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The Relativity of Conicsand Circles

Stefan Liebscher and Dierck-E. Liebscher

Abstract. Foci are defined for pair of conics. They are thex vertices of the
guadrilateral of common tangents. To be circle is a derived propewdypair of
conics, too.

1. Introduction

The beloved properties of conics, which we start to discover at scimawlifest
themselves as projectivelations between two conics, as soon as we use the em-
bedding in the non-Euclidean Cayley-Klein geometries. Non-Euclideameep
enables us to find real constructions of objects which otherwise lie in infindyeo
imaginary.

Our school-level understanding of geometry is a play with ruler and cosgras
the Euclidean plane. Conics constitute the last topic to be tackled in this manner
and the first that leads beyond its limits. The most prominent property ofs@mic
the existence of foci.

In non-Euclidean geometry, the scale on the drawing plane is not conS@ant.
how can we define motions and determine congruency? We start by tieg¢ina
group of motions by defining reflections [1]. Reflections define perigetats, and
in Cayley-Klein geometries, a conic provides the reflections simply by reguirin
its own invariance(]1]. Reflection of tangents to this absolute conic yield other
tangents again, and the reflection of a point is the intersection of the refiedtio
its two tangents to the absolute conic. Two lines are perpendicular if onecistesl
by the other onto itself. Such lines contain the others pole. The pole becoees th
common intersection of all perpendiculars of its polar.

Geometries can now be classified by their absolute conics. In Euclideamn geo
etry, this conic is a double line at infinity with complex fixed points, so it is not
prominent. The line at infinity contains the poles of all lines and is the polar of all
points. In Minkowski geometry, the fixed points are real, and become peothin
their role as directions of the world lines of light signals [2]. In Galilei geometr
these two fixed points coincidel[5]. The Beltrami-Klein model of the hyperbolic
plane uses a regular conic. To adapt to our Euclidean habits, it hasrthefa
circle. As we shall see, a conic acquires the properties of a circle wieardd
absolute.

Publication Date: January 16, 2018. Communicating Editor: Paul Yiu.
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_ — diagonals

— tangent quadrilateral
o foci
+4vertices of the diagonal trilateral

— focal chord
= collinear poles
— common tangents
....... tangents to poles
Ofocus

contact points
ipoles of the chord

Left: Given a set of conics with two common tangents. The pofeany line passing the
vertex of the tangents are concurrent with this vertex. Rigwo conics define four
common tangents and generate a pencil of conics. Any twasafithe pencil have the
same quadrilateral of common tangents with the same siicesrand three diagonals
(dashed lines). The vertices are foci by this pole-collittg@roperty. If any conic of the
pencil is declared absolute, the foci obtain the familiatringproperties of a focus, too.

Figure 1. Confocal conics for real common tangents

2. Foci as propertiesof pairsof conics

The focus of a conic is characterized by a particular property of itsipehc
rays: The pole (with respect to the conic considered) of any line thrtheyfocus
lies on the perpendicular to the line in the focus. In other words, the posefootl
ray with respect to the two conics (the considered and the absolute) lineao
with the focus. This statement does not refer to the task of the absolutetoonic
define perpendicularity. It solely uses the pole-polar relation of two sonic

Foci thus become properties of pairs of conics instead of a single comithan
metric. Let us consider a tangent from the focus to one of the conicsasitstpole
is the contact point. The pole by the other conic can be collinear with this ¢ontac
point and the focus only when it lies on the tangent, too. That is, the line istiang
to both conics. A focus must be an intersection of tangents common to the conics
whether real or not. Consequently, the intersections of the common taragents
the foci (Fig[1, left).

The foci of a pair of conics are the vertices of the quadrilateral of common
tangents. A pair of conics has six foci, more precisely three pairs ofsijgpfoci.
Fig.[1, right, shows a pencil of confocal conics when all four commogéats are
real lines. The diagonal lines of the tangent quadrilateral form a sédi-friangle:

Its vertices and edges are pole-polar pairsa(ta@onics of the pencil). Its vertices
are also the diagonal points of the quadrangle of intersections of anyotvicscof
the pencil. Thus, the diagonal triangle is self-dual, foo [3].
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The consideration of metric properties of foci requires the promotion ef on
conic of the pencil as absolute, i.e. as generating the metric. For any ottierof
the pencil and any focus, we obtain the three familiar properties:

(1) All poles of a line through a focus are collinear with the focus. The lme c
necting the focus with the poles of the reference line is perpendicular tottbe la
independent of which conic of the pencil is taken as absolute.

(2) The lines through a focus are reflected in the tangents of any cotfie pencil
onto lines though the opposite focus, independent of which conic of thelpg
taken as absolute.

(3) Yet more, the focus itself is reflected in the tangents of a chosen cbtiie o
pencil onto the points of a circle around the opposite focus, indepenéiartich
conic of the pencil is taken as absolute. (This adds the gardener’s mugitee an
ellipse using a rope attached to two pegs in the foci of the ellipse.)

3. Being circleasarelation between conics

Circles are usually understood by metric considerations, in particular tive co
stant distance from some center. In non-Euclidean geometry, we refanper
projective properties. When symmetry is defined by an absolute conicgla cir
should be symmetric with respect to all reflections on the lines through some cen
ter, i.e. the diameters. The tangents in the intersection of a diameter with the circle
should be perpendicular to the diameter, i.e. the pole of a diameter with régpect
the circle coincides with its pole relative to the absolute conic.

Again, we argue with the diameters tangent to the circle. The pole of such a
diameter with respect to the circle is the point of contact.

When the poles with respect to the circle and to the absolute conic have to co-
incide, the point of contact with the circle is equally the point of contact with the
absolute conic. A conic is a circle if it touches the absolute conic twice. Titeice
of the circle is the intersection of the two tangents in the points of contact.

A set of concentric circles has a common center and a common pair of points
of contact. This is the reason why any of the circles of the pencil can péasoth
of the absolute conic without any change in the pencil. The defining steuistar
pair of tangents with a pair of contact points (Fiy. 2). Itis a quadrilaterahéd by
the two tangents and the double line connecting the contact points. Any twgscon
that show such a structure are circle with respect to each other. Twesdmtome
circles to each other if two pairs of their foci collide and thus become the (carhmo
midpoint of the circles. The third pair becomes the pair of contact pointddrt:s
Two conics are circles to each other if they touch twice.

4, Confocal conics

This is an example to demonstrate the scope of projective phrasing. Iné&arclid
formulation, it is observed for two confocal ellipses that the tangents ahtier
one intersect the outer ellipse in two points. When the tangent is reflected at th
intersection point by the outer ellipse, it becomes the second tangent to #dre inn
ellipse from this point. The projective phrasing shows without toil that a&Hygla
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— remaining diagba
— tangent pairing "\

foci
gvcenter

— tangent pair

— example of a diame
— remaining diagonal
A pole of the diameter
o1ntersections
4-center of the pep#il

o foci

Left: When two pairs of foci coincide, the other pair becomesia of contact points
common to all conics of the pencil. Its connection is the pofahe center (formed by the
collision of the two pairs) with respect to all conics of thengil. Right: The poles of a
line passing the center coincide. We found the pencil of entr& circles.

Figure 2. Concentric circles for real common tangents and contadspoin

confocal to the ellipse yields the same, and that the unreflected absoliteoton
the Euclidean plane can be replaced by any other conic confocal with thieigtv
considered.

Given two conics/C andZ, they define their foci as vertices of the quadrilateral
of common tangents. A third coni€ is confocal to this pair, if it belongs to the
pencilxKC + AL, i.e. if it is tangent to the common quadrilateral.

Proposition: Given the coni€ which determines perpendicularity. Any tangent
t; to K is reflected at the intersection with a confocal withandC conic £ by
the tangent tol into a tangent, to K. Proof: Any pointQ ¢ K determines
two tangentg; » to IC, whether real or not. Some cortcis chosen to determine
perpendicularity. If the numbers, » = (¢, 2, Ct; 2) have the same sign, we obtain
the angular bisectors of the tangents at( as

wy X y/ag tp £ /o to

Both bisectors are tangents to conics confocal to the{gaic}, in particular
Ly = (we,Cwi)K — (we, Kwi)C.

The contact point& L w4 of the bisectors conicide with their intersection because
expansion yields
<t172,£iwi> = 0.

We obtained for the poinf) two conics£. which provide the required reflection
of t1 inty. O

The two conics are determined by the quadrilateral of tangents of thepair} .
In addition, because the two coni€s. confocal to{/C,C} do not change when
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— reflecting conics

— tangent quadrilateral
o contact points
o foci
+4reference point

In a pencil of confocal conics, the tangents
from any point@ to any conickC are re-
flected into each other by both coni€s.

of the pencil that pass this point. At the in-
tersection points of two conic. of the
pencil, the two tangents t6. are perpen-
dicular if the absolute conic is anyone of
the pencil, too.

Figure 3. Tangents of confocal conics

another conic of the pencil is chosen as absolute, the angular bisesdrsle-
pendent of such a choice.

We conclude: In a pencil of confocal conics, a tangent to a cgro€the pencil
from a point@ on any other conic of the pencil is reflected into the second tangent
from @ to KC at the tangents of the (two) conics of the pencitdnindependent of
which (third) conic of the pencil is promoted to serve as the metric-determining.

5. Summary

The definition of foci in non-Euclidean (precisely metric-projective)rgetries
reveals a structure basically independent of the particular explicit metjepies.
The structure can be understood as a pure relation between conics.

(1) The quadrilateral of tangents common to two conics defines six poinihwh
reveal the familiar properties of foci. The two poles of a line through adaue
collinear with the focus.

(2) The four lines of a quadrilateral define a pencil of conics touchiedgdhr
lines. The intersection point of the four lines are the foci for any paimooias of
this pencil. Forany line through a focus, the poles with respect to all the conics of
the pencil arecollinear.

(3) The diagonal lines of the quadrilateral form a self-polar trianglevdttices
and edges are pole-polar pairs (to all conics of the pencil). Its vertieesso the
diagonal points of the quadrangle of intersections of any two conics gfdaheil.
Thus, the diagonal triangle is self-dual, too.

(4) Independent of which conic of the pencil is taken as absolute, the tited
characteristics of foci are present.
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Reuvisiting the Quadrisection Problem of Jacob Bernoulli

Carl Eberhart

Abstract. Two perpendicular segments which divide a given triangle into 4 re-
gions of equal area is calledquadrisectionof the triangle. Leonhard Euler
proved in 1779 that every scalene triangle has a quadrisection with itsuttaing
part on the middle leg. We provide a complete description of the quadrissctio
of a triangle. For example, there is only one isosceles triangle which laafiyex
two quadrisections.

1. Introduction

In 1687, Jacob Bernoulli[1] published his solution to the problem of figdivo
perpendicular lines which divide a given triangle into four equal arklasgave a
general algebraic solution which required finding a root of a polynonfidégree
8 and worked this out numerically for one scalene triangle.

The question of whether Bernoulli's polynomial equation of degree 8 has th
needed root in all cases is not answered completely. Leonhard H2lits 1779,
wrote a22 page paper in which he gives a complete solution using trigonometry.

Figure 1.

Euler states his solution in a theorem which we paraphrase.

Theorem 1 (Euler 1779) Given a scalene triangld ABC with AB the side of
middle length, there is a quadrisectionP and Y @) intersecting in a poin) in

the interior of the triangle so thak andY lie on sideAB and triangle XOY is

one of thed areas of the quadrisection. The other areas of the quadrisection are
guadrangles.

Publication Date: January 17, 2018. Communicating Editor: Paul Yiu.
| want to thank my colleagues Dr. Fred Halpern and Aaron Raden fpfli@iscussions during
the writing of this paper.



8 C. Eberhart

Euler does not claim that the triangular portion of a quadrisection must lieson th
side of middle length. Also, he does not appear to discuss whether theregs mo
than one quadrisection of a triangle, except to note that an equilateraglériaas
3 quadrisections. In fact, we will see there are lots of triangles with quedigss
where the triangular portion lies on the shortest side, but no triangleschavin
guadrisection with the triangular portion on the longest side.

This paper was written in latex using an account on cloud.sagemath.com. Some
animations designed to augment this paper can be found at

http://www.ms.uky.edu/ ~ carl/sagelets/arcsoftriangles.html

2. Initial analysis.

Take any triangl€”. We can scale and position it in the plane so that two vertices
A and B have coordinatef), 0) and (1, 0) respectively and the third verteX =
(h, ht) is chosen so that it is in the quadrdnt> 1/2 andht > 0. Under these
assumptions, there is only one choice €or (1/2,/3/2), if T is the equilateral
triangle.

If T'is an isoceles triangle, then there are two possibilites: (1) if the vertex angle
is greater tham /3, thenC' = (1/2, ht) with ht < v/3/2 or C = (h,v/2h — h?)
with 1/2 < h < 2, (2) if the vertex angle is less that3, thenC' = (1/2, ht) with
ht >+/3/20rC = (h,v/1—h2)with1/2 < h < 1.

If T is a scalene triangle, then depending on how we chtBe C will be in
one of three open regior®;, R,, R3 respectively:

(1) If AB is the longest leg, then théit + ht? < 1,

(2) If AB is the middle leg, theh? + ht? > 1 and(h — 1)? + ht?> < 1, or

(3) If AB isthe shortest leg, thefh — 1) + ht? > 1

SinceAB can be any one of the 3 sides’Bf we know each of the three regions
above together with its boundary of isosceles triangles contains a unigyeoto
each triangle up to similarity. Denote these setdhyR,, R3 respectively.

We can use inversion about a ciftte match up a triangle in one region with its
similar versions in the other regions. Inversion about the unit circle inegds
points in region 2 with points in region 1, and inversion about the unit cirale ce
tered at(1, 0) interchanges points in region 2 with points in the unbounded region
3. For example, lef’ be a point in region 2, and I€t’ be it's inverse about the unit
circle centered atl,0). ThenC' is in region 1, andB, C,C" are collinear with
C betweenB andC’. FurtherBC BC' = 1. Using this, we see thakABC is
similar with AC’ BA. By the same reasoning, lettirigj* denote the inverse af
about the unit circle, we get th& ABC'is similar toAAC*B.

Terminology: In what follows, when we refer to a trianglé = (h, ht), we are
referring toAABC with A = (0,0), B = (1,0), whereh > 1/2 andht > 0.

1 Regarding points as vectors, thwerse of p = (z,y) about the circle of radius 1 centered
atc = (h,k)isp =c+ (p—0¢)/(p—c)> = (h+ (x — h)/d,k + (y — k)/d), whered =
(z — h)2 + (y — k)2. https://en.wikipedia.org/wiki/Inversive _geometry
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A

“hen

region 3

_#Cih.ht)

. C region 2

region I° al

Figure 2.

3. The equations for quadrisection of a triangle.

Regarding points as vectors, we wrie= z B, Y = (1 —y) B, P = s C, and
Q=((1—-r)B+rCforz,y,r,s € [0,1]. Nowsince are\X PY = s/2htz =
areaAABC = ht/2, we see that = 1/(2z). Similarly,r = 1/(2y). Note that
1/(2z) < 1,s01/2 < x and similarly fory. Sol < z + y.

There are two equations which determinandy:

(a) The area of triangle AX OY is one fourth of the total area of the triangle.
Writing O = (x9, o), this is the area equatiotyy(z + vy — 1) = ht. We

can calculatey, by writng O = uP + (1 —u) X =v@Q — (1 —v) Y for some

u,v € [0,1]. Expand this out to get two linear equationsuirv. Solve foru to

-1 . .
getu = % Substitute this int@ = « P + (1 — u) X') and calculate
(z + ;y) -
1—(z+y) 1—(z+vy) : _
O1 =y = Mht = ht . Substitute this into the area
Le 1-*_Y 1—2(22+y?)

equation, divide both sides by and simplify to get the
Area Equation: (Aeq) (z° +y*) +4(zy—2—y)+5/2=0
This equation has two solutions fgr= y(x) in terms ofz, but the one we want
isy(z) = 2 — 2z + V1222 — 162 + 6/2. Notey(+/2/2) = 1 andy(1) = v/2/2.
Alsoy(5/6) = 5/6.
Note In the durationy(z) = 2 — 2z + V1222 — 162 + 6/2.

(b) X P and Y are perpendicular. This means the dot produ@) —Y) - (P —
X)=0,0r(hs—x, hts)-(hr —r+y, htr) =0.
Substitutes = 1/(2z), r = 1/(2y) and simplify to get the

Perpendicularity Equation: (Peq) (22— h/2)(y? — (1 — h)/2) = (ht/2)
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To use Pefh, ht) to find all the quadrisections of a particular trian@lesubsti-
tutey = y(z) into Peqh, ht) and solve the resulting equationatfor each(h, ht)
(with h > 1/2, ht > 0) which is similar to7". The total number of solutions is the
number of quadrisections.

4. Peqviewed as a 1-parameter family of circular arcs

If instead of setting the values fér and it in Pedh, ht) , set the value of:
between/§/2 andl, and then sej = y(x), thenAeqis satisfied and we have fixed
the bas&” X on AB of the triangular part of a quadrisection. ThBag(x,y(X)) is
a quadratic equation il andht, which if we rewrite in the form

Peq(z,y(z)) : ht® + (h - (:L'2 — y(x)2 + 1/2))2 = (x2 + y(x)2 — 1/)2
we recognize as the circléir(z) in the h, ht plane with centeX (z) = (¢(x),0)
and radiug'(z) = 2% + y(z)? — 1/2, wherec(z) = 2? — y(x)* + 1/2.

The arcArc(z) of the circleCir(x) that lies in the quadrarit > 1/2, ht >
0 consists of all triangle$h, ht) with a quadrisection with baseX = [(1 —
y(z),0), (x,0)]. Arc(+v/2/2) lies in the unit circle, and forms the lower boundary
of Region 2, andArc(1) lies in the unit circle centered &t,0) and forms the
upper boundary of Region 2. Lét/2, z(z)) be the terminal point omrc(x),
and letf(x) be the radian measure af(1/2, z( ))(c(x),0)(2,0). Sof(x) =
arccos((1/2 — e(x))/r(z)), andz(z) = \/r(z)2 — (1/2 — c(x))2.

Let Arcs denote the union of aII arcsrc( ) The trianglegh, ht) € Arcs are
precisely the triangles which have a quadrisection with the triangular portion o

[(0,0), (1,0)].

4.1 A useful mappingLet D = {(z,0)|z € [v2/2,1],6 € [0,0(z)]}.
We define a mapping’ from D ontoArcs by
F(z,0) = (c(z) + r(z) cos(0), r(z) sin(h)).
F maps each segmefitr,0), (z,0(x))] in D 1-1 onto the corresponding arc
Are(x).

A small table of values
| ylx) |clx) | r(x) | 0() | Fz,0(z)) = (1/2,2(x))
V2/2 | 1 0 1 | 7/3 (1/2,v/3/2)
5/6 | 5/6 | 1/2]8/9 | n/2 (1/2,8/9)
1 [V2/2] 1 1 |27/3 (1/2,4/3/2)
The Jacobian determinant &f is |Jp(z,0)| = ¢ (z)r(z) cos(0) + 7' (x)r(x).
This vanishes on the curvg = {p(z)|z € [v2/2,1]}, where
p(x) = (z,arccos(—r'(x)/c (x)).
D \ Jy is the union of two disjoint relatively open set§ andV in D, with

(v/2/2,0) € U. LetD; = UU Jy andD, = V U Jy. See the diagranmD; and D,
are both topological closed disks, with boundariés, = S; U S, U S3U JyU CY,
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andoDs = Jy U S1 U Cs as shown in the diagram. It follows from the definition
of F thatitis 1-1 on each ab; andD.

Note thatF'(S; U Sy) = Are(1), F(Sy) = Arc(v/2/2), F(S3) = [(1,0), (2,0)]
(not corresponding to any triangles), and

F(C1) = F(C2) = [(1/2,v3/2),(1/2,8/9)].

F(Jp) is the concave up portion of the upper boundary'¢D; ). Each arcArc(x)
for z € [5/6, 1] is tangent to it, s&(.J,) is the envelogfof those arcs.

Let R4 denote the closed disk with bounddry.Jo) U F'(C1) U F(S4) U F(S3)U
F(S2), and R5 the closed disk with boundar¥'(Jy) U F(S1) U F(C1). Then
R4 D Arcs, andRs C R3 with Rs N Ry = F(Jo)

Lemma 2. The transformatiort” mapsD; homeomorphically onto the closed disk
R, D R, and D, homeomorphically ontds.

Proof. F' maps the boundarigsD, anddD- onto the boundarie®, and Rs, re-
spectively. Consequently, it follows from the Brouwer invariance ahdm theo-
remf3, that F'(D;) is the closed disk enclosed By(0D;) fori = 1, 2. O

S1
p\wi/z)

Sy

Figure 3.

Note that the orientation @fD; is the reverse of the orientation 6 D). This
is becausélF'| < 0 on D,. F folds D, over alongJy and fits it ontoF'(Ds).

Figure 4.

2https://en.wikipedia.org/wiki/Envelope_(mathematics )
Shttps://en.Wikipedia.org/Wiki/lnvariancefoffdomain
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Since F'(D;) containsR;, we have another proof of Euler’'s theorem. In fact,
sinceF' (D) N Ry = (), we have a stronger version.

Theorem 3. Each scalene triangl&” hasexactly one quadrisection whose trian-
gular portion lies on the middle leg & and no quadrisection whose triangular
portion lies on the longest leg df.

Proof. Scale and positiorf” so that its vertices ar€0,0),(1,0),C with C =
(h,ht) € Ry. ThensinceR, C F(Dy), (x,0) = F~'(h, ht) gives a quadrisection
of T with its triangular portion on its middle leg. But al$(Ds) = R4 C R2, and
Ry N Ry = () soT has only the 1 quadrisection with it’s triangular portion on the
middle leg. and no quadrisection with its triangular portion on the shortest [€g.

4.2 Counting the quadrisections of a triangle.

Definition. Let Quad$T’) denote the number of quadrisections of the triafigléf
(h, ht) is a pointwithh > 1/2, ht > 0 such thafl" is similar toA A(0,0)B(1,0)C(h, ht),
then we write Quads, ht)=Quads$7).

Theorem 4. (Quadrisection theorem for triangles) LetT be a triangle. LetC =
(h, ht) be the unique triangle if, similar toT. LetC’ = (K, ht') be the inverse
of C about the unit circle with centgfl, 0).

(1) If C" € F(D2) \ F(Jp) then Quadgl’)= 3.

(2) If C" € F(Jy) andC’ # I, then Quadfl’)= 2.

(3) Otherwise (that is, it” ¢ F'(Ds) or C’ = I;), then Quadgl’)= 1.

Proof. Assume case 1F(Ds) \ F(Jp) is doubly covered, once b \ J, and
once byD;. SoT has two quadrisections with the triangular part on a shortest
side. Sincel’ also has a quadrisection with the trianglular part on its middle side,
Quads$T)= 3.

Assume case 2F (Jo \ {p(v/2/2)}) is covered once by". SoT has a single
guadrisection with the triangular portion on the shortest side. Sihakso has a
quadrisection with the trianglular part on its middle side, QU&gs: 2

Assume case 3. I ¢ F(D,) thenT has only the quadrisection with triangular
part on a middle side. ' = C = I, = F(p(v/2/2)), thenArc(1) is the only arc
that containg”’. So Quadfl’)= 1. O

The isoseceles triangle and Is occupy interesting positions amongst the
isosceles triangles. The vertex anglelpfis greater thamr/3 and it has only 1
guadrisection. Any other isosceles triangle with these 2 properties hagaVear-
tex angle. I, is interesting because it is the only isosceles triangle with exactly 2
guadrisections. But also, one of the quadrisections is rational, that igettiees
of the triangle and the endpoints of the segments forming the quadrisection are
rational.

Question 1. Is there another triangle with rational vertices and a rational quadri-
section?
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(

1/2,8/9) 2-v2,V2(V2-1)

35. 53
(0,0) (1/6,0) (5/6,0)(1,0) 0.0 .0)
The isosceles triangle I, with 2 quadrisections """ Theisosceles triangle I,

Figure 5.

5. The space of triangles

Let T be the sef{(h,ht) | 1/2 < h < 2, ht > 0, with V1 —h? < ht <
V/h(2 — h)}, with the subspace topology from the Cartesian plane. As observed
earlier, every triangle is similar to exactly one trianfig0, 0), B(1,0), C(h, ht)]
with (h,ht) € Y. So it is natural to calll' the space of triangles. In that space,
we see that the reflection @f(.J,) about the circle of radius 1 centered(at0)
is an arcS, of scalene triangles frond; to the reflection ofl; which isC =
(175/337,288/337). All these have Quad€’)= 2, except Quaddz)= 1. This
arc separat€e¥ into two relatively open set§ andV/, with the equilateral triangle
E = (1/2,4/3/2) € U. Quads$C)= 3 for eachC € U, and Quad&>)= 1 for
eachC e V.

1L
08|
06|
04}

0.2+

Figure 6.

Note that the vast majority of triangles have only one quadrisection, anaiye o
ones that have more than one quadrisection are very near the equilidsengle.
It also gives a useful way to visualize the position of certain classes obtea in
the space, such as the isosceles triangles, which form the boundawey spjdbe.
Where does the clask; /, of right triangles sit ift? Since the pointél, ht) with
ht > 1 lie in region 3, they invert onto the poin{s, 1/ht), so it is simply the
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vertical segmen((1,0), (1,1)] in Y. Topologically, it separates the spa€ento
two pieces. The right hand piece consists of all triangles with an obtuse; dng
left hand piece all triangles with all angles acute. Similarly, the clas$or all 8
with 7/2 < 0 < 7 is a segment il separating it into two pieces. If< § < /2,
then one works out thaty consists of a radial segmentThtogether with a circular
arc inT which separate¥ into three pieces.

There are two angles of particular interest:
1) the vertex anglé of I5, which we have calculated &@s~ 58.72°. Any triangle
with an angle at leagt has only the one quadrisection.
2) the vertex angle of;, which we have calculated ds= 65.53°

6. Further Questions.

This half-lune model for the space of triangles is reminiscent of the Pancar
model for the hyperbolic plane. Since no two triangles are similar in the hgperb
plane, there are more triangles to quadrisect. This suggests that thésgotoin
problem may be more delicate to solve completely in the hyperbolic plane.

Question 2. What is the analogue for Theorem 3 in the hyperbolic plane?

Our discussion of the quadrisection problem for triangles naturally leatth&to
guestion of determining the quadrisections of any convex polygon. tigatisg
this question leads to the following conjecture.

Conjecture. A convex2n+1-gonR has at mos2 n+ 1 quadrisections. Further, if
R is 'sufficiently close to’ the reguld@n+1-gon, thenRk has2 n+1 quadrisections.

7. Historical notes

7.1 Bernoulli’'s solution. Bernoulli worked in a time before the use of Cartesian
geometry had become widespread, so it is not surprising that he did oati-co
natise and normalize the problem. In any case, he did obtain a method for con-
structing triangles and their quadrisections. However, it is not made clatthin
construction produces all possible triangles.

Using Bernoulli's labeling of the triangle, |eAC = a, CB = b, BA = ¢,
KB =d, KC =e¢, KA = f,CD = z, AFF = y. Note that Bernoulli'sz
andy are oury andz. Bernoulli derives versions of the area and perpendicularity
equations:

Bernoulli's equations: y? = 4ay —4zy — 24 a? + daz — 2% andy? =
1 a? d?
taaf+ 422+ 2ae’

If we normalize these equations by letting= 1, thend = ht, f = h, e =
1 — h, and Bernoulli’s equations are oAeq and Pegh, ht) . He then reduces his
equation to a polynomial equation in one variable of degree 8. If we normalize
letting a = 1, then the polynomial 'simplifies’ to
p(z) = 28 — 827 + (3% — 3¢ + 17)25 — 2(b? — ¢ + 5)2°
— 1(3b% — 6b%c? + 3¢* + 38b% — 24¢? + 17)2?

+ (b — 26%c? + ¢t + 1202 — 6¢? + 5)a3 + F(4b? — 562 + ¢t — Th% — 1)2?
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Figure 7. Bernoulli diagram

— 2(4b* =502 + ¢t + 5V —2¢% + 1)z
+ %b‘* — %ch2 + %bz — %02 + %04 + Tlﬁ =0.

Bernoulli describes a method for constructing simultaneously a triangle and a
guadrisection using the area and perpendicularity equations, and illastrate
constructing a triangle with = 484,b = 490, ¢ = 495,z = 386. Checking this
with his normalized polynomial, we ge{(386,/484) 484 = 2.85, which is not0
but relatively close t@. The correct value rounded to two decimals for this
x = 368.86. This triangle is close enough to equilateral that it has 3 quadrisections.

7.2 Euler’s clarification. Euler chooses to use angless, v, ¢ in his analysis.

C

Figure 8. Euler’s diagram

Using the diagram, le X =z, Y B =y, f = cot a, g = cot 8,andt = tan ¢.
Then he shows that = k \/f + 1/t, y = k /g + t, wherek? denotes the area of
the triangle. Next he obtains a single equation in the unkniown
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2
Euler's equation 4/ f + % +Vg+t—\2(f+g) = = ;t

Euler then makes use of the equation to construct a lengthy direct priwg of
theorem that every scalene triangle has a quadrisection with its trianguiampa
the middle side.

He also shows how to use his equation to estimate the valisethe nearest
second for the right triangle with side€s1, /5 and also calculates = 1.5146.
This right triangle, as with all right triangles, has only one quadrisectiod,the
correct value for: rounded to 5 decimals is = 1.51443, so his estimate is pretty
close.

7.3. An explanation of interestl. became aware of the triangle quadrisection prob-
lem when looking up biographical information about Jacob Bernoulli imegn

tion with a fictional story An Elegant Solutionby Paul Robertson, 2013) about a
young Leonard Euler and the Bernoulli brothers, Johann and J8evbral entries
mentioned this as his contribution to geometry. It is interesting that both mathe-
maticians in this story wrote papers on this same subject.
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Areas and Shapes of Planar Irregular Polygons

C. E. Garza-Hume, Maricarmen C. Jorge, and Arturo Olvera

Abstract. We study analytically and numerically the possible shapes and areas
of planar irregular polygons with prescribed side-lengths. We givdgorithm

and a computer program to construct the cyclic configuration with its circum
circle and hence the maximum possible area. We study quadrilaterals with a
self-intersection and prove that not all area minimizers are cyclic. Wsifya
quadrilaterals into four classes related to the possibility of reversing cti@mta

by deforming continuously. We study the possible shapes of polygongveth
scribed side-lengths and prescribed area.

In this paper we carry out an analytical and numerical study of the dessib
shapes and areas of general planar irregular polygons with prediite-lengths.

We explain a way to construct the shape with maximum area, which is known to
be the cyclic configuration. We write a transcendental equation whosésrtiee
radius of the circumcircle and give an algorithm to compute the root. We grovid
an algorithm and a corresponding computer program that actually conibetes
circumcircle and draws the shape with maximum area, which can then bendefor

as needed. We study quadrilaterals with a self-intersection, which arend®e o
that achieve minimum area and we prove that area minimizers are not nédgessa
cyclic, as mentioned in the literature ([4]).

We also study the possible shapes of polygons with prescribed sidedeargth
prescribed area. For areas between the minimum and the maximum, there are two
possible configurations for quadrilaterals and an infinite number for pakywith
more than four sides.

The work was motivated by the study of two Codices, ancient documemts fro
central Mexico written around 1540 by a group called the Acolhua [([9],ft
online [3]). The codices contain drawings of polygonal fields, with thigles
lengths in one section and their areas in another. We had to find out if thegad
areas were correct and to confirm the location of some of the fields.

The fields are not drawn to scale and it is not known how the Acolhua com-
puted (or measured) areas. There are no angles or diagonals teevefoould not
compute the actual areas but one thing we could do was compute maximum and
minimum possible areas for the given side-lengths and say the areas inctire do
ments were feasible if they were between those two values. Maxima are easy to
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animations. This work was supported by Conacyt Project 133036-F..
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find for quadrilaterals by applying Brahmagupta’'s formula ([5], [6]) e could

not find in the literature a formula for the maximum possible area of polygons with
more than four sides. There are some resultslin [8] but not a formula.olld c
also not find a complete treatment of minima in the literature.

The study of the documents also required an analysis of the possiblesstfape
polygons with prescribed side-lengths and area to try to localize the fielgs. F
polygons with more than four sides there is no easily available, explicit formula
for this. We explain the mathematics of the problem, provide an algorithm to find
the possible shapes and a computer implementation in javascript of the algorithm.

Observe that finding areas of polygons is just an application of calduthe
coordinates of the vertices are known but the problem we are addydssia is,
what can be done when only side-lengths are known, not angles ndilsgar co-
ordinates. The question is relevant in surveying, architecture, honwaleg,
gardening and carpentry to name but a few.

For some quadrilaterals it is possible to change orientation by deforming con-
tinuously and in others it is necessary to perform a reflection. This wdusem led
to a classification of quadrilaterals into four classes.

The case of triangles is special because they are the only rigid polyanss,
the shape and area are determined by the side-lengths. Also, all trianglée ¢
inscribed in a circle whose center is located at the intersection of the kcpkar
bisectors. If the side-lengths are called, ¢ the area is given by Heron’s Formula,

A (a,b,c) = /s(s —a)(s —b)(s — ¢) (1)

wheres = %(a + b + ¢) is the semi-perimeter. In what follows we will discuss
polygons with more than three sides.

1. Computing the shape with maximum area for any polygon

In this section we will describe how to compute the maximum possible area of
a planar polygon witl sides and how to construct the shape with maximum area
given its ordered side-lengths. It is well-known that no side-length ealadger
than the sum of the others if they are to form a closed polygon. We will calittbis
compatibility condition. It was proved in|[4] that the configuration with maximum
possible area is given by the cyclic polygon, that is, the configuratiorctirabe
inscribed in a circle. The problem is that we do not knahich circle; we do not
know its center or its radius. We will solve this problem in the present section.

We will first give an analytical solution for quadrilaterals and then descai
iterative method that works for any polygon and its numerical implementation.

Analytic solution for n=4: Circle-Line constructiorf-orn = 4, Bretschneider’s
formula gives the (unoriented) arebof a quadrilateral with side-lengthsb, ¢, d
and opposite angles and~ as

A= \/(s—a)(s—b)(s—c)(s—d)—abcdcosZ(W), @)

wheres = (a+ b+ c+d)/2, see Figurell. Observe thdtis always non-negative.
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Figure 1. Two examples of a quadrilateraBC D.

The maximum value of this expression is

Amnaz = V/(s = a)(s = b)(s — ¢)(s — d), ®3)

and it is attained when the sum of either pair of opposite anglegaslians, that
is, when the quadrilateral es cyclic. But this does not give directly thedowates
of the shape with maximum area.

There is a formula for the vertices of the shape with maximum area which is
described in[[6] SI Appendix p.414, for a quadrilateral with given defeyths
a, b, c,d and prescribed ared.. We give here the geometric idea.

As explained in[[6], vertex4 is placed at the origin and vertgX at (a, 0); it
remains to find the coordinates of verticBsandC'. The coordinates of vertek
are(u,v) and of vertexC, (w, z) (see Figurél2).

A

o Maximum area (units2)
25.8

C, w2) _——

—'—'——'—O—'— Area = 25.80
,5 e

-0t T >

Figure 2. Shape with maximum area of a quadrilateral with side-length$ 4,6
arbitrary units.

After some lengthy computations with analytic geometry which we include in
Appendix A, it is shown that verte® is given by the intersection of a circteof
radiusb and center at the origin, and a lidewvhich depends on the side-lengths and
on the prescribed ared.. The maximum area is attained when the line is tangent
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to the circle. The coordinates of vertékare given explicitly and the coordinates
of vertexC' and found from the lengths of the remaining sides.

Figure[2 shows an example of maximum area produced using a program we
wrote using routines from JSXGraph which can be found under “Clinoteeon-
struction” in www.fenomec.unam.mx/ipolygons. The value of the maximum area
can be computed from equatidd (3). In this example, in arbitrary units 4,
b=6,c=4,d=Ttherefores = £(4+6+4+7) = 21/2 and the maximum pos-
sible area is approximately 25.8 square units. The program allows the cdimputa
of theshapewith maximum area.

The construction also shows thatAf. > A,... then the line and circle do
not intersect and hence no quadrilateral exists with those side-lengtleseam If
Amin < Ae < Amae thenL intersects twice giving two possible shapes for the
given quadrilateral data. Heté,,;, represents the minimum possible area. We
will say more about it later.

We recommend playing with the computer program to understand the construc-
tion and its implications.

Iterative method for any: > 3 and its numerical implementatiorzor n > 4
there is no explicit formula for the center or radiu®f the circumcircle of the
configuration with maximum area.

We describe here an iterative method that works for.any 3 for finding the
circumcircle and thus the maximum area of the polygon and the coordinates of its
vertices.

Observe first that the center of the circumcircle of a cyclic polygon cain-be
side, outside or on the boundary of the polygon, as illustrated in Higumd3hés
determines how the circumcircle is computed.

Figure 3. Position of the center of the circumcircle.

Now considem side-lengthsi, as, . . ., a,, that satisfy the compatibility condi-
tion, placed in clockwise order in the shape of maximum area.
Referring to Figurél4, by the cosine rule

a? =272 — 212 cos 0;

therefore

212 — a?

J
2r2
It is not knowna priori if the center of the circumcircle will be inside or outside
the polygon. If it is inside the polygon (Figuié 4, left), thgn;_, 0; = 27 and

cosf; =
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Figure 4. Determination af when the center of the circumcircle is inside (left)
and outside (right) the polygon.

therefore
n a?

ZArccos(l — ) =2m

7j=1
From this observation we define a functidh(r) whose root is the radius of the
circumcircle when the center is inside the polygon:

n 2
Fi(r) = ;Arccos(l — %) — 21 =0. (4)

We have used the normal convention that Arccos refers to the princiativ and
arccos refers to the secondary branch which is giveny Arccos.

If the center of the circumcircle is outside the polygon (Fidure 4, right) the
angle subtended at the center by the longest side is equal to the sum oftbe a
subtended by the other sides, or equivalently, the inverse cosine ofidpeskside
has to be taken in the secondary branch. We define another fungsion,whose
root is the radius of the circumcircle when the center is outside the polyfom. |
call a, the longest side,

n CL2 a2
Fy(r) = ZArccos(l - 2—;2) + arccos(1 — 2—71“2) — 27
ik
= ZArccos(l — 5%5) +2m — Arccog(1 — 5) — 2
Jj#k
n a? ai
— S Arccog1 — —) — Arccog1 — <k
Z recos(1 — %) — Arccog(1 — o ;)
J7#k
— 0 )

The radius of the circumcircle,, is the root ofF (r) in the first case and of
F5(r) in the second. If the center of the circumcircle is on the boundary of the
polygon then both expressions coincide. One would normally look for tbe ro
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numerically using a Newton method. However, in this case the graph$ ahd

I, are almost vertical at the root and a Newton method is not adequate. Aidnisec
method or quasi-Newton will work as long as one can find an intéryat, ] that
contains the root, that is, two values, r,- such that the function has opposite signs
atr; andr,.. The valuer; is easy to find because the inverse cosine is only defined
between -1 and +1. Therefore, for gll

2

a
—-1<1- 2L
- 2r2

and sor > a;/2 and the minimum positive value offor which F; and F, are
defined isr; = max;(a;/2). Findingr, is not so easy because when one side of
the polygon approaches the sum of the others, the radius of the circlanieinds
to infinity.

The graphs off; from equation[(4) and+, from equation[(b) for side-lengths
6,7,8,9,10 units are shown in Figlide 5 and for side-lengths 9,9,9,9,29 in Egure

R R

31 351

Figure 5. Graph of; (left) and F (right) for side-lengths 6,7,8,9,10. Onky
has a root, which is,,, the radius of the circumcircle.

r . 0.2

1 0.1

0

24 -0.14

-0.24

3 0.3

<04+

-4 0.5

F F

1 2

Figure 6. Graph of; (left) and F» (right) for side-lengths 9,9,9,9,29. Onfp
has a rootr,,, the radius of the circumcircle.
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If £y has a root then the center is inside the polygon Andloes not have a
root. Otherwise}F> has a root and the center is outside the polygon (see the proof
in Appendix B.)

Once the radius,, of the circumcircleC,, is calculated, then the area of the
polygon with maximum area can be computed for instance by triangulating as in
Figure[4 . The area of each triangle can be computed from Heron’s faramadl
we obtain, ifry; was computed frond?,

A=>"Agl(ai,rar, )
i=1

and ifr;; was computed fronds,

n
A=Y Ag(ai,rar,rar) = A (ag, rar, ).
ik

To draw the polygon with maximum area first dréyy, with center at the origin.
Then it is easiest to start with the longest sidg, place its right end at the point
P = (rp,0) and mark the two intersections 6f,, with the circle of center”
and radiusay,. Call i; the intersection in the lower semicircle andthe one in
the upper semicircle (see Figure 7.)Hf(ry;) = 0 then the left end of sidey, is
placed at; and if F5(r3;) = O thenitis placed ak. The remaining vertices can be
found by marking or’,.,, the side-lengths in clock-wise order. The coordinates of
all the vertices can be calculated from this construction since they aredictierss
of C,,, with circles of radiusz; and center at the previous vertex. The figure can
then be rotated or translated as needed.

P

0,0)

Figure 7. Generic construction of the shape with maximum area Whemas
root (left) and wherF, has root (right).

An implementation of this using javascript can be found in
www.fenomec.unam.mx/ipolygons under “Build your own polygon”.
Figure[8 shows the shapes corresponding to figures Bland 6.

2. Noteon oriented area

Now that we have the coordinates of the vertices, we could choose to t®mpu
the maximum area from the Shoelace formula ([7]), which is just an application
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Area ki
108.29

Area:
. “ 179.84

5 -m 5 |8 T W m @ &m @ E

R =10 B

Figure 8. Shapes with maximum area for pentagon with sides 6,7,8)@f1)0
and 9,9,9,9,29 (right).

of Green's Theorem. We already have the area from triangulation anshide
formula but that is an unoriented area, it does not take into accountigrgaiion

of the sides. The Shoelace Formula does take orientation into account. For a
polygon with verticesAy = (zo,v0), 41 = (z1,%1), ---, An = (Tp,yyn) this
formula can be written as

1
Area= 5 [(zoy1+21y2+22y3 + - -+ Tnyo) — (1Yo +T2y1 +T3Y2 + -+ + ToYn)]
(6)
which is more easily remembered when written as’in [7], shown in Figuire (9).

1
Area= —
rea )

e e o o
e e o o
e e o o

Figure 9. Shoelace formula

Arrows going up represent the products in the first bracket andvargming
down the products in the second bracketldf (6). This gives a positdaifisides
are taken in the positive direction, that is, counter-clockwise and negativer-
wise.

We have actually used clockwise orientation as the positive one to be comsiste
with the data bases of the codices we created before.
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The concept of oriented area is needed in the following sections.

3. Minima of irregular quadrilaterals

A quadrilateral is feasible if its prescribed area is between the maximum and
the minimum possible values. To study minima of quadrilaterals one has to decide
first whether to accept figures with self-intersections. If not, then the mimigail
be attained by the smallest triangle into which the quadrilateral degenerdtes as
angles are moved (see Figlré 10 for an example). This has been stuffitbin
any polygon. If self-intersections are admitted then one has to include tlea no
of signed area which was mentioned in the previous section.

& Y
10 Maximum area (uniss2)
25.8
L ~ C./. [w2,22) g
5 . i
%’.&é}

__.::"/} / ":

hl]

—0 ¢ Area =523

= =l e

Figure 10. Two possible minima without self-intersectiod BCD and
AB’C'D, for quadrilateral with side-lengths 4,6,4,7. The side-lengths are the
same as in Figuild 2.

Decomposing the quadrilaterals in Figlfe 1 into two triangles we obtain
1 . 1 .
A= iabsma + icdsm’y

which gives area\N ABD + area/ABCD if angle~ is less thanr radians and area
ANABD — areaABCD if ~ is more thanr radians because sine is then negative.
For quadrilaterals with self-intersections (see Fidure 11) Bretschreiger
mula (equation (1)) yields the absolute value of the difference of the afdhe
triangles ABE and EDC because triandbds D cancels out and because the for-
mula computes the square root of the square of the area, which is thetabsolu
value. We call this figure a quadrilateral with self-intersection or bow-tebse
it arises by deforming a convex quadrilateral and its area igliffierenceof the
areas of the two parts.
The minimum value of[{2) is

ABpin = /(s —a)(s — b)(s — ¢)(s — d) — abed (7)
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Figure 11. Quadrilateral with self-intersection or bow-tie ABCD.

but not all figures can achieve this theoretical minimum. If the expressidteins
the radical is negative, theAB,,.;,, is not defined over the reals and the minimum
area,A,in, is zero. Whend B,,;, is achievedp +~ = 27 hencecosz(aT”) =1
and the self-intersecting quadrilateral is cyclic. See appendix C for thaf.pin
referencel[4] it is said that minima are cyclic but this is not always the dase.
only true whens—a)(s—b)(s—c)(s—d) —abcd > 0. If (s—a)(s—b)(s—c)(s—

d) — abed cos?(%35Y) becomes zero for some+ < 2 then that configuration
achieves the minimum area and it is NOT cyclic.

Minimum areas of quadrilaterals can also be studied using the construatém gi
in [6]. A quadrilateral with given side-lengths and prescribed adg#s obtained
from the intersection of the circle and line from sectidn 1. Let us analyza wh
happens whem, goes fromoo to O for a quadrilateral with fixed side-lengths.
The slope of the line is-P/Q where@ = 4a.A. hence the line is horizontal for
infinite area and gradually becomes more inclined until it becomes verticedat a
A, = 0, except whenP = 0, in which case the line is always horizoftallf
the sides do not satisfy the compatibility condition and hence no quadrilakeral e
ists then the line never intersects the circle. Otherwise, the line becomesttangen
giving the configuration with maximum area, then intersects the circle twice, giv
ing the two possible shapes of the quadrilateral with the prescribed adlehem
two things can happen: the line can become vertical before leaving the icircle
which caseAB,,;, is not achieved and the minima are not cyclic (see Figure 12)
or the line can again become tangent to the circle, leave, and then becdine ver
cal. This other point of tangency gives the cyclic configuration with atéx,;,

(see Figuré_13.) We strongly recommend going to “Circle-line construction” in
www.fenomec.unam.mx/ipolygons and playing with different side-lengths.

If (s —a)(s—0b)(s—c)(s—d)— abed > 0 thenA,,;,, is given by equation
(@) otherwise,A,,.;» = 0. The coordinates of the vertices of the quadrilateral with
minimum area are obtained by letting. = A,.;, in the circle-line construction.

As far as we know there is no known formula for the minimum area of a polygon
with more than four sides and self-intersections.

Lif a = candb = d thenP = 0 and there is an infinite number of configurations with area 0.
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Figure 12. Two configurations with area zero of bow-tie with side-lengths
4,6,4,7. These minima are not cyclic.
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Figure 13. Bow-tie with side-lengths 8,8,8,6 and minimum area. Thisgenfi
ration is cyclic.
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4. Polygonal shapes determined by anglesand areas

In this section we consider a polygon with fixed side-lengths and study how its
shape depends on the prescribed area.

4.1 Case n=4.Again the method from_|6] described in Section 2 provides the
coordinates of the vertices of the quadrilateral with any prescribedbmtseeen
the maximum and the minimum. You can view an animation of this under “Circle-
line construction (movie)” in www.fenomec.unam.mx/ipolygons.

Another way to compute the possible areas and shapes of a quadrilataral if
ordinates are not needed is by using angle-area graphs. Referfiguie1, if
anglea is given then by the cosine rule:

a? + b — 2abcosa —BD =¢ + d% — 2cd cosy

and therefore

22t d2 49
(@) = arccos < a +c 24C—dd + 2ab cos a) 7 ®
where the inverse cosine can be in the principal or secondary branch.
Renaming constants and usig (8), (1) can be written as
Ala) = \/01 — (5 cos? (OH_;(OZ)). 9)

whereC; = (s —a)(s — b)(s — ¢)(s — d) andCy = abcd.

To find the shape if side-lengths and area are given we campletirea from
equation[(P) and read the values of the angle for a given area. Weestaomples
of this in Figure$ 14 and 15, where we use Bretschneider, unoriergad ar

The first hump of Figure 14 correspondscddetween 0 and and the second
to a betweenr and2r. Points I, I, IV correspond to quadrilaterals in the upper
half-plane; points Il, V, VI to quadrilaterals in the lower half-plane. PoNits
and VIII correspond to degenerate quadrilaterals. There are tvgigp@sonfigu-
rations for any area between the minimum and the maximum in each half-plane or
equivalently, two with clockwise orientation and two with counterclockwisersrie
tation.

