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Dan Ştefan Marinescu and Mihai Monea,About a strengthened version of
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A Note on Conic Sections and Tangent Circles

Jan Kristian Haugland

Abstract. This article presents a result on circles tangent to a given conic section
and to each other. The result is proved using a set of parameterizations that cover
all possible scenarios.

1. Introduction

The objective of this article is to establish the following.

Theorem 1. Suppose S is a conic section (of eccentricity ≥ 1√
2

if it is an ellipse)

There exists a set S′, which is either a conic section or a union of two conic sec-
tions, with the following property. For two circles P and Q each tangent to S at
two points, and to each other externally (at a point not on S if S is a hyperbola),
the centers of the two circles R1 and R2 that are also tangent externally to P and
Q and tangent to S lie on S′.

For other problems involving tangent circles, see [1, 2, 3, 4].
The proof of Theorem 1 is based on explicit parameterizations of P , Q and R1,

given S. (It is not necessary to checkR2 separately, because of symmetry.) In each
case, the proposed set S′ is clearly either a conic section or a union of two conic
sections, as claimed, but the following conditions also need to be verified:

(a) The proposed point of tangency between any circle (among P , Q and R1)
and S lies on S.

(b) The proposed center of R1 lies on the proposed curve (i.e., S′, or one of its
components).

(c) The distance between the proposed center of any circle and the correspond-
ing proposed point of tangency with S is equal to the proposed radius.

(d) The line segment from the proposed center of any circle to the correspond-
ing proposed point of tangency with S is normal to S.

(e) The distance between the proposed centers of two mutually tangent circles
is equal to the sum of their proposed radii.

Verifying conditions (c) and (e) is generally done by setting Δx and Δy to be the
differences between the proposed x- and y-coordinates respectively for the points
in question, and Δz to be the proposed distance (i.e., the radius or the sum of the
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2 J. K. Haugland

radii), and checking that
Δx2 +Δy2 = Δz2 (1)

is satisfied.
The notation with Δx and Δy is also used when verifying condition (d).

2. Ellipse

2.1. Parameterization. For the ellipse S:(x
a

)2
+
(y
b

)2
= 1,

a

b
≥
√
2,

S′ is the ellipse ( x
a′
)2

+
( y
b′
)2

= 1

where

a′ =
1

2

(
a+

√
a2 − b2

)
and b′ = b− a

2b

(
a−

√
a2 − b2

)
.

With parameters α and u satisfying

sinα =
b

a
, 0 < α ≤ π

4
,

2α ≤ u ≤ π − 2α,

we define three circles P , Q, R1 with centers and radii given below, and verify that
their points of tangency with S are as in the rightmost column (see Figure 1).

Center Radius Point of tangency with S

P
(√
a2 − b2 cos (u− α) , 0) b sin (u− α)

(
a cos(u−α)

cosα , ±b
√

1−
(

cos(u−α)
cosα

)2)

Q
(√
a2 − b2 cos (u+ α) , 0

)
b sin (u+ α)

(
a cos(u+α)

cosα ,±b
√

1−
(

cos(u+α)
cosα

)2)

R1

(
a′ cosucosα , b

′
√

1− ( cosucosα

)2)
(b− b′) sinu

(
a cosu
cosα , b

√
1− ( cosucosα

)2)

Figure 1. Example of circles tangent to an ellipse
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2.2. Verification. (a) and (b) are trivial.
(c) For P or Q, we have

Δx2 +Δy2

=

(
a2 − b2 − 2a

√
a2 − b2
cosα

+
a2

cos2 α

)
cos2 (u± α) + b2

(
1− cos2 (u± α)

cos2 α

)

= b2
(
1− cos2 (u± α))+ cos2 (u± α)

(
a−
√
a2 − b2
cosα

)2

= b2 sin2 (u± α) = Δz2.

For R1, we have

Δx2 +Δy2

=
1

4

(
a−

√
a2 − b2

)2 cos2 u

cos2 α
+

a2

4b2

(
a−

√
a2 − b2

)2(
1− cos2 u

cos2 α

)

=
1

4

(
a−

√
a2 − b2

)2(a2
b2
− a2 − b2

b2
cos2 u

cos2 α

)

=
a2

4b2

(
a−

√
a2 − b2

)2 (
1− cos2 u

)
=
(
b− b′)2 sin2 u = Δz2.

(d) The slope of the tangent of S at the point (x, y) is− b2x
a2y

, as can be shown with
basic calculus. For P orQ, taking the point of tangency with positive y-coordinate,
we have

Δy

Δx
=

b

√
1−

(
cos(u±α)

cosα

)2
(

a
cosα −

√
a2 − b2

)
cos (u± α)

=
b

√
1−

(
cos(u±α)

cosα

)2
(

a
cosα − a2−b2

a cosα

)
cos (u± α)

=
a2y

b2x
.

For R1, we have

Δy

Δx
=
b− b′
a− a′

√
1− ( cosucosα

)2
cosu
cosα

=
a
√
1− ( cosucosα

)2
b
(
cosu
cosα

) =
a2y

b2x
.

(e) The distance between the proposed centers of P and Q is√
a2 − b2 (cos (u− α)− cos (u+ α)) =

√
a2 − b2 (2 sinu sinα)

= b (2 sinu cosα) = b (sin (u− α) + sin (u+ α)) ,

which equals the sum of the proposed radii.
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If we instead consider either P or Q together with R1, the expressions for Δx,
Δy and Δz are as follows:

Δx2 =

(√
a2 − b2 cos (u± α)− 1

2

(
a+

√
a2 − b2

) cosu

cosα

)2

=

(√
a2 − b2 (cosu cosα∓ sinu sinα)− 1

2

(
a+

√
a2 − b2

) cosu

cosα

)2

=
(
a2 − b2) (cos2 u cos2 α+ sin2 u sin2 α∓ 2 sinu cosu sinα cosα

)
+

1

4

(
2a2 − b2 + 2a

√
a2 − b2 cos

2 u

cos2 α

)

−
(
a2 − b2 + a

√
a2 − b2

)(
cos2 u∓ sinu cosu sinα

cosα

)
,

Δy2 =

(
b− a2

2b
+
a
√
a2 − b2
2b

)2(
1− cos2 u

cos2 α

)

=

(
b2 +

2a4 − a2b2
4b2

− a2 + a
√
a2 − b2 − a3

√
a2 − b2
2b2

)(
1− cos2 u

cos2 α

)
,

Δz2 =
(
b sin (u± α) + a

2b

(
a−

√
a2 − b2

)
sinu

)2
=
(
b (sinu cosα± cosu sinα) +

a

2b

(
a−

√
a2 − b2

)
sinu

)2
= b2 sin2 u cos2 α+ b2 cos2 u sin2 α± 2b2 sinu cosu sinα cosα

+

(
2a4 − a2b2) sin2 u

4b2
− a3

√
a2 − b2 sin2 u

2b2

+ a
(
a−

√
a2 − b2

) (
sin2 u cosα± sinu cosu sinα

)
.

The reader can verify that when we insert these expressions into (1) the terms
with ± or ∓ cancel out, while collecting the remaining terms yields

Ξ sin2 u+ Ξcos2 u = Ξ,

where

Ξ =
2a4 − 5a2b2 + 4b4 + 2a

(−a2 + 2b2
)√

a2 − b2
4b2

,

which of course also implies cancellation.

3. Parabola

3.1. Parameterization. For the parabola S:

y = cx2,

S′ is the parabola

y = c

(
4x

3

)2

+
1

8c
.
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With parameter u ≥ 1
c , we define the circles P , Q, R1 in the table below, and

verify that the points of tangency with S are as given in the rightmost column (see
Figure 2).

Center Radius Point of tangency with S
P

(
0, cu2 − u+ 1

2c

)
u− 1

2c

(±√u2 − u
c , cu

2 − u)
Q

(
0, cu2 + u+ 1

2c

)
u+ 1

2c

(±√u2 + u
c , cu

2 + u
)

R1

(
3
4

√
u2 − 1

4c2
, cu2 − 1

8c

)
u
4

(√
u2 − 1

4c2
, cu2 − 1

4c

)

Figure 2. Example of circles tangent to a parabola

3.2. Verification. (a) Trivial, since all proposed points of tangency have the form
(±√m, cm).

(b) With x = 3
4

√
u2 − 1

4c2
, we have

y = c

(
4x

3

)2

+
1

8c
= c

(
u2 − 1

4c2

)
+

1

8c
= cu2 − 1

8c

as required.
(c) For P or Q, we have

Δx2 +Δy2 =
(
u2 ± u

c

)
+

(
1

2c

)2

=

(
u± 1

2c

)2

= Δz2.

For R1, we have

Δx2 +Δy2 =
1

16

(
u2 − 1

4c2

)
+

(
1

8c

)2

=
(u
4

)2
= Δz2.

(d) The slope of the tangent of S at the point (
√
m, cm) is 2c

√
m, and so the

slope of the line segment from the center of the corresponding circle to the point
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of tangency must be − 1
2c
√
m

. For P and Q and taking the point of tangency with
positive x-coordinate, we have trivially

Δy

Δx
=
− 1

2c√
m

= − 1

2c
√
m
,

and for R1 we have almost equally trivially

Δy

Δx
=
− 1

8c
1
4

√
m

= − 1

2c
√
m
.

(e) The distance between the proposed centers of P and Q is 2u, which is equal
to the sum of their radii. If we instead consider P or Q along with R1, we have

Δx2 +Δy2 =
9

16

(
u2 − 1

4c2

)
+

(
u± 5

8c

)2

=
25

16
u2 ± 5u

4c
+

1

4c2
=

(
5

4
u± 1

2c

)2

= Δz2.

4. Hyperbola

4.1. Parameterization. For the hyperbola S:(x
a

)2 − (y
b

)2
= 1.

S′ is the union of two hyperbolas S1 and S2. The first component of S′ is the
hyperbola S1 ( x

a′
)2 − ( y

b′
)2

= 1,

where

a′ =
1

2

(
a+

√
a2 + b2

)
, b′ = b+

a

2b

(
a−

√
a2 + b2

)
.

With parameter u ≥ 2b
a , we define the circles P , Q, R1

Center Radius

P
(

a2+b2

a2

(√
(a2 + b2)u2 + a2 − bu

)
, 0
)

b
a2

((
a2 + b2

)
u− b√(a2 + b2)u2 + a2

)
Q

(
a2+b2

a2

(√
(a2 + b2)u2 + a2 + bu

)
, 0
)

b
a2

((
a2 + b2

)
u+ b

√
(a2 + b2)u2 + a2

)
R1

(
a′
√
u2 + a2

a2+b2 , b
′
√
u2 − b2

a2+b2

)
u
2b

(
a2 + b2 − a√a2 + b2

)
and verify that the points of tangency with S are as follows (see Figure 3).

Point of tangency with S

P

(√
(a2 + b2)u2 + a2 − bu,± b

a

√(√
(a2 + b2)u2 + a2 − bu

)2 − a2
)

Q

(√
(a2 + b2)u2 + a2 + bu,± b

a

√(√
(a2 + b2)u2 + a2 + bu

)2 − a2
)

R1

(
a
√
u2 + a2

a2+b2
, b
√
u2 − b2

a2+b2

)
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Figure 3. Example of circles tangent to a hyperbola with center of R1 on S1

The second component of S′ is the hyperbola S2( x
a′′
)2 − ( y

b′′
)2

= 1,

where

a′′ = a+
b

2a

(
b−

√
a2 + b2

)
, b′′ =

1

2

(
b+

√
a2 + b2

)
.

With parameter u ≥ b√
a2+b2

, we define the circles P , Q, R1

Center Radius

P
(
0, a

2+b2

b2

(√
(a2 + b2)u2 − b2 − au

))
a
b2

((
a2 + b2

)
u− a√(a2 + b2)u2 − b2

)
Q

(
0, a

2+b2

b2

(√
(a2 + b2)u2 − b2 + au

))
a
b2

((
a2 + b2

)
u+ a

√
(a2 + b2)u2 − b2

)
R1

(
a′′
√
u2 + a2

a2+b2 , b
′′
√
u2 − b2

a2+b2

)
u
2a

(
a2 + b2 − b√a2 + b2

)
and verify that the points of tangency with S are as follows (see Figure 4).

Point of tangency with S

P

(
±a

b

√(√
(a2 + b2)u2 − b2 − au

)2
+ b2,

√
(a2 + b2)u2 − b2 − au

)

Q

(
±a

b

√(√
(a2 + b2)u2 − b2 + au

)2
+ b2,

√
(a2 + b2)u2 − b2 + au

)

R1

(
a
√
u2 + a2

a2+b2
, b
√
u2 − b2

a2+b2

)



8 J. K. Haugland

Figure 4. Example of circles tangent to a hyperbola with center of R1 on S2

4.2. Verification. (a) For the first component of S′, both P and Q have proposed

points of tangency with S of the form
(
m,± b

a

√
m2 − a2

)
.

For the second component, they have proposed points of tangency of the form(
±a

b

√
m2 + b2,m

)
.

In both cases, it is clear that
(
x
a

)2 − (yb )2 = 1 is satisfied. For R1, we get in
both cases

(x
a

)2 − (y
b

)2
=

a2

a2 + b2
+

b2

a2 + b2
= 1.

(b) In a similar fashion, we have

( x
a′
)2 − ( y

b′
)2

=
a2

a2 + b2
+

b2

a2 + b2
= 1,

( x
a′′
)2 − ( y

b′′
)2

=
a2

a2 + b2
+

b2

a2 + b2
= 1.

(c) For P and Q with the first component S1, starting with the proposed center
and points of tangency with S for P or Q, we have



A note on conic sections and tangent circles 9

Δx2 +Δy2

=
b4

a4

(√
(a2 + b2)u2 + a2 ± bu

)2
+
b2

a2

((√
(a2 + b2)u2 + a2 ± bu

)2
− a2

)

=
b2

a4

((
a2 + b2

) ((
a2 + b2

)
u2 + a2 + b2u2 ± 2bu

√
(a2 + b2)u2 + a2

)
− a4

)
=

b2

a4

((
a2 + b2

)
u± b

√
(a2 + b2)u2 + a2

)2
= Δz2.

For R1, we have

Δx2 +Δy2

= (a− a′)2
(
u2 +

a2

a2 + b2

)
+ (b− b′)2

(
u2 − b2

a2 + b2

)

=
1

4

(
−a+

√
a2 + b2

)2(
u2 +

a2

a2 + b2

)
+

a2

4b2

(
−a+

√
a2 + b2

)2(
u2 − b2

a2 + b2

)

=
1

4

(
−a+

√
a2 + b2

)2(
u2 +

a2u2

b2

)
=

(
1

2

(
−a+

√
a2 + b2

) u
b

√
a2 + b2

)2

=
( u
2b

(
a2 + b2 − a

√
a2 + b2

))2
= Δz2.

For P and Q with the second component S2, we have similarly

Δx2 +Δy2

=
a2

b2

((√
(a2 + b2)u2 − b2 ± au

)2
+ b2

)
+
a4

b4

(√
(a2 + b2)u2 − b2 ± au

)2
=

a2

b4

((
a2 + b2

) ((
a2 + b2

)
u2 − b2 + a2u2 ± 2au

√
(a2 + b2)u2 − b2

)
+ b4

)
=

a2

b4

((
a2 + b2

)
u± a

√
(a2 + b2)u2 − b2

)2
= Δz2,

and for R1 we have

Δx2 +Δy2

= (a− a′′)2
(
u2 +

a2

a2 + b2

)
+ (b− b′′)2

(
u2 − b2

a2 + b2

)

=
b2

4a2

(
−b+

√
a2 + b2

)2(
u2 +

a2

a2 + b2

)
+

1

4

(
−b+

√
a2 + b2

)2(
u2 − b2

a2 + b2

)

=
1

4

(
−b+

√
a2 + b2

)2(
u2 +

b2u2

a2

)

=

(
1

2

(
−b+

√
a2 + b2

) u
a

√
a2 + b2

)2

=
( u
2a

(
a2 + b2 − b

√
a2 + b2

))2
= Δz2.
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(d) The slope of the tangent of S at the point (x, y) is b2x
a2y

, and so the slope of
the line segment from the center of the corresponding circle to its point of tangency
(x, y) with S must be−a2y

b2x
. For P orQ for the verification for the first component

of S′, taking the point of tangency with positive y-coordinate, we have

Δy

Δx
=

b
a

√(√
(a2 + b2)u2 + a2 ± bu

)2 − a2(
− b2

a2

)(√
(a2 + b2)u2 + a2 ± bu

) = −a
2y

b2x
.

For R1, we have

Δy

Δx
=

(b− b′)
√
u2 − b2

a2+b2

(a− a′)
√
u2 + a2

a2+b2

= −
a
√
u2 − b2

a2+b2

b
√
u2 + a2

a2+b2

= −a
2y

b2x
.

For the verification for the second component of S′, taking the point of tangency
with positive x-coordinate for P or Q, we have similarly

Δy

Δx
=

(
−a2

b2

)(√
(a2 + b2)u2 − b2 ± au

)
a
b

√(√
(a2 + b2)u2 − b2 ± au

)2
+ b2

= −a
2y

b2x
,

and for R1, we have

Δy

Δx
=

(b− b′′)
√
u2 − b2

a2+b2

(a− a′′)
√
u2 + a2

a2+b2

= −
a
√
u2 − b2

a2+b2

b
√
u2 + a2

a2+b2

= −a
2y

b2x
.

(e) Verifying the condition for P and Q is rather trivial for both components of
S′. For P or Q along with R1, with the first component, we have

Δx2

=

⎛
⎝
⎛
⎝(a2 + b2

) 3
2

a2
− 1

2

(
a+

√
a2 + b2

)⎞⎠√u2 + a2

a2 + b2
± a2 + b2

a2
bu

⎞
⎠

2

=

⎛
⎝(a2 + b2

)3
a4

+
2a2 + b2

4
−
(
a2 + b2

) 3
2

a
−
(
a2 + b2

)2
a2

+
a

2

√
a2 + b2

⎞
⎠(u2 + a2

a2 + b2

)

+

(
a2 + b2

)2
b2u2

a4
± 2

⎛
⎝(a2 + b2

) 3
2

a2
− a

2
−
√
a2 + b2

2

⎞
⎠√(a2 + b2)u2 + a2

bu
√
a2 + b2

a2
,
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Δy2 =

(
b2 + a

(
a−

√
a2 + b2

)
+

a2

4b2

(
2a2 + b2 − 2a

√
a2 + b2

))(
u2 − b2

a2 + b2

)
,

Δz2 =

(
u

2b

(
a2 + b2 − a

√
a2 + b2

)
+

b

a2

((
a2 + b2

)
u± b

√
(a2 + b2)u2 + a2

))2

=

(
a2 + b2

)2
u2

4b2
+
a2u2

(
a2 + b2

)
4b2

+
b2u2

(
a2 + b2

)2
a4

+
b4
((
a2 + b2

)
u2 + a2

)
a4

− au2
(
a2 + b2

)√
a2 + b2

2b2
+
u2
(
a2 + b2

)2
a2

− u2
(
a2 + b2

)√
a2 + b2

a

± bu

a2

√
a2 + b2

(√
a2 + b2 − a+ 2b2

a2

√
a2 + b2

)
,

and the reader can verify that (1) is satisfied.
Likewise, for the second component of S′, we have

Δx2 =

(
a+

b2

2a
− b
√
a2 + b2

2a

)2(
u2 +

a2

a2 + b2

)

=

(
a2 +

a2b2 + 2b4

4a2
+ b2 − b

√
a2 + b2 − b3

√
a2 + b2

2a2

)(
u2 +

a2

a2 + b2

)
,

Δy2 =

⎛
⎝
⎛
⎝(a2 + b2

) 3
2

b2
− b

2
−
√
a2 + b2

2

⎞
⎠√u2 − b2

a2 + b2
± au

(
a2 + b2

)
b2

⎞
⎠

2

=

⎛
⎝(a2 + b2

)3
b4

+
a2 + 2b4

4
−
(
a2 + b2

) 3
2

b
−
(
a2 + b2

)2
b2

+
b
√
a2 + b2

2

⎞
⎠

×
(
u2 − b2

a2 + b2

)
+
a2u2

(
a2 + b2

)2
b4

± 2

⎛
⎝au (a2 + b2

) 5
2

b4
− au

(
a2 + b2

)
2b

− au
(
a2 + b2

) 3
2

2b2

⎞
⎠√u2 − b2

a2 + b2
,

Δz2 =

(
au
(
a2 + b2

)
b2

+

(
a2 + b2

)
u

2a
− bu

√
a2 + b2

2a
± a2

√
(a2 + b2)u2 − b2

b2

)2

=

(
a6 + 2a4b2 + a2b4

)
u2

b4
+

(
a4 + 3a2b2 + 2b4

)
u2

4a2
+

(
a2 + b2

)2
u2

b2

−
(
a2 + b2

)
u2
√
a2 + b2

b
− bu2

(
a2 + b2

)√
a2 + b2

2a2
+
a4
((
a2 + b2

)
u2 − b2)

b4

± 2
a2u
√

(a2 + b2)u2 − b2
b2

(
a3 + ab2

b2
+
a2 + b2

2a
− b
√
a2 + b2

2a

)
,

for which (1) again is satisfied.
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5. Conclusion

The parameterizations cover all possible scenarios, and Theorem 1 is thus proved.
Strictly speaking, the set of points where R1 can have its center is in general not
the entire conic section, but a subset as implied by the conditions that we have
included for the parameters.
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A Toroidal Approach to The Archimedean Quadrature

Gerasimos T. Soldatos

Abstract. An “Archimedean” quadrature is attempted “borrowing” π from the
3-dimensional space of a horn torus.

Archimedes’ essay entitled Measurement of the Circle [1] starts with the follow-
ing theorem: “The area of any circle is equal to a right-angled triangle in which
one of the sides about the right angle is equal to the radius, and the other to the
circumference, of the circle.” Indeed, letting this triangle be the one given by ABΓ
in Figure 1, with the right angle at vertex B, and letting R designate the radius of
the circle centered at A, with AB = R, if BΓ = 2πR, the area of triangle ABΓ
will be:

R(2πR)/2 = πR2,

which is half the area of the rectangle ABΓΛ. Given next sides AB and BΓ of
the rectangle, the side x of the square with area equal to πR2 could be constructed
geometrically based on the right angle altitude theorem: x is the altitude of the
right triangle with hypotenuse equal to AB +BΓ so that x2 = (AB)(BΓ).

Nevertheless, the number π is an irrational number which is not geometrically
constructible. Therefore, to square the circle based on Archimedes theorem, the
line segment BΓ has to be identified with the length 2πR a priori, which is not in
the spirit of the problem of quadrature. Confined to the Euclidean plane, π has to
be constructed too, and this is what Archimedes tried through a spiral approach.
In this article, a squaring of the circle is attempted “borrowing” π from the 3-
dimensional space. It has been established ever since Clifford’s work [2] on tori
that the surface of a horn torus is representable in the plane as a square, and since
this surface is equal to 4π2R2, the edge of the corresponding square should be
equal to 2πR given, of course, that R is the radius of the defining circle and of the
tube. So:

Let there be a horn torus T of radius R in the 3-dimensional Euclidean space.

Problem: Given a square which produces the torus T when both pairs of opposite
edges are glued, find the square that squares the circle of radius R.

Publication Date: January 27, 2017. Communicating Editor: Paul Yiu.
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Analysis: Consider again Figure 1. Suppose that BΓΔE is the given square and
hence, that its edge is equal to 2πR since the area of the square should be equal to
the area of the surface of T which is 4π2R2. The congruent right-angled triangles
ABΓ and HBE may then be drawn based on Archimedes theorem, with AB =
HB = R and AΓ = HE = E

√
1 + 4π2, given that BΓ = BE = 2πR and that

R is known. Consequently, HA is equal to R
√
2 and parallel to diagonal ΓE since

∠HAB = ∠AEΓ = π/4. It follows that AΓEH is an isosceles trapezoid and so
is the trapezoid ΦΓEZ formed when ΦZ ‖ ΓE is drawn through the intersection
point B of the diagonals of AΓEH . Both are tangential trapezoids because

∠HAE+∠EAΓ+∠HΓA+∠HΓE = ∠AHΓ+∠ΓHE+∠AEH+∠AEΓ = π

and ΦZ ‖ ΓE: ∠HAE = ∠HΓE = ∠AHΓ = ∠AEΓ = π/4 and ∠EAΓ +
∠HΓA = ∠ΓHE+∠AEH = π/2. So drawingBΘ ⊥ ΓE and the perpendicular
bisector of BΘ cutting it at point K, this point is the center of the circle inscribed
in trapezoid ΦΓEZ, and AΓ and HE are tangent to this circle.

B

Γ

Δ

E

Θ
K

A

H

Φ

Z

M

N

BΞ

Λ

Figure 1. BN = AB,BM = BΛ

Construction: Given a square BΓΔE, draw the diagonal ΓE, from vertex B
draw perpendicular to ΓE cutting it at point Θ, construct the perpendicular bisector
of BΘ crossing it at point K, draw circle (K,KΘ = KB), from vertex Γ draw
tangent at this circle meeting the extension of edge BE at point A so as AB can
be defined, draw a right triangle MNΞ with hypotenuse MN equal to AB + BΓ
and with the vertex Ξ so as ΞB can be the altitude of the triangle: ΞB is the side
of the square that squares circle (A,AB).

Proof : Relating BΓΔE with some torus T, the Construction reproduces Figure
1 and the subsequent relations apart in so far as the identification of AB with R is
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concerned. The Analysis assumes that R is given, but R is what we are looking
for given a square of side 2πR. We proceed by reductio ad absurdum. Suppose
that AB �= R; but then, the hypotenuse AΓ would be tangent to a circle other than
circle (K,KΘ = KB), which is the one inscribed in ΦΓEZ. So, AB = R. The
construction next of right triangleMNΞ is made in connection with the right angle
altitude theorem.
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The Golden Ratio and Regular Polygons

Manfred Pietsch

Abstract. We give a simple construction of a chord of the circumcircle of an
isosceles triangle whose intersections with the legs of the triangles divide sym-
metrically the chord in the golden ratio.

Proposition 1. Let ABC be an isosceles triangle with AB = AC, and D, E, F
points on BC, CA, AB respectively, such that BDEF is a parallelogram with
BD = DF = FE. If EF is extended to intersect the circumcircle of ABC at G
and H (so that F is between E and G), then F divides EG in the golden ratio.

B C

A

EF

D

G H

Figure 1

Proof. As EF is parallel to BD, the corresponding angles DBF and EFA are
equal. Therefore the isosceles triangles DFB and AFE must be similar. Let
x = EF (= DF = BD), y = FG(= EH), a = AF , and b = FB. The
similarity of the triangles DFB and AFE implies BD : BF = FA : FE. Thus,
x : b = a : x, and

x2 = ab. (1)
Using the intersecting chords theorem we get GF · FH = AF · FB, or

y(x+ y) = ab. (2)

From (1) and (2), x2 = (x+ y)y, or
x

y
=

x+ y

x
.

This means that F divides EG in the golden ratio, �
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The construction of the parallelogram can be effected by a central dilation. If the
perpendicular bisector of AB intersects BC at D′, and the parallelogram ABD′E′
is completed, then BD′ = D′A = AE′. Let BE′ intersect AC at E, and the
parallel through E to AB and BC intersect BC at D and AB at F respectively,
then BDEF is a parallelogram satisfying BD = DF = FE (see Figure 2).

B C

A

EF

D D′

E′

Figure 2

Previous golden ratio constructions based on an equilateral triangle (Odom [1])
or on a square (Tran [2]) are special cases of the present method. Our construction
actually gives a simple alternative to the construction in [3], which applies to gen-
eral regular polygons. In Figure 3, ABC is an isosceles triangle with AB = AC,
and D, D′ are points on BC, E on AB, E′ on AC such that BDE′E and CD′EE′
are parallelograms with BD = DE = EE′ and CD′ = D′E′ = E′E. If B′ and
C ′ are the reflections of D in AB and D′ in AC respectively, then BB′ and CC ′
are tangents to the circumcircle of ABC at B and C, and E, E′ are the trisection
points of the segment B′C ′ (see [3, Proposition 1 and Figure 4]).

A

B C

E′

C′
E

B′

D′D

Figure 3

In Figure 3, suppose that AB and AC are consecutive sides of a regular n-gon.
Since ∠DEE′ = ∠EE′D′ = ∠BAC, D, E, E′, D′ are consecutive vertices of a
similar regular n-gon (see Figures 4A-C and 5A).

A most interesting case occurs for the pentagons. Figure 5A shows that the
smaller regular pentagon has one vertex at the center of the circle circumscribing
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Figure 4A Figure 4B Figure 4C

the given regular pentagon. The areas of the two regular pentagons are in the ratio
1 : 5. Figure 5B shows a regular pentagon and its reflection about a diameter of
its circumcircle parallel to a side. On each side there are two intersection points,
dividing it into a solid segment in middle with two dashed segments. In this con-
figuration, each linear segment consisting of a solid segment and a dashed segment
is divided in the golden ratio at the junction point.

Figure 5A Figure 5B
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Circle Chains Inscribed in Symmetrical Lunes
and Integer Sequences

Giovanni Lucca

Abstract. We derive the conditions for inscribing, inside a symmetrical lune, a
chain of mutually tangent circles having the property that the ratio between the
radii of the largest circle and any circle in the chain is an integer.

1. Introduction

Given two congruent, non-concentric circles, the area inside one but outside the
other is called a symmetric lune. The aim of this paper is to show some connections
between infinite chains of mutually tangent circles that can be inscribed inside a
symmetrical lune and certain integer sequences. A generic example of chain is
shown in Figure 1.

BA

C′

C

major circle

Figure 1. Example of a circle chain inscribed inside a symmetrical lune

As far as we know, only one paper [3] can be found in literature dealing with the
problem of an infinite chain of mutually tangent circles inscribed inside a lune.
By using the inversion technique [5], the author derived, expressions for center
coordinates and radius of the circles belonging to the chain. The results are general
and they are valid also for a generic lune not necessarily symmetrical. For circle
chains in symmetric lenses, see [2].
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2. Some definitions and useful expressions

For the following, it is convenient to define the major circle in the chain (see
Figure 1) as the one having the largest radius and to label it by index 0; thus, we
can subdivide a generic chain into two sub-chains: an up chain starting from the
major circle and converging to point C ′ and a down chain starting from the major
circle and converging to pointC. The characteristics of the circles chain are strictly
related to the ratios d/R and y0/R where

• R is the radius of the two intersecting circles forming the lune,
• 2d (with d < R) is the distance between the centers of the two intersecting

circles (length of segment AB in Figure 2),
• y0 is the ordinate of the center relevant to the major circle in the chain

(point C in Figure 2).

A B

H

O

I

C

Figure 2. A symmetrical lune with major circle of the chain

In this paper, we want to investigate if some conditions exist so that the ratios
τk (k = 1, 2, . . . ) between the radius of the major circle and the one of the generic
k-th circle is an integer number for both the up and down sub-chains. In other
words, which are the conditions (provided they exist) in order that the radius of
any generic circle of the chain is a sub-multiple of the major circle radius?

In [3], it is shown that the radius r0 of the major circle depends on y0 by means
of the relation:

r0(y0) = d

√
y20

d2 −R2
+ 1. (1)

Note that, for the major circle ordinate, the following relation must hold:

−d
√

1−
(
d

R

)2

≤ y0 ≤ d
√
1−

(
d

R

)2

. (2)

In correspondence of two particular values for y0, we have two symmetrical
dispositions for the up and down chains
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• if y0 = 0, we have that r0 = d and the major circle is bisected by the
x-axis (central symmetry).

• if y0 = ±d
√
1− ( d

R

)2
, we have that r0 = d

√
1− ( d

R

)2
and two equal

major circles, (one for the up chain and one for the down chain), both
tangent to x-axis, exist (bi-central symmetry).

It is worthwhile to add the formula for the abscissa x0 of the major circle:

x0 =
R

d
r0. (3)

On the basis of the contents of [3], and by applying the inversion technique [5],
one can derive the expressions for the radius and center coordinates of the k-th
circle for both the up and down chain. We here summarize the main formulas and
results.

By choosing the inversion circle with center in (Xc inv, Yc inv) and radius ρ
respectively given by

Xc inv = 0, Yc inv = −
√
R2 − d2, ρ = 2

√
R2 − d2. (4)

We have the following:

• The two intersecting circles forming the lunes are transformed into two
straight lines having equations:

y = ± d√
R2 − d2x+

√
R2 − d2. (5)

• The major circle is transformed into another circle having radius R0 given
by:

R0 =

⎛
⎝ 4(R2 − d2)
R2
(

y20
d2−R2 + 1

)
+ (y0 +

√
R2 − d2)2 − d2

(
y20

d2−R2 + 1
)
⎞
⎠ r0. (6)

• All the inverted circles of the chain retain the property of being tangent to
the neighbour ones and to the two straight lines given by (5); the coordi-
nates of their center and radius are

x′ck =
ωk

d
RR0,

y′ck =
√
R2 − d2, (7)

r′k = ωkR0

for k = 0,±1,±2, . . . .



24 G. Lucca

• As far as center coordinates and radius of the k-th circle of the chain are
concerned, one has, for k = 0,±1,±2, . . . ,

xck = sk

(
ωk

d
RR0

)
,

yck =
√
R2 − d2(−1 + 2sk), (8)

rk = |sk|ωkR0,

where

ω =
R− d
R+ d

, (9)

sk =

⎡
⎣ ω2k4(R2 − d2)

(
y20

d2−R2 + 1
)

R2
(

y20
d2−R2 + 1

)
+ (y0 +

√
R2 − d2)2 − d2

(
y20

d2−R2 + 1
)
⎤
⎦
−1

. (10)

In Figure 3, an example of a circle chain inside a symmetrical lune to-
gether its inverse image is shown.

Figure 3. Circle chain inside a lune and its inverse images

Thus, by the aid of the previous formulas (6), (8), (10) and by means of little
algebra, one can write:

rk =

⎧⎨
⎩
ro

[
ωk

√
R2−d2+y0
2
√
R2−d2

+ ω−k
√
R2−d2−y0
2
√
R2−d2

]−1
, k = 0, 1, 2, . . . ,

ro

[
ωk

√
R2−d2−y0
2
√
R2−d2

+ ω−k
√
R2−d2+y0
2
√
R2−d2

]−1
, k = 0,−1,−2, . . . .

(11)
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If k is positive, we have the up chain while, if k is negative, we have the down
chain. From (11), we can define the sequence {τk} of the ratios between the major
circle radius and the k-th circle radius i.e.:

τk =

⎧⎨
⎩ω

k
√
R2−d2+y0
2
√
R2−d2

+ ω−k
√
R2−d2−y0
2
√
R2−d2

, k = 0, 1, 2, . . . ,

ωk
√
R2−d2−y0
2
√
R2−d2

+ ω−k
√
R2−d2+y0
2
√
R2−d2

, k = 0,−1,−2, . . . .
(12)

By looking at (12), one can notice that the sequence {τk} can be expressed by
means of a Binet-like formula of the type:

τk =

{
αωk + βω−k, k = 0, 1, 2, . . . ,

βωk + αω−k, k = 0,−1,−2, . . . . (13)

where

α =

√
R2 − d2 + y0

2
√
R2 − d2 , β =

√
R2 − d2 − y0
2
√
R2 − d2 . (14)

It is important, for the following, to point out that J. Kocik showed in [1], how
Binet-like formulas can be expressed by means of second order recursive relations
that, in the context of the present work, are of the type:

τk+2 =

(
ω +

1

ω

)
τk−1 − τk. (15)

3. Conditions for {τk} to be an integer sequence

In the general case, the sequence {τk} is composed by real numbers; here we
want to find under which conditions {τk} is entirely composed by integer numbers.
In other words which are the values for the pair (d/R, y0/R) so that {τk} is an
integer sequence?

From the general point of view, it is possible to impose, by means of (12), that
the ratios τ1 and τ−1 are equal to two given real numbers μ and λ (μ > 1 and
λ > 1) respectively.

So, by making, for simplicity, the following variable substitutions:

X = d
R , 0 < X < 1,

Y = y0
R , −1−X2

2 ≤ Y ≤ 1−X2

2 .
(16)

One can write, from (12) and for k = 1 and k = −1, the following system of
equations:

⎧⎨
⎩
(
1−X
1+X

) √
1−X2+Y
2
√
1−X2

+
(
1−X
1+X

) √
1−X2−Y
2
√
1−X2

= μ,(
1−X
1+X

) √
1−X2−Y
2
√
1−X2

+
(
1−X
1+X

) √
1−X2+Y
2
√
1−X2

= λ.
(17a)
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One can verify that the only solution of system (17a) satisfying the constraints
in (16) is:

(X,Y ) =

(√
λ+ μ− 2

λ+ μ+ 2
,

2(μ− λ)
(λ+ μ+ 2)

√
λ+ μ− 2

)
. (18a)

In analogous way, one can impose from (12) that τ1 = λ and τ−1 = μ which
yields the following system:⎧⎨

⎩
(
1−X
1+X

) √
1−X2+Y
2
√
1−X2

+
(
1−X
1+X

) √
1−X2−Y
2
√
1−X2

= λ,(
1−X
1+X

) √
1−X2−Y
2
√
1−X2

+
(
1−X
1+X

) √
1−X2+Y
2
√
1−X2

= μ.
(17b)

having the only solution:

(X, Y ) =

(√
λ+ μ− 2

λ+ μ+ 2
, − 2(μ− λ)

(λ+ μ+ 2)
√
λ+ μ− 2

)
. (18b)

Hence, solutions (18a)-(18b) are the conditions relevant to the half width d of
the segment AB (shown in Figure 2) and to the ordinate y0 of the major circle in
order to have the ratios τ1 = μ and τ−1 = λ or τ1 = λ and τ−1 = μ respectively.

In particular, we are interested to the case where μ = n−1 and λ = m−1 being
m and n a pair of integers with m ≥ 2 and n ≥ 2. Thus, we state the following
property:

Consider a symmetrical lune characterized by a given ratio d/R. The condition
for inscribing inside it a circle chain generating an integer sequence {τk} is that

d

R
=

√
m+ n− 4

m+ n
, (19)

y0
R

=
2(n−m)

(m+ n)
√
m+ n− 4

. (20)

where (m,n) is a pair of generic integers with m ≥ 2, n ≥ 2 and (m,n) �= (2, 2).
Note that if m > n, one has y0 < 0.
In order to demonstrate this property, by taking into account (9) and (19), one

has:

ω +
1

ω
= m+ n− 2 (21)

so that ω + 1
ω is an integer.

Furthermore, as one can easily verify:

τu0 = τd0 = 1. (22)

As far as τu1 and τd1 are concerned, we recall that

τu1 = n− 1, τd1 = m− 1. (23)
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Now, let us focus our attention on the up chain; being τu0, τu1, and ω+ 1
ω integer

numbers, we have, from (15), that τu2 is an integer too; being (15) a recursive
relation, it follows that τuk is an integer for any value of k.

The same reasoning can be applied to the down chain too. Therefore, the se-
quence {τk} is entirely composed by integer numbers.

To conclude, given a symmetrical lune of ratio d/R, if a pair (m,n) of integers
exists so that relation (19) is satisfied and by choosing the ordinate y0 so that (20)
too is satisfied, then it is possible to inscribe inside the lune itself a circles chain
generating two integer sequences {τuk} and {τdk}.

Conversely, relations (19) and (20) can be used to create an inscribed chain
starting from an arbitrary pair of integers (m,n) provided that (m,n) �= (2, 2).

4. Examples of chains generating integer sequences catalogued in OEIS

By means of suitable choices for the values (d/R) and (y0/R) given by formu-
las (19) and (20) respectively, one can obtain circles chains associated to integer
sequences. Some interesting particular cases are represented by the symmetrical
chains. As mentioned in Section 2, depending on the ordinate y0 of the major circle
center, one can have two different kinds of symmetrical chains that, consequently,
generate identical sequences {τuk} and {τdk} i.e.:

• the case with m = n (m ≥ 3, n ≥ 3); central symmetry
• the case with m = 2 and n ≥ 3 or m ≥ 3 and n = 2; bi-central symmetry

A certain number of these sequences can be found in OEIS ([4], the On Line
Encyclopedia of Integer Sequences); in Tables I and II some of them are listed:

Table I: sequences listed in OEIS and related to chains having central symmetry

Values of m and n Classification in OEIS

m = n = 3 A001075

m = n = 4 A001541

m = n = 5 A001091

m = n = 6 A001079

m = n = 7 A023038

m = n = 8 A011943

m = n = 9 A001081

m = n = 10 A023039

m = n = 11 A001085

m = n = 12 A077422

m = n = 13 A077424

m = n = 14 A097308

m = n = 15 A097310

m = n = 16 A068203

m = n = 18 A056771

m = n = 20 A078986

m = n = 24 A174748

m = n = 25 A114051

m = n = 26 A174751

m = n = 27 A114052
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Table II: sequences listed in OEIS and related to chains
having bi-central symmetry

Values of m and n Classification in OEIS

m = 2, n = 3 or n = 2,m = 3 A122367

m = 2, n = 4 or n = 2,m = 4 A079935

m = 2, n = 5 or n = 2,m = 5 A004253

m = 2, n = 6 or n = 2,m = 6 A001653

m = 2, n = 7 or n = 2,m = 7 A049685

m = 2, n = 8 or n = 2,m = 8 A070997

m = 2, n = 9 or n = 2,m = 9 A070998

m = 2, n = 10 or n = 2,m = 10 A138288

m = 2, n = 11 or n = 2,m = 11 A078922

m = 2, n = 12 or n = 2,m = 12 A077417

m = 2, n = 13 or n = 2,m = 13 A085260

m = 2, n = 14 or n = 2,m = 14 A001570

m = 2, n = 15 or n = 2,m = 15 A160682

m = 2, n = 16 or n = 2,m = 16 A157456

m = 2, n = 17 or n = 2,m = 17 A161595

m = 2, n = 18 or n = 2,m = 18 A007805

m = 2, n = 20 or n = 2,m = 20 A075839

m = 2, n = 22 or n = 2,m = 22 A157014

m = 2, n = 24 or n = 2,m = 24 A159664

m = 2, n = 26 or n = 2,m = 26 A153111

m = 2, n = 27 or n = 2,m = 27 A097835

m = 2, n = 28 or n = 2,m = 28 A159668

m = 2, n = 30 or n = 2,m = 30 A157877

m = 2, n = 31 or n = 2,m = 31 A111216

m = 2, n = 32 or n = 2,m = 32 A159674

m = 2, n = 34 or n = 2,m = 34 A077420

m = 2, n = 36 or n = 2,m = 36 A238379

m = 2, n = 38 or n = 2,m = 38 A097315

m = 2, n = 40 or n = 2,m = 40 A269028

In Table III, some other examples of integer sequences not associated to any
symmetry between up and circles chains are shown; one can notice that by inter-
changing the values of m and n, up and down chains are interchanged too.

Table III: sequences listed in OEIS and related to chains having no symmetry

Values of m and n Classification of the sequence According to OEIS
m = 3, n = 4 A002320 up A002310 down
m = 4, n = 3 A002310 up A002320 down

m = 3, n = 5 A038723 up A038725 down
m = 5, n = 3 A038725 up A038723 down

m = 3, n = 6 A033889 up A172968 up
m = 6, n = 3 A172968 down A033889 down

m = 4, n = 6 A105426 up A144479 up
m = 6, n = 4 A144479 down A105426 down
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Let us see two examples of circles chains generated by sequences listed in OEIS.

Example 1. Circle chain with central symmetry derived from sequence A001075.
The first terms of A001075 are: {1, 2, 7, 26, 97, 362, . . . }.

From the second term, we have that τ−1 = τ1 = 2; by remembering (23), one has
m = n = 3 and finally from (20) and (19), one obtains:

y0
R

= 0,
d

R
=

1√
3
.

Example 2. Circle chain with central symmetry derived from sequence A122367.
The first terms ofA122367 are: {1, 2, 5, 13, 34, 89, . . . }. Due to the fact that we

are considering a chain with bi-symmetry, we have r0 = |y0|. From (1) one can
write

y0 = d

√
y20

d2 −R2
+ 1.

By considering the up chain (so that y0 > 0) and by substituting (20) and (19) in
the previous formula, we obtain the following relation between m and n:

n−m =
√
(m+ n− 4)(mn−m− n).

Moreover, from the second term of the sequence, we have that τ1 = 2; by remem-
bering (23), one has that n = 3. By substituting n = 3 in the above equation, one
gets m = 2. Finally, from (20) and (19), one has:

y0
R

=
2

5
,

r

R
=

1√
5
.

References

[1] J. Kocik, Lens sequences, arXiv: 0710.3226v1[math.NT] 17 Oct. 2007;
http://arxiv.org/pdf/0710.3226.pdf

[2] G. Lucca, Circle chains inscribed in symmetrical lenses and integer sequences, Forum Geom.,
16 (2016) 419–427.

[3] G. Lucca: Catene di cerchi all’interno di lunule e lenti, Matematicamente Magazine, n.17, Aprile
2012, http://www.matematicamente.it/rivista-il-magazine/numero-17
-aprile-2012/168- catene-di-cerchi-allinterno-di-lunule-e-lenti/

[4] N. J. A Sloane, The On-Line Encyclopedia of Integer Seqeuences, http://oeis.org/
[5] E. W. Weisstein, Inversion, from MathWorld–A Wolfram Web Resource,

http://mathworld.wolfram.com/Inversion.html

Giovanni Lucca: Via Corvi 20, 29122 Piacenza, Italy
E-mail address: vanni lucca@inwind.it





Forum Geometricorum
Volume 17 (2017) 31–39. � �

�

�

FORUM GEOM

ISSN 1534-1178

Counting the Number of Isosceles Triangles in
Rectangular Regular Grids

Chai Wah Wu

Abstract. In general graph theory, the only relationship between vertices are
expressed via the edges. When the vertices are embedded in an Euclidean space,
the geometric relationships between vertices and edges can be interesting objects
of study. We look at the number of isosceles triangles where the vertices are
points on a regular grid and show that they satisfy a recurrence relation when the
grid is large enough. We also derive recurrence relations for the number of acute,
obtuse and right isosceles triangles.

1. Introduction

In general graph theory, the relationship between vertices are expressed via the
edges of the graph. In geometric graph theory, the vertices and edges have geomet-
ric attributes that are important as well. For instance, a random geometric graph
is constructed by embedding the vertices randomly in some metric space and con-
necting two vertices by an edge if and only if they are close enough to each other.
When the vertices lie in an Euclidean space, the edges of vertices can form geomet-
ric objects such as polygons. In [4], the occurrence of polygons is studied. In [1]
the number of nontrivial triangles is studied. In this note, we consider this problem
when the vertices are arranged on a regular grid. The study of the abundance (or
sparsity) of such subgraphs or network motifs [3] is important in the characteriza-
tion of complex networks.

Consider an n by k rectangular regular grid G with n, k ≥ 2. A physical mani-
festation of this pattern, called geoboard, is useful in teaching elementary geomet-
ric concepts [2]. Let 3 distinct points be chosen on the grid such that they form the
vertices of a triangle with nonzero area (i.e. the points are not collinear). In OEIS
sequences A271910, A271911, A271912, A271913, A271915 [5], the number of
such triangles that are isosceles are listed for various k and n. Neil Sloane made
the conjecture that for a fixed n ≥ 2, the number of isosceles triangles in an n by
k grid, denoted as an(k), satisfies the recurrence relation

an(k) = 2an(k − 1)− 2an(k − 3) + an(k − 4)

for k > K(n) for some number K(n). The purpose of this note is to show that this
conjecture is true and give an explicit form of K(n). In particular, we show that
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K(n) = (n − 1)2 + 3 if n is even and K(n) = (n − 1)2 + 2 if n is odd and that
this is the best possible value for K(n).

2. Counting isosceles triangles

We first start with some simple results:

Lemma 1. If x, y, u, w are integers such that 0 < x, u ≤ n and y > n2

2 , then
x2 + y2 = u2 + w2 implies that x = u and y = w.

Proof. If y �= w, then |y2−w2| ≥ 2y−1 > n2−1. On the other hand, |y2−w2| =
|u2 − x2| < n2, a contradiction. �

Lemma 2. If x, y, u, w are integers such that 0 ≤ x, u ≤ n and y > n2+1
2 , then

x2 + y2 = u2 + w2 implies that x = u and y = w.

Proof. If y �= w, then |y2 − w2| ≥ 2y − 1 > n2. On the other hand, |y2 − w2| =
|u2 − x2| ≤ n2, a contradiction. �
Lemma 3.

2

�n−1
2

�∑
m=1

(n− 2m) =

⌊
(n− 1)2

2

⌋
.

Proof. If n is odd, then

2

�n−1
2

�∑
m=1

(n− 2m) = 2

n−1
2∑

m=1

(n− 2m) = n(n− 1)− 2
n− 1

2

n+ 1

2
=

(n− 1)2

2
.

If n is even, then

2

�n−1
2

�∑
m=1

(n− 2m) = 2

n−2
2∑

m=1

(n− 2m)

= n(n− 2)− 2
n− 2

2

n

2
=

(n− 1)2 − 1

2
=

⌊
(n− 1)2

2

⌋
.

�
Our main result is the following:

Theorem 4. Let an(k) be the number of isosceles triangles of nonzero area formed
by 3 distinct points in an n by k grid. Then

an(k) = 2an(k − 1)− 2an(k − 3) + an(k − 4)

for k > (n− 1)2 + 3.

Proof. For k > 2, let the n by k array be decomposed into 3 parts consisting of the
first column, the middle part (of size n by k − 2) and the last column denoted as
p1, p2 and p3 respectively.

Let bn(k) be the number of isosceles triangles in the n by k array with vertices
in the last column p3 and let cn(k) be the number of isosceles triangles in the n
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by k array with vertices in the first and last columns p1 and p3. It is clear that
bn(k) = an(k) − an(k − 1). Furthermore, bn(k) = bn(k − 1) + cn(k). Let us
partition the isosceles triangles corresponding to cn(k) into 2 groups, A(k) and
B(k). A(k) are triangles with all 3 vertices in p1 or p3 and B(k) are triangles with
a vertex in each of p1, p2 and p3.

Thus triangles in A(k) must have 2 vertices in p1 or 2 vertices in p3. Since
k > n, the edges not in p1 (resp. p3) must be longer than the edge in p1 (resp.
p3). Therefore all triangles in A(k) must be of the form where the 2 vertices in p1
(resp. p3) are an even number of rows apart (i.e., there are an odd number of rows
between the 2 vertices) and the third vertex is in p3 (resp. p1) in the middle row
between them. Since k > (n − 1)2 + 1, these triangles are all acute (we’ll revisit
this later). Let us count how many such triangles there are. There are n− 2m pairs
of vertices which are 2m rows apart, for 1 ≤ m ≤ �n−1

2 �. Thus the total number
of triangles in A(k) is

2

�n−1
2

�∑
m=1

(n− 2m) =

⌊
(n− 1)2

2

⌋
.

by Lemma 3.
Next we consider the isosceles triangles in B(k). Let e1 be the edge between

the vertex in p1 and the vertex in p2 and e2 be the edge between the vertex in p2
and the vertex in p3 and e3 be the edge between the vertices in p1 and p3. There
are 2 cases.

In case 1, the length of e1 is equal to the length of e2 and is expressed as x2 +
y2 = u2+w2 with 0 ≤ x, u ≤ n−1 and y+w = k−1. Without loss of generality,
we pick y to be the larger of y and w, i.e., y ≥ k

2 . This is illustrated in Fig. 1.
Since k > (n−1)2+1, Lemma 2 implies that x = u and y = w and this is only

possible if k is odd and the vertex in p1 and in p3 must be at the same row and p2
in a different row. Note that such triangles are right triangles for n = 2 and obtuse
for n > 2.

In case 2, the length of e3 is equal to the length of either e1 or e2. Lemma
2 shows that in this case y = k − 1 which is not possible. This implies that

cn(k) = P (n, 2) +
⌊
(n−1)2

2

⌋
if k is odd and cn(k) =

⌊
(n−1)2

2

⌋
if k is even. Thus

we have

an(k) = an(k − 1) + bn(k) = an(k − 1) + bn(k − 1) + cn(k)

= an(k − 1) + an(k − 1)− an(k − 2) + cn(k)

= 2an(k − 1)− an(k − 2) + cn(k).

Since k− 2 > n and k− 2 > (n− 1)2 +1, we can apply the same analysis to find
that cn(k− 2) = cn(k). Since an(k− 2) = 2an(k− 3)− an(k− 4) + cn(k− 2),
we get

an(k) = 2an(k − 1)− 2an(k − 3) + an(k − 4)− cn(k − 2) + cn(k)

= 2an(k − 1)− 2an(k − 3) + an(k − 4).
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�

e2

e1

e3

u

x

w y

p1 p2 p3

Figure 1. Illustrating an isosceles triangle in B(k) and the definitions of u, x, w
and y. For this illustrative example, we did not require that k > (n− 1)2 + 1.

It is clear that an(k) = ak(n). The above argument also shows that:

Corollary 5. Suppose that k > (n− 1)2 + 1. Then

an(k) = 2an(k − 1)− an(k − 2) + n(n− 1) + � (n−1)2

2 � if k is odd and

an(k) = 2an(k − 1)− an(k − 2) + � (n−1)2

2 � if k is even.

3. Obtuse, acute and right isosceles

As noted above, the triangles in A(k) are acute and the triangles in B(k) are
right for n = 2 and obtuse for n > 2. This implies that Theorem 4 is also true
when restricted to the set of acute isosceles triangles and restricted obtuse or right
isosceles triangles if n > 2. As for Corollary 5, we have the following similar
results for acute isosceles triangles:

Corollary 6. Let aan(k) be the number of acute isosceles triangles of nonzero area
formed by 3 distinct points in an n by k grid. Then

aan(k) = 2aan(k − 1)− aan(k − 2) +

⌊
(n− 1)2

2

⌋

for k > (n− 1)2 + 1.
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Similarly, the same arguments can be applied to obtuse isosceles triangles:

Corollary 7. Let aon(k) be the number of obtuse isosceles triangles of nonzero area
formed by 3 distinct points in an n by k grid. Suppose k > max(3, (n− 1)2 + 1).
Then
aon(k) = 2aon(k − 1)− aon(k − 2) + n(n− 1) if k is odd and
aon(k) = 2aon(k − 1)− aon(k − 2) if k is even.

And right isosceles triangles:

Corollary 8. Let arn(k) be the number of right isosceles triangles of nonzero area
formed by 3 distinct points in an n by k grid. Then

arn(k) = 2arn(k − 1)− arn(k − 2)

for k > max(3, (n− 1)2 + 1).

4. Pythagorean triples and a small improvement

In Theorem 4 we have given an explicit form for the bound K(n) in the con-
jecture described in Section 1. We next show that for odd n, this bound can be
improved by 1. Let us consider the case k = (n− 1)2 + 1. Consider the triangles
in B(k). Again case 2, where the length of e3 is equal to the length of either e1
or e2, is impossible. For case 1, the length of e1 is equal to the length of e2 and is
expressed as x2 + y2 = u2 + w2 with 0 ≤ x, u ≤ n − 1 and y ≥ k

2 and y ≥ w.
If x > 0, this implies that u > 0 and we can apply Lemma 1 to show that the only
isosceles triangles in B(k) are as in Theorem 4. Suppose x = 0. We can eliminate
y = w since this results in u = 0 and a collinear set of vertices. For n = 2, k = 2,
it is clear that w = 0 and y = w + 1 = 1. For n > 2, since u ≤ n − 1, this again
means that y = w + 1 as otherwise y2 − w2 ≥ 4y − 4 ≥ 2k − 4 > (n − 1)2.
This implies that k must necessarily be even such that a, b, c are integers form-
ing a Pythagorean triple satisfying a2 = b2 + c2 where a = k

2 , b = a − 1 and
c =
√
a2 − b2 =

√
k − 1. If n is odd, then k = (n − 1)2 + 1 is odd, and the case

of x = 0 cannot occur. Thus Theorem 4 can be improved to:

Theorem 9. Suppose n is odd. Then an(k) = 2an(k−1)−2an(k−3)+an(k−4)
for k > (n− 1)2 + 2.

We can rewrite this in an inhomogeneous form of lower degree:

Corollary 10. Suppose that n is odd and k > (n− 1)2. Then

an(k) = 2an(k − 1)− an(k − 2) + n(n− 1) + � (n−1)2

2 � if k is odd and

an(k) = 2an(k − 1)− an(k − 2) + � (n−1)2

2 � if k is even.

Again, Theorem 9 is still valid when restricted to acute isosceles triangles. When
n = 3 and k = (n − 1)2 + 1 = 5, two of the triangles in B(k) are right isosceles
and for n > 3 and k = (n − 1)2 + 1, all triangles in B(k) are obtuse triangles.
Thus we have
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Corollary 11. Suppose n is odd. Then

aan(k) = 2aan(k − 1)− 2aan(k − 3) + aan(k − 4) for k > (n− 1)2 + 2.

Furthermore, aon(k) = 2aon(k − 1)− 2aon(k − 3) + aon(k − 4) and
arn(k) = 2arn(k − 1)− 2arn(k − 3) + arn(k − 4) for k > max(7, (n− 1)2 + 2).

Similarly we have for obtuse isosceles triangles:

Corollary 12. Suppose n is odd and k > max(5, (n− 1)2). Then
aon(k) = 2aon(k − 1)− aon(k − 2) + n(n− 1) for k odd and
aon(k) = 2aon(k − 1)− aon(k − 2) if k is even.

When n is even and k = (n − 1)2 + 1, the above analysis shows that there are
4 extra isosceles triangles in B(k) due to the case x = 0. These triangles are right
triangles for n = 2 and obtuse for n > 2. This is illustrated in Fig. 2 for the case
k = 10, n = 4. This means that when restricted to acute isosceles triangles (or
right isosceles triangles with n > 2), the condition that n is odd is not necessary in
Theorem 9. In addition Corollaries 6 and 8 can be improved to:

Figure 2. 4 obtuse isosceles triangles in B(k) corresponding to x = 0 for the
case k = 10, n = 4. One of the triangles is highlighted and the other 3 are
obtained via symmetries.

Corollary 13. Suppose k > (n − 1)2. Then aan(k) = 2aan(k − 1) − aan(k − 2) +

� (n−1)2

2 �.
This can be rewritten in homogeneous form as:

Corollary 14. Suppose k > (n− 1)2 + 1. Then aan(k) = 3aan(k − 1)− 3aan(k −
2) + aan(k − 3).

Proof. From Corollary 13, we have aan(k) = 2aan(k − 1)− aan(k − 2) + � (n−1)2

2 �
and aan(k − 1) = 2aan(k − 2) − aan(k − 3) + � (n−1)2

2 �. Subtracting these two
equations and combining terms we reach the conclusion. �

A similar homogeneous linear recurrence for right isosceles triangles is:
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Corollary 15. Suppose n > 2 and k > max(5, (n− 1)2). Then arn(k) = 2arn(k−
1)− arn(k − 2).

Similarly, we have the following results which complements Corollaries 5 and
7.

Corollary 16. Suppose that n is even and k = (n − 1)2 + 1. Then an(k) =

2an(k − 1)− an(k − 2) + � (n−1)2

2 �+ 4.

Again, this can be rewritten as:

Corollary 17. Suppose that n > 2 is even and k = (n − 1)2 + 1. Then aon(k) =
2aon(k − 1)− aon(k − 2) + 4.

Because of the recurrence relation in Theorem 4, the generating functions for
an(k) for k ≥ 1 will be of the form pn(x)

(x−1)3(x+1)
. The denominator for the generat-

ing function of aan(k) can be reduced to (x − 1)3 corresponding to the recurrence
relation in Corollary 14. Similarly, the denominator for the generating function
of arn(k) can be reduced to (x − 1)2 corresponding to the recurrence relation in
Corollary 8.

5. Optimal value for K(n)

Corollary 16 shows that (n− 1)2+3 is the best value for K(n) when n is even.
Next we show that (n− 1)2 + 2 is the best value for K(n) when n is odd.

Consider the case where n > 2 is odd and k = (n− 1)2. Then k is even and by
setting y = k

2 , w = k
2 − 1, x = 1, u = n − 1, we get x2 + y2 = u2 + w2 where

x �= u and y �= w and y + w = k − 1. This corresponds to 4 additional isosceles
triangles in B(k). These triangles are right triangles for n = 3 (Fig. 3) and obtuse
for n > 3.

Figure 3. 4 right isosceles triangles in B(k) corresponding to x = 1 for the case
k = 4, n = 3.

Theorem 18. Suppose that n is odd and k = (n− 1)2. Then

an(k) = 2an(k − 1)− an(k − 2) +

⌊
(n− 1)2

2

⌋
+ 4.
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Corollary 19. Suppose that n > 3 is odd and k = (n− 1)2. Then

aon(k) = 2aon(k − 1)− aon(k − 2) + 4.

This means that K(n) = (n− 1)2 + 3 for n is even and K(n) = (n− 1)2 + 2
for n is odd are the best possible values for K(n) in the conjecture in Section 1 as
expressed in Theorems 4 and 9. They are also optimal when restricted to the set of
obtuse isosceles and n > 3. In addition,

an(k) = 2an(k − 1)− 2an(k − 3) + an(k − 4)− 4

if k = (n− 1)2 + 3 and n is even or if k = (n− 1)2 + 2 and n is odd. This is due
to the fact that for these values of n and k, cn(k − 2) = cn(k) + 4.

6. Subsets of points on a regular grid containing the vertices of isosceles tri-
angles

So far we looked at a regular grid of points and counted the number of isosceles
triangles with these points as vertices. A related problem is the minimal number of
points on the grid such that an isosceles triangle can always be found.

Consider again an n by k regular grid. Let S(n, k) = r be defined as the smallest
number r such that any r points in the grid contain the vertices of an isosceles
triangle of nonzero area. This is equivalent to finding the constellation with the
largest number of points T (n, k) such that no three points form an isosceles triangle
of nonzero area as S(n, k) = T (n, k) + 1. The values of T (n, k) for small n and
k are listed in OEIS A271914 where it was conjectured that T (n, k) ≤ n+ k − 1.
The next Lemma shows that this conjecture is true for k = 1, 2.

Lemma 20. T (n, k) satisfies the following properties:
(1) T (n, k) = T (k, n). If m ≤ n, then T (m, k) ≤ T (n, k).
(2) T (n, k) ≥ max(n, k).
(3) T (n, 1) = n.
(4) (subadditivity) T (n, k +m) ≤ T (n, k) + T (n,m).
(5) T (n, 2) = n for n > 3.
(6) Suppose n > 4. Then T (n, 3) ≥ n+ 1 if n is odd and T (n, 3) ≥ n+ 2 if n is
even.

Proof. Property (1) is trivial. Properties (2) and (3) are clear, by considering points
all in one row (or column) only. To show property (4), suppose T (n, k)+T (n,m)+
1 points are chosen in an n by k+m grid, and consider a decomposition into an n
by k grid and an n by m grid. Either the n by k grid has more than T (n, k) points or
the n by m grid has more than T (n,m) points. In either case, there is an isosceles
triangle. Property (4) implies that T (n+ 2, 2) ≤ T (n, 2) + T (2, 2) = T (n, 2) + 2
and property (2) implies T (n, 2) ≥ n for n ≥ 2. Thus property (5) follows from
properties (2) and (4). Suppose n > 4. For n odd, the points {(1, i) : 2 ≤ i ≤ n}
along with the points (2, 1) and (3, 1) shows that T (n, 3) ≥ n+ 1 (Fig. 4). If n is
even, the points {(1, i) : 2 ≤ i ≤ n− 1} along with the points (2, 1), (3, 1), (2, n)
and (3, n) shows that T (n, 3) ≥ n+ 2 (Fig. 5). �
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Figure 4. A constellation of n+1 points for which there are no 3 points forming
an isosceles triangle for the case when n > 4 is odd.

Figure 5. A constellation of n+2 points for which there is are 3 points forming
an isosceles triangle for the case when n > 4 is even.

Note that for n odd, the constellation in Fig. 5 for n− 1 which has n− 1+ 2 =
n+ 1 points will also show that T (n, 3) ≥ n+ 1. We conjecture the following:

Conjecture 1. If n is even, then T (n, k) ≤ n+ k − 2 for k ≥ 2n.

Conjecture 2. For n > 4, T (n, 3) = n+ 1 if n is odd and T (n, 3) = n+ 2 if n is
even.

Note that by Lemma 20 Conjecture 1 is true for n = 2.

References

[1] C. Bautista-Santiago, M. A. Heredia, C. Huemer, A. Ramrez-Vigueras, C. Seara and J. Urrutia,
On the Number of Edges in Geometric Graphs Without Empty Triangles, Graphs and Combina-
torics, 29 (2013) 1623–1631.

[2] J. Carroll, Using the geoboard for teaching primary mathematics, in Mathematics: meeting the
challenge, edited by M. Horne and M. Supple, Mathematical Association of Victoria, Brunswick,
Vic., 1992; 283–288.

[3] R. Milo, S. Shen-Orr, S. Itzkovitz, N. Kashtan, D. Chklovskii, and U. Alon, Network Motifs,
Simple Building Blocks of Complex Networks, Science, American Association for the Advance-
ment of Science, vol. 298 (2002) 824–827.

[4] C. Nara, T. Sakai and J. Urrutia, Maximal number of edges in geometric graphs without con-
vex polygons, in Discrete and Computational Geometry, Edited by J. Akiyama and M. Kano,
Springer Berlin/Heidelberg, 2003. 215–220.

[5] N. J. A. Sloane, The on-line encyclopedia of integer sequences, http://oeis.org/.

Chai Wah Wu: IBM T. J. Watson Research Center P. O. Box 218, Yorktown Heights, New York
10598, USA

E-mail address: chaiwahwu@member.ams.org





Forum Geometricorum
Volume 17 (2017) xx–xx. � �

�

�

FORUM GEOM

ISSN 1534-1178

Chains of Tangent Circles Inscribed in a Triangle

Giovanni Lucca

Abstract. Starting from the incircle of a generic triangle, we construct three in-
finite chains of circles having the property that the generic i-th circle of the chain
is tangent to the (i − 1)-th and (i + 1)-th ones and to two sides of the triangle.
Furthermore, we look for the conditions which guarantee that the ratio between
the inradius and the radius of every circle in the three chains is an integer.

Figure 1 shows a generic triangle with three circle chains, each, beginning with
the incircle, consisting of circles tangent to two sides of the triangle and to its two
neighbours. We study the possibilities that the inradius is an integer multiple of the
radius of each circle in this configuration.

B C

A

I

Figure 1. Three circle chains inside a triangle originating from the incircle

We begin with the construction of a circle chain beginning with a circle C0 (with
center A0) tangent to two lines � and �′ intersecting at O (Figure 2). Construct the
segment OA0.

(1) Let OA0 intersect the circle C0 at P1.
(2) Construct the perpendicular to OA0 at P1 to intersect � at Q1.
(3) Construct the bisector of angle OQ1P1 to intersect OA0 at A1.
(4) Construct the circle C1 with center A1 passing through P1. This is tangent

to C0 and both lines � and �′.
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(5) Repeat (1)-(4) with C1 replacing C0, resulting in P2, A2, and the circle C2

tangent to C1 and both lines � and �′.
(6) Continuing to form a circle chain C0, C1, C2, . . . .

Lemma 1. Let � and �′ be two lines meeting at O at an angle θ. The radii of the
circles in a chain tangent to both lines form a geometric progression of common

ratio
1+sin θ

2

1−sin θ
2

.

r − r′
r

r′

O

A0

A1

P1

Q1

�′

�

Figure 2

Proof. Consider in Figure 2 two neighboring circles with radii r > r′. Clearly,

sin
θ

2
=
r − r′
r + r′

=⇒ r

r′
=

1 + sin θ
2

1− sin θ
2

�
Now consider a triangle ABC with three circle constructed in its three angles,

each beginning with the incircle. By Lemma 1, the inradius is an integer multiple
of the radius of each circle in the three chains if and only if

1 + sin A
2

1− sin A
2

= k,
1 + sin B

2

1− sin B
2

= m,
1 + sin C

2

1− sin C
2

= n,

for integers k, m, n > 1. From these,

sin
A

2
=
k − 1

k + 1
, sin

B

2
=
m− 1

m+ 1
, sin

C

2
=
n− 1

n+ 1
.

Since A
2 + B

2 + C
2 = π

2 , we must have

k − 1

k + 1
= sin

A

2
= cos

(
B

2
+
C

2

)

= cos
B

2
cos

C

2
− sin

B

2
sin

C

2

=
2
√
m

m+ 1
· 2
√
n

n+ 1
− m− 1

m+ 1
· n− 1

n+ 1

=
4
√
mn− (m− 1)(n− 1)

(m+ 1)(n+ 1)
. (1)



Chains of tangent circles inscribed in a triangle 3

It follows that
√
mn must be rational, and

mn is the square of an integer. (2)

Now, the condition B
2 + C

2 <
π
2 poses another restriction:

arcsin
m− 1

m+ 1
+ arcsin

n− 1

n+ 1
<
π

2
. (3)

The only integers m ≤ n satisfying (2) and (3)

(m,n) = (3, 3), (2, 2), (2, 8),

corresponding to k = 3, 8, 2 respectively. This results in only two triangles with

(k,m, n) = (3, 3, 3), (8, 2, 2).

The case (k,m, n) = (3, 3, 3) is clearly realized by equilateral triangles. For
(k,m, n) = (8, 2, 2), B = C = 2arcsin 1

3 = arccos 7
9 and A = π − 4 arcsin 1

3 .
Since the triangle is isosceles, BC : CA : AB = 14 : 9 : 9 (see Figure 3).

B C

A

I

Figure 3. Triangle with circle chains with common ratios (k,m, n) = (8, 2, 2)

It is interesting to note a degenerate case. For (m,n) = (4, 9), we have k = 1
from (1), and (3) is an equality: arcsin 3

5+arcsin 8
10 = π

2 . In this case, B
2 +

C
2 = π

2
and A = 0. This yields a degenerate triangle with two parallel lines making an
angle 2 arcsin 3

5 = arcsin 24
25 with the base (see Figure 4).

We summarize the results in the following theorem.

Theorem 2. There are three classes of triangles ABC in which the radii of the
circle chains in the angles A, B, C beginning with the incircle are geometric pro-
gressions with integer common ratios k, m, n respectively:

(k,m, n) A B C

(1, 4, 9) 0 2 arcsin 3
5 π − 2 arcsin 3

5
(3, 3, 3) π

3
π
3

π
3

(8, 2, 2) π − 4 arcsin 1
3 2 arcsin 1

3 2 arcsin 1
3
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B C

I

Figure 4. Degenerate triangle with circle chains with common ratios
(k,m, n) = (1, 4, 9)

In [1, 2], we relate circle chains inscribed in symmetric lenses and lunes with
certain integer sequences. The integer sequences encountered in the present note
of the ratios of radii of successive circles in the circle chains are classified in OEIS

[3] as

• A000012 for {1k},
• A000079 for {2k},
• A000302 for {4k},
• A001018 for {8k},
• A001019 for {9k}.
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Do Dogs Know The Bifurcation Locus?

Li Zhou

Abstract. A dog runs at speed r and swims at speed s, with r > s. For a fixed
point A in a lake with a straight shoreline, where are all the points B in the lake
such that the direct swimming path from A to B takes the dog the same time
as the fastest indirect swimming- running-swimming path? We give a simple
geometric solution to this bifurcation-locus problem.

In [1], the authors discuss a challenging situation for the remarkable dog Elvis:
As in Figure 1, Elvis is initially at a point A in the lake and a ball is thrown to a
point B in the lake. What path should Elvis choose in order to minimize his time
to reach the ball? This is challenging because Elvis runs at speed r and swims at
speed s, with r > s, so a direct swimming (S) path AB may be slower than an
indirect swimming-running-swimming (SRS) path AXY B.

A

X Y

B

Figure 1. Elvis’ dilemma

In [2], the author gives a simple ruler-compass determination of the optimal path
(S or the fastest SRS) for any two given points A and B.

We now ask a more interesting question. For a fixed point A, a point B is called
a bifurcation point ofA if the S-path fromA toB takes the same time as the fastest
SRS-path fromA toB. What is the locus of bifurcation points ofA? This question
has a nice answer and a simple geometric proof.

As in Figure 2, letB be a bifurcation point ofA. The fastest SRS-path fromA to
B is AXY B where AX and Y B form the angle θ = arccos s

r with the shoreline
(see [1] or [2]). Let A′ be the reflection of A across the shoreline. Draw the line d
through A′ and perpendicular to A′X .
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Y

A

A′

X

D

E

B

C

θ

θθ

θ

d

Figure 2. Bifurcation locus of A

Theorem 1. The bifurcation locus of A is part of the parabola with focus A and
directrix d.

Proof. Note that BY ⊥ d with foot D. Locate E on BD such that XE ‖ d. Then
AX = A′X = DE, and the dog swims the distance EY in the same time as he
runs the distance XY . Thus, the time to swim the distance BD is the same as the
time for the SRS-path AXY B, thus also the same as the time to swim the distance
AB. Hence, BD = BA, completing the proof.

Of course, the locus is the part of the parabola starting at X and moving away
from A. �
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Another Simple Construction of the Golden Section with
Equilateral Triangles

Tran Quang Hung

Abstract. A simple construction of the golden section with equilateral triangles.

Three congruent equilateral triangles A1B1C1, A2B2C2, and A3B3C3 are po-
sitioned in such a way that B1 and B3 are respectively midpoints of the segments
A2C2 and A2B2, while the vertices A1, A2, A3 are on a line perpendicular to both
the segments A1C1 and A2C2.

A1

B1

C1

A2

B2

C2

A3

B3

C3

Figure 1

In this arrangement, A2 divides A1A3 in the golden ratio.

Proof. Let a be a side of the equilateral triangles. Because ∠B1A1A2 = 30◦,

A1A2 = a cos 30◦ =
√
3

2
a. (1)

Again, since ∠B3A2A3 = 30◦, by the law of cosines,

A3B
2
3 = A2B

2
3 +A2A

2
3 − 2A2B3 ·A2A3 cos 30

◦,

a2 =
a2

4
+A2A

2
3 − 2 · a

2
·A2A3 · cos 30◦

3

4
a2 = A2A

2
3 −A2A3 · a cos 30◦.

From (1), A1A
2
2 = A2A

2
3 −A1A2 ·A2A3. Hence,

A2A3

A1A2
=

√
5 + 1

2
.

�
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Steiner-Lehmus Type Results Related to
The Gergonne Point of a Triangle

Mark Shattuck

Abstract. A Gergonne cevian (abbreviated GC) is a line segment joining the
vertex of a triangle with the point of tangency of the triangle’s incircle with
the opposite side. In this paper, we determine monotonicity results for various
segments determined by the intersection of Gergonne cevians and angle bisectors
(both internal and external) within a triangle. We first consider the problem, in
response to a prior question, of comparing certain segment lengths determined by
the intersection of a fixed GC with the external bisectors of the other two angles
of a triangle. We then consider the analogous problem wherein one fixes an
angle bisector and considers the segment lengths determined by its intersection
with the GC’s emanating from the other two vertices. Finally, we prove some
results for a related question comparing segments determined by the intersection
of the GC from ∠B with an angle bisector from ∠C within a triangle ABC to
those determined by the intersection of a bisector from ∠B with the GC from
∠C.

1. Introduction

Segments within an isosceles triangle that are symmetric with respect to the line
of symmetry of the triangle are always congruent. Conversely, one might ask when
congruence of some particular pair of symmetric segments within a triangle im-
plies congruence of the corresponding sides. For example, it is readily shown that
congruence of altitudes or medians to two sides of a triangle implies congruence
of the sides. The comparable problem involving angle bisectors is more difficult
and the fact that the same result holds for angle bisectors is known as the Steiner-
Lehmus theorem. Many proofs have been given of this result and we refer the
reader to [2, 3, 4, 7] and also to the references contained within [10, 11]. See [5]
for stronger versions of the theorem and [1] for a version involving extensions of
the angle bisector. Results such as these arise frequently as particular cases of more
general monotonic behavior. For example, a median, altitude or angle bisector to a
shorter side is always longer, and conversely. On the other hand, the congruence of
a pair of segments that would be congruent within an isosceles triangle by virtue of
their symmetry need not imply that the triangle within which they lie is isosceles.
See, e.g., [6] for an example.
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Here, we consider variants of the Steiner-Lehmus result involving the Gergonne
point. A Gergonne cevian (GC) joins a vertex of a triangle with the point of tan-
gency of the opposite side with the triangle’s incircle. The Gergonne cevians of a
triangle are concurrent, and their point of concurrency is known as the Gergonne
point of the triangle (see, e.g., [3, p. 13]). In [9], a Gergonne analogue of the
Steiner-Lehmus theorem was proven. That is, if BD and CE are GC’s within
�ABC, then BD = CE implies AB = AC. It is also shown in [9] that if the
internal angle bisectors of ∠B and ∠C within �ABC intersect the Gergonne ce-
vian AD at E and F , respectively, then BE = CF implies AB = AC. The
comparable question involving external instead of internal angle bisectors is raised
at the conclusion of [9], and here we provide an affirmative answer to this question
by establishing a more general monotonicity criterion.

This paper is organized as follows. In the next section, after addressing the
problem from [9] described above, we consider the analogous problem wherein the
roles of the GC’s and angle bisectors are reversed. That is, given an angle bisector,
we compare the distances, when traveled along a GC, from the other two vertices to
the bisector. We address this problem in the case of both an internal and an external
bisector. In the third section, we consider a related question which extends work
from [6] wherein we compare segment lengths determined by the intersection of the
GC from∠B with the bisector (either internal or external) from∠C within�ABC
to those determined by the intersection of the comparable bisector from ∠B with
the GC from ∠C. We prove a more general monotonicity property from which the
specific Steiner-Lehmus type result follows in each case. Our arguments primarily
make use of establishing certain trigonometric and/or algebraic inequalities.

We will use at times the following results. The first may be obtained by slightly
generalizing the argument presented for [9, Theorem 2].

Lemma 1. Let BD and CE be Gergonne cevians within �ABC. If AB < AC,
then BD < CE.

The following formula (see, e.g., [8, p. 46]) for the sine of a half-angle in terms of
the side lengths of a triangle will also be useful.

Lemma 2. If s denotes the semiperimeter of a triangle ABC, then sin A
2 =√

(s−b)(s−c)
bc .

In the proofs below, we let a = BC, b = AC and c = AB, with s = a+b+c
2 .

2. An answer to a previous question and related result

In Figure 1 below, the point of tangency of the incircle of�ABC with side BC
is denoted by D. The exterior angle bisectors of ∠B and ∠C meet AD (extended)
at points E and F , respectively.

Our first result shows thatBE = CF in Figure 1 impliesAB = AC, answering
a question raised in [9].
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F

E

C

Q

DB

A

P

Figure 1. Intersection of Gergonne cevian with exterior angle bisectors of the
other two angles.

Theorem 3. If AB < AC in Figure 1, then BE < CF . In particular, if BE =
CF , then AB = AC.

Proof. Let P and Q be the feet, respectively, of points A and D on the line
←→
BE.

Since∠ABP = ∠DBQ = π
2− ∠B2 , we haveAP = c cos B

2 ,DQ = (s−b) cos B
2 ,

BP = c sin B
2 and PQ = BP + BQ = c sin B

2 + (s − b) sin B
2 . Let x = EQ.

Since�DQE ∼ �APE, we have QE
PE = DQ

AP , which implies

x

x+ (s− b+ c) sin B
2

=
s− b
c

and thus x =
(s−b+c)(s−b) sin B

2
b+c−s . We then have

BE = EQ+BQ =
s− b+ c

b+ c− s(s− b) sin
B

2
+ (s− b) sin B

2
=

2c(s− b) sin B
2

b+ c− s .

By symmetry, we have CF =
2b(s−c) sin C

2
c+b−s . Thus, BE < CF if and only if

c(s − b) sin B
2 < b(s − c) sin C

2 . By Lemma 2, we have sin B
2 =

√
(s−a)(s−c)

ac

and sin C
2 =

√
(s−a)(s−b)

ab , and thus the preceding inequality is equivalent to√
c(s− b) < √

b(s− c), i.e., c(a − b + c) < b(a + b − c). The last inequal-
ity holds since a(c− b) < 0 < b2 − c2, which completes the proof. �

We now consider the analogous problem in which the roles of the angle bisectors
and GC’s are reversed. In Figure 2 below, BD and CE are GC’s in �ABC. The
exterior and interior bisectors of ∠A meet BD (extended) at the points F and J ,
respectively, and CE at G and I , respectively.

The first part of the following theorem is an analogue of [9, Theorem 3].
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B C

A

D
E

F

G

I

J

Figure 2. Intersection of interior and exterior angle bisector with the GC’s to the
two adjacent sides.

Theorem 4. If AB < AC in Figure 2, then BJ < CI and if BC ≤ AB < AC,
then CG < BF .

Proof. By the angle bisector theorem applied to�ABD, we have

BJ =
BJ

BJ + JD
BD =

1

1 + AD
AB

BD =
c

c+ s− aBD,

and similarly CI = b
b+s−aCE. Since BD < CE, by Lemma 1, and since c < b

and s > a implies c
c+s−a <

b
b+s−a , it follows that BJ < CI .

To prove the second statement, we first find an expression for BF . By the law
of cosines in�ABF ,

BF 2 = AF 2 +AB2 − 2AF ·AB cos(∠BAF )

= AF 2 + c2 − 2cAF cos

(
A

2
+
π

2

)

= AF 2 + 2cAF sin
A

2
+ c2.

By the proof of Theorem 3 above, we have AF =
2c(s−a) sin A

2
s−b . Thus,

BF 2 =
4c2(s− a)2 sin2 A

2

(s− b)2 +
4c2(s− a) sin2 A

2

s− b + c2

=
4c2(s− a)[(s− a) + (s− b)] sin2 A

2

(s− b)2 + c2

=
4c3(s− a) sin2 A

2

(s− b)2 + c2 =
4c2(s− a)(s− c)

b(s− b) + c2,

where we have applied Lemma 2 in the last equality.
Noting the comparable expression for CG2, it follows that BF > CG if and

only if

4c2(s− a)(s− c) + bc2(s− b)
b(s− b) >

4b2(s− a)(s− b) + b2c(s− c)
c(s− c) ,
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which we rewrite as

4(s− a)(c3(s− c)2 − b3(s− b)2) > bc(b2 − c2)(s− b)(s− c). (1)

Dividing both sides of (1) by b− c gives

4(s− a)f(b, c) > bc(b+ c)(s− b)(s− c), (2)

where

f(b, c) = −(b2 + bc+ c2)s2 +2s(b2 + c2)(b+ c)− (b4 + b3c+ b2c2 + bc3 + c4).

Simplifying the expression for f(b, c) using s = a+b+c
2 , inequality (2) is equiv-

alent to

bc(b2+bc+c2)+a(b2+c2)(b+c)− 1

4
(b2+bc+c2)(a+b+c)2 >

bc(b+ c)(s− b)(s− c)
4(s− a) .

(3)

Dividing both sides by b2 + bc + c2, and noting bc ≤ 1
2(b

2 + c2), to show (3), it
suffices to show

bc+
2

3
a(b+ c)− 1

4
(a2 + 2a(b+ c) + (b+ c)2) >

(b+ c)(s− b)(s− c)
12(s− a) .

Let b + c = 2� where � > a, with b = � + y and c = � − y for some 0 < y < a
2 .

Rewriting the last inequality in terms of y and �, we have

−a
2

4
− y2 >

�
(
a2

4 − y2
)

3(2�− a) −
a�

3
. (4)

To prove (4), we consider the cases a < � < 3a
2 or � ≥ 3a

2 . In the first case, since
c = �− y ≥ a, by assumption, it suffices to verify (4) when y = �− a. That is, we
must show

−a
2

4
+

(
�

3(2�− a) − 1

)
(�− a)2 > a2�

12(2�− a) −
a�

3
, a < � <

3a

2
. (5)

Clearing fractions in (5), rearranging, and dividing by � − a, we see that (5) is
equivalent to 4(3a − 5�)(� − a) > a(3a − 8�) for a < � < 3a

2 , which is readily
verified. If � ≥ 3a

2 , then since 0 < y < a
2 , to show (4) in this case, it suffices to

show that it holds (possibly with equality) when y = a
2 , which is seen to be the

case for all such �. This implies inequality (4), and thus (3), which completes the
proof. �

Remark: The second part of the prior theorem may not hold if b or c less than
a is allowed. To show this, let a = 1 and ε := b − c where 0 < ε < 1. If ε
is fixed, then both sides of (2) are seen to be functions of s > 1. Let ε = .04.
If b = .54 and c = .50, then s = 1.02 and a direct calculation shows that the
right side of (2) exceeds the left. If b = 1.54 and c = 1.5, then s = 2.02 and
the left side of (2) exceeds the right in this case. By continuity, there exists some
s′ ∈ (1.02, 2.02) such that there is equality in (2). Then pick b and c such that
b− c = .04 and b+ c = 2s′ − 1 which yields a triangle ABC having BF = CG
with AB 	= AC. Similar examples can be found for other small ε. On the other
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hand, if AB,AC ≥ BC, then BF = CG implies AB = AC, by the previous
theorem.

3. Other monotonicity results

In this section, we establish some comparable monotonicity results in which we
consider pairs of segment lengths determined by the intersection of angle bisectors
with Gergonne cevians. We first consider the case of exterior angle bisectors. In
Figure 3 below, BD and CE are GC’s in �ABC. The exterior bisectors of ∠C
and ∠B intersect BD and CE (extended) at F and G, respectively.

C

G

B

A

F

D
E

Figure 3. Intersection of GC’s with the exterior angle bisectors of the respective angles.

Our next result compares the distances from F and G to the points B and C.

Theorem 5. If AB < AC in Figure 3, then (i) BG < CF and (ii) CG < BF .

Proof. To show (i), first note thatBG < CF if and only if
(s−b) sin B

2
s−c <

(s−c) sin C
2

s−b ,
by the formulas found in the proof of Theorem 3 above. The last inequality, to-
gether with the relations s − b = r cot B

2 and s − c = r cot C
2 where r is the

inradius of �ABC, implies cot2 B
2 sin B

2 < cot2 C
2 sin C

2 , i.e., cot B
2 cos B

2 <

cot C
2 cos C

2 . ThatBG < CF follows from ∠B > ∠C and the fact that cosine and
cotangent are decreasing on (0, π2 ).

For (ii), note first note that by the law of cosines in�BCF and the formula for
CF , we have that BF 2 equals

CF 2 +BC2 − 2CF ·BC cos

(
C

2
+
π

2

)

=
4a2(s− c)2 sin2 C

2

(s− b)2 +
4a2(s− c) sin2 C

2

s− b + a2

=
4a2(s− c)[(s− c) + (s− b)] sin2 C

2

(s− b)2 + a2

=
4a3(s− c) sin2 C

2

(s− b)2 + a2.
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Thus CG < BF if and only if

(s− b) sin2 B
2

(s− c)2 <
(s− c) sin2 C

2

(s− b)2 ,

which implies cot3 B
2 sin2 B

2 < cot3 C
2 sin2 C

2 . The last inequality is true since
cot B

2 cos2 B
2 < cot C

2 cos2 C
2 as π > ∠B > ∠C > 0, which completes the

proof. �
Before proving our next result, we will need the following trigonometric in-

equality.

Lemma 6. If ∠B > ∠C in�ABC, then

cos2 B
2

cos2 C
2

<
2 sin2

(
B+C
2

)
tan C

2 + sinB + sin(B + C)

2 sin2
(
B+C
2

)
tan B

2 + sinC + sin(B + C)
<

sin B
2

sin C
2

. (6)

Proof. To show the right-hand inequality in (6), note first that

sin
C

2
(sinB+sin(B+C)) = 2 sin

C

2
sin

(
B +

C

2

)
cos

C

2
= sinC sin

(
B +

C

2

)
and sin B

2 (sinC + sin(B + C)) = sinB sin
(
B
2 + C

)
. Also, we have

sin
C

2
tan

C

2
− sin

B

2
tan

B

2
=

1− cos2 C
2

cos C
2

− 1− cos2 B
2

cos B
2

=

(
cos B

2 − cos C
2

) (
1 + cos B

2 cos C
2

)
cos B

2 cos C
2

.

Subtracting, to prove the right inequality in (6), we must show

sinC sin

(
B +

C

2

)
− sinB sin

(
B

2
+ C

)
(7)

+
2
(
cos B

2 − cos C
2

) (
1 + cos B

2 cos C
2

)
sin2

(
B+C
2

)
cos B

2 cos C
2

< 0.

Since ∠B > ∠C and cosine is decreasing, the third term on the left-hand side
of (7) is negative. Thus, to show (7), it is enough to show sinC sin

(
B + C

2

)
<

sinB sin
(
B
2 + C

)
.

Applying the product-to-difference cosine formula to both sides of this last in-
equality, and rearranging, gives

cos

(
C

2
−B

)
− cos

(
B

2
− C

)
< cos

(
3C

2
+B

)
− cos

(
3B

2
+ C

)
.

By the difference-to-product sine formula, this preceding inequality may be rewrit-
ten as

− sin

(
3(B − C)

4

)
sin

(
B + C

4

)
< sin

(
5(B + C)

4

)
sin

(
B − C

4

)
. (8)

To show (8), first note that since ∠B > ∠C, the left side of (8) is negative whereas
the right side is non-negative if B + C ≤ 4π

5 . On the other hand, if B + C > 4π
5 ,
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then− sin
(
5(B+C)

4

)
= sin

(
5(B+C)

4 − π
)
< sin

(
B+C
4

)
since∠B+∠C < π and

sine is increasing in the first quadrant. Furthermore, sin
(
B−C
4

)
< sin

(
3(B−C)

4

)
since 0 < B−C

4 < 3(B−C)
4 < π − (B−C

4

)
, whence (8) follows in this case by

multiplication. This implies inequality (7), which completes the proof of the right
inequality in (6).

To prove the left inequality in (6), first note that if a
b > c

d with c
d < 1, then

a+x
b+x >

c
d if all variables represent positive quantities. Thus it suffices to show

cos2 B
2

cos2 C
2

<
2 sin2

(
B+C
2

)
tan C

2 + sinB

2 sin2
(
B+C
2

)
tan B

2 + sinC
. (9)

By the sine and cosine double-angle formulas, inequality (9) may be rewritten as

(sinB − sinC) sin2
(
B + C

2

)
< sinB cos2

C

2
− sinC cos2

B

2

= sinB

(
1 + cosC

2

)
− sinC

(
1 + cosB

2

)

=
1

2
(sinB − sinC) +

1

2
sin(B − C).

Since cos 2x = 1− 2 sin2 x, the last inequality is equivalent to

−(sinB − sinC) cos(B + C) < sin(B − C),
i.e.,

−2 sin
(
B − C

2

)
cos

(
B + C

2

)
cos(B+C) < 2 sin

(
B − C

2

)
cos

(
B − C

2

)
.

(10)
Since ∠B > ∠C, inequality (10) is seen to hold as 0 < cos

(
B+C
2

)
< cos

(
B−C
2

)
with − cos(B + C) < 1, which completes the proof. �

We will also need the following well-known collinearity result known as the
Theorem of Menelaus (see, e.g., [3, p. 66]).

Lemma 7. If ABC is a triangle and D is on an extension of AB, E is on side
BC, and F is on side AC, then the three points D, E, and F are collinear if and
only if (

AD

DB

)(
BE

EC

)(
CF

FA

)
= −1. (11)

Here, the measure of a segment in one direction is considered to be the opposite
of its measure in the other. In practice, when using the “only if” direction of
this result, one often takes the absolute value of both sides of (11) and no longer
considers segments as signed.

We now consider the comparable version of the prior problem wherein exterior
are replaced by interior angle bisectors. In Figure 4 below, the interior angle bisec-
torsBH andCJ intersect Gergonne ceviansCE andBD atQ and P , respectively.
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E

C

A

J

B

D

H

QP

Figure 4. Intersection of GC’s with the interior angle bisectors of the respective angles.

In our next result, we compare the internal segments of BH determined by Q
with those of CJ determined by P .

Theorem 8. If AB < AC in Figure 4, then BQ < CP . If ∠A ≥ π
3 in �ABC,

then AB < AC implies JP < HQ.

Proof. By Lemma 7 applied to�AJC with transversal
←−−→
BPD, we have AB

BJ · JPPC ·
CD
DA = 1. Note that CJ bisecting ∠C implies AB

BJ = AJ+BJ
BJ = b

a + 1. Also,
CD = s − c = r cot C

2 and DA = s − a = r cot A
2 = r tan

(
B+C
2

)
. It follows

that

JP

PC
=
BJ

AB
· DA
CD

=
tan C

2 tan
(
B+C
2

)
b
a + 1

=
tan C

2 tan
(
B+C
2

)
sin(B + C)

sinB + sin(B + C)
,

where we have used the fact b
a = sinB

sin(B+C) in the last equality. By a formula for the

length of the angle bisector, we have CJ =
2ab cos C

2
a+b =

2a sinB cos C
2

sinB+sin(B+C) and thus

CP =

(
CP

CP + JP

)
CJ

=
sinB + sin(B + C)

sinB + sin(B + C) + tan C
2 tan

(
B+C
2

)
sin(B + C)

· 2a sinB cos C
2

sinB + sin(B + C)

=
a sinB sinC

sin C
2

(
sinB + sin(B + C) + tan C

2 tan
(
B+C
2

)
sin(B + C)

) ,
where we have used the identity sin 2x = 2 sinx cosx in the last equality. Noting
the comparable expression for BQ, the inequality BQ < CP follows from the
right inequality in Lemma 6.
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For the second statement, first note that by the formula for the ratio JP
PC found

above, we have

JP =

(
JP

CP + JP

)
CJ

=

(
tan C

2 tan
(
B+C

2

)
sin(B + C)

sinB + sin(B + C) + tan C
2 tan

(
B+C

2

)
sin(B + C)

)(
2a sinB cos C

2

sinB + sin(B + C)

)

=
a sinB sinC tan

(
B+C

2

)
sin(B + C)

cos C
2 (sinB + sin(B + C))

(
sinB + sin(B + C) + tan C

2 tan
(
B+C

2

)
sin(B + C)

) ,
where we have used sinC = 2 tan C

2 cos2 C
2 . Noting the comparable expression

for HQ, it follows that JP < HQ if and only if

cos B
2

(sinB + sin(B + C))
(
sinB + sin(B + C) + 2 tan C

2 sin2
(
B+C
2

))
<

cos C
2

(sinC + sin(B + C))
(
sinC + sin(B + C) + 2 tan B

2 sin2
(
B+C
2

)) . (12)

Since sinx + sin(x + y) = 2 sin
(
x+ y

2

)
cos y

2 , inequality (12) may be rewritten
as

sin
(
B
2 + C

)
cos2 B

2

sin
(
B + C

2

)
cos2 C

2

<
2 sin2

(
B+C
2

)
tan C

2 + sinB + sin(B + C)

2 sin2
(
B+C
2

)
tan B

2 + sinC + sin(B + C)
. (13)

Since ∠B > ∠C and ∠A ≥ π
3 , we have 0 < B

2 +C < B+ C
2 ≤ π−

(
B
2 + C

)
and

therefore 0 < sin
(
B
2 + C

) ≤ sin
(
B + C

2

)
. Thus inequality (13) follows from the

left inequality in Lemma 6, which completes the proof. �

Remark: The second part of the prior theorem may not hold if ∠B +∠C > 2π
3 .

For example, if ∠B = π
2 and ∠C = 22π

45 , then the left-hand side of (13) is seen
to be strictly larger than the right. If ∠B = π

2 and ∠C ≤ π
6 , then we know from

the previous theorem that the right side of (13) is larger. Thus, by continuity, there
exists a triangle ABC in which JP = HQ with AB 	= AC. On the other hand, if
∠A ≥ π

3 , then JP = HQ implies AB = AC.
Our final two results compare the lengths of the internal segments within the

GC’s that are determined by the points P and Q in Figure 4 above. At this point,
we will assume without loss of generality that a = BC = 1 and thus s = b+c+1

2 .

Theorem 9. If AB < AC in Figure 4, then BP < CQ.

Proof. We first find an expression for BP . By the angle bisector theorem, we have

BP =
BP

BP +DP
BD =

BC

BC +DC
BD =

1

1 + s− cBD,
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and thus by the law of cosines in�BCD and�ABC,

BP 2 =
1

(1 + s− c)2 ((s− c)
2 + 1− 2(s− c) cosC)

=
1

b(1 + s− c)2 (b(s− c)
2 + b− (s− c)(1 + b2 − c2)).

By the comparable expression for CQ2, it follows that BP < CQ if and only if

c(1 + s− b)2(b(s− c)2 + b− (s− c)(1 + b2 − c2))
< b(1 + s− c)2(c(s− b)2 + c− (s− b)(1 + c2 − b2)). (14)

To show (14), we first rewrite it as

bc((s− c)2 − (s− b)2 + 2(b− c)(s− b)(s− c))
+ bc(2(c− b) + (s− b)2 − (s− c)2)
+ b(1 + s− c)2(s− b)− c(1 + s− b)2(s− c)
+ (c2 − b2)(c(1 + s− b)2(s− c) + b(1 + s− c)2(s− b)) < 0. (15)

Note that (s− c)2 − (s− b)2 = (2s− b− c)(b− c) = b− c and

b(1+s−c)2(s−b)−c(1+s−b)2(s−c) = (c−b)(b+c−s)+(b−c)(s−b)(s−c)(s+2).

Dividing both sides of (15) by b− c > 0, we then have

bc(1 + 2(s− b)(s− c))− 3bc+ s− b− c+ (s+ 2)(s− b)(s− c)
− (b+ c)(c(1 + s− b)2(s− c) + b(1 + s− c)2(s− b))

= 2bc((s− b)(s− c)− 1) + 1− s+ (s+ 2)(s− b)(s− c)
− (b+ c)(c(1 + s− b)2(s− c) + b(1 + s− c)2(s− b)) < 0. (16)

To show (16), since s− b, s− c < 1 and s > 1, it is enough to show

(s+2)(s−b)(s−c)−(b+c)(c(1+s−b)2(s−c)+b(1+s−c)2(s−b)) < 0. (17)

Observe that

c(1 + s− b)2(s− c) + b(1 + s− c)2(s− b)
> c(s− c) + b(s− b) + 2(b+ c)(s− b)(s− c)
> c(s− c)(s− b) + b(s− b)(s− c) + 2(b+ c)(s− b)(s− c)
= 3(b+ c)(s− b)(s− c).

For (17), it then suffices to show

(s+ 2)(s− b)(s− c)− 3(b+ c)2(s− b)(s− c) < 0,

i.e.,

(s+ 2− 3(2s− 1)2)(s− b)(s− c) = (s− 1)(1− 12s)(s− b)(s− c) < 0,

which is true since s > 1. This establishes inequality (14) and completes the
proof. �
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A similar result applies when comparing the segments DP and EQ in the case
of an acute triangle.

Theorem 10. If�ABC is acute and AB < AC in Figure 4, then EQ < DP .

Proof. First note that DP 2 > EQ2 if and only if

(s− c)2
b(1 + s− c)2 (b(s− c)

2 + b− (s− c)(1 + b2 − c2))

>
(s− b)2

c(1 + s− b)2 (c(s− b)
2 + c− (s− b)(1 + c2 − b2)),

which may be rewritten as

bc[(s− c)4 − (s− b)4 + 2(s− b)(s− c)((s− c)3 − (s− b)3)
+ (s− b)2(s− c)2((s− c)2 − (s− b)2)]
+ bc[(s− c)2 − (s− b)2 + 2(s− b)(s− c)((s− c)− (s− b))]
+ b(1 + s− c)2(s− b)3 − c(1 + s− b)2(s− c)3
+ (c2 − b2)(c(1 + s− b)2(s− c)3 + b(1 + s− c)2(s− b)3)
> 0. (18)

One may verify

b(s− b)3 − c(s− c)3 = s3(b− c) + 3s2(c2 − b2) + 3s(b3 − c3) + c4 − b4,

b(s−b)3(s−c)−c(s−b)(s−c)3 = (s−b)(s−c)(s2(b−c)+2s(c2−b2)+b3−c3),
and

b(s− b)3(s− c)2 − c(s− b)2(s− c)3 = (s− b)2(s− c)2(s(b− c) + c2 − b2).
Dividing both sides of (18) by b− c, and noting b+ c = 2s− 1, we then have

bc(2 + 2(s− b)(s− c)− (s− b)2(s− c)2) + s3 − 3s2(2s− 1) + 3s((2s− 1)2 − bc)
− (2s− 1)((2s− 1)2 − bc) + 2(s− b)(s− c)(s2 − 2s(2s− 1) + (2s− 1)2 − bc)
+ (s− b)2(s− c)2(1− s)− (b+ c)(c(1 + s− b)2(s− c)3 + b(1− s− c)2(s− b)3)
> 0,

i.e.,

bc(s− (s− b)2(s− c)2)− s3 + (3 + 2(s− b)(s− c))s2 − (3 + 4(s− b)(s− c)
+ (s− b)2(s− c)2)s+ (1 + (s− b)(s− c))2− (b+ c)(c(1 + s− b)2(s− c)3
+ b(1 + s− c)2(s− b)3) > 0. (19)

Let b = 2s−1
2 +x and c = 2s−1

2 −x for some 0 < x < 1
2 . Then bc = s2−s+ 1

4−x2,
with s− b = 1

2 −x and s− c = 1
2 +x. Substituting this into (19), and simplifying,
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gives

(2 + 2γ − γ2)s2 − 3(1 + γ)s− 3γ3 + (1 + γ)2

− (2s− 1)

[(
s− 1

2
− x
)(

3

2
− x
)2(

1

2
+ x

)3

+

(
s− 1

2
+ x

)(
3

2
+ x

)2(
1

2
− x
)3
]

> 0,

where γ = 1
4 − x2.

Since�ABC is acute, we have b2 + c2 > 1 and c2 + 1 > b2. Translating these
conditions in terms of x and s, to complete the proof, we must show f(x, s) > 0,
for x and s satisfying

1

2
+

√
1

2
− x2 < s <

1

2
+

1

4x
, 0 < x <

1

2
,

where

f(x, s)

=

(
39

16
− 3

2
x2 − x4

)
s2 −

(
15

4
− 3x2

)
s−

(
1

4
− x2

)3

+

(
5

4
− x2

)2

−(2s− 1)

[(
s− 1

2
− x
)(

3

2
− x
)2(

1

2
+ x

)3

+

(
s− 1

2
+ x

)(
3

2
+ x

)2(
1

2
− x
)3
]
.

In order to do so, we seek to minimize f(x, s) over its domain C. We consider
restrictions on C as follows. Given 0 < δ < 1

2 (δ to be determined), let D = Dδ

denote the closure of the set of points (x, s) in C such that δ < x < 1
2 . By

Maple, there exist no points (x, s) in R
2 such that df

dx(x, s) = df
ds(x, s) = 0 with

0 < x < 1
2 . This implies that the minimum value of f on the compact set D must

occur on its boundary. Let α(x) = 1
2+

1
4x and β(x) = 1

2+
√

1
2 − x2. First observe

that

f(x, α(x)) =
(2x+ 1)(2x− 1)3(16x4 + 32x3 + 32x2 − 21)

256x2
.

Since the factor 16x4+32x3+32x2− 21 is negative for 0 < x < 1
2 , it is seen that

f(x, α(x)) > 0 for δ < x < 1
2 . By Maple, the derivative of the function g(x) =

f(x, β(x)) has no zeros on the interval (0, 12) with g(0) ≈ .009 and g
(
1
2

)
= 0,

which implies g(x) > 0 on the interval.
We now consider the values of f on the third piece of the boundary ofD, namely,

along the vertical line x = δ. Note first that

f(0, s) =
21

16
s2 − 21

8
s+

81

64
> 0, s ≥ 1 +

√
2

2
.

If h(s) = f(x, s) for a given x, then the position of the vertex of the graph of the
parabolic curve h(s) is seen to be a continuous function of the parameter x. Note
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that the coefficient of s2 in f(x, s) is given by

39

16
− 3

2
x2 − x4 − 2

(
3

2
− x
)2(1

2
+ x

)3

− 2

(
3

2
+ x

)2(1

2
− x
)3

,

which can be shown to be positive for 0 < x < 1
2 , and thus the vertex of h(s)

always corresponds to a minimum. By continuity, we may then select δ∗ > 0 such
that for all 0 < δ < δ∗, we have f(δ, s) > 0 for all s such that β(δ) ≤ s ≤ α(δ).
If 0 < δ < δ∗, it follows from the preceding that f(x, s) ≥ 0 on Dδ, with equality
occurring only at the point (x, s) =

(
1
2 , 1
)
. In particular, we have f(x, s) > 0 for

all interior points of Dδ. Upon allowing δ to approach zero, it follows that f(x, s)
is positive for all points in C, which completes the proof. �

Remark: The preceding result need not hold if�ABC is obtuse. For example,
f(x, s) < 0, i.e., DP < EQ, if x = .1 and s = 1.1, which corresponds to�ABC
having side lengthsAB = .5,AC = .7 andBC = 1. Note that if�ABC is acute,
then Theorem 10 implies 9, though not conversely, by Lemma 1.

References

[1] S. Abu-Saymeh, M. Hajja, and H. A. ShahAli, Another variation on the Steiner-Lehmus theme,
Forum Geom., 8 (2008) 131–140.

[2] H. S. M. Coxeter, Introduction to Geometry, John Wiley & Sons, Inc., 1961.
[3] H. S. M. Coxeter and S. L. Greitzer, Geometry Revisited, Random House, Inc., 1967.
[4] M. Hajja, A short trigonometric proof of the Steiner-Lehmus theorem, Forum Geom., 8 (2008)

39–42.
[5] M. Hajja, Stronger forms of the Steiner-Lehmus theorem, Forum Geom., 8 (2008) 157–161.
[6] T. Mansour and M. Shattuck, Some monotonicity results related to the Fermat point of a triangle,

Forum Geom., 16 (2016) 355–366.
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Putting the Icosahedron into the Octahedron

Paris Pamfilos

Abstract. We compute the dimensions of a regular tetragonal pyramid, which
allows a cut by a plane along a regular pentagon. In addition, we relate this
construction to a simple construction of the icosahedron and make a conjecture
on the impossibility to generalize such sections of regular pyramids.

1. Pentagonal sections

The present discussion could be entitled Organizing calculations with Menelaos,
and originates from a problem from the book of Sharygin [2, p. 147], in which it is
required to construct a pentagonal section of a regular pyramid with quadrangular

A

B

C

D

a
H

V

IJ

K

G

U

F

T

L

E
xM

Figure 1. Pentagonal section of quadrangular pyramid

basis. The basis of the pyramid is a square of side-length a and the pyramid is
assumed to be regular, i.e. its apex F is located on the orthogonal at the center E
of the square at a distance h = |EF | from it (See Figure 1). The exercise asks for
the determination of the height h if we know that there is a section GHIJK of the
pyramid by a plane which is a regular pentagon. The section is tacitly assumed to
be symmetric with respect to the diagonal symmetry plane AFC of the pyramid
and defined by a plane through the three points K,G, I . The first two, K and G,
lying symmetric with respect to the diagonal AC of the square. The third point
I , lying on the edge CF . The, otherwise, excellent book, uses in this case some
calculations, that I could not put in a systematic schedule somehow. So, I decided
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to do them in my way, trying to deduce them from some organizing principle. Here
are the results of this effort, which, among other things, show that the exercise has
some interesting extensions, but also prove that the corresponding calculations,
made in the book, were not correct.

The organizing principle for doing the calculations is the theorem of Menelaos
([1, p.153]). We apply this theorem two times. The first on the triangle FBC,
using the secant line V HI . This leads to the determination of the side x of the
pentagon in terms of the side a of the square basis. Then we apply the theorem
on the triangle ABF , using the secant UGH . This leads to the determination of
the edge’s length, d = |AF |, in terms of a and x and completes the proof of the
following theorem.

Theorem 1. A regular pyramid on a square basis of side a can be intersected by
a plane along a regular pentagon lying symmetric with respect to one of its planes
of symmetry if and only if it has equilateral faces i.e. the pyramid is a half regular
octahedron.

Before to delve into the details, let us fix the notation used in the figure shown.
PointsM and L are respectively the middles ofKG and JH . Point L is located on
the symmetry axis EF of the pyramid. Point T is the orthogonal projection of I
on this axis. Finally, points U and V are respectively the intersections of line-pairs
(AF,GH) and (BC,HI).

2. Menelaos once

The first application of the theorem of Menelaos to FBC with secant V HI
leads to the equation

V B

V C
· IC
IF
· HF
HB

= 1. (1)

The three quotients entering the equation can be calculated easily:

V B

V C
=
ME

MC
=

ME

ME + EC
=

1

1 + EC
ME

=
1

1 + a/
√
2

a/
√
2−x/2

=

√
2a− x

2
√
2a− x, (2)

IC

IF
=
TE

TF
=
FE − FT

TF
=
FE

TF
+ 1 = 1− EC

TI
= 1− EC

ME

ME

TI
. (3)

In the last expression we can replace

EC

ME
=

a/
√
2

a/
√
2− x/2 ,

ME

TI
=
ML

LI
= φ, (4)

where φ =
√
5+1
2 the golden section. Introducing this into equation (3) we obtain

IC

IF
=

√
2a(1− φ)− x√

2a− x . (5)

Finally the third quotient entering (1) evaluates to

HF

HB
=

HF

FB − FH =
1

FB
HF + 1

=
1

1−
√
2a

φx

=
φx

φx−√2a. (6)
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Using equations (2), (5) and (6), equation (1) transforms to
√
2a− x

2
√
2a− x ·

√
2a(1− φ)− x√

2a− x · φx

φx−√2a = 1, (7)

which, by taking into account the equation satisfied by φ : φ2 − φ − 1 = 0, and
simplifying reduces to

x =

√
2a

φ+ 1
. (8)

3. Menelaos twice

Before to start with the second application of Menelaos theorem, let us compute
the side y = |UA| of the triangle UAG lying on the plane of the face ABF .
The side UG has the length φx of the diagonal JH of the regular pentagon. Also
|AG| = x/

√
2 and the cos(ω), where ω = ̂UAG, is

cos(ω) = − cos(π − ω) = − a

2d
.

Thus, the cosine theorem applied to side UG of triangle UAG leads to equation

(φx)2 = y2 +
x2

2
+ 2y

x√
2

a

2d

⇔ y2 +
ax√
2d
y + (x2/2− (φx)2) = 0. (9)

Now, coming to the Menelaos equation for triangle ABF and the secant UGH we
have:

UA

UF
· HF
HB

· GB
GA

= 1. (10)

Using equation (6) for the middle factor and computing the last one we get for their
product

GB

GA
=
AB −AG

GA
=
AB

GA
+ 1 = 1− a

(x/
√
2)

=
x−√2a

x
, (11)

HF

HB
· GB
GA

=
φx

φx−√2a ·
x−√2a

x
=
φ(x−√2a)
φx−√2a . (12)

On the other side, the first factor is

UA

UF
=

UA

UA+AF
=

1

1 + AF
UA

=
1

1 + d
y

. (13)

Combining equations (10), (12), (13) and using (8) for x we come at

1 +
d

y
=
φ(x−√2a)
φx−√2a =

φ(
√
2a

φ+1 −
√
2a)

φ
√
2a

φ+1 −
√
2a

= φ2 = φ+ 1,

which implies
d = y · φ. (14)
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This, taking into account (8) and (9), implies, after a short calculation

d2 = a2 ⇔ d = a. (15)

This implies that the tetragonal pyramid has equilateral faces, i.e. it is a half-
octahedron and its height is

h =

√
d2 − a2

2
=

a√
2
. (16)

This completes the proof of the first half of the assertion of the theorem, the other
half being obvious, since the steps of the proof can be reversed, if we assume that
the pyramid is a half regular octahedron.

4. Relation to Icosahedron

Using (8) in formula (5) and calculating similarly the other ratios we see that the
golden ratio appears in all side divisions:

CI

IF
=
BG

GA
=
FJ

JD
= φ. (17)

Drawing also the line orthogonal to the plane of the pentagon at its center O and
taking its intersection N with the pyramid’s edge AF , we see easily that AN

NF = φ
and that the pentagonal pyramid NGHIJK is the pentagonal gasket of the pla-
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Figure 2. Icosahedron inscribed in the octahedron



Putting the icosahedron into the octahedron 67

tonic regular icosahedron (See Figure 2). The symmetric pentagon KGH ′I ′J ′
with respect to the plane of the basic square produces analogously another pen-
tagonal gasket, and the two gaskets can be easily completed to an icosahedron.
This can be done by taking the symmetrics of these two pentagons with respect to
the symmetry plane BFD of the pyramid. The vertices of the four, thus defined,
pentagons determine the vertices of an icosahedron. This shows that the initial ex-
ercise relates to the inclusion of the icosahedron into the octahedron, defined by
the square ABCD. The described procedure gives also a very simple method to
construct the icosahedron. It suffices to construct the octahedron, which is simple,
and divide its edges in the golden ratio using a certain rule suggested by the figure.
The twelve resulting division points are the vertices of an icosahedron. Eight out

A B

F

N

G

H

Figure 3. Face in face

of the twenty faces of the icosahedron are inscribed in corresponding faces of the
octahedron (See Figure 3), the other twelve sitting entirely inside the octahedron.

5. Generalization

The original problem could be generalized to arbitrary regular pyramids. For
triangular basis the answer is easy to supply. The only regular triangular pyramid
admiting a square section is the regular tetrahedron, the section being the square of
the middles of the segments joining the endpoints of two opposite lying edges (See
Figure 4). This, assuming that one side HE of the square is parallel to the edge
BC, we have that also the opposite side of the square FG is parallel to BC and
since AE

AB = HE
BC = FG

BC = DF
DB , we have that EF and AD must be parallel. Since

analogously BE
BA = AE

AB we deduce that E and analogously F are the middles of
the respective edges AB and BD. Thus, x = |AE| = |EH| = |EF | = |EB| =
|BF |. This implies that the faces of the pyramid are equilateral triangles and shows
the claim.
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C

A B
H

E

F
G

D

Figure 4. Square section of regular tetrahedron

At this point one is tempted to seek regular (n+1)− sided polygon sections for
regular pyramids with basis having n > 4 sides. The method used in the preced-
ing paragraphs can be transferred in this more general question and used in order
to determine the special (isosceles) triangles, which play the role of the faces of
a pyramid allowing a regular polygonal section with n + 1 sides. Next section,
however shows that there are not hexagonal regular sections in a regular pentag-
onal pyramid and suggests the conjecture that there are no similarly constructible
sections for n > 4.

6. Impossibility of hexagonal regular sections

In this section, working a bit more general than the case requires, we assume
that the basis of the regular pyramid is a regular (odd) n-sided polygon and ask for
the particular one which allows a plane-cut along an (n+1)-sided regular polygon.
In the following discussion we think and calculate for general (odd) n, though the
figure we refer to corresponds to n = 5 and ultimately it is for this figure that we

A B

C
D

E

F

G

H

IJ

L

K

U

V

a

d

x

D C

B

A

E

K G
x

V

x

x

L H

U

GK

v

M

(I) (II) (III)

V0

W

u

Figure 5. Pyramids with odd sided regular polygon basis

apply the results of the calculation. Our aim is to prove the following theorem (See
Figure 5).
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Theorem 2. There is no regular pentagonal pyramid FABCDE admitting a sec-
tion symmetric with respect to one symmetry plane of the pyramid, which, in addi-
tion is a regular hexagon.

For the proof we apply Menelaos theorem on the face BFC with secant V HI
leading to equation:

V C

V B
· IF
IC
· HB
HF

= 1.

The first ratio entering the equation is again easily computed

V C

V B
=
V B +BC

V B
= 1 +

BC

V B
. (18)

By assumption the basis is a regular n-sided polygon, and, as suggested by the
figure 5-(II), the length of V B can be computed in terms of the side x = |KG| of
the (n+ 1)−gonal section and a = |AB| the side of the basis. In fact, introducing
the half-angle ω of the n-sided basis and using the shortcut s = sin(ω), we have

ω =
n− 2

2n
π, |AG| = x

2s
,

|GB| = a− |AG| = 2as− x
2s

,

|V B| = |GB||AB| |BV0| =
2as− x
2as

|BV0|. (19)

Referring to the figure 5-(II), the segment u = |EB| = 2a sin(ω) is the smallest
diagonal of the n−gon and BV0 satisfies

BV0
BW

=
EA

EW
=

a

a+ a/2
cos(π−2ω)

=
2 cos(2ω)

2 cos(2ω)− 1

⇒ |BV0| = EA

EW
|BW | = 2 cos(2ω)

2 cos(2ω)− 1
· a/2

cos(π − 2ω)
,

|BV0| = a

1− 2 cos(2ω)
=

a

4s2 − 1
.

which, by (18) and (19) gives

|V B| = 2as− x
2as

· a

4s2 − 1
=

2as− x
2s(4s2 − 1)

⇒ V C

V B
= 1 +

a

|V B| =
8as3 − x
2as− x . (20)

The second ratio entering the Menelaos theorem is

IF

IC
=

IF

FC − FI =
1

FC
IF + 1

=
1

1− a
x

=
x

x− a. (21)

Finally the third ratio is

HB

HF
=
FB − FH

HF
=
FB

HF
+ 1 = 1− EB

LH
= 1− u

v
. (22)
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The length v = |LH| is the smallest diagonal of the (n + 1)− sided cut of the
pyramid and can be expressed in terms of x:

|KU | = x

2 cos(ψ)
,

v

x
=
x+ |KU |

x
=

2 cos(ψ) + 1

2 cos(ψ)
⇒ v = x

2c+ 1

2c
,

where we have set ψ = ̂GKU for the complement of the angle of the (n + 1)−
sided regular polygon and used the shortcut c = cos(ψ), the relevant elements
being displayed in figure 5-(III). Replacing this in (22) we get

HB

HF
=
x(2c+ 1)− 4asc

x(2c+ 1)
. (23)

By substitution into the Menelaos condition we obtain the equation

8as3 − x
2as− x ·

x

x− a ·
x(2c+ 1)− 4asc

x(2c+ 1)
= 1.

⇔ x

2s
= a

16cs3 − 2c− 1

16cs3 + 8s3 − 2s− 2c− 1
. (24)

If there were a hexagonal section, then the quantity x
2s = |AG|, should have the

value on the right of the last equation. This, in the case n = 5, for which s =
φ/2, c = 1/2, evaluates to

a
φ2 − 2

2φ2 − φ− 2
= a

2φ− 1

3φ
≈ 0.46065 · a. (25)

But this value leads to a contradiction visible in figure 6. In fact, the left figure
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Figure 6. Impossible configuration

6-(I) shows how should look the vertical projection of the regular hexagon on the
plane of the basis of the pyramid, if such an hexagon was existing. The right part
(II) of the figure, however, shows how the projection should look, for the value
|AG| ≈ 0.46065 · a according to equation (25). In fact, opposite sides LG, IJ of
the projected hexagon are equal segments and LGIJ is a rectangle. The other two
vertices project at pointsK,H , which coincide, respectively, with the intersections
of the medial line ofGI with the radii FE,FB of the circumcircle of the pentagon.
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Thus, the shape of the projected hexagon is completely determined by the length
of |AG|. However for the value obtained above, it is easy to show that the location
of the intersection points K,H of the medial line of GI with the radii FE,FB
results to a non-convex hexagon (See Figure 6-II), which is impossible.
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Pascal’s Hexagram and the Geometry of the Ricochet
Configuration

Jaydeep Chipalkatti

Abstract. This paper is a study of a geometric arrangement called the ‘ricochet
configuration’ (or R-configuration), which arises in the context of Pascal’s the-
orem. We give a synthetic proof of the fact that a specific pair of Pascal lines
is coincident for a sextuple in R-configuration. Furthermore we calculate the
symmetry group of a generic R-configuration, and consequently the degree of
the subvariety R ⊆ P

6 of all such configurations. We also find a set of equivari-
ant defining equations for R, and show that it is an intersection of two invariant
hypersurfaces.

1. Introduction

The ‘ricochet configuration’ is a specific arrangement of six points on a conic
which arises in the context of Pascal’s theorem. It was discovered by the author
in [1]. We recall some of this background below for ease of reading.

1.1. Let K denote a nonsingular conic in the complex projective plane. Consider

six distinct points A,B,C,D,E, F on K, arranged into an array

[
A B C
F E D

]
.

Then Pascal’s theorem says that the three cross-hair intersection points

AE ∩BF, BD ∩ CE, AD ∩ CF
(corresponding to the three minors of the array) are collinear.

The line containing them is called the Pascal line, or just the Pascal, of the array;

we will denote it by

{
A B C
F E D

}
. It is easy to see that the Pascal remains

unchanged if we permute the rows or the columns of the array; for instance{
A B C
F E D

}
,

{
F E D
A B C

}
,

{
E D F
B C A

}
all denote the same line.

Any essentially different arrangement of the same sextuple of points, say{
E A C
B F D

}
,

corresponds a priori to a different line. Hence we have a total of 6!
2!3! = 60 no-

tionally distinct Pascals. It is a theorem due to Pedoe [7], that these 60 lines are
pairwise distinct for a general choice of the initial sextuple. In other words, there
must be something geometrically special about the sextuple (always assumed to
consist of distinct points) if some of its Pascals are to coincide.
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Figure 1. Pascal’s theorem

The main theorem on [1, p. 12] characterises all such special situations. It says
that if some of the Pascals coincide, then the sextuple must either be in involutive
configuration, or in ricochet configuration. We will describe both of these below.
The first is very classical (cf. [8, §260]); whereas the second is probably not. To
the best of my knowledge, it had not previously appeared in the literature before it
was discovered in the process of proving this theorem.

1.2. The involutive configuration. The sextuple Γ = {A, . . . , F} is said be in in-
volutive configuration, (or in involution for short), if there exists a point Q in the
plane with three lines L,L′, L′′ through it such that

Γ = (L ∪ L′ ∪ L′′) ∩ K.
With points labelled as in the diagram, it turns out that the Pascals

Figure 2. The involutive configuration

{
A B C
F E D

}
,

{
F B C
A E D

}
,

{
A E C
F B D

}
,

{
A B D
F E C

}
,
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Figure 3. The ricochet configuration

all coincide (see [1, p. 9]). The pattern is straightforward: fix any column in the
first array and switch its entries to get another array. The common Pascal is the
polar of Q with respect to the conic.

1.3. The ricochet configuration. The construction in this case is rather more elab-
orate. Start with arbitrary distinct points A,B,C,D on the conic. We will define
two more points E and F to complete the sextuple (see Diagram 3).

• Draw tangents to the conic at A and C. Let V denote their intersection
point.
• Extend V D so that it intersects the conic again at F .
• Let W be the intersection point of AF and CD.
• Now mark off Z on the conic such that V,B, Z are collinear, and finally E

such that W,Z,E are collinear.

One may think of B as a billiard ball which is struck by V so that it bounces
off the conic at Z, and gets redirected to W ; hence the name ‘ricochet’. For such a
sextuple, the Pascals {

A B C
F E D

}
,

{
A E C
D B F

}
(1)

coincide (see [1, p. 10]). The common Pascal is the line VW , something which
is not altogether obvious from the diagram. It is prima facie a little odd that the
Pascal only depends on A,C,D and not on B. All of this will be clarified in §3.

As mentioned above, the main result of [1] can be paraphrased as saying that
any sextuple for which some of the Pascals coincide must fit into either Diagram 2
or Diagram 3, up to a relabelling of points.
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1.4. A summary of results. This paper is a study of the algebro-geometric proper-
ties of the ricochet configuration (henceforth called the R-configuration).

(1) The fact that the two Pascals in (1) coincide was proved by an inelegant
brute-force calculation in [1]. We will give a geometric proof in §3.

(2) In §4, we determine the group of symmetries of a generic R-configuration;
it turns out to be the 8-element dihedral group. If one thinks of a sextuple
as an element of

Sym6K � Sym6
P
1 � P

6,

then all sextuples in ricochet configuration form a 4-dimensional subvari-
etyR ⊆ P

6. The symmetry group will be used to prove thatR has degree
60.

(3) The special linear group SL(2,C) acts on the projective plane by linear
automorphisms in such a way that K is stabilized (more on this in §2.1 be-
low). Since theR-configuration is constructed synthetically, the subvariety
R is stabilized by the induced group action on Sym6K. Hence R must be
defined by SL(2)-invariant homogeneous equations; or in classical lan-
guage, by the vanishing of certain covariants of binary sextic forms. We
will find such equations explicitly in §5. It turns out that R is defined by
the vanishing of two invariants, one each in degrees 6 and 10. This means
thatR is a complete intersection; that is to say, it is defined by the smallest
possible number of equations for its dimension.

All the necessary background in projective geometry may be found in [2, 9, 10].
We will use [11] as the standard reference for algebraic geometry, but nothing
beyond the most basic notions will be needed.

2. Preliminaries

Our entire set-up agrees with the one used in [1, Ch. 3]. We will recall only
some of it below, and refer the reader to the earlier paper for details. Section 3 is
in any event mostly geometric, and apart from §2.2 on involutions, it does not need
any of the algebraic preliminaries given here.

2.1. For m ≥ 0, let Sm denote the vector space of homogeneous polynomials of
degree m in the variables x = {x1, x2}. In classical language, elements of Sm
are the binary m-ics. Given A ∈ Sm and B ∈ Sn, their r-th transvectant will be
denoted by (A,B)r. It is a binary form of degree m+ n− 2r.

We will use P2 = PS2 as our working projective plane; thus a nonzero quadratic
form Q = a0 x

2
1 + a1 x1 x2 + a2 x

2
2 represents a point [Q] ∈ P

2. Consider the
Veronese imbedding

PS1
φ−→ PS2, [u] −→ [u2].

The image of φ will be our conic K. The point [Q] lies on K, iff Q is the square
of a linear form. Thus K is defined by the equation a21 = 4 a0 a2. Henceforth we
will write Q for [Q] etc., if no confusion is likely. We will sometimes use affine
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Figure 4. T −→ σQ(T ) = T ′

coordinates on K � C ∪ {∞}, so that α ∈ C corresponds to φ(x1 − αx2), and∞
to φ(x2).

The advantage of such a set-up is that the action of the special linear group is nat-

urally built into it. A matrix M =

[
α γ
β δ

]
∈ SL(2,C) gives an automorphism

of Sm defined by a linear change of variables f(x1, x2)→ f(αx1 + β x2, γ x1 +
δ x2); this in turn induces an automorphism of the projective space PSm � P

m.
The operation of transvection commutes with a linear change of variables; in par-
ticular all the notions involving points and lines in P

2, as well as polarities with
respect to K are expressible in the language of transvectants.

2.2. Involutions. Every point Q ∈ P
2 \ K defines an involution (i.e., a degree 2

automorphism) σQ on K. It takes a point T to the other intersection of QT with K
(see Diagram 4). In particular, σQ(T ) = T exactly when QT is tangent to K.

Now let Y be any point in P
2, and let y1, y2 be the intersection points of its

polar with respect to K. (That is to say, yiY are tangent to the conic.) We define
Z = σQ(Y ) to be the pole of the line joining z1 = σQ(y1), z2 = σQ(y2). Thus σQ
extends to an involution of the entire plane (see Diagram 5). The points Y,Q and
σQ(Y ) are collinear. This has the consequence that if � is a line passing through
Q, then σQ(�) = � as a set.

