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A Note on the Hervey Point of a Complete Quadrilateral

Alain Levelut

Abstract. Using the extension of the Sylvester relation to four concyclic points
we define the Hervey point of a complete quadrilateral and show that it is the
center of a circle congruent to the Miquel circle and that it is the point of concur-
rence of eight remarkable lines of the complete quadrilateral. We also show that
the Hervey point and the Morley point coincide for a particular type of complete
quadrilaterals.

1. Introduction

In the present paper we report on several properties of a remarkable point of a
complete quadrilateral, the so-called Hervey point.1 This originated from a prob-
lem proposed and solved by F. R. J. Hervey [2] on the concurrence of the four lines
drawn through the centers of the nine point circles perpendicular to the Euler lines
of the four associated triangles. Here, we use a different approach which seems
more efficient than the usual one. We first define the Hervey point by the means of
a Sylvester type relation, and, only after that, we look for its properties. Following
this way, several interesting results are easily obtained:the Hervey point is the cen-
ter of a circle congruent to the Miquel circle, and it is the point of concurrence of
eight remarkable lines of the complete quadrilateral, obviously including the four
lines quoted above.

2. Some properties of the complete quadrilateral and notations

Before we present our approach to the Hervey point, we recallsome properties
of the complete quadrilateral. Most of them were given by J. Steiner in 1827 [6].
An analysis of the Steiner’s note was recently published by J.-P. Ehrmann [1]. In
what follows we quote the theorems as they were labelled by Steiner himself and
reported in the Ehrmann’s review. They are referred to as theorems (S-n). The
three theorems used in the course of the present paper are:
Theorem S-1: The four lines of a complete quadrilateral form four associated
triangles whose circumcircles pass through the same point (Miquel point M).
Theorem S-2: The centers of the four circumcircles and the Miquel point M lie on
the same circle (Miquel circle).

Publication Date: February 4, 2011. Communicating Editor:Paul Yiu.
1Erroneously rendered “the Harvey point” in [5].
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Theorem S-4: The orthocenters of the four associated triangles lie on the same
line (orthocenter or Miquel-Steiner line).

In what follows the indices run from1 to 4.
The complete quadrilateral is formed with the linesdn. The associated trian-

gle Tn is formed with three lines other thandn, and has circumcenterOn and
orthocenter isHn. The four circumcenters are all distinct, otherwise the complete
quadrilateral would be degenerate. According to Theorem S-2, the four centersOn

are concyclic on the Miquel circle with centerO.
The triangleΘn is formed with the three circumcenters other thanOn. It has

circumcenterO and orthocenter ishn.
The Euler lineOnHn cuts the Miquel circle atOn and another pointNn. The

triangleMOnNn is inscribed in the Miquel circle.

d2
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d4 d3

O4

O1

O2

O3

O

H4

H1

H2
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N1

M

N2

N3

N4

Figure 1. The Miquel circle and the Miquel-Steiner line

It is worthwhile to mention two more properties:
(1) The trianglesΘn andTn are directly similar [1];
(2) Each orthocenterhn is on the corresponding linedn.
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3. The Hervey point of a complete quadrilateral

In order to introduce the Hervey point, we proceed in three steps, successively
defining the orthocenter of a triangle, the pseudo-orthocenter of an inscriptable
quadrangle and the Hervey point of a complete quadrilateral.

We define the orthocenterH of triangle ABC by the means of the standard
Sylvester relation [3,§416]: the vector joining the circumcenterO to the ortho-
centerH is equal to the sum of the three vectors joiningO to the three vertices,
namely,

OH = OA + OB + OC.

It is easy to see that the resultantAH of the two vectorsOB andOC is perpen-
dicular to the sideBC. Therefore the lineAH is the altitude drawn through the
vertexA and, more generally, the pointH is the point of concurrence of the three
altitudes. The usual property of the orthocenter is recovered.

We define the pseudo-orthocenterH of the inscriptable quadrangle with the fol-
lowing extension of the Sylvester relation

OH = OP1 + OP2 + OP3 + OP4,

whereP1, P2, P3, P4 are four distinct points lying on a circle with centerO. We
do not go further in the study of this point since many of its properties are similar
to those of the Hervey point.

We define the Hervey pointh of a complete quadrilateral as the pseudo-orthocenter
of the inscriptable quadrangle made up with the four concyclic circumcentersO1,
O2, O3, O4 of the trianglesT1, T2, T3, T4, which lie on the Miquel circle with
centerO. The extended Sylvester relation reads

Oh = OO1 + OO2 + OO3 + OO4.

The standard Sylvester relation used for the triangleΘn reads

Ohn =
∑

i6=n

OOi.

This leads to

Oh = Ohn + OOn

for eachn = 1, 2, 3, 4. From these, we deduce

Onh = Ohn, hnh = OOn

and

hnhm = OmOn for m 6= n. (1)

The last relation implies that the four orthocentershn are distinct since the centers
On are distinct. Figure 2 shows the construction of the Hervey point starting with
the orthocenterh4.
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Figure 2.

4. Three theorems on the Hervey point

Theorem 1. The Hervey point h is the center of the circle which bears the four
orthocenters hn of the triangles Θn.

Proof. From the relation (1) we deduce that the quadrilateralOmOnhmhn is a
parallelogram, and its two diagonalsOmhm andOnhn intersect at their common
midpoints. The four trianglesΘn are endowed with the same role. Therefore the
four midpoints ofOihi coincide in a unique pointS. By reflection inS the four
points On are transformed into the four orthocentershn. Then the orthocenter
circle (h1h2h3h4) is congruent to the Miquel circle(O1O2O3O4) and its centerΩ
corresponds to the centerO.

The Hervey pointh and the centerΩ coincide since, on the one handS is the
midpoint ofOΩ, and on the other hand

Oh = Ohn + OOn = OS + Shn + OS + SOn = 2OS.

This is shown in Figure 2. �
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A part of the theorem (the congruence of the two circles) was already contained
in a theorem proved by Lemoine [3,§§265, 417].

Theorem 2. The Hervey point h is the point of concurrence of the four altitudes of
the triangles MOnNn drawn through the vertices On.

Proof. Since the trianglesΘn andTn are directly similar, the circumcenterO and
the orthocenterhn respectively correspond to the circumcenterOn and orthocenter
Hn. We have the following equality of directed angles

(MO,MOn) = (Ohn, OnHn) (mod π).

On the one hand, the triangleMOOn is isoceles because the sidesOM andOOn

are radii of the Miquel circle. Therefore we have

(MO,MOn) = (OnM,OnO) (mod π).

On the other hand, since the pointNn is on the Euler lineOnHn, we have

(Ohn, OnHn) = (Ohn, OnNn) (mod π).

Moreover, it is shown above thatOhn = OnH. Finally we obtain

(OnM,OnO) = (Onh,OnNn) (mod π).

This equality means that the linesOnO andOnh are isogonal with respect to the
sidesOnM andOnNn of triangleMOnNn. Since the lineOnO passes through
the circumcenter, the lineOnh passes through the orthocenter [3,§253]. Therefore,
the lineOnh is the altitude of the triangleMOnNn drawn through the vertexOn.
In other words, the lineOnh is perpendicular to the chordMNn This is shown
in Figure 3 for the triangleMO4N4. This result is valid for the four linesOnh.
Consequently, they concur at the Hervey pointh. �

Theorem 3. The Hervey point h is the point of concurrence of the four perpendic-
ular bisectors of the segments OnHn of the Euler lines of the triangles Tn.

Proof. Since the trianglesΘn andTn are directly similar, the circumcenterO and
the orthocenterhn respectively correspond to the circumcenterOn and orthocenter
Hn and we have the following equality between oriented angles of oriented lines

(MO,MOn) = (Ohn,OnHn) (mod 2π)

and the the following equality between the side ratios

MOn

MO
=

OnHn

Ohn

.

SinceOhn = Onh, we convert these equalities into

(MO,MOn) = (Onh,OnHn) (mod 2π)

and
MOn

MO
=

OnHn

Onh
.



6 A. Levelut

h

d2

d1

d4 d3

O4

O1

O2

O3

O

H4

H1

H2

H3

N1

M

N2

N3

N4

Figure 3.

These show that trianglesMOOn andOnhHn are directly similar. Since the tri-
angleMOOn is isoceles, the triangleOnhHn is isoceles too. Therefore, the per-
pendicular bisector of the sideOnHn passes through the third vertexh. This is
shown in Figure 4 for the trianglesMOO4 andO4hH4. This result is valid for the
perpendicular bisectors of the four segmentsOnHn. Consequently they concur at
the Hervey pointh. �

5. The Hervey point of a particular type of complete quadrilaterals

Morley [4] has shown that the four lines drawn through the centersωn of the
nine-point circles of the associated trianglesTn perpendicular to the corresponding
linesdn, concur at a pointm (the Morley point of the complete quadrilateral) on
the Miquel-Steiner line.

This result is valid for any complete quadrilateral. This isin contrast with the
following theorem which is valid only for a particular type of complete quadrilat-
erals. Zeeman [7] has shown that if the Euler line of one associated triangleTn

is parallel to the corresponding linedn, then this property is shared by all four
associated triangles.

Our Theorem 3 also reads: the four lines drawn through the center ωn of the
nine point circle perpendicular to the Euler line of the associated triangle concur in
the pointh.
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Putting together these three theorems, we conclude that if acomplete quadrilat-
eral fulfills the condition of the Zeeman theorem, then the four pairs of linesωnh

andωnm coincide. Consequently, their respective points of concurrenceh andm

coincide too. In other words, the center of the orthocenter circle (h1h2h3h4) lies
on the orthocenter lineH1H2H3H4.

Theorem 4. If the Euler line of one associated triangle Tn is parallel to the corre-
sponding line dn, then the Hervey point and the Morley point coincide.
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The Incenter and an Excenter as Solutions
to an Extremal Problem

Arie Bialostocki and Dora Bialostocki†

Abstract. Given a triangleABC with a pointX on the bisector of angleA, we
show that the extremal values ofBX

CX
occur at the incenter and the excenter on

the opposite side ofA.

Many centers of the triangle are solutions to a variety of extremal problems. For
example, the Fermat point minimizes the sum of the distancesof a point to the
vertices of a triangle (provided the angles are all less than120◦), and the centroid
minimizes the sum of the squares of the distances to the vertices (see [1]). For re-
cent results along these lines, see [3], and [2]. The following problem was brought
to Dora’s attention about 35 years ago.

Problem. LetABC be a triangle andAT the angle bisector of angleA. Determine
the pointsX on the lineAT for which the ratioBX

CX
is extremal.

a

b
c

x

A

B C
T

X

Figure 1.

Denote the lengths of the sidesBC, CA, AB by a, b, c respectively. LetX be a
point onAT and denote byx the directed length ofAX. It is sufficient to consider

Publication Date: February 10, 2011. Communicating Editor: Paul Yiu.
This paper was conceived by Dora Bialostocki who passed awayon July 25, 2009. After a failed

attempt to find the results in the literature, her notes were supplemented and edited by her surviving
husband Arie Bialostocki.

Thanks are due to an anonymous referee for generous suggestions leading to improvements on
the methods and results of the paper.
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the function

g(x) :=
BX2

CX2
=

x2 − 2cx cos A

2
+ c2

x2 − 2bx cos A

2
+ b2

.

The derivative ofg(x) is given by

g′(x) =
−2(b − c)

(
x2 cos A

2
− (b + c)x + bc cos A

2

)
(
x2 − 2bx cos A

2
+ b2

)2
. (1)

This is zero if and only if

x =
b + c ±

√
(b + c)2 − 4bc cos2 A

2

2 cos A

2

.

Now,

(b + c)2 − 4bc cos2
A

2
= b2 + c2 − 2bc

(
2 cos2

A

2
− 1

)

= b2 + c2 − 2bc cos A

= a2. (2)

This means thatg is extremal when

x =
b + c − a

2 cos A

2

=
s − a

cos A

2

or x =
b + c + a

2 cos A

2

=
s

cos A

2

, (3)

wheres = a+b+c

2
is the semiperimeter of the triangleABC.

Z
′

Y
′

I

Z

Y

A

B C

Ia

T

Figure 2. The incenterI andA-excenterIa

Consider the incircle of the triangle tangent to the sidesAC andAB at Y and
Z respectively (see Figure 2). It is well known that

AY = AZ =
1

2
(b + c − a) = s − a.
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Likewise, if the excircle onBC touchesAC andAB at Y ′ andZ ′ respectively,
then

AY ′ = AZ ′ =
1

2
(a + b + c) = s.

Therefore, according to (3), the extremal values ofg(x) occur at the incenter andA-
excenter, whose orthogonal projections on the lineAC areY andY ′, respectively.
Note that

BI

CI
=

sin C

2

sin B

2

and
BIa

CIa

=
cos C

2

cos B

2

.

These are in fact the global maximum and minimum.

Figure 3 shows the graph ofg(x) for b = 5, c = 6 andA = π

3
.

−40 −20 0 20 40

1

Figure 3. Graph ofg(x) = BX
2

CX2 with inflection points

We determine the inflection points of the graph ofg(x) (in the general case), and
show that they are related to the problem of trisection of angles. Differentiating (1),
we have

g′′(x) =
2(b − c)

(
2x3 cos A

2
− 3(b + c)x2 + 6bcx cos A

2
+ b2

(
b + c − 4c cos2 A

2

))
(
x2 + b2 − 2bx cos A

2

)3
.

The inflection points are the roots of
(

2 cos
A

2

)
x3−3(b+c)x2+

(
6bc cos

A

2

)
x+b2

(
b + c − 4c cos2

A

2

)
= 0. (4)
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With the substitution

x = u +
b + c

2 cos A

2

, (5)

equation (4) becomes

4u3 cos3
A

2
−

(
(b + c)2 − 4bc cos2

A

2

)(
3u cos

A

2
+ b + c − 2b cos2

A

2

)
= 0.

(6)
Making use of (2) and

b + c − 2b cos2
A

2
= c − b cos A = a cos B,

we rewrite (6) as

4u3 cos3
A

2
− a2

(
3u cos

A

2
+ a cos B

)
= 0. (7)

If we further substitute

u cos
A

2
= a cos θ, (8)

the identity
cos 3θ = 4cos3 θ − 3 cos θ

transforms (7) into
cos 3θ = cos B. (9)

Combining (5) and (8), we conclude that the inflection pointsof g(x) are at

x =
b + c + 2a cos θ

2 cos A

2

=
(s − a) + a

(
1

2
+ cos θ

)

cos A

2

,

whereθ satisfies (9).
Let F1, F2, F3 be the inflection points onAT and denote their projections on

AC by P1, P2, P3. The last expression implies that the distances ofP1, P2, P3

from Y are given by
(

1

2
+ cos θ

)
a, where the angleθ satisfies (9).

Remark. It would be interesting to find in physics an interpretation of the two
extrema.
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Translation of Fuhrmann’s
“Sur un nouveau cercle assocíe à un triangle”

Jan Vonk and J. Chris Fisher

Abstract. We provide a translation (from the French) of Wilhelm Fuhrmann’s
influential 1890 paper in which he introduced what is today called the Fuhrmann
triangle. We have added footnotes that indicate current terminology and refer-
ences, ten diagrams to assist the reader, and an appendix.

Introductory remarks

Current widespread interest concerning the Fuhrmann triangle motivated us to
learn what, exactly, Fuhrmann did in his influential 1890 article, “Sur un nouveau
cercle associé à un triangle” [5]. We were quite surprisedto see how much he
accomplished in that paper. It was clear to us that anybody who has an interest in
triangle geometry might appreciate studying the work for himself. We provide here
a faithful translation of Fuhrmann’s article (originally in French), supplementing it
with footnotes that indicate current terminology and references. Two of the foot-
notes, however, (numbers 2 and 12) were provided in the original article by Joseph
Neuberg (1840-1926), the cofounder (in 1881) ofMathesisand its first editor. In-
stead of reproducing the single diagram from the original paper, we have included
ten figures showing that portion of the configuration relevant to the task at hand. At
the end of our translation we have added an appendix containing further comments.
Most of the background results that Fuhrmann assumed to be known can be found
in classic geometry texts such as [7].

Biographical sketch.1 Wilhelm Ferdinand Fuhrmann was born on February 28,
1833 in Burg bei Magdeburg. Although he was first attracted toa nautical ca-
reer, he soon yielded to his passion for science, graduatingfrom the Altstädtischen
Gymnasium in Königsberg in 1853, then studying mathematics and physics at the
University of Königsberg, from which he graduated in 1860.From then until his

Publication Date: February 18, 2010. Communicating Editor: Paul Yiu.
1Translated from Franz Kössler,Personenlexikon von Lehrern des 19 Jahrhunderts: Berufs-

biographien aus Schul-Jahresberichten und Schulprogrammen 1825-1918 mit Veröffentlichungs-
verzeichnissen. We thank Professor Rudolf Fritsch of the Ludwig-Maximilians-University of Mu-
nich and his contacts on the genealogy chat line, Hans Christoph Surkau in particular, for providing
us with this reference.
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death 44 years later he taught at the Oberrealschule auf der Burg in Königsberg, re-
ceiving the title distinguished teacher (Oberlehrer) in 1875 and professor in 1887.
In 1894 he obtained the Order of the Red Eagle, IV Class. He died in Königsberg
on June 11, 1904.

On a New Circle Associated with a Triangle
Wilhelm Fuhrmann2

Preliminaries. Let ABC be a triangle;O its circumcenter;I, r its incenter and
inradius; Ia, Ib, Ic its excenters;Ha,Hb,Hc,H the feet of its altitudes and the
orthocenter;A′, B′, C ′ the midpoints of its sides;A′′B′′C ′′ the triangle whose sides
pass through the vertices ofABC and are parallel to the opposite sides.

A

B

C

O

I νH

Ia

Ib

Ic

Ha

Hb

Hc

A
′′

B
′′

C
′′

A1

B1

C1

A3

B3

C3

A
′

B
′C

′

P

Figure 1. The initial configuration

The internal angle bisectorsAI,BI,CI meet the circleO at the midpoints
A1, B1, C1 of the arcs that subtend the angles of triangleABC. One knows that
the trianglesA1B1C1 and IaIbIc are homothetic with respect to their common
orthocenterI.

2[Neuberg’s footnote.] Mr. Fuhrmann has just brought out, under the titleSynthetische Beweise
planimetrischer Sätze(Berlin, Simion, 1890, XXIV-190p. in-8◦, 14 plates), an excellent collection
of results related, in large part, to the recent geometry of the triangle. We will publish subsequently
the results of Mr. Mandart, which complement the article of Mr. Fuhrmann. (J.N.)
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The circleO passes through the midpointsA3, B3, C3 of the sides of triangle
IaIbIc; the linesA1A3, B1B3, C1C3 are the perpendicular bisectors of the sides
BC,CA,AB of triangleABC.

We denote byν the incenter of the anticomplementary triangleA′′B′′C ′′; this
point is called theNagel pointof triangleABC (seeMathesis, v. VII, p. 57).3

We denote the circle whose diameter isHν by the letterP , which represents its
center;4 Hν andOI, homologous segments of the trianglesA′′B′′C ′′, ABC are
parallel and in the ratio2 : 1.

1. LetA2, B2, C2 be the reflections of the pointsA1, B1, C1 in the linesBC, CA,
AB: triangle A2B2C2 is inscribed in the circleP and is oppositely similar to tri-
anglesA1B1C1, IaIbIc.

5

A

B

C

O
I

ν

H

A1

B1

C1

A3

A
′

A2

B2

C2

n

P

Figure 2. Proof of Theorem 1

One has
A2A3 = A′A3 − A′A1 = 2A′O = AH;

3Em. Vigarié, sur les points complémentaires.MathesisVII (1887) 6-12, 57-62, 84-89, 105-110;
Vigarié produced in French, Spanish, and German, more thana dozen such summaries of the latest
results in triangle geometry during the final decades of the nineteenth century.

4Nowadays the circleP is called theFuhrmann circleof triangleABC. Its centerP appears as
X355 in Kimberling’s Encyclopedia of Triangle Centers[11].

5TriangleA2B2C2 is now called theFuhrmann triangleof triangleABC.
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consequently,HA2 is parallel toAA3 andB1C1. Aν andA′I, homologous seg-
ments of the homothetic trianglesA′′B′′C ′′, ABC, are parallel andAν = 2A′I;
thusνA′ meetsAI in a pointn such thatνA′ = A′n, and as one also hasA2A

′ =
A′A1, the figureA1νA2n is a parallelogram.

Thus, the linesA2H,A2ν are parallel to the perpendicular linesAA3, AA1;
consequently,∠HA2ν is right, and the circleP passes throughA2.

If, in general, through a point on a circle one takes three chords that are parallel
to the sides of a given triangle, the noncommon ends of these chords are the vertices
of a triangle that is oppositely similar to the given triangle. From this observation,
because the linesHA2,HB2,HC2 are parallel to the sides of triangleA1B1C1 ,
triangleA2B2C2 is oppositely similar toA1B1C1.

Remark.The pointsA2, B2, C2 are the projections ofH on the angle bisectors
A′′ν,B′′ν,C ′′ν of triangleA′′B′′C ′′.

2. From the altitudesAH,BH,CH of triangleABC, cut segmentsAA4, BB4, CC4

that are equal to the diameter2r of the incircle: triangleA4B4C4 is inscribed in
circle P , and is oppositely similar toABC.

A

B

C

O

ν

H

Ha

Hb

Hc

A
′′

B
′′

C
′′

P

A4

B4

C4

Figure 3. Proof of Theorem 2

Because the distances fromν to the sides of triangleA′′B′′C ′′ equal2r, the lines
νA4, νB4, νC4 are parallel to the sides of triangleABC, and the anglesνA4H, etc.
are right. CircleP passes, therefore, through the pointsA4, B4, C4 and triangle
A4B4C4 is oppositely similar toABC.

Remark.The pointsA4, B4, C4 are the projections of the incenter of triangleA′′B′′C ′′

on the perpendicular bisectors of this triangle.
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3. The trianglesA2B2C2 andA4B4C4 are perspective fromI.

A

B C

O

I

Ha

H

B
′′

A1

C
′′

A
′′

A2
A4

β

γ

α A
′

Figure 4. The proof of Theorems 3 and 4

Let α, β, γ be the points where the circleI touchesBC,CA,AB. Recalling
that trianglesAIβ, BA1A

′ are similar, one finds that

AA4

A2A1

=
2r

2A1A′
=

Iβ

A1A′
=

AI

BA1

=
AI

IA1

.

The trianglesAA4I,A1A2I are therefore similar, and the pointsA4, I, A2 are
collinear.

Remark.The axis of the perspective trianglesABC, A1B1C1 is evidently the
polar of the pointI with respect to the circleO; that of trianglesA2B2C2, A4B4C4

is the polar ofI with respect to the circleP .

4. I is the double point6 of the oppositely similar trianglesABC, A4B4C4, and
also of the trianglesA1B1C1, A2B2C2.

TrianglesABC, A4B4C4 are oppositely similar, and the lines that join their
vertices to the pointI meet their circumcircles in the vertices of the two oppositely
similar trianglesA1B1C1, A2B2C2. It follows that I is its own homologue in
ABC andA4B4C4, A1B1C1 andA2B2C2.

6That is, I is the center of the opposite similarity that takesthe first triangle to the second. See the
appendix for another proof of Theorem 4.
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Remarks.(1) The two systems of pointsABCA1B1C1, A4B4C4A2B2C2 are op-
positely similar; their double point isI, their double lines are the bisectors (interior
and exterior) of angleAIA4.

(2) I is the incenter of triangleA4B4C4, and the orthocenter of triangleA2B2C2.7

5. LetI ′a, I
′
b
, I ′c be the reflections of the pointsIa, Ib, Ic in the linesBC,CA,AB,

respectively. The linesAI ′a, BI ′
b
, CI ′c, and the circumcircles of the trianglesBCI ′a,

CAI ′
b
, ABI ′c all pass through a single pointR. The sides of triangleA2B2C2 are

the perpendicular bisectors ofAR,BR,CR.

A

B
C

I

Ia

Ib

Ic

I
′

a

I
′

b

I
′

c

A2C2

R

B2

A1

B1

C1

Figure 5. The proof of Theorem 5

TrianglesIaBC, AIbC, ABIc are directly similar; their angles equal

90◦ −
A

2
, 90◦ −

B

2
, 90◦ −

C

2
.

The circumcircles of these triangles have centersA1, B1, C1, and they pass through
the same pointI.

TrianglesI ′aBC, AI ′
b
C, ABI ′c are oppositely similar toIaBC, AIbC, ABIc;

their circumcircles have, evidently, for centers the pointsA2, B2, C2, and they pass

7Milorad Stevanovic [13] recently rediscovered thatI is the orthocenter of the Fuhrmann triangle.
Yet another recent proof can be found in [1].
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through a single pointR, say, which is the center of a pencilR(ABC) that is
congruent and oppositely oriented to the pencilI(ABC). One shows easily, by
considering the cyclic quadrilateralsABRI ′c, BCRI ′a, thatAR andRI ′a lie along
the same line.

The line of centersC2B2 of the circlesABI ′c, ACI ′
b

is the perpendicular bisec-
tor of the common chordAR.

Remark.Because the pencilsR(ABC), I(ABC) are symmetric, their centersR, I

are, in the terminology proposed by Mr. Artzt,twin pointswith respect to triangle
ABC.8

6. The axis of the perspective trianglesA1B1C1, A2B2C2 is perpendicular to
IR at its midpoint, and it touches the incircle of triangleABC at this point.9

A

B
C

I

Ia

Ib

Ic

I
′

a

I
′

b

I
′

c

A2

A1

C2

R

B2

B1

C1

Ub

Ua

Uc

A4

Figure 6. The proof of Theorems 6 and 7

Let Ua, Ub, Uc be the intersection points of the homologous sides of the two
triangles; SinceI is the orthocenter of bothA1B1C1 andA2B2C2, B1C1 is the

8August Artzt (1835-1899) is known today for the Artzt parabolas of a triangle. (See, for example,
[4, p.201].) Instead oftwin points, Darij Grinberg uses the terminologyantigonal conjugates[9].
Hatzipolakis and Yiu call these reflection conjugates; see [6, §3].

9The following Theorem 7 states that the midpoint ofIR is what is now called the Feuerbach
point of triangleABC. The pointR appears in [11] asX80, which is called theanti-Gray pointof
triangleABC in [8]. See the appendix for further information.
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perpendicular bisector ofIA andB2C2 the perpendicular bisector ofIA4; B2C2

is also the perpendicular bisector ofRA. Thus,Ua is the center of a circle through
the four pointsA, I,A4, R; consequently, it lies on the perpendicular bisector of
IR. Similarly, the pointsUb, Uc lie on this line.

The linesAA4, IR are symmetric with respect toB2C2; whence,IR = 2r. The
midpoint Q of IR therefore lies on the incircle ofABC, and the tangent at this
point is the lineUaUbUc.

7. The incircle ofABC and the nine-point circle are tangent at the midpoint of
IR.

In the oppositely similar trianglesA4B4C4 andABC, I is its own homologue
andP corresponds toO: thusIAO, IA4P are homologous angles and, therefore,
equal and oppositely oriented. AsAI bisects angleA4AO, the anglesIA4P, IAA4

are directly equal, whence the radiusPA4 of circleP touches atA4 circleAIA4R,
and the two circles are orthogonal. CirclesBIB4R, CIC4R are likewise orthogo-
nal to circleP ; moreover, the common pointsI,R harmonically divide a diameter
of circle P . Consequently,

PH
2

= PI · PR = PR(PR − 2r);

from a known theorem,

PH
2

= OI
2

= OA(OA − 2r).

Comparison of these equations gives the relationPR = OA. Let O9 be the center
of the nine-point circle of triangleABC; this point is the common midpoint of
HO, IP (HP andIO are equal and parallel). BecauseQ is the midpoint ofIR,
the distanceO9Q = 1

2
PR = 1

2
OA. Thus,Q belongs to the circleO9, and as it is

on the line of centers of the circlesI andO9, these circles are tangent atQ.

Remark.The pointR lies on the axis of the perspective trianglesA2B2C2, A4B4C4

(no. 3, Remark).

8. Lemma. If X is the harmonic conjugate ofX1 with respect toY andY1, while
M is the midpoint ofXX1 andN is the harmonic conjugate ofY with respect to
X andM , then one can easily show that10

NY1 · NM = NX
2
.

9. The linesA2A4, B2B4, C2C4 meet respectivelyBC, CA, AB in three points
Va, Vb, Vc situated on the common tangent to the circlesI andO9.

Let D be the intersection ofAI with BC, andα,α′ the points where the circles
I, Ia are tangent toBC. The projection of the harmonic set(ADIIa)

11 on BC is
the harmonic set(HaDαα′). SinceA′ is the midpoint ofA1A2, one has a harmonic
pencilI(A1A2A

′α), whose section byBC is the harmonic set(DVaA
′α). The two

10One way to show this is with coordinates: With−1, 1, y attached to the pointsX, X1, Y we
would haveY1 = 1

y
, M = 0, andN = −y

2y+1
.

11meaningA is the harmonic conjugate ofD with respect toI andIa.
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sets(HaDαα′), (DVaA
′α) satisfy the hypothesis of Lemma 8 becauseA′ is the

midpoint ofαα′. Consequently,

Vaα
2

= VaHa · VaA
′;

whence,Va is of equal power with respect to the circlesI,O9. This point belongs,
therefore, to the common tangent throughQ.

A

B
C

I

α

γ

β

I
′

a

I
′

b

I
′

c

R

ν

A4

B4

H C4

A2

B2

C2

Va

Vc

Vb

O9

Figure 7. Theorem 9

Remark.From the preceding equality one deduces that

VaI
2

= VaA4 · VaA2;

this says that the circle with centerVa, radiusVaI, is orthogonal to the circleP , a
property that follows also fromVa being equidistant from the pointsI,R.

10. The perpendiculars fromA1, B1, C1 to the opposite sides of triangleA2B2C2

concur in a pointS on the circleO. This point lies on the lineOν and is, with
respect to triangleABC, the homologue of the pointν with respect to triangle
A4B4C4. 12

12[Neuberg’s footnote.] The normal coordinates ofν with respect to triangleA4B4C4 are in-
versely proportional to the distancesνA4, νB4, νC4 or to the projections ofOI on BC,CA, AB;
namely, 1

b−c
,

1

c−a
,

1

a−b
. These are also the coordinates ofS with respect to triangleABC. (J.N.)
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The first part of the theorem follows from the trianglesA1B1C1, A2B2C2 being
oppositely similar. One knows (§1) that the perpendiculars from the vertices of
A2B2C2 to the sides ofA1B1C1 concur atν; thusν, S are homologous points of
A2B2C2, A1B1C1. P andO are likewise homologous points, andI corresponds
to itself; consequently,IPν andIOS are homologous angles, and asPIOν is a
parallelogram, the pointsO, ν, S are collinear.

A

B
C

I
′

a

I
′

b

I
′

c

ν

A2

B2

C2

A1

B1

C1

S

O

A4

B4

C4

H

Figure 8. Theorem 10

11. The perpendiculars fromA,B,C to the opposite sides of triangleA4B4C4

concur in a pointT on the circleO; T andH are homologous points of the trian-
glesABC, A4B4C4.

The proof of this theorem is similar to the preceding proof.

Remarks.(1) The inverse13 of the pointS with respect to triangleABC is the
point at infinity in the direction perpendicular to the lineHν. Indeed, letSS′ be

13In today’s terminology, theinverseof a point with respect to a triangle is called theisogonal
conjugateof the point.
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A
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C

ν

A4

B4

H

C4

T

O

νa

νb

νc

Figure 9. Theorems 11 and 12

the chord of circleO throughS parallel toAB. In the oppositely similar figures
ABC,A4B4C4 the directionsST andHν, CT andC4H correspond; thus angle
CHν = STC = SS′C, and asSS′ is perpendicular toCH, it follows thatCS′ is
perpendicular toHν. But,CS′ is the isogonal ofCS, and the claim follows.

(2) BecauseHν is a diameter of circleA4B4C4, S and T are the ends of
the diameter of circleABC determined by the lineOν. It follows that the lines
AS,BS,CS are parallel toB4C4, C4A4, A4B4.

12. The axis of the perspective trianglesABC,A4B4C4 is perpendicular to the
line HT .

Let νa, νb, νc be the intersections of the corresponding sides of these triangles.
The trianglesTHB,CC4νa have the property that the perpendiculars from the
vertices of the former to the sides of the latter concur at thepoint A; thus, the
perpendiculars fromC,C4, νa, respectively onHB,TB, TH also concur; the first
two of these lines meet atνb; thus,νaνb is perpendicular toTH. 14

More simply, the two complete quadranglesABHT, νbνaC4C have five pairs
of perpendicular sides; thus the remaining pairHT, νaνb is perpendicular as well.

13. The double lines of the oppositely similar trianglesABC,A4B4C4 meet the
altitudes ofABC in points(Xa,Xb,Xc), (X ′

a,X
′
b
,X ′

c) such that

AXa = BXb = CXc = R − d, AX ′
a = BX ′

b = CX ′
c = R + d,

14
THB andCC4νa are calledorthologic triangles; see, for example, Dan Pedoe,Geometry: A

Comprehensive Course, Dover (1970), Section 8.3.
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whereR is the circumradius andd = OI.
Indeed, the similar trianglesABC andA4B4C4 are in the ratio of their circum-

radii, namelyR : d; sinceIXa bisects angleAIA4, one has successively,

AXa

XaA4

=
R

d
,

AXa

AXa + XaA4

=
R

R + d
, AXa =

2Rr

R + d
= R − d.

Analogously,AX ′
a = R + d.

A

B

C

νA4

B4

H

C4

O
I

Xa

Xc

Xb

X
′

a

X
′

b

X
′

c

Figure 10. Theorem 13

Remarks.(1) Proposition 13 resolves the following problem: Take on the altitudes
AH,BH,CH three equal segmentsAXa = BXb = CXc such that the points
Xa,Xb,Xc are collinear. One sees that there exist two linesXaXbXc that satisfy
these conditions; they are perpendicular and pass through the incenter ofABC.

(2) Let us take the lengthsAYa = BYb = CYc = OA on AH,BH,CH. The
trianglesYaYbYc, A2B2C2 are symmetric with respect toO9.

Appendix

Comments on Theorem 4. Here is an alternative proof thatI is the center of
the opposite similarity that takes triangleA1B1C1 to triangleA2B2C2 (given that
they are oppositely similar by Theorem 1). The isosceles trianglesOA1C and
CA2A1 are similar because they share the angle atA1; thus OA1

A1C
= A1C

A1A2
. But

A1C = A1I, so OA1

A1I
= A1I

A1A2
. Because the angle atA1 is shared, trianglesOIA1
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andIA2A1 are similar (by SAS). Consequently,

IA1

IA2

=
OA1

OI
=

R

OI
,

whereR is the circumradius of triangleABC. Similarly R

OI
= IB1

IB2
= IC1

IC2
, whence

I is the fixed point of the similarity, as claimed. Note that this argument proves,
again, that the radius of the Fuhrmann circleA2B2C2 equalsOI.

The figure used in our argument suggests a way to construct thegeometric mean
of two given segments as a one-step-shorter alternative to the method handed down
to us by Euclid. Copy the given lengthsAC andBC along a line withB between
A andC: Construct the perpendicular bisector ofBC and callD either point where
it meets the circle with centerA and radiusAC. ThenCD is the geometric mean
of AC andBC (because,AC

CD
= CD

BC
).

A B C

D

Figure 11.CD is the geometric mean ofAC andBC

Further comments on the pointR from Theorems 5 through 7.
From the definition of twin points in Section 5 we can immediately deduce that

the twin of a pointD with respect to triangleABC is the point common to the
three circlesABDc, BCDa, andCADb, whereDc,Da, andDb are the reflections
of D in the sides of the triangle. From this construction we see that except for
the orthocenter (whose reflection in a side of the triangle lies on the circumcircle),
each point in the plane is paired with a unique twin. The pointR, which by The-
orem 5 can be defined to be the incenter’s twin point (or the incenter’s antigonal
conjugate if you prefer Grinberg’s terminology), is listedasX80 in [11], where it
is defined to be the reflection of the incenter in the Feuerbachpoint (which agrees
with Fuhrmann’s Theorem 7).

Numerous properties of twin points are listed by Grinberg inhis note [9]. There
he quotes that the twin of a pointD with respect to triangleABC is the isogonal
conjugate of the inverse (with respect to the circumcircle)of the isogonal conju-
gate ofD. One can use that property to help show thatO (the circumcenter of
triangleABC) andR are isogonal conjugates with respect to the Fuhrmann trian-
gleA2B2C2 as follows: Indeed, we see thatP (the center of the Fuhrmann circle)
andO are twin points with respect to the Fuhrmann triangle because ∠B2OC2 =
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∠B1OC1 = −∠B2PC2, where the last equality follows from the opposite simi-
larity of trianglesA1B1C1 andA2B2C2; similarly ∠A2OC2 = −∠A2PC2, and
∠A2OB2 = −∠A2PB2. BecauseP is the circumcenter andI the orthocenter of
triangleA2B2C2, they are isogonal conjugates. According to the proof of Theorem
7, R is the inverse ofI with respect to the Fuhrmann circle. It follows thatR and
O are isogonal conjugates with respect to the Fuhrmann triangle A2B2C2.

The triangleαβγ, whose vertices (which appeared in Sections 3 and 9) are the
points where the incircle of triangleABC touches the sides, is variously called the
Gergonne, or intouch, or contact triangle of triangleABC. A theorem attributed
to the Japanese mathematician Kariya Yosojirou says thatfor any real numberk,
if XY Z is the image of the contact triangle under the homothecyh(I, k), then
trianglesABC andXY Z are perspective. 15 Grinberg [8] calls their perspective
center thek-Kariya point of triangleABC. The 0-Kariya point isI and the1-
Kariya point is the Gergonne pointX7, while the−1-Kariya point is the Nagel
point X8, calledν by Fuhrmann. We will prove thatR is the−2-Kariya point: In
this case|IX| = 2r = |AA4| andIX ‖ AA4, so it follows thatIA4 ‖ XA, which
implies (by the final claim of Theorem 5) thatX ∈ AR.
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Triangles with Given Incircle and Centroid

Paris Pamfilos

Abstract. In this article we study the set of triangles sharing a common incircle
and a common centroid. It is shown that these triangles have their vertices on
a conic easily constructible from the given data. It is also shown that the cir-
cumcircles of all these triangles are simultaneously tangent to two fixed circles,
hence their centers lie also on a conic.

1. Introduction

The object of study here is on triangles sharing a common incircle and centroid.
It belongs to the wider subject of (one-parameter) familiesof triangles, initiated by
the notion ofporistic triangles, which are triangles sharing a common incircle and
also a common circumcircle [7, p.22]. There is a considerable literature on poristic
triangles and their variations, which include triangles sharing the same circumcircle
and Euler circle [16], triangles sharing the same incircle and Euler circle [6], or
incircle and orthocenter [11, vol.I, p.15], or circumcircle and centroid [8, p.6]. The
starting point of the discussion here, and the content of§2, is the exploration of a
key configuration consisting of a circlec and a homothetyf . This configuration
generates in a natural way a homographyH and the conicc∗ = H(c). §3 looks
a bit closer at homographyH and explores its properties and the properties of the
conic c∗. §4 uses the results obtained previously to the case of the incircle and
the homothety with ratiok = −2 centered at the centroidG of the triangle of
reference to explore the kind of the conicc∗∗ = f(c∗) on which lie the vertices of
all triangles of the poristic system.§5 discusses the locus of circumcenters of the
triangles of the poristic system locating, besides the assumed fixed incirclec, also
another fixed circlec0, calledsecondary, to which are tangent all Euler circles of
the system. Finally,§6 contains miscellaneous facts and remarks concerning the
problem.

2. The basic configuration

The basic configuration of this study is a circlec and a homothetyf centered at
a pointG and having a ratiok 6= 1. In the following the symbolpX throughout
denotes the polar line of pointX with respect toc, this line becoming tangent toc
whenX ∈ c. Lemma 1 handles a simple property of this configuration.

Lemma 1. Let c be a circle andG a point. Let furtherD be a point on the circle
andL a line parallel to the tangentpD at D and not intersecting the circle. Then
there is exactly one pointA onL such that the tangents{t, t′} to c fromA and line
AG intersect onpD equal segmentsBM = MC.
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Figure 1. A basic lemma

Figure 1 suggests a proof. Let{E,A} be the intersections of linesE = L ∩ pG

andA = L ∩ pE . Draw fromA the tangents{t = AI, t′ = AJ} to c intersecting
line pD respectively atB andC. Let alsoM be the intersectionM = pD ∩ AG.
Then BM = MC. This follows immediately from the construction, since by
the definitions made the pencil of linesA(I, J,K,E) at A is harmonic. Thus,
this pencil defines onpD a harmonic division and, since the intersection of lines
{pD, L} is at infinity, M is the middle ofBC. Conversely, the equalityBM =
MC implies that the pencil of four linesAB,AC,AM,L is harmonic. IfE is the
intersectionE = L ∩ pA thenpE coincides withAM andG ∈ pE ⇒ E ∈ pG.
ThusA is uniquely determined asA = L ∩ pE, whereE = L ∩ pG.

Remarks.(1) PointK, defined as the intersectionK = AG∩pA, is on the diameter
of c throughD. This follows from the fact thatK is on the polar ofA and also on
the polar ofE. Hence its polar ispK = AE.

(2) In other words the lemma says that there is exactly one triangle with vertex
A ∈ L such that the circumscribed toc triangleABC hasAG as median for side
BC. Consequently if this happens also for another vertex andBG is the median
also ofCA thenG coincides with the centroid ofABC and the third lineCG is
also a median of this triangle.

The next proposition explores the locus of pointM = M(D) uniquely deter-
mined fromD in the previous lemma by lettingD vary on the circle and taking the
parallelL to pD to be identical with the homothetic topD line LD = f(pD) (see
Figure 2).

Proposition 2. Consider a circlec and a homothetyf with ratio k 6= 1 and center
at a pointG. For each pointD ∈ c let LD = f(pD) be the homothetic image of
pD andE = LD ∩ pG, M = pE ∩ pD. ThenM describes a conicc∗ asD moves
on the circle.

The proof of the proposition is given using homogeneous cartesian coordinates
with the origin set atG and thex-axis identified with lineIG, whereI is the center



Triangles with given incircle and centroid 29

A

M

D

G

pG

D'

E

c'

c

I N

pE

LD

pD

c*

Figure 2. Locus of M=pD ∩ pE

of the given circlec. In such a system circlec is represented by the equation

x2+y2−2uxz+(u2−r2)z2 = 0 ⇐⇒
(
x y z

)



1 0 −u

0 1 0
−u 0 u2 − r2








x

y

z



 = 0.

Here(u, 0) are the corresponding cartesian coordinates of the center and r is the
radius of the circle. The polarpG of point G(0, 0, 1) is computed from the matrix
and is represented by equation

(
0 0 1

)



1 0 −u

0 1 0
−u 0 u2 − r2








x

y

z



 = 0 ⇐⇒ −ux + (u2 − r2)z = 0.

The homothetyf is represented by the matrix



x

y

z



 7→




k 0 0
0 k 0
0 0 1








x

y

z



 .

Hence the tangentpD atD(x, y, z) and its imageLD underf have correspondingly
coefficients

(
x y z

)



1 0 −u

0 1 0
−u 0 u2 − r2



 =
(
x − uz y −ux + (u2 − r2)z

)
,

and (
1

k
(x − uz) 1

k
y −ux + (u2 − r2)z

)
.

The homogeneous coordinates ofE = pG ∩ LD are then computed through the
vector product of the coefficients of these lines which is:

(
− 1

k
y(u2 − r2), u(−ux + (u2 − r2)z) + 1

k
(x − uz)(u2 − r2), −u

k
y
)
.
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The coefficients of the polarpE are then seen to be

(
− 1

k
y(u2 − r2) u(−ux + (u2 − r2)z) + 1

k
(x − uz)(u2 − r2) −u

k
y
)



1 0 −u

0 1 0
−u 0 u2 − r2





=
(
− 1

k
y(u2 − r2) + u

2

k
y u(−ux + (u2 − r2)z) + 1

k
(x − uz)(u2 − r2) 0

)

=
(
− 1

k
yr2 u(−ux + (u2 − r2)z) + 1

k
(x − uz)(u2 − r2) 0

)

∼=
(
yr2 (u2(1 − k) − r2)x + u(u2 − r2)(k − 1)z 0

)
.

The homogeneous coordinates ofM = pE ∩ pD are again computed through the
vector product of the coefficients of the corresponding lines:




x − uz

y

−ux + (u2 − r2)z



 ×




yr2

(u2(1 − k) − r2)x + u(u2 − r2)(k − 1)z
0





=




((u2(1 − k) − r2)x + u(u2 − r2)(k − 1)z)(ux − (u2 − r2)z)

(−yr2)(ux − (u2 − r2)z)
(−ux + (u2 − r2)z)(r2z + u(1 − k)(uz − x))





∼=




(u2(1 − k) − r2)x + u(u2 − r2)(k − 1)z

−yr2

u(1 − k)x − (r2 + u2(1 − k))z





=




u2(1 − k) − r2 0 u(u2 − r2)(k − 1)

0 −r2 0
u(1 − k) 0 −(r2 + u2(1 − k))








x

y

z



 .

The matrix product in the last equation defines a homographyH and shows that the
locus of pointsM is the imagec∗ = H(c) of the circlec under this homography.
This completes the proof of Proposition 2

Remarks.(3) The properties of the conicc∗ are of course tightly connected to
the properties of the homographyH appearing at the end of the proposition and
denoted by the same letter

H =




u2(1 − k) − r2 0 u(u2 − r2)(k − 1)

0 −r2 0
u(1 − k) 0 −(r2 + u2(1 − k))



 .

These properties will be the subject of study in the next section.
(4) Composing with the homothetyf we obtain the locus ofA = f(M) which

is the homothetic conicc∗∗ = f(c∗) = (f ◦ H)(c). It is this conic rather, thanc∗,
that relates to our original problem. Since though the two conics are homothetic,
work on either leads to properties for both of them.

(5) Figure 2 underlines the symmetry between these two conics. In it c′ denotes
the homothetic imagec′ = f(c) of c. Using this circle instead ofc and the inverse
homothetyg = f−1 we obtain a basic configuration in which the roles ofc∗ and
c∗∗ are interchanged.
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(6) If D ∈ c∗ and pointA = f(M) is outside the circlec then triangleABC

constructed by intersectingpD with the tangents fromA has, according to the
lemma, lineAG as median. Inversely, if a triangleABC is circumscribed inc
and has its medianAM passing throughG and divided by it in ratioGA

GM
= k,

then, again according to the lemma, it hasM on the conicc∗. In particular if a
triangleABC is circumscribed inc and has two medians passing throughG then
it has all three of them passing throughG, the ratiok = −2 and the middles of its
sides are points of the conicc∗.

D

A

B CM

G

G' cG

c*

Figure 3. Locus of centroidsG′

(7) The previous remark implies that if ratiok 6= −2 then every triangleABC

circumscribed inc and having its medianAM passing throughG has its other me-
dians intersectingAG at the same pointG′ 6= G. Figure 3 illustrates this remark by
displaying the locus of the centroidG′ of trianglesABC which are circumscribed
in c, their medianAM passes throughG and is divided by it in ratiok but later
does not coincide with the centroid (i.e., k 6= −2). It is easily seen that the locus of
the centroidG′ in such a case is part of a coniccG which is homothetic toc∗ with
respect toG and in ratiok′ = 2+k

3
. Obviously fork = −2 this conic collapses to

the pointG and triangles likeABC circumscribed inc have all their vertices on
c∗∗.

(8) Figure 4 shows a case in which the pointsA ∈ c∗∗ which are outsidec fall
into four connected arcs of a hyperbola. In this examplek = −2 and, by the sym-
metry of the condition, it is easily seen that if a pointA is on one of these arcs then
the other vertices ofABC are also on respective arcs of the same hyperbola. The
fact to notice here is that conicsc∗ andc∗∗ are defined directly from the basic con-
figuration consisting of the circlec and the homothetyf . It is though not possible
for every point ofc∗∗ to be vertex of a triangle circumscribed inc and with centroid
atG. I summarize the results obtained so far in the following proposition.

Proposition 3. All triangles ABC sharing the same incirclec and centroidG

have their side-middles on a conicc∗ and their vertices on a conicc∗∗ = f(c∗)
homothetic toc∗ by the homothetyf centered at the centroid with ratiok = −2.
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Figure 4. Arcs:A = f(M) ∈ c
∗∗ andA outsidec

The proof follows from the previous remarks and the fact thatin this setting the
(anti-)homothetyf has center atG and ratiok = −2. By Lemma 5 below, the
medianAM of sideBC coincides with the polarpE of point E = L ∩ pG, where
L is the parallel toBC from A. The conicc∗ generated by pointM , as in Lemma
5 , passes now through the middle ofBC but also through the middles of the other
sides, since the configuration, as already remarked, is independent of the preferred
vertexA and depends only on the circlec and the homothetyf (see Figure 5).

I G P
Q

A

B CM

E

pG

pE

c

c*

Figure 5. Conicc∗

The conicc∗∗ = f(c∗) which is homothetic toc∗ will pass through all three
vertices of triangleABC. Since the same argument can be applied to any triangle
sharing withABC the same incirclec and centroidG it follows that all these
triangles have their vertices on this conic. Figure 6 displays two triangles sharing
the same incirclec and centroidG and having their vertices on conicc∗∗ in a case in
which this happens to be elliptic. Note that in this case the entire conic consists of
vertices of triangles circumscribingc and having their centroid atG. This follows
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from the fact that in this casec∗∗ does not intersectc (see§4) and by applying then
the Poncelet’s porism [3, p.68].

M

G
I J

D

A

B

C

A'

B'

C'

c**

c*

Figure 6. The two conicsc∗ andc
∗∗

Before going further into the study of these conics I devote the next section to a
couple of remarks concerning the homographyH.

3. The homography H

Proposition 4. The homographyH defined in the previous section is uniquely
characterized by its properties:
(i) H fixes points{P,Q} which are the diameter points ofc on thex-axis,
(ii) H maps points{S, T} to {S′, T ′}. Here{S, T} are the diameter points ofc
on a parallel to they-axis and{S′, T ′} are their orthogonal projections on the
diameter ofc′ = f(c) which is parallel to they-axis.

The proof of the proposition (see Figure 7) follows by applying the matrix to the
coordinate vectors of these points which areP (u+r, 0, 1), Q(u−r, 0, 1), S(u, r, 1),
T (u,−r, 1),
S′(ku, r, 1) andT ′(ku,−r, 1), and using the well-known fact that a homography
is uniquely determined by prescribing its values at four points in general position
[2, Vol.I, p.97].

Remarks.(1) By its proper definition, lineXX ′ for X ∈ c andX ′ = H(X) ∈

c∗ = H(c) is tangent to circlec atX.
(2) The form of the matrixH implies that the conicc∗ is symmetric with respect

to thex-axis and passes through pointsP andQ having there tangents coinciding
respectively with the tangents of circlec. ThusP andQ are vertices ofc∗ andc

coincides with theauxiliary circle of c∗ if this is a hyperbola. In the casec∗ is an
ellipse, by the previous remark, follows that it lies entirely outsidec hence later is
the maximal circle inscribed in the ellipse.
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Figure 7. HomographyH : {P, Q,S, T} 7→ {P, Q,S
′

, T
′}

(3) The kind ofc∗ depends on the location of the lineL0 mapped to the line at
infinity by H.
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S'

PGQ

S

c'
pG

c
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L0

U

pU
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tX'

Figure 8. XX
′ is tangent toc

This line is easily determined by applyingH to a point(x, y, z) and requiring
that the resulting point(x′, y′, z′) hasz′ = 0, thus leading to the equation of a line
parallel toy-axis:

u(1 − k)x − (r2 + u2(1 − k))z = 0.

The conicc∗, depending on the numbern of intersection points ofL0 with
circle c, is a hyperbola(n = 2), ellipse(n = 0) or becomes a degenerate parabola
consisting of the pair of parallel tangents toc at{P,Q}.
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Figure 9. Homothetic conicsc∗ andc
∗∗

(4) The tangentpX of the circlec at X maps viaH to the tangenttX′ at the
image pointX ′ = H(X) of c∗. In the casec∗ is a hyperbola this implies that
each one of its asymptotes is parallel to the tangentpU of c at an intersection point
U ∈ c ∩ L0 (see Figure 8).

(5) Figure 9 displays both conicsc∗ andc∗∗ = f(c∗) in a case in which these
are hyperbolas and suggests that circlec is tangent to the asymptotes ofc∗∗. This
is indeed so and is easily seen by first observing thatH maps the centerI of c to
the centerJ of c′ = f(c). In fact, lineST maps byH to S′T ′ (see Figure 10) and
line PQ is invariant byH. ThusH(I) = J . Thus all lines throughI map under
H to lines throughJ . In particular the antipodeU ′ of U on line IU maps to a
point H(U ′) on the tangent toU ′ andU maps to the point at infinity onpU . Thus
line UU ′ maps toU ′J which coincides withpU ′ and is parallel to the asymptote of
c∗. Sincec∗ andc∗∗ are homothetic byf line U ′J is an asymptote ofc∗∗ thereby
proving the claim.