Figure[I5 shows only values of between 0 andr. Again each point on the
angle-area graph corresponds to a different shape. Obsernvethagiafor a fixed
orientation there is a unique shape with maximum and minimum area and two
different shapes for areas in between. Also, there are two posséas tor each
value of anglex; this is because angte can have two possible values depending
on the branch of the inverse cosine.

If a more accurate value of is required one can solve farfrom equation[(P)
given a prescribed ared to obtain

Cp — A2
Co

a + vy(a) = 2arccos
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/‘\ 7\
Area / \ / \
6 \ / \
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o

6
Angle o

N i vii Vil

Figure 14. Angle-area graph and corresponding shapes for itpiadl with
side-lengths 8,8,8,8. Figures | and Il correspond to the shapes aitimmam
area, | with sides in clockwise order and Il with sides in counterclockwigdero
Figures Ill to VI have the same area, 11l and VI in clockwise order,nd &1 in
counterclockwise order. Figures VIl and VIl are degeneratesagth area 0.

and then use a Newton method to solvedor

If we use oriented (Shoelace) area, angle-area graphs have agagitia neg-
ative region. The negative region comes from changing the orientatitie sfdes.
In some quadrilaterals it is possible to go from one orientation to the othenby co
tinuously deforming the shape, without reflecting. In others it is not.

This is best studied by identifying 0 adet and thus working on the cylinder. If
the angle-area graph is disconnected on the cylinder then the two oriegtat®n
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Figure 15. Angle-area graph and shapes for quadrilateral with sidghle
8,8,8,4. Figure | show the configuration with maximum area; figure \bra c
figuration with minimum area without self-intersection and figure VI the gpnfi
uration with minimum area and self-intersection.

disjoint. Angle-area graphs on the cylinder provide a way of classifyingdg-
laterals into four different classes depending on whether the graistenf (i)
one curve without self-intersection, (ii) one curve with self-intersectfiif two
curves not homotopic to 0, (iv) two curves homotopic to 0. We show exaniples
Figure[16. In the left-most figure we used the same side-lengths as in Edjbre
now the second hump has negative area. In this case it is possible tamgorim
orientation to the other by deforming continuously.
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In the right-most figure we used the same side-lengths as in Higlire 15.0kt is n
possible to go from one orientation to the other by deforming continuously.

|

Figure 16. Angle-area graphs on the cylinder showing the four possiddses.
From left to right side-lengths 8,8,8,8; 8,7,6,5; 8,5,8,6 andB38,

4.2 Case n=5.0ne can decompose a pentagon into a quadrilateral and a triangle
and therefore there are two free angles plus the branches of thedivosise. The
angle-area graph is now a surface atd = constant is a plane and therefore

the curve of intersection between the two corresponds to an infinite nurhber o
configurations with the same side-lengths and the same area. In Eidure 17 we
show a portion of an angle-area graph located near the maximum arezuldt e
interesting to study complete angle-area graphs of pentagons.

4.3 Other polygons.Forn > 4 there is an infinite number of configurations with
any area between the minimum and the maximum. There is no formula for the
shape but we wrote a program using JSXGraph that allows one to ctiengigape

and compute the resulting area. We start with the configuration with maximum
area, as computed numerically in Secfion 1. The user can then deformathe sh
and the area is computed from the Shoelace formula (go to “Build your olyn po
gon” in www.fenomec.unam.mx/ipolygons). In Figlird 18 we show an example of
a polygon with ten sides in the configuration with maximum area and three other
configurations with the same smaller area.

5. Conclusions

In this paper we study the possible areas and shapes of irregular psivggh
prescribed side-lengths. We give a way to compute the maximum possiblefarea
any feasible irregular polygon and draw the shape with that area. Bdritpierals
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Figure 17. Angle-area graph for a pentagon with side-lengths 1@3@215
and plane area=355.

Area; Area.
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Figure 18. Shape with maximum area for side-lengths 9,3,6,5,8,6,3,units
and some other possible shapes with area 115 units squared.

we use the Circle-Line Construction. For general polygons we find tberarircle
of the configuration with maximum area.
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To study areas of quadrilaterals with self-intersections we use oriergad\Ale
show that not all minima of quadrilaterals are cyclic and explain the fact both in
terms of Bretschneider’s Formula and the Circle-Line Construction.

The use of angle-area graphs on the cylinder led to a a classificatioradfigqu
laterals into four different classes which are related to the possibility efsew
orientation by continuously deforming the quadrilaterals.

We provide a computer program in javascript which makes use of JSXGoap
draw the configuration of maximum area of a polygon with given sides. Ghedfi
can then be modified to attain any area between the maximum and the minimum.

These results have been useful to us in the study of the codices.

Appendix A: Circle-line construction
Consider Figurg 19:

(v=2)(w—u)/2

(u,v)

(w,2)

(w—u)z d

uv/2 (a—w)z/2

(0,0) (u,0) (w,0) (a,0) =z

Figure 19. Coordinates of the quadrilateral and area in terrfis of) and(w, z)
for Appendix A.

By Pythagoras’ Theorem, the coordinates of the vertices of the quadallate
satisfy

W+t =0 (w—u)l+@w-27?% = (a—w)’+22=d%. (10)
The area,A., of the quadrilateral using coordinates is calculated subdividing it
in triangles and rectangles and is given by
2A. = vw + z(a — u). (11)
Simplification of equationg (10) and (11) give the unknown coordinates)
in terms of(u, v) as

M - 2 C 2 C - - M
o (a —u)+2A0 and  » — Ac(a —u) v, (12)
(a —u)? + v2 (a —u)? + v?
where2M = a? + ¢? — b? — d2. Substitution of[(IR) intd(11) gives the coordinates
(u,v) as the intersection of a line and a circle given respectively by
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L:Pu+Qu=R, C:u®+0v>®=0. (13)
where
P = 2a(a®> =M —d?) = a(a® +b* — & — d?), Q = 4A.q,

R = (M —d®?+d®b® +4A4% — d*(a® + b).

Therefore, for fixed side-lengths, the intersection of the line and thie des
pends onA.. If it is too big for the given side-lengths there is no intersection; if
it is the maximum possible areal,,.... the line is tangent to the circle and..
is smaller thenC intersect<C twice giving two possible coordinatés,, v;) and
(ug, v2) and thus two different shapes for the given quadrilateral data.

The configuration with maximum area occurs when the line is tangent to the
circle. They coordinate of the intersection of the line and the circléin (13) is

v = R_QPU =/b? —u2.

This leads to the equation
u?*(P? + Q%) + u(—2RP) + R?> — Q*b* = 0.

The double root of this quadratic gives the coordinate of vertexB of the quadri-
lateral and the/— coordinate is found from the equation of the line and therefore
the coordinatesu, v) of vertexB are

RP R RP?

P — e 14
s T Q@ o
where A, = Auq.. The coordinategw, z) of vertexC' are
M(a —u) 4+ 2Ama2v 2A42(a —u) — Mo
v a?4+b2 —2au “ a? 4+ b? — 2au (15)
Appendix B: Proof that either Fy or F; have aroot
Recall that )
n a2
_ J
Fi(r) = ;Arccos(l —55) 2w (16)
and
- a} a
Fy(r) = ) Arccogl— 53) — Arccos(1 — ) (17)

j#k
whereay, is the longest side and thatis the smallest positive for which F; and
F, are defined.

. . . . —2a; . .
The derivative ofF is given byzj ﬁ and is therefore negative for all

4r2—

r. Sincelim,_,, F}(r) = —27 thenF; will have a root as long a&; (r;) > 0. In
this case the center of the circumcircle is inside the polygon of maximum area.
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If F(r;) < 0then we will show first thaf,(r;) < 0 and then thaf’ has a root
if the side-lengths satisfy the compatibility condition. Siréér;) < 0 then
n az
> Arccogl - —%) < 2n
° 27
7j=1
but

2 a2

n a
> Arccog1l - —%) = Fy(r;) + 2Arccog1 — )
iz 27 2r?

thereforeFy (r;) < 2m— 2Arccos(1——) = 0, sincer; = a;/2 and Arcco$—1) =
.
Using the asymptotic expansion [n [1],

. T 1-3:5---(2m — 1)
arcsin(1 — z) = 2)V21 + Z 2 (2m + Dm 2™

sincearccos(z) = m/2 — arcsin(x), takingz = a§/2r and keeping only the first

term inz we obtain
n
. a;  ag
Jim Py ) -
J#k
which is positive ifa, < >, ;. a;, thereforer: will have at least one root when
the side-lengths satisfy the compatibility condition.

Appendix C: Proof that quadrilaterals with self-intersection are cyclic if an
only if opposite angles add up to 27 radians

Referring to Figuré 20 (left), if the quadrilateral is cyclic then since anglasd
21—~ are subtended by the same &0 they are equal and therefatiet v = 2.

Figure 20. Cyclic bow-tie.

On the other hand, if opposite angles add uR#oradians then we show by
contradiction that the quadrilateral must be cyclic. Draw the circumcircke®D,
see Figuré 20 (middle and right). If vertéxis not on the circle then calt the
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intersection of the linéBC with the circle. By hypothesia + v = 27 buta + ¢
also equal@r becaused BE D is cyclic. Therefore” has to coincide withF.
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Irrationality of v/2: Yet Another Visual Proof

Samuel G. Moreno and Esther M. GareCaballero

Abstract. Another visual proof of the irrationality of/2.

Two identical right triangles intersect as shown in the figure resulting in dexma
right triangle which happens to be, as is easy to check, similar to the origieal o

c

N

Since AE and C'F are parallel line segments,EAC = LZACF. By sym-
metry, /ACF = /DCEFE so that triangle)CE and CAFE are similar. More-
over,ZADB = ZCDE, but by similarity/CDE = ZACE. SinceZACE =
ZCBG = £ZDBA, it follows that triangleAD B is isosceles.

The ratio of the lengths of the legs in the right triang§'E’ and CDFE is
(AO +OE)/CE = (OC + OE)/OFE = /2 + 1. If \/2 s rational, so is/2 + 1,
and thusAE = m andCE = n for some positive integers,, n. Since ABD is

Publication Date: January 17, 2018. Communicating Editor: Paul Yiu.
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isosceles, theWE = AE — AD = AE — AB = AE — 2CE = m — 2n. This

process may be repeated indefinitely, triggering an infinite decreasing rses of
positive integersn > n > m — 2n > 5n — 2m > ---. But this is impossible.
Thus,+/2 cannot be rational.
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Two Hinged Regular n-sided Polygons

Manfred Pietsch

Abstract. We consider two regular polygons of the same type hinged at a com-
mon vertexC'. If we further generate two regular polygons of the same type,
each on a segment with one neighboring verte€'dfom each polygon as end-
points, then these two new polygons must have a common center. Tofdgpro
based on two propositions about properties of equidiagonal quacaimter

Given any two regular-sided polygons hinged together at a common vefttex
Let A andB (respectivelyD andE) be the adjacent vertices 6fin both polygons.

Theorem 1. The regular n-sided polygons over the line segments BD and AFE
have a common center (see Figuréll)

N

Figure 1.

Proposition 2. Given two similar isosceles triangles ABC' and DEC' hinged at
the vertex C,

(1) BE = AD,

(2) the circumferences of the triangles ABC' and D EC' concur at the intersec-
tion point of AD and BE (see Figurél2)

Publication Date: January 24, 2018. Communicating Editor: Paul Yiu.
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Figure 2.

Proof. If BE andAD intersect at’, the statements (1) and (2) are evident.

Let thereforeBE and AD intersect at a poink” # C.

(1) The trianglesAC D and BC'FE are congruent:

e AC =BCandCD =CE,
e /DCA=/FECBasa=2g.
Thus,BE = AD.

(2) The congruence implies that the triandk&’ &/ can be interpreted as the
result of a rotation of triangledC' D aroundC' through«. Therefore the angles
betweenBE and AD must be identical tav: ZAFB = ZDFFE = a(= ).

/AFB = o implies thatC and F' are located on the circumcircle of triangle
ABC'. AnalogouslyC' and F' are also on the circumcircle of triangleFC. Thus
Fis located on both circumferences, which was to be proved. O

Proposition 3. Given a quadrilateral ABDFE whose diagonals AD and BE are
of equal length and intersect at a point F'. Let KC; and K, be the circumcircles of
triangles AFE and BDF respectively. The perpendicular bisectors of BD and
AF intersect K1 and K, at the same point (see Figure 3)

Proof. If K1 andKs touch each other at poirit, then the above statement is evi-
dent.
Let thereforelC; and/Cs intersect af” and another pointy (see Figure 4).
The triangles GAD and GEB are congruent:
e AD = BE (given),
e /GBE = /GDA as both angles are peripheral angles of the chord
FGonkCy,
e analogously/BEG = /D AG (peripheral angles ovdrGG on K1).
The congruence implies th&G = DG and EG = AG, which was to be
proved. O
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Proof of Theorem[d In any two regularn-sided polygons hinged together at a
common vertexC', the adjacent vertices @f in both polygons form withC' two
similar isosceles triangled BC' and D EC with ZACB = /DCE (respectively

a = f3); see Figuréls.

Figure 5.
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According to Propositionl2 the quadrilater&B D E has two diagonalg D and
BE with equal length and intersecting at a paintying on both circumcircles of
ABC and EDC. Thus the inscribed anglesando’(= ZAF B) must be equal.
This impliesy = 180° — o = §, whereiny = ZBFD andé = ZEF A.

As v andy’ (respectivelyy andd’) are inscribed angles K, (respectivelyk;),
we obtain

7 =180° —a = ¢ (%)
Propositior B guarantees that the triangk®G and EAG are isosceles. There-
fore, they are similar isosceles triangles.

Because of (*) the interior angles(respectively3) of the original polygons fit
to the central angles’ (respectivelyy’) of the generated polygons. These must
also be regulan-sided polygons and have the common cetier O

Figure 6.
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A Remark on the Arbelos and the Regular Star Polygon

Hiroshi Okumura

Abstract. We give a condition that a regular star pong{;@} can be con-
structed from an arbelos.

We consider to construct a regular star polyddj} from an arbelos. Let us
consider an arbelos made by the three cireles, v with diametersAO, BO,
AB, respectively, for a poin® on the segmenti B. Circles of radiusib/(a + b)
are called Archimedean circles, wherandb are the radii ofv andg, respectively.
We call the perpendicular td B at O the axis.

Figure 1.

The circle touchingy internally, « externally and the axis is Archimedean [1],
which we describe by (see Figuré]l). While the circle touchinginternally
and the tangents af from B is also Archimedeari [1], which is denoted by
Therefore the figure made hy o and their tangents are congruent to the figure
made bys, o and their tangents. We assume thiats the center ofy, D is the
external center of similitude af andé, andd = ZBCD. The congruence of the
two figures implies that we can construct a regular star polyigpnwith centerC
and adjacent verticeB and D if § = 27 /n, while cos§ = a/(a + 2b). Therefore
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we can construct a regular star polygdh} with centerC' and adjacent vertice3
andD if and only if

Figure2. {3}, b= +/5ba/2

Figurel2 shows the case= 5. The distance betwedn and the point of contact
of o andd equalsBO by the congruence. A problem stating this fact can be found
in [2].
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Revisiting the Infinite Surface Area of Gabriel’'s Horn

Lubomir P. Markov

Abstract. We show that the integral which gives the surface area of Gabriel's
horn can be calculated in a simple way, thus eliminating the need for a cempar
son theorem to prove its divergence.

Gabriel's horn is defined as the solid obtained by revolving the region

R = {(w,y): z€[l, +00),0<y < 1}

T

about thex-axis. This object has been of enduring interest because is has the cu-
rious property of having finite volume, yet infinite surface area. A sttéogivard
application of the disk method easily shows the horn’s volume to be equal to
(An interesting “wedding cake” version has been considered by Julaor-[2],
the volume of which i%w?’). Regarding the surface aréaof Gabriel's horn, one
easily sees that it is given by the integral
o0 4
S —or / VI e, (1)
1 X

which needs to be proven divergent. The standard approach foundriy books

(see e.g.[]1]) is to use comparison properties of improper integrals, asttbvo
that

- ldm. (2)

o ST 1 4
[ e
1 T 1 X
In his paper, Fleron mentions that the integralin (1) “cannot be evaluasei
ily”, notes that it can be solved with a computer algebra system, and poteed
perform the usual estimate] (2). The purpose of our short note is to gteavi)

can in fact be solved quite easily, thereby providing a direct evaluatiéh of
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V1 4 .
Take2/;gwdac and make the substitutior? = tanf. Then2zdx =

sec? Adf, and the integral becomes

secf) . :
/ :;CQ 7 sec? 0dl = / secfcsc?0df  integration by parts
n

= —sec@cotﬁ—l—/secétan&cot@d@

= —cscl+In|sech + tanf| + C.
It is now obvious that

% /1 4 _T
271/ #dm:ﬂ[—cscﬁ+ln]sec@+tan9[]§f§ = 0. (3)
1 X — 4
Returning to the original variable gives the solution:
V1 4 |
2/—;%dx:ln[ x4+1+x2]—%+0, @)
x x
_ 1+ 2t "
and of course we see again tRat ——dx = co. In addition, the solved
X

1
integral allows for the calculation of the surface area of a finite piece bfi€ls
horn, defined on anl, b] C [1, c0).
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Integer Sequences and Circle Chains
Inside a Circular Segment

Giovanni Lucca

Abstract. We derive the conditions for inscribing, inside a circular segment, a
chain of mutually tangent circles having the property that the ratio between th
largest circle radius and the radius of any other circle of the chain is ageinte
number.

1. Introduction

If we consider a straight line intersecting a cir€lghe two areas bounded by the
common chord and one of the two arcs are named circular segments. laside e
one of the circular segments it is possible to inscribe infinite chains of mutually
tangent circles which are also tangent to the outer circle and to the commiah cho
a generic example of chain is shown in Figqure 1.

(e

major circl

H

Figure 1. Example of a circle chain inscribed inside a circular segment

In a previous paper [2], we derived some geometrical propertiesanulifas
related the circles forming the chain. Here, we follow a different apgroaased
on the inversion technique, and investigate about some connections thhae ca
found between the circle chains and certain integer sequences.
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2. Some definitions and useful expressions

For the following, it is convenient to define tmegjor circle in the chain (see
Figure 1) as the one having the largest radius and label it by ibdéms, we can
subdivide a generic chain into two sub-chains: an up chain starting fremmaijor
circle and converging to poir¥ and a down chain starting from the major circle
and converging to pointl.

Moreover, let2(a + b) be the diameter of the outer circle ablthe length of
segment) B. By setting up a coordinate system with originatwe haveA, B, G
andH with coordinateg—2a, 0), (2b,0), (0,2v/ab) and(0, —2+v/ab) respectively.

In this paper, we want to investigate the conditions under which the ratjos
k=1,2,..., between the radius of the major circle and the gerietitcircle are
integers for both the up and down sub-chains. In other words, whaharcondi-
tions (provided they exist) for the radii of the circles of the chain to be siiiptes
of the major circle radius?

From [2], we report that the radius and center coordinatés(;, Y;) are related
by the following formula:

2

Y.
ri=Xi=—b b i=0, £l &2, . (1)

Note that, for the major circle ordinatg, the following relation must hold:

—2a(—1+,/1+2>§Y0§2a<—1+\/1+2>. 2)

In correspondence of two particular values ¥@r, we have two symmetrical dis-
positions for the up and down chains:

e if Yy = 0, we have thaty = b and the major circle is bisected by the
z-axis (central symmetry);

o if Yo = £2a -1+ /142 ), we have thaty = 2a [ -1+ (/142

and two equal major circles, (one for the up chain and one for the down
chain), both tangent to x-axis, exist (bi-central symmetry).

3. Circle radii expressions by inversion

In [2], the expressions for the center coordinat&s, Y;) and radius-; of the
generici-th circle of the chain have been obtained in form of continued fractions.
Here we want to get them in a closed form. According to a hint of F. J.i&arc
Cagtan (in a personal communication), such a result can be obtained by nfeans o
the inversion technique.

In particular, we are interested in obtaining a closed form formula for te ra
between the major circle radius and the gengrtih circle radius.

To this aim, it is worthwhile to remark some points and to write some equations
that shall be used in the following:

e Outer circleC equation:
22 +9? —2(b—a)zr —4ab=0 3)
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Inversion circleC;,, (center inH and radiusH ) having equation:

2? + y? + 4Vaby — 12ab =0 (4)
and center coordinaté(i,, Yinv) and radiusk;,, given respectively by:
Xinv = 0; )/inv — _2\/%, Rinv = 4\/% (5)

The inversive image of thg-axis with respect t@;,, is still the y-axis
while the image of the outer circtgis the straight lines:

(a —b)xr — 2V aby + 4ab = 0. (5)
The straight lines is the radical axis relevant to the outer cir€leand to the
inversion circleCy,, (see Figure 2). For convenience, in Figure 2 we have
also added the bisectgrof the angle between thgaxis and the straight
line s.

Figure 2. Some circles of the chain with their inversive images

e The cosine of the angke between theg-axis and the straight lineis given

by:
a—">
cosyY = P (6)
and from [6) one can deduce:
sin L4 = L (7

2 a+b
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Now, let us consider, the major circle having center coordinates andsrgidien
respectively by:

Y2

(o %) = (32 +0. %) (8a)
Y2

o= -0+, (8b)

The inversive image of the major circle, by applying the formulas givenlini$4]
still a circle having center coordinates and radius given by:

1 Y2 1
v = (2 (), v 1) e

(Yo + 2V ab)? da Yo + 2Vab
, 16ab < % )
= 7 (20 ). 9b
T (Yo +2Vab)? \ 4a (%b)

The inversive images of the circles inscribed in the circular segment are still
mutually tangent circles that are also tangent toHais and to the straight line
(see Figure 2); moreover, their centers lie on the bisegtdn Figure 3, we show
three among these circles: the image of the major cg)ehe image of the first
circle of the up chair€] and the image of the first circle of the down chéin, .

In particular by looking at Figure 3, we can easily show, by similitude, that the
ratio between the radius of the generic cirdfésind the radius of the image of the

major circleCy, is:
rh 1—sin¥ '
?—(.i>- (10)
Ty 1+ sin 5
From formula (10) and by taking into account (7) and (9b), one has:

%

-/t 16ab Y2

= X! = ot e (0 +b> : (11a)
14 ./t | (Yo+2Vab) 4a

a+b

%

1—4/-2 _
a atb | (Yo 2\/%)4bJr W,

Y/ = — 11b
' Vab \ 14 /b | Yo+2Vab (110)
a+b
From [4], one can write the following relation:
To o To (Xz/ — Xjnv)2 + (YZ, - }/inv)2 - (7”2)2
— == . (12)
T r; Riny
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“
S
Co
o T~ x
K
2

Figure 3. Inversive images of circl€s 1, Co andC;

Such a formula, by taking into account (4b), (11a) and (11b), and sdtee alge-
bra, becomes:

i ;
b b
0 L=V | (Yo —2vab)? L=y/am (Yo + 2Vab)?

T b 16ab b 16ab
2(YZ — 4ab)
- 13a
16ab (132)
or equivalently
T\ 2 T\ 2 2
o [ (1T Vas | (b-2vebh) (1w (Yo + 2v/ab)
ri 14,/ 4v/ab 14,/ 4v/ab
(13b)

Equation (13b) simply shows that the ratig/r; is always a square.
Equations (13a) or (13b) define the sequepigé = {ro/r;} fori = 0,+£1,+2,...
On this sequence we shall focus our attention in the following sections.

51
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4. Arecursive formula for {75}

If we look at (13a), we note that it is a Binet-like formula of the type:

7= Aw'+ Bw™'+ C (14)
where, in our case, is:
1— /-0
w=—V22, (15)
1+ ot
Yy —2 2 Yo+ 2 2 2(YZ2 —4
A:(O \/ail))’ B:(0+ \/%)’ C:—(O ab) (16)
16ab 16ab 16ab

In [1], J. Kocik has demonstrated that a generic Binet-like relation carjiressed
in an equivalent way by means of a nhon-homogeneous recursive retdtithe

type:
1 1
T¢+2:<UJ—|—>TZ‘+1—7}'+C<2—QJ—> (17)
w w

that, by taking into account (15) and the expressior(fon (16), becomes:

2
L) Qb] o
2\ a a

5. Conditions for {;} to be an integer sequence

b
Tit2 = 2 (1 + 2@) Titl — Ti +

In the general case, the sequeReg is composed of real numbers. Here we
want to find the conditions for which the sequereg} is entirely composed of
integers. To this aim, it is convenient to introduce the following variables:

Y b . "
u="="2 v=-— with the conditionu < 2|1+ v — 1] (29)

a a

The condition for the variable comes from formula (2).
By considering the new variables u and v, equation (13a) becomes:

VTR w2y (TTVTE wr2ve)? 2 - dy)
1+ /liv 16v 1+ /1iu 16v 16v
(20)
From the general point of view, it is possible to impose, by means of (2&)ttike
ratiosT; and7_; are equal to two given real numbexsandy (A > 1 andu > 1)

respectively; that yields the following system:

T =

TV | @e2ve)? | (MY ) (w2ve)? | 2wiodn) oy

1+ 111) 16v 1— /1+v 16v 16v (21)
/1% (u—zﬁ)2+ Vi | wt2yw)®  2wl-4v) _

1%
1— /1_:’_1] 16v 1+ /liv 16v 16v
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having the solution

v

u = \/X - \//j7
{ _ WP (22)
- ,

Thus, if A = m andp = n, (m, n being integers), we have that by choosing
andYj satisfying the relations:

O N R 23)

we also have that:
T =m, T—1 ="N. (24)
Relations (23) only imply that, andr_; are integers, but do not imply thatand
T_4,1=2,3,... are also integers.
Nevertheless, ifn andn are integers satisfying the following relation:

mn = K> (25)

(that is their product is equal to a square integer) we have that theaieef§ of
the recursion (18) are always integer numbers and their express@ns a

2(1+2%) = =24 m+2K +n,

L) _9b— 9K 42,

Therefore, beingy = 1, m = m, 71 = n and taking into account (26), we
have, from (18) that, and7_» too are integers. Finally, due to the fact that the
expressions in (26) represent integer numbers and being (18) @ikectelation,
we deduce that; is an integer for any indek and conclude that (23) together (25)
are sufficient conditions in order to He; } an integer sequence.

(26)

6. Symmetrical chains

Two particular cases relevant to conditions (23) and (25) are repeasby:

(@m =n.
O)ym=1,n=K?orm=K?n=1.

In case (a) one finds the chains with central symmetry while in case (b) the
chains with bi-central symmetry.

In both cases thap anddown sequences are equal and some of them are clas-
sified in OEIS (TheDn Line Encyclopedia of Integer Sequences) [3]. We reported
them in Tables | and Il
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Table I: sequences listed in OEIS and related to
chains having central symmetry

Classification of the sequence
Values ofm and n according to OEIS
m=n=2 A055997
m=n=3 A171640
m=n=4 A055793
m=n=29 A055792
m=mn=10 A247335

Table II: sequences listed in OEIS and related to
chains having bi-central symmetry

Classification of the sequence
Values of m and n according to OEIS
m=1n=4 or n=1m=4 A081068
m=1n=25 or n=1m=25 A008844
m=1n=8l or n=1m=281 A046172
m=1n=169 or n=1m =169 A006051
7. Examples

Let us show some examples.

(a) Case of non symmetrical chains:

If we choosen = 2 andn = 8, we have from (23):
Yo b 7

Ve, 2-1
a V2, a 2

The generated integer sequences up and down are respectively:
{rup} = 1, 2, 25, 392, 6241, ...,
{Tdown} = 1, 8, 121, 1922, 30625, ....

(b) Case of chains with central symmetry:
If we choosen = 2 andn = 2, we have from (23):

Yo b

The generated integer sequences up and down are respectively:
{7up} = {Tdown} = 1, 2, 9, 50, 289, 1682, ....

This is sequencA 055997 in OEIS.
(c) Case of chains with bi-central symmetry:
If we choosen = 1 andn = 4, we have from (23):

Yo b 5
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The generated integer sequences up and down are respectively:
{7up} = {Tdown} = 1, 4, 25, 169, 1156, ....
This is sequencA 081068 in OEIS.
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On the Extrema of Some Distance Ratios

Michel Bataille

Abstract. In the plane, given a liné and two distinct pointsA, B with B not
on/, we use inversion to study the extremal values of the tafid /M B when
M varies on¢. The method also holds when an arbitrary cutvis substituted
for ¢, and we dwell upon the case whéris a circle.

1. Introduction

Fixing distinct points4, B not on a line’, the construction of the poinfs, K of
¢suchthatH A/HB < MA/MB < KA/K B for all pointsM on ¢ has already
received some attention. Two recent articles justify the same constructigsirzy
coordinates ([2]) or by a synthetic proof ([3]). Here we proposetaliodifferent
construction which readily leads to the exact value&/of/ H B andK A/K B. In
a second part, we extend the method, examining in particular the casefvidien
replaced by a circle.

2. Theconstruction

As in [2] and [3], we assume thatB and/ are not perpendicular; in contrast to
B, the pointA is allowed to be orf. LetI denote the inversion in the circle with
centerB and radiusBA. The line/ inverts into a circld” passing througlB, and
for any pointM on/, the pointM’ = I(M) is the point of intersection other than
B of the lineBM andI” (see Figure 1).

As for distances, we have

AB%-M'A MB M'A-MB
MA=———"-=AB-M'A- =
BM'-BA AB? AB
(sincel(A) = AandBM - BM' = BA?) and therefore
MA MA
MB  AB’

Thus, as\f varies orY, the ratio%—g is extremal if and only if\/’ A is and therefore
%—g attains its minimum (resp. maximum) at a unique pdihfresp. K) of £: if
the diameter ofl" through A intersectsl” at H' and K’ with AH' < AK’, the
desired pointd? andK areH = I(H') andK = I(K’).

In passing, note that the lin€’ H’ inverts into a circld(K’H’) throughB, A,
H, K; since/ = I(I") and becausg€ is cut orthogonally by its diametex’ H',
HK is a diameter of this circl&(K’H’) passing thoughd and B. This result
leads to the construction presented_in [2] &nd [3].
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Figure 1.

3. Thevaluesof 44 and £4

We need the following preliminary result:

Lemma 1. A is exterior or interior toI" according asA and B are on the same
side of? or not.

Proof. We introduce the orthogonal projectiéhof B onto/¢ and the midpoint”
of the line segmenBU’ (whereU’ = I(U)), that is, the center dof (Figure 1).
With these notations, we have

BA? BA - AU
2 12 2 12 ! /
4AV? 4+ BU? = 2(AB* + AU"?), BU' = &, AU’ = T

and a short calculation then gives

2AB2

4AV? —4BV? =
% Vi= o

(BU? + AU? — AB?) = 4AB*. gg cos(ZAUB).

Thus, AV < BV is equivalent toZAUB > 90°, and the announced property
follows. O

For simplicity we set\ = 4 = min{34 . M € ¢} andpy = £4 =
max{35 : M € ¢} and now prove the following theorem:

Theorem 2. If d(X, ¢) denotes the perpendicular distance from the painb the
line ¢, ande = +1 if A, B are on the same side 6fande = —1 if not, we have

() A = Gy andp —eX = 455,
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(i) the values of\ andy are given by

AB — \/AB? + 4zd(A, {)d(B, )
2d(B, 0) ’

AB + \/AB? + 4ed(A, £)d(B, ()
2d(B, 1) '

Proof. Let r be the radius of". First, suppose thatt and B are on either side
of ¢ (Figure 1). ThenAH' = MAB, AK' = nAB. Hence,A being interior to

I, A+ p)AB = AH' + AK' = 2r. Since2r = BU' = BBI?JQ - #B;)’ we
2r AB

obtain A + u = 45 = AB0 Exchanging the roles oft and B, we see that
N = min{{f5 : M €} = L andy' = max{{{§ : M € ¢} = ; satisfy
N+ = ﬁ, that is,% = ﬁ. The result (i) is readily deduced. Now,
andy are the roots of the quadratic equatichi(B, ) — v AB + d(A, £) = 0 with
A < pand (i) follows.

Second, suppose thdtand B are on the same side 6{Figure 2). TherAK' —
AH' = 2r so that, as above, — \ = d("}gf% = /\ud(}f@. Thus (i) remains true.
This time,—\ andy are the roots af?d(B, ¢) —xAB —d(A, ¢) = 0 and (i) holds.

A=

Figure 2 Figure 3

Lastly, if A is on/, the formulas continue to hold: they give the expected values
A =0andy = g3 = 57 indeed, becausd &’ is a diameter of’, we have
ZABK = 90°, henceBU is the altitude fromB in the right-angledd BK and so

£4 = 4B (Figure 3). O
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4. An extension and a consequence

We quickly examine the discarded case wh&B is perpendicular td. Of
course, if A andB are symmetrical ir?, then%—g‘ = 1 for all points M of /.
Otherwise, supposing for example thitB are on the same side 6fwith AU <
BU, then2£ has no maximum whef/ varies or¢, butsup {455 : M € ¢} =1

while
MA?  AU?+UM? UA? N MU(UB® —UA?) _ UA?
MB?  BU?+4+UM? UB? BU2?(BU2+UM?) ~ UB?

so thatmin {44 : M € ¢} = Y&, The other cases can be treated in a similar

way. It is readily checked that if we replace max dap andmin by inf in the

definition of A and, the results (i) and (ii) of the theorem continue to hold.
Taking this extension of the theorem into account, we can deduce a nie cor

lary about conics:

Corollary 3. LetK be the conic with focus’, associated directriX and eccentric-
ity e. For Pon/C, let A\(P) = inf {% : M € (} andp(P) = sup {% . M et}
Then we have

A(P) = |u(P) —el. 1)

Proof. SincePF = ed(P,{), part (i) of the theorem giveg(P) — A\(P) = eif K
is a parabola or an ellipse € 1).

If ICis a hyperbola, thep(P) — A(P) = e or u(P) + A(P) = e depending on
the branch ofC containing P, and s&(P) = |u(P) — €. O

Note that relation((1) does not characterize the points @ff) remains valid for
a point P of the reflection ofC in £).

5. Generalizing the method

In the plane, le€ be any curve andl, B two fixed points withB not onC. Let
C’ = I(C) wherel denotes the inversion in the circle with cent&and radiusB A.
Mimicking the calculations of the second paragraph above, we readily ahtin
for M onC, we haveM4 = M°A \whereM’ = I(M). Thus, the raticl4 attains
an extremum og if and only if M’ A does orC’.

This can be applied whef is a circle. In that case, the rat%% is constant
as M describeg if and only if A is the center of the circl&(C), that is, if and
only if A, B are inverse irC; otherwise the ratic%—g attains its maximum (resp.
minimum) at a unique point of the circtz which can be constructed with the help
of the inverse of in the same way as in the case of the line. The reader will fill in
the details or find them in [1].

6. An alternative construction when C isacircle

It is worth mentioning a close but simpler construction that avoids the construc
tion of I(C). We suppose that, B are not inverse in the circlé and introduce the
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inversionJ with centerB leavingC globally invariant. Letd’ = J(A). For any
point M of C, M’ = J(M) is onC as well and

_ |- M'A

- BM'-BA

wherep is the power ofB with respect ta&C (Figures 4 and 5). Sincg| = BM -
BM’, we see that

MA

MA  AM

MB  A'B’ @
If the diameter ofC passing through’ intersects the circle il and K’ with
A'H' < A/K, itfollows thatH = J(H') and K = J(K”) satisfy

HA C(MA KA MA
—mln{.MGC} and K_B—max{W.MEC}.

M
A
A
/ :
H' K
M/
Figure 4 Figure 5

To conclude, we examine a nice application in the case whina fixed point
on the circleC and B is not onC (Figure 6). Of course, we consider only the point
K of C where£4 attains its maximum. Let be the radius of. From [2) we have

KA AK' 2
KB AB AB

Now, letk be a positive real number. Themax {%—g M e C} = kif and
onlyif B = %’ that is, if and only ifB belongs to the conchoid @ffor pole A
and cons'[anft’kI (a limacgon of Pascal). In the particular cdse- 1, the limacgon is

a cardioid (Figure 7) and we obtain the following, perhaps new, chaizatien of
the cardioid:

Proposition 4. Let £ be the cardioid with cusp atl and fixed circleC. Then a

point B, not onC, is on £ if and only ifmax {%—g : M e C} =1.
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7z

)

K’
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Twins of Hofstadter Elements

Apostolos Hadjidimos

Abstract. In this article the Hofstadter triangles, transversals, points and sectri-
ces are considered and, based on these known elements, new cedsrelated
to Hofstadter’s elements calletlWins’ are defined, analyzed and studied.

1. Introduction

We begin with a scalene acute triangdA BC. Leta, b, ¢ be its sides oppo-
site the verticesA, B, C and«, 3, v be its respective angles in radians, where
without loss of generality we assume that< v < 3 (< 5). Let us consider
three pairs of straight semi-lines such that the elements of each pair hgwes or
two of the vertices (poles) and each passes through the other veriex BIC
and both elements rotate about their poles in opposite directions (counkercloc
wise and clockwise, respectively) at constant rates analogous to gfesahey
sweep. The intersection points of the elements of the three pairs of semidmes f
anyx € [0, 1] define the Hofstadter triangle’ It is known that the vertices of the
Hofstadter triangles draw straight-lines callddofstadter x—transversals”and
the vertices of Hofstadter triangle joined with the opposite verticeS 4BC' are
concurrent at a point calledHbfstadter pointH,"” [L]. One more characteristic
of what we callx—sectrices (a term borrowed fronMaclaurin’s sectrice’[2])
asz increases fron) to 1 is that they pass through some well-known points of
the triangle, like the vertices of the Morley triangle [3], the incenter, etc. ik th
article we prove that the orthogonal projections (simply projections fromam
of the vertices of the Hofstadter poinis,, for a certainz € [0, 1], onto the op-
posite sides form ativin” Hofstadter triangle. The vertices of the latter triangle
joined with the opposite vertices &8 ABC' by straight-line segments, théain”
Hofstadterz—transversals, are concurrent attevih” Hofstadter pointO,. More
interesting results are found when thevin” Hofstadter trianglesg—transversals
and points are analyzed and studied in detail. Moreovet,iasreases frond to
1 each twin Hofstadter point sweeps an arc of a curve called Hofstagtectrix
associated with the point considered.

Publication Date: February 5, 2018. Communicating Editor: Paul Yiu.
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2. Twin Hofstadter’s triangles, transversals, points

Let the two straight semi-lines of the ordered p@isc1, Ecs2) have origins the
verticesB andC and pass through' and B, respectively, rotate about counter-
clockwise and about’ clockwise at constant rates proportionafttand~y, so that
for anyz € [0, 1] the angles swept by them afe: and~yx, respectively. Note:

The two letters in the subscript denote, fo= 0, the side of the triangle on which
both elements of the pair lie, the first letter denotes the corresponding ondin a
pole, and the numbersand2 denote counterclockwise and clockwise rotation.)
Let the two straight semi-lines @€sc1, Ecp2) intersect at the point,, a vertex

of the Hofstadter triangle far € [0, 1] whose projection ont®C' is A’.. (Note:
The points4, and Aj, will be defined later.) Similarly, using a cyclic notation and
properties we consider the other two pairs of straight semi-liigs:, Eacz) and
(Eap1, ErA2), their corresponding —transversals a8, andC,, sweep the interior
of the triangleA ABC and also their projection8’, andC”, onto the side€’ A and
AB, respectively.

The various definitions given so far enable us to determine new element calle
“twing’, and prove some properties associated with the particular Hofstadter trian
gles, thex—transversals and the Hofstadter poiffs. First, we present a known
proposition for a Hofstadter triangle and then we state and prove a nefooite
“twin” triangle.

Theorem 1([1]]). Under the notation and the assumptions so fariet, B..C,. be
the Hofstadter triangle corresponding to a certaine [0, 1]. Then, the straight-
line segmentsiA,, BB,, CC, are concurrent at a pointl,, whose trilinear co-
ordinates are

sin(za) . sin(z3) . sin(zy)
S((-a) (-7 @ sa—ny ©oF z€(0,1),
%:%:%forxzo, (1)
2:B:E for z = 1.
a v

Theorem 2. Under the assumptions of Theoréim 1, the vertices of the twin Hofs-
tadter triangle AA/ B/ C”, for a certainz € [0, 1], joined with the correspond-

ing verticesA, B, C of AABC define the concurrent straight-line segments (
transverals)AA’ | BB!.., CC!. (Note: The point of concurrency is called the twin
Hofstadterz-pointO,.)

Proof. We begin with the proof of the statement for any (0, 1]. From the right
trianglesABA, A!, and AC A, A, for which A, A’ is a common side we obtain
that

(A:A) = (BAY) tan(Bz), (AzA;) = (A,C) tan(yz). )
Solving for(BA’) and(A/,C) we immediately get that

Ag Al Ag Al _ sin(Bz) sin(yx
a = (BA}) + (4;0) = Ean(ﬁmg + Ean(ng = (A:47) = %a‘
)
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From the right equation of3) and from eachl[df (2) we find the two esgioms
par) _ SO cos(Ba) ) sin(Br)cos(ha) | ”
B = ) @ O = @0 @
Also, from the right equation of3) as well as from their cyclic exprassiave
can readily obtain that

1\ _ sin(Bz)sin(yx) 7\ __ sin(yz)sin(ax) 1\ _ sin(ax)sin(Bz)
(4edy) = irm @ (BeBr) = SaGrais 0 (CeCh) = Siiaema). &

Now, from the expressions ial(4) and their cyclic ones we directly hate tha

sin(yx) cos(Bx) sin(ax) cos(yz) sin(Bz) cos(ax)

(BAy)  (OBy) (ACy) _  “sin((Btys) ® | “sin(GHoe)a) | “sin((atBy) ¢ _ 4
(A/ZC) (B/IA) (CéB) —  sin(Bz) cos(yx) a sin(yx) cos(ax) sin(ax) cos(Bx) c - .
sin((B+v)z) sin((y+a)z) sin((a+p)x)

(6)

By virtue of (8) and the Ceva Theorem [4}A’,, BB, CC., are concurrent for
anyz € (0,1]. (Note: Forz = 1, the pointsA,, By, C; are the three vertices,
B, C of AABC') To find an analogous statement for= 0 we find the following
limits

limm_>0+ BAII, = BA(), limx_>0+ A%C = A()C (7)
The above limiting expressions are obtained if we take limits of the first express
in (@) in which case we have

lim (BAL) = lim sin(vyx) cos(fx)
z—0t v a0t sin((8 + v)x)
v - limy, o+ Sinw(;m) -lim,_,o+ cos(Bx)
B - limg o+ Sméfw) limy_, o+ cos(yz) + 7 - limy,_,o+ va(i;fﬂ) -lim,,_,o+ cos(Bx)
y-1-1 g
:/3.1.1+7.1.1a:ﬂ+,ya:5(BA6)E(BAO)- (8)
Similarly, we can obtain thdim,_,q+ (A..C) = %a =: (4,C) = (AoC) and

then, cyclicly, we can have the corresponding expressions for alttiee limits of
the relevant line segments. Therefore, applying again the Ceva Theadrave

that
a B
(BAo) (CBy) (ACy) el @A _ | ©)

e
(A0C) (BoA) (CoB) 5%@ Tab atac

and so the three line segmentsly, BBy, CCy are concurrent. O

Definition 1. For anyz € [0, 1] the three line segmentd A/, BB/, CC!, are
called twin Hofstadter:—transversals o A.., BB,, CC,, respectively, while the
point O, of their concurrency is called twin Hofstadter pointf&f, .

Theorem 3. Let O, z € [0, 1], be the point of concurrency ofA’,, BB., CC!,
of TheoreniR2 andizcy, hcax, hasx be the altitudes of the triangleAO,BC,
AO,CA, AO,AB from their common verte®,. to BC, C A, AB, respectively.
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Figure 1.Acute Casedg = 5 <y =3 <3 =2 z= 1)

Then, the trilinear coordinates of the twitig, of the Hofstadter pointdZ, are
given as follows:

tan (our) . tanéﬂx) : tan((;/m) for z € (O’ 1)’

¢ B
a.pB .
aipie for x =0,

1 1 . 1 . 1
a(b?+c2—a?) * b(c2+a?2-b2) ° c(a?+b>—c?)

. . 1 B
cos(a) " cos(B) " cos(v) for x = 1.

(10)

Proof. The pairs of triangleNABA!, AAA! C andAO,BA,, AO,A/.C have
the same altitudes and bases the segmBmt$ and A/.C, respectively. So, the
ratios of their areas will be proportional to the lengths of their bases. im ofe
this we successively obtain

(BA,) _ (ABA}) (0.BA})  (ABA}) — (0.BA,)  (O:AB)

(ALC) ~ (AA,C) ~ (0, 4,0) — (AAL,C) — (0,4,0) — (0,c4) )

or

By virtue of (4), the leftmost ratio above becon’%%‘% = EZEggg while the right-

most one in[(1l1) equa z‘éﬁ; = ZZ’S/B& From the two extreme ratios in_(11) and

their equivalent expressions just obtained we readily%% = i’:ZﬁEgg Con-

sidering also the other two cyclic expressions to the one just found weualsn
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have that
hagx _ btan(yz) hcax _ atan(fz) hpcx _ ctan(ax) (12)
heax  ctan(Bx)’ heex  btan(ax)’ hagx  atan(yz)’
From any two of the equalities i (1L2) we can obtain
hBCx o hCAx o hABx
tan(azx) tangﬁz) " tan(yx) (13)

from which the first trilinear coordinates 6f, vV x € (0, 1) in (I0) are immediately
obtained. Note, however, that fer = 0 one may use the limiting expression in
relation [8), ast — 0™, as well as its cyclic ones, to obtain the second trilinear
coordinates fot, in (). Forz = 1 we begin with the denominator étc, which

is then aséﬁga) = 2RC})S(Q), whereR is the radius of the circumscribed circle to
AABC. From the last expression and its cyclic ones we readily obtain the first set
of relations in[(8). To find expressions in terms of the sideAdfBC we use the
cosine formula? = b? + ¢? — 2bccos(a) and its cyclic ones. Solving fafs ()

we havecos(a) = W from which the second set of expressionsicet 1 in

(8) are produced. O

Remark 1. It should be pointed out that the twin poitify and the Hofstadter
point H, coincide, while the twin poin©; of H; is the orthocenter of the triangle
AABC.

In our analysis so far it has been assumed that the given triangle is dtute.
AABC is aright triangle, with3 = %, or an obtuse trianglej € (%, 7), then
some of the formulas of Theoremb 2 ddd 3 and whatever is derived fram the
change.

(1) Right triangle:

e Forz € [0, 1) all formulas obtained in the proofs of Theorelms 2 and

remain the same. However, as— 1~ then

lim (Bz) = E, lim sin(fz) =1, lim cos(fz) =0, lim tan(fz) = +oo.

r—1~ 2" z—1- r—1— r—1—
So, formulas[(R) and the first dfl(3) do not have any meaning as they
stand. However, we observe that if [d (3) we take limitscas> 1~
we very easily find thatA, A}) = 5%1a = c. Similarly, if we take
limits in () asz — 1~ we obtain
lim (BA,) =0 & A, =B, lim (A.C)= (BC) =a.

r—1— r—1—

e The applications of Ceva’s Theorem [ (6) ahH (9) remain unchanged
for anyz € [0,1). However forz = 1, whencos(a) becomes zero,
first we simplify bycos(8z) asz — 1~ and then we take limits as
z — 17; hence the end result is the same as before. Note that the
point of concurrency is the verte, which is the orthocenter of the
triangle, as was expected.
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sin(ax)

1- hagx  atan(y) asin(y)cos(a) 2Rcos(a)

cos(fx) cos(yz) : b cos(yz) cos(ax) :

A. Hadjidimos

e We also havdim,_,o+(BA,) = lim,_,o+ tan(yz)a = 0 meaning

that A’ = B something which was expected since fon, o A/, =
A, = B as was proved before.

e Due to the fact thalim,_,,- tan(8z) = +oo it implies thathgc; =

hag1 = 0. However, from the last equality if (IL.3) we have that
hsex  ctan(a)  csin(a)cos(y)  2Rcos(y)

o |ole
|

meaning that the asymptotic convergence rate of the ratio of the alti-
tudes fromO,, to the sidesBC andAB, Zigi, asr — 17 is 2.

e Asz — 17, the first set of trilinear coordinates can be written as

sin(fx)

sm(zw) cos(ax) cos(fx).
Then, taking limits asc — 1~, we observe that the two extreme
coordinates becomg due tolim,,_, ;- cos(ﬁx) = cos( ) = 0, while
the one in the middle becomg% cos(a) cos(y) = 4. Multiplying

all three coordinates found Iby we have that the triIinear coordinates
in the third set of relation$ (10) become

0:%:Oforx:1. (14)

Note that these trilinear coordinates give also the distances of the point
0O, = B from the three sides, b, ¢ of the right triangleAABC,
respectively.