2.3. Algebraic form of the R-configuration. We will express the notion of an R-
configuration in the language of §2.1. Consider the set of letters LTR = {A,B,C,D,E,F}.
Define a hexad to be an injective map LTR

h−→ K, and write

A = h(A), B = h(B), . . . F = h(F)

for the corresponding distinct points on the conic. Then Γ = image(h) = {A, . . . , F}
is the associated sextuple. A hexad h will be called an alignment if the two rows
of the table

A B C D E F

0 t ∞ 1 t−1
t+1 −1 (2)
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Figure 5. Y −→ σQ(Y ) = Z

are projectively isomorphic for some complex number t. In other words, there
should exist an automorphism of K (or what is the same, a fractional linear trans-
formation of P1) which takes A,B, . . . , F respectively to 0, t, . . . ,−1. Since the
points are required to be distinct, we must have t 
= 0, 1,

√−1. For later reference,
let Σ(t) denote the sextuple corresponding to the second row of (2).

We will say that a sextuple Γ is in R-configuration (or, it is an R-sextuple), if it
admits at least one alignment. To see that this definition agrees with the geometric
construction, choose coordinates on K such that A,C,D respectively correspond
to 0,∞, 1. This can always be done by the fundamental theorem of projective
geometry. Using binary forms,

A = x21, C = x22, D = (x1 − x2)2.
Following the geometric construction in §1.3, we get V = x1 x2, F = (x1 + x2)

2,
and hence1

W = (x1(x1 + x2), x2 (x1 − x2))1 = � (x21 − 2x1 x2 − x22).
Now let B = (x1 − t x2)2 for some t. Then Z = σV (B) = � (x1 + t x2)

2, and
finally

E = σW (Z) = � (x1 − t− 1

t+ 1
x2)

2.

This agrees exactly with (2). The ricochet B � Z � E corresponds to t →
−t → t−1

t+1 . Notice that A,C,D, F is a harmonic quadruple, i.e., the cross-ratio
〈A,C,D, F 〉 = −1. Thus one can think of the R-configuration as a ‘fixed’ har-
monic quadruple, joined by a moving pair of points B and E. It will be convenient
to introduce the partition

LTR = {A,C,D,F}︸ ︷︷ ︸
H-LTR

∪{B,E}, (3)

1As in [1], we will use � to indicate a nonzero multiplicative scalar whose precise value is
irrelevant.
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where H-LTR is to thought of as the ‘harmonic’ subset of letters.
The fractional linear transformation

ϕ(t) =
t− 1

t+ 1
, (4)

will appear many times below. Its inverse is given by ϕ−1(t) = 1+t
1−t .

2.4. Example. The table

−1
3 1 2 1

4
1
18 −3

2
0 4 ∞ 1 3

5 −1
is so arranged that the second row is Σ(4), and s → 3s+1

2−s transforms the first
row into the second. Hence the first row (and of course, also the second) is in
R-configuration.

2.5. We identify the projective space P
6 with PS6. A nonzero binary sextic form

H will factor as
6∏

i=1
(αi x1 − βi x2), and as such corresponds to the sextuple of

points {βi/αi : 1 � i � 6} on P
1 � K. The points are distinct if H has no

repeated linear factors. Hence the set of sextuples of distinct points on K can be
identified with the complement of the discriminant hypersurface in P

6.
LetR ⊆ P

6 denote the Zariski closure of the set of allR-configurations; in other
words, it is the Zariski closure of the union of SL(2)-orbits of the sextic forms

Gt = x1 x2 (x1 − x2) (x1 + x2) (x1 − t x2) (x1 − ϕ(t)x2),
over all complex numbers t 
= 0, 1,

√−1. Since an R-configuration is built from
an arbitrary choice of A,B,C,D on the conic, R is an irreducible 4-dimensional
rational projective variety.

3. The double ricochet

We are aiming for the following theorem:

Theorem 1. If Γ = {A, . . . , F} is a sextuple in R-configuration, then either of the
Pascals {

A B C
F E D

}
,

{
A E C
D B F

}
coincides with the line VW .

The first task is to construct a specific automorphism ψ of the conic, which is
expressible as a product of two involutions in two distinct ways.

3.1. Diagram 6 is a minor variant of Diagram 3. The points A,C,D, F, V,W
are exactly as before, but B and E are not yet in the picture. The lines AD,CF
intersect in the newly shown point U .

Lemma 2. The points U, V,W are collinear.

Proof. The involution σV preserves the pointsA,C, and interchangesD,F . Hence
it takes U = AD ∩ CF to W = AF ∩ CD. Thus U, V,W are collinear. �
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Figure 6. The harmonic quadruple {A,C,D, F}

Lemma 3. The two automorphisms σW ◦ σV and σV ◦ σU of K are equal.

Proof. Since K � P
1, by the fundamental theorem of projective geometry it will

suffice to show that the two agree on three distinct points. Now σW ◦ σV (A) =
σW (A) = F , and σV ◦ σU (A) = σV (D) = F . Similarly, it is easy to check that
both automorphisms send C to D, and D to A. �

Now let ψ : K −→ K denote this common automorphism, and let L denote
the line UVW . For arbitrary points B and E on the conic, consider the Pascal{
A B C
F E D

}
. By definition, it must pass through the point U = AD∩CF . As

B andE move on the conic, the Pascal will pivot aroundU . We should like to know
under what conditions it will equal L. This is answered by the next proposition.

Proposition 4. We have

{
A B C
F E D

}
= L, exactly when ψ(B) = E.

Diagram 7 shows the action of ψ = σW ◦ σV = σV ◦ σU . One can pass from B
to E either by a ricochet at Z or at Z ′. Let us assume the proposition for now, and
deduce theorem 1. If ψ(B) = E, then ψ(Z ′) = Z. Applying the proposition with
Z ′ in place of B, we have {

A Z ′ C
F Z D

}
= L.

Now apply σV to this equation. Since L passes through V , we have σV (L) = L

by §2.2. But then{
σV (A) σV (Z

′) σV (C)
σV (F ) σV (Z) σV (D)

}
=

{
A E C
D B F

}
= L,

which is what we wanted.
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Figure 7. σW ◦ σV (B) = E = σV ◦ σU (B)

3.2. It remains to prove the proposition. Let A,C,D, F be as in Diagram 6.
Given an arbitrary point B on the conic, we will define another point ω(B) such
that {

A B C
F ω(B) D

}
= L. (5)

Afterwards we will prove that ω and ψ are the same morphism. One can define
ω(B) in either of the following two ways; the identity in (5) is then simply the
definition of the Pascal.

Figure 8. B −→ ω(B)

(1) Intersect BF with L to get a point H1, and define ω(B) to be the other
intersection of AH1 with K. Then the Pascal in (5) is H1U = L.
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Figure 9. The double Pascal of an R-configuration

(2) Intersect BD with L to get a point H2, and define ω(B) to be the other
intersection of CH2 with K. Once again, the Pascal in (5) H2U = L.

This defines a morphism ω : K −→ K, which is bijective since the construction can
be reversed to define ω−1. One point should be clarified. Throughout this paper,
we have considered sextuples of distinct points only. However, ω is defined for all
positions of B on K, even those which coincide with other points. For instance, if
B coincides with D, then we interpret BD as the tangent at D.

Now observe that

• If B = A, then H1 =W and ω(B) = F .
• If B = C, then H2 =W and ω(B) = D.
• If B = D, then H1 = V and ω(B) = A since V lies on the tangent at A.

Thus A,C,D are respectively mapped to F,D,A by ψ as well as ω, hence they
must be the same morphism. This proves the proposition. �

Theorem 1 is now completely proved. The equality of the two automorphisms
seems difficult to prove directly, since their definitions are rather disparate. But the
fundamental theorem of projective geometry allows us to conclude the argument
by comparing their values only at three chosen points.

Diagram 9 on page 82 shows the R-configuration with its double Pascal. All

the joins belonging to

{
A B C
F E D

}
are shown in green, and those belonging to{

A E C
D B F

}
are in blue. Although a certain amount of clutter is unavoidable

in a diagram of this kind, it is hard to miss the red Pascal line containing the six
intersection points.

In [1, p. 17], Gröbner basis computations are used to prove that the converse of
this theorem is also true, i.e., assuming that the two Pascals coincide forces Γ to be
in R-configuration. It would be interesting to have a purely geometric proof of this
fact, but I do not see one.
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4. The shuffle group and the degree of the ricochet locus

In this section we will determine the group of combinatorial symmetries of a
generic R-sextuple. This calculation will be of use in finding the degree of the
variety R. As in [1], let G(X) denote the group of bijections X −→ X on a set
X .

4.1. Let Γ = Σ(t) as in (2). Fix the alignment h : LTR −→ Σ(t) such that

A→ 0, B→ t, C→∞, D→ 1, E→ t− 1

t+ 1
, F→ −1.

Consider the subgroup H(t) ⊆ G(LTR) of elements z such that h ◦ z is also an
alignment. In other words, H(t) measures in how many ways the same sextuple
can be seen to be in R-configuration. We may call it the shuffle group correspond-
ing to t.

Lemma 5. The elements

u = (ADCF), v = (AD)(BE)(CF) (6)

are in H(t).

By our convention, the 4-cycle u takes A to D etc.

Proof. The proof for u is captured by the following table:

1 t −1 ∞ t−1
t+1 0

0 t−1
t+1 ∞ 1 −1

t −1
The hexad h◦u is given by A→ D→ 1,B→ B→ t etc, all of which is described
by the first row. The fractional linear transformation s → s−1

s+1 converts it into the
second row, which is Σ( t−1

t+1). Hence h ◦ u is also an alignment, i.e., u ∈ H(t).
Similarly, the hexad h ◦ v is the first row of the table:

1 t−1
t+1 −1 0 t ∞

0 1
t ∞ 1 1−t

1+t −1
The transformation s→ 1−s

1+s converts it into the second row, which is Σ(1t ). Hence
v ∈ H(t). �

These two elements satisfy the relations u4 = v2 = (u v)2 = e, hence the
subgroup of G(LTR) generated by them is the dihedral group with 8 elements.

4.2. We already know that {A,C,D, F} is a harmonic quadruple inside Σ(t).
But some other quadruple, say {B,D,C,E}, will be harmonic exactly when the
cross-ratio

〈B,D,C,E〉 = 2

t2 + 1
,

is −1, 12 or 2. This can happen only for finitely many values of t, and of course
likewise for all such cases. Hence, {A,C,D, F} is the unique harmonic quadruple
inside Σ(t), for all but finitely many values of t (that is to say, for a ‘generic’ t).

Proposition 6. For generic t, the group H(t) is generated by u and v.
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Proof. By what has been said, every element in H(t) must preserve the subset
H-LTR ⊆ LTR. This gives a morphism f : H(t) −→ G(H-LTR).

Let G ⊆ G(H-LTR) denote the group of permutations δ such that

〈h ◦ δ(A), h ◦ δ(C), h ◦ δ(D), h ◦ δ(F)〉 = −1.
Now G is the 8-element dihedral group generated by u = (ADCF) and v′ =
(AD)(CF); this is a standard fact about the symmetries of the cross-ratio and in
particular those of a harmonic quadruple (see [13, Ch. IV]). We know, a priori, that
the image of f is contained in G. Now f surjects onto G, since f(v) = v′. It is
easy to check that (BE) /∈ H(t), and hence f is also injective. It follows that f is
an isomorphism onto G, and thus H(t) is generated by u and v. �

4.3. The group H(t) may be larger for special values of t. If t =
√−3, then

{B,D,C,E} is also a harmonic quadruple, which allows more possibilities for
elements in H(t). A routine computation shows that H(

√−3) is the 16-element
group generated by u and v, together with the additional element (AB)(CD)(EF).
There are several such special values of t, but we do not attempt to classify them.

In general, an element of H(t) does not extend to an automorphism of the entire
conic. For instance, let T denote the intersection of the lines AD,BE. If v were
to extend to an automorphism of K, it would have to coincide with the involution
σT , since both have identical actions on the four points A,B,D,E. However this
is a contradiction, since the line CF will not pass through T for generic t.

4.4. The degree of R. Let us write H = H(t) in the generic case, since the group
is independent of t. We will use it to determine the degree of R as a projective
subvariety in P

6. If z ∈ K is an arbitrary point, then {Γ ∈ P
6 : z ∈ Γ} is a

hyperplane in P
6. Since the degree of R is the number of points in its intersection

with four general hyperplanes, we are reduced to the following question: Given
a set of four general points Ω = {z1, . . . , z4} ⊆ P

1 � K, find the number of
R-sextuples Γ which contain Ω.

Thus the degree of R can be understood in the following intuitive way. The
R-configuration has four degrees of freedom; that is to say, four general points on
the conic will fit into only finitely many R-configurations. We want to know how
many.2 The following two examples should capture the gist of the matter.

Let Ω = {2, 3, 5, 7}, and assign them respectively to positions A,C,D,E. This
means that, in the table below

A B C D E F
2 b 3 5 7 f
0 t ∞ 1 ϕ(t) −1

2Since there are only finitely many values of t for which H(t) is larger than H , the subclass of
such R-configurations has only three degrees of freedom. Hence a general set of four points on the
conic is not extendable to any such configuration. This fact will play a role in the degree calculation
below.
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we want to find all pairs (b, f) such that the second row is projectively isomorphic
to the third row for some t. The transformation μ(s) = 9s−4

3s−2 takes 0,∞, 1 respec-
tively to 2, 3, 5. Hence f = μ(−1) = 13

5 . Then ϕ(t) = μ−1(7) = 5
6 , and hence

t = ϕ−1(56) = 11. Finally b = μ(11) = 95
31 . Thus we have a unique pair (b, f)

which extends the given initialisation of Ω to an R-sextuple.
Now assign the same numbers respectively to A,B,D,E. This leads to the table:

A B C D E F
2 3 c 5 7 f
0 t ∞ 1 ϕ(t) −1

As before, we are searching for all pairs (c, f) such that the second and the third
rows are projectively isomorphic for some t. Now ν(s) = (c−5) (s−2)

3 (c−s) takes 2, c, 5

respectively to 0,∞, 1. Hence t = ν(3) = (c−5)
3 (c−3) , which leads to ϕ(t) = t−1

t+1 =
c−2
7−2c . But ϕ(t) is also equal to ν(7) = 5c−25

3c−21 . Equating the two leads to the
quadratic equation 13 c2 − 112 c + 217 = 0, and hence two values of c. Since
f = ν−1(−1) = c+10

8−c is completely determined by c, we get two pairs (c, f).
The crucial difference between the two examples is that three of the elements in

{A,C,D, F} are specified in the first, and only two in the second. The idea behind
the degree computation is to keep a tally of all such possibilities.

4.5. We define an initialisation to be a bijection β : F → Ω, for some 4-element
subset F ⊆ LTR. An extension of β is an alignment β′ : LTR → Γ such that
β′|F = β. Here Γ is necessarily an R-configuration containing Ω. Define the type
of β to be the cardinality of the set H-LTR ∩ F .

For instance, the first example corresponds to the initialisation

A→ 2, C→ 3, D→ 5, E→ 7, (7)

which is of type 3. It admits a unique extension

B→ 95

31
, F→ 13

5
.

Proposition 7. An initialisation has respectively 2, 1 or 0 extensions according to
whether its type is 2, 3 or 4.

Proof. Assume that the type is 4. But since a general quadruple Ω is not harmonic,
it cannot occupy the positions {A,C,D, F} in an R-configuration. Hence there
cannot be any extensions.

The first example in §4.4 illustrates type 3, and the second illustrates type 2. The
proofs in the general case are exactly on the same lines, hence we leave them to
the reader. The only issue which perhaps requires comment is the following: if the
type is 2, then we get a quadratic equation for one of the unknown letters. Since
the zi are general, the equation has two distinct roots rather than a repeated root.
Either of the roots determines the other unknown uniquely. �

The geometry of the type 3 case is utterly straightforward. If the values of three
letters from H-LTR are specified, so is the fourth by harmonicity. This determines
all points in Diagram 6, and then specifying either B or E also specifies the other.
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As to a type 2 case, assume for instance that {A,B,C,E} are specified. Then
so are V, Z and hence the line ZE is specified (on which W must lie). Since
V,D, F are collinear, knowing D is tantamount to knowing F . Now, for a variable
point D on the conic, the function D −→ AD ∩ CF traces a conic in the plane.
It intersects ZE in two points, which are the two acceptable positions of W . But
D,F are determined once W is determined, hence we get two extensions. The
other type 2 cases are similar.

4.6. Fix a general quadruple Ω = {z1, . . . , z4} ⊆ K. It takes an elementary
counting argument to see that there are

• 144 initialisations of type 2,
• 192 initialisations of type 3, and
• 24 initialisations of type 4.

For instance, to form a type 2 initialisation, choose two letters from H-LTR in 6
ways. Those, combined with {B,E}, can be distributed in 24 ways over the zi.
Hence there are 24× 6 = 144 such initialisations.

Now observe that the group H will act on the sets of initialisations and exten-
sions. For instance, the element v in (6) will change the initialisation in (7) to

D→ 2, F→ 3, A→ 5, B→ 7,

and its extension to

E→ 95

31
, C→ 13

5
.

Of course, both initialisations lead to the sameR-sextuple, namely
{
2, 3, 5, 7, 9531 ,

13
5

}
.

Since elements of H preserve the harmonic subset H-LTR, they do not affect the
type of an initialisation. If two initialisations β1, β2 are in the same H-orbit, then
the R-configurations obtained by extending them will be the same. Conversely,
suppose that β1, β2 are two initialisations with respective extensions β′1, β′2 such
that Γ = image(β′1) = image(β′2). But since Ω is general, the shuffle group of Γ is
exactly H , and no larger. Hence β1, β2 must be in the same H-orbit.

Now we can count the number of possible R-configurations which contain a
given Ω. There are 144

8 × 2 = 36 configurations coming from all initialisations
of type 2, and 192

8 × 1 = 24 from those of type 3. There are none coming from
initialisations of type 4, which gives a total of 24 + 36 = 60. This proves that

Theorem 8. The degree ofR is 60. �

Said differently, if we start with a randomly chosen quadruple of points on the
conic, then there are 60 ways to add two more points so that the resulting sextuple
is in R-configuration.

Now we will look for equations which define the varietyR. Since the dimension
of R is two less than that of its ambient space P

6, no fewer than two equations
would suffice. The simplest situation would be that of an ideal-theoretic complete
intersection; i.e., R would be defined by two equations of degrees m and n such
that mn = 60. As we will see, this is not too good to be true.
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5. Equations for the ricochet locus

We begin with a short introduction to classical invariant theory, which should
motivate some of the calculations to follow. The most readable classical references
on this subject are [3, 5, 8]. Modern accounts may be found in [6, Appendix B]
and [12, Ch. 4].

5.1. Invariants and Covariants. The invariant theory of binary quartics is as good
an illustration as any. Consider a degree 4 homogeneous polynomial

Φ = a0 x
4
1 + a1 x

3
1 x2 + a2 x

2
1 x

2
2 + a3 x1 x

3
2 + a4 x

4
2, (ai ∈ C)

in the variables x = {x1, x2}. Its Hessian, which we denote by He(Φ), is defined

to be the self-transvectant (Φ,Φ)2 = 1
72

∣∣∣∣ Φx1x1 Φx1x2

Φx2x1 Φx2x2

∣∣∣∣. It has the expression

He(Φ) =

(
1

3
a0 a2 − 1

8
a21

)
x41+

(
a0 a3 − 1

6
a1 a2

)
x31 x2+· · ·+

(
1

3
a2 a4 − 1

8
a23

)
x42.

This is an example of a covariant, since its construction is compatible with a linear
change of variables in the following sense. A 2× 2 matrix with determinant 1, for

instance

[
2 3
5 8

]
, corresponds to the change of variables:

x1 −→ 2x1 + 5x2, x2 −→ 3x1 + 8x2. (8)

Now consider the following two processes:

• Use the substitution (8) in Φ to form another polynomial Φ′, and take its
Hessian He(Φ′).
• Use the substitution (8) in He(Φ) to form [He(Φ)]′.

The outcomes are identical, i.e., He(Φ′) = [He(Φ)]′. (This is a consequence of the
general fact that the formation of transvectants commutes with a linear change of
variables. Of course, it can also be checked by a brute-force calculation.) Since
the Hessian is of degree 2 in the ai, and degree 4 in the x, it is called a covariant of
degree-order (2, 4). A covariant of order 0, i.e., one which contains no x-terms, is
called an invariant. For instance,

(Φ, (Φ,Φ)2)4 = a0 a2 a4 − 3

8
a21 a4 −

3

8
a0 a

2
3 +

1

8
a1 a2 a3 − 1

36
a32,

is an invariant of degree 3. It is a foundational theorem in the subject that every
covariant is expressible as a compound transvectant; that is to say, it can be written
as a linear combination of terms of the form

(. . . (Φ, (Φ,Φ)r1))r2 , . . . )rk .

Any invariant of binary quartics is a polynomial in the two fundamental invari-
ants (Φ,Φ)4 and (Φ, (Φ,Φ)2)4. A similar statement is true of covariants, but the
corresponding list is longer.
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5.2. The expression He(Φ) is identically zero, if and only if Φ is the fourth power
of a linear form. This illustrates the principle that any (topologically closed) prop-
erty of a polynomial which is unaffected by a linear change of variables is equiva-
lent to the vanishing of a finite number of covariants.3

As another illustration, if αi x1 + βi x2, (i = 1, . . . , 4) are the linear factors of
Φ, then (Φ, (Φ,Φ)2)4 is identically zero exactly when the four points [αi, βi] ∈ P

1

are harmonic, i.e., their cross-ratio in some order is −1.

5.3. All of this carries over to polynomials of arbitrary degree d, but the size
and complexity of the minimal set of covariants (the so-called ‘fundamental sys-
tem’) grow rapidly with d. Our immediate interest lies in the case d = 6, when
the fundamental system has a total of five invariants, namely one each in degrees
2, 4, 6, 10, 15. We will denote them by I2, I4 etc. Explicit transvectant expressions
for the Ir are given in [5, p. 156], but we will not reproduce them here.

Now, to return to the subject of R-configurations, we are looking for covariants
which vanish on the binary sextic

Gt = x1 x2 (x1 − x2) (x1 + x2)︸ ︷︷ ︸
Θ

(x1 − t x2) (x1 − ϕ(t)x2)︸ ︷︷ ︸
Δt

, (9)

irrespective of the value of t. There is no general procedure which is assured to
solve such a problem. However, let us take two plausible decisions at the outset:

(1) It will be easier to look for invariants, rather than arbitrary covariants.
(2) The decomposition Gt = ΘΔt is likely to be helpful, especially since

(Θ, (Θ,Θ)2)4 = 0 by the harmonicity of Θ.

These decisions will eventually be vindicated by the fact that they lead to a com-
plete solution. Had this not happened, one would have to start anew and try another
strategy. There is no prior guarantee of success.

5.4. Each invariant of Gt is expressible4 as a polynomial in

(1) the individual invariants of Θ and Δt, together with
(2) joint invariants of Θ and Δt.

According to the list given in [5, p. 168], the individual invariants are

θ20 = (Θ,Θ)4, θ30 = (Θ, (Θ,Θ)2)4 for Θ;
δ02 = (Δt,Δt)2, for Δt;

and the joint ones are

β12 = (Θ,Δ2
t )4, β22 = (H,Δ2

t )4, β33 = (T,Δ3
t )6,

3This can be made precise as follows: The space of P
m of binary m-ics has coordinate ring

S = C[a0, . . . , am]. The action of SL(2) endows S with the structure of a graded representation.
The locus of polynomials which satisfy a certain invariant property is an SL(2)-stable subvariety
X ⊆ P

m, whose ideal IX ⊆ S is a subrepresentation. Since S is a noetherian ring, we can choose a
finite number of covariants whose coefficients generate this ideal.

4This would technically be true of any sextic form, but there is nothing to be gained by chopping
up an arbitrary sextic into a quartic and a quadratic. This is worth doing here precisely because Θ
and Δt are simpler than in the general case.
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where H = (Θ,Θ)2 and T = (Θ, H)1. The notation is such that if ζ stands for
any of the letters θ, δ or β, then ζij is of degree i in Θ and j in Δt.

In our case we have θ20 = 1
2 , and θ30 = 0. The remaining invariants are also

easy to calculate; they are as follows:

δ02 = −1
2

(t2+1)2

(t+1)2
, β12 =

1
2

(t2+2t−1) (t2−2t−1)
(t+1)2

, β22 =
δ02
3 , β33 = −1

4
t(t−1)(t2+1)

(t+1)2
.

(10)
This implies that β2

33 =
1
32(δ02β

2
12 − δ302), and hence β22, β233 are, in effect, redun-

dant. All of this simplifies things considerably.

5.5. The actual derivation of the formulae for Ir needs the symbolic calculus, as
explained in [4] or [5]. Such calculations are tedious and often unpleasant to read
through, hence we will sketch the derivation of I2 as an example, and leave the rest
as exercises for the patient reader.

We will follow the recipe of [4, §3.2.5]. Write Θ = a4x = b4x, and Δt = p2x = q2x,
where a, b, p, q are symbolic (or umbral) letters. Then I2 = (a4x p

2
x, b

4
x q

2
x)6 is a

sum of 6! = 720 terms, which are of three kinds:

• 48 terms of the form (a b)4 (p q)2,
• 288 terms of the form (a b)2(a q)2 (p b)2, and
• 384 terms of the form (p q) (a q) (p b)(a b)3.

We have identities

(a b)4 (p q)2 = θ20 δ02,

(a b)2(a q)2 (p b)2 =
1

3
θ20 δ02 + β22,

(p q) (a q) (p b)(a b)3 =
1

2
θ20 δ02.

The first is immediate from the definition. The second and the third follow by a
straightforward expansion after using the Plücker syzygy (a q) (p b) = (a p) (q b)+
(a b) (p q). And then,

I2 =
1

720
[(48 + 288/3 + 384/2) θ20 δ02 + 288β22] =

7

15
θ20 δ02 +

2

5
β22,

which is the required formula. As it stands, it is applicable to any binary sextic
written as a product of a quartic and a quadratic. But now we can use the simplifi-
cations in (10) to get

I2 =
11

30
δ02. (11)

5.6. With rather more work of the same kind, one deduces the following formu-
lae5 for the remaining invariants:

5The expression for I15 is very intricate. We can afford to omit it here, because it won’t be needed
in this calculation.
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I4 =
2

1125
β212 +

124

5625
δ202,

I6 =
91

253125
δ02 β

2
12 +

98

1265625
δ302,

I10 =
416

284765625
δ02 β

4
12 +

1141

284765625
δ302 β

2
12 −

1372

7119140625
δ502.

Notice that each Ir is expressible as a polynomial in only two ‘variables’ x = δ02
and y = β12. It follows that I32 , I2 I4, I6 are linear combinations of the two-element
set {x3, x y2}, and hence must be linearly dependent. The actual dependency rela-
tion is easily found by solving a set of linear equations; it turns out to be

4032 I32 − 25025 I2 I4 + 45375 I6︸ ︷︷ ︸
U6

= 0. (12)

Thus we have found a degree 6 invariant vanishing on Gt. The readers may wish
to convince themselves that a parallel argument gives nothing in degrees 2 or 4.

5.7. We can use the same line of argument to find another such invariant in degree
10. (As before, there is nothing new to be found in degree 8.) The space of degree
10 invariants for binary sextics is spanned by the six elements

I52 , I32 I4, I2 I
2
4 , I22 I6, I4 I6, I10. (13)

It is contained in the span of the three-element set {x y4, x3 y2, x5}, and hence
there must be three linearly independent invariants of degree 10 vanishing on Gt.
The identities U6 I

2
2 = U6 I4 = 0 account for two of these, which leaves room for

a new invariant which is not a multiple of U6. Once again, a routine calculation in
linear algebra shows that one can take it to be

358278336 I22 I6 − 2772533775 I4 I6 + 6933745 I2 I
2
4 + 1207483200 I10︸ ︷︷ ︸

U10

= 0.

We have arrived at the following statement:

Proposition 9. For an arbitrary t, we have U6(Gt) = U10(Gt) = 0. �
Let Y ⊆ P

6 tentatively denote the 4-dimensional variety defined by the equa-
tions U6 = U10 = 0. By Bézout’s theorem, Y has degree 6 × 10 = 60. Now
R ⊆ Y by the proposition, and since they have the same degrees, we must have
R = Y . We have proved the following:

Theorem 10. Let Φ be a binary sextic representing a set of six distinct points
Γ ⊆ K. Then Γ is in R-configuration, if and only if U6(Φ) = U10(Φ) = 0. �

We have IR = (U6,U10), i.e., R is an ideal-theoretic complete intersection.
This implies that any covariant which vanishes on R is expressible in the form
f U6 + f ′U10 for some f, f ′. Hence there is no such essentially new covariant
waiting to be found.

Thus we have completely succeeded in finding invariant-theoretic necessary and
sufficient conditions which characterise the R-configuration. A large share of our
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success is due to the fact that the product of degrees of the two invariants turned
out to be exactly the degree ofR. In this we have been fortunate, to the extent that
such a term has any meaning in mathematics.
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A Simple Synthetic Proof of Lemoine’s Theorem

Tran Quang Hung

Abstract. Using similar triangles and cyclic quadrilaterals, we shall give a sim-
ple synthetic proof of the Lemoine’s theorem that the symmedian point of a
triangle is the unique point which is the centroid of its own pedal triangle.

This article is to give a new proof of Lemoine’s theorem on the symmedian point
of a triangle. The symmedian point K of a triangle ABC is the isogonal conjugate
of its centroid G.

Lemoine’s Theorem. Given a triangle ABC, a point P is the centroid of its own
pedal triangle with reference to ABC if and only if it is the symmedian point of
triangle ABC.

Proof. (⇐) Let P be the symmedian point K of ABC, and M the midpoint of
BC, N the reflection of G in M . Then BGCN is a parallelogram, and that the
quadrilaterals KEAF , KDBF , and KDCE are cyclic.
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Figure 1
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Chasing angles, we have

∠CNG = ∠BGN = ∠GAB + ∠GBA

= ∠KAC + ∠KBC = ∠KFE + ∠KFD

= ∠DFE, (1)

and

∠NCG = ∠NCB + ∠BCG = ∠GBC + ∠BCG

= ∠KBA+ ∠KCA = ∠KDF + ∠KDE

= ∠FDE. (2)

From (1) and (2), it follows that triangles CGN and DEF are similar. Let the line
DK intersect EF at L. Then

∠MCN = ∠GBC = ∠KBA = ∠KDF = ∠FDL.

This means triangles CMN and DLF are similar, and there is a similarity trans-
forming C, G, N , M to D, E, F , L respectively. Since M is the midpoint of GN ,
L is the midpoint of EF . This means that the line DK bisects EF . Similarly, the
lines EK and FK bisect FD and DE respectively. Hence, K is the centroid of
triangle DEF .
(⇒) Suppose P is the centroid of its own pedal triangle triangle DEF . Let Q
be the isogonal conjugate of P with respect to triangle ABC. Extend AQ to N
such that CN is parallel to QB. Note that the quadrilaterals PEAF , PFBD, and
PDCE are cyclic.

A

B C

P

Q
F

D

E

M

N

L

Figure 2
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By angle chasing,

∠CNQ = ∠BQN = ∠QAB + ∠QBA

= ∠PAC + ∠PBC = ∠PFE + ∠PFD

= ∠DFE, (3)

and

∠NCQ = ∠NCB + ∠BCQ = ∠QBC + ∠QCB

= ∠PBA+ ∠PCA = ∠PDF + ∠PDE

= ∠FDE. (4)

From (3) and (4), we deduce that the triangles CQN and DEF are similar. Let
the line DP intersect EF at L. Because P is the centroid of triangle DEF , L is
the midpoint of EF . Let the line CB intersect QN at M . Then

∠MCN = ∠QBC = ∠PBA = ∠PDF = ∠LDF.

This means the triangles CMN and DLF are similar. There is a similarity trans-
forming D, E, F , L to C, Q, N , M respectively. Since L is the midpoint of EF ,
M is the midpoint of QN . Since CN is parallel to BQ, the triangles BMQ and
CMN are congruent. This implies that M is the midpoint of BC, and the line
AQ bisects BC. A similar proof shows that the line BQ bisects the segment AC.
Hence Q is the centroid of triangle ABC, and P , being the isogonal conjugate of
Q, is the symmedian point of ABC. �
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An Improved Inequality for the Perimeter of a
Quadrilateral

Elliott A. Weinstein and John D. Klemm

Abstract. We demonstrate that a new inequality for the perimeter of a quadri-
lateral is strict even in the nonconvex case.

In [2] the following problem was proposed:

Let ABCD be a convex quadrilateral. LetE be the midpoint of
AC, and letF be the midpoint ofBD. Show that|AB|+ |BC|+
|CD|+ |DA| ≥ |AC|+ |BD|+ 2|EF |. (Here|XY | denotes the
distance fromX to Y .)

In words, the perimeter of a convex quadrilateral is at least equal to the sum of the
diagonals plus twice the length of the line segment connecting their midpoints. The
solution [3] reveals that the statement is true even if the wordconvex is removed.
In [5] it was stated without detailed proof that for a convex quadrilateral,the in-
equality is strict. We show here that the inequality is strict for any nondegenerate
quadrilateral (i.e., for which no three vertices are collinear).

Theorem 1. For any nondegenerate quadrilateral ABCD, let E be the midpoint
of AC, and let F be the midpoint of BD. Then

|AB|+ |BC|+ |CD|+ |DA| > |AC|+ |BD|+ 2|EF |. (1)

Proof. The solution (see [3]) to the original problem even withconvex removed
follows immediately by lettingA, B, C, D ∈ C andx = A − B, y = B − C,
z = C −D in Hlawka’s inequality

|x|+ |y|+ |z|+ |x+ y + z| ≥ |x+ y|+ |y + z|+ |z + x|.

(Note: |A−B| is equivalent to|AB|, and|C−D+A−B| = 2
∣

∣

A+C

2
−

B+D

2

∣

∣ =
2|EF |.) We now prove strictness. In Proof 1 of [1], multiplying both sides of
Hlawka’s inequality by|x|+ |y|+ |z|+ |x+ y + z| leads to the equivalent form

(|x|+ |y| − |x+ y|)(|z| − |x+ y|+ |x+ y + z|)

+ (|y|+ |z| − |y + z|)(|x| − |y + z|+ |x+ y + z|)

+ (|z|+ |x| − |z + x|)(|y| − |z + x|+ |x+ y + z|) ≥ 0,

Publication Date: April 5, 2017. Communicating Editor: Paul Yiu.



98 E. A. Weinstein and J. D. Klemm

Figure 1
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and since each of the six factors is nonnegative by the triangle inequality, Hlawka’s
inequality is proved. Inserting the given values,

(|A−B|+ |B − C| − |A− C|)(|C −D| − |A− C|+ |A−D|)

+ (|B − C|+ |C −D| − |B −D|)(|A−B| − |B −D|+ |A−D|)

+ (|C −D|+ |A−B| − |C −D +A−B|)

· (|B − C| − |C −D +A−B|+ |A−D|) ≥ 0.

In order for equality to be attained, at least one factor in each of the threepairs of
factors above must be equal to0. Inspection reveals that for the first two pairs of
factors, a factor is0 only if three vertices of the quadrilateral are collinear. Since
we are excluding degenerate cases, not just one but in fact the first two products
are strictly positive. This proves the strictness in (1). �

There is a geometric interpretation, which may be easier to visualize using more
convenient notation. Let|AB| = a, |BC| = b, |CD| = c, |DA| = d, |AC| = p,
|BD| = q, |EF | = v. Then Theorem 1 can be written as

Theorem 1∗ For any nondegenerate quadrilateral with consecutive sides a, b, c,
d, diagonals p, q, and v the length of the line segment connecting the midpoints of
the diagonals,

a+ b+ c+ d > p+ q + 2v. (2)

The equivalent form of Hlawka’s inequality is now

(a+ b− p)(c− p+ d) (3)

+ (b+ c− q)(a− q + d) (4)

+ (c+ a− 2v)(b− 2v + d) ≥ 0. (5)

Whether the quadrilateral is convex as in (a), concave as in (b), or crossing (i.e.,
nonsimple) as in (c) of Figure 1, the three terms in each factor of (3) and (4) are
sides of a triangle and so each of these factors is strictly positive by the triangle
inequality.
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Figure 2
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We now show that with but one exception, the product in (5) is strictly positive
as well.

Theorem 2. For any nondegenerate quadrilateral with consecutive sides a, b, c, d,
let v be the length of the line segment connecting the midpoints of the diagonals.
Then a + c > 2v and b + d > 2v, except for a crossing quadrilateral with a
pair of parallel sides, in which case the inequality involving the two parallel sides
becomes an equality.

Proof. We know from the proof of Theorem 1 thata+ c ≥ 2v andb+ d ≥ 2v, so
all that remains is to ascertain when equality holds. Forv = 0 these inequalities
obviously are strict, so assumev > 0 anda + c = 2v. Reverting to the earlier
notation used for the third product pair in the proof of Theorem 1,|C −D|+ |A−

B| = |C − D + A − B| implies thatC − D = λ(A − B), whereλ > 0, which
implies that the quadrilateral is crossing andAB ‖ CD, as claimed. Conversely,
for any crossing quadrilateral with parallel sidesAB andCD, sinceEF is the
midsegment of trapezoidABDC, |AB| + |CD| = 2|EF |, that is,a + c = 2v.
Since only one pair of sides can be crossing, the other inequality remains strict.
Relabeling the vertices givesb+ d = 2v as the other possibility.

This result also can be proved geometrically, as follows. For a concave quadri-
lateralABCD as in Figure 2, choose any pointD′ on CD not an endpoint, let
c′ = |CD′| andǫ = |DD′| = c− c′, and letF ′ be the midpoint ofBD′. Because
FF ′ is the midline of triangleBDD′ parallel toDD′, |FF ′| = ǫ

2
. Let |EF ′| = v′.

Then from the triangle inequality applied toEF ′F , v′+ ǫ

2
> v and so2v′+ǫ > 2v.

We know from the proof of Theorem 1 that for quadrilateralABCD′, a+c′ ≥ 2v′.
Thena + c = a + c′ + ǫ ≥ 2v′ + ǫ > 2v. An identical argument shows the same
for b + d. This demonstrates that equality is impossible. Note that this proof fails
for either a convex or a crossing quadrilateral since, unlike in the concave case,
E, F , andF ′ may be collinear, but we can restore the proof for these quadrilat-
erals by observing thatE, F , andF ′ are collinear if and only if the quadrilateral
ABCD or ABDC (each for suitably labeled vertices) is a trapezoid (use the fact



100 E. A. Weinstein and J. D. Klemm

thatFF ′ ‖ DD′). In the first case, the strict inequality still holds, since the sum of
the lengths of the parallel sides equals twice the length of the midsegment (which
properly containsEF ). In the second case,ABCD is a crossing quadrilateral
with a pair of parallel sides, and thenEF is the midsegment ofABDC, hence the
exception. Provided neither of these is the case, we can proceed as in theabove
proof. For an alternative geometric construction in the convex case (andfor which
the trapezoid presents no real difficulty), Figure 1 in [5] shows all at once that the
three terms in every factor of (3), (4), and (5) are sides of a triangle, and so both
factors in (5) are strictly positive as well. �

The inequality (2), being true for all (nondegenerate) quadrilaterals, may have
application to four-bar linkages in mechanics. See [4] for an introduction and
references.
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Equilateral Jacobi Triangles

Glenn T. Vickers

Abstract. Given any triangle and any three angles (α, β, γ), the Jacobi con-
struction produces a triangle (here chosen to be equilateral) in perspective with
the first. For scalene triangles there are a finite number of values ofβ, γ for
which two values ofα give equilateral triangles. The construction of Morley has
this property but so do certain other configurations.

1. Introduction.

The 2000 year gap between the publication of Euclid (c. 300 BC) and the geo-
metric discoveries of Napoleon (c. 1820), Jacobi (1825) and Morley (1899) is as
amazing as the beauty of these later results. An investigation into the relationship
between theses three theorems is presented which not only re-discoversthem but
reveals other configurations with similar properties (if less elegance).

The starting point is the geometrical theorem of Jacobi. WithABC being any
triangle, construct the pointsP,Q,R so that

∠RAB = ∠QAC = α,∠PBC = ∠RBA = β and∠QCA = ∠PCB = γ.

These points form aJacobi trianglefor ABC and Jacobi’s theorem states that the
linesAP, BQ andCR are concurrent (at the Jacobi pointK), see Figure 1. Proofs
of this result are readily available, e.g. [1] and [2]. Let∆ be the area anda, b, c be
the lengths of the sides ofABC. With

X = 2∆(cotα+ cotA), Y = 2∆(cotβ + cotB), Z = 2∆(cot γ + cotC),

the coordinates of the key points are (using areal coordinates based uponABC)

P (−a2, Z, Y ), Q(Z,−b2, X), R(Y,X,−c2), K(1/X, 1/Y, 1/Z).

The first question to be addressed is ‘when isPQR an equilateral triangle?’ The
theorem associated with the name of Napoleon asserts that this occurs when

α = β = γ = ±π/6 (1)

and Morley’s theorem tells us that it also occurs when

α = −A/3, β = −B/3, γ = −C/3. (2)

Indeed there are a total of 18 configurations predicted by this last theorem since
various internal and external trisections of the angles may be combined. Many
proofs of Morley’s theorem are available (some quite short e.g. [3] and[4]) but the
contrast between the simplicity of its statement and the intricacies of its proof is
remarkable.

Publication Date: April 7, 2017. Communicating Editor: Paul Yiu.
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A
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Figure 1. The pointsP,Q,R are constructed on a base
triangleABC with pairs of angles equal as shown. Jacobi’s
theorem states thatAP,BQ,CR are concurrent atK.

2. The Solution Curves.

With ABC a given triangle, the conditions forPQR being equilateral are sim-
ply

QR = RP = PQ

and these impose two conditions upon the three variablesα, β, γ (orX,Y, Z). Thus
a 1-parameter family of solutions is to be expected.

The case whenABC is itself equilateral is, not surprisingly, rather special and
a consideration of this case is in Appendix A. Another case which lends itselfto
easy analytic treatment is whenA = B andα = β. This is considered in Appendix
B.

Figures 2, 3 and 4 show the curves in the spaces(β, γ), (γ, α), (α, β) respec-
tively, when these angles are constrained by the requirement thatPQR is equilat-
eral. Clearly adding a multiple ofπ to any ofα, β, γ does not affect the configu-
ration. In the figures, each of these angles lies in(0, π) but some of the formulae
given will produce values outside this interval, e.g. equations (1) and (2). All of
the figures (except those in the Appendices) refer to the arbitrarily chosen triangle
with

A = 0.8, B = 0.5, C = π − 1.3.
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0

γ

π

0 πβ
Figure 2. The solution curves in the(β, γ) plane. The
intersection points are coded as shown below.

Class: 1 2 3 4 5 6 7 8a 8b 9

Most of the formulae presented will refer to solutions in the(β, γ)-plane, i.e. Figure
2. A cyclic permutation will provide the complete family of solutions. It will be
noticed that both diagonal lines occur on each of the figures. Now whenβ+γ = π,
the pointP is at infinity and if eitherQ or R is also at infinity then there is a
degenerate solution withPQR having infinite size. Such situations occur when

−α = β = γ or α = −β = γ or α = β = −γ.

The complexity of the solution curves is remarkable, not only do they follow
tortuous paths but they intersect themselves. Except for the appendices, only the
points of self-intersection will be considered from here on. At such a point there
may be no, one or two proper solutions, i.e. equilateral triangles which havenon-
zero, finite size.

3. Intersection Points with No Proper Solutions.

3.1. Triangles of Infinite Size.
Class 0: α = β = γ = π/2. Here each ofP,Q,R is at infinity.

Class 1: −α = β = γ = A/2± π/3.
In Figure 2 there are two such points onβ = γ and four onβ = −γ (orβ+γ = π).
These values are found as limiting values as a solution curve approaches one of the
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0

α

π

0 πγ

Figure 3. The solution curves in the(γ, α) plane

0

β

π

0 πα

Figure 4. The solution curves in the(α, β) plane.



Equilateral Jacobi triangles 105

diagonals. When such a curve crossesβ = γ, the value ofα is −β but when it
crossesβ = −γ the value ofα is β at two of these points and−β at the other two.

Class 2: −α = β = γ = A/2± π/6.
This gives a set of six points in a similar manner to the previous class.

3.2. Triangles of Zero Size.
Class 3: Incentre and Ex-centres.
When

α = −A/2, β = −B/2, γ = −C/2
or α = −A/2, β = (π −B)/2, γ = (π − C)/2

the linesAP,BQ,CR become the interior or exterior bisectors of the angles of
ABC. There are four such solutions and the trianglesPQR are just points (the
incentre and the three ex-centres). The limiting value ofα as a solution approaches
one of these four points in Figure 2 is−A/2 or (π − A)/2. All four solutions are
intersection points in each of the three solution spaces.

4. Intersection Points with One Proper Solution.

Class 4: α = 0, β = γ = ±π/3.
The trianglePQR is an equilateral triangle with one side being a side ofABC.
The constructed triangle may be interior or exterior toABC. Note that the values
α = 0, β = γ = π/3 give an intersection point in Figure 2 but not Figures 3 or 4.
This is in contrast to Classes 1 and 2 where each of the six points is an intersection
point in each of the three Figures.

Class 5: Napoleon Triangles.
The equilateral triangle associated with the name Napoleon is usually defined tobe
that formed by the centroids of the three exterior (or interior) equilateral triangles
referred to in Class 4. Clearly this is equivalent to

α = β = γ = ±π/6

which give the same two points in each Figure.

5. Intersection Points with Two Proper Solutions.

This is by far the most interesting situation. A representative Figure is given
for each of the four remaining classes. Each corresponds to a solution inFigure 2.
Thus for a pair of values forβ, γ there are two values ofα which produce equilat-
eral triangles; labelledPQR andPQ′R′. Of necessity,B,R,R′ andC,Q,Q′ are
each collinear sets of points. Only in Figure 7 are these lines drawn.

Class 6: Morley Triangles.
With

αi = (iπ −A)/3, βi = (iπ −B)/3, γi = (iπ − C)/3 (i = −1, 0, 1)

the values(α, β, γ) = (αi, βj , γk) will give an equilateral triangle provided thati+
j+k 6≡ 1(mod 3). Hence there are 18 Morley triangles, each of the 9 Morley points
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A B

C P

Q

R

Q′

R′

Figure 5. A typical Morley configuration with
β = (π −B)/3 andγ = (π − C)/3.
The values ofα are−A/3 and(π −A)/3.

in Figures 2-4 giving rise to two solutions. Figure 5 shows a typical configuration
with the two equilateral triangles for one of the Morley points in Figure 2. The two
branches of solutions through a Morley point have, as their limiting values, the two
values given above. The sets of pointsP,Q,R′ andP,Q′, R are always collinear
but their ordering along the line is not always the same. It is to be noted that the
pointsAQQ′R′R lie on a circle.

Class 7:

α = ±π/6, β + γ = B + C,
sin(B + 2β)

sinβ
=

sin(C + 2γ)

sin γ
. (3)

This is perhaps the most remarkable of the non-classical cases. A typicalconfig-
uration is shown in Figure 6 and it resembles a Morley solution in that the points
P,Q,R′ andP,Q′, R each form collinear sets and the pointsAQQ′R′R lie on
a circle (see Figures 5 and 6). But the values ofα coincide with those associated
with Napoleon. So we have what might be described as a Napoleon-Morleyhybrid.
Further evidence that this Class is related to Morley is provided by the observation
that, for Morley, each of

sin(A+ 2α)

sinα
,
sin(B + 2β)

sinβ
,
sin(C + 2γ)

sin γ

is±1, which implies that at least two are equal and this is true here.
If (β, γ) is a Class 7 intersection point in Figure 2, the values ofα beingα1

andα2, then neither(α1, β) nor (α2, β) is an intersection point in Figure 4. This
contrasts with the behaviour of Morley points.

The proof of equations (3) consists of verifying that the above conditions do
indeed imply thatPQR is equilateral. It involves various trigonometric identities
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A B

C

P

Q

R

Q′

R′

Figure 6. A Class 7 solution showing thatAQQ′RR′ lie
on a circle.

of little interest and is omitted. However, we do mention that

∠QRR′ = A = ∠RQQ′ = ∠CPB.

Classes 8a and 8b:

β + γ = A+ π ± π/3,
sin(B + 2β)

sinβ
=

sin(C + 2γ)

sin γ
(4)

and

sinα

[

sinB

sin(α+ γ)
+

sinC

sin(α+ β)

]

±
sinA

√
3 sin(β + γ)

[cos(C + 2γ − β) + 2 cosA cos(C + γ)] = 0.

Again the existence of such a solution is more interesting than the details of its
verification and no proof is included.

If D is defined as the point at which the lineRR′B meetsQQ′C then the three
linesQQ′, RR′, PD meet at angles ofπ/3, see Figure 7.

Class 9:

(

cotα+ cotβ

cotα+ cot γ

)2

=
sinC[2 sinA cotβ sin2 γ cos(B + 2β)− sinC sin2(β + γ)]

sinB[2 sinA cot γ sin2 β cos(C + 2γ)− sinB sin2(γ + β)]
.

(5)
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A
B

C

Q′

Q

R

P

R′

D

Figure 7. A Class 8 solution showing thatQQ′, RR′, PD
meet at angles ofπ/3.

and

sinC sinβ

sinB sin γ

(

3 +
tanβ

tan γ

)

cos(A− 2γ)

= − 2 cos(β − γ)

=
sinB sin γ

sinC sinβ

(

3 +
tan γ

tanβ

)

cos(A− 2β). (6)

Clearly the trigonometric complexity of this solution is of a different order to the
other classes and indicates a new approach. A brief description of the technique
used is included in Appendix C. The last two equations may be solved forβ andγ
and thenα found from the first.

The configurations do have the interesting property that the linesQ′R,QR′ and
AP are concurrent and meet at angles ofπ/3, see Figure 8. Also a result from the
algebraic approach of Appendix C is thatCQ′/CQ = −BR′/BR.

6. Concluding Remarks.

The nine Morley points in each of Figures 2, 3 and 4 refer to a total of only 18
equilateral triangles. But the number of Class 7 points is 1, 1, 3 in Figures 2,3, 4
respectively and each of these gives two equilateral triangles without duplication.
Indeed, the total number of equilateral triangles for classes 7-9 is 46. But this
number may be dependent upon the base triangleABC.
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A B

C

P

Q

R

Q′

R′

E

Figure 8. A Class 9 solution showing thatQ′R,QR′ and
AP are concurrent and meet at angles ofπ/3.

Not all of the solutions to equations (3), (4) and (5) give valid configurations.
For example, the r.h.s. of equation (5) may be negative. However, it is conjectured
that (for scalene triangles) all equilateral Jacobi triangles are covered by the above
Classes.

The form of the solution presented in Class 9 is quite possibly unduly compli-
cated, a different approach may well produce a simpler answer.
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Appendix A. ABC an Equilateral Triangle.

WhenABC andPQR are both equilateral triangles it is claimed that:

(1) Whenα, β, γ are all distinct then
• K lies on the circumcircle ofABC,
• each ofα, β, γ lies in the interval(π/6, π − tan−1(

√
3/5) ),

• P lies on the hyperbola3x2 − y2 − z2 − yz = 0.
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(2) Whenα = β 6= γ

• K lies on the linex = y,
• the locus ofP is the rectangular hyperbola
x2 − z2 − yz + zx = 0.

(3) Whenα = β = γ PQR is always equilateral,K is at the circumcentre of
ABC andP,Q,R lie on the linesy = z, z = x, x = y respectively.

1.1. Proofs. WhenA = B = C = π/3, the coordinates ofP,Q,R may be written
as

P (−2, 1 + w, 1 + v), Q(1 + w,−2, 1 + u), R(1 + v, 1 + u,−2)

where

u =
√
3 cotα, v =

√
3 cotβ, w =

√
3 cot γ.

The distancesQR,RP, PQ can be expressed as rational functions ofu, v, w and
the elimination ofw (Maple or similar is recommended) from the equationsQR =
RP andQR = PQ yields either two ofu, v, w are equal or

u2 + uv + v2 + 3u+ 3v − 9 = 0. (7)

(1) Whenα, β, γ are distinct,u, v, w are also distinct and (7) implies

u3 + 3u2 − 9u = v3 + 3v2 − 9v.

Henceu, v, w are the roots of the cubic equation

s3 + 3s2 − 9s+ q = 0

for some value ofq. Now this equation has three real, distinct roots pro-
vided thatq ∈ (−27, 5). Hence the valuescotα, cotβ, cot γ satisfy

t3 +
√
3t2 − 3t+ p = 0

for somep ∈ (−3
√
3, 5

√
3/9) and it follows that each ofα, β, γ lies in the

interval(π/6, π − tan−1(
√
3/5) ). Furthermore

X + Y + Z = a2(3 + u+ v + w)/2 = 0

and soK lies onyz + zx+ xy = 0 which is the circumcircle ofABC.
The coordinates ofP are

x = −2, y = 1 + w, z = 1 + v

where

u+ v + w = −3 andvw + wu+ uv = −9.

These imply

3x2 − y2 − z2 − yz = 0 (8)

which is an hyperbola with centre(−1, 2, 2) on the circumcircle ofABC.
Its asymptotes are perpendicular toAB andAC.
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(2) The substitutionA = π/3 in (10) givesγ = α (which is forbidden here)
or

tan γ = −
tanα(tanα+

√
3)

5 tanα+
√
3

.

The coordinates ofP are

x = −2, y = 1 +
√
3 cot γ, z = 1 +

√
3 cotα

which imply (after eliminatingα and γ) that P lies on the rectangular
hyperbola

x2 − z2 − yz + zx = 0. (9)

(3) The caseα = β = γ is trivial and is included for completeness.

Appendix B. A = B and α = β.

Here we briefly consider the case whenABC is isosceles and the correspond-
ing Jacobi angles are equal. The symmetry of the situation greatly simplifies the
trigonometry, for exampleK has to lie on the median throughC. Referring to
Figure 9 and using the sine rule, it will be seen that

a

sin(α+ γ)
=

QC

sinα
and

CR

sin(A+ α)
=

a

sin(π/2− α)
=

a

cosα
.

Thus
sin(α+ γ) sin(A+ α)

sin 2α
=

CR

2.QC
.

But
CR

sin(π/3 +A− γ)
=

QC

sin(π/6)

and so

sin(α+ γ) sin(A+ α) = sin(2α) sin(π/3 +A− γ).

There is also a configuration given by replacingπ/3 by−π/3 and so we have

tan γ =
tanα(±

√
3− tanα)

2 tanα∓
√
3 tanα tanA+ tanA

. (10)

If the two triangles are denoted byPQR andP ′Q′R′ thenR andR′ coincide. Not
only are the pointsP,B, P ′ collinear but alsoP,R,Q′ (see Figure 9).

For any value ofα = β, there are two values forγ which makePQR equilateral.
For example, whenα = β = π/6, (10) gives not only the Napoleon valueγ = π/6
but also

cot γ = −(
√
3 + 3 tanA)/2.

There is also a solution withα = β = A = B andγ = ±π/6.
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PQ

R

γ γ

A B

C

α

α

α

α

Q′ P ′

(A− γ)

Figure 9. ABC is an isosceles triangle,PQR andP ′Q′R
are the two equilateral Jacobi triangles associated with
ABC whenα = β.

Appendix C. An Outline of the Proof of Class 9.

We use areal coordinates based uponPQR. LetQQ′ meetRR′ atD(x0, y0, z0).
The coordinates ofQ′ andR′ will have the form

Q′(x0, q, z0) andR′(x0, y0, r). (11)

The requirement thatPQ′ = PR′ gives

q2 + qz0 + z20
(x0 + q + z0)2

=
r2 + ry0 + y20
(x0 + y0 + r)2

andPQ′ = Q′R′ gives another algebraic condition. With the aid of Maple, it is
found thatPQ′ = PR′ = Q′R′ when

q =
x0(z0 − y0)

(y0 − x0)
andr =

x0(z0 − y0)

(x0 − z0)
.

These are not the only possibilities. Indeed, here lies an explanation for the differ-
ent types of intersection points.

Let the circumcircles ofPQR andPQ′R′ intersect atE (andP ). Then each of
∠Q′ER′,∠R′EP and∠REP is π/3. Thus the linesQR′ andQ′R intersect atE.
It is straightforward to verify thatE also lies onAP , see Figure 8.

Relative toABC the coordinates ofQ′ andR′ may be written as

Q′(Z,−b2, X ′) andR′(Y,X ′,−c2)
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and, since the coordinates ofP,Q,R are known relative toABC, these values may
be transformed to those in (11). This gives the consistency condition

[a2(Y + Z + b2 + c2)− 2(Y 2 + Y Z + Z2)]X2

+[2b2Y 2
− 4Y Z(Y + Z) + 2c2Z2 + 2a2(b2Y + Y Z + c2Z)− 4a2b2c2]X

+a2b2c2(b2 + c2 − 3Y − 3Z) + 2a2(b2Y 2 + c2Z2)

−(b2 − c2 + Y − Z)(b2Y 2
− c2Z2) + 2Y Z(b2c2 − Y Z) = 0

which (reverting toα, β, γ) gives equation (5). This equation also gives

cotα+ cotβ

cotα′ + cotβ
= −

cotα+ cot γ

cotα′ + cot γ
⇒

CQ′

CQ
= −

BR′

BR
.

Now let θ = (X + Y − c2)/(X + Z − b2) and use this to eliminateX from the
basic conditionsPQ = QR = RP (expressed in terms of coordinates based upon
ABC). The results are a cubic and a quartic inθ. But we know that ifθ is a
solution then so is−θ which permits the separation of these equations into even
and odd powers ofθ. These give (eventually) the equations (6).

Glenn T. Vickers: 5 The Fairway, Sheffield S10 4LX, U.K.
E-mail address: glennmarilynvickers@gmail.com
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Convexity and Non-Differentiable Singularities in
Mortici’s Paper on Fermat-Torricelli Points

Martin Celli

Abstract. We give two proofs of Mortici’s result on Fermat-Torricelli points for
a class of polygons.

In [1], the following generalization of a classical result on the Fermat-Torricelli
point of a triangle is proved:

Theorem. LetT , A1, . . . ,An ben+ 1 points in the plane such that

∠A1TA2 = ∠A2TA3 = · · · = ∠AnTA1 =
2π

n
.

LetF (M) = A1M+· · ·+AnM . Then for every pointM , we haveF (T ) ≤ F (M).

The proof given in [1] involves the complexn-roots of unity. The aim of this
note is to present two other proofs. The main argument of each one has already
been used in some known proof for the classical casen = 3 ([2, 3]). Whereas
the first proof presented here makes clear the role of the convexity of thefunction
F (M), the second proof is based on the behavior ofF (M) near the verticesAk.

The first proof.Following [2], we have, for everyM , k, M0 6= Ak,

AkM0 +

−−−→
AkM0

AkM0

·
−−−→
M0M =

−−−→
AkM0

AkM0

· (
−−−→
AkM0 +

−−−→
M0M) =

−−−→
AkM0

AkM0

·
−−−→
AkM ≤ AkM

by the CBS-inequality. Summing overk, we obtain:

F (M0) +

(−−−→
A1M0

A1M0

+ · · ·+

−−−−→
AnM0

AnM0

)

·
−−−→
M0M ≤ F (M). (1)

We just have to see that, forM0 = T :
−−−→
A1M0

A1M0

+ · · ·+

−−−−→
AnM0

AnM0

=
−→
0 .
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The inequality (1) means that the graph ofF (M) lies above its tangent planes,
which is a characterization of convex functions. As a matter of fact, the factor
−−−→
A1M0

A1M0

+ · · ·+

−−−−→
AnM0

AnM0

is nothing but the gradient ofF at the pointM0, since

−→
∇(AkM) =

−→
∇

(

√

AkM
2

)

=
1

2
√

AkM
2

−→
∇
(

AkM
2
)

=

−−−→
AkM

AkM
.

Therefore, we can say that the first proof is based on the fact that every critical
point of a convex function corresponds to a minimum.

The second proof.AsF (M) is a positive, continuous function, it achieves its mini-
mum value at a pointM0 (and possibly others). Let us assume thatM0 = Ak for
somek, for instance,M0 = A1. As the functionA2M+· · ·+AnM is differentiable
atA1, we have, forM ≈ A1,

F (M) = F (A1) +A1M +
−→
U ·

−−−→
A1M +A1Mǫ(M),

where
−→
U =

−→
∇A1

(A2M + ·+AnM) =

−−−→
A2A1

A2A1

+ · · ·+

−−−→
AnA1

AnA1

andǫ(M) −→ 0 whenM −→ A1. This is equivalent to

F (M)− F (A1)

A1M
= 1 + ||

−→
U || cos(

−→
U ,

−−−→
A1M) + ǫ(M).

ForM ≈ A1 on the half-line(A1, −
−→
U ) (for all M in the case

−→
U =

−→
0 ), we obtain

F (M)− F (A1)

A1M
≈ 1− ||

−→
U ||.

These computations can also be found in [3], for instance. In Mortici’s particular
case, we also have

||
−→
U || ≥

−→
U ·

−−→
TA1

TA1

= cos(TA1A2) + cos(TA1A3) + · · ·+ cos(TA1An).

As the geometric angles of every triangleTA1Ak add up toπ, we have

0 ≤ TA1Ak ≤ π −A1TAk ≤ π,

so thatcos(TA1Ak) ≥ − cos(A1TAk). Thus,

||
−→
U || ≥ −(cos(A1TA2) + cos(A1TA3) + · · ·+ cos(A1TAn))

= −

(

cos
2π

n
+ cos

2 · 2π

n
+ · · ·+ cos

(n− 1) · 2π

n

)

= 1,

with equality forTAkA1 = 0 for all k, which is impossible forn ≥ 3. So||
−→
U || >

1 and, for someM ,

F (M)− F (A1)

A1M
≈ 1− ||

−→
U || < 0, F (M) < F (A1).
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The functionF (M) cannot achieve its minimum value atA1 or at anyAk, andM0

cannot be one of theAk. SoM0 has to be a critical point ofF (M). Now, in order
to haveM0 = T , we just need to prove thatT is the only critical point ofF (M).
As a matter of fact, for everyM 6= T, A1, . . . , An, we have
∣

∣

∣

∣

∣

∣

−→
∇(A1M + · · ·+AnM)

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

−−−→
A1M

A1M
+ · · ·+

−−−→
AnM

AnM

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

≥

(−−−→
A1M

A1M
+ · · ·+

−−−→
AnM

AnM

)

·

−−→
TM

TM

= cos(TMA1) + · · ·+ cos(TMAn)

≥ − (cos(MTA1) + · · ·+ cos(MTAn)) as in the proof of the previous inequality

= −

(

cos θ + cos

(

θ +
2π

n

)

+ · · ·+ cos

(

θ +
(n− 1) · 2π

n

))

= 0,

whereθ = (
−−→
TM,

−−→
TA1)[2π], with equality for: MAkT = 0 for all k, which is

impossible forn ≥ 3. Therefore,||
−→
∇(A1M + · · ·+AnM)|| > 0.
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Another Purely Synthetic Proof of Lemoine’s Theorem

Nguyen Tien Dung

Abstract. In this article, we give another purely synthetic proof the Lemoine’s
theorem that the symmedian point of a triangle is the unique point which is the
centroid of its own pedal triangle.

Tran Quang Hung [6] proposed a new proof using similar triangles and cyclic
quadrilaterals of Lemoine’s theorem on the symmedian point of a triangle.

Lemoine’s Theorem ([6]). Given a triangle ABC, a point P is the centroid of its
own pedal triangle with reference to ABC if and only if P is the symmedian point
of the triangle ABC.

In this article, we shall give another synthetic proof of the theorem, also using
similar triangles and cyclic quadrilaterals.

Lemma 1. Let ABCD be a cyclic quadrilateral. The diagonal AC is a symmedian
of triangle ABD if and only if CA is a symmedian of triangle CBD.

A

B
DM

C

Figure 1

Proof. We only need to prove that ifAC is a symmedian of the triangleABD,
thenCA is a symmedian of triangleCBD. LetM be the midpoint of the segment
BC. As ∠BAM = ∠CAD and∠ABM = ∠ACD, the trianglesABM and
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ACD are similar. It follows that
AB

AC
=

BM

CD
, andAB · CD = AC ·BM . Since

AB · CD + BC ·DA = AC · BD by Ptolemy’s theorem, we haveBC ·DA =

AC · DM = AC · BM . Notice that
AC

BC
=

AD

BM
and∠CAD = ∠CBM . The

trianglesACD andBCM are similar. Hence,∠ACD = ∠BCM , andCA is a
symmedian of triangleCBD. �

Proof of Lemoine’s Theorem. Denote byD, E andF the orthogonal projections of
P ontoBC, CA andAB respectively. The lineAP intersects the circumcircle of
triangleABC again atQ. LetM be the midpoint ofBC and letL be the reflection
of F throughP .

A

B
CM

Q

P

F

E

D

L

Figure 2

We can see that the quadrilateralsAEPF , BFPD andCDPE are cyclic. As
∠PFE = ∠PAE = ∠QBC and∠PEF = ∠PAF = ∠BCQ, the triangles
PFE andQBC are similar. It follows thatFE · BQ = FP · BC = FL · BM .
Hence, trianglesEFL andMBQ are also similar.

(a) If P is the symmedian point of triangleABC, AQ is a symmedian of the
triangle. According to Lemma 1,QA is the symmedian of the triangleQBC.
As the trianglesEFL andMBQ are similar,∠ELF = ∠MQB = ∠AQC =
∠ABC = ∠DPL; soDP ‖ EL. Similarly,EP ‖ DL. The quadrilateralDPEL

is a parallelogram. It follows thatPL bisectsDE. Therefore,FP is a median of
the triangleDEF . Similarly,EP is also a median of the same triangle. Hence,P

is the centroid of the triangleDEF .

(b) If P is the centroid of triangleDEF , the quadrilateralDPEL is a paral-
lelogram. Since trianglesEFL andMBQ are similar,∠BQM = ∠FLE =
∠DPL = ∠ABC = ∠AQC. It follows thatQA is a symmedian of triangle
QBC. By Lemma 1,AP is a symmedian of triangleABC. Similarly,BP is also
a symmedian of the same triangle ABC. It follows thatP is the symmedian point
of triangleABC.
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Side Lengths of Morley Triangles and Tetrahedra

Dragutin Svrtan and Darko Veljan

Abstract. The famous Morley theorem says that the adjacent angle trisectors of
a triangle form an equilateral triangle. We recall some known proofs andprovide
several new. In hyperbolic geometry, we compute the side lengths of theasso-
ciated Morley triangle and show that the limit is the Euclidean (flat) equilateral
case. The perspectivity properties hold also in general. We introduce new invari-
ants such as the Morley polynomial and Morley group. Finally, we consider the
space analogue and compute the side lengths of the Morley tetrahedron.

1. Introduction

The Morley trisector theorem, known also asthe Morley miracle, says that the
adjacent angle trisectors of a triangle meet at the vertices of an equilateraltriangle.
Frank Morley (1860–1937) - algebraic geometer - obtained this wonderful result in
1899 and to this day it continues to attract interest. There are many proofs of this
theorem scattered in papers, books and web sites.

H. Coxeter, J. Conway and A. Connes are only some of the well known names
who contributed with their own (rather conceptual) proofs of the Morley miracle
(see [3], [11], [9]). In fact, Conway’s proof was first essentiallyanticipated by
Coxeter and attributed back to R. Bricard.

Actually, since any Euclidean triangle is affine - regular (affine image of a reg-
ular triangle), no wonder that by starting from a regular (Morley) trianglewe get
by an affine transformation a triangle similar to the given triangle. Connes’ proof
gives a precise algebraic control of the affine transformation involved (and not only
over the field of complex numbers).

The Morley miracle was only a very special case of a general theory developed
by Morley on Clifford chains. Originally he proved in an algebraic manner that the
centers of inscribed cardioids in a triangle are on9 lines, from which3 by 3 are
parallel in three directions under the angle ofπ/3.

In 1933 F. Morley published (together with his son F. Morley) the book Inversive
Geometry ([37]). Yet another “Morley’s miracle” was his congruence4p−1

≡
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±

(

p− 1

(p− 1)/2

)

(mod p3) for any primep > 3 published in Annals of Math. 1894/5

(see [1]).
An interesting account on the history of the Morley trisector theorem and its

proofs was given in 1978 paper in the AMER. MATH . MONTHLY [39] with 150
bibliographic units. Another account presenting more than30 proofs and about200
bibliographic units on Morley’s theorem is M. Sc. Thesis [32] written in Croatian
in 2003 under mentorship of Professor Vladimir Volenec.

Many geometry textbooks or survey papers or problem books or blogs inge-
ometry mention Morley’s miracle: Berger, Coxeter, Bollobás, Prasolov, Barnes,
Honsberger, Connes et al, Hahn, Gardner, Shklarsky et al, Bogomolny, Tao, Gow-
ers to name just a few well known authors (see throughout the literature [1]-[62],
including contents on blogs and web sites).

In this article we consider the classical and the Morley triangle of a hyperbolic
triangle. We compute its side lengths and show that in the limit it agrees with the
Euclidean (flat) lengths. We consider perspectivity properties, the Morley polyno-
mial and the Morley group. We also consider the space analogue and compute the
edge lengths of the Morley tetrahedron.

2. Morley theorem in plane

Let us first recall three short standard proofs and provide a new one. They are
based on the sine rule and the triple formula

sin(3x) = 3 sin(x)− 4 sin3(x)

= 4 sin(x) sin(x+) sin(x++)

= 4 sin(x) sin(x+) sin(x−),

wherex±= π

3
± x. Let the triangle△ABC has the anglesA=3α,B=3β,C=3γ.

So,α+ β + γ = π

3
. LetR be its circumradius.

Theorem 1(Morley’s theorem (1899)). The three points of intersection of the ad-
jacent trisectors of the angles of a triangle form an equilateral triangle.

Proof.1 ([19], 1949)
LetP , Q andR (not to be confused with circumradiusR) be vertices of the Morley
triangle (see Figure 1). Thena/ sin(A) = 2R etc. We just use the sine rule
twice: for the triangles△ABR and△CPQ. From the first triangle and the triple
formula we easily getAR = 8R sin(β) sin(γ) sin(γ+). It followsCQ/ sin(β+) =
CP/ sin(α+) = 8R sin(α) sin(β). Consider the triangle with one sideCQ and
anglesα+, β+, γ. By the sine rule it follows that this triangle is congruent to
△CPQ. HencePQ = 8R sin(α) sin(β) sin(γ). By symmetry it followsPQ =
QR = RP . (Or, one can use the cosine rule for△CPQ with sidesCQ andCP

and the angleγ to obtainPQ.) �

Proof.2 (“Chasing the angles”)
This is a little variation of Proof 1. Again by the sine rule for△ACQ we get
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Figure 1

CQ/AC = sin(α)/ sin(β++); henceCQ = 2R sin(3β) sin(α)/ sin(β++). Simi-
larly,CP = 2R sin(3α) sin(β)/ sin(α). By the triple formula we obtainCQ/CP =
sin(β+)/ sin(α+). Hence,β+ is the angle againstCQ andα+ againstCP in
△CPQ. And a similar distribution of angles holds around any of the vertices
P,Q,R. Therefore,∠PQR = 2π − (α+ + β++ + γ+) = π/3, and so all angles
of △PQR areπ/3. �

The triangle△PQR is called the (basic)Morley triangleof the original triangle
△ABC. There are altogether27 Morley triangles associated not only to trisectors
of A, etc., but also ofA + 2π, A + 4π, . . . Out of 27, in general only18 are
equilateral triangles. For more details, constructions and figures see [22]. Let us
emphasize once more that the side lengthPQ of the basic Morley triangle△PQR

of the triangle△ABC is given in terms of the circumradiusR by

PQ = 8R sin

(

A

3

)

sin

(

B

3

)

sin

(

C

3

)

.

The symmetry of this expression implies that△PQR is regular. Just as a numerical
example, if△ABC is the right triangle (the angleC is right), with legsAC =
BC = 1, then the basic Morley triangle has side length

√
2 −

√
1.5 ≈ 0.189 and

area(3.5
√
3− 6)/4 ≈ 0.01554 (about3% of the area ofABC).

A well known proof of Coxeter (see [11]) goes basically as follows. Suppose for
the moment that the triangle△PQR is equilateral. Let the trisectors (or trisectri-
ces)AQ andBP meet atW , i.e. letW = AQ∩BP , and similarlyU = BR∩CQ,
V = AR ∩ CP . Then the triangles△URQ, △V RP and△WPQ are isosceles
and it is easy to find their angles. To prove the Morley theorem, we start from any
equilateral triangle△PQR, construct the pointsU, V,W with appropriate angles
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α−, β−, γ− (recallx± = π

3
± x) and then the triangle△ABC asA = V R∩WQ

etc.
The obtained triangle is similar to the given triangle (with the given anglesA,

B andC).
By reversing the Coxeter proof we now give a (new) direct proof thatthe trian-

gles△URQ,△V RP and△WPQ are isosceles. This in turn implies immediately
Morley’s theorem by the distribution of angles∠PQW = γ−, ∠CQW = β− etc.
It is enough to proveQW = PW .

By the sine law for△AQC we haveAQ = b sin(γ)/ sin(β++) = b sin(γ)/ sin(β−)
and by the sine law for△ABWwe haveAW = c sin(2β)/ sin((2γ)+). Now
QW = AW −AQ. Hence

QW = c
sin(2β)

sin((2γ)+)
− b

sin(γ)

sin(β−)
.

c

ab

A B

C

PQ
β++

R

γ++

U
V

W

(2γ)+

α
α

α

β
β
β

γ γ γ

Figure 2

In the same way

PW = c
sin(2α)

sin((2γ)+)
− a

sin(γ)

sin(α−)
.

We claimQW = PW , and this is equivalent to

c
sin(2β)

sin((2γ)+)
− b

sin(γ)

sin(β−)
= c

sin(2α)

sin((2γ)+)
− a

sin(γ)

sin(α−)

⇐⇒ c
sin(2β)− sin(2α)

sin((2γ)+)
= b

sin(γ)

sin(β−)
− a

sin(γ)

sin(α−)
.
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By the sine ruleb/c = sin(3β)/ sin(3γ), a/c = sin(3α)/ sin(3γ), this is equiva-
lent to

sin(3γ)

sin((2γ)+)
(sin(2β)− sin(2α)) = sin(3β)

sin(γ)

sin(β−)
− sin(3α)

sin(γ)

sin(α−)
.

By the triple formula this is equivalent to the trigonometric identity which simpli-
fies to the following simple identity

sin(2β)− sin(2α) = (sin(β) sin(β+)− sin(α) sin(α+))
sin((2γ)+)

sin(γ+) sin(γ−)

(⇔ sin(β − α) = (sin(β) sin(β+) − sin(α) sin(α+))/ sin(γ+)). This identity is
easy to check (recall,α, β, γ > 0 andα + β + γ = π

3
). In a way a similar proof

was given in [7].
Note that the hexagonURV PWQ is equal to the intersection of the three mid-

dle thirds bounded by trisectors.
There are still new proofs of the classical Morley’s theorem, see e.g., S.A.

Kuruklis, Trisectors like Bisectors with equilaterals instead of Points, CUBO A
Mathematical Journal, Vol. 16 No01, 71-110, June 2014., I. Gorjian, O.A. S.
Karamzadeh and M. Namdari, Morley’s Theorem is no longer mysterious, Math.
Intelligencer, Viewpoints (online 25 Nov. 2015) and M. Smyth, Morley’s Theorem:
A walk in the park, Math. Intelligencer, Letter (online 25 Nov. 2015).

3. Hyperbolic Morley triangle

Now consider a hyperbolic triangle△ABC. We stick to standard notation, but
for the sake of brevity we introduce the following extra notation (see Figure3.).

x

u
y

v

zw

A B

C

P

Q

R

ab

c

Figure 3
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AQ = x,AR = u, BR = y,BP = v, CP = z, CQ = w.

We shall consider the hyperbolic plane of constant negative curvature−1/k2, but
will be working with constant curvature−1. Hence, instead ofsinh x

k
etc., we shall

write sinhx etc., except when we consider the limiting process whenk −→ ∞.
For the notational brevity, we shall use the shorter (and former standard) notations:
sinh ↔ sh, cosh ↔ ch, tanh ↔ th, coth ↔ cth.
We first need a lemma.

Lemma 2 (A-S-A formula). For given sidec and adjacent anglesA andB, the
side lengtha in the hyperbolic triangle△ABC is given by

th(a) =
sh(c) sin(A)

ch(c) sin(A) cos(B) + cos(A) sin(B)
. (1)

Proof. Start with the cosine rule ch(a) = ch(b)ch(c) − sh(b)sh(c) cos(A) and
ch(b) = ch(a)ch(c) − sh(a)sh(c) cos(B), and the sine rule sh(b) = sh(a) sin(B)

sin(A)
.

Substitute the last two values into the first equation, use ch2(c) = 1 + sh2(c),
divide the obtained equation by sh(c)sh(a) and get cth(a)sh(c) = ch(c) cos(B) +
cot(A) sin(B). This implies the formula (1). �

Equivalently, formula (1) can be written as

th(a) =
sh(c) sin(A)

ch2
(

c

2

)

sin(A+B) + sh2
(

c

2

)

sin(A−B)
(2)

or (by hyperbolic Napier analogy) as

th(a) =
2 sin(A)

cth
(

c

2

)

sin(A+B) + th
(

c

2

)

sin(A−B)
. (3)

Theorem 3(sides of a hyperbolic Morley triangle). The side lengths of hyperbolic
Morley’s triangle△PQR of the given hyperbolic triangle△ABC are given by

ch2(QR) =
(1− th(x)th(u) cos(α))2

(1− th2(x))(1− th2(u))
, (4)

where, by(2) or (3), x = AQ andu = AR are given by

th(x) =
2th
(

b

2

)

sin(γ)

sin(α+ γ) + th2
(

b

2

)

sin(α− γ)
,

th(u) =
2th
(

c

2

)

sin(β)

sin(α+ β) + th2
(

c

2

)

sin(α− β)

(5)

and similarly for the side lengthsPQ andRP .

Proof. It is now a straightforward computation from the hyperbolic cosine rule for

ch(QR) in the triangle△AQR and using ch(x) = 1
√

1−th2

(x)

, sh(x) = th(x)
√

1−th2

(x)

and similarly for ch(u) and sh(u). Then use Lemma 2. �
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By using the standard (dual) formula

th2
(

b

2

)

=
sin
(

δ

2

)

sin
(

3β + δ

2

)

sin
(

3α+ δ

2

)

sin
(

3γ + δ

2

) ,

in terms of angles only, we have

th(x) =
2N sin(γ)

sin(α+ γ) sin
(

3α+ δ

2

)

sin
(

3γ + δ

2

)

+ sin(α− γ) sin
(

δ

2

)

sin
(

3β + δ

2

) ,

(6)
where3α+ 3β + 3γ = π − δ and

N2 = sin

(

δ

2

)

sin

(

3α+
δ

2

)

sin

(

3β +
δ

2

)

sin

(

3γ +
δ

2

)

.

Let us write now (2) properly with curvaturek. We have

th
(x

k

)

=
sh
(

b

k

)

sin(γ)

ch2
(

b

2k

)

sin(α+ γ) + sh2
(

b

2k

)

sin(α− γ)
, and

th
(u

k

)

=
sh
(

c

k

)

sin(β)

ch2
(

c

2k

)

sin(α+ β) + sh2
(

c

2k

)

sin(α− β)

(7)

Taking the limit in (7) ask → ∞ (or δ → 0 in (6)), we see that
(

th
(x

k

))

k tends
to

x =
b sin(γ)

sin(α+ γ)
=

2R sin(3β) sin(γ)

sin(β++)
= 8R sin(β) sin(β+) sin(γ),

and similarly foru. (HereR is the circumradius of the limiting Euclidean triangle.)
This agrees with the Euclidean expression forx = AQ given in Proof 1 of the

Morley theorem.
Next, from (4) we get

sh2 (QR) =
th2(x) + th2(u)− 2th(x)th(u) cos(α)− th2(x)th2(u) sin2(α)

(

1− th2(x)
) (

1− th2(u)
) (8)

By writing (8) also “properly” and by takingk → ∞ (or δ → 0), by using (7) we

easily obtain that sh2
(

QR

k

)

k2 tends to

QR2 =

(

(8R sinβ sinβ+ sin γ)2 + (8R sin γ sin γ+ sinβ)2

−2(8R sinβ sinβ+ sin γ)(8R sin γ sin γ+ sinβ) cosα− 0

)

(1− 0)(1− 0)

= (8R sin(β) sin(γ))2
[

sin2(β+) + sin2(γ+)− 2 sin(β+) sin(γ+) cos(α)
]

= (8R sin(α) sin(β) sin(γ))2.

And this agrees with the expression forQR in the Proof 1 of the Euclidean Morley
theorem.



130 D. Svrtan and D. Veljan

Let us note that if the hyperbolic triangle△ABC has circumcircle of hyperbolic
radiusR, then (6) can be written in terms ofR and angles as follows

th(x) = 2th(R)
sin
(

3β + δ

2

)

sin(3β)

sin
(

π

3
− β

)

sin
(

π−δ

3
− β

)

4 sin(β) sin(β+) sin(γ)

1 +
sin( δ

2
) sin(3β+ δ

2
)

sin(3α+ δ
2
) sin(3γ+ δ

2
)
sin(α−γ)

sin(α+γ)

(9)
If we let δ to tend to0, then from (9) it follows that th(x/k)k tends to

x = 2R · 1 · 1 ·
4 sin(β) sin(β+) sin(γ)

1 + 0
= 8R sin(β) sin(β+) sin(γ).

Again this is in accordance with the expression forx = AQ in the Proof 1 of the
Morley theorem in the Euclidean case.

So, there is no evident symmetry in the hyperbolic Morley case, but perhaps
some interesting inequalities hold instead (e.g. the equality–cosine law in the flat
case and the corresponding inequalities otherwise, see [52]). However, we shall
not consider it here.

4. Perspectivity of Morley configurations

In the list of triangle centers (see [31] and web sites [4] and [60]) thereis one
called “the second Morley point”M . Looking at Figure 1., thenAP ∩BQ∩CR =
M . We shall prove this by using the natural barycentric coordinates. Recall that
the barycentric coordinates of a pointP in the plane of a triangle△ABC are given
by the proportionP . . . t1 : t2 : t3 = area(PBC) : area(PAC) : area(PAB)
of oriented areas. The equation of a line joining two points with barycentric coor-
dinates(r1, r2, r3) and(s1, s2, s3) is given by

∣

∣

∣

∣

∣

∣

t1 t2 t3
r1 r2 r3
s1 s2 s3

∣

∣

∣

∣

∣

∣

= 0 .

Note that the areaS of a triangle and the heighthc from the vertexC (in standard
notations) in terms ofc, A andB are given by:

S =
c2

2

sin(A) sin(B)

sin(A+B)
, hc = c

sin(A) sin(B)

sin(A+B)

=
c2

2(cot(A) + cot(B))
=

c

cot(A) + cot(B)

Theorem 4(P. Yff, 1967). The Morley equilateral triangle△PQR is perspective
to the original triangle△ABC and the center of the perspective is called the
second Morley triangle center. It has barycentric coordinatessin(3α)/ cos(α) :
sin(3β)/ cos(β) : sin(3γ)/ cos(γ).

Proof. By using the above formulas for area and height we easily get the barycen-
tric coordinates of the pointP . . . a : 2b cos(γ) : 2c cos(β). Similarly we obtain
Q . . . 2a cos(γ) : b : 2c cos(α) andR . . . 2a cos(β) : 2b cos(α) : c. The barycen-
tric coordinates of the vertices of the original triangle are given byA . . . 1 : 0 : 0,
B . . . 0 : 1 : 0 andC . . . 0 : 0 : 1. By using the above determinant it is easy to
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check that the intersecting pointAP ∩ BQ also lies onCR. Hence all three lines
AP,BQ,CR intersect at a point. It is now easy to check its barycentric coordi-
nates. �

A similar proof but using homogenous trilinear coordinates (the distances from
a point to the sides of the triangle) is given in the paper [30], for more general
anglesrA, and(1 − r)A, etc. for positive real numberr 6= 1, and limits when
r → 0.

Let us briefly present yet another proof about the first and secondMorley points
given in [62] based on perspectivity, thus holding in any geometry. (Keep in mind
Figure 2.)

Let xA and yA be two lines through the vertexA of the triangleABC and
similarly xB, yB andxC , yC . Let xA be adjacent tob, xB to c, andxC to a.
Denote the intersection points

yB ∩ xC = P, yC ∩ xA = Q, yA ∩ xB = R,

xB ∩ yC = U, xC ∩ yA = V, xA ∩ yB = W,

and the lines

AP = zA, BQ = zB, CR = zC , AU = uA, BV = uB, CW = uC .

If lA, lB andlC are any lines through verticesA, B andC, respectively, of the
triangle△ABC with side linesa, b andc, denote

(a, b, c; lA, lB, lC) :=
sin(∠(a, lC)) sin(∠(b, lA)) sin(∠(c, lB))

sin(∠(lC , b)) sin(∠(lA, c)) sin(∠(lB, a))
.

Since we keep the first parta, b, c always in this order, we may write it simply as
(lA, lB, lC), wherelA can bexA, yA, zA or uA etc.

By Ceva’s theorem for pointsP,Q,R, respectively, we have

(zA, yB, xC) = (xA, zB, yC) = (yA, xB, zC) = 1.

Hence, their product is also equal to1. Ceva’s theorem for pointsU, V andW ,
respectively, yields that the corresponding product also equals to1.

Now suppose that the triplets of linesxA, xB, xC andyA, yB, yC are reciprocal,
i.e. (xA, xB, xC)(yA, yB, yC) = 1. Then from

(xA, xB, xC)(yA, yB, yC)(zA, yB, xC)(xA, zB, yC)(yA, xB, zC) = 1,

after an “orgy” of cancellations (as Coxeter expressed it once), we conclude that
(zA, zB, zC) = 1; and similarly for(uA, uB, uC).

By the converse of Ceva’s theorem, the lineszA, zB andzC are concurrent or
parallel. Since no two of these lines can be parallel, all three are concurrent. The
same holds for the linesuA, uB, anduC .

Let zA ∩ zB ∩ zC = M , anduA ∩ uB ∩ uC = N .
Observe that hexagonsARBPCQ andAV CUBW are Brianchon hexagons.
Conversely, if the lineszA, zB, zC meet atM anduA, uB, uC meet atN , then

the triples of linesxA, xB, xC andyA, yB, yC are reciprocal lines through the
verticesA, B, C of the triangle△ABC.
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This is a consequence of the fact that if(zA, zB, zC) = 1 (or (uA, uB, uC) = 1),
then from(zA, yB, xC)(xA, zB, yC)(yA, xB, zC) = 1 we get(xA, xB, xC) (yA,
yB, yC) = 1 (and similarly with(uA, uB, uC)).

So, the reciprocity of triplesxA, xB, xC andyA, yB, yC implies that the lines
zA, zB, zC are concurrent, thus the hexagonARBPCQ has the Brianchon prop-
erty. Rearranging the sides of this hexagon in the formxCyBxAyCxByA we see
that the hexagonPWQURV also has the Brianchon property.

Hence we have proved (as was proved in 1938. by M. Zacharias, [62]):

Theorem 5. If two triplets of linesxA, xB, xC andyA, yB, yC through the vertices
of the triangle△ABC are reciprocal, i.e.(xA, xB, xC)(yA, yB, yC) = 1, then the
lineszA, zB, zC meet atM , the linesuA, uB, uC meet atN and the linesPU,QV

andRW meet at one pointO. The converse also holds.

Note that trisectors are reciprocal triplets of lines through the triangle vertices.
The pointO is called thefirst and the pointM the second Morley pointof the
triangleABC.

As a consequence, there is also a short proof of the Morley theorem asfollows.

Proof of the Euclidean Morley theorem (from perspectivity).We stick with the
same notation as before (anglesA = 3α,B = 3β,C = 3γ etc.); letP,Q,R be
the adjacent trisector intersections of the interior angles of the triangleABC. Let
AQ ∩ BP = W,BR ∩ CQ = U andAR ∩ CP = V . Then by Theorem 5 the
linesPU,QV andRW meet at the pointO. SinceAR andBR are angle bisectors
of the triangle△ABW , it follows thatR is the incenter of△ABW and hence
RW the angle bisector of∠AWB. Similarly, Q andP are incenters of△AV C

and△BUC, respectively. SinceQ is the incenter of△AV C, the angle∠CQV =
π

2
+ α, and sinceP is the incenter of△CUB, the angle∠QUP = π

2
− (β + γ).

It follows from these two angle–values that∠QOU = π

3
. Similarly,∠ROV = π

3
,

and so the linesPU,QV andRW meet mutually at the angleπ
3
. By the triangle

congruences△OQW ∼= △OPW and△OQU ∼= △ORU it follows the lengths
equalityOP = OQ = OR and hence the triangle△PQR is equilateral. �

From the above discussion we have that in the trisector case the triangles△ABC

and△PQR are perspective from the pointM (the second Morley point), and the
triangles△ABC and△UVW are perspective from the pointN . By Theorem 5,
the triangles△PQR and△UVW are also perspective from the pointO (the first
Morley point).

It is now easy to prove by using Desargues theorem that the pointsO,M and
N are collinear, and also that12 pointsA,B,C, P,Q,R,U, V,W,M,N,O and
16 lines xA, xB, xC , yA, yB, yC , zA, zB, zC , uA, uB, uC , PU,QV,RW andMN

form a configuration(124; 163) of 12 points with4 lines out of16 through each
point and with3 out of12 points on each of16 lines.

Namely, for triangles△APV and△BQU we have that the pointsAP ∩BQ =
M , PV ∩QU = C, AV ∩BU = R are collinear (on the linezC). By Desargues’
theorem the linesAB, PQ, UV are concurrent and denote the intersection point
by S which may be proper or improper. Since the triangles△APU and△BQV
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are perspective wrt toS, by Desargues’ theorem it follows thatAP ∩ BQ = M ,
PU ∩QV = O, AU ∩BV = N are collinear.

Now since the Ceva theorem holds in hyperbolic geometry without any change
(see e.g. [17]), it follows by the mutatis mutandis argument that the above discus-
sion on perspectivity holds as well. So with the same proof we can summarize the
perspectivity for the hyperbolic triangle in the following theorem.

Theorem 6. Let△ABC be a hyperbolic triangle,P,Q,R the intersection points
of the adjacent trisectors of the interior angles of△ABC, respectively(P =
xC ∩ yB, Q = xA ∩ yC , R = xB ∩ yA wherexA, . . . , yC are trisectors). Then
the corresponding Morley triangle△PQR is perspective to the original triangle
△ABC with the perspective centerM = zA ∩ zB ∩ zC , wherezA = AP, zB =
BQ, zC = CR. Denote furtherxB ∩ yC = U , xC ∩ yA = V, xA ∩ yB = W . The
linesAU = uA, BV = uB, CW = uC are concurrent:uA∩uB ∩uC = N . Also,
the linesPU,QV and RW are concurrent at the pointO. The converse holds
as well. The pointsO (the first Morley hyperbolic point), M (the second Morley
hyperbolic point) andN (the third Morley hyperbolic point) are collinear. So, we
have again in the hyperbolic plane, starting with trisectors of a given triangle,a
configuration(124; 163).

By the same argument as in the last Proof of the Euclidean Morley theorem we
still can claim that in the hyperbolic caseR is the incenter of△ABW (and alsoQ
the incenter of△ACV andP the incenter of△BCU ).

5. Morley polynomial and group

Recall that in the Euclidean Morley theorem, the side length of the Morley trian-
gle (see Proof 1 of Theorem 1) is given byPQ = 8R sin(A/3) sin(B/3) sin(C/3),
or written as aZ3–symmetric productPQ = 8R

∏

sin(A/3) = abc

2S
·4
∏

sin(A/3),
whereS = area(△ABC) (recall, not any hyperbolic triangle has circumcircle!).

Let us express this side lengthPQ in terms of the elements of the original trian-
gle△ABC.

Let X = PQ. Consider the elementary symmetric functions in squared side
lengthsa2, b2, c2 of △ABC:

E1 = a2 + b2 + c2, E2 = a2b2 + b2c2 + c2a2, e3 =
√

E3 = abc.

Define the polynomial

M(X) =
∏

(

X − 8R sin

(

A+ 2kπ

3

)

sin

(

B + 2lπ

3

)

sin

(

C + 2mπ

3

))

,

where the product is taken over all integers0 ≤ k, l,m ≤ 2, such thatk+l+m ≡ 0
(mod 3) andk+ l+m ≡ 2 (mod 3), or equivalentlyA/3+B/3+C/3 = ±π/3
(mod 2π).

Namely, as was proved in [19], only in these18 cases (out of27) we obtain
equilateral Morley triangles corresponding to trisectors ofA + 2kπ, 0 ≤ k ≤ 2,
etc. (see [19], [22], [6]).
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We call M(X) the Morley polynomial. To compute it explicitly in terms of
a, b, c andR, we use the triple formula, sine and cosine rules, Heron’s formula
(4S)2 = 4E2 − E2

1 and4RS = e3.
By using computer algebra system (Maple) we obtain the Morley polynomial

M(X) which has as roots the (signed) edges of all18 Morley triangles. The re-
sult of a tricky computation (using complex numbers) is given by the following
theorem.

Theorem 7(Morley polynomial). The Morley polynomialM(X) whose roots are
side lengths of all18 equilateral Morley triangles of a given(a, b, c) triangle is
given as the product of two irreducible polynomialsM1(X) andM2(X) each of
degree9

M(X) = M1(X)M2(X),

where

M1(X)

= X9 + 81R2X7
−

27

2
E1R

2X5 + 3e3X
6
−

81

2
e3R

2X4
−

27

2
E1e3R

2X2

+
1

4

(

−27E2
1R

2
− 15e23

)

X3 + e33

+
√
3

(

9RX8 + 81R3X6 +
9

2
e3RX5

−
81

2
E1R

3X4
− 81e3R

3X3
−

9

2
e23RX2

)

,

and

M2(X)

= X9 + 81R2X7
−

27

2
E1R

2X5 + 3e3X
6
−

81

2
e3R

2X4
−

27

2
E1e3R

2X2

+
1

4

(

−27E2
1R

2
− 15e23

)

X3 + e33−

−
√
3

(

9RX8 + 81R3X6 +
9

2
e3RX5

−
81

2
E1R

3X4
− 81e3R

3X3
−

9

2
e23RX2

)

.

If we normalize by settingY = X/(3R
√
3) together withg = E1/(162R

2)
andh = 2S

√
3/(243R2), we obtain by multiplyingM1 andM2 the polynomial

N (Y ) ∈ Z[g, h][Y ] (up to a scalar multiple):

N (Y ) = Y 18
− 3Y 16 + 12hY 15 + 3(1− 2g)Y 14 + 12hY 13

− (1− 6h2 + 18g2)Y 12
− 12h(1 + 4g)Y 11

− 3(15g2 − 2g + 33h2)Y 10

+ 4h(1− 27g2 − 41h2)Y 9 + 3(18g3 − 3g2 + 6gh2 + 11h2)Y 8

+ 6h(15g2 − 2g + 29h2)Y 7 + (81g4 + 270g2h2 + 321h4 − 4h2)Y 6

+ 12h(9g3 + 11gh2 − 2h2)Y 5 + 12h2(3g2 − 7h2)Y 4

− 48h3(3g2 + 5h2)Y 3
− 96gh4Y 2 + 64h6.
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This agrees and is in accordance with the main result in [6], formula (14) and even
refines it in the form of the product of two “

√
3 – conjugate” polynomialsM1 and

M2, each of degree9.
This has many interesting consequences including those in [6], but we shall not

go into further details here.
In [14] it was carefully examined all27 Morley points in the complex plane.

They form18 equilateral and9 (in general) nonequilateral triangles. They are all
described by the action of a noncommutative group of order27. This groupH
acts on the vertices of the basic Morley triangle△PQR (“the heart of△ABC”)
to obtain all27 Morley points. Call this groupH theMorley group.

Theorem 8. The Morley groupH is isomorphic to the (discrete) Heisenberg uni-
triangular groupUT (3, 3) of order27.

Proof. The Morley group is nonabelian of order27 in which every element except
identity is of order3. This follows from the geometric reasons as it was checked
in [14]. Recall, the exponent of a group is the lowest common multiple of the
orders of all group elements. By the well known theorem from the finite group
theory, for any odd primep, the unitriangular group of degree3 over the field
of p(= 3) elements is the only nonabelian group of orderp3 with exponentp.
This extra special groupH of exponentp = 3 has the presentation given by<
a, b|a3, b3, [a, b] = [a, b]a = [a, b]b >, as the Heisenberg group is known. So,
H ∼= UT (3, 3). �

The Heisenberg groupH = H(Z/3Z) = UT (3, 3) modulo3 as an upper trian-
gular group is generated by two elements

x =





1 1 0
0 1 0
0 0 1



 andy =





1 0 0
0 1 1
0 0 1



 ,

and relationsz = xyx−1y−1, xz = zx, yz = zy, x3 = y3 = z3 = 1, where

z =





1 0 1
0 1 0
0 0 1



 .

Any element





1 a c

0 1 b

0 0 1



 ∈ H(Z/3Z) (a, b, c ∈ Z/3Z) is obtained by the gen-

erators.

In medical words, the basic Morley triangle (“the heart”) is by the mechanism
of Heisenberg groupH transferred to the whole body of all27 Morley triangles (in
Euclidean case18 equilateral).
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6. The Morley tetrahedron

Let ABCD be a (Euclidean) tetrahedron. Let us perform an analogous con-
struction in space of the Morley plane scenario. Recall, to a triangleABC, we as-
sociated the Morley trianglePQR, whereP = (B)C ∩ (C)B, Q = (C)A ∩ (A)C ,
andR = (A)B ∩ (B)A. Here (X)Y denotes the trisector line of the angleX
which is closer toY than the other trisector ofX. We computed the side (or edge)
lengths of the Morley triangle in terms of the given triangle (it turned out that these
expressions are symmetric inA,B,C and hence equal).

Denote by(XY )Z the trisecting plane of the dihedral angle(XY ) of the tetra-
hedron that is closer to the vertexZ than the other trisector of(XY ). Let

P = (BC)D ∩ (CD)B ∩ (DB)C , Q = (AC)D ∩ (CD)A ∩ (DA)C ,
R = (AB)D ∩ (BD)A ∩ (DA)B, S = (AB)C ∩ (BC)A ∩ (CA)B.

We callPQRS theMorley tetrahedronof ABCD.

c

a
b

A B

C

P
Q

R
A

B

C

D

P

Q

R

S

Figure 4

Remark.Let ∆ = A0A1 . . . An ⊂ R
n be ann–simplex. Consider(n − 2)–faces

of ∆ and dihedral angles determined by two adjacent facets (codimension1 faces)
of ∆. By trisecting each dihedral angle in three equal parts by two(n− 1)–planes
(trisectors), letMi be the intersection of the trisectors adjacent to the face against
Ai. The simplexM0M1 . . .Mn is theMorley simplexof ∆.

Unfortunately, in dimensions≥ 3, the Morley simplex is not regular in general
as is the case in dimensionn = 2. It is not even equifacetal. This can be seen by the
simple example of the tetrahedron whose vertices are the origin and unit vertices
on the coordinate axes (computation is a bit technical but quite elementary).

Analogous to the trianglesUQR, V PR andWPQ in Figure 2, in3–space we
also have four pyramidsZPQR,WPRS, V PQS andUQRS whose bases are
faces of the Morley tetrahedronPQRS and apexesU, V,W,Z. Unlike the planar
isosceles triangles (WP = WQ etc.), here some analogs also fail. Note that the
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convex polytope with verticesU , V , W , Z andP , Q, R, S is the intersection of
six wedges formed by trisecting planes and has8 faces.

Let us mention only that perspectivity analogous to the plane case as we proved
in Section 2 fails in dimension3.

However, what we shall do for tetrahedron is to express edge lengths of the
Morley tetrahedron in terms of the initial tetrahedron as we did in the plane in both
geometries.

c

a

c′ = X

a′

b′

b
A

B

C

D

â

γ α

β

Figure 5

To abbreviate notations, leta, b, c, a′, b′, c′ be the edge lengths of the tetrahedron
T = ABCD as in Figure 5,AB = c etc.

Denote also bŷa,̂b, . . . , ̂c′ the dihedral angles ofT , i.e. â = ̂BC etc. Denote by
̂ab the plane angle between edgesa andb, i.e.̂ab = ∠BCA etc. Suppose we are
given the baseABC of T and the dihedral angles at the baseâ,̂b, ĉ. We want to
compute the length of the lateral edgec′ = X.

Lemma 9 (Lateral edge in terms of base and dihedral angles of its edges - “cot
rule”).

X2 =

(

ab
∑

a cot(â)

)2
(

cot2(â) + cot2(̂b) + 2 cot(â) cot(̂b) cos(̂ab ) + sin2(̂ab )
)

.

Here
∑

a cot(â) = a cot(â) + b cot(̂b) + c cot(ĉ).

Proof. Drop the heightha fromD toBC etc. and leth be the height ofD toABC.
Let Da, Db andD′ be feet toBC,CA andABC, respectively. Thenha sin(â) =
h. Now,X2 = CD′2 + h2. Note that triangles△D′DaC and△D′DbC are right
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triangles, henceCD′ is a diameter of the circle throughD′, Da, C andDb. Then
by e.g. Ptolemy’s theorem, and by the sine lawCD′ sin(̂ab ) = DaDb. By the
cosine law we haveDaD

2
b
= DaD

′2 + DbD
′2 − 2DaD

′ · DbD
′ cos(π − ̂ab ).

Next, DaD
′ = h cot(â), DbD

′ = h cot(̂b). We computeh from ab sin(̂ab ) =
2area(ABC) =

∑

a ha cos(â) = h
∑

a cot(â). Now lemma follows easily. �

This lemma can also be thought of as angle–side–angle, orA–S–A rule for a
tetrahedron.

Lemma 10(Dihedral angles in terms of plane angles or edge lengths). With nota-
tions from Figure 5, we have in terms of plane angles atD:

cos(̂c′) =
cos(γ)− cos(α) cos(β)

sin(α) sin(β)
=

cos(̂a′b′ )− cos(̂b′c′ ) cos(̂a′c′ )

sin(̂b′c′ ) sin(̂a′c′ )
.

Proof. This is the spherical cosine law on the unit sphere aroundD. Then use the
ordinary cosine law to express it by edge lengths. �

c

a

c′

a′
b′

b

A

B

C

D

R S

Figure 6

Now by using the above Lemmas 9 and 10 we can compute the edge length, say,
RS in terms ofABCD (see Figure 6.). First we computeRA andRB as lateral
edges with base triangle (with thirds dihedrals)ABD andSA andSB as lateral
edges with base triangleABC. Then in the tetrahedronABRS we are given five
edge lengthsRA,RB, SA, SB andAB = c and the dihedral angle atAB equal
tôAB/3 = ĉ/3, written aŝc3, which is opposite toRS in the tetrahedronABRS.

Lemma 11(S–A–S tetrahedron formula - a tetrahedron cosine law). Leta, b, c, a′,
b′ and dihedral anglêc against the edgec′ are given. Verbally, given are five edges
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and the dihedral angle against the missing edge. Then the missing edge-length is
given by

c′2 = a′2 + b2 − 2a′b
(

cos(̂bc) cos(̂a′c) + sin(̂bc) sin(̂a′c) cos(ĉ)
)

,

cos(̂bc) = (b2 + c2 − a2)/(2bc),

cos(̂a′c) = (a′2 + c2 − b′2)/(2a′c).

Proof. It follows from the cosine law for the triangleACD and the previous Lemma
10. �

By using Lemmas 9 and 11 we shall now express edge lengths of the Morley
tetrahedron in terms of the original tetrahedronABCD. Recall that we have in-
troduced the abbreviated notation. So, for example, we writeâ3 instead of̂a/3
etc.

Theorem 12. The edge lengthRS of the Morley tetrahedron associated to the
tetrahedronABCD is given by

RS2 = SA2 +RA2
− 2RA · SA(cos(α̃′) cos(α̃) + sin(α̃′) sin(α̃) cos(ĉ3)) ,

whereα̃ is the angleBAS andα̃′ is the angleBAR, given by

cos α̃

=
(

c2 + SA2
− SB2

)

/(2cSA)

=
c2/(2cSA)

(

a cot(â3) + b cot(̂b3) + c cot(ĉ3)
)2

[

(

a cot(â3) + b cot(̂b3) + c cot(ĉ3)
)2

+ b2
(

cot2(̂b3) + cot2(ĉ3) + 2 cot(̂b3) cot(ĉ3) cos(̂bc) + sin2(̂bc)
)

− a2
(

cot2(â3) + cot2(ĉ3) + 2 cot(â3) cot(ĉ3) cos(âc) + sin2(âc)
)]

=
c

2SA
(

a cot(â3) + b cot(̂b3) + c cot(ĉ3)
)2

[

(

a cot(â3) + b cot(̂b3) + c cot(ĉ3)
)2

+ b2
(

cot2(̂b3) + cot2(ĉ3) + 2 cot(̂b3) cot(ĉ3) cos(̂bc)
)

− a2
(

cot2(â3) + cot2(ĉ3) + 2 cot(â3) cot(ĉ3) cos(âc)
)]

,

and

cos α̃′ =
(

c2 +RA2
−RB2

)

/(2cRA)
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where

RA2 =

(

a′c

a′ cot(̂a′3) + b′ cot(̂b′3) + c cot(ĉ3)

)2

× (cot2(̂a′3) + cot2(ĉ3) + 2 cot(̂a′3) cot(ĉ3) cos(̂a′c ) + sin2(̂a′c )),

RB2 =

(

b′c

b′ cot(̂b′3) + a′ cot(̂a′3) + c cot(ĉ3)

)2

× (cot2(̂b′3) + cot2(ĉ3) + 2 cot(̂b′3) cot(ĉ3) cos(̂b′c ) + sin2(̂b′c )),

SA2 =

(

bc

b cot(̂b3) + a cot(â3) + c cot(ĉ3)

)2

× (cot2(̂b3) + cot2(ĉ3) + 2 cot(̂b3) cot(ĉ3) cos(̂bc ) + sin2(̂bc )),

SB2 =

(

ac

a cot(â3) + b cot(̂b3) + c cot(ĉ3)

)2

× (cot2(â3) + cot2(ĉ3) + 2 cot(â3) cot(ĉ3) cos( âc ) + sin2( âc )).

Alternatively, lethS , hR be the distances fromS to AB andR to AB, respec-
tively. Then

hS = ab sin( ̂ab)/(a cot(â3) + b cot(̂b3) + c cot(ĉ3)),

hR = a′b′ sin(̂a′b′)/(a′ cot(̂a′3) + b′ cot(̂b′3) + c cot(ĉ3)),

RS2 = SA2 +RA2
− 2hRhS cos(ĉ3)− 2

√

SA2 − h2
S

√

RA2 − h2
R
.

We conclude this paper with two problems.

Problem 1. What kind of symmetries (of Regge type or other) can be seen from
Theorem 12 (and from possible hyperbolic analogue)?

Problem 2. Can we simulate reverse Coxeter proof in space? Start with (any?)
tetrahedronPQRS and reconstructABCD such thatPQRS is the Morley tetra-
hedron ofABCD with given dihedralsαi,j (satisfyingdet(cos(αi,j)) = 0), i.e.
ABCD is similar to a given tetrahedron.
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Gergonne Meets Sangaku

Paris Pamfilos

Abstract. In this article we discuss the relation of some hyperbolas, naturally
associated with the Gergonne point of a triangle, with the construction of two
equal circles known from a Sangaku problem at the temple of Chiba.

1. Hyperbolas related to the Gergonne point

The Gergonne pointG of a triangleABC is the common point of the three
cevians{AA′, BB′, CC ′} ([8, p. 30]), joining the contact points of the incircle
with the opposite vertices (see Figure1). If we select one of these cevians,AA′

A

B C

IG

A'

B'

C'

A''

γ

ε

Figure 1. Hyperbola related to the “Gergonne cevian”AA′

say, then there is a unique hyperbolaγ with focal points at{A,A′}, passing through
points{B,C}. It turns out that the two equal “sangaku circles” ([7]), relative to
the sideBC, have their centers on a tangentε to this hyperbola, which is parallel
toBC.

The present article is devoted to the discussion of this shape, which, amongother
things, illustrates an easy way to construct the two equal circles. In fact, as it is
seen below, the equation of the hyperbola with respect to its axes, of whichAA′ is
per definition its transverse axis, is given by

x2

a2
−

y2

b2
= 1, where 2a = |AB′

| = |AC ′
| and c2 = a2 + b2 = |AA′

|
2/4.

(1)
Once the hyperbola has been constructed and the parallelε has been found, the
centers of the two circles coincide with the intersections ofε with the bisectors of
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the angles{ ̂B, ̂C}. In dealing with the details, we start with the investigation of
general triangles on “focal chords” of hyperbolas. Having enoughinformation and
properties of this kind of triangles, we combine them with the properties of the
sangaku circles, to obtain the reasoning behind this shape.

Before proceeding further, I must make a note on the naming conventions Iam
used to. I follow mainly the French naming convention, using the word “principal”
or “major”, for the circle having diametral points the two vertices of the hyperbola,
which in English literature is called “auxiliary”. The latter name I reserve instead
for the two circles centered at the focal points with radius2a, which in French are
often called “director circles” ([6, p. 367]) and can be confused with the “director”
or “orthoptic circle” ([2, p. 229 II]), which is the locus of points viewing an ellipse
or certain hyperbolas under a right angle.

2. Triangles on focal chords

A focal chord of a hyperbola, i.e. a chordPQ, passing through one focal point
F , defines, using the other focus, a trianglePQF ′. Consider now such a triangle

P

FF'

Q

I

L

M

O

P'

Q'

t
Q

t
Pσ

τ

δ

NS G

ξ

L'

M'

D

Figure 2. TrianglePQF ′ on the focal chordPFQ

with respect to the hyperbola with centerO, given by equation (1). Let{tP , tQ}
denote the tangents at points{P,Q} and{σ(O, a), τ(F ′, 2a)} be respectively the
major and the auxiliary circle relative toF ′ (see Figure2). Let furtherξ be the
directrix relative to the focusF . The following lemma formulates the main prop-
erties of these triangles. Its proof can be found in almost any book on conics or
analytic geometry ([4, p. 76], [2, p. 226, II], [1, p. 8]).

Lemma 1. Under the previous conventions, the following are valid properties.

(1) The tangents{tP , tQ} are respectively bisectors of the angles{ ̂P , ̂Q}.
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(2) The projections{L′,M ′} of F on these tangents are points of the major
circle σ(O, a).

(3) The reflected points{L,M} of F on these tangents are points of the aux-
iliary circle τ(F ′, 2a).

(4) The orthogonal toPQ at F intersects the directrixξ at a pointI, which is
the incenter of trianglePQF ′.

(5) The radii{IL, IM} of the incircleδ ofPQF ′ are tangent to the auxiliary
circle τ .

3. The Gergonne point

The following theorem supplies some less known properties of these triangles
PQF ′ (see Figure2), that seem to me interesting for their own sake, the last one
being of use also in our particular problem. In thisE = (AB,CD) denotes the
intersection of lines{AB,CD}, E(ABCD) denotes the pencil of four lines or
“rays” {EA,EB,EC,ED} throughE andD = C(A,B) denotes the harmonic
conjugate ofC relative to{A,B}.

Theorem 2. Continuing with the previous conventions, the following are valid
properties.

(1) Lines{LM, ξ, PQ} are concurrent at a pointN ′ (not shown in Figure 2).
(2) The poleN of the directrixξ, relative to the auxiliary circleτ , coincides

with the intersectionN = (LM,FF ′). HenceLM passes through the
fixedN , depending only on the hyperbola and not on the particular direc-
tion of the chordPQ throughF .

(3) The incircleδ intersects the transverse axis a second time at a pointS,
which is fixed and independent of the direction ofPQ.

(4) Similarly, the Gergonne pointG of the trianglePQF ′ is fixed on the trans-
verse axisFF ′ and independent of the direction ofPQ throughF .

(5) The centerO of the hyperbola, the incenterI of trianglePQF ′ and the
middleD of sidePQ are collinear.

Proof. Nr-1. can be proved by defining initiallyN ′ to be the intersectionN ′ =
(ξ, PQ) and considering the two pencils{F ′(N ′FQP ), F (N ′F ′ML)}, which
have the rayFF ′ in common. Using the characteristic property of the polarξ,
it is easy to see, that both pencils are harmonic. Hence they define the same cross
ratio on every line intersecting them and not passing through their centers{F, F ′}.
Applying then the well known property of such pencils with a common ray ([5,p.
90]), we see that the three other pairs of corresponding rays intersect at collinear
pointsN ′ = (F ′N ′, FN ′),M = (F ′Q,FM ′) andL = (F ′P, FL′).

Nr-2. can be proved by first observing that the incenterI is the pole ofLM
relative to the circleτ and lies also on lineξ. Then, by the reciprocity of pole-
polar ([5, p. 166]), the pole ofξ relative toτ must also be contained inLM .
Since this pole is also on the orthogonalFF ′ to line ξ, it must coincide withN =
(LM,FF ′).

Nr-3. follows fromnr-2. by comparing powers relative to the circles{σ, δ}. In
fact, the power ofN relative toδ : |NS||NF | = |NL||NM | = p is also the
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power ofN relative toτ , shown above to be fixed. Hencep is constant, which
implies the claim.

Nr-4. follows from the coincidence of the Gergonne point ofPQF ′ with the
symmedian point of the triangleFLM , which hasPQF ′ as its tangential triangle
([8, p. 56]). But it is well known that the symmedian pointG of FLM is the
harmonic conjugateG = F ′(N,F ) of F ′ relative to{N,F} ([3, p. 160]).

Nr-5. follows by inspecting the quadrilateralPQP ′Q′. Here{P ′, Q′} denote
the second intersections of the principal circleσ respectively with lines{FL′, FM ′}.
By Lemma 1, follows that the tangents{tP , tQ} pass respectively through{P ′, Q′}

and thatP ′Q′ is a diameter of the circleσ, seen from{L′,M ′} under a right angle.
This means that{Q′M ′, P ′L′} are two altitudes of the triangleFP ′Q′ meeting at
I. HenceFI extended is also an altitude of this triangle, and, consequently, or-
thogonal toP ′Q′. SinceFI is also orthogonal toPQ the two lines{PQ,P ′Q′}

are parallel. Hence,PQP ′Q′ is a trapezium, its diagonals meeting atI, which is
collinear with the middles{O,D} of its parallel sides{P ′Q′, PQ}. �

The next lemma simply stresses the fact that every triangle can be considered to
be based on a focal chord of an appropriate hyperbola.

τ-a

A'

A

Β C

τ-a

G I

Figure 3. The hyperbola associated to the “Gergonne cevian”AA′

Lemma 3. For every triangleABC and each one of the three “Gergonne cevians”,
i.e. cevians likeAA′, passing through the Gergonne pointG, there is precisely
one hyperbola with focal points at{A,A′} and passing through the other vertices
{B,C}.

Proof. By Figure (see Figure3). Since the hyperbola is uniquely defined by its
focal points{A,A′} and the property

||BA| − |BA′
|| = ||CA| − |CA′

|| = τ − a, (2)

whereτ denotes now the semi-perimeter of the triangle anda = |BC|. �
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4. The critical tangent

Continuing with the notation established in the preceding sections, we examine
now the tangentε to the hyperbola, which is parallel to the sideBC of the triangle.

A'

A

Β C

G I

J

M

O

H

A''

ε

ξ

τ

Figure 4. The tangentε parallel toBC

Lemma 4. LetM be the middle of the sideBC andH be the intersection of the
hyperbola with lineOM . Then the tangentε of the hyperbola atH is parallel to
BC, points{O, I,H,M} are collinear and points{A, J,H} are also collinear,J
being the symmetric ofA′ relative toε.

Proof. The parallelism ofε toBC is obvious, since lineOM , joining the centerO
of the hyperbola with the middle of the chordBC defines the conjugate direction
to that ofBC. By Theorem 2,I is onOM , hence the first claimed collinearity. By
lemma-1, the symmetricJ relative toε is onτ and points{A, J,H} are collinear.

�

The connection with the sangaku circles results now from the fact, that the in-
tersection pointA′′ = (AJ,BC) defines the two “subtriangles”{ABA′′, AA′′C},
the incircles of which are the two equal sangaku circles of the triangleABC rela-
tive to the sideBC ([7]). Thus, it remains to show that the centers of these circles
are on the lineε. But this is a general property of the hyperbola, as seen by the
following lemma.

Lemma 5. With the notation adopted so far, the incenter of the triangleABA′′ is
on the lineε.

Proof. Consider the intersectionR of the bisectortB of the anglêB with line
ε. It suffices to show that the other bisector, of anglêBA′′A, passes throughR.
To see this, examine the triangleA′HR. BecauseR is the intersection point of
two tangents{tB, ε} of the hyperbola at points{B,H}, the angleB̂A′H from
the focusA′ to the points of tangency is bisected byA′R ([1, p. 12]). Since
{BC, ε} are parallel, we have alsôRA′B = Â′RH. Thus,A′HR is isosceles
and|HR| = |HA′| = |HA′′|. Last equality being valid becauseJA′A′′ is a right
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Ι

τ

ξ

A

A'B C

O

A''

δ

R H

J

M

γ

ε

t
B

R'

Figure 5. Incenter of triangleABA′′

triangle andH is the middle of its hypotenuse. This shows that triangleRHA′′

is also isosceles and̂HA′′R = ĤRA′′ = R̂A′′A′, thereby proving thatA′′R is a
bisector of the anglêBA′′A. �

From the arguments, used in the proof given above, results also an alternative
way to find the centers of the two sangaku circles, expressed by the following
corollary.

Corollary 6. The centers of the two equal sangaku circles relative to the sideBC

of the triangle are the diametral points{R,R′} of a diameter parallel toBC of
the circle with diameterJA′′.
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New Interpolation Inequalities to Euler’s R ≥ 2r

Dorin Andrica and Dan Ştefan Marinescu

Abstract. The purpose of this paper is to obtain some interpolation inequalities
to the well-known Euler’s inequalityR ≥ 2r in terms of new geometric ele-
ments given by the radiiRA, RB , RC of the tangent circles at the vertices to the
circumcircle of a triangle and to the opposite sides. The main results are given
in Theorems 4-8.

1. Introduction

At the first 2015 Romanian IMO Team Selection Test the first author of this
paper has proposed the following problem: LetRA be the radius of the tangent
circle atA to the circumcircle of triangleABC and to the sideBC. Similarly,
define the radiiRB andRC . The following inequality holds

1

RA

+
1

RB

+
1

RC

≤
2

r
,

wherer is the inradius of triangleABC.
In this short paper we discuss some proofs to the above inequality and we com-

plete it to the left hand-side in order to get a new interpolation for the well-known
Euler’s inequalityR ≥ 2r, whereR is the circumradius of triangleABC. Also, we
give other interpolation inequalities to the Euler’s inequality in terms of the radii
RA, RB, RC . For other interpolation and improvements inequalities to the Euler’s
inequality we refer to the excellent monograph [2].

2. Some auxiliary results

As usual, we denote bya, b, c the lengths of the sides opposite to the vertices
A, B, C, respectively, and byK[ABC] the area of triangleABC. We need the
following helpful results.

Lemma 1. In triangle ABC denote by ha, hb, hc the lengths of the altitudes from
the vertices A, B, C, respectively. The relation

1

r
=

1

ha
+

1

hb
+

1

hc

holds.

Proof. Just use the formula for the area of a triangle. �
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Lemma 2. If RA is the radius of the interior (exterior) tangent circle at A to the
circum- circle of triangle ABC and to the side BC, then

r

RA

=
a

s
cos2

B − C

2
,

where s denotes the semiperimeter of triangle ABC.

Proof 1. If B = C, then clearly we haveRA = h

2
. Using the relationsK[ABC] =

sr = aha

2
, the conclusion follows.

WhenB 6= C, let us suppose thatB > C. ConsiderT the intersection point of
the common tangent line atA to the two circles with the lineBC (see Figure 1).
In triangleTAB, we haveT̂ = B − C and from the Law of Sines we obtain

c

sin(B − C)
=

TA

sinB
=⇒ TA =

bc

2Rsin(B − C)
.

B C

A

O

T

OA

A′′

A′

I

Figure 1

Becausetan B−C

2
= RA

TA
, it follows that

RA =
bc

2Rsin(B − C)
·
sin B−C

2

cos B−C

2

=
bc

2R cos2 B−c

2

.

Therefore,

r

RA

=
r

bc
cot 4R cos2

B − C

2
=

ar

4RK
cos2

B − c

2
=

a

s
cos2

B − C

2
,

whereK = K[ABC], and the proof is complete. �
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Proof 2. Let γA be the circle tangent atA to the circumcircle of triangleABC and
tangent atT to the lineBC. Assume thatR = 1, and consider the inversion of pole
A and unit power. In what follows,X ′ will denote the image of the pointX 6= A

by this inversion.
Under this inversion, the lineBC is transformed into a circleAB′C ′ centered

at some pointΩ. The circleABC is transformed into the lineB′C ′, andγA is
transformed into a lineℓ throughT ′ and parallel toB′C ′.

LetD be the orthogonal projection ofA on the lineBC. ThenAD = 1

AD
= 1

ha
,

whereha is the length of the altitude from the vertexA in the triangleABC, and
ΩT ′ = ΩA = 1

2ha
.

Next, letA1 be the antipode ofA in circleγA, soA′

1 is the orthogonal projection
of A on lineℓ, andAA′

1 =
1

AA′

1

= 1

2RA
.

Finally, letO denote the circumcenter of the triangleABC and notice the angles
OAD, ΩAA′

1 are both congruent to the absolute value of the difference of the
internal angles of triangleABC atB andC, to obtain

cos(B − C) =
AA′

1 − ΩT ′

ΩA
=

1

2RA
−

1

2ha

1

2RA

=
ha

RA

− 1 =
2K

aRA

− 1,

whereK = K[ABC] and the desired formula follows after standard transforma-
tions. �

Lemma 3. In every triangle ABC the following inequality holds

cos2
B − C

2
≥

2r

R
.

We have equality if and only if 2a = b+ c.

Proof 1. We have

cos
B − C

2
= cos

B

2
cos

C

2
+ sin

B

2
sin

C

2

= cos
B

2
cos

C

2
− sin

B

2
sin

C

2
+ 2 sin

B

2
sin

C

2

= cos
B + C

2
+ 2 sin

B

2
sin

C

2

= sin
A

2
+ 2 sin

B

2
sin

C

2
.

Therefore,

cos
B − C

2
≥ 2

√

2 sin
A

2
sin

B

2
sin

C

2
= 2

√

2 ·
r

4R
=

√

2r

R
,

and the conclusion follows. The equality holds if and only ifsin A

2
= 2 sin B

2
sin C

2
,

that isa2 = 4(s− a)2, hence2a = b+ c. �
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Proof 2. Let I be the incenter of triangleABC, and considerA′ the intersection
point of the rayAI with the circumcircle of triangleABC. We have

A′A2 = (A′I +AI)2 ≥ 4A′I ·AI = 8Rr,

where the last equality is obtained from the power ofI with respect to the cir-
cumcircle of triangleABC. Clearly, the equality holds if and only ifA′I = AI.
But

AA′ = 2R sin

(

B +
A

2

)

= 2R cos
B − C

2
,

hence the desired inequality follows. As we already mentioned, the equality holds
if and only ifA′I = AI, that isAA′ = 2IA′ = 2BA′, so

cos
B − C

2
= 2 sin

A

2
.

We obtain

sin
A

2
= 2 sin

B

2
sin

C

2
,

therefore2a = b+ c. �

3. The main results

The first interpolation result is directly connected to the original problem men-
tioned in the introduction and it is contained in the following theorem.

Theorem 4. With the above notations the following inequalities hold

4

R
≤

1

RA

+
1

RB

+
1

RC

≤
2

r
. (1)

We have equality if and only if the triangle ABC is equilateral.

Proof. From Lemma 2 we haver
RA

≤
a

s
, with equality if and only ifB = C.

Similarly, r

RB
≤

b

s
with equality whenC = A, and r

RC
≤

c

s
with equality when

A = B. Summing up these inequalities it follows the right hand-side inequality,
with equality if and only ifA = B = C, that is the triangle is equilateral.

From Lemma 3 and Lemma 2 we haver
RA

≥
a

s
·
2r

R
, with equality if and only if

2a = b+ c, and two analogous inequalities for the radiiRB andRC . Summing up
these inequalities we obtain

1

RA

+
1

RB

+
1

RC

≥
2

R
·
a+ b+ c

s
=

4

R
,

and we are done. �

Remark. (1) It is possible to give a direct geometric argument for the right hand-
side inequality in (1). ConsiderOA to be the center of the tangent circle atA to the
circumcircle of triangleABC and to the sideBC, andA′′ the tangency point of
this circle with the lineBC (see Figure 1). Using the triangle inequality in triangle
AOAA

′′ we haveha ≤ AA′′leAOA+OAA
′′ = 2RA, hence we obtain 1

2RA
≤

1

ha
,

and other two similar inequalities forRB andRC . Summing up these inequalities
the conclusion follows from Lemma 1.
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Theorem 5. With the above notations the following inequalities hold

2r

R
≤

K[ABC]
3
√
abcRARBRC

≤ 1. (2)

We have equality if and only if the triangle ABC is equilateral.

Proof. Multiplying the inequalities obtained from Lemma 2, we obtain

r3

RARBRC

≤
abc

s3
,

hence
K[ABC]

3
√
abcRARBRC

≤ 1.

On the other hand, multiplying the inequalities obtained from Lemma 2 and using
Lemma 3, it follows that

abc

s3
·
8r3

R3
≤

r3

RARBRC

.

That is
2r

R
≤

K[ABC]
3
√
abcRARBRC

,

and we complete the left hand-side of (2). Clearly, the equality holds if and only if
the triangleABC is equilateral. �

From the relation r

RA
= a

s
· cos2 B−C

2
proved in Lemma 2, we obtain

RA =
K

a cos2 B−C

2

.

In the second proof of Lemma 3 we have shown thatAA′ = 2R sin
(

B + A

2

)

=

2R cos B−C

2
, hencecos B−C

2
= AA′

2R
. It is clear that the pointA′′ is the feet of the

bisector of the angleA of triangleABC. Denote byℓa the length of bisector of
angleA of triangleABC, i.e. the length of the segment[AA′′]. TrianglesAA′′OA

andAA′O are similar, therefore we obtain

RA

R
=

ℓa

AA′
=

ℓ2a

ℓa ·AA
′
.

From the Law of Sines in triangleACA′′, it follows that

ℓa

sinC
=

b

sin
(

C + A

2

) .

But, clearly we have

sin

(

C +
A

2

)

= sin

(

B +
A

2

)

= cos
B − C

2
,

henceℓa ·AA′ = 2Rb sinC. We obtain

RA =
ℓ2a

2b sinC
=

ℓ2a

2ha
=

a · ℓ2a

4K
, (3)



154 D. Andrica and D. S. Marinescu

whereK = K[ABC] is the area of triangleABC.

Theorem 6. With the above notations the following inequalities hold

9

2
r ≤ RA +RB +RC ≤

9

4
R. (4)

We have equality if and only if the triangle ABC is equilateral.

