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Soddyian Triangles

Frank M. Jackson

Abstract. A Soddyian triangle is a triangle whose outer Soddy circle has de-
generated into a straight line. This paper examines some properties of Soddyian
triangles, including the facts that no Soddyian triangle can be right angled and
all integer Soddyian triangles are Heronian. A generating formula is developed
to produce all primitive integer Soddyian triangles. A ruler and compass con-
struction of a Soddyian triangle concludes the paper.

1. The outer Soddy circle

In 1936 the chemist Frederick Soddy re-discovered the Descartes’ theorem that
relates the radii of two tangential circles to the radii of three touching circles and
applied the problem to the three contact circles of a generaltriangle.

s − b s − c

s − c

s − a
s − a

s − b

A

B C

S′

S

Figure 1

The tangential circles with centersS andS′ are called the inner and outer Soddy
circles of the reference triangleABC. If ri andro are the radii of the inner and
outer Soddy circles, then

ri =
∆

4R + r + 2s
and ro =

∆

4R + r − 2s
. (1)
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2 F. M. Jackson

where∆ is the area of the triangle,R its circumradius,r its inradius,s its semi-
perimeter, ands − a, s − b, s − c the radii of the touching circles (see [1]). By
adjusting the side lengths of the reference triangle it is possible to fashion a triangle
with contact circles such that the outer Soddy circle degenerates into a straight line.
This occurs when4R + r = 2s and is demonstrated in Figure 2 below, where it is
assumed thata ≤ b ≤ c.

Note that for a Soddyian triangle, the radius of the inner Soddy circle is r

4
. This

follows from

ri =
∆

4R + r + 2s
=

∆

4s
=

r

4
provided4R + r = 2s.

s − a s − b

s − b

s − c
s − c

s − a

C

A B

Figure 2

Now the common tangent to the three circles is the outer Soddycircle. Conse-
quently a class of triangles can be defined as Soddyian if their outer Soddy radius is
infinite. However from the above diagram it is possible to derive a relationship that
is equivalent to the condition that the outer Soddy circle isinfinite by considering
the length of the common tangents between pairs of touching circles. Given two
touching circles of radiiu andv, their common tangent has a length of2

√
uv and

applying this to the three touching circle with a common tangent gives
1√

s − c
=

1√
s − a

+
1√

s − b
. (2)

2. Can a Soddyian triangle be right angled?

If triangle ABC has a right angle atC, then

R =
c

2
and r = s − c.

If 4R + r = 2s, then2c + s− c = 2s. This resolves toc = a+ b, an impossibility.
Therefore, no Soddyian triangle is right angled.
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3. Can a Soddyian triangle be isosceles?

A Soddy triangle with side lengthsa ≤ b ≤ c is isosceles only ifa = b. Since
s = a + c

2
and 1√

s−c
= 2√

s−a
, we havec

2
= 4a − 2c. Hencea : c = 5 : 8, and the

only primitive integer isosceles Soddyian triangle has sides5, 5, 8. Note that this
has integer area12.

4. Are all integer Soddyian triangles Heronian?

Now consider the Soddyian constraint4R + r = 2s expressed in terms of the
area∆:

abc

∆
+

∆

s
= 2s.

This is quadratic in∆ and

∆ = s2 ±
√

s4 − abcs

Sinces is greater than any of the sides,∆ < s2 and we must have

∆ = s2 −
√

s4 − abcs.

By the Heron formula,16∆2 = (a + b + c)(b + c − a)(c + a − b)(a + b − c) is
an integer. This can only happen ifs4 − abcs is also a square integer. Hence all
integer Soddyian triangles are Heronian.

5. Construction of integer Soddyian triangles

It is well known that for a Heronian triangle, the semiperimeter s is an integer.
From (2),

s − c =
(s − a)(s − b)

(s − a) + (s − b) + 2
√

(s − a)(s − b)
.

This requires
√

(s − a)(s − b) to be an integer. We writes − a = km2 and
s − b = kn2 for integersk, m, n, and obtain

s − c =
km2n2

(m + n)2
.

Therefore,

s− a : s− b : s− c : s = m2(m + n)2 : n2(m + n)2 : m2n2 : (m2 + mn + n2)2,

and we may take

a = n2((m + n)2 + m2),

b = m2((m + n)2 + n2),

c = (m + n)2(m2 + n2).
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For this triangle,

∆ = m2n2(m + n)2(m2 + mn + n2),

R =
(m2 + n2)((m + n)2 + m2)((m + n)2 + n2)

4(m2 + mn + n2)
,

r =
m2n2(m + n)2

m2 + mn + n2
,

s = (m2 + mn + n2)2.

Here are some examples of integer Soddyian triangles.

m n a b c s ∆ r R

1 1 5 5 8 9 12 4

3

25

6

2 1 13 40 45 49 252 36

7

325

14

3 1 25 153 160 169 1872 144

13

2125

26

4 1 41 416 425 441 8400 400

21

9061

42

3 2 136 261 325 361 17100 900

19

6409

38

5 1 61 925 936 961 27900 900

31

29341

62

6 1 85 1800 1813 1849 75852 1764

43

78625

86

5 2 296 1325 1421 1521 191100 4900

39

56869

78

4 3 585 928 1225 1369 261072 7056

37

47125

74

7 1 113 3185 3200 3249 178752 3136

57

183625

114

5 3 801 1825 2176 2401 705600 14400

49

110449

98

8 1 145 5248 5265 5329 378432 5184

73

386425

146

7 2 520 4165 4293 4489 1063692 15876

67

292825

134

5 4 1696 2425 3321 3721 1976400 32400

61

210781

122

9 1 181 8181 8200 8281 737100 8100

91

749521

182

7 3 1341 5341 5800 6241 3483900 44100

79

470989

158

6. Soddyian triangles with a given side

Consider Soddyian triangles with a given baseAB in a rectangular coordinate
system with origin atA andB = (c, 0) on thex-axis. Suppose the vertexC has
coordinates(x, y). Using the expressions in§5 in terms ofm andn, allowing them
to take on positive real values, we have

x

c
=

b2 + c2 − a2

2c2
=

m3(m2 + mn + 2n2)

(m + n)(m2 + n2)2
,

y

c
=

2∆

c2
=

2m2n2(m2 + mn + n2)

(m + n)2(m2 + n2)2
.

Writing n = tm, we obtain a parametrization of the locus ofC as follows (see
Figure 3).

(x, y) = c

(

1 + t + 2t2

(1 + t)(1 + t2)2
,

2t2(1 + t + t2)

(1 + t)2(1 + t2)2

)

.
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cA B

C

Figure 3.

In fact, givens − a ands − b, there is a simple ruler and compass construction
for the Soddyian triangle.

Construction 1. Given a segment AB and a point Z on it (with AZ = s − a and
BZ = s − b),
(1) construct the perpendicular to AB at Z , to intersect the semicircle with diam-
eter AB at P ;
(2) let A′ and B′ be points on the same side of AB such that AA′, BB′ ⊥ AB and
AA′ = AZ , BB′ = BZ;
(3) join PA′ and PB′ to intersect AB at X and Y respectively;
(4) construct the circle through P , X, Y to intersect the line PZ again at Q;
(5) let X ′ and Y ′ be point on AZ and ZB such that X ′Z = ZY ′ = ZQ;
(6) construct the circles centers A and B, passing through Y ′ and X ′ respectively,
to intersect at C .

The triangle ABC is Soddyian with incircle touching AB at Z (see Figure 4).

A B

C

Z

P

A′

B′

X Y

Q

Y ′X′

Figure 4.

Proof. Let AZ = u andBZ = v. From (1),ZP =
√

uv. From (2),

ZX = ZA · ZP

ZP + AA′ = u ·
√

uv

u +
√

uv
=

u
√

v√
u +

√
v
.
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Similarly, ZY = v
√

u√
u+

√
v
. By the intersecting chords theorem,

ZQ =
ZX · ZY

ZP
=

uv

(
√

u +
√

v)2
.

It follows that
1√
ZQ

=

√
u +

√
v√

uv
=

1√
u

+
1√
v

=
1√
AZ

+
1√
ZB

.

Therefore, triangleABC satisfies

BC = BX ′ = BZ + ZX ′ = BZ + ZQ,

AC = AY ′ = AZ + ZY ′ = AZ + ZQ,

AB = AZ + ZB,

with
1√

s − c
=

1√
ZQ

=
1√
AZ

+
1√
ZB

=
1√

s − a
+

1√
s − b

.

It is Soddyian and with incircle tangent toAB atZ. �

Reference

[1] N. Dergiades, The Soddy circles,Forum Geom., 7 (2007) 191–197.
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A Triad of Circles Tangent Internally to
the Nine-Point Circle

Nikolaos Dergiades and Alexei Myakishev

Abstract. Given an acute triangle, we construct the three circles each tangent
to two sides and to the nine point circle internally. We show that the centers of
these three circles are collinear.

In this note we construct, for a given acute triangle, the three circles each tangent
to two sides of the triangle and tangent to the nine point circle internally. We show
that the centers of these three circles are collinear ([1, 3]).

A′

B′

C′

A

B C

N

Figure 1.

Let ABC be the given triangle with incenterI. For three pointsA′, B′, C ′ on
the respective angle bisectors, write the vectors

IA
′ = pIA, IB

′ = qIB, IC
′ = rIC.

Since
(

a

p

)

IA
′ +

(

b

q

)

IB
′ +

(c

r

)

IC
′ = aIA + bIB + cIC = 0,

the three pointsA′, B′, C ′ are collinear if and only ifa
p

+ b

q
+ c

r
= 0.

Now consider the nine-point circle of triangleABC. This is tangent to the
incircle at the Feuerbach pointFe. The power ofA is d2 = 1

2
SA. If we apply

Publication Date: January 22, 2013. Communicating Editor:Paul Yiu.
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inversion with centerA and powerd2, the inverse of the incircle is a circle(A′)
tangent toAB, AC and the nine-point circle at the second intersectionF1 of the
line AFe. We have

AA′

AI
=

d2

(s − a)2
.

Hence,p = IA′

IA
= 2(a−b)(a−c)

(b+c−a)2
.

A′

F1

I

Fe

A

B C

N

Figure 2.

Similarly for the other centersB′, C ′ we have

q =
2(b − c)(b − a)

(c + a − b)2
, r =

2(c − a)(c − b)

(a + b − c)2
.

It is easy to prove that
a

p
+

b

q
+

c

r
= 0.

Therefore, the three centersA′, B′, C ′ are collinear.
These centers are

A′ = pA + (1 − p)I =

(

p(a + b + c)

1 − p
+ a : b : c

)

,

B′ = qB + (1 − q)I =

(

a :
q(a + b + c)

1 − q
+ b : c

)

,

C ′ = rC + (1 − r)I =

(

a : b :
r(a + b + c)

1 − r
+ c

)

.

If the line containing these centers has barycentric equation ux + vy + wz = 0
with reference to triangleABC, then
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A′ =

(

−

bv + cw

u
: b : c

)

, B′ =

(

a : −

au + cw

v
: c

)

, C′ =

(

a : b : −

au + bv

w

)

.

It follows that
p − 1

p
=

(a + b + c)u

au + bv + cw
,

q − 1

q
=

(a + b + c)v

au + bv + cw
,

r − 1

r
=

(a + b + c)w

au + bv + cw
,

and

u : v : w =
p − 1

p
:
q − 1

q
:
r − 1

r

=
b2 + c2

− a2

2(c − a)(a − b)
:

c2 + a2
− b2

2(a − b)(b − c)
:

a2 + b2
− c2

2(b − c)(c − a)

= (b − c)SA : (c − a)SB : (a − b)SC .

The line containing these points has equation

(b − c)SAx + (c − a)SBy + (a − b)SCz = 0.

This line contains the orthocenter
(

1

SA
: 1

SB
: 1

SC

)

and the Spieker center. As

such, it is the Soddy line of the inferior triangle. It is perpendicular to the Gergonne
axis, and is the trilinear polar ofX1897. Randy Hutson [2] has remarked that this is
also the Brocard axis of the excentral triangle.

A′

F1

I
Fe

A

B
C

N

A′′

Figure 3.

We conclude with two remarks about the constructions in thisnote.
(1) If angleA is acute, then the circle(A′) is tangent internally to the nine-point

circle, and the circle(A′′) inverse to theA-excircle is tangent externally to the
nine-point circle (see Figure 3).
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(2) The constructions apply also to obtuse triangles. If angle A is obtuse, the
pointsA′ , A′′ are on the extention ofIA. The circle(A′) is tangent externally to
the nine-point circle, and the inverse of theA-excircle is a circle tangent internally
to the nine-point circle (see Figure 4).

A′

B′

C′

A

B
C

N

Figure 4.
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Bicentric Quadrilaterals through Inversion

Albrecht Hess

Abstract. We show that inversion is a delightful tool for making some recent
and some older results on bicentric quadrilaterals more transparent and to smoothen
their proofs. As a main result we give an illustrative interpretation of Yun’s in-
equality and derive a sharper form.

1. Introduction

Figure 1 shows a bicentric quadrilateralABCD, its circumcircleC with center
O and radiusR, and its incircleC with centerZ and radiusr, OZ = d. The sides
of ABCD are tangent toC atE, F , G, H. Apply an inversion with respect toC .

d

A B

C

D

E

F

G

H

A′

B′

C′

D′

O Z M

S

C

R

C′

C

r

R′

Figure 1

The imagesA′, B′, C ′, D′ of the vertices lie on the circleC′ with centerM and
radiusR′, MZ = d′. The imageA′ lies on the polar ofA with respect toC and is
therefore the midpoint ofEH. The same applies to the other images.A′B′C ′D′

is a rectangle, because being the quadrilateral of the midpoints of EFGH it is a
cyclic parallelogram. The diagonalsEG andHF are orthogonal, since they are
parallel to the sides ofA′B′C ′D′. Cf. [14, step 2] and [7, 837 ff.].

Publication Date: January 29, 2013. Communicating Editor:Paul Yiu.
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2. Orthogonality of Newton lines

Theorem 1 (9, Theorem 6). A tangential quadrilateralABCD - without axes of
symmetry - is cyclic if and only if its Newton line is perpendicular to the Newton
line of its contact quadrilateral.

The restriction is included, since Newton lines do not existin tangential quadri-
laterals with several axes of symmetry, for isosceles tangential trapezoids the the-
orem is obvious and it is false for kites. LetI andJ be the points of intersection
of AB andCD, respectively.BC andAD. The midpointsMAC , MBD, MIJ are
collinear in any quadrilateral. The line passing through these points is called the
Newton line. To prove the collinearity one could use barycentric coordinates. For
a visual proof, connect some midpoints of the quadrilateralsides and the appearing
parallelograms will guide you. More information about Newton lines can be found
in [1, pp. 116–118] and [2]. The pointsX on the Newton line have a special prop-
erty: The sum of the signed areas ofAXB andCXD equals the sum of the signed
areas ofAXD andBXC. This can be seen easily from the equivalence of both

−−−−→
XMAC × (

−−→
AB +

−−→
CD) = 0 and

−−−−→
XMBD × (

−−→
AB +

−−→
CD) = 0

to
−−→
XA ×−−→

XB +
−−→
XC ×−−→

XD =
−−→
XD ×−−→

XA +
−−→
XB ×−−→

XC.

If ABCD is a tangential quadrilateral its consecutive sidesa, b, c andd satisfy
a + c = b + d, and therefore the centerZ of its incircle share the property that
the sum of the areas ofAZB andCZD equals the sum of the areas ofAZD and
BZC. HenceZ belongs to the Newton line.

Proof of Theorem 1.Suppose that the Newton line ofABCD, i.e., the linen1

throughMAC , Z, MBD, MIJ , and the Newton line ofEFGH, i.e., the linen2

throughMEG, MFH , are perpendicular. Apply the inversion with respect to the
incircleC. The images ofI andJ of MEG andMFH lie on the image ofn2, which
is a circle throughZ orthogonal ton1, whose center lies onn1. If MIJ ∈ n1 is
not the center of this circle, thenI andJ are symmetrical with respect ton1 and
ABCD is a kite, which was excluded. HenceMIJ is the center of the image of
n2, ∠IZJ = 90◦, EG ⊥ FH, A′B′C ′D′ is a rectangle andABCD cyclic. This
argument can be reversed easily.

3. Fuss’ formula

We derive Fuss’ theorem (cf. [3], [7, 837 ff.], [8, Theorem 125], [11, p.1],) by
inversion. I found no other place in literature, except the quoted book [7], where
Fuss’ theorem is proved with inversion. But the calculations in F. G.-M.’s book are
somewhat cumbersome.

Observe - with Thales’ theorem or angle chasing - thatB′SD′Z is a parallelo-
gram.M being the midpoint ofZS, the parallelogram law says

4R′2 + 4d′2 = 4MD′2 + 4d′2 = 2ZD′2 + 2SD′2 = 2r2.
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A B

C

D

E

F

G

H

O Z

I

J

MAC

MBD

MIJ

MF H

MEG

Newton’s line
Newton’s line

Figure 2

The formulae for radius and midpoint distance of an invertedcircle R′ = r2R

R2−d2

andd′ = r2d

R2−d2 , [8, p. 51], substituted into2R′2 +2d′2 = r2 lead to Fuss’ formula

1

(R − d)2
+

1

(R + d)2
=

1

r2
.

4. Poncelet’s porism

Theorem 2. ABCD is a bicentric quadrilateral with circumcircleC and incir-
cle C . Then bicentric quadrilaterals with circumcircleC and incircleC can be
constructed starting from any point of the circumcircleC (cf. [4], [6], [12], [13]).

Proof. If ABCD is bicentric (see Figure 1),R, r andd obey Fuss’ formula. Using
inversion with respect toC , the circumcircleC of ABCD is mapped onto the circle
C′ with centerM and2R′2 + 2d′2 = r2, just reverse the substitutions above. LetS

be a point such thatM is the midpoint between the centerZ of the incircle and this
point S. Choose any pointA′ on C′. This pointA′ and its diametrically opposite
point C ′ form with Z andS a parallelogram. From the parallelogram law follows
thatA′ is the midpoint of a chordHE of C which forms together withS a right
triangle. G andF are the endpoints of the chords fromE andH throughS and
B′, C ′ andD′ the midpoints of the corresponding chords. Inversion with respect
to C converts the circles with diametersZE, ZF , ZG, ZH into the sides of the
bicentric quadrilateral whose vertices are the images ofA′, B′, C ′ andD′. �
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5. Carlitz’ inequality

Furthermore, from2R′2 + 2d′2 = r2 we get
√

2R′ ≤ r. Substituted intoR =
r2R′

R′2−d′2
≥ r2

R′ ≥
√

2r, Carlitz’ inequality [5] is obtained.

6. Coaxial system of circles

Writing 2R′2 + 2d′2 = r2 as R′2

d′
+ d′ = r2

2d′
, we see that in a bicentric quadri-

lateralABCD the imageS′ of the pointS of intersection ofGE andFH - and
also ofAC andBD by Pascal’s theorem applied to a degenerated hexagon - is the
same when inverted with respect toC or when inverted with respect toC′. This
means that the circle with diameterSS′ is orthogonal toC and toC′ - and also to
C by inversion with respect toC . This revealsC, C andC′ as members of a coaxial
system of circles with limiting points S and S’. The perpendicular bisector ofSS′

is the radical axis of this coaxial system, [8, chapter III].

7. Yun’s inequality revisited

With A+B

2
= E, B+C

2
= F and the law of sines2r sin E = FH, 2r sin F =

EG, Yun’s inequality
√

2r

R
≤ 1

2

(

sin
A

2
cos

B

2
+ sin

B

2
cos

C

2
+ sin

C

2
cos

D

2
+ sin

D

2
cos

A

2

)

≤ 1,

[10], [15], is converted by multiplication with2r into 2
√

2r2

R
≤ EG+FH

2
≤ 2r.

The right hand side is obvious. We increase the left hand sideapplying the for-
mula for the radius of an inverted circleR = r2R′

R′2−d2 ≥ r2

√
R′2−d′2

to 2
√

2r2

R
≤

2
√

2R′2 − 2d′2. From 2R′2 + 2d′2 = r2 we get 2
√

2r2

R
≤ 2

√

r2 − (2d′)2. But
2
√

r2 − (2d′)2 is the length of the minimum chord of the circleC throughS and
EG+FH

2
is the mean of any two orthogonal chords throughS, which is obviously

greater, equality occurs only for squaresABCD whenS = Z.
Comparing one chord instead of the mean of two orthogonal chords with the

minimum chord we get the inequality
√

2r

R
≤ sin

A + B

2
= sin

A

2
sin

D

2
+ sin

B

2
sin

C

2
,

of which Yun’s inequality is a consequence.
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Five Proofs of an Area Characterization of Rectangles

Martin Josefsson

Abstract. We prove in five different ways a necessary and sufficient condition
for a convex quadrilateral to be a rectangle regarding its area expressed in terms
of its sides.

There are a handful of well known characterizations of rectangles, most of which
concerns one or all four of the angles of the quadrilateral (see [8, p.34]). One
example is that a parallelogram is a rectangle if and only if it has (at least) one
right angle. Here we shall prove thata convex quadrilateral with consecutive sides
a, b, c, d is a rectangle if and only if its areaK satisfies

K = 1

2

√

(a2 + c2)(b2 + d2). (1)

We give five different proofs of this area characterization.

b

A
b

B

b
C

bD

a

b

c

d

b

A
b

B

b
C

bD

a

b

c

d

Figure 1. Dividing a quadrilateral into two triangles

First proof. For the area of a convex quadrilateral, we have (see the left half of
Figure 1)

K = 1

2
ab sin B + 1

2
cd sin D ≤ 1

2
(ab + cd),

where there is equality if and only ifB = D = π

2
. Using the following algebraic

identity due to Diophantus of Alexandria

(ab + cd)2 + (ad − bc)2 = (a2 + c2)(b2 + d2)

directly yields the two dimensional Cauchy-Schwarz inequality

ab + cd ≤
√

(a2 + c2)(b2 + d2)

Publication Date: February 7, 2013. Communicating Editor:Paul Yiu.
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with equality if and only ifad = bc. Hence the area of a convex quadrilateral
satisfies

K ≤ 1

2

√

(a2 + c2)(b2 + d2) (2)

with equality if and only ifB = D = π

2
and ad = bc. The third equality is

equivalent toa

c
= b

d
, which together withB = D yields that trianglesABC and

CDA are similar. But these triangles have the sideAC in common, so they are in
fact congruent right triangles (sinceB = D = π

2
). Then the angles atA andC in

the quadrilateral must also be right angles, soABCD is a rectangle. Conversely it
is trivial, that in a rectangleB = D = π

2
andad = bc. Hence there is equality in

(2) if and only if the quadrilateral is a rectangle.

b

b C

b

A

b

B

b
D

a

b

c

d

Figure 2. Congruent right trianglesABC andCDA

Second proof.A diagonal can divide a convex quadrilateral into two triangles in
two different ways (see Figure 1). Adding these four triangle areas yields that the
areaK of the quadrilateral satisfies

2K = 1

2
ab sin B + 1

2
bc sin C + 1

2
cd sin D + 1

2
da sin A

≤ 1

2
ab + 1

2
bc + 1

2
cd + 1

2
da = 1

2
(a + c)(b + d)

where there is equality if and only ifA = B = C = D = π

2
. Thus

K ≤ 1

4
(a + c)(b + d), (3)

which is a known inequality for the area of a quadrilateral (see [2, p.129]), with
equality if and only if it is a rectangle.1 According to the AM-GM inequality,

(a + c)2 = a2 + c2 + 2ac ≤ 2(a2 + c2)

1An interesting historical remark is that the formulaK =
a+c

2
·

b+d

2
(this is another area charac-

terization of rectangles) was used by the ancient Egyptiansto calculate the area of a quadrilateral, but
it’s only a good approximation if the angles of the quadrilateral are close to being right angles. In all
quadrilaterals but rectangles the formula gives an overestimate of the area, which the tax collectors
probably didn’t mind.
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with equality if and only ifa = c. Similarly, (b + d)2 ≤ 2(b2 + d2). Using these
two inequalities in (3), which we first rewrite, we get

K ≤ 1

4

√

(a + c)2(b + d)2

≤ 1

4

√

2(a2 + c2) · 2(b2 + d2) = 1

2

√

(a2 + c2)(b2 + d2).

There is equality if and only ifa = c, b = d, andA = B = C = D = π

2
, that is,

only when the quadrilateral is a rectangle.

b b

b

b

a

b

c

d

b

b

b

b

m

n

φ

Figure 3. The Varignon parallelogram and the bimedians

Third proof. The area of a convex quadrilateral is twice the area of its Varignon
parallelogram [3, p.53]. The diagonals in that parallelogram are the bimediansm
andn in the quadrilateral, that is, the line segments connectingthe midpoints of
opposite sides (see Figure 3). Using that the areaK of a convex quadrilateral is
given by one half the product of its diagonals and sine for theangle between the
diagonals (this was proved in [5]), we have that

K = mn sin φ (4)

whereφ is the angle between the bimedians. In [7, p.19] we proved that the di-
agonals of a convex quadrilateral are congruent if and only if the bimedians are
perpendicular. Hence the area of a convex quadrilateral is

K = mn (5)

if and only if the diagonals are congruent (it is an equidiagonal quadrilateral). The
length of the bimedians in a convex quadrilateral can be expressed in terms of two
opposite sides and the distancev between the midpoints of the diagonals as

m = 1

2

√

2(b2 + d2) − 4v2,

n = 1

2

√

2(a2 + c2) − 4v2
(6)

(see [6, p.162]). Using these expressions in (5), we have that the area of a convex
quadrilateral is given by

K = 1

4

√

(2(a2 + c2) − 4v2)(2(b2 + d2) − 4v2)
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if and only if the diagonals are congruent. Now solving the equation

1

2

√

(a2 + c2)(b2 + d2) = 1

4

√

(2(a2 + c2) − 4v2)(2(b2 + d2) − 4v2)

yields8v2 = 0 or a2 + b2 + c2 + d2 = 2v2. The second equality is not satisfied in
any quadrilateral, since according to Euler’s extension ofthe parallelogram law, in
all convex quadrilaterals

a2 + b2 + c2 + d2 = p2 + q2 + 4v2 > 2v2

wherep andq are the lengths of the diagonals [1, p.126]. Thus we concludethat
v = 0 is the only valid solution. Hence a convex quadrilateral hasthe area given
by (1) if and only if the diagonals are congruent and bisect each other. A parallelo-
gram, the quadrilateral characterized by bisecting diagonals (v = 0), has congruent
diagonals if and only if it is a rectangle.

Fourth proof. Combining equations (4) and (6) yields that the area of a convex
quadrilateral with consecutive sidesa, b, c, d is given by

K = 1

4

√

(2(a2 + c2) − 4v2)(2(b2 + d2) − 4v2) sinφ

wherev is the the distance between the midpoints of the diagonals and φ is the
angle between the bimedians. Since parallelograms are characterized byv = 0, we
have that the area is

K = 1

2

√

(a2 + c2)(b2 + d2) sin φ

if and only if the quadrilateral is a parallelogram. In a parallelogram,φ is equal to
one of the vertex angles since each bimedian is parallel to two opposite sides (see
Figure 4). A parallelogram is a rectangle if and only if one ofthe vertex angles is
a right angle. The equationsin φ = 1 only has one possible solutionφ = π

2
; hence

we have that the area of a convex quadrilateral is given by (1)if and only if it is a
rectangle.

b b

bb

a

b

c

d

b

b

b b

φ

Figure 4. The angle between the bimedians in a parallelogram
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Fifth proof. A convex quadrilateral with consecutive sidesa, b, c, d and diagonals
p, q has the area [4, p.27]

K = 1

4

√

4p2q2 − (a2 − b2 + c2 − d2)2.

Now solving the equation
1

2

√

(a2 + c2)(b2 + d2) = 1

4

√

4p2q2 − (a2 − b2 + c2 − d2)2

we get
(2pq)2 − (a2 + b2 + c2 + d2)2 = 0

with only one positive solutiona2 + b2 + c2 + d2 = 2pq. Using again Euler’s
extension of the parallelogram law

a2 + b2 + c2 + d2 = p2 + q2 + 4v2,

wherev is the distance between the midpoints of the diagonalsp andq, yields

p2 + q2 + 4v2 = 2pq ⇔ (2v)2 = −(p − q)2.

Here the left hand side is never negative, whereas the right hand side is never
positive. Thus for equality to hold, both sides must be zero.Hencev = 0 and
p = q. This is equivalent to that the quadrilateral is a parallelogram with congruent
diagonals,i.e., a rectangle.
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ities, Wolters-Noordhoff publishing, Groningen, 1969.

[3] H. S. M. Coxeter and S. L. Greitzer,Geometry revisited, Math. Assoc. Amer., 1967.
[4] C. V. Durell and A. Robson,Advanced Trigonometry, Dover reprint, 2003.
[5] J. Harries, Area of a Quadrilateral,The Mathematical Gazette86 (2002) 310–311.
[6] M. Josefsson, The area of a bicentric quadrilateral,Forum Geom.11 (2011) 155–164.
[7] M. Josefsson, Characterizations of orthodiagonal quadrilaterals,Forum Geom.12 (2012) 13–25.
[8] Z. Usiskin and J. Griffin,The Classification of Quadrilaterals. A Study of Definition, Information

Age Publishing, Charlotte, 2008.
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Characterizations of Trapezoids

Martin Josefsson

Abstract. We review eight and prove an additional 13 necessary and sufficient
conditions for a convex quadrilateral to be a trapezoid. Oneaim for this paper is
to show that many of the known properties of trapezoids are infact characteriza-
tions.

1. Introduction

A trapezoid (in British English it is called a trapezium) is aquadrilateral with
a pair of opposite parallel sides. But there is some disagreement if the definition
shall stateexactlyone pair orat leastone pair. The former is called an exclusive
definition and the latter an inclusive definition. The exclusive seems to be common
in textbooks at lower levels of education, whereas the inclusive is common among
mathematicians and at higher levels of education (beyond high school) [10, p. xiii].
What is the reason for and significance of the two possible definitions?

One likely explanation for the exclusive definition is that when students first en-
counter shapes like a trapezoid or a rhombus, they could get confused if a rhombus
also can be called a trapezoid. When proving properties of a trapezoid it is impor-
tant to actually draw it with only one pair of opposite parallel sides, so the proof
covers the general case. Here the exclusive definition has its merits. But when
students are to progress in their mathematical education, the exclusive definition
has some drawbacks.

First of all, the main strength of the inclusive definition isthe fact that a property
that is proved to hold for a trapezoid automatically also holds for all quadrilaterals
with two pairs of opposite parallel sides, that is, for parallelograms, rhombi, rect-
angles, and squares. This is a major advantage, since then wedo not have to repeat
arguments for those classes. Other benefits are that the taxonomy for quadrilaterals
is more perspicuous within the inclusive definition, and features like symmetry and
duality becomes more prominent. Also, there is the trapezoid rule for calculating
integrals. But these trapezoids do not always just have one pair of opposite parallel
sides; sometimes they are in fact rectangles. That would make the name of the
rule confusing if a rectangle was not considered to be a special case of a trapezoid.
These are some of the reasons why mathematicians nowadays prefer the inclusive
definition, that is,a trapezoid is a quadrilateral withat leastone pair of opposite
parallel sides.

Publication Date: February 7, 2013. Communicating Editor:Paul Yiu.



24 M. Josefsson

We claim that many geometry textbooks do not put much effort into summariz-
ing even the most basic characterizations of trapezoids. The trapezoid is one of the
six simplest types of quadrilaterals, so it is usually covered in books at lower levels
of education. In those texts the authors often covers quite extensively methods for
proving that a quadrilateral is one of the other five types: parallelograms, rhombi,
rectangles, squares, and isosceles trapezoids.1 But not the general trapezoid. Why
is that? One reason could be that authors consider the topic already covered in
connection with the treatment of parallel lines. But if so, then why not instead take
this opportunity to connect that theory with quadrilaterals to show how it all fits
together?

Anyway, we will now summarize a handful of the simplest characterizations of
trapezoids. These are the ones that rely only upon the theoryof parallel lines or
similarity. Then we shall prove a dozen of other characterizations, and in doing
so we will demonstrate that most of the well known propertiesof trapezoids are in
fact necessary and sufficient conditions for a quadrilateral to be a trapezoid.

First a comment on notations. The consecutive sides of a convex quadrilateral
ABCD will be denoteda = AB, b = BC, c = CD, andd = DA. In most of
the characterizations we only consider the case whena ‖ c anda ≥ c. We trust
the reader can then reformulate the characterizations in the other main caseb ‖ d

using symmetry.

b

A
b

B

b
C

b
D

b

Ph1 h2

Figure 1. Two altitudes to the sideCD

If the extensions of opposite sidesAB andCD in a convex quadrilateral inter-
sect at an angleξ, then the quadrilateral is a trapezoid if and only ifξ = 0. A
second characterization is thatthe quadrilateralABCD is a trapezoid with paral-
lel sidesAB andCD if and only if∠ABD = ∠CDB, see Figure 1. An equivalent
necessary and sufficient condition is thata convex quadrilateral is a trapezoid if
and only if two pairs of adjacent angles are supplementary, that is

A + D = π = B + C. (1)

1The kite must also be considered to be one of the basic quadrilaterals. Perhaps since there are
only a few known characterizations of these, it usually don’t get that much attention. If we are to
include the possibility of a tangential quadrilateral as well (i.e. one that has an incircle), then there
are a further dozen of (less well known) characterizations of kites, see [6]. We note that Theorem 2
(ix) in that paper contained a misprint. It should state: Theincenter lies on the diagonal that is a line
of symmetry (which is not necessarily the longest one).



Characterizations of trapezoids 25

From the theory of parallel lines we also have thatthe line segmentsAB andCD

are the bases of a trapezoidABCD if and only if the trianglesACD andBCD

have equal altitudes to the common sideCD (h1 = h2 in Figure 1).
Two characterizations concerning similarity are the following. A convex quadri-

lateral ABCD is a trapezoid if and only if the diagonals divide each other in the
same ratio, that is

AP

CP
=

BP

DP
, (2)

whereP is the intersection of the diagonals.A closely related necessary and suf-
ficient condition states thatthe diagonals divide a convex quadrilateral into four
non-overlapping triangles, of which two opposite are similar if and only if the
quadrilateral is a trapezoid(ABP ∼ CDP in Figure 1).

2. Trigonometric characterizations

As part of the proof of Theorem 2 in [7] we have already proved two trigono-
metric characterizations of trapezoids, so we just restatethem here. A convex
quadrilateralABCD is a trapezoid if and only if

sinA sin C = sin B sinD.

An equivalent necessary and sufficient condition is

cos (A − C) = cos (B − D).

In fact, both of these conditions incorporate the possibility for either pair of oppo-
site sides to be parallel, not justa ‖ c.

The first theorem and the subsequent proposition are trigonometric versions of
the adjacent angle characterization (1).

Theorem 1. A convex quadrilateralABCD is a trapezoid with parallel sidesAB

andCD if and only if

cos A + cos D = cos B + cos C = 0.

Proof. (⇒) If the quadrilateral is a trapezoid, thenA + D = π. Hence

cos A + cos D = cos A + cos (π − A) = cos A − cos A = 0.

The second equality is proved in the same way.
(⇐) We do an indirect proof of the converse. Assume the quadrilateral is not a

trapezoid and without loss of generality thatA > π−D. Since0 < A < π and the
cosine function is decreasing on that interval, we getcos A < cos (π − D). Hence

cos A + cos D < cos (π − D) + cos D = 0.

From the sum of angles in a quadrilateral we also have that

A > π − D ⇒ B < π − C ⇒ cos B + cos C > 0.

So if the quadrilateral is not a trapezoid, thencos A+ cos D 6= cos B + cos C, and
neither side is equal to 0. This completes the indirect proof. �
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Proposition 2. A convex quadrilateralABCD is a trapezoid with parallel sides
AB andCD if and only if

cot A + cot D = cot B + cot C = 0.

Proof. Since the cotangent function is decreasing on the interval0 < x < π and
cot (π − x) = − cot x, the proof is identical to that of Theorem 1. �

So far we have characterizations with sine, cosine and cotangent. Next we prove
one for the tangents of the half angles.

Theorem 3. A convex quadrilateralABCD is a trapezoid with parallel sidesAB

andCD if and only if

tan
A

2
tan

D

2
= tan

B

2
tan

C

2
= 1.

Proof. (⇒) If the quadrilateral is a trapezoid, thenA + D = π = B + C. Using
these, the equalities in the theorem directly follows sincetan D

2
= cot A

2
and

tan C

2
= cot B

2
.

(⇐) Assume the quadrilateral is not a trapezoid and without lossof generality
thatA + D > π andB + C < π. From the addition formula for tangent, we get

0 > tan

(

A

2
+

D

2

)

=
tan A

2
+ tan D

2

1 − tan A

2
tan D

2

.

The anglesA
2

and C

2
are acute, so the numerator is positive. Then the denominator

must be negative, sotan A

2
tan D

2
> 1. In the same waytan B

2
tan C

2
< 1. Hence

tan
A

2
tan

D

2
6= tan

B

2
tan

C

2

and neither side is equal to 1. �

3. Characterizations concerning areas

The first proposition about areas concerns a bimedian, that is, a line segment
that connects the midpoints of two opposite sides.

Proposition 4. A convex quadrilateral is a trapezoid if and only if one bimedian
divide it into two quadrilaterals with equal areas.

Proof. (⇒) In a trapezoid, the bimedian between the bases (see the left half of
Figure 2) divide it into two quadrilaterals with equal altitudes and two pairs of
equal bases. Hence these two quadrilaterals, which are alsotrapezoids, have equal
areas according to the well known formula for the area of a trapezoid.2

(⇐) If T1 + T2 = T3 + T4 in a convex quadrilateral with notations as in the
right half of Figure 2, then we haveT1 = T4 sinceT2 andT3 are equal due to
equal bases and equal altitudes. ButT1 andT4 also have equal bases, so then their
altitudes must be equal as well. This means that the quadrilateral is a trapezoid. �

2The area of a trapezoid is the arithmetic mean of the bases times the altitude.



Characterizations of trapezoids 27

T1

T2 T3

T4

Figure 2. A trapezoid (left) andT1 + T2 = T3 + T4 (right)

We will need the next proposition in the proofs of the following two character-
izations. A different proof was given as the solution to Problem 4.14 in [9, pp.80,
89].

Proposition 5. If the diagonals in a convex quadrilateralABCD intersect atP ,
then it is a trapezoid with parallel sidesAB andCD if and only if the areas of the
trianglesAPD andBPC are equal.

Proof. We have that the sidesAB andCD are parallel if and only if (see Figure 1)

hACD = hBCD ⇔ TACD = TBCD ⇔ TAPD = TBPC

wherehXY Z andTXY Z stands for the altitude and area of triangleXY Z respec-
tively. �

The following theorem was proved by us using trigonometry asTheorem 2 in
[7]. Here we give a different proof using the previous characterization.

Theorem 6. A convex quadrilateral is a trapezoid if and only if the product of the
areas of the triangles formed by one diagonal is equal to the product of the areas
of the triangles formed by the other diagonal.

Proof. We use notations on the subtriangle areas as in Figure 3. Thenwe have

(S + U1)(T + U2) = (S + U2)(T + U1)

⇔ SU2 + TU1 = SU1 + TU2

⇔ S(U2 − U1) = T (U2 − U1)

⇔ (S − T )(U2 − U1) = 0.

The last equality is equivalent toS = T or U2 = U1, where either of these
equalities is equivalent to that the quadrilateral is a trapezoid according to Propo-
sition 5. �

In the proof of the next theorem we will use the following lemma about a prop-
erty that all convex quadrilaterals have. Observe that the triangles in this lemma
are not the same as the ones in Theorem 6.

Lemma 7. The diagonals of a convex quadrilateral divide it into four non-over-
lapping triangles. The product of the areas of two opposite triangles is equal to the
product of the areas of the other two triangles.
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w x

y

z
S

T

U1

U2

θ

Figure 3. The diagonal parts and subtriangle areas

Proof. We denote the diagonal parts byw, x, y, z and the consecutive subtriangle
areas byS, U1, T , U2, see Figure 3. These areas satisfy

ST = 1

4
wxyz sin2 θ = U1U2

whereθ is the angle between the diagonals.3
�

Our last characterization concerning areas is a beautiful formula for the area of
a trapezoid. It can be proved using similarity as in [1, p.50]. We give a short proof
establishing it to be both a necessary and sufficient condition.

Theorem 8. The diagonals of a convex quadrilateral divide it into four non-over-
lapping triangles. If two opposite of these have areasS andT , then the quadrilat-
eral has the area

K =
(√

S +
√

T
)2

if and only if it is a trapezoid whose parallel sides are the two sides in the triangles
in question that are not parts of the diagonals.

Proof. A convex quadrilateral has the area (see Figure 3)

K = S + T + U1 + U2

= S + T + 2
√

ST − 2
√

U1U2 + U1 + U2

=
(√

S +
√

T
)2

+
(

√

U1 −
√

U2

)2

where we in the second equality used thatST = U1U2 according to the Lemma.
We have that the quadrilateral is a trapezoid if and only ifU1 = U2 (by Proposi-

tion 5), so it is a trapezoid if and only if it has the areaK =
(√

S +
√

T
)2

. �

As a corollary we note that the areaK of a convex quadrilateral satisfies the
inequality4

√
K ≥

√
S +

√
T ,

3This equality can also be proved without trigonometry. If the altitudes in the two triangles on
respective side of the diagonalw + y areh1 andh2, then we have thatST =

1

4
wyh1h2 = U1U2.

4We have seen this inequality before, but we cannot recall a reference.
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where there is equality if and only if the quadrilateral is a trapezoid.
Theorem 8 was formulated as if there could be only one pair of opposite parallel

sides (a general trapezoid). If there are two pairs of opposite parallel sides, then the
two triangles with areasS andT could be be any one of the two pairs of opposite
triangles formed by the diagonals.

4. Characterizations concerning sides and distances

The following simple characterization concerns the ratio of two opposite sides
and the ratio of the sine of two adjacent angles.

Proposition 9. The convex quadrilateralABCD is a trapezoid with parallel sides
AB andCD if and only if

DA

BC
=

sin C

sinD
.

Proof. The quadrilateral is a trapezoid if and only if the trianglesACD andBCD

have equal altitudes to the sideCD, which is equivalent to that the areas of these
two triangles are equal. This in turn is equivalent to

1

2
CD · DA sin D = 1

2
CD · BC sin C,

which is equivalent to the equality in the theorem. �

The parallelogram law states that in a parallelogram, the sum of the squares of
the four sides equals the sum of the squares of the two diagonals. Euler generalized
this to a convex quadrilateral with sidesa, b, c, d and diagonalsp, q as

a2 + b2 + c2 + d2 = p2 + q2 + 4v2 (3)

wherev is the distance between the midpoints of the diagonals. A proof can be
found in [2, p.126]. We shall now derive another generalization of the parallelo-
gram law, that will give us a characterization of trapezoidsas a special case. This
equality was stated in [4, p.249], but Dostor’s derivation was very scarce.

Theorem 10. If a convex quadrilateral has consecutive sidesa, b, c, d and diago-
nalsp, q, then

p2 + q2 = b2 + d2 + 2ac cos ξ

whereξ is the angle between the extensions of the sidesa andc.

Proof. In a convex quadrilateralABCD, let the extensions ofAB andCD inter-
sect atJ . Other notations are as in Figure 4, whereAC = p, BD = q, AB = a,
and AE = x. We constructGC parallel toAB. Then ∠DCG = ∠BJC.
We also haveEF = GC = c cos ξ, DG = c sin ξ, ED = h − c sin ξ, and
FB = a − c cos ξ − x.



30 M. Josefsson

x
b

A
b

B

b
C

bD

a

b
c

d

b

E

b
G

b

F

h

ξ

b

J
ξ

Figure 4. The alternate anglesξ

Applying the Pythagorean theorem in trianglesACF,BDE,BCF,AED, we
get respectively

p2 = h2 + (x + c cos ξ)2, (4)

q2 = (a − x)2 + (h − c sin ξ)2, (5)

b2 = h2 + (a − c cos ξ − x)2, (6)

d2 = x2 + (h − c sin ξ)2. (7)

Expanding the parentheses and adding (4) and (5), we get

p2 + q2 = 2(h2 + x2) + 2x(c cos ξ − a) + a2 + c2 − 2hc sin ξ. (8)

From (6) and (7),

b2 + d2 = 2(h2 + x2) + a2 + c2 − 2hc sin ξ − 2ac cos ξ + 2x(c cos ξ − a). (9)

Comparing (9) and (8), we see that

b2 + d2 = p2 + q2 − 2ac cos ξ

and the equation in the theorem follows. �

Corollary 11. A convex quadrilateral with consecutive sidesa, b, c, d and diago-
nalsp, q is a trapezoid with parallel sidesa andc if and only if

p2 + q2 = b2 + d2 + 2ac.

Proof. This characterization is a direct consequence of Theorem 10, since the
quadrilateral is a trapezoid if and only ifξ = 0. �

The next two theorems concerns the distances between the midpoints of the
diagonals and the midpoints of two opposite sides (a bimedian).

Theorem 12. A convex quadrilateral is a trapezoid with parallel sidesa and c if
and only if the distancev between the midpoints of the diagonals has the length

v =
|a − c|

2
.
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Proof. Inserting the equation in Corollary 11 into (3), we get that aconvex quadri-
lateral is a trapezoid if and only if

a2 + b2 + c2 + d2 = b2 + d2 + 2ac + 4v2 ⇔ (a − c)2 = 4v2.

Hence we get the characterizationv = 1

2
|a − c|. �

Remark.According to the formula, the diagonals bisect each other (v = 0) if
and only if a = c. In this case the quadrilateral is a parallelogram, which isa
special case of a trapezoid within the inclusive definition.

Theorem 13. A convex quadrilateral with consecutive sidesa, b, c, d is a trapezoid
with parallel sidesa andc if and only if the bimediann that connects the midpoints
of the sidesb andd has the length

n =
a + c

2
.

Proof. The length of the bimediann that connects the midpoints of the sidesb and
d in a convex quadrilateral is given by

4n2 = p2 + q2 + a2 − b2 + c2 − d2

according to [3, p.231] and post no 2 at [5] (both with other notations). Substituting
p2 + q2 from Corollary 11, we get that a convex quadrilateral is a trapezoid if and
only if

4n2 = b2 + d2 + 2ac + a2 − b2 + c2 − d2 ⇔ 4n2 = (a + c)2.

Hencen = 1

2
(a + c). �

The last characterization on sides and distances is about formulas for the length
of the diagonals.

Theorem 14. A convex quadrilateralABCD with consecutive sidesa, b, c, d is a
trapezoid witha ‖ c anda 6= c if and only if the length of the diagonalsAC and
BD are respectively

p =

√

ac(a − c) + ad2 − cb2

a − c
,

q =

√

ac(a − c) + ab2 − cd2

a − c
.

Proof. We prove the second formula first. Using the law of cosines in the two
triangles formed by diagonalBD = q in a convex quadrilateral, we haved2 =
a2 + q2 − 2aq cos u andb2 = c2 + q2 − 2cq cos v (see Figure 5). Thus

cos u =
a2 + q2 − d2

2aq

and

cos v =
c2 + q2 − b2

2cq
.
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The quadrilateral is a trapezoid witha ‖ c if and only if u = v, which is equivalent
to cos u = cos v. This in turn is equivalent to

a2 + q2 − d2

2aq
=

c2 + q2 − b2

2cq

which we can rewrite as

ac(a − c) + ab2 − cd2 = (a − c)q2.

Now if a 6= c, the second formula follows.
The first formula can be proved in the same way, or we can use symmetry and

need only to make the changeb ↔ d in the formula we just proved. �

Remark.The quadrilateral is a trapezoid witha ‖ c anda = c if and only if it is
a parallelogram. In that case the sides alone do not uniquelydetermine neither the
quadrilateral nor the length of the diagonals.

5. A collinearity characterization

The following theorem has been stated as a collinearity, butanother possibility
is to state it as a concurrency:a convex quadrilateral is a trapezoid if and only if
the two diagonals and one bimedian are concurrent, in which case the two sides
that the bimedian connects are parallel.The proof of the converse is cited from
[11].

Theorem 15. Two opposite sides in a convex quadrilateral are parallel ifand
only if the midpoints of those sides and the intersection of the diagonals are three
collinear points.

Proof. (⇒) In a trapezoid, letE andG be the midpoints of the sidesAB andCD

respectively, andP the intersection of the diagonals. TrianglesCDP andABP

are similar due to two pairs of equal angles (see Figure 6). Note thatPG andPE

are medians in those triangles, but we do not yet know that∠DPG = ∠BPE.
This is what we shall prove. From the similarity, we get

PD

PB
=

CD

AB
=

2GD

2EB
=

GD

EB
.
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Also∠PDG = ∠PBE, so trianglesPDG andPBE are similar. Hence∠DPG =
∠BPE, and sinceBPD is a straight line, then so isEPG.
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Figure 7. IsABCD a trapezoid?

(⇐) In a convex quadrilateralABCD whereE andG are the midpoints ofAB

andCD andP is the intersection of the diagonals, we know thatE, P andG are
collinear. We shall prove thatAB andCD are parallel. ExtendAD andEG to
intersect atQ (see Figure 7). We apply Menelaus’ theorem to trianglesABD and
ACD using the transversalEPGQ. Then

AE

EB
· BP

PD
· DQ

QA
= 1 (10)

and
AP

PC
· CG

GD
· DQ

QA
= 1. (11)

SinceAE = EB andCG = GD, equations (10) and (11) yields

BP

PD
=

AP

PC
.

This equality states that the diagonals divide each other inthe same ratio, which is
the well known sufficient condition (2) for the sidesAB andCD to be parallel. �
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6. Can all convex quadrilaterals be folded into a trapezoid?