(2) Obtuse triangle:

e Recall that3 € (3,7). Sinceazr < vz < Bz, then forfz €
0,

(0,3) < =z € (0, 55), everything will be the same as in the acute
case.

Forgr = § & = = ’fB the pomtsA% anan will be on the
straight semi-line€zc1 and&ga, Which will be perpendlcular to the

sidesBC and AB, respectively. This means that the two pouztf%

2
and C’ will coincide with the vertexB. So, the three straight-line
segments4A’ﬁ , BB’ﬁ , C’C’ will have as a point of concurrency the

2B
twin point O = of the Hofstadter pomeﬁ The various elements
associated W|th7§ will be found as the limiting ones of the acute

case ag — ( 6)
Forz ¢ <27;3,1> the angles3z = Cﬁr = ABCw € (%,

will be obtuse meaning that the prolectloAS andC’ ofA and

C% will lie onto the extensions o’ B and AB respectlvely, and

so strictly outside the trianglA ABC'. Then, all the expressions for
(BAL),tan(fSx), cos(Sx) are exactly the same as the ones in the acute
case except that now all of them are negative.
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The pointO,, of concurrency ofAA!,, BB.,, CC!, will lie strictly out-
side the triangle and specifically in the vertically opposite angle of
B.

e Forx = 1 the various elements of interest are found from the corre-
sponding ones in the previous itemmas—» 1~ and will be the ortho-
centerO; of the triangleAABC.

Remark 2. Summarizing, in the obtuse case there are three situations that one
should have in mind. Iz < 7 (z < g5), then, all three pointsl;,, B;., C7 will

lie strictly within the corresponding sides of the trianglel BC' and Figure 2 will

look like Figure 1. Ifgz = 7 (z = g5), then the pointsA’, C; and O, will
coincide with the vertex3. If 7 > Bz > 7 (5 > = > 73), then the pointsi;, C;,

will lie on the extensions of the sidé€sB and AB, respectively, whileD,. will lie

in the vertically opposite angle @fof the triangleA ABC as all these are depicted

in Figure 2.

Remark 3. The exhaustive investigation of all three cases of the scalene triangle
AABC (acute, right, obtuse) concludes our detailed analysis of the twin Hofstadte
elements (triangles, transversals, points, sectrices). The cases o$eglés or an
equilateral triangle are trivial and are, therefore, omitted.
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Primitive Heronian Triangles With
Integer Inradius and Exradii

Li Zhou

Abstract. It is well known that primitive Pythagorean triangles have integer
inradius and exradii. We investigate the generalization to prim- itive Heronian
triangles. In particular, we study the special cases of isosceles triarglégan-

gles with sides in arithmetic progression. We also give two families of primitive
Heronian triangles, one decomposable and one indecomposable, valvieim-
teger inradii and exradii. When realized as lattice triangles, these two families
have incenters and excenters at lattice points as well. Finally we pose tivo pro
lems for further research.

1. Introduction

A Pythagorean triangld BC' is a right triangle with three sides b, ¢ € N. It
is primitive if ged(a, b, ¢) = 1.

Now suppose thatt BC'is a primitive Pythagorean triangle witl¥ + b? = ¢?.
Since{0, 1} is the complete set of quadratic residues moduyloandb must have
opposite parity and¢ must be odd. Hence = %(a +b+c¢) € Nandits area
T = %ab € N. Letr, rq, 1, 7c be its inradius and exradii opposie B, C,
respectively. Them, r,, r, r. € N (see Figure 1).

Conversely, if a right trianglel BC' has any three of, r, r, 7. in N, then

a=1r+re=r.—1p €N,

b=r+r,=r.—1rs €N,

c=rg+rp=1.—71 €N,
so the triangle is Pythagorean.

This motivates us to consider the more general case of Heronian triamgles.
Heronian triangleA BC' is a triangle with integer sides and integer area, that,is,
b, ¢, T € N. Itis primitive if gcd(a,b,c) = 1. Furthermore, it isSndecomposable
if hq, he, he are not inN, whereh,, hy, h. are the altitudes oa, b, ¢, respectively.

Otherwise, itis called decomposable. Finally, we denoté By, I, I. the incenter
and the excenters opposite B, C, respectively.

2. Isoscelestriangles
First, we consider the special case of isosceles triangles. For examples:
o If (a,b,c) =(5,5,6),then(T,r,rq,7p,7c) = (12, %,4,4, 6).
o If (a,b,c) = (13,13,10), then(T,r, 74, mp, 7c) = (60, 3, 12,12, 13).
We have the following theorem.

Publication Date: February 7, 2018. Communicating Editor: Paul Yiu.
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Figure 1. Aright triangleA BC with its incircle and excircles

Theorem 1. Suppose thatl BC' is a primitive Heronian triangle witla, = b. Then
rqe = 1 € N, butr andr. cannot both be integers.

Proof. Note that

+ Cc b C
S=a = S—a=8—0= Ss—Cc=a— %
27 Y 27
soT = $v4a? — ¢, which implies thatta® — ¢* = m? for somem € N.

Hence—c? = m? (mod 4), thusc = 2d andm = 2n for somed, n € N, with

oo

ged(d, n) = 1. ThenT = dn andr, = r, = =~ = n. Also,

T dn T dn

r=— = et TC — - .

s a+d s—c a—d

For contradiction, assume thatr. € N. Then
2d*n 242
remr=aog@s o, €N

which forcesn € {1,2}. Sincen? = (a + d)(a — d), neithern = 1 norn = 2 can
yield d € N. This contradiction completes the proof. O

3. Sidesin arithmetic progression

For another special case, we consider triangles with sides in arithmetieprog
sion. For examples:

o If (a,b,c) = (13,14,15), then(T,r, 74,15, 7c) = (84,4, 2,12, 14).
e If (a,b,c) = (51,52,53), then(T, r,rq, 75, 7c) = (1170,15, 130 45 234),

We have the following theorem.
Theorem 2. Suppose thatl BC'is a primitive Heronian triangle withl = b —a =

¢—>b > 0. Thenr,r, € N. But except fofa, b, c) = (3,4,5), r, andr. cannot
both be integers.
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Proof. Note that
b b
§=— s—a:§—|—d, s—bzi, s—c:g—d,

soT = %,/3(b? — 4d2), which implies that? — 44> = 3m? for somem € N.

Henceb? = 3m? (mod 4), thusb = 2e andm = 2n for somee, n € N, with

ged(e,n) = 1. ThenT = 3en,r = £ =n, andry, = % = 3n. Also,

S

T 3en T 3en

’["a: pry ’]"C: pr .
s—a e+d s—c e—d

Assume that,, r. € N. Then

_ 6e2n _262 N
Tt m g T S

which forcesn € {1, 2}.

If n =1, then3 = 3n? = (e +d)(e —d), soe = 2 andd = 1, thatis,(a, b, c) =
(3,4,5). If n = 2,then12 = (e + d)(e — d). Sinceged(e, d) = 1, we cannot have
(e +d,e —d) = (6,2). The only remaining possibilitieg + d,e — d) = (12, 1)
or (4, 3) cannot yieldd € N. O

4. Triangleswith r, ro, rp, 7. € N

It is possible for a primitive Heronian (non-Pythagorean) triangle to ladive
Tay Toy Te € N. For example, if(a,b,c) = (7,15,20), then(T,r,rq, 75, 7c) =
(42,2,3,7,42). Note that this triangle hals, = % = 12, so is decomposable.
We show that there are infinitely many such decomposable ones.

Theorem 3. There are infinitely many primitive and decomposable Heronian (non-
Pythagorean) triangles with, r, r, . € N.

Proof. Forn > 1, let

a= 4n?,
b= 4n® —2n® +1= (2n+1)(2n% — 2n + 1),
c=4n®+2n2 —1=(2n—-1)(2n% 4+ 2n +1).

Sinceb is odd andz + b — ¢ = 2, the triangles are primitive for at > 1. Also,
frome+ 2 = a + b we get

& —a®—b* =2(ab—2c—2)=2(ab—2a—2b+2) >0,
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with equality if and only ifn = 1. Therefore, for alh > 1, the triangles are obtuse
and thus non-Pythagorean. Now,

s = 4n® 4 2n? = 2n%(2n + 1),
s—a= 4n® —2n? = 2n%(2n — 1),

s—b=4n’—1=(2n—1)(2n +1),

s—c=1;
T = 2n%(2n —1)(2n + 1);
2T
he= —=02n-1)2n+1);
a
T
r= —=2n-—1,

S

T
T = =2n+1,

S—a
T
— — 902
b s—b n-,
e = =2m*2n—-1)2n+1) =T,
S—C
completing the proof. O

Notice thatn = 1 yields the Pythagorea(u, b, c) = (4, 3,5) andn = 2 yields
(a,b,c) = (16,25, 39).

This naturally leads to the question of whether there are such indeconigosab
triangles.

Theorem 4. There are infinitely many primitive and indecomposable Heronian
(non-Pythagoreantriangleswithr, r4, 14, 7. € N.

Proof. Forn > 1, let

a= 25n%+5n —5=>506n%4+n—1),
b= 2513 —5n® —Tn+3 = (5n+3)(5n® — 4n + 1),
c= 250 +20n% — 2n — 4 = (5n — 2)(5n% + 6n + 2).
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Sincea is odd andi+b— ¢ = 2, the triangles are primitive. Similarly+2 = a+b
implies thatc? — a® — b > 0. Moreover,
s= 250 4+20n% —2n —3 = (5n+3)(5n® +n — 1),
s—a= 25m> —5n* —Tn+2=(5n—2)(5n*+n-1),
s—b= 25n*+5n—6=(5n—2)(5n + 3),
s—c=1;

T = (5n —2)(5n + 3)(5n +n — 1);

r= —=5n-—2,
s
re = = 5n + 3,
s—a
T 2
Ty, = —— =5n"+n-—1,
5—0b
T 2
re = =0Bn-2)bn+3)5n +n—-1)="T.
s—c
Finally,
2" 2(5n—2)(5n + 3
po_ 20 2m -2
a
2T  2(5n —2)(5n? +n —1) 2
hy= — = =10n+6—- ————¢N
T 5n? —dn + 1 e g P
2T  2(5n+3)(5n? +n —1) 2
he= — = =10n—-44+ —S———¢N.
¢ c 5n? + 6n + 2 " +5n2+6n—|—2€

The beginning case of = 2 yields(a, b, c) = (105, 169, 272).

5. Embedding as lattice triangles

In [1], Paul Yiu discovered and proved that all Heronian triangleslattee
triangles. That s, they can be embedded so that the coordinates of the¢hiees
are all integers. Now we wonder whether for sothd,,, I, I. can be lattice points
as well.

Theorem 5. There are infinitely many primitive Heronignon-Pythagoreantri-
angles, when realized as lattice triangles, havel,, I, I. at lattice points as
well.

Proof. (1) The decomposable family in Theorem 3 with

a=4n% b=(2n+1)2n*-2n+1), c=(2n—1)(2n*>+2n+1)
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can be realized at
A= (—2n(n—-1)2n+1), 2n—-1)(2n+1)),
B = (4n?, 0),
C = (0, 0).
Then
I=(s—c¢,r)=(1,2n—-1),
I,= (s=b,re) =(2n—-1)(2n+1), 2n + 1),
Iy = (a—s, 1) = (—2n%(2n — 1), 2n?),
I.= (s, 7) = (2n*(2n + 1), 2n*(2n — 1)(2n + 1)).
For the beginning value of = 2, the points are

A= (=20, 15), B=(16,0), C=(0,0);

I=(1,3), I,=(15,5), I,=(—24,8), andl, = (40, 120).

(2) The indecompaosable family in Theorem 4 with

L. Zhou

a=506n+n-1), b= (Bn+3)(6n’—4n+1), c= (5n—2)(5n>+6n+2)

can be realized at

A= (2n(2n—-1)(5n+3), (n —1)(3n — 1)(5n + 3))
= 2n(2n —1)rq, (n —1)(3n —1)ry),
B= (—4(5n* +n—1), =3(5n* +n — 1))
= (—4ry, —3rp),
C = (0,0).
Then
a+b+c
—aA+bB + cC
= =((— —3n + 2
1, P iy ((=4n 4+ 1)rq, (=3n+2)r,),
aA—bB + cC
I, = a——b+c = ((4n — D)y, (3n —2)ry),
aA+bB —cC
I, = —aib_c ((Bn — 2)rgrp, (—4n + 1)remy).

For the beginning value of = 2, the points are

A= (156, 65), B= (-84, —63), C = (0, 0);

I=(4, -7), I,=(-91, =52), I, = (147, 84), andI. = (1092, —1911).

O
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6. Further problems

The triangles given in the proofs of Theorem 3 and Theorem 4 are falkeb
which suggests the following question.

Problem 1. Are there infinitely many acute primitive Heronian triangles wit,,,
Ty, Te € N?
On the other extreme, there are also primitive Heronian triangles'withry, r. ¢
N. For examples:
o If (a,b,c) = (1921,2929, 3600), then
8640 4875 6500 22464
2 .
(808000, B 1 3 F )
o If (a,b,¢) = (2525,2600,2813), then
47804 39627 81396 44289)

T = 11652
( 7raTa7Tb7TC) (30 65) 63 ) 19 ) 37 ) 17

(Ta T TayTh, TC) =

We propose the following problem.

Problem 2. Prove that there are infinitely many primitive Heronian triangles with
Ty TayTh Te € N.
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A Family of Triangles for which Two Specific Triangle
Centers Have the Same Coordinates

Francisco Javier Gaia Capiéin

Abstract. Itis well known that different points can have same ETC search num-
bers. We consider the family of triangles for whi&hsss and X15519 have the
same barycentric coordinates. This family includes triafgl®, 13). We give
a geometrical construction and a locus point of view for this family of tliesig

1. Introduction

The two triangle centers in question axg3635) and X (15519) in the Ency-
clopedia of Triangle Centers [2]. Randy Hutson[1] points out that they have the
same ETC search number, while the barycentricsf@3635) are

(6a—b—c:- -i--)
and those ofX' (15519) are
(ma+b+c)Ba—b—c)?:---:-0).

When we calculate the cross product of the coordinates of these two pangst
an expression of the form

{Q(aa bv C)(b - C)a Q(aa b7 C)(C - a)> Q(aa b7 C)(a - b)}
where
Q(a,b,c) = 146abc + Z (3a® — 232 (b + ¢)). 1)

cyclic

The reason for the apparently strange behaviak ¢15519) and X (3635) is the
fact thatQ(6, 9, 13) = 0.
The relation[(ll) can be written in terms &f r, s as

5s” + 8r* — 80rR =0,
which in turn is equivalent to

45GI? = 172 (2)

Publication Date: February 12, 2018. Communicating Editor: Paul Yiu.
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2. Construction

This leads to an easy construction of the triangles satisf{ing (1). We dinst ¢
sider the following lemma.

Lemma 1.[f Let ABC be a triangle with incentef. Call J the orthogonal pro-
jection of I on the parallel toBC' through A, and M the midpoint ofBC. Then
AM meetsl J at Jy, the inverse off with respect to the incircle.

Figure 1.

Proof. Since M is the midpoint oBC and AJ is parallel toBC, AM is the har-
monic conjugate ofi.J with respect tcAB and AC.

Let XY Z be the pedal triangle of. If J/ = AM NYZ andU = AJNYZ,
then.J’ is the harmonic conjugate &f with respect ta7Z, Y, and therefore/’ lies
on the polar ofJ with respect to the incircle.

By the reciprocal property of pole and polar, sinfelies on the polar of’,
the polar ofJ’ goes througltU, that is.J is the inverse of/’ with respect to the
incircle. O

Now we can solve the construction problem of triangdlBC from I, G, andX
(the pedal off on BC)

Construction 2. GivenI, G, and X, construct

(1) D, the othogonal projection aff on the tangent té7, 7 X)) at X,
(2) L, the point on lineDG such thatDG : GL =1 : 2,

(3) J, the intersection of the parallel tBC throughZ and line X I,
(4) J', inversion ofJ with respect to circlé, I X),

(5) A, the intersection of line&'.J’ and.J L, and finally,

(6) B, C, the intersections of BC and tangentg 1o/ X') from A.

IThis lemma was proposed by the author in tHeth Mathematics and Computer Science Na-
tional Contest “Grigore Moisil”, held in Urziceni, Romania, February, 2418.
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L

=~

A J
J/
4
G
X

Figure 2.

B

Now to construct the triangles satisfyirlg (2), we start from the citéld X)
and the tangent at some poikt, the future lineBC'. If we taker = I.X, we can

perform a compass and ruler construction for the distanee %r taking into
account that
39 — \F _ e
5 22412

For any pointG on circle(1, g) we can construct a triangle ABC satisfying (1).

What is the locus oA whenG varies on circl€ !, g)?

In Figure[3,X"’ is the reflection ofX in I, andX” the reflection ofX in X".

The curve looks like a Nichomedes conchoid with paleand having the par-
allel to BC at X" as asymptote.

However if we takeX’ as the origin, anddX’, X’ X" as axes, the cartesian
equation of the curve becomes

(y — 2r)%z? = o> (\/?r—kr—y) (\/1577“—7“—#3/),

(y—2r)*a® = y*Bg+r—y)Bg — 7 +y),
while the equation of a Nichomedes conchoid is of the form

(y—b)P2* =y* (a+b—y)(a—b+y).

3. Locus

or
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v/

Figure 3.

[2] C. Kimberling, Encyclopedia of Triangle Centeravailable at
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A New Proof of Erdds-Mordell Inequality

Robert Bosch

Abstract. In this note we show a new proof of EstMordell inequality. The
new idea is to consider three interior points to the triangle, the resulting inequal-
ity becomes Erds-Mordell inequality when the three before mentioned points
coincide.

1. Introduction

The famous Erds-Mordell inequality states: From a poiét inside a given
triangle ABC the perpendicular® P, OQ, OR are drawn to its sides. Prove that
OA+OB+0C > 2(OP+ 0Q + OR). Equality holds if and only if the triangle
ABC is equilateral and the poird is its center. This inequality was proposed by
Paul Erds to the journal American Mathematical Monthly in 1935. Later in 1937
were published solutions by L. J. Mordell and D. F. Barrow in the same&@uA
complete and extensive survey on the history of the problem can be fodih{
There are numerous proofs in the literature to the inequality, but alwangsd=ring
a single point inside the triangle. So, it is natural to explore what happawdoor
three interior points. More precisely, to find similar inequalities todsrtMordell
for more than one interior point. For two points we can find the following result
the journal Crux Mathematicorumi[3].

Problem 982.(Proposed by George Tsintsifas, Thessaloniki, Greece.)

Let P and(@ be interior points of trianglel; As As. Fori = 1,2,3, let PA; =
zi, QA; = y;, and let the distances froi and( to the side oppositd; bep; and
q;, respectively. Prove that

VT1YL + /T2y2 + T3ys > 2(v/P1q1 + /P2a2 + /P343)-
WhenP = (), this reduces to the well-known Eig-Mordell inequality.

When we consider three interior points to the triangle we only found the follow-
ing result: LetABC be a triangle and leP, @, R be three points inside it so that
QR 1L BC,RP 1. CAandPQ@Q 1L AB. LetQR meetBC atD, RP meetC A at
E and PQ) meetAB at F. Prove that

PA+ QB+ RC > PE+ PF+QF +QD + RD + RE. 1)

Publication Date: February 12, 2018. Communicating Editor: Paul Yiu.
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This one is the motivation for this note sinceH, ), R coincide P = Q =

R), then we get Erds-Mordell inequality. So, a solution to this problem lead to
a new proof of the famous inequality. This problem was proposed adefmob

6 in a problem session from Computational Geometry courséwiesomeMath
Summer Program 2017. During the camp, | was not aware of a solution, but in
January 2018 | came back to work on this one, obtaining a satisfactoieget
solution, my proof uses the well-known geometric lemma that is common to many
different proofs of Er@s-Mordell inequality (see Lemnid 1 in the next section).
The lemma provides three inequalities relating the lengths of the sidd$36f

and the distances frof to the vertices and to the sides. Which one has proved to
be useful and today can be considered a classical result in geometpialities.
There are different proofs for the above lemmal_in [1], Claudi AlsirchRager B.
Nelsen construct a trapezoid, alsolin [2, p.202], the authors of the dmudider

the cyclic quadrilateral and orthogonal projections, obtaining the same lemmima b
in trigonometrical form, both are simply equivalent by Law of Sines. To tackle
Problem 6 from AMSP, the last version is adequate since the inner trizi@le

has the same interior angles that trianglBC. In this way we are relating both
triangles, this task result impossible, or at least hard for the sides. Alshale
use an algebraic inequality whose proof is simple.

2. Lemmas

Lemma 1. Given a triangle ABC and an interior point P, draw perpendiculars
PY and PZ to thesides AC and AB respectively. Then we have

sinC p7. sin B

PA> PY -

sin sin A’
A
Y
A
P
B C
Figure 1.
Proof. Seel2, page 202]. O

Lemma 2. Let z, y, z be positive real numbers. The following inequality holds:

z zZX x
E o2 s atyta
T Y z
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Proof. For a positive real number, clearlyo + 2 > 2, since(a — 1) > 0. Now

we have
yz+w:z<y+x> > 2z,
L Yy r oy
Similarly,
ﬁ + ﬂ Z 2.%-,
y z
Y2 L 5 5 gy,
x z
Summing up the three inequalities the conclusion follows. O

3. Main result

Now we are ready to prove inequalify (1).

Let ABC be a triangle and leP, @), R be three points inside it so th@R |
BC,RP 1 CAandP(Q 1L AB. LetQR meetBC atD, RP meetCA at E and
PQ meetAB at F. Prove that

PA+ QB+ RC > PE + PF+QF +QD + RD + RE.

R E

/

R

Figure 2.

By Lemmd1, the following inequalities are valid:

sin C sin B
PF .
sin A + sin A’
sin A sin C
D -
sin B +@ sin B’
sin B sin A
E- .
sin C R sin C
QuadrilateralAF PE is cyclic, so/FPE = 180° — A, and then QPR = A.
By analogy/PQR = B andZQRP = C. Now, by the Law of Sines in triangle

PA> PE-

RB=QF-

RC > RD -
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PQR, and sum of segments, the above inequalities can be rewritten as

PQ RP PQ PQ-RP QF-RP
PA> PE.-~% 4 pp. %Y _pp. 1Y
= or " OR orR " or T or
OR PQ OR QR-PQ RD-PQ
> Lt i il
QB> QF - 55+ QD 55 =QF - oo+ =5 —+ —p5—
RP OR RP RP-QR PE-QR
> PO ¢ _ = D .
RC> RD- o+ RE- 5o = RD- ot Sop =0 4 o

Summing up and using Lemrh& 2 we obtain
PQ-RP+QR~PQ+RP~QR
QR RP PQ
Next, note that

> PQ + QR+ RP.

PE-PQ PE-QR
QR | PQ
QF -RP , QF-QR
QR RP
RD - PQ RD - RP
RP T PO

> 2PF,

> 2QF,

> 2RD.
Finally,

PA+ QB+ RC > PQ+ QR+ RP +2(PE + QF + RD)
— PE+PF+QF +QD+ RD + RE.
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Parabola Conjugate to Rectangular Hyperbola

Paris Pamfilos

Abstract. We study the conjugation, naturally defined in a bitangent pencil of
conics, and determine the triangles, which define corresponding pefarils
which the parabola member is conjugate to the rectangular hyperbolaenemb
of the pencil.

1. The bitangent pencil of conics

A bitangent family or pencil of conics is created by quadratic equations in the
form of linear combinations

a-(f(z)-gx)+ - h(zx)? =0, with o+ 8 =1, 1)

where{f(z) = g(z) = h(z) = 0,z € R?} are equations of lines in general
position and{«, 5} are real constants ([1, I1.p.194]). The family consists of conics,

Figure 1. Bitangent family of conics

which are tangent to the linds = 0,¢ = 0} at their intersection$B, C'} with

the lineh = 0. Thus, BC is a chord also common to all member-conics of the
pencil, and the intersection poidt of the two tangents, common to all members,

is the pole of the lineBC again with respect to all these members (see Figure
Since the median lingl A’ of the triangleABC is the conjugate diameter &fC

with respect to all members of the family, the centers of these conics lie on this
line. Some general facts of a slightly more general kind of such families, ichwh
the product of linesf(z) - g(x) = 0 is replaced by a general coni¢x) = 0,

Publication Date: February 12, 2018. Communicating Editor: Paul Yiu.
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are discussed in [7]. Every bitangent family has a unique parabola meaniaea
unigue rectangular hyperbola member. The parabglasses through the middle
M of the medianA A’ of the triangleABC and the rectangular hyperbata has

its center at the projection of the orthocenter of the triangl#C on this median
line ([4], [6]). The aim of the article is to show that these two exceptional nezmb
of a bitangent pencil areonjugate, in a sense to be explained right below, only in
the case the triangled BC, formed by the three lines, are such that the median
satisfiesBC = /2 - AA'.

2. The per spectivitiesgroup of atriangle

A triangle ABC produces a set of thré&rmonic perspectivities (or harmonic
homologies [8, I, p.223], [3, p.248]), which, together with the identity transforma-
tion, build a group of projective transformations having the vertices of thegle
for fixed points. The harmonic perspectivifiz relative to the vertexB say, is

N
N
& N
- N ’
3\
N
o~

Figure 2. Harmonic perspectiviy = f(X) relative toB

defined by corresponding to a poiiitthe pointY” = fz(X) on line BX, so that
the pairs(B,U) ~ (X,Y) are harmonic, point/ being the intersection aBX
with AC' (see Figure2). The thus defined projective transformatify, leavesB
and AC pointwise fixed and maps the lin€C’, of middles of side§ BC, BA}
to the line at infinity. Analogously are defined the mdg@s$,, Fr }, and, from the
properties of harmonic pencils {[5, p.88]), results the commutativity andrthgg
property of these transformations (see Figkire

fa=1, faofs=fpofa=fc,
and the analogous properties for cyclic permutations of the I€tter®, C'}. Con-

sider now the bitangent &B, C'} family of conicsF and the perspectivitys (X ) =
Z and a member-conig. SinceBC is the polar of pointd with respect tas, the



Parabola conjugate to rectangular hyperbola 89

map f 4 leavesx invariant. It is easy to see that the two other m@pg, f-} send
x to another membext’ of the family 7 (see Figure2). In fact, if <’ is the fam-
ily member throught” = fp(X) andZ’ = fo(X), then points{ XY, 7', Z =
Fgp(Z')} define a complete quadrilateral [([5, p.100]), from whose harmonicity
properties results that’ = f4(Y). Consequently the same membérpasses
through{Y = fp(X), Z' = f=(X)} and coincides with the image conic efun-
der either of these maps! = fz(k) = fo (k). The last equality can be interpreted
also by the conjugacyc = h o fg o h~!, whereh = h~! is the affine reflection
([3, p.203]), defined by the lineg4d A’, BC'}. Since these are conjugate diameters
for each conic of the bitangent pend, the transformatiork leaves every such
conic invariant.

We call two member-conics of the bitangent perfEillike {x, '}, conjugate.
Each of them results from the other by applying the perspectjstpr fo. The
property to be proved below is the following.

Theorem 1. The parabola member of the family F is conjugate to the rectangular
hyperbola member, if and only if, the triangle ABC' and its median AA’ satisfy
BC =2 AA.

3. Hyperbola conjugate to elipse

Using the notation and conventions adopted in the previous sections, we stud
the case in which the member-coniof the pencil 7 has a conjugate’, which
is a hyperbola. This is always the case for the parabola member of thit @&nc
well as for any other conic membercontained in the same angular region, defined
by the two lines{ AB, AC'}, in which lies the segme8C. The arguments used
below are valid for all kinds of such conics and we can safely workrassythatx
is an ellipse, ultimately passing to the limiting case of the parabola. The following
observations lead to the proof of the theorem.

(1) The directions of the asymptotes of the hyperbdl@an be determined
using the side-lines of the complementary triangld3’C’ of ABC (see
Figure3). In fact, if { By, B2} are the intersections of with line A'C”,
send to infinity byfs, then, because of the affine symmetrythe points
{C1 = h(B1),Cy = h(B2)} are on the lined’B’, send to infinity by
fc. Using the commutativity properties of the majphs, f&, fo, h}, we
see immediately thaf(BB;,CCs), (CCy, BB2)} are pairs of lines par-
allel to asymptotic directions of the hyperbota In addition, it is seen
that {(B1,Ca, A), (C1, B2, A)} are triples of collinear points, and that
{B1C1, BoCs} are parallel to the line3C, which implies that the inter-
sections/ = (BB,,CC5) andJ = (BC1,CBy) are on linedA’.

(2) Consider now the intersectiodd”1, E»} of x’ with line B’C’, send to
infinity by f4. We may assume th¥A F,, AE,} are parallel, respectively,
to the asymptotic directionsBB;, CC; } of /. For E; this means that

fa(Er) = fp(B1) < Ei1= fa(fs(B1)) = fc(B1),
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Figure 3. The conjugate to, hyperbolas’, and its asymptotes

so that{C, By, E1} are collinear points. Analogously is also seen that
{B, C1, E»} are collinear points.

The polars of every poin& on BC' with respect to the conicgs, <’} are
the same, since they must pass througand the harmonic conjugat&

of G with respect ta B, C). In particular, the intersection poinfd; =
(BC,ABy),G1 = (BC, AFE;)} are harmonic conjugate with respect to
(B, C) and the polar of one passes through the otherdR; is the polar
of G; and AG; is the polar ofD; with respect to either conic. Analogous
property holds also for the intersection poifgi9y = (BC, B2Cs),G1 =
Now, since the poladG; of D; with respect to:’ is parallel to an asymp-
tote, intersecting the hyperbola A, the pointD; must itself be on that
asymptote and the tangent to the hyperhdlat £; must pass through,
(2, p.281]). Hence ifO is the center of the hyperbola, thénD, is the
asymptote parallel tolG;. Analogously, pointDy = (AB;, BC) is on
the tangent ta:’ at E» and lineO D is the other asymptote.

By the symmetry of the configuration with respect to the affine refleétjon
we have tha{ E> = h(E1), D2 = h(D1), G2 = h(G1)} define segments
{D;1 D2, E1 E5, G1G5} having their middles onl A’
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(6) By the parallelism of AG1, BB1, 0D, CC5} follows that these parallels
intersect onF; B a harmonic quadruple. Also, since the polafnfpasses
throughE;, the polar ofE; with respect toc must pass through., hence
it coincides with the asymptot® D, of /. Analogously the polar with
respect tos of E» is the asymptot® D of «’. It follows then tha is the
pole of C' B” with respect tos.

(7) Since the tangent; D, of ' at E'; passes through the intersection point
D, of the diagonals of the trapeziumB,C'C5 and the intersection point
E4 of its non-parallel sides, it passes also through the middles of the par-
allel sides{ BC,CC>}, hence also through the cent&r of x. Analo-
gous property holds also for the tangéitD- to «’. It follows that line
e = B'C’ is the polar of K with respect to the hyperbold.

(8) The pencilD,;(OK A’ A) consists of the sides of the triangleD; G, its
medianD1 E; and the paralleD, O to its base, hence it is harmonic. It
follows that(O, K') ~ (A’, A) are harmonic pairs.

In the case under consideration, in whichis a parabola and’ is a rectangular
hyperbola, the centeK of « lies at infinity and, by (8), the conjugate to it
with respect to( A, A’) must be coincident with the middle @&'C’ (see Figure

l// \\ /
b \ /
G, B / // D,

Figure 4. The case of parabola conjugate to a rectangular hyperbola

4). Taking line coordinates oBC' with origin atG; and setting{x = G1B,y =
G1D;, BC = d}, the harmonicity relation becomes

GlB__DlB o r  y—=x

GlC_ ch a:—I—d_x—l-d—y'
Taking into account the parallelism ¢fAG1, D;.J} and the orthogonality of the
triangle J D1 Dy, we find that{x, y } satisfy also the equation

20 — 4y +d = 0.

From these equations, eliminatingwe deduce the equati®&y? — d> = 0, which,
because of = D1 A’ = A'J = AA’/2, is equivalent to the necessity condition of

the theorem. The sufficiency of the condition is an easy reversing of theesee
of arguments and is left as an exercise.
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A Toroidal Approach to the Doubling of the Cube

Gerasimos T. Soldatos

Abstract. A doubling of the cube is attempted as a problem equivalent to the
doubling of a horn torus. Both doublings are attained through the circl@ol-A
lonius.

According to Eratosthenes [1], a plague was sent by god Apollo to theakeg
island of Delos around 430 B.C., and when its citizens consulted the oracle of
Delphi to learn how to defeat the plague, the answer was to double the &ltar o
Apollo, which was a cube. And, a cubg, with twice the volume of a given cube
of side lengthl, has volume equal td, which implies that in order to construct
K, side length equal ta/2 has to be constructed first. Several solutions to this
problem have been advanced since antiquity, but not within the contebessical
geometry, because as Wantzel [2] proved much later, in 1837, the nujfibir
not constructible with unruled straightedge and compass. This article ads o
more solution to the Delian problem by relating it to Euclidean horn torus metrics
as follows.

Let the volume of horn toru® be 272 R3, whereR is the radius underlyind.

Let T be the horn torus whose volume is half the volumdlpthat is, 27222 =

7R3, wherez is the radius definindl. It follows that2z3 = R3, that is, the
volume of the cub& with edge lengthR is twice the volume of the cub€& with
edger. Consequently, the problem of doubling the cube translates into the problem
of doubling the horn torus. The problem of the constructibilitylaf remains but

it can be circumvented if this toroidal approach to the doubling of the cube is
combined with a similar approach to the quadrature by the present authior [3]
this Journal as follows.

The latter approach enables the construction of the line lentjtat squares the
circle underlying torug. But then

z=Rym = 231 =m°R3.
Letting

2BV =2 = 23 =2(a3n/7). 1)
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If, now, y is the square edge that squares the circle characterizingTosaghat
y=zy/1m = y* = 237/7, inserting this expression ifl(1) yields
23 = %8 (2)
Hence, in view of[(R), to double the culiewhen torusT with radiusz is given,
we can start by finding square edgeand fromy proceed to identify square edge

z and subsequently, the line segménas side length of cub€ and as radius of
the horn torusl whose volume is twice that @f: So,

Problem. Given a horn toru§ with defining circle and tube circle radiusin the
3-dimensional Euclidean space, find horn tofus/hose defining and tube circle
radiusR is such that?? = 223 — 2R3 = 21223,

Analysis; For educational purposes, consider first this problem from the view-
point of the square edgesand z, squaring the circles with radiusesand R,
respectively. Suppose that from this viewpoint, this problem has béesdsas in
Figure 1, withz = y + v being subsequently the cube edge doubling the cube with
edge equal tg so thatz = y+/2. It follows that

22 = 2 (3/5)2 3)

Since triangleV/I' N is a right-angled one with being the vertex of the right angle
and with altitudd'=Z = y, we have also that

2=yt + B (4)
Equating[[B) and (4) yields
B2 =42 [(3/5)2—1} )
r
Yy
Y
Yy
I
v
M vy = B N
Figure 1.

By the power of point theorem in connection with poisitand given thai is
also the radius of circlel’, I'= = y), we have

B =v(v+2y) (6)
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too, which when equated withl(5), gives the quadratic equation
o\ 2
v+ 2y — o [(\5/5) —1} =0.

Solving this equation for > 0 gives

u:y($§—g @)
and hence
z=y+v=12 (8)

Note that sincev is as in [T), the sum irL.{8) obtains regardless the length of
but can be reconciled with the assumption that y</2 only if y = 1. It appears
that to double a cube presupposes the normalization of its edge to the value. of
Indeed, since’ + ~ is the hypotenus@/ N of the right triangleMT' N,

(B+7)? = (u+y)?+2" 9)
Also, note that from the right triangl&/ =T",
Y=p+y)’ -y = (ut+y)’ ="+ (10)

Inserting [8) and (110) i {9) gives
B+ =7+ + (V2)
which in view of (3) becomes

y? [(%)2—1} + 28y =13 + (V2)2 (11)

By the power of point theoremy?> = 3+, which when inserted if(11), produces
the relation

y? [(3@)2—1}+2y2=y2+(\3’/§)2 = y’=1= y=1

That is, if one tried to solve the original problem of the doubling of a cubs on
should presuppose that its edge is equal to one, indeed.

But, this is not necessary when one more datum to the Analysis is added as
for instance is done herein borrowing from torus geometry as followsur€ig
presents a version of Apollonius’ definition of circle whergthe circle radius of
torusT, appears as well. Triangl&sI'¥ andX7"® are similar isosceles triangles
with TT" =T'T" = ®¥ = z andXT’" = X = y, satisfying the proportions

2 oy ¥Q T XY

OV WQ VY Y
Points likeY, Y andQ) on the periphery of the circléD, OY = p) satisfy the
same ratio of distances in_(|12) with regard to potand¥. PresumablyyX Y is
tangent to this circle at point, 7V || 77®, T"¥ || T'Q), and /XY P = LT V.
Methodologically, since? = 122 =— y = ay/mandz? = 1R? — 2z =
R\/m, it follows thaty/x = z/R. So, given the endpoints and ¥ of length
y +x = XU, with & being the point at whiclE® = y is extended byr =
® VU, lengthsz and R could be searched in terms of the locus of points likand

(12)
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2 whose distance fronx and ¥ satisfies the property/x = z/R. This locus
defines Apollonius’ circle with candidates ferlengths likeXY, XY’ and X,
and candidates foR lengths like? Y, UY’ and ¥(2, respectively. Actually, it is
YY = zandXY = R as follows: From the relatiop/z = X1 /¥YT — ¥T =
UY(y/z) =

Y = U3 (y?/2?) (13)
while power of point theorem in connection with pohtgives
YY? = y(y + 20). (14)
T T’

Q
Figure 2.
Equating [IB) and (14) results in the expression
2
2
oY = W. (15)
But, we should also have by construction that
2
ST = y(y + 20) = 70T? — wy? = YU T20 (16)
™

Combining [I5) and[(16) yields?> = w2, which is true. It could not be that
¥Q = zand¥() = R, because from Thales’ intercept theorem,

1" y—xz TT'==x Y+
U y+uz 49} xy—a:’
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which in view ofy? = 722, becomes
1
v = a:ﬁ i
Vr—1
and hencerQ? = 7¥0? = ngﬁﬂ;; ¥ is square and cube edge that does
not double the cube with edgeand ¥ (2 is a circle radius of some horn torus that
does not double tordB. Consider finally a case liIKEY' = z and¥ Y’ = R. From
the power of point theorem,
YO(XY) = L0(2Q) = X&'z = y(y + 20)
or settingz = R,/7 and solving forR,
R Yy+20
o /m
That is, points in general lik&’" # T do not solve the problem of the doubling of
the cube either.

Construction: Given circle radiusc = &V, construct square edge= X® as
in Soldatos [3], draw line segmept+ = = ¢ + &V = XU, form the circle of
Apollonius (O, ¢) defined by the ratio of distancegx with respect to point&

andV¥, draw fromY tangent to this circle, and connect the tangency piimtith

point¥: The line segmen? T = R (while X7 = 2).

Proof. The construction reproduces Figure 2. And, the proof reprodueeartfu-
ment starting with relatior_(13), leading at the same time to the following corol-
lary. O

Corollary: The line segmentY = z.
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Remarksfor The Twin Circles of Archimedesin
a Skewed Arbelos by Okumura and Watanabe

Hiroshi Okumura and Saburou Saitoh

Abstract. From the viewpoint of the division by zer6 (0 = 1/0 = z/0 = 0)
and the division by zero calculus, we will show some surprising newgrhena
for geometrical properties with the concrete example which was givethdy
paper "The Twin Circles of Archimedes in a Skewed Arbelos” of H. Olazan
and T. Watanabdsorum Geom., 4 (2004) 229-251.

1. Introduction

LetV, be the point with coordinate$, 2v/ab/z) for real numbers, anda, b >
0 in the plane. H. Okumura and M. Watanabe gave the following theorem in [7]:

Theorem (Theorem 7 ofl[7]) Thecircletouching thecirclea : (z —a)?+y? = a?
and the circle 3 : (z + b)? + y? = b? at points different from the origin O and
passing through V., is represented by

2
b—a\? 22v/ab a+b\?
(x_z2—1> +<y_22—1) _<22—1> @
for a real number z # +1. The common external tangents of « and 5 can be
expressed by the equations

(a —b)x F 2V aby + 2ab = 0. (2)

Anyhow the authors give the exact representation with a parameter oéthe g
eral circles touching with two circles touching each other. The common extern
tangent may be considered a circle (as we know we can consider cincldmeas
as same ones in complex analysis or with the stereographic projection)ydrowe
they stated in the proof of the theorem that the common external tangents-are o
tained by the limitingz: — +1. However, its logic will have a problem. Following
our recent new concept of the division by zero calculus, we will cardite case
z = =1 for the singular points in the general parametric representation of the
touching circles. Then, we will see interesting phenomena that we carvdiszo
new circle in the context.
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2. Thedivision by zero calculus

For any Laurent expansion around-= a,

f)= Y Cu(z—a)", 3)
we obtain the identity, by the division by zero
f(a) = Co. (4)

(Here, as convention, we considertis= 1.)

For the correspondenckl (4) for the functi(r), we will call it the division
by zero calculus. By considering the derivatives ial(3), we can define any order
derivatives of the functiorf at the singular poin.

We have considered our mathematics around an isolated singular poimtfor a
alytic functions, however, we do not consider mathematics at the singulatr po
itself. At the isolated singular point, we consider our mathematics with the limit-
ing concept, however, the limiting values to the singular point and the value at th
singular point of the function are different. By the division by zero daisuwe
can consider the values and differential coefficients at the singulat. p&fia will
discuss the equatiohl(1) from this viewpoint at the singular paints+1 that has
a clear geometric meaning.

The division by zero{/0 = 1/0 = z/0 = 0) is trivial and clear in the natural
sense of the generalized division (fraction), since we know the MPereose
generalized inverse for the elementary equatior= b. Therefore, the division by
zero calculus above and its applications are important. See the refefedcesb,

11, 2, 3, 6, 8, 4, 9] for the details and the related topics.

However, in this paper we do not need any information and results in trsgotiv

by zero, we need only the definitidd (4) of the division by zero calculus.

3. Results
First, forz = 1 andz = —1, respectively by the division by zero calculus, we
have from[(1), surprisingly
b—
z? + ax—i—yz:F\/%y—ab:O,

respectively.

Secondly, multiplying[{iL) by(z? — 1), we immediately obtain surprisinglil(2)
for z = 1 andz = —1, respectively by the division by zero calculus.

In the usual way, when we consider the limiting— oo for (), we obtain the
trivial result of the point circle of the origin. However, the result may beamed
by the division by zero calculus at = 0 by settingw = 1/z.

4. On thecircle appeared

Let us consider the circle expressed by

b—a

2% + :c+y2—\/%y—ab:0.
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Then( meets the circlex in two points
a 2ab 6av/ab
Fa (2”" 2”‘\/2)’ Qa(Qa—i—b’ _9a+b>’
wherer4 = ab/(a + b) (see Figure 1). Alsqg meets the circlg in points
b —2ab  6bVab
P -2 2 — — .
b( TA’ ”‘\/D’ @ <a+9b’ a+9b>

Notice thatP, P, is the external common tangent@fandj expressed by (2) with
the minus sign. The line®,Q, and P,Q, intersect at the poink(0, —v/ab),
which lies on the remaining external common tangentv@nd 5. Furthermore,
the circle( is orthogonal to the circle with centét passing through the origin.

NS
.
e

Figure 1.

5. Conclusion

By the division by zero calculus, we are able to obtain definite meaningful re
sults simply. The new result of Section 4has never been expected theitetgve
a special interest.
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On the Cyclic Quadrilateralswith the Same
Varignon Parallelogram

Sandor Nagydobai Kiss

Abstract. The circumcenters and anticenters of the quadrilaterals dy€i&.S
with the same Varignon parallelogram describe an hyperbol&e propose the
characterization of this hyperbola. The verticed@) RS one by one move also
on hyperbolas which are the translations of hyperfbla

1. Introduction

Let A, B, C, D be the midpoints of the sideBQ, QR, RS, SP of a quadri-
lateral PQRS. The quadrilaterak BC'D is called thevarignon parallelogram of
PQRS. Note withé the angleABC, 6 € (0,7) and letAB = 2q, BC' = 2p,
wherep > 0, ¢ > 0 (Figure 1). LetO be the center of symmetry of the paral-
lelogram ABCD. |If the triplet (p, ¢,0) is given and the parallelogra’dBC D
is fixed, then there are an infinite number of quadrilatefalsR.S with the same
Varignon parallelogramA BC'D [1]. The construction of a such quadrilateral is
the following: letX be an arbitrary point in the plan of parallelograt@C D and
X ¢ AB; construct the anticomplementary triangle of the triangleX and note
its vertices withPx, Q x, Rx (let A be the midpoint ofPx Q x, B the midpoint of
Qx Rx andX the midpoint ofPx Rx); the pointSx will be the symmetric ofRx
with respect ta”. Call Px@Qx Rx Sx thequadrilateral generated by the points A,

B and X. Denote the set of this quadrilaterals ®yp x .

Figure 1 Figure 2

Let A’, B’, X' be the midpoints of the segmentsX, X A, AB (Figure 1).
The pointsPy, Qx, Rx are the symmetric oB, X, A with respect to the points
B’, X', A’ respectively. From this property results an other construction of the
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quadrilateralPx @ x Rx Sx: consider for example the symmetric Efwith respect
to the midpoint ofAB (i.e. the pointQ) x); Rx will be the symmetric of) x with
respect taB, Sx the symmetric ofR x with respect ta’, Px the symmetric o5y
with respect taD. With this method is possible the construction of the quadrilateral
PxQxRxSx for the pointsX € AB (Figure 2).

In this paper we assume that the parallelogrdBC D is fixed and for all points
X from the plane ofABC D the quadrilateralPxQx RxSx have ABCD as
Varignon parallelogram. Denote this set@y. Therefore

Gx = Gapx UGpcx UGepx UGpax.
Gx is the set of all quadrilateralBy Q) x Rx Sx generated by the poir .

Remark 1.1. If two quadrilaterals i/ x have a common vertex, then they coin-
cide.

We pose the following questionfor what positions of the point X will the
guadrilateral Px @ x RxSx becyclic?

2. Theset of quadrilaterals PxQx Rx Sx

Attach to the parallelograml BC'D an oblique coordinate systemOy with
origin at O, z- andy-axes parallel taBC' and AB respectively (Figure 3). The
coordinates of the pointd, B, C, D are A = (—p,q), B = (-p,—q), C =
(p,—q), D = (p,q).

ey
L—Jo ]

B C

Figure 3

If X =(«, ), then

2A'= X +B=(a-p, B-4q),

2B'= X+ A=(a-p, B+4q),

2X'= A+ B = (-2p, 0),
Px=2B"-B=X+A-B=(a—p, +q) —(=p,q) = (o, f+2q),
Qx=2X'-X=A+B-X=(-2p, 0) - (o, ) = (—a —2p, =),
Rx=2A'-A=X+B-A=(a-p, —-q) —(-p, @) = (o, B —29).
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If Sx =2C—R = (2p, —2q)—(«, f—2q) = (—a+2p, —f),then2D = Px+S¥,
i.e. D is the midpoint of segmen®x Sx. ConsequentlyABC D is the Varignon
parallelogram of the quadrilater&ly Q x Rx Sx.

The pointX is the midpoint of diagonaPx Rx. LetY be the midpoint of the
other diagonal) x Sx. Since

Y = L(@x + Sx) = 5(a—2p, ~B)+ L (~a+2pm — ) = (0, —B)

the pointsX andY are symmetric with respect 10 (Figure 1).

Lemmal. (a)Gax = Gopx,
(b) Grex = Gpax.

Proof. (a) LetPxQxRxSx € Gapx andPiL QxRS € Gepx. We have
SS( :C+D_X: (pa _Q)+(pa Q)_(aa B) = (_a+2pa _6) :SX7
i.e. the quadrilateral®x Q x Rx Sx and Py Q' R’y S’ coincide. O

Corollary 2. Gx = Gapx UGpcx = Gopx UGpax.

Lemma 3. If X and Y are symmetric with respect to O, then
(@) Gapx = Gpay;
(b) Grox = Gepy-

Figure 4

Proof. (a) LetPxQxRxSx € Gapx andPY QY RY SY € Gpay. We have
Px=X+A-B=(a, B)+(-p, 9) = (-=p, —q) = (o, B+ 2q),
Py=A+D-Y =(-p, ¢+ (p, @) — (—a, =B) = (o, B+2q) = Px,

i.e. the quadrilateral®x Q x Rx Sx and Py Qy Ry Sy coincide (Figure 4). 0O

Corollary 4. If X and Y are symmetric with respect to O, then Gx = Gy-.