Proof. The left hand-side inequality can be proved using the inequality

RA =
K

a cos2 B−C

2

=
sr

a cos2 B−C

2

≥
sr

a
,

where the equality holds if and only ifB = C, and other two similar inequalities
for RB andRC . We obtain

RA +RB +RC ≥ rs

(

1

a
+

1

b
+

1

c

)

=
r

2
(a+ b+ c)

(

1

a
+

1

b
+

1

c

)

≥
9

2
r,

with equality if and only ifa = b = c.
From (3) and from the well-known formulaℓ2a = 4bc

(b+c)2
s(s−a), the right hand-

side inequality is equivalent to
∑

cyclic

4abc

4K
·
s(s− a)

(b+ c)2
≤

9

4
R,

hence X
∑

cyclic

4RK

K
·
s(s− a)

(b+ c)2
≤

9

4
R,

that is
∑

cyclic

s(s− a)

(b+ c)2
≤

9

16
. (5)

The inequality (5) is equivalent to
∑

cyclic

1− a

s
(

b

s
+ c

s

)2
≤

9

16
.

Let a

s
= 2x, b

s
= 2y, c

s
= 2z, wherex, y, z > 0 andx+ y+ z = 1. The inequality

(5) os equivalent to
∑

cyclic

1− 2x

(y + z)2
≤

9

4
,

for everyx, y, z > 0 with x+ y + z = 1. Hence, it is reduced to
∑

cyclic

1− 2x

(1− x)2
≤

9

4
,

for everyx, y, z > 0 with x+ y + z = 1.
The functionf : (0, 1) → R defined byf(t) = 1−2t

(1−t)2
has second derivative

f ′′(t) =
−4t− 2

(1− t)4
< 0.
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That is, it is concave on the interval(0, 1). From Jensen’s inequality it follows that

f(x) + f(y) + f(z) ≤ 3f

(

x+ y + z

3

)

= 3f

(

1

3

)

=
9

4
, (6)

and the result is completely proved. �

The functionf in the proof of Theorem 6 satisfiesf ′′ < −2 on the interval
(0, 1). Therefore, using the result of [1], the functiong : (0, 1) → R defined by
g(t) = f(t) + t2 is concave on(0, 1). Applying the Jensen’s inequality forg, we
get the following inequality forf :

f(x) + f(y) + f(z) ≤ 3f

(

x+ y + z

3

)

−
1

3

(

(x− y)2 + (y − z)2 + (z − x)2
)

.

(7)
Consideringx = a

2s
, y = b

2s
, z = c

2s
, the inequality (7) is equivalent to

∑

cyclic

4s(s− a)

(b+ c)2
≤

9

4
−

1

12s2
(

(a− b)2 + (b− c)2 + (c− a)2
)

,

that is
∑

cyclic

4RK

K
·
4s(s− a)

(b+ c)2
≤

9

4
R−

R

12s2
(

(a− b)2 + (b− c)2 + (c− a)2
)

,

and we obtain the following refinement of right-hand side inequality in Theorem
6:

Theorem 7. With the above notations the following inequality holds

RA +RB +RC ≤
9

4
R−

R

12s2
(

(a− b)2 + (b− c)2 + (c− a)2
)

, (8)

with equality if and only if the triangle ABC is equilateral.

Remark. (2) The radiusRA can be expressed in terms of the exradiusra of the
triangleABC as follows:

RA =
ℓ2a

2ha
=

4bc

(b+ c)2
·
s(s− a)

4K/a
=

abcs

ra(b+ c)2
,

and similar formulas forRB andRC . We obtain the following formula connecting
all the radiiRA, RB, RC , R, r:

1
√
RAra

+
1

√
RBrb

+
1

√
RCrc

=
2

√
Rr

. (9)

Using the Cauchy-Schwarz inequality and formula (9) we can write

4

Rr
=

(

2
√
Rr

)2

=

(

1
√
RAra

+
1

√
RBrb

+
1

√
RCrc

)2

≤

(

1

RA

+
1

RB

+
1

RC

)(

1

ra
+

1

rb
+

1

rc

)

=

(

1

RA

+
1

RB

+
1

RC

)

1

r
,
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where we have used the well-known formula1
ra

+ 1

rb
+ 1

rc
= 1

r
. Therefore, we

have obtained a new proof to the left-hand side inequality in Theorem 4.

The last result contains two weighted interpolation results.

Theorem 8. With the above notations the following inequalities hold:

6r ≤
a

a+ b+ c
RA +

b

a+ b+ c
RB +

c

a+ b+ c
RC ≤ 3R; (10)

s

2R
≤

RA

a
+

RB

b
+

RC

c
≤

s

4r
. (11)

We have equality if and only if the triangle ABC is equilateral.

Proof. From Lemma 2 we have aaRA = rs

a cos2
B−C

2

, and using the inequality in

Lemma 3, it follows thatrs ≤ aRA ≤
sR

2
, and two similar inequalities forRB and

RC . Summing up these inequalities we get (10).
For the right-hand side inequality in (11), fromRA

a
= ℓa

4s
, using the inequality

ℓ2a ≤ s(s− a), we obtain

RA

a
+

RB

b
+

RC

c
≤

∑

cyclic

s(s− a)

4s
=

s

4r
.

For the left-hand side inequality in (11), we useRA = rs

a cos2
B−C

2

≥
rs

a
, and we

obtainRA

a
≥

rs

a2
, and two similar inequalities forRB andRC . Then

RA

a
+

RB

b
+

RC

c
≥ rs

(

1

a2
+

1

b2
+

1

c2

)

≥ rs

(

1

ab
+

1

bc
+

1

ca

)

= rs ·
2s

abc
= rs ·

2s

4Rrs
=

s

2R
,

and we are done. �
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On the Tucker Circles

Sándor Nagydobai Kiss and Paul Yiu

Abstract. Parametrizing Tucker circles by the lengths of their antiparallel sides,
we find conditions for which Tucker circles are congruent, orthogonal,or tangen-
tial. In particular, we show that the Gallatly circle, which is the common pedal
circle of the Brocard points, is the smallest Tucker circle, not orthogonal to any
Tucker circle, and congruent Tucker circles are symmetric with respect to the
line joining the Brocard points. Some orthology results are also obtained.

1. The Tucker hexagon T (t)

Given triangleABC, letBa andCa be points on the sidelinesAC andAB such
that triangleABaCa is oppositely similar toABC. The lineBaCa is antiparal-
lel to BC, meaning thatBaCa is parallel to the sideHbHc of the orthic triangle
HaHbHc of triangleABC (see Figure 1). Thus, we have through
Ba the antiparallel toBC to intersectAB atCa. Continue to construct through
Ca the parallel toCA to intersectBC atAc, then through
Ac the antiparallel toAB to intersectCA atBc, then through
Bc the parallel toBC to intersectAB atCb, then through
Cb the antiparallel toCA to intersectBC atAb, then through
Ab the parallel toAB to intersect the lineCA.
This last intersection is the same as the pointBa, thus completing a hexagon
BaCaAcBcCbAb whose sides are alternately antiparallel and parallel to the sides
of triangleABC. This is called a Tucker hexagon.

Let a, b, c be the lengths of the sidesBC, CA, AB of triangleABC, andR
its circumradius. SupposeBaCa = t, positive or negative according asBa and
Ca are on the half-linesAC andAB or their complementary half-lines. Then
ACa = bt

a
, ABa = ct

a
. It follows that BAb = ct

b
, BCb = at

b
, CAc = bt

c
,

CBc = at

c
. TrianglesAbBCb andAcBcC are also oppositely similar toABC.

Also,BaCa = CbAb = AcBc = t. The three antiparallel sides ofT (t) have equal
lengthst. With reference to triangleABC, the vertices of the Tucker hexagon
T (t) have homogeneous barycentric coordinates

Ba = (ab− ct : 0 : ct) Ca = (ca− bt : bt : 0)
Cb = (at : bc− at : 0) Ab = (0 : ab− ct : ct)
Ac = (0 : bt : ca− bt) Bc = (at : 0 : bc− at)

(1)

We shall also make use of theabsolute barycentric coordinates of finite points by
normalizing their homogeneous coordinates, i.e., by dividing by their coordinate
sum.

Publication Date: May 21, 2017. Communicating Editor: Nikolaos Dergiades.
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A

B C

H

Ha

Hb

Hc

Ab

Cb Bc

Ac

Ca

Ba

Figure 1. A Tucker hexagon

It is convenient to make use of the elementary symmetric functions ofa2, b2, c2:

λ := a2 + b2 + c2, µ := b2c2 + c2a2 + a2b2, ν := a2b2c2. (2)

We shall also denote byS twice the area of triangleABC.
In absolute barycentric coordinates, the circumcenter and the symmedian point

of triangleABC are the points

O =
1

4S2
(a2(λ− 2a2), b2(λ− 2b2), c2(λ− 2c2)), (3)

K =
1

λ
(a2, b2, c2). (4)

Lemma 1. (a)4µ− λ2 = 4S2.
(b) λ2 − 3µ ≥ 0.

Proof. (a)

4µ− λ2 = 2b2c2 + 2c2a2 + 2a2b2 − a4 − b4 − c4

= (a+ b+ c)(b+ c− a)(c+ a− b)(a+ b− c)

= 4S2.

(b)

λ2
− 3µ = a4 + b4 + c4 − b2c2 − c2a2 − a2b2

=
1

2

(

(b2 − c2)2 + (c2 − a2)2 + (a2 − b2)2
)

.

�

Proposition 2. The midpoints La, Lb, Lc of the antiparallel sides of T (t) are
on the symmedians AK, BK, CK respectively, and divide AK, BK, CK in the
same ratio

ALa : LaK = BLb : LbK = CLc : LcK = λt : 2
√
ν − λt (5)
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Proof. The midpoint of the antiparallel sideBaCa is

La =
1

2
(Ba + Ca)

=
1

2abc
(2abc− (b2 + c2)t, b2t, c2t)

=
1

2
√
ν

(

(2
√
ν − λt, 0, 0) + (a2t, b2t, c2t)

)

=
1

2
√
ν
(2
√
ν − λt)A+ λtK). (6)

This shows thatLa is a point on the symmedianAK, and it dividesAK in the ratio
ALa : LaK = λt : 2

√
ν − λt (see Figure 2).

The same is true forLb andLc. �

A

B C

H

Ab

Cb Bc

Ac

Ca

Ba

L(t) OK

La

Lb

Lc

Q(t)

Figure 2

Proposition 3. (a) The triangles ABC and LaLbLc are homothetic at the symme-
dian point K.

(b) They are also orthologic.
(i) The perpendiculars from A to LbLc, B to LcLa, and C to LaLb are con-

current at the orthocenter H .
(ii) The perpendiculars from La to BC, Lb to CA, and Lc to AB are concur-

rent at the point Q dividing HK in the ratio HQ(t) : Q(t)K = λt : 2
√
ν − λt.

Proof. (a) follows from (5).
(b) The orthology follows from the homothety.

(i) is clear.
(ii) The perpendicular fromLa to BC, being parallel toAH, intersectsHK at a
pointQ(t) such thatHQ(t) : Q(t)K = ALa : LaK = λt : 2

√
ν − λt (see Figure

2). By Proposition 2, the perpendiculars fromLb to CA andLc to AB intersect
HK at the same pointQ(t). �
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Proposition 4. (a) The perpendicular bisectors of the antiparallel sides BaCa,
CbAb, AcBc of the Tucker hexagon T (t) are concurrent at the point L(t) dividing
OK in the ratio

OL(t) : L(t)K = λt : 2
√
ν − λt.

(b) The point L(t) is at a distance 2
√

ν−λt

4S
from each of the antiparallels.

Proof. (a) From (6) it follows that

2
√
νLa + (λt− 2

√
ν)A = λtK,

and
2
√
νLa + (λt− 2

√
ν)(A−O) = (2

√
ν − λt)O + λtK.

This means that the parallel throughLa to OA intersectsOK at a pointL(t) di-
vidingOK in the ratio

OL(t) : L(t)K = λt : 2
√
ν − λt; (7)

see Figure 2. Since the coefficients are all symmetric functions ofa2, b2, c2, the
analogues of (7) hold whenLa, A are replaced byLb, B, andLc, C respectively.
This means that the parallels throughLa, Lb, Lc to OA, OB, OC are concurrent
at the same pointL(t) (see Figure 3).

(b) The antiparallel sideBaCa, being parallel to the sideHbHc of the orthic
triangle, is perpendicular to the circumradiusOA. Equation (7) shows thatL(t) is
at a distance

(

1−
λt

2
√
ν

)

·R =
2
√
ν − λt

2
√
ν

·

√
ν

2S
=

2
√
ν − λt

4S

fromBaCa. This is the same for the antiparallelsCbAb andAcBc. �

Remark. In homogeneous barycentric coordinates,

L(t) = (a2(abc(b2 + c2 − a2) + t(a2(b2 + c2)− (b4 + c4))

: b2(abc(c2 + a2 − b2) + t(b2(c2 + a2)− (c4 + a4))

: c2(abc(a2 + b2 − c2) + t(c2(a2 + b2)− (a4 + b4))). (8)

Corollary 5 (Construction of Tucker hexagon). Let HaHbHc be the orthic triangle
of ABC, and L a point on the Brocard axis. If the parallels through L to the
circumradii OA, OB, OC intersect the symmedians AK, BK, CK at La, Lb, Lc

respectively, then the parallels through La to HbHc, Lb to HcHa, and Lc to HaHb

intersect the sidelines of triangle ABC at the vertices of a Tucker hexagon (see
Figure 3).

2. The Tucker circle C (t)

Proposition 6. The vertices of the Tucker hexagon T (t) are concyclic. The circle
containing them has center L(t) and radius R(t) given by

R(t)2 =
µt2 − λ

√
νt+ ν

4S2
. (9)
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A

B C

H

Ha

Hb

Hc

Ab

Cb Bc

Ac

Ca

Ba

La

Lb

Lc

L O

K

Figure 3. The Tucker circleC (t)

Proof. Since the antiparallelsBaCa, CbAb, AcBc have equal lengthst and are per-
pendicular to the circumradiiOA, OB, OC respectively (see Figure 2), by Propo-
sition 4(b), each of the six vertices of the Tucker hexagonT (t) is at a distance
R(t) fromL(t) given by

R(t)2 =

(

λt− 2
√
ν

4S

)2

+

(

t

2

)2

=
(λt− 2

√
ν)2 + 4S2t2

16S2

=
(λ2 + 4S2)t2 − 4λ

√
νt+ 4ν

16S2
=

µt2 − λ
√
νt+ ν

4S2
.

�

We call the circumcircle of the Tucker hexagonT (t) the Tucker circleC (t)
(see Figure 3).

Remark. If t = τ
√

ν

λ
, then the vertices of the Tucker hexagonT (t) are

Ba = (λ− τc2 : 0 : τc2) Ca = (λ− τb2 : τb2 : 0)
Cb = (τa2 : λ− τa2 : 0) Ab = (0 : λ− τc2 : τc2)
Ac = (0 : τb2 : λ− τb2) Bc = (τa2 : 0 : λ− τa2)

and the radius of the Tucker circleC (t) is given by

R(t)2 =
1

4

(

(τ − 2)2R2 +

(

τ
√
ν

λ

)2
)

. (10)
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3. Special Tucker circles

Tucker circle Parameter Center Radius

First Lemoine circle t1 =
√
ν

λ
L1 = X(182) 1

2

√

R2 + t21

Second Lemoine circle t2 = 2
√
ν

λ
L2 = K

√
ν

λ
= t1

Third Lemoine circle t3 = 3
√
ν

λ
L3 = 2L2 − L1

1
2

√

R2 + t23

Bui’s circle t3/2 = 3
√
ν

2λ X(575) = 3
2L2 − L1

1
2

√

1
4R

2 + t23/2

Apollonius circle t = −s X(970) s2+r2

4r

Taylor circle t = S
2R X(389) Proposition 7

Torres circle t = S
R

X(52) §3.4

Gallatly circle t = λ
√
ν

2µ X(39)
√
ν

2
√
µ

First van Lamoen circle t = 2
√
ν

λ+2
√
3S

X(15) 2
√
ν

λ+2
√
3S

Second van Lamoen circlet = 2
√
ν

λ−2
√
3S

X(16) 2
√
ν

λ−2
√
3S

First Kenmotu circle t = 2
√
ν

λ+2S X(371)
√
2
√
ν

λ+2S

Second Kenmotu circle t = 2
√
ν

λ−2S X(372)
√
2
√
ν

λ−2S

Table 1. Tucker circles

3.1. The Lemoine circles. The famous Lemoine circles are among the Tucker cir-
cles, with very simple parameters. In fact, forn = 1, 2, 3, then-th Lemoine circle
is the Tucker circle with parametertn = n

√

ν

λ
. Figure 4 shows then-th Lemoine

circles forn = 1, 2, 3, along with the circumcircle, which may be regarded as a
Lemoine circle forn = 0.

A

B C

H

O

K

Bc,2

Ac,2 Ab,2

Ba,2

Cb,2

Ca,2

Ca,1

Ac,1

Bc,1

Ba,1

Ab,1

Cb,1

Bc,3

Ac,3

Ba,3

Ca,3

Ab,3

Cb,3

Figure 4. The Lemoine circles forn = 0, 1, 2, 3
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The vertices of the corresponding Lemoine hexagons are constructed as follows.

(1) Bc,1,Cb,1 are the intercepts with the parallel toBC through the symmedian
pointK.

(2) Ba,2, Ca,2 are the intercepts with the antiparallel toBC through the sym-
median pointK.

(3) Ba,3, Ca,3 are the second intersections of the circle(KBC) with AC and
AB.

3.2. Bui’s circle. Q. T. Bui [1] has introduced a Tucker circle by considering the
three circles each passing through the symmedian pointK and tangent to the cir-
cumcircle at a vertex. Thus, the circle throughK tangent to the circumcircle atA
intersectsAC andAB again atBc andCb respectively (see Figure 5); similarly for
the other two circles leading toCa, Ac, andAb, Ba.

A

B C

K

H

O

Oa

Oc
Ob

Cb
Ca

Ba

Bc

AbAc

Figure 5. Bui’s circle

Ba = (2a2 + 2b2 − c2 : 0 : 3c2) Ca = (2c2 + 2a2 − b2 : 3b2 : 0)
Cb = (3a2 : 2b2 + 2c2 − a2 : 0) Ab = (0 : 2a2 + 2b2 − c2 : 3c2)
Ac = (0 : 3b2 : 2c2 + 2a2 − b2) Bc = (3a2, 0, 2b2 + 2c2 − a2)

These six points lie on a Tucker circle with parameter3
√

ν

2λ
, radius

√

9µ− 2λ2

2λ
R,

and centerX(575) dividingOK in the ratio3 : 1. We call this Bui’s circle.

3.3. The Taylor circle. For the Taylor hexagon, the intersection of two antiparallel
sides is the midpoint of the third side of the orthic triangle, i.e.,CbAb andAcBc

intersect at the midpointMa of HbHc; similarly for the other two pairs (see Figure
6).

We establish a simple formula for the radius of the Taylor circle.
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A

B C

H

Ha

Hb

Hc

Cb

Ab

Bc

Ac

Ca

Ba
Ma

Mc

Mb

Figure 6. The Taylor circle

Proposition 7. The radius of the Taylor circle is

RT = R
√

sin2A sin2B sin2C + cos2A cos2B cos2C.

Proof. The parameter of the Taylor hexagon beingt =
√

ν

4R2 , by Proposition 6, the
radiusRT of the Taylor circle is given by

R2
T =

µ

( √

ν

4R2

)2

− λ
√
ν

( √

ν

4R2

)

+ ν

4S2
= ν ·

µ− 4R2λ+ 16R4

16R4 · 4S2

= 4R2S2
·
µ− 4R2λ+ 16R4

16R4 · 4S2
=

µ− 4R2λ+ 16R4

16R2

=
b2c2 + c2a2 + a2b2 − 4(a2 + b2 + c2)R2 + 16R4

16R2
.

With a = 2R sinA, b = 2R sinB, andc = 2R sinC, this becomes

R2
T = R2(sin2B sin2C + sin2C sin2A+ sin2A sin2B

− (sin2A+ sin2B + sin2C) + 1)

= R2(sin2A sin2B sin2C + (1− sin2A)(1− sin2B)(1− sin2C))

= R2(sin2A sin2B sin2C + cos2A cos2B cos2C).

�

3.4. Torres’ Tucker circle. Let A′, B′, C ′ be the reflections ofA, B, C in their
own opposite sides. These are the points

A′ = (−a2 : a2 + b2 − c2 : c2 + a2 − b2),

B′ = (a2 + b2 − c2 : −b2 : b2 + c2 − a2),

C ′ = (c2 + a2 − b2 : b2 + c2 − a2 : −c2).
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The pedals ofA′, B′, C ′ on the sidelines of triangleABC are the points

Pedal of on coordinates
Ba A′ AC (a2b2 − 2S2 : 0 : 2S2)
Ca A′ AB (c2a2 − 2S2 : 2S2 : 0)
Cb B′ AB (2S2 : b2c2 − 2S2 : 0)
Ab B′ BC (0 : a2b2 − 2S2 : 2S2)
Ac C ′ BC (0 : 2S2 : c2a2 − 2S2)
Bc C ′ AC (2S2 : 0 : b2c2 − 2S2)

J. Torres [9] has shown that these are the vertices of a Tucker hexagon, and the
center of the Tucker circle isX(52), the orthocenter of the orthic triangle. This is
the Tucker circleC

(

S

R

)

(see Figure 7).

A

B C

A′

B′

C′

Ca

Ba

Cb

AbAc

Bc

X(52)

K

O

H

Figure 7. Torres’ Tucker circle

3.5. The Gallatly circle. From formula (9) for the radius of the Tucker circleC (t),

we note that the minimum ofR(t) occurs whent = λ
√

ν

2µ
. From Table 1, this is the

parameter of the Gallatly circle, with centerX(39), the midpoint of the Brocard
points. It follows that the Gallatly circle is thesmallest Tucker circle. It is the
common pedal circle of the Brocard points (see Figure 8).

A

B C

Ω

Ω′

O
K

Ba

Ca

Ac

BcCb

Ab

Figure 8. The Gallatly circle
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3.6. van Lamoen’s and Kenmotu’s circles. Van Lamoen [7] has explained the con-
struction of a Tucker hexagon given its center on the Brocard axis. Dergiades
modifies this construction by using the rotations of the sidelines of triangleABC

about the center. Let the center be the isogonal conjugate of the Kiepertperspec-
tor K(θ). The rotations of the linesBC, CA, AB aboutK(θ)∗ by an angle2θ
intersect the linesCA, AB, BC at the pointsBc, Ca, Ab respectively. From these
points the parallel toBC, CA, AB intersectAB, BC, CA atCb, Ac, Ba. Then
BaCa, CbAb, AcBc are the antiparallels andBcCb, CaAc, AbBa the parallels of
the Tucker hexagon with centerK(θ)∗.

A

B
C

J+

Ca

Ab

Bc

Ba

Ac

Cb

Figure 9A. Tucker circle with centerJ+

C

A

B

J−

Bc

Ca

Ab

Cb

Ac

Ba

Figure 9B. Tucker circle with centerJ−

With θ = ε · π
6
, ε = ±1, we obtain the two Tucker hexagons each centered at an

isodynamic pointJε containing three congruent equilateral triangles (see Figures
9A, B).

3.7. Tucker circles through the vertices. For t = bc

a
, we obtain theA-Tucker circle

passing through the vertexA. The vertices of theA-Tucker hexagonTa are

Ba
a = (a2 − c2 : 0 : c2) Ca

a = (a2 − b2 : b2 : 0)
Ca
b
= (1 : 0 : 0) Aa

b
= (0 : a2 − c2 : c2)

Aa
c = (0 : b2 : a2 − b2) Ba

c = (1 : 0 : 0)

The segmentsAAa
b

andAAa
c are the antiparallel segments. They have equal lengths

bc

a
. Therefore the center of theA-Tucker circleCa lies on theA-altitude of triangle

ABC (and the Brocard axisOK); see Figure 10. It is the point

La = (2a2(2S2
− b2c2) : b2c2(a2 + b2 − c2) : b2c2(c2 + a2 − b2)).

Likewise, there are theB- andC-Tucker circles passing throughB andC, with
centers on theB- andC-altitudes respectively.
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A

B C

O
K

H

La

Aa

c Aa

b

Ba

a

Ca

a

Figure 10. TheA-Tucker circle

4. Congruent Tucker circles

Let C (t) and C (t′) be distinct Tucker circles which are congruent. Writing

t = τ
√

ν

λ
and t′ = τ ′

√

ν

λ
for τ 6= τ ′, we have, by (10) in the Remark following

Proposition 6,

(τ + τ ′ − 4)R2 +
(τ + τ ′)ν

λ2
= 0.

From this,

τ + τ ′ =
4R2

R2 + ν

λ2

=
4R2

R2 + 4R2S2

λ2

=
4λ2

λ2 + 4S2
=

4λ2

4µ
=

λ2

µ
.

Equivalently,t+ t′ =
λ
√
ν

µ
.

A

B C

Ω

Ω′

Ba

Ca

Ac

BcCb

Ab A′

b
A′

c

B′

a

B′

c

C′

a

C′

b

L

L′

Figure 11. Congruent Tucker circles
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Proposition 8. The Tucker circles C (t) and C (t′) are congruent if and only if

t+ t′ =
λ
√
ν

µ
.

Corollary 9. Two Tucker circles are congruent if and only if they are symmetric
with respect to the line joining the Brocard points (see Figure 11).

5. Orthogonal and tangential Tucker circles

Proposition 10. The distance L(t, t′) between the centers of the Tucker circles
C (t) and C (t′) is given by

L(t, t′)2 =
1

4S2
(t′ − t)2(λ2

− 3µ).

Proof. The length of the segmentOK is given by

OK2 =
1− 4 sin2 ω

cos2 ω
·R2

whereω is the Brocard angle satisfyingsin2 ω = S2

µ
; see [5, Theorems 435 and

450]. Therefore,

OK2 =
µ− 4S2

µ− S2
·

ν

4S2
=

(µ− 4S2)ν

4S2(µ− S2)
=

(µ− (4µ− λ2))ν

S2 · λ2
=

(λ2 − 3µ)ν

S2 · λ2
.

By Proposition 4(a),L(t) andL(t′) divideOK in the ratios λt

2
√

ν
: 1− λt

2
√

ν
and

λt′

2
√

ν
: 1 −

λt′

2
√

ν
respectively, the distanceL(t, t′) = λ

2
√

ν
(t′ − t) · OK. It follows

that

L(t, t′)2 =
λ2

4ν
(t′ − t)2 ·

(λ2 − 3µ)ν

S2 · λ2
=

1

4S2
(t′ − t)2(λ2

− 3µ).

�

5.1. Orthogonal Tucker circles.

Proposition 11. There are k = 0, 1, 2 Tucker circles orthogonal to a given Tucker
circle C (t) according as

F := (2λ2
− 7µ)(2µt− λ

√
ν)2 − 2(4µ− λ2)2ν

is negative, zero, or positive.

Proof. The Tucker circleC (t′) is orthogonal toC (t) if and only if

R(t′)2 +R(t)2 = L(t, t′)2.

This is equivalent to

(µt2 − λ
√
νt+ ν) + (µt′2 − λ

√
νt′ + ν) = (λ2

− 3µ)(t′ − t)2.

Written as a quadratic equationt′:

(4µ− λ2)t′2 + (2(λ2
− 3µ)t− λ

√
ν)t′ + ((4µ− λ2)t2 − λ

√
νt+ 2ν) = 0,
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this has discriminant given by

(2(λ2
− 3µ)t− λ

√
ν)2 − 4(4µ− λ2)((4µ− λ2)t2 − λ

√
νt+ 2ν)

= 4µ(2λ2
− 7µ)t2 − 4λ

√
ν(2λ2

− 7µ)t+ (9λ2
− 32µ)ν

= 4(2λ2
− 7µ)(µt2 − λ

√
νt+ ν)− (4µ− λ2)ν

=
(2λ2 − 7µ)(2µt− λ

√
ν)2 − 2(4µ− λ2)2ν

µ
.

From this the result follows. �

Corollary 12. There is no Tucker circle orthogonal to the Gallatly circle.

Proof. For the Gallatly circle witht = λ
√

ν

2µ
, the discriminant in Proposition 11 is

F = −2(4µ− λ2)2ν < 0. �

C

B AO

Figure 12. Two Tucker circles orthogonal to the cirucmcircle of the(2, 4, 5) triangle

Remark. For the circumcircle,t′ = 0. A Tucker circle of parametert is orthogonal
to the circumcircle if and only if

(4µ− λ2)t2 − λ
√
νt+ 2ν = 0.

This has discriminantλ2ν − 8(4µ− λ2)ν = (9λ2 − 32µ)ν. Apart fromν, this is

d(a, b, c) := 9(a4 + b4 + c4)− 14(b2c2 + c2a2 + a2b2).

Sinced(2, 3, 4) < 0, there is no Tucker circle orthogonal to the cirumcircle of the
(2, 3, 4)-triangle. On the other hand,d(2, 4, 5) > 0. There are two Tucker circles
orthogonal to the circumcircle of the(2, 4, 5)-triangle; see Figure 12.
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5.2. Tangential Tucker circles.

Proposition 13. If triangle ABC is non-equilateral, there are always two Tucker
circles tangent to a given Tucker circle C (t).

Proof. The Tucker circleC (t′) is tangent toC (t) if and only if

(R(t)+R(t′)−L(t, t′))(R(t)−R(t′)−L(t, t′))(−R(t)+R(t′)−L(t, t′)) = 0.

Multiplying by R(t) +R(t′) + L(t, t′) > 0, and simplifying, we have

2R(t)2R(t′)2 + 2(R(t)2 +R(t′)2)L(t, t′)2 −R(t)4 −R(t′)4 − L(t, t′)4 = 0.

This is− (4µ−λ2)(t−t′)2

16S4 times

(4µ− λ2)t′2 + 2((λ2
− 2µ)t− λ

√
ν)t′ + ((4µ− λ2)t2 − 2λ

√
νt+ 3ν).

This latter quadratic int′ has leading coefficient4µ− λ2 6= 0 and discriminant

4((λ2
− 2µ)t− λ

√
ν)2 − 4(4µ− λ2)((4µ− λ2)t2 − 2λ

√
νt+ 3ν)

= 16(λ2
− 3µ)(µt2 − λ

√
νt+ ν)

= 16(λ2
− 3µ) · 4S2

R(t)2

> 0

sinceλ2 − 3µ > 0 (by Lemma 1(b)) andR(t) > 0 for everyt. Therefore, there
are always two distinct Tucker circles tangent to a givenC (t). �

For the circumcircle ofABC corresponding tot = 0, the two tangent Tucker
circles have parameters

t′ =
λ± 2

√

λ2 − 3µ

4µ− λ2

√
ν;

see Figure 13.

A

B C

Figure 13. Tucker circles tangent to the circumcircle



On the Tucker Circles 171

6. The envelope of the Tucker circles

Proposition 14. The barycentric equation of the Tucker circle C (t) is

(a2yz+ b2zx+ c2xy)− (x+y+z)

(

bc

a
x+

ca

b
y +

ab

c
z

)

t+(x+y+z)2t2 = 0.

(11)

Proof. From the homogeneous barycentric coordinates of the vertices ofT (t)
given in (1), we determine the equation of the Tucker circle in the form

a2yz + b2zx+ c2xy − (x+ y + z)(px+ qy + rz) = 0

wherep, q, r are constants. In fact,p, q, r are respectively the powers ofA, B, C
relative to the Tucker circle. This means

p = ABa ·ABc =

(

b ·
ct

ab

)(

b ·
bc− at

bc

)

=
t(bc− at)

a
,

and similarlyq = t(ca−bt)

b
andr = t(ab−ct)

c
. Therefore, the equation of the Tucker

circle is

a2yz+b2zx+c2xy−(x+y+z)t

((

bc

a
− t

)

x+
(ca

b
− t

)

y +

(

ab

c
− t

)

z

)

= 0.

This can be easily rearranged to give equation (11) above. �

Corollary 15. The radical axis of two distinct Tucker circles is parallel to the
Lemoine axis.

Proof. Since the centers of Tucker circles are on the Brocard axisOK, the radical
axis of any two distinct Tucker circle is a line perpendicular toOK, and is parallel
to the Lemoine axis. �

Theorem 16. The envelope of the Tucker circles is the Brocard ellipse.

Proof. The equation of the envelope is∆ = 0, where∆ is the discriminant of the
quadratic int given in (11):

∆ =

(

bc

a
x+

ca

b
y +

ab

c
z

)2

− 4(a2yz + b2zx+ c2xy)

=
b4c4x2 + c4a4y2 + a4b4z2 − 2a4b2c2yz − 2a2b4c2zx− 2a2b2c4xy

a2b2c2
.

The equation∆ = 0 represents the Brocard inellipse with foci at the two Brocard
points, tangent to the sides of triangleABC at the traces ofK, and has center at
the midpoint of the Brocard points (see Figure 14). �
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A

B C

K

O

Ω′

Ω

Figure 14. The envelope of Tucker circles

7. Orthology

Consider the two triangles formed by
(i) the midpoints of the segmentsAbAc,BcBa,CaCb along the sidelines of triangle
ABC:

A′ = (0 : abc+ (b2 − c2)t : abc− (b2 − c2)t),

B′ = (abc− (c2 − a2)t : 0 : abc+ (c2 − a2)t),

C ′ = (abc+ (a2 − b2)t : abc− (a2 − b2)t : 0),

and
(ii) the midpoints of the parallel sidesBcCb, CaAc, AbBa of the Tucker hexagon
T (t):

A′′ = (2at : bc− at : bc− at),

B′′ = (ca− bt : 2bt : ca− bt),

C ′′ = (ab− ct : ab− ct : 2ct).

Since the perpendiculars from these midpoints to the sidelines of triangleABC

are concurrent atL(t), the center of the Tucker circle, each of the trianglesA′B′C ′



On the Tucker Circles 173

andA′′B′′C ′′ is orthologic to triangleABC atL(t). We determine the other two
orthology centers.

Proposition 17. The perpendiculars from A to B′C ′, B to C ′A′, and C to A′B′

are concurrent at the isogonal conjugate of L(t).

Proof. The quadrilateralAC ′L(t)B′ is cyclic with AL(t) as a diameter. Hence
the perpendicular fromA to B′C ′ passes through the isogonal conjugate ofL(T )
because it is theA-altitude of triangleAB′C ′. Hence this perpendicular is isogonal
to theA-diameter ofAB′C ′ that is the lineAL(t). Similarly the perpendiculars
fromB, C toC ′A′, A′B′ pass through the isogonal conjugate ofL(t). �

A

B
C

Ab

Cb
Bc

Ac

Ca

Ba

B′C′

Z′

a

Y ′

a

L(t)

Figure 15.B′C′ and its reflection in theA-bisector

It follows from (8) that the isogonal conjugate ofL(t) is the point

Q′(t) =

(

1

abc(b2 + c2 − a2) + t(a2(b2 + c2)− (b4 + c4))
: · · · : · · ·

)

.

Proposition 18. The perpendiculars from A to B′′C ′′, B to C ′′A′′, and C to A′′B′′

are concurrent at the isogonal conjugate of the harmonic conjugate of L(t) in OK

(see Figure 16).

Proof. The lineB′′C ′′ has barycentric equation

(−a2bc+ a(b2 + c2)t+ 3bct2)x

+ (ca− bt)(ab− 3ct)y + (ab− ct)(ca− 3bt)z = 0,

and the perpendicular fromA to this line is

(b(ca− bt)(c2+ a2− b2)− 2c2a2t)y− (c(ab− ct)(a2+ b2− c2)− 2a2b2t)z = 0;
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A

B CAb

Cb

Bc

Ac

Ca

Ba

L
K

O

A′′

C′′

B′′

Q′′

L̃

Figure 16. Orthology of midpoint triangle of parallel sides of Tucker hexagon

similarly for the other two perpendiculars. The three perpendiculars are concurrent
at

Q′′(t) =

(

1

abc(b2 + c2 − a2)− t(a2(b2 + c2 − a2) + 2b2c2)
: · · · : · · ·

)

.

This is the isogonal conjugate of the point

(a2(abc(b2 + c2 − a2)− t(a2(b2 + c2 − a2) + 2b2c2)) : · · · : · · · ).

Now,

(a2(abc(b2 + c2 − a2)− t(a2(b2 + c2 − a2) + 2b2c2)), . . . , . . . )

=
1

2

(

(2abc− (a2 + b2 + c2)t)(a2(b2 + c2 − a2), · · · , · · · )− 4S2t(a2, b2, c2)
)

= 2S2
(

(2
√
ν − λt)O − λtK

)

.

These are the homogeneous barycentric coordinates of the point on the Brocard
axis dividingOK in the ratio−λt : 2

√
ν − λt = −τ : 2 − τ . This is the har-

monic conjugate ofL(t) in OK; see Figure 16, where the harmonic conjugate of
L = L(t) is indicated byL̃. Therefore, the orthology centerQ′′(t) is the isogonal
conjugate of the harmonic conjugate ofL(t) in OK. �
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Projective Geometry in Relation to the Excircles

Prasanna Ramakrishnan

Abstract. In this article, we explore a small collection of results in relation to
the polars of a triangle’s vertices with respect to its excircles.

1. Introduction

In triangleABC, let ℓa be the polar ofA with respect to the excircle opposite
A. Similarly defineℓb andℓc. Let the triangle defined byℓa, ℓb andℓc beA′B′C ′.

A

B C

Ia

Ib

Ic

A′

B′

C′

H
X10

Figure 1

We will explore a small number of interesting results associated with the triangle
A′B′C ′ motivated by the following three statements:

• The circumcenter ofA′B′C ′ is the orthocenter ofABC (Theorem 3).
• The six intersection points of the trianglesA′B′C ′ andIaIbIc lie on a circle

centered at the Spieker center (Theorem 7).
• This circle is the radical circle of the excircles (Theorem 12).

2. Common Triangle Centers

Lemma 1. AA′ ⊥ BC.

Proof. We know thatXcZc ⊥ IcB. Since bothIcB andA′C ′ intersectBC at an
angle of π

2
−

β

2
, we know thatIcB ‖ A′C ′ and soXcZc ⊥ A′C ′. Analogously,

XbYb ⊥ A′B′. ThereforeS = XcZc ∩XbYb is the orthocenter ofA′XcXb. Hence
it suffices to show thatA,A′, andS are collinear (see Figure 2).
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A

B C

Ic

Ib

Zc
Yb

Yc

Xc
Xb

Zb

A′

P
Q

R

S

Figure 2

Consider the pointsP = XcZc ∩ AC, Q = XbYb ∩ AB and,R = PQ ∩ BC.
By Menelaus’ theorem (in undirected form) applied on lineXcZcP and triangle
ABC,

XcC

XcB

ZcB

ZcA

PA

PC
= 1 =⇒

s

s− a

s− a

s− c

PA

PC
= 1 =⇒

PA

PC
=

s− c

s
.

Analogously, using and lineXbYbQ and triangleABC, we get thatQA

QB
= s−b

s
.

Using Menelaus again, but with linePQR and triangleABC, we get that

RC

RB

QB

QA

PA

PC
= 1 =⇒

RC

RB
=

s− c

s− b
.

However, this means that

RC

RB

ZbB

ZbA

YcA

YcC
=

s− c

s− b

s

s− c

s− b

s
= 1.

Thus, by Menelaus’ theorem again with triangleABC, we have thatR, Zb, Yc
are collinear.

Therefore, the trianglesYcAZb andXcSXb are perspective about linePQR.
By Desargues’ theorem, this means that they are perspective about a point. Hence,
XcYc, ZbXb, andAS must concur, namely atA′. Thus,A,A′, S must be collinear.

�

Lemma 2. A′Xa ‖ AIa.

Proof. Using the law of sines on triangleA′YcA (see Figure 3), we have that

AA′

sin (π
2
+ γ

2
)
=

s− b

sin γ

2

=⇒ AA′ =
s− b

tan γ

2

.

Because triangleIaXaC is right angled, we know thattan γ

2
= s−b

IaXa
. It follows

thatAA′ = IaXa.
By Lemma 1 , bothAA′ and IaXa are perpendicular toBC, AA′ ‖ IaXa.

Hence, we can conclude thatA′XaIaA is a parallelogram. Lemma 2 follows.�
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A

B
C

Ic

Ib

Zc
Yb

Yc

Xc
Xb

Zb

A′

Ia

Xa

Za

Ya

Figure 3

Theorem 3. The circumcenter ofA′B′C ′ is the orthocenter ofABC.

Proof. Since∠BXbA
′ = π

2
−

β

2
, andAA′ ⊥ BC (see Figure 3), it follows that

∠XbA
′A = β

2
. Since∠(XcXb, IaA) =

α

2
+ β and∠(XcXb, XcA

′) = π

2
−

γ

2
, we

have that∠(IaA,XcA
′) = α

2
+ β − (π

2
−

γ

2
) = β

2
.

However, due to Lemma 2 ,A′Xa ‖ AIa and so, this implies that∠(A′Xa, A
′Xb) =

∠(IaA,A
′Xb) =

β

2
. Hence,A′A andA′Xa are are reflections about the angle bi-

sector of∠B′A′C ′.
It also follows that∠B′A′Xa = ∠XbA

′A = β

2
. However, checking the angles

in quadrilateralBXcB
′Za,

∠A′B′C ′ = 2π − (∠XcBZa + ∠BXcB
′ + ∠BZaB)

= 2π −

(

β +
π

2
+

γ

2
+

π

2
+

α

2

)

=
π

2
−

β

2
.

It follows thatA′Xa ⊥ B′C ′.
This means thatA′Xa, B′Yb andC ′Zc concur at the orthocenter ofA′B′C ′.

Hence,AA′, BB′, CC ′ must concur at the circumcenter ofA′B′C ′ (the isogonal
conjugate of the orthocenter). By Lemma 1 , these lines also concur at the orthocen-
ter ofABC. Hence, the orthocenter ofABC is the circumcenter ofA′B′C ′. �

3. Six Concyclic Points

Let the intersections ofBIb andCIc with ℓa beA1 andA2. Similarly define
B1, B2, C1, andC2 so that the pointsA1, A2, B1, B2, C1, andC2 have the same
clockwise/anticlockwise orientation asA, B, andC.
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Lemma 4. The pointsB,C,A1, andA2 lie on the circle with diameterBC.

A

B C

Ia

Ib

Za

Ya

A1

A2

M

N

D

Figure 4

Proof. The trianglesBZaA1 andBIaC are clearly similar by a spiral similarity
centered atB. This implies that the trianglesBZaIa andBA1C are also similar
by a spiral similarity centered atB. Hence,BA1C has a right angle atA1.

Similarly, using the spiral similarity between trianglesCYaA2 andCIaB, we
find thatCA2B has a right angle atA2. Hence as,

∠BA1C = ∠CA2B =
π

2
,

we know thatB,C,A1, andA2 lie on a circle with diameterBC. �

Lemma 5. The lineA1B2 bisectsBC andAC (and soA1B2 ‖ AB).

Proof. Let M andN andP be the midpoints ofBC, AC, andAB respectively.
Note that by Lemma 4 ,

∠A1MB = π − 2 · ∠CBA1 = π − 2(
π

2
−

β

2
) = β = ∠ABM.

Hence,A1M ‖ AB. Similarly,B2N ‖ AB. However, we also know thatMN ‖

AB, and soA1,M,N, andB2 all lie on a line parallel toAB. �

Corollary 6. A1B2 andBIb intersect on the circle with diameterBC.

Proof. LetD be the intersection ofA1B2 andBIb. By Lemma 5 ,

∠MDB = ∠DBA = ∠DBM

Hence,MDB is isosceles. This means thatMB = MD, and so the result follows.
�
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Theorem 7. The six intersection points of the trianglesA′B′C ′ andIaIbIc lie on
a circle centered at the Spieker center.

A

B
C

I

Ib

Ic

A′

B′

C ′

C2

A1

A2

B1

B2

C1

M

X10

Figure 5

Proof. Consider the circles with diametersAB andAC. Since these circles inter-
sect atA and the projection ofA ontoBC, their radical axis is the altitude fromA
toBC.

By Lemma 1 , this implies thatA′ is on the radical axis of these two circles.
By Lemma 4 , it follows thatA′B1 · A

′B2 = A′C1 · A
′C2. Hence,B1B2C1C2 is

cyclic.
By Lemma 4 ,ABC1C2 is cyclic, so combining this with Lemma 5 , we have,

∠B2C1C2 = ∠AC1C2 = π − ∠ABC2 = π − ∠B2A1C2.

HenceB2C1C2A1 is cyclic. Since we showed thatB1B2C1C2 is cyclic, which
also means thatA1A2B1B2 is cyclic, we can conclude thatA1A2B1B2C1C2 is
cyclic as desired.

The center of the circle is the intersection of the perpendicular bisectors of
A1A2, B1B2, andC1C2. By Lemma 4 , the triangleMA1A2 is isosceles, so
the perpendicular bisector ofA1A2 is the angle bisector of∠A1MA2.

By Lemma 5 ,A1,M, andN are collinear as areA2,M , andP . Hence the
perpendicular bisector ofA1A2 is actually the angle bisector of∠NMP . Analo-
gously, it follows that perpendicular bisectors ofA1A2, B1B2, andC1C2 concur
at the incenter of triangleMNP . �

4. Radical circle

Lemma 8. A2 andB1 are inverses about theA-excircle ofABC.

Proof. Let U be the inverse ofA with respect to theA-excircle ofABC. Because
ZaYa is the polar ofA with respect to theA-excircle, we have that∠IaUA2 = π

2
.
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Hence, ifV is the inverse ofA2 with respect to theA-excircle, then it must hold
that∠IaV A = ∠IaUA2 = π

2
and thatV lies onIaA2. Since these conditions

uniquely determine some point, by Lemma 4 (A,C,B1, B2 lie on a circle with
diameterAC), we have thatV = B1. �

Corollary 9. Za, Xa, andB1 lie on a line perpendicular toA′C ′.

A

B C

Ia

Ib

Za

Ya

A1

A2

M

N

D

Zb

B1

Xa

Figure 6

Proof. By Lemmas 3 and 5,B lies on the polar ofB1 with respect to theA-excircle.
Hence,B1 lies on the polar ofB with respect to theA-excircle, which is the line
ZaXa. Perpendicularity follows becauseA′C ′ ‖ IaIc. �

Corollary 10. Za, Zb, A2, andB1 lie on a circle centered at the midpoint ofAB.

Proof. Because of Corollary 9 ,

∠ZaA2Zb = ∠ZaB1Zb =
π

2
.

Hence the four points lie on a circle centered at the midpoint ofZaZb. SinceAZb =
BZa = s− c, ZaAb andAB have the same midpoint. The result follows. �

Corollary 11. A1B2, BIb, A2Zb concur on the circle with diameterBC.

Proof. By Lemma 6 , the concurrency is sufficient to prove. LetD be the intersec-
tion point ofA1B2 andBIb. Clearly∠DA2A1 = π

2
becauseBDA1A2 is cyclic.

Hence, the result follows because of Corollary 9 . �

Theorem 12. A1, A2, B1, B2, C1, andC2 lie on the radical circle of the excircles
ofABC.

Proof. By Lemma 8 ,A2 andB1 are inverses about theA-excircle ofABC, as
areA1 andC2. Hence the given circle, which is the circumcircle ofA1A2B1C2,
is invariant with respect to inversion about theA-excircle. Hence, the circle is
orthogonal to theA-excircle. Similarly, the circle is orthogonal to the excircles
oppositeB andC. The result follows. �
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Triangle Constructions Based on Angular Coordinates

Thomas D. Maienschein and Michael Q. Rieck

Abstract. Two very different, yet related, triangle constructions are examined,
based on a given reference triangle and on a triple of signed angles. These pro-
duce triangles that are in perspective with the reference triangle and with each
other, using the same center of perspective. The first construction is rather well-
known, and produces a Kiepert-Morley-Hofstadter-Kimberling triangle. A new
circumconic is associated with this construction. The second construction gen-
eralizes work of D. M. Bailey and J. Van Yzeren. A number of known central
triangles are obtainable using one or both of these constructions.

1. Introduction

This article is concerned with two very different triangle constructions based
on a given reference triangle. Each of these is also based an a triple of signed
angles(ψ1, ψ2, ψ3). These two constructions produce triangles that are in per-
spective with the reference triangle and with each other, using the same point of
perspective. If it happens thatψ1 + ψ2 + ψ3 ≡ 0 (modπ), then the point of per-
spective will just be the point whose angular coordinates are(ψ1, ψ2, ψ3). The first
construction is rather well-known, and produces the Kiepert-Morley-Hofstadter-
Kimberling (KMHK) triangle, withψ1, ψ2 andψ3 serving as the swing angles.
The second construction generalizes work of D. M. Bailey [1] and J. Van Yzeren
[7]. It focuses attention on a certain triple of circles, where each circle passes
through two of the reference triangle vertices.

Section 2 carefully introduces the notions of “directed angles” and “angular co-
ordinates,” in the sense in which we will be using these phrases. Section 3 details
the construction of a Kiepert-Morley-Hofstadter-Kimberling triangle. Mostof this
material is admittedly already presented adequately in Chapter 6 of [4]. However,
there is a result at the end of Section 3 here that appears to be new. Section 4 details
our extension of [1] and [7], and this results in the construction of another triangle,
as mentioned earlier.

In Section 5, straightforward methods are presented for testing the trilinearcoor-
dinates of a given triangle to determine whether or not it can be obtained by means
of one of the two constructions. In Section 6, the results of thus testing the exam-
ples of central triangles in [4] are presented. Many of these central triangles passed
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one or both of these tests. Some of these central triangle were known already to be
thus obtainable, but some of the results appear to be new.

2. Directed angles and angular coordinates

We will require the following definition. LetA,B, andP be points in the plane.
Define thedirected angle∡APB to be the angle through which the line

←→
AP can

be rotated aboutP to coincide with the line
←→
BP . The angle is signed, with positive

values indicating counterclockwise rotation, and is only well-defined moduloπ.
Any equation involving directed angles should be considered moduloπ. We will
fix a triangle∆ABC with circumcenterO and circumradiusR and withA,B, and
C not collinear. The interior angles atA, B, andC will be denoted byθ1, θ2, and
θ3, respectively.

Having fixed the triangle∆ABC, define theangular coordinatesof a pointP
to be the triple(φ1, φ2, φ3) of directed angles where

φ1 = ∡BPC, φ2 = ∡CPA, φ3 = ∡APB. (1)

Remark.This agrees with Yzeren’s definition in [7]. Some sources (e.g. [2, Chap-
ter II], [6]) define angular coordinates only for points inside∆ABC in terms of
absolute angles. Clearlyφ1 + φ2 + φ3 = 0 (modπ).

Observe that the inscribed angle theorem can be written in terms of directed
angles as follows:

Lemma 1. LetA, B, P , andQ be points in the plane. ThenA, B, P , andQ are
concyclic if and only if∡APB = ∡AQB if and only if∡PAQ = ∡PBQ.

Proof. This follows from the traditional inscribed angle theorem along with the
following consideration: IfP andQ are on opposite sides of a chordAB of a circle,
then∠APB = π−∠AQB. But the directed angles∡APB and∡AQB must have
opposite orientation in this case, so∡APB = π + ∡AQB = ∡AQB. �

The following lemma is a direct consequence of Lemma 1.6 and Corollary 2.8
of [5], so we omit the proof. It also follows from a result in [2, Chapter II], but
only for the case thatP is inside∆ABC. The condition thatP is not on the
circumcircle or sidelines is equivalent to the condition thatφi 6= 0, θi for eachi.

Lemma 2. SupposeP is not on the circumcircle or sidelines of∆ABC, and that
P has angular coordinates(φ1, φ2, φ3). ThenP has homogeneous trilinear coor-
dinates

[

sin(φ1)

sin(θ1 − φ1)
:

sin(φ2)

sin(θ2 − φ2)
:

sin(φ3)

sin(θ3 − φ3)

]

.

3. The first triangle construction

Let us begin by reexamining the construction presented in [4]. This is a gener-
alization of the construction in [3] that is used to define Hofstadter points. Using
a reference triangle∆ABC, with directed interior anglesθ1, θ2, θ3, and given a
triple of directed angles(ψ1, ψ2, ψ3), another triangle∆A′B′C ′ is produced that
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is in perspective to∆ABC. We refer to this resulting triangle as the Kiepert-
Morley-Hofstadter-Kimberling triangle. This triangle and the following theorem
are illustrated in Figure 1. (The figure also contains some red circles and their
intersections that should be ignored for the moment.)

Figure 1. The two constructions

Theorem 3. Let (ψ1, ψ2, ψ3) be any triple of directed angles such thatψi 6= 0, θi.
LetA′,B′, andC ′ be the points satisfying

∡BAC ′ = ∡B′AC = ψ1,

∡CBA′ = ∡C ′BA = ψ2,

∡ACB′ = ∡A′CB = ψ3.

Then

(i)
←→
AA′,

←−→
BB′, and

←−→
CC ′ are concurrent, meeting in a pointP ;

(ii) the homogeneous trilinear coordinates of the pointA′ are
[

sinψ2 sinψ3

sin(θ2 − ψ2) sin(θ3 − ψ3)
:

sinψ2

sin(θ2 − ψ2)
:

sinψ3

sin(θ3 − ψ3)

]

(2)

and similarly forB′ andC ′; and
(iii) P has homogeneous trilinear coordinates

[

sinψ1

sin(θ1 − ψ1)
:

sinψ2

sin(θ2 − ψ2)
:

sinψ3

sin(θ3 − ψ3)

]

Proof. We here follow the same reasoning as in [3]. First, note that a given line
throughA,B, orC includes all points with some fixed ratio of trilinear coordinates

[ℓ2 : ℓ3], [ℓ1 : ℓ3], or [ℓ1 : ℓ2], respectively. Points on
←−→
CA′ satisfy

[ℓ1 : ℓ2] = [ sinψ3 : sin(θ3 − ψ3) ]
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and points on
←−→
BA′ satisfy

[ℓ1 : ℓ3] = [ sinψ2 : sin(θ2 − ψ2) ].

HenceA′ has the homogeneous trilinear coordinates claimed in (ii). Moreover,A′

satisfies
[ℓ2 : ℓ3] = [ sinψ2 sin(θ3 − ψ3) : sinψ3 sin(θ2 − ψ2) ]. (3)

The other points on
←→
AA′ must also have this ratio of trilinear coordinates. Analo-

gous reasoning shows that
←−→
BB′ is given by

[ℓ1 : ℓ3] = [ sinψ1 sin(θ3 − ψ3) : sinψ3 sin(θ1 − ψ1) ] (4)

and
←−→
CC ′ is given by

[ℓ1 : ℓ2] = [ sinψ1 sin(θ2 − ψ2) : sinψ2 sin(θ1 − ψ1) ]. (5)

The pointP with the homogeneous trilinear coordinates given in (iii) satisfies each

of (3), (4), and (5), so it must be the common intersection of
←→
AA′,

←−→
BB′, and

←−→
CC ′,

thus establishing (i). �

Remark.In the case thatψ2 = −ψ3, the lines which would intersect to formA′ are
parallel. In this case the expression (3) gives the line throughA parallel to both of

these, and the proof continues with this line in place of
←→
AA′. The same principle

holds forB′ andC ′.

In the case thatψ = rθ andr 6= 0, 1, this construction yields the Hofstadter
r-point, as defined in [3]. Ifψ1 = ψ2 = ψ3 = −π/3, thenP is the first isogonic
center. Ifψ1 = ψ2 = ψ3 = π/3, thenP is the second isogonic center. By Theorem
3, it follows that the angular coordinates of the first and second isogoniccenters
are(−π/3,−π/3,−π/3) and(π/3, π/3, π/3), respectively. Ifψ = θ/2, thenP
is the incenterI. It does not follow that the angular coordinates ofI areψ = θ/2,
because in this caseψ1 +ψ2 +ψ3 6= 0. Indeed, it is straightforward to deduce that
the angular coordinates ofI are in factψ = (θ+ π)/2 (and therefore repeating the
construction using these angles still produces the incenterI). The following result,
illustrated in Figure 2 and Figure 3, appears to be new.

Theorem 4. Let ∆A′B′C ′ be a KMHK triangle (with respect to∆ABC). The
orthogonal projectionsD,E, F ofA′, B′, C ′ onto the sidelines

←→
BC,

←→
CA,

←→
AB are

the vertices of a cevian triangle (with respect to∆ABC). LettingQ denote its
center of perspective, ifP is held fixed, butA′, B′, C ′ are allowed to vary, then the
pointQ traces out a circumconic of∆ABC.

Proof. Using formulas from [4], if[ ℓ : m : n ] are the trilinear parameters for the

line
←−→
A′D, thenℓ = m cos θ3+n cos θ2 (perpendicular lines), andℓ sinψ2 sinψ3+

m sinψ2 sin(θ3 − ψ3) + n sinψ3 sin(θ2 − ψ2) = 0 (line containsA′). So,

m sinψ2 cosψ3 sin θ3 + n sinψ3 cosψ2 sin θ2 = 0,

and we may thus takem = sinψ3 cosψ2 sin θ2 andn = − sinψ2 cosψ3 sin θ3.
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Figure 2. A cevian triangle from a KMHK triangle

Letting [ 0 : µ : ν ] be the trilinear coordinates forD, we may takeµ =

sin θ3 cotψ3 andν = sin θ2 cotψ2. The line
←→
AD has trilinear parameters[ 0 :

ν : −µ ]. Similarly for the lines
←→
BE and

←→
CF . These three lines intersect at a point

Q whose trilinear coordinates are[ csc θ1 tanψ1 : csc θ2 tanψ2 : csc θ3 tanψ3 ].
If we let (φ1, φ2, φ3) be the angular coordinates ofP , then its trilinear coordi-

nates are

[ sinφ1/ sin(θ1 − φ1) : sinφ2/ sin(θ2 − φ2) : sinφ2/ sin(θ2 − φ2) ] =

[ sinψ1/ sin(θ1 − ψ1) : sinψ2/ sin(θ2 − ψ2) : sinψ2/ sin(θ2 − ψ2) ] .

Therefore, there is a parameterλ such that, fori = 1, 2, 3,

sinφi
sin(θi − φi)

= λ ·
sinψi

sin(θi − ψi)
, and socotψi = λ cotφi + (1− λ) cot θi.

Thei-th trilinear coordinate ofQ thus becomes1/[λ sin θi cotφi+(1−λ) cos θi],
and the isogonal conjugateQ−1 of Q hasi-th trilinear coordinateλ sin θi cotφi +
(1− λ) cos θi. Varyingλ, we see thatQ−1 traces out a line, and thereforeQ traces
out a circumconic. �

Figure 3 illustrates this circumconic, which is a circumhyperbola here. WithP

fixed, asA′, B′, C ′ are allowed to vary, the pointQ moves along the green curve,
which is the circumhyperbola.

4. The second triangle construction

Our second triangle construction generalizes a construction studied in [1], [5],
[6] and [7]. These studies all essentially concern an arbitrary pointP , and the three
circles throughP that also pass through two of the reference triangle vertices. We
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Figure 3. A circumconic associated with the KMHK construction

will instead begin with the reference triangle∆ABC, and with a triple of directed
angles(ψ1, ψ2, ψ3), as we did in the first construction.

Starting with the triple of directed angles, construct three circles as follows:Let
P be any point for which∡BPC = ψ1 and letCX denote the circleBPC. By
Lemma 1, this construction is well-defined. UsingC andA (resp. A andB) in
place ofB andC, we obtain a circleCY (resp. CZ). Finally, letX, Y , andZ
denote the centers ofCX , CY andCZ , respectively.

If the three circlesCX , CY , andCZ have a common point of intersection, then by
definition that point has angular coordinates(ψ1, ψ2, ψ3) and soψ1+ψ2+ψ3 ≡ 0
(modπ). We do not assume, however, that our original triple of directed angles
satisfies this equation, and so the three circles do not generally have a common
point of intersection.

Let A′′ (resp. B′′, resp. C ′′) be the point of intersection ofCY andCZ (resp.
CZ andCX , resp. CX andCY ), other thanA (resp.B, resp. C). Figure 1 shows
these circles and their intersections, and also illustrates the theorem to be presented
concerning these.

Theorem 5. For a triangle∆ABC, and for a triple of directed angles(ψ1, ψ2, ψ3)
such thatψi 6= 0, θi, let A′′, B′′, C ′′ be the circle intersection points considered
above. LetA′, B′, C ′ be the points in Theorem 3. Then

(i) A,A′ andA′′ are collinear, as areB,B′ andB′′, as areC, C ′ andC ′′;
(ii) the homogeneous trilinear coordinates of the pointA′′ are

[

sin(ψ2 + ψ3)

sin(ψ2 + ψ3 − θ2 − θ3)
:

sin(ψ2)

sin(θ2 − ψ2)
:

sin(ψ3)

sin(θ3 − ψ3)

]

(6)

and similarly forB′′ andC ′′; and
(iii) if ψ1 + ψ2 + ψ3 ≡ 0 (modπ), thenA′′ = B′′ = C ′′ = P (with P as in

Theorem 3), and(ψ1, ψ2, ψ3) are the angular coordinates ofP .
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Proof. Observe that the pointA′′ has angular coordinates(ψ′′

1 , ψ2, ψ3) for some
valueψ′′

1 : the last two angular coordinates are known by Lemma 1 and the con-
struction ofA′′. It follows thatψ′′

1 = −ψ2 − ψ3. Part (ii) is then established
by converting angular to trilinear coordinates (Lemma 2) and replacingθ1 with
π − θ2 − θ3.

Part (iii) follows immediately from (ii).
Since the ratio[ℓ2 : ℓ3] is shared by pointsA′ andA′′ (as in Figure 2 and Figure

6), it must be the case thatA′ andA′′ are on the same line throughA. This is part
(i). �

Following a simple lemma, a characterization is now presented of triangles that
can be obtained via the second construction, using the same center of perspective.

Lemma 6. Let E,G,H andF be concyclic points, occurring in this cyclic or-
der. LetX and Y be points such thatE,G andX are collinear,F,H and Y
are collinear, and the lines

←→
GH and

←→
XY are parallel. Then,E,X, Y andF are

concyclic points. Conversely, ifU andV are points such thatE,U, V andF are
concyclic,E,G andU are collinear, andF,H andV are collinear, then

←→
GH and

←→
UV are parallel.

Proof. ∡Y FE = ∡HFE = −∡EGH = ∡HGX = −∡GXY = −∡EXY .
Therefore,E,X, Y andF are concyclic. (Euclid’s theorem on cyclic quadrilaterals
is used in both directions.) Also,∡GUV = ∡EUV = −∡V FE = −∡HFE =

∡EGH = −∡HGU . So
←→
GH and

←→
UV are parallel. �

Theorem 7. Suppose that∆A′′B′′C ′′ can be obtained from the reference triangle
∆ABC, using the second construction. LetP denote the center of perspective.
Suppose that∆XY Z is another triangle, homothetic to∆A′′B′′C ′′, with P as
the homothetic center. Then∆XY Z can also be obtained from∆ABC by means
of the second construction. Conversely, all triangles obtainable via the second
construction, and havingP as the center of perspective, are related to∆A′′B′′C ′′

in this manner.

Proof. A,B,A′′, B′′ are concyclic.A,A′′, X are collinear, as areB,B′′, Y , with

the two lines intersecting atP . The lines
←−−→
A′′B′′ and

←→
XY are parallel. So by

the lemma,A,B,X, Y are concyclic. Similarly,B,C, Y, Z are concyclic, and
C,A,Z,X are concyclic. This reasoning can be reversed to establish that all trian-
gles obtainable via the second construction, and havingP as the center of perspec-
tive, are related to∆A′′B′′C ′′ in this manner. �

Remark.LetO denote the circumcenter of the reference triangle∆ABC. In [5], it
is demonstrated that the triangle whose vertices are the centers ofCX , CY andCZ ,
is in an orthological relation with the reference triangle, withP as the orthology
center of the latter with respect to the former, and withO as the orthology center of
the former with respect to the latter. Conversely, given a triangleT with this ortho-
logical relation to the reference triangle (still usingP andO as orthology centers),
the vertices of the reference triangle can be reflected about the corresponding sides
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of T to obtain the vertices of a triangle that is also obtainable via the construction
discussed in this section.

5. Triangles obtainable via the two constructions

The question of whether a given triangle can or cannot be obtained fromthe
reference triangle by means of one of the two constructions discussed above shall
now be considered. Here we will suppose that we are presented with the homoge-
neous trilinear coordinates of the vertices of some triangle. As is customary,we
will assume this is presented in the form of a3× 3 matrix with each row providing
the trilinear coordinates of a vertex:

L =





ℓ11 ℓ12 ℓ13
ℓ21 ℓ22 ℓ23
ℓ31 ℓ32 ℓ33





.

We wish to know if this is the trilinear coordinates matrix of a KMHK triangle.
We know that any KMHK triangle has the following as its trilinear coordinates
matrix:

M =





ρ2ρ3 ρ2 ρ3
ρ1 ρ3ρ1 ρ3
ρ1 ρ2 ρ1ρ2





,

whereρi = sinψi/ sin(θi − ψi), with θi andψi as before. It is required therefore
thatℓ12ℓ23ℓ31 = ℓ21ℓ32ℓ31. If this is so then the rows ofL can easily be rescaled
(each row being multiplied by a scalar) to causeℓ21 = ℓ31, ℓ12 = ℓ32 andℓ13 = ℓ23.
Assume that this has been done already. IfL is indeed the trilinear coordinate
matrix of a KMHK triangle, then it must equalλM for some scalarλ. But this
means thatℓ12ℓ13/ℓ11 = ℓ21ℓ23/ℓ22 = ℓ31ℓ32/ℓ33. Conversely, if this condition
concerning the entries ofL is satisfied, then it is straightforward to see thatL is
indeed the trilinear coordinates matrix of a KMHK triangle.

We turn now to the question of whether or notL is the trilinear coordinates
matrix of some triangle that can be obtained using the second construction, the
one based on intersecting circles. The approach taken to answering this question
differs substantially from the approach used for the first construction.However, it
is again clear thatℓ12ℓ23ℓ31 = ℓ21ℓ32ℓ13 is still a necessary condition, so we will
assume that this is the case. LetO be the circumcenter of the reference triangle.
Let A′′, B′′ andC ′′ be the points having the first, second and third rows ofL as
their trilinear coordinates. Essentially following the notation used in [5], let

cij = R ·
ℓi2ℓi3 sin θ1 + ℓi3ℓi1 sin θ2 + ℓi2ℓi3 sin θ3

ℓi1 sin θ1 + ℓi2 sin θ2 + ℓi3 sin θ3
·
1

ℓij ,

whereR is the circumradius of the reference triangle. In [5] it is demonstrated that
|c11| is the distance betweenO and the center of the circle containingA′′, B, C.
Similarly, |c12| is the distance betweenO and the center of the circle containingA′′,
C, A, and|c13| is the distance betweenO and the center of the circle containing
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A′′, A, B. Likewise for |c21|, |c22| and|c23| (|c31|, |c32| and|c33|) with B′′ (C ′′)
taking the place ofA′′.

Now, the triangleA′′B′′C ′′ is obtained from the triangleABC using the second
construction if and only ifB, C, B′′ andC ′′ are concyclic, andC, A, C ′′ and
A′′ are concyclic, andA, B, A′′ andB′′ are concyclic. This is so if and only if
|c21| = |c31|, |c32| = |c12| and|c13| = |c23|. If we divide both sides of these three
equations byR, we obtain three equations that can easily be used to test whether
or notL is the trilinear coordinates matrix of a triangle that can be obtained using
the second construction.

6. Relationship with central triangles

The center of perspectiveP used in the two constructions will henceforth be
assumed to be a triangle center for the reference triangle. The trilinear coordinates
of the vertices produced by the two constructions, as presented in Sections 3 and 4,
make it clear that the constructed triangle is a central triangle of type 1, as defined
in Chapter 2 of [4]. Recall that this means that the matrix has the form





f(a, b, c) g(b, c, a) g(c, a, b)
g(a, b, c) f(b, c, a) g(c, a, b)
g(a, b, c) g(b, c, a) f(c, a, b)





.

for triangle center functionsf andg, wherea, b, c are the triangle side lengths.
More explicitly, f and g must be homogeneous and must be invariant under a
swapping of their second and third arguments.

We now ask, which of the central triangles presented in Chapter 6 of [4] can
be obtained using one of the two constructions? Many of the central triangles
there are presented using a trilinear coordinates matrix that manifests the triangle
to be of type 1. These triangles can be tested immediately using the tests given
in the previous section. Most of the other triangles are presented using a trilinear
coordinate matrix whose rows can be rescaled so as to produce a matrix of the
above form. This then shows that the triangle is actually of type 1, and provides a
matrix that can be used in the tests in the previous section. The matrices in Chapter
6 that can be adjusted in this way all have the form





∗ γα′β′′ βα′γ′′

γβ′α′′ ∗ αβ′γ′′

βγ′α′′ αγ′β′′ ∗





.

whereα = α(a, b, c), α′ = α′(a, b, c) andα′′ = α′′(a, b, c) are triangle center
functions, andβ = α(b, c, a), β′ = α′(b, c, a), β′′ = α′′(b, c, a), γ = α(c, a, b), γ′ =
α′(c, a, b), γ′′ = α′′(c, a, b). To bring this matrix into the desired form, just divide
the first row byα′βγ, divide the second row byαβ′γ, and divide the third row by
αβγ′. This yields the following matrix:





∗ β′′/β γ′′/γ

α′′/α ∗ γ′′/γ

α′′/α β′′/β ∗





.
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MATHEMATICA was used to conduct the tests on the triangles in Chapter 6 of
[4]. Cevian triangles are trivially KHMK triangles, or at least limiting cases ofsuch
as the swing angles go to zero in some fixed proportion. Similarly, circumcervian
triangles are trivially examples of the second construction since their vertices and
those of the reference triangle are concyclic. The triangles in the table on page
198 of [4] are, as stated there, KHMK triangles. Apart from these, ourtesting also
determined that the excentral triangle (6.7 of [4]), the hexyl triangle (6.36of [4]),
the half-altitude triangle (6.38 of [4]), and the BCI triangle (6.39 of [4]) are KHMK
triangles. For the excentral triangle, the claim is known and it is straightforward to
check thatψi =

1

2
(π − θi) (i = 1, 2, 3). For the half-altitude triangle, the claim is

also known and it is straightforward to check thattanψi =
1

2
tan θi (i = 1, 2, 3).

The facts concerning the other two triangles are less immediate.

Figure 4. Circles for the excenters and their reflections about the incenter

Skipping the reference triangle itself, and the circumcevian examples, the only
other triangles listed in Chapter 6 of [4] that can be obtained using our second con-
struction are as follows: the orthic triangle (6.4 of [4]), the excentral triangle (6.7 of
[4]), the reflections of the circumcenter about the reference triangle vertices (6.13
of [4]), and the reflections of the excenters about the incenter (6.42 of[4]). This
fact concerning the orthic triangle and the excentral triangle are well-known, and
indeed they are related since the excentral (orthic) triangle of the orthic (excentral)
triangle is the reference triangle. Figure 4 exhibits the situation for the excentral
triangle and for the reflections of the excenters about the incenter. HereI is the
incenter,JA, JB, JC are the excenters, andKA,KB,KC are their reflections about
I.

We may deduce that the triangle obtained by reflecting the feet of the altitudes
about the vertices of the reference triangle can also be obtained via the second
construction. This is so since this triangle has the same inverse relationship to
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the triangle obtained by reflecting the excenters about the incenter that the orthic
triangle has to the excentral triangle. The triangle whose vertices are the reflected
excenters of the reference triangle, has the reference triangle’s incenter I as its
orthocenter. The feet of its altitudes can be seen in Figure 4 as small dots. The
reflection of these aboutI are just the vertices of the reference triangle.

Similarly, but rather trivially, the triangle obtained by reflecting the circumcen-
ter about the reference triangle vertices has the same inverse relation to thetriangle
obtained from the reference triangle by taking as vertices the midpoints on theseg-
ments connecting the reference triangle’s circumcenter to its vertices. Therefore,
the latter is also an example of a central triangle obtainable by means of the second
construction. Alternatively, Theorem 7 can be used to establish this and similar
claims.
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About a Strengthened Version of
the Erdős-Mordell Inequality

Dan Ştefan Marinescu and Mihai Monea

Abstract. In this paper, we use barycentric coordinates to prove the strength-
ened version of the Erdős-Mordell inequality, proposed by Dao, Ngyuen and
Pham in [3].

One of the most beautiful results in geometry is represented by the Erdős-
Mordell ([4]) inequality that for any pointP inside a triangleABC,

PA+ PB + PC ≥ 2d(P,AB) + 2d(P,BC) + 2d(P,CA),

whered(P,AB) denotes the distance from the pointP to the lineAB. There are
a number of references on this result; see, for example, [1, 5]. Recently, Dao,
Nguyen and Pham [3] improved the Erdős-Mordell inequality by replacing the
lengthsPA, PB, PC by the distances fromP to the tangents to the circumcircle
atA, B, C respectively.

The aim of this paper is to prove a further strengthened version of the theorem
of Dao-Nguyen-Pham. We use barycentric coordinates to obtain new inequalities
(Corollaries 4, 5), and the inequality of Dao-Nguyen-Pham in Corollary 6. Finally,
we complete with an interesting application (Corollary 7).

In this paper,X ∈ [Y, Z] means thatX, Y , Z are collinear, andX is an interior
or a boundary point of the segmentY Z.

We start with the following lemma.

Lemma 1. Let A, B, C be points on a line ℓ and B ∈ [A,C] and k := AB

AC
be the

ratio of directed lengths. Then

d(B, ℓ) = (1− k)d(A, ℓ) + kd(C, ℓ).

Proof. Denote byU , V , W the orthogonal projections of the pointsA, B, C re-
spectively onto the lineℓ. LetT ∈ [C,W ] such thatAT ⊥ CW andAT ∩BV =
{S} (see Figure 1).

ThenAUV S andSVWT are rectangles andAU = SV = TW . On the other
side,∆ASB ∼ ∆ATC. ThenBS

CT
= AB

AC
= k; soBS = k · CT . Furthermore,

(1− k)d(A, ℓ) + kd(C, ℓ) = (1− k)AU + kCW

= (1− k)SV + kSV + kCT

= SV +BS = BV = d(B, ℓ).

�

Publication Date: June 6, 2017. Communicating Editor: Paul Yiu.
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A

B

C

S
T

U V W ℓ

Figure 1

We recall that for any pointP inside or the sides of triangleABC, there are
x, y, z ∈ [0, 1] with x+ y + z = 1 such that

x
−→
PA+ y

−−→
PB + z

−−→
PC = 0.

These numbers are unique and are called thebarycentric coordinates of P with
reference to triangleABC. Moreover, we have

x =
[PBC]

[ABC]
, y =

[PCA]

[ABC]
, z =

[PAB]

[ABC]
,

where[XY Z] denotes the (oriented) area of triangleXY Z.

Lemma 2. Let ABC be a triangle with vertices on the same side of a line ℓ, and
P a point inside or on the sides of the triangle. If x, y, z are the barycentric
coordinates of P with reference to ABC, then

d(P, ℓ) = xd(A, ℓ) + yd(B, ℓ) + zd(C, ℓ).

A

B

C

DP

ℓ

Figure 2

Proof. LetAP ∩BC = {D} so thatx = [PBC]

[ABC]
= PD

AD
. From Lemma 1,

d(P, ℓ) = (1− x)d(D, ℓ) + xd(A, ℓ). (1)
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On the other hand,y = [PCA]

[ABC]
andz = [PAB]

[ABC]
, so that

y

z
=

[PCA]

[PAB]
=

CD

BD
, and

CD

CB
=

y

y + z
. From Lemma 1,

d(D, ℓ) =

(

1−
y

y + z

)

d(C, ℓ) +
y

y + z
d(B, ℓ).

Sincex+ y + z = 1, this is equivalent to

(1− x)d(D, ℓ) = (y + z)d(D, ℓ) = zd(C, ℓ) + yd(B, ℓ).

Together with (1), this gives

d(P, ℓ) = xd(A, ℓ) + yd(B, ℓ) + yd(B, ℓ) + zd(C, ℓ).

�

Consider triangleABC with A′ ∈ [B,C], B′ ∈ [A,C], andC ′ ∈ [A,B]. Let
α, β, γ ∈ R, andP be a point in the plane of the triangle. We investigate the
inequality:

α2d(P, BC) + β2d(P, AC) + γ2d(P, AB)

≥ 2βγd(P, B′C ′) + 2αγd(P, A′C ′) + 2αβd(P, A′B′). (2)

Proposition 3. The following assertions are equivalent:
(a) For any point P inside or on the sides of triangle A′B′C ′, the inequality (2)

holds.
(b) For any point P ∈ {A′, B′, C ′}, the inequality (2) holds, i.e., for α, β,

γ ∈ R,

β2d(A′, AC) + γ2d(A′, AB) ≥ 2βγd(A′, B′C ′),

α2d(B′, BC) + γ2d(B′, AB) ≥ 2αγd(B′, A′C ′),

α2d(C ′, BC) + β2d(C ′, AC) ≥ 2αβd(C ′, A′B′).

Proof. (a)⇒ (b): clear.
(b)⇒ (a). Letx, y, z be the barycentric coordinates of the pointP with reference

to triangleA′B′C ′. By Lemma 2, we have

d(P, BC) = xd(A′, BC) + yd(B′, BC) + zd(C ′, BC)

= yd(B′, BC) + zd(C ′, BC),

and analogous results for the linesCA, AB replacingBC. Then

α2d(P, BC) + β2d(P, AC) + γ2d(P, AB)

= α2(yd(B′, BC) + zd(C ′, BC)) + β2(xd(A′, AC) + zd(C ′, AC))

+ γ2(xd(A′, AB) + yd(B′, AB))

= x(β2d(A′, AC) + γ2d(A′, AB)) + y(α2d(B′, BC) + γ2d(B′, AB))

+ z(α2d(C ′, BC) + β2d(C ′, AC))

≥ x · 2βγd(A′, B′C ′) + y · 2αγd(B′, A′C ′) + z · 2αβd(C ′, A′B′). (3)



200 D. S. Marinescu and M. Monea

Since

d(P, B′C ′) = xd(A′, B′C ′) + yd(B′, B′C ′) + zd(C ′, B′C ′) = xd(A′, B′C ′),

and similarlyd(P, C ′A′) = yd(B′, A′C ′), d(P, A′B′) = zd(C ′, A′B′), the last
term of (3) is equal to

2βγd(P, B′C ′) + 2αγd(P, A′C ′) + 2αβd(P, A′B′).

This completes the proof of (b)⇒ (a). �

Corollary 4. Let the incircle of triangle ABC touch the sides BC, CA, AB at A′,
B′, C ′ respectively. The inequality (2) holds for any point P inside or on the sides
of triangle A′B′C ′.

A

B CA′

C′

B′

C′′

A′′

B′′

Figure 3

Proof. By using Proposition 3, it enough to prove the inequality (3) only forP ∈

{A′, B′, C ′}. We supposeP = A′. Denote byA′′, B′′, C ′′ the orthogonal
projections of the pointA′ onto the linesB′C ′, AC, AB respectively. Letr be the
radius of the incircle of the triangleABC. Then

A′C ′′ = A′C ′ sinC ′′C ′A′ = A′C ′ sinA′B′C ′ = 2r sin2A′B′C ′.

Similarly,A′B′′ = 2r sin2A′C ′B′. Now we have

2βγA′A′′ = βγA′C ′ sinA′C ′B′ + βγA′B′ sinA′B′C ′

= 2βγr sinA′B′C ′ sinA′C ′B′ + 2βγr sinA′B′C ′ sinA′C ′B′

= 4βγr sinA′B′C ′ sinA′C ′B′

≤ 2γ2r sin2A′B′C ′ + 2β2r sin2A′C ′B′

= γ2A′C ′′ + β2A′B′′.

Also,
γ2d(A′, AB) + β2d(A′, AC) ≥ 2βγd(A′, B′C ′),

and the proof is complete. �
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Corollary 5. Let the incircle of triangle ABC touch the sides BC, CA, AB at A′,
B′, C ′ respectively. For any point P inside or on the sides of triangle A′B′C ′,

d(P, BC)+d(P, AC)+d(P, AB) ≥ 2d(P, B′C ′)+2d(P, A′C ′)+2d(P, A′B′).

Proof. We apply Corollary 4 forα = β = γ = 1. �

Now, the inequality of Dao-Nguyen-Pham ([3]) is an easy consequence of the
previous results.

Corollary 6 (Dao-Nguyen-Pham [3]). Let ABC be a triangle inscribed in a circle
(O), and P be a point inside the triangle, with orthogonal projections D, E, F
onto BC, CA, AB respectively, and H , K, L onto the tangents to (O) at A, B, C
respectively. Then

PH + PK + PL ≥ 2(PD + PE + PF ).

Proof. The conclusion follows by using Corollary 5 for the triangle determined by
all three tangents, and the fact that the circle(O) is the incircle of this triangle. �

In fact, Corollary 4 and a similar reasoning lead us to the weighted version of
the previous inequality(see [3, Theorem 4]). Now, we conclude our paper with the
following application, motivated by a recent problem posed in American Mathe-
matical Monthly ([2]).

Corollary 7. Let ABC be a triangle inscribed into a circle (O), and P be a point
inside the triangle, with orthogonal projections D, E, F onto the tangents to (O)
at A, B, C respectively. Then

PD

a2
+

PE

b2
+

PF

c2
≥

1

R
,

where R is the circumradius of triangle ABC.

Proof. The circumcircle(O) is the incircle of the triangle bounded by the three
tangents at the vertices. Applying Corollary 4 withα = 1

a
, β = 1

b
, γ = 1

c
, we have

PD

a2
+

PE

b2
+

PF

c2
≥

2d(P, BC)

bc
+

2d(P, AC)

ac
+

2d(P, AB)

ab

=
2

abc
(a · d(P, BC) + b · d(P, AC) + c · d(P, AB))

=
2

abc
(2[PBC] + 2[PCA] + 2[PAB])

=
4[ABC]

abc

=
1

R
,

and the proof is complete. �
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On the Orthogonality of a Median and a Symmedian

Navneel Singhal

Abstract. We give a synthetic proof of F. J. Garcı́a Capit́an’s theorem on the
lemniscate as the locus of a vertex of a triangle, given the other two vertices,
such that the corresponding median and symmedian are orthogonal.

1. Introduction

In his paper [1], F. J. Garcı́a Capit́an proved the following theorem using Carte-
sian coordinates.

Theorem. LetB andC be fixed points in the plane. The locus of a pointA such
that theA-median and theA-symmedian of triangleABC are orthogonal is the
lemniscate of Bernoulli with endpoints atB andC.

We give a synthetic proof of this theorem, beginning with a series of lemmas.

Lemma 1. LetABCD be a cyclic quadrilateral. The pointsAB∩CD,BC∩DA,
AC ∩BD form the vertices of a self polar triangle with respect to the circumcircle
ofABCD.

A

B

C

D

R

Q

P

E

F

Figure 1

Proof. Let AD meetBC atR, AB meetCD atQ, andAC meetBD atP . Let
QP intersectBC, AD atF , E, respectively. We know from trianglesDAQ and
BCQ that (R,E;A,D) and (R,F ;B,C) are harmonic. So it follows thatEF

is the polar ofR. HencePQ is the polar ofR. Similarly PR is the polar ofQ
andRQ is the polar ofP . SoPQR is a self polar triangle with respect to the
circumcircle ofABCD. �
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Lemma 2. Letω be the circle withBC as diameter andM as center. Denote by
A1 the inverse ofA in ω.

(a)The circlesω1, ω2 through{A,B}, {A,C} and tangent toBC pass through
A1.

(b) Let H be the orthocenter ofABC. The circle with diameterAH and the
circumcircle ofBHC meet onA1.

(c) If the A-symmedian cutsΩ, the circumcircle ofABC, at A2, thenA1, A2

are the reflections of each other inBC.

Proof. (a) Sinceω1, ω2 are tangent toBC, and their radical axis bisectsBC, we
know thatM is on their radical axis. Also the inversion inω preserves the circles
and soA1 is the other intersection point ofω1, ω2.

(b) By (a),∠BA1C = 180◦ −∠A1BC −∠A1CB = 180◦ −∠BAC, soA1 is
on the circumcircle ofBHC. Let the orthic triangle ofABC beDEF , whereD
is onBC etc. The inversion atA, and of radius

√
AH ·AD mapsBC to the circle

with AH as diameter and thusA1 to the intersection of tangents to that circle at
E,F , which is the midpoint ofBC. SoA1 is on the circle withAH as diameter as
well by inverting back.

(c) Since the circumcircles ofBHC andABC are reflections of each other
acrossBC, so the reflection ofA1 in BC is onΩ. Since we also have∠A2CB =
∠A2AB = ∠MAC = ∠A1CB, so the reflection ofA1 in BC isA2. �

Remark.A1 is the vertex of theD-triangle ofABC corresponding toA (see, for
example, [2]), and has a lot of interesting properties, which we will not pursue in
this paper.

Lemma 3. (a)All conics through an orthocentric quadruple of points are equilat-
eral (rectangular)hyperbolas, and all equilateral hyperbolas through the vertices
of a triangle pass through its orthocenter.

(b) The locus of the centers of equilateral hyperbolas through the vertices of a
triangle is the nine-point circle of the triangle.

2. Proof of the Main Theorem

2.1. A on lemniscate⇒ orthogonality ofA-median andA-symmedian.
Let the equilateral hyperbola withBC as transverse axis and passing through

B,C beH. It is the inverse image of the lemniscate withB,C as its endpoints in
ω. We are going to show that ifA1 is onH, AA2 ⊥ AM .

SinceA2 is the reflection ofA1 in BC, A2 is also onH. As the perpendicular
from A1 to BC meetsH at A2, {A1, A2, B, C} is an orthocentric quadruple by
Lemma 3(a). SoA1B ∩A2C,A1C ∩A2B are onω.

In view of Lemma 1,A1, A2 are conjugate points with respect toω. Now as
A is the inverse ofA1 in ω, the line throughA and perpendicular toAM is the
polar ofA1 with respect toω, which passes throughA2. Therefore, theA-median
is perpendicular to theA-symmedian.
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B C
M

A1

A

A2

X

Y

Figure 2

2.2. Orthogonality ofA-median andA-symmedian⇒ A on lemniscate.
Now we suppose thatAM ⊥ AA2. SinceA is the inverse ofA1 in ω, AA2 is

the polar ofA1 with respect toω. LetA2B ∩A1C = X. Then

∠BXC = 180◦ − ∠XBC − ∠XCB

= ∠A2BC − ∠A1CB

= ∠A1BC − ∠A1CB

= ∠BAM − ∠CAM

= 90◦ + ∠BAA2 − ∠MAC

= 90◦

wherein we have used Lemma 2 repeatedly.
SoX ∈ ω. Similarly,A1B ∩A2C ∈ ω.
Thus{A1, A2, B, C} is an orthocentric quadruple. Invoking Lemma 3(b), asM

is on the nine point circle ofA1BC, letH be the hyperbola throughA1, A2, B, C
and with centerM .

Now thatMA1 = MA2, A1, A2 are on a circle withM as center, so the per-
pendicular bisector ofA1A2 is an axis ofH. ThusBC is the transverse axis ofH
(asB,C are onH), and soA1 is on the fixed hyperbolaH, thereby establishing
the fact thatA is on the lemniscate withB, C as endpoints by inversion inω.

This completes the proof of the Main Theorem.

3. Some interesting properties

Property 1. A1A2 ∩BC is the inverse of the trace of the symmedian point onBC

in ω.

Proof. The pole ofAA2 with respect toΩ is A1 and that ofBC is the point at∞
in the direction perpendicular toBC, so the claim follows. �
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Property 2. The lineA1A2 is tangent toΩ.

Proof. Follows from the previous property and the fact that the pole ofAA2 with
respect toΩ is the intersection of the tangents toΩ atA,A2 andBC. �

Property 3. Irrespective of the condition of orthogonality of the median and the
symmedian, the pointsA, X, Y , A1, A2 are on theA-Apollonius circle.

Proof. Since the quadrilateralBCAA2 is harmonic, we know thatA2 is on theA-
Apollonius circle. Now theA-Apollonius circle is symmetric with respect toBC,
soA1 is on it as well.∠Y A2A = ∠ACB = ∠AA1C, soY and analogouslyX
are on theA-Apollonius circle. �

Property 4. Irrespective of the condition of orthogonality of the median and the
symmedian, ifAC andAB meet theA-Apollonius circle atAb, Ac respectively,
then the arcsA1Ac andA2Ab are congruent.

Proof. Simple angle chasing. �

Property 5. Irrespective of the condition of orthogonality of the median and the
symmedian, the tangent toΩ atA2, theA-Apollonius circle and the line throughA
and parallel toBC are concurrent.

Proof. Using cross ratios,

−1 = (B,C;A,A2)

A2= (X,Y ;A,A2A2 ∩ ⊙(AXY ))

By projecting this throughA1, we have our conclusion. �
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[1] F. J. Garćıa Capit́an, Lemniscates and a locus related to a pair of median and symmedian,Forum
Geom., 15 (2015) 123–125.

[2] E. W. Weisstein,D-Triangle, FromMath World–A Wolfram Web Resource,
http://mathworld.wolfram.com/D-Triangle.html.

Navneel Singhal: 493, Mantola, Paharganj, New Delhi - 110055, India
E-mail address: navneel.singhal@ymail.com



Forum Geometricorum
Volume 17 (2017) 207–221. b b

b

b

FORUM GEOM

ISSN 1534-1178

On the Elementary Single-Fold Operations of Origami:
Reflections and Incidence Constraints on the Plane

Jorge C. Lucero

Abstract. This article reviews the so-called “axioms” of origami (paper fold-
ing), which are elementary single-fold operations to achieve incidences between
points and lines in a sheet of paper. The geometry of reflections is applied, and
exhaustive analysis of all possible incidences reveals a set of eight elementary
operations. The set includes the previously known seven “axioms”, plus the op-
eration of folding along a given line. This operation has been ignored in past
studies because it does not create a new line. However, completeness of the set
and its regular application in practical origami dictate its inclusion. Formal defi-
nitions and conditions of existence of solutions are given for all the operations.

1. Introduction

Three decades ago, Justin [18] introduced a set of 7 elementary single-fold op-
erations which have become known as the “axioms” of origami, the Japaneseart
of paper folding [1, 2, 11]. Each operation is defined by one or more alignments
(incidences) between points and lines on a sheet of paper, that must be achieved
with a single fold. The number of solutions of each operation must be finite; how-
ever, depending on the relative position of the given points and lines, someof the
operations may have none, one or multiple solutions. It has been shown thatthe set
of operations constitutes a more powerful geometrical tool than the combination
of straight edge and compass [1]. For example, the operations allow for the tri-
section of arbitrary angles [14], solving the problem of duplicating the cube [24],
constructing heptagons [10] and solving cubic and fourth order equations [1, 9], all
of which may be not done by straight edge and compass alone.

Justin’s work [18] seems to have been overlooked at its time, and the same
fold operations have been rediscovered later and expressed under various forms by
Huzita [15], Hatori (according to [2]) and other enthusiasts of origami mathematics
[1, 3, 9, 20, 23]. The operations are popularly known today as Huzita’s axioms,
Huzita-Justin’s axioms or Huzita-Hatori’s axioms.1 Let us note that the designation
as “axioms” is not correct since some of the operations may be derived from others,
and further, some of them may not be possible depending on the configuration of

Publication Date: June 6, 2017. Communicating Editor: Paul Yiu.
1In his work, Huzita [15] listed six of Justin’s fold operations. The seventhwas rediscovered by

Hatori, in 2001 (according to [2]).
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given points and lines. It has been claimed that the set is complete, in the sense
that it contemplates all possible alignments between points and lines with a finite
number of solutions, and excluding redundant alignments [2].

More recently, Kasem et al. [19] showed several inconsistencies in theopera-
tions owing to the rather imprecise form in which they had been stated. The incon-
sistencies included impossibility of some folds, infinite solutions and superfluous
conditions. Seeking a more rigorous treatment, Ghourabi et al. [11] expressed
the operations in formal algebraic terms and analyzed their number of solutions
and conditions of existence. Such a formalization is a necessary step for adapt-
ing folding techniques to industrial applications. In fact, recent years have seen a
surge of applications of origami to science and technology, e.g., in aerospace and
automotive technology [4], materials science [27], biology [22], civil engineering
[8], robotics [7] and acoustics [13]. Further, a number of computational systems
of origami simulation have been developed [16]. The present article follows the
call for normalization and analyzes the elementary operations by applying thege-
ometry of reflections. Folding a sheet of paper along a straight line superposes
the paper on one side of the fold line to the other side. As a result, all points and
lines on each side of fold line are reflected across it onto the other side [23]. In
fact, the geometry of paper folding may be reproduced by using a semi-reflective
mirror called “Mira” [5]. A full geometrical characterization of Mira constructions
has been given in terms of “primitive actions” [6], which are equivalent tothe fold
operations studied here.

First, the analysis will determine all possible incidences between given points
and lines on a plane that may be achieved by a reflection. Next, it will deriveall
possible fold operations that may be defined so as to satisfy combinations those
incidences. In this way, a total of eight elementary operations will be obtained,
i.e., one more than the previous set, where the new operation is to fold along a
given line. This operation has been commonly disregarded by previous studies on
the argument that it does not create a new line; however, completeness ofthe set
demands its inclusion. Further, it has applications in actual origami folding, as will
be discussed later (Section 5).

2. Reflections on a plane

The medium on which all folds are performed is assumed to be an infinite Eu-
clidean plane [9]. Points are denoted by capital letters (P , Q etc.), lines by small
letters (m, n etc.), except the fold line which is denoted by the special symbolχ,
andP ∈ m means that pointP is on linem.

A reflection is defined as follows [23]:

Definition 1. Given a lineχ, the reflectionF in χ is the mapping on the set of
points in the plane such that for pointP ,

F(P ) =

{

P if P ∈ χ,

P ′ if P /∈ χ andχ is the perpendicular bisector of segmentPP ′.

(see Figure 1).
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It is easy to see thatF(P ) = P ′ if and only ifF(P ′) = P .
Reflection of a linem in χ is obtained by reflecting every point inm. Therefore,

F(m) = {F(P )|P ∈ m}. Letm′ = F(m) and consider the following cases:

P ′

P
χ

Figure 1

1. If m andχ are parallel (m ‖ χ), thenm ‖ m′ (Figure 2, left).
2. If m andχ are not parallel (m ∦ χ) then lineχ is a bisector of the angle

betweenm andm′ (Figure 2, center).
3. If m = χ, then every point inm is its own reflection, and thereforem′ = m.
4. If m andχ are perpendicular (m ⊥ χ), then the reflection of every point of

m is also on m; therefore,m = m′ (Figure 2, right). Note also thatχ dividesm
into two halves, and each half is reflected onto the other. Thus, for everypointP
onm and not on the intersection withχ, F(P ) 6= P .

m

m′

χ

m

m′

χ m = m′

χ

Figure 2

3. Incidence constraints

Elementary single-fold operations are defined in terms of incidence constraints
between pairs of objects (points or lines) that must be satisfied with a fold [2,11,
18]. Each constraint involves an objectα and the imageF(β) of an objectβ
(including the caseα = β) by reflection in the fold line. The symmetry of the
reflection mapping implies that all incidence relations are also symmetric.

A total of six different incidences are possible on a plane, an they are defined
and analyzed in the next subsections (see also Table 1). In order to facilitate the
posterior definitions of the fold operations, incidences involving distinct objects
(i.e.,α 6= β) are distinguished from those involving the same object (i.e.,α = β).
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3.1. Incidences involving distinct objects.
Incidence I1.F(P ) = Q, with P 6= Q.
In this incidence, the reflection of a given pointP coincides with another given
pointQ. According to Definition 1, its solution is the unique fold lineχ which is
the perpendicular bisector of segmentPQ.

Incidence I2.F(m) = n, with m 6= n.
In this incidence, the reflection of a given linem coincides with another given line
n.

Two cases are possible:

(1) Whenm ∦ n, there are two possible fold lines that satisfy the incidence,
which are the bisectors to the angles defined bym andn (Figure 3).

(2) Whenm ‖ n, there is only one solution, which is a fold line parallel and
equidistant to bothm andn (Figure 2, left, withm′ = n).

m

n

χ1
χ2

Figure 3

Incidence I3.F(P ) ∈ m, with P /∈ m.
In this incidence, the reflection of a given pointP is on a given linem, and the
case in whichP is already onm is excluded. It has been shown that the fold lines
that satisfy the incidence are tangents to a parabola with focusP and directrixm
[1, 23].

It is useful to derive equations of the fold lines and the associated parabola,
for later application to the analysis of fold operations. Without loss of generality,
choose a Cartesian system of coordinatesx, y so thatP is located at(0, 1) and line
m is y = −1 (Figure 4). Also, letP ′ = F(P ) be located at(t,−1), wheret is a
free parameter.

The slope of segmentPP ′ is−2/t. The fold lineχ is perpendicular toPP ′ and
therefore has a slope oft/2. Further,χ passes through the midpoint ofPP ′, which
is located at(t/2, 0). Thus,χ has an equation

y =
t

2

(

x−
t

2

)

. (1)
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Next, consider pointT located at the intersection ofχwith a vertical line through
P ′. Its coordinates may be obtained by evaluating Equation (1) atx = t, which pro-
duces(t, t2/4). Those coordinates describe parametrically a parabola with equa-
tion

y =
x2

4
, (2)

which is denoted byΨ. This is precisely the equation of a parabola with focus at
(0, 1) and directrixy = −1. 2 Further, note that the slope of a tangent toΨ at point
T is y′(t) = t/2, which is the same slope ofχ. Therefore,χ is a line tangent toΨ
at pointT .

x

y

P (0, 1)

m

Ψ

P ′(t,−1)

T

χ

Figure 4

Sincet in Equation (1) is a free parameter, then the solution to this incidence is
a family of fold lines with one parameter (Figure 5).

P

m

Figure 5

2The general equation of a parabola with vertical axis and vertex at(0, 0) is y = x2/(4a), where
a is the distance from the vertex to the directrixy = −a or the focus(0, a) [26].
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The caseP ∈ m is excluded because under such condition any fold line passing
throughP or perpendicular tom satisfies the incidence. Those two possibilities
are considered in incidences I4 and I5, respectively.

3.2. Incidences involving an object and its reflected image.
Incidence I4.F(P ) = P.

In this incidence, the reflection of a given pointP coincides with itself, and it is
satisfied by any fold lineχ passing throughP . An arbitrary direction for line
χ may be defined by its angleθ with, e.g., thex-axis in a Cartesian coordinate
system. Therefore, the solution to the incidence is a family of fold lines with one
parameter (Figure 6).

P

Figure 6

Incidence I5.F(m) = m, and∃P ∈ m,F(P ) 6= P .
Both this and the next incidence consider the reflection of a linem to itself. As dis-
cussed in Section 2, there are two ways in which such a reflection may be achieved.
In the current case, one half ofm, defined from an arbitrary pointR ∈ m, is re-
flected upon the opposite half.

The position of pointR may be specified by its distances from a particular point
P0 ∈ m. Therefore, the solution to the incidence is a family of fold lines with one
free parameter (Figure 7).

m

Figure 7
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Incidence I6.F(m) = m, and∃P ∈ m,F(P ) = P .
This is the second case of reflection of linem to itself. In this case, each point
P ∈ m is reflected to itself, and therefore the incidence is satisfied by the unique
fold line χ = m.

4. Elementary fold operations

4.1. Definition. A straight line on a plane is an object with two degrees of free-
dom. 3 When an incidence constraint is set forχ, satisfying the constraint con-
sumes a number of degrees of freedom, and that number is called the codimension
of the constraint. Incidences I1, I2 and I6 have either a unique or a finitenumber
of solutions; therefore, those incidences have codimension2. On the other hand,
each of incidences I3, I4 and I5 have a family of solutions with one free parameter
and therefore they have codimension1 (Table 1).

Table 1: Incidence constraints.

Incidence Definitiona Codimension
I1 F(P ) = Q, with P 6= Q 2
I2 F(m) = n, with m 6= n 2
I3 F(P ) ∈ m, with P /∈ m 1
I4 F(P ) = P 1
I5 F(m) = m, and∃P ∈ m,F(P ) 6= P 1
I6 F(m) = m, and∃P ∈ m,F(P ) = P 2

a P andQ are points;m andn are lines.

An elementary single-fold operation is defined as a minimal set of alignments
between points and lines that is satisfied with a single fold and has a finite number
of solutions [2]. Equivalently, it is the resolution of a set of incidence constraints
which have a total codimension of2.

Each of the incidences I1, I2 and I6 already define an elementary operation. The
other three incidences must be applied in pairs (including pairing incidencesof the
same type), and there are a total of 6 possible pairs. However, incidenceI5 can be
not be used twice. If it is, then for given linesm andn the fold lineχ has to satisfy
bothF(m) = m andF(n) = n. Therefore,χ must be perpendicular to bothm
andn, and two cases are possible:

(1) If m ∦ n, then a perpendicular to both lines does not exist (in the Euclidean
plane).

(2) If m ‖ n, then any perpendicular tom or n is a valid fold line.

Thus, the pair of constraints has none or infinite solutions, and so it does not
define a valid elementary fold operation.

3A fold line χ may be defined by an equation of the formax + by + c = 0, wherea, b andc
are constants, and(a, b) is a normal vector toχ. A vector in arbitrary direction may be defined by
letting a = cos θ, b = sin θ, with 0 ≤ θ < 2π. Therefore, two parameters must be set in order to
define any fold line, namely,θ andc.
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A total of eight elementary fold operations may be then defined, and they are
analyzed in the next subsections.

4.2. Elementary operations defined by codimension2 incidences.
The following three operations are defined by incidences I1, I2 and I6,respectively.

Operation O1. Given pointsP andQ, with P 6= Q, construct a fold line so that
F(P ) = Q.

Operation O2. Given linesm andn, with m 6= n, construct a fold line so that
F(m) = n.

Operation O3. Given a linem, construct a fold line so thatF(m) = m, and
∃P ∈ m,F(P ) = P .

5. Elementary operations defined by pairs of codimension1 incidences

Operation O4. Given pointsP andQ, with P 6= Q, construct a fold line so that
F(P ) = P andF(Q) = Q.

This operation is defined by application of incidence I4 to two distinct points.
It has a unique solution, which is a fold lineχ passing through pointsP andQ
(Figure 8).

P

Q

χ

Figure 8

Operation O5. Given a pointP and a linem, construct a fold line such that
F(P ) = P andF(m) = m, and∃Q ∈ m, F(Q) 6= Q.

This operation is defined by application of incidences I4 and I5. It has a unique
solution, which is a fold lineχ perpendicular tom and passing throughP (Figure
9). Note that the caseP ∈ m is allowed, which has the same unique solution.

Operation O6. Given pointsP , Q, and a linem, with P /∈ m, construct a fold
line such thatF(P ) ∈ m andF(Q) = Q.

This operation is defined by application of incidences I3 and I4. Its solutionis
a fold line that is tangent to a parabola with focusP and directrixm, and passes
through pointQ.
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m
P

χ

Figure 9

Assume the same parabola of Figure 4, given by Equation (2), and a pointQ at
the position(xq, yq). Replacing the coordinates ofQ in Equation (1) produces the
quadratic equation

t2 − 2xqt+ 4yq = 0. (3)

The discriminant of Equation (3) is∆ = 4x2q−16yq, and∆ = 0 yieldsyq = x2q/4,
which impliesQ ∈ Ψ. SinceΨ is the locus of points that are equidistant fromP
andm, we may conclude that the fold operation has a unique solution whenQ is
equidistant toP andm, two solutions whenQ is closer tom (i.e.,yq < x2q/4), and
no solution whenQ is closer toP (i.e.,yq > x2q/4).

Figure 10 shows an example for the case of two solutions.

P
m

Q

Ψ

χ1

χ2

Figure 10

Operation O7. Given pointsP , Q, and linesm, n, with P /∈ m, Q /∈ n, and
P 6= Q orm 6= n, construct a fold line so thatF(P ) ∈ m andF(Q) ∈ n.

This operation derives from the application of incidence I3 to two distinct point-
line pairs. Its solution is a fold line that is tangent to both a parabolaΨ with focus
P and directrixm, and a parabolaΘ with focusQ and directrixn.
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Again, assume the same parabolaΨ of Figure 4, given by Equation (2). Assume
also thatQ is located at(xq, yq), and its reflectionQ′ = F(Q) is at(x′q, y

′

q). Then,

the segmentQQ′ has slope
(yq−y′q)

(xq−x′

q)
. The fold lineχ, given by Equation (1), has

slopet/2 and is perpendicular toQQ′ (because it reflectsQ ontoQ′). Therefore,

t

2
= −

xq − x′q

yq − y′q
. (4)

Further,χ passes through the midpoint ofQQ′, which is located at((xq+x′q)/2, (yq+
y′q)/2). Replacing these coordinates into Equation (1) produces

2(yq + y′q) = t(xq + x′q − t). (5)

Finally, eliminatingt from Equations (4) and (5) produces

(yq + y′q)(yq − y′q)
2 = −(x2q − x′q

2
)(yq − y′q)− 2(xq − x′q)

2. (6)

For a given linen, the coordinates ofQ′ satisfy an equation of the form

ax′q + by′q + c = 0, (7)

wherea, b andc are constants.
Equations (6) and (7) may be solved forx′q andy′q. Substituting this solution

into Equation (4) yieldst, which defines the fold lineχ in Equation (1). Two cases
may be considered:

(1) If m ‖ n, thenQ′ is on a horizontal line and soy′q = −c/b. In this case,
Equation (6) is quadratic inx′q and may have zero to two solutions.

(2) If m ∦ n, solving Equation (7) forx′q or y′q and replacing in Equation (6)
produces a cubic equation with one to three solutions. An example for the
latter case is shown in Figure 11.

Let us investigate further the conditions to ensure the existence of solutions. As
noted above, the operation may not have a solution only in the case ofm ‖ n.
Rearranging Equation (6) produces

(2− yq + y′q)(xq −x′q)
2+2xq(yq − y′q)(xq −x′q)+ (yq + y′q)(yq − y′q)

2 = 0, (8)

which is a quadratic equation in(xq − x′q). The discriminant is

∆ = 4x2q(yq − y′q)
2
− 4(2− yq + y′q)(yq + y′q)(yq − y′q)

2, (9)

and letting∆ ≥ 0 produces

x2q + (yq − 1)2 ≥ (y′q + 1)2. (10)

The left side of Equation (10) is the squared distance betweenP andQ, and
the right side is the squared distance betweenm andn. This result does not seem
reported in the literature, and may be stated as a theorem:

Theorem 1. Given pointsP , Q, and linesm, n, withP /∈ m, Q /∈ n, andP 6= Q

or m 6= n, a fold line that placesP on m andQ on n exists if and only if the
distance betweenP andQ is larger than or equal to the distance betweenm and
n.
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P

m

Q

n

χ2

χ3

χ1

Ψ

Θ

Figure 11

Operation O8. Given pointP and linesm andn, with P /∈ m, construct a fold
line so thatF(P ) ∈ m andF(n) = n and∃Q ∈ n, F(Q) 6= Q.

This operation is defined by application of incidences I3 and I5. Its solution
is a fold line that is tangent to a parabola with focusP and directrixm, and is
perpendicular to linen.

P

m

n

Ψ

χ

Figure 12

As in the previous operation, assume the same parabola of Figure 4 given by
Equation (2), and a linen with equationax+ by+ c = 0. The fold lineχ has slope
t/2 and is perpendicular ton. Two cases may be considered:
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(1) If m ∦ n, thena 6= 0. Therefore,

t

2
= −

b

a
(11)

which has a unique solution fort (Figure 12). Knowingt, Equation (11)
defines the fold lineχ.

(2) If m ‖ n, thenn is a horizontal line and cannot be perpendicular to any
tangent to parabolaΨ. In this case, the operation does not have a solution.

5.1. Summary.Table 2 lists the incidence constraints that define each operation
and their number of solutions, Table 3 lists the conditions for the existence of
solutions, and Table 4 restates the operations as folding actions of a mediumO.

6. Discussion

The complete set of elementary single-fold operations contains eight operations,
listed in Table 4. Operations O1, O2 and O4 to O8 constitute Justin’s original set
[18], and operation O3 is the new addition proposed here. O3 does not create a new
line and has been ignored in previous studies on origami constructions [2,11]. 4

However, it is a valid elementary single-fold operation and completeness of the set
demands its inclusion.

Table 2: Incidence constraints and number of solutions of
the elementary single-fold operations.

Operation Incidence constraints Solutions
O1 F(P ) = Q, with P 6= Q 1
O2 F(m) = n, with m 6= n 1, 2
O3 F(m) = m ,and∃P ∈ m, F(P ) = P 1
O4 F(P ) = P andF(Q) = Q, with P 6= Q 1
O5 F(P ) = P andF(m) = m,

and∃Q ∈ m, F(Q) 6= Q 1
O6 F(P ) ∈ m, with P /∈ m, andF(Q) = Q 0 – 2
O7 F(P ) ∈ m, with P /∈ m, F(Q) ∈ n,

with Q /∈ n, andP 6= Q orm 6= n 0 – 3
O8 F(P ) ∈ m, with P /∈ m, andF(n) = n,

and∃Q ∈ n, F(Q) 6= Q 0, 1

Table 3: Conditions for the existence of solutions of
the elementary single-fold operations.

Operation Conditions
O1 to O5 none
O6 distance betweenP andQ larger than distance betweenQ andm
O7 distance betweenP andQ larger than distance betweenm andn
O8 m ∦ n

4In his formulation, Justin [18] allowed for solutions where the fold line itself coincides with an
existent line. However, such action was not considered as a fold operation on its own.
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Table 4: Elementary single-fold operations restated as folding actions.

No. Actiona

O1 Given two distinct pointsP andQ, fold O to placeP onto Q.
O2 Given two distinct linesm andn, fold O to alignm andn.
O3 Fold along a given a linem.
O4 Given two distinct pointsP andQ, fold O along a line

passing throughP andQ.
O5 Given a linem and a point P, foldO along a line

passing throughP to reflect half ofm onto its other half.
O6 Given a line m, a pointP not onm and a pointQ,

fold O along a line passing throughQ to placeP ontom.
O7 Given two linesm andn, a pointP not onm and a pointQ not onn,

wherem andn are distinct orP andQ are distinct,
fold O to placeP ontom, andQ onton.

O8 Given two linesm andn, and a pointP not onm, fold O

to placeP ontom, and to reflect half ofn onto its other half.
a O denotes the medium in which folds are performed; e.g., a sheet of paper,

fabric, plastic, metal or any other foldable material.

There is also a more practical reason for not ignoring O3. Folding a sheet of
paper along a line superposes the paper on both sides of the fold line, in twolayers.
In origami mathematics, it is assumed that all lines and points marked on one layer
are also defined on the layers above and below, as if the paper were “transparent”
[9, 23]. However, it is not so in actual paper folding: a given origami work may
require to fold, e.g., the top layer along a line marked on the layer below it. Such
is the case when folding parallel lines for building tessellation grids [12, seein-
struction 5 for a triangle grid in p. 8]. Figure 13 shows a simple example. Assume
a sheet of paper (not necessarily square) in which two parallel linesm and n are
marked, and assume that we want to create a third equidistant parallel line o.Both
steps (1) and (2) require to fold along given lines (n and m, respectively). Natu-
rally, it would be also possible to use the points of intersections ofm andn with
the borders of the paper as references, instead of the lines themselves.Thus, the
instruction for step (2) could be: fold the top layer along a line passing through
pointsP andQ on the bottom layer, whereP andQ are the intersections ofm
with the upper and lower edges of the paper. However, in actual practiceit is much
simpler and convenient to perform the fold by aligning it with linem. Further, it
might be the case that the borders of the paper are not well defined (or have not
been defined) or that it is considered as a theoretical infinite plane.

O3 is also a common instruction also for building figurative models [21, see
steps 8 and 16 of “Baby” in page 88, and step 6 of “Songbird 2” in page 340].
Thus, the operation should be in the repertoire of, e.g., computational systems for
origami simulation and design [17, 25].
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m n m n m n m n o

(1) (2) (3) (4)

Figure 13. Given parallel linesm and n, create a third equidistant parallel line
at the left of n. (1) Fold along line n. (2) Fold the top layer along linem in the
bottom layer. (3) Unfold. (4) Final result.

7. Conclusion

Analysis of reflections of points and lines on a plane subject to incidence con-
straints has determined a complete set of eight elementary single-fold operations.
Precise definitions and conditions of existence of solutions of all operations are
given in Tables 2 to 4, which may be useful to scientific and technological applica-
tions of origami.
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Properties of the Tangents to a Circle that Forms Pascal
Points on the Sides of a Convex Quadrilateral

David Fraivert

Abstract. The theory of a convex quadrilateral and a circle that forms Pascal
points is a new topic in Euclidean geometry. The theory deals with the proper-
ties of the Pascal points on the sides of a convex quadrilateral, the properties of
“circles that form Pascal points”, and the special properties of “the circle coordi-
nated with the Pascal points formed by it”.

In the present paper we shall continue developing the theory and provesix
new theorems that describe the properties of the tangents to the circle that forms
Pascal points.

1. Introduction: General concepts and theorems of the theory of a convex
quadrilateral and a circle that forms Pascal points

In order to understand the new theorems, we include in the introduction a short
review of the main concepts and the fundamental theorem of the theory of a convex
quadrilateral and a circle that forms Pascal points on its sides. In addition,we
present two general theorems that we shall employ in proving the new theorems.

The theory investigates the situation in whichABCD is a convex quadrilateral
andω is a circle that satisfies the following two requirements:

(I) It passes through both pointE, which is the point of intersection of the di-
agonals, and pointF , which is the point of intersection of the continuations
of sidesBC andAD.

(II) It intersects sidesBC andAC at their inner pointsM andN , respectively
(see Figure 1).

In this case, the fundamental theorem of the theory holds (see [2], [3]):

The Fundamental Theorem.
Let there be: a convex quadrilateral; a circle that intersects a pair of opposite
sides of the quadrilateral, that passes through the point of intersection ofthe con-
tinuations of these sides, and that passes through the point of intersectionof the
diagonals.
In addition, let there be four straight lines, each of which passes both through the
point of intersection of the circle with a side of the quadrilateral and throughthe
point of intersection of the circle with the continuation of a diagonal.
Then there holds: the straight lines intersect at two points that are located on the
other pair of opposite sides of the quadrilateral.

Or, by notation (see Figure 2):
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224 D. Fraivert

Figure 1. Figure 2. Figure 3.

Given: convex quadrilateralABCD, in whichE = AC ∩BD,F = BC ∩AD.
Circleω that satisfiesE,F ∈ ω; M = ω ∩ [BC]; N = ω ∩ [AD];
K = ω ∩BD; L = ω ∩AC.

Prove: KN ∩ LM = P ∈ [AB]; KM ∩ LN = Q ∈ [CD].
We prove the fundamental theorem using the general Pascal Theorem (see [2]).

Definitions:
Since the proof of the properties of the points of intersectionP andQ is based

on Pascal’s Theorem, we shall call

(I) these points“Pascal points” on sidesAB andCD of the quadrilateral.
(II) the circle that passes through the points of intersectionE andF and through

two opposite sides“a circle that forms Pascal points on the sides of the
quadrilateral”.

Of all the circles that form Pascal points, there is one particular special circle whose
center is located on the same straight line together with the Pascal points that are
formed by it.

(III) A circle whose center is collinear with the “Pascal points” formed by itwill
be called:“the circle coordinated with the Pascal points formed by it”.

For example, in Figure 3 the center of circleω (point O) is collinear with the
Pascal pointsP andQ formed using the circle. Therefore, circleω is coordinated
with the Pascal points formed by it.

We also use the following general theorems of the theory (see proofs in [2]):
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Figure 4. Figure 5.

General Theorem A.
Let ABCD be a convex quadrilateral. Also, letω1 andω2 be circles defined as
follows:
ω1 is a circle that intersects sidesBC andAD at pointsM1 andN1, respectively,
and intersects the continuations of the diagonals at pointsK1 andL1, respectively,
and circleω1 forms Pascal pointsP1 andQ1 on sidesAB andCD, respectively
(see Figure 4);
ω2 is a circle that intersects sidesBC andAD at pointsM2 andN2, respectively,
and intersects the continuations of the diagonals at pointsK2 andL2, respectively,
and circleω2 forms Pascal pointsP2 andQ2 on sidesAB andCD, respectively.
Then, the corresponding sides of quadrilateralsP1M1Q1N1 andP2M2Q2N2 are
parallel to each other.
General Theorem B.
LetABCD be a convex quadrilateral, and letω be a circle coordinated with the
Pascal pointsP andQ formed by it, whereω intersects a pair of opposite sides of
the quadrilateral at pointsM andN , and also intersects the continuations of the
diagonals at pointsK andL (see Figure 5).
Then there holds:

(a) KL||MN ;
(b) quadrilateralPMQN is a kite;
(c) in a system in which circleω is the unit circle, the complex coordinates of

pointsK, L, M , andN satisfy the equalitymn = kl;
(d) inversion relative to circleω transforms pointsP andQ one into the other.
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2. New properties of the tangents to a circle that forms Pascal points

Theorem 1. LetABCD be a quadrilateral(convex) in which the diagonals inter-
sect at pointE, and the continuations of sidesBC andAD intersect at pointF ;
ω is an arbitrary circle that passes through pointsE andF , and intersects sides
BC andAD at pointsM andN , respectively, and also intersects the continua-
tions of diagonalsBD andAC at pointsK andL, respectively;
P andQ are the Pascal points formed byω;
R is the point of intersection of the tangents to the circle at pointsK andL;
T is the point of intersection of the tangents to the circle at pointsM andN .
Then:

(a) pointsR andT belong to “Pascal point line”PQ (see Figure 6).
(b) pointsQ, T , P , andR form a harmonic quadruple, i.e., there holds

PT

TQ
=

PR

RQ
.

Figure 6.

Proof. (a) In proving the theorem we shall make use of the following properties of
a pole and its polar with respect to the given circle. (Note: The definition andthe
properties of a pole and its polar appear, for example, in [1, Chapter 6, Paragraph
1] or [4, Sections 204, 205, 211]):

(i) For a given pole,X, that lies outside the circle, polarx is a straight line
that passes the points of tangency of the two tangents to the circle that issue
from pointX (see Figure 7a).

(ii) In a quadrilateral inscribed in a circle in which the continuations of the
opposite sides intersect at pointsX andY , and the diagonals intersect at
point Z (see Figure 7b),there holds that straight lineZY is the polar of
pointX, and the straight lineZX is the polar of pointY .
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Figure 7a. Figure 7b. Figure 7c.

(iii) If the straight linesa, b, c, . . . pass through the same pointX, then their
poles,A, B, C, . . .(relative to a given circle) belong to the same straight
line,x, which is the polar of pole X(see Figure 7c).

Let us carry out the following additional constructions (see Figure 8):
We connect pointsK,L,N , andM by segments, to form quadrilateralKLNM .

We continue sidesKL andMN to intersect at pointS.

Figure 8.

From property (i), straight lineKL is the polar of pointR, and straight lineMN

is the polar of pointT with respect to circleω.
From property (ii), straight linePQ is the polar of pointS, and straight linePS is
the polar of pointQ with respect to circleω.
Therefore, from property (iii), straight lineQS is the polar of pointP with respect
to circleω.
We thus obtained that pointsR, T , P , andQ are poles whose polars (straight lines
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KL, MN , QS, andPS, respectively) are straight lines that pass through the same
pointS.
From here, it also follows that these four points belong to the same straight line
(line PQ, which is the polar ofS).
(b) Let us prove that the four pointsR, P , T , andQ form a harmonic quadruple.
We denote byV the point of intersection of the tangents to the circle at pointsL

andN , and byW the point of intersection of the tangents to the circle at pointsK

andM .
Similar to section (a), it can be proven that pointsS, V , P , andW belong to the
same straight line (linePS). We shall make use of the following two well-known
properties of a harmonic quadruple of points:

(1) If point X lies outside circleω and straight linex is its polar with respect
to this circle, than for any straight line that passes through pointX and
intersects circleω at pointsA andB, and polarx at pointY (see Figure
9a), there holds that the four pointsX, A, Y , andB form a harmonic
quadruple.

(2) A central projection(see Figure 9b)preserves the double ratio of the four
points that lie on the same straight line.

Figure 9a. Figure 9b.

In Section (a) we saw that the straight linePS is the polar of pointQ with
respect to circleω.

The straight lineQK passes through poleQ, intersects circleω at pointsM and
K, and intersects polarPS at pointU (see Figure 8). From property (1), pointsQ
andU divide chordKM of circleω by a harmonic division. In other words, points
Q, M , U , andK constitute a harmonic quadruple on straight lineQK.

In the central projection (projective transformation) from pointW , the points of
straight lineQK are transformed to the points of straight lineQP , and in particular,
pointsQ, M , U , andK are transformed to pointsQ, T , P andR, respectively. In
accordance with property (2), the double ratio of pointsQ,M ,U , andK on straight
line QK equals the double ratio of pointsQ, T , P andR on straight lineQP , and
therefore pointsR, P , T andQ must also constitute a harmonic quadruple. �

Theorem 2. Let ABCD be a quadrilateral in which the diagonals intersect at
point E, the continuations of sidesBC and AD intersect at pointF , and the



Tangents to a circle that forms Pascal points on the sides of a convex quadrilateral 229

continuations of sidesAB andCD intersect at pointG;
ω is an arbitrary circle that passes through pointsE andF , and intersects sides
BC andAD at pointsM andN , respectively, and intersects the continuations of
diagonalsBD andAC at pointsK andL, respectively;
ω1 is an arbitrary circle that passes through pointsE andG, and intersects sides
AB andCD at pointsM1 andN1, respectively, and intersects the continuations
of diagonalsBD andAC at pointsK1 andL1, respectively(see Figure 10).
Then:

(a) The angle between the tangents to circleω at pointsK andL (the angle
between the tangents to circleω1 at pointsK1 andL1) does not depend on
the choice of circle, but depends only on the angle between the diagonals
of the quadrilateralABCD.

(b) The angle between the tangents to circleω at pointsM andN (the angle
between the tangents to circleω1 at pointsM1 andN1) does not depend
on the choice of the circle, but depends only on the angle between the
continuations of sidesBC andAD (the angle between the continuations
of sidesAB andCD).

Figure 10.

Proof. We denote byR the point of intersection of the tangents to circleω at points
K andL, and byT the point of intersection of the tangents to this circle at points
M andN .

We denote byϕ the size of angle∡KEL. In circle ω, the inscribed angle
∡KEL equals each of the angles∡KLR and∡LKR, which are the angles be-
tween chordKL and the tangents at the pointsL andK, respectively (see Figure
10), in other words:∡LKR = ∡KLR = ∡KEL = ϕ.

Therefore, in the triangleKLR there holds:∡KRL = 180◦ − 2ϕ.
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Thus, the size of angle∡KRL depends only on angleϕ, whereϕ is the angle
between the diagonals of quadrilateralABCD, and thereforeϕ does not depend
on the choice of circleω. Therefore, angle∡KRL also does not depend on the
choice of circleω.

Angle∡MFN is also an inscribed angle in circleω. We denote this angle byδ,
and by a similar way can show that the angles in circleω also satisfy the following
equality:∡NMT = ∡MNT = ∡MFN = δ.

Hence, in the triangleMNT there holds:∡MTN = 180◦ − 2δ.
For the purpose of the proof, we shall assume that angleϕ is acute. Then arc

̂KL of circleω is smaller than180◦. In this case, the center,O, of ω lies between
chordsKL andMN , and therefore, pointR and pointsO andT lie on different
sides of lineKL (as shown in Figure 10).

Angles∡K1EL1 and∡KEL are adjacent, therefore∡K1EL1 = 180◦ − ϕ. In
other words,∡K1EL1 is an obtuse angle, and therefore arĉK1GL1 of circle ω1

is greater than180◦. In this case, chordsK1L1 andM1N1 of circleω1 lie on the
same side relative to the center,O1, of circleω1. Therefore, pointO1 and points
R1 andT1 are located on different sides relative to lineK1L1.

Let us now find angle∡K1R1L1 between the tangents to circleω1 at pointsK1

andL1.
For angle∡L1K1X between the tangent to circleω1 at pointK1 and chord

K1L1 there holds:∡L1K1X = ∡K1EL1 = 180◦ − ϕ.
Hence it follows that∡R1K1L1 = 180◦ − ∡L1K1X = 180◦ − (180◦ − ϕ) = ϕ,

and therefore in the isosceles triangleK1L1R1 there holds:
∡K1R1L1 = 180◦ − 2ϕ.
In a similar manner, it is easy to prove that if the angle between straight lines

AB andCD equalsδ1, then angle∡M1T1N1 between the tangents to circleω1 at
pointsM1 andN1 is 180◦ − 2δ1. �

Note: In the case that angleϕ is obtuse, it is easy to prove that the reciprocal
relation of pointsR, O, T , and lineKL, and the reciprocal relation of pointsR1,
O1, T1, and lineK1L1 will change accordingly.
In other words: pointO and pointsT andR will be located on different sides
relative to lineKL, and pointR1 and pointsO1, T1 will be located on different
sides relative to lineK1L1.
Therefore, Theorem 2 also holds in this case.

Conclusions from Theorem 2:

(1) The angle between the tangents to circleω at pointsK andL equals the
angle between the tangents to circleω1 at pointsK1 andL1.

(2) The angle between the tangents to circleω at pointsM andN and the
angle between the tangents to circleω1 at pointsM1 andN1 are usually
not equal.

(3) In a quadrilateral in which the diagonals are perpendicular, the tangents
to circleω at pointsK andL (and the tangents to circleω1 at pointsK1

andL1) are parallel.
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Note: One can arrive at Conclusion (3) by either of two methods:

(I) In such a quadrilateral∡KEL is an inscribed right angle. It therefore rests
on diameterKL of circle ω, and therefore the tangents to a circle at the
ends of a diameter are parallel to each other.

(II) If α = 90◦, then from the formula we obtained in proving Theorem 2, the
angle between the tangents to circleω at pointsK andL is 180◦−2·90◦ =
0◦. Therefore the tangents are parallel.

Theorem 3. Let ABCD be a quadrilateral in which the diagonals intersect at
pointE, and the continuations of sidesBC andAD intersect at pointF ;
ω is a circle that passes through pointsE andF , and intersects sidesBC andAD
at pointsM andN , respectively, and intersects the continuations of diagonalsBD

andAC at pointsK andL, respectively;
In addition, circleω is coordinated with the Pascal pointsP andQ formed by it
(i.e., the center,O, of circleω belongs to linePQ);
The four tangents to circleω at pointsK, L, M , andN intersect pairwise at points
V ,W ,X, andY . In other words, the tangents at pointsK andM intersect at point
V , the tangents at pointsL andN intersect at pointW , the tangents at pointsK
andN intersect at pointX, and the tangents at pointsL andM intersect at point
Y (see Figure 11).
Then: Straight linePQ is a mid-perpendicular to segmentVW (point P is the
middle of segmentVW ) and PQ is also a mid-perpendicular to segmentXY

(pointQ is the middle of segmentXY ).

Figure 11.
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Proof. We denote byS the point of intersection of linesKL andMN . In the proof
of Theorem 1, we saw that pointsV , W , P , andS lie on the same straight line and
form a harmonic quadruple. From Section (a) of General Theorem B, itfollows
that in the case that circleω is coordinated with the Pascal points formed by it,
straight linesKL andMN are parallel to each other, and therefore their point of
intersection,S, is a point at infinity.
Hence it follows that:

(i) PointP is the middle of segmentVW (see, for example, [4, Section 199];
(ii) Straight lineVW is parallel to linesKL andMN (because lineVW also

passes through pointS);
(iii) QuadrilateralPMQN is a kite, and thereforePQ⊥MN (see Section (b)

in General Theorem B).