(6) The arguments of the last remark show that lineL0 is the symmetric with
respect to the centerI of c (see Figure 10) of lineU ′V ′ which is the polar of pointJ
with respect to circlec. They show also that the intersection pointK of U ′V ′ with
thex-axis is the image viaH of the axis point at infinity. An easy calculation using
the matrices of the previous section shows that these remarks about the symmetry
of {UV, pJ} and the location ofK is true also in the cases in whichJ is insidec

and there are no real tangents from it toc.
(7) The homographyH demonstrates a remarkable behavior on lines parallel

to the coordinate axes (see Figure 11). As is seen from its matrix it preserves the
point at infinity of they-axis hence permutes the lines parallel to this axis. In
particular, the arguments in (5) show that the parallel to they-axis fromI is simply
orthogonally projected onto the parallel through pointJ . More generally points
X moving on a parallelL to they-axis map viaH to pointsX ′ ∈ L′ = H(L),
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Figure 10. Location of asymptotes

such that the lineXX ′ passes through a pointXL depending only on L and being
harmonic conjugate with respect to{P,Q} to the intersectionX0 of L with the
x-axis.
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Figure 11. Mapping parallels to the axes

(8) Regarding the parallels to thex-axis and different from it their images viaH
are lines passing throughK and also through their intersectionN with the parallel
to y-axis throughJ (see Figure 11). Thex-axis itself is invariant underH and the
action of this map on it is completely determined by the triple of points{P,Q, I}

and their images{P,Q, J}. Next lemma and its corollary give an insight into
the difference of a general ratiok 6= −2 from the centroid case, in whichk =
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−2, by focusing on the behavior of the tangents toc from A = f(M) and their
intersections with the variable tangentpD of circle c.

Lemma 5. Consider a hyperbolac∗ and its auxiliary circlec. Draw two tangents
{t, t′} parallel to the asymptotes intersecting at a pointJ . Then every tangentp
to the auxiliary circle intersects lines{t, t′} correspondingly at points{Q,R} and
the conic at two points{S, T} of which one,S say, is themiddleof QR.

tt'

J
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Q

R

S

A

B

C

E

F

GH I

pA

K

c*

c

Figure 12. Hyperbola property

The proof starts by defining the polarFE of J with respect to the conicc∗. This
is simultaneously the polar ofJ with respect to circlec since(G,H, I, J) = −1 are
harmonic with respect to either of the curves (see Figure 12). Take then a tangent of
c at B as required and consider the intersection pointA of CB with the polarEF .
The polarpA of A with respect to the circle passes throughJ (by the reciprocity
of relation pole-polar) and is parallel to tangentp. Besides(E,F,K,A) = −1
build a harmonic division, thus the pencil of lines atJ : J(E,F,K,A) defines a
harmonic division on every line it meets. Apply this to the tangentp. SinceJK is
parallel to this tangent,S is the harmonic conjugate with respect to{R,Q} of the
point at infinity of linep. Hence it is the middle ofRQ.

Corollary 6. Under the assumptions of Lemma 5 , in the case conicc∗ is a hy-
perbola, pointM = c∗ ∩ pD is the common middle of segments{NO,KL,BC}

on the tangentpD of circle c. Of these segments the firstNO is intercepted by the
asymptotes ofc∗∗, the secondKL is intercepted by the conicc∗∗ and the thirdBC

is intercepted by the tangents toc fromA.
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The proof for the first segmentNO follows directly from Lemma 5. The proof
for the second segmentKL results from the well known fact [4, p.267], according
to whichKL andNO have common middle for every secant of the hyperbola. The
proof for the third segmentBC follows from the definition ofA and its properties
as these are described by Lemma 1.
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J
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N

O

K

L

pD c**

Figure 13. Common middle M

Remark.(9) When the homothety ratiok = −2 point B coincides withK (see
Figure 13) and pointL coincides withC. Inversely ifB ≡ K andC ≡ L are
points ofc∗∗ then the corresponding pointsf−1(B) ∈ AC andf−1(C) ∈ AB are
middles of the sides,k = −2 andG is the centroid ofABC. It even suffices one
triangle satisfying this identification of points to make this conclusion.

4. The kind of the conicc∗

In this section I examine the kind of the conicc∗ by specializing the remarks
made in the previous sections for the case of ratiok = −2, shown equivalent to
the fact that there is a triangle circumscribed inc having its centroid atG, its side-
middles on conicc∗ and its vertices onc∗∗ = f(c∗). First notice that circlec′ =
f(c) is the Nagel circle ([13]), its centerJ = f(I) is theNagelpoint ([10, p. 8]),
its radius is twice the radiusr of the incircle and it is tangent to the circumcircle.
Line IG is theNagelline of the triangle ([15]). The homographyH defined in the
second section obtains in this case(k = −2, u = GI) the form.

H =




3u2 − r2 0 −3u(u2 − r2)

0 −r2 0
3u 0 −(r2 + 3u2)



 .
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As noticed in§2 the lineL0 sent to the line at infinity byH is orthogonal to line
IG and itsx-coordinate is determined by

x0 =
r2 + 3u2

3u
,

where|u| is the distance ofG from the incenterI. The kind of conicc∗∗ is deter-
mined by the location ofx0 relative to the incircle. In the case|x0 − u| < r ⇐⇒

|u| > r

3
we obtain hyperbolas. In the case|u| < r

3
we obtain ellipses and in the

case|u| = r

3
we obtain two parallel lines orthogonal to lineGI. Since the hyper-

bolic case was discussed in some extend in the previous sections here I examine
the two other cases.

I PG J

D

D'

E

A

B

C

QQ' P'

Figure 14. The elliptic case

First, the elliptic case characterized by the conditionu < r

3
and illustrated by

Figure 14. In this case it is easily seen that circlec′ = f(c) encloses entirely circle
c and sincec′ is the maximal inscribed inc∗∗ circle the points of this conic are all on
the outside of circlec. Thus, from all pointsA of this conic there exist tangents to
the circlec defining trianglesABC with incircle c and centroidG. Besides these
common elements trianglesABC share also the same Nagel point which is the
centerJ of the ellipse. Note that this ellipse can be easily constructed as a conic
passing through five points{A,B,C, P ′, Q′}, where{P ′, Q′} are the diametral
points of its Nagel circlec′ on IG.

Figure 15 illustrates the case of the singular conic, which can be considered as
a degenerate parabola.

From the condition|u| = r

3
follows thatc andc′ = f(c) are tangent at one of

the diametral points{P,Q} of c and the tangent there carries two of the vertices of
the triangle.
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Figure 15. The singular case

Figure 16 displays two particular triangles of such a degenerate case. The isosce-
les triangleABC characterized by the ratio of its sidesCA

AB
= 3

2
and the right-

angledA′B′C ′ characterized by the ratio of its orthogonal sidesC′A′

A′B′
= 4

3
, which

is similar to the right-angled triangle with sides{3, 4, 5}.
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Figure 16. Two special triangles

It can be shown [3, p. 82] that triangles belonging to this degenerate case have
the property to posses sides such that the sum of two of them equals three times the
length of the third. This class of triangles answers also theproblem [9] of finding
all triangles such that their Nagel point is a point of the incircle.

5. The locus of the circumcenter

In this section I study the locusc2 described by the circumcenter of all triangles
sharing the same incirclec and centroidG. Since the homothetyf , centered atG
with ratio k = −2, maps the circumcenterO to the centerEu of theEuler circle
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cE , the problem reduces to that of finding the locusc1 of pointsEu. The clue here
is the tangency of the Euler circlecE to the incirclec at theFeuerbachpoint Fe of
the triangle ([12]). Next proposition indicates that the Euler circle is also tangent
to another fixed circlec0(S, r0), whose centerS (see Figure 17 and Figure 19) is
on the Nagel lineIG. I call this circle thesecondarycircle of the configuration
(or of the triangle). As will be seen below this circle is homothetic to the incircle
c with respect to the Nagel pointNa and at a certain ratioκ determined from the
given data.

GIS

Fe

Na

P

Eu

Q

A

B

C

c0

cE

c

Figure 17. Invariant distanceSP

Proposition 7. Let {Eu, Fe, Na} be correspondingly the center of the Euler cir-
cle, the Feuerbach and the Nagel point of the triangleABC. LetQ be the second
intersection point of lineFeNa and the incirclec. Then the parallelEuP fromEu

to line IQ intersects the Nagel lineIG at a pointS such that segmentsSNa, SP

have constant length for all trianglesABC sharing the same incirclec and cen-
troid G. As a result all these triangles have their Euler circlescE simultaneously
tangent to the incirclec and a second fixed circlec0 centered atS.

The proof proceeds by showing that the ratio of oriented segments

κ =
NaS

NaI
=

NaP

NaQ
=

NaP · NaFa

NaQ · NaFa

is constant. Since the incircle and the Euler circle are homothetic with respect to
Fe, pointP , being the intersection of lineFeNa with the parallel toIQ from Eu, is
on the Euler circle. Hence the last quotient is the ratio of powers ofNa with respect
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to the two circles: the variable Euler circle and the fixed incircle c. Denoting byr
andR respectively the inradius and the circumradius of triangleABC ratio κ can
be expressed as

κ =
|NaEu|

2 − (R/2)2

|NaI|2 − r2
.

The computation of this ratio can be carried out using standard methods ( [1,
p.103], [17, p.87]). A slight simplification results from the fact ([17, p.30]) that
homothetyf maps the incenterI to the Nagel pointNa, producing the constella-
tion displayed in Figure 18, in whichH is the orthocenter andN ′ is the point on
line GO such that|GN ′| : |N ′O| = 1 : 3 and|IN ′| = |EuNa|

2
.

G

OI

NaH

Eu
N'

Figure 18. Configuration’s symmetry

Thus, the two lengths needed for the determination ofκ are|NaEu| = 2|IN ′| and
|NaI| = 3|IG|. In the next four equations|OI| is given by Euler’s relation ([17,
p.10]), |IG|, |GO| result by a standard calculation ([1, p.111], [14, p.185]),and
|IN ′| results by applying Stewart’s theorem to triangleGIO [5, p.6].

|OI|2 = R(R − 2r),

|OG|2 =
1

9
(9R2 + 2r2 + 8Rr − 2s2),

|IG|2 =
1

9
(5r2 + (s2 − 16Rr)),

|IN ′|2 =
1

16
(6r2 − 32Rr + 2s2 + R2),

wheres is the semiperimeter of the triangle. Using these relationsratio κ is found
to be

κ =
3r2 + (s2 − 16Rr)

2(4r2 + (s2 − 16Rr))
,

which using the above expression foru2 = |GI|2 becomes

κ =
(3u)2 − 2r2

2((3u)2 − r2)
.

By our assumptions this is a constant quantity, thereby proving the proposition.
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The denominator ofκ becomes zero precisely when3|u| = r. This is the case
when pointS (see Figure 17) goes to infinity and also the case in which, according
to the previous section, the locus of the vertices ofABC is a degenerate parabola
of two parallel lines. Excluding this exceptional case of infinite κ, to be handled
below, last proposition implies that segmentsSP, SNa (see Figure 17) have (con-
stant) corresponding lengths|SNa| = |κ| · |INa|, |SP | = |κ| · r. Hence the Euler
circle of ABC is tangent simultaneously to the fixed incirclec as well as to the
secondarycircle c0 with center atS and radius equal tor0 = |κ| · r. In the case
κ = 0 the secondary circle collapses to a point coinciding with the Nagel point of
the triangle and the Euler circle ofABC passes through that point.

Proposition 8. The centersEu of the Euler circles of trianglesABC which share
the same incirclec(I, r) and centroidG with |IG| 6= r

3
are on a central conicc1

with one focus at the incenterI of the triangle and the other focus at the centerS

of the secondary circle. The kind of this conic depends on thevalue ofκ as follows.
(1) For κ > 1 which corresponds to3|u| < r conic c1 is an ellipse similar toc∗

and has great axis equal tor0−r

2
, wherer0 the radius of the secondary circle.

(2) The other cases correspond to values ofκ < 0, 0 < κ < 1

2
and κ = 0. In

the first two cases the conicc1 is a hyperbola similar to the conjugate one of the
hyperbolac∗.
(3) In the caseκ = 0 the Euler circles pass through the Nagel point and the conic
c1 is a rectangular hyperbola similar toc∗.

D

GI

S

Na

P

Q

A

B CA'

B'C'

A''

A1

A2

c*

Figure 19. Axes ratio ofc∗

The fact that the locusc1 of pointsEu is part of the central conic with foci at
{I, S} and great axis equal to|r0∓r|

2
is a consequence of the simultaneous tangency

of the Euler circles with the two fixed circlesc andc0 ([11, vol.I, p.42]). In the case
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Figure 20. Axes ratio ofc1 (elliptic case)

κ > 1 it is readily verified that the Euler circles contain circlec and are contained
in c0 and the sum of the distances ofEu from {I, S} is r0 − r. In the caseκ < 0
the Nagel point is betweenS andI and the Euler circle containsc and is outside
c0. Thus the difference of distances ofEu from {I, S} is equal tor0 + r. In the
case0 < κ < 1

2
the Euler circle contains both circlesc andc0 and the difference of

distances ofEu from {I, S} is r − r0. Finally in the caseκ = 0 the difference of
the distances from{I, S} is equal tor. This and the condition0 = κ = (3u)2−2r2

imply easily thatc1 is a rectangular hyperbola. To prove the similarity toc∗ in the
caseκ > 1 it suffices to compare the ratios of the axes of the two conics.By the
remarks of§3, in this case (|IG| = |u| < r

3
), the incirclec is the maximal circle

contained inc∗ and the ratio of its axes is (see Figure 19)q = |A1A2|
|A′A′′|

. HereA′A′′

is the chord parallel to the great axis and equal to the diameter of the incircle and
A1A2 is the intersection of this chord with the incircle. It is readily seen that this

ratio is equal to
√

1 −
IN2

a

ID2 =
√

1 −
(3u)2

r2 . The corresponding ratio forc1 can be
realized by considering the special position ofABC for which the corresponding
point Eu becomes a vertex ofc1 i.e., the position for which the projectionW of
Eu on lineIG is the middle of the segmentIS (see Figure 20). By this position of
ABC the ratio of axes of conicc1 is realized asEuW

EuI
. By the resulting similarity
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atI this is equal toFeNa

FeI
=

√
r2−IN2

a

r
=

√
1 −

(3u)2

r2 , thereby proving the claim in
the case3|u| < r. In the case3|u| > r, i.e., whenc∗ is a hyperbola, it was seen
in Remark (5) of§3 that the asymptotes of the hyperbola are the tangents toc from
the Nagel pointNa (see Figure 21). The proof results in this case by taking the
position of the variable triangleABC in such a way that the center of the Euler
circle goes to infinity. In this case points{P,Q} defining the parallels{IP,EuQ}

tend respectively to points{P0, Q0}, which are the projections of{I, S} on the
asymptote and the parallels tend respectively to{IP0, SQ0}, which are parallel to
an asymptote of the conicc1. Analogously is verified also that the other asymptote
of c1 is orthogonal to the corresponding other asymptote ofc∗. This proves the
claim on the conjugacy ofc1 to c.

I G

Na

D

K

Fe

Eu

P

Q

S

P0

Q0

A

B

C

c0

cE

c

Figure 21. Axes ratio ofc1 (hyperbolic case)

Remarks.(1) The fact that the interval(1

2
, 1) represents a gap for the values ofκ

is due to the formula representingκ as a Moebius transformation of(3u)2, whose
the asymptote parallel to thex-axis is aty = 1

2
.

(2) An easy exploration of the same formula shows that{c, c0} are always dis-
joint, except in the caseu = −2r

3
, in which κ = −1

3
and the two circles become

externally tangent at the Spieker pointSp of the triangleABC, which is the middle
of INa.

I turn now to the singular case corresponding to|GI| = |u| = r

3
for which κ

becommes infinite. Following lemma should be known, I include though its proof
for the sake of completeness of the exposition.
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Lemma 9. Let circlec, be tangent to lineL0 at its pointC and lineL1 be parallel
to L0 and not intersectingc. From a pointH on L1 draw the tangents toc which
intersectL0 at points{K,L}. ThenCL · CK is constant.

Figure 22, illustrating the lemma, represents an interesting configuration and the
problem at hand gives the opportunity to list some of its properties.
(1) Circlec′, passing through the centerA of the given circlec and points{K,L},
has its centerP on the lineAH.
(2) The other intersection points{Q,R} of the tangents{HL,HK} with circle c′

define lineQR, which is symmetric toL0 with respect to lineAH.
(3) QuadrangleLRKQ, which is inscribed inc′, is an isosceles trapezium.
(4) Points(A,M,O,H) = −1 define a harmonic division. HereM is the diametral
of A andO = L0 ∩ QR.

(5) PointM , defined above, is an excenter of triangleHLK.
(6) Points(A,N,C, F ) = −1 define also a harmonic division, whereN is the
other intersection point withc′ of AC andF = AC ∩ L1.

c

N

F

R

L0

M

H

Q

P

A

L

OC

c'

L1

K

Figure 22.CL · CK is constant

(1) is seen by drawing first the medial lines of segments{AL,AK} which meet
at P and define there the circumcenter ofALK. Their parallels from{L,K}

respectively meet at the diametralM of A on the circumcirclec′ of ALK. Since
they are orthogonal to the bisectors of triangleHLK they are external bisectors
of its angles and define an excenter of triangleHLK. (2), (3), (5) are immediate
consequences. (4) follows from the standard way ([5, p.145]) to construct the polar
of a pointH with respect to a conicc′. (6) follows from (4) and the parallelism of
lines{L0, L1, CO,NM}. The initial claim is a consequence of (6). This claim is
also equivalent to the orthogonality of circlec′ to the circle with diameterFC.
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Figure 23. Locus ofEu for |IG| = r

3

Proposition 10. Let c(I, r) be a circle with center at pointI and radiusr. Let
alsoG be situated at distance|IG| = r

3
from I. Then the following statements are

valid:
(1) The homothetyf centered atG and with ratiok = −2 maps circlec to circle
c′(Na, 2r) of radius2r and tangent toc at its intersection pointQ with line IG

such thatGQ : IQ = 4 : 3.
(2) LetT be the diametral point ofQ on c′ andC be an arbitrary point on the line
L0, which is orthogonal toQT at T . LetABC be the triangle formed by drawing
the tangents toc from C and intersecting them with the parallelL1 to L0 from Q.
ThenG is the centroid ofABC.
(3) The centerEu of the Euler circle ofABC, asC varies on lineL0, describes a
parabola with focus atI and directrixL2 orthogonal toGI at a pointJ such that
IJ : IG = 3 : 4.

Statement (1) is obvious. Statement (2) follows easily fromthe definitions,
since the middles{L,K} of {CA,CB} respectively define lineKL which is
tangent toc, orthogonal toGI and passes through the centerNa of c′ (see Fig-
ure 23). Denoting byG′ the intersection ofAK with IG and comparing the
similar trianglesAQG′ and KNaG

′ one identifies easilyG′ with G. To prove
(3) use first Feuerbach’s theorem ([12]), according to whichthe Euler circle is
tangent to the incirclec at a pointFe. Let thenEuR be the radius of the Eu-
ler circle parallel toGI. Line RFe passes throughNa, which is the diametral
of Q on circlec and which coincides with the Nagel point of the triangleABC.
This follows from Thales theorem for the similar isosceles trianglesIFeNa and
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EuFeR. Point R projects on a fixed pointS on GI. This follows by first ob-
serving thatRSFeQ is a cyclic quadrangle, points{Fe, S} viewing RQ under
a right angle. It follows thatNaS · NaQ = NaR · NaFu which is equal to
NaK · NaL = 1

4
QA · QB later, according to previous lemma, being constant

and independent of the position ofC on lineL0. Using the previous facts we see
thatEuI = EuFe − IFe = EuFe − r = EuR − r. Let pointJ on GI be such
thatSJ = r and lineL2 be orthogonal toGI atJ . Then the projectionI ′ of Eu on
L2 satisfiesEuI = EuI ′, implying thatEu is on the parabola with focus atI and
directrix L2. The claim on the ratioIJ : IG = 3 : 4 follows trivially.

6. Miscellanea

In this section I discuss several aspects of the structures involved in the problem
at hand. I start with the determination of the perspector of the conicc∗∗ in barycen-
tric coordinates. The clue here is the incidence of the conicat the diametral points
{P,Q} of the Nagel circlec′ on the Nagel lineGI (see Figure 24). These points
can be expressed as linear combinations of{G, I} :

P = p′ · G + p′′ · I, Q = q′ · G + q′′ · I.

A

B C

I G

c'

P

Q

Na

c**

Figure 24. Triangle conicc∗∗

Here the equality is meant as a relation between the barycentric coordinates of
the points and on the right are meant the normalized barycentric coordinatesG =
1

3
(1, 1, 1), I = 1

2s
(a, b, c), where{a, b, c} denote the side-lengths of triangleABC

ands denotes its half-perimeter. From the assumptions follows that

p′′

p′
=

GP

PI
=

2(r − u)

−2r + 3u
,

q′′

q′
=

GQ

QI
= −

2(r + u)

2r + 3u
.

The equation of the conic is determined by assuming its general form

αyz + βzx + γxy = 0,
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and computing{α, β, γ} using the incidence condition atP andQ. This leads to
the system of equations

αpypz + βpzpx + γpxpy = 0,

αqyqz + βqzqx + γqxqy = 0,

implying

(α, β, γ) = λ((qxqypzpx−qzqxpxpy), (qyqzpxpy−qxqypypz), (qzqxpypz−qyqzpzpx)),

where the barycentric coordinates ofP andQ are given by



px

py

pz



 = p′G + p′′I =
−2r + 3u

3




1
1
1



 +
r − u

s




a

b

c



 ,




qx

qy

qz



 = q′G + q′′I =
2r + 3u

3




1
1
1



 −
r + u

s




a

b

c



 .

Making the necessary calculations and elliminating commonfactors we obtain

(α, β, γ) = ((c − b)((3u(s − a))2 − r2(2s − 3a)2), · · · , · · · ),

the dots meaning the corresponding formulas forβ, γ resulting by cyclic permuta-
tion of the letters{a, b, c}.

The next proposition depicts another aspect of the configuration, related to a
certain pencil of circles passing through the (fixed) Spieker point of the triangle.

Proposition 11. Let c(I, r) be a circle atI with radius r and G a point. Let
also ABC be a triangle havingc as incircle andG as centroid. Let further
{cE(Eu, rE), c0(S, r0)} be respectively the Euler circle and the secondary circle
of ABC and {Eu, Fe, Na, Sp} be respectively the center of the Euler circle, the
Feuerbach point, the Nagel point and the Spieker point ofABC. Then the follow-
ing statements are valid.
(1) The pencilI of circles generated byc andc0 has limit points{Sp, T}, whereT

is the inverse ofSp with respect toc.
(2) If P is the other intersection point of the Euler circlecE with the lineFeNa, then
circle ct tangent to the radii{IFe, EuP} respectively at points{Fe, P} belongs to
the pencil of circlesJ which is orthogonal toI and passes through{Sp, T}.
(3) The polarpT of T with respect to circles{c, c0} as well as the conicc∗ is the
same lineUV which passes throughSp.
(4) In the caseκ > 1 the conicc∗ is an ellipse tangent toc0 at its intersection
points with linepT = UV .

The orthogonality of circlect to the three circles{c, c0, cE} follows from its defi-
nition. This implies also the main part of the second claim. To complete the proof
of the two first claims it suffices to identify the limit pointsof the pencil of circles
generated byc andc0. For this use can be made of the fact that these two points
are simultaneously harmonic conjugate with respect to the diameter points of the
circlesc andc0 on lineIG. Denoting provisorily the intersection points ofct with
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Figure 25. Circle pencil associated toc(I, r) andG

line IG by {S′, T ′} and their distance byd last property translates to the system of
equations

r2 = |IS′|(|IS′| + d),

r2

0 = |SS′|(|SS′| + d).

Eliminatingd from these equations, settingx = IS′, SI = SNa − INa = (κ −

1)INa = (1 − κ)(3u), andr0 = κ · r, we obtain after some calculation, equation

6ux2 + (9u2 + 4r2)x + 6ur2 = 0.

One of the roots of this equation isx = −3u

2
, identifying S′ with the Spieker

point Sp of the triangle. This completes the proof of the first two claims of the
proposition. The third claim is an immediate consequence ofthe first two and
the fact thatc∗ is bitangent toc0 at its diametral points with lineIG. The fourth
claim results from a trivial verification of{U, V } ⊂ c∗ using the coordinates of the
points.

Remark.Since points{G, I} remain fixed for all triangles considered, the same
happens for every other pointX of the Nagel lineIG which can be written as a
linear combinationX = λG + µI of the normalized barycentric coordinates of
{G, I} and with constants{λ, µ} which are independent of the particular triangle.
Also fixing such a pointX and expressingG as a linear combination of{I,X}

would imply the constancy ofG. This, in particular, considering triangles with the
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same incircle and Nagel point or the same incircle and Spieker point would convey
the discussion back to the present one and force all these triangles to have their
vertices on the conicc∗∗.
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A Simple Construction of the Golden Section

Jo Niemeyer

Three equal segments A1B1, A2B2, A3B3 are positioned in such a way that
the endpoints B2, B3 are the midpoints of A1B1, A2B2 respectively, while the
endpoints A1, A2, A3 are on a line perpendicular to A1B1.

A1

B2

B1

A2

B3

A3

In this arrangement, A2 divides A1A3 in the golden ratio, namely,

A1A3

A1A2

=

√
5 + 1

2
.
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Another Simple Construction of the Golden Section

Michel Bataille

Given an equilateral triangleABC, erect a squareBCDE externally on the side
BC. Construct the circle, centerC, passing throughE, to intersect the lineAB at
F . Then,B dividesAF in the golden ratio.
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On the Foci of Circumparabolas

Michel Bataille

Abstract. We establish some results about the foci of the infinitely many parabo-
las passing through three given pointsA, B, C. A very simple construction di-
rectly leads to their barycentric coordinates which provide, besides their locus, a
nice and unexpected link with the foci of the parabolas tangent to the sidelines
of triangleABC.

1. Introduction

The parabolas tangent to the sidelines of a triangle are well-known: the pair
focus-directrix of such aninparabola is formed by a point of the circumcircle other
than the vertices and its Steiner line (see [2] for example).In view of such a simple
result, one is encouraged to consider the parabolas passingthrough the vertices or
circumparabolas. The purpose of this note is to show how an elementary construc-
tion of their foci leads to some interesting results.

2. A construction

Given a triangleABC, a ruler and compass construction of the focus of a cir-
cumparabola follows from two well-known results that we recall as lemmas.

m

A

C

B

D

E

Figure 1.

Lemma 1. LetP be a point on a parabola. The symmetric of the diameter through
P in the tangent atP passes through the focus.

Lemma 2. Given three pointsA,B,C of a parabola and the directionm of its axis,
the tangents to the parabola atA,B,C are constructible with ruler and compass.

Publication Date: March 4, 2011. Communicating Editor: Paul Yiu.
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Lemma 1 is an elementary property of the tangents to a parabola. Lemma 2
follows by applying Pascal’s theorem to the six pointsm, B, A, A, m, C on the
parabola. The intersectionsD = BC ∩Am, E = mC ∩AA andF = mm∩BA

are collinear. Note thatF is the infinite point ofAB. Therefore, by constructing
(i) the parallel tom throughA to meetBC atD,
(ii) the parallels toAB throughD to meet the parallel tom throughC atE,
we obtain the lineAE as the tangent to the parabola atA (see Figure 1).

Now, letABC be a triangle andm be a direction other than the directions of its
sides. It is an elementary fact that a unique parabolaPm with axis of directionm
passes throughA, B, C. The tangents toPm atA,B,C can be drawn in accordance
with Figure 1. Then, Lemma 1 indicates how to complete the construction of the
focusF of this circumparabolaPm (see Figure 2). Note that the directrix is the
line through the symmetricsFa, Fb, Fc of F in the tangents atA, B, C.

m
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Fa
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Fc

Figure 2.
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3. The barycentric coordinates of F

In what follows, all barycentric coordinates are relatively to (A,B,C), and as
usual, a = BC, b = CA, c = AB. First, we give a short proof of a result that will
be needed later:

Lemma 3. If (f : g : h) is the infinite point of the lineℓ, then the infinite point
(f ′ : g′ : h′) of the perpendiculars toℓ is given by

f ′ = gSB − hSC , g′ = hSC − fSA, h′ = fSA − gSB

whereSA = b
2
+c

2−a
2

2
, SB = c

2
+a

2−b
2

2
, SC = a

2
+b

2−c
2

2
.

Proof. Note thatf + g +h = 0 = f ′ + g′ +h′ and thatSA, SB, SC are just the dot
products

−−→
AB ·

−→
AC,

−−→
BC ·

−−→
BA,

−→
CA ·

−−→
CB, respectively. Expressing that the vectors

g
−−→
AB + h

−→
AC andg′

−−→
AB + h′−→AC are orthogonal yields

0 = (g
−−→
AB + h

−→
AC) · (g′

−−→
AB + h′−→AC) = g′(gc2 + hSA) + h′(gSA + hb2)

so that
g′

gSA + hb2
=

−h′

hSA + gc2
=

f ′

−gSA − hb2 + hSA + gc2

or, as it is easily checked,

f ′

gSB − hSC

=
g′

hSC − fSA

=
h′

fSA − gSB

.

�

For an alternative proof of this lemma, see [3].
From now on, we identify direction and infinite point and denote by Pm or

Pu,v,w the circumparabola whose axis has directionm = (u : v : w) (distinct from
the directions of the sides of triangleABC). Translating the construction of the
previous paragraph analytically, we will obtain the coordinates ofF .

Theorem 4. Let u, v,w be real numbers withu, v,w 6= 0 and u + v + w = 0.
Barycentric coordinates of the focusF of the circumparabolaPu,v,w are

(
u2

vw
+

a2vw

ρ
:

v2

wu
+

b2wu

ρ
:

w2

uv
+

c2uv

ρ

)

whereρ = a2vw + b2wu + c2uv.

Proof. First, consider the conic with equation

u2yz + v2zx + w2xy = 0. (1)

Clearly, this conic passes throughA,B,C and also through the infinite pointm =
(u : v : w). Moreover, the tangent at this point isx(wv2 + vw2) + y(uw2 +
wu2)+ z(vu2 +uv2) = 0 that is, the line at infinity (sincewv2 + vw2 = −uvw =
uw2 +wu2 = vu2 +uv2). It follows that(1) is the equation of the circumparabola
Pm.
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From(1), standard calculations give the tangenttA toPm atA and the diameter
mA throughA:

tA : w2y + v2z = 0, mA : wy − vz = 0.

Since the infinite point oftA is (w2 − v2 : v2 : −w2), the lemma readily provides
the normalnA toPm atA:

y(w2SA − v2c2) − z(v2SA − w2b2) = 0.

Now, the symmetricm′
A

of mA in tA is the polar of the point(0 : v : w) of
mA with respect to the pair of lines(tA, nA). The equation of this pair being
(w2y + v2z)(y(w2SA − v2c2) − z(v2SA − b2w2)) = 0 that is,

y2w2(w2SA − v2c2) + yz(w4b2 − v4c2) + z2v2(b2w2 − v2SA) = 0,

the equation ofm′
A

is easily found to be

y[w4(ub2 + va2) + c2uvw(uv + w2)] = z[v4(uc2 + wa2) + b2uvw(uw + v2)]

From similar equations for the corresponding linesm′
B

andm′
C

, we immediately
see that the common pointF of m′

A
,m′

B
,m′

C
has barycentric coordinates

x1 = u4(vc2+wb2)+a2uvw(vw+u2), y1 = v4(uc2+wa2)+b2uvw(uw+v2),

z1 = w4(ub2 + va2) + c2uvw(uv + w2)

or, observing thatu4(vc2 + wb2) = ρu3 − a2u3vw,

x1 = ρu3 + a2uv2w2, y1 = ρv3 + b2u2vw2, z1 = ρw3 + c2u2v2w. (2)

Usingu3 + v3 + w3 = 3uvw (sinceu + v + w = 0), an easy computation yields
x1 + y1 + z1 = 4uvwρ and dividing out byuvwρ in (2) leads to

4F =

(
u2

vw
+

a2vw

ρ

)
A +

(
v2

wu
+

b2wu

ρ

)
B +

(
w2

uv
+

c2uv

ρ

)
C. (3)

�

4. The locus of F

Theorem 4 gives a parametric representation of the locus ofF , a not well-known
curve, to say the least! (see Figure 3 below). Clearly, this curve must have asymp-
totic directions parallel to the sides of triangleABC. Actually, it is a quintic that
can be found in [1] under the reference Q077 with more information, in particular
about the asymptotes. A barycentric equation of the curve isalso given, but this
equation is almost two-page long!
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A

B
C

F

Figure 3.

5. A connection with the inparabolas

Let us write (3) as4F = 3P + F ′ with

3P =
u2

vw
A +

v2

wu
B +

w2

uv
C and F ′ =

uvw

ρ

(
a2

u
A +

b2

v
B +

c2

w
C

)
.

We observe thatP is the centroid of the cevian triangle of the infinite pointm

(triangle XY Z in Figure 2),1 and F ′ is the isogonal conjugate of this infinite
point. Thus,F ′ is the focus of the inparabolaP ′

m whose axis has directionm =
(u : v : w). This pointF ′ is easily constructed as the point of the circumcircle of

triangleABC whose Simson line is perpendicular tom. Since4
−−→
PF =

−−→
PF ′, we

see thatF ′ is the image ofF under the homothetyh = h(P, 4) with centerP and
ratio4. More can be said.

Theorem 5. With the notations above,
(a)P ′

m is the image ofPm underh(P, 4),
(b) the locus ofP is the cubicC with barycentric equation(x + y + z)3 = 27xyz,
the centroidG of triangleABC being excluded.

Proof. (a) As in§3, it is readily checked that a barycentric equation ofP ′
m is

u2x2 + v2y2 + w2z2 − 2vwyz − 2wuzx − 2uvxy = 0.

1I thank P. Yiu for this nice observation.
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Let A′ = h(A) so thatuvwA′ = (4uvw−u3)A−v3B−w3C. Usingu = −v−w

repeatedly, a straightforward computation yields

u2(4uvw−u3)2 +v8 +w8−2v4w4 +2uw4(4uvw−u3)+2uv4(4uvw−u3) = 0

henceA′ is on P ′
m. By symmetry, the homotheticB′ andC ′ of B andC are

on P ′
m as well and therefore the parabolasP ′

m and h(Pm) both pass through
A′, B′, C ′ and(u : v : w). As a result, h(Pm) = P ′

m.
(b) SinceP (u3 : v3 : w3) and(u3 + v3 + w3)3 = (u3 + v3 + (−u − v)3)3 =

(−3u2v − 3uv2)3 = 27u3v3w3, P is on the cubicC. Clearly,P 6= G.
Conversely, supposing thatP (x, y, z) is on C and P 6= G, we can setx =

u3, y = v3, z = w3. Thenw is given byw3 − 3uvw + u3 + v3 = 0 or (w + u +
v)(w2 − (u + v)w + (u2 − uv + v2)) = 0. If u 6= v, the second factor does not
vanish, hencew = −u − v andu + v + w = 0. If u = v, thenw 6= u (since
P 6= G) and we must havew = −2u = −u − v again. �

Note that settingu

w
= t, v

w
= −1 − t, the locus ofP can be also be constructed

as the set of pointsP defined by

−−→
CP = −

t2

3(1 + t)

−→
CA +

(1 + t)2

3t

−−→
CB.

Figure 4 showsC and the parabolasPm andP ′
m.

A

B C
P

F
′

F

Figure 4.

In some way, the quintic of§4 can be considered as a combination of a quadratic
(the circumcircle) and a cubic (C).
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More Characterizations of Tangential Quadrilaterals

Martin Josefsson

Abstract. In this paper we will prove several not so well known conditions for
a quadrilateral to have an incircle. Four of these are different excircle versions
of the characterizations due to Wu and Vaynshtejn.

1. Introduction

In the wonderful paper [13] Nicuşor Minculete gave a surveyof some known
characterizations of tangential quadrilaterals and also proved a few new ones. This
paper can to some extent be considered a continuation to [13].

A tangential quadrilateral is a convex quadrilaterals withan incircle, that is a
circle tangent to all four sides. Other names for these quadrilaterals are1 tangent
quadrilateral, circumscribed quadrilateral, circumscribable quadrilateral, circum-
scribing quadrilateral, inscriptable quadrilateral and circumscriptible quadrilateral.
The names inscriptible quadrilateral and inscribable quadrilateral have also been
used, but sometimes they refer to a quadrilateral with a circumcircle (a cyclic
quadrilateral) and are not good choices because of this ambiguity. To avoid confu-
sion with so many names we suggest that only the namestangential quadrilateral
(or tangent quadrilateral) and circumscribed quadrilateral be used. This is sup-
ported from the number of hits on Google2 and the fact that both MathWorld and
Wikipedia uses the name tangential quadrilateral in their encyclopedias.

Not all quadrilaterals are tangential,3 hence they must satisfy some condition.
The most important and perhaps oldest such condition is thePitot theorem, that a
quadrilateralABCD with consecutive sidesa, b, c andd is tangential if and only
if the sums of opposite sides are equal:AB + CD = BC + DA, that is

a + c = b + d. (1)

It is named after the French engineer Henri Pitot (1695-1771) who proved that this
is a necessary condition in 1725; that it is also a sufficient condition was proved by
the Swiss mathematician Jakob Steiner (1796-1863) in 1846 according to F. G.-M.
[7, p.319].

Publication Date: March 18, 2011. Communicating Editor: Paul Yiu.
1In decreasing order of the number of hits on Google.
2Tangential, tangent and circumscribed quadrilateral represent about 80 % of the number of hits

on Google, so the other six names are rarely used.
3For example, a rectangle has no incircle.
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The proof of the direct theorem is an easy application of thetwo tangent theo-
rem, that two tangents to a circle from an external point are of equal length. We
know of four different proofs of the converse to this important theorem, all beauti-
ful in their own way. The first is a classic that uses a propertyof the perpendicular
bisectors to the sides of a triangle [2, pp.135-136], the second is a proof by con-
tradiction [10, pp.62-64], the third uses an excircle to a triangle [12, p.69] and the
fourth is an exquisite application of the Pythagorean theorem [1, pp.56-57]. The
first two of these can also be found in [3, pp.65-67].

Two similar characterizations are the following ones. IfABCD is a convex
quadrilateral where opposite sidesAB andCD intersect atE, and the sidesAD

andBC intersect atF (see Figure 1), thenABCD is a tangential quadrilateral if
and only if either of

BE + BF = DE + DF,

AE − AF = CE − CF.

These are given as problems in [3] and [14], where the first condition is proved
using contradiction in [14, p.147]; the second is proved in the same way4.

b

A

b C

bD

b

B

c

b

a

d

b
F

b
E

Figure 1. The extensions of the sides

2. Incircles in a quadrilateral and its subtriangles

One way of proving a new characterization is to show that it isequivalent to a
previously proved one. This method will be used several times henceforth. In this
section we prove three characterizations of tangential quadrilaterals by showing
that they are equivalent to (1). The first was proved in another way in [19].

Theorem 1. A convex quadrilateral is tangential if and only if the incircles in the
two triangles formed by a diagonal are tangent to each other.

4In [3, pp.186-187] only the direct theorems (not the converses) are proved.
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Proof. In a convex quadrilateralABCD, let the incircles in trianglesABC, CDA,
BCD andDAB be tangent to the diagonalsAC andBD at the pointsX, Y , Z

andW respectively (see Figure 2). First we prove that

ZW = 1

2

∣∣a − b + c − d
∣∣ = XY.

Using the two tangent theorem, we haveBW = a − w andBZ = b − z, so

ZW = BW − BZ = a − w − b + z.

In the same wayDW = d − w andDZ = c − z, so

ZW = DZ − DW = c − z − d + w.

Adding these yields

2ZW = a − w − b + z + c − z − d + w = a − b + c − d.

Hence
ZW = 1

2

∣∣a − b + c − d
∣∣

where we put an absolute value sinceZ andW can “change places” in some quadri-
laterals; that is, it is possible forW to be closer toB thanZ is. Then we would
haveZW = 1

2
(−a + b − c + d).

w

w

a − w

z

z

b − z

c − z

d − w

b

A

b

B

b

C

bD

b

Z

b

W

b

b

b

b

Figure 2. Incircles on both sides of one diagonal

The formula forXY is derived in the same way.
Now two incircles on different sides of a diagonal are tangent to each other if

and only ifXY = 0 or ZW = 0. These are equivalent toa + c = b + d, which
proves the theorem according to the Pitot theorem. �

Another way of formulating this result is that the incirclesin the two triangles
formed by one diagonal in a convex quadrilateral are tangentto each other if and
only if the incircles in the two triangles formed by the otherdiagonal are tangent
to each other. These two tangency points are in general not the same point, see
Figure 3, where the notations are different from those in Figure 2.
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Theorem 2. The incircles in the four overlapping triangles formed by the diago-
nals of a convex quadrilateral are tangent to the sides in eight points, two per side,
making one distance between tangency points per side. It is atangential quadri-
lateral if and only if the sums of those distances at oppositesides are equal.

Proof. According to the two tangent theorem,AZ = AY , BS = BT , CU = CV

andDW = DX, see Figure 3. Using the Pitot theorem, we get

AB + CD = BC + DA

⇔ AZ + ZS + BS + CV + V W + DW = BT + TU + CU + DX + XY + AY

⇔ ZS + V W = TU + XY

after cancelling eight terms. This is what we wanted to prove. �

b

A

b

B

b

C

bD

b

Z

b

S

b T

b U

b
V

b

W

b

X

b
Y

Figure 3. Incircles on both sides of both diagonals

The configuration with the four incircles in the last two theorems has other in-
teresting properties. If the quadrilateralABCD is cyclic, then the four incenters
are the vertices of a rectangle, see [2, p.133] or [3, pp.44-46].

A third example where the Pitot theorem is used to prove another characteri-
zation of tangential quadrilaterals is the following one, which is more or less the
same as one given as a part of a Russian solution (see [18]) to aproblem we will
discuss in more detail in Section 4.

Theorem 3. A convex quadrilateral is subdivided into four nonoverlapping trian-
gles by its diagonals. Consider the four tangency points of the incircles in these
triangles on one of the diagonals. It is a tangential quadrilateral if and only if the
distance between two tangency points on one side of the second diagonal is equal
to the distance between the two tangency points on the other side of that diagonal.

Proof. Here we cite the Russian proof given in [18]. We use notationsas in Fig-
ure 4 and shall prove that the quadrilateral has an incircle if and only if T

′

1
T

′

2
=

T
′

3
T

′

4
.
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By the two tangent theorem we have

AT1 = AT
′′

1 = AP − PT
′′

1 ,

BT1 = BT
′

1 = BP − PT
′

1,

so that
AB = AT1 + BT1 = AP + BP − PT

′′

1 − PT
′

1.

SincePT
′′

1
= PT

′

1
,

AB = AP + BP − 2PT
′

1.

In the same way

CD = CP + DP − 2PT
′

3.

Adding the last two equalities yields

AB + CD = AC + BD − 2T
′

1T
′

3.

b
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4
b
T

′
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′
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T
′
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Figure 4. Tangency points of the four incircles

In the same way we get

BC + DA = AC + BD − 2T
′

2T
′

4.

Thus

AB + CD − BC − DA = −2
(
T

′

1T
′

3 − T
′

2T
′

4

)
.

The quadrilateral has an incircle if and only ifAB + CD = BC + DA. Hence it
is a tangential quadrilateral if and only if

T
′

1T
′

3 = T
′

2T
′

4 ⇔ T
′

1T
′

2+T
′

2T
′

3 = T
′

2T
′

3+T
′

3T
′

4 ⇔ T
′

1T
′

2 = T
′

3T
′

4.

Note that bothT
′

1
T

′

3
= T

′

2
T

′

4
andT

′

1
T

′

2
= T

′

3
T

′

4
are characterizations of tangential

quadrilaterals. It was the first of these two that was proved in [18]. �
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3. Characterizations with inradii, altitudes and exradii

According to Wu Wei Chao (see [20]), a convex quadrilateralABCD is tangen-
tial if and only if

1

r1

+
1

r3

=
1

r2

+
1

r4

,

wherer1, r2, r3 andr4 are the inradii in trianglesABP , BCP , CDP andDAP

respectively, andP is the intersection of the diagonals, see Figure 5.
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r1

r3

r2

r4

Figure 5. The inradii and altitudes

In [13] Nicuşor Minculete proved in two different ways thatanother characteri-
zation of tangential quadrilaterals is5

1

h1

+
1

h3

=
1

h2

+
1

h4

, (2)

whereh1, h2, h3 and h4 are the altitudes in trianglesABP , BCP , CDP and
DAP from P to the sidesAB, BC, CD andDA respectively, see Figure 5. These
two characterizations are closely related to the followingone.

Theorem 4. A convex quadrilateralABCD is tangential if and only if

1

R1

+
1

R3

=
1

R2

+
1

R4

whereR1, R2, R3 and R4 are the exradii to trianglesABP , BCP , CDP and
DAP opposite the vertexP , the intersection of the diagonalsAC andBD.

Proof. In a triangle, an exradiusRa is related to the altitudes by the well known
relation

1

Ra

= −
1

ha

+
1

hb

+
1

hc

. (3)

5Although he used different notations.



More characterizations of tangential quadrilaterals 71

If we denote the altitudes fromA andC to the diagonalBD by hA andhC respec-
tively and similar for the altitudes toAC, see Figure 6, then we have

1

R1

= −
1

h1

+
1

hA

+
1

hB

,

1

R2

= −
1

h2

+
1

hB

+
1

hC

,

1

R3

= −
1

h3

+
1

hC

+
1

hD

,

1

R4

= −
1

h4

+
1

hD

+
1

hA

.

Using these, we get

1

R1

+
1

R3

−
1

R2

−
1

R4

= −

(
1

h1

+
1

h3

−
1

h2

−
1

h4

)
.

Hence
1

R1

+
1

R3

=
1

R2

+
1

R4

⇔
1

h1

+
1

h3

=
1

h2

+
1

h4

.

Since the equality to the right is a characterization of tangential quadrilaterals ac-
cording to (2), so is the equality to the left. �
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Figure 6. Excircles to four subtriangles
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4. Christopher Bradley’s conjecture and its generalizations

Consider the following problem:
In a tangential quadrilateralABCD, let P be the intersection of the diagonals

AC andBD. Prove that the incenters of trianglesABP , BCP , CDP andDAP

form a cyclic quadrilateral.See Figure 7.

b
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b
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b
C

bD

b

b

b

b

b

P

Figure 7. Christopher Bradley’s conjecture

This problem appeared at the CTK Exchange6 on September 17, 2003 [17],
where it was debated for a month. On Januari 2, 2004, it migrated to theHy-
acinthosproblem solving group at Yahoo [15], and after a week a full synthetic
solution with many extra properties of the configuration wasgiven by Darij Grin-
berg [8] with the help of many others.

So why was this problem calledChristopher Bradley’s conjecture? In November
2004 a paper about cyclic quadrilaterals by the British mathematician Christopher
Bradley was published, where the above problem was stated asa conjecture (see
[4, p.430]). Our guess is that the conjecture was also published elsewhere more
than a year earlier, which explains how it appeared at the CTKExchange.

A similar problem, that is almost the converse, was given in 1998 by Toshio
Seimiya in the Canadian problem solving journal Crux Mathematicorum [16]:

SupposeABCD is a convex cyclic quadrilateral andP is the intersection of
the diagonalsAC and BD. Let I1, I2, I3 and I4 be the incenters of triangles
PAB,PBC,PCD andPDA respectively. Suppose thatI1, I2, I3 andI4 are con-
cyclic. Prove thatABCD has an incircle.

The next year a beautiful solution by Peter Y. Woo was published in [16]. He
generalized the problem to the following very nice characterization of tangential
quadrilaterals:

When a convex quadrilateral is subdivided into four nonoverlapping triangles
by its two diagonals, then the incenters of the four triangles are concyclic if and
only if the quadrilateral has an incircle.

6It was formulated slightly different, where the use of the word inscriptable led to a
misunderstanding.
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There was however an even earlier publication of Woo’s generalization. Accord-
ing to [8], the Russian magazineKvantpublished in 1996 (see [18]) a solution by
I. Vaynshtejn to the problem we have called Christopher Bradley’s conjecture and
its converse (see the formulation by Woo). [18] is written inRussian, so neither we
nor many of the readers of Forum Geometricorum will be able toread that proof.
But anyone interested in geometry can with the help of the figures understand the
equations there, since they are written in the Latin alphabet.

Earlier we saw that Minculete’s characterization with incircles was also true for
excircles (Theorem 4). Then we might wonder if Vaynshtejn’scharacterization is
also true for excircles? The answer is yes and it was proved byNikolaos Dergiades
at [6], even though he did not state it as a characterization of tangential quadrilat-
erals. The proof given here is a small expansion of his.

Theorem 5 (Dergiades). A convex quadrilateralABCD with diagonals intersect-
ing at P is tangential if and only if the four excenters to trianglesABP , BCP ,
CDP andDAP opposite the vertexP are concyclic.

Proof. In a triangleABC with sidesa, b, c and semiperimeters, whereI andJ1 are
the incenter and excenter oppositeA respectively, and wherer andRa are the radii
in the incircle and excircle respectively, we haveAI = r

sin
A

2

andAJ1 = Ra

sin
A

2

.

Using Heron’s formulaT 2 = s(s−a)(s−b)(s−c) and other well known formulas7,
we have

AI · AJ1 = r · Ra ·
1

sin2 A

2

=
T

s
·

T

s − a
·

bc

(s − b)(s − c)
= bc. (4)

Similar formulas hold for the other excenters.
Returning to the quadrilateral, letI1, I2, I3 andI4 be the incentes andJ1, J2, J3

andJ4 the excenters oppositeP in trianglesABP,BCP,CDP andDAP respec-
tively. Using (4) we get (see Figure 8)

PI1 · PJ1 = PA · PB,

PI2 · PJ2 = PB · PC,

PI3 · PJ3 = PC · PD,

PI4 · PJ4 = PD · PA.

From these we get

PI1 · PI3 · PJ1 · PJ3 = PA · PB · PC · PD = PI2 · PI4 · PJ2 · PJ4.

Thus

PI1 · PI3 = PI2 · PI4 ⇔ PJ1 · PJ3 = PJ2 · PJ4.

In his proof [16], Woo showed that the quadrilateral has an incircle if and only if
the equality to the left is true. Hence the quadrilateral hasan incircle if and only if
the equality to the right is true. Both of these equalities are conditions for the four
pointsI1, I2, I3, I4 andJ1, J2, J3, J4 to be concyclic according to the converse of
the intersecting chords theorem. �

7Here and a few times later on we use the half angle theorems. For a derivation, see [9, p.158].
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Figure 8. An excircle version of Vaynshtejn’s characterization

Figure 8 suggests thatJ1J3⊥J2J4 andI1I3⊥I2I4. These are true in all convex
quadrilaterals, and the proof is very simple. The incentersand excenters lies on the
angle bisectors to the angles between the diagonals. Hence we have∠J4PJ1 =
∠I4PI1 = 1

2
∠DPB = π

2
.

Another characterization related to the configuration of Christopher Bradley’s
conjecture is the following one. This is perhaps not one of the nicest characteriza-
tions, but the connection between opposite sides is presenthere as well as in many
others. That the equality in the theorem is true in a tangential quadrilateral was
established at [5].

Theorem 6. A convex quadrilateralABCD with diagonals intersecting atP is
tangential if and only if

(AP + BP − AB)(CP + DP − CD)

(AP + BP + AB)(CP + DP + CD)
=

(BP + CP − BC)(DP + AP − DA)

(BP + CP + BC)(DP + AP + DA)
.

Proof. In a triangleABC with sidesa, b andc, the distance from vertexA to the
incenterI is given by

AI =
r

sin A

2

=

√
(s−a)(s−b)(s−c)

s√
(s−b)(s−c)

bc

=

√
bc(s − a)

s
=

√
bc(−a + b + c)

a + b + c
. (5)
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In a quadrilateralABCD, let the incenters in trianglesABP , BCP , CDP and
DAP beI1, I2, I3 andI4 respectively. Using (5), we get

PI1 =

√
PA · PB(AP + BP − AB)

AP + BP + AB
,

PI3 =

√
PC · PD(CP + DP − CD)

CP + DP + CD
.

Thus in all convex quadrilaterals

(PI1 · PI3)
2 =

AP · BP · CP · DP (AP + BP − AB)(CP + DP − CD)

(AP + BP + AB)(CP + DP + CD)

and in the same way we have

(PI2 · PI4)
2 =

AP · BP · CP · DP (BP + CP − BC)(DP + AP − DA)

(BP + CP + BC)(DP + AP + DA)
.

In [16], Woo proved thatPI1 · PI3 = PI2 · PI4 if and only if ABCD has an
incircle. Hence it is a tangential quadrilateral if and onlyif

AP · BP · CP · DP (AP + BP − AB)(CP + DP − CD)

(AP + BP + AB)(CP + DP + CD)

=
AP · BP · CP · DP (BP + CP − BC)(DP + AP − DA)

(BP + CP + BC)(DP + AP + DA)

from which the theorem follows. �

5. Iosifescu’s characterization

In [13] Nicuşor Minculete cites a trigonometric characterization of tangential
quadrilaterals due to Marius Iosifescu from the old Romanian journal [11]. We had
never seen this nice characterization before and suspect noproof has been given in
English, so here we give one. Since we have had no access to theRomanian journal
we don’t know if this is the same proof as the original one.

Theorem 7 (Iosifescu). A convex quadrilateralABCD is tangential if and only if

tan
x

2
· tan

z

2
= tan

y

2
· tan

w

2
wherex = ∠ABD, y = ∠ADB, z = ∠BDC andw = ∠DBC.

Proof. Using the trigonometric formula

tan2
u

2
=

1 − cos u

1 + cos u
,

we get that the equality in the theorem is equivalent to
1 − cos x

1 + cos x
·
1 − cos z

1 + cos z
=

1 − cos y

1 + cos y
·
1 − cos w

1 + cos w
.

This in turn is equivalent to

(1 − cos x)(1 − cos z)(1 + cos y)(1 + cos w)

= (1 − cos y)(1 − cos w)(1 + cos x)(1 + cos z). (6)
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x

y

z

w

b

A

b
C

b
D

b

B

c

b

a

d
q

Figure 9. Angles in Iosifescu’s characterization

Let a = AB, b = BC, c = CD, d = DA andq = BD. From the law of
cosines we have (see Figure 9)

cos x =
a2 + q2 − d2

2aq
,

so that

1 − cos x =
d2 − (a − q)2

2aq
=

(d + a − q)(d − a + q)

2aq

and

1 + cos x =
(a + q)2 − d2

2aq
=

(a + q + d)(a + q − d)

2aq
.