A convex quadrilateral is not uniquely determined by its sides alone. This means
that there can be different types of quadrilaterals having the same consecutive
sides.5 Let us make a model of a convex quadrilateral as four very thinrods con-
nected by hinges at their endpoints. We assume that the length of any rod is shorter
that the sum of the other three, which ensures that the rods can be the sides of a
convex quadrilateral. What we shall explore is if it’s always possible to fold the
model into a trapezoid?

c a − c

d

b

A
b

B

b
C

b

b
D c

d

b

E

Figure 8. AECD is a parallelogram

In a general trapezoid wherea ‖ c anda 6= c, we construct the triangleBCE

in Figure 8 such thatCE ‖ DA. This triangle exists whenever its sides satisfy the
three triangle inequalitiesa − c < b + d, d < a − c + b, andb < a − c + d. The
first of these is always satisfied if the quadrilateral exists. The second and third can
be merged into

|a − c| > |b − d|,
which is a necessary condition fora ‖ c whena 6= c. But it is also a sufficient
condition, since if it is satisfied, it is possible to construct the triangleBCE and
then the trapezoid. In the same way, we have that

|a − c| < |b − d|
is a necessary and sufficient condition forb ‖ d whenb 6= d. Thus the only case
when we can’t fold a convex quadrilateral into a trapezoid iswhen

|a − c| = |b − d|.
This is the characterization for when the quadrilateral hasan excircle (so it is an
extangential quadrilateral) according to [8, p.64].

Let us examine why we can’t get a trapezoid in this case. We usethe “semi
factored” version of Heron’s formula for the areaT of a triangle to get a formula
for the altitude in a trapezoid. In a triangle with sidesx, y, z, the altitudeh to the
sidex has the length

h =
2T

x
=

√

((y + z)2 − x2) (x2 − (y − z)2)

2x
.

5For instance, a quadrilateral having the sidesa, b, a, b can be either a (general) parallelogram or
a rectangle.
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The triangleBCE has the same altitude as the trapezoid. Insertingx = a − c,
y = b, andz = d yields the trapezoid altitude

h =

√

((b + d)2 − (a − c)2) ((a − c)2 − (b − d)2)

2|a − c|
which is valid whena 6= c. Here we see that when|a − c| = |b − d|, the trapezoid
altitude is zero. This means that the trapezoid has collapsed into a line segment.
If we don’t consider that degenerate case to be a trapezoid, this is the reason why
an extangential quadrilateral (with a finite exradius) can never be folded into a
trapezoid.

Finally we have the case|a − c| = |b − d| = 0. Then both pairs of opposite
sides have equal length, so the quadrilateral is a parallelogram.6 This is already a
trapezoid (within the inclusive definition), so no folding is needed.

We conclude by stating the conclusions above in the following theorem.

Theorem 16. If four line segmentsa, b, c, d have the property that any one of
them is shorter than the sum of the other three, then they can always constitute the
consecutive sides of a non-degenerate trapezoid except when |a− c| = |b−d| 6= 0.
In that case they will be the sides of an extangential quadrilateral.
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The Most Inaccessible Point of a Convex Domain

Marı́a Calvo and Vicente Muñoz

Abstract. The inaccessibility of a pointp in a bounded domainD ⊂ R
n is the

minimum of the lengths of segments throughp with boundary at∂D. The points
of maximum inaccessibilityID are those where the inaccessibility achieves its
maximum. We prove that for strictly convex domains,ID is either a point or a
segment, and that for a planar polygonID is in general a point. We study the case
of a triangle, showing that this point is not any of the classical notable points.

1. Introduction

The story of this paper starts when the second author was staring at some work-
ers spreading cement over the floor of a square place to construct a new floor over
the existing one. The procedure was the following: first theydivided the area into
triangular areas (actually quite irregular triangles, of around 50 square meters of
area). They put bricks all along the sides of the triangles and then poured the liquid
cement in the interior. To make the floor flat, they took a big rod of metal, and
putting it over the bricks on two of the sides, they moved the rod to flatten the ce-
ment. Of course, they had to be careful as they were reaching the most inner part
of the triangle.

The question that arose in this situation is:What is the minimum size for the
rod? Even more, which is the most inaccessible point, i.e. the one that requires the
full length of the rod? Is it a notable point of the triangle?

The purpose of this paper is to introduce the concept of maximum inaccessibility
for a domain. This is done in full generality for a bounded domain in R

n. The
inaccessibility functionr assigns to a point of the domainD the minimum length of
a segment through it with boundary in∂D. We introduce the setsDr = {x | r(x) >

r} and the most inaccessible setID given by the points where the inaccessibility
function achieves its maximum value (the notion has to be suitable modified for
the case wherer only has suppremum).
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Then we restrict to convex domains to prove convexity properties of the setsDr

andID. For strictly convex domains,ID is either a point or a segment. For planar
convex domains not containing pairs of regular points with parallel tangent lines
(e.g. polygons without parallel sides),ID is a point. In some sense, domains for
whichID is not a point are of very special nature. WhenID = {pD} is a point, we
call pD the point of maximum inaccessibility of D.

In the final section, we shall study in detail the case of a polygonal domain in
the plane, and more specifically the case of a triangle, goingback to the original
problem. One of the results is that the pointpT , for a triangleT , is not a notable
point of T . It would be nice to determine explicitly this point in termsof the
coordinates of the vertices. We do it in the case of an isosceles triangle.

2. Accessibility for domains

LetD ⊂ R
n be a bounded domain, that is an open subset such thatD is compact.

Clearly also∂D is compact. For a pointp ∈ D, we consider the function:

fp : Sn−1 → R+ ,

which assigns to every unit vectorv the lengthl(γ) of the segmentγ given as the
connected component of(p + Rv) ∩ D containingp.

Lemma 1. fp is lower-semicontinuous, hence it achieves its minimum.

Proof. Let us introduce some notation: forp ∈ D andv ∈ Sn−1, we denoteγp,v

the connected component of(p + Rv) ∩ D containingp. (Soγp,v = [P,Q] for
someP,Q ∈ ∂D.) Now define the function

H : D × Sn−1 → R+ ,

by H(p, v) = fp(v). Let us see thatH is lower-semicontinuous (see [3] for general
definitions of continuity). Suppose that(pn, vn) → (p, v). Let γpn,vn

= [Pn, Qn],
wherePn, Qn ∈ ∂D. As ∂D is compact, then there are convergent subsequences
(which we denote as the original sequence),Pn → P , Qn → Q. ClearlyP,Q ∈
∂D. Let γ be the open segment withγ = [P,Q]. Thenp ∈ γ ⊂ (p + Rv). So
γp,v ⊂ γ and

H(pn, vn) = l(γpn,vn
) = ||Pn − Qn|| → ||P − Q|| = l(γ) ≥ l(γp,v) = H(p, v) .

Clearly, fp(v) = H(p, v), obtained by freezingp, is also lower-semicontinuous.
�

Remark. In Lemma 1, ifD is moreover convex, thenH is continuous. This follows
from the observation that a closed segmentσ = [P,Q] with endpointsP,Q ∈ ∂D

either is fully contained in∂D or σ ∩ ∂D = {P,Q}. The segmentγ in the proof
of Lemma 1 has endpoints in∂D and goes throughp, therefore it coincides with
γp,v. SoH(pn, vn) → H(p, v), proving the continuity ofH.

We say that a pointp ∈ D is r-accessible if there is a segment of length at most
r with boundary at∂D and containingp. Equivalently, let

r(p) = min
v∈Sn−1

fp(v) ,
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which is calledaccessibility of p. Thenp is r-accessible ifr(p) ≤ r. Extendr to
D by settingr(p) = 0 for p ∈ ∂D.

Proposition 2. The function r : D → R≥0 is lower-semicontinuous.

Proof. We first study the functionr : D → R+. As r(p) = minv H(p, v), the
lower-semicontinuity ofH gives the lower-semicontinuity ofr : If pn → p, take
vn such thatr(pn) = H(pn, vn). After taking a subsequence, we can assume that
(pn, vn) → (p, v). So

lim r(pn) = lim H(pn, vn) ≥ H(p, v) ≥ r(p) ,

as required.
Finally, as we definer(p) = 0 if p ∈ ∂D, those points give no problem to

lower-semicontinuity. �

We have some easy examples wherefp or r are not continuous. For instance, if
we consider the domain

D = {(x, y)|x2 + y2 < 1, x ≤ 0} ∪ {(x, y)|x2 + y2 < 4, x > 0} ,

and letp = (0, 0). Then fp : S1 → R
+ has constant value3 except at the

horizontal vectors where it has value2. Also r is not continuous, sincer(p) = 2,
but r((ǫ, 0)) ≈ 3, for ǫ > 0 small.

Remark. If D is convex, thenr : D → R+ is continuous. Letpn → p. Takew so
thatH(p,w) = r(p). Thenr(p) = H(p,w) = lim H(pn, w) ≥ lim r(pn), using
the continuity ofH andH(pn, w) ≥ r(pn). Sor is upper-semicontinuous, and
hence continuous.

The functionr : D → R≥0 may not be continuous, even for convex domains.
Take a semicircle{(x, y)|x2 + y2 < 1, x > 0}. Thenr((ǫ, 0)) = 1, for x > 0
small, butr((0, 0)) = 0.

We introduce the sets:

Dr = {p ∈ D | r(p) > r},
Er = {p ∈ D | r(p) ≥ r}.

Dr is open by Proposition 2, andEr is compact. The functionr is clearly bounded,
so it has a suppremum.

Definition. We callR = sup r the inaccessibility of D. We call

ID :=
⋂

r<R

Er

the set of points ofmaximum inaccessibility of D.

The setID may intersect the boundary ofD. For instance,D = {(x, y)|x2 +
y2 < 1, x > 0}. ThenR = 1. It can be seen thatID = ER = {(x, 0)|0 ≤ x ≤√

3

2
}.
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Moreover,ID can be a point of the boundary. TakeD = {(x, y)|x2

4
+ y2 <

1} − {(x, 0)|x ≤ 0}. ThenR = 2, andID = {(0, 0)}. The setsDr, for 1 < r < 2
are petals with vertex at the origin.

Figure 1. The setsDr for the ellipse with a long axis removed. The setID is in
the boundary

Note thatr does not achieve the maximum is equivalent toID ⊂ ∂D. This does
not happen for convexD, as will be seen in the next section.

3. Convex domains

From now on, we shall suppose thatD is a convex bounded domain (see [4]
for general results on convex sets). This means that ifx, y ∈ D, then the segment
[x, y] is completely included inD. There are several easy facts:D is a compact
convex set, the interior ofD is D, andD is the convex hull of∂D.

There is an alternative characterization for convex sets. Letv be a unit vector in
R

n. Then the functionf(x) = 〈x, v〉 achieves its maximum in∂D, sayc. Then
f(x) ≤ c for x ∈ D. Consider the half-space

H−
v = {x ∈ R

n | f(x) < c} .

ThenD ⊂ H−
v . We call

Hv = {x ∈ R
n | f(x) = c}

a supporting hyperplane for D (see [2, p. 129]). Note that∂D ∩Hv 6= ∅. Let also
H+

v = {x ∈ R
n | f(x) > c}.

Lemma 3. The convex set D is the intersection
⋂

|v|=1

H−
v ,

and conversely, any such intersection is a convex set. Moreover,

D =
⋂

|v|=1

H−
v .
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Proof. The second assertion is clear, since the intersection of convex sets is convex.
For the first assertion, we have the trivial inclusionD ⊂

⋂

|v|=1
Hv. Now sup-

posep 6∈ D. We have two cases:

• p 6∈ D. Then takeq ∈ D such thatd(p, q) achieves its minimum, say
s > 0. Let v be the unit vector fromp to q. Let Hv be the hyperplane
throughq determined byv. It is enough to see that the half-spaceH+

v is
disjoint from D, sincep ∈ H+

v . Suppose thatx ∈ D ∩ H+
v . Then the

segment fromq to x should be entirely included inD, but it intersects the
interior of the ball of centrep and radiuss. This contradicts the choice of
q.

• p ∈ ∂D. Considerpn → p, pn 6∈ D. By the above, there areqn ∈ ∂D

and vectorsvn such thatD ⊂ H−
vn

= {〈x − qn, vn〉 < 0}. We take
subsequences so thatqn → q ∈ ∂D and vn → v. So D ⊂ H−

v =
{〈x−q, v〉 ≤ 0}. ButD is open, soD ⊂ H−

v . Moreover, asd(pn,D) → 0,
thend(pn, qn) → 0, sop = q, and the hyperplane determiningHv goes
throughp, sop 6∈ H−

v (actuallyp ∈ Hv).

�

Remark. The proof of Lemma 3 shows that ifp ∈ ∂D, then there is a supporting
hyperplaneHv throughp. We call it asupporting hyperplane at p, and we callv
a supporting vector at p. When a pointp has several supporting hyperplanes, it is
called acorner point. The set

R+ · {v|v is supporting vector atp} ⊂ R
n

is convex. Note that if∂D is piecewise smooth, andp ∈ ∂D is a smooth point,
thenp is non-corner and the tangent space to∂D is the supporting hyperplane.

Now we want to study the setsDr andEr. First note thatr is continuous onD.
Therefore

Er ∩ D = {x|r(x) ≥ r}
is closed onD.

Proposition 4. If D is convex, then r achieves its supremum R at D. Moreover,
ID ∩ D = ER ∩ D = {p | r(p) = R} and ID = ER (which is the closure of
ER ∩ D).

Proof. Let p ∈ ID ∩ ∂D, and take a supporting hyperplaneHv at p. We claim
that the open semiballBR(p) ∩ H−

v ⊂ D. If not, then there is a pointq ∈ ∂D,
d(p, q) < R, q ∈ H−

v . Then all the segments[q, x], with x ∈ Bǫ(p) ∩ ∂D, have
length≤ r0 < (for suitable smallǫ). Therefore, there is neighbourhoodU of p

such thatr(x) ≤ r0, ∀x ∈ U ∩ D. Contradiction.
Now all points in the rayp + tv, t ∈ (0, ǫ) are notr-accessible for anyr < R.

Therefore they belong tor−1(R). Sop is in the closure ofr−1(R), which isER.
ThereforeID ∩ ∂D ⊂ ER. Also, by continuity ofr on D, we have thatEr ∩

D = r
−1[r,∞). ThusID ∩ D =

⋂

r<R
r
−1[r,∞) = r

−1(R) = ER ∩ D. All
together,ID ⊂ ER. Obviously,ER ∩ D = r

−1(R) ⊂ ID, and taking closures,
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ER = ER ∩ D ⊂ ID. SoID = ER. Finally, asID is always non-empty, we have
thatR is achieved byr. �

Now we prove a useful result. Given two pointsP,Q, we denote
−−→
PQ = Q − P

the vector fromP to Q.

Lemma 5. Let p ∈ D and r = r(p). Let [P,Q] be a segment of length r with
P,Q ∈ ∂D and p ∈ [P,Q]. Let vP , vQ be supporting vectors at P,Q respectively.
Then

(1) If vP , vQ are parallel, then: vP = −vQ, P,Q are non-corner points,
−−→
PQ ‖

vP , and r = R.
(2) If vP , vQ are not parallel, then:

−−→
PQ is in the plane π spanned by them,

there is a unit vector v ⊥ −−→
PQ, v ∈ π, such that for Hv = {〈x−p, v〉 = 0},

it is Er ⊂ H−
v ; and r(x) < r for x ∈ [P,Q] − {p} close to p.

Proof. (1) Suppose first thatvP , vQ are parallel. SoD is inside the region between
the parallel hyperplanesHvP

andHvQ
. ClearlyvP = −vQ. Let x ∈ D, and draw

the segment parallel to[P,Q] throughx with endpoints in the hyperplanes. It has
length r. The intersection of this segment withD is of length≤ r. Therefore
r(x) ≤ r, for all x ∈ D, soR = r.

If
−−→
PQ is not parallel tovP , take a small vectorw such that〈w, vP 〉 = 0,

〈w,
−−→
PQ〉 > 0. Let t ∈ (0, 1) so thatp = (1− t)P + tQ. ThenP ′ = P + tw ∈ HvP

andQ′ = Q − (1 − t)w ∈ HvQ
, andp ∈ [P ′, Q′]. First, ||

−−→
P ′Q′|| = ||−−→PQ − w|| <

||−−→PQ|| = r. Also P ′, Q′ 6∈ D, so the segment[P ′, Q′] ∩ D is of length at most

||
−−→
P ′Q′||. Thereforer(p) < r, a contradiction.
The assertion thatP,Q are non-corner points is proved below.
(2) Suppose now thatvP , vQ are not parallel. AgainD is inside the region

between the hyperplanesHvP
andHvQ

. Let π be the plane spanned byvP , vQ.

Let w be the projection of
−−→
PQ on the orthogonal complement toπ, and suppose

w 6= 0. Clearly 〈w,
−−→
PQ〉 > 0. Let t ∈ (0, 1) so thatp = (1 − t)P + tQ. Then

P ′ = P + tw ∈ HvP
andQ′ = Q − (1 − t)w ∈ HvQ

, andp ∈ [P ′, Q′]. So

l([P ′, Q′] ∩ D) ≤ ||
−−→
P ′Q′|| < ||−−→PQ|| = r, which is a contradiction. Therefore

−−→
PQ ∈ π.

Let v ∈ π be a unit vector such thatv ⊥ −−→
PQ. Now consider unit vectorse1, e2

in π so thate1 ⊥ vP , e2 ⊥ vQ, The vector

u =
1

〈e1, v〉 〈e2, v〉
(〈e1, v〉e2 − 〈e2, v〉e1)

is perpendicular tov, hence parallel to
−−→
PQ. We arrange that〈u,

−−→
PQ〉 < 0 by

changing the sign ofv if necessary. DenoteHv = {〈x−p, v〉 = 0}. Let us see that
this satisfies the statement. Considerw so that〈w, v〉 > 0. Let w1 = 〈w,v〉

〈e1,v〉e1 ∈
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HvP
andw2 = 〈w,v〉

〈e2,v〉e2 ∈ HvQ
. Then

w2 − w1 =
〈w, v〉

〈e1, v〉 〈e2, v〉
(〈e1, v〉e2 − 〈e2, v〉e1) = 〈w, v〉u ,

so 〈w2 − w1,
−−→
PQ〉 = 〈w, v〉〈u,

−−→
PQ〉 < 0. SetP ′ = P + w1, Q′ = Q + w2. So

[P ′, Q′] is parallel to[P,Q], it goes throughp + w, and it is shorter than[P,Q]. So
H+

v ∩ Er = ∅.

For the last assertion, we write
−−→
PQ = a1e1 + a2e2, wherea1, a2 6= 0. Let

P ′ = P + xe1 ∈ HvP
, Q′ = Q + ye2 ∈ HvQ

. The conditionp ∈ [P ′, Q′] is
equivalent top, P ′, Q′ being aligned, which is rewritten as

xy + (1 − t)a2x − ta1y = 0 . (1)

Now, the condition||
−−→
P ′Q′|| = ||−−→PQ + ye2 − xe1|| < ||−−→PQ|| = r for small r is

achieved if〈−−→PQ, ye2−xe1〉 < 0. This is a linear equation of the formα1x+α2y <

0. The intersection of such half-plane with the hyperbola (1)is non-empty except
if α1x+α2y = 0 is tangent to the hyperbola at the origin. So(α1, α2) is a multiple
of ((1 − t)a2,−ta1). This determinest uniquely. So fors 6= t (and close tot), we
have thatps = (1−s)P +sQ satisfiesr(ps) < r. (Note incidentally, that it cannot

be
−−→
PQ ‖ vP . If so, thenα1 = 0, and then(1 − t)a2 = 0, sot = 1, which is not

possible.)
Now we finish the proof of (1). Suppose thatQ is a corner point. Then we

can choose another supporting vectorv′
Q

. On the one hand
−−→
PQ ‖ vP = −vQ.

On the other, asvP 6‖ v′
Q

, we must have
−−→
PQ 6‖ vP , by the discussion above.

Contradiction. �

Theorem 6. The sets Dr, Er are convex sets, for r ∈ [0, R], R = max r. More-
over, ∂Dr ∩ D is r

−1(r), for r ∈ (0, R).

Proof. The assertion forEr follows from that ofDr: knowing thatDr is convex,
then

Er =
⋂

ǫ>0

Dr−ǫ

is convex since the intersection of convex sets is convex, and the closure of a convex
set is convex.

Let 0 < r < R, and let us see thatDr is convex. Letp 6∈ Dr. Thenr(p) ≤ r.
By Lemma 5, there is a segment[P,Q] of lengthr, with P,Q ∈ ∂D, vP 6‖ vQ, and

a vectorv ⊥ −−→
PQ such thatEr ⊂ H−

v . ThenDr ⊂ H−
v , andp 6∈ H−

v . SoDr is the
intersection of half-spaces, hence convex.

For the last assertion, note that the continuity ofr implies thatD ∩ ∂Dr ⊂
r
−1(r). For the reversed inclusion, suppose thatr(p) = r, but p 6∈ ∂Dr. Then

there is someǫ > 0 so thatBǫ(p) ⊂ r
−1(0, r]. Now r

−1[r,∞) is convex, so
it is the closure of its interior, call itV . ThereforeV ∩ Bǫ(p) is open, convex,
and containsp in its adherence. MoreoverV ∩ Bǫ(p) ⊂ r

−1(r). But this is
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impossible, since an easy consequence of Lemma 5 is thatr
−1(r) has no interior

for anyr ∈ (0, R). �

Proposition 7. Suppose D is a convex planarset. Let r ∈ (0, R). Then ∂Dr is the
envelope of the segments of length r with endpoints at ∂D.

Proof. As we proved before, the boundary ofDr is r
−1(r), so the points of∂Dr

arer-accessible, but notr′-accessible forr′ < r. Let p ∈ ∂Dr be a smooth point.
Then there is a segment of lengthr and Dr is at one side of it. Therefore the
segment is tangent to∂Dr atp. �

4. Strictly convex domains

Recall thatD is strictly convex if there is no segment included in its boundary.
We assume thatD is strictly convex in this section. Therefore, for each unitvector
v, there is a unique point of contactHv ∩ ∂D. We define the function

g : Sn−1 → ∂D .

Lemma 8. If D is strictly convex, then g is continuous.

Proof. Let vn ∈ Sn−1, vn → v. Considerpn = g(vn) ∈ ∂D, and the supporting
hyperplane〈x − pn, vn〉 ≤ 0. Let p = g(v), with supporting hyperplane〈x −
p, v〉 ≤ 0. After taking a subsequence, we can supposepn → q ∈ ∂D. Now
p ∈ D =⇒ 〈p−pn, vn〉 ≤ 0, and taking limits,〈p−q, v〉 ≤ 0. On the other hand,
pn ∈ D =⇒ 〈pn−p, v〉 ≤ 0, and taking limits,〈q−p, v〉 ≤ 0. So〈q−p, v〉 = 0.
By strict convexity,q = p, sog(vn) → g(v), andg is continuous. �

Now suppose that∂D is C1. Then for each pointp ∈ ∂D, there is a normal
vectorn(p). We have a well defined function

φ : ∂D → Sn−1, φ(p) = n(p) .

Note thatp ∈ Hn(p) ∩ D. Therefore ifD is C1 and strictly convex, bothφ andg

are defined and inverse to each other.
In general, forD convex, there are pseudo-functionsg : Sn → ∂D, φ : ∂D →

Sn. A pseudo-function assigns to each pointv ∈ Sn a subsetg(v) ⊂ ∂D in such a
way that the graph{(v, p) | p ∈ g(v)} is closed. The inverse of a pseudo-function
is well-defined, andg andφ are inverse to each other. The setφ(p) is the set of
supporting vectors atp (see Remark 3).

Lemma 9. Suppose D strictly convex. For all 0 < r < R, ∂Dr ∩ ∂D = ∅, so
∂Dr = r

−1(r).

Proof. Take a pointp ∈ ∂D, and letHv be a supporting hyperplante. Consider
a small ballB aroundp of radius≤ r/2. By strict convexity,d(∂B ∩ D,H) =
ǫ0 > 0. Now we claim thatBǫ0(p) ∩ D does not intersectDr, sop 6∈ Dr. Let
q ∈ Bǫ0(p) ∩ D, and consider a linel parallel toH throughq. The segmentl ∩ B

has endpointsP,Q ∈ ∂B. But d(P,H) = d(Q,H) < ǫ0, soP,Q 6∈ D. So the
connected component[P,Q] ∩ D has length< ||−−→PQ|| < r, andq is r′-accessible
for somer′ < r. �
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Corollary 10. For D strictly convex, r : D → R≥0 is continuous.

Proof. By Remark 2,r is continuous onD. The continuity at∂D follows from the
proof of Lemma 9. �

Therefore, ifD is strictly convex, then

ID = ER = r
−1(R) .

As ID ⊂ D, we have thatID does not touch∂D.

Theorem 11. Let D be strictly convex. For all 0 < r < R, Dr is strictly convex.

Proof. Suppose that∂Dr contains a segmentl. Let p be a point in the interior
of l. As it is r-accessible, there is a segment[P,Q] of lengthr throughp, where
P,Q ∈ ∂D. By Lemma 5,vP , vQ are not parallel, and all points in[P,Q] different
from p arer′-accessible for somer′ < r. Thereforel is transversal to[P,Q]. Let
Hv be the hyperplane produced by Lemma 5 (2). Then all points at one side ofHv

arer′-accessible for somer′ < r, hencel cannot be transversal toHv, sol ⊂ Hv.
Now let x ∈ l, x 6= p. Consider the segment parallel to[P,Q] throughx, call it

σ. It has lengthr and endpoints atHvP
,HvQ

. But D is strictly convex, so it only
touches the supporting hyperplanes at one point. Henceσ ∩D is strictly contained
in σ. Thereforer(x) < r. Contradiction. �

5. Set of maximum inaccessibility

In this section we suppose thatD is convex. Thenr is continuous onD and it
achieves its maximumR onD. ThenID = ER andID ∩D = ER ∩D = r

−1(R),
by Proposition 4.

We want to characterize the case whereID contains interior. Let us see an
example where this situation happens. LetD be a rectangle. In this caseR is the
length of the shortest edge of the rectangle, and we have an open set withr(p) = R

(see Figure 5). Note that it might happen that∂ER intersects∂D.

Proposition 12. If ID has non-empty interior, then ∂D contains two open subsets
which are included in parallel hyperplanes, which are at distance R.

Proof. Consider an interior pointp ∈ ID, sor(p) = R. Take a segmentl = [P,Q]
of lengthR with endpointsP,Q ∈ ∂D. Let vP , vQ be vectors orthogonal to the
supporting hyperplanes atP,Q. By Lemma 5, if they are not parallel, then there
is a hyperplane throughp such thatER is contained in one (closed) half-space.
This is not possible, asp is an interior point ofER. SovP , vQ are parallel, and
−−→
PQ ‖ vP . Now take any pointx close top, and consider the segment[P ′, Q′]
throughx parallel to[P,Q], which has endpoints inHvP

,HvQ
. If [P ′, Q′] ∩ D is

properly contained in[P ′, Q′], thenr(x) < R, which contradicts thatx ∈ ER. So
P ′ ∈ HvP

, Q′ ∈ HvQ
, and∂D contains two open subsets inHvP

,HvQ
around

P,Q, respectively. �

Theorem 13. Let D be a strictly convex bounded domain, R = max r. Then ID is
a point or a segment.
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Proof. Suppose thatID is not a point. As it is convex by Theorem 6, it contains a
maximal segmentσ. Let us see that it cannot contain two different (intersecting)
segments. Letp ∈ σ be an interior point of the segment. By Lemma 5, if we draw
the segment[P,Q] of lengthR throughp, we have the following possibilities:

• vP , vQ are parallel. Then
−−→
PQ ‖ vP . Then any pointx 6∈ [P,Q] lies in

a segment[P ′, Q′] parallel to[P,Q], with P ′ ∈ HvP
andQ′ ∈ HvQ

. By
strict convexity,l([P ′, Q′] ∩ D) < R, sor(x) < R. That is,ER ⊂ [P,Q].

• vP , vQ are non-parallel. Then there is a hyperplaneHv throughp such
that ER ⊂ H−

v . As p is an interior point ofσ, σ does not crossHv, so
σ ⊂ Hv. Now let x ∈ σ, and consider the segment[P ′, Q′] parallel to
[P,Q] throughx, with lengthR, P ′ ∈ HvP

andQ′ ∈ HvQ
. If x 6∈ [P,Q]

then strict convexity givesl([P ′, Q′] ∩ D) < R, so r(x) < R. That is,
ER ⊂ [P,Q]. Note that Lemma 5 (2) gives in this case thatER = {p}.

�

Let us see an example whereER is a segment. LetD be the ellipse with equation
x2

a2 + y2

b2
< 1, where2a > 2b. ThenR = 2b andER is a segment contained in the

short axis, delimited by the intersection of the axis with the perpendicular segments
of lengthR with endpoints in the ellipse.

Figure 2. Ellipse

All points (x, y) ∈ D with x 6= 0 can be reached by vertical segments of length
< R = 2b. Now letx0 = b, y0 = b

√
a2 − b2/a. If y ∈ (−b,−y0) ∪ (y0, b) then

the point(0, y) is r-accessible (with a horizontal segment) withr < R. Now let
y ∈ [−y0, y0], and consider a line through(0, y). Let us parametrize it as

r(s) = (s a cos θ, y + s b sin θ) ,

with θ fixed. The intersection with the ellipse are given bys = −y

b
sin θ ±

√

1 − y2

b2
cos2 θ. So the square of the distance between the two points is

l(θ)2 = 4(1 − y2

b2
cos2 θ)(a2 cos2 θ + b2 sin2 θ)

= 4(1 − y2

b2
T )((a2 − b2)T + b2) ,
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whereT = cos2 θ ∈ [0, 1]. The minimum of this degree2 expression onT happens
for a negative value ofT , therefore, we only need to check the valuesT = 0, 1.

ForT = 0, we get4b2; for T = 1, we get4(1 − y2

b2
)a2 ≥ 4(1 − y2

0

b2
)a2 = 4b2. So

l(θ)2 ≥ 4b2.

A consequence of Theorem 13 is the following: for a strictly convex bounded
domainD, if ID is not a point then there are two non-corner pointsP,Q ∈ ∂D

with parallel tangent hyperplanes which are moreover perpendicular to
−−→
PQ.

Corollary 14. Suppose D is a planarconvex bounded domain (not necessarily
strictly convex). If ID is not a point then there are two non-corner points P,Q ∈
∂D with parallel tangent hyperplanes which are moreover perpendicular to

−−→
PQ.

Proof. Following the proof of Theorem 13, we only have to rule out case (2). As
the hyperplaneHv is now of dimension1, we haveσ ⊂ [P,Q] = Hv ∩ D. But
Lemma 5 says also thatER ∩ [P,Q] = {p}. SoER does not contain a segment,
i.e. it is a point. �

So, for a convex polygonD, if it does not have parallel sides, thenID is a point.
Corollary 14 is not true in dimension≥ 3. Take a triangleT ⊂ R

2 and consider
D = T×[0, L] for largeL. ForT , denoteIT = {p}. ThenD hasID = {p}×[a, b],
for some0 < a < b < L. Certainly, there are two parallel faces (base and top), but
we slightly move one of them to make them non-parallel, andID is still a segment.

Figure 3. ID can be positive dimensional

One can make this construction to haveID of higher dimension (not just a seg-
ment), e.g. by consideringT × [0, L]N , N > 1.

6. Polygons

In this section we want to study in detail the case of convex polygons in the
plane, and to give some answers in the case of triangles. The starting point is the
case of a sector.
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Lemma 15. Fix λ ∈ R. Let D be the domain with boundary the half-lines (x, 0),
x ≥ 0 and (λy, y), y ≥ 0. Let r > 0. Then the boundary of Dr is the curve:

{

x = r(cos3 θ + λ(sin3 θ + 2 sin θ cos2 θ))
y = r(sin3 θ − λ sin2 θ cos θ)

(2)

Proof. D is not a bounded domain, but the theory works as well in this case. To
find the boundary ofDr, we need to take the envelope of the segments of lengthr

with endpoints laying on the half-rays, according to Proposition 7. Two points at
(a, 0) and(λb, b) are at distancer if

(λb − a)2 + b2 = r2 .

Soλb − a = −r cos θ, b = r sin θ, i.e. a = λr sin θ + r cos θ. The line which
passes through(λb, b) and(a, 0) is

r sin θ x + r cos θ y = r2 sin θ cos θ + r2λ sin2 θ .

We are going to calculate the envelope of these lines (see pp.75-80 in [5]). Take
the derivative and solve the system:

{

r sin θ x + r cos θ y = r2 sin θ cos θ + r2λ sin2 θ

r cos θ x − r sin θ y = −r2 sin2 θ + r2 cos2 θ + 2r2λ sin θ cos θ .

We easily get the expression in the statement. The regionDr is the unbounded
region with boundary the curve (2) and the two half-rays. �

We call the curve in Lemma 15 aλ-bow (or just a bow). Letλ = cot α, α ∈
(0, π). If λ < 0, we are dealing with an obtuse angle, andθ ∈ [0, π −α]. If λ = 0,
we have a right angle, andθ ∈ [0, π

2
]. Finally, an acute angle happens forλ > 0.

In this case,θ ∈ [π
2
− α, π

2
]. (Note thatθ is the angle between the segment and the

negative horizontal axis, in the proof of Lemma 15.)

Figure 4. λ-bows withr = 1

As an application, we prove the following:

Corollary 16. Let D be a planar convex polygon. Then the sets Dr, 0 < r < R,
and ID if it is not a point, have boundaries which are piecewise C1, and whose
pieces are λ-bows and (possibly) segments in the sides of ∂D. In particular, these
domains are strictly convex when ∂Dr does not intersect ∂D.
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Proof. Let l1, . . . , lk be the lines determined by prolonging the sides of the poly-
gon. Considerli, lj . If they intersect, consider the sector that they determinein
which D is contained. Lemma 15 provides us with a (convex) regionD

ij
r . If

li, lj are parallel andr < d(li, lj) then setDij
r = D, and if li, lj are parallel and

r ≥ d(li, lj) then setDij
r = ∅. It is fairly clear that

Dr =
⋂

i6=j

Dij
r .

To see the last assertion, note that at any smooth pointp ∈ ∂Dr, we have strict
convexity because of the shape of the bows given in Lemma 15. If p ∈ ∂Dr is a
non-smooth point, then it is in the intersection of two such curves. This means that
there are segmentsσ1, σ2 of lengthr whereσ1 has endpoints at linesli1 , lj1 and
σ2 has endpoints at linesli2, lj2 . Moreover, the endpoints should be actually in the
sides ofD (otherwisep would ber′-accessible for somer′ < r). In particular, this
means thatσ1, σ2 cannot be parallel. As such segments are tangent to the bows,
the curves intersect transversely atp, andp is a corner point.

A similar statement holds forID = ER, when it is not a point, by doing the
above reasoning forr = R. �

In particular, we see thatID cannot be a segment for polygons.
For instance, whenD is a rectangle of sidesa ≥ b, thenR = b. We draw the

bows at the vertices, to draw the setID = ER.

Figure 5. For a rectangle,ID has interior

Note thatID intersects∂D if and only if a ≥ 2b.

It would be nice to have a function

ID = (I1, I2) = ID((x1, y1), (x2, y2), . . . , (xk, yk)) ∈ R
2 ,

which assigns the value ofID given the vertices(xi, yi) of a k-polygon. Such
function is only defined for polygons with non-parallel sides.

We shall produce the formula forID for the case of anisosceles triangle. Con-
sider an isosceles triangle of height1, and base2λ > 0. Put the vertices at the
points A = (0, 0), B = (2λ, 0) and C = (λ, 1). By symmetry, the pointID

must lie in the vertical axisx = λ. Moreover, the segment of lengthR through



50 M. Calvo and V. Muñoz

ID tangent to the bow corresponding toC must be horizontal. This means that
ID = (λ, I2) whereR

2
= λ(1 − I2). So

ID = (I1, I2) = (λ, I2(λ)) =

(

λ, 1 − R

2λ

)

.

The sector corresponding toA is that of Lemma 15, and the pointID should lie in
its λ-bow, which is the curve given in Lemma 15 for the valuer = R. Hence

λ = R(cos3 θ + λ(sin3 θ + 2 sin θ cos2 θ)),

1 − R

2λ
= R(sin3 θ − λ sin2 θ cos θ) .

EliminatingR, we get

λ2 sin2 θ cos θ + 2λ sin θ cos2 θ + cos3 θ − 1

2
= 0

i.e.

λ =
−2 cos2 θ +

√
2 cos θ

2 sin θ cos θ
(3)

(the sign should be plus, sinceλ > 0). Note that for an equilateral triangle,λ =
1√
3
, I2 = 1

3
, θ = π

3
andR = 4

3
√

3
.

Also

R =
λ

cos3 θ + λ(sin3 θ + 2 sin θ cos2 θ)
. (4)

One can check the following formula:

I2 = 1 − R

2λ
= λ

sin3 θ − λ sin2 θ cos θ

cos3 θ + λ(sin3 θ + 2 sin θ cos2 θ)
. (5)

This locates the pointID = (λ(θ), I2(λ(θ))).

Remark. Do the change of variablescos θ = 1−u2

1+u2 , sin θ = 2u

1+u2 , to get algebraic
expressions forID. It is to be expected that this algebraicity property holds for a
general triangle.

Recall the position of the ortocentre, incentre, baricentre and circumcentre [1]

H =
(

λ, λ2
)

.

I =

(

λ,
λ

λ +
√

λ2 + 1

)

.

G =

(

λ,
1

3

)

,

O =

(

λ,
1 − λ2

2

)

.

We draw the height of the pointH, I,G,O, ID as a function ofλ :
A simple consequence is that these5 points are distinct for an isosceles triangle

which is not equilateral. We conjecture that this is true fora non-isosceles triangle.
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Figure 6. Notable points of a triangle of height1 and base2λ

Note the asymptotic for an isosceles triangle. Forλ ∼ 0, we have that (3)
impliescos3 θ ∼ 1

2
. Now (4) and (5) give thatR ∼ 2λ and

I2(λ) ∼ sin3 θ

cos3 θ
λ ∼ (22/3 − 1)3/2λ .

Rescale the triangle to have baseb = 2 and heighth = 1

λ
. Then whenh is large,

the pointID approaches to be at distance(22/3 − 1)3/2 = 0.4502 to the base, and
R ∼ 2. Also, forλ → ∞, we haveI2(λ) → 1.

Remark. Consider a rectangleD with vertices(±a,±1), with a ≫ 1. ThenID

has interior (see Figure 5). Moving slightly the vertices atthe left, we get an
isosceles trapezoidZǫ, with vertices(−a,±(1 − ǫ)), (a,±1), for ǫ > 0. Consider
the triangleTǫ obtained by prolonging the long sides ofZǫ, i.e. with vertices
(a − 2a/ǫ, 0), (a,±1). By the above, the pointITǫ

∼ (a − 0.4502, 0). As R ∼ 2,
we have thatIZǫ

= ITǫ
.

By symmetry, if we consider the isosceles trapezoidZ ′
ǫ with vertices(−a,±1),

(a,±(1 − ǫ)), thenIZ′

ǫ
∼ (−a + 0.4502, 0).

The polygonsZǫ andZ ′
ǫ are nearby, but their points of maximum inaccessibility

are quite far apart. So the mapD 7→ ID cannot be extended continuously (in any
reasonable topology) to all polygons with4 sides.

References

[1] C. Kimberling, Triangle centers and central triangles,Congressus Numerantium, 129 (1998)
1–285.

[2] A. Ostaszewski,Advanced mathematical methods. Cambridge University Press, 1990.
[3] K. R. Stromberg,Introduction to classical real analysis. Wadsworth, 1981.
[4] F. Valentine,Convex sets, McGraw-Hill, 1964.
[5] R. C. Yates,A Handbook on Curves and Their Properties. J. W. Edwards, 1952.



52 M. Calvo and V. Muñoz
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Perpendicular Bisectors of Triangle Sides

Douglas W. Mitchell

Abstract. Formulas, in terms of the sidelengths and area, are given for the
lengths of the segments of the perpendicular bisectors of the sides of a trian-
gle in its interior. The ratios of perpendicular bisector segments to each other are
given, and the ratios of the segments into which the perpendicular bisectors are
divided by the circumcenter are considered. Then we ask whether a set of three
perpendicular bisector lengths uniquely determines a triangle. The answer is no
in general: depending on the set of bisectors, anywhere from zero to four (but no
more than four) triangles can share the same perpendicular bisector segments.

1. Introduction

It is well-known that the perpendicular bisectors of the sides of a triangle meet
at a single point, which is the center of the circumcircle. Bui [1] gives results for
similar triangles associated with the perpendicular bisectors. In this paper wefirst
find formulas for the lengths of the segments of the perpendicular bisectorsin the
interior of a given triangle. Then we study the question of existence of triangles
with prescribed lengths of perpendicular bisector segments.

Lemma 1. The perpendicular bisector segment through the midpoint of one side
terminates at a point on the longer of the remaining two sides (or at their intersec-
tion if these sides are equal).

A B

C

F

E

D

A B

C

F

D

Figure 1 Figure 2

Proof. Let the perpendicular bisector pass through the midpointF of the sideAB
of triangleABC. Consider the case when both anglesA andB are acute. In Figure
1,AF = FB andFE ≥ FD. We show thatBC ≥ AC. Now,

tanA =
EF

AF
≥ DF

AF
=

DF

BF
= tanB.

Publication Date: March 12, 2012. Communicating Editor: Paul Yiu.
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SincetanA ≥ tanB and anglesA andB are both acute,∠A ≥ ∠B. It follows
thatBC ≥ AC.

The other cases (when one of anglesA andB is obtuse or a right angle) are clear
(see Figure 2 in the case of an obtuse angleA). �

Lemma 1 will be used in constructing the perpendicular bisectors in Figures 3-
5. Henceforth we will adopt the notational convention that the sidesa, b, andc
opposite to anglesA, B, andC are such thata ≥ b ≥ c (and henceA ≥ B ≥ C).
We denote bypa , pb, pc the lengths of the perpendicular bisector segments on the
sidesBC, CA, AB respectively. Also,∆ denotes the area of the triangle.

Theorem 2. Let a ≥ b ≥ c.

pa =
2a∆

a2 + b2 − c2
, pb =

2b∆

a2 + b2 − c2
, pc =

2c∆

a2 − b2 + c2
.

b

a

2

a

2
b

2

b

2

a b a

c

2

c

2

pa

pb pc

A B

C

A B

C

A B

C

Figure 3 Figure 4 Figure 5

Proof. (i) Figure 3 illustrates the case where∠A is acute; the proof is identical
when∠A is right or obtuse. We havetanC = pa

a

2

since by Lemma 1 bisector

pa meets sideb becauseb ≥ c. We know from [2] (which applies since∠C is
oblique since∠A ≥ ∠C) that∆ = tanC

4 (a2 + b2 − c2). Combining these gives
pa = 2a∆

a2+b2−c2
.

(ii) Figure 4 illustrates the case where∠A is acute; the proof is again identical
when∠A is right or obtuse. We havetanC = pb

b

2

(since by Lemma 1 bisectorpb

intersets sidea becausea ≥ c). Again∆ = tanC
4 (a2 + b2 − c2). Combining these

givespb = 2b∆
a2+b2−c2

.
(iii) Figure 5 illustrates the case where∠A is acute; the proof is again identical

when∠A is right or obtuse. We havetanB = pc
c

2

since by Lemma 1 bisector

pc intersects sidea becausea ≥ b. By [2] (which applies since∠B is oblique
since∠A ≥ ∠B) we have∆ = tanB

4 (a2 − b2 + c2). Combining these gives
pc =

2c∆
a2−b2+c2

. �

Since Heron’s well-known formula gives∆ in terms ofa, b, andc, Theorem 2
gives each of the perpendicular bisectors in terms of the three sides. Moreover, we
can apply the law of cosines for each angle to obtain these symmetric area formulas
in terms of one side, another perpendicular bisector and a third angle.
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Corollary 3. ∆ = pab cosC = pba cosC = pca cosB.

Theorem 4. Let a ≥ b ≥ c.
(i) pa ≥ pb;
(ii) pc ≥ pb;
(iii) pa ≥ pc, pa = pc and pa < pc are all possible.

Proof. (i) By Theorem 2,pa
pb

= a
b
= sinA

sinB
. SinceA ≥ B andA + B < π,

sinA ≥ sinB. It follows thatpa ≥ pb.
(ii) From Figures 4 and 5,

pb

pc
=

b
2 tanC
c
2 tanB

=
b sinC

cosC
· cosB

c sinB
=

cosB

cosC
≤ 1

sinceB ≥ C are acute angles.
(iii) We show that all scenarios are possible by examples. Leta = 6 andc = 4,

so that4 ≤ b ≤ 6.

b ∆ pa pc

4 3
√
7 ∆

3
2∆
9 pa > pc

2
√

29
5

48
5

5∆
18

5∆
18 pa = pc

5 15
√

7
4

4∆
15

8∆
27 pa < pc

�

Since we also know [3] that the distances from the circumcenter - which is the
intersection of the perpendicular bisectors - to the sidesAC andAB are in the
ratios cosB

cosC , we have in Figure 6 thatOE
OF

= cosB
cosC = ED′

FD
(by Theorem 4(ii)) so

OE
ED′ =

OF
FD

. Hence:

A B

C

E

D
′

F

D

O

Figure 6

Corollary 5. In an acute triangle the circumcenter divides the perpendicular bi-
sectors pb and pc in equal proportions.

A similar result applies when the triangle is obtuse (in which case the circum-
center lies outside the triangle):
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Corollary 6. In an obtuse triangle, the perpendicular bisectors pb and pc extended
to the circumcenter are divided by their respective intersecting triangle sides in
equal proportions.

2. Do the perpendicular bisectors uniquely determine a triangle?

Theorem 7. Given positive pa, pb, pc satisfying pa ≥ pb and pc ≥ pb, there are no
more than two non-congruent triangles with a ≥ b ≥ c and perpendicular bisector
segments of lengths pa, pb, pc.

Proof. By Theorem 2,pa
pb

= a
b
, and

pc

pb
=

c
b
· (a2 + b2 − c2)

a2 − b2 + c2
=

c
b

(

(

a
b

)2
+ 1−

(

c
b

)2
)

(

a
b

)2 − 1 +
(

c
b

)2

Puttingα := pa
pb

≥ 1, γ := pc
pb

≥ 1, andx := c
b
, we rearrange this as

f(x) = x3 + γx2 − (α2 + 1)x+ γ(α2 − 1) = 0. (1)

Sincex is a ratio of sides, anda− b < c ≤ b, we must havex ∈ (α− 1, 1].
If α−1 = 0 (the isosceles case ofa

b
= pa

pb
= 1), (1) becomesx(x2+γx−2) = 0,

and has exactly one solution in the interval(α− 1, 1].
If α − 1 > 0, (1) exhibits two switches in the signs of parameters, so by

Descartes’ rule the cubic has either2 or 0 positive roots. Thus the number of
non-similar triangles cannot be more than2. Since similar but non-congruent tri-
angles cannot share the same absolute sizes of perpendicular bisectors, the number
of non-congruent triangles sharing the same(pa, pb, pc) can be no more than2. �

Remark. Sincec > a− b, we must havex > α− 1. If γ = 1, (1) becomes

(x+ α+ 1)(x− 1)(x− (α− 1)) = 0.

It follows that x = 1 is the only admissible root. This results in an isosceles
triangle.

Having already given an exact number of triangles above for the casesof pa = pb
andpc = pb, we next find specific parameter conditions that are necessary and
sufficient for the number of triangles with specified(pa, pb, pc), i.e., the number
of admissible solutions of (1) - to be0, 1, or 2 whenα andγ both exceed1, i.e.,
pa > pb andpc > pb.

It is easy to see that the cubicf(x) in (1) has a local minimum at

x0 =
−γ +

√

γ2 + 3(α2 + 1)

3
> 0,

and a local maximum atx1 =
−γ−

√
γ2+3(α2+1)

3 < 0.
It is routine to verify that the local minimumx0 ∈ (α − 1, 1) if and only if

γ ∈
(

α2
−2
2 , −α2+3α−1

α−1

)

.
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Theorem 8. Given pa > pb and pc > pb, let α = pa
pb

and γ = pc
pb

. The number of
triangles with perpendicular bisector segments of lengths pa, pb, pc is

2 if and only if γ ∈
(

α2
−2
2 , −α2+3α−1

α−1

)

and f(x0) < 0,

1 if and only if γ ∈
(

α2
−2
2 , −α2+3α−1

α−1

)

and f(x0) = 0,

0 otherwise.

Proof. Note thatf(α− 1) = 2α(α− 1)(γ − 1) > 0 andf(1) = α2(γ − 1) > 0.
If the local minimumx0 ∈ (α − 1, 1), then the number of roots off(x) in the

interval2, 1, or 0 according asf(x0) < 0, = 0, or> 0.
If x0 /∈ (α− 1, 1), thenf(x) is monotonic and has no root in the interval.�

While no more than two distinct triangles can share the samepa, pb, pc, one must
also consider the possibility that up to two more triangles could share the same
three perpendicular bisectors segments{p1, p2, p3} with different assignments of
the bisectors to the long, medium, and short sides of the triangle. This is because,
by Theorem 4, the medium-length sideb has the shortest perpendicular bisector
but either the longest sidea or the shortest sidec can have the longest bisector.
Therefore, given segments of lengthsp1 ≥ p2 ≥ p3, we seek triangles(a, b, c)
with a ≥ b ≥ c and(pa, pb, pc) = (p1, p3, p2) or (p2, p3, p1). Thus:

Corollary 9. There are a maximum of four triangles with the three segments of
given lengths as perpendicular bisector segments.