From these three properties, it follows that straight linePQ is a mid-perpendicular
to segmentVW , bisecting segmentVW at pointP .

We will now prove that linePQ is also a mid-perpendicular to segmentXY ,
bisectingXY at pointQ.
From Section (d) in General Theorem B, an inversion transformation with respect
to circleω transforms pointsP andQ one into the other. Therefore:

(i) PointsO, P , andQ lie on the same straight line (lineOP );
(ii) The polar of pointP with respect to circleω is the straight line that passes

through pointQ, and is perpendicular to lineOP .

Straight lineLM is the polar of pointY with respect to circleω, and pointP be-
longs toLM . Therefore, from the principal property of a pole and its polar (see
[1, Chapter 6, Paragraph 1]), the polar of pointP (with respect to circleω) passes
through pointY .
Similarly, because straight lineKN is the polar of pointX (with respect to circle
ω), and becauseP ∈ KN , it follows that the polar of pointP passes through point
X.
We thus obtained that the polar of pointP (with respect to circleω) passes through
the three points,Q, Y , andX, and also is perpendicular to straight lineOP . There-
fore, straight lineXY passes through pointQ and is parallel to straight lineVW

(becauseVW⊥OP andXY⊥OP ).
We denote byR the point of intersection of the tangents at pointsK andL (see
Figure 11). From Theorem 1, pointR belongs to the straight linePQ.
We consider triangleRXY , for which there holds:

(i) SegmentVW , whose endsV andW lie on two sides of the triangle, is
parallel to the third side,XY ;

(ii) Line RP bisects segmentVW (at pointP ).

Therefore, lineRP also bisects segmentXY (at pointQ).
In summary, straight lineRP (which is also linePQ) is a mid-perpendicular to
segmentXY . �

Theorem 4. Let ABCD be a quadrilateral in which the diagonals intersect at
pointE, and the continuations of sidesBC andAD intersect at pointF ;
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ω is a circle that passes through pointsE andF , and intersects sidesBC andAD
at pointsM andN , respectively, and intersects the continuations of diagonalsBD

andAC at pointsK andL, respectively;
R is the point of intersection of the tangents to circleω at pointsK andL;
P andQ are the Pascal points formed by circleω;
We denote:∡MPN = α, ∡MQN = β, ∡KRL = γ, ∡AFB = δ.
Then:

(a) When the center,O, of circle ω lies between chordsKL and MN (see
Figure 12), there holds:

(i) α+ β + γ = 180◦ and (ii) β + δ +
γ

2
= 90◦;

(b) When chordKL is the diameter ofω, there holds:
(i) α+ β = 180◦ and (ii) β + δ = 90◦;

(c) When chordsKL andMN lie on the same side relative to the centerO,
(see Figure 13b), there holds:

(i) α+ β − γ = 180◦ and (ii) β + δ −
γ

2
= 90◦;

(d) In each of the three cases listed above there holds:δ =
α− β

2
.

Figure 12.

Proof. In accordance with Theorem 2, in any circle that forms Pascal points and
passes through a pair of opposite sides, the angle between the tangents to the circle
at the points of intersection of the circle with the continuations of the diagonals (the
tangents at the pointsK andL in Figure 12) is a fixed value that does not depend
on the selection of the circle.
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From General Theorem A, any circle that forms Pascal pointsP andQ on sides
AB andCD and that intersects the two other sides at pointsM andN defines
a quadrilateral,PMQN , with fixed angles that do not depend on the choice of
circle.

Therefore, anglesα, β andγ do not depend on the choice of circleω. To prove
the theorem, we shall chooseω to be the circle coordinated with the Pascal points
formed by it.

(a)(i) The center,O, ofω lies between chordsKL andMN (see Figure 13a), there-
fore angle∡KNL (the inscribed angle resting on arĉKL) equals angle∡LKR

(the angle between tangentKR and chordKL). Angle∡LKR is the base angle

in the isosceles triangle△RKL. Therefore there holds:∡LKR = 90−
γ

2
, and

therefore also∡KNL = 90−
γ

2
.

Figure 13a. Figure 13b.

In addition,∡KNL is an exterior angle of triangle△PQN . The angles of this

triangle satisfy:∡NPQ =
α

2
and∡NQP =

β

2
(becausePMQN is a kite and

segmentPQ is its main diagonal). Therefore∡KNL =
α

2
+

β

2
. Hence it follows

that
α

2
+

β

2
= 90◦ −

γ

2
or α+ β + γ = 180◦.



Tangents to a circle that forms Pascal points on the sides of a convex quadrilateral 235

(ii) ∡KQL is an exterior angle of circleω (see Figure 13a), and therefore there
holds:

∡KQL =
1

2

(

̂KL− ̂MN

)

=
1

2
̂KL−

1

2
̂MN

= ∡LNK − ∡MFN

= 90◦ −
γ

2
− δ.

It also follows thatβ = 90◦ −
γ

2
− δ or β + δ +

γ

2
= 90◦.

(b)(i) ChordKL is a diameter ofω, therefore the tangents to the circle at pointsK

andL are parallel to each other, and therefore angleγ between the tangents equals
0 (R is a point at infinity).∡KNL is an exterior angle that rests on the diameter,
and therefore, it equals90◦.

In addition, as we have seen in Section (a), we have∡KNL =
α

2
+

β

2
.

Therefore
α

2
+

β

2
= 90◦, orα+ β = 180◦.

(ii) For angle∡KQL = β there holds:

∡KQL =
1

2

(

̂KL− ̂MN

)

=
1

2
· 180◦ −

1

2
̂MN = 90◦ − ∡MFN = 90◦ − δ,

and from here we haveβ + δ = 90◦.

(c)(i) ChordsKL andMN lie on the same side relative to centerO (as described
in Figure 13b). For angle∡KNL there holds:

∡KNL =
1

2
K̂FL =

1

2

(

360◦ − K̂EL

)

= 180◦ − ∡KLR.

Angle∡KLR is the angle between the tangent to the circle (at pointL) and chord
LK. In addition, it is also the base angle in isosceles triangle△KLR. Therefore

∡KLR = 90◦ −
γ

2
, and hence∡KNL = 90◦ +

γ

2
.

In Section (a) we proved that∡KNL =
α

2
+

β

2
, therefore

α

2
+

β

2
= 90◦ +

γ

2
or

α+ β − γ = 180◦.
(ii) For angle∡KQL = β there holds (see Figure 13b):

∡KQL =
1

2

(

K̂FL− M̂EN

)

= ∡KNL− ∡MNF.

Therefore, after substituting the appropriate expressions for the angles, we obtain

β = 90◦ +
γ

2
− δ, and henceβ + δ = 90◦ +

γ

2
.

(d) We show that the equality holds for each of the three locations of the center,O,
of circleω relative to chordsKL andMN .
If the center,O, of ω is between chordsKL andMN , there holds:

2β + 2δ = 180◦ − γ ⇒ 2β + 2δ = α+ β, and thereforeδ =
α− β

2
.
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If chordKL is a diameter ofω, there holdsβ + δ = 90◦ and also
α+ β

2
= 90◦,

thereforeβ + δ =
α+ β

2
⇒ δ =

α− β

2
.

If chordsKL andMN are on the same side relative to the center,O, there holds:

2β + 2δ = 180◦ + γ ⇒ 2β + 2δ = α+ β, and thereforeδ =
α− β

2
. �

Theorem 5. Let ABCD be a quadrilateral in which the diagonals intersect at
pointE, and the continuations of sidesBC andAD intersect at pointF ;
ω is a circle that passes through pointsE andF , and intersects sidesBC andAD
at pointsM andN , respectively, and intersects the continuations of diagonalsBD

andAC at pointsK andL, respectively;
In addition, circleω is coordinated with the Pascal pointsP andQ formed by it
(i.e., the center,O, of circleω belongs to linePQ);
I andJ are the points of intersection of straight linePQ and circleω;
R is the point of intersection of the tangents to circleω at pointsK andL (see
Figure 14).
Then:

(a) Point I is the center of the circle inscribed in kitePMQN , and pointJ is
the center of the circle that is tangent to the continuations of the sides of
kitePMQN .

(b) Point J is the center of the incircle of triangleRKL, and pointI is the
center of the excircle in triangleRKL which is tangent to sideKL.

Figure 14. Figure 15.
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Proof. (a) Given: circleω whose center,O, is collinear with the Pascal pointsP
andQ formed by it. Therefore, from Section (d) of General Theorem B, inversion
relative to circleω transforms pointsP andQ one into the other. Therefore, these
points together with the points of intersectionI andJ form a harmonic quadruple.
Since pointsI andJ divide segmentPQ harmonically (I – internal division,J –
external division), circleω is a circle of Apollonius of segmentPQ (see, for exam-
ple, [1, Chapter 5, paragraph 4]).
PointM belongs to the circle of Apolloniusω, and therefore, forM , it holds that
segmentMI bisects angle∡PMQ in trianglePMQ (see Figure 15).
QuadrilateralPMQN is a kite. The main diagonal of the kite (segmentPQ) bi-
sects the two angles∡MPN and∡MQN . It follows that pointI is the point of
intersection of three angle bisectors in quadrilateralPMQN . Therefore, pointI
is equidistant from all four sides of the quadrilateral. It thus follows that point I is
the center of the circle inscribed in quadrilateralPMQN .
We now consider segmentKJ . Since pointK belongs to the circle of Apollonius
ω (whose diameter isIJ , and∡IKJ = 90◦), it follows that segmentKJ bisects
the exterior angle of triangle△PKQ (the angle∡PKQ1).
Similarly, we prove thatLJ bisects angle∡PLQ2.
In addition, rayPJ bisects angle∡KPL (becausePQ bisects angle∡MPN ,
which is vertically opposite to angle∡KPL). It follows that pointJ is located at
equal distances from four rays:PK, PL, KQ1 andLQ2, which are the continua-
tions of the sides of kitePMQN (See Figure 15).
Therefore,J is the center of the circle tangent to the continuations of the sides of
the quadrilateralPMQN .

Figure 16.

(b) Let us prove that pointJ is the center of the incircle of triangleRKL. Point
J belongs to rayRO, which bisects angle∡KRL between the tangents to circleω
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that issue from pointR (See Figure 16).
In addition, pointJ is the middle of arĉKL (becauseRO is a mid-perpendicular
to chordKL of circleω).

Therefore,∡LKJ = ∡JKR (because∡LKJ =
1

2
̂KJ and∡JKR =

1

2
̂JK), and

thereforeKJ bisects angle∡LKR.
It follows that pointJ is the point of intersection of the two angle bisectors in tri-
angle△RKL. Therefore, pointJ is the center of the incircle in this triangle.
Angle∡JKI is an inscribed angle resting on diameterIJ of the circleω, there-
fore ∡JKI = 90◦. In addition, angles∡LKR1 and ∡LKR are adjacent an-
gles. Hence, segmentKI bisects∡LKR1, where∡LKR1 is exterior to triangle
△LKR (see Figure 16).
Similarly, we prove that segmentLI bisects angle∡KLR2, which is also an exte-
rior angle to triangle△LKR.
We obtained that pointI is the point of intersection of two angle bisectors. These
angles are exterior angles in triangle△RKL, therefore pointI is located at equal
distances from segmentKL (side of triangle△RKL), and from raysKR1 and
LR2 (the continuations of the two other sides of the triangle).
Therefore,I is the center of the excircle of triangle△RKL. �

Theorem 6. The data of this Theorem is the same as the data of Theorem 5.
We also denote by:
Σ1 the circle inscribed in kitePMQN ,
Σ2 the circle tangent to the continuations of the sides of kitePMQN ,
Σ3 the incircle of triangleRKL,
Σ4 the excircle of triangleRKL (see Figure 17);
ri the radius of circleΣi (i ∈ {1, 2, 3, 4}), and
∡MPN = α, ∡MQN = β, ∡KRL = γ.
Then:

(a) The following relations hold for the radii of circlesΣi:
(i) r1 + r2 < r3 + r4;

(ii)
r1

r2
=

sin
α

2
− sin

β

2

sin
α

2
+ sin

β

2

.

(b) The following relations hold for the areas of circlesΣi:
(i) If α+ β < 180◦, thenSΣ1

+ SΣ2
< SΣ3

+ SΣ4
.

(ii) If α+ β = 180◦, thenSΣ1
+ SΣ2

= SΣ3
+ SΣ4

.
(iii) If α+ β > 180◦, thenSΣ1

+ SΣ2
> SΣ3

+ SΣ4
.
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Figure 17. Figure 18.

Proof. (a) We denote byH the point of tangency of circleΣ2 on sidePN of
kite PMQN (see Figure 18). ThereforeIH = r1. In right triangle△IPH there

holds:sin
α

2
=

IH

IP
, and thereforeIP =

r1

sin
α

2

.

We denote byG the point of tangency of circleΣ1 on sidePN of kite PMQN .

ThereforeJG = r2. In the right triangle△PJG there holds:sin∡GPJ =
JG

JP
,

and thereforeJP =
r2

sin
α

2

.

For segmentIJ we obtain:IJ = IP + PJ =
r1

sin
α

2

+
r2

sin
α

2

=
r1 + r2

sin
α

2

.

We denote byr the length of the radius of circleω, and therefore there holds:

OI = OJ = OL = r and alsoIJ = 2r, and hencer1 + r2 = 2r sin
α

2
.

Point Z is the point of tangency of circlesΣ3 andΣ4 on sideKL of triangle
△RKL (see Figure 18), and thereforeJZ = r3 andIZ = r4. Therefore, for seg-
mentIJ there also holds:IJ = JZ + IZ = r3 + r4, and hence:r3 + r4 = 2r.
It follows that the radii of the four circlesΣi satisfy the equality:

r1 + r2 = (r3 + r4) sin
α

2
.

Angle
α

2
is acute, thereforesin

α

2
< 1, and the following inequality holds:

r1 + r2 < r3 + r4.
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We express the angles of trianglePOL usingα andβ.

In △POL there holds:∡OPL =
α

2
, sideOL is the radius of circleω, and also

sideOL is perpendicular to the tangent to the circle at pointL. I In other words,
∡OLP = 90◦. Therefore, in the right triangle△RLO there holds:

∡ROL = 90◦ −
γ

2
, and hence:∡POL = 90◦ +

γ

2
.

We will now show that in all cases where chordKL is not a diameter (and therefore

pointR is not a point at infinity) there holds∡PLO =
β

2
.

If the center,O, is between chordsKL andMN , then angle∡ROL is an exterior
angle of triangle△POL, and angle∡ROL is not adjacent to angle∡PLO (see
Figure 18).

We use the formula
α

2
+

β

2
+

γ

2
= 90◦ from Section (a) of Theorem 4.

There holds:

∡PLO = ∡ROL− ∡OPL =
(

90◦ −
γ

2

)

−
α

2

= 90◦ −
(α

2
+

γ

2

)

=
β

2
.

If chordsKL andMN are located on the same side relative to the center,O, then
angle∡ROL is an exterior angle of triangle△POL (see Figure 19), and there

holds:∡ROL = 90◦ −
γ

2
.

We use the equality∡OPL =
α

2
and the formula

α

2
+

β

2
−

γ

2
= 90◦ from Section

(c) of Theorem 4 and obtain:

∡PLO = 180◦ −
α

2
−

(

90◦ −
γ

2

)

= 90◦ −
α

2
+

γ

2
=

β

2
.

From the Law of Sines in the triangle△POL it follows that:
OP

sin∡PLO
=

OL

sin∡LPO
and hence:

OP =
r · sin

β

2

sin
α

2

.

For segmentIP there holds:IP = IO −OP (see Figures 18 and 19).
We substitute the obtained expressions for the segments that appear in the last
equality, to obtain:

r1

sin
α

2

= r −
r · sin

β

2

sin
α

2

,

and hence:r1 = r

(

sin
α

2
− sin

β

2

)

.

For segmentPJ there holds:PJ = PO +OJ .
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We substitute the corresponding expressions in this equality, to obtain:

r2

sin
α

2

=
r · sin

β

2

sin
α

2

+ r,

and hence:r2 = r

(

sin
α

2
+ sin

β

2

)

.

Therefore for the ratio
r1

r2
, we obtain:

r1

r2
=

sin
α

2
− sin

β

2

sin
α

2
+ sin

β

2

.

Figure 19.

(b) We consider separately the sum of the areas of circlesΣ1 andΣ2, and the
sum of the areas of circlesΣ3 andΣ4:

SΣ1
+ SΣ2

= π
(

r21 + r22
)

= π

(

r2
(

sin
α

2
− sin

β

2

)2

+ r2
(

sin
α

2
+ sin

β

2

)2
)

= 2πr2
(

sin2
α

2
+ sin2

β

2

)

;
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SΣ3
+ SΣ4

= π
(

r23 + r24
)

= π

(

(r3 + r4)
2
− 2r3r4

)

= π

(

(2r)2 − 2r3r4

)

.

Let us express the product of radiir3r4 usingα, β andr.
For diameterIJ in circleω there holds:IJ = IZ + ZJ = r4 + r3.
SegmentZL is perpendicular to diameterIJ (at pointZ), and the other end of
segmentZL (pointL) belongs to circleω (see Figures 18 and 19). Therefore the
length of segmentZL is the geometric mean of the lengths of segmentsIZ and
ZJ , in other wordsIZ · ZJ = ZL2 or r3 · r4 = ZL2.

In right triangleOLZ there holds:sin∡LOZ =
ZL

OL
and hence:

ZL = r sin
(

90◦ −
γ

2

)

= r sin

(

α

2
+

β

2

)

.

Therefore, for the sum of circle areasΣ3 andΣ4 there holds:

SΣ3
+ SΣ4

= π
(

4r2 − 2r3r4
)

= π
(

4r2 − 2ZL2
)

= π

(

4r2 − 2r2 sin2
(

α

2
+

β

2

))

.

Let us consider the difference of the area sums:

(SΣ1
+ SΣ2

)− (SΣ3
+ SΣ4

)

= πr2
(

2 sin2
α

2
+ 2 sin2

β

2

)

− 2πr2
(

2− sin2
(

α

2
+

β

2

))

= πr2 (2− (cosα+ cosβ))− 2πr2
(

1 + cos2
(

α+ β

2

))

= πr2
(

2− 2 cos
α+ β

2
cos

α− β

2
− 2− 2 cos2

(

α+ β

2

))

= −2πr2 cos
α+ β

2

(

cos
α− β

2
+ cos

α+ β

2

)

.

In other words we have:

(SΣ1
+ SΣ2

)− (SΣ3
+ SΣ4

) = −2πr2 cos
α+ β

2

(

cos
α− β

2
+ cos

α+ β

2

)

.

Let us investigate the sign of expression

A = −2πr2 cos
α+ β

2

(

cos
α− β

2
+ cos

α+ β

2

)

as a function of the sum of anglesα+ β:

(i) If α+ β < 180◦, which is the case where the center,O, lies between chords

KL and MN , then angle
α+ β

2
is acute and thereforecos

α+ β

2
> 0, and
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(

cos
α− β

2
+ cos

α+ β

2

)

> 0. Therefore in this case, A< 0, which gives

SΣ1
+ SΣ2

< SΣ3
+ SΣ4

.
(ii) If α+ β = 180◦, which is the case where chordKL is a diameter of circle

ω, then angle
α+ β

2
equals90◦ and thereforecos

α+ β

2
= 0.

In this case, A= 0, andSΣ1
+ SΣ2

= SΣ3
+ SΣ4

.

(iii) If α+ β > 180◦, which is the case where chordsKL andMN are on

the same side relative to the center,O, then angle
α+ β

2
is obtuse and therefore

cos
α+ β

2
< 0.

Let us investigate the sign of B=

(

cos
α− β

2
+ cos

α+ β

2

)

.

There holds:cos
α− β

2
+ cos

α+ β

2
= 2 cos

α

2
cos

−β

2
= 2 cos

α

2
cos

β

2
.

Since angles
α

2
and

β

2
are acute, it holds thatcos

α

2
cos

β

2
> 0, and hence B> 0.

Therefore, in this case, A> 0, which givesSΣ1
+ SΣ2

> SΣ3
+ SΣ4

. �
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The Two Incenters of an Arbitrary Convex Quadrilateral

Nikolaos Dergiades and Dimitris M. Christodoulou

Abstract. For an arbitrary convex quadrilateralABCD with areaA and perime-
terp, we define two pointsI1, I2 on its Newton line that serve as incenters. These
points are the centers of two circles with radiir1, r2 that are tangent to opposite
sides ofABCD. We then prove thatA = pr/2, wherer is the harmonic mean
of r1 andr2. We also investigate the special cases withI1 ≡ I2 and/orr1 = r2.

1. Introduction

We have recently shown [1] that many of the classical two-dimensional figures
of Euclidean geometry satisfy the relation

A = pr/2 , (1)

whereA is the area,p is the perimeter, andr is the inradius. For figures without an
incircle (parallelograms, rectangles, trapezoids), the radiusr is the harmonic mean
of the radiir1 andr2 of two internally tangent circles to opposite sides, that is

r = 2r1r2/(r1 + r2) . (2)

Here we prove the same results for convex quadrilaterals with and without an in-
circle. These results were anticipated, but unexpectedly, the two tangentcircles
in the case without an incircle are not concentric, unlike in all the figures studied
in previous work [1]. This is a surprising result because it implies that the arbi-
trary convex quadrilateral does not exhibit even this minor symmetry (a common
incenter) in its properties, yet it satisfies equations (1) and (2) by permittingtwo
different incentersI1 andI2 on its Newton line for the radiir1 andr2, respectively.
This unusual property of the convex quadrilateral prompted us to also investigate
all the special cases withI1 ≡ I2 and/orr1 = r2.

2. Arbitrary convex quadrilateral

Consider an arbitrary convex quadrilateralABCD with Newton lineMN [3],
whereM andN are the midpoints of the diagonalsAC andBD (Figure 1). Let
the lengths of the sides ofABCD beAB = a,BC = b, CD = c, andDA = d.
We extend sidesAB andDC to a common pointE. Similarly, we extend sides
AD andBC to a common pointF . We bisect∠E and∠F . The angle bisectors
EI1 andFI2 intersect the Newton lineMN at I1 andI2, respectively.

Definition. We defineI1 as the incenter ofABCD that is equidistant from sides
AB andCD at a distance ofr1. We also defineI2 as the incenter ofABCD that
is equidistant from sidesBC andDA at a distance ofr2.

Publication Date: June 19, 2017. Communicating Editor: Paul Yiu.
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a

dr2

r1

A

B

C

D

N

M

I2

I1
E

F

b

c

Figure 1. Convex quadrilateralABCD with two interior incentersI1 andI2 on
its Newton lineMN .

Remark1. PointsI1, I2 are usually interior toABCD, but one of them can also
be outside ofABCD (as in Figure 2).

B C

E

H

A

D

N M

I1

Figure 2. IncenterI1 lies outside of this quadrilateralABCD.

Lemma 1 (Based on Ĺeon Anne’s Theorem [2, # 555]). LetABCD be a quadri-
lateral withM,N the midpoints of its diagonalsAC,BD, respectively. A pointO
satisfies the equality of areas

(OAB) + (OCD) = (OBC) + (ODA) , (3)

if and only ifO lies on the Newton lineMN .
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Proof. Using the cross products of the vectors of the sides ofABCD, equation (3)
implies that

(OAB)− (OBC) + (OCD)− (ODA) = 0

⇐⇒
−→
OA×

−−→
OB +

−−→
OC ×

−−→
OB +

−−→
OC ×

−−→
OD +

−→
OA×

−−→
OD =

−→
0

⇐⇒ (
−→
OA+

−−→
OC)×

−−→
OB + (

−−→
OC +

−→
OA)×

−−→
OD =

−→
0 (4)

⇐⇒ (
−→
OA+

−−→
OC)× (

−−→
OB +

−−→
OD) =

−→
0

⇐⇒ 2
−−→
OM × 2

−−→
ON =

−→
0 ,

therefore pointO lies on the lineMN (see also [5]). �

Since for signed areas it holds that(OAB) + (OBC) + (OCD) + (ODA) =
(ABCD), we readily prove the following theorem:

Theorem 2 (Arbitrary Convex Quadrilateral). The area ofABCD is given by
equation(1), where the radiusr is given by equation(2) and the two internally
tangent circles to opposite sides⊙I1 and⊙I2 are centered on two different points
on the Newton lineMN .

Proof. SinceI1 lies on the Newton line, we find for the areaA of ABCD that

A/2 = (I1AB) + (I1CD) = (a+ c)r1/2 , (5)

or

a+ c = A/r1 . (6)

Similarly, we find for the incenterI2 that

b+ d = A/r2 . (7)

Adding the last two equations and using the definition of perimeterp = a+b+c+d,
we find that

p = A

(

1

r1
+

1

r2

)

= A
r1 + r2

r1r2
, (8)

which is equation (1) withr given by equation (2). �

3. Tangential quadrilateral

In the special case of a tangential quadrilateral, the two incentersI1 and I2
coincide with pointI and, obviously,r1 = r2. Using Lemma 1, we prove the
following theorem:

Theorem 3 (Based on Newton’s Theorem [2, # 556]). If a quadrilateralABCD

is tangential with incenterI and inradiusr, thenI lies on the Newton lineMN

(as in Figure 3), I1 ≡ I2 ≡ I, r1 = r2 = r, and the area of the figure is given by
A = pr/2.
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a

b

c

d
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B

A

D

C

N

M

Figure 3. Tangential quadrilateralABCD with a single incenterI on its Newton
lineMN .

Proof. If ABCD has an incircle⊙I of radiusr, then by the tangency of its sides

AB + CD = BC +DA . (9)

Multiplying by r/2 across equation (9), we find that

(IAB) + (ICD) = (IBC) + (IDA) , (10)

where again parentheses denote the areas of the corresponding triangles. Therefore,
by Lemma 1, the incenterI lies on the Newton lineMN of ABCD and the area
of the figure is

A = (a+ c)r/2 + (b+ d)r/2 = pr/2 . (11)

SinceI is the point of intersection of the bisectors of∠E and∠F (seen in Fig-
ure 1), it follows thatI1 ≡ I2 ≡ I, r1 = r2 = r. �

Remark2. The proof of the converse of Theorem 3 is trivial: IfI1 ≡ I2 ≡ I

andr1 = r2 = r, then equation (11) implies equation (10) which in turn implies
equation (9).

Theorem 4. In quadrilateralABCD, if the incircle I1(r1) is tangent to a third
side, thenABCD is tangential.

Proof. Let the incircle be tangent to sideBC in addition to sidesAB andCD

(as in Figure 4). If it were not tangent to sideAD as well, then we would draw
another segmentAD′ tangent to the incircle and hence the incenterI1 that lies on
the Newton lineMN would also lie on the “Newton line”MN ′ of the tangential
quadrilateralABCD′. SinceAB,CD are not parallel, the two Newton lines do
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A

D

B

C

I1 N

D′

N ′

M

Figure 4. QuadrilateralABCD with an incircleI1 tangent to three of its sides.

not coincide, henceI1 ≡ M . In a similar fashion, if we draw a tangent line to the
incircle from vertexD, we find thatI1 ≡ N . But M,N cannot coincide because
ABCD is not a parallelogram, thus the two equivalences ofI1 are impossible, in
which case the incircleI1(r1) must necessarily be tangent to the fourth sideAD,
makingABCD a tangential quadrilateral. The same holds true for the incircle
I2(r2) when it is tangent to three sides ofABCD. �

4. Cyclic quadrilateral

In the special case of a cyclic quadrilateral, the two incentersI1 andI2 coincide,
but r1 6= r2. The following theorem has been proven in the distant past albeit in a
different way:

Theorem 5 (Based on Theorem [2, # 387]). In a cyclic quadrilateralABCD,
the incentersI1, I2 coincide with pointI on the segmentMN of the Newton line
(Figure 5).

Proof. SinceI1, I2 are located on the Newton line ofABCD, it is sufficient to
show that the intersectionI of the two angle bisectors from∠E and∠F (Figure 5)
lies on the Newton lineMN ofABCD. We find that∠ECF = ∠EIF+φ+ω and
∠EAF = ∠EIF −φ−ω from which we get∠EIF = (∠ECF +∠EAF )/2 =
90o, so△EC1A1 is isosceles andI is the midpoint ofC1A1.

Now let the diagonals beAC = e andBD = f and definex = f/(e + f) and
y = e/(e+f), such thatx+y = 1. From the similar triangles△FAB ∼ △FCD,
△FAC ∼ △FBD, and the angle bisector theorem, we find the proportions

AA1

A1B
=

FA

FB
=

e

f
=

FC

FD
=

CC1

C1D
=

y

x
, (12)
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r1
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φ
φ

ω
ω
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C

A

D

E

F
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A1

I

A

B

N

M

T

T1

T2

Figure 5. Cyclic quadrilateral withI1 ≡ I2 ≡ I.

which imply thatA1 = xA+ yB, C1 = xC + yD, and finally for the midpointI
of C1A1 that

I = (A1 + C1)/2 = x(A+ C)/2 + y(B +D)/2 = xM + yN , (13)

which shows thatI lies on segmentMN of the Newton line and divides it in a ratio
of MI : IN = y : x = e : f , just asA1, C1 divideAB,CD, respectively. �

5. Bicentric quadrilateral

In the special case of a cyclic or tangential quadrilateral, we derive the conditions
under which it is also tangential or cyclic, respectively, thus it is bicentric with a
single incenterI and inradiusr. We prove the following two theorems:

Theorem 6 (Cyclic Quadrilateral is Bicentric). Consider△ABC inscribed in
⊙O (Figure 6). Any pointD chosen on minor

>

CA defines a cyclic quadrilateral
ABCD with side lengthsAB = a,BC = b, CD = c, andDA = d. Of these
quadrilaterals, there exists only one that is also tangential (therefore it is bicentric)
to a single incircle⊙I. Its vertexD lies at the point of intersection of minor

>

CA

with the branch of the hyperbola with fociA andC that passes through vertexB.
An analogous property holds when pointD is chosen to lie on minor

>

AB or on
minor

>

BC.

Proof. Consider a hyperbola with fociA andC such that one of its branches passes
through vertexB and intersects minor

>

CA at pointD (Figure 6). Then by the
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a

d

O

A

C

B

D

b

c

Figure 6. TriangleABC inscribed in ⊙O and the bicentric quadrilateral
ABCD constructed by locating vertexD on minor

>

CA as stated in Theorem
6. The hyperbola with fociA andC with one branch through vertexB is shown
by dashed lines.

geometric definition (the locus) of the hyperbola, we can write that

b− a = c− d , (14)

wherea < b andd < c, as in Figure 6. Similarly, in the case witha > b andd > c,
we can write that

a− b = d− c . (15)

Both equations are equivalent to

a+ c = b+ d , (16)

which implies thatABCD is tangential (thus also bicentric). �

Theorem 7(Tangential Quadrilateral is Bicentric). Consider a tangential quadri-
lateral ABCD with incenterI (as in Figure 3). ThenABCD is cyclic (thus also
bicentric) only if vertexD lies on the hyperbola with fociA andC that passes
through vertexB (Figure 6). An analogous property holds when any other vertex
is chosen instead ofD.

Proof. Consider the tangential quadrilateralABCD with incircle ⊙I shown in
Figure 3. By the tangency of its sides, equation (9) is valid and it can be written in
the form of equation (16). We re-arrange terms in equation (16) to obtain:

b− a = c− d . (17)



252 N. Dergiades and D. M. Christodoulou

This equation defines a hyperbola with fociA andC one branch of which passes
through verticesB andD (as shown in Figure 6 for the casea < b, d < c).
If D also lies on the circumcircle of△ABC, thenABCD is cyclic (thus also
bicentric). �

6. A Euclidean construction of vertexD

Given△ABC inscribed in⊙O(R) (as in Figure 7), we construct on the lower
>

CA of ⊙O(R) the pointD, without using the hyperbola mentioned above, such
that the quadrilateralABCD is convex and tangential withAB + CD = BC +
DA.

θ

B

C

A

B′

E

F

D

Figure 7. A Euclidean construction ofD on the circumcircle of△ABC without
using the hyperbola.

Construction. Let AB > BC, as in Figure 7. From the midpointB′ of the lower
>

CA, we draw a perpendicular toAB that meets the circle atE, and a perpendicular

to EA atA that meetsEB′ atF . On the minor
>

CB′, we locate the required point
D such thatDB′ = FA.

Proof. Since
>

BCB′ +
>

AE = 180o, then2A + B +
>

AE = A + B + C or
>

AE =
C −A. Using this result, we find that

DB′ = FA

= AE tan B

2

= 2R sin C−A

2
tan B

2
.

(18)
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Next we define∠CBD = θ and we find that

AB + CD = BC +DA

⇐⇒ 2R sinC + 2R sin θ = 2R sinA+ 2R sin(B − θ)
⇐⇒ 2R sin C−A

2
cos C+A

2
= 2R sin(B

2
− θ) cos B

2

⇐⇒ 2R sin(B
2
− θ) = 2R sin C−A

2
tan B

2

⇐⇒ DB′ = 2R sin C−A

2
tan B

2
,

(19)

as was also found in equation (18). �

7. A quadrilateral with I1 ≡ I2

Theorem 8. If I1 ≡ I2, then the quadrilateral is tangential, or cyclic, or bicentric.

Proof. Using barycentric coordinates in the basic△EDA, let E = (1 : 0 : 0),
D = (0 : 1 : 0), A = (0 : 0 : 1), DA = a, AE = b, andED = c. Also let
I1 ≡ I2 ≡ Io on the bisector of∠DEA with barycentric coordinatesIo = (k :
b : c). Finally, letI andIe be the incenter andE-excenter of△EDA, respectively
(Figure 8).

E

A

D

B

C

F

I

Ie
M

N

Io

Figure 8. QuadrilateralABCD with I1 ≡ I2 ≡ Io.

SinceF = (0 : m : 1) andB = (1 : 0 : n), we obtain the equationmnx +
y − mz = 0 for the lineBC with point at infinity P∞ = (1 + m : −m −

mn : −1 + mn), C = (1 : −mn : 0), as well as the midpoints of the diagonals
M = (1 : −mn : 1−mn) andN = (1 : 1 + n : n).
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Since the pointsM,N, andIo are collinear, the determinantdet(M,N, Io) must
be zero from which we find that

n =
b+ c− k

(b− c+ k) + (b− c− k)m
. (20)

If a point (xo : yo : zo) is equidistant from the linesaix + biy + ciz = 0
(i = 1, 2), the following equality holds [4]:

S2(a1xo + b1yo + c1zo)
2 = S1(a2xo + b2yo + c2zo)

2 , (21)

where

Si = (b2+c2−a2)(bi−ci)
2+(c2+a2−b2)(ci−ai)

2+(a2+b2−c2)(ai−bi)
2 , (22)

and i = 1, 2. Point Io is equidistant from the linesBC (given above) andDA

(x = 0). Applying equation (21) toIo and using equation (20) to eliminaten, we
find that

(1 +m)(k2 − a2)(b− cm) [b(b− c+ k)− (b− c− k)cm] = 0 . (23)

The solutions of this equation can be classified as follows:

(a) m = −1 is rejected because thenF = (0 : −1 : 1) becomes a point at
infinity.

(b) k = ±a implies thatIo coincides withI or Ie, thus⊙I1(r1) is tangent to a
third side and by Theorem 4 this quadrilateral is tangential.

(c) b = cm and[b(b − c + k) − (b − c − k)cm] = 0 both imply thatP∞ =
(b2 − c2 : −b2 : c2) which means thatBC is parallel to the tangent to the
circumcircle of△EDA at pointE, thus this quadrilateral is cyclic.

Solutions (b) and (c) of equation (23) are the only ones that are valid. When one so-
lution from (b) and one solution from (c) are simultaneously valid, then the quadri-
lateral is bicentric. This completes the proof. �
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A Group Theoretic Interpretation of Poncelet’s Theorem
Part 2: The Complex Case

Albrecht Hess

Abstract. Poncelet’s theorem about polygons that are inscribed in a conic and
at the same time circumscribe another one has a greater companion, in which
different conics touch the sides of the polygon, while all conics belong to afixed
pencil. In the first part of these investigations on Poncelet’s theorem [11] the
case of a pencil of circles in the real plane was analyzed. It was shownthat the
question of whether ‘circuminscribed’ polygons exist for every starting point can
be decided by considering the action of a group. As a continuation of this work
we now examine the case of a pencil of conics in the complex plane. It will be
shown that in this case the answer to the same question about the existence of a
continuous family of ‘circuminscribed’ polygons depends on the additionof an
elliptic curve.

1. Introduction

In [12, p. 285], Jacobi derives a formula relating the ‘circuminscribed’ polygons
in Poncelet’s theorem to the repeated addition of a parametert in the argument of
an elliptic function. Further ahead on p. 291 he shows that in the general case of
tangents to circles of a pencil one has to add in the argument of the same ellip-
tic function parameterst, t′, t′′, . . . depending on the elements of this pencil. In
[3], there is given a summary of Jacobi’s approach. We present herea proof of
Poncelet’s theorem in the general case based on the relation of an elliptic curve to
Poncelet configurations. These configurations have been studied with other means
elsewhere (see e.g. [1], [2], [3], [4], [7], [8], [9], [10], [12], [14], [15], [16], [17]
and literature cited there.). As already mentioned in the first part: There is nothing
novel about the ingredients but perhaps this particular view could shed anew light
on them.

In sections 2 and 3, we collect those results with proofs from [2], [14] and [15],
that are important for the understanding of the rest of the article. Lemma 3 takes
therein a central place. Its proof shows that the 6 points, where conics of a pencil
touch the sides of a triangle inscribed in a conic of this pencil, are the intersecting
points of a complete quadrilateral.

Publication Date: June 19, 2017. Communicating Editor: Paul Yiu.
The author thanks Jörg Jahnel for constructive comments and his valuable advice. Many thanks

also to Daniel Perrin, the coauthor of the first part. Only the discussions with him led to the decisive
idea of this second part.



256 A. Hess

In section 4 and 5 we show how the construction of points where the secantsof
a conic touch other conics of a pencil can be related to the addition on an elliptic
curve. This will be explained in Theorem 8. The main result, however, is Theorem
15. By virtue of the previously defined addition on an elliptic curve this theorem
provides a criterion to decide, whether a given set of conics from a pencil forms
a Poncelet configuration, which means that starting from each point on a fixed
conic we can construct closed ‘circuminscribed’ polygons whose sidestouch the
other conics. This result connects the analytic addition of arguments of an elliptic
function in Jacobi’s article [12] with the geometric addition on an elliptic curve.

2. Preliminaries: Pencils of Quadrics

A quadric k in the projective spacePn (all spaces are over the field of com-
plex numbers) is the zero set of a homogeneous quadratic polynomialk(X) =
∑

ij
kijxixj , whose coefficients are the entries of a symmetric matrix(kij) ∈

C
N , N = n(n + 1)/2, the zero matrix excluded. A quadrick is callednonde-

generateif det(kij) 6= 0. In this case,k is a smooth analytic hypersurface ofP
n.

Since the multiples of(kij) are the only symmetric matrices that define the same
quadrick, we see that the varietyQP

n of all quadrics inPn is itself a projective
spacePN−1.

A line K (one dimensional subspace) inQP
n is called a pencil of quadrics. If

k0 andk1 are two distinct quadrics fromK, then

K = {kλ : λ ∈ P
1
}, kλ(X) = λ0k0(X) + λ1k1(X).

A pencil is in general position if it can be defined by two nondegenerate quadrics
that intersect transversally. As in this article only the casesn = 1 andn = 2 are
relevant, a discussion of both cases will clarify these definitions.

2.1. Quadrics inP1. There is nothing exciting about zero-dimensional quadrics
k(X) = k00x

2+2k01xy+k11y
2 = 0 in P

1. They correspond to the subsets ofP
1,

that consist of two points, or one double point in the case of a degeneratequadric,
for whichdet(kij) = k00k11 − k201 = 0.

A bit more interesting are pencils of such quadrics that are in general position.
Suppose that such a pencil is a line through the nondegenerate quadricsk0(X) and
k1(X). If we transform the zeros ofk0(X) by a birational map ofP1 into [0, 1]
and[1, 0], the equation ofk0 becomesk0(X) = xy = 0. If the distinct zeros ofk1
are[u, 1] and[v, 1], its equation isk1(X) = (x − uy)(x − vy) = 0. The fact that
k0 andk1 intersect transversally means in this case, thatuv 6= 0. Then we get (see
[2, §14.2.8]).

Theorem 1(Desargues’ Involution Theorem inP1). For a pencilK of quadrics
in P

1, that is in general position, there exists a birational involutionφ of P1, i.e.
φ2 = id, such that for anyk ∈ K, k = {M,N}, one hasφ(M) = N (and
obviouslyφ(N) = M ).
Furthermore, in such a pencil there are exactly two degenerate quadrics corre-
sponding to the two fixed pointsF, F ′ of the involutionφ. These fixed points form
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harmonic ranges

(F, F ′,M,N) = −1 (1)

with each of the nondegenerate quadricsk = {M,N}.

Proof. From Vieta’s formula applied to the zerosM = [M0,M1] andN = [N0, N1]
of λ0k0(X) + λ1k1(X) = λ0xy + λ1(x − uy)(x − vy) = 0 we getM0N0 =
uvM1N1. Hence,

φ

(

M0

M1

)

=

(

0 uv

1 0

)(

M0

M1

)

is the involution withφ(M) = N we have been looking for.
The equation (1) follows from(F, F ′, N,M) = (φ(F ), φ(F ′), φ(M), φ(N)) =
(F, F ′,M,N) and the properties of the cross-ratio, to be found in any textbook on
projective geometry. �

2.2. Quadrics inP2. A conic is the zero set ofk(X) = k00x
2 + k11y

2 + k22z
2 +

2k01xy+2k02xz+2k12yz. This is a one-dimensional quadric inP2 which degen-
erates,det(kij) = 0, iff k(X) factorizes into a product of two lines. This can be
seen by diagonalizing the matrix(kij). The cases ofrank(kij) = 1, 2, 3, that are
projectively equivalent to0 = k(X) = x2; x2 + y2; x2 + y2 + z2; respectively,
correspond to a double line, two crossing lines and a nondegenerate conic.

Let K be a pencil of conics in general position in the projective planeP
2. This

means that all conics ofK have four base pointsB1, B2, B3, B4 in common, no
three of them collinear. The base points can be moved by a projective transforma-
tion of P2 to [±1,±1, 1], (see Figure 1). The three degenerate conics of the pencil
arekx : y2 − z2 = 0, ky : z2 − x2 = 0, kz : x2 − y2 = 0. Any conickλ of the
pencil is the zero set of an equation

kλ : λ0(y
2
− z2) + λ1(z

2
− x2) = 0, λ = [λ0, λ1] ∈ P

1. (2)

To a lineg, not passing through any base point, Desargues’ involution Theorem
1 applies by restriction of the equations of the conicskλ to g. We get (see [2], [5],
[6])

Theorem 2(Desargues’ Involution Theorem inP2). Given a pencilK of conics
in P

2 and a lineg, not containing any base point of the pencil. Then

i The pairs of intersections ofg with the conics ofK generate an involution
φ ong.

ii The intersections ofg with two conics of the pencil determine the involution
φ uniquely.

iii The fixed pointsF1, F2 of φ are the points, where conics from the pencil
touchg.

iv The intersectionsL1, L2 of g with any conickλ fromK form together with
the fixed pointsF1, F2 a harmonic range

(L1, L2, F1, F2) = −1. (3)



258 A. Hess

kz

ky

kx

kν

kλ

ky

kx

g

kµ

B1B2

B3 B4

L1

L2

F1

F2

Figure 1

Remark.While in Theorem 1 it is important that the pencil is in general position -
if not, all quadrics would have a common point - the essential condition of Theorem
2 is that the lineg avoids the base points. The theorem remains true if some base
points coincide.

In Figure 2 two generators of pencils of types I-V are represented from left to
right. These different types reflect coincidences between some of the base points
(cf. [2, §16.5]). Sure, these are just one-dimensional sketches of surfaces of real
dimension two in a space of real dimension four.

b

b b

b b b

b

b b

b

b

b

I II III IV V

Figure 2

3. The Interplay of Involutions

According to Desargues’ Theorem 2, a pencilK of conics inP2 induces a bi-
ratonal involution on every line not meeting any base point of the pencil. How
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these involutions on different lines fit together will be explained in the following
lemmas1. For the first two see Figure 3.

Lemma 3 (Collinearity of Fixed Points). On a conick0 from a pencilK in gen-
eral position2, take three pointsP0, Q0, P , distinct from the base pointsBi. The in-
tersections withK induce involutions on the sides of the triangleP0Q0P . LetT0 ∈

P0Q0 andR ∈ P0P be fixed points of these involutions. ThenS = T0R ∩ PQ0 is
a fixed point onPQ0.

Proof. The conick1 touchesP0Q0 atT0 and the conickλ touchesP0P atR. The
line g = T0R intersectsk1 again atT . Let L be the pencil containingk1 and the
degenerate conicP0Q0 ∪ PT . SinceP0Q0 touchesk1, there are two possibilities:
EitherPT intersectsk1 at two pointsT, T ′ andL is a pencil of type II, orPT is
tangent tok1 atT andL is a pencil of type III, see Figure 2. We show that the latter
occurs and that the double lineg is in L.

Step 1: The restrictions ofK andL induce the same involution onP0P .
Indeed, one common zero-dimensional quadric is{P0, P} and the other is the

intersection ofP0P and the conick1 fromK∩L. Hence, besides the conickλ ∈ K,
tangent toP0P atR by assumption, there must be a conicl ∈ L, tangent toP0P

at this pointR.

Step 2: The pencilL contains the double lineg.
The lineg intersects the conicl at three pointsT0, T andR. Obviously,T is

distinct fromT0. Indeed, otherwiseg would have a double intersection withk1 at
T0 and would hence coincide withP0Q0, which is absurd. IfT = R, since there is
only one conic from the pencilK through this point, thenk1 = kλ andL is of type
III containing the double lineg.

Figure 3

If T 6= R, then the lineg is a part ofl, both having three intersections, sol is
degenerate. Like all conics ofL, l has a double intersection withP0Q0 atT0. By

1The origin of the ideas behind the statements of this section is [15]. A more recent presentation
is in [2].

2The letterK from now on will always denote a pencil in general position.
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definition, l is tangent toP0P atR, hence intersects it twice atR. Therefore,l is
the double lineg. In either way,L is of type III. The double lineg connects the
tangency points ofP0Q0 andPT with k1.

Step 3: The intersectionS of g andPQ0 is a fixed point onPQ0.
Applying the argument from step 1 again, we see that the involutions induced

on the linePQ0 by the intersections withL andK are the same. Hence, the inter-
sectionS of the double lineg = T0R from L with PQ0 must be a fixed point of
both pencils. So we conclude that the fixed pointsT0, R andS are collinear. �

Corollary 4. For fixed pointsT0, R, S of the involutions on the sides of the tri-
angleP0Q0P we have the following dichotomy: Either these points are collinear
(Menelaus configuration) or their respective connexions with the verticesP,Q0, P0

are concurrent(Ceva configuration).

Proof. From(Q0, P, S, S
′) = −1, cf. Figure 3 and (3), it follows that

P0T0

T0Q0

Q0S

SP

PR

RP0

= −
P0T0

T0Q0

Q0S
′

S′P

PR

RP0

.

One tripletT0, R, S or T0, R, S′ is collinear (Menelaus configuration) according
to Lemma 3. The other triplet forms a Ceva configuration by the theorems of
Menelaus and Ceva. �

The second intersectionQ of PT with k0 produces a quadrangleP0Q0PQ in-
scribed in the conick0. BothP0Q0 andPQ touchk1. We callK−parallelograms
quadrangles inscribed ink0 with a pair of opposite sides touching the same conic
of the pencilK. This naming will become transparent after Definition 1 below. In
K−parallelograms not only one but each pair of opposite sides is tangent to one
conic of the pencil. This is the content of Lemma 5, see Figure 4.

Lemma 5. TheK−parallelogramP0Q0PQ is inscribed in the conick0 withP0Q0

andPQ tangent tok1 atT0 andT , respectively. ThenPQ0 andQP0 touch a conic
kµ ∈ K and the tangency pointsS andU are on the lineg = T0T . The same is
true for the other pair of opposite sidesPP0 andQQ0.

Proof. The same reasoning as in Lemma 3 shows that the involutions induced by
the pencilL, containingP0Q0 ∪ PQ, k1 and the double lineg, and the pencilK
on each of the linesPQ0 andQP0 must coincide. Hence, the intersectionsS and
U with the double lineg ∈ L are tangency points of the linesPQ0 andQP0 with
conicskµ, kν ∈ K, possibly different. Let us show thatkµ = kν by introducing the
pencilM of all conics throughP0, Q0, P,Q. The same involutions are induced by
M andK ong. In fact,P0Q0∪PQ ∈ M as well ask1 ∈ K, intersectg at{T0, T}

andk0 is in both pencils. So there must be one conic inK going through the points
{S,U}, whereg intersectsPQ0 ∪QP0 ∈ M. This conic iskµ = kν . �

Lemma 6 (Completing to aK−parallelogram). If T0 andR are fixed points of
the involutions induced onP0Q0 andP0P by the pencilK, then there exists one
and only oneK−parallelogramP0Q0PQ for which T0 andR are amongst the
points where pairs of opposite sides touch a conic of the pencil.
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Figure 4

Proof. Since the lineg = T0R contains all tangency points where pairs of opposite
sides ofK−parallelograms completingP0Q0P touch the same conic of the pencil
according to Lemma 5, the construction ofT andQ carried out in the proof to
Lemma 3 yields a necessary condition to construct theK−parallelogram. Lemma 5
shows that the completion ofP0Q0P byQ does indeed give the desired result.�

In the next section, when we define a parallelism of Poncelet structures we need
this parallelism to be transitive. This transitivity is related to the content of the next
lemma.

Lemma 7 (Transitivity ). Let P0, P1, P2 be distinct points on a conick0 so that
PiTi are tangent atTi to the same conick1. Then the intersectionsRi+2 =
TiTi+1 ∩ PiPi+1 (mod 3), being fixed points of the involutions induced by the
pencilK throughk0 andk1 onPiPi+1 by Lemma 5, form a Ceva configuration on
the sides of the triangleP0P1P2, (cf. Corollary 4).

k0

k1

Q1 T1 P1

P2

T2

Q2

T0P0
Q0

R2

R0

R1

Figure 5
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Proof. If we setQi = PiTi ∩ k0, thenPiQiPi+1Qi+1 areK−parallelograms to
which Lemma 5 applies and shows thatRi+2 are fixed points of the involutions
on the respective sides ofP0P1P2, see Figure 5. Apart from cases of coinciding
tangency points ifP2 → Q0 andQ2 → P0, see Figure 6, that we kindly ask the
reader to clarify by himself, the pointsTi are distinct. Tangents at three distinct
points to a conic are never concurrent, hence the trianglesP0P1P2 andT0T1T2

lack a center of perspectivity. According to Desargues’ two triangle theorem ([5,
§2.3]) they lack an axis of perspectivity too. This excludes the possibility forthe
intersectionsRi of corresponding sides of these triangles to be collinear, so they
must form a Ceva configuration according to Corollary 4. �

Q1 T1 P1

T2 = T0

Q2 = P0

P2 = Q0

R1

R2

R0

Figure 6

4. The Cubic

From now on letK be the pencil of conics through the base pointsBi =
[±1,±1, 1], and letkλ : λ0(y

2 − z2) + λ1(z
2 − x2) = 0 be one of the nonde-

generate conics fromK andO = [u, v, w] a point ofkλ, which is not a base point.
If tangents are drawn fromO to all conics ofK, their contact pointsT = [x, y, z]

are on a cubicEO. To obtain its equation

EO(x, y, z) = ux(y2 − z2) + vy(z2 − x2) + wz(x2 − y2) = 0 (4)

we have to eliminate the parametersµi from the conicµ0(y
2 − z2) + µ1(z

2 −

x2) = 0 and the equation of the polar lineµ0(vy − wz) + µ1(wz − ux) = 0 of
the poleO (for polars cf. [2,§14.5]). This cubic already appeared in Lebesgue’s
article, section II, although without coordinates, see [15, p.121]. It is curious that



A group theoretic interpretation of Poncelet’s theorem, part 2: the complex case 263

Figure 7

its properties as an elliptic curve with an addition closely related to the properties
of Poncelet configurations were not exploited there.

The Weierstrass form (see [13, p.56]) ofEO is, thanks toMaple,

y2 = x3 +Ax+B,

A = −
1

6
(∆2

uv +∆2
vw +∆2

wu), (5)

B =
1

27
(∆uv −∆vw)(∆vw −∆wu)(∆wu −∆uv),

with the shortcuts∆uv = u2 − v2,∆vw = v2 −w2,∆wu = w2 − u2. From (5) we
obtain, using the relation∆uv +∆vw +∆wu = 0, the discriminant∆ of the cubic
EO as

∆ = −16(4A3 + 27B2) = 16∆2
uv∆

2
vw∆

2
wu.

Consequently, the discriminant∆ vanishes onkλ only at the base points. SinceO
is not a base point, the curveEO is nonsingular, see [13, p.58], hence an elliptic
curve3.

The next theorem is fundamental. It establishes the link between Poncelet con-
figurations and the addition on the elliptic curveEO with originO.

Theorem 8. Let T1, T2 ∈ EO be tangency points on the secantsOQ1 andOQ2,
respectively. CompletingOQ1Q2 to a K−parallelogram yieldsOQ1Q2Q3 as in
Lemma 6. The lineg = T1T2 intersectsQ2Q3 at S1 where this secant touches
the same conickµ as OQ1 at T1. The same is true for the intersectionS2 =
g ∩ Q1Q3 and a conickν touchingOQ2 andQ1Q3 at T2 andS2. The addition
onEO producesT3 = T1 + T2 onOQ3. This pointT3 forms Ceva configurations
together withT1 andS2 on the sides ofOQ1Q3, and together withT2 andS1 on
the sides ofOQ2Q3, see Figure 7.

3Who neither trusts the programMaple and is not willing either to check the Weierstrass form by
hand, may apply Proposition 11 with the not yet defined addition onEO substituted by Lemma 6 to
convince himself thatEO is an elliptic curve.
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Proof. The line g = T1T2 intersects all sides of the quadrangleOQ1Q2Q3 at
tangency points with conics fromK. Its intersectionT1 ∗ T2 with the lineOQ3

is the third intersection ofT1T2 with EO. The sumT3 = T1 + T2 is the third
intersection of the line throughO andT1 ∗ T2 with EO. From Corollary 4 the
remaining assertions of the theorem follow easily. �

The addition on the elliptic curveEO can be made more visual if we identify
tangency points on elliptic curves with different origins, see Figure 8.

Definition 1. Let T1, T2 ∈ EO be tangency points on the secantsOQ1 andOQ2.
We say thatT1 and a pointS1 ∈ EO2

are equivalent(S1 ∼ T1) or that the lines
OT1 andQ2S1 areK− parallel alongOT2Q2 if T1, T2, S1 are collinear andOT1

andQ2S1 touch the same conic.

Figure 8

With this identification, writing the tangency points that form a Ceva configura-
tion between the start points and end points, we have

OT2Q2 +Q2T1Q3 = O(T1 + T2)Q3 (6)

as if this were an addition of vectors. From Theorem 8 it follows with a look at
Figure 7 thatT2 andS2 are equivalent too. More precisely, they are equivalent
alongOT1Q1, and

OT1Q1 +Q1T2Q3 = O(T1 + T2)Q3. (7)

Corollary 9. LetT1, T2 ∈ EO be tangency points on the secantsOQ1, OQ2 and
its sumT3 = T1 + T2 the corresponding tangency point on the secantOQ3. The
tangency pointS1 onQ2Q3 is equivalent toT1 if and only ifS1, T2 andT3 form a
Ceva configuration on the sides ofOQ2Q3.

Proof. Look atT1+T2 andT1 ∗T2 in the proof of Theorem 8 and apply Corollary
4. �
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This definition ofK−parallelism explains also the name ofK−parallelograms:
They are quadrangles withK−parallel opposite sides. The next proposition says
that for secants these two concepts are equivalent: touching the same conic and
beingK−parallel.

Proposition 10. If secantsOQ1 andQ2Q3 ofkλ touch the same conic of the pencil
K at T1 andS1 then there exists a unique pointT2 ∈ EO so thatT1 andS1 are
equivalent and the secants areK−parallel alongOT2Q2.

Proof. From Lemma 5 it follows thatT1S1 intersectsOQ2 at a pointT2, that is
one of the fixed points of the involution induced byK onOQ2 and hence belongs
toEO. ThenT1 andS1 are equivalent alongOT2Q2 by definition. The uniqueness
of T2 is obvious. �

Griffiths and Harris showed ([9, p.38]) by abstract considerations that the inci-
dence variety

E = {(X, ξ) ∈ kλ × k∗µ : X ∈ ξ} (8)

of all pairs of secantsξ with starting pointX ∈ kλ, which are tangent to a fixed
conic kµ (hence elements ofk∗µ) is an elliptic curve. Here we have a concrete
bijection fromE toEO:

Proposition 11. Let T1 ∈ EO be a tangency point so thatOT1 is tangent to the
conic kµ. Further let p : k∗µ → kµ be the pole map restricted tok∗µ. Then a
bijection fromE ontoEO is

(X, ξ) 7→ T = T1p(ξ) ∩OX. (9)

Proof. Let q : EO → kλ associate to each tangency pointT ∈ EO the second
intersection ofOT with kλ. ThenT 7→ (q(T ), q(T )q(T + T1)) is the inverse of
(9), see Figure 9.

Figure 9

�
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Just two remarks: First, although equivalence mappings between the elliptic
curveEO and the cubicsEBi

cannot exist since the equations±x(y2 − z2) ±
y(z2 − x2) + z(x2 − y2) = 0 of the latter factorize into the product of three lines
throughBi, one has the mappings

T 7→ q(Bi)q(Bi + T ) = Biq(Bi + T ) (10)

from EO onto the line bundle throughBi which extend continuously theK− par-
allelism to the secants through the base points. Below it will be shown thatOT

andO(−T ) touch the same conic, henceBiq(Bi+T ) andBiq(Bi−T ) too. Then
Biq(Bi + T ) = Biq(Bi − T ), sinceBi belongs to all conics and through a point
on a conic only one tangent can be drawn. Therefore, the mapping (10)is a double
cover of theP1-isomorphic line bundle throughBi, branched over the four lines
BiBj .

Second, in Proposition 11 it was shown that all elliptic curvesEOi
are isomor-

phic to the elliptic curveE from (8). Before proving that the equivalences of
tangency points along secants via a tangency point are isomorphisms of the elliptic
curvesEOi

we keep the promise and confirm thatOT andO(−T ) touch the same
conic.

Proposition 12. If OT is tangent tokµ atT ∈ EO then(−T ) is the tangency point
of the other tangent fromO to kµ.

Proof. Let OQ andOQ′ with tangency pointsT andT ′ be the tangents fromO to
a conickµ ∈ K, see Figure 10. The main observation is thatkλ andEO share the
tangent linet atO. To see this, we can consider a secantOP with a tangency point
S close toO and letP andS approachO or calculate the tangent toEO in O from
the equation (4) and compare it with the tangent at this point to the conickλ.
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LetN be the pencil of type III containingkµ, the degenerate conicOT∪OT ′ and
therefore also the double lineTT ′. Both pencilsK andN induce by intersections
the same one-dimensional pencil ont because both produce the double pointO

and the intersections withkµ. Consequently, the intersectionO′ of the double line
TT ′ with t must also be a tangency point with a conic fromK, hence an element of
EO. Sincet already has a double intersection withEO in O, the pointO′ = O ∗O

is the third intersection oft with the cubic andT + T ′ = O. �

Corollary 13. For T ∈ EO let q(T ) = Q be the second intersection ofOT with
kλ. The other preimage ofQ underq is the third intersectionO ∗ T of the lineOT

with EO, given by
O ∗ T = O ∗O − T. (11)

Proposition 14. The equivalenceǫOT2Q2
of tangency points fromEO via T2 with

those fromEQ2
according to Definition 1. is an isomorphism of these elliptic

curves4. The composition of equivalences is transitive(cf. also (6) and (7) and
contemplate Figure 8).

ǫQ2T1Q3
◦ ǫOT2Q2

= ǫO(T1+T2)Q3
, (12)

Proof. All elliptic curves EOi
go through seven points: four base pointsBi =

[±1,±1, 1] and the respective singular pointsX = [1, 0, 0], Y = [0, 1, 0], Z =
[0, 0, 1] of the singular conicskx : y2−z2 = 0, ky : z2−x2 = 0, kz : x

2−y2 = 0 of
K. The remaining two from the nine intersections ofEO andEQ2

are obviously the
tangency pointsT2 andT ′

2 on the lineOQ2. If we take any pointT ∈ EO, the line
TT2 will intersectEQ2

in three points:T2, S andS′. To choose the correct image
of T underǫOT2Q2

amongS andS′, i.e. theK−equivalent one, we take the second
intersection ofTT2 with the conic throughT . This intersection is uniquely defined
and can be found by eliminating the parametersµi from µ0kx(T ) + µ1ky(T ) = 0
and intersectingkµ(X) = ky(T )kx(X)− kx(T )ky(X) = 0 with the lineTT2, see
Lemma 6 and Figure 8. Another way to see thatS = ǫOT2Q2

(T ) is obtained from
T by a regular mapping is to write it as

ǫOT2Q2
(T ) = q(T2)q(T + T2) ∩ TT2,

with q defined in the proof to Proposition 11.
These mappingsǫOT2Q2

are non-constant isogenies (biholomorphic mappings,
respecting the origins) of elliptic curves, hence isomorphisms of the underlying
group structure, see [13, chap VI.4], and [18, chap III.4]. This can be seen by
lifting the mapping to the universal coverC of the elliptic curves, where its deriva-
tive is an everywhere bounded analytic function, hence constant. So, the covering
mapping, being linear and respecting the origins, is a multiplication with a com-
plex number and as such an isomorphism of the group structure. This remains true
if the covering mapping descends from the cover to the elliptic curves.

4The mere fact that allEO, O ∈ kλ \ {Bi}, are isomorphic, without indicating explicit isomor-
phisms, can also be deduced from theirj−invariants, expressing them with the Weierstrass form
(5) only by the parameterλ = [λ0, λ1] of kλ. In order to do this, we only have to eliminate the
coordinates[u, v, w] using equation (2). Forj−invariant see [18, Proposition 1.4]
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The equation (12) is a consequence of the transitivity explained in Lemma 7 and
of Corollary 9. �

Note that there is another isomorphism fromEO toEQ2
, i.e. ǫOT ′

2
Q2

which goes
via the second intersectionT ′

2 of EO andEQ2
. By Proposition 12, each of them is

the negative of the other
ǫOT ′

2
Q2

= −ǫOT2Q2
. (13)

5. Poncelet Configurations

As before, on a nondegenerate conickλ from the pencilK a pointO, distinct
from the base points ofK, is fixed. LetEO be the elliptic curve defined in (4).

Definition 2. We call the conicsk0, . . . , kn−1 ∈ K a Poncelet configurationif for
everyQ0 ∈ kλ there is a closed polygonal chain(Q0, . . . , Qn−1) inscribed inkλ
so that its secantsQiQi+1, i = 0, 1, . . . (modn) touch all conicsk0, . . . , kn−1 in
some order.

Theorem 15. In the same settings as above, letk0, . . . , kn−1 ∈ K be given to-
gether with points∆Ti ∈ EO ∩ ki, where tangents fromO touchki. These conics
form a Poncelet configuration if and only if some of the sumsΣ = ±∆T0 ± · · · ±

∆Tn−1 vanish.

Proof. Suppose that any of the above sums vanishes. Since∆Ti and−∆Ti are
the points where tangents fromO touch ki (Proposition 12), let us assume, by
switching signs if necessary, thatΣ = ∆T0 + · · · + ∆Tn−1 = 0. ForQ0 ∈ kλ
take aT0 ∈ EO with q(T0) = Q0, for the mappingq see Corollary 13, and define
inductivelyTi+1 = Ti+∆Ti andQi+1 = q(Ti+1). By Proposition 14, both secants
q(Ti)q(Ti+1) andO∆Ti areK−parallel and therefore touch the same conicki.
This argument is valid if among the end points of the secants there is no base point.
By the continuous extension (10), the tangency to the same conic persists if some
of the end points of the secants are base points. The polygonal chain(Q0, . . . , Qn)
is closed sinceTn = T1 +Σ = T1.

Now suppose that none of the sums is zero. We will show thatΣ = ∆T0+ · · ·+
∆Tn−1 6= 0 implies that there are only fourT0 ∈ EO for which a polygonal chain,
starting inQ0 = q(T0) and going through consecutive pointsQi via tangency
pointsSi that are equivalent to∆Ti, will close aftern steps atQ0. The choice
of the other tangent fromQi to ki results in a sign change of∆Ti (Proposition
12). Since none of these sign changes yields the sum zero of the±∆Ti, due to the
assumption made above, it follows that there are at most4 · 2n starting points, all
possible sign changes taken into account and all permutations of theki neglected
for having no effect on the end point, for which the polygonal chain is closed. But
for a Poncelet configuration there should be a closed chain for every starting point.

Drawing fromQ0 = q(T0) the tangent tok0 through the pointǫOT0Q0
(∆T0) ∈

EQ0
of tangency we arrive by (6) at the pointQ1 = q(T1), T1 = T0 + ∆T0.

These formulas forQ1 andT1 remain true even ifT0 is one of the base points
and there is no isomorphism fromEO ontoEQ0

, see (10). Eventually, we arrive
at Qn−1 = q(Tn−1), Tn−1 = T0 + ∆T0 + · · · + ∆Tn−2. For the closing of the
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polygon by a tangent fromQn−1 to kn−1 through the tangency pointSn−1 =
ǫOTn−1Qn−1

(∆Tn−1) ∈ EQn−1
it is necessary that

q(Tn−1 +∆Tn−1) = q(T0 +Σ) = q(T0).

SinceT0 + Σ 6= T0, the lineT0(T0 + Σ) containsO, see Figure 11. Hence,
O = T0 ∗ (T0 +Σ) and

T0 + (T0 +Σ) = O ∗O. (14)

Figure 11

But (14) has just four solutions:T0 =
O∗O−Σ

2
+U , whereU ∈ EO is a point of

order two. It follows fromU = −U and Proposition 12. that there exists a conickµ
from K such thatOU is the unique tangent fromO to kµ. If kµ is nondegenerate,
thenkµ = kλ andU = O. If kµ is one of the degenerate conicskx, ky, kz of K
formed by two lines, thenU is their respective intersectionX[1, 0, 0], Y [0, 1, 0] or
Z[0, 0, 1].

The equation2U = O for the pointsU of order two can be solved as well by the
following observation. Its four solutions are those pointsU for which the secant
lineO′U throughU and the pointO′ = O ∗O = [1/u, 1/v, 1/w] is tangent toEO

atU . It can easily be verified that this occurs at the previously determined points
U = O,X[1, 0, 0], Y [0, 1, 0], Z[0, 0, 1].

This proves the claim about the existence of at most four starting pointsQ0 =
q(T0) for which we get a closed polygonal chain along tangents toki, that are
parallel to∆Ti. �

The next proposition states a numerical criterion to check out if a polygon
Q0, . . . , Qn−1 produces via given tangency points pointsSi ∈ QiQi+1 the con-
ics of a Poncelet configuration.
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Proposition 16. In the same settings as above, letQ0, . . . , Qn−1 ∈ kλ \ {Bi} be
given (the base points are excluded since (15) makes no sense for thesepoints) and
on each secantQiQi+1 a fixed pointSi of the involution induced byK on it. Then

Q0S0

S0Q1

Q1S1

S1Q2

· . . . ·
Qn−1Sn−1

Sn−1Q0

= ±1. (15)

If the result is 1, the conicski tangent toQiQi+1 at Si form a Poncelet configura-
tion.

If the result is−1, take an odd number of pointsSi on QiQi+1 and substitute
them by the other tangent pointS′

i
to change the sign in (15). With an appropriate

change of the correponding conics we obtain again a Poncelet configuration.

Figure 12

Proof. Go through the construction ofTi with q(Ti) = Qi as before and take
always the nextTi+1 that forms a Ceva configuration together withTi andSi on the
sides ofOQiQi+1. By Corollary 9. we haveTi+1 = Ti+∆Ti andq(Ti+1) = Qi+1

for ∆Ti = ǫQiTiO(Si). You can close up the polygon and get
∑

∆Ti = 0 if and
only if the last triangleOQ0Qn−1 with T0, Tn−1 andSn−1 on its sides forms a
Ceva configuration, see Figure 12. In this case (15) is obtained by multiplying
the Ceva relations for all trianglesOQiQi+1. If the last triangle is a Menelaus
configuration, (15) gives−1 from multiplying this Menelaus relation with the other
Ceva relations. The substitution of a tangency point onQiQi+1 by the other one
changes the sign in (15) because of (3). �

In order to conclude this article, let us ask if there could be defined an action
of the groupEO on polygons inscribed inkλ, because something similar was done
in the real case, see [11]. It can be seen very quickly that this is impossible in
the complex case. There is no reasonable group action ofEO on kλ. The above
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mentioned pointsO,X[1, 0, 0], Y [0, 1, 0], Z[0, 0, 1] of order two are the only el-
ementsS of EO for which the translationτS : T 7→ S + T of EO descends via
q : EO → kλ to a well defined mappingτS on the conic. From Corollary 13 we
have thatq(O ∗O − T ) = q(T ). If we wantτS to descend fromEO to a mapping
onkλ, then we must haveq(S+O ∗O−T ) = q(S+T ) for all T . This is possible
only if S + O ∗ O − T = O ∗ O − (S + T ), i.e. if S = −S is an element of
order two. Only the four translationsτO, τX , τY , τZ can be transferred to the conic
kλ. They give the Fŕegier involutions through the Frégier pointsX,Y, Z (see [2,
§16.3]), or in the concrete example ofK the reflections across thex−, y− andz−
axis that form together with the identity a very small group, the Klein four-group.
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On The Relations Between Truncated Cuboctahedron,
Truncated Icosidodecahedron and Metrics

Özcan Gelişgen

Abstract. The theory of convex sets is a vibrant and classical field of mod-
ern mathematics with rich applications. The more geometric aspects of con-
vex sets are developed introducing some notions, but primarily polyhedra. A
polyhedra, when it is convex, is an extremely important special solid inR

n.
Some examples of convex subsets of Euclidean3-dimensional space are Pla-
tonic Solids, Archimedean Solids and Archimedean Duals or Catalan Solids.
There are some relations between metrics and polyhedra. For example,it has
been shown that cube, octahedron, deltoidal icositetrahedron are maximum, taxi-
cab, Chinese Checker’s unit sphere, respectively. In this study, wegive two new
metrics to be their spheres an Archimedean solids truncated cuboctahedron and
truncated icosidodecahedron.

1. Introduction

A polyhedron is a three-dimensional figure made up of polygons. When dis-
cussing polyhedra one will use the terms faces, edges and vertices. Each polygonal
part of the polyhedron is called a face. A line segment along which two faces come
together is called an edge. A point where several edges and faces cometogether is
called a vertex. That is, a polyhedron is a solid in three dimensions with flat faces,
straight edges and vertices.

A regular polyhedron is a polyhedron with congruent faces and identical ver-
tices. There are only five regular convex polyhedra which are called Platonic solids.
A convex polyhedron is said to be semiregular if its faces have a similar configu-
ration of nonintersecting regular plane convex polygons of two or more different
types about each vertex. These solids are commonly called the Archimedeansolids.
Archimedes discovered the semiregular convex solids. However, several centuries
passed before their rediscovery by the renaissance mathematicians. Finally, Ke-
pler completed the work in 1620 by introducing prisms and antiprisms as well as
four regular nonconvex polyhedra, now known as the Kepler–Poinsot polyhedra.
Construction of the dual solids of the Archimedean solids was completed in 1865
by Catalan nearly two centuries after Kepler (See [12]). The duals are known as
the Catalan solids. The Catalan solids are all convex. They are face-transitive
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when all its faces are the same but not vertex-transitive. Unlike Platonic solids and
Archimedean solids, the face of Catalan solids are not regular polygons.

Minkowski geometry is non-Euclidean geometry in a finite number of dimen-
sions. Here the linear structure is the same as the Euclidean one but distanceis not
uniform in all directions. That is, the points, lines and planes are the same, and the
angles are measured in the same way, but the distance function is different.Instead
of the usual sphere in Euclidean space, the unit ball is a general symmetricconvex
set [13].

Some mathematicians have studied and improved metric geometry inR
3. Ac-

cording to mentioned researches it is found that unit spheres of these metrics are
associated with convex solids. For example, unit sphere of maximum metric is a
cube which is a Platonic Solid. Taxicab metric’s unit sphere is an octahedron, an-
other Platonic Solid. In [1, 2, 4, 5, 7, 8, 9, 10, 11] the authors give somemetrics
of which the spheres of the 3-dimensional analytical space equipped with these
metrics are some of Platonic solids, Archimedian solids and Catalan solids. So
there are some metrics which unit spheres are convex polyhedrons. That is, convex
polyhedrons are associated with some metrics. When a metric is given, we can
find its unit sphere in related space geometry. This enforce us to the question “Are
there some metrics whose unit sphere is a convex polyhedron?”. For this goal,
firstly, the related polyhedra are placed in the3-dimensional space in such a way
that they are symmetric with respect to the origin. And then the coordinates of ver-
tices are found. Later one can obtain metric which always supply plane equation
related with solid’s surface. In this study, we introduce two new metrics, andshow
that the spheres of the 3-dimensional analytical space equipped with thesemetrics
are truncated cuboctahedron and truncated icosidodecahedron. Alsowe give some
properties about these metrics.

2. Truncated cuboctahedron and its metric

The story of the rediscovery of the Archimedean polyhedra during the Renais-
sance is not that of the recovery of a ‘lost’ classical text. Rather, it concerns the
rediscovery of actual mathematics, and there is a large component of humanmud-
dle in what with hindsight might have been a purely rational process. The pattern
of publication indicates very clearly that we do not have a logical progress in which
each subsequent text contains all the Archimedean solids found by its author’s pre-
decessors. In fact, as far as we know, there was no classical text recovered by
Archimedes. The Archimedean solids have that name because in his Collection,
Pappus stated that Archimedes had discovered thirteen solids whose faces were
regular polygons of more than one kind. Pappus then listed the numbers andtypes
of faces of each solid. Some of these polyhedra have been discoveredmany times.
According to Heron, the third solid on Pappus’ list, the cuboctahedron, was known
to Plato. During the Renaissance, and especially after the introduction of perspec-
tive into art, painters and craftsmen made pictures of platonic solids. To varytheir
designs they sliced off the corners and edges of these solids, naturally producing
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some of the Archimedean solids as a result. For more detailed knowledge, see[3]
and [6].

It has been stated in [14], an Archimedean solid is a symmetric, semiregular
convex polyhedron composed of two or more types of regular polygons meeting
in identical vertices. A polyhedron is called semiregular if its faces are all regular
polygons and its corners are alike. And, identical vertices are usually means that
for two taken vertices there must be an isometry of the entire solid that transforms
one vertex to the other.

The Archimedean solids are the only13 polyhedra that are convex, have iden-
tical vertices, and their faces are regular polygons (although not equal as in the
Platonic solids).

Five Archimedean solids are derived from the Platonic solids by truncating(cut-
ting off the corners) a percentage less than1/2.

Two special Archimedean solids can be obtained by full truncating (percentage
1/2) either of two dual Platonic solids: the Cuboctahedron, which comes from
trucating either a Cube, or its dual an Octahedron. And the Icosidodecahedron,
which comes from truncating either an Icosahedron, or its dual a Dodecahedron.
Hence their “double name”.

The next two solids, the Truncated Cuboctahedron (also called Great Rhom-
bicuboctahedron) and the Truncated Icosidodecahedron (also calledGreat Rhom-
bicosidodecahedron) apparently seem to be derived from truncating the two pre-
ceding ones. However, it is apparent from the above discussion on thepercentage
of truncation that one cannot truncate a solid with unequally shaped facesand end
up with regular polygons as faces. Therefore, these two solids need beconstructed
with another technique. Actually, they can be built from the original platonic solids
by a process called expansion. It consists on separating apart the faces of the orig-
inal polyhedron with spherical symmetry, up to a point where they can be linked
through new faces which are regular polygons. The name of the Truncated Cuboc-
tahedron (also called Great Rhombicuboctahedron) and of the Truncated Icosido-
decahedron (also called Great Rhombicosidodecahedron) again seemto indicate
that they can be derived from truncating the Cuboctahedron and the Icosidodeca-
hedron. But, as reasoned above, this is not possible.

Finally, there are two special solids which have two chiral (specular symmetric)
variations: the Snub Cube and the Snub Dodecahedron. These solids can be con-
structed as an alternation of another Archimedean solid. This process consists on
deleting alternated vertices and creating new triangles at the deleted vertices.

One of the Archimedean solids is the truncated cuboctahedron. It has12 square
faces,8 regular hexagonal faces,6 regular octagonal faces,48 vertices and72
edges. Since each of its faces has point symmetry (equivalently,180 rotational
symmetry), the truncated cuboctahedron is a zonohedron ([15]).
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Figure 1(a) truncated cuboctahedron Figure 1(b) Cuboctahedron

We describe the metric that unit sphere is truncated cuboctahedron as following:

Definition 1. LetP1 = (x1, y1, z1) andP2 = (x2, y2, z2) be two points inR3.The
distance functiondTC : R

3 × R
3 → [0,∞) truncated cuboctahedron distance

betweenP1 andP2 is defined by

dTC(P1, P2)=
3−

√
2

3
max











































X12 +
3
√
2−2
14 max

{

22+12
√
2

7 X12,
3
√
2+2
14 (Y12 + Z12),

X12 +
3
√
2+3
2 Y12, X12 +

3
√
2+3
2 Z12

}

,

Y12 +
3
√
2−2
14 max

{

22+12
√
2

7 Y12,
3
√
2+2
14 (X12 + Z12),

Y12 +
3
√
2+3
2 Z12, Y12 +

3
√
2+3
2 X12

}

,

Z12 +
3
√
2−2
14 max

{

22+12
√
2

7 Z12,
3
√
2+2
14 (X12 + Y12),

Z12 +
3
√
2+3
2 X12, Z12 +

3
√
2+3
2 Y12

}











































whereX12 = |x1 − x2|, Y12 = |y1 − y2|, Z12 = |z1 − z2|.

According to truncated cuboctahedron distance, there are three different paths
from P1 to P2. These paths are

(i) a line segment which is parallel to a coordinate axis.
(ii) union of three line segments which one is parallel to a coordinate axis and

other line segments makesarctan(195
28

) angle with another coordinate axes.
(iii) union of two line segments which one is parallel to a coordinate axis and

other line segment makesarctan(3
4
) angle with another coordinate axis.

Thus truncated cuboctahedron distance betweenP1 andP2 is for (i) Euclidean
lengths of line segment, for (ii)3−

√

2

3
times the sum of Euclidean lengths of men-

tioned three line segments, and for (iii)10−
√

2

14
times the sum of Euclidean lengths

of mentioned two line segments.
Figure 2 illustrates truncated cuboctahedron way fromP1 to P2 if maximum

value is|y1 − y2|, 3−
√

2

3
(|y1 − y2|+ 1

14
(|x1 − x2|+ |z1 − z2|)) , 10−

√

2

14
(|y1 − y2|+

1

2
|z1 − z2|

)

, or 10−
√

2

14

(

|y1 − y2|+
1

2
|x1 − x2|

)

.
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Figure 2:TC way fromP1 to P2

Lemma 1. Let P1 = (x1, y1, z1) andP2 = (x2, y2, z2) be distinct two points in
R
3. X12, Y12, Z12 denote|x1 − x2| , |y1 − y2| , |z1 − z2| , respectively. Then

dTC(P1, P2) ≥
3−

√
2

3

(

X12 +
3
√
2− 2

14
max

{

22+12
√
2

7 X12,
3
√
2+2
14 (Y12 + Z12),

X12 +
3
√
2+3
2 Y12, X12 +

3
√
2+3
2 Z12

})

,

dTC(P1, P2) ≥
3−

√
2

3

(

Y12 +
3
√
2− 2

14
max

{

22+12
√
2

7 Y12,
3
√
2+2
14 (X12 + Z12),

Y12 +
3
√
2+3
2 Z12, Y12 +

3
√
2+3
2 X12

})

,

dTC(P1, P2) ≥
3−

√
2

3

(

Z12 +
3
√
2− 2

14
max

{

22+12
√
2

7 Z12,
3
√
2+2
14 (X12 + Y12),

Z12 +
3
√
2+3
2 X12, Z12 +

3
√
2+3
2 Y12

})

.

Proof. Proof is trivial by the definition of maximum function. �

Theorem 2. The distance functiondTC is a metric. Also according todTC , the
unit sphere is a truncated cuboctahedron inR

3.

Proof. Let dTC : R
3 × R

3 → [0,∞) be the truncated cuboctahedron distance
function andP1=(x1, y1, z1) ,P2=(x2, y2, z2) andP3=(x3, y3, z3) are distinct three
points inR3. X12, Y12, Z12 denote|x1 − x2| , |y1 − y2| , |z1 − z2| , respectively.
To show thatdTC is a metric inR3, the following axioms hold true for allP1, P2

andP3 ∈ R
3.

(M1) dTC(P1, P2) ≥ 0 anddTC(P1, P2) = 0 iff P1 = P2

(M2) dTC(P1, P2) = dTC(P2, P1)
(M3) dTC(P1, P3) ≤ dTC(P1, P2) + dTC(P2, P3).

Since absolute values is always nonnegative valuedTC(P1, P2) ≥ 0. If dTC(P1, P2) =
0 then there are possible three cases. These cases are

(1)dTC(P1, P2) =
3−

√

2

3

(

X12 +
3
√

2−2

14
max

{

22+12
√

2

7
X12,

3
√

2+2

14
(Y12 + Z12),

X12 +
3
√

2+3

2
Y12, X12 +

3
√

2+3

2
Z12

})

(2)dTC(P1, P2) =
3−

√

2

3

(

Y12 +
3
√

2−2

14
max

{

22+12
√

2

7
Y12,

3
√

2+2

14
(X12 + Z12),

Y12 +
3
√

2+3

2
Z12, Y12 +

3
√

2+3

2
X12

})

(3)dTC(P1, P2) =
3−

√

2

3

(

Z12 +
3
√

2−2

14
max

{

22+12
√

2

7
Z12,

3
√

2+2

14
(X12 + Y12),

Z12 +
3
√

2+3

2
X12, Z12 +

3
√

2+3

2
Y12

})

.

Case I: If

dTC(P1, P2) =
3−

√
2

3

(

X12 +
3
√
2− 2

14
max

{

22+12
√

2

7
X12,

3
√

2+2

14
(Y12 + Z12),

X12 +
3
√

2+3

2
Y12, X12 +

3
√

2+3

2
Z12

})

,
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then

3−
√
2

3

(

X12 +
3
√
2− 2

14
max

{

22+12
√

2

7
X12,

3
√

2+2

14
(Y12 + Z12),

X12 +
3
√

2+3

2
Y12, X12 +

3
√

2+3

2
Z12

})

=0

⇔ X12=0 and
3
√
2− 2

14
max

{

22+12
√

2

7
X12,

3
√

2+2

14
(Y12 + Z12),

X12 +
3
√

2+3

2
Y12, X12 +

3
√

2+3

2
Z12

}

=0

⇔ x1 = x2, y1 = y2, z1 = z2

⇔ (x1, y1, z1) = (x2, y2, z2)

⇔ P1 = P2

The other cases can be shown by similar way in Case I. Thus we getdTC(P1, P2) =
0 iff P1 = P2.

Since|x1 − x2| = |x2 − x1| , |y1 − y2|=|y2 − y1| and |z1 − z2| = |z2 − z1|,
obviouslydTC(P1, P2) = dTC(P2, P1). That is,dTC is symmetric.

X13, Y13, Z13, X23, Y23, Z23 denote|x1 − x3| , |y1 − y3| , |z1 − z3| , |x2 − x3| ,

|y2 − y3| , |z2 − z3|, respectively.

dTC(P1, P3)

=
3−

√
2

3
max











































X13 +
3
√
2−2
14 max

{

22+12
√
2

7 X13,
3
√
2+2
14 (Y13 + Z13),

X13 +
3
√
2+3
2 Y13, X13 +

3
√
2+3
2 Z13

}

,

Y13 +
3
√
2−2
14 max

{

22+12
√
2

7 Y13,
3
√
2+2
14 (X13 + Z13),

Y13 +
3
√
2+3
2 Z13, Y13 +

3
√
2+3
2 X13

}

,

Z13 +
3
√
2−2
14 max

{

22+12
√
2

7 Z13,
3
√
2+2
14 (X13 + Y13),

Z13 +
3
√
2+3
2 X13, Z13 +

3
√
2+3
2 Y13

}











































≤
3−

√
2

3
max































































































X12 +X23 +
3
√
2−2
14 max



















22+12
√
2

7 (X12 +X23) ,
3
√
2+2
14 (Y12 + Y23 + Z12 + Z23),

X12 +X23 +
3
√
2+3
2 (Y12 + Y23) ,

X12 +X23 +
3
√
2+3
2 (Z12 + Z23)



















,

Y12 + Y23 +
3
√
2−2
14 max



















22+12
√
2

7 (Y12 + Y23) ,
3
√
2+2
14 (X12 +X23 + Z12 + Z23),

Y12 + Y23 +
3
√
2+3
2 (Z12 + Z23) ,

Y12 + Y23 +
3
√
2+3
2 (X12 +X23)



















,

Z12 + Z23 +
3
√
2−2
14 max



















22+12
√
2

7 (Z12 + Z23) ,
3
√
2+2
14 (X12 +X23 + Y12 + Y23),

Z12 + Z23 +
3
√
2+3
2 (X12 +X23) ,

Z12 + Z23 +
3
√
2+3
2 (Y12 + Y23)

















































































































= I.

Therefore one can easily find thatI ≤ dTC(P1, P2)+dTC(P2, P3) from Lemma 1.
SodTC(P1, P3) ≤ dTC(P1, P2)+ dTC(P2, P3). Consequently, truncated cubocta-
hedron distance is a metric in 3-dimensional analytical space.
Finally, the set of all pointsX = (x, y, z) ∈ R

3 that truncated cuboctahedron
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distance is1 fromO = (0, 0, 0) is STC =











































(x, y, z):
3−

√
2

3
max











































|x|+ 3
√
2−2
14 max

{

22+12
√
2

7 |x| , 3
√
2+2
14 (|y|+ |z|),

|x|+ 3
√
2+3
2 |y| , |x|+ 3

√
2+3
2 |z|

}

,

|y|+ 3
√
2−2
14 max

{

22+12
√
2

7 |y| , 3
√
2+2
14 (|x|+ |z|),

|y|+ 3
√
2+3
2 |z| , |y|+ 3

√
2+3
2 |x|

}

,

|z|+ 3
√
2−2
14 max

{

22+12
√
2

7 |z| , 3
√
2+2
14 (|x|+ |y|),

|z|+ 3
√
2+3
2 |x| , |z|+ 3

√
2+3
2 |y|

}











































=1











































.

Thus the graph ofSTC is as in Figure 3:

Figure 3 The unit sphere in terms ofdTC : Truncated cuboctahedron

�

Corollary 3. The equation of the truncated cuboctahedron with center(x0, y0, z0)
and radiusr is

3−
√
2

3
max











































|x− x0|+
3
√
2−2
14 max

{

22+12
√
2

7 |x− x0| ,
3
√
2+2
14 (|y − y0|+ |z − z0|),

|x− x0|+
3
√
2+3
2 |y − y0| , |x− x0|+

3
√
2+3
2 |z − z0|

}

,

|y − y0|+
3
√
2−2
14 max

{

22+12
√
2

7 |y − y0| ,
3
√
2+2
14 (|x− x0|+ |z − z0|),

|y − y0|+
3
√
2+3
2 |z − z0| , |y − y0|+

3
√
2+3
2 |x− x0|

}

,

|z − z0|+
3
√
2−2
14 max

{

22+12
√
2

7 |z − z0| ,
3
√
2+2
14 (|x− x0|+ |y − y0|),

|z − z0|+
3
√
2+3
2 |x− x0| , |z − z0|+

3
√
2+3
2 |y − y0|

}











































= r

which is a polyhedron which has26 faces and48 vertices. Coordinates of the ver-
tices are translation to(x0, y0, z0) all permutations of the three axis components

and all possible+/− sign components of the points(
√

2+3

7
r, 2

√

2−1

7
r, r).

Lemma 4. Let l be the line through the pointsP1 = (x1, y1, z1) and P2 =
(x2, y2, z2) in the analytical 3-dimensional space anddE denote the Euclidean
metric. If l has direction vector(p, q, r), then

dTC(P1, P2) = µ(P1P2)dE(P1, P2)
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where

µ(P1P2) =

3−
√

2

3
max











































|p|+ 3
√

2−2

14
max

{

22+12
√

2

7
|p| , 3

√

2+2

14
(|q|+ |r|),

|p|+ 3
√

2+3

2
|q| , |p|+ 3

√

2+3

2
|r|

}

,

|q|+ 3
√

2−2

14
max

{

22+12
√

2

7
|q| , 3

√

2+2

14
(|p|+ |r|),

|q|+ 3
√

2+3

2
|r| , |q|+ 3

√

2+3

2
|p|

}

,

|r|+ 3
√

2−2

14
max

{

22+12
√

2

7
|r| , 3

√

2+2

14
(|p|+ |q|),

|r|+ 3
√

2+3

2
|p| , |r|+ 3

√

2+3

2
|q|

}











































√

p2 + q2 + r2
.

Proof. Equation ofl gives usx1 − x2 = λp, y1 − y2 = λq, z1 − z2 = λr, r ∈ R.
Thus,dTC(P1, P2) is equal to

|λ|























3−
√
2

3
max











































|p|+ 3
√

2−2

14
max

{

22+12
√

2

7
|p| , 3

√

2+2

14
(|q|+ |r|),

|p|+ 3
√

2+3

2
|q| , |p|+ 3

√

2+3

2
|r|

}

,

|q|+ 3
√

2−2

14
max

{

22+12
√

2

7
|q| , 3

√

2+2

14
(|p|+ |r|),

|q|+ 3
√

2+3

2
|r| , |q|+ 3

√

2+3

2
|p|

}

,

|r|+ 3
√

2−2

14
max

{

22+12
√

2

7
|r| , 3

√

2+2

14
(|p|+ |q|),

|r|+ 3
√

2+3

2
|p| , |r|+ 3

√

2+3

2
|q|

}

































































anddE(A,B) = |λ|
√

p2 + q2 + r2 which implies the required result. �

The above lemma says thatdTC-distance along any line is some positive con-
stant multiple of Euclidean distance along same line. Thus, one can immediately
state the following corollaries:

Corollary 5. If P1, P2 and X are any three collinear points inR3, then
dE(P1, X) = dE(P2, X) if and only ifdTC(P1, X) = dTC(P2, X) .

Corollary 6. If P1, P2 andX are any three distinct collinear points in the real
3-dimensional space, then

dTC(X,P1) / dTC(X,P2) = dE(X,P1) / dE(X,P2) .

That is, the ratios of the Euclidean anddTC−distances along a line are the same.

3. Truncated icosadodecahedron and its metric

The truncated icosidodecahedron is an Archimedean solid, one of thirteencon-
vex isogonal nonprismatic solids constructed by two or more types of regular poly-
gon faces. It has30 square faces,20 regular hexagonal faces,12 regular decagonal
faces,120 vertices and180 edges more than any other convex nonprismatic uni-
form polyhedron. Since each of its faces has point symmetry (equivalently, 180
rotational symmetry), the truncated icosidodecahedron is a zonohedron ([16]; see
Figure 4(a)).
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Figure 4(a)Truncated icosidodecahedron Figure 4(b) Icosidodecahedron

We describe the metric that unit sphere is truncated icosidodecahedron asfol-
lowing:

Definition 2. LetP1 = (x1, y1, z1) andP2 = (x2, y2, z2) be two points inR3.The
distance functiondTI : R

3 × R
3 → [0,∞) truncated icosidodecahedron distance

betweenP1 andP2 is defined by
dTI(P1, P2) =

max











































4−
√
5

3 X12+7
√
5−13
12 max

{

6
√
5+22
19 X12,

15
√
5+17
19 (Y12 + Z12) ,

√
5+29
19 (X12 + Z12) ,

X12 +
21

√
5+39
38 Z12 +

9
√
5+33
38 Y12,

18
√
5+104
95 X12 +

48
√
5+138
95 Y12

}

,

4−
√
5

3 Y12+7
√
5−13
12 max

{

6
√
5+22
19 Y12,

15
√
5+17
19 (X12 + Z12) ,

√
5+29
19 (X12 + Y12) ,

Y12 +
21

√
5+39
38 X12 +

9
√
5+33
38 Z12,

18
√
5+104
95 Y12 +

48
√
5+138
95 Z12

}

,

4−
√
5

3 Z12+7
√
5−13
12 max

{

6
√
5+22
19 Z12,

15
√
5+17
19 (X12 + Y12) ,

√
5+29
19 (Y12 + Z12) ,

Z12 +
21

√
5+39
38 Y12 +

9
√
5+33
38 X12,

18
√
5+104
95 Z12 +

48
√
5+138
95 X12

}











































whereX12 = |x1 − x2|, Y12 = |y1 − y2|, Z12 = |z1 − z2|.

According to truncated icosidodecahedron distance, there are five different paths
from P1 to P2. These paths are

(i) a line segment which is parallel to a coordinate axis,
(ii) union of three line segments each of which is parallel to a coordinate axis,
(iii) union of two line segments which one is parallel to a coordinate axis and

other line segment makesarctan(
√

5

2
) angle with another coordinate axis,

(iv) union of three line segments which two of them are parallel to a coordinate
axis and other line segment makesarctan(937−215

√

5

1824
) angle with other coordinate

axis,
(v) union of two line segments which one is parallel to a coordinate axis and

other line segment makesarctan(1
2
) angle with another coordinate axis.

Thus truncated cuboctahedron distance betweenP1 andP2 is for (i) Euclidean
length of line segment, for (ii)4−

√

5

3
times the sum of Euclidean lengths of men-

tioned three line segments, for (iii)3
√

5−1

6
times the sum of Euclidean lengths of

two line segments, for (iv)
√

5+1

4
times the sum of Euclidean lengths of three line
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segments, and for (v)
√

5+7

10
times the sum of Euclidean lengths of two line seg-

ments. Figure 5 shows that the path betweenP1 andP2 in case of the maximum is
|y1 − y2|,
4−

√

5

3
(|x1 − x2|+ |y1 − y2|+ |z1 − z2|),

3
√

5−1

6

(

|y1 − y2|+
3−

√

5

2
|x1 − x2|

)

,
√

5+1

4

(

|y1 − y2|+ |z1 − z2|+
12(

√

5−1)
19

|x1 − x2|

)

, or
√

5+7

10

(

|y1 − y2|+
√

5−1

2
|z1 − z2|

)

.

Figure 5:TI way fromP1 to P2

Lemma 7. Let P1 = (x1, y1, z1) andP2 = (x2, y2, z2) be distinct two points in
R
3. Then

dTI(P1, P2) ≥

4−
√
5

3
X12 +

7
√
5− 13

12
max

{

6
√
5+22
19 X12,

15
√
5+17
19 (Y12 + Z12) ,

√
5+29
19 (X12 + Z12) ,

X12 +
21

√
5+39
38 Z12 +

9
√
5+33
38 Y12,

18
√
5+104
95 X12 +

48
√
5+138
95 Y12

}

dTI(P1, P2) ≥

4−
√
5

3
Y12 +

7
√
5− 13

12
max

{

6
√
5+22
19 Y12,

15
√
5+17
19 (X12 + Z12) ,

√
5+29
19 (X12 + Y12) ,

Y12 +
21

√
5+39
38 X12 +

9
√
5+33
38 Z12,

18
√
5+104
95 Y12 +

48
√
5+138
95 Z12

}

dTI(P1, P2) ≥

4−
√
5

3
Z12 +

7
√
5− 13

12
max

{

6
√
5+22
19 Z12,

15
√
5+17
19 (X12 + Y12) ,

√
5+29
19 (Y12 + Z12) ,

Z12 +
21

√
5+39
38 Y12 +

9
√
5+33
38 X12,

18
√
5+104
95 Z12 +

48
√
5+138
95 X12

}

.

whereX12= |x1 − x2|, Y12= |y1 − y2|, Z12= |z1 − z2|.

Proof. Proof is trivial by the definition of maximum function. �

Theorem 8. The distance functiondTI is a metric. Also according todTI , unit
sphere is a truncated icosidodecahedron inR

3.
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Proof. One can easily show that the truncated icosidodecahedron distance function
satisfies the metric axioms by similar way in Theorem 2.

Consequently, the set of all pointsX = (x, y, z) ∈ R
3 that truncated icosido-

decahedron distance is1 fromO = (0, 0, 0) is STI =



































































(x, y, z):max



































































4−
√
5

3 |x|+7
√
5−13
12 max











15
√
5+17
19 (|y|+ |z|) ,

√
5+29
19 (|x|+ |z|) ,

6
√
5+22
19 |x| , |x|+ 21

√
5+39
38 |z|+ 9

√
5+33
38 |y| ,

18
√
5+104
95 |x|+ 48

√
5+138
95 |y|











,

4−
√
5

3 |y|+7
√
5−13
12 max











15
√
5+17
19 (|x|+ |z|) ,

√
5+29
19 (|x|+ |y|) ,

6
√
5+22
19 |y| , |y|+ 21

√
5+39
38 |x|+ 9

√
5+33
38 |z| ,

18
√
5+104
95 |y|+ 48

√
5+138
95 |z|











,

4−
√
5

3 |z|+7
√
5−13
12 max











15
√
5+17
19 (|x|+ |y|) ,

√
5+29
19 (|y|+ |z|) ,

6
√
5+22
19 |z| , |z|+ 21

√
5+39
38 |y|+ 9

√
5+33
38 |x| ,

18
√
5+104
95 |z|+ 48

√
5+138
95 |x|













































































=1



































































.

Thus the graph ofSTI is as in Figure 6:

Figure 6 The unit sphere in terms ofdTI : Truncated icosidodecahedron

�

Corollary 9. The equation of the truncated icosidodecahedron with center(x0, y0, z0)
and radiusr is

max































































































4−
√
5

3 |x− x0|+ 7
√
5−13
12 max



















6
√
5+22
19 |x− x0| ,

15
√
5+17
19 (|y − y0|+ |z − z0|) ,√

5+29
19 (|x− x0|+ |z − z0|) ,

|x− x0|+
21

√
5+39
38 |z − z0|+

9
√
5+33
38 |y − y0| ,

18
√
5+104
95 |x− x0|+

48
√
5+138
95 |y − y0|



















,

4−
√
5

3 |y − y0|+ 7
√
5−13
12 max



















6
√
5+22
19 |y − y0| ,

15
√
5+17
19 (|x− x0|+ |z − z0|) ,√

5+29
19 (|x− x0|+ |y − y0|) ,

|y − y0|+
21

√
5+39
38 |x− x0|+

9
√
5+33
38 |z − z0| ,

18
√
5+104
95 |y − y0|+

48
√
5+138
95 |z − z0|



















,

4−
√
5

3 |z − z0|+ 7
√
5−13
12 max



















6
√
5+22
19 |z − z0| ,

15
√
5+17
19 (|x− x0|+ |y − y0|) ,√

5+29
19 (|y − y0|+ |z − z0|) ,

|z − z0|+
21

√
5+39
38 |y − y0|+

9
√
5+33
38 |x− x0| ,

18
√
5+104
95 |z − z0|+

48
√
5+138
95 |x− x0|

















































































































=r
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which is a polyhedron which has62 faces and120 vertices. Coordinates of the
vertices are translation to(x0, y0, z0) all possible+/− sign components of the
points
(

2
√
5−3
11 r, 2

√
5−3
11 r, r

)

,

(

r, 2
√
5−3
11 r, 2

√
5−3
11 r

)

,

(

2
√
5−3
11 r, r, 2

√
5−3
11 r

)

,
(

4
√
5−6
11 r, 3

√
5+1
22 r, 5

√
5+9
22 r

)

,

(

5
√
5+9
22 r, 4

√
5−6
11 r, 3

√
5+1
22 r

)

,

(

3
√
5+1
22 r, 5

√
5+9
22 r, 4

√
5−6
11 r

)

,
(

2
√
5−3
11 r,

√
5+4
11 r, 5

√
5−2
11 r

)

,

(

5
√
5−2
11 r, 2

√
5−3
11 r,

√
5+4
11 r

)

,

(√
5+4
11 r, 5

√
5−2
11 r, 2

√
5−3
11 r

)

,
(

7
√
5−5
22 r, 7−

√
5

11 r,
√
5+15
22 r

)

,

(√
5+15
22 r, 7

√
5−5
22 r, 7−

√
5

11 r

)

,

(

7−
√
5

11 r,
√
5+15
22 r, 7

√
5−5
22 r

)

,
(

3
√
5+1
22 r, 21−3

√
5

22 r, 3
√
5+1
11 r

)

,

(

3
√
5+1
11 r, 3

√
5+1
22 r, 21−3

√
5

22 r

)

,

(

21−3
√
5

22 r, 3
√
5+1
11 r, 3

√
5+1
22 r

)

.

Lemma 10. Let l be the line through the pointsP1 = (x1, y1, z1) and P2 =
(x2, y2, z2) in the analytical 3-dimensional space anddE denote the Euclidean
metric. If l has direction vector(p, q, r), then

dTI(P1, P2) = µ(P1P2)dE(P1, P2)

where

µ(P1P2) =

max



































































4−
√
5

3 |p|+ 7
√
5−13
12 max











15
√
5+17
19 (|q|+ |r|) ,

√
5+29
19 (|p|+ |r|) ,

6
√
5+22
19 |p| , |p|+ 21

√
5+39
38 |r|+ 9

√
5+33
38 |q| ,

18
√
5+104
95 |p|+ 48

√
5+138
95 |q|











,

4−
√
5

3 |q|+ 7
√
5−13
12 max











15
√
5+17
19 (|p|+ |r|) ,

√
5+29
19 (|p|+ |q|) ,

6
√
5+22
19 |q| , |q|+ 21

√
5+39
38 |p|+ 9

√
5+33
38 |r| ,

18
√
5+104
95 |q|+ 48

√
5+138
95 |r|











,

4−
√
5

3 |r|+ 7
√
5−13
12 max











15
√
5+17
19 (|p|+ |q|) ,

√
5+29
19 (|q|+ |r|) ,

6
√
5+22
19 |r| , |r|+ 21

√
5+39
38 |q|+ 9

√
5+33
38 |p| ,

18
√
5+104
95 |r|+ 48

√
5+138
95 |p|













































































√

p2 + q2 + r2
.

Proof. Equation ofl gives usx1 − x2 = λp, y1 − y2 = λq, z1 − z2 = λr, r ∈ R.
Thus,

dTI(P1, P2) = |λ|max



































































4−
√
5

3 |p|+7
√
5−13
12 max











15
√
5+17
19 (|q|+ |r|) ,

√
5+29
19 (|p|+ |r|) ,

6
√
5+22
19 |p| , |p|+ 21

√
5+39
38 |r|+ 9

√
5+33
38 |q| ,

18
√
5+104
95 |p|+ 48

√
5+138
95 |q|











,

4−
√
5

3 |q|+7
√
5−13
12 max











15
√
5+17
19 (|p|+ |r|) ,

√
5+29
19 (|p|+ |q|) ,

6
√
5+22
19 |q| , |q|+ 21

√
5+39
38 |p|+ 9

√
5+33
38 |r| ,

18
√
5+104
95 |q|+ 48

√
5+138
95 |r|











,

4−
√
5

3 |r|+7
√
5−13
12 max











15
√
5+17
19 (|p|+ |q|) ,

√
5+29
19 (|q|+ |r|) ,

6
√
5+22
19 |r| , |r|+ 21

√
5+39
38 |q|+ 9

√
5+33
38 |p| ,

18
√
5+104
95 |r|+ 48

√
5+138
95 |p|













































































anddE(A,B) = |λ|
√

p2 + q2 + r2 which implies the required result. �

The above lemma says thatdTI -distance along any line is some positive constant
multiple of Euclidean distance along same line. Thus, one can immediately state
the following corollaries:
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Corollary 11. If P1, P2 and X are any three collinear points inR3, then
dE(P1, X) = dE(P2, X) if and only ifdTI(P1, X) = dTI(P2, X) .

Corollary 12. If P1, P2 andX are any three distinct collinear points in the real
3-dimensional space, then

dTI(X,P1) / dTI(X,P2) = dE(X,P1) / dE(X,P2) .

That is, the ratios of the Euclidean anddTI−distances along a line are the same.
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[7] O. Gelişgen, R. Kaya, and M. Ozcan, Distance formulae in the Chinese checker space,Int. J.
Pure Appl. Math., 26 (2006) 35–44.
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Another Construction of the Golden Ratio
in an Isosceles Triangle

Tran Quang Hung

Abstract. Given an isosceles triangle, consider the circle with its top vertex
as center and passing through the other two vertices. Using a symmedian,we
construct a chord of the circle parallel to the base of the triangle to intersect the
equal sides so that for each segment formed by three contiguous points is divided
in the golden ratio.

Given an isosceles triangleABC with AB = AC, construct
(i) the circle(ω) with centerA and passing throughB, C,
(ii) the symmedianBE,
(iii) the circle (K) passing throughC, E, and tangent toAB atF ,
(iv) the parallel line fromF to BC to intersectCA atG, and the circle(ω) atM
andN (see Figure 1).

A

B C

E

F
N

G
M

K

P

(ω)

Figure 1.

Proposition. G dividesFM in the golden ratio.

Proof. We show that
GM · FM = FG2. (1)

Publication Date: June 19, 2017. Communicating Editor: Paul Yiu.
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ExtendCA to intersect the circle(ω) atP , so thatCP is a diameter of the circle.
By symmetry and the intersecting chords theorem,

FM ·GM = NG ·GM = PG ·GC

= (PA+AG)(AC −AG)

= (AC +AG)(AC −AG)

= AC2
−AG2

= AC2
−AF 2

= AC2
−AE ·AC.

SinceBE is a symmedian of triangleABC,

AE

AC
=

AB2

AB2 +BC2

(see [1, Theorem 561]). It follows that

FM ·GM = AC2

(

1−
AE

AC

)

= AC2

(

1−
AB2

AB2 +BC2

)

=
AC2 ·BC2

AB2 +BC2
. (2)

On the other hand,
AF

AB
=

FG

BC
by Thales’ theorem. From this,

FG2 = BC2
·
AF 2

AB2
= BC2

·
AE ·AC

AB2
= BC2

·
AE ·AC

AC2

= BC2
·
AE

AC
= BC2

·
AB2

AB2 +BC2

=
AC2 ·BC2

AB2 +BC2
. (3)

Comparing (2) and (3), we obtain (1). This proves thatG dividesFM in the golden
ratio. �

By symmetry,F also dividesGN in the golden ratio.
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On the Feuerbach Triangle

Dasari Naga Vijay Krishna

Abstract. We study the relations among the Feuerbach points of a triangle and
the feet of the angle bisectors. From these points we construct6 points, pairwise
on the three sides of the triangle, which lie on a conic. In addition, we also
establish some collinearity and perspectivity results.

1. Perspectivity of Feuerbach and incentral triangles

In this note we prove some interesting properties of the Feuerbach points ofa
triangle. Recall that by the famous Feuerbach theorem, the nine-point circle of a
triangle is tangent internally to the incircle and externally to each of the excircles.
The points of tangency are the Feuerbach points. If a triangleABC has side lengths
BC = a, CA = b, AB = c, its incenter and the excenters are the points

I = (a : b : c), Ia = (−a : b : c), Ib = (a : −b : c), Ic = (a : b : −c)

in homogeneous barycentric coordinates with reference toABC. On the other
hand, the nine-point center is the point

N = (a2(b2+c2)−(b2−c2)2 : b2(C2+a2)−(c2−a2)2 : c2(a2+b2)−(a2−b2)2).

From the formulas for the circumradiusR and the inradiusr

R =
abc

4∆
and r =

2∆

a+ b+ c

in terms ofa, b, c, and the area∆ of the triangle, we obtain the coordinates of the
Feuerbach points.

Proposition 1. The nine-point circle is tangent to the incircle at

Fe = ((b− c)2(b+ c− a) : (c− a)2(c+ a− b) : (a− b)2(a+ b− c)),

and to the A-, B-, C-excircles respectively at

Fa = (−(b− c)2(a+ b+ c) : (c+ a)2(a+ b− c) : (a+ b)2(c+ a− b)),

Fb = ((b+ c)2(a+ b− c) : −(c− a)2(a+ b+ c) : (a+ b)2(b+ c− a)),

Fc = ((b+ c)2(c+ a− b) : (c+ a)2(b+ c− a) : −(a− b)2(a+ b+ c)).

We callFaFbFc theFeuerbach triangle.

Publication Date: June 19, 2017. Communicating Editor: Paul Yiu.
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A

B C

Ia

Ib

Ic
NFc

Fa

Fb

I

X

Y
Z

Xa

Yb

Zc

Fe

Figure 1

We also consider the intersections of the angle bisectors with the sides. Let
the internal and external bisectors of angleA intersect the lineBC atX andXa

respectively. Similarly defineY , Yb, Z, Zc as the intersections of the internal and
external bisectors of anglesB andC with their opposite sides (see Figure 1). In
homogeneous barycentric coordinates,

X = (0 : b : c) Xa = (0 : b : −c)
Y = (a : 0 : c) Yb = (−a : 0 : c)
Z = (a : b : c) Zc = (a : −b : 0)

We callXY Z theincentral triangle.
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Line Equation

Y Z −
x

a
+ y

b
+ z

c
= 0

ZX x

a
−

y

b
+ z

c
= 0

XY x

a
+ y

b
−

z

c
= 0

FeFa (b2 − bc+ c2 − a2)x+ c(b− c)y − b(b− c)z = 0
FeFb −c(c− a)x+ (c2 − ca+ a2 − b2)y + a(c− a)z = 0
FeFc b(a− b)x− a(a− b)y + (a2 − ab+ b2 − c2)z = 0

FbFc −(b2 + bc+ c2 − a2)x+ c(b+ c)y + b(b+ c)z = 0
FcFa c(c+ a)x− (c2 + ca+ a2 − b2)y + a(c+ a)z − 0
FaFb b(a+ b)x+ a(a+ b)y − (a2 + ab+ b2 − c2)z = 0

Table 1. Equations of lines.

From the equations of the lines in Table 1, it is clear that

The line Y Z ZX XY FeFa FeFb FeFc FbFc FcFa FaFb

contains Xa Yb Zc X Y Z Xa Yb Zc

Table 2: Incidence of points and lines.

Note thatXa, Yb, Zc are collinear onx
a
+ y

b
+ z

c
= 0, the trilinear polar of

I = (a : b : c).

Proposition 2. The triangles FaFbFc and XY Z are perspective at Fe and has
perspectrix the trilinear polar of I = (a : b : c).

A

B C

Ib

Ic
NFc

Fa

Fb

I

X

Y

Z

Fe

Figure 2
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Proof. From Table 2, the linesFaX, FbY , FcZ are concurrent at the Feuerbach
point Fe. This means that the trianglesFaFbFc andXY Z are perspective atFe

(see Figure 2).
By Desargues’ theorem, the two trianglesFaFbFc andXY Z are also line per-

spective. This means that the three points

FbFc ∩ Y Z, FaFc ∩XZ, FaFb ∩XY

are collinear. From Table 2, these are respectively the pointsXa, Yb, Zc, they are
collinear on the trilinear polar ofI. This is the perspectrix of the triangles. �

Proposition 3. The following pairs of triangles are perspective.

Triangle Triangle Perspector Perspectrix

(i) FeFcFb XYbZc Fa Y Z

(ii) FcFeFa XaY Zc Fb ZX

(iii) FbFaFe XaYbZ Fc XY

Proof. We shall (i) only.
From Table 2, it is clear that the linesFeX, FcYb, FbZc concur atFa. Also,

FcFb ∩ YbZc = Xa, FbFe ∩ ZcX = Y, FeFc ∩XYb = Z.

This shows that the lineY Z is the perspectrix of the trianglesFeFcFb andXYbZc.
�

2. Similarity of the Feuerbach and incentral triangles

Proposition 4. Triangles FaFbFc and XY Z are similar.

Proof. We show that
FbFc

Y Z
=

FcFa

ZX
=

FaFb

XY
. (1)

For the feetY , Z of the bisectors of anglesB, C, we have, by applying the law
of cosines to triangleAY Z,

Y Z2 = AY 2 +AZ2
− 2 ·AY ·AZ cosA

=

(

bc

c+ a

)2

+

(

cb

b+ a

)2

− 2 ·
bc

c+ a
·

cb

b+ a
·
b2 + c2 − a2

2bc

=
bc

(c+ a)2(a+ b)2
(

bc((a+ b)2 + (c+ a)2)− (c+ a)(a+ b)(b2 + c2 − a2)
)

=
bc

(c+ a)2(a+ b)2
(

bc(2a(a+ b+ c) + (b2 + c2))− (c+ a)(a+ b)(b2 + c2)

+a2(c+ a)(a+ b))
)

=
bc

(c+ a)2(a+ b)2
(

2abc(a+ b+ c)− a(a+ b+ c)(b2 + c2)

+a3(a+ b+ c) + a2bc)
)
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=
abc

(c+ a)2(a+ b)2
(

(a+ b+ c)
(

2bc− (b2 + c2) + a2
)

+ abc)
)

=
abc

(c+ a)2(a+ b)2
((a+ b+ c)(a− b+ c)(a+ b− c) + abc))

=
4∆R

(c+ a)2(a+ b)2
(8∆ra + 4∆R)

=
16∆2

(c+ a)2(a+ b)2
·R(R+ 2ra)

=
16∆2 ·OI2a

(c+ a)2(a+ b)2
.

Therefore,Y Z = 4∆·OIa
(c+a)(a+b)R

= abc·OIa
(c+a)(a+b)R

. From [7, Theorem 3],FbFc =
(b+c)R2

OIb·OIc
. It follows that

FbFc

Y Z
=

(b+ c)R2

OIb ·OIc
·
(c+ a)(a+ b)R

abc ·OIa
=

(b+ c)(c+ a)(a+ b)R3

abc ·OIa ·OIb ·OIc
.

Since this ratio is symmetric ina, b, c, it is also equal toFcFa

ZX
and FaFb

XY
. This

proves (1), and we conclude that trianglesFaFbFc andXY Z are similar. �

A

B C

Ib

Ic

X

Y
Z

Fc

Fa

Fb

H

G

Ki

Figure 3A

A

B C

Ib

Ic

X

Y
Z

Fa

Fb
Fc

H

G

Ki

Figure 3B

Remark. In fact, the similarity of trianglesFaFbFc andXY Z is direct. This means
that there is a center of similarityP such that

∆PFbFc : ∆PFcFa : ∆PFaFb = ∆PY Z : ∆PZX : ∆PXY.

In this case, the center of similarity is the Kiepert center

Ki = ((b2 − c2)2 : (c2 − a2)2 : (a2 − b2)2)
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(which is the center of the Kiepert circum-hyperbola through the orthocenter H
and the centroidG of triangleABC) is a center of similarity (see Figures 3A and
3B). For notational convenience, let

Σ := a4 + b4 + c4 − b2c2 − c2a2 − a2b2, (2)

F (u, v, w) := uvw + (u+ v + w)(w + u− v)(u+ v − w). (3)

Note that the coordinate sum ofKi is 2Σ, andF is symmetric inv andw. Now,

∆KiY Z =
(a− b)(a− c)(b+ c)F (a, b, c)

2(c+ a)(a+ b)Σ
,

∆KiFbFc =
abc(a− b)(a− c)(b+ c)3(c+ a)(a+ b)

2F (b, c, a)F (c, a, b)Σ
.

From this,

∆KiFbFc

∆KiY Z
=

abc(b+ c)2(c+ a)2(a+ b)2

F (a, b, c)F (b, c, a)F (c, a, b)

is symmetric ina, b, c. This means that

∆KiFbFc : ∆KiFcFa : ∆KiFaFb = ∆KiY Z : ∆KiZX : ∆KiXY,

and the trianglesFaFbFc andXY Z are directly similarly withKi as a center of
similarity.

3. The Feuerbach conic

We consider the points at which the sidelines of the Feuerbach triangle intersect
the sidelines of triangleABC:

Xb = BC ∩ FcFa Xc = BC ∩ FaFb

Ya = CA ∩ FbFc Yc = CA ∩ FaFb

Za = AB ∩ FbFc Zb = AB ∩ FcFa

Proposition 5. The six points Xb, Xc, Yc, Ya, Za, Zb lie on a conic.

Proof. Since the four pointsFb, Ya, Za, Fc are collinear, and the lineFbFc passes
throughXa, so does the lineYaZa. Similarly, the linesZbXb passes throughYb
andXcYc throughZc. Furthermore, the pointsXa, Yb, Zc are collinear, being on
the trilinear polar of the incenterI. It follows from Pascal’s theorem that the six
pointsXb, Xc, Yc, Ya, Za, Zb are on a conic (see Figure 4). �

We call the conic through these six points theFeuerbach conic of triangleABC.
Proposition 5 is true when the Feuerbach triangle is replaced by any triangleper-
spective withABC.
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Figure 4

From the equations of the lines given in Table 1, we determine the coordinates
of the points in Proposition 5:

Xb = (0 : a(c+ a) : c2 + a2 − b2 + ca);

Xc = (0 : a2 + b2 − c2 + ab : a(a+ b)),

Yc = (a2 + b2 − c2 + ab : 0 : b(a+ b));

Ya = (b(b+ c) : 0 : b2 + c2 − a2 + bc),

Za = (c(b+ c) : b2 + c2 − a2 + bc : 0),

Zb = (c2 + a2 − b2 + ca : c(c+ a) : 0).

Proposition 6. The barycentric equation of the Feuerbach conic is

∑

cyclic

b2 + bc+ c2 − a2

b+ c
x2 +

(a+ b+ c)(b− c)2(b+ c)− 2a2(c+ a)(a+ b)

a(c+ a)(a+ b)
yz = 0.

(4)
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Proof. With x = 0, equation (4) becomes

0 =
c2 + ca+ a2 − b2

c+ a
y2 +

a2 + ab+ b2 − c2

a+ b
z2

+
(a+ b+ c)(b− c)2(b+ c)− 2a2(c+ a)(a+ b)

a(c+ a)(a+ b)
yz

=

(

a(a+ b)(c2 + ca+ a2 − b2)y2 + a(c+ a)(a2 + ab+ b2 − c2)z2

+((a+ b+ c)(b− c)2(b+ c)− 2a2(c+ a)(a+ b))yz

)

a(c+ a)(a+ b)

The numerator factors as

((c2 + ca+ a2 − b2)y − a(c+ a)z)(a(a+ b)y − (a2 + ab+ b2 − c2)z)

since the coefficient ofyz in this product is equal to

− a2(c+ a)(a+ b)− (c2 + ca+ a2 − b2)(a2 + ab+ b2 − c2)

= a2(c+ a)(a+ b)− (c2 + ca+ a2 − b2)(a2 + ab+ b2 − c2)− 2a2(c+ a)(a+ b)

= a2(c+ a)(a+ b)− (a(c+ a)− (b2 − c2))(a(a+ b) + (b2 − c2))

− 2a2(c+ a)(a+ b)

= a(a+ b)(b2 − c2)− a(c+ a)(b2 − c2) + (b2 − c2)2 − 2a2(c+ a)(a+ b)

= (a(a+ b)− a(c+ a) + (b2 − c2))(b2 − c2)− 2a2(c+ a)(a+ b)

= (a(b− c) + (b2 − c2))(b2 − c2)− 2a2(c+ a)(a+ b)

= (a+ b+ c)(b− c)2(b+ c)− 2a2(c+ a)(a+ b).

This means that the conic defined by (4) intersects the lineBC at the points

(0 : a(c+ a) : c2 + ca+ a2 − b2) and (0 : a2 + ab+ b2 − c2 : a(a+ b)).

These are the pointsXb andXc.
Similarly the conic intersectsCA at Yc, Ya, andAB at Za, Zb. It is therefore

the Feuerbach conic. �

Remark. The coordinates of the center of a conic with known barycentric equation
can be computed using the formula in [11,§10.7.2]. For the Feuerbach conic, the
center has homogeneous barycentric coordinates

(bc(b+ c)2g(a, b, c) : ca(c+ a)2g(b, c, a) : ab(a+ b)2g(c, a, b))

for a polynomialg(u, v, w) of degree10 symmetric inv andw. It hasETC-(6,9,13)
search number1.93698582914 . . . .

4. Some collinearity and perspectivity results

Proposition 7. The points

Va := BYc ∩ CZb, Vb := CZa ∩AXc, Vc := AXb ∩BYa

are collinear and the triangles ABC and VaVbVc are perspective.
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Figure 5

Proof. The linesBYc andCZb have barycentric equations

−b(a+ b)x +(a2 + ab+ b2 − c2)z = 0,
−c(c+ a)x +(c2 + ca+ a2 − b2)y = 0.

They intersect at the point

Va =

(

1 :
c(c+ a)

c2 + ca+ a2 − b2
:

b(a+ b)

a2 + ab+ b2 − c2

)

=

(

1

bc
:

c+ a

b(c2 + ca+ a2 − b2)
:

a+ b

c(a2 + ab+ b2 − c2)

)

.

Similarly,

Vb = CZa ∩AXc

=

(

b+ c

a(b2 + bc+ c2 − a2)
:
1

ca
:

a+ b

c(a2 + ab+ b2 − c2)

)

,

Vc = AXb ∩BYa

=

(

b+ c

a(b2 + bc+ c2 − a2)
:

c+ a

b(c2 + ca+ a2 − b2)
:
1

ab

)

.

From these coordinates, it is clear that trianglesVaVbVc is perspective withABC

at

V =

(

b+ c

a(b2 + bc+ c2 − a2)
:

c+ a

b(c2 + ca+ a2 − b2)
:

a+ b

c(a2 + ab+ b2 − c2)

)

.

(5)
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The three pointsVa, Vb, Vc are collinear. The line containing them has barycen-
tric equation

∑

cyclic

(b− c)(b2 + bc+ c2 − a2)x = 0, (6)

This line is the perspectrix of the trianglesABC andVaVbVc. �

Remarks. (1) The perspectorV given in (5) is the triangle centerX(6757) of [5].
It lies on the perpendicular to the Euler line at the nine-point center:

∑

cyclic

a2(b2 + bc+ c2 − a2)(b2 − bc+ c2 − a2)x = 0.

(2) The perspectrix (the lineVaVbVc) contains, among others, the triangle centers

• X(79) =
(

1

b2+bc+c2−a2
: · · · : · · ·

)

, which is the perspector ofABC and

the reflection triangle of the incenter,

• X(2160) =
(

a

b2+bc+c2−a2
: · · · : · · ·

)

, which is the perspector ofABC

and the triangle bounded by the radical axes of the circumcircle with the
circles tangent to two sides of the reference triangle and center on the third
side (see Figure 6).

Proof. These circles have barycentric equations

4(b+ c)2(a2yz + b2zx+ c2xy)− (x+ y + z)×

((a+ b+ c)2(b+ c− a)2x+ (c2 + a2 − b2)2y + (a2 + b2 − c2)2z) = 0,

4(c+ a)2(a2yz + b2zx+ c2xy)− (x+ y + z)×

((b2 + c2 − a2)2x+ (a+ b+ c)2(c+ a− b)2y + (a2 + b2 − c2)2z) = 0,

4(a+ b)2(a2yz + b2zx+ c2xy)− (x+ y + z)×

((b2 + c2 − a2)2x+ (c2 + a2 − b2)2y + (a+ b+ c)2(a+ b− c)2z) = 0.

Their radical axes with the circumcircle are the lines

(a+ b+ c)2(b+ c− a)2x+ (c2 + a2 − b2)2y + (a2 + b2 − c2)2z

(b+ c)2
= 0,

(b2 + c2 − a2)2x+ (a+ b+ c)2(c+ a− b)2y + (a2 + b2 − c2)2z

(c+ a)2
= 0,

(b2 + c2 − a2)2x+ (c2 + a2 − b2)2y + (a+ b+ c)2(a+ b− c)2z

(a+ b)2
= 0.

These lines bound a triangle with vertices

A′ =

(

f(a, b, c) :
b

c2 + ca+ a2 − b2
:

c

a2 + ab+ b2 − c2

)

,

B′ =

(

a

b2 + bc+ c2 − a2
: f(b, c, a) :

c

a2 + ab+ b2 − c2

)

,

C ′ =

(

a

b2 + bc+ c2 − a2
:

b

c2 + ca+ a2 − b2
: f(c, a, b)

)

,
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where

f(u, v, w) :=
F (u, v, w)((u+ v + w)(u3 − (v + w)(v − w)2) + 2u2vw)

(v2 + w2 − u2)2(w2 + wu+ u2 − v2)(u2 + uv + v2 − w2)
,

andF is defined in (3). From the coordinates ofA′, B′, C ′, it is clear that
ABC andA′B′C ′ are perspective at
(

a

b2 + bc+ c2 − a2
:

b

c2 + ca+ a2 − b2
:

c

a2 + ab+ b2 − a2

)

.

�

A

B

C

I

X

YZ

A′

B′

C′

X(2160)

Figure 6

(3) On the other hand, the points

BYa ∩ CZa, CZb ∩AXb, and AXc ∩BYc

are on the bisectors of anglesA, B, C respectively, as is easily verified.
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Orthocenters of Simplices on Spheres

Kenzi Sat̂o

Abstract. We consider orthocenters of simplices of the unit sphere of then-
dimensional Euclidean space. Forn = 3, orthocenters always exist for all sim-
plices, but forn ≧ 4, they do not necessarily exist. Moreover, unlike the case of
the Euclidean space, it is possible that there exist infinite numbers of orthocen-
ters. In this paper, we give characterizations of the existence and the uniqueness
of orthocenters.

1. Introduction.

For a simplex of the unit sphereSn−1 of the Euclidean spaceRn, if great-circles
which are passing through vertices and perpendicular to the opposite faces are con-
current, their common point is called an orthocenter. Forn ≧ 4, orthocenters do
not necessarily exist. In particular, the existence of orthocenters is equivalent to

(p∗

i . p∗

k)(p
∗

j . p∗

ℓ ) = (p∗

i . p∗

ℓ)(p
∗

j . p∗

k)

for arbitrary pairwise distinct verticesp∗

i
, p∗

j
, p∗

k
, p∗

ℓ
(Theorem 1). Moreover, if

there exist orthocenters, the uniqueness of them is equivalent that there exist at least
two pairs of vertices which are not perpendicular, respectively (Theorem 2) (remark
that “uniqueness” means the existence of just one pair of orthocenters antipodal
each other, because the antipodal of an orthocenter is another orthocenter). Notice
that, for a simplex of the Euclidean space, orthocenters exist only at most one point,
and the existence of the orthocenter is equivalent to

(qi − qk) . (qj − qℓ) = 0

for arbitrary pairwise distinct verticesqi, qj , qk, qℓ (see, e.g.,§1 of [1], (1.1) of
[3]).