In the same way

1 − cos y =
(a + d − q)(a − d + q)

2dq
, 1 + cos y =

(d + q + a)(d + q − a)

2dq
,

1 − cos z =
(b + c − q)(b − c + q)

2cq
, 1 + cos z =

(c + q + b)(c + q − b)

2cq
,

1 − cos w =
(c + b − q)(c − b + q)

2bq
, 1 + cos w =

(b + q + c)(b + q − c)

2bq
.

Thus (6) is equivalent to

(d + a − q)(d − a + q)2

2aq
·
(b + c − q)(b − c + q)2

2cq
·
(d + q + a)

2dq
·
(b + q + c)

2bq

=
(a + d − q)(a − d + q)2

2dq
·
(c + b − q)(c − b + q)2

2bq
·
(a + q + d)

2aq
·
(c + q + b)

2cq
.

This is equivalent to

P
(
(d − a + q)2(b − c + q)2 − (a − d + q)2(c − b + q)2

)
= 0 (7)

where

P =
(d + a − q)(b + c − q)(d + q + a)(b + q + c)

16abcdq4
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is a positive expression according to the triangle inequality applied in triangles
ABD andBCD. Factoring (7), we get

P
(
(d − a + q)(b − c + q) + (a − d + q)(c − b + q)

)

·
(
(d − a + q)(b − c + q) − (a − d + q)(c − b + q)

)
= 0.

Expanding the inner parentheses and cancelling some terms,this is equivalent to

4qP (b + d − a − c)
(
(d − a)(b − c) + q2

)
= 0. (8)

The expression in the second parenthesis can never be equal to zero. Using the
triangle inequality, we haveq > a − d andq > b − c. Thusq2

≷ (a − d)(b − c).
Hence, looking back at the derivation leading to (8), we haveproved that

tan
x

2
· tan

z

2
= tan

y

2
· tan

w

2
⇔ b + d = a + c

and Iosifescu’s characterization is proved according to the Pitot theorem. �

6. Characterizations with other excircles

We have already seen two characterizations concerning the four excircles op-
posite the intersection of the diagonals. In this section wewill study some other
excircles. We begin by deriving a characterization similarto the one in Theorem 6,
not for its own purpose, but because we will need it to prove the next theorem.

Theorem 8. A convex quadrilateralABCD with diagonals intersecting atP is
tangential if and only if

(AB + AP − BP )(CD + CP − DP )

(AB − AP + BP )(CD − CP + DP )
=

(BC − BP + CP )(DA − DP + AP )

(BC + BP − CP )(DA + DP − AP )
.

Proof. It is well known that in a triangleABC with sidesa, b andc,

tan
A

2
=

√
(s − b)(s − c)

s(s − a)
=

√
(a − b + c)(a + b − c)

(a + b + c)(−a + b + c)

wheres is the semiperimeter [9, p.158]. Now, ifP is the intersection of the diago-
nals in a quadrilateralABCD andx, y, z, w are the angles defined in Theorem 7,
we have

tan
x

2
=

√
(AB + AP − BP )(BP + AP − AB)

(AB + AP + BP )(BP − AP + AB)
,

tan
z

2
=

√
(CD + CP − DP )(DP + CP − CD)

(CD + CP + DP )(DP − CP + CD)
,

tan
y

2
=

√
(DA + AP − DP )(DP + AP − DA)

(DA + AP + DP )(DP − AP + DA)
,

tan
w

2
=

√
(BC + CP − BP )(BP + CP − BC)

(BC + CP + BP )(BP − CP + BC)
.
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From Theorem 7 we have the equality8

tan2
x

2
· tan2

z

2
= tan2

y

2
· tan2

w

2

and putting in the expressions above we get

(AB + AP − BP )(BP + AP − AB)(CD + CP − DP )(DP + CP − CD)

(AB + AP + BP )(BP − AP + AB)(CD + CP + DP )(DP − CP + CD)

=
(DA + AP − DP )(DP + AP − DA)(BC + CP − BP )(BP + CP − BC)

(DA + AP + DP )(DP − AP + DA)(BC + CP + BP )(BP − CP + BC)
.

Now using Theorem 6, the conclusion follows.9
�

Lemma 9. If J1 is the excenter oppositeA in a triangleABC with sidesa, b and
c, then

(BJ1)
2

ac
=

s − c

s − a

wheres is the semiperimeter.

Proof. If Ra is the radius in the excircle oppositeA, we have (see Figure 10)

sin
π − B

2
=

Ra

BJ1

,

BJ1 cos
B

2
=

T

s − a
,

(BJ1)
2 ·

s(s − b)

ac
=

s(s − a)(s − b)(s − c)

(s − a)2
,

and the equation follows. HereT is the area of triangleABC and we used Heron’s
formula. �

b

A

b

B

b

C

a

b

J1

Ra

c

b

Figure 10. Distance from an excenter to an adjacant vertex

8This is a characterization of tangential quadrilaterals, but that’s not important for the proof of
this theorem.

9Here it is important that Theorem 6 is a characterization of tangential quadrilaterals.
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Theorem 10. A convex quadrilateralABCD with diagonals intersecting atP is
tangential if and only if the four excenters to trianglesABP , BCP , CDP and
DAP opposite the verticesB andD are concyclic.

b

A

b

B

b

C

b

D

b

P

bJAP |B

b

JAP |D

b

JCP |B

b
JCP |D

Figure 11. Excircles to subtriangles opposite the verticesB andD

Proof. We use the notationJAP |B for the excenter in the excircle tangent to side
AP oppositeB in triangle ABP . Using the Lemma in trianglesABP , BCP ,
CDP andDAP yields (see Figure 11)

(PJAP |B)2

AP · BP
=

AB + AP − BP

AB − AP + BP
,

(PJCP |D)2

CP · DP
=

CD + CP − DP

CD − CP + DP
,

(PJCP |B)2

CP · BP
=

BC + CP − BP

BC − CP + BP
,

(PJAP |D)2

AP · DP
=

DA + AP − DP

DA − AP + DP
.

From Theorem 8 we get thatABCD is a tangential quadrilateral if and only if

(PJAP |B)2

AP · BP
·
(PJCP |D)2

CP · DP
=

(PJCP |B)2

CP · BP
·
(PJAP |D)2

AP · DP
,
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which is equivalent to

PJAP |B · PJCP |D = PJCP |B · PJAP |D. (9)

Now JAP |BJCP |D andJCP |BJAP |D are straight lines throughP since they are
angle bisectors to the angles between the diagonals inABCD. According to the
intersecting chords theorem and its converse, (9) is a condition for the excenters to
be concyclic. �

There is of course a similar characterization where the excircles are opposite the
verticesA andC.

We conclude with a theorem that resembles Theorem 4, but withthe excircles
in Theorem 10.

Theorem 11. A convex quadrilateralABCD with diagonals intersecting atP is
tangential if and only if

1

Ra

+
1

Rc

=
1

Rb

+
1

Rd

,

whereRa, Rb, Rc andRd are the radii in the excircles to trianglesABP , BCP ,
CDP andDAP respectively opposite the verticesB andD.

Proof. We use notations on the altitudes as in Figure 12, which are the same as in
the proof of Theorem 4. From (3) we have

1

Ra

= −
1

hB

+
1

hA

+
1

h1

,

1

Rb

= −
1

hB

+
1

hC

+
1

h2

,

1

Rc

= −
1

hD

+
1

hC

+
1

h3

,

1

Rd

= −
1

hD

+
1

hA

+
1

h4

.

These yield

1

Ra

+
1

Rc

−
1

Rb

−
1

Rd

=
1

h1

+
1

h3

−
1

h2

−
1

h4

.

Hence
1

Ra

+
1

Rc

=
1

Rb

+
1

Rd

⇔
1

h1

+
1

h3

=
1

h2

+
1

h4

.

Since the equality to the right is a characterization of tangential quadrilaterals ac-
cording to (2), so is the equality to the left. �

Even here there is a similar characterization where the excircles are opposite the
verticesA andC.
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b

A

b

B

b

C

b

D

b

P

b

b

b

b

hA

hC

hB

hD

h1

h2
h3

h4

Ra

Rd

Rc

Rb

Figure 12. The exradii and altitudes
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Perspective Isoconjugate Triangle Pairs, Hofstadter Pairs,
and Crosssums on the Nine-Point Circle

Peter J. C. Moses and Clark Kimberling

Abstract. The r-Hofstadter triangle and the(1 − r)-Hofstadter triangle are
proved perspective, and homogeneous trilinear coordinates are found for the per-
spector. More generally, given a triangleDEF inscribed in a reference triangle
ABC, trianglesA′

B
′

C
′ andA

′′

B
′′

C
′′ derived in a certain manner fromDEF

are perspective to each other and toABC. Trilinears for the three perspectors,
denoted byP ∗

, P1, P2 are found (Theorem 1) and used to prove that these three
points are collinear. Special cases include (Theorems 4 and5) this: if X andX

′

are an antipodal pair on the circumcircle, then the perspector P
∗ = X ⊕ X

′,
where⊕ denotes crosssum, is on the nine-point circle. TakingX to be succes-
sively the vertices of a triangleDEF inscribed in the circumcircle thus yields a
triangleD

′

E
′

F
′ inscribed in the nine-point circle. For example, ifDEF is the

circumtangential triangle, thenD′

E
′

F
′ is an equilateral triangle.

1. Introduction and main theorem

We begin with a very general theorem about three triangles, one being the refer-
ence triangleABC with sidelengthsa, b, c, and the other two, denoted byA′B′C ′

andA′′B′′C ′′, which we shall now proceed to define. SupposeDEF is a triangle
inscribed inABC; that is, the vertices are given by homogeneous trilinear coordi-
nates (henceforth simplytrilinears) as follows:

D = 0 : y1 : z1, E = x2 : 0 : z2, F = x3 : y3 : 0, (1)

wherey1z1x2z2x3y3 6= 0 (this being a quick way to say that none of the points is
A, B, C). For any pointP = p : q : r for whichpqr 6= 0, define

D′ = 0 :
1

qy1

:
1

rz1

, E′ =
1

px2

: 0 :
1

rz2

, F ′ =
1

px3

:
1

qy3

: 0.

DefineA′B′C ′ and introduce symbols for trilinears of the verticesA′, B′, C ′ :

A′ = CF ∩ BE′ = u1 : v1 : w1,

B′ = AD ∩ CF ′ = u2 : v2 : w2,

C ′ = BE ∩ AD′ = u3 : v3 : w3,

Publication Date: April 1, 2011. Communicating Editor: Paul Yiu.
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and similarly,

A′′ = CF ′ ∩ BE =
1

pu1

:
1

qv1

:
1

rw1

,

B′′ = AD′ ∩ CF =
1

pu2

:
1

qv2

:
1

rw2

,

C ′′ = BE′ ∩ AD =
1

pu3

:
1

qv3

:
1

rw3

.

Thus, trianglesA′B′C ′ andA′′B′′C ′′ are aP -isoconjugate pair, in the sense that
every point on each is theP -isoconjugate of a point on the other (except for points
on a sideline ofABC). (TheP -isoconjugate of a pointX = x : y : z is the point
1/(px) : 1/(qy) : 1/(rz); this is the isogonal conjugate ofX if P is the incenter,
and the isotomic conjugate ofX if P = X31 = a2 : b2 : c2. Here and in the sequel,
the indexing of triangles centers in the formXi follows that of [4].)

Theorem 1. The triangles ABC , A′B′C ′, A′′B′′C ′′ are pairwise perspective, and
the three perspectors are collinear.

Proof. The linesCF given by−y3α+x3β = 0 andBE′ given bypx2α−rz2γ =
0, and cyclic permutations, give

A′ = CF ∩ BE′ = u1 : v1 : w1 = rx3z2 : ry3z2 : px2x3,

B′ = AD ∩ CF ′ = u2 : v2 : w2 = qy1y3 : px3y1 : px3z1,

C ′ = BE ∩ AD′ = u3 : v3 : w3 = qy1x2 : rz2z1 : qy1z2;

A′′ = CF ′ ∩ BE = qx2y3 : px2x3 : qy3z2,

B′′ = AD′ ∩ CF = rz1x3 : ry3z1 : qy3y1,

C ′′ = BE′ ∩ AD = rz1z2 : px2y1 : pz1x2.

Then the lineB′B′′ is given byd1α + d2β + d3γ = 0, where

d1 = px3y3(qy
2

1 − rz2

1), d2 = prx2

3y
2

1 − q2y2

1y
2

3, d3 = ry1z1(qy
2

3 − px2

3),

and the lineC ′C ′′ by d4α + d5β + d6γ = 0, where

d4 = px2z2(rz
2

1 − qy2

1), d5 = qy1z1(rz
2

2 − px2

2), d6 = pqx2

2y
2

1 − r2z2

1z2

2 .

The perspector ofA′B′C ′ andA′′B′′C ′′ is B′B′′ ∩ C ′C ′′, with trilinears

d2d6 − d3d5 : d3d4 − d1d6 : d1d5 − d2d4.

These coordinates share three common factors, which cancel, leaving the perspec-
tor

P ∗ = qx2y1y3 + rx3z1z2 : ry3z1z2 + px2x3y1 : px2x3z1 + qy1y3z2. (2)

Next, we show that the linesAA′, BB′, CC ′ concur. These lines are given,
respectively, by

−px2x3β + ry3z2γ = 0, pz1x3α − qy3y1γ = 0, −rz1z2α + qx2y1β = 0,

from which it follows that the perspector ofABC andA′B′C ′ is the point

P1 = AA′ ∩ BB′ ∩ CC ′ = qx2y1y3 : ry3z1z2 : px2x3z1. (3)
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The same method shows that the linesAA′′, BB′′, CC ′′ concur in theP -isoconjugate
of P1 :

P2 = AA′′ ∩ BB′′ ∩ CC ′′ = rx3z1z2 : py1x2x3 : qy1y3z2. (4)

Obviously,
∣∣∣∣∣∣

qx2y1y3 + rx3z1z2 ry3z1z2 + px2x3y1 px2x3z1 + qy1y3z2

qx2y1y3 ry3z1z2 px2x3z1

rx3z1z2 py1x2x3 qy1y3z2

∣∣∣∣∣∣
= 0,

so that the three perspectors are collinear. �

Example 1. Let P = 1 : 1 : 1 (the incenter), and letDEF be the cevian triangle
of the centroid, so thatD = 0 : ca : ab, etc. Then

P1 =
c

b
:

a

c
:

b

a
and P2 =

b

c
:

c

a
:

a

b
,

these being the 1st and 2nd Brocard points, and

P ∗ = a(b2 + c2) : b
(
c2 + a2

)
: c(a2 + b2),

the midpointX39 of segmentP1P2.

2. Hofstadter triangles

Supposer is a nonzero real number. Following ([3], p 176, 241), regardvertex
B as a pivot, and rotate segmentBC toward vertexA through anglerB. Let LBC

denote the line containing the rotated segment. Similarly,obtain lineLCB by ro-
tating segmentBC aboutC through anglerC. Let A′ = LBC ∩ LCB, and obtain
similarly pointsB′ andC ′. Ther-Hofstadter triangle isA′B′C ′, and the(1 − r)-
Hofstadter triangleA′′B′′C ′′ is formed in the same way using angles(1 − r)A,
(1 − r)B, (1 − r)C.

A

B C

A
′

B
′

C
′

A
′′

B
′′

C
′′

P

Figure 1. Hofstadter trianglesA′

B
′

C
′ andA

′′

B
′′

C
′′
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Trilinears forA′ andA′′ are easily found, and appear here in rows 2 and 3 of an
equation for lineA′A′′ :
∣∣∣∣∣∣

α β γ

sin rB sin rC sin rB sin(C − rC) sin rC sin(B − rB)
sin(B − rB) sin(C − rC) sin rC sin(B − rB) sin rB sin(C − rC)

∣∣∣∣∣∣
= 0.

Lines B′B′′ andC ′C ′′ are similarly obtained, or obtained fromA′A′′ by cyclic
permutations of symbols. It is then found by computer that the perspectivity deter-
minant is0 and that the perspector of ther- and(1 − r)-Hofstadter triangles is the
point

P (r) = sin(A − rA) sin rB sin rC + sin rA sin(B − rB) sin(C − rC)

: sin(B − rB) sin rC sin rA + sin rB sin(C − rC) sin(A − rA)

: sin(C − rC) sin rA sin rB + sin rC sin(A − rA) sin(B − rB).

The domain ofP excludes0 and1. Whenr is any other integer, it can be checked
thatP (r), written asu : v : w, satisfies

u sin A + v sin B + w sin C = 0,

which is to say thatP (r) lies on the lineL∞ at infinity. For example,P (2), alias
P (−1), is the pointX30 in which the Euler line meetsL∞. Also, P

(
1

2

)
= X1, the

incenter, andP
(
−1

2

)
= P

(
3

2

)
= X1770. Regardingr = 1 andr = 0, we obtain,

as limits, the Hofstadter one-point and Hofstadter zero-point:

P (1) = X359 =
a

A
:

b

B
:

c

C
,

P (0) = X360 =
A

a
:

B

b
:

C

c
,

remarkable because of the “exposed” vertex anglesA,B,C. Another example is
P

(
1

3

)
= X356, the centroid of the Morley triangle.

This scattering of results can be supplemented by a more systematic view of
selected pointsP (r). In Figure 2, the specific triangle(a, b, c) = (6, 9, 13) is used
to show the pointsP

(
r + 1

2

)
for r = 0, 1, 2, 3, . . . , 5000.

If the swing anglesrA, rB, rC, (1 − r)B, (1 − r)B, (1 − r)C are generalized
to rA + θ, rB + θ, rC + θ, (1 − r)B + θ, (1 − r)B + θ, (1 − r)C + θ, then the
perspector is given by

P (r, θ) = sin(A − rA + θ) sin(rB − θ) sin(rC − θ)

+ sin(rA − θ) sin(B − rB + θ) sin(C − rC + θ)

: sin(B − rB + θ) sin(rC − θ) sin(rA − θ)

+ sin(rB − θ) sin(C − rC + θ) sin(A − rA + θ)

: sin(C − rC + θ) sin(rA − θ) sin(rB − θ)

= + sin(rC − θ) sin(A − rA + θ) sin(B − rB + θ).
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Figure 2

Trilinears for the other two perspectors are given by

P1(r, θ) = sin(rA − θ) csc(A − rA + θ)

: sin(rB − θ) csc(B − rB + θ) : sin(rC − θ) csc(A − rC + θ);

P2(r, θ) = sin(A − rA + θ) csc(rA − θ)

: sin(B − rB + θ) csc(rB − θ) : sin(A − rC + θ) csc(rC − θ).

If 0 < θ < 2π, thenP (0, θ) is defined, and taking the limit asθ → 0 enables a
definition ofP (0, 0). Then, remarkably, the locus ofP (0, θ) for 0 ≤ θ < 2π is the
Euler line. Six of its points are indicated here:

θ 0 π/6 π/4 π/3 π/2 (1/2) arccos(5/2)
P (0, θ) X2 X5 X4 X30 X20 X549

In general,

P

(
0,

1

2
arccos t

)
= t cos A+cos B cos C : t cos B+cos C cos A : t cos C+cos A cos B.

Among intriguing examples are several for which the angleθ, as a function of
a, b, c (or A,B,C), is not constant:
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if θ = thenP (0, θ) =

ω = arctan 4σ

a2+b2+c2
(the Brocard angle) X384

1

2
arccos

(
3 −

|OI|

2R2

)
X21

1

2
arccos |OI|

2R2 X441

1

2
arccos(−1 − 2 cos2 A cos2 B cos2 C) X22

1

2
arccos

(
−1

3
− 4

3
cos2 A cos2 B cos2 C

)
X23

where

σ = area ofABC,

|OI| = distance between the circumcenter and the incenter,

R = circumradius ofABC.

3. Cevian triangles

The cevian triangle of a pointX = x : y : z is defined by (1) on putting
(xi, yi, zi) = (x, y, z) for i = 1, 2, 3. Suppose thatX is a triangle center, so that

X = g(a, b, c) : g(b, c, a) : g(c, a, b)

for a suitable functiong (a, b, c) . Abbreviating this asX = ga : gb : gc, the cevian
triangle ofX is then given by

D = 0 : gb : gc, E = ga : 0 : gc, F = ga : gb : 0,

and the perspector of the derived trianglesA′B′C ′ andA′′B′′C ′′ in Theorem 1 is
given by

P ∗ = ga

(
qg2

b + rg2

c

)
: gb

(
pg2

a + rg2

c

)
: gc

(
pg2

a + qg2

b

)
,

which is a triangle center, namely the crosspoint (defined inthe Glossary of [4]) of
U and theP -isoconjugate ofU. In this case, the other two perspectors are

P1 = qgag
2

b : rgbg
2

c : pgcg
2

a andP2 = rgag
2

c : pgbg
2

a : qgcg
2

b .

4. Pedal triangles

SupposeX = x : y : z is a point for whichxyz 6= 0. The pedal triangleDEF

of X is given by

D = 0 : y+xc1 : z+xb1, E = x+yc1 : 0 : z+ya1, F = x+zb1 : y+xa1 : 0,

where

(a1, b1, c1) = (cos A, cos B, cos C)

=

(
b2 + c2 − a2

2bc
,
c2 + a2 − b2

2ca
,
a2 + b2 − c2

2ab

)
.
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The three perspectors as in Theorem 1 are given, as in (2)-(4)by

P ∗ = u + u′ : v + v′ : w + w′, (5)

P1 = u : v : w, (6)

P2 = u′ : v′ : w′, (7)

where

u = q(x + yc1)(y + xc1)(y + za1),

v = r(y + za1)(z + ya1)(z + xb1),

w = p(z + xb1)(x + zb1)(x + yc1);

u′ = r(x + zb1)(z + xb1)(z + ya1),

v′ = p(y + xc1)(x + yc1)(x + zb1),

w′ = q(z + ya1)(y + za1)(y + xc1).

The perspectorP ∗ is notable in two cases which we shall now consider: when
X is on the line at infinity,L∞, and whenX is on the circumcircle,Γ.

Theorem 2. Suppose DEF is the pedal triangle of a point X on L∞. Then the
perspectors P ∗, P1, P2 are invariant of X, and P ∗ lies on L∞.

Proof. The three perspectors as in Theorem 1 are given as in (5)-(7) by

P ∗ = a
(
b2r − c2q

)
: b

(
c2p − a2r

)
: c

(
a2q − b2p

)
, (8)

P1 = qac2 : rba2 : pcb2,

P2 = rab2 : pbc2 : qca2.

Clearly, the trilinears in (8) satisfy the equationaα + bβ + cγ = 0 for L∞. �

Example 2. For P = 1 : 1 : 1 = X1, we haveP ∗ = a(b2 − c2) : b(c2 − a2) :
c(a2 − b2), indexed in ETC asX512. This and other examples are included in the
following table.

P 661 1 6 32 663 649 667 19 25 184 48 2
P ∗ 511 512 513 514 517 518 519 520 521 522 523 788

We turn now to the case thatX is onΓ, so that pedal triangle ofX is degenerate,
in the sense that the three verticesD,E,F are collinear ([1], [3]). The lineDEF

is known as the pedal line ofX. We restrict the choice ofP to the pointX31 :

P = a2 : b2 : c2,

so that theP -isoconjugate of a point is the isotomic conjugate of the point.

Theorem 3. Suppose X is a point on the circumcircle of ABC , and P = a2 : b2 :
c2. Then the perspector P ∗, given by

P ∗ = bcx
(
y2 − z2

)
(ax(bz − cy) + yz(b2 − c2))

: cay
(
z2 − x2

)
(by(cx − az) + zx(c2 − a2))

: abz
(
x2 − y2

) (
cz(ay − bx) + xy(a2 − b2

)
), (9)
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lies on the nine-point circle.

Proof. SinceX satisfiesa

x
+ b

y
+ c

z
= 0, we can and do substitutez = − cxy

ay+bx
in

(8), obtaining

P ∗ = α : β : γ, (10)

where

α = ycb (ay + bx − cx) (ay + bx + cx)
(
2abx + a2y + b2y − c2y

)
,

β = xca
(
2aby + a2x + b2x − c2x

)
(ay + bx − cy) (ay + bx + cy) ,

γ = ab (ay + bx)
(
b3x − a3y − a2bx + ab2y + ac2y − bc2x

)
(x + y) (y − x) .

An equation for the nine-point circle [5] is

aβγ + bγα + cαβ − (1/2)(aα + bβ + cγ)(a1α + b1β + c1γ) = 0, (11)

and using a computer, we find thatP ∗ indeed satisfies (11). Usingay+by = − cxy

z
,

one can verify that the trilinears in (10) yield those in (9). �

A description of the perspectorP ∗ in Theorem 3 is given in Theorem 4, which
refers to the antipodeX ′ of X, defined as the reflection ofX in the circumcenter,
O; i.e.,X ′ is the point onΓ that is on the opposite side of the diameter that contains
X. Theorem 4 also refers to the crosssum of two points, defined (Glossary of [4])
for pointsU = u : v : w andU ′ = u′ : v′ : w′ by

U ⊕ U ′ = vw′ + wv′ : wu′ + uw′ : uv′ + vu′.

Theorem 4. Suppose X is a point on the circumcircle of ABC , and let X ′ denote
the antipode of X. Then P ∗ = X ⊕ X ′.

Proof. 1 SinceX is an arbitrary point onΓ, there existsθ such that

X = csc θ : csc(C − θ) : − csc(B + θ),

whereθ, understood here a function ofa, b, c, is defined ([6], [3, p. 39]) by

0 ≤ 2θ = ∡AOX < π,

so that the antipode ofX is

X ′ = sec θ : − sec(C − θ) : − sec(B + θ).

The crosssum of the two antipodes is the pointX ⊕ X ′ = α : β : γ given by

α = − csc(C − θ) sec(B + θ) + csc(B + θ) sec(C − θ)

β = − csc(B + θ) sec θ − csc θ sec(B + θ)

γ = − csc θ sec(C − θ) + csc(C − θ) sec θ.

It is easy to check by computer thatα : β : γ satisfies (11). �

1This proof includes a second proof thatP
∗ lies on the nine-point circle.
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Example 3. In Theorems 3 and 4, letX = X1113, this being a point of intersection
of the Euler line and the circumcircle. The antipode ofX is X1114, and we have

X1113 ⊕ X1114 = X125,

the center of the Jerabek hyperbola, on the nine-point circle.

Example 4. The antipode of the Tarry point,X98, is the Steiner point,X99, and

X98 ⊕ X99 = X2679.

Example 5. The antipode of the point,X101 = a

b−c
: b

c−a
: c

a−b
is X103, and

X101 ⊕ X103 = X1566.

Example 6. The Euler line meets the line at infinity in the pointX30, of which the
isogonal conjugate on the circumcircle is the point

X74 =
1

cos A − 2 cos B cos C
:

1

cos B − 2 cos C cos A
:

1

cos C − 2 cos A cos B
.

The antipode ofX74 is the center of the Kiepert hyperbola, given by

X110 = csc(B − C) : csc(C − A) : csc(A − B),

and we have

X74 ⊕ X110 = X3258.

Our final theorem gives a second description of the perspector X ⊕ X ′ in (9).
The description depends on the pointX(medial), this being functional notation,
read “X of medial (triangle)”, in the same way thatf(x) is read “f of x”; the
variable triangle to which the functionX is applied is the cevian triangle of the
centroid, whose vertices are the midpoint of the sides of thereference triangle
ABC. Clearly, if X lies on the circumcircle ofABC, thenX(medial) lies on the
nine-point circle ofABC.

Theorem 5. Let X ′ be the antipode of X. Then X ⊕ X ′ is a point of intersec-
tion of the nine-point circle and the line of the following two points: the isogonal
conjugate of X and X(medial).

Proof. Trilinears forX(medial) are given ([3, p. 86]) by

(by + cz)/a : (cz + ax)/b : (ax + by)/c.

Writing u : v : w for trilinears forX ⊕ X ′ andyz : zx : xy for the isogonal
conjugate ofX, and puttingz = −cxy/(ay + bx) becauseX ∈ Γ, we find

∣∣∣∣∣∣

u v w

yz zx xy

(by + cz)/a (cz + ax)/b (ax + by)/c

∣∣∣∣∣∣
= 0,

so that the three points are collinear. �
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As a source of further examples for Theorems 4 and 5, supposeD,E,F are
points on the circumcircle. LetD′, E′, F ′ be the respective antipodes ofD,E,F ,
so that the triangleD′E′F ′ is the reflection in the circumcenter of triangleDEF.

Let
D′′ = D ⊕ D′, E′′ = E ⊕ E′, F ′′ = F ⊕ F ′,

so thatD′′E′′F ′′ is inscribed in the nine-point circle.

Example 7. If DEF is the circumcevian triangle of the incenter, thenD′′E′′F ′′ is
the medial triangle.

Example 8. If DEF is the circumcevian triangle of the circumcenter, thenD′′E′′F ′′

is the orthic triangle.

Example 9. If DEF is the circumtangential triangle, thenD′′E′′F ′′ is homothetic
to each of the three Morley equilateral triangles, as well asthe circumtangential
triangle (perspectorX2, homothetic ratio−1/2) the circumnormal triangle (per-
spectorX4, homothetic ratio1/2), and the Stammler triangle (perspectorX381).
If DEF is the circumnormal triangle, thenD′′E′′F ′′ is the same as for the cir-
cumtangential. (For descriptions of the various triangles, see [5].) The triangle
D′′E′′F ′′ is the second of two equilateral triangles described in the article on the
Steiner deltoid at [5]; its vertices are given as follows:

D′′ = cos (B − C) − cos

(
B

3
−

C

3

)

: cos (C − A) − cos

(
B −

2C

3

)
: cos (A − B) − cos

(
B −

2C

3

)
,

E′′ = cos (B − C) − cos

(
C −

2A

3

)

: cos (C − A) − cos

(
C

3
−

A

3

)
: cos (A − B) − cos

(
C −

2A

3

)
,

F ′′ = cos (B − C) − cos

(
A −

2B

3

)

: cos (C − A) − cos

(
A −

2B

3

)
: cos (A − B) − cos

(
A

3
−

B

3

)
.

5. Summary and concluding remarks

If the pointX in Section 4 is a triangle center, as defined at [5], then the perspec-
tor P ∗ is a triangle center. If instead of the cevian triangle ofX, we use in Section
4 a central triangle of type 1 (as defined in [3], pp. 53-54), thenP ∗ is clearly the
same point as obtained from the cevian triangle ofX.

Regarding pedal triangles, in Section 4, there, too, ifX is a triangle center, then
so isP ∗, in (8). The same perspector is obtained by various central triangles of
type 2. In all of these cases, the other two perspectors,P1 andP2, as in (6) and (7)
are a bicentric pair [5].
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In Examples 3-6, the antipodal pairs are triangle centers. The 90◦ rotation of
such a pair is a bicentric pair, as in the following example.

Example 10. The Euler line meets the circumcircle in the pointsX1113 and
X1114. Let X∗

1113
andX∗

1114
be their 90◦ rotations about the circumcenter. Then

X∗
1113

⊕X∗
1114

(the perspector of two trianglesA′B′C ′ andA′′B′′C ′′ as in Theorem
1) lies on the nine-point circle, in accord with Theorems 4 and 5. IndeedX∗

1113
⊕

X∗
1114

= X113, which is the nine-point-circle-antipode ofX125 = X1113 ⊕ X1114.

Likewise,X∗
1379

⊕ X∗
1380

= X114 andX∗
1381

⊕ X∗
1382

= X119.

Example 10 illustrates the following theorem, which the interested reader may
wish to prove:Suppose X and Y are circumcircle-antipodes, with 90◦ rotations
X∗and Y ∗. Then X∗ ⊕ Y ∗is the nine-point-circle-antipode of the center of the
rectangular circumhyperbola formed by the isogonal conjugates of the points on
the lineXY .
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On a Theorem of Intersecting Conics

Darren C. Ong

Abstract. Given two conics over an infinite field that intersect at the origin, a
line through the origin will, in general intersect both conic sections once more
each, at pointsC andD. As the line varies we find that the midpoint ofC and
D traces out a curve, which is typically a quartic. Intuitively, this locus is the
“average” of the two conics from the perspective of an observer at the origin.
We give necessary and sufficient conditions for this locus tobe a point, line, line
minus a point, or a conic itself.

1. Introduction

Consider, in Figure 1, an observer standing on the pointA . He wants to find the
“average” of the two circlesP1, P2. He could accomplish his task by facing towards
an arbitrary direction, and then measuring his distance toP1 andP2 through that
direction. The distances may be negative if either circle isbehind him. He can
then take the average of the two distances and mark it along his chosen direction.
As our observer repeats this process, he will eventually trace out the circleABE1.
Thus, in some senseABE1 is the “average” of our two original circles. In this
paper we will consider analogous (weighted) averages of twonondegenerate plane
conics meeting at a pointA. This curve will be termed the “medilocus”.

Definition 1 (Nondegenerate conic). A nondegenerate conic is the zero set of a
quadratic equation in two variables over an infinite fieldF which is not a point and
does not contain a line.

In this paper, we shall assume all conics nondegenerate. We thus exclude lines
and pairs of lines, for examplexy = 0. We also remark here that if a conic consists
of more than one point, it must be infinite: we will prove this in Proposition 6.

We will also define a tangent line to a point on a conic:

Definition 2 (Tangent line). The tangent line to a conic represented by the equa-
tion P (x, y) = 0 at the point(x0, y0) is the line that contains the point(x0, y0)
with (linear) equationL(x, y) = 0, whose substitution intoP (x, y) = 0 gives a
quadratic equation in one variable with a double root.

We remark here that the tangent line of a conic at the origin isthe homogeneous
linear part of the equation for the conic. We will prove that the homogeneous linear
part is always nonzero in Lemma 4.
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P1

A

P2

C1
D1

E1

C2

D2

E2

C3

D3

E3

Figure 1. The medilocus of weight 1/2 of the two circlesP1, P2 is the circle
ABE1. As we rotate a lineCD aroundA into C1D1, C2D2, C3D3, the locus
of the midpointE1E2E3 is the medilocus.

Definition 3 (Medilocus). Let P1, P2 be two conics meeting at a distinguished
intersection pointA. The medilocus of weightk is the set of all points of the form
E = kC + (1 − k)D, whereC,A,D are points on some lineL throughA, with
C ∈ P1 andD ∈ P2. C = A or D = A is possible if and only ifL is tangent to
P1 or P2 respectively atA. The medilocus is denotedM(P1, P2, A, k).

A

C

D

E

Figure 2. The red curve is the medilocus weight1/2 of the circle and the ellipse,
with distinguished intersection point atA.

We comment here that given a lineL, C andD are uniquely defined, if they ex-
ist. Clearly any line intersects a conic at most twice, and the following proposition
will demonstrate thatC or D cannot be multiply defined even whenL is tangent to
P1 or P2.

Proposition 1. A line tangent to a conic at the origin cannot intersect the conic
section again at another point.
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Proof. Choose coordinates so that the tangent line at the origin isx = 0. Restrict-
ing the conic tox = 0 gives us a quadratic polynomial iny, which has at most two
zeroes with multiplicity. But sincex = 0 is tangent to the conic at the origin, there
is a double zero aty = 0, and so there cannot be any more. �

If P1 andP2 are the same conic, we can see that their medilocus is the conic P1.
The medilocus of weight0 is always the conicP1, and the medilocus of weight1
is always the conicP2. Figure 1 shows the medilocus of weight1/2 of two circles.
While the mediloci we have seen so far have been circles, if wemake different
choices of intersecting conics we usually obtain a more interesting medilocus. Fig-
ure 2 is an example. Note in this case that our medilocus is noteven a conic. Our
research began as an attempt to answer the question, when is the medilocus of two
conic sections itself either a conic, or another “well-behaved” curve? We addressed
this question by introducing an equivalence relation on conics.

Definition 4 (Medisimilarity). Two conics are medisimilar if the homogeneous
quadratic part of the equation of the first conic is a nonzero scalar multiple of the
homogeneous quadratic part of the equation of the second conic. Equivalently, we
can say that two conics are medisimilar if their equations can be written in such a
way that their homogeneous quadratic parts are equal.

The proposition that follows describes medisimilarity in the real plane, so that
the reader may gain some geometric intuition of what medisimilarity means. For
the sake of brevity, this proposition is stated without proof. All that a proof requires
is the understanding of the role that the homogeneous quadratic part of the equation
of a conic plays in its geometry. Both [3] and [2] serve as useful references in this
regard.

Proposition 2. Two intersecting conics inR2 can be medisimilar only if they are
both ellipses, both hyperbolas, or both parabolas.
(1)Two intersecting ellipses are medisimilar only if they havethe same eccentricity,
and their respective major axes are parallel.
(2) Two hyperbolas are medisimilar if and only if the two asymptotes of the first
hyperbola have the same slopes as the two asymptotes of the second hyperbola.
(3) Two parabolas are medisimilar if and only if their directrices are parallel.

Our main theorem can be stated thus:

Theorem 3. The medilocus weightk 6= 0, 1 of two conicsP1, P2 over an infinite
field is a conic, a line, a line with a missing point, or a point if and only ifP1, P2

are medisimilar.

2. Preliminaries

Here we establish some conventions and prove certain lemmasthat will stream-
line the proofs in the following section. Firstly, whenevertwo conics intersect and
we wish to describe the medilocus, we shall choose coordinates so that the distin-
guished intersection point is at the origin. We will label the two conicsP1 andP2



98 D. C. Ong

and express them as follows:

P1 : Q1(x, y) + L1(x, y) = 0, (1)

P2 : Q2(x, y) + L2(x, y) = 0, (2)

whereQ1, Q2 are quadratic forms, andL1, L2 are linear forms.
We are now prepared to demonstrate some brief lemmas about the conicsP1, P2.

Lemma 4. NeitherL1 nor L2 can be identically zero.

Proof. If L1 is identically zero, then the equation ofP1 is a homogeneous quadratic
form. Thus ifP1(a, b) = 0, then eithera = b = 0 or the line{(at, bt), t ∈ F} is
contained inP1. ThusP1 is either a point or contains a line, neither of which is
acceptable by our definition of conic. An analogous contradiction occurs whenL2

is identically zero. �

Lemma 5. L1 cannot divideQ1, andL2 cannot divideQ2.

Proof. If L1 dividesQ1, thenL1 dividesP1 as well. But according to our defini-
tion, a conic cannot contain a zero set of a linear equation. Acompletely analogous
proof works forP2. �

Proposition 6. If a quadratic equation in two variables over an infinite fieldhas
two distinct solutions, it has infinitely many.

Proof. Let P (x, y) be a quadratic polynomial with two distinct solutions. We may
choose coordinates so that one of the solutions is the origin, and the other is(a, b),
wherea is nonzero. Substitutey = mx into P (x, y). We then get

P (x,mx) = xL(m) + x2Q(m),

whereL,Q are linear and quadratic functions respectively. Note thatP has no
constant term since(0, 0) is a solution. We know whenm = b/a, P (x,mx)
has two distinct solutions: this implies thatQ(b/a) is not zero. We also deduce
that−L(b/a)/Q(b/a) = a, soL(b/a) is not zero. In particular, we now know
that neitherQ nor L is identically zero. Q has at most two solutions,m1,m2.
Thus for every choice ofm 6= m1,m2, P (x,mx) has solutionsx = 0 and
x = −L(m)/Q(m). We have infinitely many choices form, and soP must have
infinitely many solutions. �

Lemma 7. If we define conicsP1, P2 intersecting at the origin as in(1) and (2),
then the medilocus is either the zero set of the equation

1 = k

(
−

L1(x, y)

Q1(x, y)

)
+ (1 − k)

(
−

L2(x, y)

Q2(x, y)

)
, (3)

or the union of the zero set of this equation with a point at theorigin. The origin is
in the medilocus if and only if there exista, b ∈ F not both zero for which

0 = k

(
−

L1(a, b)

Q1(a, b)

)
+ (1 − k)

(
−

L2(a, b)

Q2(a, b)

)
, (4)

in which case that medilocus point on the origin is given by the weighted average
of the intersections of the line{(at, bt)|t ∈ F} with P1 andP2.
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Proof. Firstly, we write a parametric equation for a line through the origin and a
non-origin point(a, b) as

l = {(at, bt), t ∈ F}. (5)

We define pointsC,D as in Definition 3, such that the linel intersectsP1 at the
origin and atC, and intersectsP2 at the origin and atD. We wish to find the
coordinates ofC,D in terms oft. Substituting (5) into (1), we obtain the quadratic

Q1(at, bt) + L1(at, bt) = 0.

ProvidedQ1(at, bt) 6= 0, this means eithert = 0 or

t = −
L1(a, b)

Q1(a, b)
.

If b/a is the slope ofL1 (if a = 0, we considerb/a to be the “slope” ofx = 0)
thenl is tangent toP1 at the origin, and so we setC at the origin. This is consistent
with the equation sinceL1(a, b) = 0. We cannot haveQ1(a, b) = 0 for that same
a andb, otherwiseQ1(x, y) is a multiple ofL1(x, y), contradicting Lemma 5.

Thusl intersectsP1 at t = 0 andt = −L1(a, b)/Q1(a, b), and soC is at t =
−L1(a, b)/Q1(a, b). Similarly, thet-coordinate ofD is t = −L2(a, b)/Q2(a, b).

Note that for certain choices ofa, b the denominators can be zero. If this hap-
pens we know that the line through the origin with that slopeb/a does not intersect
P1 or P2, and soC or D is undefined and the medilocus does not intersectl ex-
cept, perhaps, at the origin. For example, when we are working on the fieldR

the denominatorQ1 will be zero whenP1 is a hyperbola andb/a is the slope its
asymptote or whenP1 is a parabola andb/a is the slope of its axis of symmetry.

Let T be a function ofa, b such thatT is thet-coordinate of the non-origin point
of intersection between the medilocus and the line{at, bt}. By the definition of
the medilocus we know

T =k

(
−

L1(a, b)

Q1(a, b)

)
+ (1 − k)

(
−

L2(a, b)

Q2(a, b)

)
. (6)

SubstituteT = t, x = at, y = bt . If T 6= 0 we can divide byt, and so the points
of the medilocus that are not on the origin satisfy (3). IfT = 0, then the medilocus
contains the origin and (4) holds fora, b.

Conversely, let(a, b) be any solution of (3). We consider the line expressed
parametrically as{(at, bt)|t ∈ F}. It intersectsP1 at the origin and whent =
−L1(a, b)/Q1(a, b), and it intersectsP2 at the origin and whent = −L2(a, b)/Q2(a, b).
Thus there is a point of the medilocus at

t = k

(
−

L1(a, b)

Q1(a, b)

)
+ (1 − k)

(
−

L2(a, b)

Q2(a, b)

)
= 1,

but thent = 1 is the point(a, b), and so every solution to (3) is indeed in the
medilocus.
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If (a, b) is a non-origin solution for (4), then we note that the line{(at, bt)|t ∈

F} intersectsP1, P2 at t = −L1(a, b)/Q1(a, b), t = −L2(a, b)/Q2(a, b) respec-
tively. But by (4), the weighted average of the two values oft is 0, and so the
medilocus does indeed contain the origin. �

Some mediloci intersect the distinguished intersection point, and some do not.
The medilocus in Figure 1 contains the distinguished intersection point. If we con-
sider two parabolas inR2, P1 = x2−2x−y, P2 = x2−2x+y with distinguished
intersection point at the origin, we find that the medilocus weight 1/2 is the line
x = 2 which does not contain the origin.

3. A criterion for medisimilarity

Proposition 8. The medilocus of two intersecting medisimilar conics is a conic
section, a line, a line with a missing point, or a point.

Proof. If k = 0 or k = 1 we are done, so let us assumek is not equal to0
or 1. With a proper choice of coordinates, we may translate the distinguished
intersection point to the origin. We may thus represent the two conics as in (1),
(2). By Lemma 7, we know that the medilocus is the zero set of (3), possibly
union the origin. And sinceP1 is medisimilar toP2, we may scale their equations
appropriately so thatQ1 = Q2. If we setQ = Q1 = Q2, L = −kL1 − (1− k)L2,
(3) and (4) in Lemma 7 respectively reduce to

1 =
L(x, y)

Q(x, y)
, (7)

0 =
L(x, y)

Q(x, y)
. (8)

Five natural cases arise:
(1) If L is identically zero, then there are no solutions to (7). Thusthe medilocus

is either empty or the point at the origin. But sinceQ cannot be identically zero,
there must exist(a, b) such thatQ(a, b) 6= 0, in which case(a, b) would be a
solution to (8), and hence the medilocus is precisely the point at the origin.

(2) If L is nonzero andQ is irreducible, we consider the lineL(x, y) = 0 through
the origin and write it in the form{(at, bt)}. But thenL(a, b) = 0, and so(a, b)
satisfies (8). Thus by Lemma 7 the medilocus contains a point at the origin. But
then (7) simply reduces toQ − L = 0, and so again by Lemma 7 the medilocus is
the zero set ofQ − L = 0, and thus a conic.

(3) If L is nonzero andQ factors into linear termsM,N , neither of which is
a multiple ofL, we have by Lemma 7 that the medilocus is the zero set of1 =
L/MN , possibly union a point in the origin. Reasoning identical to that of the
previous case tells us that the origin is indeed in the medilocus. SinceM,N aren’t
multiples ofL, we add no erroneous solutions (except for the origin, whichwe
know is in the medilocus) by clearing denominators. This shows that the medilocus
is the zero set ofMN − L = 0 and thus is a conic.

(4) If L is nonzero andQ factors intoML with M not a multiple ofL, then
Lemma 7 gives us that the medilocus is the zero set of1 = L/ML, possibly union
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the origin. We show that the medilocus does not contain the origin. Assume instead
for somea, b that (8) is satisfied. This impliesQ(a, b) nonzeroL(a, b) = 0, which
means thatL(x, y) has a root which is not a root ofQ(x, y). This is impossible
sinceL|Q. Thus the medilocus cannot contain the origin. But then the zero set of
1 = L/ML is the zero set ofM = 1, a line not through the origin, minus the zero
set ofL = 0. This is a line missing a point.

(5) If L nonzero, andQ = L2, then by Lemma 7 the medilocus is the zero set
of 1 = L/L2, possibly union a point at the origin. By reasoning similar to the
previous part, we can conclude that the medilocus does not contain a point at the
origin. Thus the medilocus is the zero set ofL = 1, minus the zero set ofL = 0.
Since the linesL = 1, L = 0 are disjoint, we can conclude that the medilocus is
just the zero set of the lineL = 1. �

We will now demonstrate examples for these various cases inR
2.

Example 1. Figure 1 gives us an example of two medisimilar conics havinga
medilocus that is a conic.

Example 2. If we consider two parabolas inR2, P1 = x2 − 2x − y, P2 = x2 −

2x+y with distinguished intersection point at the origin, we findthat the medilocus
weight1/2 is the linex = 2.

Example 3. If we consider two hyperbolas inR2, P1 = yx − x − y, P2 = yx +
x−y with distinguished intersection point at the origin, we findthat the medilocus
weight1/2 is the linex = 1 missing the point(1, 0).

Example 4. The parabolasP1 = y − x2, P2 = y + x2 in R
2 have the single point

at the origin as their medilocus weight1/2.

Before we proceed to prove the other direction of Theorem 3, let us first demon-
strate a case where that direction comes literally a point away from failing. This
proposition will also be used in the proof for Proposition 11.

Proposition 9. Consider two conics intersecting the origin,

P1 : h(x, y)c1(x, y) + d1(x, y) = 0,

P2 : h(x, y)c2(x, y) + d2(x, y) = 0,

whereh, c1, c2, d1, d2 are all linear forms ofx, y through the origin. Leth(x, y),
c1(x, y) and c2(x, y) not be scalar multiples of each other, so that in particular
P1, P2 are not medisimilar. Also assumekc1(x, y)d2(x, y)+(1−k)c2(x, y)d1(x, y)
is a multiple ofh(x, y). Then the medilocus weightk of P1, P2 is a conic missing
exactly one point.

Proof. We invoke Lemma7, so we know that points of the medilocus away from
the origin can be expressed in the form

1 =
−kc1(x, y)d2(x, y) − (1 − k)c2(x, y)d1(x, y)

h(x, y)c1(x, y)c2(x, y)
.
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If we denotekc1(x, y)d2(x, y) + (1 − k)c2(x, y)d1(x, y) = h(x, y)g(x, y) for
another linear equationg(x, y) through the origin, we can write the medilocus
except for the origin as the zero set of the quadratic equation

c1(x, y)c2(x, y) + g(x, y) = 0, (9)

subtracting the points on the lineh(x, y) = 0. Sincec1, c2 are not scalar multiples,
c1(x, y), c2(x, y) cannot divideg(x, y) without contradicting Lemma 5, and so
c1(x, y) = 0, c2(x, y) = 0 do not intersect the curve defined by (9) except at the
origin.

First, assume thatg(x, y), h(x, y) are not scalar multiples of each other. Recall
thatg(x, y) is not a multiple ofc1(x, y) or c2(x, y). (4) is written as

0 =
h(a, b)g(a, b)

h(a, b)c1(a, b)c2(a, b)
. (10)

If we expressg(x, y) = 0 as{(a′t, b′t)}, theng(a′, b′) = 0 and sinceh is not a
scalar multiple ofg, h(a′, b′) 6= 0 and thusa = a′, b = b′ will solve (10). Thus by
Lemma 7 the medilocus contains the origin.

Additionally, assume thath(x, y) is not simply a multiple ofy. In that case, we
can writec1(x, y), c2(x, y), g(x, y) respectively asm1h(x, y) + αy,m2h(x, y) +
βy,m3h(x, y)+γy wherem1,m2,m3, α, β, γ are constants, andα, β, γ are nonzero.
But substituting these equations into (9), this implies that at a point ony = −γ/αβ,
(a nonzero value fory) h(x, y) = 0 intersects the curve (9). Thus the medilocus
must be a conic subtracting one point.

If h(x, y) is a multiple ofy, we instead writec1(x, y), c2(x, y), g(x, y) respec-
tively asm1h(x, y) + αx,m2h(x, y) + βx,m3h(x, y) + γx and proceed analo-
gously.

Now consider the case whereg = sh, for some nonzero constants. In this case
certainlyh = 0 does not intersect (9) other than the origin, and so the solutions to
(9) must be precisely the points of the medilocus away from the origin. We claim
that the medilocus cannot contain the origin. By Lemma 7 the medilocus contains
the origin if and only if for somea, b not both zero

0 = −
kd1(a, b)c2(a, b) + (1 − k)d2(a, b)c1(a, b)

h(a, b)c1(a, b)c2(a, b)
= −

sh(a, b)2

h(a, b)c1(a, b)c2(a, b)
.

But then clearly the denominator of the right hand side is zero whenever the numer-
ator is zero, so this equation can never be satisfied. We conclude that the medilocus
is the conic represented by (9) missing a point at the origin. �

Example 5. The medilocus weight1/2 of x2 − yx + y = 0, x2 + yx + y = 0 is
y = y2 − x2, missing the point at(0, 1).

We will now need to invoke the definition of variety in our nextlemma.

Definition 5 (Variety). For an algebraic equationf = 0 over a fieldF we use the
notationV (f), the variety or zero setof f to represent the subset ofF[x, y] for
whichf is zero.

This definition is given in [1, p.8].
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Lemma 10. Let l, g, f ∈ F[x, y] be polynomials with degreel = 1, degreeg = 2
andV (g) infinite.
(i) If V (l) ⊂ V (f), thenl|f .
(ii) If V (g) ⊂ V (f) andV (g) is not a line, theng|f .

Proof. (i) First, we claim that ifl is linear andV (l) ⊂ V (f), thenl|f . Corollary
1 of Proposition 2 in Chapter 1 of [1] says that ifl is an irreducible polynomial in
a closed fieldF, V (l) ⊂ V (f) andV (l) infinite, then we may conclude thatl|f in
F[x, y]. Thusl|f in F[x, y] as well.

(ii) We consider then the case whereg = l1l2 factors as a product of distinct
linear factors. We then haveV (g) = V (l1) ∪ V (l2) ⊂ V (f), so this impliesl1|f
andl2|f , thereforel1l2|f and sog|f .

If g is irreducible overF, supposeg is reducible overF. Theng = st for some
linear termss, t, and we haveV (g) = V (s) ∪ V (t) overF

2
. ThusV (g) overF2 is

empty, one point, two points, a point and line, a line, or two lines. The first three
cases are not possible becauseV (g) over F

2 is infinite. The last three cases are
not possible by our observation in the first paragraph of thisproof, because then
a linear equation dividesg, contradicting irreducibility inF. We conclude thatg
is irreducible overF. V (g) ∩ V (f) infinite impliesg|f again by Corollary 1 of
Proposition 2 in Chapter 1 of [1] �

Proposition 11. The medilocus weightk of two conicsP1, P2 is a conic itself only
if k = 0, k = 1, or P1, P2 are medisimilar.

Proof. If k = 0, 1 we are done; we may henceforth assumek is neither0 nor1.
We may set the conicsP1, P2 as in (1),(2). By Lemma 7, we know that we can

represent the medilocus by (3) for every point except for theorigin. Clearing the
denominators, we get the quarticf(x, y) = 0 where

f(x, y) =Q1(x, y)Q2(x, y) + kL1(x, y)Q2(x, y) + (1 − k)L2(x, y)Q1(x, y).
(11)

We claim that the zero set of this equation contains the medilocus.
Note that we might have added some erroneous points by clearing denominators

this way: for example, ifQ1(x, y), Q2(x, y) have a linear common factor, then
f(x, y) = 0 will contain the solutions of that linear factor, even if themedilocus
itself does not. It is clear, however that every point of the medilocus is in the zero
set off(x, y) = 0. In particular, the origin is in that zero set whether or not it is in
the medilocus.

