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Soddyian Triangles

Frank M. Jackson

Abstract. A Soddyian triangle is a triangle whose outer Soddy cirele te-

generated into a straight line. This paper examines sonpepies of Soddyian
triangles, including the facts that no Soddyian triangle ba right angled and
all integer Soddyian triangles are Heronian. A generatoighfila is developed
to produce all primitive integer Soddyian triangles. A ruded compass con-
struction of a Soddyian triangle concludes the paper.

1. Theouter Soddy circle

In 1936 the chemist Frederick Soddy re-discovered the Destdheorem that
relates the radii of two tangential circles to the radii akthtouching circles and
applied the problem to the three contact circles of a getieaaigle.

Figure 1

The tangential circles with centessand.S’ are called the inner and outer Soddy

circles of the reference triangléBC'. If r; andr, are the radii of the inner and
outer Soddy circles, then

A A
=———— and ry=————. 1
4R +r + 2s " 4R +1r — 2s (1)

i
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2 F. M. Jackson

whereA is the area of the triangle? its circumradiusy its inradius,s its semi-
perimeter, and — a, s — b, s — ¢ the radii of the touching circles (see [1]). By
adjusting the side lengths of the reference triangle it ssiide to fashion a triangle
with contact circles such that the outer Soddy circle degeas into a straight line.
This occurs whed R + r = 2s and is demonstrated in Figure 2 below, where it is
assumed that < b < c.

Note that for a Soddyian triangle, the radius of the innerdyadrcle is7. This
follows from A A

r
_4R—|—T‘+28_4_S_Z

T

provided4R + r = 2s.

Figure 2

Now the common tangent to the three circles is the outer Soilde. Conse-
guently a class of triangles can be defined as Soddyian iftkgr Soddy radius is
infinite. However from the above diagram it is possible tawea relationship that
is equivalent to the condition that the outer Soddy circlmfigite by considering
the length of the common tangents between pairs of touchinafes. Given two
touching circles of radi. andv, their common tangent has a length2gfuv and
applying this to the three touching circle with a common tartggives

L S
Vs—c¢ s—a s—b
2. Can a Soddyian triangle beright angled?

(2)

If triangle ABC' has a right angle at', then
R:g and r=s—c.

If 4R+ r = 2s,then2c + s — ¢ = 2s. This resolves te@ = a + b, an impossibility.
Therefore, no Soddyian triangle is right angled.
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3. Can a Soddyian triangle be isosceles?

A Soddy triangle with side lengths < b < cis isosceles only it = b. Since
c 1 2 c o E .
s=atj gnd_ﬁ = Ve e haves = 4a_— 2c. Hencea : ¢ =5 : 8, and th_e
only primitive integer isosceles Soddyian triangle hagsid 5, 8. Note that this
has integer are&2.

4. Areall integer Soddyian triangles Heronian?

Now consider the Soddyian constraib® + r = 2s expressed in terms of the
areaA:

This is quadratic imA and
A =%+ /st — abes

Sinces is greater than any of the sides, < s and we must have

A =% — /st — abes.

By the Heron formulal6A2 = (a +b+c)(b+c—a)(c+a—b)(a+b—c)is
an integer. This can only happensif — abcs is also a square integer. Hence alll
integer Soddyian triangles are Heronian.

5. Construction of integer Soddyian triangles

It is well known that for a Heronian triangle, the semiperiere is an integer.
From (2),
(s—a)(s—0)
(s—a)+(s—b)+2\/(s—a)(s—b)

This requires,/(s — a)(s — b) to be an integer. We write — a = km? and
s — b = kn? for integersk, m, n, and obtain

S —C=

km?2n?

Therefore,

s—a:s—b:s—c:s=m*(m+n)?:n*(m+n)?:m?*n®: (m*+mn+n??

and we may take
a= n*((m+n)*+m?),
b= m*((m+n)®+n?),

c= (m+n)*(m?+n?).
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For this triangle,
A = m*n?(m 4+ n)*(m? + mn + n?),

(m? + n?)((m + n)* + m?)((m + n)® + n?)
4(m?2 + mn + n?)

m2n?(m + n)?

m?2 +mn +n?’

s = (m*+mn +n?)>.

R=

)

r =

Here are some examples of integer Soddyian triangles.

(mfn] a [ b ] c]s ] A& [ r ] R |
1[1] 5 5 8 9 12 3 2

2 |1 13 | 40 | 45 | 49 252 | =2

31 25 [ 153 [ 160 [ 169 | 1872 | 2% [ Z=2

411 41 | 416 | 425 | 441 | 8400 | ST [ TF

312 136 [ 261 | 325 [ 361 | 17100 | o2 [ 52

51 61 925 | 936 | 961 | 27900 | Z¥ | =2l
6 1] 85 |1800|1813]1849 | 75852 | %% | IE6e0
5 2] 296 | 1325|1421 [ 1521 [ 191100 | 4550 | 56589
4 3] 585 | 928 | 1225 | 1369 | 261072 | T° | 122
7 | 1] 113 | 31853200 | 3249 | 178752 | 310 | 15502
53] 801 | 18252176 | 2401 | 705600 | L200 | L0
8 | 1] 145 | 5248 | 5265 | 5329 | 378432 | 2151 | 35070
7 | 2| 520 | 4165 | 4293 | 4489 | 1063692 | 12870 | 2928
5 |4 1696 | 2425 | 3321 | 3721 | 1976400 | 2220 | 210081
9 [ 1] 181 |8181]8200[8281 | 737100 | 330 [ ZE02l
713

N
iN|
—
[
d
N
IS
e
G
g
g

1341 | 5341 | 5800 | 6241 | 3483900

|
O
=
o
o

6. Soddyian triangles with a given side

Consider Soddyian triangles with a given basB in a rectangular coordinate
system with origin atA and B = (¢, 0) on thez-axis. Suppose the verteX has
coordinatesz, y). Using the expressions §b in terms ofm andn, allowing them
to take on positive real values, we have

b+t —a?  m3(m?+mn+2n?)

T
¢ 2¢?  (m+n)(m?+n2)2’
y 20 2m*n?(m? + mn 4+ n?)

c & (m+4n)?(m?+n?)?

Writing n = tm, we obtain a parametrization of the locus@fas follows (see
Figure 3).

_ L+t+22  28(1+t+1%)
(@.y)=c ((1 +1)(1+12)27 (1+)2(1 +t2)2> .



Soddyian triangles 5

A c B

Figure 3.

In fact, givens — a ands — b, there is a simple ruler and compass construction

for the Soddyian triangle.

Construction 1. Given a ssgment AB and a point Z on it (with AZ = s — ¢ and
BZ = s —b),
(1) construct the perpendicular to AB at Z, to intersect the semicircle with diam-
eter AB at P;
(2) let A’ and B’ be points on the same side of AB suchthat AA’, BB’ 1. AB and
AA" = AZ, BB' = BZ;
(3)join PA’ and PB’ tointersect AB at X and Y respectively;
(4) construct the circle through P, X, Y tointersect theline PZ again at Q);
(5)let X’ and Y’ bepointon AZ and ZB suchthat X'Z = ZY' = ZQ);
(6) construct the circles centers A and B, passing through Y’ and X’ respectively,
tointersect at C'.

Thetriangle ABC' is Soddyian with incircle touching AB at Z (see Figure 4)

P

A B
B/
Figure 4.
A/
Proof. Let AZ = wandBZ = v. From (1),ZP = \/uv. From (2),
ZX — ZA. zZpP Vuw uy/v

P+ AA VT ut v Vu+ /v



6

Similarly, ZY = v By the intersecting chords theorem,

Vutyv®
X - 7Y uv
ZQ = = 5 -
7P (Vi + o)

It follows that

I Vu+yv 1 1 1

1
VZQ~ Ve V' Vo VAZ ' VZB
Therefore, triangled BC' satisfies
BC = BX'=BZ+ ZX' = BZ + ZQ,
AC = AY' = AZ +2Y' = AZ + ZQ,
AB = AZ + ZB,

with
1 1 1 1 1 1

\/s—c:m:\/ﬁ+\/ﬁ:\/s—a+\/s—b'

It is Soddyian and with incircle tangent #B at Z.

Reference

[1] N. Dergiades, The Soddy circlésrum Geom., 7 (2007) 191-197.

F. M. Jackson
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A Triad of Circles Tangent Internally to
the Nine-Point Circle

Nikolaos Dergiades and Alexei Myakishev

Abstract. Given an acute triangle, we construct the three circleb ¢éaugent
to two sides and to the nine point circle internally. We shbat the centers of
these three circles are collinear.

In this note we construct, for a given acute triangle, thedfuircles each tangent
to two sides of the triangle and tangent to the nine pointecirdernally. We show
that the centers of these three circles are collinear ()1, 3]

Figure 1.

Let ABC be the given triangle with incentdr For three pointsd’, B’, C’ on
the respective angle bisectors, write the vectors

IA’ = pIA, IB' =¢IB, IC'=IC.
Since
<9> IA' + <9> IB' + (9> IC' = aIA + bIB + ¢IC = 0,
p q r
the three pointst’, B, C’ are collinear if and only it + g +2=0.

Now consider the nine-point circle of triangléBC. This is tangent to the
incircle at the Feuerbach poiit,. The power ofA is d?> = %SA. If we apply

Publication Date: January 22, 2013. Communicating EdRawl Yiu.



8 N. Dergiades and A. Myakishev

inversion with centerd and powerd?, the inverse of the incircle is a circled’)
tangent toAB, AC' and the nine-point circle at the second intersecfigrof the
line AF,. We have

Hence,p = T4 — W.

Figure 2.

Similarly for the other center8’, C’ we have
_2(b—c)(b—a) . 2(c—a)(c—0)
"~ (c+a—-0b)2 "’  (a+b—rc)?

It is easy to prove that
a b ¢
—+-+-=0.
p q r
Therefore, the three centedd, B’, C' are collinear.
These centers are

A’:pA+(1—p)I:<M+a ©b: c>,

1—-p
C = TC+(1—T)I:<a: b: r(al—l—b—l—c)+ )
-r

If the line containing these centers has barycentric eguatt + vy + wz = 0
with reference to trianglel BC', then
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u v w

It follows that

p—1 (a+b+cu qg—1  (a+b+c r—1 (a+b+cw
p  au+bv+cw’ ¢  autbv+cw’ r au+bv+cw’
and
p—1 g—1 r—1
uUiviw= : :
p q r
b2+ c? — a? c +a? —b? ' a’ +b? — c?

~ 2(c—a)(a—0b) " 2(a—0b)(b—c) 2(b—c)(c—a)
= (b—c)Sa:(c—a)Sp: (a—b)Sc.
The line containing these points has equation
(b—c)Saz+ (c—a)Spy + (a — b)Scz = 0.

This line contains the orthocentgrg~ : 3 : %) and the Spieker center. As
such, itis the Soddy line of the inferior triangle. Itis penglicular to the Gergonne
axis, and is the trilinear polar of 1397. Randy Hutson [2] has remarked that this is

also the Brocard axis of the excentral triangle.

Figure 3.

We conclude with two remarks about the constructions inrtbie.

(1) If angle A is acute, then the circled’) is tangent internally to the nine-point
circle, and the circlg A”) inverse to theA-excircle is tangent externally to the
nine-point circle (see Figure 3).
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(2) The constructions apply also to obtuse triangles. Hlenygis obtuse, the
points A’ , A” are on the extention afA. The circle(A’) is tangent externally to
the nine-point circle, and the inverse of tAeexcircle is a circle tangent internally
to the nine-point circle (see Figure 4).

Figure 4.

References
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Bicentric Quadrilateralsthrough Inversion

Albrecht Hess

Abstract. We show that inversion is a delightful tool for making soneeent
and some older results on bicentric quadrilaterals monsgarent and to smoothen
their proofs. As a main result we give an illustrative intetption of Yun’s in-
equality and derive a sharper form.

1. Introduction

Figure 1 shows a bicentric quadrilaterdBC' D, its circumcircleC with center
O and radiusk, and its incircleg” with centerZ and radius-, OZ = d. The sides
of ABCD are tangent t& at F/, F', G, H. Apply an inversion with respect t6'.

D

Figure 1

The imagesd’, B’, C’, D’ of the vertices lie on the circlé’ with centerM and
radiusR’, M Z = d'. The imageA’ lies on the polar ofd with respect to¢” and is
therefore the midpoint off H. The same applies to the other image$B’C’' D’

is a rectangle, because being the quadrilateral of the rimitipof EFGH itis a
cyclic parallelogram. The diagonalsG and H F' are orthogonal, since they are
parallel to the sides ofl’ B'C’D’. Cf. [14, step 2] and [7, 837 ff.].

Publication Date: January 29, 2013. Communicating EdRawl Yiu.



12 A. Hess

2. Orthogonality of Newton lines

Theorem 1 (9, Theorem 6) A tangential quadrilateraldA BC'D - without axes of
symmetry - is cyclic if and only if its Newton line is perpeundér to the Newton
line of its contact quadrilateral.

The restriction is included, since Newton lines do not exxisangential quadri-
laterals with several axes of symmetry, for isosceles tatigerapezoids the the-
orem is obvious and it is false for kites. LEiand.J be the points of intersection
of AB andC' D, respectively.BC andAD. The midpointsM s¢, Mpp, M7y are
collinear in any quadrilateral. The line passing througksthpoints is called the
Newton line. To prove the collinearity one could use barygercoordinates. For
a visual proof, connect some midpoints of the quadrilateitds and the appearing
parallelograms will guide you. More information about Newtines can be found
in [1, pp. 116-118] and [2]. The poinfs on the Newton line have a special prop-
erty: The sum of the signed areasAX B andC X D equals the sum of the signed
areas ofAX D and BX C. This can be seen easily from the equivalence of both

—_— —_— = e — —_— =
XMac x (AB+CD)=0 and XMpp x (AB+CD) =0

to
— — — — — — — —_—
XAXXB+XCUxXD=XDxXA+XBxXC.

If ABCD is a tangential quadrilateral its consecutive sides, ¢ andd satisfy

a + ¢ = b+ d, and therefore the centéf of its incircle share the property that

the sum of the areas ofZB andC'Z D equals the sum of the areas 4% D and
BZ(C. HenceZ belongs to the Newton line.

Proof of Theorem 1Suppose that the Newton line efBC D, i.e., the linen;
throughM ¢, Z, Mpp, M1, and the Newton line o/ FGH, i.e., the linen,
through Mgq, Mgy, are perpendicular. Apply the inversion with respect to the
incircleC. The images of andJ of Mg andM gy lie on the image ofio, which

is a circle throughZ orthogonal ton;, whose center lies ony. If M7y € ny is

not the center of this circle, thehand.J are symmetrical with respect to and
ABCD is a kite, which was excluded. Hendé;; is the center of the image of
no, ZIZJ =90°, EG L FH, A’B'C’'D' is a rectangle andl BC D cyclic. This
argument can be reversed easily.

3. Fuss formula

We derive Fuss’ theorem (cf. [3], [7, 837 ff.], [8, Theorenbl, 411, p.1],) by
inversion. | found no other place in literature, except thetgd book [7], where
Fuss’ theorem is proved with inversion. But the calculaionF. G.-M.’s book are
somewhat cumbersome.

Observe - with Thales’ theorem or angle chasing - & D’Z is a parallelo-
gram. M being the midpoint o/ S, the parallelogram law says

AR + 4d? = AM D" + 4d? = 2ZD" + 2SD"? = 2r2.
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Newton’s line

Newton'’s line

Figure 2

The formulae for radius and midpoint distance of an invediede R’ = RQZ_ZQ

andd’' = %, [8, p. 51], substituted intBR'2 4 2d"> = 72 lead to Fuss’ formula

LS SR |
(R—d? " (R+d? %

4. Poncelet’s porism

Theorem 2. ABCD is a bicentric quadrilateral with circumcircl€ and incir-
cle €. Then bicentric quadrilaterals with circumcirclé and incircle ¥’ can be
constructed starting from any point of the circumcir@écf. [4], [6], [12], [13]).

Proof. If ABC D is bicentric (see Figure 1R, r andd obey Fuss’ formula. Using
inversion with respect t@, the circumcircleC of ABC D is mapped onto the circle
C’ with centerM and2R'? + 2d'? = r?, just reverse the substitutions above. Bet
be a point such that is the midpoint between the centgrof the incircle and this
point S. Choose any poind’ onC’. This pointA’ and its diametrically opposite
point C’ form with Z and S a parallelogram. From the parallelogram law follows
that A’ is the midpoint of a chordd £/ of ¥ which forms together witht' a right
triangle. G and F' are the endpoints of the chords frafhand H through.S and
B’, ¢’ and D' the midpoints of the corresponding chords. Inversion watpect
to ¥ converts the circles with diametefsF, ZF, ZG, ZH into the sides of the
bicentric quadrilateral whose vertices are the imaged’'of3’, C' andD’. O
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5. Carlitz' inequality

Furthermore, fron2R’? + 2d"?> = 2 we getv/2R’ < r. Substituted intaR =
B> 1 > \/2r, Carlitz' inequality [5] is obtained.

6. Coaxial system of circles

Writing 2R"? + 2d? = r? as ’ff +d = 2’”—;, we see that in a bicentric quadri-
lateral ABC'D the imageS’ of the pointS of intersection ofGE and FH - and
also of AC and BD by Pascal’s theorem applied to a degenerated hexagon - is the
same when inverted with respect#or when inverted with respect &. This
means that the circle with diamet615’ is orthogonal to¢ and toC’ - and also to
C by inversion with respect t&’. This reveals’, ¥ andC’ as members of a coaxial
system of circles with limiting points S and S’. The perpeuntr bisector of5.S’
is the radical axis of this coaxial system, [8, chapter IlI].

7. Yun'sinequality revisited

With 438 = p, B£C — F and the law of sine@rsin E = FH, 2rsin F =
EG, Yun's inequality
V2r < 1

. L C+,C D+.D A <1
— | sin — — in — — n — — in — —
R_2S 2COS2 S 20052 S 2COS2 S 2cos2 <1,

[10], [15], is converted by multiplication withr into 2v2r* < EGHFH < o).
The right hand side is obvious. We increase the left hand aigdying the for-

. . . o T2R/ 7‘2 2\/57“2
mula for the radius of an inverted circlg@ = R 2 TRT=a7 to 25~ <

2V2R” — 2472, From2R? + 24 = r* we get22 < 2,//7 — (24)2. But
2,/r? — (2d')? is the length of the minimum chord of the circ# through.S and
ECGEFH s the mean of any two orthogonal chords througytwhich is obviously
greater, equality occurs only for squaé8C D whenS = Z.

Comparing one chord instead of the mean of two orthogonaldshwith the
minimum chord we get the inequality

2r . A+B . A. D | B,

r S 5 :sm;smi—ksmgsmg,
of which Yun’s inequality is a consequence.
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Five Proofs of an Area Characterization of Rectangles

Martin Josefsson

Abstract. We prove in five different ways a necessary and sufficientitimm
for a convex quadrilateral to be a rectangle regarding &a axpressed in terms
of its sides.

There are a handful of well known characterizations of megiss, most of which
concerns one or all four of the angles of the quadrilateraé (8, p.34]). One
example is that a parallelogram is a rectangle if and only fifais (at least) one
right angle. Here we shall prove theatonvex quadrilateral with consecutive sides
a, b, ¢, dis arectangle if and only if its are&” satisfies

K =3i(a®+ )%+ d?). 1)
We give five different proofs of this area characterization.

Figure 1. Dividing a quadrilateral into two triangles

First proof. For the area of a convex quadrilateral, we have (see the adfftoh
Figure 1)

K = %absinB + %cdsinD
where there is equality ifand only B8 = D =
identity due to Diophantus of Alexandria

(ab + cd)? + (ad — be)? = (a® + A) (0 + d?)
directly yields the two dimensional Cauchy-Schwarz inditpia
ab+cd < \/(a% + c2) (b2 + d?)

$(ab+ cd),

<
5. Using the following algebraic
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18 M. Josefsson

with equality if and only ifad = bc. Hence the area of a convex quadrilateral
satisfies

K <3+ )+ @) @
with equality if and only if B = D = § andad = be. The third equality is
equivalent to? = g, which together withB = D yields that trianglesA BC and
C DA are similar. But these triangles have the sitlé in common, so they are in
fact congruent right triangles (sindg¢ = D = 7). Then the angles at andC'in
the quadrilateral must also be right anglesA98C' D is a rectangle. Conversely it
is trivial, that in a rectangld3 = D = § andad = be. Hence there is equality in
(2) if and only if the quadrilateral is a rectangle.

D

B

Figure 2. Congruent right triangle$BC andC D A

Second proofA diagonal can divide a convex quadrilateral into two tri@sgin
two different ways (see Figure 1). Adding these four trigngileas yields that the
areak of the quadrilateral satisfies

2K = %absinB + %bcsinC’ + %cdsinD + %dasinA
< 3ab+ $be+ fed + 3da = S(a+ c)(b+d)
where there is equality ifand only# = B = C = D = 3. Thus
K < X(a+c)(b+d), (3)

which is a known inequality for the area of a quadrilaterale(§2, p.129]), with
equality if and only if it is a rectanglé According to the AM-GM inequality,

(a+¢)? =a®+c* +2ac < 2(a® + )

1An interesting historical remark is that the formuta= “T“ - ”g—d (this is another area charac-
terization of rectangles) was used by the ancient Egypt@oalculate the area of a quadrilateral, but
it's only a good approximation if the angles of the quadetat are close to being right angles. In all
quadrilaterals but rectangles the formula gives an ovienagt of the area, which the tax collectors
probably didn’t mind.
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with equality if and only ifa = c. Similarly, (b + d)? < 2(b? + d?). Using these
two inequalities in (3), which we first rewrite, we get

K < Y/(a+e)2(b+ d)?
< 1V2(a? +¢2) 202 + d2) = /(a2 + 2) (0% + d?).

There is equality ifand only i = ¢, b = d,andA = B = C = D = 3, that s,
only when the quadrilateral is a rectangle.

Figure 3. The Varignon parallelogram and the bimedians

Third proof. The area of a convex quadrilateral is twice the area of itsgdan
parallelogram [3, p.53]. The diagonals in that paralledograre the bimedians.
andn in the quadrilateral, that is, the line segments connedtiegmidpoints of
opposite sides (see Figure 3). Using that the dfeaf a convex quadrilateral is
given by one half the product of its diagonals and sine forahgle between the
diagonals (this was proved in [5]), we have that

K =mnsin¢ (4)

whereg is the angle between the bimedians. In [7, p.19] we provetthsadi-
agonals of a convex quadrilateral are congruent if and drtlgei bimedians are
perpendicular. Hence the area of a convex quadrilateral is

K =mn (5)

if and only if the diagonals are congruent (it is an equidieauadrilateral). The
length of the bimedians in a convex quadrilateral can beesgad in terms of two
opposite sides and the distancbetween the midpoints of the diagonals as

m = /202 + d2) — 42,
n=1y/2(a2+ ¢2) — 402

(see [6, p.162]). Using these expressions in (5), we havdliraarea of a convex
quadrilateral is given by

K =1/(2(a? + ¢2) — 402)(2(b2 + d2) — 40?)

(6)
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if and only if the diagonals are congruent. Now solving thaapn

1 \/ a? + 2)(b? + d?) \/ 2(a? + 2) — 42)(2(b? + d?) — 4v?)

yields8v2 = 0 or a® + b% + ¢? + d? = 2v2. The second equality is not satisfied in
any quadrilateral, since according to Euler’s extensiothefparallelogram law, in
all convex quadrilaterals

a2+ 024+ 4+ d =p?+ % + 1% > 202

wherep andq are the lengths of the diagonals [1, p.126]. Thus we condde
v = 0 is the only valid solution. Hence a convex quadrilateral th@sarea given
by (1) if and only if the diagonals are congruent and bisechedher. A parallelo-
gram, the quadrilateral characterized by bisecting diatpofp = 0), has congruent
diagonals if and only if it is a rectangle.

Fourth proof. Combining equations (4) and (6) yields that the area of a&onv
guadrilateral with consecutive sidesb, ¢, d is given by

= 1/(2(a% + ) — 402)(2(b2 + d2) — 4v?)sin ¢

wherew is the the distance between the midpoints of the diagonalspae the
angle between the bimedians. Since parallelograms araatkared by = 0, we
have that the area is

K =31(a®+2) (b2 + d?)sin¢

if and only if the quadrilateral is a parallelogram. In a platagram, ¢ is equal to
one of the vertex angles since each bimedian is parallel acopposite sides (see
Figure 4). A parallelogram is a rectangle if and only if ondh# vertex angles is
aright angle. The equatiosin ¢ = 1 only has one possible solutigh= 7; hence
we have that the area of a convex quadrilateral is given bif ébd only if it is a
rectangle.

Figure 4. The angle between the bimedians in a parallelogram
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Fifth proof. A convex quadrilateral with consecutive side9, ¢, d and diagonals
p, ¢ has the area [4, p.27]
K = %\/4p2q2 — (a2 — b2 + 2 — d2)2.
Now solving the equation
%\/(a2 + )+ d?) = %\/4p2q2 —(a? = b? + 2 — d?)?

we get

(2pq)* — (a® + 0>+ F +d*)* =0
with only one positive solutiom? + b + ¢ + d?> = 2pq. Using again Euler’s
extension of the parallelogram law

CHVP+E+ =P+ ¢+ W
wherev is the distance between the midpoints of the diagopalsdg, yields

PH+E+40* =2 & (20’ =-(p—9q)7

Here the left hand side is never negative, whereas the righd Iside is never
positive. Thus for equality to hold, both sides must be zd#encev = 0 and

p = ¢. This is equivalent to that the quadrilateral is a parafjedon with congruent
diagonalsj.e., a rectangle.
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Characterizations of Trapezoids

Martin Josefsson

Abstract. We review eight and prove an additional 13 necessary affitisut
conditions for a convex quadrilateral to be a trapezoid. @nefor this paper is
to show that many of the known properties of trapezoids afadncharacteriza-
tions.

1. Introduction

A trapezoid (in British English it is called a trapezium) igj@adrilateral with
a pair of opposite parallel sides. But there is some disageat if the definition
shall stateexactlyone pair orat leastone pair. The former is called an exclusive
definition and the latter an inclusive definition. The exslaseems to be common
in textbooks at lower levels of education, whereas the giediis common among
mathematicians and at higher levels of education (beyaggiidsthool) [10, p. xiii].
What is the reason for and significance of the two possiblaitiefis?

One likely explanation for the exclusive definition is thdiem students first en-
counter shapes like a trapezoid or a rhombus, they couldogétised if a rhombus
also can be called a trapezoid. When proving properties mafpetoid it is impor-
tant to actually draw it with only one pair of opposite paehBides, so the proof
covers the general case. Here the exclusive definition kawmetits. But when
students are to progress in their mathematical educatienexclusive definition
has some drawbacks.

First of all, the main strength of the inclusive definitiorthe fact that a property
that is proved to hold for a trapezoid automatically alsalbdor all quadrilaterals
with two pairs of opposite parallel sides, that is, for pl@lagrams, rhombi, rect-
angles, and squares. This is a major advantage, since théo mat have to repeat
arguments for those classes. Other benefits are that theaiayofor quadrilaterals
is more perspicuous within the inclusive definition, anddess like symmetry and
duality becomes more prominent. Also, there is the tragerade for calculating
integrals. But these trapezoids do not always just have am@popposite parallel
sides; sometimes they are in fact rectangles. That woulderttak name of the
rule confusing if a rectangle was not considered to be a apease of a trapezoid.
These are some of the reasons why mathematicians nowadsgs hie inclusive
definition, that isa trapezoid is a quadrilateral witlt leastone pair of opposite
parallel sides
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24 M. Josefsson

We claim that many geometry textbooks do not put much effad summariz-
ing even the most basic characterizations of trapezoids.trBipezoid is one of the
six simplest types of quadrilaterals, so it is usually cedan books at lower levels
of education. In those texts the authors often covers qutensively methods for
proving that a quadrilateral is one of the other five typesalbelograms, rhombi,
rectangles, squares, and isosceles trapezdiilg.not the general trapezoid. Why
is that? One reason could be that authors consider the tbpmdst covered in
connection with the treatment of parallel lines. But if $eert why not instead take
this opportunity to connect that theory with quadrilatered show how it all fits
together?

Anyway, we will now summarize a handful of the simplest cletegzations of
trapezoids. These are the ones that rely only upon the thafgugirallel lines or
similarity. Then we shall prove a dozen of other characi&ions, and in doing
so we will demonstrate that most of the well known propertiegsapezoids are in
fact necessary and sufficient conditions for a quadrilaterbe a trapezoid.

First a comment on notations. The consecutive sides of aegoguadrilateral
ABCD will be denoteda = AB,b = BC,c = CD, andd = DA. In most of
the characterizations we only consider the case whénc anda > ¢. We trust
the reader can then reformulate the characterizationseintter main casg || d
using symmetry.

h1 P h2

Figure 1. Two altitudes to the sideD

If the extensions of opposite sida®3 and C'D in a convex quadrilateral inter-
sect at an angl€, then the quadrilateral is a trapezoid if and only&if= 0. A
second characterization is thitae quadrilateral ABC' D is a trapezoid with paral-
lel sidesAB andCD ifand onlyif/ABD = /C DB, see Figure 1. An equivalent
necessary and sufficient condition is tlaatonvex quadrilateral is a trapezoid if
and only if two pairs of adjacent angles are supplementdnat is

A+ D=n=B+C. Q)

The kite must also be considered to be one of the basic qatetdls. Perhaps since there are
only a few known characterizations of these, it usually tdget that much attention. If we are to
include the possibility of a tangential quadrilateral adl\{iee. one that has an incircle), then there
are a further dozen of (less well known) characterizatidrigtes, see [6]. We note that Theorem 2
(ix) in that paper contained a misprint. It should state: Fteenter lies on the diagonal that is a line
of symmetry (which is not necessarily the longest one).
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From the theory of parallel lines we also have it line segmentd B and C'D
are the bases of a trapezoidiBC' D if and only if the trianglesAC'D and BC' D
have equal altitudes to the common s@® (h; = ho in Figure 1).

Two characterizations concerning similarity are the fellg. A convex quadri-
lateral ABC' D is a trapezoid if and only if the diagonals divide each othethe
same ratio, that is

AP BP
whereP is the intersection of the diagonala closely related necessary and suf-
ficient condition states thdhe diagonals divide a convex quadrilateral into four
non-overlapping triangles, of which two opposite are simif and only if the
quadrilateral is a trapezoid ABP ~ CDP in Figure 1).

2. Trigonometric characterizations

As part of the proof of Theorem 2 in [7] we have already prowed trigono-
metric characterizations of trapezoids, so we just redtae here. A convex
quadrilateralABC' D is a trapezoid if and only if

sin Asin C' = sin Bsin D.
An equivalent necessary and sufficient condition is
cos (A—C)=cos(B—D,).

In fact, both of these conditions incorporate the possybibr either pair of oppo-
site sides to be parallel, not just| c.

The first theorem and the subsequent proposition are trigetrec versions of
the adjacent angle characterization (1).

Theorem 1. A convex quadrilaterah BC D is a trapezoid with parallel sided B
andC D if and only if

cos A+ cosD =cos B+ cosC = 0.
Proof. (=) If the quadrilateral is a trapezoid, theh+ D = =. Hence
cos A+ cos D =cos A+ cos(m—A) =cos A — cos A = 0.

The second equality is proved in the same way.

(<) We do an indirect proof of the converse. Assume the quaerdhts not a
trapezoid and without loss of generality thit> m— D. Since0 < A < 7 and the
cosine function is decreasing on that interval, we@etd < cos (7 — D). Hence

cos A+ cos D < cos(m— D)+ cos D = 0.
From the sum of angles in a quadrilateral we also have that
A>7—-D = B<an-C = cosB+cosC >0.

So if the quadrilateral is not a trapezoid, then A + cos D # cos B 4 cos C, and
neither side is equal to 0. This completes the indirect proof O
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Proposition 2. A convex quadrilateradBC' D is a trapezoid with parallel sides
ABandCD if and only if

cot A+ cot D = cot B + cot C = 0.

Proof. Since the cotangent function is decreasing on the intérvalz < 7 and
cot (m — x) = — cot x, the proof is identical to that of Theorem 1. O

So far we have characterizations with sine, cosine and getanNext we prove
one for the tangents of the half angles.

Theorem 3. A convex quadrilaterad BC D is a trapezoid with parallel sided B
andC D if and only if

tanétang =tan —tan — = 1.
2 2 2 2
Proof. (=) If the quadrilateral is a trapezoid, theh+ D = 7 = B + C'. Using
these, the equalities in the theorem directly follows sitme% = cotg and

c _ B
tang—cotz.

(<) Assume the quadrilateral is not a trapezoid and without ¢dggenerality
thatA + D > m andB + C < w. From the addition formula for tangent, we get
D> B tan% —i—tan%

0> tan (24
I — —_— .
R AR D

N 1—tan%tan

The angles; and$ are acute, so the numerator is positive. Then the denominato
must be negative, s@n 4 tan £ > 1. In the same wayan £ tan § < 1. Hence

tan 2 tan 2 £ tan D t
n — n— n — n—
atgy ey 7l o tan sy

and neither side is equal to 1. a

3. Characterizations concerning areas

The first proposition about areas concerns a bimedian, shat line segment
that connects the midpoints of two opposite sides.

Proposition 4. A convex quadrilateral is a trapezoid if and only if one biriagd
divide it into two quadrilaterals with equal areas.

Proof. (=) In a trapezoid, the bimedian between the bases (see thealéfvth
Figure 2) divide it into two quadrilaterals with equal alties and two pairs of
equal bases. Hence these two quadrilaterals, which arérafseroids, have equal
areas according to the well known formula for the area of petzaid?

(<) If Th + T, = T3 + Ty in a convex quadrilateral with notations as in the
right half of Figure 2, then we hav&, = T, sincel; andT3 are equal due to
equal bases and equal altitudes. ButandT} also have equal bases, so then their
altitudes must be equal as well. This means that the queatglas a trapezoid. (]

2The area of a trapezoid is the arithmetic mean of the bases tine altitude.
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Figure 2. A trapezoid (left) and@; + T» = T3 + T4 (right)

We will need the next proposition in the proofs of the follogitwo character-
izations. A different proof was given as the solution to Feaib4.14 in [9, pp.80,
89].

Proposition 5. If the diagonals in a convex quadrilateradl BC'D intersect atP,
then itis a trapezoid with parallel side$B andC' D if and only if the areas of the
trianglesAPD and BPC are equal.

Proof. We have that the side$B andC D are parallel if and only if (see Figure 1)

hacp =hpep & Tacp=Tpecp << Tapp=1TBprc
wherehxy z andTxy 7 stands for the altitude and area of triandl@” Z respec-
tively. a

The following theorem was proved by us using trigonometrylasorem 2 in
[7]. Here we give a different proof using the previous cheeazation.

Theorem 6. A convex quadrilateral is a trapezoid if and only if the pratiof the
areas of the triangles formed by one diagonal is equal to teelyct of the areas
of the triangles formed by the other diagonal.

Proof. We use notations on the subtriangle areas as in Figure 3. Wadmave
(S+ U NT + Uz) = (S + Ua)(T + Uy)
& SU;+TUy = SUL +TU,
& SUy—Uy) =T(Uy —Uh)
& (S-T)(Uy—Up) =0.
The last equality is equivalent t6§ = T or U, = Uy, where either of these

equalities is equivalent to that the quadrilateral is adeaid according to Propo-
sition 5. O

In the proof of the next theorem we will use the following lematbout a prop-
erty that all convex quadrilaterals have. Observe thatrinadles in this lemma
are not the same as the ones in Theorem 6.

Lemma 7. The diagonals of a convex quadrilateral divide it into fouomrover-
lapping triangles. The product of the areas of two oppositsgles is equal to the
product of the areas of the other two triangles.
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Figure 3. The diagonal parts and subtriangle areas

Proof. We denote the diagonal parts by x, y, z and the consecutive subtriangle
areas bys, Uy, T, U, see Figure 3. These areas satisfy

ST = %wwyz sin 0 = U Uy
whered is the angle between the diagondls. O

Our last characterization concerning areas is a beautifutdla for the area of
a trapezoid. It can be proved using similarity as in [1, p.5% give a short proof
establishing it to be both a necessary and sufficient camditi

Theorem 8. The diagonals of a convex quadrilateral divide it into fourmrover-
lapping triangles. If two opposite of these have ar®aand T, then the quadrilat-
eral has the area

K:<x/§+ﬁ)2

if and only if it is a trapezoid whose parallel sides are the sides in the triangles
in question that are not parts of the diagonals.

Proof. A convex quadrilateral has the area (see Figure 3)
K=S§S+T+ Uy + Uy
=S+T+2VST — 2/ U Uy + Uy + Uy
2 2
= <\/§+ ﬁ) + (\/Ul — \/UQ)

where we in the second equality used thdt = U;U, according to the Lemma.
We have that the quadrilateral is a trapezoid if and only,if= Us (by Proposi-

2
tion 5), so it is a trapezoid if and only if it has the arka= <\/§ n ﬁ) . O

As a corollary we note that the arda of a convex quadrilateral satisfies the

inequality* e e
K>vS+ VT,

3This equality can also be proved without trigonometry. H #ititudes in the two triangles on
respective side of the diagonal+ y areh; andh., then we have tha8T = %wy}hhz = U1Us.
“We have seen this inequality before, but we cannot recafieaamce.
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where there is equality if and only if the quadrilateral isapezoid.

Theorem 8 was formulated as if there could be only one paippbsite parallel
sides (a general trapezoid). If there are two pairs of oppgsirallel sides, then the
two triangles with area$' andT" could be be any one of the two pairs of opposite
triangles formed by the diagonals.

4. Characterizations concerning sides and distances

The following simple characterization concerns the rafibam opposite sides
and the ratio of the sine of two adjacent angles.

Proposition 9. The convex quadrilateral BC D is a trapezoid with parallel sides
ABandCD if and only if

DA sinC

BC  sinD’
Proof. The quadrilateral is a trapezoid if and only if the triangeS D and BC' D

have equal altitudes to the sid&D, which is equivalent to that the areas of these
two triangles are equal. This in turn is equivalent to

%CD.DASinD = %CD -BC'sin C,

which is equivalent to the equality in the theorem. a

The parallelogram law states that in a parallelogram, tine sithe squares of
the four sides equals the sum of the squares of the two ditydBialer generalized
this to a convex quadrilateral with sidesb, ¢, d and diagonalg, ¢ as

a2—|—b2—|—62+d2:p2+q2+4212 (3)

wherew is the distance between the midpoints of the diagonals. Afpran be
found in [2, p.126]. We shall now derive another generalirabf the parallelo-
gram law, that will give us a characterization of trapez@dsa special case. This
equality was stated in [4, p.249], but Dostor’s derivaticaswery scarce.

Theorem 10. If a convex quadrilateral has consecutive sides, ¢, d and diago-
nalsp, ¢, then

P2+ ¢? =b* 4+ d® + 2accos €
where¢ is the angle between the extensions of the sideasd c.

Proof. In a convex quadrilateral BC' D, let the extensions ol B andC' D inter-
sect at/. Other notations are as in Figure 4, whet€ = p, BD = ¢q, AB = q,
and AE = z. We constructGC parallel to AB. Then/ZDCG = ZBJC.
We also haveEF' = GC = ccosé&, DG = csin&, ED = h — ¢sin§, and
FB=a—ccos& — .
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Figure 4. The alternate angles

Applying the Pythagorean theorem in trianglé€’'F, BDE, BCF, AED, we
get respectively

p? = h? + (z + ccos€)?, 4
¢* = (a — x)*> + (h — csin€)?, (5)
b = h% + (a — ccos € — x)?, (6)
d* = 2%+ (h — csin€)*. (7)

Expanding the parentheses and adding (4) and (5), we get
P2+ ¢? =2(h? + 2%) + 2x(ccos € — a) + a® + ¢ — 2hesin €. (8)
From (6) and (7),
b+ d* = 2(h% + %) + a®> + ® — 2hesin € — 2accos € + 2z(ccos € —a). (9)
Comparing (9) and (8), we see that
b2+ d?® = p? + ¢* — 2accos ¢
and the equation in the theorem follows. O

Corollary 11. A convex quadrilateral with consecutive side9, ¢, d and diago-
nalsp, ¢ is a trapezoid with parallel sides andc if and only if

P2+ ¢ =b* + d® + 2ac.

Proof. This characterization is a direct consequence of Theorepsib@e the
quadrilateral is a trapezoid if and onlygf= 0. O

The next two theorems concerns the distances between theoimisl of the
diagonals and the midpoints of two opposite sides (a binmgdia

Theorem 12. A convex quadrilateral is a trapezoid with parallel sidesnd c if
and only if the distance between the midpoints of the diagonals has the length

_Ja—¢
2
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Proof. Inserting the equation in Corollary 11 into (3), we get thabavex quadri-
lateral is a trapezoid if and only if

P+ EF P =0+ d* 20+ 4 & (a—c)? =42
Hence we get the characterization= 1|a — |. O

Remark. According to the formula, the diagonals bisect each othe+(0) if
and only ifa = ¢. In this case the quadrilateral is a parallelogram, which is
special case of a trapezoid within the inclusive definition.

Theorem 13. A convex quadrilateral with consecutive sidg$, ¢, d is a trapezoid
with parallel sides: andc if and only if the bimediam that connects the midpoints
of the side® andd has the length
a+tc
5
Proof. The length of the bimedian that connects the midpoints of the sidesnd
d in a convex quadrilateral is given by

dn? =p* + P +ad® -+ - d?
according to [3, p.231] and post no 2 at [5] (both with otheiations). Substituting

p? + ¢* from Corollary 11, we get that a convex quadrilateral is pewpid if and
only if

4n? =+ d* 4 2ac+a*> -+ —d® & 4n?=(a+ )
Hencen = (a +¢). O

The last characterization on sides and distances is abonufas for the length
of the diagonals.

Theorem 14. A convex quadrilaterald BC' D with consecutive sides b, ¢, d is a
trapezoid witha || ¢ anda # c if and only if the length of the diagonal$C' and
BD are respectively

. \/ac(a —¢) + ad? — cb?

a—C

)

‘= \/ac(a—c)—l—ab2 — cd?

a—cC

Proof. We prove the second formula first. Using the law of cosineshentivo
triangles formed by diagonaBD = ¢ in a convex quadrilateral, we hav@ =
a® + ¢® — 2aqg cosu andb? = % + ¢® — 2cq cos v (see Figure 5). Thus

a2+ ¢ — 2
cosu=————
2aq
and
A+ — b2
cosy = ———.

2cq
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Figure 5. A diagonal and two alternate angles

The quadrilateral is a trapezoid with|| ¢ if and only if u = v, which is equivalent
to cos u = cosv. This in turn is equivalent to

a2+q2—d2_02+q2—b2

2aq 2cq
which we can rewrite as

ac(a —¢) + ab® — cd® = (a — ¢)¢>.
Now if a # ¢, the second formula follows.
The first formula can be proved in the same way, or we can usensyim and
need only to make the change— d in the formula we just proved. O

Remark.The quadrilateral is a trapezoid with|| ¢ anda = cif and only if it is
a parallelogram. In that case the sides alone do not unigietbrmine neither the
guadrilateral nor the length of the diagonals.

5. A collinearity characterization

The following theorem has been stated as a collinearityabather possibility
is to state it as a concurrencg:convex quadrilateral is a trapezoid if and only if
the two diagonals and one bimedian are concurrent, in whibecthe two sides
that the bimedian connects are parallélhe proof of the converse is cited from
[11].