2. Preliminaries.

The following notations are valid throughout this paper. For a spherical simplex
S onSn−1 = {x ∈ R

n : |x| = 1}, i.e., for

S = {x ∈ S
n−1 : pi . x ≧ 0, ∀i = 0, . . . , n− 1},

wherep0,. . ., pn−1 ∈ S
n−1 are linearly independent, let

S∗ = {y ∈ S
n−1 : x . y ≧ 0, ∀x ∈ S},

Publication Date: June 19, 2017. Communicating Editor: Paul Yiu.



302 K. Sat̂o

and, forj = 0,. . ., n− 1, let p∗

j
∈ S

n−1 be the unique vector such that

pi . p∗

j = 0 for ∀i = 0, . . . ,̂j, . . . , n− 1 and pj . p∗

j > 0,

where the circumflex indicates that the term below it has been omitted. Then we
have

S =
(

R
+
· p∗

0 + · · ·+ R
+
· p∗

n−1

)

∩ S
n−1

= {x ∈ S
n−1 : x . y ≧ 0, ∀y ∈ S∗

},

S∗ =
(

R
+
· p0 + · · ·+ R

+
· pn−1

)

∩ S
n−1

= {y ∈ S
n−1 : p∗

j . y ≧ 0, ∀j = 0, . . . , n− 1},

whereR+ is the set of non-negative real numbers, i.e.,p∗

0,. . ., p∗

n−1 andp0,. . .,
pn−1 are vertices ofS andS∗, respectively (see [4] and noticeS∗ = −S◦ and
p∗

j
= −p◦

j
). The symbols∆ and∆∗ means

∆(k0 · · · km) = det







pk0
. pk0

· · · pk0
. pkm

...
...

pkm
. pk0

· · · pkm
. pkm







,

∆∗ (k0 · · · km) = det







p∗

k0
. p∗

k0
· · · p∗

k0
. p∗

km
...

...
p∗

km
. p∗

k0
· · · p∗

km
. p∗

km







,

for m = 0,. . ., n− 1, and pairwise distinct indicesk0,. . ., km = 0,. . ., n− 1, and

∆

(

k0 · · · km−1

i

j

)

= det











pk0
. pk0

· · · pk0
. pkm−1

pk0
. pj

...
...

...
pkm−1

. pk0
· · · pkm−1

. pkm−1
pkm−1

. pj

pi . pk0
· · · pi . pkm−1

pi . pj











,

∆∗

(

k0 · · · km−1

i

j

)

= det











p∗

k0
. p∗

k0
· · · p∗

k0
. p∗

km−1
p∗

k0
. p∗

j

...
...

...
p∗

km−1
. p∗

k0
· · · p∗

km−1
. p∗

km−1
p∗

km−1
. p∗

j

p∗

i
. p∗

k0
· · · p∗

i
. p∗

km−1
p∗

i
. p∗

j











,

for m = 0,. . ., n−2, and pairwise distinct indicesk0,. . ., km−1, i, j = 0,. . ., n−1.
Especially, we set

∆

(

i

j

)

= pi . pj , and ∆∗

(

i

j

)

= p∗

i . p∗

j ,

for distinct indicesi, j = 0,. . ., n− 1.
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Remark1. From Lemma 5.1 and the second equation of Lemma 3.4 of [4], for an
indexk = 0,. . ., n− 1, we have

p∗

k = (−1)n−1−kε
〈〈p0, . . . ,̂pk, . . . , pn−1〉〉
√

∆
(

0 · · ·̂k · · ·n− 1
)

, (1)

pk = (−1)n−1−kε
〈〈p∗

0, . . . ,
̂p∗

k
, . . . , p∗

n−1〉〉
√

∆∗

(

0 · · ·̂k · · ·n− 1
)

, (1)∗

where〈〈q0, . . . , qn−2〉〉 is the unique vector inRn such that

〈〈q0, . . . , qn−2〉〉 . qn−1 = det(q0, . . . , qn−2, qn−1), for ∀qn−1 ∈ R
n,

(q0, . . . , qn−2, qn−1) is the matrix that hasq0,. . ., qn−2, qn−1 as column vectors
with Cartesian coordinate system, and

ε = sgn(det(p0, . . . , pn−1)) = sgn(det(p∗

0, . . . , p
∗

n−1)) ∈ {1,−1}.

Orthocenters are defined as follows:

Definition 1. The pointh on S
n−1 is called anorthocenterif, for each indexi =

0,. . ., n − 1, there exists a great circular arcCi of Sn−1 such thatCi is passing
throughpi, p∗

i
, andh.

p0

p1

p2

p∗

0
p∗

1

p∗

2

h

C0
C1

C2

S({0}; {1, 2})
S({1}; {0, 2})

S({2}; {0, 1})

S

S
∗

Figure 1.
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Remark2. Ci is passing throughpi, so,Ci is perpendicular to the opposite face of
the vertexp∗

i
:

S({i}; {0, . . . ,̂i, . . . , n− 1})

= {x ∈ S : pi . x = 0}

=
(

R
+
· p∗

0 + · · ·+ R̂+ · p∗

i
+ · · ·+ R

+
· p∗

n−1

)

∩ S
n−1.

Remark3. If h is an orthocenter ofS, then the antipode−h is another orthocenter.

Remark4. If h is an orthocenter ofS, it is also an orthocenter ofS∗.

The following two theorems are main purposes of this paper.

Theorem 1. The followings are equivalent:

(a) there exists an orthocenterh;

(b) the equation∆

(

i

k

)

∆

(

j

ℓ

)

= ∆

(

i

ℓ

)

∆

(

j

k

)

holds for arbitrary pair-

wise distinct indicesi, j, k, ℓ = 0,. . ., n− 1;

(b)∗ the equation∆∗

(

i

k

)

∆∗

(

j

ℓ

)

= ∆∗

(

i

ℓ

)

∆∗

(

j

k

)

holds for arbitrary

pairwise distinct indicesi, j, k, ℓ = 0,. . ., n− 1.

Theorem 2. The followings are equivalent:

(c) there exist just two orthocenters and they are antipodal each other,± h;
(d) (b) holds and there exist at least two pairs of distinct indicesi, k andj, ℓ

such that neither∆

(

i

k

)

nor∆

(

j

ℓ

)

is equal to0;

(d)∗ (b)∗ holds and there exist at least two pairs of distinct indicesi, k andj, ℓ

such that neither∆∗

(

i

k

)

nor∆∗

(

j

ℓ

)

is equal to0.

Remark5. Assume (d). Then, we have that either there exist pairwise distinct
indicesi, j, k, ℓ such that

∆

(

i

k

)

6= 0 6= ∆

(

j

ℓ

)

, (2)

or there exist pairwise distinct indicesi, k, ℓ such that

∆

(

i

k

)

6= 0 6= ∆

(

i

ℓ

)

. (3)

If (2) holds, we have

0 6= ∆

(

i

k

)

∆

(

j

ℓ

)

= ∆

(

i

ℓ

)

∆

(

j

k

)

,

so (3) holds, i.e., (d) implies (3) for some pairwise distinct indicesi, k, ℓ. Similarly,
(d)∗ implies

∆∗

(

i

k

)

6= 0 6= ∆∗

(

i

ℓ

)

, (3)∗

for some pairwise distinct indicesi, k, ℓ.
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Remark6. Assume (b) and the negation of (d). Then, if there exists no pair of

distinct indicesi, j with ∆

(

i

j

)

6= 0, the set of orthocenters is the whole unit

sphereSn−1. Otherwise, i.e., if there exists the unique pair of distinct indicesi, j

with ∆

(

i

j

)

6= 0, the set of orthocenters is the unit circle passing throughpi and

pj (see the proof of Lemma 5).

Remark7. From Theorem 1, orthocenters always exist forn = 3.

Later, theorems above are proved completely and the pair of orthocentersare
represented explicitly if three conditions of Theorem 2 hold. Now we can prove
(a)⇒ (b) and (a)⇒ (b)∗ immediately by the following two lemmas:

Lemma 3. The condition(a) implies

(h . pi)(pj . pk) = (h . pj)(pi . pk), (resp. (h . p∗

i )(p
∗

j . p∗

k) = (h . p∗

j )(p
∗

i . p∗

k))

for arbitrary pairwise distinct indicesi, j, k = 0,. . ., n− 1.

Proof. If pk = p∗

k
, we havepi . pk = pj . pk = 0. So the both sides of the

conclusion are equal to0. Otherwise, i.e., ifpk 6= p∗

k
, there exists a great circular

arcCk passing throughpk, p∗

k
, andh, so, we can representh = Apk + A∗p∗

k
.

Hence, we have

(h . pi)(pj . pk) = A(pk . pi)(pj . pk) = (pk . pi)(pj . h).

�

Lemma 4. If there exists a pointn ∈ S
n−1 which satisfies

(n . pi)(pj . pk) = (n . pj)(pi . pk) (resp. (n . p∗

i )(p
∗

j . p∗

k) = (n . p∗

j )(p
∗

i . p∗

k))

for arbitrary pairwise distinct indicesi, j, k, then the condition(b) (resp. (b)∗)
holds.

Proof. Let i, j, k, andℓ be pairwise distinct indices. Then, fix an indexh with
n . ph 6= 0. If h = i, we have

(pi . pk)(pj . pℓ) =
n . pj

n . pi

(pi . pk)(pi . pℓ) = (pj . pk)(pi . pℓ).

Otherwise, i.e., ifh 6= i, we have

(pi . pk)(pj . pℓ) =
n . pk

n . ph

(pi . ph)(pj . pℓ)

=
n . pℓ

n . ph

(pi . ph)(pj . pk)

= (pi . pℓ)(pj . pk).

�

The following lemma is useful to prove the equivalence (d)⇔ (d)∗.
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Lemma 5. We have the following equivalences:

(α) there exists no pair of distinct indicesi, j with ∆

(

i

j

)

6= 0 if and only if

there exists no pair of distinct indicesi′, j′ with ∆∗

(

i′

j′

)

6= 0,

(β) there exists the unique pair of distinct indicesi, j with ∆

(

i

j

)

6= 0 if and

only if there exists the unique pair of distinct indicesi′, j′ with∆∗

(

i′

j′

)

6=

0,

(γ) there exist at least two pairs of distinct indicesi, k andj, ℓ with∆

(

i

k

)

6=

0 6= ∆

(

j

ℓ

)

if and only if there exist at least two pairs of distinct indices

i′, k′ andj′, ℓ′ with ∆∗

(

i′

k′

)

6= 0 6= ∆∗

(

j′

ℓ′

)

.

Notice that, if the conditions of(β) hold, the pairi, j is equal to the pairi′, j′.

Proof. (α): If there exists no pairi, j with ∆

(

i

j

)

6= 0, thenpk = p∗

k
holds for

an arbitrary indexk = 0,. . ., n − 1 (so, for eachx ∈ S
n−1, there exists a great

circular arcCk passing throughpk, p∗

k
, andx. See Remark 6). Hence there exists

no pairi′, j′ with ∆∗

(

i′

j′

)

6= 0. The proof of the converse is similar. (β): Assume

that there exists the unique pairi, j with ∆

(

i

j

)

6= 0. Then,pk = p∗

k
holds for

each indexk 6= i, j (see Remark 6 again). Hence we have∆∗

(

i′′

j′′

)

= 0 for each

pair of distinct indicesi′′, j′′ except the pairi, j (we have∆∗

(

i

j

)

6= 0 because, if

not, we have∆

(

i

j

)

= 0 from the equivalence (α)). The proof of the converse is

similar. (γ): It is from (α) and (β). �

3. Equivalence of(b) and (b)∗, and Equivalence of(d) and (d)∗

In this section, we prove the equivalences (b)⇔ (b)∗ and (d)⇔ (d)∗. To prove
them, we need the following two lemmas. Notice that equations except (8) do not
require the assumption (b).

Lemma 6. Let{k0, . . . , kn−1} be a permutation of the set of all indices{0, . . . , n−
1}. Then we have

∆∗ (k0 · · · km) =
∆ (km+1 · · · kn−1)

∆ (0 · · ·n− 1)

m
∏

r=0

(pkr
. p∗

kr
)2, (4)
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for m = 0,. . ., n− 1, and

∆∗

(

k0 · · · km−1

i

j

)

=

−∆

(

km · · ·̂i · · ·̂j · · · kn−1

i

j

)

∆(0 · · ·n− 1)
(pi . p∗

i )(pj . p∗

j )
m−1
∏

r=0

(pkr
. p∗

kr
)2, (5)

for m = 0,. . ., n − 2 and distinct indicesi, j = km,. . ., kn−1 (We can use
the notationkm · · · ̂ks · · · ̂kt · · · kn−1 whethers < t or not. If s > t, it means
km · · · ̂kt · · · ̂ks · · · kn−1), and

pk . p∗

k =

√

∆(0 · · ·n− 1)
√

∆
(

0 · · ·̂k · · ·n− 1
)

, (6)

for an indexk = 0,. . ., n− 1.

Proof.We have (6) by

p∗

k . pk =
(−1)n−1−kε det(p0, . . . ,̂pk, . . . , pn−1, pk)

√

∆
(

0 · · ·̂k · · ·n− 1
)

=
ε det(p0, . . . , pn−1)
√

∆
(

0 · · ·̂k · · ·n− 1
)

=
| det(p0, . . . , pn−1)|
√

∆
(

0 · · ·̂k · · ·n− 1
)

=

√

∆(0 · · ·n− 1)
√

∆
(

0 · · ·̂k · · ·n− 1
)

,

where the first equality is from (1). The equations (4) and (5) are from(6) and
Lemma 5.3 of [4]:

∆∗ (k0 · · · km) =
(∆ (0 · · ·n− 1))m

∏

m−1

r=0
∆
(

0 · · · ̂kr · · ·n− 1
) ·

∆(km+1 · · · kn−1)

∆
(

0 · · ·̂km · · ·n− 1
) ,

∆∗

(

k0 · · · km−1

i

j

)

=
(∆ (0 · · ·n− 1))m

∏

m−1

r=0
∆
(

0 · · · ̂kr · · ·n− 1
)

·

−∆

(

km · · ·̂i · · ·̂j · · · kn−1

i

j

)

√

∆
(

0 · · ·̂i · · ·n− 1
)

√

∆
(

0 · · ·̂j · · ·n− 1
)

. �
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Remark8. We also have similar equations:

∆(k0 · · · km) =
∆∗ (km+1 · · · kn−1)

∆∗ (0 · · ·n− 1)

m
∏

r=0

(pkr
. p∗

kr
)2, (4)∗

∆

(

k0 · · · km−1

i

j

)

=

−∆∗

(

km · · ·̂i · · ·̂j · · · kn−1

i

j

)

∆∗ (0 · · ·n− 1)

· (pi . p∗

i )(pj . p∗

j )

m−1
∏

r=0

(pkr
. p∗

kr
)2, (5)∗

pk . p∗

k =

√

∆∗ (0 · · ·n− 1)
√

∆∗

(

0 · · ·̂k · · ·n− 1
)

. (6)∗

Lemma 7. We have

∆(k0 · · · km) = ∆ (k0 · · · km−1)−
m−1
∑

ℓ=0

∆

(

kℓ
km

)

∆

(

k0 · · · ̂kℓ · · · km−1

km
kℓ

)

,

(7)

for m = 0,. . ., n − 1 and pairwise distinct indicesk0,. . ., km. Moreover, the

condition(b) implies

∆

(

k0 · · · km−1

i

j

)

= ∆

(

k0 · · · km−2

i

j

)

−∆

(

i

km−1

)

∆

(

k0 · · · km−2

km−1

j

)

,

(8)

for m = 0,. . ., n− 2 and pairwise distinct indicesk0,. . ., km−1, i, j.

Proof. We have

∆(k0 · · · km) =
m−1
∑

ℓ=0

(−1)m−ℓ
·∆

(

kℓ
km

)

· detMℓ + 1 ·∆(km) ·∆(k0 · · · km−1)

= −

m−1
∑

ℓ=0

∆

(

kℓ
km

)

∆

(

k0 · · · ̂kℓ · · · km−1

km
kℓ

)

+∆(k0 · · · km−1) ,

where

Mℓ =

















pk0
. pk0

· · · pk0
. pkm−1

...
...

̂pkℓ
. pk0

· · · ̂pkℓ
. pkm−1

...
...

pkm
. pk0

· · · pkm
. pkm−1

















.
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Moreover, if the condition (b) holds, we also have

∆

(

k0 · · · km−1

i

j

)

=
m−2
∑

ℓ=0

(−1)m−1−ℓ
·∆

(

kℓ
km−1

)

· detM ′

ℓ

+ 1 ·∆(km−1) ·∆

(

k0 · · · km−2

i

j

)

+ (−1) ·∆

(

i

km−1

)

·∆

(

k0 · · · km−2

km−1

j

)

=

m−2
∑

ℓ=0

0 + ∆

(

k0 · · · km−2

i

j

)

−∆

(

i

km−1

)

∆

(

k0 · · · km−2

km−1

j

)

,

where the last equality is from the parallelism of the lower2 rows of

M ′

ℓ =





















pk0
. pk0

· · · pk0
. pkm−2

pk0
. pj

...
...

...
̂pkℓ

. pk0
· · · ̂pkℓ

. pkm−2
p̂kℓ

. pj

...
...

...
pkm−1

. pk0
· · · pkm−1

. pkm−2
pkm−1

. pj

pi . pk0
· · · pi . pkm−2

pi . pj





















.

�

The equation (8) enables us to prove the following two lemmas and two corol-
laries by induction (the equation (7) is used in Appendix).

Lemma 8. The condition(b) implies

∆

(

k0 · · · kℓ−1

i

j

)

∆

(

k′0 · · · k
′

m−1

i′

j′

)

= ∆

(

k0 · · · kℓ−1

i′

j

)

∆

(

k′0 · · · k
′

m−1

i

j′

)

,

for ℓ, m = 0,. . ., n− 2 and indicesk0,. . ., kℓ−1, k′0,. . ., k
′

m−1, i, j, i
′, j′ such that

two indices of them appearing in an identical∆(· · · ) are distinct.

Proof. The conclusion above is called the type(ℓ,m). Without loss of generality,
we can assumeℓ ≧ m. The type(0, 0) is obvious, because, ifi 6= i′ andj 6= j′

then it is (b), otherwise it is the identity. Ifℓ > 0, the type(ℓ, 0) is shown by:

∆

(

k0 · · · kℓ−1

i

j

)

∆

(

i′

j′

)

−∆

(

k0 · · · kℓ−1

i′

j

)

∆

(

i

j′

)

=

(

∆

(

k0 · · · kℓ−2

i

j

)

−∆

(

i

kℓ−1

)

∆

(

k0 · · · kℓ−2

kℓ−1

j

))

∆

(

i′

j′

)

−

(

∆

(

k0 · · · kℓ−2

i′

j

)

−∆

(

i′

kℓ−1

)

∆

(

k0 · · · kℓ−2

kℓ−1

j

))

∆

(

i

j′

)
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= ∆

(

k0 · · · kℓ−2

i

j

)

∆

(

i′

j′

)

−∆

(

k0 · · · kℓ−2

i′

j

)

∆

(

i

j′

)

= 0,

where the last equality is from the type(ℓ− 1, 0). If ℓ ≧ m > 0, the type(ℓ,m) is
shown by:

∆

(

k0 · · · kℓ−1

i

j

)

∆

(

k′0 · · · k
′

m−1

i′

j′

)

−∆

(

k0 · · · kℓ−1

i′

j

)

∆

(

k′0 · · · k
′

m−1

i

j′

)

= ∆

(

k0 · · · kℓ−1

i

j

)(

∆

(

k′0 · · · k
′

m−2

i′

j′

)

−∆

(

i′

k′m−1

)

∆

(

k′0 · · · k
′

m−2

k′m−1

j′

))

−∆

(

k0 · · · kℓ−1

i′

j

)(

∆

(

k′0 · · · k
′

m−2

i

j′

)

−∆

(

i

k′m−1

)

∆

(

k′0 · · · k
′

m−2

k′m−1

j′

))

=

(

∆

(

k0 · · · kℓ−1

i

j

)

∆

(

k′0 · · · k
′

m−2

i′

j′

)

−∆

(

k0 · · · kℓ−1

i′

j

)

∆

(

k′0 · · · k
′

m−2

i

j′

))

−

(

∆

(

k0 · · · kℓ−1

i

j

)

∆

(

i′

k′m−1

)

−∆

(

k0 · · · kℓ−1

i′

j

)

∆

(

i

k′m−1

))

∆

(

k′0 · · · k
′

m−2

k′m−1

j′

)

= 0,

where the last equality is from the types(ℓ,m− 1) and(ℓ, 0). �

Lemma 9. The condition(b) implies

∆

(

k0 · · · kℓ−1k
i

j

)

∆

(

k′0 · · · k
′

m−1

i′

j′

)

= ∆

(

k0 · · · kℓ−1

i

j

)

∆

(

k′0 · · · k
′

m−1k
i′

j′

)

,

for ℓ, m = 0,. . ., n − 3 and indicesk0,. . ., kℓ−1, k′0,. . ., k
′

m−1, i, j, i
′, j′, k such

that two indices of them appearing in an identical∆(· · · ) are distinct.

Proof. We have

∆

(

k0 · · · kℓ−1k
i

j

)

∆

(

k′0 · · · k
′

m−1

i′

j′

)

−∆

(

k0 · · · kℓ−1

i

j

)

∆

(

k′0 · · · k
′

m−1k
i′

j′

)

=

(

∆

(

k0 · · · kℓ−1

i

j

)

−∆

(

i

k

)

∆

(

k0 · · · kℓ−1

k

j

))

∆

(

k′0 · · · k
′

m−1

i′

j′

)

−∆

(

k0 · · · kℓ−1

i

j

)(

∆

(

k′0 · · · k
′

m−1

i′

j′

)

−∆

(

i′

k

)

∆

(

k′0 · · · k
′

m−1

k

j′

))

= −∆

(

i

k

)(

∆

(

k0 · · · kℓ−1

k

j

)

∆

(

k′0 · · · k
′

m−1

i′

j′

)

−∆

(

k0 · · · kℓ−1

i′

j

)

∆

(

k′0 · · · k
′

m−1

k

j′

))

= 0,

where the second and last equalities are the types(ℓ, 0) and(ℓ,m) of the previous
lemma, respectively. �



Orthocenters of simplices on spheres 311

Corollary 10. The condition(b) also implies

∆

(

k0 · · · kℓ−1k
i

j

)

∆

(

k′0 · · · k
′

m−1

i′

j′

)

= ∆

(

k0 · · · kℓ−1

i′

j

)

∆

(

k′0 · · · k
′

m−1k
i

j′

)

,

for ℓ, m = 0,. . ., n − 3 and indicesk0,. . ., kℓ−1, k′0,. . ., k
′

m−1, i, j, i
′, j′, k such

that two indices of them appearing in an identical∆(· · · ) are distinct.

Proof. In particular, ifk 6= i′, it is obvious from two previous lemmas. Otherwise,
we have

∆

(

k0 · · · kℓ−1i
′ i

j

)

∆

(

k′0 · · · k
′

m−1

i′

j′

)

−∆

(

k0 · · · kℓ−1

i′

j

)

∆

(

k′0 · · · k
′

m−1i
′ i

j′

)

=

(

∆

(

k0 · · · kℓ−1

i

j

)

−∆

(

i

i′

)

∆

(

k0 · · · kℓ−1

i′

j

))

∆

(

k′0 · · · k
′

m−1

i′

j′

)

−∆

(

k0 · · · kℓ−1

i′

j

)(

∆

(

k′0 · · · k
′

m−1

i

j′

)

−∆

(

i

i′

)

∆

(

k′0 · · · k
′

m−1

i′

j′

))

= ∆

(

k0 · · · kℓ−1

i

j

)

∆

(

k′0 · · · k
′

m−1

i′

j′

)

−∆

(

k0 · · · kℓ−1

i′

j

)

∆

(

k′0 · · · k
′

m−1

i

j′

)

= 0.

�

Corollary 11. The condition(b) also implies

∆

(

k0 · · · kℓ−1k
i

j

)

∆

(

k′0 · · · k
′

m−1k
′ i

′

j′

)

= ∆

(

k0 · · · kℓ−1k
′ i

′

j

)

∆

(

k′0 · · · k
′

m−1k
i

j′

)

,

for ℓ, m = 0,. . ., n−3 and indicesk0,. . ., kℓ−1, k′0,. . ., k
′

m−1, i, j, i
′, j′, k, k′ such

that two indices of them appearing in an identical∆(· · · ) are distinct.

Proof. If k = k′ then the conclusion is from Lemma 8, so assumek 6= k′. If
k 6= i′, then we have

∆

(

k0 · · · kℓ−1k
i

j

)

∆

(

k′0 · · · k
′

m−1k
′ i

′

j′

)

= ∆

(

k0 · · · kℓ−1

i

j

)

∆

(

k′0 · · · k
′

m−1k
′k

i′

j′

)

= ∆

(

k0 · · · kℓ−1k
′ i

′

j

)

∆

(

k′0 · · · k
′

m−1k
i

j′

)

,

where the first and last equalities are from Lemma 9 and Corollary 10, respectively.
If k′ 6= i, the proof is similar. Otherwise, i.e, ifk = i′ andk′ = i, then

∆

(

k0 · · · kℓ−1i
′ i

j

)

∆

(

k′0 · · · k
′

m−1i
i′

j′

)

−∆

(

k0 · · · kℓ−1i
i′

j

)

∆

(

k′0 · · · k
′

m−1i
′ i

j′

)

= ∆

(

k0 · · · kℓ−1i
′ i

j

)(

∆

(

k′0 · · · k
′

m−1

i′

j′

)

−∆

(

i′

i

)

∆

(

k′0 · · · k
′

m−1

i

j′

))

−

(

∆

(

k0 · · · kℓ−1

i′

j

)

−∆

(

i′

i

)

∆

(

k0 · · · kℓ−1

i

j

))

∆

(

k′0 · · · k
′

m−1i
′ i

j′

)
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=

(

∆

(

k0 · · · kℓ−1i
′ i

j

)

∆

(

k′0 · · · k
′

m−1

i′

j′

)

−∆

(

k0 · · · kℓ−1

i′

j

)

∆

(

k′0 · · · k
′

m−1i
′ i

j′

))

−∆

(

i′

i

)(

∆

(

k0 · · · kℓ−1i
′ i

j

)

∆

(

k′0 · · · k
′

m−1

i

j′

)

−∆

(

k0 · · · kℓ−1

i

j

)

∆

(

k′0 · · · k
′

m−1i
′ i

j′

))

= 0,

where the last equality is from Lemma 9 and Corollary 10. �

Now, we prove the purposes of this section.

Lemma 12. The condition(b) is equivalent to the condition(b)∗.

Proof. Assume that the condition (b) holds. Then, for pairwise distinct indicesi,
i′, j, j′, we have

∆∗

(

i

j

)

∆∗

(

i′

j′

)

=

−∆

(

0 · · ·̂i · · ·̂j · · ·n− 1
i

j

)

∆(0 · · ·n− 1)
(pi . p∗

i )(pj . p∗

j )

·

−∆

(

0 · · · ̂i′ · · · ̂j′ · · ·n− 1
i′

j′

)

∆(0 · · ·n− 1)
(pi′ . p∗

i′)(pj′ . p∗

j′)

=

−∆

(

0 · · · ̂i′ · · ·̂j · · ·n− 1
i′

j

)

∆(0 · · ·n− 1)
(pi′ . p∗

i′)(pj . p∗

j )

·

−∆

(

0 · · ·̂i · · · ̂j′ · · ·n− 1
i

j′

)

∆(0 · · ·n− 1)
(pi . p∗

i )(pj′ . p∗

j′)

= ∆∗

(

i′

j

)

∆∗

(

i

j′

)

,

where the first and last equalities are from (5) and the second equality is from
Corollary 11. The proof of the converse is similar. �

Remark9. From the previous lemma, the condition (b) implies similar equations:

∆∗

(

k0 · · · kℓ−1

i

j

)

∆∗

(

k′0 · · · k
′

m−1

i′

j′

)

= ∆∗

(

k0 · · · kℓ−1

i′

j

)

∆∗

(

k′0 · · · k
′

m−1

i

j′

)

,

∆∗

(

k0 · · · kℓ−1k
i

j

)

∆∗

(

k′0 · · · k
′

m−1

i′

j′

)

= ∆∗

(

k0 · · · kℓ−1

i

j

)

∆∗

(

k′0 · · · k
′

m−1k
i′

j′

)

,

∆∗

(

k0 · · · kℓ−1k
i

j

)

∆∗

(

k′0 · · · k
′

m−1

i′

j′

)

= ∆∗

(

k0 · · · kℓ−1

i′

j

)

∆∗

(

k′0 · · · k
′

m−1k
i

j′

)

,

∆∗

(

k0 · · · kℓ−1k
i

j

)

∆∗

(

k′0 · · · k
′

m−1k
′ i

′

j′

)

= ∆∗

(

k0 · · · kℓ−1k
′ i

′

j

)

∆∗

(

k′0 · · · k
′

m−1k
i

j′

)

.
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Corollary 13. The condition(d) is equivalent to the condition(d)∗.

Proof. It is an natural consequence of Lemma 12 and the equivalence (γ) of Lemma
5. �

4. µk, νk, µ∗

k
, and ν∗

k

To represent orthocenters, we use four types of values:µk, νk, µ∗

k
, andν∗

k
. To

define them and to check their fundamental relations, we need two lemmas.

Lemma 14. The condition(b) implies

∆

(

k0 · · · km
i

j

)

∆∗

(

k0 · · · km
i′

j′

)

= ∆

(

k0 · · · km−1

i

j

)

∆∗

(

k0 · · · km−1

i′

j′

)

(pkm
. p∗

km
)2,

for m = 0,. . ., n − 3 and indicesk0,. . ., km, i, j, i′, j′ such that two indices of
them appearing in an identical∆(· · · ) are distinct.

Proof. This is a natural consequence of (5) and

∆

(

k0 · · · km
i

j

)

∆

(

km+1 · · ·
̂i′ · · · ̂j′ · · · kn−1

i′

j′

)

= ∆

(

k0 · · · km−1

i

j

)

∆

(

km · · · ̂i′ · · · ̂j′ · · · kn−1

i′

j′

)

,

which is from Lemma 9, where{k0, . . . , km, km+1, . . . , kn−1} is a permutation of
the set of all indices{0, . . . , n− 1}. �

Lemma 15. The condition(b) (which is equivalent to(b)∗) implies

∆

(

i

k

)

∆

(

k

j

)

∆

(

i′

j′

)

= ∆

(

i′

k

)

∆

(

k

j′

)

∆

(

i

j

)

,

∆

(

i

k

)

∆

(

k

j

)

∆

(

k
i′

j′

)

= ∆

(

i′

k

)

∆

(

k

j′

)

∆

(

k
i

j

)

,

∆∗

(

i

k

)

∆∗

(

k

j

)

∆∗

(

i′

j′

)

= ∆∗

(

i′

k

)

∆∗

(

k

j′

)

∆∗

(

i

j

)

,

∆∗

(

i

k

)

∆∗

(

k

j

)

∆∗

(

k
i′

j′

)

= ∆∗

(

i′

k

)

∆∗

(

k

j′

)

∆∗

(

k
i

j

)

,

for indicesi, j, i′, j′, k such that two indices of them appearing in an identical
∆(· · · ) or in an∆∗ (· · · ) are distinct.

Proof. For the first equation, if{i, j}∩{i′, j′} 6= ∅ then it is obvious, for example,
if i = i′ theni 6= j′, so we have

∆

(

i

k

)

∆

(

k

j

)

∆

(

i

j′

)

= ∆

(

i

k

)

∆

(

k

j′

)

∆

(

i

j

)

,
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from (b). Otherwise, i.e., if{i, j} ∩ {i′, j′} = ∅, we have

∆

(

i

k

)

∆

(

k

j

)

∆

(

i′

j′

)

= ∆

(

i′

k

)

∆

(

k

j

)

∆

(

i

j′

)

= ∆

(

i′

k

)

∆

(

k

j′

)

∆

(

i

j

)

,

where the both equalities are from (b). For the second equation, we have

∆

(

i

k

)

∆

(

k

j

)

∆

(

k
i′

j′

)

= ∆

(

i

k

)

∆

(

k

j

)(

∆

(

i′

j′

)

−∆

(

i′

k

)

∆

(

k

j′

))

= ∆

(

i′

k

)

∆

(

k

j′

)(

∆

(

i

j

)

−∆

(

i

k

)

∆

(

k

j

))

= ∆

(

i′

k

)

∆

(

k

j′

)

∆

(

k
i

j

)

,

where the second equality is from the first equation. Similarly, the third and last
equations are from (b)∗, so they are from (b). �

From the previous lemma, the following values are determined only by the index
k.

Definition 2. On the assumption (b), for an indexk = 0,. . ., n−1, if there exists a

pair of distinct indicesi, j 6= k with ∆

(

i

j

)

6= 0 (resp.∆

(

k
i

j

)

6= 0, ∆∗

(

i

j

)

6=

0, ∆∗

(

k
i

j

)

6= 0), we define

µk =

∆

(

i

k

)

∆

(

k

j

)

∆

(

i

j

)

(

resp. νk = −

∆

(

i

k

)

∆

(

k

j

)

∆

(

k
i

j

) ,

µ∗

k =

∆∗

(

i

k

)

∆∗

(

k

j

)

∆∗

(

i

j

) , ν∗k = −

∆∗

(

i

k

)

∆∗

(

k

j

)

∆∗

(

k
i

j

)

)

,

which depends only the indexk.

Remark10. For distinct indicesk andℓ, if there existµk andµℓ, then, for some
pairs of distinct indicesi, j andi′, j′ with ℓ 6= i 6= k 6= j andi′ 6= ℓ 6= j′ 6= k, we
have

µkµℓ =

∆

(

i

k

)

∆

(

k

j

)

∆

(

i

j

)

∆

(

i′

ℓ

)

∆

(

ℓ

j′

)

∆

(

i′

j′

)
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=

∆

(

i

ℓ

)

∆

(

k

j

)

∆

(

i

j

)

∆

(

i′

ℓ

)

∆

(

k

j′

)

∆

(

i′

j′

) =

(

∆

(

k

ℓ

))2

.

If there existµk andνk, then for some pairs of distinct indicesi, j 6= k and i′,
j′ 6= k, we have

(1− µk)(1− νk) =









1−

∆

(

i

k

)

∆

(

k

j

)

∆

(

i

j

)

















1 +

∆

(

i′

k

)

∆

(

k

j′

)

∆

(

k
i′

j′

)









=

∆

(

k
i

j

)

∆

(

i

j

)

∆

(

i′

j′

)

∆

(

k
i′

j′

) = 1,

where the last equality is from Lemma 9 (We also have

(1− µ∗

k)(1− ν∗k) = 1

if µ∗

k
andν∗

k
exist. It is obvious that the existence ofµk (resp.νk, µ∗

k
, andν∗

k
) and

µk 6= 1 (resp.νk 6= 1, µ∗

k
6= 1, andν∗

k
6= 1) implies the existence ofνk (resp.µk,

ν∗
k
, andµ∗

k
)).

The valuesµ∗

k
(resp.µk) andνk (resp.ν∗

k
) exist simultaneously and satisfy an

equation.

Lemma 16. Assume that the condition(b) holds. Then, for an indexk = 0,. . .,
n− 1, there existsµ∗

k
(resp.µk) if and only if there existsνk (resp.ν∗

k
). Moreover,

if there existsνk (resp.ν∗
k
), we have

1− µ∗

k = (1− νk)(pk . p∗

k)
2 (resp. 1− µk = (1− ν∗k)(pk . p∗

k)
2).

Proof. Suppose that there does not existµ∗

k
, i.e., for an arbitrary pair of distinct

indicesi, j 6= k,

p∗

i . p∗

j = ∆∗

(

i

j

)

= 0 (9)

holds. Then,{p∗

0, . . . , p
∗

k−1
, pk, p

∗

k+1
, . . . , p∗

n−1} is an orthonormal basis. Hence,
we have

p∗

k = (pk . p∗

k)pk +

ℓ6=k

n−1
∑

ℓ=0

∆∗

(

ℓ

k

)

p∗

ℓ , (10)

pℓ = (pℓ . p∗

ℓ )p
∗

ℓ +∆

(

ℓ

k

)

pk for an index ∀ℓ 6= k. (11)

So, we have

∆

(

i

j

)

= pi . pj = ∆

(

i

k

)

∆

(

j

k

)

. (12)
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Therefore, we also have∆

(

k
i

j

)

= 0, which means that there does not existνk.

Similarly, we can prove the nonentity ofµk implies the nonentity ofν∗
k
. Con-

versely, suppose that there existsµk, i.e., there exists a pair of distinct indicesi,

j 6= k with ∆

(

i

j

)

6= 0. If there also existsµ∗

k
, i.e., if there exists a pair of distinct

indicesi′, j′ 6= k with ∆∗

(

i′

j′

)

6= 0, we have∆∗

(

k
i′

j′

)

6= 0 from

∆

(

k
i

j

)

∆∗

(

k
i′

j′

)

= ∆

(

i

j

)

∆∗

(

i′

j′

)

(pk . p∗

k)
2,

which is from Lemma 14. Hence there existsν∗
k
. Otherwise, i.e., if there does not

existµ∗

k
, we have

∆

(

i

j

)

= ∆

(

i

k

)

∆

(

j

k

)

=

(

−∆∗

(

i

k

)

pi . p∗

i

pk . p∗

k

)(

−∆∗

(

j

k

)

pj . p∗

j

pk . p∗

k

)

=
(pi . p∗

i
)(pj . p∗

j
)

(pk . p∗

k
)2

(

∆∗

(

i

k

)

∆∗

(

j

k

)

−∆∗

(

i

j

))

= −
(pi . p∗

i
)(pj . p∗

j
)

(pk . p∗

k
)2

∆∗

(

k
i

j

)

,

where the first and third equality is from (12) and (9), respectively, and the second
equality is from

0 = pi . p∗

k = (pk . p∗

k)∆

(

i

k

)

+ (pi . p∗

i )∆
∗

(

i

k

)

,

0 = pj . p∗

k = (pk . p∗

k)∆

(

j

k

)

+ (pj . p∗

j )∆
∗

(

j

k

)

,

whose last equalities are from (10) or (11). So we have∆∗

(

k
i

j

)

6= 0, hence there

existsν∗
k
. Similarly, we can prove that the existence ofµ∗

k
implies the existence of

νk. Moreover, if there existsνk, there also existsµ∗

k
, so, there exist pairs of distinct

indicesi, j 6= k andi′, j′ 6= k with ∆

(

k
i

j

)

6= 0 6= ∆∗

(

i′

j′

)

. Hence, we have

1− µ∗

k =

∆∗

(

k
i′

j′

)

∆∗

(

i′

j′

) =

∆

(

i

j

)

∆

(

k
i

j

)(pk . p∗

k)
2 = (1− νk)(pk . p∗

k)
2,

where the second equality is from Lemma 14. Similarly, the existence ofν∗
k

implies
the existence ofµk and

1− µk = (1− ν∗k)(pk . p∗

k)
2.

�
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5. Main results

We define the vector̃hk (resp. h̃
∗

k) whose normalizationhk (resp. h∗

k
) is an

orthocenter (see Lemma 20).

Definition 3. On the assumption (b), for an indexk = 0,. . ., n− 1, if there exists
νk (resp.ν∗

k
), then we define

h̃k = p∗

k − (1− νk)(pk . p∗

k)pk = p∗

k −
1− µ∗

k

pk . p∗

k

pk

(

resp. h̃
∗

k = pk − (1− ν∗k)(pk . p∗

k)p
∗

k = pk −
1− µk

pk . p∗

k

p∗

k

)

,

which is inRn. Moreover, ifh̃k 6= 0 (resp.h̃
∗

k 6= 0), then we define

hk =
h̃k

|h̃k|

(

resp. h∗

k =
h̃
∗

k

|h̃
∗

k|

)

,

which is inSn−1.

The equations of the following lemma are relations ofh̃0,. . ., h̃n−1, h̃
∗

0,. . .,
h̃
∗

n−1, which means that existing ones of normalizations of them,h0,. . ., hn−1,
h∗

0,. . ., h∗

n−1, are consistent, with the exception of the sign.

Lemma 17. Assume that the condition(b) holds. Then, for pairwise distinct in-
dicesk, ℓ, i = 0,. . ., n − 1, if there existν∗

k
(resp. νk) and ν∗

ℓ
(resp. νℓ), we

have

∆

(

i

k

)

h̃
∗

ℓ = ∆

(

i

ℓ

)

h̃
∗

k

(

resp. ∆∗

(

i

k

)

h̃ℓ = ∆∗

(

i

ℓ

)

h̃k

)

,

if there existνk (resp.ν∗
k
) andν∗

ℓ
(resp.νℓ), we have

νkh̃
∗

ℓ = ∆

(

k

ℓ

)

h̃k

pk . p∗

k

(

resp. ν∗k h̃ℓ = ∆∗

(

k

ℓ

)

h̃
∗

k

pk . p∗

k

)

,

if there existνk andν∗
k
, we have

νkh̃
∗

k = µk

h̃k

pk . p∗

k

(

resp. ν∗k h̃k = µ∗

k

h̃
∗

k

pk . p∗

k

)

.

Proof. We have the following equations by comparing the inner product ofp0,. . .,
pn−1 and both sides:

∆

(

i

k

)(

pℓ −
1− µℓ

pℓ . p∗

ℓ

p∗

ℓ

)

= ∆

(

i

ℓ

)(

pk −
1− µk

pk . p∗

k

p∗

k

)

,

νk

(

pℓ −
1− µℓ

pℓ . p∗

ℓ

p∗

ℓ

)

= ∆

(

k

ℓ

)(

p∗

k

pk . p∗

k

− (1− νk)pk

)

,

νk

(

pk −
1− µk

pk . p∗

k

p∗

k

)

= µk

(

p∗

k

pk . p∗

k

− (1− νk)pk

)

.

�



318 K. Sat̂o

The following three lemmas show the implication (d)⇒ (c).

Lemma 18. Assume(d). Then there existsνk (resp.ν∗
k
), and

h̃k 6= 0 (resp. h̃
∗

k 6= 0),

for some indexk = 0,. . ., n− 1.

Proof. The condition (d) is equivalent to the condition (d)∗, so, we can assume (3)∗

for some pairwise distinct indicesi, k, ℓ. From the former and latter inequalities
of (3)∗, we havepk 6= p∗

k
and the existence ofµ∗

k
andh̃k, respectively. The linear

independence ofpk andp∗

k
impliesh̃k 6= 0. �

Lemma 19. Assume(b) and the existence ofνk (resp. ν∗
k
) and h̃k 6= 0 (resp.

h̃
∗

k 6= 0) for some indexk = 0,. . ., n− 1. Then, orthocenters exist only at most two
points and they are antipodal each other if there exist two orthocenters.

Proof. From the existence ofµ∗

k
, there exist pair of distinct indicesi, j 6= k such

that∆∗

(

i

j

)

6= 0. We havepi 6= p∗

i
(resp. pj 6= p∗

j
), so, there exists the unique

great circularCi (resp.Cj) passing throughpi andp∗

i
(resp.pj andp∗

j
). If there

exist orthocenters, they are in the intersection ofCi andCj , so, it is enough to show
Ci 6= Cj . So, assumeCi = Cj . Then,{pi, pj} is a basis of the2-dim Euclidean
spaceL spanned byCi, sop∗

k
is perpendicular toL. p∗

i
andp∗

j
are inL, so we have

∆∗

(

i

k

)

= 0 = ∆∗

(

j

k

)

,

which impliesµ∗

k
= 0. From

0 6= h̃k = p∗

k −
1− µ∗

k

pk . p∗

k

pk = p∗

k −
pk

pk . p∗

k

,

we also havepk 6= p∗

k
. Hence there exists an indexℓ 6= k such that∆∗

(

ℓ

k

)

6= 0.

Inequalitiesi 6= ℓ 6= j implies

0 6= ∆∗

(

i

j

)

∆∗

(

ℓ

k

)

= ∆∗

(

i

k

)

∆∗

(

ℓ

j

)

= 0 ·∆∗

(

ℓ

j

)

,

which is a contradiction. �

Lemma 20. Assume(b) and the existence ofνk (resp. ν∗
k
) and h̃k 6= 0 (resp.

h̃
∗

k 6= 0( for some indexk = 0,. . ., n− 1. Then

± hk (resp. ± h∗

k)

are an pair of orthocenters.

Proof. It is enough to show that eitherpi = p∗

i
holds orh̃k is a linear combination

of pi andp∗

i
for each indexi 6= k. The proof is divided into 4 cases. First, suppose
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∆∗

(

i

j

)

6= 0 for some indexj 6= i, k and the existence ofµ∗

i
. Then we have

h̃k =

∆∗

(

k

j

)

∆∗

(

i

j

) h̃i =

∆∗

(

k

j

)

∆∗

(

i

j

)

(

p∗

i −
1− µ∗

i

pi . p∗

i

pi

)

.

Secondly, suppose∆∗

(

i

j

)

6= 0 for some indexj 6= i, k and the nonentity of

µ∗

i
. Then the set{p∗

0, . . . , p
∗

i−1, pi, p
∗

i+1, . . . , p
∗

n−1} is an orthonormal basis, so,
we have

µ∗

k =

∆∗

(

i

k

)

∆∗

(

k

j

)

∆∗

(

i

j

) =

∆∗

(

i

k

)

· 0

∆∗

(

i

j

) ,

pk = (pk . p∗

k)p
∗

k +∆

(

k

i

)

pi,

hence, we also have

h̃k = p∗

k −
1− µ∗

k

pk . p∗

k

pk = p∗

k −
pk

pk . p∗

k

= −

∆

(

k

i

)

pk . p∗

k

pi.

Thirdly, suppose∆∗

(

i

j′

)

= 0 for an arbitrary indexj′ 6= i, k and∆∗

(

k

j

)

6= 0

for some indexj 6= i, k. Then there existsµ∗

i
and

h̃i =

∆∗

(

i

j

)

∆∗

(

k

j

) h̃k =

0

∆∗

(

k

j

) h̃k,

so, pi = p∗

i
. At last, suppose∆∗

(

i

j′

)

= 0 = ∆∗

(

k

j′

)

for an arbitrary index

j′ 6= i, k. Then vectorspk, p∗

k
, pi, p∗

i
are in a2-dim Euclidean space, so, either

pi = p∗

i
holds, orh̃k, a linear combination ofpk andp∗

k
, is a linear combination of

pi andp∗

i
. �

Now, we can prove the conclusions of this paper.

Proof of Theorems 1 and 2.The equivalences (b)⇔ (b)∗ and (d)⇔ (d)∗ are al-
ready shown by Lemma 12 and Corollary 13, respectively. And the implications
(a) ⇒ (b) and (d)⇒ (c) are shown by Lemmas 3 and 4, and Lemmas 18, 19,
and 20, respectively. So we only have to show the converses (b)⇒ (a) and
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¬(d) ⇒ ¬(c), where¬ means the negation. To show them, because of the implica-
tions (c)⇒ (a) and¬(b) ⇒ ¬(a), it is enough to show (b)∧ ¬(d) ⇒ (a)∧ ¬(c),
which is already mentioned in Remark 6. �

6. Appendix.

For an orthocentric simplex, by repeating to replace a vertex with one of its
orthocenters, new vertex does not appear except original vertices,their antipodals,
and orthocenters. To prove it, we consider a generic case, that is, we assume that

neither∆

(

i

j

)

,∆

(

k
i

j

)

,∆∗

(

i

j

)

, nor∆∗

(

k
i

j

)

is equal to0 for pairwise distinct

i, j, k = 0,. . ., n− 1, for an orthocentric simplexS. Then, fork = 0,. . ., n− 1, all
of µk, νk, µ∗

k
, ν∗

k
exist, neither of them is equal to0, and neither of them is equal

to 1. The simplex replacing the last vertex with the orthocenterhn−1 is denoted by
M(S), that is, vertices ofS′ = M(S) are

p′∗

k = p∗

k, p′∗

n−1 = hn−1, (13)

and vertices ofS′∗ are

p′

k =

pk −

∆

(

k

n− 1

)

µn−1

pn−1

√

−µk

(

1

νk
+

1

νn−1

)

, p′

n−1 = sgnνn−1 · pn−1, (14)

for k = 0,. . ., n− 2. Notice thatS′ is also orthocentric (see Lemma 3). Then, we
have

ν ′k =
1

1−
1

µ′

k

=
1

1−

∆′

(

i

j

)

∆′

(

i

k

)

∆′

(

k

j

)

=
1

1−

∆

(

i

j

)

νn−1µk

(

1

νk
+

1

νn−1

)

∆

(

i

k

)

∆

(

k

j

)

=
1

1− νn−1

(

1

νk
+

1

νn−1

) = −
νk

νn−1

, (15)

for k = 0,. . ., n− 2, where the third equality is from

∆′

(

i

j

)

= p′

i . p′

j =

∆

(

i

j

)

−

2∆

(

i

n− 1

)

∆

(

j

n− 1

)

µn−1

+

∆

(

i

n− 1

)

∆

(

j

n− 1

)

µ2
n−1

√

−µi

(

1

νi
+

1

νn−1

)

√

−µj

(

1

νj
+

1

νn−1

)
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=

∆

(

i

j

)

(1− 2 +
1

µn−1

)

√

−µi

(

1

νi
+

1

νn−1

)

√

−µj

(

1

νj
+

1

νn−1

)

=

−∆

(

i

j

)

/νn−1

√

−µi

(

1

νi
+

1

νn−1

)

√

−µj

(

1

νj
+

1

νn−1

)

, (16)

for an arbitrary pair of distincti, j = 0,. . ., n− 2. We also have

ν ′n−1 =
1

1−
1

µ′

n−1

=
1

1−

∆′

(

i

j

)

∆′

(

i

n− 1

)

∆′

(

n− 1
j

)

=
1

1 +

∆

(

i

j

)

νn−1

∆

(

i

n− 1

)

∆

(

n− 1
j

)

=
1

1 +
νn−1

µn−1

=
1

νn−1

, (17)

where the third equality is from (16) and

∆′

(

i

n− 1

)

= sgnνn−1·

∆

(

i

n− 1

)

−

∆

(

i

n− 1

)

µn−1
√

−µi

(

1

νi
+

1

νn−1

)

= sgnνn−1·

∆

(

i

n− 1

)

/νn−1

√

−µi

(

1

νi
+

1

νn−1

)

,

for arbitraryi = 0,. . ., n− 2. Fork = 0,. . ., n− 2, it is obvious that

ν ′∗k = ν∗k , (18)

because

∆′∗

(

i

j

)

= p′∗

i . p′∗

j = p∗

i . p∗

j = ∆∗

(

i

j

)

,

for an arbitrary pair of distincti, j = 0,. . ., n − 2. To calculateν ′∗n−1, we need
preparation. From (8), form = 0,. . ., n − 2 and distincti, j = m,. . ., n − 1, we
can prove

∆

(

0 · · ·m− 1
i

j

)

=

∆

(

i

j

)

(1− ν0) · · · (1− νm−1)
(19)

(

resp. ∆∗

(

0 · · ·m− 1
i

j

)

=

∆∗

(

i

j

)

(1− ν∗
0
) · · · (1− ν∗

m−1
)

)

, (19)∗

by induction ofm. From (7) and (19), form = 0,. . ., n− 1, we can also prove
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∆(0 · · ·m) =
1− ν0 − · · · − νm

(1− ν0) · · · (1− νm)
(20)

(

resp. ∆∗ (0 · · ·m) =
1− ν∗0 − · · · − ν∗m

(1− ν∗
0
) · · · (1− ν∗m)

)

, (20)∗

by induction. Hence, we have

(pn−1 . p∗

n−1)
2 =

∆∗ (0 · · ·n− 1)

∆∗ (0 · · ·n− 2)
=

1− ν∗0 − · · · − ν∗n−2 − ν∗n−1

(1− ν∗
0
− · · · − ν∗

n−2
)(1− ν∗

n−1
)
, (21)

and

|h̃n−1|
2 =

∣

∣

∣

∣

p∗

n−1 −
pn−1

(1− ν∗
n−1

)pn−1 . p∗

n−1

∣

∣

∣

∣

2

= 1−
2

1− ν∗
n−1

+
1

(1− ν∗
n−1

)2(pn−1 . p∗

n−1
)2

=
ν∗n−1(ν

∗

0 + · · ·+ ν∗n−2 + ν∗n−1)

(1− ν∗
n−1

)(1− ν∗
0
− · · · − ν∗

n−2
− ν∗

n−1
)
. (22)

Now, we can calculateν ′∗n−1:

ν ′∗n−1 =
1

1−
1

µ′∗

n−1

=
1

1−

∆′∗

(

i

j

)

∆′∗

(

i

n− 1

)

∆′∗

(

j

n− 1

)

=
1

1−

∆∗

(

i

j

)

|h̃n−1|
2

∆∗

(

i

n− 1

)

∆∗

(

j

n− 1

)

=
1

1−
|h̃n−1|

2

µ∗

n−1

= 1− ν∗0 − · · · − ν∗n−2 − ν∗n−1, (23)

where the third equality is from∆′∗

(

i

j

)

= ∆∗

(

i

j

)

and

∆′∗

(

i

n− 1

)

= p′∗

i . p′∗

n−1 =
p∗

i
. h̃n−1

|h̃n−1|
=

p∗

i
. p∗

n−1

|h̃n−1|
=

∆∗

(

i

n− 1

)

|h̃n−1|
,

for an arbitrary pair of distincti, j = 0,. . ., n−2. To get the purpose of this section,
it is enough to consider two following cases. In the case whereS′ = M(S) and
S′′ = M(S′) holds,S′′ is consistent withS. In particular, we have

p′′∗

k = p′∗

k = p∗

k,

for k = 0,. . ., n− 2, and

p′′∗

n−1 = h′

n−1 = p∗

n−1,

where the last equality is from
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h̃
′

n−1 = p′∗

n−1 − (1− ν ′n−1)(p
′

n−1 . p′∗

n−1)p
′

n−1

=

h̃n−1 −

(

1−
1

νn−1

)

(pn−1 . h̃n−1)pn−1

|h̃n−1|

=

(

p∗

n−1 − (1− νn−1

)

(pn−1 . p∗

n−1)pn−1)−

(

1−
1

νn−1

)

νn−1(pn−1 . p∗

n−1)pn−1

|h̃n−1|

=
p∗

n−1

|h̃n−1|
.

On the other hand, in the case whereS′ = M(S) holds,S′′ is the simplex replacing
last two vertices ofS′ each other, i.e.,

p′′∗

k = p′∗

k for k = 0, . . . , n− 3, p′′∗

n−2 = p′∗

n−1, p′′∗

n−1 = p′∗

n−2,

andS′′′ = M(S′′) holds,S′′′ is the simplex with vertices

p′′′∗

k = p′′∗

k = p′∗

k = p∗

k,

for k = 0,. . ., n− 3,

p′′′∗

n−2 = p′′∗

n−2 = p′∗

n−1 = hn−1,

and

p′′′∗

n−1 = h′′

n−1 = sgn









−∆

(

n− 2
n− 1

)

(1− ν∗
n−2

)νn−1









p∗

n−1,

where the last equality is from

h̃
′′

n−1 = p′′∗

n−1 −
p′′

n−1

(1− ν ′′∗
n−1

)p′′

n−1
. p′′∗

n−1

= p′∗

n−2 −
p′

n−2

(1− ν ′∗
n−2

)p′

n−2
. p′∗

n−2

= p∗

n−2 −

pn−2 +
1− νn−1

νn−1

∆

(

n− 2
n− 1

)

pn−1

(1− ν∗n−2)

(

pn−2 +
1− νn−1

νn−1

∆

(

n− 2
n− 1

)

pn−1

)

. p∗

n−2

= p∗

n−2 −

pn−2 +
1− νn−1

νn−1

∆

(

n− 2
n− 1

)

pn−1

(1− ν∗n−2)pn−2 . p∗

n−2

= −

h̃
∗

n−2 +
1− νn−1

νn−1

∆

(

n− 2
n− 1

)

pn−1

(1− ν∗n−2)pn−2 . p∗

n−2
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= −

∆

(

n− 2
n− 1

)

νn−1

(

h̃n−1

pn−1 . p∗

n−1

+ (1− νn−1)pn−1

)

(1− ν∗n−2)pn−2 . p∗

n−2

= −

∆

(

n− 2
n− 1

)

νn−1

·
p∗

n−1

pn−1 . p∗

n−1

(1− ν∗n−2)pn−2 . p∗

n−2

.

From two cases above, if we denote the orthocenters ofS by ± p∗

n, then ortho-
centers of the simplex with verticesp∗

0,. . ., ̂p
∗

k
,. . ., p∗

n are ± p∗

k
, for k = 0,. . .,

n− 1 (notice that neitherµi, νi, µ∗

i
, norν∗

i
changes if a vertex is replaced with its

antipodal for arbitraryi = 0,. . ., n− 1). Moreover, fork = 0,. . ., n, from (18),ν∗
k

does not change ifS is replaced with the simplex with verticesp∗

0,. . ., ̂p
∗

i
,. . ., p∗

n

for somei = 0,. . ., ̂k,. . ., n−1. If we denoteν ′∗n−1 for S′ = M(S) by ν∗n, we have

ν∗0 + · · ·+ ν∗n−1 + ν∗n = 1, (24)

from (23) (see the equations (2) of [1] and (4) of [2]).
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On Centers and Central Lines of Triangles
in the Elliptic Plane

Manfred Evers

Abstract. We determine barycentric coordinates of triangle centers in the ellip-
tic plane. The main focus is put on centers that lie on lines whose euclidean
limit (triangle excess→ 0) is the Euler line or the Brocard line. We also investi-
gate curves which can serve in elliptic geometry as substitutes for the euclidean
nine-point-circle, the first Lemoine circle or the apollonian circles.

Introduction

In the first section we give a short introduction to metric geometry in the projec-
tive plane. We assume the reader is familiar with this subject, but we recall some
fundamental definitions and theorems, in order to introduce the terminology and to
fix notations. The second section provides appropriate tools (definitions,theorems,
rules) for calculating the barycentric coordinates (in section 3) of a series of centers
lying on four central lines of a triangle in the elliptic plane.
The content of this work is linked to results presented by Wildberger [27],Wild-
berger and Alkhaldi [28], Ungar [25], Horváth [8], Vigara [26], Russell [18].

1. Metric geometry in the projective plane

1.1. The projective plane, its points and its lines.
Let V be the three dimensional vector spaceR

3, equipped with the canonical
dot productp · q = (p0, p1, p2) · (q0, q1, q2) = p0q0+ p1q1+ p2q2 and the induced
norm ‖.‖, and letP denote the projective plane(V−{0})/R×. The image of a
non-zero vectorp = (p0, p1, p2) ∈ V under the canonical projectionΠ : V → P

will be denoted by(p0 : p1 : p2) and will be regarded as a point in this plane.
Given two different pointsP andQ in this projective plane, there exists exactly

one line that is incident with these two points. It is called thejoin P ∨ Q of
P andQ. If p = (p0, p1, p3), q = (q0, q1, q2) are two non zero vectors with
Π(p) = P andΠ(q) = Q, then the lineP ∨ Q throughP andQ is the set of
pointsΠ(sp + tq) with s, t ∈ R. One can find linear formsl ∈ V ∗−{0∗} with
ker(l) = span(p, q). A suitablel is, for example,l = ∗(p×q) = (p×q)∗, where
× stands for the canonical cross product onV = R

3 and∗ for the isomorphism
V → V ∗, ∗(r) = (.)·r. The linear forml is uniquely determined up to a nonzero
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real factor, so there is a1:1-correspondence between the lines in the projective
plane and the elements ofP∗ = (V ∗−{0∗})/R×. We identify the linel = P ∨Q

with the element(p1q2 − p2q1 : p2q0 − p0q2 : p0q1 − p1q0)
∗ ∈ P∗.

In the projective plane, two different linesk = (k0 : k1 : k2)
∗, l = (l0 : l1 : l2)

∗

always meet in one pointk ∧ l = Π((k0, k1, k2) × (l0, l1, l2)), the so calledmeet
of these lines.

1.2. Visualizing points and lines.
Using an orthogonal coordinate system, we know how to visualize (in a canoni-

cal way) a point with cartesian coordinates(p1, p2) in the affine planeA2. A point
P = (1 : p1 : p2) ∈ P will be visualized as the point(p1, p2) in the affine plane,
and we will callP∨ := (1, p1, p2) ∈ R

3 the visualizing vector ofP . But inP there
exist points(0 : p1 : p2) which can not be visualized in the affine plane. These
points are considered to be points on the “line at infinity”. For these points we
defineP∨ := (0, 1, p2/p1), if p1 6= 0, andP∨ := (0, 0, 1), otherwise. In this way,
we ensure that the tripleP∨ is strictly positive with respect to the lexicographic
order.

A line appears as a “stright line” in the coordinate system.

1.3. Collineations and correlations.
A collineationon P is a bijective mappingP → P that maps lines to lines.

These collineations form the group of automorphisms ofP.
Collineations preserve the cross ratio(P,Q;R,S) of four points on a line.

A correlationon the projective plane is either a point-to-line transformation that
maps collinear points to concurrent lines, or it is a line-to-point transformation that
maps concurrent lines to collinear points.
Correlations, as collineationes, preserve the cross ratio.

1.4. Metrical structures onP.
1.4.1. The absolute conic.One of the correlations is thepolarity with respect to
the absolute conicC. This correlation assigns each pointP = (p0 : p1 : p2) its
polar lineP δ = (p0 : σp1 : εσp2)

∗ and assigns each linel = (l0 : l1 : l2)
∗ the

corresponding polelδ = (εσl0 : εl1 : l2). Here,σ ∈ R
×, ε ∈ {−1, 1}, and the

absolute conic consists of all pointsP with P ∈ P δ. P δ andlδ are called the dual
of P andl, respectively.

Besides the norm‖.‖ we introduce a seminorm‖.‖σ,ε onV ; this is defined by:
‖p‖σ,ε =

√

|p2
0
+ σp2

1
+ εσp2

2
| for p = (p0, p1, p2). It can be easily checked that

P = Π(p) ∈ C exactly when‖p‖σ,ε = 0. Points onC are calledisotropic points.
The dual of an isotropic point is anisotropic line. As isotropic points, also

isotropic lines form a conic, the dual conicCδ of C.

1.4.2. Cayley-Klein geometries.Laguerre and Cayley were presumably the first to
recognize that conic sections can be used to define the angle between linesand the
distance between points, cf. [1]. An important role within this connection plays the
cross ratio of points and of lines. We do not go into the relationship between conics
and measures; there are many books and articles about Cayley-Klein-geometries
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(for example [13, 15, 17, 22, 23]) treating this subject. Particularly extensive in-
vestigations on cross-ratios offers Vigara [26].

Later, systematic studies by Felix Klein [13] led to a classification of metric ge-
ometries onP. He realized that not only a geometry determines its automorphisms,
but one can make use of automorphisms to define a geometry [12]. The automor-
phisms onP are the collineations. By studying the subgroup of collineations that
keep the absolute conic fixed (as a whole, not pointwise), he was able to find dif-
ferent metric geometries onP.

If ε = 1 andσ > 0, there are no real points on the absolute conic, so there
are no isotropic points and no isotropic lines. The resulting geometry was called
elliptic by Klein. It is closely related to spherical geometry. From the geometry
on a sphere we get an elliptic geometry by identifying antipodal points. Already
Riemann had used spherical geometry to get a new metric geometry with constant
positive curvature, cf. [14, ch. 38].

Klein [13] also showed that in the elliptic case the euclidean geometry can be
received as a limit forσ → 0. (Forσ → ∞ one gets the polar-euclidean geometry.)

1.5. Metrical structures in the elliptic plane.
In the following, we consider just the elliptic case. Thus, we assumeε = 1 and

σ > 0. Nearly all our results can be transferred to other Cayley-Klein geometries
and even to a “mixed case” where the points lie in different connected components
of P − C, cf. [10, 18, 25, 27, 28]. Nevertheless, it is less complicated to derive
results in the elliptic case, because: First, there are no isotropic points and lines.
Secondly, if we additionally putσ to 1 - and this is what we are going to do - ,
then the norm‖.‖σ,ε agrees with the standard norm‖.‖ and this simplifies many
formulas. For example, we have(p0:p1:p2)δ = (p0:p1:p2)

∗.

1.5.1. Barycentric coordinates of points.For P ∈ P, define the vectorP ◦ by
P ◦ := P∨/‖P∨‖. Given n pointsP1, · · · , Pn ∈ P, we say that a pointP is a
(linear) combinationof P1, · · · , Pn, if there are real numberst1, · · · , tn such that
P = Π(t1P

◦

1 + · · ·+ tnP
◦

n), and we writeP = t1P1 + · · ·+ tnPn.
The pointsP1, · · · , Pn form a dependent systemif one of then points is a com-
bination of the others. Otherwise,P1, · · · , Pn are independent. A single point is
always independent, so are two different points. Three points are independent ex-
actly when they are not collinear. And more than three points inP always form a
dependent system.

If ∆ = ABC is a triple of three non-collinear pointsA,B,C, then every point
P ∈ P can be written as a combination of these. IfP = s1A + s2B + s3C and
P = t1A + t2B + t3C are two such combinations, then there is always a real
numberc 6= 0 such thatc(s1, s2, s3) = (t1, t2, t3). Thus, the pointP is determined
by ∆ and the homogenous triple(s1 : s2 : s2). We writeP = [s1 : s2 : s2]∆ and
call this therepresentation ofP by barycentric coordinateswith respect to∆. The
terminology is not uniform here; the coordinates are also namedgyrobarycentric
(Ungar [25]),circumlinear(Wildberger, Alkhaldi [28]),triangular (Horváth [10]).

Barycentric coordinates of a pointP can be calculated the following way: Be-
causeA◦, B◦, C◦ form a basis ofR3, there is a unique way of representingP ◦
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by a linear combinationP ◦ = s1A
◦ + s2B

◦ + s3C
◦ of the base vectors; and the

coordinates are

s1 =
P ◦ · (B◦ × C◦)

A◦ · (B◦ × C◦)
, s2 =

P ◦ · (C◦ ×A◦)

B◦ · (C◦ ×A◦)
, s3 =

P ◦ · (A◦ ×B◦)

C◦ · (A◦ ×B◦)
.

SinceA◦ ·(B◦ × C◦) = B◦ ·(C◦ ×A◦) = C◦ ·(A◦ ×B◦), we get

s1 : s2 : s3 = P ◦
·(B◦

× C◦) : P ◦
·(C◦

×A◦) : P ◦
·(A◦

×B◦).

1.5.2. Orthogonality. We define orthogonality via polarity: A linek is orthogonal
(or perpendicular) to a linel exactly when the dualkδ of k is a point onl. It can
easily be shown that, ifk is orthogonal tol, thenl is orthogonal tok.
The orthogonality between points is also defined: Two points are orthogonal pre-
cisely when their dual lines are. We can make use of the dot product to check
if two points are orthogonal: Two pointsP andQ are orthogonal precisely when
P ◦·Q◦ = 0. Obviously, the set of points orthogonal to a pointP is its polar line
P δ.

1.5.3. The distance between points and the length of line segments in elliptic ge-
ometry. Lines in elliptic geometry are without boundary. They are all the same
length, usually set toπ; this equals one half of the length of the great circle on a
unit sphereS2 ⊂ R

3 . In this case, the distance between two pointsP andQ is
d(P,Q) = ϕ with cos(ϕ) = |P ◦·Q◦|. P ◦·Q◦ always takes values in the interval
]− 1; 1], so the distance between two pointsP andQ lies in the interval[0, π

2
], and

d(P,Q) = π

2
implies thatP ◦·Q◦ = 0 andP andQ are orthogonal.

Two different pointsP andQ determine the lineP ∨ Q. The setP ∨ Q −

{P,Q} consists of two connected components, the closure of these are called the
line segmentsof P,Q. One of these two segments contains all pointsΠ(sP ◦+(1−
s)Q◦) with s(1 − s)≥0, while the other contains all pointsΠ(sP ◦ + (1 − s)Q◦)
with s(1 − s)≤0. The first segment will be denoted by[P,Q]+, the second by
[P,Q]−.

We show thatP + Q is the midpoint of[P,Q]+ by proving the equation(P +
Q)◦·P ◦ = (P +Q)◦·Q◦:

(P +Q)◦·P ◦ = (P ◦+Q◦)·P ◦

√
(P ◦+Q◦)·(P ◦+Q◦)

= 1+P ◦
·Q◦

√
2(1+P ◦

·Q◦)
=

√

1+P ◦
·Q◦

2
= (P +Q)◦·Q◦.

In the same way it can be verified thatP − Q is the midpoint of[P,Q]−. Since
(P ◦ +Q◦)·(P ◦ −Q◦) = 0, the two pointsP +Q andP −Q are orthogonal.
We now can calculate the measures (lengths) of the segments[P,Q]+ and[P,Q]−:

µ([P,Q]+) = arccos(P ◦ ·Q◦) ∈ [0, π[ andµ([P,Q]−) = π − µ([P,Q]+).
For further calculations the following formula will be useful:

sin(µ([P,Q]+)) = sin(µ([P,Q]−)) = sin(d(P,Q)) = ‖P ◦ ×Q◦‖.

Proof of this formula: sin(µ([P,Q]+)) = sin(µ([P,Q]−)) = sin(d(P,Q)), be-
causesin(π − x) = sin(x) for x ∈ [0, π[. The correctness of the last equation can
be proved by verifying the equation‖P ◦×Q◦‖2 = 1− (P ◦·Q◦)2. �
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1.5.4. Angles.The (angle) distance between two linesk andl we get by dualizing
the distance of two points:d(k, l) = d(kδ, lδ). We even use the same symbold for
the distance between lines as between points and do not introduce a new sign.
By dualizing line segments, we get angles as subsets of the pencil of lines through
a point which is the vertex of this angle:
Given three different pointsQ,R andS, we define the angles

∠+QSR := {S ∨ P |P ∈ [Q,R]+} and ∠−QSR := {S ∨ P |P ∈ [Q,R]−}.

Using the same symbolµ for the measure of angles as for line segments, we have

µ(∠+QSR) = arcsin ‖(S◦
×Q◦)◦×(S◦

×R◦)◦‖ and µ(∠−QSR) = π−µ(∠+QSR).

1.5.5. Perpendicular line through a point/perpendicular point on a line.Consider
a pointP = (p0 : p1 : p2) and a linel = (l0 : l1 : l2)

∗. We assume thatP 6= lδ.

The perpendicular fromP to l is

perp(l, P ) := P ∨ lδ = (p1l2−p2l1 : p2l0−p0l2 : p0l1−p1l0)
∗.

The lineperp(l, P ) intersectsl at the point

Q = l ∧ perp(l, P )

= (l0(l1p1+l2p2)−p0(l
2
1+l22) : l1(l0p0+l2p2)−p1(l

2
0+l22) : l2(l0p0+l1p1)−p2(l

2
0+l21)).

This pointQ is called theorthogonal projectionof P on l or thepedalof P on l.

Given two different pointsP andQ, the perpendicular bisector of[P,Q]+ is
the line(P +Q) ∨ (P ×Q)δ and the perpendicular bisector of[P,Q]− is the line
(P − Q) ∨ (P × Q)δ. A point on either of these perpendicular bisectors has the
same distance from the endpointsP andQ of the segment.

There is exactly one pointQ on the linel with d(Q,P ) = π/2 ; this is

Q = l ∧ P δ = (p1l2−p2l1 : p2l0−p0l2 : p0l1−p1l0).

Proof. Most of the results can be obtained by straight forward computation. Here
we just show that a point on the perpendicular bisector of[P,Q]− is equidistant
from P andQ:
If R is a point on this perpendicular bisector, then there exist real numberss andt
such thatR◦ = s(P ◦ −Q◦)◦ + t(P ◦ ×Q◦)◦. Then,

|R◦
· P ◦

| = |s(P ◦
−Q◦)◦ · P ◦

| = |s(1−Q◦
· P ◦)|/‖P ◦

−Q◦
‖

= |s(1− P ◦
·Q◦)|/‖P ◦

−Q◦
‖ = |R◦

·Q◦
|.

�

1.5.6. Parallel line through a point.Given a linel = (l0 : l1 : l2)
∗ and a point

P = (p0 : p1 : p2) 6= lδ, the parallel to l throughP , par(l, P ), is the line
perp(perp(l, P ), P ) (cf. [27]):

par(l, P ) =

(p0(l1p1+l2p2)−l0(p
2
1+p22) : p1(l0p0+l2p2)−l1(p

2
0+p22) : p2(l0p0+l1p1)−l2(p

2
0+p21))

∗.
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1.5.7. Reflections.The mirror image of a pointP = (p0 : p1 : p2) in a point
S = (s0 : s1 : s2) is the pointQ = (q0 : q1 : q2) with

q0 = p0(s
2
0 − s21 − s22) + 2s0(p1s1 + p2s2),

q1 = p1(−s20 + s21 − s22) + 2s1(p0s0 + p2s2),

q2 = p2(−s20 − s21 + s22) + 2s2(p0s0 + p1s1).

Proof. By using a computer algebra system (CAS) it can be confirmed that

(p0, p1, p2)

‖(p0, p1, p2)‖
+

(q0, q1, q2)

‖(q0, q1, q2)‖
=

2(p0s0 + p1s1 + p2s2)

‖(p0, p1, p2)‖‖(s0, s1, s2)‖
(s0, s1, s2).

From this equation results thatS is a midpoint of either[P,Q]+ or [P,Q]−. �

Remark.A reflexion in a pointS can also be interpreted as

- a rotation aboutS through an angle ofπ
2
,

- a reflexion in the lineSδ.

1.5.8. Circles. For two pointsM = (m0 : m1,m2) andP = (p0 : p1 : p2), the
circleC(M,P ) with centerM through the pointP consists of all pointsX = (x0 :
x1 : x2) with X◦·M◦ = P ◦·M◦. Thus, the coordinates ofX must satisfy the
quadratic equation

(x20+x21+x23)(m0p0+m1p1+m2p2)
2
−(m0x0+m1x1+m2x2)

2(p20+p21+p23) = 0.

2. The use of barycentric coordinates

2.1. Triangles, their sites and inner angles.
We now fix a reference tripleABC of non-collinear points inP. The set

P−(A∨B∪B∨C∪C∨A) consists of four connected components. Their closures
are calledtriangles. Thus, there are four triangles∆0,∆1,∆2,∆3 that share the
same verticesA,B,C. Inside each triangle, there is exactly one of the four points
G0 := A+B+C, G1 := −A+B+C, G2 := A−B+C,G3 := A+B−C, and we
enumerate the triangles such thatGi ∈ ∆i for i = 0, 1, 2, 3. In this case, the point
Gi is thecentroidof the triangle∆i (for i = 0, 1, 2, 3).
Besides the vertices, the four triangles∆i have all the samesidelinesB∨C, C∨A,

A ∨ B, but they do not have the samesides. For example, the sides of∆0 are
[B,C]+, [C,A]+, [A,B]+, while∆1 has the sides[B,C]+, [C,A]−, [A,B]−. The
lengths of the sides of the triangle∆0 we denote bya0 := µ([B,C]+), b0 :=
µ([C,A]+), c0 := µ([A,B]+). The side lengths of the other triangles∆i are
named accordingly; for example,a1 := µ([B,C]+), b1 := µ([C,A]−), c1 :=
µ([A,B]−).
We introduced angles as a subset of the pencil of lines through a point. The (inner)
angles of∆0 are∠+BAC,∠+CBA,∠+ACB, the angles of∆1 are∠+BAC,
∠−CBA, ∠−ACB, etc. The measures of these angles areα0 = µ(∠+BAC),
β0 = µ(∠+CBA), γ0 = µ(∠+ACB), α1 = µ(∠+BAC), β1 = µ(∠−CBA) =
π − µ(∠+CBA), etc.
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Figure 1. The picture shows the triangle∆0, the dual tripleA′B′C′ of ABC
and the orthocenterH, furthermore the centroidsG andG3 of ∆0 and∆3, the
tripolar line ofG, as well as the circumcircles of∆0 and∆3 together with their
centersO andO3. Since the absolute conicC has no real points, the dotted circle
C̃ := {(x0 : x1 : x2)|x

2

0 = x 2

1 + x 2

2 } serves as a substitute for constructions.
For example, the poleA′ of the lineB ∨ C with respect toC can be obtained as
follows: Construct the pole ofB ∨ C with respect toC̃, then its mirror image in
the center(1 : 0 : 0) of C̃ isA′.
The figures were created with the software program GeoGebra [29].

In the following we concentrate mainly on the triangle∆0. After having calcu-
lated the coordinates of triangle centers for this triangle, the results can be eas-
ily transferred to the triangles∆i, i > 0. To simplify the notation, we write
a, b, c, α, β, γ instead ofa0, b0, c0, α0, β0, γ0.

To shorten formulas, we will use abbreviations:
Forx ∈ R definecx := cosx andsx := sinx.
The semiperimeter of the triangle∆0 is s := (a+ b+ c)/2.
We put SA := ca − cbcc = ssss−a − ss−bss−c,

SB := cb − ccca, SC := cc − cacb,

and for the barycentric coordinates of a pointP with respect to the reference triple
∆ = ABC we use the short form[p1 : p2 : p3] instead of[p1 : p2 : p3]∆.

2.2. Rules of elliptic trigonometry.
In the following, we will make use of the following rules of elliptic trigonome-

try:
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Cosine rules:

cosα =
cos a− cos b cos c

sin b sin c
, cos a =

cosα+ cosβ cos γ

sinβ sin γ
= 1 +

2 sin ǫ sin ǫ-α
sinβ sin γ

,

where2ǫ = α+β+γ−π is theexcessof ∆0.

Sine rule:
sinα

sin a
=

sinβ

sin b
=

sin γ

sin c
=

|S|

sin a sin b sin c
,

with S = S(∆) = det





A◦

B◦

C◦





and

|S| =
√

1− cos2 a− cos2 b− cos2 c+ 2 cos a cos b cos c

= 2
√

sin s sin(s− a) sin(s− b) sin(s− c).

Proof.

cosα =
(A◦ ×B◦)·(A◦ × C◦)

‖A◦ ×B◦‖‖A◦ × C◦‖
=

(A◦·A◦)(B◦·C◦)− (A◦·C◦)(B◦·A◦)

scsb

=
ca − cbcc
sbsc

.

Before giving a proof for the second cosine rule, we prove the sine rule.

sinα

sin a
=

1

sa

‖(A◦ × C◦)× (A◦ ×B◦)‖

‖A◦ ×B◦‖‖A◦ × C◦‖
=

|S(∆)|

sa sb sc

sin2 α = 1− cos2 α = 1−
(ca − cbcc

sbsc

)2
=

1− c2a − c2
b
− c2c + 2cacbcc
s2
b
s2c

sin2 α = (1 + cosα)(1− cosα) = (1 +
ca − cbcc
sbsc

)(1−
ca − cbcc
sbsc

)

=
ca − cb+c

sbsc

cb−c − ca
sbsc

=
4ssss−ass−bss−c

s 2
b
s 2
c

.

Proof of the second cosine rule:

cosα+ cosβ cos γ

sinβ sin γ
=

cos a−cos b cos c

sin b sin c
+ cos b−cos c cos a

sin c sin a

cos c−cos a cos b

sin a sin b

sinβ sin γ

=
ca(1− c2a − c2

b
− c2c + 2cacbcc)

sβ sγs 2
a sbsc

= ca

cos a = 1 +
cosα+ cosβ cos γ − sinβ sin γ

sinβ sin γ
= 1 +

cosα+ cosβ+γ

sinβ sin γ

= 1 +
2 cos 1

2
(α+β+γ) cos 1

2
(β+γ−α)

sinβ sin γ
= 1 +

2 sin ǫ sin ǫ-α
sinβ sin γ

.

�

A detailed collection of spherical trigonometry formulas, including their proofs,
can be found in [4, 24].
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2.3. Calculations with barycentric coordinates.
By using barycentric coordinates, many concepts can be transferred directly from
metric affine (for example euclidean) geometry to elliptic geometry.

2.3.1. The distance between two points in barycentric coordinates.We introduce
the matrix

T = (tij)i,j=1,2,3 :=





A◦ ·A◦ A◦ ·B◦ A◦ · C◦

B◦ ·A◦ B◦ ·B◦ B◦ · C◦

C◦ ·A◦ C◦ ·B◦ C◦ · C◦



 =





1 cos c cos b
cos c 1 cos a
cos b cos a 1



 ,

which we call thecharacteristic matrixof ∆.
Besides the dot product· for 3-vectors we introduce another scalar product∗:

(p1, p2, p3) ∗ (q1, q2, q3)

= (p1, p2, p3)T





q1
q2
q3





= p1q1 + p2q2 + p3q3 + (p2q3+p3q2) cos a+ (p3q1+p1q3) cos b+ (p1q2+p2q2) cos c

and use the abbreviations

(p1, p2, p3)
2 := (p1, p2, p3) · (p1, p2, p3), (p1, p2, p3)

∗2 := (p1, p2, p3) ∗ (p1, p2, p3),

‖(p1, p2, p3)‖∗ :=
√

(p1, p2, p3)∗2 .

With the help of these products and the resulting norms, the distance between
two pointsP = [p1 : p2 : p3] andQ = [q1 : q2 : q3] can be calculated as follows:

d(P,Q) = arccos
|(p1A

◦ + p2B
◦ + p3C

◦) · (q1A
◦ + q2B

◦ + q3C
◦)|

‖p1A
◦ + p2B

◦ + p3C
◦‖ ‖q1A

◦ + q2B
◦ + q3C

◦‖

= arccos
|(p1, p2, p3) ∗ (q1, q2, q3)|

‖(p1, p2, p3)‖∗ ‖(q1, q2, q3)‖∗
.

2.3.2. Circles. For two pointsM = [m1 : m2 : m3] andP = [p1 : p2 : p3], the
circleC(M,P ) with centerM through the pointP consists of all pointsX = [x1 :
x2 : x3] with

((m1,m2,m3)∗(x1, x2, x3))
2(p1, p2, p3)

∗2 = ((m1,m2,m3)∗(p1, p2, p3))
2(x1, x2, x3)

∗2.

2.3.3. Lines. Given two different pointsP = [p1 : p2 : p3] andQ = [q1 : q2 : q3], a
third pointX = [x1 :x2 :x3] is a point onP ∨Q exactly when

((p1, p2, p3)× (q1, q2, q3)) · (x1, x2, x3) = 0.

If R ∨ S is a line throughR = [r1 : r2 : r3] andS = [s1 :s2 :s3], different from
P ∨Q, then both lines meet at a pointT = [t1 : t2 : t3] with

(t1, t2, t3) = ((p1, p2, p3)× ((q1, q2, q3))× ((r1, r2, r3)×(s1, s2, s3)).
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2.3.4. The midpoint of a segment.Let P = [p1 : p2 : p3] andQ = [q1 : q2 : q3]
are two different points. We can assume that the triplesp = (p1, p2, p3) andq =
(q1, q2, q3) are both strictly positive with respect to the lexicographic order. Then
the midpoints of the two segments[P,Q]± are

[
p1

‖p‖∗
±

q1

‖q‖∗
:

p2

‖p‖∗
±

q2

‖q‖∗
:

p3

‖p‖∗
±

q3

‖q‖∗
].

2.3.5. The dual∆′ of ∆. We putA′ := (B∨C)δ, B′ := (C∨A)δ, C ′ := (A∨B)δ.
The triple∆′ = A′B′C ′ is called the dual of∆. The pointsA′, B′, C ′ can be
written in terms of barycentric coordinates as follows:

A′ = [1− c2a : cacb − cc : ccca − cb] = [s2a : −SC : −SB]

B′ = [cacb − cc : 1− c2b : cbcc − ca] = [−SC : s2b : −SA]

C ′ = [ccca − cb : cbcc − ca : 1− c2c ] = [−SB : −SA : s2c ]

Proof. Up to a real factor1/S, the characteristic matrixT is the matrix that trans-

forms





B◦×C◦

C◦×A◦

A◦×B◦



 onto





A◦

B◦

C◦



:





A◦

B◦

C◦



 =
1

S(∆)
T





B◦×C◦

C◦×A◦

A◦×B◦



 .

The matrixT−1 of the inverse transformation is

T
−1 =

1

S





t22t33 − t223 t23t31 − t12t33 t12t23 − t31t22

t23t31 − t12t33 t33t11 − t231 t31t12 − t13t11

t12t23 − t31t22 t31t12 − t13t11 t11t22 − t212





=
1

S





1− c2a cacb − cc ccca − cb
cacb − cc 1− c2

b
cbcc − ca

ccca − cb cbcc − ca 1− c2c



 ,

which proves the statement. �

2.3.6. The dual of a point and the dual of a line.The dual lineP δ of a point
P = [p1 : p2 : p3] has the equation (in barycentric coordinates)

(p1, p2, p3)T





x1
x2
x3



 = 0.

If ℓ is a line with equationℓ1x1 + ℓ2x2 + ℓ3x3 = 0, then its dual is the pointR =
[r1 : r2 : r3] with (r1, r2, r3) = (ℓ1, ℓ2, ℓ3)T

−1.
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2.3.7. The angle bisectors of two lines.Let k : k1x1 + k1x1 + k1x1 = 0 and
ℓ : ℓ1x1 + ℓ1x1 + ℓ1x1 = 0 be two different lines, then their two angle bisectors
arem : m1x1 +m1x1 +m1x1 = 0 andn : n1x1 + n1x1 + n1x1 = 0, with

(m1,m2,m3) =
√

(ℓT−1) · ℓ k +
√

(kT−1) · k ℓ,

(n1, n2, n3) =
√

(ℓT−1) · ℓ k −
√

(kT−1) · k ℓ,

k = (k1, k2, k3), ℓ = (ℓ1, ℓ2, ℓ3).

2.3.8. Chasles’ Theorem.We define:

- Three pointsP,Q,R arein a general positionif they are independent and
P 6= (Q ∨R)δ, Q 6= (R ∨ P )δ, R 6= (P ∨Q)δ.

- A triplePQR of three pointsP,Q,R is aperspective triplewith perspector
S if the triplesABC andPQR are perspective andS is the perspective
center, in other words:S is the meet of the linesA∨P,B ∨Q andR∨R.

If the pointsA,B,C are in a general position, then the dual∆′ = A′B′C ′ of ∆ is
a perspective triple.

Proof. Using 1.2.3, it is easy to verify that the point

H :=[
1

cbcc − ca
:

1

cbca − cb
:

1

cacb − cc
]

=[
1

SA
:

1

SB
:

1

SC
]

is a common point of the linesA∨A′, B ∨B′, C ∨C ′ and therefore it is the center
of perspective.H is theorthocenterof ∆. �

2.3.9. Pedals and antipedals of a point.Thepedalsof a pointP = [p1 : p2 : p3]
on the sidelines of∆ are notatedA[P ], B[P ], C[P ]. We calculate the barycentric
coordinates[q1 : q2 : q3] of A[P ]:

(q1, q2, q3) = ((p1, p2, p3)× (s2a,−SC ,−SB))× ((0, 1, 0)× (0, 0, 1))

= (0, p1SC + p2s
2
a, p1SB + p3s

2
a).

Similarly the coordinates of the other two pedals can be calculated:

B[P ] = [p2SC + p1s
2
b : 0 : p2SA + p3s

2
b ]

C[P ] = [p3SB + p1s
2
c : p3SA + p2s

2
c : 0].

Define theantipedal pointsA[P ], B[P ], C [P ] of P by

A[P ] := perp(B∨P,B) ∧ perp(C∨P,C) andB[P ], C [P ] cyclically.

Straightforward calculation gives

A[P ] = [−1 :
p2SC + p1s2b
p1SC + p2s2a

:
p3SB + p1s2c
p1SB + p3s2a

].

A special case: ForP = H we get

A[H] = [−ca : cb : cc], B
[H] = [ca : −cb : cc], A

[H] = [ca : cb : −cc].
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2.3.10. Cevian and anticevian triangles.If P = [p1 : p2 : p3] is a point different
fromA,B,C, then the linesP ∨A, P ∨B, P ∨C are called theceviansof P . The
cevians meet the sidelinesa, b, c in AP := [0 : p2 : p3], BP := [p1 : 0 : p3], CP :=
[p1 : p2 : 0], respectively. These points are called thetracesof P . The points
AP := [−p1 : p2 : p3], B

P := [p1 : −p2 : p3], C
P := [p1 : p2 : −p3] are called

harmonic associatesof P .

We now assume thatP is not a point on a sideline ofABC and define: The
cevian triangleof P with respect to∆0 is the triangle with verticesAP , BP , CP

which contains the point[|p1| : |p1| : |p1|], the cevian triangle ofP with re-
spect to∆1 is the triangle with verticesAP , BP , CP which contains the point
[−|p1| : |p1| : |p1|], and so on. Furthermore, we define: Theanticevian trian-
gle of P with respect to∆0 is the triangle with verticesAP , BP , CP that has all
pointsA,B,C on its sides. The anticevian triangle ofP with respect to∆1 has the
same vertices, but only the pointA is on one of its sides, while the pointsB andC
are not.

A special case:
The traces ofGi are the midpoints of the sides of∆i, the cevians ofGi are (there-
fore) called themediansof ∆i. Gi itself is called thecentroidof ∆i, and the cevian
triangle ofGi with respect to∆i is called themedial triangleof ∆i.
∆0 is, in general, not the medial triangle of the anticevian triangle ofG0. (The
same applies to the other triangles∆i.) The antimedial triangleof ∆0 is the an-
ticevian triangle with respect to∆0 of the pointG+ := [cos a : cos b : cos c]. In the
last subsection it was shown that the vertices of this triangle also form the antipedal
triple of H. We now prove that the anticevian triangle with respect to∆0 of the
pointG+ hasG+ as its centroid, cf. Wildberger [27, 28].

Proof. We know already that the pointsA,B,C lie on the sides of the anticevian
triangle ofG+ with respect to∆0. Now we show thatA is equidistant fromBG+

andCG+

by proving the equationA = BG+

+CG+

: Define the vectorsp and
q by p := (ca,−cb,cc) andq := (ca,cb,−cc). Sincep∗2 = q

∗2, we have
p/‖p‖∗ + q/‖q‖∗ = (2cc, 0, 0)/‖p‖∗.
In the same way it is shown that the pointsB andC are the midpoints of the
corresponding sides of the anticevian triangle ofG+ with respect to∆0. �

Remark.Wildberger’s name for the antimedial triangle isdouble triangle[27, 28].

2.3.11. Tripolar and tripole. Given a pointP = [p1 : p2 : p3], then the point
[0 : −p2 : p3] is the harmonic conjugate ofAP with respect to{B,C}. Corre-
spondingly, the harmonic conjugates of the traces ofP on the other sidelines are
[−p1 : 0 : p3] and[p1 : −p2 : 0]. These three harmonic conjugates are collinear;
the equation of the linel is

p2p3x1 + p3p1x2 + p1p2x3 = 0.

This line is called thetripolar line or thetripolar of P and we denote it byP τ . P
is thetripole of l and we writeP = lτ .
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We calculate the coordinates of the dual point of the tripolar ofP and get

P τδ = [p1(p2SB + p3SC)− p2p3s
2
a : p2(p3SC + p1SA)− p3p1s

2
b

: p3(p1SA + p2SB)− p1p2s
2
c ].

Two Examples:
The lineHτ is calledorthic lineand has the equation

SAx1 + SBx2 + SCx3 = 0,

its dual is the point

Hτδ = [2SBSC − SAs
2
a : 2SCSA − SBs

2
b : 2SASB − SCs

2
c ].

Wildberger [24, 25] names this pointorthostar, we adopt this terminology.

The tripolar ofG has the equationx1 + x2 + x3 = 0, the pointGτδ has coordi-
nates

[(1−ca)(1+ca−cb−cc) : (1−cb)(1−ca+cb−cc) : (1−cc)(1−ca−cb+cc)]

=[s2
a/2

(s2
a/2

−s2
b/2

−s2
c/2

) : s2
b/2

(−s2
a/2

+s2
b/2

−s2
c/2

) : s2
c/2

(−s2
a/2

−s2
b/2

+s2
c/2

)]

In the next subsection we identify this point as thecircumcenterof the triangle∆0.

2.3.12. The four classical triangle centers of∆0. We already calculated the co-
ordinates of two classical triangle centers of∆0, the centroidG = G0 and the
orthocenter1 H :

G = [1 : 1 : 1]

H = [
1

cos a− cos b cos c
:

1

cos b− cos c cos a
:

1

cos c− cos a cos b
]

The other two classical centers are the centersO = O0 of the circumcircle and the
centerI = I0 of the incircle.

We show that the pointGτδ is the circumcenterO:
It can be easily checked that the pedals ofGτδ are the traces ofG, soGτδ is a point
on all three perpendicular bisectorsAG ∨A′, BG ∨B′, BG ∨B′ of the triangle
sides and has, therefore, the same distance from the verticesA,B andC.
The radius of the circumcircle is

R = d(O,A)

= arccos

√

∣

∣

∣

c 2
a + c 2

b
+ c 2

c − 2cacbcc − 1

c 2
a + c 2

b
+ c 2

c − 2cbcc − 2ccca − 2cacb + 2ca + 2cb + 2cc − 3

∣

∣

∣

= arccos

√

∣

∣

∣

s 2
a +s

2
b
+s 2

c − (s 2
s +s

2
s−a+s

2
s−b

+s 2
s−c)

s 2
a +s

2
b
+s 2

c + 2(ss−bss−c+ss−css−a+ss−ass−b−ss(ss−a+ss−b+ss−c))

∣

∣

∣
.

1Here we have to assume that the vertices are in a general position.
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The equation of the circumcircle: A pointX = [x1 : x2 : x3] is a point on the
circumcircle of∆0 precisely when its coordinates satisfy the equation

(1− cos a)x2x3 + (1− cos b)x3x1 + (1− cos c)x1x2 = 0,

which is equivalent to

sin2 a
2
x2x3 + sin2 b

2
x3x1 + sin2 c

2
x1x2 = 0.

The incenterI = [sin a : sin b : sin c] of ∆0 is the meet of the three bisectors
of the (inner) angles of∆0.

Proof. We show thatI = [sin a : sin b : sin c] is a point on the bisector ofα by
showing that the dual pointWA of this bisector is orthogonal toI. Using equations

I◦ = (|B◦
× C◦

|A◦ + |C◦
×A◦

|B◦ + |A◦
×B◦

|C◦)◦

and (WA)
◦ =

( A◦ ×B◦

‖(A◦ ×B◦)‖
+

A◦ × C◦

‖(A◦ × C◦)‖

)

◦

,

it can be easily checked thatI◦ · (WA)
◦ = 0. In a similar way it can be proved that

I is also a point on the other two angle bisectors. �

The pedals ofI are

A[I] = [0 : cos a cos b− sin a sin b− cos c : cos c cos a− sin c sin a− cos b]

B[I] = [cos a cos b− sin a sin b− cos c : 0 : cos b cos c− sin b sin c− cos a]

C[I] = [cos c cos a− sin c sin c− cos b : cos b cos c− sin b sin c− cos a : 0]

These three pedal points are also the traces of theGergonne point

Ge = [
1

cos(b+c)− cos a
:

1

cos(c+a)− cos b
:

1

cos(a+b)− cos c
]

= [
1

sin(s−a)
:

1

sin(s−b)
:

1

sin(s−c)
].

The cevian triangle ofGe is called thetangent triangleof ∆0.

The radius of the inner circle is

r = arccos
2

κ
sin s

with κ = ‖(sa,sb,sc)‖∗ =
√

s2a+s2
b
+s2a+2(casbsc+cbscsa+ccsasb) .



On centers and central lines of triangles in the elliptic plane 339

Proof.

cos d(I, A[I]) =

√

((sa,sb,sc) ∗ (0,cacb − sasb − cc,ccca − scsa − cb))2

(sa,sb,sc)∗2(0,cacb − sasb − cc,ccca − scsa − cb)∗2

=

√

(2sa(1− (ca(cbcc − sasb)− sa(cbsc + ccsb))))2

κ2(s2a(1− (ca(cbcc − sasb)− sa(cbsc + ccsb))))
=

2

κ
sin s

In the same way it can be shown thatcos d(I, B[I]) = cos d(I, C[I]) = (2 sin s)/κ.
Thus, the pointI is equidistant to the sides of the triangle andcosr = (2 sin s)/κ.

�

The equation of the incircle: Whenp1 :=
1

sin(s−a)
, p2 :=

1

sin(s−b)
, p3 :=

1

sin(s−c)
, the equation of the incircle is

x21

p2
1

+
x22

p2
2

+
x23

p2
3

−
2x2x3
p2p3

−
2x3x1
p3p1

−
2x1x2
p1p2

= 0

Proof. This equation is correct because it describes a conic which touches the tri-
angle sides at the traces ofGe = [p1 : p2 : p3]. �

Remark.The incenter of∆0 is not only the circumcenter of the tangent triangle
but also the circumcenter of thedual triangle∆′

0. The radius of the circumcircle
of the dual triangle∆′

0 is d(I, A′) = arccos |S|/κ.

2.3.13. Triangle centers of∆1,∆2,∆3. The incenterI of∆0 can be written[f(a, b, c) :
f(b, c, a) : f(c, a, b)] with f(a, b, c) = sin a. The orthocenterH can also be writ-
ten [f(a, b, c) : f(b, c, a) : f(c, a, b)], but with a different center functionf ; a
suitable center function forH is f(a, b, c) = 1/(cos b cos c − cos a). The first
componentf(a, b, c) obviously determines the triangle center, the other two one
gets by cyclic permutation.
Knowingf(a, b, c), we can also write down the corresponding triangle centers for
the triangles∆i, i = 1, 2, 3 :
If [f(a, b, c) : f(b, c, a) : f(c, a, b)] is representation of a triangle centerZ = Z0

of ∆0 by a barycentric coordinates, then

Z1 = [−f(a1, b1, c1) : f(b1, c1, a1) : f(c1, a1, b1)]

= [−f(a, π−b, π−c) : f(π−b, π−c, a) : f(π−c, a, π−b)]

is the corresponding triangle center of∆1 and

Z2 = [f(a2, b2, c2) : −f(b2, c2, a2) : f(c2, a2, b2)],

Z3 = [f(a3, b3, c3) : f(b3, c3, a3) : −f(c3, a3, b3)]

are the triangle centers of∆2 and∆3, respectively.
In the last subsection we presented the radii of the circumcircle and the incircle

of ∆0 as functions of the side lengths and the semiperimeter:R = R(a, b, c, s),r =
r(a, b, c, s). The radiiRi andri of the corresponding circles of∆i are: Ri =
R(ai, bi, ci, si),ri = r(ai, bi, ci, si), with si = (ai + bi + ci)/2.
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Remark.The triangle centersGi andIi, i = 1, 2, 3, are harmonic associates ofG

andI, respectively. The orthocenterH is an absolute triangle center:H = H1 =
H2 = H3.

2.3.14. The staudtian and the area of a triangle.The staudtian2 is a functionn
which assigns each triple of points a real number; the staudtian of∆ is

n(∆) =
1

2
|S(∆)| =

1

2
| det





A◦

B◦

C◦



 |.

The staudtian has some characteristics of an area. There are equations such as:

n(∆) =
1

2
sin a sin b sin γ =

1

2
sin a sinha, with ha = d(A,AH),

and for a pointP ∈ ∆0 the equation:

P = [n(BPC) : n(CPA) : n(APB)].

But n lacks the property of additivity. ForP ∈ ∆0 the inequality holds:

n(BPC) + n(CPA) + n(APB) > n(ABC),

and the value ofn(BPC)+n(CPA)+n(APB) takes its maximum for the incen-
ter I. (For a proof of the equivalent statement in the hyperbolic plane, see Horváth
[10].)

The proper triangle area is given by the excess2ǫ; for the triangle∆0 this is

2ǫ(∆0) = α+ β + γ − π.

Adding up all the areas of the triangles∆i, i = 0, 1, 2, 3, we get2π for the area of
the whole elliptic plane.

2.3.15. Isoconjugation.Let P = [p1 : p2 : p3] be a point not on a sideline of∆0

and letQ = [q1 : q2 : q3] be a point different from the vertices of∆0, then the
pointR = [p1q2q3 : p2q3q1 : p3q1q2] is called theisoconjugateof Q with respect
to the poleP or shorter theP -isoconjugate ofQ.
Obviously, ifR is theP -isoconjugate ofQ, thenQ is theP -isoconjugate ofR.

Some examples:
G-isoconjugation is also calledisotomic conjugation. The fixed points ofG-

isoconjugation are the centroidsG,G1, G2, G3.
The isotomic conjugate of the Gergonne pointGe is theNagel pointNa. Its traces
are the touch points of the excircles of∆0 (= incircles of the triangles∆i, i =
1, 2, 3) with the sides of∆0.

Isogonal conjugation leaves the incentersIi, i = 0, 1, 2, 3, fixed. It is theP -
isoconjugation forP = [sin2 a : sin2 b : sin2 c]. This point is calledsymmedian
and is usually notated by the letterK.

2The name is taken in honor of the geometer von Staudt [1798-1867], who was the first to use
this function in spherical geometry, see [4, 10].
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The circumcentersO1, O2, O3 form a perspective triple. The perspector is the
isogonal conjugate ofO, and we denote this point byH−.

Define the pointK̃ by
K̃ := [1− cos a, 1− cos b, 1− cos c, ] = [sin2 a/2, sin2 b/2, sin2 c/2].

Horváth uses the nameLemoine pointfor it and we also shall use this name.
The points on the circumcircle:(1−cos a)x2x3+(1−cos b)x3x1+(1−cos c)x1x2 =

0 are theK̃-isoconjugates of the points on the tripolar ofG: x1 + x2 + x3 = 0, a
line which is also the dual ofO.

2.4. Conics.
2.4.1. Different types of conics.Let M = (mij)i,j=1,2,3 be a symmetric matrix,
then the quadratic equation

m11x
2
1 +m22x

2
2 +m33x

2
3 + 2m23x2x3 + 2m31x3x1 + 2m12x1x2 = 0

is the equation of a conic which we denote byC(M). Given a symmetric matrixM
and a nonzero real numbert, then the conicsC(M) andC(tM) are the same. We
can reverse this implication if we restrict ourselves to real conics. Here, we define:
A real conicin P is

- either the union of two different real lines,
- or a circle (with radiusr ∈ [0, π

2
]) ,

- or a proper ellipse, that is an irreducible (det(M) 6= 0) conic with infinitely
many real points and which is not a circle.

Remark.

- A double line can be regarded as a circle with radiusr = π

2
.

- There is no difference between ellipses, hyperbolae and parabolae inellip-
tic geometry, cf. [8].

The polar of a pointP = [p1 : p2 : p3] with respect to the conicC(M) is the
line with the equation

(x1, x2, x3)M





p1
p2
p3



 = 0.

The pole of the lineℓ : ℓ1x1+ ℓ2x2+ ℓ3x3 = 0 is the pointP = [p1 : p2 : p3] with
(p1, p2, p3) = (ℓ1, ℓ2, ℓ3)M

#, where

M# =





m22m33 −m2
23 m23m31 −m12m33 m12m23 −m31m22

m23m31 −m12m33 m33m11 −m2
31 m31m12 −m13m11

m12m23 −m31m22 m31m12 −m13m11 m11m22 −m2
12





is the adjoint ofM.

2.4.2. The perspector of a conic.If M is a diagonal matrix, then the polar lines of
A,B,C are the linesB ∨ C, C ∨ A, A ∨ B, respectively. IfM is not diagonal,
then the poles ofB ∨C, C ∨A, A∨B with respect to the conic form a perspective
triple with perspector

[
1

m11m23 −m31m12

:
1

m22m31 −m12m23

:
1

m33m12 −m23m31

].
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An example: A matrix of the absolute conic isT and the perspector isH. Since
there are no real points on this conic, it is not a real conic.

2.4.3. Symmetry points and symmetry axes of real conics.A point P = [p1 : p2 :
p3] is asymmetry pointof a conic if for every pointQ = [q1 : q2 : q3] on this conic
the mirror image ofQ in P is also a point on this conic. A linel is asymmetry axis
if its dual lδ is a symmetry point. The meet of two different symmetry axes is a
symmetry point and the join of two different symmetry points is a symmetry axis.

Three examples:
If the conic is the union of two different lines which meet at a pointP , then

the pointP and the duals of the two angle bisectors are the symmetry points. The
pointP is regarded as the center of the conic.

The symmetry points of a circle with centerP and radiusr ∈ [0, π/2] are the
centerP and all points onP δ.

A proper ellipse has three symmetry points, one lies inside the ellipse and is
regarded as its center, the other two lie outside.

How can we find the symmetry points of a real conicC(M) in case of a circle
with radiusr ∈ ]0, π/2[ or a proper ellipse? In this case, a pointP = [p1 : p2 : p3]
is a symmetry point precisely when its dualP δ is identical with the polar ofP
with respect to the conic, this is when the vector(p1, p2, p3) is an eigenvector of
the matrixT#M.

Three examples:
A circumconic with perspectorP = [p1 : p2 : p3] is described by the equation

p1x2x3 + p2x3x1 + p3x1x2 = 0.
A comparison of this equation with the equation of the circumcircle shows that the
Lemoine pointK̃ is the perspector of the circumcircle. The symmetry points are,
besides the circumcenterO, the points on the lineGτ : x1 + x2 + x3 = 0.

We want to determine the symmetry points of the circumconic in case ofP =
[1 + 2ca : 1 + 2cb : 1 + 2cc]. If the triangle∆0 is not equilateral, then the cir-
cumconic is a proper ellipse and the matrixT#M has three different eigenvalues.
One is2(c2a+c2

b
+c2c − 2cacbcc− 1), belonging to the eigenvector(1, 1, 1). The

other two eigenvalues and their corresponding eigenvectors can also beexplicitly
calculated. Here, the characteristic polynomial ofT#M splits into a linear and a
quadratic rational factor. But for proper ellipses this is an exception. Ingeneral,
formulas for the symmetry points of a circumconic with a given perspector are
rather complicated.
On the other hand, knowing the centerM = [m1 : m2 : m3] of a circumconic, its
perspectorP can be calculated quite easily:

P = [m1(2m2m3ca −m2
1 +m2

2 +m2
3) : m2(2m3m1cb +m2

1 −m2
2 +m2

3)

: m3(2m1m2cc +m2
1 +m2

2 −m2
3)].
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The equation of the inconic with perspectorP = [p1 : p2 : p3] is

x21

p2
1

+
x22

p2
2

+
x23

p2
3

+ 2
x2x3

p2p3
+ 2

x3x1

p3p1
+ 2

x1x2

p1p2
= 0

If the perspectorP is the Gergonne pointGe, then the inconic is the incircle. Its
symmetry points are the incenterI and the points on the line

ss−a(sasbsc − saSA + sbSB + scSC)x1

+ss−b(sasbsc + saSA − sbSB + scSC)x2

+ss−c(sasbsc + saSA + sbSB − scSC)x3 = 0.

2.4.4. Bicevian conics.Let P = [p1 : p2 : p3] andQ = [q1 : q2 : q3] be two
different points, not on any of the lines of∆0. Then

(x1, x2, x3)







2

p1q1

1

p1q2
+ 1

p2q1

1

p3q1
+ 1

p1q3
1

p1q2
+ 1

p2q1

2

p2q2

1

p2q3
+ 1

p3q2
1

p3q1
+ 1

p1q3

1

p2q3
+ 1

p3q2

2

p3q3











x1
x2
x3



 = 0

is the equation of a conic, which passes through the traces ofP andQ. The per-
spector of this conic is the pointR = [r1 : r2 : r3] with

(r1, r2, r3) = (p1q1(p2q3 − p3q2), p2q2(p3q1 − p1q3), p3q3(p1q2 − p2q1)).

What are the conditions forQ to be a circumcevian conjugate ofP or, in other
words, what are the conditions for the bicevian conic to be a circle? Here,we
should keep in mind that the point tripleAPBPCP has four circumcircles and,
therefore, there are four circumcevian conjugates ofP . First, we calculate the
barycentric coordinates of the circumcenterM0 of the triangle(APBPCP )0: The
dualM δ

0 of M0 is the line(AP − BP ) ∨ (AP − CP ), which is described by the
equation

p2p3(−t1 + t2 + t3)x1 + p2p1(t1 − t2 + t3)x2 + p1p2(t1 + t2 − t3)x3 = 0,

with t1 := ‖(0, p2, p3)‖∗ =
√

p 2
2
+ 2p2p3ca + p 2

3
,

t2 := ‖(p1, 0, p3)‖∗ =
√

p 2
3
+ 2p3p1cb + p 2

1

and t3 := ‖(p1, p2, 0)‖∗ =
√

p 2
1
+ 2p1p2cc + p 2

2
.

We put(s1, s2, s3) := ((−t1 + t2 + t3)/p1, (t1 − t2 + t3)/p2, (t1 + t2 − t3)/p3)
and calculate the coordinates[m01 : m02 : m03] of M0 and the coordinates[q01 :
q02 : q03] of the circumcevian conjugateQ0 of P :

(m01,m02,m03) = (s1, s2, s3)T
#

= ((−t1 + t2 + t3)/p1, (t1 − t2 + t3)/p2, (t1 + t2 − t3)/p3)T
#

(q01, q02, q03) =
( 1

(s 2
1
− 4)p1

,
1

(s 2
2
− 4)p2

,
1

(s 2
3
− 4)p3

)

=
( p1

(−t1+t2+t3)2 − 4p 2
1

,
p2

(t1−t2+t3)2 − 4p 2
2

,
p3

(t1−t2+t3)2 − 4p 2
3
)

)

.
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For the radiusr of the cevian-circle we calculate

r = arccos
2S2

‖(m01,m02,m03)‖∗
.

The other circumcentersMi and circumcevian conjugatesQi , i = 1, 2, 3, can
be determined in the same way. We give the results fori = 1:

(m11,m12,m13) = ((t1+t2+t3)/p1, (−t1−t2+t3)/p2, (−t1+t2−t3)/p3)T
#,

(q11, q12, q13) =
( p1

(t1+t2+t3)2 − 4p 2
1

,
p2

(−t1−t2+t3)2 − 4p 2
2

,
p3

(−t1+t2−t3)2 − 4p 2
3
)

)

.

3. Four central lines

3.1. The orthoaxisG+∨H.
3.1.1. Triangle centers on the orthoaxis.Wildberger [27] introduces the nameor-
thoaxis for a line incident with several triangle centers: the orthocenterH, the
centroidG+ of the antimedial triangle, the orthostarHτδ and three more triangle
centers:

- One is the pointO+ := [SAs 2
a : SBs 2

b
: SCs 2

c ].
In [27, 28] it is calledbasecenterand introduced as the meet of the lines
A ∨ (BH ∨ CH)δ, B ∨ (CH ∨ AH)δ, C ∨ (AH ∨ BH)δ. In [26] the point
O+ is calledpseudo-circumcenter, and it is shown that it is the meet of the
perpendicular pseudo-bisectorsAG+∨A′, BG+∨B′, CG+∨ C ′.

- The second point is
L := [ca(−c 2

a+c
2
b
+c 2

c +1)−2cbcc : cb(c 2
a−c

2
b
+c 2

c +1)−2cacc
: cc(c 2

a+c
2
b
−c 2

c +1)−2cacb].

It is the common point of the linesAG+

∨A′, BG+

∨B′, CG+

∨C ′, and it is
calleddouble dual pointin [27, 28].

- The third point is the intersection of the orthoaxis with the orthic axisHτ

and has coordinates
[SBSC(−2c2a+c

2
b
+c2c) : SCSA(c

2
a−2c2

b
+c2c) : SASB(c

2
a+c

2
b
−2c2c)].

3.1.2. The bicevian conic through the traces ofH andG+. We prove a conjecture
of Vigara [26]:
The orthoaxiso := H ∨G+ is a symmetry axis of the bicevian conic which passes
through the traces ofH andG+.

Proof. The orthoaxis is described by the equation:

SA(c
2
b − c 2

c )x1 + SB(c
2
c − c 2

a )x2 + SC(c
2
a − c 2

b )x3 = 0,

so its dual is the pointP := oδ = [ca(c 2
b
− c 2

c ),cb(c
2
c − c 2

a ),cc(c
2
a − c 2

b
)].

This pointP is also the perspector of the conic through the traces ofH andG+;
the equation of the conic is

(x1, x2, x3)M





x1
x2
x3



 = 0,
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with

M =





2SAcbcc −cc(SAca + SBcb) −cb(SCcc + SAca)
−cc(SAca + SBcb) 2SBccca −ca(SBcb + SCcc)
−cb(SCcc + SAca) −ca(SBcb + SCcc) 2SCcacb



 .

The pointP is not only the perspector of the conic but also a symmetry point: The
polar ofP with respect to this conic is calculated by

(x1, x2, x3)C





ca(c 2
b
− c 2

c )
cb(c 2

c − c 2
a )

cc(c 2
a − c 2

b
)



 = 0.

and this, again, is an equation of the orthoaxis.
Let Q1 andQ2 be the intersections of the orthoaxis with the conic, and define

M1 andM2 by M1 = Q1 + Q2 andM2 = Q1 − Q2. ThenPM1M2 is a polar
triple: d(P,M1) = d(P,M2) = d(M1,M2) = π/2. And the dual ofPM1M2 with
respect toC(M) is M2PM1. The polar line of each of these points is a symmetry
axis ofC(M). �

Vigara [26] assumes that eitherM1 or M2 equals the pointO++H. But this is
not the case; a simple calculation shows that, in general,d(P,O+±H) 6= π/2.

3.2. The lineG ∨O.

3.2.1. Triangle centers on the lineG ∨ O. The lineG ∨ O is the orthoaxis of the
medial triangle and has the equation

(1 + ca − cb − cc)(cb − cc)x1 + (1− ca + cb − cc)(cc − ca)x2

+ (1− ca − cb + cc)(ca − cb)x3 = 0.

BesidesG andO it contains the following triangle centers:

- The isogonal conjugate ofO with barycentric coordinates

[
1 + ca

1 + ca − cb − cc
:

1 + cb
1− ca + cb − cc

:
1 + cc

1− ca − cb + cc
].

This point is also the common point of the linesperp(BG ∨ CG, A),
perp(CG ∨AG, B) andperp(AG ∨BG, C); we denote it byH−.

- TheK̃-conjugate ofO; its coordinates are

[
1

1 + ca − cb − cc
:

1

1− ca + cb − cc
:

1

1− ca − cb + cc
].

- The pointL was already introduced in the last subsection; it is the in-
tersection of the lineG ∨ O with the orthoaxis. But it is also a point
on the lineI ∨ Ge and a point on all the linesGi ∨ Oi, i = 0, 1, 2, 3.
We call this pointde Longchamps point. The main reason for choosing
the name is: This pointL is the radical center of the three power circles
C(BG + CG, A), C(CG +AG, B), C(AG +BG, C).
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Proof of the last statement: We will outline the proof forperp(BG ∨CG, A) being
the radical line of the first two power circles. In a similar way it can be shownthat
perp(CG ∨AG, B), perp(AG ∨BG, C) are the other two radical lines.
We start with the dual of the line through the centers of the first two circles; this is
the point

P = [(1−ca)(1+ca+cb+cc) : −(1+cb)(1−ca−cb+cc) : −(1+cc)(1−ca+cb−cc)].

Then for every real numbert, the vector

pt := ((1− ca)(1 + ca + cb + cc) + t(ca(1−c
2
a+c

2
b +c

2
c )−2cbcc),

−(1 + cb)(1− ca − cb + cc) + t(cb(1+c
2
a−c

2
b +c

2
c )−2cacc),

−(1 + cc)(1− ca + cb − cc) + t(cc(1+c
2
a+c

2
b −c

2
c )−2cacb)).

represents the barycentric coordinates of a point onP ∨L. We substitute the com-
ponents ofpt for x1, x2, x3 in the equations of the two power circles

(x1(cb+cc)+(ca+1)(x2+x3))
2

= (2cax2x3+2cbx1x3+2ccx1x2+x21+x22+x23)(cb+cc)
2,

(x2(ca+cc)+(cb+1)(x1+x3))
2

= (2cax2x3+2cbx1x3+2ccx1x2+x21+x22+x23)(ca+cc)
2,

solve fort and get the same solutions for both circles. �

The pointsO,G,H−, L form a harmonic range.

Proof. We introduce the vectors
o = ((1−ca)(1+ca−cb−cc), (1−cb)(1−ca+cb−cc), (1−cc)(1−ca−cb+cc)),
g = (1, 1, 1),
h = ((1+ca)/(1+ca−cb−cc), (1+cb)/(1−ca+cb−cc), (1+cc)/(1−ca−cb+cc)),
l = (ca(−c 2

a+c
2
b
+c 2

c +1)−2cbcc,cb(c 2
a−c

2
b
+c 2

c +1)−2cacc,
cc(c 2

a+c
2
b
−c 2

c +1)−2cacb),
the real numbers
r = 1− c2a − c2

b
− c2c + 2cacbcc,

s = (1 + ca − cb − cc)(1− ca + cb − cc)(1− ca − cb + cc),
t = (1 + ca + cb + cc),
and get the equationsso+ th = 2rg and so− th = 2l. �

3.2.2. A cubic curve as a substitute for the Euler circle.For a pointP = [p1 : p2 :
p3] ∈ P we calculate the pedals ofP on the sidelines of the medial triangle:

Ã[P ] := (P ∨ (B[G] ∨ C[G])
δ) ∧ (B[G] ∨ C[G]), B̃[P ], C̃[P ].

The pointsP for which Ã[P ], B̃[P ], C̃[P ] are collinear lie on a cubic that passes
through the traces of the pointsH− andGi, i = 0, 1, 2, 3. We call this cubicEuler-
Feuerbach cubic. In metric affine geometries this cubic splits into the nine-point-
circle (Euler circle) and the lineGτ : x1 + x2 + x3 = 0.
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Proof. Instead of proving the statement for the triangle∆0, we present the proof for
the antimedial triangle of∆0. In this case, the formulae obtained are substantially
shorter.
For the coordinates of the pedalsA[P ], B[P ], C[P ] of a pointP on the sidelines of
∆, see 2.3.9. If these three pedals are collinear on a line, this line is called aSimson
line of P . The locus of pointsP having a Simson line is the cubic with the equation

cax1(x
2
2s

2
c + x 2

3s
2
b ) + cbx2(x

2
3s

2
a + x 2

1s
2
c ) + ccx3(x

2
1s

2
b + x 2

2s
2
a )

− 2x1x2x3(1− cacbcc) = 0.

The centroid of the antimedial triangle isG+ = [ca : cb : cc]. The traces of
G+ on the sidelines of the antimedial triangle areA,B,C. The tripolar ofG+

meets the sidelines of the antimedial triangle in[0 : cb : −cc], [−ca : 0 : cc] and
[ca : −cb : 0]. The traces of the pointL on the sidelines of the antimedial triangle

are

[ca(c
2
b + c 2

c )− 2c 2
b c

2
b : cb(c

2
b − c 2

c ) : cc(c
2
b − c 2

c )],

[ca(c
2
c − c 2

a ) : cb(c
2
c + c 2

a )− 2c 2
b c

2
b : cc(c

2
c − c 2

a )],

[ca(c
2
a − c 2

b ) : cb(c
2
a − c 2

b ) : cc(c
2
a + c 2

b )− 2c 2
ac

2
b ].

It can now be checked that the coordinates of all the traces satisfy the cubic equa-
tion. �

Remark.This circumcubic ofABC is the non pivotal isocubicnK(K,G+, t) with
poleK (symmedian), rootG+ and parametert = −2(1− cacbcc) 6= 0 (terminol-
ogy adopted from [5, 7]). It is the locus of dual points of the Simson lines of ∆,
and it also passes through

- the verticesA′, B′, C ′ of the dual triangle,
- and through the points
[−SBSC : c 2

b
SB : c 2

c SC ], [c
2
aSA : −SCSA : c 2

c SC ],
[c 2

aSA : c 2
b
SB : −SASB].

Closely connected with it is the Simson cubic

SAx1(x
2
2+x23)+SBx2(x

2
3 +x21)+SCx3(x

2
1+x22)− 2x1x2x3(1−cacbcc) = 0,

which is the locus of tripoles of the Simson lines.

The Euler-Feuerbach cubic belongs to a set of cubics which can be constructed
as follows: Consider the pencil of circumconics of∆ which pass through a given
point P = [p1 : p2 : p3] different fromA,B,C. The symmetry points of all
these conics lie on a cubic which passes through the traces ofP and the traces of
Gi, i = 0, 1, 2, 3. In metric affin geometries this cubic splits into the bicevian conic
of P andG and the tripolar line ofG.

3.2.3. Triplex points onG ∨ O. In euclidean geometry, triplex points were intro-
duced by K. M̈utz [16]; further studies on triplex and related points have been
carried out by E. Schmidt [20]. By joining the meet of the perpendicular bisector
of A ∨ B and the side lineA ∨ C with the vertex B and joining the meet of the
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Figure 2. The triplex points on the lineG ∨ O and the points
T<A>, T<B>, T<C> on the circumcircle.

perpendicular bisector ofA ∨ C and the side lineA ∨B with the vertex C, we get
two lines that meet at a point, thetriplex pointTA:

TA = (((CG ∨ C ′) ∧ (A ∨ C)) ∨B) ∧ (((BG ∨B′) ∧ (A ∨B)) ∨ C)

= [1 :
1− cb

ca − cc
:
1− cc

ca − cb
].

The triplex pointsTB, TC are defined accordingly. It can be easily checked that
TA, TB, TC are points on the lineG ∨O. (See [16, 20] for the euclidean version.)

The pointsT<A> := (B ∨ TC) ∧ (C ∨ TB), T<B> := (C ∨ TA) ∧ (A ∨

TC), T<C> := (A∨ TB)∧ (B ∨ TA) lie on the circumcircle; their coordinates are:
T<A> = [1− ca : cb − cc : cc − cb],
T<B> = [ca − cc : 1− cb : cc − ca],
T<C> = [ca − cb : cb − ca : 1− cc].

Furthermore, these points lie on the linesA ∨AG, B ∨BG, C ∨CG, respectively,
and the linesAG ∨ T<A>, B

G ∨ T<B>, C
G ∨ T<C> meet at point

T :=[−3c2a + c2b + c2c − 2cbcc + 2cacc + 2cacb + 2ca − 2cb − 2cc + 1 : · · · : · · · ]

=[−3s 4

a/2
+ s 4

b/2
+ s 4

c/2
+ 2s 2

a/2
s 2

b/2
+ 2s 2

a/2
s 2

c/2
− 2s 2

b/2
s 2

c/2
: · · · : · · · ]

on the lineG ∨O.
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3.3. The lineO ∨K.
3.3.1. Triangle centers on the lineO ∨K. The points(A ∨ TA) ∧ (B ∨ C), (B ∨

TB) ∧ (C ∨ A), (C ∨ TC) ∧ (A ∨ B) are collinear, they all lie on the lineO ∨K.
The lineO ∨K is described by the equation

cb − cc
1− ca

x1 +
cc − ca
1− cb

x2 +
ca − cb
1− cc

x3 = 0.

It has a tripole on the circumcircle and, besides the points already mentioned,it
contains the Lemoine point̃K.

TheLemoine axisK̃τ is perpendicular toO ∨K, so its dual point also lies on
O ∨ K. This axisK̃τ is also the polar of the Lemoine point with respect to the
circumcircle and intersects the sidelines of∆0 at the pointsLA = [0 : 1−cb :
cc−1], LB = [ca−1 : 0 : 1−cc], LC = [1−ca : cb−1 : 0].

Figure 3. The lineb = O ∨K, the Lemoine axisℓ = K̃τ , the circumcircle and
the apollonian circles.

3.3.2. The Apollonian circles.The lineO ∨ K is the common radical axis of the
circlesC(LA, A), C(LB, B), C(LC , C), which we will call apollonian circlesof
∆0.

Proof. It can be easily checked that the polar line of a perspectorP of a circum-
conic with respect to this conic is the lineP τ .
The two points[(1−ca)(1+ca−t±) : (1−cb)(1+cb−t±) : (1−cb)(1+cb−t±)],

with t± =
√

3

6

(√
1 + ca + cb + cc ±

√

1− c2a − c2
b
− c2c + 2cacbcc

)

,
lie on O ∨ K and on each of the apollonian circles. So we call these two points
isodynamic points. �
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3.3.3. The Lemoine conic.Define the pointP1 := par(B ∨C, K̃) ∧ (B ∨C) and
P2, P3 accordingly. Further, defineP23 := par(B∨A, K̃)∧(A∨C) and the points
P32, P12, P21, P31, P13 accordingly. (Here we considerA,B,C as the first, second
and third point of the triangle∆0, respectively.)
The pointsP1, P2, P3 lie on the lineK̃δ with the equation

(1−ca+cb+cc−2cbcc)x1+(1+ca−cb+cc−2ccca)x2+(1+ca+cb−cc−2cacb)x3 = 0.

The six pointsP23, P32, P31, P13, P12, P21 lie on a conic with the equation
∑

cyclic

(

(

ν1+ν2+ν3−2ν2ν3
)(

ν1(ν2+ν3−4ν2ν3)+(ν2−ν3)
2
)

ν2ν3x
2
1

−

(

(ν41+ν31(3(ν2+ν3)−8ν2ν3))+ν21(3(ν
2
2+ν23)+8ν2ν3−14ν2ν3(ν1+ν3)+20ν22ν

2
3)

−ν1(ν2+ν3)(6ν2ν3(1+ν2+ν3)−(ν22+ν23))+2ν2ν3(ν2+ν3)
2
)

ν1x2x3

)

= 0,

where we putν1 := 1− ca = 2s 2

a/2
, ν2 := 1− cb , ν3 := 1− cc.

We call this conicLemoine conic.
It can be proved by calculation:

- The lineK ∨O is a symmetry line of the Lemoine conic.
- If the line K̃δ has common points with the circumcircle, then these points

are also points on the Lemoine conic.
- The pole ofK̃δ with respect to the circumcircle is a point onK ∨O.
- The pole ofK̃δ with respect to the Lemoine conic is a point onK ∨O.

3.4. The Akopyan lineO ∨Hτδ.

3.4.1. Triangle centers on the lineO ∨ Hτδ. There are several triangles centers,
introduced by Akopyan [2], lying on the join of the circumcenter and the orthostar;
therefore, we propose to name this lineAkopyan line. (Akopyan himself uses the
nameEuler linefor it, and Vigara uses the nameAkopyan Euler line.) Its equation
is

(cb−cc)(1+2ca−cb−cc−cbcc)x1 + (cc−ca)(1−ca+2cb−cc−ccca)x2

+ (ca−cb)(1−ca−cb+2cc−cacb)x3 = 0.

As a first point on this line, apart fromO andHτδ, we introduce the pointG∗,
whose cevians bisect the triangle area in equal parts. The existence of such a point
was already shown by J. Steiner [21]. (See also [3].) The coordinatesof G∗ are

[

√
1+ca

√
2
√
1+ca +

√
1+cb

√
1+cc

:

√
1+cb

√
2
√
1+cb +

√
1+cc

√
1+ca

:

√
1+cc

√
2
√
1+cc +

√
1+ca

√
1+cb

]

= [
ca/2

ca/2 + cb/2cc/2
:

cb/2
cb/2 + cc/2ca/2

:
cc/2

cc/2 + ca/2cb/2
].
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Figure 4. The Akopyan line and the Hart circle together with the incircle and the
excircles of∆0.

The calculation is carried out according to the construction ofG∗ described below.

