,a) * (a? — b2)f4,4(0,a,b)) '
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This is the triangle center Xy76 in [10]. It is the reflection of the Euler reflection
point in the Euler line.?

Xas

Figure 18. Intersections of Fy F_ G and the circumcircle

12.2. Thecircle GOK. Making use of the equations (13) of the Brocard circle and
(12) of the Brocard axis, we find equations of circles through O and K in the form

(@407 +) (P yz+b22a+Pay)—(wty+2) | D BPA(0° - At + Dz | =0
cyclic
(30)
for suitably chosen ¢.

. 434,432,222 232 . . .
With ¢ = —“BJ(PIfQj;)(fgfagf(;Q_gg)b , and clearing denominators, we obtain the

equation of the circle GOK.

306 — ) (? — a®)(a* — b*)(a® + % + ) (aPyz + b*zx + Pay)
+(@x+y+2) Z VA0 — ) (02 + ¢ —2a%) % | =0.
cyclic

2To justify this, one may compute the infinite point of the line EQ and see that it is X523 =
(b* — ¢ : ¢ — a® : a® — b?). This shows that EQ is perpendicular to the Euler line.
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Figure 19. The circles GOK and HOK

This circle GOK contains the Parry point P and the point

o ((b2_c2)(b32+02_2a2) o >

which is the triangle center X9, . It is the reflection of E in the Brocard axis.

Remark. The line joining P to Xgg; intersects
(i) the Brocard axis at X;g7, the inversive image of K in the circumcircle,
(ii) the Euler line at X53, the inversive image of the centroid in the circumcircle.

13. Some special circles
13.1. Thecircle HOK. By the same method, with

a4(02 _ a2)(a2 _ b2) 4 b4(a2 _ b2)(b2 _ 62) 4 C4(b2 _ 02)(02 _ a2)

t=— 16A2(b2 — 2)(c? — a?)(a? — b?)

3This may be checked by computing the infinite point of the line EQ' as X512 = (a?(b* —
), b?(c? — a?), 2 (a® — b?), the one of lines perpendicular to OK.
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in (30), we find the equation of the circle HOK as
16A2(0% — ) (c? — a®)(a® — b)) (a®yz + bPzx + Aay)
+Hax+y+2) Z V22 (b? — ) (b + * — a®) fea(a,b,c)x | = 0.
cyclic

Therefore, the circle HOK intersects the circumcircle at

a? b2 c?
((b2 )2+ —a?) (2—a?®) (AP +a?—b2) (a® —b%)(a® + b — 62)> ’
which is the triangle center X2, and Xg4o given by (28).

Remarks. (1) The circle HOK has center
= ((12(1)2 — 62)]04,2(0,, b,c)fas(a,bye) -t -ot).

(2) X112 is the second intersection of the circumcircle with the line joining X74
with the symmedian point.

(3) Xg4o is the second intersection of the circumcircle with the parallel to O K
through E. It is also the antipode of Xg91, Which is the reflection of E in the
Brocard axis.

(4) The radical axis with the circumcircle intersects the Euler line at X;gs and
the Brocard axis at X;g7. These are the inverse images of H and K in the circum-
circle.

13.2. Thecircle NOK. The circle NOK contains the Kiepert center because both
O, N and K, Kj are inverse in the orthocentroidal circle.

Figure 20. The circle NOK
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This circle has equation
32(@2 _ b2)(b2 _ 02)(62 _ a2)(a2 —|—b2 +c2)A2(a2yz—|—b2zx+c2xy)
+ Z b2 (b — ) fsa(a,b,c)x = 0.

cyclic

Its center is the point
ZQ = (a2(b2 - C2)f8,1(a7 bv C) R )
14. The second Evanscircle

Evans also conjectured that the perspectors Vi = V(£%) and X7y, X399 are
concyclic. Recall that

a’ b2 c?
X7y = ( : : >
f4,5 (CL, bu C) f4,5(b7 c, (I) f4,5(c7 a, b)
is the antipode on the circumcircle of the Euler reflection point E and X339, the
Parry reflection point, is the reflection of O in E.
We confirm Evans’ conjecture indirectly, by first finding the circle through V4
and the point

X101 = (@*(c—a)(a—Db): b*(a—b)(b—c): A(b—c)(c—a))

on the circumcircle. Making use of the equation (22) of the first Evans circle, and
the equation (19) of the line V. V_, we seek a quantity ¢ such that

(a —b)(b—c)(c—a)(a+ b+ c)(a*yz + b*zx + Pay)