Theorem 15. Two opposite sides in a convex quadrilateral are paralleanid
only if the midpoints of those sides and the intersectiomefdiagonals are three
collinear points.

Proof. (=) In a trapezoid, leE andG be the midpoints of the side$B andC' D
respectively, and® the intersection of the diagonals. Trianglé® P and ABP
are similar due to two pairs of equal angles (see Figure 6)e N@atPG and PE
are medians in those triangles, but we do not yet know fHaPG = ZBPE.
This is what we shall prove. From the similarity, we get

PD CD 2GD GD
PB AB 2EB EB’
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D G C

A E
Figure 6. AreE, P andG collinear?

Also Z/PDG = ZPBE, sotriangles? DG andPBE are similar. Hence& DPG =
/BPE, and sinceBPD is a straight line, then so EPG.

Q

Figure 7. ISABC D a trapezoid?

(<) In a convex quadrilateral BC'D whereE andG are the midpoints oA B
andCD andP is the intersection of the diagonals, we know thatP andG are
collinear. We shall prove that B and C D are parallel. ExtendiD and EG to
intersect at) (see Figure 7). We apply Menelaus’ theorem to trianglésD and
AC D using the transversdf PG(Q. Then

AE BP DQ _, (10)
EB PD QA

and
AP CG DQ—I. (11)

PC CD 04"
SinceAF = EB andCG = G D, equations (10) and (11) yields

BP AP

PD ~ PC’
This equality states that the diagonals divide each oth#érarsame ratio, which is
the well known sufficient condition (2) for the sidds3 andC'D to be parallel. [
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6. Can all convex quadrilaterals befolded into a trapezoid?

A convex quadrilateral is not uniquely determined by itesidlone. This means
that there can be different types of quadrilaterals haviveydame consecutive
sides® Let us make a model of a convex quadrilateral as four veryritits con-
nected by hinges at their endpoints. We assume that thehlehghy rod is shorter
that the sum of the other three, which ensures that the radbedhe sides of a
convex quadrilateral. What we shall explore is if it's aggyossible to fold the
model into a trapezoid?

D c C

Figure 8. AECD is a parallelogram

In a general trapezoid whete|| ¢ anda # ¢, we construct the triangl8CE
in Figure 8 such thaC'E || D A. This triangle exists whenever its sides satisfy the
three triangle inequalities —c < b+ d,d < a —c+b,andb < a — c+d. The
first of these is always satisfied if the quadrilateral exi§tge second and third can
be merged into

‘CL—C‘ > ’b_d’7

which is a necessary condition far| ¢ whena # c. But it is also a sufficient
condition, since if it is satisfied, it is possible to constrthe triangleBC E and
then the trapezoid. In the same way, we have that

la —c| < |b—d
is a necessary and sufficient condition fo}f d whenb # d. Thus the only case
when we can't fold a convex quadrilateral into a trapezoihen

la —c|=|b—d|.

This is the characterization for when the quadrilateral dra&xcircle (so it is an
extangential quadrilateral) according to [8, p.64].

Let us examine why we can't get a trapezoid in this case. Wethesésemi
factored” version of Heron’s formula for the aréaof a triangle to get a formula
for the altitude in a trapezoid. In a triangle with sideg, z, the altitudeh to the
sidex has the length

po 2T \/((y+2)2—w2)(962—(y—2)2)'
T 2x

SFor instance, a quadrilateral having the sidgh, a, b can be either a (general) parallelogram or
arectangle.
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The triangle BC'E has the same altitude as the trapezoid. Insetting a — c,
y = b, andz = d yields the trapezoid altitude

o V(0+d? —(a—0?) (e - - (b—d)?)
N 2la — |
which is valid wheru # c. Here we see that whea — ¢| = |b — d|, the trapezoid
altitude is zero. This means that the trapezoid has collapde a line segment.
If we don't consider that degenerate case to be a trapezogistthe reason why
an extangential quadrilateral (with a finite exradius) camen be folded into a
trapezoid.

Finally we have the cas — ¢| = |b — d| = 0. Then both pairs of opposite
sides have equal length, so the quadrilateral is a pargteio® This is already a
trapezoid (within the inclusive definition), so no foldirgreeded.

We conclude by stating the conclusions above in the follgvireorem.

Theorem 16. If four line segments, b, ¢, d have the property that any one of
them is shorter than the sum of the other three, then they legaya constitute the
consecutive sides of a non-degenerate trapezoid except/whe:| = |b—d| # 0.

In that case they will be the sides of an extangential quatarhl.
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The Most Inaccessible Point of a Convex Domain

Maria Calvo and Vicente Mufoz

Abstract. The inaccessibility of a point in a bounded domai® C R" is the
minimum of the lengths of segments throygtvith boundary abD. The points

of maximum inaccessibility, are those where the inaccessibility achieves its
maximum. We prove that for strictly convex domaits, is either a point or a
segment, and that for a planar polygh#is in general a point. We study the case
of a triangle, showing that this point is not any of the clasbnotable points.

1. Introduction

The story of this paper starts when the second author wasgttrsome work-
ers spreading cement over the floor of a square place to oehstnew floor over
the existing one. The procedure was the following: first thisjded the area into
triangular areas (actually quite irregular triangles, wfumd 50 square meters of
area). They put bricks all along the sides of the trianglekthan poured the liquid
cement in the interior. To make the floor flat, they took a bid od metal, and
putting it over the bricks on two of the sides, they moved e to flatten the ce-
ment. Of course, they had to be careful as they were reachingbst inner part
of the triangle.

The guestion that arose in this situation What is the minimum size for the
rod? Even more, which isthe most inaccessible point, i.e. the one that requires the
full length of the rod? Isit a notable point of the triangle?

The purpose of this paper is to introduce the concept of maxinmaccessibility
for a domain. This is done in full generality for a bounded @min R™. The
inaccessibility functiomr assigns to a point of the domainthe minimum length of
a segment through it with boundarydD. We introduce the sel®, = {z|r(z) >
r} and the most inaccessible gt given by the points where the inaccessibility
function achieves its maximum value (the notion has to babkld modified for
the case where only has suppremum).
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Then we restrict to convex domains to prove convexity prigeof the setd,
and/p. For strictly convex domaind,p is either a point or a segment. For planar
convex domains not containing pairs of regular points wdlapiel tangent lines
(e.g. polygons without parallel sided)y is a point. In some sense, domains for
which Ip is not a point are of very special nature. When= {pp} is a point, we
call pp the point of maximum inaccessibility of D.

In the final section, we shall study in detail the case of agafal domain in
the plane, and more specifically the case of a triangle, goauk to the original
problem. One of the results is that the pagint, for a triangleT’, is not a notable
point of T'. It would be nice to determine explicitly this point in terro§ the
coordinates of the vertices. We do it in the case of an isesdelngle.

2. Accessibility for domains

Let D c R" be a bounded domain, that is an open subset sucibtisatompact.
Clearly alsod D is compact. For a point € D, we consider the function:

fp:Sn_l _>R+7

which assigns to every unit vectorthe lengthi(+) of the segment given as the
connected component ¢f + Rv) N D containingp.

Lemma 1. f, islower-semicontinuous, hence it achieves its minimum.

Proof. Let us introduce some notation: fpre D andv € S™~!, we denotey,, ,
the connected component f + Rv) N D containingp. (So%,, = [P, Q)] for
someP, ) € 9D.) Now define the function

H:DxS" 1 SR,

by H(p,v) = f,(v). Letus see thal{ is lower-semicontinuous (see [3] for general
definitions of continuity). Suppose th@i,, v,) — (p,v). Lety,, o, = [P, Qnl,
whereP,,Q, € dD. AsdD is compact, then there are convergent subsequences
(which we denote as the original sequend@),— P, Q,, — Q. Clearly P, €

0dD. Let~ be the open segment with= [P, Q]. Thenp € v C (p + Rv). So

Yo C v and

H(pnsvn) = 1(Vpp0n) = [[Pn = Qnl| = [IP = QI = 1(v) = l(p0) = H(p,v).

Clearly, f,(v) = H(p,v), obtained by freezing, is also lower-semicontinuous.
O

Remark. In Lemma 1, ifD is moreover convex, theH is continuous. This follows
from the observation that a closed segment [P, Q] with endpointsP, @ € 0D
either is fully contained irdD or o N 0D = {P,Q}. The segmeny in the proof
of Lemma 1 has endpoints inD and goes through, therefore it coincides with
Ypw- SOH (p,vy) — H(p,v), proving the continuity ofd.

We say that a point € D is r-accessible if there is a segment of length at most
r with boundary ab D and containing. Equivalently, let

r(p) = min fp(v),
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which is calledaccessibility of p. Thenp is r-accessible it(p) < r. Extendr to
D by settingr(p) = 0 for p € dD.

Proposition 2. The function r : D — R is lower-semicontinuous.

Proof. We first study the functiom : D — R,. Asr(p) = min, H(p,v), the
lower-semicontinuity ofd gives the lower-semicontinuity af: If p, — p, take
v, Such thate(p,,) = H(py, vy,). After taking a subsequence, we can assume that

(pnavn) - (p,v). So
lim r(p,) = lim H(pn,vn) > H(p,v) > r(p),

as required.
Finally, as we define(p) = 0 if p € 9D, those points give no problem to
lower-semicontinuity. a

We have some easy examples whgy@r r are not continuous. For instance, if
we consider the domain
D= {(z,y)la* +y* < 1,z <0} U{(z,y)a® + ¢y* < 4,2 > 0},

and letp = (0,0). Thenf, : S* — R* has constant valud except at the
horizontal vectors where it has valte Also r is not continuous, since(p) = 2,
butr((e,0)) ~ 3, for e > 0 small.

Remark. If D is convex, thenr : D — R is continuous. Lep,, — p. Takew so
that H (p,w) = r(p). Thenr(p) = H(p,w) = lim H(p,,w) > lim r(p,), using
the continuity of 4 and H (p,,, w) > r(p,). Sor is upper-semicontinuous, and
hence continuous.

The functionr : D — R>( may not be continuous, even for convex domains.
Take a semicirclg(z,y)|2? + y*> < 1,2 > 0}. Thenr((¢,0)) = 1, forz > 0
small, butr((0,0)) = 0.

We introduce the sets:
Dr = {p €D | I'(p) > T}»
E. = {peD|r(p) >r}.

D, is open by Proposition 2, anfd. is compact. The functionis clearly bounded,
so it has a suppremum.

Definition. We call R = sup r theinaccessibility of D. We call
Ip = ﬂ E.
r<R
the set of points ofmaximum inaccessibility of D.

The set/, may intersect the boundary &. For instanceD = {(z,y)|z? +
y? < 1,z > 0}. ThenR = 1. It can be seen thaty = Er = {(2,0)[0 < z <
%)

= 1.
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Moreover, I, can be a point of the boundary. Take = {(x,y)\% +y? <
1} —{(z,0)|x < 0}. ThenR = 2, andIp = {(0,0)}. The setdD,, for1 < r < 2
are petals with vertex at the origin.

Figure 1. The set®.,. for the ellipse with a long axis removed. The $gtis in
the boundary

Note thatr does not achieve the maximum is equivalenioC dD. This does
not happen for conve®, as will be seen in the next section.

3. Convex domains

From now on, we shall suppose thtis a convex bounded domain (see [4]
for general results on convex sets). This means thatife D, then the segment
[x,y] is completely included iD. There are several easy fact®:is a compact
convex set, the interior ab is D, andD is the convex hull 0®D.

There is an alternative characterization for convex seatsv be a unit vector in
R™. Then the functionf(xz) = (x, v) achieves its maximum iAD, sayc. Then
f(z) < cforx € D. Consider the half-space

Hy ={zeR"|f(z) <c}.
ThenD C H, . We call
Hy ={z e R"| f(z) = c}

asupporting hyperplane for D (see [2, p. 129]). Note th&D N H, # @. Let also
H} ={xz e R"| f(z) > c}.

Lemma 3. The convex set D isthe intersection
(M He
lv]=1
and conversdly, any such intersection is a convex set. Moreover,

D= () H,.

|v[=1



The most inaccessible point of a convex domain 41

Proof. The second assertion is clear, since the intersection oEg®ets is convex.
For the first assertion, we have the trivial inclusibnC (,,_; H,. Now sup-
posep ¢ D. We have two cases:

e p ¢ D. Then takeg € D such thatd(p, q) achieves its minimum, say
s > 0. Letwv be the unit vector fronp to ¢q. Let H, be the hyperplane
throughg determined by. It is enough to see that the half-spalig is
disjoint from D, sincep € H,. Suppose that € D N H;'. Then the
segment frony to  should be entirely included i, but it intersects the
interior of the ball of centre and radiuss. This contradicts the choice of
q.

e p € OD. Considerp, — p, p, € D. By the above, there aig, € 0D

and vectorsy, such thatD ¢ H, = {(z — qn,vs) < 0}. We take

subsequences so thgt — ¢ € 9D andv, — v. SoD C H, =

{{z—q,v) <0}. ButDisopen,sd C H, . Moreover, agl(p,, D) — 0,

thend(pn,¢,) — 0, SOp = ¢, and the hyperplane determinitig, goes

throughp, sop ¢ H, (actuallyp € H,).

O

Remark. The proof of Lemma 3 shows thatjf € 9D, then there is a supporting
hyperplaneH, throughp. We call it asupporting hyperplane at p, and we call

a supporting vector at p. When a poinp has several supporting hyperplanes, it is
called acorner point. The set

Ry - {v|v is supporting vector ai} C R"

is convex. Note that iDD is piecewise smooth, angd € 9D is a smooth point,
thenp is non-corner and the tangent spacé@1o is the supporting hyperplane.

Now we want to study the sef3,. and E,.. First note that is continuous orD.
Therefore
E.ND = {z|r(x) >r}
is closed onD.

Proposition 4. If D is convex, then r achieves its supremum R at D. Moreover,
IpND =ErND = {p|r(p) = R} and Ip = Er (which is the closure of
ErnD).

Proof. Letp € Ip N AD, and take a supporting hyperplaig, atp. We claim
that the open semibalBr(p) N H, C D. If not, then there is a poinf € 9D,
d(p,q) < R, q € H, . Then all the segmentg, x|, with x € B.(p) N dD, have
length< ry < (for suitable smalk). Therefore, there is neighbourhodd of p
such thatr(x) < r¢, Vo € U N D. Contradiction.

Now all points in the ray + tv, t € (0, ¢) are notr-accessible for any < R.
Therefore they belong to~!(R). Sop is in the closure of ~!(R), which isEg.

Thereforelp N 0D C Eg. Also, by continuity ofr on D, we have thatt,. N
D =rtr00). ThusipnND = (,_zr '[r,00) = r"(R) = Eg N D. All
together,Ip C Eg. Obviously, Er N D = r~'(R) C Ip, and taking closures,
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Er=FErND C Ip. Solp = Eg. Finally, asip is always non-empty, we have
that R is achieved by-. O

Now we prove a useful result. Given two poirftsQ, we denoteP_é =Q—-P
the vector fromP to Q.

Lemmab. Letp € D and r = r(p). Let [P, Q] be a segment of length » with
P,Q € 0D andp € [P,Q)]. Letvp,vg be supporting vectors at P, () respectively.
Then

(1) Ifvp,vg areparallé, then: vp = —vg, P, ) arenon-corner points, P_(Q Il
vp,andr = R. .

(2) If vp,vg are not parallel, then: P isin the plane m spanned by them,
thereisa unit vector v L P—Q) v € m, suchthat for H, = {(x—p,v) = 0},
itisE, C H,; andr(x) < rforx € [P,Q] — {p} closetop.

Proof. (1) Suppose first thatp, vg are parallel. S@ is inside the region between
the parallel hyperplanef,, andH,,. Clearlyvp = —vq. Letx € D, and draw
the segment parallel t@, Q] throughz with endpoints in the hyperplanes. It has
lengthr. The intersection of this segment with is of length< r. Therefore
r(z) <r forallz € D,soR =r.
—
If PQ is not parallel tovp, take a small vectorw such that(w,vp) = 0,
—
(w, PQ) > 0. Lett € (0,1) sothatp = (1—t)P+t¢Q. ThenP' = P+tw € H,,
—>
and@Q' =Q — (1 —t)w € Hy,, andp € [P, Q']. First,||P'Q’|| = ||P—Q) —wl| <
HP—Q)H =r. Also P',Q’" ¢ D, so the segmerif”’, Q'] N D is of length at most
—
[|P'Q'||. Thereforer(p) < r, a contradiction.
The assertion thal, () are non-corner points is proved below.
(2) Suppose now thatp,vg are not parallel. AgainD is inside the region
between the hyperpland4,,, and H,,. Letr be the plane spanned hy, v,.

Let w be the projection oiP_Q> on the orthogonal complement 19 and suppose
w # 0. Clearly (w, PQ) > 0. Lett € (0,1) so thatp = (1 — t)P + tQ. Then
P'=P+twe HypandQ' = Q — (1 —t)w € Hy,, andp € [P, Q']. So
I([P,Q]nD) < ||P’—Q;|| < ||P_C>2|| = r, which is a contradiction. Therefore
P—é c .

Letv € 7 be a unit vector such that L P—cj Now consider unit vectors,, e,
in 7 so thate; L vp, ez L vg, The vector

1
u= W((q,v)eg — (eg,v)eq)

is perpendicular ta, hence parallel toD—cj. We arrange tha(u,P—Q)> < 0 by
changing the sign af if necessary. Denot#,, = {(z —p,v) = 0}. Let us see that

this satisfies the statement. Consideso that(w,v) > 0. Letw; = 2%

(61,’!))

e €
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(w,v)

H,, andwy = T2 0)

ez € Hy,. Then

(w,v)

wy —wy = >((el,v>62 — (eg,v)e1) = (w,v)u,

(e1,v) (eg,v
— —
so (wy — wy, PQ) = (w,v){u, PQ) < 0. SetP’ = P+ w1, Q' = Q + wy. SO
[P, Q'] is parallel to[ P, Q], it goes throughy + w, and it is shorter thapP, Q]. So
HIfNE, =2.
—

For the last assertion, we writBQ) = aje; + ases, Whereay,as # 0. Let
P' = P +axe; € Hyp, Q' = Q + yea € Hy,. The conditionp € [P, Q'] is
equivalent top, P’, Q' being aligned, which is rewritten as

xy+ (1 —t)agx — tayy = 0. @

Now, the condition||P'Q’|| = ||PQ + yes — zey|| < ||PQ]|| = r for smallr is
achieved ifl PQ, yea —xe1) < 0. Thisis alinear equation of the form x+asy <
0. The intersection of such half-plane with the hyperbolaigXjon-empty except
if cyx+ gy = 0is tangent to the hyperbola at the origin. @Q, a2 ) is a multiple
of (1 — t)ag, —tay). This determineg uniquely. So fors # t (and close ta), we
have thap, = (1 —s)P + sQ satisfiex(ps) < r. (Note incidentally, that it cannot
beP_@ || vp. If so, thena; = 0, and then(1 — ¢)ay = 0, sot = 1, which is not
possible.)

Now we finish the proof of (1). Suppose th@tis a corner point. Then we

. _—
can choose another supporting veoﬁ@: On the one hand’@ || vp = —vg.

On the other, asp |/ v, we must haveﬁ) I/ vp, by the discussion above.
Contradiction. O

Theorem 6. The sets D,., E, are convex sets, for r € [0, R], R = maxr. More-
over, 9D, N Disr~(r), for r € (0, R).

Proof. The assertion foF, follows from that of D,.. knowing thatD,. is convex,

then
Er - ﬂ Dr—e
e>0
is convex since the intersection of convex sets is convaktlanclosure of a convex
set is convex.
Let0 < r < R, and let us see thdD, is convex. Letp ¢ D,. Thenr(p) < r.
By Lemma 5, there is a segmeiit ()] of lengthr, with P,Q € 0D, vp |f vg, and

avectorv L P_é such that®, C H,. ThenD, C H, ,andp ¢ H, . SoD, is the
intersection of half-spaces, hence convex.

For the last assertion, note that the continuityrafmplies thatD N 0D, C
r~!(r). For the reversed inclusion, suppose th@t) = r, butp ¢ dD,. Then
there is some > 0 so thatB.(p) C r=1(0,r]. Now r~![r,c0) is convex, so
it is the closure of its interior, call it". ThereforeV N B.(p) is open, convex,
and containg in its adherence. Moreover N B.(p) C r~(r). But this is
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impossible, since an easy consequence of Lemma 5 isthét) has no interior
foranyr € (0, R). O

Proposition 7. Suppose D is a convex planarset. Let » € (0, R). Then 0D, isthe
envel ope of the segments of length r with endpoints at 9.D.

Proof. As we proved before, the boundary Bf. is r~!(r), so the points 06D,
arer-accessible, but not-accessible for’ < r. Letp € 9D, be a smooth point.
Then there is a segment of lengthand D,. is at one side of it. Therefore the
segment is tangent @D, atp. g

4. Strictly convex domains

Recall thatD is strictly convex if there is no segment included in its boundary.
We assume thab is strictly convex in this section. Therefore, for each weittor
v, there is a unique point of conta&t, N 0D. We define the function

g: 8"t =D,
Lemma 8. If D isdtrictly convex, then g is continuous.

Proof. Letv, € S"7!, v, — v. Considem, = g(v,) € 0D, and the supporting
hyperplane(z — p,,v,) < 0. Letp = g(v), with supporting hyperplanéx —
p,v) < 0. After taking a subsequence, we can suppase— ¢ € 9D. Now
p€D = (p—pu,v,) <0,andtaking limits(p—¢q, v) < 0. On the other hand,
pn €D = (p,—p,v) <0, and taking limits (g — p, v) < 0. So(q—p,v) = 0.
By strict convexity,q = p, sog(v,) — g(v), andg is continuous. O

Now suppose thabD is C'. Then for each poinp € 9D, there is a normal
vectorn(p). We have a well defined function

¢:0D — S"1 ¢(p) =n(p).

Note thatp € Hy,) N D. Therefore ifD is C' and strictly convex, botk andg
are defined and inverse to each other.

In general, forD convex, there are pseudo-functiops S™ — 9D, ¢ : 0D —
S™. A pseudo-function assigns to each paint S™ a subset(v) C 0D in such a
way that the grapK (v, p) | p € g(v)} is closed. The inverse of a pseudo-function
is well-defined, andy and ¢ are inverse to each other. The 8€p) is the set of
supporting vectors at (see Remark 3).

Lemma 9. Suppose D dtrictly convex. For all 0 < » < R, 9D, N 0D = &, 0
0D, =r1(r).

Proof. Take a pointp € 0D, and letH, be a supporting hyperplante. Consider
a small ballB aroundp of radius< r/2. By strict convexity,d(0B N D,H) =
€0 > 0. Now we claim thatB,,(p) N D does not intersecD,, sop ¢ D,. Let
q € Be,(p) N D, and consider a linéparallel toH throughg. The segmentn B
has endpointd, @ € 9B. Butd(P,H) = d(Q,H) < €, SOP,Q ¢ D. So the

—

connected componefP, Q] N D has length< ||PQ|| < r, andgq is r’-accessible
for somer’ < r. O
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Corollary 10. For D strictly convex, r : D — R is continuous.

Proof. By Remark 2y is continuous orD. The continuity ab D follows from the
proof of Lemma 9. O

Therefore, ifD is strictly convex, then
Ip=FEr=1r"YR).
AsIp C D, we have thafp does not toucldD.
Theorem 11. Let D be strictly convex. For all 0 < » < R, D, isstrictly convex.

Proof. Suppose thab D, contains a segmetit Let p be a point in the interior
of I. As it is r-accessible, there is a segméRt Q] of lengthr throughp, where
P,@Q € 0D. By Lemma 5upp, vg are not parallel, and all points [, Q)] different
from p arer’-accessible for some < r. Thereforel is transversal t¢P, Q]. Let
H, be the hyperplane produced by Lemma 5 (2). Then all pointaasiale ofH,,
arer’-accessible for some < r, hence cannot be transversal #8,, sol C H,.
Now letx € [, x # p. Consider the segment parallel[t® Q] throughz, call it
o. It has lengthr and endpoints atl,,,, H,,. But D is strictly convex, so it only
touches the supporting hyperplanes at one point. Hemc® is strictly contained
in o. Thereforer(z) < r. Contradiction. O

5. Set of maximum inaccessibility

In this section we suppose thatis convex. Themnr is continuous oD and it
achieves its maximum® on D. ThenIp = Egr andIpND = ErxND =r }(R),
by Proposition 4.

We want to characterize the case whéfe contains interior. Let us see an
example where this situation happens. Lebe a rectangle. In this cageis the
length of the shortest edge of the rectangle, and we haveeansgt withe(p) = R
(see Figure 5). Note that it might happen that intersectD.

Proposition 12. If Ip has non-empty interior, then 9D contains two open subsets
which are included in parallel hyperplanes, which are at distance R.

Proof. Consider an interior point € Ip, sor(p) = R. Take a segmerit= [P, Q]

of length R with endpointsP, Q € dD. Letvp,vg be vectors orthogonal to the
supporting hyperplanes &, (). By Lemma 5, if they are not parallel, then there
is a hyperplane through such thatEr is contained in one (closed) half-space.
This is not possible, ag is an interior point ofEr. Sovp,vg are parallel, and

P_é | vp. Now take any point: close top, and consider the segmefit’, Q']
throughz parallel to[P, Q], which has endpoints ifl,,, H,,. If [P',Q']N D is
properly contained ifP’, Q’], thenr(x) < R, which contradicts that € Er. So
P’ € Hy,p,, Q" € H,,, anddD contains two open subsets i, , H,, around

P, (), respectively. d

Theorem 13. Let D be a strictly convex bounded domain, R = maxr. Then Ip is
a point or a segment.
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Proof. Suppose thaip is not a point. As it is convex by Theorem 6, it contains a
maximal segment. Let us see that it cannot contain two different (intersepti
segments. Leb € o be an interior point of the segment. By Lemma 5, if we draw
the segmenitP, Q] of length R throughp, we have the following possibilities:

e vp,vg are parallel. TherP—cj | vp. Then any pointc ¢ [P, Q] lies in
a segmentP’, Q'] parallel to[P, Q], with P' € H,, andQ" € H,,. By
strict convexity([P’, Q'] N D) < R, sor(z) < R. Thatis,Er C [P, Q).

e vp,vg are non-parallel. Then there is a hyperplaidg throughp such
that Er C H,. Asp is an interior point ofr, o does not crosg/,,, so
o C H,. Now letz € o, and consider the segmelit’, Q'] parallel to
[P, Q] throughz, with lengthR, P’ € H,, andQ’ € H,,. If z ¢ [P, Q]
then strict convexity give$([P’,Q'] N D) < R, sor(xz) < R. That s,
Er C [P, Q]. Note that Lemma 5 (2) gives in this case thhaf = {p}.

O

Let us see an example whelg; is a segment. Lab be the ellipse with equation
2—3 + z—j < 1, where2a > 2b. ThenR = 2b and Eg is a segment contained in the
short axis, delimited by the intersection of the axis with fierpendicular segments
of length R with endpoints in the ellipse.

Figure 2. Ellipse

All points (z,y) € D with 2 # 0 can be reached by vertical segments of length
< R = 2b. Now letzy = b, yo = bva? —b?/a. If y € (—b, —yo) U (y0,b) then
the point(0, y) is r-accessible (with a horizontal segment) with< R. Now let
y € [—yo,yo], and consider a line throudb, y). Let us parametrize it as

r(s) = (sa cosf,y + sbsind),
with ¢ fixed. The intersection with the ellipse are given by= —¥sinf +

\/1— g—j cos? 6. So the square of the distance between the two points is

2

1(6)? = 41— ‘Z—Z cos? 0)(a? cos? 6 + b sin® 9)
Y 2 2 2
= 4(1—b—2T)((a —b9)T +b7),
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whereT = cos? 0 € [0, 1]. The minimum of this degre2expression ofi’ happens

for a negative value df’, therefore, we only need to check the valdes= 0, 1.
2

ForT = 0, we getdb?; for T = 1, we getd(1 — z—j)cﬂ > 4(1 — 8B)a® = 4b%. So

1(0)% > 4b.

A conseguence of Theorem 13 is the following: for a strictynex bounded
domainD, if Ip is not a point then there are two non-corner poiRts) € 0D

with parallel tangent hyperplanes which are moreover peticelar toP_Q>.

Corollary 14. Suppose D is a planarconvex bounded domain (not necessarily
strictly convex). If Ip isnot a point then there are two non-corner points P, Q) €

0D with parallel tangent hyperplanes which are moreover perpendicular to P—cj

Proof. Following the proof of Theorem 13, we only have to rule outecé®). As
the hyperpland,, is now of dimensionl, we haves C [P,Q] = H, N D. But
Lemma 5 says also thdip N [P, Q] = {p}. SoEr does not contain a segment,
i.e. itis a point. O

So, for a convex polygom, if it does not have parallel sides, thép is a point.
Corollary 14 is not true in dimension 3. Take a trianglé” C R? and consider
D =Tx|0, L] forlargeL. ForT, denotel; = {p}. ThenD hasIp = {p} xa, b],
for somel < a < b < L. Certainly, there are two parallel faces (base and top), but
we slightly move one of them to make them non-parallel, Bnds still a segment.

Figure 3. Ip can be positive dimensional

One can make this construction to haygof higher dimension (not just a seg-
ment), e.g. by considering x [0, L]V, N > 1.

6. Polygons

In this section we want to study in detail the case of convdygums in the
plane, and to give some answers in the case of triangles. tahang point is the
case of a sector.
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Lemma 15. Fix A € R. Let D be the domain with boundary the half-lines (z, 0),
x> 0and (\y,y), y > 0. Let r > 0. Then the boundary of D, isthe curve:

x = r(cos? @ + A(sin® 0 + 2sin 0 cos? ) @)
y = r(sin® @ — \sin? 6 cos 6)

Proof. D is not a bounded domain, but the theory works as well in thse cdo
find the boundary oD,., we need to take the envelope of the segments of length
with endpoints laying on the half-rays, according to Prapms 7. Two points at
(a,0) and(Ab,b) are at distance if

(Ab—a)? 4+ b* =712,
SoMNb —a = —rcosf,b =rsind, i.e. a = Arsinf + rcosd. The line which
passes throug\b, b) and(a, 0) is
rsin® x + rcosfy = r2sinbcos + r*\sin? 6.

We are going to calculate the envelope of these lines (se&®g0 in [5]). Take
the derivative and solve the system:

rsinf x +rcosfy = r?sinfcosf + r>\sin’ 6§
rcosfz —rsindy = —r2sin?6 + r2cos? 6 + 2r2\sinf cos 6 .

We easily get the expression in the statement. The refipis the unbounded
region with boundary the curve (2) and the two half-rays. a

We call the curve in Lemma 15 &bow (or just a bow). Let\ = cot o, o €
(0, 7). If X < 0, we are dealing with an obtuse angle, @& [0, 7 — a]. If A =0,
we have a right angle, arftic [0, 5]. Finally, an acute angle happens for> 0.
In this casef € [T — a, §]. (Note thatf is the angle between the segment and the
negative horizontal axis, in the proof of Lemma 15.)

;;ILZO o 7 >0

Figure 4. A-bows withr = 1

As an application, we prove the following:

Corollary 16. Let D be a planar convex polygon. Thenthesets D,., 0 < r < R,
and Ip if it is not a point, have boundaries which are piecewise C'*, and whose
pieces are A-bows and (possibly) segments in the sides of 9D. In particular, these
domains are strictly convex when 9D,. does not intersect 9D.
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Proof. Letly,...,l; be the lines determined by prolonging the sides of the poly-
gon. Considel;, [;. If they intersect, consider the sector that they deternmne
which D is contained. Lemma 15 provides us with a (convex) reg]liﬁ. If
l;,1; are parallel and < d(l;,1;) then setD}’ = D, and ifl;, ; are parallel and

r > d(l;,1;) then setD! = . Itis fairly clear that

D, =(D5.
i#j

To see the last assertion, note that at any smooth paindD,., we have strict
convexity because of the shape of the bows given in Lemmaflb.cl oD, is a
non-smooth point, then it is in the intersection of two sughves. This means that
there are segments;, o, of lengthr whereo, has endpoints at linef, ,/;, and
o9 has endpoints at linds, , /;,. Moreover, the endpoints should be actually in the
sides ofD (otherwisep would ber’-accessible for some < r). In particular, this
means that|, oo cannot be parallel. As such segments are tangent to the bows,
the curves intersect transverselypatindp is a corner point.

A similar statement holds fofp = Er, when it is not a point, by doing the
above reasoning for = R. g

In particular, we see thdty cannot be a segment for polygons.

For instance, whem is a rectangle of sides > b, thenR = b. We draw the
bows at the vertices, to draw the det = E'i.

\ I,

(

Figure 5. For a rectanglép has interior

Note thatlp intersect)D if and only if a > 2b.

It would be nice to have a function

ID = (Ilal2) = ID((wlayl)J (x27y2)7' ey ((L./myk)) S R27

which assigns the value df, given the verticegx;,y;) of a k-polygon. Such
function is only defined for polygons with non-parallel sde

We shall produce the formula fdi, for the case of amsosceles triangle. Con-
sider an isosceles triangle of heightand bas&X > 0. Put the vertices at the
points A = (0,0), B = (2\,0) andC = (\,1). By symmetry, the poinfp
must lie in the vertical axiz = A. Moreover, the segment of lengfh through
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Ip tangent to the bow corresponding @ must be horizontal. This means that
Ip = (\ L) where® = \(1 - I,). So

Ip = (B, 5) = 1) = (1= 31

The sector corresponding #is that of Lemma 15, and the poifb should lie in
its A-bow, which is the curve given in Lemma 15 for the vatue R. Hence

A = R(cos® 8+ A(sin® § + 2sin 6 cos? 6)),
1-— % = R(sin®6# — Asin?fcos ).

Eliminating R, we get

1
A2 sin? 6 cos 0 + 2\ sin 0 cos? 0 + cos® 6 — 3= 0

_ 2
5= 2cos” 0 + v2cos b 3)

2sin A cos 0
(the sign should be plus, sinde> 0). Note that for an equilateral trianglg, =

1 _ 1 _m _ 4
%,IQ—g,e—gandR—r\/ﬁ
Also
R A @
~ cos3 0 + \(sin® @ + 2sinf cos2 6)
One can check the following formula:
1_2:1_52)\ sin® @ — \sin? 6 cos 6 (5)

2 cos3 0 + A\(sin® @ + 2sin @ cos2 )
This locates the poinp = (A(0), I2(\(0))).
Remark. Do the change of variabless § = };Zi sinf = 3%, to get algebraic
expressions fofp. Itis to be expected that this algebraicity property holosa
general triangle.

Recall the position of the ortocentre, incentre, barieeatrd circumcentre [1]
H = (\\).

- (A o )
-\
1
= (X =
¢ - (43)
1— )2
0O = (A, 5 >
We draw the height of the poidt, I, G, O, Ip as a function of\ :

A simple consequence is that théspoints are distinct for an isosceles triangle
which is not equilateral. We conjecture that this is truegomon-isosceles triangle.




The most inaccessible point of a convex domain 51

H
ID
¢ I
\ G
0.5 \'l L 1.5 z i e
\E 0

Figure 6. Notable points of a triangle of heighand bas&\
Note the asymptotic for an isosceles triangle. Ror 0, we have that (3)
impliescos?® 6 ~ % Now (4) and (5) give thaiz ~ 2\ and

sin® @

cos3 0

Ir(\) ~ A~ (223 —1)3/2).

Rescale the triangle to have bdse- 2 and heighth = % Then whem is large,

the point/, approaches to be at distan@/? — 1)3/2 = 0.4502 to the base, and
R ~ 2. Also, for A — oo, we havels(A) — 1.

Remark. Consider a rectangl® with vertices(+a,+1), with a > 1. ThenIp
has interior (see Figure 5). Moving slightly the verticestta left, we get an
isosceles trapezoid., with vertices(—a, (1 — €)), (a, £1), for e > 0. Consider
the triangleT, obtained by prolonging the long sides &f, i.e. with vertices
(a —2a/€,0), (a,£1). By the above, the pointy. ~ (a — 0.4502,0). AS R ~ 2,
we have thaf ;. = Ir..

By symmetry, if we consider the isosceles trapezgjdvith vertices(—a, +1),
(a, (1 —€)), thenlz ~ (—a + 0.4502,0).

The polygonsZ, andZ! are nearby, but their points of maximum inaccessibility
are quite far apart. So the mdp— Ip cannot be extended continuously (in any
reasonable topology) to all polygons witlsides.

References

[1] C. Kimberling, Triangle centers and central triangl€ngressus Numerantium, 129 (1998)
1-285.

[2] A. OstaszewskiAdvanced mathematical methods. Cambridge University Press, 1990.

[3] K. R. Stromberg)ntroduction to classical real analysis. Wadsworth, 1981.

[4] F. Valentine,Convex sets, McGraw-Hill, 1964.

[5] R. C. Yates A Handbook on Curves and Their Properties. J. W. Edwards, 1952.



52 M. Calvo and V. Mufioz

Maria Calvo: Departamento ddgebra, Facultad de Ciencias, Universidad de Granada71180
Granada, Spain
E-mail address: mari acc88@nai | . com

Vicente Mufioz: Facultad de Matematicas, Universidad platense de Madrid, Plaza de Cien-
cias 3, 28040 Madrid, Spain
E-mail address: vi cent e. munoz@mt . ucm es



Forum Geometricorum
Volume 13 (2013) 53-59.
FORUM GEOM

ISSN 1534-1178

Perpendicular Bisectorsof Triangle Sides

Douglas W. Mitchell

Abstract. Formulas, in terms of the sidelengths and area, are given for the
lengths of the segments of the perpendicular bisectors of the sides ofa tria
gle in its interior. The ratios of perpendicular bisector segments to eachasthe
given, and the ratios of the segments into which the perpendicular bisector
divided by the circumcenter are considered. Then we ask whetheohtbece
perpendicular bisector lengths uniquely determines a triangle. The aissme

in general: depending on the set of bisectors, anywhere from zeoaitddut no
more than four) triangles can share the same perpendicular bisegtoeses.

1. Introduction

It is well-known that the perpendicular bisectors of the sides of a triangét me
at a single point, which is the center of the circumcircle. Bui [1] givesltesar
similar triangles associated with the perpendicular bisectors. In this pap@swe
find formulas for the lengths of the segments of the perpendicular biséactiirs
interior of a given triangle. Then we study the question of existence of triangles
with prescribed lengths of perpendicular bisector segments.

Lemma 1. The perpendicular bisector segment through the midpoint of one side
terminates at a point on the longer of the remaining two sides (or at their intersec-
tion if these sides are equal)

E
/
c/ c
D
D
A F B A F B
Figure 1 Figure 2

Proof. Let the perpendicular bisector pass through the midpBiof the sideAB
of triangleABC'. Consider the case when both angleandB are acute. In Figure
1, AF = FBandFE > FD. We show thatBC > AC. Now,

tan A EF > DF DF tan B
an = — — = —— = tan b.
AF — AF BF
Publication Date: March 12, 2012. Communicating Editor: Paul Yiu.
The author is grateful to Paul Yiu and the referee for significant imgm@nts to the exposition
and to some of the proofs.
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Sincetan A > tan B and anglesd and B are both acute/A > ZB. It follows
thatBC > AC.

The other cases (when one of angleandB is obtuse or a right angle) are clear
(see Figure 2 in the case of an obtuse amtjle O

Lemma 1 will be used in constructing the perpendicular bisectors in Figures 3-
5. Henceforth we will adopt the notational convention that the sidés andc
opposite to angled, B, andC are such that > b > ¢ (and henced > B > C).
We denote by, , py, p. the lengths of the perpendicular bisector segments on the
sidesBC, C A, AB respectively. AlsoA denotes the area of the triangle.

Theorem 2. Leta > b > c.

2aA 2bA 2cA
= —-——— b = —-————— == -
Po= 22— =i Pe= 2 22
C C C
H 3
b a b a
a Py Pc
2 3
B A B A c c B
2 2
Figure 3 Figure 4 Figure 5

Proof. (i) Figure 3 illustrates the case whered is acute; the proof is identical
when Z A is right or obtuse. We havean C' = £ since by Lemma 1 bisector

p, Meets sideé becausé > c. We know from [22] (which applies sincgC' is

oblique since/A > ZC) thatA = 22 (42 + b2 — ¢?). Combining these gives

2aA
Pa = a2+22_c2-

(i) Figure 4 illustrates the case whered is acute; the proof is again identical
whenZA is right or obtuse. We havewn C' = £ (since by Lemma 1 bisectgy,

2
intersets side because > c). AgainA = 2242 4 b? — ¢2). Combining these
givespy, = a2_EZzA_C2-

(iii) Figure 5 illustrates the case whereA is acute; the proof is again identical
when Z A is right or obtuse. We havean B = L¢ since by Lemma 1 bisector

pc intersects side because:r > b. By [2] (whic?] applies since/B is oblique
sinceZA > /B) we haveA = 285 (q2 — p2 4 ¢?). Combining these gives

2cA
Pe = a2_gz+cz- (]

Since Heron’s well-known formula giveA in terms ofa, b, andc, Theorem 2
gives each of the perpendicular bisectors in terms of the three sidesoivy we
can apply the law of cosines for each angle to obtain these symmetric aradder
in terms of one side, another perpendicular bisector and a third angle.
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Corollary 3. A = pgbcosC = ppa cos C' = p.acos B.

Theorem 4. Leta > b > c.

() pa = py;

(ii) pe > po;

(i) pg > pey Pa = pe @and p, < p. areall possible.

Proof. (i) By Theorem 2,%“ =7 = Siﬁg SinceAd > BandA + B < I,
sin A > sin B. It follows thatp, > py.
(ii) From Figures 4 and 5,

m %tanC_bsinC cos B cosB<

Pe 5tan B " cosC csinB  cosC

sinceB > (C are acute angles.
(iif) We show that all scenarios are possible by examplesalet6 andc = 4,
sothatd < b < 6.

L b [ A [pa]epe] |
4 [3V7] 2 |2 [pa>pe

29 48 5A 5A _
25| 5 |18 | T8 | Pa=Dc

15V7 | 4A | 8A
) % 15 | 27 | Pa <Dc

O

Since we also know [3] that the distances from the circumcenter - which is the
intersection of the perpendicular bisectors - to the sidésand AB are in the
ratios <5, we have in Figure 6 thafZ = <=5 — ED (hy Theorem 4(ii)) so

OF 005%" cos C
C
D
E
o X\ D
A F B
Figure 6

Coroallary 5. In an acute triangle the circumcenter divides the perpendicular bi-
sectors p,, and p.. in equal proportions.

A similar result applies when the triangle is obtuse (in which case the circum-
center lies outside the triangle):
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Corollary 6. Inan obtuse triangle, the perpendicular bisectors p, and p. extended
to the circumcenter are divided by their respective intersecting triangle sides in
equal proportions.

2. Do theperpendicular bisectorsuniquely determineatriangle?

Theorem 7. Given positive p,, py, p. satisfying p, > p, and p. > py, there are no
more than two non-congruent triangleswith a > b > ¢ and perpendicular bisector
segments of lengths p,, Py, Pe.