Akopyan [2] shows that the cyclocevian ofG∗ lies on the lineO ∨ G∗ and has
properties that justify to call it apseudo-orthocenter. We, therefore, denote it by
H∗. He also shows that the center of the common cevian circle ofG∗ andH∗

- we will call this pointN∗ - is also a point onO ∨ G∗. Thus, the cevian cir-
cle of G∗ can be seen as a good substitute in elliptic geometry for the euclidean
nine point circle, even more so, since this circle, as also proved by Akopyan,
touches the incircles of∆i for i = 0, 1, 2, 3. The common cevian circle ofG∗

andH∗ we like to nameHart circle of ∆0, because A. S. Hart [9] calculated 1861
the equation of the circle which touches incircle and the excircles of a spheri-
cal triangle, and the nameHart’s circle is used by G. Salmon in [19]. Salmon
showed that its centerN∗ lies on the linesG∨H andO+ ∨H− and he calculated
the (trilinear) coordinates ofN∗. The barycentric representation of this point is
N∗ = [(ca+1)(ca(cb cc−1) + 1− c2

b
+ cb cc − c2c) : · · · : · · · ].

Remark.The Akopyan line is a line which contains a point together with its cir-
cumcevian conjugate and the center of their common cevian circle. Such a line is
calledcevian axis[6]. The orthoaxis and the lineG∨O are, in general, not cevian
axes of the triangle∆0. But the lineG∨O is a cevian axis of the anticevian triangle
(AGBGCG)0 of G, see Figure 2.
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Figure 5. Construction of the bisectorA ∨ S through the vertexA.

Explanations to Figure 5: By projecting the pointsA,B,C onto the sideline
BG ∨ CG of the medial triangle of∆0, we get the pointsD,P1 andP2, respec-
tively. The area2ǫ of the triangle∆0 is the same as the area of the quadrangle
(AP1P2B)0 because triangle(CGAD)0 is congruent to triangle(CGBP1)0 and
triangle(BGAD)0 congruent to triangle(BGBP2)0.
The linesperp(B ∨ C,B) andperp(B ∨ C,C) meetBG ∨ CG at Q1 andQ2,
respectively. It follows that2ǫ = µ(∠+P1BQ1) + µ(∠+P2CQ2).
Let W be the meet of the linesB ∨ C andBG ∨ CG. Confirm by calculation that
the mirror image ofP1BQ1 in W (or in its dual lineW δ = AG ∨U ) isP2BQ2. It
follows thatµ(∠+P1BQ1) = µ(∠+P2CQ2) = ǫ.
The linesB∨R1 andC∨R2 are the internal bisectors, the linesB∨S andC∨S the
external bisectors of∠+P1BQ1 resp.∠+P2CQ2. DefineE := (A∨S)∧ (B∨C)
and letT be the midpoint of[A,E]+. We can now confirm by calculating that
T ∨ CG = perp(B ∨ R1, CG) and conclude that the area of the triangle(ABE)0
is ǫ.
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List of triangle centers:

triangle center P = euclidean limit point
P [f(α, β, γ):f(β, γ, α):f(γ, α, β)], (We adopt the nota-

f(α, β, γ) = tion from [11].)

G 1
G+ 1 + 2 sin ǫ sin ǫ-α

sin β sin γ
X2

G∗ sinα/ sin 1
2ǫ -α

I sinα X1

O sinα cos ǫ-α
X3

O+ sin 2α
H tanα

X4
H− sinα / cos ǫ-α
N∗ sinα cosβ−γ X5

K sin2 α
X6

K̃ sinα sin ǫ-α
Ge tan 1

2
α X7

Na cot 1
2
α X8

L
3ξ 2

α−2ξα(ξβ+ξγ)−(ξβ−ξγ)
2+φα(ξ

2
α−ξ 2

β −ξ 2
γ ),

X20with ξα = sαsǫ-α, . . . andφα = 2 sin ǫ sin ǫ-α
sin β sin γ

T (cf. 3.2.3.) −3s 4
α/2 + 2s 2

α/2(s
2
β/2+s

2
γ/2) + (s 2

β/2−s
2
γ/2)

2

Hτδ sinα (cosα− 2 cosβ cos γ) X30

(O ∨K)τ
ξα/(ξβ−ξγ)

X110
ξα = sαsǫ-α, ξβ = sβsǫ-β , ξγ = sγsǫ-γ

K̃τδ ξα(ξβ+ξγ)−ξ 2
β −ξ 2

γ + 2sǫ sǫ-α sǫ-β sǫ-γ , infinity point

ξα = sαsǫ-α, ξβ = sβsǫ-β , ξγ = sγsǫ-γ on the Brocard axis
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Three Synthetic Proofs of the Butterfly Theorem

Nguyen Tien Dung

Abstract. We give three synthetic proofs of the butterfly theorem, using Thales’
theorem, the notions of isogonal conjugates, and spiral similarity respectively.

1. Introduction

Theorem (The Butterfly Theorem). Through the midpointM of a chordPQ of a
circle, two other chordsAB andCD are drawn such thatA andD are on opposite
sides ofPQ . If AD andBC intersectPQ at X andY respectively, thenM is
also the midpoint ofXY .

P Q
M

A
C

D

B

X Y

Figure 1.

2. The first proof: Thales’ theorem

In Figure 2, the circumcircle of the triangleBOD intersectsAB andCD again
at E andF respectively, whereO is the circumcenter of the cyclic quadrilateral
ACBD. Since∠MFE = ∠DBE = ∠DCA, EF ‖ AC. Let G be a point on

OM such thatAG ‖ OE. By Thales’ Theorem, we have
MG

MO
=

MA

ME
=

MC

MF
.

It follows thatCG ‖ OF . Notice that∠GCB = ∠GCD +∠DCB = ∠MFO +
∠DCB = ∠OBD + ∠DCB = 90◦. Similarly, ∠GAD = 90◦. SinceGM ⊥

XY , GX andGY are diameters of the circles(MAX) and(MCY ) respectively.
Therefore,∠MGX = ∠MAX = ∠MCY = ∠MGY . The trianglesMGX and
MGY are congruent, andMX = MY . This proves the Butterfly Theorem.
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O

P
Q

M

A
C

D

B

X Y

F
E

G

Figure 2.

3. The second proof: isogonal conjugates

O

P
Q

M

A
C

D

B

X
Y

H
K

J

I

L

Figure 3.

Let O be the center of the circle. Denote byH andK the reflections ofA and
C throughM . SinceMH · MB = AM · MB = CM · MD = MK · MD,
trianglesMBD andMKH are oppositely similar (see Figure 3). LetL be the
isogonal conjugate ofO with respect to the triangleMBD. Denote byJ the
image ofL under the dilative reflection that maps the triangleMBD onto the
triangleMKH. HJ intersectsAD at I. Since∠HMJ = ∠LMD = ∠HMO,
MJ passes throughO. We have∠MHJ = ∠LDM = ∠BDO = ∠OBD =
∠MBL = ∠JKM = 90◦ − ∠DAB. From this, together with the fact thatM
is the midpoint ofAH, it follows that∠XIJ = ∠XMJ = 90◦, and∠JIM =
∠JKM = 90◦ − ∠DAB. Hence, pointsM , J , K, I, andX lie on a circle
whose diameter isJX, and∠JKM + ∠DCB = 90◦. Therefore,KJ ⊥ KX

andKJ ⊥ BC. It implies thatKX ‖ BC. TrianglesMXK andMYC are
congruent, andMX = MY . This completes the second proof of the Butterfly
Theorem.
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4. The third proof: spiral similarity

Lemma. The diagonals of a quadrilateralACBD that is inscribed in a circle(O)
intersect atR. LetS be the center of the spiral similarity that mapsAC ontoDB .
Then,SR is the common angle bisector of the anglesASB andCSD, and passes
throughO.

Proof. SinceS is the center of the spiral similarity that mapsAC ontoDB, the
trianglesSAD andSCB are directly similar. Therefore, the trianglesSAC and
SDB are also directly similar. It means thatS is the center of the spiral similarity
that mapsAD ontoCB (see Figure 4).

Since the trianglesRCB andRAD are similar,
RC

RA
=

CB

AD
=

SC

SA
. Similarly,

RA

RD
=

AC

DB
=

SA

SD
. Hence,

RC

RD
=

SC

SD
, andSR is the angle bisector of∠CSD.

Similarly, SR is also the angle bisector of∠ASB. Denote by(a, b) the directed
angle from the linea to the lineb (See [5, pp. 11–15]). Since the quadrilateral
ACBD is cyclic, we have

(SC, SD) = (SC, SA) + (SA, SD)

= (CB, AD) + (AC, DB)

= (BC, BD) + (DB, DA) + (CA, CB) + (BC,BD)

= 2(BC, BD)

= (OC, OD).

It follows thatS, C, D andO are concyclic. FromOC = OD, SO is the bisector
of angleCSD. We deduce thatSR passes throughO. �

O

A

C

B
D

S

R

Figure 4

O

P Q
M

A

C

D

B

X Y

T

S

Z

Figure 5
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Proof of the butterfly theorem.LetZ andT be the points on the segmentsBC and

AD respectively so that
ZC

ZB
=

XA

XD
and

TA

TD
=

Y C

Y B
. As the trianglesMAD and

MCB are similar,∠CMZ = ∠AMX = ∠BMY = ∠DMT and∠MXT =
∠MZY . Hence,ZT passes throughM and the quadrilateralXZY T is cyclic
(see Figure 5). LetS be the center of the spiral similarity mappingAD ontoCB.
This spiral similarity mapsX into Z, T into Y andXT ontoZY . Let (O) be the
circumcircle of the cyclic quadrilateralACBD. Then, by the Lemma,SM passes
throughO. SinceM is the midpoint ofPQ, SM ⊥ XY . Applying the Lemma
to the cyclic quadrilateralXZY T , SM is the bisector of angleXSY . Combining
with SM ⊥ XY , it follows thatMX = MY by symmetry. This completes the
third proof of the Butterfly Theorem.
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Radii of Circles in Apollonius’ Problem

Milorad R. Stevanovíc , Predrag B. Petrović, and Marina M. Stevanović

Abstract. The paper presents the relation for radii of the eight circles in Apollo-
nius’ problem for circles which are tangent to three given circles. Analogously,
we derived the relations for radii of the16 spheres which are tangent to four
given spheres, with coordinates of their centers and with their radii.

1. Introduction

It is well known that for three given circles generically there are eight different
circles that are tangent to them. The problem of ruler and compass constructability
of these eight circles is well-known. There are famous Apollonius’ and Gergonne’s
solutions to this problem [3]. Special cases of the three given circles areconsidered
and a number of other problems is known [2]. The first case is when we consider
three sides of the original triangle as three circles with infinite radii. The incircle
and three excircles of the original triangle are four solutions to Apollonius’prob-
lem. The second case is when we have three excircles as a starting point. Three
sides of the original triangle are three solutions to Apollonius’ problem with infi-
nite radii [1]. The nine-point circle is tangent externally to the three excircles, by
Feuerbach theorem, and a relatively new object - the Apollonius circle is tangent
internally to three exircles (for some results about this circle see [4]-[7]). To these
five circles we can add three Jenkins circles which are tangent to three excircles,
by adding two of them externally and the third one internally.

2. Main result

Let us assume that the three given circles areK1(O1, r1),K2(O2, r2),K3(O3, r3),
Figure 1, with distances between centersO2O3 = a, O3O1 = b, O1O2 = c and
with the area(O1O2O3) = ∆, which is different from0. The following theorem
holds true:

Theorem 1. Let us assume that the radii of the eight circles with centersSi given
in Figure 1((a), (b), (c)and (d)) arepj , (j = 1, 2, ..., 8). Then

1

p1
−

1

p2
+

1

p3
−

1

p4
+

1

p5
−

1

p6
+

1

p7
−

1

p8
= 0. (1)

Proof. Let us introduce the anglesϕ1 = ∠O2SO3,ϕ2 = ∠O3SO1,ϕ3 = ∠O1SO2,
whereS = S1 for Figure 1 (a), so as to obtain

cos2 ϕ1 + cos2 ϕ2 + cos2 ϕ3 − 2 cosϕ1 cosϕ2 cosϕ3 = 1. (2)

Publication Date: June 25, 2017. Communicating Editor: Paul Yiu.
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ab

cO1 O2

O3

S2

S1

1A

ab

cO1
O2

O3

S3

S4

1B

ab

cO1 O2

O3

S5

S6

1C

ab

cO1 O2

O3

S7

S8

1D

Figure 1. The eight different circles that are tangent to the three givencircles.

If we substitute

t1 = sin2
ϕ1

2
, t2 = sin2

ϕ2

2
, t3 = sin2

ϕ3

2
,

from relation (2) we have

t21 + t22 + t23 − 2(t1t2 + t2t3 + t3t1) + 4t1t2t3 = 0. (3)

If we generally denote the center of the circle and radius byS andp, then for
the first unknown circleL1 (see Figure 1 (a)) isSO1 = p + r1, SO2 = p + r2,
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SO3 = p+ r3 and

cosϕ1 =
(p+ r2)

2 + (p+ r3)
2 − a2

2(p+ r2)(p+ r3)
=⇒ t1 =

a2 − (r2 − r3)
2

4(p+ r2)(p+ r3)
,

and analogously

t2 =
b2 − (r3 − r1)

2

4(p+ r3)(p+ r1)
, t3 =

c2 − (r1 − r2)
2

4(p+ r1)(p+ r2)
.

From relation (3) we now have relation (4):

(a2 − (r2 − r3)
2)2(p+ r1)

2 + (b2 − (r3 − r1)
2)2(p+ r2)

2

+ (c2 − (r1 − r2)
2)2(p+ r3)

2

− 2(a2 − (r2 − r3)
2)(b2 − (r3 − r1)

2)(p+ r1)(p+ r2)

− 2(a2 − (r2 − r3)
2)(c2 − (r1 − r2)

2)(p+ r1)(p+ r3)

− 2(b2 − (r3 − r1)
2)(c2 − (r1 − r2)

2)(p+ r2)(p+ r3)

+ (a2 − (r2 − r3)
2)(b2 − (r3 − r1)

2)(c2 − (r1 − r2)
2)

= 0. (4)

or in another form

F1(p, r1, r2, r3) = 0. (5)

Equation (4) is of the second degree and is of the form

A1p
2 +B1p+ C1 = 0, (6)

where

A1 = 4(a2(r1 − r2)(r1 − r3) + b2(r2 − r3)(r2 − r1) + c2(r3 − r1)(r3 − r2))

− 16∆2

= f(r1, r2, r3), (7)

B1 = 2{r1(a
2
− (r2 − r3)

2)2 + r2(b
2
− (r3 − r1)

2)2 + r3(c
2
− (r1 − r2)

2)2

− (a2 − (r2 − r3)
2)(b2 − (r3 − r1)

2)(r1 + r2)

− (b2 − (r3 − r1)
2)(c2 − (r1 − r2)

2)(r2 + r3)

− (c2 − (r1 − r2)
2)(a2 − (r2 − r3)

2)(r3 + r1)}

= g(r1, r2, r3), (8)

C1 = r21a
4 + r22b

4 + r23c
4 + a2b2c2

− a2b2(r21 + r22)− b2c2(r22 + r23)− c2a2(r23 + r21)

+ a2(r21 − r22)(r
2
1 − r23) + b2(r22 − r23)(r

2
2 − r21)

+ c2(r23 − r21)(r
2
3 − r22)

= h(r1, r2, r3). (9)
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For the second unknown circleL2 (see Figure 1 (a)) we haveSO1 = p − r1,
SO2 = p−r2, SO3 = p−r3 and a corresponding equation in the form of equation
(4), and

F1(p, −r1, −r2, −r3) = 0, (10)

A2p
2 +B2p+ C2 = 0, (11)

with

A2 = f1(−r1, −r2, −r3) = A1,

B2 = g1(−r1, −r2, −r3) = B1,

C2 = h1(−r1, −r2, −r3) = C1,

which implies that

A1p
2
1 +B1p1 + C1 = 0, A1p

2
2 −B1p2 + C1 = 0,

and
1

p1
−

1

p2
= −

B1

C1

. (12)

For the third circleL3 (see Figure 1 (b)) we haveSO1 = p− r1, SO2 = p+ r2,
SO3 = p + r3 and we getF1(p, −r1, r2, r3) = 0 with A3p

2 + B3p + C3 = 0,
A3 = f1(−r1, r2, r3), B3 = g1(−r1, r2, r3), C3 = h1(−r1 r2, r3) = C1.

For the fourth circleL4 (see Figure 1 (b)) we haveSO1 = p+r1, SO2 = p−r2,
SO3 = p − r3 and we getF1(p, r1, −r2, −r3) = 0 with A4p

2 + B4p + C4 =
0, A4 = f1(r1, −r2, −r3) = A3, B4 = g1(r1, −r2, −r3) = −B3, C4 =
h1(r1,−r2,−r3) = C1 and again we get

1

p3
−

1

p4
= −

B3

C1

. (13)

Analogously, we have

1

p5
−

1

p6
= −

B5

C1

, (14)

1

p7
−

1

p8
= −

B7

C1

, (15)

where

B5 = g1(r1, −r2, r3), B7 = g1(r1, r2,−r3).

Formula (1) follows from (12), (13), (14), (15) because

g1(r1, r2, r3) + g1(−r1, r2, r3) + g1(r1, −r2, r3) + g1(r1, r2, −r3) = 0.

�

Remark1. If the indexj of the circle with radiuspj is an even (odd) number, then
1/pj (in formula (1)) has the sign+ (−).
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Remark2. In the first case of the three given circles mentioned in the introduction,
we get the formula

1

r
=

1

r1
+

1

r2
+

1

r3

wherer, r1, r2, r3 are the inradius and exradii of triangleABC.

Remark3. In the second case we get

1

p1
+

1

p2
+

1

p3
+

1

q
=

1

m
,

wherep1, p2, p3 are the radii of Jenkins circles,q is the radius of Apollonius’ circle
andm = R/2 is the radius of Euler circle or nine-point circle.

This formula can be proved independently since

p1 =
a

b+ c
q, p2 =

b

c+ a
q, p3 =

c

a+ b
q.

Remark4. In the same way, the same result can be proved for the three given
circles, provided that two of them are inside of the third one.

3. Positions of 8 circles

The radical circle of the three given circlesK1(O1, r1),K2(O2, r2),K3(O3, r3),
is the circle orthogonal to all of them, and pairs of circles(L1, L2), (L3, L4),
(L5, L6), (L7, L8) – Figure 1, are inversive with respect to the radical circle. For
this radical circleK0(S0, r0), Figure 2, the following holds true.

ab

cO1 O2

O3

S2

S1

S0

Figure 2. The radical circle of the three given circles with the circlesL1 andL2,
inversive to the radical circle, based on Figure 1 (a)
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Proposition 2. (1) The centerS0(x0 : y0 : z0) has barycentric coordinates with
respect to triangleO1O2O3

x0 = a2(b2 + c2 − a2) + u0,

y0 = b2(c2 + a2 − b2) + v0,

z0 = c2(a2 + b2 − c2) + w0, (16)

where

u0 = (r22 + r23 − 2r21)a
2 + (r2 − r23)(b

2
− c2), (17)

v0 = (r23 + r21 − 2r22)b
2 + (r3 − r21)(c

2
− a2), (18)

w0 = (r21 + r22 − 2r23)a
2 + (r1 − r22)(a

2
− b2). (19)

(2) The radius of the radical circle is given by formula

r20 =
C1

16∆2
. (20)

(3) The coefficientsB1, B3, B5, B7 are expressed in terms of the coordinates of
S0, i.e.,

B1 = −2(r1x0 + r2y0 + r3z0), B3 = −2(r1x0 − r2y0 − r3z0), (21)

B5 = −2(−r1x0 + r2y0 − r3z0), B7 = −2(−r1x0 − r2y0 + r3z0). (22)

(4) The lineS0O0, whereO0 represents the circumcenter of triangleO1O2O3,
is orthogonal to the lineq : r21x + r22y + r23z = 0. This line passes through
the midpoints of segmentsM11M12, M21M22 andM31M32, whereM11 andM12

are the inner and outer centers of similarity of circles(K2) and (K3), which can
analogously be applied to the other points.

For the eight solutionsLj(Sj , pj) of Apollonius’ problem, withSj(xj : yj : zj)
we have

Proposition 3. (1) The coordinates of the centersSj are as follows:

x1 = 2p1u1 + x0, y1 = 2p1v1 + y0, z1 = 2p1w1 + z0,

x2 = −2p2u1 + x0, y2 = −2p2v1 + y0, z2 = −2p2w1 + z0,

where
u1 = (r2 + r3 − 2r1)a

2 + (r2 − r3)(b
2 − c2) = u1(r1, r2, r3),

v1 = (r3 + r1 − 2r2)b
2 + (r3 − r1)(c

2 − a2) = v1(r1, r2, r3),
w1 = (r1 + r2 − 2r3)c

2 + (r1 − r2)(a
2 − b2) = w1(r1, r2, r3).

x3 = 2p3u3 + x0, y3 = 2p3v3 + y0, z3 = 2p3w3 + z0,

x4 = −2p4u3 + x0, y4 = −2p4v3 + y0, z4 = −2p4w3 + z0,

where
u3(r1, r2, r3) = u1(r1,−r2,−r3),
v3(r1, r2, r3) = v1(r1,−r2,−r3),
w3(r1, r2, r3) = w1(r1,−r2,−r3).

x5 = 2p5u5 + x0, y5 = 2p5v5 + y0, z5 = 2p5w5 + z0,

x6 = −2p6u5 + x0, y6 = −2p6v5 + y0, z6 = −2p6w5 + z0,
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where
u5(r1, r2, r3) = u1(r1, r2,−r3),
v5(r1, r2, r3) = v1(r1, r2,−r3),
w5(r1, r2, r3) = w1(r1, r2,−r3).

x7 = 2p7u7 + x0, y7 = 2p7v7 + y0, z7 = 2p7w7 + z0,

x8 = −2p8u7 + x0, y8 = −2p8v7 + y0, z8 = −2p8w7 + z0,

where
u7(r1, r2, r3) = u1(r1,−r2, r3),
v7(r1, r2, r3) = v1(r1,−r2, r3),
w7(r1, r2, r3) = w1(r1,−r2, r3).

(2) There are collinear triplets of points(S0, S1, S2), (S0, S3, S4), (S0, S5, S6)
and(S0, S7, S8), and

S0S1 ⊥ q1 : r1x+ r2y + r3z = 0,

S0S3 ⊥ q3 : − r1x+ r2y + r3z = 0,

S0S5 ⊥ q5 : r1x− r2y + r3z = 0,

S0S7 ⊥ q7 : r1x+ r2y − r3z = 0,

whereq1, q3, q5, q7 are the linesM12M22M32, M12M21M31, M11M22M31, and
M11M21M32 respectively.

(3)
1

S0S1

−
1

S2S0

=
2

S0V1

, (23)

whereU1 = S0S1 ∩ q1 andV1 andU1 are inversive to each other with respect to
the radical circle. Analogously, this is assumed for the other centersSj .

4. Three-dimensional case

In this case we have four spheres and a maximum of16 spheres, each of which
being tangent to all of the four given spheres. Analogous relations forradii of these
16 spheres will be found subsequently. Let us assume that the four spheres are
Φ1(O1, r1),Φ2(O2, r2),Φ3(O3, r3),Φ4(O4, r4). We can take the basic tetrahedron
ABCD to be tetrahedronO1O2O3O4 with O1 = A(1 : 0 : 0 : 0), O2 = B(0 : 1 :
0 : 0), O3 = C(0 : 0 : 1 : 0), O4 = D(0 : 0 : 0 : 1) given in the barycentric
coordinates with mutual distancesAB = c, AC = b, AD = d, BC = a, BD = e,
CD = f . An important role in further investigations is played by Cayley-Menger
determinant∆0 of tetrahedronABCD given as follows:

∆0 =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 1 1 1 1
1 0 c2 b2 d2

1 c2 0 a2 e2

1 b2 a2 0 f2

1 d2 e2 f2 0

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

. (24)

The known result is that the volumeV of tetrahedronABCD is given by for-
mula

∆0 = 288V 2.



366 M. R. Stevanović, P. B. Petrovíc, and M. M. Stevanović

If we apply∆ij to denote the algebraic cofactor of element with row-column posi-
tion (i, j) in corresponding Cayley-Menger matrix, we obtain the following result.

Proposition 4. (1)The centerO of the circumscribed sphere of tetrahedronABCD

(or circumcenter) has barycentric coordinates

O(∆12 : ∆13 : ∆14 : ∆15). (25)

(2) The circumradiusR of the upper circumsphere is given by

R2 = −
∆11

2∆0

. (26)

(3) If for point P (x : y : z : t) we introduce two relevant expressions

τ = τ(P ) = x+ y + z + t, (27)

T = T (P ) = a2yz + b2zx+ c2xy + d2xt+ e2yt+ f2zt, (28)

then we have

τ(O) = ∆0, T (O) =
1

2
∆0 ·∆11. (29)

Let us now introduce the radical sphereΦ0(S0, r0), i.e., the sphere with property

S0A
2
− r21 = S0B

2
− r22 = S0C

2
− r23 = S0D

2
− r24 = r20, (30)

or the sphere which is orthogonal to the four given spheresΦ1, Φ2, Φ3, Φ4. Then
we have

Proposition 5. (1) This radical sphere corresponds to the equation

T = τ(r21x+ r22y + r23z + r24t). (31)

(2) The centerS0(x0 : y0 : z0 : t0) has coordinates

x0 = ∆12 + r21∆22 + r22∆32 + r23∆42 + r24∆52, (32)

y0 = ∆13 + r21∆23 + r22∆33 + r23∆43 + r24∆53, (33)

z0 = ∆14 + r21∆24 + r22∆34 + r23∆44 + r24∆54, (34)

t0 = ∆15 + r21∆25 + r22∆35 + r23∆45 + r24∆55. (35)

(3) For the radiusr0, the following formula holds.

r20 = R2
−
(

r21x(M) + r22y(M) + r23z(M) + r24t(M)
)

, (36)

whereM is the midpoint of the segmentS0O.

In Figure 3 we introduce corresponding ordered quadruplets. An appropriate
numberj in illustration (from (a) to (p)) denotes that sphereLj is tangent to the
four given spheres. The plus sign in the second position (given in brackets in each
figure) means that sphere with centerB is outside-externally tangent to sphereLj ,
while the minus sign at the fourth position means that sphere with centerD is
inside sphereLj – internally tangent, and similarly in other cases. For each of the
16 possible layouts, corresponding signs are given immediately under the figure,
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DC
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B

3b (−−−−)

DC
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B
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3d (+−−−)

DC
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B

3e(+−++)
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A
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3f (−+−−)
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3g (+ +−+)

D

C
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B

3h (−−+−)
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B

3i (+ + +−)
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B

3j (−−−+)
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3k (+ +−−)

DC
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3l (−−++)
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3m (−+−+)
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3n (+−+−)
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B

3o (+−−+)
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B

3p (−++−)

Figure 3. The16 possible quadruplets- spheres each of which being tangent to
all of the four given spheres
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related to the respective spheres with centersA, B, C andD, depending on their
position in relation to sphereLj .

First of all, we will investigate sphereL1. If we generally denote the center of
the sphere and the radius by S and p, then for the first unknown sphereL1 (see
Figure 3) is

SO1 = p+ r1, SO2 = p+ r2, SO3 = p+ r3, SO4 = p+ r4,

and equations of spheresΦ′

1(A, p+r1),Φ′

2(B, p+r2),Φ′

3(C, p+r3),Φ′

4(D, p+r4)
are

T = τ{−(p+ r1)
2x+ (c2 − (p+ r1)

2)y + (b2 − (p+ r1)
2)z + (d2 − (p+ r1)

2)t},
(37)

T = τ{(c2 − (p+ r2)
2)x− (p+ r2)

2y + (a2 − (p+ r2)
2)z + (e2 − (p+ r2)

2)t},
(38)

T = τ{(b2 − (p+ r3)
2)x+ (a2 − (p+ r3)

2)y − (p+ r3)
2z + (f2

− (p+ r3)
2)t},

(39)

T = τ{(d2 − (p+ r4)
2)x+ (e2 − (p+ r4)

2)y + (f2
− (p+ r4)

2)z − (p+ r4)
2t}.

(40)

These equations determine the pointS1(x1 : y1 : z1 : t1) which is the center of
the sphereL1 and radiusp = p1 of that sphere. For them we have

x1 = x0 + 2p(r1∆22 + r2∆32 + r3∆42 + r4∆52), (41)

y1 = y0 + 2p(r1∆23 + r2∆33 + r3∆43 + r4∆53), (42)

z1 = z0 + 2p(r1∆24 + r2∆34 + r3∆44 + r4∆54), (43)

t1 = t0 + 2p(r1∆25 + r2∆35 + r3∆45 + r4∆55), (44)

and these formulae lead us to the equation forp = p1

F1(p, r1, r2, r3, r4) = A1p
2 +B1p+ C1 = 0, (45)

where

A1 = 2r1(r1∆22 + r2∆32 + r3∆42 + r4∆52)

+ 2r2(r1∆23 + r2∆33 + r3∆43 + r4∆53)

+ 2r3(r1∆24 + r2∆34 + r3∆44 + r4∆54)

+ 2r4(r1∆25 + r2∆35 + r3∆45 + r4∆55) + ∆0

= f(r1, r2, r3, r4), (46)

B1 = 2r1(∆12 + r21∆22 + r22∆32 + r23∆42 + r24∆52)

+ 2r2(∆13 + r21∆23 + r22∆33 + r23∆43 + r24∆53)

+ 2r3(∆14 + r21∆24 + r22∆34 + r23∆44 + r24∆54)

+ 2r4(∆15 + r21∆25 + r22∆35 + r23∆45 + r24∆55)

= 2(r1x0 + r2y0 + r3z0 + r4t0)

= g(r1, r2, r3, r4), (47)
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C1 =
1

2

{

r21(∆12 + r21∆22 + r22∆32 + r23∆42 + r24∆52)

+ r22(∆13 + r21∆23 + r22∆33 + r23∆43 + r24∆53)

+ r23(∆14 + r21∆24 + r22∆34 + r23∆44 + r24∆54)

+ r24(∆15 + r21∆25 + r22∆35 + r23∆45 + r24∆55)

+ (∆11 + r21∆12 + r22∆13 + r23∆14 + r24∆15)
}

= h(r1, r2, r3, r4), (48)

For the second unknown sphereL2 (see Figure 3) we haveSO1 = p − r1,
SO2 = p− r2, SO3 = p− r3, SO4 = p− r4 as illustrated by the equation

F1(p, −r1, −r2, −r3, −r4) ≡ A2p
2+B2p+C2 ≡ A1p

2
−B1p+C1 = 0. (49)

Now we get
1

p1
−

1

p2
= −

B1

C1

. (50)

This means that to the difference1/p1− 1/p2 we can relate the ordered quadru-
ple (+,+,+,+) related to(r1, r2, r3, r4) sinceB1 is linear with respect to all
rj . SinceC1 is the same for all16 combinations(ε1r1, ε2r2, ε3r3, ε4r4) for all
ε ∈ {−1, 1}. When combining the signs of the ordered quadruplets, we obtain the
following results given in the next theorem.

Theorem 6. Let us assume that the radii of the sixteen spheres given in Figure 3
arepj (j = 1, 2, ..., 16) and the volumeV is different from0. Then

(

1

p1
−

1

p2

)

−

(

1

p3
−

1

p4

)

−

(

1

p5
−

1

p6

)

−

(

1

p11
−

1

p12

)

= 0, (51)
(

1

p1
−

1

p2

)

−

(

1

p3
−

1

p4

)

−

(

1

p7
−

1

p8

)

−

(

1

p13
−

1

p14

)

= 0, (52)
(

1

p1
−

1

p2

)

−

(

1

p3
−

1

p4

)

−

(

1

p9
−

1

p10

)

−

(

1

p15
−

1

p16

)

= 0, (53)
(

1

p1
−

1

p2

)

−

(

1

p5
−

1

p6

)

−

(

1

p7
−

1

p8

)

+

(

1

p15
−

1

p16

)

= 0, (54)
(

1

p1
−

1

p2

)

−

(

1

p5
−

1

p6

)

−

(

1

p9
−

1

p10

)

+

(

1

p13
−

1

p14

)

= 0, (55)
(

1

p1
−

1

p2

)

−

(

1

p7
−

1

p8

)

−

(

1

p9
−

1

p10

)

+

(

1

p11
−

1

p12

)

= 0, (56)
(

1

p1
−

1

p2

)

+

(

1

p3
−

1

p4

)

−

(

1

p5
−

1

p6

)

−

(

1

p7
−

1

p8

)

−

(

1

p9
−

1

p10

)

+

(

1

p11
−

1

p12

)

+

(

1

p13
−

1

p14

)

+

(

1

p15
−

1

p16

)

= 0,

(57)
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(

1

p1
−

1

p2

)

−

(

1

p3
−

1

p4

)

+

(

1

p5
−

1

p6

)

−

(

1

p7
−

1

p8

)

−

(

1

p9
−

1

p10

)

+

(

1

p11
−

1

p12

)

−

(

1

p13
−

1

p14

)

−

(

1

p15
−

1

p16

)

= 0,

(58)
(

1

p1
−

1

p2

)

−

(

1

p3
−

1

p4

)

−

(

1

p5
−

1

p6

)

+

(

1

p7
−

1

p8

)

−

(

1

p9
−

1

p10

)

−

(

1

p11
−

1

p12

)

+

(

1

p13
−

1

p14

)

−

(

1

p15
−

1

p16

)

= 0,

(59)
(

1

p1
−

1

p2

)

−

(

1

p3
−

1

p4

)

−

(

1

p5
−

1

p6

)

−

(

1

p7
−

1

p8

)

+

(

1

p9
−

1

p10

)

−

(

1

p11
−

1

p12

)

−

(

1

p13
−

1

p14

)

+

(

1

p15
−

1

p16

)

= 0.

(60)

Corollary 7. From the above formulae we can also obtain
(

1

p3
−

1

p4

)

−

(

1

p5
−

1

p6

)

+

(

1

p13
−

1

p14

)

+

(

1

p15
−

1

p16

)

= 0, (61)
(

1

p3
−

1

p4

)

−

(

1

p7
−

1

p8

)

+

(

1

p11
−

1

p12

)

+

(

1

p15
−

1

p16

)

= 0, (62)
(

1

p3
−

1

p4

)

−

(

1

p9
−

1

p10

)

+

(

1

p11
−

1

p12

)

+

(

1

p13
−

1

p14

)

= 0, (63)
(

1

p5
−

1

p6

)

−

(

1

p7
−

1

p8

)

+

(

1

p11
−

1

p12

)

−

(

1

p13
−

1

p14

)

= 0, (64)
(

1

p5
−

1

p6

)

−

(

1

p9
−

1

p10

)

+

(

1

p11
−

1

p12

)

−

(

1

p15
−

1

p16

)

= 0, (65)
(

1

p7
−

1

p8

)

−

(

1

p9
−

1

p10

)

+

(

1

p13
−

1

p14

)

−

(

1

p15
−

1

p16

)

= 0. (66)

These formulae and formulae listed in Theorem 6 are all possible formulae of
this type.

Corollary 8. For the radiusr0 of the radical circle,

r20 = −
C1

∆0

. (67)

Proof. From formula (37) we have

T1 = τ1
[

(c2y1 + b2z1 + d2t1) = (p1 + r1)
2τ1

]

.

Since

τ1 = τ(S1) = τ(S0) = ∆0,
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for the coefficientC ′

1 withouto1, we have

C ′

1 = T0 −∆0(c
2y0b

2z0 + d2t0) + r21∆
2
0.

Now the desired formula follows from

C ′

1 = ∆0 · C1,

r20 =
1

τ0

(

(c2y0 + b2z0 + d2t0)− r21τ0 −
T0

τ0

)

=
1

∆0

(

(c2y0 + b2z0 + d2t0)− r21∆0 −
T0

∆0

)

.

�

Remark5. If in the two-dimensional case, we introduce the determinant

∆0 =

∣

∣

∣

∣

∣

∣

∣

∣

0 1 1 1
1 0 c2 b2

1 c2 0 a2

1 b2 a2 0

∣

∣

∣

∣

∣

∣

∣

∣

,

then we have∆0 = −16∆2. Consequently,r20 = −C1/∆0 in both cases.

Corollary 9. The centersS1 andS2 have coordinates

x1 = x0 + 2p1u1, y1 = y0 + 2p1v1, z1 = z0 + 2p1w1, t1 = t0 + 2p1η1,
x2 = x0 − 2p2u1, y2 = y0 − 2p2v1, z2 = z0 − 2p2w1, t2 = t0 − 2p2η1,

where
u1 = r1∆22 + r2∆32 + r3∆42 + r4∆52,

v1 = r1∆23 + r2∆33 + r3∆43 + r4∆53,

w1 = r1∆24 + r2∆34 + r3∆44 + r4∆54,

η1 = r1∆25 + r2∆35 + r3∆45 + r4∆55,

with the property
u1 + v1 + w1 + η1 = 0.

Analogously to the planar case we can obtain coordinates of centers for all 16
spheres. There are eight planes, and each of them passes through six of the twelve
inner or outer centers of mutual similarity of the given four spheres. As earlier,
pointS0 with two centers is perpendicular to one of these eight planes.

Theorem 1 can be proved by the same technique used in the proof of Theorem
6.
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The Simson Triangle and Its Properties

Todor Zaharinov

Abstract. Let ABC be a triangle andP1, P2, P3 points on its circumscribed
circle. The Simson triangle forP1, P2, P3 is the triangle bounded by their Sim-
son lines with respect to triangleABC. We study some interesting properties of
the Simson triangle.

1. Introduction

The following theorem is often called Simson’s theorem. (see [2, p. 137, Theo-
rem 192])

Theorem 1 (Wallace-Simson line). The feet of the perpendiculars to the sides of
triangle from a point are collinear, if and only if the point is on the circumscribed
circle of the triangle. This is Simson line (or Wallace-Simson line).

Definition (Simson triangle). The Simson triangle is the triangle bounded by the
Simson lines of three points on the circumscribed circle of a fixed triangle. It is
degenerate if the three Simson lines are concurrent.

K

ℓ1

ℓ2

ℓ3

A

B
C

P3

P1

P2

N2

N3

N1

Figure 1

Theorem 2 (Orthopole, (see [2, p. 247, Theorem 406])). If perpendiculars are
dropped on a line from the vertices of a triangle, the perpendiculars to the opposite
sides from their feet are concurrent at a point called the orthopole of the line.

Publication Date: June 28, 2017. Communicating Editor: Paul Yiu.
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2. Notations

ABC is a triangle of reference.
The circumcircleK of △ABC has centerO and radiusR.
P1 ∈ K, P2 ∈ K, P3 ∈ K.
l1, l2, l3 are the Simson lines ofP1, P2, P3 with respect toABC.
N1N2N3 is the Simson triangle bounded by these Simson lines:

N1 = l2 ∩ l3, N2 = l3 ∩ l1, N3 = l1 ∩ l2.

The circumcircle of△N1N2N3 is K2 with centerO2 and radiusR2.
The orthocenter of△ABC is H.
The orthocenter of△P1P2P3 is H1.
The orthocenter of△N1N2N3 is H2.
The center of nine-point circle forABC isE.

We will use complex numbers in the proofs.
By u we shall denote the complex number, corresponding to pointU .
Without loss of generality, we take the circumcircleK to be the unit circle. Then

R = 1 andO = 0.
a · ā = b · b̄ = c · c̄ = p1 · p̄1 = p2 · p̄2 = p3 · p̄3 = 1.
h = a+ b+ c; e = 1/2(a+ b+ c); h1 = p1 + p2 + p3.

Lemma 3. Let V and W be points on the unit circle. The orthogonal projection of
a point P onto the line ℓ = VW is given by

pℓ =
1

2
(v + w + p− vwp̄).

In particular, if P is also on the unit circle, then

pℓ =
1

2

(

v + w + p−
vw

p

)

.

Proof. Write the orthogonal projection aspℓ = (1−t)v+tw for somereal number
t. The vectorp− (1− t)v − tw is perpendicular toBC. This means that

(p− (1− t)v − tw)(v̄ − w̄) + (p̄− (1− t)v̄ − tw̄)(v − w) = 0.

Sincev andw are on the unit circle,̄v = 1

v
, w̄ = 1

w
. We have

(p− (1− t)v − tw)

(

1

v
−

1

w

)

+

(

p̄−
1− t

v
−

t

w

)

(v − w) = 0.

From this,

t =
v − w − p+ vwp̄

2(v − w)
,

and the orthogonal projection is

pℓ = (1− t)v + tw =
1

2
(v + w + p− vwp̄).

If P is also on the unit circle, then̄p = 1

p
, andpℓ = 1

2

(

v + w + p− bc

p

)

. �
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Proposition 4. Let P be a point on the unit circumcircle of triangle ABC. The
equation of its Simson line is

2abcz̄ − 2pz + p2 + (a+ b+ c)p− (bc+ ca+ ab)−
abc

p
= 0. (1)

Proof. Let P be a point on the unit circumcircle. Its projections on the side lines
of triangleABC are, by Lemma 3,

pa =
1

2

(

b+ c+ p−
bc

p

)

,

pb =
1

2

(

c+ a+ p−
ca

p

)

,

pc =
1

2

(

a+ b+ p−
ab

p

)

.

The line joiningpb andpc has equation

0 =

∣

∣

∣

∣

∣

∣

z pb pc
z̄ p̄b p̄c
1 1 1

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∣

∣

z 1

2

(

c+ a+ p− ca

p

)

1

2

(

a+ b+ p− ab

p

)

z̄ 1

2

(

1

c
+ 1

a
+ 1

p
−

p

ca

)

1

2

(

1

a
+ 1

b
+ 1

p
−

p

ab

)

1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

=
(b− c)(p− a)(2abcpz̄ − 2p2z + p3 + (a+ b+ c)p2 − (bc+ ca+ ab)p− abc)

4abcp2

=
(b− c)(p− a)(2abcz̄ − 2pz + p2 + (a+ b+ c)p− (bc+ ca+ ab)− abc

p
)

4abcp
.

Therefore, the equation of the Simson line ofP is given by (1) above. �

Proposition 5. The intersection of the Simson lines of two points P , Q ∈ K is the
point with coordinates

1

2

(

p+ q + a+ b+ c+
abc

pq

)

. (2)

Proof. Let ℓp, ℓq be the Simson lines of two pointsP , Q on the unit circumcircle
of ABC. Their intersection is given by the solution of

2abcz̄ − 2pz + p2 + (a+ b+ c)p− (bc+ ca+ ab)−
abc

p
= 0, (3)

2abcz̄ − 2qz + q2 + (a+ b+ c)q − (bc+ ca+ ab)−
abc

q
= 0. (4)

Subtracting (4) from (3), we obtain

−2(p− q)z + (p2 − q2) + (a+ b+ c)(p− q)− abc

(

1

p
−

1

q

)

= 0.

Dividing by 2(p− q), we obtainz as given in (2) above. �
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3. Simson triangle

Theorem 6. The Simson triangle N1N2N3 is directly similar to triangle P1P2P3

(see Figure 1).

Proof. For three pointsP1, P2, P3 onK, by Proposition 5, the pairwise intersec-
tions of their Simson lines are

n1 =
1

2

(

p2 + p3 + a+ b+ c+
abc

p2p3

)

,

n2 =
1

2

(

p3 + p1 + a+ b+ c+
abc

p3p1

)

,

n3 =
1

2

(

p1 + p2 + a+ b+ c+
abc

p1p2

)

,

the vertices of the Simson triangle. Note that

n2 − n3 =
1

2

(

p3 + p1 + a+ b+ c+
abc

p3p1

)

−
1

2

(

p1 + p2 + a+ b+ c+
abc

p1p2

)

=
1

2

(

p3 − p2 +
abc(p2 − p3)

p1p2p3

)

=
abc− p1p2p3

2p1p2p3
(p2 − p3).

Since the factork := abc−p1p2p3

2p1p2p3
is symmetric inp1, p2, p3, we conclude that

N2N3 = k · P2P3, N3N1 = k · P3P1, N1N2 = k · P1P2,

and the trianglesN1N2N3 andP1P2P3 are directly similar. �

Corollary 7. The Simson triangle N1N2N3 has circumradius |abc−p1p2p3|

2
, and

circumcenter at the midpoint of the segment joining the orthocenters H of ABC

and H1 of P1P2P3 (see Figure 2).

Proof. Since the Simson triangle is similar toP1P2P3 with similarity factork =
|abc−p1p2p3|

2
, it clearly has circumradiusk.

The orthocenters of trianglesABC andP1P2P3 are the points

h = a+ b+ c and h1 = p1 + p2 + p3.

With these, we rewrite

n1 =
h1 + h

2
+

1

2

(

abc

p2p3
− p1

)

=
h1 + h

2
+

1

2

(

abc− p1p2p3

p2p3

)

.

Therefore,
∣

∣

∣

∣

n1 −
h1 + h

2

∣

∣

∣

∣

=
1

2

∣

∣

∣

∣

abc− p1p2p3

p2p3

∣

∣

∣

∣

= k,

since|p2| = |p3| = 1. The same relation holds ifn1 is replaced byn2 andn3. This
shows that the Simson triangle has circumcenterh1+h

2
, which is the midpoint of

H1 andH. It also confirms independently that the circumradius isk. �
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K

ℓ1

ℓ2

ℓ3

A

B
C

P3

P1

P2

N2

N3

N1

H1

H
O2

Figure 2

4. The Simson triangle and orthopoles

Lemma 8. Let V and W be points on the unit circumcircle of triangle ABC, A1

the orthogonal projection of A onto VW . The perpendicular from A1 to BC has
equation

z̄ −
z

bc
+

a− (v + w)

2vw
+

(a2 − bc) + a(v + w)− vw

2abc
= 0. (5)

Proof. By Lemma 3, the coordinatesa1 of A1 and its complex conjugate are

a1 =
1

2

(

v + w + a−
vw

a

)

,

ā1 =
−a2 + a(v + w) + vw

2avw
.

By Lemma 3 again, the coordinatesa2 of the orthogonal projectionA2 of A1 onto
BC, together with its complex conjugate, are

a2 =
1

2
(b+ c+ a1 − bcā1)

=
a2bc− abc(v + w) + (a2 − bc+ 2ca+ 2ab)vw + avw(v + w)− v2w2

4avw
,

ā2 =
−a2bc+ abc(v + w)− (a2 − bc− 2ca− 2ab)vw − avw(v + w) + v2w2

4abcvw
.
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The lineA1A2 contains a point with coordinatesz if and only if

0 =

∣

∣

∣

∣

∣

∣

z a1 a2
z̄ ā1 ā2
1 1 1

∣

∣

∣

∣

∣

∣

=
f(a, b, c, v, w)g(a, b, c, v, w, z)

8a2bcv2w2
,

where

f(a, b, c, v, w) := a2bc− abc(v + w)− (a2 + bc− 2ca− 2ab)vw

− avw(v + w) + v2w2,

g(a, b, c, v, w, z) := 2abcvwz̄ − 2avwz + a2bc− abc(v + w)

+ (a2 − bc)vw + avw(v + w)− v2w2.

Therefore, the equation of the perpendicular isg(a, b, c, v, w, z) = 0. Dividing by
2abcvw, we obtain the equation (5). �

Now we consider the construction in Lemma 8 beginning with all three vertices
of △ABC. This results in the three lines

z̄ −
z

bc
+

a− (v + w)

2vw
+

(a2 − bc) + a(v + w)− vw

2abc
= 0,

z̄ −
z

ca
+

b− (v + w)

2vw
+

(b2 − ca) + b(v + w)− vw

2abc
= 0,

z̄ −
z

ab
+

c− (v + w)

2vw
+

(c2 − ab) + c(v + w)− vw

2abc
= 0.

The intersection of the last two lines is given by

−
z

ca
+

z

ab
+

b− (v + w)

2vw
−

c− (v + w)

2vw

+
(b2 − ca) + b(v + w)− vw

2abc
−

(c2 − ab) + c(v + w)− vw

2abc
= 0,

−
(b− c)z

abc
+

b− c

2vw
+

(b− c)(a+ b+ c+ v + w)

2abc
= 0,

Multiplying by abc

b−c
, we obtain

z =
1

2

(

a+ b+ c+ v + w +
abc

vw

)

.

Note that this is symmetric ina, b, c. This means that the three perpendiculars
formA1 toBC,B1 toCA, andC1 toAB are concurrent. The point of concurrency
is the orthopoleN of the lineVW . By Proposition 5, this is also the same as the
intersection of the Simson lines ofV andW with respect to△ABC (see Figure 3



The Simson triangle and its properties 379

and [1, p.289, Theorem 697]). Applying this to the three side lines of the triangle
P1P2P3 for three pointsP1, P2, P3 ∈ K, we obtain the following theorem.

A

B C

W

V

N

A1

B1

C1

A2

B2

C2

Kℓv

ℓw

Figure 3

Theorem 9. For three points P1, P2, P3 on the circumcircle K of △ABC, the
orthopoles of the lines P2P3, P3P1, P1P2 coincide with the vertices N1, N2, N3

of the Simson triangle bounded by the Simson lines of P1, P2, P3 with respect to
△ABC.

5. Examples

Example 1. Let △P1P2P3 be an equilateral triangle. The circumcenter of the
Simson triangle coincides with the center of nine-point circle for △ABC.

Proof. If P1P2P3 is equilateral, its orthocenter coincides with the circumcenter.
This means thatp1 + p2 + p3 = 0. The circumcenter of the Simson triangle is
1

2
(a+ b+ c+ p1 + p2 + p3) =

1

2
(a+ b+ c), the centerE of the nine-point circle

of △ABC. �

Example 2. Let P1 ∈ K and let P1E meet the circle K again in P3 (E is the center
of nine-point circle for △ABC). Let P2 ∈ K and EP2 ⊥ P1P3. Then the circum-
center of the Simson triangle lies on the circle with center H (the orthocenter) and
radius 1

2
R (see Figure 4).

Proof. LetP4 be another point ofK on the lineP2E.

P1P3 ⊥ P2P4 ⇒ (p1 − p3)

(

1

p2
−

1

p4

)

+

(

1

p1
−

1

p3

)

(p2 − p4) = 0

⇒ (p1 − p3)(p2 − p4)(p1p3 + P2p4) = 0.
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Therefore,p1p3 + p2p4 = 0 (see [3, p. 45]).
By Lemma 3 or [3, p. 45],

E ∈ P1P3 ⇒ p1 + p3 = e+ p1p3ē,

E ∈ P2P4 ⇒ p2 + p4 = e+ p2p4ē.

Therefore,

p1 + p2 + p3 + p4 = 2e+ p1p3 + p2p4 = 2e = a+ b+ c.

By Theorem 7, the circumcenterO2 of the Simson triangle ofP1P2P2 has coordi-
nates

o2 =
1

2
(a+ b+ c+ p1 + p2 + p3) = a+ b+ c−

p4

2
,

and |o2 − h| =
∣

∣

p4

2

∣

∣ = 1

2
. Hence,O2 lies on a circle with radius1

2
R and center

H. �

Example 3. Let A, B, C, A′, B′, C ′ be points on a circle K. Construct the Simson
triangle for A′, B′, C ′ with respect to △ABC and the Simson triangle for A, B,
C with respect to △A′B′C ′. The six vertices of these two Simson triangles lie on
a circle (see Figure 5).

Proof. LetN1N2N3 be the Simson triangle forA′, B′, C ′ with respect to△ABC,
andN ′

1N
′

2N
′

3 that of A, B, C with respect to△A′B′C ′. By Theorem 7, the

circumcircles ofN1N2N3 andN ′

1N
′

2N
′

3 both have radius|abc−a′b′c′|

2
, and center

1

2
(a+ b+ c+ a′ + b′ + c′). Therefore the two circumcircles coincide. �
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The Periambic Constellation: Altitudes, Perpendicular
Bisectors, and Other Radical Axes in a Triangle

Dixon J. Jones

Abstract. Six circles may be constructed using a triangle’s vertices as centers
and its sides as radii. These circles determine twelve ordinary and three ideal
radical axes, whose intersection points include the triangle’s circumcenter and
orthocenter, along with eight other ordinary points in interesting configurations.
For instance, we show that the orthocenter, circumcenter, and two radical centers
of the six circles form a parallelogram, and that six other radical centers(the
intersection points of the altitudes and perpendicular bisectors) are the vertices
of two congruent triangles which are inversely similar to the original. Underlying
this “constellation” is a simple invariance property of three circles in which two
are concentric.

1. Introduction

Consider a triangleABC and the circlesPA, PB, PC having centersA, B, C
and radiiAB, BC, CA, respectively. Because these circles might whimsically be
said to “walk around the triangle’s perimeter,” we call themperiambic circles—
peri suggesting “perimeter,” andambicechoing the Latinambire, “go around.” A
second set of periambic circlesQA, QB, QC , with centersA, B, C and radiiAC,
BA, CB, respectively, “walks” around triangleABC in the opposite direction.
We callPA, PB, PC thep-circlesandQA, QB, QC theq-circles(Figure 1).

The periambic circles give rise in pairs to
(

6

2

)

= 15 radical axes, many triples
of which are concurrent in ordinary or ideal points. Among the ordinarypoints are
the orthocenter and circumcenter of triangleABC, along with eight others which
may not yet be named in the literature. A rich geometric structure resides upon
these ten points; underlying much of it are relatively simple results, including an
invariance property of three circles in which two are concentric.

2. Definitions and notation

In triangleABC, a, b, c are the sides opposite verticesA,B,C, respectively;R
is the circumradius; and we defineα = ∠BAC, β = ∠CBA, andγ = ∠ACB.
Positive angles are measured counterclockwise, and triangleABC, labeled coun-
terclockwise, has positive area∆. If lines l1 and l2 intersect atV , we write
V = l1 ∧ l2. Given distinct circlesU1 andU2, we denote their radical axis by
〈U1, U2〉; note that〈U1, U2〉 = 〈U2, U1〉. The radical axes of three distinct circles
are concurrent; we refer to this as the Radical Center Property.

Publication Date: November 28, 2017. Communicating Editor: Paul Yiu.
The author thanks Walt Tape for Mathematica help and for simplifying the proof of Theorem 4.
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Q
A

Q
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C

Figure 1. Thep-circlesPA, PB , PC (left) andq-circlesQA, QB , QC (right).

Definition 1 (p-lines andP ). Thep-lines of triangleABC are

pa = 〈PB, PC〉

pb = 〈PC , PA〉

pc = 〈PA, PB〉.

The radical center ofPA, PB, PC is labeledP .

Definition 2 (q-lines andQ). Theq-lines of triangleABC are

qa = 〈QC , QB〉

qb = 〈QA, QC〉

qc = 〈QB, QA〉.

The radical center ofQA, QB, QC is labeledQ.

We loosely characterize any set of points deriving exclusively from thep-circles
as being ofgenderp; a set deriving from theq-circles is ofgenderq. While P

andQ are clearly of gendersp and q, respectively, there are other radical axes,
concurrent in groups of three, defined by pairs of circles of oppositegender.

Definition 3. The altitudes of triangleABC are

ha = 〈PC , QB〉

hb = 〈PA, QC〉

hc = 〈PB, QA〉 ,

concurrent at the orthocenterH.

Definition 4. The perpendicular bisectors of triangleABC are

oa = 〈PB, QC〉

ob = 〈PC , QA〉

oc = 〈PA, QB〉 ,

concurrent at the circumcenterO.
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Together,P,Q,H, andO comprise themajor periambic pointsof triangleABC.
A final set of points requiring names are the feet of the twelve just-definedrad-

ical axes on their respective sides of triangleABC. The foot of a radical axis is
labeled with the name of the axis, but with a capital rather than lowercase firstlet-
ter; for instance,Hc is the foot of altitudehc on sidec. The twelve pointsPa, Ha,
Oa, Qa, Pb, and so on will be called theperiambic feet.

3. Constant-Distance Lemma

Given three circles of which two (but not all) are concentric, the radicalaxis of
the concentric pair is the ideal line and the other two axes are parallel. While the
radical center in this configuration is an ideal point, its ordinary parts possess a
useful invariance property.

Lemma 1 (Constant-Distance Lemma). LetU1 andU2 be fixed concentric circles
with centerK1 and radii r1 and r2, respectively. For any circleU3 of variable
radiusr3 and fixed centerK3 6= K1, the distance between〈U1, U3〉 and〈U2, U3〉

is constant.

U
1

K
1 F

D E

G K
3

U
2

u
2

r
2 r

3
r
1

u
1

U
3

Figure 2. Fixed concentric circlesU1 andU2, and variable circleU3.

Proof. Letu1 = 〈U1, U3〉 andu2 = 〈U2, U3〉 meetK1K3 atF andG, respectively.
Let D andE be points onu1 andu2, respectively, such thatDE is parallel to
K1K3 (Figure 2). The radical axis of two circles being the set of points having
equal powers with respect to those circles, atD andE we have

DK2
1 − r21 = DK2

3 − r23

EK2
1 − r22 = EK2

3 − r23 .
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By the Pythagorean relation in trianglesDK1F ,EK1G,DFK3, andEGK3, these
become

K1F
2 + FD2

− r21 = FK2
3 +DF 2

− r23 (1)

K1G
2 +GE2

− r22 = EG2 +GK2
3 − r23. (2)

Subtracting (2) from (1), cancelling the identical quantitiesFD2 andGE2, and
rearranging, we obtain

r22 − r21 = (FK2
3 −K1F

2) + (K1G
2
−GK2

3 ) .

Factoring each difference of squares on the right, and simplifying usingFK3 +
K1F = K1G+GK3 = K1K3, it follows that the directed distance fromu1 to u2
is

FG =
r22 − r21
2 K1K3

,

a formula comprising known constants. �

The Constant-Distance Lemma has immediate consequences for the periambic
radical axes.

Proposition 2. On a given side of triangleABC, the directed distance from thep-
line to the altitude is equal to the directed distance from the perpendicular bisector
to theq-line. That is, for anyx ∈ {a, b, c}, PxHx = OxQx.

Proof. Consider, for instance, the directed distancesPaHa andOaQa. Let PB

andQB be the Constant-Distance Lemma’s fixed concentric circlesU1 andU2,
respectively, and letPC andQC represent two positionings of the variable third
circle U3, so thatr2 = c, r1 = a, andK1K3 = a. By the lemma, the distance
betweenpa = 〈PB, PC〉 andha = 〈PC , QB〉 = 〈QB, PC〉 is (c2 − a2)/2a, which
is also the distance betweenoa = 〈PB, PC〉 andqa = 〈QB, QC〉 = 〈QC , QB〉.
ThusPaHa = OaQa, and similarlyPbHb = ObQb andPcHc = OcQc. �

4. Central parallelogram

We may now state the most obvious feature of the major periambic points.

Theorem 3. In any triangle,POQH is a parallelogram.

Proof. Let T = pc ∧ ob, W = qb ∧ hc, X = qc ∧ hb, andY = pb ∧ oc (Figure
3). The quadrilateralsQWHX andOTPY not only have parallel corresponding
sides, they are in fact congruent parallelograms, because their projections onto
sidesb andc have equal lengths, by Proposition 2. Thus their diagonalsHQ and
PO are congruent and parallel, andPOQH is a parallelogram. �

We callPOQH thecentral parallelogramof triangleABC. It may be shown
that for an isosceles triangleABC the central parallelogram is a rhombus, for an
isosceles right triangle a square, and for an equilateral triangle a point.
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Figure 3. The central parallelogramPOQH.

5. The minor periambic points

So far only two points,P andQ, have been defined as radical centers of triples
of periambic circles. However, the number of triples of distinct periambic circles
is the number of 3-letter words on the symbolsP andQ, or 23. The eight radical
axes thus defined and the names of their radical centers are listed in Table 1.

Description Triple of Triple of Radical
circles radical axes center

3 p-circles {PA, PB, PC} {pc, pa, pb} P

2 p-circles, 1q-circle {QA, PB, PC} {hc, pa, ob} Ap

{PA, QB, PC} {oc, ha, pb} Bp

{PA, PB, QC} {pc, oa, hb} Cp

1 p-circle, 2q-circles {PA, QB, QC} {oc, qa, hb} Aq

{QA, PB, QC} {hc, oa, qb} Bq

{QA, QB, PC} {qc, ha, ob} Cq

3 q-circles {QA, QB, QC} {qc, qa, qb} Q

Table 1. The eight triples of periambic circles and their radical centers.

The orthocenter and circumcenter are not products of the Radical Center Prop-
erty, since the radical axes which define each point require six circles.We show
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that triples of pairsof opposite-gender periambic circles may determine two ordi-
nary and four ideal points. LetPA, PB, andPC be the first member of the first,
second, and third pair, respectively. This reduces the problem to counting the per-
mutations ofQA, QB, andQC as second members in each pair, which is3! = 6.
However, if in any pair of circles the subscripts match, then that pair is concen-
tric, and their radical axis is an ideal line. To enumerate the ordinary points we
must count, not the permutations of theq-circles, but their derangements, which
is 3!(1 − 1/1! + 1/2! − 1/3!) = 2. This analysis does not say anything about
concurrency, but of course we know that the two cases produceH andO.

We call Ap, Bp, Cp, Aq, Bq, andCq the minor periambic points, and triangle
ApBpCp and triangleAqBqCq the minor periambic triangles(Figure 4). From

A

B

C

Cp

Ap

Q
O

H
P

Bq

Bp

Aq

Cq

hb

pb
ob

qb

pc

hc

oc

qc

ha
oa

Oa

Ob

Hb

Hc

Ha

Oc

pa

qa

S

T

Pc

Qc

Qa

Pa

Pb

Qb

Figure 4. The minor periambic trianglesApBpCp andAqBqCq.

Table 1 we see that the minor periambic points are entirely determined by intersec-
tions of non-parallel altitudes and perpendicular bisectors in triangleABC. From
the many aspects of their arrangement suggested by Figure 4, we begin withthe
following.

Theorem 4. The minor periambic triangles are inversely similar to triangleABC.

Proof. Our “brute force” proof comprises lengthy mundane arithmetic; most of
the coordinates and equalities below were computed in Mathematica [4]. Without
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loss of generality, place triangleABC in the Cartesian plane withA = (0, 0),
B = (1, 0), andC = (c1, c2), wherec2 > 0. The altitudes and perpendicular
bisectors are

ha : y =
1− c1

c2
x oa : y =

1− c1

c2
x+

c21 + c22 − 1

2c2

hb : y = −
c1

c2
x+

c1

c2
ob : y = −

c1

c2
x+

c21 + c22
2c2

hc : x = c1 oc : x =
1

2

from which it follows that

Ap = hc ∧ ob =

(

c1,
c22 − c21
2c2

)

Bp = ha ∧ oc =

(

1

2
,
1− c1

2c2

)

Cp = hb ∧ oa =

(

1 + 2c1 − c21 − c22
2

,
c1 − 2c21 + c31 + c1c

2
2

2c2

)

.

The squares of the side lengths of triangleABC are

(AB)2 = 1

(BC)2 = 1− 2c1 + c21 + c22

(CA)2 = c21 + c22 .

while the squares of the side lengths of triangleApBpCp work out to be

(ApBp)
2 =−

1

4
−

c1

2
+

c21
2

+
1

4c2
2

−
c1

2c2
2

+
3c21
4c2

2

−
c31

2c2
2

+
c41

4c2
2

+
c22
4

(BpCp)
2 =−

c1

2
+ 2c21 − 2c31 +

3c41
4

+
1

4c2
2

−
c1

c2
2

+
2c21
c2
2

−
5c31
2c2

2

+
2c41
c2
2

−
c51

c2
2

+
c61

4c2
2

− c1c
2
2 +

3c21c
2
2

4
+

c42
4

(CpAp)
2 =

1

4
−

c1

2
+

c21
2

− c31 +
3c41
4

+
c21

4c2
2

−
c31

2c2
2

+
3c41
4c2

2

−
c51

2c2
2

+
c61

4c2
2

−
c22
4

−
c1c

2
2

2
+

3c21c
2
2

4
+

c42
4

.

Computer calculations reveal that
(

ApBp

AB

)2

=

(

BpCp

BC

)2

=

(

CpAp

CA

)2

= ρ2 ,
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where

ρ2 = −
1

4
−

c1

2
+

c21
2

+
1

4c2
2

−
c1

2c2
2

+
3c21
4c2

2

−
c31

2c2
2

+
c41

4c2
2

+
c22
4

,

hence trianglesABC andApBpCp are similar.
To show that the similarity is inverse rather than direct, note first that the area

∆ of triangleABC is c2/2. TakingAp, Bp, andCp to be vector endpoints, we
compute the area∆p of triangleApBpCp as

∆p =
1

2

∣

∣

∣

∣

~Bp −
~Ap

~Cp −
~Ap

∣

∣

∣

∣

=
1

2

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1

2
− c1

1− c1 + c21 − c22
2c2

1− c21 − c22
2

c1 − c21 + c31 + c1c
2
2 − c22

2c2

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=
1

2

[

c2

4
+

c1c2

2
−

c21c2

2
−

1

4c2
+

c1

2c2
−

3c21
4c2

+
c31
2c2

−
c41
4c2

−
c32
4

]

(3)

=− ρ2∆ .

Since∆p is negative, we conclude that trianglesApBpCp andABC are inversely
similar. Much the same sequence of calculations shows that trianglesAqBqCq and
ABC are inversely similar as well. �

Proposition 5. The minor periambic triangles are congruent, and radially sym-
metric around the midpoint of the Euler segmentHO.

Proof sketch.The congruence and radial symmetry arise becauseHApOAq is a
parallelogram whose diagonalApAq is bisected byHO; the same is true forBpBq

andCpCq in HBpOBq andHCpOCq, respectively. �

Proposition 5 implies that results proved aboutP,Ap, Bp, andCp are automati-
cally true forQ,Aq, Bq, andCq, a fact which applies to the next result.

Proposition 6. P,Ap, Bp, andCp are concyclic.

Proof. By construction,∠CpPAp = α + γ, while∠ApBpCp = β by Theorem 4.
With supplementary opposite angles, quadrilateralPApBpCp is cyclic. �

6. A second look at area

The computer-calculated expression (3) for a minor periambic triangle’s area
could be described as unenlightening. We now derive a slightly less forbidding
area formula having more obvious references to the configuration’s geometry. The
process begins with a lemma giving directed distances between parallel altitudes
and perpendicular bisectors.

Lemma 7. In directed distances and angles,

OaHa = R sin(γ − β)

ObHb = R sin(α− γ)

OcHc = R sin(β − α) .
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Proof. To prove the first of these, multiply the identitysin(γ − β) = sin γ cosβ −

sinβ cos γ by the successive terms in

R =
c

2 sin γ
=

b

2 sinβ

to obtain

R sin(γ − β) =
c

2 sin γ
sin γ cosβ −

b

2 sinβ
sinβ cos γ

= 1

2
(c cosβ − b cos γ) .

In trianglesABHa andAHaC we have

c cosβ = BHa , and b cos γ = HaC ,

respectively. Thus, sinceBHa+HaC = BC andOaHa+HaC = OaC, it follows
that

R sin(γ − β) = 1

2
(BHa −HaC)

= 1

2

(

(BC −HaC)−HaC
)

=
BC

2
−HaC

= OaC −HaC

= OaHa .

The proofs forObHb andOcHc are similar. �

Proposition 8. In a non-degenerate triangleABC, the minor periambic triangles
each have areas equal to

R2

2

[

sin(α− γ) sin(β − α)

sinα

+
sin(β − α) sin(γ − β)

sinβ
+

sin(γ − β) sin(α− γ)

sin γ

]

. (4)

Proof. Without loss of generality, position triangleABC with its circumcenter at
the pole of a polar coordinate system, and withBC parallel to the axisθ = 0
(Figure 5). LetL andN be the feet of the perpendiculars fromO to hc andhb,
respectively, and letM be the foot of the perpendicular fromBp to oa. To find the
coordinates(r1, θ1), (r2, θ2), and(r3, θ3) of Ap, Bp, andCp, respectively, apply
Lemma 7 in triangleOApL to get

r1 = OAp =
OL

sinα
=

OcHc

sinα
=

R sin(β − α)

sinα
.

In triangleOMBp one has

r2 = OBp =
MBp

sinβ
=

OaHa

sinβ
=

R sin(γ − β)

sinβ
,
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Figure 5. Polar coordinates for calculating the area of triangleApBpCp.

and in triangleOCpN

r3 = OCp =
ON

sin γ
=

ObHb

sin γ
=

R sin(α− γ)

sin γ
. (5)

By construction,θ1 = α + β + π/2, θ2 = β − π/2, andθ3 = π/2. (Note that
r3 < 0 in Equation (5) ifα − γ < 0.) In [1] the area of the triangle with vertices
(r1, θ1), (r2, θ2), (r3, θ3) is given as

1

2
[r1r2 sin(θ2 − θ1) + r2r3 sin(θ3 − θ2) + r3r1 sin(θ1 − θ3)] ,

and we therefore obtain

∆p =
1

2

[

R2 sin(β − α)

sinα

sin(γ − β)

sinβ
sin(−α− π)

+R2 sin(γ − β)

sinβ

sin(α− γ)

sin γ
sin(π − β)

+R2 sin(α− γ)

sin γ

sin(β − α)

sinα
sin(π − γ)

]

,

which simplifies to (4). TriangleAqBqCq has the same area as triangleApBpCp

by Proposition 5. �
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Because the minor periambic triangles are inversely similar to triangleABC,
the formula (4) necessarily yields a non-positive value. This can be confirmed
directly, if somewhat laboriously; one can for instance reduce (4) to a function of
two variables, whose partial derivatives can be analyzed for local maxima, all of
which are less than or equal to zero.

By definition and construction, triangleABC has positive area, and we have
proved that its minor periambic triangles have negative areas. However, the sign
of the central parallelogram’s area seems ambiguous at first sight. A consequence
of the next result is that the central parallelogram, too, should be viewed as having
negative area.

Proposition 9. The area of the central parallelogram is equal to the sum of the
areas of the minor periambic triangles.

Proof. This is an instance of Theorem 107 in [3]:Two triangles whose vertices lie
on the sides of a given triangle at equal distances from their midpoints are equal
in area. In our case, trianglesHPO andApBpCp are inscribed in triangleTCqS,
whereS = ha ∧ pc andT = ob ∧ pc (Figure 4). BecausePaOa = HaQa, we see
thatPS = CpT , and so on; thus the two inscribed triangles have equal areas, and
the area of triangleHPO is half the area ofPHQO. �

7. Centroids

Centroids are at the heart of several interesting relationships between the minor
periambic triangles and the central parallelogram. Investigation of these properties
is aided by the following lemma concerning the distances between various peri-
ambic feet.

Lemma 10. In absolute distances,

PaHa sinα = ObHb sinβ

PbHb sinβ = OcHc sin γ

PcHc sin γ = OaHa sinα,

and also

PaOa sinα = OcHc sin γ

PbOb sinβ = OaHa sinα

PcOc sin γ = ObHb sinβ .

Proof. Each identity is derived by calculating a triangle side length in two ways.
Referring to Figure 4, triangleApCqH is clearly similar to triangleABC; further-
more, the altitude fromAp to HCq has lengthPaHa. ThusPaHa/HAp = sinβ,
orHAp = PaHa sinβ. But also, the altitude fromH toApCq has lengthObHb, so
HAp = ObHb sinα. This proves the first identity. The others are derived similarly,
respectively using triangleAqBpH and sidesAqH andBpAq; triangleCpHS and
sidesCpH andHS; triangleApOBq and sidesOBq andBqAp; triangleOCqBp

and sidesOCq andCqBp; and triangleTOCp and sidesCpT andTO. �
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Proposition 11. The centroids of trianglesApBpCp andHPO coincide.

Proof. First, assume that triangleABC is not isosceles. Theorem 276 in [3] states:
If the vertices of one triangle lie on the sides of a second, and divide them in a
fixed ratio, the triangles have the same centroid.We show thatAp, Bp, andCp

divide the sides of triangleTSCq (Figure 4) in just such a fixed ratio. We calculate
ratios in two ways using different altitudes in a triangle and absolute distances. By
construction, trianglesTSCq andABC are similar; thus, in triangleBpCpS,

CpS =
OaHa

sinβ
and SBp =

PcOc

sinβ
. (6)

In triangleApTCp,

TCp =
ObHb

sinα
and ApT =

PcHc

sinα
, (7)

and in triangleApBpCq,

CqAp =
PaHa

sin γ
and BpCq =

PbOb

sin γ
. (8)

The assumption that no two vertex angles in triangleABC are equal allows us to
form ratios incorporating non-zero segment lengths from Equations (6), (7), and
(8). Applying substitutions chosen from the identities in Lemma 10, we find that

TCp

CpS
=

ObHb sinβ

OaHa sinα
(9)

CqAp

ApT
=

PaHa sinα

PcHc sin γ
=

ObHb sinβ

OaHa sinα

SBp

BpCq

=
PcOc sin γ

PbOb sinβ
=

ObHb sinβ

OaHa sinα
.

It follows by [3, Theorem 276] thatApBpCp andTSCq share the same centroid.
BecauseCpP , ApCq, andBpH are each bisected by the midpoints ofST , TCq,
andCqS, respectively,P , O, andH divide those sides in a constant ratio, namely
the inverse of the ratio determined byAp, Bp, andCp. Thus trianglesTSCq,
ApBpCp, andHPO share the same centroid.

Now, if triangleABC is isosceles (but not equilateral), there are three cases to
consider:

(1) If α = β, then the triangle is symmetric around the coincident linesoc =
hc. ThusOaHa = ObHb, and the ratioOaHa sinα/ObHb sinβ in Equa-
tion (9) is equal to1. This means that triangleApBpCp is the medial
triangle of triangleTSCq, and shares its centroid.

(2) If β = γ, we haveoa coincident withha, OaHa = 0, andOaHa sinα/
ObHb sinβ = 0. ThusS is coincident withCp, T with Ap, andCq with
Bp. Consequently, triangleApBpCp is coincident with triangleTSCq,
with a trivially shared centroid.

(3) If γ = α, thenob is coincident withhb andObHb = 0. The reciprocal
of the ratio in (9), namelyOaHa sinα/ObHb sinβ, is therefore equal to
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0, and thusS is coincident withBp, T with Cp, andCq with Ap. As
in the previous case, trianglesApBpCp andTSCq and their centroids are
coincident.

Finally, if triangleABC is equilateral, then the altitude, perpendicular bisec-
tor, andp- andq-lines perpendicular to a given side are coincident, and triangles
ApBpCp andTSCq are reduced to a pair of coincident points.

A similar proof applies for trianglesAqBqCq andOQH. �

Proposition 12. The centroids of the minor periambic triangles lie on and trisect
PQ.

Proof. It has long been known (c.f. [2, Exercise 98]) that one of a parallelogram’s
diagonals divides it into two triangles whose centroids trisect the other diagonal.
This means that the centroids of trianglePHO and triangleQOH trisectPQ, and
the result follows directly by Proposition 11. �

8. Trilinear coordinates

P : Q :

x
b2 − 2a2

a
cotβ +

a2

c
cscβ x

c2 − 2a2

a
cot γ +

a2

b
csc γ

y
c2 − 2b2

b
cot γ +

b2

a
csc γ y

a2 − 2b2

b
cotα+

b2

c
cscα

z
a2 − 2c2

c
cotα+

c2

b
cscα z

b2 − 2c2

c
cotβ +

c2

a
cscβ

Ap : Aq :
x cosβ x cos γ
y cosα y − cos 2α
z − cos 2α z cosα

Bp : Bq :
x − cos 2β x cosβ
y cos γ y cosα
z cosβ z − cos 2β

Cp : Cq :
x cos γ x − cos 2γ
y − cos 2γ y cos γ
z cosα z cosβ

Table 2. Relative trilinear coordinatesx : y : z
for P , Q, and the minor periambic points.
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Table 2 shows relative trilinear coordinates forP , Q, and the minor periambic
points. Trilinears of the minor periambic points are easily derived from the alti-
tudes and perpendicular bisectors that define them. For instance,Cp is the inter-
section of the perpendicular bisectoroa

x sin(β − γ) + y sinβ − z sin γ = 0

(given in [6, Exercise 33]), and altitudehb

x cosα− z cos γ = 0 .

To calculate trilinear coordinates forP , we use the following information about the
feet of thep-lines.

Lemma 13. In directed distances,

PbA =
c2

2b
, PaC =

b2

2a
, PcB =

a2

2c
,

CPb =
2b2 − c2

2b
, BPa =

2a2 − b2

2a
, APc =

2c2 − a2

2c
.

(10)

Proof. We prove the identity forPbA. PC passes throughA; let G be the other
intersection point ofPC with CA. Observe thatpb = 〈PC , PA〉 is the inversion
of PA in PC , thusGA · PbA = c2. SinceGA = 2b, we havePbA = c2/2b.
Corresponding arguments produce the other equalities in row 1 of (10), and note
that these quantities are always positive. Row 2 is obtained by subtracting the terms
in row 1 from the respective sides of triangleABC. �

Returning toP and its trilinears, assume first that triangleABC is not a right
triangle. LetX1 = pa ∧ CA, X2 = pb ∧ AB, andX3 = pc ∧ BC. From triangle
PaCX1 and Lemma 13 we have

CX1 =
PaC

cos γ
, (11)

while the inversely similar right trianglePPbX1 yields

PbX1 = PbP tan γ . (12)

In directed distances,CPb + PbX1 = CX1. From Lemma 13 and Equations (11)
and (12), it follows that

PbX1 = −CPb + CX1

PbP tan γ =
c2 − 2b2

2b
+

PaC

cos γ

PbP =
c2 − 2b2

2b
cot γ +

b2

2a
csc γ . (13)

This gives the distance from sideb toP . The factor1/2 has been divided out of the
relative coordinates forP in Table 2, since it occurs forPaP andPcP in similar
derivations usingX2 andX3.

If γ is a right angle, thenPbP is parallel toBC, and directly we havePbP =
PaC = b2/2a in accordance with Equation (13).



The periambic constellation 397

The relative trilinears forQ are developed similarly.

9. Construction using isotomic points

Thep- andq-circles were defined with radii equal to the side lengths of trian-
gleABC; for instance,PB andQC each have radiusa. SupposeBa andCa are
isotomic conjugates on sidea; that is, the segmentBaCa is bisected byOa [5].
ConstructCb andAb on b such thatCaCb andAbBa are parallel toc, and draw
Ac andBc on c so thatAbAc andCbBc are parallel toa. ThenCb andAb are iso-
tomic conjugates onb, andAc andBc are isotomic conjugates onc. Furthermore,
AbA/CA =BcB/AB =CaC/BC in this construction. We call the set of points
{Ba, Ca, Cb, Ab, Ac, Bc} aproportional isotomic hexad.

We defineisoperiambic circlesP ′

x andQ′

x, x ∈ {A,B,C}, using centers and
radii established above, as shown in Table 3. Radical axesp′y, q′y, andh′y, y ∈

{a, b, c}, may then be defined by replacingPx with P ′

x andQx with Q′

x in Def-
initions 1–3. The pointsP ′, Q′, andH ′ are the points of concurrency of thep′y,
q′y, andh′y, respectively; but note that the perpendicular bisectors andO remain
unchanged when constructed with these new circles.

Circle Center Radius
P ′

A
A ABc

P ′

B
B BCa

P ′

C
C CAb

Q′

A
A ACb

Q′

B
B BAc

Q′

C
C CBa

Table 3. Definitions of the isoperiambic circles on pairs
of isotomic conjugates(Ba, Ca), (Cb, Ab), and(Ac, Bc).

Not surprisingly, the radical axes of the isoperiambic circles determine a paral-
lelogram and pair of triangles (Figure 6). It can be shown that the “isoperiambic
constellation” is identical to the periambic constellation of triangleABC, but di-
lated aroundO.

Theorem 14. Let Ba be a point on sidea of triangleABC. Construct the pro-
portional isotomic hexad{Ba, Ca, Cb, Ab, Ac, Bc} and radical axesp′y, q′y, and
h′y, y ∈ {a, b, c}, as described above. LetA′ = OA ∧ h′a, B′ = OB ∧ h′

b
, and

C ′ = OC ∧ h′c. Then the radical axes of the isoperiambic circles of triangleABC

are the radical axes of the periambic circles of triangleA′B′C ′.

Proof sketch.Let d1 = BBa = CCa, d2 = BBc = AAc, andd3 = AAb = CCb.
By construction, triangleAAbAc and triangleCCaCB are similar to triangleABC,



398 D. J. Jones

P'
H

Q'

C'
p

A'
p

A'
q

C'
q

A
b

C
b

C
a

B
a

B
c

A
c

O

A

B

C

P'
A

Q'
A

P'
B

Q'
B

P'
C

Q'
C

Figure 6. The isoperiambic constellation constructed on the proportional iso-
tomic hexad{Ba, Ca, Cb, Ab, Ac, Bc}. Color key: green,p′-lines; blue,q′-
lines; cyan, “altitudes”h′; magenta, perpendicular bisectors.

so

d2 =
cd1

a
,

d3 =
bd1

a
.

H ′

a lies on〈P ′

C
, Q′

B
〉, so its equal powers with respect to these circles yields

BH ′

a

2
−BA2

c = CH ′

a

2
− CA2

b (14)

BH ′

a

2
− (c− d2)

2 = CH ′

a

2
− (b− d3)

2 (15)

BH ′

a

2
− c2

(

1−
d1

a

)2

= CH ′

a

2
− b2

(

1−
d1

a

)2

. (16)
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Setκ =
(

1− d1
a

)2

. SubstitutingBH ′

a = BOa + OaH
′

a, CH ′

a = COa − OaH
′

a,

andBOa = COa in Equation (14), one obtains

OaH
′

a = κ
c2 − b2

2a
= κOaHa . (17)

Repeating this argument on sidesb and c, one shows that, in the isoperiambic
construction, the distance between each parallel perpendicular bisectorand altitude
in triangleABC is dilated by a factor ofκ aroundO, which remains invariant.
One can show that triangleA′B′C ′ is a dilation of triangleABC from the same
center and with the same scaling factor. For instance, letQ be the foot of the
perpendicular toH ′

a from O. In triangleHbBC we have∠CBHb = π − γ;
therefore∠LOOb = π − γ, and∠QOA′ = π + β − γ. From Equation (17),
Lemma 7, and the relation

OQ

OA′
= cos∠QOA′ = − sin(β − γ) = sin(γ − β) ,

we see that

OA′ =
OQ

sin(γ − β)
=

OaH
′

a

sin(γ − β)
=

κR sin(γ − β)

sin(γ − β)
= κR = κOA .

Proceeding in this way, it may be shown that the radical axes of the periambic
circles of triangleA′B′C ′ are merely those of the isoperiambic circles of triangle
ABC, dilated by a factor ofκ aroundO. Details are left to the interested reader.

�
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Orthopoles, Flanks, and Vecten Points

Todor Zaharinov

Abstract. Erect a square outwardly (or inwardly) from each side of the triangle.
For the flank lines construct orthopoles. The lines from this orthopoles to corre-
sponding vertexes of triangle concur in the Vecten point (or in the Inner Vecten
point). This fact is showing together with a number of other interesting results,
which include complex coordinates of Vecten points and orthopole.

1. Introduction

We will use complex numbers in the proofs.
Denote by a lowercase letter the complex coordinate of a point denoted by an

uppercase letter.
Let ABC be a triangle. With no loss of generality, we can say that the circum-

circleC is the union circle. Thena.ā = b.b̄ = c.c̄ = 1.

1.1. The Outer Vecten point.

Theorem 1. Erect a square outwardly from each side of triangleABC. Let
AoBoCo be the triangle formed by the respective centers of the squares. The lines
AAo, BBo, CCo concur inX485. [1]

Figure 1. The Outer Vecten point

PointX485 is the Outer Vecten point.
Proof. Let the squares are:ACaCbB, BAbAcC, andCBcBaA with centersCo,
Ao, Bo respectively (Figure 1).

Publication Date: November 28, 2017. Communicating Editor: Paul Yiu.
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Thenab = b + (b − c)i, bc = c + (c − a)i, ca = a + (a − b)i, āb =
c+(b−c)i

bc
,

b̄c =
a+(c−a)i

ca
, c̄a = b+(a−b)i

ab
.

The coordinates ofAo, Bo, Co and its complex conjugates are

ao =
1

2
(ab + c) =

1

2
((b+ c) + (b− c)i) (1)

āo =
(b+ c) + (b− c)i

2bc

bo =
1

2
(bc + a) =

1

2
((c+ a) + (c− a)i)

b̄o =
(c+ a) + (c− a)i

2ca

co =
1

2
(ca + b) =

1

2
((a+ b) + (a− b)i)

c̄o =
(a+ b) + (a− b)i

2ab
The lineAAo, joining a andao has equation

0 =

∣

∣

∣

∣

∣

∣

z a ao
z̄ ā āo
1 1 1

∣

∣

∣

∣

∣

∣

= (āo − ā)z − (ao − a)z̄ + (aoā− āoa)

=
āo − ā

ao − a
z − z̄ +

aoā− āoa

ao − a

(2)

LinesBBo andCCo have equations

0 = (b̄o − b̄)z − (bo − b)z̄ + (bob̄− b̄ob)

=
b̄o − b̄

bo − b
· z − z̄ +

bob̄− b̄ob

bo − b

(3)

0 = (c̄o − c̄)z − (co − c)z̄ + (coc̄− c̄oc)

=
c̄o − c̄

co − c
· z − z̄ +

coc̄− c̄oc

co − c

(4)

The intersection of the last two lines is given by

0 =

(

b̄o − b̄

bo − b
−

c̄o − c̄

co − c

)

· z +

(

bob̄− b̄ob

bo − b
−

coc̄− c̄oc

co − c

)

=
−2(a− b)(b− c)(c− a)− i(a(b− c)2 + b(c− a)2 + c(a− b)2)

2abc
· z

+
(a− b)(b− c)(c− a)(a+ b+ c) + i(a2(b− c)2 + b2(c− a)2 + c2(a− b)2)

2abc

z =
(a− b)(b− c)(c− a)(a+ b+ c) + i(a2(b− c)2 + b2(c− a)2 + c2(a− b)2)

2(a− b)(b− c)(c− a) + i(a(b− c)2 + b(c− a)2 + c(a− b)2)

Note that this is symmetric ina, b, c. This means that the three linesAAo, BBo,
CCo are concurrent. The point of concurrency is the Vecten pointX485. �
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Corollary 2. Let the circumcircle of triangleABC be the unit circle. The Outer
Vecten pointX485 has coordinates

x485 =
(a− b)(b− c)(c− a)(a+ b+ c) + i(a2(b− c)2 + b2(c− a)2 + c2(a− b)2)

2(a− b)(b− c)(c− a) + i(a(b− c)2 + b(c− a)2 + c(a− b)2)
(5)

1.2. The Inner Vecten point.

Theorem 3. Erect a square inwardly from each side of triangleABC. LetA′

oB
′

oC
′

o

be the triangle formed by the respective centers of the squares. The linesAA′

o,
BB′

o, CC ′

o concur inX486. [1]

PointX486 is the Inner Vecten point.

Figure 2. The Inner Vecten point

Proof. (See Figure 2) Let the squares are:AB′

aB
′

cC,CA′

cA
′

b
B, andBC ′

b
C ′

aA with
centersB′

o, A
′

o, C
′

o respectively.
Thena′

b
= b − (b − c)i, b′c = c − (c − a)i, c′a = a − (a − b)i, ā′

b
= c−(b−c)i

bc
,

b̄′c =
a−(c−a)i

ca
, c̄′a = b−(a−b)i

ab
.

The coordinates ofA′

o, B
′

o, C
′

o and its complex conjugates are

a′o =
1

2
(a′b + c) =

1

2
((b+ c)− (b− c)i) (6)

ā′o =
(b+ c)− (b− c)i

2bc

b′o =
1

2
(b′c + a) =

1

2
((c+ a)− (c− a)i)

b̄′o =
(c+ a)− (c− a)i

2ca
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c′o =
1

2
(c′a + b) =

1

2
((a+ b)− (a− b)i)

c̄′o =
(a+ b)− (a− b)i

2ab
.

The lineAA′

o, joining a′ anda′o has equation

0 =

∣

∣

∣

∣

∣

∣

z a a′o
z̄ ā ā′o
1 1 1

∣

∣

∣

∣

∣

∣

= (ā′o − ā)z − (a′o − a)z̄ + (a′oā− ā′oa) (7)

LinesBB′

o andCC ′

o have equations

0 = (b̄′o − b̄)z − (b′o − b)z̄ + (b′ob̄− b̄′ob)

=
b̄′o − b̄

b′o − b
z − z̄ +

b′ob̄− b̄′ob

b′o − b

(8)

0 = (c̄′o − c̄)z − (c′o − c)z̄ + (c′oc̄− c̄′oc)

=
c̄′o − c̄

c′o − c
z − z̄ +

c′oc̄− c̄′oc

c′o − c

(9)

The intersection of the last two lines is given by

0 =

(

b̄′o − b̄

b′o − b
−

c̄′o − c̄

c′o − c

)

z +

(

b′ob̄− b̄′ob

b′o − b
−

c′oc̄− c̄′oc

c′o − c

)

=
−2(a− b)(b− c)(c− a) + i(a(b− c)2 + b(c− a)2c(a− b)2)

2abc
· z

+
(a− b)(b− c)(c− a)(a+ b+ c)− i(a2(b− c)2 + b2(c− a)2 + c2(a− b)2)

2abc

z =
(a− b)(b− c)(c− a)(a+ b+ c)− i(a2(b− c)2 + b2(c− a)2 + c2(a− b)2)

2(a− b)(b− c)(c− a)− i(a(b− c)2 + b(c− a)2 + c(a− b)2)

This is symmetric ina, b, c and means that the three linesAA′

o, BB′

o, CC ′

o are
concurrent. The point of concurrency is the Inner Vecten pointX486. �

Corollary 4. Let the circumcircle of triangleABC be the unit circle. The Inner
Vecten pointX486 has coordinates

x486 =
(a− b)(b− c)(c− a)(a+ b+ c)− i(a2(b− c)2 + b2(c− a)2 + c2(a− b)2)

2(a− b)(b− c)(c− a)− i(a(b− c)2 + b(c− a)2 + c(a− b)2)
(10)

1.3. The Orthopole.

Lemma 5. LetV andW be points of the plane. The orthogonal projectionP1 of
a pointP onto the lineVW is given by

p1 =
(w̄ − v̄)p+ (w − v)p̄− (wv̄ − w̄v)

2(w̄ − v̄)
(11)
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Proof. The lineWV contains a point with coordinatesp1 if and only if

0 =

∣

∣

∣

∣

∣

∣

p1 p̄1 1
w w̄ 1
v v̄ 1

∣

∣

∣

∣

∣

∣

=
w̄ − v̄

w − v
p1 − p̄1 +

wv̄ − w̄v

w − v

P1P ⊥ WV :

0 = (p1 − p)(w̄ − v̄) + (p̄1 − p̄)(w − v) =
w̄ − v̄

w − v
p1 + p̄1 −

w̄ − v̄

w − v
p− p̄

Adding the last two expressions, receive

2
w̄ − v̄

w − v
p1 −

w̄ − v̄

w − v
p− p̄+

wv̄ − w̄v

w − v
= 0

Dividing by 2 w̄−v̄

w−v
, we obtainp1, as given in (11) above. �

Remark.[7, Lemma 3] In caseV andW be points on the unit circle,

p1 =
1

2
(v + w + p− vwp̄) ; p̄1 =

1

2vw
(v + w − p+ vwp̄) (12)

Lemma 6. Let the circumcircle of triangleABC be the unit circle. LetEF be a
arbitrary line in the plane. LetA1 be the orthogonal projection ofA onto lineEF .
The perpendicular fromA1 toBC has equation

z

bc
− z̄+

a(bc(ē− f̄)− (e− f))

2bc(e− f)
+

bc(ē− f̄)− (e− f)

2abc(ē− f̄)
+

(bc(ē− f̄) + (e− f))(ef̄ − ēf)

2bc(e− f)(ē− f̄)
= 0

(13)

Proof. By Lemma 5, the coordinatesa1 of A1 and its complex conjugate are

a1 =
1

2(ē− f̄)

(

(ē− f̄)a+ (e− f)
1

a
− (ef̄ − ēf)

)

ā1 =
1

2(e− f)

(

(ē− f̄)a+ (e− f)
1

a
+ (ef̄ − ēf)

)

By (12), (Remark to Lemma 5), the coordinatea2 of the orthogonal projection
A2 of A1 ontoBC, together with its conjugate, are

a2 =
1

2
(b+ c+ a1 − bcā1)

ā2 =
1

2bc
(b+ c− a1 + bcā1)

The lineA1A2 contains a point with coordinatesz if and only if

0 =

∣

∣

∣

∣

∣

∣

z a1 a2
z̄ ā1 ā2
1 1 1

∣

∣

∣

∣

∣

∣

=
ā1 − ā2

a1 − a2
z − z̄ +

a1ā2 − ā1a2

a1 − a2
=

1

bc
z − z̄

+
(a2(ē− f̄) + (e− f))(bc(ē− f̄)− (e− f)) + a(ef̄ − ēf)(bc(ē− f̄) + (e− f))

2abc(e− f)(ē− f̄)
(14)

This is equal to (13). �
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Theorem 7 (Orthopole, [2, p 247, Theorem 406]). If perpendiculars are dropped
on any line from the vertices of a triangle, the perpendiculars to the opposite sides
from their feet are concurrent at a point called the orthopole of the point.

Figure 3. The Orthopole

Proof. Let EF be a arbitrary line of the plane. LetA1, B1, C1 be the orthogonal
projections from vertexesA,B,C respectively to the lineEF (Figure 3).

We consider the construction in Lemma 6 beginning with all three vertices of
triangleABC. This results in the three lines

z

bc
− z̄+

a(bc(ē− f̄)− (e− f))

2bc(e− f)
+

bc(ē− f̄)− (e− f)

2abc(ē− f̄)
+

(bc(ē− f̄) + (e− f))(ef̄ − ēf)

2bc(e− f)(ē− f̄)
= 0

z

ca
−z̄+

b(ca(ē− f̄)− (e− f))

2ca(e− f)
+
ca(ē− f̄)− (e− f)

2abc(ē− f̄)
+
(ca(ē− f̄) + (e− f))(ef̄ − ēf)

2ca(e− f)(ē− f̄)
= 0

z

ab
−z̄+

c(ab(ē− f̄)− (e− f))

2ab(e− f)
+
ab(ē− f̄)− (e− f)

2abc(ē− f̄)
+
(ab(ē− f̄) + (e− f))(ef̄ − ēf)

2ab(e− f)(ē− f̄)
= 0

The intersection of the last two lines is

z(b− c)

abc
+
abc(b− c)(ē− f̄)

2abc(e− f)
−

(b2 − c2)(e− f)

2abc(e− f)
−

a(b− c)(ē− f̄)

2abc(ē− f̄)
+
(b− c)(e− f)(ef̄ − ēf)

2abc(e− f)(ē− f̄)
= 0

Multiplying by abc

b−c
, we obtain

z =
1

2
(a+ b+ c)−

abc(ē− f̄)

2(e− f)
−

ef̄ − ēf

2(ē− f̄)

Note that this is symmetric ina, b, c. This means that the three perpendiculars
fromA1 toBC,B1 toCA, andC1 toAB are concurrent. The point of concurrency
is the orthopoleQ of the lineEF with respect to triangleABC. �
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Corollary 8. Let the circumcircle of triangleABC be the unit circle. The or-
thopoleQ of the lineEF with respect to triangleABC has complex coordinate
and conjugate

q =
1

2
(a+ b+ c)−

abc(ē− f̄)

2(e− f)
−

ef̄ − ēf

2(ē− f̄)
(15)

q̄ =
ab+ bc+ ca

2abc
−

e− f

2abc(ē− f̄)
+

ef̄ − ēf

2(e− f)

2. Orthopoles and flank lines

Theorem 9. Erect a square outwardly from each side of triangleABC: ACaCbB,
BAbAcC and CBcBaA with centersCo, Ao, Bo respectively. For flank lines
BaCa, CbAb, AcBc construct the orthopolesQa, Qb, Qc respectively. The lines
AQa, BQb, CQc concur in Vecten pointX485.

The proof of the theorem relies on the following lemma.

Lemma 10. The orthopoleQa of the flank lineBaCa with respect to triangleABC

and pointsA,Ao are collinear.

Proof. (See Figure 1) With no loss of generality we shall say that the circumcircle
of triangleABC is the union circle. ba = a + (c − a)i, ca = a + (a − b)i,
b̄a = c+(c−a)i

ac
, c̄a = b+(a−b)i

ab

By Corollary 8 find the orthopoleQa as substituteba, ca for e, f in (15).

qa =
1

2
(a+ b+ c)−

abc(b̄a − c̄a)

2(ba − ca)
−

bac̄a − b̄aca

2(b̄a − c̄a)

qa =
1

2
(a+b+c)−

a(b+ c)− 2bc

2(2a− b− c)
+
b(c− a)2 + c(a− b)2 − i(a− b)(b− c)(c− a)

2(a(b+ c)− 2bc)
(16)

q̄a =
ab+ bc+ ca

2abc
+

2a− b− c

2(a(b+ c)− 2bc)
−
b(c− a)2 + c(a− b)2 − i(a− b)(b− c)(c− a)

2abc(2a− b− c)
(17)

The pointsA,Ao, Qa are collinear if and only if ([5, p. 65], [6, p. 37])

qa − a

ao − a
= η ∈ R

∗ i.e.
qa − a

ao − a
=

q̄a − ā

āo − ā

Use (16), (17), (1) and̄a = 1/a.

(qa − a)(āo − ā)− (q̄a − ā)(ao − a)

=
(a− b)(c− a)(bc− a2)(b− c)2(i2 + 1)

2abc(b+ c− 2a)(2bc− ab− ca)
= 0

�
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Proof of Theorem 9. (See Figure 1) By Lemma 10 applied to all three vertices of
triangleABC: Qa ∈ AAo, Qb ∈ BBo andQc ∈ CCo. But from Theorem 1, the
linesAAo, BBo, CCo concur in the Vecten pointX485. �

Theorem 11.Erect a square inwardly from each side of triangleABC : BC ′

b
C ′

aA,
CA′

cA
′

b
B and AB′

aB
′

cC with centersC ′

o, A
′

o, B
′

o respectively. For flank lines
B′

aC
′

a, C ′

b
A′

b
, A′

cB
′

c construct the orthopolesQ′

a, Q′

b
, Q′

c respectively. The lines
AQ′

a, BQ′

b
, CQ′

c concur in Inner Vecten pointX486.

Lemma 12. The orthopoleQ′

a of the flank lineB′

aC
′

a with respect to triangleABC

and pointsA,A′

o are collinear. (See Figure 2)

Proof. The proof is the same as the proof of Lemma 10.
With no loss of generality we shall say that the circumcircle of triangleABC is

the union circle.b′a = a−(c−a)i, c′a = a−(a−b)i, b̄′a = c−(c−a)i

ca
, c̄′a = b−(a−b)i

ab

q′a =
1

2
(a+b+c)−

a(b+ c)− 2bc

2(2a− b− c)
+
b(c− a)2 + c(a− b)2 + i(a− b)(b− c)(c− a)

2(a(b+ c)− 2bc)
(18)
�

Proof of Theorem 11. (See Figure 2) By Lemma 12 applied to all three vertices of
triangleABC: Q′

a ∈ AA′

o, Q
′

b
∈ BB′

o andQ′

c ∈ CC ′

o. But from Theorem 3, the
linesAA′

o, BB′

o, CC ′

o concur in the Inner Vecten pointX486. �

Lemma 13. [4, p. 105] Erect squares outwardly from sides of triangleABC:
ACaCbB, BAbAcC andCBcBaA with centersCo, Ao, Bo.

Erect a squareBaBa1Ca1Ca with centerAo1 outwardly fromBaCa. The points
Ao1, Ao andA are collinear.

Proof. With no loss of generality, we can say that the circumcircleC of triangle
ABC is the union circle.ba = a + (c − a)i, ca = a + (a − b)i, b̄a = c+(c−a)i

ac
,

c̄a = b+(a−b)i

ab

ba1 = |ba + (ba − ca)i = 3a− b− c+ (c− a)i

b̄a1 =
3bc− ca− ab+ (c− a)i

abc

ao1 =
1

2
(ca + ba1) =

1

2
(4a− b− c− (b− c)i)

āo1 =
4bc− ca− ab− a(b− c)i

2abc
.

The pointsA, Ao, Ao1 are collinear if and only if ([5, p. 65], [6, p. 37])

ao1 − a

ao − a
= η ∈ R

∗ i.e.
ao1 − a

ao − a
=

āo1 − ā

āo − ā
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Figure 4.

(ao1 − a)(āo − ā)− (ao − a)(āo1 − ā)

=
2a− b− c− (b− c)i

2
·
a(b+ c) + a(b− c)i− 2bc

2abc

−
2bc− ca− ab− a(b− c)i

2abc
·
b+ c− 2a+ (b− c)i

2
= 0

�

Theorem 14.Erect a square outwardly from each side of triangleABC: ACaCbB,
BAbAcC andCBcBaA. Construct the orthopolesQa1 for BC with respect to
flank triangleABaCa; Qb1 for CA with respect to flank triangleBCbAb; Qc1 for
AB with respect to flank triangleCAcBc. The linesAQa1, BQb1, CQc1 concur
in Vecten pointX485.

Proof. (See Figure 4) LetCo, Ao, Bo be centers of the squaresACaCbB,BAbAcC,
andCBcBaA respectively. Erect squaresBaBa1Ca1Ca,CbCb1Ab1Ab,AcAc1Bc1Bc

outwardly fromBaCa, CbAb, AcBc with centersAo1, Bo1, Co1 respectively.
TriangleABC is a flank triangle for triangleABaCa. From Lemma 10 the

orthopoleQa1 of the flank lineBC with respect to triangleABaCa and points
A,Ao1 are collinear. From Lemma 14 pointsAo1, Ao andA are collinear. Follow
Qa1, Ao1, A,Ao are collinear.

By analogyQb1, Bo1, B,Bo andQc1, Co1, C, Co are collinear. From Theorem
1 the last three lines concur in the Vecten pointX485. �
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Two Interesting Integer Parameters
of Integer-sided Triangles

Jose A. De la Cruz and John F. Goehl, Jr.

Abstract. When a triangle is described in terms of the segments into which its
sides are divided by an inscribed circle, it permits determination of all integer
sided triangles for which the area is an integer multiple of the perimeter. It is
not possible to have integer-sided triangles with R/r an integer, whereR and
r are the radii of the circumcircle and incircle respectively, for right triangles,
isosceles triangles, and triangles whose sides are in arithmetic progression. The
exception is the equilateral triangle for whichR/r = 2.

First consider integer-sided triangles for which the areaA is an integer multiple
m of the perimeterP .

A = mP. (1)

For the particular case of right triangles (Figure 1), equation (1) becomes:

1/2ab = m(a+ b+ c). (2)

b

c
a

Figure 1.
b

c
a

θ

Figure 2.

Rearrangement gives
ab− 2m(a+ b) = 2mc.

Squaring both sides of the equation, noting thatc2 = a2 + b2, gives

a2b2 + 4m2(a+ b)2 − 4mab(a+ b) = 4m2(a2 + b2),

which can be simplified to

ab+ 8m2
− 4m(a+ b) = 0.

This last equation can be factored to give

(a− 4m)(b− 4m) = 8m2. (3)

Draft: November 22, 2017. Communicating Editor: Paul Yiu.



2 J. A. De la Cruz and J. F. Goehl

The factors of8m2 yield all right triangles satisfying equation (2). This solution
was given by Goehl [1].

For a general triangle [2, 3, 3, 4, 5, 6], witha ≤ b ≤ c, equation (2) is general-
ized to:

1

2
ab sin θ = m(a+ b+ c). (4)

Rearrangement gives:

ab sin θ − 2m(a+ b) = 2mc.

Squaring both sides of the equation, noting thatc2 = a2 + b2 − 2ab cos θ, gives

a2b2 sin2 θ + 4m2(a+ b)2 − 4mab(a+ b) sin θ = 4m2(a2 + b2 − 2ab cos θ)

which can be simplified to

ab sin2 θ + 8m2
− 4m(a+ b) sin θ = −8m2ab cos θ.

This last equation can be factored to give

(a sin θ − 4m)(b sin θ − 4m) = 8m2(1− cos θ). (5)

Note that, of course, equation (5) reduces to equation (3) whenθ = 90◦.
In order to determine allowed values ofθ, consider the circle inscribed in the

triangle. Now

a = α+ β,

b = α+ γ,

c = β + γ.

Sincea ≤ b ≤ c, α ≤ β ≤ γ.

b

c
a

r

r

r

α γ

γ

β

β

α
θ

2

Figure 3.

From Heron’s formula:A =
√

s(s− a)(s− b)(s− c), wheres is the semi
perimeter andP = 2s = 2(α+ β + γ).

The problemA = mP is equivalent to
√

(α+ β + γ)(γ)(β)(α( = m · 2(α +
β + γ). Simplification gives [5]

αβγ = 4m2(α+ β + γ). (6)

Clearly there are no equilateral triangles as solutions because ifα = β = γ,
equation (6)) implies thatα3 = 4m2(3α) or α2 = 12m2. Soα is not an integer.
Note that the radius of the incircler is equal to2m [2, 6]. The combined area of
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the6 small right triangles in the figure that haver as one side is equal to the area
of the triangle:

A =
1

2
(rα+ rα+ rβ + rβ + rγ + rγ) = r(α+ β + γ) =

rP

2
= mP,

sor = 2m.
From equation (6), it follows thatα2βγ = αr2(α + β + γ) and factorization

yields

(αβ − r2)(αγ − r2) = r2(α2 + r2). (7)

This result also follows from identifying the angle in equation (5).
From the above figure,sin θ

2
= r

√

α2+r2
andcos θ

2
= α

√

α2+r2
. Now, sin θ =

2 sin θ

2
cos θ

2
= 2rα

α2+r2
andcos θ = cos2 θ

2
− sin2 θ

2
= α2

−r2

α2+r2
. Substituting these

values into equation (5) yields:
(

a

(

2rα

α2 + r2

)

− 2r

)(

b

(

2rα

α2 + r2

)

− 4m

)

= 2r2
(

1−
α2 − r2

α2 + r2

)

.

Simplifying:

(aα− (α2 + r2))(bα− (α2 + r2)] = r2(α2 + r2).

Substitutinga = α+ β, andb = α+ γ yields:

(αβ − r2)(αγ − r2) = r2(α2 + r2).

Sincec is the largest side,θ is the largest angle. The largest value of the smallest
parameter,α, results whenα = β = γ andθ = 60◦. So

(

tan θ

2

)

min
= r

√

3
3 and

r

α
≥

1
√

3
. Therefore allowed values forα are given by1 ≤ α <

√
3r = 2

√
3m.

From the figure,tan θ

2
= r

α
andtan θ =

2 tan
θ
2

1−tan?2
θ
2

= 2rα

α2
−r2

.

Of course,m = 1 corresponds to area= perimeter.
Form = 1, r = 2m = 2. So1 ≤ α < 2

√
3 ≈ 3.46, and the values forα are1,

2, and3. Equation (7) becomes(αβ − 4)(αγ − 4) = 4(α2 + 4).
For α = 1, tan θ = 4

1−4
= −

4

3
, θ = 126.8698976◦, and(β − 4)(γ − 4) =

4(1 + 4). The three factorizations of20, namely,(4)(5), (2)(10), and(1)(20), all
yield triangles:

α, β, γ =











1, 8, 9

1, 6, 14

1, 5, 24

and a, b, c =











9, 10, 17

7, 15, 20

6, 25, 29

.

For α = 2, θ = 90◦, and(β − 2)(γ − 2) = 4 + 4. Both factorizations of8,
(2)(4) and (1)(8), yield triangles:

α, β, γ =

{

2, 4, 6

2, 3, 10
and a, b, c =

{

6, 8, 10

6, 12, 13
.
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Forα = 3, tan θ = 12

9−4
= 12

5
, θ = 67.38013505◦, and(3β − 4)(3γ − 4) =

4(9 + 4). The three factorizations of52, namely,(4)(13), (2)(26), and(1)(52),
yield no new solutions becauseα < β.

The results form = 1 andm = 2 are shown in Table 1.

A β γ α B c a+ b+ c m θ

1 5 24 6 25 29 60 1 126.8698976
1 6 14 7 15 20 42 1 126.8698976
1 8 9 9 10 17 36 1 126.8698976
2 3 10 5 12 13 30 1 90
2 4 6 6 8 10 24 1 90
1 17 288 18 289 305 612 2 151.9275131
1 18 152 19 153 170 342 2 151.9275131
1 20 84 21 85 104 210 2 151.9275131
1 24 50 25 51 74 150 2 151.9275131
1 32 33 33 34 65 132 2 151.9275131
2 9 88 11 90 97 198 2 126.8698976
2 10 48 12 50 58 120 2 126.8698976
2 12 28 14 30 40 84 2 126.8698976
2 13 24 15 26 37 78 2 126.8698976
2 16 18 18 20 34 72 2 126.8698976
3 6 72 9 75 78 162 2 106.2602047
3 7 32 10 35 39 84 2 106.2602047
3 8 22 11 25 30 66 2 106.2602047
3 12 12 15 15 24 54 2 106.2602047
4 5 36 9 40 41 90 2 90
4 6 20 10 24 26 60 2 90
4 8 12 12 16 20 48 2 90
6 7 8 13 14 15 42 2 67.38013505

Table 1.

An interesting special case is that of isosceles triangles. For isosceles triangles,
let β = γ, thenαβ2 = 4m2(α + 2β). The result is the quadratic equation:α2 −

8m2β − 4m2α = 0. The solutions are:

β =
2m

α

(

2m±

√

4m2 + α2

)

. (8)

The positive value is chosen. The restriction,α ≤ β, cannot be assumed.

Form = 1, β = 2

α

(

2 +
√
4 + α2

)

. To get integer solutions,4 + α2 must be

the square of an integer,I2.
SoI2−α2 = 4, or (I +α)(I −α) = 4. The two possible factorizations,(2)(2)

and(4)(1), result in no solutions. The first factorization givesα = 0 while the
second givesα = 2.5.
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Form = 2, β = 4

α

(

4 +
√
16 + α2

)

. To get integer solutions,16 + α2 must

be the square of an integer,I2.
SoI2 − α2 = 16, or (I + α)(I − α) = 16. The three possible factorizations,

(4)(4), (8)(2), and(16)(1), result in one solution. These factorizations give values
for α of 0, 3, and7.5. The one integer value forα also gives an integer value for
β: 12.

The results for values ofm from 2 through6 are shown in Table 2. Note that
there are no solutions form = 1 andm = 7.

m α β γ a b c

2 3 12 12 15 15 24
3 8 12 12 20 20 24
4 6 24 24 30 30 48
5 15 15 24 39 39 30
6 5 60 60 65 65 120
6 9 36 36 45 45 72
6 16 24 24 40 40 48

Table 2.

Triangles with sides in arithmetic progression

Another interesting special case is that of triangles with sides in arithmetic pro-
gression. The problem has been studied before for consecutive integers [7]. Now
consider the general case for an arithmetic progressionα = β − δ andγ = β + δ.
The sides become:a = α+β = 2β−δ, b = α+γ = 2β, andc = β+γ = 2β+δ.
Now equation (6) ) becomes

(β − δ)β(β + δ) = 4m2(β − δ + β + β + δ)

or

(β − δ)(β + δ) = 12m2.

To find all triangles with sides in arithmetic progression, find all factorizations
of 12m2 that result in integer values ofβ andδ.

For example, form = 1, the possible factorizations are(12)(1), (6)(2), and
(4)(3). Only the second factorization gives integer values:β = 4 andδ = 2. The
resulting triangle has sidesa = 6, b = 8, andc = 10.

The results for values ofm from 1 through4 are shown in Table 3.
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m δ α β γ a b c

1 2 2 4 6 6 8 10
2 11 2 13 24 15 26 37
2 4 4 8 12 12 16 20
2 1 6 7 8 13 14 15
3 2 26 28 30 54 56 58
3 6 6 12 18 18 24 30
4 47 2 49 96 51 98 145
4 22 4 26 48 30 52 74
4 13 6 19 32 25 38 51
4 8 8 16 24 24 32 40
4 2 24 26 28 50 52 54

Table 3.

A second interesting parameter associated with a triangle is the ratio of the radii
of its circumcircle and incircle. MacLeod [8] has shown that, for triangles with
sidesa, b, andc, this ratio is given by:

N =
2abc

(a+ b− c)(a+ c− b)(b+ c− a)
. (9)

He points out that triangles for which this ratio is an integer are ”relatively rare”
and finds some of them. In fact, it will be shown that, with the exception of the
equilateral triangle, no right triangles, isosceles triangles, or triangles whose sides
are in arithmetic progression have an integer ratio.

First consider right triangles. Only primitive triangles need be considered. For
such triangles, the sides can be represented bya = 2mn, b = m2 − n2, and
c = m2 + n2, wherem andn are relatively prime and of opposite parity. Then,
from equation (9):

N =
4mn(m2 − n2)(m2 + n2)

(2n(m− n))(2n(m+ n))(2m(m− n))
. (10)

Simplification yields:
2n(m+ n)N = m2 + n2. (11)

This implies that n must dividem. The only possibility isn = 1. But then the
left side of (11) would be even and the right side odd. Therefore thereare no right
triangles with integerN .

Next consider isosceles triangles. Lettingb = c in equation (9) givesN =
2b2

a(2b−a)
. This may be written as a quadratic equation ina: Na2−2Nab+2b2 = 0.

This equation has solutionsa = b(N±I)

N
whereI2 = (N − 1)2 − 1. ThusN = 2

andI = 0, and the only solution isa = b = c, the equilateral triangle.
Lastly consider triangles with sides in arithmetic progression. Lettinga = b+d

and c = b − d in equation (9) givesN = 2b(b2−d2)

b2−4d2
or b2

d2
= 2(2N−1)

N−2
. Thus

2(2N − 1)(N − 2) = J2 for some integerJ . This may be rewritten as(4N −

5)2− (2J)2 = (4N − 5+2J)(4N − 5+2J) = 9. One factorization yieldsJ = 2
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and the non-integerN = 5

2
. The only other possible factorization yieldsJ = 0

andN = 2, once again the equilateral triangle.

Conclusion

Insight is gained from the geometric approach to the solution of the problem of
A = mP . Equation (5), in terms of the general angle,θ, leads immediately to
equation (3) for right triangles and to equation (7) for the general case.

When a triangle is described in terms of the segments into which its sides are
divided by an inscribed circle, equation (7) permits determination of all integer
sided triangles for which the area is an integer multiple of the perimeter. The angle
θ, opposite to the greatest sidec, is shown to have a relatively small number of
allowed values.

The ratio of the radii of circumcircle to incircle is considered.
The special cases of right triangles, isosceles triangles, and triangles with sides

in arithmetic progression are solved generally for the two parameters.
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Heron Triangle and Rhombus Pairs With a Common Area
and a Common Perimeter

Yong Zhang and Junyao Peng

Abstract. By Fermat’s method, we show that there are infinitely many Heron
triangle andθ-integral rhombus pairs with a common area and a common perime-
ter. Moreover, we prove that there does not exist any integral isosceles triangle
andθ-integral rhombus pairs with a common area and a common perimeter.

1. Introduction

We say that a Heron (resp. rational) triangle is a triangle with integral (resp.
rational) sides and integral (resp. rational) area. And a rhombus isθ-integral (resp.
θ-rational) if it has integral (resp. rational) sides, and both sinθ and cosθ are
rational numbers. In 1995, R. K. Guy [5] introduced a problem of Bill Sands,
that asked for examples of an integral right triangle and an integral rectangle with
a common area and a common perimeter, but there are no non-degenerate such.
In the same paper, R. K. Guy showed that there are infinitely many such integral
isosceles triangle and rectangle pairs. In 2006, A. Bremner and R. K. Guy [1]
proved that there are infinitely many such Heron triangle and rectangle pairs. In
2016, Y. Zhang [6] proved that there are infinitely many integral right triangle and
parallelogram pairs with a common area and a common perimeter. At the same
year, S. Chern [2] proved that there are infinitely many integral right triangle and
θ-integral rhombus pairs. In a recent paper, P. Das, A. Juyal and D.Moody [3]
proved that there are infinitely many integral isosceles triangle-parallelogram and
Heron triangle-rhombus pairs with a common area and a common perimeter. By
Fermat’s method [4, p.639], we can give a simple proof of the following result,
which is a corollary of Theorem 2.1 in [3].

Theorem 1. There are infinitely many Heron triangle andθ-integral rhombus pairs
with a common area and a common perimeter.

But for integral isosceles triangle andθ-integral rhombus pair, we have

Theorem 2. There does not exist any integral isosceles triangle andθ-integral
rhombus pairs with a common area and a common perimeter.
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2. Proofs of the theorems

Proof of Theorem 1.Suppose that the Heron triangle has sides(a, b, c), and the
θ-integral rhombus has sidep and intersection angleθ with 0 < θ ≤

π

2
. By

Brahmagupta’s formula, all Heron triangles have sides

(a, b, c) = ((v + w)(u2 − vw), v(u2 + w2), w(u2 + v2)),

for positive integersu, v, w, whereu2 > vw. Noting the homogeneity of these
sides, we can setw = 1, andu, v, p positive rational numbers. Now we only need
to study the rational triangle andθ-rational rhombus pairs with a common area and
a common perimeter. Then we have

{

uv(v + 1)(u2 − v) = p2 sin2 θ,

2u2(v + 1) = 4p.
(1)

Since bothsin θ andcos θ are rational numbers, we may set

sin θ =
2t

t2 + 1
, cos θ =

t2 − 1

t2 + 1
,

wheret > 1 is a rational number. Fort = 1, θ = π

2
, this is the case studied by R.

K. Guy [5]. Thus we need only consider the caset > 1.
Eliminatingp in equation (1), we have

u(v + 1)(2t2u2v − tu3v − 2t2v2 − tu3 + 2u2v − 2v2)

2(t2 + 1)
= 0.

Let us study the rational solutions of the following equation

2t2u2v − tu3v − 2t2v2 − tu3 + 2u2v − 2v2 = 0. (2)

Solving it forv, we get

v =

(

2t2u− tu2 + 2u±
√

g(t)
)

u

4(t2 + 1)
,

where

g(t) = 4u2t4 − 4u(u2 + 2)t3 + u2(u2 + 8)t2 − 4u(u2 + 2)t+ 4u2.

Sincev is a positive rational number,g(t) should be a rational perfect square. So
we need to consider the rational points on the curve

C1 : s2 = g(t).

The curveC1 is a quartic curve with a rational pointP = (0, 2u). By Fermat’s
method [4, p. 639], using the pointP we can produce another pointP ′ = (t1, s1),
which satisfies the conditiont1s1 6= 0. In order to construct such a pointP ′, we
put

s = rt2 + qt+ 2u,

wherer, q are indeterminate variables. Then

s2 − g(t) =
4

∑

i=1

Aiti,
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where the quantitiesAi = Ai(r, q) are given by

A1 = 4u3 + 4qu+ 8u,

A2 = −4u2 + 4ru+ q2 − 8u2,

A3 = 4u3 + 2rq + 8u,

A4 = r2 − 4u2.

The system of equationsA3 = A4 = 0 in r, q has a solution given by

r = −2u, q = u2 + 2.

This implies that the equation

s2 − g(t) =
4

∑

i=1

Ait
i = 0

has the rational rootst = 0 and

t =
2u(u2 + 2)

3u2 − 1
.

Then we have the pointP ′ = (t1, s1) with

t1 =
2u(u2 + 2)

3u2 − 1
,

s1 = −
2u(u6 − 4u4 + 14u2 + 3)

(3u2 − 1)2
.

Puttingt1 in equation (2) we get

v =
u2(u2 + 2)

4u4 + 1
.

Hence, the rational triangle has rational sides

(a, b, c)

=

(

u2(3u2 − 1)(u4 + 6u2 + 1)

(4u2 + 1)2
,
u2(u2 + 2)(u2 + 1)

4u2 + 1
,
u2(u6 + 20u4 + 12u2 + 1)

(4u2 + 1)2

)

.

From the equation2u2(v+1) = 4p andsin θ = 2t

t2+1
, we obtain the corresponding

rhombus with side

p =
(u4 + 6u2 + 1)u2

2(4u2 + 1)
,

and the intersection angle

θ = arcsin
4u(u2 + 2)(3u2 − 1)

(4u2 + 1)(u4 + 6u2 + 1)
.

Sinceu, v, p are positive rational numbers,0 < sin θ < 1, u2 > v andt1 > 1, we
get the condition

u >

√
3

3
.
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Then for positive rational numberu >
√

3

3
, there are infinitely many rational tri-

angle andθ-rational rhombus pairs with a common area and a common perimeter.
Therefore, there are infinitely many such Heron triangle andθ-integral rhombus
pairs. �

Examples.(1) If u = 1, we have a Heron triangle with sides(8, 15, 17), and a
θ-integral rhombus with side10 and the smaller intersection anglearcsin 3

5
, which

have a common area60 and a common perimeter40.
(2) If u = 2, we have a Heron triangle with sides(1804, 2040, 1732) and a

θ-integral rhombus with side1394 and the smaller intersection anglearcsin 528

697
,

which have a common area1472064 and a common perimeter5576.

Proof of Theorem 2.As before, we only need to consider the rational isosceles
triangle andθ-rational rhombus pairs. As in [3], we may take the equal legs of the
isosceles triangle to have lengthu2 + v2, with the base being2(u2 − v2) and the
altitude2uv, for some rationalu, v. The area of the isosceles triangle is2uv(u2 −
v2), with a perimeter of4u2.

Let p be the length of the side of the rhombus, andθ its smallest interior angle.
For θ-rational rhombus, we have the perimeter4p and areap2 sin θ, where sin
θ = 2t

t2+1
, for somet ≥ 1.

If the rational isosceles triangle andθ-rational rhombus have the same area and
perimeter, then

{

2uv(u2 − v2) = p2 sin θ,

4u2 = 4p.
(3)

From equation (3), we obtain

2u(v(u− v)(u+ v)t2 − u3t+ v(u− v)(u+ v))

t2 + 1
= 0.

We only need to considerv(u − v)(u + v)t2 − u3t + v(u − v)(u + v) = 0. If
this quadratic equation has rational solutions int, then its discriminant should be a
rational perfect square, i.e.,

u6 − 4u4v2 + 8u2v4 − 4v6 = w2.

LetU = u

v
, W = w

v3
. We have

W 2 = U6
− 4U4 + 8U2

− 4.

This is a hyperelliptic sextic curve of genus2. The rank of the Jacobian variety is
1, and Magma’s Chabauty routines determine the only finite rational points are

(U,W ) = (±1, ±1),

which lead to
(u,w) = (±v, ±v3),

then we get
v3t = 0.
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So equation (3) does not have nonzero rational solutions. This means that there
does not exist any integral isosceles triangle andθ-integral rhombus pair with a
common area and a common perimeter. �
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Isogonal Conjugates in an n-Simplex

Jawad Sadek

Abstract. As ”one of the crown jewels of modern geometry”, the symmedian
point is not well known by mathematicians or mathematics educators. Locating
a person in space without a GPS, or analysing data for a harbor mine-detecting
algorithm are but some of the more recent applications to the symmedian point.
In this article, we extend the notions of the symmedian point and isogonal con-
jugates to n-simplexes. Unlike another attempt, our generalisation preserves all
the interesting properties of the symmedian point of a triangle. Also, its connec-
tion to the least squares point of a simplex is shown. In addition, the symmedian
point is given in terms of a simple formula in barycentric coordinates.

1. Introduction

The symmedian point of a triangle is one of 11809 known points associated with
the geometry of a triangle (see [4] where it is the sixth point on the list). One of
the most important properties of the symmedian point is that it coincides with the
point at which the sum of the squares of the perpendicular distances from the three
sides of the triangle is minimum (the least squares point, LSP) [1]. For interest-
ing practical applications to the symmedian point, see [5] and [10]. In [5], the
symmedian point shows up in connection with locating a person in space without
GPS, and in [10] the symmedian point comes in when analysing data from a test of
harbor mine-detecting algorithm. Another interesting property of the symmedian
point of a triangle is that, as shown in Figure 1 (b), if the triangle A′B′C ′ is the
pedal triangle ofK (i.e., the triangle obtained by projectingK onto the sides of the
original triangle), then the symmedian point of the triangle ABC and the centroid
of the triangle A′B′C ′ are concurrent.
The symmedian point is defined using the concept of isogonal lines. Two lines AR
and AS through the vertex A of an angle are said to be isogonal if they are equally
inclined from the sides that form ∠A. The lines that are isogonal to the medi-
ans of a triangle are called symmedian lines [3], pp. 75-76. Figure 1 (a) shows
that the symmedian line through AP of the triangle ABC is obtained by reflecting
the median AM through the corresponding angle bisector AL. The symmedian
lines intersect at a single point K known as the symmedian point, also called the
Lemoine point.
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The existence of symmedian point of a triangle was proved by the French mathe-
matician Emile Lemoine in 1873 ([3], Chapter 7). Later the symmedian point was
defined by Marr for equiharmonic tetrahedrons in 1919 [7]. In [9], an alternate
definition of the symmedian point for an arbitrary tetrahedron was given. Under
the alternate definition, all the properties of the symmedian point for a triangle
generalize naturally to a tetrahedron. In the present work we provide the definition
and prove the existence of the symmedian point of an arbitrary n-simplex. Then
we show that the symmedian point of a simplex coincides with the LSP of that
simplex and the centroid of the corresponding pedal simplex. As it was shown in
[6], a least squares solution method can be used to give an explicit formula for the
location of the least squares point and hence the symmedian point in Sn.

The rest of this paper is organized as follows. In section 2, the existence of symme-
dian point of an n-simplex is proved. In section 3, it is shown that the symmedian
point and LSP of an n-simplex are concurrent. In section 4, the concurrency of the
symmedian point and the centroid of the corresponding pedal simplex is proved.

(a)

A

B

C

L
M

K
P

(b)

Figure 1. (a) The symmedian lines of triangle ABC intersect at the symmedian
point K. (b) The symmedian point K of the ABC triangle coincides with the
centroid ̂C of its pedal triangle, which is the A′B′C′ triangle formed by con-
necting the intersection points of the perpendicular lines L1, L2 and L3 from K
to the sides of the ABC triangle.

2. Symmedian point of an n-simplex and barycentric coordinates

Let v0, v1, · · · vn be the vertices of an n-simplex Sn in Rn, n ≥ 2. Recall that a
facet of Sn is an (n−1)-simplex formed by (n−1) vertices of Sn. Recall also that
the angle between two hyperplanesHi andHj ,∠(Hi, Hj), is the supplement of the
angle between their unit outer normal vectors. Denote by Fi the facet formed by the
vertices in {vl : l �= i}. Let X and X∗ be two points in Sn. Denote by (Hij) and
(H∗

ij) the hyperplanes formed by joiningX andX∗ respectively to vl, l �= i, j. The
(n−1)-dimensional hyperplanes (Hij) and (H∗

ij) are said to be isogonal conjugates
if they are equally inclined from the facets Fi and Fj . (Hij) is called the isogonal
conjugate of (H∗

ij) and vice versa. Notice that by joining the point X to (n − 2)

vertices of Sn,
(
n+1
n−1

)
= n(n+1)

2 different (n − 1)-dimensional hyperplanes can
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be formed, and so there are n(n+1)
2 corresponding isogonal conjugate hyperplanes.