We conclude this paper by giving explicit examples showing that the number of
triangles in Corollary 9 can be any of0, 1, 2, 3, 4.

(i) n = 4: Consider(p1, p2, p3) = (20, 18, 15).
If (pa, pb, pc) = (20, 15, 18), α = 4

3 , γ = 6
5 , and

f1(x) = x3+
6

5
x2− 25

9
x+

14

15
=

(

x− 7

15

)

(

x−
√
97− 5

6

)(

x+

√
97 + 5

6

)

.

This gives two triangles similar to(20, 15, 7) and(8, 6,
√
97− 5).

On the other hand, if(pa, pb, pc) = (18, 15, 20), α = 6
5 , γ = 4

3 , and

f2(x) = x3+
4

3
x2−61

25
x+

44

75
=

(

x− 4

5

)

(

x−
√
421− 16

15

)(

x+

√
421 + 16

15

)

.

This gives two triangles similar to(6, 5, 4) and(18, 15,
√
421− 16).

(ii) For n = 3, let (p1, p2, p3) = (3, 2
√
2,

√
5).

If (pa, pb, pc) = (3,
√
5, 2

√
2), α =

√

5
3 , γ = 2

√

2
√

5
, and

f3(x) = x3 +
2
√
2√
5
x2 − 14

5
x+

8
√
2

5
√
5
=

(

x+
4
√
2√
5

)(

x−
√
2√
5

)2

.

This gives a triangle similar to(3,
√
5,

√
2).
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If (pa, pb, pc) = (2
√
2,
√
5, 3), then

f4(x) = x3+
3√
5
x2−13

5
x+

9

5
√
5
=

(

x− 1√
5

)

(

x−
√
13− 2√

5

)(

x+

√
13 + 2√

5

)

.

The two roots in the interval(0, 1) give the triangles similar to(2
√
2,

√
5, 1) and

(2
√
2,

√
5,

√
13− 2).

(iii) For n = 2, let (p1, p2, p3) = (39, 30, 25). If (pa, pb, pc) = (30, 25, 39),
thenα = 6

5 , γ = 39
25 , and

f5(x) = x3 +
39

25
x2 − 61

25
x+

429

625
=

(

x+
13

5

)(

x− 11

25

)(

x− 3

5

)

.

The two positive roots are in(α− 1, 1) =
(

1
5 , 1
)

. These give two triangles similar
to (30, 25, 11) and(6, 5, 3).

On the other hand, if(pa, pb, pc) = (39, 25, 30), the cubic

f6(x) = x3 +
6

5
x2 − 2146

625
x+

5376

3125

has only one real root which is negative (see Figure 7). There is no triangle with
(pa, pb, pc) = (39, 25, 30).

10
−3

y = f6(x)

y = f8(x)

Figure 7

(iv) Forn = 1, consider(p1, p2, p3) = (8, 5,
√
19). If (pa, pb, pc) = (5,

√
19, 8),

then(α, γ) =
(

5
√

19
, 8

√

19

)

, and

f7(x) = x3 +
8√
19

x2 − 44

19
x+

48

19
√
19

=

(

x+
12√
19

)(

x− 2√
19

)2

.

This give a single triangle similar to(5,
√
19, 2).
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On the other hand, with(pa, pb, pc) = (8,
√
19, 5), we have(α, γ) =

(

8
√

19
, 5

√

19

)

,

and

f8(x) = x3 +
5√
19

x2 − 83

19
x+

225

19
√
19

has only one real root which is negative (see Figure 7). There is no such triangle.
(v) Finally, forn = 0, we take(p1, p2, p3) = (5, 4, 1). The two cubic polyno-

mials aref9(x) = x3 +5x2 − 17x+75 andf10(x) = x3 +4x2 − 26x+96. Each
of these has exactly one real root which is negative (see Figure 8). Therefore, there
is no triangle with perpendicular bisector segments(5, 4, 1).

10
−10

y = f9(x)

y = f10(x)
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Convolution Filters for Triangles

Grégoire Nicollier

Abstract. The construction of a new triangle by erecting similar ears on the
sides of a given triangle (as in Napoleon’s theorem) can be consideredas the con-
volution of the initial triangle with another triangle. We use the discrete Fourier
transformation and a shape function to give a complete and explicit description
of such convolution filters and their iterates. Our method leads to many old and
new results in a very direct way.

1. Introduction

Johnson [17, pp. 284, 294], citing Emmerich [5, p. 129], formulates andproves
the following property: “If points divide the sides of a given triangle in equal ratios,
they are vertices of a triangle having the same Brocard angle as the given triangle.
[ . . . ] The triangles whose vertices divide in equal ratios the sides of a given triangle
constitute all the different forms of triangle having the same Brocard angle.” (See
also [29, 11] and our Theorem 2.) We analyze this kind of transformationsof an
initial triangle into a new triangle by considering convolutions of two triangles:
with one exception, such a convolution simply erects three similar triangular ears
on the sides of the initial triangle before transforming the triangle of the ears’apices
by a direct similarity. A circulant linear transformation of a triangle in the complex
plane, given by the coefficientsc0, c1, c2 of the circulant linear combination of
the vertices, is simply the convolution of the initial triangle and the triangle with
verticesc0, c2, c1.

Here is a sketch of our method. We use the spectral decomposition in the Fourier
base ofC3 to represent any triangle of the complex plane as the sum of its centroid
and of two positively and negatively oriented equilateral triangles: the convolution
with this triangle is then a diagonal linear map, and we callshapeof the triangle
the quotient of the eigenvalues belonging to the negatively and positively oriented
equilateral base vectors; this shape is also the quotient of the corresponding spec-
tral values of the convolving triangle,i.e., the ratio of the negatively and positively
oriented equilateral quantities in this triangle. It is then immediate that the shape
of a convolution product of two triangles is equal to the product of the triangles’
shapes. Two directly similar triangles (with vertices in order) have the same shape;
moreover, when restricted to normalized triangles with vertices0, 1, andz, the
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shape function is a M̈obius transformation as function ofz: the equivalence classes
of directly similar triangles (with respect to the given order of their vertices)are
thus parametrized by their shape. Every triangle transformation given by acon-
volution can be described by analyzing this Möbius transformation. Emmerich’s
introducing result, for example, becomes almost immediate (see also [11]): the
transformation is a convolution with a degenerate triangle; since degeneratetrian-
gles are characterized by shapes of modulus1, the convolution acts on the shape
of the initial triangle as a rotation and does not change the shape’s modulus;since
triangles are equibrocardal and equally oriented exactly when their shapes have the
same modulus, the Brocard angle is invariant under a convolution with a degener-
ate triangle; the converse follows from the fact that the shapes of the degenerate
triangles needed for the Emmerich transformations cover the whole unit circle(−1
being half an exception). By iterating the convolution with a degenerate triangle,
one simply rotates the shape by a constant angle at each step: the successive trian-
gles are directly similar to triangles with a common base whose apices turn on the
same Neuberg circle, and these apices are periodic or dense on the Neuberg circle
according as the rotation angle for the shape is a rational or irrational multipleof
π.

Many triangle transformations in the literature are in fact convolutions with a
fixed triangle and could thus have been analyzed by the present method in avery
efficient and standardized way. Moreover, if the convolving triangle is degenerate,
i.e., if the shape of the convolving triangle lies on the unit circle, the transforma-
tion behaves as the Emmerich transformation with the same shape (as far as only
the triangle’s form is concerned), and the work is done as soon as the rotation
angle,i.e., the argument of the shape of the convolving degenerate triangle, is de-
termined! Thes-Rooth triangles of [11] for example, which already appear in [22],
are in fact given by the convolution with a degenerate triangle, like any circulant
transformation of a triangle where the new vertices are areal linear combination
of the old ones, and such convolutions are included once for all in the Emmerich
transformations (as far as only the triangle’s form is concerned).

The Fourier decomposition of a triangle or polygon and circulant matrices have
been used for a long time for studying triangle and polygon transformations with a
circulant structure, beginning with Darboux in 1878 [3], [1, 4, 6, 7, 8,14, 25, 27,
28, 30, 31, 32, 33, 36]; they are in general more efficient than purelygeometric
and trigonometric approaches [16, 34, 35]. Our presentation is free from matrix
algebra since we only need convolutions. The shape function we use seems to
appear for the first time in 2003 in a paper by Nakamura and Oguiso [22] (from a
sixteen years older preprint), and later independently in [10]: we foundonly in [10]
an indirect relation between the shape function and some eigenfunction as tentative
explanation of the nature of this shape function. As far as we know, the fact that the
shape of a convolution product is the product of the shapes is noticed and exploited
here for the first time, and this is the key point for the success of our method. Note
that Hajjaet al. [10, 11, 12, 13], and Nakamura and Oguiso [22] establishad hoc
for each analyzed transformation that the shape of the transformed triangle is the
shape of the initial triangle multiplied by some function independent of the initial
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triangle, without noticing that this function is in fact the shape of a triangle andthat
the transformation is a convolution. We extended this shape function to polygons
in [24].

2. Fourier transform of a triangle

Consider a triangle∆ of the complex plane as a point∆ = (z0, z1, z2) ∈ C
3

representing the closed polygonal linez0 → z1 → z2 → z0 starting atz0: there are
up to six triangles with the same vertices. A triangle is calleddegeneratewhen its
vertices are collinear,trivial when it is reduced to a triple point, andproperwhen it
is nondegenerate; a degenerate triangle is both positively and negativelyoriented.

EndowC
3 with the inner product〈(z0, z1, z2), (w0, w1, w2)〉 = 1

3

∑2
k=0 zkwk

and setζ = ei2π/3. The vectors

e0 = (1, 1, 1), e1 = (1, ζ, ζ2), e2 = (1, ζ2, ζ4) = (1, ζ2, ζ) = e1

form the orthonormalFourier baseof C3: e0 is a trivial triangle;e1 ande2 are
a positively and a negatively oriented equilateral triangle centered at the origin,
respectively. Thediscrete Fourier transformor spectrumof ∆ is the trianglê∆ =
(ẑ0, ẑ1, ẑ2) given by thespectral representationof ∆ in the Fourier base:

∆ =

2
∑

k=0

ẑkek with ẑk = 〈∆, ek〉 , k = 0, 1, 2.

ẑ0 =
1
3(z0 + z1 + z2) is the centroid of∆, and

ẑ1 =
1
3(z0 + ζ2z1 + ζz2), ẑ2 =

1
3(z0 + ζz1 + ζ2z2).

A triangle is trivial if ẑ1 = ẑ2 = 0; it is pequilateral if it is equilateral and
positively oriented,i.e., if ẑ1 6= 0, ẑ2 = 0; it is nequilateralif it is equilateral and
negatively oriented,i.e., if ẑ1 = 0, ẑ2 6= 0; it is mixedif ẑ1 6= 0, ẑ2 6= 0, i.e., if it
is neither trivial nor equilateral. A spectrum isfull if all Fourier coefficientŝzk are
different from0.

3. Shape of a triangle

We define the shape of a nontrivial triangle∆ by

σ∆ = σ(z0, z1, z2) =
ẑ2

ẑ1
=

z0 + ζz1 + ζ2z2

z0 + ζ2z1 + ζz2
∈ C ∪ {∞},

the ratio of the contributions to∆ of the nequilaterale2 and of the pequilaterale1
[22, 10]. Note that [22, 10] define this shape function without any reference to
Fourier transforms or circulant matrices. The first properties of the shape function
presented below can already be found in [10]: some errors are corrected in [13].
Since(w0, w1, w2) = a(z0, z1, z2) + be0 for someb is equivalent to(ŵ1, ŵ2) =
a(ẑ1, ẑ2), ∆1 has the shape of∆ if and only if ∆1 = a∆ + be0 with a, b ∈ C,
a 6= 0: ∆ = (z0, z1, z2) has thus the shape of a unique (directly similar) normalized
triangle∆′ = ∆′(z) = (0, 1, z), namely∆′

(

z2−z0
z1−z0

)

, where∆′(∞) = (0, 1,∞)



64 G. Nicollier

means∆′ = (0, 0, 1) for z0 = z1. The shapef(z) of the normalized triangle∆′(z)
is the Möbius transformation

s = σ∆′(z) = f(z) =
ζz + 1

z + ζ
= ζ

z − eiπ/3

z − e−iπ/3
=

1

f(z)

of the extended complex plane with inverse

z = f−1(s) =
ζs− 1

ζ − s
= −ζ

s− ζ2

s− ζ
= −f(−s) =

1

f−1(s)
.

Triangles corresponding to different normalized triangles have different shapes:
the equivalence classes of triangles are parametrized by their shape.σ∆ = 0 or
∞ if and only if ∆ is pequilateral or nequilateral, respectively. A cyclic left shift
(z0, z1, z2) 7→ (z1, z2, z0), i.e., a start from the next vertex of the triangle, causes
a change(ẑ0, ẑ1, ẑ2) 7→ (ẑ0, ζẑ1, ζ

2ẑ2) in the spectrum; an orientation reversing,

i.e., a permutation of the last two vertices∆ = (z0, z1, z2) 7→ (z0, z2, z1) = 3
̂

̂∆,
causes the same permutation of the Fourier coefficients:

σ(z1, z2, z0) = ζσ(z0, z1, z2), σ(z0, z2, z1) =
1

σ(z0, z1, z2)
, σ∆ =

1

σ∆
.

A triangle∆1 is thus directly similar to the proper∆ of shapeσ∆ = s with the
same orientation if and only ifσ∆1

= ζks, k ∈ {0, 1, 2}; ∆1 is directly similar to
the proper∆ with the inverse orientation if and only ifσ∆1

= ζk 1
s
; ∆1 is inversely

similar to the proper∆ with the same orientation if and only ifσ∆1
= ζks; and

∆1 is inversely similar to the proper∆ with the inverse orientation if and only if
σ∆1

= ζk 1
s
.

Sincef(0) = ζ2, f(1) = 1, f(∞) = ζ, andf(eiπ/3) = 0, f maps the extended
real axis (corresponding to the normalized degenerate triangles) to the unit circle
and the extended upper half-plane to the unit disc: the modulus|σ∆| is thus< 1,
> 1, or = 1 according as∆ is positively oriented and proper, negatively oriented
and proper, or degenerate, respectively. Two nontrivial degenerate triangles∆ and
∆1 are similar if and only ifσ∆1

= ζkσ∆ or σ∆1
= ζkσ∆, k ∈ {0, 1, 2}. The

degenerate normalized triangle∆′(x), x ∈ R ∪ {∞}, and its shapeeiϕ are linked
by

ϕ = arg σ∆′(x) =
2π

3
+ 2 arg

(

x− eiπ/3
)

=
2π

3
+ 2 arctan

√
3

1− 2x
(1)

andx =
sin
(

π

3
+ϕ

2

)

sin
(

π

3
−

ϕ

2

) : whenx runs rightwards over the whole extended real axis,

f(x) = σ∆′(x) turns counterclockwise on the unit circle starting and ending atζ,
which is the shape of∆′(∞) = (0, 0, 1).

For the normalized right-angled triangles (Figure 1),f maps the extended imag-
inary axis to the circleC of radius

√
3 centered at−2, the circle of radius12 centered

at 12 to the circleζC of radius
√
3 centered at1−i

√
3, and the extended vertical line

through1 to the circleζ2C of radius
√
3 centered at1 + i

√
3: the shape functionσ

maps thus the right-angled triangles to the three circlesC, ζC, andζ2C.
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Figure 1. Normalized right-angled triangles(0, 1, z): loci of their vertexz (dot-
ted curves) and of their shape (plain circles)
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Figure 2. Normalized isosceles (on the left) and automedian triangles(0, 1, z):
loci of their vertexz (dotted curves) and of their shape (plain straight lines)

For the normalized isosceles triangles (Figure 2),f maps the unit circle to the
extended real axis, the extended vertical line through1

2 to the extended line through
0 andζ, and the circle of radius1 centered at1 to the extended line through0 and
ζ2: σ maps thus the nonequilateral isosceles triangles to the punctured linesλζk,
λ ∈ R \ {0}, k = 0, 1, 2. s is the shape of an isosceles triangle if and only if
s ∈ {s, ζs, ζ2s}. The normalized isosceles∆′(z) with apexz = 1+i tan θ

2 , |θ| < π
2 ,

and base anglesθ (< 0 whenIm z < 0) has the shapef(z) = tan θ−
√

3
tan θ+

√

3
ζ; the shape
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Figure 3. Neuberg circlesCR : |σ∆′ | =
∣

∣

∣

z−e
iπ/3

z−e−iπ/3

∣

∣

∣
= R for the normalized

triangles∆′ = (0, 1, z), R = 0, 1

10
, 1

3
, 1

2
, 1, 2, 3, 10,∞

of the isosceles∆′
(

1
√

3
eiπ/6

)

with base anglesπ6 is − ζ
2 . We setξ = 1

√

3
eiπ/6 =

1
2 + i

2
√

3
= 1

1−ζ
= −1

√

3
iζ.

A nontrivial triangle isautomedianwhen it is (inversely) similar to its median
triangle: by the median theorem, this is the case if and only if the vertex opposite
to the middle sideu lies on the circle of radius

√

3
2 u centered at the midpoint ofu

(as does the apex of the equilateral triangle erected onu), and also if and only if
2u2 is the sum of the other squared sides. The sides of a right-angled automedian
triangle are proportional to1 :

√
2 :

√
3, and an isosceles triangle is automedian

exactly when it is equilateral. For the normalized automedian triangles (Figure 2),
f maps the circle of radius

√

3
2 centered at12 to the extended line through0 and

iζ = −eiπ/6, the circle of radius
√
3 centered at−1 to the extended line through

0 andiζ2, and the circle−C of radius
√
3 centered at2 to the extended imaginary

axis: σ maps thus the nonequilateral automedian triangles to the punctured lines
λiζk, λ ∈ R \ {0}, k = 0, 1, 2. s is the shape of an automedian triangle if
and only if−s ∈ {s, ζs, ζ2s}. The normalized automedian triangle with vertex

z = 1
2 +

√

3
2 eiϕ has the shapef(z) = tan(π4 − ϕ

2 )e
iπ/6.

ForR ∈ [0,∞], f maps the circle|z| = R to the Apollonius circle
∣

∣

∣

s−ζ2

s−ζ

∣

∣

∣
= R,

i.e., to the circle
∣

∣

∣
s+ 1

2 − i
√

3
2

R2+1
R2

−1

∣

∣

∣
=

√

3R
|R2

−1|
if R 6= 1 and to the extended real

axis ifR = 1. Conversely,f−1 maps the circle|s| = R to the Apollonius circle

CR :

∣

∣

∣

∣

z + ζ2

z + ζ

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

z − eiπ/3

z − e−iπ/3

∣

∣

∣

∣

∣

= R, (2)

i.e., to the circle
∣

∣

∣
z − 1

2 + i
√

3
2

R2+1
R2

−1

∣

∣

∣
=

√

3R
|R2

−1|
if R 6= 1 and to the extended real

axis if R = 1 (Figure 3). IfR 6= 1, CR is a Neuberg circle [17, p. 287], [29],
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i.e., the locus of the vertexz of the triangles∆′(z) with an appropriate constant
Brocard angleω in the upper or lower half-plane according asR < 1 or R > 1:
since the base side1 of ∆′(z) subtends the angle2ω from the center ofCR, one has
(see also [10])

cotω =
√
3

∣

∣

∣

∣

R2 + 1

R2 − 1

∣

∣

∣

∣

for R =
∣

∣σ∆′(z)

∣

∣. (3)

If
∣

∣σ∆′(z0)

∣

∣ = R 6= 0, 1,∞, the sides of∆′(z0) issued fromz0 ∈ CR cut CR in
one or two other points: these are vertices of normalized triangles inverselysimilar
to ∆′(z0); the reflections ofz0 and of these vertices in the lineRe z = 1

2 give the
other normalized triangles similar to∆′(z0) with the same orientation [17, p. 289].

Figures 1, 2, and 3 show how many right-angled, isosceles, and automedian
normalized triangles are equibrocardal with a shape of given modulusR 6= 0, 1,∞.
There are two inversely similar automedian triangles with opposite shapes (and
their companions with cyclically shifted vertices); there are two isosceles triangles
with opposite shapes (and their companions), whose base angles are

θ1 = arctan

√
3(1−R)

1 +R
, θ2 = arctan

√
3(1 +R)

1−R
. (4)

Note thattan θ1 · tan θ2 = 3 and thatθ1, θ2 are< 0 when the orientation is
negative. ForR = 2 ±

√
3 or R ∈

]

2 −
√
3, 2 +

√
3
[

there are one (isosceles)
right-angled triangle or two inversely similar right-angled triangles with conjugate
shapes (and their companions), respectively. Note that some of the above triangles
may be simultaneously right-angled and isosceles or automedian.

We will prove later that two nontrivial triangles have opposite shapes (possibly
after multiplying one of the shapes byζ±1) if and only if they are directly similar
to the median triangle of each other.

f maps the circleC′ througheiπ/3, e−iπ/3, andz0 ∈ C \
{

eiπ/3, e−iπ/3
}

to the
line λf(z0), λ ∈ R ∪ {∞}, andZ0 = z0−2

2z0−1 lies on this circle sincef
(

z−2
2z−1

)

=

−f(z). Whenz0 is not real,∆′(z0) is automedian if and only if the line throughz0
andZ0 is horizontal or contains0 or 1, because two equibrocardal triangles with
a common angle are similar and because∆′(Z0) is directly similar to the median
triangle of∆′(z0). For eachL ≥ 0, f admits the values±Lf(z0) at the pointsz±
given by the intersections ofC′ with the Apollonius circleCL|f(z0)| (Figure 4).

σ̃(z0, z1, z2) = z2−z0
z1−z0

[36], which is invariant under triangle translation and
under homothety and rotation, is a shape function that is more intuitive thanσ.
One has̃σ(0, 1, z) = z, σ(0, 1, z) = ζσ̃(z, e−iπ/3, eiπ/3), andσ(z0, z1, z2) =
σ(0, 1, σ̃(z0, z1, z2)).

4. Convolution filters

We consider afilter TΓ : C
3 → C

3 given by the cyclic convolution∗ with a
fixed triangleΓ = (c0, c1, c2), i.e., by a circulant matrix:

TΓ : ∆ 7→ ∆ ∗ Γ = (z0, z1, z2) ∗ (c0, c1, c2) = (z0, z1, z2)





c0 c1 c2
c2 c0 c1
c1 c2 c0



 .
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Figure 4.∆′(z0) and ∆′(Z0) have opposite shapes;∆′(z±) have opposite
shapes±Lσ∆′(z0)

for L = 1

2
.

Thekth entry of∆ ∗ Γ = Γ ∗∆ is
∑2

ℓ=0 zℓck−ℓ(mod 3), k = 0, 1, 2.

Since the operator∗ is bilinear and sinceek ∗eℓ =
{

3ek (k = ℓ)

(0, 0, 0) (k 6= ℓ)
, one has

TΓ(∆) = ∆ ∗ Γ =

(

2
∑

k=0

ẑkek

)

∗
(

2
∑

ℓ=0

ĉℓeℓ

)

=
2
∑

k=0

3ĉkẑkek,

i.e., ∆̂ ∗ Γ = 3̂∆ · ̂Γ, where· is the entrywise product: the Fourier base is a base of
eigenvectors of the convolutionTΓ with eigenvalues3ĉk (and the ratio3ĉ23ĉ1

of the
two “equilateral” eigenvalues is the shape ofΓ). TΓ maps thus trivial, pequilateral
and nequilateral triangles to triangles of the same category or to trivial triangles.
TΓ(∆) and∆ always have the same centroid if and only ifc0+ c1+ c2 = 1, which
meanŝc0 = 1

3 ; the centroid is always translated to the origin if and only ifĉ0 = 0.
The image byTΓ of theDirac triangle (1, 0, 0) = 1

3(e0 + e1 + e2) of shape1 is
Γ, the impulse responseof the filterTΓ, and the filter output is the convolution of
the input with the impulse response, as for every linear time-invariant filter; the
convolution with the Dirac triangle is the identity. It is immediate that

σ∆∗Γ = σ∆σΓ

whenΓ and∆ are not trivial, except that∆ ∗ Γ is trivial whenΓ and∆ are equi-
lateral with opposite orientations (i.e., 0 · ∞ = trivial). WhenΓ and∆ are mixed,
∆ ∗ Γ is degenerate if and only if|σ∆σΓ| = 1. When∆ is mixed,TΓ(∆) can have
any prescribed shapeσ∆1

, and this is the case if and only ifσΓ =
σ∆1

σ∆
.

One hasTΓ1
◦TΓ2

= TΓ2
◦TΓ1

= TΓ1∗Γ2
. The iterates ofTΓ are the convolution

filtersTn
Γ : (z0, z1, z2) 7→

∑2
k=0(3ĉk)

nẑkek, n ∈ N, with centroid(3ĉ0)nẑ0. The
sum of the squared distances between the centroid and the vertices ofTn

Γ (∆) is
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3
∑2

k=1(3|ĉk|)2n|ẑk|2: the diameter ofTn
Γ (∆) tends to0 for all ∆ whenn → ∞

if and only if |ĉ1| < 1
3 and|ĉ2| < 1

3 ; this diameter remains bounded for every∆

exactly when|ĉ1| ≤ 1
3 and|ĉ2| ≤ 1

3 , and it tends to∞ for all nontrivial∆ if and
only if |ĉ1| > 1

3 and|ĉ2| > 1
3 . WhenΓ and∆ are neither trivial nor both equilateral

with opposite orientations,Tn
Γ (∆) has the shapeσ∆σn

Γ for n ≥ 1. The behavior
of the shape of a mixed triangle under iterated convolution withΓ is thus a matter
of domination between the eigenvalues3ĉ1 and3ĉ2, i.e., this behavior depends on
|σΓ| (Theorem 2). We call the filter trivial, equilateral, degenerate, and so onwhen
Γ is trivial, equilateral, degenerate, and so on. A trivial filter maps any triangle to
a trivial one.

We now show that a nontrivial convolution filter (with half an exception) simply
adds three similar ears of fixed shape to every triangle∆ = (z0, z1, z2) before
submitting the triangle∆1 of the ears’ apices to a direct similaritya∆1 + bẑ0e0
with fixed a 6= 0 and fixedb. A (generalized)Kiepert triangleconsists of the
apices of ears that are erected on the sides of the initial triangle (opposite tothe
vertices in order) and that all have the shape of the normalized∆′(z) = (0, 1, z)
with apexz ∈ C: the ear’s apex for the sidez1 → z2 is defined asz2+ z(z1− z2);
it is a right-hand ear ifIm z > 0. The corresponding Kiepert triangle is thus given
by the centroid-preserving convolution withK(z) = (0, 1 − z, z) of spectrum
1
3(1, ζ

2 +
√
3iz, ζ −

√
3iz) and of shapeξ−z

z−ξ
= −σ̃(z, ξ, ξ), whereξ = 1

√

3
eiπ/6.

One hasσK(1−z) = 1/σK(z), sinceK(1− z) = (0, z, 1− z), andK(z) = K(z).
ThusσK(1−x) = σK(x) if x ∈ R.

K(z) is orthogonal toe2, hence pequilateral since nontrivial, exactly forz =
ξ = 1

1−ζ
; K(z) is orthogonal toe1 = e2, hence nequilateral, exactly forz = ξ =

1
1−ζ2

. The filtersTK(ξ) andTK(ξ) add right-hand and left-hand isosceles ears with

base anglesπ6 and shape− ζ
2 and−2ζ, respectively. Napoleon’s theorem [9, 26] is

now obvious: the convolution of the initial triangle with the pequilateral triangle
K(ξ) = (0, ξ, ξ) = 1

3(e0 − e1) and with the nequilateral triangleK
(

ξ
)

= K(ξ) =
1
3(e0 − e2), respectively, are equilateral (or trivial).

Since(0, 1, z) = (z + 1)
(

0, 1 − z
z+1 ,

z
z+1

)

for z ∈ C \ {−1}, every normal-
ized triangle∆′(z) different from (0, 1,−1) and from(0, 0, 1) has the shape of
K
(

z
z+1

)

. One has further(0, 0, 1) = K(1) = limz→∞K
(

z
z+1

)

, and(0, 1,−1) =
i

√

3
(e2 − e1) of shape−1 is equal tolimz→−1(z + 1)K

(

z
z+1

)

.

Theorem 1. A nontrivial filterTΓ of shapeσΓ 6= −1 is the convolution withΓ =

aK

(

ξσΓ + ξ

σΓ + 1

)

+ be0 for some fixed complexa 6= 0 andb, whereξ = 1
√

3
eiπ/6.

If σΓ = −1, TΓ is the convolution with someΓ = a(0, 1,−1) + be0, a 6= 0.
A triangleΓ = (c0, c1, c2) can be written asΓ = (c1 − c0)(0, 1,−1) + c0e0 if

c1 + c2 = 2c0 and asΓ = (c1 + c2 − 2c0)K
(

c2−c0
c1+c2−2c0

)

+ c0e0 otherwise.

The convolutions withK(1) = (0, 0, 1) of shapeζ andK(0) = (0, 1, 0) of
shapeζ2 are simply a left and a right cyclic shift of the vertices, respectively; the
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only shape-preserving Kiepert filter is the convolution withK(12) = (0, 12 ,
1
2) =

1
6(2e0 − e1 − e2) of shape1, which maps a triangle∆ to its medial triangle,i.e., to
1
2 times the half-turned∆ (shrunk and rotated about the centroid). More generally,
TK(x)(∆), x ∈ R, is the(1− x)-medial triangle of∆ [11]: this is the introducing
Emmerich transformation! SinceK(x) has the shape of∆′

(

x
1−x

)

, σK(x) turns
anticlockwise on the unit circle, starting and ending at−1 = σ(0, 1,−1) excluded,
asx grows on the real axis.

Note thatσK(z) is real if and only ifRe z = 1
2 , i.e., if and only if the added ears

are isosceles with equal angles at0 and1 (this corresponds to theclassicalKiepert
triangles). To get isosceles ears with base angles|θ| < π

2 , one has to convolve with

the isoscelesKiso(θ) = K
(

1+i tan θ
2

)

with apex angle2|θ| and shape1−
√

3 tan θ

1+
√

3 tan θ
:

the ears are right-hand or left-hand according asθ ≥ 0 or θ ≤ 0. SinceK̂iso(
π
3 ) =

1
3(1,−2, 1), one can retrieve∆ from∆∗Kiso(

π
3 ) by constructing12

(

TKiso(
π

3
)(∆)+

T 2
Kiso(

π

3
)(∆)

)

= ∆: this is Lemoine’s problem [21]. With the same idea, one

finds∆ = 1
2

(

TKiso(−
π

3
)(∆) + T 2

Kiso(−
π

3
)(∆)

)

, ∆ = 2T 2
K( 1

2
)
(∆) − TK( 1

2
)(∆), and

∆ = TK(z)(∆) + 1
3(z−ξ)(z−ξ)

(

T 3
K(z)(∆) − TK(z)(∆)

)

for z 6= ξ, ξ. A triangle∆

and its classical Kiepert triangle∆∗Kiso(θ) are always perspective [4, 20] and, if∆
is proper and nonisosceles, the perspectors form the equilateral Kiepert hyperbola
of ∆ (Figure 5) asθ runs from−π

2 to π
2 , i.e., the hyperbola through the vertices of

∆, the centroidG, and the orthocenterH (which is the perspector in the limit case
|θ| = π

2 ). We now look at this limit case more closely.
The vertices of∆ ∗ Kiso(θ) tend for |θ| → π

2− to the infinite points of the
altitudes of∆ on the line at infinity (when∆ has three different vertices). On the
other hand,lim

|θ|→π

2
−
σKiso(θ) = −1 = σ(0, 1,−1): the limit shape of∆∗Kiso(θ)

when|θ| → π
2− is thus the shape of∆ ∗ (0, 1,−1) for any nontrivial triangle∆.

This is clear geometrically: with∆ = (z0, z1, z2), the angles of∆ ∗Kiso(θ) tend
for |θ| → π

2− to the angles of the (quarter-turned) triangle

(z2 − z1, z0 − z2, z1, z1 − z0) = ∆ ∗ (0, 1,−1),

whose vertices are the tips of the vectorsz1 → z2, z2 → z0, z0 → z1 starting
from 0 (Figure 6). Convolving∆ with the normalized(0, 1,−1) gives a scaled
down and quarter-turned “equally shaped” bounded copy of “∆ with infinite sim-
ilar isosceles ears”. Here is another description of the filterT(0,1,−1): it trans-
lates∆ = (z0, z1, z2) to ∆1 = ∆ − ẑ0e0 =

(

w0, w1, w2

)

with centroid at the
origin and then blows up the13 -medial triangle (with cyclically shifted vertices)
∆2 = ∆1 ∗

(

1
3 ,

2
3 , 0
)

to 3∆2 = (W0,W1,W2) = ∆ ∗ (0, 1,−1) (Figure 6).
T 2
(0,1,−1)(∆) is three times the half-turned∆1 (enlarged and rotated about the ori-

gin). ∆∗(0, 1,−1) is thus directly similar to∆∗(0, 13 , 23) = ∆∗K(23), the1
3 -medial

triangle of∆, and two triangles have opposite shapes (possibly after multiplying
one of the shapes byζ±1) if and only if they are directly similar to the13 -medial tri-
angle of each other: since the13 -medial triangle is directly similar to the23 -medial
triangle and to the median triangle (Figure 6), this proves that two triangles have
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Figure 5. Kiepert hyperbola and both degenerate classical Kiepert triangles with
dotted perpendicular bisectors
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opposite shapes (possibly up to a factorζ±1) if and only if they are directly similar
to the median triangle of each other. The well-known fact that the median triangle
of the median triangle is directly similar to the start triangle is equivalent to the
fact that the shape of(0, 1,−1) ∗ (0, 1,−1) is 1. If ∆′(z) is a normalized trian-
gle, remember that∆′(z) ∗ (0, 1,−1) and∆′

(

z−2
2z−1

)

have the same shape−σ∆′(z)

(Figure 4).
The following theorem is almost immediate.

Theorem 2. (1) The convolution filterTΓ is bijective if and onlyΓ has a full spec-
trum, i.e., if and only ifΓ = a(0, 1,−1) + be0 with a, b 6= 0, or Γ = aK(z) + be0
with z /∈

{

ξ, ξ
}

, a 6= 0, a+3b 6= 0; if Γ = (c0, c1, c2), the inverse filter is then the
convolution with

∑2
k=0

1
9ĉk

ek.
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(2) A pequilateral filter(of shape0), i.e., a convolution withaK(ξ) + be0, a 6= 0,
maps nequilateral triangles to trivial triangles and all other nontrivial triangles to
pequilateral triangles. A nequilateral filter(of shape∞), i.e., a convolution with
aK
(

ξ
)

+ be0, a 6= 0, maps pequilateral triangles to trivial triangles and all other
nontrivial triangles to nequilateral triangles.
(3) A proper nonequilateral filterTΓ, i.e., with |σΓ| 6= 0, 1,∞, is smoothing: its ac-
tion on equilateral triangles is shape-preserving; and according as the filter is pos-
itively or negatively oriented,i.e., according as0 < |σΓ| < 1 or 1 < |σΓ| < ∞, the
iteratesTn

Γ (∆) of every mixed∆ are eventually positively or negatively oriented
and have a (never reached) pequilateral or nequilateral limit in shape,respectively.
(4) A nontrivial filterTΓ is degenerate(with |σΓ| = 1) if and only ifΓ = aK+ be0
for somea 6= 0 and some degenerateK = K(x), x ∈ R, or K = (0, 1,−1).
(5) If Γ = a(0, 1,−1) + be0, a 6= 0, and if∆ = (z0, z1, z2), one has

Tn
Γ (∆) =

(

−i
√
3 a
)n(

ẑ1e1 + (−1)nẑ2e2
)

+ (3b)nẑ0e0.

If ∆ is mixed, these iteratesTn
Γ (∆) are 2-periodic in shape with shape(−1)nσ∆

(Figures 6 and 4).
(6) If x ∈ R, one has

K̂(x) = (ĉ0, ĉ1, ĉ1) =
1
6

(

2,−1 + i
√
3(2x− 1),−1− i

√
3(2x− 1)

)

and

σK(x) = −ei2 arg(ξ−x) = ei2κ(x) with κ(x) = arctan
(
√
3(2x− 1)

)

.

If Γ = aK(x) + be0 for somea 6= 0, one has

Tn
Γ (∆) =

(

−3|ĉ1|e−iκ(x)a
)n(

ẑ1e1 + ei2nκ(x)ẑ2e2
)

+ (a+ 3b)nẑ0e0 (5)

for every∆ = (z0, z1, z2), where3|ĉ1| =
√
3x2 − 3x+ 1. When∆ is mixed,

these iteratesTn
Γ (∆) are periodic or nonperiodic in shape (with chaotic behavior)

according asκ(x)/π is rational or irrational, respectively (the period in similarity
may be shorter than the period in shape). The period length ism = 1 if and only
if κ(x) = 0, i.e., if and only ifK(x) = K(12); m ≥ 2 is the minimal period length
(the same for all mixed∆) if and only ifσΓ = σK(x) = ei2πℓ/m for some integer
ℓ ∈ [1,m− 1] coprime tom, i.e., if and onlym ≥ 3 and

x =
1

2
+

1

2
√
3
tan

(

ℓ

m
π

)

(6)

for some integerℓ ∈ [1,m − 1] coprime tom (note that the period2 corresponds
toK = (0, 1,−1) and thatx ∈ [0, 1] exactly whenℓ

m
/∈
]

1
3 ,

2
3

[

); Tm
K(x)(∆) is then

given by the homothety of ratio(−1)m+min(ℓ,m−ℓ)(3|ĉ1|)m about the centroid of
∆.
(7) When∆ is a mixed triangle and whenΓ is degenerate but not trivial, the shapes
(−1)nσ∆ or ei2nκ(x)σ∆ of the iteratesTn

Γ (∆) lie on the circle|s| = |σ∆| = R ∈
]0,∞[ and correspond to (equibrocardal) normalized triangles(0, 1, z) with ver-
texz on the Neuberg circleCR given by(2) if R 6= 1, and to nontrivial degenerate
triangles ifR = 1 (Figures 3 and 4). If m-periodic,m ≥ 1, these shapes are
the vertices (in order) of a regular oriented{m/ℓ}-gon with start atσ∆ for some
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Figure 7. The Fourier base vectorsẽk of C8, 0 ≤ k ≤ 7, are the regular{8/k}-

gons
(

(

ei2π/8
)k·0

,
(

ei2π/8
)k·1

, . . . ,
(

ei2π/8
)k·7

)

.

ℓ ∈ [0,m − 1] coprime tom (note that this is the Fourier base polygonẽℓ of Cm

(Figure 7)multiplied byσ∆ and that the choice of anotherℓ coprime tom only
changes the order of the shapes); if nonperiodic,i.e., if κ(x) is an irrational mul-
tiple of π, these shapesTn

Γ (∆) are dense on the circle|s| = |σ∆| = R, i.e., the
accumulation triangles (in shape) of the sequence

(

Tn
Γ (∆)

)

n≥0
are the (equibro-

cardal) normalized triangles(0, 1, z) with vertexz on the Neuberg circleCR if
R 6= 1 and the nontrivial degenerate triangles ifR = 1.
(8) When∆ is a proper positively oriented mixed triangle with the shape of∆′(z0)
and whenx grows on the whole real axis, the shape of∆ ∗K(x) travels counter-
clockwise over the whole circle|s| = |σ∆| starting and ending at−σ∆ excluded,
whereas the vertexz of the normalized triangle∆′(z) with the shape of∆ ∗K(x)
turns counterclockwise over the whole Neuberg circleC

|σ
∆′(z0)

|
of Figure 4starting

and ending atZ0 excluded.∆∗ (0, 1,−1) fills the holes−σ∆ andZ0. The rotation
on the Neuberg circle is clockwise if∆ is negatively oriented. In the degenerate
case|σ∆| = 1, z runs rightwards over the whole extended real axis starting and
ending atZ0 =

z0−2
2z0−1 excluded.

Note that the result (6) or an equivalent one can be found in [22, 36, 16, 11]
and that the last two parts of Theorem 2 probably furnish the solution that the quite
incomprehensible paper [19] aimed at. Note also that the iteratesTn

Γ (∆) of a mixed
∆ are3-periodic in shape if and only ifΓ = aK(1)+ b or aK(0)+ b, a 6= 0, K(1)
andK(0) causing the left and right shifts of∆’s vertices.

The proper nonequilateral triangle∆ is directly similar to its(1 − t)-medial
triangle∆ ∗ K(t), t ∈ R, if and only if σK(t) = ζk, k ∈ {0, 1,−1}, i.e., if
and only if t = 1

2 , 1, 0: ∆ ∗ K(t) is then the medial triangle or a copy of∆ with
cyclically shifted vertices. The proper nonequilateral triangle∆ is inversely similar
to∆ ∗K(t) if and only if σK(t) = ζke−i2 arg σ∆ , i.e., if and only if

t = 1
2 + 1

2
√

3
tan(k π

3 − arg σ∆), k ∈ {0, 1,−1} : (7)
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the solutionst depend only onarg σ∆ (mod π), i.e., the set of solutions for the
nonequilateral normalized triangle∆′(z0) = (0, 1, z0) remains the same for all
nonequilateral∆′(z) with z on the circleC′ througheiπ/3, e−iπ/3, andz0 (Fig-
ure 4). These solutionst are again0, 12 , 1 if ∆ is isosceles, they are13 ,

2
3 , and the

infinite point of thet-axis if∆ is automedian (thenσK(t) = ζkeiπ/3, k = −1, 0, 1,
and the infinite solution corresponds to∆ ∗ (0, 1,−1)), and the solutions are three
different real numberst 6= 0, 13 ,

1
2 ,

2
3 , 1 in the other cases. It is clear that1

3 and
2
3 appear only for automedian triangles, because the2

3 - and 1
3 - medial triangles

∆ ∗ K(13) and∆ ∗ K(23), of shapee∓iπ/3σ∆, are directly similar to the median
triangle (Figure 6). If∆ is degenerate and nontrivial,∆ and∆ ∗ K(t) are simi-
lar if and only if t is 0, 1

2 , 1, or a solution of (7). Figure 8 shows the values oft

for wich ∆′(z0) ∗K(t) is similar to∆′(z0) as functions of the midpointM of C′,
whose radius isr =

√
M2 −M + 1: by considering a real pointM ± r of C′ and

by pluggingarg σ∆′(M±r) given by (1) into (7), one obtains fork = 0, 1, −1 the
solutions

t0 =
M − 1

M − 2
, t1 =

1

M + 1
, t−1 =

M

2M − 1
(8)

given cyclically bytk+1(M) = tk
(

1− 1
M

)

(plain, dashed, and dotted hyperbolas of
Figure 8, respectively); the values ofM corresponding to isosceles or automedian
triangles are the midpoints of the dotted circles of Figure 2. If∆ is neither trivial,
nor isosceles, nor automedian, exactly two of the(1− t)-medial triangles∆∗K(t)
inversely similar to∆ are inscribed in∆, and the sum of these two values oft, on
each side of12 , is never1. The cosine law in∆′(z0) with z0 = x0 + iy0 on C′

and sidesa = |z0 − 1|, b = |z0|, c = 1, and the equationM2 − M + 1 = r2 =

(x0 −M)2 + (b2 − x20) giveM = 1−b2

a2−b2
, and thus by (8)

1−t0 =
a2 − b2

2a2 − b2 − c2
, 1−t1 =

b2 − c2

2b2 − c2 − a2
, 1−t−1 =

c2 − a2

2c2 − a2 − b2
, (9)

which are correct by similarity for any nonequilateral and nontrivial triangleABC

with sidesa, b, c opposite to the vertices (thenM = c2−b2

a2−b2
c, t0 = M−c

M−2c , t1 =
c

M+c
, t−1 = M

2M−c
if A = 0, B = c > 0). Since the set{t0, t1, t−1} is invariant

under a cyclic shift of the vertices, each set of solutionst appears for three different
M in Figure 8: forM = a2−b2

a2−c2
, M = b2−c2

b2−a2
, andM = c2−a2

c2−b2
(whose product is

−1 in the nonisosceles case) given cyclically byM 7→ 1− 1
M

(once in
[

1
2 , 2
[

, once
in
[

−1, 12
[

, and once in the rest of the extended real axis). Note that (9) already
appeared in [18] with another proof.

Start for example from a proper nonequilateralisosceles∆ with real shapeλ (af-
ter a cyclic permutation of its vertices, if necessary); choosex = 1

2+
1

2
√

3
tan( ℓ

m
π)

for someoddm ≥ 3 and some integerℓ ∈ [1,m−1] coprime tom: them-periodic
shapes of the equibrocardalTn

K(x)(∆) are the vertices in order ofλẽℓ in C
m; the

cycle contains no automedian triangle;T k
K(x)(∆) andTm−k

K(x) (∆) form a pair of

inversely similar triangles for each integerk ∈ [1, m−1
2 ] since their shapes are
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Figure 8. The three or six different valuest for which the nonequilateral∆′(z0)
and∆′(z0)∗K(t) are similar as function of the midpointM of the circle through
eiπ/3, e−iπ/3, andz0: only t = 0, 1

2
, 1 if ∆′(z0) is isosceles (M = 0, 1, ∞);

t = 1

3
, 2

3
, ∞ (M = −1, 1

2
, 2) besidest = 0, 1

2
, 1 if ∆′(z0) is automedian.

complex conjugate; ifm is moreover coprime to3, the cycle contains no two di-
rectly similar triangles (hence no other isosceles triangle than∆) and the minimal
period length in similarity is alsom; if m is divisible by3, the first third of the cy-
cle in shape contains no two directly similar triangles, the other thirds are obtained
by multiplying the shapes of the first third byζ±1, and the minimal period length
in similarity is m

3 . (Since similarity does not depend on the order of the vertices,
the condition that the isosceles∆ has a real shape can in fact be dropped.)

Start now from a proper nonequilateralautomedian∆ with, say, purely imagi-
nary shapeiλ (after a cyclic permutation of its vertices, if necessary); choosex and
ℓ as above, but with anevenm ≥ 2: them-periodic shapes of the equibrocardal
Tn
K(x)(∆) are the vertices in order ofiλẽℓ in C

m; each triangle in the second half

of the cycle is directly similar to the13 -medial triangle of the triangle with the same

rank in the first half (and conversely), since they have opposite shapes; Tm/2
K(x)(∆)

is thus inversely similar to the automedian∆; each pairT k
K(x)(∆), Tm/2−k

K(x) (∆)

of the first half consists of inversely similar triangles (exceptT
m/4
K(x)(∆) if m is di-

visible by4), and this property is inherited by the second half. Ifm is moreover
coprime to3, the cycle contains no two directly similar triangles and no other au-
tomedian triangles than∆ andTm/2

K(x)(∆); if m is divisible by3 (hence by6), there
are no two directly similar triangles in the same third of the cycle in shape and
the only automedian triangles are theT km/6

K(x) (∆), which are directly and inversely
similar to∆ for k = 0, 2, 4 andk = 1, 3, 5, respectively. We consider for example
the automedian triangle∆0 with sides1,

√
2,

√
3 andx = 3+

√

6−
√

3
6 ≈ 0.61957

corresponding tom = 8, ℓ = 1 to construct the iterated(1 − x)-medial triangle
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0
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Figure 9

of ∆0, whose minimal period in shape has length8: σ∆0
is (

√
3 −

√
2 )i when

∆0 = (0, 1, 1 +
√
2 i), andσ∆k+1

= eiπ/4σ∆k
(Figure 9).∆k and∆k+4 are simi-

lar to the1
3 -medial triangle of each other and are thus nonsimilar if not automedian;

∆0 and∆4 are right-angled, automedian and inversely similar;∆1 and∆3 are in-
versely similar, as are∆5 and∆7, and these four triangles are neither isosceles,
nor automedian, nor right-angled (Figures 1 and 2);∆2 and∆6 are isosceles; by
(5), ∆8 is obtained from∆0 by a half-turn about the centroid of∆0 followed by
a homothety of ratio174 − 3

√
2 ≈ 0.00736 about this centroid. Figure 10 shows

the corresponding normalized triangles with their verticesf−1
(

eikπ/4σ∆0

)

on the
Neuberg circle: note the position of the vertices of the inversely similar and ofthe
isosceles triangles [17, p. 289].

Remark. In [22], the triangleSp,q(∆) = (w0, w1, w2) is constructed cyclically
from the proper∆ = (z0, z1, z2) for realp andq with pq 6= 1: w0 is the intersection
of the cevian issued fromz1 dividing the sidez2 → z0 in the ratiop : (1− p) and
of the cevian issued fromz0 dividing the sidez1 → z2 in the ratio(1 − q) : q.
Sp,1−p(∆) is thep-Rooth triangle of [11].
The centroid-preserving transformationSp,q amounts to the convolution of∆ with
the degenerate triangle11−pq

(

p(1 − q), (1 − p)(1 − q), q(1 − p)
)

: by Theorem 1,

Sp,q(∆) is thus obtained forp(2q − 3) 6= −1 by submitting∆ ∗ K
(

q−p
p(2q−3)+1

)

to a homothety of ratiop(2q−3)+1
1−pq

with respect to the centroid of∆. Remember
that ∆ ∗ K(x) = S0,x(∆) is the (1 − x)-medial triangle of∆ for x ∈ R. If
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p(2q − 3) = −1, Sp,q is the convolution with1−2q
3 (0, 1,−1) + 1

3e0 andSp,q(∆)

is the 1
3 -medial triangle of∆ transformed by a cyclic left shift of its vertices and

by a homothety of ratio1 − 2q with respect to the centroid of∆; S 1

2
, 1
2

maps in
particular every triangle to its centroid.
For every fixed realh 6= 0,−1,±2, the different pairs(p1, q1) =

(

h−1
h−2 ,

h+1
h+2

)

and(p2, q2) =
(

1
h+2 ,

1−h
2

)

are such thatSp1,q1(∆) andSp2,q2(∆) have the same
vertices:Sp1,q1(∆) is the 1

3 -medial triangle transformed by a homothety of ratio
h with respect to its centroid, andSp2,q2(∆) is the same triangle after a cyclic left
shift of the vertices;h = −3 corresponds in particular toS 4

5
,2 andS−1,2.