Proof. By Theorem 2,1;’)—‘; = ¢, and

b
moa RS ()1 (p)

Puttinga := %‘; >1,7:= % > 1, andz := §, we rearrange this as

2 .
pe Ee(a?+02— ) %((%) +1-(§
- 2

f(x) =2° +92* — (@ + Dz +y(a® - 1) = 0. (1)

Sincez is a ratio of sides, and — b < ¢ < b, we must have: € (o — 1, 1].

If a—1 = 0 (the isosceles case §f= f)—‘; = 1), (1) becomes (2% +yz—2) = 0,
and has exactly one solution in the interval— 1, 1].

If « —1 > 0, (1) exhibits two switches in the signs of parameters, so by
Descartes’ rule the cubic has eitheor 0 positive roots. Thus the number of
non-similar triangles cannot be more thanSince similar but non-congruent tri-
angles cannot share the same absolute sizes of perpendicular bjgbetarsmber

of non-congruent triangles sharing the same p,, p.) can be no more tha [
Remark. Sincec > a — b, we must have: > o — 1. If v = 1, (1) becomes
(x+a+1)(z—1)(z—(a—1))=0.

It follows thatx = 1 is the only admissible root. This results in an isosceles
triangle.

Having already given an exact number of triangles above for the oaggs= p;,
andp. = pp, we next find specific parameter conditions that are necessary and
sufficient for the number of triangles with specifiég,, py, p.), i.€., the number
of admissible solutions of (1) - to b& 1, or 2 whena and~ both exceed, i.e,

Pa > pp andpe > py.
It is easy to see that the cubf¢x) in (1) has a local minimum at

— 2 1 3(a2 1
_ 7+\/v;r (o + )>07

Lo

—~— 2 2
and a local maximum at; = —— V7 ;3(0‘ ) <.
It is routine to verify that the local minimum, € (« — 1,1) if and only if
a?-2 —a?+3a-1
YeE\lTz a—1 :
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Theorem 8. Givenp, > p, and p. > pp, let a = %‘; and vy = g—;. The number of
triangles with perpendicular bisector segments of lengths p,,, pp, pe 1S

2ifand only if y € (a —2 —a2+3a—1) and f(zo) < 0,

a—1
lifandonlyif v € <a ~2 _aif’fy_l) and f(zo) =0,
0 otherwise.

Proof. Note thatf(a — 1) = 2a(a — 1)(y — 1) > 0andf(1) = o?(y — 1) > 0.
If the local minimumzy € (o — 1, 1), then the number of roots g¢f(z) in the
interval2, 1, or 0 according ag (xg) < 0, = 0, or > 0.
If 2o ¢ (o« — 1, 1), thenf(x) is monotonic and has no root in the interval(]

While no more than two distinct triangles can share the same,, p., one must
also consider the possibility that up to two more triangles could share the same
three perpendicular bisectors segmefts, p2, p3} with different assignments of
the bisectors to the long, medium, and short sides of the triangle. This isdeecau
by Theorem 4, the medium-length sidéhas the shortest perpendicular bisector
but either the longest side or the shortest side can have the longest bisector.
Therefore, given segments of lengths > p» > ps3, we seek trianglesga, b, ¢)

with a > b > c and(pa, pp, pc) = (p1,P3, p2) OF (p2, p3,p1). Thus:

Corollary 9. There are a maximum of four triangles with the three segments of
given lengths as perpendicular bisector segments.

We conclude this paper by giving explicit examples showing that the nunfiber o
triangles in Corollary 9 can be any 0f1, 2, 3, 4.

(i) n = 4: Consider(py, p2, p3) = (20, 18, 15).

If (Pa, v, pe) = (20,15,18),a = 3,7 = £, and

6 25 14 7 V97 -5 VI7T+5
— 3 T2 — _ _ 4 -
filz)=x +5a: 9 x+15 (J: 15> (x 5 ) <x+ 5 ) :

This gives two triangles similar 0, 15, 7) and(8, 6, \ﬁ 5)
On the other hand, ifpa, ps, pc) = (18,15,20), « = 2

_ 4

=3

4 61 44 4 V421 — 16 \/42 16
16)

This gives two triangles similar t(, 5,4) and (18, 15, /421 —
(”) Forn = 3, let (plaanPB) ( 2\/7 f)

If (pa, Do, pe) = (3, V5, 2[)04— Sy = 2\\[,and
L 220 1 88 (e (Ve
fs(x)—x—i-\/gx 5$+5\/5—<x+\/5><x \/f))

This gives a triangle similar t3, /5, v/2).
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If (plhpbvpc) = (2\/57 \/5) 3), then

—ty S 1B 9 x—i x—\/ﬁ_2 T @
fule) =2 5‘”5¢5‘< ﬁ)( NG )(* NG )

The two roots in the intervd, 1) give the triangles similar t2v/2, /5, 1) and
(2\/57 \/57 \/ﬁ_ 2)
(iii) For n = 2, let (p1, p2,ps) = (39, 30, 25). If (pa,py,pe) = (30, 25,39),

thena = ¢,y =22, and

f(:v)—f)’—&—@lz gx%—@— :v—i—E x = x 3
A 25 25" 625 5 25 5)°

The two positive roots are ifte — 1,1) = (%, 1). These give two triangles similar
to (30,25,11) and(6, 5, 3).
On the other hand, ifp,, ps, pc) = (39,25, 30), the cubic
fo(z) = 23 + gazQ - %?m#— %
has only one real root which is negative (see Figure 7). There is myleiavith
(paapbypc) = (39a 25, 30)'

i T
Figure 7

(iv) Forn = 1, considel(py, p2, p3) = (8, 5, V19). If (pa, pp, pe) = (5, V19, 8),

then(a, v) = (\/%, %) and

f(fv)_x3+—8 a:2—gx+748 —<x+12)<x—2 >2
! V9. 197 T 19v19 V19 Vi)
This give a single triangle similar &, /19, 2).
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On the other hand, wittpq, py, p.) = (8, V19, 5), we havea, v) = (\/%, \/%)

and 5 83 225
3 2
fe(x) =2 + \/Ex 19x+ VT
has only one real root which is negative (see Figure 7). There isaiotgangle.
(v) Finally, forn = 0, we take(pi, p2,p3) = (5, 4, 1). The two cubic polyno-
mials arefy(z) = 23 + 522 — 172 + 75 and f1o(x) = 2 + 422 — 262 + 96. Each
of these has exactly one real root which is negative (see Figure 8)efine, there

is no triangle with perpendicular bisector segmehtsl, 1).
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Convolution Filters for Triangles

Grégoire Nicollier

Abstract. The construction of a new triangle by erecting similar ears on the
sides of a given triangle (as in Napoleon’s theorem) can be considsitbd con-
volution of the initial triangle with another triangle. We use the discrete Fourier
transformation and a shape function to give a complete and explicitipisar

of such convolution filters and their iterates. Our method leads to many did an
new results in a very direct way.

1. Introduction

Johnson [17, pp. 284, 294], citing Emmerich [5, p. 129], formulatespaodes
the following property: “If points divide the sides of a given triangle in &qatios,
they are vertices of a triangle having the same Brocard angle as the darmyidr
[...] The triangles whose vertices divide in equal ratios the sides eEagiiangle
constitute all the different forms of triangle having the same Brocard &r{§lee
also [29, 11] and our Theorem 2.) We analyze this kind of transformatibas
initial triangle into a new triangle by considering convolutions of two triangles:
with one exception, such a convolution simply erects three similar triangular ear
on the sides of the initial triangle before transforming the triangle of the apisés
by a direct similarity. A circulant linear transformation of a triangle in the complex
plane, given by the coefficients, c1, co of the circulant linear combination of
the vertices, is simply the convolution of the initial triangle and the triangle with
verticescy, ¢, 1.

Here is a sketch of our method. We use the spectral decomposition in thier~our
base ofC? to represent any triangle of the complex plane as the sum of its centroid
and of two positively and negatively oriented equilateral triangles: theatotion
with this triangle is then a diagonal linear map, and we sh#ipeof the triangle
the quotient of the eigenvalues belonging to the negatively and positivielyted
equilateral base vectors; this shape is also the quotient of the cordisg@pec-
tral values of the convolving trianglee., the ratio of the negatively and positively
oriented equilateral quantities in this triangle. It is then immediate that the shape
of a convolution product of two triangles is equal to the product of the gres
shapes. Two directly similar triangles (with vertices in order) have the saapesh
moreover, when restricted to normalized triangles with vertizek, andz, the
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shape function is a Bbius transformation as function of the equivalence classes

of directly similar triangles (with respect to the given order of their vertices)

thus parametrized by their shape. Every triangle transformation givencboy-a
volution can be described by analyzing thi$Mus transformation. Emmerich’s
introducing result, for example, becomes almost immediate (see also [11]): the
transformation is a convolution with a degenerate triangle; since degeftraate

gles are characterized by shapes of modulu$e convolution acts on the shape

of the initial triangle as a rotation and does not change the shape’s mosduics;
triangles are equibrocardal and equally oriented exactly when theiesinape the
same modulus, the Brocard angle is invariant under a convolution with aelege
ate triangle; the converse follows from the fact that the shapes of ttendemge
triangles needed for the Emmerich transformations cover the whole unit Girtle
being half an exception). By iterating the convolution with a degenerate keiang
one simply rotates the shape by a constant angle at each step: the isedcess

gles are directly similar to triangles with a common base whose apices turn on the
same Neuberg circle, and these apices are periodic or dense on therd\eintle
according as the rotation angle for the shape is a rational or irrational muifiple

.

Many triangle transformations in the literature are in fact convolutions with a
fixed triangle and could thus have been analyzed by the present methegiin a
efficient and standardized way. Moreover, if the convolving trianglegederate,

i.e., if the shape of the convolving triangle lies on the unit circle, the transforma-
tion behaves as the Emmerich transformation with the same shape (as far as only
the triangle’s form is concerned), and the work is done as soon as tit#om
angle,i.e, the argument of the shape of the convolving degenerate triangle, is de-
termined! Thes-Rooth triangles of [11] for example, which already appear in [22],
are in fact given by the convolution with a degenerate triangle, like anylaint
transformation of a triangle where the new vertices aredd linear combination

of the old ones, and such convolutions are included once for all in the Boimer
transformations (as far as only the triangle’s form is concerned).

The Fourier decomposition of a triangle or polygon and circulant matrices ha
been used for a long time for studying triangle and polygon transformatith&w
circulant structure, beginning with Darboux in 1878 [3], [1, 4, 6, 718, 25, 27,

28, 30, 31, 32, 33, 36]; they are in general more efficient than pgedynetric
and trigonometric approaches [16, 34, 35]. Our presentation is foee rfinatrix
algebra since we only need convolutions. The shape function we uges see
appear for the first time in 2003 in a paper by Nakamura and Oguiso [i2izh @&
sixteen years older preprint), and later independently in [10]: we foahgdin [10]
an indirect relation between the shape function and some eigenfunctionats/
explanation of the nature of this shape function. As far as we know, théhat the
shape of a convolution product is the product of the shapes is notickekaloited
here for the first time, and this is the key point for the success of our meNwtd
that Hajjaet al.[10, 11, 12, 13], and Nakamura and Oguiso [22] estalditimoc
for each analyzed transformation that the shape of the transformedériarthe
shape of the initial triangle multiplied by some function independent of the initial
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triangle, without noticing that this function is in fact the shape of a triangletfzeid
the transformation is a convolution. We extended this shape function to pygo
in [24].

2. Fourier transform of a triangle

Consider a triangle\ of the complex plane as a poitkt = (zg, 21, 20) € C?
representing the closed polygonal ling— 21 — 29 — 2z Starting atxy: there are
up to six triangles with the same vertices. A triangle is catledeneratavhen its
vertices are collineatrivial when it is reduced to a triple point, aptoperwhen it
is nondegenerate; a degenerate triangle is both positively and negativgited.

EndowC? with the inner product (zo, 21, 22), (wo, w1, wa)) = & 3°7_ 2405
and set’ = ¢27/3, The vectors

eo=(1,1,1), er=(1,(¢), ea=(1,%¢H=01,3¢)=er

form the orthonormaFourier baseof C3: ¢y is a trivial triangle;e; ande, are
a positively and a negatively oriented equilateral triangle centered atrigja,o
respectively. Thealiscrete Fourier transfornor spectrunof A is the triangleﬁ =

(20, 21, 22) given by thespectral representatioaf A in the Fourier base:

2
A=) grer with 2 =(Ae), k=0,1,2.

20 = (20 + 21 + 22) is the centroid of, and

2= 3(20+ P+ (), 2= 5(20+ (a1 + Pra).

A triangle is trivial if 21 = 25 = 0; it is pequilateralif it is equilateral and
positively orientedj.e., if 21 # 0, 25 = 0; it is nequilateralif it is equilateral and
negatively oriented,e., if 2, = 0, 25 # 0; it is mixedif 2; # 0, 2, # 0, i.e,, if it
is neither trivial nor equilateral. A spectrumfidl if all Fourier coefficients;, are
different fromo.

3. Shape of a triangle
We define the shape of a nontrivial triangieby

Zp 20+ (a1 + o
21 20+ (221 + (2o
the ratio of the contributions td of the nequilaterat; and of the pequilaterad;

[22, 10]. Note that [22, 10] define this shape function without anyresfee to
Fourier transforms or circulant matrices. The first properties of thpeshanction
presented below can already be found in [10]: some errors arecteuran [13].
Since (wp, w1, wa) = a(zo, 21, 22) + bey for somebd is equivalent to(wy, we) =
a(z1, 22), A1 has the shape ah if and only if A; = aA + beg with a,b € C,

a # 0: A = (z0, 21, 22) has thus the shape of a unique (directly similar) normalized
triangle A’ = A'(z) = (0,1,z), namelyA’(2=2), whereA'(co0) = (0,1,00)

on = 0(z0,21,22) = € CU {00},
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means\’ = (0,0, 1) for zop = z;. The shapg(z) of the normalized trianglé\(z)
is the Mbbius transformation

Gz +1 z — ein/3 1

Cz4C Cz—e B f(7)

of the extended complex plane with inverse

1 _Cs—l__s—@:_ o
Z—f (5)_ - CS_C f( 8) fT(TS)

s=o0p1z) = f(2)

—_

(—s
Triangles corresponding to different normalized triangles have diftexfeapes:
the equivalence classes of triangles are parametrized by their shape. 0 or
oo if and only if A is pequilateral or nequilateral, respectively. A cyclic left shift
(20,21, 22) — (21,22, 20), I.€., @ start from the next vertex of the triangle, causes
a chang€ 2, 21, 22) — (%0, (21, (?%) in the spectrum; an orientation reversing,

i.e, a permutation of the last two verticés = (zo, 21, 22) — (20, 22,21) = 38,
causes the same permutation of the Fourier coefficients:
1 1

o (20,21, 22)’ I8~
A triangle A; is thus directly similar to the propek of shapesa = s with the
same orientation if and only #fn, = ¢*s, k € {0,1,2}; Ay is directly similar to
the properA with the inverse orientation if and onlydfan, = g"“%; A4 isinversely
similar to the properA with the same orientation if and only ifx, = ¢*3; and
A is inversely similar to the propek with the inverse orientation if and only if
on, = Ck%

Sincef(0) = ¢2, f(1) = 1, f(oo) = ¢, andf(e'™/3) = 0, f maps the extended
real axis (corresponding to the normalized degenerate triangles) to itharale
and the extended upper half-plane to the unit disc: the modaluisis thus< 1,
> 1, or = 1 according ag\ is positively oriented and proper, negatively oriented
and proper, or degenerate, respectively. Two nontrivial degéméiangles\ and
A; are similar if and only ifoa, = ¢Foa oroa, = (¥, k € {0,1,2}. The
degenerate normalized triangté(z), z € R U {oo}, and its shape’¥ are linked
by

0(217Z27Z0) == <0(20721722)7 0(20722721) - i

(1)

2 , 2
O = argops(y) = il + 2arg(m — e”/g) = % + 2 arctan

3 1— 2z

+

andx = mgg whenx runs rightwards over the whole extended real axis,
Sin

f(z) = oar(y) turns counterclockwise on the unit circle starting and ending at
which is the shape ah’(oc0) = (0,0, 1).

For the normalized right-angled triangles (Figureflinaps the extended imag-
inary axis to the circl€ of radiusy/3 centered at-2, the circle of radiug centered
at3 to the circle(C of radiusy/3 centered at —iv/3, and the extended vertical line
throughl to the circle¢2C of radiusy/3 centered at + iv/3: the shape function
maps thus the right-angled triangles to the three ci¢)€€, and¢?C.

wlx [wly
SIS
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1y

~—

Figure 1. Normalized right-angled trianglé 1, z): loci of their vertexz (dot-
ted curves) and of their shape (plain circles)

Figure 2. Normalized isosceles (on the left) and automedian triag@lész):
loci of their vertexz (dotted curves) and of their shape (plain straight lines)

For the normalized isosceles triangles (Figuref2inaps the unit circle to the
extended real axis, the extended vertical line thro%xginthe extended line through
0 and¢, and the circle of radius centered at to the extended line throughand
¢2: o maps thus the nonequilateral isosceles triangles to the puncturecd\{ifies
A € R\ {0}, £ = 0,1,2. sis the shape of an isosceles triangle if and only if
5 € {s,(s,(?s}. The normalized isosceles'(z) with apexz = il 19| <

and base angles(< 0 whenIm z < 0) has the shapé(z) = %g; the shape
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- ,,.""::Cz

Figure 3. Neuberg circleSg: [oa/| = | = e::,ff?) = R for the normalized

trianglesA’ = (0,1,2), R=0,+,%,1.1,2,3,10,00

7107 3727 04

of the |soscele'£<x’(\/g ¢™/%) with base angleg is —5. We sett = Jz¢'™/6 =

A nontr|V|aI trlangle |sautomedianNhen it is (inversely) similar to its median
triangle: by the median theorem, this is the case if and only if the vertex opposite

to the middle side: lies on the circle of radiusg—gu centered at the midpoint of

(as does the apex of the equilateral triangle erected)pand also if and only if

2u? is the sum of the other squared sides. The sides of a right-angled autamedia
triangle are proportional td : /2 : /3, and an isosceles triangle is automedian
exactly when it is equilateral. For the normalized automedian triangles (Figure 2
f maps the circle of radiu§ centered a to the extended line throughand

i¢ = —e'™/6_ the circle of radius,/3 centered at-1 to the extended line through

0 andi¢?, and the circle-C of radiusy/3 centered a2 to the extended imaginary
axis: ¢ maps thus the nonequilateral automedian triangles to the punctured lines
Aick, A € R\ {0}, & = 0,1,2. s is the shape of an automedian triangle if
and onIy if -5 € {s,(s,(%s}. The normalized automedian triangle with vertex

z =1 4 ¥3¢% has the shapg(z) = tan(Z — £)ei™/6.

ForR € [0, 00|, f maps the circléz| = R to the Apollonius cwcl# e ’ =

i.e. to the cwcle‘s +3- z\gggﬂ‘ = |}\2Q%1| if R # 1 and to the extended real
axis if R = 1. Conversely,f~! maps the circles| = R to the Apollonius circle
2+ (2 5 — in/3
Cgr: = A =R 2
B2 5¢ z —e~in/3 ’ @
i.e. to the circle|z — 1 + 2 T+ ) = |R‘/§_ﬁ| if R # 1 and to the extended real

axisif R = 1 (Flgure 3). IfR # 1, Cr is a Neuberg circle [17, p. 287], [29],
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i.e, the locus of the vertex of the trianglesA’(z) with an appropriate constant
Brocard anglev in the upper or lower half-plane according&s< 1 or R > 1:
since the base sideof A’(z) subtends the anglev from the center of z, one has
(see also [10]) )
R*+1
cotw = V3 ’ R _1
If |oarz)| = R # 0,1, 00, the sides ofA’(z) issued fromz, € Cp cutCp in
one or two other points: these are vertices of normalized triangles inveisglgr
to A’(zp); the reflections o, and of these vertices in the life z = % give the
other normalized triangles similar &' (zy) with the same orientation [17, p. 289].
Figures 1, 2, and 3 show how many right-angled, isosceles, and autamedia
normalized triangles are equibrocardal with a shape of given modé$), 1, co.
There are two inversely similar automedian triangles with opposite shapes (and
their companions with cyclically shifted vertices); there are two isoscelegtean
with opposite shapes (and their companions), whose base angles are

V3(1 - R) V3(1+R) @

1+R 1-R
Note thattan6; - tanfs = 3 and thatf;, 65 are < 0 when the orientation is
negative. FOlR = 2+ /3 or R € |2 — /3,2 + /3| there are one (isosceles)
right-angled triangle or two inversely similar right-angled triangles with congiga
shapes (and their companions), respectively. Note that some of the tlamgles
may be simultaneously right-angled and isosceles or automedian.

We will prove later that two nontrivial triangles have opposite shapessiiplys
after multiplying one of the shapes k') if and only if they are directly similar
to the median triangle of each other.

f maps the circl€’ throughe'™/2, e=i"/3, andz € C\ {e"™/3,e~/3} to the
line Af(z0), A € RU {oc}, andZ, = 2= lies on this circle sincef (%) =
—f(z). Whenz is not real A’(zg) is automedian if and only if the line through
and 7 is horizontal or contain8 or 1, because two equibrocardal triangles with
a common angle are similar and becals€Z) is directly similar to the median
triangle of A’(zy). For eachL. > 0, f admits the values-L f(zo) at the points:
given by the intersections of with the Apollonius circleCy, 4. (Figure 4).

o(z0,21,22) = % [36], which is invariant under triangle translation and
under homothety and rotation, is a shape function that is more intuitivecthan
One hass(0,1,2) = 2, 0(0,1,2) = (&(z,e /3, e/3), and o (2, 21, 22) =
a(0,1,0 (20, 21, 22)).

forR = |UA’(z)’~ (3)

01 = arctan f; = arctan

4. Convolution filters

We consider dilter 71: C* — C3 given by the cyclic convolution with a
fixed trianglel’ = (co, 1, c2), i.e., by a circulant matrix:

Chp C1 C2

TriAHA*F:(20,21,252)*(00701,02):(20721,22) C2 Cyp C1
C1 C2 (O
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Figure 4. A’'(z0) and A’(Z,) have opposite shapes\’(z+) have opposite
shapestLoas (., for L = 1.

Thekth entry of A« I' = T« A is 37 2¢Ck g (mod 3), k = 0,1, 2.
ek (k=1

0,0,0) (k£0)’ one has

Since the operatoris bilinear and since, x ey = {

2 2 2
Tr(A) = AxT = ( > 2kek> % ( me) = 3epker,
k=0 /=0 k=0

i.e., m = 3A. f, where: is the entrywise product: the Fourier base is a base of
eigenvectors of the convolutidfi- with eigenvaluesé, (and the ratioi% of the

two “equilateral” eigenvalues is the shapeldf Tt maps thus trivial, pequilateral
and nequilateral triangles to triangles of the same category or to trivial kesng
Tr(A) andA always have the same centroid if and onlyift- ¢c; + c2 = 1, which
meansiy = %; the centroid is always translated to the origin if and onl§it= 0.

The image byI} of the Dirac triangle (1,0,0) = %(eg + e1 + e2) of shapel is

I, theimpulse responsef the filter T, and the filter output is the convolution of
the input with the impulse response, as for every linear time-invariant filter; th
convolution with the Dirac triangle is the identity. It is immediate that

OA«T' = OAOT

whenI’ and A are not trivial, except thah * I' is trivial whenI” and A are equi-
lateral with opposite orientationg€., 0 - oo = trivial). WhenI” and A are mixed,
A xT'is degenerate if and only jFaor| = 1. WhenA is mixed, 71 (A) can have
any prescribed shapey,, and this is the case if and onlydf: = %

One hadt, oTt, = 11, o1, = 11,+1,. The iterates of 1 are the convolution
filters Ty : (20, 21, 22) — S 1—o(3¢k) 2ker, n € N, with centroid(3¢p)™ 2. The
sum of the squared distances between the centroid and the vertigggAj is
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3521 (3]ér])?"|2k)?: the diameter of/*(A) tends to0 for all A whenn — oo

if and only if |¢;| < £ and|é;| < 3; this diameter remains bounded for evexy
exactly whenj¢;| < $ and|é;| < 1, and it tends tao for all nontrivial A if and
only if [é1| > £ and|é,| > 3. WhenI" andA are neither trivial nor both equilateral
with opposite orientations[{'(A) has the shapeaof: for n > 1. The behavior
of the shape of a mixed triangle under iterated convolution Witk thus a matter
of domination between the eigenval#s and3é,, i.e., this behavior depends on
|or| (Theorem 2). We call the filter trivial, equilateral, degenerate, and sehem
I" is trivial, equilateral, degenerate, and so on. A trivial filter maps any tigaiag
a trivial one.

We now show that a nontrivial convolution filter (with half an exception) simply
adds three similar ears of fixed shape to every trianygle= (zo, 21, z2) before
submitting the triangle\; of the ears’ apices to a direct similarityA; + bZpeq
with fixed a # 0 and fixedb. A (generalizedKiepert triangle consists of the
apices of ears that are erected on the sides of the initial triangle (oppo¢ite to
vertices in order) and that all have the shape of the normalivéd) = (0,1, 2)
with apexz € C: the ear’s apex for the sidg — z is defined ass + z(z1 — 22);
itis a right-hand ear ifm z > 0. The corresponding Kiepert triangle is thus given
by the centroid-preserving convolution witki(z) = (0,1 — z, z) of spectrum
1(1,¢% + V/3iz, ¢ — V3iz) and of shapéZ}% = —5(z,&,€), where¢ = %e”/ﬁ.

One hasry (1) = 1/0k (), sinceK (1 — z) = (0,2,1 — z), andK (z) = K(z).
Thusok(1—s) = Tk (o) If 7 € R.

K(z) is orthogonal toey, hence pequilateral since nontrivial, exactly foe=
£ = ﬁ; K (z) is orthogonal taz; = &3, hence nequilateral, exactly for= ¢ =
ﬁ. The filtersT ¢ andTK@) add right-hand and left-hand isosceles ears with
base angleg and shape% and—2¢, respectively. Napoleon’s theorem [9, 26] is
now obvious: the convolution of the initial triangle with the pequilateral triangle
K (&) = (0,,€) = 4(eo — e1) and with the nequilateral triangl§ (£) = K (¢) =
1(eg — e2), respectively, are equilateral (or trivial).

Since(0,1,z) = (z+1)(0,1 — %3, %3) for z € C\ {1}, every normal-
ized triangleA’(z) different from (0,1, —1) and from(0,0, 1) has the shape of
K (+%7). One has furthef0,0,1) = K(1) = lim. o K (;%7), and(0,1,-1) =

%(62 — e1) of shape-1is equal tolim. , 1 (z + 1)K (%5).

Theorem 1. A nontrivial filter It of shapest # —1 is the convolution with® =

aK Sor +¢ + begy for some fixed complex+ 0 andb, where¢ = —L¢/6,
or+1 V3
If op = —1, Tt is the convolution with somié = a(0, 1, —1) + beg, a # 0.
A triangleT = (¢, ¢1, c2) can be written a$” = (¢; — ¢)(0,1, —1) + coep if

c1+ca=2cpandasl' = (c; +cp — QCo)K(%) + cpep otherwise.

The convolutions withK'(1) = (0,0,1) of shape( and K(0) = (0,1,0) of
shape¢? are simply a left and a right cyclic shift of the vertices, respectively; the
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only shape-preserving Kiepert filter is the convolution wittil) = (0,3, %) =
%(260 — e1 — eg) of shapel, which maps a triangl& to its medial trianglei.e., to
% times the half-turned\ (shrunk and rotated about the centroid). More generally,
Tk (z)(A), z € R, is the(1 — z)-medial triangle ofA [11]: this is the introducing
Emmerich transformation! Sinc& (x) has the shape oh’({%), o, turns
anticlockwise on the unit circle, starting and ending-at= (0, 1, —1) excluded,
asx grows on the real axis.

Note thato .y is real if and only ifRe z = % i.e., if and only if the added ears
are isosceles with equal angle)and1 (this corresponds to theassicalKiepert
triangles). To get isosceles ears with base angles 7, one has to convolve with

the isosceles(iso(f) = K (228) with apex angle2|d| and shap%

the ears are right-hand or left-hand according as0 or 6§ < 0. SlnceK.so( ) =
3(1,—2,1), one can retrieve from A« Kiso(§) by constructing; (T )(A)+

Tf(iso(%)(A)) = A: this is Lemoine’s problem [21]. With the same idea, one
findsA = %(TKiSO(_g)(A) + T2 0(7%)(A)), A = QTI%(%)(A) — TK(%)(A), and

A =Ty (A) + 3(27)(2)@3( )(A) — Tz (A)) for z # &, €. Atriangle A
and its classical Kiepert trianglex Kiso(0) are always perspective [4, 20] andAf

is proper and nonisosceles, the perspectors form the equilaterarigperbola
of A (Figure 5) ag) runs from—3 to 7, i.e,, the hyperbola through the vertices of
A, the centroid, and the orthocentdd (which is the perspector in the limit case
|0] = 5). We now look at this limit case more closely.

The vertices ofA * Kiso(0) tend for|f| — 75— to the infinite points of the
altitudes ofA on the line at infinity (whem\ has three different vertices). On the
other handlim‘gH%, OKi(0) = —1 = 0(0,1,—1): the limit shape ofA * Kiso(6)
when|f| — §— is thus the shape ak * (0, 1, —1) for any nontrivial triangleA.
This is clear geometrically: withh = (zo, 21, 22), the angles ofA x Kjso(6) tend
for |§| — 5 — to the angles of the (quarter-turned) triangle

(20 — 21,20 — 22, 21,21 — 20) = A% (0,1, -1),

whose vertices are the tips of the vecteis— 2o, 20 — 20, 20 — 21 Starting
from 0 (Figure 6). ConvolvingA with the normalized0, 1, —1) gives a scaled
down and quarter-turned “equally shaped” bounded copyoWwith infinite sim-
ilar isosceles ears”. Here is another description of the fillgr; _): it trans-
latesA = (20, 21,22) 0 Ay = A — Zgeg = (wo, w1, w2) With centroid at the
origin and then blows up thé-medial triangle (with cyclically shifted vertices)
AQ = Al * (1 2 0) to 3A2 = (Wg,Wl,Wg) = A % (0,1,—1) (Figure 6)

373
T(20 1 71)(A) is three times the half-turnef; (enlarged and rotated about the ori-

gin). Ax(0, 1, —1) is thus directly similar ta\«(0, 1, 2) = A=K (%), the:-medial
triangle of A, and two triangles have opposite shapes (pOSSIbly after multiplying
one of the shapes ') if and only if they are directly similar to thé-medial tri-
angle of each other: since tléemedial triangle is directly similar to th?medial
triangle and to the median triangle (Figure 6), this proves that two triangles hav
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Figure 5. Kiepert hyperbola and both degenerate classical Kiepenglegwith
dotted perpendicular bisectors

22
=)

Figure 6

opposite shapes (possibly up to a factét) if and only if they are directly similar
to the median triangle of each other. The well-known fact that the median lgiang
of the median triangle is directly similar to the start triangle is equivalent to the
fact that the shape af),1,—1) = (0,1, —1) is 1. If A’(z) is a normalized trian-
gle, remember thah’(z) = (0,1, —1) andA’(£=%) have the same shapera(.)
(Figure 4).

The following theorem is almost immediate.

Theorem 2. (1) The convolution filtefiT is bijective if and only* has a full spec-
trum,i.e, if and only ifl" = a(0, 1, —1) 4 beg Witha,b # 0, or I = a K (z) + beg
withz ¢ {£,€},a #0,a+3b # 0;if I' = (co, c1, ¢2), the inverse filter is then the
convolution withy"7_ 5+-cj.
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(2) A pequilateral filter(of shaped), i.e., a convolution witha K (&) + beg, a # 0,
maps nequilateral triangles to trivial triangles and all other nontrivial triang)te
pequilateral triangles. A nequilateral filtgiof shapex), i.e., a convolution with
aK (€) + beo, a # 0, maps pequilateral triangles to trivial triangles and all other
nontrivial triangles to nequilateral triangles.

(3) A proper nonequilateral filte?t, i.e., with |op| # 0, 1, oo, is smoothing: its ac-
tion on equilateral triangles is shape-preserving; and according as liee i pos-
itively or negatively oriented,e., according ad) < |or| < 1orl < |or| < oo, the
iteratesT{'(A) of every mixed\ are eventually positively or negatively oriented
and have a (never reached) pequilateral or nequilateral limit in shegsnectively.
(4) A nontrivial filter Tt is degeneratéwith |or| = 1) if and only if" = a K + bey
for somen # 0 and some degenerafé = K(z), z € R,or K = (0,1, —1).

B)If ' =a(0,1,—1) + beg, a # 0, and if A = (zp, 21, 22), one has

TF(A) = (—i 3a)n(21€1 + (—1)”2262) + (31))”2060.

If A is mixed, these iterateg” (A) are 2-periodic in shape with shape-1)"oa
(Figures 6 and 4)
(6) If x € R, one has

—

K(z) = (¢, é1,61) = £(2, -1 +iv3(2z — 1), -1 —iv3(2z — 1)) and

OK(z) = — e2ar8(6=2) — ¢i26(2) \ith g (z) = arctan(v3(2z — 1)).
IfI" = aK( ) + bey for somea # 0, one has

= (=3|e1le” in(z a) (211 + 6’2”“(9”)2262) +(a+3b)"20e0  (5)

for everyA = (20,21, 22), Where3|é;| = V322 — 3z + 1. WhenA is mixed,
these iterate§7' (A) are periodic or nonperiodic in shape (with chaotic behavior)
according as«(x)/ is rational or irrational, respectively (the period in similarity
may be shorter than the period in shape). The period length is 1 if and only

if K(z) = 0,i.e,ifand only if K (z) = K(3); m > 2 is the minimal period length
(the same for all mixed\) if and only ifor = o () = e?2m¢t/™ for some integer

¢ € [1,m — 1] coprime tom, i.e,, if and onlym > 3 and

xr = 1 + 1 tan <Ti7r> (6)

for some integef € [1, m — 1] coprime tom (note that the perio@ corresponds

to K = (0,1, —1) and thatr € [0, 1] exactly whent ¢ |1, 2[); T3 (D) is then

given by the homothety of ratig-1)"+™in(¢m=0)(3]¢, )™ about the centroid of
A.

(7) WhenA is a mixed triangle and wheln is degenerate but not trivial, the shapes
(—1)"oa or 2™ (@), of the iteratesTy?(A) lie on the circle|s| = [oa| = R €

10, o[ and correspond to (equibrocardal) normalized triang(@s1, z) with ver-
texz on the Neuberg circl€r given by(2) if R # 1, and to nontrivial degenerate
triangles if R = 1 (Figures 3 and 4) If m-periodic, m > 1, these shapes are
the vertices (in order) of a regular orientedn /¢}-gon with start atop for some
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Figure 7. The Fourier base vect@ssof C®,0 < k < 7, are the regulaf8/k}-
gons((e””/g)’“‘“, (e’?ﬂ/s)k‘l, o (ei2ﬂ/8)’“‘7).

¢ € [0,m — 1] coprime tom (note that this is the Fourier base polygépof C™

(Figure 7)multiplied byoa and that the choice of anothércoprime tom only
changes the order of the shapes); if nonperiode, if x(x) is an irrational mul-
tiple of w, these shape$[’(A) are dense on the circlys| = |oa| = R, i.e, the
accumulation triangles (in shape) of the seque((fﬁ(A))n>0 are the (equibro-
cardal) normalized triangleg0, 1, z) with vertexz on the Neuberg circl€y, if

R # 1 and the nontrivial degenerate trianglesif= 1.

(8) WhenA is a proper positively oriented mixed triangle with the shapaAfk)

and whenz grows on the whole real axis, the shapef K (x) travels counter-
clockwise over the whole circlg| = |oa| starting and ending at-oa excluded,
whereas the vertex of the normalized trianglé\’(z) with the shape of\ x K (z)

turns counterclockwise over the whole Neuberg ciﬁ@xz,(zo)‘ of Figure 4starting

and ending a7, excluded A x (0, 1, —1) fills the holes—o A and Z,. The rotation

on the Neuberg circle is clockwise X is negatively oriented. In the degenerate
case|oa| = 1, z runs rightwards over the whole extended real axis starting and
ending atZ, = 722 excluded.

Note that the result (6) or an equivalent one can be found in [22, @61 1]
and that the last two parts of Theorem 2 probably furnish the solution thauite
incomprehensible paper [19] aimed at. Note also that the it€f&tea) of a mixed
A are3-periodic in shape if and only if = aK (1) +boraK(0)+b,a # 0, K(1)
and K (0) causing the left and right shifts df’s vertices.

The proper nonequilateral triangle is directly similar to its(1 — t)-medial
triangle A « K(t), t € R, ifand only if o,y = ¢*, k € {0,1,-1}, i.e, if
and only ift = %, 1,0: A x K (t) is then the medial triangle or a copy 4f with
cyclically shifted vertices. The proper nonequilateral trianylis inversely similar
to A x K(t) ifand only if o g4y = (Fe~2ar80a e, if and only if

t=1+ 2\1f tan(kg —argoa), k€ {0,1, -1} : (7
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the solutionst depend only orarg oa (mod 7), i.e, the set of solutions for the
nonequilateral normalized triangl&’(zp) = (0,1, zo) remains the same for all
nonequilateralA’(z) with z on the circIeC’ throughe™/3, e="/3 and z, (Fig-
ure 4). These solutionsare agair, 5,1 if Ais isosceles, they ar?, % and the
infinite point of thet-axis if A is automedian (thea¢(;) = (*e™/3, k = —1,0,1,
and the infinite solution correspondsAox (0, 1, —1)), and the solutions are three
different real numbers # 0,1, 3, 2,1 in the other cases. It is clear thatand
% appear only for automedian triangles, because%thand % medial triangles
A x K(3) andA x K(2), of shapee¥i™/35, are directly similar to the median
triangle (Figure 6). IfA is degenerate and nontriviah and A « K (t) are simi-
lar if and only ift is 0, bL 1, or a solution of (7). Figure 8 shows the values of
for wich A’(zg) * K (t) is similar toA’(zg) as functions of the midpoint/ of C’,
whose radius is = v/ M?2 — M + 1: by considering a real point/ + r of ¢’ and
by pluggingarg oas(as+r) given by (1) into (7), one obtains fdér = 0, 1, —1 the
solutions

M -1 1 M

to=———, h1h=——, t_1= 8
0=r—2 "= e Taro 8

given cyclically byt 1 (M) = t,(1—4;) (plain, dashed, and dotted hyperbolas of
Figure 8, respectively); the values &f corresponding to isosceles or automedian
triangles are the midpoints of the dotted circles of Figure 2\ I§ neither trivial,
nor isosceles, nor automedian, exactly two of(the ¢)-medial triangles\ x K ()
inversely similar toA are inscribed i\, and the sum of these two valuestpbn
each side o%, is neverl. The cosine law IM\’(zg) with zg = xy + iyp onC’
and sidest = |z — 1|, b = |20, c = 1 and the equation/? — M + 1 = r? =

(zo — M)? + (b* — 23) give M = L=t and thus by (8)

2 39 2 9 2 _ 2
a®—b b* —c c
l—tp= — 7 = :—, 9
07 92 —p2 2 L= o — 2 42 1792 _ b2 ©)

which are correct by similarity for any nonequilateral and nontrivial gIaDABC
with sidesa, b, ¢ opposite to the vertices (thewl = i e to = M o0 b1 =

M St = 2M if A=0,B = c > 0). Since the sefty,t;,t_1} is invariant
under acyclic Shlft of the vertices, each set of solutibagpears for three different
M in Figure 8: forM = % M = 25*22, andM = Ci*‘bg (whose product is
—1in the nonisosceles case) given cyclically/dy— 1 — M (once |n[§, 2[, once
n [—1, % [ and once in the rest of the extended real axis). Note that (9) already
appeared in [18] with another proof.

Start for example from a proper nonequilatesalsceleg\ with real shape\ (af-

ter a cyclic permutation of its vertices, if necessary); choose + f tan(.- L)

for someoddm > 3 and some integere [1,m—1] coprlmetOm. them-periodic
shapes of the equibrocardﬂ};(x)(A) are the vertices in order ofe, in C™; the

cycle contains no automedian trianglEPk(( )( ) and T}(”( ;f(A) form a pair of

inversely similar triangles for each integere [1, ™ ] since their shapes are
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Figure 8. The three or six different valugfor which the nonequilateral’ (zo)
andA’(zo)* K (t) are similar as function of the midpoif of the circle through
e/, e /3 andzo: only t = 0, 1, 1if A’(z0) is isosceles = 0, 1, c0);

t=1%,2,00(M=-1, 1,2)besides =0, 3, 1if A’(z) is automedian.

complex conjugate; ifn is moreover coprime t8, the cycle contains no two di-
rectly similar triangles (hence no other isosceles triangle thpand the minimal
period length in similarity is alsen; if m is divisible by3, the first third of the cy-
cle in shape contains no two directly similar triangles, the other thirds are othtaine
by multiplying the shapes of the first third lgy*!, and the minimal period length
in similarity is 3. (Since similarity does not depend on the order of the vertices,
the condition that the isosceléshas a real shape can in fact be dropped.)

Start now from a proper nonequilateeltomedianA with, say, purely imagi-
nary shapé\ (after a cyclic permutation of its vertices, if necessary); chacsed
¢ as above, but with aavenm > 2: the m-periodic shapes of the equibrocardal
T};(x)(A) are the vertices in order @Aé, in C™; each triangle in the second half

of the cycle is directly similar to thé-medial triangle of the triangle with the same
rank in the first half (and conversely), since they have opposite sh”ﬂﬁ'éj)(A)

is thus inversely similar to the automedidn each pairT]’“((z)(A), TE{E;’“(A)

of the first half consists of inversely similar triangles (excﬁﬁff)(A) if m is di-
visible by 4), and this property is inherited by the second halfmlfis moreover
coprime to3, the cycle contains no two directly similar triangles and no other au-
tomedian triangles thaa andT;(”(/;(A); if m is divisible by3 (hence bys), there

are no two directly similar triangles in the same third of the cycle in shape and
the only automedian triangles are th ’&/)6(A), which are directly and inversely
similartoA for k = 0,2,4 andk = 1, 3, 5, respectively. We consider for example
the automedian triangld, with sidesl, v/2, v/3 andz = w ~ 0.61957
corresponding ton = 8, ¢ = 1 to construct the iteratefl — z)-medial triangle
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&

Figure 9

of Ay, whose minimal period in shape has lengthoa, is (v/3 — /2 )i when

Ao = (0,1,1+v/24), andoa,,, = e™4oa, (Figure 9).A, andAy 4 are simi-

lar to the%-medial triangle of each other and are thus nonsimilar if not automedian;
Ay andAy are right-angled, automedian and inversely similsy;and A3 are in-
versely similar, as aré\5; and A;, and these four triangles are neither isosceles,
nor automedian, nor right-angled (Figures 1 and/);and Ag are isosceles; by
(5), Ag is obtained fromA, by a half-turn about the centroid &, followed by

a homothety of ratiol4—7 — 3v/2 ~ 0.00736 about this centroid. Figure 10 shows
the corresponding normalized triangles with their vertige$(e?*™/45,) on the
Neuberg circle: note the position of the vertices of the inversely similar atiteof
isosceles triangles [17, p. 289].

