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A Note on the Hervey Point of a Complete Quadrilateral

Alain Levelut

Abstract. Using the extension of the Sylvester relation to four caticypoints
we define the Hervey point of a complete quadrilateral andvsthat it is the
center of a circle congruent to the Miquel circle and thas thie point of concur-
rence of eight remarkable lines of the complete quadriéété&ke also show that
the Hervey point and the Morley point coincide for a partculpe of complete
quadrilaterals.

1. Introduction

In the present paper we report on several properties of arkavla point of a
complete quadrilateral, the so-called Hervey pointhis originated from a prob-
lem proposed and solved by F. R. J. Hervey [2] on the concoerenthe four lines
drawn through the centers of the nine point circles perpemali to the Euler lines
of the four associated triangles. Here, we use a differeptageh which seems
more efficient than the usual one. We first define the Herveytinyi the means of
a Sylvester type relation, and, only after that, we look feiproperties. Following
this way, several interesting results are easily obtaitteglHervey point is the cen-
ter of a circle congruent to the Miquel circle, and it is thémp@f concurrence of
eight remarkable lines of the complete quadrilateral, absiy including the four
lines quoted above.

2. Some properties of the complete quadrilateral and notations

Before we present our approach to the Hervey point, we reoatie properties
of the complete quadrilateral. Most of them were given bytdirfer in 1827 [6].
An analysis of the Steiner’s note was recently published.®¥s Ehrmann [1]. In
what follows we quote the theorems as they were labelled bin&t himself and
reported in the Ehrmann’s review. They are referred to asréms (Sr). The
three theorems used in the course of the present paper are:

Theorem S-1: The four lines of a complete quadrilateral form four associated
triangles whose circumcircles pass through the same point (Miquel point M).
Theorem S-2: The centers of the four circumcircles and the Miquel point M lie on
the same circle (Miquel circle).

Publication Date: February 4, 2011. Communicating Edi&aul Yiu.
IErroneously rendered “the Harvey point” in [5].
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Theorem S-4: The orthocenters of the four associated triangles lie on the same
line (orthocenter or Miquel-Steiner line).

In what follows the indices run frorh to 4.

The complete quadrilateral is formed with the lings The associated trian-
gle T,, is formed with three lines other thaf),, and has circumcentep,, and
orthocenter i1,,. The four circumcenters are all distinct, otherwise the glete
guadrilateral would be degenerate. According to TheoreintBe four centere),,
are concyclic on the Miquel circle with centéx.

The triangle®,, is formed with the three circumcenters other thian It has
circumcenteiO and orthocenter is,,.

The Euler lineO,, H,, cuts the Miquel circle a®),, and another poiniv,,. The
triangle M O,, N,, is inscribed in the Miquel circle.

Figure 1. The Miquel circle and the Miquel-Steiner line

It is worthwhile to mention two more properties:
(1) The triangle®,, andT,, are directly similar [1];
(2) Each orthocentef,, is on the corresponding ling,.
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3. TheHervey point of a complete quadrilateral

In order to introduce the Hervey point, we proceed in threpstsuccessively
defining the orthocenter of a triangle, the pseudo-orthieceof an inscriptable
guadrangle and the Hervey point of a complete quadrilateral

We define the orthocenteil of triangle ABC' by the means of the standard
Sylvester relation [3§416]: the vector joining the circumcentér to the ortho-
centerH is equal to the sum of the three vectors joinifigo the three vertices,
namely,

OH = OA + OB + OC.
It is easy to see that the resultahH of the two vectordOB andOC is perpen-
dicular to the sideBC'. Therefore the linedH is the altitude drawn through the
vertex A and, more generally, the poii is the point of concurrence of the three
altitudes. The usual property of the orthocenter is reamer

We define the pseudo-orthocentérof the inscriptable quadrangle with the fol-
lowing extension of the Sylvester relation

OH = OP; + OP, + OP3 + OPy,

where Py, P,, P3, P, are four distinct points lying on a circle with centér We
do not go further in the study of this point since many of itsgarties are similar
to those of the Hervey point.

We define the Hervey poirtof a complete quadrilateral as the pseudo-orthocenter
of the inscriptable quadrangle made up with the four concysiicumcenterg),
0,, O3, O4 of the trianglesly, Ty, T3, Ty, which lie on the Miquel circle with
centerO. The extended Sylvester relation reads

Oh = 001 + 003 + 003 + 004.
The standard Sylvester relation used for the triatglereads

Oh, =) 00;.

This leads to
Oh = Oh, + 00,
foreachn = 1,2, 3,4. From these, we deduce
and
h,h, = 0,0, form #n. (1)

The last relation implies that the four orthocentkgsare distinct since the centers
O,, are distinct. Figure 2 shows the construction of the Hen@wtpstarting with
the orthocenteh,.
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Figure 2.

4. Threetheoremson the Hervey point

Theorem 1. The Hervey point A is the center of the circle which bears the four
orthocenters h,, of thetriangles ©,,.

Proof. From the relation (1) we deduce that the quadrilaté’glO,h,.h,, is a
parallelogram, and its two diagonalk,, h,,, andO,,h,, intersect at their common
midpoints. The four triangle®,, are endowed with the same role. Therefore the
four midpoints ofO;h; coincide in a unique poin§. By reflection inS' the four
points O,, are transformed into the four orthocentérs. Then the orthocenter
circle (hyhohshy) is congruent to the Miquel circle); 0.030,) and its centef?
corresponds to the centér.

The Hervey pointh and the centef) coincide since, on the one hardis the
midpoint of Of2, and on the other hand

Oh = Oh, + OO0, = OS + Sh, + OS + SO,, = 20S.

This is shown in Figure 2. O
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A part of the theorem (the congruence of the two circles) vir@ady contained
in a theorem proved by Lemoine [§265, 417].

Theorem 2. The Hervey point & isthe point of concurrence of the four altitudes of
the triangles M O,, N,, drawn through the vertices O,,.

Proof. Since the triangle®,, andT,, are directly similar, the circumcentér and
the orthocenteh,, respectively correspond to the circumceridgrand orthocenter
H,,. We have the following equality of directed angles

(MO, MO,,) = (Ohy, OnH,)  (mod 7).

On the one hand, the triangld OO,, is isoceles because the sides/ andOO,,
are radii of the Miquel circle. Therefore we have

(MO,MO,,) = (0,M,0,0) (mod ).

On the other hand, since the poiN}, is on the Euler lineg,, H,,, we have
(Ohy, OpHy) = (Ohy,, Oy Ny,)  (mod 7).

Moreover, it is shown above th@h,, = O,H. Finally we obtain
(OnM,0,0) = (Oyh,0,N,) (mod 7).

This equality means that the linés,O andO,,h are isogonal with respect to the
sidesO,,M andO, N,, of triangle M O,,N,,. Since the lineD,,O passes through
the circumcenter, the lin@,,h passes through the orthocenterd353]. Therefore,
the lineO,, h is the altitude of the trianglé/O,, N,, drawn through the verte®,,.

In other words, the ling),,h is perpendicular to the chordf/ N,, This is shown
in Figure 3 for the triangle\/O4N4. This result is valid for the four line®,,h.
Consequently, they concur at the Hervey paint O

Theorem 3. The Hervey point A isthe point of concurrence of the four perpendic-
ular bisectors of the segments O,, H,, of the Euler lines of the triangles T;,.

Proof. Since the triangle®,, andT,, are directly similar, the circumcentér and
the orthocenteh,, respectively correspond to the circumcerttgrand orthocenter
H,, and we have the following equality between oriented andl@siented lines

(MO,MO,,) = (Oh,,0,H,) (mod 27)
and the the following equality between the side ratios
MO, O,H,
MO ~ Oh,
SinceOh, = O,h, we convert these equalities into
(MO,MO,,) = (Oph,0,H,) (mod 27)

and
MO,  O,H,

MO Onh
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Figure 3.

These show that triangle® OO,, andO,,h H,, are directly similar. Since the tri-
angleM OOQ,, is isoceles, the triangl®,,h H,, is isoceles too. Therefore, the per-
pendicular bisector of the sid@,, H,, passes through the third vertéx This is
shown in Figure 4 for the triangle® OO4 andO4hH,4. This result is valid for the
perpendicular bisectors of the four segmentsH,,. Consequently they concur at
the Hervey point. O

5. TheHervey point of a particular type of complete quadrilaterals

Morley [4] has shown that the four lines drawn through theteenw,, of the
nine-point circles of the associated triandlgésperpendicular to the corresponding
linesd,,, concur at a pointn. (the Morley point of the complete quadrilateral) on
the Miquel-Steiner line.

This result is valid for any complete quadrilateral. Thisnscontrast with the
following theorem which is valid only for a particular typé @omplete quadrilat-
erals. Zeeman [7] has shown that if the Euler line of one aataxt trianglel;,
is parallel to the corresponding ling,, then this property is shared by all four
associated triangles.

Our Theorem 3 also reads: the four lines drawn through théecen of the
nine point circle perpendicular to the Euler line of the assted triangle concur in
the pointh.
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Figure 4.

Putting together these three theorems, we conclude thabifrglete quadrilat-
eral fulfills the condition of the Zeeman theorem, then the foairs of linesv,h
andw,m coincide. Consequently, their respective points of comnaeh andm
coincide too. In other words, the center of the orthocenitetec(h, hohshy) lies
on the orthocenter linél Ho Hs H,.

Theorem 4. If the Euler line of one associated triangle T;, is parallel to the corre-
sponding line d,,, then the Hervey point and the Morley point coincide.
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Thelncenter and an Excenter as Solutions
to an Extremal Problem

Avrie Bialostocki and Dora Bialostocki

Abstract. Given a triangled BC' with a pointX on the bisector of angld, we
show that the extremal values g occur at the incenter and the excenter on
the opposite side ofl.

Many centers of the triangle are solutions to a variety afeartal problems. For
example, the Fermat point minimizes the sum of the distantespoint to the
vertices of a triangle (provided the angles are all less il2af), and the centroid
minimizes the sum of the squares of the distances to theger(see [1]). For re-
cent results along these lines, see [3], and [2]. The foligwaroblem was brought
to Dora’s attention about 35 years ago.

Problem. Let ABC be atriangle andlT the angle bisector of anglé. Determine
the pointsX on the lineAT for which the ratioZ% is extremal.

Figure 1.

Denote the lengths of the sidé&”, CA, AB by a, b, c respectively. LefX be a
point on AT and denote by the directed length ofi X. It is sufficient to consider

Publication Date: February 10, 2011. Communicating Ed®aul Yiu.

This paper was conceived by Dora Bialostocki who passed anwaly 25, 2009. After a failed
attempt to find the results in the literature, her notes wepplemented and edited by her surviving
husband Arie Bialostocki.

Thanks are due to an anonymous referee for generous suggektading to improvements on
the methods and results of the paper.
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the function
(@) BX? 3:2—263:cos§+c2
xXr) = = .
g CX? "~ 22 — b cos 2 + b2
The derivative ofy(z) is given by

J () = —2(b—c) (z2cos 4 — (b+ c)x + becos 4) '

(22 — 2ba cos % + b2)2
This is zero if and only if

b+c+/(b+c)2—4dbccos? 4
2

;L'_
2008%

Now,
A A
(b+ 0)2 — 4bc cos® 5 = b2+ % — 2be (2 cos? 37 1>

= b2+ — 2bccos A

= (12.

This means thag is extremal when

b+c—a s—a or b+c+a s
xr = = xr = =
A A A A>
20085 cos 5 20085 cos 5

wheres = ¢t2+¢ is the semiperimeter of the triangleBC.

A

Figure 2. The incentef and A-excentetl,,

(1)

()

(3)

Consider the incircle of the triangle tangent to the sidésand AB atY and

Z respectively (see Figure 2). It is well known that

AY:AZ:%(b—Fc—a):s—a.
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Likewise, if the excircle onBC' touchesAC and AB at Y’ and Z’ respectively,
then

1
AY':AZ':§(a+b+c):s.

Therefore, according to (3), the extremal valueg(of) occur at the incenter and-
excenter, whose orthogonal projections on the Hri¢ areY andY”, respectively.
Note that

ﬂ: sin% and %: cos%
CI  sin g Cl, cos % '

These are in fact the global maximum and minimum.

Figure 3 shows the graph gfx) for b = 5, c =6 andA = 3.

—40 —20 0 20 40

Figure 3. Graph of(z) = gﬁ with inflection points

We determine the inflection points of the graphy6f) (in the general case), and
show that they are related to the problem of trisection ofemdifferentiating (1),
we have

§'(z) = 2(b — ) (22 cos % —3(b + ¢)2? + 6bcx cos % ;_ b2 (b + ¢ — decos? %)) |
(22 + b2 — 2bz cos 5)
The inflection points are the roots of

A A A
<2 cos 5) 23 —3(b+c)r? + <6bc Ccos 5) x4b? <b + ¢ — 4ccos? 5) =0. (4)




12 A. Bialostocki and D. Bialostocki

With the substitution )
r=u+ i, (5)
2 cos 5

equation (4) becomes

4u? cos® g — <(b + ¢)? — 4bc cos? g) <3ucos g + b+ ¢ — 2bcos? g) =0.

(6)
Making use of (2) and
A
b+ ¢ — 2bcos? g =c- bcos A =acos B,
we rewrite (6) as
A A
4u3 cos® Co a? <3u cos o + acos B> =0. @)
If we further substitute
U C0S 5 = acos 0, (8)
the identity
cos 30 = 4cos® 0 — 3cos b
transforms (7) into
cos 30 = cos B. 9

Combining (5) and (8), we conclude that the inflection pooftg(z) are at

b+ c+2acosf

A

2

(s —a)+a (g +cosb)

A
COS D)

2 cos

)

wheref satisfies (9).

Let Fy, Fy, F3 be the inflection points odT” and denote their projections on
AC by P;, P, P;. The last expression implies that the distance®qf P, Ps
fromY are given by(% + cos 0) a, where the anglé satisfies (9).

Remark. It would be interesting to find in physics an interpretatidntlee two
extrema.
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Translation of Fuhrmann’s
“Sur un nouveau cercle asso@a un triangle”

Jan Vonk and J. Chris Fisher

Abstract. We provide a translation (from the French) of Wilhelm Fuarm’s
influential 1890 paper in which he introduced what is toddiedathe Fuhrmann
triangle. We have added footnotes that indicate currentiteiogy and refer-
ences, ten diagrams to assist the reader, and an appendix.

Introductory remarks

Current widespread interest concerning the Fuhrmanngigamotivated us to
learn what, exactly, Fuhrmann did in his influential 1890ctat “Sur un nouveau
cercle associé a un triangle” [5]. We were quite surprisedee how much he
accomplished in that paper. It was clear to us that anybody lvds an interest in
triangle geometry might appreciate studying the work fangelf. We provide here
a faithful translation of Fuhrmann’s article (originally French), supplementing it
with footnotes that indicate current terminology and refees. Two of the foot-
notes, however, (numbers 2 and 12) were provided in thenaligirticle by Joseph
Neuberg (1840-1926), the cofounder (in 1881 Mathesisand its first editor. In-
stead of reproducing the single diagram from the originglgpawe have included
ten figures showing that portion of the configuration relévathe task at hand. At
the end of our translation we have added an appendix con¢ginither comments.
Most of the background results that Fuhrmann assumed todserkoan be found
in classic geometry texts such as [7].

Biographical sketch! Wilhelm Ferdinand Fuhrmann was born on February 28,
1833 in Burg bei Magdeburg. Although he was first attractea twautical ca-
reer, he soon yielded to his passion for science, graduatbngthe Altstadtischen
Gymnasium in Konigsberg in 1853, then studying mathematitd physics at the
University of Konigsberg, from which he graduated in 186®om then until his

Publication Date: February 18, 2010. Communicating Ed®aul Yiu.

Mranslated from Franz KosslePersonenlexikon von Lehrern des 19 JahrhundeBerufs-
biographien aus Schul-Jahresberichten und Schulprogrami825-1918 mit Verdffentlichungs-
verzeichnissenWe thank Professor Rudolf Fritsch of the Ludwig-MaximilgaUniversity of Mu-
nich and his contacts on the genealogy chat line, Hans @phisSurkau in particular, for providing
us with this reference.
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death 44 years later he taught at the Oberrealschule aufulgrBKonigsberg, re-
ceiving the title distinguished teacher (Oberlehrer) i73.8nd professor in 1887.
In 1894 he obtained the Order of the Red Eagle, IV Class. Htidi&odnigsberg

on June 11, 1904.

On a New Circle Associated with a Triangle
Wilhelm Fuhrmanrt

Preliminaries Let ABC be a triangle;O its circumcenter;/, r its incenter and
inradius; I,,, I, I. its excenters;H,, Hy,, H., H the feet of its altitudes and the
orthocenterA’, B’, C' the midpoints of its sidesi” B”C” the triangle whose sides
pass through the vertices dfBC' and are parallel to the opposite sides.

Ia
Figure 1. The initial configuration

The internal angle bisectordl, BI,C'I meet the circleO at the midpoints
Ay, By, C of the arcs that subtend the angles of trianglBC. One knows that
the trianglesA; B;Cy and I,1,1. are homothetic with respect to their common
orthocentell.

INeuberg’s footnote.] Mr. Fuhrmann has just brought oujarrthe titleSynthetische Beweise
planimetrischer Satzgerlin, Simion, 1890, XXIV-190p. ir8°, 14 plates), an excellent collection
of results related, in large part, to the recent geometrhettiangle. We will publish subsequently
the results of Mr. Mandart, which complement the article of Fuhrmann. (J.N.)
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The circleO passes through the midpoints;, B3, C's of the sides of triangle
1,1,1.; the linesA, A3, By B3, C1C35 are the perpendicular bisectors of the sides
BC,CA, AB of triangle ABC.

We denote by the incenter of the anticomplementary triangléB”C”; this
point is called theNagel pointof triangle ABC' (seeMathesisv. VII, p. 57)32

We denote the circle whose diametelHs by the letterP, which represents its
center* Hv andOI, homologous segments of the trianglééB"C", ABC are
parallel and in the rati@ : 1.

1. Let Ay, By, C5 be the reflections of the points,, By, C1 inthe linesBC', C A,
AB: triangle A, B>Cs is inscribed in the circle? and is oppositely similar to tri-
anglesA, B, Cy, I,1,1,.°

Ay

Figure 2. Proof of Theorem 1

One has
AyAs = A'A3 — AA; =24'0 = AH,

SEm. Vigarié, sur les points complémentairdathesisVIl (1887) 6-12, 57-62, 84-89, 105-110;
Vigarié produced in French, Spanish, and German, moredtdozen such summaries of the latest
results in triangle geometry during the final decades of thetaenth century.

4Nowadays the circle is called theFuhrmann circleof triangle ABC'. Its centerP appears as
X355 in Kimberling's Encyclopedia of Triangle Centef$1].

5TriangIeAngCz is now called thd=uhrmann triangleof triangle ABC.
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consequentlyH A, is parallel toAA; and B;C;. Av and A’I, homologous seg-
ments of the homothetic triangle$’ B”"C”, ABC, are parallel andiry = 2A'T;
thusv A’ meetsAI in a pointn such thatv A’ = A’n, and as one also has, A’ =
A’ Ay, the figureA,;v Asn is a parallelogram.

Thus, the linesds H, Asv are parallel to the perpendicular lings4ds, AAq;
consequently/ H A, v is right, and the circleP passes througH,.

If, in general, through a point on a circle one takes threedhthat are parallel
to the sides of a given triangle, the noncommon ends of tHesels are the vertices
of a triangle that is oppositely similar to the given triagFrom this observation,
because the linell Ay, H By, HC, are parallel to the sides of trianghe, B1C1
triangle A, BoC5 is oppositely similar tod, B, C1.

Remark. The pointsAs, By, Cy are the projections o on the angle bisectors
A"v, B"v,C"v of triangle A” B"C".

2. Fromthe altitudesAH, BH, C H of triangle ABC, cut segmentd A4, BB, CC}y
that are equal to the diamet@r of the incircle: triangleA,B4Cy is inscribed in
circle P, and is oppositely similar tel BC'.

C// A B

A//
Figure 3. Proof of Theorem 2

Because the distances franto the sides of trianglel” B”C"” equal2r, the lines
vAy4,vBy, vCy are parallel to the sides of triangleB (', and the angles A, H, etc.
are right. CircleP passes, therefore, through the poidtg B4, C4 and triangle
A4B4Cy is oppositely similar toABC.

Remark.The pointsA,, By, C, are the projections of the incenter of triangléB”C”
on the perpendicular bisectors of this triangle.
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3. The trianglesd, BoC5 and A4 B4C are perspective fron.

A
C// B//
B
/
o
L]
vy Ay 4 A
I |
|
H |
\ |
B H, 4 | A’ C
|
|
|
Ay

A//
Figure 4. The proof of Theorems 3 and 4

Let o, 3,y be the points where the circletouchesBC,C A, AB. Recalling
that trianglesAl3, BA; A’ are similar, one finds that

AA, i 3 Al Al

A, A, 2A A~ AA' T BA, 1A,

The trianglesAA4I, A1 A>I are therefore similar, and the points,, I, A, are
collinear.

Remark. The axis of the perspective trianglesBC, A, B,(C; is evidently the
polar of the pointl with respect to the circl®; that of trianglesds BoCo, A4B4Cy
is the polar ofl with respect to the circlé.

4. T is the double poifitof the oppositely similar triangled BC, A4B4C,, and
also of the trianglesd; B1C1, A3B5Cs.

TrianglesABC, A,B4C, are oppositely similar, and the lines that join their
vertices to the poinf meet their circumcircles in the vertices of the two oppdgite
similar trianglesA;B1C1, A;BoCy. It follows that I is its own homologue in
ABC andA,B4Cy4, A1 B1C; and A3 BoCs.

That is, I is the center of the opposite similarity that taftesfirst triangle to the second. See the
appendix for another proof of Theorem 4.
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Remarks.(1) The two systems of pointd BC' A1 B,C:, A4B4C1A3B>Cs are op-
positely similar; their double point i5 their double lines are the bisectors (interior
and exterior) of angled/ A4.

(2) I is the incenter of trianglel, B,C,, and the orthocenter of trianghe, BoCs.”

5. LetI}, I;, 1. be the reflections of the poinfs, I, I. in the linesBC, C A, AB,
respectively. The linedI;, BI], C1, and the circumcircles of the triangldsC'I,
CAI;, ABI all pass through a single poirf. The sides of trianglel, BoC» are
the perpendicular bisectors ofR, BR, CR.

I,

Figure 5. The proof of Theorem 5

Trianglesl,BC, AI,C, ABI,_ are directly similar; their angles equal

o A o B o C
90 5 90 5 90 5
The circumcircles of these triangles have centersB,, Cy, and they pass through
the same point.
TrianglesI BC, AIC, ABI/ are oppositely similar td,BC, Al,C, ABI.;
their circumcircles have, evidently, for centers the poiit, By, Cs, and they pass

"Milorad Stevanovic [13] recently rediscovered ttias the orthocenter of the Fuhrmann triangle.
Yet another recent proof can be found in [1].
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through a single poini?, say, which is the center of a pendd(ABC) that is
congruent and oppositely oriented to the ped¢it BC'). One shows easily, by
considering the cyclic quadrilateralsBRI., BCRI, that AR and RI!, lie along
the same line.

The line of centerg’; B, of the circlesABI.,, AC1I] is the perpendicular bisec-
tor of the common chordl R.

Remark.Because the penciB(ABC'), I(ABC') are symmetric, their centers, [
are, in the terminology proposed by Mr. Artityin pointswith respect to triangle
ABC

6. The axis of the perspective trianglés B1Cy, A3B>C5 is perpendicular to
IR at its midpoint, and it touches the incircle of triangleBC at this point?

Figure 6. The proof of Theorems 6 and 7

Let U,, Uy, U, be the intersection points of the homologous sides of the two

triangles; Sincd is the orthocenter of bothl; B1C; and A, BoC5, B1C is the

8August Artzt (1835-1899) is known today for the Artzt partasoof a triangle. (See, for example,
[4, p.201].) Instead ofwin points Darij Grinberg uses the terminolog@ntigonal conjugate$9].
Hatzipolakis and Yiu call these reflection conjugates; $¢&J].

%The following Theorem 7 states that the midpoint/d® is what is now called the Feuerbach
point of triangleABC'. The pointR appears in [11] aXso, which is called thenti-Gray pointof
triangle ABC'in [8]. See the appendix for further information.
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perpendicular bisector dfA and B,C5 the perpendicular bisector ¢fd,; B2Co
is also the perpendicular bisector ®. Thus,U, is the center of a circle through
the four pointsA, I, A4, R; consequently, it lies on the perpendicular bisector of
IR. Similarly, the pointdJ,, U, lie on this line.

The linesA Ay, I R are symmetric with respect #8,C5; whence IR = 2r. The
midpoint ¢ of IR therefore lies on the incircle ol BC', and the tangent at this
point is the lineU,U,U..

7. The incircle of ABC' and the nine-point circle are tangent at the midpoint of
IR.

In the oppositely similar triangled,B,C4 and ABC, I is its own homologue
and P corresponds t®: thusTAO, I A4 P are homologous angles and, therefore,
equal and oppositely oriented. A9 bisects anglel; AO, the angled A4 P, TAA,4
are directly equal, whence the radiBisl, of circle P touches atd, circle AIA4R,
and the two circles are orthogonal. CirciB$ B4R, CIC,R are likewise orthogo-
nal to circle P; moreover, the common poinfs R harmonically divide a diameter
of circle P. Consequently,

PH’ = PI-PR = PR(PR — 2r);
from a known theorem,
PH’ =0I = OA(OA — 2r).

Comparison of these equations gives the relaftdti= O A. Let Og be the center
of the nine-point circle of triangled BC'; this point is the common midpoint of
HO,IP (HP andIO are equal and parallel). BecauQeis the midpoint of/ R,
the distance)yQ = 1 PR = 1O A. Thus,Q belongs to the circl®y, and as it is
on the line of centers of the circldsand Oy, these circles are tangent@t

Remark.The pointR lies on the axis of the perspective triangkesB,Cs, A4 B4Cy
(no. 3, Remarh.

8. Lemma If X is the harmonic conjugate df; with respect tdr” andY7, while
M is the midpoint ofX X; andV is the harmonic conjugate &f with respect to
X and M, then one can easily show that

NY; -NM = NX~.

9. The linesA, A4, Bo By, C2C, meet respectivellBC, C' A, AB in three points
Va, Vi, V. situated on the common tangent to the cirdeand Oy.
Let D be the intersection ofl I with BC', anda;, o’ the points where the circles
I, 1, are tangent t3C. The projection of the harmonic set DI1,)** on BC'is
the harmonic setH, Daa’). SinceA’ is the midpoint ofd; A;, one has a harmonic
pencilI(A; A; A’«r), whose section b3 C' is the harmonic sétDV, A’«). The two

1%ne way to show this is with coordinates: Withl, 1, y attached to the pointX, X;,Y we

1 _,
WOLljlld havey; = Z’M =0, andN = 2yf1-

meaningA is the harmonic conjugate @ with respect ta andI,.
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sets(H,Dad'), (DV,A'«) satisfy the hypothesis of Lemma 8 becauges the
midpoint of«a’. Consequently,

mz = VaHa : VaA,;

whenceV, is of equal power with respect to the circlesDy. This point belongs,
therefore, to the common tangent through

Va B

I,
Figure 7. Theorem 9

Remark.From the preceding equality one deduces that
W2 = VaA4 ' VaA2;

this says that the circle with cent®}, radiusV, I, is orthogonal to the circlé’, a
property that follows also fror, being equidistant from the poinfs R.

10. The perpendiculars from, By, C; to the opposite sides of trianglé, BoC»
concur in a pointS on the circleO. This point lies on the lin®wv and is, with
respect to triangleA BC', the homologue of the poimt with respect to triangle
AyB,Cy. 12

12[Neuberg’s footnote.] The normal coordinatesrofvith respect to triangled, B4C4 are in-
versely proportional to the distances\s, v B4, vCy or to the projections oI on BC,C A, AB,;
namely,;=, -, L. These are also the coordinatesSofvith respect to trianglel BC. (J.N.)

c—a’a—b"
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The first part of the theorem follows from the trianglésB, C:, A>B>C5 being
oppositely similar. One knows1) that the perpendiculars from the vertices of
Ay B5Cs to the sides ofd; B;Cy concur atv; thusv, S are homologous points of
AsB2Cs, A1 B1Cy. P andO are likewise homologous points, aticcorresponds
to itself; consequently/ Pv andIOS are homologous angles, and B8Ov is a
parallelogram, the poin®, v, S are collinear.

Figure 8. Theorem 10

11 The perpendiculars fromi, B, C to the opposite sides of trianglé, B,C}
concur in a pointT” on the circleO; T and H are homologous points of the trian-
g|ESABC, AyB4Cy.

The proof of this theorem is similar to the preceding proof.

Remarks.(1) The inverse® of the pointS with respect to triangleABC' is the
point at infinity in the direction perpendicular to the lii&. Indeed, letS.S’ be

“n today’s terminology, thénverseof a point with respect to a triangle is called tisegonal
conjugateof the point.
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Figure 9. Theorems 11 and 12

the chord of circleD through.S parallel toAB. In the oppositely similar figures
ABC, A4B4C, the directionsST and Hv, CT andC,H correspond; thus angle
CHy = STC = SS'C, and asSS’ is perpendicular t@' H, it follows thatC'S’ is
perpendicular td{v. But, C'S’ is the isogonal of”'S, and the claim follows.

(2) BecauseHv is a diameter of circleA,B4C,, S andT are the ends of
the diameter of circledA BC determined by the lin@v. It follows that the lines
AS, BS, CS are paraIIeI tCB4C4, C4A4, AyBy.

12. The axis of the perspective trianglesBC, A4 B,C} is perpendicular to the
line HT.

Let v, 1y, . be the intersections of the corresponding sides of thesegles.
The trianglesT"H B, CCy4v,, have the property that the perpendiculars from the
vertices of the former to the sides of the latter concur atpbiat A; thus, the
perpendiculars frond’, Cy, v,, respectively o B, T'B, T H also concur; the first
two of these lines meet ai; thus,v, v, is perpendicular td"H. 14

More simply, the two complete quadrangldBHT, v,v,C4C have five pairs
of perpendicular sides; thus the remaining @air, v, v, is perpendicular as well.

13 The double lines of the oppositely similar trianglé®C', A4 B4Cy meet the
altitudes of ABC'in points(X,, X;, X.), (X}, X, X/) such that

AX,=BX,=CX,=R—-d, AX,=BX,=CX.=R+d,

1B andCCyv, are callecbrthologic triangles see, for example, Dan Peddgeometry: A
Comprehensive CoursBover (1970), Section 8.3.
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whereR is the circumradius and = O1.

Indeed, the similar triangled BC and A, B,C, are in the ratio of their circum-
radii, namelyR : d; sincel X, bisects angled/ A4, one has successively,

AX, R AX, R 2Rr

X, A, d’ AX, + X,A, R+d’ AXa = R+d

Analogously,AX! = R + d.

=R—d.

Figure 10. Theorem 13

Remarks.(1) Proposition 13 resolves the following problem: Take lom altitudes
AH,BH,CH three equal segment$X, = BX, = CX,. such that the points
X, Xy, X, are collinear. One sees that there exist two liXgs(, X . that satisfy
these conditions; they are perpendicular and pass thriwgim¢enter ofABC'.

(2) Let us take the lengthdY, = BY, = CY, = OAon AH,BH,CH. The
trianglesY,Y;Y., AsB>Cs are symmetric with respect tQy.

Appendix

Comments on Theorem 4 Here is an alternative proof thdtis the center of
the opposite similarity that takes trianghe, B, C to triangle Ay BoC5 (given that
they are oppositely similar by Theorem 1). The isoscelemgfesOA;C and

C A, A; are similar because they share the anglﬂﬁtthus% = fllz. But

A1C = A1, 5098 = 1L Because the angle tt is shared, triangle®1 A,
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andl A, A, are similar (by SAS). Consequently,
14, 04 R

14, ~ OI ~— oI

whereR is the circumradius of triangld BC'. Similarly &% = 12+ = % whence
1 is the fixed point of the similarity, as claimed. Note thasthrgument proves,
again, that the radius of the Fuhrmann cirdleB,Cs equalsO1.

The figure used in our argument suggests a way to construgetiraetric mean
of two given segments as a one-step-shorter alternativeetmethod handed down
to us by Euclid. Copy the given lengtk&”' and BC' along a line withB between
A andC': Construct the perpendicular bisectori’ and callD either point where
it meets the circle with centet and radiusAC. ThenC D is the geometric mean
of AC andBC (becausedy = £2).

\D

=l
A B C

Figure 11. C'D is the geometric mean ofC and BC

Further comments on the point R from Theorems 5 through 7.

From the definition of twin points in Section 5 we can immeeliadeduce that
the twin of a pointD with respect to triangled BC' is the point common to the
three circlesABD., BC D, andC AD,, whereD.., D,, andD,, are the reflections
of D in the sides of the triangle. From this construction we se¢ éxcept for
the orthocenter (whose reflection in a side of the triangle d¢in the circumcircle),
each point in the plane is paired with a unique twin. The p&intvhich by The-
orem 5 can be defined to be the incenter’s twin point (or theriter’s antigonal
conjugate if you prefer Grinberg’s terminology), is listaslXgg in [11], where it
is defined to be the reflection of the incenter in the Feuerpaaht (which agrees
with Fuhrmann’s Theorem 7).

Numerous properties of twin points are listed by Grinbergignote [9]. There
he quotes that the twin of a poif? with respect to triangled BC' is the isogonal
conjugate of the inverse (with respect to the circumciroie)he isogonal conju-
gate of D. One can use that property to help show t@afthe circumcenter of
triangle ABC') and R are isogonal conjugates with respect to the Fuhrmann trian-
gle As Bo (5 as follows: Indeed, we see thAt(the center of the Fuhrmann circle)
andO are twin points with respect to the Fuhrmann triangle bezais,OCy =



26 J. Vonk and J. C. Fisher

£B10Cy = —4/BsPC5, where the last equality follows from the opposite simi-
larity of triangles A, B1Cy and A, BoCsy; similarly £A,0Cy = —ZAsPCs, and
ZA0By = — /A9 PBsy. BecauseP is the circumcenter anflthe orthocenter of
triangle A, B2 (s, they are isogonal conjugates. According to the proof oioféam

7, R is the inverse of with respect to the Fuhrmann circle. It follows thatand

O are isogonal conjugates with respect to the Fuhrmann teatgB,Cs.

The trianglea3~y, whose vertices (which appeared in Sections 3 and 9) are the
points where the incircle of trianglé BC' touches the sides, is variously called the
Gergonne or intouch or contact triangle of triangleABC'. A theorem attributed
to the Japanese mathematician Kariya Yosojirou saysfohany real numbetr,
if XY Z is the image of the contact triangle under the homothiedy k), then
triangles ABC and XY Z are perspective'® Grinberg [8] calls their perspective
center thek-Kariya point of triangle ABC'. The 0-Kariya point is/ and thel-
Kariya point is the Gergonne point;, while the —1-Kariya point is the Nagel
point X, calledv by Fuhrmann. We will prove thak is the —2-Kariya point: In
this casg7X| = 2r = |AA4| andIX || AAy4, so it follows thatl A4 || X A, which
implies (by the final claim of Theorem 5) that € AR.

References

[1] J.-L. Ayme, L'orthocentre du triangle de Fuhrmamevistaoim23 (2006) 14 pages.
[2] A.Boutin, Surun groupe de quatre coniques remarqualtesnal de mathématiques spéciales
ser. 3, 4 (1890) 104-107, 124-127.
[3] A. Boutin, Problemes sur le triangldpurnal de mathématiques spéciases. 3, 4 (1890) 265—
269.
[4] R. H. Eddy and R. Fritsch, The conics of Ludwig Kiepert: @mprehensive lesson in the
geometry of the triangleMath. Mag, 67 (1994) 188—-205.
[5] W. Fuhrmann, Sur un nouveau cercle associé a un teahifithesis 10 (1890) 105-111.
[6] A. P. Hatzipolakis and P. Yiu, Reflections in triangle gesiry, Forum Geom.9 (2009) 301-
348.
[7] R. A. JohnsonAdvanced Euclidean Geometiyover reprint, 2007.
[8] D. Grinberg,Hyacinthos message 1050@eptember 20, 2004.
[9] D. Grinberg, Poncelet points and antigonal conjugatsthlinks
http://ww. mat hl i nks. ro/ Foruni vi ewt opi c. php?t =109112.
[10] J. Kariya, Un probleme sur le triangleEnseignement mathématiqui(1904) 130-132.
[11] C. Kimberling,Encyclopedia of Triangle Centeravailable at
http://faculty.evansville. edu/ ck6/ encycl opedi a/ ETC. htni .
[12] V. Retali,Periodico di Matematica(Rome) 11 (1896) 71.
[13] M. StevanovicHyacinthos message 589eptember 20, 2002.

Jan Vonk: Groenstraat 70, 9340 Lede, Belgium
E-mail addressj an. vonk. j v@nmai | . com

J. Chris Fisher: 152 Quincy Drive, Regina SK, Canada, S4S 6M1
E-mail addressf i sher @mat h. ur egi na. ca

15T his result was independently discovered on at least threasions: First by Auguste Boutin
[2, 3], then by V. Retali [12], and then by J. Kariya [10]. Kgals paper inspired numerous re-
sults appearing ih’Enseignement mathématiqoeer the following two years. We thank Hidetoshi
Fukagawa for his help in tracking down these references.



Forum Geometricorum
Volume 11 (2011) 27-51.

FORUM GEOM
ISSN 1534-1178

Triangles with Given Incircle and Centroid

Paris Pamfilos

Abstract. In this article we study the set of triangles sharing a cominoircle
and a common centroid. It is shown that these triangles Haie Yertices on
a conic easily constructible from the given data. It is alsoven that the cir-
cumcircles of all these triangles are simultaneously tahggetwo fixed circles,
hence their centers lie also on a conic.

1. Introduction

The object of study here is on triangles sharing a commondiecand centroid.
It belongs to the wider subject of (one-parameter) famibiesiangles, initiated by
the notion ofporistic triangles, which are triangles sharing a common incircig an
also a common circumcircle [7, p.22]. There is a consideréitdrature on poristic
triangles and their variations, which include trianglearstg the same circumcircle
and Euler circle [16], triangles sharing the same incireid &uler circle [6], or
incircle and orthocenter [11, vol.l, p.15], or circumce@nd centroid [8, p.6]. The
starting point of the discussion here, and the conteg@pfs the exploration of a
key configuration consisting of a circteand a homothety. This configuration
generates in a natural way a homogragiiyand the conie™* = H(c). §3 looks
a bit closer at homograph§f and explores its properties and the properties of the
conic ¢*. §4 uses the results obtained previously to the case of theciecnd
the homothety with raticc = —2 centered at the centroid of the triangle of
reference to explore the kind of the corit = f(c*) on which lie the vertices of
all triangles of the poristic systen§5 discusses the locus of circumcenters of the
triangles of the poristic system locating, besides therassufixed incirclec, also
another fixed circley, calledsecondaryto which are tangent all Euler circles of
the system. Finally§6 contains miscellaneous facts and remarks concerning the
problem.

2. The basic configuration

The basic configuration of this study is a cireland a homothety centered at
a pointG and having a ratiég # 1. In the following the symbopx throughout
denotes the polar line of poik with respect ta, this line becoming tangent to
whenX € c¢. Lemma 1 handles a simple property of this configuration.

Lemma 1. Letc be a circle and a point. Let furtherD be a point on the circle
and L a line parallel to the tangentp at D and not intersecting the circle. Then
there is exactly one poimt on L such that the tangentg, t'} to ¢ from A and line
AG intersect orpp equal segmentBM = MC.

Publication Date: February 25, 2011. Communicating EdRaul Yiu.
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Figure 1. A basic lemma

Figure 1 suggests a proof. LEE, A} be the intersections of linés = L N pg
andA = L N pg. Draw from A the tangent§t = AI,¢' = AJ} to c intersecting
line pp respectively aB andC'. Let alsoM be the intersectiod! = pp N AG.
Then BM = MC. This follows immediately from the construction, since by
the definitions made the pencil of line§(1, J, K, E) at A is harmonic. Thus,
this pencil defines opp a harmonic division and, since the intersection of lines
{pp, L} is at infinity, M is the middle of BC. Conversely, the equality M/ =
MC implies that the pencil of four lined B, AC, AM, L is harmonic. IfE is the
intersectionE = L N p4 thenpg coincides withAM andG € pp = E € pg.
Thus A is uniquely determined ad = L N pg, whereE = LN pg.

Remarks(1) PointK, defined as the intersectidti = AGNp4, is on the diameter
of ¢ throughD. This follows from the fact thak is on the polar ofA and also on
the polar ofE. Hence its polar ipx = AFE.

(2) In other words the lemma says that there is exactly oaadte with vertex
A € L such that the circumscribed tdriangle ABC hasAG as median for side
BC'. Consequently if this happens also for another vertex /aatlis the median
also of C'A thenG coincides with the centroid ot BC and the third lineC'G is
also a median of this triangle.

The next proposition explores the locus of paldt = M (D) uniquely deter-
mined fromD in the previous lemma by lettinf vary on the circle and taking the
parallel L to pp to be identical with the homothetic 1o, line Lp = f(pp) (see
Figure 2).

Proposition 2. Consider a circlec and a homothety with ratio & ## 1 and center
at a pointG. For each pointD € clet Lp = f(pp) be the homothetic image of
ppandE = Lp Npa, M = pp N pp. ThenM describes a conie* as D moves
on the circle.

The proof of the proposition is given using homogeneoussah coordinates
with the origin set a&z and thez-axis identified with linel G, wherel is the center
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Figure 2. Locus of MBp N pE

of the given circlec. In such a system circleis represented by the equation

1 0 —u x
Pyt —2uzz+ (-1 =0 (z y 2)| 0 1 0 y | =o.
—u 0 u?—1r2 z

Here (u,0) are the corresponding cartesian coordinates of the center s the
radius of the circle. The polar; of point G(0,0, 1) is computed from the matrix
and is represented by equation

1 0 —u T
0o1fo 1 0 y| =0 —uz+ (u® —r?)z=0.
—u 0 u?—r? z

The homothetyf is represented by the matrix

x kK 0 0 x
y|l— |0 k£ O Y
z 0 0 1 z

Hence the tangenty at D(z, y, z) and its imagd. p underf have correspondingly
coefficients

1 0 —u

(z y 2)[ 0 1 0 =(z-uz y —uz+W?—-1r%z),
—u 0 u?—r?

and

(Fz—uz) zy —ux+ (W —1r%)z).
The homogeneous coordinates iof= ps N Lp are then computed through the
vector product of the coefficients of these lines which is:

(—ry@® =1?), u(—uz + (W? —1?)2) + 1 (@ —uz)(W? —r?), —fy).
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The coefficients of the polarg are then seen to be

(—%y(u2 —72) u(—uz + (W2 —1?)2) + 2 (x —uz)(u? —r
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= (—yr? ul—uz+ (u? —r?)z) + (@ —u2)(u? = r?) 0)
(yr? (WA —k)—r)z+uw®—r*)(k—1)z 0).

1%

The homogeneous coordinatesidf = pr N pp are again computed through the
vector product of the coefficients of the correspondingdine

T —uz yr?
Yy ) X ((u2(1 — k) — 1)z +u(u® —r?)(k - 1)z)
—uzx + (u? —1?)z 0

(W21 — k) — D)z +u(u? — r?)(k — 1)z)(uz — (u® — r?)z)
= (=yr?)(uz — (u® —r?)2)

(—uz + (u? —1r2)2)(r?z + u(l — k) (uz — ))
(u?(1 — k) — )z +u(u® —r?)(k — 1)z)

12

u(l —k)z — (r2 +u?(1 —k))z

w?(1—k)—r2 0  ww?—r3)(k-1) x
= 0 —r? 0 yl.
u(l—k) 0 —(r*+u(1- k:))) (z)

The matrix product in the last equation defines a homogrdplayd shows that the
locus of pointsM is the image:* = H (c¢) of the circlec under this homography.
This completes the proof of Proposition 2

Remarks.(3) The properties of the conic’ are of course tightly connected to
the properties of the homograpty appearing at the end of the proposition and
denoted by the same letter

w1 -k -7 0 ul®—-rH)k-1)
H = 0 —r? 0 )
( u(l — k) 0 —(r*+u?(1 - k)))

These properties will be the subject of study in the nexticect

(4) Composing with the homothetfywe obtain the locus oft = f(M) which
is the homothetic conie** = f(c*) = (f o H)(c). Itis this conic rather, than®,
that relates to our original problem. Since though the twaieare homothetic,
work on either leads to properties for both of them.

(5) Figure 2 underlines the symmetry between these two sofidt ¢’ denotes
the homothetic image = f(c) of ¢. Using this circle instead af and the inverse
homothetyg = f~! we obtain a basic configuration in which the rolescofand
¢** are interchanged.
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(6) If D € ¢* and pointA = f(M) is outside the circle then triangleABC
constructed by intersectingp with the tangents fromd has, according to the
lemma, lineAG as median. Inversely, if a triangl@ BC' is circumscribed inc
and has its mediarl M passing throughtz and divided by it in ratioGG—fV‘[ = k,
then, again according to the lemma, it h&son the conicc*. In particular if a
triangle ABC' is circumscribed irc and has two medians passing througlthen
it has all three of them passing through the ratiok = —2 and the middles of its
sides are points of the conit.

Figure 3. Locus of centroids’

(7) The previous remark implies that if ratloz% —2 then every triangleABC'
circumscribed irc and having its mediad M passing througld= has its other me-
dians intersectinglG at the same poir&’ # G. Figure 3 illustrates this remark by
displaying the locus of the centro@ of trianglesA BC which are circumscribed
in ¢, their medianAM passes througly and is divided by it in ratidc but later
does not coincide with the centroidé., k£ = —2). Itis easily seen that the locus of
the centroidG’ in such a case is part of a conig which is homothetic ta* with
respect ta& and in ratiok’ = % Obviously fork = —2 this conic collapses to
the pointG and triangles likeA BC circumscribed inc have all their vertices on
c**.

(8) Figure 4 shows a case in which the poirdts ¢** which are outside fall
into four connected arcs of a hyperbola. In this exanipie —2 and, by the sym-
metry of the condition, it is easily seen that if a paihts on one of these arcs then
the other vertices ofi BC' are also on respective arcs of the same hyperbola. The
fact to notice here is that conie$ andc™* are defined directly from the basic con-
figuration consisting of the circleand the homothety. It is though not possible
for every point ofc** to be vertex of a triangle circumscribeddand with centroid
atG. | summarize the results obtained so far in the followingppition.

Proposition 3. All triangles ABC' sharing the same incircle and centroidG
have their side-middles on a conit and their vertices on a conic™ = f(c*)
homothetic ta=* by the homothety centered at the centroid with ratio = —2.
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Figure 4. Arcs:A = f(M) € ¢** and A outsidec

The proof follows from the previous remarks and the fact thahis setting the
(anti-)homothetyf has center afz and ratiok = —2. By Lemma 5 below, the
medianAM of side BC' coincides with the polapg of point £ = L N pg, where
L is the parallel taBC from A. The conicc* generated by poin¥/, as in Lemma
5, passes now through the middle®€’ but also through the middles of the other
sides, since the configuration, as already remarked, ipament of the preferred
vertex A and depends only on the cirateand the homothety (see Figure 5).

Figure 5. Conic*

The conicc*™* = f(c¢*) which is homothetic ta* will pass through all three
vertices of triangleA BC'. Since the same argument can be applied to any triangle
sharing withABC' the same incircle- and centroidG it follows that all these
triangles have their vertices on this conic. Figure 6 digplavo triangles sharing
the same incircle and centroid= and having their vertices on conit* in a case in
which this happens to be elliptic. Note that in this case titegeconic consists of
vertices of triangles circumscribingand having their centroid &t. This follows



Triangles with given incircle and centroid 33

from the fact that in this cas€™ does not intersect(sees4) and by applying then
the Poncelet’s porism [3, p.68].

Figure 6. The two conicg™ andc**

Before going further into the study of these conics | devbgertext section to a
couple of remarks concerning the homograghy

3. The homography H

Proposition 4. The homographyd defined in the previous section is uniquely
characterized by its properties:

(i) H fixes points{ P, @} which are the diameter points efon thexz-axis,

(i) H maps points{S,T'} to {S’,T"}. Here{S, T} are the diameter points of

on a parallel to they-axis and{S’, 7"} are their orthogonal projections on the
diameter of’ = f(c) which is parallel to thej-axis.

The proof of the proposition (see Figure 7) follows by appdythe matrix to the
coordinate vectors of these points which &@+r,0, 1), Q(u—r,0,1), S(u,r, 1),
T(u,—r,1),

S’ (ku,r,1) andT’(ku, —r, 1), and using the well-known fact that a homography
is uniquely determined by prescribing its values at founfmin general position
[2, Vol.1, p.97].

Remarks.(1) By its proper definition, lineX X’ for X € cand X’ = H(X) €
c¢* = H(c) is tangent to circlec at X.