Forp ∈ R\
{

1
2

}

, the triangle1−p(1−p)
1−2p Sp,1−p(∆) = ∆∗ 1

1−2p

(

p2, p(1−p), (1−p)2
)

is ap-median triangle of∆ [11], i.e., a triangle whose sides are parallel to and as
long as the cevians connecting the corresponding vertices of∆ and∆ ∗K(1− p).
The 1

2 -median or median triangle is for example∆ ∗
(

−1
2 , 0,

1
2

)

with centroid0.

5. Isosceles ears

The added ears are isosceles if and only if the shape of the convolving triangle
is real or∞ and different from−1. The convolving triangle is thenaKiso(θ)+be0,

a 6= 0, for someKiso(θ) = K
(

1+i tan θ
2

)

, |θ| < π
2 , with shape1−

√

3 tan θ

1+
√

3 tan θ
=

2
1+

√

3 tan θ
−1. Since a product of real shapes is real, a composition of convolutions

with a1Kiso(θ1) + b1e0 anda2Kiso(θ2) + b2e0 is again a convolution with some
aKiso(θ) + be0, or with a(0, 1,−1) + be0, or with a trivial triangle. SinceσKiso(θ)



78 G. Nicollier

is real and nonzero forθ 6= ±π
6 , the triangles∆ and∆ ∗Kiso(θ), θ 6= ±π

6 , are by
Figure 2 always simultaneously isosceles or automedian, respectively.

If ∆′(z0) is a normalized triangle with finitez0 6= e±iπ/3, the shapes of the
classical Kiepert triangles∆′(z0)∗Kiso(θ), |θ| < π

2 , and of∆′(z0)∗(0, 1,−1) form
the extended lineλσ∆′(z0) and are the shapes of the normalized triangles∆′(z)

with vertexz on the circleC′ througheiπ/3, e−iπ/3, andz0 (Figure 4). Asθ grows
on
[

0, π2
[

, the vertexz of the triangle∆′(z) with the shape of∆′(z0) ∗ Kiso(θ)

moves fromz0 toZ0 (excepted) on the arc ofC′ that containseiπ/3.
Each proper nonequilateral∆ of shapes has exactly two degenerate classical

Kiepert triangles∆ ∗Kiso(θ): for θ = arctan |s|−1
√

3(1+|s|)
andθ = arctan 1+|s|

√

3(|s|−1)
;

these are inward Kiepert triangles,i.e., the ears intersect∆’s interior, their position
does not depend on the vertices’ order in∆, they correspond to the real points of the
circleC′ and mark the transition between the positively and negatively oriented∆∗
Kiso(θ). These two perpendicular [20] degenerate triangles intersect at the centroid
of ∆ (which is their common centroid) and they are parallel to the asymptotes
of ∆’s Kiepert hyperbola (Figure 5). The degenerate classical Kiepert triangles
of a nontrivial degenerate∆ are the medial triangle and the almost Kiepert∆ ∗
(0, 1,−1).

We determine now the conditions under which the triangles∆ and∆ ∗Kiso(θ)
are similar. We suppose that∆ is proper, not equilateral, and positively oriented,
and we exclude the evident caseKiso(0) = K(12). We setσ∆ = s with 0 < |s| < 1

and denote the shape1−
√

3 tan θ

1+
√

3 tan θ
of Kiso(θ) by µ ∈ R \ {−1, 1}. µs is the shape

of a triangle inversely similar to∆ if and only if µs = 1
s
, i.e., if and only if

µ = 1
|s|2

(> 1): this corresponds to inward ears.µs is the shape of a triangle

directly similar to∆ if and only if µs ∈
{

1
s
, ζ 1

s
, ζ2 1

s

}

, and this is possible in two
cases:

(1) s = λζk, λ ∈ ]−1, 1[, k = 0, 1, 2, andµ = 1
|s|2

(> 1): ∆ is then isosceles

andKiso(θ) is the same as in the inversely similar case.
(2) s = λiζk, λ ∈ ]−1, 1[, k = 0, 1, 2, andµ = −1

|s|2
(< −1): ∆ is then

automedian.

Writing |s| = R and dropping now the condition that∆ is positively oriented,
one sees that the proper nonequilateral∆ and∆ ∗ Kiso(θ), θ 6= 0, are inversely
similar (and inversely oriented) exactly whenθ = Θ1 = arctan R2

−1
√

3(R2+1)
, and

directly similar (and inversely oriented) exactly when∆ is automedian andθ =

Θ2 = arctan R2+1
√

3(R2
−1)

. Note that0 < |Θ1| < π
6 < |Θ2| < π

2 and that these are

inward ears.
By (3), ∆ ∗ Kiso(Θ1) = ∆ ∗ Kiso(∓ω) is the first Brocard triangle (the base

angles of the ears are the Brocard angle of∆): it is thus immediate that the
first Brocard triangle has the centroid of∆. Figure 11 shows two equibrocardal
isosceles triangles with the same base (the apex angle of the right triangle is30◦),
their first Brocard triangles and their Brocard points. Equibrocardal isosceles tri-
angles∆1,2 with the same orientation have base anglesθ1, θ2 given by (4), and
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bb

b b

Figure 11

tanΘ1 =
−2 tan θ1,2
3+tan2 θ1,2

; if one neglects the order of the vertices, the first Brocard

triangle is obtained from∆1,2 by a homothety of ratio−1
2 +

3
3+tan2 θ1,2

∈
]

−1
2 ,

1
2

[

with respect to the centroid of∆1,2 (the homothety ratio can be computed directly

by considering the normalized∆ =
(

0, 1,
1+i tan θ1,2

2

)

); the sign of the homothety
ratio changes atθ = π

3 , and the homothety ratios corresponding toθ1 and toθ2
differ only by their sign (Figure 11).

Suppose now that∆ is proper and automedian with Brocard angleω. One has
3 tan|Θ2| = cotω by (3). On the other side,cotω = 3 cot γ whenγ is the middle
angle of any nontrivial automedian triangle [5, p. 17]: thus|Θ2| = π

2 − γ, the ears’
apex angle is2γ, the apex of the ear over the middle side is the circumcenter of∆
by the inscribed angle theorem, and the sides of∆ ∗ Kiso(Θ2) are perpendicular
to the sides of∆ with middle side opposite to the circumcenter.∆ ∗ Kiso(Θ2)
is thus obtained from∆ by a quarter-turn about the centroid of∆ followed by
a homothety of ratio|cotϕ|2 about this centroid, whereϕ (positive or negative as
the orientation of∆) is the angle between the middle side of∆ and its median
(the homothety ratio can be computed directly by considering the normalized au-
tomedian triangle

(

0, 1, 12 +
√

3
2 eiϕ

)

). Notice that one has alsotanΘ2 = −1
√

3 sinϕ
,

tanΘ1 = tan(∓ω) = −1
√

3
sinϕ, and that the similarity ratio of the first Brocard

triangle to∆ is 1
4

∣

∣1 + ei2ϕ
∣

∣ ∈
[

0, 12
[

(0 when∆ is equilateral).
The following theorem is proven.

Theorem 3. (1) A proper nonequilateral triangle∆ is similar to exactly three or
two of its classical Kiepert triangles according as it is automedian or not: it is
directly similar to its medial triangle, inversely similar to its first Brocard triangle,
and, if automedian, directly similar to the triangle constructed from inward isosce-
les ears with apex angle twice the middle angle of∆ (the apex of the ear over the
middle side is then the circumcenter of∆ and the triangles are perpendicular to
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each other). If∆ is automedian, the two caseslimθ→π

2
−∆ ∗Kiso(±θ) are asymp-

totically inversely similar to∆.
(2) A proper nonequilateral triangle∆ is isosceles or automedian if and only if it
is directly similar to one of its classical Kiepert triangles other than the medial tri-
angle: the corresponding sides are then parallel in the isosceles and perpendicular
in the automedian case.

b

b

b

Figure 12. The (up to similarity) only nontrivial triangle with a congruent clas-
sical Kiepert triangle, together with its first Brocard triangle

The automedian triangle with sides1,

√

1−
√

3
5 and

√

1 +
√

3
5 (Figure 12)

is up to similarity the only nontrivial triangle with a congruent classical Kiepert
triangle: the cotangent of the angle formed by the side1 and its median is2. The

base angles of the inward ears arearctan
√

5
3 for the directly congruent classical

Kiepert triangle andω = arctan 1
√

15
for the first Brocard triangle, whose similarity

ratio to the initial triangle is 1
√

5
.

6. Sequences of outward and inward Kiepert triangles

If the triangle∆ = (w0, w1, w2) is positively oriented or degenerate and if
Im z ≥ 0, theoutwardandinwardKiepert triangles of∆ corresponding to outward
and inward ears directly similar to the triangle(0, 1, z) are defined by∆out(z) =
∆∗K(z) and∆in(z) = ∆∗K(1−z), respectively. If∆ is negatively oriented and
proper,∆out(z) = ∆∗K(1−z) and∆in(z) = ∆∗K(z). The outward ears added to
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∆ do not intersect∆’s interior. We set further∆out(∇) = ∆in(∇) = ∆∗(0, 1,−1).
Given a sequence(zn)n∈N with values in{z ∈ C | Im z ≥ 0} ∪ {∇}, and
starting from∆ = ∆0 = ∆out

0 = ∆in
0 , we define inductively∆out

n+1 = ∆out
n (zn)

and∆in
n+1 = ∆in

n(zn). The centroid remains the centroid of∆0 until the first
convolution with(0, 1,−1), if any, moves it to the origin.

Theorem 4. Let (zn)n≥0 be a sequence of symbols∇ and of complex numbers
with nonnegative imaginary part; setξ = 1

√

3
eiπ/6 and ∇−ξ

∇−ξ
= −σ(0, 1,−1) = 1.

If zn ∈ C, denote bỹzn = 1+i tan θn
2 , with

θn = arctan
|zn − ξ| − |zn − ξ|√
3
(

|zn − ξ|+ |zn − ξ|
) ∈ [0, π6 ],

the south pole of the Apollonius circle
∣

∣

∣

z−ξ

z−ξ

∣

∣

∣
= R containingzn, and setθn = 0 if

zn = ∇. Let∆0 be a nontrivial and nonequilateral triangle.
The following properties are equivalent.

(1) The sequence(∆out
n )n≥0 constructed from∆0 and(zn) converges in shape

to an equilateral limit.
(2) limn→∞

∏n
k=0

zk−ξ

zk−ξ
= 0.

(3) The sequence of classical Kiepert triangles(˜∆out
n )n≥0 constructed from∆0

and(z̃n) converges in shape to an equilateral limit.

(4) limn→∞

∏n
k=0

1−
√

3 tan θk
1+

√

3 tan θk
= 0.

(5) θn = π
6 for somen or

∑

∞

n=0 θn = ∞.

The existence of the equilateral limit does not depend on the choice of the nonequi-
lateral∆0.

One can also allow to choose eachz̃n freely as the north or south pole of the
Apollonius circle (in order to always leavẽzn = zn whenRe zn = 1

2 for example).

One has then to takeθn = arctan |zn−ξ|+|zn−ξ|
√

3(|zn−ξ|−|zn−ξ|)
whenθn ∈

[

π
6 ,

π
2

[

, and the

condition
∑

∞

n=0 θn = ∞ has to be replaced by
∑

∞

n=0min
(

θn,
π
2 − θn

)

= ∞, as
we showed in [23].

Theorem 4 generalizes [34], where the iterated convolution with a constant tri-
angleKiso(θ) is analyzed, and [23], where only classical iterated Kiepert triangles
are considered.

Proof. If ∆0 is positively oriented or degenerate, so are all∆out
n , andσ∆out

n
=

σ∆0

∏n−1
k=0

ξ−zk
zk−ξ

. limn→∞ σ∆out
n

= 0 meanslimn→∞

∏n
k=0

∣

∣

∣

zk−ξ

zk−ξ

∣

∣

∣
= 0 since∆0

is not equilateral, and each factor in this product is constant on the corresponding
Apollonius circle. We proved the equivalence of (4) and (5) in [23].

If ∆0 is negatively oriented and proper, so are all∆out
n . SinceσK(1−z) =

1/σK(z), one has thenσ∆out
n

= σ∆0

∏n−1
k=0

zk−ξ
ξ−zk

: every factor of this product has a
modulus≥ 1, and one haslimn→∞ σ∆out

n
= ∞ under the same conditions as in the

first case. �
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A nonequilateral limit shape for(∆out
n ) is only possible whenξ−zn

zn−ξ
converges to

1, i.e., whenlimn→∞ zn = 1
2 . But this condition is not sufficient: ifzn = 1

2 + 1
n

,
n ≥ 1, for example,arg

(

σ∆out
n

)

diverges like the harmonic series.
Suppose that the sequence(∆out

n ) has no equilateral limit shape: the infinite

product
∏

∞

n=0

∣

∣

∣

ξ−zn
zn−ξ

∣

∣

∣
, whose factors lie in]0, 1], has then a limitL ∈ ]0, 1] (and

any suchL can be obtained by an appropriate choice of thezn’s). The accumu-
lation points of

(

σ∆out
n

)

lie on the circle|s| = L|σ∆0
| (≤ |σ∆0

| ≤ 1) if ∆0 is
positively oriented or degenerate, and on the circle|s| = 1

L
|σ∆0

| (≥ |σ∆0
| > 1)

if ∆0 is negatively oriented and proper: these accumulation shapes correspond to
equibrocardal normalized triangles(0, 1, z) with vertexz on the Neuberg circle
∣

∣

∣

z−eiπ/3

z−e−iπ/3

∣

∣

∣
= L±1|σ∆0

|, respectively (Figure 4). The sequence
(

σ∆out
n

)

can tend

to the accumulation circle with any behavior since the argument of each factor
ξ−zn
zn−ξ

can be changed arbitrarily by replacingzn by an appropriate number of the

Apollonius circle
∣

∣

∣

z−ξ

z−ξ

∣

∣

∣
= R containingzn.

Suppose that a sequence of classical iterated Kiepert triangles is givenby the
successive convolutions withKiso(θn), 0 ≤ θn < π

2 , n ≥ 0, and that this se-
quence(∆n) starts from a positively oriented nonequilateral∆0 and has no equi-
lateral limit, i.e.,

∑

∞

n=0min
(

θn,
π
2 − θn

)

< ∞: the one or two accumulation
points of the sequence(θn) belong to

{

0, π2
}

, and the corresponding subsequences
converge rapidly to the accumulation points, since the sum of the corresponding
θn or π

2 − θn is finite; the convolution withKiso(θn) multiplies the shape by

λn = σKiso(θn) = 1−
√

3 tan θn
1+

√

3 tan θn
∈ ]−1, 1], andλn is about1 or −1 when θn is

near to0 or to π
2 , respectively. As above,

∏

∞

n=0|λn| = L ∈ ]0, 1], but theλn are

now real: (σ∆n
) has thus the nonzero limitσ∆0

∏

∞

n=0
1−

√

3 tan θn
1+

√

3 tan θn
(= ±Lσ∆0

) if
all λn are eventually positive,i.e., if limn→∞ θn = 0. Otherwise, the infinite subse-
quences of theσ∆n

with positive and negative
∏n−1

k=0 λk have nonzero limitsLσ∆0

and−Lσ∆0
, respectively, and the sequence(σ∆n

) has exactly two accumulation
points given by±Lσ∆0

with 0 < L < 1. The limit or accumulation shapes and
theσ∆n

are shapes of classical Kiepert triangles of∆0 of the form∆0 ∗Kiso(θ),
0 ≤ θ < π

2 . If existing, the two accumulation shapes±Lσ∆0
are also the shapes

of two normalized equibrocardal triangles∆′(z±) that are directly similar to the
median triangle of each other. If the normalized∆′(z0) has the shape of∆0, i.e., if

z0 =
ζσ∆0

−1

ζ−σ∆0

, the verticesz± are given by the intersections of the Neuberg circle
∣

∣

∣

z−eiπ/3

z−e−iπ/3

∣

∣

∣
= L|σ∆0

| with (the upper half of) the circleC′ througheiπ/3, e−iπ/3,

andz0, on both sides ofeiπ/3 (Figure 4): z+ lies on the arc betweeneiπ/3 and
z0, z− betweeneiπ/3 andZ0 = z0−2

2z0−1 , which corresponds to the shape−σ∆0
. z0

andZ0 have a strictly positive imaginary part if∆0 is proper and are real if∆0 is
degenerate.

Since∆ and an outward Kiepert triangle of∆ are always simultaneously in the
category “positively oriented or degenerate” or in the category “negatively oriented
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and proper”, an iteratedoutwardKiepert triangle remains unchanged if one mod-
ifies the order of the successive convolutions. This is not the case for an iterated
inward triangle, because the orientation may change after a convolution, leading
to the next convolution withK(1 − z) instead ofK(z) for example, and these
orientation changes may depend on the order of the convolutions. Note thatthe
inward Kiepert triangle of an outward Kiepert triangle given by the same ears has
the shape of the initial triangle or is trivial, since the shapes ofK(z) ∗K(1 − z),
K(1 − z) ∗ K(z), and(0, 1,−1) ∗ (0, 1,−1) are all1 for z 6= ξ, ξ. A nontrivial
outward Kiepert triangle of an inward Kiepert triangle of∆0 given by the same
ears is in general not even similar to∆0: if ∆0 is proper, nonequilateral, and pos-
itively oriented with shapes0, for example, and ifσK(z) = s with 0 < |s| < |s0|,
∆0 ∗K(1−z) is negatively oriented and the end triangle∆0 ∗K(1−z)∗K(1−z)
is also negatively oriented with shapes0

s2
of modulus> 1

|s0|
; this end triangle is

never similar to∆0.
Except when the sequence has been stopped before by0 · ∞ or∞ · 0, the shape

of ∆in
n+1, n ≥ 0, is given recursively byσ∆in

n+1

= zn−ξ
ξ−zn

· σ∆in
n

if
∣

∣σ∆in
n

∣

∣ ≤ 1 (then
∣

∣σ∆in
n+1

∣

∣ ≥
∣

∣σ∆in
n

∣

∣) and byσ∆in
n+1

= ξ−zn
zn−ξ

· σ∆in
n

if
∣

∣σ∆in
n

∣

∣ > 1 (then
∣

∣σ∆in
n+1

∣

∣ ≤
∣

∣σ∆in
n

∣

∣). The turning points between stretching factors
(

ξ−zn
zn−ξ

)

±1
of modulus≤ 1

or≥ 1, respectively, depend also on∆0. By choosing∆0 and thezn appropriately,
the sequence(∆in

n) can thus have any behavior in shape within these constraints.
The iterated first Brocard triangles of a proper nonequilateral∆0 are for example
alternately inversely and directly similar to∆0 when∆0 is not isosceles, and all
directly similar to∆0 when∆0 is isosceles. If∆0 is automedian and if the ears
are isosceles with constant apex angle twice the middle angle of∆0, the iterated
inward Kiepert triangles are all directly similar to∆0: the automedian triangle of
Figure 12 initiates in particular a4-periodic sequence given by quarter-turns about
the centroid.
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On the Conic Through the Intercepts of the Three Lines
Through the Centroid and the Intercepts of a Given Line

Paul Yiu

Abstract. Let L be a line intersecting the sidelines of triangleABC atX, Y ,
Z respectively. The lines joining these intercepts to the centroid give rise to six
more intercepts on the sidelines which lie on a conicQ(L , G). We show that
this conic (i) degenerates in a pair of lines ifL is tangent to the Steiner inellipse,
(ii) is a parabola ifL is tangent to the ellipse containing the trisection points of
the sides, (iii) is a rectangular hyperbola ifL is tangent to a circleCG with
centerG. We give a ruler and compass construction of the circleCG. Finally,
we also construct the two lines each with the property that the conicQ(L , G)
is a circle.

1. Introduction

In the plane of a triangleABC, consider a lineL intersecting the sidelines
BC, CA, AB respectively atX, Y , Z. Consider also three lines,La throughX
intersectingCA,AB atYa, Za, Lb throughY intersectingAB,BC atZb,Xb, and
Lc throughZ intersectingBC, CA atXc, Yc. The six pointsXb, Xc, Yc, Ya, Za,
Zb lie on a conicQ whose equation can be determined as follows.

A

B CX

Y

Z

Ya

Za

Yc

XcXb

Zb

Q

LLa

Lb

Lc

Figure 1

LetL =: px+ qy + rz = 0 be the equation ofL in homogeneous barycentric
coordinates with respect to triangleABC, so that

X = (0 : r : −q), Y = (−r : 0 : p), Z = (q : −p : 0).
Suppose further thatLa joinsX to a pointP1 = (f1 : g1 : h1), Lb joins Y to
a pointP2 = (f2 : g2 : h2), andLc joins Z to a pointP3 = (f3 : g3 : h3),

Publication Date: April 16, 2013. Communicating Editor: Nikolaos Dergiades.
The author sincerely thanks Nikolaos Dergiades for his many excellent suggestions leading to

improvements of this paper.
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so that these lines are represented by linear equationsLa = 0, Lb = 0, Lc = 0
respectively. These linear forms are

La =

∣

∣

∣

∣

∣

∣

x y z

0 r −q
f1 g1 h1

∣

∣

∣

∣

∣

∣

= (qg1 + rh1)x− qf1y − rf1z,

Lb = −pg2x+ (rh2 + pf2)y − rg2z,

Lc = −ph3x− qh3y + (pf3 + qg3)z.

Proposition 1. The polynomialLaLbLc − L(P1)L(P2)L(P3)xyz is divisible by
px+ qy + rz.

Proof. If we putx = − qy+rz
p

, then

La = (qg1 + rh1)x− f1(qy + rz) = (qg1 + rh1)x+ f1 · px = L(P1)x,

Lb = L(P2)y,

Lc = L(P3)z.

It follows that, regarded as a polynomial inx, LaLbLc − L(P1)L(P2)L(P3)xyz,
evaluated atx = − qy+rz

p
is equal to0. Thus, the cubic polynomial is divisible by

px+ qy + rz. �

SinceLaLbLc − L(P1)L(P2)L(P3)xyz is divisible bypx + qy + rz, the re-
maining quadratic factor yields a conicQ containing the six pointsXb, Xc, Yc,
Ya, Za, Zb. For example, if we regard the given lineL as the trilinear polar of
P = (u : v : w), and takeLa, Lb, Lc to be the linesAX, BY , CZ respectively,
thenQ is the circumconicuyz + vzx+ wxy = 0 with perspectorP .

2. Preliminaries on conics

We shall make use of the following basic results on conics associated with a tri-
angle. Other preliminary results of triangle geometry can be found in [3]. Consider
a conic with barycentric equation

C : αx2 + βy2 + γz2 + 2λyz + 2µzx+ 2νxy = 0.

Since this equation can be expressed in the form

(

x y z
)





α ν µ

ν β λ

µ λ γ









x

y

z



 = 0,

we callM :=





α ν µ

ν β λ

µ λ γ



 the matrix of the conicC . The adjoint matrix ofM ,

namely,

M# =





βγ − λ2 λµ− γν νλ− βµ

λµ− γν γα− µ2 µν − αλ

νλ− βµ µν − αλ αβ − ν2



 ,
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defines the dual conic ofC . It is easy to verify that

MM# =M#M = (detM)I3.

LetG :=
(

1 1 1
)

. 1 Thecharacteristicof M is the number

χ(M) := GM#Gt

= 2µν + 2νλ+ 2λµ− λ2 − µ2 − ν2

− 2(αλ+ βµ+ γν) + βγ + γα+ αβ.

Proposition 2. The conic defined by the symmetric matrixM
(a)degenerates into a pair of lines ifdetM = 0,
(b) is a parabola ifdetM 6= 0 andχ(M) = 0,
(c) has centerQ = GM# if (detM)χ(M) 6= 0.

Proof. LetQ = GM#. For arbitrary1× 3 matrixP and real numbert,

(Q+ tP )M(Q+ tP )t = QMQt + (PMQt +QMP t)t+ (PMP t)t2

= QMQt + 2(QMP t)t+ (PMP t)t2

= (GM#)M(GM#)t + 2((GM#)MP t)t+ (PMP t)t2

= (detM)(GM#Gt) + 2(detM)(GP t)t+ (PMP t)t2

= (detM)χ(M) + 2(detM)(GP t)t+ (PMP t)t2.

Consider the following possibilities.
(a) If detM = 0, this equation becomes(Q+ tP )M(Q+ tP )t = (PMP t)t2.

With t = 0, this shows thatQ is a point on the conic, and for every pointP not
on the conic, the linePQ intersectsC only atQ (corresponding tot = 0). On the
other hand, ifP lies on the conic, then every point on the linePQ also lies on the
conic. It follows that the conic is a union of two lines, possibly identical. The two
lines are parallel (possibly identical) ifχ(M) = 0. Otherwise, they intersect at a
finite pointQ.

(b) If detM 6= 0 andχ(M) = 0, thenQ is an infinite point on the conicC , and
for every finite pointP , there is at most one nonzerot for which tQ + P lies on
the conic. This shows thatC is a parabola whose axis has infinite pointQ.

(c) SupposedetM 6= 0 andχ(M) 6= 0. In this case,Q = GM# is a finite
point. For every infinite pointP (satisfyingPGt = 0), we have

(Q+ tP )M(Q+ tP )t = (detM)χ(M) + (PMP t)t2. (1)

There are at most two infinite pointP satisfyingPMP t = 0 (which are the
infinite points of the asymptote whenC is a hyperbola). Apart from these infinite
points, if the line throughQ with infinite pointP intersectsC at two real points,
these intersections are symmetric with respect toQ. This shows thatQ is the center
of the conic. �

1The symbolG also denotes the centroid of triangleABC, which has homogeneous barycentric
coordinates(1 : 1 : 1).
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The equation of the conicC can be rewritten in the form

θyz + ϕzx+ ψxy + (x+ y + z)(αx+ βy + γz) = 0, (2)

where

θ = 2λ− (β + γ), ϕ = 2µ− (γ + α), ψ = 2ν − (α+ β). (3)

Proposition 3. Suppose(detM)χ(M) 6= 0 andθϕψ 6= 0. The conicC is homo-
thetic to the circumconic

C0 : θyz + ϕzx+ ψxy = 0.

The ratio of homothety is the square root of4 detM
θϕψ

.

Proof. By Proposition 2(c), the center of the conicC is the pointQ = GM#. The
circumconicC0 (with θ, ϕ, ψ given by (3)) has matrix

M0 =
1

2





0 ψ ϕ

ψ 0 θ

ϕ θ 0



 . (4)

Its center is the point

Q0 = (θ(ϕ+ ψ − θ) : ϕ(ψ + θ − ϕ) : ψ(θ + ϕ− ψ)). (5)

For the matrixM0 in (4), we have
(i) det(M0) =

θϕψ
4 ,

(ii) χ(M0) =
1
4(2ϕψ + 2ψθ + 2θϕ − θ2 − ϕ2 − ψ2) = χ(M) by substitutions

using (3).
Note that

M =M0 +
1

2





α β γ

α β γ

α β γ



 +
1

2





α α α

β β β

γ γ γ



 =M0 +
1

2
(GtL+ LtG),

whereL =
(

α β γ
)

.
Let P = (u : v : w) be an infinite point. By (1), the pointQ + tP lies on the

conicC if and only if

(PMP t)t2 + (detM)χ(M) = 0. (6)

Now,

PMP t = P

(

M0 +
1

2

(

GtL+ LtG
)

)

P t

= PM0P
t +

1

2
(PGt)(LP t) +

1

2
(PLt)(PGt)t

= PM0P
t.

Applying equation (6) to the circumconicC0, by replacingM byM0, we con-
clude that the intersection ofC0 with the line throughQ0 with the same infinite
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Q0

Q

Q0 + TP

Q + tP

S

B C

A

Figure 2.

pointP isQ0 + TP with T given by

(PM0P
t)T 2 + (detM0)χ(M0) = 0,

(PMP t)T 2 +
θϕψχ(M)

4
= 0. (7)

Comparing equations (6) and (7), we conclude that parallel lines (with infinite
point P ) throughQ andQ0 intersect the conicsC andC0 respectively at points
Q+ tP andQ0 + TP with

t2

T 2
=

4detM

θϕψ
,

which is independent of the infinite pointP (for whichPMP t 6= 0). Furthermore,
the line joiningQ0+TP toQ+ tP intersects the lineQ0Q at a fixed pointS such
that SQ

SQ0
= t

T
(see Figure 2). This shows that the two conics are homothetic atS,

with ratio of homothety equal tot
T

, the square root of4 detM
θϕψ

. �

Remark.The conicC contains an infinite point if and only ifχ(M) ≤ 0. 2

3. The conic Q(L , G) associated with the centroid

We shall study the special case whenP1 = P2 = P3 = G, the centroid of
triangleABC. Here,

La = (q + r)x− qy − rz,

Lb = −px+ (r + p)y − rz,

Lc = −px− qy + (p+ q)z,

2Proof: Puttingx = −(y + z) into the equation ofC , we obtain a quadratic iny andz with
discriminant−4χ(M).
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and

L(P1) = L(P2) = L(P3) = p+ q + r.

It follows that

LaLbLc − (p+ q + r)3xyz = (px+ qy + rz)Q(x, y, z)

where

Q(x, y, z) = p(q + r)x2 + q(r + p)y2 + r(p+ q)z2 − (p(p+ q + r) + 2qr)yz

− (q(p+ q + r) + 2rp)zx− (r(p+ q + r) + 2pq)xy. (8)

The conicQ(L , G) in question is defined by the equationQ(x, y, z) = 0. The
matrix of the conic is

M(L ) =
1

2





2p(q + r) −r(p+ q + r)− 2pq −q(p+ q + r)− 2rp
−r(p+ q + r)− 2pq 2q(r + p) −p(p+ q + r)− 2qr
−q(p+ q + r)− 2rp −p(p+ q + r)− 2qr 2r(p+ q)



 .

(9)

We shall investigate the possibilities thatQ(L , G) be (i) degenerate, (ii) a
parabola, (iii) a rectangular hyperbola, (iv) a circle.

Lemma 4. LetL be the linepx+ qy + rz = 0. The matrixM(L ) has
(a)determinantdetM(L ) = −1

4(p+ q + r)4(qr + rp+ pq),
(b) adjoint matrix

M(L )# =
(p+ q + r)2

4





−p2 2qr + 2rp+ pq 2qr + rp+ 2pq
2qr + 2rp+ pq −q2 qr + 2rp+ 2pq
2qr + rp+ 2pq qr + 2rp+ 2pq −r2



 ,

(10)
and
(c) characteristicχ(M(L )) = (p+q+r)2

4 (−p2 − q2 − r2 + 10qr + 10rp+ 10pq).

4. Degenerate Q(L , G)

From Proposition 2(a), the conicQ(L , G) is degenerate when
(i) p+ q + r = 0, or
(ii) pq + qr + rp = 0.

(i) corresponds to the trivial case when the lineL : px+ qy + rz = 0 contains
the centroidG = (1 : 1 : 1). The conicQ(L , G) is simply the lineL counted
twice.

In (ii), (p : q : r) being a point on the Steiner circum-ellipsexy+ yz + zx = 0,
the linepx + qy + rz = 0 is tangent to the dual conic, which is the Steiner in-
ellipse. This means thatif L is tangent to the Steiner in-ellipse, then the conic
Q(L , G) degenerates into two lines. Actually, these two lines complete withL a
poristic triangle between the two ellipses (see Figure 3).

We shall henceforth assumep+ q + r 6= 0 andqr + rp+ pq 6= 0.
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5. The lines L for which Q(L , G) are parabolas

By Proposition 2(b) and Lemma 4(b), we conclude easily thatQ(L , G) is a
parabola if and only if(p : q : r) is a point on the ellipse

E0 : −x2 − y2 − z2 + 10yz + 10zx+ 10xy = 0

with centerG. Equivalently, the lineL is tangent to the conic dual toE0. This is
the ellipse

E ∗

0 : −2x2 − 2y2 − 2z2 + 5yz + 5zx+ 5xy = 0,

also with centerG, and containing the trisection points of the sides of the triangle.

Theorem 5 (Dergiades). The conicQ(L , G) is a parabola if and only if the line
L is tangent to the ellipseE ∗

0 .

Proposition 6. If L : px + qy + rz = 0 is the tangent toE ∗

0 at P , then the
parabolaQ(L , G) and the ellipseE ∗

0 have
(i) a common tangent parallel toL at the antipode ofP onE ∗

0 , and
(ii) two remaining common points on the parallel toL through the centroidG.

Proof. We take the matrices of the dual ellipsesE0 andE ∗

0 to be

M =





−1 5 5
5 −1 5
5 5 −1



 and M∗ =





−4 5 5
5 −4 5
5 5 −4





respectively. The lineL : px + qy + rz = 0 is tangent to the ellipseE ∗

0 at the
point

P =
(

p q r
)

M =
(

−p+ 5q + 5r 5p− q + 5r 5p+ 5q − r
)

.
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With the matrixM(L ) given in (9), andt = 1
18(p + q + r)2, it is routine to

verify that

(

x y z
)

(M(L ) + tM∗)





x

y

z



 = −1

9
L1(x, y, z)L2(x, y, z),

where

L1(x, y, z) = (−p+ 2q + 2r)x+ (2p− q + 2r)y + (2p+ 2q − r)z,

L2(x, y, z) = (−2p+ q + r)x+ (p− 2q + r)y + (p+ q − 2r)z.

Note that the linesL1 : L1(x, y, z) = 0 andL2 : L2(x, y, z) = 0 are both parallel
to L (with infinite point(q − r : r − p : p− q)). Since the point(−p+ 2q + 2r :
2p − q + 2r : 2p + 2q − r) lies on both conics dual to the ellipseE ∗

0 and the
parabolaQ(L , G), the lineL1 is a common tangent of the two conics. The point
of tangency is

(

−p+ 2q + 2r 2p− q + 2r 2p+ 2q − r
)

M

=3
(

7p+ q + r p+ 7q + r p+ q + 7r
)

.

This is the antipode ofP on the ellipseE ∗

0 .
The other lineL2 clearly contains the centroidG, and therefore a pair of antipo-

dal points on the ellipseE ∗

0 . These two points also lies on the parabolaQ(L , G).
�
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6. The lines L for which Q(L , G) are rectangular hyperbolas

Apart from the cases of pairs of lines and parabolas, the type of the conic
Q(L , G) can be easily determined by an application of Proposition 2(c) and Propo-
sition 3.

Proposition 7. If p + q + r 6= 0 andqr + rp + pq 6= 0, the conicQ(L , G) has
center

Q = (−p2+3p(q+ r)+4qr : −q2+3q(r+ p)+4rp : −r2+3r(p+ q)+4pq).

It is homothetic to the circumconic

(p+ 2q)(p+ 2r)yz + (q + 2r)(q + 2p)zx+ (r + 2p)(r + 2q)xy = 0, (11)

with ratio of homothetyτ given by

τ2 =
(p+ q + r)4(pq + qr + rp)

(p+ 2q)(p+ 2r)(q + 2r)(q + 2p)(r + 2p)(r + 2q)
, (12)

provided(p+ 2q)(p+ 2r)(q + 2r)(q + 2p)(r + 2p)(r + 2q) 6= 0.

Since the conicQ(L , G) is homothetic to the circumconic defined by (11), it
is a rectangular hyperbola if and only if this circumconic contains the orthocenter

H =
(

1
SA

: 1
SB

: 1
SC

)

, i.e.,

SA(p+ 2q)(p+ 2r) + SB(q + 2r)(q + 2p) + SC(r + 2p)(r + 2q) = 0.

Equivalently, the lineL : px+ qy + rz = 0 is tangent to the conic dual to

E1 : SA(x+ 2y)(x+ 2z) + SB(y + 2z)(y + 2x) + SC(z + 2x)(z + 2y) = 0.

L

G

A

B
C

X

Z

Y

Ya

Za

Xb

Zb

Xc

Yc

Figure 5
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Proposition 8. The conicE1 is an ellipse with centerG. Its dual conic is a circle
also with centerG.

Proof. The matrix of the conicE1 being

M1 =





SA SA + SB + 2SC SA + 2SB + SC
SA + SB + 2SC SB 2SA + SB + SC
SA + 2SB + SC 2SA + SB + SC SC



 ,

with

detM1 = 9(SA + SB + SC)(SBC + SCA + SAB) =
9

2
(a2 + b2 + c2)S2 6= 0,

the conic is nondegenerate. The adjoint matrix is

M
#
1 =





maa mab mac

mab mbb mbc

mac mbc mcc





where

maa = −4SA(SA + SB + SC)− (SBB + SBC + SCC),

mab = −SCC + 2SBC + 2SAC + 2SAA + 5SAB + 2SBB,

mac = −SBB + 2SAB + 2SBC + 2SCC + 5SAC + 2SAA,

mbc = −SAA + 2SAB + 2SAC + 2SBB + 5SBC + 2SCC ,

andmbb,mcc are analogously defined. It is easy to check that

maa +mab +mac = mab +mbb +mbc = mac +mbc +mcc

= 3(SBC + SCA + SAB) = 3S2.

From this we conclude that the conicE1 has centerG. Also,χ(M1) = 9S2 > 0.
It follows thatE1 is an ellipse.3

The equation of the dual conic can be written in the form

9(SA + SB + SC)((SB + SC)yz + (SC + SA)zx+ (SA + SB)xy)

+ (x+ y + z)(maax+mbby +mccz)

= 0.

From this it is clear that this dual conic is a circle. The center has coordinates given
byG(M#

1 )#, which we may simply take asGM1 = 3(SA + SB + SC)G. This is
the centroidG. �

We denote this circle byCG.

Theorem 9. The conicQ(L , G) is a rectangular hyperbola if and only if the line
L is tangent to the circleCG.

3See Remark at the end of§2.
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6.1. Construction of the centroidal circleCG. Since

detM1 = 9(SA + SB + SC)(SBC + SCA + SAB) = 9S2(SA + SB + SC),

we have

detM#
1 = (detM1)

2 = 81S4(SA + SB + SC)
2. (13)

Making use of Proposition 3 and (13), we determine the ratio of homothety of
CG and the circumcircle as the square root of

4 detM#
1

(9(SA + SB + SC))3(SB + SC)(SC + SA)(SA + SB)
=

8S4

9a2b2c2(a2 + b2 + c2)
.

This means that the square of the radius of the circleCG is

8S4

9a2b2c2(a2 + b2 + c2)
·a

2b2c2

4S2
=

2S2

9(a2 + b2 + c2)
=

S

3a
·
(

2

3
· a2

a2 + b2 + c2
· S
a

)

.

In the last expression, the first factor is the height of the centroidG above the line
BC. The second factor is23 of the height of the symmedian pointK above the
same line. This leads to the following construction of the circle.

XY

X
′

G

A

B C

K

ZZ
′

Figure 6

Construction 10. Given triangleABC with centroidG and symmedian pointK,
construct
(1) the pedalsX andY ofG andK on the lineBC,
(2) a pointX ′ on the extension ofXG such thatGX ′ = 2

3Y K,
(3) the circle with diameterXX ′,
(4) the perpendicular throughG to the lineXX ′ to intersect the circle in(3) at Z
andZ ′.

The circle with centerG and diameterZZ ′ is the circleCG.
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7. The lines L for which Q(L , G) are circles

The conicQ(L , G) is a circle if and only if

(p+ 2q)(p+ 2r) : (q + 2r)(q + 2p) : (r+ 2p)(r+ 2q) = a2 : b2 : c2. (14)

We may regard(p : q : r) as a common point of conics defined by

(x+ 2y)(x+ 2z)

a2
=

(y + 2z)(y + 2x)

b2
=

(z + 2x)(z + 2y)

c2
,

or equivalently,

(x+ y + z)2 − (y − z)2

a2
=

(x+ y + z)2 − (z − x)2

b2
=

(x+ y + z)2 − (x− y)2

c2
.

The equation of the second and third expression can be rewritten as

(b2 − c2)(x+ y + z)2 = b2(x− y)2 − c2(z − x)2; (15)

similarly for the other two equations. Thus,(p : q : r) is a common point of the
conics

Fa := c2y2 − b2z2 − 2(b2 − c2)yz − 2(b2 − 2c2)zx− 2(2b2 − c2)xy = 0,

Fb := a2z2 − c2x2 − 2(c2 − a2)zx− 2(c2 − 2a2)xy − 2(2c2 − a2)yz = 0,

Fc := b2x2 − a2y2 − 2(a2 − b2)xy − 2(a2 − 2b2)yz − 2(2a2 − b2)zx = 0.

We easily determine, by Proposition 2(c), that these conics all have centerG. Since

Fa + Fb + Fc = 3((b2 − c2)yz + (c2 − a2)zx+ (a2 − b2)xy)

+ (x+ y + z)((b2 − c2)x+ (c2 − a2)y + (a2 − b2)z) = 0

is degenerate, this represents the two asymptotes of a hyperbola with centerG,
homothetic to the Kiepert hyperbola. These asymptotes, as is well known, are
parallel to the axes of the Steiner circum-ellipse. We therefore conclude that the
common points of the conicsFa = Fb = Fc = 0 are on an axis of the Steiner
ellipse, which turns out to be the minor axis. Each of these two points leads to a
conicQ(L , G) which is a circle.

We shall make use of the following notations:

P := a2 + b2 + c2;

Pa := b2 + c2 − 2a2, Pb := c2 + a2 − 2b2, Pc := a2 + b2 − 2c2;

Q := a4 + b4 + c4 − b2c2 − c2a2 − a2b2.

Lemma 11. The infinite points of the Kiepert hyperbola are

((b2 − c2)(Pa + ε
√

Q) : (c2 − a2)(Pb + ε
√

Q) : (a2 − b2)(Pc + ε
√

Q))

for ε = ±1.

The point forε = −1 is the infinite point of the minor axis of the Steiner ellipse.
It is the pointX3414 of [2]. The infinite point corresponding toε = +1 isX3413.
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Proposition 12. The two real common points of the conicsFa = 0,Fb = 0,Fc = 0
are

Pε = (εt+ (b2 − c2)(Pa −
√

Q) : · · · : · · · ) (16)

for ε = ±1, wheret is the square root of

1

9
(P+ 2

√

Q)(Pa −
√

Q)(Pb −
√

Q)(Pc −
√

Q). (17)

Proof. A point on the minor axis of the Steiner ellipse is of the form (16) for some
t. Substituting into the equationFa = 0, or equivalently (15), and solving, we
obtain

t2 =
1

9
(λ+ µ

√

Q),

where

λ = 4Q2 + PPaPbPc, (18)

µ = 2(PaPbPc + PQ). (19)

SincePa + Pb + Pc = 0 andPaPb + PbPc + PcPa = −3Q, we have

λ+ µ
√

Q = 2Q
√

Q(P+ 2
√

Q) + PaPbPc(P+ 2
√

Q)

= (P+ 2
√

Q)(2Q
√

Q+ PaPbPc)

= (P+ 2
√

Q)(−
√

Q
3
+ (Pa + Pb + Pc)Q

− (PaPb + PbPc + PcPa)
√

Q+ PaPbPc)

= (P+ 2
√

Q)(Pa −
√

Q)(Pb −
√

Q)(Pc −
√

Q)

leading to the factorization oft2 given in (17) above. �
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The pointsPε, ε = ±1, correspond to two linesLε which are common tangents
to the conics dual toFa = 0, Fb = 0, andFc = 0 (see Figure 8). For these two
lines, the conicsQ(Lε, G) are circles, which we simply denote byCε (see Figure
9).

A

B C
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C+

Q+

L+

C−

Figure 9.
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Proposition 13. The two circlesCε, ε = ±1, have centers

Qε =

(

f + g
√
Q

ε · 3t + (b2 − c2)(Pa −
√

Q) : · · · : · · ·
)

, (20)

where

f = 4Q2 − PPaPbPc = 8Q2 − λ, (21)

g = 2(PaPbPc − PQ) = 4PaPbPc − µ. (22)

They are congruent and have radius

ρ =
P+ 2

√
Q

18S
·
√

P−
√

Q.

Proof. With (p, q, r) given by (14), andλ, µ by (18), (19), we have

(p+2q)(p+2r) = a2W, (q+2r)(q+2p) = b2W, (r+2p)(r+2q) = c2W

for

W =
(p− q)2 − (r − p)2

b2 − c2
= 3(Pa −

√

Q)(P2
a − Pa

√

Q− 2Q)

= 3(Pa −
√

Q)2(Pa + 2
√

Q)

= 3(Pb −
√

Q)2(Pb + 2
√

Q)

= 3(Pc −
√

Q)2(Pc + 2
√

Q).

Note that

p+ q + r = ε · 3t,
pq + qr + rp = 3t2 − 2Q2 − PaPbPc

√

Q

=
1

3

(

λ+ µ
√

Q− 6Q2 − 3PaPbPc
√

Q

)

=
1

3

(

2PQ
√

Q− 2Q2 + PPaPbPc − PaPbPc

√

Q

)

=
1

3

(

2Q
√

Q(P−
√

Q) + PaPbPc(P−
√

Q)
)

=
1

3
(P−

√

Q)
(

8Q
√

Q+ 4(Pa + Pb + Pc)Q

+ 2(PaPb + PbPc + PcPa)
√

Q+ PaPbPc

)

=
1

3
(P−

√

Q)(Pa + 2
√

Q)(Pb + 2
√

Q)(Pc + 2
√

Q).
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From these,

− p2 + 3p(q + r) + 4qr

= 4(pq + qr + rp)− p(p+ q + r)

= 4(3t2 − 2Q2 − PaPbPc

√

Q)− (εt+ (b2 − c2)(Pa −
√

Q))ε · 3t
= 9t2 − 8Q2 − 4PaPbPc

√

Q− 3ε(b2 − c2)(Pa −
√

Q)t

= λ− 8Q2 + (µ− 4PaPbPc)
√

Q− 3ε(b2 − c2)(Pa −
√

Q)t

= − f − g
√

Q− 3ε(b2 − c2)(Pa −
√

Q)t

=− ε · 3t
(

f + g
√
Q

ε · 3t + (b2 − c2)(Pa −
√

Q)

)

,

wheref andg are given in (21) and (22) above. Similarly,

−q2 + 3q(r + p) + 4rp = −ε · 3t
(

f + g
√
Q

ε · 3t + (c2 − a2)(Pb −
√

Q)

)

,

−r2 + 3r(p+ q) + 4pq = −ε · 3t
(

f + g
√
Q

ε · 3t + (a2 − b2)(Pc −
√

Q)

)

.

By Proposition 2(c), the center of the circleCε is the pointQε given by (20) above.
Furthermore, the homothetic ratio ofCε and the circumcircle is the square root of

(p+ q + r)4(pq + qr + rp)

(p+ 2q)(p+ 2r)(q + 2r)(q + 2p)(r + 2p)(r + 2q)
=

(P+ 2
√
Q)2(P−

√
Q)

3 · 27a2b2c2 .

From these, it follows that the common radius of the circlesCε is

P+ 2
√
Q

9abc

√

P−
√

Q · abc
2S

=
P+ 2

√
Q

18S

√

P−
√

Q.

�
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The f -belos

Antonio M. Oller-Marćen

Abstract. Thearbelosis the shape bounded by three mutually tangent semicir-
cles with collinear diameters. Recently, Sondow introduced the parabolic analog,
theparbelosand proved several properties of the parbelos similar to properties
of the arbelos. In this paper we give one step further and generalize thesituation
considering the figure bounded by (quite) arbitrary similar curves, thef -belos.
We prove analog properties to those of the arbelos and parbelos and, moreover,
we characterize the parbelos and the arbelos as thef -beloses satisfying certain
conditions.

1. Introduction

Thearbelos(άρβηλoς, literally “shoemaker’s knife”) was introduced in Propo-
sition 4 of Archimedes’ Book of Lemmas [1, p. 304]. It is the plane figure bounded
by three pairwise tangent semicircles with diameters lying on the same line (see
the left-hand side of Figure 1). In addition to the properties proved by Archimedes
himself, there is a long list of properties satisfied by this figure. Boas’s paper [3]
presents some of them and is a good source for references.

It is quite surprising to discover that for 23 centuries no generalizations of this
figure were introduced. Recently, Sondow [4] has extended the original construc-
tion considering latus rectum arcs of parabolas instead of semicircles (seeright-
hand side of Figure 1). In his paper, Sondows proves several interesting properties
of his construction (namedparbelos) that are, in some sense, counterparts of prop-
erties of the arbelos.

Figure 1. An arbelos (left) and a parbelos (right).

The motivation for considering latus rectum arcs of parabolas instead of semi-
circles is clear. Just like all circles are similar, so too all parabolas are similar. Of
course this is a very special property of these curves which is not shared even by
other conics. Nevertheless, it gives the clue for a further generalization of both

Publication Date: April 30, 2013. Communicating Editor: Paul Yiu.
The author thanks Jonathan Sondow for his many observations that have improved the paper.
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the arbelos and the parbelos. In a suitable generalization, the three considered arcs
must be similar curves.

In Section 2 we present our construction and the resulting family of figures
that we shall callf -belos. Subsequent sections are mainly devoted to extend and
give analogs of some of the properties found in [4]. In passing we will see how
arbelos and parbelos appear as particular cases of our construction imposing certain
seemingly unrelated conditions.