Whetherf(x, y) = 0 is the medilocus or merely contains the medilocus, by
Lemma 10 and Proposition 6,f(x, y) contains a conic only if it has a quadratic
factor. So assume that the quarticf factors into quadraticsf1, f2. Let us define

f1 = q1 + w1 + c1,

f2 = q2 + w2 + c2.

The ci are constants,wi are homogeneous linear terms inx, y, and theqi are
homogeneous quadratic terms inx, y. First, we note that sincef = f1f2 has no
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quadratic, linear or constant terms, eitherc1 = 0 or c2 = 0. We claim that this
implies c1, c2, w1w2 are all zero. Without loss of generality, let us start with the
assumption thatc1 = 0. But thenc2w1 is the homogeneous linear part off , and so
eitherc2 = 0 or w1 = 0. If c2 = 0 thenw1w2 is the homogeneous quadratic part
of f , and sow1w2 = 0. If w1 = 0, thenc2q1 = 0, and since by this pointf1 = q1,
q1 must be nonzero and we must havec2 = 0.

And so we must havec1 = 0, c2 = 0 andw1w2 = 0. Without loss of generality
we letw1 = 0. We now have

f1 = q1,

f2 = q2 + w2.

Given thatf = f1f2, the homogeneous quartic and homogeneous cubic parts must
match (with reference to (11)). This gives us

q1(x, y)q2(x, y) = Q1(x, y)Q2(x, y), (12)

q1(x, y)w2(x, y) = kL1(x, y)Q2(x, y) + (1 − k)L2(x, y)Q1(x, y). (13)

From (12), we have three possibilities: eitherq1(x, y) dividesQ1(x, y), q1(x, y) di-
videsQ2(x, y) or q1(x, y) factors into two homogeneous linear termsu1(x, y),v1(x, y)
and we have bothu1(x, y)|Q1(x, y) andv1(x, y)|Q2(x, y). We handle these three
cases one by one.

(1) If q1(x, y)|Q1(x, y), we consider (13) and conclude that it must be the case
that

q1(x, y)|kL1(x, y)Q2(x, y).

This is possible only if a linear factor ofq1(x, y) is a scalar multiple ofL1(x, y),
or q1(x, y)|Q2(x, y). If a linear factor ofq1(x, y) is a scalar multiple ofL1(x, y),
thenL1(x, y) dividesP1(x, y), violating (5). If q1(x, y)|Q2(x, y), thenQ2(x, y)
is a scalar multiple ofq1(x, y) and hence ofQ1(x, y), implying thatP1, P2 are
medisimilar.

(2) If q1(x, y)|Q2(x, y), we consider (13) and conclude that it must be the case
that

q1(x, y) = (1 − k)L2(x, y)Q1(x, y).

By a proof completely analogous to that of part (a), this implies thatP1, P2 are
medisimilar.

(3) If we haveu1(x, y)|Q1(x, y) andv1(x, y)|Q2(x, y), then by (13) it must be
the case that

u1(x, y)|kL1(x, y)Q2(x, y).

This is possible only ifu1(x, y) is a scalar multiple ofL1(x, y), or u1(x, y) di-
videsQ2(x, y). If u1(x, y) is a scalar multiple ofL1(x, y), thenL1(x, y) divides
P1(x, y), violating Lemma 5.

As for u1(x, y)|Q2(x, y), if u1(x, y) isn’t a scalar multiple ofv1(x, y) then
we have case (b). Ifu1(x, y) is a scalar multiple ofv1(x, y), this means that
u1(x, y)2 divides the right hand side of (13). Note thatu1(x, y) dividesQ1(x, y)
andQ2(x, y). If u1(x, y)2 does not divide each individual term of the right hand
side of (13) we either haveP1, P2 medisimilar, or we have the case described in
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Proposition 9 (whereu1 is h in the notation of that proposition). Ifu1(x, y)2 di-
vides each term of the right hand side, we have

u1(x, y)2|kL1(x, y)Q2(x, y)

and
u1(x, y)2|(1 − k)L2(x, y)Q1(x, y).

The first equation implies thatu1(x, y)2 is a scalar multiple ofQ2(x, y). If u1(x, y)
is a scalar multiple ofL2(x, y), u1(x, y) divides P2(x, y) violating Lemma 5.
If u1(x, y) is not a scalar multiple ofL2(x, y), Q1(x, y) is a scalar multiple of
u1(x, y)2 and henceQ2(x, y). ThusP1, P2 are medisimilar. �

Proposition 12. The medilocus of two intersecting conics is a line or a line missing
a point only if they are medisimilar.

Proof. Clearly,k 6= 0, 1.
We will need to consider the coefficients ofP1, P2, so let us again assume that

the distinguished intersection points is the origin and that we can express our two
conics as

P1 : R1x
2 + S1xy + T1y

2 + V1x + W1y = 0, (14)

P2 : R2x
2 + S2xy + T2y

2 + V2x + W2y = 0, (15)

with constantsR1, S1, T1, V1,W1, R2, S2, T2, V2,W2.
Through a proper choice of coordinates, we may express the medilocus as a

vertical linex = c for some constantc, which may or may not be missing a point.
First, we note thatc cannot be zero. The linex = 0 intersectsP1, P2 at most twice
each, and so the medilocus cannot intersectx = 0 infinitely many times.

But if c is nonzero, the medilocus does not intersectx = 0 at all. But this means
x = 0 cannot intersect twice bothP1 andP2. In algebraic terms, we know that
x = 0 intersectsP1, P2 at the origin and at−W1/T1, −W2/T2 respectively. Thus
at least one ofW1, T1,W2, T2 must be zero. IfW1 is zero,P1 is tangent tox = 0
at the origin, and sox = 0 now cannot intersectP2 twice: in other words,W1 = 0
impliesW2 = 0 or T2 = 0. If W2 is zero, bothP1, P2 would be tangent tox = 0,
and so the origin will be in the medilocus. Thus we must haveT2 = 0. In other
words,W1 = 0 impliesT2 = 0, and we similarly haveW2 = 0 implying T1 = 0.
We thus must have eitherT1 = 0 or T2 = 0. Without loss of generality we let
T1 = 0.

All the points in the medilocus must havex-valuec 6= 0. By appropriate scaling,
we may without loss of generality setc = 1. Thus with reference to Lemma 7 and
in particular (3), we then find that the coefficients ofP1, P2 must satisfy

1 =k

(
−

V1 + W1m

R1 + S1m

)
+ (1 − k)

(
−

V2 + W2m

R2 + S2m + T2m2

)
, (16)

for all but at most onem. We may simplify (16) into

(R1 + S1m)(R2 + S2m + T2m
2)

= − k(R2 + S2m + T2m
2)(V1 + W1m) − (1 − k)(R1 + S1m)(V2 + W2m),
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which in turn reduces to

((R1 + S1m) + k(V1 + W1m))(R2 + S2m + T2m
2)

= − (1 − k)(R1 + S1m)(V2 + W2m). (17)

Since this equality holds for infinitely many values ofm, all the coefficients must
be zero. Looking at them3 coefficient, we deduce that eitherS1 + kW1 = 0, or
T2 = 0.

If T2 6= 0, we must haveS1 + kW1 = 0. Since (17) now implies(R1 +
S1m)(V2+W2m) is a scalar multiple ofR2+S2m+T2m

2, this means thatS1,W2

both nonzero. But since we have(R1+S1m)(V2+W2m) = C(R2+S2m+T2m
2)

for some constantC, we may writem = y/x and then multiply both sides byx2,
to determine thatV2x + W2y dividesR2x

2 + S2xy + T2y
2, contradicting Lemma

5.
Thus it is necessary thatT2 = 0. However, as we reevaluate (16), we note

that there appear to be no solutions of the medilocus atm = −R1/S1 andm =
−R2/S2. Since the medilocus is the linex = c missing at most one point, it is
necessary thatS1 = 0, S2 = 0, or−R1/S1 = −R2/S2. The last case immediately
implies thatP1, P2 are medisimilar, so we consider the first two cases.

If we start by assumingS1 = 0, note now thatR1 must be nonzero, otherwiseP1

has no quadratic terms. Recall thatT1 = T2 = 0. Then by comparing coefficients
in (17) we have:

S2W1 = 0, (18)

R1S2 = −k(R2W1 + S2V1) − (1 − k)R1W2, (19)

R1R2 = −kR2V1 − (1 − k)R1V2. (20)

Based on (18), we are dealing with two subcases:W1 = 0 or S2 = 0.
If S2 6= 0, W1 = 0. If R2 = 0 as well, then (20) implies thatV2 = 0. But then

P2 reduces toW2y + S2xy, contradicting either Lemma 4 or Lemma 5.
Thus we must haveR2 nonzero, and since we assumedW1 = 0 (19) and (20)

imply
R1W2

S2

= −
R1 + kV1

1 − k
=

R1V2

R2

.

But this impliesW2/S2 = V2/R2, again contradicting Lemma 5.
Thus we deduceS2 = 0, and we now haveT1 = T2 = S1 = S2 = 0, soP1, P2

must now be medisimilar. If we start by assumingS2 = 0, we analogously deduce
thatS1 = 0 as well, and thatP1, P2 are medisimilar. �

Proposition 13. The medilocus of two intersecting conics is a point only if they are
medisimilar.

Proof. We can discount the possibility that the weightk equals0 or 1. We shall
set the distinguished intersection point at the center, andso we may once again
define our conicsP1, P2 as in (1),(2). We claim that if the medilocus is a single
point, that point must be in the center. Consider any line of the formy = mx

through the center. It intersects the first conic section,P1 at the origin and atx =
−L1(1,m)/Q1(1,m), and it intersects the second conic,P2 at the origin and at
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x = −L2(1,m)/Q2(1,m). Thus ifQ1(1,m), Q2(1,m) are both nonzero, then the
medilocus has a point on the liney = mx (note thatL1(1,m) = 0, Q1(1,m) 6= 0
or L2(1,m) = 0, Q2(1,m) 6= 0 respectively imply thaty = mx is tangent toP1

or P2 at the origin).
But clearlyQ1(1,m), Q2(1,m) have at most two roots each, and so except for

at most four values ofm, the medilocus intersectsy = mx. Thus if the medilocus
consists of exactly one point, that point must be the origin.

By Lemma 7, (3) must have no solutions. This means that

kL1(x, y)Q2(x, y) + (1 − k)L2(x, y)Q1(x, y)

Q1(x, y)Q2(x, y)
, (21)

is either zero or undefined for all choices ofx, y. If Q1(x, y) is zero at(a, b), it
must be zero on the lineM1(x, y) through (0, 0) and (a, b). ThusQ1(x, y) =
M1(x, y)N1(x, y) for some linear formN1. Similarly, if Q2(x, y) has a non-
origin solution, it must factor into linear formsQ2(x, y) = M2(x, y)N2(x, y) as
well. SinceQ1(x, y)Q2(x, y) cannot be identically zero the expression (21) can
be undefined on at most four lines through the origin. But thenthe expression
kL1(x, y)Q2(x, y) + (1 − k)L2(x, y)Q1(x, y) is a homogeneous cubic inx andy

. Note that if(a, b) 6= (0, 0) is a solution to a homogeneous cubic the entire line
through(0, 0) and (a, b) is as well, and by Lemma 10 the equation for that line
must divide the homogeneous cubic. Thus the numerator of (21) is either iden-
tically zero, or zero on at most three lines through the origin. We knowF is an
infinite field, and so there are infinitely many lines through the origin. Since the
expression in (21) must be zero or undefined everywhere, we conclude that

kL1(x, y)Q2(x, y) + (1 − k)L2(x, y)Q1(x, y) = 0. (22)

By Lemma 5, we know thatL1(x, y) cannot divideQ1(x, y), and thatL2(x, y)
cannot divideQ2(x, y). Thus it must be true thatL1(x, y) andL2(x, y) are scalar
multiples of each other. We note here that neitherL1(x, y) nor L2(x, y) can be
identically zero by Lemma 4. But then this implies thatQ1(x, y) andQ2(x, y) are
scalar multiples of each other. ThusP1, P2 are medisimilar. �
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The Droz-Farny Circles of a Convex Quadrilateral

Maria Flavia Mammana, Biagio Micale, and Mario Pennisi

Abstract. The Droz-Farny circles of a triangle are a pair of circles ofequal
radii obtained by particular geometric constructions. In this paper we deal with
the problem to see whether and how analogous properties of concyclicity hold
for convex quadrilaterals.

1. Introduction

The Droz-Farny circles of a triangle are a pair of circles of equal radii obtained
by particular geometric constructions [4]. LetT be a triangle of verticesA1, A2,
A3, with circumcenterO and orthocenterH. Let Hi be the foot of the altitude of
T at Ai, andMi the middle point of the sideAiAi+1 (with indices taken modulo
3); see Figure 1.

A1

A2 A3

O

H

H1

H2

H3

A1

A2 A3

O

H

M2

M3M1

Figure 1.

(a) If we consider the intersections of the circleHi(O) (centerHi and radius
HiO) with the lineAi+1Ai+2, then we obtain six points which all lie on a circle
with centerH (first Droz-Farny circle).

(b) If we consider the intersections of the circleMi(H) (centerMi and radius
MiH) with the lineAiAi+1, then we obtain six points which all lie on a circle with
centerO (second Droz-Farny circle).

The property of the first Droz-Farny circle is a particular case of a more general
property (first given by Steiner and then proved by Droz-Farny in 1901 [2]). Fix
a segment of lengthr, if for i = 1, 2, 3, the circle with centerAi and radiusr
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intersects the lineMiMi+2 in two points, then we obtain six points all lying on a
circle Γ with centerH. Whenr is equal to the circumradius ofT we obtain the
first Droz-Farny circle (see Figure 2).

A1

A2 A3

OH

M2

M3M1

Figure 2.

In this paper we deal with the problem to see whether and how analogous prop-
erties of concyclicity hold for convex quadrilaterals.

2. An eight-point circle

Let A1A2A3A4 be a convex quadrilateral, which we denote byQ, and letG
be its centroid. LetV be the Varignon parallelogram ofQ, i.e., the parallelogram
M1M2M3M4, whereMi is the middle point of the sideAiAi+1. Let Hi be the
foot of the perpendicular drawn fromMi to the lineAi+2Ai+3. The quadrilateral
H1H2H3H4, which we denote byH, is called the principal orthic quadrilateral of
Q [5], and the linesMiHi are the maltitudes ofQ. We recall that the maltitudes
of Q are concurrent if and only ifQ is cyclic [6]. If Q is cyclic, the point of
concurrency of the maltitudes is called anticenter ofQ [7]. Moreover, if Q is
cyclic and orthodiagonal, the anticenter is the common point of the diagonals ofQ
(Brahmagupta theorem) [4]. In general, ifQ is cyclic,O is its circumcenter andG
its centroid, the anticenterH is the symmetric ofO with respect toG, and the line
containing the three pointsH, O andG is called the Euler line ofQ.

Theorem 1. The vertices of the Varignon parallelogram and those of the principal
orthic quadrilateral ofQ, that lie on the lines containing two opposite sides ofQ,
belong to a circle with centerG.
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A1

A2A3

A4

M1

M2

M3

M4

H1

H2

H3

H4

G

Figure 3.

Proof. The circle with diameterM1M3 passes throughH1 andH3, because∠M1H1M3

and∠M1H3M3 are right angles (see Figure 3). Analogously, the circle with diam-
eterM2M4 passes throughH2 andH4. �

Theorem 1 states that the vertices ofV and those ofH lie on two circles with
centerG.

Corollary 2. The vertices of the Varignon parallelogram and those of the principal
orthic quadrilateral ofQ all lie on a circle (with center G) if and only if Q is
orthodiagonal.

Proof. The two circles containing the vertices ofV andH coincide if and only if
M1M3 = M2M4, i.e., if and only if V is a rectangle. This is the case if and only if
Q is orthodiagonal. �

If Q is orthodiagonal (see Figure 4), the circle containing all the vertices ofV
andH is the eight-point circle ofQ (see [1, 3]).

A1

A2

A3

A4

M1

M2M3

M4

H1

H2

H3

H4

G

Figure 4.
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3. The first Droz-Farny circle

Let Q be cyclic and letO andH be the circumcenter and the anticenter ofQ,
respectively. Consider the principal orthic quadrilateral H with verticesH1, H2,
H3, H4. Let Xi and X ′

i
be the intersections of the circleHi(O) with the line

Ai+2Ai+3 (indices taken modulo4). Altogether there are eight points.

Theorem 3. If Q is cyclic, the pointsXi, X ′
i

that belong to the lines containing
two opposite sides ofQ lie on a circle with centerH.

A1

A2

A3

A4

M1

M2

M3

M4

H1

H2

H3

H4

X1

X
′

1

X2

X
′

2

X3

X
′

3

X4

X
′

4

O

H

G

Figure 5.

Proof. Let us prove that the pointsX1, X ′
1
, X3, X ′

3
are on a circle with centerH

(see Figure 5). SinceH is on the perpendicular bisector of the segmentX1X
′
1
,

we haveHX1 = HX ′
1
. Moreover, sinceX1 lies on the circle with centerH1

and radiusOH1, H1X1 = OH1. By applying Pythagoras’ theorem to triangle
HH1X1, and Apollonius’ theorem to the medianH1G of triangle OHH1, we
have

HX2

1 = HH2

1 + H1X
2

1 = HH2

1 + OH2

1 = 2H1G
2 +

1

2
OH2.

Analogously,

HX2

3 = 2H3G
2 +

1

2
OH2.

But from Theorem 1,H1 andH3 are on a circle with centerG, thenH1G = H3G.
Consequently,HX1 = HX3, and it follows that the pointsX1, X ′

1
, X3, X ′

3
are on

a circle with centerH.
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The same reasoning shows that the pointsX2, X ′
2
, X4, X ′

4
also lie on a circle

with centerH. �

Theorem 3 states that the pointsXi, X ′
i
, i = 1, 2, 3, 4, lie on two circles with

centerH.

Corollary 4. For a cyclic quadrilateralQ, the eight pointsXi, X ′
i
, i = 1, 2, 3, 4,

all lie on a circle(with centerH) if and only ifQ is orthodiagonal.

Proof. The two circles that contains the pointsXi, X ′
i

and coincide if and only if
H1G = H2G = H3G = H4G, i.e., if and only if the principal orthic quadrilateral
is inscribed in a circle with centerG. From Corollary 2, this is the case if and only
if Q is orthodiagonal. �

As in the triangle case, ifQ is cyclic and orthodiagonal, we call the circle con-
taining the eight pointsXi, X ′

i
, i = 1, 2, 3, 4, the first Droz-Farny circle ofQ.

Theorem 5. If Q is cyclic and orthodiagonal, the radius of the first Droz-Farny
circle ofQ is the circumradius ofQ.

A1

A2

A3

A4

M1

M2

M3

M4

H1

H2

H3

H4

X1

X
′

1

X2

X
′

2
X3

X
′

3

X4

X
′

4

O

H

G

Figure 6.

Proof. From the proof of Theorem 3 we have

HX2

1 = 2H1G
2 +

1

2
OH2. (1)
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Moreover,M3A3 = M3H sinceQ is orthodiagonal and∠A3HA4 is a right angle
(see Figure 6). By applying Pythagoras’ theorem to the triangle OM3A3, and
Apollonius’ theorem to the medianM3G of triangleOM3H, we have

OA2

3 = OM2

3 + M3A
2

3 = OM2

3 + M3H
2 = 2M3G

2 +
1

2
OH2.

SinceM3G andH1G are radii of the eight-points circle ofQ,

OA2

3 = 2H1G
2 +

1

2
OH2. (2)

From (1) and (2) it follows thatHX1 = OA3. �

4. The second Droz-Farny circle

Let Q be cyclic, with circumcenterO and anticenterH. For i = 1, 2, 3, 4, let
Yi andY ′

i
be the intersection points of the lineAiAi+1 with the circleMi(H).

Altogether there are eight points.

Theorem 6. If Q is cyclic, the pointsYi, Y ′
i

that belong to the lines containing two
opposite sides ofQ lie on a circle with centerO.

A1

A2

A3

A4

M1

M2M3

M4

H1

H2

H3

H4

Y1

Y
′

1
Y2

Y
′

2

Y3

Y
′

3 Y4

Y
′

4

O

H

G

Figure 7.

Proof. Let us prove that the pointsY1, Y ′
1
, Y3, Y ′

3
are on a circle with centerO (see

Figure 7).
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SinceO is on the perpendicular bisector of the segmentY1Y
′
1
, OY1 = OY ′

1
.

Moreover, sinceY1 lies on the circle with centerM1 and radiusHM1, M1Y1 =
HM1. By applying Pythagoras’ theorem to triangleOM1Y1, and Apollonius’ the-
orem to the medianM1G of triangleOM1H, we have

OY 2

1 = OM2

1 + M1Y
2

1 = OM2

1 + HM2

1 = 2M1G
2 +

1

2
OH2.

Analogously,

OY 2

3 = 2M3G
2 +

1

2
OH2.

SinceG is the midpoint of the segmentM1M3, OY1 = OY3. It follows that the
pointsY1, Y ′

1
, Y3, Y ′

3
lie on a circle with centerO.

The same reasoning shows that the pointsY2, Y ′
2
, Y4, Y ′

4
also lie on a circle with

centerO. �

Theorem 6 states that the pointsYi, Y ′
i
, i = 1, 2, 3, 4, lie on two circles with

centerO.

Corollary 7. For a cyclic quadrilateralQ, the eight pointsYi, Y ′
i
, i = 1, 2, 3, 4,

all lie on a circle(with centerO) if and only ifQ is orthodiagonal.

Proof. The two circles that contain the pointsY ′
i
, Y ′

i
, i = 1, 2, 3, 4, coincide if and

only if M1G = M2G, i.e., if and only if M1M3 = M2M4. This is the case if and
only if Q is orthodiagonal. �

A1

A2

A3

A4

M1

M2

M3

M4

H1

H2

H3

H4

O

H

Figure 8.

If Q is cyclic and orthodiagonal, we call the circle containing the eight points
Y ′

i
, Y ′

i
, i = 1, 2, 3, 4, the second Droz-Farny circle ofQ. But observe that the

circle with diameter a side ofQ passes throughH, because the diagonals ofQ are
perpendicular. The pointsYi, Y ′

i
are simply the verticesAi of Q, each counted

twice. The second Droz-Farny circle coincides with the circumcircle ofQ (see
Figure 8).
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5. An ellipse through eight points

Suppose thatQ is any convex quadrilateral and letK be the common point of
the diagonals ofQ. Consider the Varignon parallelogramM1M2M3M4 of Q. Let
us fix a segment of lengthr, greater than the distance ofAi from the lineMi−1Mi,
i = 1, 2, 3, 4. Let Zi andZ ′

i
be the intersections of the circle with centerAi and

radiusr with the lineMi−1Mi. We obtain altogether eight points.
Let pi be the perpendicular drawn fromAi to the lineMi−1Mi, and letCi be

the common point ofpi andpi+1 (see Figure 9). Sincepi andpi+1 are the perpen-
dicular bisectors of the segmentsZiZ

′
i

andZi+1Z
′
i+1

respectively, we have

Theorem 8. The pointsZi, Z ′
i
, Zi+1, Z ′

i+1
lie on a circle with centerCi.

p1

p3

p2

p4
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A3

A4

M1

M2M3

M4

C1

C2

C3
C4

Z1Z
′

1

Z2

Z
′

2

Z3Z
′

3

Z
′

4

Z4

Figure 9.

Theorem 8 states that there are four circles, each passing through the points
Zi, Z ′

i
, that belong to the lines containing two consecutive sides of the Varignon

parallelogram ofQ (see Figure 10).

Theorem 9. The eight pointsZi, Z ′
i
, i = 1, 2, 3, 4, all lie on a circle if and only if

Q is orthodiagonal.

Proof. Suppose first that the eight pointsZi, Z ′
i
, i = 1, 2, 3, 4, all lie on a circle. If

C is the center of the circle, then eachCi coincides withC. Since the linesA1C1

andA3C3 both are perpendicular toA2A4, the pointC must lie onA1A3 and then
Q is orthodiagonal.

Conversely, letQ be orthodiagonal. SinceA1A3 is perpendicular toM1M4, the
point C1 lies onA1A3. SinceA2A4 is perpendicular toM1M2, C1 also lies on
A2A4. It follows thatC1 coincides withK. Analogously, each ofC2, C3, C4 also
coincides withK, and the four circles coincide each other in one circle with center
K. �
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′
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Figure 10.

Because of Theorem 9 we can state that ifQ is orthodiagonal, the eight points
Zi, Z ′

i
, i = 1, 2, 3, 4, all lie on a circle with centerK (see Figure 11).

A1

A2

A3

A4

M1

M2M3
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1

Z2
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2

Z3Z
′

3

Z
′

4

Z4

K

Figure 11.

Corollary 10 below follows from Theorem 5 and from the fact that in a cyclic and
orthodiagonal quadrilateralQ the common point of the diagonals is the anticenter
of Q.
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Corollary 10. If Q is cyclic and orthodiagonal, the circle containing the eight
pointsZi, Z ′

i
, i = 1, 2, 3, 4, obtained by getting the circumradius ofQ as r, coin-

cides with the first Droz-Farny circle ofQ.

We conclude the paper with the following general result.

Theorem 11. If Q is a convex quadrilateral, the eight pointsZi, Z ′
i
, i = 1, 2, 3, 4,

all lie on an ellipse whose axes are the bisectors of the angles between the diag-
onals ofQ. Moreover, the area of the ellipse is equal to the area of a circle with
radiusr.
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A3

A4
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M2M3

M4
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′
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Z2

Z
′

2

Z3Z
′

3

Z
′

4

Z4

K

Figure 12.

Proof. We set up a Cartesian coordinate system with axes the bisectors of the an-
gles between the diagonals ofQ. The equations of the diagonals are of the form
y = mx and y = −mx, with m > 0. The vertices ofQ have coordinates
A1(a1, ma1), A2(a2, −ma2), A3(a3, ma3), A4(a4, −ma4), with a1, a2 > 0
anda3, a4 < 0. By calculations, the coordinates of the pointsZi andZ ′

i
are




ai ±

√
(m2 + 1)r2 − m2a2

i

m2 + 1
,

m3ai ∓

√
(m2 + 1)r2 − m2a2

i

m2 + 1



 .

These eight pointsZi, Z ′
i
, i = 1, 2, 3, 4, lie on the ellipse

m4x2 + y2 = m2r2. (3)

Moreover, since the lengths of the semi axes of the ellipse are r

m
andmr, the area

enclosed by the ellipse is equal toπr2. �
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Note that (3) is the equation of a circle if and only ifm = 1. In other words, the
ellipse is a circle if and only ifQ is orthodiagonal.

References

[1] L. Brand, The eight-point circle and the nine-point circle, Amer. Math. Monthly, 51 (1944) 84–
85.
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Solving Euler’s Triangle Problems with Poncelet’s Pencil

Roger C. Alperin

Abstract. We determine the unique triangle given its orthocenter, circumcenter
and another particular triangle point. The main technique is to realize the triangle
as special intersection points of the circumcircle and a rectangular hyperbola in
Poncelet’s pencil.

1. Introduction

Euler’s triangle problem asks one to determine a triangle when given its or-
thocenterH, circumcenterO and incenterI. This problem has received some
recent attention. Some notable papers are those of Scimemi [10], Smith [11], and
Yiu [12]. It is known that the solution to the problem is not (ruler-compass) con-
structible in general so other methods are necessary. For example, Yiu solves the
Euler triangle problem with the auxiliary construction of acubic curve and then
realizes the solution as the intersection points of a rectangular hyperbola and the
circumcircle.

From the work of Guinand [5] we know that a necessary and sufficient condition
for a solution is thatI lies inside the circle with diameterGH (G is the centroid)
but different fromN , the center of Euler’s nine-point circle.

We approach these triangle determination problems by realizing the triangle ver-
tices as the intersections of the circumcircle and a rectangular hyperbola in the
Poncelet pencil. We can solve Euler’s triangle problem using either Feuerbach’s
hyperbola or Jerabek’s hyperbola. We establish some further properties of the Pon-
celet pencil in order to prove that the triangle is uniquely determined. For the
solution using Jerabek’s hyperbola we use some methods suggested by the work
of Scimemi. As an aid we develop some of the relations betweenWallace-Simson
lines and the Poncelet pencil.

Also we use Kiepert’s hyperbola to solve (uniquely) the triangle determination
problem when givenO, H and any one of following: the symmedian pointK, the
first Fermat pointF+, the Steiner pointSt or the Tarry pointTa.

2. Data

Suppose that the three pointsO,H, I are given. As Euler and Feuerbach showed,
OI2 = R(R−2r) and2NI = R−2r, whereR is the circumradius andr is the in-
radius, and we haveR = OI2

2NI
. The nine-point circle has centerN , the midpoint of

OH and radiusR
2

. Thus the circumcircleC and the Euler circle can be constructed.
The Feuerbach pointFe can now also be constructed as the intersection point of
the nine-point circle and the extension of the rayNI beginning at the centerN of
the nine-point circle and passing through the incenterI ([12]).
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Figure 1. Feuerbach and Jerabek Hyperbolas

The Poncelet pencil is a pencil of rectangular hyperbolas determined by a trian-
gle, namely, the conics are the isogonal transforms of the lines throughO ([1]). It
can be characterized as the pencil of conics through the vertices of the given trian-
gle where each conic is a rectangular hyperbola. The Feuerbach hyperbolaF is the
isogonal transform of the lineOI; this has the Feuerbach pointFe as its center. It
is tangent to the lineOI at the pointI. Thus the five linear conditions: rectangular,
duality of Fe and the line at infinity, duality ofI and the lineOI determine the
equation for the rectangular hyperbolaF explicitly, without knowing the vertices
of the triangle.

Generally, two conics intersect in four points. The four intersections of the
Feuerbach hyperbola and the circumcircle consists of the three triangle vertices to-
gether with a fourth point, called the circumcircle point ofthe hyperbola ([1]). The
point Z on the line throughH,Fe with HFe = FeZ is a point on the circumcircle
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since the central similarity atH with scale2 takes the nine-point circle to the cir-
cumcircle. We show (Proposition 3) that this pointZ is the circumcircle point of
Feuerbach’s hyperbola, that is,Z is also on Feuerbach’s hyperbola.

The solution to the Euler triangle problem forO, I,H is now given by the fol-
lowing.

Theorem 1. Suppose thatI 6= N is interior to the open disk with diameterGH.
LetF be the rectangular hyperbola with centerFe and duality ofI with line OI.
The intersection ofF with the circumcircleC consists of the circumcircle pointZ
and the vertices of the unique triangleABC with incenterI, orthocenterH and
circumcenterO.

The solution to Euler’s problem is unique, when it exists, since there is no am-
biguity in determining which three of the four points of intersection of the circum-
circle and hyperbola are the triangle vertices.

However, if the circumcircle pointZ is a triangle vertex, then Feuerbach’s hy-
perbola is tangent to the circumcircle at that vertex. In this case we can construct a
vertex and so the triangle is actually constructible by ruler-compass methods. This
situation arises if and only if the lineHFe is perpendicular toOI as we show in
Proposition 4.

Corollary 2. We can solve the triangle problem when givenO,H and either the
Nagel pointNa or the Spieker centerSp.

Proof. We use the fact that the four pointsI,G, Sp, Na lie on a line with ratio
IG : GSp : SpNa = 2 : 1 : 3. GivenO,H we can constructG, and then given
eitherSp or Na, we can determineI. Thus we can solve the triangle problem with
the hyperbolaF as constructed in Theorem 1. �

3. Poncelet Pencil

In this section we develop the results about the Poncelet pencil used in the proof
of Theorem 1.

Suppose∆ is a triangle with circumcircleC. For ∆ the isogonal transform
of the lines through the circumcenterO gives the Poncelet pencil of rectangular
hyperbolas discussed in [1]. The centers of these hyperbolas lie on the nine-point
circle. The orthocenterH lies on every hyperbola of this pencil.

Let P be a hyperbola of the Poncelet pencil. The conicP andC meet at the
vertices of∆ and a fourth point.

Thus we have the following result.

Proposition 3. LetP be the hyperbola of the Poncelet pencil whose center isW .
The pointZ so thatHW = WZ on the lineHW is on the circumcircle of∆ and
the hyperbolaP.

Proof. A rectangular hyperbola is symmetric about its center. Hence, any line
through the center meets the hyperbola in two points of equaldistance from the
center. Thus the lineHW meetsP at another pointZ so thatWZ = HW .
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Since the central similarity atH with scale factor 2 takes the Euler circle to the
circumcircle then the pointZ is also on the circumcircle. �

TheZ is called the circumcircle point of the hyperbolaP. It may happen that
this pointZ is one of the vertices of∆. The center of the hyperbola is denotedW .

We analyze that situation. A pointY onK is a vertex if and only ifHY is an
altitude. So ifZ is a vertex thenHZ is an altitude and henceW also lies on an
altitude sinceZ lies onHW . Conversely, ifW lies on the altitude thenZ also lies
on that altitude and hence is a vertex.

Proposition 4. A hyperbolaP of the Poncelet pencil with centerW is tangent to
the circumcircle if and only ifHW is perpendicular toL = P∗ if and only if the
circumcircle pointZ is a vertex of the triangle.

Proof. If Z is a vertex then its isogonal transform is at infinity onBC and on the
transformL = P∗. HenceL is parallel toBC. Thus from the remarks above,HW

is an altitude if and only if the circumcircle point is a vertex. Then tangency of the
circumcircle and hyperbola occurs if and only ifHW is perpendicular toL. �

A
B

M

O

N
G

H

I

Fe

Z = C

Figure 2. Triangle is constructible whenOI is perpendicular toHFe. Relation
to Feuerbach hyperbola.
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In this tangent case we can solve the Euler triangle problem easily with ruler
and compass if we have the hyperbola’s centerW since then we can construct the
vertexC = Z. The other vertices are then also easy to obtain: on the lineCG,
construct the pointM with ratio CG : GM = 2 : 1 . The line throughM ,
perpendicular toHC meets the circumcircle at two other vertices of the triangle.

For the case of Feuerbach hyperbola,W = Fe; the pointZ is a vertex if and
only if OI is perpendicular toHFe.

4. Solution with Jerabek’s Hyperbola

We now develop some of the useful relations between the Poncelet pencil, cir-
cumcircle points and Simson lines. These allow us to prove the relation of Scimemi’s
Euler point to the circumcircle point of Jerabek’s hyperbola.

4.1. Simson Lines and Orthopole.See [6,§327-338, 408]. Denote the isogonal
conjugate ofX by X∗.

Theorem 5. For S on the circumcircle of triangleABC, SS∗ is perpendicular
to the Wallace-Simson line ofS, i.e., S∗ lies on the Wallace-Simson line of the
antipodeS′ of S.

Proof. From [4] the Wallace-Simson line ofS passes through the isogonal conju-
gateT ∗ of its antipodal pointT = S′. Thus it is perpendicular toSS∗ since the
angle betweenT ∗ andS∗ is 90 degrees, the angle being halved by the isogonal
transformation. �

Theorem 6. Consider the lineL though the circumcenter of triangleABC, meet-
ing the circumcircle atU,U ′. LetK = L∗.
(i) The Wallace-Simson lines ofU,U ′ are asymptotes ofK and meet at the center
W (K) of K on the nine-point circle of triangleABC.
(ii) The centerW (K) is the orthopole ofL.
(iii) The Wallace-Simson line ofC(K) is perpendicular toL. This line bisects the
segment fromH to C(K) at W (K).

Proof. The asymptotes ofK are the Wallace-Simson lines of the isogonal conju-
gates of the points at infinity ofK, [4, p. 196]. Hence the center ofK is the
orthopole ofK∗ = L (see [6,§406]).

A dilation at H by 1

2
takes the the circumcircle to the nine-point circle. The

Wallace-Simson line of any pointS on the circumcircle bisects the segmentHS

and passes through a point of the nine-point circle [6,§327]. Thus midpoints of
U,U ′ with H are antipodal points on the nine-point circle and lie on Wallace-
Simson lines (asymptotes ofK).

The isogonal transform of the circumcircle pointC(K) lies on the lineL = K∗

and the line at infinity. Thus the Wallace Simson line ofC(K) is perpendicular toL
by Theorem 5. In [6,§406] a pointW is constructed fromUU∗ so that its Wallace-
Simson line is perpendicular toUU∗. Thus by uniqueness of the directions of
Wallace-Simson lines this pointW is C(K). As shown there the Wallace-Simson
line of W is also coincident with the Wallace-Simson lines of bothU andU ′. Thus
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W = C(K) is the dilation by2 of the center of the right hyperbola andHW is
bisected by the Wallace-Simson line ofW at the center ofK. �

4.2. Scimemi has introduced the Euler pointE in [10]. He shows that it is con-
structible from givenO,H, I. Following Scimemi’s Theorem 2 ([10]) and the
previous theorems we obtain the following.

Corollary 7. LetL be a line through the circumcenter of triangleABC, K = L∗,
W = C(K) the circumcircle point ofK. Then the reflection ofW ′, the antipodal
of W , in the sides ofABC lie on a line passing throughH, which is parallel toL
and perpendicular to the Wallace-Simson line ofW .

Scimemi’s Euler pointE is the point of coincidence of the reflections of the
Euler line in the sides of the triangle. Thus it is antipodal to the circumcircle point
of Jerabek’s hyperbola defined byK = L∗, whereL is the Euler line.

Hence we can construct the center of Jerabek’s hyperbola since it is the midpoint
of HE. Thus Jerabek’s hyperbola is determined linearly from the data: it is a
rectangular hyperbola; it passes throughH andO; there is a duality of its center
with the line at infinity.

4.3. Construction with Feuerbach and Jerabek Hyperbolas.We can use both Feuer-
bach’s and Jerabek’s hyperbolas to determine the triangle.The common points are
the triangle vertices and the orthocenterH.

5. Construction with Kiepert’s hyperbola

In [2] it is shown that the symmedian pointK ranges over the open disk with
diameterGH punctured at its center.

Theorem 8. We can uniquely determine the triangle when givenO,H andK.

Proof. It is known that the centerW of Kiepert’s hyperbolaK is the inverse ofK
in the orthocentroidal circle with diameterGH and centerJ [7]. Thus the center
W is constructible givenO,H,K. Since this point is the intersection of the ray
JK with the Euler circle, we also can construct the radius of theEuler circle and
hence also the radius of the circumcircle. Hence we may construct the circumcircle
since the centerO is given.

We can provide linear conditions to determine Kiepert’s hyperbolaK: rectangu-
lar hyperbola, duality ofW and the line at infinity, passing throughG andH.

The circumcircle pointZ is the intersection ofHW with the circumcircle. The
four intersections of Kiepert’s hyperbola and the circumcircle are the points of the
triangle and the pointZ. �

Thus also the triangle is uniquely determined and ruler-compass constructible if
Kiepert’s hyperbola is tangent to the circumcircle. This last condition is equiva-
lent toHW is perpendicular to the lineOK, whereW is the center of Kiepert’s
hyperbola.
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5.1. Kiepert’s Hyperbola and Fermat’s Points.Given O,H and the first Fermat
point F+, we can construct the second Fermat pointF− since it the inverse of
F+ in the orthocentroidal circle [2, p.63]. The centerZ of Kiepert’s hyperbola is
the midpoint of these two Fermat points [4, p.195]. These conditions determine
Kiepert’s hyperbola: rectangular, centerW , passing throughG,H.

Now also we can construct the circumcircle pointW of Kiepert’s hyperbola
since it is the symmetry aboutZ of the orthocenter pointH. Now we have the
centerO andW a point of the circumcircle. Hence we can now determine the
triangle uniquely.

A

B

C

O

N

G

HZ(J)

W (J)

W (K)

E

K

St

Z(K)

Jerabek

Kiepert

Steiner ellipse

Figure 3. Kiepert Hyperbola, Jerabek Hyperbola, Steiner’sEllipse and Euler
PointE

5.2. Kiepert’s Hyperbola and Steiner or Tarry points.With O and either the Steiner
or Tarry point we can construct the circumcircle of the desired triangle since each
of these points lies on the circumcircle. Moreover, since the Tarry point is the
circumcircle point of Kiepert’s hyperbola [7] we may construct the center of the
Kiepert hyperbola. Also Steiner’s point is antipodal to theTarry point on the cir-
cumcircle so we may use the Steiner point to determine the center. Thus using the
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duality of the line at infinity and the center of the Kiepert hyperbola, we may de-
termine the rectangular hyperbola also passing throughG andH. This is Kiepert’s
hyperbola, so the intersections of this with the circumcircle give the triangle and
the Tarry point. Thus the triangle is uniquely determined.

A

B

C

O NG H

W (J) K

W (K)

I

Na

W (F )

J

F+

F
−

Sp

V

Jerabek

Kiepert

Feuerbach

Figure 4. Relations to Orthocentroidal Disk

5.3. Location of the Symmedian point.Since the center of Kiepert’s hyperbola lies
on the nine-point circle, we can obtain the location of the symmedian pointK by
inversion in the orthocentroidal circle.

The familiar formula for inverting a circleC of radiusc in a circleK of radiusk
gives a circleC′ of radiusc′ with c′2(d2 − c2)2 = k4c2, whered is the distance of
the center ofC from the center ofK.

In the case of inverting the nine-point circle in the orthocentroidal circle, we
havek = 2d = OH

3
, c = R

2
and the circleC′ has centerV on the Euler line. Thus

we have thatX = K satisfies the equationV X2 = c′2 = ( k2c

d2−c2
)2 = ( 2R·OH2

OH2−R2 )2.
As a comparison, one knows that the incenterX = I satisfies the quartic equation
OX4 = 4R2 ·JX2 [5]. In addition, it is known that the symmedian point ([2]) and
incenterI ([5]) lie inside the orthocentroidal circle with centerJ .

5.4. Tangent Lines at Fermat Points.See Figure 4. The Fermat points lie on the
line through the centerW (K) of Kiepert’s hyperbola; also the symmedianK,



Solving Euler’s triangle problems with Poncelet’s pencil 129

W (K), J lie on the same line sinceF+ andF− are inverses in the orthocentroidal
circle with centerJ [7].

The Kiepert hyperbola is the isotomic transform of the line throughHs and
G, whereHs is the isotomic transform ofH [4]. SinceG is a fixed point of the
isotomic transformation this line is tangent to the hyperbola atG. As shown in [3],
Hs is the symmedian of the anticomplementary triangle, so in fact K is also on
that line andHsG : GL = 2 : 1.

Let Y be the dual of lineGH in Kiepert’s hyperbola; thenY lies on the tangent
line HsG to G; hence the dual ofJ passes throughY . SinceJ is the midpoint
of GH then the lineJY passes through the centerW (K). But we have already
shown thatK is on the lineJW (K) andHsG; thusY = K. Consequently the
dual of any point onGH passes throughK; in particular the dual of the point at
infinity on GH passes throughK and the centerW (K). Consequently the two
intersections of this line with the conic,F+ andF− have their tangents parallel to
the Euler lineGH.

Remark.The editors have pointed out the very recent reference [9].
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More on the Extension of Fermat’s Problem

Nguyen Minh Ha and Bui Viet Loc

Abstract. We give an elementary and complete solution to the Fermat problem
with arbitrary nonzero weights.

1. Introduction

At the end of his famous 1643 essay on maxima and minima, Pierre de Fermat
(1601–1665) threw out a challenge: “Let he who does not approve of my method
attempt the solution of the following problem: given three points in a plane, find a
fourth point such that the sum of its distances to the three given points is a mini-
mum!” Our Problem 1 is the most interesting case of his problem.

Problem 1 (Fermat’s problem). LetABC be a triangle. Find a pointP such that
PA + PB + PC is minimum.

The first published solution came from Evangelist Torricelli, published posthu-
mously in 1659. Numerous subsequent solutions are readily to be found in books
and journals. Problem 1 has been generalized in different ways. The generalization
below is presumably the most natural.

Problem 2. Let ABC be a triangle andx, y, z be positive real numbers. Find a
pointP such thatx · PA + y · PB + z · PC is minimum.

Various approaches to the solution of Problem 2 can be found in [5, 6, 7, 8, 9,
11].

In 1941, R. Courant and H. Robbins [1] posed another problem inspired by
Problem 1, replacing the weights1, 1, 1 with −1, 1, 1. Unfortunately, their claimed
solution is flawed. Afterwards, other problems were suggested in the same spirit.
The following problem is among the most natural [2, 3, 4, 10].

Problem 3. LetABC be a triangle andx, y, z be non-zero real numbers. Find a
pointP such thatx · PA + y · PB + z · PC is minimum.

The solution of problem 3 requires the solution of Problem 2 as well as solutions
to Problems 4 and 5 below.

Problem 4. Let ABC be a triangle andx, y, z be positive real numbers. Find a
pointP such that−x · PA + y · PB + z · PC is minimum.

Publication Date: June 14, 2011. Communicating Editor: J. Chris Fisher.
The authors thank Professor Chris Fisher for his valuable comments and suggestions.
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Problem 5. Let ABC be a triangle andx, y, z be positive real numbers. Find a
pointP such that−x · PA − y · PB + z · PC is minimum.

Here is an easy solution of Problem 5. Ifz < x+y, then−x·PA−y·PB+z·PC

decreases without bound asPC goes to∞, whence there exists no pointP for
which the minimum is attained; otherwise, whenz ≥ x+y the minimum is attained
whenP coincides withC. The verification of our claim is straightforward.

Problem 4, on the other hand, is very tricky. A correct solution was first intro-
duced in 1980 by L. N Tellier and B.Polanski employing trigonometry [10]. In
1998 J. Krarup gave a solution to problem 4 which was more specific in its conclu-
sion [4]. In 2003 G. Jalal and J. Krarup [3] devised a different solution to problem
4 based on a geometric approach. Four years later, another solution was introduced
by G. Ganchev and N. Nikolov using the concept of isogonal conjugacy [2]. How-
ever, these solutions are somewhat complicated and not elementary. In this article,
we aim to deliver a synthetic and elementary solution to Problem 4.

2. Solution to Problem 4

Let a, b, c be the lengths ofBC, CA, andAB of triangleABC, respectively.
Without loss of generality we assumex = a. Letf(P ) = −a·PA+y·PB+z·PC.
The following is a summary of the main results.

(1) Whena, y, z are the side-lengths of a triangle, construct triangleUBC such
thatUC = y, UB = z andU,A are on the same side of lineBC. There are three
possibilities:

(1.1): U is inside triangleABC. f(P ) attains its minimum whenP is the
intersection point, other thanU , of lineAU and the circumcircle of triangle
UBC.

(1.2): U = A. f(P ) attains its minimum whenP lies on the arcBC not
containing A of the circumcircle of triangleABC.

(1.3): U is not inside triangleABC andU is distinct fromA. The minimum
of f(P ) occurs whenP = B or C or both, according asf(B) < f(C) or
f(B) > f(C) or f(B) = f(C).

(2) Whena, y, z are not the side-lengths of a triangle, we consider two possibilities.

(2.1): a ≥ y + z. There is noP such thatf(P ) attains its minimum.
(2.2): a < y + z. The minimum off(P ) occurs whenP = B or P = C

according asf(B) < f(C) or f(B) > f(C).

We shall make use of the following four easy lemmas in the solution to the
Problem 4.

Lemma 1 (Ptolemy’s inequality). LetP be a point in the plane of triangleABC.
(a)UnlessP lies on the circumcircle of triangleABC, the three numbersBC ·PA,
CA · PB, AB · PC are side lengths of some triangle.
(b) If P lies on the circumcircle of triangleABC, then one of three numbersBC ·

PA, CA · PB, AB · PC is the sum of the other two numbers. Specifically,
(i) If P lies on the arcBC not containingA thenBC ·PA = CA ·PB+AB ·PC.
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(ii) If P lies on the arcCA not containingB, thenCA·PB = AB ·PC+BC ·PA.
(iii) If P lies on the arcAB not containingC, thenAB·PC = BC ·PA+CA·PB.

Lemma 2 (Euclid I.21). For any pointP in the interior of triangleABC, PB +
PC < AB + AC.

Lemma 3. If ABCD is a convex quadrilateral, thenAB + CD < AC + BD.

Lemma 4. . Give an isosceles triangleABC with AB = AC, Ax is the opposite
ray of the rayAB. For everyP lying insidexAC, we havePB ≥ PC, with
equality whenP coincides withA.

Lemma 3 is just the triangle inequality applied to the pair oftriangles formed by
the intersection point of the two diagonals together with the endpoints of the edges
AB andCD. Lemma 4 holds because every point to the side of the perpendicular
bisector ofBC is closer toC than toB.

We now turn to the solution of Problem 4. There are two cases toconsider.

Case 1. a, y, z are sides of some triangles. Construct triangleUBC such that
UC = y, UB = z and pointsU , A lie on the same side of lineBC. There are
three possibilities.
(1.1) U is inside triangleABC (see Figure 1).

B C

I

A

U

Figure 1.

Denote byI the intersection point, other thanU , of lineAU and the circumcircle
of triangle UBC, which exists becauseU lies inside triangleABC so that AU
meets the interior of segmentBC, which lies inside the circumcircle. Applying
Lemma 1 to triangleUBC and an arbitrary pointP , we have

f(P ) = −a · PA + CU · PB + UB · PC

≥ −a · PA + BC · PU = −a(PA − PU)

≥ −a · AU

= f(I).
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The equality occurs whenP lies on the arcBC not containingU of the circumcir-
cle of triangle UBC andP lies on the opposite ray of the rayUA, that is,P = I. In
conclusion,f(P ) attains its minimum value whenP = I.
(1.2) U = A (see Figure 2).

For every pointP , applying Lemma 1 to triangleUBC and pointP , we have

f(P ) = −a · PA + CU · PB + UB · PC ≥ −a · PA + BC · PU = 0.

The equality occurs whenP lies on the arcBC not containingA of the circumcir-
cle of triangleABC. From this, we conclude thatf(P ) attains its minimum value
whenP lies on the arcBC not containingA of the circumcircle of triangleABC.

B C

A = U

P

Figure 2.

(1.3) U is not inside triangleABC and U is distinct fromA. There are three
situations to consider.
(a) z − y = c − b. Denote byAm andAn, respectively the opposite rays of the
raysAB andAC.

(i) If U lies inside anglemAC (see Figure 3a), then quadrilateralAUCB is
convex. By Lemma 3, we haveUB + AC > UC + AB, which implies that
z − y = UB − UC > AB − AC = c − b, a contradiction.

(ii) If U lies inside anglenAB (see Figure 3b), we apply Lemma 3 to convex
quadrilateralAUBC: UB + AC < UC + AB. Hence,z − y = UB − UC <

AB − AC = c − b, a contradiction.
(iii) If U lies inside anglemAn (see Figure 3c), thenA lies inside triangleUBC.

By Lemma 2, we haveUB +UC > AB +AC, which implies that(UB−AB)+
(UC − AC) > 0. Thus, by virtue ofUB − AB = z − c = y − b = UC − AC,
we haveUB − AB = UC − AC > 0.
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Figure 3b

A
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Figure 3c

Now, for any pointP , applying Lemma 1 to triangleABC and pointP , taking
into account thatPB + PC ≥ BC we have

f(P ) = −a · PA + UC · PB + UB · PC

= −BC · PA + AC · PB + AB · PC + (UC − AC)PB + (UB − AB)PC

≥ (UB − AB)(PB + PC)

≥ (UB − AB)BC

= a(UB − AB)

= f(B) = f(C).

The equality occurs if and only ifP lies on the arcBC not containingA of circum-
circle of triangleABC andP belongs to the segmentBC, i.e., P = B or P = C.
In conclusion,f(P ) attains its minimum value whenP = B or P = C.
(b) z − y < c − b.

(i) UB − AB > 0. Similar to (a), note thatUC − AC = y − b > z − c =
UB − AB > 0. Therefore, for any pointP ,

f(P ) ≥ (UC − AC)PB + (UB − AB)PC

≥ (UB − AB)(PB + PC)

≥ (UB − AB)BC

= a(UB − AB)

= f(B).

Equality holds if and only ifP lies on the arcBC not containingA of the circum-
circle of triangleABC, P coincides withB, andP belongs to segmentBC. This
means thatP = B.

(ii) UB − AB ≤ 0. As before, denote byAm andAn respectively the opposite
rays of the raysAB andAC. If U lies inside anglemAC (see Figure 4a), then
quadrilateralAUCB is convex. By Lemma 3, we haveUB + AC > UC + AB,
implying thatz − y = UB − UC > AB − AC = c − b, a contradiction.

Thus,U andC are on different sides of lineAB (Figure 4b). SinceUB ≤ AB,
there is a pointT on the segmentAB such thatTB = UB. Hence, applying
Lemma 4 to isosceles triangleBUT and pointC, we haveUC ≥ TC.
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Figure 4a
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B C
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Figure 4b

From this, applying Lemma 1 to triangleTBC and an arbitrary pointP , we
have

f(P ) ≥ −a · PA + TC · PB + TB · PC (i)

≥ −a · PA + BC · TP (ii)

= a(−PA + TP )

≥ −a · AT (iii)

= a(UB − AB)

= f(B).

Equality occurs if and only if (i)P = B, (ii) P lies on arcBC not containingT
of the circumcircle of triangleTBC, and (iii) P lies on the opposite ray of the ray
TA. Together these mean thatP = B.

Now we can conclude thatf(P ) attains its minimum value whenP = B.
(c) z − y > c − b. Similar to (b), interchangingy with z andb with c we conclude
thatf(P ) attains its minimum value whenP = C.

Case 2.a, y, z are not side lengths of any triangle. There are two possibilities
(2.1) a ≥ y + z.
(a)a = y+z. PointU is taken on the segmentBC such thaty = UC andz = UB

(see Figure 5).
For every pointP we have

−−→
PU =

UC

BC
·
−−→
PB +

UB

BC
·
−−→
PC =

y

a
·
−−→
PB +

z

a
·
−−→
PC.

It follows that

a · PU = |a ·
−−→
PU | = |y ·

−−→
PB + z ·

−−→
PC| ≤ y · PB + z · PC.