(2) The form of the matrixd implies that the conie* is symmetric with respect
to thex-axis and passes through poiftsand @ having there tangents coinciding
respectively with the tangents of circle Thus P and(@ are vertices ot* andc
coincides with theauxiliary circle of ¢* if this is a hyperbola. In the casé is an
ellipse, by the previous remark, follows that it lies enjireutsidec hence later is
the maximal circle inscribed in the ellipse.
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Figure 7. Homograph¥ : {P,Q,S,T} — {P,Q,S’', T’}

(3) The kind ofc* depends on the location of the lidg mapped to the line at
infinity by H.

Figure 8. X X' is tangent ta:

This line is easily determined by applyirfg to a point(z,y, z) and requiring
that the resulting pointz’, 3/, 2’) hasz’ = 0, thus leading to the equation of a line
parallel toy-axis:

u(l—k)z — (r* +v*(1 - k))z = 0.

The conicc®, depending on the number of intersection points of., with
circlec, is a hyperboldn = 2), ellipse(n = 0) or becomes a degenerate parabola
consisting of the pair of parallel tangentsctat { P, Q}.
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Figure 9. Homothetic conics” andc**

(4) The tangenpx of the circlec at X maps viaH to the tangenty. at the
image pointX’ = H(X) of ¢*. In the case:* is a hyperbola this implies that
each one of its asymptotes is parallel to the tangentf ¢ at an intersection point
U € c¢n Ly (see Figure 8).

(5) Figure 9 displays both conie$ andc*™* = f(c*) in a case in which these
are hyperbolas and suggests that circle tangent to the asymptotes &f. This
is indeed so and is easily seen by first observing Bhahaps the centef of ¢ to
the center/ of ¢ = f(c). In fact, line ST maps byH to ST’ (see Figure 10) and
line PQ is invariant byH. ThusH (I) = J. Thus all lines through map under
H to lines throughJ. In particular the antipod&’ of U on line IU maps to a
point H(U’) on the tangent t&/' andU maps to the point at infinity op;;. Thus
line UU’ maps taU’.J which coincides withp;» and is parallel to the asymptote of
c*. Sincec* andc** are homothetic by line U’.J is an asymptote aof** thereby
proving the claim.

(6) The arguments of the last remark show that lireis the symmetric with
respect to the centérof ¢ (see Figure 10) of lin€”’ V" which is the polar of poin
with respect to circle. They show also that the intersection paltitof U’V with
thex-axis is the image vidl of the axis point at infinity. An easy calculation using
the matrices of the previous section shows that these renadndut the symmetry
of {UV,ps} and the location ofS is true also in the cases in whichis insidec
and there are no real tangents from itto

(7) The homography? demonstrates a remarkable behavior on lines parallel
to the coordinate axes (see Figure 11). As is seen from itexniapreserves the
point at infinity of they-axis hence permutes the lines parallel to this axis. In
particular, the arguments in (5) show that the parallel éa/jtlaxis fromI is simply
orthogonally projected onto the parallel through point More generally points
X moving on a paralleLL to the y-axis map viaH to pointsX’ € L' = H(L),
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Figure 10. Location of asymptotes

such that the lineX X’ passes through a poiti; depending only on L and being
harmonic conjugate with respect {&, @} to the intersectionX, of L with the
r-axis.

/ X

N

Figure 11. Mapping parallels to the axes

(8) Regarding the parallels to theaxis and different from it their images vid
are lines passing throughi and also through their intersectidv with the parallel
to y-axis throughJ (see Figure 11). The-axis itself is invariant undeH and the
action of this map on it is completely determined by the &ipf points{ P, Q, I }
and their imageg P,@Q, J}.  Next lemma and its corollary give an insight into
the difference of a general ratio = —2 from the centroid case, in which =
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—2, by focusing on the behavior of the tangents:thbom A = f(M) and their
intersections with the variable tangent of circle c.

Lemma 5. Consider a hyperbola* and its auxiliary circlec. Draw two tangents
{t,t'} parallel to the asymptotes intersecting at a paiht Then every tangent
to the auxiliary circle intersects line§, '} correspondingly at point$Q@, R} and
the conic at two point$S, 7'} of which one,S say, is themiddle of QR.

A

Figure 12. Hyperbola property

The proof starts by defining the pol&i~ of .J with respect to the conic*. This
is simultaneously the polar ofwith respect to circle since(G, H,I1,J) = —1 are
harmonic with respect to either of the curves (see FigureT&Ke then a tangent of
c at B as required and consider the intersection pdiof C' B with the polarE'F'.
The polarp4 of A with respect to the circle passes througliby the reciprocity
of relation pole-polar) and is parallel to tangent Besides(E, F, K, A) = —1
build a harmonic division, thus the pencil of lines.at J(E, F, K, A) defines a
harmonic division on every line it meets. Apply this to thedantp. SinceJ K is
parallel to this tangent§ is the harmonic conjugate with respect{t8, @} of the
point at infinity of linep. Hence it is the middle oRQ.

Corollary 6. Under the assumptions of Lemma 5, in the case cahis a hy-
perbola, pointM = ¢* N pp is the common middle of segmeff§O, KL, BC'}
on the tangenpp of circle c. Of these segments the fifSiD is intercepted by the
asymptotes af**, the secondy L is intercepted by the coni€™* and the thirdBC
is intercepted by the tangents¢drom A.
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The proof for the first segme¥ O follows directly from Lemma 5. The proof
for the second segme#i L results from the well known fact [4, p.267], according
to which K . and VO have common middle for every secant of the hyperbola. The
proof for the third segmenBC follows from the definition ofA and its properties
as these are described by Lemma 1.

Figure 13. Common middle M

Remark.(9) When the homothety ratib = —2 point B coincides withK (see
Figure 13) and poini coincides withC'. Inversely if B = K andC = L are
points ofc** then the corresponding points *(B) € AC andf~!(C) € AB are
middles of the sides; = —2 and(G is the centroid ofABC'. It even suffices one
triangle satisfying this identification of points to makésthonclusion.

4. The kind of the conicc*

In this section | examine the kind of the conit by specializing the remarks
made in the previous sections for the case of ratie —2, shown equivalent to
the fact that there is a triangle circumscribea imaving its centroid af7, its side-
middles on conie* and its vertices om™* = f(c*). First notice that circle’ =
f(c) is the Nagel circle ([13]), its centef = f(I) is theNagelpoint ([10, p. 8]),
its radius is twice the radius of the incircle and it is tangent to the circumcircle.
Line IG is theNagelline of the triangle ([15]). The homography defined in the
second section obtains in this cdége= —2,u = GI) the form.

3u?—r2 0 —3u(u®—r?)
H= 0 —r? 0 :
3u 0 —(r?+3u?)
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As noticed ing2 the line Ly sent to the line at infinity byd is orthogonal to line
IG and itsz-coordinate is determined by

r? + 3u?

€Ty = 3u )

where|u| is the distance ofs from the incenter/. The kind of conicc™* is deter-
mined by the location of relative to the incircle. In the casey — u| < r <—
|u| > % we obtain hyperbolas. In the cag < % we obtain ellipses and in the
caselu| = 5 we obtain two parallel lines orthogonal to liGél. Since the hyper-
bolic case was discussed in some extend in the previouosgediere | examine
the two other cases.

Figure 14. The elliptic case

First, the elliptic case characterized by the conditior: 5 and illustrated by
Figure 14. In this case it is easily seen that cikéle- f(c) encloses entirely circle
c and since’ is the maximal inscribed ia** circle the points of this conic are all on
the outside of circle. Thus, from all points4 of this conic there exist tangents to
the circlec defining trianglesA BC' with incircle ¢ and centroid5. Besides these
common elements triangle$ BC' share also the same Nagel point which is the
centerJ of the ellipse. Note that this ellipse can be easily congddias a conic
passing through five pointsA, B, C, P’,Q’'}, where{P’,Q’} are the diametral
points of its Nagel circle’ on IG.

Figure 15 illustrates the case of the singular conic, wha loe considered as
a degenerate parabola.

From the conditiorju| = % follows thatc andc’ = f(c) are tangent at one of
the diametral point$ P, @} of ¢ and the tangent there carries two of the vertices of
the triangle.
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Figure 15. The singular case

Figure 16 displays two particular triangles of such a deggeease. The isosce-
les triangle ABC' characterized by the ratio of its sid% = % and the right-
angledA’ B'C’ characterized by the ratio of its orthogonal sic%%ﬁ = %, which
is similar to the right-angled triangle with sidé3, 4,5}.

Figure 16. Two special triangles

It can be shown [3, p. 82] that triangles belonging to thisaiegate case have
the property to posses sides such that the sum of two of theaietpree times the
length of the third. This class of triangles answers alsqtioblem [9] of finding
all triangles such that their Nagel point is a point of tharicle.

5. The locus of the circumcenter

In this section | study the locus described by the circumcenter of all triangles
sharing the same incircleand centroid~. Since the homothety, centered a&
with ratio £ = —2, maps the circumcenté&p to the centetF,, of the Euler circle
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cg, the problem reduces to that of finding the loey®f points £,,. The clue here
is the tangency of the Euler circtg; to the incirclec at theFeuerbachpoint £, of
the triangle ([12]). Next proposition indicates that thddfwircle is also tangent
to another fixed circley (S, o), whose centef (see Figure 17 and Figure 19) is
on the Nagel line/G. | call this circle thesecondarycircle of the configuration
(or of the triangle). As will be seen below this circle is hdimtic to the incircle

¢ with respect to the Nagel poidY, and at a certain ratia determined from the
given data.

A

Figure 17. Invariant distancgP

Proposition 7. Let{E,, F., N,} be correspondingly the center of the Euler cir-
cle, the Feuerbach and the Nagel point of the triangIBC'. Let( be the second
intersection point of ling’. NV, and the incirclec. Then the paralleF,, P from £,

to line 1@ intersects the Nagel linéG at a pointS such that segmentsN,, SP
have constant length for all triangled BC' sharing the same incircle and cen-
troid G. As a result all these triangles have their Euler circtessimultaneously
tangent to the incircle and a second fixed circlg centered afS.

The proof proceeds by showing that the ratio of oriented sstsn

NS NP NyP-N,F,

B NaI B NaQ B NaQ'NaFa

is constant. Since the incircle and the Euler circle are hbetiz with respect to

F., point P, being the intersection of ling, N, with the parallel ta/ @) from E,,, is
on the Euler circle. Hence the last quotient is the ratio efgrs of V, with respect

K



42 P. Pamfilos

to the two circles: the variable Euler circle and the fixedritie ¢. Denoting byr
and R respectively the inradius and the circumradius of triangleC ratio x can
be expressed as

_ INELP — (BR/2)

C|NGI|? -2
The computation of this ratio can be carried out using stahdaethods ( [1,
p.103], [17, p.87]). A slight simplification results fromeHact ([17, p.30]) that
homothetyf maps the incentef to the Nagel pointV,, producing the constella-
tion displayed in Figure 18, in whicH is the orthocenter and/’ is the point on
line GO such tha{GN'| : |N'O| = 1: 3 and|IN'| = Eulel,

Figure 18. Configuration’s symmetry

Thus, the two lengths needed for the determination afe| N, E,| = 2|IN'| and
|N.I| = 3|IG]|. Inthe next four equationg)| is given by Euler’s relation ([17,
p.10]), |IG|,|GO| result by a standard calculation ([1, p.111], [14, p.188)d
|IN'| results by applying Stewart’s theorem to triangléO [5, p.6].

|OI)> = R(R — 2r),

1
|0G|* = §(91%2 + 2r% 4 8Rr — 25?),
1
IG)* = 5(57”2 + (s> — 16Rr)),
|IN']? = 1—16(67«2 — 32Rr + 25> + R?),

wheres is the semiperimeter of the triangle. Using these relatiatie  is found
to be

3r2 + (s> — 16Rr)
~ 2(4r2 + (s2 — 16Rr))’
which using the above expression ot = |G1|?> becomes
(3u)? — 22
T (Buz -2y
By our assumptions this is a constant quantity, therebyipgothe proposition.
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The denominator ok becomes zero precisely wh8fu| = r. This is the case
when pointS (see Figure 17) goes to infinity and also the case in whiclgrdow
to the previous section, the locus of the verticesi@fC' is a degenerate parabola
of two parallel lines. Excluding this exceptional case dinite «, to be handled
below, last proposition implies that segmestB, SN, (see Figure 17) have (con-
stant) corresponding lengthSN,| = || - |IN,|, |SP| = || - r. Hence the Euler
circle of ABC' is tangent simultaneously to the fixed incirelas well as to the
secondarycircle ¢y with center atS and radius equal tey = |+| - . In the case
x = 0 the secondary circle collapses to a point coinciding withtagel point of
the triangle and the Euler circle ef BC' passes through that point.

Proposition 8. The centerds,, of the Euler circles of trianglegl BC' which share
the same incircle:(/, ) and centroidG with |IG| # 5 are on a central conie;
with one focus at the incentdrof the triangle and the other focus at the center
of the secondary circle. The kind of this conic depends omdhe ofx as follows.
(1) For & > 1 which corresponds t8|u| < r conicc; is an ellipse similar ta*
and has great axis equal t65—, wherer the radius of the secondary circle.

(2) The other cases correspond to valuesiok 0,0 < kK < % andx = 0. In
the first two cases the conig is a hyperbola similar to the conjugate one of the
hyperbolac*.

(3) In the casex = 0 the Euler circles pass through the Nagel point and the conic
c¢1 Is a rectangular hyperbola similar to*.

Figure 19. Axes ratio of*

The fact that the locus; of points E,, is part of the central conic with foci at

{I, S} and great axis equal ﬁé‘);—” is a consequence of the simultaneous tangency
of the Euler circles with the two fixed circlesandc, ([11, vol.l, p.42]). In the case
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Figure 20. Axes ratio of; (elliptic case)

k > 1itis readily verified that the Euler circles contain cireland are contained
in ¢o and the sum of the distances Bf, from {I, S} isro — r. In the case: < 0
the Nagel point is betweefi and I and the Euler circle containsand is outside
cp. Thus the difference of distances bf, from {I, S} is equal tory + r. In the
case) < k < % the Euler circle contains both circlesandcy and the difference of
distances of, from {I, S} is r — r¢. Finally in the case: = 0 the difference of
the distances fromiZ, S} is equal ta-. This and the conditiofl = k = (3u)? —2r>
imply easily thatc; is a rectangular hyperbola. To prove the similarity-tan the
casex > 1 it suffices to compare the ratios of the axes of the two corgsthe
remarks of§3, in this case|(G| = |u| < %), the incirclec is the maximal circle

contained inc* and the ratio of its axes is (see Figure 49> ﬂ‘;‘}jﬁ". HereA’A”
is the chord parallel to the great axis and equal to the denwétthe incircle and
A1 A5 is the intersection of this chord with the incircle. It is ddg seen that this

ratio is equal to\/l — % =4/1- (37%2)2 The corresponding ratio far; can be

realized by considering the special position4aBC for which the corresponding
point £, becomes a vertex af; i.e., the position for which the projectio” of
E, online IG is the middle of the segmeiifS (see Figure 20). By this position of
ABC the ratio of axes of conig, is realized aszy-. By the resulting similarity
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at1 this is equal to"gie = ¥ TQZINE =4/1— (?%)2 thereby proving the claim in
the case3|u| < r. In the case3|u| > r, i.e, whenc* is a hyperbola, it was seen
in Remark (5) of3 that the asymptotes of the hyperbola are the tangemtiom

the Nagel pointV, (see Figure 21). The proof results in this case by taking the
position of the variable triangléd BC' in such a way that the center of the Euler
circle goes to infinity. In this case poin{$>, @} defining the parallel$/ P, £, Q}
tend respectively to point§Py, Qo }, which are the projections dff, S} on the
asymptote and the parallels tend respectivelytby, SQo }, which are parallel to

an asymptote of the conig. Analogously is verified also that the other asymptote
of ¢; is orthogonal to the corresponding other asymptote*ofThis proves the
claim on the conjugacy af; to c.

Figure 21. Axes ratio of; (hyperbolic case)

Remarks.(1) The fact that the intervell, 1) represents a gap for the valuesrof
is due to the formula representirgas a Moebius transformation @u)?, whose
the asymptote parallel to theaxis is aty = 3.

(2) An easy exploration of the same formula shows that, } are always dis-
joint, except in the case = —2-, in whichx = —% and the two circles become
externally tangent at the Spieker poljtof the triangleABC', which is the middle
of IN,.

| turn now to the singular case corresponding@| = |u| = 5 for which
becommes infinite. Following lemma should be known, | ineldidough its proof
for the sake of completeness of the exposition.
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Lemma 9. Let circlec, be tangent to lind., at its pointC and line L, be parallel
to Ly and not intersecting. From a pointH on L, draw the tangents to which
intersectL at points{ K, L}. ThenC'L - CK is constant.

Figure 22, illustrating the lemma, represents an intargstonfiguration and the
problem at hand gives the opportunity to list some of its prtps.
(1) Circled, passing through the centdrof the given circlec and points{ K, L},
has its centeP on the lineAH.
(2) The other intersection poin{s), R} of the tangent§ H L, H K } with circle ¢/
define lineQ R, which is symmetric td. with respect to lineAH.
(3) Quadrangld. RK ), which is inscribed in’, is an isosceles trapezium.
(4) Points(A, M, O, H) = —1 define a harmonic division. Herd is the diametral
of AandO = Ly NQR.
(5) PointM, defined above, is an excenter of triangld. K.
(6) Points(A, N,C, F) = —1 define also a harmonic division, whefé is the
other intersection point with of AC andF = AC N L;.

Figure 22.CL - CK is constant

(1) is seen by drawing first the medial lines of segménté, AK } which meet
at P and define there the circumcenter A1.K. Their parallels from{L, K'}
respectively meet at the diametrdl of A on the circumcircle’ of ALK . Since
they are orthogonal to the bisectors of triangld. K they are external bisectors
of its angles and define an excenter of triangl& K. (2), (3), (5) are immediate
consequences. (4) follows from the standard way ([5, p)ltésjonstruct the polar
of a point H with respect to a conic’. (6) follows from (4) and the parallelism of
lines{Ly, L1,CO,NM}. The initial claim is a consequence of (6). This claim is
also equivalent to the orthogonality of ciraleto the circle with diametef'C.
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Figure 23. Locus ofs, for [IG| = 3

Proposition 10. Let ¢(I,r) be a circle with center at poinf and radiusr. Let
also G be situated at distancg G| = 5 from I. Then the following statements are
valid:

(1) The homothety centered atz and with ratiok = —2 maps circlec to circle
' (N,,2r) of radius2r and tangent ta: at its intersection point) with line IG
such thatGQ : IQ = 4 : 3.

(2) LetT be the diametral point af) on ¢’ andC be an arbitrary point on the line
Ly, which is orthogonal t&)T at T'. Let ABC be the triangle formed by drawing
the tangents te from C' and intersecting them with the paralléh to L, from Q.
Thend is the centroid ofABC.

(3) The centelE,, of the Euler circle ofABC, asC varies on lineL,, describes a
parabola with focus af and directrix L, orthogonal toG1 at a pointJ such that
1J:IG=3:4.

Statement (1) is obvious. Statement (2) follows easily friv@ definitions,
since the middle§ L, K} of {CA,CB} respectively define lind{L which is
tangent toc, orthogonal toGI and passes through the cenféy of ¢’ (see Fig-
ure 23). Denoting byG’ the intersection ofAK with /G and comparing the
similar trianglesAQG’ and K N,G’ one identifies easilys’ with G. To prove
(3) use first Feuerbach’s theorem ([12]), according to wthieh Euler circle is
tangent to the incircle at a pointF,. Let thenFE, R be the radius of the Eu-
ler circle parallel toGI. Line RF, passes througlV,, which is the diametral
of @ on circlec and which coincides with the Nagel point of the triangl&C'.
This follows from Thales theorem for the similar isosceleangles/ F. N, and
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E,F.R. Point R projects on a fixed point on GI. This follows by first ob-
serving thatRSF.Q is a cyclic quadrangle, point§F,, S} viewing RQ under

a right angle. It follows thatV,S - N,Q = N,R - N,F, which is equal to
N,K - N, L = %QA - QB later, according to previous lemma, being constant
and independent of the position 6fon line Ly. Using the previous facts we see
thatt,I = E,F. — IF, = E,F. —r = E,R — r. Let pointJ on GI be such
thatSJ = r and lineL, be orthogonal t@ 7 at.J. Then the projectiord’ of £, on

L, satisfiesk, I = E,I’, implying thatE, is on the parabola with focus atand
directrix Ly. The claim on the ratidJ : IG = 3 : 4 follows trivially.

6. Miscellanea

In this section | discuss several aspects of the structovedvied in the problem
at hand. | start with the determination of the perspectohefonicc** in barycen-
tric coordinates. The clue here is the incidence of the canibe diametral points
{P,Q} of the Nagel circle”’ on the Nagel ling=I (see Figure 24). These points
can be expressed as linear combination§(@fI } :

P=yp -G+p"-1, Q=q -G+¢"-1.

a

~J

y

Figure 24. Triangle conie**

Here the equality is meant as a relation between the bamjcerttordinates of
the points and on the right are meant the normalized bamjcerdordinatess =
$(1,1,1), I = 5=(a,b,c),where{a,b, c} denote the side-lengths of triangle3C
ands denotes its half-perimeter. From the assumptions folldwas t

PP _GP_20r—w) ¢ _GQ_ 20r+u

o Pl —2r+3u’ Jd QI 2r+3u’
The equation of the conic is determined by assuming its géifem

ayz + Bz + yry = 0,
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and computing{«, 3, v} using the incidence condition & and(. This leads to
the system of equations

apypz + Bp.pz + YPapy = O,

aqyq, + B4:qz + VqzGQy = 0,
implying
(a, B,7) = M(q2QypP=Pe—4202PaDy) (QyQ=DPaPy—AelyPyPz2), (42QePyP>—Ayd=P=Pz)),
where the barycentric coordinates@fand( are given by

D 9 3 1 _ a

py | = pGrp = ) 2 )
3 S

P2 1 c

qx 9 3 1 a

| =dG+d'T= L I I s

q- 1 5 c

Making the necessary calculations and elliminating comifactors we obtain

(a, 8.7) = (e = B)((Buls — a))2 = r2(2s = 3a)%), - , ---),

the dots meaning the corresponding formulas#oy resulting by cyclic permuta-
tion of the letters{a, b, c}.

The next proposition depicts another aspect of the configm,arelated to a
certain pencil of circles passing through the (fixed) Spigkent of the triangle.

Proposition 11. Let ¢(Z,r) be a circle atl with radiusr and G a point. Let
also ABC be a triangle havinge as incircle andG as centroid. Let further
{ce(Ey,rE),c0(S,m0)} be respectively the Euler circle and the secondary circle
of ABC and{E,, F,, N,, S,} be respectively the center of the Euler circle, the
Feuerbach point, the Nagel point and the Spieker poim BIC. Then the follow-
ing statements are valid.

(1) The pencilZ of circles generated byandc, has limit points{.S,,, 7'}, whereT'

is the inverse of), with respect ta-.

(2) If P is the other intersection point of the Euler cirelg with the lineF, N, then
circle ¢; tangent to the radif I F., E,, P} respectively at point§F,., P} belongs to
the pencil of circles7 which is orthogonal t& and passes throughsS,, 7'}.

(3) The polarpy of T' with respect to circlegc, co} as well as the conie* is the
same lineJ V' which passes through,.

(4) In the casex > 1 the conicc* is an ellipse tangent ta, at its intersection
points with linepyr = UV

The orthogonality of circle; to the three circlegc, ¢y, cg} follows from its defi-
nition. This implies also the main part of the second claim.c@mplete the proof

of the two first claims it suffices to identify the limit point$ the pencil of circles
generated by andc¢y. For this use can be made of the fact that these two points
are simultaneously harmonic conjugate with respect to theeter points of the
circlesc andcy on line IG. Denoting provisorily the intersection points @fwith
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Figure 25. Circle pencil associatedd@,r) andG

line IG by {S’, 7'} and their distance by last property translates to the system of
equations

r? = |IS'|(|IS'| + d),
r2 = |55")(|SS'| +d).

Eliminating d from these equations, setting= 15’, ST = SN, — IN, = (k —
1)IN, = (1 — k)(3u), andrg = & - r, we obtain after some calculation, equation

6ux? + (9u® + 4r%)x + 6ur® = 0.

One of the roots of this equation is = —37“, identifying S” with the Spieker
point S, of the triangle. This completes the proof of the first two miaiof the
proposition. The third claim is an immediate consequencéeffirst two and
the fact thatc* is bitangent tac at its diametral points with linédG. The fourth
claim results from a trivial verification dfU, V'} C ¢* using the coordinates of the
points.

Remark. Since points{G, I} remain fixed for all triangles considered, the same
happens for every other poidf of the Nagel linel/G which can be written as a
linear combinationX = AG + ul of the normalized barycentric coordinates of
{G, I'} and with constant§\, ;} which are independent of the particular triangle.
Also fixing such a pointX and expressing+ as a linear combination dff, X }
would imply the constancy aF. This, in particular, considering triangles with the
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same incircle and Nagel point or the same incircle and Spgiat would convey
the discussion back to the present one and force all thes®gleis to have their
vertices on the conie**.
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A Simple Construction of the Golden Section

Jo Niemeyer

Three equal segments A, B;, AsBs, A3Bs are positioned in such a way that
the endpoints By, B3 are the midpoints of A, By, A;B> respectively, while the
endpoints Ay, As, A3 areon aline perpendicular to A, B;.

B1

B2

B3

A Az As

In this arrangement, A, divides A A3 in the golden ratio, namely,

A3 V5+1
AAy 2
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Another Simple Construction of the Golden Section

Michel Bataille

Given an equilateral triangld BC, erect a squar8C D E externally on the side
BC'. Construct the circle, centér, passing througlt, to intersect the lined B at
F. Then,B divides AF in the golden ratio.
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On the Foci of Circumparabolas

Michel Bataille

Abstract. We establish some results about the foci of the infinitelpynzarabo-
las passing through three given pointsB, C. A very simple construction di-
rectly leads to their barycentric coordinates which preyigesides their locus, a
nice and unexpected link with the foci of the parabolas tahgethe sidelines
of triangle ABC.

1. Introduction

The parabolas tangent to the sidelines of a triangle arekmelvn: the pair
focus-directrix of such amparabola is formed by a point of the circumcircle other
than the vertices and its Steiner line (see [2] for exampheyiew of such a simple
result, one is encouraged to consider the parabolas passough the vertices or
circunmparabolas. The purpose of this note is to show how an elemyectastruc-
tion of their foci leads to some interesting results.

2. A construction

Given a triangleABC, a ruler and compass construction of the focus of a cir-
cumparabola follows from two well-known results that wealkas lemmas.

Figure 1.

Lemma l. Let P be a point on a parabola. The symmetric of the diameter thioug
P in the tangent at? passes through the focus.

Lemma2. Given three pointsl, B, C of a parabola and the directiom of its axis,
the tangents to the parabola @t B, C' are constructible with ruler and compass.

Publication Date: March 4, 2011. Communicating Editor: IP@u.
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Lemma 1 is an elementary property of the tangents to a parademma 2
follows by applying Pascal’s theorem to the six pointis B, A, A, m, C on the
parabola. The intersectiol3 = BC N Am, E =mCnNAAandF =mmnN BA
are collinear. Note thak' is the infinite point ofAB. Therefore, by constructing
(i) the parallel tom through A to meetBC at D,

(ii) the parallels toA B through D to meet the parallel te: throughC at F,
we obtain the lined F as the tangent to the parabolasa{see Figure 1).

Now, let ABC be a triangle andn be a direction other than the directions of its
sides. It is an elementary fact that a unique paraBplawith axis of directionm
passes through, B, C. The tangents t®,, at A, B, C can be drawn in accordance
with Figure 1. Then, Lemma 1 indicates how to complete thesttantion of the
focus F' of this circumparabol&’,, (see Figure 2). Note that the directrix is the
line through the symmetricg,, Fy, F. of F'in the tangents atl, B, C.

Figure 2.
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3. Thebarycentric coordinates of F’

In what follows, all barycentric coordinates are relatwe (A, B, C), and as
usual,a = BC,b = CA,c = AB. First, we give a short proof of a result that will
be needed later:

Lemma3. If (f : g : h) is the infinite point of the liné, then the infinite point
(f": ¢ : h') of the perpendiculars téis given by

f'=9Sp—hSc, ¢ =hSc—fSa, RK =fSa—gSs

2 2 2 2 2 2 2 2 2
whereSy = "= Gp = e b G = atb o

Proof. Note thatf +g+h =0 = f'+ ¢+ h' and thatS 4, S, Sc are just the dot
_— s = = = —— . .
productsAB - AC, BC - BA,C A - CB, respectively. Expressing that the vectors
— — — — .
gAB + hAC andg’ AB + h' AC' are orthogonal yields

0= (gAB + hAC) - (¢ AB + WAC) = ¢'(gc® + hS4) + W (9S4 + hb?)

so that
g/ —n f/
gSa +hb?2  hSp+ g2 —gSa — hb? + hSy + gc?
or, as it is easily checked,
f/ g/ h/
9Sp—hSc hSc—fSa fSa—gSs’

O

For an alternative proof of this lemma, see [3].

From now on, we identify direction and infinite point and denby P,, or
Puv.w the circumparabola whose axis has direction= (u : v : w) (distinct from
the directions of the sides of triangleBC’). Translating the construction of the
previous paragraph analytically, we will obtain the conades ofF'.

Theorem 4. Letu,v,w be real numbers with, v,w # 0 andu + v + w = 0.
Barycentric coordinates of the focusof the circumparabol&P, , ., are

u? a?vw v2 b2wu  w?  Auww
+ D — P —

vw P wu p uv p
wherep = a?vw + b*wu + uw.
Proof. First, consider the conic with equation
uyz 4+ v 2z + wlzy = 0. Q)

Clearly, this conic passes through B, C' and also through the infinite point =

(u : v : w). Moreover, the tangent at this pointigwov? + vw?) + y(uw? +
wu?) + z(vu? +uv?) = 0 that is, the line at infinity (sincew? + vw? = —uvw =
uw? +wu? = vu? +uv?). It follows that(1) is the equation of the circumparabola
Pm.
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From(1), standard calculations give the tangento P, at A and the diameter
m 4 throughA:

ta: w2y+v2220, mya: wy—ovz=0.

Since the infinite point of 4 is (w? — v? : v? : —w?), the lemma readily provides
the normaln 4 to P,,, at A:

y(w?Sy — v3c?) — 2(v2S4 — w?b?) = 0.

Now, the symmetrian/, of m, in t,4 is the polar of the point0 : v : w) of
m 4 With respect to the pair of line§ 4,n4). The equation of this pair being
(w?y + v22) (y(w?Ss — v2c?) — 2(v2S4 — b*w?)) = O that is,

y?uw?(w?Sa — v*?) + yz(w'h? — vie?) + 220 (VPw? — v?S,) =0,
the equation ofr/, is easily found to be
ylw (ub® + va?) + uvw(uv + w?)] = z[vt (uc? + wa?) + b*uvw(uw + v?)]

From similar equations for the corresponding lime’g andm,, we immediately
see that the common poift of m’,, m'y, my, has barycentric coordinates

z1 = vt (P4 wb?)+a*uvw(vwu?), y1 = v (ucttwa?) b uvw (uw+v?),

21 = wh(ub® 4 va?) + Fuvw(uv + w?)
or, observing thati*(ve? + wb?) = pu® — a®udvw,

2,2 2

z1 = pu® + d2uu?,  yr = po? + 2Pow?, 2 = pwd + AuPoPu. (2)

Usingu® + v + w? = 3uvw (sinceu + v + w = 0), an easy computation yields
1 + y1 + 21 = duvwp and dividing out byuvwp in (2) leads to

2 2 2 b2 2 2
4F:<“—+avw>A+<v—+ wu>B+<w—+cw>C. 3)
vw p wu p uv p

O

4, Thelocusof F

Theorem 4 gives a parametric representation of the locé afnot well-known
curve, to say the least! (see Figure 3 below). Clearly, tarse must have asymp-
totic directions parallel to the sides of triangBC'. Actually, it is a quintic that
can be found in [1] under the referenc@7@ with more information, in particular
about the asymptotes. A barycentric equation of the cunedsis given, but this
equation is almost two-page long!



On the foci of circumparabolas 61

T\ N

Figure 3.

5. A connection with the inparabolas
Let us write (3) astF’ = 3P + F’ with

2 2 2 2 2 2

3P=— A+ B+ ¢C and F="2 <a—A+b—B+C—C>.
vw wu uv P u v w

We observe thaP is the centroid of the cevian triangle of the infinite point

(triangle XY Z in Figure 2),% and I’ is the isogonal conjugate of this infinite

point. Thus,F” is the focus of the inparabol®’,, whose axis has directiom =

(u: v :w). This pointF” is easily constructed as the point of the circumcircle of

triangle ABC whose Simson line is perpendicularsita Since4PF = ﬁ we
see thatF” is the image off’ under the homothety = h(P,4) with centerP and
ratio4. More can be said.

Theorem 5. With the notations above,

(@) P, is the image of°,,, underh(P, 4),

(b) the locus ofP is the cubicC with barycentric equatiofix + y + 2)3 = 272yz,
the centroidG of triangle ABC being excluded.

Proof. (a) As in§3, it is readily checked that a barycentric equatioP4f, is

u?z? + 0%y + w?2? — 2uwyz — 2wuze — 2uvry = 0.

1| thank P. Yiu for this nice observation.
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Let A’ = h(A) so thatuvw A’ = (4uvw —u?)A—v3B —w3C. Usingu = —v—w
repeatedly, a straightforward computation yields

u? (duvw —u?)? + 0% +w® — 201wt + 2uw? (duvw — u?) + 2uv? (duvw —ud) = 0

henceA’ is onP’,,,. By symmetry, the homotheti®’ andC’ of B andC' are
on P',, as well and therefore the parabof®é,, and KP,,) both pass through
A B, C"and(u : v : w). As aresult, KP,,) = P',,.

(b) SinceP(u? : v3 : w?) and (u? + v3 + w3)3 = (ud + v3 + (—u —v)3)3 =
(—3u?v — 3uv?)® = 27udv3w3, P is on the cubic. Clearly,P # G.

Conversely, supposing thd(z,y,z) is onC and P # G, we can setr =
ud,y = v3, z = w. Thenw is given byw? — 3uvw + v +v3 =0 or (w + u +
V) (w? = (u+v)w + (u? —uv +0?)) = 0. If u # v, the second factor does not

vanish, hencev = —u — v andu + v+ w = 0. If u = v, thenw # u (since
P # G) and we must have) = —2u = —u — v again. O
Note that settindé =t, % = —1 —t, the locus ofP can be also be constructed

as the set of point® defined by

—_— 2 — 2_>
cb—__ U i, Ut G

3(1+1) 3t
Figure 4 showg and the parabolaB,, and?’,,.

Figure 4.

In some way, the quintic ¢f4 can be considered as a combination of a quadratic
(the circumcircle) and a cubicy.
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More Characterizations of Tangential Quadrilaterals

Martin Josefsson

Abstract. In this paper we will prove several not so well known coratii for
a quadrilateral to have an incircle. Four of these are diffeexcircle versions
of the characterizations due to Wu and Vaynshtejn.

1. Introduction

In the wonderful paper [13] Nicusor Minculete gave a sureégome known
characterizations of tangential quadrilaterals and alsequ a few new ones. This
paper can to some extent be considered a continuation to [13]

A tangential quadrilateral is a convex quadrilaterals vathincircle, that is a
circle tangent to all four sides. Other names for these diaéehals arétangent
quadrilateral, circumscribed quadrilateral, circumsable quadrilateral, circum-
scribing quadrilateral, inscriptable quadrilateral airdumscriptible quadrilateral.
The names inscriptible quadrilateral and inscribable gladdral have also been
used, but sometimes they refer to a quadrilateral with aumiaircle (a cyclic
guadrilateral) and are not good choices because of thisgarityi To avoid confu-
sion with so many names we suggest that only the naaregential quadrilateral
(or tangent quadrilateral) and circumscribed quadriddtee used. This is sup-
ported from the number of hits on Googknd the fact that both MathWorld and
Wikipedia uses the name tangential quadrilateral in tha&iyelopedias.

Not all quadrilaterals are tangentfahence they must satisfy some condition.
The most important and perhaps oldest such condition iPito¢ theoremthat a
quadrilateralA BC' D with consecutive sides, b, c andd is tangential if and only
if the sums of opposite sides are equal3 + CD = BC + DA, that is

at+c=b+d. (1)

It is named after the French engineer Henri Pitot (1695-1 Wiib proved that this
is a necessary condition in 1725; that it is also a sufficientidion was proved by
the Swiss mathematician Jakob Steiner (1796-1863) in 18d@ding to F. G.-M.
[7, p.319].

Publication Date: March 18, 2011. Communicating EditomulP&u.

1in decreasing order of the number of hits on Google.

Tangential, tangent and circumscribed quadrilateralesgmt about 80 % of the number of hits
on Google, so the other six names are rarely used.

3For example, a rectangle has no incircle.
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The proof of the direct theorem is an easy application oftééwtangent theo-
rem that two tangents to a circle from an external point are ofaétength. We
know of four different proofs of the converse to this impatttheorem, all beauti-
ful in their own way. The first is a classic that uses a propefiye perpendicular
bisectors to the sides of a triangle [2, pp.135-136], themseds a proof by con-
tradiction [10, pp.62-64], the third uses an excircle taagle [12, p.69] and the
fourth is an exquisite application of the Pythagorean theofl, pp.56-57]. The
first two of these can also be found in [3, pp.65-67].

Two similar characterizations are the following ones.AIBC'D is a convex
qguadrilateral where opposite sidds3 andC D intersect atF/, and the sidesi D
and BC intersect atF' (see Figure 1), thed BC D is a tangential quadrilateral if
and only if either of

BE + BF = DE + DF,
AE — AF = CE - CF.

These are given as problems in [3] and [14], where the firstition is proved
using contradiction in [14, p.147]; the second is provedhmngame way

Figure 1. The extensions of the sides

2. Incirclesin aquadrilateral and its subtriangles

One way of proving a new characterization is to show that égaivalent to a
previously proved one. This method will be used severalditenceforth. In this
section we prove three characterizations of tangentiatigjaterals by showing
that they are equivalent to (1). The first was proved in armoilas in [19].

Theorem 1. A convex quadrilateral is tangential if and only if the irg&s in the
two triangles formed by a diagonal are tangent to each other.

Hn [3, pp.186-187] only the direct theorems (not the coregysare proved.
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Proof. In a convex quadrilaterad BC' D, let the incircles in triangled BC', CDA,
BCD and DAB be tangent to the diagonalsC' and BD at the pointsX, Y, Z
andW respectively (see Figure 2). First we prove that

ZW =3la—b+c—d| = XY.
Using the two tangent theorem, we haWél’ = a — w andBZ = b — z, SO
ZW =BW —-BZ=a—w-—b+ z.
Inthe same waypW =d —wandDZ = ¢ — z, SO
IW =DZ—-DW =c—z—d+w.
Adding these yields
2/W=a—w—-b+z+c—z—d+w=a—-b+c—d.

Hence

ZW = %|a—b+c—d‘
where we put an absolute value sii¢andW can “change places” in some quadri-
laterals; that is, it is possible fd# to be closer taB than Z is. Then we would
haveZW = 1(—a+b—c+d).

Figure 2. Incircles on both sides of one diagonal

The formula forXY is derived in the same way.

Now two incircles on different sides of a diagonal are tamdgereach other if
and only if XY = 0 or ZWW = 0. These are equivalent to+ ¢ = b 4 d, which
proves the theorem according to the Pitot theorem. O

Another way of formulating this result is that the incirciasthe two triangles
formed by one diagonal in a convex quadrilateral are tantpeatach other if and
only if the incircles in the two triangles formed by the otligagonal are tangent
to each other. These two tangency points are in general aaame point, see
Figure 3, where the notations are different from those iufa@.
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Theorem 2. The incircles in the four overlapping triangles formed bg thiago-

nals of a convex quadrilateral are tangent to the sides imegpints, two per side,
making one distance between tangency points per side. Itaagential quadri-

lateral if and only if the sums of those distances at oppasies are equal.

Proof. According to the two tangent theoremdZ = AY, BS = BT,CU = CV
andDW = DX, see Figure 3. Using the Pitot theorem, we get

AB+CD = BC + DA
S AZ+ZS+BS+CV+VW+DW =BT+TU+CU+ DX + XY + AY
S ZS+VW =TU + XY

after cancelling eight terms. This is what we wanted to prove O

Figure 3. Incircles on both sides of both diagonals

The configuration with the four incircles in the last two thems has other in-
teresting properties. If the quadrilatetdBC D is cyclic, then the four incenters
are the vertices of a rectangle, see [2, p.133] or [3, pp6}4-4

A third example where the Pitot theorem is used to prove amatharacteri-
zation of tangential quadrilaterals is the following ondhiet is more or less the
same as one given as a part of a Russian solution (see [18Prtabiem we will
discuss in more detail in Section 4.

Theorem 3. A convex quadrilateral is subdivided into four nonoverleqgptrian-

gles by its diagonals. Consider the four tangency pointefincircles in these
triangles on one of the diagonals. It is a tangential quaatteral if and only if the
distance between two tangency points on one side of thedeliagonal is equal
to the distance between the two tangency points on the attepgthat diagonal.

Proof. Here we cite the Russian proof given in [18]. We use notatem Fig-
ure 4 and shall prove that the quadrilateral has an incifcad only if 7,7, =
T5T).
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By the two tangent theorem we have
AT, = AT, = AP — PTY,
BT, = BT, = BP — PT},
so that
AB = AT\ + BT, = AP + BP — PT, — PTj.
SincePT, = PT},
AB = AP + BP — 2PT,.
In the same way
CD =CP + DP — 2PT;.
Adding the last two equalities yields

AB +CD = AC + BD — 2T Tj.

Figure 4. Tangency points of the four incircles

In the same way we get
BC + DA = AC + BD — 2T,T}.
Thus
AB+CD ~ BC - DA = =2 (T|T; - T3Ty)

The quadrilateral has an incircle if and only4AfB + CD = BC' + DA. Hence it
is a tangential quadrilateral if and only if

T\Ty =TT, &  TT+TyTy = TyTu+ToT, <  TiTy=T5T,
Note that botHl’, T = T, T, andT,T, = T3T, are characterizations of tangential
quadrilaterals. It was the first of these two that was prondd8]. O
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3. Characterizations with inradii, altitudes and exr adii

According to Wu Wei Chao (see [20]), a convex quadrilateYBC D is tangen-
tial if and only if
1 1 1 1

1 3 B T2 7‘4’
wherery, r9, r3 andr, are the inradii in trianglestBP, BCP, CDP andDAP
respectively, and is the intersection of the diagonals, see Figure 5.

T3 C

T4

T2

hy

T1

Figure 5. The inradii and altitudes

In [13] Nicusor Minculete proved in two different ways thaiother characteri-
zation of tangential quadrilaterals is

1 1 1 1

S e T 2

s he e @
wherehq, ho, hg and hy are the altitudes in triangled BP, BCP, CDP and

DAP from P to the sidesAB, BC, C'D and D A respectively, see Figure 5. These
two characterizations are closely related to the follonong.

Theorem 4. A convex quadrilateral BC' D is tangential if and only if

N S U

Ri R3 Ry Ry
where R;, Ry, R3 and R, are the exradii to trianglesABP, BCP, CDP and
D AP opposite the verte®, the intersection of the diagonasC and BD.

Proof. In a triangle, an exradiug,, is related to the altitudes by the well known

relation

1 1 1 1
S 3
R, ha+hb+hc @)

SAlthough he used different notations.
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If we denote the altitudes from andC to the diagonaB D by h 4 andh¢ respec-
tively and similar for the altitudes tdC, see Figure 6, then we have

1 1 1 1
Ry hi  ha hp’
1 1 1 1
F A T e
1111
R Tl ho  hp
1 1 1 1
- = _I_ R R

Using these, we get

NS RS WS DR (8 S S T

Ri Ry Ry Ry  \h1 hy hy hy)’
Hence

LINNS SRS SRS RN S NS I

Ri Ry Ry Ry hi  hy hy hy
Since the equality to the right is a characterization of éemtigl quadrilaterals ac-
cording to (2), so is the equality to the left. O

Figure 6. Excircles to four subtriangles
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4. Christopher Bradley’'s conjecture and its generalizations

Consider the following problem:

In a tangential quadrilateralA BC' D, let P be the intersection of the diagonals
AC and BD. Prove that the incenters of trianglesBP, BCP, CDP and DAP
form a cyclic quadrilateral.See Figure 7.

Figure 7. Christopher Bradley's conjecture

This problem appeared at the CTK Exchahga September 17, 2003 [17],
where it was debated for a month. On Januari 2, 2004, it nedr&d theHy-
acinthosproblem solving group at Yahoo [15], and after a week a fulitbgtic
solution with many extra properties of the configuration wagn by Darij Grin-
berg [8] with the help of many others.

Sowhy was this problem callgghristopher Bradley’s conjectufeln November
2004 a paper about cyclic quadrilaterals by the British mxatician Christopher
Bradley was published, where the above problem was statadcasjecture (see
[4, p.430]). Our guess is that the conjecture was also phdidislsewhere more
than a year earlier, which explains how it appeared at the EX¢hange.

A similar problem, that is almost the converse, was given988lLby Toshio
Seimiya in the Canadian problem solving journal Crux Matagoorum [16]:

SupposeABC' D is a convex cyclic quadrilateral ané is the intersection of
the diagonalsAC and BD. Let I, 1, I3 and I, be the incenters of triangles
PAB, PBC, PCD and PD A respectively. Suppose that I,, Is and i, are con-
cyclic. Prove thatA BC' D has an incircle.

The next year a beautiful solution by Peter Y. Woo was pubtisim [16]. He
generalized the problem to the following very nice chandzation of tangential
guadrilaterals:

When a convex quadrilateral is subdivided into four nonaming triangles
by its two diagonals, then the incenters of the four triasghee concyclic if and
only if the quadrilateral has an incircle.

bt was formulated slightly different, where the use of therevdnscriptable led to a
misunderstanding.
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There was however an even earlier publication of Woo’s gdization. Accord-
ing to [8], the Russian magaziévant published in 1996 (see [18]) a solution by
I. Vaynshtejn to the problem we have called Christopher Bxggl conjecture and
its converse (see the formulation by Woo0). [18] is writteiRinssian, so neither we
nor many of the readers of Forum Geometricorum will be abletal that proof.
But anyone interested in geometry can with the help of thedgunderstand the
equations there, since they are written in the Latin alphabe

Earlier we saw that Minculete’s characterization with inlgs was also true for
excircles (Theorem 4). Then we might wonder if Vaynshteghiaracterization is
also true for excircles? The answer is yes and it was provexiknlaos Dergiades
at [6], even though he did not state it as a characterizatidangential quadrilat-
erals. The proof given here is a small expansion of his.

Theorem 5 (Dergiades) A convex quadrilaterall BC' D with diagonals intersect-
ing at P is tangential if and only if the four excenters to trianglé# P, BC P,
CDP and D AP opposite the verte® are concyclic.

Proof. In atriangleA BC with sidesa, b, c and semiperimetey, wherel and.J; are

the incenter and excenter oppositeespectively, and whereand R, are the radii

in the incircle and excircle respectively, we hat¢ = —— and AJ, = Ra
2

s b}

Using Heron’s formuld™ = s(s—a)(s—b)(s—c) and other well known formulds
we have
1 T T
AT-AJy =7 R, == e = be. (4)

sinzé s s—a (s—b)(s—c)

Similar formulas hold for the other excenters.

Returning to the quadrilateral, 1&t, I, I3 and I, be the incentes andl, Jo, J3
and.J, the excenters opposite in trianglesABP, BCP,CDP andD AP respec-
tively. Using (4) we get (see Figure 8)

PIL-PJ; = PA-PB,
PIl,-PJo= PB- PC,
PI3-PJs= PC-PD,
Pl,-PJy= PD - PA.

From these we get
Pl -Pl3-PJ,-PJ3=PA-PB-PC-PD =PI, -Ply-PJy - PJ,.
Thus
PIl,-PlI3s =PI, - Pl, & PJy-PJs=PJy- PJy.

In his proof [16], Woo showed that the quadrilateral has airate if and only if
the equality to the left is true. Hence the quadrilateraldrascircle if and only if
the equality to the right is true. Both of these equalities@nditions for the four
points Iy, I, I3, I, and.Jy, Jo, J3, J4 10 be concyclic according to the converse of
the intersecting chords theorem. O

"Here and a few times later on we use the half angle theorems @rerivation, see [9, p.158].
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Figure 8. An excircle version of Vaynshtejn’s characteiaa

Figure 8 suggests thd J3 L JyJ, andl; I3 1 1>,14. These are true in all convex
guadrilaterals, and the proof is very simple. The inceraasexcenters lies on the
angle bisectors to the angles between the diagonals. Headwave/J,PJ; =
LI4PIL = %4DPB = 7.