There is no immediately obvious reason why these n(n+1)
2 conjugates should be

concurrent. However, that this is always the case will follow from Lemma 2 below.
Let Mij be the midpoint of vivj . The (n − 1)-hyperplane obtained from Mij and
{vl : 0 ≤ l ≤ n, l �= i, j} will be called a med-hyperplane (Mij ∪ Hij). The
isogonal conjugate to a med-hyperplane (Mij ∪Hij) with respect to facets Fi and

Fj is called a symmedian hyperplane. Taking the midpoints of the n(n+1)
2 sides of

the simplex Sn, the following lemma shows all med-hyperplanes are concurrent at
the centroid Gn of Sn [8].

Lemma 1. All n(n+1)
2 med-hyperplanes planes (Mij ∪Hij); 0 ≤ i, j,≤ n, i �= j

are concurrent.

Proof. LetMij be the midpoint of the edge vivj and (Mij∪Hij) the corresponding
med-hyperplane. We show that all med-hyperplanes pass through the centroid Gn

of the of Sn given by Gn =
∑n

0 vl
n+1 (see Figure 2 (a)). If 0 ≤ k ≤ n, then Gn is

located on the segment from an arbitrary vertex vk to the centroid of the (n − 1)-

simplex S(k)
n−1 obtained from the vertices in {vl : 0 ≤ l ≤ n, l �= k}. In fact, let

G
(k)
n−1 be the centroid of S(k)

n−1. Then

Gn =
v0 + · · ·+ vn

n+ 1
=

nG
(k)
n−1

n+ 1
+

vk
n+ 1

= αG
(k)
n−1 + βvk,

where α + β = 1. Thus Gn is the on the segment G(k)
n−1vk. Since each med-

hyperplane contains G(k)
n−1vk for some k, the result follows.�

Lemma 2. Consider the n-simplex Sn. LetX �= vi, vj be a point on the hyperplane
(Hij) formed by joining X to the vertices in Vij = {vl : 0 ≤ l ≤ n, l �= i, j}. Let
X∗ be a point on the isogonal conjugate hyperplane (H∗

ij).

(i): IfXP1, XP2, X∗P ∗
2 , X

∗P ∗
2 , are the perpendiculars fromX andX∗ onto

the facets Fj and Fi, respectively, then

XP1

XP2
=

X∗P ∗
2

X∗P ∗
1

(1)

(ii): IfX is in (Hij) and XP1
XP2

=
X∗P ∗

2
X∗P ∗

1
, thenX∗ is in (H∗

ij), where (Hij) and

(H∗
ij) are isogonal conjugates.

Proof. (i) We will show the triangles XP1P2 and X∗P ∗
1P

∗
2 are similar (see Fig-

ure 2 (b)). Let P3 be the orthogonal projection of P1 onto the (n − 2)-hyperplane
Vij formed by the vertices {vl : 0 ≤ l ≤ n, l �= i, j}. Since XP1 is orthog-
onal to Fj , XP1 is orthogonal to Vij which is contained in Fj . Thus, the plane
formed by the points X,P1, P2 is orthogonal to Vij . Similarly, the plane formed
by X,P2, P3 is orthogonal to Vij . This implies that the points X,P1, P2, P3 are
in the same two-dimensional plane. Furthermore, since XP3 is orthogonal to Vij
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and XP1 is orthogonal to Fj , ∠(Hij , Fj) = ∠(P1P3, XP3) = ∠(P1P2, XP2)
because the quadrilateral P2XP1P3 is cyclic (its vertices are on the same cir-
cle). A similar argument yields ∠(H∗

ij , Fi) = ∠(X∗P ∗
1 , P

∗
1P

∗
3 ), where P ∗

3 is
the projection of P ∗

1 onto Vij . Since (Hij) and (H∗
ij) are isogonal conjugates,

∠(H∗
ij , Fi) = ∠(Hij , Fj), and so ∠(X∗P ∗

1 , P
∗
1P

∗
2 ) = ∠(XP2, P1P2). The simi-

larity of the triangles now follows.

(ii) Since XP1
XP2

= X∗P2∗
X∗P1∗ and ∠(XP1, XP2) = ∠(X∗P1, X∗P ∗

2 ), the triangles

XP1P2 andX∗P1∗P ∗
2 are similar. It follows that∠(Fj , Hij) = ∠(P1P3, P3X) =

∠(P1P2, P2X) = ∠(X∗P ∗
1 , P

∗
1P

∗
2 ) = ∠(X∗P ∗

3 , P3P ∗
2 ) = ∠(Fi, H

∗
ij), and so X∗

is in the isogonal conjugate of (Hij) �

(a) (b)
V0

V2

V1V3
X

P1P2

P1*P2*
H01

H01*

V0

V2

V1V3

M01

M12
M23

M03

M02

M13

- - - - - - - -  
G3

P3

Figure 2. (a) All six median planes obtained from a side of the 3-simplex
v0v1v2v3 and the midpoint Mij of its opposite side are concurrent. (b) A repre-
sentation of the isogonal planes (H12) and (H∗

12), and the perpendicular lines
from X and X∗ to the facets v1v2v3 and v0v2v3, respectively.

Now we are ready to show the existence of the symmedian point of an n-simplex.

Theorem 3. Let (Hij) be the n(n+1)
2 (n − 1)-hyperplanes constructed by joining

a point X inside the simplex Sn to the vertices in Vij = {vl : 0 ≤ l ≤ n, l �= i, j}.
Then the corresponding n(n+1)

2 isogonal conjugate hyperplanes (H∗
ij) intersect at

a point X∗ inside Sn.

Proof. Let X∗ be the intersection of n isogonal conjugate hyperplanes (H∗
iljl

),
0 ≤ l ≤ n−1, il �= jl. Let (Hikjk), k /∈ {0, 1, · · · , n−1} be a hyperplane passing
through X . Let (H∗

ikjk
) be the isogonal conjugate to (Hikjk) with respect to some

facets F ∗
k and Fk, say. It suffices to show that X∗ ∈ (H∗

ikjk
). Let P1 and P2 be the

orthogonal projections from X to Fk and F ∗
k , and let P ∗

1 and P ∗
2 be the orthogonal
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projections from X∗ to Fk and F ∗
k , respectively. In view of Lemma 2 (ii), we need

only show X∗P ∗
1

X∗P ∗
2
= XP2

XP1
. In fact, we have

X∗P ∗
1

X∗Q∗ =
XQ

XP1

and

X∗Q∗

X∗P ∗
2

=
XP2

XQ
,

where Q and Q∗ are the orthogonal projections from X , and X∗ onto a facet Fq,
q ≤ l ≤ n− 1. Multiplying the two left-hand sides and the two right-hand sides of
the equalities yields

X∗P ∗
1

X∗P ∗
2

=
X∗P ∗

1

X∗Q∗ ×
X∗Q∗

X∗P ∗
2

=
XQ

XP1
× XP2

XQ

=
XP2

XP1
.

The desired now follows. Similar argument shows that all the other isogonal con-
jugate hyperplanes pass through X∗.�
In view of Lemmas 1 and 2, the following definition becomes well-defined.

Definition. The symmedian point of an n-simplex is the isogonal conjugate of the
intersection point of all its med-hyperplanes.

Now we briefly explore the relationship between the barycentric coordinates of
a point X and its isogonal conjugate X∗. Recall that in general, if x0, · · · , xn
are the vertices of a simplex Sn in an affine space A and if (a0 + · · · + an)X =
a0x0 + · · ·+ anxn and at least one of the a,is does not vanish, then we say that the
coefficients (a0 : · · · : an) are barycentric coordinates of X , where X ∈ A [11].
The barycentric coordinates are homogeneous:

(a0, · · · , an) = (μa0 : · · · : μan) μ �= 0.

Analogous to the triangle case [2], and to the tetrahedron case [9], we have the
following property for an n-simplex. Let X be a point in the nth dimensional
Euclidean spaceEn. JoiningX to any n vertices, n+1 n-simplexes (Hi), 0 ≤ i ≤
n can be constructed. LetX = (a0 : a2 : · · · : an) andX ′ = (a′0 : a′2 : · · · : a′n) be
the barycentric coordinates of X and X∗, respectively, with respect to Sn. Since
the volumes of these simplexes are proportional to the barycentric coordinates of
X , using lemma 2, we obtain

a′0a0
(δH0)2

=
a′1a1

(δH1)2
= · · · = a′nan

(δHn)2
= μ,
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where δHi denote the volume of Hi (its content). It follows that

X ′ = (a′0 : a
′
1 : · · · : a′n)

=

(
μ
(δH0)

2

a0
: μ

(δH1)
2

a1
: · · · : μ(δHn)

2

an

)

=

(
(δH0)

2

a0
:
(δH1)

2

a1
: · · · : (δHn)

2

an

)
. (2)

(2) gives an extension of isogonal conjugates to simplexes with a simple formula
in barycentric coordinates. Applying (2) to the centroid (1 : 1 : · · · : 1), we obtain

the symmedian point
(
(δH0)

2 : (δH1)
2 : · · · : (δHn)

2
)

.

3. Concurrency of the Symmedian Point and the Least Squares Point

The least squares point LSP of a given simplex Sn is the point from which the
sum of the squares of the perpendicular distances to the facets of Sn is minimized.
We show that the symmedian point and the LSP of Sn are concurrent. We start
with the following lemma.

Lemma 4. For an n-simplex Sn, let Mij be the midpoint of vivj and MijP and
MijQ be the perpendicular line segments from Mij to Fi and Fj , respectively.
Then

MijQ

MijP
=

δ(Fi)

δ(Fj)
, (3)

where δ(Fk) represents the volume (or content) of Fk.

Proof. It is known (and easy to verify using a simple integral) that the volume of
Sn is 1

n! times the“heights” of vertices, taken in any linear sequence, above the sub-
space containing the previous vertices [12]. Precisely, the volume δ(Sn) is given
by

δ(Sn) =
1

n!
hnhn−1 · · ·h1,

where h1 is simply the distance between the first two vertices, h2 is the height of
the third vertex above the line containing those two vertices, h3 is the height of the
fourth vertex above the plane containing the first three vertices, and so on. Thus
δ(Mij ∪ Fj) = δ(Mij ∪ Fi), where Mij ∪ Fk is the n-simplex constructed by
joining Mij to the vertices of Fk. Let vkH be the perpendicular from vk to Fk,
k �= i, j. Then

1

n
MijQ× δ(Fj) = δ(Mij ∪ Fj)

= δ(Mij ∪ Fi)

=
1

n
MijP × δ(Fi).

This implies (3). �

We’re ready to prove the concurrency of the symmedian point and the LSP of Sn.
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Theorem 5. The symmedian point K of Sn coincides with its LSP.

Proof. First, Lemma 2 (i) together with Lemma 4 imply
x0

δ(F0)
=

x1
δ(F1)

= · · · = xn
δ(Fn)

, (4)

where xi is the distance from the symmedian point to Fi. If we denote δ(Fi) by di,
then Lagrange’s identity yields

(
n∑

i=0

x2i

)(
n∑

i=0

d2i

)
−
(

n∑
i=0

xidi

)2

=
n−1∑
i=0

n∑
j=i+1

(dixj − djxi)2 . (5)

Since the d,is are constant, and
∑n

i=0 xidi = nδ(Sn),
∑n

i=0 x
2
i is minimum if and

only if the right hand side of (5) is zero. This occurs only when xidj = xjdi. In
view of (4), this occurs at the symmedian point K, and so the symmedian point
coincides with the LSP. �

4. Concurrency of the Symmedian Point and the Centroid of the Correspond-
ing Pedal n-simplex

In this section we show that the symmedian point of an n-simplex Sn coincides
with the centroid of the corresponding pedal n-simplex Πn.

Theorem 6. The symmedian point of an n-simplex Sn coincides with the centroid
of the corresponding pedal n-simplex Πn.

Proof. Let K be the symmedian point of Sn. Let the orthogonal projection from
K onto a facet Fi intersect Fi at πi. Let Ĉ be the centroid of the pedal simplex Πn

of K. It is well known that Ĉ minimizes the sum of the squares of the distances to
the vertices π0, π1, · · ·πn of Πn. Thus,

n∑
i=0

(Ĉπi)
2 ≤

n∑
i=0

(Xπi)
2 for any X ∈ Rn. (6)

Suppose Ĉ �= K. Let the orthogonal projections from Ĉ to the facet Fi of Sn be
ci. Since K is also the LSP of Sn

n∑
i=0

(Kπi)
2 <

n∑
i=0

(Ĉci)
2. (7)

Since ci is the orthogonal projection from Ĉ ontoFi, Ĉci ≤ Ĉπi for each i. So
using (6) with X = K, we have

n∑
i=0

(Ĉci)
2 ≤

n∑
i=0

(Ĉπi)
2 ≤

n∑
i=0

(Kπi)
2,

which contradicts (7). So we must have Ĉ = K. �
Corollary 7. The symmedian point and hence the LSP of Sn belongs to its interior.
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Summary. The symmedian point of Sn as defined above is a generalization of
the symmedian point for a tetrahedron defined in [9]. This definition differs from
the definition of the symmedian point of a tetrahedron given by Marr [7]. Marr’s
symmedian point of an equiharmonic tetrahedron ABCD (that is, AD × BC =
AB×CD = AC ×BD) is defined as the point of intersection of the lines joining
the vertices to the symmedian points of the opposite faces. In [9], an example was
given to show that the two symmedian points are in fact different. Our general-
ization, however, has the advantage of being the same as the least squares point of
Sn, as is the case in any triangle. In addition, using a least squares solution tech-
nique, the location of the LSP, and hence the symmedian point, of Sn can be given
explicitly [6].
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Classical Right-Angled Triangles and the Golden Ratio

Andrei Moldavanov

Abstract. In this article, we consider the family of classical right-angle triangles
in 2-dimensional Euclidean space. We consider triangle with an arbitrary leg
ratiok and show that atk = 2p, wherep = ±1, the area of all built-in triangles is
linked to each other by the golden ratioϕ. Keepingk = 2p, we address changes
in above triangles occurring at the planar similarity transformation, provean
invariancy of the area ratio between predecessor and successor triangle and show
that evolution curve is a logarithmic spiral. Reason of such geometrical features
is associated with the unique nature ofϕ providing parity between the linear and
non-linear properties of geometry objects.

1. Theorem on area ratio

In 2-dimensional Euclidean space, consider arbitrary right-angled△ABC such
that ratioAC/BC = k, wherek is any rational number (Figure 1).

A C

C1

B

FB1

F1

Cn

Bn

Fn

Bn+1

Fn+1

S1

S2

S3

Figure 1. Family of triangles at planar similarity transformation.1

Mark off distance from the vertexB asBC1 = BC andBF = BC. Since
AC = k ·BC, AB = BC

√
k2 + 1, AC1 = AB−BC1 = BC(

√
k2 + 1−1) and

AF = AB + BC = BC(
√
k2 + 1 + 1). Denote byS1 the area of△AC1C, S2

the area of△CC1B, S3 the area of△BCF , S1 + S2 + S3 = S, the golden ratio
[1] asϕ, and

fk =
AF

AC
=

AC

AC1

=

√
k2 + 1 + 1

k
. (1)

Then,

Publication Date: December 5, 2017. Communicating Editor: Paul Yiu.
1In Figure 1, successive changes in family of the right-angle triangles atplanar similarity trans-

formation are shown. The ordinate is original vertical edge in triangleABC, while the abscissa is
original horizontal edge in triangleABC. Plot represents family of the similar right-angled triangles
in 2-dimensional Euclidean space keeping the leg’s ratiok = 2.
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Theorem 1. If in right-angled triangleABC with leg ratio AC

BC
= 2p, wherep =

±1, to mark off from the vertexB along hypotenuseAB the line segmentsBC1

andBF with the length equal to length ofBC, then the ratio
(

S

S2 + S3

)p

=

(

S2 + S3

S1

)p

=

(

AF

AC

)p

=

(

AC

AC1

)p

= ϕp. (2)

First, we prove some lemmas.

Lemma 2. The areas

S2 = S3 =
BC2

2

√

1−
1

k2 + 1
. (3)

Proof. SincecosABC = − cosCBF = 1
√

k2+1
, for △CC1B, using the law of

cosinesC1C2 = 2BC2

(

1− 1
√

k2+1

)

. In the same way, in△BCF , CF 2 =

2BC2

(

1 + 1
√

k2+1

)

. Then, employing Heron’s formula for area [2], we obtain

(3). �

Lemma 3. Area

S1 =
BC2

2

(

k −

√

1−
1

k2 + 1

)

. (4)

Proof. The area of△ABC = k ·BC2/2. From (3), we obtain (4). �

Lemma 4. If k = 2, the ratio

S2 + S3

S1

= ϕ. (5)

Proof. From (3) and (4),

S2 + S3

S1

= 2

√

1−
1

k2 + 1

(

k −

√

1−
1

k2 + 1

)

−1

=
1

√
k2 + 1− 1

=
2

k
·

√
k2 + 1 + 1

k
=

2

k
· fk. (6)

So, atk = 2, using (1),S2+S3

S1
= fk =

√

5+1

2
= ϕ. �

Lemma 5. If k = 2, the ratio

S

S2 + S3

= ϕ. (7)

Proof. Modify (7) as

S

S2 + S3

= 1 +
S1

S2 + S3

= fk. (8)

From (5),
S1

S2 + S3

=
1

fk
·
k

2
.
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Then (8) becomes

1 +
1

fk
·
k

2
= fk, (9)

and atk = 2, the positive root of (9) isfk = ϕ.
�

Obviously, all reasoning in Lemmas 4 and 5 is valid forp = −1 if we replace
k = 2 with k = 1

2
, and rename the verticesA andB. Now, we can prove Theorem

1.

Proof of Theorem 1

In △ABF , from (1), (5), and (7), immediately follows (2).

Corollary 6.
(SS1)

p = (S2 + S3)
2p. (10)

2. Evolution theorem

For the rest of this article, we will usek = 2p. So, in△AB1C1, from (2),
AC1 = AC

ϕp . From the pointC1 raise a perpendicular toAB, then on this per-

pendicular mark off the line segmentB1C1 equal toBC

ϕ
and connect the points

B1 andA. SinceAB1 = AB

ϕp , triangleAB1C1 is similar toABC as having three

proportional edges and, obviously, the area of△AB1C1 is S

ϕ2p . Continuing this

way, at an arbitrary stepn, n > 1, in triangleABnCn, AC

ACn
= ϕpn, and the area

Sn of △ABnCn is S

ϕ2pn . Further, we will call similar trianglesAFnCn as the full

ones with areaSF
n , △ACn+1Cn as the core ones with areaSC

n in contrast to the
transfer triangles,CnCn+1Bn andCnFnBn with areaST

n .

Theorem 7. The full areaSF
n+1 (SF

n ) of the first immediate successor (precursor)
in the chain of similar triangles is exactly equal to the areaSC

n (SC
n+1) of the core

triangle in its immediate precursor (successor), i.e.

SF
n+1 = SC

n , (SF
n = SC

n+1). (11)

Proof. For the case∂Sn/∂S < 0, whereSn is the area of triangleABnCn, n is
the number of evolution steps.

SF
n+1 =

SF
n

ϕ2
. (12)

From (7),
(SF

n )
2

4(ST
n )

2
= ϕ2. (13)

Insert (13) into (12) and apply (10) for an arbitraryn, which is4(ST
n )

2 = SF
n S

C
n ,

then

SF
n+1 = 4

SF
n (S

T
n )

2

(SF
n )

2
= 4

(ST
n )

2

SF
n

=
SF
n S

C
n

SF
n

= SC
n .

�
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For the case∂Sn/∂n > 0, using the same logic as above,

SC
n+1 = ϕ2SC

n = SC
n

(SF
n )

2

4(ST
n )

2
= SC

n

(SF
n )

2

SF
n S

C
n

= SF
n .

Theorem 8. At ∂Sn/∂n < 0, the full areaSF
n+1 of the first immediate successor

in the chain of similar triangles is exactly equal to the areaSF
n of its immediate

precursor decremented by the double areaST
n of transfer triangle, i.e.

SF
n+1 = SF

n − 2ST
n , (14a)

while at ∂Sn/∂S > 0, incremented by the double areaST
n of transfer triangle

multiplied byϕ+ 1, i.e.

SF
n+1 = SF

n + 2(ϕ+ 1)ST
n . (14b)

Proof. For the case∂Sn/∂n < 0, obviously,

SC
n = SF

n − 2ST
n . (15)

Then, by Theorem 7, replace in (15)SC
n with SF

n+1, and obtain (14a).
For the case∂Sn/∂S > 0, SF

n+1 = SC
n+1 + 2ST

n+1. SinceSC
n+1 = SF

n and
ST
n+1 = ϕ2ST

n = (ϕ+ 1)ST
n , we obtain (14b). �

3. Transformation curve

Theorem 9. At planar similarity transformation, the plane curve dealing the path
for the triangle’s edge in the chain of similar triangles is a logarithmic spiral.

Proof. In the case∂Sn/∂n < 0, the decrement∆AC = AC

ϕ
−AC = AC

(

1

ϕ
− 1
)

occurred at the turn ofAC to ∆θn = ∠CnABn = arctan 1

k
(see Figure 1). Going

to the differential valuesd(AC) = AC

(

1

ϕ
− 1
)

dθ, we have

AC = a · exp

((

1

ϕ
− 1

)

bθ

)

,

which is the equation of folding logarithmic spiral with the growth factorb

(

1

ϕ
− 1
)

,

b = 2π

arctan
1

2

, anda = AC0.

For the case∂Sn/∂n > 0, ∆AC = AC(ϕ − 1) which yields the unfolding
logarithmic spiral with the growth factorb(ϕ− 1):

AC = a · exp ((ϕ− 1)bθ) = a · exp

(

b

ϕ
θ

)

.

�
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4. Conclusions and outlook

We have shown that in the right-angle triangle with leg’s ratiok = 2p, where
p = ±1, the ratio of the edges and areas of built-in triangles is obeyed to the golden
ratio relation. At planar similarity transformation at each step, the full area ofthe
successor (predecessor) triangle is exactly equal to the area of the built-in core
triangle of its predecessor (successor). It assumes that triangle’s transformation
takes such the way to preserve the key parameters of predecessor triangle irrelevant

to the sign of∂Sn

∂n
, i.e. the ratio

SF
n+1

SC
n

(

SF
n

SC
n+1

)

= 1 and it is invariant under above

transformation.
Saying about the directions for future investigations we note that it would be

interesting to consider applicability of above results for the three and higherdi-
mension case. So, we look forward to reporting this in our future work.
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The First Sharp Gyrotriangle Inequality in
Möbius Gyrovector Space(D,⊕,⊗)

Oğuzhan Demirel

Abstract. In this paper we present two different inequalities (with their reverse
inequalities) written in a common type by using classical vector addition “+” and
classical multiplication “·” in Euclidean geometry and by using M̈obius addi-
tion “⊕” and Möbius scalar multiplication “⊗” in M öbius gyrovector space
(D,⊕,⊗). It is known that this M̈obius gyrovector space form the algebraic
setting for the Poincaré disc model of hyperbolic geometry, just as vector spaces
form the algebraic setting for the standard model of Euclidean geometry.

1. Introduction

There are many fundamental inequalities in mathematics and one of them is
the famous “Triangle Inequality”. In [7], Kato, Saito and Tamura presented the
following “Sharp Triangle Inequality”in a Banach Space as follows:

Theorem 1. For all nonzero elementsx1, x2, · · · , xn in a Banach spaceX,
∥

∥

∥

∥

∥

∥

n
∑

j=1

xj

∥

∥

∥

∥

∥

∥

+



n−

∥

∥

∥

∥

∥

∥

n
∑

j=1

xj

‖xj‖

∥

∥

∥

∥

∥

∥



 min
1≤j≤n

‖xj‖

≤

n
∑

j=1

‖xj‖

≤

∥

∥

∥

∥

∥

∥

n
∑

j=1

xj

∥

∥

∥

∥

∥

∥

+



n−

∥

∥

∥

∥

∥

∥

n
∑

j=1

xj

‖xj‖

∥

∥

∥

∥

∥

∥



 max
1≤j≤n

‖xj‖

holds.

Recently Mitani, Kato, Saito and Tamura [8] presented a new type Sharp Trian-
gle Inequality as follows:
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Theorem 2. For all nonzero elementsx1, x2, · · · , xn in a Banach spaceX, n ≥ 2
—small

‖

n
∑

j=1

xj‖+
n
∑

k=2



k −

∥

∥

∥

∥

∥

∥

k
∑

j=1

x∗
j

‖x∗
j
‖

∥

∥

∥

∥

∥

∥



 (‖x∗k‖ − ‖x∗k+1‖)

≤

n
∑

j=1

‖xj‖

≤‖

n
∑

j=1

xj‖ −

n
∑

k=2



k −

∥

∥

∥

∥

∥

∥

n
∑

j=n−(k−1)

x∗
j

‖x∗
j
‖

∥

∥

∥

∥

∥

∥



 (‖x∗n−k‖ − ‖x∗
n−(k−1)

‖)

wherex∗1, x
∗

2, · · · , x
∗

n are the rearrangement ofx1, x2, · · · , xn satisfying‖x∗1‖ ≥

‖x∗2‖ ≥ · · · ≥ ‖x∗n‖ andx∗0 = x∗n+1 = 0.

2. A sharp triangle inequality in Banach space

Theorem 3. For all nonzero elementsx1, x2, · · · , xn in a Banach spaceX,

min1≤j≤n ‖xj‖

max1≤j≤n ‖xj‖





n
∑

j=1

‖xj‖ − ‖

n
∑

j=1

xj‖



+

∥

∥

∥

∥

∥

∥

n
∑

j=1

xj

∥

∥

∥

∥

∥

∥

≤

n
∑

j=1

‖xj‖ (1)

≤
max1≤j≤n ‖xj‖

min1≤j≤n ‖xj‖





n
∑

j=1

‖xj‖ − ‖

n
∑

j=1

xj‖



+

∥

∥

∥

∥

∥

∥

n
∑

j=1

xj

∥

∥

∥

∥

∥

∥

holds.

Proof. Let us assume

‖xr‖ := min{‖x1‖, ‖x2‖, · · · , ‖xn‖}

and

‖xs‖ := max{‖x1‖, ‖x2‖, · · · , ‖xn‖}.

Clearly,

‖xr‖

‖xs‖
≤ 1 ≤

‖xs‖

‖xr‖

holds true. Using the generalized triangle inequality inX, we get

0 ≤

n
∑

j=1

‖xj‖ − ‖

n
∑

j=1

xj‖.
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Therefore, we immediately obtain

‖xr‖

‖xs‖





n
∑

j=1

‖xj‖ −

∥

∥

∥

∥

∥

∥

n
∑

j=1

xj

∥

∥

∥

∥

∥

∥



+

∥

∥

∥

∥

∥

∥

n
∑

j=1

xj

∥

∥

∥

∥

∥

∥

≤

n
∑

j=1

‖xj‖

≤
‖xs‖

‖xr‖





n
∑

j=1

‖xj‖ −

∥

∥

∥

∥

∥

∥

n
∑

j=1

xj

∥

∥

∥

∥

∥

∥



+

∥

∥

∥

∥

∥

∥

n
∑

j=1

xj

∥

∥

∥

∥

∥

∥

.

�

3. Gyrogroups and gyrovector spaces

The most general M̈obius transformation of the complex open unit disc

D = {z ∈ C : |z| < 1}

in the complex planeC is given by the polar decomposition [6]

z → eiθ
z0 + z

1 + z0z
= eiθ (z0 ⊕ z) .

It induces the M̈obius addition “⊕” in the disc, allowing the M̈obius transformation
of the disc to be viewed as M̈obiusleft gyrotranslation

z → z0 ⊕ z =
z0 + z

1 + z0z

followed by rotation. Hereθ ∈ R, z0 ∈ D and Möbius substraction “⊖” is defined
by a ⊖ z = a ⊕ (−z) . Clearlyz ⊖ z = 0 and⊖z = −z. The groupoid(D,⊕) is
not a group since it is neither commutative nor associative, but it has a group-like
structure. The breakdown of commutativity in Möbius addition is “repaired” by
the introduction of gyration,

gyr : D× D → Aut(D,⊕)

given by the equation

gyr [a, b] =
a⊕ b

b⊕ a
=

1 + ab

1 + ab
(2)

whereAut(D,⊕) is the automorphism group of the groupoid(D,⊕). Therefore,
the gyrocommutative lawof Möbius addition⊕ follows from the definition of
gyration in (2),

a⊕ b = gyr [a, b] (b⊕ a) . (3)

Coincidentally, the gyrationgyr[a, b] that repairs the breakdown of the commuta-
tive law of ⊕ in (3), repairs the breakdown of the associative law of⊕ as well,
giving rise to the respectiveleft andright gyroassociative laws

a⊕ (b⊕ c) = (a⊕ b)⊕ gyr [a, b] c
(a⊕ b)⊕ c = a⊕ (b⊕ gyr [b, a] c)

for all a, b, c ∈ D.
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Definition 1. A groupoid(G,⊕) is a gyrogroup if its binary operation satisfies the
following axioms
(G1) For eacha ∈ G, there is an element0 ∈ G such that0⊕ a = a.
(G2) For eacha ∈ G, there is an elementb ∈ G such thatb⊕ a = 0.
(G3) For all a, b ∈ G, there exists a unique elementgyr[a, b]c ∈ G such that

a⊕ (b⊕ c) = (a⊕ b)⊕ gyr[a, b]c

(G4) For all a, b ∈ G, gyr [a, b] ∈ Aut(G,⊕) whereAut(G,⊕) is automorphism
group.
(G5) For all a, b ∈ G, gyr [a, b] = gyr [a⊕ b, b].

Definition 2. A gyrogroup(G,⊕) is gyrocommutative if its binary operation obeys
thegyrocommutative law
(G6)a⊕ b = gyr [a, b] (b⊕ a) for all a, b ∈ G.

Clearly, with these properties, one can now readily check that the Möbius complex
disc groupoid(D,⊕) is a gyrocommutative gyrogroup. For more details, we refer
[1]-[4].

Now define the secondary binary operation⊞ in G by

a⊞ b = a⊕ gyr [a,⊖b] b.

The primary and secondary operations ofG are collectively called the dual oper-
ations of gyrogroups. Leta, b be two elements of a gyrogroup(G,⊕). Then the
unique solution of the equation

a⊕ x = b

for the unknownx is
x = ⊖a⊕ b

and the unique solution of the equation

x⊕ a = b

for the unknownx is
x = b⊟ a

= b⊞ (⊖a).

For further details see [3].
Identifying complex numbers of the complex planeC with vectors of the Eu-

clidean planeR2 in the usual way:

C ∋ u = u1 + iu2 = (u1, u2) = u ∈R
2.

Then the equations
u · v = Re(uv)
‖u‖ = |u| .

(4)

give the inner product and the norm inR2, so that M̈obius addition in the discD of
C becomes M̈obius addition in the discR2

1 =
{

v ∈ R
2 : ‖v‖ < 1

}

of R2. In fact
we get from that(4)
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u⊕ v =
u+ v

1 + uv

=
(1 + uv) (u+ v)

(1 + uv) (1 + uv)

=

(

1 + uv+uv + |v|
2
)

u+
(

1− |u|
2
)

v

1 + uv+uv + |u|
2
|v|

2

=

(

1 + 2u · v+ ‖v‖
2
)

u+
(

1− ‖u‖
2
)

v

1 + 2u · v+ ‖u‖
2
‖v‖

2

= u⊕ v

(5)

for all u, v ∈ D and allu,v ∈ R
2
1.

LetV be any inner-product space and

Vs = {v ∈ V : ‖v‖ < s}

be the open ball ofV with radiuss > 0. Möbius addition inVs is motivated by
(5). It is given by the equation

u⊕ v =

(

1 +
(

2/s2
)

u · v +
(

1/s2
)

‖v‖
2
)

u+
(

1−
(

1/s2
)

‖u‖
2
)

v

1 + (2/s2)u · v + (1/s4) ‖u‖2 ‖v‖2

(6)
where· and‖·‖ are the inner product and norm that the ballVs inherits from its
spaceV. Without loss of generality, we may assume thats = 1 in (6). However we
prefer to keeps as a free positive parameter in order to exhibit the results that in
the limit ass → ∞, the ballVs expands the whole of its real inner product space
V , and Möbius addition⊕ reduces to vector addition+ in V, i.e.,

lim
s−→∞

u⊕ v = u+ v

and
lim
s→∞

Vs = V.

Möbius scalar multiplication “⊗” is given by the equation

r ⊗ v = s tanh
(

r tanh−1 (‖v‖ /s)
) v

‖v‖
(7)

wherer ∈ R, u,v ∈Vs , v 6= 0 andr ⊗ 0 = 0.

Definition 3 (Real inner product gyrovector spaces). A real inner product space
(G,⊕,⊗) (gyrovector space, in short) is a gyrocommutative gyrogroup(G,⊕) that
obeys the following axioms:
(1) G is a subset of a real inner product spaceV called the carrier ofG, G ⊂ V,
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from which it inherits its inner product, “·” and norm “‖ · ‖” which are invariant
under gyroautomorphisms, that is,

gyr[u, v]a · gyr[u, v]b = a · b

for all pointsa, b, u, v ∈ G.

(2) G admits a scalar multiplication⊗, possessing the following properties. For
all real numbersr, r1, r2 and all pointsa ∈ G.

(III.1) 1⊗ a = a

(III.2) (r1 + r2)⊗ a = r1 ⊗ a⊕ r2 ⊗ a

(III.3) (r1r2)⊗ a = r1 ⊗ (r2 ⊗ a)

(III.4) |r|⊗a

‖r⊗a‖
= a

‖a‖

(III.5) gyr[u, v](r ⊗ a) = r ⊗ gyr[u, v]a
(III.6) gyr[r1 ⊗ v, r2 ⊗ v] = I

(3) Real vector space structure(‖G‖,⊕,⊗) for the set‖G‖ of one dimensional
vectors

‖G‖ = {±‖a‖ : a ∈ G} ⊂ R

with vector addition⊕ and scalar multiplication⊗, such that for allr ∈ R, a, b ∈
G.
(III.7) ‖r ⊗ a‖ = |r| ⊗ ‖a‖

(III.8) ‖a⊕ b‖ ≤ ‖a‖ ⊕ ‖b‖.

Clearly, Möbius scalar multiplication possesses the properties above. For the proof
of (III.8) in the complex unit discD we refer [5].

Theorem 4. A Möbius gyrogroup(Vs,⊕) with Möbius scalar multiplication⊗ in
(7) forms a gyrovector space(Vs,⊕,⊗), see[1].

Definition 4. The gyrodistance function in(Vs,⊕,⊗) is given by

d(A,B) = ‖B⊖A‖

for A,B ∈ Vs, see[1].

The gyrodistance function in hyperbolic geometry gives rise to a gyrotriangle
inequality which involves a gyroaddition⊕. In contrast, the familiar hyperbolic
distance function in the literature is designed so as to give rise to a triangle in-
equality which involves the addition+. The connection between the gyrodistance
function and the standard hyperbolic distance function is described in [3].

4. A sharp gyrotriangle inequality and its reverse in Möbius gyrovector space
(D,⊕,⊗)

Lemma 5. For all nonzero elements ofx1, x2, · · · , xn in (D,⊕,⊗)
∣

∣

∣

∣

∣

∣

n
⊕

j=1

xj

∣

∣

∣

∣

∣

∣

≤

n
⊕

j=1

|xj | (8)

holds, where
n
⊕

j=1

|xj | = |x1| ⊕ |x2| ⊕ · · · ⊕ |xn|, |xj | = |xj ⊖ 0| and⊕n
j=1xj =

(· · · ((x1 ⊕ x2)⊕ x3)⊕ · · · ⊕ xn−1)⊕ xn.
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Proof. Firstly, the set

|D| = {±|a| : a ∈ D} ⊂ (−1, 1)

is a commutative group with the operation⊕. Therefore, by the associativity prop-
erty⊕, we get

∣

∣

∣

∣

∣

∣

n
⊕

j=1

uj

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣





n−1
⊕

j=1

uj



⊕ un

∣

∣

∣

∣

∣

∣

= · · · =

∣

∣

∣

∣

∣

∣

u1 ⊕





n
⊕

j=2

uj





∣

∣

∣

∣

∣

∣

whereuj ∈ [0, 1) for 1 ≤ j ≤ n. Forx ∈ [0, 1), define the function

fc(x) = x⊕ c =
x+ c

1 + xc

wherec is a constant in[0, 1). Since

f ′

c(x) =
1− c2

(1 + xc)2
> 0

holds true, we get thatfc must be a monotonically increasing function. Therefore,

|x1 ⊕ x2 ⊕ x3| = |(x1 ⊕ x2)⊕ x3|

≤ |x1 ⊕ x2| ⊕ |x3|

≤ |x1| ⊕ |x2| ⊕ |x3|

by (III.8) and by the increasing property off|x3|
. Following this way, one can easily

get
∣

∣

∣

∣

∣

n
⊕

j=1

xj

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

(

n−1
⊕

j=1

xj

)

⊕ xn

∣

∣

∣

∣

∣

≤

∣

∣

∣

∣

∣

n−1
⊕

j=1

xj

∣

∣

∣

∣

∣

⊕ |xn|

≤ |x1| ⊕ |x2| ⊕ · · · ⊕ |xn−1| ⊕ |xn|

=
n
⊕

j=1

|xj |

by (III.8) and by the increasing properties off|xn|
, f|xn−1|

, ..., f|x3|
.

�
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Theorem 6. For all nonzero elements ofx1, x2, · · · , xn in (D,⊕,⊗)





min1≤j≤n |xj |

max1≤j≤n |xj |
⊗





n
⊕

j=1

|xj | ⊖

∣

∣

∣

∣

∣

∣

n
⊕

j=1

xj

∣

∣

∣

∣

∣

∣







⊕

∣

∣

∣

∣

∣

∣

n
⊕

j=1

xj

∣

∣

∣

∣

∣

∣

≤

n
⊕

j=1

|xj |

≤





min1≤j≤n |xj |

max1≤j≤n |xj |
⊗





n
⊕

j=1

|xj | ⊖

∣

∣

∣

∣

∣

∣

n
⊕

j=1

xj

∣

∣

∣

∣

∣

∣







⊕

∣

∣

∣

∣

∣

∣

n
⊕

j=1

xj

∣

∣

∣

∣

∣

∣

holds.

Proof. Firstly, we have

0 ≤
⊕

n

j=1
|xj |⊟

∣

∣

∣

⊕

n

j=1
xj

∣

∣

∣

=
⊕

n

j=1
|xj | ⊖

∣

∣

∣

⊕

n

j=1
xj

∣

∣

∣

by (8). Let us assume

|xr| := min{|x1|, |x2|, · · · , |xn|}

and

|xs| := max{|x1|, |x2|, · · · , |xn|}.

Clearly we get

|xr|

|xs|
≤ 1 ≤

|xs|

|xr|
.

Now define a functiongu onR+ by

gu(x) = x⊗ u

= tanh(x tanh−1 u)

whereu is a constant in[0, 1). Since

g′u(x) =
tanh−1 u

cosh2(x tanh−1 u)
> 0,

we see thatgu is a monotonically increasing function onR+. Since|xr|

|xs|
≤ 1 ≤

|xs|

|xr|

holds, we get

gw

(

|xr|

|xs|

)

≤ gw(1) ≤ gw

(

|xs|

|xr|

)



The first sharp gyrotriangle inequality in M̈obius gyrovector space(D,⊕,⊗) 447

wherew :=
n
⊕

j=1

|xj | ⊖

∣

∣

∣

∣

∣

n
⊕

j=1

xj

∣

∣

∣

∣

∣

∈ [0, 1). Hence we obtain

|xr|

|xs|
⊗





n
⊕

j=1

|xj | ⊖

∣

∣

∣

∣

∣

∣

n
⊕

j=1

xj

∣

∣

∣

∣

∣

∣


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≤ 1⊗





n
⊕

j=1

|xj | ⊖

∣

∣

∣

∣

∣

∣

n
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xj
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∣

∣

∣

∣

∣





≤
|xs|

|xr|
⊗





n
⊕

j=1

|xj | ⊖

∣

∣

∣

∣

∣

∣

n
⊕

j=1

xj

∣

∣

∣

∣

∣

∣





and this yields
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⊗




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⊕
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|xj | ⊖

∣

∣

∣

∣

∣

∣

n
⊕

j=1

xj
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∣

∣

∣

∣

∣






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∣
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geometry,Amer. Math. Monthly, 106 (1999) 759–763.

[6] L. Ahlfors, Complex analysis: An introduction to the theory of analytic functions of one com-
plex variable, Third edition. International Series in Pure and Applied Mathematics. McGraw-
Hill Book Co., New York, 1978.

[7] K. Mitani, K-S. Saito, M. Kato, and T. Tamura, On sharp triangle inequalities in Banach spaces,
J. Math. Anal. Appl., 336 (2007) 1178–1186.

[8] M. Kato, K-S. Saito, and T. Tamura, Sharp triangle inequality and its reverse in Banach spaces,
Math. Inequal. Appl., 10 (2007) 451–460.
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A Cevian Locus and the Geometric Construction of
a Special Elliptic Curve

Igor Minevich and Patrick Morton

Abstract. Given a triangleABC, we determine the locusL of pointsP , for
which the affine mappingM = TP ◦K

−1
◦TP ′ is a half-turn, whereTP (ABC) =

DEF is the cevian triangle ofP , TP ′(ABC) is the cevian triangle of the
isotomic conjugateP ′ of P , andK is the complement map, with respect to
ABC. This completes the determination of the pointsP for which the inconic
I = M(C̃O) of P , tangent to the sides ofABC at the pointsD,E, F , is congru-
ent to the circumconic̃CO of ABC whose center isO = T−1

P ′ ◦ K(Q), where
Q = K(P ′). We show that the locusL is an elliptic curve minus six points,

whosej-invariant isj = 2
4
11

3

52
, and use the cevian geometry ofABC andP to

give a synthetic construction of this elliptic curve.

1. Introduction

In previous papers [7], [10], [12] we have studied several conicsdefined for
an ordinary triangleABC relative to a given pointP , not on the sides ofABC

or its anticomplementary triangle, including the inconicI and circumconicC̃O.
These two conics are defined as follows. LetDEF be the cevian triangle ofP
with respect toABC (i.e., the diagonal triangle of the quadrangleABCP ). Let
K denote the complement map andι the isotomic map for the triangleABC, and
setP ′ = ι(P ) andQ = K(P ′) = K(ι(P )). Furthermore, letTP be the unique
affine map takingABC to DEF , andTP ′ the unique affine map takingABC to
the cevian triangle forP ′.

The inconicI for P with respect toABC is the unique conic which is tangent
to the sides ofABC at the traces (diagonal points)D,E, F . (See [7], Theorem 3.9
for a proof that this conic exists.) IfNP ′ is the nine-point conic of the quadrangle
ABCP ′ relative to the line at infinityl∞, then the circumconic̃CO is defined to be
C̃O = T−1

P ′ (NP ′). (See [10], Theorems 2.2 and 2.4; and [2], p. 84.) These two
conics are generalizations of the classical incircle and circumcircle of a triangle,
and coincide with these circles when the pointP = Ge is the Gergonne point of
the triangle. In that case, the pointQ = I is the incenter. In general, the pointQ

is the center of the inconicI. The centerO of the circumconicC̃O is given by the
affine formula

O = T−1

P ′ ◦K(Q),

Publication Date: December 5, 2017. Communicating Editor: Paul Yiu.
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Figure 1. The conics̃CO (strawberry) andI (green).

since the center of the conicNP ′ turns out to beK(Q).

We also showed in [10], Theorem 3.4, that the affine mapM = TP ◦K−1 ◦ TP ′

is a homothety or translation which maps the circumconicC̃O to the inconicI. If
G is the centroid ofABC andQ′ = K(P ), then the center of the mapM is the
point

S = OQ ·GV = OQ ·O′Q′, whereV = PQ · P ′Q′,

andO′ = T−1

P
◦K(Q′) is the generalized circumcenter for the pointP ′.

In [12] we showed that for a fixed triangleABC the locus of pointsP , for which
the mapM is a translation, is an elliptic curve minus6 points, and that this elliptic
curve has infinitely many points defined overQ(

√
2). Thus, there are infinitely

many pointsP for which the conicsI andC̃O are congruent to each other. In this
note we determine the remaining pointsP for which these two conics are congruent
by determining (synthetically) the locus of pointsP for which the mapM is a half-
turn. We show, for example, thatM being a half-turn is equivalent to the pointP

lying on the circumconic̃CO′ , whereO′ = T−1

P
◦K(Q′) is as above for the point
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P ′, and this is also equivalent to the pointP ′ = ι(P ) lying on the circumconic̃CO.
(By contrast, we showed in [12] thatM is a translation if and only if the pointP lies
on C̃O.) This is interesting, since ifP = Ge is the Gergonne point ofABC, then
P ′ = Na is the Nagel point, which always liesinsidethe circumcircleC̃O. Given
triangleABC, the locus of all such pointsP turns out to be another elliptic curve
(minus6 points; see Theorem 9). As in [12], this elliptic curve can be constructed
synthetically using a locus of affine maps defined for points on certain openarcs
of a conic. In [12] the latter conic was a hyperbola, while here the conic needed to
construct the elliptic curve is a circle. (See Figure 4.)

We adhere to the notation of [7]:D0E0F0 is the medial triangle ofABC, with
D0 on BC, E0 on CA, F0 on AB (and the same for further pointsDi, Ei, Fi);
DEF is the cevian triangle associated toP ; D2E2F2 the cevian triangle forQ =
K ◦ ι(P ); D3E3F3 the cevian triangle forP ′ = ι(P ); andG the centroid ofABC.
As above,TP andTP ′ are the unique affine maps taking triangleABC to DEF

andD3E3F3, respectively. See [7] and [9] for the properties of these maps. Also,
the generalized orthocenter forP with respect toABC is the pointH = K−1(O),
which is also the intersection of the lines through the verticesA,B,C which are
parallel, respectively, to the linesQD,QE,QF . Finally, the pointZ is defined to
be the center of the cevian conicCP = ABCPQ. (See [9].)

We also refer to the papers [7], [9], [10], and [11] as I, II, III, IV, respectively.
See [1], [2], [3] for results and definitions in triangle geometry and projective ge-
ometry.

2. The locus of P for which M is a half-turn.

In this section we determine necessary and sufficient conditions for the mapM

to be a half-turn. We start with the following lemma.

Lemma 1. (a) If the pointP (not on a side ofABC or K−1(ABC)) lies on the
Steiner circumellipseι(l∞) of ABC, then the mapM = TP ◦ K−1 ◦ TP ′ is a
homothety with ratiok = 4, and is therefore not a half-turn.

(b) If the pointP lies on a median of triangleABC, but does not lie on the
Steiner circumellipseι(l∞) ofABC, thenM = TP ◦K−1 ◦ TP ′ is not a half-turn.

Proof. To prove (a), we use the result of I, Theorem 3.14, according to which
P lies on ι(l∞) if and only if the mapsTP andTP ′ satisfyTPTP ′ = K−1. If
this condition holds, then because the mapM is symmetric inP andP ′ (see III,
Proposition 3.12b and IV, Lemma 5.2),

M = TP ′K−1TP = TP ′TPTP ′TP = (TP ′TP )
2 = (T−1

P
K−1TP )

2 = T−1

P
K−2TP .

The similarity ratio of the dilatationK−1 is −2, so the similarity ratio ofK−2 is
4, which proves part (a).

For (b), supposeP lies on the medianAG (G the centroid ofABC) and the
mapM is a half-turn. Then, sinceP ′ also lies onAG, we have thatD = D0 = D3,
so that

M(A) = TPK
−1TP ′(A) = TPK

−1(D3) = TPK
−1(D0) = TP (A) = D = D0
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and the centerS of M is the midpoint ofAD0. In particular,M(B) andM(C) are
the reflections inS of B andC on the lineℓ = K−1(BC). We claim that the lineℓ
is tangent to the circumconic̃CO at the pointA. This is because the affine reflection
ρ through the lineAG = AP in the direction of the lineBC takes the triangle
ABC to itself, and mapsP to P , so it also takes the circumconic̃CO to itself.
Hence the tangent tõCO atA maps to itself, which implies that it must be parallel
toBC (since the only other ordinary fixed line isAG, which lies on the centerO of
C̃O and cannot be a tangent at an ordinary point). Butℓ is the unique line through
A parallel toBC, soℓ must be the tangent. (Also see III, Corollary 3.5.) It follows
that the pointsM(B) andM(C), neither of which isA, must be exterior points of
the conicC̃O. On the other hand, we claim thatD = D0 is an interior point of
C̃O. This is because the segmentBC, parallel to the tangentℓ atA, is a chord of
C̃O, andB andC lie on the same branch of̃CO, if the latter is a hyperbola (any
tangent to a hyperbola separates the two branches). It follows that the segments
DM(B) andDM(C) join the interior pointD to exterior points, and so must each
contain a point oñCO. However,M is a half-turn mapping the circumconic̃CO to
the inconicI, so thatM(I) = C̃O. Hence,C̃O must be inscribed in the triangle
M(ABC) = DM(B)M(C), meaning that̃CO touches all three extended sides of
the triangle. But by what we just showed the intersections ofC̃O with the sides
of DM(B)M(C) lie on the segments joining the vertices. Hence, the pointD lies
on the two tangentsb = DM(B) andc = DM(C) to C̃O, implying thatD is an
exteriorpoint of C̃O. This contradiction proves the lemma. �

Proposition 2. If the pointsP andP ′ are ordinary and do not lie on the sides
or medians of trianglesABC andK−1(ABC), andH does not coincide with a
vertex ofABC, the following are equivalent:

(1) M = TP ◦K−1 ◦ TP ′ is a half-turn;
(2) P is on C̃O′ ;
(3) P ′ is on C̃O;
(4) TP (P ) = O′;
(5) TP ′(P ′) = O;
(6) O′ lies onNP ;
(7) O lies onNP ′ .

Proof. First note that (4)⇐⇒ (5): this follows on applying the affine reflectionη
from Part II to (4) (η is the harmonic homology with axisGZ and centerPP ′ · l∞),
and using that

η(P ) = P ′, η(O) = O′, and η ◦ TP = TP ′ ◦ η.

By III, Proposition 3.12 and IV, Lemma 5.2,M commutes withη, sinceη com-
mutes withK and

M ◦K−1 = (TP ◦K−1) ◦ (TP ′ ◦K−1) = (TP ′ ◦K−1) ◦ (TP ◦K−1).

Hence,TP ′ ◦ K−1 ◦ TP = ηMη = M. This shows that the locus of pointsP for
whichM is a half-turn is invariant underP → P ′.
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We now show that (1) is equivalent to (4) and (5). Namely, ifM is a half-turn,
then sinceM(O′) = Q′, we have to haveM(Q′) = O′. But

M(Q′) = TPK
−1TP ′(Q′) = TPK

−1(Q′) = TP (P ),

and soO′ = TP (P ). Conversely, ifO′ = TP (P ), thenM(Q′) = O′, soM2(O′) =
O′, which implies thatM must be a homothety with similarity ratiok = ±1,
sinceM2 fixes the pointO′ 6= S. However,k can’t be+1, since in that case
M is the identity andO′ = Q′, impossible by the argument of III, Theorem 3.9.
Therefore,k = −1, soM is a half-turn. (Note thatO′ 6= S, since otherwise
O = η(O′) = η(S) = S; but the pointsO,O′, Q,Q′ are distinct, by the proof of
III, Theorem 3.9, as long asP does not lie on a median ofABC or onι(l∞).) This
shows that (1)⇐⇒ (4) ⇐⇒ (5).

Furthermore, if (3) holds, thenP ′ is onC̃O, so the latter conic lies on the vertices
of quadrangleABCP ′ (sinceC̃O is a circumconic), so the centerO must lie on
NP ′ , by definition of the 9-point conic. (See Part III, paragraph beforeProp. 2.4.)
Thus (3) implies (7). Also, (7) implies (3), becauseO being onNP ′ impliesO is
the center of a conic onABCP ′. If O is not the midpoint of a side ofABC (which
holds if and only ifH is not a vertex), there is a unique such conic, namelyC̃O.
HenceP ′ lies on this conic. This shows that (3)⇐⇒ (7). Similarly, (2) ⇐⇒

(6).

Now suppose that (3) holds. Then (7) holds, soP ′ ∈ C̃O. ButP ′ ∈ CP , soP ′ is
the fourth intersection of the circumconicsCP andC̃O, and therefore coincides with
the pointZ̃ = ROK

−1(Z), by III, Theorem 3.14; hereRO is the half-turn aboutO
andZ is the center ofCP . Now, in the proof of III, Theorem 3.14 we showed that
TP ′(Z̃) = TP ′(P ′) lies onOP ′. But TP ′(P ′) lies onOQ (III, Proposition 3.12),
so this forcesTP ′(P ′) = O, i.e. (5), provided we can show that the lineOP ′ is
distinct fromOQ.

However, ifOP ′ = OQ, thenOP ′ = P ′Q = QG soO,Q,G are collinear.
ThenK−1(O) = H is also on this line, soQ,H,P ′ are all on this line. We claim
that these three points,Q,H,P ′, must all be distinct by our hypothesis onP . If
P ′ = Q = K(P ′) thenP ′ = G = P , which can’t hold becauseP is not on a
median ofABC. If Q = H, then using the mapλ = TP ′ ◦ T−1

P
and III, Theorem

2.7 givesQ = λ(H) = λ(Q) = P ′, soP ′ = G. Finally, if P ′ = H, then taking
complements gives thatQ = O = T−1

P ′ (K(Q)) soTP ′(Q) = K(Q), implying (by
I, Theorem 3.7) thatP ′ = K(Q) = K2(P ′) and thereforeP ′ = G = P once
again. Therefore, the three distinct pointsQ,H,P ′, which all lie on the conicCP ,
are collinear, which is impossible. This shows thatOP ′ ∩OQ = O, soTP ′(P ′) =
O and (3)⇒ (5)⇒ (1).

For the rest, it suffices to show that (1)⇒ (3). This is because of the symmetry of
M in P andP ′: for example, (3)⇒ (1)⇒ (2) (switchingP andP ′) and conversely,
so (2) and (3) are equivalent, as are (6) and (7), and everything is equivalent to (1).
Now assume (1). We will prove (7). Since (1) implies (5), we knowTP ′(P ′) = O,
soTP ′(OP ′) = K(Q)O by the formula forO. But by III, Corollary 3.13(b) we
knowK−1(Z) lies onOP ′, soTP ′◦K−1(Z) = Z (III, Prop. 3.10) lies onK(Q)O.
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But Z also lies onQN = K(P ′O), which is parallel toOP ′. This easily implies
Z is an ordinary point andQZ ‖ OP ′; for this, noteQ 6= Z sinceZ is the center
of the conicCP , whileQ is an ordinary point lyingonCP . Also,Z 6= K(Q), since
TP ◦K−1(Z) = Z, while TP ◦K−1(K(Q)) = Q. Therefore, using the fact that
the linesOP ′ andOQ are distinct, it follows thatQK(Q)Z andP ′K(Q)O are
similar triangles. ButK(Q) is the midpoint of segmentP ′Q, so these triangles
must be congruent. Hence,K(Q) is also the midpoint of segmentOZ, andO is
the reflection ofZ in the pointK(Q). SinceK(Q) is the center ofNP ′ andZ lies
onNP ′ , this meansO also lies onNP ′ , which is (7). �

Corollary 3. With the hypotheses of Proposition 2, the mapM is a half-turn if and
only ifK−1(S) = Z, which holds if and only ifQZP ′O is a parallelogram.

Proof. If M is a half-turn, the above argument shows that segmentsQZ ∼= OP ′;
hence,QZP ′O is a parallelogram, andP ′Z ‖ QO. SinceK(P ′) = Q, this implies
that lineP ′Z is the same as the lineK−1(QO) = P ′H andZ is the midpoint of
P ′H, since the mapK−1 doubles lengths of segments. ButS is the midpoint of
QO, soK−1(S) = Z is the midpoint ofP ′H. Conversely, ifK−1(S) = Z thenZ
lies onK−1(OQ) = P ′H (sinceS lies onOQ) and becauseQZ ‖ P ′O, QZP ′O

is a parallelogram with centerK(Q), the midpoint ofP ′Q. Hence,O lies onNP ′

andM is a half-turn. �

Remark. The condition of Corollary 3 is a necessary condition forM to be a half-
turn, without the hypothesis thatH not be a vertex. This follows from the last
paragraph in the proof of Proposition 2, since that hypothesis is not used to prove
that (1)⇒ (7). Lemma 1 then shows thatK−1(S) = Z is a necessary condition
for M to be a half-turn, without any extra hypotheses.

In the following proposition we will make use of the polarity induced by the
conicCP = ABCPQ = PQP ′Q′H.

Proposition 4. If the hypotheses of Proposition 2 hold and the mapM is a half-
turn, then:

(1) The linesO′P andOP ′ are tangents to the conicCP at P andP ′.
(2) The pointV = PQ ·P ′Q′ is the midpoint of segmentOO′ and lineOO′ =

K−1(PP ′).
(3) On the lineGV , the signed ratiosGS

SV
= 5

3
and ZG

GV
= 5

4
.

Proof. (See Figure 2.) (1) As in the proof of Proposition 2 we haveP ′ = Z̃ =
RO ◦K−1(Z), soK−1(Z) lies onOP ′; by symmetry, it also lies onO′P . We will
show that pole ofPP ′ is K−1(Z). Then (1) follows, sinceK−1(Z) is conjugate
to bothP andP ′, and so lies on the polars ofP andP ′, which are the tangents to
CP atP andP ′. Hence,K−1(Z)P = O′P andK−1(Z)P ′ = OP ′ are tangents to
CP .

We do this by showing thatTP ′(P ) andTP (P
′) are conjugate toK−1(Z). This

implies that the polar ofK−1(Z) is the join ofTP ′(P ) andTP (P
′), which isPP ′

by II, Corollary 2.2(c). By symmetry it suffices to considerTP ′(P ). We use the
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Figure 2. The parallelogramsQZP ′O andQ′ZPO′ whenM is a half-turn.

fact from Part IV, Prop. 3.10, thatO′Q′ is tangent toCP atQ′. Applying the map
λ gives thatλ(O′Q′) is tangent toλ(CP ) = CP atλ(Q′) = H ′, by II, Theorem 3.2
and III, Theorem 2.7. UsingTP (P ) = O′ from Proposition 2 we know that

λ(O′) = TP ′ ◦ T−1

P
(O′) = TP ′(P ),

so TP ′(P ) lies on the tangent toCP at H ′ and is conjugate toH ′. Also, P ,
Q′, K−1(P ) are collinear points, so applying the mapTP ′ gives thatTP ′(P ) is
collinear withTP ′(Q′) = Q′ and

TP ′ ◦K−1(P ) = TP ′ ◦K−1
◦ TP (Q

′) = M(Q′) = O′.

Therefore,TP ′(P ) lies on the tangentO′Q′ and so is conjugate to the pointQ′.
Thus, the polar ofTP ′(P ) is Q′H ′, which lies onK−1(Z) sinceZ,K(Q′), O′ =
K(H ′) are collinear, using the fact from Corollary 3 thatQ′ZPO′ is a parallelo-
gram andK(Q′) is the midpoint of the diagonalQ′P . This shows thatK−1(Z) is
conjugate toTP ′(P ), as desired. Note that this also shows thatTP ′(P ) 6= TP (P

′),
since the polar ofTP (P

′) is QH, andQH cannot be the same line asQ′H ′, since
the four pointsQ,H,Q′, H ′ all lie on the conicCP .

(2) From the fact thatOP ′ andOQ (IV, Prop. 3.10) are tangent toCP , it follows
thatP ′Q is the polar ofO with respect toCP , and likewise,PQ′ is the polar ofO′.
Hence, the pole ofOO′ isP ′Q ·PQ′ = G. On the other hand, the polar ofG is the
lineV V∞, whereV∞ is the infinite point on the linePP ′, by II, Proposition 2.3(a).
Therefore,V lies onOO′. SinceGV is the fixed line of the affine reflectionη, V
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must be the midpoint of segmentOO′. ThenV lies on the parallel linesK−1(PP ′)
(II, Prop. 2.3(e)) andOO′, soK−1(PP ′) = OO′.

(3) From (2) we havePP ′ = K(OO′) = K2(HH ′) = NN ′, whereN =
K(O) andN ′ = K(O′) are the centers of the nine-point conicsNH andNH′ .
Thus, the linePP ′ is halfway between the parallel linesOO′ andHH ′. Taking
complements,QQ′ is halfway betweenNN ′ = PP ′ andOO′. Also, the centerS
of the mapM is located halfway between the linesQQ′ andOO′, sinceM(OO′) =
QQ′. LetX = TP ′(P ) = O′Q′ ·PP ′ = O′S ·PP ′ andY = K(V ) = GV ·PP ′.
Then trianglesV O′S andY XS are similar, with similarity ratio1/3, becauseS is
the midpoint of segmentO′Q′ andQ′ is the midpoint of segmentO′X, so that

|SX| = |SQ′
|+ |Q′X| = |SO′

|+ 2|SO′
| = 3|SO′

|.

Furthermore,V onOO′ implies thatM(V ) is onQQ′, so thatM(V ) = QQ′ ·GV

is the midpoint ofV Y = V K(V ) and therefore coincides withK(Y ). Then
from |SK(Y )| = |SM(V )| = |SV |, |K(Y )G| = 1

3
|K(Y )Y |, and|K(Y )Y | =

|V K(Y )| = |VM(V )| = 2|SV | we find that

|GS|

|SV |
=

|SK(Y )|+ |K(Y )G|

|SV |
=

|SV |+ |K(Y )Y |/3

|SV |

=
|SV |+ 2|SV |/3

|SV |
=

5

3
.

SinceS lies betweenG andV , this provesGS

SV
= 5

3
. Now ZG

GV
= 2GS

8SV/3
= 3

4

GS

SV
=

5

4
. �

Remark. The conditions of Proposition 4 are also sufficient forM to be a half-turn.
We leave the verification of this for parts (1) and (2) to the reader. We will verify
this for condition (3) in the next section.

3. Constructing the elliptic curve locus.

Now suppose a parallelogramQZP ′O is given, and with it:K(Q) as the mid-
point of QP ′; G as the point for which the signed distanceQG satisfiesQG =
1

3
QP ′; andS = K(Z) (Corollary 3). Then Proposition 4 shows that the pointV

is determined byG andS. This determines, in turn, the pointsP andQ′ uniquely,
sinceP is the reflection inQ of the pointV (see II, p. 26) andQ′ = K(P ). Fur-
ther,O′ is also determined as the reflection ofQ′ in S, or as the reflection ofO
in V . Therefore, the parallelogram determinesP,Q, P ′, Q′ andH = K−1(O),
and hence the conicCP on these5 points (by III, Theorem 2.8). Thus, any trian-
gle ABC for which M is a half-turn with the given parallelogramQZP ′O must
be inscribed in the conicCP . Furthermore, the affine mapsTP andTP ′ are also
determined, since

TP (PQQ′) = O′QP and TP ′(P ′QQ′) = OP ′Q′. (1)

Defining the mapsTP andTP ′ by (1), we will show thatM = TP ◦K−1 ◦ TP ′ is a
half-turn aboutS.
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Lemma 5. Given collinear and distinct ordinary pointsG, V, Z and an ordinary
point P not onGZ, if Q′ = K(P ) andP ′ is the reflection ofV in the pointQ′,
andQ is the midpoint ofPV , then:

(a) there is a unique conicC with centerZ which lies onP, P ′, Q, andQ′;
(b) with respect to any triangleABC with vertices onC whose centroid isG,

and whose vertices do not coincide with any of the pointsP, P ′, Q or Q′, the point
P ′ is the isotomic conjugate ofP , andC coincides with the conicCP for ABC.

Proof. For (a), first note thatPQ′,P ′Q′, andPQ do not lie onZ, sincePQ′·GZ =
G andP ′Q′ · GZ = PQ · GZ = V , which are distinct fromZ by assumption.
Suppose thatZ is not onPP ′. The pointG, being2/3 of the way fromP to the
midpointQ′ of V P ′, is the centroid of trianglePV P ′. Hence,K(P ′) = Q and
V G = GZ is a median of trianglePV P ′, implying thatGZ intersectsPP ′ at the
midpoint of segmentPP ′. Also,QQ′ ‖ PP ′, soV∞ = PP ′ ·QQ′ is on the line at
infinity.

Now let C be the conic with centerZ, lying on the pointsP,Q, P ′. This exists
and is unique, sinceZ does not lie onPQ,P ′Q orPP ′. With respect to this conic,
Z is conjugate toV∞, and so is the midpointGZ · PP ′, sinceP andP ′ lie on C.
SinceZ is not onPP ′, GZ is the polar ofV∞. Now,V∞ lies onQQ′, so the point
Qm = GZ ·QQ′, which is the midpoint of segmentQQ′, is conjugate toV∞. Let
Q∗ be the second intersection ofQQ′ with C. Note thatQ∗ 6= Q; otherwiseV∞

would be conjugate toQ, soQ would lie on its polarGZ, implying thatP also lies
onGZ, which is contrary to assumption. Hence,V∞ is conjugate to the midpoint
of QQ∗, which must beQm. This implies thatQ∗ = Q′, soQ′ lies onC.

Now supposeZ is onPP ′. ThenZ is not onQQ′, sinceQQ′ ‖ PP ′, so there is
a unique conicC throughP,Q,Q′ with centerZ. As above, the pole ofGZ is V∞,
and switching the point pairsP, P ′ andQ,Q′ in the argument above gives thatP ′

lies onC.

For (b), the triangleABC determines the conicC = CP = ABCPQ′, since
P andQ′ cannot lie on any of the sides ofABC andP does not lie on a median
of ABC (see the proof of II, Theorem 2.1). We know that this conic has center
Z, sinceABC is inscribed inC. Furthermore, the pole ofGZ with respect toC
is V∞ = l∞ · PP ′, as above. But the isotomic conjugateP ∗ of P with respect to
ABC is the unique pointP ∗ 6= P onPV∞ lying on the conicCP (see II, p. 26),
so that meansP ∗ = P ′. �

Lemma 6. With the assumptions of Lemma 5, suppose the signed ratioZG

GV
= 5

4
.

Then the tangent to the conicC atQ is K(P ′Z) = QK(Z).

Proof. (See Figure 3.) As in the proof of Proposition 4, in trianglePP ′V , the
midpoint ofPP ′ is the complementY = K(V ) of V , and so the midpoint ofQQ′

is the complementK(Y ) of Y . LetU = K−1(V ). ThenGV = 2GY = 4GK(Y )
andZG = 5GK(Y ), soZY = ZG − GY = 3GK(Y ). In addition,UG =
8GK(Y ) soUZ = UG − ZG = 3GK(Y ) = ZY ; hence,Z is the midpoint
of Y U . Let H ′ be the reflection ofP in Z. Then trianglesH ′UZ andPY Z are
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Figure 3. Proof of Lemma 3.2.

congruent soH ′U ‖ PY = P ′Y . Also, trianglesPY Z andPP ′H ′ are similar
(SAS), soP ′H ′ ‖ Y Z = UY . This impliesP ′H ′UY is a parallelogram and
P ′H ′ = UY = V Y . HenceP ′H ′Y V is also a parallelogram andH ′Y ‖ P ′V .
Since trianglesQY P andV P ′P are similar (with similarity ratio1/2),QY ‖ P ′V ,
soY lies onH ′Q.

LetQG andQZ be the reflections ofQ inG andZ, respectively. ThenQQGQZ ∼

QGZ, so the lineQGQZ is parallel toGZ and lies halfway betweenP ′ andGZ.
Hence,Q′ lies onQGQZ . Also,U lies onPQZ , sinceP,U,QZ are the reflections
of H ′, Y,Q in Z, and we provedH ′, Y,Q are collinear in the previous paragraph.
Moreover,PQZ ‖ H ′Q ‖ P ′V , sinceP ′H ′Y V is a parallelogram.

Let Z1 be the reflection ofQZ in Q. ThenZ1QV ∼= QZQP (SAS), soZ1V ‖

PQZ ‖ P ′V , henceZ1 lies onP ′V . Now letJ ′ be the midpoint ofP ′Q′ andL the
midpoint ofQH ′. ThenZL is a midline in trianglePQH ′, soZL ‖ PQ = QV .
SinceP ′Q′ ‖ H ′Q = QL, andZL lies in the conjugate direction toQH ′, it
follows thatZ,L, J ′ are collinear. Hence,Z1QV ∼ Z1ZJ ′, which implies, since
Z1Q = 2QZ, thatZ1V = 2V J ′ = 2 · (3

4
V P ′) = 3

2
V P ′. Let Z∗ = K−1(Z).

ThenZ∗G = 2 ·GZ = 5

2
·V G, by hypothesis, soZ∗V = 3

2
·V G. Hence, triangles

Z1Z
∗V andP ′GV are similar (SAS) andZ1Z

∗ ‖ P ′G. Let S = Z1QG · GZ.
SinceZ1Z

∗ ‖ QGG, we have similar trianglesZ1Z
∗S andQGGS. Moreover,

Z1ZS ∼ Z1QZQG, sinceSZ = GZ ‖ QGQZ , with Z1Z = 3ZQZ , soZ1S =
3SQG. It follows thatZ∗S = 3SG and thereforeZ∗G = 4SG = 2GZ. This
impliesS = K(Z).

Let Z2 be the intersection ofP ′G with the line throughZ1 parallel toGZ.
Also, letZ∞ be the point at infinity onGZ. Then we have the following chain of
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perspectivities:

GV ZK(Y )
Q

[ P ′V Z1Q
′

Z∞

[ P ′GZ2QG

Z1

[ V GZ∞S.

The resulting projectivity on the lineGZ is precisely the involution of conjugate
points onGZ with respect toC, becauseG andV are conjugate points (they are
vertices of the diagonal triangleGV V∞ of the inscribed quadranglePP ′QQ′) and
the polar ofZ is the line at infinity, which intersectsGZ in Z∞. This gives that
K(Y ) is conjugate toS. But S is also conjugate toV∞, sinceS lies on its polar
GV . This implies that the polar ofS is K(Y )V∞ = QQ′. Thus, the tangent toC
atQ is QS = K(P ′Z). �

Proposition 7. Under the assumptions of Lemmas 5 and 6, for any triangleABC

with vertices onC whose centroid isG, and whose vertices do not coincide with
any of the pointsP, P ′, Q or Q′, the mapM = TP ◦K−1 ◦ TP ′ is a half-turn.

Proof. By Lemmas 5 and 6, the tangent atQ to CP goes throughK(Z). But the
tangent atQ is OQ (IV, Prop. 3.10), hence the generalized insimilicenterS for
ABC is S = OQ · GZ = K(Z), whereZ is the center ofCP = C. Now the
proposition follows from Corollary 3. �

Theorem 8. LetG, V, Z be any distinct, collinear, and ordinary points with signed
ratio ZG

GV
= 5

4
, andP an ordinary point not onGZ. DefineQ′ = K(P ) (com-

plement taken with respect toG) and letP ′ be the reflection ofV in Q′ andQ the
midpoint ofPV . Finally let C be the conic guaranteed by Lemma 5(a). For any
pointA on the arcA = PQQ′P ′ of C distinct from these four points, there is a
unique pair of points{B,C} on C (and then on the same arc), such thatABC

has centroidG. For each such triangle, the mapM is a half-turn, and this map is
independent ofA. Conversely, ifABC is inscribed in the conicC with centroidG,
thenA ∈ A − {P,Q,Q′, P ′}.

Proof. We start by showing that the hypotheses of the theorem can be satisfied for
suitable pointsG, V, Z, P , for which the conicC is a circle. Start with a circleC
with centerZ. Pick pointsP ′, Q on C andO so thatQZP ′O is a square. LetS
be the midpoint ofOQ andG = SZ · QP ′. ReflectP ′ andQ in GZ to obtain
the pointsP andQ′ on C. Let Y onGZ be the midpoint ofPP ′. Also, letV =

PQ ·P ′Q′ onGZ. SinceG = QP ′ ·SZ is on the bisector of∠SQZ andZQ

QS
= 2

1
,

we haveZG

GS
= 2

1
, soK(Z) = S. This implies thatK(ZP ′) = SK(P ′) is parallel

toZP ′ and half the length, soK(P ′) = Q. In the same way,K(P ) = Q′. Then in
trianglePV Q′ the segmentV G bisects the angle atV , so PV

V Q′ =
PG

GQ′ =
P ′G

GQ
= 2

1
.

Thus,V P ′ = V P = 2 · V Q′. It follows thatQ′ is the midpoint ofV P ′, Q is the
midpoint ofV P , andG is the centroid ofV PP ′. Hence,Y = K(V ). This shows
that the hypotheses of Lemma 5 hold, soC is the conic of that lemma. By the same
argument as in the proof of Proposition 4(2), using the fact thatOQ andOP ′ are
tangent toC atQ andP ′, respectively, and thatGV V∞ is a self-polar triangle with
respect toC, it follows thatK−1(PP ′) = OO′ andV is the midpoint ofOO′.
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Now, lettingM be the half-turn aboutS, the same argument as in the proof of
Proposition 4(3) gives thatZG

GV
= 5

4
.

If G, V, Z, P are any points satisfying the hypotheses, then there is an affine map
taking triangleV PP ′ to the corresponding triangle constructed in the previous
paragraph, so thatG ( the centroid ofV PP ′) andZ go to the similarly named
points and the trapezoidPP ′Q′Q is mapped to the corresponding trapezoid for the
circle. Then the image of the new conicC is the circle of the previous paragraph,
soC must be an ellipse.

GivenA on the arcA = PQQ′P ′ of C, defineD0 = K(A). Now P ′ and
K(P ′) = Q are onC, as areP andK(P ) = Q′. We claim thatP andP ′ are the
only two pointsR on C for whichK(R) is also onC. This is becauseK(C) is a
conic with centerK(Z) = S, meetingC atQ,Q′, and lying on the pointK(Q).
Note that the mapK fixes all points onl∞, soK(C) induces the same involution
on l∞ thatC does. It follows that there are exactly two points inK(C) ∩ C. Since
the pointQ is on the given arcA andK(Q), as the midpoint of segmentQP ′, is
interior toC, it follows that the same is true for the pointD0 = K(A), for anyA
onA , whileD0 lies outside ofC whenA is onC−A . Now consider the reflection
C′ of the conicC in the pointD0. WhenD0 lies insideC, it also lies insideC′, and
therefore the two conicsC, C′ overlap. Since reflection inD0 fixes all the points
on l∞, the conicC′ induces the same involution onl∞ thatC does. Therefore, they
have exactly two points in common. Labeling these points asB andC, it is clear
thatD0 is the midpoint of segmentBC, and from this andK(A) = D0 it follows
thatG is the centroid ofABC. On the other hand, ifA lies outside ofA , then
D0 lies outside ofC, and in this case,C′ does not intersectC (so there can be no
triangle inscribed inC with centroidG). Applying the same argument to the points
B andC instead ofA shows thatB andC are also on the arcA . The next to last
assertion follows from Proposition 7 and the comments preceding Lemma 5.�

We can use the proof of Theorem 8 to give a construction of the locusL of
pointsP , for a given triangleABC, for which the mapM is a half-turn. To do
this, start with the construction of the pointsQ1Z1P

′

1O1 on circleC, as in the first
paragraph of the proof. Pick a pointA1 on the arcA = P1Q1Q

′

1P
′

1, and determine
the unique pair of pointsB1, C1 onA so that the centroid ofA1B1C1 is the point
G1 = Z1S1 · Q1P

′

1, with S1 the midpoint of segmentQ1O1. Then determine the
unique affine mapA for whichA(A1B1C1) = ABC. The pointsP = A(P1) and
P ′ = A(P ′

1) describe the locusL , asA runs over all affine maps withA1 ∈ A .
This locus is shown in Figure 4, and turns out to be an elliptic curveE minus6
points, as we show below. For the pictured triangleA1B1C1 and its half-turnM1,
the mapM = A ◦M1 ◦ A

−1 is a half-turn about the pointS = A(S1). Note thatE
is tangent to the sides of the anticomplementary triangleK−1(ABC) of ABC at
the vertices.

An equation for the curveE can be found using barycentric coordinates. It can
be shown (see [13]) that homogeneous barycentric coordinates of thepointsS and
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Figure 4. Elliptic curve locus ofP with M a half-turn.

Z are

S = (x(y + z)2, y(x+ z)2, z(x+ y)2), Z = (x(y − z)2, y(z − x)2, z(x− y)2),

whereP = (x, y, z). Using the remark after Corollary 3, we compute that the
pointsP = (x, y, z), for whichM is a half-turn, satisfyS = K(Z), so the coordi-
nates ofP satisfy the equation

E : x2(y + z) + y2(x+ z) + z2(x+ y)− 2xyz = 0.
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Note thatP ∈ E ⇒ P ′ ∈ E . Settingz = 1 − x − y, where(x, y, z) are absolute
barycentric coordinates, we get the affine equation forE :

(5x− 1)y2 + (5x− 1)(x− 1)y − x2 + x = 0. (2)

This is the casea = −5 of the geometric normal form

(ax+ 1)y2 + (ax+ 1)(x− 1)y + x2 − x = 0

which we consider in [13]. Rational points onE are(x, y, z) = (1, 0, 0), (0, 1, 0),
(0, 0, 1), which correspond to the verticesA,B,C. The points onl∞ ∩ E are
(x, y, z) = (0, 1,−1), (1, 0,−1), and(1,−1, 0), which are the infinite points on
the sides ofABC. No other points on the sides or medians ofABC orK−1(ABC)
lie on the curveE . Using (2) we can check directly that the curveE is tangent to
K−1(ABC) at the pointsA,B,C and that it has no singular points. It follows
from this thatE is an elliptic curve, whose points form an abelian group under the
addition operation given by the chord-tangent construction. (See [5],p. 67, or
[14].) In Figure 4 the sum of the pointsR1 andR2 on E is the pointR1 + R2,
taking the pointA∞ = BC · l∞ = (0, 1,−1) as the base point (identity for the
addition operation on the curve). With the base pointA∞, the pointA has order2,
while B∞ = AC · l∞ andC∞ = AB · l∞ have order3, and the pointsB,C have
order6.

Note that ifP ∈ ι(l∞) is a point on the Steiner circumellipse lying onE ,
thenP ′ ∈ E ∩ l∞, so thatP ′ is one of the pointsA∞ = (0, 1,−1), B∞ =
(1, 0,−1), C∞ = (1,−1, 0), whose isotomic conjugates areA,B,C. Other than
the vertices ofABC, no points on the Steiner circumellipse lie onE . Furthermore,
the Steiner circumellipse is inscribed in the triangleK−1(ABC), while E is tan-
gent to the sides of this triangle atA,B,C. By Proposition 7 and Theorem 8, any
pointP for whichM is a half-turn has the property that the pointsQ = K(P ′) and
Q′ = K(P ) are exterior to triangleABC. It follows thatP andP ′ are exterior
to triangleK−1(ABC). Hence,all the points ofE − {A,B,C} are exterior to
triangleK−1(ABC), as pictured in Figure 4.

We now check that the hypotheses of Proposition 2 hold for all the points in
E − {A,B,C,A∞, B∞, C∞}. By the results of [12], the points for which the
generalized orthocenterH is a vertex are contained in the union of three conics,
CA ∪ CB ∪ CC , which lie inside the Steiner circumellipse. By what we said above,
none of the points inE − {A,B,C,A∞, B∞, C∞} can lie on any of these conics,
soH is never a vertex for these points. Hence, the hypotheses of Proposition2 are
satisfied for anyP in E − {A,B,C,A∞, B∞, C∞} and Corollary 3 implies that
the mapM for the pointP is a half-turn. Thus, we have the following result.

Theorem 9. The locus of pointsP , not lying on the sides of trianglesABC or
K−1(ABC), for whichM = TP ◦K−1 ◦ TP ′ is a half-turn, coincides with the set
of points whose barycentric coordinates lie inE − {A,B,C,A∞, B∞, C∞}.

Every pointP onE−{A,B,C,A∞, B∞, C∞} is a point for whichQZP ′O is a
parallelogram. This yields an affine mapA, for whichA(Q1Z1P

′

1O1) = QZP ′O,
and implies by the proof of Theorem 8 thatA

−1(ABC) = A1B1C1 is a triangle
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with centroidG1, inscribed on the arcA . Lemma 5 shows thatP1 is the isotomic
conjugate ofP ′

1 with respect toA1B1C1; henceP = A(P1). This shows that every
point onE except the vertices and points at infinity isP = A(P1) for some affine
mappingA in the “locus” of maps withA1 ∈ A .

Now, each pointA1 on A yields two points onE , sinceA maps both pointsP1

andP ′

1 to points onE . Alternatively, with a given triangleA1B1C1, there are affine
mapsA, ˜A for whichA(A1B1C1) = ABC and˜A(A1C1B1) = ABC. We claim
first thatA(P1) = −˜A(P1), i.e., thatP = A(P1) andP̃ = ˜A(P1) are negatives on
the curveE with respect to the addition on the curve. This is equivalent to the fact
that the linePP̃ through these two points is parallel toBC. This is obvious from
the fact that˜A = ρ◦A, where, as in the proof of Lemma 1,ρ is the affine reflection
in the direction of the lineBC, fixing the points on the medianAD0 = AG.

We claim now that the points onE − {A,B,C,A∞, B∞, C∞} are in 1 − 1

correspondence with the collection of point-map pairs(A1,A) and (A1, ˜A) for
A1 ∈ A −{P1, Q1, P

′

1, Q
′

1}. Suppose that(A1,A1) and(A2,A2) map to the same
pointP onE , forA1, A2 ∈ A −{P1, Q1, P

′

1, Q
′

1}. ThenA1(A1B1C1) = ABC =
A2(A2B2C2) or A1(A1B1C1) = ABC = A2(A2C2B2), since the labeling of the
pointsBi, Ci can be switched; and for these maps,A1(P1) = P = A2(P1). Then
A
−1

1
A2(A2B2C2) = A1B1C1 orA1C1B1 andA−1

1
A2(P1) = P1. But then the map

A
−1

1
A2 also fixes the pointsQ1, P

′

1, Q
′

1, sinceG1 is the centroid for both triangles.
Hence,A−1

1
A2 is the identity andA1 = A2, so thatA1B1C1 = A

−1

1
(ABC) =

A2B2C2 orA2C2B2. Therefore,(A2,A2) = (A1,A1).

Thus, we have proved the following.

Theorem 10. Given a circleC with centerZ1, pointsQ1 andP ′

1 on C, and point
O1 for whichQ1Z1P

′

1O1 is a square, then with the pointsG1, P1, S1 as in Figure
4, the set of points

E − {A,B,C,A∞, B∞, C∞}

on the elliptic curveE coincides with the set of pointsA(P1), whereA1 ∈ A =
P1Q1Q

′

1P
′

1 is a point on the arcA distinct from the points in{P1, Q1, Q
′

1, P
′

1},
B1, C1 are the unique points onA for whichA1B1C1 has centroidG1, andA is
an affine map for whichA(A1B1C1) = ABC or A(A1C1B1) = ABC.

Note finally that the discriminant of (2) with respect toy is D = (x − 1)(5x −

1)(5x2 − 2x+ 1), so (2) is birationally equivalent to the curve

Y 2 = (X − 1)(5X − 1)(5X2
− 2X + 1).

PuttingX = u

u−4
, Y = 8v

(u−4)2
shows that this curve is, in turn, birationally equiv-

alent (overQ) to

v2 = (u+ 1)(u2 + 4), (3)

which hasj invariantj = 24113

52
. This curve is curve (20A1) in Cremona’s tables

[4], and has the torsion subgroupT = {O, (−1, 0), (0,±2), (4,±10)} of order6
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and rankr = 0 overQ. The curveE has infinitely many real points defined over
quadratic extensions ofQ, including, for example,

P = (−4 +
√
19,−1, 3),

(

9 +
√
89

2
,−2, 1

)

.

This shows that there are infinitely many points for which the mapM is a half-turn.
There are even infinitely many such points defined over the fieldQ(

√
6), since the

points(u, v) = (2, 2
√
6) and(u, v) = (2

3
, 10

√

6

9
) have infinite order on (3).
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Golden Elliptical Orbits in Newtonian Gravitation

Dimitris M. Christodoulou

Abstract. In spherical symmetry with radial coordinater, classical Newtonian
gravitation supports circular orbits and, for−1/r andr2 potentials only, closed
elliptical orbits [1]. Various families of elliptical orbits can be thought of as aris-
ing from the action of perturbations on corresponding circular orbits. Weshow
that one elliptical orbit in each family is singled out because its focal length is
equal to the radius of the corresponding unperturbed circular orbit. The eccen-
tricity of this special orbit is related to the famous irrational number known as
the golden ratio. So inanimate Newtonian gravitation appears to exhibit (but not
prefer) the golden ratio which has been previously identified mostly in settings
within the animate world.

1. Introduction

In 1873, J. Bertrand [1] proved that the only spherically symmetric gravitational
potentials that can support bound closed noncircular orbits are the Newton-Kepler
−1/r potential [12] and the isotropic Hooker2 potential [8], wherer is the spher-
ical radial coordinate with respect to the central mass that generates the potential.
The elliptical orbits in these two potentials were already known to I. Newton [12].

Both potentials also support circular orbits and the elliptical orbits can be thought
of as arising from such circular orbits perturbed by disturbances of any arbitrary
amplitude. Given a circular orbit of radiusro, an infinite family of elliptical orbits
can thus be obtained with eccentricities in the range0 < e < 1, wheree is related
to the ratio of semiaxesb/a of the ellipses by

e =

√

1−
b2

a2
. (1)

In recent work [3], we found a new geometric property that characterizes each
family of elliptical orbits and this property switches between the two potentials
in a highly symmetric fashion: the circular radiusro is the harmonic mean of
the radii of the turning pointsrmax = a(1 + e) and rmin = a(1 − e) of the
ellipses in a−1/r potential; whereasro is the geometric mean of of the turning
pointsrmax = a andrmin = b of the ellipses in anr2 potential. For the reader’s
convenience, we summarize in Section 2 the derivation of these properties and we
proceed in Section 3 to search in each family for special orbits with additional
geometric properties. Interestingly, we find that Newtonian gravitation singles out
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Figure 1. Schematic diagram of a circular orbitO(ro) and the associated golden
elliptical orbit in a Newtonian gravitational potential of the form−1/r due to a
star located at focusF1. This focus coincides with the centerO of the circular
orbit. PointK on ⊙O is the center of the ellipse;T1 andT2 are the turning
points; andL1 andL2 are the endpoints of the latus rectum. The golden ellipse
is singled out because of the equalityc = p = ro and its eccentricitye = φ∗

≈

0.618.

some elliptical orbits whose eccentricities are related to the golden ratio conjugate
[14]

ϕ∗
≡

√
5− 1

2
≈ 0.618 . (2)

The importance of the result lies in the fact that this famous irrational number is
not introduced by the geometry of space as in the ubiquitous case ofπ in Euclidean
spaces; the golden ratio conjugate is instead singled out by the dynamics of the
noncircular orbits. We discuss our conclusions further in Section 4.

2. Known geometric properties of elliptical orbits

We apply the laws of energy and angular momentum conservation to a family
of elliptical orbits that arise from disturbances acting on a given circular orbit of
radiusro. We distinguish two cases, a Newton-Kepler potential and an isotropic
Hooke potential.
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2.1. Newton-Kepler −1/r potential. Consider an equilibrium orbit with radius
r = ro in a−1/r potential and assume that this orbit is perturbed to an elliptical
shape with turning pointsrmin = ro−A1 andrmax = ro+A2, where0 < A1 < ro
andA2 > A1 (Figure 1). At the turning pointsT1 andT2 shown in Figure 1, the
radial velocity is zero (dr/dt = 0) and the total energy per unit mass can then be
written as [7]

E =
L2

2r2
−

GM

r
, (3)

whereG is the gravitational constant,M is the mass that generates the potential,
and the specific angular momentum satisfiesL2 = GMro = const., hence eq. (3)
can be written in the form

E

GM
=

ro

2r2
−

1

r
= const. , if dr/dt = 0 . (4)

Applied to the turning points, this equation yields

1

A1

−
1

A2

=
2

ro
, (5)

or equivalently

1

rmin

+
1

rmax

=
2

ro
. (6)

This last equation shows that, in a−1/r potential, the circular equilibrium radius
ro is the harmonic mean of the radii of the turning pointsrmin andrmax of the
elliptical orbits [3].

2.2. Isotropic Hooke r2 potential. Consider an equilibrium orbit with radiusr =
ro in aΩ2r2/2 potential (Ω =const.) and assume that this orbit is perturbed to an
elliptical shape with turning pointsrmin = b andrmax = a, wherea andb < a

are the semiaxes of the ellipse (Figure 2). Here the radii of the turning pointstake
these special values because in ther2 potential the gravitational force always points
toward the center of the ellipse where the central mass is located.

At the turning pointsE1 andE2 shown in Figure 2, the radial velocity is zero
(dr/dt = 0) and the total energy per unit mass can then be written as

E

Ω2/2
=

r4o

r2
+ r2 = const. , if dr/dt = 0 , (7)

where the constant specific angular momentum is given byL = Ωr2o in this case.
Applied to the turning points, this equation yields

rmaxrmin = ab = r2o . (8)

This last equation shows that, in an isotropicr2 potential, the circular equilibrium
radiusro is the geometric mean of the semiaxesa andb of the elliptical orbits [3].
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Figure 2. Schematic diagram of a circular orbitO(ro) and the associated golden
elliptical orbit in an isotropic Hooke gravitational potential of the formr2 due to
a star located at centerO. Unlike in the Newtonian case, the gravitational force
always points towardO in this case. PointsE1 andE2 are the endpoints of the
semiaxesa andb of the ellipse. The golden ellipse is singled out because of the
equalityc = ro, wherec is the focal length, and its eccentricitye =

√

φ∗
≈

0.786.

3. New geometric properties of elliptical orbits

The fundamental difference between the elliptical orbits in the above two cases
is imposed by the dynamics: the gravitational force always points toward focusF1

in Figure 1, whereas it always points toward centerO in Figure 2. This difference
is responsible for producing equations (6) and (8) and it also leads to several more
geometric properties of the ellipses in each case, as we describe below.

3.1. Newtonian ellipses. Using the well-known equations of the ellipse with semi-
axesa andb, viz.

a = (rmax + rmin)/2 , (9)

and
b =

√
rmaxrmin , (10)

equation (6) takes the form
aro = b2 , (11)

which indicates that, in Newtonian ellipses, the semiminor axisb is the geometric
mean ofa andro. More importantly, the semiaxes cannot be chosen independently
in a particular family corresponding to a circular radiusro. Since the semiaxes are
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also related to the eccentricitye (eq. (1)), each family of ellipses and the values of
a andb are fully determined by the choice ofe for fixed ro.

Written in the equivalent form

ro =
b2

a
≡ p , (12)

equation (11) indicates thatro is also equal to the semilatus rectump.
Combining equations (12) and (1), we find that

ro = a(1− e2) = b
√

1− e2 , (13)

and using the definition of the focal lengthc, i.e., c = ae, this equation takes the
form

ro = c

(

1− e2

e

)

. (14)

Equation (13) shows that there are no ellipses in which one or the other semiaxis
equalsro. But equation (14) indicates that there exists a special ellipse in the family
for which the focal lengthc equalsro (Figure 1). The eccentricity of the special
ellipse is found by settingc = ro in equation (14), in which case we find that

e2 + e− 1 = 0 , (15)

whose solution is the golden ratio conjugate shown in equation (2) above. Tosum-
marize, the only special ellipse that is singled out by the Newton-Kepler dynamics
for a givenro is the golden ellipse withe = ϕ∗ andc = p = ro, whereas all other
ellipses in the family obey onlyp = ro.

3.2. Hookean ellipses. We have already seen (eq. (8)) that in a family of Hookean
ellipses, the radiusro of the corresponding circular orbit is the geometric mean
of the semiaxesa andb, which also implies that the areas of these ellipses are all
equal toπr2o . Therefore, the semiaxes cannot be chosen independently within a
particular family. Since the semiaxes are also related to the eccentricitye (eq. (1)),
each family of ellipses and the values ofa andb are fully determined by the choice
of e for fixed ro.

Using equations (8) and (1), we find that

ro = a(1− e2)1/4 = b(1− e2)−1/4 , (16)

and the semilatus rectum (eq. (12)) can be written as

p = ro(1− e2)3/4 . (17)

Hence, these ellipses are very different than the Newtonian ellipses. None of the
lengthsa, b, or p can be equal toro.

Using the definition of the focal lengthc = ae, equation (16) takes the form

ro = c

[

(1− e2)1/4

e

]

, (18)
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which indicates that there exists a special ellipse in the family for which the focal
lengthc equalsro. The eccentricity of the special ellipse is found by settingc = ro
in equation (18), in which case we find that

e4 + e2 − 1 = 0 , (19)

whose solution ise =
√
ϕ∗. This ellipse is plotted in Figure 2. Sincec = ro,

an additional property of the golden ellipse is that its focal length is the geometric
mean of its semiaxes, viz.

c2 = ab . (20)

4. Discussion

The main result of this work is the appearance of the golden ratio conjugateϕ∗

(eq. (2)) in Newtonian dynamics that predicts the existence of families of elliptical
orbits only in−1/r andr2 spherically symmetric gravitational potentials [1]. In
each case, the eccentricitye of the golden elliptical orbit is related toϕ∗ (e = ϕ∗

ande =
√
ϕ∗, respectively); these relations appear in the special case in which the

focal length of the ellipse is equal to the radius of the corresponding circular orbit
of the family (c = ro in Section 3 above).

A literature search shows that various authors use two different definitions of the
golden ellipse: some authors [9, 10] define as golden the ellipse that is inscribed in
a golden rectangle; others [13] construct the golden ellipse from goldenright trian-
gles in which case it is the eccentricity that is equal to the golden ratio conjugate.
This latter definition is applicable to our Newtonian ellipses in whichb/a =

√
ϕ∗.

On the other hand, the former definition is applicable to our Hookean ellipses that
haveb/a = ϕ∗ and they can be inscribed in a golden rectangle.

Most of the appearances ofϕ∗ in the animate world are well-known if not fa-
mous. The golden ratio has been identified in phyllotaxis of plants [4]; in human
constructions, including the Parthenon and the Egyptian pyramids [11]; in the hon-
eycombs of bees [6]; and recently in the shapes of red blood cells [15].Lately,
the golden ratio has also appeared in the inanimate world and our work concern-
ing Newtonian dynamics falls in this category. Two more examples concern black
holes [5] and cosmological theories [2], although the interested reader may easily
track down more cases in solar neutrino mixing and quantum mechanics.

In the inanimate world, the golden ratio is usually introduced by the geometry
of space or spacetime, but this is not the case in Newtonian dynamics. In ourcase,
Newtonian gravitation allows for infinite families of elliptical orbits for a given
circular equilibrium orbit, so the theory does not show a preference forellipses
with eccentricitiese = ϕ∗. The golden ellipses are special only because they
exhibit additional geometric properties, as we described in Section 3.1.

In our solar system, no planetary orbit has orbital eccentricity anywherenear
the golden value of 0.618; our neighboring planets and the dwarf planets all move
in fairly circular orbits withe < 0.442. Furthermore, we searched the exoplanet
database (//www.exoplanets.org) that currently lists nearly 3,000 exoplan-
ets with confirmed orbits and we found only three planets withe = 0.610, another
two planets withe = 0.630, and no other planets with intermediate eccentricities.
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So exoplanetary orbits appear to support the theoretical picture of no preference
for the golden Newtonian elliptical orbits.
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On Some Elementary Properties of Quadrilaterals

Paris Pamfilos

Abstract. We study some elementary properties of convex quadrilaterals related
to the idea of common harmonics of two pairs of points and detecting two similar
parallelograms with diagonals parallel to those of the quadrilateral and such that
the area of the quadrilateral is the mean geometric of their areas. We applythese
results to the study of variation of area of quadrilaterals, whose angles remain
fixed in measure.

1. The common harmonics

The common harmonics{X,Y } of two pairs of collinear points{(A,B), (C,D)}
are points on their line, such that the resulting quadruples are simultaneouslyhar-
monic, i.e. their cross ratios ([4, p.70]) satisfy

XA

XB
:
Y A

Y B
=
XC

XD
:
Y C

Y D
= −1.

A geometric view of the common harmonics results by considering them as the
limit pointsof a non-intersecting pencilP of circles defined by the pairs{(A,B),
(C,D)} ([5, p. 109]). In fact the two circles{α, β}, respectively on diameters
{AB,CD}, define a pencil, and if this pencil is non-intersecting, then it has two
limit points {X,Y }, which are harmonic conjugate with respect to the diametral

A DOB CX Y

α
β

γ

Κ

Figure 1. Common harmonics{X,Y } of pairs{(A,B), (C,D)}

points{A,B} of any circle of the pencil (see Figure1). The common harmonics,
as real points, exist precisely when the pencil is of non-intersecting type([5, p.
118]). This case arrives when the intervals{(A,B), (C,D)}, as we say,do not
separate each other, i.e. either are disjoint or one of them contains the other ([3, p.
284]). In the case the common harmonics exist, we can find them by intersecting
their carrying line with a circle orthogonal to two circles of the aforementioned
pencil. This, because the circles simultaneously orthogonal to those of the pencil
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P form another pencilP⊥ of intersecting type, all the circles of which pass through
the points{X,Y }.

Lemma 1. The common harmonics{X,Y } of the pairs of collinear points{(A,B),
(C,D)}, i.e. points for which their cross ratios satisfy(ABXY ) = (CDXY ) =
−1, are given in coordinates by the following formula.

x, y =
1

d+ c− a− b

(

cd− ab±
√

(c− a)(c− b)(d− a)(d− b)
)

. (1)

Proof. By the preceding remarks, in order to find quickly such an expression, it
suffices to set two circles{α, β} on diameters{AB,CD} and find the circleγ
orthogonal to these two, with its centerK on BC. PointK is the intersection
of BC with the radical axis of the circles{α, β} and the intersection points of
the circleγ with lineBC define precisely the desired common harmonics{X,Y }

(see Figure1). A short calculation, which I omit, shows that the corresponding
coordinates are given by the stated formula. Here and in the sequel we use small
letters{a, b, . . . } for the line coordinates of points on a line represented with the
corresponding capitals{A,B, . . . }. �

2. The parallelogram associated to opposite vertices

It is well known, that the intersection points of an arbitrary lineε with four
lines, passing through a common pointO, define a cross ratio independent of the
particular position of the lineε ([4, p.72], [2, p.251]). Thus, for every quadru-
ple of lines, we can use such an arbitrary lineε, intersecting the quadruple at
points {A,B,C,D}, and define the common harmonics{X,Y } and the asso-
ciated lines{OX,OY }, which we call thecommon harmonicsof the line pairs
{(OA,OB), (OC,OD)}. In particular, we may consider a convex quadrilateral
OBGC and from its vertexO draw parallels{OA,OD} respectively to its sides
{GC,GB}. Then define the common harmonics{OX,OY } of the line pairs
{(OA,OB), (OC,OD)} (see Figure1), and the parallelogramOIGJ having its
sides parallel to the lines{OX,OY }. In order to study this shape we use a co-
ordinate system with origin atO andx−axis parallel to the diagonalBC of the

A DE

O

B C

G

X Y

I JM

N

φ

Figure 2. The parallelogramOIGJ
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quadrilateral. In this system thex−coordinates of points{A,B, . . . } are denoted
by the corresponding small letters{a, b, . . . }, or occasionally by{Ax, By, . . . }

and the correspondingy−coordinates by{Ay, By, . . . }. A simple computation,
which takes into account lemma-1 and which I omit, proves the first of the two
next lemmata. In theseE is the orthogonal projection ofO on the diagonalBC.

Lemma 2. The coordinates ofG are

Gx =
cd− ba

d− a
, Gy = Ey

c+ d− a− b

d− a
,

the middleN ofXY is on the diagonalOG and the diagonalIJ of the parallelo-
gramOJGI is parallel to the diagonalBC ofOBGC.

Lemma 3. The ratio of the areas of the quadrilaterals{OBGC,OIGJ} depends
only on the angles of the quadrilateralOBGC and not on the length of its sides.
This ratio is expressible through a cross ratio of the parallels to the four side-lines
of the quadrilateral:

|OIGJ |

|OBGC|
=

√

(c− a)(d− b)

(c− b)(d− a)
=

√

(ABCD).

Proof. Using the angleφ between the diagonals and the formula for the area|OBGC|

= 1

2
|OG||BC| sin(φ), for the two quadrilaterals (see Figure2), which have in com-

mon the diagonalOG, we see that the stated ratio is equal to the ratio of the other
diagonalsIJ/BC. Using the similarity of triangles{IOJ,XOY }, we see that
IJ = XY

Gy

2Ey
. Hence, using lemmata 1 and 2 we get:

IJ

BC
=

XY ·Gy

2 ·BC · Ey

=
XY

2 ·BC
·
c+ d− a− b

d− a

=
2

d+c−a−b

√

(c− a)(c− b)(d− a)(d− b)

2(c− b)
·
c+ d− a− b

d− a

=

√

(c− a)(c− b)(d− a)(d− b)

(c− b)(d− a)
=

√

(c− a)(d− b)

(c− b)(d− a)
.

The last equality results from the definition of the expression of the cross ratio
through the coordinates(ABCD) = a−c

b−c
: a−d

b−d
. This quantity expresses also the

cross ratio of the ordered quadruple of lines(OA,OB,OC,OD), which remains
fixed if the angles of the quadrilateral do not change. �

Starting with the opposite toO, vertexG of the quadrilateral, and doing the same
work as before, leads to a parallelogram, which is identical to the previous one. The
reason for this is apparent in Figure 3-I. The two configurations on either side of
the diagonalBC of the quadrilateral are similar. The relations between triangles,
more explicitly, being{OAB ∼ GCA, OBC ∼ GA′B′, OCB ∼ GB′B}. From
the similarity follows that{(OX,GX ′), (OY,GY ′)} are pairs of parallel lines (see
Figure3-II), hence they coincide with the side-lines of the parallelogramOIGJ of
lemma 3. The following theorem recapitulates the results so far.
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B
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Figure 3. The same parallelogram relative to opposite vertices

Theorem 4. Each pair of opposite vertices of a convex quadrilateral defines a par-
allelogram whose side-lines are the common harmonics of pairs of lines parallel
to its sides and passing through the vertices of the pair. The diagonal joiningthe
opposite vertices is also diagonal of the parallelogram. The other diagonals of
the two quadrilaterals are parallel. In addition the ratio of the areas of the two
quadrilaterals depends only on the angles of the convex quadrilateral.

3. The two parallelograms

Repeating the construction of the previous section for the other pair of oppo-
site points, we obtain a second parallelogram, one diagonal of which coincides
now with the diagonalBC of the quadrangle of referenceOBGC. Drawing the
parallel ε′ to the diagonalε = BC and doing the construction of the common

A B

C(O')

D

O(C')D' B' A'

G

X Y

Y' X'

ε

ε'

Figure 4. The common harmonics of adjacent vertices are pairwise parallel

harmonics this time onC (see Figure4), we see that the parallels to the sides of
the quadrilateralOBGC fromC form a quadruple of lines respectively parallel to
those of the quadruple of lines throughO. It follows that the common harmon-
ics {CX ′, CY ′} of the pairs of lines{(CA′, CB′), (CO,CD′)} are respectively
parallel to the common harmonics{OX,OY } constructed in the previous section.
This leads to the following theorem.

Theorem 5. The two parallelograms of pairs of opposite vertices of a general
convex quadrilateral are homothetic w.r. to a pointQ of the Newton line of the
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C
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K

J
I

Q

M

N

Figure 5. The two homothetic paralellolograms of a convex quadrilateral

quadrilateral. In addition, the areav of the quadrilateral is the geometric mean
v2 = v1 · v2 of the areas of the two parallelograms.

Proof. By the preceding remarks, the two parallelograms have parallel sides. Be-
sides, since their diagonals are parallel to the diagonals of the quadrilateral, they
form the same angle. Thus, the parallelograms are similar and consequently also
homothetic. Since their centers are the middles{M,N} of the diagonals of the
quadrilateral of reference, their homothety center lies on lineMN , which is the
Newton line of the quadrilateral (see Figure5). For the last claim use lemma 3, by
which the ratiov/v1 is expressible through a cross ratio. Using the configuration
of figure-4, we easily see thatv/v2 involves the inverse cross ratio of the previous
one, so that the product(v/v1)(v/v2) = 1. �

Remark.Using the ratio of lemma 3, we can express the ratioQM/QN of the
homothety of the two parallelograms and through it also find arithmetically the
location ofQ on the Newton line (see Figure5). In fact,QM/QN = GO/LK =
√

v1/v2 =
√

(v1/v)(v/v2) = v1/v, the last quotient being expressible through a
cross ratio as in the aforementioned lemma.

In the sequel we shall call these two theassociated parallelogramsof the convex
quadrilateral.

4. Rhombi, rectangles and squares

For special quadrilaterals the corresponding associated parallelogramsobtain
characteristic shapes. The simplest case is the one oforthodiagonal quadrilaterals,
i.e. quadrilaterals, whose the diagonals are orthogonal. Since the diagonals of the
parallelograms are parallel to the diagonals of the quadrilateral of reference, we
obtain the following characteristic property (see Figure6).
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Figure 6. Rhombi as associated parallelograms of orthodiagonal quadrilaterals

Corollary 6. For orthodiagonal quadrilaterals the associated paralleograms are
rhombi.
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Figure 7. Rectangles characteristic for inscriptible quadrilaterals

Theorem 7. For inscriptible in a circle quadrilaterals the associated parallelo-
grams are rectangles.
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A DX Y

D'

A'

ε

Figure 8. The orthogonal common harmonics{OX,OY }
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Proof. For the proof repeat the construction of the common harmonics{OX,OY }

of the parallel to the sides through the vertexO of the quadrilateralOBGC, as in
section 2. It suffices to show that{OX,OY } are orthogonal. Let the paralells
{OA,OD} to sides{GC,GB} intersect the circumcircles at points{A′, D′}. We
notice first that lines{BA′, CD′} are parallel (see Figure8). This follows from a

simple angle chasing argument:φ = Â′BC = Â′GC andψ = B̂CD′ = ÔA′G.
Later because the two chords{OG,BD′} are equal, sinceBGD′O is an isosceles
trapezium. From the isosceles trapeziumGA′OC we have alsoφ+ψ = π, thereby
proving the stated parallelity. Consider then the isosceles trapeziumBA′D′C and
draw the diameterε orthogonal to its parallel sides, intersecting the circle at points
{X ′, Y ′}. Later points are the middles of the arcs{ŊA′B,ŐD′C}, hence the lines
{OX ′, OY ′} are orthogonal and they are also bisectors of the respective angles
{ĈOD, ÂOB}. Thus, these orthogonal lines define also the common harmonics
of the pairs{(OA,OB), (OC,OD)}, thereby proving the claim. �

Combining the last corollary and theorem, we obtain also the following charac-
terization.

O

C

G

B

J

I

K
L

Figure 9. The case of squares

Corollary 8. The associated parallelograms of orthodiagonal quadrilaterals, which
are also inscriptible in a circle, are squares.

5. The hyperbola arc

Next application of the associated parallelograms gives a generalization ofthe
well known property of hyperbolas, according to which the parallelogramsOBGC
with sides parallel to the asymptotes, whereO is the center of the hyperbola and
the opposite vertexG is a point of the hyperbola, have constant area ([7, p.192]).
A more general problem would be to ask for the geometric locus of pointsG,
which projected along the directions{α, δ} on two intersecting at pointO lines
{β, γ} form quadrilateralsOBGC of constant area (see Figure10). Next theorem
handles this case in a slightly different formulation.
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Figure 10. Locus ofG for quadrilateralOBGC of constant area

Theorem 9. If the oriented convex quadrilateralOBGC has sides pointing in fixed
directions and its vertexO, as well as, its area is fixed, then the vertexG, opposite
to the fixed one, lies on an arc of a hyperbola. The hyperbola is the one passing
throughG and having for asymptotes the common harmonics{χ, ψ} of the line
pairs {(α, β), (γ, δ)}, where{β = OB, γ = OC} and{α, δ} are the parallels to
{GC,GB} fromO.

Proof. The proof follows directly from lemma-3, by drawing fromG parallels to
{χ, ψ} and defining the associated parallelogramOIGJ , as in figure-2. Since the
area of the parallelogram is constant forG varying on the hyperbola and the area
ratio |OBGC|/|OIGJ | is constant, the area ofOIGJ remains also constant. The
convexity requirement restricts the pointsG on an arc of the hyperbola determined
by the lines{β, γ}, in the case the angleω = B̂OC is acute (see Figure10-I), and
determined by the lines{α, δ} in the caseω is obtuse (see Figure10-II). �

6. Affine invariance

As is well known, affine transformations preserve the parallelity of lines ([1,
p.191]). Since they are particular kinds of projective transformations, they preserve
also the cross ratio of pencils of lines ([6, p.77]). This implies theaffine invariance
of the ratio of the areas of the two associated parallelograms of a convex quadrilat-
eral, i.e. the invariance of this number for quadrilaterals, which map to each other
by affine transformations. I take here the opportunity to make a short deviation into
the way we can find a representative of a class of affinely equivalent convex quadri-
laterals. The procedure is very simple and is illustrated by Figure 11. In this we fix
a squareI0J0K0L0 and for every other convex quadrilateralq = ABCD we form
its circumscribed parallelogramIJKL, with sides parallel to its diagonals. The
correspondence of vertices{fq(I) = I0, fq(J) = J0, fq(K) = K0, fq(L) = L0},
extends to an affine transformation of the whole plane into itself, which we may
denote by the same symbolfq, and which mapsq into the, inscribed in the square,
quadrilateralq′ = fq(q) = A′B′C ′D′. The general properties of affine transforma-
tions imply that the diagonals{A′C ′, B′D′} are parallel to the sides of the square,
hence equal, and the ratios{r1, r2} on the diagonals, defined by their intersection
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Figure 11.A′B′C′D′ representative of affine equivalents toABCD

point, are preserved, i.e.

r1 =
EA

EC
=
E′A′

E′C ′
, r2 =

EB

ED
=
E′B′

E′D′
.

Affine equivalent quadrilaterals map to equal corresponding inscribedin the square
quadrilateralsA′B′C ′D′. Later are characterized by the two ratios{r1, r2}. Using
the symmetries of the square, for given{r1, r2}, we can in general construct 8 dif-
ferent but euclidean isometric inscribed inI0J0K0L0 quadrilaterals. This implies
that themoduli space, i.e. the set of unique representatives for each class of affine
equivalent quadrilaterals, can be set into bijective correspondence with the region
defined by the triangleOMJ0 shown in Figure 11 and representing the1/8 of the
square. The points of this area determine a unique ordered pair of ratios(r1, r2)
and a corresponding representative for the class of affinely equivalent quadrilater-
als characterized by these two ratios. For example, pointE′′ in the figure represents
q = ABCD and results fromE′ by rotating it by90◦ about the centerO of the
square. The boundary lines of the triangle have a special meaning. The pointO rep-
resents the class of all parallelograms. The points of the segmentOM represent the
class of all quadrilaterals, whose one only of the diagonals is bisected by their in-
tersection point. The points of the segmentOJ0 represent classes of quadrilaterals
with diagonals divided by their intersection point into equal ratios, i.e. equilateral
trapezia. Figure 12 shows the associated parallelograms of the affine representative
A′B′C ′D′ of ABCD. As noticed in section 4, they are rhombi, which in this case
have one diagonal equal to the side of the square. The ratio of their areas, which
is also equal to the area ratio of the original parallelograms, is equal to the ratio of
their non-equal diagonals.
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Orthocenters of Simplices in Hyperbolic Spaces
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Abstract. We consider orthocenters of simplices of the hyperbolic space. Un-
like the cases of the Euclidean spaces or the sphere, the similar condition does
not always imply the existence of the orthocenter. In this paper, we givea char-
acterization of the existence of the orthocenter.

1. Introduction

For a simplex of the Euclidean space, orthocenters exist only at most one point,
and the existence of the orthocenter is equivalent to

(qi − qk) . (qj − qℓ) = 0

for arbitrary pairwise distinct verticesqi, qj , qk, qℓ (see, e.g.,§1 of [2], (1.1) of
[4]). For a simplex of the unit sphere of the Euclidean space, the existence of
orthocenters is equivalent to

(p∗

i . p∗

k)(p
∗

j . p∗

ℓ ) = (p∗

i . p∗

ℓ)(p
∗

j . p∗

k)

for arbitrary pairwise distinct verticesp∗

i
, p∗

j
, p∗

k
, p∗

ℓ
. Moreover, if there exist

orthocenters, the uniqueness of the pair of antipodal orthocenters each other is
equivalent that there exist at least two pairs of vertices{p∗

i
, p∗

k
} and{p∗

j
, p∗

ℓ
} such

that p∗

i
. p∗

k
6= 0 6= p∗

j
. p∗

ℓ
. (Theorems 1 & 2 of [7]). In this paper we consider

the orthocenter of the hyperbolic space. For a simplex of the Minkowski model of
the hyperbolic space of the Minkowski space, orthocenters exist only at most one
point, and if the orthocenter exists, then it holds that

〈p∗

i |p
∗

k〉〈p
∗

j |p
∗

ℓ 〉 = 〈p∗

i |p
∗

ℓ〉〈p
∗

j |p
∗

k〉 (a)∗

for arbitrary pairwise distinct verticesp∗

i
, p∗

j
, p∗

k
, p∗

ℓ
, where〈·|·〉 means the pseudo-

inner product of the Minkowski space. However, unlike two cases above, the con-
dition (a)∗ does not always imply the existence of the orthocenter. The existence
of it is equvalent to (a)∗ and the positivity of−〈h̃ | h̃〉 (Theorem 21), wherẽh
is a vector whose normalization is the orthocenter of the simplex of Minkowski
model of the hyperbolic space (see the formula (73)). In the following figures,
dashed curves, solid curves, dotted curves, and the black point are boundaries of
Poincaŕe model of the2-dimensional hyperbolic space, boundaries of simplices,
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pseudo-perpendiculars from vertices to the opposite faces, and the orthocenter, re-
spectively (for the relation of Minkowski model and Poincaré model, see Remark
1).

•

−〈h̃|h̃〉 > 0 −〈h̃|h̃〉 = 0 −〈h̃|h̃〉 < 0

Figure 1.

2. Linear algebra.

We prepare three lemmas in this section. Fora0, . . ., an−2 ∈ R
n, 〈〈a0, . . . , an−2〉〉

∈ R
n is the unique vector such that

〈〈a0, . . . , an−2〉〉 . an−1 = det(a0, . . . , an−2, an−1), (1)

for all an−1 ∈ R
n, where(a0, . . . , an−2, an−1) is the matrix that hasa0,. . ., an−2,

an−1 as column vectors with Cartesian coordinate system [6]. The first lemma is
the following.

Lemma 1. For a0,. . ., an−1 ∈ R
n, let

ãk = (−1)n−1−k
〈〈a0, . . . ̂ak . . . , an−1〉〉 (2)

for k = 0, . . ., n−1, where the circumflex indicates that the term below it has been
omitted. Then we have

(ã0, . . . , ãn−1)
T = adj(a0, . . . ,an−1), (3)

det(ã0, . . . , ãn−1) = (det(a0, . . . ,an−1))
n−1, (4)

(−1)n−1−k
〈〈ã0, . . . , ̂ãk, . . . , ãn−1〉〉 = (det(a0, . . . ,an−1))

n−2ak, (5)

whereadjA is the transpose of the cofactor matrix ofA.

Proof. The equation (3) comes from the first equation of Lemma 3.4 of [6] or from
two equations

(ã0, . . . , ãn−1)
T
· (a0, . . . ,an−1) = det(a0, . . . ,an−1) · En, (6)

adjA · A = detA · En, (7)

where (6) comes from (1) and (2), and (7) is an identity of an arbitrary square
matrix A of degreen and the unit matrixEn of degreen (notice that (6) and (7)
imply (3) even ifdet(a0, . . . , an−1) = 0, because (3) becomes a polynomial iden-
tity if elements of matrices are replaced with variables. The same is true for the
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following equalities. See Chapter II,§5 of [5]). The equation (4) comes from (3)
and the identity

det(adjA) = (detA)n−1, (8)
which comes from (7). The equation (3) means the identity of vectorsa0, . . ., an−1:

((−1)n−1
〈〈a1, . . . ,an−1〉〉, . . . , (−1)n−1−k

〈〈a0, . . . ̂ak . . . ,an−1〉〉, . . . , 〈〈a0, . . . ,an−2〉〉)
T

= (ã0, . . . , ãk, . . . , ãn−1)
T = adj(a0, . . . ,an−1).

So we also have the equation replaceda0,. . ., an−1 with ã0,. . ., ãn−1:

((−1)n−1
〈〈ã1, . . . , ãn−1〉〉, · · · , (−1)n−1−k

〈〈ã0, . . . ̂ãk . . . , ãn−1〉〉, · · · , 〈〈ã0, . . . , ãn−2〉〉)
T

= adj(ã0, . . . , ãn−1),

which implies (5):

((−1)n−1
〈〈ã1, . . . , ãn−1〉〉, · · · , (−1)n−1−k

〈〈ã0, . . . ̂ãk . . . , ãn−1〉〉, · · · , 〈〈ã0, . . . , ãn−2〉〉)

= (adj(ã0, . . . , ãn−1))
T = adj((ã0, . . . , ãn−1)

T )

= adj(adj(a0, . . . ,an−1)) = (det(a0, . . . ,an−1))
n−2(a0, . . . ,ak, . . . ,an−1),

where the third equality comes from (3) and the last equality comes from the
identity

adj(adjA) = (detA)n−2A, (9)

which comes from (7), (8), and the identity replacedA of (7) with adjA. �

〈·|·〉 is the pseudo-inner product ofRn, that is,

〈x|y〉 = ι(x) . y ∈ R, (10)

for x = (xT , x)T , y = (yT , y)T ∈ R
n−1 × R = R

n, where

ι(x) = (xT ,−x)T ∈ R
n, (11)

i.e.,
〈x|y〉 = 〈y|x〉 = x . y − xy. (12)

R
n with the pseudo-inner product〈· | ·〉 is called Minkowski space. The second

lemma is the following.

Lemma 2. Leta0, . . ., an−1, b0, . . ., bn−1 ∈ R
n andm = 0, . . ., n− 1. Then, we

have

ι(〈〈a0, . . . ,an−2〉〉) = −〈〈ι(a0), . . . , ι(an−2)〉〉; (13)

det(a0, . . . ,an−1) det(b0, . . . ,bn−1) = − det(〈ak |bℓ〉)
k=0,...,n−1
ℓ=0,...,n−1

= (−1)n−1 det(−〈ak |bℓ〉)
k=0,...,n−1
ℓ=0,...,n−1 ; (14)

〈〈〈a0, . . . ,an−2〉〉|〈〈b0, . . . ,bn−2〉〉〉 = − det(〈ak |bℓ〉)
k=0,...,n−2
ℓ=0,...,n−2

= (−1)n−2 det(−〈ak |bℓ〉)
k=0,...,n−2
ℓ=0,...,n−2 ; (15)

if bm ∈ {0} × R,

det(ak . bℓ)
k=0,...,m
ℓ=0,...,m = − det(〈ak |bℓ〉)

k=0,...,m
ℓ=0,...,m

= (−1)m det(−〈ak |bℓ〉)
k=0,...,m
ℓ=0,...,m , (16)
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where0 is the zero vector inRn−1, and we use the following notation:

(F (k, ℓ))
k=k0,...,kh−1

ℓ=ℓ0,...,ℓh−1
=







ℓ=ℓ0,...,ℓh−1

︷ ︸︸ ︷

...
· · · F (k, ℓ) · · ·

...

















k=k0,...,kh−1.

Proof. The latter equalities of (14), (15), and (16) are trivial, so it is enough to
show the former equalities of them and (13). For the equation (13), we have

〈−ι(〈〈a0, . . . ,an−2〉〉)|a′n−1〉 = − 〈〈a0, . . . ,an−2〉〉 . a′n−1

= − det
(

a0, . . . ,an−2,a′n−1

)

= det
(

ι(a0), . . . , ι(an−2), ι(a′n−1)
)

= 〈〈ι(a0), . . . , ι(an−2)〉〉 . ι(a′n−1)

= 〈〈〈ι(a0), . . . , ι(an−2)〉〉|a′n−1〉

wherea′n−1 is an arbitrary vector inRn. For (14), we have

det(a0, . . . ,an−1) det(b0, . . . ,bn−1) = − det(ι(a0), . . . , ι(an−1)) det(b0, . . . ,bn−1)

= − det(ι(ak) . bℓ)
k=0,...,n−1
ℓ=0,...,n−1

= − det(〈ak |bℓ〉)
k=0,...,n−1
ℓ=0,...,n−1 .

For (15), we have

〈〈〈a0, . . . ,an−2〉〉|〈〈b0, . . . ,bn−2〉〉〉 = ι(〈〈a0, . . . ,an−2〉〉) . 〈〈b0, . . . ,bn−2〉〉

= −〈〈ι(a0), . . . , ι(an−2)〉〉 . 〈〈b0, . . . ,bn−2〉〉

= − det(ι(ak) . bℓ)
k=0,...,n−2
ℓ=0,...,n−2

= − det(〈ak |bℓ〉)
k=0,...,n−2
ℓ=0,...,n−2 ,

where the second equality comes from (13) and the third equality comes from
Lemma 3.4 of [6]. For (16), we have

det(ak . bℓ)
k=0,...,m
ℓ=0,...,m

= bm det







a0 . b0 + a0b0 · · · a0 . bm−1 + a0bm−1 a0
...

...
...

am . b0 + amb0 · · · am . bm−1 + ambm−1 am







= bm det







a0 . b0 − a0b0 · · · a0 . bm−1 − a0bm−1 a0
...

...
...

am . b0 − amb0 · · · am . bm−1 − ambm−1 am







= − det(〈ak |bℓ〉)
k=0,...,m
ℓ=0,...,m ,

whereak = (ak
T , ak)

T for k = 0,. . ., m, bℓ = (bℓ
T , bℓ)

T for ℓ = 0,. . ., m − 1,
andbm = (0T , bm)T . �

The third lemma is the Cauchy-Schwarz inequality on Minkowski space.
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Lemma 3. For a = (aT , a)T , b = (bT , b)T ∈ R
n, if |a| ≦ a and |b| ≦ b, then we

have

− 〈a|b〉 ≧
√

−〈a|a〉
√

−〈b|b〉. (17)

Moreover, ifa 6= 0 6= b anda and b are not parallel, i.e., if there does not exist
c ∈ R \ {0} such thatca = b, then we also have

− 〈a|b〉 >
√

−〈a|a〉
√

−〈b|b〉. (18)

Proof. We have

ab− a . b ≧ ab− |a||b| ≧
√

a2 − |a|2
√

b2 − |b|2, (19)

where the former and latter inequalities come froma . b ≦ |a||b|, and

(ab− |a||b|)2 − (a2 − |a|2)(b2 − |b|2) = (b|a| − a|b|)2 ≧ 0,

respectively. Moreover, ifa 6= 0 6= b (which meansa > 0 andb > 0) anda and
b are not parallel, one of two inequalities “≧” of (19) can be replaced with “>”,
becauseb

a
a 6= b implies eithera . b < |a||b| or b|a| 6= a|b|. In particular, if

a . b = |a||b| (20)

and
b|a| = a|b|, (21)

then we havea = 0 = b or a 6= 0 6= b. In the former case, we haveb
a
a =

b

a
(0T , a)T = (0T , b)T = b, which is a contradiction. In the latter case, there exists

c > 0 such thatca = b from (20) and we also havec = b

a
from (21), which is a

contradiction. �

Corollary 4. For a, b ∈ R
n \ {0}, if 〈a|a〉 < 0 and〈a|b〉 = 0 then〈b|b〉 > 0.

Proof. It is enough to show that〈a|a〉 < 0 and〈b|b〉 ≦ 0 imply 〈a|b〉 6= 0. If there
existsc ∈ R \ {0} such thatca = b, we have〈a|b〉 = c〈a|a〉 6= 0. Otherwise,
from Lemma 3, we have one of the following four inequalities:−〈a |b〉 > 0,
−〈a|−b〉 > 0, −〈−a|b〉 > 0, or−〈−a|−b〉 > 0. �

3. Hyperbolic simplices.

Let
H

n−1 = {x = (xT , x)T ∈ R
n : 〈x|x〉 = −1, x > 0},

which is Minkowski model of the hyperbolic space with constant curvature−1 (for
hyperbolic geometry, see e.g., [1] or [8]).

Remark 1. The following figure is the relation of Minkowski model and Poincaré
model, int(2 · Dn−1) = {y ∈ R

n−1 : |y| < 2}, of the hyperbolic space (the
correspondence of two models isy = 2x/(x+ 1)).

In hyperbolic space, an arbitrary point can be moved to another arbitrary point
by a transformation preserving the pseudo-inner product.
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Minkowski model

Poincare model

(0T ,−1)T

Figure 2.

Lemma 5. For distincta, b ∈ H
n−1, the linear transformationϕ( · ; a, b) of Rn

defined by

ϕ(x;a,b) =
(

x + 〈x|a〉a−

〈

x
∣

∣b + 〈a|b〉a
〉

〈a|b〉2 − 1

(

b + 〈a|b〉a
)

)

− 〈x|a〉b +

〈

x
∣

∣b + 〈a|b〉a
〉

〈a|b〉2 − 1

(

−〈a|b〉b − a
)

(22)

mapsa to b, preserves the pseudo-inner product〈·|·〉 ofRn, and mapsHn−1 onto
itself. Remark that−〈a|b〉 > 1 from Lemma3 (precisely, we have−〈a|b〉 =
cosh dHn−1(a, b)).