Henceforth we denote the quadrilaterBisQ x Rx Sx more simply by PQRS) x
or PQRS.
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3. Special cases

I. If p = q, thenABCD is rhombus. IfX € BD (first bisector ofzOy) then
o = [ and

P = (CY, o+ 2p)7 Q = (—Oé - 2pa —O[),

R= (o, a—2p), S=(—a+2p, —a).

— — —

SincePQ = —2(a+p, a+p), BD =2(p, p), RS = —2(a — p, a — p), results
thenPQ || BD || RS. In oblique coordinate system the length of segm@ht
determined by two point&’ = (z1,y;) andF = (z2, y2) IS

EF = /(z1 — 22)2 + (y1 — y2)2 + 2(x1 — 22)(y1 — y2) cos b.
In our case
PS* =4(a—p)® +4(a+p)* +8(a —p)(a+p)cosd = QR

therefore, the quadrilater&Q RS is an isosceles trapezoid, so it is cyclic (Figure
5).

Figure 6

Figure 5

If X € AC (second bisector ofOy), thena = —g andP = (a, —a + 2p),
—
Q= (—a—-2p, @), R = (o, —a—2p), S = (—a+ 2p, a). SincePS =

=

_>
—2(a — p, —a+p), AC = 2(p, —p), RQ = —2(a + p, —a — p), these give
PS || AC || RQ and

PQ? =4(a+p)® +4(a —p)* — (a+p)(a —p)cosd = RS>
The quadrilateraPQ RS is also an isosceles trapezoid (Figure 6).

Conclusion: ifp = ¢ and the pointX is on the first or second bisector of the
coordinate systemOQOy, then the quadrilaterd?Q RS is cyclic.

Il. If p # gandX = D, thenP = (p, 3¢), Q@ = (=3p, —q), R = (p, —q) =
C = S, so the quadrilateraP@ R.S will be a triangle (Figure 7).

If X € {A, B, C}, then the quadrilaterdPQ RS turn into triangles, too, con-
sequentlyPQR.S is cyclic. In the following we suppose that£ q.

. If X = 0, thenPy = (0, 29), Qo = (—2p, 0), Ro = (0, —2q), So =
(2p, 0), so the quadrilateraPp Qo RoSo is a parallelogram which ha$BC' D as
Varignon parallelogram (Figure 8). Calb Qo RoSo the zero parallelogram.
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Figure 7 Figure 8

4. The coordinates of the centers U

The circumcentet/ of quadrilateralPQ RS is the symmetric of the anticenter
L with respect taO (the center of symmetry of the parallelogratBC' D). The
anticenter ofPQ RS is the orthocenter of triangl& Y 7, whereZ is the point of
intersection of diagonal® R and@ S (Figure 1). In the oblique coordinate system
2Oy the equation of the line perpendicular to the line with equatichmy +n =
0 and which through the poiritz’, ') is

z Y 1
x’ v 1| =0.
l—mcosf m —1lcosf 0
The equation ofX 7, respectivelyZY , arex = «, respectivelyy = —3. The
equation of the altitudes of triangl€Y Z from X, respectivelyt’, are
x y 1
Q@ B 1|l=0<=z+ycosf =a+ Fcosh,
—cosf 1 O
T Y 1
—a  —f 1|=0<=zcosb+y=—(acosb+p).
1 —cosf 0

We determine the coordinates of the anticenter:

A= c0150 c0189 =1—cos’0=sin?0#£0, iffe(0,7),
A, = o+ fcost ‘:a+250089+a00529,

—(acosf+p6) 1

1 o+ Bcosd
cosf —(acos+ 3)

= —(B+ 2acosf + Bcos?h).
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Therefore, the coordinates bfare

. _ﬁ__a—i—QBcosG—i—acosQH
N sin? ¢

Ay, B+2acosf+ [Bcos®d

Yu= YL =N T .

and

Ty

sin? 0
5. Thedistancesof U tothevertices P, @, R, S

Theorem 5.

2
sin 6

UQ = 29\/(acos9+ﬁ)2+pzsin20:US. (1)

sin

(a4 Bcosh)? + ¢?sin?0 = UR,

Proof. We have
UP? = (a—au)’ + (B+2¢ — yu)* + 2(a — zu)(8 + 2¢ — yu) cos b,

where

a+2Bcosf+acos’d  2(a+ [Bcosh)

S and
aTrU=at sin® 6 sin® 0
B+ 2acos@ + Bcos? 2(a+ [ cosb)cosb
B—yo=B- il _ o .
sin” 6 sin“ 0
Consequently

4
Up?= — Tg {(a—{—ﬁcosH)Q—l— [qsin29— (a—l—ﬁcos@)cosc9]2
sin

+2(a + Beosh) [gsin® 6 — (a + Bcosh) cos ] cos 6}

— _4 ((a—i—ﬂcos@)z—i-qzsin?H):URQ.

sin® 0
Analogously we obtain

UQ? = (a+2p+au)? + (B +yv)? +2(a + 2p + 20)(B + yu) cos b,

where
a+2Bcosf +acos20  2(acosf + (3)cos 6

a+rIy = a—

Sin2 0 Sin2 0 )
Bty = B+ﬁ+2acoi592+,800829:2(04(;(.)5294_5) nd
sin” 0 sin” 6

4
UQ? = e {(acos@+ﬁ)2 + [psin29 — (acosf + ) 0059]2

sin
+ 2(acosf + f3) [psin2 0 — (acos @ + ) cos 9] coS 0}

= Silr1426((040050—1—5)2—|—pQSilr129) = US2.
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6. Conditionsfor a quadrilateral to be cyclic

Theorem 6. The following statements are equivalent:

(a) The quadrilateral PQR.S is cyclic.

(b) The perpendicular bisectors of sides PQ, QR, RS, SP are concurrentin a
point U (see [1] Theorem 4)

(c) Thereisapoint V inthe planeof PQRSthat VP =VQ =VR =VS.

Theorem 7. If X ¢ {A, B, C, D}, then among the quadrilaterals with the same
Varignon parallelogram ABC D a quadrilateral (PQRS) x iscyclicif and only if
o =32 =p*— ¢ 2
Proof. The quadrilateral PQR.S)x is cyclic if and only iftUP = UQ
&(a+ fcosh)? +¢?sin? 0 = (acosf + ) + p? sin® 0
sa?— 2 =p— &
O

Remark 6.1. If we start from the anticomplementary triangle of trianglé X or
CDX or DAX we obtain the same conditionl (2).

Consider the equatiar? — y? = p? — ¢%, which represents a rectangular hyper-
bola [2]. Note this hyperbola with. So the quadrilateraPQRS is cyclic if and
only if the point X, the midpoint of diagonaPR, is on the hyperbol&'. Hence-
forth from among all quadrilaterals with the same Varignon parallelogtda’ D
we consider only the quadrilaterals cyclic.

Remark 6.2. The pointsA, B, C, D andY are on the hyperbolE.

Theorem 8. The centers U and the anticenters L of all quadrilaterals cyclic with
the same Varignon parallelogram describe the same rectangular hyperbola I'.

Proof. Indeed,

1
o —yf = s 0 ((a+25c089+ac052 6)% — (B + 2a.cos 6 + B cos? 9)2)
1
= ((a+260089+a00829—ﬁ—2acos€—ﬁcos29)
sin

(a+2Bcosf + acos® 0 4 B+ 2acos b —i—BcosQH)
1
= m(a - 6)(1 - COSG>2(CY + /8>(]~ + C089)2
— O[2 o 162
——
O
Remark 6.3. The Euler center and the anticenter of a cyclic quadrilateral coincide

(see [1] Theorem 5), results that the Euler center is on the hyperitola
In this paper we propose the characterization of hyperbola



110 S. N. Kiss

7. Theaxesand the foci of hyperbola T’

The asymptotes of hyperbalaare the first and the second bisector of the coor-
dinate systemxOy (Figure 9). Note these asymptotes wittand/’. The axes of
symmetry ofl" are the interior and exterior bisectors of the right angle formed by
h andh’. Note these axes of symmetry withanda’ (let a be the transverse axis).
We propose to determine the coordinates of vertidgsand A, of I' . First, we
write the equation of the lind; As.

Figure 9

If a line OT forms an angley with the axeOz, then the equation adT" in the
S1

oblique coordinates systeny isy = Sm(gijw)x The line A, A5 forms an angle

¢ — = with the axeOx. The equation ofl; 4, is

sin (g — %) sin (g - %) sin% - cos% cos 0
= 0, T 0 L\ YT 0 0= T Langt
sin(0—%+7) sin (2 +17) sin 5 + cos § 1+sind
With the notationn = — liosshfe, the equation ofd; As isy = mu.
Theorem 9. The major axis of the hyperbola I is
A1 Ay = 24/|p? — ¢?| sin 6. (3)

Proof. We determine the coordinates of the verticgsand As:

P —¢
2 —mPt=pt - =P = 5-
1—-m

Ip? — ¢?| p? — ¢?|
=\ T and e =y

The roots are
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1+siné 1+sin 6

1+ sind cosf \/1+sin«9
1= (@, ma) ( \/ 2sin 6 P* =, 1+sinfV 2sind Ip*—a ’) ’

1+sinf cos \/1+sin9
2= (w2, ma2) (\/ 2sin 6 P* =g, 1+sinfV 2sind P* = ‘)

We calculate the length of segmenst; = O As:

2 .
sincel —m? =1 — ( cos 6 ) = 280~ 0if § € (0, 7). Therefore

2 _ 2 2 _ 2 2 _ 2
0A? = 0A% = A S YA S Y A S

1—m? 1 —m? 1—m?2
P-4 2
= 1_m2(1—i-m +2mcosf)
P-4 ( 2sin 6 200529>
1—m?2 1+sinf 1+sinf
= (p* — ¢*)siné.
It follows that A1 A2 = 2- OA; = 24/[p? — ¢?| sin 6. O

Theorem 10. The coordinates of the foci F; and F; of the hyperbola T are

1+siné cos b \/1+Sin9
= | 2 _ 2 2 _ 2
! < \/ sin 6 P =7, 1+siné sin 6 P*—q |> ’

1+siné cosf \/1+sin9
F = 2_ 20 _ 2 _ 2.
2 <\/ sin 6 p* = ¢ 1+siné sin @ P*—q ‘)

Proof. Since—F; = F» = (z, mx) and

OF1 = OFQ = \/§ OAl = \/5\/ |p2 - q2\ Sin@,

we have
22 + m?z® 4 2ma’ cos § = 2|p® — ¢*|sin b
> (14 m? +2mcosf)a? = 2|p* — ¢*|sin 6.
Therefore,
2sin60 9 9 \/1+sin0
S0 T 02 = 9lp? — @ sinf = w10 = 24 ————|p2 — 2|
1+sin9$ P ¢|sin 71,2 sin 6 | ¢l

8. Theloci of thevertices P, Q, R, S

Theorem 11. Theloci of the vertices P, Q, R, S arethe hyperbolasI'p, I'g, I'r,
I's, the tranglations of hyperbola I by the vectors (0, 2q), (—2p, 0), (0, —2q),
(2p, 0) respectively.
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Proof. The coordinates of the poit arex = « andy = 5 + 2¢. Since the point
(o, B) describes the hyperbola with equatiom? — 32 = p? — ¢, the locus ofP
will be the hyperbold p with equationz? — (y — 2¢)? = p? — ¢°. The hyperbola
I'p is the translation of' by the vector(0, 2¢). The equations of hyperbolds,
FQ, I'r,I's are

Lp: a?—(y—29)° =

? —y> +4qy —p® — 3¢ =0;
Lo (z+2p)° —y"=p" —q
2

2
x
x? — % + dpx + 3p® + ¢ = 0;
2% —y? —dqy —p® = 3¢° = 0;
22 —y? —dpr +3p? +¢* = 0.

Fr: 22— (y+2¢)?° =
Pg: (z—2p)° —y*=p*—¢q

1ree

O

Remark 8.1. The centers of symmetry of hyperbolas, I'g, I'r, I's are the
vertices of zero parallelograiy Qo Ro So.

9. Orthodiagonal quadrilaterals

If 6 = 7, then the diagonal® R and QS are perpendiculars (Figure 10). In
this case the coordinates of verticds and A, of the hyperbolal” are A; =

<—\/ Ip? — ¢2|, 0>, Ay = (\/ p2 — ¢2], 0), The coordinates of the foci afg =
<—\/§\/ P? — ¢, 0), P = (\/NW, 0)-

q
(S}
~ O

=
A,

Figure 10

The center of circle circumscribed to the quadrilatd?@ RS isU = (—a, (),
which is the symmetric of anticentér, — ), the point of intersection of diagonals
PR and@S. In conclusion, in case of orthodiagonal quadrilaterals the point of
intersection of its diagonals is also on the hyperhiala

An open question is the geometric determination of the vertices and the foci
of hyperbolal’. Further it remains untackled if among the quadrilateral cyclic
(PQRS)x could there be one with minimum area?
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An Extension of Miquel’s Six-Circles Theorem

Gabor Gevay

Abstract. We extend the classical theorem of Miquel frérto 2n circles ¢ >

3). As a by-product of the proof of our theorem, we obtain the nicelzogo
that the product of thén cross ratios of the quadruples of points determining
the circles is equal td. Moreover, the theorem can also be formulated in an
equivalent form, which extends Miquel's Triangle Theorem to an ayitna
sided polygon.

Miquel’s Six-Circles Theorem is a well known old theorem [5]. In Jomiso
book [4], it is formulated in the following form.

Theorem 1 (Miquel). If the circlesA; As B, A;A3Bq, A3Aq By are concurrent
at a pointO, the circlesA, B, B3, A, B3B1, A3 By By are concurrent at a poinP.

Figure 1. Miquel's Six-Circles Theorem

This formulation motivates the following extension.

Theorem 2. Letn > 3 be an integer. Suppose that the circlésB, Ay, A3 Bs As,
..., A, B, Ay are concurrent at a poinf), and the circlesB; As By, BoA3Bs, ...,
B,_ 1A, B, are concurrent at a poin®’. Then the circleB,, A, B; also passes
throughO'.

Publication Date: February 16, 2018. Communicating Editor: Paul Yiu.
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B
By

Figure 2. Example for Theorelmh 2 with= 5

It is directly seen that fon = 3 it returns Miquel’s original theorem; hence the
latter theorem is an extension of the former, indeed.
In the proof, we shall use complex cross ratios. For a pinve denote itsiffix,
i.e. the corresponding complex number, by the same lowercasedet@ven an
ordered quadruple of pointsX,Y, Z, W), we assign to it the cross ratio in the
following form:
T—yY 22—y
T—w z—w
We note that this is slightly different from the standard way used in the literatur
[3,[6], which is motivated by the particular arrangement of the points in ase;c
this choice is justified by the lemma given below. We shall need this lemma in the
proof of our theorem.

Lemma 3. Four points lie on the same circle if and only if their cross ratio is real.

This is a well known result, see e.@. [3, 6]. Note that it is valid on the inversi
plane, i.e. on the completed Euclidean plditeU {oo}, whereoo is the (unique)
point at infinity [1]; the circles are meant in a generalized sense, i.e. Hreglso
be (straight) lines.
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Proof of Theorerhl2Fori € {1, ...,n}, we denote the cross ratio of the quadruple
(0, A;, B, Air1) and (O', B, A; 41, Bi+1) by ; and~/, respectively, where the
indices are taken modute. Using the corresponding affixes, these cross ratios can
be written as follows:

/
0—a; bi—ai ’ O—bi . CLZ‘_H—bz‘

Vi =

(1)

0—aiy1 bi—aip o' —bip1 aip1 — b1’
respectively. Form the product

i o—ay bi—a 0o—as by —as o—a, b,—a,
[ = ; ; ;

Pt o—as by —as o—az by —as o—a; b,—ar
_ (1 bl—al bz—az)"'(bn—an)>

51—02 b2_a3)"'(bn_a1)

(b1 —ag)(ba —az) - (b, — ay)

(b —a) (b2 —az) -~ (b — ) @
(b1 —az)(ba —az) - (bp—1 — an) (b, — az)

(b1 —a1)(ba —az) - (bn—1 — an—1)(bp — an)

Likewise, form the product

nl:[l r_ o' —by  ax—b\ (o' —by az—by\ (0 —by1 an—by
,L-eryz Olbe. (l2*b2 Olfbg- agfbg O’*bn ' an—bn

0 =b1 (ag—bi)(az —ba) - (an —byu_1)
0 —b, (a2 —b2)(az —b3) - (ay —by) )
_ o' — b . (b1 —az)(ba —az) - (bp—1 — an)

o' —by (2—a2)(b3—a3)'“(bn—an) .

Again we take the produc{ ]} ; v:) (H;le w{):

(b1 —a2)(b2 —az) -~ (bp—1 — an)(bn —a1)
(by —a1)(ba —az) (bp—1 — an—1)(bn — an)
. (0’ —by (by—az)(ba —as)--- (bp—1 — an))
O/—bn ’ (bg—a2>(b3—a3>“'<bn—an)
(b1 —a2)(b2 —az) -~ (bp—1 — an)(bn —a1)
(br — @) (b2 — @2) ~ (n1 — 1) (b — an) ®
0 =b (b2 —az)(bs —ag) - (bn — an)
o — bn (bl — a2)<b2 — ag) s (bn,1 — (Ln)
bp—a o —b1 by—a o —b, a—b, o —b,

b1—a1 O/—bn bl—a1. O/—bl al—bl' 0/—()17

which is the reciprocal of the cross ratio of the quadryg¥ B,,, A1, B1).
Considering the condition of our theorem, and using Lerhima 3, we see that the

cross ratiosyi, ..., v, and~}, ..., ~,_, are real. Hence the producid (2) and
(3) are also real, and so {g (4). It follows, again by the lemma, that thergpled
(O', By, Ay, By) is cyclic. O

As a consequence of the proof, we obtain the following corollary.
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Corallary 4. For the arrangement of points and circles described in Thediem 2,
the following relation holds:

n

H%’% =L

=1

Recall that Miquel's Six-Circles Theorem has an equivalent versioichwis
called Miquel's Triangle Theorem (it is also called the Pivot Theoremif@iso
has interesting relationships in triangle geometry, see [7]). The two the@ems
equivalent in terms of inversive geometry; indeed, the equivalencesisdban
the fact that choosing any point of intersecti&nof the circles, and applying an
inversion with centetX, the circles meeting aX transform to the side lines of a
triangle.

Theorem 5 (Miquel). If A; A3 A3 is atriangle andB;, By, Bs are any three points
on the linesAs A, AsA,, A1As, respectively, then the three circlet Bs Bs,
Ay B3 B, A3 B1 B2 have a common point.

Likewise, Theorerhl2 can also be given in the following equivalent fotrtiy
on the other hand, is an extension of Miquel’'s Triangle Theorem.

Theorem 6. For an integern > 3, let A, ... A,, be a polygon, and leBy, ...,
B,, be any points on the lined; A,, ..., A, A1, respectively. Suppose that the
circles B1A>Bo, ..., B,_1A,B, meet in the poin®. Then the circleB,, A; B;
also passes through the poift

Note that in this extended case the equivalence is guaranteed by andnvers
with centerO.

Finally, we note that by a very recent result, Miquel's Six-Circles Theocan
also be extended in a different direction, as follows.

Theorem 7 ([2]). Let« and g be two circles. Let > 2 be an even number, and
take the points44, ..., A, ona, and By, ..., B, on 3, such that each quadru-
ple (A1, B1, A, Ba), ..., (An—1, Bn_1,An, By) is cyclic. Then the quadruple
(An, B, A1, By) is also cyclic.
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Abstract. It is of major interest to point out natural connections between the ge-
ometry of triangles and various other areas of mathematics. In the present work
we show how Euler’s classical inequality between circumradius and inradius in-
spires, by using a duality between triangle geometry and three-dimensional hy-
persurfaces lying in R, the definition of a curvature invariant. We investigate
this invariant by relating it to other known curvature invariants.

1. A historical motivation

Leonhard Euler believed that one could not define a good measure of curvature
for surfaces. He wrote in 1760 that [5]: “la question sur la courbure des surfaces
n’est pas susceptible d’une réponse simple, mais elle exige a la fois une infinité de
déterminations.” Euler’s main objection to the very idea of the curvature of sur-
faces was that if one can approximate a planar curve with a circle (as Isaac Newton
described ), then for a surface it would be impossible to perform a similar con-
struction. For example, Euler wrote in his investigation, what would we do with a
saddle surface if we intend to find the sphere that best approximates it at a saddle
point? On which side of the saddle should an approximating sphere lie? There are
two choices and both appear legitimate. Today we see that Euler’s counterexample
corresponds to the case of a surface with negative Gaussian curvature at a given
point, but in Euler’s period no definition of curvature for a surface was available.
Since Leonhard Euler contributed so much to the knowledge of mathematics in his
time, one might expect that he was responsible for introducing and investigating
a measure for the curvature of surfaces. However, this is not what happened. In-
stead, Leonhard Euler wrote a profound paper in which he obtained a well-known
theorem about normal sections and stopped right there.

Moreover, Euler’s paper [5] was extremely influential in the mathematical world
of his times. When Jean-Baptiste Meusnier came to see his mentor, Gaspard
Monge, for the first time, Monge instructed him to think of a problem related to
the curvature of curves lying on a surface. Monge asked Meusnier to study Euler’s
paper [5], yet before reading it, in a stroke of genius the following night, Meusiner
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proved a theorem that today bears his name, and he did so by using a different geo-
metric idea than Euler’s. Decades afterwards, C.F. Gauss [7] introduced a measure
for the curvature of surfaces that was complemented by the very inspired Sophie
Germain [8], who introduced the mean curvature.

Perhaps the most direct way to explain the two curvature invariants for surfaces
is the following. Consider a smooth surface S lying in R2, and an arbitrary point
P € S. Consider Np, the normal to the surface at P, and the family of all planes
passing through P that contain the line through P with the same direction as Np.
These planes yield a family of curves on S called normal sections. We now de-
termine the curvature «(P) of the normal sections, viewed as planar curves. Then
k(P) has a maximum, denoted 1, and a minimum, denoted x2. The curvatures
k1 and ko are called the principal curvatures. Using these principal curvatures,
one may define the Gaussian curvature K (P) as, K(P) = k1(P) - ka2(P), and
the mean curvature H(P) as, H(P) = 3 [rk1(P) + s2(P)]. Note that in the 18th
century these constructions were not possible. They are related in a very profound
way to the birth of non-Euclidean geometry and the revolution that took place in
geometry at the beginning of the 19th century.

Taking into account this important historical context, we would like to investi-
gate the following question. Was it possible for Leonhard Euler to have determined
himself a curvature invariant, perhaps a concept for which all the algebra that he
needed was in place, but in which it was just a matter of interpretation to define it?
We are here in the territory of speculations, of alternative history, and only our sur-
prise while we read and re-read Euler’s original works leads us to such a question.
However, this question makes a lot of sense as Euler had many contributions in ge-
ometry - from plane Euclidean geometry to the geometry of surfaces - and one of
them in particular could have been tied to his investigations on curvature. Hence,
was there any geometric property that was actually obtained by Euler which leads
us to a property related to curvature?

2. Notations in the geometry of hypersurfaces

In order better approach the problem, we turn our attention to some classical
ideas from the differential geometry of smooth hypersurfaces, a concept that was
extensively explored after the second half of the 19th century. Leto : U C R? —
R* be a hypersurface given by the smooth map o and let p be a point on the hyper-

surface. Denote o (p) = 5, forall k from 1 to 3. Consider {o1(p), o2(p), o3(p), N(p)},
the orthonormal Gauss frame of the hypersurface, where N denotes the normal
vector field to the hypersurface at every point.

The quantities similar to «, and x- in the geometry of surfaces are the principal
curvatures, denoted A1, Ao, and A3. They are introduced as the eigenvalues of the
so-called Weingarten linear map, as we will describe below. Since our discussion
is focused on the curvature quantities of three-dimensional smooth hypersurfaces
in R4, we start by introducing these quantities. Similar to the geometry of surfaces,

the curvature invariants in higher dimensions can also be described in terms of the
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principal curvatures. The mean curvature at the point p is

1
H(p) = g[h(p) + A2(p) + A3(p)],
and the Gauss-Kronecker curvature is

K(p) = M(p)A2(p)As(p)-

In Riemannian geometry, a third important curvature quantity is the scalar cur-
vature ([2], p.19) denoted by scal(p), which intuitively sums up all the sectional
curvatures on all the faces of the trihedron formed by the tangent vectors in the
Gauss frame [4]:

scal(p) = sec(o1 A 02) + sec(oa A 03) + sec(o3 A g1) = A2 + Az + A2)s.

The last equality is due to the Gauss’ equation of the hypersurface o(U) in the
ambient space R* endowed with the Euclidean metric.

To provide a brief description of how the Weingarten map is computed, we will
review its construction here. Denote by g;;(p) the coefficients of the first funda-
mental form and by h;;(p) the coefficients of the second fundamental form. They
are the outcome of the following dot products:

gij(p) = (0i(p), 0j(p)),  hij(p) = (N(p), 0ij(p))-
The quantities A1, A2, A3 are always real; here we explain why. The Weingarten
map L, = —dN, o dap—1 : Ty(pyo — To(pyo is linear. Denote by 7% (p)1<i,j<3 the
matrix associated to the Weingarten map, that is:

3
Ly(oi(p)) = > _ h¥(p)ow(p),
k=1

Weingarten’s operator is self-adjoint, which implies that the roots of the algebraic
equation
det(h;(p) — A(p)dj) = 0
are all real, at every point p of the hypersurface.
In the last decades several very interesting inequalities with geometric invariants
have been obtained and investigated by many authors, see e.g. [2] for a thorough
presentation of these developments.

3. A duality in triangle geometry

After this brief presentation of a few concepts pertaining to differential geome-
try, we will turn our attention to the classical geometry of a triangle. The duality
described here is discussed also in [11]. Consider a triangle AABC' in the Eu-
clidean plane, with sides of lengths a, b, c.

Consider three arbitrary real numbers z,y,z > 0. By using the substitutions
a =1y+z,b=z+x,and c = z+y, one can immediately see that there exists a non-
degenerate triangle in the Euclidean plane with sides of lengths a, b, c¢. The reason
why thisistrue isthat a+b = x+y+2z > x+y = ¢, hence the triangle inequality
is always satisfied. Similarly for the other two triangle inequalities involving a, b, c.
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The converse of this claim is also true. Namely, if a, b, ¢ are the sides of a
triangle in the Euclidean plane, then the system given through the equations a =
y+z,b = z+z,and ¢ = x+y, hasaunique solution x = s—a,y = s—b, z = s—c,
where we denote by s the semiperimeter of the triangle, namely s = %(a +b+c).

Some classical facts in advanced Euclidean geometry can be proved by substi-
tuting a, b, ¢, instead of the variables z, y, z,. This technique is called Ravi substi-
tution.

We can view these three positive real numbers z, y, z in a different way. We
could view them as principal curvatures in the geometry of a three-dimensional
smooth hypersurface lying in the four dimensional Euclidean space. To every tri-
angle with sides a, b, ¢ there corresponds a triple =, y, z > 0, and these numbers
can be interpreted as principal curvatures, given pointwise, at some point p lying
on the hypersurface. We call this correspondence a Ravi transformation and we
would like to see whether this duality leads us to some interesting geometric inter-
pretations of facts from triangle geometry into the geometry of hypersurfaces into
R* endowed with the canonical Euclidean product.

Figure 1

To better see how we use Ravi’s substitutions, we recall here a few useful for-
mulae for a triangle AABC lying in the Euclidean plane. Denote the area of the
triangle by A, its circumradius by R , its inradius by r, its semiperimeter by s, and
its perimeter by . Then Heron’s formula is A = /s(s —a)(s — b)(s —¢) =

Vxyz(x +y + z). The inradius can be obtained as

A TYz
r=— = —_—
s r4+y+2’
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and the circumradius can be obtained as

P e _ [yt +a)@+y)
4A 4 ryz(x+y+2)

Euler’s inequality was originally obtained in 1763 (see [6]) when he tried to
construct a triangle by giving its incenter, its orthocenter, its barycenter and its
circumcenter. That investigation generated several important consequences and
ushered a new era in the investigations on the geometry of the triangle. Euler’s
inequality states that in any triangle in the Euclidean plane, the circumradius and
the inradius satisfy R > 2r.

For a direct proof, using the formulae derived above, we note that by using the
Ravi substitutions we need to show that the following holds:

(y+2)(z+z)(x+y) S5 9 TYz
4 ryz(x +y+z2) — Vrty+z
or, by a direct computation:
(y+2)(z +z)(xr +y) > 8zyz.

This last inequality holds true since = +y > 2,/zy, and two other similar inequal-
ities, multiplied term by term, conclude the argument. Actually we notice that the
inequality (v + 2)(z + z)(z + y) > 8xyz is equivalent, via Ravi transformation,
to Euler’s inequality R > 2r.

Figure 2

It is natural to consider a duality between a triangle A A BC with lengths of sides
a, b, c, and corresponding x = s —a,y = s — b, z = s — ¢, and a convex three-
dimensional smooth hypersurface such that a point p lies on it, and the principal
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curvatures stand for A1 (p) = z, A2(p) = y, A3(p) = z. The convexity condition
is needed to insure that z, i, z > 0 in an open neighborhood around p. For further
details about this idea see [11].

4. Constructing a curvature invariant inspired by Euler’s inequality

We recall here a class of curvature invariants introduced in [9], namely the sec-
tional absolute mean curvatures defined by

By using the same method as above Euler’s inequality, R > 2r, transforms, as we
have seen before, into

(y+2)(z+2)(z+y) > 8xyz,
which admits the interpretation in terms of curvature invariants as follows:
Hyy- Hys - H3 > K.

This inequality between the curvature invariants of a three dimensional smooth hy-
persurface in R* was obtained and investigated in [9]. We recall here the following.

Definition. [3] Let ¢ : U c R3 — R* be a hypersurface given by the smooth
map o. The point p on the hypersurface is called absolutely umbilical if all the
principal curvatures satisfy |ki| = |ko| = |ks|. If all the points of a hypersurface
are absolutely umbilical, then the hypersurface is called absolutely umbilical.

In conclusion, a curvature invariant inspired by this result obtained by Leonhard
Euler is

Definition.
_ _ _ 1
E(p) = Hia - Haz - H31 = g(y +2)(z +7)(z +y).
Building on the development from [1], in [9] the following is proved.

Theorem 1. Let M3 c R* beasmooth hypersurfaceand k1, ks, k3 beits principal
curvaturesin the ambient space R* endowed with the canonical metric. Letp € M
be an arbitrary point. Denote by A the amalgamatic curvature (for its definition
see [3, 1]), by H the mean curvature, H the absolute mean curvature, and K
the Gauss-Kronecker curvature. Introduce the sectional absolute mean curvatures
defined by

Ayt = L+ o)l

Then the following inequalities hold true at every point p € M :
A'ﬁlg'ﬁgg-glg Zf_] ’K| ZA|K|
Equality holds for absolutely umbilical points.

In conclusion, the inequality in the theorem can be written as follows.
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Corollary 2.
A-E>H-|K|>A-|K|

This relation naturally relates the amalgamatic curvature, the Gaussian curva-
ture, and the curvature invariant £, which we introduced inspired by Euler’s in-
equality for triangles in Euclidean geometry, R > 2r. In particular, note that we
have the following.

Corollary 3.
E(p) > |K(p)| 1)

at any point p of M3 c R*. The equality holds at a point p if and only if the point
is absolutely umbilical.

It may be of interest to note that this inequality may be viewed as an extension
of the inequality H?(p) > K (p) from the geometry of surfaces.

We conclude this section by pointing out that all the algebra was definitely in
place in Euler’s times, and the only new part was the geometric interpretation in
terms of curvature invariants. This vision was greatly enhanced after the major
revisitation of curvature invariants described in Bang-Yen Chen’s comprehensive
monograph [2], which best represents a research direction with many developments
(see e.g. [10, 12], among many other works), which inspires also the context of our
present investigation.

5. Hypersurfaces of dimension n lying in the Euclidean space R™*!

In this section we inquire whether it is possible to extend the inequality (1) to
hypersurfaces in the general case.

To establish our notations, let ¢ : U ¢ R™ — R™*! be a hypersurface given
by the smooth map o. Let p be a point on the hypersurface. Denote o (p) = %7
for all k from 1 to n. Consider {o1(p), o2(p), ..., o (p), N(p)}, the Gauss frame
of the hypersurface, where N denotes the normal vector field. We denote by g;;(p)
the coefficients of the first fundamental form and by h;;(p) the coefficients of the

second fundamental form. Then we have

9i5(p) = {0i(p), ai(p)),  hij(p) = (N(p), 0:(p))-
The Weingarten map L, = —d N, doy ' : Tyy0 — T,y 0 is linear. Denote
by (R (p))1<i,j<n the matrix associated to Weingarten’s map, that is:

Ly(0i(p)) = hi (p)ow(p),

where the repeated index and upper script above indicates Einstein’s summation
convention. Weingerten’s operator is self-adjoint, which implies that the roots of
the algebraic equation

det(h}(p) — A(p)d;) =0
are real. The eigenvalues of Weingarten’s linear map are called principal curvatures
of the hypersurface. They are the roots ki (p), k2(p), ..., kn(p) Of this algebraic
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equation. The mean curvature at the point p is

1
H(p) = g[/ﬁ(p) + ...+ kn(p)],
and the Gauss-Kronecker curvature is

K(p) = ki(p)k2(p)-.-kn(p)-

Definition. Let o : U ¢ R™ — R™*! be a hypersurface given by the smooth map
0. The point p on the hypersurface is called absolutely umbilical if all the principal
curvatures satisfy |k1| = |ko| = ... = |ky|. If all the points of a hypersurface are
absolutely umbilical, then the hypersurface is called absolutely umbilical.

Definition. Define the curvature invariant

E(p) = ()" &) T (1Kl + Ik ).
i#]
With this definition we prove the following.

Proposition 4. Let M™ C R™*! be a smooth hypersurface and k1, ks, . . ., k, be
its principal curvatures in the ambient space R"*! endowed with the canonical
Euclidean metric. Let p € M be an arbitrary point. Denote by K the Gauss-
Kronecker curvature. Then the following inequality holds true at every point p €
M :

E(@) = |K(p)|" .
Equality holdsiif p is an absolutely umbilical point.

Proof: Denote by z; = |k;|, forall i = 1,2, ...,n. Then we have (%) inequalities
of the following form:

Ti + x5 2> 2\/T15,
with equality if and only if z; = ;. By multiplying term by term these (3) in-
equalities we obtain the stated result. O

It may be of interest to note that this inequality represents an extension of the
inequality H2(p) > K (p) that holds true in the geometry of surfaces. To see this,
let n = 2 in the statement above.
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Constructing a Triangle from Two Vertices
and the Symmedian Point

Michel Bataille

Abstract.  Given three noncollinear points A, B, K, we propose a simple
straightedge-and-compass construction of C such that K is the symmedian point
of triangle ABC'. Conditions for the construction to be possible and the number
of solutions are studied in details.

1. Introduction

The problem of constructing a triangle ABC given two vertices A, B and one of
the familiar centers (centroid, incenter, orthocenter, circumcenter), which appears
in Wernick’s famous list published in 1982 ([6,[7]), is easily solved. The case when
the selected center is the symmedian point K being not listed, this article aims at
offering a simple construction of the third vertex C from A, B, K and at studying
the conditions on the three given points for the existence of a solution. In what
follows, we always assume that the point & does not lie on the line AB.

2. Theconstruction

The construction of a suitable point C' will rest upon a not-very-well-known
property of the symmedians, stated and proved in [1]. To keep this paper self-
contained, it is presented here with a different proof.

Proposition 1. Let ABC beatriangle and let B’ be thereflection of B in A. The
symmedian through A isthe tangent at A to the circumcircle of ACAB'.

Figure 1
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Proof. Let M be the midpoint of BC and let s be the symmedian through A, that
is, the reflection of the median m = AM in the internal bisector ¢ of /BAC
(Figure 1). Let U be the center of the circle " through C, A, B’ and S the point of
intersection other than A of £ and I". Since ¢ is the external bisector of ZCAD’,
we have SC = SB’ and it follows that US is perpendicular to B’C, hence to
m = AM. As aresult, s is perpendicular to U1.S, where U; is the reflection of U
in ¢, hence to U A since U AU1 S is a rhombus. O

Turning to our problem, consider the three points A, B, K and let B’ be the
reflection of B in A and A’ be the reflection of A in B. Let v4 (resp. vg) denote
the unique circle passing through B’ (resp. A’) and tangent to AK at A (resp.
tangent to BK at B). The point K is the symmedian point of AABC' if and
only if the lines AK and BK are the symmedians through A and B, respectively.
Proposition [ shows that this will occur if and only if the circles 4 and ~5 both
pass through C. Thus, the construction of the circles 74 and g readily yields
the desired third vertex C' as a common point of these circles, provided that this
common point exists. Clearly, our problem has at most two solutions (see Figure
2, where two solutions C and C5, are obtained).

Figure 2

3. Thediscussion

From the construction above, the number of solutions for C' depends on the
relative position of the circles v4 and ~vg. The way this position is related to the
location of the points A, B, K is described in the following result:

Theorem 2. The number of solutions for C' is 0, 1, or 2, according as the sum
KA + K B isgreater than, equal to, or lessthan Q%B.

Proof. Let U and V be the centers of v4 and ~p, and let O denote the mid-
point of AB (Figure 2). In a suitable system of axes with origin at O, we have
A(—%,0), B(5,0) (where c = AB) and we set K (m, n). Expressing that V' is the
point of intersection of the perpendicular bisector of BA’ (with equation z = ¢)
and the perpendicular to BK at B (whose equation (m — $) z+ny = § (m — §)
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is easily obtained), we find V'(c, v) where v = 5= (§ — m). Similarly, U(—c,u)

where u = - (g + m) and a short calculation yields
~A((2m+¢)? +4n?)

2 42
M’ UA? = , VB? =

2 2 2 2
s c((2m — ¢)* 4+ 4n?)
vve= 16n? '

16n2
@

n2

The condition UV > |V B — U A| always holds because

2 2
UV? = dc*+v—ul® = 402+VBQ—CZ+UA2—CZ—2uv > VB*+UA*>-2UA-VB.

Thus, the circles v4 and ~p are secant (resp. tangent) if and only if UV < UA +
VB (resp. UV =UA+ VB).

Now, from (1), and with some algebra, we see that UV < U A + V B is equivalent
to

28n2 + 4m? — 2 < \/(4n? + 4m? + ¢2)2 — 16¢2m2,
which itself is equivalent to
4m? 4+ 28n% < ¢ or 3m?+12n% < 02,

and finally to 3m? + 12n? < 2.
The latter condition means that K is interior to the ellipse £ with foci A and B
and major axis \2/—% Clearly, the circles v4 and ~vp are tangent if and only if K lies

on £. Since £ is the set of all points P such that PA + PB = % the proof is
complete. O

4. Properties of the solutions

First, we examine the case when the problem has two solutions C; and C; (Fig-
ure 2) and prove the following

Proposition 3. If C; # Cs and K is the symmedian point of both AABC, and
AABC,, then theline C1Cs isa median of each triangle.

Proof. We just observe that the midpoint O of A B has the same power with respect
to v4 and yg (since OA - OB’ = % = OB - OA’) and deduce that O is on the
radical axis C1C5 of these two circles. O

In the case when the solution C'is unique, the triangle ABC has a feature which
is worth mentioning:

Proposition 4. If K isthe symmedian point of AABC for a unique point C', then
CA? + CB? =2AB

In other words, the triangle is a C-root-mean-square triangle (see [2, 4] for numer-
ous properties of such triangles).

Proof. Again, O lies on the radical axis of v4 and g, hence on the common
tangent to v4 and v at C. It follows that % = OC?; but, CO being the length
of the median from C, we also have 4C0O? = 2(CA? + CB?) — ¢? and a short
calculation gives the desired relation. O
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Note in passing that when K traverses the ellipse &, the corresponding unique
solution C' traverses the circle with center O and radius # (less the common
points with the line AB, of course).

5. Further remarks

To conclude, we draw some interesting corollaries of the results above.
In an arbitrary triangle ABC', not only does the symmedian point K satisfy K A +
KB < MTf’ but it also satisfies the similar inequalities associated with the pairs

of vertices (B, C) and (C, A):

Corollary 5. The symmedian point K of any triangle ABC' islocated in the com-

mon part of the interiors of the three ellipses with foci A and B, with foci B and

C, with foci C and A, and with respective major axes 242 28C % (boundary

_ V37 V3D
included).

It is known that K is always interior to the circle with diameter G H where G is
the centroid and H the orthocenter (see [3]). However, the common part interior to
the three ellipses can be much smaller (Figure 3).

(o

Figure 3
Lastly, we deduce a nice geometric inequality, perhaps difficult to prove directly:

Corollary 6. Let m,, my, m. be the lengths of the medians of a triangle ABC
withsidesa = BC,b = C'A,c = AB. Then, the following inequality holds:

a®+ b+ 2
V3o
3a 3b 3c

Interestingly, substituting m,, my, me, 5, 7, 5 for a, b, ¢, mq, my, m, respec-
tively, leaves the inequality unchanged, meaning that the inequality is its own

)

max{bm. + cmp, cmg + ame, amy, + bmg} <
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median-dual ([5] p. 109). No hope then to derive it from a known inequality
through median duality!

Proof. We know that the symmedian point K of AABC! is the center of masses of
(A,a?), (B,b?), (C,_ci), that is, (a? + b2 + c2)K = a?A +b?B + c*C. It follows
that (a2 + b2 + 2)AK = b2AD + 2AC and so
(a®> + 0% + A)2AK? = b*? 4+ ¢ + (b202)(21@ : ﬁ)
= VAV + A+ + P —d?)

2.2, 2
= 4b“c"m;,.
_ 2bcmg e H . 2camy,
As a result, KA = PRy el and similarly we obtain KB2_27(122+b2+62. The
inequality KA 4+ KB < % now rewrites as bm, + amy < % Cyclically,
2 2 2
the numbers bm..+cm;, and em, +am, are also less than or equal to % O

Note that equality holds if and only if AABC is a root-mean-square triangle,
that is, if and only if one of the relations 2a® = b* + ¢2, 2b> = ¢® + a?, 2¢? =
a® + b? is satisfied.
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The* Circle” of Apolloniusin Hyperbolic Geometry

Eugen J. lonagcu

Abstract. In Euclidean geometry the circle of Apollonius is the locus of points
in the plane from which two collinear adjacent segments are perceived as having
the same length. In Hyperbolic geometry, the analog of this locus is an alge-
braic curve of degree four which can be bounded or “unbounded”. We study this
locus and give a simple description of this curve using the Poincaré half-plane
model. In the end, we give the motivation of our investigation and calculate the
probability that three collinear adjacent segments can be seen as of the same pos-
itive length under some natural assumptions about the setting of the randomness
considered.

1. Introduction

There are at least four circles known as Apollonius circles in the history of
classical geometry. We are only concerned with only one of them: “the set of
all points whose distances from two fixed points are in a constant ratio p (p # 1)
” (see [1], [5]). In Euclidean geometry this is equivalent to asking for the locus of
points P satisfying ZAPB = ZBPC, given fixed collinear points A, B and C'.
This same locus is the focus of our investigation in Hyperbolic geometry.

We are going to use the half-plane model, H (viewed in polar coordinates as the
upper-half, i.e., 8 € (0, 7)), to formulate our answer to this question (see Anderson
[2] for the terminology and notation used). Without loss of generality we may
assume that the three points are on the y-axis: A(0, a), B(0,b) and C(0, ¢), with
real positive numbers a, b and ¢ such thata > b > c.

Theorem 1. Given points A, B and C' as above, the set of points P(z,y) in the
half-plane H, characterized by the equality ZAPB = ZBPC in H is the curve
given in polar coordinates by

(2% — a® — %) = 2r2(ac® — bY) cos(20) + b*(2a%? — a?b® — b2, (1)
Moreover,
@)ifb= (“2;"’2> , this curve is half of the hyperbola of equation

SIS

T 3w

2 cos(2 2 _ T o
r“cos(20) + b 0,96(4,4

);
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(i) if b = \/ac thiscurveisthe semi-circler = b, 0 € (0, ),
_1
i) if b = (#) ? this curve is half of the lemniscate of equation

T 3w
47 4 )

In most of the textbooks the Circle of Apollonius is discussed in conjunction
with the Angle Bisector Theorem: “ The angle bisector in a triangle divides the
oppositesideinto a ratio equal to theratio of the adjacent sides” Once one realizes
that the statement can be equally applied to the exterior angle bisector, then the
Circle of Apollonius appears naturally (Figure 1), since the two angle bisectors are
perpendicular.

r2 +b%cos(20) =0, e (

A(0,4)

Dgos'z)

Figure 1. The Circle 2 + y? = 4

For instance, an easy exercise in algebra shows that the circle of equation 22 +y? =
4 is equivalent to

Va2t (y— 4?2 BA DA _

=—=— =72
Val+(y—-12 BC DC 7

taking A(0,4), B(0,2), C(0,1) and D(0,—2). Similar calculations can be em-
ployed to treat the general situation, i.e., taking A(0, a), B(0,b) and C(0, ¢) with
real positive numbers a, b and ¢ such that « > b > ¢. Then we can state the
well-known result:

Theorem 2 (Apollonius). Given points A, B and C' as above, the set of points
P(z,y) in the plane characterized by the equality ZAPB = Z/BPC'is

(i) theline of equationy = (a +¢)/2ifb = (a + ¢)/2;

(i) the circle of equation 22 + 3% = b2, if b < (a + ¢)/2 and b? = ac.
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Let us observe that the statement of this theorem does not reduce the generality
since the y-coordinate of point D can be shown to be yp = (2ac — be — ab)/(a +
c — 2b) and one can take the origin of coordinates to be the midpoint of BD. This
turns out to happen precisely when b = ac.

It is interesting that each of the special cases in Theorem 1, can be accomplished
using integer values of a, b and ¢. This is not surprising for the Diophantine equa-
tion b2 = ac since one can play with the prime decomposition of a and ¢ to get
ac a perfect square. For the equation 2> = a® + ¢? one can take a Pythagorean
triple and set a = |m? + 2mn — n?|, ¢ = |m? — 2mn — n?| and b = m? + n? for
m,n € N. Perhaps it is quite intriguing for some readers that the last Diophantine
equation 2a%c? = a?b? + ¢?b? is satisfied by the product of some quadratic forms,
namely

a = (46m? + 24mn + n?)(74m? + 10mn + n?),
b= (46m? + 24mn + n?)(94m? + 4mn — n?),
and ¢ = (94m? + 4mn — n?)(74m? + 10mn 4+ n?), for m,n € Z.

Another surprising fact is that the locus is a circle both in Theorem 1 and Theorem 2
if b2 = ac.

-0 -60 <40 20 0 20 40 60 80

1 1
b:(i"Q;FCQ) 2 Jac<b< (—“2;C2 ) 2

[T

<b<y/ac

b=+/ac a—24c—2\"
(=)
Figure 2. The curve in polar coordinates (a=35, ¢=5), in H

In Figure 2, we included all of the possible shapes of the locus in Theorem 1

_1 1
except for the case b < (#) * which is similar to the case b > (£+< ).
We notice a certain symmetry of these cases showing that the hyperbola (b =
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1
(‘12—‘2*02) ?) is nothing else but a lemniscate in hyperbolic geometry. With this

identification, it seems like the curves we get, resemble all possible shapes of the
intersection of a plane with a torus.
In the next section we will prove Theorem 1.

2. Proof of Theorem 1

Let us consider a point P of coordinates (z,y) with the given property as in
Figure 3 which is not on the line AC, (x # 0). Then the Hyperbolic lines deter-
mined by P and the three points A, B and C are circles orthogonal on the z-axis.
We denote their centers by A’(a’,0), B'(b/,0) and C’(¢/,0). The point A’ can be

A

1
A B’ c

Figure 3. The point P and the lines determined by it with A, B and C

obtained as the intersection of the perpendicular bisector of PA and the z-axis.
Similarly we obtain the other two points B’ and C’. The equation (Y as a func-

tion of X) of the perpendicular bisector of PA is Y — ¥3¢ = — X =)

and so a’ = ’32“2’7;“12 Similar expressions are then obtained for &’ and ¢/, i.e.,
20 and ¢/ = % This shows that the order of the points A’, B’

[ — 224y
<
and C” is reversed (o' < b’ < ). The angle between the Hyperbolic lines PA and

2x
PHA is defined by the angle between the tangent lines to the two circles at P, which
is clearly equal to the angle between the radii corresponding to P in each of the
two circles. So, my(ZAPB) = m(£LA’PB’) and my(£LBPC) = m(£B'PC").
This equality is characterized by the proportionality given by the Angle Bisector
Theorem in the triangle PA'C":

PA"  A'B \/(.7)2 —y2+a?)? + 42292 a® — b2

PC"~ BC' T \Ja— i+ @R+ day? B2

Using polar coordinates, z = r cos# and y = rsin 6, we observe that 2 — y? =
r2 cos 260 and 2zy = r? sin 20. Hence the above equality is equivalent to

(r* + 2a%r% cos 20 + a*) (b% — )2 = (r* + 2¢%1% cos 20 + ) (a® — b?)2.