Another characterization related to the configuration ofisEbpher Bradley’s
conjecture is the following one. This is perhaps not one efrticest characteriza-
tions, but the connection between opposite sides is préseatas well as in many
others. That the equality in the theorem is true in a tangkeqtiadrilateral was
established at [5].

Theorem 6. A convex quadrilaterald BC'D with diagonals intersecting aP is
tangential if and only if

(AP + BP — AB)(CP + DP —CD) (BP+CP — BC)(DP + AP — DA)

(AP+ BP + AB)(CP+ DP+CD) (BP+CP+ BC)(DP+ AP+ DA)

Proof. In a triangleABC with sidesa, b andc, the distance from verteA to the
incenter! is given by

. w be(s — a) be(—a+b+c)
Al = — T = =\ =\ ©
2 (S—bl))ﬂ S a+b+c
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In a quadrilateral BC' D, let the incenters in triangle4BP, BC P, CDP and
DAP bel, I, I3 andl, respectively. Using (5), we get
PI, — \/PA - PB(AP + BP — AB)
AP+ BP + AB ’
PI, \/PC’ -PD(CP+ DP —CD)
CP+DP+CD

Thus in all convex quadrilaterals
AP-BP-CP-DP(AP+ BP — AB)(CP+ DP —CD)
(AP + BP + AB)(CP+ DP+CD)
and in the same way we have
AP-BP-CP-DP(BP+CP— BC)(DP+ AP — DA)
(BP+ CP+ BC)(DP+ AP + DA) '
In [16], Woo proved thatPl; - PIs = Pl - Pl4 if and only if ABCD has an
incircle. Hence it is a tangential quadrilateral if and oifly
AP-BP-CP-DP(AP+ BP— AB)(CP+ DP —CD)
(AP+ BP+ AB)(CP+ DP+CD)
AP-BP-CP-DP(BP+ CP— BC)(DP+ AP — DA)
- (BP + CP + BC)(DP + AP + DA)
from which the theorem follows. O

(PI, - PI3)* =

(PI, - PI,)* =

5. losifescu’s characterization

In [13] Nicusor Minculete cites a trigonometric charactation of tangential
quadrilaterals due to Marius losifescu from the old Romajoarnal [11]. We had
never seen this nice characterization before and suspgrbobhas been given in
English, so here we give one. Since we have had no accessRothanian journal
we don’t know if this is the same proof as the original one.

Theorem 7 (losifescu) A convex quadrilateralh BC' D is tangential if and only if

tan = - tan = = tan 2 - tan —
an — - tan — = tan — - tan —
2 2 2 2

wherex = ZABD,y = /ZADB, z=/ZBDC andw = ZDBC.
Proof. Using the trigonometric formula
ou 1—cosu
tan 2 1+cosu’
we get that the equality in the theorem is equivalent to
I—cosx 1—cosz 1—cosy 1—cosw
l+cosz l+cosz 1+cosy 1+cosw'
This in turn is equivalent to

(1 —cosz)(1l —cosz)(14 cosy)(l + cosw)
=(1—cosy)(1—cosw)(1l+ cosx)(1+ cos z). (6)
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Figure 9. Angles in losifescu’s characterization

Leta = AB,b = BC,c = CD,d = DA andq = BD. From the law of

cosines we have (see Figure 9)

@+ ¢ — d?
CoOSpy = ————,
2aq
so that
2 (0 1\2 _ _
| —cospe L —@=0" _ (d+a-g){d—a+q)
2aq 2aq
and
2 2 d —d
L+ cosa = @19 _(atg+datqg—d)
2aq 2aq

In the same way
(a+d—q)la—d+q)

1 —cosy = 2dq ,

| cos s — (b+c—Q)(b—c+q)7
2cq

| costw — (c—l—b—q)(c—b—l—q)’
2bq

Thus (6) is equivalent to

(d+qg+a)(d+qg—a)

14 cosy = 2dq ,

| 4 cos» — (c+q+b)(c+q—b)7
2cq

1+ cosw = (b+q+c)(b+q—c)‘
2bq

(d+a—q)d—a+q)? b+c—q)b—c+q? (d+q+a) (b+q+c)

2aq

2cq

2dq 2bq

(a+d—q)la=d+q)? (c+b—q)c=b+¢q)?* (a+q+d) (c+q+D)

2dq
This is equivalent to

P((d—a+q?b-c+q?—(a—d+q?*(c—b+q)?) =0

where
P =

2bg

2aq

2cq

(7)

(d+a—q)btc—q)(d+g+a)b+q+c)

16abedq?t
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is a positive expression according to the triangle inetyuapplied in triangles
ABD and BC'D. Factoring (7), we get
P((d—a+q)(b—c+q)+(a—d+q)(c—b+q))
((d=a+q)b—c+q)—(a—d+q)c—b+q)) =0.
Expanding the inner parentheses and cancelling some tthisiss equivalent to
4qP(b+d—a—c)((d—a)(b—c)+¢*) =0. (8)

The expression in the second parenthesis can never be equalat Using the
triangle inequality, we have > a — d andq > b — c. Thusq® = (a — d)(b — ¢).
Hence, looking back at the derivation leading to (8), we haeved that

tan < - tan = = tan 2 - tan — & b+d +
an — - tan - = tan — - tan — =a C
2 2 2 2
and losifescu’s characterization is proved according ¢édRttot theorem. O

6. Characterizations with other excircles

We have already seen two characterizations concerningotireekcircles op-
posite the intersection of the diagonals. In this sectionmilestudy some other
excircles. We begin by deriving a characterization sintibethe one in Theorem 6,
not for its own purpose, but because we will need it to proeentext theorem.

Theorem 8. A convex quadrilaterald BC'D with diagonals intersecting aP is
tangential if and only if
(AB+ AP - BP)(CD+CP—-DP) (BC—BP+CP)(DA—DP + AP)
(AB — AP+ BP)(CD — CP+ DP) (BC+ BP—CP)(DA+ DP — AP)’
Proof. It is well known that in a triangled BC' with sidesa, b andc,
tané— (s=b)(s—¢c) [(a=b+c)a+b—rc)

2 s(s—a)  \(a+b+c)(—a+b+c)

wheres is the semiperimeter [9, p.158]. Now,#f is the intersection of the diago-
nals in a quadrilateral BC'D andz, y, z, w are the angles defined in Theorem 7,
we have

AB + AP — BP)(BP + AP — AB)
AB+ AP + BP)(BP — AP + AB)’

CD + CP — DP)(DP + CP — CD)
CD+ CP+ DP)(DP —CP + CD)’

(
(
(
(
(
(
(
(

¥ [(DA+AP—DP)(DP+ AP — DA)
Y DA+ AP + DP)(DP — AP + DA)’
. w_ [(BC+CP—BP)(BP+CP— BC)

2 BC + CP+ BP)(BP—CP+ BC)
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From Theorem 7 we have the equdlity
2% _tan?2? . tan2 ¥
5 = tan 9 tan 5
and putting in the expressions above we get
(AB+ AP — BP)(BP+ AP - AB)(CD+CP —DP)(DP+CP —CD)
(AB+ AP+ BP)(BP — AP+ AB)(CD+ CP+ DP)(DP - CP +CD)

(DA + AP — DP)(DP + AP — DA)(BC + CP — BP)(BP + CP — BC)

o L

tan - tan

(DA+ AP + DP)(DP — AP+ DA)(BC + CP + BP)(BP — CP+ BC)’
Now using Theorem 6, the conclusion follows. O

Lemma9. If J; is the excenter opposité in a triangle ABC' with sidesa, b and
¢, then
(BJ1)?  s—c

ac S—a
wheres is the semiperimeter.

Proof. If R, is the radius in the excircle opposite we have (see Figure 10)

sin T—B = —Ra
2  BJ’
BJj cos E = T ,
2 s—a
(BJy)? - s(s—b) _ s(s—a)(s—b)(s— c)’
ac (s —a)?
and the equation follows. Hef#is the area of trianglel BC and we used Heron’s
formula. O

Figure 10. Distance from an excenter to an adjacant vertex

8This is a characterization of tangential quadrilateralg,that’s not important for the proof of
this theorem.

Here itis important that Theorem 6 is a characterizatioranfential quadrilaterals.
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Theorem 10. A convex quadrilaterad BC'D with diagonals intersecting ab is
tangential if and only if the four excenters to triangld$8 P, BCP, CDP and
D AP opposite the verticeB and D are concyclic.

Figure 11. Excircles to subtriangles opposite the vertidéemd D

Proof. We use the notatiod s p| g for the excenter in the excircle tangent to side
AP oppositeB in triangle ABP. Using the Lemma in triangled BP, BCP,
CDP and D AP yields (see Figure 11)

(PJAP\B)2 AB+ AP — BP
AP -BP ~ AB— AP+ BP’
(PJCP|D)2 CD+CP—-DP
CP.-DP  CD-CP+DP’
(PJcpip)? BC+CP—BP
CP-BP ~ BC-CP+ BP’
(PJapip)? DA+ AP — DP
AP-DP ~ DA— AP+ DP’
From Theorem 8 we get thatBC D is a tangential quadrilateral if and only if

(PJapg)* (PJepip)*  (PJepig)* (PJapip)?

AP.-BP CP-DP CP-BP AP-DP’
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which is equivalent to
PJap - PJopip = PJcpis PJapp- 9)

Now Jyp|pJopip @nd JoppJap|p are straight lines throug since they are
angle bisectors to the angles between the diagonafsHa’'D. According to the

intersecting chords theorem and its converse, (9) is a tiondor the excenters to
be concyclic. a

There is of course a similar characterization where theees are opposite the
verticesA andC.

We conclude with a theorem that resembles Theorem 4, butthatlexcircles
in Theorem 10.

Theorem 11. A convex quadrilaterald BC'D with diagonals intersecting aP is
tangential if and only if

1 1 1 1

R, R R R
whereR,, Ry, R. and R, are the radii in the excircles to triangleda BP, BCP,
CDP and D AP respectively opposite the vertic8sand D.

Proof. We use notations on the altitudes as in Figure 12, which &redime as in
the proof of Theorem 4. From (3) we have

1ot 11
R, hg ha M~
1ot 1
Ry, hp  hc  hy’
L1 1 1
R. hp  hc = hs’
LI S U
Ry  hp ha hy
These yield
1 + 1 1 1 1 1 1
R, R. Ry Rq hi hs hy hy
Hence
L, 1.1 1 1 1 1
R, R. Ry, Ry hi  hs hy hy
Since the equality to the right is a characterization of éetigl quadrilaterals ac-
cording to (2), so is the equality to the left. d

Even here there is a similar characterization where the@gsiare opposite the
verticesA andC.
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Ry

> B
Figure 12. The exradii and altitudes
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Per spective | soconjugate Triangle Pairs, Hofstadter Pairs,
and Crosssums on the Nine-Point Circle

Peter J. C. Moses and Clark Kimberling

Abstract. The r-Hofstadter triangle and thél — r)-Hofstadter triangle are
proved perspective, and homogeneous trilinear coordirstefound for the per-
spector. More generally, given a triandleF F' inscribed in a reference triangle
ABC, trianglesA’ B'C’ andA” B”C" derived in a certain manner fromEF'
are perspective to each other andA®C. Trilinears for the three perspectors,
denoted byP*, P1, P; are found (Theorem 1) and used to prove that these three
points are collinear. Special cases include (Theorems &hptids: if X and X’
are an antipodal pair on the circumcircle, then the perspdet = X ¢ X',
where® denotes crosssum, is on the nine-point circle. Takih¢p be succes-
sively the vertices of a triangl® E'F inscribed in the circumcircle thus yields a
triangle D' E' F inscribed in the nine-point circle. For exampleDfE F is the
circumtangential triangle, theR’ E'F' is an equilateral triangle.

1. Introduction and main theorem

We begin with a very general theorem about three triangles being the refer-
ence triangled BC' with sidelengths:, b, ¢, and the other two, denoted by B'C’
and A” B”C", which we shall now proceed to define. Supp@sEF is a triangle
inscribed inABC that is, the vertices are given by homogeneous trilineardioo
nates (henceforth simplyilinears) as follows:

D=0:y1:21, E=29:0:20, F=u123:93:0, Q)
wherey; z1x22023y3 # 0 (this being a quick way to say that none of the points is
A, B, C). For any pointP = p : ¢ : r for which pgr # 0, define

D/:O:L:L, E/:L:O:L7 F/:L:L:O.
qy1r Tz1 px2 Tz pr3 qys
Define A’ B’C’ and introduce symbols for trilinears of the vertic#'s B’, C” :
A'= CFNBE =wu; : v : wr,
B'= ADNCF' =uy: v : wo,
C'= BENAD' =u3 :v3: ws,

Publication Date: April 1, 2011. Communicating Editor: P#iu.
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and similarly,
1 1 1
A= CFNBE = — : — : —,
puyp quvy Twi
1 1 1
B"= ADNCF = —: —: —,
puz quvz TWw?2
1 1 1

C"= BEENAD = —: — . —.
pusz quz TW3

Thus, trianglesA’ B'C” and A” B”C"" are aP-isoconjugate pair, in the sense that
every point on each is thB-isoconjugate of a point on the other (except for points
on a sideline ofABC). (The P-isoconjugate of a poink = z : y : z is the point
1/(pz) : 1/(qy) : 1/(rz); this is the isogonal conjugate &f if P is the incenter,
and the isotomic conjugate &f if P = X3; = a? : b : ¢%. Here and in the sequel,
the indexing of triangles centers in the fork follows that of [4].)

Theorem 1. Thetriangles ABC, A’B'C’, A” B"C" are pairwise perspective, and
the three perspectors are collinear.

Proof. The linesCF given by—ysa + z33 = 0 and BE’ given bypzoa —rzoy =
0, and cyclic permutations, give

A'= CFNBE' =wuy :v1: wy =132 : TY320 : PTals,
B'= ADNCF' =wug : vy : wa = quy1y3 : pr3y: : pr3zi,
C'= BENAD = w3 :v3: w3 = qyioT2 : 72221 : qQY122;
A" = CF'N BE = quays : prats : qys22,
B" = AD'NCF =rzix3: rys3z1 : qysyi,
C" = BE'NAD =rz12y : pray1 : p212a.
Then the lineB’B” is given byd,a + da3 + d3y = 0, where
di = prays(qyi —r21), do = prajyi — ¢*yivi,  ds = ryizi(ayl — pad),
and the lineC’C"” by dsa + ds3 + dgy = 0, where
dy = prozo(rzt — qui), ds = quiz1(rzs —pal), dg = pqrayt — r2zizs.
The perspector oft’ B'C’ and A” B"C" is B'B” N C'C”, with trilinears
dodg — dsds : dsdy — didg : dids — dody.

These coordinates share three common factors, which ¢éeaeihg the perspec-
tor

P* = quoy1ys + raszize  ry3z1 22 + praxsyr | prarszi + qyiysza.  (2)

Next, we show that the lined A’, BB’,CC’ concur. These lines are given,
respectively, by

—proxs3f + ryszey =0, parwsa—qysy1y =0, —rzizea+ qroy1f =0,
from which it follows that the perspector gfBC' and A’ B'C" is the point
P = AA N BB ' NCC' = quay1ys : Ty32122 : pTaTszy. 3)
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The same method shows that the line4”, BB”, CC” concur in theP-isoconjugate
of P :

P, =AA"NBB" NCC" = raszizs : py12T3 : qy1Y320. 4)
Obviously,
qT2Y1Ys + 1T32122 TY32122 + PT2T3Y1 PT2T321 + qY1Ysze
qr2y1ys3 TY32122 Pr2x321 =0,
rr3z122 pby122I3 qy1ysz2
so that the three perspectors are collinear. O

Examplel. LetP = 1:1: 1 (the incenter), and leD E'F be the cevian triangle

of the centroid, so thab = 0 : ca : ab, etc. Then
c a b

PP=-:—-: - and P =
b ¢ «a

these being the 1st and 2nd Brocard points, and
P =a(b® + %) :b( +a?) : c(a® + %),
the midpointXsg of segmentP; Ps.

ol

@
g

2. Hofstadter triangles

Suppose- is a nonzero real number. Following ([3], p 176, 241), regadex
B as a pivot, and rotate segmed’ toward vertexA through angle-B. Let Lp¢
denote the line containing the rotated segment. Similabyain line Lo by ro-
tating segmenBC aboutC' through angle-C. Let A’ = Lgc N Lo, and obtain
similarly points B’ andC’. The r-Hofstadter triangle isi’B’C’, and the(1 — r)-
Hofstadter triangled” B”C" is formed in the same way using anglds— r) A4,
(1-r)B,(1—-r)C.

A

Figure 1. Hofstadter triangled’ B'C’ andA” B”C"”
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Trilinears for A’ and A” are easily found, and appear here in rows 2 and 3 of an
equation for lined’A” :

& s g
sinrBsinrC sinrBsin(C —rC) sinrCsin(B —rB)| = 0.
sin(B —rB)sin(C —rC) sinrCsin(B —rB) sinrBsin(C —rC)

Lines B’B” and C'C" are similarly obtained, or obtained fromf A” by cyclic
permutations of symbols. It is then found by computer thatgérspectivity deter-
minant isO and that the perspector of theand(1 — r)-Hofstadter triangles is the
point
P(r) = sin(A —rA)sinrBsinrC + sinrAsin(B — rB) sin(C — rC)

:sin(B — rB)sinrCsinrA + sinrBsin(C — rC) sin(4A — rA)

:sin(C — rC)sinrAsinrB + sinrC'sin(A — rA) sin(B — rB).
The domain ofP excluded) and1. Whenr is any other integer, it can be checked
that P(r), written asu : v : w, satisfies

usin A +wvsin B4+ wsinC = 0,

which is to say thaf’(r) lies on the lineL> at infinity. For exampleP(2), alias
P(—1), is the pointXs, in which the Euler line meets>. Also, P (3) = X1, the
incenter, and® (—3) = P (2) = Xi770. Regarding: = 1 andr = 0, we obtain,
as limits, the Hofstadter one-point and Hofstadter zero-point:

remarkable because of the “exposed” vertex angleB, C'. Another example is
P (3) = X356, the centroid of the Morley triangle.

This scattering of results can be supplemented by a morersgsic view of
selected point$(r). In Figure 2, the specific triangle:, b, ¢) = (6,9, 13) is used
to show the points (r + 1) for» = 0,1,2,3,...,5000.

If the swing angles'A,rB,rC, (1 —r)B,(1 —r)B, (1 —r)C are generalized
torA+6,rB+60,rC+6,(1—r)B+6,(1—r)B+6,(1—r)C+ 6, then the
perspector is given by

P(r,0) = sin(A—rA+0)sin(rB — 6)sin(rC — 0)
+sin(rA — 0)sin(B — rB + 6) sin(C — rC + 0)
:sin(B —rB + 0)sin(rC — 0)sin(rA — 0)
+ sin(rB — 0)sin(C —rC + 6)sin(A —rA+0)
:8in(C — rC + 6)sin(rA — 0) sin(rB — 6)
= +sin(rC — 0)sin(A —rA+0)sin(B —rB +0).
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b

Figure 2

Trilinears for the other two perspectors are given by

Py(r,0) = sin(rA —60)csc(A—rA+0)

:sin(rB — 6) csc(B —rB +0) :sin(rC — 0) csc(A — rC + 6);
Py(r,0) = sin(A—rA+0)csc(rA —0)

:sin(B —rB+0)csc(rB —0) : sin(A — rC + 0) cse(rC — 6).

If 0 < 6 < 27, thenP(0, 0) is defined, and taking the limit & — 0 enables a
definition of P(0,0). Then, remarkably, the locus &f(0, 0) for 0 < 6 < 27 is the
Euler line. Six of its points are indicated here:

6 0 |7/6|7/4|7/3|m/2 ]| (1/2)arccos(5/2)
P(0,0) || Xo | X5 | Xa | X30 | Xoo X549

In general,
1
P (0, 5 arceos t> =t cos A+cos BcosC' : t cos B+cos C cos A : t cos C+cos A cos B.

Among intriguing examples are several for which the arjles a function of
a,b,c(or A, B,(C), is not constant:
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if = thenP(0,0) =
w = arctan 39— (the Brocard angle) Xz,
% arccos (3 — |20—RIQ|) Xo1
L arccos lo1] X
2R? 441

? arccos(—1 — 2cos? Acos? Beos?C)  Xog
5 arccos (—% — % cos? A cos? B cos? C) Xo3

where

o = area ofABC,
|OI| = distance between the circumcenter and the incenter
R = circumradius ofABC.

3. Cevian triangles

The cevian triangle of a poink = x : y : z is defined by (1) on putting
(x4, 9i,2:) = (z,y, z) fori = 1,2, 3. Suppose thak is a triangle center, so that

X =g(a,b,c) : g(b,c,a) : g(c,a,b)

for a suitable functiory (a, b, ¢) . Abbreviating this asX’ = g, : ¢ : g., the cevian
triangle of X is then given by

D=0:9:9., EF=6.:0:9:;, F=ga:g:0,

and the perspector of the derived triangléB’'C’ and A” B”C” in Theorem 1 is
given by

P* =g, (ag2 +792) : g (092 +72) : gc (P92 + qg?) ,

which is a triangle center, namely the crosspoint (defingtlérnGlossary of [4]) of
U and theP-isoconjugate ot/. In this case, the other two perspectors are

P = q9ugt : rgv9% : pgeg’ and Py = 19492 : P92 : q9cGp-

4. Pedal triangles

SupposeX = x : y : z is a point for whichzyz # 0. The pedal triangld E F
of X is given by

D=0:y+zcy: z+xby, E=x+yc,:0:z4+ya1, F =x+zby:y+xaq:0,
where
(a1,b1,¢1) = (cos A, cos B, cos C)

B+ —a? A4+a? -0 a®>+b% -2
2be ’ 2ca ’ 2ab '
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The three perspectors as in Theorem 1 are given, as in (®y(4)

P'=u+d :v+v w+u, (5)
P=u:v:w, (6)
Py= v )
where
u= q(z+yc)(y + zc1)(y + zar),
v=r(y+ za1)(z +ya1)(z + xb1),
w = p(z + xb1)(x + zb1)(z + yc1);
u' = r(z+ 2b1) (2 + 2b1) (2 + yar),
V' = ply + zer)(@ + yer) (@ + 2b),
w' = q(z+ya1)(y + za1)(y + xcy).

The perspectoP* is notable in two cases which we shall now consider: when
X is on the line at infinity,L>°, and whenX is on the circumcirclel’.

Theorem 2. Suppose DEF' is the pedal triangle of a point X on L°°. Then the
perspectors P*, P;, P, areinvariant of X, and P* lieson L°°.
Proof. The three perspectors as in Theorem 1 are given as in (5)(7) b
P* = a(b*r —c?q) 1 b(*p—a®r) : c(a®q — Vp) , 8
P, = qac® : rba?® : peb?,
Py = rab® : pbc? : qca®.
Clearly, the trilinears in (8) satisfy the equation + b3 + ¢y = 0 for L*°. O
Example2. ForP =1 :1:1 = Xi, we haveP* = a(b?® — ¢?) : b(c®> — a?) :
c(a® — b?), indexed in ETC as(5;5. This and other examples are included in the
following table

P |661] 1 6 | 32 | 663|649 | 667 | 19 | 25 | 184 | 48 | 2
P* || 511 | 512 | 513 | 514 | 517 | 518 | 519 | 520 | 521 | 522 | 523 | 788

We turn now to the case that is onI’, so that pedal triangle of is degenerate,
in the sense that the three vertidesE, F are collinear ([1], [3). The lineDEF
is known as the pedal line of. We restrict the choice aP to the pointXs; :

P=a?:b*: ¢,

so that theP-isoconjugate of a point is the isotomic conjugate of thepoi

Theorem 3. Suppose X isa point on the circumcircle of ABC, and P = a? : b% :
2. Then the perspector P*, given by

P* = bex (y* — 2%) (az(bz — cy) + yz(b* — ¢*))
s eay (2% — 2°) (by(cx — a2) + zz(c® — a?))

:abz (mz - y2) (cz(ay —bx) + zy(a® — b2)), 9
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lies on the nine-point circle.

cxy

ay—+bx In

Proof. SinceX satisfies? + 3 + £ = 0, we can and do substitute= —

(8), obtaining
P'=a«a:(:7, (20)

where

a = ycb(ay + bx — cz) (ay + bz + cx) (2abz + a’y + b’y — Py)

B = xca (2aby + a’x + b*x — *x) (ay + bz — cy) (ay + bz + cy)

v = ab(ay + bx) (b’z — a®y — a’ba + ab®y + ac’y — b’z) (z +y) (y — ) .

An equation for the nine-point circle [5] is

afy + bya+ caf — (1/2)(aa + 0B + ¢y)(arac+ b1 5 + 1) = 0, (11)

and using a computer, we find that indeed satisfies (11). Using/ +by = — <4,

z

one can verify that the trilinears in (10) yield those in (9). O

A description of the perspectd?* in Theorem 3 is given in Theorem 4, which
refers to the antipod&’ of X, defined as the reflection df in the circumcenter,
O;i.e., X" is the point o that is on the opposite side of the diameter that contains
X. Theorem 4 also refers to the crosssum of two points, definéus$@ry of [4])
for pointsU = u : v : wandU’' =’ : v : w' by

/ / /
U U =vw +wv : wu +uw' : w + ou.

Theorem 4. Suppose X isa point on the circumcircle of ABC, and let X’ denote
the antipode of X. Then P* = X @ X'.

Proof. 1 SinceX is an arbitrary point o, there exist# such that
X =csch:cse(C—0): —cse(B+0),
wheref, understood here a function efb, ¢, is defined ([6], [3, p. 39]) by
0<20=4KA0X <,
so that the antipode of is
X" =sec: —sec(C —0) : —sec(B + 6).

The crosssum of the two antipodes is the pdin®s X’ = o : 3 : v given by

a = —csc(C —60)sec(B + 0) + csc(B + 0) sec(C — )

B = —csc(B+0)sect — cschsec(B+ 0)

v = —cschsec(C —0) + csc(C — 0) sec.
It is easy to check by computer that [ : v satisfies (11). O

This proof includes a second proof that lies on the nine-point circle.
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Example 3. In Theorems 3 and 4, lef = X113, this being a point of intersection
of the Euler line and the circumcircle. The antipodeXofs X114, and we have

X113 © X114 = X125,

the center of the Jerabek hyperbola, on the nine-pointecircl
Example 4. The antipode of the Tarry poinkys, is the Steiner pointXy9, and

Xog @ Xgg = Xogr9.

b
c—a

Example 5. The antipode of the poinf{1p; = ;% : : =55 is Xj03, and

X101 @ X103 = X1566-

Example 6. The Euler line meets the line at infinity in the poikg, of which the
isogonal conjugate on the circumcircle is the point

1 1 1
cos A—2cosBcosC cosB—2cosCcosA  cosC —2cosAcos B’

The antipode ofX~7, is the center of the Kiepert hyperbola, given by
X110 = cse(B — C) = esc(C — A) = csc(A — B),

X7y =

and we have
X74 ® X110 = X3258.

Our final theorem gives a second description of the perspééte X’ in (9).
The description depends on the poXi{medial, this being functional notation,
read “X of medial (triangle)”, in the same way thg{x) is read “f of z”; the
variable triangle to which the functioX is applied is the cevian triangle of the
centroid, whose vertices are the midpoint of the sides ofréfierence triangle
ABC. Clearly, if X lies on the circumcircle oA BC, thenX (medial) lies on the
nine-point circle ofABC.

Theorem 5. Let X’ be the antipode of X. Then X @& X’ is a point of intersec-
tion of the nine-point circle and the line of the following two points: the isogonal
conjugate of X and X (medial).

Proof. Trilinears for X (medial) are given ([3, p. 86]) by
(by +cz)/a: (cz+ ax)/b: (ax + by)/c.
Writing w : v : w for trilinears forX & X’ andyz : zz : xy for the isogonal

conjugate ofX, and puttingz: = —czy/(ay + bx) becauseX € T, we find

u v w
yz T Ty = 07
(by+cz)/a (cz+ax)/b (ax+by)/c

so that the three points are collinear. O
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As a source of further examples for Theorems 4 and 5, suppode F' are
points on the circumcircle. Leb’, E’, F’ be the respective antipodes bt E, I,
so that the trianglé)’ E' F’ is the reflection in the circumcenter of triangleF F.
Let

D,/:D@D,7 E”:E@E,’ F,/:F@F/,
so thatD” E” F" is inscribed in the nine-point circle.

Example7. If DEF is the circumcevian triangle of the incenter, thefA\E” F"' is
the medial triangle

Example8. If DEF is the circumcevian triangle of the circumcenter, thighe” F”
is the orthic triangle

Example9. If DEF is the circumtangential triangle, théd’ E” " is homothetic
to each of the three Morley equilateral triangles, as welhascircumtangential
triangle (perspectoX,, homothetic ratio—1/2) the circumnormal triangle (per-
spectorX,, homothetic ratiol /2), and the Stammler triangle (perspecfdss; ).

If DEF is the circumnormal triangle, theR” E” F" is the same as for the cir-
cumtangential. (For descriptions of the various triangkes [5].) The triangle
D"E"F" is the second of two equilateral triangles described in tliel@ on the
Steiner deltoid at [5]; its vertices are given as follows

B C
D//: B— _ L v
cos ( ) cos<3 3>
2 2
:COS(C—A)—COS<3—§> :cos(A—B)—cos(B—é),
E" = cos (B —C) — cos <C—%>
:cos(C—A)—cos<%—§> :cos(A—B)—cos(C‘—%)7

F" = cos (B — C) — cos (A— ?)

:cos(C—A)—cos(A—?) :cos(A—B)—cos<§—§>.

5. Summary and concluding remarks

If the point X in Section 4 is a triangle center, as defined at [5], then thepee-
tor P* is a triangle center. If instead of the cevian triangleXgfwe use in Section
4 a central triangle of type 1 (as defined in [3], pp. 53;34enP* is clearly the
same point as obtained from the cevian triangleof

Regarding pedal triangles, in Section 4, there, to& i a triangle center, then
so is P*, in (8). The same perspector is obtained by various centeadgles of
type 2. In all of these cases, the other two perspectyrand P, as in (6) and (7)
are a bicentric pair [5].
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In Examples 3-6, the antipodal pairs are triangle centetse 90 rotation of
such a pair is a bicentric pair, as in the following example.

Example 10. The Euler line meets the circumcircle in the poitks;13 and
X1114. Let X753 and X}, be their 90 rotations about the circumcenter. Then
X113B X714 (the perspector of two triangle$ B'C’ andA” B”C” as in Theorem
1) lies on the nine-point circle, in accord with Theorems d &nindeedX 5 ©
Xik114 = X113, which is the nine-point-cirCIe-antipode ﬁf125 = X1113 ® X1114-
LikeWise,Xf379 & Xikggo = X114 andeggl & Xik382 = Xi19.

Example 10 illustrates the following theorem, which thesiested reader may
wish to prove: uppose X and Y are circumcircle-antipodes, with 90° rotations
X*and Y*. Then X* & Y*is the nine-point-circle-antipode of the center of the
rectangular circumhyperbola formed by the isogonal conjugates of the points on
thelineXY .

References

[1] R. A. JohnsonAdvanced Euclidean Geometry, 1929, Dover reprint 2007.

[2] C. Kimberling, Hofstadter pointd\lieuw Archief voor Wiskunde 12 (1994) 109-114.

[3] C. Kimberling, Triangle centers and central triangl€ngressus Numerantium, 129 (1998)
1-285.

[4] C. Kimberling, Encyclopedia of Triangle Centers, available at
http://faculty.evansville. edu/ ck6/ encycl opedi a/ ETC. ht i .

[5] E. WeissteinMathWorld, available aht t p: // mat hwor | d. wol fram com

[6] P.Yff, On theg-Lines and3-Circles of a TriangleAnnals of the New York Academy of Sciences
500 (1987) 561-569.

Peter Moses: Mopartmatic Co., 1154 Evesham Road, Astwoolt,BRedditch, Worcestershire
B96 6DT, England

E-mail address: nows @ropar . f r eeser ve. co. uk

Clark Kimberling: Department of Mathematics, UniversitfyEvansville, 1800 Lincoln Avenue,
Evansville, Indiana 47722, USA
E-mail address: ck6@vansvi | | e. edu



Forum Geometricorum
Volume 11 (2011) 95-107.

FORUM GEOM
ISSN 1534-1178

On a Theorem of Intersecting Conics

Darren C. Ong

Abstract. Given two conics over an infinite field that intersect at thigia, a
line through the origin will, in general intersect both cosiections once more
each, at point€ and D. As the line varies we find that the midpoint 6fand
D traces out a curve, which is typically a quartic. Intuitiwethis locus is the
“average” of the two conics from the perspective of an obseat the origin.
We give necessary and sufficient conditions for this locuseta point, line, line
minus a point, or a conic itself.

1. Introduction

Consider, in Figure 1, an observer standing on the péinHe wants to find the
“average” of the two circle®’;, P,. He could accomplish his task by facing towards
an arbitrary direction, and then measuring his distancg tand P, through that
direction. The distances may be negative if either circlbakind him. He can
then take the average of the two distances and mark it alenghimisen direction.
As our observer repeats this process, he will eventualbetoaut the circleABE;.
Thus, in some sens@BFE; is the “average” of our two original circles. In this
paper we will consider analogous (weighted) averages ohtwalegenerate plane
conics meeting at a poit. This curve will be termed the “medilocus”.

Definition 1 (Nondegenerate conic)A nondegenerate conic is the zero set of a
quadratic equation in two variables over an infinite figlathich is not a point and
does not contain a line.

In this paper, we shall assume all conics nondegenerate hifdesikclude lines
and pairs of lines, for exampley = 0. We also remark here that if a conic consists
of more than one point, it must be infinite: we will prove thisRroposition 6.

We will also define a tangent line to a point on a conic:

Definition 2 (Tangent line) The tangent line to a conic represented by the equa-
tion P(z,y) = 0 at the point(xg, yo) is the line that contains the poifig, yo)

with (linear) equation.(x,y) = 0, whose substitution intd(z,y) = 0 gives a
guadratic equation in one variable with a double root.

We remark here that the tangent line of a conic at the origindshomogeneous
linear part of the equation for the conic. We will prove thea homogeneous linear
part is always nonzero in Lemma 4.
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Figure 1. The medilocus of weight 1/2 of the two circlBs, P, is the circle
ABE;,. As we rotate a lin€'D aroundA into C1 D1, C2 D2, C3Ds, the locus
of the midpointE; E> E5 is the medilocus.

Definition 3 (Medilocus) Let P, P, be two conics meeting at a distinguished
intersection pointd. The medilocus of weight is the set of all points of the form
E = kC+ (1 — k)D, whereC, A, D are points on some ling through A, with

C e PpandD € P,. C = Aor D = Ais possible if and only ifL is tangent to
P, or P, respectively atA. The medilocus is denoteld (P, P, A, k).

)

Figure 2. The red curve is the medilocus weigf® of the circle and the ellipse,
with distinguished intersection point 4t

We comment here that given a like C' and D are uniquely defined, if they ex-
ist. Clearly any line intersects a conic at most twice, armdftiowing proposition
will demonstrate thaf’ or D cannot be multiply defined even whéris tangent to
P, orPs.

Proposition 1. A line tangent to a conic at the origin cannot intersect thaico
section again at another point.
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Proof. Choose coordinates so that the tangent line at the origin49). Restrict-
ing the conic tar = 0 gives us a quadratic polynomial in which has at most two
zeroes with multiplicity. But since = 0 is tangent to the conic at the origin, there
is a double zero aj = 0, and so there cannot be any more. O

If P, and P, are the same conic, we can see that their medilocus is the £pni
The medilocus of weight is always the conid;, and the medilocus of weight
is always the conid,. Figure 1 shows the medilocus of weight2 of two circles.
While the mediloci we have seen so far have been circles, imake different
choices of intersecting conics we usually obtain a mored@stang medilocus. Fig-
ure 2 is an example. Note in this case that our medilocus igvest a conic. Our
research began as an attempt to answer the question, winennigetilocus of two
conic sections itself either a conic, or another “well-badti curve? We addressed
this question by introducing an equivalence relation origon

Definition 4 (Medisimilarity). Two conics are medisimilar if the homogeneous
quadratic part of the equation of the first conic is a nonzeadas multiple of the
homogeneous quadratic part of the equation of the second. doquivalently, we
can say that two conics are medisimilar if their equationslmawritten in such a
way that their homogeneous quadratic parts are equal.

The proposition that follows describes medisimilarity e treal plane, so that
the reader may gain some geometric intuition of what medgsiity means. For
the sake of brevity, this proposition is stated without fr@dl that a proof requires
is the understanding of the role that the homogeneous dimgeat of the equation
of a conic plays in its geometry. Both [3] and [2] serve as uisesferences in this
regard.

Proposition 2. Two intersecting conics iR? can be medisimilar only if they are
both ellipses, both hyperbolas, or both parabolas.

(1) Two intersecting ellipses are medisimilar only if they héheesame eccentricity,
and their respective major axes are parallel.

(2) Two hyperbolas are medisimilar if and only if the two asyrtgg@f the first
hyperbola have the same slopes as the two asymptotes otthraldeyperbola.

(3) Two parabolas are medisimilar if and only if their directeis are parallel.

Our main theorem can be stated thus:

Theorem 3. The medilocus weighit £ 0, 1 of two conicsP;, P» over an infinite
field is a conic, a line, a line with a missing point, or a poifhaind only if P, P,
are medisimilar.

2. Preliminaries

Here we establish some conventions and prove certain lertimagwill stream-
line the proofs in the following section. Firstly, whenewan conics intersect and
we wish to describe the medilocus, we shall choose cooeBred that the distin-
guished intersection point is at the origin. We will labe tivo conicsP; and P,
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and express them as follows:
Pl : Ql(way)+Ll(x7y) :07 (1)
P2 : QZ(way)+L2(x7y) :07 (2)

where@), Q- are quadratic forms, antl;, L, are linear forms.
We are now prepared to demonstrate some brief lemmas algottiics?; , P».

Lemma 4. NeitherZ; nor L, can be identically zero.

Proof. If L, isidentically zero, then the equationBf is a homogeneous quadratic
form. Thus if P;(a,b) = 0, then eitheln = b = 0 or the line{(at,bt),t € F}is
contained inP;. ThusP; is either a point or contains a line, neither of which is
acceptable by our definition of conic. An analogous conttimh occurs whertiy
is identically zero. a

Lemmab5. L; cannot divide();, and Ly cannot divide),.

Proof. If L, dividesQ1, thenL; divides P, as well. But according to our defini-
tion, a conic cannot contain a zero set of a linear equatiocorApletely analogous
proof works forps. O

Proposition 6. If a quadratic equation in two variables over an infinite fiédds
two distinct solutions, it has infinitely many.

Proof. Let P(z,y) be a quadratic polynomial with two distinct solutions. Weyma
choose coordinates so that one of the solutions is the pagihthe other iga, b),
wherea is nonzero. Substitutg = mx into P(z,y). We then get

P(z,mz) = zL(m) + 22Q(m),

where L, () are linear and quadratic functions respectively. Note fhdtas no
constant term sinc€0,0) is a solution. We know whem = b/a, P(x,mx)
has two distinct solutions: this implies th@(b/a) is not zero. We also deduce
that —L(b/a)/Q(b/a) = a, so L(b/a) is not zero. In particular, we now know
that neither@ nor L is identically zero. @ has at most two solutionspy, m..
Thus for every choice ofn # mj, ma, P(x,mx) has solutionst = 0 and
x = —L(m)/Q(m). We have infinitely many choices for, and soP must have
infinitely many solutions. O

Lemma 7. If we define conicd;, P, intersecting at the origin as ifl) and (2),
then the medilocus is either the zero set of the equation

(e 0n( B,

or the union of the zero set of this equation with a point atdhgin. The origin is
in the medilocus if and only if there existb € IF not both zero for which

Ll(a, b) > < L2 (a, b) >
0=k|— +(1—-k)|— , 4

(-Gwn) 09 (as @
in which case that medilocus point on the origin is given @leighted average
of the intersections of the linfat, bt)|t € F} with P, and Px.




On a theorem of intersecting conics 99

Proof. Firstly, we write a parametric equation for a line through trigin and a
non-origin point(a, b) as

I = {(at,bt),t € F}. (5)

We define points”, D as in Definition 3, such that the lineintersectsP; at the
origin and atC’, and intersectd® at the origin and atD. We wish to find the
coordinates of”, D in terms oft. Substituting (5) into (1), we obtain the quadratic

Q1(at,bt) + Ly(at,bt) = 0.
ProvidedQ; (at, bt) # 0, this means either= 0 or

_ Ll(a, b)
Ql(a, b)

If b/a is the slope of_; (if a = 0, we consideb/a to be the “slope” ofr = 0)
thenl is tangent taP; at the origin, and so we sét at the origin. This is consistent
with the equation sincé; (a,b) = 0. We cannot havé); (a,b) = 0 for that same
a andb, otherwiseQ (x, y) is a multiple ofL; (z, y), contradicting Lemma 5.

Thus! intersectsP;, att = 0 andt = —Ly(a,b)/Q1(a,b), and soC'is att =
—Li(a,b)/Q1(a,b). Similarly, thet-coordinate ofD ist = —Ls(a,b)/Q2(a,b).

Note that for certain choices af b the denominators can be zero. If this hap-
pens we know that the line through the origin with that slbfgedoes not intersect
P, or P, and soC or D is undefined and the medilocus does not intersest-
cept, perhaps, at the origin. For example, when we are wgreimthe fieldR
the denominator); will be zero whenP; is a hyperbola and/a is the slope its
asymptote or whe®; is a parabola andl/« is the slope of its axis of symmetry.

LetT" be a function ot:, b such thatl” is thet-coordinate of the non-origin point
of intersection between the medilocus and the kne bt}. By the definition of
the medilocus we know

= (gn) 0on ()@

Substitutel’ = t,x = at,y = bt . If T # 0 we can divide by, and so the points
of the medilocus that are not on the origin satisfy (3)[" = 0, then the medilocus
contains the origin and (4) holds farb.

Conversely, leta,b) be any solution of (3). We consider the line expressed
parametrically aq (at,bt)|t € F}. It intersectsP; at the origin and when =
—Li(a,b)/Q1(a,b), and itintersects>, at the origin and wheh= —Ly(a,b)/Q2(a,b).
Thus there is a point of the medilocus at

Ll(a7 b) > < LZ(aa b) >
t=k(— +(1—-k) - =1,
(~aem) +0-9 (gen
but thent = 1 is the point(a,b), and so every solution to (3) is indeed in the
medilocus.
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If (a,b) is a non-origin solution for (4), then we note that the liret, bt)|t €
F} intersectsP;, P, att = —Li(a,b)/Q1(a,b), t = —Ls(a,b)/Q2(a,b) respec-
tively. But by (4), the weighted average of the two valueg & 0, and so the
medilocus does indeed contain the origin. O

Some mediloci intersect the distinguished intersectiomtpand some do not.
The medilocus in Figure 1 contains the distinguished ietgisn point. If we con-
sider two parabolas iR?, P, = 2> — 2z —y, P, = x> — 2z + y with distinguished
intersection point at the origin, we find that the medilocuesght 1/2 is the line
x = 2 which does not contain the origin.

3. A criterion for medisimilarity

Proposition 8. The medilocus of two intersecting medisimilar conics is aico
section, a line, a line with a missing point, or a point.

Proof. If k = 0 or K = 1 we are done, so let us assurkhds not equal to0
or 1. With a proper choice of coordinates, we may translate tséngjuished
intersection point to the origin. We may thus represent W ¢onics as in (1),
(2). By Lemma 7, we know that the medilocus is the zero set pf (fBssibly
union the origin. And sincé; is medisimilar toP,, we may scale their equations
appropriately so thap); = Q. Ifwe setQ) = Q1 = Q2, L = —kL; — (1 — k) Lo,
(3) and (4) in Lemma 7 respectively reduce to

~ L(z,y)

b= Qz,y)’ ()
_ L(=z,y)

0= Qz,y) ®)

Five natural cases arise:

(1) If Lisidentically zero, then there are no solutions to (7). Tthesmedilocus
is either empty or the point at the origin. But sin@ecannot be identically zero,
there must exista, b) such thatQ(a,b) # 0, in which case(a,b) would be a
solution to (8), and hence the medilocus is precisely thetgithe origin.

(2) If Lisnonzero and) is irreducible, we consider the lifgx, y) = 0 through
the origin and write it in the forn{(at, bt)}. But thenL(a,b) = 0, and so(a, b)
satisfies (8). Thus by Lemma 7 the medilocus contains a pothieaorigin. But
then (7) simply reduces 1@ — L = 0, and so again by Lemma 7 the medilocus is
the zero set of) — L = 0, and thus a conic.

(3) If L is nonzero and) factors into linear termd/, N, neither of which is
a multiple of L, we have by Lemma 7 that the medilocus is the zero sét sf
L/MN, possibly union a point in the origin. Reasoning identieattat of the
previous case tells us that the origin is indeed in the med#oSincelM/, N aren’t
multiples of L, we add no erroneous solutions (except for the origin, wieh
know is in the medilocus) by clearing denominators. Thisshihat the medilocus
is the zero set oM N — L = 0 and thus is a conic.

(4) If L is nonzero and) factors intoM L with M not a multiple ofL, then
Lemma 7 gives us that the medilocus is the zero sét-efL./M L, possibly union
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the origin. We show that the medilocus does not contain tiggnorAssume instead
for somea, b that (8) is satisfied. This implie@(a, b) nonzeroL(a,b) = 0, which
means thaf.(x,y) has a root which is not a root @p(z,y). This is impossible
sinceL|Q. Thus the medilocus cannot contain the origin. But then #re get of
1= L/MLis the zero set oM = 1, a line not through the origin, minus the zero
setof L = 0. This is a line missing a point.

(5) If L nonzero, and) = L?, then by Lemma 7 the medilocus is the zero set
of 1 = L/L?, possibly union a point at the origin. By reasoning similatte
previous part, we can conclude that the medilocus does mhicoa point at the
origin. Thus the medilocus is the zero setlof= 1, minus the zero set df = 0.
Since the lined, = 1, . = 0 are disjoint, we can conclude that the medilocus is
just the zero set of the liné = 1. a

We will now demonstrate examples for these various casis.in

Example 1. Figure 1 gives us an example of two medisimilar conics haéng
medilocus that is a conic.

Example 2. If we consider two parabolas R?, P, = 22 — 2z — y, Py = 22 —
2z +y with distinguished intersection point at the origin, we fthdt the medilocus
weight1/2 is the linex = 2.

Example 3. If we consider two hyperbolas R?, P, = yx — x — y, Py = yx +
x — y with distinguished intersection point at the origin, we fthedt the medilocus
weight1/2 is the linex = 1 missing the point1,0).

Example 4. The parabola®’; = y — 22, P, = y + 22 in R? have the single point
at the origin as their medilocus weight2.

Before we proceed to prove the other direction of Theorerat3)d first demon-
strate a case where that direction comes literally a poimtyainom failing. This
proposition will also be used in the proof for Proposition 11

Proposition 9. Consider two conics intersecting the origin,

Pl : h((L’,y)Cl(l’,y) + dl(l’,y) = 07

P2 : h(way)CQ(way) + d?(x7y) = 07
whereh, ¢1, co, dy, dy are all linear forms ofx, y through the origin. Let(x,y),
c1(z,y) and co(x,y) not be scalar multiples of each other, so that in particular
Py, P, are not medisimilar. Also assunke; (x, y)da(x, y)+(1—k)ca (z,y)d1 (z,y)

is a multiple ofh(z,y). Then the medilocus weightof P, P, is a conic missing
exactly one point.

Proof. We invoke Lemm&/, so we know that points of the medilocus away from
the origin can be expressed in the form

1= _kcl(x7y)d2(x7y) - (1 B k)CQ(x7y)dl(x7y)
h(z, y)er (2, y)ea(z,y)
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If we denotek01($,y)d2($,y) + (1 - k)CZ(way)dl(way) = h(l’,y)g(l’,y) for
another linear equatiop(x,y) through the origin, we can write the medilocus
except for the origin as the zero set of the quadratic equatio

cl(:U,y)cz(LU,y)-l—g(:U,y) :07 (9)
subtracting the points on the ligx, y) = 0. Sincecy, co are not scalar multiples,
c1(z,y), co(x,y) cannot divideg(z,y) without contradicting Lemma 5, and so
c1(z,y) = 0,c2(x,y) = 0 do not intersect the curve defined by (9) except at the
origin.

First, assume that(x, y), h(z,y) are not scalar multiples of each other. Recall
thatg(x, y) is not a multiple ofc; (x, y) or ca(z, y). (4) is written as

h(a,b)g(a,b)
h(a> b)cl (a> b)Cg(a, b) ‘
If we expressy(z,y) = 0 as{(a’t,b't)}, theng(a’, ") = 0 and sinceh is not a
scalar multiple ofy, h(a’,b') # 0 and thuse = o', b = V' will solve (10). Thus by
Lemma 7 the medilocus contains the origin.