Remark.In [22], the triangleS, ,(A) = (wo, w1, ws) is constructed cyclically
from the proper\ = (zo, 21, 22) for realp andg with pg # 1: wy is the intersection
of the cevian issued fromy dividing the sidezy — 2 in the ratiop : (1 — p) and
of the cevian issued from, dividing the sidez; — 29 in the ratio(1 — ¢) : q.
Sp,1—p(A) is thep-Rooth triangle of [11].

The centroid-preserving transformatiSp, amounts to the convolution @ with
the degenerate trianghef?q (p(1 —q),(1 —p)(1 —q),q(1 —p)): by Theorem 1,

Sp.4(A) is thus obtained fop(2¢ — 3) # —1 by submittingA K(p@g__ﬁ)

to a homothety of ratid'ﬂf:i;;“ with respect to the centroid ak. Remember
that A « K(x) = Sp.(A) is the (1 — z)-medial triangle ofA for z € R. If
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Figure 10

p(2q — 3) = —1, S, 4 is the convolution with=24(0, 1, —1) + Leq andS,, 4(A)

is the%—medial triangle ofA transformed by a cyclic left shift of its vertices and
by a homothety of ratid — 2¢ with respect to the centroid @k; S1 1 maps in
particular every triangle to its centroid. e

For every fixed reah # 0,-1,+2, the different pairgp,,q1) = (j=3, 1=3)
and(ps, q2) = (33, 15%) are such thab, 4, (A) ands), ,,(A) have the same
vertices: Sy, 4, (A) is the -medial triangle transformed by a homothety of ratio
h with respect to its centroid, ans},, ., (A) is the same triangle after a cyclic left
shift of the verticesh = —3 corresponds in particular 1@%’2 andS_q .

Forp € R\ {3}, thetrianglel_f_(—;;p)Sp,l_p(A) = Axygs (P, p(1-p), (1-p)?)

is ap-median triangle ofA [11], i.e., a triangle whose sides are parallel to and as
long as the cevians connecting the corresponding verticAsasfd A « K (1 — p).

The 3-median or median triangle is for examplex (—1, 0, 1) with centroido.

5. Isosceles ears

The added ears are isosceles if and only if the shape of the convolvingl&ia
is real oroo and different from-1. The convolving triangle is themKiso(0) + bey,

a 7&2 0, for someKiso(f) = K (HFHan), 9| < I, with shape% =

Foy Towr i 1. Since a product of real shapes is real, a composition of convolutions
with a1 Kiso(61) + biep andag Kiso(62) + baeg is again a convolution with some
aKiso(#) + beg, or witha(0, 1, —1) + beg, or with a trivial triangle. Since )
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is real and nonzero fat # +7, the trianglesA andA * Kiso(0), 0 # +§, are by
Figure 2 always simultaneously isosceles or automedian, respectively.

If A’(z) is a normalized triangle with finite, # ¢*™/3, the shapes of the
classical Kiepert triangled’ (zo)  Kiso(0), 0] < 5, and ofA’(z)*(0, 1, —1) form
the extended line\o/(.,) and are the shapes of the normalized triangleg:)
with vertexz on the circleC’ throughe?™/3, e=7/3 andz, (Figure 4). As§ grows
on [0, 5[, the vertexz of the triangleA’(z) with the shape of\'(zg) * Kiso(6)
moves fromz to Z, (excepted) on the arc ¢f that containg™/3.

Each proper nonequilaterdl of shapes has exactly two degenerate classical

Kiepert trigngles& * Kiso(e)': forQ = arctan \/%f:-l\sb andQ = z.irctan .\/glajls_‘. ik
these are inward Kiepert trianglés., the ears intersect’s interior, their position
does not depend on the vertices’ ordefnthey correspond to the real points of the
circleC’ and mark the transition between the positively and negatively oriehted
Kiso(0). These two perpendicular [20] degenerate triangles intersect atritreide
of A (which is their common centroid) and they are parallel to the asymptotes
of A’s Kiepert hyperbola (Figure 5). The degenerate classical Kieparigies
of a nontrivial degeneraté& are the medial triangle and the almost KiepArt
(0,1,-1).

We determine now the conditions under which the trianglesnd A * Kiso(0)
are similar. We suppose that is proper, not equilateral, and positively oriented,
and we exclude the evident cakgo(0) = K (3). We setra = swith 0 < |s| < 1

and denote the sha% of Kiso(f) by u € R\ {—1,1}. us is the shape
of a triangle inversely similar tad\ if and only if us = % i.e, if and only if
n o= ¢(> 1): this corresponds to inward earg.s is the shape of a triangle
directly similar toA if and only if us € {1,¢2,¢21}, and this is possible in two
cases:
(1) s=XF, A e]-1,1[,k=0,1,2, andy = ¢(> 1): Ais then isosceles
and Kiso(#) is the same as in the inversely similar case.
@ s =Xxick, A e ]-L1[ k =0,1,2 andp = (< ~1): Alis then
automedian.

Writing |s| = R and dropping now the condition that is positively oriented,
one sees that the proper nonequilatéxahnd A x Kiso(6), 0 # 0, are inversely

similar (and inversely oriented) exactly whén= ©; = arctan %, and
directly similar (and inversely oriented) exactly whénis automedian anéd =

2 s s
O, = arctan %. Note that0 < |©1] < & < |©2| < 5 and that these are
inward ears.

By (3), A % Kiso(01) = A x Kiso(Fw) is the first Brocard triangle (the base
angles of the ears are the Brocard angleAgf it is thus immediate that the
first Brocard triangle has the centroid &f Figure 11 shows two equibrocardal
isosceles triangles with the same base (the apex angle of the right triaBgf,is
their first Brocard triangles and their Brocard points. Equibrocardaicisles tri-

anglesA; » with the same orientation have base anglesd, given by (4), and
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Figure 11

tan©®; = % if one neglects the order of the vertices, the first Brocard
an“ 01 o

triangle is obtained from; ; by a homothety of ratie-§ + 72— € |3, 5|

with respect to the centroid d@X; » (the homothety ratio can be computed directly

by considering the normalizefl = (0,1, 1J”tgnal’Z)); the sign of the homothety
ratio changes & = %, and the homothety ratios corresponding/tcand tofs
differ only by their sign (Figure 11).

Suppose now thah is proper and automedian with Brocard angleOne has
3tan|©2| = cotw by (3). On the other sidept w = 3 cot v when~ is the middle
angle of any nontrivial automedian triangle [5, p. 17]: th@s| = § — v, the ears’
apex angle i+, the apex of the ear over the middle side is the circumcenté&r of
by the inscribed angle theorem, and the sideAof Kiso(O2) are perpendicular
to the sides ofA with middle side opposite to the circumcentek x Kiso(O2)
is thus obtained fromA by a quarter-turn about the centroid 4f followed by
a homothety of ratid%“‘>| about this centroid, where (positive or negative as
the orientation ofA) is the angle between the middle sideAfand its median
(the homothety ratio can be computed directly by considering the normalized au-

tomedian triangl€0, 1, £ + @ew)). Notice that one has alsan ©y = ﬁ‘silw,

tan ©; = tan(Fw) = ;—% sin ¢, and that the similarity ratio of the first Brocard
triangle toA is § |1 + ¢"2#| € [0, 3 [ (0 whenA is equilateral).
The following theorem is proven.

Theorem 3. (1) A proper nonequilateral triangle\ is similar to exactly three or
two of its classical Kiepert triangles according as it is automedian or not: it is
directly similar to its medial triangle, inversely similar to its first Brocard triangle
and, if automedian, directly similar to the triangle constructed from inwarddases
les ears with apex angle twice the middle anglé\ofthe apex of the ear over the
middle side is then the circumcenter &fand the triangles are perpendicular to
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each other). IfA is automedian, the two cash‘mgﬁg_ A x Kiso(£0) are asymp-
totically inversely similar tQA.

(2) A proper nonequilateral trianglé\ is isosceles or automedian if and only if it
is directly similar to one of its classical Kiepert triangles other than the medial tr
angle: the corresponding sides are then parallel in the isosceles apapdicular

in the automedian case.

Figure 12. The (up to similarity) only nontrivial triangle with a congruensela
sical Kiepert triangle, together with its first Brocard triangle

The automedian triangle with sidés /1 — \/g andy/1+ \/g (Figure 12)

is up to similarity the only nontrivial triangle with a congruent classical Kiepert
triangle: the cotangent of the angle formed by the sidad its median i®. The

base angles of the inward ears aretan \/g for the directly congruent classical

Kieperttriangle and) = arctan \/%75 for the first Brocard triangle, whose similarity

. . -y . . 1
ratio to the initial triangle IS 7z

6. Sequences of outward and inward Kiepert triangles

If the triangle A = (wp, w1, w2) is positively oriented or degenerate and if
Im z > 0, theoutwardandinward Kiepert triangles ofA corresponding to outward
and inward ears directly similar to the triandI& 1, ) are defined byA®"(z) =
AxK(z)andAM(2) = Ax K(1— z), respectively. IfA is negatively oriented and
properA®(z) = AxK(1—z)andA™(z) = AxK(z). The outward ears added to
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A do notintersecf\’s interior. We set furtheA®{(V) = A™(V) = Ax(0,1, —1).
Given a sequencéz,),en With values in{z € C | Imz > 0} U {V}, and
starting fromA = Ay = A" = A, we define inductivelyA%" | = A%(z,)
and A", = Al(z,). The centroid remains the centroid 4f, until the first

convolution with(0, 1, —1), if any, moves it to the origin.

Theorem 4. Let (z,),>0 be a sequence of symbdizand of complex numbers

with nonnegative imaginary part; sét= %emm andg—:g = —0(0,1,—-1) = 1.
If 2, € C, denote by, = 206 with
|20 — €] = |20 — €]

0, = arctan € [0, 5,

\/§(|Zn - Z| + |zn — €|)

the south pole of the Apollonius circ §}§ = R containingz,, and se®,, = 0 if

zn = V. LetA( be a nontrivial and nonequilateral triangle.
The following properties are equivalent.

(1) The sequenceA™), >, constructed from\, and(z,,) converges in shape
to an equilateral limit.

(2) hmn—>oo HZ:() g -

2—€ _
(3) The sequence of classical Kiepert trianglés)"),,>o constructed fronf\
and(z,) converges in shape to an equilateral limit.

. n 1—v/3tan;, __
(4) im0 [Tr—0 175 0amg. = ©

(5) 0, = § for somen or }7°  6,, = oo,

The existence of the equilateral limit does not depend on the choice afrtleeui-
lateral Ay.

One can also allow to choose eaghfreely as the north or south pole of the
Apollonius circle (in order to always leavg = z, whenRe z,, = % for example).

— |2n—€|+|2n—¢] Tz
One has then to tak, = arctan _Z2->2 == when(, ¢ [Z,7 [, and the

condition~>° , 6, = oo has to be replaced by ;> min(6,, 5 — 0,) = oo, as
we showed in [23].

Theorem 4 generalizes [34], where the iterated convolution with a cdnstan
angleKiso(0) is analyzed, and [23], where only classical iterated Kiepert triangles
are considered.

Proof. If A, is positively oriented or degenerate, so are/&f}", and opout =

oo [1120 ik‘_z’i limy, 00 0 p0ut = 0 MeaNSlim, o0 [T1—, z:—:g’ = 0 sinceAq
is not equilateral, and each factor in this product is constant on thespomding
Apollonius circle. We proved the equivalence of (4) and (5) in [23].

If Ay is negatively oriented and proper, so are Aj". Sinceog ) =

1/0ok(z), One has thempout = 0, ]_[Z;é 2’“_;5: every factor of this product has a

modulus> 1, and one ham,,_,~ 0 pout = 00 under the same conditions as in the
first case. O
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A nonequilateral limit shape fqrA%") is only possible wheé‘%% converges to

1, i.e, whenlim,, , 2, = 3. But this condition is not sufficient: if,, = £ + 1,
n > 1, for examplearg(aAgut) diverges like the harmonic series.

Suppose that the sequenc&®") has no equilateral limit shape: the infinite
product][>° ‘Zf%‘ whose factors lie in0, 1], has then a limit, € ]0,1] (and
any suchL can be obtained by an appropriate choice of 4h8). The accumu-
lation points of (o xout) lie on the circle|s| = Lljoa,| (< |oa,| < 1) if Agis
positively oriented or degenerate, and on the cifgle= +|oa,| (> |oa,| > 1)

if Ag is negatively oriented and proper: these accumulation shapes caordetspo
equibrocardal normalized triangl¢8, 1, z) with vertex z on the Neuberg circle

z—ei™/3 } = L*oa,|, respectively (Figure 4). The Sequer(%%m) can tend

2—e—i7/3
to the accumulation circle with any behavior since the argument of each factor
5‘% can be changed arbitrarily by replacing by an appropriate number of the

Zn

Apollonius circle‘ z—:ﬁ‘ = R containingz,.
Suppose that a sequence of classical iterated Kiepert triangles islmyivibie
successive convolutions witRiso(6,), 0 < 6, < 7, n > 0, and that this se-
quence(A,,) starts from a positively oriented nonequilatefa) and has no equi-
lateral limit, i.e, > r°  min(6,, 5 — 6,) < oco: the one or two accumulation
points of the sequendé,,) belong to{O, g} and the corresponding subsequences
converge rapidly to the accumulation points, since the sum of the cormisgon
0, or 5 — 0, is finite; the convolution withKiso(6,) multiplies the shape by

— — 1-VBtanb, : .
A = OKi(0n) = 1iv5tane. © 11 1], and A, is aboutl or —1 whend, is

near to0 or to 7, respectively. As abovd,[> |\,| = L € ]0,1], but the), are

now real: (o4, ) has thus the nonzero limita, [~ % (= £Loa,) if

all \,, are eventually positive.e., if lim,,_,. 6,, = 0. Otherwise, the infinite subse-
quences of the s, with positive and negativE[Z;é A have nonzero limitd.oa,,
and—Loa,, respectively, and the sequenee,, ) has exactly two accumulation
points given by+Loa, with 0 < L < 1. The limit or accumulation shapes and
theon, are shapes of classical Kiepert triangles\gf of the formAg * Kiso(6),

0 < 6 < 3. If existing, the two accumulation shapgd.o, are also the shapes
of two normalized equibrocardal trianglés (-~ ) that are directly similar to the
median triangle of each other. If the normaliz&t{z() has the shape &, i.e, if

20 = CC"_A;;, the vertices.y are given by the intersections of the Neuberg circle
0

Z:ejjjfg, = L|oa,| with (the upper half of) the circl€’ throughe'™/3, e=i/3,
and zg, on both sides o#"/3 (Figure 4): z,. lies on the arc betwee#i”/3 and
20, z— betweere™/3 and Z, = ;;;_21, which corresponds to the shape,. 2o
and Z, have a strictly positive imaginary partd, is proper and are real i is
degenerate.

SinceA and an outward Kiepert triangle & are always simultaneously in the

category “positively oriented or degenerate” or in the category “negjgtoriented
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and proper”, an iteratedutwardKiepert triangle remains unchanged if one mod-
ifies the order of the successive convolutions. This is not the case fiterated
inward triangle, because the orientation may change after a convolutiaindea
to the next convolution with' (1 — z) instead of K'(z) for example, and these
orientation changes may depend on the order of the convolutions. Notth¢hat
inward Kiepert triangle of an outward Kiepert triangle given by the same less
the shape of the initial triangle or is trivial, since the shapeK& ¢f) « K (1 — z),
K(1—2)* K(z),and(0,1,—1) % (0,1, —1) are all1 for z # &, £. A nontrivial
outward Kiepert triangle of an inward Kiepert triangle &f given by the same
ears is in general not even similar4g): if A is proper, nonequilateral, and pos-
itively oriented with shapey, for example, and iy () = s with 0 < |
Ag* K (1— z) is negatively oriented and the end trianglg* K (1 —2) « K (1 —2)
1

is also negatively oriented with shage of modulus> Tsol? this end triangle is
never similar ta\,.

Except when the sequence has been stopped befdredayor oo - 0, the shape
of A" ,, n > 0, is given recursively by’AL?H = zﬁ;f -0 if ’UALE“ < 1 (then
z

|oan, | = [oap]) and byosn = o & opp if oan] > 1 (then\aAiTrJH| <

|7 an]). The turning points between stretching fact ﬁsﬁ> of modulus< 1

or > 1, respectively, depend also dyy. By choosing)\( and thez,, appropriately,

the sequencéA") can thus have any behavior in shape within these constraints.
The iterated first Brocard triangles of a proper nonequilatagahre for example
alternately inversely and directly similar thg when A is not isosceles, and all
directly similar toAy when A is isosceles. I\, is automedian and if the ears
are isosceles with constant apex angle twice the middle angle) othe iterated
inward Kiepert triangles are all directly similar tvy: the automedian triangle of
Figure 12 initiates in particular &periodic sequence given by quarter-turns about
the centroid.
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On the Conic Through the Interceptsof the Three Lines
Through the Centroid and the I ntercepts of a Given Line

Paul Yiu

Abstract. Let.Z be aline intersecting the sidelines of triangl&BC at X, Y,

Z respectively. The lines joining these intercepts to the centroid give rise to six
more intercepts on the sidelines which lie on a cogic?, G). We show that

this conic (i) degenerates in a pair of lines4fis tangent to the Steiner inellipse,

(i) is a parabola itZ is tangent to the ellipse containing the trisection points of
the sides, (iii) is a rectangular hyperbola¥f is tangent to a circl&s with
centerG. We give a ruler and compass construction of the cie Finally,

we also construct the two lines each with the property that the c@i#’, G)

is a circle.

1. Introduction

In the plane of a triangled BC', consider a lineZ intersecting the sidelines
BC, CA, AB respectively atX, Y, Z. Consider also three lineg,, through X
intersectingC A, AB atY,, Z,, L, throughY intersectingAB, BC at 7, X;, and
L. throughZ intersectingBC, C A at X, Y.. The six pointsX,, X., Y, Y, Z,,
Zy lie on a conic2 whose equation can be determined as follows.

Figure 1
Let L =: px + qy + rz = 0 be the equation af in homogeneous barycentric
coordinates with respect to triangleBC', so that
X=0:7r:—q), Y =(-r:0:p), Z=(q:—-p:0).
Suppose further thaf, joins X to a pointP, = (f1 : ¢1 : h1), £ joinsY to
apointP, = (fy : g2 : ha), andL. joins Z to a pointPs = (f3 : g3 : hs),

Publication Date: April 16, 2013. Communicating Editor: Nikolaos Dergsade
The author sincerely thanks Nikolaos Dergiades for his many excellggestions leading to
improvements of this paper.
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so that these lines are represented by linear equafigns 0, I, = 0, L, = 0
respectively. These linear forms are

r Yy oz
L,=10 r —q
fi g1 M

= (qg1 +rh1)x — qfiy — rf1z,
Ly = —pgox + (rhe + pfo)y — g2z,
L. = —phsx — qhsy + (pfs + qg3)z.

Proposition 1. The polynomialL,L,L. — L(P;)L(P2)L(Ps)xyz is divisible by
pr +qy +rz.

Proof. If we putz = —‘”’?#, then

Lo = (q91 + rha)z — fi(qy +r2) = (qq1 + rhi)z + f1 - pz = L(Py),

Lb = L(PQ)ya

L.= L(P3)z.
It follows that, regarded as a polynomialin L,LyL. — L(Py)L(P2)L(Ps)zxyz,
evaluated at = —% is equal to). Thus, the cubic polynomial is divisible by
pr +qy +rz. [

Since L, LyL. — L(P1)L(P>)L(Ps)zyz is divisible bypx + qy + rz, the re-
maining quadratic factor yields a conig containing the six points(,, X., Y.,
Y., Za, Zy. For example, if we regard the given lio® as the trilinear polar of
P = (u:v:w),andtake’,, L, L. to be the linesAX, BY, CZ respectively,
then2 is the circumconiayz + vzx + wxy = 0 with perspectorP.

2. Preliminaries on conics

We shall make use of the following basic results on conics associated with a tri-
angle. Other preliminary results of triangle geometry can be found in [3}sider
a conic with barycentric equation

C : az? + By? + 2% 4+ 20 yz + 2uzx + 2wy = 0.
Since this equation can be expressed in the form

a v U x
(a: Y z) v B A y| =0,
T W z
a v o
wecallM := | v S X | the matrix of the coni&’. The adjoint matrix of\/,
poA Y
namely,

By =X Ap—w vA—fp
M#* = u—yw ~vya—p?2 ww—al],
vA—Bu pr—al af —v?
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defines the dual conic &f. It is easy to verify that
MM# = M#*M = (det M)I5.
LetG:= (1 1 1).!Thecharacteristicof M is the number
x(M) := GM#G*
= 2uv 4 20\ 4 22 — N2 — i — 1P
—2(aX + Bu +yv) + By + ya + ap.

Proposition 2. The conic defined by the symmetric matvix
(a) degenerates into a pair of linesdkt M = 0,

(b) is a parabola ifdet M # 0 andx (M) = 0,

(c) has cente) = GM ¥ if (det M)x (M) # 0.

Proof. Let Q = GM#. For arbitraryl x 3 matrix P and real numbet,
(Q+tP)M(Q+tP)' = QMQ" + (PMQ" + QM P")t + (PM P*)¢?
= QMQ" + 2(QMPY)t + (PMP")t?
= (GM#*YM(GM#)t + 2((GM#*)M Pt + (PM P*)t*
= (det M)(GM#*G*) + 2(det M)(GP*)t + (PM P*)t>
= (det M)x(M) + 2(det M)(GP*)t + (PM P")t%.

Consider the following possibilities.

(@) If det M = 0, this equation becomés) + tP)M (Q + tP)t = (PM P*)t2.
With ¢ = 0, this shows thaf) is a point on the conic, and for every poiRtnot
on the conic, the lind’Q intersectss’ only at@ (corresponding to = 0). On the
other hand, ifP lies on the conic, then every point on the liRké) also lies on the
conic. It follows that the conic is a union of two lines, possibly identical. The tw
lines are parallel (possibly identical)¥(M) = 0. Otherwise, they intersect at a
finite point@.

(b) If det M # 0 andx (M) = 0, then@ is an infinite point on the conf¢’, and
for every finite pointP, there is at most one nonzetdor which tQQ + P lies on
the conic. This shows th& is a parabola whose axis has infinite pajht

(c) Supposelet M # 0 andy(M) # 0. In this case) = GM* is a finite
point. For every infinite poinP (satisfyingPG* = 0), we have

(Q +tP)M(Q + tP)t = (det M)x (M) + (PM P2, (1)

There are at most two infinite poirft satisfying PM Pt = 0 (which are the
infinite points of the asymptote whéfi is a hyperbola). Apart from these infinite
points, if the line through®) with infinite point P intersectss” at two real points,
these intersections are symmetric with respe@ td his shows thaf) is the center
of the conic. O

The symbolG also denotes the centroid of triangdeBC, which has homogeneous barycentric
coordinateg1 : 1 : 1).
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The equation of the coni¢’ can be rewritten in the form
O0yz + pza + Yoy + (x +y + 2)(az + By + 7z) = 0, (2)
where
0=22-(B+7), ¢=2u—(v+a), ¢¥=2w—(a+p). 3)

Proposition 3. Supposéddet M )x (M) # 0 andfypy # 0. The conicg” is homo-
thetic to the circumconic

b0 : Oyz + pzx + Yy = 0.
The ratio of homothety is the square rootf@;tTM.

Proof. By Proposition 2(c), the center of the coritis the pointQ = GM#. The
circumconicéy (with 0, ¢, ¥ given by (3)) has matrix

1 (0 ¥ @
Mo=—1v 0 0. 4
2 v 6 0
Its center is the point
Qo=+ —0): p(¥+0—p): ¥+ —1)). (5)

For the matrix), in (4), we have
(i) det(Mp) = %22,
(i) x(Mo) = (200 + 200 + 20 — 62 — ©* — %) = x(M) by substitutions

using (3).
Note that
1 [« 8 v 1 [ @ a 1
M:M0+§ a B v +§ B B B :MO+§(GtL+LtG)>
a B v A

whereL = (o 8 7).
Let P = (u : v : w) be an infinite point. By (1), the poir@ + ¢P lies on the
conic% if and only if

(PMP)t? + (det M)x (M) = 0. (6)

Now,
PMP'= P (Mo + % (G'L + LtG)> pt
= PMyP' + %(PGt)(LPt) + %(PLt)(PGt)t
= PM,P".

Applying equation (6) to the circumconi€), by replacingM by M, we con-
clude that the intersection & with the line through)y with the same infinite
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Figure 2.

point P is Qg + T'P with T given by
(PMoPY)T? + (det My)x(Mp) = 0,

Ophx (M)
4
Comparing equations (6) and (7), we conclude that parallel lines (withtinfin
point P) through@ and @ intersect the conic® and %, respectively at points
Q +tP andQq + TP with

(PMPYT? + = 0. (7)

2 4ddet M

T fpy
which is independent of the infinite poiit (for which PM P* # 0). Furthermore,
the line joiningQo + TP to ) + t P intersects the lin€)(Q at a fixed pointS such
thatk%z0 = % (see Figure 2). This shows that the two conics are homothefic at
with ratio of homothety equal té, the square root &%. O

Remark.The conicé contains an infinite point if and only (M) < 0. 2

3. Theconic 2(.Z, G) associated with the centroid

We shall study the special case when = P, = P3 = (@, the centroid of
triangle ABC'. Here,

Lo= (g+71)x—qy—712,
Ly= —px+ (r+py—rz,
Le= —pr—qy+(p+q)z

2Proof: Puttingz = —(y + 2) into the equation o%’, we obtain a quadratic ip and z with
discriminant—4y (M).
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and
L(P)=L(P)=L(P)=p+q+r.
It follows that
LoLyLe — (p+q +1)*zyz = (px + qy + r2)Q(z, y, 2)
where
Q(z,y,2) = p(g+7)2* + q(r +p)y* +r(p+q)2* — (p(p + g +7) + 2qr)yz
—(gp+q+r)+2rp)zx — (r(p+q+7)+ 2pq)ry. (8)

The conic2(.%¢, G) in question is defined by the equatigi{x,y,z) = 0. The
matrix of the conic is

1 2p(q + ) —r(p+q+r)—2pq —q(p+q+r)—2rp
M($)=§ —r(p+q+r)—2pg 2q(r +p) —plp+q+r)—2qr|.
—qlp+q+r)=2rp —plp+q+r)—2qr 2r(p+q)

9)

We shall investigate the possibilities th&t(.#, G) be (i) degenerate, (ii) a
parabola, (iii) a rectangular hyperbola, (iv) a circle.

Lemmad4. Let.Z be the linepx + qy + rz = 0. The matrixM/ (.Z) has
(a) determinantlet M (£) = —L(p + ¢+ r)*(gr + rp + pg),
(b) adjoint matrix

2

(p+q+ T)Q —p 2qr + 2rp+pqg 2qr + rp + 2pq
M(.Z)# =0 2qr + 2rp + pq —q? qr +2rp+ 2pq | ,
2qr +rp+2pq  qr + 2rp + 2pq —r2

(10)
and
(c) characteristicy (M(£)) = EXHD° (_p2 g2 _ 12 4 10gr + 10rp + 10pg).

4. Degenerate 2(.Z, G)

From Proposition 2(a), the coni@(.Z, () is degenerate when
)p+q+r=0,or
(i) pg +qr +rp=0.

(i) corresponds to the trivial case when the li#e: px + qy + rz = 0 contains
the centroidG = (1 : 1 : 1). The conic2(.Z, G) is simply the lineZ counted
twice.

In (i), (p : ¢ : ) being a point on the Steiner circum-ellipgg + yz + zx = 0,
the linepx + qy + rz = 0 is tangent to the dual conic, which is the Steiner in-
ellipse. This means thatt .Z is tangent to the Steiner in-ellipse, then the conic
2(Z,G) degenerates into two lineéctually, these two lines complete wit#f a
poristic triangle between the two ellipses (see Figure 3).

We shall henceforth assumet- ¢ + r # 0 andgr + rp + pg # 0.
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Figure 3.

5. Thelines .Z for which 2(.Z, G) are parabolas

By Proposition 2(b) and Lemma 4(b), we conclude easily tBat”’, ) is a
parabola if and only ifp : ¢ : r) is a point on the ellipse

& —? —y? — 22 + 10yz + 102z + 102y = 0

with centerG. Equivalently, the lineZ is tangent to the conic dual #. This is
the ellipse

é5 —222 — 2y? — 22% + 5yz + 5zx + Say = 0,
also with center7, and containing the trisection points of the sides of the triangle.

Theorem 5 (Dergiades) The conic2(.Z, G) is a parabola if and only if the line
Z is tangent to the ellipsé; .

Proposition 6. If .2 : px + qy + rz = 0 is the tangent ta5; at P, then the
parabola2(.Z, G) and the ellipses; have

(i) a common tangent parallel & at the antipode of” on &, and

(i) two remaining common points on the paralleL¥ through the centroid-.

Proof. We take the matrices of the dual ellips&sandé; to be

-1 5 5 -4 5 5
M=|5 -1 5 and M*=| 5 —-4 5
5 5 -1 5 5 -4

respectively. The lineZ : px + qy + rz = 0 is tangent to the ellipsé&; at the
point

P:(p q T)M:(—p+5q+5r op —q + or 5p+5q—r).
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Figure 4

With the matrix M (.£) given in (9), andt = %S(p + ¢+ r)?, itis routine to
verify that

INEINSE

(33‘ Y Z) (M(g)—i_tM*) ( ) = —%Ll(az,y,z)Lg(m,y,z),

where

Li(w,y,2) = (=p+2q+2r)z+ (2p—q+2r)y + (2p + 2¢ — 1)z,

Lo(w,y,2) = (=2p+q+r)e+(p—2q+r)y+(p+q—2r)z
Note thatthelines”} : Li(z,y,2) = 0and%; : La(z,y,z) = 0 are both parallel
to . (with infinite point(¢ — r : » — p : p — ¢)). Since the point—p + 2q + 2r :
2p —q+ 2r : 2p+ 2q — r) lies on both conics dual to the ellipgg and the
parabola2(.Z, G), the line.#; is a common tangent of the two conics. The point
of tangency is

(—p+2¢+2r 2p—q+2r 2p+2¢—7r)M
=3(Tp+q+r p+Tq+r p+q+Tr).
This is the antipode aFf on the ellipses; .
The other line%; clearly contains the centroid, and therefore a pair of antipo-

dal points on the ellipsé;. These two points also lies on the parabdla?, G).
O



On the conic through the intercepts of three lines through the centroid 95

6. Thelines Z for which 2(.%¢, G) arerectangular hyperbolas

Apart from the cases of pairs of lines and parabolas, the type of thie con
2(%,G) can be easily determined by an application of Proposition 2(c) and Propo-
sition 3.

Proposition 7. If p+ g+ r # 0 andqr + rp + pq # 0, the conic2(.Z, G) has
center
Q= (—p*+3p(q+7r)+4qr : —®+3q(r+p)+4rp: —r?>+3r(p+q) +4pq).
It is homothetic to the circumconic

(p+2q)(p+ 2r)yz + (¢ + 2r)(qg + 2p)zz + (r + 2p)(r + 2¢)zy = 0, (11)
with ratio of homothety given by

2 _ (p+a+7)(pg +gr+rp) (12)
(p+2q)(p +2r)(q +2r)(q + 2p)(r + 2p)(r + 2q)’

provided(p + 2q)(p + 2r)(q + 2r)(q + 2p)(r + 2p)(r + 2q) # 0.

Since the conic2(.%, G) is homothetic to the circumconic defined by (11), it
is a rectangular hyperbola if and only if this circumconic contains the orttiece

H = <§: i: %),i.e.,

Sa(p+2q)(p+2r) + Splq+2r)(q + 2p) + Sc(r + 2p)(r + 2¢) = 0.
Equivalently, the lineZ : px + qy + rz = 0 is tangent to the conic dual to
& Sa(x+2y)(z+22) + Sy + 22)(y + 22) + Sc(z + 22)(z + 2y) = 0.

Figure 5
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Proposition 8. The conicé; is an ellipse with cente. Its dual conic is a circle
also with centelG.

Proof. The matrix of the coni&’ being

Sa Sa+Sg+2Sc Sa+25g+ Se
My =|Sa+Sg+25¢c Sg 254+ Sp+ 5S¢ |,
Sa+2Sg+Sc 254+ S+ Sc Sc

with

9
det M1 =9(Sa + S+ Sc)(Spc + Sca + Sap) = i(az + b? +02)52 £ 0,

the conic is nondegenerate. The adjoint matrix is

4 Maa Mab Mac
M = | mqgpy mpy Mpe
Mac Mpe  Mee

where
Maa = —4S4(Sa + Sg + S¢) — (S + See + Scco),
map = —Scc +25pc + 254c + 2544 + 5548 + 2585,

Mae = —SBB + 2548 + 25pc + 2Scc + 5Sac + 2544,
Mpe = —Saa +254p +254c +2SpB + 5SBc + 25¢c,

andmyy,, m.. are analogously defined. It is easy to check that
Maa + Map + Maec = Map + Mpp + Mpe = Mge + Mpe + Mee
=3(Spc + Sca+ Sap) = 352,

From this we conclude that the confg has cente6. Also, x(M;) = 952 > 0.
It follows thaté&; is an ellipse®
The equation of the dual conic can be written in the form
9(Sa+ Sp+ Sc)((Sg+ Sc)yz+ (Sc + Sa)zx + (Sa + Sp)zy)
+ (x +y+ 2)(Maa® + Mppy + Mee2)
= 0.
From this it is clear that this dual conic is a circle. The center has coordigaten

by G(M;)#, which we may simply take a§M; = 3(S4 + Sp + Sc)G. This is
the centroid5. O

We denote this circle b¥g.

Theorem 9. The conic2(.Z, G) is a rectangular hyperbola if and only if the line
£ is tangent to the circl&.

3see Remark at the end ¢,



On the conic through the intercepts of three lines through the centroid 97
6.1 Construction of the centroidal circlg,. Since
det My = 9(Sa + Sg + Sc)(Spc + Sca + Sap) = 95%(Sa + Sp + Sc),
we have
det M = (det My)? = 815%(S4 + Sp + Sc)?. (13)

Making use of Proposition 3 and (13), we determine the ratio of homothety of
% and the circumcircle as the square root of

4det M 854

(9(Sa + S+ 50))3(Sg + Sc)(Sc + S4)(Sa+ Sg)  9a2b2c2(a? + b2 + c2)’
This means that the square of the radius of the cigejas

854 a?b?c? B 252 ) g a? §
3 a?24+b24+c%2 a

9a2b2c2(a? + b2 + ¢2) 452 9@+ 2 +¢2)  3a
In the last expression, the first factor is the height of the centioédbove the line

BC'. The second factor i% of the height of the symmedian poiif above the
same line. This leads to the following construction of the circle.

~N_ -7

B Y X C

Figure 6

Construction 10. Given triangleA BC with centroidG and symmedian poirft,
construct
(1) the pedalsX andY of G and K on the lineBC,
(2) a point X’ on the extension oX G such thatG X' = %YK,
(3) the circle with diameteX X',
(4) the perpendicular throughy to the line X X' to intersect the circle irf3) at Z
andZ’.
The circle with centety and diametetZ Z’ is the circleé.
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7. Thelines .Z for which 2(.Z, G) arecircles
The conic2(Z, G) is a circle if and only if
(p+2q9)(p+2r) : (g+2r)(g+2p) : (r+2p)(r+2q9) = a*: b*: . (14)
We may regardp : ¢ : r) as a common point of conics defined by
(z+2y)(x+22) (y+22)(y+22) (2+22)(z+2y)

a? b2 c? ’
or equivalently,
(z+y+2)?—(y—2)° _ (@+y+2’-(z-2)? _ (@+y+2)°>—(z-y)

a2 b2 2
The equation of the second and third expression can be rewritten as
B =z +y+2)?2 =0 (r—y)?—A(z—2)% (15)

similarly for the other two equations. Thu; : ¢ : r) is a common point of the
conics

EF, = y? — 0222 = 2(0* — A)yz — 2(b* — 2¢%)za — 2(2b% — P)zy = 0,
Fyi= a?2% — Pa? — 2( — a®)zz — 2(2 — 2a®)zy — 2(2¢% — a®)yz = 0,
F.:= b*2? — a*y® — 2(a® — V¥)zy — 2(a® — 20%)yz — 2(2a* — b*) 2z = 0.
We easily determine, by Proposition 2(c), that these conics all have ¢gn8nce
Fo+ Fy+ F.=3((t” = A)yz + (2 — a®)zx + (a® — b?)ay)
+(x4+y+2)((1? =Dz + (2 —aP)y+ (a> = b*)z) =0

is degenerate, this represents the two asymptotes of a hyperbola with Genter
homothetic to the Kiepert hyperbola. These asymptotes, as is well knoen, ar
parallel to the axes of the Steiner circum-ellipse. We therefore concluti¢htha
common points of the conicB, = F;, = F. = 0 are on an axis of the Steiner
ellipse, which turns out to be the minor axis. Each of these two points leads to a
conic2(.%, G) which is a circle.

We shall make use of the following notations:

P:= a® + b+ ¢
Po:i= b*+c2—2d%, Py:=c?+a%—-20%, P.:=a®+b*— 2
Q:= a*+b* +c* — b2 — 2a® — a%b.
Lemma 11. The infinite points of the Kiepert hyperbola are
(0° = A)(Pa+2VQ): (= a”)(Py+eVQ): (a® =) (P +2V/Q))
fore = +1.

The point fore = —1 is the infinite point of the minor axis of the Steiner ellipse.
It is the pointX3414 Of [2]. The infinite point corresponding to= +1 is X3413.
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Figure 7

Proposition 12. The two real common points of the coni¢s= 0, F, =0, F. =0
are

P.=(ct+ = A)(Pa—V/Q): -+t 1) (16)
for e = +1, wheret is the square root of
§ (P +2V/Q)P. ~ VQP, — VAP, ~ Q). an

99

Proof. A point on the minor axis of the Steiner ellipse is of the form (16) for some

t. Substituting into the equatioh, = 0, or equivalently (15), and solving, we

obtain
= é(k + 1/ Q)
where
A= 4Q% 4+ PP,P,P,, (18)
p= 2(PaPyP. + PQ). (19)

SinceP, + P, + P, = 0 andP,P, + P,P. + P.P, = —3Q, we have
A1V Q = 2QVQ(P +2v/Q) + PoPyP.(P +2¢/Q)
= (P+2/Q)(2QvQ + PoPyP.)
= (P+2VQ(—VQ + (Pa+Py+PQ
— (PuPy + PyPe + P.P,)/Q + P,PyP,)

= (P + 2\/6)(Pa - \/6)(Pb - \/6)(Pc - \/6)

leading to the factorization af given in (17) above. O
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Figure 8.

The pointsP., ¢ = +1, correspond to two line&. which are common tangents
to the conics dual td}, = 0, F;, = 0, andF,. = 0 (see Figure 8). For these two
lines, the conics2(.Z., G) are circles, which we simply denote [#y (see Figure
9).

Figure 9.
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Proposition 13. The two circless., ¢ = £1, have centers

0. = <f+g\/5

-3t

where

f = 4Q2 - PPanPc = 8Q2 - )‘,
9= 2(PaPyP. — PQ) = 4P,PyP. — pu.

They are congruent and have radius

_P+2/Q
wa‘ P—\/a-

0P = AP = Q) s

) . @)

(21)
(22)

Proof. With (p, ¢, r) given by (14), and\, i by (18), (19), we have

(p+2q)(p+2r) = a®W, (q+2r)(q+2p) =b*W, (r+42p)(r+2q) =W

for
we B 0P s, Q)pE - PR -2
= 3(P. — VQ)2(P. +2VQ)
= 3(P, — VQ?*(P, +2¢/Q)
= 3(P. — VQ?2(P. + 2/Q).
Note that

p+q+r=c-3t,
pq+qr+rp= 3t2 — 2Q% — P,P,P./Q

(A +1V/Q-6Q* — 3P,P,P.v/Q)

Wl Wl Wl Wl

(QPQ\/6 —2Q% + PP,PyP. — PanPC\/6>
(20VQ(P = VQ) + PuPiP(P ~ Q)
(P~ VQ) (8Qv/Q +4(P, + Py + P.)Q

+ 2(PaPy + PP + PePo)v/Q+ PuPyP )

_ %(P—\/6)(Pa+2\@)(Pb+2\/5)(Pc+2\/5)-

101
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From these,
—p® +3plg+7) + 4qr
=4(pg+qr+rp)—plp+qg+r)
=43t — 2Q% — P,PyP.\/Q) — (et + (b* — 2)(Pa — VQ))e - 3t
=912 — 8Q? — 4P,PyP.\/Q — 32(b? — ¢?)(Py — VQ)t
= A —8Q + (1t — 4P,PyP)/Q — 32(v — *)(Pu — Q)1
= — =9V Q=3:(t” — &) (Ps — VQ)t

— (LR - ). VD)),
wheref andg are given in (21) and (22) above. Similarly,

—¢" +3q(r+p) +4rp= —e-3t <W +(c? —a?)(Py — \/5)> ,

—12+3r(p+q) +4pg = —¢- 3t <W + (a® = b*)(P. — \/6)> .

By Proposition 2(c), the center of the cirdg is the pointQ. given by (20) above.
Furthermore, the homothetic ratio 8f and the circumcircle is the square root of

(p+q+r)*(pg+qr +rp) (P+2VQ)*(P —vQ)

(p+2q)(p+27)(q + 2r)(q + 2p)(r + 2p)(r + 2q) 3-27a2b2c?
From these, it follows that the common radius of the cirédess

P+2/Q P_\/a.abc_P—l-Q\/Q P_/Q

9abe 28 188
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The f-belos

Antonio M. Oller-Mar@&n

Abstract. Thearbelosis the shape bounded by three mutually tangent semicir-
cles with collinear diameters. Recently, Sondow introduced the parabalizgan

the parbelosand proved several properties of the parbelos similar to properties
of the arbelos. In this paper we give one step further and generalizéh&on
considering the figure bounded by (quite) arbitrary similar curvesftbelos

We prove analog properties to those of the arbelos and parbelos arehven

we characterize the parbelos and the arbelos ag-theloses satisfying certain
conditions.

1. Introduction

Thearbelos(apBnAog, literally “shoemaker’s knife”) was introduced in Propo-
sition 4 of Archimedes’ Book of Lemmas [1, p. 304]. Itis the plane figuneroed
by three pairwise tangent semicircles with diameters lying on the same line (see
the left-hand side of Figure 1). In addition to the properties proved bhiAkredes
himself, there is a long list of properties satisfied by this figure. Boas’sm@p
presents some of them and is a good source for references.

It is quite surprising to discover that for 23 centuries no generalizatibtigs
figure were introduced. Recently, Sondow [4] has extended the drigpnatruc-
tion considering latus rectum arcs of parabolas instead of semicirclesigbte
hand side of Figure 1). In his paper, Sondows proves severalstiteggroperties
of his construction (nameglrbelog that are, in some sense, counterparts of prop-
erties of the arbelos.

Figure 1. An arbelos (left) and a parbelos (right).

The motivation for considering latus rectum arcs of parabolas insteaghtf s
circles is clear. Just like all circles are similar, so too all parabolas are sir@iar
course this is a very special property of these curves which is notclesren by
other conics. Nevertheless, it gives the clue for a further generalizafiboth

Publication Date: April 30, 2013. Communicating Editor: Paul Yiu.
The author thanks Jonathan Sondow for his many observations tleirhproved the paper.
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the arbelos and the parbelos. In a suitable generalization, the threearedsilcs
must be similar curves.