—(@ty+2) | D (be(b—c)c+a)a+b)(b+c—a)+tb—c)b?+c* —a))z | =0,

cyclic
represents a circle through the point Xj4;. For this, we require
_abe(@*(b+c—a) + VP (c+a—Db) +*(a+b—c)+abe)
(b+c—a)(c+a—Db)(a+b—rc)
and the equation of the circle through V4 and X7 is
16A%(a — b)(b — ¢)(c — a)(a’yz + b?zzx + Pxy)

—(r+y+2) ( Z b2c2(b — ¢) fas(a,b, c):c) =0.

cyclic

9

It is clear that this circle does also contain the point X7,4.
The center of the circle is the point

Zio = (a®(b—c)((b* + 2 —a®)? = b*c?), -, ).
Now, the perpendicular bisector of the segment OF is the line

DI
a2f4,4(a7b76) o
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which clearly contains the center of the circle. Therefore, the circle also contains
the point which is the reflection of X7, in the midpoint of OF. This is the same as
the reflection of O in E, the Parry reflection point X3gg.

Theorem 27 (Evans). Thefour points V.., the antipode of the Euler reflection point
E onthe circumcircle, and the reflection of O in E are concyclic (see Figure 21).

Figure 21. The second Evans circle

15. The second Lester circle

In Kimberling’s first list of triangle centers [8], the point Xig, the homothetic
center of the orthic triangle and the triangular hull of the three excircles, was called
the crucial point. Kimberling explained that this name “derives from the name of
the publication [13] in which the point first appeared”. In the expanded list in [9],
this point was renamed after J.W. Clawson. Kimberling gave the reference [2], and
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commented that this is “possibly the earliest record of this point”.*

CW—( a4 b c ) (31)

b24+c?2—a?” c2+a?2—0b2" a2 402 -2

Proposition 28. The Clawson point Cy, is the perspector of the triangle bounded
by the radical axes of the circumcircle with the three excircles (see Figure 24).

Figure 22. The Clawson point

Proof. The equations of the excircles are given in [15, §6.1.1]. The radical axes
with circumcircle are the lines

Lo = s’ 4 (s — )’y + (s —b)*2 =0,
Ly:= (s—c)’z+ sy + (s —a)?z =0,
Lei= (s—b)%r+ (s —a)’y + 5?2 =0.
These lines intersect at
A = (0:b(a® +b* =) : e(c® 4 a® — b?)),
B' = (a(a®+b* =) :0: c(b* + & — a?)),
C' = (a(+a* = b%) : b(b* + * —a?) : 0).

It is clear that the triangles ABC and A'B’C’ are perspective at a point whose
coordinates are given by (31). d

4According to the current edition of [10], this point was studied earlier by E. Lemoine [11].
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Apart from the circle through the circumcenter, the nine-point center and the
Fermat points, Lester has discovered another circle through the symmedian point,
the Clawson point, the Feuerbach point and the homothetic center of the orthic and
the intangents triangle. The intangents are the common separating tangents of the
incircle and the excircles apart from the sidelines. These are the lines

L = bex + (b—c)ey — (b—c)bz = 0,
Ly = —(c—a)ex + cay + (¢ — a)az = 0,
L. := (a—b)bx — (a — b)ay + abz = 0.
These lines are parallel to the sides of the orthic triangles, namely,
—(P+E—a)r+ (P +a® )y + (P + v -z =0,
(V4 —a®)x — (A +a®> =)y + (a®> +b* — *)z = 0,
VP +c—adP)zx+ (P +a* =)y — (> + V¥ —c*z= 0.
The two triangles are therefore homothetic. The homothetic center is

alb+c—a) blc+a—-0b) cla+b—c)
Toz s y . 32
(b2+02—a2 2 +a? -0 a2+ b2 -2 (32)

Figure 23. The intangents triangle

Theorem 29 (Lester). The symmedian point, the Feuerbach point, the Clawson
point, and the homothetic center of the orthic and the intangent triangles are con-
cyclic.
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Figure 24. The second Lester circle

There are a number of ways of proving this theorem, all very tedious. For ex-
ample, it is possible to work out explicitly the equation of the circle containing
these four points. Alternatively, one may compute distances and invoke the inter-
secting chords theorem. These proofs all involve polynomials of large degrees. We
present here a proof given by Nikolaos Dergiades which invokes only polynomials
of relatively small degrees.