Additionally, assume thdi(z, y) is not simply a multiple of;. In that case, we
can writec; (z,y), c2(x,y), g(x, y) respectively asnih(z,y) + ay, mah(z,y) +
By, msh(z,y)+yy wheremy, mo, ms, «v, 3,y are constants, and (3, v are nonzero.
But substituting these equations into (9), this implies i@ point ory = —v/a/3,

(a nonzero value fog) h(x,y) = 0 intersects the curve (9). Thus the medilocus
must be a conic subtracting one point.

If h(z,y) is a multiple ofy, we instead write’; (x, y), c2(z,y), g(z,y) respec-
tively asmih(z,y) + ax, moh(z,y) + Bz, msh(z,y) + v and proceed analo-
gously.

Now consider the case whege= sh, for some nonzero constast In this case
certainlyh = 0 does not intersect (9) other than the origin, and so theisakito
(9) must be precisely the points of the medilocus away froenafigin. We claim
that the medilocus cannot contain the origin. By Lemma 7 tkdilocus contains
the origin if and only if for some:, b not both zero

kdy(a,b)ca(a,b) + (1 — k)da(a,b)ci(a,b) sh(a,b)?
a h(a,b)cr(a,b)ca(a,b) ~ h(a,b)ei(a, b)es(ab)
But then clearly the denominator of the right hand side ie zdrenever the numer-
ator is zero, so this equation can never be satisfied. Wewdathat the medilocus

is the conic represented by (9) missing a point at the origin. O

0= (10)

0=

Example 5. The medilocus weight/2 of 22 — yz +y = 0, 2> + yz +y = 0 is
y = y? — 22, missing the point a0, 1).

We will now need to invoke the definition of variety in our nésitnma.

Definition 5 (Variety). For an algebraic equatiofi= 0 over a fieldF we use the
notation V' (f), the variety or zero setof f to represent the subset Bfz, y| for
which f is zero.

This definition is given in [1, p.8].
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Lemma 10. Letl, g, f € F[x,y] be polynomials with degrele= 1, degreeg = 2
andV(g) infinite.

() If V() c V(f), thenl|f.

(i) If V(g) c V(f) andV(g) is not a line, thery| f.

Proof. (i) First, we claim that if/ is linear andV () C V(f), thenl|f. Corollary
1 of Proposition 2 in Chapter 1 of [1] says that i§ an irreducible polynomial in
a closed field?, V(1) c V(f) andV (1) infinite, then we may conclude thayf in
Flz,y]. Thusl|f in F[z,y] as well.

(i) We consider then the case wheye= [[, factors as a product of distinct
linear factors. We then havé(g) = V(I;) UV (l2) C V(f), so this implied; | f
andly| f, thereforel; l5| f and sog| f.

If ¢ is irreducible oveif, supposgy is reducible ovelr. Theng = st for some

linear termss, ¢, and we havé/ (g) = V(s) U V (¢) overF. ThusV (g) overF? is
empty, one point, two points, a point and line, a line, or time$. The first three
cases are not possible becalisgy) over F? is infinite. The last three cases are
not possible by our observation in the first paragraph of phiof, because then
a linear equation divideg, contradicting irreducibility inf. We conclude tha

is irreducible overF. V(g) N V(f) infinite implies g|f again by Corollary 1 of
Proposition 2 in Chapter 1 of [1] a

Proposition 11. The medilocus weiglit of two conicsP;, P, is a conic itself only
if k=0, k=1, or P, P, are medisimilar.

Proof. If £ = 0,1 we are done; we may henceforth assume neither0 nor 1.

We may set the conicBy, P, as in (1),(2). By Lemma 7, we know that we can
represent the medilocus by (3) for every point except foratigin. Clearing the
denominators, we get the quarfi¢z,y) = 0 where

f(a:,y) :Q1(3:,y)Q2(3:,y) + k‘Ll(l’,y)QQ(ﬂ?,y) + (1 - k)L2(x>y)Q1($7y()ll)

We claim that the zero set of this equation contains the oeul.

Note that we might have added some erroneous points bymieaenominators
this way: for example, Q1 (z,y), Q2(z,y) have a linear common factor, then
f(z,y) = 0 will contain the solutions of that linear factor, even if theedilocus
itself does not. It is clear, however that every point of thedifocus is in the zero
set of f(z,y) = 0. In particular, the origin is in that zero set whether or nds in
the medilocus.

Whether f(z,y) = 0 is the medilocus or merely contains the medilocus, by
Lemma 10 and Proposition §,(z,y) contains a conic only if it has a quadratic
factor. So assume that the quarfiéactors into quadratic$;, f>. Let us define

fi= ¢ +w+ e,
fo= g2+ w2+ co.

The ¢; are constantsw; are homogeneous linear termsainy, and theg; are
homogeneous quadratic termsany. First, we note that sincg = f; f» has no
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quadratic, linear or constant terms, eitligr= 0 or co = 0. We claim that this
implies ¢y, co, wiw, are all zero. Without loss of generality, let us start witk th
assumption that; = 0. But thencyw; is the homogeneous linear part fifand so
eitherco = 0 orwy = 0. If ¢ = 0 thenw,ws is the homogeneous quadratic part
of f, and sowywy = 0. If wy = 0, thenceqy = 0, and since by this poinf; = ¢,
g1 must be nonzero and we must haye= 0.

And so we must have, = 0, co = 0 andwwy = 0. Without loss of generality
we letw; = 0. We now have

fi= a,
fo= q +ws.

Given thatf = f; f2, the homogeneous quartic and homogeneous cubic parts must
match (with reference to (11)). This gives us

a1 (z,y)g2(z,y) = Qi(z,y)Q2(x,y), (12)
q(z,y)wa(z,y) = kLi(2,y)Q2(z,y) + (1 — k) La(z,y)Q1(z,y).  (13)

From (12), we have three possibilities: eitgefz, y) divides@Q1 (z,v), ¢1(z,y) di-
videsQ(z,y) or ¢; (z, y) factors into two homogeneous linear terms$x, y),v1 (z, y)
and we have both, (z,y)|Q1(x,y) andv, (z,y)|Q2(x, y). We handle these three
cases one by one.

1) If g1(x,y)|Q1(z,y), we consider (13) and conclude that it must be the case
that

(h(l’,y)’k[q(l’,y)@z(%’,?;)-

This is possible only if a linear factor @fi (x,y) is a scalar multiple of; (x, y),
or q1(z,y)|Q2(x,y). If alinear factor ofg; (z, y) is a scalar multiple oL, (z, y),
then L, (z,y) divides P (x,y), violating (5). If ¢1(z,v)|Q2(x,y), thenQa(z,y)
is a scalar multiple ofj; (z,y) and hence of),(z,y), implying that P, P, are
medisimilar.

(2) If g1(x,y)|Q2(z,y), we consider (13) and conclude that it must be the case
that

Q1(‘T7y) = (1 - k)L2(x7y)Ql(x7y)
By a proof completely analogous to that of part (a), this iegpthatP;, P, are
medisimilar.

(3) If we haveu, (z,v)|Q1(x,y) andvy (z,y)|Q2(z, y), then by (13) it must be
the case that

u1 (1‘, y)’kLl(x7 y)QQ(‘Tﬂ y)'
This is possible only ifu; (z,y) is a scalar multiple of;(x,y), or u;(z,y) di-
videsQa(z,y). If ui(z,y) is a scalar multiple of; (z,y), thenL;(z,y) divides
Py (z,y), violating Lemma 5.

As for uy (z,9)|Q2(x,y), if ui(x,y) isn't a scalar multiple ofv;(x,y) then
we have case (b). Iy (z,y) is a scalar multiple of;(x,y), this means that
uy(x,y)? divides the right hand side of (13). Note that(x,y) divides Q1 (x,y)
andQo(x,y). If uy(x,y)? does not divide each individual term of the right hand
side of (13) we either havé;, P, medisimilar, or we have the case described in
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Proposition 9 (where; is & in the notation of that proposition). ;(x,)? di-
vides each term of the right hand side, we have

ul(aj» y)2|kL1 (:L'v y)Q2($v y)
and
Ul(l’, y)z‘(l - k)L2(x7 y)Ql(x7 y)
The first equation implies that; (x, 3/)? is a scalar multiple 0f2 (z, y). If uy(x,y)
is a scalar multiple ofLo(x,y), ui(z,y) divides Py(z,y) violating Lemma 5.
If ui(z,y) is not a scalar multiple of.(z,y), @Q1(z,y) is a scalar multiple of
uy(x,7)? and henc&)s(x, ). ThusPy, P, are medisimilar. O

Proposition 12. The medilocus of two intersecting conics is a line or a lineginig
a point only if they are medisimilar.

Proof. Clearly, k # 0, 1.

We will need to consider the coefficients Bf, P», so let us again assume that
the distinguished intersection points is the origin and e can express our two
conics as

Pi: Riz? + Syxy + Thy? + Viz + Wiy = 0, (14)
Py : Rox? + Soxy + Toy? + Vax + Way = 0, (15)

with constantsR;, Sl, T, Vi, W1, Rs, 52, T, Vo, Wo.

Through a proper choice of coordinates, we may express tli#ones as a
vertical linex = ¢ for some constant, which may or may not be missing a point.
First, we note that cannot be zero. The line = 0 intersectsP;, P, at most twice
each, and so the medilocus cannot intergeet 0 infinitely many times.

Butif cis nonzero, the medilocus does not interseet 0 at all. But this means
x = 0 cannot intersect twice botR; and P,. In algebraic terms, we know that
x = 0 intersectsP;, P, at the origin and at W, /Ty, —W, /T, respectively. Thus
at least one ofV, 11, W5, T5 must be zero. WV is zero, P, is tangent tor = 0
at the origin, and sa@ = 0 now cannot intersed?, twice: in other words\V; = 0
impliesWy = 0 or Ty, = 0. If W5 is zero, bothP;, P, would be tangent ta = 0,
and so the origin will be in the medilocus. Thus we must have= 0. In other
words,W; = 0 impliesT, = 0, and we similarly havé, = 0 implying 77 = 0.
We thus must have eithdl, = 0 or 7> = 0. Without loss of generality we let
Ty =0.

All the points in the medilocus must hawevaluec # 0. By appropriate scaling,
we may without loss of generality set= 1. Thus with reference to Lemma 7 and
in particular (3), we then find that the coefficientsigf P, must satisfy

Lk (- s ) H 00 (m e ) 69
for all but at most onen. We may simplify (16) into
(Ry + S1m)(R2 + Som + Tgmz)
= — k(Ry + Som + Tom?)(Vy + Wim) — (1 — k)(Ry + Sym)(Va + Wam),
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which in turn reduces to
((Rl + Slm) + k(Vl + Wlm))(RQ + Som + Tgmz)
= — (L= k)(Ry 4 S1m) (Vo + Wam). a7)

Since this equality holds for infinitely many valuesraf all the coefficients must
be zero. Looking at the:? coefficient, we deduce that eith§ + k1W; = 0, or
T, =0.

If T, # 0, we must haveS; + kW; = 0. Since (17) now impliesR; +
S1m)(Vo+Waom) is a scalar multiple oy + Som +Tym?, this means tha;, Wy
both nonzero. But since we hay®, +S,m)(Va+Wam) = C(Ra+Som~+Tom?)
for some constant’, we may writem = y/2 and then multiply both sides by?,
to determine thatax + Wy divides Rox? + Saxy + Thy?, contradicting Lemma
5.

Thus it is necessary thd&, = 0. However, as we reevaluate (16), we note
that there appear to be no solutions of the medilocus at —R;/S; andm =
—Ry/S5. Since the medilocus is the line = ¢ missing at most one point, it is
necessary thaf; = 0, So = 0, or —R;/S1 = —R2/S>. The last case immediately
implies thatP;, P, are medisimilar, so we consider the first two cases.

If we start by assuming; = 0, note now thai?; must be nonzero, otherwigg
has no quadratic terms. Recall tHat= 7, = 0. Then by comparing coefficients
in (17) we have:

SoWy = 0, (18)
RSy = —k(RoWh + SoV1) — (1 — k)R Wo, (19)
RiRs = —kRoVi — (1 — k)RyVa. (20)

Based on (18), we are dealing with two subcad&s:= 0 or Sy = 0.
If Sy # 0, W1 = 0. If Ry = 0 as well, then (20) implies thaf, = 0. But then
P; reduces tdVsy + Sexy, contradicting either Lemma 4 or Lemma 5.
Thus we must havé&s nonzero, and since we assumiégd = 0 (19) and (20)
imply
RiWy  Ri+kVI RV
Sy 1-k Ry~
But this impliesiV, /Ss = V5 /Ry, again contradicting Lemma 5.
Thus we deducé,; = 0, and we now havd; =T, =51 = S, = 0,s0P;, P
must now be medisimilar. If we start by assumisig= 0, we analogously deduce
thatS; = 0 as well, and thaP;, P, are medisimilar. O

Proposition 13. The medilocus of two intersecting conics is a point onlyajtare
medisimilar.

Proof. We can discount the possibility that the weighequals0O or 1. We shall
set the distinguished intersection point at the center,sandie may once again
define our conics’;, P, as in (1),(2). We claim that if the medilocus is a single
point, that point must be in the center. Consider any linehefformy = mx
through the center. It intersects the first conic sectignat the origin and at =
—L1(1,m)/Q1(1,m), and it intersects the second conig, at the origin and at
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x = —Ly(1,m)/Q2(1,m). Thusif@,(1,m), Q2(1,m) are both nonzero, then the
medilocus has a point on the lipe= max (note thatl; (1, m) = 0,Q1(1,m) # 0
or Ly(1,m) = 0,Q2(1,m) # 0 respectively imply thay = mux is tangent taP;
or P, at the origin).

But clearly@; (1, m), Q2(1,m) have at most two roots each, and so except for
at most four values af:, the medilocus intersecis= max. Thus if the medilocus
consists of exactly one point, that point must be the origin.

By Lemma 7, (3) must have no solutions. This means that

kLl(x7 y)Q2(x7 y) + (1 — k)LZ(x7 y)Q1($, y)
Q1(z,y)Q2(z, y) ’

is either zero or undefined for all choicesafy. If Q1(x,y) is zero at(a, b), it
must be zero on the lind/; (x,y) through (0,0) and (a,b). ThusQ:(z,y) =
M;i(z,y)Ny(z,y) for some linear formN;. Similarly, if Q2(x,y) has a non-
origin solution, it must factor into linear form@,(z,y) = Ma(z,y)Na(z,y) as
well. Since@1(z,y)Q2(z,y) cannot be identically zero the expression (21) can
be undefined on at most four lines through the origin. But ttenexpression
kL1 (x,y)Q2(x,y) + (1 — k) La(z, y)Q1(z, y) is @a homogeneous cubic inandy
. Note that if(a,b) # (0,0) is a solution to a homogeneous cubic the entire line
through (0,0) and (a,b) is as well, and by Lemma 10 the equation for that line
must divide the homogeneous cubic. Thus the numerator 9fi¢2dither iden-
tically zero, or zero on at most three lines through the origive knowF is an
infinite field, and so there are infinitely many lines througk brigin. Since the
expression in (21) must be zero or undefined everywhere, ndude that

By Lemma 5, we know thaLl;(x,y) cannot divideQ:(z,y), and thatL,(z,y)
cannot divideQs(z, y). Thus it must be true thdt, (x,y) and Ls(x, y) are scalar
multiples of each other. We note here that neithefz, y) nor Ly(z,y) can be
identically zero by Lemma 4. But then this implies tidat(z, y) andQs(z, y) are
scalar multiples of each other. This, P, are medisimilar. O

(21)
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The Droz-Farny Circles of a Convex Quadrilateral

Maria Flavia Mammana, Biagio Micale, and Mario Pennisi

Abstract. The Droz-Farny circles of a triangle are a pair of circleseqfial
radii obtained by particular geometric constructions.His paper we deal with
the problem to see whether and how analogous propertiesnaf/clicity hold
for convex quadrilaterals.

1. Introduction

The Droz-Farny circles of a triangle are a pair of circlesafia radii obtained
by particular geometric constructions [4]. L'€tbe a triangle of verticedl, A,
As, with circumcenteiO and orthocenteH . Let H; be the foot of the altitude of
T at A;, and M; the middle point of the sidel; A, (with indices taken modulo
3); see Figure 1.

Figure 1.

(a) If we consider the intersections of the cirdig(O) (centerH; and radius
H;0) with the line A;, 1 4;. 2, then we obtain six points which all lie on a circle
with centerH (first Droz-Farny circle).

(b) If we consider the intersections of the cirdlé (H ) (center)M; and radius
M; H) with the line A; A; 11, then we obtain six points which all lie on a circle with
centerO (second Droz-Farny circle).

The property of the first Droz-Farny circle is a particulaseaf a more general
property (first given by Steiner and then proved by Droz-Fann1901 [2]). Fix
a segment of length, if for ¢ = 1,2,3, the circle with centerd; and radiusr
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intersects the linéd/; M, 5 in two points, then we obtain six points all lying on a
circle I with centerH. Whenr is equal to the circumradius af we obtain the
first Droz-Farny circle (see Figure 2).

Figure 2.

In this paper we deal with the problem to see whether and halogaus prop-
erties of concyclicity hold for convex quadrilaterals.

2. An eight-point circle

Let A1 A2;A3A4 be a convex quadrilateral, which we denote @y and letG
be its centroid. LeV be the Varignon parallelogram €}, i.e., the parallelogram
My Moy Ms My, whereM; is the middle point of the sidel;A; ;. Let H; be the
foot of the perpendicular drawn frod¥; to the lineA; 2 A;13. The quadrilateral
H{HyH3H,4, which we denote b#, is called the principal orthic quadrilateral of
Q [5], and the linesM; H; are the maltitudes o). We recall that the maltitudes
of Q are concurrent if and only i€ is cyclic [6]. If Q is cyclic, the point of
concurrency of the maltitudes is called anticenterQp{7]. Moreover, if Q is
cyclic and orthodiagonal, the anticenter is the commontpafithe diagonals 0€)
(Brahmagupta theorem) [4]. In generalQ)fis cyclic, O is its circumcenter and
its centroid, the anticentdd is the symmetric o with respect ta~, and the line
containing the three pointd, O and(G is called the Euler line o).

Theorem 1. The vertices of the Varignon parallelogram and those of tiecipal
orthic quadrilateral ofQ, that lie on the lines containing two opposite side€)pf
belong to a circle with centefr.
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As Hy Mo Az

Figure 3.

Proof. The circle with diameten; M3 passes througH; andHs, because’ M, H, M3
andZ M, Hs Ms are right angles (see Figure 3). Analogously, the circlédiam-
eter M, M, passes throughs and Hy. O

Theorem 1 states that the vertices\ofand those oH lie on two circles with
centerG.

Corollary 2. The vertices of the Varignon parallelogram and those of tivecipal
orthic quadrilateral of Q all lie on a circle (with center G if and only if Q is
orthodiagonal.

Proof. The two circles containing the vertices Bfand H coincide if and only if
MyMs = MsMy,i.e,ifand only if V is a rectangle. This is the case if and only if
Q is orthodiagonal. O

If Q is orthodiagonal (see Figure 4), the circle containingladl vertices ofV
andH is the eight-point circle o€} (see [1, 3]).
Ay

Figure 4.
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3. The first Droz-Farny circle

Let Q be cyclic and letD and H be the circumcenter and the anticenteif
respectively. Consider the principal orthic quadrilatdfawith verticesH,, H,
Hs, Hy. Let X; and X be the intersections of the circlé;(O) with the line
A;12A;13 (indices taken moduld). Altogether there are eight points.

Theorem 3. If Q is cyclic, the pointsX;, X/ that belong to the lines containing
two opposite sides &) lie on a circle with centei .

Figure 5.

Proof. Let us prove that the point&;, X|, X3, X} are on a circle with centeff
(see Figure 5). Sincél is on the perpendicular bisector of the segm&ntX},
we haveHX; = HX/. Moreover, sinceX; lies on the circle with centef/,
and radiusOHy, H X1 = OH,. By applying Pythagoras’ theorem to triangle
HH,{ X, and Apollonius’ theorem to the mediaid; G of triangle OH H,, we
have

1
HX} = HH} + H\X} = HH} + OH} = 2H,G* + JOH”.
Analogously,
1
HX? = 2H3G* + §OH2.

But from Theorem 1H; andHj3 are on a circle with cente®, thenH1G = HsG.
ConsequentlyH X; = H X3, and it follows that the pointX,, X, X3, X} are on
a circle with centerd.
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The same reasoning shows that the poiXits X%, X,, X} also lie on a circle
with centerH. O

Theorem 3 states that the points, X/, i = 1,2, 3,4, lie on two circles with
centerH.

Corollary 4. For a cyclic quadrilateralQ, the eight pointsX;, X/, i = 1,2, 3,4,
all lie on a circle (with centerH) if and only ifQ is orthodiagonal.

Proof. The two circles that contains the poims, X and coincide if and only if
H,G = H,G = H3G = H,G, i.e, if and only if the principal orthic quadrilateral
is inscribed in a circle with cent&r. From Corollary 2, this is the case if and only
if Q is orthodiagonal. O

As in the triangle case, ) is cyclic and orthodiagonal, we call the circle con-
taining the eight points\;, X/, i = 1,2, 3, 4, the first Droz-Farny circle of.

Theorem 5. If Q is cyclic and orthodiagonal, the radius of the first Droz-Fgr
circle of Q is the circumradius 0€).

Figure 6.

Proof. From the proof of Theorem 3 we have

1
HX?=2H,G? + §OH2. 1)
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Moreover,M3As = M3 H sinceQ is orthodiagonal and A3 H A, is a right angle
(see Figure 6). By applying Pythagoras’ theorem to the gt@® M3 A3, and
Apollonius’ theorem to the mediah/;G of triangleO M3 H, we have

OA3 = OM3 + M3A%2 = OMZ + M3zH? = 2M3G? + %OH?
SinceMsG and H1G are radii of the eight-points circle @&,
OA3 =2H,G? + %OHQ. 2
From (1) and (2) it follows that{ X; = O As. O

4. The second Droz-Farny circle

Let Q be cyclic, with circumcente© and anticente. Fori = 1,2, 3,4, let
Y; andY;/ be the intersection points of the ling; 4,1, with the circle M;(H).
Altogether there are eight points.

Theorem 6. If Q is cyclic, the point¥;, Y/ that belong to the lines containing two
opposite sides df lie on a circle with cente).

Figure 7.

Proof. Let us prove that the points;, Y/, Y3, Y3 are on a circle with cente? (see
Figure 7).
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SinceO is on the perpendicular bisector of the segmgpit/, OY; = OY.
Moreover, sinceY; lies on the circle with centeb/; and radiusH M7, M1Y; =
H M. By applying Pythagoras’ theorem to triangle\/; Y7, and Apollonius’ the-
orem to the mediad/; G of triangleO M, H, we have

OY{ = OM? + M\Y? = OM? + HM? = 2M,G? + %OHZ.
Analogously,
OY$ = 2M3G? + %OHQ.
SinceG is the midpoint of the segmenit/; M3, OY; = OYs. It follows that the
pointsYy, Y/, Y3, Y{ lie on a circle with cente©.

The same reasoning shows that the poiatsyy, Yy, Y, also lie on a circle with
centerQ. O

Theorem 6 states that the poirits Y/, i = 1,2, 3,4, lie on two circles with
centerO.

Corollary 7. For a cyclic quadrilateralQ, the eight pointy;, Y/, i = 1,2,3,4,
all lie on a circle (with centerQ) if and only ifQ is orthodiagonal.

Proof. The two circles that contain the poirit3, Y/, = 1,2, 3, 4, coincide if and
only if MG = M>G, i.e, if and only if My Ms = MyMy. This is the case if and
only if Q is orthodiagonal. O

Figure 8.

If Q is cyclic and orthodiagonal, we call the circle containihg eight points
Y/, Y/, i = 1,2,3,4, the second Droz-Farny circle €. But observe that the
circle with diameter a side df) passes througk/, because the diagonals Qfare
perpendicular. The points;, Y; are simply the verticesl; of Q, each counted
twice. The second Droz-Farny circle coincides with thewincircle of Q (see
Figure 8).



116 M. F. Mammana, B. Micale and M. Pennisi

5. An ellipse through eight points

Suppose tha® is any convex quadrilateral and &t be the common point of
the diagonals o€). Consider the Varignon parallelograid;, MsMsM, of Q. Let
us fix a segment of length greater than the distance 4f from the lineM;_, M;,

i =1,2,3,4. Let Z; and Z/ be the intersections of the circle with centér and
radiusr with the line M;_, M;. We obtain altogether eight points.

Let p; be the perpendicular drawn frod; to the lineM;_, M;, and letC; be
the common point op; andp;; (see Figure 9). Sincg; andp;., are the perpen-
dicular bisectors of the segmenifsZ; andZ;, 1 Z; , | respectively, we have

Theorem 8. The pointsZ;, Z;, Z; 11, Z; ., lie on a circle with centeC;.

Figure 9.

Theorem 8 states that there are four circles, each passiaggth the points
Z;, Z!, that belong to the lines containing two consecutive sidehe Varignon
parallelogram ofQ (see Figure 10).

Theorem 9. The eight pointsZ;, Z/, i = 1,2, 3,4, all lie on a circle if and only if
Q is orthodiagonal.

Proof. Suppose first that the eight poirits, Z/, i = 1,2, 3, 4, all lie on a circle. If
C is the center of the circle, then ea€h coincides withC'. Since the linesA,C,
and A3 C5 both are perpendicular té; A4, the pointC' must lie onA; A3 and then
Q is orthodiagonal.

Conversely, lefQ be orthodiagonal. Sincé; A3 is perpendicular td/; My, the
point C; lies on A; As. Since Ay Ay is perpendicular taV/; Ms, Cy also lies on
A Ay. It follows thatCy coincides withK . Analogously, each of'y, Cs, Cy also
coincides withK, and the four circles coincide each other in one circle wéhter
K. O
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Figure 10.

Because of Theorem 9 we can state thd})ifs orthodiagonal, the eight points
Z;, Z!,i=1,2,3,4, all lie on a circle with centeK (see Figure 11).

Figure 11.

Corollary 10 below follows from Theorem 5 and from the faetttim a cyclic and
orthodiagonal quadrilater&) the common point of the diagonals is the anticenter

of Q.
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Corollary 10. If Q is cyclic and orthodiagonal, the circle containing the digh
points Z;, Z!, i = 1,2, 3,4, obtained by getting the circumradius @ as r, coin-
cides with the first Droz-Farny circle @).

We conclude the paper with the following general result.

Theorem 11. If Q is a convex quadrilateral, the eight poin, Z/,i = 1,2, 3,4,
all lie on an ellipse whose axes are the bisectors of the anétween the diag-
onals ofQ. Moreover, the area of the ellipse is equal to the area of aleiwith
radiusr.

Figure 12.

Proof. We set up a Cartesian coordinate system with axes the hisagftthe an-
gles between the diagonals &. The equations of the diagonals are of the form
y = mx andy = —mxz, with m > 0. The vertices ofQ have coordinates
Al(al, mal), AQ(&Q, —TTLCLQ), Ag(ag, mag), A4(a4, —ma4), with ap,ay > 0
andas, a4 < 0. By calculations, the coordinates of the poiftsand Z; are

a; £ \/(m2 + 1)r2 —m2a? m3a; F \/(m2 + 1)r2 — m2a?
m? 41 ’ m? 41

These eight point&;, Z/, i = 1,2, 3, 4, lie on the ellipse

mia? 4+ y? = m*r?, (3)

Moreover, since the lengths of the semi axes of the ellipse.aandmr, the area
enclosed by the ellipse is equalto?. O
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Note that (3) is the equation of a circle if and onlyif= 1. In other words, the
ellipse is a circle if and only if) is orthodiagonal.
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Solving Euler’s Triangle Problems with Poncelet’s Pencil

Roger C. Alperin

Abstract. We determine the unique triangle given its orthocentecuoncenter
and another particular triangle point. The main technigue realize the triangle
as special intersection points of the circumcircle and taregular hyperbola in
Poncelet’s pencil.

1. Introduction

Euler’s triangle problem asks one to determine a trianglernwgiven its or-
thocenterH, circumcenterO and incenter/. This problem has received some
recent attention. Some notable papers are those of Scimi@pigmith [11], and
Yiu [12]. It is known that the solution to the problem is notil@ér-compass) con-
structible in general so other methods are necessary. leon@g, Yiu solves the
Euler triangle problem with the auxiliary construction o€tabic curve and then
realizes the solution as the intersection points of a rectian hyperbola and the
circumcircle.

From the work of Guinand [5] we know that a necessary and serfficondition
for a solution is that lies inside the circle with diamet&¥ H (G is the centroid)
but different from.V, the center of Euler’s nine-point circle.

We approach these triangle determination problems byziaglthe triangle ver-
tices as the intersections of the circumcircle and a reclandyperbola in the
Poncelet pencil. We can solve Euler’s triangle problem gigitther Feuerbach'’s
hyperbola or Jerabek’s hyperbola. We establish some fuptloperties of the Pon-
celet pencil in order to prove that the triangle is uniqguettedmined. For the
solution using Jerabek’s hyperbola we use some methodesigggby the work
of Scimemi. As an aid we develop some of the relations betWealtace-Simson
lines and the Poncelet pencil.

Also we use Kiepert’'s hyperbola to solve (uniquely) thengle determination
problem when giver®, H and any one of following: the symmedian polffit the
first Fermat pointF,., the Steiner poinb; or the Tarry point/,.

2. Data

Suppose that the three poirdds H, I are given. As Euler and Feuerbach showed,
OI’* = R(R—2r)and2NI = R—2r, whereR is the circumradius andis the in-
radius, and we havg = %. The nine-point circle has centéf, the midpoint of
OH and radius‘;i. Thus the circumcircl€ and the Euler circle can be constructed.
The Feuerbach poink, can now also be constructed as the intersection point of
the nine-point circle and the extension of the rdy beginning at the cente¥ of
the nine-point circle and passing through the incenhtgi 2]).
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Figure 1. Feuerbach and Jerabek Hyperbolas

The Poncelet pencil is a pencil of rectangular hyperbolésradened by a trian-
gle, namely, the conics are the isogonal transforms of treslthroughtO ([1]). It
can be characterized as the pencil of conics through theeesmf the given trian-
gle where each conic is a rectangular hyperbola. The FecteihgerbolaF is the
isogonal transform of the lin@1; this has the Feuerbach poiff as its center. It
is tangent to the lin@®1 at the point/. Thus the five linear conditions: rectangular,
duality of F,, and the line at infinity, duality of and the lineOI determine the
equation for the rectangular hyperbafaexplicitly, without knowing the vertices
of the triangle.

Generally, two conics intersect in four points. The fouremections of the
Feuerbach hyperbola and the circumcircle consists of tteetiniangle vertices to-
gether with a fourth point, called the circumcircle pointioé hyperbola ([1]). The
point Z on the line throughd, F, with HF, = F,.Z is a point on the circumcircle
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since the central similarity &l with scale2 takes the nine-point circle to the cir-
cumcircle. We show (Proposition 3) that this poitis the circumcircle point of
Feuerbach’s hyperbola, that i5,is also on Feuerbach’s hyperbola.

The solution to the Euler triangle problem fox, I, H is now given by the fol-
lowing.

Theorem 1. Suppose thaf # N is interior to the open disk with diametéfH .
Let F be the rectangular hyperbola with centgf and duality of/ with line O1.
The intersection aof with the circumcircleC consists of the circumcircle poirit
and the vertices of the unique triangeBC' with incenter/, orthocenterHd and
circumcenterO.

The solution to Euler’s problem is unique, when it existacsithere is no am-
biguity in determining which three of the four points of irgection of the circum-
circle and hyperbola are the triangle vertices.

However, if the circumcircle poin is a triangle vertex, then Feuerbach’s hy-
perbola is tangent to the circumcircle at that vertex. Is taise we can construct a
vertex and so the triangle is actually constructible byrratempass methods. This
situation arises if and only if the lin& F, is perpendicular t@)/ as we show in
Proposition 4.

Corollary 2. We can solve the triangle problem when givend and either the
Nagel pointN, or the Spieker cente$,,.

Proof. We use the fact that the four poinfsG, S;,, N, lie on a line with ratio
IG : GSp : SpN, = 2 :1: 3. GivenO, H we can constructy, and then given
eitherS, or N,, we can determiné. Thus we can solve the triangle problem with
the hyperbolaF as constructed in Theorem 1. O

3. Poncelet Pencil

In this section we develop the results about the Poncelalilpesed in the proof
of Theorem 1.

SupposeA is a triangle with circumcircle®. For A the isogonal transform
of the lines through the circumcentér gives the Poncelet pencil of rectangular
hyperbolas discussed in [1]. The centers of these hypestiel@n the nine-point
circle. The orthocenteH lies on every hyperbola of this pencil.

Let P be a hyperbola of the Poncelet pencil. The coRi@andC meet at the
vertices ofA and a fourth point.

Thus we have the following result.

Proposition 3. Let P be the hyperbola of the Poncelet pencil whose cent&¥ is
The pointZ so thatHW = W Z on the lineHW is on the circumcircle ofA and
the hyperboldP.

Proof. A rectangular hyperbola is symmetric about its center. lderay line
through the center meets the hyperbola in two points of edisénce from the
center. Thus the lindgd1W meetsP at another pointZ so thatW 2z = HW.
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Since the central similarity atf with scale factor 2 takes the Euler circle to the
circumcircle then the point is also on the circumcircle. O

The Z is called the circumcircle point of the hyperbdgha It may happen that
this pointZ is one of the vertices ah. The center of the hyperbola is denoféd

We analyze that situation. A point on XC is a vertex if and only ifHY is an
altitude. So ifZ is a vertex thenH Z is an altitude and henc@” also lies on an
altitude sinceZ lies onHW. Conversely, ifiV lies on the altitude the& also lies
on that altitude and hence is a vertex.

Proposition 4. A hyperbolaP of the Poncelet pencil with cent&V is tangent to
the circumcircle if and only if7 W is perpendicular tol = P* if and only if the
circumcircle pointZ is a vertex of the triangle.

Proof. If Z is a vertex then its isogonal transform is at infinity B4’ and on the
transform£ = P*. HenceL is parallel toBC. Thus from the remarks abovE,W
is an altitude if and only if the circumcircle point is a vert@ hen tangency of the
circumcircle and hyperbola occurs if and onlyHfIV is perpendicular t&€. [

Figure 2. Triangle is constructible whén/ is perpendicular tdd F.. Relation
to Feuerbach hyperbola.
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In this tangent case we can solve the Euler triangle problasiiyewith ruler
and compass if we have the hyperbola’s cemtesince then we can construct the
vertexC' = Z. The other vertices are then also easy to obtain: on the(liGe
construct the pointV/ with ratio CG : GM = 2 : 1. The line through)M,
perpendicular tadZ C meets the circumcircle at two other vertices of the triangle

For the case of Feuerbach hyperbdld, = F.; the pointZ is a vertex if and
only if OI is perpendicular tdd F.,.

4. Solution with Jerabek’s Hyperbola

We now develop some of the useful relations between the Rermencil, cir-
cumcircle points and Simson lines. These allow us to prozedtation of Scimemi’s
Euler point to the circumcircle point of Jerabek’s hypegbol

4.1 Simson Lines and Orthopolé&ee [6,5327-338, 408]. Denote the isogonal
conjugate ofX by X*.

Theorem 5. For S on the circumcircle of triangleABC, SS* is perpendicular
to the Wallace-Simson line ¢, i.e., S* lies on the Wallace-Simson line of the
antipodeS’ of S.

Proof. From [4] the Wallace-Simson line & passes through the isogonal conju-
gateT™ of its antipodal pointl’ = S’. Thus it is perpendicular t§'5* since the
angle betweerf™ and S* is 90 degrees, the angle being halved by the isogonal
transformation. O

Theorem 6. Consider the lineC though the circumcenter of trianglé BC, meet-
ing the circumcircle al/, U’. LetK = L*.

(i) The Wallace-Simson lines bt U’ are asymptotes df and meet at the center
W (KC) of K on the nine-point circle of trianglel BC'.

(i) The centedV (K) is the orthopole of.

(i) The Wallace-Simson line 6f(K) is perpendicular toC. This line bisects the
segment fronH to C'(K) at W (KC).

Proof. The asymptotes of are the Wallace-Simson lines of the isogonal conju-
gates of the points at infinity o, [4, p. 196]. Hence the center & is the
orthopole ofC* = L (see [6,5406]).

A dilation at H by % takes the the circumcircle to the nine-point circle. The
Wallace-Simson line of any poirfi on the circumcircle bisects the segméht
and passes through a point of the nine-point circlesg27]. Thus midpoints of
U,U’ with H are antipodal points on the nine-point circle and lie on At
Simson lines (asymptotes ).

The isogonal transform of the circumcircle poitK) lies on the linel = K£*
and the line at infinity. Thus the Wallace Simson lin&dfC) is perpendicular t&
by Theorem 5. In [6,5406] a pointl¥ is constructed fron/ U* so that its Wallace-
Simson line is perpendicular t5U*. Thus by uniqueness of the directions of
Wallace-Simson lines this poift” is C(K). As shown there the Wallace-Simson
line of W is also coincident with the Wallace-Simson lines of bGtandU’. Thus
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W = C(K) is the dilation by2 of the center of the right hyperbola a#diV" is
bisected by the Wallace-Simson lineldf at the center oK. O

4.2, Scimemi has introduced the Euler poifitin [10]. He shows that it is con-
structible from givenO, H,I. Following Scimemi’s Theorem 2 ([10]) and the
previous theorems we obtain the following.

Corollary 7. Let £ be a line through the circumcenter of triangleBC, K = L*,

W = C(K) the circumcircle point ofC. Then the reflection dfi’”’, the antipodal
of W, in the sides oA BC' lie on a line passing througli, which is parallel tol

and perpendicular to the Wallace-Simson lind6f

Scimemi’s Euler point® is the point of coincidence of the reflections of the
Euler line in the sides of the triangle. Thus it is antipodetite circumcircle point
of Jerabek’s hyperbola defined liy= L£*, where, is the Euler line.

Hence we can construct the center of Jerabek’s hyperbala giis the midpoint
of HE. Thus Jerabek’s hyperbola is determined linearly from thadit is a
rectangular hyperbola; it passes throudhand O; there is a duality of its center
with the line at infinity.

4.3, Construction with Feuerbach and Jerabek Hyperbold#e can use both Feuer-
bach’s and Jerabek’s hyperbolas to determine the triaitie.common points are
the triangle vertices and the orthocentér

5. Construction with Kiepert’s hyperbola

In [2] it is shown that the symmedian poiaf ranges over the open disk with
diameterGH punctured at its center.

Theorem 8. We can uniquely determine the triangle when giger and K.

Proof. It is known that the centdi” of Kiepert's hyperbol&C is the inverse ofK’
in the orthocentroidal circle with diametétH and centet/ [7]. Thus the center
W is constructible giverQ, H, K. Since this point is the intersection of the ray
J K with the Euler circle, we also can construct the radius offhker circle and
hence also the radius of the circumcircle. Hence we may ngrighe circumcircle
since the cente® is given.

We can provide linear conditions to determine Kiepert'sénpolak: rectangu-
lar hyperbola, duality of/ and the line at infinity, passing throughand H.

The circumcircle pointZ is the intersection oH W with the circumcircle. The
four intersections of Kiepert's hyperbola and the circuiclei are the points of the
triangle and the poink. O

Thus also the triangle is uniquely determined and rulerfmasa constructible if
Kiepert's hyperbola is tangent to the circumcircle. Thistleondition is equiva-
lent to HW is perpendicular to the lin® K, whereW is the center of Kiepert's
hyperbola.
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5.1 Kiepert’'s Hyperbola and Fermat's Point$siven O, H and the first Fermat
point F;, we can construct the second Fermat pdint since it the inverse of
F in the orthocentroidal circle [2, p.63]. The centérof Kiepert's hyperbola is
the midpoint of these two Fermat points [4, p.195]. Thesealitmmms determine
Kiepert’s hyperbola: rectangular, centéft, passing througli-, H.

Now also we can construct the circumcircle polit of Kiepert's hyperbola
since it is the symmetry abodf of the orthocenter pointf. Now we have the
centerO and W a point of the circumcircle. Hence we can now determine the
triangle uniquely.

Jerabek

Figure 3. Kiepert Hyperbola, Jerabek Hyperbola, SteinElgpse and Euler
PointE

5.2 Kiepert's Hyperbola and Steiner or Tarry point8Vith O and either the Steiner
or Tarry point we can construct the circumcircle of the desiriangle since each
of these points lies on the circumcircle. Moreover, singe Tarry point is the
circumcircle point of Kiepert’'s hyperbola [7] we may consit the center of the
Kiepert hyperbola. Also Steiner’s point is antipodal to sry point on the cir-
cumcircle so we may use the Steiner point to determine thiecerhus using the



128 R. C. Alperin

duality of the line at infinity and the center of the Kieperplybola, we may de-
termine the rectangular hyperbola also passing thra@kighd H. This is Kiepert’'s
hyperbola, so the intersections of this with the circunieigive the triangle and
the Tarry point. Thus the triangle is uniquely determined.

Figure 4. Relations to Orthocentroidal Disk

5.3 Location of the Symmedian poirtsince the center of Kiepert's hyperbola lies
on the nine-point circle, we can obtain the location of thesyedian pointK” by
inversion in the orthocentroidal circle.

The familiar formula for inverting a circl€ of radiusc in a circle K of radiusk
gives a circleC’ of radiusc’ with ¢?(d? — ¢2)? = k*c?, whered is the distance of
the center of’ from the center ok.

In the case of inverting the nine-point circle in the orthatceidal circle, we

havek = 2d = @£, ¢ = & and the circleC’ has centel” on the Euler line. Thus

we have thalX = K satisfies the equatioi X? = ¢? = (drfi‘;)Q = (3@?_152)2.
As a comparison, one knows that the incenter= I satisfies the quartic equation
OX* = 4R?. JX? [5]. In addition, it is known that the symmedian point ([2Hch

incenter! ([5]) lie inside the orthocentroidal circle with centér

5.4. Tangent Lines at Fermat Point§See Figure 4. The Fermat points lie on the
line through the centelV (K') of Kiepert's hyperbola; also the symmedida,
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W (K), J lie on the same line sincE,. andF_ are inverses in the orthocentroidal
circle with centerJ [7].

The Kiepert hyperbola is the isotomic transform of the liheoigh H*® and
G, where H? is the isotomic transform off [4]. Since( is a fixed point of the
isotomic transformation this line is tangent to the hypé&ataG. As shown in [3],
H? is the symmedian of the anticomplementary triangle, so ¢h £ is also on
that line andH*G : GL =2 : 1.

LetY be the dual of lingzH in Kiepert's hyperbola; the lies on the tangent
line H°G to G; hence the dual off passes through. Since.J is the midpoint
of GH then the lineJY passes through the cenfiéf(K). But we have already
shown thatk is on the lineJW (K) and H°G; thusY = K. Consequently the
dual of any point onGH passes througlk’; in particular the dual of the point at
infinity on GH passes througlk and the centeiV (K). Consequently the two
intersections of this line with the conié¢;, and F_ have their tangents parallel to
the Euler lineGH.

Remark.The editors have pointed out the very recent reference [9].

References

[1] R. C. Alperin, The Poncelet pencil of rectangular hypéals, Forum Geom.10 (2010) 15-20.
[2] C.J.Bradley and G. C. Smith, The locations of triangletees,Forum. Geom.6 (2006) 57-70.
[3] Nathan Altshiller-CourtCollege GeometryBarnes & Noble, 1952.
[4] R. H. Eddy and R. Fritsch, The conics of Ludwig Kiepdvtath. Mag, 67 (1994) 188—205.
[5] A. Guinand, Euler lines, tritangent centers, and thiamgles Amer. Math. Monthly91 (1984)
290-300.
[6] R. A. JohnsonModern GeometryHoughton-Mifflin, 1929.
[7] C. Kimberling, Central points and central lines in thare of a triangleMath. Mag, 67 (1994)
163-187.
[8] C. Kimberling, Encyclopedia of Triangle Centers
http://faculty. evansville. edu/ ck6/ encycl opedi a/ ETC. ht m
[9] A. Ryba and J. Stern, Equimodular polynomials and tharigency theorems of Euler, Feuer-
bach and Guinandimer. Math. Monthly117 (2011) 217-228.
[10] B. Scimemi, Paper folding and Euler’s theorem revisiteorum Geom.2 (2002) 93-104.
[11] G. C. Smith, Statics and the moduli space of triangfesum Geom.5 (2005) 181-190.
[12] P. Yiu, Euler’s triangle determination probledgurnal for Geometry and Graphic§2 (2008)
75-80.

Roger C. Alperin: Department of Mathematics, San Jose &tabeersity, San Jose, California
95192, USA
E-mail addressal peri n@rat h. sj su. edu



Forum Geometricorum
Volume 11 (2011) 131-138.

FORUM GEOM
ISSN 1534-1178

More on the Extension of Fermat’s Problem

Nguyen Minh Ha and Bui Viet Loc

Abstract. We give an elementary and complete solution to the Fernadilgm
with arbitrary nonzero weights.

1. Introduction

At the end of his famous 1643 essay on maxima and minima,ePieriFermat
(1601-1665) threw out a challenge: “Let he who does not agpod my method
attempt the solution of the following problem: given threents in a plane, find a
fourth point such that the sum of its distances to the threengpoints is a mini-
mum!” Our Problem 1 is the most interesting case of his proble

Problem 1 (Fermat's problem)Let ABC be a triangle. Find a poin? such that
PA+ PB + PC'is minimum.

The first published solution came from Evangelist Torricg@llblished posthu-
mously in 1659. Numerous subsequent solutions are readthg found in books
and journals. Problem 1 has been generalized in differeps wehe generalization
below is presumably the most natural.

Problem 2. Let ABC be a triangle andz, y, z be positive real numbers. Find a
point P such thatr - PA+ y - PB + z - PC is minimum.

Various approaches to the solution of Problem 2 can be foar8,i6, 7, 8, 9,
11].

In 1941, R. Courant and H. Robbins [1] posed another problespiied by
Problem 1, replacing the weights1, 1 with —1, 1, 1. Unfortunately, their claimed
solution is flawed. Afterwards, other problems were suggkst the same spirit.
The following problem is among the most natural [2, 3, 4, 10].

Problem 3. Let ABC be atriangle andr, y, z be non-zero real numbers. Find a
point P such thatr - PA+ y - PB + z - PC is minimum.

The solution of problem 3 requires the solution of Problers @all as solutions
to Problems 4 and 5 below.

Problem 4. Let ABC' be a triangle andr, y, z be positive real numbers. Find a
point P such that-z - PA+y - PB + z - PC'is minimum.

Publication Date: June 14, 2011. Communicating Editor:hiisIFisher.
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Problem 5. Let ABC be a triangle andr, y, z be positive real numbers. Find a
point P such that-x - PA — y- PB + z - PC'is minimum.

Here is an easy solution of Problem 5z Ik x+y, then—x-PA—y-PB+z-PC
decreases without bound &8 goes toco, whence there exists no poift for
which the minimum is attained; otherwise, whewr x+y the minimum is attained
when P coincides withC'. The verification of our claim is straightforward.

Problem 4, on the other hand, is very tricky. A correct solutivas first intro-
duced in 1980 by L. N Tellier and B.Polanski employing trigaretry [10]. In
1998 J. Krarup gave a solution to problem 4 which was moreipéctits conclu-
sion [4]. In 2003 G. Jalal and J. Krarup [3] devised a différspiution to problem
4 based on a geometric approach. Four years later, anotbhiéosavas introduced
by G. Ganchev and N. Nikolov using the concept of isogonajugacy [2]. How-
ever, these solutions are somewhat complicated and noeatamy. In this article,
we aim to deliver a synthetic and elementary solution to erabt.

2. Solution to Problem 4

Let a, b, c be the lengths oBC, C' A, and AB of triangle ABC, respectively.
Without loss of generality we assume= a. Let f(P) = —a-PA+y-PB+z-PC.
The following is a summary of the main results.

(1) Whena, y, z are the side-lengths of a triangle, construct triadglBC' such
thatUC =y, UB = z andU, A are on the same side of liféC. There are three
possibilities:
(1.1): U is inside triangleABC. f(P) attains its minimum whetP is the
intersection point, other thdi, of line AU and the circumcircle of triangle
UBC.
(1.2): U = A. f(P) attains its minimum whert? lies on the arcBC' not
containing A of the circumcircle of triangld BC'.
(2.3): U is notinside triangled BC' andU is distinct fromA. The minimum
of f(P) occurs whenP = B or C or both, according ag(B) < f(C) or
F(B) > F(C) or f(B) = f(C).
(2) Whena, y, z are not the side-lengths of a triangle, we consider two poiiss.

(2.1): a > y + 2. There is naP such thatf(P) attains its minimum.
(22): a < y + z. The minimum off(P) occurs when? = Bor P = C
according agf(B) < f(C)or f(B) > f(C).
We shall make use of the following four easy lemmas in thetsmiuto the
Problem 4.