Therefore,

f(P ) = −a·PA+y·PB+z·PC ≥ −a·PA+a·PU = −a(PA−PU) ≥ −a·AU.

The equality occurs if and only if the vectors
−−→
PB,

−−→
PC have the same direction

and pointP belongs to the opposite ray of the rayUA. However, these conditions
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B C

A

P

U

U
′

Figure 5.

are incompatible, whence the equality can not be attained. Thus

f(P ) > −a · AU. (1)

For a sufficiently small positive value ofε, takeU ′ inside triangleABC such
thatUU ′ ⊥ BC andUU ′ = ε

a
. Let P be the intersection, distinct fromU ′, of the

line U ′A and the circumcircle ofU ′BC (which exists becauseU ′ is inside triangle
ABC as shown in Figure 5).

From (1), applying Lemma 1 to triangleU ′BC andP , we have

−a · AU < f(P )

= −a · PA + CU · PB + UB · PC

< −a · PA + CU ′ · PB + U ′B · PC

= −a · PA + BC · PU ′

= −a · AU ′.

It follows that

|f(P )−(−a·AU)| < |−a·AU ′−(−a·AU)| = a|AU−AU ′| < a·UU ′ = a·
ε

a
= ε.

(2)
From (1), (2), we can affirm that there does not exist a pointP such thatf(P )

attains its minimum value.
(b) a > y + z. For every pointP , we have

f(P ) = −a · PA + y · PB + z · PC

= (−a + y + z)PA + y(PB − PA) + z(PC − PA)

≤ (−a + y + z)PA + y · AB + z · AC.

However, asPA tends to+∞, f(P ) tends to−∞. This implies that there does
not exist a pointP such thatf(P ) attains its minimum value.
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(2.2) a < y + z.
(a)y ≥ z + a. For every pointP we have

f(P ) = −a · PA + y · PB + z · PC

= a(PB − PA) + (y − z − a)PB + z(PB + PC)

≥ −a · BA + z · BC

= f(B).

The equality holds if and only ifP = B. Hencef(P ) attains its minimum value
whenP = B.
(b) z ≥ y + a. Similarly, interchangingy with z andb with c, we conclude that
f(P ) attains its minimum value whenP = C.
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More on Twin Circles of the Skewed Arbelos

Hiroshi Okumura

Abstract. Two pairs of congruent circles related to the skewed arbelos are given.

1. Introduction

We showed several twin circles related to the skewed arbelosin [2]. In this
article we give two more pairs, by generalizing two Archimedean circle pairs in
[1]. We begin with a brief review of these circles. LetO be a point on a segment
AB, andα, β, γ be the circles with diametersOA, OB, AB respectively. We
denote one of the intersections ofγ and the radical axis ofα andβ by I. The
intersection ofIA andα coincides with the tangency point ofα and one of the
external common tangents ofα andβ. The circle passing through this point and
touching the lineIO is Archimedean; so is the one tangent toIO and passing
through the intersection ofβ with the external common tangent. These are the
circlesW9 andW10 in [1] (see Figure 1). The circle touchingα internally and
touching the tangents ofβ from A is also Archimedean; so is the one tangent to
β and the the tangents ofα from B. These are the circlesW6 andW7 in [1] (see
Figure 2).

B AO

I

γ

β

α

Figure 1

B AO

I

γ

β

α

Figure 2

Suppose the circlesα andβ have radiia andb respectively. We set up rectan-
gular coordinate system with originO, so thatA andB have coordinates(2a, 0)
and(−2b, 0) respectively. Consider a variable circle touchingα andβ at points
different fromO. Such a circle is expressed by the equation

(
x −

b − a

t2 − 1

)2

+

(
y −

2t
√

ab

t2 − 1

)2

=

(
a + b

t2 − 1

)2

(1)
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for a real numbert 6= ±1 [2]. We denote this circle byγt. It is tangent toα at

At =

(
2ab

at2 + b
,

2at
√

ab

at2 + b

)
,

and toβ at

Bt =

(
−

2ab

a + bt2
,

2bt
√

ab

a + bt2

)
.

The tangency (in both cases) is internal if|t| < 1 and external if|t| > 1. The
configuration(α, β, γt) is called a skewed arbelos.

2. Archimedean twin circles in the skewed arbelos

The circleγt intersects they-axis at the points

I+

t
=

(
0,

2
√

ab

t + 1

)
and I−

t
=

(
0,

2
√

ab

t − 1

)

respectively.
The linesI+

t
At andI−

t
At have equations

(at − b)x − (t + 1)
√

aby + 2ab = 0,

(at + b)x + (t − 1)
√

aby − 2ab = 0.

These lines intersect the circleα again at the points
(

2ab

a + b
,

2a
√

ab

a + b

)
and

(
2ab

a + b
, −

2a
√

ab

a + b

)
.

Now, it is well known that the common radius of the twin Archimedean circles
tangent toα, β, γ is rA = ab

a+b
.

These intersections are the fixed points
(

2rA, 2rA

√
a

b

)
and

(
2rA,−2rA

√
a

b

)
.

Similarly, with Bt, the linesI+

t
Bt andI−

t
Bt intersect the circleβ at the points

(
−2rA, 2rA

√
b

a

)
and

(
−2rA,−2rA

√
b

a

)
.

From these we obtain the following result.

Theorem 1. For t 6= ±1, if It is one of the intersections of the circle γt and the
line IO, then the circle touching IO and passing through the remaining intersec-
tion of the line ItAt (respectivelyItBt) and the circle α (respectivelyβ) is an
Archimedean circle of the arbelos (formed byα, β andγ; see Figure 3).

Two of these circles areW9 andW10, independent of the value oft. If t = ±1,
At and the remaining intersection coincide.
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B A
O

Bt

At

I
−

t

I
+

t

α

β

γt

Figure 3.

3. Non-Archimedean twin circles

In this section we generalize the Archimedean circlesW6 andW7.
We denote the linesx = 2rA andx = −2rA by Lα andLβ respectively. Let

δα
t be the circle touching the lineLα from the side opposite toAt and the tangents

of β from At. The circleδ
β

t
is defined similarly. The circleδα

t lies in the region
x < 2rA if |t| < 1 (see Figure 4), and in the regionx > 2rA if |t| > 1 (see Figure
5).

If t = ±1, γt reduces to an external common tangent ofα and β, and has
equation

(a − b)x ∓ 2
√

aby + 2ab = 0,

which are obtained from (1) by lettingt approach to±1. In these cases, we regard
δα
t as the tangency point ofα with an external common tangent ofα andβ.

Lemma 2. The circles δα
t and δ

β

t
are congruent with common radii |1 − t2|rA.

Proof. Let s be the radius of the circleδα
t . If γt touchesα andβ internally, then

we get (
2ab

at2 + b
− 2rA

)
: s =

2ab

at2 + b
: b.

Solving the equation we gets = (1 − t2)rA. Similarly we gets = (t2 − 1)rA in
the caseγt touchingα andβ externally. �

The pointAt divides the segment joining the centers ofδα
t andβ in the ratio

|1−t2|rA : b externally (respectively internally) ifγt touchesα andβ internally (re-
spectively externally). Therefore the center ofδα

t is the point
(
rA(1 + t2), 2trA

√
a

b

)
.



142 H. Okumura

O

Bt

At

Tβ Tα

I
+

t

I
−

t

Vβ

Vα

Figure 4.

The circlesα andδα
t are tangent to each other, since they have only one point in

common, namely,

Tα =

(
2abt2

a + bt2
,
2at

√
ab

a + bt2

)
.

This pointTα lies on the lineAtBt since

Tα =
at2 + b

a + b
· At +

a(1 − t2)

a + b
· Bt.

Similarly, the circlesδβ

t
is tangent toβ at

Tβ =

(
−

2abt2

at2 + b
,
2bt

√
ab

at2 + b

)
,

which also lies on the lineAtBt. The pointTα lies on the lineAtBt, since

Tβ =
b(1 − t2)

a + b
· At +

a + bt2

a + b
· Bt.

We summarize the results (see Figures 4 and 5).

Theorem 3. The circles δα
t and δ

β

t
are congruent with common radius |1 − t2|rA.

The points of tangency At, Bt, Tα, and Tβ are collinear.

The circlesδα
t andδ

β

t
are generalizations of the Archimedean circlesW6 and

W7, which correspond tot = 0.
The circleδα

t touches the lineLα at the point

Vα =

(
2rA, 2trA

√
a

b

)
.
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B

AO

Bt

At

Tβ

Tα

Vβ

Vα

Figure 5.

From these coordinates it is clear thatAt, Vα andO are collinear (see Figures 4
and 5). Similarly, the circleδβ

t
touches the lineLβ at

Vβ =

(
−2rA, 2trA

√
b

a

)

collinear withBt andO. Now, the lineTαVα is parallel toBtO. Since the distances
fromVα andVβ to the lineIO (the radical axis ofα andβ) are equal, the linesTαVα

andTβVβ intersect on the radical axis. This intersection andO, Vα, Vβ form the
vertices of a parallelogram.

4. A special case

For real numberst andw, the circlesδα
t andδ

β

t
and the circlesδα

w andδ
β
w are

congruent if and only if|1 − t2| = |1 − w2|, i.e., |t| = |w| or t2 + w2 = 2.
From the equation of the circleγt, it is clear that this is the same condition for the
congruence of the circlesγt andγw. Therefore we get the following corollary.

Corollary 4. For real numbers t and w, the circles δα
t and δ

β

t
and the circles δα

w

and δ
β
w are congruent if and only if γt and γw are congruent.

In the caset2 + w2 = 2, one of the circlesγt andγw touchesα andβ internally
and the other externally. In particular, the circlesδα

t andδ
β

t
are Archimedean circles

of the arbelos formed byα, β andγ if and only ifγt is congruent toγ, i.e., t = ±
√

2
(see Figure 6).
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B A

O

O1

Bt

At

Figure 6.
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On a Triad of Circles Tangent to the Circumcircle
and the Sides at Their Midpoints

Luis González

Abstract. With synthetic methdos, we study, for a given triangleABC, a triad
of circles tangent to the arcsBC, CA, AB of its circumcircle and the sidesBC,
CA, AB at their midpoints.

1. Introduction

Given a triangleABC and an interior pointT with cevian triangleA0B0C0,
consider the triad of circles each tangent to a sideline and the circumcircle inter-
nally at a point on the opposite side of the corresponding vertex. Lev Emelyanov
[1] has shown that the inner Apollonius circle of the triad isalso tangent to the
incircle (see Figure 1).

O

A

B C

T

A0

B0

C0

I

Figure 1.

Yiu [5] has studied this configuration in more details. The points of tangency
with the circumcircle form the circumcevian triangle of thebarycentric product
I · T , whereI is the incenter. LetX, Y , Z be the intersections of the sidelines
EF , FD, EF of the intouch triangle and the corresponding sidelines of the cevian
triangleA0B0C0. ThenXY Z is perspective withDEF , and the perspector is the
pointFT on the incircle tangent to the Emelyanov circle,i.e., the inner Apollonius

Publication Date: July 13, 2011. Communicating Editor: Paul Yiu.
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circle of the triad ([5, Proposition 12]). In particular, for T = G, the centroid of
triangleABC, this point of tangency is the Feuerbach pointFe, which is famously
the point of tangency of the incircle with the nine-point circle. Also, in this case,
(i) the radical center of the triad of circles is the trianglecenterX1001 which divides
GX55 in the ratioGX1001 : X1001X55 = R + r : 3R, whereX55 is the internal
center of similitude of the circumcircle and incircle,
(ii) the center of the Emelyanov circle is the point which dividesIN in the ratio
2 : 1 (see Figure 2).

O

A

B C

G

D

EF

A1

B1

C1

I

N

Fe

Figure 2.

Yiu obtained these conclusions by computation with barycentric coordinates. In
this paper, we revisit the triad of circlesΓ(G) by synthetic methods.

2. Some preliminary results

Proposition 1. Two circlesΓ1(r1) andΓ2(r2) are tangent to a circleΓ(R) through
A,B, respectively. The lengthδ12 of the common external tangent ofΓ1, Γ2 is
given by

δ12 =
AB

R

√
(R ± r1)(R ± r2),

where the sign is positive if the tangency is external, and negative if the tangency
is internal.

Proof. Without loss of generality assume thatr1 ≥ r2. Let ε1 (respectivelyε2 be
+1 or−1 according as the tangency of(O) and(O1) (respectively(O2) is external
or internal. Figure 3 shows the case when(O) is both tangent internally to(O1)
and(O2). Let ∠O1OO2 = θ. By the law of cosines,

O1O
2

2 = (R + ε1r1)
2 + (R + ε2r2)

2 − 2(R + ε1r1)(R + ε2r2) cos θ. (1)
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AB

O

O2
O1

B1

A1

A2

Figure 3.

From the isosceles triangleOAB, we have

AB2 = 2R2(1 − cos θ). (2)

LetA1B1 be a common tangent of(O1) and(O2), external or internal according
asε1ε2 = +1 or −1. If A2 is the orthogonal projection ofO2 on the lineO1A1,
applying the Pythagorean theorem to the right triangleO1O2A2, we have

δ12
2 = A1B

2

1 = O1O
2

2 − (ε1r1 − ε2r2)
2.

Eliminatingcos θ andO1O2 from (1) and (2), we have

δ2

12
= (R + ε1r1)

2 + (R + ε2r2)
2 − (ε1r1 − ε2r2)

2 − 2(R + ε1r1)(R + ε2r2)

(
1 −

AB2

2R2

)

=
AB2

R2
· (R + ε1r1)(R + ε2r2).

From this the result follows. �

We shall also make use of the following famous theorem.

Proposition 2 (Casey’s theorem [2,§172]). Given four circlesΓi, i = 1, 2, 3, 4, let
δij denote the length of a common tangent(either internal or external)betweenΓi

andΓj . The four circles are tangent to a fifth circleΓ (or line) if and only if for
appropriate choice of signs,

δ12 · δ34 ± δ13 · δ42 ± δ14 · δ23 = 0

3. A triad of circles

Consider a triangleABC with D, E, F the midpoints of the sidesBC, CA, AB

respectively. The circleω1 tangent toBC at D, and to the arc of the circumcircle
on the opposite side ofA touches the circumcircle atA1, the second intersection
with the lineAI. The circlesωb andωc are similarly defined.

Lemma 3. The lines through the incenterI parallel toAB andAC are tangent to
the circleA1(D).



148 L. González

O

A

B CD

A1

I

Figure 4.

Proof. Let O be the circumcenter, andR the circumradius. SinceOD = R cos A,
it is enough to show that

R(1 − cos A) + r = AA1 sin
A

2
. (3)

This follows fromr = IA sin A

2
and1 − cos A = 2 sin2 A

2
. (3) is equivalent to

2R sin A

2
+ IA = AA1, which follows fromA1B = A1I = 2R sin A

2
. �

O

A

B CD

A1

I

D

EF

A1

B1

C1

A0

B0

C0

Figure 5.

Note that the length of the tangent fromI to A1(D) is

A1I cos
A

2
= A1B cos

A

2
= 2R sin

A

2
cos

A

2
= R sin A =

a

2
.
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The homothetyh
(
D, 1

2

)
takes the two tangents throughI to the circleA′(D) to

two tangents ofωa through the midpointA2 of ID. These have lengthsa
4
.

Similarly, let B2 andC2 be the midpoints ofIE andIF respectively. The two
tangents fromB2 (respectivelyC2 to ωb (respectivelyωc) have lengthsb

4
(respec-

tively c

4
). Now, sinceDE is parallel toBC, so is the lineB2C2. These six tangents

fall on three lines bounding a triangleA2B2C2 homothetic toABC with factor
−1

2
· 1

2
= −1

4
and homothetic centerJ dividing IG in the ratioIJ : JG = 3 : 2.

This leads to the configuration of three (pairwise) common tangents of the triad
(ωa, ωb, ωc) parallel to the sidelines of triangleABC (see Figure 5). These tan-
gents all have lengths

2
= a+b+c

4
. It also follows that the6 points of tangency lie on

a circle, whose center is the incenter of triangleA2B2C2, and radius1

4

√
r2 + s2.

This latter fact follows from the proposition below, applied to triangleA2B2C2.

Proposition 4. The sides of a triangleABC are extended to pointsXb, Xc, Yc,
Ya, Za, Zb such that

AYa = AZa = a, BZb = BXb = b, CXc = CYc = c.

The six pointsXb, Xc, Yc, Ya, Za, Zb lie on a circle concentric with the incircle
and with radius

√
r2 + s2, wherer is the inradius ands the semiperimeter of the

triangle.

I

X

Y

Z

A

B C

Xb Xc

Yc

Ya

Zb

Za

Figure 6.

Proof. If the incircle touchesBC atX, thenBX = s − b. It follows thatXbX =
b + (s − b) = s, andIXb =

√
r2 + s2. The same result holds for the other five

points. �
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4. On the radical center

Proposition 5. The radical center of the circlesωa, ωb, ωc is the midpoint between
the incenterI and Mittenpunkt of△ABC.

P2

P3

Ia

Ib

Ic

Ta

Tb Tc

O

A

B C

D

E

F

A1

B1

C1

I

Figure 7.

Proof. LetA1P2 andA1P3 be the tangent segments fromA1 toωb andωc (P2 ∈ ωb

and P3 ∈ ωc) (See Figure 7). By Casey’s theorem for(A1), (A), (C), ωb and
(A1), (A), (B), ωc, all tangent to the circumcircle, we have

A1P2 · AC = A1A · CE + A1C · AE =⇒ A1P2 =
1

2
(A1A + A1C) (4)

A1P3 · AB = A1A · BF + A1B · AF =⇒ A1P3 =
1

2
(A1A + A1B) (5)

SinceA1B = A1C, from (4) and (5) we haveA1P2 = A1P3, i.e., A1 has equal
powers with respect to the circlesωb andωc. If TaTbTc is the tangential triangle of
A1B1C1, thenTaB1 = TaC1 implies thatTa has also equal powers with respect
to ωb andωc. Therefore, the lineA1Ta is the radical axis ofωb andωc. Likewise,
B1Tb andC1Tc are the radical axes ofωc, ωa andωa, ωb respectively. Hence, the
radical centerL of ωa, ωb, ωc, being the intersection ofA1Ta, BqTb, C1Tc, is the
symmedian point of triangleA1B1C1. Now, since the homothetyh(I, 2) takes
triangleA1B1C1 into the excentral triangleIaIbIc, and the latter has symmedian
point X9, the Mittenpunkt of triangleABC, the symmedian point ofA1B1C1 is
the midpoint ofIX9. According to [3], this is the triangle centerX1001. �
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5. On the Inner Apollonius circle

Emelyanov [1] has shown that the inner Apollonius circle of the triad(ωa, ωb, ωc)
is tangent to the incircle at the Feuerbach point; see also Yiu [5, §5]. The center of
the inner Apollonius circle dividesIN in the ratio2 : 1.

Proposition 6. The Apollonius circleω externally tangent toωa, ωb, ωc is also
tangent to the incircle of triangleABC through its Feuerbach pointFe.

O

A

B

C

G

D

EF

A1

B1

C1

I

N

Fe

Ta

Tb

Tc

Ja

FaHa

Ma

K1

K2

Ya

Figure 8.

Proof. Without loss of generality we assume thatb ≥ a ≥ c. Let the incircle(I)
touchBC,CA,AB atXa,Xb,Xc respectively. By Casey’s theorem there exists a
circleω tangent toωa, ωa, ωc externally and tangent to(I) internally if and only if

δbc · DXa − δca · EXb − δab · FXc = 0. (6)

Sinceδbc = δca = δab = s

2
by Proposition 2, then (6) is an obvious identity

because ofDXa = 1

2
(b− c), EXb = 1

2
(a− c) andFXc = 1

2
(b− a). (In fact, this

tangency is still true if we considerD,E,F as the feet of three concurring cevians.
For a proof with similar arguments see [1].) Now, it remains to show thatω ∩ (I)
is the Feuerbach pointFe of triangleABC.

LetFeTa, FeTb, FeTc be the tangent segments fromFe toωa, ωb, ωc respectively.
If Fa is the orthogonal projection ofFe ontoBC andJa(ρa) is the circle passing
throughFe tangent toBC at D (see Figure 6). LetRa denote the radius ofωa,
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then using Proposititon 1 forωa and(Fe) (with zero radius) externally tangent to
Ja(ρa), we get

FeD = FeTa

√
ρa

ρa + Ra

. (7)

If Ma denotes the midpoint ofDFe, then the right trianglesDJaMa andFeDFa

are similar. This gives2ρa ·FeFa = FeD
2. Thus, substitutingρa from this expres-

sion into (7) gives

FeD =

√
FeD

2

FeD
2 + 2FeFa · Ra

· FeTa. (8)

If Ha denotes the foot of theA-altitude of triangleABC, thenFeFa and the
nine-point circleN

(
R

2

)
become theFe-altitude and circumcircle of triangleFeHaD.

Consequently,FeD · FeHa = R · FeFa. SubstitutingFeFa from this expression
into (8) and rearranging, we get

FeTa =

√

FeD

(
FeD +

2FeHa · Ra

R

)
. (9)

Let FeHa andFeD intersect the incircle(I) again atK1 andK2. SinceFe is
the exsimilicenter of(I) and(N), K1K2 is parallel toDHa. Therefore, the arcs
XaK1 andXaK2 of (I) are equal, andFeXa bisects angleHaFeD. Hence, by
the angle bisector theorem, we haveFeHa

FeD
= XaHa

XaD
. SubstitutingFeHa from this

expression into (9) gives

FeTa =

√
1 + 2 ·

XaHa

XaD
·
Ra

R
· FeD. (10)

Since the incenterI and theA-excenterIa divide harmonicallyA and the trace
Va of theA-angle bisector, the points of tangencyXa andYa of the lineBC with
the incircle(I) and theA-excircle divide harmonicallyHa andVa. SinceD is also
the midpoint ofXaYa, DXa

2 = DYa
2 = DHa · DVa. Equivalently,

HaD

XaD
=

XaD

VaD
=⇒

HaD

XaD
− 1 =

XaHa

XaD
=

XaD

VaD
− 1 =

VaXa

VaD
.

SinceVa is the insimilicenter of(I) and the circleA1(D), it follows that

r

2Ra

=
VaXa

VaD
=

XaHa

XaD
. (11)

Substituting the ratioXaHa

XaD
from (11) into (10), we have

FeTa =

√
R + r

R
· FeD. (12)

On the other hand, using Proposition 1 for the incircle(I) and the point circle
(D), both internally tangent to the nine-point circle(N), we have

FeD =

√
R

R − 2r
· DXa =

√
R

R − 2r
·
b − c

2
. (13)
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Combining equations (12) and (13), we have

FeTa =

√
R + r

R − 2r
·
b − c

2
. (14)

By similar reasoning, we have the expressions

FeTb =

√
R + r

R − 2r
·
a − c

2
, (15)

FeTc =

√
R + r

R − 2r
·
b − a

2
. (16)

Now, by Casey’s theorem there exists a circle externally tangent toωa, ωb, ωc

and(Fe) (with zero radius), if and only if

δbc · FeTa − δca · FeTb − δab · FeTc = 0.

Sinceδbc = δca = δab = s

2
by Proposition 2, the latter condition becomesFeTa −

FeTb − FeTc = 0, which is easily verified by (14), (15), (16). Hence, we conclude
thatω is tangent to(I) throughFe, as desired. �

Proposition 7. The centerI0 of the inner Apollonius circleω of ωa, ωb, ωc is the
intersection of the linesX3X1001,X1X11 and its radiusρ equals a third of the sum
of the inradius and circumradius of triangleABC.

Proof. By Proposition 5, the radical centerL of ωa, ωb, ωc is the midpointX1001

between the incenterI and the MittenpunktX9 of triangle ABC. Hence, the
inversion with centerX1001 and power equal to the power ofX1001 to ωa, ωb, ωc,

carries these circles into themselves and swapsω and the circumcircle of△ABC

due to conformity. Since the center of the inversion is also asimilitude center
between the circle at its inverse, it follows thatI0 lies on the line connecting the
circumcenterX3 andX1001. But, from Proposition 6, we deduce thatI0 lies on the
line connectingI and the Feuerbach pointFe. ThereforeI0 = OX1001 ∩ IFe.

Let Da be the tangency point ofω with ωa. Applying Proposition 1 to the two
triads of circles(Fe), ωa, ω and(I), ωa, ω, respectively, we obtain

FeT
2

a =
ρ + Ra

ρ
· FeDa

2,

XaD
2 =

(ρ + Ra)(ρ − r)

ρ2
· FeDa

2.

Eliminating (ρ + Ra)FeDa
2 from these two latter expressions and using (14),

we have
(

FeTa

XaD

)2

=
ρ

ρ − r
=⇒

R + r

R − 2r
=

ρ

ρ − r
=⇒ ρ =

R + r

3
.

�

Remark.SinceFe is the insimilicenter of(I) andω,

FeI0

FeI
=

ρ

r
=

R + r

3r
.



154 L. González

Consequently, in absolute barycentric coordinates,

I0 =
R + r

3r
· I −

R − 2r

3r
·Fe =

R + r

3r
· I −

R − 2r

3r
·
R · I − 2r · N

R − 2r
=

I + 2N

3
,

whereN is the nine-point center. It does not appear in the current edition of [3],
though its homogeneous barycentric coordinates are recorded in [5].
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The Area of a Bicentric Quadrilateral

Martin Josefsson

Abstract. We review and prove a total of ten different formulas for thearea of
a bicentric quadrilateral. Our main result is that this areais given by

K =

∣∣∣∣
m

2
− n

2

k
2
− l

2

∣∣∣∣ kl

wherem,n are the bimedians andk, l the tangency chords.

1. The formula K =
√

abcd

A bicentric quadrilateral is a convex quadrilateral with both an incircle and a
circumcircle, so it is both tangential and cyclic. It is wellknown that the square
root of the product of the sides gives the area of a bicentric quadrilateral. In [12,
pp.127–128] we reviewed four derivations of that formula and gave a fifth proof.
Here we shall give a sixth proof, which is probably as simple as it can get if we use
trigonometry and the two fundamental properties of a bicentric quadrilateral.

Theorem 1. A bicentric quadrilateral with sides a, b, c, d has the area

K =
√

abcd.

Proof. The diagonalAC divide a convex quadrilateralABCD into two triangles
ABC andADC. Using the law of cosines in these, we have

a2 + b2 − 2ab cos B = c2 + d2 − 2cd cos D. (1)

The quadrilateral has an incircle. By the Pitot theorema+ c = b+ d [4, pp.65–67]
we get(a − b)2 = (d − c)2, so

a2 − 2ab + b2 = d2 − 2cd + c2. (2)

Subtracting (2) from (1) and dividing by 2 yields

ab(1 − cos B) = cd(1 − cos D). (3)

In a cyclic quadrilateral opposite angles are supplementary, so thatcos D = − cos B.
We rewrite (3) as

(ab + cd) cos B = ab − cd. (4)

Publication Date: September 6, 2011. Communicating Editor: Paul Yiu.
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The areaK of a convex quadrilateral satisfies2K = ab sin B + cd sin D. Since
sinD = sin B, this yields

2K = (ab + cd) sin B. (5)

Now using (4), (5) and the identitysin2 B + cos2 B = 1, we have for the areaK
of a bicentric quadrilateral

(2K)2 = (ab + cd)2(1 − cos2 B) = (ab + cd)2 − (ab − cd)2 = 4abcd.

HenceK =
√

abcd. �

Corollary 2. A bicentric quadrilateral with sides a, b, c, d has the area

K = ac tan
θ

2
= bd cot

θ

2

where θ is the angle between the diagonals.

Proof. The angleθ between the diagonals in a bicentric quadrilateral is givenby

tan2
θ

2
=

bd

ac

according to [8, p.30]. Hence we get

K2 = (ac)(bd) = (ac)2 tan2
θ

2

and similar for the second formula. �

Corollary 3. In a bicentric quadrilateral ABCD with sides a, b, c, d we have

tan
A

2
=

√
bc

ad
= cot

C

2
,

tan
B

2
=

√
cd

ab
= cot

D

2
.

Proof. A well known trigonometric formula and (3) yields

tan
B

2
=

√
1 − cos B

1 + cos B
=

√
cd

ab
(6)

where we also usedcos D = − cos B in (3). The formula forD follows from
B = π − D. By symmetry in a bicentric quadrilateral, we get the formula for A

by the changeb ↔ d in (6). Then we useA = π − C to complete the proof. �

Therefore, not only the area but also the angles have simple expressions in terms
of the sides.

The area of a bicentric quadrilateral also gives a conditionwhen a tangential
quadrilateral is cyclic. Even though we did not express it inthose terms, we have
already proved the following characterization in the proofof Theorem 9 in [12].
Here we give another short proof.

Theorem 4. A tangential quadrilateral with sides a, b, c, d is also cyclic if and only
if it has the area K =

√
abcd.
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Proof. The area of a tangential quadrilateral is according to [8, p.28] given by

K =
√

abcd sin
B + D

2
.

It’s also cyclic if and only ifB + D = π; hence a tangential quadrilateral is cyclic
if and only if it’s area isK =

√
abcd. �

This is not a new characterization of bicentric quadrilaterals. One quite long
trigonometric proof of it was given by Joseph Shin in [15] andmore or less the
same proof of the converse can be found in the solutions to Problem B-6 in the
1970 William Lowell Putnam Mathematical Competition [1, p.69].

In this characterization the formulation of the theorem is important. The tan-
gential and cyclic quadrilaterals cannot change roles in the formulation, nor can
the formulation be that it’s a bicentric quadrilateral if and only if the area is given
by the formula in the theorem. This can be seen with an example. A rectangel is
cyclic but not tangential. Its area satisfy the formulaK =

√
abcd since opposite

sides are equal. Thus it’s important that it must be a tangential quadrilateral that is
also cyclic if and only if the area isK =

√
abcd, otherwise the conclution would

be that a rectangle also has an incircle, which is obviously false.

2. Other formulas for the area of a bicentric quadrilateral

In this section we will prove three more formulas for the areaof a bicentric
quadrilateral, where the area is given in terms of other quantities than the sides.
Let us first review a few other formulas and one double inequality for the area that
can be found elsewhere.

In [12], Theorem 10, we proved that a bicentric quadrilateral has the area

K = 4
√

efgh(e + f + g + h)

wheree, f, g, h are the tangent lengths, that is, the distances from the vertices to
the point where the incircle is tangent to the sides.

According to Juan Carlos Salazar [14], a bicentric quadrilateral has the area

K = 2MN
√

EQ · FQ

whereM,N are the midpoints of the diagonals;E,F are the intersection points of
the extensions of opposite sides, andQ is the foot of the normal toEF through the
incenterI (see Figure 1). This is a remarkable formula since the area isgiven in
terms of only three distances. A short proof is given by “pestich” at [14]. He first
proved that a bicentric quadrilateral has the area

K = 2MN · IQ

which is even more extraordinary, since here the area is given in terms of only two
distances!
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Figure 1. The configuration of Salazar’s formula

The angleEIF (see Figure 1) is a right angle in a bicentric quadrilateral,1 so
we also get that the area of a bicentric quadrilateral is given by

K =
2MN · EI · FI

EF

where we used the well known property that the product of the legs is equal to
the product of the hypotenuse and the altitude in a right triangle. The last three
formulas are not valid in a square since there we haveMN = 0.

In [2, p.64] Alsina and Nelsen proved that the area of a bicentric quadrilateral
satisfy the inequalities

4r2 ≤ K ≤ 2R2

wherer,R are the radii in the incircle and circumcircle respectively. We have
equality on either side if and only if it is a square.

Problem 1 on Quiz 2 at the China Team Selection Test 2003 [5] was to prove
that in a tangential quadrilateralABCD with incenterI,

AI · CI + BI · DI =
√

AB · BC · CD · DA.

The right hand side gives the area of a bicentric quadrilateral, so from this we
get another formula for this area. It is easier to prove the following theorem than
solving the problem from China,2 since in a bicentric quadrilateral we can also use
that opposite angles are supplementary angles.

1This is proved in Theorem 5 in [13], where the notations are different from here.
2One solution is given by Darij Grinberg in [9, pp.16–19].
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Figure 2. Partition of a bicentric quadrilateral into kites

Theorem 5. A bicentric quadrilateral ABCD with incenter I has the area

K = AI · CI + BI · DI.

Proof. The quadrilateral has an incircle, sotan A

2
= r

e
wherer is the inradius (see

Figure 2). It also has a circumcircle, soA+C = B+D = π. Thuscot C

2
= tan A

2

andsin C

2
= cos A

2
. A bicentric quadrilateral can be partitioned into four right kites

by four inradii, see Figure 2.
TriangleAIW has the areaer

2
= r2

2 tan
A

2

. Thus the bicentric quadrilateral has

the area

K = r2

(
1

tan A

2

+
1

tan B

2

+
1

tan C

2

+
1

tan D

2

)
.

Hence we get

K = r2

(
1

tan C

2

+
1

tan A

2

+
1

tan D

2

+
1

tan B

2

)

= r2

((
tan

A

2
+ cot

A

2

)
+

(
tan

B

2
+ cot

B

2

))

= r2

(
1

sin A

2
cos A

2

+
1

sin B

2
cos B

2

)

=
r2

sin A

2
sin C

2

+
r2

sin B

2
sin D

2

= AI · CI + BI · DI

where we used thatsin A

2
= r

AI
and similar for the other angles. �
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Corollary 6. A bicentric quadrilateral ABCD has the area

K = 2r2

(
1

sinA
+

1

sinB

)

where r is the inradius.

Proof. Using one of the equalities in the proof of Theorem 5, we get

K = r2

(
1

sin A

2
cos A

2

+
1

sin B

2
cos B

2

)
= r2

(
1

1

2
sin A

+
1

1

2
sinB

)

and the result follows. �

Here is an alternative, direct proof of Corollary 6:
In a tangential quadrilateral with sidesa, b, c, d and semiperimeters we have

K = rs = r(a + c) = r(b + d). Hence

K2 = r2(a + c)(b + d)

= r2(ad + bc + ab + cd)

= r2

(
2K

sin A
+

2K

sin B

)

since in a cyclic quadrilateralABCD, the area satisfies2K = (ad + bc) sin A =
(ab + cd) sin B. Now factor the right hand side and then divide both sides byK.
This completes the proof.

From Corollary 6 we get another proof of the inequality4r2 ≤ K, different
form the one given in [2, p.64]. We have

K = 2r2

(
1

sinA
+

1

sinB

)
≥ 2r2(1 + 1) = 4r2

for 0 < A < π and0 < B < π.
In [12], Theorem 11, we proved that a bicentric quadrilateral with diagonalsp, q

and tangency chords3 k, l has the area

K =
klpq

k2 + l2
. (7)

We shall use this to derive another beautiful formula for thearea of a bicentric
quadrilateral. In the proof we will also need the following formula for the area of
a convex quadrilateral, which we have not found any reference to.

Theorem 7. A convex quadrilateral with diagonals p, q and bimedians m,n has
the area

K = 1

2

√
p2q2 − (m2 − n2)2.

3A tangency chord is a line segment connecting the points on two opposite sides where the incircle
is tangent to those sides in a tangential quadrilateral.
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Proof. A convex quadrilateral with sidesa, b, c, d and diagonalsp, q has the area

K = 1

4

√
4p2q2 − (a2 − b2 + c2 − d2)2 (8)

according to [6, p.243], [11] and [16]. The length of the bimedians4 m,n in a
convex quadrilateral are given by

m2 = 1

4
(p2 + q2 − a2 + b2 − c2 + d2), (9)

n2 = 1

4
(p2 + q2 + a2 − b2 + c2 − d2). (10)

according to [6, p.231] and post no 2 at [10] (both with other notations). From (9)
and (10) we get

4(m2 − n2) = −2(a2 − b2 + c2 − d2)

so
(a2 − b2 + c2 − d2)2 = 4(m2 − n2)2.

Using this in (8), the formula follows. �

The next theorem is our main result and gives the area of a bicentric quadrilateral
in terms of the bimedians and tangency chords (see Figure 3).

Theorem 8. A bicentric quadrilateral with bimedians m,n and tangency chords
k, l has the area

K =

∣∣∣∣
m2 − n2

k2 − l2

∣∣∣∣ kl

if it is not a kite.

Proof. From Theorem 7 we get that in a convex quadrilateral

(m2 − n2)2 = (pq)2 − 4K2. (11)

Rewriting (7), we have in a bicentric quadrilateral

pq =
k2 + l2

kl
K.

Inserting this into (11) yields

(m2 − n2)2 =
(k2 + l2)2

k2l2
K2 − 4K2

= K2

(
(k2 + l2)2 − 4k2l2

k2l2

)

= K2

(
(k2 − l2)2

k2l2

)
.

Hence
∣∣m2 − n2

∣∣ = K

∣∣k2 − l2
∣∣

kl
and the formula follows.

4A bimedian is a line segment connecting the midpoints of two opposite sides in a quadrilateral.
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It is not valid in two cases, whenm = n or k = l. In the first case we have
according to (9) and (10) that

−a2 + b2 − c2 + d2 = a2 − b2 + c2 − d2 ⇔ a2 + c2 = b2 + d2

which is a well known condition for when a convex quadrilateral has perpendicular
diagonals. The second case is equivalent to that the quadrilateral is a kite according
to Corollary 3 in [12]. Since the only tangential quadrilateral with perpendicular
diagonals is the kite (see the proof of Corollary 3 in [12]), this is the only quadri-
lateral where the formula is not valid.5

�

In view of the expressions in the quotient in the last theorem, we conclude with
the following theorem concerning the signs of those expressions in a tangential
quadrilateral. Letm = EG andn = FH be the bimedians, andk = WY and
l = XZ be the tangency chords in a tangential quadrilateral, see Figure 3.

b
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b
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b
D

b

B
b

W

b
Y

b
X

bZ

k

l

b

E

b

G

m

bH

b

F

n

Figure 3. The bimediansm, n and the tangency chordsk, l

Theorem 9. Let a tangential quadrilateral have bimedians m,n and tangency
chords k, l. Then

m < n ⇔ k > l

where m and k connect the same pair of opposite sides.

Proof. Eulers extension of the parallelogram law to a convex quadrilateral with
sidesa, b, c, d states that

a2 + b2 + c2 + d2 = p2 + q2 + 4v2

wherev is the distance between the midpoints of the diagonalsp, q (this is proved
in [7, p.107] and [3, p.126]). Using this in (9) and (10) we getthat the length of the
bimedians in a convex quadrilateral can also be expressed as

m = 1

2

√
2(b2 + d2) − 4v2,

n = 1

2

√
2(a2 + c2) − 4v2.

5This also means it is not valid in a square since a square is a special case of a kite.
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Thus in a tangential quadrilateral we have

m < n

⇔ b2 + d2 < a2 + c2

⇔ (f + g)2 + (h + e)2 < (e + f)2 + (g + h)2

⇔ fg + he < ef + gh

⇔ (e − g)(h − f) < 0

wheree = AW, f = BX, g = CY andh = DZ are the tangent lengths.
In [12], Theorem 1, we proved that the lengths of the tangencychords in a

tangential quadrilateral are

k =
2(efg + fgh + ghe + hef)√
(e + f)(f + h)(h + g)(g + e)

,

l =
2(efg + fgh + ghe + hef)√
(e + h)(h + f)(f + g)(g + e)

.

Thus

k > l

⇔ (e + f)(f + h)(h + g)(g + e) < (e + f)(f + h)(h + g)(g + e)

⇔ eh + fg < ef + gh

⇔ (e − g)(h − f) < 0.

Hence in a tangential quadrilateral

m < n ⇔ (e − g)(h − f) < 0 ⇔ k > l

which proves the theorem. �

We also note that the bimedians are congruent if and only if the tangency chords
are congruent. Such equivalences will be investigated further in a future paper.

References

[1] G. L. Alexanderson, L. F. Klosinski and L. C. Larson (editors), The William Lowell Putnam
Mathematical Competition Problems and Solutions, Math. Assoc. Amer., 1985.

[2] C. Alsina and R. B. Nelsen,When Less is More. Visualizing Basic Inequalities, Math. Assoc.
Amer., 2009.

[3] N. Altshiller-Court, College Geometry, Barnes & Nobel, New York, 1952. New edition by
Dover Publications, Mineola, 2007.

[4] T. Andreescu and B. Enescu,Mathematical Olympiad Treasures, Birkhäuser, Boston, 2004.
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When is a Tangential Quadrilateral a Kite?

Martin Josefsson

Abstract. We prove13 necessary and sufficient conditions for a tangential quadri-
lateral to be a kite.

1. Introduction

A tangential quadrilateral is a quadrilateral that has an incircle. A convex
quadrilateral with the sidesa, b, c, d is tangential if and only if

a + c = b + d (1)

according to the Pitot theorem [1, pp.65–67]. Akite is a quadrilateral that has
two pairs of congruent adjacent sides. Thus all kites has an incircle since its sides
satisfy (1). The question we will answer here concerns the converse, that is, what
additional property a tangential quadrilateral must have to be a kite? We shall prove
13 such conditions. To prove two of them we will use a formula for the area of a
tangential quadrilateral that is not so well known, so we prove it here first. It is
given as a problem in [4, p.29].

Theorem 1. A tangential quadrilateral with sides a, b, c, d and diagonals p, q has
the area

K = 1

2

√
(pq)2 − (ac − bd)2.

Proof. A convex quadrilateral with sidesa, b, c, d and diagonalsp, q has the area

K = 1

4

√
4p2q2 − (a2 − b2 + c2 − d2)2 (2)

according to [6] and [14]. Squaring the Pitot theorem (1) yields

a2 + c2 + 2ac = b2 + d2 + 2bd. (3)

Using this in (2), we get

K = 1

4

√
4(pq)2 − (2bd − 2ac)2

and the formula follows. �
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2. Conditions for when a tangential quadrilateral is a kite

In a tangential quadrilateral, atangency chord is a line segment connecting the
points on two opposite sides where the incircle is tangent tothose sides, and the
tangent lengths are the distances from the four vertices to the points of tangency
(see [7] and Figure 1). Abimedian in a quadrilateral is a line segment connecting
the midpoints of two opposite sides.

In the following theorem we will prove eight conditions for when a tangential
quadrilateral is a kite.
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B
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bZ
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l

Figure 1. The tangency chordsk, l and tangent lengthse, f, g, h

Theorem 2. In a tangential quadrilateral the following statements are equivalent:
(i) The quadrilateral is a kite.
(ii) The area is half the product of the diagonals.
(iii) The diagonals are perpendicular.
(iv) The tangency chords are congruent.
(v) One pair of opposite tangent lengths are congruent.
(vi) The bimedians are congruent.
(vii) The products of the altitudes to opposite sides of the quadrilateral in the
nonoverlapping triangles formed by the diagonals are equal.
(viii) The product of opposite sides are equal.
(ix) The incenter lies on the longest diagonal.

Proof. Let the tangential quadrilateralABCD have sidesa, b, c, d. We shall prove
that each of the statements (i) through (vii) is equivalent to (viii); then all eight of
them are equivalent. Finally, we prove that (i) and (ix) are equivalent.

(i) If in a kite a = d andb = c, thenac = bd. Conversely, in [7, Corollary 3] we
have already proved that a tangential quadrilateral withac = bd is a kite.

(ii) Using Theorem 1, we get

K = 1

2

√
(pq)2 − (ac − bd)2 = 1

2
pq ⇔ ac = bd.
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(iii) We use the well known formulaK = 1

2
pq sin θ for the area of a convex

quadrilateral,1 whereθ is the angle between the diagonalsp, q. From

K = 1

2

√
(pq)2 − (ac − bd)2 = 1

2
pq sin θ

we get

θ =
π

2
⇔ ac = bd.

(iv) In a tangential quadrilateral, the tangency chordsk, l satisfy
(

k

l

)2

=
bd

ac

according to Corollary 2 in [7]. Hence

k = l ⇔ ac = bd.

(v) Let the tangent lengths bee, f, g, h, wherea = e + f , b = f + g, c = g + h

andd = h + e (see Figure 1). Then we have

ac = bd

⇔ (e + f)(g + h) = (f + g)(h + e)

⇔ ef − eh − fg + gh = 0

⇔ (e − g)(f − h) = 0

which is true when (at least) one pair of opposite tangent lengths are congruent.
(vi) In the proof of Theorem 7 in [9] we noted that the length ofthe bimedians

m,n in a convex quadrilateral are

m = 1

2

√
2(b2 + d2) − 4v2,

n = 1

2

√
2(a2 + c2) − 4v2

wherev is the distance between the midpoints of the diagonals. Using these, we
have

m = n ⇔ a2 + c2 = b2 + d2 ⇔ ac = bd

where the last equivalence is due to (3).
(vii) The diagonal intersectionP divides the diagonals in partsw, x andy, z.

Let the altitudes in trianglesABP,BCP,CDP,DAP to the sidesa, b, c, d be
h1, h2, h3, h4 respectively (see Figure 2). By expressing twice the area ofthese
triangles in two different ways we get

ah1 = wy sin θ,

bh2 = xy sin θ,

ch3 = xz sin θ,

dh4 = wz sin θ,

1For a proof, see [5] or [13, pp.212–213].
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whereθ is the angle between the diagonals and we used thatsin (π − θ) = sin θ.
These equations yields

ach1h3 = wxyz sin2 θ = bdh2h4.

Hence
h1h3 = h2h4 ⇔ ac = bd.
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b
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d

b
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h2

h3

h4

w

z

θ

Figure 2. The subtriangle altitudesh1, h2, h3, h4

(ix) We prove that (i)⇔ (ix). A kite has an incircle and the incenter lies on the
intersection of the angle bisectors. The longest diagonal is an angle bisector to two
of the vertex angles since it divides the kite into two congruent triangles (SSS),
hence the incenter lies on the longest diagonal.2 Conversely, if the incenter lies on
the longest diagonal in a tangential quadrilateral (see Figure 3) it directly follows
that the quadrilateral is a kite since the longest diagonal divides the quadrilateral
into two congruent triangles (ASA), so two pairs of adjacentsides are congruent.

�

b

A

b C

b

D

b

B

b
I

Figure 3. This tangential quadrilateral is a kite

2A more detailed proof not assuming that a kite has an incircleis given in [10, pp.92–93].
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For those interested in further explorations we note that ina convex quadri-
lateral whereac = bd there is an interesting angle relation concerning the angles
formed by the sides and the diagonals, see [2] and [3]. Atzemacalls thesebalanced
quadrilaterals.

Theorem 2 (vii) has the following corollary.

Corollary 3. The sums of the altitudes to opposite sides of a tangential quadrilat-
eral in the nonoverlapping triangles formed by the diagonals are equal if and only
if the quadrilateral is a kite.

Proof. If h1, h2, h3, h4 are the altitudes from the diagonal intersectionP to the
sidesAB, BC, CD, DA in trianglesABP , BCP , CDP , DAP respectively, then
according to [12] and Theorem 1 in [11] (with other notations)

1

h1

+
1

h3

=
1

h2

+
1

h4

. (4)

From this we get
h1 + h3

h1h3

=
h2 + h4

h2h4

.

Hence
h1h3 = h2h4 ⇔ h1 + h3 = h2 + h4

and the proof is compleate. �

Remark. In [8] we attributed (4) to Minculete since he proved this condition in [11].
After the publication of [8], Vladimir Dubrovsky pointed out that condition (4) in
fact appeared earlier in the solution of Problem M1495 in theRussian magazine
Kvant in 1995, see [12]. There it was given and proved by Vasilyev and Senderov
together with their solution to Problem M1495. This problem, which was posed
and solved by Vaynshtejn, was about proving a condition withinverse inradii, see
(7) later in this paper. In [8, p.70] we incorrectly attributed this inradii condition to
Wu due to his problem in [15].

3. Conditions with subtriangle inradii and exradii

In the proof of the next condition for when a tangential quadrilateral is a kite we
will need the following formula for the inradius of a triangle.

Lemma 4. The incircle in a triangle ABC with sides a, b, c has the radius

r =
a + b − c

2
tan

C

2
.

Proof. We use notations as in Figure 4, where there is one pair of equal tangent
lengthsx, y andz at each vertex due to the two tangent theorem. For the sides of
the triangle we havea = y + z, b = z + x andc = x + y; hencea + b − c = 2z.
CI is an angle bisector, so

tan
C

2
=

r

z
and the formula follows. �
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Figure 4. An incircle in a triangle

Theorem 5. Let the diagonals in a tangential quadrilateral ABCD intersect at
P and let the inradii in triangles ABP , BCP , CDP , DAP be r1, r2, r3, r4

respectively. Then the quadrilateral is a kite if and only if

r1 + r3 = r2 + r4.

Proof. We use the same notations as in Figure 2. The four incircles and their radii
are marked in Figure 5. Sincetan π−θ

2
= cot θ

2
, whereθ is the angle between the

diagonals, Lemma 4 yields

r1 + r3 = r2 + r4

⇔
w + y − a

2
tan

θ

2
+

x + z − c

2
tan

θ

2
=

x + y − b

2
cot

θ

2
+

w + z − d

2
cot

θ

2

⇔ (w + x + y + z − a − c) tan
θ

2
= (w + x + y + z − b − d) cot

θ

2
. (5)

Using the Pitot theorema + c = b + d, (5) is eqivalent to

(w + x + y + z − a − c)

(
tan

θ

2
− cot

θ

2

)
= 0. (6)

According to the triangle inequality applied in trianglesABP andCDP , we have
w + y > a andx + z > c. Hencew + x + y + z > a + c and (6) is equivalent to

tan
θ

2
− cot

θ

2
= 0 ⇔ tan2

θ

2
= 1 ⇔

θ

2
=

π

4
⇔ θ =

π

2

where we used thatθ > 0, so the negative solution is invalid. According to Theo-
rem 2 (iii), a tangential quadrilateral has perpendicular diagonals if and only if it is
a kite. �

Corollary 6. If r1, r2, r3, r4 are the same inradii as in Theorem 5, then the tan-
gential quadrilateral is a kite if and only if

r1r3 = r2r4.
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Figure 5. The incircles in the subtriangles

Proof. In a tangential quadrilateral we have according to [12] and [15]
1

r1

+
1

r3

=
1

r2

+
1

r4

. (7)

We rewrite this as
r1 + r3

r1r3

=
r2 + r4

r2r4

.

Hence
r1 + r3 = r2 + r4 ⇔ r1r3 = r2r4

which proves this corollary. �

Now we shall study similar conditions concerning the exradii to the same sub-
triangles.

Lemma 7. The excircle to side AB = c in a triangle ABC with sides a, b, c has
the radius

Rc =
a + b + c

2
tan

C

2
.

Proof. We use notations as in Figure 6, whereu + v = c. Also, according to the
two tangent theorem,b + u = a + v. Henceb + u = a + c − u, so

u =
a − b + c

2
and therefore

b + u =
a + b + c

2
.

For the exradius we have

tan
C

2
=

Rc

b + u
sinceCI is an angle bisector, and the formula follows. �

Theorem 8. Let the diagonals in a tangential quadrilateral ABCD intersect at P

and let the exradii in triangles ABP , BCP , CDP , DAP opposite the vertex P

be R1, R2, R3, R4 respectively. Then the quadrilateral is a kite if and only if

R1 + R3 = R2 + R4.
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Proof. The four excircles and their radii are marked in Figure 7. Sincetan π−θ

2
=

cot θ

2
, whereθ is the angle between the diagonals, Lemma 7 yields

R1 + R3 = R2 + R4

⇔
w + y + a

2
tan

θ

2
+

x + z + c

2
tan

θ

2
=

x + y + b

2
cot

θ

2
+

w + z + d

2
cot

θ

2

⇔ (w + x + y + z + a + c) tan
θ

2
= (w + x + y + z + b + d) cot

θ

2
. (8)

Using the Pitot theorema + c = b + d, (8) is eqivalent to

(w + x + y + z + a + c)

(
tan

θ

2
− cot

θ

2

)
= 0. (9)

The first parenthesis is positive. Hence (9) is equivalent tothat the second paren-
thesis is zero and the end of the proof is the same as in Theorem5. �

Corollary 9. If R1, R2, R3, R4 are the same exradii as in Theorem 8, then the
tangential quadrilateral is a kite if and only if

R1R3 = R2R4.

Proof. In a tangential quadrilateral we have according to Theorem 4in [8]

1

R1

+
1

R3

=
1

R2

+
1

R4

.

We rewrite this as
R1 + R3

R1R3

=
R2 + R4

R2R4

.
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Hence
R1 + R3 = R2 + R4 ⇔ R1R3 = R2R4

completing the proof. �
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On a Certain Cubic Geometric Inequality

Toufik Mansour and Mark Shattuck

Abstract. We provide a proof of a geometric inequality relating the cube of the
distances of an arbitrary point from the vertices of a triangle to the cube of the
inradius of the triangle. Comparable versions of the inequality involving second
and fourth powers may be obtained by modifying our arguments.

1. Introduction

Given triangleABC and a pointP in its plane, letR1, R2, andR3 denote the
respective distancesAP , BP , andCP andr denote the inradius of triangleABC.
In this note, we prove the following result.

Theorem 1. If ABC is a triangle andP is a point, then

R3

1 + R3

2 + R3

3 + 6R1R2R3 > 72r3. (1)

This answers a conjecture raised by Wu, Zhang, and Chu at the end of [5] in
the affirmative. Furthermore, there is equality in (1) if andonly if triangleABC is
equilateral withP its center. By homogeneity, one may taker = 1 in (1), which
we will assume. Modifying our proof, one can generalize inequality (1) somewhat
and establish versions of it for exponents2 and4. For other related inequalities of
the Erdős-Mordell type involving powers of theRi, see, for example, [1–5].