In Section 2 we present our construction and the resulting family of figures
that we shall callf-belos Subsequent sections are mainly devoted to extend and
give analogs of some of the properties found in [4]. In passing we wallrsmv
arbelos and parbelos appear as particular cases of our constructmsingpertain
seemingly unrelated conditions.

2. The f-belos

Let f : [0,1] — R be a function such that(xz) > 0 except forf(0) = f(1) =
0. We will assume thaf is continuous irf0, 1] and differentiable ir{0, 1). Given
p € (0, 1) we define functiong : [0, p] — R andh : [p, 1] — R given by:

g(x) = pf(x/p),

hz) = (1-p)f (fjjj) |

Observe that both andh are similar tof (g is obtained by a homothety centered
at the origin andh is obtained by a homothety followed by a translation). In what
follows we will consider the case when the graphg @indh are below the graph
of f so that a situation like the one in Figure 2 makes sense.

O P 1

Figure 2. Thef-belos.

Given the functiory we will call the figure obtained in the previous construction
an f-belos. The point? = (p,0) will be called the cusp of th¢-belos. We will
denoteO = (0,0) andI = (1,0) (see Figure 2).

Observe that iff (z) = vz — 22 we recover the original arbelos, while if
f(x) = z — 2% we obtain Sondow’s parbelos.

3. Elementary properties of the f-belos

In spite of the generality of the latter construction, tfielos satisfy several
interesting properties which, in some sense, extend those of the arbeldkean
parbelos. These properties are analogs of Properties 1 and 2 in [4].
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Proposition 1. The upper and lower boundaries of gitbelos have the same
length.

Proof. If L is the length of the upper boundady, is the length of the lower arc
corresponding to the graph gfindL;, in the length of the lower arc corresponding
to the graph of: it follows by their similarity thatl, = pL; andL;, = (1 —p)L;.
Hence, the result. O

The following lemma is easy to prove and it is closely related to Plato’s analogy
of the line [2].

Lemma 2. Consider a segmem B and choose any poinf’ € AB except the
endpoints. Now, leD € AC andE € C'B be points such that

|AC|  |AD| |CE|

ICB| |DC| |EB|

Then,
|AC| - |CB|

|AB|
As a consequence we obtain the following property.

|DC| = |CE| =

Proposition 3. Under each lower arc of arfi-belos, construct a ney-belos simi-

lar to the original. Of the four lower arcs, the middle two are congruent, armdth
common length equals one half the harmonic mean of the lengths of the brigina
lower arcs.

Proof. It is enough to apply the previous lemma noting that the lengths of the
considered arcs are proportional to the length of the horizontal seghwrihey
determine. O

4. The parallelogram associated to a point

Letxg € (0,1) and consider the poin®, = (xg, f(zp)). This point lies on the
graph of f and hence, by similarity, it has corresponding poiRtsand P; in the
graphs ofy andh, respectively. Namely, = (pxo, pf(zo)) andPs = ((1—p)xo+
p, (1 — p)f(z0)) (see Figure 3). Observe th& P, = PP, = (1 — p) (0, f(x0)).
Hence,P, P, PP is a parallelogram. Since it depends on the choiceypfve will
denote this parallelograf(x).

It is interesting to study whe®(x() is a rectangle. This leads to a surprising
characterization of the arbelos.

Proposition 4. Given anf-belos, the parallelogranP(z) is a rectangle if and
only if f(x0)? = xo — x3. ConsequentlyP () is a rectangle for every, € (0, 1)
if and only if f describes a semicirclé.€., the figure is an arbelos).

Proof. We have tha@ = (p — pxo, —pf(z0)). Then,P(xp) is a rectangle if
and only if P, P, L P,P: i.e., if and only if

0= PP PP, = p(1— p)lao(1 — z0) — f(x0)’].
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Py

O P I
Figure 3. The parallelogram associated to the p&int

The area of the parallelogra(z() can be easy computed by:
% ﬁ
area(P(zo)) = |[[P2P1 x P2P|| = [|(0,0, —p(1 — p) f(z0))|| = p(1 = p) f (o).
This fact leads to the following property.

Proposition 5. Given anf-belos, letc € (0, 1) be such thaff (c) is the mean value
of f on[0,1] and letP(c) be the parallelogram associated to(see Figure 4)
Then:

area( f-belog = 2area(P(c)).

@) ¢ P 1
Figure 4. The parallelogram associated to the p@inf(c)).

Proof. Let us denote byl the area below the upper arc of tfieelos;i.e.,

A:/Ulf(x)da:.

By similarity, the area below the lower arc corresponding to the graghsop? A,
while the area below the lower arc corresponding to the ark isf (1 — p)2A.
Hence the area of thg-belos is:

A—p*A—(1—-p)*A=2p(1-p)A.
Moreover, the mean value theorem for integration states that there exists

1
(0,1) such thatd = / f(z) dx = f(c). Consequently, the area of tlfebelos is
0

2p(1 —p)f(e),
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wheref(c) is the mean value of on [0, 1].
Since, by the above consideration, dfeec)) = p(1 — p) f(c), the result fol-
lows. O

We will see how this property in fact generalizes Property 3 in [4].

Remark.Consider a parbelosg., an f-belos withf(z) = 2 — 22. In this context
Property 3 in [4] states that

4
area(parbelos) = garea(P(l/Z)).

Let us see how this follows from Property 4 above.
The mean value of in (0,1) is 1/6. Consequentlyarea(P(c)) =

. 1—
On the other hand, whilg(1/2) = 1/4, we have thasrea(P(1/2)) = 2L —P).
Hence:

area(parbelos) = 2area(P(c)) = garea(P(l/Q))

as claimed.

5. Thetangent parallelogram

Throughout this section we will consider grbelos such thaf is also differ-
entiable inz = 0 andx = 1. Hence, we consider the tangentsftin x = 0 and
in x = 1 and the tangents im = p to g andh and a situation like Figure 5 makes
sense.

\ /T2

Figure 5. The tangent parallelogram of gibelos.

The fact thatl 7575 P is a parallelogram (that we will denote k) follows
readily from the similarity off, ¢ and h (observe thay'(p) = h'(0) and that
g'(1) = f’(1)). In the following property we compute its area.
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Proposition 6. The area off is given by:

area(7) = p(1 — p)

(0)f'(1) ' |
J1(0) = f'(1)
Proof. Since the sides of the parallelogram are given by the equations
T]_T2 . ( )
ﬁf:y— f(0)(z - p),
TP: y=f(1)(z—p),
TTs: y=f(1)(z—1),
it is easy to find the coordinates @f for i = 1, 2, 3 and obtain

w

—— _ (1-p)f' —pf'(0) /
T, = gy (1 /1(0)) - and TP = 70— po W)
With these, we have that

wwea(T) = |75 « TP = || PO 00,7100 - )|

and the result follows. O

In the parbelos T is in fact a rectangle [4, Property 4]. The general situation is
as follows.

Proposition 7. The tangent parallelograr is a rectangle if and only if’ (0) /(1) =

—1. In such case we have that

f'(0)

area(T) = p(1 — p>T’(O)2

Proof. The first part is straightforward recalling that two lines of slopesand

meo are perpendicular if and only thymo = —1. For the second statement it is

enough to pujf’(1) = —1/f'(0) in the previous property. O
Since we have thatf’(0) < 1 + f(0)2, the following property follows (recall

the notation from the previous section).

Proposition 8. Given anf-belos, letf(c) be the mean value of on [0, 1]. Let
alsoP(c) be the parallelogram associated ¢and 7 the tangent parallelogram.
If £/(0)f'(1) = —1, i.e, if T is arectangle, then:

area(P(c)) > 2f(c)area(T);
and equality holds if and only if'(0) = —f/(1) =1
Proof. Properties 4 and 6 imply that

area(P(e)) = F(p(L—p) = 1(0)2okT) > 3 (c)area(T)

1+f7(0)?
And equality holds if and only i2f(0) = 1 + f/(0)?; i.e., if and only if f/(0)
1.

o
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Remark.In the parbelosf(z) = = — z?%, so we havef’(0) = 1 = —f/(1) and
equality holds in Property 7. Moreover (recall the remark after Proggrtf(c) =
1/6. Hence:

area(P(c))

3
= —area(parbelos),

area(7T) = 25700 5
as was already proved in [4, Property 4].

Now, if f/(0)f’(1) = —1, T is a rectangle, so it makes sense to consider its
circumcircleI’. In [4, Property 6] it was proved that, in the parbelos case, (
whenf(x) = x — z?) the circumcircle of the tangent rectangle passes through the
focus of the upper parabolad,, through the poinf1/2,0)). This property can be
generalized in the following way.

Proposition 9. Given anf-belos such that its tangent parallelogramis a rec-
tangle;i.e., such thatf’(0) f’(1) = —1, the circumcirclel’ of T intersects the axis

1
X atth i _— Fi ly:
OX at the point(p,0) and (1 +f’(0)2’0) (see Figure 6)Consequently
e ['istangenttoO X if and only ifp = H}’(OV

e [intersect0X atz = 1/2 if and only if f/(0) = 1.
Proof. The center of this circle is the midpoint 81 73; i.e.,
&:(MJ+M@P f'(0) ).
2(1+ f7(0)%) "2(1+ f(0)?)
This circle clearly intersect® X at P but, of course, it will intersect the axi3.X in

another point (unledsis tangent t@) X'). Hence we are looking for # « € (0, 1)
such thaf«, 0) € T'. This condition leads to:

Consequently

p+1+pf(0)2

(o —p*) — (a —p) 21T g ="
and, since # «,
_pH+1l4pff 02 1
T2+ 03 P10y
as claimed. O

Now, we turn again to the general case, wiieis “only” a parallelogram. The
equation of the line passing throu@h andT3; is:

Ty [(1—2p)f (0)f (V] + [pf'(0) — (L —p)f'(V]y +p°f(0)f'(1) = 0.
We are interested in studying when this line is tangent to the graplat, f(p)).
This interest is motivated by [4, Property 5], where it was proved thatparielos,
the diagonal of the tangent rectangle opposite to the cusp is tangent togée up
parabola at the poirip, f(p)). In fact we will see how this property characterizes
parbeloses.
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) P (a,0) I

Figure 6. The circumcircle of .

Proposition 10. The point(p, f(p)) lies onT T3 (see Figure 7if and only if
_ 2 -0
pf'(0) = (L =p)f'(1)

In addition, the lineT} T3 is tangent to the graph of at the point(p, f(p)) if and
only if

f(p)

@2 )OO
Fw) = oy =@ pry

Proof. For the first part it is enough to substitue f(p)) in the equation of 75.

For the second part, the slope’BfT; must coincide withf’(p). O

\Tg \TZ

- W)
g : T
| U N @) R\ T,
0 P I 0 P T
\T2v
,,,,,,,,,,,,,, Ty, (0./®)
% T
O P T

Figure 7. Different relative positions gfandT: 75 at (p, f(p))-
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We will close the paper with a property that surprisingly characterizesdhe p
belos among all possiblgbeloses. Parbeloses are the ofdgeloses such that the
diagonal of7 opposite to the cusp is tangentfat (p, f(p)) for everyp € (0, 1).

Proposition 11. Given anf-belos, let7 be its tangent parallelogram. Then the
diagonal of 7" opposite to the cusp is tangent faat (p, f(p)) for everyp € (0, 1)

if and only if f is a parabolaf(z) = k(x — x?). Moreover, in this casq is a
rectangle if and only it = 1.

Proof. The first part of the previous property leads to
_ =@ - 1)f(0)(1)
IO = po - (- p)
for everyx € [0, 1]. In this case we have that
() = FOf W2 f'(0) + (1= 2)*f ()]
[zf/(0) = (1 — =) f"(1)]?
Hence, if f is tangent tdl1 75 at (p, f(p)) for everyp € (0, 1), the second part of
the previous property implies that:
() = FOfM2f(0)+ (A —2)2f(1)] (2 —1)f(0)f(1)
[zf/(0) = (1 — =) f"(1)]? zf'(0) = (1 =) f(1)
for everyx € (0,1). Some computations lead to
(f'(0) + f (V) (z —2*) =0
for everyzx € [0, 1] and henceg’(0) = —f/(1) so
_ —z(r — 1)f/<0)2 Y 2

and the result follows. O
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Why Arethe Side L engths of the Squares|Inscribed in a
Triangle so Closeto Each Other?

Victor Oxman and Moshe Stupel

Abstract. We compare the side lengths of the squares inscribed in a non-obtuse
triangle.

Given non-obtuse trianglé BC' we consider an inscribed square. The construc-
tion is well known (see, for instance, [1] and [2, Problem 9, pp.16,68@))e can

easily note that the side lengths of the squares based on the variousfsildes o

triangle are almost equal to each other (Figure 1). Why does it happetiisl
note we will give the answer to this question.

A B’ a—t A t c’
c b he
B c B a c
Figure 1 Figure 2

Let BC = a, AC = b, AB = ¢, andhg, hy, h. the corresponding altitudes of
triangle ABC'. Denote the side lengths of the squares baseB@rand AC by x,
andz;, respectively. One can easily verify that = ‘ffa Givena andh, > 0,
consider a non-obtuse triangeBC with BC' = « and altitudeh,, on the sideBC.
The vertexA lies on the sideB’C’ of the rectangleBB’C’'C with BB’ = h, (see
Figure 2).

Let AC' = t. We haveh? = t2 + h2 andc? = (a — t)? + h2. Note that

L bl ahg I CEY
"Thrhy IR a2hah2 T2+ hala+ he)

We shall assume > b. This requiresh, < a andt € [0, ty], wherety =

v/a? — h2. Since we require triangld BC' to be non-obtusey? + ¢ > a?. This
impliest? — at + hZ > 0. This is always the case whén > %. Whenh, < %,

Draft: May 21, 2013. Communicating Editor: Paul Yiu.
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we must further restridt € [0, t1] U [t2, to], where
a — \/a? — 4h2 ; _a++/a® —4h2
2 ’ T 2 '
Note thatt2 — 12 = 2e—V—ha) >
Now consider the function
T t2 + ho(a + he)

ft) = T (a+ha) P+ B2

[ [0.t), if ¢ < h, <a,
N [O,tl]U[tQ,to] if0<ha<% ’

This is a restriction of the function

F(t) =

t1 =

defined on

t2 + ha(a + hq)

(a+ ha)\/t2 + h2

defined on0, a]. It has derivative

F(1) = 1 t(t? = ha(a _3ha))-
a+ hg (t2 4+ h2)2
From this it is clear that the only interior critical point#§ = +/h.(a — hy),
and thatF'(t) is decreasing of0, t*] and increasing oft*, a]. Therefore F'(t) >
F(t*) = 2@@ for everyt € [0, a].
Note thatﬁ(o) = F(tp) = 1. Thismeansf(¢t) < 1fort € D, andx, < zy.
(1) Forh, > %, comparingf(t*) = Qa@ with the boundary valueg(0) = 1
andf(to) = 1, we conclude that

2v/ahg
' t):teD} = .
min{f(t) : ¢ € D} = Y
As a function ofh, € [§, a], 24" is increasing. Therefore, fare D = [0, ),
fah.  2./a-2
T gy x 2R L VS 2V2
Tp a+ hg a+ 5 3

(2) If hy < §,then
22 a(y/a? —4h2 — (a —2h,))  ava — 2ha(va + 2h, — \a — 2hy,)

2 = 5 > 0,
2 ]2 — 2h,
_ AT =)

It follows that the critical point* is not in the interior ofD = [0,¢1] U [t2, to].
Comparing boundary values, we have

min{f(t) : t € D} = min{f(¢1), f(t2)}.

t3 — 1+
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Note thatf(t1) = f(t2) because wheh = t; or ta, ZBAC = 90°. In fact, for
J=12,

a(tj + hq) o Va (tj + ha)? _ \/m.

f(j):(a—i-ha)\/iatj_ a+he t a+ hq
As a function ofh, € (0, %], %ih“) is decreasing. Therefore, forc D =
[0, 1] U [t2, o],
Ta _ py s V0t 2h) o Vale$2:5)  2v2

Tp a+ hg - a+§ 3
We conclude that in all cases,

1> %> V2 _ooq
Ty 3
The difference between, andzx, is less thar6% of z;,. This explains why the
lengths of the sides of the inscribed squares are very close to each other
Note that from the above reasoning the smallest inscribed square inabhase

triangle is based on the longest side.
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Pairings of Circlesand Sawayama’s Theorem

Paris Pamfilos

Abstract. In this article we study pairs of projectively related circles, tangent
to a fixed circle, and point out properties, which in a class of particulsesa
specialize to Sawayama'’s theorem.

1. Introduction

The well known Sawayama-Thebault theorem ([6]) states that the s&nteO,
of the two circlest, k5 defined by a ceviad IV of the triangleA BC' are collinear

Figure 1. Sawayama-Thebault theoremh;, I, O» are collinear

with the incenterl of ABC (See Figurel). The circlesk, ko are, by definition,
tangent toAWW, BC and the circumcircle of the triangle. For the history of the
problem and a synthetic proof | refer to Ayme’s article [1].

In this article we study pairs of projectively related circ(és, k2) calledpair-
ings of circlesand reveal properties, that in some particular cases, caflecyama
pairings lead to Sawayama’s theorem.

The general pairings of circles, considered here, result by fixirigla te, &, P)
of a circle, a lineh intersectinge at two non-diametral point®, C' and a point
inside the circle- but P # O andP ¢ h.

Then we consider all lines through the point The intersection pointsX, X’)
of a line throughP with the circle, define a pair of circle@;, k2), which are
correspondingly tangent toat X and X’ and also tangent th at points(Z, Z')
(See Figure2). These circles have their centérsY”’ correspondingly on lines

Publication Date: May 29, 2013. Communicating Editor: Paul Yiu.
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Figure 2. Circle pairing defined by the triple, &, P)

OX,0X', and itis easy to see that their respective chdfds X' Z’ pass always
through the middleD of the smaller ardBC, defined onc by h. In fact, using
this property, and considering a variable line througmtersecting the circle at
X, X', one can defin¢, Z’ by correspondingly intersecting X, DX’ with h and
defining the two isosceles triangl&sY Z, X'Y’Z'. The resulting triangles are line
perspective, since corresponding sides intersect alongifle Hence they are
also point perspective and define a patht on line h, which is collinear with the
centersY,Y’, as well as with the contact poinf§, X’ of the circlesky, ks. This
construct is called in the sequel thasic configuration

In §2 we discuss a fundamental property of the basic configuration coming fro
the projective geometry aspect. 48 we deduce that the line of cent&ry™ al-
ways passes through a fixed poinand locate its position. In addition we show
a property of the mayy’ = f(Z), defined on lineh (Theorem 5). k4 we in-
vestigate two pencils of circles, naturally connected to the basic configuiaiid
giving the geometric meaning and consequences of the calculations oktelpr
ing section. In§5 we establish the existence of a certain variable line, associated
to pairing and pivoting about a fixed point (Theorem 13). This line, cadledting
line, specializes in Sawayama’s theorem to the cevi&ri from the vertex of the
triangle of referencel BC'. In §6 we characterize the Sawayama pairings and note
a resulting proof of Sawayama'’s theorem. Finallygihwe supply a few details
concerning the case of Sawayama’s theorem.

2. Theprojective aspect

In the seque(AB, C'D) denotes the intersection of the linds$3 andCD, D =
C(A, B) denotes the harmonic conjugatgofvith respecttd A, B), and(ABC D)
= gg : g—g denotes the cross ratio of the four points. Next construction is a typi-

cal one of the definition of a homology of the projective plane [3, p.9].eGitwo
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S~
~
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— ~ Y - J
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_— h
—H < —
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Figure 3. A typical homology” = f(X)

linese, h, intersecting at poink, and three point®, J, O on e, define the trans-
formation f as follows: For each poink of the plane, letZ be the intersection
Z = (XD,h) and sety’ = f(X) = (X0, ZJ). DefiningH = (h,XO), the
equality of cross ratiofOH XY) = (OED.J) proves next lemma.

Lemma 1. The mapf is a homology with cente®, axish and homology coeffi-
cient equal to the cross ratib = (OED.J).

Of particular interest for our subject is the case in which pdigbes to infinity,

@ 7 (n

N )
N Y, — AN
AN
N
RN
7 N4
H /N —
N —
AN -~ H

Figure 4. Specializing twice the previous homology

then the configuration becomes like the one of figtE) and the cross ratio
has the valuég = DE A further specialization of the previous figure4gl), in
which pointsD, E, O are defined by a circle(O, r) and a lineh, intersecting the
circle at two non—diametral point8, C, leads to the projective aspect of our basic
configuration. In this casé& is the projection of the cent& on h and D is the
intersection of the half-lin€® F with ¢. Using these notations and conventions the
following lemma is valid.

Lemma 2. For each pointX of the circlec the triangleXY Z is isosceles and the
circle k1 (Y, | XY|) is tangent to the circle at X and to lineh at Z. As X varies
on the circlec the centerY” of k; describes a parabola.

In fact, the first claim follows from an easy angle chasing argumentK&gse
5). From this, or considering the locus as the imgde) of the circle via the
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Figure 5. Tangent circles and parabola of centers

homology, follows also easily that the geometric locus of the ceriters the
circlesk; is a parabola tangent to the trianglg BC at B, C' and point4, being
the diametral ofD. The parabola passes through the middllef Ay E and is also
tangent to the circle’(D, |DB|).

3. Pairsof circles

The circle pairing of our basic configuration results by considering all lines
through the fixed poinP. Joining each poink of the circlec with P and consider-
ing the second intersection poiit with ¢ one defines an involution ([7, | p.221])
of the points ofc denoted bygp. Point X on the circle and the corresponding

Figure 6. Pairing of circles for the triple, h, P)

point X’ = ¢gp(X) define, by the recipe of the previous section, two triangles
XY Z, X'Y'Z" and their corresponding circumcirclés, k- (See Figure).
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Lemma 3. Circle ¢ is orthogonal to circles:; and k; and pointsX, Z, X'Z’ are
concyclic.

This follows by considering the inversion with respect to cir€lelt is easily
seen that this interchanges cireland lineh and fixes, as a whole, circlés and
k2. Hence these two circles are orthogonal'tdl'he second claim is a consequence
of the first one.

As noticed in the introduction, the two triangles are perspective and their per
spectivity centelld x is on lineh. With the notations adopted so far the following
is true.

Lemma 4. The linesY'Y’, joining the centers of the circles,, ks, pass through
a fixed point/ lying on lineOP. The pointsP, I are related by the homology
defined by the tripléc, h, P):

PO _ 10 DO

PS IS DE’

In fact, linesY'Y” areimage¥ Y’ = f(X X’) of linesX X’ under the homology

f, hence they pass all through= f(P). As a result,/ lies onOP and taking
the intersection5 = (OP, h) we have(OSPI) = %. The formula results by
expanding the cross rati@SPI) = £9 . 19
Theorem 5. With the previous notations the mafy = f(Z) on lineh is an invo-
lution, which in line coordinates with origin at the projectighof I on h obtains
the form, for a constani:

Figure 7. The involutior?’ = g(Z)

In fact, using the involution’ = gp(X) on the circle and intersectingwith
the rays of the pencil through one defines a corresponding involutish= g(Z)
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on lineh. This, taking coordinates 2’ with origin at(Q), is described by a Moebius
transformation ([7, I,p.157]) of the kind (See Figuie

, az+b
z =

cz—a

The rest of the theorem, on the form of this involution (vanishing)effollows
immediately from the collinearity ab, P, 2, which is a consequence of Lemma 4.
In fact, if the lineX X’ passing througl®, obtains the position aP D, then points

X', D become coincident and the corresponding citglébecomes the tangent to

c at D, the line of center§Y’ becomes orthogonal th and passes through
(See Figurer). For this particular position oK X’ we see also that as point’
converges tdD, the corresponding’ goes to infinity. Thus foe = 0 the value

of f(z) must be infinity, hence = 0, thereby proving the theorem by setting
the constantv> = —b/c. The value of the constant can be easily calculated by

Figure 8. The value of the constant

letting X take the place of the intersection point of the [D& with ¢. ThenX X’
becomes a diameter efandDZZ’, DX’ X become similar right angled triangles.
Setting for D the coordinatedD (e, d) and denoting the coordinates of all other
points by corresponding small letters, we obtain

(z—e)(2 —e) = —d* and (2 —3s)(2' —s) =9,

whered = —|SX||SX’| is the power ofS with respect to the circle. The second
equation follows from the concyclicity of pointg, X, Z’, X’ (Lemma 3). From
these we obtain the value

Cw? ol — s(d? + €2) + e(§ — s?)

€—S
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Figure 9. InvolutionZ’ = g(Z) by orthogonals throughl’

Interpreting geometrically the theorem, we deduce that there is a fixedipdintw)
on the axis) I, such that the involutio’ = ¢(Z) is defined by means of the inter-
sections of lineh by two orthogonal lines rotating about ([5, Involution, p.3]),
this is formulated in the following.

Corallary 6. The circle pairing induces an involutia’ = g(Z) on line h, which
coincides with the one defined by means of pairs of orthogonal lines rotibiogit
a fixed pointi¥ lying on linelQ.

4. Two auxiliary pencils of circles

Here we continue the exploration of the basic configuration using the notation
and conventions of the previous sections.

Theorem 7. The following properties of the basic configuration are true.

(1) The radical axisDN of circlesk; and ks passes througl and the middleV
of ZZ'.

(2)If M = (DN, IQ), then the circlenx centered at\/ and orthogonal tak;
and ko, intersects the parallel’ to i from I at two fixed pointd/; and V5.

(3) The circlesm x are members of a pencil with base poifisand V5.

Property (1) immediately follows from Lemma 3, since thens on the radical
axis of the two circles, and because of the tangency tdijriee middleN of ZZ’
is also on the radical axis &f andk, (See Figurd0).

Property (2) follows from the fact that both circlésandm x being orthogonal
to k1 andko, their radical axis coincides with'Y”’, which passes through The
power of I with respect to’ andmx is constant and equal in absolute value to
|1V |?, as claimed.

Property (3) is an immediate consequence of (2).
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h’

Figure 10. The pencil of circles.x with base pointd/, V5

Corollary 8. The radical axis of circlenx andc passes through a fixed poiit
onV; V5 and passes also throughix .

The first claim is a well known property for the radical axis of members of a

pencil and a fixed circle ([2, p.210]). The second claim follows fromftw that
H is the radical center of circles, c andm .

Next theorem deals with the circles having diamefef’. Since by Theorem
5 the mapZ’ = ¢(Z) is an involution, we know that this is a pencil of circles
([4, vol.ll,p.27]). Here we make precise the kind of the pencil and thetiocaf
its base points. Note that this pencil and the one of the preceding theowena ha
common membeing carrying the base points of both pencils.

Theorem 9. The following properties are valid.

(1) The circlenx with diameterZ Z’ is orthogonal tok; and k.

(2) The circlenx intersects the circleny centered at) and passing throughy;
and V5, at its diametral pointd¥ and W’

(3) The circlesn x are members of a pencil with base poiftsand V',

Property (1) follows from the fact thaty has its center at the middl€ of ZZ’,
from which the tangents th,, k5 are equal (See Figurd).

Property (2) results from Theorem 5. Another proof results from #oe that
circle nx belongs to the pencil of orthogonal circles#p andks. From this it
follows that circlesn x, ¢ andnx pass through the two base poiifs, U; lying
on lineYY”, which passes through Let W andWW’ be the diametral points of
circle mg on the diameter passing through Then|IW || IW’| = |IV1]|IV>] but
also, sincé/; V,, U,U; are chords of the circlevx itis [IV4][IVa| = |IU;||[IU,.
This implies that/ is on the radical axis afg, nx, which, since both circles have
their center om, is orthogonal toh. Thus it coincides withf(Q or equivalently
with WWw”.
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Figure 11. The pencil of circlesx with base point$¥, W’

Property (3) is an immediate consequence of (2). Note that pBicbincides
with the one defined in Corollary 6.

Corollary 10. The radical axis of circlevx andc passes through a fixed poift
onWW', and passes also through poity .

The first claim is a well known property for the radical axis of members of a
pencil and a fixed circle ([2, p.210]). The second claim follows fromféo that
Hx is the radical center of circlesmx andn .

5. The pivoting line of the pairing of circles

Next figure results by drawing orthogonals respectively to lineg andW Z’
from the centery” andY”’ of the circlesk; andk,. These intersect at right angles
at pointiWx and intersect also the parall€lto i from I at pointsiWy, Ws.

Theorem 11. LinesZW; and Z'W, are parallel andiWx varies on a fixed liné”
parallel to / at distance equal toiV I|.

To prove the theorem a short calculation seems unavoidable. For thisseve u
coordinates along ling and its orthogonal throug, as in§3. Denoting coordi-
nates with respective small letters andby, 1, 5 respectively the radii of circles
¢, ki, ko, we find easily the relations

27 = —w?, r’? = —2rd, w? = 2d(i —r) — d? —é?,
_ 1 2 2 1 ' 2 2
r = 2d(2rd+(z e)* +d°), Ty = 2d(2rd—{—(z e)*+d°),
w = Y2 + (r1 — i)z’7 w0y — wz' + (rg — i)z.
w w

From these, by a short calculation, we see that

we —wy = (' — 2).
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Figure 12. Pair of parallelg W, Z' W,

This means thatV; W5 is equal in length t&Z Z’, thus linesZW,; and Z'W, are
parallel, as claimed. The other claims are consequences of this propertytten
WiWeWyx andZ’ZW are equal right angled triangles and projectifig. on W
to T, we get|QT'| = |WI| (See Figurd 2).

Next theorem states a property of the tangents té- at pointsk’, K’, resulting
by intersecting these circles respectively with i€, andV Z’. These tangents
are the reflections of link on linesWx W, andWx W5 respectively. The theorem
rests upon a simple criterion recognizing the passing of a variable line thiug
fixed point. Its proof is a simple calculation which | omit.

Figure 13. Lines passing through a fixed paiht

Lemma 12. If a variable line intersects the—axise and a parallel to ite’ at dis-
tanceq, so that the coordinates, =’ of the intersection points satisfy an equation
of the form

ar + bz’ +c=0,
then the variable line passes through the fixed point with coordinates

1

A= m(—c, qb).
Theorem 13. The tangents to circles;, ks, which are reflections ok, respec-
tively, onWxW,, Wx W5, are parallel and equidistant to the medid#x M of
the right angled triangléV x W1 W5. This median passes through a fixed point
independent of the position & on the circlec.
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Figure 14. The pivoting liné/x M and the parallel tangents At K’

That the tangents are parallel follows easily by measuring the angles at their
intersection points witth. Similarly follows their parallelity to the mediai x M
(See Figurd 4). ?
To show that linelV’x M passes through a fixed point it suffices, according t
the previous lemma, to show that thecoordinates of pointd/ and Wy satisfy
a linear relation. In fact, a somewhat extended calculation showsithia),. and
M, satisfy the equation

(w—d)(Wx)z + (2d — w)M, — ew = 0.

From this and the previous lemma follows that ling; M passes through the fixed
point

A= % (ew, i(2d — w)).
In the sequel lindVx M is called thepivoting lineof the circle pairing.

6. Sawayama pairings

| call the pairing of circles;, ko defined by the basic configuratidn, h, P) a
Sawayama pairingwhen the corresponding poinhtof the configuration is on the
arc of circlec’ lying insidec (See Figurd 5). The formulas of the preceding section
imply then that point$¥ and! coincide { = w) and consequently th&t’x lies on
line h. This implies in turn that the three parallels coincide with the pivoting line
of the pairing, which is also the median of triangié 17, W, and which becomes
simultaneously tangent to the two circlés, k2 while passing also through the
fixed pointA. A short calculation shows also that in these circumstances goint
lies on circlec, thus producing the figure of Sawayama’s theorem. In fact, the last
ingredient of the figure is the collinearity of points I and D, which, in view
of the previous conventions for the coordinates reduces to an eask ohthe
vanishing of a determinant. By a well known property of the incenter ([26]p,
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Figure 15. Sawayama pairing characterizedbyg ¢’

point I coincides with the incenter of trianglé BC, thereby proving the next
theorem.

Theorem 14. Each Sawayama pairink, ko corresponds to a trianglel BC' with
incenter! and ceviansAWx, such that the two circles are tangent to the circum-
circle ¢ of the triangle and also tangent to the cevidi’x and sideBC. The
centersY, Y’ of the circles and the incenter are collinear.

Fixing the basic configuratiofr, i, P), so that the corresponding poihlies on
the arc ofc’ contained irc, we obtain another proof of Sawayama’s theorem, once
we can show, that poirdtcan obtain every possible position on the aforementioned
arc of ¢ and, for each position of, the corresponding pivoting lined"Wy can
obtain all positions of the cevians throughof triangle ABC. That can take
every position on the claimed arcdf is a simple consequence of the homographic
relation of I to P described irg3. Next lemma makes this point clear and shows
that the whole araBC on c is obtained from a proper arc of an ellipse via the
homographyf, defined in§2. The somewhat more interesting verification that the
pivoting line AW x obtains all positions of cevians fros is handled in the next
section.

Lemma 15. For I varying on circlec’ the corresponding poinP varies on an
ellipse, which is tangent to circlkeat pointsB and C.

In fact, sincel = f(P) is a homology, the claimed relation is given through
the inverse homology’ = f~!(I), which has the same center and axis and ratio
k' = BE. Hence the curve’ = f~1(¢’) is a conic and the other claims result from
simple geometric considerations.
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Figure 16. The locug” of P asQ varies onc’

7. Thecevians

Using the notation of the previous sections, we deduce here variousrpesp
of the Sawayama pairings, appearing to be of interest and leading to thfetwa
for a fixed pointZ on the arc of’ lying insidec, the corresponding pivoting lines
AWy, for variableX, obtain all positions of the cevians through

Lemma 16. The circlec” with diameterZ; Z, is orthogonal to circles:;, k2 and
the diametral pointl’ defines line/ I’ which is parallel toBC. Also the triples of
points(Z1,I', V) and(Zy, I', V') are collinear.

Figure 17. The parallel th line 11’ and the radical axis af, cx-

The proof of parallelity follows from the equality of angl&sx 2’ 75, Wx Z> 7/,
T1Z, (See Figurel7). The collinearity ofZ, I’, V follows from the equality of
anglesWx Z'I, ZWxY and the parallelity o}/ Z; to Y W.
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Corallary 17. Line Y'Y’ passes through the intersection poiitd” of the circles
¢ andc”.

Figure 18. Linel'Wx

Lemma 18. Line I’'I” is orthogonal tol I’ and passes through poiiltx and also
through pointsG, G’, which are correspondingly diametrals éfwith respect to
the circle with diametef Z’ and the circlec’.

In fact, by the previous lemma, anglél”I is a right one (See Figures).
Also I” is on the circle with diameteY W, which passes throughi, Z;. Thus
I', 1", Wx are collinear. The cente¥ of the circle with diameteZ Z’ is on line
RD, which is the radical axis of circles,, k; and is orthogonal td I’ at its mid-
dle. Hencel'Wx is parallel toRD. This implies the two other statements of the
lemma.

Corollary 19. The cross ratioc = (BCWx Hx) is constant and equal t%.
HereU is the projection ofs’ on BC.

This follows by considering the pencil’(B, C, W, Hx) of lines throughl”.
The lines of the pencil pass through fixed points of the cictléThus their cross
ratio is independent of the position Bf on this circle. Its value is easily calculated
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by letting I” take the place of/’, which is the projection ofs’ onII’. ThenH x
goes to infinity andk becomes equal to the stated value.

Corollary 20. Fixing point I, which becomes the incenter of triangleBC, the
pivoting linesAWx of the Sawayama pairing take the positions of all cevians
through A and Sawayama’s theorem is true.

In fact, by the previous corollary, the constancy of cross ratio impliesfémat
variableX onc points Hy obtain all positions on lind3C and consequentlifx,
being related taH x by a line-homography, obtains also all possible positions on
this line.
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Derivation of the Law of Cosinesviathelncircle

Larry Hoehn

Abstract. The law of cosines can be derived without using special cases and
without using the Pythagorean theorem.

Most trigonometry textbooks treat the derivation of the law of cosines ae thr
separate cases depending on whether the triangle is acute, obtusat.dnribis
note we derive a proof using an arbitrary general triangle and we tlaseothe
Pythagorean theorem.

We let ABC be any triangle whose incircle is tangent/at £/, andF' as shown
in Figure 1. Leta = BC, b = CA, ¢ = AB, andr be the radius of the incircle
with incenter/. We derive our formula by equating independent expressions for

Figure 1.

If 2= CD = CE, thenc = (a —z) + (b—z) so thatr = Z(a+b—c). Inthe
right triangleC E1, z = 7 cot §. Solvingl(a + b — ¢) = rcot & for r yields

r:a+b—c‘ (1)

2 cot %
By computing the area of triangléBC in two ways we obtain
1 1 1 1
gab sinC' = 507 + §br + 2

and
absin C'

= 2
" a+b+c 2)
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+b—c __ absinC R ; H
From (1) and (2), we havm = Giprc - Cross multiplying and making use

of some well known trigonometric identities we obtain the following.

(a+0)*—c* = 2absinCcot%

c C £
= 2ab <2sin2cos 2) . Z:(;,

C
= 4dabcos® =.
ao Cos 5
Therefore,

¢ = (a+b)* — 4abcos? %

= a2+ 0> —2ab (200522— 1)

= a® +b> - 2abcosC.

Since the identityin? « 4+ cos? « = 1 (and henceos 2z = 2 cos? z — 1) can be
derived independently [2] without the Pythagorean theorem, we haiedehe
law of cosines without the use of the Pythagorean theorem. This also @nawe
guestion in a footnote in [1, p. 135] whether this is possible.
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On the Fermat Geometric Problem

Zvonko Cerin

Abstract. We consider the Fermat configuration generated by a point on a cir-
cle over the side of a rectangle. When the ratio of the rectangle’s sidgs,is
then many properties do not depend on a position of the point. Somerfiespe
hold for all ratios and other ratios can also have interesting geometri@-cons
guences. Our proofs use analytic geometry but some parts includeyatbetic
arguments.

1. Introduction

Among the numerous questions that Pierre Fermat formulated, the following
geometric problem is our main concern (see Figure 1).

A B'

Figure 1. The configuration of the Fermat problem.

Fermat Problem. Let P be a point on the semicircle that has the top sldeof the
rectangleABB’ A’ as a diameter. Lqﬁ% = /2. Let the segment® A’ and P B’

intersect the sidel B in the pointsC' and D, respectively. ThenAD|? + |BC|? =
|AB|2.

The great Leonard Euler in [6] has provided the first rather longfpvaaich is
old fashioned (for his time), and avoids the analytic geometry (which ofégher
simple proofs as we shall see later). Several more concise synthetfs preamow
known (see [10], [7, pp. 602, 603], [1, pp. 168, 169] and [8, @1, 264]). A
very nice description of Euler’s proof is available on the Internet ($&p.[

Publication Date: September 3, 2013. Communicating Editor: Paul Yiu.
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The analytic proof was recently recalled in [9] where it was observetthiea
above relation holds for all points on the circle with the segrmieitas a diameter.
For a circle, we shall consider a slightly more general situation where the qu

tient % is a positive real numbern (see Figure 2.).

’P\(p, Q)

N, -8) QP Bl

Figure 2. The extended Fermat configuration for a circle.

For given different pointsA and B and any points?;, P, Ps, P, in the plane,
let

|PLPs|? + | PsPy|?
PPy, P3Py) .= .
o(PLPy, P3Py) B

In this notation, the above Fermat Problem for the circle is the implication
(a) = (b) in Theorem 1 below.

Theorem 1. LetU, = p(AD, BC). The following statements are equivalent.
(@)m = /2, and
(b)Up = 1.

Proof. We shall use analytic geometry, which offers a simple proof. Let the origin
of the rectangular coordinate system be the midp@inf the sideAB so that the
points A and B have coordinateé—r,0) and(r, 0) for some positive real number
r (the radius of the circle). The equation of the circle is a standard 32 = 2.

The coordinates of the point$' and B’ are (—r, —2C) and (r, —2Z). For any

real numbet, letu =1 -2, v =14+ t%, 2 =mt,n =v — zandy = v + z.
An arbitrary pointP on the circle has coordinatés®, 2-t). From similar right-

angled triangle?VC and PQA’ ands = % we easily find that” (T(“l,%z), 0)
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andD <T(“;Z) , 0). The equivalence of the statements (a) and (b) follows from the

2(m2_
identity U, — 1 = “("=2).

O

The fact that(a) = (b) can be proved more simply by synthetic methods.
Here is an adaptation of Lionnet's proof from [7, p. 602], which wdidksany
point on the circle (see Figure 2).

Let the directed lengthd(, CD, DB bea, b, c. Then
AD? + BC? - AB?> = (a+b)*+ (b+c)* = (a+b+c)?
= b —2ac,
so that
AD? + BC? = AB? — b =2ac. (1)

Now drawC'Y and DZ perpendicular tod B, with Y on PA andZ on PB.

Using pairs of similar triangles, we have
YC PC CD PD ZD

AA'~ PA'~ AB ~ PB BB’
HenceY C'DZ is a rectangle similar t?lA’B’B. The trianglesY CA, BDZ
are equiangular, s6¢ = . ButYC = DZ = <2 = b Thusb? — 2ac

V2 V2
vanishes, hencdD? + BC? = AB?.

1+X P 1-x

B ]

A(-1,0)

2/m

A'(-1,-2/m) B'(1,-2/m)

Figure 3. Simple analytic proof.

We can also use the equivalence (1) to obtain a simple analytic proof (s¢e Fig
3). There is no loss of generality in taking the radius of the circle as the finit o
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length. By similar triangles,

a 14+ b 2 c 1—=z
2 T 2 ) and + = 5 :
m o mtY Y mty m mTY
Simplifying > — 2a c and puttingz? = 1 — 32 we find that this difference is
4y%(m?—-2)
(2+my)? -

Let A”, B”, P’ be the reflections of the point4’, B’, P in the line AB. We
close this introduction with a remark that most of our results come in related pairs
The second version, which requires no extra proof, comes (for deampheorem
1) by replacing the point§’ and D with the pointsC’ and D’, which are the
intersections of the lingl B with the linesPA” (or P’A’) and PB” (or P'B’). In
other words, if, = ¢(AD’, BC"), then(a) and

) B=1
are also equivalent. Moreover) and
") U=V,

are equivalent as well.

2. Invariants of the Fermat configuration

Our primary goal is to present several statements similar to (gl () that
could replace it in Theorem 1. In other words, we explore what othatioaships
in the Fermat configuration remain invariant as the péithanges position on the
circle.

We begin with the diagonals of the trapeziuthB’ DC (see Figure 2).

Theorem 2. LetU,. = ¢(A'D, B'C) andV,. = ¢(A'D’, B'C").
Consider the statements

€ U=2 () Ve=2, (¢) Uc=V.

The following are true.

(@)« (c"),

(a)implies each of the statemerfty and (c’).

Proof. With straightforward computations one can easily check that

2(m? — 2)vt3
Ve-U.= g
(m? —2)v(22 +v)
2-Uc= m2 92 )
2 _2)w(2z —
Voo (m=2nz—y)
m=n

Of course, Pythagoras’ theorem might be useful in computing the fungtidior
instance, fol/. we have

A'D?+ B'C? = AA” + BB"® + AD? + BC2.
But AA”? + BB* = AB? andAD? + BC? = AB2?. HencelU, = 2.
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This method will also yield generalizations. Take poidts B, C, D, with
AA, = AMAA’', BB, = \BB/, BC, = uBC, AD, = pAD. Then it follows
easily thatp(A. Dy, B.Cy) = A2 + 2. a

For pointsX andY’, let X & Y be the center of the square built on the segment
XY such that the triangl& (X @ Y)Y has the positive orientation (counterclock-
wise). When the poink @ Y is shortened td/, thenM* denotes” & X.