Lemma 1 (Ptolemy’s inequality) Let P be a point in the plane of triangld BC'.
(&) UnlessP lies on the circumcircle of trianglel BC', the three numberBC'- PA,
CA- PB, AB - PC are side lengths of some triangle.

(b) If P lies on the circumcircle of trianglel BC', then one of three numbefsC -
PA,CA- PB, AB - PC is the sum of the other two numbers. Specifically,
(i) If P lies on the arcBC' not containingA thenBC'- PA = CA-PB+ AB-PC.
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(ii) If P lies on the ara”' A not containingB, thenCA-PB = AB-PC+BC-PA.
(iii) If P lies on the arcAB not containing’, thenAB-PC = BC-PA+CA-PB.

Lemma 2 (Euclid 1.21) For any pointP in the interior of triangleABC, PB +
PC < AB + AC.

Lemma3. If ABCD is a convex quadrilateral, thed B + CD < AC' + BD.

Lemmad4. . Give an isosceles triangld BC with AB = AC, Az is the opposite
ray of the rayAB. For everyP lying insidexAC, we havePB > PC, with
equality whenP coincides withA.

Lemma 3 is just the triangle inequality applied to the paitrigingles formed by
the intersection point of the two diagonals together withehdpoints of the edges
AB andCD. Lemma 4 holds because every point to the side of the perpaadi
bisector of BC'is closer toC' than toB.

We now turn to the solution of Problem 4. There are two casesnsider.

Case 1. a,y, z are sides of some triangles. Construct trianglBC' such that
UC =y, UB = z and pointsU, A lie on the same side of lin&C'. There are
three possibilities.

(1.2) U is inside triangled BC (see Figure 1).

A

Figure 1.

Denote byl the intersection point, other théh of line AU and the circumcircle
of triangle U BC', which exists becausF lies inside triangleABC so that AU
meets the interior of segmeitC, which lies inside the circumcircle. Applying
Lemma 1 to trianglé/ BC' and an arbitrary poinP, we have

f(P)= —a-PA+CU-PB+UB-PC
—a-PA+ BC-PU = —a(PA— PU)
—a- AU

— ).
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The equality occurs wheR lies on the ardB3C' not containingl of the circumcir-
cle of triangle UBC andP lies on the opposite ray of the rayA, thatis,P =1. In
conclusion,f(P) attains its minimum value wheR = I.
(1.2) U = A (see Figure 2).

For every pointP, applying Lemma 1 to triangl& BC' and pointP, we have

f(P)=—a-PA+CU-PB+UB-PC > —a-PA+ BC - PU =0.

The equality occurs wheR lies on the ard3C' not containingA of the circumcir-
cle of triangleABC'. From this, we conclude thgt(P) attains its minimum value
when P lies on the ardBC' not containingA of the circumcircle of triangled BC.

Figure 2.

(2.3) U is not inside triangleABC and U is distinct from A. There are three
situations to consider.

(@) z — y = ¢ — b. Denote byAm and An, respectively the opposite rays of the
raysAB and AC.

@) If U lies inside anglen AC' (see Figure 3a), then quadrilatetaUC B is
convex. By Lemma 3, we hav€B + AC > UC + AB, which implies that
z—y=UB—-UC > AB — AC = ¢ — b, a contradiction.

(ii) If U lies inside anglenAB (see Figure 3b), we apply Lemma 3 to convex
quadrilateralAUBC: UB + AC < UC + AB. Hence,z —y = UB - UC <
AB — AC = ¢ — b, a contradiction.

(i) If U lies inside anglen An (see Figure 3c), theA lies inside trianglé/ BC.
By Lemma 2, we hav&/ B4+ UC > AB+ AC, which implies that{qUB — AB) +
(UC — AC) > 0. Thus, by vitue oUB — AB =z —c=y —-b=UC — AC,
we haveUB — AB=UC — AC > 0.
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n m n m n m

Figure 3a Figure 3b Figure 3c

Now, for any pointP, applying Lemma 1 to trianglel BC' and pointP, taking
into account tha’B 4+ PC > BC we have

f(P)= —a-PA4+UC-PB+UB-PC

= —BC-PA+ AC-PB+ AB-PC+ (UC — AC)PB+ (UB — AB)PC
(UB — AB)(PB + PC)
(UB — AB)BC
= a(UB — AB)
f(B) = f(O).
The equality occurs if and only ¥ lies on the ard3C' not containingA of circum-
circle of triangleA BC and P belongs to the segmeftC, i.e, P = Bor P =C.
In conclusion,f (P) attains its minimum value wheR = B or P = C.
B)z—y<c—b.

() UB — AB > 0. Similar to (a), note thallC — AC =y —b > z —c =

UB — AB > 0. Therefore, for any poinP,
f(P)> (UC - AC)PB+ (UB — AB)PC

(UB — AB)(PB + PC)
(UB — AB)BC

= a(UB — AB)

= f(B).
Equality holds if and only ifP lies on the ard3C' not containingA of the circum-
circle of triangleABC', P coincides withB, and P belongs to segmer#C. This
means thaP = B.

(i) UB — AB < 0. As before, denote bylm and An respectively the opposite
rays of the raysAB and AC. If U lies inside anglenAC (see Figure 4a), then
quadrilateralAU C'B is convex. By Lemma 3, we havéB + AC > UC + AB,
implying thatz —y =UB —UC > AB — AC = ¢ — b, a contradiction.

Thus,U andC are on different sides of lind B (Figure 4b). Sincé/ B < AB,

there is a pointl" on the segmenti B such thatl’B = UB. Hence, applying
Lemma 4 to isosceles triangleUT" and pointC, we havelUC > TC.

>
>

>
>
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Figure 4a Figure 4b

From this, applying Lemma 1 to trianglEBC' and an arbitrary poinP, we
have

f(P)> —a-PA+TC-PB+TB-PC 0)
> —a-PA+BC-TP (i)
— a(~PA+TP)
> —q- AT (iii)
= a(UB — AB)
= f(B).

Equality occurs if and only if (i)P = B, (ii) P lies on arcBC' not containingl’
of the circumcircle of triangld"BC, and (iii) P lies on the opposite ray of the ray
T A. Together these mean that= B.

Now we can conclude thgt( P) attains its minimum value wheR = B.
(c) z — y > ¢ — b. Similar to (b), interchanging with z andb with ¢ we conclude
that f (P) attains its minimum value wheR = C'.

Case 24, y, z are not side lengths of any triangle. There are two postsasili
2Y)a>y+ =
(8)a = y+ z. PointU is taken on the segmeRiC such thaty = UC andz = UB
(see Figure 5).
For every pointP we have
UC — UB

PU = PB + pC=Y.PB+Z2.PC
 BC BC a a '

It follows that
— — —
a-PU=|a-PU|=|y-PB+z-PC|<y-PB+z-PC.
Therefore,
f(P)=—a-PA+y-PB+z-PC > —a-PA+a-PU = —a(PA—PU) > —a-AU.

The equality occurs if and only if the vecto@, PC have the same direction
and pointP belongs to the opposite ray of the r&yA. However, these conditions
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A

Figure 5.

are incompatible, whence the equality can not be attaineds T
f(P) > —a- AU. 1)

For a sufficiently small positive value ef take U’ inside triangleABC' such
thatUU’ L BC andUU’ = £. Let P be the intersection, distinct frofi’, of the
line U’ A and the circumcircle o/’ BC' (which exists becausé’ is inside triangle
ABC as shown in Figure 5).

From (1), applying Lemma 1 to trianglé’ BC and P, we have

—a- AU < f(P)
= —a-PA+CU-PB+UB-PC
< —a-PA+CU -PB+UB- PC
= —a-PA+ BC - PU
= —a-AU'.
It follows that
If(P)—(~a-AU)| < |-a-AU'—(—a-AU)| = a| AU-AU’| < a-UU’ = a.g —e.

(2)
From (1), (2), we can affirm that there does not exist a p&imsuch thatf (P)
attains its minimum value.

(b) a > y + 2. For every pointP, we have
f(P)= —a-PA+4+y-PB+z-PC
= (—a+y+2)PA+y(PB— PA)+ 2(PC — PA)
< (-a+y+2)PA+y-AB+z- AC.

However, asP A tends to+oo, f(P) tends to—oo. This implies that there does
not exist a pointP such thatf (P) attains its minimum value.
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(22 a<y+z.
(8)y > z + a. For every pointP we have
f(P)= —a-PA+y-PB+z-PC

= a(PB—- PA)+ (y—z—a)PB+ 2(PB+ PC)
—a-BA+ z-BC

= f(B).
The equality holds if and only i = B. Hencef(P) attains its minimum value
whenP = B.

(b) z > y + a. Similarly, interchangingy with z andb with ¢, we conclude that
f(P) attains its minimum value wheR = C.

Y
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Moreon Twin Circles of the Skewed Arbelos

Hiroshi Okumura

Abstract. Two pairs of congruent circles related to the skewed adxmie given.

1. Introduction

We showed several twin circles related to the skewed arbiel¢2]. In this
article we give two more pairs, by generalizing two Archiread circle pairs in
[1]. We begin with a brief review of these circles. L@tbe a point on a segment
AB, anda, (3, v be the circles with diametet@ A, OB, AB respectively. We
denote one of the intersections pfand the radical axis ofe and g by I. The
intersection off A and o coincides with the tangency point af and one of the
external common tangents afand . The circle passing through this point and
touching the linelO is Archimedean; so is the one tangent/t@ and passing
through the intersection of with the external common tangent. These are the
circles Wy and W1 in [1] (see Figure 1). The circle touching internally and
touching the tangents gf from A is also Archimedean; so is the one tangent to
6 and the the tangents of from B. These are the circldd’s and W7 in [1] (see
Figure 2).

Y

Figure 1 Figure 2

Suppose the circles and have radiic andb respectively. We set up rectan-
gular coordinate system with origif, so thatA and B have coordinate§2a, 0)
and(—2b, 0) respectively. Consider a variable circle touchim@nd 3 at points
different fromO. Such a circle is expressed by the equation

<$_tb2_—ci>2+<y_§§\ia—f>2: <;ti>2 )
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for a real numbet # +1 [2]. We denote this circle by;. It is tangent tax at

B ( 2ab 2at\/%>

P\ a2 +07 a2 +b

and tog at

Bt=< 2ab 2bt\/ﬁ>.

Ca+ b2 a+ b2
The tangency (in both cases) is internaltif < 1 and external ifit| > 1. The
configuration(«, 3, ;) is called a skewed arbelos.
2. Archimedean twin circlesin the skewed arbelos
The circlew, intersects theg-axis at the points

LM = <0, 2\/%) and I; = <0, 2\/%)

t+1 t—1

respectively.
The linesl," A, andI; A; have equations

(at — b)z — (t + 1)V aby + 2ab = 0,
(at 4+ b)z + (t — 1)Vaby — 2ab = 0.
These lines intersect the circlkeagain at the points

( 2ab 2a\/%> and ( 2ab 2ax/@> .

a+b a+b at+b  a+b

Now, it is well known that the common radius of the twin Arcledean circles

tangent taw, 3, yisra = a“—fb

These intersections are the fixed points

<2T‘A,2TA\/%> and <2TA,—27‘A\/%> .

Similarly, with By, the linesI," B, andI,” B; intersect the circlgs at the points

(—27‘A,27‘A\/§> and (—2TA,—2TA\/§> .
a a

From these we obtain the following result.

Theorem 1. For t # +1, if I, is one of the intersections of the circle ~, and the
line IO, then the circle touching 70 and passing through the remaining intersec-
tion of the line I; A; (respectivelyl; B;) and the circle o (respectivelyg) is an
Archimedean circle of the arbelos (formed by«, 5 and~y; see Figure 3)

Two of these circles ar8’y andWWg, independent of the value of If t = +1,
A; and the remaining intersection coincide.
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Figure 3.

3. Non-Archimedean twin circles

In this section we generalize the Archimedean ciréigsand V5.

We denote the lines = 2ry andz = —2r, by £, and Lz respectively. Let
o be the circle touching the liné, from the side opposite td, and the tangents
of 5 from A;. The circleéf is defined similarly. The circlé;* lies in the region
x < 2rp if |t| < 1 (see Figure 4), and in the regian> 2r, if |t| > 1 (see Figure
5).

If ¢ = +1, v reduces to an external common tangentxoénd 3, and has
equation

(a — b)z F 2V aby + 2ab = 0,
which are obtained from (1) by lettingapproach tat1. In these cases, we regard
¢ as the tangency point ef with an external common tangent @fandg.

Lemma2. Thecircles oy and 5? are congruent with common radii |1 — t2|rx.

Proof. Let s be the radius of the circl&®*. If v, touchesa and g internally, then

we get
2ab 2ab
— =2 1= ——1:0b.
<at2 +b TA) TT a2+ b
Solving the equation we get= (1 — t?)r5. Similarly we gets = (> — 1)r4 in
the casey; touchinga and3 externally. O

The point 4; divides the segment joining the centerségfand 3 in the ratio
|1—t2|ra : bexternally (respectively internally) if; touchesy andg internally (re-
spectively externally). Therefore the centespiis the point(ra (1 + t2), 2tra /7).
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Figure 4.

The circleso andé5* are tangent to each other, since they have only one point in
common, namely,

a+ bt a + bt?
This pointT,, lies on the lineA, B; since
Ty = af—:—bb A+ Li ; 22) - By.
Similarly, the circlesﬁf is tangent tQ3 at
7, <_ Zabt? 2btx/%) |
at> +b’ at?+b

< 2abt? Qat\/%>
T, = .

which also lies on the lingl; B;. The pointT,, lies on the lined, B;, since

b(1 —t?) a+ bt?
Tg=——2 A+ ——— B
= Taxy ey P

We summarize the results (see Figures 4 and 5).

Theorem 3. Thecircles 65 and 6;? are congruent with common radius |1 — ¢2|r4.
The points of tangency A, By, T,,, and Tz are collinear.

The circlesd;* and (5? are generalizations of the Archimedean circles and
Wy, which correspond té = 0.
The circled touches the lin&,, at the point

Vo = (QT‘A,QtT‘A\/%) .
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Bt

Figure 5.

From these coordinates it is clear th&t, V,, andO are collinear (see Figures 4
and 5). Similarly, the circlétﬁ touches the lin&s at

Vﬁ = (—QTA, 2tra \/E>
a

collinear withB; andO. Now, the lineT,, V,, is parallel toB,O. Since the distances
from V;, andV; to the lineI O (the radical axis of and3) are equal, the lines, V,,
andTzVjp intersect on the radical axis. This intersection &nhdV,,, V3 form the
vertices of a parallelogram.

4. A special case

For real numberg andw, the circlesd; andéf and the circles$, andég are
congruent if and only ifil — 2| = |1 — w?|, i.e, [t| = |w| or £ + w? = 2.
From the equation of the circhg, it is clear that this is the same condition for the
congruence of the circleg and~,,. Therefore we get the following corollary.

Corollary 4. For real numbers ¢ and w, the circles 4;* and 55 and the circles &
and & are congruent if and only if ; and ~,, are congruent.

In the case? + w? = 2, one of the circles; and~,, touchesy and3 internally
and the other externally. In particular, the circéfesandéf are Archimedean circles
of the arbelos formed by, 5 and~ if and only if v, is congruent toy, i.e., t = +1/2
(see Figure 6).
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Figure 6.
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On aTriad of Circles Tangent to the Circumcircle
and the Sides at Their Midpoints

Luis Gonzalez

Abstract. With synthetic methdos, we study, for a given triangl®C, a triad
of circles tangent to the ard3C, C'A, AB of its circumcircle and the sidg3C,
CA, AB at their midpoints.

1. Introduction

Given a triangleABC and an interior poinfl” with cevian triangle4y By Cy,
consider the triad of circles each tangent to a sideline hadtircumcircle inter-
nally at a point on the opposite side of the correspondingexelev Emelyanov
[1] has shown that the inner Apollonius circle of the triadalso tangent to the
incircle (see Figure 1).

Figure 1.

Yiu [5] has studied this configuration in more details. Thénpoof tangency
with the circumcircle form the circumcevian triangle of tharycentric product
I - T, wherel is the incenter. LeiX, Y, Z be the intersections of the sidelines
EF, FD, EF of the intouch triangle and the corresponding sidelinesetevian
triangle Ay ByCy. ThenXY Z is perspective withD EF', and the perspector is the
point Fr on the incircle tangent to the Emelyanov cirdle,, the inner Apollonius

Publication Date: July 13, 2011. Communicating Editor: |Pdu.
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circle of the triad ([5, Proposition 12]). In particular,rfé’ = G, the centroid of
triangle ABC, this point of tangency is the Feuerbach pdipt which is famously
the point of tangency of the incircle with the nine-pointcéé. Also, in this case,

(i) the radical center of the triad of circles is the triangémterX o9, which divides
G X55 in the ratioG X901 : X1001X55 = R+ r : 3R, whereX55 is the internal
center of similitude of the circumcircle and incircle,

(i) the center of the Emelyanov circle is the point whichides I N in the ratio
2 : 1 (see Figure 2).

Ay

Figure 2.

Yiu obtained these conclusions by computation with baryre@noordinates. In
this paper, we revisit the triad of circl€G) by synthetic methods.

2. Somepreliminary results

Proposition 1. Two circles'; (r1) andI'y(r2) are tangent to a circlé'(R) through
A, B, respectively. The lengthy, of the common external tangent af;, I's is
given by

AB
(512 = 7\/(R:|:7”1)(R:|:7”2),

where the sign is positive if the tangency is external, arghtiee if the tangency
is internal.

Proof. Without loss of generality assume that> r,. Lete; (respectivelyes, be
+1 or —1 according as the tangency @) and(O; ) (respectively(O2) is external
or internal. Figure 3 shows the case wheé») is both tangent internally t60; )
and(0-). Let L0100, = 6. By the law of cosines,

0103 = (R+¢e1m1)? + (R +e912)? — 2(R+ &171)(R + ear2) cosf. (1)
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Figure 3.

From the isosceles triangie AB, we have
AB? = 2R*(1 — cos ). (2)

Let A; B; be acommon tangent 60, ) and(O3), external or internal according
aseieo = +1 or —1. If A, is the orthogonal projection a- on the lineO; Ay,
applying the Pythagorean theorem to the right triarigj€- A,, we have

(5122 = AlB% = 0105 — (817°1 — 827“2)2.

Eliminating cos § andO, 05 from (1) and (2), we have

AB?
5%2 = (R + 517"1)2 + (R+ 627’2)2 — (517’1 — 627’2)2 — 2(R+ ElTl)(R + EQTQ) <1 — —)

2R?
AB?
= F . (R + €1T1)(R =+ 627’2).
From this the result follows. O

We shall also make use of the following famous theorem.

Proposition 2 (Casey’s theorem [3172]). Given four circled’;,i = 1,2, 3,4, let
d;; denote the length of a common tanggither internal or externa)etweerl’;
andI';. The four circles are tangent to a fifth circle (or line) if and only if for
appropriate choice of signs,

012 - 034 £ 013 - 042 £ 014 - 623 = 0

3. Atriad of circles

Consider a trianglel BC' with D, F, F the midpoints of the sideBC', C A, AB
respectively. The circle); tangent toBC at D, and to the arc of the circumcircle
on the opposite side ad touches the circumcircle &, the second intersection
with the line AI. The circlesv, andw, are similarly defined.

Lemma 3. The lines through the incentdrparallel to AB and AC are tangent to
the circle A1 (D).
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Figure 4.

Proof. Let O be the circumcenter, anfdl the circumradius. Sinc®@D = Rcos A,
it is enough to show that

R(1 —cos A) +r = AA;sin g (3)
This follows fromr = ITAsin 4 and1 — cos A = 2sin? 4. (3) is equivalent to
2Rsin 4 + IA = AA;, which follows fromA; B = A;I = 2Rsin 4. a
A
B,

Ay

Figure 5.

Note that the length of the tangent frahto A;(D) is
A . A . a
Aq1 cos 3= A1 B cos 3= 2R sin 3 cos 3= Rsin A = 3
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The homothety (D, 1) takes the two tangents througto the circleA’(D) to
two tangents ofv, through the midpointi, of 7.D. These have lengthk.

Similarly, let B, andC'; be the midpoints of £ and I F' respectively. The two
tangents fromB, (respectivelyCs to w; (respectivelyw.) have Iength§41 (respec-
tively 7). Now, sinceD E is parallel toBC, so is the lineB;C,. These six tangents
fall on three lines bounding a trianglé, B,C> homothetic toABC' with factor
—1 .1 = —1 and homothetic centef dividing IG in the ratiolJ : JG = 3 : 2.
ThIS leads to the configuration of three (pairwise) commaryéats of the triad
(wq, wp, we) parallel to the sidelines of trianglé BC' (see Figure 5). These tan-
gents all have length = “+b+c . It also follows that th& points of tangency lie on

a circle, whose center is the incenter of triangleB,C5, and radlusax/r2 + 52,
This latter fact follows from the proposition below, applito triangle A, BoCs.

Proposition 4. The sides of a triangled BC' are extended to pointX,, X, Y.,
Y., Za, Zy Such that

AY, = AZ, =a, BZy=BX,=b, CX.=CY.=-c.

The six pointsX,, X., Y., Y., Z., Z, lie on a circle concentric with the incircle
and with radiusv/r2 + s2, wherer is the inradius and the semiperimeter of the
triangle.

Figure 6.

Proof. If the incircle touchesBC at X, thenBX = s — b. It follows that X; X =
b+ (s —b) = s, andI X, = vr?+ s2. The same result holds for the other five
points. O
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4, On theradical center

Proposition 5. The radical center of the circles,, wy, w, is the midpoint between
the incenter/ and Mittenpunkt oNABC'.

Figure 7.

Proof. Let A1 P, and A, P; be the tangent segments frofn to w, andw, (Ps € wy
and P; € w.) (See Figure 7). By Casey’s theorem fot,), (A), (C),w, and
(A1), (A4),(B),w., all tangent to the circumcircle, we have

1
§(A1A+ AC)  (4)

APy - AC = A1A-CE+ A1C-AF — AP, =

SinceA; B = A,C, from (4) and (5) we havel P, = A Ps,i.e,, A has equal
powers with respect to the circleg andw,. If T,T,T. is the tangential triangle of
A1 B, C, thenT, By = T,C, implies thatT,, has also equal powers with respect
to wp, andw,.. Therefore, the lined; 7, is the radical axis ok, andw,. Likewise,
BT, andC4 T, are the radical axes af.,w, andw,, w; respectively. Hence, the
radical centerl of w,, wy,w,, being the intersection ol 75, BTy, Ci T, is the
symmedian point of trianglel; B;C;. Now, since the homothety(7,2) takes
triangle A, B1C1 into the excentral trianglé, I, 1., and the latter has symmedian
point Xy, the Mittenpunkt of triangleA BC, the symmedian point ofl; B1C'; is
the midpoint of/ Xy. According to [3], this is the triangle centéf ;. O
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5. Onthelnner Apolloniuscircle

Emelyanov [1] has shown that the inner Apollonius circlenaftriad(w,, wy, we)
is tangent to the incircle at the Feuerbach point; see alg$5Yg5]. The center of
the inner Apollonius circle divides/V in the ratio2 : 1.

Proposition 6. The Apollonius circlev externally tangent to,, wp, w. is also
tangent to the incircle of trianglel BC through its Feuerbach poin.,.

Figure 8.

Proof. Without loss of generality we assume tihat a > c. Let the incircle(7)
touchBC,CA, AB at X,, Xp, X, respectively. By Casey’s theorem there exists a
circle w tangent tav,, w,, w. externally and tangent t@) internally if and only if

Ope " DXy — 0cq - EXp — dgp - FX. = 0. (6)

Sincedp. = dca = dap = 5 by Proposition 2, then (6) is an obvious identity
because oD X, = 3(b—¢), EX, = 3(a — ) andF X, = 1(b— a). (In fact, this
tangency is still true if we considép, E, F' as the feet of three concurring cevians.
For a proof with similar arguments see [1].) Now, it remaioshow thato N (1)
is the Feuerbach poir, of triangle ABC.

Let F. 1y, F. Ty, F: T, be the tangent segments framto w,, wp, w. respectively.
If F, is the orthogonal projection df, onto BC' andJ,(p,) is the circle passing
through F, tangent toBC at D (see Figure 6). LeRk, denote the radius ab,,
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then using Proposititon 1 fas, and(F.) (with zero radius) externally tangent to
Ja(pa), We get

Pa
F.D=F.[T, . 7
ot B (7)

If M, denotes the midpoint dD F, then the right triangle® J, M, andF,DF,
are similar. This givegp, - F,F, = F,D?. Thus, substituting, from this expres-
sion into (7) gives

F.D?
E.D = — -F.T,. (8)
F.D? 4+ 2F.,F, - R,

If H, denotes the foot of thel-altitude of triangleABC, then F,F, and the
nine-point circleN (£) become thé",-altitude and circumcircle of triangle. 5, D.
ConsequentlyF.D - FoH, = R - F,F,. SubstitutingF, F, from this expression
into (8) and rearranging, we get

2F0Ha * g
F,T, = \/ E.D (FCD + 7]%). 9)

R

Let FLH, and F. D intersect the incirclél) again atK; and K. SinceFs is
the exsimilicenter of I) and (IV), K1 K> is parallel toDH,. Therefore, the arcs
X,K; and X, K, of (I) are equal, and", X, bisects angle,F,D. Hence, by
the angle bisector theorem, we ha{gls — efle. SubstitutingF, H,, from this
expression into (9) gives

X,D R

Since the incentef and theA-excenterl, divide harmonicallyA and the trace
V, of the A-angle bisector, the points of tangen&y, andY,, of the line BC with
the incircle(7) and theA-excircle divide harmonically,, andV,. SinceD is also
the midpoint ofX,Y,, DX,? = DY,? = DH, - DV,,. Equivalently,

H,D X,D H,D XoHo  XoD 1= VoXa

XD V.0 X0 ‘"X V.o ‘"VD

SinceV, is the insimilicenter of I) and the circled, (D), it follows that
o VoX,  X.H,

X, H,
FcTaz\/Hz Ra pp. (10)

= = . 11
2R, V.D X.D (11)

Substituting the ratigig+ from (11) into (10), we have
FT, = R;g " ED. (12)

On the other hand, using Proposition 1 for the incirdég and the point circle
(D), both internally tangent to the nine-point cwcﬁlb’ we have

,/ —27« b_c (13)

D =
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Combining equations (12) and (13), we have

R+r b—c
FT, = : . 14
R—2r 2 (14)
By similar reasoning, we have the expressions
R+r a-—c
FT, = . , 15
b R—2r 2 (15)
R4+r b—a
FT. = 7o 9 (16)

Now, by Casey’s theorem there exists a circle externallgeantow,, wy, w.
and(F) (with zero radius), if and only if

5bc'FoTa_5ca'FoTb_6ab'FcTc:0-

Sincedy. = 6.a = 64 = 5 by Proposition 2, the latter condition beconfeéd;, —
F.T, — F.T. = 0, which is easily verified by (14), (15), (16). Hence, we cone
thatw is tangent tq 1) throughF, as desired. O

Proposition 7. The centerl, of the inner Apollonius circlev of w,, wp, w. IS the
intersection of the lineX'5 X101, X1 X711 and its radiusp equals a third of the sum
of the inradius and circumradius of trianglé BC'.

Proof. By Proposition 5, the radical centérof w,, wy, w. is the midpointXygg;
between the incentef and the MittenpunktXy of triangle ABC. Hence, the
inversion with centerXoy; and power equal to the power &f 991 t0 wq, wp, We,
carries these circles into themselves and swapsd the circumcircle 0B ABC
due to conformity. Since the center of the inversion is alsinalitude center
between the circle at its inverse, it follows thigtlies on the line connecting the
circumcenterXs and X . But, from Proposition 6, we deduce thigtlies on the
line connectingl and the Feuerbach poiit.. Thereforely = O X101 N I Fe.

Let D, be the tangency point of with w,. Applying Proposition 1 to the two
triads of circle§ Fy ), w,,w and (1), w,, w, respectively, we obtain

R
pgngﬁ;l.ﬂpf7
p
x,p? = P Ra)z(p =" gD,
p

Eliminating (p + R,)F.D,? from these two latter expressions and using (14),
we have

<ﬂﬂ»2: p . R+r P R+r
p

X,D —r R—2r:p—r::lﬁ: 3

Remark.SinceF, is the insimilicenter of I) andw,
Foly p R+r

F.I r 3r
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Consequently, in absolute barycentric coordinates,

R+7r R—2r R+r R—2r R-I1—2r-N I+2N

Iy = I — -F, = I — . = ,
3r 3r 3r 3r R —2r 3

where N is the nine-point center. It does not appear in the curreitipadf [3],

though its homogeneous barycentric coordinates are redand5].
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The Area of a Bicentric Quadrilateral

Martin Josefsson

Abstract. We review and prove a total of ten different formulas for #nea of
a bicentric quadrilateral. Our main result is that this asegiven by

m2—n2
k2 —[2

wherem, n are the bimedians arfd | the tangency chords.

K= kl

1. Theformula K = Vabed

A bicentric quadrilateral is a convex quadrilateral withttban incircle and a
circumcircle, so it is both tangential and cyclic. It is wkilown that the square
root of the product of the sides gives the area of a bicentradglateral. In [12,
pp.127-128] we reviewed four derivations of that formuld gave a fifth proof.
Here we shall give a sixth proof, which is probably as simglé ean get if we use
trigonometry and the two fundamental properties of a brdequadrilateral.

Theorem 1. A bicentric quadrilateral with sides a, b, ¢, d hasthe area
K = vVabed.

Proof. The diagonalAC divide a convex quadrilaterad BC' D into two triangles
ABC andADC. Using the law of cosines in these, we have

a? 4+ b? — 2abcos B = ¢? + d? — 2¢d cos D. Q)

The quadrilateral has an incircle. By the Pitot theokemc = b+ d [4, pp.65—67]
we get(a — b)? = (d — ¢)?, so

a? —2ab+ b* = d* — 2cd + 2. (2)
Subtracting (2) from (1) and dividing by 2 yields
ab(1 — cos B) = cd(1 — cos D). (3)
In a cyclic quadrilateral opposite angles are supplemgrgarthatos D = — cos B.
We rewrite (3) as
(ab+ cd) cos B = ab — cd. 4

Publication Date: September 6, 2011. Communicating EdReul Yiu.
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The areak of a convex quadrilateral satisfie$ = absin B + cdsin D. Since
sin D = sin B, this yields

2K = (ab+ cd)sin B. (5)

Now using (4), (5) and the identityin? B + cos? B = 1, we have for the are&
of a bicentric quadrilateral

(2K)2 = (ab+ cd)2(1 — cos? B) = (ab+ cd)2 — (ab— cd)2 = 4abcd.
HenceK = v abcd. O

Corollary 2. Abicentric quadrilateral with sides a, b, ¢, d hasthe area

K= actang = bdcotg
2 2

where 6 is the angle between the diagonals.
Proof. The angled between the diagonals in a bicentric quadrilateral is gwen
0 bd
2¥ _ba
an 2  ac
according to [8, p.30]. Hence we get

t

0
K? = (ac)(bd) = (ac)? tan? 3
and similar for the second formula. O

Corollary 3. In abicentric quadrilateral ABC D with sides a, b, ¢, d we have

tanA: E:cotc
2 ad 2’
tanEZ %:cotg
2 ab 2

Proof. A well known trigonometric formula and (3) yields

tan 2 — JLZcsB _ jod (6)
2 V14cosB Vab

where we also usecbs D = —cos B in (3). The formula forD follows from
B = 7w — D. By symmetry in a bicentric quadrilateral, we get the foranfdr A
by the change < d in (6). Then we usel = 7w — C to complete the proof. [

Therefore, not only the area but also the angles have simplessions in terms
of the sides.

The area of a bicentric quadrilateral also gives a conditiien a tangential
guadrilateral is cyclic. Even though we did not express thiose terms, we have
already proved the following characterization in the probfTheorem 9 in [12].
Here we give another short proof.

Theorem 4. Atangential quadrilateral with sidesa, b, ¢, d isalso cyclicif and only
if it hasthe area K = v abcd.
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Proof. The area of a tangential quadrilateral is according to [B3]pgiven by

K= \/abcdsinB—;D.

It's also cyclic if and only ifB 4+ D = ; hence a tangential quadrilateral is cyclic
if and only if it's area isK' = v abcd. O

This is not a new characterization of bicentric quadrilaer One quite long
trigonometric proof of it was given by Joseph Shin in [15] andre or less the
same proof of the converse can be found in the solutions tbléroB-6 in the
1970 William Lowell Putnam Mathematical Competition [169].

In this characterization the formulation of the theoremniportant. The tan-
gential and cyclic quadrilaterals cannot change roles énfthhmulation, nor can
the formulation be that it's a bicentric quadrilateral ifdaonly if the area is given
by the formula in the theorem. This can be seen with an exanfpkectangel is
cyclic but not tangential. Its area satisfy the formilifla= v/ abed since opposite
sides are equal. Thus it's important that it must be a tamgequadrilateral that is
also cyclic if and only if the area i& = v/ abcd, otherwise the conclution would
be that a rectangle also has an incircle, which is obviolsbet

2. Other formulasfor the area of a bicentric quadrilateral

In this section we will prove three more formulas for the aoéa bicentric
guadrilateral, where the area is given in terms of other tifies than the sides.
Let us first review a few other formulas and one double ineétyutar the area that
can be found elsewhere.

In [12], Theorem 10, we proved that a bicentric quadrildtbes the area

K = \efgh(e+ f+g+h)

wheree, f, g, h are the tangent lengths, that is, the distances from thesgrto
the point where the incircle is tangent to the sides.
According to Juan Carlos Salazar [14], a bicentric quaidniéd has the area

K =2MNEQ FQ

whereM, N are the midpoints of the diagonalk; F' are the intersection points of
the extensions of opposite sides, &pnds the foot of the normal t& F' through the
incenter!/ (see Figure 1). This is a remarkable formula since the argawvés in
terms of only three distances. A short proof is given by “pdstat [14]. He first
proved that a bicentric quadrilateral has the area

K =2MN-IQ

which is even more extraordinary, since here the area isigiveerms of only two
distances!
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Figure 1. The configuration of Salazar’s formula

The angleEIF (see Figure 1) is a right angle in a bicentric quadrilatérsd,
we also get that the area of a bicentric quadrilateral isrgiwe
2MN-FEI-FI

EF

where we used the well known property that the product of ¢gs s equal to
the product of the hypotenuse and the altitude in a righhgfa The last three
formulas are not valid in a square since there we hgé = 0.

In [2, p.64] Alsina and Nelsen proved that the area of a breequadrilateral
satisfy the inequalities

K =

4r? < K < 2R?
wherer, R are the radii in the incircle and circumcircle respectivelye have
equality on either side if and only if it is a square.
Problem 1 on Quiz 2 at the China Team Selection Test 2003 [S]te/@rove
that in a tangential quadrilaterdlBC' D with incenterl,

AI-CI+ BI-DI =vVAB-BC-CD-DA.

The right hand side gives the area of a bicentric quadrdteso from this we
get another formula for this area. It is easier to prove tieviang theorem than
solving the problem from Chinasince in a bicentric quadrilateral we can also use
that opposite angles are supplementary angles.

IThis is proved in Theorem 5 in [13], where the notations affeidint from here.
2One solution is given by Darij Grinberg in [9, pp.16-19].
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Figure 2. Partition of a bicentric quadrilateral into kites

Theorem 5. Abicentric quadrilateral ABC'D with incenter [ hasthe area
K =AI-CI+ BI-DI.

Proof. The quadrilateral has an incircle, &m 4 = = wherer is the inradius (see
Figure 2). Italso has a circumcircle, o+ C = B+D = 7. Thuscot § = tan 4

andsin % = cos g. A bicentric quadrilateral can be partitioned into fouthigites
by four inradii, see Figure 2.

Triangle ATW has the ared&; =
the area

2t7~2 —+. Thus the bicentric quadrilateral has
an 5

9 1 1 1 1
K=r T+ 5+ rolnl 5 ] -
tan 5 tan 5 tan 5 tan 5
Hence we get

1 1 1 1
K=r =T YRR 5 T B
taH§ tang tan7 tan7

= r? tané—i-coté + tamE—i-cotE
N 2 2 2 2

=T
i A A . B B
SIHECOSE SIHECOSE

7.2 7,2

_.I_
sinésin% sin%sin%
= AI-CI+ BI-DI

where we used thatn% = +7 and similar for the other angles. O
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Corollary 6. Abicentric quadrilateral ABC'D hasthe area

1 1
K =2r?
" <sinA + sinB>

where r istheinradius.

Proof. Using one of the equalities in the proof of Theorem 5, we get

K =r? = + ! =7r? ! + L
sinécosé sin%cos% %sinA %sinB

and the result follows. O

Here is an alternative, direct proof of Corollary 6:
In a tangential quadrilateral with sidesb, ¢, d and semiperimetes we have
K =rs=r(a+c)=r(b+d). Hence

K? = r?(a+c)(b+d)
= r2(ad 4 be + ab + cd)

_ 2 2K N 2K
a sin4A  sinB

since in a cyclic quadrilateral BC' D, the area satisfiedX = (ad + bc)sin A =
(ab + cd) sin B. Now factor the right hand side and then divide both sidegcby
This completes the proof.

From Corollary 6 we get another proof of the inequality’ < K, different
form the one given in [2, p.64]. We have

1 1
K = 2r? > 2r2(14 1) = 4r?
" <sinA+sinB> 22 (1+1) "

for0 < A<mand0 < B <.
In [12], Theorem 11, we proved that a bicentric quadrildtesith diagonalsp, ¢
and tangency chordst, I has the area

kipg
= . 7

k2 + 12 @
We shall use this to derive another beautiful formula for éinea of a bicentric
guadrilateral. In the proof we will also need the followirayrhula for the area of
a convex quadrilateral, which we have not found any refereac

Theorem 7. A convex quadrilateral with diagonals p, ¢ and bimedians m, n has
the area

K = $y/p*¢* — (m? — n?)2.

3A tangency chord is a line segment connecting the points ompposite sides where the incircle
is tangent to those sides in a tangential quadrilateral.
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Proof. A convex quadrilateral with sides b, ¢, d and diagonalp, ¢ has the area
K = %\/4},2(]2 — (a2 — b2 4 2 — d2)2 (8)
according to [6, p.243], [11] and [16]. The length of the bitiams* m,n in a
convex quadrilateral are given by
m* =1+ —a®+ b -+ d), 9)
=1 +q +a> -+ - ). (10)

according to [6, p.231] and post no 2 at [10] (both with othaetations). From (9)
and (10) we get

4(m? —n?) = —2(a® - > + & - d?)
SO
(a® = b* 4 * — d?)? = 4(m* — n?)%
Using this in (8), the formula follows. a

The next theorem is our main result and gives the area of atbiceuadrilateral
in terms of the bimedians and tangency chords (see Figure 3).

Theorem 8. A bicentric quadrilateral with bimedians m, n and tangency chords

k.l hasthe area

m2—n2

K= L2 _ 2

kl

if itisnot a kite.

Proof. From Theorem 7 we get that in a convex quadrilateral

(m* —n®)? = (pg)” — 4K>. (11)
Rewriting (7), we have in a bicentric quadrilateral
]{72 + l2
= K
Inserting this into (11) yields
k2 l2 2
(m? —n?)? = ( l;l? ) K2 _ 4K
9 (k2 +12)% — 4K21?
=K ( k212
- 5 (k2 _ l2)2
- (W |
Hence
-

|m2—n2‘ :KT

and the formula follows.

4A bimedian is a line segment connecting the midpoints of tppasite sides in a quadrilateral.
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It is not valid in two cases, whem = n or k = [. In the first case we have
according to (9) and (10) that

P+ -+l =+ - e P+E=0+d
which is a well known condition for when a convex quadrilatdras perpendicular
diagonals. The second case is equivalent to that the gatedtal is a kite according
to Corollary 3 in [12]. Since the only tangential quadritalewith perpendicular

diagonals is the kite (see the proof of Corollary 3 in [12})stis the only quadri-
lateral where the formula is not validl. O

In view of the expressions in the quotient in the last thegnemconclude with
the following theorem concerning the signs of those exjosassin a tangential
quadrilateral. Letn = FEG andn = F'H be the bimedians, anl = WY and
I = X Z be the tangency chords in a tangential quadrilateral, spaé¢B.

Figure 3. The bimedians:, n and the tangency chords!

Theorem 9. Let a tangential quadrilateral have bimedians m,n and tangency
chords k, . Then

m<n < k>I
where m and k connect the same pair of opposite sides.

Proof. Eulers extension of the parallelogram law to a convex qletdral with
sidesa, b, c, d states that

20+ +d? =+ @+ 4o
whereuw is the distance between the midpoints of the diagopajqthis is proved

in[7, p.107] and [3, p.126]). Using this in (9) and (10) we tett the length of the
bimedians in a convex quadrilateral can also be expressed as

m=1\/2(02 + d?) — 42,
n=1v2(a%+ c?) — 42

SThis also means it is not valid in a square since a square is@agase of a kite.
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Thus in a tangential quadrilateral we have

m<n

b2 +d? < a®+

(f+9)° +(h+e) <(e+ f)*+ (g +h)?
fg+he<ef+gh

(e—g)(h—f) <0

wheree = AW, f = BX,g = CY andh = DZ are the tangent lengths.

In [12], Theorem 1, we proved that the lengths of the tangestayrds in a
tangential quadrilateral are

2(efg + fgh + ghe + hef)
Vie+ HF+0)(h+g)(g+e)

_ 2(efg + fgh + ghe + hef)
Vie+nh+HF+9)lg+e

tre e

Thus
k>1

& (et )f+h)(h+g)g+e) <(e+ [)f +h)(h+g)(g+e)
& eh+ fg<ef+gh
& (e—g)(h—f)<O.

Hence in a tangential quadrilateral

m<n < (e—g)(h—f)<0 & k>I
which proves the theorem. O

We also note that the bimedians are congruent if and onlgifahgency chords
are congruent. Such equivalences will be investigatethdéuiin a future paper.
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When isa Tangential Quadrilateral a Kite?

Martin Josefsson

Abstract. We provel 3 necessary and sufficient conditions for a tangential quadri
lateral to be a kite.

1. Introduction

A tangential quadrilateral is a quadrilateral that has an incircle. A convex
guadrilateral with the sides, b, ¢, d is tangential if and only if

at+c=btd (1)

according to the Pitot theorem [1, pp.65-67]. kike is a quadrilateral that has
two pairs of congruent adjacent sides. Thus all kites hasdrcle since its sides
satisfy (1). The question we will answer here concerns tmvarse, that is, what
additional property a tangential quadrilateral must haveeta kite? We shall prove
13 such conditions. To prove two of them we will use a formwlathe area of a
tangential quadrilateral that is not so well known, so weverit here first. It is
given as a problem in [4, p.29].

Theorem 1. Atangential quadrilateral with sides a, b, ¢, d and diagonals p, ¢ has
the area

K = 1y/(pq)” — (ac — bd)’.

Proof. A convex quadrilateral with sides b, ¢, d and diagonal®, g has the area

K = %\/4p2q2 —(a? — b2+ 2 — d?)? (2)
according to [6] and [14]. Squaring the Pitot theorem (1)dge
a? 4 ¢ + 2ac = b* + d* + 2bd. ©)

Using this in (2), we get

K = 1\/4(pq)? — (2bd — 2ac)?

and the formula follows. O

Publication Date: September 9, 2011. Communicating EdRaul Yiu.
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2. Conditionsfor when atangential quadrilateral isakite

In a tangential quadrilateral,tangency chord is a line segment connecting the
points on two opposite sides where the incircle is tangeridse sides, and the
tangent lengths are the distances from the four vertices to the points ofdaag
(see [7] and Figure 1). Aimedian in a quadrilateral is a line segment connecting
the midpoints of two opposite sides.

In the following theorem we will prove eight conditions folhen a tangential
quadrilateral is a kite.

Figure 1. The tangency chords! and tangent lengths f, g, h

Theorem 2. Inatangential quadrilateral the following statements are equivalent:
(i) The quadrilateral isa kite.

(i) The area is half the product of the diagonals.

(iii) The diagonals are perpendicular.

(iv) The tangency chords are congruent.

(v) One pair of opposite tangent lengths are congruent.

(vi) The bimedians are congruent.

(vii) The products of the altitudes to opposite sides of the quadrilateral in the
nonoverlapping triangles formed by the diagonals are equal.

(viii) The product of opposite sides are equal.

(ixX) Theincenter lies on the longest diagonal.

Proof. Let the tangential quadrilateral BC D have side, b, ¢, d. We shall prove
that each of the statements (i) through (vii) is equivaler(tii); then all eight of
them are equivalent. Finally, we prove that (i) and (ix) agaiealent.

(i) Ifin a kite a = d andb = ¢, thenac = bd. Conversely, in [7, Corollary 3] we
have already proved that a tangential quadrilateral with- bd is a kite.

(i) Using Theorem 1, we get

K =1(pg)? — (ac—bd)?> = 3pg &  ac=bd.
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(i) We use the well known formuld< = %pq sin @ for the area of a convex
quadrilateral, whered is the angle between the diagonalg. From

K= %\/(pq)2 — (ac —bd)? = %pq sin 0

we get

ezg & ac=bd

(iv) In a tangential quadrilateral, the tangency chotdssatisfy

k) _ b
l " ac
according to Corollary 2 in [7]. Hence

k=1l < ac=0bd.

(v) Let the tangent lengths ke f, g, h, wherea = e+ f,b=f+g,c=g+h
andd = h + e (see Figure 1). Then we have

ac = bd
< (e+f)lg+h)=(f+g)(h+e)
& ef—eh— fg+gh=0
< (e—g)(f-h)=0

which is true when (at least) one pair of opposite tangermjthenare congruent.
(vi) In the proof of Theorem 7 in [9] we noted that the lengthted bimedians
m,n in a convex quadrilateral are

m = 1\/2(2 + d2) — 402,
n=1v2(a®+ c2) — 42

wherew is the distance between the midpoints of the diagonals. dJsiese, we
have

m=n < ad+=0P+d> < ac=0bd
where the last equivalence is due to (3).

(vii) The diagonal intersectio® divides the diagonals in parts, z andy, z.
Let the altitudes in trianglesiBP, BCP,CDP, DAP to the sidesa, b, c,d be
h1, ha, hs, hy respectively (see Figure 2). By expressing twice the ardheate
triangles in two different ways we get

ahy = wysin b,
bhy = xysin 6,
chs = zzsin 6,

dhy = wzsin 6,

Irora proof, see [5] or [13, pp.212-213].
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wheref is the angle between the diagonals and we usedsthétr — 6) = sin6.
These equations yields

achihs = wxyz sin? 0 = bdhohy.

Hence

h1h3 = h2h4 <~ ac = bd.

Figure 2. The subtriangle altitudés, h, hs, ha

(ix) We prove that (i} (ix). A kite has an incircle and the incenter lies on the
intersection of the angle bisectors. The longest diag@ahiangle bisector to two
of the vertex angles since it divides the kite into two comgriutriangles (SSS),
hence the incenter lies on the longest diagér@bnversely, if the incenter lies on
the longest diagonal in a tangential quadrilateral (seear€i@) it directly follows
that the quadrilateral is a kite since the longest diagonddies the quadrilateral

into two congruent triangles (ASA), so two pairs of adjacgides are congruent.
U

Figure 3. This tangential quadrilateral is a kite

2A more detailed proof not assuming that a kite has an incisofgven in [10, pp.92—-93].
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For those interested in further explorations we note the tonvex quadri-
lateral wherenc = bd there is an interesting angle relation concerning the angle
formed by the sides and the diagonals, see [2] and [3]. Atzaitsithesdalanced
quadrilaterals.

Theorem 2 (vii) has the following corollary.

Corollary 3. The sums of the altitudes to opposite sides of a tangential quadrilat-
eral in the nonoverlapping triangles formed by the diagonals are equal if and only
if the quadrilateral is a kite.

Proof. If hq, hs, hs, hy are the altitudes from the diagonal intersectiBrio the
sidesAB, BC,CD, DAintrianglesABP, BCP,CDP, D AP respectively, then
according to [12] and Theorem 1 in [11] (with other notatlons

1 1 1 1

LR 4
i hs s ()

From this we get
h1 + hs ho + hy

hihs — hohy

Hence
hihs = hohy &  hi+hs=ho+ hy
and the proof is compleate. O

Remark. In [8] we attributed (4) to Minculete since he proved thisdition in [11].
After the publication of [8], Vladimir Dubrovsky pointed tthat condition (4) in
fact appeared earlier in the solution of Problem M1495 inRissian magazine
Kvant in 1995, see [12]. There it was given and proved by Yasiand Senderov
together with their solution to Problem M1495. This problemhich was posed
and solved by Vaynshtejn, was about proving a condition iterse inradii, see
(7) later in this paper. In [8, p.70] we incorrectly attribdtthis inradii condition to
Wu due to his problem in [15].

3. Conditionswith subtriangle inradii and exradii

In the proof of the next condition for when a tangential qulatiral is a kite we
will need the following formula for the inradius of a triamgl

Lemmad4. Theincirclein atriangle ABC with sides a, b, ¢ has the radius

at+b—c C
r=————>~=%tan —.