Lemma 30. The equation of the circle passing through three given points B =
(u1 U1t wl), PQ(UQ U wz) and P3 = (U3 U3 w3) is
a*yz +b%zx + oy — (x +y+2)(pr +qu+rz) =0
where
_ D(’U,l,’U,Q,’U,g) q= D(/Ula/UZa/U3) r— D(’LU]_,U)Q,’LUg)
818283D(1,2,3)7 818283D(1,2,3)7 818283D(1,2,3)7
with

$1 = uitvitwy, S2 = ustvatws, s3 =wustvstws, D(1,2,3)=|us v we

uz vz ws

up v wy
)
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and
2 2 2

a“viwy + b*wiuy + cfuivy s1v1 S1wq
D(uy,ug,u3) = [a?vaws + b2waug + cPugvy S22  Saws|,
a?vsws + bPwsus + usvs  S3vs  S3ws
siuy  @tviwy + bPwiug + Auivr siw
D(vi,v2,v3) = |s2u2  a?vaws + b2waug + Pugvy  sows|,
ssus  alvsws + bPwsus + cCusvy  S3ws

siuy s1v1 atviwy + bPwrug + uiv
D(wy,wa,w3) = [S2uz  Sav2  aZvowg + b2wauz + cCugva| .

Ssus  Ssv3  alvsws + bPwsus + cCusvs

Proof. This follows from applying Cramer’s rule to the system of linear equations
2

a’viwy + b*wiuy + uvy — s1(puy + qui + rwy) = 0,
a?vywy + b*wouy + ugvy — so(pug + qua + rwy) = 0,
a’v3ws + b*wsuz + tuzvs — s3(pus + qus + rws) = 0.
U
Lemma 31. Four points P, = (u; : v; : w;), i = 1,2,3,4, are concyclic if and
only if
D(uy, ug,uyq) _ D(v1,v9,v4) _ D(wy,wa, wy) _ s4D(1,2,4)
D(ui,ug,u3)  D(vi,ve,v3)  D(wy,we,w3)  s3D(1,2,3)
Proof. The circumcircles of triangles P, P, P; and P, P, P, have equations
a’yz + V2zx + Pay — (x +y+ 2)(pr 4+ qy +rz) = 0,
aPyz+ vz +ay — (e +y+2)Pr+dy+r'z) =0
where p, g, r are given in Lemma 30 above and ¢/, ¢/, r’ are calculated with usg,
vs, wg replaced by wuy, vy, wy respectively. These two circles are the same if and

only if p =p/, g = ¢/, » = r’. The condition p = 7/ is equivalent to M =

(ur,ug,u3) —
7238;3;3; ; similarly for the remaining two conditions. O

Finally we complete the proof of the second Lester circle theorem. For
P= K=(a*:0*: ¢,
Py=F, =(b—c?b+c—a):(c—a)*(c+a—0b):(a—b)*a+b—c),
Py = Cy, = (aSpc : bSca : cSap),
Pi=T,=(alb+c—a)Spc :blct+a—0b)Sca:cla+b—c)Sap),
we have
D(uy,ug,us) (b+c—a)(c+a—>b)(a+b—c) s4D(1,2,4)

D(uy,ug,u3) a+b+c ~ s3D(1,2,3)°
The cyclic symmetry also shows that

D(vi,v2,v4)  D(wy,wo,wy) (b+c—a)ict+a—>b)la+b—c)

D(v1,v9,v3) a D(wy,wa, ws) a+b+ec
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It follows from Lemma 31 that the four points K, F;, Cy, and T, are concyclic.
This completes the proof of Theorem 29.

For completeness, we record the coordinates of the center of the second Lester
circle, namely,

Z11 = (a(b —¢) fs(a,b,c) fia(a,bye) o -0 --4),
where
fs(a,b,¢) = a® — a*(b+ ¢) 4+ 2a°be — a(b* + 20°¢c — 20°¢* + 2bc® 4 ¢*) + (b — ) (b + ¢)®,

fiz(a,b,¢) = a'® = 2a"" (b+ ¢) +9a"bc + a° (b + ¢)(2b° — 13bc + 2¢%)
—a®(3b* — 2b%¢c — 2207 — 2bc® + 3¢M) + 4a” (b + o) ((b° — &) — b*P)
—10a%be(b® — ¢*)* = 2a° (b + ¢)(b — ¢)*(b* — 4bc + ¢*)(2b° + 3bc + 2¢7)
+a*(b—c)?(30° + 2b°c — 19b*¢® — 326°¢® — 196°¢* + 2bc® + 3¢°)
—2a*(b+¢)(b—c)?(b° + 2b°c — 3b*® — 2b°c® — 3b*c* + 2bc” + )
+ a’be(b” — ") +alb+¢)(b— ¢)* (b* + ¢*)*(20% + 3be + 2¢%)
— (=)' b+ )’ (B> + 2>
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