The midpointsG, H, G’, H' of the segmentsiC, BD, AC’, BD' and the
top IV of the semicircle overd B are used in the next theorem. In other words,
N = B® A. The centep) of the circle (i. e., the midpoint of the segmehB; the
origin of the rectangular coordinate system) appears also.

Theorem 3. LetU,; = ¢(NG,NH), V= o(NG', NH'),
Ue = ¢(OG,0H) andV, = ¢(OG’, OH") (see Figure 4)
The following statements are equivalent.

@ m=v2

d) Us=3 ) Va=

1 @) Uy=Vy (@) Us=3UL,
€ Uo=1 (&) V.=

3
17
L@ U=V, (&) Va=3V,.

Proof. This time the difference#/; — 2 andU. — 1 both simplify totQ(T#,
which has the factom? — 2 again. Similarly,V; — U; andV, — U, both are equal
2 2 2

7m”t;(:';2 ) Finally,3U, — Uyis ' (;92_2
guotients that have instead ofy.

The following synthetic proof shows that the statemeiatsand (b) together
imply (d) and(e).

A dilatation with centerA and scale facto2 mapsGO on toC B, thusGO =
9B similarly OH = 4. Consequently fo/, we have

) . The other differences are analogous

BC® | AD?
OG2+0H2:T+ 1 :%ABQ
Similarly, for U; we haveNG? = NO? + OG? andNH? = NO? + OH? so that

BC? + AD*  AB? N AB?
4 2 4

NG?+ NH?>=2NO? + = ZAB?

O

Let Gs, Hs, G, H. be the points that divide the segmeiss, NH, NG,
NH'inthe same ratie # —1 (i. e.,, NG5 : GsG = s : 1, etc.).

Theorem 4. Letm, = 4(5;%2)2, ng = ﬁ,

Ur = p(OGs,0Hy), Vy = ¢(OG,, OH)),

Uy = p(NGs, NH;), Vg = (NG, NHY).

If s = 0, then the following statements are equivalent.
@ m=v2

M Ur=ms, () Vi=m, () Up=Vy,

(¢)] Ug = Ns, (g/) Vg = Ns, (g//) Ug = Vq
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Proof. SinceG, = (%, S_’ﬁ) andH, = (’"(Z(jfgfg), SJFLI) the difference

Ur—mgis %. The other parts are proved with analogous argumernis.
Theorem 5. Let A = S%fQ. If s # 0, 1, then the following statements are equiva-
lent.

@ m=v2,

(f) Uy =AUy,

9) Vo=AVy

Proof. For s # 0, 1, the equivalence ofa) and (f*) is a consequence of the
52 2 (s—l)(m2—2)
2(s+1)(s242) 2

equality\Uy — U, = O

Figure 4. Point®), N, N1,... N4 in Theorems 3 and 6.

Let N1, No, N3, N4 denote the highest points on the semicircles built on the
segmentsAC, BD, AC’, BD' above the linedB. In other words N, = C & A,
NQZB@D,NgZCl@A,N4:BEBD/.

Theorem 6. LetU;, = ¢(BN1, ANs), Vi, = p(BN3, ANy),
U; = @(NNi, NNy), V; = p(NN3, NN,) (see Figure 4)
The following statements are equivalent.

(@ m=v2,
(h Upn=3 () V,
(i) Ui=3,

=3, () U,=Vi () 3U;i=U,
(Y Vi=1 (") U=V, (i*) 3Vi="V,.
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Proof. SinceN; = (W, g) andN, = (’“(11;”),7> we get

t?(m?2-2
U= = Ui - 4 =

This proves the equivalence @f) with (k) and(:). The proofs of the other equiv-
alences are similar.

The synthetic proof of the implicatiofn) = (k) uses the right-angled triangles
AHN, andBGN, t0 getANS = (a+b+$)2+ < andBN? = (4 +b+c)>+ %
Butb? = 2acimpliesANZ + BN{ = 3AB”.

Leta' = % etc. For the implicatioia) = (¢), from the isosceles right-angled
trianglesABN, ACN;, BDN, we getNN?2 = (b 4+ ¢)* andNNZ = (d’ + V).
Butb? = 2acimpliesNN? + NNj = ;AB?. 0

In the following theorem we also use the poiffs, No, N3 and Ny. However,
we do not use the functiop.

Theorem 7. The following statements are equivalent.
@ m=+?2,
() [NiNo| =]AN|, (') |N3N4| =[AN]|, (") |NiN2| = |N3Nyl,
(K) |N1Na|? + |[NoNs|? + [NsNy|* + |[NyNi|* = 2| ABJ%.

2,2( 2
Proof. For (a) < (j), we easily getN, No|> — [AN|? = 2”7(97;"2)

Since the coordinates é@f; and N, are (Mﬂ’ %) and (@, @)

n
872 t2(m? — 2)(v? + 2?)

| N1 Na|? 4 | No N3 2+ | Ny Nu|>+ [Ny N1 [2—2 | ABJ? = o

This shows thata) < (k).
Note that by projectingBC' orthogonally on toAN, we obtainN Ny, and its

length is B¢ f Similarly, [NNy| = ’i‘}’ The fourth vertex of the rectangle with

sidesNN;, NN, is the pointM; used later in the paper. Hen¢& M| =
N1 N3| = (a) = (o) in Theorem 9 below. O

Notice that N1 N3|? + |N3 N; |2 + |NjNy|? + |[NyN1|? = 2|AB|? if and only
if m=1.
LetNs = A® D, Ng=C& B,N; = A® D' andNg = C' @ B.

Theorem 8. LetU; = ¢(AN5, BNg), Vi = p(AN7, BNg),
Un = SO(GN65HN5)1 Vin = SO(G/NS,H,N7) and

U, = @©(NNs, NNg), V,, = ¢(N N7, N Ng).

The following ten statements are equivalent:

(@ m= \f

O U=35 () Vi=35 (") U=V,

(M) Un=% (M) V=3 M) Upn="Vn,

() U,=3, () Voa=3, (") Up="Va
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Proof. SinceN; = (‘3’52, —7'(119+z)> and N = <§, W) , we obtainU, —

2 m2— . . .
L (2192 2) . This shows the equivalence @f) and(¢). The other equivalences

1
2
have similar proofs.

In order to prove the implicatiofw) = (¢) in synthetic fashion, from the isosce-
les right-angled triangled D N5 and BC Ng, we getANZ + BNZ = AL®  BE®
$AB?. O

Let \s = 3(51%)12;1). The equalityp(G,Ng, H,N5) = X, is true if and only

if m = /2. In fact, this is the first equivalence from another similar group that
involve pointsGs and H.

N3

Figure 5. Points\/; andM> in Theorem 9.

The next theorem uses the centers of squares on the segfBriand C’'D’.
LetM; =C@®DandM; =C"g¢ D'.

Theorem 9. LetU, = |N M| — |AN|, V, = |[N My| — |AN|,

Up = (p(MlNl, MlNQ) andV;) = QO(MQNg, M2N4) (see Figure 5)

The following statements are equivalent:

(@ m=v2,

(o) U,=0, (@) V,=0, (o) U,=1V,,

® Up=35 @) V=3 @) U=V,

Proof. SinceM; = (%, —%%), the differencg M N|? — [AN|? is %.
Similarly, |[MyN|? — [MiN|? = %. This shows thata) < (o) and
(a) < (0"). The(a) = (o) is proved also as follows.

—_
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From the right-angled trianglé&v Ny M, since% = ac, we getNM? =
(@ +V)P+ W+ =d?+024+c2+ab+be=(d +V+) =NA2 O
For any pointX in the plane, le(G{, G2, G3, G4, G5 andGg denote the cen-
troids of the trianglesiC X, CDX, DBX, AC'X,C'D'X andBD’'X
Theorem 10. Leth = QO(GQGl, G2G3) anqu = ¢(G5G4, G5G6).
The following statements are equivalent:
@ m=+2,
@ U=35 @) Vo=35, @) U=V,
Proof. If X = (z,y), then the pointg7;, G» andG3 have the same ordinatg
while their abscissae ag — %, 2 4 2rugndg + M It follows that
Uy — % = #(m2-2)

- 2) that provega) < (q).
The implication(b) = (¢) could be proved as follows. Ldtdenote the mid-
point of the segment’D. A dilatation with centelC' and scale facto? mapsGI

on to AD, thusGI = £2; similarly HI = BC. Hencep(GI,HI) = 1. On the
other hand, a dllatatlon with centéf and scale factod mapsG1Gs on toG1,
thusG1G2 = 2GI; similarly G3G2 = 2HI. HenceU, = §. O

Let U andV be the midpoints of the segmer€”’ andDD’.

Theorem 11.LetU; = ¢(NU,NV), U, = ¢(OU,OV) andV; = ¢(NgU, N5V').
The following statements are equivalent:

@ m=v2,

(s) Us=1,

N U=3 ) Vi=3 ) U=V.

rT\uv Z2 rTr\uv— 22
Proof. Since abscissae &f andV are ( n;; ) and ( ), we getU; — 1 =

U 1 _ t2v2(m2—2) Thi

t— 5= gz - This proveqa) < (s) and(a) < (t). O
Theorem 12. LetW =U gV, U, = |[WO| — 'AB‘

Uvijy = ¢(WN;, WN;) fori € {1,3} andj € {2 4} andU,, = (W*N,WN).
The following statements are equivalent:

@ m=v2

(U) Uu =0,

(W) Uw =1,

(x) the linesiW N7 andW N, are perpendicular,
(y) the linesiW N3 andW N4 are perpendicular,
(Vi) Uyij) =3 fori e {1,3}andj € {2,4}.

Proof. Since the coordinates of the poifif is the pair(rnuﬁ , —19> we get that

P22 02 (m2— )
WOl? - 2%#. This provega) < (u).

For the equwalencea) < (x), note that the line$V’ N; andWW N, have equa-
tions

(2 =ma+(z*=9y=A and  (m®—nx—(m* -9y =pu,
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where A and 1 are real numbers. These lines are perpendicular if and only if
2v z(m? — 2) is zero. a

LetK1 =B® N, Ko =No® A, K3=B® N3, Ky =Ny A. These points
can be defined more simply. They all are at the same highit @amnd vertically
above the point#Vg, N5, Ng, N7, respectively.

Theorem 13. LetA = £ + /2, U, = p(A'K>, B'K1) andV, = p(A'K4, B'K3).
For the statements

@ m=v2,
(2 U.=X (Z) V.=
we havega)=-(z) and (a)=(Z)).

Proof. Since K5 and K; have abscissae% and%, we conclude thakh — U, =

(Am )02 —28)2m(z20) (3242 0)lm=V2) - When(a) is true, then this difference
is zero. The proof o(a) (2') is similar. O

LetK =P A, L=P¢B ,S=PpA" T=P& B".

Theorem 14. LetA = 1 + 2, U, = p(AK*, BL) andV,, = p(AS, BT*).
The following statements are equivalent:

(& m=v2,

(@) Uy=2XA (o) Vo=

Proof. Since(’”(i;f 2, —’"(”nﬁ")) and(’”(”n”;f), (tnff")) are the coordinates of
the pointsK™* and L, we get that\ — U, is equal to( +v2)(m Qi)(m” v2) St
follows from Theorem 18 that the same holds ¥Qr. O

Let Sy, T, Sy andT, denote the midpoints of the segmerts”, B'D, A'C’
andB’'D’. Note that(a) implies that

SO(GSSM HSTl) = QO(GISS% H;TQ) - %
Theorem 15. Let AL =1+ ﬁ,
Ug = (,O(NS1,NT1), VB == @(NSQ,NTQ),
U,y = QD(N*Sl, N*Tl), V’Y = (p(N*SQ, N*Tg),
Us = ¢(0S1,0T1) andVs = p(0S,, OTs).
Consider the statements
(@ m=v?2,
(B) Us=Xy, (B) Ve=Xy, (B") Us=Vs,
(v) Uy= )‘—- ") Vy=2A, ") Uy=1V,,
(0) Us=3% (&) Vi=3 (&) Us="V
The foIIowmg are true:
(i) The statement&), (5”), (7") and(6”) are equivalent.
(i) (a) implies each of the statemerifs), (5'), (7), (v/), (§) and(&').
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Proof. For the implication(a) = (9), from the right-angled triangle®G.S; and
OHT, and Theorem 3, we get that the sas? + OT? is equal ta OG? + G'S?) +

(OH? + HT2),i. e.,t0(0G? + OH?) + 482 — 1 A2, O

For pointsX andY, let g}/( be the reflection of the poinX in the pointY". Let
Q:QE,R:‘Q%’Q/:QQ,R/:Q%
Theorem 16. LetU. = ¢(A’Q, B'R) andV. = p(A'Q’, B'R’).
Consider the statements
(@ m=v2,
(e) U.=5, () Vo=5, () U:=V..
The following are true:
(i) The statement&), (¢”) are equivalent.
(ii) (a) implies each of the statemerjts and(¢’).

Proof. SinceQ = (%, 0) andR = (W,O), we get thab — UL

is equal to”™=20+22) From this we conclude thét) = ().

From the right-angled triangle$A’Q and BB'R, we get thatd’Q? and B’ R?
ared(a +b)? + A’ A2 and4(b + c)? + B’ B%. By adding we conclude from (1) that
U. = 5. Also, we havep(N5Q, NgR) = 5 andp(AQ, BR) = 4. O

3. Common properties for all ratios

Of course, there are many properties that hold for all ratiosThe following
are two examples of such properties.

Figure 6. Common orthocenters in Theorem 17.



146 Z. Cerin

Theorem 17. (i) The trianglesAD P and BC P have the same orthocenter that
lies on a circle with the segme6tD as a diameter.

(i) The trianglesAD’P and BC'P have a common orthocenter. It lies on a
circle with the segmeni’ D’ as a diameter.

Proof. The orthocenters of the triangletD P and BC' P both have coordinates

ru 2mrt?
v v

If Ky isthe midpoint of the segme6tD andl is the orthocenter of the triangle
ADP, then|CKy|? — |KoLo|? = 0 so thatL, lies on the circle with the segment
CD as a diameter. O

Theorem 18. The equalities
©(AK,BL*) = ¢(AS*,BT) and ¢(AK",BL)= ¢(AS,BT")

hold for all pointsP on the circle and every ration.

Proof. Both ¢(AK, BL*) andp(AS*, BT) have the valué%)?rl while both
»(AK*, BL) andp(AS, BT*) have the valud™ 1+, O

4. Some other interesting ratios

Our last result is different because in it some other ratios besjd@eappear.
This has happened already in a comment following the proof of Theorebeto.
A=1-2.

Theorem 19. The ratiom is eithery/2 or 2 + /2 if and only if for every poini®
on the circle the equalitieg(AK, BL*) = X and/orp(AS*, BT') = X hold.

mv ' muv muv muv

the pointsK and L*, we get that\ — p(AK, BL*) will factor out as the quotient
(1_ﬁ)(m_\/§2)(m_2_ﬁ). The same is true fop(AS*, BT) by Theorem 18. [

2m

Proof. Since (—M M) and (M m) are the coordinates of

Conclusion Fermat conjectured that) =- (b) and Euler proved this. We
added(v'), (v), (¢),...,(¢") and discovered here that many are equivalent. Also,
in related papers, we consider how to replace the circle with an arbitrary and
propose the space versions for the sphere and some other susiee¢2]( [3], [4]
and [5]).
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Jigsawing a Quadrangle from a Triangle

Floor van Lamoen

Abstract. For an acute-angled triangleBC, we construct two isotomic points
P and@ on BC and P’ and@’ on AB and AC respectively, such thad PP’
andCQQ'’ are right triangles which, when rotated abdtitand@’ respectively
through appropriate angles fit withP’ @’ to a quadrangle with a new fourth
vertexA’. We show thatd A’ passes trough the circumcené@r

Given an acute-angled triangeBC consider the construction of a pair of iso-
tomic pointsP and@ on the sideBC (with BP = QC < % - BC) such that the
perpendiculars tBC at P andQ intersectAB and AC' at P’ and @’ satisfying
P'Q' = PP + QQ .

A

P’

B ¢ P D Q ¢ c
Figure 1

If we put BP = QC = t,thenPP’ = t-tanB, QQ' = t - tanC, and

P'Q" = t(tan B + tanC) = %. Applying the law of cosines to triangle
AP'Q’, we have

2 2
t t t t
(C_ cosB) +<b_ cosC) 2 (C_ cosB) (b_ cos C

Clearing denominators and rearranging terms, we have

1—cos? A
A=t -5 2
) o8 cos? B cos? C

(1 — cos* A — cos® B — cos® C' + 2 cos A cos B cos C)t?
+2cos Bcos C(bcos B 4 ccos C — acos A)t — a® cos® Beos>C = 0. (1)

Publication Date: September 10, 2013. Communicating Editor: Paul Yiu.
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Making use of the following identities
bcos B+ ccosC —acos A = 2acosBcosC,
1—cos? A—cos? B—cos?C = 2cos AcosBcosC,
we rewrite (1) as
4t% cos A + 4at cos B cos C — a® cos Bcos C = 0 (2)

after cancelling a common factoss B cos C. Writing x = § —t, or 2t = a — 2,
we have

(a — 2x)? cos A + 2a(a — 2z) cos Bcos C' — a* cos Bcos C = 0
422 cos A — 4ax(cos A + cos B cos C) + a?(cos A + cos Bcos C) = 0
42% cos A — daxsin BsinC + a’sin BsinC = 0. (3)
From this,

asin BsinC — a/sin Bsin C(sin Bsin C' — cos A)
2cos A
asin Bsin C' — ay/sin B cos B - sin C cos C
= 5 eos A (4)
COS
Applying the law of sines to triangld BC', with b = 2Rsin B andc = 2Rsin C
for the circumradiug?, we have

2£ 2R sin Bsin C' — 2R+/sin Bsin C - cos B cos C

a 2R cos A
_ bsinC —+Vbcos B - ccosC
N 2R cos A
_ AX -VBX-XC AX-X1X AX,
2Rcos A N AH - AH’

where H is the orthocenter of triangld BC, and the altituded X intersects the
semicircle with diameteBC at X, (see Figure 2). This leads to the following
construction of the trapezoiBQQ’ P'.

Let O and G be the circumcenter and centroid of triangl3C, and D the
midpoint of BC.

(1) Construct the semicircle with diametBIC' (on the same side of) to inter-
sect thed-altitude atX;.

(2) Construct the liné(;1 G to intersecO D at Xs.

(3) Construct the parallels © B andOC through X5 to meetAC in P and@
respectively.

(4) Construct the perpendiculars B at P and( to intersectAB and AC' at
P’ and(Q’ respectively.

These points satisfP P’ + QQ' = P'Q’.

Proof. In Figure 2,

OD  BD a AH®

XQD_PD_QZC_AXl
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b

X1

B t P X D Q t c
Figure 2.

SinceAH = 2-0D, we haveAdX; = 2- XoD,andHX| = AH — AX; =
2-0D —2-X5D =2-0X,. From this it is clear thak; X passes through the
centroidG which dividesH O in the ratioHG : GO = 2 : 1. O

We rotate trianglé3 P P’ aboutP’ and triangleC QQ’ aboutC' so that the images
of P and@ coincide at a point o®’@Q’. Then the images aB andC coincide at
apointA’.

A

Figure 3.

Consider the quadrilaterad P’ A’Q’. Note that/Q'A’'P' = /B + ZC, so that
the quadrilateral is cyclic. Hence,

JQAA = /Q'P'A' = /PP'B = g ~B.

This means thatl A’ passes through the circumcentepf triangle ABC.

By symmetry, if we perform similar constructions on the side$and A B, and
obtain pointsB’, C’ corresponding tal’, the linesB B’ andC'C’ also pass through
the circumcente©, as doesA A'.
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Pedal Polygons

Daniela Ferrarello, Maria Flavia Mammana, and Mario Pennisi

Abstract. We study the pedal polygoH: H - - - H,, of a point P with respect
to a polygonP, where the pointd{; are the feet of the perpendiculars drawn
from P to the sides ofP. In particular we prove that iP is a quadrilateral
which is not a parallelogram, there exists one and only one goifur which
the pointsH; are collinear.

1. Introduction

Consider a polygonl; A5 - - - A, and call itP. Let P be a point and le#; be the
foot of the perpendicular fron® to the lineA; ;1,7 =1,2,...,n (with indices
i taken modula2). The pointsH; usually form a polygorf{; Hs - - - H,,, which we
call thepedal polygorof P with respect td, and denote bH (see Figure 1). We
call P thepedal point See ([2, p.22]) for the notion of pedal triangle.

H2 A2

Figure 1

In this article we find some properties of the pedal poly&bof a point P with
respect taP. In particular, wherP is a triangle we find the point® such that
the pedal triangld is a right, obtuse or acute triangle. WhBris a quadrilateral
which is not a parallelogram, we prove that there exists one and only amie/po
for which the pointsH; are collinear. Moreover, we find the poingfor which
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the pedal quadrilaterdl of P has at least one pair of parallel sides. We also prove
that, in general, there exists one and only one pedal point with respedtitth w
H is a parallelogram. In the last part of the paper, we find some properttags of
pedal polygorH in the general case of a polyg@&hwith n sides.

2. Properties of the pedal triangle

Let P be a triangle. The pedal triangle of the circumcentePdt the medial
triangle of P; the one of the orthocenter is the orthic triangleRyf the one of
the incenter is the Gergonne trianglelf(i.e., the triangle whose vertices are the
points in which the incircle oP touches the sides @).

Theorem 1. [2, p.41]If P is a triangle, the pointdd; are collinear if and only if
P lies on the circumcircle oP.

The line containing the point#l; is called Simson lineof the point P with
respect t@ (see Figure 2).

Figure 2.

Theorem 2. [1, p.108]The pointd for which the pedal trianglé# is isosceles are
all and only the points that lie on at least one of the Apollonius circles astautia
to the vertices oP.

The Apollonius circle associated to the vertéxis the locus of pointgd” such
that PA;11 : PAjro = AjAi4o @ A;A;41. The three Apollonius circles are
coaxial and they intersect in the two isodynamic points of the triaRglg and/,.
Therefore the isodynamic points d? are the only points whose pedal triangles
with respect t@ are equilateral(see Figure 3).
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Figure 3

We will find now the pointsP whose pedal triangle is a right, acute, obtuse
triangle. LetP be a point (see Figure 4) and ldtA; 1 = a;10, PA; = x5,
H;H; .1 = hijys. Since the quadrilateral; H; PH; o is cyclic, h; = z;sin A4; ([2,
p.2]).

Figure 4
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By the Pythagorean theorem and its converse, the pedal trianglésafight in
H; if and only if
2
By the law of sines, this is equivalent to

22 2 9 2 9
a;T; = Qi 1T + Qi aTis. (1)

2?2 sin® A; = x?_H sin? A1 + 33224_2 sin? Aiyo.

This relation represents the locysof points P for which the triangleH is right

in H;. Therefore, the locus of point8 whose pedal triangle is a right triangle is
~v1 U~y U~3. Observe that; contains the pointgl;, ; and A;5; moreover;y; and
~;+1 intersect only in the point,; .

We verify now thaty, is a circle. Set up an orthogonal coordinate system such
that A, = (1,0) and A3 = (—1,0); let A; = (a,b) and P = (z,y). The relation
(1) becomes:

A((z=a)*+(y=0)*) = ((a+1)*+0°)((x—1)*+y°)+((a—1)*+b%) ((a+1)*+¢?).

Simplifying, we obtain the equation of a circle:

(a® + 0% — 1)(2? + y?) + 4by — (a®> +b* — 1) = 0.

Moreover, it is not hard to verify that the tangents to the circumcircl® of
the pointsA, and A3 pass through the center of.

Analogously the same holds fos and~s;. We can then state that is a circle
passing through the point;; and A;»; the tangents to the circumcircle Bfin
the pointsA;,; and A; 5 pass through the centél; of ~;; moreover;y; and~; 41
are tangent iM; ;. Then, if C;C3C5 is the tangential triangle ofl; A3 A3, ; is
the circle with cente€’; passing through;_; and A, (see Figure 5).

Figure 5

Observe that, by the law of cosines, the angléljrof the pedal triangle of is

obtuse if and only if:

2 2 2 2 2 2
a;xy > ;4T + AT o,
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i.e., the pointP lies inside the circley;. Thus, we have established the following
theorem.

Theorem 3. The pedal triangle of a poinP is

(a) aright triangle if and only ifP lies on one of the circles;,

(b) an obtuse triangle if and only P is inside one of the circles;,
(c) an acute triangle if and only iP is external to all the circles;.

3. Properties of the pedal quadrilateral

Let P be a cyclic quadrilateral. The pedal quadrilateral of the circumcenter of
P is the Varignon parallelogram @&, and the one of the anticenter ([6, p.152]) is
the principal orthic quadrilateral @ ([5, p.80]).

Let P be a tangential quadrilateral. The pedal quadrilateral of the incenier of
is the contact quadrilateral &f, i.e., the quadrilateral whose vertices are the points
in which the incircle ofP touches the sides &?.

For a generic quadrilateral, we consider the problem of finding the |pedats
for which the pointsH; are collinear.

It is easy to verify that if® has only one pair of parallel sides, there is only one
pedal pointP for which the pointsH; are collinear. P is the common point to
the lines containing opposite and non parallel sideB ofnd the pointdd; lie on
the perpendicular fron® to the parallel sides dP. On the other hand, iP is a
parallelogram, there is no point with respect to which the pdifjtare collinear.

Figure 6

Suppose now thd® is a quadrilateral without parallel sides (see Figure 6). Let
As be the common point to the line$; A; and A3 A4, and Ag the common point
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to A, A3 and A1 A4. Consider the four triangled; A Ag, As A3As, A3A4Asg,
A1 A4 A5, and letCy, Cs, Cs, C4 be their circumcircles, respectively.

If the pedal pointP lies on one of the circle§;, then, by Theorem 1, at least
three of the pointg1; are collinear. It follows that the four poinfg; are collinear
if and only if P lies in everyC;. The four circles are concurrent in the Miquel
point of the quartet of lines containing the sidesko{[3, p.82]). Thus, we have
established the following theorem.

Theorem 4. If P is a quadrilateral, that is not a parallelogram, there exists one
and only one pedal point with respect to which the pofitsare collinear.

We call this point theéSimson poinof the quadrilateraP, and denote it bys.
We call theSimson lineof P the line containing the point&;. Observe that the
points H; determine a quadrilateral if and only# ¢ C; U Co U C3 U Cy.

Theorem 5. If P is a quadrilateral which is not a parallelogram, the reflections of
the Simson point with respect to the lines containing the sidé&s arfe collinear
and the linef containing them is parallel to the Simson line.

Figure 7

Proof. The theorem is trivially true iP has one pair of parallel sides. Suppose that
P is without parallel sides (see Figure 7). Ugt, i = 1,2, 3,4, be the reflection

of S with respect to the lined; A;,1. The pointsS, H; and K; are collinear and
SH; = H;K;, thenkKj is the image of{; under the homothety(S, 2). Then, since
the pointsH; are collinear (Theorem 4), the poirk§ are also collinear. Moreover,
the line/ containing the pointé(; is parallel to the Simson line @. O
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Conjecture. If P is a cyclic quadrilateral without parallel sides, the lihpasses
through the anticentdtl of P, and the Simson line bisects the segmeht.

Figure 8

The conjecture was suggested by using a dynamic geometry softwat€idsee
ure 8). However, we have been unable to prove it.

If P is a cyclic quadrilateral with a pair of parallel sides, tieiis an isosceles
trapezoid. The liné coincides with the Simson lingég., the line joining the mid-
points of the bases @, and passes through the anticentePofIn this case the
Simson line contains the segmentd .

We now find the points” whose pedal quadrilaterals have at least on pair of
parallel sides.

If P is a parallelogram, then the poinis whose pedal quadrilaterals have at
least one pair of parallel sides are all and only the points of the diagohRls o

Suppose now tha is not a parallelogram. We prove that the locusha point
P whose pedal quadrilateral has the sidds H, and H, Hs parallel is the circle
A1 A3S (see Figure 9).

First observe that' is a point with respect to whorf{; H, and H, H3 are par-
allel because the pointH; are collinear. Set up now an orthogonal coordinate
system such that; = (—1,0) and A3 = (1,0); let A = (a,b), A4 = (¢,d) and
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P = (z,y). If H Hy andH, Hs are parallel, the® lies on the circley of equation:
(hd + kb)z? + (hd + kb)y* — (hk — 4bd)y = hd + kb,

whereh = a? + b> — 1 andk = ¢ 4+ d® — 1.
Note that the pointsl; and A3 are onry, and- is the circleA; A3S.

Figure 9

Analogously we can prove th#ite pointsP whose pedal quadrilateral has the

sidesH, H, and H3H, parallel is the circleA;A4S. Therefore we have estab-
lished the following theorem.

Theorem 6. The pointsP whose pedal quadrilaterals have at least one pair of
parallel sides are precisely those on the circkgAds.S and A>A4S.

Figure 10

In general, the circlesl; A3S and A3 A4S intersect at two points, the Simson
point S and one other poinP* (see Figure 10). The pedal quadrilateralff is
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a parallelogram. We calP* the parallelogram pointof P. Observe that iP is a
parallelogram the parallelogram point is the intersection of the diagon&ts of

If P is cyclic, the pedal quadrilateral of the circumcerteof P is the Varignon
parallelogram ofP. Therefore, the parallelogram point Bfis O. It follows that
if P is cyclic, the Simson point is the intersection point of the cireled;O and
A9 A40, other thanO.

4. Some properties of the pedal polygon

Let P be a polygon withn sides. Consider the pedal polygdh of a point
P with respect toP. We denote byQ,; the quadrilateralPH; A; 1 H;.1, for
i=1,2,...,n. Since the angles i#/; and in H;; are right,Q; cannot be con-
cave.

Lemma?. If ABCD is a convex or a crossed quadrilateral such taBC and
C DA are right angles, then it is cyclic. Moreover, its circumcenter is the midpoin
of AC' and its anticenter is the midpoint & D.

Figure 11

Proof. Let ABC'D be a convex or a crossed quadrilateral witBC andC DA

right angles (see Figure 11). Then, it is cyclic with the diagoh@l as diameter.
(When it is a crossed quadrilateral it is inscribed in the semicircle with diameter
AC). Then its circumcenteaD is the midpoint ofAC.

Consider the maltitudes with respect to the diagoalsand BD. The malti-
tude througlO is perpendicular to the choid D of the circumcircle, then it passes
through the midpointd of BD. But also the maltitude relative tdC' passes
through H. Then, the anticenter of the quadrilateralHs Note that the malti-
tudes of a crossed quadrilatetdBC D are concurrent because they are also the
maltitudes of the cyclic convex quadrilater&” BD. O
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By Lemma 7, the quadrilateralg, are cyclic. Denote by); and A; the cir-
cumcenter and the anticenter@f respectively. We calD,0- . .. O,, thepolygon
of the circumcentersf P with respect toP and denote it byP.(P). We call
AL AL ... Al thepolygon of the anticentersf P with respect taP and we denote
it with P, (P).

Theorem 8. The polygorP.(P) is the image oP under the homothety (P, 3).

Proof. By Lemma 7, the circumcentér; of Q; is the midpoint of4; P (see Figure

12 for a pentagot). O
Ay
H
01 H5
A2 02
As
Os
Oy
o
Hy . Ha
Az Hs Ay
Figure 12

Note that by varyingP the polygonsP.(P) are all congruent to each other (by
translation).

Theorem 9. The polygonP,(P) is the medial polygon oH, with vertices the
midpoints of the segments H; ., fori =1,2,... n.

Figure 13
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Proof. By Lemma 7, the anticentet] of Q; is the midpoint ofH; H; 3 (see Fig-
ure 13 for a pentagon). O

Corollary 10. (a)If P is a triangle,P,(P) is the medial triangle oH.
(b) If P is a quadrilateral P, (P) is the Varignon parallelogram dfl.

Theorem 11. If H is cyclic, the Euler lines of the quadrilaterald; are concurrent
at the circumcenter o .

Proof. The Euler line of the quadrilater&); passes through the circumcendr
of Q; and through the anticente¥, of Q; , that is the midpoint off; H;. 5, then it
is the perpendicular bisector of a sidelf(see Figure 14 for a quadrilateral)J

Figure 14

Corollary 12. If P is a triangle, the Euler lines of the quadrilateral®; are con-
current at the circumcenter & (see Figure 15)

Remark.If P is a quadrilateral an# is not cyclic, the Euler lines of the quadri-
lateralsQ; bound a quadrilateral affine H ([4, p.471]).
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Special Inscribed Trapezoidsin a Triangle

Nikolaos Dergiades

Abstract. We give a generalization Floor van Lamoen’s recent result on jigsaw-
ing a quadrangle in a triangle.

1. Construction of an inscribed trapezoid

This note is a generalization of a recent result of Floor van Lamoen [1].

For an arbitrary pointd’ on the sideBC' of a given triangleABC, we want
to find on BC' two points P, P’ isotomic with respect t& andC' such that the
parallels fromP, P’ to AA’ meet their closest side$B, AC at the pointgQ, Q'
and we have in the trapezoigP P'()’,

QQ' =rQ+rQq. )

Figure 1.

Let A; be the midpoint ofBC. The parallel fromA4; to AA’ meetsQQ’ at its
midpoint A,, the line AB at )1, and the parallel fronB to AC at a pointS;.
The symmetric of)’ in A; is the pointS, the intersection 0BS; and@QP. Since
A1Ay = PQ%P'Q' = QTQ' the triangle4,; QQ’ is right angled, and the same holds
for the triangleA;QS. The parallel fron); to Q A; meets the lineBC at a point
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D and from£5- = £5 = 241, we conclude thaD, is parallel to4, 5. Hence

angle@: DS is aright angle and the poiifi? lies on the circle with diametet;, Q1 .
This leads to the following construction.

Figure 2.

Construct
(1) the parallel fromA; to AA’ to intersect the linel B at(; and the parallel from
Bto AC at Sy,
(2) the circle with diamete€), .51 to intersectBC at the pointD such thatA; is
betweenB, D,
(3) the parallels fromA; to D@, and DS; to intersectAB at Q and AC' at Q'
respectively,
(4) the parallels td A’ from @ and@’ to intersectBC at P and P’ respectively.
The pointsP, P’ are isotomic with respect tBC, and the trapezoid PP’ Q’
satisfies (1) (see Figure 2).

2. Anintersting property

Rotate triangl€) B P about() to QA” P” with P onQQ’. SinceQ'P" = Q'P’
and P'C = BP, a rotation abou’ will bring triangle Q"CP’' to Q"A” P". The
linesQP"” andQ A" are the reflections a) B andQP in the bisector of angl€)
of triangle AQQ’. SinceQP is parallel toAA’, the lineQ A” contains the isogonal
conjugate of the infinite point ofiA’ in triangle AQQ’. For the same reason,
the lineQ’A” also contains the isogonal conjugate of the same infinite point. It
follows thatA” is this isogonal conjugate, and it lies on the circumcirclel¢fQ’
(see Figure 3).
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Figure 3.

In particular, if AA’ is an altitude of triangleA BC, then the lineAA” passes
through the circumcenter of the triangle.
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Gossard’s Per spector and Proj ective Consequences

Wiladimir G. Boskoff, Laurentiu Homentcovschi, and Bogdan D. Su&eav

Abstract. Considering as starting point a geometric configuration studied, among
others, by Gossard, we pursue the projective study of a triangle in ttlel&an
plane, its Euler line and its nine-point circle, and we relate Pappus’ Thetore

the nine-point circle and Euler line.

1. Introduction

The relative position of Euler’s line with respect to the sides of a triangle has
raised the geometers’ interest since the very first paper on this topichheb
Euler’s classical work [10].

In 1997, problem Al from the W. L. Putnam competition explored the case
when Euler’s line is parallel to one of the sides of a triangimer. Math. Monthly
published Problem 10980 proposed by Ye Zhong Hao and Wu Wei Gitaase
statement is the followingConsider four distinct straight lines in the same plane,
with the property that no two of them are parallel, no three are concurrand
no three form an equilateral triangle. Prove that, if one of the lines is paradiel
the Euler line of the triangle formed by the other three, then each of the foen giv
lines is parallel to the Euler line of the triangle formed by the other thrée the
Editorial Comment following the solution of problem 10980 (see vol. 1114200
pp.824), the editors have pointed out the meaningful contributions to theyhisto
this problem, especially Gossard’s presentation at an A. M. S. corfeiari9ls.

A generalization from 1999, given by Paul Yiu, is mentioned in [13].

In the Bulletin of the A. M. Sfrom 1916, we find O. D. Kellogg's report on
Gossard’s 1915 talk at the AMS Southwestern Section Conferenc§l&geAs
far as we know, Gossard’s paper has not been published, althoughomefrom
the report what he proved and what methods he used. The summanyglshed
by the Bulletin, is the following: "Euler proved that orthocenter, circumcenter,
and centroid of a triangle are collinear, and the line through them has reckilke
name Euler line. He also proved that the Euler line of a given triangle together
with two of its sides forms a triangle whose Euler line is parallel with the third side
of the given triangle. By the use of vector coordinates or ordinary ptojecoor-
dinates, Professor Gossard proves the following theorem: the three Hudsrof

Publication Date: October 15, 2013. Communicating Editor: Paul Yiu.
The authors express their thanks to Alfonso Agnew for his usefulesigms on this work.
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the triangles formed by the Euler line and the sides, taken by twos, of a giaen tr
gle, form a triangle triply perspective with the given triangle and having the same
Euler line. The orthocenters, circumcenters and centroids of these immytes

are symmetrically placed as to the center of perspective.”

Our goal in the present note goes beyond providing elementary paratsese
facts, and aims to explore the deeper geometric meaning of a phenomenaon see
the above mentioned results. Application 1 is Ye and Wu'’s problem. Applications
3 and 4, proved below, are just particular cases of Application 1. Bitbpo 1 is
Gossard result from 1916, with a different proof. Furthermore, tigiral tools
in Gossard’s work were ordinary projective coordinates. That's Whyould be
natural to explore from a projective viewpoint the geometric structurerig by
Euler’s original contribution, which made the substance in Gossardk.othe
last part of our paper, we discuss the projective viewpoint on thewelptsition
of the Euler line and the three lines forming a given triangle. We will show how
Euler’s line can be regarded as the axis of a projectivity between two sfdes
triangle. This result was also proved by D. Barbilian (see [4]), andpeaps in
a note unpublished during Barbilian’s life. The result is presented belovuiin
Proposition 4. We have been able to reconstruct the context of Barbiliaork
and we have obtained incidence results that complete the discussion ord Ye an
Wu’s problem.

Finally, with Propositions 3 and 4, which as far as we know appear fortste fi
time here, we extend the projective analysis on this geometric strudtarea(
triangle, its Euler line and its nine-point circle) and will relate Pappus’ Témao
the nine-point circle and Euler line. We also study the parallelism of Eulegs lin
with one of the sides of the triangle from the projective viewpoint. In conciysio
one of the most important consequences of our investigation is that weblare a
to better understand the geometric connections between Euler’s line anddhe n
point circle using projective methods. Our geometric motivation was the belief
that beyond the synthetic and analytic methods, one can fathom the entihe dep
of a geometry problem by understanding the projective backgroundceftain
geometric structure.

2. Synthetic and analytic viewpoint

First, we prove a Lemma which will become our main tool of investigation. This
Lemma was inspired by Ye and Wu'’s problem. Consider the Euclidean plahe an
a Cartesian frame. Let, B, C be three arbitrary points in the Eulcidean plane.

Lemma 1. Denote bym g the slope of Euler’s line ilM ABC and bymy, ms, ms
the slopes of the lineBC, AC, and AB, respectively. Then

mimsg + mgmy + moms + 3

mgp = .
mi1 + mg + m3 + 3mimaoms

Proof. Measuring the slope of the angle betwdsf and the Euler’s line oA ABC,
we have (see Figure 1):
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A
H
s o
B M N c
Figure 1
mi — mg HS AM — AH — ON
—— = tanZ(HOS) = =
Tt mymg - en4HOS) =g BN — BM

2Rsin BsinC — 2R cos A — Rcos A
Rsin A — 2Rsin C cos B

2sin Bsin C' + 3 cos(B + C)

sin(B 4+ C') — 2sin C cos B

3cos BcosC —sin BsinC

sin B cosC — sinC cos B
3 —tan BtanC

tan B — tan C'
Replacing in the last relation the following expressions

ma3 — my mi1 — My
tanB = —, tanC = —
14+ myims 1+mimag
we get the equality
g — Mm3—my | mi—my
myp —mg 1+mims 14+mime
msz—mi __ mi—ma
1 + mimg 1+mims 1+mimeo

Cross-multiplying and collecting the like-terms, we obtain:
mimo +mims +mimpg + moms +mompg +msmg +3mgmimoms + 3 = 0.

Solving formg in this relation immediately yields the relation from the statement
of our lemma. 0

We should remark here that any other relative positions of the pdinf3, C
yield the same result. Now, we present several applications of this lemma.
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Application 1. (Problem 10980American Mathematical Monthlyproposed by
Ye Zhong Hao and Wu Wei Chao, 109 (2002) 921, solution, 110 (28R23)824.)
Consider four distinct straight lines in the same plane, with the property that n
two of them are parallel, no three are concurrent, and no three forrgualateral
triangle. Prove that, if one of the lines is parallel to the Euler line of the triangle
formed by the other three, then each of the four given lines is parallel tButes
line of the triangle formed by the other three.

Solution: Denote bymy, ms, mg, andmy the slopes of the four lines , ds, ds, dg4,
respectively. Suppose that Euler’s line of the triangle formed by thedines, ds
is parallel tods and has sloperg. Thenmpg = my and we get

mimeo + mims + mimg + mams + momy + mzmy + 3mgmimaoms + 3 = 0.

This relation is symmetric in any one of the slopes and the conclusion follows
immediately. O

Application 2. ConsiderAABC and AA’B’'C’ such that the measure of the ori-
ented angles between the straight line8 and A’B’, AC andA’C’, and BC and
B'C’, respectively, are equal 8. Then the measure of the angle between Euler’s
line of AABC and Euler’s line ofA A’ B'C" is alsoa.

Solution:We consider the following construction (see Figure 2). On the circum-
circle of AABC, we consider the pointd”, B” andC” such thatA” B”||A'B’,
A"C"||A’C" and B"C"|| B'C’". More precisely, we choosd4” such that the angle

(AOA")is a.
A
A/I

A’

B’
B

Figure 2

Let us consider now the rotatioRg, of centerO (O is the circumcenter of
AABC) and oriented angle. Thenm(Z(AB, A"B")) = m(£(AC,A"C")) =
m(Z(BC,B"C"))yieldsA” = R}(A), B” = R}(B), C" = R}(C). We denote
by e, ¢’ ande” Euler's lines of AABC, AA’B'C’, and respectivel\AA” B"C".
ThenAA”B”C" is obtained by rotating\ ABC aboutO by a. Thus, all the ele-
ments of AABC rotate abouD. This meang” = R (e), or m(Z(e,€")) = a.
Since the slopes satisfy the following equalities, gr = mag, mancr =



Gossard’s perspector and projective consequences 173

marcr, andmpren = mpicr, thenmer = mys, which actually meanm(z(e, 6,)) =
. g

Remark.Let AABC andA A’ B'C’ be two triangles with the propertyB_L A’ B’,
ACLA'C', BCLB'C'. Thenthe Euler lines of the two triangles are perpendicular.