2 2
Proof. We use notations as in Figure 4, where there is one pair ofl ¢gogent
lengthsz, y andz at each vertex due to the two tangent theorem. For the sides of
the triangle we have =y + z,b = z + x andc = = + y; hencea + b — ¢ = 2z.
CI is an angle bisector, so
tan 5~ 3
and the formula follows. O
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Figure 4. Anincircle in a triangle

Theorem 5. Let the diagonals in a tangential quadrilateral ABC'D intersect at
P and let the inradii in triangles ABP, BCP, CDP, DAP be rq, ra, 13, 74
respectively. Then the quadrilateral isa kiteif and only if

r1+r3=r2+714.

Proof. We use the same notations as in Figure 2. The four incircldgtair radii
are marked in Figure 5. Sinten 7% = cot §, whered is the angle between the
diagonals, Lemma 4 yields

1+ Tr3="r9 414

— 0 — 0 —-b 0 —d 0

2 2 2 2 2 2 2 2
0 0
& (w+x+y+z—a—c)tan§=(w+x+y+z—b—d)cot§. (5)

Using the Pitot theorem + ¢ = b + d, (5) is egivalent to
(w+3:+y+z—a—c)<tang—cotg>:0. (6)

According to the triangle inequality applied in trianglé$3 P andC' D P, we have
w+y >aandx + z > c. Hencew + = + y + z > a + c and (6) is equivalent to

0 6 90 0 T
tan§—cot§—0 < tan 5—1 & 3= 1 & 6’—§
where we used tha# > 0, so the negative solution is invalid. According to Theo-
rem 2 (iii), a tangential quadrilateral has perpendiculagdnals if and only if it is

a kite. 0

Corollary 6. If rq, r9, r3, 74 are the same inradii as in Theorem 5, then the tan-
gential quadrilateral isakiteif and only if

r1r3 = rory.
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Figure 5. The incircles in the subtriangles

Proof. In a tangential quadrilateral we have according to [12] dr] [
1 1 1 1
—t —=—+— @)

™ r3 T2 T4 '

We rewrite this as
r1+ 173 ro + 74

173 TroTy

Hence
TN +1r3="ro+71y = 173 = 19Ty
which proves this corollary. O

Now we shall study similar conditions concerning the exramlithe same sub-
triangles.

Lemma 7. The excircleto side AB = cinatriangle ABC with sides a, b, ¢ has

theradius
a—i—b—i—ct C

an —.
2 2
Proof. We use notations as in Figure 6, where- v = ¢. Also, according to the
two tangent theorenb,+ v = a + v. Henceb+ u = a + ¢ — u, SO

R. =

a—b+c
U= ——"
2
and therefore b
For the exradius we have
‘ C R,
an — =
2 b+u
sinceC is an angle bisector, and the formula follows. O

Theorem 8. Let the diagonalsin atangential quadrilateral ABC'D intersect at P
and let the exradii in triangles ABP, BCP, CDP, DAP opposite the vertex P
be R1, Re, R3, R4 respectively. Then the quadrilateral isakiteif and only if

Ri + R3 = Ry + Ry.
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Figure 6. An excircle to a triangle

Proof. The four excircles and their radii are marked in Figure 7 c8ian ”T‘e =
cot % wheref is the angle between the diagonals, Lemma 7 yields

Ri+R3 =Ry + Ry
w+y+a 0 z+z+c 0 z+y+b 0 w+z+d 0

5 tan§+Ttan§:Tco‘c§+fC0t§
0 0

& (w+x+y+z+a+c)tan§:(w+x+y+z+b+d)co‘c§. (8)
Using the Pitot theorem + ¢ = b + d, (8) is egivalent to
0 0

(w+x+y+z+a+c)(tan§—00t§)=0. 9)

The first parenthesis is positive. Hence (9) is equivaleithab the second paren-
thesis is zero and the end of the proof is the same as in The@rem O

Corollary 9. If Ry, Rs, R3, R4 are the same exradii as in Theorem 8, then the
tangential quadrilateral isakiteif and only if

R1R3 = RaR,.

Proof. In a tangential quadrilateral we have according to Theoran§]

L1 _ 1 1
Ry Rs Re Ry
We rewrite this as

Ri+R3 Ro+ Ry
RiR3  RoRs
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Figure 7. The excircles to the subtriangles

Hence

Ri+R3=Ry+Ry &  RiR3=RoRy
completing the proof. O
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On a Certain Cubic Geometric I nequality

Toufik Mansour and Mark Shattuck

Abstract. We provide a proof of a geometric inequality relating thbeof the
distances of an arbitrary point from the vertices of a trlarig the cube of the
inradius of the triangle. Comparable versions of the inétyuiavolving second
and fourth powers may be obtained by modifying our arguments

1. Introduction

Given triangleABC' and a pointP in its plane, letR;, R,, and R3 denote the
respective distance$P, BP, andC'P andr denote the inradius of triangléBC'.
In this note, we prove the following result.

Theorem 1. If ABC'is a triangle andP is a point, then
R} + RS+ R3 + 6R 1 RyR3 > 7213, (1)

This answers a conjecture raised by Wu, Zhang, and Chu anthefe[5] in
the affirmative. Furthermore, there is equality in (1) if amdy if triangle ABC' is
equilateral withP its center. By homogeneity, one may take= 1 in (1), which
we will assume. Modifying our proof, one can generalize usdify (1) somewhat
and establish versions of it for exponefitand4. For other related inequalities of
the Erdés-Mordell type involving powers of tig, see, for example, [1-5].

Note that in Theorem 1, one may assume that the pBilies on or within the
triangle ABC since for anyP lying outside triangleA BC', one can find a poinf)
lying on or within the triangle, all of whose distances to Weetices are strictly less
than or equal the respective distancesfoiTo see this, consider the seven regions
of the plane formed by extending the sides of triandlBC' indefinitely in both
directions. Suppose first th&, say, lies in the region inside afBAC but outside
of triangle ABC'. Let K be the foot ofP on line BC'. If K lies betweenB and
C, then takel) = K; otherwise, také) to be the closer oB or C to the pointk'.
On the other hand, suppose that the pdirites in a region bounded by one of the
vertical angles opposite an interior angle of triandlBC, say in the vertical angle
to ZBAC. Let J be the foot ofP on the line/ passing throug and parallel to
line BC'; note that all of the distances frorhto the vertices of trianglel BC are
strictly less than the respective distancesforNow proceed as in the prior case
using the point/.

Publication Date: September 14, 2011. Communicating Ediaul Yiu.
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To reduce the number of cases, we will assume that the ptlies on or within
the triangleABC.

2. Preliminary results

Lemma 2. SupposeB and( are fixed points on the-axis. Consider all possible
triangles ABC having inradiusl. If A = (z,y), wherey > 0, theny achieves its
minimum value only when trianglé BC' is isosceles.

Proof. Let P denote the point of tangency of the incircle of triangl&C with

side BC. Without loss of generality, we may ld&8 = (0,0), P = (a,0) and
C = (a+ b,0), wherea andb are positive numbers such that > 1. Itis then a
routine exercise to show that

Ao (b(aQ—l) 2ab >

ab—1 "ab—1
upon first noting that catBP = a and cot/C P = b, wherel denotes the incenter.

Thus, they-coordinate ofA is 2 + —2-, and this has minimum value whei is
maximized, which occurs only when= b sinceBC = a+bis of fixed length. [

For a pointP in the plane of triangled BC', we define thgpower of the point?
(with respect to trianglel BC) as

fRapc = R+ R3 + R3 + 6R1 RoR3.

Lemma 3. Fix baseBC. Let triangle A’ BC' have inradiusl, and P’ be a point
on or within this triangle. Then

P’ P
faarse Z faase

for an isosceles triangled BC' with inradius 1 and some poinP on the altitude

from A to BC.

M BN L c
Figure 1. TrianglesiBC andA’'BC.

Proof. Let R} = A’P', R, = BP', andR;, = C'P’'. Without loss of generality,
we may assume = min{ R}, R}, R} }, for we may relabel the figure otherwise.
Note thatP’ lies on the ellipse€ with foci at points B and C' having major axis
lengthd = R/, + Rj. Let L denote the midpoint oBC' and suppose the perpen-
dicular to BC at L intersects ellips€ at the pointP. Let A be the point (on the
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same side oBC asP) such that trianglel BC'is isosceles and has inradiusSee
Figure 1.

Let Ry = AP, Ry = BP,andR3 = C'P; note thak Ry = Ry + R3 = d since
P and P’ lie on the same ellipse. Lét/ and N denote, respectively, the feet of
points A’ and P’ on line BC'; note thatP’ N < PL sinceP is the highest point on
the ellipse€. We now consider two cases concerning the positioR:of
(i) P lies between pointgl and L (as illustrated above), or
(ii) P lies past pointd on line AL.

In case (i), we have, by Lemma 2,

Ry =AL—-PL<AM-PLLAM-PN<R],

as the difference in the vertical heights of poirtsand P’ (with respect taBC) is
no more than the distance between them.
SinceR; + R3 = R}, + Rj, with R} = min{R, R}, R;} andRy = R3, itis a
routine exercise to verify
RP + RS + RS + 6R|RyR3 < R + RS + R} + 6R| Ry R},
SinceR; < R}, this implies
R} 4+ RS + R + 6R1RyR3 < R + R} + R} + 6R| R, RS,
which completes the proof in case (i).
In case (ii), we may replac® with vertex A since clearlyfg‘ABC < ngBC.
Furthermore, note that? , ;. < X4 5o, by the argument in the prior case, since
now Ry + R = AB + AC < R, + R with Ry = 0. O

Lemmad4. Supposed BC is an isosceles triangle having inraditisand baseBC.
Let P be any point on the altitude frovd to BC'. Then for all possible?, we have

fRape = 72

Equality holds if and only if triangled BC' is equilateral withP the center.

Proof. Let ZABC = 2o and AD be the altitude from vertex to sideBC. Then
BD = cota and thus

2

AD = BD - tan 2« = tan 2« cota = — -
1 —tan“ «

Letz = tan? o andy = R; = AP. Note that

Ry = R3= BP =+/DP?+ BD? = /(AD — AP)2 + BD?

#(13%_@,)1;

See Figure 2.
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Figure 2. Isosceles triangléBC.

To showR3$ + R+ R3 + 61 Ry R3 > 72, we need only establish the inequality

3/2
2 2 11 2 2
2 ———y) += —— —y) +-
1—=z T 1—=z €T

+ 6y
forall0 < z < 1andy > 0.
To prove (2), we consider the function

2 2 4] 2 S|
f(x,y)=2[<m—y> +; (m—y> +5

+ 6y
and study its extreme points. Direct calculations give

folz,y) =3 8% — (1 —2)° — 4a*(1 —a)y <\/3+—(2_y+xy)2 +2y> ;

(1 —x)3a? x (1—x)?

+y¥ =72, (2

+ 43

6(1+z)2 48

fylay) = (1—2)2 1-—

6(2—y+xy)\/1 n 2-y+ay)?

y+ 21y? — —
x 1—=x

x (1—x)2
Since0 < =z < 1 andy > 0, we see that the equatiofy(z,y) = 0 implies

= % Substituting this expression fgrinto the equatiory, (,y) = 0,

we obtain, after several straightforward algebraic opanat the equality
(1 + x)(72° 4 312* — 7023 + 1062* — 492 + 7)
=2(1 —2)*/(1 +2)(1 — 5z + 1122 + 23),

which, sinced < z < 1, implies eitherz = z = § or g(z) = 0, where
g(x) = 1520 +1622° 4 27928 — 125627 + 31502° — 264425
+ 6942t + 17522 — 153322 4 450z — 45.
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By Maple or any mathematical programming (or, by hand, upamsering
eight derivatives), it can be shown thgfz) > 0 for all 0 < = < 1; see graph
above. Thugj(x) is an increasing function with(0) < 0 andg(1) > 0. Hence
the equatiory(z) = 0 has a unique roat = z; on the interval(0,1). By any
numerical method, one may estimate this root ta:pe-= 0.2558509455 - - - .

300

1000

Figure 3. Graph off(z) on the intervalgo, 1] and[3, 1].

Note thatlim, o+ f(z,y) = lim, ;- f(z,y) = limy_.o f(z,y) = co. Ob-
serve further that the function

Fla,0) =2 <ﬁ + %)3/2

has a unique extreme pointat= —2 + /5 on the intervald < z < 1, and in

this case we havé¢(—2 + V5, 0) = % ~ 73.8647611. On the other hand,
—2)2

the functionf (x, y) has two internal extreme points, naméhy, yo) = (%, 2) and
(z1,71) = (0.2558509455, 0.5727531365), with f(zo,y0) = 72 and f (z1,y1) ~
77.5182420. This showsf(z,y) > 72 forall0 < = < 1 andy > 0, as required.
There is equality only whe(z, y) = (%, 2), which corresponds to the case when
triangle ABC'is equilateral withP its center. O

We invite the reader to seek a less technical proof of inéyu@l). Meanwhile,
Theorem 1 follows quickly from Lemmas 3 and 4.

3. Proof of Theorem 1

SupposeP is a point in the plane of the arbitrary triangleBC having inradius
1, whereBC' is fixed. We may assumg lies on or within triangleA BC, by the
observation in the introduction. From Lemma 3, we see thaptiwer of P with
respect to triangled BC is at least as large as the power of some p@inwith
respect to the isosceles triangle having inradiasd the same base, whepdies
on the altitude to it, which, by Lemma 4, is at led8t Since BC' was arbitrary,
the theorem is proven. We also have that there is equality iarthe case when
triangle ABC'is equilateral and’ is the center. O



180 T. Mansour and M. Shattuck

4, Somecorollaries

We now state a few simple consequences of Theorem 1. Firshiotng with
the arithmetic-geometric mean inequality, we obtain thiefong result.

Corollary 5. If ABC'is atriangle andP is a point, then
R} + RS+ R3 > 24r%. (3)
Taking P to be the circumcenter of trianglé BC, we see that Theorem 1 re-

duces to Euler’s inequalitR > 2r, whereR denotes the circumradius. Takirg
to be the incenter, we obtain the following trigonometriedqoality.

Corollary 6. If , 8, and~ denote the half-angles of a triangkeBC, then
csc® o+ esc f 4 csed y + 6 escacse fescy = T2. 4)

Inequality (4) may also be realized by observing
4R
csc? ad-cse? f+csed Y+6cscacscFescy = 9escacscGescy =9 <—> =72,
r

using Euler’s inequality and the fagl;, = sin asin 3sin .
Finally, taking P to be the centroid of trianglel BC', we obtain the following
inequality.

Corollary 7. If triangle ABC has median lengths:,, m;, andm,, then
m3 4+ mj +m3 + 6mempm, > 24313 (5)

Using the proof above of Theorem 1, it is possible to find lob@unds for the
general SUNRS + Ry 4 R§ + k(R1 R2R3) 5, wherea andk are positive constants,
in several particular instances. For example, one may gérerTheorem 1 as
follows, mutatis mutandis

Theorem 8. If ABC is a triangle andP is a point, then
R} 4+ R3 + RS + kR RyR3 > 8(k + 3)r® (6)

fork=0,1,...,6.

Furthermore, it appears that inequality (6) would hold ftbrraal numbersk
in the interval[0, 6], though we do not have a complete proof. However, for any
givennumber in this interval, one could apply the steps in the fppbbemma4 to
test whether or not (6) holds. Even though it does not appredatemma 3 can be
generalized to handle the case whes 3 andk > 6, numerical evidence suggests
that inequality (6) still might hold over a larger range, Isas0 < £ < 15.

The proof above can be further modified to show the followrguits for expo-
nents2 and4.

Theorem 9. If ABC'is a triangle andP is a point, then
R?+ R% + R% + (R1RoR3)3 > 1612

and
R?+ R%+ R2+ 2(R1RaR3)3 > 20r2.
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Theorem 10. If ABC'is a triangle andP is a point, then

R+ RS+ RY + k(R1RaR3)5 > 16(k + 3)r?
fork =0,1,...,09.
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The Lemniscatic Chessboard

Joel C. Langer and David A. Singer

Abstract. Unit speed parameterization of the lemniscate of Berh@itjiven
by a simple rational expression in the lemniscatic sinetionc The beautiful
structure of this parameterization becomes fully visiblyavhen complex val-
ues of the arclength parameter are allowed and the lemaiseatiewed as a
complex curve. To visualize such hidden structure, we witivé squares turned
to spheres, chessboards to lemniscatic chessboards.

1. Introduction

Figure 1. The lemniscate and two parallels.

The lemniscate of Bernoulli resembles the iconic notatmmirifinity co. The
story of the remarkable discoveries relating elliptic flimgs, algebra, and number
theory to this plane curve has been well told but sparselgtilated. We aim to fill
the visual void.

Figure 1 is a plot of the lemniscate, together with a paipafallel curves Let
v(s) = x(s) + 1y(s), 0 < s < L, parameterize the lemniscate by arclength, as a
curve in the complex plane. Then analytic continuatiory @f) yields parameteri-
zations of the two shown parallel curves;(s) = y(s £iL/16), 0 < s < L. Let
p1,---,p9 denote the visible points of intersection. The figure andfdflewing
accompanying statements hint at the beautiful structurg of

e The intersection at eagly is orthogonal.
e The arclength from origin to closest point of intersectier.j 16.
e Each pointp; is constructible by ruler and compass.

We briefly recall the definition of the lemniscate and tmniscatic integral
Let H denote the rectangular hyperbola with fédci = ++1/2. Rectangular and

Publication Date: September 21, 2011. Communicating Ediaul Yiu.



184 J. C. Langer and D. A. Singer

polar equations of are given by:
1 = 22— y2
1 = 7r2cos?6 — r?sin®6 = r? cos 260

Circle inversion,(r,0) — (1/r, ), transformsK into the Bernoulli lemniscat®:

rt = r?cos26

(1,2_1_2/2)2 — $2_y2

The foci of H are carried to théoci b+ = +1/+/2 of B. While focal distances for
the hyperbolal. (h) = ||h — h| have constant differendd, — d_| = 2, focal
distances for the lemniscade (b) = ||b— b || have constant produdt.d_ = 1/2.
(Other constant values of the produdgtd_ = d? define the non-singular Cassinian
ovals in the confocal family tds.)

Differentiation of the equation? = cos 26 and elimination ofdd in the ar-
clength elements? = dr? + r2d6? leads to the elliptic integral for arclength along
B:

dr
s(r) = / i (1)
The length of the full lemniscaté = 4K is four times the complete elliptic inte-
gral [ dr/v/T— 7% = K ~ 1.311. One may comparé&, formally, to the integral
for arclength of a quarter-circlg) dz/v1 — 22 = =, though the integral in the
latter case is based on the rectangular equatieny/'1 — 2.

The lemniscatic integrad(r) was considered by James Bernoulli (1694) in his
study of elastic rods, and was later the focus of investigatibby Count Fagnano
(1718) and Euler (1751) which paved the way for the generdrih of elliptic
integrals and elliptic functions. In particular, Fagnaraaltset the stage with his
discovery of methods fodoubling an arcof 5 and subdivision of a quadrant of
B into two, three, or five equal (length) sub-arcs by ruler aoohjgass construc-
tions; such results were understood via addition formwafiptic integrals and
(ultimately) elliptic functions.

But a century passed before Abel (1827) presented a probéaldfinitive result
on subdivision of8. Abel’s result followed the construction of th&r-gon by
Gauss (1796), who also showed that the circle can be dividledi equal parts
whenn = 2ipips...p, Where the integers; = 22" + 1 are distinctFermat
primes Armed with his extensive new theory of elliptic functiomshel showed:
The lemniscate can be-subdivided for the very same integers= 2/pps . . . .
(See [3], [11], [10] and [13].)

2. Squaringthecircle

It may seem curious at first to consider complex values of taditis” r in the
lemniscatic integral, but this is essential to understagdhe integral’s remarkable
properties. LetD = {w = x + iy : 22 + y* < 1} be the open unit disk in the
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complexw-plane and, for eacly € D, consider the radial path= tw,0 <t < 1.
The complex line integral

W dr 1 wdt
=s(w) = —_— = _— 2
defines a complex analytic function dn. (Here,+/1 — r* denotes the analytic
branch withRe[v1 — 4] > 0, for » € D.) Thens(w) mapsD one-to-one and
conformally onto the open squafewith vertices+ K, +i K—the lemniscatic in-

tegral squares the circle!
In fact, forn = 3,4,..., the integrals, (w fo i rn 5 mapsD confor-

mally onto the regulan-gon with vertlceScr,’i = e2rki/n ThIS is a beautifully
symmetrical (therefore tractable) example in the theortheSchwarz-Christoffel
mapping Without recalling the general theory, it is not hard to sked proof of the
above claim; for convenience, we restrict our discussiahdqresent case = 4.

First, s(w) extends analytically by the same formula to the unit cirelegept
at +1, +i, wheres(w) extends continuously with valuege™/?) = i*K, k =
0,1,2,3. The four points™*#/2 divide the unit circle into four quarters, whose im-
agesy(t) = s(e') we wish to determine. Differentiation of (t) = ie' /v/1 — et
leads, after simplification, tg”(¢)/+/(t) = cot 2t. Since this is real, it follows
that the velocity and acceleration vectors are parallehtdirparallel) alongy(t),
which is therefore locally straight. Apparentlymaps the unit circle to the square
S with verticesi* K', where the square root type singularitiessGi) turn circular
arcs into right angle bends. Standard principles of compéeiable theory then
show thatD must be conformally mapped onfs—see Figure 2.

Figure 2. The lemniscatic integra{w) = fo’“” \/fr_4 squares the circle.

The64 subregions of theircular chessboaraf Figure 2 (left) are the preimages
of the squares in the standard chessboard (right). Fouediuthregions in the disk
appear to have only three sides apiece, but the boundingaitbg unit circle each
count as two sides, bisected by vertices, +i.
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It is visually obvious that the circular and standard cheastls have precisely
the same symmetry—namely, that of a square. To be explatriapping =
s(w) is easily seen to be equivariant with respect to the fourtiosta and four
reflections of the dihedral groupy:

k

s(ifw) = *s(w), s(i*w) = *s(w), k=0,1,2,3. (3)

Anticipating the next section, we note that the conformapria= s(w) inverts
to a functionw = s~1(¢) which maps standard to circular chessboard and is also
D,-equivariant.

3. Thelemniscatic functions

Let us return briefly to the analogy between arclength irtisgior lemniscate
and circle. The integral = [ dz/+v/1 — 22 defines a monotone increasing func-
tion calledarcsin z on the interval—1, 1]. By a standard approackin ¢t may be
defined, first on the intervéd-= /2, /2], by inversion ofrcsin z; repeated “reflec-
tion across endpoints” ultimately extends ¢ to a smooth2zr-periodic function
on'k.

In the complex domain, one may define a branchrogin w on the slit complex
planeP = C \ {(—o0,—1] U [1,00)} by the complex line integralarcsinw =
Jo dr/v1 =12 = fol ¢dt/+/1 — ¢%t2. It can be shown tha} = arcsin w mapsP
conformally onto the infinite vertical strif = {w = u+iv : —7/2 < u < w/2}.
Therefore, inversion definas = sin ¢ as an analytic mapping af onto P. One
may then invoke th&chwarz reflection principleSincew = sin { approaches the
real axis ag approaches the boundary &f, sin  may be (repeatedly) extended
by reflectionto a2x7-periodic analytic function off.

A similar procedure yields theemniscatic sine functiom = sI¢ (notation as
in [13], §11.6), extending the functios~1(¢) : S — D introduced at the end
of the last section. The important difference is that thengawy of the square
S determinedwo “propagational directions,” and the procedure leads doably
periodic meromorphic functionl : C — C U {oco}. Shortly, we discuss some of
the most essential consequences of this construction.

But first we note that the lemniscatic integral is elhiptic integral of the first

kind [ m, for the special parameter value = k> = —1. Inver-

sion of the latter integral leads to tacobi elliptic sine function with modulus

sn(¢, k). Theelliptic cosinecn¢ = /1 — sn2¢ anddn{ = /1 — msn?¢ are two
of the other basic Jacobi elliptic functions. All such fuoos are doubly periodic,
but the lemniscatic functions

sI¢ = sn(C,4), cl¢ =1/1 —s12¢, dI¢ = /1 +s1%¢ (4)

posses additional symmetry which is essential to our stbrmyparticular, Equa-
tions 3, 4 imply the exceptional identities:

sli¢ = isl¢, cli¢ = dI¢, dli¢ = cl¢ (5)
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It is well worth taking the time to derive further identitiés sI¢, “from scratch”™—
this we now proceed to do.

The Schwarz reflection principle allows us to extehd S — C across the
boundarydS according to the rulesymmetric point-pairs map to symmetric point-
pairs. By definition, such pairs (in domain or range) are swappethbyrelevant
reflection R (antiholomorphic involution fixing boundary points). Ireth-plane,
we use inversion in the unit circl&-(w) = 1/w. Inthe{ = s + it-plane, a
separate formula is required for each of the four edges rgaldS = e; + es +
e3 + eq. Forey, we express reflection across= K — s by Ry (¢) = —i¢ + (1 +
i)K = —i( + e4, where we introduce the shorthaad = (1 +4)K. Thensl{
may be defined on the squa$e = {( + ey : ¢ € S} by the formula:

1
SIC = RCSIRlC = W,
S, is thus mapped conformally onto the exterior of the unitleifn the Riemann
sphere (extended complex plaffe}= C U {oco}, with polesle; = co.

Figure 3 illustrates the extended mappisig: S U S — P. The circular
chessboard is still recognizable within the right-hand rieguhough “chessboard
coloring” has not been used. Instead, one of the two orthalgamilies of curves
has been highlighted to display the image on the right &xpalogical cylinder
obtained from the Riemann sphere by removing two slits—thertgr circles in
second and fourth quadrants.

¢ €S, (6)

1+2H)K

&7

/|

Figure 3. Mapping rectangl8 U S onto Riemann sphere hy = sl¢.

We may similarly extendl acrosses, es, e4 and, by iteration, extend meromor-
phically tosl : C — P. The resulting extension is most conveniently described in
terms of basic symmetries generated by pairs of reflectibes.R.¢ = +i( be
the reflection in the ling = +s; we use the same notation for reflections in the
w = u + iv-plane,RLw = +iw. We may regard translatiorgs— ¢ + e, as com-
posites of reflectionsK; R and R_ R;) in parallel linest = K — s andt = —s,
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and thus deduce the effect an= sl¢. Here we may freely apply Equation 6 as
well as D4-equivariance—which meromorphic extensiorsbiust respect.

Thus,sl(¢ + e;) = sIRIR_¢( = ResIRIRIR_( = RoR_sIC = +< and
identities

A(Ctes) = & SA(Cte ) = i @)
A +2es) = sk, ®)
SI(C+2K) = sl(¢ +2iK) = —slC, @)
SI(C+4K) = sl(¢ + 4iK) = sI¢ (10)

follow easily in order. One should not attempt to read offresponding identities
for cl, dl using Equation 4—though we got away with this in Equation &né¢
may better appeal to angle addition formulas, to be giveavioglBelow, we will
use the pair of equationsd(¢ + 2K) = —cl(¢) anddl(¢ + 2K) = dl(¢), which
reveal the limitations of Equation 4. Actually, this poimist one of the virtues of
working exclusively withsl¢, if possible, as it will eventually prove to be for us.

A period of a meromorphic functionv = f(¢) is a numberw € C such that
f(C+w) = f(¢) for all ¢ € C. Thelattice of periods off(¢) is the subgroup
of the additive grougC consisting of all periods of (¢). Letwy = 2(1 +i)K =
2e, = 2ie_. Then the lattice of periods ef( is therescaled Gaussian integers

Q={(a+ib)wy : a,b e N} (11)

In fact, Equation 8 shows that arfy + ib)w is a period; on the other hand, the
assumption of an additional period leads quickly to a calitteon to the fact that
sl is one-to-one on the (closed) chessbadfd= closure(S).

Using €2, sl is most easily pictured by choosingfendamental regiorior €2
and tiling the complex plane by itQ-translates. To fit our earlier discussion, a
convenient choice is the (closure of the) square consistfrfigur “chessboards”
R=8SUStUS_USs,whereS_ = {(+e_:(e€S},S:t ={(+2K:( e S}.

To say thatR¢ is a fundamental region means:
(1) Any ¢ € Cis equivalent to somg, € R in the sense that — ¢, € €.
(2) No two elements ifR = interior(R¢) are equivalent.

The double periodicity oflC is realized concretely in terms of the square tiling;
sI¢ mapsR two-to-one ontd?, and repeats itself identically on every other tile.
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Figure 4. Contour plots d&l¢| (left) andIm[sl¢] (right).

The left side of Figure 4 illustrates the behavior just di&set using a contour
plot of |slz| (with tile R and chessboard subtifesuperimposed). The critical level
set|sl¢| = 1 is recognizable as a square grid; half of the squares contas
(white dots), the other half contain poles (black dots). figbt side of Figure 4 is
a contour plot ofim([sl¢]. The level sefm[sl¢] = 0 is a larger square grid, this time
formed by vertical and horizontal lines. We note that sucloalyy itself (without
superimposed til&) is visually misleading as to the underlying lattice.

A closely related idea is to regastl as a function on the quotiei? = C/Q—
topologically, the torus obtained from the squé@e by identifying points on op-
posite edges (using+ i*wy = ¢). Thensl : T2 — P is adouble branched cover
of the Riemann sphere by the torus. This point of view meske®gtly with our
earlier description ofl : S US, — P as defining a cylinder. For the same de-
scription applies to the othaheetl : S_ U S+ — P, and the two identical sheets
“glue” together along théranch cutgquarter-circle slits) to form a torug?.

Yet another point of view uses the basic differential equrasiatisfied by = sls.
Applying the inverse function theorem @ =1/v/1—r*gives

dr
(ds
Here we have temporarily reverted to our original real notatbut it should be
understood that Equation 12 is valid in the complex domaimay be replaced
by w ands by . Also, we note that the equation implies the following dative
formulas for the lemniscatic functions:

P=1-—71 (12)

%Mzmm,%mzﬂmm %m:mm (13)
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In particular, dislg vanishes at the chessboard corngt&’, +iK, where the
mapping of Figure 3 folds the long edges of the rectarffjle S, onto doubled
quarter circles; these four critical points account for Hianching behavior of
sl: T2 > P.

In effect,sl¢ defines a local coordinate @, but is singular at the four points
just mentioned. Actuallysl¢ may be regarded as the first of two coordinates in
a nonsingular parameterization of the torus. Here it isfhelp draw again on
the analogy withe = sint as a coordinate on the unit circle and the differential
equation(%)? = 1 — 2. Just as the circle® + y? = 1 is parameterized by
x =sint, y = cost (t = w/2 — 0), the above formulas lead us to parameterize a
guartic algebraic curve:

yvP=1—z% z=sl¢, y=clCdl (14)

This curve is in fact arlliptic curve—it is modeled onl™>—and we have effec-
tively described its underlying analytic structure aRi@mann surface of genus
one

4. Parameterization of the lemniscate

In the previous two sections we developed the lemniscatictions by way of
two important applications; one a conformal mapping pnaobléhe other a parame-
terization of an elliptic curve. The lemniscatic functiangy also be used, fittingly
enough, to neatly express arclength parameterizatioredéthniscates itself:

x(s) = %dls sls, y(s) = %cls sls, 0 < s <4K (15)
Equations 4 imply that = xz(s),y = y(s) satisfy (22 + y?)? = 22 — ¢?; further,
Equations 13 lead ta’(s)? + y/(s)? = 1, as required. We note thatmay be
replaced by complex parametéras in Equation 14, for global parameterization
of B as complex curve.

But first we focus on real points & and subdivision of the plane curve into
equal arcs. As a warmup, observe that Gauss'’s theorem olareggons may be
viewed as a result about constructible values of the sinetifm For ifn is an in-
teger such thay = sin - is a constructible number, sods= cos 5~ = /1 — 32
constructible; then all pointésin 2, cos 22), j = 1...4n are constructible by
virtue of the angle addition formulas for sine and cosine.

Likewise, Abel’s result on uniform subdivision of the lemoate is about con-
structible value$l(§). For if it is known that aradius (K /n) = sl(K/n) is
a constructible number, it follows from Equation 15 that toeresponding point
(x(K/n), y(K/n)) on B is constructible. Further, in terms ofK/n), z(K/n),
y(K/n), only rational operations are required to divide the leretis intodn arcs
of length K'/n (orn arcs of lengtht K /n). Specifically, one can compute the values
r(JK/n),z(jK/n),y(jK/n),j =1,...,n, using theangle addition formulas for
lemniscatic functions
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slpclvdly + sl clp dlp

sl +v) 1+ sPusl®y (16)
clpcly —slpsly dlp dly

L = 17

cllp+v) 1 +susl®y (17)
dlp dly + slpsly clp clv

dl = 18

(b +v) T 5Py (18)

(We note that the general angle addition formulas for thptellfunctionssn{ =
sn(¢, k),en¢ = en(¢, k), dn¢ = dn((, k) are very similar; the denominators are
1 — k%sn%p sn?v and the third numerator iény dny — k?snyusnv cnp cnw.)

Everything so far seems to build on the analog@iie lemniscatic sine function
is to the lemniscate as the circular sine function is to thelei

But the moment we turn to constructibility abmplex pointon 5, an inter-
esting difference arises: The integem the above argument can be replaced by
a Gaussian integef + ¢k. That is, one may usg = jK/n,v = ikK/n in
Equations 16-18, then apply Equations 5, then reduce integéiiple angles as
before. Thus, a single constructible valugs</n) = sl(K/n) ultimately yields
n? constructible values((j + ik)K/n), 0 < j,k < n—hencen? points(z((j +
ik)K/n),y((j + ik)K/n) on B (actually four times as many points, but the re-
maining points are easily obtained by symmetry anyway).

Two remarks are in order here:

(1) No such phenomenon holds for the circle. Note thait 7, cosm) =
(0,—1) is a constructible point on the real circle, whil€n i7, cos i)
is a non-constructiblepoint on the complex circle—otherwise, the tran-
scendental numbef™ = cos i — i sin iw would also be constructible!

(2) The constructibility ofr(K/n), n = 2/p1ps ... px, Mmay be viewed as an
algebraic consequenasf its congruence class of values!

Though both remarks are interesting from the standpointgaftea or number
theory—in fact they belong to the deeper aspects of our stibjgtatements about
complex points on a curve may be harder to appreciate geicalstr However,
beautiful visualizations of such points may be obtainebiropic projectiononto
the real plan&R? ~ C: (g, y0) — 20 = o + iyo. (The geometric meaning of this
projection is not so different from stereographic projecti Point(xzg, ) € C2
lies on a complex line+iy = 2 through thecircular pointc with homogeneous
coordinates1, i, 0], and the projection ofzg, yo) from ¢4 is the point of intersec-
tion (Re[zo], Im[20]) of line z + iy = 2 and real planém[z] = Im[y] = 0.)

In particular, the (complexified) arclength parameternral’ () = (z(¢),y(¢))
of the lemniscate thus results in a meromorphic functiopn

E) = 2(0)+ 10() = 8IC (AIC +iel), € < C. (19)
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by which we will plot, finally, thelemniscate parallelslluded to in the introduc-
tion: v(s+itg), —2K < s < 2K, ty € R. Forinstance, Figure 5 shows lemniscate
parallels for the uniformly spaced “time”-values= jK /4, —4 < j < 4.

Figure 5. Lemniscate parallels for timgs= £, —4 < j < 4.

Figure 5 is but a more complete version of Figure 1, but tisetive are in a
position to explain some of the previously mysterious feegof the figure. The
following statements apply not only to Figure 5 but also taikir plots obtained
using Equation 19:

e The family of lemniscate parallels slf-orthogonal
e The time incremeni\¢ induces an equal curve incremeks.
e ForAt = K/n,n = 2p1ps...px, all intersections are constructible.

To explain the first two statements we combine Equations Bd%hove men-
tioned identitiescl(¢ + 2K) = —cl(¢),dl(¢ + 2K) = dl(¢) to obtainy(i{) =
%sl(i{)(dl(i{) +icl(i¢)) = %sl({)(—dl(() +icl(¢)) = v(¢ + 2K), hence:

v(s +it) = y(i(t —is)) = y(t + 2K — is) (20)

Thus, they-images of vertical lines = sy and horizontal lineg = ¢, are one
and the same family of curves! Sineepreserves orthogonality, the first claim
is now clear. By the same token, since members of the famédysaparated by
uniform time incrementAt, they are likewise separated by uniforyincrement.
In particular, curves in the family divide the lemniscat®ii6 arcs of equal length.
(The last bulleted statement is a part of a longer story fotlar day!).

5. Squaring the sphere

The meromorphic lemniscate parameterizatidq) arose, over the course of
several sections, in a rathad hocmanner. Here we describe a more methodical
derivation which leads to a somewhat surprising, alteveagixpression fory as
a composite of familiar geometric mappings. Ignoring Imelaanges of variable,
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the three required mappings are: The lemniscaticsingheJoukowski map(z),
and the complex reciprocalz) = 1/z. The idea is to usg to parameterize the
hyperbolal, apply. to turn’H into B, then compute the reparametrizing function
required to achieve unit speed.

First recall the Joukowski map

1 1
i(z) = 5+ 2), (21)
a degree two map of the Riemann sphere with ramification pdint = j(+1);
the unit circle is mapped two-to-one to the interjval , 1], and the interior/exterior
of the unit disk is mapped conformally onto the slit plab& [—1, 1]. (Joukowski
introduced; to study fluid motion around airfoils, building on the simpftow
around obstacles with circular cross sections.)
We note also thaj maps circlegz| = r to confocal ellipses (degenerating at
r = 1) and raysArg z = const to (branches of) the orthogonal family of confocal
hyperbolas. In particulalrg z = 7 /4 is mapped by to the rectangular hyperbola
with foci +1: 22 — y? = 1/2. We rescale to gek, then take reciprocals is the
image of the lineRe[z] = Im|z] under the map

. V22
B(z) = L(V24(2)) = 1122
(Inversion in the unit circle, discussed earlier, is givgndonjugate reciprocal
z — 1/z; but by symmetry ofH, . yields the same image.)
Let o = og = ™¥/%, Taking real and imaginary parts g{ot) = ﬁ(l—gt)
results in the following parameterization of the real legcate:
t+ 3 t—t3
z(t) = T A y(t) = 114
This rational parameterization possess beautiful pragsedf its own, but our cur-

rent agenda requires only to relate its arclength integrété lemniscatic integral
by simple (complex!) substitution= o7:

_ [ g [Y2 g [ Y20
S(t)—/\/:n (t)2+y(t)2dt_/mdt_ de (24)

Thus we are able to inves(t) via the lemniscatic sine function, put= t(s) in
B(ot), and simplify with the help of Equation 5:(s) = B(ot(s)) = B(isl \/%U) =
B(sl %s)

We are justified in using the same letter as in Equation 19, to denote the
resulting meromorphic arclength parameterization:

o sl(L£E
2(6) = B350 = 2o E
2

(22)

(23)

25
7 (25)
Comparing this expression with Equation 19, one could nogXjeected to rec-
ognize that these meromorphic functions are one and the; dauhéoth satisfy
v(0) = 0,7/(0) = o—so0 it must be the case! (It requires a bit of work to verify
this directly with the help of elliptic function identitigs
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niscatic chessboards.

Figure 6 illustrates the factorization(¢) = B(SI(%C)) with the aid of black
and whiten x n “chessboards” in domain, intermediate, and target sp&€asugh
it may be more meaningful to speak ofx n “checkers” or “draughts,” we have
reason shortly to prefer the chess metaphor.) The preseiteeh= 64 is visually
representative of integers >> 8, but belongs again to the algebraically simplest
classn = 2%, The square board(3) in the domain has corne(s-1+i) K (upper
left). Rotation by /4 and dilation by./2 takesSB to the squareS, which was
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earlier seen to be mapped conformally onto the unit diselby The result is the
round board £B) in the intermediate space (upper right).

Thelemniscatic chess boar@ottom) is the conformal imageB = v(SB) =
B(RB). As a domain,L B occupies the slit plan€ \ Z, T = (—oo, —1/v/2] U
[1/v/2,00). Note that the closure af B is the spherd. B¢ = v(SB°) = P—so0
~~1 squares the sphereln the process, the horizontal (red) and vertical (green)
centerlines orb' B are carried byy to the two halves of the real lemniscateli.
(Forn even, the lemniscate is already a “gridline” loB.)

In addition to providing a more geometric interpretation 4¢¢), Equation 25
represents an improvement over Equation 19 with respeatumber theory and
numerics ofL.B.” Here it's nice to consider discrete versionsRB and L B: Let
each of then? curvilinear squares be replaced by the quadrilateral viighsame
vertices. (This is in fact how the curvilinear squares inurg6 are rendered! Such
a method reduces computation considerably and provides sharper graphical
results.) With this interpretation, we note that only ratiboperations are required
to constructL B from RB.

6. Lemniscatic chess

In Figure 6 one detects yet unfinished business. What becéthe gray and
white checkered regions exterior 8 and RB? What to make of checks of the
same color meeting alorigin LB? For anyn, symmetry forces this colorinfaux
pas.Something appears to be missing!

For amusement, let’s return to case= 8 and the spherical chessbhoaktds.
Observe that in the game of lemniscatic chess, a bishop atitaity changes
from white to black or black to white each time he crosges-rom the bishop’s
point of view, the board seems twice as big, since a neigldoorton LB feels
different, depending on whether he’s white or black.

In effect, the bishop’s wanderings define a Riemann suffa@®nsisting of two
oppositely colored, but otherwise identical, copied.@f, joined together along
to form a chessboard @f? = 128 squares. In fact, it will be seen that—itself a
copy of the Riemann sphebe ~ P—may be regarded as the underlying Riemann
surface, the intrinsic analytical model, of the algebraiove 5.

To approach this from a slightly different angle, we notet thais a rational
curve; its parameterizatidr(t) = (x(t), y(t)) given by Equation 23 shows that the
totality of its (real, complex, and infinite) points may beidified with the space of
parameter valuelse P. In other wordsj5 hasgenus zeroln declaringB ~ P = 3,
the double point at the origin is treated as two separatetoi{®), b(co), one for
eachbranchof B. Likewise, the lemniscate’s four ideal points are doubteutar
pointscy: b(o?),b(a "), andb(o), b(a®). (B is said to be dicircular curve)

To understand the relationship between the two descriptid is to glimpse
the beauty of isotropic coordinates; = = + iy,22 = x — iy. In these co-
ordinates,c = #322 ¢ = 22 and the equation foB may be re-expressed

0= f(z,y) = g(z1,22) = 2223 — (22 + 22). A similar computation (which
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proves to be unnecessary) turns Equation 23 into a rati@rahpeterization o
in isotropic coordinatedz (t), z2(t)).

To illustrate a general fact, we wish to expréss(t), z2(t)) in terms of our
original complex parameterization (t) = 3(ot). Let theconjugateof an analytic
function h(z) defined onUU be the analytic function ob/ obtained by “complex
conjugation of coefficients,h(z) = h(z). For example,3 = (3, consequently
h(z) = B(cz) has conjugaté(z) = 3(¢/o). Now itis a fact that the correspond-
ing parameterization of the complex curBemay be expressed simply:

2 (21(2), 2(2)) = (h(2), h(2)) = (B(02), B(2/7)) (26)

Given this parameterization, on the other hand, isotropigeption (21, z2) — 21
returns the original complex functidin(z) = 5(oz).

Now we've come to the source of the doubling: Isotropic prtys determines
a2 — 1 meromorphic function : B — P. Recall each isotropic ling; = zq + iyo
meets the fourth degree cunfour times, counting multiplicity. Each such line
passes through the double circular paint € 3, and the two finite intersections
with B give rise to the two sheets of the isotropic image. Two exoept isotropic
lines are tangent t8 atc., leaving only one finite intersection apiece; the resulting
pair of projected points are none other than the foci of thaniecate.

The same principles apply to the arclength parameterizafio cover3 once,
the parametef may be allowed to vary over tttuble chessboar2lS R occupying
the rectangle-K < Re[(] < 3K, —K < Im[¢(] < K. While v({) maps2SR
twiceonto L B (according to the symmetry({+2K) = ~(i()), the corresponding
parameterizatioriy(¢),7(¢)) = (ﬁ(sl(%g“)),ﬂ(sl(ﬁg)) maps2S R once onto
the bishop’s world—8 divided into128 squares. Note that this world is modeled by
the full intermediate space (Figure 6, upper right), in \ahizere are four3-sided
squares,” but no longer any adjacent pairs of squares oftine solor.

7. A tale of two tilings

By now it will surely have occurred to theon-standard chessnthusiast that
the board may be doubled once again to the t@fisnodeled by the fundamental
squaretSR: —K < Re[(], Im[¢] < 3K. Thatis to say thak.S (Figure 6, bottom)
is quadruply covered by the elliptic curve Equation 14, which is itseffinitely
covered byC.

Thus, we have worked our way back@s—the truestarting point Be it double,
quadruple or infinite coverings, our images have displayetsterence of structure
forwards A common thread and graphical theme, in any event, has Ihecmirt
or presence of square tiling of the plane add2 wallpaper symmetrysee [2] to
learn all about symmetry, tiling, and its notation). Likeeifor subdivision of the
lemniscate, the underlying symmetry and algebraic stractierive fromC and
the Gaussian integers; the intricate consequences arashebs of Galois theory,
number theory, elliptic functions—stories for anotherdi(fiL1], [3], [9]).

It may sound strange, then: The symmetry group of the leratesitself, as a
projective algebraic curve, is the octahedral gréup- Sy, the %432 tiling of the
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sphere (see Figure 7) is the skeleton of the lemniscateiasit geometry. Projec-
tive O-symmetry characterizes among genus zero curves of degree at most four
([7]). The natural Riemannian metric ¢hc CP? has precisely nine geodesics of
reflection symmetry, which triangulafé as a disdyakis dodecahedron (which has
26 vertices,72 edges ands faces); the6 polyhedral vertices are the critical points
of Gaussian curvatur& ([8]). These are6 maximaK = 2, 8 minimaK = —7
and12 saddlesk’ = —1/4, which are, respectively, the centersdefold, 3-fold,
and2-fold rotational symmetry. It is also the case that our raigparameteriza-
tion of B (given by Equation 23 or 26) realizes the full octahed«dBQ) symmetry.
(The 48-elementfull octahedral groupOy, is distinct from the48-elementbinary
octahedral grou®0, which is related ta@ like the bishop’s world td. B—again
another story.)

HBE

Figure 7. The disdyakis dodecahedra32 spherical tiling, and its stereo-
graphic planar image.

It is indeed a curious thing that these planar and spheiitajd and their sym-
metries somehow coexist in the world of the lemniscate. |effort to catch both
in the same place at the same time, we offer two final imagesir&i8. The idea
here is to reverse course, transferring struchaekwards—from lemniscates to
torusT2—via the2 — 1 map~y : T? — P. On the left, thex432 spherical tiling
is pulled back; on the right, a contour plot Af is pulled back. In both cases, we
have chosen (for aesthetic reasons) to indicatalfpaper patternrmeant to fill the
whole plane; however, for the discussion to follow, it slibbe kept in mind that
T? is represented by theentral2 x 2 squarein each ¢ x 4) figure.

From a purely topological point of view, Figures 7 (middleps (left) together
provide a perfect illustration of the proof of tiRiemann-Hurwitz Formultalf f :
M — N is a branched covering of Riemann surfagébhas degree andb branch
points (counting multiplicities), ang denotes Euler characteristic of a surface,
theny (M) = nx(N)—r. Here we takeV = P, triangulated as in the former figure
(x(N) =V —E+F =26—172+48 = 2), andM = T? with triangulation pulled
back fromN by f(¢) = sl(%g). Within 72, f has four first orderamification
points wheref fails to be locallyl — 1; these are the points wheté curvilinear
triangles meet. The mappingdoubles the angles/8 of these triangles and wraps
neighborhoods of such points twice around respective inp@j@s +1,+i € P
(together with0, 00 € P, these may be identified as the “octahedral vertices” in
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Figure 7, right). Sincef : 72 — P has degree two, the resulting triangulation
of T2 has double the vertices, edges, and face® bf except for the vertices at
ramification points which correspond one-to-one. Theesfp(7?) = 2x(PL) —

4 = 0, just as it should.

ﬂ“ﬂw A\"A
AL

Figure 8. Wallpaper preimages of triangulated lemnisdefg @nd lemniscate’s
curvature (right).

One may wish to contemplate the more subtle relationshiwdmrt symmetries
of the triangulated torus and those of the sphere. The gé@wgs orientation-
preserving ffanslationalandrotational) symmetries of the former has ordét| =
16. To account for the smaller numbgr| < |O| = 24, note thatf breaks octa-
hedral symmetry by treating the (unramified) poidtso € P unlike +1,+i € P.
The former correspond to the four points@? (count them!) where triangles
meet. But neither can all elements Gfbe “found” in O. Imagine a chain of
“stones” sg, s1, S2, ... (verticess; € PP), with s;,1 = r;s; obtained by applying
r; € O, and the corresponding chain of stonesTth. .. Anyone for a game of
disdyakis dodecahedral Go?
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A Spatial View of the Second Lemoine Circle

Floor van Lamoen

Abstract. We consider circles in the plane as orthogonal projectidrspheres
in three dimensional space, and give a spatial charactierizaf the second
Lemoine circle.