2. The f -belos

Let f : [0, 1] −→ R be a function such thatf(x) > 0 except forf(0) = f(1) =
0. We will assume thatf is continuous in[0, 1] and differentiable in(0, 1). Given
p ∈ (0, 1) we define functionsg : [0, p] −→ R andh : [p, 1] −→ R given by:

g(x) = pf(x/p),

h(x) = (1− p)f

(

x− p

1− p

)

.

Observe that bothg andh are similar tof (g is obtained by a homothety centered
at the origin andh is obtained by a homothety followed by a translation). In what
follows we will consider the case when the graphs ofg andh are below the graph
of f so that a situation like the one in Figure 2 makes sense.

f

g
h

O P I

Figure 2. Thef -belos.

Given the functionf we will call the figure obtained in the previous construction
anf -belos. The pointP = (p, 0) will be called the cusp of thef -belos. We will
denoteO = (0, 0) andI = (1, 0) (see Figure 2).

Observe that iff(x) =
√
x− x2 we recover the original arbelos, while if

f(x) = x− x2 we obtain Sondow’s parbelos.

3. Elementary properties of the f -belos

In spite of the generality of the latter construction, thef -belos satisfy several
interesting properties which, in some sense, extend those of the arbelos and the
parbelos. These properties are analogs of Properties 1 and 2 in [4].
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Proposition 1. The upper and lower boundaries of anf -belos have the same
length.

Proof. If Lf is the length of the upper boundary,Lg is the length of the lower arc
corresponding to the graph ofg andLh in the length of the lower arc corresponding
to the graph ofh it follows by their similarity thatLg = pLf andLh = (1− p)Lf .
Hence, the result. �

The following lemma is easy to prove and it is closely related to Plato’s analogy
of the line [2].

Lemma 2. Consider a segmentAB and choose any pointC ∈ AB except the
endpoints. Now, letD ∈ AC andE ∈ CB be points such that

|AC|
|CB| =

|AD|
|DC| =

|CE|
|EB| .

Then,

|DC| = |CE| = |AC| · |CB|
|AB| .

As a consequence we obtain the following property.

Proposition 3. Under each lower arc of anf -belos, construct a newf -belos simi-
lar to the original. Of the four lower arcs, the middle two are congruent, and their
common length equals one half the harmonic mean of the lengths of the original
lower arcs.

Proof. It is enough to apply the previous lemma noting that the lengths of the
considered arcs are proportional to the length of the horizontal segmentthat they
determine. �

4. The parallelogram associated to a point

Let x0 ∈ (0, 1) and consider the pointP1 = (x0, f(x0)). This point lies on the
graph off and hence, by similarity, it has corresponding pointsP2 andP3 in the
graphs ofg andh, respectively. NamelyP2 = (px0, pf(x0)) andP3 = ((1−p)x0+

p, (1− p)f(x0)) (see Figure 3). Observe that
−−−→
P2P1 =

−−→
PP3 = (1− p)(x0, f(x0)).

Hence,P1P2PP3 is a parallelogram. Since it depends on the choice ofx0, we will
denote this parallelogramP(x0).

It is interesting to study whenP(x0) is a rectangle. This leads to a surprising
characterization of the arbelos.

Proposition 4. Given anf -belos, the parallelogramP(x0) is a rectangle if and
only if f(x0)2 = x0−x20. Consequently,P(x0) is a rectangle for everyx0 ∈ (0, 1)
if and only iff describes a semicircle (i.e., the figure is an arbelos).

Proof. We have that
−−→
P2P = (p − px0,−pf(x0)). Then,P(x0) is a rectangle if

and only if
−−−→
P2P1⊥

−−→
P2P ; i.e., if and only if

0 =
−−→
P2P · −−−→P2P1 = p(1− p)[x0(1− x0)− f(x0)

2].

�
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O P I

P1

P2
P3

Figure 3. The parallelogram associated to the pointP1.

The area of the parallelogramP(x0) can be easy computed by:

area(P(x0)) = ||−−−→P2P1 ×
−−→
P2P || = ||(0, 0,−p(1− p)f(x0))|| = p(1− p)f(x0).

This fact leads to the following property.

Proposition 5. Given anf -belos, letc ∈ (0, 1) be such thatf(c) is the mean value
of f on [0, 1] and letP(c) be the parallelogram associated toc (see Figure 4).
Then:

area(f -belos) = 2area(P(c)).

O P I

P2

P3

P1

c

f(c)

Figure 4. The parallelogram associated to the point(c, f(c)).

Proof. Let us denote byA the area below the upper arc of thef -belos;i.e.,

A =

∫ 1

0
f(x) dx.

By similarity, the area below the lower arc corresponding to the graph ofg is p2A,
while the area below the lower arc corresponding to the arc ofh is (1 − p)2A.
Hence the area of thef -belos is:

A− p2A− (1− p)2A = 2p(1− p)A.

Moreover, the mean value theorem for integration states that there existsc ∈
(0, 1) such thatA =

∫ 1

0
f(x) dx = f(c). Consequently, the area of thef -belos is

2p(1− p)f(c),
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wheref(c) is the mean value off on [0, 1].
Since, by the above consideration, area(P(c)) = p(1 − p)f(c), the result fol-

lows. �

We will see how this property in fact generalizes Property 3 in [4].

Remark.Consider a parbelos;i.e., anf -belos withf(x) = x− x2. In this context
Property 3 in [4] states that

area(parbelos) =
4

3
area(P(1/2)).

Let us see how this follows from Property 4 above.

The mean value off in (0, 1) is 1/6. Consequently,area(P(c)) =
p(1− p)

6
.

On the other hand, whilef(1/2) = 1/4, we have thatarea(P(1/2)) =
p(1− p)

4
.

Hence:

area(parbelos) = 2area(P(c)) =
4

3
area(P(1/2))

as claimed.

5. The tangent parallelogram

Throughout this section we will consider anf -belos such thatf is also differ-
entiable inx = 0 andx = 1. Hence, we consider the tangents tof in x = 0 and
in x = 1 and the tangents inx = p to g andh and a situation like Figure 5 makes
sense.

O P I

T1

T2

T3

Figure 5. The tangent parallelogram of anf -belos.

The fact thatT1T2T3P is a parallelogram (that we will denote byT ) follows
readily from the similarity off , g andh (observe thatg′(p) = h′(0) and that
g′(1) = f ′(1)). In the following property we compute its area.
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Proposition 6. The area ofT is given by:

area(T ) = p(1− p)

∣

∣

∣

∣

f ′(0)f ′(1)

f ′(0)− f ′(1)

∣

∣

∣

∣

.

Proof. Since the sides of the parallelogram are given by the equations

T1T2 : y = f ′(0)x,

PT3 : y = f ′(0)(x− p),

T1P : y = f ′(1)(x− p),

T2T3 : y = f ′(1)(x− 1),

it is easy to find the coordinates ofTi for i = 1, 2, 3 and obtain

−−→
T1T2 =

(1− p)f ′(1)

f ′(1)− f ′(0)
(1, f ′(0)) and

−−→
T1P =

−pf ′(0)

f ′(1)− f ′(0)
(1, f ′(1)).

With these, we have that

area(T ) = ||−−→T1T2 ×
−−→
T1P || =

∣

∣

∣

∣

∣

∣

∣

∣

p(1− p)f ′(0)f ′(1)

(f ′(1)− f ′(0))2
(0, 0, f ′(0)− f ′(1))

∣

∣

∣

∣

∣

∣

∣

∣

and the result follows. �

In the parbelos ,T is in fact a rectangle [4, Property 4]. The general situation is
as follows.

Proposition 7. The tangent parallelogramT is a rectangle if and only iff ′(0)f ′(1) =
−1. In such case we have that

area(T ) = p(1− p)
f ′(0)

1 + f ′(0)2
.

Proof. The first part is straightforward recalling that two lines of slopesm1 and
m2 are perpendicular if and only ifm1m2 = −1. For the second statement it is
enough to putf ′(1) = −1/f ′(0) in the previous property. �

Since we have that2f ′(0) ≤ 1 + f ′(0)2, the following property follows (recall
the notation from the previous section).

Proposition 8. Given anf -belos, letf(c) be the mean value off on [0, 1]. Let
alsoP(c) be the parallelogram associated toc andT the tangent parallelogram.
If f ′(0)f ′(1) = −1; i.e., if T is a rectangle, then:

area(P(c)) ≥ 2f(c)area(T );

and equality holds if and only iff ′(0) = −f ′(1) = 1.

Proof. Properties 4 and 6 imply that

area(P(c)) = f(c)p(1− p) = f(c)
area(T )

f ′(0)
1+f ′(0)2

≥ 2f(c)area(T ).

And equality holds if and only if2f ′(0) = 1 + f ′(0)2; i.e., if and only if f ′(0) =
1. �
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Remark. In the parbelosf(x) = x − x2, so we havef ′(0) = 1 = −f ′(1) and
equality holds in Property 7. Moreover (recall the remark after Property4),f(c) =
1/6. Hence:

area(T ) =
area(P(c))

2f(c)
=

3

2
area(parbelos),

as was already proved in [4, Property 4].

Now, if f ′(0)f ′(1) = −1, T is a rectangle, so it makes sense to consider its
circumcircleΓ. In [4, Property 6] it was proved that, in the parbelos case (i.e.,
whenf(x) = x− x2) the circumcircle of the tangent rectangle passes through the
focus of the upper parabola (i.e., through the point(1/2, 0)). This property can be
generalized in the following way.

Proposition 9. Given anf -belos such that its tangent parallelogramT is a rec-
tangle; i.e., such thatf ′(0)f ′(1) = −1, the circumcircleΓ of T intersects the axis

OX at the point(p, 0) and

(

1

1 + f ′(0)2
, 0

)

(see Figure 6). Consequently:

• Γ is tangent toOX if and only ifp =
1

1 + f ′(0)2
.

• Γ intersectsOX at x = 1/2 if and only iff ′(0) = 1.

Proof. The center of this circle is the midpoint ofT1T3; i.e.,

CΓ =

(

p+ 1 + pf ′(0)2

2(1 + f ′(0)2)
,

f ′(0)

2(1 + f ′(0)2)

)

.

This circle clearly intersectsOX atP but, of course, it will intersect the axisOX in
another point (unlessΓ is tangent toOX). Hence we are looking forp 6= α ∈ (0, 1)
such that(α, 0) ∈ Γ. This condition leads to:
(

p+ 1 + pf ′(0)2

2(1 + f ′(0))2
− α

)2

+

(

f ′(0)

2(1 + f ′(0))2

)

2

=

(

p+ 1 + pf ′(0)2

2(1 + f ′(0))2
− p

)2

+

(

f ′(0)

2(1 + f ′(0))2

)

2

.

Consequently

(α2 − p2)− (α− p)
p+ 1 + pf ′(0)2

2(1 + f ′(0)2)
= 0

and, sincep 6= α,

α =
p+ 1 + pf ′(0)2

2(1 + f ′(0)2)
− p =

1

1 + f ′(0)2

as claimed. �

Now, we turn again to the general case, whenT is “only” a parallelogram. The
equation of the line passing throughT1 andT3 is:

T1T3 : [(1− 2p)f ′(0)f ′(1)]x+ [pf ′(0)− (1− p)f ′(1)]y + p2f ′(0)f ′(1) = 0.

We are interested in studying when this line is tangent to the graph off at(p, f(p)).
This interest is motivated by [4, Property 5], where it was proved that, in aparbelos,
the diagonal of the tangent rectangle opposite to the cusp is tangent to the upper
parabola at the point(p, f(p)). In fact we will see how this property characterizes
parbeloses.
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O P I

T1

T2

T3

(α, 0)

Figure 6. The circumcircle ofT .

Proposition 10. The point(p, f(p)) lies onT1T3 (see Figure 7)if and only if

f(p) =
p(p− 1)f ′(0)f ′(1)

pf ′(0)− (1− p)f ′(1)
.

In addition, the lineT1T3 is tangent to the graph off at the point(p, f(p)) if and
only if

f ′(p) =
(2p− 1)f ′(0)f ′(1)

pf ′(0)− (1− p)f ′(1)
.

Proof. For the first part it is enough to substitute(p, f(p)) in the equation ofT1T3.
For the second part, the slope ofT1T3 must coincide withf ′(p). �

O P I

T1

T2

T3

O P I

T1

T2

T3

(p, f(p))

(p, f(p))

O P I

T1

T2

T3

(p, f(p))

Figure 7. Different relative positions off andT1T3 at (p, f(p)).
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We will close the paper with a property that surprisingly characterizes the par-
belos among all possiblef -beloses. Parbeloses are the onlyf -beloses such that the
diagonal ofT opposite to the cusp is tangent tof at (p, f(p)) for everyp ∈ (0, 1).

Proposition 11. Given anf -belos, letT be its tangent parallelogram. Then the
diagonal ofT opposite to the cusp is tangent tof at (p, f(p)) for everyp ∈ (0, 1)
if and only if f is a parabolaf(x) = k(x − x2). Moreover, in this caseT is a
rectangle if and only ifk = 1.

Proof. The first part of the previous property leads to

f(x) =
x(x− 1)f ′(0)f ′(1)

xf ′(0)− (1− x)f ′(1)

for everyx ∈ [0, 1]. In this case we have that

f ′(x) =
f ′(0)f ′(1)[x2f ′(0) + (1− x)2f ′(1)]

[xf ′(0)− (1− x)f ′(1)]2
.

Hence, iff is tangent toT1T3 at (p, f(p)) for everyp ∈ (0, 1), the second part of
the previous property implies that:

f ′(x) =
f ′(0)f ′(1)[x2f ′(0) + (1− x)2f ′(1)]

[xf ′(0)− (1− x)f ′(1)]2
=

(2x− 1)f ′(0)f ′(1)

xf ′(0)− (1− x)f ′(1)

for everyx ∈ (0, 1). Some computations lead to

(f ′(0) + f ′(1))(x− x2) = 0

for everyx ∈ [0, 1] and hencef ′(0) = −f ′(1) so

f(x) =
−x(x− 1)f ′(0)2

xf ′(0) + (1− x)f ′(0)
= f ′(0)(x− x2),

and the result follows. �
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Why Are the Side Lengths of the Squares Inscribed in a
Triangle so Close to Each Other?

Victor Oxman and Moshe Stupel

Abstract. We compare the side lengths of the squares inscribed in a non-obtuse
triangle.

Given non-obtuse triangleABC we consider an inscribed square. The construc-
tion is well known (see, for instance, [1] and [2, Problem 9, pp.16,64]). One can
easily note that the side lengths of the squares based on the various sides of the
triangle are almost equal to each other (Figure 1). Why does it happen? In this
note we will give the answer to this question.

A

B C

Figure 1

A

B C

B
′

C
′

a

ha

ta− t

c b

Figure 2

Let BC = a, AC = b, AB = c, andha, hb, hc the corresponding altitudes of
triangleABC. Denote the side lengths of the squares based onBC andAC by xa
andxb respectively. One can easily verify thatxa = aha

a+ha
. Givena andha > 0,

consider a non-obtuse triangleABC with BC = a and altitudeha on the sideBC.
The vertexA lies on the sideB′C ′ of the rectangleBB′C ′C with BB′ = ha (see
Figure 2).

LetAC ′ = t. We haveb2 = t2 + h2a andc2 = (a− t)2 + h2a. Note that

xb =
bhb

b+ hb
=

aha
√

t2 + h2a +
aha√
t2+h2

a

=
aha

√

t2 + h2a
t2 + ha(a+ ha)

.

We shall assumea ≥ b. This requiresha ≤ a and t ∈ [0, t0], wheret0 =
√

a2 − h2a. Since we require triangleABC to be non-obtuse,b2 + c2 ≥ a2. This
implies t2 − at + h2a ≥ 0. This is always the case whenha ≥ a

2 . Whenha < a
2 ,
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we must further restrictt ∈ [0, t1] ∪ [t2, t0], where

t1 =
a−

√

a2 − 4h2a
2

, t2 =
a+

√

a2 − 4h2a
2

.

Note thatt20 − t22 =
a(a−

√
a2−4h2

a)

2 ≥ 0.
Now consider the function

f(t) :=
xa

xb
=

t2 + ha(a+ ha)

(a+ ha)
√

t2 + h2a

defined on

D :=

{

[0, t0], if a
2 ≤ ha ≤ a,

[0, t1] ∪ [t2, t0] if 0 < ha < a
2

.

This is a restriction of the function

F (t) =
t2 + ha(a+ ha)

(a+ ha)
√

t2 + h2a

defined on[0, a]. It has derivative

F ′(t) =
1

a+ ha
· t(t

2 − ha(a− ha))

(t2 + h2a)
3

2

.

From this it is clear that the only interior critical point ist∗ =
√

ha(a− ha),
and thatF (t) is decreasing on[0, t∗] and increasing on[t∗, a]. Therefore,F (t) ≥
F (t∗) = 2

√

aha

a+ha
for everyt ∈ [0, a].

Note thatF (0) = F (t0) = 1. This meansf(t) ≤ 1 for t ∈ D, andxa ≤ xb.

(1) Forha ≥ a
2 , comparingf(t∗) = 2

√

aha

a+ha
with the boundary valuesf(0) = 1

andf(t0) = 1, we conclude that

min{f(t) : t ∈ D} =
2
√
aha

a+ ha
.

As a function ofha ∈
[

a
2 , a

]

, 2
√

aha

a+ha
is increasing. Therefore, fort ∈ D = [0, t0],

xa

xb
= f(t) ≥ 2

√
aha

a+ ha
≥

2
√

a · a
2

a+ a
2

=
2
√
2

3
.

(2) If ha < a
2 , then

t∗2 − t21 =
a(

√

a2 − 4h2a − (a− 2ha))

2
=

a
√
a− 2ha(

√
a+ 2ha −

√
a− 2ha)

2
> 0,

t22 − t∗2 =
a(

√

a2 − 4h2a + (a− 2ha))

2
> 0.

It follows that the critical pointt∗ is not in the interior ofD = [0, t1] ∪ [t2, t0].
Comparing boundary values, we have

min{f(t) : t ∈ D} = min{f(t1), f(t2)}.
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Note thatf(t1) = f(t2) because whent = t1 or t2, ∠BAC = 90◦. In fact, for
j = 1, 2,

f(tj) =
a(tj + ha)

(a+ ha)
√
atj

=

√
a

a+ ha
·
√

(tj + ha)2

tj
=

√

a(a+ 2ha)

a+ ha
.

As a function ofha ∈
(

0, a2
]

,
√

a(a+2ha)

a+ha
is decreasing. Therefore, fort ∈ D =

[0, t1] ∪ [t2, t0],

xa

xb
= f(t) ≥

√

a(a+ 2ha)

a+ ha
≥

√

a(a+ 2 · a
2 )

a+ a
2

=
2
√
2

3
.

We conclude that in all cases,

1 ≥ xa

xb
≥ 2

√
2

3
= 0.94 . . . .

The difference betweenxa andxb is less than6% of xb. This explains why the
lengths of the sides of the inscribed squares are very close to each other.

Note that from the above reasoning the smallest inscribed square in a non-obtuse
triangle is based on the longest side.
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Pairings of Circles and Sawayama’s Theorem

Paris Pamfilos

Abstract. In this article we study pairs of projectively related circles, tangent
to a fixed circle, and point out properties, which in a class of particular cases
specialize to Sawayama’s theorem.

1. Introduction

The well known Sawayama-Thebault theorem ([6]) states that the centersO1, O2

of the two circlesk1, k2 defined by a cevianAW of the triangleABC are collinear

A

B C
W

c

I

k
2

k
1

O
1

O
2

Figure 1. Sawayama-Thebault theorem:O1, I, O2 are collinear

with the incenterI of ABC (See Figure1). The circlesk1, k2 are, by definition,
tangent toAW , BC and the circumcirclec of the triangle. For the history of the
problem and a synthetic proof I refer to Ayme’s article [1].

In this article we study pairs of projectively related circles(k1, k2) calledpair-
ings of circlesand reveal properties, that in some particular cases, calledSawayama
pairings, lead to Sawayama’s theorem.

The general pairings of circles, considered here, result by fixing a triple (c, h, P )
of a circle, a lineh intersectingc at two non-diametral pointsB,C and a point
inside the circlec butP 6= O andP /∈ h.

Then we consider all lines through the pointP . The intersection points(X,X ′)
of a line throughP with the circle, define a pair of circles(k1, k2), which are
correspondingly tangent toc atX andX ′ and also tangent toh at points(Z,Z ′)
(See Figure2). These circles have their centersY, Y ′ correspondingly on lines
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Figure 2. Circle pairing defined by the triple(c, h, P )

OX,OX ′, and it is easy to see that their respective chordsXZ,X ′Z ′ pass always
through the middleD of the smaller arcBC, defined onc by h. In fact, using
this property, and considering a variable line throughP intersecting the circlec at
X,X ′, one can defineZ,Z ′ by correspondingly intersectingDX,DX ′ with h and
defining the two isosceles trianglesXY Z,X ′Y ′Z ′. The resulting triangles are line
perspective, since corresponding sides intersect along lineOD. Hence they are
also point perspective and define a pointHX on lineh, which is collinear with the
centersY, Y ′, as well as with the contact pointsX,X ′ of the circlesk1, k2. This
construct is called in the sequel thebasic configuration.

In §2 we discuss a fundamental property of the basic configuration coming from
the projective geometry aspect. In§3 we deduce that the line of centersY Y ′ al-
ways passes through a fixed pointI and locate its position. In addition we show
a property of the mapZ ′ = f(Z), defined on lineh (Theorem 5). In§4 we in-
vestigate two pencils of circles, naturally connected to the basic configuration and
giving the geometric meaning and consequences of the calculations of the preced-
ing section. In§5 we establish the existence of a certain variable line, associated
to pairing and pivoting about a fixed point (Theorem 13). This line, calledpivoting
line, specializes in Sawayama’s theorem to the cevianAW from the vertex of the
triangle of referenceABC. In §6 we characterize the Sawayama pairings and note
a resulting proof of Sawayama’s theorem. Finally in§7 we supply a few details
concerning the case of Sawayama’s theorem.

2. The projective aspect

In the sequel(AB,CD) denotes the intersection of the linesAB andCD, D =
C(A,B) denotes the harmonic conjugate ofC with respect to(A,B), and(ABCD)
= CA

CB
: DA
DB

denotes the cross ratio of the four points. Next construction is a typi-
cal one of the definition of a homology of the projective plane [3, p.9]. Given two
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Figure 3. A typical homologyY = f(X)

linese, h, intersecting at pointE, and three pointsD, J,O on e, define the trans-
formationf as follows: For each pointX of the plane, letZ be the intersection
Z = (XD,h) and setY = f(X) = (XO,ZJ). DefiningH = (h,XO), the
equality of cross ratios(OHXY ) = (OEDJ) proves next lemma.

Lemma 1. The mapf is a homology with centerO, axish and homology coeffi-
cient equal to the cross ratiok = (OEDJ).

Of particular interest for our subject is the case in which pointJ goes to infinity,
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Figure 4. Specializing twice the previous homology

then the configuration becomes like the one of figure4(I) and the cross ratio
has the valuek = DO

DE
. A further specialization of the previous figure to4(II), in

which pointsD,E,O are defined by a circlec(O, r) and a lineh, intersecting the
circle at two non-diametral pointsB,C, leads to the projective aspect of our basic
configuration. In this caseE is the projection of the centerO on h andD is the
intersection of the half-lineOE with c. Using these notations and conventions the
following lemma is valid.

Lemma 2. For each pointX of the circlec the triangleXY Z is isosceles and the
circle k1(Y, |XY |) is tangent to the circlec at X and to lineh at Z. AsX varies
on the circlec the centerY of k1 describes a parabola.

In fact, the first claim follows from an easy angle chasing argument (SeeFigure
5). From this, or considering the locus as the imagef(c) of the circle via the
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Figure 5. Tangent circles and parabola of centers

homology, follows also easily that the geometric locus of the centersY of the
circlesk1 is a parabola tangent to the triangleA0BC atB,C and pointA0 being
the diametral ofD. The parabola passes through the middleN of A0E and is also
tangent to the circlec′(D, |DB|).

3. Pairs of circles

The circle pairing of our basic configuration results by considering all lines
through the fixed pointP . Joining each pointX of the circlec with P and consider-
ing the second intersection pointX ′ with c one defines an involution ([7, I p.221])
of the points ofc denoted bygP . PointX on the circle and the corresponding

O

P
X

X'k
1

k
2

c

Y

Y'

c'

E

D

Z Z'H H'

H
X

I

S

h

Figure 6. Pairing of circles for the triple(c, h, P )

point X ′ = gP (X) define, by the recipe of the previous section, two triangles
XY Z,X ′Y ′Z ′ and their corresponding circumcirclesk1, k2 (See Figure6).



Pairings of circles and Sawayama’s theorem 121

Lemma 3. Circle c′ is orthogonal to circlesk1 andk2 and pointsX,Z,X ′Z ′ are
concyclic.

This follows by considering the inversion with respect to circlec′. It is easily
seen that this interchanges circlec and lineh and fixes, as a whole, circlesk1 and
k2. Hence these two circles are orthogonal toc′. The second claim is a consequence
of the first one.

As noticed in the introduction, the two triangles are perspective and their per-
spectivity centerHX is on lineh. With the notations adopted so far the following
is true.

Lemma 4. The linesY Y ′, joining the centers of the circlesk1, k2, pass through
a fixed pointI lying on lineOP . The pointsP, I are related by the homologyf
defined by the triple(c, h, P ):

PO

PS
=

IO

IS
· DO

DE
.

In fact, linesY Y ′ are imagesY Y ′ = f(XX ′) of linesXX ′ under the homology
f , hence they pass all throughI = f(P ). As a result,I lies onOP and taking
the intersectionS = (OP, h) we have(OSPI) = DO

DE
. The formula results by

expanding the cross ratio(OSPI) = PO
PS

: IO
IS

.

Theorem 5. With the previous notations the mapZ ′ = f(Z) on lineh is an invo-
lution, which in line coordinates with origin at the projectionQ of I onh obtains
the form, for a constantw:

z′ =
−w2

z
.
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Figure 7. The involutionZ′ = g(Z)

In fact, using the involutionX ′ = gP (X) on the circle and intersectingh with
the rays of the pencil throughD one defines a corresponding involutionZ ′ = g(Z)
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on lineh. This, taking coordinatesz, z′ with origin atQ, is described by a Moebius
transformation ([7, I,p.157]) of the kind (See Figure7).

z′ =
az + b

cz − a
.

The rest of the theorem, on the form of this involution (vanishing ofa), follows
immediately from the collinearity ofD,P,Q, which is a consequence of Lemma 4.
In fact, if the lineXX ′ passing throughP , obtains the position ofPD, then points
X ′, D become coincident and the corresponding circlek2 becomes the tangent to
c at D, the line of centersY Y ′ becomes orthogonal toh and passes throughI
(See Figure7). For this particular position ofXX ′ we see also that as pointX ′

converges toD, the correspondingZ ′ goes to infinity. Thus forz = 0 the value
of f(z) must be infinity, hencea = 0, thereby proving the theorem by setting
the constantw2 = −b/c. The value of the constant can be easily calculated by
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Figure 8. The value of the constant

lettingX take the place of the intersection point of the lineOP with c. ThenXX ′

becomes a diameter ofc andDZZ ′, DX ′X become similar right angled triangles.
Setting forD the coordinatesD(e, d) and denoting the coordinates of all other
points by corresponding small letters, we obtain

(z − e)(z′ − e) = −d2 and (z − s)(z′ − s) = δ,

whereδ = −|SX||SX ′| is the power ofS with respect to the circlec. The second
equation follows from the concyclicity of pointsZ,X,Z ′, X ′ (Lemma 3). From
these we obtain the value

−w2 = zz′ =
s(d2 + e2) + e(δ − s2)

e− s
.
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Figure 9. InvolutionZ′ = g(Z) by orthogonals throughW

Interpreting geometrically the theorem, we deduce that there is a fixed pointW (0, w)
on the axisQI, such that the involutionZ ′ = g(Z) is defined by means of the inter-
sections of lineh by two orthogonal lines rotating aboutW ([5, Involution, p.3]),
this is formulated in the following.

Corollary 6. The circle pairing induces an involutionZ ′ = g(Z) on lineh, which
coincides with the one defined by means of pairs of orthogonal lines rotatingabout
a fixed pointW lying on lineIQ.

4. Two auxiliary pencils of circles

Here we continue the exploration of the basic configuration using the notation
and conventions of the previous sections.

Theorem 7. The following properties of the basic configuration are true.
(1) The radical axisDN of circlesk1 andk2 passes throughD and the middleN
ofZZ ′.
(2) If M = (DN, IQ), then the circlemX centered atM and orthogonal tok1
andk2, intersects the parallelh′ to h from I at two fixed pointsV1 andV2.
(3) The circlesmX are members of a pencil with base pointsV1 andV2.

Property (1) immediately follows from Lemma 3, since thenD is on the radical
axis of the two circles, and because of the tangency to lineh, the middleN of ZZ ′

is also on the radical axis ofk1 andk2 (See Figure10).
Property (2) follows from the fact that both circlesc′ andmX being orthogonal

to k1 andk2, their radical axis coincides withY Y ′, which passes throughI. The
power ofI with respect toc′ andmX is constant and equal in absolute value to
|IV1|2, as claimed.

Property (3) is an immediate consequence of (2).
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Corollary 8. The radical axis of circlemX andc passes through a fixed pointR
onV1V2 and passes also throughHX .

The first claim is a well known property for the radical axis of members of a
pencil and a fixed circle ([2, p.210]). The second claim follows from thefact that
HX is the radical center of circlesc′, c andmX .

Next theorem deals with the circles having diameterZZ ′. Since by Theorem
5 the mapZ ′ = g(Z) is an involution, we know that this is a pencil of circles
([4, vol.II,p.27]). Here we make precise the kind of the pencil and the location of
its base points. Note that this pencil and the one of the preceding theorem have a
common memberm0 carrying the base points of both pencils.

Theorem 9. The following properties are valid.
(1) The circlenX with diameterZZ ′ is orthogonal tok1 andk2.
(2) The circlenX intersects the circlem0 centered atQ and passing throughV1

andV2, at its diametral pointsW andW ′.
(3) The circlesnX are members of a pencil with base pointsW andW ′.

Property (1) follows from the fact thatnX has its center at the middleN of ZZ ′,
from which the tangents tok1, k2 are equal (See Figure11).

Property (2) results from Theorem 5. Another proof results from the fact that
circle nX belongs to the pencil of orthogonal circles tok1 andk2. From this it
follows that circlesmX , c′ andnX pass through the two base pointsU1, U2 lying
on lineY Y ′, which passes throughI. Let W andW ′ be the diametral points of
circlem0 on the diameter passing throughI. Then|IW ||IW ′| = |IV1||IV2| but
also, sinceV1V2, U1U2 are chords of the circlemX it is |IV1||IV2| = |IU1||IU2|.
This implies thatI is on the radical axis ofm0, nX , which, since both circles have
their center onh, is orthogonal toh. Thus it coincides withIQ or equivalently
with WW ′.
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Figure 11. The pencil of circlesnX with base pointsW,W ′

Property (3) is an immediate consequence of (2). Note that pointW coincides
with the one defined in Corollary 6.

Corollary 10. The radical axis of circlenX andc passes through a fixed pointT
onWW ′, and passes also through pointHX .

The first claim is a well known property for the radical axis of members of a
pencil and a fixed circle ([2, p.210]). The second claim follows from thefact that
HX is the radical center of circlesc,mX andnX .

5. The pivoting line of the pairing of circles

Next figure results by drawing orthogonals respectively to linesWZ andWZ ′

from the centersY andY ′ of the circlesk1 andk2. These intersect at right angles
at pointWX and intersect also the parallelh′ to h from I at pointsW1,W2.

Theorem 11. LinesZW1 andZ ′W2 are parallel andWX varies on a fixed lineh′′

parallel toh at distance equal to|WI|.
To prove the theorem a short calculation seems unavoidable. For this, we use

coordinates along lineh and its orthogonal throughQ, as in§3. Denoting coordi-
nates with respective small letters and byr, r′, r1, r2 respectively the radii of circles
c, c′, k1, k2, we find easily the relations

zz′ = −w2, r′2 = −2rd, w2 = 2d(i− r)− d2 − e2,

r1 =
1

2d
(2rd+ (z − e)2 + d2), r2 =

1

2d
(2rd+ (z′ − e)2 + d2),

w1 =
wz + (r1 − i)z′

w
, w2 =

wz′ + (r2 − i)z

w
.

From these, by a short calculation, we see that

w2 − w1 = (z′ − z).
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′W2

This means thatW1W2 is equal in length toZZ ′, thus linesZW1 andZ ′W2 are
parallel, as claimed. The other claims are consequences of this property, since then
W1W2WX andZ ′ZW are equal right angled triangles and projectingWX on IW
to T , we get|QT | = |WI| (See Figure12).

Next theorem states a property of the tangents tok1, k2 at pointsK,K ′, resulting
by intersecting these circles respectively with linesWZ andWZ ′. These tangents
are the reflections of lineh on linesWXW1 andWXW2 respectively. The theorem
rests upon a simple criterion recognizing the passing of a variable line through a
fixed point. Its proof is a simple calculation which I omit.

x

x'

q

e

e'

A

Figure 13. Lines passing through a fixed pointA

Lemma 12. If a variable line intersects thex−axise and a parallel to ite′ at dis-
tanceq, so that the coordinatesx, x′ of the intersection points satisfy an equation
of the form

ax+ bx′ + c = 0,

then the variable line passes through the fixed point with coordinates

A =
1

a+ b
(−c, qb).

Theorem 13. The tangents to circlesk1, k2, which are reflections ofh, respec-
tively, onWXW1, WXW2 are parallel and equidistant to the medianWXM of
the right angled triangleWXW1W2. This median passes through a fixed pointA,
independent of the position ofX on the circlec.
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Figure 14. The pivoting lineWXM and the parallel tangents atK,K′

That the tangents are parallel follows easily by measuring the angles at their
intersection points withh. Similarly follows their parallelity to the medianWXM

(See Figure14). ?
To show that lineWXM passes through a fixed point it suffices, according to

the previous lemma, to show that thex-coordinates of pointsM andWX satisfy
a linear relation. In fact, a somewhat extended calculation shows that(WX)x and
Mx satisfy the equation

(w − d)(WX)x + (2d− w)Mx − ew = 0.

From this and the previous lemma follows that lineWXM passes through the fixed
point

A =
1

d
(ew, i(2d− w)) .

In the sequel lineWXM is called thepivoting lineof the circle pairing.

6. Sawayama pairings

I call the pairing of circlesk1, k2 defined by the basic configuration(c, h, P ) a
Sawayama pairing, when the corresponding pointI of the configuration is on the
arc of circlec′ lying insidec (See Figure15). The formulas of the preceding section
imply then that pointsW andI coincide (i = w) and consequently thatWX lies on
line h. This implies in turn that the three parallels coincide with the pivoting line
of the pairing, which is also the median of triangleWXW1W2 and which becomes
simultaneously tangent to the two circlesk1, k2 while passing also through the
fixed pointA. A short calculation shows also that in these circumstances pointA

lies on circlec, thus producing the figure of Sawayama’s theorem. In fact, the last
ingredient of the figure is the collinearity of pointsA, I andD, which, in view
of the previous conventions for the coordinates reduces to an easy check of the
vanishing of a determinant. By a well known property of the incenter ([2, p.76]),



128 P. Pamfilos

I

O

S

D

P

Z Z'

c'

c

hX

X'

Y

Y'

W
X

Z
1

Z
2

k
1

k
2

B C

A

H
X

Figure 15. Sawayama pairing characterized byQ ∈ c′

point I coincides with the incenter of triangleABC, thereby proving the next
theorem.

Theorem 14. Each Sawayama pairingk1, k2 corresponds to a triangleABC with
incenterI and ceviansAWX , such that the two circles are tangent to the circum-
circle c of the triangle and also tangent to the cevianAWX and sideBC. The
centersY, Y ′ of the circles and the incenter are collinear.

Fixing the basic configuration(c, h, P ), so that the corresponding pointI lies on
the arc ofc′ contained inc, we obtain another proof of Sawayama’s theorem, once
we can show, that pointI can obtain every possible position on the aforementioned
arc of c′ and, for each position ofI, the corresponding pivoting linesAWX can
obtain all positions of the cevians throughA of triangleABC. That I can take
every position on the claimed arc ofc′, is a simple consequence of the homographic
relation ofI to P described in§3. Next lemma makes this point clear and shows
that the whole arcBC on c is obtained from a proper arc of an ellipse via the
homographyf , defined in§2. The somewhat more interesting verification that the
pivoting lineAWX obtains all positions of cevians fromA is handled in the next
section.

Lemma 15. For I varying on circlec′ the corresponding pointP varies on an
ellipse, which is tangent to circlec at pointsB andC.

In fact, sinceI = f(P ) is a homology, the claimed relation is given through
the inverse homologyP = f−1(I), which has the same center and axis and ratio
k′ = DE

DO
. Hence the curvec′′ = f−1(c′) is a conic and the other claims result from

simple geometric considerations.
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7. The cevians

Using the notation of the previous sections, we deduce here various properties
of the Sawayama pairings, appearing to be of interest and leading to the proof that,
for a fixed pointI on the arc ofc′ lying insidec, the corresponding pivoting lines
AWX , for variableX, obtain all positions of the cevians throughA.

Lemma 16. The circlec′′ with diameterZ1Z2 is orthogonal to circlesk1, k2 and
the diametral pointI ′ defines lineII ′ which is parallel toBC. Also the triples of
points(Z1, I

′, V ) and(Z2, I
′, V ′) are collinear.
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Figure 17. The parallel toh line II ′ and the radical axis ofcx, cX′

The proof of parallelity follows from the equality of anglesWXZ ′Z2,WXZ2Z
′,

TIZ2 (See Figure17). The collinearity ofZ1, I ′, V follows from the equality of
anglesWXZ ′I, ZWXY and the parallelity ofV Z1 to YWX .
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Corollary 17. LineY Y ′ passes through the intersection pointsI, I ′′ of the circles
c′ andc′′.
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Figure 18. LineI ′WX

Lemma 18. LineI ′I ′′ is orthogonal toII ′′ and passes through pointWX and also
through pointsG,G′, which are correspondingly diametrals ofI with respect to
the circle with diameterZZ ′ and the circlec′.

In fact, by the previous lemma, angleI ′I ′′I is a right one (See Figure18).
Also I ′′ is on the circle with diameterYWX , which passes throughZ,Z1. Thus
I ′, I ′′,WX are collinear. The centerN of the circle with diameterZZ ′ is on line
RD, which is the radical axis of circlesk1, k2 and is orthogonal toII ′ at its mid-
dle. HenceI ′WX is parallel toRD. This implies the two other statements of the
lemma.

Corollary 19. The cross ratioκ = (BCWXHX) is constant and equal toUB
UC

.
HereU is the projection ofG′ onBC.

This follows by considering the pencilI ′′(B,C,W,HX) of lines throughI ′′.
The lines of the pencil pass through fixed points of the circlec′. Thus their cross
ratio is independent of the position ofI ′′ on this circle. Its value is easily calculated
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by lettingI ′′ take the place ofU ′, which is the projection ofG′ on II ′. ThenHX

goes to infinity andκ becomes equal to the stated value.

Corollary 20. Fixing point I, which becomes the incenter of triangleABC, the
pivoting linesAWX of the Sawayama pairing take the positions of all cevians
throughA and Sawayama’s theorem is true.

In fact, by the previous corollary, the constancy of cross ratio implies thatfor
variableX on c pointsHX obtain all positions on lineBC and consequentlyWX ,
being related toHX by a line-homography, obtains also all possible positions on
this line.
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Derivation of the Law of Cosines via the Incircle

Larry Hoehn

Abstract. The law of cosines can be derived without using special cases and
without using the Pythagorean theorem.

Most trigonometry textbooks treat the derivation of the law of cosines as three
separate cases depending on whether the triangle is acute, obtuse, or right. In this
note we derive a proof using an arbitrary general triangle and we do not use the
Pythagorean theorem.

We letABC be any triangle whose incircle is tangent atD, E, andF as shown
in Figure 1. Leta = BC, b = CA, c = AB, andr be the radius of the incircle
with incenterI. We derive our formula by equating independent expressions forr.

a− x b− x

b− x

x

x

a− x
r

r

r I

F

E

D

C

B A

Figure 1.

If x = CD = CE, thenc = (a− x) + (b− x) so thatx = 1
2(a+ b− c). In the

right triangleCEI, x = r cot C
2 . Solving 1

2(a+ b− c) = r cot C
2 for r yields

r =
a+ b− c

2 cot C
2

. (1)

By computing the area of triangleABC in two ways we obtain

1

2
ab sinC =

1

2
ar +

1

2
br +

1

2
cr,

and

r =
ab sinC

a+ b+ c
. (2)
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From (1) and (2), we havea+b−c

2 cot C

2

= ab sinC
a+b+c

. Cross multiplying and making use

of some well known trigonometric identities we obtain the following.

(a+ b)2 − c2 = 2ab sinC cot
C

2

= 2ab

(

2 sin
C

2
cos

C

2

)

· cos
C
2

sin C
2

= 4ab cos2
C

2
.

Therefore,

c2 = (a+ b)2 − 4ab cos2
C

2

= a2 + b2 − 2ab

(

2 cos2
C

2
− 1

)

= a2 + b2 − 2ab cosC.

Since the identitysin2 x+cos2 x = 1 (and hencecos 2x = 2 cos2 x− 1) can be
derived independently [2] without the Pythagorean theorem, we have derived the
law of cosines without the use of the Pythagorean theorem. This also answers a
question in a footnote in [1, p. 135] whether this is possible.
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On the Fermat Geometric Problem

ZvonkoČerin

Abstract. We consider the Fermat configuration generated by a point on a cir-
cle over the side of a rectangle. When the ratio of the rectangle’s sides is

√
2,

then many properties do not depend on a position of the point. Some properties
hold for all ratios and other ratios can also have interesting geometric conse-
quences. Our proofs use analytic geometry but some parts include alsosynthetic
arguments.

1. Introduction

Among the numerous questions that Pierre Fermat formulated, the following
geometric problem is our main concern (see Figure 1).

DC BA

A' B'

P

Figure 1. The configuration of the Fermat problem.

Fermat Problem. LetP be a point on the semicircle that has the top sideAB of the
rectangleABB′A′ as a diameter. Let|AB|

|AA′
|
=

√
2. Let the segmentsPA′ andPB′

intersect the sideAB in the pointsC andD, respectively. Then|AD|2 + |BC|2 =
|AB|2.

The great Leonard Euler in [6] has provided the first rather long proof, which is
old fashioned (for his time), and avoids the analytic geometry (which offersrather
simple proofs as we shall see later). Several more concise synthetic proofs are now
known (see [10], [7, pp. 602, 603], [1, pp. 168, 169] and [8, pp. 181, 264]). A
very nice description of Euler’s proof is available on the Internet (see [11]).
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The analytic proof was recently recalled in [9] where it was observed that the
above relation holds for all points on the circle with the segmentAB as a diameter.

For a circle, we shall consider a slightly more general situation where the quo-
tient |AB|

|AA′
|

is a positive real numberm (see Figure 2.).

a b c

q+s

p+r

V

Q(p, -s)

Y Z

DC
O B(r, 0)A(-r, 0)

A'(-r, -s) B'(r, -s)

P(p, q)

s =
2 r

m

Figure 2. The extended Fermat configuration for a circle.

For given different pointsA andB and any pointsP1, P2, P3, P4 in the plane,
let

ϕ(P1P2, P3P4) :=
|P1P2|2 + |P3P4|2

|AB|2 .

In this notation, the above Fermat Problem for the circle is the implication
(a) ⇒ (b) in Theorem 1 below.

Theorem 1. LetUb = ϕ(AD,BC). The following statements are equivalent.
(a)m =

√
2, and

(b)Ub = 1.

Proof. We shall use analytic geometry, which offers a simple proof. Let the origin
of the rectangular coordinate system be the midpointO of the sideAB so that the
pointsA andB have coordinates(−r, 0) and(r, 0) for some positive real number
r (the radius of the circle). The equation of the circle is a standardx2 + y2 = r2.

The coordinates of the pointsA′ andB′ are
(

−r,−2 r
m

)

and
(

r,−2 r
m

)

. For any
real numbert, let u = 1 − t2, v = 1 + t2, z = mt, η = v − z andϑ = v + z.
An arbitrary pointP on the circle has coordinates

(

r u
v
, 2 r t

v

)

. From similar right-

angled trianglesPV C andPQA′ ands = 2 r
m

, we easily find thatC
(

r(u−z)
ϑ

, 0
)
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andD
(

r(u+z)
ϑ

, 0
)

. The equivalence of the statements (a) and (b) follows from the

identityUb − 1 =
t2(m2

−2)
ϑ2 . �

The fact that(a) =⇒ (b) can be proved more simply by synthetic methods.
Here is an adaptation of Lionnet’s proof from [7, p. 602], which worksfor any
point on the circle (see Figure 2).

Let the directed lengths
−→
AC,

−−→
CD,

−−→
DB bea, b, c. Then

AD2 +BC2 −AB2 = (a+ b)2 + (b+ c)2 − (a+ b+ c)2

= b2 − 2 a c,

so that

AD2 +BC2 = AB2 ⇐⇒ b2 = 2 a c. (1)

Now drawCY andDZ perpendicular toAB, with Y on PA andZ on PB.
Using pairs of similar triangles, we have

Y C

AA′
=

PC

PA′
=

CD

A′B′
=

PD

PB′
=

ZD

BB′
.

HenceY CDZ is a rectangle similar toAA′B′B. The trianglesY CA, BDZ

are equiangular, soY C
a

= c
DZ

. But Y C = DZ = CD
√

2
= b

√

2
. Thusb2 − 2 a c

vanishes, henceAD2 +BC2 = AB2.

2

2/m

a b c

1+x

y

1-x

DC B(1,0)A(-1,0)

A'(-1,-2/m) B'(1,-2/m)

P

Figure 3. Simple analytic proof.

We can also use the equivalence (1) to obtain a simple analytic proof (see Figure
3). There is no loss of generality in taking the radius of the circle as the unit of
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length. By similar triangles,

a
2
m

=
1 + x
2
m

+ y
,

b

y
=

2
2
m

+ y
and

c
2
m

=
1− x
2
m

+ y
.

Simplifying b2 − 2 a c and puttingx2 = 1 − y2 we find that this difference is
4 y2(m2

−2)
(2+my)2

.

Let A′′, B′′, P ′ be the reflections of the pointsA′, B′, P in the lineAB. We
close this introduction with a remark that most of our results come in related pairs.
The second version, which requires no extra proof, comes (for example in Theorem
1) by replacing the pointsC andD with the pointsC ′ andD′, which are the
intersections of the lineAB with the linesPA′′ (or P ′A′) andPB′′ (or P ′B′). In
other words, ifVb = ϕ(AD′, BC ′), then(a) and
(b′) Vb = 1
are also equivalent. Moreover,(a) and
(b′′) Ub = Vb

are equivalent as well.

2. Invariants of the Fermat configuration

Our primary goal is to present several statements similar to (b), (b′) and (b′′) that
could replace it in Theorem 1. In other words, we explore what other relationships
in the Fermat configuration remain invariant as the pointP changes position on the
circle.

We begin with the diagonals of the trapeziumA′B′DC (see Figure 2).

Theorem 2. LetUc = ϕ(A′D,B′C) andVc = ϕ(A′D′, B′C ′).
Consider the statements
(c) Uc = 2, (c′) Vc = 2, (c′′) Uc = Vc.
The following are true.
(a)⇔ (c′′),
(a) implies each of the statements(c) and (c′).

Proof. With straightforward computations one can easily check that

Vc − Uc =
2(m2 − 2)v t3

ϑ2 η2
,

2− Uc =
(m2 − 2)v(2 z + v)

m2 ϑ2
,

Vc − 2 =
(m2 − 2)v(2 z − v)

m2 η2
.

Of course, Pythagoras’ theorem might be useful in computing the functionϕ. For
instance, forUc we have

A′D2 +B′C2 = AA′2 +BB′2 +AD2 +BC2.

ButAA′2 +BB′2 = AB2 andAD2 +BC2 = AB2. HenceUc = 2.
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This method will also yield generalizations. Take pointsA∗, B∗, C∗, D∗ with
AA∗ = λAA

′, BB∗ = λBB
′, BC∗ = µBC, AD∗ = µAD. Then it follows

easily thatϕ(A∗D∗, B∗C∗) = λ2 + µ2. �

For pointsX andY , letX ⊕ Y be the center of the square built on the segment
XY such that the triangleX(X ⊕ Y )Y has the positive orientation (counterclock-
wise). When the pointX ⊕ Y is shortened toM , thenM∗ denotesY ⊕X.

The midpointsG, H, G′, H ′ of the segmentsAC, BD, AC ′, BD′ and the
top N of the semicircle overAB are used in the next theorem. In other words,
N = B⊕A. The centerO of the circle (i. e., the midpoint of the segmentAB; the
origin of the rectangular coordinate system) appears also.

Theorem 3. LetUd = ϕ(NG,NH), Vd = ϕ(NG′, NH ′),
Ue = ϕ(OG,OH) andVe = ϕ(OG′, OH ′) (see Figure 4).
The following statements are equivalent.
(a) m =

√
2,

(d) Ud = 3
4 , (d′) Vd = 3

4 , (d′′) Ud = Vd, (d∗) Ud = 3Ue,
(e) Ue =

1
4 , (e′) Ve =

1
4 , (e′′) Ue = Ve, (e∗) Vd = 3Ve .

Proof. This time the differencesUd − 3
4 andUe − 1

4 both simplify to
t2(m2

−2)
4ϑ2 ,

which has the factorm2 − 2 again. Similarly,Vd − Ud andVe − Ue both are equal
mv t3(m2

−2)
η2 ϑ2 . Finally,3Ue − Ud is

t2(m2
−2)

2ϑ2 . The other differences are analogous
quotients that haveη instead ofϑ.