One can check that a factor of (a? — ¢2) can be simplified out and in the end we
obtain (1).
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3. Four points*“equally” spaced and our motivation

Our interest in this locus was motivated by the Problem 11915 in this Monthly
([4]). This problem stated: Given four (distinct) points A, B, C and D in (this)
order on a line in Euclidean space, under what conditions will there be a point P
off theline such that theangles /AP B, Z/BPC, and ZC P D have equal measure?
(Figure 4)

Itis not difficult to show, using two Apollonius circles, that the existence of such
a point P is characterized by the inequality involving the cross-ratio

[A, B;C, D] = 53/2¢ < 3. (2)

We were interested in finding a similar description for the same question in Hy-
perbolic space. It is difficult to use the same idea of the locus that replaces the
Apollonius circle in Euclidean geometry due to the complicated description as in
Theorem 1. Fortunately, we can use the calculation done in the proof of Theorem 1
and formulate a possible answer in the new setting. Given four points A, B, C
and D in (this) order on a line in the Hyperbolic space, we can use an isometry to
transform them on the line = 0 and having coordinates A(0, a), B(0,b), C(0,¢)
and D(0,d) with a > b > ¢ > d. The the existence of a point P off the line
x = 0, such that the angles ZAPB, Z/BPC, and ZC P D have equal measure in
the Hyperbolic space is equivalent to the existence of P in Euclidean space corre-
sponding to the points A’, B/, C’ and D’ as constructed in the proof of Theorem 1.
Therefore, the answer to the equivalent question posed in the Problem 11915 but
in Hyperbolic geometry, is in terms of a similar inequality

it b2 — 2)(a? — d2

[AlvB/; ClvD/] - %/% <3< ECLQ _ bz))((CQ _ dQ;

Now we can use (2) and (3) to compute the following natural corresponding

geometric probability: if two points B and C' are randomly selected (uniform dis-

tribution with respect to the arc-length in hyperbolic geometry) on the segment AD

(B being the closest to A), what is the probability that a point P off the line AD

exists, such that the angles ZAPB, /BPC, and ZC'PD have equal measure?

(Figure 4)

In Euclidean geometry this turns out to be equal to

15— 161n 2
P, = fﬂ ~ 0.4345

< 3. 3)

The inequality (3) gives us the similar probability in the Hyperbolic space:

252+ V5) -5
B 51n2
where the uniform distribution here means that it is calculated with respect to the
measure  dy along the y-axis.

Our probability question is even more natural in the setting of spherical ge-
ometry. Due to the infinite nature of both Euclidean and Hyperbolic spaces the

Py ~ 0.4201514924
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Figure 4. The point P and the lines determined by it with A, B, C
and D

geometric probability question makes sense only in limiting situations. In the case
of spherical geometry we can simply ask (and leave it as an open question):

Given alinein spherical geometry and four pointson it, chosen at random with
uniform distribution, what is the probability that the points ook equidistant froma
point on the sphere that is not on that line?
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A Geometric Inequality for Cyclic Quadrilaterals

Mark Shattuck

Abstract. In this paper, we establish an inequality involving the cosines of the
arc measures determined by four arbitrary points along the circumference of a
circle. Our proof is analytic in nature and as a consequence of it, we obtain some
inequalities involving the interior angle measures of a triangle. Extending our
arguments yields a sharpened version of the aforementioned inequality and also
the best possible positive constant for which it holds.

1. Introduction

A variety of inequalities have been shown for convex quadrilaterals [4], in par-
ticular, in the bicentric case (see, e.g., [5, 6]). Perhaps the most well-known of
these and simplest states that 1 is at most % where r and R denote the radii of
the incircle and circumcircle of a bicentric quadrilateral ABC'D (see [1, p. 132]).
A refinement of this inequality was shown by Yun [7] and is given by

@ < 1 (sinAcosB —i—SinECOSg —&—singcosg —|—sinDcosA) <1

R —2 2 2 2 2 2 2 2 2) =7

1)
which was proved again in different ways by Josefsson [3] and later Hess [2]. Note
that the middle quantity in (1) may be rewritten in terms of the measures of arcs
subtended by the sides of quadrilateral ABC'D as

on (15 - (59)

where 2a = m(AB), etc.

In this paper, we find a lower bound for this quantity (see Theorem 16 below)
that applies to all cyclic quadrilaterals and that differs from (and is incomparable
to) the bound given in (1) in the bicentric case. For the sake of clarity of the proofs,
we first establish the following bound in the next two sections.

Theorem 1. Let ABCD be a cyclic quadrilateral, with 2a = m(AAB), 2b =
m(BC),2¢c = m(CD) and 2d = m(DA). If a = max{a, b, ¢, d}, then we have

2 — b—d
2cosa + cosb -+ cosc+ cosd < E)Zlf <cos (a 5 C) + cos <>> , (2)

2
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with equality if and only if ABC' D isa square.

We assume that all arc measures in Theorem 1 and elsewhere are taken in the
same direction as the labeling of the vertices of ABCD. To prove (2), we proceed
analytically, treating separately the acute and obtuse cases of a. We then extend
our arguments in finding a sharpened form of (2), along with the best positive
constant for which it holds. That is, we show that one may replace the weights
of %(2, 1,1,1) for the respective cosine terms on the left-hand side of (2) (after

dividing both sides of (2) by 5) with (e, 1,1,1), where o = li;%ﬁ ~ 1.43
is as small as possible. As corollaries to our approach, we obtain some related

geometric inequalities involving triangles and bicentric quadrilaterals.

2. Theacute case of theinequality

To prove (2), we divide into cases based on whether or not a is acute, treating in
this section the acute case. Let

f(aabvcvd)
2 — —
:5( (cos (a 5 C) + cos <b2d>) — (2cosa + cosb + cosc + cosd)

and
S ={(a,bc,d) eR*:a+b+c+d=m, where0 < b,c,d<a<m/2}.

We will regard .S as a closed subset of the metric space M consisting of all points
in R* such that @ + b + ¢ 4+ d = 7. When speaking of the boundary or interior of
S, it will be in reference to M. Then the acute case of (2) is equivalent to showing
f > 0forall points in S. The next four lemmas show that f is non-negative for all
points along the boundary of S.

Lemma 2. Wehave f > 0 for all points (a, b, ¢,d) in S such that abed = 0.

Proof. We show that & > 0, where

h(a,b,c,d) = /2 <COS <a;c> + cos <2d) > —(cos a+cos b+cos c+cos d),

with 0 < a,b,c,d < /2, abed = 0 and a + b + ¢ + d = m, which implies the
stated result for f. To show ~ > 0, we may assume d = 0, by symmetry. Thus, we
must show

jla,b,c) = V2 (cos <a20) + cos (Z)) —(cos a+cos b+cosc+1) > 0, (3)
where a + b+ ¢ = mand 0 < a,b,c < w/2. We first show that inequality (3)
holds for the boundary values. By symmetry of the a and ¢ variables, we need only
consider the following cases: (i) a = 0, (ii) b = 0, (iii) a = 7/2, (iv) b = 7 /2. If (i)
or (ii) holds, then the other two variables must be /2 and (3) is obvious in either
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case. If (iii), then we must show /2 (cos (% — %) + cos (%)) > cosb+cosc+1,
where b+ ¢ = /2, i.e.,

b 1 1
2cos<2>2(sinb+cosb—|—1):sin<b+z>+ 0<b<7/2

V2 V2’

The last inequality follows from observing that the function k(b) = 2 cos (g) —
sin (b + ) — 5 is decreasing on (0, 7/2) with k(r/2) = 0. If (iv), then we need

V2 cos ( ) > cosa+ cosc = 2cos (“erc) cos ( ) which holds with equality
since a + ¢ = /2.

To complete the proof of (3), we must consider any possible interior local ex-
treme points of j. Making use of Lagrange multipliers and equating the a- and the
c- partial derivative equations implies (I) a + ¢ = 7/2 or (Il) a = ¢. Note that if (I)
holds, then b = 7 /2, which has already been considered, so assume (I1). Using the
cosine double angle formula, we must show in this case that

\/i(cosy—i—l)—40052x—26052y—|—220, 4

where 2z +y = w/2and 0 < z,y < w/4. For (4), we show equivalently
\/i(cosy +1) > 2siny + 2cos? y, i.e.,

\/icosy+2(sin2y—siny)22—\@, 0<y<m/4.

This last inequality holds since the two sides are equal when y = 7 /4, with the
left-hand side decreasing as one may verify. O

By (3) and the fact that cos(£A) + cos(£B) + cos(£C) = 1 + 1 inatriangle
ABC, we obtain the following bound on the ratio & in an acute or right triangle.

Corollary 3. Let ABC be a non-obtuse triangle. Then

2+% < \/§<COS <A;C> + cos <§>>

with equality if and only if ABC' isaright triangle with hypotenuse AC.
Lemma4. We have f > 0 for all points (a, b, ¢, d) in S suchthat a = 7 /2.
Proof. Let

5v/2 T c b—d
h(b,c,d) = = <cos (Z - 5) + cos <2>> — (cosb+ cosc+ cosd).

We must show h > 0 for all b,c,d > 0 suchthatb + ¢+ d = 7/2. We may
assume bed # 0, by the previous lemma. To show h > 0, we apply Lagrange
multipliers and equate the b- and d-partial derivative equations to obtain sinb —

5\fsm( ) ie., 281n(b2d) cos (Hd) = 5\fsm( 5 ) So we must

have (i) b + d = 2 cos™ (T) or (i) b = d. If (i) holds, then T — & = b4 o

sind =

that cos (5 — §) = 22, which implies h > 0 in this case. So assume (ii) holds
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and we must show h(b, c,b) > 0, where b,c > 0 and 2b + ¢ = 5. Substituting
c= %5 —2binto h(b,c,b), we need for

) 5V 2
q(b) = ({—2) cosb—sin2l)+\4[>0, 0<b<m/4

This holds since 2—2¥2 < Limpliesg(b) > —1+22-1=2(v2-1) >0. O

As a consequence of the previous lemma, we obtaln the following trigonometric
inequality for acute triangles.

Corallary 5. If ABC isan acute triangle, then

e (£) o (2) 00 (9) <2 (52 v (259)).

The next two lemmas concern the case when one of the other variables equals a.

Lemma6. We have f > 0 for all points (a, b, ¢,d) in S suchthat a = c.

Proof. We must show

2
where 0 < b,d < ¢ < 7w/2and b+ 2c + d = 7. By Lemmas 2 and 4, we may
assume b,d > 0 and ¢ < w/2 in (5). Suppose first that b or d equals ¢, say d.
Then h(b,c,c) > 0 if and only if 5T\/§ (cos (55¢) +1) > cosb + 4cosc, where
b+3c=mand0<b<c<m7/3ie,

ﬂ (sin(2¢) 4+ 1) > 4 cos ¢ — cos(3c), m/4<c<m/3. (6)

h(b,c,d):%(cos(b d>+1>—(cosb+3(:osc+cosd)20, (5)

Dividing both sides of (6) by cos ¢, we need to show

2
k:(c):5?{(2sinc+secc)+4co§c—720, m/4<c<m/3.
This last inequality follows from noting
K(c)  5v2
cosc 4
for m/4 < ¢ < /3, with k(7w /4) = 0.
By Lagrange’s method, any interior extreme points (b, ¢, d) within the set over
which we are minimizing h must satisfy (i) b + d = 26, where § = cos~! <5f‘8/5)
or (ii) b = d. If (i) holds, then we have ¢ = 5 — 6 and thus

5421y (15 - o na
= V2 o6 (b+2d> cos <b_d) — (cosb + cosd) = f L 3V

(2—|—Sec20tanc) —8sinc >0

4 2
= 3cosc,
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which implies (5) in this case. If (ii) holds, then we need to show 57\/5 > 2cosb+
3cosc,whereb+c=m/2and 0 < b < c. Note that 2cosb + 3cosc = 2sinc +

3cosc = V/13sin(c + \), where A\ = cos™! (%) Then A > 7/4 implies
VI3sin(c + A) < VI3sin (T + 1) = 32 for 1/4 < ¢ < 7/2, as desired,
which establishes (5) and completes the proof. Note that there is equality in (5) iff
a=b=c=d=m/4,ie.,iff ABCD isasquare. O

Lemma7. We have f > 0 for all points (a, b, ¢,d) in S such that a = b.

Proof. We must show

2 — —d
h(a,c,d) = E)zlf (cos (a 5 C) + cos <a2)>—(3COSCL+COSC+COSd) >0,
(1)

where 0 < ¢,d < a < w/2and 2a + c+ d = w. By Lemmas 2 and 4,
we may assume ¢,d > 0 and a < 7/2 in (7). By Lemma 6, we may also
assume a > c and a > d. Thus, we need only check points (a,c,d) corre-
sponding to any possible interior extrema of the function h. Such points must

atsty s — sincd = 2 (i (257) — sin (257)) e, i (55 cos (53 =
5f 2 sin (454) cos (22==2), from which we get

5v/2 2a —c—d c—d c+d ..
Q) 16 cos( 1 )zcos( 1 )cos( 5 >,or(||)c:d

Sincec+d=m—2aand /4 < a < 7/2, we have ¢ + d < 7/2 and thus

Ccos c—d CcOs c+d >1>5\/§>5\/§COS 2a—c—d
4 2 2 16 — 16 4 ’

whence (i) is not possible. So assume (ii), in which case we must show

k:(a):g)\2/5cos(a—) V13sin (@ + \) > 0, n/d<a<m/2, (8)

where \ = cos™! (i) Note that k(7 /4) = 0, with

V13

K (a) = — 5\2fs1n(a—4)+ﬁs1n(a—(2—k>) 0, /4 <a<m/2,

since v13 > 22 and T > T—\implies v13sin (¢ — (5 — A)) > 22sin (a — I).
This implies (8), which completes the proof. O

We now must consider any possible local minima of f located within the interior
of S. Treating these cases will yield the following result.

Theorem 8. We have f > 0 for all pointsin S, with equality if and only if ¢ =
b=c=d=m/4
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Proof. Let (a, b, ¢, d) denote an interior local extreme point of f in .S. From the a-
and the c-partial derivative equations, such points must satisfy

5f . <a;c>‘

2sina —sinc = sin 9

Given 0 < a < /2, define the function

5Va

r—a . .
1 sm< 5 >—smx—i—2$1na, 0<z<a.

Below, we show that the equation h,(x) = 0 has no solution. Hence, neither does
(9), which implies f has no interior extreme points. Thus, the minimum value of
f on the compact set .S must be achieved along its boundary, and by Lemmas 2, 4,
6 and 7, we have f > 0 for all points along the boundary. Thus, f > 0 on all of .S,
as desired. From the proofs of Lemmas 6 and 7, there is equality as stated.

We now show h, () has no solution. First suppose 0 < = < §. Then

V2 . ra\ . /a  a a
ha(x) > _542 sin (5) — sin <§> + 4sin (5) coS (5)

> (2[2—1—5f>sm(;) >0,

ha(x)

since a < /2 implies cos (a/2) > v/2/2. If a/2 < x < a, then

V2 . qa . a a V2\ . /a
he(x) > _542 sin (1) +sina = (4008 (5) cos (1) — 542> sin (1)

> <2— 5?4/§> sin (%) > 0,

since cos(a/2), cos(a/4) > /2/2. O

3. The obtuse case

Assume now 2a’ = m(@) is at least 7, as shown below. In this case, we
replace a’ with = — a, where a = b + ¢ + d is acute (or possibly right).

c
2¢ 2%

2a/ =27 — 2a

Figure 1. Case when 2a’ = m(AAB) exceeds 7.
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Define the set T" by

T ={(a,b,c,d) eR*:a=b+c+d, whereb,c,d > 0and a < 7/2}.

We regard 7 as a closed subset of the metric space comprising all points in R* such
that « = b + ¢ + d. Define the function g on R* by

2 —
g(a,b,c,d) = 5\—f <sin <a ; C> + cos <b2d)>+2 cos a—(cos b+cos c+cosd).

4

Then the task of establishing (2) in the case when m(AAB) is at least 7 is equivalent
to showing that g can assume only positive values on T'. We first consider the case
of a point in T" where ¢ = 0.

Lemma9. We have g > 0 for all points (a, b, ¢, d) in T' such that ¢ = 0.

Proof. We must show

2 b—d
h(a,b,d) = 521f <sin (%) + cos ()) +2cosa—(cosb+cosd+1) > 0,

2
(10)
wherea = b+d, 0 < a < w/2and b,d > 0. By Lemma 4, we may assume
a<m/2.1fb=00rd=0,say b=0,then a = d and (10) reduces in this case to

P (s (5) reon(5)) #esa 20 0gu<n

The last inequality can be shown by considering the first two derivatives of the
left-hand side.
We now check h at any possible interior extreme points (a, b, d). From the

b- and d-partial derivative equations, we get sinb — sind = \[ sin (559), i.e.,
2sin (254) cos (&2) = 5f 2 sin (254). This implies such points (a, b, d) satisfy
(i) cos (&52) = 5\f or (ii) b = d. If (i) holds, then a = b + d implies cos a =

sin (%) = ‘/; and cos (554) > 5‘8[ Since cosb + cosd < 2cos (2%) = 2
inequality (10) follows in this case. If (ii) holds, then (10) reduces to

%‘Em‘w

2
k(b) = E)zlf (sinb+1) 4 2cos2b—2cosb—1>0, 0<b<m/4. (11)
To show (11), first note that
K'(b) 5{
cosb

Since the function 8sinb — 2tanb is increasing on (0, 7/4), one has that &(b)
changes sign once on (0,7/4), from positive to negative. Inequality (11) now
follows from observing that £(0) and k(7 /4) are both positive, which completes
the proof. O

— 8sinb + 2tanb.

Lemma 10. We have g > 0 for all points (a, b, ¢, d) in T" such that d = 0.
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Proof. We must show

2
h(a,b,c) = 521f <sin <a—;c> + cos <2>> +2cosa—(cosb+cosc+1) >0,

(12)
wherea =b+ ¢, 0 < a < w/2andb,c > 0. Again, we may assume a < /2. By
the previous lemma, we may also assume ¢ > 0. On the other hand, if b = 0, then
a = c and (12) reduces to 57\/5 (sina+ 1) + cosa —2 > 0, where 0 < a < 7/2,
which follows from observing max{sin a, cosa} > +/2/2 for first quadrant a.

We now consider possible internal extreme points (a, b, ¢) of h and apply the
Lagrange method with constraint —a + b + ¢ = 0. From the b- and c-partial
derivative equations, we get

2sin <b;6> cos (%) = 5216 cos (% + g) cos (% — %) . (13)

We show that (13) cannot hold, which will imply the desired result. Note first
that (13) implies b > ¢ and hence 0 < ¢ < a/2. Also, observe that the ratio
sin (§ — <) /sin (% — £) for a fixed a is minimized when ¢ = 0. Thus, we have

+5) cos(f-9) _sm(5-5) cos(f-9) _sm(5) cos(f-9)

COSs (

%
—5) cos(3) Cosin(3—g)  cos(y) T osin(3)  cos(3)
_sm()—|—cos(2)_1 a a
~ 2sin(%)cos (%) 2 (sec <2) s (2)) ‘
Since the function sec (%) + csc (%) is decreasing on (0, 7/2), we have sec (%) +
csc( ) > 2+/2 and thus

COS(E—I-E cos (X — &
: ;)1 c2) i (4 Z 2) > \@7
sin (3 — 5) cos (§)

whence (13) cannot hold, which completes the proof. O

sin (

Theorem 11. We have g > 0 for all pointsin 7.

Proof. By Lemmas 4, 9 and 10, we have already shown that ¢ > 0 for all points
along the boundary of the compact set 7. To show that ¢ > 0 on all of 7', we
need to check ¢ at any possible interior extrema. To do so, we apply Lagrange
multipliers to g with constraint b+ c+ d — a = 0. Equating the a- and the c- partial
derivative equations gives

5v2
2sina —sinc = fcos (a—i—c). (14)

4 2

Let = 2sin~' (5v/2/16) and a be fixed where 0 < a < 6. Then (14) can-
not hold for 0 < ¢ < a < 6, upon considering the function h,(z) = sinz +
5‘[ cos (2+%) — 2sina for each a and showing h,(z) > 0 for 0 < = < a (by
showmg ha(0) > 0, he(a) > 0 with h)(z) < 0 for 0 < z < a). Thus, there are no
interior extreme points in 7" for which a < 6. Henceforth, let us assume a > 6.
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Equating the b- and d-partial derivative equations gives

. : 5V2 . (b—d
smb—smd:Tsm — |

which implies (i) b = d or (i) cos (24) = % First assume (i). We will show
that g > 0 for all interior points in T" such that b = d and a > 6. In this case, we
must show j(a, b, c) > 0, where

2
jla,b,c) = 5:{ (sin (a—;c) +1> +2cosa —2cosb — cosc

and a = 2b + c. By the concavity of the cosine function on (0,7/2), we have
2cosb + cosc < 3cos (2£¢) = 3cos (%), so to show j > 0, it suffices to show
k(a,c) > 0, where

5\/§ . a—+c a
k(a,c)—4<sm( 5 >+1>+2cosa—3cos(3).

Since a > 6, we have 57\/5 (sin (2£€) +1) > 3,soclearly k(a,c) > 0forf < a <
cos~'(1/4). On the other hand, if @ > cos™1(1/4), then 52 (sin (%) +1) >
2.85, whereas 3 cos ($) < 2.72, which again implies k(a, c) > 0.

So assume (ii) holds and let A = 2cos™! (%) Thena —c¢c=b+d = Aand

we show that (14) has no solution in this case. Suppose to the contrary that (14)
does hold for some a and ¢, where a > A and ¢ = a — \. Then

5\/§COS ate _5\/§COS a—i §COS(I+L\/781DCL
4 2 4 2 16 16 ’

so that (14) holds if and only if

5V7 25
<2 - 1\6[> sina — 1g Co50 = sinc = sin(a — \) = sinacos A — cosasin A,

i.e.,

2
q(a) = (2 - 51? — COoS )\> sina — <12 — sin A) cosa = 0. (15)

Since the coefficients inside the parentheses are both positive quantities, ¢(a) is an
increasing function of a, where A < a < 7/2. Since ¢(\) > 0, it follows that (15)
and hence (14) cannot hold if (ii) does, which completes the proof. O

Theorem 1 above now follows from combining Theorems 8 and 11, which cover
the acute and obtuse cases of a, respectively, upon replacing a by m—a in Theorem
11. O

We obtain as a corollary to Theorem 1 the following variant of inequality (1).
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Corollary 12. Let ABCD be a cyclic quadrilateral, with 2a = m(AAB), 2b =
m(BC), 2¢ = m(CD) and 2d = m(DA). If AB isthe longest side length of
ABCD, then

V2

?(QCOS(Z—FCOSZ)—FCOSC—}—COSd)

<1 ; é §+‘ E g+' g 94-' 2 é <1 (16)
=5 Sin B COS B Sin 5 COS B Sin B) COS 5 Sin 5 COS B A
Proof. We have

A B B C C D D A

singcosg+sin50055+sin50085—|—sin5(:os§

251n§cos§+s1n551n§+cos§sm§+cos§cos§
. A+ B A—-B . b+2c+d b—d
= sin +cos| —— || =sm| —— | +cos|{ —
2 2 2 2
. (m—(a—c) n b—d a—c) b—d
=sin{ ——= = _— _—
S 5 Ccos 5 CcOos 5 CcoS 5 ,

so that the right inequality in (16) is clear. The left inequality then follows from
Theorem 1. Note that there is equality in the right inequality iff ABCD is a rec-
tangle and in the left iff ABCD is a square. (]

4. A sharpened version of the inequality

To sharpen inequality (2), we seek the smallest positive constant § such that

J5(a,b,c,d) = W (COS (a > C) e <b_2d>>

— (dcosa+ cosb+cosc+cosd) >0 17

for all points (a, b, c,d) in S and

sttt = CEDL (s (1) o (1))

+ dcosa — (cosb+ cosc+ cosd) >0 (18)

for all points in T'. Theorem 1 above then corresponds to the § = 2 case. Upon di-
viding (17) by 643, one sees that (17) amounts to comparing a certain weighted av-

erage of the individual cosine terms with the quantity % (cos (%5¢) + cos (254)).
A similar interpretation applies to (18). From this, one sees that if inequalities (17)
and (18) hold for some 6y > 0, then they hold for all 5 > §o. Note that 6 = 1
is too small since in the case of a bicentric quadrilateral, the inequalities would be
reversed (see Theorem 17 below). This leaves open the question of finding the best
possible ¢ for which (17) and (18) hold where 1 < § < 2.

Taking (a,b,c,d) equal to the origin in (18) implies that the best possible &

is at least % ~ 1.43, which we will denote by «. In fact, by modifying
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appropriately the proofs of Theorems 8 and 11 above, one can show that (17) and
(18) indeed hold when § = «. In the proofs of the following lemmas, we carry out
the most extensive modifications that are required.

Lemma 13. Let

3)vV2 —
ug(z) = (a+4)\fsin (x 5 a> —sinx + asina, 0<z<a,

wheren /4 < a < w/2. Thenu,(x) > 0for 0 < x < a.

Proof. First assume 0 < z < a/2. Then one may verify that «/,(0) < 0 and
u/l(x) > 0. Note further that

y(af2) = LIV

is an increasing function of a, which is negative at a« = 86° and positive at a = 87°.
First assume 45° < a < 86°. Then u/,(z) < 0for0 < x < a/2 and

(a+3)V2
4

cos(a/4) — cos(a/2)

ug(a/2) = asina — sin(a/2) — sin(a/4) > 0, /4 <a<m/2,
as one may verify, which implies u,(x) > 0 for 0 < = < a/2 in this case. If
86° < a < 90°, then to establish the desired result in this case, it suffices to show

3)V2
r(z) = asin(86°) — sinz — Wsin (45° - g) >0, O<az<n/4
(19)
Since /(43°) < 0, r'(44°) > 0 and r”'(x) > 0, the function r(x) must achieve its
minimum value somewhere on the interval [43°,44°]. If 43° < x < 44°, then

2 43°
r(z) > asin(86°) — sin(44°) — W sin (45O — ;) > 0,

which implies (19).

Now suppose a/2 < z < a. In this case, we fix = and consider u,(z) as a
function of a, where = < a < 2z. Firstassume x < 7/4 and note that %ua(az) <
0 for all a. Since u,(z) > 0 and

(a+3)V2
4

uge(x) = asin(2zr) — sinz — sin(z/2) > 0, 0<z<m/4,

as one may verify, it follows that u,(z) > 0 for x < a < 2z in this case. On the
other hand, if x > 7/4, then u,(x) > 0 for x < a < /2 follows from observing
ug(z) >0, %ua(a:) < 0and

2
Wsin<1—2)>0, T/A<x<T7/2,

which completes the proof. O

Ur/2(7) = a — sinz —
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Lemma 14. We have v > 0 for the function

3)v2 b—
v(a,b,c) = W <sin (g) + cos <2C>>+a cos a—(cos b+cos c+1),

wherea =b+¢,0 <a <m/2andb,c > 0.

Proof. By Lemma 4 (suitably extended to f,), we may assume a < 7/2. If bor ¢

equals zero, say b, then a = ¢ and v > 0 reduces in this case to

r(a) = (064_43)\/5 (sin (%) + cos (g))+(a—1) cosa—2>0, 0<a<m/2
(20)

Note that « > 1 implies v”(a) < 0. Since 7(0) = 0 (by definition of «) and

r(w/2) = QT‘I > 0, inequality (20) follows, with equality only for a = 0.

We now check v at any possible interior extreme points (a, b, c). From the b-
and c-partial derivative equations, we get (i) cos (25¢) = M or (ii)b=c. If
(1) holds, then a = b+ c implies cos a ~ 0.23 and sin(a/2) = 0.62. Then we have
in this case

sab o) = EFBV2 G (4 + 209 <b+ c) i (b _ C)

4 2 2 2
+ acosa — (cosb+ cosc+ 1)
2
= Mf)\fsin <%> +acosa—1>0.
If (ii) holds, then v > 0 is equivalent to

One can show that s’(a) has one sign change on the interval (0, 7 /4), from positive
to negative. Since s(0) = 0 and s(w/4) > 0, this implies s(b) > 0for 0 < b <
7 /4, which completes the proof. O

(sinb+1) 4+ acos(2b) —2cosb—1 > 0, 0<b<m/4

Lemma 15. We have w > 0 for the function
2
w(a,b,c) = W <sin (a—;c) + 1) + acosa — 2cosb — cosc,
wherea = 2b+c¢,b,c > 0and /4 < a < /2.

Proof. By the concavity of cosine on (0, 7/2), to show w > 0, it suffices to show

r(a) = 7@4 +3)v2 (sin (g

1 2>+1>+acosa—3cos (%) >0, 7w/4d<a<m/2.

(21)
A direct computation reveals r”'(a) > 0 for 7/4 < a < m/2 and that »”(a)
changes sign once on this interval. One may also verify r/(7/4) < 0and r/(7/2) <
0, which implies r’(a) < 0 for all a. Inequality (21) now follows from observing
r(m/2) > 0. O

One then gets the following strengthened version of Theorem 1.
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Theorem 16. We have

2 — b—
acosa + cosb+ cosc+ cosd < M (cos (a C> + cos <d>> 7

4 2 2
(22)
wherea = 11;%5, forall 0 < b, ¢,d < asuchthat a+b+c+d = , with equality
ifandonlyifa=b=c=d=mn/40rm—a=>b=c=d=0. Furthermore, v is
the smallest constant for which (22) holds.

Proof. We make appropriate modifications, which we briefly describe, to the proof
of Theorem 1 above using f, and g, in place of f and ¢g. Note that in the proofs
of Theorems 8 and 11 above, one would use, respectively, Lemmas 13 and 15
where needed. One would also substitute Lemma 14 for 9. Note that the proof of
Lemma 2 implies that this result also applies to the function f,. In other proofs,
one would proceed as before, but instead with the function f,, in the acute and g,
in the obtuse case, which may at times require a bit more analysis than previously.
Observe further that the strict inequality for g in the statements of Lemmas 9 and 10
and Theorem 11 should be replaced by the inclusive inequality g, > 0, where there
is equality when all arguments are zero. Finally, the statements of the lemmas and
theorems in the acute case will remain unchanged when considering the sharpened
version of the inequality. O

Note that Corollary 12 above may also be strengthened by replacing the leftmost
expression g (2 cos a+cos b+cos c+cos d) with the larger quantity T\f{s (acosa+
cos b+ cos ¢+ cos d). For bicentric quadrilaterals, the inequality is in fact reversed
when « is replaced by 1.

—~

Theorem 17. Let ABCD be a bicentric quadrilateral, with 2a = m(AB), 2b =
m(BC),2¢c =m(CD) and 2d = m(DA). Then

- b—d
V2 <cos (CL26> + cos <2>) < cosa+ cosb+ cosc+cosd, (23)

with equality if and only if ABC'D isakite.
Proof. Replacing the right-hand side of (23) by

2 cos ate cos i + 2 cos M cos u ,
2 2 2 2

and rearranging, we show equivalently

( <b+d> ﬂ) <bd> (ﬁ <a+c>> <ac>
cos| — | —— |cos|——) > | — — cos cos .
2 2 2 2 2 2
(24)
Since ABC D has an inscribed circle, we have AB+CD = BC + DA, which im-

plies sin a + sin ¢ = sin b + sin d. This may be rewritten as sin (2£<) cos (%5¢) =
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sin (bgd) cos (b d) i.e., cos ( 5 ) = tan (bgd) cos (Td) since a+b+c+d = .
Substituting this into (24), and letting = = %52, gives

cos:z:—\/i/QZ(ﬂ/Z—sinw)tana:, 0<z<m/2 (25)
Rearranging (25) gives secx — @tanx > @ for 0 < x < 7w/2. To show this,
let f(z) = secax — itannac Then f'(z) = sec’z (sinx - @) so that f(x) is

minimized when x = 7/4, with f(7/4) = v/2/2. This implies (25) and hence
(23). Note that there is equality in (23) iff v = 204 = T ie,a+c=F = b+d.
Since ABCD is bicentric, we then have a — ¢ = b — d ora—c= d — b, which
impliesa = b,c = d ora = d,b = c. Thus, there is equality iff ABCD is a kite,
which completes the proof. O
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Abstract. We examine the harmonic mean from the view point of the division
by zero and show that the harmonic mean of @ and 0 is 2a or a or zero from
several examples. We further show that a result on an Archimedean circle of the
arbelos still holds in the singular case by using the method of the division by
zero.

1. Introduction

The simplest introduction of our division by zero is given strictly by the division
by zero calculus: For any Laurent expansion around z = a,

—1 00
fz)= DY Culz=a)"+Co+ Y Culz—a)",
n=1

n=—oo

we define the value of the function f at z = a by

f(a) == Co.
In particular, for the fundamental function
a

f(Z) - ;7

we have f(0) = 0. In this paper, we need only this property - division by zero.
For many motivations and applications of the division by zero calculus, see the
recent papers [2, 3, 4, 5]. In this paper, without any information and background
for the division by zero calculus we can discuss our mathematics based on this
assumption. We will be able to see that this definition has a good sense from even
this paper.

We recall that the harmonic mean H (a, b) for non zero real numbers a, b is given

by
2ab

H(a’b):a+b’ 1)
or 5
H(a,b) = +—- (2
a b
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In this paper, we consider the case b = 0. When we use the representation (1),
then we have H (a,0) = 0, however, when we use the representation (2), we have
H(a,0) = 2a, by the division by zero. In this paper, we would like to show that
the following result may also happen:

H(a,0) = a.

Our interpretation for the last equation is: the zero term does not exist, while the
harmonic mean of one quantity merely coincides with itself. We will show such
an interesting example in section 3, which is a new phenomenon on Euclidean
geometry.

2. Triangle case

We consider the triangle with vertices (0, 0), (1,0) and point of intersection of
the lines y = bx and y = —ax + a (See Figure 1). The point of intersection of the
two line has coordinates (a/(a +b),ab/(a+b)) = (a/(a+b), H/2). For the line
y = bz, b = 0 implies y = 0 and we have H = 0. However, if we use the equation
y/b = x to express the same line, then b = 0 implies =z = 0 by the division by
zero. Therefore we have H = 2a.

y=—axr +a

(1,0) @

Figure 1. Figure 2.

We consider the line passing through the two points (a,0) and (0,b) (a,b > 0)
and the distance i from the origin to the line (see Figure 2). The distance is given
by
H(a?,b*)  a?b?

2 a2+ b2
If we consider that the line is expressed by the equation

r Yy
I A |
a+b ’

h? =
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then b = 0 implies x = a by the division by zero, i.e., h = a. Therefore
H(a?,0) = 2a%. Meanwhile, the equation bz + ay = ab implies y = 0 if b = 0,
i.e., h = 0. Therefore H(a?,0) = 0.

3. Semicircle case
For a fixed a > 0 and for b > 0, we consider the semicircle given by
22— (a+b)zr+1y* =0 3)
in the region y > 0. Let E be the point in common of the line x = « and the
semicircle, and let F' be the foot of perpendicular from the point (a, 0) to the line
joining E and the point ((a + b)/2,0) (see Figure 3). Then

2

a b
The fact was observed by C. Dodge [1, p. 203] as a fact of the arbelos.

E
r=a
F F
o (a,0) (a+b,0) O=E (a/2,0) (a,0)
Figure 3. Figure 4.
If b =0, (3) gives
a2 9 [a)\?
(v~ 5) ty= (5)
This means H = 0.
However, from
x? a y2
?* <5+1)$+?—07

we have x = 0 if b = 0 (see Figure 4). Since the lines z = 0 and x = a are
parallel, they meet in the origin [4], i.e., E = O, which means H = a.

4. An Archimedean circle of the arbelos

We consider the following theorem, which is stated as a result for an Archimedean
circle of the arbelos denoted by W5 in [1] (see Figure 5).

Theorem 1. Let o and S8 be externally touching circles of radii a and b, respec-
tively, with an external common tangent ¢. If ¢ is the distance between ¢ and the
point of tangency of o and 3, we have ¢ = H(a,b), i.€e,

2ab
= 4
or
1
b.

- = (%)

a
2 1
a
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Figure 5.

Accircle or a line has an equation e(x? +y?) +2fz +2gy+d = 0, and its radius
equals v/(g2 + f2 — de)/e2, if it is a circle. Therefore by the division by zero we
have that the radius of a line equals 0 [4].

We now consider the case b = 0 in Theorem 1 by the division by zero. We
fix the circle o and use a rectangular coordinate system with origin at the point of
tangency of - and ¢ such that (0, a) are the coordinates of the center of «. Since
the distance between the points of tangency of « and 3 to ¢ equals 2v/ab, we can
assume that /3 is expressed by the equation (z — 2v/ab)? + (y — b)? = b>. The
equation can also be stated as in the following three ways:

z? +y? — 4V abx 4 2b(2a — y) = 0,

a:2+y2

Vb

2, .2
z _;)_y —4\/§x+2(2a—y):0.

Applying the division by zero, we obtain the following three equations in the case
b = 0, respectively

— 4v/azx +2vVb(2a — y) = 0,

and

:172+y2:0, rz=0, y=_~2a.

The last three equations show that 5 coincides with the origin, the y-axis, and the
tangent of « parallel to ¢, respectively (see Figures 6, 7, 8). Notice that tan(w/2) =
0 by the division by zero calculus [4]. Therefore we can consider that the y-axis
touches « and ¢. Hence the second case, S being the y-axis, totally makes sense.

In the first case and the second case, we get b = ¢ = 0 by the division by zero.
Therefore (4) holds. In the third case, we have b = 0 and ¢ = 2a. Therefore (5)
holds. Therefore Theorem 1 still holds in those three cases. The last observation
also shows that even if we consider ¢ = 2a in the second case, which is the distance
from the furthest point on « to ¢, then (5) also holds.
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B
Figure 6. Figure 7. Figure 8.

If « and 3 are both points or both lines or a line and a point, we have a = b =
¢ = 0. Hence Theorem 1 still holds in those cases.
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Rectangles Circumscribing a Quadrangle

Paris Pamfilos

Abstract. In this article we study the circumscribed rectangles about a quad-
rangle and in particular their extrema with respect to the area. We show that
there are two such extrema represented by two similar rectangles. In addition we
study the four similarities interchanging these extremal rectangles and show the
existence of two twin quadrangles with given extremal rectangles.

1. Circumscribing rectangles

In this article we study the configuration created by an arbitrary non-orthodiago-
nal quadrangle ABCD and the circles {«, 5,+,d} on diameters the sides of the
guadrangle (See Figure 1). These circles carry the vertices of all the rectangles

Figure 1. Rectangles circumscribing the quadrangle ABC'D

that circumscribe the quadrangle, and the figure shows also two prominent such
rectangles {7, 72}, which are similar to each other. They represent two extrema
of the signed area function f(¢) of the circumscribing rectangles. The big one
71 can be considered to have positive area and is the greatest, w.r. to the area,
rectangle circumscribing ABC D. The small one » corresponds then to the min-
imal extremal value of the signed area function, which in section 3 is proved to
be a periodic sinuisoidal function with two extrema, as seen in the corresponding
graph in figure 2. In the graph are also noticed the two extrema, which occur at
points {¢ = 0, ¢ = w}, corresponding to diametral points on each one of the cir-
cles {a, 8,v,d}. 1 will refer in the sequel to the two prominent rectangles as the
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Figure 2. Graph of the area function

extremal rectangles of ABC D, distinguishing also between the maximal 7, with
area Fy and the minimal one =, with area E';. The restriction on non-orthodiagonal
quadrangles, i.e. those that have their diagonals not orthogonal, is equivalent with
the condition, that not three of the circles {«, 3,~,0} are concurrent at a point,
which in turn will be seen below to be equivalent with the non-degeneration of the
minimal rectangle 7» or, equivalently, the condition E # 0.

Figure 3. Circumscribing but not enclosing

At this point it should be stressed the difference of circumscribing to enclosing.
The rectangles we deal with circumscribe, i.e. have their side-lines passing through
the vertices of the quadrangle of reference ABC D, but may not enclose it in their
inner domain. This is illustrated by figure 3, in the case in which the quadrangle
of reference ABCD is a parallelogram. Neither of the two extremal rectangles
{m1 = A1B1C1 D1, 19 = A2 B2C> D5} encloses ABCD, as it does the rectangle
A*B*C*D*. The set of enclosing rectangles is a subset of the circumscribing ones.
Thus, the maximal enclosing may coincide with the maximal circumscribing, but it
can also be different from this, having E; as an upper bound for its area. The prob-
lem of maximal enclosing rectangles has more interesting computational aspects,
as can be seen e.g. in [10], where it is handled for the special case of rectangles
enclosing paralellograms. Instead, the configuration of rectangles circumscribing a
quadrangle is connected with interesting geometric structures, as will be hopefully
seen in the following sections.
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2. Four similar kites

In the case of non-orthodiagonal quadrangles ¢ = ABC'D, the other than the
vertices of ¢ intersection points of the circles {a N B, N~,vN 4,6 Na} can be
easily identified with the projections of the vertices of ¢ on its diagonals. These
points define a similar to ¢ quadrangle ¢ = A’B'C’ D’ (See Figure 4).

Figure 4. Projecting the vertices on the diagonals

Lemma 1. Thequadrangle ¢ = A’B'C’D’ issimilar to ¢ and inversely oriented
to it. The similarity ratio of ¢’ to ¢ isequal to cos(w), where 0 < w < 7/2 isthe
angle of the diagonals of q.

Proof. By the figure, which shows that triangles { ABC, A’ B’C"} are similar. In
fact, C’A'B' = CAB by the cyclic quadrangle AB’A’B, and AC'B = ACB
by the cyclic quadrangle BB'C’C. Analogously is seen that {BCD, B'C'D'}
are similar. The similarity ratio is the ratio of the diagonals A'C’'/AC = cos(w).
The reversing of the orientation results from the fact that the two quadrangles have
the same lines as diagonals, but their roles are interchanged, the diagonal carrying
{B, D} now carrying {A’, C'}, etc. O

This quadrangle is of significance for the location of the extremal circumscrib-
ing rectangles, since, as will be seen below, the vertices of these rectangles lie on
the medial lines of the sides of ¢’. In fact, each side of ¢/, together with its medial
line, which defines a diameter of the corresponding circle, creates a kite inscribed
in the corresponding circle. Figure 5 shows the kite Dy A’ D, D’, inscribed in the
circle 6. It is created from the diameter DD of the circle o, which is orthogonal
to its chord A’D’, which is a side of ¢’. The chord is non degenerate (A’ # D),
precisely under the general assumption made, that the quadrangle is non orthodi-
agonal, equivalently, that the three circles {«a,~,d} are not concurrent at a point.
There are then three other similarly defined kites, corresponding to the other sides
of ¢’. This similarity is an instance of a more general one concerning the four
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Figure 5. Kites carrying the vertices of the extremal rectangles

cyclic quadrangles defined by any circumscribed rectangle o1 = A1 B;C1 D1 and
its antipodal o9 = A9 BoCs D4, created by the diametral points of the vertices of
o1, on the respective circles {«, 3,7, 0} (See Figure 6). Next lemma lists some

Figure 6. Circumscribed o1 = A1 B1C1 D1, “antipodal” o2 = A2 BoC2 D2
fundamental properties of this figure.

Lemma 2. With the notation and the conventions introduced in this section, and

denoting by { Ay, By, Co, Do} the middles of the sides { AB, BC,CD, DA}, the
following are valid properties.
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(1) Thecircumscribing rectangles {o1, 02} have parallel sides.

(2) Thetriangles{A’'D; Ay, A’Dy Ay, A’ Dy Ay} aresimilar, the same property
holding for the cyclic permutations of the letters { A, B, C, D}.

(3) The cyclic quadrangles {D,A'DyD’, A1 A’ Ay B’} are similar, the same
property holding for the cyclic permutations of the letters { A, B, C, D}.

(4) The quadrangles of nr-3 have two right angles and the other two are equal
to /2 £ w, wherew < 7/2 isthe angle of the diagonals of ABC'D.

Proof. Nr-1 results from the right angles {D@l,@l}. This implies that
{A, A2, Dy} are collinear and their line is parallel to A, B;. Analogously is seen
the parallelity of the other pairs of sides.

Nr-2 is a standard exercise in elementary euclidean geometry ([7, p.290]). The
map D, — A; of the circle ¢ onto circle « can be described by a similarity A; =
fa(D1) with center, or invariant point ([5, p.72]) at A angle ¢4 = Dmg =
BAD and ratio ka= A"Ay/A'Dy.

Nr-3 results by showing that the similarity f4 of nr-2 maps one quadrangle onto
the other f4(D1A’DyD’) = A1 A’ B’ Ay, which follows by a simple angle chasing
argument.

Nr-4 follows from a simple angle chasing argument, since Af)l\D’ = A’/DE’/Q,

which is 7 — 2(¢ + ), where ¢ = ADyAy and ¢ = CoDoD. The claim follows

from the fact that { Ao Dy, DoCy} are parallel to the diagonals. O

A/ ‘\3{1,’/ ‘[] \0\ D1
! Ao

s’/’z B ----- d

| >B
B e 2

Al \‘ 2 \\ CV
/ L A
ﬂ DZ CZ ‘lD
|
, / Y
B, ok S — ¢

Figure 7. The four similar kites of the quadrangle ABC' D

Figure 7 shows the four similar Kites, resulting from the previous lemma in the
case the diagonals of the cyclic quadrangles like A, A’A;B’ are orthogonal. In
section 4 we will show that the rectangles {m; = A1B1C1 D1, 12 = A3BoCyDs}
of this figure are the extremal circumscribed rectangles of q.
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Lemma3. Inthe special caseinwhich { Dy, Dy} areverticesof thekite D1 A’ D, D/,
the corresponding circumscribing rectangles {1, 7o } are similar, the similarity ra-
tio, being equal to theratio D’ D,/ D’ D; of the sides of the kite.

Proof. The similarity of the rectangles for the claimed particular position of D; €
¢ is implied from the similarity of the kites. In fact, for that position of D; on J, the
triangles {C’'B,C5, C'B1C1} are similar and their similarity ratio is equal to the
ratio C' By /C’ B; of the sides of a kite, which is the same for all four kites. This
shows that BoCy/B1C1 = C' By /C’ By and an analogous argument shows that the
last ratio is also equal to CyDy/C D;. O

These preliminary remarks, made in this and the previous section, show the ex-
istence and the way to construct the two similar extremal rectangles circumscribing
the quadrangle ABCD. It remains to justify their names and show actually their
extremal property. This will be done in section 4, after a short study of the function
of the signed area of the circumscribing rectangle.

3. Theareafunction

In order to study the signed area function of the circumscribed rectangles of the
quadrangle ¢ = ABCD, it suffices to consider their half, defined by a diagonal
of them. Figure 8 shows the right angled triangle XY Z, which is such a half of a

Figure 8. A half of the rectangle circumscribing ABC D

circumscribing rectangle. The study of its area can be done by using the naturally
defined similarity transformations introduced in the previous section. In fact, the
correspondence X — Y, for X varying on the circle ¢, can be expressed by the
similarity Y = f4(X) with center at A’, angle ¢4 = Dmo = Aandratio ks =
A'Ayg/A'Dy = AB/AD, points {Dy, Ay, Co} being the middles respectively of
the sides {AD, AB,CD}. This similarity can be conveniently described using
complex numbers, in the form

Y = A +ky-eP4(X - A) = Y = X = (kg-e4 —1)- (X — A).
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Analogously, the correspondence X — Z can be described by the similarity fp
centerred at D’, in the form

Z =D +kp-e(X - D) = Z—X=(kp-€e¥P —1)- (X - D),

where ¢p = DoD'Cy = D and kp = D'Cy/D'Dy = DC/AD. Using further
complex numbers ([4, p.70], [8, p.48]), the signed area of the triangle 0 = XY Z
can be expressed by the formula

XvZ] — %Im((Y ~“X)(Z - X))

- %Im((/meim (X = A (kpe®? — 1)(X — D))

_ %fm((k:Ae*W — 1) (kpe'r — 1)(X = AY(X — D).

Identifying Dy with the origin and { A, D} on the xz-axis and symmetric w.r. to Dy,
we arive for the signed area at an expression of the form

[XYZ] =N — Im(M(A’X + D'X)), 1)
where, since XX = |DyA|?, the numbers {M, N'} are respectively the complex
and real constants

M = =(kge 4 —1)(kpe'®P —1),

1
2
N = Im(M(XX +A'D")) = Im(M(|DyA|* + A’D")).