1. Introduction

In some cases in triangle geometry our knowledge of the pkasepported by
a spatial view. A well known example is the way that David Bppsfound the
Eppstein points, associated with the Soddy circles [2]. \Nieaat in a similar way.

In the plane of a triangled BC' consider the tangential trianglé’ B'C’. The
three circlesA’(B), B'(C), andC’(A) form the A-, B-, andC-Soddy circles of
the tangential triangle. We will, however, regard thesepderesi's, Tz, and1¢
in the three dimensional space. Let their radiidye p,, andp,. respectively. We
consider the spheres that are tritangent to the triple oérgsT 4, T, and T
externally. There are two such congruent spheres, synmumeiif respect to the
plane of ABC'. We denote one of these bY(p;).

If we projectT'(p;) orthogonally onto the plane o BC, then its centefl” is
projected to the radical center of the three circlesp, + p¢), B'(py + p¢) and
C’(pe + pt). In general, when a parameteis added to the radii of three circles,
their radical center depends linearly orClearly the incenter oft’ B'C’ (circum-
center ofABC) as well as the inner Soddy center4fB’C’ are radical centers of
Al(pg +t), B'(pp +t) andC’(p. + t) for particular values of.

Proposition 1. The orthogonal projection to the plane of ABC' of the centers of
spheres T tritangent externally to S 4, Sp, and S¢ lie on the Soddy-line of A’ B’C’,
whichisthe Brocard axis of ABC.

2. Thesecond Lemoinecircle asa sphere

Recall that the antiparallels through the symmedian p&inneet the sides in
six concyclic points P, @, R, S, U, andV in Figure 1), and that the circle through
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these points is called the second Lemoine cirtlgith centerk and radius

B abe
Az b2+

TL

Figure 1. The second Lemoine circle and the cirelé&B), B'(C), C'(A)

Proposition 2. The second Lemoine circle is the orthogonal projection on the
plane of ABC' of a sphere T tritangent externally to T4, T, and T. Further-
more,

(1) the center T of T" has a distance of 2r, to the plane of ABC;

(2) the highest points of T, T'4, T, and T are coplanar.

1An alternative name is the cosine circle, because the sidds3@ intercept chords of lengths
are proportional to the cosines of the vertex angles. Sioeeter there are infinitely many circles
with this property, see [1], this name seems less apprepriat
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Proof. SinceA’ is given in barycentrics bf—a? : b? : ¢?), we find with help of the
distance formula (see for instance [3], where some helpfakimation on circles
in barycentric coordinates is given as well):

4 B abc
Pa = A’,B_b2+62_a27
Py = 4a*b?c? (202 4 2¢% — a?)

(a2 4+ b2+ 2)2 (b + 2 — a?)?’
Now combining these, we see that the povemwith respect toA’(p, + 1) is
equal to
4a?b?c?
_ J2 2 _ _ 2
P=dyg—(patrL) = NCE T —4r7.
By symmetry, K is indeed the radical center of (p, + 1), B'(p, + ), and
C'(p.+rL). Therefore, the second Lemoine circle is indeed the orthalgarojec-
tion of a sphere externally tritangentta, Tz, andT¢. In addition—P = dﬁ(,TK,
which proves (1).
Now from
po- A —po-B' ~S8s-A'—Sp- B = (—=a”: b7 0)
we see by symmetry that the plane through highest pointg40fTz, and T¢
meets the plane ol BC' in the Lemoine axiss + % + % = 0. The fact that
3rp - A — po - K ~ (—2a% : b? : ¢?) lies on the Lemoine axis as well completes
the proof of (2).
Note finally that from the similarity of triangled’C K, and K PK, in Figure 1
K, dividesA’ K in the ratio of the radii of 4 andT". This means that the vertices of

the cevian triangld{, K, K. are the orthogonal projections of the points of contact
of T'with T4, Ts, andT respectively. O
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A Simple Vector Proof of Feuerbach’s Theorem

Michael J. G. Scheer

Abstract. The celebrated theorem of Feuerbach states that the ninegircle
of a nonequilateral triangle is tangent to both its incieote its three excircles. In
this note, we give a simple proof of Feuerbach’s Theoremgusiraightforward
vector computations. All required preliminaries are prowere for the sake of
completeness.

1. Notation and background

Let ABC be a nonequilateral triangle. We denote its side-lengths, byc,
its semiperimeter by = %(a + b+ c), and its area by\. Its classical centers
are the circumcente), the incenter/, the centroidG, and the orthocentef!
(Figure 1). The nine-point centéy is the midpoint ofO H and the center of the
nine-point circle, which passes through the side-midjgaitit B’, C’ and the feet
of the three altitudes. The Euler Line Theorem states ¢thdies on OH with
OG:GH =1:2.

A

c
Figure 1. The classical centers and the Euler divigidi : GH = 1 : 2.

We writel,, Iy, I. for the excenters opposité, B, C, respectively; these are points
where one internal angle bisector meets two external angéetors. Likel, the
points 1,, I, I. are equidistant from the lined B, BC, andC' A4, and thus are
centers of three circles each tangent to the three lineseTdre the excircles. The
classical radiiare the circumradiu® (= OA = OB = OC), the inradius-, and

Publication Date: October 21, 2011. Communicating EdiRaul Yiu.
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the exradiir,, 5, .. The following area formulas are well known (see, e.g., [1]
and [2]):
b
A= Z—Rf =rs=r4(s —a) = /s(s —a)(s — b)(s — ).
Feuerbach’s Theorem states the nine-point circle is tangent internally to the
incircle, and externally to each of the excirclgd. Two of the four points of

tangency are shown in Figure 2.

Figure 2. The excentdr, and A-excircle; Feuerbach’s theorem.

2. Vector formalism

We view the plane aR? with its standard vector space structure. Given triangle
ABC, the vectorsA — C andB — C are linearly independent. Thus for any point
X, we may writeX — C' = a(A — C) + (B — C) for uniquec, 5 € R. Defining
v=1-—a— g, wefind that

X =aA+ (B +~C, at+pfB+y=1.

This expression forX is unique. One says thaf has barycentric coordinates
(o, B,) with respect to trianglel BC (see, e.qg., [1]). The barycentric coordinates
are particularly simple wheX lies on a side of trianglel BC"

Lemmal. Let X lie on the sidelineBC' of triangle ABC'. Then, with respect to
triangle ABC, X has barycentric coordinateg), £¢ ﬂ).

Proof. SinceX lies on lineBC betweenB and(, there is a unique scalarsuch
thatX — B = t(C'— B). In fact, the length of the directed segméhX = ¢- BC' =
ta,l.e,t = %. RearrangingX = 04+ (1 —t)B+tC, in which the coefficients
sum tol. Finally, 1 — ¢ = =8X — XC O

a

The next theorem reduces the computation of a distaxigeto the simpler
distanceAY, BY, andCY’, whenX has known barycentric coordinates.
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Theorem 2. Let X have barycentric coordinatesy, 3, v) with respect to triangle
ABC. Then for any point’,
XY? = 0AY? 4+ BBY? + 4CY? — (Bya® + yab® + afc?).
Proof. Using the well known identityV'|?> = V - V, we compute first that
Xy? =y — x?

= |Y —aA - BB —~C)?

= |a(Y = A)+ B(Y = B) +~(Y = O)?

= a?AY? 4+ 3°BY? +42CY? + 208(Y — A) - (Y — B)

+207(Y —A)- Y -C)+26yY —B)- (Y - C).

On the other hand,
A =|B-AP=|(Y -A) (Y -B)?=AY? +BY? -2(Y — A) - (Y — B).
Thus,

206(Y —A)- (Y — B) = aB(AY? + BY? — ¢?).
Substituting this and its analogues into the precedingutation, the total coeffi-
cient of AY? becomesy® + a8 + ay = afa + § + 7) = a, for example. The
result is the displayed formula. O

3. Distancesfrom N tothevertices

Lemma 3. The centroid has barycentric coordinates;, 1, 3).
Proof. Let G’ be the point with barycentric coordinates 1, 1),
G =G'.ByLemmalA’' = 1B+ 1C. We calculate

2
3

which implies thatz’ is on segmentd A’. Similarly, G’ is on the other two medians
of triangle ABC. However the intersection of the mediansds and soG =
G O
Lemma4 (Euler Line Theorem)H — O = 3(G — O).
Proof. Let H' = O + 3(G — O) and we will proveH = H'. By Lemma 3,
H-0=3G-0)=A+B+C-30=(A-0)+(B-0)+(C-0).
And so,
(H'—A)-(B-C)={(H"-0)-(A-0)} - {(B-0)—(C-0)}
={B-0)+(C-0)}-{(B-0)-(C-0)}
=(B-0)-(B-0)—(C-0)-(C-0)
= |OB|? — |0C?
=0,

and we will prove

1. 2 1 1.1 1. 1. 1
A+ A =ZA “B+-C|=-A+-B+-C=G
A+ 3 A+ <2 +2C> gA+ 5B +50=0
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which impliesH' is on the altitude from4 to BC. Similarly, H' is on the other
two altitudes of triangleABC'. Since H is defined to be the intersection of the
altitudes, it follows that? = H'. O

Lemmab. (4—0)-(B—0)=R?— 1%
Proof. One has
> =|A-BJ?
=|[(A-0)—(B-0)
=0A>+0B*-2(A-0)-(B-0)
=2R?*-2(A—-0)-(B-0). O
We now findAN, BN, CN, which are needed in Theorem 2 for= N.
Theorem 6. 4AN? = R? — a? + b? + 2.
Proof. SinceN is the midpoint ofOH, we haveH — O = 2(N — O). Combining
this observation with Theorem 2, and using Lemma 5, we obtain
4AN? = |2(A—0) —2(N — O)|?
=(A-0)~(B-0)~(C-0)P
= AO? + BO? + CO?
—-2(A-0)-(B-0)—-2(A-0)-(C-0)+2(B-0)-(C-0)

1 1 1
2 2 2 2 2 2 2
= -2 — ) -2 — ) +2 — =
3R <R 2c> <R 2b> (R 2a>
= R2—a?+b%+ 2. O
4. Proof of Feuerbach’s Theorem

Theorem 7. The incentet has barycentric coordinategs:, &, £ ).

Proof. Let I’ be the point with barycentric coordinatés/2s, b/2s, c/2s), and we
will prove I = I’. Let F be the foot of the bisector of anglé on side BC.
Applying the law of sines to triangled BF' and AC'F', and usingsin(m — x) =
sin z, we find that

BF  sin BAF  sinCAF  FC

¢ sinBFA sinCFA b~
The equation$ - BF = c¢- FC andBF + FC = ajointly imply that BF = ;¢

m.
By Lemma 1,F = (1 —t)B + tC, wheret = & — <. Now,
b+c a b+c b c a
P4 — A= .B . Z A
2s +23 2s <b+c +b+c C>+2s
a b c
— — A4+ —.B4+—.
2s +28 +28 ¢

- T
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which implies thatl’ is on the angle bisector of angke. Similarly, I’ is on the
other two angle bisectors of triangheBC'. Sincel is the intersection of the angle
bisectors, this implieg = I'. O

Theorem 8 (Euler) OI? = R? — 2Rr.
Proof. We useX = I andY = O in Theorem 2 to obtain

or* = iJ%erﬁR?JriRQ—<(b62a2+ €y b 2)

2s 2s 2s 2s) (25)2 (23)20

_ g2 a?be + b?ac + c2ab
- (25)?
_ g2 ke
= 2s

abe A
- R2_ | = =

() (3)
— R?—2Rr.
The last step here uses the area formulailefin particularA = rs = abc/4R.

O
Theorem 9. IN = 1R —randI,N = iR +r,

Proof. To find the distancd N, we setX = I andY = N in Theorem 2, with
Theorems 6 and 7 supplying the distanced’, BN, CN, and the barycentric
coordinates ofl. For brevity in our computation, we usgclic sumsin which
the displayed term is transformed under the permutatiens, ¢), (b,¢,a), and
(c,a,b), and the results are summed (thus, symmetric functions lofc may be
factored through the summation sign, gnd, a = a + b+ ¢ = 2s). The following
computation results:

2 a\R*—ad+V+ b e\,
IN _Z<23> 4 %: 25 25 )¢

O

R? 1 3 2 9 abe

%5 <Zo:a> +83 (ZO:( a’ + ab® + ac )) CBE (%:a>
_ R* (—a+b+c)a—b+c)a+b—c)+2abc abe
r s T2
_ R? (25 —2a)(25 —2b)(2s —2c)  abc
T4 + 8s C4s
_ R* (A%*/s) 4RA
T a s Tas

1 2
= <§R> +r% — Rr

()
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The two penultimate steps again use the area formulgk. afheorem 8 tells us
thatOI? = 2R(3R — r), and so} R — r is nonnegative. Thus we concludey =
%R — r. A similar calculation applies to thd-excircle, with two modifications:
(i) 1, has barycentric coordinates

—a b c
2(s—a) 2(s—a)’ 2(s—a))’
and (ii) in lieu of A = rs, one uses\ = r,(s — a). The result is[,N = %R +
Ta- O

We are now in a position to prove Feuerbach’s Theorem.

Theorem 10 (Feuerbach, 1822)n a nonequilateral triangle, the nine-point circle
is internally tangent to the incircle and externally tangémthe three excircles.

Proof. Suppose first that the nine-point circle and the incirclerameconcentric.
Two nonconcentric circles are internally tangent if and/efithe distance between
their centers is equal to the positive difference of thediiraSince the nine-point
circle is the circumcircle of the medial triang! B'C”, its radius is} R. Thus
the positive difference between the radii of the nine-poirtle and the incircle is
%R — r which isIN by Theorem 9. This implies that the nine-point circle and the
incircle are internally tangent. Also, since the sum of thdiirof the A-excircle
and the nine-point circle i%, IV, by Theorem 9, the nine-point circle is externally
tangent to thed-excircle. Suppose now that the nine-point circle and tlogdie
are concentric, that is = N. Then0 = IN = $R —r = OI%/2R and sol = O.
This clearly implies triangled BC' is equilateral. O

For historical details, see [3] and [4].
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A New Formula Concerning the Diagonals
and Sides of a Quadrilateral

Larry Hoehn

Abstract. We derive a formula relating the sides and diagonal sestiba gen-
eral convex quadrilateral along with the special case ofaddlateral with an
incircle.

Let ABCD be a convex quadrilateral whose diagonals interseét. diVe use
the notatiorn = AB,b= BC,c=CD,d= DA,e= AFE, f = BE, g = CE,
andh = DE as seen in the figure below.

A

Figure 1. Convex quadrilateral
By the law of cosines in triangled BE andC' D E we obtain
2 2_ 2 2 B2 _ 2
EQCTG =cosAEB =cosCED = QZTC
This can be rewritten as
gh(e® + 2 = a®) = ef(¢* + h* = &),
rewritten further as
fh(fg—eh) —eg(fg —eh) = a’gh — ef,

and still further as
a’gh — ef

fg—eh
Publication Date: October 28, 2011. Communicating Ediaul Yiu.

fh—eg=
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In the same manner for trianglé®”' F and D AE we obtain
b2eh — d*fg
h—eqg=———//=.
Jh—eg F—gh
By setting the right sides of these two equations equal th etlcer and some
computation, we obtain

(ef — gh)(a*gh — ef) = (fg — eh)(b*eh — d*fg),
which can be rewritten as
efgh(a® + & — b* — d?) = a®g*h? + P f2 — b2e*h? — d* f2g2.

By adding the same quantity to both sides we obtain

efgh(a® 4+ ¢ — b* — d?) + efgh(2ac — 2bd)

=a?¢®h? + P f? — b%e®h® — d2f?¢% + 2aghcef — 2behdf g,
which can be factored into
efgh((a+c)* — (b +d)?) = (agh + cef)?* — (beh + dfg)?,

or
efgh(a+c+b+d)(a+c—b—d) = (agh+cef+beh+df g)(agh~+cef—beh—df g).

This is a formula for an arbitrary quadrilateral. If the gtikderal has an incircle,
then the sums of the opposite sides are equal avithc = b 4 d. By making this
substitution in the last equation above we get the result tha

agh + cef = beh + df g.

This is a nice companion result to Ptolemy’s theorem for aglederal inscribed
in a circle. In the notation of this paper Ptolemy’s theordates that

(e+9)(f +h)=ac+bd.

Larry Hoehn: Austin Peay State University, Clarksvillenfiessee 37044, USA
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The Area of the Diagonal Point Triangle

Martin Josefsson

Abstract. In this note we derive a formula for the area of the diagooaitytri-
angle belonging to a cyclic quadrilateral in terms of theesidf the quadrilateral,
and prove a characterization of trapezoids.

1. Introduction

If the diagonals in a convex quadrilateral intersecband the extensions of the
opposite sides intersect AtandG, then the triangleéZ F'G is called thediagonal
point triangle [3, p.79] or sometimes just the diagonal triangle [8], seguFé 1.
Here it's assumed the quadrilateral has no pair of oppositallpl sides. If it's a
cyclic quadrilateral, then the diagonal point triangle thesproperty that its ortho-
center is also the circumcenter of the quadrilateral [39Pl.1

G

B F

Figure 1. The diagonal point triangleF'G

How about the area of the diagonal point triangle? In a notniomld number
of the MONTHLY [2, p.32] reviewing formulas for the area of quadrilaterale
found a formula and a reference to an even older paper onitatadals by Georges
Dostor [4, p.272]. He derived the following formula for theea?” of the diagonal
point triangle belonging to a cyclic quadrilateral,

46’’’ K
(a2b2 _ C2d2)(a2d2 _ b262)
wherea, b, ¢, d are the sides of the cyclic quadrilateral aldits area. To derive
this formula was also a problem in [7, p.208However, the formula is wrong, and

the mistake Dostor made in his derivation was assuming Waanhgles are equal
when they in fact are not. The purpose of this note is to deéhgecorrect formula.

T —

Publication Date: November 4, 2011. Communicating EdiRaul Yiu.
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As far as we have been able to find out, this triangle area rasves little
interest over the years. But we have found one importanttresu [1, pp.13—
17] Hugh ApSimon made a delightful derivation of a formula flee area of the
diagonal point triangle belonging to a general convex qgledral ABC'D. His
formula (which used other notations) is

2T T5T5T,
(Th + Tz)(Tl —Ty)(Ty — Ty)

whereTy, T, T5, T, are the areas of the four overlapping triangeBC, AC D,
ABD, BCD respectively. In [6, p.163] Richard Guy rewrote this forenuising
Ty + 1y = T3 + T in the more symmetric form

2T T 15T,

1)

K(ThTy, — T3Ty)
using other notations, whet€ = T3 + T5 is the area of the convex quadrilateral.

T =

2. Thearea of thediagonal point triangle belonging to a cyclic quadrilateral

We will use (1) to derive a formula for the area of the diaggmaiht triangle
belonging to a cyclic quadrilateral in terms of the sideshef quadrilateral.

Theorem 1. If a, b, ¢, d are the consecutive sides of a cyclic quadrilateral, thenits
diagonal point triangle has the area
2abcd K
o = P[p? — ]

if it's not an isosceles trapezoid, where

K =+/(s —a)(s = b)(s — ¢)(s — d)

isthe area of the quadrilateral and s = “++<+4 jsits semiperimeter.

T —

Proof. In a cyclic quadrilateralABC' D opposite angles are supplementary, so

sinC = sin A andsin D = sin B. From these we get thain A = a(?fbc and

sin B = -Z& by dividing the quadrilateral into two triangles by a diagbim two

different ways. Using (1) and the formula for the area of artgie, we have

2. %adsinA . %bcsinC' %absinB . %cdsinD

I= K(%adsin A %bcsin C - %absinB . %cdsin D)
%abcd sin®A sin’B %abcd
= — —— =
K(sm A —sin B) K(sinlB _ ?ner)
B 2abcd K B 2abcd K
~ (ab+cd)? — (ad +bc)2  (ab+ cd + ad + be)(ab + cd — ad — be)
2abcd K 2abcd K

C(atco)b+d)(a—c)(b—d) (a?—c2) (b2 —d?)
Since we do not know which of the opposite sides is longer, wi@psolute values
around the subtractions in the denominator to cover allsca$be ared< of the
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cyclic quadrilateral is given by the well known Brahmaguftemula [5, p.24].
The formula for the area of the diagonal point triangle doatsapply when two
opposite sides are congruent. Then the other two sides ealghaso the cyclic
quadrilateral is an isosceles trapezdid. O

3. A characterization of trapezoids

In (1) we see that if[1 1y, = 13T}, then the area of the diagonal point triangle
is infinite. This suggests that two opposite sides of the diaderal are parallel,
giving a condition for when a quadrilateral is a trapezoide prbve this in the next
theorem.

Theorem 2. A convex quadrilateral is a trapezoid if and only if the product of the
areas of the triangles formed by one diagonal is equal to the product of the areas
of the triangles formed by the other diagonal.

Proof. We use the same notations as in the proof of Theorem 1. Theniok)
statements are equivalent.

N5 =TTy,

%adsinA' %bcsinC = %absinB . %cdsin D,

sin AsinC' = sin Bsin D,

2 (cos (A—C) —cos(A+C)) = 3 (cos (B — D) — cos (B+ D)),
cos (A —C) = cos(B—D),

A-C=B-D or A-C=—(B-D)

A+ D=B+C=7n o A+B=C+D=m.

Here we have used thabs (A + C') = cos (B + D), which follows from the sum
of angles in a quadrilateral. The equalities in the last irerespectively equiva-
lenttoAB || DC andAD || BC in a quadrilateral BC' D. O
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Collinearity of the First Trisection Points
of Cevian Segments

Francisco Javier Garcia Capitan

Abstract. We show that the first trisection points of the cevian segmeha
finite point P are collinear if and only ifP lies on the Steiner circum-ellipse.
Some further results are obtained concerning the line aantathese first tri-
section points.

This note answers a question of Paul Yiu [B}:the plane of a given triangle
ABC, what is the locus of for which the “first” trisection points of the three
cevian segments (the ones nearer to the vertices) are eallid We identify this
locus and establish some further results.

Let P = (u: v : w) be in homogeneous barycentric coordinates with respect to
triangle ABC. Its cevian triangled’ B'C’ have vertices

A= (0:v:w), B=(u:0:w), C'=(u:v:0).

The first trisection points of the cevian segmentd’, BB’, CC’ are the points
dividing these segments in the rafio 2. These are the points

X =(2v+w) :v:w), Y =(u:2w+u) : w), Z = (u:v:2u+v)).
These three points are collinear if and only if

2(v +w) v w
0= u 2(w + u) w = 6(u+ v+ w)(uv + vw + wu).
u v 2(u+v)

It follows that, for a finite pointP, the first trisection points are collinear if and
only if P lies on the Steiner circum-ellipse

uv + vw + wu = 0.

Proposition 1. If P = (u : v : w) lies on the Steiner circum-ellipse, the line
L p containing the three “first” trisection points of the threewian segmentd A’,
BB’, CC’ has equation

1 1 1 1 1 1
voow WU u v

Publication Date: November 10, 2011. Communicating EdRawul Yiu.
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Proof. The line£p contains the poink since

(v —w)(uv + vw + wu)
uvw

similarly forY andZ. O

c’ Figure 1.

Let P be a point on the Steiner circum-ellipse, with cevian trland’ B'C".
Construct pointsA”, B”, C” on the linesBC', C' A, AB respectively such that

BA' = A'C,  CB'=B"A, AC' =(C"B.

The linesAA”, BB”, CC" are parallel, and their common infinite point is the
isotomic conjugate of. It is clear from Proposition 1 that the lin@p contains
the isotomic conjugate af:

1 1 1 1 1 1 1 1 1
(-2 1 (3 2 -2) 1o
(Y w u w u (% u (Y w

It follows that L p is parallel toAA”, BB”, andC'C”; see Figure 1.
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Corollary 2. Given a linef containing the centroid-, there is a unique poin® on
the Steiner circum-ellipse such th8p = ¢, namely,P is the isotomic conjugate
of the infinite point of the liné.

Lemmaa3. Let/ : px+qy+rz = 0 be aline through the centroi@. The conjugate
diameter in the Steiner circum-ellipse is the lige- )z + (r—p)y+ (p—q)z = 0.

Proof. The parallel of through A intersects the ellipse again at the point
N = < 1 : 1 : L > .
q—r p—q T—Dp
The midpoint ofAN is the point
2 —pp—a)—(g=r): (g=r)(r—p): (g—7)(p— )
This point lies on the line

(¢=r)z+(r—ply+p-q9z=0,
which also contains the centroid. This line is thereforedbejugate diameter of

L. O
Corollary 4. Let{ : pr + qy + rz = 0 be a line through the centroi@, so that
P = (% : % : %) is a point on the Steiner circum-ellipse. The conjugate @iam

of Zinthe ellipse is the lin& p, .

Proposition 5. Let P and () be points on the Steiner circum-ellipse. The lidgs
and Ly are conjugate diameters if and only#f and @ are antipodal.

Proof. Supposel p has equatiopz 4 qy+rz = 0 with p+g+r = 0. The lineLg
is the conjugate diameter dfp if and only if its has equatiofy —r)x + (r —p)y +

(p — q)z = 0. Thus,P and(Q are the pOihtS(% : % : %) and (q%r : % : p—iq .
These are antipodal points since the line joining them, tgme
plg—r)z+q(r—ply+r(p—q)z =0,

contains the centroid;. O

It is easy to determine the line throughwhose intersections with the Steiner
circum-ellipse are two point® and @ such thatlp : pz + qy + rz = 0 and
Ly :(qg—r)x+ (r—p)y+ (p—q)z = 0 are the axes of the ellipse. This is the
case if the two conjugate axes are perpendicular. Now, tltanpoints of the
lines Lp and Ly are respectivelyy —r : 7 —p :p—qgandp : ¢ : r. They are
perpendicular, according to [44.5, Theorem] if and only if

B+ —d)plg—r)+ O+ —a®)q(r —p) + (@®> + % = A)r(p—q) = 0.

Equivalently,

(b2+c2—a2) (l - 1) +(02+a2—b2) <1 _ l) +(a2+b2—c2) <1 _ 1) = 07
T

r o q p
or
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Therefore,P = (% :
line

Q=

: %) is an intersection of the Steiner circum-ellipse and the

(b — A+ (2 —ad®)y + (a* - v*)z =0,
which contains the centroi@ and the symmedian poitt = (a? : b? : ¢?).

Figure 2.

A point on the lineGK has homogeneous barycentric coordingies+ ¢ :
b2 +t: % +t) for somet. If this point lies on the Steiner circum-ellipse, then

O )+t + (E )@ +t) + (@ + 1) +1) =0.
From this,
1
t= —g(a2 +bv*+ 2+ VD),
where
D =a*+b* + - a?? — b*FP — P’
We obtain, withe = +1, the two pointsP and@Q
B+ =22 +eVD: E+a®> =22 +evVD: a*+b? — 22 + VD)

for which Lp and L are the axes of the Steiner circum-ellipse. Their isotomic
conjugates are the poinfss413 and Xs414 in [2], which are the infinite points of
the axes of the ellipse.

We conclude the present note with two remarks.
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Figure 3.

Remarks.(1) The line£p contains the centroids of triangkeBC and the cevian
triangle A’ B'C’ of P.

Proof. Clearly £Lp contains the centroid’ = (1:1: 1). SinceX, Y, Z are on the
line Lp, so is the centroid?’ = (X + Y + Z) of the degenerate trianglEY Z.

Since oo A , )
¥ — + ’ Y:2B+B, Z:20+C,
3 3 3
it follows that £p also contains the point(A’ + B’ + C’), the centroid of the
cevian triangle ofP.
(2) More generally, if we consideX, Y, Z dividing the cevian segment$A’,

BB’, CC"in the ratiom : n, these points are collinear if and only if
n(n —m)(u+ v+ w)(uwv + vw + wu) + (2m — n)(m + n)uvw = 0.

In particular, for the “second” trisection points, we take= 2, n = 1 and obtain
for the locus ofP the cubic

u(v? 4+ w?) + v(w? + u?) + wu? +v?) — 6uvw = 0,
which is the Tucker nodal cubi€015 in Gibert's catalogue of cubic curves [1].
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Cyclic Quadrilaterals Associated With Squares

Mihai Cipu

Abstract. We discuss a family of problems asking to find the geomdtiocais
of points P in the plane of a squard BC'D having the property that theth
triangle center in Kimberling's list with respect to trideg ABP, BCP,CDP,
DAP are concyclic.

1. A family of problems

A fruitful research line in the Euclidean geometry of thenaaefers to a given
guadrilateral, to which another one is associated, and dlstipn is whether the
new quadrilateral has a specific property, like being a trizjne, or parallelogram,
rectangle, rhombus, cyclic quadrilateral, and so on. Bssitie target property,
the results of this kind differ by the procedure used to gateethe new points. A
common selection procedure involves two choices: on thehand, one produces
four triangles out of the given quadrilateral, on the othemdh one identifies a point
in each resulting triangle. We restrain our discussion édhiaindiest ways to fulfill
each task.

With regards to the choices of the first kind, one option isdosider the four
triangles defined by the vertices of the given quadrilatireén three at a time. A
known result in this category is illustrated in [4]. AnotliEquently used construc-
tion starts from a triangulation determined by a point inghen quadrilateral.

When it comes to select a point in the four already generaitaagles, the most
convenient approach is to pick one out of the triangle cerlisted in [3]. The
alternative is to invoke a more complicated construction.

Changing slightly the point of view, one has another prongisiesearch line,
whose basic theme is to find the geometric locus of pdihtsr which the quadri-
lateral obtained by choosing a point in each of the triandktermined byP and
an edge of the given quadrilateral has a specific propertg chances to obtain
interesting results in this manner are improved if one stiidm a configuration
richer in potentially useful properties.

To conclude the discussion, we end this section by statmépllowing research
problem.

Publication Date: November 15, 2011. Communicating EdRaul Yiu.
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Problem A. For a point P in the plane of a square ABC'D, denote by E, F, G,
and H the triangle center X (7) in Kimberling's Encyclopedia of triangle centers
[3] of triangles ABP, BCP, CDP, DAP, respectively. Find the geometrical
locus of points P for which EFGH isacyclic quadrilateral.

This problem has as many instances as entries in Kimbesliisg' Itis plausible
that they are of various degrees of difficulty to solve. Irdjaa the next section
we present solutions for four of the possible specializegtiof Problem A, and we
shall have convincing samples of different techniques eéead the proofs. The
goal is to persuade the reader that Problem A is worth stgdy®ome results are
valid for more general quadrangléBCD. From their proofs we learn to what
extent the requirement4'BC D square” is a sensible one.

2. Four results

The instance of Problem A correspondingX@2) (centroid) is easily disposed
of. The answer follows from the next result, probably alsekdown. Having no
suitable reference, we present its simple proof.

Theorem 1. Let P be a point in the plane of a quadrilateral ABCD, and let E,
F, G, and H bethe centroid of triangles ABP, BCP,CDP, DAP, respectively.
Then EFGH isaparallelogram. In particular, EFGH iscyclicifand only if AC
and BD are perpendicular.

Proof. The quadrilateral FG H is the image of the Varignon parallelogram under
the homothetyh (P, %), hence is a parallelogram. A parallelogram is cyclic eyactl
when it is rectangle. O

Notice that the condition “perpendicular diagonals” is essary and sufficient
for EFGH to be a cyclic quadrilateral. This remark shows that for tesby
guadrilaterals the sought-for geometrical locus may betgmpherefore, Prob-
lem A is interesting under a minimum of conditions.

Proving the next theorem is more complicated and requirééeaaht approach.
As the proof is based on the intersecting chords theoremgealrits statement:
In the plane, let point$, J, K, L with I # J andK # L be such that line$.J and

K Lintersect af2. Then,I, J, K, L are concyclic ifand only if21-Q.J = QK -QL.

Theorem 2. For a point P in the plane of a rectangle ABC D, denote by F, F,
G, H the circumcenters of triangles ABP, BCP, CDP, DAP, respectively. The
geometrical locus of points P for which EFGH isa cyclic quadrilateral consists
of the circumcircle of the rectangle and the real hyperbola passing through A, B,
C, D and whose asymptotes are the bisectors of rectangle’'s symmetry axes. In
particular, if ABCD is a sguare, the geometrical locus consists of the diagonals
and the circumcircle of the square.

Proof. We first look for P lying on a side of the rectangle. For the sake of definite-
ness, suppose that belongs to the lined B and P # A, B. ThenFE is at infinity,

F and H sit on the perpendicular bisector of sid®”, andG is on the perpen-
dicular bisector of sid€’D. SupposeP belongs to the desired geometrical locus.
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The conditionE, F, GG, H concyclic is tantamount té’, G, H collinear, which
in turn amounts td~ being the rectangle’s centér. It follows that PO = OA,
which is true only wherP is one of the vertices!, B. If P = A, say, thenk' is
not determined, it can be anywhere on the perpendiculactoisef the segment
AB. Also, H is an arbitrary point on the perpendicular bisector of thgnsnt
DA, while both F and G coincide with the center of the rectangle. Therefore,
EFGH degenerates to a rectangular triangle. Thus, the only paimtnmon to
the geometric locus and to sides are the vertices of thergleta

We now examine the points from the geometrical locus whichatdie on the
sides of the rectangle. We choose a coordinate system win at the center
and axes parallel to the sides of the given rectangle. Thewditices have the
coordinatesA(—a, —b), B(a,—b), C(a,b), D(—a,b) for somea, b > 0. Let
P(u,v) be a point, not on the sides of the rectangle. Routine cortipogayield
the circumcenters:

2 2 2 32 2 2 2 32
> O’u +v a b F u°+v a b,O ’
2(v+b) 2(u—a)

2 2 2 _ 12 2 2 2 12
GO,U—H} a b’Hu—H) a b,O.
2(v —b) 2(u+a)

If P is on the circle(ABCD), i.e, u? + v?> —a?> — b*> = 0, thenE, F, G,
H coincide withO(0,0). If P is not on the circl§ ABCD), thenE # G, F #
H, andEG, FH intersect atD. Thus,F, F, GG, H are concyclic if and only if
OF - OG = OF - OH. Sinceu? +v? — a? — b? # 0, we readily see that this is
equivalent tou? — v2 = a? — b%. In conclusion, the desired locus is the union of
the circle(ABC D) and the hyperbola described in the statement.

In the case of a square, the hyperbola becontes: v?, which means thaP
belongs to one of the square’s diagonals. O

The above proof shows that one can ignore from the beginnamgtgoon the
sidelines ofABC D: if P is on such a sideline, one of the triangles is degenerate.
Such degeneracy would make difficult even to understandtétiersent of some
instances of Problem A.

The differences between rectangles and squares are mdoashwvhen exam-
ining the case o (4) (orthocenter) in Problem A.

Theorem 3. In a plane endowed with a Cartesian coordinate system centered at O,
consider a rectangle ABC D with sides parallel to the axes and of length |AB| =
2a, |BC| = 2b, and diagonals intersecting at O. For a point P in the plane, not on
thesidelinesof ABC D, denoteby F, F, GG, H the orthocenters of triangles AB P,
BCP,CDP, DAP, respectively. Let C denote the geometrical locus of points P
for which FF'GH isacyclic quadrilateral. Then:

(@) If a # b, then C isthe union of the hyperbola u? — v? = a? — b? and the sextic

(u? + 0%+ a? — b)) (v? — b?) — (u® + v — a® +b*)*(u® — a?)
= 4a’u?(v? — b?) — 4b?0? (u? — a?) 1)
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from which points on the sidelines of ABC'D are excluded.
(b) If ABC'D isa sguare, then C consists of the points on the diagonals or on the
circumcircle of the square which are different from the vertices of the square.

Proof. To take advantage of computations already performed, wéheskct that

the coordinates of the orthocenter are the sums of the cwiedi of the vertices
with respect to a coordinate system centered in the circotaceHaving in view

the previous proof and the restriction &hwe readily find

2 _ .2 2 .2
E<u,u—b>, F<b Y +a,v>,
v+b u—a

2 .2 b2 _ 12
G<u,u+b>, H( Y —a,v).
v—2> u—+a
First, using the coordinates &f, F', G, H, a short calculation shows that
E=G+=F=H<+<u>—v>=d>-1%

It follows that the points on the hyperbol@d — v? = a? — b which are different

from A, B, C, D belong to the locus. Now, consider a poiftnot on this hyper-

bola. ThenE # G, F # H, and linesEG, F' H intersect atP. Thus,E, F, G, H
— — _— —

are concyclic if and only itPE' - PG = PF - PH. This yields the equation (1) of

the sextic.

It is worth noting that the points of intersection (otherrtha, B, C, D) of
any two of the circles with diametetdsB, BC, C'D, DA are inC, either on the
hyperbola or on the sextic.

If ABCD is a square of sidelength the equations of these curves simplify to
u? =v?and

(u® —v?)((u® +v%)* —4) =0,
giving the diagonals and the circumcircle of the square. O

Figures 1 to 3 illustrate Theorem 3. These graphs conveyd#eethat the posi-
tion of real points on the sextic depends on the rectangteipe.

Figure 1. Locus of? in Theorem 3: Rectangle with Iengtlﬁgg and2
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Figure 2. Locus of? in Theorem 3: Rectangle with sidésand2

Figure 3. Locus of? in Theorem 3: Rectangle with sidésand2

Solving Problem A for rectangle instead of square would gissat difficulties.
As seen above, we might loose the support of geometric iotilithe answer might
be phrased in terms of algebraic equation whose complexityldvmake a com-
plete analysis very laborious. It would be very difficult tecile whether various
algebraic curves appearing from computation have indegdsim the sought-for
geometrical locus, or even if the locus is nonempty. Theesfee chose to state
Problem A for square only. This hypothesis assures thatyrirestance of Prob-
lem A there are points® with the desired property. Namely, i? is on one of
the diagonals of the square, that diagonal is a symmetryfaixtee configuration.
ThusEFGH is an isosceles trapezium, which is certainly cyclic. Trgrarent is
valid for P different from the vertices of the square. Therefore, tlagdnals (with
the possible exception of square’s vertices) are includedda geometrical locus.

The proof of Theorem 3 is more difficult than the previous onés it is much
easier than the proof of the next result, which gives a gdatisawer to the problem
obtained by specializing Problem A to incenters.
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Theorem 4. For apoint P intheinterior of a square ABC D, one denotes by F,
F, G,and H theincenter of triangle ABP, BCP,CDP, DAP, respectively. The
geometrical locus of points P for which EFGH isa cyclic quadrilateral consists
of the diagonals AC and BD.

This settles a conjecture put forward more than 25 years gdodla [2]. The
only proof we are aware of has been just published [1] anangasi to the proof of
Theorem 3. In order to decide whethBr F', GG, H are concyclic, Ptolemy’s the-
orem rather than the intersecting chords theorem was udezicrTicial difference
is the complexity of expressions yielding the coordinatethe incenters in terms
of the coordinates of the additional poiRt This difference is huge, the required
computations can not be performed without computer assistaFor instance, af-
ter squaring twice the equality stated by Ptolemy’s thegrene getsl6f? = 0,
where f is a polynomial in 14 variables having 576 terms. The alpang em-
ployed to manipulate such large expressions belong to tldeg@merally known as
symbolic computation. Even powerful computer algebraesystlike MAPLE and
SINGULAR running on present-day machines needed severakhend a large
amount of memory to complete the task. The output consistewral dozens of
polynomial relations satisfied by the variables descriltirggeometric configura-
tion. In order to obtain a geometric interpretation for thgebraic translation of
the conclusion it was essential to use the hypothesisAhsits in the interior of
the square. In algebraic terms, this means that the rea obdhe polynomials are
positive and less than one. In the absence of such an infamat is not at all
clear that the real variety describing the asked geométdcas is contained in the
union of the two diagonals.

Full details of the proof for Theorem 4 are given in [1]. As theest for elegance
and simplicity is still highly regarded by many mathematis, we would like to
have a less computationally involved proof to Theorem 4s tbibe expected that
a satisfactory solution to this problem will be not only ma@nceptual but also
more enlightening than the approach sketched in the preypawagraph. More-
over, it is hoped that the new ideas needed for such a probsame to remove
the hypothesis P in the interior of the square” from the statement of Theorem 4

3. Conclusions

Treating only four instances, this article barely scrasctiee surface of a vast
research problem. Since as of June 2011 the Encyclopediganigle Centers lists
more than 3600 items, it is apparent that a huge work remaibe tione.

The approach employed in the proofs of Theorems 2 and 3 semmnssing.
It consists of two phases. First, one identifies the set auntathe pointsP for
which the four centers falil to satisfy the hypothesis of titerisecting chords theo-
rem. This set is contained in the desired locus unless thhesmonding quadrilat-
eral EFGH is a non-isosceles trapezium. Next, for poift®utside the set one
uses the intersecting chords theorem.
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The Distance from the Incenter to the Euler Line

William N. Franzsen

Abstract. It is well known that the incenter of a triangle lies on thddfudine

if and only if the triangle is isosceles. A natural questionask is how far

the incenter can be from the Euler line. We find least uppentsuacross all

triangles, for that distance relative to several scalesos&€hhounds are found
relative to the semi-perimeter of the triangle, the lengthhe Euler line and

the circumradius, as well as the length of the longest sidetlam length of the

longest median.

1. Introduction

A quiet thread of interest in the relationship of the incemtethe Euler line has
persisted to this day. Given a triangle, the Euler line jahes circumcenter),
to the orthocenterfd. The centroid,G, trisects this line (being closer 10) and
the center of the nine-point circléy, bisects it. It is known that the incentdr,
of a triangle lies on the Euler line if and only if the trianggeisosceles (although
proofs of this fact are thin on the ground). But you can't jtisbose any point, on
or off the Euler line, to be the incenter of a triangle. Thent®iyou can choose are
known, as will be seen. An obvious question asks how far cainitenter be from
the Euler line. For isosceles triangles the distandg i€learly this question can
only be answered relative to some scale, we will considesetlscales: the length
of the Euler line £, the circumradiusR, and the semiperimetet, Along the way
we will see that the answer for the semiperimeter also gigeb& answer relative
to the longest sidey, and the longest median, To complete the list of lengths,
let d be the distance of the incenter from the Euler line.

Time spent playing with triangles using any reasonable agerpgeometry
package will convince you that the following are reasonablajectures.

a1 d_ 1 g 21
E— 3 R~ 2 s 3
Maybe with strict inequalities, but then again the limitgitibe attained.

A large collection of relationships between the centers tfamgle is known,

for example, ifR is the radius of the circumcircle andthe radius of the incircle,

Publication Date: November 21, 2011. Communicating EdRawul Yiu.
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then we have
OI* = R(R-2r)
IN = %(R o)

Before moving on, it is worth noting that the second of thevabgives an imme-
diate upper bound for the distance relative to the circumngadAs the inradius of
a non-degenerate triangle must be positive we hiave IN = £ —» < £ and

hence
d

a _1
R 2
2. Relativeto the Euler line

The relationships given above, and others, can be used o @tz for any
triangle the incenter], must lie within theorthocentroidal circlepunctured at the
center of the nine-point circlgy, namely, the disk with diamet&r H except for
the circumference and the poiit.

Figure 1

In 1984 Guinand [1] showed that every such point gives risetttangle which
has the nominated points as its centers. Guinand showd dt+ p, IN = o
andOH = « then the cosines of the angles of the triangle we seek arestbs of
the following cubic.

(©) 3y 3 (402 1) 2 4 3 2k202 + 80t 402 1 + 1 [(4K202 1
c)=c’+-=-| — — c+--——+— - — c+— — .
b 2 \ 3p2 4 3pt 3pt  p? 8 ot

Stern [2] approached the problem using complex numbers enwides a sim-
pler derivation of a cubic, and explicitly demonstratest tine triangle found is
unique. His approach also provided the vertices direc;aanplex numbers.

Consideration of the orthocentroidal circle provides theveer to our question
relative to&, the length of the Euler line. The incenter must lie strictlithin
the orthocentroidal circle which has radius one third tmgtk of the Euler line.
Guinand has proved that all such points, exd€ptead to a suitable triangle. Thus
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the least upper bound, over all non-degenerate triangieheaatio% is % with
triangles approaching this upper-bound being defined bingamcenters close to
the points on circumference of the orthocentroidal cireieacradius perpendicu-
lar to the Euler line. For any given non-degenerate triamgdeobtain the strict
inequality ¢ < .

Consideration of Figure 2 gives us more information. Taking = 3 as our
scale. For triangles witli close to the limit point above, the anglé’H is close
to 7. Moreover, withI near that point, a calculation using the inferred values of

OI ~+/5andIN ~ @ shows that the circumradius will be close®, and the
inradius will be close to 0.

We observed above thatVv < %. This distance only becomes relevant for us if
IN is perpendicular to the Euler line. Consideration of théacentroidal circle
again allows us to see that this may happen, with the al@lé being close td;.

In this case the circumradius will be close3.

Figure 2

Remark.It is easy to see that the last case also gives the least upped lof the
angle/OH asg.

3. Rdlativetothetriangle

We now wish to find the maximal distance relative to the dinars of the
triangle itself. The relevant dimensions will be the lengththe longest median;,
the length of the longest side, and the semiperimetey, Itis clearthat < i < s
(see Lemma 4 below).

The following are well-known, and show that the incenter eswtroid lie within
the medial triangle, the triangle formed by the three midimoof the sides.

Lemma 1. The incenter/, lies in the medial triangle.
Lemma 2. The centroid of triangled BC is the centroid of the medial triangle.

Lemma 3. The distance from the incenter to the centroid is less thantbind the
length of the longest median of the triangle.
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Proof. We have just shown that both the incenter and centroid lidérthe medial
triangle. Therefore the distance from the incenter to theroa is less than the
largest distance from the centroid to a vertex of the medehgle. (Consider the
circle centered ab passing through the most distant vertex.)

Now the distance of the centroid from the vertices of the mlddiangle is, by
definition, the distance from the centroid to the mid-poimitshe side of triangle
ABC. Those distances are equal to one third the lengths of theamedand the
result follows. O

Lemmad4. The length of a median is less thanHencey < p < s.

Proof. Consider the median from. If we rotate the triangle through abouti 4,
the mid-point of the side opposité, we obtain the parallelograd BDC. The
diagonalAD has twice the lengttdM 4. As A, B and D form a non-degenerate
triangle we have

2AMy 4 = AD < AB+ BD = AB + AC < 2y,

wherey is the length of the longest side. Thus the meddavi4 < p. This is also
true for the other two medians. Thus< u. O

Proposition 5. The distanced, from the incenter to the Euler line satisfies
d d d 1

sSpSvSw
wherev is the length of the longest medianjs the length of the longest side and
s is the semi-perimeter of the triangle.

Proof. As the centroid lies on the Euler line, the distance from tieenter to the
Euler line is at most the distance from the incenter to théroeh By Lemma 3,
this distance is one third the length of the longest mediaut, By Lemma 4, the
length of each median is less than< s, and the result follows. g

4, Inthelimit

As the expressiong, 4 and ¢ are dimensionless we may choose our scale as
suits us best. Consider the triangle with verti¢e), (1,0) and(e,d), wheree
and o are greater than but approximately equabDtoThe following information
may be easily checked.

The coordinates of the orthocenter are

2
E—€
H — .
(=)
The coordinates of the circumcenter are
0 37 2 +e?2—¢ .
2 20

The Euler line has equation
low : (0% +3(1 —e)e) v + (1 — 2e)0y + ¢ (0* + 2 — 1) =0.
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If we letp = 25 = V62 + e2 4 1/02 + (1 — €)? + 1, then the coordinates of the

incenter are
I V24 e2+e d
p ‘p)’

We may now write down the value @f being the perpendicular distance from
Itolpy.

‘(—52 +3(1 —e)e) (\/m—k E) + (1 —2¢)0% + pe (6% + 2 — 1)‘
(=8 +3(1 = £)e)” + (1 — 2% '

Suppose we lef = 2, then the expression for the ral%ois

2e ‘(—53 —3e+3)(Vel + 2 +¢e) +e(e? —23) +p(e* — €2 — 1)‘

pey/(—e3 —3(e — 1))2 + (e — 262)2
We cancel the common factor efand take the limit as — 0. Noting thatp — 2

we see that the numerator approaches 4 while the denomaggtonaches 12, and
we have proved the following.

d =

Theorem 6. If d is the distance from the incenter to the Euler lisethe semi-
perimeter,i. the length of the longest side amdhe length of the longest median,
then the least upper bound &f and hence}% and £, over all non-degenerate

. . 1
triangles iss.

Remark.In those cases where the distance ratio is close to the maxite line
IG is nearly perpendicular to the Euler line. Thus the angl&{ will be close
to 5. In these cases the Euler line is extremely large comparttiangle.

Similar calculations can be carried out for the ratg)and }%. In those cases
we take the pointe, §) to be a point on the circle throudlf, 0) and (1,0) with

radius@, or @ respectively (remember that the values,6f andy/3 met earlier
were relative to the length of the Euler line, not the lendth side).