The following synthetic proof shows that the statements(a) and (b) together
imply (d) and(e).

A dilatation with centerA and scale factor2 mapsGO on toCB, thusGO =
CB
2 ; similarly OH = AD

2 . Consequently forUe we have

OG2 +OH2 = BC2

4 + AD2

4 = 1
4AB

2.

Similarly, forUd we haveNG2 = NO2+OG2 andNH2 = NO2+OH2 so that

NG2 +NH2 = 2NO2 +
BC2 +AD2

4
=

AB2

2
+

AB2

4
=

3

4
AB2.

�

Let Gs, Hs, G′

s, H
′

s be the points that divide the segmentsNG, NH, NG′,
NH ′ in the same ratios 6= −1 (i. e.,NGs : GsG = s : 1, etc.).

Theorem 4. Letms =
s2+2

4(s+1)2
, ns =

3 s2

4(s+1)2
,

Uf = ϕ(OGs, OHs), Vf = ϕ(OG′

s, OH ′

s),
Ug = ϕ(NGs, NHs), Vg = ϕ(NG′

s, NH ′

s).
If s 6= 0, then the following statements are equivalent.
(a) m =

√
2,

(f) Uf = ms, (f′) Vf = ms, (f′′) Uf = Vf ,
(g) Ug = ns, (g′) Vg = ns, (g′′) Ug = Vg.
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Proof. SinceGs =
(

−r s t(m+t)
(s+1)ϑ , r

s+1

)

andHs =
(

r s(1+z)
(s+1)ϑ , r

s+1

)

, the difference

Uf −ms is
s2t2(m2

−2)
4(s+1)2 ϑ2

. The other parts are proved with analogous arguments.�

Theorem 5. Letλ = 3 s2

s2+2
. If s 6= 0, 1, then the following statements are equiva-

lent.
(a) m =

√
2,

(f∗) Ug = λUf ,
(g∗) Vg = λVf .

Proof. For s 6= 0, 1, the equivalence of(a) and (f∗) is a consequence of the

equalityλUf − Ug =
s2 t2(s−1)(m2

−2)
2 (s+1)(s2+2)ϑ2 . �

N4

N3

N2

N1

H'
G' C'

D'

B''A''

HG DC

A' B'

N

OA B

P

Figure 4. PointsO, N , N1, . . . N4 in Theorems 3 and 6.

Let N1, N2, N3, N4 denote the highest points on the semicircles built on the
segmentsAC, BD, AC ′, BD′ above the lineAB. In other words,N1 = C ⊕ A,
N2 = B ⊕D, N3 = C ′ ⊕A, N4 = B ⊕D′.

Theorem 6. LetUh = ϕ(BN1, AN2), Vh = ϕ(BN3, AN4),
Ui = ϕ(NN1, NN2), Vi = ϕ(NN3, NN4) (see Figure 4).
The following statements are equivalent.
(a) m =

√
2,

(h) Uh = 3
2 , (h′) Vh = 3

2 , (h′′) Uh = Vh, (h∗) 3Ui = Uh,
(i) Ui =

1
2 , (i′) Vi =

1
2 , (i′′) Ui = Vi, (i∗) 3Vi = Vh.
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Proof. SinceN1 =
(

−r t(m+t)
ϑ

, r
ϑ

)

andN2 =
(

r(1+z)
ϑ

, r t
2

ϑ

)

, we get

Uh − 3
2 = Ui − 1

2 =
t2(m2

−2)
2ϑ2 .

This proves the equivalence of(a) with (h) and(i). The proofs of the other equiv-
alences are similar.

The synthetic proof of the implication(a) ⇒ (h) uses the right-angled triangles
AHN2 andBGN1 to getAN2

2 = (a+b+ c
2)

2+ c2

4 andBN2
1 = (a2 +b+c)2+ a2

4 .
But b2 = 2 a c impliesAN2

2 +BN2
1 = 3

2AB
2.

Let a′ = a
√

2
, etc. For the implication(a) ⇒ (i), from the isosceles right-angled

trianglesABN , ACN1, BDN2 we getNN2
1 = (b′ + c′)2 andNN2

2 = (a′ + b′)2.
But b2 = 2 a c impliesNN2

1 +NN2
2 = 1

2AB
2. �

In the following theorem we also use the pointsN1, N2, N3 andN4. However,
we do not use the functionϕ.

Theorem 7. The following statements are equivalent.
(a) m =

√
2,

(j) |N1N2| = |AN |, (j′) |N3N4| = |AN |, (j′′) |N1N2| = |N3N4|,
(k) |N1N2|2 + |N2N3|2 + |N3N4|2 + |N4N1|2 = 2 |AB|2.

Proof. For (a) ⇔ (j), we easily get|N1N2|2 − |AN |2 = 2 r2t2(m2
−2)

ϑ2 .

Since the coordinates ofN3 andN4 are
(

r t(m−t)
η

, r
η

)

and
(

r(1−z)
η

, r t
2

η

)

,

|N1N2|2+|N2N3|2+|N3N4|2+|N4N1|2−2 |AB|2 = 8 r2 t2(m2 − 2)(v2 + z2)

η2 ϑ2
.

This shows that(a) ⇔ (k).
Note that by projectingBC orthogonally on toAN , we obtainNN1, and its

length isBC
√

2
. Similarly, |NN2| = AD

√

2
. The fourth vertex of the rectangle with

sidesNN1, NN2 is the pointM1 used later in the paper. Hence|NM1| =
|N1N2| = |AN |, proving(a) ⇒ (o) in Theorem 9 below. �

Notice that|N1N
∗

2 |2 + |N∗

2N
∗

3 |2 + |N∗

3N4|2 + |N4N1|2 = 2 |AB|2 if and only
if m = 1.

LetN5 = A⊕D, N6 = C ⊕B, N7 = A⊕D′ andN8 = C ′ ⊕B.

Theorem 8. LetUℓ = ϕ(AN5, BN6), Vℓ = ϕ(AN7, BN8),
Um = ϕ(GN6, HN5), Vm = ϕ(G′N8, H

′N7) and
Un = ϕ(NN5, NN6), Vn = ϕ(NN7, NN8).
The following ten statements are equivalent:
(a) m =

√
2,

(ℓ) Uℓ =
1
2 , (ℓ′) Vℓ =

1
2 , (ℓ′′) Uℓ = Vℓ,

(m) Um = 3
4 , (m′) Vm = 3

4 , (m′′) Um = Vm,
(n) Un = 3

2 , (n′) Vn = 3
2 , (n′′) Un = Vn.
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Proof. SinceN5 =
(

−r t2

ϑ
,
−r(1+z)

ϑ

)

andN6 =
(

r
ϑ
,
−r t(m+t)

ϑ

)

, we obtainUℓ −
1
2 =

t2(m2
−2)

2ϑ2 . This shows the equivalence of(a) and(ℓ). The other equivalences
have similar proofs.

In order to prove the implication(a) ⇒ (ℓ) in synthetic fashion, from the isosce-
les right-angled trianglesADN5 andBCN6, we getAN2

5+BN2
6 = AD2

2 +BC2

2 =
1
2AB

2. �

Let λs = 3((s+1)2+1)
4(s+1)2

. The equalityϕ(GsN6, HsN5) = λs is true if and only

if m =
√
2. In fact, this is the first equivalence from another similar group that

involve pointsGs andHs.

N4

N3

N2

N1

M1

M2

H'

G' C'
D'

B''A''

HG

D

C

A' B'

N

OA B

P

Figure 5. PointsM1 andM2 in Theorem 9.

The next theorem uses the centers of squares on the segmentsCD andC ′D′.
LetM1 = C ⊕D andM2 = C ′ ⊕D′.

Theorem 9. LetUo = |N M1| − |AN |, Vo = |N M2| − |AN |,
Up = ϕ(M1N1,M1N2) andVp = ϕ(M2N3,M2N4) (see Figure 5).
The following statements are equivalent:
(a) m =

√
2,

(o) Uo = 0, (o′) Vo = 0, (o′′) Uo = Vo,
(p) Up =

1
2 , (p′) Vp =

1
2 , (p′′) Up = Vp.

Proof. SinceM1 =
(

r u
ϑ
,− r z

ϑ

)

, the difference|M1N |2 − |AN |2 is 2 r2 t2(m2
−2)

ϑ2 .

Similarly, |M2N |2 − |M1N |2 = 8 r2 t2 v z(m2
−2)

η2ϑ2 . This shows that(a) ⇔ (o) and
(a) ⇔ (o′′). The(a) ⇒ (o) is proved also as follows.
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From the right-angled triangleNN1M1, since b2

2 = a c, we getNM2
1 =

(a′ + b′)2 + (b′ + c′)2 = a′2 + b2 + c′2 + a b+ b c = (a′ + b′ + c′)2 = NA2. �

For any pointX in the plane, letG1, G2, G3, G4, G5 andG6 denote the cen-
troids of the trianglesACX, CDX, DBX, AC ′X, C ′D′X andBD′X.

Theorem 10. LetUq = ϕ(G2G1, G2G3) andVq = ϕ(G5G4, G5G6).
The following statements are equivalent:
(a) m =

√
2,

(q) Uq =
1
9 , (q′) Vq =

1
9 , (q′′) Uq = Vq.

Proof. If X = (x, y), then the pointsG1, G2 andG3 have the same ordinatey3
while their abscissae arex3 − 2 r t(m+t)

3ϑ , x
3 + 2 r u

3ϑ and x
3 + 2 r(z+1)

3ϑ . It follows that

Uq − 1
9 =

t2(m2
−2)

9ϑ2 that proves(a) ⇔ (q).
The implication(b) ⇒ (q) could be proved as follows. LetI denote the mid-

point of the segmentCD. A dilatation with centerC and scale factor2 mapsGI

on toAD, thusGI = AD
2 ; similarly HI = BC

2 . Henceϕ(GI,HI) = 1
4 . On the

other hand, a dilatation with centerX and scale factor32 mapsG1G2 on toGI,
thusG1G2 =

2
3GI; similarly G3G2 =

2
3HI. HenceUq =

1
9 . �

LetU andV be the midpoints of the segmentsCC ′ andDD′.

Theorem 11. LetUs = ϕ(NU,NV ), Ut = ϕ(OU,OV ) andVt = ϕ(N6U,N5V ).
The following statements are equivalent:
(a) m =

√
2,

(s) Us = 1,
(t) Ut =

1
2 , (t′) Vt =

1
2 , (t′′) Ut = Vt.

Proof. Since abscissae ofU andV are
r(u v+z2)

η ϑ
and

r(u v−z2)
η ϑ

, we getUs − 1 =

Ut − 1
2 =

t2 v2(m2
−2)

η2ϑ2 . This proves(a) ⇔ (s) and(a) ⇔ (t). �

Theorem 12. LetW = U ⊕ V , Uu = |WO| − |AB|

2 ,
Uv(i,j) = ϕ(WNi,WNj) for i ∈ {1, 3} andj ∈ {2, 4} andUw = ϕ(W ∗N,WN).
The following statements are equivalent:
(a) m =

√
2,

(u) Uu = 0,
(w) Uw = 1,
(x) the linesWN1 andWN2 are perpendicular,
(y) the linesWN3 andWN4 are perpendicular,
(vi,j) Uv(i,j) =

1
2 for i ∈ {1, 3} andj ∈ {2, 4}.

Proof. Since the coordinates of the pointW is the pair
(

r u v
η ϑ

, r z2

η ϑ

)

, we get that

|WO|2 − r2 =
2 r2 t2 v2(m2

−2)
η2 ϑ2 . This proves(a) ⇔ (u).

For the equivalence(a) ⇔ (x), note that the linesWN1 andWN2 have equa-
tions

(z2 − η)x+ (z2 − ϑ)y = λ and (m2 − η)x− (m2 − ϑ)y = µ,
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whereλ andµ are real numbers. These lines are perpendicular if and only if
2 v z(m2 − 2) is zero. �

LetK1 = B ⊕N1, K2 = N2 ⊕A, K3 = B ⊕N3, K4 = N4 ⊕A. These points
can be defined more simply. They all are at the same hight asN and vertically
above the pointsN6, N5, N8, N7, respectively.

Theorem 13. Letλ = 7
4 +

√
2, Uz = ϕ(A′K2, B

′K1) andVz = ϕ(A′K4, B
′K3).

For the statements
(a) m =

√
2,

(z) Uz = λ, (z′) Vz = λ,
we have(a)⇒(z) and (a)⇒(z′).

Proof. SinceK2 andK1 have abscissae− r t2

ϑ
and r

ϑ
, we conclude thatλ − Uz =

[(4(m+1)ϑ2
−z2)

√

2+m(z+2 v)(3 z+2 v)](m−

√

2)
4m2 ϑ2 . When(a) is true, then this difference

is zero. The proof of(a) ⇒ (z′) is similar. �

LetK = P ⊕A′, L = P ⊕B′, S = P ⊕A′′, T = P ⊕B′′.

Theorem 14. Letλ = 1 +
√

2
2 , Uα = ϕ(AK∗, BL) andVα = ϕ(AS,BT ∗).

The following statements are equivalent:
(a) m =

√
2,

(α) Uα = λ, (α′) Vα = λ.

Proof. Since
(

r(ϑ−t z)
mv

,− r(m+η)
mv

)

and
(

r(m−ϑ)
mv

,− r(t z+η)
mv

)

are the coordinates of

the pointsK∗ andL, we get thatλ − Uα is equal to
(1+

√

2)(m−

√

2)(m+2−
√

2)
2m2 . It

follows from Theorem 18 that the same holds forVα. �

Let S1, T1, S2 andT2 denote the midpoints of the segmentsA′C, B′D, A′C ′

andB′D′. Note that(a) implies that

ϕ(GsS1, HsT1) = ϕ(G′

sS2, H
′

sT2) =
(s+1+

√

2)2+1
4(s+1)2

.

Theorem 15. Letλ± = 1±
√

2
2 ,

Uβ = ϕ(NS1, NT1), Vβ = ϕ(NS2, NT2),
Uγ = ϕ(N∗S1, N

∗T1), Vγ = ϕ(N∗S2, N
∗T2),

Uδ = ϕ(OS1, OT1) andVδ = ϕ(OS2, OT2).
Consider the statements
(a) m =

√
2,

(β) Uβ = λ+, (β′) Vβ = λ+, (β′′) Uβ = Vβ,
(γ) Uγ = λ−, (γ′) Vγ = λ−, (γ′′) Uγ = Vγ ,
(δ) Uδ =

1
2 , (δ′) Vδ =

1
2 , (δ′′) Uδ = Vδ.

The following are true:
(i) The statements(a), (β′′), (γ′′) and(δ′′) are equivalent.
(ii) (a) implies each of the statements(β), (β′), (γ), (γ′), (δ) and(δ′).
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Proof. For the implication(a) ⇒ (δ), from the right-angled trianglesOGS1 and
OHT1 and Theorem 3, we get that the sumOS2

1+OT 2
1 is equal to(OG2+GS2

1)+

(OH2 +HT 2
1 ), i. e., to(OG2 +OH2) + AB2

4 = 1
2AB

2. �

For pointsX andY , let ̺YX be the reflection of the pointX in the pointY . Let
Q = ̺DA , R = ̺CB, Q′ = ̺D

′

A , R′ = ̺C
′

B .

Theorem 16. LetUε = ϕ(A′Q,B′R) andVε = ϕ(A′Q′, B′R′).
Consider the statements
(a) m =

√
2,

(ε) Uε = 5, (ε′) Vε = 5, (ε′′) Uε = Vε.
The following are true:
(i) The statements(a), (ε′′) are equivalent.
(ii) (a) implies each of the statements(ε) and(ε′).

Proof. SinceQ =
(

r(u+3 z+2)
ϑ

, 0
)

andR =
(

r(3u−3 z−2)
ϑ

, 0
)

, we get that5 − Uε

is equal toη(m
2
−2)(ϑ+2 z)
m2 ϑ2 . From this we conclude that(a) ⇒ (ε).

From the right-angled trianglesAA′Q andBB′R, we get thatA′Q2 andB′R2

are4(a+ b)2 +A′A2 and4(b+ c)2 +B′B2. By adding we conclude from (1) that
Uε = 5. Also, we haveϕ(N5Q,N6R) = 5

2 andϕ(AQ,BR) = 4. �

3. Common properties for all ratios

Of course, there are many properties that hold for all ratiosm. The following
are two examples of such properties.

N0

M0D'

B''

C'

A''

K0C

A'

L0

D

B'

A B

P

Figure 6. Common orthocenters in Theorem 17.
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Theorem 17. (i) The trianglesADP andBCP have the same orthocenter that
lies on a circle with the segmentCD as a diameter.

(ii) The trianglesAD′P andBC ′P have a common orthocenter. It lies on a
circle with the segmentC ′D′ as a diameter.

Proof. The orthocenters of the trianglesADP andBCP both have coordinates
(

r u
v
, 2mr t2

ϑ v

)

.

If K0 is the midpoint of the segmentCD andL0 is the orthocenter of the triangle
ADP , then|CK0|2 − |K0L0|2 = 0 so thatL0 lies on the circle with the segment
CD as a diameter. �

Theorem 18. The equalities

ϕ(AK,BL∗) = ϕ(AS∗, BT ) and ϕ(AK∗, BL) = ϕ(AS,BT ∗)

hold for all pointsP on the circle and every ratiom.

Proof. Both ϕ(AK,BL∗) andϕ(AS∗, BT ) have the value(m−1)2+1
2m2 while both

ϕ(AK∗, BL) andϕ(AS,BT ∗) have the value(m+1)2+1
2m2 . �

4. Some other interesting ratios

Our last result is different because in it some other ratios besides
√
2 appear.

This has happened already in a comment following the proof of Theorem 9.Let
λ = 1−

√

2
2 .

Theorem 19. The ratiom is either
√
2 or 2 +

√
2 if and only if for every pointP

on the circle the equalitiesϕ(AK,BL∗) = λ and/orϕ(AS∗, BT ) = λ hold.

Proof. Since
(

− r(ϑ+t z)
mv

,
r(m−η)
mv

)

and
(

r(m+ϑ)
mv

,
r(t z−η)

mv

)

are the coordinates of

the pointsK andL∗, we get thatλ − ϕ(AK,BL∗) will factor out as the quotient
(1−

√

2)(m−

√

2)(m−2−
√

2)
2m2 . The same is true forϕ(AS∗, BT ) by Theorem 18. �

Conclusion. Fermat conjectured that(a) ⇒ (b) and Euler proved this. We
added(b′), (b′′), (c), . . . , (ε′′) and discovered here that many are equivalent. Also,
in related papers, we consider how to replace the circle with an arbitrary conic and
propose the space versions for the sphere and some other surfaces (see [2], [3], [4]
and [5]).
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[3] Z. Čerin, On the modified Fermat problem, to appear inMissouri J. Math. Sci.
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9 (1870) 189–191.
[11] E. Sandifer,A forgotten Fermat problem, How Euler Did It, MAA, Washington, DC, 2007,

available atwww.maa.org/ed-sandifers-how-euler-did-it.
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Jigsawing a Quadrangle from a Triangle

Floor van Lamoen

Abstract. For an acute-angled triangleABC, we construct two isotomic points
P andQ onBC andP ′ andQ′ onAB andAC respectively, such thatBPP ′

andCQQ′ are right triangles which, when rotated aboutP ′ andQ′ respectively
through appropriate angles fit withAP ′Q′ to a quadrangle with a new fourth
vertexA′. We show thatAA′ passes trough the circumcenterO.

Given an acute-angled triangleABC consider the construction of a pair of iso-
tomic pointsP andQ on the sideBC (with BP = QC < 1

2 · BC) such that the
perpendiculars toBC at P andQ intersectAB andAC at P ′ andQ′ satisfying
P ′Q′ = PP ′ +QQ′.

t tP

P
′

Q
′

Q

A

B CD

Figure 1

If we put BP = QC = t, thenPP ′ = t · tanB, QQ′ = t · tanC, and
P ′Q′ = t(tanB + tanC) = t sinA

cosB cosC . Applying the law of cosines to triangle
AP ′Q′, we have
(

c− t

cosB

)2

+

(

b− t

cosC

)2

−2

(

c− t

cosB

)(

b− t

cosC

)

cosA = t2· 1− cos2 A

cos2 B cos2 C
.

Clearing denominators and rearranging terms, we have

(1− cos2A− cos2B − cos2C + 2 cosA cosB cosC)t2

+ 2 cosB cosC(b cosB + c cosC − a cosA)t− a2 cos2B cos2C = 0. (1)

Publication Date: September 10, 2013. Communicating Editor: Paul Yiu.
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Making use of the following identities

b cosB + c cosC − a cosA = 2a cosB cosC,

1− cos2A− cos2B − cos2C = 2 cosA cosB cosC,

we rewrite (1) as

4t2 cosA+ 4at cosB cosC − a2 cosB cosC = 0 (2)

after cancelling a common factorcosB cosC. Writing x = a
2 − t, or 2t = a− 2x,

we have

(a− 2x)2 cosA+ 2a(a− 2x) cosB cosC − a2 cosB cosC = 0

4x2 cosA− 4ax(cosA+ cosB cosC) + a2(cosA+ cosB cosC) = 0

4x2 cosA− 4ax sinB sinC + a2 sinB sinC = 0. (3)

From this,

x =
a sinB sinC − a

√

sinB sinC(sinB sinC − cosA)

2 cosA

=
a sinB sinC − a

√
sinB cosB · sinC cosC

2 cosA
(4)

Applying the law of sines to triangleABC, with b = 2R sinB andc = 2R sinC
for the circumradiusR, we have

2x

a
=

2R sinB sinC − 2R
√
sinB sinC · cosB cosC

2R cosA

=
b sinC −

√
b cosB · c cosC

2R cosA

=
AX −

√
BX ·XC

2R cosA
=

AX −X1X

AH
=

AX1

AH
,

whereH is the orthocenter of triangleABC, and the altitudeAX intersects the
semicircle with diameterBC at X1 (see Figure 2). This leads to the following
construction of the trapezoidPQQ′P ′.

Let O andG be the circumcenter and centroid of triangleABC, andD the
midpoint ofBC.

(1) Construct the semicircle with diameterBC (on the same side ofA) to inter-
sect theA-altitude atX1.

(2) Construct the lineX1G to intersectOD atX2.
(3) Construct the parallels toOB andOC throughX2 to meetAC in P andQ

respectively.
(4) Construct the perpendiculars toBC atP andQ to intersectAB andAC at

P ′ andQ′ respectively.
These points satisfyPP ′ +QQ′ = P ′Q′.

Proof. In Figure 2,
X2D

OD
=

PD

BD
=

2x

a
=

AX1

AH
.
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t t

O

X

X1

H G

P

P
′

Q
′

Q

A

B CD

X2

Figure 2.

SinceAH = 2 · OD, we haveAX1 = 2 · X2D, andHX1 = AH − AX1 =
2 · OD − 2 ·X2D = 2 · OX2. From this it is clear thatX1X2 passes through the
centroidG which dividesHO in the ratioHG : GO = 2 : 1. �

We rotate triangleBPP ′ aboutP ′ and triangleCQQ′ aboutC so that the images
of P andQ coincide at a point onP ′Q′. Then the images ofB andC coincide at
a pointA′.

P

P
′

Q
′

Q

O

A
′

A

B C

Figure 3.

Consider the quadrilateralAP ′A′Q′. Note that∠Q′A′P ′ = ∠B + ∠C, so that
the quadrilateral is cyclic. Hence,

∠Q′AA′ = ∠Q′P ′A′ = ∠PP ′B =
π

2
−B.

This means thatAA′ passes through the circumcenterO of triangleABC.
By symmetry, if we perform similar constructions on the sidesCA andAB, and

obtain pointsB′, C ′ corresponding toA′, the linesBB′ andCC ′ also pass through
the circumcenterO, as doesAA′.
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Pedal Polygons

Daniela Ferrarello, Maria Flavia Mammana, and Mario Pennisi

Abstract. We study the pedal polygonH1H2 · · ·Hn of a pointP with respect
to a polygonP, where the pointsHi are the feet of the perpendiculars drawn
from P to the sides ofP. In particular we prove that ifP is a quadrilateral
which is not a parallelogram, there exists one and only one pointP for which
the pointsHi are collinear.

1. Introduction

Consider a polygonA1A2 · · ·An and call itP. LetP be a point and letHi be the
foot of the perpendicular fromP to the lineAiAi+1, i = 1, 2, . . . , n (with indices
i taken modulon). The pointsHi usually form a polygonH1H2 · · ·Hn, which we
call thepedal polygonof P with respect toP, and denote byH (see Figure 1). We
call P thepedal point. See ([2, p.22]) for the notion of pedal triangle.

A1

A2

A3

A4

A5

A6

P

H1

H2

H3

H4

H5

H6

Figure 1

In this article we find some properties of the pedal polygonH of a pointP with
respect toP. In particular, whenP is a triangle we find the pointsP such that
the pedal triangleH is a right, obtuse or acute triangle. WhenP is a quadrilateral
which is not a parallelogram, we prove that there exists one and only one point P
for which the pointsHi are collinear. Moreover, we find the pointsP for which
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the pedal quadrilateralH of P has at least one pair of parallel sides. We also prove
that, in general, there exists one and only one pedal point with respect to which
H is a parallelogram. In the last part of the paper, we find some properties ofthe
pedal polygonH in the general case of a polygonP with n sides.

2. Properties of the pedal triangle

Let P be a triangle. The pedal triangle of the circumcenter ofP is the medial
triangle ofP; the one of the orthocenter is the orthic triangle ofP; the one of
the incenter is the Gergonne triangle ofP (i.e., the triangle whose vertices are the
points in which the incircle ofP touches the sides ofP).

Theorem 1. [2, p.41] If P is a triangle, the pointsHi are collinear if and only if
P lies on the circumcircle ofP.

The line containing the pointsHi is calledSimson lineof the pointP with
respect toP (see Figure 2).

O

A1

A3 A2

H1

H2

H3

P

Figure 2.

Theorem 2. [1, p.108]The pointsP for which the pedal triangleH is isosceles are
all and only the points that lie on at least one of the Apollonius circles associated
to the vertices ofP.

The Apollonius circle associated to the vertexAi is the locus of pointsP such
that PAi+1 : PAi+2 = AiAi+2 : AiAi+1. The three Apollonius circles are
coaxial and they intersect in the two isodynamic points of the triangleP, I1 andI2.
Therefore,the isodynamic points ofP are the only points whose pedal triangles
with respect toP are equilateral(see Figure 3).
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I1

I2

A1

A3
A2

Figure 3

We will find now the pointsP whose pedal triangle is a right, acute, obtuse
triangle. LetP be a point (see Figure 4) and letAiAi+1 = ai+2, PAi = xi,
HiHi+1 = hi+2. Since the quadrilateralAiHiPHi+2 is cyclic,hi = xi sinAi ([2,
p.2]).

O

A1

A3 A2

H1

H3

H2

P

Figure 4
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By the Pythagorean theorem and its converse, the pedal triangle ofP is right in
Hi if and only if

x2i sin2Ai = x2i+1 sin
2Ai+1 + x2i+2 sin

2Ai+2.

By the law of sines, this is equivalent to

a2ix
2
i = a2i+1x

2
i+1 + a2i+2x

2
i+2. (1)

This relation represents the locusγi of pointsP for which the triangleH is right
in Hi. Therefore, the locus of pointsP whose pedal triangle is a right triangle is
γ1 ∪ γ2 ∪ γ3. Observe thatγi contains the pointsAi+1 andAi+2; moreover,γi and
γi+1 intersect only in the pointAi+2.

We verify now thatγ1 is a circle. Set up an orthogonal coordinate system such
thatA2 ≡ (1, 0) andA3 ≡ (−1, 0); let A1 ≡ (a, b) andP ≡ (x, y). The relation
(1) becomes:

4((x−a)2+(y−b)2) = ((a+1)2+b2)((x−1)2+y2)+((a−1)2+b2)((x+1)2+y2).

Simplifying, we obtain the equation of a circle:

(a2 + b2 − 1)(x2 + y2) + 4by − (a2 + b2 − 1) = 0.

Moreover, it is not hard to verify that the tangents to the circumcircle ofP in
the pointsA2 andA3 pass through the center ofγ1.

Analogously the same holds forγ2 andγ3. We can then state thatγi is a circle
passing through the pointsAi+1 andAi+2; the tangents to the circumcircle ofP in
the pointsAi+1 andAi+2 pass through the centerCi of γi; moreover,γi andγi+1

are tangent inAi+2. Then, ifC1C2C3 is the tangential triangle ofA1A2A3, γi is
the circle with centerCi passing throughAi−1 andAi+1 (see Figure 5).

O

A1

A3 A2

C1

C2

C3

γ1

γ2

γ3

Figure 5

Observe that, by the law of cosines, the angle inHi of the pedal triangle ofP is
obtuse if and only if:

a2ix
2
i > a2i+1x

2
i+1 + a2i+2x

2
i+2,
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i.e., the pointP lies inside the circleγi. Thus, we have established the following
theorem.

Theorem 3. The pedal triangle of a pointP is
(a)a right triangle if and only ifP lies on one of the circlesγi,
(b) an obtuse triangle if and only ifP is inside one of the circlesγi,
(c) an acute triangle if and only ifP is external to all the circlesγi.

3. Properties of the pedal quadrilateral

Let P be a cyclic quadrilateral. The pedal quadrilateral of the circumcenter of
P is the Varignon parallelogram ofP, and the one of the anticenter ([6, p.152]) is
the principal orthic quadrilateral ofP ([5, p.80]).

Let P be a tangential quadrilateral. The pedal quadrilateral of the incenter ofP

is the contact quadrilateral ofP, i.e., the quadrilateral whose vertices are the points
in which the incircle ofP touches the sides ofP.

For a generic quadrilateral, we consider the problem of finding the pedalpoints
for which the pointsHi are collinear.

It is easy to verify that ifP has only one pair of parallel sides, there is only one
pedal pointP for which the pointsHi are collinear.P is the common point to
the lines containing opposite and non parallel sides ofP, and the pointsHi lie on
the perpendicular fromP to the parallel sides ofP. On the other hand, ifP is a
parallelogram, there is no point with respect to which the pointsHi are collinear.

A1

A2

A3

A4

A5

A6

S

H1

H3 H4

H2

Figure 6

Suppose now thatP is a quadrilateral without parallel sides (see Figure 6). Let
A5 be the common point to the linesA1A2 andA3A4, andA6 the common point
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to A2A3 andA1A4. Consider the four trianglesA1A2A6, A2A3A5, A3A4A6,
A1A4A5, and letC1, C2, C3, C4 be their circumcircles, respectively.

If the pedal pointP lies on one of the circlesCi, then, by Theorem 1, at least
three of the pointsHi are collinear. It follows that the four pointsHi are collinear
if and only if P lies in everyCi. The four circles are concurrent in the Miquel
point of the quartet of lines containing the sides ofP ([3, p.82]). Thus, we have
established the following theorem.

Theorem 4. If P is a quadrilateral, that is not a parallelogram, there exists one
and only one pedal point with respect to which the pointsHi are collinear.

We call this point theSimson pointof the quadrilateralP, and denote it byS.
We call theSimson lineof P the line containing the pointsHi. Observe that the
pointsHi determine a quadrilateral if and only ifP 6∈ C1 ∪ C2 ∪ C3 ∪ C4.
Theorem 5. If P is a quadrilateral which is not a parallelogram, the reflections of
the Simson point with respect to the lines containing the sides ofP are collinear
and the lineℓ containing them is parallel to the Simson line.

A1

A2

A3

A4

A5

A6

S

H1

H3 H4

H2

K1

K3

K4

K2

Figure 7

Proof. The theorem is trivially true ifP has one pair of parallel sides. Suppose that
P is without parallel sides (see Figure 7). LetKi, i = 1, 2, 3, 4, be the reflection
of S with respect to the lineAiAi+1. The pointsS, Hi andKi are collinear and
SHi = HiKi, thenKi is the image ofHi under the homothetyh(S, 2). Then, since
the pointsHi are collinear (Theorem 4), the pointsKi are also collinear. Moreover,
the lineℓ containing the pointsKi is parallel to the Simson line ofP. �
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Conjecture. If P is a cyclic quadrilateral without parallel sides, the lineℓ passes
through the anticenterH of P, and the Simson line bisects the segmentSH.

A1

A2

A3

A4

A5

A6

S
H

M

H2

H1

H3

H4

K1

K3

K2

K4

Figure 8

The conjecture was suggested by using a dynamic geometry software (seeFig-
ure 8). However, we have been unable to prove it.

If P is a cyclic quadrilateral with a pair of parallel sides, thenP is an isosceles
trapezoid. The lineℓ coincides with the Simson line,i.e., the line joining the mid-
points of the bases ofP, and passes through the anticenter ofP. In this case the
Simson line contains the segmentSH.

We now find the pointsP whose pedal quadrilaterals have at least on pair of
parallel sides.

If P is a parallelogram, then the pointsP whose pedal quadrilaterals have at
least one pair of parallel sides are all and only the points of the diagonals of P.

Suppose now thatP is not a parallelogram. We prove that the locus ofthe point
P whose pedal quadrilateral has the sidesH1H4 andH2H3 parallel is the circle
A1A3S (see Figure 9).

First observe thatS is a point with respect to whomH1H4 andH2H3 are par-
allel because the pointsHi are collinear. Set up now an orthogonal coordinate
system such thatA1 ≡ (−1, 0) andA3 ≡ (1, 0); let A2 ≡ (a, b), A4 ≡ (c, d) and
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P ≡ (x, y). If H1H4 andH2H3 are parallel, thenP lies on the circleγ of equation:

(hd+ kb)x2 + (hd+ kb)y2 − (hk − 4bd)y = hd+ kb,

whereh = a2 + b2 − 1 andk = c2 + d2 − 1.
Note that the pointsA1 andA3 are onγ, andγ is the circleA1A3S.

A1

A2

A3

A4

A5

A6

S

H1

H3H4

H2

P

Figure 9

Analogously we can prove thatthe pointsP whose pedal quadrilateral has the
sidesH1H2 andH3H4 parallel is the circleA2A4S. Therefore we have estab-
lished the following theorem.

Theorem 6. The pointsP whose pedal quadrilaterals have at least one pair of
parallel sides are precisely those on the circlesA1A3S andA2A4S.

A1

A2

A3

A4

A5

S

H1
H2

H3H4

P
∗

Figure 10

In general, the circlesA1A3S andA2A4S intersect at two points, the Simson
point S and one other pointP ∗ (see Figure 10). The pedal quadrilateral ofP ∗ is
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a parallelogram. We callP ∗ theparallelogram pointof P. Observe that ifP is a
parallelogram the parallelogram point is the intersection of the diagonals ofP.

If P is cyclic, the pedal quadrilateral of the circumcenterO of P is the Varignon
parallelogram ofP. Therefore, the parallelogram point ofP is O. It follows that
if P is cyclic, the Simson point is the intersection point of the circlesA1A3O and
A2A4O, other thanO.

4. Some properties of the pedal polygon

Let P be a polygon withn sides. Consider the pedal polygonH of a point
P with respect toP. We denote byQi the quadrilateralPHiAi+1Hi+1, for
i = 1, 2, . . . , n. Since the angles inHi and inHi+1 are right,Qi cannot be con-
cave.

Lemma 7. If ABCD is a convex or a crossed quadrilateral such thatABC and
CDA are right angles, then it is cyclic. Moreover, its circumcenter is the midpoint
ofAC and its anticenter is the midpoint ofBD.

A

B

C

D

O

H

A

B

D

C
O

H

Figure 11

Proof. Let ABCD be a convex or a crossed quadrilateral withABC andCDA

right angles (see Figure 11). Then, it is cyclic with the diagonalAC as diameter.
(When it is a crossed quadrilateral it is inscribed in the semicircle with diameter
AC). Then its circumcenterO is the midpoint ofAC.

Consider the maltitudes with respect to the diagonalsAC andBD. The malti-
tude throughO is perpendicular to the chordBD of the circumcircle, then it passes
through the midpointH of BD. But also the maltitude relative toAC passes
throughH. Then, the anticenter of the quadrilateral isH. Note that the malti-
tudes of a crossed quadrilateralABCD are concurrent because they are also the
maltitudes of the cyclic convex quadrilateralACBD. �
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By Lemma 7, the quadrilateralsQi are cyclic. Denote byOi andA′

i the cir-
cumcenter and the anticenter ofQi respectively. We callO1O2 . . . On thepolygon
of the circumcentersof P with respect toP and denote it byPc(P ). We call
A′

1A
′

2 . . . A
′

n thepolygon of the anticentersof P with respect toP and we denote
it with Pa(P ).

Theorem 8. The polygonPc(P ) is the image ofP under the homothetyh
(

P, 12

)

.

Proof. By Lemma 7, the circumcenterOi of Qi is the midpoint ofAiP (see Figure
12 for a pentagonP). �

A1

A2

A3 A4

A5

O1

O2

O3

O4

O5

H5

H4

H3

H2

H1

P

Figure 12

Note that by varyingP the polygonsPc(P ) are all congruent to each other (by
translation).

Theorem 9. The polygonPa(P ) is the medial polygon ofH, with vertices the
midpoints of the segmentsHiHi+1 for i = 1, 2, . . . , n.

A1

A2

A3 A4

A5

A
′

1

A
′

3
A

′

4

A
′

5

A
′

2

H5

H4

H3

H2

H1

P

Figure 13
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Proof. By Lemma 7, the anticenterA′

i of Qi is the midpoint ofHiHi+3 (see Fig-
ure 13 for a pentagon). �

Corollary 10. (a) If P is a triangle,Pa(P ) is the medial triangle ofH.
(b) If P is a quadrilateral,Pa(P ) is the Varignon parallelogram ofH.

Theorem 11. If H is cyclic, the Euler lines of the quadrilateralsQi are concurrent
at the circumcenter ofH .

Proof. The Euler line of the quadrilateralQi passes through the circumcenterOi

of Qi and through the anticenterA′

i of Qi , that is the midpoint ofHiHi+3, then it
is the perpendicular bisector of a side ofH (see Figure 14 for a quadrilateral).�

A1

A2

A3

A4

O1

O2

O3

O4

H1

H2

H3

H4

A
′

1

A
′

2

A
′

3

A
′

4
P

Figure 14

Corollary 12. If P is a triangle, the Euler lines of the quadrilateralsQi are con-
current at the circumcenter ofH (see Figure 15).

Remark.If P is a quadrilateral andH is not cyclic, the Euler lines of the quadri-
lateralsQi bound a quadrilateral affine toH ([4, p.471]).
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Special Inscribed Trapezoids in a Triangle

Nikolaos Dergiades

Abstract. We give a generalization Floor van Lamoen’s recent result on jigsaw-
ing a quadrangle in a triangle.

1. Construction of an inscribed trapezoid

This note is a generalization of a recent result of Floor van Lamoen [1].
For an arbitrary pointA′ on the sideBC of a given triangleABC, we want

to find onBC two pointsP , P ′ isotomic with respect toB andC such that the
parallels fromP , P ′ to AA′ meet their closest sidesAB, AC at the pointsQ, Q′

and we have in the trapezoidQPP ′Q′,

QQ′ = PQ+ P ′Q′. (1)

A

B CA
′ A1

Q1

S1

D

S

P

Q

Q
′

P
′

A2

Figure 1.

Let A1 be the midpoint ofBC. The parallel fromA1 to AA′ meetsQQ′ at its
midpointA2, the lineAB at Q1, and the parallel fromB to AC at a pointS1.
The symmetric ofQ′ in A1 is the pointS, the intersection ofBS1 andQP . Since
A1A2 =

PQ+P ′Q′

2 = QQ′

2 , the triangleA1QQ′ is right angled, and the same holds
for the triangleA1QS. The parallel fromQ1 to QA1 meets the lineBC at a point

Publication Date: October 8, 2013. Communicating Editor: Paul Yiu.
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D and from BS
BS1

= BQ
BQ1

= BA1

BD
, we conclude thatDS1 is parallel toA1S. Hence

angleQ1DS1 is a right angle and the pointD lies on the circle with diameterS1Q1.
This leads to the following construction.

A

B CA
′ A1

Q1

S1

DP

Q

Q
′

P
′

Figure 2.

Construct
(1) the parallel fromA1 toAA′ to intersect the lineAB atQ1 and the parallel from
B toAC atS1,
(2) the circle with diameterQ1S1 to intersectBC at the pointD such thatA1 is
betweenB, D,
(3) the parallels fromA1 to DQ1 andDS1 to intersectAB at Q andAC at Q′

respectively,
(4) the parallels toAA′ fromQ andQ′ to intersectBC atP andP ′ respectively.

The pointsP , P ′ are isotomic with respect toBC, and the trapezoidQPP ′Q′

satisfies (1) (see Figure 2).

2. An intersting property

Rotate triangleQBP aboutQ toQA′′P ′′ with P ′′ onQQ′. SinceQ′P ′′ = Q′P ′

andP ′C = BP , a rotation aboutQ′ will bring triangleQ′CP ′ to Q′A′′P ′′. The
linesQP ′′ andQA′′ are the reflections ofQB andQP in the bisector of angleQ
of triangleAQQ′. SinceQP is parallel toAA′, the lineQA′′ contains the isogonal
conjugate of the infinite point ofAA′ in triangleAQQ′. For the same reason,
the lineQ′A′′ also contains the isogonal conjugate of the same infinite point. It
follows thatA′′ is this isogonal conjugate, and it lies on the circumcircle ofAQQ′

(see Figure 3).
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A

B CA
′

A
′′

P
′′

P

Q

Q
′

P
′

Figure 3.

In particular, ifAA′ is an altitude of triangleABC, then the lineAA′′ passes
through the circumcenter of the triangle.
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Gossard’s Perspector and Projective Consequences

Wladimir G. Boskoff, Laurenţiu Homentcovschi, and Bogdan D. Suceavă

Abstract. Considering as starting point a geometric configuration studied, among
others, by Gossard, we pursue the projective study of a triangle in the Euclidean
plane, its Euler line and its nine-point circle, and we relate Pappus’ Theorem to
the nine-point circle and Euler line.

1. Introduction

The relative position of Euler’s line with respect to the sides of a triangle has
raised the geometers’ interest since the very first paper on this topic, Leonhard
Euler’s classical work [10].

In 1997, problem A1 from the W. L. Putnam competition explored the case
when Euler’s line is parallel to one of the sides of a triangle.Amer. Math. Monthly
published Problem 10980 proposed by Ye Zhong Hao and Wu Wei Chao,whose
statement is the following.Consider four distinct straight lines in the same plane,
with the property that no two of them are parallel, no three are concurrent,and
no three form an equilateral triangle. Prove that, if one of the lines is parallelto
the Euler line of the triangle formed by the other three, then each of the four given
lines is parallel to the Euler line of the triangle formed by the other three.In the
Editorial Comment following the solution of problem 10980 (see vol. 111 (2004),
pp.824), the editors have pointed out the meaningful contributions to the history of
this problem, especially Gossard’s presentation at an A. M. S. conference in 1915.
A generalization from 1999, given by Paul Yiu, is mentioned in [13].

In the Bulletin of the A. M. S.from 1916, we find O. D. Kellogg’s report on
Gossard’s 1915 talk at the AMS Southwestern Section Conference (see[15]). As
far as we know, Gossard’s paper has not been published, although weknow from
the report what he proved and what methods he used. The summary, as published
by the Bulletin, is the following: ”Euler proved that orthocenter, circumcenter,
and centroid of a triangle are collinear, and the line through them has received the
name Euler line. He also proved that the Euler line of a given triangle together
with two of its sides forms a triangle whose Euler line is parallel with the third side
of the given triangle. By the use of vector coordinates or ordinary projective coor-
dinates, Professor Gossard proves the following theorem: the three Eulerlines of

Publication Date: October 15, 2013. Communicating Editor: Paul Yiu.
The authors express their thanks to Alfonso Agnew for his useful suggestions on this work.
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the triangles formed by the Euler line and the sides, taken by twos, of a given trian-
gle, form a triangle triply perspective with the given triangle and having the same
Euler line. The orthocenters, circumcenters and centroids of these two triangles
are symmetrically placed as to the center of perspective.”

Our goal in the present note goes beyond providing elementary proofs for these
facts, and aims to explore the deeper geometric meaning of a phenomenon seen in
the above mentioned results. Application 1 is Ye and Wu’s problem. Applications
3 and 4, proved below, are just particular cases of Application 1. Proposition 1 is
Gossard result from 1916, with a different proof. Furthermore, the original tools
in Gossard’s work were ordinary projective coordinates. That’s whytt would be
natural to explore from a projective viewpoint the geometric structure inspired by
Euler’s original contribution, which made the substance in Gossard’s work. In the
last part of our paper, we discuss the projective viewpoint on the relative position
of the Euler line and the three lines forming a given triangle. We will show how
Euler’s line can be regarded as the axis of a projectivity between two sidesof a
triangle. This result was also proved by D. Barbilian (see [4]), and it appears in
a note unpublished during Barbilian’s life. The result is presented below inour
Proposition 4. We have been able to reconstruct the context of Barbilian’s work
and we have obtained incidence results that complete the discussion on Ye and
Wu’s problem.

Finally, with Propositions 3 and 4, which as far as we know appear for the first
time here, we extend the projective analysis on this geometric structure (i.e., a
triangle, its Euler line and its nine-point circle) and will relate Pappus’ Theorem to
the nine-point circle and Euler line. We also study the parallelism of Euler’s line
with one of the sides of the triangle from the projective viewpoint. In conclusion,
one of the most important consequences of our investigation is that we are able
to better understand the geometric connections between Euler’s line and the nine-
point circle using projective methods. Our geometric motivation was the belief
that beyond the synthetic and analytic methods, one can fathom the entire depth
of a geometry problem by understanding the projective background of acertain
geometric structure.

2. Synthetic and analytic viewpoint

First, we prove a Lemma which will become our main tool of investigation. This
Lemma was inspired by Ye and Wu’s problem. Consider the Euclidean plane and
a Cartesian frame. LetA,B,C be three arbitrary points in the Eulcidean plane.

Lemma 1. Denote bymE the slope of Euler’s line in∆ABC and bym1,m2,m3

the slopes of the linesBC, AC, andAB, respectively. Then

mE = −m1m2 +m3m1 +m2m3 + 3

m1 +m2 +m3 + 3m1m2m3
.

Proof. Measuring the slope of the angle betweenBC and the Euler’s line of∆ABC,

we have (see Figure 1):
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M N

A

B C

O

H

S

Figure 1

m1 −mE

1 +m1mE
= tan∠(HOS) =

HS

MN
=

AM −AH −ON

BN −BM

=
2R sinB sinC − 2R cosA−R cosA

R sinA− 2R sinC cosB

=
2 sinB sinC + 3 cos(B + C)

sin(B + C)− 2 sinC cosB

=
3 cosB cosC − sinB sinC

sinB cosC − sinC cosB

=
3− tanB tanC

tanB − tanC
.

Replacing in the last relation the following expressions

tanB =
m3 −m1

1 +m1m3
, tanC =

m1 −m2

1 +m1m2
,

we get the equality

m1 −mE

1 +m1mE
=

3− m3−m1

1+m1m3
· m1−m2

1+m1m2

m3−m1

1+m1m3
− m1−m2

1+m1m2

.

Cross-multiplying and collecting the like-terms, we obtain:

m1m2 +m1m3 +m1mE +m2m3 +m2mE +m3mE +3mEm1m2m3 +3 = 0.

Solving formE in this relation immediately yields the relation from the statement
of our lemma. �

We should remark here that any other relative positions of the pointsA, B, C
yield the same result. Now, we present several applications of this lemma.
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Application 1. (Problem 10980,American Mathematical Monthly, proposed by
Ye Zhong Hao and Wu Wei Chao, 109 (2002) 921, solution, 110 (2004)823–824.)
Consider four distinct straight lines in the same plane, with the property that no
two of them are parallel, no three are concurrent, and no three form an equilateral
triangle. Prove that, if one of the lines is parallel to the Euler line of the triangle
formed by the other three, then each of the four given lines is parallel to theEuler
line of the triangle formed by the other three.

Solution:Denote bym1,m2,m3, andm4 the slopes of the four linesd1, d2, d3, d4,
respectively. Suppose that Euler’s line of the triangle formed by the linesd1, d2, d3
is parallel tod4 and has slopemE . ThenmE = m4 and we get

m1m2 +m1m3 +m1m4 +m2m3 +m2m4 +m3m4 + 3m4m1m2m3 + 3 = 0.

This relation is symmetric in any one of the slopes and the conclusion follows
immediately. �

Application 2. Consider∆ABC and∆A′B′C ′ such that the measure of the ori-
ented angles between the straight linesAB andA′B′, AC andA′C ′, andBC and
B′C ′, respectively, are equal toα. Then the measure of the angle between Euler’s
line of∆ABC and Euler’s line of∆A′B′C ′ is alsoα.

Solution:We consider the following construction (see Figure 2). On the circum-
circle of ∆ABC, we consider the pointsA′′, B′′ andC ′′ such thatA′′B′′‖A′B′,

A′′C ′′‖A′C ′ andB′′C ′′‖B′C ′. More precisely, we chooseA′′ such that the angle
̂(AOA′′) is α.

A

B C

A
′′

B
′′

C
′′

A
′

B
′

C
′

O

Figure 2

Let us consider now the rotationRα
O of centerO (O is the circumcenter of

∆ABC) and oriented angleα. Thenm(∠(AB,A′′B′′)) = m(∠(AC,A′′C ′′)) =
m(∠(BC,B′′C ′′)) yieldsA′′ = Rα

O(A), B
′′ = Rα

O(B), C ′′ = Rα
O(C). We denote

by e, e′ ande′′ Euler’s lines of∆ABC, ∆A′B′C ′, and respectively∆A′′B′′C ′′.