Setting X in polar form, X = |DgA|e™, in formula (1), we see, after a short cal-
culation, that the signed area [ XY Z] is a sinuisoidal periodic function of the polar
angle v, as this was suggested by figure 2. A second conclusion from this formula
results by replacing X with X’ = —X = |DyA|e'(¥+™) which corresponds to the
construction of the circumscribed rectangle, starting this time with the diametral

point X’ of X w.r. to the circle 5. The result is

(XY Z] + [X'Y'Z'| = 2N, )

which shows that the signed areas corresponding to diametral points sum to a con-
stant. Regarding the value of the real constant IV, it can be determined by con-
sidering particular positions of the circumscribed rectangles. These are positions
{Dac,Dap} of Dy (See Figure 9), for which the sides of o1 = A1 B;C1D; be-
come parallel and not identical to a diagonal of ABCD. Then it is trivial to see
that oo = AsBs(C5 D4 degenerates and the area of the oy becomes, up to sign,
equal to |[AC||BD|sin(w) = 2|ABCD]|, where w < /2 the angle of the diag-
onals. Selecting the orientation of the triangle ABD and of one such rectangle
to be positive, we see that the area of the rectangle o; varying continuisly in de-
pendence of Dy € 4, is positive for D; varying on the greater arc of §, defined
by its chord A’D’, and negative for D; on the small arc defined by that chord.
As a consequence, the maximal and minimal circumscribing rectangles {71, 72}
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Figure 9. Positions for which o2 = A2 B2C5 D> degenerates

have opposite orientations, their areas { £, E's} have opposite signs and we can set
N = |ABCD]|/2 > 0, which leads to the formula
Ey+ E;, =2|ABCD,|. (3)

There is an interesting configuration, which should be considered here, concern-
ing the case in which the aforementioned arcs of § are equal. This is the case
of self-intersecting quadrangles, whose signed area |[ABCD| = 0. Since the

Figure 10. Side-middles onaline ¢

area of a quadrangle ¢ = ABCD is a multiple of the area of the corresponding
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Varignon parallelogram ¢y = AqBoCo Dy, with vertices the middles of the sides
of ABCD, this condition is equivalent with the degeneration of ¢y or, equiva-
lently, the collinearity of these middles. Figure 10 shows such a case, together
with the two inversely oriented extremal rectangles, which, as is easily seen, now
are congruent. The corresponding Kites, like Dy A’ D’ D, are squares, the diago-
nals {AC, BD} are parallel and their angle can be considered to be w = 0. In this
case the quadrangle ¢ = A’B’'C’D’, of the projections of the vertices of ¢ on its
diagonals, is the reflected of ¢ w.r. to the line ¢ carrying the middles, hence congru-
ent to it. Finally, it can be easily verified that the ratio of the sides of the extremal
rectangles D,C; /D1 A; is equal to the ratio of the diagonals AC/BD, which is
something shown below (corollary 9) to be generally valid for all quadrangles.
We summarize the results so far in the following theorem.

Theorem 4. Under the notation and conventions of this section the following are
valid properties.
(1) The signed area function of the circumscribed rectangle is a sinuisoidal
periodic function of the polar angle v of a side of the rectangle.
(2) Thesumof the signed areas of a circumscribed rectangle and its diametral,
obtained for ¢ + , is constant.
(3) Theareas of the two extremal rectangles have opposite signsand their sum
isEy + Es =2|ABCD,|.
(4) Thetwo extremal rectangles are congruent precisely when |[ABC'D| = 0,
equivalently, when the middles of the sides of ABC'D are collinear.

4. The extremal rectangles

The question of the extremal circumscribed rectangles can be settled using fur-
ther their half, defined by a diagonal of them, as in the preceding section, on the
ground of figure 8. To this figure refers also next theorem, establishing the connec-
tion of the extremals with the kites introduced in section 2 for non-orthodiagonal
quadrangles.

Theorem 5. The area of the triangle XY Z obtains an extremal value, precisely
when the triangle A’ X D’ isisosceles, having | X A'| = | X D'|.

Proof. Since by theorem 4 the extremals have non zero areas, in the task to locate
them, we can use absolute values. Using then the expressions for the sides of XY Z
of the preceding section, we see that the product of these sides is

X =YX =2 = |(kae'** = 1)(X — A)||(kpe'® —1)(X — D)
= S|X -AX - D

the last expression involving the constant S = |k4 - €4 — 1] - |kp - €/P — 1].

Thus, the maximal rectangle occurs precisely, when the product | X — A’||X —
D’| becomes maximal, for {A’, D’} fixed and X variable on the circle §. The
proof of the theorem follows then from the following lemma, which should be well
known. O
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Lemma 6. For two fixed points { A, B} on the circle § and a variable point X on
it, the product | X A|| X B| takes an extremal value, precisely when | X A| = | X B|.
This occurs at the ends {O, O’} of the diameter of ¢, which is orthogonal to AB.

o’

Figure 11. Maximizing the product | X A|| X B|

Proof. The proof follows immediately from figure 11. Taking X’ X = X A on the
extension of BX, we see that point X’ varies on the circle §’ viewing the segment
AB under the angle AX'B = m/Z, whose center O is on the circle 6. Thus,
the product | X A|| X B| is, up to sign, the power of X w.r. to the circle ¢’, which
becomes maximal, when X coincides with the center O of §’. If X varies on the
other arc defined by the chord A B, then the local maximum occurs analogously at
the diametral O’ of O. O

Corollary 7. The similarity ratio of the minimal rectangle to the maximal one is
equal, uptosign, to tan (§ — %), wherew < m/2 istheangle of the diagonals of
the quadrangle of reference ABCD.

Proof. In fact, as was noticed in lemma 3, the similarity ratio of the two extremal
rectangles equals, up to sign, the ratio of the sides of the kites |D'D,|/|D'D;| =

tan(y/2), where y = A'D; D’ = A'DoD’/2 (See Figure 12). But the last angle

can be readily seen to be equal to A’/KD" = 7© — 2(¢ + ¢) = 7m — 2w, Where

{¢ =ADB,v = DAC}. O
Combining this with theorem 4, we see that

Corollary 8. The two extremal rectangles of a non-orthodiagonal quadrangle ¢
are congruent, if and only if the middles of the sides of ¢ are collinear, equivalently
itssigned area is zero, equivalently its characteristic kites are squares.

Corollary 9. Theratio of sides of an extremal rectangle is equal to theratio of the
diagonals of the quadrangle of reference ¢ = ABCD.
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Figure 12. The similarity ratio of the extremal rectangles

Proof. In the proof of the previous theorem we saw that the ratio of the sides of an
extremal rectangle can be expressed using complex numbers (see figure-8):

|XY|  |ka-ea —1]

I XZ|  |kp-ep —1|

resulting from the formulas there, in the case of an extremum, for which | X A’| =
|X D’|. Multiplying this with |DyA’| = |DoD’|, we see that this ratio expresses
the length ratio

ka- €4 —1[Dod!| |k~ e4(Dg— A') — (D — A
|kp - €D —1||DoD’| —  |kp - €i%p(Dg — D') — (Do — D')]|
[Ag — A" — (Do — A')| _ |AoDo|
|Co = D' — (Do — D')| ~ |CoDy)’

which is precisely the claimed ratio of the diagonals. O

Corollary 10. The extremal rectangles of a quadrangle ABC'D are squares, if
and only if, the quadrangle has equal diagonals.

Figure 13 shows cases of quadrangles ABC D, whose extremal circumscribed
rectangles are squares.

Corollary 11. The area of the minimal rectangle is zero precisely when the quad-
rangle of reference ABC D is orthodiagonal.

Corollary 12. The positive areas { E,, Fs }, respectively of the maximal and mini-
mal rectangles, satisfy the relations

E,+ E,=|AC||BD| and E,— E,=2E,

where E isthe non-negative area of the quadrangle of reference ABC' D.
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Figure 13. Quadrangles for which the extremal rectangles are squares

Proof. The second relation is already proved in theorem 4, but will be considered
here from another view point. In fact, selecting two homologous sides A1 By, A3 Bo
of the similar rectangles, the ratio of the areas is

E;  |AsBo|? Es+ Ey,  |AyBof> +|A1B]?  |AC|?

2 = = = = .

E, |A1B]? E, |A1 By |2 | A1 By |?
Analogously, using the ratio of the two other homologous sides { B1C, BoCs},
we have

By |ByCyl? Es+ By _ |ByCs|* + |B1Ch|?  |BDJ?

Ey,  |B1Cy)? Ey |B1C4|? ©|B1Cy)?

Since |A1 B ||B1C1| = Ey, multiplying the two expressions and simplifying, we
get

(Es + Ey)* = |AC|*|BD)? & Ey, + E, = |AC||BD|.

On the other side, by corollary 7 and setting t = tan(w/2), where w < 7/2 is the
angle of the diagonals of ABC' D, the ratio of the areas must also be equal to

B, _ tan(ﬂ_w)Qz(1—t>2_1—sin(w)

E, 4 2 14+t)  1+sin(w)
= E, — Es = (Ey + Es) sin(w),
which, combined with the first relation, proves the second one. O

Corollary 13. The positive areas of the extremal rectangles of the quadrangle

ABCD, whose angle of diagonals { AC, BD} is0 < w < /2, arerespectively

1 —sin(w)
2

1 + sin(w)

E, = >

AC|IBD|,  E,= |AC||BD.
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Notice that the method used here can be applied also to prove the existence of
squares circumscribing a quadrilateral ([1, p.8], [9], see also corollary 29).

5. Two similar orthogonally lying rectangles

Motivated by the configuration of the two extremal rectangles, we study the
general case of rectangles {r; = A1 B1C1 D1, 19 = A2B2Cs D5}, which are sim-
ilar and have corresponding sides orthogonal or, equivalently, the rotation angle
of the similarity has a measure of 7/2. The focus here is on the description of
the similarities carrying 71 onto 7. In general there are two direct or spiral ([12,

B, C, IS

c, - (a
7 /2\

A% D, D, 4 o
B, /

’ 7r/44;/ ' 01 s

J - -—A = 7 T 1

P

Figure 14. Similarities mapping A1 B1C1D; t0 A2 B2C Do

p.36,11], [6, p.136]) similarities, and two antisimilaritiesor dilative reflections ([12,
p.49,11], [6, p.175]) doing this operation. A complete treatment of similarities, in-
cluding methods to find their centers and other defining them characteristics, can be
found in [2, ch.1V], where the direct similarities and the antisimilarities are called
respectively stretch rotations and strech reflections.

Figure 14 gives a short account of the way the similarities are defined in our
case. In (I) we have a direct similarity, which per definition is a composition of
a homothety and a rotation about the same center P. In (1) we have an antisimi-
larity, which per definition again is a composition of a homothety and a reflection
on a line ¢ through the homothety center P. In both cases point P is on the Apol-
lonian circle p ([1, p.15]), defined as the geometric locus of points X, such that
the ratio XO2/XO; = k, where k is the homothety ratio and {O;, 02} are the
centers of the similar rectangles, assumed to be different. The figure shows also
the intermediate rectangle 7/, resulting by applying to 7; only the homothety part
of the similarity, so that PA’/PA; = k.

In our configuration, starting from the two similar rectangles {7, 72}, the two
direct similarities { f1, fo} preserve the orientation and are defined by the corre-
spondence of the vertices suggested by the equations (See Figure 15)

J1(A1B1C1D1) = D3A2B2Coy  and  fo(A1B1C1 D) = BaCy Do As.

The two antisimilarities {g1, g2}, carrying 7, onto 7 reverse the orientation of the
rectangles and correspond their vertices in the order suggested by the equations

91(A1B1C1Dy) = A2 D2CoBy - and  g2(A1B1C1D1) = C2B2AsDs.
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Figure 15. Similarities interchanging {71, 72}

The figure shows the locations {51, Sz} of the two direct- and {771, 7>} of the two
anti-similarities. There are also two rectangles {p1 = BB'D'D, ps = AA'CC'"},
proved below to be also similar to each other and having the intersections of their
diagonals coincident with the similarity centers. They are defined through the in-
tersections of the sides of the given rectangles and will be called companion rect-
angles of {, 72}. There is a sort of symmetry here, since taking the companion
rectangles of {p1, p2}, we come back to {71, 72 }.

Theorem 14. With the notation and conventions of this section, the following are
valid properties.
(1) Thecenters {.J, I} of the companion rectangles and the centers {O1, Oz}
of {1, ™} are vertices of a rectangle.
(2) Thetwo companion rectangles {p1, p2} aresimilar.
(3) The similarity centers {S1, S2} lie on the circumcircle « of the rectangle
101J05 symmetrically w.r. to its diameter O10s.
(4) The similarity centers {S1, S2} lie also on respective diagonals of p;, be-
ing thus the second inter sections of ~ with respective diagonalsof {p1, p2}.

Proof. Nr-1 is obvious. Nr-2 follows from the assumed similarity of {71, }. In
fact,

BB cC' BB’ B'D

BD CA T co T CcA
Nr-3 follows from nr-1 and the fact, that the direct similarities must map the center
O1 to Os, so that Ol/S‘i\Og is a right angle. This shows them to lie on k. The fact
that S;02/S;01 = k is the similarity ratio, makes them symmetric w.r. to the
diameter 010, of k.
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Nr-4 follows from nr-3, since this implies that STJ\SQ is bisected by JO5, which
is parallel to BD’. On the other side we have also that BB’/ BD’ = k. This implies
that { S, J, D'} are collinear. Analogously is seen that { Sz, J, D} are collinear. By
the similarity of {p1, p2} follows then that the similarity centers are respectively
the intersections S; = (B'D, AC), Sy = (BD, A'C"). O

Figure 16. The centers {71, 7%} of the antisimilarities

Theorem 15. Continuing with the notation and conventions adopted so far, the
following are valid properties.

(1) The centers {11,7>} of the antisimilarities {g1, g2} are the intersection
points of the opposite sides of the cyclic quadrangle 1.57.J Ss.

(2) Points {7}, T} are diametral points of a circle A, which is orthogonal to
the circumcircle  of 1.57.J.S, and passes through {51, S>}.

Proof. For nr-1 we work with the similarity g1, showing that the intersection point
T, = (A'C’, B'D’) is its similarity center. The proof for the similarity center 7%
of g- is completely analogous. We start by showing that B’ D" maps under g, onto
line A’C’. In fact, since g1, by definition, maps line D,C onto line BoC>, point
D' € D;Cy will map to some point D” € B>Cs. Analogously, since line A; By
maps onto line A; Dy, point B’ € Ay By will map to some point B” € A;By. By
the preservation of ratios by similarities follows

D'Dy  ByA" D"By  BoA ByD"  D"Cy,  D"Ch

DC,  BoC  D'Cy  BoC | BoAl  ByC GO
This implies that D" is on A’C”’ and analogously B” is also on this line, hence ¢;
maps line D' B’ onto line A’C’, as claimed. Now, projecting P to points { P, P>}
on the parallels { A1 D, B;C, } and working analogously with the ratios PP, / P P»
of the varying point P € D’'B’ and its image P’ = g;(P) (See Figure 16), we see
that line PP’ is always parallel to A; D1, hence T is the fixed point of ¢;.

Nr-2 is a trivial consequence of the previous properties, since {@, T/lstf}

areright angles. Itis also a general property for cyclic quadrangles. This is handled
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in detail in [11], where the circle )\ on diameter K L is called the orthocycle of the
cyclic quadrangle 1.51.J.S5, here coinciding also with an Apollonian circle of the
segment O, 0s. O

Figure 17. The axes {71 M, T> M} of the antisimilarities {g1, g2}

Regarding the axes {{1, &2} of the reflections involved in the definition of the
antisimilarities, the following theorem describes their location. The proof uses the
fact that such an axis passes through the center of the antisimilarity and is bisecting
the angle of a line through its center and its image-line under the antisimilarity (See
Figure 17).

Theorem 16. Continuing with the notation and conventions adopted so far, the
following are valid properties.
(1) The axes of the antisimilarities {g1, go} are respectively bisectors of the
angles {ﬁ“l\l , ITyJ }.
(2) Theselinesintersect orthogonally at a point M online O1O-, which passes
also through the center N of thecircle A.
(3) The four points {1}, T5, I, .J} define an orthocentric quadruple, i.e. each
triple of them defines a triangle whose orthocenter is the fourth point.

Proof. Nr-1 derives directly from the definition of the antisimilarity and the fact
proved in the previous theorem, that line B’D’ maps under ¢g; onto line A'C".
This shows that the bisector &, = T1M of the angle Sl/Tl\SQ is the axis of ¢;.
Analogously is seen that the bisector & = T5 M of the angle 51/1“52 is the axis of
g2.

Nr-2, the part of orthogonality &; 1.&,, results by a simple angle chasing argu-
ment and is left as an exercise ([3, p.21]). Because & = T1 M is a bisector of the
angle Sﬁg, point M is the middle of the arc 5155 of the circle A. This implies
the other claims of this nr.

Nr-3 derives from the fact that {7755, T»S1 } are two altitudes of triangle 727} J,
intersecting at 1. O
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We call the ordered orthocentric quadruple (77, 7%, I, J) the associated quadru-
pleof {r;, 72 }. By the previous theorems, the four similarities carrying 7, onto
can be completely determined by the data of this quadruple. Also, given such a
quadruple, and setting I as the orthocenter of the triangle 7175 .J, we can define a
double infinity of configurations like the one of figure 17, by selecting arbitrarily
the position of one vertex of 7, like the point C; say. In fact, using the quadru-
ple, we can easily determine the circle « and its diameter O; 0. Then, reflecting
the arbitrary point C; on the lines {O11,0,.J} we define respectively the points
{D;, B1} and from these the rectangle m; = A;B1C1D;. Then, we define the
direct similarity f; with center at Sy, angle 7/2 and ratio S;02/.510; and through
it the rectangle 7o = f1(71) = A2B2CyD5. The two rectangles {7, 7o} define by
the procedures of this section an associated quadruple coinciding with the given
one. The four similarities mapping 71 to 5 are in all cases the same. Also their
companion rectangles are all similar to each other and are characterized by the an-
gle of their diagonals, which is JTJ?Q We summarize these facts in the form of
the next corollary.

Corollary 17. Every ordered orthocentric quadruple (73,75, I, J) with point I
selected as orthocenter of thetriangle 7175 .J, defines a diameter O10- on the cir-
clewith diameter /.J and a doubleinfinity of similar rectangles {r, 72}, centerred
correspondingly at {O;, O2} and with sides parallel to {O; 1, O,J}, such that the
associated quadruple is the given one and all their companion rectangles {p1, p2}
are similar, having the same angle of diagonals T Ts.

Figure 18. Similar rectangles {71, 72} and their companions {p1, p2}

Since an unordered quadruple defines six ordered pairs of the type (71, 1%, I, J)
we obtain six possibilities to construct such double infinities of similar rectangles
and their companions. Figure 18 shows a case in which the quadrangle 1.5,J.5 is
self intersecting. Notice that the four similarities and their inverses, interchanging
{71, 72}, do not map the companions {1, p2} to each other. Latter rectangles are
interchanged by four other similarities and their inverses, creating an analogous
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Figure 19. Similarities interchanging the companions

orthocentric quadruple (77,75, O1,O2) (See Figure 19). The figure reflects the
aforementioned symmetry, by which, taking the companions of {p1, p2}, we come
back to {71, 72}. The similarity centers {77,73, S}, S5}, in this case, are on an
Apollonian circle )\’ of the segment 7.7, which, like ), is orthogonal to « carrying
{51, 52,51, S5}. Itis easily seen that also {71, T, T, T4} are on a circle «’.

6. Thecase of the quadrangle and itstwin

Leaving aside, for a while, the special case of the parallelogram and considering
a generic non-orthodiagonal quadrangle ¢ = ABC D, we formulate first the conse-
quences of the results of the previous section for the pair of its extremal rectangles

{7’1,7‘2}.

N
T
o

Figure 20. Similarity centers of extremal rectangles of g = ABCD
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Theorem 18. With the notation and conventions introduced so far, the following
arevalid properties for the generic quadrangleq = ABCD.

(1) Thecenters{O1, Oy} of the rectangles, respectively, {1, 72} and the mid-
dies {1, J} of the diagonals of ¢ define a rectangle 10;.JO2, with sides
parallel to the sides of the extremal rectangles.

(2) Thedirect similarity centers {.S1, S} lie on the circumcircle « of the pre-
vious rectangle with diameter IJ and define a kite S101.55,0-, which is
similar to the kites carrying the vertices of {71, 72 }.

(3) Thesimilarity centers {S, S2} lie also on respective diagonals of ¢, being
thus the second intersections of x with the diagonals of ¢.

(4) The centers {T7,T»} of the antismilarities are the intersection points of
the opposite sides of the cyclic quadrangle 1.5, .J.55.

(5) Points {T3,T»} are diametral points of a circle A, which is orthogonal
to the circumcircle x of 1.51.J55, contains also the centers {51, S2} and
coincides with the Apollonian circle of the segment O,0- for the ratio
k = tan(m/4 — w/2), where0 < w < 7/2 isthe angle of the diagonals of

q.

Corollary 19. The centers of the two direct similarities, relating the extremal rect-
angles, are the projections of the middles of the diagonals of the quadrangle on the
other diagonals.

Figure 21. The case of parallelograms

Figure 21 shows the left aside case of a parallelogram ¢ = ABC D, displaying
its two extremal rectangles and two of the characteristic kites, defining them. All
the similarity centers of the direct- as well the anti-similarities here coincide with
the center of the parallelogram. The proof of the next corollary is left as an exercise.
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Corollary 20. Inthecaseof aparallelogramq = ABC D, the extremal rectangles
have their centers, as well as, the centers of the similarities, coinciding with the
center O of q. The ratio of the similaritiesis, as in the generic case, expressible
through the sides of the kites, k = |DyA3|/|D1A3| = tan(n/4 — w/2), where
0 < w < m/2 isthe angle of the diagonals of q.

Given the non-orthodiagonal quadrangle ¢ = ABCD, we can define a twin
quadrangle ¢ = A’B’'C’D’, which, like ¢, is also inscribed simultaneously in the
associated extremal rectangles {7, 71} of ¢ and has the same companion rectan-
gles. This is seen in figure 22, which among other properties shows that the new

Figure 22. The “twin” quadrangle A’B’'C’'D’ of ABCD

quadrangle has diagonals of the same length and same angle between them with
the original one, hence also the same area. In addition, the two rectangles are also
extremal w.r. to the new one and the orthocentric quadruple (73,73, I, J) plays the
same role for ¢’ as it does for ¢. The characteristic property of ¢’ is that its diagonals
coincide with the diagonals of the companion rectangles {AA'CC’, BB'DD'},
which are different from the diagonals of ¢. Figure 22 displays also a charac-
teristic kite for ¢’ carrying vertices of its own extremal rectangles and seen to
be identical with Dy and Bs. In fact, the two circles on diameters, respectively,
{A'D', A’B'} intersect at a point U of B’'D’, which defines the altitude A’U of
triangle A’B’D. Analogously the circles on diameters { A’D’, D'C"} intersect at
point V' defining the altitude DV of triangle A’D’C’. From the similarity of the
rectangles { AA'CC’, BB'D D’} follows that

ByD1V = BoA'V = BoD'U = ByD,U,

which proves that V DU Bs is a kite of ¢/, like those carrying the vertices of the
extremal rectangles, considered in section 2. Next theorem summarizes these ob-
servations.
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Theorem 21. For every non-orthodiagonal quadrangle ¢, the associated twin quad-
rangle ¢’ shares with ¢ the same extremal rectangles and the same associated or-
thocentric quadruple.

Notice that the kites of ¢/, like the V. D1U B, of figure 22, though not identical
to those of ¢, they are nevertheless similar to them, since their similarity type is
completely determined by the angle of the diagonals of ¢/, which is the same with
that of ¢q. Notice also that the “twin” relation is reflective, so that the twin of ¢ is
the original quadrangle ¢. Also, using corollary 19, we deduce easily the follow-

\ f/ -
> \A 7 \ \ P 2 K T D~

Figure 23. Quadrangle with congruent twin

ing characterizations of the particular class of quadrangles, which have congruent
twins (See Figure 23).

Corollary 22. Thetwin quadrangle ¢’ of a non-orthodiagonal, non-parallelogram-
mic quadrangle ¢ is congruent to ¢ precisely when the projections of the middles
of the diagonals of ¢ on the other diagonals are symmetric w.r. to the Newton
ling, joining these middles, equivalently, the sides of the extremal rectangles are
respectively parallel and orthogonal to the Newton line, equivalently, the centers
of these rectangl es coincide with the middles of the diagonals of ¢, equivalently the
twin ¢’ is the reflection of ¢ on the Newton line.

An easy testing, which | omit, of the various possibilities to define a quadran-
gle simultaneous inscribed in two given similar and orthogonally lying rectangles,
shows the following corollary.

Corollary 23. Giventwo similar and orthogonally lying rectangles {1, 72 }, there
isprecisaly one pair of twin quadrangles having them for extremal.

7. Theassociated orthodiagonals

An additional feature of the existence of the two extremal rectangles is the ex-
istence of a couple of orthodiagonal quadrangles inscribed simultaneously in these



182 P. Pamfilos

two rectangles. Next corollary, whose easy proof is left as an exercise, summarizes
their characteristics.

Figure 24. The two orthodiagonals {o1, o2 } defined by a non-orthodiagonal ABC' D

Corollary 24. Every non-orthodiagonal quadrangle ¢ = ABC' D defines two or-
thodiagonal quadrangles {o; = AB'C'D’,09 = A’BC’'D}, which are inscribed
in the two extremal quadrangles {71, 2} of q. The quadrangle o, (o2) shares with
q the diagonal AC'(BD) and its other diagonal |B’D’| = |BD|(|A'C’| = |ACY).
The intersection points of the diagonals of {01,092} coincide with the similarity
centers {51, S2 }, and the areas of these orthodiagonals are equal to the difference
E, — E. Inthecase g isaparallelogram, {p1, p2} arerhombi lying symmetric w.r.
toits center O.

An easily proved consequece of these observations is the following corollary.

Corollary 25. The sum of squares of the sides of the generic non-orthodiagonal

guadrangle ¢ is equal to the corresponding sum of squares of its twin quadrangle
/

q.
8. Thecase of orthodiagonals

In the case ABC D is an orthodiagonal quadrangle the following theorem lists
several related facts, which more or less are well known and their proof is left as
an exercise on the ground of figure 25. In this, points {I, .J} are the middles of
the diagonals intersecting at point K, points {M, L} are the other than K inter-
sections respectively of the circles {3 N d,a« N~} and { H, N} are respectively the
centers of the maximal circumscribing A; B;Cy D1 and the variable circumscribing
rectangle A* B*C* D*.

Theorem 26. Every orthodiagonal quadrangle ABC D has the following proper-
ties.

(1) All circumscribing rectangles are similar to each other and the maximal
one A; B1C1 D, hasitssides parallel to the diagonalsof ABCD.
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Figure 25. Circumsribing rectangles of an orthodiagonal quadrangle ABC' D

(2) Thesimilarity center of two such rectanglesisat point X and the similarity
ratio of thevariablerectangle A* B*C* D* to the maximal one A, B1C1 D,
iscos(¢), where ¢ isthe angle between two homol ogous sides of these two
rectangles.

(3) KJHI isarectangle and points { L, M, N'} lie on its circumcircle.

Corollary 27. A guadrangle is orthodiagonal, if and only if all its circumscribed
rectangles are similar to the rectangle of its diagonals, equivalently, if all its cir-
cumscribed rectangles are similar to each other.

Figure 26. The ratio of sides of circumscribing rectangles

Proof. Here the necessity part follows from the previous theorem. The sufficiency
is also easily deduced from figure 26 and using the arguments of section 3, by
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which the ratio of the sides of the circumscribed rectangle is

DAy g D A" g NA
DC, ~ DD’ ~ ND
Here S is a constantand NV is the trace on A’ D’ of the bisector of the angle Aﬁ)l\D’.
In the case the quadrangle of reference is non-orthodiagonal, the last ratio cannot
be constant for D varying on ¢, hence the proof of the sufficiency of the corollary.
O

A refinement of the previous argument, considering three positions of N for
which the ratio N A’ /N D’ has the constant value & or 1/k, proves also next corol-
larylaries.

Corollary 28. A quadrangle is orthodiagonal, if and only if it has three similar
circumscribed rectangles. In this case all its circumscribed rectangles are similar.

Corollary 29. A quadrangle has equal and orthogonal diagonals, if and only if it
has three circumscribed squares. In this case all its circumscribed rectangles are
sguares.
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The Blundon Theorem in an Acute Triangle
and Some Consequences

Mihaly Bencze and Marius Dragan

Abstract. The purpose of this article is to give an analoque of Blundon theorem
in an acute triangle and using this result to obtain the best inequality of the type

S s p ()

where f is a homogenous function.

Let C'(O,r) and C (I,r) be two circles such that I € int C (O,r) and OI =
VR? - 2Rr.

For any triangle ABC with sides BC' = a, CA = b, AB = ¢, and semiperime-
ter s = “E2E¢ we denote by C (O, R) the circumcircle and C (I, r) the incircle.

Theorem of the present paper is an analogue in an acute triangle of Theorem 2
of Blundon [3].

Also Theorem represents the best improvement of the type

S ),

where f(R,r) is a homogeneous function of the inequality b*f%“ > 3. See

[1, p. 159-165], which is known as the Radulescu - Maftei Theorem and which
in [1] has 2 solutions, one elementary and other based on the Lagrange multiplier
Theorem.

Main Results

Lemmal. Inanytriangle ABC aretrue the following equalities
1). a® + b* + 2 :2(52—r2—4Rr)
2). ab+ bc + ca = s> + 12 + 4Rr
3). a®b? + b*c? + c%a® = (52 +r2 4+ 4Rr)2 — 16Rrs?
Lemma 2. Inany triangle ABC' istrue the following equality:
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H A s2 —r?2 —ARr — 4R?
COS =
4R?
Proof. In the following we will denote z = a2 + b% + ¢2. From the cosine theorem
it follows that:

8(ITa)>  8(ITa)?
2?2 =23’z +4Y a*b?z — 8([Ja)? s2—r?—4Rr — 4R?

8(I[a) - AR?

HCOSA:H(b2+02—a2) [T (z — 2a?)

Theorem 3. In any acute triangle is true the following inequality:

s>2R+r

Proof. As in any acute triangle is true the inequality: [] cos A > 0 according with
Lemma 2 it follows the inequality from the statement. O

Theorem 4 (Blundon). Inany triangle ABC istruethefollowing inequality: s; <
s < s9 Where

s1 = \/2R2—|—10Rr—r2 —2\/R(R—2r)*, sy = \/2R2—|—10Rr—r2+2\/R(R—2r)3

represent the semiperimeter of two issoscelstriangle A1 B1C1 and A, BoCs with
the sides

a1 =20/R2 — (r—t)*, by =c1 = \/2R(R+71 —t)

a2:2\/R2—(r+t)2, by=co=+2R(R+r+1t)
where t = OI = vV R2 — 2Rr.

Lemmab. Let A3 B3C5 beatrianglewith C (O, R) thecircumscribleand C (1, )
the incircle and with the semiperimeter s3 = 2R + r. Then the sides of triangle
A3 B3(C5 isunique determinated by the equalities:

CL3:2R
bsy=R+r++VR2—2Rr —r?
c3=R+r—+R2—2Rr —r?

where A3 isaright angle.
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Proof. We have the following equalities:
a+b+c=2s
ab+be+ ca = s>+ 1>+ 4Rr

abc = 4Rrs
or

a+b+c=4R+2r
ab + be + ca = 4R* 4 8Rr + 2r? (1)

abc = 4Rr (2R + )
From (1) it follows that a, b, ¢ are the solutions of the equation:

u? — (4R +2r)u* + (4R +8Rr + 2r*)u —4Rr 2R+7)=0 (2
The equation (2) may be written as:

(u—2R) [u® — 2R+ 2r)u+4Rr +2r*] =0
which has the solutions from the statement. O

Theorem 6. In any acute triangle with C' (O, R) the circumscribed and C (I, r)
theinscribed are true the following inequalities:

. R
51<s<sif2<=<V2+1
T
and

R
s3<s<syif —>v2+1
T

where s1, so arethe semiperimeter of two issoscelestriangle A1 B1Cy, As BoCo
with the sides from Theorem 2 and s3 is the semiperimeter of the right triangle
AsBsC3 fromLemma 3.

Proof. We denote § = z. We consider two cases:
Casel. 2<z<+Vv2+1
We will prove that s; > s3 or in an equivalent form:

202 4+102—1-2/z (z — 2)°— (22 + 1)* = 2 [— x(x—2)°— (2% — 3z + 1)] >0

or

—(2® =3z +1) >z (z—2)° (3)
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Butaz? —3z+1<0asz<v2+1< % After squaring in (3) we obtain:

(x2—3$+1)2>x(a:—2)3 or —2?+2x+1>0o0r

(V2—1-2) (v (v2+1)) >0

inequality which is true. It results that s5 < s; < s9.
Butas s; < s < s9 and s > ss3 it follows that 51 < s < s5.
Case2a V2 +1<u< B orz? —3x+1<0.
We will prove that s; < s3 or in an equivalent form:

202 +10z —1—2v/z (z —2)> < 2z +1)* or — (2 =3z+1) < \(z —2)°
(4)

After squaring and performing some calculation the inequality (4) may be writ-

(- (v2-1)) (v = (v2+1)) 20

inequality which is true.
We will prove that s3 < ss or in an equivalent form:

2e+1)2 <222 +10z—1—-2\/z(z—2)° or 22-3z+1<\/z(x—1)
(5)
The inequality (5) is true as 22 — 3z 4+ 1 < 0. It results that s; < s3 < s. But
as s1 < s < s9and s > s3 it follows that s3 < s < s5.
Case2.b. z > %oraﬁ—:&az“ > 0.
We will prove that

s1<sgor — (27 =3z +1) < z(z—2)3

inequality which is true.
We will prove that

s3<sporz? —3z+1</z(x—2)°

or in an equivalent form

[e- (vVa-1)] [ - (v2+1)] >0

It results that s1 < s3 < s9. Butas s; < s < sy and s > s3 it follows that
s3 < s < s9.

It results in the cases 2a and 2b that s3 < s < s9 which is equivalent with the
inequality from the statement. O
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Lemma7. Inany triangle ABC istrue the equalities:
1) Z s—a _ s24r2—8Rr

4Rr
2) Z (sfaal()sfb) _ QJ;IET
Proof.
Zs—a sy bc—3abc s (s +r*+4Rr) — 12Rr _ s*+7r?—8Rr _
a abc abc 4Rr

_Z(s—a)(s—b) _ s* (3 a)—2s(s*+7r*+4Rr) +12Rrs 2R —r
B ab B abc 2R
]

Theorem 8 (A refinement of Radulescu - Maftei Theorem). Inany triangle ABC
istrue the following inequality:

b+c—a 2R — 2V R? —2Rr — r2 2R+ 2V R?2 —2Rr — r2 r
2 > st /5
a R+r++vVR2—-2Rr —r2 R+r—+vR2—2Rr —r2 R

if & >v2+1or

Z\/b+c—a2\/R—r—d+2\/R+d
a r R

if2<f <v2+1.

Proof. We denote ¢t = )/ *-%. By squaring we obtain

tQZZs—a+2\/Z(S—CcLLz(S—b)+2\/(s—a)(s—b)(s—c)

a abe

From Lemma 4, 1) and 2) it follows that:

2 2 2 _
p_ ST —8Rr\T_ (2R-r o, T,
4 Rr 2R 4R
R

We consider the function f : (0, +00) —

_ .4
flu)=u 2Rr 8\ iR ARr R

We have f (t) = 0. We will prove that

s+ 12— 8Rr 9 r <32+7‘2—8Rr)2 4R — 2r
Sl IO YE R Y -

s2+r2 —8Rr 2<4R—2r
4Rr R

or in an equivalent form:

s < 8Rr —r? +4+/Rr2 (4R — 2r)
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But as s? < s3. It will be sufficient to prove that

52 =2R*+10Rr —r?> —2y/ R (R — 2r)> < 8Rr — 12 +4y/Rr2 (4R — 2r) (6)

We denote = = % The inequality (6) may be written as:

202 4102 — 1 — 24/2 (z — 2)° < 8z — 1+ 4y/z (42 — 2)

or

2?4 x<Jz(x—2)%+2yx @z -2) (7)

After squaring the inequality (7) we will obtain:

x4 223 + 22 <x($3—6$2+12x—8)+16x2—8x+4x\/(95—2)3(4x—2)

or

8x% — 272% 4 16z < 41:\/(x —2)% (42— 2)
or

8x?2 — 27x + 16 < 4/ (23 — 622 + 122 — 8) (4o — 2) (8)

822 —27x +16 <0

the inequality (8) is true. For 822 — 27z + 16 > 0 we will square (8) and we
will obtain:

6421 +72922 +256 — 43223 + 25622 — 8642 < 64t — 41623 +9602% — 89624256

or

1623 — 2522 — 322 > 0or 1622 — 252 — 32 > 0

But 8z% — 27z + 16 > 0. It results that z > 2TEV2LT > 2500v2673 or 1642 —
22 — 32> 0.

2
_ s24r2—8Rr _ T __ 4R-—2r s2+r2—8Rr
We denote a9 = T,al == 8\/ﬁ,a0 = R - ( ARr . The

equation f (u) = 0 may be written as: u*—asu?—aju—ag = 0 with ag, ay, as > 0
orl—=2 -2 — % =0.Butg:(0,+0) = R,g(u) =1- 73 — = — 4 isan
increasing function. It results that ¢ is the only positive root of equation f (u) = 0.

It result that if exists a unique continue function u : [s1,s2] — R such that
f(u(s)) =0, (V)s € [s1,s2]. From implicite Theorem it follows that w is deriv-
able on interval (s1, s2),u : [s1, s3] — R which verify the condition:
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<u2 (s) - W)z —4 (2};; - 2\/gu (s)> L (V)5 € [s1, 5]

9)

After we derivate the equality (9) we will obtain:

<u2 (s) — W) (u (s)u' (s) — ﬁ) = \/Zu/ (s),(Y)s € [s1,s9]

or in an equivalent form:

2 2 2 2
3,0 S +r°—8Rr N iy S (o, s +TT—8Rr
(“ () m e R) w(8) = 1Ry (u (s) ARr

or

s—a [(s—a)(s— 2+ 12 —8Rr s/(s—a)(s—b)(s—c
UQ(S):Z a +2Z ( c)zlg b)z +4RT8R +6\/( )(abcb)( ):

s> +1r? —8Rr N
_T+6 E,(V)SG[Sl,SQ}
s> 4+1r2 —8Rr
—_u

I ey =t (o) - TS [ W[
—\/Z: (3\f6— 1) \/E> 0, (V)s € [s1, 5]

and u? (s) — SH8A () (W) s € [s1, 5] It results that u is an increasing
function on interval [s1, so] .

From Theorem 3 it follows that s; < s, for 2 < % < /24 1 which implies that
u(s1) <wul(s).

Replacing the sides aq, b1, ¢ of the A; B;C4 triangle from Theorem 2 we will
obtain:

Z\/b—l—c—az\/R—r—d+2\/R+dif2§R<\/§+1
a r R r

From Theorem 3 it follows that s3 < s if % > /2 + 1 which implies that
u(s3) <wul(s)

it results that:

u’ (s)
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By replacing the sides ag, b3, cs from Lemma 3 it follows that:

b+c—a 2R2 — 2+/R2 —2Rr — 12 2R+ 2V R2 —2Rr — r2 r
> > + 44—
a R+r++VR2—2Rr —r2 R+r—+VR2—2Rr —r2 R

O

it 2 > 241
s

Lemma9. Inany triangle ABC' istrue the following inequality:

\/ 2R— 2V —2Rr—1° | 2R+2VRZ—2Rr—1% _ [r

+ /st van
R+r++vVR*>-2Rr—r?> \ R+r—+vR>-2Rr—12 VR r

(10)

Proof. We denote dy = a2 — 22 — 1. By squaring the inequality (10) we will
obtain:

(22 — 2d2) 2z +2d2) (22— 2d2) (x + 1 — da) + (22 + 2d2) (z + 1 + d2) 1\2
2\/(”3““12)(»”’5“dz>+ (r+1+do) (o + 1 do) Z<3_\/E>
or

\/ 4(x? —2?+2x+1)
22 4+2x+1—a22+22+1

+2m2+2$—2xd2—29§d2—2d2—1—2x2—4:6—2-1—2932+2x+2$d2—|—2xd2+2d2+2$2—43:—2
22422 4+1—22+22+1

>9+1 0
- r Wz
or
822 —4x — 4 1 6
— +2V22> 9+ — — —
dr +2 t2v2> +:c NZ
or
1 6
20 —24+2V2>94+ — — —
x + \f_ +m \/5
or
1 6
20 — 114+ 2vV2 > — — —
x + f_as /T
or

2x2+(2\/§—11)x21—6\/;§

or

v
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202+ (2v2 - 11) 2+ 6v2 — 1> 0
We consider the function f : [v2+ 1,+00) — R

f(:c):2x2+<2\/§—11)x+6\/§—1

with the derivate

f’(x):4a;+2f2—11+\35:4(x—\/§—1>+6\f—7+\;’520

It results that f is an increasing function on interval [v/2 + 1, +00) which im-

pliesthat f (z) > f (V2+1).
After performing some calculation we obtain f (v2 +1) > 0. O

Lemma 10. Inany triangle ABC' istrue the following inequality:

Mw_,_gﬂwz&ifzgﬁgg (11)
r r

Proof. We denote = x,d; = VR@EZ2) = /z (x — 2). The inequality (11)

may be written as:
d
Vo1 —dp 2y % >3
x

By squaring we will obtain:

dz + 4d
e 1 —dy—6\r—1—d,
X

or
60/ 1o >8—d, 4o EHAd
X
or
= T
or
6yz—1—d, > O D@ di)
- T
or
362% (x—1—dy) > (2 +82+16)2(x —d, — 1)
or

z(z—dy—1) (182 — 2> — 8z —16) > 0andasz —d, — 1 >0
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It will be sufficient to prove that:

22 —10z+16 <0or (z —2)(z —8)<0orz <8
O

Theorem 11. (The inequality Radulescu-Maftei) In any acute triangle is true the
following inequality:

\/b+c—a+\/c+a—b+\/a+b—023
a b c

Proof. It results from Theorem 4, Lemma 5 and 6. O

Theorem 12. Inany triangle ABC with 2 < % < 8 istruethe following inequal-

ity:
\/b+c—a+\/c+a—b+\/a+b—023
a b c

Proof. According with the proof of Theorem 4 it follows that w : [s1, s2] — R is
an increasing function. But s; < s. It results that u (s) > u (s1) or

Z\/b+c—a2\/R—r—d+2 R+d23
a r R

according with Lemma 6. O
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Side Disks of a Spherical Great Polygon

Purevsuren Damba and Uuganbaatar Ninjbat

Abstract. Take a circle and mark n € N points on it designated as vertices. For
any arc segment between two consecutive vertices which does not pass through
any other vertex, there is a disk centered at its midpoint and has its end points
on the boundary. We analyze intersection behavior of these disks and show that
the number of disjoint pairs among them is between ("=21"=3) ang 2("=3) gng
their intersection graph is a subgraph of a triangulation of a convex n-gon.

1. Introduction

An intersection graph of a set of figures is a graph such that there is a unique
vertex associated to each figure, and two vertices are adjacent if and only if the
corresponding figures are intersecting. Huemer and Perez-Lantero [4] showed that
the intersection graph of a set of disks with the sides of a convex n-gon as their
diameters (which are called side disks) is planar (see Theorem 4 in [4]). This result
has a direct combinatorial consequence: the number of disjoint pairs among these
disks is at least w which follows from the fact that every planar graph with
n vertices has at most 3(n — 2) edges (see Corollary 11.1(b) in [3]).

We believe that the problem of analyzing intersection patterns of side disks is
of considerable interest because of the geometrical challenges resulting from its
unusual conclusion, i.e. it reflects on disjointness of geometrical figures. In Eu-
clidean geometry a search for new results by replacing line segments with conic
sections is often rewarding as illustrated in the following well known results: Pap-
pus’s hexagon theorem vs. Pascal’s theorem, and Ceva’s theorem vs. Haruki’s
theorem (see Chap. 6 in [1]). Accordingly, in Sect. 2 instead of a convex n-gon
we consider a circle partitioned into n € N arc segments. The concept of side
disk naturally extends to this setting: for each arc segment there is a unique disk
centered at its midpoint and is having its two end points on its boundary. When
n = 5 the resulting configuration already appears in Miquel’s five circles theorem
(see Chap. 5 in [1]). In Theorem 3 we show that for n > 3 there are at least
w and at most "(”T_S) disjoint pairs of side disks for the partitioned circle
with n arc segments. We also verify that these bounds are tight for all » > 3 and
the intersection graph of these disks is a subgraph of a triangulation of a convex
polygon (see Theorem 4).

Publication Date: June 1, 2018. Communicating Editor: Paul Yiu.
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Throughout this paper we use the following conventions. For any points X,
Y and Z in the plane the line passing through X, Y is denoted as XY -line, their
connecting line segment is denoted as XY, and | XY'| is its length. £ XY Z is the
angle between XY and Y Z measured in the clockwise direction. For any disk w,
its boundary circle is denoted as d(w) and when there is no ambiguity we identify
a given disk (or circle) with its center X and call it X-disk (or X-circle), etc. For
any plane regions w and 7, (w N 7) is the region in their intersection, and w C 7
means the former is included (strictly) in the latter, i.e. every point in w is in 7 but
not vice versa. For a point X and region 7, X € 7 means X is located in 7 and
X ¢ 7 means the opposite.

2. Themain results

Let C), be a circle partitioned into n € N arc segments by marking » points
on it. We identify each marked point as vertex and each arc segment between two
consecutive vertices which does not pass through any other vertex as a side. Then,
C,, is a spherical polygon with vertices at a great circle and we call it as spherical
great polygon; for more on spherical polygons see e.g. Chap. 6.4 in [2]. The case
where each side has the same length is denoted as C};. For each side of C,,, there
is a unique disk centered at its midpoint and is having its two end points on the
boundary. This is the side disk of that side and two side disks are neighbouring if
their corresponding sides are adjacent.

Notice that each side of C,, divides its disk into two parts, one of which intersects
with the region enclosed by C,,. We call this as inner part and the other as outer,
and as a convention we include the corresponding arc of C', to the inner part of the
side disk, but not to the outer. Then, convexity implies that outer parts of two side
disks of (', do not intersect. We shall prove two lemmas.

Lemmal. Letw beagivendiskand A, B, C bepointson d(w) such that AC-arc
is a segment of AB-arc. If w; and w- are the side disks of AB-arc and AC-arc,
respectively, then (w Nwz) C (w Nwi) and any point in (w N ws) except A isin
theinterior of w;.

Proof. Let O; and O be the centers of w; and ws, respectively. Since AC-arc
is contained in AB-arc, O must be on the AO-arc not passing through B (see
Fig. 1). Since O, is the mid-point of AB-arc, AO;-arc is always less than a half
of 9(w). Thus, £L0102A > § and AAO>0 is an obtuse triangle with [AO;| >
|AO3|. Let O3 be the point on AO; with |[AO3| = |AO;|, and ws be the disk
centered at O3 and is having A on its boundary (see the dashed disk in Fig. 1).
Since A, O3 and O are collinear and |AO,| > |AOs|, we have ws C wp and
A = O(ws) N O(wy). Then, we can conclude that (w N w3) C (w Nwy), and the
only point in (w N ws) which is on 9(wy ) is A. On the other hand, w is a rotation
of w3 around A in the direction to move its center from an interior point of w, Os,
to a boundary point, O2. Thus, we must have (w Nw2) C (w Nws), which implies
(wNw2) C (wNws) C (wNwy). Finally, from our proof its clear that any point
in (wNwsg) except A must be in the interior of w. O
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Figure 1. Illustration for Lemma 1

Lemma 2. Let w beagivendisk and A, B, C, D be four points marked subse-
quently on 9(w). Further let w,;, be the side disk corresponding to the AB-arc,
and let wye, weq and wy, be defined analogously (see Fig. 2). Let X be thein-
tersection point of 9(wq,) and d(w.q), other than D; and Y, Z and T' be defined
analogoudly for the pairs 9(w.q) and 9(wp.), I(wpe) and A(wgp), and O(wqy) and
0(wdq), respectively. Then,

@ X,)Y¢wewY,Z ¢ wie, Z,T ¢ wegand X, T ¢ wy,.; and

(b) Quadrilateral XY ZT isarectangle.