We can prove this Remark directly from Lemma 1. However, we can also pro-
vide a direct argument for its proof. Denote hyj, m/,, m/, the slopes of the side
and bym/;, the slope of Euler’s line oA A’B'C’. Then

= mimé + mhm) + mymf + 3
= —

?T;(m)?mﬂ) () () +8
(m) + () = (o) 3 (o) (=) (=)

m1 + mo + ms + 3mimams

mimeo + msgmi + momsg + 3
1

Ty
This proves that the two lines are perpendicular.

Application 3. In the acute trianglel BC, Euler’s line is parallel taBC' if and only
if tan Btan C = 3.

Note: In [17], it is mentioned that this problem was proposed by DadnRei.
We have discussed this application in [6]. The solution uses a direct trigetnic
argument. We present here the analytic argument based on Lemma 1.

Solution: Choose a coordinate system so thatitkexis is parallel taBC. If we
denote byn; the slope of the straight linBC, thenm = 0. Denotingms, mg, m,
the slopes of the straight line$C, AB, and Euler’s linee, respectively, we get
from Lemma 1:

momsg + 3
Me = ——.
mo + ms3
Thus, Euler’s linee of AABC' is parallel toBC' if and only if m, = 0, which
is equivalent tanoms = —3. Now we take into account that, = — tan C and
mg = tan B (or, depending on the position &fA BC, we could haven, = tan C
andmgs = —tan B). Consequentlytan B tan C' = 3. O

For an interesting connection between the formula obtained herefaand
Tzitzeica surfaces, a topic studied in depth in affine differential geonsstey[2].
For a graphical study of Tzitzeica surfaces by using Mathematica, sefedidthe
importance of Tzitzeica's surfaces in the development of differentiaingéxy at
the beginning of the 20th century, see [1].

Application 4. (W. L. Putnam Competition, 1997) A rectanglé O M F, has sides
HO =11andOM = 5. Atriangle ABC hasH as the intersection of the altitudes,
O the center of the circumscribed circlie/ the midpoint of BC, and F' the foot of
the altitude fromA. What is the length oBC ?
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Solution: Since Euler’s line is parallel t&C, by the previous application, we
havetan B tan C' = 3. This is just a consequence of the previous application. We
can continue our argument as in [14], pg.233, or [6]. Expressing3 andtan C
from trianglesABF and AF'C, respectively, we get

ha  ha

BF FC
SinceHG||BC, we haveh, = AF = 3FH = 3-5 = 15. Therefore BF - FC =
1515 — 75 Namely, we expresBC? = (BF+FC)* = (FC—BF)?*+4BF-FC.
To compute the first term in the last expression we write— BF = FM+MC —
(BM — FM) = 2FM = 20H = 22. Therefore,BC? = 222 + 4 .75 = 784,
thusBC' = 28. U

Lemma 2. Euler’s line of AABC intersects the linegl B and AC' in M, respec-
tively N. Then Euler’s line oA AM N is parallel to BC.

Figure 3

Proof. Choose a coordinate system so thatithaxis is parallel toaBC, as in Ap-
plication 3 (see Figure 3). If we denote by, the slope of the straight lin8C,
thenm; = 0. Denotingms, ms, m. the slopes of the straight linesC, AB, and
respectively Euler’s line. By Lemma 1.

_ mamg +3

me = ’
mo + ms

and the slope of Euler's line @dkAM N is

MeMm2 + Memg + moms3 + 3
Me + Mo + M3 + 3memaoms’

Mer =
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In fact, the numerator of the last expression is

Mmemsa + Mmem3 + moms + 3
= me(ma + m3) + moms + 3

B ( moms + 3

3=0.
m——— > (mg + m3) + moms +

In fact, we proved that:., = 0, which means that’|| BC. O

Application 5. Consider two triangles such th&ABC = AA'B’'C’ and they
have the same Euler’s line. ThexA’'B’'C’ is obtained fromA ABC either by a
translation, or by a central symmetry. O
Example 1.Problem 244 in [19] states the following. L&t be the orthocenter
of AABC, and O, Oy, O, the circumcenters of triangleBHC,CHA, AHB.
ThenAABC = AO,0,0, have the same nine-point circle and the same Euler’s
line. This provides us an example of two triangles that have the same Euler’s lin
(see Figure 4).

Figure 4.

Example 2Now we describe two triangles of interest that have the same Euler’s
line. ConsideA ABC' and its circumcircle€. Consider also the incircle tangent to
BC, AC andAB respectively inD, E, andF. On the straight linesll, BI, CI we
consider the excentersd,, the centers of the excircles), I, andi.. Remark that
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the circumcircle ofA ABC is the nine-point circle oA, I, 1., becaused, B, C
are the feet of the altitudes (e.d.l, L1y1.).

Iy,

Figure 5.

Thus,I is the orthocenter i\ I, 1,1, andO is the center of the nine-point circle
in Al II.. Therefore,OI is Euler’s line inAl,II~. Remark thatA DEF and
Al Iy1. have parallel sides. Therefore their Euler’s lines must be parallel (we ma
say that this is a consequence of Application 2). But the circumcentAdof F'
is the point/. This means that the Euler’s line &DFEF passes througli and,
being parallel ta) I, must beO1. O

3. Gossard’s per spector
In this section we present an elementary proof of Gossard’s resulticif&8].

Proposition 3 (Gossard, [15]) Denote bye the Euler line of an arbitranA ABC
in the Euclidean plane. Suppose thantersectsBC, AB, AC in M, N, and re-
spectivelyP. Denote byey, eq, e3 Euler's lines ofAANP, ABMN,andACPM,
respectively. Denotel’, B’,C’ the intersection of the following pair of lines:
eaNes, e1Nes, ande; Neg, respectively. TheA A’B'C’ = AABC,andAA'B'C’
has the same Euler ling and there exists a point; (called Gossard’s perspec-
tor) on the linee such thatA A’ B’C" is the symmetric oA ABC' by the symmetry
centered inlg.

The proof presented below is based on Lemma 1. Thus, we claim that it may
be more elementary than Gossard’s original proof, as it is presentedlmgl in
[15]. An important dle in the proof is played by the conditions|| BC, es|| AC,
63HAB.
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Y

4(0, 1)

€1

M B(b,0) C(c,0)

€2

Figure 6

Proof. We choose coordinate axis such that the verticea AfBC' have the co-
ordinatesA(0,1), B(b,0),C(c,0) (see Figure 4). Let be the gravity center of
AABC; thenG(b < 1) The slope of Euler’s line iM ABC'is given by

momg +3 _(—%) (—5) +3  3be+1

mo + ma —%—% b+c '

Me = —

Thus, the equation of Euler’s linegs= =, 3b°’+1 x—bc. The coordinates of the points
M, N,andP are:
be(b+ c)
M(|———
< 3bc+1 ’O> ’

b(b+c)(bc+1) 2b%c —bc® +b
< 3b2c+2b+c’ 3b20—|—2b—|—c>
c(b+c)(be+1) 2bc® —b%c+c
( 3bc2+2c+b 3b02+20+b>
The linee; passes through the center of gravity/®fi N P and is parallel taBC,
therefore it has the equation
. _ YN+ Yp+ya
(e1) y= ST
At the intersection of lines ande; we have the poinf) whose coordinates are

b+c 1
E +3b
Q<3bc+1 3B +3be). 3 )




178 W. G. Boskoff, L. Homentcovschi and B. D. Suc@av

where we have denoted by

B 2b%c —bc® + b . 2b02—bzc+c+1

© 3b%2c+2b4+c¢  3bc2+2c+b ’
The center of gravity oA BM N, denotedR, has the coordinates

(xR,yR>:(;<bC<b+C> ) b<b+c><bc+1)> | 21720—bc2+b)

3bc + 1 302¢c+2b4+c )3 3b2c+2+c

Euler's line inABM N passes througR and is parallel tcAC, thus it has the
equation

1
(e2) : y_yR:_E(x_xR)~
Denote bysS the intersection of the linesandes. We get
(3bc+ 1)(xr + cyr) — be(b + ¢)
3bc? +2¢+b ’

To emphasize the transformation by symmetry (as described in [15]), wettlatm
ys + Yp = yo + ym- This is equivalent to

(3bc+ 1) (g + cyr) —be(b+c¢)  2bc? — bc+c
3bc? +2c+b 3bc? +2c+b
1 (262c—bc2+b 2bc? —b’c+c 1)

=3\ et mre T B2t 2etb

By replacingz r andyr and simplifying the relation, we obtain the desired equal-
ity. Therefore, the segmenf®S] and [Q ] have the same midpoint. (It is not
necessary to check also thap + x5 = zg + xu, Since P, S,Q and M are
collinear.)

Denote byl the common midpoint of those two segments. As above, one can
prove thatl is the midpoint of the segmefniNT|, where{T} = e3 Ne. The
analogy of the computation can be further seen since the coordinates are
symmetric inb andc. Thus, with the above notation fdf, I has the coordinates

1 (be(b+c) b+c 1 1
(¥16:y16) = (2 < Sbe+ 1 | 3bet 1 '3(E+3bc))’ 6E>'
We can write the coordinates in the form
1 b+ec 1
Io | = E +6be), -F | .
G<6 3he 1 F 00 G >

This is the point callethe Gossard perspectdRenoteS;,, the symmetry of center

I inthe Euclidean plane. Sineg||BC, Q € ey M € BC, andl is the midpoint

of [QM], we havee; = Sy, (BC). Similarly eo = Sy, (AC), e3 = Si,(AB).
Then, we have obtained the following:

{A,} =egye3 = S[G(AC) N S[G(AB) = S[G(ACOAB) = S[G({A})

Similarly, {B'} = S;,({B}), and{C"} = S, (C).
ConsequentlyAA’B'C’ = AABC, andAA’B'C’ = S1,(AABC).
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Denoting G and G’ the gravity centers oNABC and AA’B'C’, we have
{G'} = S1,({G}). For the orthocenters we get a similar correspondeqité} =
S1,({H}). Thus,e’ = Sp,(e), wheree’ is Euler’s line of AA’B’C’. But I €
e. Thus, Euler’s linee passes through the center of symmetry. We deduce that
Si.(e) = e, or e’ = e. Finally, we proved thah ABC and AA’B'C’ have the
same Euler’s line. This completes the analytic proof of Gossard’s pruspbeo-
rem, as mentioned in our introduction (see [15]). O

Example 3. We have seen in Example 1 (see [19], 244) thal/ifis the or-
thocenter ofAABC, and O,, O,, O, are the circumcenters of trianglésH C,
CHA, AHB, thenAABC andAO,0,0,. have the same Euler’s line (see Figure
4). In fact,0,, Oy, andO,. are the symmetric points @? with respect to the sides
BC, AC and, respectivelyd B. Denote byA:, By, andC; the midpoints of the
sidesBC, AC and, respectivelyAd B.

Then H is the circumcenter oAO,0,0.. Actually, AO,O,O. is the homo-
thetic of A A, B1C1 by homothety of centead and ratio 2. ThusAO,0,0, has the
sides parallel and congruent to the sides\of BC, and, furthermoreQO, | BC,
and also00, 1. 0,0,, (and the similar relations). This proves tlgais the ortho-
center ofAO,0,0.. ThereforeAABC andAO,0,0. interchanged among them
the orthocenters and the circumcenters. This is the argument to see thatdhg E
lines in the two triangles are the same and the two triangles have the same cen-
ter of the nine-point circle, sina@y is the midpoint ofOH. Further, AABC and
AO,0,0, are symmetric with respect ©0g. Therefore, Gossard’s perspector in
AO,0,0, is the symmetric of Gossard perspectoNil BC' with respect ta)y,
the center of the nine-point circle.

4. Projective viewpoint

Consider now a projectivity’ : dy — ds. (See also [7, pp.39 ff], [8, pp.9-11])
The geometric locus of the points from which the the projectivity is seen as an
involution of pencils of lines is called axis of the projectivity.

Mo

My

Ny
No

Figure 7.

More precisely (see Figure 7), any projectivity relating ranges on twindts
lines determines another special line, the axis of projectivity, which conta@ns
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intersection of the cross-joints of any pairs of corresponding pointg8see.36-
37]). This result is known athe axis theoremTo illustrate it, if M; — N; and
My — No, thenthe poin{ P} = M; NN M, Ny lies on the axis of the projectivity,
since we have the mapping = PM; — PNy = ro andry = PMy — PNy =
ry. Thus,r; — ro andry — r1, which means that the projectivitfy : d; — ds is
seen as an involution. As a consequence, we remind here the well-keonretyic
structure calledPappus’ line

Figure 8.

Let A, B,C € dy andA’, B',C" € dy. Then the point{ M} = AB' N BA,
{N} =AC'Nn AC'nCA',{P} = BC' N CB, are collinear (see Figure 8). This
result can be viewed as an immediate consequence of the axis theorerad,Inde
consider the projectivity : d; — do uniquely determined bA — A’, B — B’,
C — C'. By the axis theorem, we get immediately that the po{its} = AB’ N
BA', {N} = AC'n AC' nCA’, {P} = BC' N CB’ are collinear. With this
preparation, we are able to show tlia¢ Euler’s line of a triangleABC' can be
regarded as the axis of projectivity for three suitable projectivities between the
sides ofAABC (see Figure 9).

A

B,

B Aq ;4/ C
Figure 9.
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Denote byA’, B, C’ the midpoints of the sideBC, AC, and respectivelyl B.
Denote byA, By, C; the feet of altitudes fromd, B, C. We use the standard no-
tations forO, the circumcircleG the center of gravity, and/ the orthocenter of
AABC. There are three projectivities, each one between two sidasid#C'. One
of them isfo : BC — AC, the projectivity determined by — A, A1 — By,
A" — B’. SinceH andG appear as cross-joints points, they lie on the axis of pro-
jectivity of fc. Specifically,{H} = AA; N BBy, {G} = BB’ N AA’. Since two
points determine uniquely a line, and sinGeand H determine Euler’s line, this
means thathe Euler’s line is identified with the axis of projectivify:.. Further-
more, on the Euler’s line we get a new poifif2 45} = A; B'N A’ B;. We can also
emphasize the pair of homologous points that deterringhe circumcenter, in
this projectivity. Extend the line determined by the verteand byO and denote
{X} =A0NBC. Similarly, {Y'} = BON AC. Since in our projectivityB — A,
thenX — Y. Thus, on the axis of projectivity we obta{l} = AX N BY.

Considering similar constructions for the projectivitigsand f 5, we obtain the
following fact.

Proposition 4 (Barbilian [4]). In AABC, let A’, B, C’ be the midpoints of the
sidesBC, AC, and respectivelyd B. Denote byA;, B1, C; the feet of altitudes
from A, B, C. Then the point§Q 45} = A1B' N A'By, {Qcp} = C1B' N C'By,
{Qac} = A1C" N A'Cy are collinear and they lie on Euler’s line & ABC.

A
B,
B/
H
o
B Ay A’
T
Figure 10.

In the first part, we have presented Applications 3 and 4, where wesgive
thetic and trigonometric characterizations of the fact that Euler’s line idlplara
to a side of the triangle. We study here the following question: What is projec-
tive condition that the projectivitys : BC — AC must satisfy such that Euler’s
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line is parallel toBC? Denote by(e) Euler’s line inAABC. (See Figure 10.) Let
{T} = ACN(e),{U} = BCN(e). We need to determine the pairs of straight lines
that characterize in a projectivity the poifsandU. Recall that the projectivity
fc has as homologous poinis — A. To getT’, consider the pai€ — (e) N AC.
Similarly, we getU by the pair(e) " BC' — C. Therefore we have obtained the
projective characterization of the fact that the Euler line is parallel to adfittee
triangle. Thus, we are able to state the projective counterpart of Applicatio
which is the trigonometric characterization of this parallelism.

Proposition 5. In AABC, let (e) be the Euler’s line. The sufficient condition that
(e)||BC, is that the projectivityf- hasoo — C as pair of homologous points. Sim-
ilarly, to have(e)||AC, it is sufficient thatfc hasC' — oo as pairs of homologous
points.

Four our next step, we need to recall here Pappus’ Theorem on the. diet
A,B,C and A’, B’, C’ six points on the circleC. Then the intersection points
AB'NA'B, AC' n A/C and BC' N B'C are collinear. To recall the idea of the
most direct proof, consider the projectivify: C' — C uniquely determined by
A — A", B - B, C — (' Then, the intersection points mentioned in the
statement lie precisely on the axis of the projectivity. With this observation, we
obtain that Euler’s line is the axis of projectivity of a certain projectivity withia th
nine-point circle. The result is the following.

Proposition 6. ConsiderA’, B’, C’ the midpoints of the sideBC, AC and re-
spectivelyAB. Let A1, By and C; the feet of the altitudes. Consider the projec-
tivity ¢ uniquely determined by\; — By, A’ — B’, By — A,. Then the points
A1As N B1By = {H} (the orthocenter oAABC), A1B' N A'By = {Q4p5} and
A’Ay N B'By = {0y} (the center of the nine-point circle) are collinear on the axis
of projectivity of¢.

Figure 11.
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The proof is just a direct application of Pappus’ Theorem on the cirotethie
geometric structure described in the statement. SH@nd2 5 are on Euler's
line, the axis of projectivity and Euler’s line must be the same straight line. As a
consequence, the third poiiidy, the center of the nine-point circle, must be on the
axis of projectivity, thus on Euler’s line.

Proposition 4 appears in [4, pp. 40]. Actually, Dan Barbilian collected in an
undated note, published in the cited collection of posthumuous works asever
jective properties of the nine-point circle and its connection with Euler’s lie
focused mainly on the projective properties, which represent, as weemnan
important part of the more complex phenomenon whose overall picture wedrie
present here.
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A Sangaku-Type Problem with Regular Polygons,
Triangles, and Congruent Incircles

Naoharu Ito and Harald K. Wimmer

Abstract. We consider a dissection problem of a regulasided polygon that
generalizes Suzuki's problem of four congruent incircles in an equalatiéan-
gle.

1. Introduction

The geometrical problem that is the starting point of our note is due to Den-
zaburo Suzuki. It was engraved on a wooden tablet and dedicatédté88e
Miwatari Shrine in Fukushima prefecture [4, p. 6], [1, p. 24]. Referto Figure 1
below we state the problem in the following equivalent form.

Figure 1. Four incircles in an equilateral triangle

Suzuki’s problem of four congruent incircles in an equilateral triandlet ABC
be an equilateral triangle. The side” is extended to the poir®’, the sideBA is
extended ta”’, andC B to A’, such that the triangled B'C’, BC'A’, CA’B’ and
ABC have congruent incircles. Find the length4¥fB’ of the exterior equilateral
triangle in terms of the length ot B.

Publication Date: October 22, 2013. Communicating Editor: Paul Yiu.
We are grateful to P. Yiu for helpful suggestions and comments.
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Suzuki's problem is an example of a unique brand of mathematics that flour-
ished in Japan in the 18th and 19th century. Amateur mathematicians crafted geo
metric theorems on wooden tablets (called sangaku), which were displattesl in
precincts of a shrine or temple. Remarkably, some of those theorems prextite
of Western mathematicians (see [5]). In addition to [1] we also mention the mono-
graphs [2] and [3] as sources of sangaku problems. An excellergysaf Japanese
temple geometry is Rothman’s article [6] in the Scientific American.

In this note we generalize Suzuki's four-congruent-incircles problestehd of
an equilateral triangle we now consider a regulesided polygon. To illustrate the
general case we choose= 5. Figure 2 shows the configuration of six congruent
incircles in a regular pentagon.

Figure 2. Six congruent incircles in a regular pentagon

Let P, be the regulan-sided polygon that forms the exterior boundary of Figure
2 and letP; be the regulan-sided polygon in the interior. Our main result is the
following.

Theorem 1. If a, and q; are the lengths of the sides Bf, and P; respectively,

then
-2
aozai<1+ 1+<sinz) ) D
n

The proof of Theorem 1 will be given in Section 2. In Section 4 we assume
that the exterior polygo®, is given. We derive a result that leads to a simple
construction of the interior polygoR;. The special cases with< n < 6 will be
considered in Section 5.
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2. Incircles

The proof of Theorem 1 is based on a relation between inradius ancbeea
triangle.

B a R C

Figure 3. Atriangle and its incircle

Consider a triangled BC' in Figure 3 with sidess = BC,b = CA, ¢ = AB,
andZBAC = «. We denote the area, the incenter, and the inradius of the triangle
by A, I, andr, respectively. Then

A =172 cot % + ra. (2)

This can be seen as follows.

Suppose the incircle touch&€$A, AB and BC at P, Q and R, respectively.
SinceAP = r cot §, the area of the kitelQ1 P is given byr- AP = r? cot §. The
area of the triangl&1C is equal to%m. Thus the area of the polygapBC P1Q
is ra. Combining the areas of the kite and the polygon, we obtain (2).

The following notation refers to Figure 2. L@t be one of the: triangles that
bound the interior polygo®;. ThenT has sides:,, v, v + a;. Lety be the
angle betweem anda,. We set) = ~. Then the angle opposite tg is equal to
20 = 27,

3. Proof of Theorem 1

If r; is the radius of the incircle dP;, thenr; = %ai cot 6. Let Iy, I} andF' be
the areas oP,, P; andT respectively. Then

2

2
F, = nzo cotf and F = na

cot 0,

andnF + I = F,. Therefore,

1 1
F= E(FO —F)= Z(ag —a?) cot .
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Let p be the inradius o'. Then (2) impliesl” = p? cot 6 + a,p. Hence,
2 2

o ai
4
Now assume that the incircles Bf andT are equal, i.e.,

cot @ = p? cot 0 + agp.

1
ry = p = —a;jcot .

We obtaina? — a? = a? cot?  + 2a,a;. This yields the quadratic equation
a2 — 2aia0 = a?(1 + cot? 0) = a(sin )2

Thena, > 0 implies (1).

4. Thetriangle T

Suppose the exterior polygd?, is given. How can one construct the triangle
T and subsequently the interior polygbm? The angle opposite @, is equal to
2T Hence it suffices to know how to obtain the anglbetween:, andv. For that
purpose we derive the following result due to P. Yiu.

Theorem 2. The angley betweeru, andv is given by
cos 1 = sin® T (3)
n

Proof. It follows from (2) that the area of the triangis given by

F = p? cot % + p(v + a;) (4)
and
F= p200t7r_(220+¢) + pv.

Substitutings; = 2ptan 6 in (4) leads to

tan® + tan L
cot% + 2tanf = tan(f + %) =2
2 2 1—tan9tan%
which is equivalent to
Y 2 Y Y
t— —2¢t ftan — = tan —
CO B an an B an 2,
and
P 1
tan® - = —————. S
MY T T 2tan?e ®)
From this,
1—tan? ¥ 1_1+T120 tan? 6 9
cosh = Q?p: o =1 29:sin 0.
L+ tan 2 L+ 1+2tan? 6 + tan
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5. Special cases

We apply Theorem 1 and Theorem 2 to numbers 6. Note that the righthand
side of (1) becomes infinitely large asgoes to infinity. In the case = 6 (and
also in a less conspicuous form with= 5) we encounter the golden ratip =
+(1+ V/5). To check the case = 5 we recall

2r  V5—1 2 \/10+2v5
cosg = and s1n? =—
In the casen = 3 we obtain the known solution of Suzukilscongruent-incircles
problem of Section 1. The following table summarizes the datafer3, 4, 5, 6.

[nleosy [ |
33 3+v21
4 3
4]1 1++v3
5-v5 _ A5 2
5150 =0 1+ B2
6|1 1++v5=2¢
Figure 4. Five congruent incircles Figure 5. Seven congruent incircles in
in a square a regular hexagon
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A Generalization of the Conway Circle

Francisco Javier Gaia Capiéin

Abstract. For any point in the plane of the triangle we show a conic that be-
comes the Conway circle in the case of the incenter. We give some pespafr
the conic and of the configuration of the six points that define it.

Let ABC be a triangle and its incenter. CallB, the point on lineC'A in
the opposite direction telC such thatAB, = BC = a and(C, the point on
line BA in the opposite direction tel B such thatAC, = a. DefineC;, A4, and
A., B cyclically. The six pointsdy, A., B., Bs, Cq, Cy lie in a circle called
the Conway circlewith I as center and squared radit’s+ s? as indicated in
Figure 1. This configuration also appeared in Problem 6 in the 1992diyemacan
Mathematical Olympiad. The problem asks to establish that the area of thggomexa
CyB,AyCyB A, Is at leasti3A(ABC) (see [4]).

Cy
Figure 1. The Conway circle Figure 2

Figure 2 shows a construction of these points which can be readily digrdra
The linesBI andC/ intersect the parallel aBC' through A at By andCy. The
points A, and A. are obtained by completing the parallelogramdCy A, and
CAByA.. If we take an arbitrary poinf® = (u : v : w) instead of/, then
By = (u: —w:w)andCy = (u : v: —v). From these, we determine the points

Publication Date: October 29, 2013. Communicating Editor: Paul Yiu.
The author is grateful to JédHerrandez Santiago for telling about the Conway circle.
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Ay, A, and analogously the other four points (see Figure 3). In homogeneous
barycentric coordinates, these are

A=0:u+v:—-v), A.=(0:—w:w+u);
B.=(—w:0:v+w), By=(u+v:0:—u);
Co=(w+u:—u:0), Cp=(—v:v+w:0).
Proposition 1. The area ofA BC is the geometric mean of the areas of the trian-
glesAB,C,, BCyAy, CA.B..
Proof. From the coordinates of these points, we have
A(AB,C,)  w*  A(BGCy4,)  u?  A(CAB.)  u?
A(ABC) vw  A(ABC) vw’  A(ABQ) vw’
Therefore A(ABC)? = A(AB,C,) - A(BCyAy) - A(CA.B.). O
Theorem 2. For any pointP, the six points4,, A., B, Ba, C,, Cy always lie on
a conic.

‘ )

B

Cy

Figure 3

Proof. They all lie on the conid’(P) with equation
u(v 4+ w)a? + v(w 4+ u)y? + wlu +v)22 + (vw + (u+v)(u+ w))yz
+(wu + (v +w)(v+u))zx + (ww + (w + u)(w + v))xy
=0.
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From the matrix formX M X* = 0 for I'(P) where

2u(v + w) (u+w)(v+w)+uw (u+v)(v+w)+uw
M= (u+w)(v+w)+uv 2v(u + w) (u+v)(u+w)+vw
(u+v)(v+w)+uvw (u+v)(u+w)+ow 2w(u + v)
we have

=2(v+w—u)(ut+v—w)(u—v+w)(www+uv+uv® +u w+vw+vw +vw
M 2 2 2 2 2 2 27

andI'(P) has discriminant

1
§(P) = —Z(v—l-w—u)(u—l—v—w)(u—v—i—w)(u—l—v—l—w).
Therefore we can get the following results:

Proposition 3. (a) The conicl'(P) is degenerate wheR lies on the sides of the
medial triangle or in the cubic K327.

(b) If the conicI'(P) is nondegenerate, it is homothetic to the circumconic with
perspector(u? : v? : w?) and has centeP.

Proof. (b) follows from rewriting the equation of the corli P) in the form
(uPyz 4+ v? 2z 4+ w?zy) + (x 4+ y + 2)(wv + w)z + v(w+u)y +wu+v)z) = 0.
O

Proposition 4. The conicl'(P) and the circumconic with perspectét’ have the
same infinite points.

If P=(u:v:w)andu= v+ w,thenl'(P) factors as
(v + wzx + vy + 2wy + wz)(ve + wr + vy + 2vz + wz) =0,

two parallel lines to the ceviad P. If P lies on K327, thenT'(P) factors as
two lines throughP in the directions of the asymptotes of the circumconic with
perspecto?.

If P lies outside the sidelines of the medial triangle and the ci#e7, the
conic'(P) is an ellipse wherP is interior to the medial triangle and a hyperbola
otherwise.

Corollary 5. The conicl*(P) is
(a)acircle if and only ifP is the incenter or an excenter of the triangle,
(b) a rectangular hyperbola if and only  lies on the polar circle.

Remarks.(1) If P = I,,, the center of the excircle on the si#”, thenI'([,) is a
circle with squared radiug’ + (s — a)?

(2) The polar circleS 22 4+ Spy? + Scz? = 0 contains real points only if
triangle ABC has an obtuse angle.

Proposition 6. (a) If A’, B/, C’ are the midpoints oB,C,, Cy Ay, A.B. respec-
tively, the linesdA’, BB’, CC’ concur atP.

(b) If A”, B”, C" are the midpoints oB.C}, C, A., A, B, respectively, the lines
AA", BB", CC" concur atP.
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Figure 4

Proof. In homogeneous barycentric coordinates,
A= uuwtwu+tu: —uv: —uw),
A" = (—(* +w?) v+ w): w+w).

These points clearly lie on the linéP: wy — vz = 0. Similarly, B, B” lie on BP
andC’, C" lie onCP. O

Proposition 7. If P = (u : v : w), both of the triangles formed by the lin&5C,,
CyAyp, AcB. and the linesB.Cy, C,A., AyB, are perspective wittd BC' at the
isotomic conjugate of the anticomplementfi.e.,

Q= 1 ) 1 ) 1
C\vtw-—u wHu—v utv—w)/’

Proof. (a) The linesB,C,, Cy Ay, A.B. have equations

wr + (w+uwy + (u+v)z = 0,
(v+w)z + vy + (u+v)z
(v+wr + (w+u)y + wz = 0.

They bound a triangle with vertices
X=(—ulu+v+w): v+w)(ut+v—w): (v+w)(w+u—1v)),
Y= (w+uw)(lvtw—u): —vlu+v+w): (w+u)(v+w—u)),
Z= ((u+v)(w+u—v): (u+v)(w+u—ov): —wlu+v+w)).

I
o
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Figure 5

See Figure 5. This is perspective wilBC' at

0= 1 ) 1 ) 1
C\vtw-—u wHu—v utv—w/’
(b) The linesB.Cy, C, A., ApB, have equations

(v+w)x + vy + wz = 0,
ur + (w+uw)y + wz = 0,
ur  + vy + (u+v)z = 0.

They bound a triangle with vertices
X' = (-(u+v+w): u+v—w: w+u—0v),
V= @w+w—u: —(u+v+w): v+w—u),
Z'= (wH+u—v: w+u—v: —(u+v+w)).
The triangleX'Y’ Z" is clearly perspective at the same pajht O

In the case of the Conway configuration, this is the Gergonne point.
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On Polygons Admitting a Simson Line
as Discrete Analogs of Parabolas

Emmanuel Tsukerman

Abstract. We call a polygon which admits a Simson linéSanson polygon

In this paper, we show that there is a strong connection between Simbgen po
gons and the seemingly unrelated parabola. We begin by proving a fesvaje
facts about Simson polygons. We use an inductive argument to showdha
convexn-gon,n > 5, admits a Simson line. We then determine a property
which characterizes Simsafrgons and show that one can be constructed for
everyn > 3. We proceed to show that a parabola can be viewed as a limit of
special Simson polygons, which we cafjuidistant Simson polygonand that
these polygons provide the best piecewise linear continuous approxirtattce
parabola. Finally, we show that equidistant Simson polygons can be diasve
discrete analogs of parabolas and that they satisfy a number of razallbgaus

to the pedal property, optical property, properties of Archimedesdigsnand
Lambert’s Theorem of parabolas. The corresponding results fabpkas are
easily obtained by applying a limit process to the equidistant Simson polygons

1. Introduction

The Simson-Wallace Theorem (see, e.g., [5]) is a classical result in géaoma-
etry. It states that

Theorem 1. (Simson-Wallace Theorém Given a triangleABC and a pointP

in the plane, the pedal points &f (That is, the feet of the perpendiculars dropped
from P to the sides of the triangle) are collinear if and onlyHfis on the circum-
circle of triangle ABC.

Such a line is called a Simson line Bfwith respect to trianglel BC'.

A natural question is whether antgon withn > 4 can admit a Simson line.
In [3, pp.137-144] and [4], it is shown that every quadrilateral pssss a unique

Publication Date: November 5, 2013. Communicating Editor: Paul Yiu.
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Simson Line, called “the Simson Line of a compfetpiadrilateral”. We call a
polygon which admits a Simson linesamson polygonin this paper, we show that
there is a strong connection between Simson polygons and the seeminddyeahre
parabola.

We begin by proving a few general facts about Simson polygons. Weruse a
inductive argument to show that no conwexgon,n > 5, admits a Simson Line.
We then determine a property which characterizes Simsgons and show that
one can be constructed for every> 3. We proceed to show that a parabola can be
viewed as a limit of special Simson polygons, cakegiidistant Simson polygons
and that these polygons provide the best piecewise linear continuols<apas
tion to the parabola. Finally, we show that equidistant Simson polygons can be
viewed as discrete analogs of parabolas and that they satisfy a numiesutié
analogous to the pedal property, optical property, properties ofidexhes trian-
gles and Lambert's Theorem of parabolas. The corresponding résuybigrabolas
are easily obtained by applying a limit process to the equidistant Simson pslygon

2. General Properties of Simson Polygons

We begin with an easy Lemma. Throughout, we will use the notation that
(XY Z) is the circle through pointX, Y, Z.

Lemma 2. Let.S be a point in the interior of two rayd B and AC. Suppose that
ABSC! is cyclic, and letX be a point on rayAB such that AX| < |AB|. Let
Y = (AXS)N AC. Then|AY| > |AC).

o

Figure 1. Lemma 2 and Lemma 3

Proof. Since|AX| < |AB|, ZAXS > ZABS. SinceABSC and AXSY are
cyclic, ZACS = 7 — ZABS andZAY S = 7 — LAXS. ThereforeZAY S <
ZABS sothat|AY| > |AC|. O

A complete quadrilateral is the configuration formed4blnes in general position and their
intersections. When it comes to pedals, we are only concerned with ttsens@déng up the polygon.
Since we extend these, the pedal of a quadrilateral is equivalent toftitecomplete counterpart.
For this reason, we will refer to a polygon simply by the number of sideasit h
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As mentioned in the introduction, in the case of a quadrilateral there is alvays
unique Simson point defined as a point from which the projections into the side
collinear. LetA, B,C, D, I/, F denote the vertices of the complete quadrilateral,
as in fig. 1. It is shown in [3] that the Simson point is the unique intersection
of (AFC) N (ABE) N (BCD) N (DEF), also known as théliquel point of a
complete quadrilateralUsing Lemma 2, we can conclude the following:

Lemma 3. Let ABCDEF be a complete quadrilateral where points in each of
the triplesA, B,C; B, D, E, etc. asin fig. 1 are collinear and angléeCDE is
obtuse. Denote the Miquel point dfBC' D EF by S. There exist no two point&
andY onraysAF, AB respectively witHAX | < |AF|, |AY| < |AB]| such that
(AXY) passes throughy.

Proof. The Miquel pointS lies on(AFC) and(ABE). By Lemma 2, no suclX
andY” exist. O

We call a polygon for which no three vertices lie on a line nondegenerate. |
Lemma 4 and Theorems 5 and 6 we will assume that the polygon is nondeigenera

Lemma 4. If II = V; ---V,,, n > 5is a convex Simson polygon, thHnhas no
pair of parallel sides.

Proof. By the nondegeneracy assumption, it is clear that no two consecutive side
can be parallel. So suppose thatls || ViVii1, @ ¢ {1,2,n}. ThenS lies on the
Simson lineL orthogonal tol; V5, andV;V; 1. The projection ofS into each other
sideV;V;;1 must also lie orL, so that eithe¥/;V;_; is parallel toV; V5 or it passes
throughS. By the nondegeneracy assumption, no two consecutive sides can pass
throughS. Therefore the sides @f must alternate between being parallelid’

and passing through. It is easy to see that no such polygon can be convex]

It is worth noting that both the convexity hypothesis and the restrictionxo5
in the last result are necessary, for one can construct a nonxcengen,n > 5
having pairs of parallel sides and the trapezoid (if not a parallelograngasvex
Simson polygon witle = 4 having a pair of parallel sides. Using the above result,
we can prove:

Theorem 5. A convex pentagon does not admit a Simson point.

Proof. Let I = ABCDE be a nondegenerate convex pentagon. Supposé that
is a point for which the pedal ifl is a line. Then in particular the pedal is a line
for every 4 sides of the pentagon. Therefor&® N DFE = F, thenS must be a
Simson point forABF'E, so thatS is the Miquel point ofABF E. This implies
that

S=(GAB)N(GFE)N (HAE)N (HBF),
whereBC N AE = G andAB N DE = H. By the same reasoning applied to
quadrilateralC’GE D, S must be the Miquel point of G ED. ThereforeS lies on
(FCD). Becausdl is convex,|FC| < |FB|and|FD| < |FE|. We can now
apply corollary 3 withC' and D playing the role of pointsY andY to conclude
that.S cannot lie on FFC'D) - a contradiction. O
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Consider a convex polygadn as the boundary of the intersection of half planes
H{, Hs, ... H, Then the polygon formed from the boundaryé}fCHZ- for k €

1=1
{1,2,...,n} is also convex.
We are now ready to prove the following result by induction:

Theorem 6. A convex:-gon withn > 5 does not admit a Simson point.

Proof. The base case has been established. Assume the hypothesis>fas,
and consider the case for &n + 1)-gonII with verticesVi, ..., V, 1. Suppose
that IT admits a Simson point. Lét, 1V, NV, V4, = V’. This intersection
exists by Lemma 4. Sindd admits a Simson point]’ = V; ... V,,_1V’/ must also
admit one. By the preceding remail] is convex, and since it has sides, the
hypothesis is contradicted. Therefdiecannot admit a Simson line, completing
the induction. O

Now that we have established that no convegon (withn > 5) admits a
Simson line, we will proceed to find a necessary and sufficient conditioarfo
n-gonll = V1V, ...V, to have a Simson point. Lé¥; = V,_1V; N V,11V10
for eachi, with V,,, ;. = Vi. In case that;_1V; andV, 1V, o are parallel, view
W; as a point at infinity andV;W;V,,) as the lineV;V;;;. For example, in a
right-angled trapezoid wittllB | BC andAB 1 AD, S will necessarily lie on
the lineAB (in factS = ABN CD).

Theorem 7. Ann-gonll = V; - - - V}, admits a Simson poirft if and only if all
circles (V;W;V;4+1) have a common intersection.

Proof. Assume first thatS is a Simson point fodl. The projections ofS into
Vi—1V;, ViViye1 andV; 1 Vi are collinear. By the Simson-Wallace Theorem (The-
orem 1),S is on the circumcircle o¥;W; V1.

Conversely, lets = N(V;W;Vi41). For eachi, this implies that the projections

of S into V;_1V; andV; 1V, are collinear. As ranges froml to n we see that
all projections ofS into the sides are collinear. O

To construct am-gon with a given Simson poirfi and Simson lind., let X1,
Xs, ..., X, ben points onL. Then lines theith of which is perpendicular t8 X;
and passing throughl;, ¢ = 1,...,n are the sides of an-gon with Simson point
S and Simson lind.. The X; are the projections of into the sides of the-gon
and the vertice¥; are the intersections of consecutive pairs of sides.

3. Simson Polygons and Parabolas

In this section we will show that there is a strong connection between Sim-
son polygons and parabolas. In particular, we may view a special typamnson
polygons, which we call equidistant Simson polygons, as discrete anafldhe
parabola.
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Figure 2. A construction of a pentagdn V>V51V, Vs with Simson pointS and
Simson lineL. The pointsXi, ..., X5 on L are the projections aof into the
sides of the pentagon.

Definition. LetIl = V; - - - V,, be a Simson polygon with Simson poi§tand
projectionsXy, ..., X,, of S into its sides. In the special case that X, ;| = A
foreachi =1,...,n—1, we call such a polygoH anequidistant Simson polygon

The following result shows that all but one of the vertices of an equidistan
Simson polygon lie on a parabola. Moreover, the parabola is indepeotide
position of X; (but depends or).

Theorem 8. Let S be a point andL a line not passing througl¥. Suppose that
Xi,...,X, are points onL such that X; X, | = Aforalli=1,...,n — 1 and
letIT = V; - - - V,, be the equidistant Simson polygon with Simson pSiaind
projections Xy, ..., X, of S into its sides. Thef¥y,...,V,,_1 lie on a parabola
C'. Moreover,C' is independent of the position &f; on L.

Proof. Without loss of generality, let = (0, s), L be thex-axis, X; = (X + (i —
1)A,0) and X; ;1 = (X + A, 0). A calculation shows that the perpendiculars at
X; and X, to the segment§ X; and S X;. 1, respectively, intersect at the point
(2X +(2i—1)A, XHEDAXER)) Therefore the coordinates of the intersection

z2—A2

satisfyy = *;= independently ofX. It follows thatVs,...,V,,_1 lie on the

. 2—A2
parabolay = * = . O

The fact thatC' is independent of the position of; on L can be illustrated
on figure 3 by supposing thaf;, X5, ..., Xg are being translated ah as a rigid
body. Then the independence ©ffrom X; implies thatC remains fixed and
Vi,..., V7 slide together abou®'.

Corollary 9. LetC be a parabola with focug'. The locus of projections df into
the lines tangent t@' is the tangent t@’ at its vertex.
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Figure 3. Pointd/, ..., Vs are the vertices of an equidistant Simson octagon
with a Simson poinf, Simson lineL and projections, . .., Xg. By Theorem
8,Vi,...,Vz lie on a parabola.
X
F
L

N

Figure 4. Corollary 9:X is a variable point ofC, F is the focus,P is the
projection of F" into the tangent ak and L is the tangent t@” at its vertex.

Proof. As seen in the proof of Theorem 8, the coordinates ofithé = 1,...,n
are continuous functions df. Therefore as — oo andA — 0 in Theorem 8, the
limit of the polygon is a parabola with focusand tangent line at the vertex equal
to L. ([l

This property can be equivalently stated as: “the pedal curve of thesfot
a parabola with respect to the parabola is the line tangent to it at its verthis. T
property is by no means new, but its derivation does give a nice conné&etiwveen
the pedal of a polygon and the pedal of the parabola. Specifically, weiea the
focusF as the Simson point of a parabola (considered as a polygon with infinitely
many points) and the tangent at the vertex as the Simson line of the parabola.
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LetV; - - - V,12 be an equidistant Simson polygon. We will now prove that the
sides connecting the verticég, V5, ..., V,+1 form an optimal piecewise linear
continuous approximation of the parabola. To be precise, we show thaait is
solution to the following problem:

Problem. Consider a continuous piecewise linear approximaltjohof a parabola
f(z), z € [a, b] obtained by connecting several points on the parabola. That is, let
f(@iv1) — f(xi)

l(m) = i — 7 (JU — ﬂfi+1) + f(l‘i+1) forz € [mi,l‘i+1]

wherea = zp < 1 < ... < xp_1 < x5, =b. Findzy,z9,..., 2,1 € (a,b) such
that the error

b
/ (@) — I(a)|dz
is minimal.

The points(z;, f(x;)), ¢ = 0,...,n are called knot points and a continuous
piecewise linear approximation which solves the problem is called optimal. Since

. . . . . 2 2
all parabolas are similar, it suffices to consigi¢r) = £ ZSA .