Note that in Theorem 1, one may assume that the pointP lies on or within the
triangleABC since for anyP lying outside triangleABC, one can find a pointQ
lying on or within the triangle, all of whose distances to thevertices are strictly less
than or equal the respective distances forP . To see this, consider the seven regions
of the plane formed by extending the sides of triangleABC indefinitely in both
directions. Suppose first thatP , say, lies in the region inside of∠BAC but outside
of triangleABC. Let K be the foot ofP on lineBC. If K lies betweenB and
C, then takeQ = K; otherwise, takeQ to be the closer ofB or C to the pointK.
On the other hand, suppose that the pointP lies in a region bounded by one of the
vertical angles opposite an interior angle of triangleABC, say in the vertical angle
to ∠BAC. Let J be the foot ofP on the lineℓ passing throughA and parallel to
line BC; note that all of the distances fromJ to the vertices of triangleABC are
strictly less than the respective distances forP . Now proceed as in the prior case
using the pointJ .

Publication Date: September 14, 2011. Communicating Editor: Paul Yiu.
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To reduce the number of cases, we will assume that the pointP lies on or within
the triangleABC.

2. Preliminary results

Lemma 2. SupposeB andC are fixed points on thex-axis. Consider all possible
trianglesABC having inradius1. If A = (x, y), wherey > 0, theny achieves its
minimum value only when triangleABC is isosceles.

Proof. Let P denote the point of tangency of the incircle of triangleABC with
side BC. Without loss of generality, we may letB = (0, 0), P = (a, 0) and
C = (a + b, 0), wherea andb are positive numbers such thatab > 1. It is then a
routine exercise to show that

A =

(
b(a2 − 1)

ab − 1
,

2ab

ab − 1

)
,

upon first noting that cotIBP = a and cotICP = b, whereI denotes the incenter.
Thus, they-coordinate ofA is 2 + 2

ab−1
, and this has minimum value whenab is

maximized, which occurs only whena = b sinceBC = a+b is of fixed length. �

For a pointP in the plane of triangleABC, we define thepower of the pointP
(with respect to triangleABC) as

fP

△ABC := R3

1 + R3

2 + R3

3 + 6R1R2R3.

Lemma 3. Fix baseBC. Let triangleA′BC have inradius1, andP ′ be a point
on or within this triangle. Then

fP ′

△A′BC
≥ fP

△ABC

for an isosceles triangleABC with inradius1 and some pointP on the altitude
fromA to BC.

L

A

CB

A
′

P
P

′

NM

E

Figure 1. TrianglesABC andA
′

BC.

Proof. Let R′
1

= A′P ′, R′
2

= BP ′, andR′
3

= CP ′. Without loss of generality,
we may assumeR′

1
= min{R′

1
, R′

2
, R′

3
}, for we may relabel the figure otherwise.

Note thatP ′ lies on the ellipseE with foci at pointsB andC having major axis
lengthd = R′

2
+ R′

3
. Let L denote the midpoint ofBC and suppose the perpen-

dicular toBC at L intersects ellipseE at the pointP . Let A be the point (on the
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same side ofBC asP ) such that triangleABC is isosceles and has inradius1. See
Figure 1.

Let R1 = AP , R2 = BP , andR3 = CP ; note that2R2 = R2 + R3 = d since
P andP ′ lie on the same ellipse. LetM andN denote, respectively, the feet of
pointsA′ andP ′ on lineBC; note thatP ′N 6 PL sinceP is the highest point on
the ellipseE . We now consider two cases concerning the position ofP :
(i) P lies between pointsA andL (as illustrated above), or
(ii) P lies past pointA on lineAL.

In case (i), we have, by Lemma 2,

R1 = AL − PL 6 A′M − PL 6 A′M − P ′N 6 R′
1,

as the difference in the vertical heights of pointsA′ andP ′ (with respect toBC) is
no more than the distance between them.

SinceR2 + R3 = R′
2

+ R′
3
, with R′

1
= min{R′

1
, R′

2
, R′

3
} andR2 = R3, it is a

routine exercise to verify

R′3
1 + R3

2 + R3

3 + 6R′
1R2R3 6 R′3

1 + R′3
2 + R′3

3 + 6R′
1R

′
2R

′
3.

SinceR1 6 R′
1
, this implies

R3

1 + R3

2 + R3

3 + 6R1R2R3 6 R′3
1 + R′3

2 + R′3
3 + 6R′

1R
′
2R

′
3,

which completes the proof in case (i).
In case (ii), we may replaceP with vertexA since clearlyfA

△ABC
6 fP

△ABC
.

Furthermore, note thatfA

△ABC
6 fP ′

△A′BC
, by the argument in the prior case, since

nowR2 + R3 = AB + AC 6 R′
2
+ R′

3
with R1 = 0. �

Lemma 4. SupposeABC is an isosceles triangle having inradius1 and baseBC.
LetP be any point on the altitude fromA to BC. Then for all possibleP , we have

fP

△ABC > 72.

Equality holds if and only if triangleABC is equilateral withP the center.

Proof. Let ∠ABC = 2α andAD be the altitude from vertexA to sideBC. Then
BD = cotα and thus

AD = BD · tan 2α = tan 2α cotα =
2

1 − tan2 α
.

Let x = tan2 α andy = R1 = AP . Note that

R2 = R3 = BP =
√

DP 2 + BD2 =
√

(AD − AP )2 + BD2

=

√(
2

1 − x
− y

)2

+
1

x
.

See Figure 2.
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1
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Figure 2. Isosceles triangleABC.

To showR3

1
+R3

2
+R3

3
+6R1R2R3 > 72, we need only establish the inequality

2

[(
2

1 − x
− y

)2

+
1

x

]3/2

+ 6y

[(
2

1 − x
− y

)2

+
1

x

]
+ y3

> 72, (2)

for all 0 < x < 1 andy > 0.
To prove (2), we consider the function

f(x, y) = 2

[(
2

1 − x
− y

)2

+
1

x

]3/2

+ 6y

[(
2

1 − x
− y

)2

+
1

x

]
+ y3

and study its extreme points. Direct calculations give

fx(x, y) = 3 ·
8x2 − (1 − x)3 − 4x2(1 − x)y

(1 − x)3x2

(√
1

x
+

(2 − y + xy)2

(1 − x)2
+ 2y

)
,

fy(x, y) =
6(1 + x)2

(1 − x)2x
−

48

1 − x
y + 21y2 −

6(2 − y + xy)

1 − x

√
1

x
+

(2 − y + xy)2

(1 − x)2
.

Since0 < x < 1 and y > 0, we see that the equationfx(x, y) = 0 implies

y = 8x2−(1−x)3

4x2(1−x)
. Substituting this expression fory into the equationfy(x, y) = 0,

we obtain, after several straightforward algebraic operations, the equality

(1 + x)(7x5 + 31x4 − 70x3 + 106x2 − 49x + 7)

= 2(1 − x)4
√

(1 + x)(1 − 5x + 11x2 + x3),

which, since0 < x < 1, implies eitherx = x0 = 1

3
or g(x) = 0, where

g(x) = 15x10 + 162x9 + 279x8 − 1256x7 + 3150x6 − 2644x5

+ 694x4 + 1752x3 − 1533x2 + 450x − 45.
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By Maple or any mathematical programming (or, by hand, upon considering
eight derivatives), it can be shown thatg′(x) > 0 for all 0 < x < 1; see graph
above. Thusg(x) is an increasing function withg(0) < 0 andg(1) > 0. Hence
the equationg(x) = 0 has a unique rootx = x1 on the interval(0, 1). By any
numerical method, one may estimate this root to bex1 = 0.2558509455 · · · .
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Figure 3. Graph ofg′(x) on the intervals[0,
1

2
] and[ 1

2
, 1].

Note thatlimx→0+ f(x, y) = limx→1− f(x, y) = limy→∞ f(x, y) = ∞. Ob-
serve further that the function

f(x, 0) = 2

(
4

(1 − x)2
+

1

x

)3/2

has a unique extreme point atx = −2 +
√

5 on the interval0 < x < 1, and in
this case we havef(−2 +

√
5, 0) = 4+2

√
5

(
√

5−2)
3
2

≈ 73.8647611. On the other hand,

the functionf(x, y) has two internal extreme points, namely(x0, y0) = (1

3
, 2) and

(x1, y1) = (0.2558509455, 0.5727531365), with f(x0, y0) = 72 andf(x1, y1) ≈
77.5182420. This showsf(x, y) > 72 for all 0 < x < 1 andy > 0, as required.
There is equality only when(x, y) = (1

3
, 2), which corresponds to the case when

triangleABC is equilateral withP its center. �

We invite the reader to seek a less technical proof of inequality (2). Meanwhile,
Theorem 1 follows quickly from Lemmas 3 and 4.

3. Proof of Theorem 1

SupposeP is a point in the plane of the arbitrary triangleABC having inradius
1, whereBC is fixed. We may assumeP lies on or within triangleABC, by the
observation in the introduction. From Lemma 3, we see that the power ofP with
respect to triangleABC is at least as large as the power of some pointQ with
respect to the isosceles triangle having inradius1 and the same base, whereQ lies
on the altitude to it, which, by Lemma 4, is at least72. SinceBC was arbitrary,
the theorem is proven. We also have that there is equality only in the case when
triangleABC is equilateral andP is the center. �
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4. Some corollaries

We now state a few simple consequences of Theorem 1. First, combining with
the arithmetic-geometric mean inequality, we obtain the following result.

Corollary 5. If ABC is a triangle andP is a point, then

R3

1 + R3

2 + R3

3 > 24r3. (3)

Taking P to be the circumcenter of triangleABC, we see that Theorem 1 re-
duces to Euler’s inequalityR ≥ 2r, whereR denotes the circumradius. TakingP
to be the incenter, we obtain the following trigonometric inequality.

Corollary 6. If α, β, andγ denote the half-angles of a triangleABC, then

csc3 α + csc3 β + csc3 γ + 6csc α csc β csc γ > 72. (4)

Inequality (4) may also be realized by observing

csc3 α+csc3 β+csc3 γ+6csc α csc β csc γ > 9 csc α csc β csc γ = 9

(
4R

r

)
> 72,

using Euler’s inequality and the factr
4R

= sin α sin β sin γ.
Finally, takingP to be the centroid of triangleABC, we obtain the following

inequality.

Corollary 7. If triangle ABC has median lengthsma, mb, andmc, then

m3

a + m3

b + m3

c + 6mambmc > 243r3. (5)

Using the proof above of Theorem 1, it is possible to find lowerbounds for the
general sumRα

1
+Rα

2
+Rα

3
+k(R1R2R3)

α

3 , whereα andk are positive constants,
in several particular instances. For example, one may generalize Theorem 1 as
follows, mutatis mutandis.

Theorem 8. If ABC is a triangle andP is a point, then

R3

1 + R3

2 + R3

3 + kR1R2R3 > 8(k + 3)r3 (6)

for k = 0, 1, . . . , 6.

Furthermore, it appears that inequality (6) would hold for all real numbersk
in the interval[0, 6], though we do not have a complete proof. However, for any
givennumber in this interval, one could apply the steps in the proof of Lemma4 to
test whether or not (6) holds. Even though it does not appear that Lemma 3 can be
generalized to handle the case whenα = 3 andk > 6, numerical evidence suggests
that inequality (6) still might hold over a larger range, such as0 6 k 6 15.

The proof above can be further modified to show the following results for expo-
nents2 and4.

Theorem 9. If ABC is a triangle andP is a point, then

R2

1 + R2

2 + R2

3 + (R1R2R3)
2

3 > 16r2

and
R2

1 + R2

2 + R2

3 + 2(R1R2R3)
2

3 > 20r2.
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Theorem 10. If ABC is a triangle andP is a point, then

R4

1 + R4

2 + R4

3 + k(R1R2R3)
4

3 > 16(k + 3)r4

for k = 0, 1, . . . , 9.
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The Lemniscatic Chessboard

Joel C. Langer and David A. Singer

Abstract. Unit speed parameterization of the lemniscate of Bernoulli is given
by a simple rational expression in the lemniscatic sine function. The beautiful
structure of this parameterization becomes fully visible only when complex val-
ues of the arclength parameter are allowed and the lemniscate is viewed as a
complex curve. To visualize such hidden structure, we will show squares turned
to spheres, chessboards to lemniscatic chessboards.

1. Introduction

Figure 1. The lemniscate and two parallels.

The lemniscate of Bernoulli resembles the iconic notation for infinity ∞. The
story of the remarkable discoveries relating elliptic functions, algebra, and number
theory to this plane curve has been well told but sparsely illustrated. We aim to fill
the visual void.

Figure 1 is a plot of the lemniscate, together with a pair ofparallel curves. Let
γ(s) = x(s) + iy(s), 0 ≤ s ≤ L, parameterize the lemniscate by arclength, as a
curve in the complex plane. Then analytic continuation ofγ(s) yields parameteri-
zations of the two shown parallel curves:γ±(s) = γ(s ± iL/16), 0 ≤ s ≤ L. Let
p1, . . . , p9 denote the visible points of intersection. The figure and thefollowing
accompanying statements hint at the beautiful structure ofγ(s):

• The intersection at eachpj is orthogonal.
• The arclength from origin to closest point of intersection isL/16.
• Each pointpj is constructible by ruler and compass.

We briefly recall the definition of the lemniscate and thelemniscatic integral.
Let H denote the rectangular hyperbola with focih± = ±

√
2. Rectangular and
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polar equations ofH are given by:

1 = x2 − y2

1 = r2 cos2 θ − r2 sin2 θ = r2 cos 2θ

Circle inversion,(r, θ) 7→ (1/r, θ), transformsH into the Bernoulli lemniscateB:

r4 = r2 cos 2θ

(x2 + y2)2 = x2 − y2

The foci ofH are carried to thefoci b± = ±1/
√

2 of B. While focal distances for
the hyperbolad±(h) = ‖h − h±‖ have constant difference|d+ − d−| = 2, focal
distances for the lemniscated±(b) = ‖b−b±‖ have constant productd+d− = 1/2.
(Other constant values of the productd+d− = d2 define the non-singular Cassinian
ovals in the confocal family toB.)

Differentiation of the equationr2 = cos 2θ and elimination ofdθ in the ar-
clength elementds2 = dr2 +r2dθ2 leads to the elliptic integral for arclength along
B:

s(r) =

∫
dr

√
1 − r4

(1)

The length of the full lemniscateL = 4K is four times the complete elliptic inte-
gral

∫
1

0
dr/

√
1 − r4 = K ≈ 1.311. One may compareK, formally, to the integral

for arclength of a quarter-circle
∫

1

0
dx/

√
1 − x2 = π

2
, though the integral in the

latter case is based on the rectangular equationy =
√

1 − x2.

The lemniscatic integrals(r) was considered by James Bernoulli (1694) in his
study of elastic rods, and was later the focus of investigations by Count Fagnano
(1718) and Euler (1751) which paved the way for the general theory of elliptic
integrals and elliptic functions. In particular, Fagnano had set the stage with his
discovery of methods fordoubling an arcof B and subdivision of a quadrant of
B into two, three, or five equal (length) sub-arcs by ruler and compass construc-
tions; such results were understood via addition formulas for elliptic integrals and
(ultimately) elliptic functions.

But a century passed before Abel (1827) presented a proof of the definitive result
on subdivision ofB. Abel’s result followed the construction of the17-gon by
Gauss (1796), who also showed that the circle can be divided into n equal parts
whenn = 2jp1p2 . . . pk, where the integerspi = 22mi + 1 are distinctFermat
primes. Armed with his extensive new theory of elliptic functions,Abel showed:
The lemniscate can ben-subdivided for the very same integersn = 2jp1p2 . . . pk.
(See [3], [11], [10] and [13].)

2. Squaring the circle

It may seem curious at first to consider complex values of the “radius” r in the
lemniscatic integral, but this is essential to understanding the integral’s remarkable
properties. LetD = {w = x + iy : x2 + y2 < 1} be the open unit disk in the
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complexw-plane and, for eachw ∈ D, consider the radial pathr = tw, 0 ≤ t ≤ 1.
The complex line integral

ζ = s(w) =

∫
w

0

dr
√

1 − r4
=

∫
1

0

wdt
√

1 − w4t4
(2)

defines a complex analytic function onD. (Here,
√

1 − r4 denotes the analytic
branch withRe[

√
1 − r4] > 0, for r ∈ D.) Thens(w) mapsD one-to-one and

conformally onto the open squareS with vertices±K,±iK—the lemniscatic in-
tegral squares the circle!

In fact, for n = 3, 4, . . . , the integralsn(w) =
∫

w

0

dr

(1−rn)2/n
mapsD confor-

mally onto the regularn-gon with verticesσk
n = e2πki/n. This is a beautifully

symmetrical (therefore tractable) example in the theory oftheSchwarz-Christoffel
mapping. Without recalling the general theory, it is not hard to sketch a proof of the
above claim; for convenience, we restrict our discussion tothe present casen = 4.

First, s(w) extends analytically by the same formula to the unit circle,except
at ±1,±i, wheres(w) extends continuously with valuess(eπki/2) = ikK, k =

0, 1, 2, 3. The four pointseπki/2 divide the unit circle into four quarters, whose im-
agesγ(t) = s(eit) we wish to determine. Differentiation ofγ′(t) = ieit/

√
1 − e4it

leads, after simplification, toγ′′(t)/γ′(t) = cot 2t. Since this is real, it follows
that the velocity and acceleration vectors are parallel (oranti-parallel) alongγ(t),
which is therefore locally straight. Apparently,s maps the unit circle to the square
S with verticesikK, where the square root type singularities ofs(w) turn circular
arcs into right angle bends. Standard principles of complexvariable theory then
show thatD must be conformally mapped ontoS—see Figure 2.

Figure 2. The lemniscatic integrals(w) =
∫

w

0

dr√
1−r4

squares the circle.

The64 subregions of thecircular chessboardof Figure 2 (left) are the preimages
of the squares in the standard chessboard (right). Four of the subregions in the disk
appear to have only three sides apiece, but the bounding arcson the unit circle each
count as two sides, bisected by vertices±1,±i.
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It is visually obvious that the circular and standard chessboards have precisely
the same symmetry—namely, that of a square. To be explicit, the mappingζ =
s(w) is easily seen to be equivariant with respect to the four rotations and four
reflections of the dihedral groupD4:

s(ikw) = iks(w), s(ikw̄) = iks(w), k = 0, 1, 2, 3. (3)

Anticipating the next section, we note that the conformal map ζ = s(w) inverts
to a functionw = s−1(ζ) which maps standard to circular chessboard and is also
D4-equivariant.

3. The lemniscatic functions

Let us return briefly to the analogy between arclength integrals for lemniscate
and circle. The integralt =

∫
dx/

√
1 − x2 defines a monotone increasing func-

tion calledarcsin x on the interval[−1, 1]. By a standard approach,sin t may be
defined, first on the interval[−π/2, π/2], by inversion ofarcsin x; repeated “reflec-
tion across endpoints” ultimately extendssin t to a smooth,2π-periodic function
onR.

In the complex domain, one may define a branch ofarcsin w on the slit complex
planeP = C \ {(−∞,−1] ∪ [1,∞)} by the complex line integral:arcsin w =∫

w

0
dr/

√
1 − r2 =

∫
1

0
ζdt/

√
1 − ζ2t2. It can be shown thatζ = arcsin w mapsP

conformally onto the infinite vertical stripV = {w = u+ iv : −π/2 < u < π/2}.
Therefore, inversion definesw = sin ζ as an analytic mapping ofV ontoP . One
may then invoke theSchwarz reflection principle: Sincew = sin ζ approaches the
real axis asζ approaches the boundary ofV , sin ζ may be (repeatedly) extended
by reflectionto a2π-periodic analytic function onC.

A similar procedure yields thelemniscatic sine functionw = slζ (notation as
in [13], §11.6), extending the functions−1(ζ) : S → D introduced at the end
of the last section. The important difference is that the boundary of the square
S determinestwo “propagational directions,” and the procedure leads to adoubly
periodic, meromorphic functionsl : C → C ∪ {∞}. Shortly, we discuss some of
the most essential consequences of this construction.

But first we note that the lemniscatic integral is anelliptic integral of the first
kind

∫
dr√

(1−r2)(1−mr2)
, for the special parameter valuem = k2 = −1. Inver-

sion of the latter integral leads to theJacobi elliptic sine function with modulusk,
sn(ζ, k). Theelliptic cosinecnζ =

√
1 − sn2ζ anddnζ =

√
1 − m sn2ζ are two

of the other basic Jacobi elliptic functions. All such functions are doubly periodic,
but the lemniscatic functions

slζ = sn(ζ, i), clζ =

√
1 − sl2ζ, dlζ =

√
1 + sl2ζ (4)

posses additional symmetry which is essential to our story.In particular, Equa-
tions 3, 4 imply the exceptional identities:

sliζ = islζ, cliζ = dlζ, dliζ = clζ (5)
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It is well worth taking the time to derive further identitiesfor slζ, “from scratch”—
this we now proceed to do.

The Schwarz reflection principle allows us to extendsl : S → C across the
boundary∂S according to the rule:symmetric point-pairs map to symmetric point-
pairs. By definition, such pairs (in domain or range) are swapped bythe relevant
reflectionR (antiholomorphic involution fixing boundary points). In the w-plane,
we use inversion in the unit circleRC(w) = 1/w̄. In the ζ = s + it-plane, a
separate formula is required for each of the four edges making up∂S = e1 + e2 +
e3 + e4. Fore1, we express reflection acrosst = K − s by R1(ζ) = −iζ̄ + (1 +
i)K = −iζ̄ + e+, where we introduce the shorthande± = (1 ± i)K. Thenslζ
may be defined on the squareS+ = {ζ + e+ : ζ ∈ S} by the formula:

slζ = RCslR1ζ =
1

sl(iζ + e−)
, ζ ∈ S+. (6)

S+ is thus mapped conformally onto the exterior of the unit circle in the Riemann
sphere (extended complex plane)P = C ∪ {∞}, with polesle+ = ∞.

Figure 3 illustrates the extended mappingsl : S ∪ S+ → P. The circular
chessboard is still recognizable within the right-hand figure, though “chessboard
coloring” has not been used. Instead, one of the two orthogonal families of curves
has been highlighted to display the image on the right as atopological cylinder
obtained from the Riemann sphere by removing two slits—the quarter circles in
second and fourth quadrants.

H2+äLK

H1+2äLK

-K

-äK

Figure 3. Mapping rectangleS ∪ S+ onto Riemann sphere byw = slζ.

We may similarly extendsl acrosse2, e3, e4 and, by iteration, extend meromor-
phically tosl : C → P. The resulting extension is most conveniently described in
terms of basic symmetries generated by pairs of reflections.Let R±ζ = ±iζ̄ be
the reflection in the linet = ±s; we use the same notation for reflections in the
w = u + iv-plane,R±w = ±iw̄. We may regard translationsζ 7→ ζ ± e+ as com-
posites of reflections (R1R− andR−R1) in parallel linest = K − s andt = −s,
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and thus deduce the effect onw = slζ. Here we may freely apply Equation 6 as
well asD4-equivariance—which meromorphic extension ofsl must respect.

Thus, sl(ζ + e+) = slR1R−ζ = RCslR1R1R−ζ = RCR−slζ = 1

islζ
, and

identities

sl(ζ ± e+) =
1

islζ
, sl(ζ ± e−) =

i

slζ
(7)

sl(ζ ± 2e±) = slζ, (8)

sl(ζ ± 2K) = sl(ζ ± 2iK) = −slζ, (9)

sl(ζ ± 4K) = sl(ζ ± 4iK) = slζ (10)

follow easily in order. One should not attempt to read off corresponding identities
for cl,dl using Equation 4—though we got away with this in Equation 5! (One
may better appeal to angle addition formulas, to be given below.) Below, we will
use the pair of equationscl(ζ + 2K) = −cl(ζ) anddl(ζ + 2K) = dl(ζ), which
reveal the limitations of Equation 4. Actually, this pointsout one of the virtues of
working exclusively withslζ, if possible, as it will eventually prove to be for us.

A period of a meromorphic functionw = f(ζ) is a numberω ∈ C such that
f(ζ + ω) = f(ζ) for all ζ ∈ C. The lattice of periods off(ζ) is the subgroup
of the additive groupC consisting of all periods off(ζ). Let ω0 = 2(1 + i)K =
2e+ = 2ie−. Then the lattice of periods ofslζ is therescaled Gaussian integers:

Ω = {(a + ib)ω0 : a, b ∈ N} (11)

In fact, Equation 8 shows that any(a + ib)ω0 is a period; on the other hand, the
assumption of an additional period leads quickly to a contradiction to the fact that
slζ is one-to-one on the (closed) chessboardSc = closure(S).

Using Ω, slζ is most easily pictured by choosing afundamental regionfor Ω
and tiling the complex plane by itsΩ-translates. To fit our earlier discussion, a
convenient choice is the (closure of the) square consistingof four “chessboards”
R = S ∪S+ ∪S−∪S±, whereS− = {ζ + e− : ζ ∈ S}, S± = {ζ +2K : ζ ∈ S}.
To say thatRc is a fundamental region means:

(1) Any ζ ∈ C is equivalent to someζ0 ∈ Rc in the sense thatζ − ζ0 ∈ Ω.
(2) No two elements inR = interior(Rc) are equivalent.

The double periodicity ofslζ is realized concretely in terms of the square tiling;
slζ mapsR two-to-one ontoP, and repeats itself identically on every other tile.
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Figure 4. Contour plots of|slζ| (left) andIm[slζ] (right).

The left side of Figure 4 illustrates the behavior just described using a contour
plot of |slz| (with tile R and chessboard subtileS superimposed). The critical level
set |slζ| = 1 is recognizable as a square grid; half of the squares containzeros
(white dots), the other half contain poles (black dots). Theright side of Figure 4 is
a contour plot ofIm[slζ]. The level setIm[slζ] = 0 is a larger square grid, this time
formed by vertical and horizontal lines. We note that such a plot by itself (without
superimposed tileR) is visually misleading as to the underlying lattice.

A closely related idea is to regardslζ as a function on the quotientT 2 = C/Ω—
topologically, the torus obtained from the squareRc by identifying points on op-
posite edges (usingζ + ikω0 ≡ ζ). Thensl : T 2 → P is adouble branched cover
of the Riemann sphere by the torus. This point of view meshes perfectly with our
earlier description ofsl : S ∪ S+ → P as defining a cylinder. For the same de-
scription applies to the othersheetsl : S− ∪ S± → P, and the two identical sheets
“glue” together along thebranch cuts(quarter-circle slits) to form a torusT 2.

Yet another point of view uses the basic differential equation satisfied byr = sls.
Applying the inverse function theorem tods

dr
= 1/

√
1 − r4 gives

(
dr

ds
)2 = 1 − r4 (12)

Here we have temporarily reverted to our original real notation, but it should be
understood that Equation 12 is valid in the complex domain;r may be replaced
by w ands by ζ. Also, we note that the equation implies the following derivative
formulas for the lemniscatic functions:

d

dζ
slζ = clζdlζ,

d

dζ
clζ = −slζdlζ,

d

dζ
dlζ = slζclζ (13)
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In particular, d

dζ
slζ vanishes at the chessboard corners±K,±iK, where the

mapping of Figure 3 folds the long edges of the rectangleS ∪ S+ onto doubled
quarter circles; these four critical points account for thebranching behavior of
sl : T 2 → P.

In effect,slζ defines a local coordinate onT 2, but is singular at the four points
just mentioned. Actually,slζ may be regarded as the first of two coordinates in
a nonsingular parameterization of the torus. Here it is helpful to draw again on
the analogy withx = sin t as a coordinate on the unit circle and the differential
equation(dx

dt
)2 = 1 − x2. Just as the circlex2 + y2 = 1 is parameterized by

x = sin t, y = cos t (t = π/2 − θ), the above formulas lead us to parameterize a
quartic algebraic curve:

y2 = 1 − x4; x = slζ, y = clζ dlζ (14)

This curve is in fact anelliptic curve—it is modeled onT 2—and we have effec-
tively described its underlying analytic structure as aRiemann surface of genus
one.

4. Parameterization of the lemniscate

In the previous two sections we developed the lemniscatic functions by way of
two important applications; one a conformal mapping problem, the other a parame-
terization of an elliptic curve. The lemniscatic functionsmay also be used, fittingly
enough, to neatly express arclength parameterization of the lemniscateB itself:

x(s) =
1
√

2
dls sls, y(s) =

1
√

2
cls sls, 0 ≤ s ≤ 4K (15)

Equations 4 imply thatx = x(s), y = y(s) satisfy(x2 + y2)2 = x2 − y2; further,
Equations 13 lead tox′(s)2 + y′(s)2 = 1, as required. We note thats may be
replaced by complex parameterζ, as in Equation 14, for global parameterization
of B as complex curve.

But first we focus on real points ofB and subdivision of the plane curve into
equal arcs. As a warmup, observe that Gauss’s theorem on regular n-gons may be
viewed as a result about constructible values of the sine function. For ifn is an in-
teger such thaty = sin π

2n
is a constructible number, so isx = cos π

2n
=

√
1 − y2

constructible; then all points(sin πj

2n
, cos πj

2n
), j = 1 . . . 4n are constructible by

virtue of the angle addition formulas for sine and cosine.
Likewise, Abel’s result on uniform subdivision of the lemniscate is about con-

structible valuessl(K

n
). For if it is known that aradius r(K/n) = sl(K/n) is

a constructible number, it follows from Equation 15 that thecorresponding point
(x(K/n), y(K/n)) onB is constructible. Further, in terms ofr(K/n), x(K/n),
y(K/n), only rational operations are required to divide the lemniscate into4n arcs
of lengthK/n (or n arcs of length4K/n). Specifically, one can compute the values
r(jK/n), x(jK/n), y(jK/n), j = 1, . . . , n, using theangle addition formulas for
lemniscatic functions:
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sl(µ + ν) =
slµ clν dlν + slν clµ dlµ

1 + sl2µ sl2ν
(16)

cl(µ + ν) =
clµ clν − slµ slν dlµ dlν

1 + sl2µ sl2ν
(17)

dl(µ + ν) =
dlµ dlν + slµ slν clµ clν

1 + sl2µ sl2ν
(18)

(We note that the general angle addition formulas for the elliptic functionssnζ =
sn(ζ, k), cnζ = cn(ζ, k),dnζ = dn(ζ, k) are very similar; the denominators are
1 − k2sn2µ sn2ν and the third numerator isdnµ dnν − k2snµ snν cnµ cnν.)

Everything so far seems to build on the analogy:The lemniscatic sine function
is to the lemniscate as the circular sine function is to the circle.

But the moment we turn to constructibility ofcomplex pointson B, an inter-
esting difference arises: The integerj in the above argument can be replaced by
a Gaussian integerj + ik. That is, one may useµ = jK/n, ν = ikK/n in
Equations 16-18, then apply Equations 5, then reduce integer multiple angles as
before. Thus, a single constructible valuer(K/n) = sl(K/n) ultimately yields
n2 constructible valuesr((j + ik)K/n), 0 < j, k ≤ n—hencen2 points(x((j +
ik)K/n), y((j + ik)K/n) on B (actually four times as many points, but the re-
maining points are easily obtained by symmetry anyway).

Two remarks are in order here:

(1) No such phenomenon holds for the circle. Note that(sin π, cos π) =
(0,−1) is a constructible point on the real circle, while(sin iπ, cos iπ)
is a non-constructiblepoint on the complex circle—otherwise, the tran-
scendental numbereπ = cos iπ − i sin iπ would also be constructible!

(2) The constructibility ofr(K/n), n = 2jp1p2 . . . pk, may be viewed as an
algebraic consequenceof its congruence class ofn2 values!

Though both remarks are interesting from the standpoint of algebra or number
theory—in fact they belong to the deeper aspects of our subject—statements about
complex points on a curve may be harder to appreciate geometrically. However,
beautiful visualizations of such points may be obtained byisotropic projectiononto
the real planeR2 ≃ C: (x0, y0) 7→ z0 = x0 + iy0. (The geometric meaning of this
projection is not so different from stereographic projection: Point(x0, y0) ∈ C

2

lies on a complex linex+iy = z0 through thecircular pointc+ with homogeneous
coordinates[1, i, 0], and the projection of(x0, y0) from c+ is the point of intersec-
tion (Re[z0], Im[z0]) of line x + iy = z0 and real planeIm[x] = Im[y] = 0.)

In particular, the (complexified) arclength parameterization Γ(ζ) = (x(ζ), y(ζ))
of the lemniscate thus results in a meromorphic function onC,

γ(ζ) = x(ζ) + iy(ζ) =
1
√

2
slζ (dlζ + iclζ), ζ ∈ C, (19)
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by which we will plot, finally, thelemniscate parallelsalluded to in the introduc-
tion: γ(s+it0), −2K ≤ s ≤ 2K, t0 ∈ R. For instance, Figure 5 shows lemniscate
parallels for the uniformly spaced “time”-valuest0 = jK/4, −4 ≤ j < 4.

Figure 5. Lemniscate parallels for timest0 = jK

4
, −4 ≤ j < 4.

Figure 5 is but a more complete version of Figure 1, but this time we are in a
position to explain some of the previously mysterious features of the figure. The
following statements apply not only to Figure 5 but also to similar plots obtained
using Equation 19:

• The family of lemniscate parallels isself-orthogonal.
• The time increment∆t induces an equal curve increment∆s.
• For∆t = K/n, n = 2jp1p2 . . . pk, all intersections are constructible.

To explain the first two statements we combine Equations 5, 9 and above men-
tioned identitiescl(ζ + 2K) = −cl(ζ),dl(ζ + 2K) = dl(ζ) to obtainγ(iζ) =
1√
2
sl(iζ)(dl(iζ) + icl(iζ)) = 1√

2
sl(ζ)(−dl(ζ) + icl(ζ)) = γ(ζ + 2K), hence:

γ(s + it) = γ(i(t − is)) = γ(t + 2K − is) (20)

Thus, theγ-images of vertical liness = s0 and horizontal linest = t0 are one
and the same family of curves! Sinceγ preserves orthogonality, the first claim
is now clear. By the same token, since members of the family are separated by
uniform time increment∆t, they are likewise separated by uniforms-increment.
In particular, curves in the family divide the lemniscate into 16 arcs of equal length.
(The last bulleted statement is a part of a longer story for another day!).

5. Squaring the sphere

The meromorphic lemniscate parameterizationγ(ζ) arose, over the course of
several sections, in a ratherad hocmanner. Here we describe a more methodical
derivation which leads to a somewhat surprising, alternative expression forγ as
a composite of familiar geometric mappings. Ignoring linear changes of variable,
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the three required mappings are: The lemniscatic sinesl z, theJoukowski mapj(z),
and the complex reciprocalι(z) = 1/z. The idea is to usej to parameterize the
hyperbolaH, applyι to turnH into B, then compute the reparametrizing function
required to achieve unit speed.

First recall the Joukowski map

j(z) =
1

2
(z +

1

z
), (21)

a degree two map of the Riemann sphere with ramification points ±1 = j(±1);
the unit circle is mapped two-to-one to the interval[−1, 1], and the interior/exterior
of the unit disk is mapped conformally onto the slit planeC \ [−1, 1]. (Joukowski
introducedj to study fluid motion around airfoils, building on the simpler flow
around obstacles with circular cross sections.)

We note also thatj maps circles|z| = r to confocal ellipses (degenerating at
r = 1) and raysArg z = const to (branches of) the orthogonal family of confocal
hyperbolas. In particular,Arg z = π/4 is mapped byj to the rectangular hyperbola
with foci ±1: x2 − y2 = 1/2. We rescale to getH, then take reciprocal:B is the
image of the lineRe[z] = Im[z] under the map

β(z) = ι(
√

2j(z)) =

√
2z

1 + z2
(22)

(Inversion in the unit circle, discussed earlier, is given by conjugate reciprocal
z 7→ 1/z̄; but by symmetry ofH, ι yields the same image.)

Let σ = σ8 = eπki/4. Taking real and imaginary parts ofβ(σt) = β(1+i√
2
t)

results in the following parameterization of the real lemniscate:

x(t) =
t + t3

1 + t4
, y(t) =

t − t3

1 + t4
(23)

This rational parameterization possess beautiful properties of its own, but our cur-
rent agenda requires only to relate its arclength integral to the lemniscatic integral
by simple (complex!) substitutiont = στ :

s(t) =

∫ √
x′(t)2 + y′(t)2dt =

∫ √
2

√
1 + t4

dt =

∫ √
2σ

√
1 − τ4

dτ (24)

Thus we are able to inverts(t) via the lemniscatic sine function, putt = t(s) in
β(σt), and simplify with the help of Equation 5:γ(s) = β(σt(s)) = β(isl s√

2σ
) =

β(sl σ√
2
s).

We are justified in using the same letterγ, as in Equation 19, to denote the
resulting meromorphic arclength parameterization:

γ(ζ) = β(sl(
σ
√

2
ζ)) =

√
2 sl(1+i

2
ζ)

1 + sl2(1+i

2
ζ)

(25)

Comparing this expression with Equation 19, one could not beexpected to rec-
ognize that these meromorphic functions are one and the same; but both satisfy
γ(0) = 0, γ′(0) = σ—so it must be the case! (It requires a bit of work to verify
this directly with the help of elliptic function identities.)
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Figure 6. The factorizationγ(ζ) = β(sl( σ
√

2
ζ)): From square to round to lem-

niscatic chessboards.

Figure 6 illustrates the factorizationγ(ζ) = β(sl( σ√
2
ζ)) with the aid of black

and whiten×n “chessboards” in domain, intermediate, and target spaces.(Though
it may be more meaningful to speak ofn × n “checkers” or “draughts,” we have
reason shortly to prefer the chess metaphor.) The present choicen = 64 is visually
representative of integersn >> 8, but belongs again to the algebraically simplest
classn = 2k. The square board (SB) in the domain has corners(±1± i)K (upper
left). Rotation byπ/4 and dilation by

√
2 takesSB to the squareS, which was
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earlier seen to be mapped conformally onto the unit disc bysl z. The result is the
round board (RB) in the intermediate space (upper right).

The lemniscatic chess board(bottom) is the conformal imageLB = γ(SB) =
β(RB). As a domain,LB occupies the slit planeC \ I, I = (−∞,−1/

√
2] ∪

[1/
√

2,∞). Note that the closure ofLB is the sphereLBc = γ(SBc) = P—so
γ−1 squares the sphere!In the process, the horizontal (red) and vertical (green)
centerlines onSB are carried byγ to the two halves of the real lemniscate inLB.
(Forn even, the lemniscate is already a “gridline” ofLB.)

In addition to providing a more geometric interpretation for γ(ζ), Equation 25
represents an improvement over Equation 19 with respect to “number theory and
numerics ofLB.” Here it’s nice to consider discrete versions ofRB andLB: Let
each of then2 curvilinear squares be replaced by the quadrilateral with the same
vertices. (This is in fact how the curvilinear squares in Figure 6 are rendered! Such
a method reduces computation considerably and provides much sharper graphical
results.) With this interpretation, we note that only rational operations are required
to constructLB from RB.

6. Lemniscatic chess

In Figure 6 one detects yet unfinished business. What became of the gray and
white checkered regions exterior toSB andRB? What to make of checks of the
same color meeting alongI in LB? For anyn, symmetry forces this coloringfaux
pas.Something appears to be missing!

For amusement, let’s return to casen = 8 and the spherical chessboardLB.
Observe that in the game of lemniscatic chess, a bishop automatically changes
from white to black or black to white each time he crossesI. From the bishop’s
point of view, the board seems twice as big, since a neighborhood onLB feels
different, depending on whether he’s white or black.

In effect, the bishop’s wanderings define a Riemann surfaceΣ, consisting of two
oppositely colored, but otherwise identical, copies ofLB, joined together alongI
to form a chessboard of2n2 = 128 squares. In fact, it will be seen thatΣ—itself a
copy of the Riemann sphereΣ ≃ P—may be regarded as the underlying Riemann
surface, the intrinsic analytical model, of the algebraic curveB.

To approach this from a slightly different angle, we note that B is a rational
curve; its parameterizationb(t) = (x(t), y(t)) given by Equation 23 shows that the
totality of its (real, complex, and infinite) points may be identified with the space of
parameter valuest ∈ P. In other words,B hasgenus zero. In declaringB ≃ P = Σ,
the double point at the origin is treated as two separate points, b(0), b(∞), one for
eachbranchof B. Likewise, the lemniscate’s four ideal points are double circular
pointsc±: b(σ3), b(σ7), andb(σ), b(σ5). (B is said to be abicircular curve.)

To understand the relationship between the two descriptions of Σ is to glimpse
the beauty of isotropic coordinates,z1 = x + iy, z2 = x − iy. In these co-
ordinates,x = z1+z2

2
, y = z1−z2

2i
and the equation forB may be re-expressed

0 = f(x, y) = g(z1, z2) = z2
1
z2
2
− 1

2
(z2

1
+ z2

2
). A similar computation (which
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proves to be unnecessary) turns Equation 23 into a rational parameterization ofB
in isotropic coordinates,(z1(t), z2(t)).

To illustrate a general fact, we wish to express(z1(t), z2(t)) in terms of our
original complex parameterizationz1(t) = β(σt). Let theconjugateof an analytic
function h(z) defined onU be the analytic function on̄U obtained by “complex
conjugation of coefficients,”̄h(z) = h(z̄). For example,β̄ = β, consequently
h(z) = β(σz) has conjugatēh(z) = β(ζ/σ). Now it is a fact that the correspond-
ing parameterization of the complex curveB may be expressed simply:

z 7→ (z1(z), z2(z)) = (h(z), h̄(z)) = (β(σz), β(z/σ)) (26)

Given this parameterization, on the other hand, isotropic projection(z1, z2) 7→ z1

returns the original complex functionh(z) = β(σz).
Now we’ve come to the source of the doubling: Isotropic projection determines

a2− 1 meromorphic functionρ : B → P. Recall each isotropic linez1 = x0 + iy0

meets the fourth degree curveB four times, counting multiplicity. Each such line
passes through the double circular pointc+ ∈ B, and the two finite intersections
with B give rise to the two sheets of the isotropic image. Two exceptional isotropic
lines are tangent toB atc+, leaving only one finite intersection apiece; the resulting
pair of projected points are none other than the foci of the lemniscate.

The same principles apply to the arclength parameterization. To coverB once,
the parameterζ may be allowed to vary over thedouble chessboard2SR occupying
the rectangle−K ≤ Re[ζ] < 3K, −K ≤ Im[ζ] < K. While γ(ζ) maps2SR

twiceontoLB (according to the symmetryγ(ζ+2K) = γ(iζ)), the corresponding
parameterization(γ(ζ), γ̄(ζ)) = (β(sl( σ√

2
ζ)), β(sl( 1√

2σ
ζ)) maps2SR once onto

the bishop’s world—B divided into128 squares. Note that this world is modeled by
the full intermediate space (Figure 6, upper right), in which there are four “3-sided
squares,” but no longer any adjacent pairs of squares of the same color.

7. A tale of two tilings

By now it will surely have occurred to thenon-standard chessenthusiast that
the board may be doubled once again to the torusT 2 modeled by the fundamental
square4SR: −K ≤ Re[ζ], Im[ζ] < 3K. That is to say thatLS (Figure 6, bottom)
is quadruplycovered by the elliptic curve Equation 14, which is itself infinitely
covered byC.

Thus, we have worked our way back toC—the truestarting point. Be it double,
quadruple or infinite coverings, our images have displayed transference of structure
forwards. A common thread and graphical theme, in any event, has been the hint
or presence of square tiling of the plane and∗442 wallpaper symmetry(see [2] to
learn all about symmetry, tiling, and its notation). Likewise for subdivision of the
lemniscate, the underlying symmetry and algebraic structure derive fromC and
the Gaussian integers; the intricate consequences are the business of Galois theory,
number theory, elliptic functions—stories for another time ([11], [3], [9]).

It may sound strange, then: The symmetry group of the lemniscate itself, as a
projective algebraic curve, is the octahedral groupO ≃ S4, the∗432 tiling of the
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sphere (see Figure 7) is the skeleton of the lemniscate’s intrinsic geometry. Projec-
tive O-symmetry characterizesB among genus zero curves of degree at most four
([7]). The natural Riemannian metric onB ⊂ CP 2 has precisely nine geodesics of
reflection symmetry, which triangulateB as a disdyakis dodecahedron (which has
26 vertices,72 edges and48 faces); the26 polyhedral vertices are the critical points
of Gaussian curvatureK ([8]). These are:6 maximaK = 2, 8 minimaK = −7
and12 saddlesK = −1/4, which are, respectively, the centers of4-fold, 3-fold,
and2-fold rotational symmetry. It is also the case that our rational parameteriza-
tion ofB (given by Equation 23 or 26) realizes the full octahedral (∗432) symmetry.
(The48-elementfull octahedral groupOh is distinct from the48-elementbinary
octahedral group2O, which is related toO like the bishop’s world toLB—again
another story.)

Figure 7. The disdyakis dodecahedron,∗432 spherical tiling, and its stereo-
graphic planar image.

It is indeed a curious thing that these planar and spherical tilings and their sym-
metries somehow coexist in the world of the lemniscate. In aneffort to catch both
in the same place at the same time, we offer two final images, Figure 8. The idea
here is to reverse course, transferring structurebackwards—from lemniscateB to
torusT 2—via the2 − 1 mapγ : T 2 → P. On the left, the∗432 spherical tiling
is pulled back; on the right, a contour plot ofK is pulled back. In both cases, we
have chosen (for aesthetic reasons) to indicate awallpaper patternmeant to fill the
whole plane; however, for the discussion to follow, it should be kept in mind that
T 2 is represented by thecentral2 × 2 squarein each (4 × 4) figure.

From a purely topological point of view, Figures 7 (middle) and 8 (left) together
provide a perfect illustration of the proof of theRiemann-Hurwitz Formula: If f :
M → N is a branched covering of Riemann surfaces,f has degreen andb branch
points (counting multiplicities), andχ denotes Euler characteristic of a surface,
thenχ(M) = nχ(N)−r. Here we takeN = P, triangulated as in the former figure
(χ(N) = V −E +F = 26−72+48 = 2), andM = T 2 with triangulation pulled
back fromN by f(ζ) = sl(1+i

2
ζ). Within T 2, f has four first orderramification

points, wheref fails to be locally1 − 1; these are the points where16 curvilinear
triangles meet. The mappingf doubles the anglesπ/8 of these triangles and wraps
neighborhoods of such points twice around respective imagepoints±1,±i ∈ P

(together with0,∞ ∈ P, these may be identified as the “octahedral vertices” in
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Figure 7, right). Sincef : T 2 → P has degree two, the resulting triangulation
of T 2 has double the vertices, edges, and faces ofPL, except for the vertices at
ramification points which correspond one-to-one. Therefore,χ(T 2) = 2χ(PL) −
4 = 0, just as it should.

Figure 8. Wallpaper preimages of triangulated lemniscate (left) and lemniscate’s
curvature (right).

One may wish to contemplate the more subtle relationship between symmetries
of the triangulated torus and those of the sphere. The groupG of orientation-
preserving (translationalandrotational) symmetries of the former has order|G| =
16. To account for the smaller number|G| < |O| = 24, note thatf breaks octa-
hedral symmetry by treating the (unramified) points0,∞ ∈ P unlike±1,±i ∈ P.
The former correspond to the four points inT 2 (count them!) where8 triangles
meet. But neither can all elements ofG be “found” in O. Imagine a chain of
“stones”s0, s1, s2, . . . (verticessj ∈ P), with sj+1 = rjsj obtained by applying
rj ∈ O, and the corresponding chain of stones inT 2 . . . Anyone for a game of
disdyakis dodecahedral Go?
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A Spatial View of the Second Lemoine Circle

Floor van Lamoen

Abstract. We consider circles in the plane as orthogonal projectionsof spheres
in three dimensional space, and give a spatial characterization of the second
Lemoine circle.

1. Introduction

In some cases in triangle geometry our knowledge of the planeis supported by
a spatial view. A well known example is the way that David Eppstein found the
Eppstein points, associated with the Soddy circles [2]. We will act in a similar way.

In the plane of a triangleABC consider the tangential triangleA′B′C ′. The
three circlesA′(B), B′(C), andC ′(A) form theA-, B-, andC-Soddy circles of
the tangential triangle. We will, however, regard these as spheresTA, TB, andTC

in the three dimensional space. Let their radii beρa, ρb, andρc respectively. We
consider the spheres that are tritangent to the triple of spheresTA, TB , andTC

externally. There are two such congruent spheres, symmetric with respect to the
plane ofABC. We denote one of these byT (ρt).

If we projectT (ρt) orthogonally onto the plane ofABC, then its centerT is
projected to the radical center of the three circlesA′(ρa + ρt), B′(ρb + ρt) and
C ′(ρc + ρt). In general, when a parametert is added to the radii of three circles,
their radical center depends linearly ont. Clearly the incenter ofA′B′C ′ (circum-
center ofABC) as well as the inner Soddy center ofA′B′C ′ are radical centers of
A′(ρa + t), B′(ρb + t) andC ′(ρc + t) for particular values oft.

Proposition 1. The orthogonal projection to the plane of ABC of the centers of
spheres T tritangent externally to SA, SB, and SC lie on the Soddy-line of A′B′C ′,
which is the Brocard axis of ABC .

2. The second Lemoine circle as a sphere

Recall that the antiparallels through the symmedian pointK meet the sides in
six concyclic points (P , Q, R, S, U , andV in Figure 1), and that the circle through
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these points is called the second Lemoine circle,1 with centerK and radius

rL =
abc

a2 + b2 + c2
.

A

B C

A
′

B
′

C
′

K

P Q

R

SU

V

Ka

Kb

Kc

Figure 1. The second Lemoine circle and the circlesA
′(B), B

′(C), C
′(A)

Proposition 2. The second Lemoine circle is the orthogonal projection on the
plane of ABC of a sphere T tritangent externally to TA, TB, and TC . Further-
more,

(1) the center TK of T has a distance of 2rL to the plane of ABC;
(2) the highest points of T , TA, TB, and TC are coplanar.

1An alternative name is the cosine circle, because the sides of ABC intercept chords of lengths
are proportional to the cosines of the vertex angles. Since however there are infinitely many circles
with this property, see [1], this name seems less appropriate.
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Proof. SinceA′ is given in barycentrics by(−a2 : b2 : c2), we find with help of the
distance formula (see for instance [3], where some helpful information on circles
in barycentric coordinates is given as well):

ρa = dA′,B =
abc

b2 + c2 − a2
,

d2

A′,K =
4a4b2c2(2b2 + 2c2 − a2)

(a2 + b2 + c2)2(b2 + c2 − a2)2
.

Now combining these, we see that the powerK with respect toA′(ρa + rL) is
equal to

P = d2

A′,K − (ρa + rL)2 = −
4a2b2c2

(a2 + b2 + c2)2
= −4r2

L.

By symmetry,K is indeed the radical center ofA′(ρa + rL), B′(ρb + rL), and
C ′(ρc +rL). Therefore, the second Lemoine circle is indeed the orthogonal projec-
tion of a sphere externally tritangent toTA, TB , andTC . In addition−P = d2

K,TK
,

which proves (1).
Now from

ρb · A
′ − ρa · B

′ ∼ SA · A′ − SB · B′ = (−a2 : b2 : 0)

we see by symmetry that the plane through highest points ofTA, TB , andTC

meets the plane ofABC in the Lemoine axisx

a2 + y

b2
+ x

c2
= 0. The fact that

3rL · A′ − ρa · K ∼ (−2a2 : b2 : c2) lies on the Lemoine axis as well completes
the proof of (2).

Note finally that from the similarity of trianglesA′CKa andKPKa in Figure 1
Ka dividesA′K in the ratio of the radii ofTA andT . This means that the vertices of
the cevian triangleKaKbKc are the orthogonal projections of the points of contact
of T with TA, TB , andTC respectively. �

References

[1] J.-P. Ehrmann and F. M. van Lamoen, The Stammler circles,Forum Geom., 2 (2002) 151–161.
[2] D. Eppstein, Tangent spheres and triangle centers,Amer. Math. Monthly, 108 (2001) 63–66.
[3] V. Volonec, Circles in barycentric coordinates,Mathematical Communications, 9 (2004) 79–89.

Floor van Lamoen: Ostrea Lyceum, Bergweg 4, 4461 NB Goes, TheNetherlands.
E-mail address: fvanlamoen@planet.nl



Forum Geometricorum
Volume 11 (2011) 205–210. b b

b

b

FORUM GEOM

ISSN 1534-1178

A Simple Vector Proof of Feuerbach’s Theorem

Michael J. G. Scheer

Abstract. The celebrated theorem of Feuerbach states that the nine-point circle
of a nonequilateral triangle is tangent to both its incircleand its three excircles. In
this note, we give a simple proof of Feuerbach’s Theorem using straightforward
vector computations. All required preliminaries are proven here for the sake of
completeness.

1. Notation and background

Let ABC be a nonequilateral triangle. We denote its side-lengths bya, b, c,
its semiperimeter bys = 1

2
(a + b + c), and its area by∆. Its classical centers

are the circumcenterO, the incenterI, the centroidG, and the orthocenterH
(Figure 1). The nine-point centerN is the midpoint ofOH and the center of the
nine-point circle, which passes through the side-midpoints A′, B′, C ′ and the feet
of the three altitudes. The Euler Line Theorem states thatG lies on OH with
OG : GH = 1 : 2.

N

A

B C

O

H

I

A
′

G

D

Figure 1. The classical centers and the Euler divisionOG : GH = 1 : 2.

We writeIa, Ib, Ic for the excenters oppositeA,B,C, respectively; these are points
where one internal angle bisector meets two external angle bisectors. LikeI, the
points Ia, Ib, Ic are equidistant from the linesAB, BC, andCA, and thus are
centers of three circles each tangent to the three lines. These are the excircles. The
classical radiiare the circumradiusR (= OA = OB = OC), the inradiusr, and
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the exradiira, rb, rc. The following area formulas are well known (see, e.g., [1]
and [2]):

∆ =
abc

4R
= rs = ra(s − a) =

√
s(s − a)(s − b)(s − c).

Feuerbach’s Theorem states thatthe nine-point circle is tangent internally to the
incircle, and externally to each of the excircles[3]. Two of the four points of
tangency are shown in Figure 2.