Proof. To prove Lemma 2 (a), it suffices to show that Z ¢ w.4 as a similar argu-
ment applies to the others. Consider Fig. 2 and let the dashed disk wy, be the disk
corresponding to BD-arc. It is well known, and can easily be proven that 0(wsq)

N

‘f/ . \\V\i\"‘\"”*”‘j% /{\

\ /‘7 /. s

NI,
N

-

Figure 2. lllustration for Lemma 2 (a)

passes through Y, which is the incenter of ABCD (see below). Notice that all
conditions of Lemma 1 are met for w, wpg and wep. Thus, Z € (w N wyp) Must
be located in the interior of wyy. But then Z ¢ w.q as the only point which is
iN (weg N wpg Nwpe) 1SY, and Y and Z are distinct points as Y € 9(wpq) While
Z ¢ O(wpq). This proves Lemma 2 (a).

Let H, G, F' and W be the centers of wyp, Wpe, weqd aNA wyq, respectively. We
claim that X, Y, Z and T are the incenters of AADC, ADCB, ACBA and
ABAD, respectively (see Fig. 3). Notice that since F' and W are the centers
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of two circles intersecting at D and X, FW is a perpendicular bisector of DX
and L XFD = 2{WFD. Since W is the midpoint of AD-arc, we also have
AWFD = %ACAFD, which implies £ X FD = £AFD. Thus, points ', X and
A are collinear. Since F' is the midpoint of DC-arc, {DAF = £ FAC, hence AF
is a bisector of ZDAC. Similar argument shows that W, X and C are collinear

Figure 3. lllustration for Lemma 2 (b)

and C'W is a bisector of ZDC A. Thus, X is the incenter of AADC. By the same
token, we may conclude that Y, Z and T are the incenters of ADC' B, ACBA and
ABAD, respectively. Then, the result in Lemma 2 (b) follows from Problem 6.13
in [5]. O

Remark. From Lemma 1 it follows that the inner part of a side disk of C,, is always
contained in C,,. Since outer parts of side disks of C,, are disjoint, this implies that
two side disks of C,, with n > 2 intersect if and only if they intersect in the region
enclosed by C,. To our knowledge, the only widely known result directly related
to Lemma 2 is Miquel’s four circles theorem which states that when wgp, wpe, Wed
and wy, are not necessarily centered on d(w), X,Y, Z, T are concyclic (see [7];
p.151). The result used in the last step of proving Lemma 2 (b) is often referred to
as the Japanese theorem (see [6]).

For C,,, let d(C),) be the number of disjoint pairs among its side disks. Our main
result is as follows.

Theorem 3. For n > 3, W < d(Cy) < n(n;s)_

Proof. Since d(C'3) = 0, as all side disks are neighbouring, we assume n. > 4. We
prove the lefthand inequality in three steps.

STEP 1: Let us prove that 1 < d(Cy).

Let A, B, C, D be the points marked on Cy and F, G, H, W be the centers of its
four side disks. Further let X, Y, Z, T be points other than A, B, C, D in which
pairs of neighbouring side disks intersect by their boundaries (see Fig. 4). By
Lemma 2 (b), we know that XY ZT is a rectangle. Let £ = XZ NYT, i.e. the
intersection of the diagonals of XY ZT. We claim that E = WG N FH. Since
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|FY|=|FX| |HZ| = |HT|and XY ZT is arectangle, points ', H and the mid-
points of the sides XY and ZT are collinear. Similarly, G, W and the midpoints
of ZY and T'X are collinear. Thus, FH and GW intersect in a point where two
bimedians of XY ZT intersect, which must be E. This proves our claim.

Since L XEY + LY EZ = m one of these two angles (summands) must be at
most 5, and without loss of generality we may assume that { X EY” < 7. Then, we
claim that the side disks centered at F' and H are disjoint. To see this, it suffices to
prove that £ is located outside of these side disks, as then we have |FE| > rr and
|EH| > rg, hence, |[FH| = |FE|+ |EH| > rp + rg, where rp and 7y are the
radii of the disks to be shown as disjoint. Let us then prove that £ ¢ F-disk and
a similar argument shows that £ ¢ H-disk. By Lemma 2 (a), XY-line separates
F and rectangle XY ZT'. Since E is an interior point of XY ZT', we can conclude
that XY -line strictly separates £ and F.

Figure 4. Side disks of Cy

Let M be the midpoint of XY and N = 9(F-disk) " F H. Itis clear that NV and
E lie on the same half-plane with respect to XY -line, as both are strictly separated
from F by the line. We know that F'H passes through the midpoints of XY and
ZT, thus it must be orthogonal to XY. Recall that, both £ and N lie on F H.
Then, L XEY < 7 together with the observation that L XNY > 7 imply that
IME| > |[MN|.! Then, |FE| = |[FM|+|ME| > |FM|+|MN| = rp. Thus, E
is outside of F-disk. This proves our last claim and completes STEP 1.

STEP 2: Consider C,, and its side disks, labeled as w1, ..., w, in the clockwise
direction. Forany i,j = 1,2, ..., n, let (w;,w;) be the set of disks strictly between
w; and wj, in the clockwise direction. We shall prove that if w; and w; intersect,
then any disk in (w;,w;) is disjoint from any one in (w;, w;).

We can assume that w; and w; are non-neighbouring as the result is trivial other-
wise. Let w;, w; be side disks of AB-arc and C'D-arc, respectively. Then, AB-arc

ITake the circle centered at F. It is clear that XY is strictly shorter than its diameter. Then, for
any N lying on the minor arc connecting X and Y, we have £ X N*Y > 7.
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and CD-arc are disjoint and we can also assume that A, B, C, D are located sub-
sequently in the clockwise order. Let wy,. and wy, be the side disks of BC-arc and
D A-arc, respectively (see Fig. 5). Then by STEP 1 there must be a disjoint fair
among w;, wj, wye and wq,. But since the former two intersect, it must the latter
two which are disjoint. By Lemma 1, we know that when restricted to the region
enclosed by C,,, wy. contains all disks in (w;,w;), and similarly, w,, contains all
disks in (w;,w;). This implies that, none of the disks in (w;,w;) intersects with a

\

q
o

Figure 5. w; and wj intersect

disk in (wj,w;) in the region enclosed by C,,. But since two side disks intersect
only in that region, we can conclude that any disk in (w;,w;) is disjoint from any
one in (wj, w;). This completes STEP 2.

STEP 3: Let us prove that for n > 4, %2(”73) < d(Cy).

Take P, a convex n-gon, and label its vertices with the side disks of C,, such that
two disks of ), are neighbouring if and only if their associated vertices in P, are

n(

adjacent. Draw all ”T_l) — n diagonals of P,,, and colour them with

o Red if the side disks corresponding to the end vertices intersect, and
e Blue if otherwise.

By STEP 2 we know that two red diagonals never cross in P,,. The maximal set of
non-crossing diagonals of P, gives a triangulation of it, and every triangulation in-
volves n — 3 diagonals (see Theorem 1.8 in [2]). Thus, the number of red diagonals

is at most n — 3, and the number of blue diagonals is at least @ —n—(n—-3) =

(=23 " This immediately implies that "=20"=3) < ¢(¢,,), and completes
STEP 3. The lefthand inequality in Theorem 3 is proved. Finally, since two neigh-

n

bouring disks are never disjoint we have d(C,,) < w O

Remark. It is easy to show that the upper bound in Theorem 3 is attained on C7,
i.e. itis tight. Let C5 bea spherical great n-gon such that one of its side disks
intersects with all the others, and any two of the other side disks intersect only if
they are neighbouring. It is easy to show that this construction is well defined and

d(C’nA) = % Thus, the lower bound is also tight for n > 3.
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We can now characterize the intersection graph of side disks of C',,. Recall that a
planar graph is outerplanar if it can be embedded in the plane so that all its vertices
lie on the same (exterior) face (see Chap. 11 in [3]).

Theorem 4. The intersection graph of side disks of C,, for n > 3 isa subgraph of
a triangulation of a convex n-gon. In particular, it is outerplanar.

Proof. Let G(C,,) be the intersection graph. The result is obvious when n = 3.
Forn > 4, in STEP 2 of proof of Theorem 3 we showed that G(C,) can be drawn
with no crossing edges. So, it is a subgraph of triangulation of the convex polygon
with vertices at the centers of the side disks, hence outerplanar. O
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Parallelograms I nscribed in Convex Quadrangles

Nikolaos Dergiades

Abstract. In this article we construct the inscription in a quadrangle of a par-
allelogram similar to a given one and we study the parallelograms inscribed in
quadrangles with special emphasis on determining the classes of quadrangles
which allow the inscription of infinite many parallelograms of a given similar-
ity type. As special cases we obtain the characterization of quadrangles allowing
the inscription of infinite many rhombi of a fixed similarity type, of infinite many
rectangles of a fixed similarity type and of quadrangles allowing the inscription
of infinite many squares.

1. A simplecase of inscribed parallelograms

In an arbitrary convex quadrilateral g = ABC D we can easily inscribe infinite
many parallelograms with sides parallel to the diagonals { AC, BD} of the quadri-
lateral of reference ¢ (See Figure 1). The vertex A; of such a parallelogram is

Figure 1. Parallelograms with sides parallel to the diagonals

selected on the side AB. Then, drawing a parallel to the diagonal AC' we define
its intersection point B; with BC. Drawing further from B; a parallel to BD
we define its intersection C'; with C'D and continuing this way, we obtain, using
Thales theorem, an inscribed parallelogram A, B;Cy D1 with sides parallel to the
diagonals of q.

It is easy to see that among these parallelograms there exist one that is a rhombus
satisfying the following property:

Lemma 1. The rhombus 4, B1C1 D, inscribed in the quadrangle ¢ = ABCD,
with sides parallel to the diagonals of ¢ is constructible with ruler and compasses.

Publication Date: June 6, 2018. Communicating Editor: Paul Yiu.
The author thanks Paris Pamfilos for his many improvements in the text, the synthetic proof in
Theorem 4, and simplification of proofs in Theorems 5 and 12.
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Figure 2. Inscribing a rhombus A, B1C1 D; in the quadrangle ABC' D

Proof. In fact, from an arbitrary point B’ on the side BC, draw the parallel to C A,
that meets B A at the point A’ (See Figure 2). Rotate then B’ about A’ by the angle

of the diagonals CED to get the point D’. The line BD' meets AD at the point
D+, from which with parallels to the diagonals of ¢ we construct the other vertices
of A1 B1C1 D1, seen to be a rhombus by applying the Thales theorem

A1Dy  BAY  AiB

A'D" BA  A'B

2. Theinscription in a quadrangle of a parallelogram

Given a convex quadrangle ¢ = ABC D with positive orientation and a paral-
lelogram Ay ByCy Dy with AO/O_O\BO = q, BO/AO\OO = v and CyoByAg = B, it is
very interesting the problem of inscribing in ¢ a parallelogram A, B, C1 D, similar
o AoBocoDo.

(1) g =mn/2,thatis AyByCoDy isarectangle.
(@) a#17.

The rotation of line AD about A towards B by the angle « gives the
line Ly. The rotation of line BC', about B towards A by the angle ~
gives the line Lo. The perpendicular from A to line Lo meets the line
BC at A’ and the parallel from A’ to line Ly meets the line L; at the
point A” (See Figure 3). Similarly the perpendicular from B to line
L, meets the line AD at B’ and the parallel from B’ to line L; meets
the line Lo at the point B”. Let C be the intersection of line A” B”
with the line C'D. The parallels from C; to {L;, Lo} meet the lines
{AD, BC'} respectively at the points { D2, B2} and the perpendicular
from B, to L, meets AB at the point A;. From Thales theorem we
have

AA,  A'By, A'Cy  ADs

A1B BB C1B"  DyB’’
which means that A; D5 is parallel to BB’, which is perpendicular to
L1. Hence Aﬁ)g\Cl = A@l = /2 and the circle on diameter
A, C} passes through { B2, D2} and meets again the lines { BC, AD}
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Figure 3. The inscription in a quadrangle of a rectangle

respectively at points { By, Dl} Since A1 Bs is perpendicular to Lo,
the angle BBQAl = . Slnce Blc‘lAl B@l = q, Cl/Al\Dl
CngDl = « and ClBlAl = A1D101 = 7T/2 the quadrangle
A1 B1C1 Dy is arectangle similar to AqgByCoDo.
Note: If the line A”B" is parallel to C'D then the problem has no
solution. If the line A” B” coincides with line C'D, then the problem
has infinite many solutions. We’ll see these cases later on.

(b) a =~ = /4, thatis AgByCyDy is a square.
The construction is obviously similar to the previous one.

(2) B # /2

(8) a # v, thatis AgByCyDy is not a special parallelogram.
The construction differs slightly from the previous one.
The rotation of line AD about A towards B by the angle « gives the
line L;. The rotation of line BC', about B towards A by the angle
~ gives the line L,. The rotation of the parallel line from A to BC,
about A towards B by angle « gives the line AA’, where A’ is on

BC, such that BA'A = . Similarly the rotation of the parallel line
from B to AD, about B towards A by angle ~ gives the line BB,

where B’ is on AD, such that AB'B = ~. The parallel from A’ to Lo
meets L; at the point A” and the parallel from B’ to L; meets Lo at
the point B” (See Figure 4). Let C; be the intersection of line A” B”
with the line C'D. The parallels from C; to {L;, Lo} meet the lines
{AD, BC'} respectively at the points { Dy, B2} and the parallel from
By to AA’ meets AB at the point A;. From Thales theorem we have

AA,  A'By, A'Cy  AD;

AiB  ByB C1B" DyB'’

which means that A; D is parallel to BB’. It is then easy to see
that Angcl = A13201 =T -0 —77 = ﬁ If By is the sec-
ond intersection of the circumcircle of the triangle A, BoC4 with the
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Figure 4. The inscription in a quadrangle of a general parallelogram

line BC and D; is the second intersection of the circumcircle of tri-

angle A1 D,C1 with line AD, then we have Al/C-l\Bl = ATJ-%\B =

m:a, C1A1Dy = C1DyDy = aand C1 By Ay = A1 D:Cy =

53, which means that A; B;C1 D1 is a parallelogram similar to AqByCoDy.
(b) o =, thatis, AgByCyDy is a rhombus.

The construction is similar to the previous one.

3. Similar quadranglesinscribed in the quadrangle

The situation described in the preceding section changes radically, when we re-
quire from the quadrangle to have infinite many inscribed quadrangles of a fixed
similarity type. This implies severe restrictions to the circumscribing quadrilateral,
which we study in this section. To fix the ideas, we assume that the quadrangle
g1 = A1B1C1 D1 is inscribed in the quadrangle ¢ = ABC D, when the vertices
{41, B1,C1, Dy} are respectively on the sides {AB, BC,CD, DA}. Next theo-
rem expresses a basic feature of the configuration under consideration.

Theorem 2. If in the quadrangle ¢ = ABCD, there are inscribed two directly
similar quadrangles {q1, ¢2 }, then the following properties hold.

(1) There are infinite many other quadrangles {¢; } directly similar to ¢; and
inscribedin q.

(2) Thesimilarity center P of thequadrangles{q¢i, g2} definesthrough its pro-
jections on the sides of ¢ its pedal quadrangle ¢y, which is the minimal
similar to ¢; quadrangle.

(3) Every pair of the family of directly similar inscribed quadrangles {q1, g2}
has the same similarity center P.

Proof. The claims are consequences of well known facts about direct similarities,
an exposition of which can be found in [7, vol.ll] and [5, p.74]. The center of
the similarity is the Miquel point P ([3, p.79], [4, p.131]) of one the resulting,
inscribed in ABC' D, triangles, A, B1C say (See Figure 5), and is identified with
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Figure 5. The similarity center P of {¢g1 = A1B1C1D1,q2 = A2B2C2 D>}

the intersection P of the circles {(A1BB1), (B1CC1), (E1A1C1)}. A simple an-
gle chasing argument shows that the angles ([4, p. 142])

gP\C = Al/Bl\Cl + Al/El\Cl.

And a similar argument shows that CPE, = A;C1 By + EyBC. Thus point P is
the same for the two quadrangles {qi, g2} and the triangles { PA; Ay, PB1 By, PC1Cs}
are similar. Analogous work with the triangle F>C'D and the inscribed in it trian-
gles B1C1 Dy and BoCy D4, shows that P is also the similarity center for these
two triangles and the triangles { B; PBy, C1 PC, D1 PD5} are also similar. The
claims of the theorem follow easily from these remarks. O

Notice that, as a parameter ¢ < R in the family of inscribed quadrangles
{q:} we can consider the signed distance of one of its vertices, B; say, from the
corresponding projection By of P. All the quadrangles ¢; result by defining the
similar and similarly oriented right triangles { PAg Ay, PBy By, PCyCy, PDoD,}.

Corollary 3. A necessary and sufficient condition for the possibility, toinscribein
a quadrangle ¢ infinite many, directly similar to each other quadrangles ¢, is the
existence of a point P, whose pedal quadrangle with respect to ¢ issimilar to g;.

4. Similar parallelogramsinscribed in a quadrangle

By theorem 2, if we have two similar parallelograms inscribed in the convex
quadrangle ¢ = ABCD, then we have infinite many similar to those two paral-
lelograms, inscribed in ¢. We can fix the parallelogram and its pivot point P and
consider the circumscribed quadrangles ¢; of the parallelogram, which are all sim-
ilar to the antipedal ¢; = A, B;Cy D, of P with respect to the parallelogram (See
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Figure 6. Angles of diagonals of antipedal with respect to a parallelogram

Figure 6). Next theorem relates the angles of the parallelogram to those of the
diagonals of the antipedal.

Theorem 4. Let ¢; = A B1C1 D1 betheantipedal quadrangle of a parallelogram
q = ABC D with respect to the point P. Then, the angles of the diagonals of ¢;
are equal to the angles of the parallelogramg.

Proof. Consider the intersections of the pairs of circles M = (PBC) N (PAD)
and K = (PDC) N (PAB). Points {K, M} are symmetric with respect to the
center of the parallelogram and define equal triangles { AD K, C BM } (See Figure
6). This is seen by examininig the angles of these triangles. For example, the angle
DKA, by taking the adjacents to it angles, which sum to 27, is seen to be equal to
the sum e

DKA=DCP+ PBA=CPB=CMB.
Analogously is seen that DKC'is equal to AMB, so that the points are symmetric
as stated. It is easily seen also that the diagonals of ¢; pass respectively through
{K, M} and make there respectively with {PK, PM} right angles, so that the
quadrangle PK E M, formed by their intersection, is cyclic. But the angle of the
diagonals

KEM = r—KPMand KPM = 2r—KPC—MPC = KDC+MBC = ABC.
O
Theorem 5. With the notation and conventions of the preceding theorem, the pivot

point P of g1 = A1 B,C1 D1 isviewing each side of ¢; by an angle, which is the
sum of the angles viewing that side from the other two vertices.

Proof. This follows by splitting the angle (See Figure 7)
B PC, = BiPB + BPC, = BiAB + BCC}.
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Figure 7. How the pivot of ABC D is viewing the sides of A1 B1C1 D,

By the previous theorem, fixing ¢; and pivoting ABC D, so that its sides become
parallel to the diagonals of ¢;, we have that the sum in the last formula is equal to

B1A1Cq + Bﬁ)l\cl. This proves the claim for the side B1C1, the proof for the
other sides being completely analogous. O

Figure 8. In cyclic quadrangles the pivoting parallelogram is that of Varignon

Corollary 6. If g = A1 B1C1D; isacyclic quadrangle, then the pivoting paral-
lelogram ¢ = ABCD of it is the one of Varignon, defined by the middles of the
sides of ¢; and the pivot P isthe center of the circumcircle.

Proof. By theorem 5 the pivot P is then viewing B, C7 under the ange ]EfP\Cl =
2By AC1, which identifies P with the center of the circumcircle (See Figure 8). O

The converse is also true and its proof is left as an exercise.

Corollary 7. If the pivoting parallelogram inside the quadrangle ¢; is similar to
the Varignon parallelogram of the middles of the sides, then the quadrangle ¢; is
cyclic.
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Next corollary is also easy to show using the figure 9, and is left also as an

Figure 9. The pivot P of similar parallelograms inscribed in a trapezium

exercise.

Corollary 8. Thepivot P of thesimilar parallelograms pivoting inside a trapezium
is the second intersection point of the circles {(EAB), (EDC)} through the in-
tersection of the diagonals £ = (AC, BD) and the end points of the non-parallel
sides.

In the case ¢ = ABCD is a parallelogram, the points { E, P} in figure 9 coincide
and the pivot is the center of the parallelogram.

Corollary 9. The pivot of similar parallelograms inside a parallelogram ¢ =
ABCD isthe center P of the parallelogram q.

5. Alternative approach for the pivot of similar parallelograms

It is possible to construct special parallelograms, from the family of those pivot-
ing about a point P in the quadrangle ¢ = ABC D. A particular one, of importance
for the following development is given by the next theorem.

Theorem 10. If the distances of the intersection point £ of the diagonals of the
quadrilateral ¢ = ABC' D from the vertices are correspondingly {a, b, ¢, d}, then
thereisa parallelogram ¢; = A1 B,C1 D, of the family of similar parallelograms
pivoting inside ¢, such that

BBy bd

B.C  ac’
Proof. Let the parallel € from E to BC intersect AB at B’ and C’ be the symmetric
of B’ with respect to E (See Figure 10). Let the circle x = (AB’C)) intersect e
at B” and the circle A\ = (BC'D) intersect the line ¢ at C”. Consider also the
intersection of lines F = (BC”,CB"). Then By = (EF, BC) is the required
point.

For the proof consider the power of E with respectto A : EC’' - EC" =
EB - ED = bd. Similarly, the power of E with respect to x is EB’ - EB" =
EA - EC = ac. It follows that the ratio

BB, C"E bd/EC" bd

BiC  EB" ac/EB'  ac
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Figure 10. Special inscribed parallelogram

O

Theorem 11. With the notation and conventions of the preceding theorem, the
circles(AA1Dy), (BB1A;), (CCyBy) and (DD, C1) passthrough the same point
P, which isthe pivot of the similar parallelogramsinscribed in g.

Figure 11. The pivot determined by the special inscribed parallelogram

Proof. Using {EA = a, EB = b, EC = ¢, ED = d}, the assumption 281 — b

B1C T ac
and denoting the intersections of lines by {T;, = (41 D1, AC), T, = (Blél, AC)}
(See Figure 11), we have

AAl B1 C . ac ATa

_ _ _ Aa AT, = am.
AB _ BC actbd AEB ™" T am
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Similarly we get
AlT = Bch = bm, TaDl = chl = dm, TCC = cm.

Let S; be the second intersection of the circle (AA; D) with AC. Then, we have
the relations
bd
AT, -TySy = M\T, -ToDy = ToS) = 2
a

ST, = (AC — AT, — TCC) - T,51 = (a +C)(1 _ m) _ bdm

a
bd bde bdm
ac+bd ac+bd c = ST -T.C 11Te - T.Cq

This means that the circle (B;CC}) also passes through point S;. Similarly we
show that the circles {(BB1 A1), (DD;Ch)} intersect a second time at the point
Sy on the diagonal BD. Let now P be the second intersection point of the circles
{(BB1 A1), (CC1By)}. Then, we have C1 PSy = CBD + DCB = 7 — C1 DS,
i.e. Pison the circle (DS2Cy) = (DD;,Cy). Similarly we prove that P is on the
circle (AA; D). O

= (a+c¢)

6. Similar rectanglesinscribed in a quadrangle

By theorem 2 the condition to have infinite many similar rectangles inscribed in
a quadrangle is equivalent with the existence of a point whose pedal quadrangle is
a rectangle. Next theorem supplies some basic implications for such a case.

Figure 12. Quadrangle g possessing a pedal go, which is a rectangle

Theorem 12. If the pedal quadrangle qo = Ay BoCy By of a point P, relative to
the quadrangle g = ABC D isa rectangle, then

(1) Thesides of ¢ are parallel to the diagonals of ¢, i.e. ¢ is orthodiagonal.
(2) Theintersection point £ of the diagonals of ¢ isisogonal conjugate to P.
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Proof. For nr-1 consider the intersection ¢ of the circles { PCo D Dy), (PBoBAy) }
(See Figure 12). Since Ay ByCy Dy is a rectangle, the figure consisting of it and the
two circles is symmetric with respect to the line joining the middles of the opposite
sides { Ao By, CoDy}, hence line PQ is parallel to these sides too. By the inscribed
quadrangles in these circles, the angles at @ are both right, so that { B, @, D} are
collinear, hence BD is orthogonal to Ay By. Analogously is seen the orthogonality
of AC to AgDy.

Nr-2 follows from nr-1 and a simple angle chasing argument, showing that the
angles m = m. Handling analogously the angles of the rays from the
vertices of ¢ to points { £, P}, we see indeed the isogonal property of { £, P}. O

Corallary 13. Under the conditions of the preceding theorem, the points { £, P}
are also isogonal with respect to the triangles { E1 BC, E1 DA, E; AB, E;C DY,
for theintersections of oppositesides { E; = (AB,CD), E, = (AD, BC)}.

7. Similar rhombi inscribed in a quadrangle

In this section we specialize from similar parallelograms to similar rhombi in-
scribed in a quadrangle. Next lemma establishes a property of the triangle used
below.

Figure 13. A property of the triangle

Lemma14. If AE istheexternal bisector of thetriangle ABC' with AB < AC,
and the parallel from E to AB meets AC at D, then we have

1t _ T

AB AC  ED’
Proof. The triangle DE A is isosceles DA = DE. Hence we have (See Figure
13)

DE _DC _DA+AC _DE+AC _DE = 1 1 _ 1
AB~ AC ~  AC ~  AC ~ AC AB AC ~— ED’
O

Lemma 15. Let ¢ = ABCD be a quadrangle whose triangle of diagonal points
of the corresponding complete quadrilateral is £ Ey E5 (See Figure 14). Then, the
following properties are equivalent.
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Figure 14. Bisecting the angle of the diagonals

(1) Thetriangle EEy Es hasaright angleat £ = (AC, BD).
(2) Thelines{ EE:, EE,} arebisectorsof theangle of thediagonals{ AC, BD}
of q.
(3) The harmonic means of the segments on the diagonals are equal: ﬁ +
1

S R NI
EC — EB " ED

Proof. The equivalence of nr-1 and nr-2 follows from the general fact that the
diagonals of a quadrilateral and the lines { EE;, EE>} form a harmonic pencil ([1,
p.101]). Thus, if two of the arrays of the pencil make a right angle, then they bisect
the angle of the other two ([1, p.102]).

The equivalence of nr-2 and nr-3 results by considering the intersections { £/, E"'}
of the bisector of the angle AEB respectively with { BC, AD}. The parallels from
{E’, E"} to the diagonal BD intersect the other diagonal AC respectively at the
points { D', D"}. Applying lemma 14 respectively to the triangles { EBC, AED}
we obtain

1 11 1 and 1 11
EB EC FE'D' ED AE ED ED"

Thus, the assumed condition is equivalent to

LR NS DU SRR SN SR SN DU SN
EA EC EB ED EA ED EB EC ED"  ED"
which means that { £/, E”'} must coincide with F. O

Theorem 16. The necessary and sufficient condition to inscribe in a quadrangle
infinite many similar rhombi, isthat the bisectors of the angle of the diagonal s pass
through the intersections of the opposite sides of the quadrangle.

Proof. Let again {EA =a, EB = b, EC = ¢, ED = d} denote the segments to
the vertices from the intersection point £ = (AC, BD) of the diagonals of the
quadrangle ¢ = ABC D (See Figure 15). By theorem 10 we have a parallelogram
q1 = A1B1CyD; of the infinite family of inscribed parallelograms, which has
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Figure 15. Condition for infinite many pivoting rhombi

sides parallel to the diagonals of ¢ and satisfies gi{ = %. For this parallelogram

we obtain the relation

B101 B10 ac(b + d) bd(a + C)
BD BC = 1C1 ac + bd ac + bd

The parallelogram being a rhombus iff A; By = B1C1 combined with the preced-

ing relations gives the necessary and sufficient condition ([6])

and similarly Ay By =

1 1 1 1

a + c b + d’
which, by lemma 15, is the necessary and sufficient condition for the bisectors, to
pass respectively through points { £y, Es}. O

Theorem 17. If a quadrangle ¢ = ABCD has infinite many inscribed rhombi,
then for the rhombus A; B;C1 D, of this family, whose sides are parallel to the
diagonals of g we have BB; : BiC = BD : AC.

Figure 16. Constructing the pivoting rhombus with side parallel to the diagonals
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Proof. By theorem 16 and lemma 15, we know that such a quadrangle ¢ is char-
acterized by the condition £ + 2 = 1 + 1 hence bd : ac = BD : AC. Hence
from the known relation for this ¢; : BB : B1C = bd : acwe get BB : B1C =
BD : AC. Thus, the point By can be constructed using the bisector F'B; of the
triangle FBC, taking F' with FB = BD and FC = AC (See Figure 16). (]

8. Impossibility to inscribe similar parallelograms

From the theory exposed so far it is clear that if we are given a quadrangle
and a parallelogram {¢ = ABCD, qy = AgByCoDy} and we want to inscribe in
g infinite many parallelograms ¢; = A;B;CyD; similar to gy, with A; on AB, B;
on BC etc., then the following theorem holds.

Theorem 18. Let £ denote the intersection of the diagonals of ¢ and FA =
a, EB =0b, EC =c¢, ED = d. Thenitisimpossible to inscribe in ¢ infi-
nite many parallelograms similar to ¢ if one of the following conditionsis valid.

(1) AoBy: BoCo # (14+1):(3+1).

a C

(2) BEC # A,ByCo.

9. Impossibility to inscribe a given parallelogram

We saw in section 2 that the inscription in a quadrangle ¢ = ABC D of a paral-
lelogram ¢ = A1 B1C D1, similar to gg = AgByCoDy is impossible if the point
D, = (A"B”,CD) is at infinity, i.e. the line A”B” is parallel to line CD. Us-
ing homogeneous barycentric coordinates with respect to the triangle ABC' and
considering the point D variable with coordinates (z, y, z) we can ask for the geo-
metric locus of D, so that the line A” B” is parallel to the line C'D. It turns out that
this locus is a conic, so that if the point D ison that conic, then the problem has no
solution. In order to reduce the complexity, we don’t give further explanations and
stay in the case oo = =, i.e. the case in which ¢, is a rhombus, for which we note

by 6 = AJ%\OO. Then the following theorem is valid.

Theorem 19. It isimpossible to inscribein ¢ a rhombus ¢; = A1 B1C1 D1 Sim-
ilar to ¢o, with AEO\CO = B, when D, = (A”B”,CD) is at inifinity, which is
equivalent with the condition that D(z,y, z) lies on the conic represented in the
aforementioned barycentric coordinates by the equation

sin(8)(a’yz + 0%z + Cay) + (z +y)(y + 2)S = 0,
where {a, b, ¢, S} arethelengths of the sidesand .S is the double area of ABC.

Proof. It is left to the reader as a result of computer aided calculations, such as in
[2]. O

In order to construct this conic we need to know 5 points on it. Since
C.: d®yz+bzx+czy=0, Pye:y+2=0, Py:z+y=0,

are respectively the equations of the circumcircle of ABC and the lines which are
parallel from {A,C} to {BC, BA}, it is easy to see that four of these points are
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{A, X,C, Z}, where {P,., Py} meet respectively the circle C.. A fifth special
point D’ on the conic is constructed as follows.

Figure 17. The conic locus of D, such that A” B” is parallel to C D

The parallel from B to AC' is rotated about B towards A by the angle 3 to give
line BED', where FE is the intersection with AC' (See Figure 17). The bisector of
the angle C/EB’ meets the line BC' at the point E5 and the line AE,> meets the
line BE at the required point D’. This lies on the conic, because in the quadrangle
ABCD’ we can inscribe infinite many rhombi similar to Ao ByCyDy. Now we
consider the conic through the points {A, X, Z, C, D’} and take on this a point D,
such that the quadrangle ABC'D is convex. Since o = y we have o = (7 — 3)/2
and as in section 2 we construct lines {L;, Ly} and the line A”B”, that now is
seen to be parallel and different from the line C'D, for every point D on this conic,
except for the point D’, where lines A” B” and C'D coincide.

If the angle 8 = 7/2, then the rhombus is a square, the line BD’ is perpendicular
to AC, the equation of the conic and the baricentric coordinates of D’ are

a*yz + b*zx + Py + (v +y)(y + 2)S =0,
D' = (2(a®>+b* — S : —(a* + b* — A) (B> + * —a?) : 2(b* 4+ * — a*)9).
Hence we have the following final result.
Theorem 20. GiveLa\ convex quadrangle ¢ = ABCD and a rhombus rg =
AoBoCo Dy with AgByCy = 3, then

(1) If the point D is not on the conic described previously, we can inscribein
g only one rhombus similar to r.
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(2) If the point D is on the conic and D = D’, we can inscribe in ¢ infinite
many rhombi similar to rg.

(3) If the point D isonthe conicand D # D', itisimpossibleto inscribein g
arhombus similar to rg.
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“A Study of Risala al-Watar wa’l Jaib”
(“The Treatise on the Chord and Sine”): Revisited

Mohammad K. Azarian

Abstract. The purpose of this article is three-fold. First, we use Jamshid al-
Kashi’s cubic equation and Mathematica to calculate sin 1° to over 11, 200, 000
decimal digits of accuracy; an amazing improvement over the 17 digits of accu-
racy that al-Kashi found by pencil and paper in 1426 [2]. Then, we conjecture
that al-Kashi’s cubic equation can be used to calculate sin 1° to any desired ac-
curacy. Second, we set the record straight about the number of correct digits
that al-Kashi obtained. Third, we correct some statements that we made in [2].

1. Preliminaries

As we studied in detail [2], Risala al-watar wa’l jaib (“The Treatise on the
Chord and Sine”), is one of the three most significant mathematical achievements
of the Iranian mathematician and astronomer Ghiyath al-Din Jamshid Mas’ud al-
Kashi (1380-1429) that deals chiefly with the calculation of sine and chord of one-
third of an angle with known sine and chord. As we discussed in [2], al-Kashi
applied Ptolemy’s theorem to an inscribed quadrilateral to obtain his famous cu-
bic equation, and then he used his cubic equation to calculate sin 1° to 17 correct
decimal digits as a root of his cubic equation.

The purpose of this article is three-fold. In Section 2, we use Jamshid al-Kashi’s
cubic equation that we discussed in [2] and Mathematica to calculate sin 1° to over
11,200, 000 decimal digits of accuracy; an astonishing advancement over the 17
digits of accuracy that al-Kashi found by pencil and paper in 1426 [2]. Also, in
Section 2, we analyze our sexagesimal result in Mathematica. Moreover, we con-
jecture that al-Kashi’s cubic equation can be used to calculate sin 1° to any desired
accuracy. In Section 3, we set the record straight about the number of correct digits
that al-Kashi achieved. Finally, in Section 4, we correct some statements that we
made in [2].

2. Al-Kashr’s cubic equation and Mathematica

We recall [2] that al-Kashi used Ptolemy’s theorem to obtain the following two
forms of his famous cubic equation
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a—i—x3

(i) v =2

. 4 51
(i) z = 3% + 351113 :

In Section 4.2 of [2], we used (i7), his algorithm, and performed the calculation
in decimal system to obtain the same level of accuracy for approximation of sin 1°
that was used for the value of sin 3°, namely, 17 decimal digits. In the following
two lines of Mathematica program, we use the value of sin 3° form the built-in
function in Mathematica and al-Kashi’s cubic equation (i7) to obtain 11,200, 000
decimal digits of accuracy for sin 1°.

y = x /. NSolve[x - (4/3)*x"3 == (1/3) Sin[Pi/60], x, Reals, 11200000][[2]];
y - N[Sin[Pi/180], 11200000]

We note that the limitation of the accuracy of our calculation here is due to the
weakness of the author’s desktop computer’s computational capability, and not al-
Kash1’s cubic equation. Therefore, we can state the following conjecture.

Conjecture 2.1. Jamshid al-Kashi’s cubic equation (i) can be used to calculate
sin 1° to any desired accuracy in the decimal system, provided we use at least the
same degree of accuracy for the value of sin 3°.

Remark 2.2. In Section 4.1 of [2], we used al-Kashi’s cubic equation (4), his
algorithm, and sin 3° with 9 digits of accuracy in sexagesimal system as he himself
did to find an approximation for sin 1° with 9 sexagesimal digits of accuracy as
well. In the following four lines of Mathematica program, we use al-Kashi’s cubic
equation (7) and the value of sin 3° from the built-in function in Mathematica to
obtain 10, 912 sexagesimal digits of accuracy for sin 1°.

$RecursionLimit = Infinity;

X[1] = 2;

x[n_] := N[x[n - 1]73/(3*6072) + 40*Sin[Pi/60], 19403]
RealDigits[x[19403]/120, 60, 10912] -RealDigits[Sin[Pi/180], 60, 10912]

Again, the limitation of the accuracy of our calculation here is due to the weakness
of the author’s desktop computer’s computational capability in sexagesimal sys-
tem. Itis interesting to note that, as in [2] for every additional correct sexagesimal
digit of sin 3°, we obtain an extra correct sexagesimal digit for sin 1°.

3. Let’s set the record straight
In [2] we used al-Kashi’s cubic equation and his algorithm to find the value of
sin 1° in sexagesimal system as

1;2,49,43,11, 14, 44,16, 26, 17.
This is equivalent to
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sin 1° = 0.0174524064372835103712,

in the decimal system, where the first 17 digits are correct. However, the last
sexagesimal digit is not the same as the actual value of sin 1°. The actual value is
18 and not 17. Therefore, using al-Kashi’s cubic equation, the value of sin 3° with
9 sexagesimal digits of accuracy, and his algorithm, we obtain only 9 sexagesimal
digits of accuracy for sin 1° and not 10.

As we stated in [2], the Arabic and the Persian manuscripts of Risala al-watar
wa’l jaib have been translated and/or commented on by various historians of math-
ematics and astronomy into English, French, German, and Russian. The number
of correct sexagesimal digits of sin 1° in these papers varies from 8 to 10 sexagesi-
mal digits. Likewise, the number of correct decimal digits of sin 1° in these papers
ranges from 16 to 22 decimal digits. For example, Rosenfeld and Youschkevitch
[3], stated that al-Kashi obtained 10 sexagesimal digits and 18 decimal digits of
accuracy. Aaboe [1], however, reported that al-Kashi obtained only 8 sexagesimal
digits of accuracy. Moreover, in the Encyclopedia of Islam [4], 16 decimal digits
of accuracy is reported.

4. Corrections/comments regarding [2]
In this section, we correct some of the statements that we made in [2] as follows.

4.1. Footnote 7, p. 231. The author was deceived by claims in the literature
that “‘Abd al-‘All Birjandi (d. 1528) was a student and colleague of both Jamshid
al-Kashi and his cousin Mu‘in al-Din al-Kashi. While Birjandi certainly looked
at both al-Kashi and his cousin as role models and they were a source of deep
inspiration for him, he did not benefit from direct instruction from either one of
them. One simple argument would be their age differences. Al-Kashi died in
1429 while Birjandi died in 1528. Also, the village that Birjandl was born is
actually Bujd and not Wujd.

4.2. Footnote 19, p. 238. The last line must be divided by 60. That is, the last
line should be

1-6071+2-6072+49-60"3+43-60"*+---+26-60"7 + 176010,

4.3. As we stated in Section 3, al-Kashi’s cubic equation () and his algorithm
gave him only 9 sexagesimal digits of accuracy, which is equivalent to 17 deci-
mal digits. In [2, line 17], the author erred in stating that al-Kashi obtained 10
sexagesimal digits of accuracy.

4.4. Line 3, p. 240. (6) should be replaced by (13).

References

[1] A. Aaboe, Al-Kashi’s Iteration Method for the Determination of sin 1°, Scripta Mathematica,
20 (1954) 24-29.



222 M. K. Azarian

[2] M. K. Azarian, A Study of Risa-la al-Watar wa’l Jaib ("The Treatise on the Chord and Sine”), Fo-
rum Geom., 15 (2015) 229-242. Mathematical Reviews, MR 3418854 (Reviewed), Zentralblatt
MATH, Zbl 1328.01015.

[3] B. A. Rosenfeld and A. P. Youschkevitch, Ghiyath al-din Jamshid Masud al-Kashi (or al-
Kashani), Dictionary of Scientific Biography, 7 (1981) 255-262.

[4] J. Vernet, al-Kashi, Encyclopedia of Islam, Second Edition. edited by: P. Bearman, Th. Bian-
quis, C.E. Bosworth, E. van Donzel, W.P. Heinrichs. Brill Online, 2016. Reference: Mohammad
K. Azarian [aff. University of Evansville]. 17 May 2016.

Mohammad K. Azarian: Department of Mathematics, University of Evansville, 1800 Lincoln
Avenue, Evansville, Indiana 47722, USA
E-mail address: azarian@evansville.edu



Forum Geometricorum
Volume 18 (2018) Xx—XxX.
FORUM GEQM
S~ X7

ISSN 1534-1178
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the Configuration of the c-Inscribed Equilateral Triangles
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Abstract. Let AABC be a triangle with side length ¢ = AB; here we present
the determination of the existence and quantity m of the c-inscribed equilateral

triangles {T, =" (ie. T, = AA;B,C; with A, € BC, B, € UA, ¢, €
@, ¢ = A;B;) of AABC in function of the position of vertex C' respect
to a separatrix parabola P;, and from an algebraic point of view. We give the
algebraic equations of all involucre conics —circles N, N;; parabola P;; ellipses
Hi, Ho— in the configuration.

1. Introduction

Many configurations linking conics and equilateral triangles with the triangle
have been described by different geometers in the past; here we give a new one. Let
AABC be atriangle with side length ¢ = AB; in this work we want to present the
determination of the existence and quantity of the c-inscribed equilateral triangles
{T,P=" (ie. T; = AA;B,C; with A; € BC, B € UA, ¢ € 4B, e = 4;B))
of AABC in function of the position of vertex C respect to a separatrix parabola
P;, from an algebraic point of view. We give the algebraic equations of all involucre
conics —circles N, N;; parabola P;; ellipses H;, H,— in the configuration.

Readers can find the construction of the c-inscribed equilateral triangles [3].
And from the kinematic point of view we are considering a well known result of
planar kinematics: we consider the motion of the point X of an equilateral triangle
APQX, where P and @ slide along straight (non-parallel) lines. It is well known
that, in the general case, the trajectory of X is an ellipse (for each of the two pos-
sible orientations of A PQ) X). Therefore, we consider nothing else than a special
case of the well known elliptic motion or Cardan motion [1], [2]. Nevertheless, in
this work, through long but straightforward calculations, we present not the well
known kinematic point of view, but the algebraic equations of the special case of
all the conics which are linked with the c-equilateral triangles which are sliding
on a triangle AABC'. More precisely, let AABC be a triangle with side length
¢ = AB, let be their equilateral triangles, of side length ¢, which are sliding on

the straight lines f@ . In the next section we present the algebraic equations
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Figure 1. The conics linked with the c-equilateral triangles which are sliding on
a triangle.

of all the conics which are linked with these c-equilateral triangles {T ;jl“ (see
Figure 1). And with these configuration equations, we present the determination
of the existence and quantity m of the c-inscribed equilateral triangles {T; }gz’ln of
A ABC in function of the position of vertex C respect to a separatrix parabola P;,
from an algebraic point of view. (see Figures 2, 3).

Of course, the triangle AABC has its other two similar configurations for its
other two sides b = AC, a = BC.

1.1. Elements of the configuration. In the following we fix, with precision, the
notation and the elements involved with the configuration (for the case of the side
AB).

Lemma 1. Let AABC be a triangle in the affine euclidean plane A2, with its
length sidec = AB, and (see Figures 1, 2, 3):

1-Let{Tpy = APsrAgiB}i—; beitsfour f-sliding equilateral triangles: i.e.
B is an arbitrary point with 8 € CA, Ag, € % and T, has its length sides
equal to ¢ = AB (see Figure 1, and the proof of Lemma 2) [thisis a special case
of the well known elliptic motion].

2.- Let N, and N; be the circumcircle of AABC, and A ABC}, the outer equi-
lateral triangle and the inner equilateral triangle of AB, respectively. Let B, and
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B; be the circumference of center C,, with radius C, A and the circumference of
center C; with radius C; A, respectively.

3.- Let P; be the parabola such that 4B and C; areits: directrix and focus,
respectively. Let P; and P, be the convex arc-connected region and the non-convex
arc-connected region, respectively, of S \. P;, where S is the semiplane, with side
fﬁ containing C; and AABC.

4.- Let H, bethelocus of the points Ps ;, when T 5, is being sliding on the pair
of the straight Imes% CA: i.e. when 5 isbeing diding on &?1 (see Figure 1,
and Corollary 6) [thisis a special case of the well known €elliptic motion].

5.- Let {T; }7 —" bethe c- mscrlbed equilateral triangles of AABC: i.e. T;

AA;B;C; with A; e% B; GCA C; efﬁ and c = A;B; (see Figures 2,
3).

The number m will be determined in the Corollary 8.

Without loss generality we can assume, along of this paper, that AB = ¢
also we can consider a Cartesian system of coordinates (x, y) such that A = (0,
B = (1,0), C = (a,b) with b > 0.

2. Results
Lemma 2. Equations (1), (2), (3), (4) are algebraic formulae of { Pg . }1 =]

Proof. Let 5y = (Aa, Ab), A € R with 8, = 3, be an arbitrary point on <(J_/i Let

A, = (14 pa — p, pb), p € R, be an arbitrary point on
With an easy calculation, we can observe that there are two points A, with
BrA, = 1, which depend on A, and with ;o = 115+ where:

pre = (A (@ — a4 1) —at 14/ (a = 1)° + (2 - 1) A,

We will put: @ = /(@ — 1)> + 0% = BC, ¥, = y/(a— 1) + (2 - \) A2
and Ay :)\(azfa+b2).

Points A,,, exist if and only if ¥, > 0 & X € [1—-%,1+ 2]. Points
Ay, exist, with A = 0, and po— = gz (—a+1—|a—1|), M0+ = &(-a+1
+ | ); and we have:

ifa—120:>A,L07:§( a—l) 2b(1—a)),A,m+:B;
ifa—1<0= A, =B Ay (b2 (a 1)2,2b(1—a)>.

It happens that B = A,,,_ M0+<:>u:0<:>1_a<:>4ABC is a right

angle. Also A, existwith A =1 = p_ = 1——and,u,1+—1+¢,,thus

A“F:(a—%,b—%)and/l#“:(a—l— tb+ )
Ingeneral, toany A € [1 — £,1+ 2]\ {O} we have that

B,
=A

A

_ (P H(a=D)(Ar£T)) bfa+1+A/\i\I/>\
Pt 2 ) o2 :
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And the two middle points M, . , of the segments A}, B, are:

AL?

M _ { O+ D)2+ (a—1)(2A3+T)) b()\+1)(7a+1)+2AA+\I/>\
Pay = 252 282 ’
M — O+ +(a—1)(2A5—T)) b(’\H)( a+1)+2A,—T
Bx— = 292 292
Then, making a calculation, it follows that: Cy,, . = (Cy,..,s Cusss, )» With
c b2+ +(a—1)(V3b(1— A)+2AA) (a—1— fb)%
M4z (1)
c _ b(A+1)(1—a)—(A— 1)fb2+2bA)\+(b V3+v/3a) Wy
Hx++y — 292 !
andalso that Cy, = (Cpy,_,, Chiy,y_, ), With
o PO )+ (a—1) (- fbu A)+2A)\) (a— 1+fb)\pA
Hx+—z — (2)
o _ b(A+1)(1—a)+(A— 1)fb2+2bAA+(b+f fa)%
Hx+—y 292
and also that C,, _, = (Cy,_,,,Cpy_, ), With
c 2D +(a—1)(VBb(1—XN)+2A, ) — (a—1—+v/3b) ¥
HXx—+z — 2P2 (3)
o _ b(A+1)(1—a)—(A—1)v/Bb2+2bA\+(—b+/3— \fa)%_
Hx—+y — 2P2 )
and also that C,, __ = (C,__,,Cy,__,), with
PO D)+(a—1)(=VBb(1-2)+2A, ) — (a—1++v/3b) ¥
Cﬂxffx - 202 J (4)
b(A+1)(1—a)+(A—1)v/3b2+2bAx+(—b—v/3+1/3a) Ty
C.U')\ffy = DYy
Where Cy, ., Cus oy Cpy 4y Cpuy are the vertices of the equilateral triangles

ACN/\++ MA+6/\’ AC}M-&- AM+/B>\' Chun- +AM,\_6>\: ACy, Ay, B, respec-
tively.