Theorem 10. The optimal piecewise-continuous linear approximatioffi(te) with
the setup above is given by the sidg$>,V5 V3, ...V, V41 of an equidistant Sim-
son(n+2)-gonwithX; = 4, A = =2 andV; = (a+ (i—1)A, f(a+(i—1)A)).
The knot point$xg, f(xo)), . - -, (zn, f(z,)) are the verticed, Vo, ..., Vi41.

Proof. The equation of théth line segment simplifies to

I(z) = T(Tig1 + 2) — 2wy — A?

4s

, forx € [z, xiy1].

Thereforef (z) — I(z) = % for z € [x;, z;11]. Integrating
|f(x) — l(x)| from z; to x; 1 we get

Tit1 (i1 — z;)?
/xi |f(x) = li(z)|dx = T ods|

It is enough to minimize
n—1

b
S(x1,. .. Tp 1) = 24\s|/ () = l(2)|dz =) (2ip1 — i)°.

i=0

Taking the partial derivative with respecttgfor 1 < i < n — 1 and setting to
zero, we get

0

ox;

< (acz — xi_1)2 = (xi—&-l — xi)z.

S(l’l, ceay Z‘n_l) = 3(1’@ — .CCi_l)z - 3(371'—&-1 - :Ci)z =0
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Since the points are ordered and distingt= % so that ther;’s form an
arithmetic progression. Thecoordinates of the verticdg satisfy this relation,
and by uniqueness, the theorem is proved.

O

By similar reasoning, one can see that the same sides 6fith@)-gon are also
optimal if the problem is modified to solving the least-squares problem

L1y Tn—1

b
min / (f(z) = I(x))?*dz.

From the proof of Theorem 10, we have the following interesting resualttab
parabolas.

Corollary 11. Let f(z) be the equation of parabola\ be a real number and let
I[(x) be the line segment with end pointts f(v)), (v + A, f(y + A)). Then the
area

y+A
/ (@) - U(a)|de

bounded byf(z) andl(zx) is independent of.

This property also explains why thecoordinates of the knot points of the op-
timal piecewise linear continuous approximation of the parabola are atiatgral
vals.

We now list some of the properties of equidistant Simson polygons:

Theorem 12. An equidistant Simson polygdaVs . . . V,, with projectionsX, Xo, ..., X,
has the following properties:

(1) If 5 —7 > 0 is odd, the segmentg;V;, V;11V;_1, V%V% are
parallel for everyi,j € {1,2,...,n — 1}.

(2) If j —i > 0is even, the segment§V}, Vi;1Vj_1, ...,V%_lv%ﬂ and
the tangent to the parabolata% are parallel forevery, j € {1,2,...,n—
1}.

3 T}he midpoints of the parallel segments in (1) (respectively (2)) lie orea lin
orthogonal to the Simson ling.

Proof. (1). The slope betweeV; andV; is easily calculated to b&* =02
(2). Recall that the parabola is given hy= "”QZAZ so that its slope at;+: is
2

S

2X+(2(LH)-1)A _ 2X+(j+i-1A

2 2
(8). Thez-coordinate of the midpoint of;V; is2X + (i + j — 1)A. O

The following property of Simson polygons can be viewed as a discretegana
of the isogonal property of the parabola.
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L
\ /
\\ /
\/
‘W3
Figure 5. Pointd/i, ..., Vs are the vertices of an equidistant Simson octagon

with Simson pointS and Simson lind.. By Theorem 12, the segmenits Vs,
V2 Vs andV3V;y are parallel, and their midpoints:, m2 andms all lie on a line
perpendicular td..

Property 1. LetS and L be the Simson point and Simon line of a Simson polygon
(not necessarily equidistant) with vertics, ..., V,, and defineXy,..., X,, as
before. LetV be the reflection o¥; in L. Then the lined;X; andV; X, are
isogonal with respect to the lind§V;/ and V;S (i.e. ZV/V, X, = £X;+1V;S) for
1=1,...,n.

Proof. The proof is by a straightforward angle count. O

In the case when the Simson polygon in Proposition 1 is equidistant, we can
take limits to obtain the isogonal property of the parabola:

Corollary 13. LetC be a parabola with focug” and tangent linel at its vertex.
Let X be any point onC' and K the tangent atX. Furthermore, letX’ be the
reflection ofX in L. ThenK forms equal angles witl’ X and F' X .

Figure 6. Corollary 13X is a variable point of the parabof, F is the focus,
L is the tangent t@ at its vertex andX” is the reflection ofX in L. The lines
X F andX X’ form equal angles with the tangentt

Using the same setup as in Theorem 8 for an equidistant Simson polygon,
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Theorem 14. Let M; be the midpoint oV;V;+1, ¢ = 1,...,n — 2. Then the
midpoints)M; lie on a parabolaC’ with focusS and tangent line at its vertek.

Proof. SinceV; = (2X + (2i — 1)A, ($+(i—1)SA)(r+iA)),
: 2
M; = (2(X +1iA), (XJFSZA))_

Therefore thel/; lie on the parabola(x) = % with focusS. The slope of
ViVig is %, which is the same as that pfz) at M.

0

In a coordinate system whefdlies abovel, the parabola§’ andC’ form sharp
upper and lower bounds to the piecewise linear cyfie) formed by the sides
connectingVy, ..., V,_1 (discussed in Theorem 10). Informally, one can think of
C and(’ as “sandwiching”f(x), and in the limitn — oo andA — 0, the two
curves coincide and equal the limit of the polygon.

The following result is a discrete analog of the famous optical reflectiopgoty
of the parabola.

Corollary 15. Let M; be the midpoints o¥;V;,1 as in Theorem 14 ang; be the
line passing through/; orthogonal toL fori = 1,2, ...,n—2. Then the reflection
p; of p; in V;Vi41 passes througly for eachi =1,2,...,n — 2.

Figure 7. Corollary 1511 = V; - - - Vg is an equidistant Simson polygon. The
reflections at the midpoints of the sidedbbf rays orthogonal td, pass through

S.

Let X andY be two points on a parabotd. The triangle formed by the two
tangents afX andY and the chord connecting andY is called anArchimedes
Triangle [2]. The chord of the parabola is called the triangle’s base. One of the
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results stated in Archimedes’ Lemma is thafiis the vertex opposite to the base
of an Archimedes triangle an is the midpoint of the base, then the medidr¥

is parallel to the axis of the parabola. The following result yields a discretkg
to Archimedes’ Lemma. Lét; - - - V,, be an equidistant Simson polygon.

Theorem 16. LetW; ; = V;Vi41 NV, V;44 for eachi,j € {1,2,...,n — 2} and
i # j. LetM; ;41 and M, ; be the respective midpoints of chordd/;; and
Vi1V, ThenW; ; M; ;1 andW; ;M ; are orthogonal tal.

Proof. As shown in the proof of Theorem 12, thecoordinate of\/; ;. is2X +
(¢ + j7)A and that ofM;, ; is the same. The poirit/; ; is the intersection of
the line V;Viy; given by y = X£id, — (XHA2 ang the lineV;V; 1, given by
y = XH8y - (KHAR oo that ; = (2X + (i + j)A, EFHAXHA)) 0

Corollary 17. The pointsW; ;11, Wiy1 ;, Wit j—1, €tc. and the pointd/; 1,
M;1,5, Mo 1, are collinear. The line on which they lie is orthogonalfto

Taking limits, we get the following Corollary which includes the part of Archie®d
Lemma stated previously:

Corollary 18. The vertices opposite to the bases of all Archimedes triangles with
parallel bases lie on a single line parallel to the axis of the parabola andipgss
through the midpoints of the bases.

Figure 8. Corollary 18: TriangleX;Y12Z; and X»2Y>Z> are two Archimedes
triangles with parallel base¥, Y1, X.Y>. PointsZ:,Z> and the midpoints of
the based/,, M all lie on a line parallel to the axis of the parabola.

The final theorem to which we give generalizatioh#&nbert’'s Theoremwhich
states that the circumcircle of a triangle formed by three tangents to a parabola
passes through the focus of the parabola [2]. We can prove it usingirtison-
Wallace Theorem.

Theorem 19. LetV; - -- V,, be a Simson polygon (not necessarily equidistant) with
Simson pointS. Leti,j,k € {1,2,...,n}, be distinct. Then the circumcircle of
the triangleT” formed from lined/;V;,1, V;V;41 andV,,V;.,1 passes throughy.
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Proof. Since the projections o into V;V; 1, V;V;41 andV;, Vi1, are collinear,
S is a Simson point of the trianglE. Therefore by the Simson-Wallace Theorem
(Theorem 1) lies on the circumcircle df . O

Figure 9. Theorem 19 and Corollary 20.

Corollary 20. (Lambert's Theorem). The focus of a parabola lies on the circum-
circle of a triangle formed by any three tangents to the parabola.

Proof. Taking the limit of a sequence of equidistant Simson polygons gives Lam-
bert's Theorem for a parabola, since the ling¥; 1, V;V;i1, Vi Vi1 become
tangents in the limit. O
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Three Natural Homoteties of The Nine-Point Circle

Mehmet Efe Akengin, Zeyd Yusuf@toglu, and YDit Yargic

Abstract. Given a triangle with the reflections of its vertices in the opposite
sides, we prove that the pedal circles of these reflections are the imfigies-
point circle under specific homoteties, and that their centers form theseiatic
triangle of the nine-point center. We also construct two concentric ciadss-
ciated with the pedals of these reflections on the sidelines, and study thdgtriang
bounded by the radical axes of these pedal circles with the nine-pait.cir

1. Three pedal circles

Given a triangleABC with anglesa, 3, ~, circumcenterO, orthocenterH,
and nine-point centeN, we let M,, M,, M. be the midpoints of the sideBC,
CA, AB, H,, Hy,, H. the pedals ofA on BC, B onCA, C on AB respectively.
Consider also the reflection¥ of A in BC, B’ of Bin CA, andC’ of C'in AB.
Our first result (Theorem 3 below) is about the pedal circlesiofB’, C’ with
respect to trianglel BC'.

Construct the circle throug®, B, C, and letO, be the second intersection of
this circle with the linedO.

Proposition 1. O, and A’ are the isogonal conjugatesin triangle ABC'.

Figure 1

Proof. Clearly the linesAO, and AH are isogonal with respect to angle since
O andH are isogonal conjugates. Also,

LA'BC, =2/A'AC, =2/HAB =2/0AC = £0°0C = Z0°BC.
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Therefore, the linest’ B and O*B are symmetric in the external bisector of an-
gle B, and so are isogonal with respect to angle Similarly, A’C andO“®B are
isogonal with respect to angl@. This shows thatl’ andO“ are isogonal conju-
gates. ([

The pointsA’ andO,, have a common pedal circle, with center at the midpoint
N®of A’O,.

Proposition 2. O, A’ isparallel to OH.

Figure 2

Proof. Let X,, B!, C! be the pedals aD, on BC, C A, AB respectively. From
AM, AO  AM.,

AB. ~ A0, ACy’
we haveB.,C!//MyM.//BC. Therefore the cyclic quadrilater®,C! H,X,,
having a pair of parallel sides, must be a symmetric trapezoid. Now,

/C!' X,04 = /C'BO, = /CBA' = B = /C'0aX,.

The second equality is valid becau§g B and A’B are isogonal with respect
to B, and the last one becaug® X,, O,, C! are concyclic. It follows that
C/0, = C'X, = B,H,. Similarly, B,O, = C!H,. Therefore,C’O,B. H,
is a parallelogram, an#&’ H, is parallel toO,C", and also ta”' H, being all per-
pendicular toAB.

Since M, and M, are the midpoints oAiC and A B, we have
AO  AM, AC  AH  AH

AO,  AB, ~ 2-AB,  2-AH, AA"
Therefore 0, A’ is parallel toOH. O
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Theorem 3. The pedal circle of A’ (and O,,) is the image of the nine-point circle
of ABC' under the homothety h(A, ¢,), wheret, = 2sinfsiny

Cos &

Proof. The circle B, B.,C/, is homothetic to the nine-point circl;, M, M, at A

since
AB, AA A0, AB! B AC!

AH,  AH A0 ~ AM, AM,
The ratio of homothety is
_AA"  2-AH, 2Rsinfsiny  sinfsiny
~ AH 2-OM,  2Rcosa  cosa

ta

Since the centeN® of the pedal circle ofA’ andO, is the midpoint ofO, A’,
the lineAN“ intersectsD H at its midpointN, the nine-point center ddBC. [

Analogously letOy, O, be the second intersections of the cirale§' A, OAB
with the linesBO, CO respectively. The common pedal circle Bf andO, has
centerN?® the midpoint ofO, B’ and that ofC’ andO, has centelN¢ the midpoint
of O.C’. These pedal circles are images of the nine-point circle under the homoth-

etiesh(B, 1) andh(C, t.) with , = S50 andt, — S50 respectively.

Theorem 4. N®N°N¢ isthe anticevian triangle of the nine-point N.

Figure 3

Proof. SinceN“ is the midpoint ofO, A’ and the nine-point centéy is the mid-
point of OH, by Proposition 24, N, N, are collinear. SimilarlyN* and N¢ are
on the ceviandBN andC N respectively. We show that the limg* N¢, N°N¢,
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N°N? containA, B, C respectively. From this the result follows. It is enough to
show thatN? N¢ containsA. For this, note thaB’, A, O, are collinear because

/B'AB+ /BAO,. = 2/B'AC + ZBOO.,
= 20+ (180° — ZBOC)
= 2a+ (180° — 2a)
= 180°.
Similarly, Oy, A, andC’ are collinear. Therefore, the midpoints@§B’ andO.C’,
namely,N® andN¢, are collinear withA. O

2. Two concentric circles associated with six pedals
Let A” B”C"” be the triangle bounded by the linBsC,, C;, Ay, andA.B..

Theorem 5. The incenter of triangle A” B”C"” is the orthocenter of the orthic
triangle H, Hy,H ., and theincircle touches the sides at the midpoints P,, P,, P, of
the segments B, C,,, Cy Ay, A:B. respectively.

A//
c Ch
Cl
B/
P,
N € Py
N 7
Hy -7
N e
\’/ e
/ o
A, /
/ Ha C Ab
/
/
B// C /
@ /
/
/ Pa
/
oY B,
Na/
A/ C,/

Figure 4.
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Proof. We first claim that the segments,C,,, Cy Ay, A.B. have equal lengths.
Note that the homothetly( A, ¢,) mapsH,, H. to B,, C, respectively. Hence,

sin G sin vy

B,C, =t, - HyH, = -2Rsinacosa = 4R sin o sin 8sin .

COS &
Since this expression is symmetricdn 3, -, it also gives the lengths @f, A, and
A.B..
Note that the corresponding sidelines of triangéB3” C” and the orthic trian-
gle H, HyH, are parallel. The two triangles are homothetic. By parallelism,

LA My A, = LHHA = /CH Hy = /Ay AC".

Therefore,A” A. A, is an isosceles triangle with” A, = A”A.. SinceA,Cy, =
A.B., we deduce thatl” P, = A”P.. Similarly, B"P. = B"P, andC"P, =
C"P,. Hence,P,, P,, P. are the points of tangency of the incircle of triangle
A" B"C" with its sides.

Next we claim thatd,,, N, and P, all lie on a line perpendicular t8,C,. Let
U, be the midpoint ofAH. SinceNU, is parallel toOA, it is perpendicular to
ByH.. As NH, = NH,, the line NU, is the perpendicular bisector &f,H..
The homothetyh(A, t,) mapsU,H,NH. into H,B,N*C,, and H,N*“ is the
perpendicular bisector aB,C,. Therefore, it passes through the midpaifytof
B,C,. SinceH,N“ is perpendicular td{, H,, it passes through the orthocenter
of the orthic triangleH, H, H,.. The same is true for the other two lingsN* and
H.N¢, which are the perpendiculars to the sidés4” and A” B” at the pointsP,
and P, respectively. Therefore, the incenter 4f B”C” is the orthocenter of the
orthic triangle. O

Remarks. (1) The common length oB,C,, Cy Ay, A.B. is also the perimeter of

the orthic triangle, beind R sin v sin §siny = R(sin 2« 4 sin 28 + sin 27).
(2) The orthocenter of the orthic triangle is the triangle ceités2) in [3].

Corollary 6. Thelines N*H,, N°H,, N°H,. are concurrent at H,.
Theorem 7. Thesix pedals Ay, A, B., Ba, C4, Cp lieon a circle with center H,,.

Proof. From Theorem 5, we havH,P, = H,P, = H,P.. Also recall from the
proof of the same theorem, the segmeBt£’,, C, Ay, A.B. have equal lengths.
Therefore H,B,C,, H,Cy Ay, andH, A. B, are congruent isosceles triangles, and
H, is the center of a circle containing these six pedals (see Figure 4). O

Theorem 8. The triangles ABC, A”B"C", and P, P, P, are perspective at the
symmedian point of triangle ABC'

Proof. (1) SinceAA.A, and AB.C, are isosceles triangle®.C, and A A, are
parallel, and the triangledC, B. and ABC' are homothetic (see Figure 5). Now,
LA"B.Cy = LA"A Ay = LHyH,C = o = LB.AC,.

Similarly, ZA"CyB. = £B.AC),. Therefore, A" B. and A”C}, are tangents from
A" to the circumcircle of trianglelCy, B... The lineA” A is a symmedian of triangle
AC,B,... SinceABC and AC,B. are homothetic atd, the same lined” A4 is a
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A

Figure 5.

symmedian of triangled BC, and it contains the symmedian poikit of triangle
ABC. The same reasoning shows tii#tB andC”C also containk’. Therefore,
trianglesA” B”C"” and ABC are perspective & .

(2) IntriangleABC, B,C, is antiparallel taBC' since

/CyBu,A = /C,CyC = /BH,H,

The the reflection of triangledC, B, in the bisector of anglel is homothetic to
ABC'. Therefore, the mediad P, of triangle AC, B, is the same as the sym-
median AK; similarly for BP, andCP.. The three lines are concurrent at the
symmedian poinf . O

3. A triangle bounded by threeradical axes

Let %, 4, Z. be the radical axes of the nine-point circle with the pedal circles
of A’, B’, C' respectively. These lines bound a trian@eQ,Q.. The vertexQ,
is the radical center of the nine-point circle and the pedal circleB’cdind C’;
similarly for the vertice€), and@..
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Figure 6

Lemma9. Let J, bethemidpoint of O A. Theline J, M, is perpendicular to Q,Q.
and contains the midpoint of ONN.

Figure 7.

Proof. Since N is the midpoint ofO H, the segmen¥/, N is parallel toAH and
therefore toOM,. FurthermoreJ,N = %AH = OM,. It follows that.Jj, M,
intersect) N at its midpoint. O
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Proposition 10. Given triangle ABC with incentral triangle DEF, extend AB
and AC to P and Q suchthat BP = BC = CQ. Let T be the midpoint PQ), and
M the midpoint of the arc BAC' of the circumcircle.

(a) Theline T M isperpendicular EF.

(b) BT and CT are parallel to DF and D E respectively.

Figure 8.

Proof. (a) By the angle bisector theoremE = 25, AF = b=, Therefore,

% = g—j;g = %, showing thatP(Q is parallel toE F' (see Figure 8). On the other
hand, the circumcircles al BC and AP(Q intersect atd and M, which is the
center of the rotation taking the oriented segméhisandC'() into each other (see
[4, p.5]). SinceM B = MC, M is the center of this rotation. Henc&{T is the
perpendicular bisector d?Q). We conclude that/T and £ F are perpendicular to
each other.

(b) We show thaBT is parallel toD F'.

LetY be the intersection of the lind37T" and AC. Applying Menelaus’ theorem

to triangleAPQ with transversaBTY’, we have
AY QT PB AY AB c AY c

YQ TP BA YO  BP a  AQ c-a
Therefore,AY = <“™%)  Now, DF intersectsAC at E' such thatBE is the
external bisector of angl®. 42 = —¢ — 4E = < it follows that
AFE' = ﬁ -b. From these% = a%b = j—g. Therefore,BT is parallel toD F'.

The same reasoning shows tid&t is parallel toD E. O

Remark. Proposition 10 remains valid i and( are chosen on the raysA and
C A instead, andBE, BF are external bisectors.
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Theorem 11. The orthocenter of triangle Q,Q, Q.. isthe midpoint of ON.

Figure 9

Proof. Itis enough to prove thad, M, is parallel toAN.

Let D, = AHN HH.,, D, = BHNH.H,, D. = CH N H,H,. We claim
that Dy D, is perpendicular todN. The pointsD, andD. have equal powers with
respect to the nine-point circle of BC' and the circumcircle o BC. There-
fore, the lineDy D, is the radical axis of the these two circles. The circumcenter
of HBC(C is the reflection oD in BC, and form a parallelogram wit®y, A, H,
with N as the common midpoint of the diagonals. Therefdrg is the line join-
ing the centers of the nine-point circle and the center of the cick(C, and is
perpendicular to the radical axig,D..

The line AN also contains the centér® of the circleI’,. Therefore the radical
axesQ,Q. and D, D, are parallel, andi N is perpendicular t6), Q..

Now we show that), M, is parallel toAN.
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It is easy to see thab,D;D. is the incentral triangle off, Hy H... (If triangle
ABC'is obtuse, then the two bisectors not corresponding to obtuse angle have to
be replaced by external bisectors; see Remark following PropositionAfply-
ing Proposition 10 to the orthic trianglé, H, H.., the linesQ,Q, andQ,Q. are
parallel toD, D, and D, D, respectively, and the midpoint of the akl H, H. is
M,, the midpoint of BC. Therefore Q,M, is perpendicular ta),D., which is
parallel toQ,Q..

The linesQ,M,, QyM,, Q.M. are the altitudes of the triangle,Q,Q.. But
these lines are parallel td N, BN, C N respectively. They are concurrent at the
midpoint of ON. O

Remark. The midpoint ofON is the triangle centek (140) in [3].
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I nter secting Equilateral Triangles

Colleen Nielsen and Christa Powers

Abstract. In 1980, J. Fickett proposed the following problem: Assume two con-
gruent rectangle®; and R, intersect in at least one point. Letbe the length

of the part of the boundary @?; that lies insideR. and letb be the length of the
part of the boundary oR» that lies insideR;. The conjecture was that the ratio
% is no smaller thar% and no larger thaf. This paper presents the solution to
the problem wher?; and R, are replaced by equilateral triangles of the same
size. We have proved that the rafjds no smaller thar% and no larger thaf.

In [1], Fickett proposed a problem involving congruent rectandgtesand Ro
(including their interiors) in the Euclidean plane and their boundavigs and
JR>. The conjecture was that

1 . lengthdR1 N Ry <3
3 ~ lengthoRs N Ry —

We show a similar result for equilateral triangles and include a generalization
for regular polygons.

Theorem 1. Let P and @ (including their interiors) be congruent regular n—gons,
3 < n, in the Euclidean plane with respective boundaries 9P and 9Q).
(@) If P and @ intersect in exactly 2n — 1 or 2n boundary points, then length
0P N Q =lengtho@ N P.
1 lengthoPN@Q <

— D i bkl ,
()17 = 3, then 2 ~ lengthoQ N P —

We begin with a useful Lemma.

Lemma 2. If a;, b; are positive real numbers, 2 < nand1 < i <n -1, and
Qi _ Bl o i ay+az+---+ap

bi b1 bi  bitbattby

a; a; . . a; a;
Proof. - = —“L implies that—- = L for 1 < i,j <n anda;b; = b;a;. Thus,
i i+1 i j
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aib1+aib2+'-~+aibn: bia1+b,-a2+---+bian,
ai(bl-l-bg—i-"'-i-bn): bi(a1+a2+-~+an),
a a1t ax+---+ap
b bitbyt+ by,

O

We now prove part (a) of Theorem 1 fér. points. Only an adjustment in the
subscripts is needed for tBa — 1 case. Assumé& and( intersect irn boundary
points with sides labeled as in Figure 1. We must showiaths + - - - +bay o =
b1+ b3+ -+ bap_1.

a ATy
ATs  c3 2 €2

a1 ATy

Figure 1

1 -2 .
AT; andAT; both have aM degree angle and a pair of congruent

n
vertical angles and so they are similar and more generAll, ~ ATy. This

. . ; b, -

implies that™> = ~* = < and therefore = 1 = % — ... = 9211 5pq
aj bj ¢j b; bl b3 ban—1

Qg o a2 a2n—2 .

= cee = . Using Lemma 1 yields

by by by bon—2 9 y

a+as—+---+asgp—1 a; ag+ag+ -+ agp—2

by +b3+ -+ bay_1 - bi bo + by + - - +b2n_2
ai+as+---+agm-1  bi+bg+-+bay
ap+ag+---+agp_2 bo+bo+ -+ bap_o

aitaz+--tagm1  bitb34---+bypa  catezt-fcama

0faz+-Famo botbat-Fbymo cotcatotoma
Again, applylng Lemma 1,

Similarly,
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by +b3+---+bwym-1 ar+az+---tam-1tcategt+cop

bo+bo4 - 4bumo atazt-+amatcotcat o +coyn

Assume the sides of the regular polygon are of lengthd saz; + b;+1 (mod n)+
Ci+2 modny= 1 for1 <4 <n — 1. We find the sum of the sides of each polygon.

(1)

ap+brtecataxt+bs+cat--+am2tbm1t+co=mn,
ap+ag+---+agm-2+coteattcogpa=n—(br+by+-+ba-1);

ai+by+cg+as+bit+cs+--+am_1+b+c1=n,
ap+ag+---+ag-1+er ezt tcogp1=n—(bo+bat+ - +ba2).

These along with (1) yield,

by +b3+ -+ b1 a1 +az+---+agm-1+c1+c3+---+Cap—1

bo+be+---+byo agtaz+---+apmotctceat ot
n— (bo + b2 + -+ b2y—2)
n—(by+bs+ - +by_1)

Let X =b; +b3+ -4+ bop_1 andY = by + by + - - - 4+ bep_o. Substituting

X -Y .
= = weobtaimX — X% = nY — Y2, (X ~Y) (X +Y —n) = 0.
Now, for eachAT;, b; < a; + ¢;, and so
2n—1 2n—1
2(X+Y)=2> b < Y ai+bi+c=2n,
k=0 k=0

which impliesthatX +Y < n. Thus,X +Y —n #0,andX —-Y =0orX =Y.

Later, we shall need Theorem 1(a) in the special case whete 3 and the
two equilateral triangles intersect in exactly five points. We now prove(pauf
Theorem 1 and begin with two preliminary results.

Lemma3. If0 < z < Z then f (z) = sin (z + %) + sinz has a minimum value

V3

of 5 atz = 0 andamaximumvalueof V3 atz = .

Proof. For0 <z < g,

f' (x) = cos (m—i—g) + cosz = V3 cos (x—i—%) > 0,

V3

which implies thatf is an increasing function of0, Z|. Thus, f (0) = 5 is the
minimum value off, andf (%) = /3 is the maximum value. O
Proposition 4. Assume triangle ABC' has sides a, b, ¢ and opposite vertices A,

B, C, respectively. If ZC' = 60°, then1 < ¢
2 " a+bd

< 1.
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Proof. Using the law of cosines? = a? + b? — 2ab cos 60° = a? + b% — ab. Now,
(2¢)2—(a+b)? = 4(a®—ab+b?)—(a®+2ab+b?) = 3a®—6ab+3b> = 3(a—b)? > 0.

< 1. (]

Therefore2c > a + b. Since als@ < a + b, we have% < - Jcr b
To prove part (b) of Theorem 1, we must consider the number of intitzaec
points that are not vertices of a triangle. An intersection point that is a vertex

of a triangle will be called aertex intersection. These points will not affect the
underlying geometry of what is to follow. If the triangles intersect in fewanth
five points, we have four cases to consider (Figure 2).

Case 1. Two intersection points forming a triangle; possibly one vertex @uers
tion.

Case 2: Two intersection points forming a quadrilateral; possibly one or two
vertex intersections.

Case 3: Four intersection points forming a quadrilateral.

Case 4: Four intersection points forming a pentagon; possibly two vertex inte
sections.

> e

60°

A c B
Figure 3 Figure 4

Case 2: We apply the propositionf04A BC andAABD in Figure 4.
Case 3: This case is represented by Figure 5.
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Figure 5

1 b
We must show thag < % < 2. The anglesy and¢ are external angles

€
of trianglesAF D and BED respectively. Since’ FDA = /BDE, v = ¢.
Applying the law of sines and Lemma 1,

a d ¢ ¢ b e
sina  sind siny  sing sinB  sing’
a+b c d+e

sin o + sin 8 - sin ~y ~ sind +sin
a+b sina+sinf
d+e  sind+sinf’
Sincea is an external angle of triangl€ DB, a = 5 + 60°. Similarly, § =
d 4+ 60°. Substitution yields

a+b sin(B+60°)+sinf

d+e  sind+sin(J+60°)°

: sin (84 60) +sinf .
Since d < 180°, 6 < 60°, and by Lemma 2 - will
atos pros y sin ¢ + sin (6 + 60)

have a minimum value whefi = 0 andé = 60° and a maximum value when
8 =60° andé = 0. Thus,

V3 : ° ;
5 Ssyn(ﬁ—kfﬁ())—ksmﬁS V3 :>i§a+b§
V3 7 sind +sin (0 + 60°) @ 2 —d+

2.

9

1 b+d
Case 4: We must now show thaét < atbtad < 2 and there are two sub-

cases to consider. The first is illustrated b)f ELigeure 6.

In Figure 6(a), construct a segment through peirthat is parallel taE D and
that intersectd’D andF'E in pointsD; andE , respectively. Similarly, construct
a segment that is parallel 8C' and that intersectd B and AC' in points B; and
C , respectively so that trianglesB; C; and D, E1 F are congruent (Figure 6(b)).
By construction,c; < ¢, d; > d, ande; < e. We apply Theorem 1(a) for
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@ (b)

Figure 6

equilateral triangles having five intersection points to Figure 6(b), androbta
a+b+d - a+b+d;
c+e c1+ep

=1<2.

(@) (b)

Figure 7

The second case is shown in Figure 7(a). Exteifd and AC so that each
intersects the line througR' parallel to BC' at points By and Cs, , respectively.
Construct a segment that is parallel D and that intersect'F and F'D in
points F, and D, respectively, so that trianglesB>C, and Dy F» F' are congruent
(Figure 7(b)). By constructior, < cs ande < eo. We apply Case 2 to Figure 7(b)

and obtain
a+b < a+b+d

Cco + €2 c+e

1
- <
5 =
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. . . 1 b+d _
Combining the inequalities y|eld§ < % < 2. This completes the proof
C (&

of Theorem 1.

Fickett's rectangle problem also appeared in a conjecture that if the wamgr
polygons were triangles then the maximum ratio wouldcheg whered is the
smallest angle of the triangle. For equilateral triangtes; 60° andcscg = 2.
This corresponds to our result.
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Some Simple Results on Cevian Quotients

Francisco Javier Gaia Capiéin

Abstract. We find the loci of the cevian quotient?/Q and@/P when one of

the points is fixed and the other moves along a given line. We also show that,
for a given pointP, the locus of@ for which the line joiningP/Q andQ@/P is
parallel toPQ is a conic throughP? andG/ P, and give two simple constructions

of the conic.

The term cevian quotient was due to John Conway [1]. Given two pdints
(u:v:w)and@ = (x : y : z) in homogeneous barycentric coordinates with
reference to a trianglel BC, the cevian quotienf’/Q is the perspector of the
cevian triangle ofP and the anticevian triangle ¢J. It is the point

(e (2L AN (B LAY (LY 2
P/Q_<x< u+v+w> y(u v+w) 'Z(u+v w))

A most basic property of cevian quotient is the following theorem.

Theorem 1 ([2, §2.12], [5,§8.3]). P/Q = Q' ifand only if P/Q" = Q.

This is equivalent taP/(P/Q) = Q. It can be proved by direct verification
with coordinates. We offer an indirect proof, with the advantage of gicix
construction, for giver) andQ’, of a pointP with P/Q = Q' andP/Q’ = Q.

ForQ = (z :y:2)and@ = (2’ : 3/ : 2/) with anticevian triangleX'Y Z and
X'Y'Z', itis easy to check that the lin€gX’ andQ’X intersect on the sideline

BC, atthe point(0 : 2y’ 4 2’y : 22’ + 2'x) = (0 e xy'ix/y> (see Figure

1). Similarly, the linesRY’” andQ'Y intersect onC'A at (wulry,z :0: my,}ﬂ,y),
and the line€)Z’ and@’Z intersect o4 B at (m e 0). These form

1 . 1 . 1
yz'+y'z * zx'4+2x C oxy'+a’y

the cevian triangle of the poi? = ( . Itis clear that

P/Q =Q andP/Q" = Q.

intP = 1.1 .1
Remark.The pointP = (yz/—i-y’z i xy,ﬂ,y)
Q + Q' of @ and@’. Clearly,Q * Q' = Q' * Q.

Proposition 2. Let P be a fixed point. If) moves along a lineZ, then the quotient
P/Q traverses the bicevian conic &fand the trilinear pole ofZ.

is called the cevian product
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Figure 1.

Proof. Let P = (u : v : w) and@ move along the lineZ with line coordinates
p:q:7]. fQ =P/Q=(x:y:z2),thenQ = P/Q’ is on the line¥, and
r Yy Z r Yy Z r Yy zZ\
()t (G-rrn) e (Grn o) =0
Clearing denominators and simplifying, we obtain

2

powz? 4+ quuy? + ruvz? — u(qu + rw)yz — v(rw + pu)zz — w(pu + qu)zy = 0.

If x = 0, this becomes(qy — rz)(wy — uz) = 0. The conic intersects the line
BC at(0:v:w)and(0: r: g). Similarly, it intersects"A at (v : 0 : w) and
(r:0:p),andAB at(u:v:0)and(q: p:0). Thisis the bicevian conic through

the traces of and (% E %) the trilinear pole ofZ. O

Corollary 3 ([4]). Let P be a fixed point. The locus ¢} for which the cevian
quotientP/Q lies on the tripolar ofP is the inscribed conic with perspectét.

Proposition 4. Let P be a fixed point. I moves along a lineZ, then the ce-
vian quotient?) /P traverses the circumconic of the anticevian trianglefofvith
perspectorPy /P, wherePy is the trilinear pole ofZ.

Proof. Let P = (u : v : w) and@ move along the lineZ with line coordinates

[p - g 7’]. If Q" = Q/P = (z:y:z) thenQ = (wy-ll—vz : uz-&l-wx : vx-}-uy> is on
the line.Z, and

P q ro
+ + =
wy +vz  uzt+wr x4+ uy
Clearing denominators and simplifying, we obtain

powz?® + quuy® + ruvz? + (pu + qu + rw) (uyz + vzr + wry) = 0.
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Itis easy to verify that this conic passes throutth= (—u: v : w), B’ = (u: —v :

w), C" = (u: v : —w). Itis a circumconic of the anticevian triangle 8f The
tangents to the conic a’, B, C’ are the lined,, : (qv + rw)x + quy + ruz = 0,

Ly : pvz + (pu+ rw)y + rvz = 0, L. : pwz + quwy + (pu + qv)z = 0 which
intersects? on BC, C'A, AB respectively. This is the conic tangent to the lines
A'X', BY', C'Z at A, B', C' respectively. These lines bound a triangle with
vertices

qu + rw rw + pu pu + qu
—q:7 |, p:——:r ], piq: .
U v w

These form a triangle perspective with the anticevian triangle at

(u(—pu + qu + rw) : v(pu — quv + rw) : w(pu + qu — rw)),

the cevian quotient o(% E %) (the trilinear pole of?) by P. O

Let Z /P be the conic in Proposition 4. This conic is a circle if and only if it is
the circumcircle of the anticevian triangle 6f The line.Z is the one containing
the intercepts of the tangents to this circledat B’, C’ on the respective sidelines
of triangle ABC' (see Figure 2). This has line coordinates

pig:r=(ulv+w—u)(?— (b + & — a®)ow + b*w?)

v(w +u —v)(a*w? — (2 + a® — b¥*)wu + u?)

w(u+ v —w)(D*u? — (a® + b — A)uv + a®v?).

Figure 2.
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Here are some simple examples in whigly P is the circumcircle of the antice-
vian triangle ofP:

P Z
centroid a’x + b’y +c22=0
incenter line at infinity

symmedian point 3_ . ;. *(b* + ¢ — a*)x = 0

Proposition 5. Let P be a fixed point. The locus ¢f for which the line joining
(P/Q) to (Q/P) is parallel to PQ is the union of the cevian line$P, BP, CP
and a conic’(P)

(1) homothetic to the circumconic with perspectoy

(2) passing throughP and the cevian quotier¥/ P, and has

(3) the midpoint ofP? andG/ P as center.

Proof. If P = (u : v : w)and@ = (z : y : 2), the line joiningP/Q andQ/P
contains the infinite point oPQ if and only if

p(-E+¥+2) y(E-t+: 2(2+4-2)
2r242)  p(E-p4l w(t+z-2) |=o.
(v+wz—uly+z) (w+uy—viz+z) (u+v)z—wE+y)

Clearing denominators and simplifying, we obtain

2

2(wy —vz)(uz —wz) (ve —uy) (vwr? +wuy?® Fuvz? —uyz —v?ze —w?ay) = 0.

ThereforeQ lies on one of the linegl P, BP, C'P or the conid (P) defined by

vwz? + wuy? + w2’ — ulyz — v2ze — wlry = 0.

Rewriting this as
I'(P): (u+v+w)(uyz +vze+wzy) — (z+y + 2) (vwz + wuy + uvz) = 0,

it is clear thatl’(P) is homothetic to the circumconic with perspectdrand it is

routine to verify that it contain® and the cevian quotie/ P = (u(—u+v+w) :

v(u—v+w) : (u+ v —w)w). The center of the conic is the midpoint Bfand

G/ P, namely,

(u(u2 —uv — uw — 20w) : v(v? — ww — 2uw — Vvw) : ww? — 2uv — uw — vw)) .
O

Remarks.(1) If P is the symmedian point, then(P) is the Brocard circle with
diameterOK.

(2) If the line PQ containsA, then both cevian quotienf3/@Q and@/P are on
the same line.

It is easy to note that the conig P) contains the points
Ai=(—u+v4+w:v:w), Bi=@w:u—v+w:w), (u:v:u+v—w)

We present two simple constructions of these points, one by Peter Mdses [3
and another by Paul Yiu [6].
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Construction (Moses) Intersect the cevianglP, BP, C'P with the parallels
through the centroid> to BC, CA, AB, at X, Y, Z respectively. Ay, By, C
are the harmonic conjugates Bfin AX, BY, CZ respectively.

Figure 3.

Construction (Yiu). Let P’ be the superior of, i.e., the point dividingPG in

the ratioPP’ : P'G = 3 : —2. Construct the parallels of the lifeG through the
verticesA, B, C, to intersect the sidelind8C, CA, AB at X', Y’, Z' respectively.
ThenA; = APNX'P',B; = BPNY'P',andC, = CPn Z'P'. See Figure 3.
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A Vector-based Proof of Morley’s Trisector Theorem

Cesare Donolato

Abstract. A proof is given of Morley'’s trisector theorem using elementary vec-
tor analysis and trigonometry. The known expression for the side ofeyter
equilateral triangle is also obtained.

Since its formulation in 1899, many proofs of Morley’s trisector theorenmehav
appeared, typically based on plane geometry or involving trigonometrytaibe
overview of this theorem with numerous references up to the year 19V beca
found in [4]. Some of the more recent geometric proofs are of the “baakiv
type [2, 5]; a group-theoretic proof was also given [3]. About fiftebfferent
methods that were used to prove Morley’s theorem are described in iteftaj)
with comments on their specific characteristics. The website [1] also protides
related references, which span from the year 1909 to 2010.

In this note we prove the theorem in two stages. First a lemma is proved by
use of the dot product of vectors and trigonometry, then the theorem sl
follows from elementary geometry.

Morley’sTheorem. Inany triangle, the three points of intersection of the adja-
cent angle trisectors form an equilateral triangle.

A

Figure 1

Let the angles of trianglel BC be of amplitude3«a, 35, 3, thena + 8 +
~v = 60°. The adjacent trisectors meet to form Morley’s trian$l@ R; the line
extensions ofB R andCQ intersect atD. In triangle BDC' the bisector of angle
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D is concurrent with the other two bisectdbs® andC P at P, the incenter of the
triangle. First, a lemma is proved, from which the theorem easily follows.

Lemma. Theline DP isperpendicular to theline RQ.

Proof. Here use is made of the vector method in conjunction with trigonometry.
Let e be the unit vector along P ands; the vector representing the sideR of
triangle PQR. Then the lemma can be restated as saying that the scalar product
s1 - e vanishes. Figure 1 shows thgt= v3 — vo so that we must prove that

(vs—va)-e=0.

In triangle BDC we have2s + 2v = 120° — 2a, thereforeZD = 60° + 2a.
This angle is bisected by the lideP, hence/QDP = ZRDP = 30°+«. By the
exterior angle theore M AQD = o+~ andZARD = « + . The angle between
the vectorsvs ande, being the difference between anglB® P and ARD, is
30° — . Similarly, the angle betweew, ande is 30° — . From these,

(v3—vy)-e= v3-e—vy-e
= w3 c08(30° — ) — vg cos(30° — )
= v3sin(60° + B) — v2 sin(60° + 7). (1)
The magnitudes of3 and vy can be found by applying the law of sines to
trianglesARB and AQC respectively:

_csin csinf _ bsiny bsin -~y

~sin(a+3)  sin(60° — )’ V2= sin(a +1v)  sin(60° — 3)°
Substituting these expressions into (1), we obtain

csin Bsin(60° + 3)  bsinysin(60° + )
sin(60° —~)  sin(60° — )
¢sin Bsin(60° 4 5) sin(60° — ) — bsiny sin(60° 4 ) sin(60° — ~)
sin(60° — B) sin(60° — )
1 csin 38 — bsin 3y

" 4 sin(60° — B)sin(60° — )
with the aid of the identity

(v3 —va)-e=

1
sin x sin(60° + ) sin(60° — ) = 1 sin 3z, 2

which can be easily proved through the product-to-sum trigonometric fagnu
The law of sines for trianglel BC' yields csin 35 — bsin 3y = 0. Therefore,
(v —vy)-e=0. O

Proof of Morley's Theorem. Knowing thatDP | RQ, we see thaD P divides
DQR into two congruent right triangles (with a common leg and a pair of equal
acute angles) so thd?@) = DR. Consequently, triangle®PQ and DPR are
also congruent (by SAS), and = s3. The whole procedure can be used to prove
thats; = so. It follows thats; = sy = s3, and trianglePQR is equilateral. This
completes the proof of Morley’s theorem.
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Remark. Since triangleDQR is composed of two congruent right triangles, and
ZQDR = 30° + «, its complement DQR = 60° — «.

The side of Morley’s triangle. The side lengths of the equilateral trianglé’Q R
can be calculated by applying the law of sines to trianglg¢R, whose angles are
now known. Since’ RAQ = «, andZAQR = ZAQD + Z/DQR = (a+7) +
(60° — ) = 60° 4 ~, we find that

_ wvgsina csinasin 8
sin(60° ++)  sin(60° + 7) sin(60° — )"
By multiplying both terms of the last fraction byn~, and using in the de-
nominator the identity (2), we get the known expression for the side of Merle

triangle

4csin asin Ssiny
S =

- = 8Rsin asin [ sin vy,
sin 3y

whereR = 5= 3 is the radius of the circumcircle of triangieBC'.
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Corrigendum

Cesare Donolato
A vector-based proof of Morley’s trisector theorem,
volume 13 (2003) 233-235.

Page 235, line 2:2QDR” should read ZQDP".
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