Proof. Let v andw be the vectors ofR · a+ R · b such that

〈a|v〉 = 0 = 〈b|w〉, 〈b|v〉 > 0 > 〈a|w〉, and 〈v|v〉 = 1 = 〈w|w〉, (23)

i.e.,

v =
b + 〈a|b〉a
√

〈a|b〉2 − 1
and w =

−〈a|b〉b − a
√

〈a|b〉2 − 1
. (24)

(In other words,v (resp.−w) is the tangent vector ata (resp.b) of the geodesic be-
tweena andb of Hn−1 with 〈v|v〉 = 1 (resp.〈w|w〉 = 1).) Then the transformation
ϕ is represented bya, b, v, andw:

ϕ(x; a, b) =
(

x + 〈x|a〉a− 〈x|v〉v
)

− 〈x|a〉b + 〈x|v〉w. (25)

We haveϕ(a; a, b) =
(

a+ (−a)− 0
)

− (−b) + 0 = b and

〈ϕ(x;a,b)|ϕ(y;a,b)〉

=
〈

x +
(

〈x|a〉a− 〈x|v〉v
)

∣

∣

∣
y +

(

〈y|a〉a− 〈y|v〉v
)

〉

+ 〈x|a〉〈y|a〉〈b|b〉+ 〈x|v〉〈y|v〉〈w|w〉

=
(

〈x|y〉+ 2
(

〈x|a〉〈y|a〉 − 〈x|v〉〈y|v〉
)

+
(

〈x|a〉〈y|a〉 · (−1) + 〈x|v〉〈y|v〉 · 1
)

)

+ 〈x|a〉〈y|a〉 · (−1) + 〈x|v〉〈y|v〉 · 1

= 〈x|y〉,
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where the first equality comes from the pseudo-orthogonality of three termsof
the right-hand side of (25) and the second equality comes from〈a|a〉 = −1 =
〈b|b〉 and (23). Soϕ(Hn−1 ∪ ι(Hn−1); a, b) = H

n−1 ∪ ι(Hn−1). The restriction
ϕ( · ; a, b)|Hn−1

∪ι(Hn−1) is homotopic toidHn−1
∪ι(Hn−1) by {ϕ( · ; a, (1−t)a⊕Hn−1

tb)|Hn−1
∪ι(Hn−1) : t ∈ [0, 1]} where(1 − t)a ⊕Hn−1 tb is the internally dividing

point of the geodesic betweena andb of Hn−1 in the ratio oft : (1 − t) (we can
represent it by

(1− t)a⊕Hn−1 tb

= cosh
(

tdHn−1(a,b)
)

a+ sinh
(

tdHn−1(a,b)
)

v

= cosh
(

(1− t)dHn−1(a,b)
)

b − sinh
(

(1− t)dHn−1(a,b)
)

w, (26)

precisely).Hn−1 andι(Hn−1) are disconnected, soϕ(Hn−1; a, b) = H
n−1. �

Let S be a hyperbolic simplex ofHn−1 with verticesp∗

0,. . ., p∗

n−1 ∈ H
n−1, i.e.,

S =
(

R
+
· p∗

0 + · · ·+ R
+
· p∗

n−1

)

∩H
n−1, (27)

whereR+ is the set of non-negative real numbers. For an indexj = 0, . . ., n− 1,
if b ∈ R

n \ {0} satisfies〈p∗

i
|b〉 = 0 for i = 0, . . . ,̂j, . . ., n− 1, then〈p∗

j
|b〉 6= 0

and〈b|b〉 > 0 from Corollary 4. Letpj ∈ R
n \ {0} be one of the normalizations

of suchb, i.e., letpj be the unique vector such that

〈p∗

i |pj〉 = 0 for i = 0, . . . ,̂j, . . . , n− 1; 〈p∗

j |pj〉 > 0; and 〈pj |pj〉 = 1.
(28)

Then,
S = {x ∈ H

n−1 : 〈x|pi〉 ≧ 0 ∀i = 0, . . . , n− 1}, (29)

because of the following equivalence forx =
∑

n−1

i=0
αip∗

i
∈ H

n−1:

x ∈ S ⇐⇒ αi ≧ 0 ∀i ⇐⇒ αi〈p∗

i |pi〉 ≧ 0 ∀i ⇐⇒ 〈x|pi〉 ≧ 0 ∀i.

Remark 2. From Lemma 5, we can assume that one vertex ofS is (0T , 1)T ,
without loss of generality (the fact is similar to the spherical simplex, in particular,
we can assume that one vertex of the spherical simplexS′ of Sn−1 = {x′ ∈ R

n :
x′ . x′ = 1} is (0T , 1)T , without loss of generality).

The symbols∆∗ and∆ mean

∆∗

(

k0 · · · kℓ
iℓ+1 · · · im
jℓ+1 · · · jm

)

= det(−〈p∗
r |p

∗
s〉)

r=k0,...,kℓ,iℓ+1,...,im
s=k0,...,kℓ,jℓ+1,...,jm

, (30)∗

∆

(

k0 · · · kℓ
iℓ+1 · · · im
jℓ+1 · · · jm

)

= det(〈pr |ps〉)
r=k0,...,kℓ,iℓ+1,...,im
s=k0,...,kℓ,jℓ+1,...,jm

, (30)

for integersℓ, m = −1,. . ., n− 1 with ℓ ≦ m and indicesk0,. . ., kℓ, iℓ+1,. . ., im,
jℓ+1,. . ., jm = 0,. . ., n − 1 (notice that left upper diagonal elements of matrices
of the right-hand sides of the above,−〈p∗

k
|p∗

k
〉 and〈pk |pk〉 for k = k0,. . ., kℓ,

are equal to1). For symbols above, we have following three lemmas, which are
similar to lemmas of [6] and [7].
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Lemma 6. For an integerm = −1,. . ., n− 1 and pairwise distinct indicesk0, . . .,
km = 0, . . ., n− 1, we have the following inequalities:

(−1)m∆∗(k0 · · · km)

{

> 0 (0 ≦ m ≦ n− 1),

< 0 (m = −1),
(31)∗

∆(k0 · · · km)

{

> 0 (−1 ≦ m ≦ n− 2),

< 0 (m = n− 1).
(31)

Proof. It is enough to show the inequalities above forkr = r for r = 0,. . ., m. For
m ≧ 0, we can assumep∗

m = (0T , 1)T , so we have

(−1)m∆∗(0 · · ·m) = (−1)m det(−〈p∗

r |p
∗

s〉)
r=0,...,m

s=0,...,m
= det(p∗

r . p∗

s)
r=0,...,m

s=0,...,m
> 0.

where the second equality comes from (16). Form = −1, it is trivial:

(−1)−1∆∗() = −1 < 0.

Form ≦ n−2, we can assumep∗

n−1 = (0T , 1)T , sop0,. . ., pm are inRn−1×{0}.
Hence, it is also trivial:

∆(0 · · ·m) = det(〈pr |ps〉)
r=0,...,m

s=0,...,m
= det(pr . ps)

r=0,...,m

s=0,...,m
> 0.

Form = n− 1, we have

∆(0 · · ·n− 1) = det(〈pr |ps〉)
r=0,...,n−1

s=0,...,n−1
= −(det(p0, . . . , pn−1))

2 < 0,

where the second equality comes from (14). �

Lemma 7. Let

ε∗ = sgndet(p∗

0, . . . , p
∗

n−1). (32)∗

Then we have

−ε∗ = sgndet(p0, . . . , pn−1), (32)

pk = (−1)n−1−kε∗
ι(〈〈p∗

0, . . . ,
̂p∗
k, . . . ,p

∗
n−1〉〉)

√

(−1)n−2∆∗(0 · · · ̂k · · ·n− 1)
, (33)∗

p∗
k = (−1)n−1−k(−ε∗)

ι(〈〈p0, . . . ,̂pk, . . . ,pn−1〉〉)
√

∆(0 · · · ̂k · · ·n− 1)
, (33)

〈p∗
k |pk〉 =

√

(−1)n−1∆∗(0 · · ·n− 1)
√

(−1)n−2∆∗(0 · · · ̂k · · ·n− 1)
, (34)∗

〈p∗
k |pk〉 =

√

−∆(0 · · ·n− 1)
√

∆(0 · · · ̂k · · ·n− 1)
, (34)

for each indexk = 0,. . ., n− 1.
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Proof. From (32)∗, pk and (−1)n−1−kε∗ι(〈〈p∗

0, . . . ,
̂p∗

k
, . . . , p∗

n−1〉〉) are parallel
and have the same direction, so, we have (33)∗ from 〈pk |pk〉 = 1 and

〈ι(〈〈p∗
0, . . . ,

̂p∗
k, . . . ,p

∗
n−1〉〉)|ι(〈〈p

∗
0, . . . ,

̂p∗
k, . . . ,p

∗
n−1〉〉)〉

= 〈〈〈p∗
0, . . . ,

̂p∗
k, . . . ,p

∗
n−1〉〉|〈〈p

∗
0, . . . ,

̂p∗
k, . . . ,p

∗
n−1〉〉〉

= (−1)n−2 det(−〈p∗
r |p

∗
s〉)

r=0,...,k̂,...,n−1

s=0,...,k̂,...,n−1

=( −1)n−2∆∗(0, . . . ,̂k, . . . , n− 1), (35)

where the second equality comes from (15). We also have (32):

sgndet(p0, . . . ,pℓ, . . . ,pn−1)

= sgndet(. . . , (−1)n−1−ℓε∗ι(〈〈p∗
0, . . . ,

̂p∗
ℓ , . . . ,p

∗
n−1〉〉), . . .)

= (ε∗)n sgndet(. . . , (−1)n−1−ℓι(〈〈p∗
0, . . . ,

̂p∗
ℓ , . . . ,p

∗
n−1〉〉), . . .)

= − (ε∗)n sgndet(. . . , (−1)n−1−ℓ
〈〈p∗

0, . . . ,
̂p∗
ℓ , . . . ,p

∗
n−1〉〉, . . .)

= − (ε∗)n sgn(det(p∗
0, . . . ,p

∗
n−1))

n−1

= − ε∗,

where the first and fourth equalities come from (33)∗ and (4), respectively. From
(32), p∗

k
and(−1)n−1−k(−ε∗)ι(〈〈p0, . . .̂pk . . . , pn−1〉〉) are parallel and have the

same direction, so, we have (33) from〈p∗

k
|p∗

k
〉 = −1 and

− 〈ι(〈〈p0, . . . ,̂pk, . . . ,pn−1〉〉)|ι(〈〈p0, . . . ,̂pk, . . . ,pn−1〉〉)〉

= − 〈〈〈p0, . . . ,̂pk, . . . ,pn−1〉〉|〈〈p0, . . . ,̂pk, . . . ,pn−1〉〉〉

= det(〈pr |ps〉)
r=0,...,k̂,...,n−1

s=0,...,k̂,...,n−1

= ∆(0, . . . ,̂k, . . . , n− 1), (36)

where the second equality comes from (15). We have (34)∗ from (33)∗ and

〈p∗
k |(−1)n−1−kε∗ι(〈〈p∗

0, . . . ,
̂p∗
k, . . . ,p

∗
n−1〉〉)〉

= | det(p∗
0, . . . ,p

∗
n−1)|

=
√

(−1)n−1 det(−〈p∗
r |p∗

s〉)
r=0,...,n−1
s=0,...,n−1

=
√

(−1)n−1∆∗(0, . . . , n− 1), (37)

where the first and second equalities come from (32)∗ and (14), respectively. We
also have (34) from (33) and

〈(−1)n−1−k(−ε∗)ι(〈〈p0, . . . ,̂pk, . . . ,pn−1〉〉)|pk〉

= | det(p0, . . . ,pn−1)|

=
√

− det(〈pr |ps〉)
r=0,...,n−1
s=0,...,n−1

=
√

−∆(0, . . . , n− 1), (38)

where the first and second equalities come from (32) and (14), respectively. �
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Lemma 8. Let{k0, . . . , kn−1} be a permutation of the set of all indices{0, . . . , n−
1}. Then we have

∆(k0 · · · km) =
(−1)n−2−m∆∗(km+1 · · · kn−1)

(−1)n−1∆∗(0 · · ·n− 1)

m
∏

r=0

〈p∗
kr
|pkr

〉
2, (39)∗

(−1)m∆∗(k0 · · · km) =
∆(km+1 · · · kn−1)

−∆(0 · · ·n− 1)

m
∏

r=0

〈p∗
kr
|pkr

〉
2, (39)

for an integerm = −1, . . ., n− 1, and we also have

−∆

(

k0 · · · km−1
i

j

)

=

(−1)n−2−m∆∗

(

km · · ·̂i · · ·̂j · · · kn−1
j

i

)

(−1)n−1∆∗(0 · · ·n− 1)
· 〈p∗

i |pi〉〈p
∗
j |pj〉

m−1
∏

r=0

〈p∗
kr
|pkr

〉
2, (40)∗

(−1)m∆∗

(

k0 · · · km−1
i

j

)

=

−∆

(

km · · ·̂i · · ·̂j · · · kn−1
j

i

)

−∆(0 · · ·n− 1)
· 〈p∗

i |pi〉〈p
∗
j |pj〉

m−1
∏

r=0

〈p∗
kr
|pkr

〉
2, (40)

for an integerm = 0, . . ., n − 2 and distinct indicesi, j = km, . . ., kn−1 (we
use the notationkm · · · ̂ks · · · ̂kt · · · kn−1 whethers < t or not. If s > t, it means
km · · · ̂kt · · · ̂ks · · · kn−1).

Proof. (39) and (40) are natural consequences of (39)∗ and (40)∗, so we only have
to prove (39)∗ and (40)∗. To prove them, it is enough to show the following four
equations:

∆() =
(−1)n−1∆∗(0 · · ·n− 1)

(−1)n−1∆∗(0 · · ·n− 1)
· 1, (41)

∆(0 · · ·n− 1) =
(−1)−1∆∗()

(−1)n−1∆∗(0 · · ·n− 1)

n−1
∏

r=0

〈p∗
r |pr〉

2, (42)

−∆

(

0 · · ·n− 3
n− 2
n− 1

)

=

(−1)0∆∗

(

n− 1
n− 2

)

(−1)n−1∆∗(0 · · ·n− 1)

· 〈p∗
n−2 |pn−2〉〈p

∗
n−1 |pn−1〉

n−3
∏

r=0

〈p∗
r |pr〉

2, (43)

∆

(

0 · · ·m− 1
i

j

)

=

(−1)n−2−m(−1)j−i∆∗

(

m · · ·̂i · · ·n− 1

m · · ·̂j · · ·n− 1

)

(−1)n−1∆∗(0 · · ·n− 1)
·

· 〈p∗
i |pi〉〈p

∗
j |pj〉

m−1
∏

r=0

〈p∗
r |pr〉

2, (44)

for m, i, j = 0,. . ., n − 1 with {i, j} $ {m, . . . , n − 1}. In particular, (41)
implies (39)∗ for m = −1, (42) implies (39)∗ for m = n − 1, (43) implies (40)∗
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for m = n − 2, and (44) implies (39)∗ for 0 ≦ m ≦ n − 2 and the sign inversion
of (40)∗ for 0 ≦ m ≦ n− 3 because

(−1)j−i∆∗

(

m · · ·̂i · · ·n− 1

m · · ·̂j · · ·n− 1

)

=











∆∗(m · · ·̂i · · ·n− 1) if i = j,

−∆∗

(

m · · ·̂i · · ·̂j · · ·n− 1
j

i

)

if i 6= j.

(45)
The equation (41) is obvious.
We will show (42) and (43) by (44) and afterwards we will show (44). We have
(42) immediately:

∆(0 · · ·n− 1) = −〈p∗
n−1 |pn−1〉

2
·∆(0 · · ·n− 2)

= −〈p∗
n−1 |pn−1〉

2
·

(−1)0∆∗(n− 1)

(−1)n−1∆∗(0 · · ·n− 1)

n−2
∏

r=0

〈p∗
r |pr〉

2

=
(−1)−1∆∗()

(−1)n−1∆∗(0 · · ·n− 1)

n−1
∏

r=0

〈p∗
r |pr〉

2,

where the first equality comes from (34) and the second equality comes from (44)
for m = i = j = n− 2. We also have (43) by

−∆

(

0 · · ·n− 3
n− 2
n− 1

)

= 〈〈〈p0, . . . ,pn−2〉〉|〈〈p0, . . . ,pn−3,pn−1〉〉〉

= −〈(−1)0(−ε∗)ι(〈〈p0, . . . ,pn−2〉〉)|(−1)1(−ε∗)ι(〈〈p0, . . . ,pn−3,pn−1〉〉)〉

= −〈
√

∆(0 · · ·n− 2)p∗
n−1 |

√

∆(0 · · ·n− 3, n− 1)p∗
n−2〉

=
√

∆(0 · · ·n− 2) ·
√

∆(0 · · ·n− 3, n− 1) · (−〈p∗
n−1 |p

∗
n−2〉)

=

√

(−1)0∆∗(n− 1)
√

(−1)n−1∆∗(0 · · ·n− 1)

n−2
∏

r=0

〈p∗
r |pr〉

·

√

(−1)0∆∗(n− 2)
√

(−1)n−1∆∗(0 · · ·n− 1)

r 6=n−2
n−1
∏

r=0

〈p∗
r |pr〉 ·∆

∗

(

n− 1
n− 2

)

=

(−1)0∆∗

(

n− 1
n− 2

)

(−1)n−1∆∗(0 · · ·n− 1)
〈p∗

n−2 |pn−2〉〈p
∗
n−1 |pn−1〉

n−3
∏

r=0

〈p∗
r |pr〉

2,

where the first equality comes from (15), the third equality comes from (33), and
the fifth equality comes from (44) form = i = j = n − 2 and form = n − 2
andi = j = n− 1. Now it remains only to show (44). To show it, we can assume
i 6= n− 1 6= j andp∗

n−1 = (0T , 1)T . Let

p′∗

k =
p∗

k
√

p∗

k
. p∗

k

(46)

for k = 0,. . ., n− 1 andp′

ℓ
∈ R

n be such that

p′∗

k .p′

ℓ = 0 for k = 0, . . . ̂ℓ . . . , n−1; p′∗

ℓ .p′

ℓ > 0; and p′

ℓ .p
′

ℓ = 1; (47)



494 K. Sat̂o

for ℓ = 0,. . ., n− 1 (notice that

p′∗
ℓ . p′

ℓ =
〈p∗

ℓ |pℓ〉
√

p∗
ℓ . p∗

ℓ

, (48)

p′
k . p′

ℓ = 〈pk |pℓ〉, (49)

for k, ℓ = 0,. . ., n − 2, becausep′∗

n−1 = p∗

n−1 = (0T , 1)T and p′

ℓ
= pℓ ∈

R
n−1 × {0}). Then

S′ =
(

R
+
·p′∗

0 +· · ·+R
+
·p′∗

n−1

)

∩S
n−1 = {x′ ∈ S

n−1 : x′.p′

ℓ ≧ 0,∀ℓ = 0, . . . , n−1}

is a spherical simplex on the unit sphereS
n−1 and we denote

∆′∗
Sn−1

(

k0 · · · kℓ
iℓ+1 · · · ih
jℓ+1 · · · jh

)

= det(p′∗
r . p′∗

s )
r=k0,...,kℓ,iℓ+1,...,ih
s=k0,...,kℓ,jℓ+1,...,jh

,

∆′
Sn−1

(

k0 · · · kℓ
iℓ+1 · · · ih
jℓ+1 · · · jh

)

= det(p′
r . p′

s)
r=k0,...,kℓ,iℓ+1,...,ih
s=k0,...,kℓ,jℓ+1,...,jh

.

We have

∆′∗
Sn−1

(

m · · ·̂i · · ·n− 1

m · · ·̂j · · ·n− 1

)

=

√

p∗
i . p∗

i

√

p∗
j . p∗

j

n−1
∏

r=m

(p∗
r . p∗

r)

det(p∗
k . p∗

ℓ )
k=m···̂i···n−1

ℓ=m···̂j···n−1

=
(−1)n−2−m

√

p∗
i . p∗

i

√

p∗
j . p∗

j

n−1
∏

r=m

(p∗
r . p∗

r)

∆∗

(

m · · ·̂i · · ·n− 1

m · · ·̂j · · ·n− 1

)

(50)

where the former and latter equalities come from (46) and (16), respectively, and
we also have similarly

∆′∗

Sn−1(0 · · ·n− 1) =
(−1)n−1

n−1
∏

r=0

(p∗

r . p∗

r)

∆∗(0 · · ·n− 1). (51)

So, we have (44):

∆

(

0 · · ·m− 1
i

j

)

= ∆′
Sn−1

(

0 · · ·m− 1
i

j

)

=

(−1)j−i∆′∗
Sn−1

(

m · · ·̂i · · ·n− 1

m · · ·̂j · · ·n− 1

)

∆′∗
Sn−1(0 · · ·n− 1)

· (p′∗
i . p′

i)(p
′∗
j . p′

j)

m−1
∏

r=0

(p′∗
r . p′

r)
2

=

(−1)n−2−m(−1)j−i∆∗

(

m · · ·̂i · · ·n− 1

m · · ·̂j · · ·n− 1

)

(−1)n−1∆∗(0 · · ·n− 1)
〈p∗

i |pi〉〈p
∗
j |pj〉

m−1
∏

r=0

〈p∗
r |pr〉

2,

where the first equality comes from (49), the second equality comes from Lemma
5.3 of [6] and (45) or from Remark 8 of [7] and (45), and the last equality comes
from (48), (50), and (51). �
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4. Orthocentric simplices

Hereafter, we consider orthocenters of simplices.

Definition 1. The pointn ∈ H
n−1 is called the orthocenter ofS if n is a concurrent

point of geodesicsCi for all i = 0,. . ., n−1, whereCi is the pseudo-perpendicular
to the opposite face

{x ∈ S : 〈x|pi〉 = 0} =
(

R
+
·p∗

0+ · · ·+R̂+ · p∗

i
+ · · ·+R

+
·p∗

n−1

)

∩H
n−1 (52)

of the vertexp∗

i
, in other words,n ∈ R · p∗

i
+ R · pi for all i. A simplex having

orthocenter is called an orthocentric simplex.

Remark 3. If the orthocenter exists, it is unique (unlike in the case of the spherical
simplex, it is impossible thatp∗

i
= pi for any indexi = 0,. . ., n − 1, so, the

concurrent point of(R · p∗

i
+ R · pi) ∩H

n−1 is unique, if it exists).

The conditions below hold an important role for orthocentric simplices.

Lemma 9. The followings are equivalent:

(a)∗ ∆∗

(

i

k

)

∆∗

(

j

ℓ

)

= ∆∗

(

i

ℓ

)

∆∗

(

j

k

)

holds for pairwise distict indicesi,

j, k, ℓ = 0,. . ., n− 1,

(a) ∆

(

i

k

)

∆

(

j

ℓ

)

= ∆

(

i

ℓ

)

∆

(

j

k

)

holds for pairwise distict indicesi, j, k,

ℓ = 0,. . ., n− 1.

Notice that the label (a)∗ was already used in Introduction. To prove the lemma
above, we need the following lemma, which is similar to the case of simplices of
the sphere.

Lemma 10. We have

∆∗(k0 · · · km) = ∆∗(k0 · · · km−1)−
m−1
∑

r=0

∆∗

(

kr
km

)

∆∗

(

k0 · · · ̂kr · · · km−1

km
kr

)

,

(53)∗

and the equation replaced∆∗ with ∆ of the equation above, named(53), for an
integerm = 0,. . ., n − 1 and pairwise distinct indicesk0,. . ., km. If (a)∗ holds,
then we have

∆∗

(

k0 · · · km−1

i

j

)

= ∆∗

(

k0 · · · km−2

i

j

)

−∆∗

(

i

km−1

)

∆∗

(

k0 · · · km−2

km−1

j

)

,

(54)∗

∆∗

(

k0 · · · km−1
i

j

)

∆∗

(

k′0 · · · k
′
m′−1

i′

j′

)

= ∆∗

(

k0 · · · km−1
i′

j

)

∆∗

(

k′0 · · · k
′
m′−1

i

j′

)

,

(55)∗

∆∗

(

k0 · · · km−1k
i

j

)

∆∗

(

k′0 · · · k
′
m′−1

i′

j′

)

= ∆∗

(

k0 · · · km−1
i

j

)

∆∗

(

k′0 · · · k
′
m′−1k

i′

j′

)

,

(56)∗
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∆∗

(

k0 · · · km−1k
i

j

)

∆∗

(

k′0 · · · k
′
m′−1

i′

j′

)

= ∆∗

(

k0 · · · km−1
i′

j

)

∆∗

(

k′0 · · · k
′
m′−1k

i

j′

)

,

(57)∗

∆∗

(

k0 · · · km−1k
i

j

)

∆∗

(

k′0 · · · k
′
m′−1k

′ i
′

j′

)

= ∆∗

(

k0 · · · km−1k
′ i

′

j

)

∆∗

(

k′0 · · · k
′
m′−1k

i

j′

)

,

(58)∗

for integersm, m′ = 0, . . ., n − 1 and indicesk0,. . ., km−1, k′0, . . ., k
′

m′
−1

, i, j,
i′, j′, k, andk′ such that indices appearing in an identical∆∗(· · · ) are pairwise
distinct. If (a) holds, then we have equations replaced∆∗ with ∆ of five equations
above, named(54), (55), (56), (57), and(58), respectively.

Proof. The proof is essentially same to Lemmas 7, 8, 9 and Corollaries 10, 11 of
[7]. (53)∗ and (54)∗ are Laplace expansions. We have (55)∗ by induction: (55)∗

for (m,m′) with m ≧ m′ > 0 comes from (55)∗ for (m,m′ − 1) and(m, 0), and
(55)∗ for (m, 0) with m > 0 comes from (55)∗ for (m − 1, 0). (56)∗ comes from
(54)∗ and (55)∗. (57)∗ and (58)∗ come from (54)∗–(56)∗ and (54)∗–(57)∗ where
the proofs are divided into two cases ofk 6= i′ andk = i′, and three cases of
k 6= i′, k′ 6= i, andk = i′ andk′ = i, respectively. The proofs of (53)–(58) are
similar. �

Remark that (53)∗ and (53) is valid with assumption neither (a)∗ nor (a). Lemma
10 is useful to prove the equivalence of (a)∗ and (a).

Proof of Lemma9. The proof is essentially same to Lemma 12 of [7]. In particular,
(a)∗ implies (58)∗, so, for pairwise distinct indicesi, j, i′, andj′, we have

∆∗

(

0 · · ·̂i · · ·̂j · · ·n− 1
j

i

)

∆∗

(

0 · · · ̂i′ · · · ̂j′ · · ·n− 1
j′

i′

)

= ∆∗

(

0 · · ·̂i · · · ̂j′ · · ·n− 1
j′

i

)

∆∗

(

0 · · · ̂i′ · · ·̂j · · ·n− 1
j

i′

)

.

The equation above and (40)∗ imply (a): ∆

(

i

j

)

∆

(

i′

j′

)

= ∆

(

i′

j

)

∆

(

i

j′

)

. The

proof of the converse (a)⇒ (a)∗ is similar. �

In order to consider orthocenters, we have to define four kinds of valuesµ∗

k
, µk,

ν∗
k
, νk. To define them, we need the following lemma.

Lemma 11. Assume(a)∗ (which is equivalent to(a)). Then, we have

∆∗

(

i

k

)

∆∗

(

k

j

)

∆∗

(

i′

j′

)

= ∆∗

(

i′

k

)

∆∗

(

k

j′

)

∆∗

(

i

j

)

, (59)∗

∆∗

(

i

k

)

∆∗

(

k

j

)

∆∗

(

k
i′

j′

)

= ∆∗

(

i′

k

)

∆∗

(

k

j′

)

∆∗

(

k
i

j

)

, (60)∗

for indicesi, j, i′, j′, k such that indices appearing in an identical∆∗(· · · ) are
pairwise distinct. On the same assumption, we also have equations replaced∆∗

with ∆ of the equations above, named(59)and(60), respectively.
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Proof. They are proved essentially same to Lemma 15 of [7]. (59)∗ comes from
(a)∗ where the proof is divided into two cases of{i, j} ∩ {i′, j′} 6= ∅ and{i, j} ∩
{i′, j′} = ∅. (60)∗ comes from (59)∗. The proofs of (59) and (60) are similar.�

Definition 2. On the assumption(a)∗ (which is equivalent to(a)), for an index
k = 0, . . ., n− 1, if there exists a pair of distinct indicesi, j = 0, . . . ,̂k, . . ., n− 1

such that∆∗

(

i

j

)

6= 0 (resp.−∆∗

(

k
i

j

)

6= 0, −∆

(

i

j

)

6= 0, −∆

(

k
i

j

)

6= 0),

we define

µ∗
k =

∆∗

(

i

k

)

∆∗

(

k

j

)

∆∗

(

i

j

)

(

resp. ν∗k =

∆∗

(

i

k

)

∆∗

(

k

j

)

−∆∗

(

k
i

j

) , (61)∗

µk = −

(

−∆

(

i

k

))(

−∆

(

k

j

))

−∆

(

i

j

) , νk =

(

−∆

(

i

k

))(

−∆

(

k

j

))

−∆

(

k
i

j

)

)

(61)

which depends only the indexk = 0,. . ., n− 1.

Remark 4. There existsµ∗

k
and it is positive for each indexk, because∆∗

(

i

j

)

=

−〈p∗

i
|p∗

j
〉 > 1 for arbitrary pair of distinct indicesi, j from Lemma 3.

For four kinds of values above, we have the following three lemmas.

Lemma 12. Assume(a)∗. Then, we have

(−1)m∆∗

(

k0 · · · km−1
i

j

)

=
√

µ∗
i

√

µ∗
j

m−1
∏

r=0

(µ∗
kr

− 1), (62)

for an integerm = 0,. . ., n− 2 and pairwise distinct indicesk0,. . ., km−1, i, andj,

(−1)m∆∗(k0 · · · km) =

m
∑

s=0

µ∗
ks

r 6=s
m
∏

r=0

(µ∗
kr

− 1)−

m
∏

r=0

(µ∗
kr

− 1), (63)

for an integerm = −1,. . ., n− 1 and pairwise distinct indicesk0,. . ., km.

Proof. We have (62) by the following induction (it is trivial form = 0 andm = 1):

(−1)m∆∗

(

k0 · · · km−1
i

j

)

=

−∆∗

(

km−1
i′

j′

)

∆∗

(

i′

j′

) · (−1)m−1∆∗

(

k0 · · · km−2
i

j

)

=

√

µ∗
i′

√

µ∗
j′(µ

∗
km−1

− 1)
√

µ∗
i′

√

µ∗
j′

·
√

µ∗
i

√

µ∗
j

m−2
∏

r=0

(µ∗
kr

− 1)

=
√

µ∗
i

√

µ∗
j

m−1
∏

r=0

(µ∗
kr

− 1),



498 K. Sat̂o

where the first equality comes from (56)∗ with some distinct indicesi′, j′ = 0,
. . . k̂m−1 . . ., n − 1. We also have (63) by the following induction (form = −1,
we have(−1)−1∆∗() = 0− 1):

(−1)m∆∗(k0 · · · km) =

m−1
∑

s=0

∆∗

(

ks
km

)

· (−1)m−1∆∗

(

k0 · · · ̂ks · · · km−1
km
ks

)

− (−1)m−1∆∗(k0 · · · km−1)

=

m−1
∑

s=0

√

µ∗
ks

√

µ∗
km

·

√

µ∗
km

√

µ∗
ks

r 6=s

m−1
∏

r=0

(µ∗
kr

− 1)

−

(

m−1
∑

s=0

µ∗
ks

r 6=s

m−1
∏

r=0

(µ∗
kr

− 1)−
m−1
∏

r=0

(µ∗
kr

− 1)
)

=
(

m−1
∑

s=0

√

µ∗
ks

√

µ∗
km

·

√

µ∗
km

√

µ∗
ks

r 6=s

m−1
∏

r=0

(µ∗
kr

− 1)

−

m−1
∑

s=0

µ∗
ks

r 6=s

m−1
∏

r=0

(µ∗
kr

− 1) + µ∗
km

m−1
∏

r=0

(µ∗
kr

− 1)
)

− (µ∗
km

− 1)

m−1
∏

r=0

(µ∗
kr

− 1)

=

m
∑

s=0

µ∗
ks

r 6=s
m
∏

r=0

(µ∗
kr

− 1)−

m
∏

r=0

(µ∗
kr

− 1),

where the first equality comes from (53)∗. �

Lemma 13. If (a)∗ holds, for each indexk = 0,. . ., n − 1, there existsνk and we
have

1− νk =
µ∗

k
− 1

〈p∗

k
|pk〉

2
. (64)

Proof. Assume that there does not existνk for some indexk. Then, for arbitrary
pair of distinct indicesi, j = 0,. . .̂k . . ., n− 1,

−∆

(

k
i

j

)

=

(−1)n−3∆∗

(

0 · · ·̂i · · ·̂j · · · ̂k · · ·n− 1
j

i

)

(−1)n−1∆∗(0 · · ·n− 1)
〈p∗

i |pi〉〈p
∗
j |pj〉〈p

∗
k |pk〉

2

=

√

µ∗
j

√

µ∗
i

ℓ 6=i,j,k

n−1
∏

ℓ=0

(µ∗
ℓ − 1)

(−1)n−1∆∗(0 · · ·n− 1)
〈p∗

i |pi〉〈p
∗
j |pj〉〈p

∗
k |pk〉

2 (65)

is equal to0, which means that there existsℓ = 0,. . .̂i . . .̂j . . .̂k . . ., n − 1 such
thatµ∗

ℓ
= 1. The indicesi andj are arbitrary, so, there exist three indicesℓ, ℓ′,
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ℓ′′ = 0,. . .̂k . . ., n− 1 such that all of

µ∗

ℓ =

∆∗

(

ℓ′′

ℓ

)

∆∗

(

ℓ

ℓ′

)

∆∗

(

ℓ′

ℓ′′

) , µ∗

ℓ′ =

∆∗

(

ℓ

ℓ′

)

∆∗

(

ℓ′

ℓ′′

)

∆∗

(

ℓ′′

ℓ

) , µ∗

ℓ′′ =

∆∗

(

ℓ′

ℓ′′

)

∆∗

(

ℓ′′

ℓ

)

∆∗

(

ℓ

ℓ′

)

(66)

are equal to1. This is a contradiction to∆∗

(

ℓ′

ℓ′′

)

, ∆∗

(

ℓ′′

ℓ

)

, ∆∗

(

ℓ

ℓ′

)

> 1.

Hence, for eachk, there existsνk, so, there exist distinct indicesi, j = 0,. . .̂k . . .,

n− 1 such that−∆

(

k
i

j

)

6= 0. Similarly to (65), we have

−∆

(

i

j

)

=

√

µ∗

j

√

µ∗

i

ℓ6=i,j

n−1
∏

ℓ=0

(µ∗

ℓ
− 1)

(−1)n−1∆∗(0 · · ·n− 1)
〈p∗

i |pi〉〈p
∗

j |pj〉. (67)

Two equations (65) and (67) imply

1− νk =

−∆

(

i

j

)

−∆

(

k
i

j

) =
µ∗

k
− 1

〈p∗

k
|pk〉

2
.

�

Lemma 14. Assume(a)∗. Then, we have
(

−∆

(

i

j

))2

(1− νi)(1− νj) = νiνj , (68)

for distinct indicesi andj,

−∆

(

k0 · · · km−1
i

j

)m−1
∏

r=0

(1− νkr
) = −∆

(

i

j

)

, (69)

for an integerm = 0,. . ., n− 2 and pairwise distinct indicesk0,. . ., km−1, i, andj,

∆(k0 · · · km)

m
∏

r=0

(1− νkr
) = 1−

m
∑

r=0

νkr
, (70)

for an integerm = −1,. . ., n− 1 and pairwise distinct indicesk0,. . ., km.

Proof. For (68), letk, ℓ, k′, andℓ′ be indices such thatk 6= ℓ 6= i 6= k 6= j,
k′ 6= ℓ′ 6= j 6= k′ 6= i, and

−∆

(

i
k

ℓ

)

6= 0 6= −∆

(

j
k′

ℓ′

)

.

Then we have
(

−∆

(

i

j

))

(1− νi) ·

(

−∆

(

j

i

))

(1− νj)
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=

(

−∆

(

i

j

)) −∆

(

k

ℓ

)

−∆

(

i
k

ℓ

) ·

(

−∆

(

j

i

)) −∆

(

k′

ℓ′

)

−∆

(

j
k′

ℓ′

)

=

(

−∆

(

i

ℓ

))(

−∆

(

k

j

))

−∆

(

i
k

ℓ

) ·

(

−∆

(

j

ℓ′

))(

−∆

(

k′

i

))

−∆

(

j
k′

ℓ′

)

=

(

−∆

(

i

ℓ

))(

−∆

(

k

i

))

−∆

(

i
k

ℓ

) ·

(

−∆

(

j

ℓ′

))(

−∆

(

k′

j

))

−∆

(

j
k′

ℓ′

)

= νi · νj .

The equation (69) comes from

−∆

(

k0 · · · kℓ−1k
i

j

)

(1− νk) = −∆

(

k0 · · · kℓ−1k
i

j

) −∆

(

i′

j′

)

−∆

(

k
i′

j′

)

= −∆

(

k0 · · · kℓ−1
i

j

)

, (71)

where the last equality comes from (56) with some distinct indicesi′, j′ = 0,. . .̂k . . .,
n− 1. We also have (70) by

∆(k0 · · · km)

m
∏

r=0

(1− νkr
)

=
(

∆(k0 · · · km−1)

m−1
∏

r=0

(1− νkr
)

−

m−1
∑

ℓ=0

(

−∆

(

kℓ
km

))









−∆

(

k0 · · · ̂kℓ · · · km−1
km
kℓ

)

r 6=ℓ

m−1
∏

r=0

(1− νkr
)









(1− νkℓ
)
)

(1− νkm
)

=
(

(1−

m−1
∑

r=0

νkr
)−

m−1
∑

ℓ=0

(

−∆

(

kℓ
km

))(

−∆

(

km
kℓ

))

(1− νkℓ
)
)

(1− νkm
)

= (1−
m−1
∑

r=0

νkr
)(1− νkm

)−
m−1
∑

ℓ=0

νkℓ
νkm

= 1−
m
∑

r=0

νkr
,

where the first equality comes from (53), the second equality comes from the
assumption of induction and (69), and the third equality comes from (68). �
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If there existsν∗
k

(resp.µk) for an indexk = 0,. . ., n− 1, it holds that

(µ∗
k − 1)(ν∗k − 1) =

−∆∗

(

k
i

j

)

∆∗

(

i

j

) ·

∆∗

(

i′

j′

)

−∆∗

(

k
i′

j′

) = 1 (72)∗

(resp. (1− µk)(1− νk) =

−∆

(

k
i

j

)

−∆

(

i

j

) ·

−∆

(

i′

j′

)

−∆

(

k
i′

j′

) = 1), (72)

with some pairs of distinct indicesi, j; i′, j′ = 0,. . .̂k . . ., n − 1. The following
two lemmas are natural consequences of (64), (72)∗, and (72).

Lemma 15. If (a)∗ holds, for each indexk = 0,. . ., n − 1, the followings are
equivalent:

(d)∗ µ∗

k
6= 1,

(e)∗ there existsν∗
k
,

(d) there existsµk,
(e) νk 6= 1.

Proof. The equivalence of (e) and (d)∗ comes from (64). The negation of (e)∗

means that

−∆∗

(

k
i

j

)

= ∆∗

(

i

k

)

∆∗

(

k

j

)

−∆∗

(

i

j

)

is equal to0 for arbitrary distincti, j = 0,. . .̂k . . ., n − 1, which meansµ∗

k
= 1.

So (e)∗ and (d)∗ are equivalent. The negation of (d) means that (67) is equal to
0 for arbitrary distincti, j = 0,. . .̂k . . ., n − 1, which means the existence of
ℓ = 0,. . .̂i . . .̂j . . ., n− 1 such thatµ∗

ℓ
= 1. It is equivalent to

µ∗

k = 1 or the existence of three indicesℓ, ℓ′, ℓ′′ 6= k such thatµ∗

ℓ = µ∗

ℓ′ = µ∗

ℓ′′ = 1.

However, the latter condition is impossible (see around (66) in the proof of Lemma
13), so it is equivalent toµ∗

k
= 1, that is, (d) is equivalent to (d)∗. �

Corollary 16. If (a)∗ holds, there exists at most one indexi = 0,. . ., n − 1 such
thatµi (resp.ν∗

i
) does not exist.

Proof. Assume the nonentity ofµi (resp.ν∗
i
) for an indexi. Then it impliesνi = 1,

so, from (68), we haveνj = 0 6= 1 for eachj = 0,. . .̂i . . ., n− 1, which means the
existence ofµj (resp.ν∗

j
). �

Lemma 17. On the assumption(a)∗, we have

1− µk = (ν∗k − 1)〈p∗

k |pk〉
2, (64)∗

for each indexk = 0,. . ., n − 1 such that there existsν∗
k

(the existence of suchk
comes from Corollary16).

Proof. Neitherµ∗

k
norνk is equal to1 from Lemma 15, so, (64)∗ comes from (64),

(72)∗, and (72). �
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5. Explicit representation of the orthocenter.

To represent the orthocenter, we need the following vector.

Lemma 18. If (a)∗ holds, the vector

h̃ =
1
√

µ∗

k

(

p∗

k−
µ∗

k
− 1

〈p∗

k
|pk〉

pk

)

=
1
√

µ∗

k

(

p∗

k−(1−νk)〈p∗

k|pk〉pk

)

∈ R
n
\{0} (73)

does not depend onk = 0,. . ., n− 1.

Proof. To show

1
√

µ∗

k

(p∗

k −
µ∗

k
− 1

〈p∗

k
|pk〉

pk) =
1
√

µ∗

ℓ

(p∗

ℓ −
µ∗

ℓ
− 1

〈p∗

ℓ
|pℓ〉

pℓ)

for distinct indicesk andℓ, it is enough to compare the pseudo-inner products〈p∗

i
|·〉

of both sides for all indicesi = 0,. . ., n− 1. �

Lemma 19. If (a)∗ holds, we have

〈h̃|p∗
k〉 = −

√

µ∗
k, (74)

〈h̃|pk〉 =
νk
√

µ∗
k

〈p∗
k |pk〉, (75)

for each indexk,
〈p∗

i |p
∗

k〉〈p
∗

j |h̃〉 = 〈p∗

i |h̃〉〈p
∗

j |p
∗

k〉, (76)

for distinct indicesi, j, andk, and,

− 〈h̃|h̃〉 =

n−1
∑

j=0

µ∗

j

i 6=j

n−1
∏

i=0

(µ∗

i
− 1)

(−1)n−1∆∗(0 · · ·n− 1)
=

n−1
∑

j=0

νj . (77)

Proof. (74), (75), and (76) are obvious. The former equality of (77) comes from

−〈h̃|h̃〉 =
−1

√

µ∗
k

√

µ∗
ℓ

〈

p∗
k −

µ∗
k − 1

〈p∗
k |pk〉

pk

∣

∣

∣
p∗
ℓ −

µ∗
ℓ − 1

〈p∗
ℓ |pℓ〉

pℓ

〉

=
−1

√

µ∗
k

√

µ∗
ℓ

(

−∆∗

(

k

ℓ

)

+
µ∗
k − 1

〈p∗
k |pk〉

µ∗
ℓ − 1

〈p∗
ℓ |pℓ〉

∆

(

k

ℓ

))

= 1 +
µ∗
k − 1

〈p∗
k |pk〉

µ∗
ℓ − 1

〈p∗
ℓ |pℓ〉

−∆

(

k

ℓ

)

√

µ∗
k

√

µ∗
ℓ

= 1 +

n−1
∏

i=0

(µ∗
i − 1)

(−1)n−1∆∗(0 · · ·n− 1)

=

n−1
∑

j=0

µ∗
j

i6=j

n−1
∏

i=0

(µ∗
i − 1)

(−1)n−1∆∗(0 · · ·n− 1)
, (78)
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wherek andℓ are some distinct indices and the fourth and last equalities come
from (67) and (63), respectively. The latter equality of (77) comes from

µ∗
j

i6=j

n−1
∏

i=0

(µ∗
i − 1)

(−1)n−1∆∗(0 · · ·n− 1)

= −∆(0 · · ·n− 1)
µ∗
j

〈p∗
j |pj〉

2

i6=j

n−1
∏

i=0

µ∗
i − 1

〈p∗
i |pi〉

2

= −∆(0 · · ·n− 1)
(

(1− νj) +
1

〈p∗
j |pj〉

2

)

i6=j

n−1
∏

i=0

(1− νi)

= −∆(0 · · ·n− 1)

n−1
∏

i=0

(1− νi) + ∆(0 · · ·̂j · · ·n− 1)

i6=j

n−1
∏

i=0

(1− νi)

= (

n−1
∑

i=0

νi − 1) + (1−

i6=j

n−1
∑

i=0

νi)

= νj , (79)

where the first, second, third, and fourth equalities come from (39), (64), (34), and
(70), respectively. �

The following two theorems are main results.

Theorem 20. If (a)∗ and〈h̃|h̃〉 < 0 holds, then

h =
h̃

√

−〈h̃|h̃〉
(80)

is in H
n−1 and it is the orthocenter ofS.

Proof. It is obvious thath ∈ H
n−1 or−h ∈ H

n−1. If−h ∈ H
n−1 then, for eachk,

〈h|p∗

k
〉 = −〈−h|p∗

k
〉 ≧ 1 from Lemma 3, which is a contradiction to

〈h|p∗

k〉 =
〈h̃|p∗

k
〉

√

−〈h̃|h̃〉
=

−
√

µ∗

k
√

−〈h̃|h̃〉
< 0.

From (73) and Definition 1,h is the orthocenter. �

Remark 5. For an indexk = 0,. . ., n− 1 such that there existsµk, let

h̃
∗

k = pk −
1− µk

〈p∗

k
|pk〉

p∗

k = pk − (ν∗k − 1)〈p∗

k |pk〉p
∗

k ∈ R
n
\ {0}. (81)

Then we have

h̃
∗

k =
−(1− µk)

√

µ∗

k

〈p∗

k
|pk〉

h̃, ∆

(

k

i

)

h̃
∗

ℓ = ∆

(

ℓ

i

)

h̃
∗

k, µkh̃
∗

ℓ = ∆

(

ℓ

k

)

h̃
∗

k,

(82)
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for k, ℓ, and i are pairwise distinct indices such that there existµk andµℓ. In
particular, we have the first equation directly:

h̃
∗

k = pk −
1− µk

〈p∗

k
|pk〉

p∗

k =
1− µk

〈p∗

k
|pk〉

(

µ∗

k
− 1

〈p∗

k
|pk〉

pk − p∗

k

)

=
−(1− µk)

√

µ∗

k

〈p∗

k
|pk〉

h̃,

and we also have the second and third equations by comparing the pseudo-inner
products of both sides andpj for each indexj = 0,. . ., n− 1.

Theorem 21. The followings are equivalent:

(b) there exists the orthocenter,

(c)∗ (a)∗ and
n−1
∑

j=0

µ∗

j

i 6=j

n−1
∏

i=0

(µ∗

i
− 1) > 0 hold,

(c) (a)and
n−1
∑

j=0

νj > 0 hold.

Proof. The equivalence (c)∗ ⇔ (c) comes from (31)∗, (77), and Lemma 9. The
implication (c) ⇒ (b) comes from (77) and Theorem 20. For the implication
(b) ⇒ (c)∗, assume that there exists the orthocentern. Then we can represent
n = A∗

k
p∗

k
+Akpk with someA∗

k
, Ak ∈ R for eachk, so we have

〈p∗

i |p
∗

k〉〈p
∗

j |n〉 = 〈p∗

i |n〉〈p
∗

j |p
∗

k〉 (83)

for distinct indicesi, j = 0,. . .̂k . . ., n − 1, because the both sides are equal to
A∗

k
〈p∗

i
|p∗

k
〉〈p∗

j
|p∗

k
〉. So we also have (a)∗, in particular, we have

〈p∗

i|p
∗

k〉〈p
∗

j|p
∗

ℓ 〉 =
〈p∗

i
|n〉〈p∗

j
|p∗

k
〉

〈p∗

j
|n〉

〈p∗

j|p
∗

ℓ 〉 =
〈p∗

i
|n〉〈p∗

j
|p∗

ℓ
〉

〈p∗

j
|n〉

〈p∗

j|p
∗

k〉 = 〈p∗

i|p
∗

ℓ 〉〈p
∗

j|p
∗

k〉.

Moreover, (76) and (83) imply that〈p∗

i
| h̃〉/〈p∗

i
|n〉 does not depend on the index

i = 0,. . ., n − 1, soh̃ andn are parallel (notice that neitherh̃ nor n is equal to0).

Hence,−〈n|n〉 > 0 implies−〈h̃|h̃〉 > 0, which means that
n−1
∑

j=0

µ∗

j

i 6=j

n−1
∏

i=0

(µ∗

i
− 1) >

0. �

6. Appendix.

Similarly to the story of the sphere [7], we consider the simplex replaced a vertex
with the orthocenter of an orthocentric simplex. If we repeat this operation,a new
vertex does not appear except original vertices and the orthocenter of the original
simplex. We consider the generic case, i.e., there exists the orthocenter, neither

∆∗

(

k
i

j

)

, ∆

(

i

j

)

, nor ∆

(

k
i

j

)

is equal to0 for an arbitrary trio of pairwise

disjoint indicesi, j, andk, all of µ∗

k
, ν∗

k
, µk, andνk exist, neither of them is equal

to 0, and neither of them is equal to1 for an arbitrary indexk (notice that∆∗

(

i

j

)

cannot be equal to0. See Remark 4).
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Let S′ = M(S) be the simplex replaced the last vertex with the orthocenter of
an orthocentric simplexS, i.e.,

p′∗

k = p∗

k for k = 0, . . . , n− 2, p′∗

n−1 = h. (84)

Then, it holds that

p′

k =
pk −

∆

(

k

n−1

)

µn−1
pn−1

√

−µk(
1

νk
+ 1

νn−1
)
, p′

n−1 = sgnνn−1 · pn−1. (85)

In particular, the pseudo-inner product

〈

pk −

∆

(

k

n− 1

)

µn−1

pn−1

∣

∣

∣
pk −

∆

(

k

n− 1

)

µn−1

pn−1

〉

= −µk(
1

νk
+

1

νn−1

)

is positive from Corollary 4 and

〈

h
∣

∣

∣
pk −

∆

(

k

n− 1

)

µn−1
pn−1

〉

=
〈 h̃
√

−〈h̃|h̃〉

∣

∣

∣
pk −

∆

(

k

n− 1

)

µn−1
pn−1

〉

=
〈p∗

n−1 − (1− νn−1)〈p∗
n−1 |pn−1〉pn−1

√

µ∗
n−1

√

−〈h̃|h̃〉

∣

∣

∣
pk −

∆

(

k

n− 1

)

µn−1
pn−1

〉

=

〈p∗
n−1 |pn−1〉∆

(

k

n− 1

)

√

µ∗
n−1

√

−〈h̃|h̃〉

(

(0−
1

µn−1
)− (1− νn−1)(1−

1

µn−1
)
)

= 0.

So we have the former equation of (85). We also have the latter equation of (85)
from

〈p′∗

n−1 |sgnνn−1 · pn−1〉 =
sgnνn−1
√

−〈h̃|h̃〉
〈h̃|pn−1〉 =

|νn−1|〈p∗

n−1 |pn−1〉

√

µ∗

n−1

√

−〈h̃|h̃〉
> 0,

where the second equality comes from (75). From (76), we can defineµ′∗

k
, ν ′∗

k
, µ′

k
,

andν ′
k

for eachk = 0,. . ., n− 1. Similar to the Appendix of [7], we have

ν ′k =
−νk

νn−1

, k = 0, . . . , n− 2 and ν ′n−1 =
1

νn−1

, (86)
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from

∆′

(

i

j

)

=

−∆

(

i

j

)

/νn−1

√

−µi(
1

νi
+ 1

νn−1
)
√

−µj(
1

νj
+ 1

νn−1
)

and

∆′

(

i

n− 1

)

=

∆

(

i

n− 1

)

/|νn−1|

√

−µi(
1

νi
+ 1

νn−1
)

for pairwise distincti, j = 0,. . ., n− 2. On the other hand, it is obvious that

ν ′∗k = ν∗k for k = 0, . . . , n− 2. (87)

We also have

ν ′∗n−1 = 1 +
1

µ′∗

n−1
− 1

= 1−
n−1
∑

k=0

ν∗k , (88)

whose latter equality comes from

µ′∗
n−1 = ∆′∗

(

i

n− 1

)

∆′∗
(

n− 1
j

)

/∆′∗
(

i

j

)

=

∆∗

(

i

n− 1

)

√

µ∗
n−1

√

−〈h̃|h̃〉

∆∗

(

n− 1
j

)

√

µ∗
n−1

√

−〈h̃|h̃〉
/∆∗

(

i

j

)

=
1

−〈h̃|h̃〉
=

(−1)n−1∆∗(0 · · ·n− 1)

n−1
∑

k=0

µ∗
k

ℓ 6=k

n−1
∏

ℓ=0

(µ∗
ℓ − 1)

= 1−

n−1
∏

ℓ=0

(µ∗
ℓ − 1)

n−1
∑

k=0

µ∗
k

ℓ 6=k

n−1
∏

ℓ=0

(µ∗
ℓ − 1)

= 1−
1

n−1
∑

k=0

ν∗k

,

wherei andj are arbitrary distinct indices of0,. . ., n− 2, and the second equality
comes from

∆′∗

(

i

n− 1

)

=

−

〈

p∗

i

∣

∣

∣
p∗

n−1 −
µ∗

n−1 − 1

〈p∗

n−1
|pn−1〉

pn−1

〉

√

µ∗

n−1

√

−〈h̃|h̃〉
=

∆∗

(

i

n− 1

)

√

µ∗

n−1

√

−〈h̃|h̃〉
.
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S′ is also orthocentric from (76) and

n−1
∑

j=0

µ′∗
j

i6=j

n−1
∏

i=0

(µ′∗
i − 1) =

(

n−1
∏

i=0

(µ′∗
i − 1)

)

·

n−1
∑

j=0

ν′∗j

=
(

n−2
∏

i=0

(µ∗
i − 1)

)

−1
n−1
∑

j=0

ν∗j

·

(

n−2
∑

j=0

ν∗j + (1−

n−1
∑

j=0

ν∗j )
)

=
(

n−2
∏

i=0

(µ∗
i − 1)

)

−1
n−1
∑

j=0

ν∗j

·
−1

µ∗
n−1 − 1

> 0,

where the last inequality comes from

(

n−1
∏

i=0

(µ∗

i − 1)
)

·

n−1
∑

j=0

ν∗j =
n−1
∑

j=0

µ∗

j

i 6=j

n−1
∏

i=0

(µ∗

i − 1) > 0.

The calculations above are useful to consider the following two cases of changing
twice a vertex of an orthocentric simplex to the orthocenter. The former caseis
S′ = M(S) andS′′ = M(S′). Then the vertices ofS′′ are

p′′∗

k = p′∗

k = p∗

k for k = 0, . . . , n− 2, p′′∗

n−1 = h′ = p∗

n−1. (89)

In particular,h′ = p∗

n−1 comes from
√

µ′∗
n−1h̃

′
= p′∗

n−1 − (1− ν′n−1)〈p
′∗
n−1 |p

′
n−1〉p

′
n−1

=

√

µ∗
n−1h̃ − (1− 1

νn−1
)〈
√

µ∗
n−1h̃|pn−1〉pn−1

√

µ∗
n−1

√

−〈h̃|h̃〉

=

√

µ∗
n−1h̃ + (1− νn−1)〈p∗

n−1 |pn−1〉pn−1

√

µ∗
n−1

√

−〈h̃|h̃〉

=
p∗
n−1

√

µ∗
n−1

√

−〈h̃|h̃〉
,

where the third equality comes from (75). The latter case is:S′ = M(S),

p′′∗

k = p′∗

k for k = 0, . . . , n− 3, p′′∗

n−2 = p′∗

n−1, p′′∗

n−1 = p′∗

n−2,

andS′′′ = M(S′′). Then the vertices ofS′′′ are

p′′′∗

k = p′′∗

k = p′∗

k = p∗

k, p′′′∗

n−2 = p′′∗

n−2 = p′∗

n−1 = h, p′′′∗

n−1 = h′′ = p∗

n−1.

(90)
In particular,h′′ = p∗

n−1 comes from the impossibility ofh′′ = −p∗

n−1 and
√

µ′′∗
n−1h̃

′′
= p′′∗

n−1 −
p′′
n−1

(ν′′∗n−1 − 1)〈p′′∗
n−1 |p

′′
n−1〉

= p′∗
n−2 −

p′
n−2

(ν′∗n−2 − 1)〈p′∗
n−2 |p

′
n−2〉
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= p′∗
n−2 −

√

−µn−2(
1

νn−2
+ 1

νn−1
)p′

n−2

(ν′∗n−2 − 1)〈p′∗
n−2 |

√

−µn−2(
1

νn−2
+ 1

νn−1
)p′

n−2〉

= p∗
n−2 −

pn−2 −

∆
(n−2

n−1

)

µn−1
pn−1

(ν∗n−2 − 1)〈p∗
n−2 |pn−2〉

=
−(h̃

∗
n−2 −

∆
(n−2

n−1

)

µn−1
pn−1)

(ν∗n−2 − 1)〈p∗
n−2 |pn−2〉

=

−∆

(

n− 2
n− 1

)

·
h̃
∗
n−1 − pn−1

µn−1

(ν∗n−2 − 1)〈p∗
n−2 |pn−2〉

=

−∆

(

n− 2
n− 1

)

·
p∗
n−1

νn−1〈p∗
n−1 |pn−1〉

(ν∗n−2 − 1)〈p∗
n−2 |pn−2〉

,

where the fifth equality comes from (81), the sixth equality comes from (82),and
the last equality comes from (72) and (81).

From two cases above, if we denotep∗

n = h, then orthocenters of the simplex
with verticesp∗

0,. . .̂p
∗

k
. . ., p∗

n arep∗

k
, for k = 0,. . ., n−1. Moreover, fork = 0,. . .,

n, from (87),ν∗
k

does not change ifS is replaced with the simplex with vertices
p∗

0,. . . ̂p
∗

i
. . ., p∗

n for anyi = 0,. . .̂k . . ., n− 1. If we denoteν ′∗n−1 for S′ = M(S)
by ν∗n, we have

ν∗0 + · · ·+ ν∗n−1 + ν∗n = 1, (91)

from (88) (see the equations (2) of [2], (4) of [3], and (24) of [7]).

References

[1] H. S. M. Coxeter,Non-Euclidean Geometry, Math. Assoc. America, 6th ed., 1998.
[2] E. Egerv́ary, On orthocentric simplexes,Acta Litt. Sci. Szeged, 9 (1940) 218–226.
[3] E. Egerv́ary, On the Feuerbach-spheres of an orthocentric simplex,Acta Math. Acad. Sci. Hun-

gar., 1 (1950) 5–16.
[4] L. Gerber, The orthocentric simplex as an extreme simplex,Pacific J. Math., 56 (1975) 97–111.
[5] I. Satake,Linear Algebra, Pure and Applied Mathematics 29, Marcel Dekker, 1975.
[6] K. Sat̂o, Spherical simplices and their polars,Quart. J. Math., 58 (2007) 107–126.
[7] K. Sat̂o, Orthocenters of simplices on spheres,Forum Geom., 17 (2017) 301–324.
[8] W. P. Thurston,Three-dimensional geometry and topology, Princeton Univ. Press, 1997.

Kenzi Sat̂o: Laboratory of Mathematics, Faculty of Engineering, Tamagawa University, 6-1-1,
Tamagawa-Gakuen, Machida, Tokyo 194-8610, Japan

E-mail address: kenzi@eng.tamagawa.ac.jp



Forum Geometricorum
Volume 17 (2017) 509–526. b b

b

b

FORUM GEOM

ISSN 1534-1178

Properties of a Pascal Points Circle in a Quadrilateral
with Perpendicular Diagonals

David Fraivert

Abstract. The theory of a convex quadrilateral and a circle that forms Pascal
points is a new topic in Euclidean geometry. The theory deals with the properties
of the Pascal points on the sides of a convex quadrilateral and with the properties
of circles that form Pascal points.

In the present paper, we shall continue developing the theory, and we shall
define the concept of the “Pascal points circle”.

We shall prove four theorems regarding the properties of the points of inter-
section of a Pascal points circle with a quadrilateral that has intersecting perpen-
dicular diagonals.

1. Introduction: General concepts and Fundamental Theorem ofthe theory
of a convex quadrilateral and a circle that forms Pascal points

First, we shall briefly survey the definitions of some essential concepts ofthe
theory of a convex quadrilateral and a circle that forms Pascal points onits sides,
and then we shall present this theory’s Fundamental Theorem (see [1], [2], [3]).
The theory considers the situation in whichABCD is a convex quadrilateral for
which there exists a circleω that satisfies the following two requirements:

(i) Circleω passes through pointE, the point of intersection of the diagonals,
and through pointF , the point of intersection of the extensions of sides
BC andAD.

(ii) Circle ω intersects sidesBC andAD at interior points (pointsM andN ,
respectively, in Figure 1).

The Fundamental Theorem of the theory holds in this case.

The Fundamental Theorem.
Let there be: a convex quadrilateral; a circle that intersects a pair of opposite sides
of the quadrilateral, that passes through the point of intersection of the extensions
of these sides, and that passes through the point of intersection of the diagonals.
In addition, let there be four straight lines, each of which passes both through the
point of intersection of the circle with a side of the quadrilateral and throughthe
point of intersection of the circle with the extension of a diagonal.
Then there holds: the straight lines intersect at two points that are located on the
other pair of opposite sides of the quadrilateral.
(In Figure 2, straight linesh andg intersect at pointP on sideAB, and straight
linesi andj intersect at pointQ on sideCD).

Publication Date: December 13, 2017. Communicating Editor: Paul Yiu.
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Figure 1 Figure 2 Figure 3

The Fundamental Theorem is proven using the general Pascal’s Theorem (see
[1]).

Definitions
Because the proof of the properties of the points of intersectionP andQ is based
on Pascal’s Theorem,

(I) points P andQ are termedPascal points on sidesAB and CD of the
quadrilateral;

(II) the circle that passes through points of intersectionE andF and through
two opposite sides is termeda circle that forms Pascal points on the sides
of the quadrilateral.

We define a new concept: Pascal points circle.

(III) We shall call a circle whose diameter is segmentPQ (see Figure 3) aPas-
cal points circle.

2. Properties of a quadrilateral with perpendicular intersecting diagonals, a
circle that forms Pascal points, and a Pascal points circle.

Theorem 1.
Let ABCD be a quadrilateral with perpendicular diagonals in whichE is the
point of intersection of the diagonals andF is the point of intersection of the ex-
tensions of the sidesBC andAD; ωEF is the circle whose diameter is segment
EF . Then,
(a)circle ωEF forms Pascal points on sidesAB andCD (see Figure 4);
there are an infinite number of circles that form Pascal points on sidesAB and
CD;
(b) for every circle,ω, that intersects sidesBC andAD at pointsM andN ,
respectively, and forms Pascal pointsP andQ on sidesAB andCD, respectively,
there holds:
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the point of intersection,T , of the tangents to circleω at pointsM andN is the
middle of segmentPQ.

Figure 4.

Proof.
(a) Let us show that circleωEF intersects sidesBC andAD at internal points.
In circle ωEF , angle∡EMF equals90◦. Therefore, in right triangle△BCE,
segmentEM is an altitude to hypotenuseBC, and hence it follows that the foot
of altitudeEM (pointM in Figure 4) is an interior point of sideBC. Similarly,
we prove that pointN (the base of the altitude to hypotenuseAD in right triangle
△ADE) is an internal point of sideAD.
Based on the fundamental theorem, since circleωEF intersects sidesBC andAD
at internal points, this circle necessarily forms Pascal points on sidesAB andCD.
It is clear that if there is even one circle that passes through pointsE andF and also
through internal points of sidesBC andAD, then there must be an infinite number
of such circles. Therefore, in our case, there are an infinite number ofcircles that
pass through pointsE andF and through internal points of sidesBC andAD. All
these circles form Pascal points on sidesAB andCD.

(b) Let us employ the following property that holds true for a convex quadrilateral
(whose diagonals are not necessarily perpendicular) and a circle,ω, that forms
Pascal pointsP andQ on sidesAB andCD.
We denote:M andN are the intersection points of circleω with sidesBC and
AD, respectively, andK andL are the intersection points of circleω with the ex-
tensions of diagonalsBD andAC, respectively(see Figure 5).
It thus holds that the four pointsP , Q, T , andR (P andQ are the two Pascal
points,T is the point of intersection of the tangents to the circle at pointsM and
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Figure 5 Figure 6

N , andR is the point of intersection of the tangents to the circle at pointsK and

L) constitute a harmonic quadruple, in other words, there holds:
QT

TP
=
QR

RP
(see

[3, Theorem 1].)

In our case, the quadrilateral has perpendicular diagonals.
Therefore,∡KEL = 90◦ and segmentKL is a diameter ofω. Therefore, the tan-
gents to circleω at pointsK andL are parallel to each other (see Figure 6). In this

case, their point of intersection,R, is at infinity, and ratio
QR

RP
equals1. Hence it

also holds that
QT

TP
= 1, orQT = TP . In other words, pointT is the middle of

segmentPQ. �

Theorem 2.
Let ABCD be a quadrilateral with perpendicular diagonals in whichE is the
point of intersection of the diagonals andF is the point of intersection of the ex-
tensions of sidesBC andAD; ω is a circle that passes through pointsE andF
and intersects sidesBC andAD at pointsM andN , respectively;P andQ are
Pascal points formed usingω on sidesAB andCD, respectively;σPQ is a circle
whose diameter is segmentPQ (a Pascal points circle);T is the center of circle
σPQ (see Figure 7).
Then,
(a) SidesBC andAD each have at least one common point with circleσPQ. In
other words:
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(1) In the case that the center,O, of circleω does not belong to straight lines
BF andAF , circle σPQ intersects sidesBC andAD at two points each.
Two of these four points of intersection areN andM ; the other two points
are denoted asV andW (see Figure 7).

(2) When centerO lies on straight lineBF , circleσPQ is tangent to sideBC
at pointM . In this case, pointV coincides withM .

(3) When centerO lies on straight lineAF , circle σPQ is tangent to sideAD
at pointN . In this case, pointW coincides withN .

(b) PointsV , T , andW lie on the same straight line. This property holds even in
cases when pointV coincides with pointM or pointW coincides with pointN .
(c) Circlesω andσPQ are perpendicular to each other.

Figure 7.

Proof.
(a) We shall use the method of complex numbers in plane geometry. (The princi-
ples of the method and a system of formulas that we use in the proofs appear, for
example, in [6, pp. 154-181]; some isolated formulas may be found in [4], [5]).
Let us choose a system of coordinates such that circleω is the unit circle (O is
the origin, and the radius isOE = 1). In this system, the equation of circleω is
z · z = 1, wherez is the complex coordinate of some pointZ that belongs to circle
ω, andz is the conjugate ofz.
We denote the complex coordinates of pointsK, L,M andN by k, l,m andn, re-

spectively. These points are located on unit circleω, therefore there holds:k =
1

k
,

l =
1

l
,m =

1

m
, andn =

1

n
.

PointP is the point of intersection of straight linesKN andLM . Let us express
the complex coordinate ofP (and its conjugate) using the coordinates of pointsK,
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L,M , andN . We shall use the following formula:
LetA(a), B(b), C(c), andD(d) be four points on the unit circle, and letS(s) be
the point of intersection of straight linesAB andCD. Then the coordinates and
its conjugates satisfy:

s =
a+ b− c− d

ab− cd
and s =

bcd+ acd− abd− abc

cd− ab
(I)

In our case, segmentKL is a diameter of circleω. Therefore,k = −l, and the
expressions forp andp are:

p =
n+ k −m− l

nk −ml
=

2l +m− n

l (m+ n)
and p =

2mn+ nl −ml

m+ n
.

Now, let us find complex coordinatet of pointT (which is the point of intersection
of the tangents to the unit circle at pointsM andN ). We use the following formula:
LetS(s) be the point of intersection of the tangents to the unit circle at pointsA(a)
andB(b), which are located on the circle. Then coordinate s and its conjugates

satisfy:

s =
2ab

a+ b
and s =

2

a+ b
. (II)

In our case, we obtain for coordinatet and its conjugatet the following:

t =
2mn

m+ n
and t =

2

m+ n
.

PointT is the center of circleσPQ. Therefore, the equation of circleσPQ is

(z − t)
(

z − t
)

= r2σPQ
,

whererσPQ
is the radius of the circle, andz is the complex coordinate of some

pointZ that belongs to the circle.
Let us find the square of the radius of circleσPQ. Point P lies on the circle,
therefore the following equality holds:(p− t)

(

p− t
)

= r2σPQ
.

Let us substitute the expressions forp andp in the left-hand side of the equality.
We obtain:

(

2mn+ nl −ml

m+ n
−

2mn

m+ n

)(

2l +m− n

l (m+ n)
−

2

m+ n

)

=
nl −ml

m+ n
·
m− n

l (m+ n)
= −

(

m− n

m+ n

)2

.

In other words, there holdsr2σPQ
= −

(

m− n

m+ n

)2

. Therefore, the equation for cir-

cleσPQ is

(

z −
2mn

m+ n

)(

z −
2

m+ n

)

= −

(

m− n

m+ n

)2

. (1)

Now let us find the equations of straight linesBC andAD and, subsequently, their
points of intersection with circleσPQ.
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We use the following formula of a straight line passing through two pointsA(a)
andB(b) belonging to the unit circle:

z + abz = a+ b. (III)

In accordance with this formula, the equation of straight lineBC (which passes
through pointsF (f) andM(m) that belong to the unit circle) shall bez+ fmz =
f +m. Hence:

z = −
1

fm
z +

f +m

fm
. (2)

We substitute the expression forz from (2) into (1) and obtain:
(

z −
2mn

m+ n

)(

−
1

fm
z +

f +m

fm
−

2

m+ n

)

+

(

m− n

m+ n

)2

= 0,

−
1

fm
z2 +

(

f +m

fm
−

2

m+ n
+

2mn

fm (m+ n)

)

z

−
2mn (f +m)

fm (m+ n)
+

4mn

(m+ n)2
+

(m− n)2

(m+ n)2
= 0.

This leads to the following quadratic equation:

(m+ n) z2 −
(

3mn− fm+ fn+m2
)

z + fmn+ 2m2n− fm2 = 0. (3)

The solutions of this equation are:

z1,2 =

3mn− fm+ fn+m2 ±

√

(

3mn− fm+ fn+m2
)2

−4 (m+ n)
(

fmn+ 2m2n− fm2
)

2 (m+ n)

=
3mn− fm+ fn+m2 ±

√

(m− n)2 (m+ f)2

2 (m+ n)
.

Equation (3) is a quadratic equation with complex coefficients.
It follows that if expression(m− n)2 (m+ f)2 does not equal0, then (3) will have
two solutions. In the present case it necessarily holds thatm 6= −f , and hence it
follows that pointsF andM are not the ends of the diameter of circleω. This
means that the center,O, of the circle does not belong to straight lineMF (the line
BF ). In this case the two solutions of the equation are:

z1 =
3mn− fm+ fn+m2 + (m− n) (m+ f)

2 (m+ n)
=

2mn+ 2m2

2 (m+ n)
= m,

and

z2 =
3mn− fm+ fn+m2 − (m− n) (m+ f)

2 (m+ n)
=

2mn− fm+ fn

m+ n
.

It is clear that the first solution is the complex coordinate of pointM , and the
second solution is the coordinate of another point that belongs to straight lineBC
(denoted byV ).
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In other words:v =
2mn− fm+ fn

m+ n
.

Similarly, one can prove that in the case where the center,O, of circleω does not lie
on straight lineAF , circleσPQ will intersect straight lineAD at two points: 1) at
pointN , and 2) at some other point (designated asW ) whose complex coordinate

can be expressed asw =
2mn− fn+ fm

m+ n
.

If (m− n)2 (m+ f)2 = 0 holds, then Equation (3) has a single solution. For two
different pointsM andN located on unit circleω, there holdsm 6= n, therefore
necessarily there holdsm = −f . In other words, pointsF andM are the ends of
a diameter of circleω, and therefore centerO of the circle belongs to straight line
BF .
In this case, the only solution of the equation is:

z =
3mn− fm+ fn+m2

2 (m+ n)
=

3mn+m2 −mn+m2

2 (m+ n)
=

2mn+ 2m2

2 (m+ n)
= m.

In other words, in this case, lineBF is tangent to circleσPQ at pointM .
Similarly, we can prove that when the center,O, of ω belongs to lineAF , lineAF
will be tangent to circleσPQ at pointN .

(b) Let us prove that pointsV , T , andW lie on the same straight line (see Figure
7).
We shall use the following formula, which gives the relation between the coordi-
nates of any three collinear pointsA(a),B(b), andC(c):

a
(

b− c
)

+ b (c− a) + c
(

a− b
)

= 0. (IV)

According to this formula, pointsV , T , andW are collinear provided the following
equality holds:

v
(

t− w
)

+ t (w − v) + w
(

v − t
)

= 0. (4)

Let us first calculate the conjugates of coordinatesv andw:

v =
2mn− fm+ fn

m+ n
=

2

mn
−

1

fm
+

1

fn

1

m
+

1

n

=
2f − n+m

f (m+ n)

and similarly

w =
2f −m+ n

f (m+ n)
.

We substitute the expressions fort, t, v, v, w, andw into (4), to obtain:

2mn− fm+ fn

m+ n

(

2

m+ n
−

2f −m+ n

f (m+ n)

)

+
2mn

m+ n

(

2f −m+ n

f (m+ n)
−

2f − n+m

f (m+ n)

)

+
2mn− fn+ fm

m+ n

(

2f − n+m

f (m+ n)
−

2

m+ n

)

= 0.
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After simplifying the left-hand side, we have:

2mn− fm+ fn

m+ n
·

m− n

f (m+ n)
+

2mn

m+ n
·
2n− 2m

f (m+ n)

+
2mn− fn+ fm

m+ n
·

m− n

f (m+ n)
= 0,

m− n

f (m+ n)2
· (2mn− fm+ fn− 4mn+ 2mn− fn+ fm)
︸ ︷︷ ︸

=0

= 0.

We have thus obtained0 = 0.
In other words, (IV) is satisfied, and therefore pointsV , T , andW must be on the
same straight line, and segmentVW is a diameter of circleσPQ.

(c) In (a), we proved that circlesω andσPQ intersect at pointsM andN , and
thereforerω = OM andrσPQ

= TM . Let us find the distance,OT , between the
centers of circlesω andσPQ:

OT 2 = (t− 0)
(

t− 0
)

=

(

2mn

m+ n
− 0

)(

2

m+ n
− 0

)

=
4mn

(m+ n)2
.

Now we calculate the sumr2ω + r2σPQ
:

r2ω + r2σPQ
= 1−

(

m− n

m+ n

)2

=
(m+ n)2 − (m− n)2

(m+ n)2
=

4mn

(m+ n)2
.

Therefore, the equationr2ω + r2σPQ
= OT 2 holds , and, specifically,OM2+TM2 =

OT 2 holds.
It thus follows that angle∡OMT is a right angle, and therefore lineOM is tangent
to circleσPQ, and lineTM is tangent toω.
We obtained that the tangents to circlesω andσPQ at the point of their intersection,
M , are perpendicular to each other.
Therefore the circles are perpendicular to each other. �

Conclusions from Theorem 2.
(1) We obtained that the two segmentsPQ andVW are diameters of circleσPQ.
Therefore their lengths are equal, and they bisect each other (at pointT ). It follows
that quadrilateralPV QW is a rectangle (see Figure 8).

Note: RectanglePV QW (in which two opposite vertices are Pascal points) is
usually different from the rectangle inscribed in quadrilateralABCD in such a
manner that its sides are parallel to diagonalsAC andBD, which are perpendicular
to each other. (In Figure 8 rectanglePXY Z is inscribed in the quadrilateral and
its sides are parallel to the diagonals of the quadrilateral.)

(2) For any quadrilateral,ABCD, with perpendicular diagonals and any circle,ωi,
that forms a pair of Pascal pointsPi andQi on sidesAB andCD, one can define
a rectangle that is inscribed in quadrilateralABCD as follows:
We construct a Pascal points circleσPiQi

that intersects sidesBC andAD at points
Vi andWi (in addition to pointsNi andMi). PointsPi, Vi, Qi, andWi define a
rectangle inscribed in quadrilateralABCD.
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Figure 8.

(3) Letω be a circle that passes through pointsE andF , intersects sidesBC and
AD at pointsM andN , respectively, and forms Pascal pointsP andQ on sides
AB andCD. T is the point of intersection of the tangents to circleω at pointsM
andN .
In this case, the circle whose center is at pointT and whose radius is segmentTM
is the Pascal points circleσPQ.

Explanation: In Theorem 1 we proved that the tangents to circleω at pointsM and
N intersect in the middle of segmentPQ (at pointT ). In Theorem 2 we proved
that Pascal points circleσPQ passes through pointsM andN .

Theorem 3.
Let ABCD be a quadrilateral with perpendicular diagonals in whichE is the
point of intersection of the diagonals andF is the point of intersection of the ex-
tensions of sidesBC andAD; ωEF is a circle whose diameter is segmentEF ;
Circle ωEF intersects sidesBC andAD at pointsM0 andN0, respectively, and
forms Pascal pointsP0 andQ0 on sidesAB andCD; σP0Q0

is thePascal points
circleof pointsP0 andQ0. Then:
(a) Circle σP0Q0

intersects the sides of quadrilateralABCD at 8 points, as fol-
lows:
It intersects sideAB at pointsP0 andM1, sideBC at M0 andV0, sideCD at
pointsQ0 andN1, sideAD atN0 andW0. (In Figure 9, one can observe the fours
points of intersection mentioned in Theorem 2,N0,M0, V0, andW0, and also two
additional points of intersection,M1 andN1).
(b) ChordsV0N0,W0M0,Q0M1, andP0N1 of the circle intersect at pointE.
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Figure 9.

Proof.
The center,O, of circleωEF does not belong to straight linesFB andFA. There-
fore, from Theorem 2, circleσP0Q0

intersects each of the sidesBC andAD at two
points (at pointsM0 andV0, and at pointsN0 andW0, respectively). Therefore,
it remains to be proven thatσP0Q0

intersects each of the other two sides at two
points.
We will first prove one additional property that holds for the points of intersec-
tion of circleσP0Q0

with sidesBC andAD. We will show that chordsV0N0 and
W0M0 both pass through pointE.
We choose a system of coordinates such that circleωEF is the unit circle (O is the
origin and the radius,OE, equals 1).
From formula (IV) in the proof of Theorem 2, pointsN0 (n), E (e) andV0 (v) are
collinear provided the following equality holds:

n (e− v) + e (v − n) + v (n− e) = 0.

For e, e, v, andv there holds:e = −f (because segmentEF is the diameter of

the unit circle),e = −
1

f
, v =

2mn− fm+ fn

m+ n
, andv =

2f − n+m

f (m+ n)
(see the

proof of Theorem 2).
We substitute these expressions in the left-hand side of the formula above, and
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obtain:

n (e− v) + e (v − n) + v (n− e)

= n

(

−
1

f
−

2f − n+m

f (m+ n)

)

− f

(

2f − n+m

f (m+ n)
−

1

n

)

+
2mn− fm+ fn

m+ n

(

1

n
+

1

f

)

= n ·
−2m− 2f

f (m+ n)
− f ·

fn− n2 +mn− fm

fn (m+ n)
+

(2mn− fm+ fn) (f + n)

fn (m+ n)

=
0

fn (m+ n)

= 0.

In other words, the equality holds and therefore the pointsN0, E, andV0 are
collinear (see Figure 9).
Similarly, we also prove that pointsM0, E, andW0 are collinear.
To find the remaining two points of intersection, we follow the following path:
The first stage is to find two points that can be candidates for the intersectionof
circleσP0Q0

with sidesAB andCD. The second stage is to prove that these two
points are really the points of intersection of circleσP0Q0

with sidesAB andCD.
It is reasonable to assume that the property satisfied for the four points ofintersec-
tion of circleσP0Q0

with sidesBC andAD shall also hold for the four points of
intersection of circleσP0Q0

with sidesAB andCD. Therefore, at the first stage
we shall choose pointsM1 andN1 to be our candidates, which are the intersection
points of lineAB with lineQ0E and lineCD with line P0E, respectively.
At the second stage, we shall prove that the pointsM1 andN1 belong to circle
σP0Q0

.
Using formula (IV) we obtain the equation of straight lineAB.
The formula holds for three collinear pointsA(a), B(b), andC(c). If we replace
the coordinate of pointC by the coordinate of some pointZ(z) that belongs to
straight lineAB, we obtain the equation ofAB:

a
(

b− z
)

+ b (z − a) + z
(

a− b
)

= 0.

This can be put in the form:

z =
a− b

a− b
z +

ab− ab

a− b
. (V)

Let us express the coordinates ofA(a) andB(b) (and their conjugates) using the
coordinates of pointsF ,E,K, L,M , andN , which lie on the unit circle. We shall
use the formulas (I) from the proof of Theorem 2.
In our case, segmentsK0L0 andEF are diameters of circleωEF . Therefore, there
holds thatk = −l ande = −f . The following expressions are therefore obtained:

a =
2nl + fl − fn

n+ l
, a =

2f + n− l

f (n+ l)
,

b =
2ml + fl + fm

l −m
, b =

2f +m+ l

f (m− l)
.
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We substitute these expressions into (V) to obtain:

z =

2f + n− l

f (n+ l)
−

2f +m+ l

f (m− l)
2nl + fl − fn

n+ l
−

2ml + fl + fm

l −m

z

+

2nl + fl − fn

n+ l
·
2f +m+ l

f (m− l)
−

2f + n− l

f (n+ l)
·
2mk + fl + fm

l −m

2nl + fl − fn

n+ l
−

2ml + fl + fm

l −m

.

After simplifying, we obtain:

z =
fm− fn− 2fl −ml − nl

fl (fm+ fn+ 2mn+ml − nl)
z

+
2fnl + 2fml + 2f2l + 2mnl − f2n+ f2m+ nl2 −ml2

fl (fm+ fn+ 2mn+ml − nl)
. (5)

Similarly, we can obtain the equation of lineQE: we replace the lettersa andb in

(V) with the letterse andq to obtain:z =
q − e

q − e
z +

qe− qe

q − e
.

In our case there holds:e = −f ande = −
1

f
.

PointQ is the point of intersection of straight linesKM andLN . In addition, in
our case there holds thatk = −l. Therefore, from the formulas (I) forq andq, we

obtain the following expressions:q =
2mn+ml − nl

m+ n
andq =

2l + n−m

l (m+ n)
.

We substitute these expressions in the equation of straight lineQE, and obtain:

z =

2l + n−m

l (m+ n)
+

1

f

2mn+ml − nl

m+ n
+ f

z +

2mn+ml − nl

m+ n
·

(

−
1

f

)

+
2l + n−m

l (m+ n)
· f

2mn+ml − nl

m+ n
+ f

,

and after simplifying:

z =
2fl + fn− fm+ml + nl

fl (2mn+ml − nl + fm+ fn)
z

+
2f2l + f2n− f2m− 2mnl −ml2 + nl2

fl (2mn+ml − nl + fm+ fn)
. (6)

By equating the right-hand sides of (5) and (6), we obtain an expressionfor com-
plex coordinatezM1

of the intersection point of straight linesAB andQE:

zM1
=

we denote
m1 =

f2n− f2m− 2lmn− fml − fnl

fm− fn− 2fl −ml − nl
.

The expression for the conjugate ofm1 is:m1 =
ml − nl − 2f2 − fm− fn

f (nl −ml − 2mn− fm− fn)
.

We now prove that pointM1 belongs to circleσP0Q0
.

From formula (1) in the proof of Theorem 2, the equation of circleσP0Q0
is:
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(

z −
2mn

m+ n

)(

z −
2

m+ n

)

= −

(

m− n

m+ n

)2

.

Let us substitute the expressions form1 andm1 in the equation of the circle. We
obtain:

(

f2n− f2m− 2lmn− fml − fnl

fm− fn− 2fl −ml − nl
−

2mn

m+ n

)

×

(

ml − nl − 2f2 − fm− fn

f (nl −ml − 2mn− fm− fn)
−

2

m+ n

)

= −

(

m− n

m+ n

)2

Let us check if this equality is a true statement.
Observe the left-hand side of the equality. After adding fractions and collecting
similar terms, we obtain:

fn2 − fm2 − lm2 − ln2 + 2mnl − 2m2n− 2mn2

(fm− fn− 2fl −ml − nl) (m+ n)

×
lm2 − ln2 − fm2 − fn2 + 2fmn− 2fnl + 2fml

(nl −ml − 2mn− fm− fn) (m+ n)
.

After factoring the expressions in the numerators, we obtain:

(n−m) (fm+ fn− nl +ml + 2mn)

(fm− fn− 2fl −ml − nl) (m+ n)
·
(m− n) (ml + nl − fm+ fn+ 2fl)

(nl −ml − 2mn− fm− fn) (m+ n)

=
− (m− n)2 (−fm− fn+ nl −ml − 2mn) (−ml − nl + fm− fn− 2fl)

(fm− fn− 2fl −ml − nl) (nl −ml − 2mn− fm− fn) (m+ n)2

=−

(

m− n

m+ n

)2

.

We have obtained an identical expression on both sides of the equality. Therefore
the last equality is a true statement, and therefore pointM1 belongs to circleσP0Q0

.
Since pointM1 belongs to lineAB, it follows that circleσP0Q0

intersects straight
lineAB at pointM1.
Similarly, we can prove that circleσP0Q0

intersects straight lineCD at pointN1.
In summary, we have shown that the four chordsV0N0,W0M0,Q0M1, andP0N1

of circleσP0Q0
pass through pointE, which is, therefore, their point of intersection.

�

Conclusions from Theorems 1-3.
In proving Theorems 1-3 we considered a quadrilateral whose two opposite sides,
BC andAD, are not parallel, and we did not require any additional conditions
concerning the remaining opposite sides.
In the case that sidesAB andCD also intersect (we denote the point of their
intersection byG), there will be circles that pass through pointsE andG and form
Pascal points on sidesBC andAD. In this case, for these circles Theorems similar
to Theorems 1-3 shall hold (the proofs of these theorems are similar to the proofs
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of Theorems 1-3).
According to these theorems, the circle whose diameter is segmentEG (we denote
it by ψEG) satisfies the following properties:

(a) The circleψEG forms Pascal points on sidesBC andAD (for now we
denote these points byP andQ, respectively).

(b) The circleψEG and the circle whose diameter is segmentP Q are perpen-
dicular to each other, and they intersect at the points at which circleψEG

intersects sidesAB andCD (for now we denote these points byM and
N , respectively).

(c) The circle whose diameter is segmentP Q intersects sidesAB andCD at
pointsV andW (in addition to pointsM andN ). The four pointsP , V ,
Q, andW define a rectangle inscribed in quadrilateralABCD.

Theorem 4.
Let ABCD be a quadrilateral with perpendicular diagonals in whichE is the
point of intersection of the diagonals,F is the point of intersection of the extensions
of sidesBC andAD, andG is the point of intersection of the extensions of the sides
AB andCD; ωEF is a circle whose diameter is segmentEF which forms Pascal
pointsP0 andQ0 on sidesAB andCD, respectively;σP0Q0

is thePascal points
circle of pointsP0 andQ0, which intersects the sides of quadrilateralABCD at
the following eight points:P0,Q0,M0,N0, V0,W0,M1, andN1 (see Theorem 3);
ψEG is the circle whose diameter is segmentEG. Then:
(a)The circleψEG intersects sidesAB andCD at pointsM1 andN1, respectively.
(b) CirclesψEG andσP0Q0

are perpendicular to each other.
(c) PointsV0 andW0 are the Pascal points formed by circleψEG on sidesBC and
AD, respectively.
(d) The angle between diametersEF andEG of circlesωEF andψEG is equal
to one of the two angles between diametersP0Q0 andV0W0 of circle σP0Q0

(in
Figure 10, there holds:∡FEG = ∡V0EQ0).

Proof.
(a) In circleσP0Q0

, inscribed angle∡P0M1Q0 rests on diameterP0Q0. It therefore
holds that∡P0M1Q0 = 90◦, and therefore also∡EM1G = 90◦. Hence it follows
that pointM1 belongs to the circle whose diameter isEG (circleψEG).
Similarly,∡P0N1Q0 = 90◦. Therefore∡EN1G = 90◦ and thereforeN1 ∈ ψEG.

(b) Inscribed angles∡P0N1M1 and∡P0Q0M1 rest on the same arc,̂P0M1, in
circleσP0Q0

(see Figure 11). Therefore∡P0Q0M1 = ∡P0N1M1.
In addition, for angle∡TQ0M1 (which is another name for the angleP0Q0M1)
there holds:∡TQ0M1 = ∡TM1Q0 (because they are the base angles of isosceles
triangleTQ0M1). Therefore:

∡TM1Q0 = ∡P0N1M1. (7)

Similarly, in circleψEG there holds that∡EN1M1 = ∡EGM1, and also∡O1GM1

= ∡O1M1G. Therefore:

∡O1M1G = ∡EN1M1. (8)
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Figure 10.

Since angles∡P0N1M1 and∡EN1M1, which appear in the right-hand side of
equalities (7) and (8), are the same angle, therefore∡TM1Q0 = ∡O1M1G.
Now, consider angle∡TM1O1:

∡TM1O1 = ∡TM1Q0 + ∡Q0M1O1

= ∡TM1Q0 + (∡Q0M1G− ∡O1M1G)

= ∡TM1Q0 + 90◦ − ∡O1M1G

= 90◦.

We obtained that∡TM1O1 = 90◦, and thereforeM1T is tangent to circleψEG,
andM1O1 is tangent to circleσP0Q0

. Hence it follows that circlesσP0Q0
andψEG

are perpendicular to each other.

(c) CirclesσP0Q0
andψEG intersect at an additional point:N1. Therefore the tan-

gent to circleψEG at pointN1 also passes through the center,T , of circleσP0Q0
.

We obtained that the tangents to circleψEG at pointsM1 andN1 intersect at point
T . PointsM1 andN1 are the points of intersection of circleψEG with sidesAB
andCD. Therefore, from Conclusion 3 of Theorem 2, we have that the circle
whose center is pointT and whose radius is segmentTM1 is thePascal points
circle of the points formed by circleψEG on sidesAB andCD.
On the other hand, in Theorem 3, we have proven that Pascal points circle σP0Q0

passes through pointsM1 andN1, and its center is at pointT .
Therefore thePascal points circleof the points formed by circleψEG is circle
σP0Q0

.
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Figure 11.

In Theorem 3 we saw that circleσP0Q0
intersects sideBC at pointsM0 andV0 and

also intersects sideAD at pointsN0 andW0.
Of the four chords that connect a point on sideBC with a point on sideAD
(M0W0, N0V0, M0N0, andV0W0), only V0W0 passes throughT , the center of
the circleσP0Q0

. In other words, onlyV0W0 is a diameter of circleσP0Q0
.

Therefore pointsV0 andW0 are Pascal points formed by circleψEG on sidesBC
andAD.

(d) Let us prove that straight lineFE is perpendicular to diameterV0W0.
From Theorem 3, we have that segmentsW0M0 andV0N0 pass through pointE.
In circleσP0Q0

, angles∡W0M0V0 and∡V0N0W0 are inscribed angles resting on
diameterV0W0 (see Figure 10). Therefore, they are right angles.
We obtained that segmentsW0M0 andV0N0 in triangleFV0W0 are altitudes to
sidesFV0 andFW0, respectively, and thatE is their point of intersection. It fol-
lows that straight lineFE contains the third altitude (the altitude to sideW0V0) of
triangleFV0W0, and thereforeEF⊥V0W0.
Similarly, one can prove thatEG⊥P0Q0.
In summary, segmentsEF andEG are perpendicular to diametersV0W0 and
P0Q0, respectively, of circleσP0Q0

, and therefore angle∡FEG is equal to one
of the angles between diametersV0W0 andP0Q0. �

Conclusion from Theorems 2-4.
In a quadrilateral,ABCD, in which diagonals are perpendicular and intersect at
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Figure 12.

pointE, and the extensions of the opposite sides intersect at pointsF andG, there
holds: the Pascal points formed by circlesωEF andψEG are the vertices of a
rectangle inscribed in the quadrilateral (see Figure 12).
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On the Circumscribing Ellipse of
Three Concentric Ellipses

George E. Lefkaditis, Thomas L. Toulias, and Stelios Markatis

Abstract. Consider three coplanar non-degenerate line segmentsOA, OB, and
OC, where only two of them can be collinear. Three concentric ellipses are then
formed, sayc′1, c′2, andc′3, where(OA,OB), (OB,OC) and(OC,OA) are
being respectively the corresponding three pairs of their defining conjugate semi-
diameters. Then, there exist another concentric ellipsec∗ which circumscribes
(i.e. being tangent to) all the ellipsesc′i, i = 1, 2, 3. Moreover, the common
tangent line on each common (contact) point between eachc′i and their tangent
ellipsec∗, is parallel to the line segment (from the bundle ofOA, OB, andOC)
which does not belong to the pair of conjugate semi-diameters which formseach
time the specificc′i. The above result is derived through synthetic methods of the
Projective Plane Geometry. Moreover, certain geometric properties (concerning,
among others, the orthoptic circle ofc∗ or the existence of an involution between
two bundles of rays ofc∗), as well as the study of some special cases, are also
discussed. A series of figures clarify the performed geometric constructions.

1. Introduction

Consider the following problem:

Problem 1. LetA, B, C andO be four non-collinear points on a planee, forming
three line segmentsOA, OB andOC, where two of them can coincide. If the pairs
(OA,OB), (OB,OC) and (OC,OA) are considered as the pairs of conjugate
semi-diameters of three ellipsesc1, c2 and c3 respectively, then determine a new
concentric (toci) ellipsec∗ which circumscribes allci, i = 1, 2, 3.

The above problem, depicted in Figure 1, was proved in [5] were the authors
utilized synthetic methods of Projective Geometry, through their so-called “Four
Ellipses Theorem”. In particular, the proof of the Four Ellipses Theorem were de-
livered in [5] through the help of two lemmas, Lemma 1 which proved first, and
its generalization Lemma 2. Note here that, the existence of total two circumscrib-
ing ellipses ofci, i = 1, 2, 3, was proven in [14] utilizing an analytic-geometric
methodology.

In the present work, the proof of the “Four Ellipses Theorem”, i.e. the determina-
tion of the concentric and circumscribing ellipse of allci, i = 1, 2, 3, as described
in Problem 1, is attained as a direct application of Lemma 1, i.e. without the use
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of the generalized Lemma 2, using, again, exclusively methods of Synthetic Plane
Projective Geometry. For the facilitation of the development of this new proof, the
presentation of the subject is being done in two stages. In the first stage, the basic
elements of Lemma 1 are presented, supplemented by some new and extra proper-
ties that refer either to the ellipses of our theorem or to other parts of the topic. In
the second stage, the new proof of the main theorem is developed, adding astudy
of the special case which is mentioned in the theorem.

Figure 1. Illustration of Problem 1.

Note that, Problem 1 has appeared as an intermediate property (concerning these
four ellipses) in a proof by G. A. Peschka [10] of the Karl Pohlke’s Fundamental
Theorem of Axonometry [6, pg. 250]. In Peschka’s proof of the Pohlke’s theorem,
methods of the three-dimensional Euclidean Space were used, although Problem 1
is, by its description, a two-dimensional problem; see also [7, pg. 244] and[12].
In particular, a parallel projection was considered of an appropriate sphere onto the
planee where the concentric ellipsesci, i = 1, 2, 3, lie. Figure 2 illustrates the
above projection method.

Also, note that Evelyn et al. in [2] proved a more general form of “FourEllipses
Theorem” applying methods of the Analytic Plane Geometry with the use of suit-
able equations. Indeed, in their“Double Contact Theorem”, they stated that:If
three conics having a point (not on any of these conics) lying on a common (dis-
tinct) chord of each pair of the three conics, then there exist a conic whichhas
a double contact with each of the three conics. However, for the special case of
Problem 1, the present paper provides a methodology of constructing therequested
circumscribing ellipse as well as an investigation, where certain properties are de-
rived. For the topic of concentric tangent ellipses see [3] among others.

In particular, in Section 2 we provide an outline of Lemma 1, proved in [5],
while new properties concerning the construction are presented. Our maintheorem
(accompanying with the new corresponding geometric construction), is proven in
Section 3, and certain special cases and properties are also presentedin Section 4.
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Figure 2. A parallel-projected sphereS onto the planee whereci, i =
1, 2, 3, lie.

2. A helpful construction

In this section a certain geometric construction is given, which shall be used
for the proof of our main result in the next section, and is formulated through
the following theorem. Since its proof is based on the properties of a projective
transformation called homology, the plane —in which our problem is restricted—
is considered to be the augmented Euclidean plane.

Proposition 1. Let circlec(O, β := |OB|) and an arbitrary pointD′ on the plane
of c. We consider an arbitrary variable ellipsec′1 having (OD′, OH) as a pair
of conjugate semi-diameters, whereH ∈ c an arbitrary point of circlec (see Fig-
ure 3). Then, it holds that:

i. The concentric and tangent toc ellipsec′, which has pointD′ as one of its
foci, is circumscribed (i.e. being tangent) to every variable ellipsec′1 as the
pointH ∈ c varies.

ii. If 0 < β′ < α′ correspond to the semi-axes of the circumscribing ellipse
c′, then

α′2 + β′2 = |OD′
|
2 + 2β2. (1)

iii. If 0 < β′

1 < α′

1 correspond to the semi-axes of the varying ellipsec′1, then

α′

1
2
+ β′

1
2
= |OD′

|
2 + |OH|

2 = |OD′
|
2 + β2 = const. (2)

Proof. The proof of this proposition corresponds to the proof of Lemma 1 in [5]
where the following procedure was adopted: Consider a homologyf with the line
spanned byBB′ bef ’s homology axis, and the pair of points(A′, A) be its homol-
ogy pair of points. Since the requested ellipsec′ is always tangent to the variable
ellipsec′1, then the corresponding homologue curves, under homologyf , should
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Figure 3. Illustration of Proposition 1.

be tangent with each other, i.e. circlec and ellipsec1 have two (common) contact
points, sayA1 andA2; see Figure 4. Therefore, in order to complete the proof of
this proposition, the variable ellipsec1 should haveα1 = β as its major axis, as
proved in [5, Lemma 1].

The following is essential for understanding of the procedure that finallyyields
α1 = β: The conjugate semi-diameters(OD′, OH = OL′) of ellipsec′1, forming
an angleω ∈ (0, π/2), are homologue, underf , to the corresponding conjugate
semi-diameters(OD,OL) of the ellipsec1, which forms an angleϕ ∈ (0, π/2).
For the ellipsec′, consider the notations,α′ := |OA′|, β′ := β = |OB| and
γ′ := |OD′|. The following relations were proved; see [5, Lemma 1]:

|OD| =
βγ′

α′
, (3)

|OL| =
β
√
k

α′
, k := α′2 sin2 ω + β2 cos2 ω, (4)

sinϕ = α′ sinω√
k

, and (5)

α1 = β, (6)

whereα1 is the major semi-axis of ellipsec1.
The following mappings, given in (7) and (8), clarify the notations, where0 <

β < α are the principal semi-axes of an ellipse in general andf being the orthog-
onal homology:

ellipsec′(α′, β′)
orth. homologyf

7−−−−−−−−−−−−−−→ circle c(O, |OB| = β), (7)

ellipsec′1(α
′

1, β
′

1)
orth. homologyf

7−−−−−−−−−−−−−−→ ellipsec1(α1 = β, β1). (8)
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Figure 4. Illustration of the mappings (7) and (8).

We shall finally show that (1) and (2) hold. Indeed, for the ellipsec′ with 0 <

β′ = β < α′ we derive that

|OA′
|
2 + |OB|

2 = α′2 + β2 =
(

β2 + |OD′
|
2
)

+ β2 = |OD′
|
2 + 2β2, (9)

while for the ellipsec′1 with 0 < β′

1 < α′

1, Apollonius’ theorem yields that

α′

1
2
+ β′

1
2
= |OD′

|
2 + |OH|

2 = |OD′
|
2 + β2 = const., (10)

and theorem has been proved. �

The following remarks are new supplementary properties (not included in [5])
that derived from the proof of Proposition 1.

Remark1. Alternatively, we can rewrite Proposition 1 as follows:Let ellipsec′

with principal semi-axes0 < |OB′| = β′ < |OA′| = α′ and a focus pointD′.
Let γ′ := |OD′|. If H is an arbitrary point of the minor circlec(O, β = |OB|)
of the ellipsec′, then the ellipsec′1 formed by its pair of conjugate semi-diameters
(OD′, OH) is tangent with the ellipsec′; see Figures 3 and 5.

Remark2. Notice that the angleϕ between the conjugate semi-diametersOD and
OL of c1 can be written in a simpler form, i.e.

tanϕ =
α′

β
tanω, ω, φ ∈ [0, π/2]. (11)

Indeed, (5) yields that

tan2 ϕ =
sin2 ϕ

1− sin2 ϕ
=

(

α′
√
k
k

sinω
)2

1−
(

α′
√
k
k

sinω
)2

=
α′2 sin2 ω

k − α′2 sin2 ω
=

α′2 sin2 ω

β2 cos2 ω
=

α′2

β2
tan2 ω,

and hence (11) holds.
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Remark3. An alternative method, other than the homology method, of determin-
ing pointL ∈ c1, homologue toL′ ∈ c′1, can be considered using (11). Figure 5
illustrates this method. In particular, if we consider circlec(O, |OA|) as a trigono-
metric circle withOA = 1, thentanω = AS. The line spanned byOS has a
common point with the tangent line of ellipsec′ at point, sayJ . From (11) or,
alternatively, fromtanϕ/ tanω = α′/β whereα′ = |OA′| andβ = |OA|, and
from the similarity of triangles(OAS) and(OA′J), we obtain thattanϕ = A′J .
Therefore, if we setA′J := AT , the line spanned byOT forms angleϕ, and hence
the perpendicular line fromL′ to line spanned byOB intersects withOT at the
requested pointL.

Figure 5. Alternative determination of pointL ∈ c1 with the help of the
trigonometric circle (O,OA).

Remark4. For the calculation of the minor semi-axisβ1 of c1, Apollonius’ theorem
µ2 + ν2 = α2

1 + β2
1 implies thatβ1 =

√

µ2 + ν2 − β2, whereµ := |OD| and
ν := |OL|, and by substitution of

|OD| = ν =
βγ′

α′
, (12)

(see [5, Lemma 1]) together with the fact thatα′2 = β2 + γ′
2, we finally obtain

β1 =
β

α′

√

(

β2 − α′2
)

cos2 ω + γ′2 =
βγ′

α′
sinω, (13)

Moreover, (13) and (12) yield the new property

β1 = |OD| sinω, (14)

which means that the distanceOD∗ of point D from the corresponding variable
OH ≡ OL′ is equal with the length of the minor semi-axisβ1 of the variable
ellipsec1 which is tangent to the circlec; see also Figure 6. Therefore, the length
of β1 can be determined from the beginning, i.e. when pointH ≡ L is considered.
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Figure 6. Thec1’s minor semi-axisβ1 = |DD∗| with DD∗ ⊥ OH.

Remark5. The following properties, which were not appeared in [5, Lemma 1],
are hold; see Figure 7:

1. The orthogonal homology between ellipsec′ and circlec has as homologue
points the fixed pair(A′, A). The absolute invariant off is thenλ :=
OA/OA′ = |OA|/|OA′| = β/α′. Therefore, the homologue ellipsesc′1
andc1 are intersect with each other onto the homology axisBB′ of f .

2. Circlec and ellipsec1 are orthogonally homologue to each other, under a
well known homologyf1, with the corresponding homology axis spanned
by the major axisA1A2 of ellipsec1, which is also a diameter of circle
c. The line spanned by the minor axisB1B2 of c1 intersects circlec into
two points,T andU . The orthogonal homologyf1 adopts(T,B2) as its
defining pair of points, with its absolute invariant beingλ1 := OT /OB2 =
|OT |/β = β1/β, and via (13),λ1 = (γ′/α) sinω =

(

|OD′|/|OA′|
)

sinω.
3. If c′1 denotes a fixed ellipse, ellipsesc′1 andc′ are then homologue to each

other under some homologyf ′

1.

The first two properties are trivial, and thus we shall now focus in the proof of
the above third property: Let a pointS′ ∈ c′. The homologue point ofS′, under
orthogonal homologyf , is pointS ∈ c, where the homology axis off is spanned
by BB′, and(A′, A) is thef ’s defining pair of homology points. The homologue
point ofS, under an orthogonal homologyf1, is pointS1 ∈ c1, wheref1 is defined
with homology axis spanned byA1A2 and(T,B2) is considered as the homology
pair of points. Moreover, the homologue point ofS1, under the inversef−1 of the
orthogonal homologyf (defined as above), is pointS′

1 ∈ c′1. Since the pairs(S′, S)
and(S′

1, S1) are homologue to each other, under homologyf , the corresponding
lines (spanned by)S′S′

1 andSS1 are having a common point, sayQ, onto the ho-
mology axis off (spanned byBB′). As SS1 is parallel to the minor axisB1B2

of ellipse c1, the homologue underf line (spanned by)S′S′

1 is then parallel to
the corresponding homologue fixed line (spanned by)B1B2, i.e. toOB′

2T
′, where
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Figure 7. The consecutive homology mappingsc′
f
7→ c

f1
7→ c1

f−1

7→ c′
1

f ′

1

7→ c′.

the direction ofOB′

2T
′ remains invariant asS′ moves along ellipsec′. Moreover,

since the common tangent line (spanned by)A1R at pointA1, between circlec
and ellipsec1, is perpendicular to the diameterA1A2 (i.e. parallel toB1B2), the
homologueS′S′

1 of SS1, underf , is then parallel to the common tangent lineRA′

1

at pointA′

1 of both homologue toc1 andc (underf ) ellipsesc′ andc′1. As the
pairs(A′

1, A1) and(A′

2, A2) are belonging to homologyf , then the lines (spanned
by) A′

1A
′

2 andA1A2 are homologue. Therefore, if the line (spanned by)SS1Q

intersects with the line (spanned by)A1A2 at point, sayO1, then the correspond-
ing homologue underf line (spanned by)S′S′

1Q intersects with the line ofA′

1A
′

2

at, the homologue toO1, point G. As a result,GO1 ‖ S′

1S1 ‖ S′S, since the
homologue points are correspond to each other underf (see Figure 7). Therefore,

∣

∣GS′

1

∣

∣

∣

∣GS′

∣

∣

=

∣

∣O1S1

∣

∣

∣

∣O1S
∣

∣

=

∣

∣OB2

∣

∣

|OT |
= λ1 = const.,

for each angleω and thus for specific (each time) ellipsesc1 and c′1. From the
above discussion it is concluded that ellipsec′ and each of the variable ellipsesc′1,
tangent toc′, are homologue with each other under homology, sayf ′

1, which is
defined by the homologue axis (spanned by)A′

1A
′

2 and having absolute invariant
ratioλ′

1 =
∣

∣GS′
∣

∣/
∣

∣GS′

1

∣

∣ = |OT |/
∣

∣OB2

∣

∣ = λ−1
1 =

(

|OA′|/|OD′|
)

cscω = const.
The direction of this homology is parallel to the common tangent line (spanned by)
RA′

1 between the two ellipsesc′ andc′1 at their contact pointA′

1. Conclusively, the
two homologiesf1 andf ′

1 have:
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• Inverse absolute invariant ratiosλ1 andλ′

1, i.e.λ′

1 = 1/λ1.
• The axesA1A2 andA′

1A
′

2 of homologiesf1 andf ′

1 respectively are homo-
logue lines underf .

• Homologue directions, determined by line (spanned by)OB2T and its ho-
mologueOB′

2T
′, also underf .

• The three axesBB′, A1A2 andA′

1A
′

2 of homologiesf , f1 andf ′

1 respec-
tively are intersecting at pointO.

• It holds thatλ× λ1 × λ−1 × λ′

1 = 1.

The homology mappings in (7) and (8) can now be completed in Figure 8 with the
cyclic representation of homologies according to Figure 7.

Figure 8. The cyclic action of homologiesf → f1 → f−1 → f ′
1

with
their corresponding absolute invariantsλ, λ1, λ−1 andλ′

1
.

3. Circumscribing ellipse of three concentric ellipses

We present now the plane-geometric proof of Problem 1, which is provedthrough
the construction in Proposition 1.

Theorem 2. Consider three given arbitrary coplanar and non-degenerated line
segmentsOA, OB andOC, where only two of them can lie on the same line. Let
c′1, c

′

2, andc′3, denote the ellipses defined by the pairs of conjugate semi-diameters
(OA,OB), (OB,OC), and(OC,OA), respectively. Then, there always exists an
ellipse c∗, concentric toc′i, i = 1, 2, 3, which circumscribes allc′i ellipses, i.e.
being tangent at two points with each one of them. Moreover, the common tangent
line on each contact point between eachc′i and their tangent ellipsec∗, is parallel
to the line segment which does not belong to the pair of conjugate semi-diameters
that form each time the specificc′i (see Figure 9).

Proof. Consider a bundle of three arbitrary coplanar line segmentsOA, OB and
OC, whereO /∈ {A,B,C}, i.e.OA, OB andOC are non-degenerated line seg-
ments. Two cases are then distinguished regarding the collinearity of those seg-
ments:
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Figure 9. Contact points and the corresponding tangent lines betweenc∗

andc′i, i = 1, 2, 3.

• General case.Assume that none of theOA, OB andOC, are collinear; see
Figure 10. Letc′1 be an ellipse defined by its conjugate semi-diameters(OA,OB)
via through Rytz’s construction which is presented below. Figure 11 depicts the
requested principal axesG1D1 andG2D2 of c′1. For the Rytz’s construction see
also [8, pg. 69], [4, pg. 183] and [13] among others. In particular, we consider the
following steps:

i. First we form the perpendicular line segmentOP toOD, such that|OP | =
|OA|.

ii. We then form the line segmentPB, and from the middle pointL of PB

we draw a circle of radiusLO. This circle intersects withPB at the points,
sayT andS.The principal axes of the requested ellipsec1 are thus spanned
by the line segmentOT andOS.

iii. We then place|BT | = β1 onto the line spanned byOS, and the apexes
G1 andD2 of the c1’s minor axis are determined as|OG2| = |OD2| =
|BT | = β1.

iv. Similarly, the apexesG1 andD1 of thec1’s major axis are determined by
placing|OS| = |OG1| = |OD1| = α1 onto the line spanned byOT .

Figure 10.The given bundle of the three line segmentsOA, OB andOC.

Consider the major circlec of ellipsec′1 (i.e. the concentric circle which cor-
responds to ellipse’s major radius) with diameterG1D1, as in Figure 12, which
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Figure 11.The principal semi-axesG1D1 andG2D2 of c′
1

as obtained
through Rytz’s construction.

is the homologue ofc′1, according to the orthogonal homologyf with homology
pair of points(G2, G

′

2) and homology axisG1D1. In this homology, the points
A andB of ellipsec′1 correspond to the pointsA′ andB′ respectively of circle
c. Similarly, the third pointC is havingC ′ as its homologue point. Therefore,
the given triplet(OA,OB,OC) is having(OA′, OB′, OC ′) as its corresponding
homologue triplet.

Figure 12.Construction of the homologue triplet(OA′, OB′, OC ′) of (OA,OB,OC).

Since the pair of line segments(OA,OB) is the pair of conjugate semi-diameters
of ellipsec′1, then, according from a known property of homology, the homologue
pair (OA′, OB′) of (OA,OB) is then a pair of perpendicular radii of circlec.
Figure 13 presents a detail of Figure 12 in which included only the final triplet
(OA′, OB′, OC ′) as well as the circlec.
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Figure 13.Triplet (OA′, OB′, OC ′); detail from Figure 12.

It is then sufficient to construct an ellipsec′ which it would be tangent to cir-
cle c, while it would be also tangent with two ellipses having(OB′, OC ′) and
(OC ′, OA′) as pairs of their conjugate semi-diameters. With the construction of
ellipse c′ (presented in Step I below), the homologue ofc′ (under homologyf )
ellipsec∗ (presented in Step II below), it would be simultaneously tangent with the
three given ellipsesc′1, c

′

2, andc′3. Note that the following proof is based only to
Proposition 1, which corresponds to [5, Lemma 1].
Step I.(Construction of the ellipsec′). Consider the perpendicular diameter of
circle c to OC ′ which is intersectingc in two pointsT ′ andR′. We construct an
ellipse with minor semi-axisOT ′ and focus pointC ′. Trivially, T ′C ′ equals with
the major semi-axisOS′ of the ellipse; see Figure 14. We shall show that the above
constructed ellipse is the requestedc′. Indeed, sinceC ′ is considered to be the focus
point of c′, and pointsA′ andB′ are belonging to circlec (Figure 14), then from
Proposition 1 it is clear that the two ellipses defined by the pairs of conjugate semi-
diameters(OB′, OC ′) and(OC ′, OA′), depicted in Figure 15, are both tangent to
ellipsec′; see also Figure 3.

Figure 14.Construction of ellipsec′.
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Figure 15.The ellipses defined by(OB′, OC ′) and(OC ′, OA′) are both
tangent to ellipsec′.

Step II.(Construction of the ellipsec∗, homologue toc′). Figure 16 depicts the
construction of the requested ellipsec∗, which is homologue (under orthogonal
homologyf ) to ellipsec′. The corresponding homology axis is considered to be the
line spanned byG1D1 while the pair of homology points is(C,C ′); see Figure 12.
Indeed, the pair of principal semi-axes(OS′, OT ′) of ellipsec′ adopts(OS∗, OT ∗)
as its homologue pair of conjugate semi-diameters of the homologue ellipsec∗.
The pointsS∗ andT ∗ are obtained through the known construction of homologue
points:

• The perpendicular line to the homology axisG1D1 that passes throughS′,
intersects line segmentOC at the requested pointS∗.

• For the pointT ∗ we consider the line spanned byS′T ′ which intersects
with the homology axis at a point, sayQ. Thus, the perpendicular line to
homology axis that passes throughT ′, intersects withS∗Q at the requested
pointT ∗.

• Similarly, the pointR∗ of ellipsec∗, which is homologue to pointR′, is
determined.

In order to complete the proof, the contact points between the circumscribingel-
lipsec∗ and the given ellipsec′1 have to be determined, as well as the corresponding
tangent lines on them. Figure 17 depicts the contact pointT ∗ between the ellipses
c′1 andc∗ as well as their corresponding common tangent linet∗ atT ∗. Note that
the second contact pointR∗ is diametrical toT ∗. For the derivation ofT ∗ we work
as follows (recall Figure 16): Since ellipsec′ and the circlec are in contact at point
T ′, then the corresponding homologue curvesc∗ andc′1 are in contact at the already
known pointT ∗, which is homologue ofT ′. Moreover, since the tangent linet′ at
T ′ is parallel toOC ′ (Figure 16), the homologue of this tangent line is then also
parallel toOC which is the homologue line ofOC ′. The tangent liner∗ of c∗ at
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Figure 16.construction of the homologue toc′ ellipsec∗.

point R∗ can be determined in the same way. Figure 17 is a detail of Figure 16
where ellipsec′1, homologue to circlec, has been included.

Figure 17.Contact pointsT ∗ andR∗, betweenc′
1

andc∗, and their corre-
sponding tangent linest∗ andr∗.

Similarly to the above described procedure, the contact points and the corre-
sponding tangent lines between the requested circumscribing ellipsec∗ and the
other two ellipsesc′1 andc′2 can be determined. In the final Figure 9 depicts all the
ellipsesc′i, i = 1, 2, 3, their common tangent ellipsec∗, as well as all the six contact
points between them together with their corresponding tangent lines on them.
• Degenerate case.Assume that two line segments, sayAO andOB, out of given
three(OA,OB,OC) are being collinear withA 6= B; see Figure 18.

Then, two ellipses can be defined, sayc′2 and c′3, when the pairs(OB,OC)
and(OC,OA) are considered, respectively, to be their conjugate semi-diameters.
These two ellipse are then tangent with each other at their common diametrical
pointsT ∗ andC, and their corresponding common tangent lines on these points
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Figure 18.Degenerate circumscribing ellipsec∗ for the degenerate case
of ellipsec′

1
.

aret∗ ‖ r∗ ‖ OA. In such a case, there exist an infinite number of real ellipsesc∗

circumscribing bothc′2 andc′3 having two contact points on each of them. These
contact points can only beT ∗ andC; see Figure 18. However, we can define one
unique ellipsec∗ as a solution for this special case of collinearity by assuming the
collinear segments(OA,OB) as a degenerate pair of conjugate semi-diameters of
a degenerate third ellipse, sayc′1. Indeed, in every ellipse, the Apollonius theorem
can be applied, i.e.

|OA|2 + |OB|
2 = α2 + β2 and (15)

|OA||OB| sinϕ = αβ, (16)

where0 < β < α denote the principal semi-axes of the ellipse defined by its pair
of conjugate semi-diameters(OA,OB), andϕ := ∡(OA,OB) ∈ [0, π/2]. For
the special degenerate case of ellipsec′1, the second relation (16) implies that

αβ = 0, (17)

sinceϕ = 0 which is due to the collinearity ofOA andOB. However, as —in
principle—β < |OA| < α andβ < |OB| < α are both hold in the case of the
non-degenerate ellipse where|OA| > 0 and |OB| > 0, we derive clearly that
α > 0, due to the fact that (17) should hold withα > β. Therefore, (17) yields
β = 0, and (15) is then written as

|OA|2 + |OB|
2 = α2, (18)

which means that the major semi-axisα of the degenerate ellipsec′1 equals with
the hypotenuseHB of the orthogonal triangle(HOB), whereOA = OH; see
Figure 18. Consider the line segmentsOS∗ = OS∗′ = HB ontoOA, and admit
as the solution ellipsec∗ only one circumscribing ellipse aroundc′2 andc′3, with
contact pointsT ∗ andC, which also includes the pointsS∗ andS∗′ of the degen-
erate third ellipsec′1. It is then clear that ellipsec∗ has(OC,OS∗) as a pair of
conjugate semi-diameters, sinceOS∗ ‖ r∗. Therefore, at the pointsS∗ andS∗′ the
corresponding tangent lines ofc∗ are being parallel toOC, preserving the corre-
sponding result of Theorem 2. Similarly, the tangent linest∗ andr∗ at the contact
pointsT ∗ andC are parallel toOA andOB. �
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Recall the notion of the involution transform between two bundles of rays both
sharing their common centers; see [1, 11] among others.

Corollary 3. Consider the contact pointsT ∗, N∗ andY ∗ of each ellipseci, i =
1, 2, 3 (as in Theorem 2)with their common circumscribing ellipsec∗ (see Fig-
ure 9). The six rays spanned by the pairs(OT ∗, OC), (ON∗, OA) and(OY ∗, OB)
are then correspond to two bundles of rays, i.e.(OT ∗, ON∗, OY ∗) and(OC,OB,OA),
being in involution having center pointO.

Proof. The tangent line on each contact pointT ∗, N∗ andY ∗ of the ellipsec∗ with
one the concentric ellipsesc1, c2 andc3, is parallel each time to one of the three
given line segmentsOC, OA andOB respectively (recall Theorem 2). Therefore,
the rays spanned by(OT ∗, ON∗, OY ∗) correspond to rays being in involution
with the rays spanned by(OC,OA,OB) respectively, due to the known fact the
conjugate diameters of an ellipse (c∗ in our case) are being in involution with each
other; see also [4, pg. 175]. Figure 19 clarifies the above discussion,where the
corresponding Fregier point of the formed involution (related to a certain circle
passing throughO) is also depicted, confirming the existence of the involution.
For the Fregier point see also [9] among others. �

Figure 19.The rays spanned by(OT ∗, ON∗, OY ∗) are being in involu-
tion with the rays spanned by the given bundle(OC,OA,OB).

4. Properties and special cases

In the following we present some interesting properties concerning the orthoptic
circle of ellipsec∗. Recall the notion of theorthoptic circle cM (also known as
directive circle, or Fermat-Apollonius circle, or Monge circle) of a given ellipsec,
with principal semi-axes0 < β < α. It is well known that is the concentric circle
to c, having radius

√

α2 + β2; see [1, pg. 261] among others. The characteristic
property ofcM is that it is formed by the intersecting points between all the pairs
of orthogonal (to each other) tangent lines of the ellipsec or, vice-versa, is the
concentric toc circle cM where from every point ofcM a pair of tangent lines toc
is always orthogonal.
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The following results are based on the relation

α∗2 + β∗2 = |OA|2 + |OB|
2 + |OC|

2, (19)

where0 < β∗ < α∗ denote the principle semi-axes ofc∗, which proved in [5,
Theorem 3.1]. Note that (19) still holds for the special collinearity case ofthe
above Theorem 2. An alternative interpretation of relation (19), is givenwith the
following:

Corollary 4. Consider three concentric and coplanar ellipses, sayci, i = 1, 2, 3
(recall Problem 1 or Theorem 2). Then, the sum of the areas of the three orthoptic
circles cM,i of ci, i = 1, 2, 3, is two times the area of the orthoptic circlec∗

M
of

an ellipsec∗ that circumscribes(according to Theorem 2)all ci, i = 1, 2, 3, i.e.
2A(c∗

M
) =

∑3
i=1A(cM,i). For the special case where one of the ellipses is a circle,

sayc1, the sum of the areas of the two orthoptic circles of the other two non-circular
ellipses is two times the area of the major circlec∗maj of the circumscribed ellipse
c∗, i.e.2A

(

c∗maj

)

= A(cM,2) +A(cM,3).

Proof. Denote withOA,OB andOC the three common conjugate semi-diameters
of ci, i = 1, 2, 3, meaning that each two of them form each one of three given
ellipsesci, i = 1, 2, 3. Therefore, according to [5, Theorem 3.1], property (19)
holds true. Utilizing Apollonius’ theorem, i.e.α2 + β2 = µ2 + ν2, whereα, β >

0 being the principal semi-diameters of an ellipse whileµ, ν > 0 being a pair
conjugate semi-diameters of the ellipse, relation (19) can be written as

2
(

α∗2 + β∗2
)

=
(

|OA|2 + |OB|
2
)

+
(

|OB|
2 + |OC|

2
)

+
(

|OC|
2 + |OA|2

)

=
3

∑

i=1

(

α2
i + β2

i

)

, (20)

where0 < βi < αi, i = 1, 2, 3, denote the principal semi-axes ofci, i = 1, 2, 3,
respectively. Therefore, multiplying (20) withπ, and recalling the notion of the
orthoptic circle given earlier, it holds that2A(c∗M) = A(cM,1)+A(cM,2)+A(cM,3).

For the special case where, for instance,c1 is being a circle, the minor semi-
axesβ∗ of c∗ must coincide withβ1, since circlec1 must be the minor circle of its
circumscribing ellipsec∗, Therefore, (20) yields2α∗2 + 2β2

1 = 2β2
1 + α2

2 + β2
2 +

α2
3 + β2

3 , i.e.2α∗2 = α2
2 + β2

2 + α2
3 + β2

3 , and hence the special case2A
(

c∗maj

)

=

A(cM,2) +A(cM,3) has been proved. �

A special case of relation (19) is given in the following:

Corollary 5. Consider three line segmentsOA,OB andOC, as in Theorem 2, that
can be freely rotated around their common pointO. Then, all the circumscribed
ellipsesc∗ (derived via Theorem 2, asOA, OB andOC rotated independently
around their common pointO) have the same orthoptic circle or, equivalently, the
diagonals of the corresponding bounding rectangle of allc∗ (as well as on every
rectangle that circumscribesc∗) are of fixed length, which are the diameters of the
orthoptic circlec∗

M
.
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Proof. The orthoptic circlec∗
M

of the variable common tangent ellipsec∗ should
have radius

√

α∗2 + β∗2, where0 < β∗ < α∗ denote thec∗’s principal semi-axes.
However, according to (19) it holds that each orthoptic circlec∗

M
has the same

radius since line segmentsOA, OB andOC preserve their length by assumption
as they are rotated aroundO. Figure 20 depicts the common orthoptic circlec∗

M
of

c∗ for two cases ofOA, OB andOC. �

Figure 20.Common orthoptic circlec∗
M

of two circumscribing ellipsesc∗

andc∗′.

Remark6. It is clear that every rectangle that circumscribes each onec∗, an in
Corollary 5, has a diagonal of fixed length, which is the diameter of the orthoptic
circle c∗

M
.

Remark7. Note that, if we consider a fixed point, sayQ, on the orthoptic circlec∗
M

,
as in Corollary 5, it is clear that all the rectangles that have pointQ as one of their
vertices and circumscribing each onec∗, would also have another fixed common
vertex, which is diametrical toQ with respect to the orthoptic circlec∗

M
.

Corollary 5 can be alternatively stated in the following form:

Corollary 6. Consider a bundle of three line segments, that can be freely rotated
around their(pivoting)common point and, therefore, forming three circles, sayκ1,
κ2 and κ3. The areaA

(

c∗
M

)

of the orthoptic circlec∗
M

of the circumscribed el-
lipsec∗ (according to Theorem 2)is always constant as the bundle rotates around
its pivot, and equal to the sum of the areas ofκ1, κ2 and κ3, i.e. A

(

c∗
M

)

=

A
(

c∗maj

)

+A
(

c∗min

)

=
∑3

i=1A(κi), wherec∗maj andc∗min denote the principle cir-
cles(major and minor)of the circumscribing ellipsec∗ respectively. For the special
case when two of the given three line segments remain always orthogonal and of
the same length, the area of the ring between the major and minor circle of the
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circumscribing ellipsec∗ is always equal to the area of the circleκn formed by the
third, sayn ∈ {1, 2, 3}, rotating line segment, i.e.A

(

c∗maj

)

− A
(

c∗min

)

= A(κn),

n ∈ {1, 2, 3}.1

Proof. The non-special case is derived straightforward via (19). For the special
case, assuming thatβ := |OA| = |OB| andOA ⊥ OB, (19) yieldsα∗2 + β2 =
2β2 + |OC|2, i.e.α∗2 − β2 = |OC|2, due to the fact thatβ∗ = β sinceOA and
OB form a circle of radiusβ centered at pointO, which must coincide with the
minor circle of its circumscribing ellipsec∗. This completes the proof of the special
case. �

Corollary 7. Consider three line segmentsOA, OB andOC, as in Theorem 2,
that can be rotated around their common pointO. Assume now that two of the
given three line segments remain always orthogonal and of the same length. It
then holds that all the circumscribing ellipsesc∗ (recall Theorem 2)are the same
(up to rotation), i.e. they all have the same length of principal axes(see Figure 21).

Proof. Without loss of generality, consider thatOA andOB are being always or-
thogonal and of equal length, as they rotate aroundO, i.e.β := |OA| = |OB| =
const. and∡(OA,OB) := π/2 = const. It is then concluded that each common
tangent ellipsec∗ (derived via Theorem 2 at every position ofOA, OB andOC)
should have a minor semi-axis of the same length as the two orthogonal line seg-
ments, i.e.β∗ = β, since(OA,OB) always form a circle of radiusβ centered at
O when it considered as a pair of conjugate semi-diameters. This circle trivially
corresponds to the minor circle of the circumscribing ellipsec∗, i.e. the circle of
the minor radius ofc∗. Relation (19) now yieldsα∗2 = β2 + |OC|2 = const., and
hence the principal semi-axesα∗ andβ∗ of c∗ are preserving their length or, alter-
natively,c∗ is always preserving its shape asOA, OB andOC are rotated around
O. Figure 21 depicts two cases of circumscribing ellipses, sayc∗ andc∗′, where
OA ⊥ OB andOC are rotated aroundO toOA′ ⊥ OB′ andOC ′. �

Discussion

Consider the problem of determining a concentric ellipsec∗ which circum-
scribes three coplanar and concentric ellipsesci, i = 1, 2, 3. Each one of the
above ellipses is defined by two conjugate semi-diameters, taken from a bundle of
three given coplanar line segments assumed that only two of them may coincide.

In the present paper the authors prove the existence of a circumscribingellipse
c∗, providing also a construction methodology ofc∗ in terms of plane Projective
Geometry. This was achieved utilizing only a form of Lemma 1 in [5], since a dif-
ferent approach was adopted. Note that the construction ofc∗ provided in [5] were
performed through a generalization of [5, Lemma 1]. Moreover, certain properties
arising from the new process were also revealed and discussed. In addition, the
degenerate case where two of the given three line segments can coincide were also
studied. Finally, some geometric properties concerning the orthoptic circle ofc∗

1For example, ifOA ⊥ OB and|OA| = |OB|, thenκ3 is the circle(O,OC).
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Figure 21.Two circumscribing ellipsesc∗ andc∗′ with the same orthoptic
circle c∗

M
.

were given. The provided figures illustrate the corresponding geometricconstruc-
tions of the proofing process.
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