I

N

A
′

B
′

C
′

Ia

A

B
C

Figure 2. The excenterIa andA-excircle; Feuerbach’s theorem.

2. Vector formalism

We view the plane asR2 with its standard vector space structure. Given triangle
ABC, the vectorsA − C andB − C are linearly independent. Thus for any point
X, we may writeX −C = α(A−C) + β(B −C) for uniqueα, β ∈ R. Defining
γ = 1 − α − β, we find that

X = αA + βB + γC, α + β + γ = 1.

This expression forX is unique. One says thatX has barycentric coordinates
(α, β, γ) with respect to triangleABC (see, e.g., [1]). The barycentric coordinates
are particularly simple whenX lies on a side of triangleABC:

Lemma 1. Let X lie on the sidelineBC of triangleABC. Then, with respect to
triangle ABC, X has barycentric coordinates

(
0, XC

a
, BX

a

)
.

Proof. SinceX lies on lineBC betweenB andC, there is a unique scalart such
thatX−B = t(C−B). In fact, the length of the directed segmentBX = t·BC =
ta, i.e., t = BX

a
. Rearranging,X = 0A+ (1− t)B + tC, in which the coefficients

sum to1. Finally, 1 − t = a−BX

a
= XC

a
. �

The next theorem reduces the computation of a distanceXY to the simpler
distancesAY , BY , andCY , whenX has known barycentric coordinates.
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Theorem 2. LetX have barycentric coordinates(α, β, γ) with respect to triangle
ABC. Then for any pointY ,

XY 2 = αAY 2 + βBY 2 + γCY 2 − (βγa2 + γαb2 + αβc2).

Proof. Using the well known identity|V |2 = V · V , we compute first that

XY 2 = |Y − X|2

= |Y − αA − βB − γC|2

= |α(Y − A) + β(Y − B) + γ(Y − C)|2

= α2AY 2 + β2BY 2 + γ2CY 2 + 2αβ(Y − A) · (Y − B)

+ 2αγ(Y − A) · (Y − C) + 2βγ(Y − B) · (Y − C).

On the other hand,

c2 = |B − A|2 = |(Y − A)− (Y −B)|2 = AY 2 + BY 2 − 2(Y −A) · (Y −B).

Thus,
2αβ(Y − A) · (Y − B) = αβ(AY 2 + BY 2 − c2).

Substituting this and its analogues into the preceding calculation, the total coeffi-
cient ofAY 2 becomesα2 + αβ + αγ = α(α + β + γ) = α, for example. The
result is the displayed formula. �

3. Distances from N to the vertices

Lemma 3. The centroidG has barycentric coordinates(1

3
, 1

3
, 1

3
).

Proof. LetG′ be the point with barycentric coordinates(1

3
, 1

3
, 1

3
), and we will prove

G = G′. By Lemma 1,A′ = 1

2
B + 1

2
C. We calculate

1

3
A +

2

3
A′ =

1

3
A +

2

3

(
1

2
B +

1

2
C

)
=

1

3
A +

1

3
B +

1

3
C = G′,

which implies thatG′ is on segmentAA′. Similarly,G′ is on the other two medians
of triangle ABC. However the intersection of the medians isG, and soG =
G′. �

Lemma 4 (Euler Line Theorem). H − O = 3(G − O).

Proof. Let H ′ = O + 3(G − O) and we will proveH = H ′. By Lemma 3,

H ′ − O = 3(G − O) = A + B + C − 3O = (A − O) + (B − O) + (C − O).

And so,

(H ′ − A) · (B − C) = {(H ′ − O) − (A − O)} · {(B − O) − (C − O)}

= {(B − O) + (C − O)} · {(B − O) − (C − O)}

= (B − O) · (B − O) − (C − O) · (C − O)

= |OB|2 − |OC|2

= 0,
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which impliesH ′ is on the altitude fromA to BC. Similarly, H ′ is on the other
two altitudes of triangleABC. SinceH is defined to be the intersection of the
altitudes, it follows thatH = H ′. �

Lemma 5. (A − O) · (B − O) = R2 − 1

2
c2.

Proof. One has

c2 = |A − B|2

= |(A − O) − (B − O)|2

= OA2 + OB2 − 2 (A − O) · (B − O)

= 2R2 − 2 (A − O) · (B − O). �

We now findAN , BN , CN , which are needed in Theorem 2 forY = N .

Theorem 6. 4AN2 = R2 − a2 + b2 + c2.

Proof. SinceN is the midpoint ofOH, we haveH −O = 2(N −O). Combining
this observation with Theorem 2, and using Lemma 5, we obtain

4AN 2 = |2(A − O) − 2(N − O)|2

= |(A − O) − (B − O) − (C − O)|2

= AO2 + BO2 + CO2

− 2(A − O) · (B − O) − 2(A − O) · (C − O) + 2(B − O) · (C − O)

= 3R2 − 2

(
R2 −

1

2
c2

)
− 2

(
R2 −

1

2
b2

)
+ 2

(
R2 −

1

2
a2

)

= R2 − a2 + b2 + c2. �

4. Proof of Feuerbach’s Theorem

Theorem 7. The incenterI has barycentric coordinates
(

a

2s
, b

2s
, c

2s

)
.

Proof. Let I ′ be the point with barycentric coordinates(a/2s, b/2s, c/2s), and we
will prove I = I ′. Let F be the foot of the bisector of angleA on sideBC.
Applying the law of sines to trianglesABF andACF , and usingsin(π − x) =
sinx, we find that

BF

c
=

sin BAF

sin BFA
=

sin CAF

sin CFA
=

FC

b
.

The equationsb ·BF = c · FC andBF + FC = a jointly imply thatBF = ac

b+c
.

By Lemma 1,F = (1 − t)B + tC, wheret = BF

a
= c

b+c
. Now,

b + c

2s
· F +

a

2s
· A =

b + c

2s

(
b

b + c
· B +

c

b + c
· C

)
+

a

2s
· A

=
a

2s
· A +

b

2s
· B +

c

2s
· C

= I ′,



A simple vector proof of Feuerbach’s theorem 209

which implies thatI ′ is on the angle bisector of angleA. Similarly, I ′ is on the
other two angle bisectors of triangleABC. SinceI is the intersection of the angle
bisectors, this impliesI = I ′. �

Theorem 8 (Euler). OI2 = R2 − 2Rr.

Proof. We useX = I andY = O in Theorem 2 to obtain

OI2 =
a

2s
R2 +

b

2s
R2 +

c

2s
R2 −

(
bc

(2s)2
a2 +

ca

(2s)2
b2 +

ab

(2s)2
c2

)

= R2 −
a2bc + b2ac + c2ab

(2s)2

= R2 −
abc

2s

= R2 −

(
abc

2∆

)(
∆

s

)

= R2 − 2Rr.

The last step here uses the area formulas of§1—in particular∆ = rs = abc/4R.
�

Theorem 9. IN = 1

2
R − r andIaN = 1

2
R + ra

Proof. To find the distanceIN , we setX = I andY = N in Theorem 2, with
Theorems 6 and 7 supplying the distancesAN , BN , CN , and the barycentric
coordinates ofI. For brevity in our computation, we usecyclic sums, in which
the displayed term is transformed under the permutations(a, b, c), (b, c, a), and
(c, a, b), and the results are summed (thus, symmetric functions ofa, b, c may be
factored through the summation sign, and

∑
�

a = a+ b+ c = 2s). The following
computation results:

IN2 =
∑

���

(
a

2s

)
R2 − a2 + b2 + c2

4
−
∑

���

(
b

2s
·

c

2s

)
a2

=
R2

8s

(
∑

���

a

)
+

1

8s

(
∑

���

(−a3 + ab2 + ac2)

)
−

abc

(2s)2

(
∑

���

a

)

=
R2

4
+

(−a + b + c)(a − b + c)(a + b − c) + 2abc

8s
−

abc

2s

=
R2

4
+

(2s − 2a)(2s − 2b)(2s − 2c)

8s
−

abc

4s

=
R2

4
+

(∆2/s)

s
−

4R∆

4s

=

(
1

2
R

)2

+ r2 − Rr

=

(
1

2
R − r

)2

.
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The two penultimate steps again use the area formulas of§1. Theorem 8 tells us
thatOI2 = 2R(1

2
R − r), and so1

2
R − r is nonnegative. Thus we concludeIN =

1

2
R − r. A similar calculation applies to theA-excircle, with two modifications:

(i) Ia has barycentric coordinates
(

−a

2(s − a)
,

b

2(s − a)
,

c

2(s − a)

)
,

and (ii) in lieu of∆ = rs, one uses∆ = ra(s − a). The result isIaN = 1

2
R +

ra. �

We are now in a position to prove Feuerbach’s Theorem.

Theorem 10 (Feuerbach, 1822). In a nonequilateral triangle, the nine-point circle
is internally tangent to the incircle and externally tangent to the three excircles.

Proof. Suppose first that the nine-point circle and the incircle arenonconcentric.
Two nonconcentric circles are internally tangent if and only if the distance between
their centers is equal to the positive difference of their radii. Since the nine-point
circle is the circumcircle of the medial triangleA′B′C ′, its radius is1

2
R. Thus

the positive difference between the radii of the nine-pointcircle and the incircle is
1

2
R − r which isIN by Theorem 9. This implies that the nine-point circle and the

incircle are internally tangent. Also, since the sum of the radii of theA-excircle
and the nine-point circle isIaN , by Theorem 9, the nine-point circle is externally
tangent to theA-excircle. Suppose now that the nine-point circle and the incircle
are concentric, that isI = N . Then0 = IN = 1

2
R − r = OI2/2R and soI = O.

This clearly implies triangleABC is equilateral. �

For historical details, see [3] and [4].
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A New Formula Concerning the Diagonals
and Sides of a Quadrilateral

Larry Hoehn

Abstract. We derive a formula relating the sides and diagonal sections of a gen-
eral convex quadrilateral along with the special case of a quadrilateral with an
incircle.

Let ABCD be a convex quadrilateral whose diagonals intersect atE. We use
the notationa = AB, b = BC, c = CD, d = DA, e = AE, f = BE, g = CE,
andh = DE as seen in the figure below.

b

c

d

a

e

f g

h

E

A

B C

D

Figure 1. Convex quadrilateral

By the law of cosines in trianglesABE andCDE we obtain

e2 + f2
− a2

2ef
= cos AEB = cos CED =

g2 + h2
− c2

2gh
.

This can be rewritten as

gh(e2 + f2
− a2) = ef(g2 + h2

− c2),

rewritten further as

fh(fg − eh) − eg(fg − eh) = a2gh − c2ef,

and still further as

fh − eg =
a2gh − c2ef

fg − eh
.

Publication Date: October 28, 2011. Communicating Editor:Paul Yiu.
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In the same manner for trianglesBCE andDAE we obtain

fh − eg =
b2eh − d2fg

ef − gh
.

By setting the right sides of these two equations equal to each other and some
computation, we obtain

(ef − gh)(a2gh − c2ef) = (fg − eh)(b2eh − d2fg),

which can be rewritten as

efgh(a2 + c2
− b2

− d2) = a2g2h2 + c2e2f2
− b2e2h2

− d2f2g2.

By adding the same quantity to both sides we obtain

efgh(a2 + c2
− b2

− d2) + efgh(2ac − 2bd)

= a2g2h2 + c2e2f2
− b2e2h2

− d2f2g2 + 2aghcef − 2behdfg,

which can be factored into

efgh((a + c)2 − (b + d)2) = (agh + cef)2 − (beh + dfg)2,

or

efgh(a+c+b+d)(a+c−b−d) = (agh+cef+beh+dfg)(agh+cef−beh−dfg).

This is a formula for an arbitrary quadrilateral. If the quadrilateral has an incircle,
then the sums of the opposite sides are equal witha + c = b + d. By making this
substitution in the last equation above we get the result that

agh + cef = beh + dfg.

This is a nice companion result to Ptolemy’s theorem for a quadrilateral inscribed
in a circle. In the notation of this paper Ptolemy’s theorem states that

(e + g)(f + h) = ac + bd.

Larry Hoehn: Austin Peay State University, Clarksville, Tennessee 37044, USA
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The Area of the Diagonal Point Triangle

Martin Josefsson

Abstract. In this note we derive a formula for the area of the diagonal point tri-
angle belonging to a cyclic quadrilateral in terms of the sides of the quadrilateral,
and prove a characterization of trapezoids.

1. Introduction

If the diagonals in a convex quadrilateral intersect atE and the extensions of the
opposite sides intersect atF andG, then the triangleEFG is called thediagonal
point triangle [3, p.79] or sometimes just the diagonal triangle [8], see Figure 1.
Here it’s assumed the quadrilateral has no pair of opposite parallel sides. If it’s a
cyclic quadrilateral, then the diagonal point triangle hasthe property that its ortho-
center is also the circumcenter of the quadrilateral [3, p.197].

A

B

C

D

G

F

E

Figure 1. The diagonal point triangleEFG

How about the area of the diagonal point triangle? In a note inan old number
of the MONTHLY [2, p.32] reviewing formulas for the area of quadrilaterals, we
found a formula and a reference to an even older paper on quadrilaterals by Georges
Dostor [4, p.272]. He derived the following formula for the areaT of the diagonal
point triangle belonging to a cyclic quadrilateral,

T =
4a2b2c2d2K

(a2b2 − c2d2)(a2d2 − b2c2)

wherea, b, c, d are the sides of the cyclic quadrilateral andK its area. To derive
this formula was also a problem in [7, p.208].1 However, the formula is wrong, and
the mistake Dostor made in his derivation was assuming that two angles are equal
when they in fact are not. The purpose of this note is to derivethe correct formula.

Publication Date: November 4, 2011. Communicating Editor:Paul Yiu.
1But it had a misprint, the 4 was missing.
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As far as we have been able to find out, this triangle area has received little
interest over the years. But we have found one important result. In [1, pp.13–
17] Hugh ApSimon made a delightful derivation of a formula for the area of the
diagonal point triangle belonging to a general convex quadrilateral ABCD. His
formula (which used other notations) is

T =
2T1T2T3T4

(T1 + T2)(T1 − T4)(T2 − T4)

whereT1, T2, T3, T4 are the areas of the four overlapping trianglesABC, ACD,
ABD, BCD respectively. In [6, p.163] Richard Guy rewrote this formula using
T1 + T2 = T3 + T4 in the more symmetric form

T =
2T1T2T3T4

K(T1T2 − T3T4)
(1)

using other notations, whereK = T1 + T2 is the area of the convex quadrilateral.

2. The area of the diagonal point triangle belonging to a cyclic quadrilateral

We will use (1) to derive a formula for the area of the diagonalpoint triangle
belonging to a cyclic quadrilateral in terms of the sides of the quadrilateral.

Theorem 1. If a, b, c, d are the consecutive sides of a cyclic quadrilateral, then its
diagonal point triangle has the area

T =
2abcdK

|a2 − c2||b2 − d2|

if it’s not an isosceles trapezoid, where

K =
√

(s − a)(s − b)(s − c)(s − d)

is the area of the quadrilateral and s = a+b+c+d

2
is its semiperimeter.

Proof. In a cyclic quadrilateralABCD opposite angles are supplementary, so
sinC = sin A and sin D = sin B. From these we get thatsin A = 2K

ad+bc
and

sinB = 2K

ab+cd
by dividing the quadrilateral into two triangles by a diagonal in two

different ways. Using (1) and the formula for the area of a triangle, we have

T =
2 · 1

2
ad sin A · 1

2
bc sin C · 1

2
ab sin B · 1

2
cd sin D

K
(

1

2
ad sin A · 1

2
bc sin C − 1

2
ab sin B · 1

2
cd sin D

)

=
1

2
abcd sin2A sin2B

K
(
sin2A − sin2B

) =
1

2
abcd

K
(

1

sin
2
B
− 1

sin
2
A

)

=
2abcdK

(ab + cd)2 − (ad + bc)2
=

2abcdK

(ab + cd + ad + bc)(ab + cd − ad − bc)

=
2abcdK

(a + c)(b + d)(a − c)(b − d)
=

2abcdK

(a2 − c2)(b2 − d2)
.

Since we do not know which of the opposite sides is longer, we put absolute values
around the subtractions in the denominator to cover all cases. The areaK of the



The area of the diagonal point triangle 215

cyclic quadrilateral is given by the well known Brahmaguptaformula [5, p.24].
The formula for the area of the diagonal point triangle does not apply when two
opposite sides are congruent. Then the other two sides are parallel, so the cyclic
quadrilateral is an isosceles trapezoid.2

�

3. A characterization of trapezoids

In (1) we see that ifT1T2 = T3T4, then the area of the diagonal point triangle
is infinite. This suggests that two opposite sides of the quadrilateral are parallel,
giving a condition for when a quadrilateral is a trapezoid. We prove this in the next
theorem.

Theorem 2. A convex quadrilateral is a trapezoid if and only if the product of the
areas of the triangles formed by one diagonal is equal to the product of the areas
of the triangles formed by the other diagonal.

Proof. We use the same notations as in the proof of Theorem 1. The following
statements are equivalent.

T1T2 = T3T4,

1

2
ad sin A · 1

2
bc sin C = 1

2
ab sin B · 1

2
cd sin D,

sin A sin C = sin B sin D,

1

2
(cos (A − C) − cos (A + C)) = 1

2
(cos (B − D) − cos (B + D)) ,

cos (A − C) = cos (B − D),

A − C = B − D or A − C = −(B − D),

A + D = B + C = π or A + B = C + D = π.

Here we have used thatcos (A + C) = cos (B + D), which follows from the sum
of angles in a quadrilateral. The equalities in the last lineare respectively equiva-
lent toAB ‖ DC andAD ‖ BC in a quadrilateralABCD. �

References

[1] H. ApSimon,Mathematical Byways in Ayling, Beeling, & Ceiling, Oxford University Press, New
York, 1991.

[2] R. C. Archibald, The Area of a Quadrilateral,Amer. Math. Monthly, 29 (1922) 29–36.
[3] C. J. Bradley,The Algebra of Geometry. Cartesian, Areal and Projective co-ordinates, Highper-

ception, Bath, United Kingdom, 2007.
[4] G. Dostor, Propriétés nouvelle du quadrilatère en g´eén’eral, avec application aux quadrilatères

inscriptibles, circonscriptibles, etc. (in French),Archiv der Mathematik und Physik 48 (1868)
245–348.

[5] C. V. Durell and A. Robson,Advanced Trigonometry, G. Bell and Sons, London, 1930. New
edition by Dover publications, Mineola, 2003.

[6] R. K. Guy, ApSimon’s Diagonal Point Triangle Problem,Amer. Math. Monthly, 104 (1997) 163–
167.

2Or in special cases a rectangle or a square.



216 M. Josefsson

[7] E. W. Hobson,A Treatise on Plane and Advanced Trigonometry, Seventh Edition, Dover Publi-
cations, New York, 1957.

[8] E. W. Weisstein, Diagonal Triangle,MathWorld – A Wolfram web resource,
http://mathworld.wolfram.com/DiagonalTriangle.html
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Collinearity of the First Trisection Points
of Cevian Segments

Francisco Javier Garcı́a Capitán

Abstract. We show that the first trisection points of the cevian segments of a
finite point P are collinear if and only ifP lies on the Steiner circum-ellipse.
Some further results are obtained concerning the line containing these first tri-
section points.

This note answers a question of Paul Yiu [3]:In the plane of a given triangle
ABC, what is the locus ofP for which the “first” trisection points of the three
cevian segments (the ones nearer to the vertices) are collinear ? We identify this
locus and establish some further results.

Let P = (u : v : w) be in homogeneous barycentric coordinates with respect to
triangleABC. Its cevian triangleA′B′C ′ have vertices

A′ = (0 : v : w), B = (u : 0 : w), C ′ = (u : v : 0).

The first trisection points of the cevian segmentsAA′, BB′, CC ′ are the points
dividing these segments in the ratio1 : 2. These are the points

X = (2(v+w) : v : w), Y = (u : 2(w+u) : w), Z = (u : v : 2(u+v)).

These three points are collinear if and only if

0 =

∣∣∣∣∣∣

2(v + w) v w

u 2(w + u) w

u v 2(u + v)

∣∣∣∣∣∣
= 6(u + v + w)(uv + vw + wu).

It follows that, for a finite pointP , the first trisection points are collinear if and
only if P lies on the Steiner circum-ellipse

uv + vw + wu = 0.

Proposition 1. If P = (u : v : w) lies on the Steiner circum-ellipse, the line
LP containing the three “first” trisection points of the three cevian segmentsAA′,
BB′, CC ′ has equation

(
1

v
−

1

w

)
x +

(
1

w
−

1

u

)
y +

(
1

u
−

1

v

)
z = 0.

Publication Date: November 10, 2011. Communicating Editor: Paul Yiu.
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Proof. The lineLP contains the pointX since
(

1

v
−

1

w

)
· 2(v + w) +

(
1

w
−

1

u

)
v +

(
1

u
−

1

v

)
w

= −
(v − w)(uv + vw + wu)

uvw
= 0;

similarly for Y andZ. �

A

B
C

P

A
′

C
′

B
′

X

G

Y

Z

A
′′

C
′′

B
′′

LP

Figure 1.

Let P be a point on the Steiner circum-ellipse, with cevian triangle A′B′C ′.
Construct pointsA′′, B′′, C ′′ on the linesBC, CA, AB respectively such that

BA′ = A′′C, CB′ = B′′A, AC ′ = C ′′B.

The linesAA′′, BB′′, CC ′′ are parallel, and their common infinite point is the
isotomic conjugate ofP . It is clear from Proposition 1 that the lineLP contains
the isotomic conjugate ofP :

(
1

v
−

1

w

)
·
1

u
+

(
1

w
−

1

u

)
·
1

v
+

(
1

u
−

1

v

)
·

1

w
= 0.

It follows thatLP is parallel toAA′′, BB′′, andCC ′′; see Figure 1.
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Corollary 2. Given a lineℓ containing the centroidG, there is a unique pointP on
the Steiner circum-ellipse such thatLP = ℓ, namely,P is the isotomic conjugate
of the infinite point of the lineℓ.

Lemma 3. Letℓ : px+qy+rz = 0 be a line through the centroidG. The conjugate
diameter in the Steiner circum-ellipse is the line(q−r)x+(r−p)y+(p−q)z = 0.

Proof. The parallel ofℓ throughA intersects the ellipse again at the point

N =

(
1

q − r
:

1

p − q
:

1

r − p

)
.

The midpoint ofAN is the point

(2(r − p)(p − q) − (q − r)2 : (q − r)(r − p) : (q − r)(p − q)).

This point lies on the line

(q − r)x + (r − p)y + (p − q)z = 0,

which also contains the centroid. This line is therefore theconjugate diameter of
ℓ. �

Corollary 4. Let ℓ : px + qy + rz = 0 be a line through the centroidG, so that

Pℓ :=
(

1

p
: 1

q
: 1

r

)
is a point on the Steiner circum-ellipse. The conjugate diameter

of ℓ in the ellipse is the lineLPℓ
.

Proposition 5. LetP andQ be points on the Steiner circum-ellipse. The linesLP

andLQ are conjugate diameters if and only ifP andQ are antipodal.

Proof. SupposeLP has equationpx+qy+rz = 0 with p+q+r = 0. The lineLQ

is the conjugate diameter ofLP if and only if its has equation(q−r)x+(r−p)y+

(p − q)z = 0. Thus,P andQ are the points
(

1

p
: 1

q
: 1

r

)
and

(
1

q−r
: 1

r−p
: 1

p−q

)
.

These are antipodal points since the line joining them, namely,

p(q − r)x + q(r − p)y + r(p − q)z = 0,

contains the centroidG. �

It is easy to determine the line throughG whose intersections with the Steiner
circum-ellipse are two pointsP andQ such thatLP : px + qy + rz = 0 and
LQ : (q − r)x + (r − p)y + (p − q)z = 0 are the axes of the ellipse. This is the
case if the two conjugate axes are perpendicular. Now, the infinite points of the
linesLP andLQ are respectivelyq − r : r − p : p − q andp : q : r. They are
perpendicular, according to [4,§4.5, Theorem] if and only if

(b2 + c2 − a2)p(q − r) + (b2 + c2 − a2)q(r − p) + (a2 + b2 − c2)r(p − q) = 0.

Equivalently,

(b2+c2−a2)

(
1

r
−

1

q

)
+(c2+a2−b2)

(
1

p
−

1

r

)
+(a2+b2−c2)

(
1

q
−

1

p

)
= 0,

or
b2 − c2

p
+

c2 − a2

q
+

a2 − b2

r
= 0.
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Therefore,P =
(

1

p
: 1

q
: 1

r

)
is an intersection of the Steiner circum-ellipse and the

line

(b2 − c2)x + (c2 − a2)y + (a2 − b2)z = 0,

which contains the centroidG and the symmedian pointK = (a2 : b2 : c2).

A

B C
AP

CP

AQ

BQ

GK Q
P

XP

YP

ZP

XQ

YQ

ZQ

LP

LQ

Figure 2.

A point on the lineGK has homogeneous barycentric coordinates(a2 + t :
b2 + t : c2 + t) for somet. If this point lies on the Steiner circum-ellipse, then

(b2 + t)(c2 + t) + (c2 + t)(a2 + t) + (a2 + t)(b2 + t) = 0.

From this,

t = −
1

3
(a2 + b2 + c2 ±

√
D),

where

D = a4 + b4 + c4 − a2b2 − b2c2 − c2a2.

We obtain, withε = ±1, the two pointsP andQ

(b2 + c2 − 2a2 + ε
√

D : c2 + a2 − 2b2 + ε
√

D : a2 + b2 − 2c2 + ε
√

D)

for which LP andLQ are the axes of the Steiner circum-ellipse. Their isotomic
conjugates are the pointsX3413 andX3414 in [2], which are the infinite points of
the axes of the ellipse.

We conclude the present note with two remarks.
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A

B
C

P

A
′

C
′

B
′

X

G

Y

Z

G
′

Figure 3.

Remarks.(1) The lineLP contains the centroids of triangleABC and the cevian
triangleA′B′C ′ of P .
Proof. ClearlyLP contains the centroidG = (1 : 1 : 1). SinceX, Y , Z are on the
line LP , so is the centroidG′ = 1

3
(X + Y + Z) of the degenerate triangleXY Z.

Since

X =
2A + A′

3
, Y =

2B + B′

3
, Z =

2C + C ′

3
,

it follows that LP also contains the point1
3
(A′ + B′ + C ′), the centroid of the

cevian triangle ofP .
(2) More generally, if we considerX, Y , Z dividing the cevian segmentsAA′,

BB′, CC ′ in the ratiom : n, these points are collinear if and only if

n(n − m)(u + v + w)(uv + vw + wu) + (2m − n)(m + n)uvw = 0.

In particular, for the “second” trisection points, we takem = 2, n = 1 and obtain
for the locus ofP the cubic

u(v2 + w2) + v(w2 + u2) + w(u2 + v2) − 6uvw = 0,

which is the Tucker nodal cubicK015 in Gibert’s catalogue of cubic curves [1].
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Cyclic Quadrilaterals Associated With Squares

Mihai Cipu

Abstract. We discuss a family of problems asking to find the geometrical locus
of pointsP in the plane of a squareABCD having the property that thei-th
triangle center in Kimberling’s list with respect to trianglesABP , BCP , CDP ,
DAP are concyclic.

1. A family of problems

A fruitful research line in the Euclidean geometry of the plane refers to a given
quadrilateral, to which another one is associated, and the question is whether the
new quadrilateral has a specific property, like being a trapezium, or parallelogram,
rectangle, rhombus, cyclic quadrilateral, and so on. Besides the target property,
the results of this kind differ by the procedure used to generate the new points. A
common selection procedure involves two choices: on the onehand, one produces
four triangles out of the given quadrilateral, on the other hand, one identifies a point
in each resulting triangle. We restrain our discussion to the handiest ways to fulfill
each task.

With regards to the choices of the first kind, one option is to consider the four
triangles defined by the vertices of the given quadrilateraltaken three at a time. A
known result in this category is illustrated in [4]. Anotherfrequently used construc-
tion starts from a triangulation determined by a point in thegiven quadrilateral.

When it comes to select a point in the four already generated triangles, the most
convenient approach is to pick one out of the triangle centers listed in [3]. The
alternative is to invoke a more complicated construction.

Changing slightly the point of view, one has another promising research line,
whose basic theme is to find the geometric locus of pointsP for which the quadri-
lateral obtained by choosing a point in each of the trianglesdetermined byP and
an edge of the given quadrilateral has a specific property. The chances to obtain
interesting results in this manner are improved if one starts from a configuration
richer in potentially useful properties.

To conclude the discussion, we end this section by stating the following research
problem.
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Problem A. For a point P in the plane of a square ABCD, denote by E, F , G,
and H the triangle center X(i) in Kimberling’s Encyclopedia of triangle centers
[3] of triangles ABP , BCP , CDP , DAP , respectively. Find the geometrical
locus of points P for which EFGH is a cyclic quadrilateral.

This problem has as many instances as entries in Kimberling’s list. It is plausible
that they are of various degrees of difficulty to solve. Indeed, in the next section
we present solutions for four of the possible specializations of Problem A, and we
shall have convincing samples of different techniques needed in the proofs. The
goal is to persuade the reader that Problem A is worth studying. Some results are
valid for more general quadrangleABCD. From their proofs we learn to what
extent the requirement “ABCD square” is a sensible one.

2. Four results

The instance of Problem A corresponding toX(2) (centroid) is easily disposed
of. The answer follows from the next result, probably already known. Having no
suitable reference, we present its simple proof.

Theorem 1. Let P be a point in the plane of a quadrilateral ABCD, and let E,
F , G, and H be the centroid of triangles ABP , BCP , CDP , DAP , respectively.
Then EFGH is a parallelogram. In particular, EFGH is cyclic if and only if AC

and BD are perpendicular.

Proof. The quadrilateralEFGH is the image of the Varignon parallelogram under
the homothetyh(P, 2

3
), hence is a parallelogram. A parallelogram is cyclic exactly

when it is rectangle. �

Notice that the condition “perpendicular diagonals” is necessary and sufficient
for EFGH to be a cyclic quadrilateral. This remark shows that for arbitrary
quadrilaterals the sought-for geometrical locus may be empty. Therefore, Prob-
lem A is interesting under a minimum of conditions.

Proving the next theorem is more complicated and requires a different approach.
As the proof is based on the intersecting chords theorem, we recall its statement:
In the plane, let pointsI, J , K, L with I 6= J andK 6= L be such that linesIJ and
KL intersect atΩ. Then,I, J , K, L are concyclic if and only if

−→
ΩI ·

−→
ΩJ =

−−→
ΩK ·

−→
ΩL.

Theorem 2. For a point P in the plane of a rectangle ABCD, denote by E, F ,
G, H the circumcenters of triangles ABP , BCP , CDP , DAP , respectively. The
geometrical locus of points P for which EFGH is a cyclic quadrilateral consists
of the circumcircle of the rectangle and the real hyperbola passing through A, B,
C , D and whose asymptotes are the bisectors of rectangle’s symmetry axes. In
particular, if ABCD is a square, the geometrical locus consists of the diagonals
and the circumcircle of the square.

Proof. We first look forP lying on a side of the rectangle. For the sake of definite-
ness, suppose thatP belongs to the lineAB andP 6= A, B. ThenE is at infinity,
F andH sit on the perpendicular bisector of sideBC, andG is on the perpen-
dicular bisector of sideCD. SupposeP belongs to the desired geometrical locus.
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The conditionE, F , G, H concyclic is tantamount toF , G, H collinear, which
in turn amounts toG being the rectangle’s centerO. It follows thatPO = OA,
which is true only whenP is one of the verticesA, B. If P = A, say, thenE is
not determined, it can be anywhere on the perpendicular bisector of the segment
AB. Also, H is an arbitrary point on the perpendicular bisector of the segment
DA, while bothF andG coincide with the center of the rectangle. Therefore,
EFGH degenerates to a rectangular triangle. Thus, the only points common to
the geometric locus and to sides are the vertices of the rectangle.

We now examine the points from the geometrical locus which donot lie on the
sides of the rectangle. We choose a coordinate system with origin at the center
and axes parallel to the sides of the given rectangle. Then the vertices have the
coordinatesA(−a,−b), B(a,−b), C(a, b), D(−a, b) for somea, b > 0. Let
P (u, v) be a point, not on the sides of the rectangle. Routine computations yield
the circumcenters:

E

(
0,

u2 + v2 − a2 − b2

2(v + b)

)
, F

(
u2 + v2 − a2 − b2

2(u − a)
, 0

)
,

G

(
0,

u2 + v2 − a2 − b2

2(v − b)

)
, H

(
u2 + v2 − a2 − b2

2(u + a)
, 0

)
.

If P is on the circle(ABCD), i.e., u2 + v2 − a2 − b2 = 0, thenE, F , G,
H coincide withO(0, 0). If P is not on the circle(ABCD), thenE 6= G, F 6=
H, andEG, FH intersect atO. Thus,E, F , G, H are concyclic if and only if
−−→
OE ·

−−→
OG =

−−→
OF ·

−−→
OH. Sinceu2 + v2 − a2 − b2 6= 0, we readily see that this is

equivalent tou2 − v2 = a2 − b2. In conclusion, the desired locus is the union of
the circle(ABCD) and the hyperbola described in the statement.

In the case of a square, the hyperbola becomesu2 = v2, which means thatP
belongs to one of the square’s diagonals. �

The above proof shows that one can ignore from the beginning points on the
sidelines ofABCD: if P is on such a sideline, one of the triangles is degenerate.
Such degeneracy would make difficult even to understand the statement of some
instances of Problem A.

The differences between rectangles and squares are more obvious when exam-
ining the case ofX(4) (orthocenter) in Problem A.

Theorem 3. In a plane endowed with a Cartesian coordinate system centered at O,
consider a rectangle ABCD with sides parallel to the axes and of length |AB| =
2a, |BC| = 2b, and diagonals intersecting at O. For a point P in the plane, not on
the sidelines of ABCD, denote by E, F , G, H the orthocenters of triangles ABP ,
BCP , CDP , DAP , respectively. Let C denote the geometrical locus of points P

for which EFGH is a cyclic quadrilateral. Then:
(a) If a 6= b, then C is the union of the hyperbola u2 − v2 = a2 − b2 and the sextic

(u2 + v2 + a2 − b2)2(v2 − b2) − (u2 + v2 − a2 + b2)2(u2 − a2)

= 4a2u2(v2 − b2) − 4b2v2(u2 − a2) (1)
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from which points on the sidelines of ABCD are excluded.
(b) If ABCD is a square, then C consists of the points on the diagonals or on the
circumcircle of the square which are different from the vertices of the square.

Proof. To take advantage of computations already performed, we usethe fact that
the coordinates of the orthocenter are the sums of the coordinates of the vertices
with respect to a coordinate system centered in the circumcenter. Having in view
the previous proof and the restriction onP , we readily find

E

(
u,

a2 − u2

v + b
− b

)
, F

(
b2 − v2

u − a
+ a, v

)
,

G

(
u,

a2 − u2

v − b
+ b

)
, H

(
b2 − v2

u + a
− a, v

)
.

First, using the coordinates ofE, F , G, H, a short calculation shows that

E = G ⇐⇒ F = H ⇐⇒ u2 − v2 = a2 − b2.

It follows that the points on the hyperbolau2 − v2 = a2 − b2 which are different
from A, B, C, D belong to the locus. Now, consider a pointP not on this hyper-
bola. ThenE 6= G, F 6= H, and linesEG, FH intersect atP . Thus,E, F , G, H

are concyclic if and only if
−−→
PE ·

−−→
PG =

−−→
PF ·

−−→
PH. This yields the equation (1) of

the sextic.
It is worth noting that the points of intersection (other than A, B, C, D) of

any two of the circles with diametersAB, BC, CD, DA are inC, either on the
hyperbola or on the sextic.

If ABCD is a square of sidelength2, the equations of these curves simplify to
u2 = v2 and

(u2 − v2)
(
(u2 + v2)2 − 4

)
= 0,

giving the diagonals and the circumcircle of the square. �

Figures 1 to 3 illustrate Theorem 3. These graphs convey the idea that the posi-
tion of real points on the sextic depends on the rectangle’s shape.

Figure 1. Locus ofP in Theorem 3: Rectangle with lengths16
5

and2
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Figure 2. Locus ofP in Theorem 3: Rectangle with sides4 and2

Figure 3. Locus ofP in Theorem 3: Rectangle with sides6 and2

Solving Problem A for rectangle instead of square would risegreat difficulties.
As seen above, we might loose the support of geometric intuition, the answer might
be phrased in terms of algebraic equation whose complexity would make a com-
plete analysis very laborious. It would be very difficult to decide whether various
algebraic curves appearing from computation have indeed points in the sought-for
geometrical locus, or even if the locus is nonempty. Therefore we chose to state
Problem A for square only. This hypothesis assures that in any instance of Prob-
lem A there are pointsP with the desired property. Namely, ifP is on one of
the diagonals of the square, that diagonal is a symmetry axisfor the configuration.
ThusEFGH is an isosceles trapezium, which is certainly cyclic. The argument is
valid for P different from the vertices of the square. Therefore, the diagonals (with
the possible exception of square’s vertices) are included in the geometrical locus.

The proof of Theorem 3 is more difficult than the previous ones. Yet it is much
easier than the proof of the next result, which gives a partial answer to the problem
obtained by specializing Problem A to incenters.
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Theorem 4. For a point P in the interior of a square ABCD, one denotes by E,
F , G, and H the incenter of triangle ABP , BCP , CDP , DAP , respectively. The
geometrical locus of points P for which EFGH is a cyclic quadrilateral consists
of the diagonals AC and BD.

This settles a conjecture put forward more than 25 years ago by Daia [2]. The
only proof we are aware of has been just published [1] and is similar to the proof of
Theorem 3. In order to decide whetherE, F , G, H are concyclic, Ptolemy’s the-
orem rather than the intersecting chords theorem was used. The crucial difference
is the complexity of expressions yielding the coordinates of the incenters in terms
of the coordinates of the additional pointP . This difference is huge, the required
computations can not be performed without computer assistance. For instance, af-
ter squaring twice the equality stated by Ptolemy’s theorem, one gets16f2 = 0,
wheref is a polynomial in 14 variables having 576 terms. The algorithms em-
ployed to manipulate such large expressions belong to the field generally known as
symbolic computation. Even powerful computer algebra systems like MAPLE and
SINGULAR running on present-day machines needed several hours and a large
amount of memory to complete the task. The output consists ofseveral dozens of
polynomial relations satisfied by the variables describingthe geometric configura-
tion. In order to obtain a geometric interpretation for the algebraic translation of
the conclusion it was essential to use the hypothesis thatP sits in the interior of
the square. In algebraic terms, this means that the real roots of the polynomials are
positive and less than one. In the absence of such an information, it is not at all
clear that the real variety describing the asked geometrical locus is contained in the
union of the two diagonals.

Full details of the proof for Theorem 4 are given in [1]. As thequest for elegance
and simplicity is still highly regarded by many mathematicians, we would like to
have a less computationally involved proof to Theorem 4. It is to be expected that
a satisfactory solution to this problem will be not only moreconceptual but also
more enlightening than the approach sketched in the previous paragraph. More-
over, it is hoped that the new ideas needed for such a proof will serve to remove
the hypothesis “P in the interior of the square” from the statement of Theorem 4.

3. Conclusions

Treating only four instances, this article barely scratches the surface of a vast
research problem. Since as of June 2011 the Encyclopedia of Triangle Centers lists
more than 3600 items, it is apparent that a huge work remains to be done.

The approach employed in the proofs of Theorems 2 and 3 seems promising.
It consists of two phases. First, one identifies the set containing the pointsP for
which the four centers fail to satisfy the hypothesis of the intersecting chords theo-
rem. This set is contained in the desired locus unless the corresponding quadrilat-
eralEFGH is a non-isosceles trapezium. Next, for pointsP outside the set one
uses the intersecting chords theorem.
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The Distance from the Incenter to the Euler Line

William N. Franzsen

Abstract. It is well known that the incenter of a triangle lies on the Euler line
if and only if the triangle is isosceles. A natural question to ask is how far
the incenter can be from the Euler line. We find least upper bounds, across all
triangles, for that distance relative to several scales. Those bounds are found
relative to the semi-perimeter of the triangle, the length of the Euler line and
the circumradius, as well as the length of the longest side and the length of the
longest median.

1. Introduction

A quiet thread of interest in the relationship of the incenter to the Euler line has
persisted to this day. Given a triangle, the Euler line joinsthe circumcenter,O,
to the orthocenter,H. The centroid,G, trisects this line (being closer toO) and
the center of the nine-point circle,N , bisects it. It is known that the incenter,I,
of a triangle lies on the Euler line if and only if the triangleis isosceles (although
proofs of this fact are thin on the ground). But you can’t justchoose any point, on
or off the Euler line, to be the incenter of a triangle. The points you can choose are
known, as will be seen. An obvious question asks how far can the incenter be from
the Euler line. For isosceles triangles the distance is0. Clearly this question can
only be answered relative to some scale, we will consider three scales: the length
of the Euler line,E , the circumradius,R, and the semiperimeter,s. Along the way
we will see that the answer for the semiperimeter also gives us the answer relative
to the longest side,µ, and the longest median,ν. To complete the list of lengths,
let d be the distance of the incenter from the Euler line.

Time spent playing with triangles using any reasonable computer geometry
package will convince you that the following are reasonableconjectures.

d

E
≤

1

3
,

d

R
≤

1

2
and

d

s
≤

1

3

Maybe with strict inequalities, but then again the limits might be attained.
A large collection of relationships between the centers of atriangle is known,

for example, ifR is the radius of the circumcircle andr the radius of the incircle,
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then we have

OI2 = R(R − 2r)

IN =
1

2
(R − 2r)

Before moving on, it is worth noting that the second of the above gives an imme-
diate upper bound for the distance relative to the circumradius. As the inradius of
a non-degenerate triangle must be positive we haved ≤ IN = R

2
− r < R

2
, and

hence
d

R
<

1

2
.

2. Relative to the Euler line

The relationships given above, and others, can be used to show that for any
triangle the incenter,I, must lie within theorthocentroidal circlepunctured at the
center of the nine-point circle,N , namely, the disk with diameterGH except for
the circumference and the pointN .

O HNG

Figure 1

In 1984 Guinand [1] showed that every such point gives rise toa triangle which
has the nominated points as its centers. Guinand shows that if OI = ρ, IN = σ

andOH = κ then the cosines of the angles of the triangle we seek are the zeros of
the following cubic.

p(c) = c3 +
3

2

(
4σ2

3ρ2
− 1

)
c2 +

3

4

(
−

2κ2σ2

3ρ4
+

8σ4

3ρ4
−

4σ2

ρ2
+ 1

)
c +

1

8

(
4κ2σ2

ρ4
− 1

)
.

Stern [2] approached the problem using complex numbers and provides a sim-
pler derivation of a cubic, and explicitly demonstrates that the triangle found is
unique. His approach also provided the vertices directly, as complex numbers.

Consideration of the orthocentroidal circle provides the answer to our question
relative toE , the length of the Euler line. The incenter must lie strictlywithin
the orthocentroidal circle which has radius one third the length of the Euler line.
Guinand has proved that all such points, exceptN , lead to a suitable triangle. Thus
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the least upper bound, over all non-degenerate triangles, of the ratio d

E
is 1

3
, with

triangles approaching this upper-bound being defined by having incenters close to
the points on circumference of the orthocentroidal circle on a radius perpendicu-
lar to the Euler line. For any given non-degenerate trianglewe obtain the strict
inequality d

E
< 1

3
.

Consideration of Figure 2 gives us more information. TakingOH = 3 as our
scale. For triangles withI close to the limit point above, the angleIGH is close
to π

4
. Moreover, withI near that point, a calculation using the inferred values of

OI ≈
√

5 andIN ≈
√

5

2
shows that the circumradius will be close to

√
5, and the

inradius will be close to 0.
We observed above thatIN < R

2
. This distance only becomes relevant for us if

IN is perpendicular to the Euler line. Consideration of the orthocentroidal circle
again allows us to see that this may happen, with the angleIGH being close toπ

3
.

In this case the circumradius will be close to
√

3.

1

√

5 √
5

2

√
3

2
√

3

O HNG

Figure 2

Remark.It is easy to see that the last case also gives the least upper bound of the
angleIOH as π

6
.

3. Relative to the triangle

We now wish to find the maximal distance relative to the dimensions of the
triangle itself. The relevant dimensions will be the lengthof the longest median,ν,
the length of the longest side,µ, and the semiperimeter,s. It is clear thatν < µ < s

(see Lemma 4 below).
The following are well-known, and show that the incenter andcentroid lie within

the medial triangle, the triangle formed by the three midpoints of the sides.

Lemma 1. The incenter,I, lies in the medial triangle.

Lemma 2. The centroid of triangleABC is the centroid of the medial triangle.

Lemma 3. The distance from the incenter to the centroid is less than one third the
length of the longest median of the triangle.



234 W. N. Franzsen

Proof. We have just shown that both the incenter and centroid lie inside the medial
triangle. Therefore the distance from the incenter to the centroid is less than the
largest distance from the centroid to a vertex of the medial triangle. (Consider the
circle centered atO passing through the most distant vertex.)

Now the distance of the centroid from the vertices of the medial triangle is, by
definition, the distance from the centroid to the mid-pointsof the side of triangle
ABC. Those distances are equal to one third the lengths of the medians, and the
result follows. �

Lemma 4. The length of a median is less thanµ. Hence,ν < µ < s.

Proof. Consider the median fromA. If we rotate the triangle throughπ aboutMA,
the mid-point of the side oppositeA, we obtain the parallelogramABDC. The
diagonalAD has twice the lengthAMA. As A, B andD form a non-degenerate
triangle we have

2AMA = AD < AB + BD = AB + AC ≤ 2µ,

whereµ is the length of the longest side. Thus the medianAMA < µ. This is also
true for the other two medians. Thus,ν ≤ µ. �

Proposition 5. The distance,d, from the incenter to the Euler line satisfies

d

s
<

d

µ
<

d

ν
<

1

3
,

whereν is the length of the longest median,µ is the length of the longest side and
s is the semi-perimeter of the triangle.

Proof. As the centroid lies on the Euler line, the distance from the incenter to the
Euler line is at most the distance from the incenter to the centroid. By Lemma 3,
this distance is one third the length of the longest median. But, by Lemma 4, the
length of each median is less thanµ < s, and the result follows. �

4. In the limit

As the expressionsd
E

, d

R
and d

s
are dimensionless we may choose our scale as

suits us best. Consider the triangle with vertices(0, 0), (1, 0) and(ε, δ), whereε

andδ are greater than but approximately equal to0. The following information
may be easily checked.

The coordinates of the orthocenter are

H

(
ε,

ε − ε2

δ

)
.

The coordinates of the circumcenter are

O

(
1

2
,
δ2 + ε2 − ε

2δ

)
.

The Euler line has equation

lOH :
(
−δ2 + 3(1 − ε)ε

)
x + (1 − 2ε)δy + ε

(
δ2 + ε2 − 1

)
= 0.
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If we let p = 2s =
√

δ2 + ε2 +
√

δ2 + (1 − ε)2 +1, then the coordinates of the
incenter are

I

(√
δ2 + ǫ2 + ǫ

p
,
δ

p

)
.

We may now write down the value ofd, being the perpendicular distance from
I to lOH .

d =

∣∣∣
(
−δ2 + 3(1 − ε)ε

) (√
δ2 + ε2 + ε

)
+ (1 − 2ε)δ2 + pε

(
δ2 + ε2 − 1

)∣∣∣

p

√
(−δ2 + 3(1 − ε)ε)2 + (1 − 2ε)2δ2

.

Suppose we letδ = ε2, then the expression for the ratiod
s

is

2ε
∣∣∣(−ε3 − 3ε + 3)(

√
ε4 + ε2 + ε) + ε(ε2 − 2ε3) + p(ε4 − ε2 − 1)

∣∣∣

p2ε
√

(−ε3 − 3(ε − 1))2 + (ε − 2ε2)2

We cancel the common factor ofε and take the limit asε → 0. Noting thatp → 2
we see that the numerator approaches 4 while the denominatorapproaches 12, and
we have proved the following.

Theorem 6. If d is the distance from the incenter to the Euler line,s the semi-
perimeter,µ the length of the longest side andν the length of the longest median,
then the least upper bound ofd

s
, and henced

µ
and d

ν
, over all non-degenerate

triangles is1

3
.

Remark.In those cases where the distance ratio is close to the maximum, the line
IG is nearly perpendicular to the Euler line. Thus the angleIGH will be close
to π

2
. In these cases the Euler line is extremely large compared tothe triangle.

Similar calculations can be carried out for the ratiosd

E
and d

R
. In those cases

we take the point(ε, δ) to be a point on the circle through(0, 0) and(1, 0) with

radius
√

10

6
, or

√
3

3
respectively (remember that the values of

√
5 and

√
3 met earlier

were relative to the length of the Euler line, not the length of a side).

5. Demonstrating the limits

We now have enough information to assist us in constructing diagrams that will
demonstrate these limits using a suitable computer geometry package.

Taking the case of triangles with the ratiod
R

approaching1

2
. Let AB be a line

segment and define its length to be 1. LetG′ be the point onAB one third of the
way from A to B. Construct the lineG′T such that∠BG′T = π

3
and letO be

the point where this line meets the perpendicular bisector of AB. Draw the arc
AB centered atO and letC be a point on that arc. Constructing the Euler line
and incenter of triangleABC will demonstrate that the ratiod

R
approaches1

2
as

C approachesA. This construction is explained if you note thatG′ is the limiting
position of the centroid,G, asC approachesA (see Figure 3).
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A BG
′

O

C

π

3

Figure 3.

A similar construction, except with∠BG′T = π

4
will give a demonstration that

d

E
approaches1

3
asC approachesA.

Something different is required to demonstrate thatd

s
approaches1

3
. GivenAB

above, choose a pointC ′ betweenA andB and let the lengthAC ′ = ε, with 0 <

ε < 1. Construct the perpendicular atC ′ and find the pointC on the perpendicular
with CC ′ = ε2. Constructing the Euler line and incenter of this triangle will
demonstrate that the ratiod

s
approaches1

3
asC approachesA.
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Rational Steiner Porism

Paul Yiu

Abstract. We establish formulas relating the radii of neighboring circles in a
Steiner chain, a chain of mutually tangent circles each tangent to two given ones,
one in the interior of the other. From such we parametrize, for n = 3, 4, 6, all
configurations of Steinern-cycles of rational radii.

1. Introduction

Given a circleO(R) and a circleI(r) in its interior, we write the distanced
between their centers in the form

d2 = (R − r)2 − 4qRr. (1)

It is well known [3, pp.98–100] that there is a closed chain ofn mutually tan-
gent circles each tangent internally to(O) and externally to(I) if and only if
q = tan2 π

n
. In this case we have a Steinern-cycle, and such ann-cycle can

be constructed beginning with any circle tangent to both(O) and(I). In this note
we study the possibilities that the two given circles haverational radii and distance
between their centers. Such is called a rational Steiner pair. Sincecos 2π

n
= 1−q

1+q
,

we must havecos 2π

n
rational. By a classic theorem in algebraic number theory,

cos 2

n
π is rational only forn = 3, 4, 6 (see, for example, [2, p.41, Corollary 3.12]).

It follows that rational Steiner pairs exist only forq = 3, 1, 1

3
, corresponding to

n = 3, 4, 6. We shall give a parametrization of such pairs and proceed toshow how
to construct Steinern-cycles consisting of circles of rational radii. Here are some
examples of symmetric rational Steinern-cycles for these values ofn.

Figure 1. Symmetric Steinern-cycles forn = 3, 4, 6

q n (R, r, d) Radii (ρ1, . . . , ρn)

3 3 (14, 1, 1)
(
7, 56

9
, 56

9

)

1 4 (6, 1, 1)
(
3, 12

5
, 2, 12

5

)
1

3
6 (6, 1, 0) (1, 1, 1, 1, 1, 1)

Publication Date: November 30, 2011. Communicating Editor: Li Zhou.
The author thanks Li Zhou for comments and suggestions leading to improvements over an earlier

version of this paper.
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2. Construction of Steiner chains

In this section we consider two circlesO(R) andI(r) with centers at a distance
d apart, without imposing any relation onR, r, d, nor rationality assumption. By a
Steiner circle we mean one which is tangent to both(O) and(I). We shall assume
d 6= 0 so that the circles(O) and(I) are not concentric. Clearly there are unique
Steiner circles of radiiρ0 := R−r−d

2
andρ1 := R−r+d

2
. For eachρ ∈ (ρ0, ρ1),

there are exactly two Steiner circles of radiusρ symmetric in the center lineOI.
The center of each is at distancesR − ρ from O andr + ρ from I.

Proposition 1. If A(ρ) is a Steiner circle tangent to (O) at P and (I) at Q, then
the line PQ contains T+, the internal center of similitude of (O) and (I).

P

Q

O I

A

T+

Figure 2.

Proof. Note thatA dividesOP internally in the ratioOA : AP = R − ρ : ρ, so
that

A =
ρ · O + (R − ρ)P

R
.

Similarly, the same pointA dividesIQ externally in theIA : AQ = r + ρ : −ρ,
so that

A =
−ρ · I + (r + ρ)Q

r
.

EliminatingA from these two equations, and rearranging, we obtain

−r(R − ρ)P + R(r + ρ)Q

(R + r)ρ
=

R · I + r · O

R + r
.

This equation shows that a point on the linePQ is the same as a point on the line
OI, which is the intersection of the linesPQ andOI. Note that the point on the
line OI is independent ofP . It is the internal center of similitudeT+ of the two
circles, dividingO andI internally in the ratioOT+ : T+I = R : r. �

Remark. The pointT+ can be constructed as the intersection of the lineOI with
the line joining the endpoints of a pair of oppositely parallel radii of the circles.
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Two Steiner circles are neighbors if they are tangent to eachother externally.