5. Demonstrating the limits

We now have enough information to assist us in constructiagrdms that will
demonstrate these limits using a suitable computer gegrpatkage.

Taking the case of triangles with the ratﬁ)approaching%. Let AB be a line
segment and define its length to be 1. Etbe the point ond B one third of the
way from A to B. Construct the ling='T" such that/BG'T = % and letO be
the point where this line meets the perpendicular bisedtot 8. Draw the arc
AB centered av and letC be a point on that arc. Constructing the Euler line
and incenter of triangled BC' will demonstrate that the rati% approache% as
C approachesi. This construction is explained if you note ti@Gt is the limiting
position of the centroid(z, asC approaches! (see Figure 3).
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Figure 3.

A similar construction, except witH BG'T = 7 will give a demonstration that
% approache% asC' approachesi.

Something different is required to demonstrate gmpproache%. GivenAB
above, choose a poidt’ betweenAd and B and let the lengttdC’ = ¢, with 0 <
e < 1. Construct the perpendicular @t and find the poinC on the perpendicular
with CC’' = 2. Constructing the Euler line and incenter of this triangld w
demonstrate that the ratgaapproache% asC approachesi.
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Rational Steiner Porism

Paul Yiu

Abstract. We establish formulas relating the radii of neighboringleis in a
Steiner chain, a chain of mutually tangent circles eacheani two given ones,
one in the interior of the other. From such we parametrizenfe= 3, 4, 6, all
configurations of Steinei-cycles of rational radii.

1. Introduction

Given a circleO(R) and a circle(r) in its interior, we write the distanceé
between their centers in the form

d?> = (R —r)? — 4qRr. 1)

It is well known [3, pp.98—100] that there is a closed chaimafhutually tan-
gent circles each tangent internally (@) and externally to(Z) if and only if

g = tan® ~. In this case we have a Steinercycle, and such amn-cycle can
be constructed beginning with any circle tangent to éih and (7). In this note
we study the possibilities that the two given circles heatéonal radii and distance

between their centers. Such is called a rational Steiner Baicecos 22 = }%g

we must haveos %’r rational. By a classic theorem in algebraic number theory,
cos %w is rational only forn = 3,4, 6 (see, for example, [2, p.41, Corollary 3.12]).
It follows that rational Steiner pairs exist only for= 3, 1, % corresponding to

n = 3,4, 6. We shall give a parametrization of such pairs and procestda how

to construct Steinen-cycles consisting of circles of rational radii. Here arengo

examples of symmetric rational Steineicycles for these values af.

Figure 1. Symmetric Steiner-cycles forn = 3, 4, 6

q | n| (R,7,d) | Radii (p1,...,pn) |
313[(014,1,1) ] (7, 28, 25)

41 (6,1,1) | (3, £, 2, 1)
6] (6,1,0) | (1,1,1,1,1,1)

ol =

Publication Date: November 30, 2011. Communicating EditoZhou.
The author thanks Li Zhou for comments and suggestionsrigadiimprovements over an earlier
version of this paper.
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2. Construction of Steiner chains

In this section we consider two circléX R) andI(r) with centers at a distance
d apart, without imposing any relation @®, r, d, nor rationality assumption. By a
Steiner circle we mean one which is tangent to @2 and(7). We shall assume
d # 0 so that the circle$O) and(I) are not concentric. Clearly there are unique
Steiner circles of radipy := £=3=¢ andp; := £=;*2. For eactp € (po, p1),
there are exactly two Steiner circles of radjusymmetric in the center lin®1.
The center of each is at distanc®s- p from O andr + p from I.

Proposition 1. If A(p) isa Seiner circle tangent to (O) at P and (I) at @, then
the line PQ contains T, the internal center of similitude of (O) and (I).

Figure 2.

Proof. Note thatA dividesOP internally in the ratiocOA : AP = R —p : p, SO
that
p-O+(R-p)P
A= 7 .
Similarly, the same poin#l divides (@ externally inthelA : AQ =r+p: —p,
so that

g P I+ +p)Q

T
Eliminating A from these two equations, and rearranging, we obtain

—r(R—p)P+R(r+p)Q R-I+7-0
(R+7)p ~ R+r
This equation shows that a point on the liR€) is the same as a point on the line
OI, which is the intersection of the lind3() andO1. Note that the point on the

line OI is independent oP. It is the internal center of similitudé’. of the two
circles, dividingO and! internally in the raticO7T, : T4 I = R : r. O

Remark. The point7 can be constructed as the intersection of the difewith
the line joining the endpoints of a pair of oppositely paaladii of the circles.
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Two Steiner circles are neighbors if they are tangent to ettodr externally.

Proposition 2. If two neighboring Seiner circles are tangent to each other at T,
then T lies on a circle with center 7.

Figure 3 Figure 4

Proof. Applying the law of cosines to triangle3OT, and AOI, we have

2
2 Rd 2
R +<R+r) “ PN (R-p)?+d? - (r+p)’

R AR

From this,
2 2 2
T+P2_R((R+r) d?) r+p
(R+71)? R—p
Similarly,
r2(R+r)?2—d*) R-—
roqro R A &) R—p
(R+71) r+p
It follows that
(R+7)?—d?
T.P-T.Q=Rr - —————
WP -T,Q=Rr CEESE
If we putt? = Rr - % (independent op), then the circleél’, (¢) intersects
the Steiner circled(p) at a pointT” such thatlI'T’;. is tangent to the Steiner circle
(see Figure 3). O

This leads to an easy construction of the neighbor () tangent atl” (see
Figure 4):
(1) ExtendT' A to A’ such thatr' A’ = r.
(2) Construct the perpendicular bisectorlof’ to intersect the linedT" at B.
Then the circleB(T) is the Steiner circle tangent t(p) at T
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3. Radii of neighboring Steiner circles

Henceforth we write
(R7T7d§ Ply -y pn)
for a rational Steiner paifR, r, d), and ann-cycles of Steiner circles with rational
radii p1, ..., pn. TO relate the radii of neighboring Steiner circles, we mae of
the following results.

Lemma3. (a) pop1 = qRr,
(b) (R — po)(R — p1) = (¢ + 1)Rr.

Proposition 4 (Bottema [1]) Given a triangle with sidelengths a1, as, as, the
distances d;, ds, d3 from the opposite vertices of these sides to a point in the plane
of the triangle satisfy the relation

2d2 —a3+d3+di —dd+dE+d3
—a} + di + d3 2d3 —a?+d3+d}| =0.
—a3+di+d? —a?+di+d3 2d2

Proposition 5. Let A(p) be a Seiner circle between (O) and (I). Theradii of its
two neighbors are the roots of the quadratic polynomial ac? + bo + ¢, where

a= ((g+ 1)Rr — (R —17)p)* + 4Rrp?,
b= 2(q+1)Rrp((q — 1)Rr — (R —1)p), )
c= (qg+ 1)°R*?p%

N

5

Figure 5

Proof. Let B(o) be a neighbor ofi(p). Apply Proposition 4 to trianglé A B with
sidesp + o, r + o, 7 + p, and the pointO whose distances from, A, B are
respectivelyd, R — p, R — o.

2d? RP—r?4+d*—2(R+7)p R*—r*+d*>-2R+1)o
R*—r?+d*—2(R+7r)p 2(R — p)? 2(R(R—p)— (R+p)o) | =0.
R*—7r?4+d*—2(R+7)0 2(R(R—p)—(R+p)o) 2(R—0)?
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It is clear that the determinant is a quadratic polynomiat.iwith the relation
(1), we eliminated and obtain

(R —r)? — 4qRr R* - Rr—2qRr—(R+7)p R?*—Rr—2qRr — (R+7)o
R* - Rr —2qRr — (R+1)p (R—p)? R(R—p)— (R+p)o =0.
R* -~ Rr —2qRr — (R+ 7)o R(R—p)— (R+ p)o (R—0)?

This determinant, apart from a factet, is ac? +bo + ¢, with coefficients given
by (2) above. O

Lemma6. b2 — dac = 16(q + 1)2R3r3p%(p1 — p)(p — po)-
Proof. b? — 4ac = 4(q + 1)2R%*r?p* - D, where
D= ((¢g=1)Rr = (R—7r)p)* = (g + 1) Rr — (R —1)p)* + 4Rrp”)
= 4Rr(—qRr + (R —1)p — p*)
= 4Rr(—pop1 + (po + p1)p — p°)
= 4Rr(p1 — p)(p — po)-
O

Proposition 7. Theradius p of a Seiner circle and those of its two neighbors are
rational if and only if
72po + Rrpy

PRI ==y

3)
for some rational number .

Proof. The roots of the quadratic polynomiab? + bo + ¢ are rational if and
only if ¥ — 4ac is the square of a rational number. Withb, ¢ given in (2), this
discriminant is given by Lemma 6. WritinBr(p1 — p)(p — po) = 72(p — po)? for
a rationalr leads to the rational expression (3) above. O

Theorem 8. For a Steiner circlewith rational radius p = R(7), the two neighbors
have radii p; = R(74+) and p_ = R(7—) where
_ Rr(t — p1) _ Rr(t+p1)

and 7_ = .
™+ Rr + mpg na-7 Rr — 1pg
Proof. With p given by (3), we have

2
(i) p1 — p = 72 andp — py = L),
(ii) from (2)

b= 2(q¢+1)Rrp((q — L)Rr — (po + p1)p),

m2po + Rrp

= 2(¢q+1)Rrp | —R*+R = B e

(g+1) rp( +R(po+p1) +popr = (po +p1) - —5 - >
(Rr+ p3)r* + (Rr + p7)Rr

72+ Rr

= —2(¢+1)Rrp-

)
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(i) by Lemma 6,

B dge - Y0l 12RYrp?(p1 — po)*r?
(12 + Rr)? '
The roots of the quadratic polynomi@s? + bo + ¢ are
2¢ B 2(q + 1)2R?r2p?
—b—evb? — dac 2((] +1)Rrp- (RT+P(2)):EI§§T+P%)RT _ E4(q+1)11227ipR(rp1—po)r
(g+1)Rrp
"~ (Rr+p2)m2+(Rr+p3)Rr _ _2Rr(p1—po)T
T2+Rr € T2+ Rr
_ (¢ + D Rr(%po + Rrp1) @
(Rr + p2)72 + (Rr + p?)Rr — 2eRr(p1 — po)T’
wheres = +1. On the other hand,
R Rr(t—ep1)\ _ R*r*(t —ep1)?po + Rr(Rr + e7po)*p1
Rr+etpo ) R2r2(17 —ep1)? + Rr(Rr +e7pp)?
_ Rr(r —ep1)?po + (Rr + £7po)*p1
"~ Rr(t—ep1)? + (Rr +eTpo)?
_ (Rr + pop1)(m2po + Rrp1)
(Rr + pg)72 + (Rr + p{)Rr — 2eRr(p1 — po)7
_ (¢ + DRr(r*po + Rrp1)
(Rr+ p3)72 + (Rr + p3)Rr — 2eRr(p1 — po)T’
These are, according to (4) above, the radii of the two neighb O
4. Parametrizations
A rational Steiner paifR, r, d) is standard if R = 1.
Proposition 9. The standard rational Seiner pairs are parametrized by
t qlg+1) —t?
R=1, r= . d= . 5
BRI ) Gtoarivny O

Proof. Since(R,r,d) = (1,0,1) is a rational solution of
d? = (1 —1r)% — 4qr,

every rational solution is of the formd = 1 — (2¢ + 1 + 2¢)r for some rational
numbert. Direct substitution leads to

(g+t)(g+1+t)r—t=0.

From this, the expressions nfandd follow. O
_ t _
Remark. po = 17 andp; = #
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Proposition 10. In a standard rational Steiner pair (R,r,d),, a Steiner circle
A(p) and its neighbors have rational radii if and only if

t(g + (¢ +1)*7)
(q+t)t+ (g+t)(g+1+1t)72)
for a rational number 7. The radii of the two neighbors are R (7. ), where

—at(gt)r o at(gtir
(g+t)(A+(g+1)7) g+t = (g+t)T)

Proof. The neighbors ofi(p) have rational radii if and only ifio% 4-bo + ¢ (with a,

b, c given in (2)) has rational roots. Therefore, the two neighliwave rational radii

if and only if Rr(p1 — p)(p — po) is the square of a rational number by Proposition
7, Theorem 8, and Proposition 9. O

p=R(1) =

T+ =

Proposition 11. Theiterations of 7, (respectivelyr_) have periods 3, 4, 6 accord-
ingasq = 3,1, 0r 3.

Proof. The iterations of-, are as follows.

—3+(3+0)T

(3+t)(1+(3+t)T)
—1+(148)7
(1+6)(1+(1+¢)7)
p
1 -
(1+0)2r

34+(3+1)7 .

(3+t)(1—(3+t)T) L+(141)

(1+6)(1—(1+)7)

Figure 6.3-cycle forqg = 3 Figure 7.4-cycle forg = 1
—34+(14+3t)T 3(=14+(143t)7)
l I+30)(A+(1+3¢t)7) (1+3t)(3+(1+3¢t)7) ‘
-3
(1+3t)27
| 3+(14+30)7 3(1+(14+31)7) T
(1+3t)(1—(1+3t)7) (1+3¢)(3—(1+3t)T)

Figure 8. 6-cycle forqg =

The iterations of-_ simply reverse the orientations of these cycles. O
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Example 1. Rational SteineB-cycles with simple rational radii:

[t [(R,r,d) [ 7 [Steinercycle] [t | (R,r,d) | 7 | Steiner cycle |
PR NCEara) BR R aara) N ER (= I Ea N A
8| e )
i |l w) | sl e v
e MACE - R NE )
el L [ egel |5 g o )
R A e & AR
JEEL UK e AICE - IR LG 5
o | (& & 5) | [F10 o o) [ ] (i 277 1)
A (L 355 3093 31> 2990 1) B: (L1 11 3 50 %)

. 3 52, 7 21 21 . 5 13.20 5 4
C: (lvﬁvﬁa 229 479 146) D: (1’ 727 727 377 13 9)

Figure 9. Rational Steinércycles



Rational Steiner porism

Example 2. Rational Steine#d-cycles with simple rational radii:

[t [ (R,r,d) | 7 | Steiner cycle |
0D 5o
: (%’ % g‘% %‘3)
4 1 o il 3 D 9 <& 9
3 ) 287 28 %g’ 5 ]1’ 20
1 30 5 10
(Lo 3) [ 21 (3 810 1100 320)
ST Ay T D 10
B I E R LD VAN i e B (|| A L
sl Lgam) [3l0g & % 3)
1 LT oy o i g
3 ’» 357 35 7 470 710 149> 37

20

’ 35’ 35’47’

71’ 149’ 37

@

5 10
110 297 14

I\le—‘
o

245

Y

1431

20 40

’45’45’14’ 81’ 149> 329

Figure 10.

17. 6

’ 28’ 287 172 5’ 11’ 20

Rational Steindrcycles
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Example 3. Rational Steine6-cycles with simple rational radii:

[t [ (R,rd) | 7 | Steiner cycle
I I8 7 T 24 38 6 8 24
2 | (Lss5) [21(3 & o7 190 200 55)
T, 5,3 (18 8 55 20
3 > 100 10 652 590 230 1317 137° 26
O S R C NN A )
5 > 1840 184 3 570 970 170 770 153° 88
0L [ E
’ ” S (B TisdV T B sy
4 3612 3137 297 1153 64]° 472
T, I my (s (E LR AL
9 > 357 35 837 13> 47° 33> 143° 45
I, 2, ) [5] (3, 2, B 5 2020
15 > 187 18 212 90 390 18> 1112 117

P. Yiu

18 7.1
7557 557 37

A: (1

3 .28

Sle

28

7

28

» 107 65 59’ 237 131’ 137’ 26

)

9 35.52 156 13
527 527 3612 3132 29

52 156 13

C:(1

156 52 39

. 9 16.21
> 11537 641° 472) D: (17 3

Figure 11. Rational Steinércycles

7

21

7
5735’83’ 132 47’ 33> 143> 45

)
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5. Inversion
By inverting a Steinen-cycle configuration(R,r,d; p1,. .., p,) in the circle
(0), we obtain a new.-cycle (R, 7', d'; p}, ..., pl,) in which
—R?r R%d Rp;
/ / / K3
rTEow YTEo . ATy optTheon

Regarding the circles in a Steiner configuration with in the interior of(O)
all positively oriented, we interpret circles with negatiradii as those oppositely
oriented to the circl€O).

The tables below show the rational Steimecycles obtained by inverting those
in Figures 9-11 in the circl¢O). Figure 12 illustrates those obtained from the
4-cycles in Figure 10.

Steiner3-cycle Inversive images itiO)
15 4 . 35 105 21 — . 35 105 2T
A (1’ 20971 20(2)é 7477 2%%’ 46) (17157 4’ 4 17’ 4)
Bllyyig g Mook %7 9,
Cl(L# %% o 17 1) | (L—3. 3% —&—F —01)
D[ (1, 5,8, 8 30 (1,-2. 5, @ 3 )
' 720725 370130 9 v T2, 3y 3
Steiner4-cycle Inversive images ifO)

6 1.20 30 60 15 . 20 30 _60 _ 15
Al(L 550 355 I7 71: 140 ) | (16,1 %, Lo )
B 176763 21° 11° 29> ﬁ) (170073; _107 5 9 _Z)
C(li_l-i@&ﬂ) (l_i_l_§_40_&_ﬂ)

» 45> 45> 14> 8] 1497 329 » 991 4> %Y 09y 249
D (1 &, o & 3 2 2 (1, -3, &, -8,3 —2 —3)

> 280 280 170 50 117 20 ) 100 107 5 % il 14

Steiner6-cycle
A @ &, L, 1 & % & 5

- 550 BR) 30 G610 31 10y 200 kR)
Inversive images (1, 2, —£; —1, ==, -2, =2, -, — %)

B @2, 2, B B I & Z T

- 1075 10> g5 59 23) J31> 137> 26)
Inversive images (1,00,2; =%, -2 -1 -2 3 _.T)

C (1 9 35. 52 156 13 156 52 _9)

_ _ ) 52’9 5235361’531?’ 29 1153’3641’15%72 59 39
Inversive images (1, —s5, 52; —5=, —156, , —al, —i, —a)
D (1 9 16. 21 7 21 7 A l)

- 45 85 B 10 A0 g3 13 15) -
Inversive images (1, —2, &, —2 7, -2 L 2L _.T)

The rational Steiner pairs in Figures 9-11A all have- d. In the inversive
images,(I) contains(O) in its interior. The new configuration is equivalent to a
stand?rc{ one with < 1. For example, the Steiner pair in Figure 12A is equivalent
to (1, z,

'(I'he6 S(étglner pairs in Figures 9-11B all have- d. The inversive image off ) is
aline at a distance: from O.

In Figures 9-11C and D < d. The images ofO) and([/) are disjoint circles.
For the cycles in C, none of the Steiner circles cont&nsTheir images are all

externally tangent to the images @) and (7). On the other hand, for the cycles
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in D, one of the Steiner circles contaifsin its interior. Therefore, its inversive
image contains those 00) and(7) in its interior.

A (1,6,-1; =%, -8, -5, —2) B: (1,00,3; —10,-5, -, —%)

: 481, 5 _49 _20 _ 40
C'(L_ﬁ’ﬁv 1, —40, — 15, 249) D: (17 _%, %; _g7 3, _%7 —%)

Figure 12. Rational Steindrcycles by inversion

6. Relations among standard rational Steiner pairs

We conclude this note with a brief explanation of the rela®i@among Steiner
pairs with different parameters. Denote 8)(¢) the standard rational Steiner pair
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given in Proposition 9. By allowing to take on negative values, we also include
the disjoint pairs and those witlf) containing(O).

Proposition 12. Let (O) and (I) bethecirclesin Sy(t).

(@) (I) isintheinterior of (O) if and only if ¢ > 0.

(b) (I) contains (O) initsinterior ifand only if —(¢+ 1) < t < —q.
() (0O) and (I) aredigointifandonly if —¢g <t < 0ort < —(q+1).

Proof. (a) The circle(]) is contained in the interior qO) ifand only if d+r < R

andd —r > —R. Thismeans(¢ + 1+ t) > 0 andg + ¢t > 0. Thereforef > 0.
(b) The circle(I) contains(O) in its interior if and only ifd+r > Randd—r <

—R. Thismeans(q+ 1 +t) <0andqg+t < 0. Therefore—(¢+ 1) <t < —q.

(c) follows from (a) and (b). a
Remarks. (1) If —(¢ + 1) < t < —q, S;(t) is homothetic, by the homothety &t
with ratio g, to S, ('), wheret’ = —% > 0.

(2) For standard paitS,(t) with t > 0, we may restrict t®) < ¢t < /q(¢+ 1).
nﬂ>q@+1y@@msmeWMamnm%<%§ﬁ)mO.

Proposition 13. Theinversive image of S,(t) inthecircle (O) isS,(—t).
Proof. Let I'(r’) be the inversive image ¢f ) in (O), withd' = OTI'.

70,:1<R?_R2>: —t

2\d+r d-r (q—=t)(g+1—1t)

1<R2 N R2>_ qg+1)— ¢t

2\d+r d—r (g—t)(g+1—1t)

From this it is clear that the inversive image of the @@jft) is S,(—t). O

Remarks. (1) If t = 0, (I) reduces to a point on the circ(®).

(2) If 2 = q(q + 1), thend = 0. The circles(O) and(I) are concentric.

(3) If t = —g or —(q + 1), the circle(/) degenerates into a line. This means
that witht = ¢ or ¢ + 1, the circle(I) passes throughy. It has radius2(2ql—+1).
Therefore, the line i, (—q) is at a distancq + 1 from O.

(4) If the circle (1) contains the centap, then the inversive image ¢f) con-
tains(0O). This means that-(¢ + 1) < —t < —¢, andg < t < ¢ + 1. It follows
that if 0 < ¢ < g, the inversive images of the Steiner pair of circles arenitig]

d =
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Golden Sectionsin a Regular Hexagon

Quang Tuan Bui

Abstract. We relate a golden section associated with a regular hexagtvo
recent simple constructions by Hofstetter and Bataill€, give a large number
of golden sections of segments in a regular hexagon.

Consider a regular hexagohBC' D E'F' with centerO. Let M be a point on the
side BC. An equilateral triangle constructed eh\/ has its third vertexV on the
radiusOF, such thaO N = BM.

Proposition 1. The area of the regular hexagon ABC DEF is 3 times the area of
triangle AM N if and only if M divides BC' in the golden ratio.

F E

M

P

Figure 1.

Proof. Let P is midpoint of the minorBC'. It is clear thatAOP is an isosceles
right triangle andAP = /2 - AO (see Figure 1). The area of the regular hexagon
ABCDEF is three times that of triangld M N if and only if

AAMN AM

N :2@—140 =2 & AM = AP.
Equivalently,) is an intersection aBC' with the circleO(P). We fill in the circles
B(C), C(B) and A(P). These three circles execute exactly Hofstetter’s dixisio

of the segmenBC in the golden ratio at the poirit/ [2] (see Figure 2}. O

Publication Date: December 5, 2011. Communicating EdRawl Yiu.

IHofstetter has subsequently noted [3] that this constinctias known to E. Lemoine and
J. Reusch one century ago.
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M

Figure 2.

Since trianglesAON and ABM are congruentN also dividesOFE in the
golden ratio. This fact also follows independently from astouction given by
M. Bataille. Let@ be the antipodal point oP, and complete the squarkOQR.
According to [1],0 divides BN in the golden ratio. Sinc® is the midpoint of
BE, it follows easily thatV dividesOF in the golden ratio as well.

P

Figure 3.
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Proposition 2. The sides of the equilateral triangle AM N are divided in the
golden ratio as follows.

Directed segment MN | NM | AM | AN | NA| MA
divided by OD | OC | OB | OF | BF | perp. fromO to AB
ingoldenratioat| A, | Amn | N | M, | M, | N,
Q
F \ E
N
M, ¢
A}
A (o) D
AYL
Na
B /v c
P
Figure 4

Proposition 3. Each of the six points A,,, A,, M,, M,, N,, N,, divides a seg-
ment, apart from the sides of the equilateral triangle AM N, in the golden ratio.

Point An | An | M, | My | Ny | N
Segment| CO | AD | FO | BF | SR | OB

Here, S isthe midpoint of ON,.

Q
F \ E
N
n
M,
Al
A D
S
A n
N
m
B / v ¢
P

Figure 5.
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Proposition 4. The segments N, M,, N, A, and M,, A,, aredivided in the golden
ratio by thelines OA, OP, OF respectively.

Q
F \ E
N
4’”
M,
A
A D
A
Na
B / M e}
P
Figure 6.
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The Golden Section with a Collapsible Compass Only

Nikolaos Dergiades and Paul Yiu

Abstract. With the use of a collapsible compass, we divide a given segin
the golden ratio by drawing ten circles.

Kurt Hofstetter [4] has given an elegant euclidean conitadn five steps for
the division of a segment in the golden ratio. In FiguredR is a given segment.
The circlesc; := A(B) andce := B(A) intersect aC andC’. The circlecs :=
C(A) intersects;; atD. JoinC andC’ to intersect; at the midpoint\/ of the arc
AB. Then the circlery := D(M) intersects the segmentB at a pointG which
divides it in the golden ratio. The validity of this consttionn depends on the fact
that DM is a side of a square inscribed in the cir€léD).

Figure 1. Hofstetter’s division of a segment in the goldeiora

We shall modify this construction to one using only a colibjgscompass, iten
steps (see Construction 5 below). Euclid, in Blsmentd.2, shows how to con-
struct, inseversteps, using a collapsible compass with the help of a stexigle, a
circle with given cented and radius equal to a given segméit’ (see [2, p.244]).
His interest was not on the parsimoniousness of the conistnidut rather on the
justification of how his Postulate 3 (to describe a circlenvéiy given center and
distance) can be put into effect by the use of a straightedgst(lates 1 and 2) and
a collapsible compas&lementd.1). Since we restrict to the use of a collapsible
compass only, we show that this can be done without the usestrthightedge,
more simply, infive stepgsee Figure 2). There were two prior publications in this

Publication Date: December 8, 2011. Communicating EdRftyor van Lamoen.



256 N. Dergiades and P. Yiu

Forum on compass-only constructions. Note that Hofstetter [@]rbt divide a
given segment in the golden ratio. On the other hand, the ivea gy Bataille [1]
requires a rusty compass.

The proof of Construction 1 below, though simple, makes diged@mentd.8.

Construction 1. Given three pointsi, B, C, construct
(1,2)c; := A(B) andcy := B(A) to intersect atP and @,
(3,4)c3 ;= P(C) andcy := Q(C) to intersect atD,
(5) ¢5:=A(D).

The circlecs has radius congruent t&C.

Figure 2. Construction afl(BC') with a collapsible compass only

Lemma 2 helps simplify the proof of Construction 5.

Lemma 2. Given a unit segmem B, let the circlesA(B) and B(A) intersect at
C. Ifthe circleC(A) intersectsA(B) at D and B(A) at E, and the circlesD(B)
and E(A) intersect atH, thenCH = /2, the side of a square inscribed in the
circle A(B).

Figure 3.

We present two simple applications of Lemma 2.
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Construction 3. Given two pointsO and A, to construct a squaredBCD in-
scribed in the circleD(A), construct
(1,2)c; := O(A) andcy := A(O) intersecting atF and F,
(3) ¢3:= F(O) intersectinge; at F”,
(4) Cyq 1= F/(O),
(5) ¢5:= F(F) intersecting at; atC andcy4 at H,
(6) ¢ := A(H) intersectinge; at B and D.
ABCD is a square inscribed in the circlea = O(A) (see Figure 4)

Figure 4 Figure 5

Construction 4. To construct the midpoind/ of the arc AB of the circlecs in
Figure 1, we construct
(1,2)c; := A(B) andcs := B(A) to intersect aC’,
(8) ¢3:=C(A)tointersect; at D,
(4) ¢4 := D(A)tointersectc; at £ andcs at F,
(5,6)cs := E(C) andcg := F(A) to intersect atH,
(7) ¢7:= D(H) tointersectcs at M.
M is the midpoint of the ar@ B (see Figure 5)

Finally, we present a division of a segment in the golderoriatien steps.

Construction 5. Given two points4 and B, construct

(1,2)c; := A(B) andcs := B(A) to intersect aC.
(3) ¢3:=C(A)tointersect; at D andc; at E.
(4) c¢4:= E(A) intersectscs at A'.

(5) «¢5:= D(B) intersects; at D' andcy at H.

(6,7)cg := A(H) andcy := A'(H) to intersect atf'.
(8) g := B(F) intersectscs (which is alsoA(F)) at F".
(9,10)cy := D(F) andcy := D'(F’) to intersect ai;.

The pointG dividesAB in the golden ratiqsee Figure 6)
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In Step (5), either of the intersections may be choseA at Figure 6,H and
C are on opposite sides dfB.

Figure 6. Golden section with collapsible compass only

Proof. AssumeA B has unit length. We have

(i) CH = +/2 by Lemma 2.

(i) D andC are symmetric in the lingl A’.

(i) F andH are also symmetric in the lind A’ by construction.

(iv) Therefore, DF = /2.

(v) D’ and F’ are the reflections ob and F in the line AB by construction.
Therefore,D(F) and D'(F”) intersect at a point on the lineAB. The fact that
G divides A B in the golden ratio follows from Hofstetter's construction O
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Construction of Circles Through Intercepts of
Parallelsto Cevians

Jean-Pierre Ehrmann, Francisco Javier Garcia CapimanAkexei Myakishev

Abstract. From the traces of the cevians of a point in the plane of agiiian-
gle, construct parallels to the cevians to intersect theligsigls at six points. We
determine the points for which these six intersections aneyclic.

Given a pointP in the plane of triangled BC, with cevian triangleX'Y Z, con-
struct parallels througtX, Y, Z to the cevians to intersect the sidelines at the
following points.

Intersection  with the

Point| of parallel to through Coordinates

B, |CA cZz X (—u:0:u+v+w)
C, | AB BY X (—u:u+v+w:0)
C, | AB AX Y (u+v+w:—v:0)
A, | BC cz Y 0:—v:utv+w)
A, | BC BY Z O:u+v+w:—w)
B, |CA AX Z (u+v+w:0:—w)

A simple application of Carnot’'s theorem shows that thegesints lie on a
conicC(P) (see Figure 1). In this note we inquire the possibility fdsttonic to
be a circle, and give a complete answer. We work with homamgnearycentric
coordinates with reference to triangleBC. Suppose the given poirt has coor-
dinates(u : v : w). The coordinates of the six points are given in the rightmost
column of the table above. It is easy to verify that these tgsaane all on the conic

w(u +v)(u+ w)yz + v(v + w)(v + u)zx + w(w + u)(w + v)zy
+ (v + v+ w)(z +y+ 2)(vwer + wuy + uvz) = 0. (1)

Proposition 1. The conicC(P) through the six points is a circle if and only if

. T (2

v+tw wHu utov

Proof. Note that the line®,C,, Cy Ay, A:.B. are parallel to the sidelines dfBC.
These three lines bound a triangle homothetig #C' at the point

v v W
v+w wHu utv/)’

Publication Date: December 29, 2011. Communicating EdRaul Yiu.
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Figure 1.

It is known (see, for example, [32]) that the hexagom3,C,A.B.CyA, is a
Tucker hexagoni.e., B.Cy, C,A., AyB, are antiparallels and the conic through
the six points is a circle, if and only if this homothetic cemis the symmedian
point K = (a® : b% : ¢?). Hence the result follows. a

Corallary 2. If C(P) is acircle, then itis a Tucker circle with center on the Brata
axis (joining the circumcenter and the symmedian point).

Proposition 3. If ABC'is a scalene triangle, there are three distinct real poifts
for which the conic(P) is a circle.

Proof. Writing

2 2 2
e ©
v+ w t w+u t u-+v t
we have
—tu + d*v + dPw = 0,
Vu — tv + bVw = 0,
cu + v — tw = 0
Hence,
—t a® a?
¥ —t b?| =0,
2 2 —t
or

F(t) := —t3 4 (a®b* + b?c% + 2a®)t + 2ad%b*c? = 0. 4)
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Note thatF'(0) > 0 and F'(+o00) = —oo. Furthermore, assuming > b > ¢, we
easily note that

F(—d®) >0, F(=b*)<0, F(=c) >0.

Therefore,F’ has one positive and two negative roots. a

Theorem 4. For a scalene triangled BC with p = %\/a%Z + b2¢? + c2a? and

Oy := % arccos 8“2;?3202, the three points for which the corresponding corfitare

circle are

2 b2 9
Pk‘: a : : ¢
<a2+p008(90+2’%”) b2+ peos (6o + %5) ¢+ peos (90+%Tw)>
for k = 0, +1.

Proof. From (3) the coordinates @ are
— a2 . b2 . CZ
Attt b+t 24t

with ¢ a real root of the cubic equation (4). Writing= p cos 8 we transform (4)
into

1 4 2b2 b2 2 2.2

—p? <400839 — (%" + 2C +c’a’) cos@) = 2a%b* 2.

4 p
If p= %\/@262 + b2¢? + 2a?, this can be further reduced to

u:vIw

8a’b%c?
P
The three real roots of (4), = pcos (6 + 2£) for k = 0, *1.

cos30 = 4cos> 0 — 3cos 6 =

d

Remarks.(1) If tr;e triangle is equilateral, the roots of the cubic &iipn (4) are
t=—a?, —a?, <.

(2) If the trian2gle is isosceles at (but not equilateral), we have two solutions
Py, P, on the lineAG. The third one degenerates into the infinite pointaf'.
The two finite points can be constructed as follows. Let timgéat atB to the
circumcircle intersectsdC' at U, andT" be the projection ot/ on AG, AW =
3. AT. The circle centered a¥’ and orthogonal to the circlé(A) intersectsAG

at P, and .
Henceforth, we shall assume trianglé3C' scalene.

Proposition 5. The coniaC(P) is a circle if and only ifP is an intersection, apart
from the centroid7, of

(i) the rectangular hyperbola througly' and the incenter and their anticevian
triangles,

(i) the circum-hyperbola througly and the symmedian poiti .
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Figure 2
Proof. From (2), we have
fi=o(u+v) — Pw(w +u) =0, (5)
g :=d*w(v +w) — Fu(u+v) =0, (6)
h = b*u(w + u) — a*v(v +w) = 0. (7)

From these,
O=f+g+h= (b2 — 02)u2 + (02 — a2)v2 + (a2 — bz)wz.

This is the conic through the centraid= (1 :1: 1), the incented = (a : b: ¢),
and the vertices of their anticevian triangles.
Also, from (5)—(7),

0=a’f+b%g+ h = a>(b* — )ow + b*(¢® — a®)wu + (a® — b?)uv = 0.

This shows that the poin® also lies on the circumconic through and the sym-
median pointk = (a? : b% : ¢2).
If P is the centroid, the conic through the six points has equatio

A(yz 4 zx + 2y) + 3(x +y+ 2)2 = 0.

This is homothetic to the Steiner circum-ellipse and is not@e since the triangle
is scalene. Therefore, @(P) is a circle, P is an intersection of the two conics
above, apart from the centrodd. O

Remark. The positive root corresponds to the intersection whick tia the arc
GK of the circum-hyperbola through these two points.
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Figure 3.

Proposition 6. The three real pointg for whichC(P) is a Tucker circle lie on a
circle containing the following triangle centergi) the Euler reflection point

¥ a? b2 2
W=\ 2 @22 a2—-12)’

(i) the Parry point

a’® b2 c?
X = {30 2 2 2 2 312 2 )
b* + c? —2a cc+a’>—2b a® +b% —2c
(i) the Tarry point of the superior trianglé&( 47,
(iv) the Steiner point of the superior trianglé, 4s.

Proof. The combination
a?(? —a®)(a® = V) f + b2 (a® = b?) (02 — P)g + A(* — A (P —a>)h  (8)
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of (5)—(7) (withz, y, z replacingu, v, w) yields the circle through the three points:

(a® — )1 — 2)(& — a)(aPyz + o + Pary)

+(z+y+2) (Z b2 e( H(? + 2 — 2a2)x) = 0. (9)

cyclic

Since the line
Z V(b — )0+ —2a*)x =0
cyclic

contains the Euler reflection point and the Parry point, aassly verified, so does
the circle (9).

If we replace in (5)—(7), v, wbyy+ 2z —x, 2+ x —y, z + y — z respectively,
the combination (8) yields the circle

2(a® — b?)(0® — 2)(? — a®)(a’yz + b2z + Pay)
—(z+y+2) ( Z a?(b? — ) (0" + ¢t — a*(b* + 62))33) = 0, (10)
cyclic

which is the inferior of the circle (9). Since the line

Z a2V — A+t —ad?BP ) =0

cyclic

clearly contains the Tarry point

1 1 1
<b4—|—c4—a2(b2—|—02) At at =02 +a?) a4+b4—c2(a2+b2)>’

and the Steiner point

111
2_2 2 _a a2—_p)’

so does the circle (10). It follows that the circle (9) consaihese two points of the
superior triangle. O

Remark.(1) The triangle centek 47 also lies on the hyperbola through the hyper-
bola in Proposition 5(i).

(2) The Parry poinfX1; also lies on the circum-hyperbola througrand K (in
Proposition 5(ii)). It is the isogonal conjugate of the iiterpoint of the lineGK.

We conclude this note by briefly considering a conic compatid (P).
With the same parallel lines through the tracesPobn the sidelines, consider
the intersections
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Intersection with the
Point | of parallel to through Coordinates
Bl |CA BY X (wv: 0:w(u+v+w))
C, | AB czZ X (wu :v(u+v+w):0)
C, | AB czZ Y (u(u 4+ v+ w) : vw : 0)
A} | BC AX Y (0:uv:w(u+v+w))
Al | BC AX Z (0:v(u+v+w): uw)
B, |CA BY zZ (u(u+v+w):0:vw)

These six points also lie on a cori§( P), which has equation

(utv)(v+w)(w+u) Z u(v+w)yz— (u+v+w)(x+y+2) Z v?wlz = 0.

cyclic cyclic

Figure 4.

In this case, the lineB.C;, C} A, A} B;, are parallel to the sidelines, and bound

a“~-c?

a triangle homothetic tel BC at the point
(u(v 4+ w) : v(w+u): wlu+v)),

which is the inferior of the isotomic conjugate Bf The linesB,,C,, C} A}, A.B.

are antiparallels if and only if the homothetic center isgfpimmedian point. There-
fore, the coniaC’(P) is a circle if and only ifP is the isotomic conjugate of the
superior ofK, namely, the orthocentéd. The resulting circle is the Taylor circle.



268 J.-P. Ehrmann, F. J. Garcia Capitan and A. Myakishev

References

[1] C. Kimberling, Encyclopedia of Triangle Centeravailable at
http://faculty.evansville.edu/ck6/encyclopedia/ETC.html.

[2] F. M. van Lamoen, Some concurrencies from Tucker hexag@rum Geom.2 (2002) 5-13.

[3] A. Miyakishev, Hyacinthos message 20416, November 2412

Jean-Pierre Ehrmann: 6, rue des Cailloux, 92110 - Cliclanée
E-mail addressJean- Pi er r e. EHRMANN@vanadoo. f r

Francisco Javier Garcia Capitan: Departamento de Mateas, I.E.S. Alvarez Cubero, Avda.
Presidente Alcala-Zamora, s/n, 14800 Priego de Cordobajoba, Spain
E-mail addressgar ci acapi t an@nai | . com

Alexei Myakishev: Moscow, Belomorskaia-12-1-133.
E-mail addressanyaki shev@ahoo. com



Forum Geometricorum
Volume 11 (2011) 269-275.

FORUM GEOM
ISSN 1534-1178

On Six Circumcentersand Their Concyclicity

Nikolaos Dergiades, Francisco Javier Garcia Capitath,Samg Hyun Lim

Abstract. Given triangleABC, let P be a point with circumcevian triangle
A’'B’'C’. We determine the positions &f such that the circumcenters of the six
circlesPBC’, PB'C, PCA’, PC' A, PAB’, PA'B are concyclic. There are
two such real point$ which lie on the Euler line ofi BC' provided the triangle
is acute-angled. We provide two simple constructions of qugints.

In the plane of a given triangld BC' with circumcenterO, consider a point
P with its circumcevian triangled’ B’C’. In Theorem 1 below we show that the
centers of the six circle®BC’, PB'C', PCA', PC'A, PAB', PA’'B form three
segments sharing a common midpaiit with O P. It follows that these six cir-
cumcenters lie on a con® P). We proceed to identify the poir for which this
conic is a circle. It turns out (Theorem 1 below) that theetaro such real points
lying on the Euler line when the given triangle is acute-adgland these points
can be easily constructed with ruler and compass.

Figure 1. Six centers on a conic

Denote byB., Cy, C,, A., Ay, B, the centers of the circle®BC’, PCB’,
PCA', PAC', PAB', PBA’ respectively, and byy., rct, Tcar Tacs Tab, Tha their
radii. Let R be the circumradius of trianglé BC'.

Publication Date: December 29, 2011. Communicating EdRaul Yiu.
The authors thank the editor for his help in finding the cauaités of P, and P— in Theorem 5
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Theorem 1. The segments B.Cy, C, A, ApB,, and O P share a common midpoint.

Figure 2. Antipedal triangle oP and its reflection irD

Proof. Consider the lines perpendicular #aP, BP, C'P at A, B, C respectively.
These lines bound the antipedal triangleB.C, of P. If we draw the corre-
sponding lines a#’, B’, C’ perpendicular tod’ P, B' P, C' P, we obtain a triangle
A’ B.C! oppositely homothetic tol,B.C,. Since the parallel through the cir-
cumcenterO (of triangle ABC) to B.C, and B.C". passes through the midpoint
of AA’, O is equidistant from the parallel linds,C. and B,C... The same is true
for the other two pairs of line§, A, C.A’, and A, B., A’ B.. Therefore, the two
triangles A, B.C, and A, B,C. are oppositely congruent ét (see Figure 2). By
symmetry, their sidelines intersect at six points which @agwise symmetric in
O. These are the points

X = A,B,.NCLA, X' :=A'B. nC,A,;
Y .= B,C,nA. B, Y’ := B.C. N A,By;
7= CiA, N B.C!, 7' = CL A N B.C..

The six circumcenters,., Cy, C,, A., Ay, B, are theimages ok’, X, Y'Y, 7/,
Z under the homothety (P, 3). It follows that the segment8.Cy, CoA., AyB,
share a common midpoint, whichtig P, ) (O), the midpoint ofO P. O

We determine the location dP for which the conic through these six circum-
centers is a circle. Clearly, this is case if and onlyiC, = C,A. = ApB,.
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Lemma 2. The radii of the circles PBC', PCB’, PCA', PAC', PAB', PBA’
are

TbCZE'pr chZE'CP;
a a
R R
TCG_E'CP7 Tac—z'AP7
rab:E-AP, rba—E-BP.
C C

Proof. It is enough to establish the expressionigr The others follow similarly.
Note that/ BC'P = /BC'C = ZBAC. Applying the law of sines to trianglésBC’
and BCC’, we have
BP BP R R

- 2sin BC'P - 2sin BAC - B—C'BP: E.BP'

Tbe
O

Theorem 3. Let Ay, By, C1 be the midpoints of BC, C'A, AB respectively. The
six circumcenters lieon a circle if and only if

A\P: BiP: C1P = BiCy : CiA;: A\B. (1)

Proof. Let M be the common midpoint ad P, B.Cy, C,A., AyB,. Clearly the
conic through the six circumcenter is a circle if and onlBilC, = C,A. = ApB,.
Applying Apollonius’ theorem to the triangleBB.Cy, and PBC, making use of
Lemma 2, we have

B.C? R? R? (A, P?
2PM2+—2 - =T§c+7"gb:§(BP2+CP2):7 (BiCz +1>' (2)
1
Similarly,
C,A?> R? (B,P?
2 a‘lc L
2PM* + 5 :7<01A%+1>7 (3)
AyB?2  R? (C,P?
2 bPa 1
2pnt 4 2B 7<A135“>' ()

Comparison of (2), (3) and (4) yields (1) as a necessary difidisat condition for
B.C, = C,A. = ApB,; hence for the six circumcenters to lie on a circle. [0

Now we identify the points® satisfying the condition (1).

Let Ay, By, Cy be the midpoints of3,C1, C1 A1, A1 B, respectively. Consider
the reflections?,, P, P. of P in Ay, By, Cs respectively. Sincd?,B; = PCy
andP,C\ = PBi, we havegeqt = JiZt or gt = 4124, This means thaP,
is on theA;-Apollonian circle of triangled, B;C;. Equivalently, P is a point on
the circle%, which is the reflection of thel;-Apollonian circle ofA; B1C; in the
perpendicular bisector @8, C;. For the same reasoR, also lies on the two circles
6, and ., which are the reflections of thB,- and C;-Apollonian circles in the

perpendicular bisectors a6f; A; and A, B; respectively.
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The circle%, passes through, H, the trace ofH on BC, and the intersection
of B with the internal bisector of angld of ABC. Hence the diametedO
of ABC is tangent to this circle. This leads to the following simpkrycentric
equations ofs,,, and the other two circles.

Ca : (Sp — Sc)(a*yz + bPzx + Pay) — (x +y + 2)(*Spy — b*Scz) =0,
G (Sc — Sa)(a*yz + V2 zx + Pay) — (2 +y + 2)(a*Scz — 2Sax) = 0,
e (Sa — Sp)(a*yz + b*zx + ay) — (x +y + 2)(b*Saz — a*Spy) = 0.

Figure 3. P4 as intersections of reflections of Apollonian circles

Proposition 4. The two points P.. lie on the Euler line of triangle ABC.

Proof. If AP = A\, BP = u, CP = v are the tripolar coordinates d@? with
reference tdd BC (see [1]), then from (1), we have

2 +v%) —a® 2002+ X)) b 2N+ p?) —

a? b2 c? ’
or
p? + v B v+ 22 B A2+ 2 e
a2 v 2 7
for somek. Hence,
\2 k(b + c* — a?) 2 = k(c? + a? — b?) 2 k(a® + b% — ¢?)
2 ’ 2 ’ 2 ’
(5)
and

(1 — AN+ (2 = a®)p® + (a® = b*)? =0.
This is the equation of the Euler line in tripolar coordirsaffl, Proposition 3]). [
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Representing the circlg, by the matrix

0 —Sc(Sa+Sp)  Sp(Sc+ Sa)
M, =|—-Sc(Sa+ Sp) —25B(Sa+Sp) —Sa(Ss—-5Sc) |,
Sp(Sc+ S4) —S4(Sp—Sc¢)  2Sc(Sc+ Sa)

we compute the equation of the polar@fin the circle. This gives

(w Y Z)Ma (i)O,
1

SA(SB — Sc)ﬂj — SB(3SA +2Sp —I—Sc)y + Sc(3SA + S + 2SC)Z =0.

Clearly, this polar contains the orthocenfér= (Spc : Sca : Sap). This shows
thatG and H are conjugate in the circlé,; similarly also in the circleg;, and%..
Therefore G and H divide P, and P_ harmonically.

or

Theorem 5. The two points satisfying (1) are

P.:=(\/Sa+Sp+Sc-Spc+eS-\/Sapc: ---:---), e==1

in homogeneous barycentric coordinates.

Proof. Let P = (Spc +t:Sca+t:Sap+t). We have

Sap+t

SBc t
(Sc Sca Sap)My | Sca |+ t t)M, |t

SAB t
= 2SaBc(Sp — Sc)(Spc + Sca + Sap) — 2t2(SA + S+ Se)(Sp — Sc).

Spc +t
0= (SBC—I-t Sca+t SAB—l-t)Ma Sca+t

It follows thatt? = 532% From these we obtain the coordinates of the two
A+SB+Sc

points P given above. O
Proposition 6. The midpoint of the segment P, P_ isthe point
Q= (Spc(Sp+ Sc —254) : Sca(Sc+ Sa—2Sp) : Sap(Sa+ Sp — 25¢)).

Proof. The midpoint between the two pointSgc +t: Sca +t: Sap +t) and
(Spc —t:Sca—t:Sap —t)has coordinates
(Spc+ Sca+ Sap —3t)(Spc +t,Sca+1t,Sap + 1))
+(Spc + Sca+ Sap +3t)(Spc —t,Sca —t,Sap — t))
:(53052 — 3t2, SCA52 — 3t2, SABS2 — 3t2).

2 _ _Sapc-S? i« cimnlifioc i :
Fort< = % this simplifies into the form given above. O
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The pointQ is the intersection of the Euler line and the orthic aXis.

This leads to the simple construction of the two poiRtsand P_ as the inter-
sections of the circle with centép, orthogonal to the orthocentroidal circle (see
Figure 4).

Figure 4. Construction aP; and P—

We conclude this note with the remark that the problem of tanton of points
whose distances from the vertices of a given triangle arpgtimnal to the lengths
of the opposite sides was addressed in [4]. Also, accordifig]ithese two points
can also be constructed as the common points of the triachefgkized Apollonian
circles for the isotomic conjugate of the incenter, namtblg triangle centeX ;5 =

(h: )
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