Then∆A′′B′′C ′′ is obtained by rotating∆ABC aboutO by α. Thus, all the ele-
ments of∆ABC rotate aboutO. This meanse′′ = Rα

O(e), or m(∠(e, e′′)) = α.

Since the slopes satisfy the following equalitiesmA′′B′′ = mA′B′ , mA′′C′′ =
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mA′C′ , andmB′′C′′ = mB′C′ , thenme′′ = me′ ,which actually meansm(∠(e, e′)) =
α. �

Remark.Let∆ABC and∆A′B′C ′ be two triangles with the propertyAB⊥A′B′,

AC⊥A′C ′, BC⊥B′C ′. Then the Euler lines of the two triangles are perpendicular.
We can prove this Remark directly from Lemma 1. However, we can also pro-

vide a direct argument for its proof. Denote bym′

1,m
′

2,m
′

3 the slopes of the side
and bym′

E the slope of Euler’s line of∆A′B′C ′. Then

m′

E = −m′

1m
′

2 +m′

3m
′

1 +m′

2m
′

3 + 3

m′

1 +m′

2 +m′

3 + 3m′

1m
′

2m
′

3

= −

(

− 1
m1

) (

− 1
m2

)

+
(

− 1
m3

) (

− 1
m1

)

+
(

− 1
m2

) (

− 1
m3

)

+ 3
(

− 1
m1

)

+
(

− 1
m2

)

+
(

− 1
m3

)

+ 3
(

− 1
m1

) (

− 1
m2

) (

− 1
m3

)

=
m1 +m2 +m3 + 3m1m2m3

m1m2 +m3m1 +m2m3 + 3

= − 1

mE
.

This proves that the two lines are perpendicular.

Application 3. In the acute triangleABC, Euler’s line is parallel toBC if and only
if tanB tanC = 3.

Note: In [17], it is mentioned that this problem was proposed by Dan Brânzei.
We have discussed this application in [6]. The solution uses a direct trigonometric
argument. We present here the analytic argument based on Lemma 1.

Solution:Choose a coordinate system so that thex-axis is parallel toBC. If we
denote bym1 the slope of the straight lineBC, thenm1 = 0. Denotingm2,m3,me

the slopes of the straight linesAC, AB, and Euler’s linee, respectively, we get
from Lemma 1:

me = −m2m3 + 3

m2 +m3
.

Thus, Euler’s linee of ∆ABC is parallel toBC if and only if me = 0, which
is equivalent tom2m3 = −3. Now we take into account thatm2 = − tanC and
m3 = tanB (or, depending on the position of∆ABC, we could havem2 = tanC
andm3 = − tanB). Consequently,tanB tanC = 3. �

For an interesting connection between the formula obtained here forme and
Tzitzeica surfaces, a topic studied in depth in affine differential geometry,see [2].
For a graphical study of Tzitzeica surfaces by using Mathematica, see [3]. For the
importance of Tzitzeica’s surfaces in the development of differential geometry at
the beginning of the 20th century, see [1].

Application 4. (W. L. Putnam Competition, 1997) A rectangle,HOMF, has sides
HO = 11 andOM = 5. A triangleABC hasH as the intersection of the altitudes,
O the center of the circumscribed circle,M the midpoint ofBC, andF the foot of
the altitude fromA. What is the length ofBC ?
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Solution: Since Euler’s line is parallel toBC, by the previous application, we
havetanB tanC = 3. This is just a consequence of the previous application. We
can continue our argument as in [14], pg.233, or [6]. ExpressingtanB andtanC
from trianglesABF andAFC, respectively, we get

ha

BF
· ha

FC
= 3.

SinceHG‖BC, we haveha = AF = 3FH = 3 · 5 = 15. Therefore,BF · FC =
15·15
3 = 75.Namely, we expressBC2 = (BF+FC)2 = (FC−BF )2+4BF ·FC.

To compute the first term in the last expression we writeFC−BF = FM+MC−
(BM − FM) = 2FM = 2OH = 22. Therefore,BC2 = 222 + 4 · 75 = 784,
thusBC = 28. �

Lemma 2. Euler’s line of∆ABC intersects the linesAB andAC in M , respec-
tivelyN. Then Euler’s line of∆AMN is parallel toBC.

e

e′

M

N

A

B C

O

H

Figure 3

Proof. Choose a coordinate system so that thex-axis is parallel toBC, as in Ap-
plication 3 (see Figure 3). If we denote bym1 the slope of the straight lineBC,

thenm1 = 0. Denotingm2,m3,me the slopes of the straight linesAC, AB, and
respectively Euler’s linee. By Lemma 1:

me = −m2m3 + 3

m2 +m3
,

and the slope of Euler’s line of∆AMN is

me′ = −mem2 +mem3 +m2m3 + 3

me +m2 +m3 + 3mem2m3
.
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In fact, the numerator of the last expression is

mem2 +mem3 +m2m3 + 3

= me(m2 +m3) +m2m3 + 3

=

(

−m2m3 + 3

m2 +m3

)

(m2 +m3) +m2m3 + 3 = 0.

In fact, we proved thatme′ = 0, which means thate′‖BC. �

Application 5. Consider two triangles such that∆ABC ≡ ∆A′B′C ′ and they
have the same Euler’s line. Then∆A′B′C ′ is obtained from∆ABC either by a
translation, or by a central symmetry. �

Example 1.Problem 244 in [19] states the following. LetH be the orthocenter
of ∆ABC, andOa, Ob, Oc the circumcenters of trianglesBHC,CHA,AHB.

Then∆ABC ≡ ∆OaObOc have the same nine-point circle and the same Euler’s
line. This provides us an example of two triangles that have the same Euler’s line
(see Figure 4).

O

A

B C

Oc

Oa

Ob

A1

B1

C1

H

O9

Figure 4.

Example 2.Now we describe two triangles of interest that have the same Euler’s
line. Consider∆ABC and its circumcircleC. Consider also the incircle tangent to
BC,AC andAB respectively inD,E, andF. On the straight linesAI,BI, CI we
consider the excenters (i.e., the centers of the excircles)Ia, Ib, andIc. Remark that
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the circumcircle of∆ABC is the nine-point circle of∆IaIbIc, becauseA,B,C

are the feet of the altitudes (e.g.AIa⊥IbIc).

I

D

E

F

A

B C

Ia

Ib

Ic

Figure 5.

Thus,I is the orthocenter in∆IaIbIc, andO is the center of the nine-point circle
in ∆IaIbIc. Therefore,OI is Euler’s line in∆IaIbIC . Remark that∆DEF and
∆IaIbIc have parallel sides. Therefore their Euler’s lines must be parallel (we may
say that this is a consequence of Application 2). But the circumcenter of∆DEF

is the pointI. This means that the Euler’s line of∆DEF passes throughI and,
being parallel toOI, must beOI. �

3. Gossard’s perspector

In this section we present an elementary proof of Gossard’s result citedin [15].

Proposition 3 (Gossard, [15]). Denote bye the Euler line of an arbitrary∆ABC

in the Euclidean plane. Suppose thate intersectsBC,AB,AC in M,N, and re-
spectivelyP. Denote bye1, e2, e3 Euler’s lines of∆ANP,∆BMN, and∆CPM,

respectively. DenoteA′, B′, C ′ the intersection of the following pair of lines:
e2∩e3, e1∩e3, ande1∩e2, respectively. Then∆A′B′C ′ ≡ ∆ABC, and∆A′B′C ′

has the same Euler linee, and there exists a pointIG (called Gossard’s perspec-
tor) on the linee such that∆A′B′C ′ is the symmetric of∆ABC by the symmetry
centered inIG.

The proof presented below is based on Lemma 1. Thus, we claim that it may
be more elementary than Gossard’s original proof, as it is presented by Kellogg in
[15]. An important r̂ole in the proof is played by the conditionse1‖BC, e2‖AC,
e3‖AB.



Gossard’s perspector and projective consequences 177

e1
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N

P

A(0, 1)
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S

R

Figure 6

Proof. We choose coordinate axis such that the vertices of∆ABC have the co-
ordinatesA(0, 1), B(b, 0), C(c, 0) (see Figure 4). LetG be the gravity center of
∆ABC; thenG( b+c

3 , 13). The slope of Euler’s line in∆ABC is given by

me = −m2m3 + 3

m2 +m3
= −

(

−1
c

) (

−1
b

)

+ 3

−1
c
− 1

b

=
3bc+ 1

b+ c
.

Thus, the equation of Euler’s line isy = 3bc+1
b+c

x−bc. The coordinates of the points
M,N, andP are:

M

(

bc(b+ c)

3bc+ 1
, 0

)

,

N

(

b(b+ c)(bc+ 1)

3b2c+ 2b+ c
,
2b2c− bc2 + b

3b2c+ 2b+ c

)

,

P

(

c(b+ c)(bc+ 1)

3bc2 + 2c+ b
,
2bc2 − b2c+ c

3bc2 + 2c+ b

)

.

The linee1 passes through the center of gravity of∆ANP and is parallel toBC,

therefore it has the equation

(e1) : y =
yN + yP + yA

3
.

At the intersection of linese ande1 we have the pointQ whose coordinates are

Q

(

b+ c

3bc+ 1
· 1
3
(E + 3bc),

1

3
E

)

,
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where we have denoted by

E =
2b2c− bc2 + b

3b2c+ 2b+ c
+

2bc2 − b2c+ c

3bc2 + 2c+ b
+ 1.

The center of gravity of∆BMN, denotedR, has the coordinates

(xR, yR) =

(

1

3

(

bc(b+ c)

3bc+ 1
+ b+

b(b+ c)(bc+ 1)

3b2c+ 2b+ c

)

,
1

3
· 2b

2c− bc2 + b

3b2c+ 2b+ c

)

.

Euler’s line in∆BMN passes throughR and is parallel toAC, thus it has the
equation

(e2) : y − yR = −1

c
(x− xR).

Denote byS the intersection of the linese ande2. We get

yS =
(3bc+ 1)(xR + cyR)− bc(b+ c)

3bc2 + 2c+ b
.

To emphasize the transformation by symmetry (as described in [15]), we claimthat
yS + yp = yQ + yM . This is equivalent to

(3bc+ 1)(xR + cyR)− bc(b+ c)

3bc2 + 2c+ b
+

2bc2 − b2c+ c

3bc2 + 2c+ b

=
1

3

(

2b2c− bc2 + b

3b2c+ 2b+ c
+

2bc2 − b2c+ c

3bc2 + 2c+ b
+ 1

)

.

By replacingxR andyR and simplifying the relation, we obtain the desired equal-
ity. Therefore, the segments[PS] and [QM ] have the same midpoint. (It is not
necessary to check also thatxP + xS = xQ + xM , sinceP, S,Q andM are
collinear.)

Denote byIG the common midpoint of those two segments. As above, one can
prove thatIG is the midpoint of the segment[NT ], where{T} = e3 ∩ e. The
analogy of the computation can be further seen since the coordinates ofIG are
symmetric inb andc. Thus, with the above notation forE, IG has the coordinates

(xIG , yIG) =

(

=
1

2

(

bc(b+ c)

3bc+ 1
+

b+ c

3bc+ 1
· 1
3
(E + 3bc)

)

,
1

6
E

)

.

We can write the coordinates in the form

IG

(

1

6
· b+ c

3bc+ 1
(E + 6bc),

1

6
E

)

.

This is the point calledthe Gossard perspector.DenoteSIG the symmetry of center
IG in the Euclidean plane. Sincee1‖BC, Q ∈ e1 M ∈ BC, andIG is the midpoint
of [QM ], we havee1 = SIG(BC). Similarly e2 = SIG(AC), e3 = SIG(AB).

Then, we have obtained the following:

{A′} = e2 ∩ e3 = SIG(AC) ∩ SIG(AB) = SIG(AC ∩AB) = SIG({A}).
Similarly, {B′} = SIG({B}), and{C ′} = SIG(C).

Consequently,∆A′B′C ′ ≡ ∆ABC, and∆A′B′C ′ = SIG(∆ABC).
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DenotingG and G′ the gravity centers of∆ABC and ∆A′B′C ′, we have
{G′} = SIG({G}). For the orthocenters we get a similar correspondence:{H ′} =
SIG({H}). Thus,e′ = SIG(e), wheree′ is Euler’s line of∆A′B′C ′. But IG ∈
e. Thus, Euler’s linee passes through the center of symmetry. We deduce that
SIG(e) = e, or e′ = e. Finally, we proved that∆ABC and∆A′B′C ′ have the
same Euler’s line. This completes the analytic proof of Gossard’s prospector theo-
rem, as mentioned in our introduction (see [15]). �

Example 3. We have seen in Example 1 (see [19], 244) that ifH is the or-
thocenter of∆ABC, andOa, Ob, Oc are the circumcenters of trianglesBHC,
CHA, AHB, then∆ABC and∆OaObOc have the same Euler’s line (see Figure
4). In fact,Oa, Ob, andOc are the symmetric points ofO with respect to the sides
BC,AC and, respectively,AB. Denote byA1, B1, andC1 the midpoints of the
sidesBC, AC and, respectively,AB.

ThenH is the circumcenter of∆OaObOc. Actually, ∆OaObOc is the homo-
thetic of∆A1B1C1 by homothety of centerO and ratio 2. Thus,∆OaObOc has the
sides parallel and congruent to the sides of∆ABC, and, furthermore,OOa⊥BC,
and alsoOOa⊥ObOc, (and the similar relations). This proves thatO is the ortho-
center of∆OaObOc. Therefore∆ABC and̂∆OaObOc interchanged among them
the orthocenters and the circumcenters. This is the argument to see that the Euler’s
lines in the two triangles are the same and the two triangles have the same cen-
ter of the nine-point circle, sinceO9 is the midpoint ofOH. Further,∆ABC and
∆OaObOc are symmetric with respect toO9. Therefore, Gossard’s perspector in
∆OaObOc is the symmetric of Gossard perspector in∆ABC with respect toO9,

the center of the nine-point circle.

4. Projective viewpoint

Consider now a projectivityf : d1 → d2. (See also [7, pp.39 ff], [8, pp.9-11])
The geometric locus of the points from which the the projectivity is seen as an
involution of pencils of lines is called axis of the projectivity.

N1

N2

M1

M2

Figure 7.

More precisely (see Figure 7), any projectivity relating ranges on two distinct
lines determines another special line, the axis of projectivity, which containsthe
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intersection of the cross-joints of any pairs of corresponding points (see[8, pp.36-
37]). This result is known asthe axis theorem.To illustrate it, ifM1 → N1 and
M2 → N2, then the point{P} = M1N2∩M2N1 lies on the axis of the projectivity,
since we have the mappingr1 = PM1 → PN1 = r2 andr2 = PM2 → PN1 =
r1. Thus,r1 → r2 andr2 → r1, which means that the projectivityf : d1 → d2 is
seen as an involution. As a consequence, we remind here the well-known geometric
structure calledPappus’ line.

A
′

B
′

C
′

A

B

C

M N P

Figure 8.

Let A,B,C ∈ d1 andA′, B′, C ′ ∈ d2. Then the points{M} = AB′ ∩ BA′,

{N} = AC ′ ∩AC ′ ∩ CA′, {P} = BC ′ ∩ CB′, are collinear (see Figure 8). This
result can be viewed as an immediate consequence of the axis theorem. Indeed,
consider the projectivityf : d1 → d2 uniquely determined byA → A′, B → B′,

C → C ′. By the axis theorem, we get immediately that the points{M} = AB′ ∩
BA′, {N} = AC ′ ∩ AC ′ ∩ CA′, {P} = BC ′ ∩ CB′ are collinear. With this
preparation, we are able to show thatthe Euler’s line of a triangleABC can be
regarded as the axis of projectivity for three suitable projectivities between the
sides of∆ABC (see Figure 9).

A1 A
′

A

B C

O

H

G

B
′

B1

Figure 9.
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Denote byA′, B′, C ′ the midpoints of the sidesBC, AC, and respectivelyAB.

Denote byA1, B1, C1 the feet of altitudes fromA,B,C. We use the standard no-
tations forO, the circumcircle,G the center of gravity, andH the orthocenter of
∆ABC. There are three projectivities, each one between two sides of∆ABC. One
of them isfC : BC → AC, the projectivity determined byB → A, A1 → B1,

A′ → B′. SinceH andG appear as cross-joints points, they lie on the axis of pro-
jectivity of fC . Specifically,{H} = AA1 ∩ BB1, {G} = BB′ ∩ AA′. Since two
points determine uniquely a line, and sinceG andH determine Euler’s line, this
means thatthe Euler’s line is identified with the axis of projectivityfC . Further-
more, on the Euler’s line we get a new point:{ΩAB} = A1B

′∩A′B1. We can also
emphasize the pair of homologous points that determineO, the circumcenter, in
this projectivity. Extend the line determined by the vertexA and byO and denote
{X} = AO∩BC. Similarly, {Y } = BO∩AC. Since in our projectivityB → A,

thenX → Y. Thus, on the axis of projectivity we obtain{O} = AX ∩BY.

Considering similar constructions for the projectivitiesfA andfB, we obtain the
following fact.

Proposition 4 (Barbilian [4]). In ∆ABC, let A′, B′, C ′ be the midpoints of the
sidesBC, AC, and respectivelyAB. Denote byA1, B1, C1 the feet of altitudes
fromA,B,C. Then the points{ΩAB} = A1B

′ ∩ A′B1, {ΩCB} = C1B
′ ∩ C ′B1,

{ΩAC} = A1C
′ ∩A′C1 are collinear and they lie on Euler’s line of∆ABC.

A1 A
′

A

B C

O

H

G

B
′

B1

T

Figure 10.

In the first part, we have presented Applications 3 and 4, where we givesyn-
thetic and trigonometric characterizations of the fact that Euler’s line is parallel
to a side of the triangle. We study here the following question: What is projec-
tive condition that the projectivityfC : BC → AC must satisfy such that Euler’s
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line is parallel toBC? Denote by(e) Euler’s line in∆ABC. (See Figure 10.) Let
{T} = AC∩(e), {U} = BC∩(e). We need to determine the pairs of straight lines
that characterize in a projectivity the pointsT andU. Recall that the projectivity
fC has as homologous pointsB → A. To getT , consider the pairC → (e) ∩AC.

Similarly, we getU by the pair(e) ∩ BC → C. Therefore we have obtained the
projective characterization of the fact that the Euler line is parallel to a sideof the
triangle. Thus, we are able to state the projective counterpart of Application 3,
which is the trigonometric characterization of this parallelism.

Proposition 5. In ∆ABC, let (e) be the Euler’s line. The sufficient condition that
(e)‖BC, is that the projectivityfC has∞ → C as pair of homologous points. Sim-
ilarly, to have(e)‖AC, it is sufficient thatfC hasC → ∞ as pairs of homologous
points.

Four our next step, we need to recall here Pappus’ Theorem on the circle. Let
A,B,C andA′, B′, C ′ six points on the circleC. Then the intersection points
AB′ ∩ A′B, AC ′ ∩ A′C andBC ′ ∩ B′C are collinear. To recall the idea of the
most direct proof, consider the projectivityf : C → C uniquely determined by
A → A′, B → B′, C → C ′. Then, the intersection points mentioned in the
statement lie precisely on the axis of the projectivity. With this observation, we
obtain that Euler’s line is the axis of projectivity of a certain projectivity within the
nine-point circle. The result is the following.

Proposition 6. ConsiderA′, B′, C ′ the midpoints of the sidesBC,AC and re-
spectivelyAB. Let A1, B1 andC1 the feet of the altitudes. Consider the projec-
tivity φ uniquely determined byA1 → B1, A

′ → B′, B2 → A2. Then the points
A1A2 ∩ B1B2 = {H} (the orthocenter of∆ABC), A1B

′ ∩ A′B1 = {ΩAB} and
A′A2∩B′B2 = {O9} (the center of the nine-point circle) are collinear on the axis
of projectivity ofφ.

A1 A
′

A

B C

O

H

G

B
′

B1

O9

A2

B2

Figure 11.
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The proof is just a direct application of Pappus’ Theorem on the circle, for the
geometric structure described in the statement. SinceH andΩAB are on Euler’s
line, the axis of projectivity and Euler’s line must be the same straight line. As a
consequence, the third point,O9, the center of the nine-point circle, must be on the
axis of projectivity, thus on Euler’s line.

Proposition 4 appears in [4, pp. 40]. Actually, Dan Barbilian collected in an
undated note, published in the cited collection of posthumuous works, several pro-
jective properties of the nine-point circle and its connection with Euler’s line. He
focused mainly on the projective properties, which represent, as we cansee, an
important part of the more complex phenomenon whose overall picture we tried to
present here.
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A Sangaku-Type Problem with Regular Polygons,
Triangles, and Congruent Incircles

Naoharu Ito and Harald K. Wimmer

Abstract. We consider a dissection problem of a regularn-sided polygon that
generalizes Suzuki’s problem of four congruent incircles in an equilateral trian-
gle.

1. Introduction

The geometrical problem that is the starting point of our note is due to Den-
zaburo Suzuki. It was engraved on a wooden tablet and dedicated 1886 to the
Miwatari Shrine in Fukushima prefecture [4, p. 6], [1, p. 24]. Referring to Figure 1
below we state the problem in the following equivalent form.

A
′

B
′

C
′

A

B

C

Figure 1. Four incircles in an equilateral triangle

Suzuki’s problem of four congruent incircles in an equilateral triangle.LetABC
be an equilateral triangle. The sideAC is extended to the pointB′, the sideBA is
extended toC ′, andCB toA′, such that the trianglesAB′C ′, BC ′A′, CA′B′ and
ABC have congruent incircles. Find the length ofA′B′ of the exterior equilateral
triangle in terms of the length ofAB.

Publication Date: October 22, 2013. Communicating Editor: Paul Yiu.
We are grateful to P. Yiu for helpful suggestions and comments.
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Suzuki’s problem is an example of a unique brand of mathematics that flour-
ished in Japan in the 18th and 19th century. Amateur mathematicians crafted geo-
metric theorems on wooden tablets (called sangaku), which were displayed inthe
precincts of a shrine or temple. Remarkably, some of those theorems predatework
of Western mathematicians (see [5]). In addition to [1] we also mention the mono-
graphs [2] and [3] as sources of sangaku problems. An excellent survey of Japanese
temple geometry is Rothman’s article [6] in the Scientific American.

In this note we generalize Suzuki’s four-congruent-incircles problem. Instead of
an equilateral triangle we now consider a regularn-sided polygon. To illustrate the
general case we choosen = 5. Figure 2 shows the configuration of six congruent
incircles in a regular pentagon.

ao

v

ai

v

θ

θ

ψ

T

Figure 2. Six congruent incircles in a regular pentagon

LetPo be the regularn-sided polygon that forms the exterior boundary of Figure
2 and letPi be the regularn-sided polygon in the interior. Our main result is the
following.

Theorem 1. If ao and ai are the lengths of the sides ofPo andPi respectively,
then

ao = ai

(

1 +

√

1 +
(

sin
π

n

)

−2
)

. (1)

The proof of Theorem 1 will be given in Section 2. In Section 4 we assume
that the exterior polygonPo is given. We derive a result that leads to a simple
construction of the interior polygonPi. The special cases with3 ≤ n ≤ 6 will be
considered in Section 5.
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2. Incircles

The proof of Theorem 1 is based on a relation between inradius and areaof a
triangle.

a

bc

r

B

A

C

I

R

P

Q

α

2

Figure 3. A triangle and its incircle

Consider a triangleABC in Figure 3 with sidesa = BC, b = CA, c = AB,
and∠BAC = α. We denote the area, the incenter, and the inradius of the triangle
by∆, I, andr, respectively. Then

∆ = r2 cot
α

2
+ ra. (2)

This can be seen as follows.
Suppose the incircle touchesCA, AB andBC at P , Q andR, respectively.

SinceAP = r cot α2 , the area of the kiteAQIP is given byr ·AP = r2 cot α2 . The
area of the triangleBIC is equal to12ra. Thus the area of the polygonQBCPIQ
is ra. Combining the areas of the kite and the polygon, we obtain (2).

The following notation refers to Figure 2. LetT be one of then triangles that
bound the interior polygonPi. ThenT has sidesao, v, v + ai. Let ψ be the
angle betweenv andao. We setθ = π

n
. Then the angle opposite toao is equal to

2θ = 2π
n

.

3. Proof of Theorem 1

If ri is the radius of the incircle ofPi, thenri = 1
2ai cot θ. LetFo, Fi andF be

the areas ofPo, Pi andT respectively. Then

Fo =
na2o
4

cot θ and Fi =
na2i
4

cot θ,

andnF + Fi = Fo. Therefore,

F =
1

n
(Fo − Fi) =

1

4
(a2o − a2i ) cot θ.
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Let ρ be the inradius ofT. Then (2) impliesF = ρ2 cot θ + aoρ. Hence,

a2o − a2i
4

cot θ = ρ2 cot θ + aoρ.

Now assume that the incircles ofPi andT are equal, i.e.,

ri = ρ =
1

2
ai cot θ.

We obtaina2o − a2i = a2i cot
2 θ + 2aoai. This yields the quadratic equation

a2o − 2aiao = a2i (1 + cot2 θ) = a2i (sin θ)
−2.

Thenao > 0 implies (1).

4. The triangle T

Suppose the exterior polygonPo is given. How can one construct the triangle
T and subsequently the interior polygonPi? The angle opposite toao is equal to
2π
n

. Hence it suffices to know how to obtain the angleψ betweenao andv. For that
purpose we derive the following result due to P. Yiu.

Theorem 2. The angleψ betweenao andv is given by

cosψ = sin2
π

n
. (3)

Proof. It follows from (2) that the area of the triangleT is given by

F = ρ2 cot
ψ

2
+ ρ(v + ai) (4)

and

F = ρ2 cot
π − (2θ + ψ)

2
+ ρv.

Substitutingai = 2ρ tan θ in (4) leads to

cot
ψ

2
+ 2 tan θ = tan(θ +

ψ

2
) =

tan θ + tan ψ
2

1− tan θ tan ψ
2

,

which is equivalent to

cot
ψ

2
− 2 tan2 θ tan

ψ

2
= tan

ψ

2
,

and

tan2
ψ

2
=

1

1 + 2 tan2 θ
. (5)

From this,

cosψ =
1− tan2 ψ2
1 + tan2 ψ2

=
1− 1

1+2 tan2 θ

1 + 1
1+2 tan2 θ

=
tan2 θ

1 + tan2 θ
= sin2 θ.

�
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5. Special cases

We apply Theorem 1 and Theorem 2 to numbersn ≤ 6. Note that the righthand
side of (1) becomes infinitely large asn goes to infinity. In the casen = 6 (and
also in a less conspicuous form withn = 5) we encounter the golden ratioφ =
1
2(1 +

√
5). To check the casen = 5 we recall

cos
2π

5
=

√
5− 1

4
and sin

2π

5
=

√

10 + 2
√
5

4
.

In the casen = 3 we obtain the known solution of Suzuki’s4-congruent-incircles
problem of Section 1. The following table summarizes the data forn = 3, 4, 5, 6.

n cosψ ao
ai

3 3
4

3+
√

21
3

4 1
2

1 +
√
3

5 5−
√

5
8

=
√

5
4φ

1 +
√

3 + 2
√

5

6 1
4

1 +
√
5 = 2φ

Figure 4. Five congruent incircles
in a square

Figure 5. Seven congruent incircles in
a regular hexagon
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A Generalization of the Conway Circle

Francisco Javier Garcı́a Capit́an

Abstract. For any point in the plane of the triangle we show a conic that be-
comes the Conway circle in the case of the incenter. We give some properties of
the conic and of the configuration of the six points that define it.

Let ABC be a triangle andI its incenter. CallBa the point on lineCA in
the opposite direction toAC such thatABa = BC = a andCa the point on
line BA in the opposite direction toAB such thatACa = a. DefineCb, Ab and
Ac, Bc cyclically. The six pointsAb, Ac, Bc, Ba, Ca, Cb lie in a circle called
the Conway circlewith I as center and squared radiusr2 + s2 as indicated in
Figure 1. This configuration also appeared in Problem 6 in the 1992 Iberoamerican
Mathematical Olympiad. The problem asks to establish that the area of the hexagon
CaBaAbCbBcAc is at least13∆(ABC) (see [4]).
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Figure 1. The Conway circle
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Figure 2

Figure 2 shows a construction of these points which can be readily generalized.
The linesBI andCI intersect the parallel ofBC throughA at B0 andC0. The
pointsAb andAc are obtained by completing the parallelogramsBAC0Ab and
CAB0Ac. If we take an arbitrary pointP = (u : v : w) instead ofI, then
B0 = (u : −w : w) andC0 = (u : v : −v). From these, we determine the points

Publication Date: October 29, 2013. Communicating Editor: Paul Yiu.
The author is grateful to José Herńandez Santiago for telling about the Conway circle.
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Ab, Ac, and analogously the other four points (see Figure 3). In homogeneous
barycentric coordinates, these are

Ab = (0 : u+ v : −v), Ac = (0 : −w : w + u);

Bc = (−w : 0 : v + w), Ba = (u+ v : 0 : −u);

Ca = (w + u : −u : 0), Cb = (−v : v + w : 0).

Proposition 1. The area ofABC is the geometric mean of the areas of the trian-
glesABaCa, BCbAb, CAcBc.

Proof. From the coordinates of these points, we have

∆(ABaCa)

∆(ABC)
=

u2

vw
,

∆(BCbAb)

∆(ABC)
=

u2

vw
,

∆(CAcBc)

∆(ABC)
=

u2

vw
.

Therefore,∆(ABC)3 = ∆(ABaCa) ·∆(BCbAb) ·∆(CAcBc). �

Theorem 2. For any pointP , the six pointsAb, Ac, Bc, Ba, Ca, Cb always lie on
a conic.

A

B C

P

B0

C0

Ab
Ac

Ba

Bc

Cb

Ca

Figure 3

Proof. They all lie on the conicΓ(P ) with equation

u(v + w)x2 + v(w + u)y2 + w(u+ v)z2 + (vw + (u+ v)(u+ w))yz

+(wu+ (v + w)(v + u))zx+ (uv + (w + u)(w + v))xy

= 0.

�
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From the matrix formXMXt = 0 for Γ(P ) where

M =





2u(v + w) (u+ w)(v + w) + uv (u+ v)(v + w) + uw

(u+ w)(v + w) + uv 2v(u+ w) (u+ v)(u+ w) + vw

(u+ v)(v + w) + uw (u+ v)(u+ w) + vw 2w(u+ v)





we have

|M | = 2(v+w−u)(u+v−w)(u−v+w)(uvw+u2v+uv2+u2w+v2w+uw2+vw2),

andΓ(P ) has discriminant

δ(P ) = −1

4
(v + w − u)(u+ v − w)(u− v + w)(u+ v + w).

Therefore we can get the following results:

Proposition 3. (a) The conicΓ(P ) is degenerate whenP lies on the sides of the
medial triangle or in the cubic K327.

(b) If the conicΓ(P ) is nondegenerate, it is homothetic to the circumconic with
perspector(u2 : v2 : w2) and has centerP .

Proof. (b) follows from rewriting the equation of the conicΓ(P ) in the form

(u2yz+ v2zx+w2xy)+ (x+ y+ z)(u(v+w)x+ v(w+u)y+w(u+ v)z) = 0.

�

Proposition 4. The conicΓ(P ) and the circumconic with perspectorP 2 have the
same infinite points.

If P = (u : v : w) andu = v + w, thenΓ(P ) factors as

(vx+ wx+ vy + 2wy + wz)(vx+ wx+ vy + 2vz + wz) = 0,

two parallel lines to the cevianAP . If P lies onK327, thenΓ(P ) factors as
two lines throughP in the directions of the asymptotes of the circumconic with
perspectorP 2.

If P lies outside the sidelines of the medial triangle and the cubicK327, the
conicΓ(P ) is an ellipse whenP is interior to the medial triangle and a hyperbola
otherwise.

Corollary 5. The conicΓ(P ) is
(a)a circle if and only ifP is the incenter or an excenter of the triangle,
(b) a rectangular hyperbola if and only ifP lies on the polar circle.

Remarks.(1) If P = Ia, the center of the excircle on the sideBC, thenΓ(Ia) is a
circle with squared radiusr2a + (s− a)2

(2) The polar circleSAx
2 + SBy

2 + SCz
2 = 0 contains real points only if

triangleABC has an obtuse angle.

Proposition 6. (a) If A′, B′, C ′ are the midpoints ofBaCa, CbAb, AcBc respec-
tively, the linesAA′, BB′, CC ′ concur atP .

(b) If A′′, B′′, C ′′ are the midpoints ofBcCb, CaAc, AbBa respectively, the lines
AA′′, BB′′, CC ′′ concur atP .
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Proof. In homogeneous barycentric coordinates,

A′ = (2vw + wu+ uv : −uv : −uw),

A′′ = (−(v2 + w2) : v(v + w) : w(v + w).

These points clearly lie on the lineAP : wy−vz = 0. Similarly,B′, B′′ lie onBP

andC ′, C ′′ lie onCP . �

Proposition 7. If P = (u : v : w), both of the triangles formed by the linesBaCa,
CbAb, AcBc and the linesBcCb, CaAc, AbBa are perspective withABC at the
isotomic conjugate of the anticomplement ofP , i.e.,

Q =

(

1

v + w − u
:

1

w + u− v
:

1

u+ v − w

)

.

Proof. (a) The linesBaCa, CbAb, AcBc have equations

ux + (w + u)y + (u+ v)z = 0,
(v + w)x + vy + (u+ v)z = 0,
(v + w)x + (w + u)y + wz = 0.

They bound a triangle with vertices

X = (−u(u+ v + w) : (v + w)(u+ v − w) : (v + w)(w + u− v)),

Y = ((w + u)(v + w − u) : −v(u+ v + w) : (w + u)(v + w − u)),

Z = ((u+ v)(w + u− v) : (u+ v)(w + u− v) : −w(u+ v + w)).
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See Figure 5. This is perspective withABC at

Q =

(

1

v + w − u
:

1

w + u− v
:

1

u+ v − w

)

.

(b) The linesBcCb, CaAc, AbBa have equations

(v + w)x + vy + wz = 0,
ux + (w + u)y + wz = 0,
ux + vy + (u+ v)z = 0.

They bound a triangle with vertices

X ′ = (−(u+ v + w) : u+ v − w : w + u− v),

Y ′ = (v + w − u : −(u+ v + w) : v + w − u),

Z ′ = (w + u− v : w + u− v : −(u+ v + w)).

The triangleX ′Y ′Z ′ is clearly perspective at the same pointQ. �

In the case of the Conway configuration, this is the Gergonne point.
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On Polygons Admitting a Simson Line
as Discrete Analogs of Parabolas

Emmanuel Tsukerman

Abstract. We call a polygon which admits a Simson line aSimson polygon.
In this paper, we show that there is a strong connection between Simson poly-
gons and the seemingly unrelated parabola. We begin by proving a few general
facts about Simson polygons. We use an inductive argument to show that no
convexn-gon, n ≥ 5, admits a Simson line. We then determine a property
which characterizes Simsonn-gons and show that one can be constructed for
everyn ≥ 3. We proceed to show that a parabola can be viewed as a limit of
special Simson polygons, which we callequidistant Simson polygons, and that
these polygons provide the best piecewise linear continuous approximation to the
parabola. Finally, we show that equidistant Simson polygons can be viewed as
discrete analogs of parabolas and that they satisfy a number of results analogous
to the pedal property, optical property, properties of Archimedes triangles and
Lambert’s Theorem of parabolas. The corresponding results for parabolas are
easily obtained by applying a limit process to the equidistant Simson polygons.

1. Introduction

The Simson-Wallace Theorem (see, e.g., [5]) is a classical result in planegeom-
etry. It states that

Theorem 1. (Simson-Wallace Theorem1). Given a triangleABC and a pointP
in the plane, the pedal points ofP (That is, the feet of the perpendiculars dropped
fromP to the sides of the triangle) are collinear if and only ifP is on the circum-
circle of triangleABC.

Such a line is called a Simson line ofP with respect to triangleABC.

A natural question is whether ann-gon withn ≥ 4 can admit a Simson line.
In [3, pp.137–144] and [4], it is shown that every quadrilateral possesses a unique

Publication Date: November 5, 2013. Communicating Editor: Paul Yiu.
The author would like to express his gratitude to Olga Radko for valuable feedback throughout

the process of writing this paper.
1One remark concerning the theorem is that the Simson-Wallace Theorem ismost commonly

known as “Simson’s Theorem”, even though “Wallace is known to have published the theorem in
1799 while no evidence exists to support Simson’s having studied or discovered the lines that now
bear his name” [5]. This is perhaps one of the many examples of Stigler’s law of eponymy.
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Simson Line, called “the Simson Line of a complete2 quadrilateral”. We call a
polygon which admits a Simson line aSimson polygon. In this paper, we show that
there is a strong connection between Simson polygons and the seemingly unrelated
parabola.

We begin by proving a few general facts about Simson polygons. We use an
inductive argument to show that no convexn-gon,n ≥ 5, admits a Simson Line.
We then determine a property which characterizes Simsonn-gons and show that
one can be constructed for everyn ≥ 3. We proceed to show that a parabola can be
viewed as a limit of special Simson polygons, calledequidistant Simson polygons,
and that these polygons provide the best piecewise linear continuous approxima-
tion to the parabola. Finally, we show that equidistant Simson polygons can be
viewed as discrete analogs of parabolas and that they satisfy a number ofresults
analogous to the pedal property, optical property, properties of Archimedes trian-
gles and Lambert’s Theorem of parabolas. The corresponding resultsfor parabolas
are easily obtained by applying a limit process to the equidistant Simson polygons.

2. General Properties of Simson Polygons

We begin with an easy Lemma. Throughout, we will use the notation that
(XY Z) is the circle through pointsX,Y, Z.

Lemma 2. LetS be a point in the interior of two raysAB andAC. Suppose that
ABSC is cyclic, and letX be a point on rayAB such that|AX| < |AB|. Let
Y = (AXS) ∩AC. Then|AY | > |AC|.

Figure 1. Lemma 2 and Lemma 3

Proof. Since|AX| < |AB|, ∠AXS > ∠ABS. SinceABSC andAXSY are
cyclic, ∠ACS = π − ∠ABS and∠AY S = π − ∠AXS. Therefore∠AY S <

∠ABS so that|AY | > |AC|. �

2A complete quadrilateral is the configuration formed by4 lines in general position and their6
intersections. When it comes to pedals, we are only concerned with the sides making up the polygon.
Since we extend these, the pedal of a quadrilateral is equivalent to that of its complete counterpart.
For this reason, we will refer to a polygon simply by the number of sides it has.
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As mentioned in the introduction, in the case of a quadrilateral there is alwaysa
unique Simson point defined as a point from which the projections into the sides are
collinear. LetA,B,C,D,E, F denote the vertices of the complete quadrilateral,
as in fig. 1. It is shown in [3] that the Simson point is the unique intersection
of (AFC) ∩ (ABE) ∩ (BCD) ∩ (DEF ), also known as theMiquel point of a
complete quadrilateral. Using Lemma 2, we can conclude the following:

Lemma 3. Let ABCDEF be a complete quadrilateral where points in each of
the triplesA,B,C; B,D,E, etc. as in fig. 1 are collinear and angle∠CDE is
obtuse. Denote the Miquel point ofABCDEF byS. There exist no two pointsX
andY on raysAF , AB respectively with|AX| < |AF |, |AY | < |AB| such that
(AXY ) passes throughS.

Proof. The Miquel pointS lies on(AFC) and(ABE). By Lemma 2, no suchX
andY exist. �

We call a polygon for which no three vertices lie on a line nondegenerate. In
Lemma 4 and Theorems 5 and 6 we will assume that the polygon is nondegenerate.

Lemma 4. If Π = V1 · · · Vn, n ≥ 5 is a convex Simson polygon, thenΠ has no
pair of parallel sides.

Proof. By the nondegeneracy assumption, it is clear that no two consecutive sides
can be parallel. So suppose thatV1V2 ‖ ViVi+1, i /∈ {1, 2, n}. ThenS lies on the
Simson lineL orthogonal toV1V2 andViVi+1. The projection ofS into each other
sideVjVj+1 must also lie onL, so that eitherVjVj+1 is parallel toV1V2 or it passes
throughS. By the nondegeneracy assumption, no two consecutive sides can pass
throughS. Therefore the sides ofΠ must alternate between being parallel toV1V2

and passing throughS. It is easy to see that no such polygon can be convex.�

It is worth noting that both the convexity hypothesis and the restriction ton ≥ 5
in the last result are necessary, for one can construct a non-convex n-gon,n ≥ 5
having pairs of parallel sides and the trapezoid (if not a parallelogram) is aconvex
Simson polygon withn = 4 having a pair of parallel sides. Using the above result,
we can prove:

Theorem 5. A convex pentagon does not admit a Simson point.

Proof. Let Π = ABCDE be a nondegenerate convex pentagon. Suppose thatS

is a point for which the pedal inΠ is a line. Then in particular the pedal is a line
for every 4 sides of the pentagon. Therefore ifBC ∩DE = F , thenS must be a
Simson point forABFE, so thatS is the Miquel point ofABFE. This implies
that

S = (GAB) ∩ (GFE) ∩ (HAE) ∩ (HBF ),

whereBC ∩ AE = G andAB ∩ DE = H. By the same reasoning applied to
quadrilateralCGED, S must be the Miquel point ofCGED. ThereforeS lies on
(FCD). BecauseΠ is convex,|FC| < |FB| and |FD| < |FE|. We can now
apply corollary 3 withC andD playing the role of pointsX andY to conclude
thatS cannot lie on(FCD) - a contradiction. �
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Consider a convex polygonΠ as the boundary of the intersection of half planes

H1, H2, . . . ,Hn. Then the polygon formed from the boundary of
n
∩
i 6=k
i=1

Hi for k ∈

{1, 2, . . . , n} is also convex.
We are now ready to prove the following result by induction:

Theorem 6. A convexn-gon withn ≥ 5 does not admit a Simson point.

Proof. The base case has been established. Assume the hypothesis forn ≥ 5,
and consider the case for an(n + 1)-gonΠ with verticesV1, . . . , Vn+1. Suppose
thatΠ admits a Simson point. LetVn−1Vn ∩ Vn+1V1 = V ′. This intersection
exists by Lemma 4. SinceΠ admits a Simson point,Π′ = V1 . . . Vn−1V

′ must also
admit one. By the preceding remark,Π′ is convex, and since it hasn sides, the
hypothesis is contradicted. ThereforeΠ cannot admit a Simson line, completing
the induction. �

Now that we have established that no convexn-gon (with n ≥ 5) admits a
Simson line, we will proceed to find a necessary and sufficient condition for an
n-gonΠ = V1V2 . . . Vn to have a Simson point. LetWi = Vi−1Vi ∩ Vi+1Vi+2

for eachi, with Vn+k = Vk. In case thatVi−1Vi andVi+1Vi+2 are parallel, view
Wi as a point at infinity and(ViWiVi+1) as the lineViVi+1. For example, in a
right-angled trapezoid withAB ⊥ BC andAB ⊥ AD, S will necessarily lie on
the lineAB (in factS = AB ∩ CD).

Theorem 7. An n-gonΠ = V1 · · · Vn admits a Simson pointS if and only if all
circles(ViWiVi+1) have a common intersection.

Proof. Assume first thatS is a Simson point forΠ. The projections ofS into
Vi−1Vi, ViVi+1 andVi+1Vi+2 are collinear. By the Simson-Wallace Theorem (The-
orem 1),S is on the circumcircle ofViWiVi+1.

Conversely, letS = ∩
i
(ViWiVi+1). For eachi, this implies that the projections

of S into Vi−1Vi andVi+1Vi+2 are collinear. Asi ranges from1 to n we see that
all projections ofS into the sides are collinear. �

To construct ann-gon with a given Simson pointS and Simson lineL, let X1,
X2, . . . ,Xn ben points onL. Then lines theith of which is perpendicular toSXi

and passing throughXi, i = 1, . . . , n are the sides of ann-gon with Simson point
S and Simson lineL. TheXi are the projections ofS into the sides of then-gon
and the verticesVi are the intersections of consecutive pairs of sides.

3. Simson Polygons and Parabolas

In this section we will show that there is a strong connection between Sim-
son polygons and parabolas. In particular, we may view a special type ofSimson
polygons, which we call equidistant Simson polygons, as discrete analogsof the
parabola.
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Figure 2. A construction of a pentagonV1V2V3V4V5 with Simson pointS and
Simson lineL. The pointsX1, . . . , X5 on L are the projections ofS into the
sides of the pentagon.

Definition. Let Π = V1 · · · Vn be a Simson polygon with Simson pointS and
projectionsX1, . . . , Xn of S into its sides. In the special case that|XiXi+1| = ∆
for eachi = 1, . . . , n−1, we call such a polygonΠ anequidistant Simson polygon.

The following result shows that all but one of the vertices of an equidistant
Simson polygon lie on a parabola. Moreover, the parabola is independentof the
position ofX1 (but depends on∆).

Theorem 8. Let S be a point andL a line not passing throughS. Suppose that
X1, . . . , Xn are points onL such that|XiXi+1| = ∆ for all i = 1, . . . , n− 1 and
let Π = V1 · · · Vn be the equidistant Simson polygon with Simson pointS and
projectionsX1, . . . , Xn of S into its sides. ThenV1, . . . , Vn−1 lie on a parabola
C. Moreover,C is independent of the position ofX1 onL.

Proof. Without loss of generality, letS = (0, s), L be thex-axis,Xi = (X + (i−
1)∆, 0) andXi+1 = (X + i∆, 0). A calculation shows that the perpendiculars at
Xi andXi+1 to the segmentsSXi andSXi+1, respectively, intersect at the point
(2X+(2i−1)∆,

(X+(i−1)∆)(X+i∆)
s

). Therefore the coordinates of the intersection

satisfyy = x2
−∆2

4s independently ofX. It follows thatV1, . . . , Vn−1 lie on the

parabolay = x2
−∆2

4s . �

The fact thatC is independent of the position ofX1 on L can be illustrated
on figure 3 by supposing thatX1, X2, . . . , X8 are being translated onL as a rigid
body. Then the independence ofC from X1 implies thatC remains fixed and
V1, . . . , V7 slide together aboutC.

Corollary 9. LetC be a parabola with focusF . The locus of projections ofF into
the lines tangent toC is the tangent toC at its vertex.
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Figure 3. PointsV1, . . . , V8 are the vertices of an equidistant Simson octagon
with a Simson pointS, Simson lineL and projectionsX1, . . . , X8. By Theorem
8,V1, . . . , V7 lie on a parabola.

Figure 4. Corollary 9:X is a variable point ofC, F is the focus,P is the
projection ofF into the tangent atX andL is the tangent toC at its vertex.

Proof. As seen in the proof of Theorem 8, the coordinates of theVi, i = 1, . . . , n
are continuous functions of∆. Therefore asn → ∞ and∆ → 0 in Theorem 8, the
limit of the polygon is a parabola with focusS and tangent line at the vertex equal
toL. �

This property can be equivalently stated as: “the pedal curve of the focus of
a parabola with respect to the parabola is the line tangent to it at its vertex”. This
property is by no means new, but its derivation does give a nice connection between
the pedal of a polygon and the pedal of the parabola. Specifically, we can view the
focusF as the Simson point of a parabola (considered as a polygon with infinitely
many points) and the tangent at the vertex as the Simson line of the parabola.
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Let V1 · · · Vn+2 be an equidistant Simson polygon. We will now prove that the
sides connecting the verticesV1, V2, . . . , Vn+1 form an optimal piecewise linear
continuous approximation of the parabola. To be precise, we show that it isa
solution to the following problem:

Problem. Consider a continuous piecewise linear approximationl(x) of a parabola
f(x), x ∈ [a, b] obtained by connecting several points on the parabola. That is, let

l(x) =
f(xi+1)− f(xi)

xi+1 − xi
(x− xi+1) + f(xi+1) for x ∈ [xi, xi+1]

wherea = x0 < x1 < . . . < xn−1 < xn = b. Findx1, x2, . . . , xn−1 ∈ (a, b) such
that the error

∫ b

a

|f(x)− l(x)|dx

is minimal.

The points(xi, f(xi)), i = 0, . . . , n are called knot points and a continuous
piecewise linear approximation which solves the problem is called optimal. Since
all parabolas are similar, it suffices to considerf(x) = x2

−∆2

4s .

Theorem 10.The optimal piecewise-continuous linear approximation tof(x) with
the setup above is given by the sidesV1V2,V2V3, . . . ,VnVn+1 of an equidistant Sim-
son(n+2)-gon withX1 =

a
2 , ∆ = b−a

n
andVi = (a+(i−1)∆, f(a+(i−1)∆)).

The knot points(x0, f(x0)), . . . , (xn, f(xn)) are the verticesV1, V2, . . . , Vn+1.

Proof. The equation of theith line segment simplifies to

l(x) =
x(xi+1 + xi)− xixi+1 −∆2

4s
, for x ∈ [xi, xi+1].

Thereforef(x)− l(x) = (x−xi+1)(x−xi)
4s for x ∈ [xi, xi+1]. Integrating

|f(x)− l(x)| from xi to xi+1 we get
∫ xi+1

xi

|f(x)− li(x)|dx =
(xi+1 − xi)

3

24|s| .

It is enough to minimize

S(x1, . . . , xn−1) = 24|s|
∫ b

a

|f(x)− l(x)|dx =
n−1
∑

i=0

(xi+1 − xi)
3.

Taking the partial derivative with respect toxi for 1 ≤ i ≤ n− 1 and setting to
zero, we get

∂

∂xi
S(x1, . . . , xn−1) = 3(xi − xi−1)

2 − 3(xi+1 − xi)
2 = 0

⇐⇒ (xi − xi−1)
2 = (xi+1 − xi)

2.
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Since the points are ordered and distinct,xi =
xi+1+xi−1

2 , so that thexi’s form an
arithmetic progression. Thex-coordinates of the verticesVi satisfy this relation,
and by uniqueness, the theorem is proved.