Proposition 2. If two neighboring Steiner circles are tangent to each other at T ,
then T lies on a circle with center T+.

P

Q

O I

A

T+

T

T
′

Figure 3

O I

A

T+

T
B

A
′

Figure 4

Proof. Applying the law of cosines to trianglesPOT+ andAOI, we have

R2 +
(

Rd

R+r

)2

− T+P 2

2R · Rd

R+r

=
(R − ρ)2 + d2 − (r + ρ)2

2(R − ρ)d
.

From this,

T+P 2 =
R2((R + r)2 − d2)

(R + r)2
·

r + ρ

R − ρ
.

Similarly,

T+Q2 =
r2((R + r)2 − d2)

(R + r)2
·
R − ρ

r + ρ
.

It follows that

T+P · T+Q = Rr ·
(R + r)2 − d2

(R + r)2
.

If we put t2 = Rr ·
(R+r)2−d2

(R+r)2
(independent onρ), then the circleT+(t) intersects

the Steiner circleA(ρ) at a pointT such thatTT+ is tangent to the Steiner circle
(see Figure 3). �

This leads to an easy construction of the neighbor ofA(ρ) tangent atT (see
Figure 4):
(1) ExtendTA to A′ such thatTA′ = r.
(2) Construct the perpendicular bisector ofIA′ to intersect the lineAT atB.

Then the circleB(T ) is the Steiner circle tangent toA(ρ) atT .
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3. Radii of neighboring Steiner circles

Henceforth we write
(R, r, d; ρ1, . . . , ρn)

for a rational Steiner pair(R, r, d)q and ann-cycles of Steiner circles with rational
radii ρ1, . . . ,ρn. To relate the radii of neighboring Steiner circles, we makeuse of
the following results.

Lemma 3. (a)ρ0ρ1 = qRr,
(b) (R − ρ0)(R − ρ1) = (q + 1)Rr.

Proposition 4 (Bottema [1]). Given a triangle with sidelengths a1, a2, a3, the
distances d1, d2, d3 from the opposite vertices of these sides to a point in the plane
of the triangle satisfy the relation

∣∣∣∣∣∣

2d2

1
−a2

3
+ d2

1
+ d2

2
−a2

2
+ d2

3
+ d2

1

−a2

3
+ d2

1
+ d2

2
2d2

2
−a2

1
+ d2

2
+ d2

3

−a2
2
+ d2

3
+ d2

1
−a2

1
+ d2

2
+ d2

3
2d2

3

∣∣∣∣∣∣
= 0.

Proposition 5. Let A(ρ) be a Steiner circle between (O) and (I). The radii of its
two neighbors are the roots of the quadratic polynomial aσ2 + bσ + c, where

a = ((q + 1)Rr − (R − r)ρ)2 + 4Rrρ2,

b = 2(q + 1)Rrρ((q − 1)Rr − (R − r)ρ), (2)

c = (q + 1)2R2r2ρ2.

d

R − σ

R − ρ σ + r

ρ + r

ρ + σ

O I

A B

Figure 5

Proof. Let B(σ) be a neighbor ofA(ρ). Apply Proposition 4 to triangleIAB with
sidesρ + σ, r + σ, r + ρ, and the pointO whose distances fromI, A, B are
respectivelyd, R − ρ, R − σ.

∣∣∣∣∣∣

2d
2

R
2 − r

2 + d
2 − 2(R + r)ρ R

2 − r
2 + d

2 − 2(R + r)σ
R

2 − r
2 + d

2 − 2(R + r)ρ 2(R − ρ)2 2(R(R − ρ) − (R + ρ)σ)
R

2 − r
2 + d

2 − 2(R + r)σ 2(R(R − ρ) − (R + ρ)σ) 2(R − σ)2

∣∣∣∣∣∣
= 0.
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It is clear that the determinant is a quadratic polynomial inσ. With the relation
(1), we eliminated and obtain

∣∣∣∣∣∣

(R − r)2 − 4qRr R
2 − Rr − 2qRr − (R + r)ρ R

2 − Rr − 2qRr − (R + r)σ
R

2 − Rr − 2qRr − (R + r)ρ (R − ρ)2 R(R − ρ) − (R + ρ)σ
R

2 − Rr − 2qRr − (R + r)σ R(R − ρ) − (R + ρ)σ (R − σ)2

∣∣∣∣∣∣
= 0.

This determinant, apart from a factor−4, isaσ2+bσ+c, with coefficients given
by (2) above. �

Lemma 6. b2 − 4ac = 16(q + 1)2R3r3ρ2(ρ1 − ρ)(ρ − ρ0).

Proof. b2 − 4ac = 4(q + 1)2R2r2ρ2 · D, where

D = ((q − 1)Rr − (R − r)ρ)2 − (((q + 1)Rr − (R − r)ρ)2 + 4Rrρ2)

= 4Rr(−qRr + (R − r)ρ − ρ2)

= 4Rr(−ρ0ρ1 + (ρ0 + ρ1)ρ − ρ2)

= 4Rr(ρ1 − ρ)(ρ − ρ0).

�

Proposition 7. The radius ρ of a Steiner circle and those of its two neighbors are
rational if and only if

ρ = R(τ) :=
τ2ρ0 + Rrρ1

τ2 + Rr
(3)

for some rational number τ .

Proof. The roots of the quadratic polynomialaσ2 + bσ + c are rational if and
only if b2 − 4ac is the square of a rational number. Witha, b, c given in (2), this
discriminant is given by Lemma 6. WritingRr(ρ1 − ρ)(ρ− ρ0) = τ2(ρ− ρ0)

2 for
a rationalτ leads to the rational expression (3) above. �

Theorem 8. For a Steiner circle with rational radius ρ = R(τ), the two neighbors
have radii ρ+ = R(τ+) and ρ− = R(τ−) where

τ+ =
Rr(τ − ρ1)

Rr + τρ0

and τ− =
Rr(τ + ρ1)

Rr − τρ0

.

Proof. With ρ given by (3), we have

(i) ρ1 − ρ = τ
2
(ρ1−ρ0)

τ2+Rr
andρ − ρ0 = Rr(ρ1−ρ0)

τ2+Rr
,

(ii) from (2)

b = 2(q + 1)Rrρ((q − 1)Rr − (ρ0 + ρ1)ρ),

= 2(q + 1)Rrρ

(
−R2 + R(ρ0 + ρ1) + ρ0ρ1 − (ρ0 + ρ1) ·

τ2ρ0 + Rrρ1

τ2 + Rr

)

= −2(q + 1)Rrρ ·
(Rr + ρ2

0
)τ2 + (Rr + ρ2

1
)Rr

τ2 + Rr
,
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(iii) by Lemma 6,

b2 − 4ac =
16(q + 1)2R4r4ρ2(ρ1 − ρ0)

2τ2

(τ2 + Rr)2
.

The roots of the quadratic polynomialaσ2 + bσ + c are

2c

−b − ε
√

b2 − 4ac
=

2(q + 1)2R2r2ρ2

2(q + 1)Rrρ ·
(Rr+ρ2

0
)τ2+(Rr+ρ2

1
)Rr

τ2+Rr
− ε

4(q+1)R2r2ρ(ρ1−ρ0)τ

τ2+Rr

=
(q + 1)Rrρ

(Rr+ρ2

0
)τ2+(Rr+ρ2

1
)Rr

τ2+Rr
− ε

2Rr(ρ1−ρ0)τ

τ2+Rr

=
(q + 1)Rr(τ2ρ0 + Rrρ1)

(Rr + ρ2

0
)τ2 + (Rr + ρ2

1
)Rr − 2εRr(ρ1 − ρ0)τ

, (4)

whereε = ±1. On the other hand,

R

(
Rr(τ − ερ1)

Rr + ετρ0

)
=

R2r2(τ − ερ1)
2ρ0 + Rr(Rr + ετρ0)

2ρ1

R2r2(τ − ερ1)2 + Rr(Rr + ετρ0)2

=
Rr(τ − ερ1)

2ρ0 + (Rr + ετρ0)
2ρ1

Rr(τ − ερ1)2 + (Rr + ετρ0)2

=
(Rr + ρ0ρ1)(τ

2ρ0 + Rrρ1)

(Rr + ρ2
0
)τ2 + (Rr + ρ2

1
)Rr − 2εRr(ρ1 − ρ0)τ

=
(q + 1)Rr(τ2ρ0 + Rrρ1)

(Rr + ρ2
0
)τ2 + (Rr + ρ2

1
)Rr − 2εRr(ρ1 − ρ0)τ

.

These are, according to (4) above, the radii of the two neighbors. �

4. Parametrizations

A rational Steiner pair(R, r, d) is standard if R = 1.

Proposition 9. The standard rational Steiner pairs are parametrized by

R = 1, r =
t

(q + t)(q + 1 + t)
, d =

q(q + 1) − t2

(q + t)(q + 1 + t)
. (5)

Proof. Since(R, r, d) = (1, 0, 1) is a rational solution of

d2 = (1 − r)2 − 4qr,

every rational solution is of the formd = 1 − (2q + 1 + 2t)r for some rational
numbert. Direct substitution leads to

(q + t)(q + 1 + t)r − t = 0.

From this, the expressions ofr andd follow. �

Remark. ρ0 = t

q+1+t
andρ1 = q

q+t
.



Rational Steiner porism 243

Proposition 10. In a standard rational Steiner pair (R, r, d)q , a Steiner circle
A(ρ) and its neighbors have rational radii if and only if

ρ = R(τ) =
t(q + (q + t)2τ2)

(q + t)(t + (q + t)(q + 1 + t)τ2)

for a rational number τ . The radii of the two neighbors are R(τ±), where

τ+ =
−q + (q + t)τ

(q + t)(1 + (q + t)τ)
and τ− =

q + (q + t)τ

(q + t)(1 − (q + t)τ)
.

Proof. The neighbors ofA(ρ) have rational radii if and only ifaσ2+bσ+c (with a,
b, c given in (2)) has rational roots. Therefore, the two neighbors have rational radii
if and only if Rr(ρ1 − ρ)(ρ− ρ0) is the square of a rational number by Proposition
7, Theorem 8, and Proposition 9. �

Proposition 11. The iterations of τ+ (respectivelyτ−) have periods 3, 4, 6 accord-
ing as q = 3, 1, or 1

3
.

Proof. The iterations ofτ+ are as follows.

τ

−3+(3+t)τ

(3+t)(1+(3+t)τ)

3+(3+t)τ

(3+t)(1−(3+t)τ)

Figure 6.3-cycle forq = 3

τ

−1+(1+t)τ

(1+t)(1+(1+t)τ)

−1

(1+t)2τ

1+(1+t)τ

(1+t)(1−(1+t)τ)

Figure 7.4-cycle forq = 1

τ

3(−1+(1+3t)τ)

(1+3t)(3+(1+3t)τ)

−3+(1+3t)τ

(1+3t)(1+(1+3t)τ)

−3

(1+3t)2τ

3+(1+3t)τ

(1+3t)(1−(1+3t)τ)

3(1+(1+3t)τ)

(1+3t)(3−(1+3t)τ)

Figure 8. 6-cycle forq = 1

3

The iterations ofτ− simply reverse the orientations of these cycles. �
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Example 1. Rational Steiner3-cycles with simple rational radii:

t (R, r, d) τ Steiner cycle

2
(
1, 1

15
, 4

15

)
1

(
7

12
, 7

17
, 7

20

)
1

3

(
13

23
, 13

38
, 13

30

)
4

5

(
19

32
, 19

48
, 19

53

)
9

5

(
21

38
, 21

47
, 21

62

)
11

5

(
31

57
, 31

68
, 31

92

)

3
(
1, 1

14
, 1

14

)
3

2

(
28

57
, 7

15
, 28

65

)
3

2

(
1, 2

33
, 13

33

)
4

3

(
8

13
, 8

21
, 2

7

)
1

9

(
24

61
, 24

85
, 3

5

)

t (R, r, d) τ Steiner cycle
2

3

(
1, 3

77
, 52

77

)
5

11

(
3

5
, 3

20
, 1

4

)
1

3

(
7

22
, 21

47
, 21

146

)
3

4

(
1, 4

95
, 61

95

)
4

13

(
16

45
, 4

9
, 16

101

)
3

5

(
1, 5

138
, 97

138

)
11

6

(
20

33
, 5

22
, 4

29

)
9

5

(
1, 15

232
, 73

232

)
1

2

(
60

97
, 20

59
, 3

8

)
12

5

(
1, 5

72
, 13

72

)
1

3

(
20

37
, 5

13
, 4

9

)
9

7

(
1, 21

370
, 169

370

)
7

5

(
12

19
, 28

79
, 21

82

)
10

3

(
1, 15

209
, 4

209

)
1

19

(
35

74
, 105

227
, 21

46

)

1
15

209

35

74

105

227

21

46

A:
(
1,

15

209
,

4

209
; 35

74
,

105

227
,

21

46

)

1

1

14

7

15

28

65

28

57

B:
(
1,

1

14
,

1

14
; 28

57
,

7

15
,

28

65

)

1
3

77

21

47

7

22

21

146

C:
(
1,

3

77
,

52

77
; 7

22
,

21

47
,

21

146

)

1
5

72

20

37

5

13

4

9

D:
(
1,

5

72
,

13

72
; 20

37
,

5

13
,

4

9

)

Figure 9. Rational Steiner3-cycles
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Example 2. Rational Steiner4-cycles with simple rational radii:

t (R, r, d) τ Steiner cycle

1
(
1, 1

6
, 1

6

)
1

(
10

21
, 5

11
, 10

29
, 5

14

)

2
(

34

77
, 17

35
, 34

93
, 17

50

)
1

3

(
26

53
, 13

35
, 26

77
, 13

30

)
1

2

(
1, 2

15
, 7

15

)
2

(
5

11
, 20

37
, 10

43
, 20

93

)
1

3

(
1, 3

28
, 17

28

)
3

(
6

17
, 3

5
, 2

11
, 3

20

)
1

4

(
15

37
, 30

193
, 15

88
, 10

19

)
1

4

(
1, 4

35
, 31

45

)
2

5

(
5

14
, 40

81
, 20

149
, 40

329

)
3

5

(
1, 15

104
, 41

104

)
1

2

(
30

49
, 15

49
, 10

43
, 3

8

)
4

5

(
1, 10

63
, 17

63

)
1

3

(
10

19
, 20

61
, 5

17
, 4

9

)
4

3

(
1, 6

35
, 1

35

)
1

7

(
20

47
, 30

71
, 60

149
, 15

37

)

1
6

35

30

71

60

149

15

37
20

47

A:
(
1,

6

35
,

1

35
; 20

47
,

30

71
,

60

149
,

15

37

)

1
1

6

10

21

5

11

5

14

10

29

B:
(
1,

1

6
,

1

6
; 10

21
,

5

11
,

10

29
,

5

14

)

1

4

45

40

81

20

149

40

329

5

14

C:
(
1,

4

45
,

31

45
; 5

14
,

40

81
,

20

149
,

40

329

)

1
3

28

6

17

3

5

2

11

3

20

D:
(
1,

3

28
,

17

28
; 6

17
,

3

5
,

2

11
,

3

20

)

Figure 10. Rational Steiner4-cycles
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Example 3. Rational Steiner6-cycles with simple rational radii:

t (R, r, d) τ Steiner cycle
1

2

(
1, 18

55
, 7

55

)
2

(
1

3
, 24

61
, 8

21
, 6

19
, 8

29
, 24

85

)
1

3

(
1, 3

10
, 3

10

)
1

(
28

65
, 28

59
, 7

23
, 28

131
, 28

137
, 7

26

)
1

5

(
1, 45

184
, 91

184

)
5

3

(
20

57
, 60

97
, 5

17
, 12

77
, 20

153
, 15

88

)
1

9

(
1, 9

52
, 35

52

)
3

2

(
12

31
, 4

7
, 3

19
, 4

47
, 12

151
, 1

8

)
5

4

(
52

361
, 156

313
, 13

29
, 156

1153
, 52

641
, 39

472

)
2

9

(
1, 9

35
, 16

35

)
3

(
21

83
, 7

13
, 21

47
, 7

33
, 21

143
, 7

45

)
4

15

(
1, 5

18
, 7

18

)
5

(
5

21
, 4

9
, 20

39
, 5

18
, 20

111
, 20

117

)

1

18

55

1

3

24

61

8

21

6

19

8

29

24

85

A:
(
1,

18

55
,

7

55
; 1

3
,

24

61
,

8

21
,

6

19
,

8

29
,

24

85

)

1
3

10

28

65

28

59

7

23

28

131

28

137

7

26

B:
(
1,

3

10
,

3

10
; 28

65
,

28

59
,

7

23
,

28

131
,

28

137
,

7

26

)

1

9

52

52

361

156

313

13

29

156

1153

52

641

39

472

C:
(
1,

9

52
,

35

52
; 52

361
,

156

313
,

13

29
,

156

1153
,

52

641
,

39

472

)

1

9

35

21

47

7

13
21

83

7

45

21

143

7

33

D:
(
1,

9

35
,

16

35
; 21

83
,

7

13
,

21

47
,

7

33
,

21

143
,

7

45

)

Figure 11. Rational Steiner6-cycles
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5. Inversion

By inverting a Steinern-cycle configuration(R, r, d; ρ1, . . . , ρn) in the circle
(O), we obtain a newn-cycle(R, r′, d′; ρ′

1
, . . . , ρ′n) in which

r′ =
−R2r

d2 − r2
, d′ =

R2d

d2 − r2
, ρ′i =

Rρi

2ρi − R
, i = 1, . . . , n.

Regarding the circles in a Steiner configuration with(I) in the interior of(O)
all positively oriented, we interpret circles with negative radii as those oppositely
oriented to the circle(O).

The tables below show the rational Steinern-cycles obtained by inverting those
in Figures 9-11 in the circle(O). Figure 12 illustrates those obtained from the
4-cycles in Figure 10.

Steiner3-cycle Inversive images in(O)

A
(
1, 15

209
, 4

209
; 35

74
, 105

227
, 21

46

) (
1, 15,−4; −35

4
, −105

17
, −21

4

)

B
(
1, 1

14
, 1

14
; 28

57
, 7

15
, 28

65

) (
1,∞, 7; −28,−7,−28

9

)

C
(
1, 3

77
, 52

77
; 7

22
, 21

47
, 21

146

) (
1,− 3

35
, 52

35
; −7

8
,−21

5
,− 21

104

)

D
(
1, 5

72
, 13

72
; 20

37
, 5

13
, 4

9

) (
1,−5

2
, 13

2
; 20

3
,−5

3
,−4

)

Steiner4-cycle Inversive images in(O)

A
(
1, 6

35
, 1

35
; 20

47
, 30

71
, 60

149
, 15

37

) (
1, 6,−1; −20

7
, −30

11
, −60

29
, −15

7

)

B
(
1, 1

6
, 1

6
; 10

21
, 5

11
, 10

29
, 5

14

) (
1,∞, 3; −10,−5,−10

9
, −5

4

)

C
(
1, 4

45
, 31

45
; 5

14
, 40

81
, 20

149
, 40

329

) (
1,− 4

21
, 31

21
; −5

4
,−40,− 20

109
, − 40

249

)

D
(
1, 3

28
, 17

28
; 6

17
, 3

5
, 2

11
, 3

20

) (
1, − 3

10
, 17

10
; −6

5
, 3, −2

7
, − 3

14

)

Steiner6-cycle
A

(
1, 18

55
, 7

55
; 1

3
, 24

61
, 8

21
, 6

19
, 8

29
, 24

85

)

Inversive images
(
1, 18

5
, −7

5
; −1, −24

13
, −8

5
, −6

7
, − 8

13
, −24

37

)

B
(
1, 3

10
, 3

10
; 28

65
, 28

59
, 7

23
, 28

131
, 28

137
, 7

26

)

Inversive images
(
1,∞, 5

3
; −28

9
, −28

3
, −7

9
, −28

75
, −28

81
, − 7

12

)

C
(
1, 9

52
, 35

52
; 52

361
, 156

313
, 13

29
, 156

1153
, 52

641
, 39

472

)

Inversive images
(
1, − 9

22
, 35

22
; − 52

257
, −156, −13

3
, −156

841
, − 52

537
, − 39

394

)

D
(
1, 9

35
, 16

35
; 21

83
, 7

13
, 21

47
, 7

33
, 21

143
, 7

45

)

Inversive images
(
1, −9

5
, 16

5
; −21

41
, 7, −21

5
, − 7

19
, − 21

101
, − 7

31

)

The rational Steiner pairs in Figures 9-11A all haver > d. In the inversive
images,(I) contains(O) in its interior. The new configuration is equivalent to a
standard one withr < 1. For example, the Steiner pair in Figure 12A is equivalent
to

(
1, 1

6
, 1

6

)
.

The Steiner pairs in Figures 9-11B all haver = d. The inversive image of(I) is
a line at a distance1

2r
from O.

In Figures 9-11C and D,r < d. The images of(O) and(I) are disjoint circles.
For the cycles in C, none of the Steiner circles containsO. Their images are all
externally tangent to the images of(O) and(I). On the other hand, for the cycles
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in D, one of the Steiner circles containsO in its interior. Therefore, its inversive
image contains those of(O) and(I) in its interior.

1

−

20

7

−

30

11

−

60

29

−

15

7

6

A:
(
1, 6,−1; − 20

7
, − 30

11
, − 60

29
, − 15

7

)

1

−

10

9

−5

−10

−

5

4

B:
(
1,∞, 3; −10,−5,− 10

9
, − 5

4

)

1

−

4

21

−

20

109

−

40

249

−

5

4

−40

C:
(
1,− 4

21
,

31

21
; − 5

4
,−40,− 20

109
, − 40

249

)

1

−

6

5

3

−

2

7

−

3

14

−

3

10

D:
(
1, − 3

10
,

17

10
; − 6

5
, 3, − 2

7
, − 3

14

)

Figure 12. Rational Steiner4-cycles by inversion

6. Relations among standard rational Steiner pairs

We conclude this note with a brief explanation of the relations among Steiner
pairs with different parameters. Denote bySq(t) the standard rational Steiner pair
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given in Proposition 9. By allowingt to take on negative values, we also include
the disjoint pairs and those with(I) containing(O).

Proposition 12. Let (O) and (I) be the circles in Sq(t).
(a) (I) is in the interior of (O) if and only if t > 0.
(b) (I) contains (O) in its interior if and only if −(q + 1) < t < −q.
(c) (O) and (I) are disjoint if and only if −q < t < 0 or t < −(q + 1).

Proof. (a) The circle(I) is contained in the interior of(O) if and only if d+r < R

andd − r > −R. This meanst(q + 1 + t) > 0 andq + t > 0. Therefore,t > 0.
(b) The circle(I) contains(O) in its interior if and only ifd+r > R andd−r <

−R. This meanst(q + 1 + t) < 0 andq + t < 0. Therefore,−(q + 1) < t < −q.
(c) follows from (a) and (b). �

Remarks. (1) If −(q + 1) < t < −q, Sq(t) is homothetic, by the homothety atI

with ratio R

r
, toSq(t

′), wheret′ = −
(q+1)(q+t)

q+1+t
> 0.

(2) For standard pairsSq(t) with t > 0, we may restrict to0 < t <
√

q(q + 1).

If t2 > q(q + 1), Sq(t) is the reflection ofSq

(
q(q+1)

t

)
in O.

Proposition 13. The inversive image of Sq(t) in the circle (O) is Sq(−t).

Proof. Let I ′(r′) be the inversive image of(I) in (O), with d′ = OI ′.

r′ =
1

2

(
R2

d + r
−

R2

d − r

)
=

−t

(q − t)(q + 1 − t)
,

d′ =
1

2

(
R2

d + r
+

R2

d − r

)
=

q(q + 1) − t2

(q − t)(q + 1 − t)
.

From this it is clear that the inversive image of the pairSq(t) is Sq(−t). �

Remarks. (1) If t = 0, (I) reduces to a point on the circle(O).
(2) If t2 = q(q + 1), thend = 0. The circles(O) and(I) are concentric.
(3) If t = −q or −(q + 1), the circle(I) degenerates into a line. This means

that with t = q or q + 1, the circle(I) passes throughO. It has radius 1

2(2q+1)
.

Therefore, the line inSq(−q) is at a distance2q + 1 from O.
(4) If the circle(I) contains the centerO, then the inversive image of(I) con-

tains(O). This means that−(q + 1) < −t < −q, andq < t < q + 1. It follows
that if 0 < t < q, the inversive images of the Steiner pair of circles are disjoint.
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Golden Sections in a Regular Hexagon

Quang Tuan Bui

Abstract. We relate a golden section associated with a regular hexagon to two
recent simple constructions by Hofstetter and Bataille, and give a large number
of golden sections of segments in a regular hexagon.

Consider a regular hexagonABCDEF with centerO. Let M be a point on the
sideBC. An equilateral triangle constructed onAM has its third vertexN on the
radiusOE, such thatON = BM .

Proposition 1. The area of the regular hexagon ABCDEF is 3 times the area of
triangle AMN if and only if M divides BC in the golden ratio.

O
A

B C

D

EF

P

M

N

Figure 1.

Proof. Let P is midpoint of the minorBC. It is clear thatAOP is an isosceles
right triangle andAP =

√
2 · AO (see Figure 1). The area of the regular hexagon

ABCDEF is three times that of triangleAMN if and only if

∆AMN

∆ABO
= 2 ⇔

AM

AO
=

√
2 ⇔ AM = AP.

Equivalently,M is an intersection ofBC with the circleO(P ). We fill in the circles
B(C), C(B) andA(P ). These three circles execute exactly Hofstetter’s division
of the segmentBC in the golden ratio at the pointM [2] (see Figure 2).1 �

Publication Date: December 5, 2011. Communicating Editor:Paul Yiu.
1Hofstetter has subsequently noted [3] that this construction was known to E. Lemoine and

J. Reusch one century ago.
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O
A

B C

D

EF

P

M

N

Figure 2.

Since trianglesAON and ABM are congruent,N also dividesOE in the
golden ratio. This fact also follows independently from a construction given by
M. Bataille. LetQ be the antipodal point ofP , and complete the squareAOQR.
According to [1],O dividesBN in the golden ratio. SinceO is the midpoint of
BE, it follows easily thatN dividesOE in the golden ratio as well.

O
A

B C

D

E

F

P

Q
R

N

Figure 3.
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Proposition 2. The sides of the equilateral triangle AMN are divided in the
golden ratio as follows.

Directed segment MN NM AM AN NA MA

divided by OD OC OB OF BF perp. fromO to AB

in golden ratio at An Am Nm Mn Ma Na

OA

B C

D

EF

P

Q

M

N

Nm

Am

An

Mn

Ma

Na

Figure 4

Proposition 3. Each of the six points Am, An, Mn, Ma, Na, Nm divides a seg-
ment, apart from the sides of the equilateral triangle AMN , in the golden ratio.

Point Am An Mn Ma Na Nm

Segment CO AD FO BF SR OB

Here, S is the midpoint of ONa.

O

A

B C

D

EF

P

Q

M

N

Nm

Am

An

Mn

Ma

Na

R

S

Figure 5.
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Proposition 4. The segments NaMa, NmAm and MnAn are divided in the golden
ratio by the lines OA, OP , OE respectively.

O

A

B C

D

EF

P

Q

M

N

Nm

Am

An

Mn

Ma

Na

Figure 6.
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The Golden Section with a Collapsible Compass Only

Nikolaos Dergiades and Paul Yiu

Abstract. With the use of a collapsible compass, we divide a given segment in
the golden ratio by drawing ten circles.

Kurt Hofstetter [4] has given an elegant euclidean construction in fivesteps for
the division of a segment in the golden ratio. In Figure 1,AB is a given segment.
The circlesc1 := A(B) andc2 := B(A) intersect atC andC ′. The circlec3 :=
C(A) intersectsc1 atD. JoinC andC ′ to intersectc3 at the midpointM of the arc
AB. Then the circlec4 := D(M) intersects the segmentAB at a pointG which
divides it in the golden ratio. The validity of this construction depends on the fact
thatDM is a side of a square inscribed in the circleC(D).

A B

C

C
′

D

M

G

c1

c2

c3

c4

Figure 1. Hofstetter’s division of a segment in the golden ratio

We shall modify this construction to one using only a collapsible compass, inten
steps (see Construction 5 below). Euclid, in hisElementsI.2, shows how to con-
struct, insevensteps, using a collapsible compass with the help of a straightedge, a
circle with given centerA and radius equal to a given segmentBC (see [2, p.244]).
His interest was not on the parsimoniousness of the construction, but rather on the
justification of how his Postulate 3 (to describe a circle with any given center and
distance) can be put into effect by the use of a straightedge (Postulates 1 and 2) and
a collapsible compass (ElementsI.1). Since we restrict to the use of a collapsible
compass only, we show that this can be done without the use of astraightedge,
more simply, infive steps(see Figure 2). There were two prior publications in this

Publication Date: December 8, 2011. Communicating Editor:Floor van Lamoen.
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Forum on compass-only constructions. Note that Hofstetter [3] did not divide a
given segment in the golden ratio. On the other hand, the one given by Bataille [1]
requires a rusty compass.

The proof of Construction 1 below, though simple, makes use of ElementsI.8.

Construction 1. Given three pointsA, B, C, construct
(1,2)c1 := A(B) andc2 := B(A) to intersect atP andQ,
(3,4)c3 := P (C) andc4 := Q(C) to intersect atD,
(5) c5 := A(D).

The circlec5 has radius congruent toBC.

A B

CD

P

Q

c1 c2

c3

c4

c5

Figure 2. Construction ofA(BC) with a collapsible compass only

Lemma 2 helps simplify the proof of Construction 5.

Lemma 2. Given a unit segmentAB, let the circlesA(B) andB(A) intersect at
C. If the circleC(A) intersectsA(B) at D andB(A) at E, and the circlesD(B)
and E(A) intersect atH, thenCH =

√
2, the side of a square inscribed in the

circle A(B).

A B

E
D C

H

Figure 3.

We present two simple applications of Lemma 2.
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Construction 3. Given two pointsO and A, to construct a squareABCD in-
scribed in the circleO(A), construct
(1,2)c1 := O(A) andc2 := A(O) intersecting atE andF ,
(3) c3 := E(O) intersectingc2 at F ′,
(4) c4 := F ′(O),
(5) c5 := F (E) intersecting atc1 at C andc4 at H,
(6) c6 := A(H) intersectingc1 at B andD.

ABCD is a square inscribed in the circlec1 = O(A) (see Figure 4).

O A

F

F
′

E

H

C

B

D

c1 c2

c3

c4

c5

c6

Figure 4

A B

CD

E

F

H

M

c1 c2

c3
c4

c5

c6

c7

Figure 5

Construction 4. To construct the midpointM of the arcAB of the circlec3 in
Figure 1, we construct
(1,2)c1 := A(B) andc2 := B(A) to intersect atC,
(3) c3 := C(A) to intersectc1 at D,
(4) c4 := D(A) to intersectc1 at E andc3 at F ,
(5,6)c5 := E(C) andc6 := F (A) to intersect atH,
(7) c7 := D(H) to intersectc3 at M .

M is the midpoint of the arcAB (see Figure 5).

Finally, we present a division of a segment in the golden ratio in tensteps.

Construction 5. Given two pointsA andB, construct
(1,2)c1 := A(B) andc2 := B(A) to intersect atC.
(3) c3 := C(A) to intersectc1 at D andc2 at E.
(4) c4 := E(A) intersectsc3 at A′.
(5) c5 := D(B) intersectsc1 at D′ andc4 at H.
(6,7)c6 := A(H) andc7 := A′(H) to intersect atF .
(8) c8 := B(F ) intersectsc6 (which is alsoA(F )) at F ′.
(9,10)c9 := D(F ) andc10 := D′(F ′) to intersect atG.

The pointG dividesAB in the golden ratio(see Figure 6).
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In Step (5), either of the intersections may be chosen asH. In Figure 6,H and
C are on opposite sides ofAB.

A B

E
D C

H

A
′

F

D
′

F
′

G

c1

c2

c3

c4c5

c6

c7

c8

c9

c10

Figure 6. Golden section with collapsible compass only

Proof. AssumeAB has unit length. We have
(i) CH =

√
2 by Lemma 2.

(ii) D andC are symmetric in the lineAA′.
(iii) F andH are also symmetric in the lineAA′ by construction.
(iv) Therefore,DF =

√
2.

(v) D′ and F ′ are the reflections ofD and F in the line AB by construction.
Therefore,D(F ) andD′(F ′) intersect at a pointG on the lineAB. The fact that
G dividesAB in the golden ratio follows from Hofstetter’s construction. �
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Construction of Circles Through Intercepts of
Parallels to Cevians

Jean-Pierre Ehrmann, Francisco Javier Garcı́a Capitán, and Alexei Myakishev

Abstract. From the traces of the cevians of a point in the plane of a given trian-
gle, construct parallels to the cevians to intersect the sidelines at six points. We
determine the points for which these six intersections are concyclic.

Given a pointP in the plane of triangleABC, with cevian triangleXY Z, con-
struct parallels throughX, Y , Z to the cevians to intersect the sidelines at the
following points.

Intersection with the
Point of parallel to through Coordinates

Ba CA CZ X (−u : 0 : u + v + w)
Ca AB BY X (−u : u + v + w : 0)
Cb AB AX Y (u + v + w : −v : 0)
Ab BC CZ Y (0 : −v : u + v + w)
Ac BC BY Z (0 : u + v + w : −w)
Bc CA AX Z (u + v + w : 0 : −w)

A simple application of Carnot’s theorem shows that these six points lie on a
conicC(P ) (see Figure 1). In this note we inquire the possibility for this conic to
be a circle, and give a complete answer. We work with homogeneous barycentric
coordinates with reference to triangleABC. Suppose the given pointP has coor-
dinates(u : v : w). The coordinates of the six points are given in the rightmost
column of the table above. It is easy to verify that these points are all on the conic

u(u + v)(u + w)yz + v(v + w)(v + u)zx + w(w + u)(w + v)xy

+ (u + v + w)(x + y + z)(vwx + wuy + uvz) = 0. (1)

Proposition 1. The conicC(P ) through the six points is a circle if and only if
u

v + w
:

v

w + u
:

w

u + v
= a2 : b2 : c2. (2)

Proof. Note that the linesBaCa, CbAb, AcBc are parallel to the sidelines ofABC.
These three lines bound a triangle homothetic toABC at the point

(
u

v + w
:

v

w + u
:

w

u + v

)
.

Publication Date: December 29, 2011. Communicating Editor: Paul Yiu.
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A

B C

P

X

Y
Z

Ab

Cb

Ba
Ca

Bc

Ac

Figure 1.

It is known (see, for example, [2,§2]) that the hexagonBaCaAcBcCbAb is a
Tucker hexagon,i.e., BcCb, CaAc, AbBa are antiparallels and the conic through
the six points is a circle, if and only if this homothetic center is the symmedian
pointK = (a2 : b2 : c2). Hence the result follows. �

Corollary 2. If C(P ) is a circle, then it is a Tucker circle with center on the Brocard
axis (joining the circumcenter and the symmedian point).

Proposition 3. If ABC is a scalene triangle, there are three distinct real pointsP

for which the conicC(P ) is a circle.

Proof. Writing

u

v + w
=

a2

t
,

v

w + u
=

b2

t
,

w

u + v
=

c2

t
, (3)

we have
−tu + a2v + a2w = 0,
b2u − tv + b2w = 0,
c2u + c2v − tw = 0.

Hence, ∣∣∣∣∣∣

−t a2 a2

b2 −t b2

c2 c2 −t

∣∣∣∣∣∣
= 0,

or
F (t) := −t3 + (a2b2 + b2c2 + c2a2)t + 2a2b2c2 = 0. (4)
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Note thatF (0) > 0 andF (+∞) = −∞. Furthermore, assuminga > b > c, we
easily note that

F (−a2) > 0, F (−b2) < 0, F (−c2) > 0.

Therefore,F has one positive and two negative roots. �

Theorem 4. For a scalene triangleABC with ρ = 2√
3

√
a2b2 + b2c2 + c2a2 and

θ0 := 1

3
arccos 8a2b2c2

ρ3 , the three points for which the corresponding conicsP are
circle are

Pk =

(
a2

a2 + ρ cos
(
θ0 + 2kπ

3

) :
b2

b2 + ρ cos
(
θ0 + 2kπ

3

) :
c2

c2 + ρ cos
(
θ0 + 2kπ

3

)
)

for k = 0,±1.

Proof. From (3) the coordinates ofP are

u : v : w =
a2

a2 + t
:

b2

b2 + t
:

c2

c2 + t
,

with t a real root of the cubic equation (4). Writingt = ρ cos θ we transform (4)
into

1

4
ρ3

(
4 cos3 θ −

4(a2b2 + b2c2 + c2a2)

ρ2
cos θ

)
= 2a2b2c2.

If ρ = 2√
3

√
a2b2 + b2c2 + c2a2, this can be further reduced to

cos 3θ = 4cos3 θ − 3 cos θ =
8a2b2c2

ρ3
.

The three real roots of (4)tk = ρ cos
(
θ0 + 2kπ

3

)
for k = 0, ±1.

�

Remarks.(1) If the triangle is equilateral, the roots of the cubic equation (4) are
t = −a2, −a2, a2

2
.

(2) If the triangle is isosceles atA (but not equilateral), we have two solutions
P1, P2 on the lineAG. The third one degenerates into the infinite point ofBC.
The two finite points can be constructed as follows. Let the tangent atB to the
circumcircle intersectsAC at U , andT be the projection ofU on AG, AW =
3

2
·AT . The circle centered atW and orthogonal to the circleG(A) intersectsAG

atP1 andP2.

Henceforth, we shall assume triangleABC scalene.

Proposition 5. The conicC(P ) is a circle if and only ifP is an intersection, apart
from the centroidG, of
(i) the rectangular hyperbola throughG and the incenterI and their anticevian
triangles,
(ii) the circum-hyperbola throughG and the symmedian pointK.
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A
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B

G

U

TO P1 W P2

Figure 2

Proof. From (2), we have

f := c2v(u + v) − b2w(w + u) = 0, (5)

g := a2w(v + w) − c2u(u + v) = 0, (6)

h := b2u(w + u) − a2v(v + w) = 0. (7)

From these,

0 = f + g + h = (b2 − c2)u2 + (c2 − a2)v2 + (a2 − b2)w2.

This is the conic through the centroidG = (1 : 1 : 1), the incenterI = (a : b : c),
and the vertices of their anticevian triangles.

Also, from (5)–(7),

0 = a2f + b2g + c2h = a2(b2 − c2)vw + b2(c2 − a2)wu + c2(a2 − b2)uv = 0.

This shows that the pointP also lies on the circumconic throughG and the sym-
median pointK = (a2 : b2 : c2).

If P is the centroid, the conic through the six points has equation

4(yz + zx + xy) + 3(x + y + z)2 = 0.

This is homothetic to the Steiner circum-ellipse and is not acircle since the triangle
is scalene. Therefore, ifC(P ) is a circle,P is an intersection of the two conics
above, apart from the centroidG. �

Remark.The positive root corresponds to the intersection which lies on the arc
GK of the circum-hyperbola through these two points.
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G

K

X110

X111

X148
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Figure 3.

Proposition 6. The three real pointsP for whichC(P ) is a Tucker circle lie on a
circle containing the following triangle centers:(i) the Euler reflection point

X110 =

(
a2

b2 − c2
:

b2

c2 − a2
:

c2

a2 − b2

)
,

(ii) the Parry point

X111 =

(
a2

b2 + c2 − 2a2
:

b2

c2 + a2 − 2b2
:

c2

a2 + b2 − 2c2

)
,

(iii) the Tarry point of the superior triangleX147,
(iv) the Steiner point of the superior triangleX148.

Proof. The combination

a2(c2 − a2)(a2 − b2)f + b2(a2 − b2)(b2 − c2)g + c2(b2 − c2)(c2 − a2)h (8)
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of (5)–(7) (withx, y, z replacingu, v, w) yields the circle through the three points:

(a2 − b2)(b2 − c2)(c2 − a2)(a2yz + b2zx + c2xy)

+ (x + y + z)




∑

cyclic

b2c2(b2 − c2)(b2 + c2 − 2a2)x



 = 0. (9)

Since the line
∑

cyclic

b2c2(b2 − c2)(b2 + c2 − 2a2)x = 0

contains the Euler reflection point and the Parry point, as iseasily verified, so does
the circle (9).

If we replace in (5)–(7)u, v, w by y + z − x, z + x− y, x + y − z respectively,
the combination (8) yields the circle

2(a2 − b2)(b2 − c2)(c2 − a2)(a2yz + b2zx + c2xy)

− (x + y + z)




∑

cyclic

a2(b2 − c2)(b4 + c4 − a2(b2 + c2))x



 = 0, (10)

which is the inferior of the circle (9). Since the line
∑

cyclic

a2(b2 − c2)(b4 + c4 − a2(b2 + c2))x = 0

clearly contains the Tarry point
(

1

b4 + c4 − a2(b2 + c2)
:

1

c4 + a4 − b2(c2 + a2)
:

1

a4 + b4 − c2(a2 + b2)

)
,

and the Steiner point
(

1

b2 − c2
:

1

c2 − a2
:

1

a2 − b2

)
,

so does the circle (10). It follows that the circle (9) contains these two points of the
superior triangle. �

Remark.(1) The triangle centerX147 also lies on the hyperbola through the hyper-
bola in Proposition 5(i).

(2) The Parry pointX111 also lies on the circum-hyperbola throughG andK (in
Proposition 5(ii)). It is the isogonal conjugate of the infinite point of the lineGK.

We conclude this note by briefly considering a conic companion toC(P ).
With the same parallel lines through the traces ofP on the sidelines, consider

the intersections
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Intersection with the
Point of parallel to through Coordinates

B′
a CA BY X (uv : 0 : w(u + v + w))

C ′
a AB CZ X (wu : v(u + v + w) : 0)

C ′
b

AB CZ Y (u(u + v + w) : vw : 0)
A′

b
BC AX Y (0 : uv : w(u + v + w))

A′
c BC AX Z (0 : v(u + v + w) : uw)

B′
c CA BY Z (u(u + v + w) : 0 : vw)

These six points also lie on a conicC′(P ), which has equation

(u+v)(v+w)(w+u)
∑

cyclic

u(v+w)yz−(u+v+w)(x+y+z)
∑

cyclic

v2w2x = 0.

A

B C

P

X

Y

Z

C
′

b

A
′

b

C
′

a

B
′

a

A
′

c

B
′

c

Figure 4.

In this case, the linesB′
cC

′
b
, C ′

aA
′
c, A

′
b
B′

a are parallel to the sidelines, and bound
a triangle homothetic toABC at the point

(u(v + w) : v(w + u) : w(u + v)),

which is the inferior of the isotomic conjugate ofP . The linesB′
aC

′
a, C ′

b
A′

b
, A′

cB
′
c

are antiparallels if and only if the homothetic center is thesymmedian point. There-
fore, the conicC′(P ) is a circle if and only ifP is the isotomic conjugate of the
superior ofK, namely, the orthocenterH. The resulting circle is the Taylor circle.
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On Six Circumcenters and Their Concyclicity

Nikolaos Dergiades, Francisco Javier Garcı́a Capitán, and Sung Hyun Lim

Abstract. Given triangleABC, let P be a point with circumcevian triangle
A

′

B
′

C
′. We determine the positions ofP such that the circumcenters of the six

circlesPBC
′, PB

′

C, PCA
′, PC

′

A, PAB
′, PA

′

B are concyclic. There are
two such real pointsP which lie on the Euler line ofABC provided the triangle
is acute-angled. We provide two simple constructions of such points.

In the plane of a given triangleABC with circumcenterO, consider a point
P with its circumcevian triangleA′B′C ′. In Theorem 1 below we show that the
centers of the six circlesPBC ′, PB′C, PCA′, PC ′A, PAB′, PA′B form three
segments sharing a common midpointM with OP . It follows that these six cir-
cumcenters lie on a conicC(P ). We proceed to identify the pointP for which this
conic is a circle. It turns out (Theorem 1 below) that there are two such real points
lying on the Euler line when the given triangle is acute-angled, and these points
can be easily constructed with ruler and compass.

A

B C

O
P

C
′

B
′

A
′

Ac Ab

Cb

Ca

Ba

Bc M

Figure 1. Six centers on a conic

Denote byBc, Cb, Ca, Ac, Ab, Ba the centers of the circlesPBC ′, PCB′,
PCA′, PAC ′, PAB′, PBA′ respectively, and byrbc, rcb, rca, rac, rab, rba their
radii. LetR be the circumradius of triangleABC.

Publication Date: December 29, 2011. Communicating Editor: Paul Yiu.
The authors thank the editor for his help in finding the coordinates ofP+ andP− in Theorem 5
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270 N. Dergiades, F. J.Garcı́a Capitán and S. H. Lim

Theorem 1. The segments BcCb, CaAc, AbBa, and OP share a common midpoint.

A

B C

P
C

′

B
′

A
′

Y

Z
′

X

Y
′

Z

X
′

C∗

B∗

A
′
∗

C
′
∗

B
′
∗

A∗

O

M

Bc

Cb

Figure 2. Antipedal triangle ofP and its reflection inO

Proof. Consider the lines perpendicular toAP , BP , CP at A, B, C respectively.
These lines bound the antipedal triangleA∗B∗C∗ of P . If we draw the corre-
sponding lines atA′, B′, C ′ perpendicular toA′P , B′P , C ′P , we obtain a triangle
A′

∗B
′
∗C

′
∗ oppositely homothetic toA∗B∗C∗. Since the parallel through the cir-

cumcenterO (of triangleABC) to B∗C∗ andB′
∗C

′
∗ passes through the midpoint

of AA′, O is equidistant from the parallel linesB∗C∗ andB′
∗C

′
∗. The same is true

for the other two pairs of linesC∗A∗, C ′
∗A

′
∗, andA∗B∗, A′

∗B
′
∗. Therefore, the two

trianglesA∗B∗C∗ andA′
∗B

′
∗C

′
∗ are oppositely congruent atO (see Figure 2). By

symmetry, their sidelines intersect at six points which arepairwise symmetric in
O. These are the points

X := A∗B∗ ∩ C ′
∗A

′
∗, X ′ := A′

∗B
′
∗ ∩ C∗A∗;

Y := B∗C∗ ∩ A′
∗B

′
∗, Y ′ := B′

∗C
′
∗ ∩ A∗B∗;

Z := C∗A∗ ∩ B′
∗C

′
∗, Z ′ := C ′

∗A
′
∗ ∩ B∗C∗.

The six circumcentersBc, Cb, Ca, Ac, Ab, Ba are the images ofX ′, X, Y ′, Y , Z ′,
Z under the homothetyh

(
P, 1

2

)
. It follows that the segmentsBcCb, CaAc, AbBa

share a common midpoint, which ish
(
P, 1

2

)
(O), the midpoint ofOP . �

We determine the location ofP for which the conic through these six circum-
centers is a circle. Clearly, this is case if and only ifBcCb = CaAc = AbBa.
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Lemma 2. The radii of the circles PBC ′, PCB′, PCA′, PAC ′, PAB′, PBA′

are

rbc =
R

a
· BP, rcb =

R

a
· CP ;

rca =
R

b
· CP, rac =

R

b
· AP ;

rab =
R

c
· AP, rba =

R

c
· BP.

Proof. It is enough to establish the expression forrbc. The others follow similarly.
Note that∠BC ′P = ∠BC ′C = ∠BAC. Applying the law of sines to trianglesPBC ′

andBCC ′, we have

rbc =
BP

2 sin BC ′P
=

BP

2 sin BAC
=

R

BC
· BP =

R

a
· BP.

�

Theorem 3. Let A1, B1, C1 be the midpoints of BC , CA, AB respectively. The
six circumcenters lie on a circle if and only if

A1P : B1P : C1P = B1C1 : C1A1 : A1B1. (1)

Proof. Let M be the common midpoint ofOP , BcCb, CaAc, AbBa. Clearly the
conic through the six circumcenter is a circle if and only ifBcCb = CaAc = AbBa.
Applying Apollonius’ theorem to the trianglesPBcCb andPBC, making use of
Lemma 2, we have

2PM2 +
BcC

2

b

2
= r2

bc + r2

cb =
R2

a2
(BP 2 + CP 2) =

R2

2

(
A1P

2

B1C
2
1

+ 1

)
. (2)

Similarly,

2PM2 +
CaA

2
c

2
=

R2

2

(
B1P

2

C1A
2

1

+ 1

)
, (3)

2PM2 +
AbB

2
a

2
=

R2

2

(
C1P

2

A1B
2
1

+ 1

)
. (4)

Comparison of (2), (3) and (4) yields (1) as a necessary and sufficient condition for
BcCb = CaAc = AbBa; hence for the six circumcenters to lie on a circle. �

Now we identify the pointsP satisfying the condition (1).
Let A2, B2, C2 be the midpoints ofB1C1, C1A1, A1B1 respectively. Consider

the reflectionsPa, Pb, Pc of P in A2, B2, C2 respectively. SincePaB1 = PC1

andPaC1 = PB1, we havePaC1

C1A1
= PaB1

A1B1
or PaB1

PaC1
= A1B1

A1C1
. This means thatPa

is on theA1-Apollonian circle of triangleA1B1C1. Equivalently,P is a point on
the circleCa which is the reflection of theA1-Apollonian circle ofA1B1C1 in the
perpendicular bisector ofB1C1. For the same reason,P also lies on the two circles
Cb andCc, which are the reflections of theB1- andC1-Apollonian circles in the
perpendicular bisectors ofC1A1 andA1B1 respectively.
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The circleCa passes throughA, Ha the trace ofH onBC, and the intersection
of B1C1 with the internal bisector of angleA of ABC. Hence the diameterAO

of ABC is tangent to this circle. This leads to the following simplebarycentric
equations ofCa, and the other two circles.

Ca : (SB − SC)(a2yz + b2zx + c2xy) − (x + y + z)(c2SBy − b2SCz) = 0,

Cb : (SC − SA)(a2yz + b2zx + c2xy) − (x + y + z)(a2SCz − c2SAx) = 0,

Cc : (SA − SB)(a2yz + b2zx + c2xy) − (x + y + z)(b2SAx − a2SBy) = 0.

A

B

C

C1 B1

A1

P+

P−
Ha

O

Ca

Figure 3. P± as intersections of reflections of Apollonian circles

Proposition 4. The two points P± lie on the Euler line of triangle ABC .

Proof. If AP = λ, BP = µ, CP = ν are the tripolar coordinates ofP with
reference toABC (see [1]), then from (1), we have

2(µ2 + ν2) − a2

a2
=

2(ν2 + λ2) − b2

b2
=

2(λ2 + µ2) − c2

c2
,

or
µ2 + ν2

a2
=

ν2 + λ2

b2
=

λ2 + µ2

c2
= k,

for somek. Hence,

λ2 =
k(b2 + c2 − a2)

2
, µ2 =

k(c2 + a2 − b2)

2
, ν2 =

k(a2 + b2 − c2)

2
,

(5)
and

(b2 − c2)λ2 + (c2 − a2)µ2 + (a2 − b2)ν2 = 0.

This is the equation of the Euler line in tripolar coordinates ([1, Proposition 3]). �
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Representing the circleCa by the matrix

Ma =




0 −SC(SA + SB) SB(SC + SA)

−SC(SA + SB) −2SB(SA + SB) −SA(SB − SC)
SB(SC + SA) −SA(SB − SC) 2SC(SC + SA)



 ,

we compute the equation of the polar ofG in the circle. This gives

(
x y z

)
Ma




1
1
1



 = 0,

or

SA(SB − SC)x − SB(3SA + 2SB + SC)y + SC(3SA + SB + 2SC)z = 0.

Clearly, this polar contains the orthocenterH = (SBC : SCA : SAB). This shows
thatG andH are conjugate in the circleCa; similarly also in the circlesCb andCc.
Therefore,G andH divide P+ andP− harmonically.

Theorem 5. The two points satisfying (1) are

Pε := (
√

SA + SB + SC · SBC + εS ·
√

SABC : · · · : · · · ), ε = ±1

in homogeneous barycentric coordinates.

Proof. Let P = (SBC + t : SCA + t : SAB + t). We have

0 =
(
SBC + t SCA + t SAB + t

)
Ma




SBC + t

SCA + t

SAB + t





=
(
SBC SCA SAB

)
Ma




SBC

SCA

SAB



 +
(
t t t

)
Ma




t

t

t





= 2SABC(SB − SC)(SBC + SCA + SAB) − 2t2(SA + SB + SC)(SB − SC).

It follows that t2 = S2·SABC

SA+SB+SC
. From these we obtain the coordinates of the two

pointsP± given above. �

Proposition 6. The midpoint of the segment P+P− is the point

Q = (SBC(SB + SC − 2SA) : SCA(SC + SA − 2SB) : SAB(SA + SB − 2SC)).

Proof. The midpoint between the two points(SBC + t : SCA + t : SAB + t) and
(SBC − t : SCA − t : SAB − t) has coordinates

(SBC + SCA + SAB − 3t)(SBC + t, SCA + t, SAB + t))

+(SBC + SCA + SAB + 3t)(SBC − t, SCA − t, SAB − t))

=(SBCS2 − 3t2, SCAS2 − 3t2, SABS2 − 3t2).

For t2 = SABC ·S2

SA+SB+SC
, this simplifies into the form given above. �
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The pointQ is the intersection of the Euler line and the orthic axis.1

This leads to the simple construction of the two pointsP+ andP− as the inter-
sections of the circle with centerQ, orthogonal to the orthocentroidal circle (see
Figure 4).

A

B C

O
G

HQ

P−

P+

Figure 4. Construction ofP+ andP−

We conclude this note with the remark that the problem of construction of points
whose distances from the vertices of a given triangle are proportional to the lengths
of the opposite sides was addressed in [4]. Also, according to [5], these two points
can also be constructed as the common points of the triad of generalized Apollonian
circles for the isotomic conjugate of the incenter, namely,the triangle centerX75 =(

1

a
: 1

b
: 1

c

)
.
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