�

By similar reasoning, one can see that the same sides of the(n+2)-gon are also
optimal if the problem is modified to solving the least-squares problem

min
x1,...,xn−1

∫ b

a

(f(x)− l(x))2dx.

From the proof of Theorem 10, we have the following interesting result about
parabolas.

Corollary 11. Let f(x) be the equation of parabola,∆ be a real number and let
l(x) be the line segment with end points(y, f(y)), (y + ∆, f(y + ∆)). Then the
area

∫ y+∆

y

|f(x)− l(x)|dx

bounded byf(x) andl(x) is independent ofy.

This property also explains why thex-coordinates of the knot points of the op-
timal piecewise linear continuous approximation of the parabola are at equalinter-
vals.

We now list some of the properties of equidistant Simson polygons:

Theorem 12.An equidistant Simson polygonV1V2 . . . Vn with projectionsX1, X2, . . . , Xn

has the following properties:

(1) If j − i > 0 is odd, the segmentsViVj , Vi+1Vj−1, . . . ,V j+i+1

2

V j+i−1

2

are

parallel for everyi, j ∈ {1, 2, . . . , n− 1}.
(2) If j − i > 0 is even, the segmentsViVj , Vi+1Vj−1, . . . ,V j+i

2
−1V j+i

2
+1 and

the tangent to the parabola atV j+i

2

are parallel for everyi, j ∈ {1, 2, . . . , n−
1}.

(3) The midpoints of the parallel segments in (1) (respectively (2)) lie on a line
orthogonal to the Simson lineL.

Proof. (1). The slope betweenVi andVj is easily calculated to be2X+(i+j−1)∆
2s .

(2). Recall that the parabola is given byy = x2
−∆2

4s so that its slope atV j+i

2

is

2X+(2( j+i

2
)−1)∆

2 = 2X+(j+i−1)∆
2 .

(3). Thex-coordinate of the midpoint ofViVj is 2X + (i+ j − 1)∆. �

The following property of Simson polygons can be viewed as a discrete analog
of the isogonal property of the parabola.
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Figure 5. PointsV1, . . . , V8 are the vertices of an equidistant Simson octagon
with Simson pointS and Simson lineL. By Theorem 12, the segmentsV1V6,
V2V5 andV3V4 are parallel, and their midpointsm1, m2 andm3 all lie on a line
perpendicular toL.

Property 1. LetS andL be the Simson point and Simon line of a Simson polygon
(not necessarily equidistant) with verticesV1, . . . , Vn and defineX1, . . . , Xn as
before. LetV ′

i be the reflection ofVi in L. Then the linesViXi andViXi+1 are
isogonal with respect to the linesViV

′

i andViS (i.e. ∠V ′

i ViXi = ∠Xi+1ViS) for
i = 1, . . . , n.

Proof. The proof is by a straightforward angle count. �

In the case when the Simson polygon in Proposition 1 is equidistant, we can
take limits to obtain the isogonal property of the parabola:

Corollary 13. LetC be a parabola with focusF and tangent lineL at its vertex.
Let X be any point onC andK the tangent atX. Furthermore, letX ′ be the
reflection ofX in L. ThenK forms equal angles withX ′X andFX.

Figure 6. Corollary 13:X is a variable point of the parabolaC, F is the focus,
L is the tangent toC at its vertex andX ′ is the reflection ofX in L. The lines
XF andXX ′ form equal angles with the tangent atX.

Using the same setup as in Theorem 8 for an equidistant Simson polygon,
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Theorem 14. Let Mi be the midpoint ofViVi+1, i = 1, . . . , n − 2. Then the
midpointsMi lie on a parabolaC ′ with focusS and tangent line at its vertexL.

Proof. SinceVi = (2X + (2i− 1)∆,
(x+(i−1)∆)(x+i∆)

s
),

Mi = (2(X + i∆),
(X + i∆)2

s
).

Therefore theMi lie on the parabolap(x) = x2

4s with focusS. The slope of
ViVi+1 is X+i∆

s
, which is the same as that ofp(x) atMi.

�

In a coordinate system whereS lies aboveL, the parabolasC andC ′ form sharp
upper and lower bounds to the piecewise linear curvef(x) formed by the sides
connectingV1, . . . , Vn−1 (discussed in Theorem 10). Informally, one can think of
C andC ′ as “sandwiching”f(x), and in the limitn → ∞ and∆ → 0, the two
curves coincide and equal the limit of the polygon.

The following result is a discrete analog of the famous optical reflection property
of the parabola.

Corollary 15. LetMi be the midpoints ofViVi+1 as in Theorem 14 andpi be the
line passing throughMi orthogonal toL for i = 1, 2, . . . , n−2. Then the reflection
p′i of pi in ViVi+1 passes throughS for eachi = 1, 2, . . . , n− 2.

Figure 7. Corollary 15:Π = V1 · · · V8 is an equidistant Simson polygon. The
reflections at the midpoints of the sides ofΠ of rays orthogonal toL pass through

S.

Let X andY be two points on a parabolaC. The triangle formed by the two
tangents atX andY and the chord connectingX andY is called anArchimedes
Triangle [2]. The chord of the parabola is called the triangle’s base. One of the
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results stated in Archimedes’ Lemma is that ifZ is the vertex opposite to the base
of an Archimedes triangle andM is the midpoint of the base, then the medianMZ

is parallel to the axis of the parabola. The following result yields a discrete analog
to Archimedes’ Lemma. LetV1 · · · Vn be an equidistant Simson polygon.

Theorem 16. LetWi,j = ViVi+1 ∩ VjVj+1 for eachi, j ∈ {1, 2, . . . , n − 2} and
i 6= j. LetMi,j+1 andMi+1,j be the respective midpoints of chordsViVj+1 and
Vi+1Vj . ThenWi,jMi,j+1 andWi,jMi+1,j are orthogonal toL.

Proof. As shown in the proof of Theorem 12, thex-coordinate ofMi,j+1 is 2X +
(i + j)∆ and that ofMi+1,j is the same. The pointWi,j is the intersection of

the lineViVi+1 given by y = X+i∆
s

x − (X+i∆)2

s
and the lineVjVj+1 given by

y = X+j∆
s

x− (X+j∆)2

s
, so thatWi,j = (2X + (i+ j)∆,

(X+i∆)(X+j∆)
s

). �

Corollary 17. The pointsWi,j+1,Wi+1,j , Wi+2,j−1, etc. and the pointsMi,j+1,
Mi+1,j , Mi+2,j−1, are collinear. The line on which they lie is orthogonal toL.

Taking limits, we get the following Corollary which includes the part of Archimedes’
Lemma stated previously:

Corollary 18. The vertices opposite to the bases of all Archimedes triangles with
parallel bases lie on a single line parallel to the axis of the parabola and passing
through the midpoints of the bases.

Figure 8. Corollary 18: TrianglesX1Y1Z1 andX2Y2Z2 are two Archimedes
triangles with parallel basesX1Y1, X2Y2. PointsZ1,Z2 and the midpoints of
the basesM1,M2 all lie on a line parallel to the axis of the parabola.

The final theorem to which we give generalization isLambert’s Theorem, which
states that the circumcircle of a triangle formed by three tangents to a parabola
passes through the focus of the parabola [2]. We can prove it using theSimson-
Wallace Theorem.

Theorem 19. LetV1 · · ·Vn be a Simson polygon (not necessarily equidistant) with
Simson pointS. Let i, j, k ∈ {1, 2, . . . , n}, be distinct. Then the circumcircle of
the triangleT formed from linesViVi+1, VjVj+1 andVkVk+1 passes throughS.
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Proof. Since the projections ofS into ViVi+1, VjVj+1 andVkVk+1 are collinear,
S is a Simson point of the triangleT . Therefore by the Simson-Wallace Theorem
(Theorem 1),S lies on the circumcircle ofT . �

Figure 9. Theorem 19 and Corollary 20.

Corollary 20. (Lambert’s Theorem). The focus of a parabola lies on the circum-
circle of a triangle formed by any three tangents to the parabola.

Proof. Taking the limit of a sequence of equidistant Simson polygons gives Lam-
bert’s Theorem for a parabola, since the linesViVi+1, VjVj+1, VkVk+1 become
tangents in the limit. �
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Three Natural Homoteties of The Nine-Point Circle

Mehmet Efe Akengin, Zeyd Yusuf K̈oroğlu, and Yĭgit Yargiç

Abstract. Given a triangle with the reflections of its vertices in the opposite
sides, we prove that the pedal circles of these reflections are the imagesof nine-
point circle under specific homoteties, and that their centers form the anticevian
triangle of the nine-point center. We also construct two concentric circlesasso-
ciated with the pedals of these reflections on the sidelines, and study the triangle
bounded by the radical axes of these pedal circles with the nine-point circle.

1. Three pedal circles

Given a triangleABC with anglesα, β, γ, circumcenterO, orthocenterH,
and nine-point centerN , we letMa, Mb, Mc be the midpoints of the sidesBC,
CA, AB, Ha, Hb, Hc the pedals ofA onBC, B onCA, C onAB respectively.
Consider also the reflectionsA′ of A in BC, B′ of B in CA, andC ′ of C in AB.
Our first result (Theorem 3 below) is about the pedal circles ofA′, B′, C ′ with
respect to triangleABC.

Construct the circle throughO, B, C, and letOa be the second intersection of
this circle with the lineAO.

Proposition 1. Oa and A′ are the isogonal conjugates in triangle ABC.

A

B C

A
′

O

Oa

H

Ha

Ca

B
′

a

Figure 1

Proof. Clearly the linesAOa andAH are isogonal with respect to angleA, since
O andH are isogonal conjugates. Also,

∠A′BCa = 2∠A′ACa = 2∠HAB = 2∠OAC = ∠OaOC = ∠OaBC.

Publication Date: November 12, 2013. Communicating Editor: Paul Yiu.
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Therefore, the linesA′B andOaB are symmetric in the external bisector of an-
gleB, and so are isogonal with respect to angleB. Similarly, A′C andOaB are
isogonal with respect to angleC. This shows thatA′ andOa are isogonal conju-
gates. �

The pointsA′ andOa have a common pedal circle, with center at the midpoint
Na of A′Oa.

Proposition 2. OaA
′ is parallel to OH .

A

B C

A
′

O

Oa

H

Ha

Ca

B
′

a

N
a

N

Hb

Hc
Mb

Mc

Ba

C
′

a

Xa

Figure 2

Proof. LetXa, B′

a, C ′

a be the pedals ofOa onBC, CA, AB respectively. From

AMb

AB′

a

=
AO

AOa
=

AMc

AC ′

a

,

we haveB′

aC
′

a//MbMc//BC. Therefore the cyclic quadrilateralB′

aC
′

aHaXa,
having a pair of parallel sides, must be a symmetric trapezoid. Now,

∠C ′

aXaOa = ∠C ′

aBOa = ∠CBA′ = β = ∠C ′

aOaXa.

The second equality is valid becauseOaB andA′B are isogonal with respect
to B, and the last one becauseB, Xa, Oa, C ′

a are concyclic. It follows that
C ′

aOa = C ′

aXa = B′

aHa. Similarly, B′

aOa = C ′

aHa. Therefore,C ′

aOaB
′

aHa

is a parallelogram, andB′

aHa is parallel toOaC
′

a, and also toCH, being all per-
pendicular toAB.

SinceMb andMc are the midpoints ofAC andAB, we have

AO

AOa
=

AMb

AB′

a

=
AC

2 ·AB′

a

=
AH

2 ·AHa
=

AH

AA′
.

Therefore,OaA
′ is parallel toOH. �
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Theorem 3. The pedal circle of A′ (and Oa) is the image of the nine-point circle
of ABC under the homothety h(A, ta), where ta = 2 sinβ sin γ

cosα .

Proof. The circleBaB
′

aC
′

a is homothetic to the nine-point circleHbMbMc at A
since

ABa

AHb
=

AA′

AH
=

AOa

AO
=

AB′

a

AMb
=

AC ′

a

AMc
.

The ratio of homothety is

ta =
AA′

AH
=

2 ·AHa

2 ·OMa
=

2R sinβ sin γ

2R cosα
=

sinβ sin γ

cosα
.

.
Since the centerNa of the pedal circle ofA′ andOa is the midpoint ofOaA

′,
the lineANa intersectsOH at its midpointN , the nine-point center ofABC. �

Analogously letOb, Oc be the second intersections of the circlesOCA, OAB

with the linesBO, CO respectively. The common pedal circle ofB′ andOb has
centerN b the midpoint ofObB

′ and that ofC ′ andOc has centerN c the midpoint
of OcC

′. These pedal circles are images of the nine-point circle under the homoth-
etiesh(B, tb) andh(C, tc) with tb =

sin γ sinα
cosβ andtc =

sinα sinβ
cos γ respectively.

Theorem 4. NaN bN c is the anticevian triangle of the nine-point N .

A

B C

A
′

B
′

C
′

O

Oa

Ob
Oc

H

Na

Nc

Nb

N

Figure 3

Proof. SinceNa is the midpoint ofOaA
′ and the nine-point centerN is the mid-

point ofOH, by Proposition 2,A, N , Na are collinear. Similarly,N b andN c are
on the ceviansBN andCN respectively. We show that the lineN bN c, N cNa,
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NaN b containA, B, C respectively. From this the result follows. It is enough to
show thatN bN c containsA. For this, note thatB′, A, Oc are collinear because

∠B′AB + ∠BAOc = 2∠B′AC + ∠BOOc

= 2α+ (180◦ − ∠BOC)

= 2α+ (180◦ − 2α)

= 180◦.

Similarly,Ob,A, andC ′ are collinear. Therefore, the midpoints ofObB
′ andOcC

′,
namely,N b andN c, are collinear withA. �

2. Two concentric circles associated with six pedals

LetA′′B′′C ′′ be the triangle bounded by the linesBaCa, CbAb, andAcBc.

Theorem 5. The incenter of triangle A′′B′′C ′′ is the orthocenter of the orthic
triangle HaHbHc, and the incircle touches the sides at the midpoints Pa, Pb, Pc of
the segments BaCa, CbAb, AcBc respectively.

A

B
C

A
′

B
′

C
′

A
′′

B
′′

C
′′

H

O

N

Ha

Hb

Hc

Pc
Pb

Pa

Ac
Ab

Bc

Ba

Ca

Cb

Oa

N
a

Ua

Ho

Figure 4.
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Proof. We first claim that the segmentsBaCa, CbAb, AcBc have equal lengths.
Note that the homothetyh(A, ta) mapsHb, Hc toBa, Ca respectively. Hence,

BaCa = ta ·HbHc =
sinβ sin γ

cosα
· 2R sinα cosα = 4R sinα sinβ sin γ.

Since this expression is symmetric inα, β, γ, it also gives the lengths ofCbAb and
AcBc.

Note that the corresponding sidelines of trianglesA′′B′′C ′′ and the orthic trian-
gleHaHbHc are parallel. The two triangles are homothetic. By parallelism,

∠A′′AbAc = ∠HcHaA = ∠CHaHb = ∠AbAcC
′′.

Therefore,A′′AcAb is an isosceles triangle withA′′Ab = A′′Ac. SinceAbCb =
AcBc, we deduce thatA′′Pb = A′′Pc. Similarly, B′′Pc = B′′Pa andC ′′Pa =
C ′′Pb. Hence,Pa, Pb, Pc are the points of tangency of the incircle of triangle
A′′B′′C ′′ with its sides.

Next we claim thatHa, Na andPa all lie on a line perpendicular toBaCa. Let
Ua be the midpoint ofAH. SinceNUa is parallel toOA, it is perpendicular to
BbHc. As NHb = NHc, the lineNUa is the perpendicular bisector ofHbHc.
The homothetyh(A, ta) mapsUaHbNHc into HaBaN

aCa, andHaN
a is the

perpendicular bisector ofBaCa. Therefore, it passes through the midpointPa of
BaCa. SinceHaN

a is perpendicular toHbHc, it passes through the orthocenter
of the orthic triangleHaHbHc. The same is true for the other two linesHbN

b and
HcN

c, which are the perpendiculars to the sidesC ′′A′′ andA′′B′′ at the pointsPb

andPc respectively. Therefore, the incenter ofA′′B′′C ′′ is the orthocenter of the
orthic triangle. �

Remarks. (1) The common length ofBaCa, CbAb, AcBc is also the perimeter of
the orthic triangle, being4R sinα sinβ sin γ = R(sin 2α+ sin 2β + sin 2γ).

(2) The orthocenter of the orthic triangle is the triangle centerX(52) in [3].

Corollary 6. The lines NaHa, N bHb, N cHc are concurrent at Ho.

Theorem 7. The six pedals Ab, Ac, Bc, Ba, Ca, Cb lie on a circle with center Ho.

Proof. From Theorem 5, we haveHoPa = HoPb = HoPc. Also recall from the
proof of the same theorem, the segmentsBaCa, CbAb, AcBc have equal lengths.
Therefore,HoBaCa, HoCbAb, andHoAcBc are congruent isosceles triangles, and
Ho is the center of a circle containing these six pedals (see Figure 4). �

Theorem 8. The triangles ABC, A′′B′′C ′′, and PaPbPc are perspective at the
symmedian point of triangle ABC

Proof. (1) SinceAAcAb andABcCb are isosceles triangles,BcCb andAcAb are
parallel, and the trianglesACbBc andABC are homothetic (see Figure 5). Now,

∠A′′BcCb = ∠A′′AcAb = ∠HbHaC = α = ∠BcACb.

Similarly, ∠A′′CbBc = ∠BcACb. Therefore,A′′Bc andA′′Cb are tangents from
A′′ to the circumcircle of triangleACbBc. The lineA′′A is a symmedian of triangle
ACbBc. SinceABC andACbBc are homothetic atA, the same lineA′′A is a
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B

C

A
′

B
′

C
′

A
′′

B
′′

C
′′

H

O

Ha

Hb

Hc

Pc

Pb

Pa

Ac

Ab

Bc

Ba

Ca

Cb

K

Figure 5.

symmedian of triangleABC, and it contains the symmedian pointK of triangle
ABC. The same reasoning shows thatB′′B andC ′′C also containK. Therefore,
trianglesA′′B′′C ′′ andABC are perspective atK.

(2) In triangleABC, BaCa is antiparallel toBC since

∠CaBaA = ∠CaCbC = ∠BHaHb

The the reflection of trianglesACaBa in the bisector of angleA is homothetic to
ABC. Therefore, the medianAPa of triangleACaBa is the same as the sym-
medianAK; similarly for BPb andCPc. The three lines are concurrent at the
symmedian pointK. �

3. A triangle bounded by three radical axes

Let La, Lb, Lc be the radical axes of the nine-point circle with the pedal circles
of A′, B′, C ′ respectively. These lines bound a triangleQaQbQc. The vertexQa

is the radical center of the nine-point circle and the pedal circles ofB′ andC ′;
similarly for the verticesQb andQc.
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A

B C

A
′

B
′

C
′

Ha

Hb

Hc
O

H
N

Qa

Qb

Qc

N
a

N
b

N
c

H
′

Figure 6

Lemma 9. Let Ja be the midpoint of OA. The line JaMa is perpendicular to QbQc

and contains the midpoint of ON .

O

N

H

A

B CMa

P

Ja

Figure 7.

Proof. SinceN is the midpoint ofOH, the segmentJaN is parallel toAH and
therefore toOMa. Furthermore,JaN = 1

2AH = OMa. It follows thatJaMa

intersectsON at its midpoint. �
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Proposition 10. Given triangle ABC with incentral triangle DEF , extend AB

and AC to P and Q such that BP = BC = CQ. Let T be the midpoint PQ, and
M the midpoint of the arc BAC of the circumcircle.

(a) The line TM is perpendicular EF .
(b)BT and CT are parallel to DF and DE respectively.

A

B

C

D

E

F

P

Q

T

M

O

I

YE
′

Figure 8.

Proof. (a) By the angle bisector theorem,AE = bc
a+b

, AF = bc
a+c

. Therefore,
AE
AF

= a+c
a+b

= AQ
AP

, showing thatPQ is parallel toEF (see Figure 8). On the other
hand, the circumcircles ofABC andAPQ intersect atA andM , which is the
center of the rotation taking the oriented segmentsBP andCQ into each other (see
[4, p.5]). SinceMB = MC, M is the center of this rotation. Hence,MT is the
perpendicular bisector ofPQ. We conclude thatMT andEF are perpendicular to
each other.

(b) We show thatBT is parallel toDF .
LetY be the intersection of the linesBT andAC. Applying Menelaus’ theorem

to triangleAPQ with transversalBTY , we have

AY

Y Q
· QT

TP
· PB

BA
= −1 =⇒ AY

Y Q
= −AB

BP
= − c

a
=⇒ AY

AQ
=

c

c− a
.

Therefore,AY = c(a+b)
c−a

. Now, DF intersectsAC at E′ such thatBE′ is the

external bisector of angleE. AE′

E′C
= − c

a
=⇒ AE′

AC
= c

c−a
. It follows that

AE′ = c
c−a

· b. From these,AE′

AY
= b

a+b
= AF

AB
. Therefore,BT is parallel toDF .

The same reasoning shows thatCT is parallel toDE. �

Remark. Proposition 10 remains valid ifP andQ are chosen on the raysBA and
CA instead, andBE, BF are external bisectors.
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Theorem 11. The orthocenter of triangle QaQbQc is the midpoint of ON .

A

B CHa

Hb

Hc O

H

N

Qa

Qb

Qc

H
′

Ma

Mb

Mc

Da

Db

Dc

Figure 9

Proof. It is enough to prove thatQaMa is parallel toAN .
Let Da = AH ∩ HbHc, Db = BH ∩ HcHa, Dc = CH ∩ HaHb. We claim

thatDbDc is perpendicular toAN . The pointsDb andDc have equal powers with
respect to the nine-point circle ofABC and the circumcircle ofHBC. There-
fore, the lineDbDc is the radical axis of the these two circles. The circumcenter
of HBC is the reflection ofO in BC, and form a parallelogram withO, A, H,
with N as the common midpoint of the diagonals. ThereforeAN is the line join-
ing the centers of the nine-point circle and the center of the circleHBC, and is
perpendicular to the radical axisDbDc.

The lineAN also contains the centerNa of the circleΓa. Therefore the radical
axesQbQc andDbDc are parallel, andAN is perpendicular toQbQc.

Now we show thatQaMa is parallel toAN .
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It is easy to see thatDaDbDc is the incentral triangle ofHaHbHc. (If triangle
ABC is obtuse, then the two bisectors not corresponding to obtuse angle have to
be replaced by external bisectors; see Remark following Proposition 10). Apply-
ing Proposition 10 to the orthic triangleHaHbHc, the linesQaQb andQaQc are
parallel toDaDb andDaDc respectively, and the midpoint of the arcHbHaHc is
Ma, the midpoint ofBC. Therefore,QaMa is perpendicular toDbDc, which is
parallel toQbQc.

The linesQaMa, QbMb, QcMc are the altitudes of the triangleQaQbQc. But
these lines are parallel toAN , BN , CN respectively. They are concurrent at the
midpoint ofON . �

Remark. The midpoint ofON is the triangle centerX(140) in [3].
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Intersecting Equilateral Triangles

Colleen Nielsen and Christa Powers

Abstract. In 1980, J. Fickett proposed the following problem: Assume two con-
gruent rectanglesR1 andR2 intersect in at least one point. Leta be the length
of the part of the boundary ofR1 that lies insideR2 and letb be the length of the
part of the boundary ofR2 that lies insideR1. The conjecture was that the ratio
a

b
is no smaller than1

3
and no larger than3. This paper presents the solution to

the problem whenR1 andR2 are replaced by equilateral triangles of the same
size. We have proved that the ratioa

b
is no smaller than1

2
and no larger than2.

In [1], Fickett proposed a problem involving congruent rectanglesR1 andR2

(including their interiors) in the Euclidean plane and their boundaries∂R1 and
∂R2. The conjecture was that

1

3
≤ length∂R1 ∩R2

length∂R2 ∩R1
≤ 3.

We show a similar result for equilateral triangles and include a generalization
for regular polygons.

Theorem 1. Let P and Q (including their interiors) be congruent regular n−gons,
3 ≤ n, in the Euclidean plane with respective boundaries ∂P and ∂Q.

(a) If P and Q intersect in exactly 2n − 1 or 2n boundary points, then length
∂P ∩Q = length∂Q ∩ P .

(b) If n = 3, then
1

2
≤ length∂P ∩Q

length∂Q ∩ P
≤ 2.

We begin with a useful Lemma.

Lemma 2. If ai, bi are positive real numbers, 2 ≤ n and 1 ≤ i ≤ n − 1, and
ai

bi
=

ai+1

bi+1
then

ai

bi
=

a1 + a2 + · · ·+ an

b1 + b2 + · · ·+ bn
.

Proof.
ai

bi
=

ai+1

bi+1
implies that

ai

bi
=

aj

bj
for 1 ≤ i, j ≤ n andaibj = biaj . Thus,

Publication Date: November 19, 2013. Communicating Editor: Paul Yiu.
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aib1 + aib2 + · · ·+ aibn = bia1 + bia2 + · · ·+ bian,

ai (b1 + b2 + · · ·+ bn) = bi (a1 + a2 + · · ·+ an) ,

ai

bi
=

a1 + a2 + · · ·+ an

b1 + b2 + · · ·+ bn
.

�

We now prove part (a) of Theorem 1 for2n points. Only an adjustment in the
subscripts is needed for the2n−1 case. AssumeP andQ intersect in2n boundary
points with sides labeled as in Figure 1. We must show thatb0+b2+ · · ·+b2n−2 =
b1 + b3 + · · ·+ b2n−1.

a4

c4

a3

c3
a2 c2

a1

c1

a0

c0

a2n−1

c2n−1

b4

b3
b2

b1

b0

b2n−1

∆T3
∆T1

∆T2n−1

∆T4

∆T2

∆T0

Figure 1

∆Ti and∆Ti+1 both have a
180 (n− 2)

n
degree angle and a pair of congruent

vertical angles and so they are similar and more generally,∆Ti ∼ ∆Tk. This

implies that
ai

aj
=

bi

bj
=

ci

cj
and therefore

ai

bi
=

a1

b1
=

a3

b3
= · · · = a2n−1

b2n−1
and

ai

bi
=

a0

b0
=

a2

b2
= · · · = a2n−2

b2n−2
. Using Lemma 1 yields

a1 + a3 + · · ·+ a2n−1

b1 + b3 + · · ·+ b2n−1
=

ai

bi
=

a0 + a2 + · · ·+ a2n−2

b0 + b2 + · · ·+ b2n−2

a1 + a3 + · · ·+ a2n−1

a0 + a2 + · · ·+ a2n−2
=

b1 + b3 + · · ·+ b2n−1

b0 + b2 + · · ·+ b2n−2

Similarly,
a1 + a3 + · · ·+ a2n−1

a0 + a2 + · · ·+ a2n−2
=

b1 + b3 + · · ·+ b2n−1

b0 + b2 + · · ·+ b2n−2
=

c1 + c3 + · · ·+ c2n−1

c0 + c2 + · · ·+ c2n−2
.

Again, applying Lemma 1,
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b1 + b3 + · · ·+ b2n−1

b0 + b2 + · · ·+ b2n−2
=

a1 + a3 + · · ·+ a2n−1 + c1 + c3 + · · ·+ c2n−1

a0 + a2 + · · ·+ a2n−2 + c0 + c2 + · · ·+ c2n−2
. (1)

Assume the sides of the regular polygon are of length1 and soai+bi+1 (mod n)+
ci+2 (mod n)= 1 for 1 ≤ i ≤ n− 1. We find the sum of the sides of each polygon.

a0 + b1 + c2 + a2 + b3 + c4 + · · ·+ a2n−2 + b2n−1 + c0 = n,

a0 + a2 + · · ·+ a2n−2 + c0 + c2 + · · ·+ c2n−2 = n− (b1 + b3 + · · ·+ b2n−1) ;

a1 + b2 + c3 + a3 + b4 + c5 + · · ·+ a2n−1 + b0 + c1 = n,

a0 + a2 + · · ·+ a2n−1 + c1 + c3 + · · ·+ c2n−1 = n− (b0 + b2 + · · ·+ b2n−2) .

These along with (1) yield,

b1 + b3 + · · ·+ b2n−1

b0 + b2 + · · ·+ b2n−2
=

a1 + a3 + · · ·+ a2n−1 + c1 + c3 + · · ·+ c2n−1

a0 + a2 + · · ·+ a2n−2 + c0 + c2 + · · ·+ c2n−2

=
n− (b0 + b2 + · · ·+ b2n−2)

n− (b1 + b3 + · · ·+ b2n−1)
.

Let X = b1 + b3 + · · · + b2n−1 andY = b0 + b2 + · · · + b2n−2. Substituting
X

Y
=

n− Y

n−X
, we obtainnX −X2 = nY − Y 2, (X − Y ) (X + Y − n) = 0.

Now, for each∆Ti, bi < ai + ci, and so

2 (X + Y ) = 2

2n−1
∑

k=0

bi <

2n−1
∑

k=0

ai + bi + ci = 2n,

which implies thatX+Y < n. Thus,X+Y −n 6= 0, andX−Y = 0 orX = Y .

Later, we shall need Theorem 1(a) in the special case wheren = 3 and the
two equilateral triangles intersect in exactly five points. We now prove part(b) of
Theorem 1 and begin with two preliminary results.

Lemma 3. If 0 ≤ x ≤ π
3 then f (x) = sin

(

x+ π
3

)

+ sinx has a minimum value

of

√
3

2
at x = 0 and a maximum value of

√
3 at x = π

3 .

Proof. For0 ≤ x ≤ π
3 ,

f ′ (x) = cos
(

x+
π

3

)

+ cosx =
√
3 cos

(

x+
π

6

)

≥ 0,

which implies thatf is an increasing function on
[

0, π3
]

. Thus,f (0) =

√
3

2
is the

minimum value off , andf
(

π
3

)

=
√
3 is the maximum value. �

Proposition 4. Assume triangle ABC has sides a, b, c and opposite vertices A,

B, C , respectively. If ∠C = 60◦, then
1

2
≤ c

a+ b
< 1.
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Proof. Using the law of cosines,c2 = a2+ b2− 2ab cos 60◦ = a2+ b2−ab. Now,

(2c)2−(a+b)2 = 4(a2−ab+b2)−(a2+2ab+b2) = 3a2−6ab+3b2 = 3(a−b)2 ≥ 0.

Therefore,2c ≥ a+ b. Since alsoc < a+ b, we have
1

2
≤ c

a+ b
< 1. �

To prove part (b) of Theorem 1, we must consider the number of intersection
points that are not vertices of a triangle. An intersection point that is a vertex
of a triangle will be called avertex intersection. These points will not affect the
underlying geometry of what is to follow. If the triangles intersect in fewer than
five points, we have four cases to consider (Figure 2).

Case 1: Two intersection points forming a triangle; possibly one vertex intersec-
tion.

Case 2: Two intersection points forming a quadrilateral; possibly one or two
vertex intersections.

Case 3: Four intersection points forming a quadrilateral.
Case 4: Four intersection points forming a pentagon; possibly two vertex inter-

sections.

Figure 2

Case 1: In Figure 3, the result follows directly from Proposition 4.

b
a

c

C

A B

60◦

Figure 3
d

e

b

a

c

C

B D

A

60◦

60◦

Figure 4

Case 2: We apply the proposition to∆ABC and∆ABD in Figure 4.
Case 3: This case is represented by Figure 5.
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e

a
d

b

c

A

BC

D

E

F 60◦

60◦β

δ

γ

θ

α

φ

Figure 5

We must show that
1

2
≤ a+ b

d+ e
≤ 2. The anglesγ andφ are external angles

of trianglesAFD andBED respectively. Since∠FDA = ∠BDE, γ = φ.
Applying the law of sines and Lemma 1,

a

sinα
=

d

sin δ
=

c

sin γ
=

c

sinφ
=

b

sinβ
=

e

sin θ
,

a+ b

sinα+ sinβ
=

c

sin γ
=

d+ e

sin δ + sin θ

a+ b

d+ e
=

sinα+ sinβ

sin δ + sin θ
.

Sinceα is an external angle of triangleCDB, α = β + 60◦. Similarly, θ =
δ + 60◦. Substitution yields

a+ b

d+ e
=

sin (β + 60◦) + sinβ

sin δ + sin (δ + 60◦)
.

Sinceα+ δ < 180◦, β + δ ≤ 60◦, and by Lemma 2,
sin (β + 60) + sinβ

sin δ + sin (δ + 60)
will

have a minimum value whenβ = 0 andδ = 60◦ and a maximum value when
β = 60◦ andδ = 0. Thus,

√

3
2√
3

≤ sin (β + 60◦) + sinβ

sin δ + sin (δ + 60◦)
≤

√
3

√

3
2

=⇒ 1

2
≤ a+ b

d+ e
≤ 2.

Case 4: We must now show that
1

2
≤ a+ b+ d

c+ e
≤ 2 and there are two sub-

cases to consider. The first is illustrated by Figure 6.
In Figure 6(a), construct a segment through pointA that is parallel toED and

that intersectsFD andFE in pointsD1 andE1 , respectively. Similarly, construct
a segment that is parallel toBC and that intersectsAB andAC in pointsB1 and
C1 , respectively so that trianglesAB1C1 andD1E1F are congruent (Figure 6(b)).
By construction,c1 < c , d1 > d , ande1 < e. We apply Theorem 1(a) for
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dc

b e

D

E
F

E1

D1

B1

C1

A

B

C

a

(a)

d1c1

b e1

F

E1

D1

B1

C1

A

a

(b)

Figure 6

equilateral triangles having five intersection points to Figure 6(b), and obtain

a+ b+ d

c+ e
<

a+ b+ d1

c1 + e1
= 1 ≤ 2.

b

c d

e

D

E F

D2

E2

B2

C2

A

B

C

a

(a)

b

c2

e2

F

D2

E2

B2

C2

A

a

(b)

Figure 7

The second case is shown in Figure 7(a). ExtendAB andAC so that each
intersects the line throughF parallel toBC at pointsB2 andC2 , respectively.
Construct a segment that is parallel toED and that intersectsFE andFD in
pointsE2 andD2 respectively, so that trianglesAB2C2 andD2E2F are congruent
(Figure 7(b)). By construction,c < c2 ande < e2. We apply Case 2 to Figure 7(b)
and obtain

1

2
≤ a+ b

c2 + e2
<

a+ b+ d

c+ e
.



Intersecting equilateral triangles 225

Combining the inequalities yields
1

2
≤ a+ b+ d

c+ e
≤ 2. This completes the proof

of Theorem 1.

Fickett’s rectangle problem also appeared in a conjecture that if the congruent
polygons were triangles then the maximum ratio would becsc θ

2 whereθ is the
smallest angle of the triangle. For equilateral triangles,θ = 60◦ andcsc θ

2 = 2.
This corresponds to our result.
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Some Simple Results on Cevian Quotients

Francisco Javier Garcı́a Capit́an

Abstract. We find the loci of the cevian quotientsP/Q andQ/P when one of
the points is fixed and the other moves along a given line. We also show that,
for a given pointP , the locus ofQ for which the line joiningP/Q andQ/P is
parallel toPQ is a conic throughP andG/P , and give two simple constructions
of the conic.

The term cevian quotient was due to John Conway [1]. Given two pointsP =
(u : v : w) andQ = (x : y : z) in homogeneous barycentric coordinates with
reference to a triangleABC, the cevian quotientP/Q is the perspector of the
cevian triangle ofP and the anticevian triangle ofQ. It is the point

P/Q =
(

x
(

−x

u
+

y

v
+

z

w

)

: y
(x

u
− y

v
+

z

w

)

: z
(x

u
+

y

v
− z

w

))

.

A most basic property of cevian quotient is the following theorem.

Theorem 1 ([2, §2.12], [5,§8.3]). P/Q = Q′ if and only ifP/Q′ = Q.

This is equivalent toP/(P/Q) = Q. It can be proved by direct verification
with coordinates. We offer an indirect proof, with the advantage of an explicit
construction, for givenQ andQ′, of a pointP with P/Q = Q′ andP/Q′ = Q.

ForQ = (x : y : z) andQ′ = (x′ : y′ : z′) with anticevian trianglesXY Z and
X ′Y ′Z ′, it is easy to check that the linesQX ′ andQ′X intersect on the sideline

BC, at the point(0 : xy′ + x′y : zx′ + z′x) =
(

0 : 1
zx′+z′x

: 1
xy′+x′y

)

(see Figure

1). Similarly, the linesQY ′ andQ′Y intersect onCA at
(

1
yz′+y′z

: 0 : 1
xy′+x′y

)

,

and the linesQZ ′ andQ′Z intersect onAB at
(

1
yz′+y′z

: 1
zx′+z′x

: 0
)

. These form

the cevian triangle of the pointP =
(

1
yz′+y′z

: 1
zx′+z′x

: 1
xy′+x′y

)

. It is clear that

P/Q = Q′ andP/Q′ = Q.

Remark.The pointP =
(

1
yz′+y′z

: 1
zx′+z′x

: 1
xy′+x′y

)

is called the cevian product

Q ∗Q′ of Q andQ′. Clearly,Q ∗Q′ = Q′ ∗Q.

Proposition 2. LetP be a fixed point. IfQ moves along a lineL , then the quotient
P/Q traverses the bicevian conic ofP and the trilinear pole ofL .
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A

B

C

X
′

Y
′

Z
′

X

Y

Z

Q
′Q

P

Figure 1.

Proof. Let P = (u : v : w) andQ move along the lineL with line coordinates
[p : q : r]. If Q′ = P/Q = (x : y : z), thenQ = P/Q′ is on the lineL , and

px
(

−x

u
+

y

v
+

z

w

)

+ qy
(x

u
− y

v
+

z

w

)

+ rz
(x

u
+

y

v
− z

w

)

= 0.

Clearing denominators and simplifying, we obtain

pvwx2+ qwuy2+ ruvz2−u(qv+ rw)yz− v(rw+ pu)zx−w(pu+ qv)xy = 0.

If x = 0, this becomesu(qy − rz)(wy − uz) = 0. The conic intersects the line
BC at (0 : v : w) and(0 : r : q). Similarly, it intersectsCA at (u : 0 : w) and
(r : 0 : p), andAB at (u : v : 0) and(q : p : 0). This is the bicevian conic through

the traces ofP and
(

1
p
: 1
q
: 1
r

)

, the trilinear pole ofL . �

Corollary 3 ([4]). Let P be a fixed point. The locus ofQ for which the cevian
quotientP/Q lies on the tripolar ofP is the inscribed conic with perspectorP .

Proposition 4. Let P be a fixed point. IfQ moves along a lineL , then the ce-
vian quotientQ/P traverses the circumconic of the anticevian triangle ofP with
perspectorPL /P , wherePL is the trilinear pole ofL .

Proof. Let P = (u : v : w) andQ move along the lineL with line coordinates

[p : q : r]. If Q′′ = Q/P = (x : y : z), thenQ =
(

1
wy+vz

: 1
uz+wx

: 1
vx+uy

)

is on

the lineL , and
p

wy + vz
+

q

uz + wx
+

r

vx+ uy
= 0.

Clearing denominators and simplifying, we obtain

pvwx2 + qwuy2 + ruvz2 + (pu+ qv + rw)(uyz + vzx+ wxy) = 0.
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It is easy to verify that this conic passes throughA′ = (−u : v : w),B′ = (u : −v :
w), C ′ = (u : v : −w). It is a circumconic of the anticevian triangle ofP . The
tangents to the conic atA′, B′, C ′ are the linesLa : (qv+ rw)x+ quy+ ruz = 0,
Lb : pvx + (pu + rw)y + rvz = 0, Lc : pwx + qwy + (pu + qv)z = 0 which
intersectsL onBC, CA, AB respectively. This is the conic tangent to the lines
A′X ′, B′Y ′, C ′Z ′ at A′, B′, C ′ respectively. These lines bound a triangle with
vertices

(

qv + rw

u
: q : r

)

,

(

p :
rw + pu

v
: r

)

,

(

p : q :
pu+ qv

w

)

.

These form a triangle perspective with the anticevian triangle ofP at

(u(−pu+ qv + rw) : v(pu− qv + rw) : w(pu+ qv − rw)),

the cevian quotient of
(

1
p
: 1

q
: 1

r

)

(the trilinear pole ofL ) by P . �

Let L /P be the conic in Proposition 4. This conic is a circle if and only if it is
the circumcircle of the anticevian triangle ofP . The lineL is the one containing
the intercepts of the tangents to this circle atA′, B′, C ′ on the respective sidelines
of triangleABC (see Figure 2). This has line coordinates

p : q : r = (u(v + w − u)(c2v2 − (b2 + c2 − a2)vw + b2w2)

v(w + u− v)(a2w2 − (c2 + a2 − b2)wu+ c2u2)

w(u+ v − w)(b2u2 − (a2 + b2 − c2)uv + a2v2).

A

B C

A
′

B
′

C
′

XY

Z

P

Q

Q/P

Figure 2.
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Here are some simple examples in whichL /P is the circumcircle of the antice-
vian triangle ofP :

P L

centroid a2x+ b2y + c2z = 0
incenter line at infinity
symmedian point

∑

cyclic a
2(b2 + c2 − a2)x = 0

Proposition 5. LetP be a fixed point. The locus ofQ for which the line joining
(P/Q) to (Q/P ) is parallel toPQ is the union of the cevian linesAP , BP , CP

and a conicΓ(P )
(1) homothetic to the circumconic with perspectorP ,
(2) passing throughP and the cevian quotientG/P , and has
(3) the midpoint ofP andG/P as center.

Proof. If P = (u : v : w) andQ = (x : y : z), the line joiningP/Q andQ/P

contains the infinite point ofPQ if and only if
∣

∣

∣

∣

∣

∣

∣

x
(

−x
u
+ y

v
+ z

w

)

y
(

x
u
− y

v
+ z

w

)

z
(

x
u
+ y

v
− z

w

)

u
(

−u
x
+ v

y
+ w

z

)

v
(

u
x
− v

y
+ w

z

)

w
(

u
x
+ v

y
− w

z

)

(v + w)x− u(y + z) (w + u)y − v(z + x) (u+ v)z − w(x+ y)

∣

∣

∣

∣

∣

∣

∣

= 0.

Clearing denominators and simplifying, we obtain

2(wy−vz)(uz−wx)(vx−uy)(vwx2+wuy2+uvz2−u2yz−v2zx−w2xy) = 0.

ThereforeQ lies on one of the linesAP , BP , CP or the conicΓ(P ) defined by

vwx2 + wuy2 + uvz2 − u2yz − v2zx− w2xy = 0.

Rewriting this as

Γ(P ) : (u+ v+w)(uyz+ vzx+wxy)− (x+ y+ z)(vwx+wuy+ uvz) = 0,

it is clear thatΓ(P ) is homothetic to the circumconic with perspectorP , and it is
routine to verify that it containsP and the cevian quotientG/P = (u(−u+v+w) :
v(u − v + w) : (u + v − w)w). The center of the conic is the midpoint ofP and
G/P , namely,
(

u(u2 − uv − uw − 2vw) : v(v2 − uv − 2uw − vw) : w(w2 − 2uv − uw − vw)
)

.

�

Remarks.(1) If P is the symmedian point, thenΓ(P ) is the Brocard circle with
diameterOK.

(2) If the linePQ containsA, then both cevian quotientsP/Q andQ/P are on
the same line.

It is easy to note that the conicΓ(P ) contains the points

A1 = (−u+ v + w : v : w), B1 = (u : u− v + w : w), (u : v : u+ v − w)

We present two simple constructions of these points, one by Peter Moses [3],
and another by Paul Yiu [6].
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Construction (Moses). Intersect the ceviansAP , BP , CP with the parallels
through the centroidG to BC, CA, AB, at X, Y , Z respectively.A1, B1, C1

are the harmonic conjugates ofP in AX, BY , CZ respectively.

A

B C

C
′

A
′

Y
′

Z
′

P

G/P

P
′

G
A1

B1

C1

X′

X′

Figure 3.

Construction (Yiu). Let P ′ be the superior ofP , i.e., the point dividingPG in
the ratioPP ′ : P ′G = 3 : −2. Construct the parallels of the linePG through the
verticesA,B,C, to intersect the sidelinesBC,CA,AB atX ′, Y ′,Z ′ respectively.
ThenA1 = AP ∩X ′P ′, B1 = BP ∩ Y ′P ′, andC1 = CP ∩ Z ′P ′. See Figure 3.
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A Vector-based Proof of Morley’s Trisector Theorem

Cesare Donolato

Abstract. A proof is given of Morley’s trisector theorem using elementary vec-
tor analysis and trigonometry. The known expression for the side of Morley’s
equilateral triangle is also obtained.

Since its formulation in 1899, many proofs of Morley’s trisector theorem have
appeared, typically based on plane geometry or involving trigonometry; a historical
overview of this theorem with numerous references up to the year 1977 can be
found in [4]. Some of the more recent geometric proofs are of the “backward”
type [2, 5]; a group-theoretic proof was also given [3]. About fifteen different
methods that were used to prove Morley’s theorem are described in detailin [1],
with comments on their specific characteristics. The website [1] also providesthe
related references, which span from the year 1909 to 2010.

In this note we prove the theorem in two stages. First a lemma is proved by
use of the dot product of vectors and trigonometry, then the theorem itselfeasily
follows from elementary geometry.

Morley’s Theorem. In any triangle, the three points of intersection of the adja-
cent angle trisectors form an equilateral triangle.

a

c b

s1
s3 s2

v2
v3

e

A

B C

P

Q
R

D

α

β γ

Figure 1

Let the angles of triangleABC be of amplitude3α, 3β, 3γ, thenα + β +
γ = 60◦. The adjacent trisectors meet to form Morley’s trianglePQR; the line
extensions ofBR andCQ intersect atD. In triangleBDC the bisector of angle
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D is concurrent with the other two bisectorsBP andCP atP , the incenter of the
triangle. First, a lemma is proved, from which the theorem easily follows.

Lemma. The line DP is perpendicular to the line RQ.
Proof. Here use is made of the vector method in conjunction with trigonometry.
Let e be the unit vector alongDP ands1 the vector representing the sideQR of
trianglePQR. Then the lemma can be restated as saying that the scalar product
s1 · e vanishes. Figure 1 shows thats1 = v3 − v2 so that we must prove that

(v3 − v2) · e = 0.

In triangleBDC we have2β + 2γ = 120◦ − 2α, therefore∠D = 60◦ + 2α.
This angle is bisected by the lineDP , hence∠QDP = ∠RDP = 30◦+α. By the
exterior angle theorem∠AQD = α+ γ and∠ARD = α+ β. The angle between
the vectorsv3 ande, being the difference between anglesRDP andARD, is
30◦ − β. Similarly, the angle betweenv2 ande is 30◦ − γ. From these,

(v3 − v2) · e = v3 · e− v2 · e
= v3 cos(30

◦ − β)− v2 cos(30
◦ − γ)

= v3 sin(60
◦ + β)− v2 sin(60

◦ + γ). (1)

The magnitudes ofv3 andv2 can be found by applying the law of sines to
trianglesARB andAQC respectively:

v3 =
c sinβ

sin(α+ β)
=

c sinβ

sin(60◦ − γ)
, v2 =

b sin γ

sin(α+ γ)
=

b sin γ

sin(60◦ − β)
.

Substituting these expressions into (1), we obtain

(v3 − v2) · e =
c sinβ sin(60◦ + β)

sin(60◦ − γ)
− b sin γ sin(60◦ + γ)

sin(60◦ − β)

=
c sinβ sin(60◦ + β) sin(60◦ − β)− b sin γ sin(60◦ + γ) sin(60◦ − γ)

sin(60◦ − β) sin(60◦ − γ)

=
1

4
· c sin 3β − b sin 3γ

sin(60◦ − β) sin(60◦ − γ)

with the aid of the identity

sinx sin(60◦ + x) sin(60◦ − x) =
1

4
sin 3x, (2)

which can be easily proved through the product-to-sum trigonometric formulas.
The law of sines for triangleABC yields c sin 3β − b sin 3γ = 0. Therefore,

(v3 − v2) · e = 0. �

Proof of Morley’s Theorem. Knowing thatDP ⊥ RQ, we see thatDP divides
DQR into two congruent right triangles (with a common leg and a pair of equal
acute angles) so thatDQ = DR. Consequently, trianglesDPQ andDPR are
also congruent (by SAS), ands2 = s3. The whole procedure can be used to prove
thats1 = s2. It follows thats1 = s2 = s3, and trianglePQR is equilateral. This
completes the proof of Morley’s theorem.
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Remark. Since triangleDQR is composed of two congruent right triangles, and
∠QDR = 30◦ + α, its complement∠DQR = 60◦ − α.

The side of Morley’s triangle. The side lengths of the equilateral trianglePQR

can be calculated by applying the law of sines to triangleAQR, whose angles are
now known. Since∠RAQ = α, and∠AQR = ∠AQD + ∠DQR = (α + γ) +
(60◦ − α) = 60◦ + γ, we find that

s =
v3 sinα

sin(60◦ + γ)
=

c sinα sinβ

sin(60◦ + γ) sin(60◦ − γ)
.

By multiplying both terms of the last fraction bysin γ, and using in the de-
nominator the identity (2), we get the known expression for the side of Morley’s
triangle

s =
4c sinα sinβ sin γ

sin 3γ
= 8R sinα sinβ sin γ,

whereR = c
2 sin 3γ is the radius of the circumcircle of triangleABC.
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Corrigendum

Cesare Donolato
A vector-based proof of Morley’s trisector theorem,

volume 13 (2003) 233–235.

Page 235, line 2: “∠QDR” should read “∠QDP ”.
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