In the case of A\ = 0 it happens that: ifa —1 > 0 then Cy,,, = (%, §>
Cpoy = (5,=%)iandifa—1 < 0then Cpyy = (5.%7), G =
f) andifa—1 =0thenC =Cpuy_, = (%, @) Cuop— =Cpo__ =

Ho++

(3.-
(3

MOJ
N———

Therefore, finally we have: 8 = B\, Ag1 = Ag2 = Ay, Az = Ags =
Ay Ps1=C Pgo=C, Pg3=C Pgy=C,y . O

P+ Hat— Pa—t

With gp the rotation with angle of amplitude ¢ and with center point P: by
construction, we have that gpﬁ’l’_%(A@l) = gpm%(Aﬁ,g) = gpﬁyf%_%(Alg;g) =

9p, 4,z (Ag4) = B; and we have that the equilateral triangles APg 1 Ag 18, APg2Ap 20,

APg3Ag 33, APg 4Ag 43 are not coincident.

Along all the paper we will put & = \/(a —1)* + b2, Ay = A (a® — a + b?)

and W, = /(a — 1)° + (2 — \) A2,
The following lemma also is a Definition:
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Lemma 3. Let H;, H, be the two conics determined by: both conics have the
center point C, the outer and inner bisectors of the angle Z/ AC' B are the axes of

the both conics, the two points C; = (%, §> and Cy,,, = (a + %;b\/g, b+

w> belong to #;, the two points C,, = (%, —@) and C,,,, = (a+

= N b+(12_¢“)‘/§> belong to #4,.

Then we have:

‘H; iscircumference < C' € B;, in this case H; has equation (5);

H, iscircumference & C' € B,, in this case H,, has equation (6);

ifa = % it happensthat b # @ < H; isdlipse, inthis case H; has equation
(7);

ifa = % it happensthat b = 1 + § < H; is circumference, in this case H;
has equation (8);

ifa = % it happens that b = § < H; isapair of coincident straight lines
parallel to f@ in this case H; has equation (9);

ifa = % it happens that b # % & H, isdlipse, in this case H,, has equation
(10);

ifa = % it happensthat b = 1 — @ & H, is circumference, in this case H,,
has equation (11);

ifa = % it happensthat b = ? < H, isa pair of coincident straight lines
orthogonal to j@ in this case #; has eguation (12);

ifa # %, ithappensthat C ¢ B, < 7, isnot circumference, in this case #; has
equation (13);

ifa # % it happensthat C' ¢ B, < H, is not circumference, in this case H,
has equation (14).

Proof. Let  be a conic, its equation is H = £x2+(y?>+ Day+Ex+Fy+G = 0;

G 3E iF
and M = %E 1S %D is its associated matrix with its algebraic parame-
oF 3D ¢

1
ters: T' = trace (Myy), U = det M11 + det Moo, where Myy = ( B 3D >

1 1 %D C
My = ( %? QFC ) andM22: < %g 2E§ )

From now, we consider that the inner and outer bisectors of the angle ZACB
are the axes of .

By requiring that C' is the center 7, we have two possibilities: the bisectors of
/ACB are parallel to the coordinate axes, or they are not; and these two possibil-
ities are equivalent to a = 3 or a # 3. Therefore, if = 5 then the axes of  are
parallel to the coordinate axes; but if a # % then the axes of # are not parallel to
the coordinate axes unless H is circumference.

Now, whatever the value of a, we first consider that #H is circumference with
center point C'. By imposing the circumference 7 passes through the point C; =
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(%, 73) we have
H =22+ y> —2ax —2by —1+a+bV/3=0. (5)

By imposing the circumference # passes through the point C, = (%, —§> we
have

H=a?+y?>—2ax — 2y —1+a—bV/3=0. (6)

And if H' = H, passes through the point C,,, , , then a® 4+ b*> —a — bv/3 = 0; also
if 71° = H,, passes through the point C)/ . then a® 4+ b? — a + bv/3 = 0.

The equations of B; and B, are B; = 22 + ¢y?> — 2z — yv/3 = 0 and By =
22 + y? — x + yv/3 = 0 respectively. Accordingly, if the conics #;, H, are
circumferences then C' € B;, C' € B, respectively.

The inverse assertion is true, i.e. if the conics H; and #, have their centers
C € B; and C € B,, respectively, then they are circumferences; we will prove
later this inverse assertion.

Now, regardless if # is a circumference or not, we consider the case of a = %
Then we have that the axes of H are parallel to the coordinate axes; which implies
that the matrix Ago has the eigenvectors {(1,0), (0,1)}, which algebraically im-
poses that D = 0. Then H = &x% + Cy? + Ex+ Fy+G = 0. But,  is conic with
center, then H is not a parabola; and then, algebraically, the value 0 is discarded
as eigenvalue of Agyg, so £ # 0 and ¢ # 0. Therefore, without loss generality, we
can consider that ¢ = 1, and we have that H = 2% + 4> + Ex + Fy + G = 0.
Moreover C' is center point of #; then, with a = % analytically we have that

1 1
{ 2¢ +1 2B =0 , Which implies that H = —Ex? + y> + Ex — 2by + G = 0. If
H also passes through the point C; then we denote the conic as ¢, and has the fol-
lowing equation: H' = — (=3 4+ 4bv/3 — 4G) 22 + y? + (-3 + 4bv3 — 4G) z —
2by + G = 0. Similarly, if H also passes through the point C,, then we denote the
conic as #°, and has the following equation: 7° = — (—3 — 4bv/3 — 4G) 2? +
Y2+ (=3 —4bv3 — 4G) z — 2by + G = 0.

We impose now that '’ passes through the point C”/

‘ . Witha = Jand b #
/3, then we have that H! = H, with

;= 4862 (2b — v/3) w2 + 4 (6b + V/3)” 4% — 4862 (2b — V3) &
—8b (6 + v3)° y + 3 (86° + 1262V/3 — 6b — v/3) (2b+ v/3) = 0.

With b #£ %\/3 the conic #; has the algebraic parameters: det A = —192b%(2b—

VBYA(6b + VB)E #£ 0, det Agy = 19267 (2b — v3)* (6b+ V3)" > 0, T =
48b%(2b— V/3)? + 4(6b + +/3)% and T'det A < 0; therefore #; is a real non-
degenerate ellipse. Ifb =1 + %\/3 i.e. C € B;, then

(")

Hizx2+y2—x—<2+\/§)y+l+\/§=0. (8)
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and H; is a circumference of radius 1. If b = %\/gthen the conic #; degenerates to

3
’HiEyQ—\/gy%—Z:O, 9)

with £ = 0, whose algebraic parameters are: det A = 0, det Agyp = 0, U = 0;
therefore H; is the pair of coincident straight lines {y = 3v/3}, {y = 1V/3}.

We impose now that 7° passes through the point C/’i’Hi,with a = % and b #
1V/3, then we have that 7£° = #, with

M, = 4862 (2b+ v/3) 22 + 4 (6b — v/3) 42 — 4802 (2b + v/3)
—8b (6b — v/3) y + +3 (865 — 1262v/3 — 6b + v/3) (2b — V/3) = 0.

With b # /3, the conic #, has the algebraic parameters: det A = —192b%(2b+
6

V3)4 (6b — v3)4 £ 0, det Ay = 19262 (2b+ v/3)” (6b— V3)* > 0, T =

480 (2b+ /3)% + 4(6b — v/3)% and T'det A < 0; therefore H, is a real non-
degenerate ellipse. If b = 1 — $1/3, i.e. C € B,, then

(10)

Hozx2+y2—x—<2—\/§>y+l—\/§:0, (11)
is a circumference of radius 1. If b = %\/3 then the conic H,, degenerates to
1
Hozx2—x+1:o, (12)

with ¢ = 0, whose algebraic parameters are: det A = 0, det Agg = 0, U = 0;
therefore H,, is the pair of coincident straight lines {z = 1}, {z = }}.

We have just seen that if a = % and C € B;, C ¢ B, then H;, H, are cir-
cumferences, respectively. Let’s see what is also true with a # % If C €
B,, then is easy to calculate that C is at the same distance from C, to CI’L’H;
But the three points C,, C;j1+_ and C € B,, are not aligned. To prove the
above assertion: if we impose that ((a + “‘1;;1}"/5, b+ b+(12_§)‘/§) — (a, b)) -
e! ((%,—§> — (a, b)) = (0,0), then this implies that o = —‘géﬂ‘l/)g and
3a2 + 3b% — 3a + bv/3 = 0. But moreover a? + b2 — a + bv/3 = 0, then nec-
essarily C = (0,0) = Aor C = (1,0) = B, in contradiction. Therefore: C
is at the same distance from C, to CZH,, they are three not aligned points, and
C is center of symmetry of the conic #H, which passes through C, and CI’;HJ
then H, is a circumference. Similarly: if C' € B;, then is easy to calculate that
C is at the same distance from C; to C/’jl ., But the three points C;, c”

M1+
and C' € B;, are not aligned. To prove the above assertion: if we impose that

<<a + “_lzjbb\/g,b + b+(a2_¢1)\/§> - (a,b))—a ((%, @) — (a, b)) = (0,0), then
this implies that o = %ﬁbf{g and 3a2 + 3b%2 — 3a — bv/3 = 0. But moreover
a® + b —a — by/3 = 0, then necessarily C' = (0,0) = Aor C = (1,0) = B,

in contradiction. Therefore: C is at the same distance from C; to CZ1++’ they are
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three not aligned points, and C' is center of symmetry of the conic #; which passes

through C; and CL’lH, then H; is a circumference.

Now we consider the case of a # 3.

The axes of # are not parallel to the coordinate axes unless that any straight
line through C' is axis of #, and then A is circumference. Algebraically, H is not
circumference if and only if the vector {(1,0), (0, 1)} are not eigenvectors of My,
then H is not circumference if and only if D # 0.

We consider that # is not circumference (if # is circumference then is already
a studied case) and we can assume that D = 1, so that H = &2 + (y? +

zy + Fx + Fy + G = 0. The vectors 7+ = (6—7+ (ﬂ—7)2+1,1>,
U = <ﬂ —y =/ (B=)+1, 1) are eigenvectors with eigenvalues 33 +

L (B=)+ 1,48+ 1y = 14/(B—7)* + 1, of My, respectively. Then
7+, 7 are directlon vectors of the axes of H. The inner and outer bisectors

of the angle ZACB are directed by v’ = (a,b) W + (a —1, b)\/ﬁ

, U = (a,b) m — (a — 1,b)m. Then we have the proportionality
Uy = vy, W =V, which implies, with  # 3, that 8 = §50552 + ¢;
s0: H = (“(;Lf Ia +(> u? + Cy? + 2y + Ex + Fy+ G = 0. By |mposmg that
(a,b) is the center H we have: ¢ = —% £ F= (;ibi) + £ which

implies that ¢ = —15EE Therefore:

1b+FE 43202 a
W LV E e s pert 2y (gt ) 4G =0
a
And by imposing that H = #° passes through the point C, = (%, —£> and by

computing we obtain

G — 3a3—3a+ab?—2b%—/3ab—2v/3b°+ Eb(6a—2—4a2+4v/3ab—2v/3b)
o 4ab(2a—1)

for the conic H°. ‘
Also, by imposing that £ = #* passes through the point C; = (%
computing we obtain

\%

) and by

3a3—3a?+ab?—2b%++/3ab+2v/3b°+ Eb(6a—2—4a2 —4v/3ab+2v/3b)

Gi = 4ab(2a—1) '

for the conic #°.
Now, considering that a 7é 1 and also that a® + > — a — bv/3 # 0 because
C ¢ B; -H is not cwcumference by imposing that H! = #; passes through the

i o a?4+b%+a—bV3 i )
point Cy,,, . we have E; = b(a2+b27a7b\/§)(2a71)' The above expression of E;

14+
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implies that:
G — (3a3—6a2—a2\/?:b+3a+3ab2—6b2+\/§b—\/§b3)(3a+b\/§)
v 12b(a2+b%—a—bv/3) (2a—1) '
H, = —b a’?4b%—a—~/3b41 2 a*-2d34a%b?+a?—a?V3b—ab?++/3ab+b?, 2
v (a2+b27a7b\/§)(2a71) b(a2+b27a7b\/§)(2a71) Y
a?2+b2+a—+/3b . a3 —a?+ab%—+/3ab—2b? —
Ty o+ b(a2+b2—a—b\/§)(2a—l)x (a2+b2—a—b\/§)(2a—l)y +Gi=0.

(13)
Similarly, considering that a # %, and also that a? 4 b? — a + byv/3 # 0 because
C ¢ By -H is not circumference- by imposing that #° = H, passes through the

. o a2+b2+a+\/§b .
point C,, _ we have E, = b(a2+b27a+\/§b)(2a71)' The above expression of £,
implies that:
G — (3a376a2+a2\/§b+3a+3ab276b27\/§b+\/§b3)(Bafx/gb)
o 12b(a2+b2—a++/3b) (2a—1) '
H o =_ a?+b%—a+v3b+1 2 a*—2a3+a?b?+a’+a?v3b—ab?—/3ab+b% 2
o= (a2+b2—a+\/§b) (2a—1) b(a2+b2—a+\/§b> (2a—1)
a?+b*>+a++/3b _ a®—a®+ab’>++/3ab—2b2 _
TrY o+ b(a2+b2fa+\/§b)(2a71)x (a2+b27a+\/§b) (2a71)y +Go=0.
(14)
(]

And, as a result of the above lemmas, in short we have the following algebraic
equations

Theorem 4. The conics H;, H,, have the equations:

H; = —b%(a® + > —a —V3b+ 1)2? — (a* — 20> + a®b? + a® — a®V/3b
—ab® 4+ v/3ab + b?)y? + b(a® + b* —a — bV3) (2a — 1) zy + b*(a®> + % +a
—V/3b)z — b(a® — a® + ab?* — V3ab — 2b)y + £ (3a® — 6a? — a®V/3b+ 3a
+3ab? — 6b> + v/3b — V/3b%)(3a + bV/3) = 0;

(15)
Ho = —b%(a® + % — a +V3b+ 1)a? — (a* — 243 + a®b? + a® 4 a®V/3b
—ab® — V/3ab + b*)y? + b(a® + % —a +V/3b) (2a — 1) zy + b*(a®> + % + a
+V/3b)x — b(a® — a® + ab? + V3ab — 20y + %(3@3 — 6a2 + a2V/3b+ 3a
+3ab? — 6b% — /3b + /3b%)(3a — v/3b) = 0.

(16)

Now, the following Proposition 5 and the Corollary 6 are consequence of a spe-
cial case of the well known elliptic motion; but we can get these results with alge-
braic arguments using the above Theorem 4:

Proposition 5. The two conics H;, H,:

1.- aredlipsesifandonly if C' ¢ N; and C' ¢ N, respectively.

2.- are a pair of coincident straight linesif and only if C € N; and C € N,,
respectively; and they are outer and the inner bisectors of the angle ZACB , re-
spectively.

3.- arecircumferencesif and only if C € B; and C' € B,,, respectively.
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Proof. The affirmation 3 has previously been shown in the proof of the previous
theorem. Then here we consider the affirmations 1 and 2 in the case C' ¢ B, and
C ¢ B,.

The equations of N; and N, are: N; = 22 + ¢? — z — —fy = 0and Ny =
$2+y2—x+%\/§y20.

Ifa = % then the affirmations 1 and 2 have previously been shown in the proof
of the previous theorem.

Let us consider then a # 3.

The algebraic parameters of H,, are:

(3a2+3b2—3a+\/§b)4 ot Ay — (3a2+3b2—3a+\/§b)2 |
144b(a2+b2—a+fb) (2a—1)3 12(a 2+b2—a+fb) (2a—1)2

T = _ 2a%h%— 2ab2+2b%+b*+/3b3+a* —2a3 +a?+a3/3b— \[ab
b(a2+b27a+\fb)(2a 1)

where b # 0, 2a — 1 # 0 and a® + b> — a + v/3b # 0 because C' ¢ B,,. Moreover if

det A =

a, [ 2 a
C ¢ Npthendet A # 0, det Agg > 0,and T'det A = — 11, ;<( :>+(; +ibf b:; (+2fb1))

with ¢(a, b) = 2a2b? — 2ab? 4 2b% + b + /363 + a* — 24> + a? + a®/3b — /3ab.
We have that ¢(1,1) > 0 and the equation ¢(a,b) = 0 has the four roots:
a =34+ 3V1+2i0V5 —4b2 —2v/3b, a = & — 1\/1 4 2ibv/5 — 4b2 — 24/3b,
a=14+1V1-2b5—4b2—2v3b,a =} - 1\/172be 4b% — 21/3b,
which are real roots only if b = 0. Therefore Tdet A < 0and then H, is a real
non-degenerate ellipse. But, if C' € Ny then det A = 0, det Agp = 0, and

—/3(36%4+2v/3b2+a2b%/3—2V/3ab?+3a2b—3ab+a?/3+a* /3 2a3\f)(3a2+3b273a+\/§b)2

U=

36b2(a2+b2—a+fb) (2a—1)2
with U = 0. Therefore if C € Ny then H,, are two coincident straight lines; and,

by construction of #,, they are the inner bisectrix of the angle ZACB.
The algebraic parameters of #; are:
(3a2+3b2—3a—\/§b)4 det Agg — (3a2+3b2—3a—\/§b)2 5
144b(a2+b%—a— fb) (2a—1)3 2( 24p2—q— fb) (2a—1)

T — _ 206> =2ab>+2b+b* —/3b% +a’ —2a%+a’ —a®v3b++/3ab
b(a2+b2—a—/3b)(2a—1)

where b # 0, 2a — 1 # 0 and a4 b> —a — /3b # 0 because C' ¢ B;. Moreover if

det A =

A 1 (ab)(3a2+3b2—3a—/3b)"
C ¢ N;thendet A # 0, det Agg > 0,and T'det A = — 35 (a0 —a—30) 1]

with 1 (a, b) = 2a%b? — 2ab? + 202 + b* — /3% + a* — 243 + a® — a®\/3b+ /3ab.
We have that ¢/(1,1) > 0 and the equation v(a,b) = 0 has the four roots:
a =14+ 1V/14 25 — 462 +2v3b, a = 3 — 33V/1+ 2ibv/5 — 4b2 + 2/30,
a=1+1V1-25 46> +2v3b,a =} - 7J1—2zb\f 4b% + 21/3b,
which are real roots only if b = 0. Therefore Tdet A < 0 and then H, is a real
non-degenerate ellipse. But, if C € N; then det A = 0, det Ayg = 0, and

V/3(363 ~2v/3b2 —a2b2V/342v/3ab? +3a2b—3ab—a2 3 —a'v/3+2a%V/3) (324362 —3a—/3b) >

3662 (a2+b2—a—v/3b)” (2a—1)?

U=
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with U = 0. Therefore if C' € N; then H; are two coincident straight lines; and,
by construction of H;, they are the outer bisectrix of the angle ZACB. O

With the Lemma 2 and the Theorem 4, we can prove algebraically the following:

Corollary 6. Let {Tj, = APs . Ag 8}, =, then:
1.- H;=H1 U H3 isthe geometrical locus of the vertices P31 and Py 3.
2.- Ho=H2 U H4 isthe geometrical locus of the vertices Pg » and Pg 4.

Proof. With a very lengthy and straightforward calculation we can check the result
in all its parts and implications.

Let us see a case, let us see, for example, the explicit calculations that show that
Cuysy = Pp1 € H;. Using the Equations (1), (15) we must to prove that

AFAna’ b —a—/3b+1 2
101t Cus, +.)
4—2a3+a2b2+a2—a2\/§b—ab2+\/§ab+b2) (

gl .
+491 (Cl2 +b>—a— b\/g) (2a=1)Cuyy, Chixisy

+4(I>4ba2+b245a7\/§b C,u,,\ _ 4@4 a®—a’+ab®>—v/3ab—2b? C

z Ha++y
(3a®—6a%—a2v/3b+3a+3ab?—6b24++/3b—V/3b° ) (3a+bv/3) 0
126 -

2
CNA++y)

+4P4

Then: with a very lengthy and straightforward calculation we have

_ 41 a?+b%2—a—+/3b+1 2
¥y = —40% 1 (CHA++I)
4(1)4 (a4—2a3+a2b2+a2—a2 \/gb—ab2+\/§ab+b2) (

5 C

2
M++y) !

where

U, = —4b — 3v/3a — 4\b? + v/3b% — 80ba* + 100ba® + 4ab® — T0ba? + 26ba
—11a2b® + 4b*/3 + 6U\b® — 6ba’ + 34ba® + 2465\ — 18D°\? + 22a°b3
—12a*b® — 10a2b° + 22b°a + 3b5+/3 — 106° Wy — 46"\ — 267 \2 — 56b°a
—15822a%b3 — 78a% A% — 18U ab® + 8a?\b? — 944?263 + 20a)2b3
—44/3a3b? — 10T\ A63 — 8v/3b*\ + 64/3b*\2 + 20, /3b* — 3a*\/3b2
+3a%b*/3 + 1262 \b3 + 88a° \2b3 + 56a3A2b° + 4a°b3\ — 4a3bO\
+10a%v/3b% — 61/3ab? + 12a\b® + 168\2b%a® + 641%b°a — 9b*\/3a

—32b3 a3 — 4aVv/3b? )\ — 8v/3a*b? )\ — 16v/3a3b? )\ — 48v/3a2b* )\
+16v/3ab? )\ + 86a*v/3b2\2 — 58a®v/3b2 A% + T6a%V/3b*\? + 18a21/3b%\2
—2v/3b202a — 10U a2v/3b% — 52U, a2 \b? + 40 av/3b2 + 32v/3ab* )
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—34/3ab*\2 4 4V \/3b2\ + 20, v/3b*\ — 8a8v/3b2\ + 20a5/3b2\
—16a*v/3b*\ 4 16a°v/3b%2)02 — 60a°v/3b222 + 32a*V/3b* A% — 2a* T /3b?
—16a*T\N\D? + 842U v/3b? + 40a3v/3b* X — 80a®v/3b4 A% — 8b5+/3a2\
+166%a2v/3A2 + 4003 T a3\ — 8BPW a2\ + 2005v/3al — 200%+/3a)?
—265W /3 — 8P W \a\ — 106bW \a* X\ + 1106 \ a3\ — 54bT ya?\
+10bT\\a — 8bal U\ + 48ba® Wy \ — 363 — 166° — b7 + 54T \a?v/3b3\
—24Wav/3b2\ — 24a8X20% — 24a*N2° 4 12a* \b® + 2a°+/3b2 4 32a%b° )\
+8b"A2a — 20%v/3a — 4b7aX — 8b7a?A\2 + 4b5Wya + 6bOWH N — 8b0+/3\
+6b5v/3A2 + 2050 /3 — 82bA2a8 + 88bA2a® — 52bA\2a* 4 16bA2%a®
—2bX2a? — 8baB®\? + 40ba" N2 — 560 \/3b2\a® — 8W,/3b*a)
+6a2 W\ v/3b*N + 26a* T /302 — 4a° T\ /362X + 4a3 T ,/3b*\
+465W 5 v/3aX — 8bAa? — 22at + 183 — 22 — 4346 4 g5 — 248

+1847 + 20,502 V3X — 120,V/3Aa?® + 28a U\ V/3X — 32a° W, v/3A
—8a° U V3 4 20, a2V/3 + 12a* T, v/3 — 843U, v/3 + 3803 W a\ + 2480, /3
+17a%V/3 + 36bAa® + 6% \a — 40v/3a® + 50a*V/3 — 14ba T\ + 56ba’ A
+6ba’ Wy — 64ba* X — 35a°V/3 + 13a5v/3 + 6ba* Uy + 4ba”\ — 4ba® T
—24baS\ — 2a7/3 — 2ba?Wy/3 + 18aSW /3 — 4a" ¥ \/3\ + 2b%a®V/3,

and we have

C

Hxt4y!

\1/2:4q>4<a2+b2—a—b\/§) (2a—1)C

Hx++z
where

Uy = 3b+ v/3a + 603 + v/3b% — 5ba* — 20ba® + 32ab> + 30ba? — 16ba
—40a2b® — 14U, b® — 4bab + 12ba® — 28D°\ + 18b°\2 + 16a°b® + 4a2b°
—120%a — b9/3 + 265Ty, — 267\ + 207\ + 80b%a\ + 158)\2a*b?
+78a2\2b° + 420 ab® — 48a2 Ab® + 94a2M\?b3 — 20a\2b® — 16v/3a®b?
+10W A3 + 8v/3bA\ — 64/3b4A2 + 2W,\v/3b* + 9a*V/30? 4 3a%b*V/3
—28a2W b3 — 88a°\2b® — 56a3A2b° — 4aPb3\ + 4a3b°\ + 14a2/3b?
—6v/3ab? — 4a\b>® + 2W /3% — 168)\2b%a3 — 64\2b°a — b*V/3a

+80b3N\a® + 4av/3b2\ + 8v/3a*b2\ + 161/3a3b2 X + 48v/3a2b*\
—16v/3a2b? )\ — 86a* /322 + 58a3v/3b2\2 — 76a2\/3b*\?

—18a2v/3b2)2 + 2¢/3b2\2a + 260, a2/3b2 + 52U a2 A3 — 120 av/3b?
—32/3ab*\ + 34v/3ab*\2 — 4V /362X — 2W,/3b*\ + 8aS/3b2\

—20a° /362X + 16a*v/3b*\ — 16a5v/3b%)\2 + 60a°/3b2\2 — 32a* /34 \2
+8aW /362 4 16a* W\ \b® — 24a3 T ,/3b% — 40a3v/3b* \ + 80a3 /3 \2
+8b9v/3a2 )\ — 16b5a2v/30% — 4063 \a®\ + 8b° U a2\ — 8b* Wy av/3
—2005v/3a\ + 2008v/3ar? + 265W \\/3\ + 8BO W ra\ + 106bT \a* A
—1106Wya® X + 54b% \a? X — 106U\ Aa + 8bal W\ — 48ba’ W\ \ — 8b% + 5b°
—54W 5 a?V/302\ + 24T av/3b2\ + 24a5 2203 + 24a*N\2D° — 30a*\b?
—2a°v/3b% — 50a2b°\ — 86" A2a + 205/3a + 4b7a + 8b7a?\? — 465 a
—6b° WA\ + 8b0/3X — 6b9/3A% + 82bA2a8 — 88bA2a® + 52bA2a* — 16bA%a’
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+2bX\2a2 4 8ba®A? — 40ba” A2 + 56U \v/3b%Aa? + 8W,v/3b*a\ — 6a2 Ty v/3b4\

—26a* W \v/3b2\ + 4a° /302X — 462U\ /364X — 465T \/3a\ + 2b\a?

—2U,a2v/3\ 4+ 120,v/3Xa® — 28a* T\ v/3\ + 32a° T /3 — 3803 T \a\

—7a%V/3 — 12bAa® + 2bW ya + 20v/3a® — 30a*v/3 — 10ba? T\ — 32ba’\

+18ba3 Wy + 28ba* X + 25a°v/3 — 11a8v/3 — 14ba* Uy — 4ba"\ + 4ba® U,

+18baS\ + 2a7/3 + 8b*a? W /3 — 18a8W\v/3\ + 447U \v/3\ — 2b%a3/3,
and we have

Uy = 4ptpttitavib o

4 a3 —a?+ab%—/3ab—2b%
— 42 1 C#A++y’

A++x

where
Uy = —2X\b% + 12ba* — 8ba® — 24ab® + 2ba® + 24a%b3 + 8V ,\b°
+2ba8 — 8ba® + 4b°\ — 16a3b> + 6a*b? + 6a2b® — 8b%a + 8HO W),
+6b7 A — 24b5aX — 24U ab® + 40a2 A3 — 4V /3b* + 1642 T\ b?
—8ab® — 2W,/3b% — 48b°\a® — 16T \a?v/3b? + 8T \av/3b?
—6a*U\\/3b% + 1663 \v/3b% + 8b* W \av/3 + 1063 + 120° + 2b7
+18a* b3 + 18a2b° X — 2b5W /3 4 6bAa? + 8a° ¥ )\V/3 — 2W, a2V/3
—12a* U \v/3 + 8a3Wv/3 — 24T, /3 — 24bAa® — 8bW \a + 24ba’ T
—24ba® X — 24ba® Wy + 36ba* X + 8bat Wy, + 6ba®\ — 6b*a?Wy\/3.

And with all these, simplifying, we arrive to

3a3—6a2 —a2v/3b+3ab%+3a—6b2+/3b—/3b3) (3a++v/3b) (a2 —2a+1+b2 2
\I’1+‘I/2+\I’3:—%( )( )( )

b

3a3—6a2—a2v/3b+3a+3ab% —6b2++v/3b—/3b3) (3a+bv3
and then \IJ1+\IJ2+\IJ3_|_4(I)4( ¢ a—a aroa 95 )( @ )

0, finishing the calculation. O

Now, in the following, with the Theorem 4, we present the determination and the
construction with ruler and compass, with Equations (15), (16), of T; = AA;B;C;
the c-inscribed equilateral triangles of A ABC (Figures 2, 3). Of course the follow-
ing proposition 7 also is consequence of a special case of the well known elliptic
motion; but, with our approach, we give the algebraic formulae (17), (18):

Proposition 7. The conic H,:

1.- with C € N,, isa pair of coincident straight lines which intersect in one
point with A7. (Figure 3c)

2.- with C' ¢ N,, is an ellipse which intersect in two points with fﬁ (Figures
2, 3a, 3b, 3d)

The algebraic formula of the above intersectionsis (17).

The conic H;:

3.- with C = C;, isa pair of coincident straight lines parallel to f@ and if
C € N; ~\ C; thenisapair of coincident straight lines which intersect in one point
with f@ (Figure 3d)

4-withC e P, \N;, C € P;\N;, C € P; \ N, isan elipse which: intersect
in two points (Figures 2, 3c), is tangent (Figure 3b), not intersect (Figure 3a),
respectively with AB.

The algebraic formula of the above intersections is (18).
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Figure 2. H,, H; and T; = AA;B;C; the c-inscribed equilateral triangles of AABC.

Proof. The equation of P; is 22 — x4+ 1 = /3y, the equation of P; is 2> —z 41 <
V/3y, and the equation of P, is 22 — = + 1 > /3y with y > 0.
With Equation (16), we have that:

H oA f@ _ ( 1 3b343v/3b2+3ba?+3batv/3v/A1 0>
(0] - 5 y

6 (a2+b2—a+v/3b+1)b
A= (V3b+a®—a+1) (3b2+\/§b—3a+3a2)2,

17

and moreover 3b>°+3a%2—3a+v3b=0< C € N, = Homﬁ = (%%,

0). Note that a® + > —a + v/3b+1 > 0and v/3b+ a®> —a + 1 > 0.
With Equation (15), we have that:

) _ [ 13b3—3v3b%+3ba®+3bat/3/As
Hin j@) B (6 (a2+b2—a—/3b+1)b ’O> '

Ay = (—v3b+a? —a+1) (362 — V3b—3a + 3a2)°,

(18)

and a2 +82 —a—V/3b+1 =0 C = C; = (4, %) and 36— v/3b— 30+ 3% =
0 < C € N;. And moreover —/3b+a%2—a+1=0< C € P;;and —/3b+a%—
. . 4 — (1_0*—V3Bbt+a’+a
a+1>0&CeP, AlsoC e N; UP; :>’Hmf@_ <2a2+b27a7\/§b+1’0)'
So these calculations together Proposition 5 prove the result.

Accordingly, through the above we can arrive to the following:
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Figure 3. Several cases for H,, #; and T; = AA;B;Cj.

Corollary 8. Oneverytriangle AABC existsits c-inscribed equilateral triangles
{Tj};.jl” withm =4, m =3, m=2,ifC eP,, C € P;, C € P;, respectively.
(Figures 2, 3)

Proof. Let the triangle T; = AA;B;Cj, then by construction and with Lemma
1, necessarily C; € { Pz }7=1, and with Corollary 6 we have that C; = Pj; €
(#: 0 T8) U (1,0 TB).

If T; exists then by Lemma 1l Cy = Pg 1, C3 = Pg3,Cy = Pgoand Cy = Pg 4.

If C e P, ~ N, or C € Cj, then, by Proposition 7, Ty = AA;B1Crand T3 =
A A3B3Cs3 do not exist.

If C € P; UN; then the triangles T; = AA;B1Ciand T3 = AA3B3C3 do

not exist. This claim is true because in this case C1 = C3 = P31 = C,,,, =

Pgs = Cpuy_, = HiN f@ and #; is the outer bisectrix of the angle ZACB
(Proposition 5). And, by continuity, exists two straight lines »/, r at the both sides
of the H; which are parallel to 7; and also they are the outer bisectors of two
triangles AABC" and AABC”, respectively, which have the same N;, but which
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have C' € P; \ N;, C” € P; ~ N;. Therefore, by Proposition 7, these bisectors
r’, " intersect to ,@ in two points at distance greater than 1 from the straight line
AC" and from the straight line AC”. So, this implies that #; N f@ also is a point
at distance greater than 1 from the straight line f@

If C € P; ~ N; then H; is ellipse tangent to fﬁ then only one of the two
triangles T+, T3 exist; then by continuity the same is true the case that C' € P;NN;.

If C € P, the two triangles Ty, T3 exists and, by Lemma 1, they are not coin-
cident.

The triangles Ty = AA;ByCo, Ty = NA4B4Cy, by Lemma 1, they are not
coincident, and by Corollary 1 and Proposition 7, they always exist. O

Remark 9. If T; existsthen it is constructible with ruler and compass because the

points <HZ N f@) U (Ho N f@)) are contructible with ruler and compass; this

claimistrue because Formulae (??), (??) of Proposition 7 are quadratic rationals
of the numbers a, b, which have been already constructed, they are the coordinates

of C'. Theother points A;, B; aretrivially obtained asintersection of thesides BC,

&4 with the circumference of radius ¢ and center point C;. Then, with Formulae
(??), (??) we can construct T; with ruler and compass, nevertheless readers can
found much more elegant constructionsin [3].
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A Construction of the Golden Ratio
in an Arbitrary Triangle

Tran Quang Hung

Abstract. We have known quite a lot about the construction of the golden ratio
in the special triangles. In this article, we shall establish a construction of the
golden ratio in arbitrary triangle using two symmedians and give a synthetic
proof for this.

Given triangle ABC inscribed in circle (w) center O.
(i) the symmedians AD and C'F.
(ii) the ray DF meets (w) at the point P.
(iii) the perpendicular line from P to O A meets AB and AC' at @ and R respec-
tively (See Figure 1).

Figure 1

Proposition 1. @ divides PR in the golden ratio.
We give three lemmas to prove this proposition.

Lemma 2. Given convex cyclic quadrilateral ABCD. Two diagonals AC' and
BD intersect at P. Then
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PA  AB-AD

PC ~ COB-CD’

Proof. By inscribed angles are equal in the cyclic quadrilateral, we have the similar
triangles APAB ~ APDC and APAD ~ APBC. From this, we get the ratios
PA AD

PE = BO 1)
and PB AB
PC= 0D )
From (1) and (2), we obtain
PA  AB-AD
PC ~ CB-CD
This finishes the proof. O

Figure 2

Lemma 3 (Ptolemy’s Theorem [1]). For a cyclic quadrilateral, the sum of the
products of the two pairs of opposite sides equals the product of the diagonals.

Using concept of homogeneous barycentric coordinates [9], we give and prove
the following lemma

Lemma 4. Let ABC be a triangle inscribed in circle (w). P is a point inside
triangle ABC'. P has homogeneous barycentric coordinates (x : y : z). DEF'is
cevian triangle of P. Ray EF’ meets (w) at (). Then

CA  BC N AB
yQB QA 2QC°
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Figure 3

Proof. Because P has homogeneous barycentric coordinates (z : y : z) S0 E(z :
0:z)and F(z :y:0). Thus we have the ratio

EA =z
EC =7 )
Extend ray QE to meet (w) again at R. From Lemma 2, we have
EA  AQ- AR 4)
EC  C0Q-CR
From (3) and (4), we deduce
AQ - AR z
CQ-CR =z
Thus,
AQ - AR
=r——. 5
z2QC == R (5)
Similarly, we have the identity
AQ - AR Y
BQ-BR z
Thus,
AQ - AR
YOB =z —F05 (6)

Using (5) and (6) and Lemma 3, we consider the expression
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CA AB  CA AB
yQB  2QC g AGAR  AQAR
_ CA-RB- AB-RC
TAQ - AR
_ BC-RA
- zAQ- AR
_ BC
QA
Therefore
CA  BC AB
JOB 204 T 20C"
This completes the proof of Lemma 4 (See Figure 4). O

Figure 4

Proof of Proposition 1. The line PR meets (w) again at G. From the similar
triangles AQAP ~ AQGB and ARAG ~ ARPC. We have the ratios

QA GA RP _PC

QP  PB’ RA GA
Therefore,

PR QA _PC

PQ RA_ PB (7)
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Because QR is perpendicular to O A so Q R is antiparallel line, this follows from
JAQR = ZACB, thus AAQR ~ ANACB. We get

Q4 _ AC
RA ~ AB ®
From (7) and (8), we deduce
PR _AB-PC ©)
PQ CA-PB’

Let symmedians AD and C'F meet at S then S(BC? : CA? : AB?) see [9].
Apply Lemma 4 for triangle ABC with S and ray DF meet (w) at P, we have

BC AB CA

BCZ-PA ~ AB2.PC | CA2.PB
This is equivalent to

1 = ! + ! (10)
BC-PA AB-PC CA-PB’
Note that, by Lemma 3,
BC-PA=AB-PC—-CA-PB. (11)
From (10) and (11) we have
1 I S
AB-PC—-CA-PB AB-PC CA-PB
This means
CA-PB AB - PC
1_AB-PC_<CA-PB_1>_1 (12)

From (9) and (12), we obtain

PR _PQ _

PQ PR
This enough to show that the ratio

PR _V5+1

PQ 2

which is such the golden ratio. This completes the proof of Proposition 1.
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New Constructions of Trianglefrom a,b — ¢, t4

Martina Stépanova

Abstract. We give two constructions of a triangle given its internal angle «, the
length ¢ 4 of the angle bisector of «, and the difference b — c of the side lengths b
and c.

1. Introduction

In 2016 Paris Pamfilos published in this journal his solution of the following
construction problem [3]. Let ABC be a triangle and let « = |BC|, b = |C4|,
c = |AB]| denote the lengths of its sides. Let « be the interior angle at A, and t4 =
|AH |, where H is the intersection of the side BC' and the angle bisector of «.. The
problem is to construct the triangle ABC given o, b — ¢, t 4.

The key-point of Pamfilos” solution is the detection of a parabola which goes
hand in hand with ABC' and which is unambiguously constructible from the given
data. In this paper, we present two other solutions. We think that our compass-
and-straightedge constructions are simpler and shorter. We give two different ver-
ifications of the first construction. In the first verification of the first construction
and in the second construction, any parabola does not play any role. In the second
verification of the first construction, a parabola is considered, but not constructed
at all.

In ABC, two cases can occur: eitherb —c=00rb—c# 0. If b — ¢ =0, then
ABC is isosceles and its construction is trivial, since the side BC' is perpendicular
to the line-segment AH. If b — ¢ # 0, then we assume without loss of generality
that b > c.

2. First construction

First steps of the first construction are the same as in [3]. We recall not only
them but also their justifications.

First steps of thefirst construction

Let M be the midpoint of the side BC. Consider a line parallel to AH that
passes through M and denote its intersections with AB and AC by D and F, re-
spectively (see Figure 1). Next, consider a line parallel to AH that passes through C'
and denote its intersection with AB by G.
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It is easily seen that ZAED = ZADE = ZACG = LAGC = %. Hence,
triangles AE'D and ACG are isosceles and

|AD| = |AE| = |BD| — |AB| = |32G| —|AB| =

b+c b—c
—c= .
2 2

So, the first steps of the first construction are the following:

1 Draw a line-segment AH.

2 Draw lines m, n such that they form with AH angles 5.

3 Draw the isosceles triangle AE D such that D lies on m, E lies on n, and
|AD| = |AE| = %5¢ (see Figure 1).

Figure 1.

2.1. First approach. Let F' be the intersection of the perpendicular bisector of the
line-segment D E with the line which is perpendicular to the line AE and passes
through E. Itis obvious that /AFE = ZAED = §, and therefore
« b—c
ED|=(b—c)-cos— EF|=——. 2
D= (b=c)-eong|BFI= ot @
Denote by k the length of the line-segment M E. Since the triangles AHC and
EMC are similar, we obtain
ta k . 2bk
_— = — and, after rearranging, ta = . 3
b %7 ging A b+ c ( )
From the similarity of triangles BAM D, BH A and from (2), we have
k+(b—c)-cosg iy

Y

btc
: c

and from (3), we obtain

k:ti.b+c_(b_c).cosg:%—(b—c)-cosg.
c 2 2 c 2
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b (67
k - 1 == b - * -
<c > (b—c)-cos X

a
k=c-cos—. 4
¢ cos 3 4)

Therefore,

and thus

Set up a Cartesian coordinate system with A at the origin and the positive direction
of the z-axis which coincides with the ray AC. Then (using (1), (2) and (4))

b—
A=[0:0],  C=[0, Ez[Qﬁﬂ,
b—c b-c e o
F: 7;7 y H:|: . —;_ . q] 7:|’
[ 5 2-tang‘] ta c032 ta s,1n2
M = HJrlf-cosg; —k-sine| = EJrc-czos?g; —cosin Y cos 2.
2 2 2 2 2 2 2

Next,

— b—
FM = c~cong; —c‘sing~cosg—7ca ,
2 2 2 2-tang

—— b—
CM:( 2C—b—i—c-cos2(;;—c-sing-cos;[).

It follows that
- = X (b —c

FM-CM=c-
¢ cos” 5 5

—b+c-cos2§)—|—

n e oz+ b—rc Y Q
c-sin—cos—+ —— | -c-sin — cos — =
2 2 2-tan% 2 2

b— b—
:c-coszg< 2C—b+c-cos2%+c-sin2%+ 2c> =

:C-COSQ%(b—C—b+C)=0.

Hence, the lines CM = H M and F'M are perpendicular, and, in consequence, the
point M is the intersection of the line £D and the circle with H F' as a diameter.

2.2. Second approach. Consider a parabola P to which the lines AE, AD, ED,
BC are tangent. This parabola P is determined unambiguously ([1], p. 212). Ac-
cording to Lambert’s theorem, the circumcircle of a triangle formed by three tan-
gent lines to the parabola passes through the focus of the parabola. Thus, the
circumcircles of the triangles AED, ABC and EM C pass through a single point
(the focus of the parabola), which will be denoted by F' (see Figure 2). It follows
that /BFC = /BAC = aand ZMFC = ZMEC = §. Hence, the focus F
lies on the perpendicular bisector of the line-segment BC' and the angles F'MC,
FMB are right. Since /FEC = /ZFMC, the angles FEC and FE A are also
right. It implies that the line-segment AF' is a diameter of the circumcircle of the
isosceles triangle AE'D (and the point £ is the same point as the point £ in the
first approach).
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Since the angle F'M H is right, the point M is the intersection of the line ED
and the circle with diameter H F.

Figure 2.

Based on our previous considerations, we can now proceed with the remaining
steps of our construction:

4a Draw the intersection F of the perpendicular bisector of D E with the line
which is perpendicular to AF and passes through E, or,

4b draw the intersection F' of the perpendicular bisector of DE with the cir-
cumcircle of the triangle AED.

5 Draw the intersection M of the line ED and the circle [ with FH as a di-
ameter (only the intersection M that lies in the half-plane determined by
the line n and the point H can be taken into account).

6 Draw the intersection B of lines m and H M, and the intersection C' of
lines nand HM.

Note that the perpendicular bisector of DFE is simultaneously the line passing
through the point A and perpendicular to the line AH (and, of course, also the
bisector of the angle £ AD).

Comments on the solution published in [3]

We proceed with several comments on the solution presented in [3]. Paris
Pamfilos considered the intersection of the perpendicular bisectors of the line-
segments £ D and BC. Clearly, this intersection is our point F' (see Figure 3).
Using Lambert’s theorem he proved that the parabola P’ with focus at ' and whose
tangent at its vertex is £D is the above-mentioned parabola P, i.e. P’=P. He con-
structed the point F’ as the intersection of the perpendicular bisector of £D and the
circumcircle of the triangle AED. Thus, the beginning of his solution coincides
with our steps 1, 2, 3, 4b. But then, he constructed the line BC' as the tangent to the
parabola P’ passing through H in a too complicated and time-consuming manner.
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It is well known that the foot of the perpendicular line to any tangent of a parabola
passing through its focus lies on the tangent at the vertex ([2], p. 34). Hence, the
point M must lie on the circle with F'H as a diameter. So, the construction can be
completed using our very easy steps 5 and 6. Again, it is not necessary to construct
any parabola.

Figure 3.

3. Second construction

Let D’ be a point on the ray opposite to the ray AB such that |AD| =b—c¢, i.e.
|BD'| = b (see Figure 4). Through this point D’ draw a line parallel to AH and
denote its intersections with lines AB, AC and BC by D’, E' and M’, respectively.
Next, let

D'E'
]’C, — |M/E/ , q= ‘ 5 ‘ .
Since triangles BM’ D’ and BH A are similar, we have
K+ 2q ta
b = (5)
(&
Analogously, from the similarity of triangles HC' A and M’'CE’, we obtain
t K . 1 K
A —, andequivalently, - = . (6)
b c b ta-c

Therefore (from (6) and (5)),
WK 12 _ L

)

ta-cC c

K2+ 2qk" — 14 = 0.
This quadratic equation in the one unknown &’ has two roots. But only the root
k' = —q+ \/t% + ¢? is positive. If we consider a right triangle with legs of the
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lengths ¢ 4 and ¢, then &' = —q + 4/t + ¢ is equal to the difference of the length
\/t4 + ¢ of its hypotenuse and the length g of its leg.

Figure 4.
Therefore, the steps of our second construction are the following (see Figure 4):
1 Draw a line-segment AH.
2 Draw lines m, n such that they form with AH angles 5.
3 Draw the isosceles triangle AE’D’ such that D’ lies on m, E’ lies on n,
and |AD'| = |AE'| = b — c (see Figure 4).
4 Draw the point P on the perpendicular bisector o of D’ E’ such that |AP| =

|E'D|

5 Draw the point R on the line-segment H P such that |PR| = %.

6 Draw the point M’ on the ray opposite to the ray E'D’ such that |E'M'| =
|RH|.

7 Draw the intersection B of lines m and H M, and the intersection C of
lines n and HM'.

Remark. If we consider the above-mentioned parabola P, then the point £’ is a
point of P (therefore, AC touches P at E’). This follows from the fact that the
sum of the lengths of subtangent and subnormal at any point of a parabola (except
its vertex) is bisected by the focus of P. Indeed, by comparing Figures 1 and 4, we
observe that |AF’| = 2| AF|, where F” is the intersection of o and the line which
is perpendicular to AC and passes through E’.
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A New Proof of Pitot Theorem by AM-GM Inequality

Robert Bosch

Abstract. In this note we show a new proof of Pitot theorem by Arithmetic
Mean - Geometric Mean inequality. Our novel idea is to consider the before
mentioned theorem as an extremal case of a general geometric inequality. This
new approach cannot be found in the literature.

1. Introduction

The Pitot theorem states:

A quadrilateral ABC'D is tangential (has an inscribed circle) if and only if AB +
DC = AD + BC.

To avoid reproduction we recommend to read the third and fourth paragraph of
the excellent paper [1]. In this one the reader can find a brief survey on the theo-
rem. Clearly we are interested in the converse of Pitot theorem, according to Martin
Josefsson there are four proofs in the literature, providing references in each case.
In this note we show still a new one, by means of the AM-GM inequality, since the
well-known theorem can be considered an extremal case of a simple and general
geometric inequality involving a quadrilateral, a circle, and tangents.

2. Lemma

Let ABCD be a convex but not tangential quadrilateral. The extensions of DA
and C'B intersect at £/, and the extensions of BA and C'D intersect at . Then the
excircle of triangle EAB cut the side DC or the excircle of triangle FFAD cut the
side BC.

Proof. In Figure 1, we draw the angle-bisectors of angles £ and F' respectively.
Clearly points on the first line are equidistant from the sides AD and BC, similar
for the second one, where the points are equidistant from sides AB and DC'. Now,
suppose the excircle of triangle £ AB, is interior to the quadrilateral ABC' D, hence
its center O; is in the upper halfplane determined by the F'—angle-bisector. But,
O-, the center of the second excircle is the intersection of the lines AO; and the
F—angle-bisector, clearly this point is located in the right halfplane determined by
the E—angle-bisector. Finally the excircle of triangle F"AD cut the side BC. O
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Figure 1

3. Converse of Pitot theorem

In this section we shall prove an stronger result than the converse of Pitot theorem.
Let us see:

Geometric Inequality:

Let ABCD be a quadrilateral with a circle that is tangent to the sides AB, AD
and BC respectively, and cut the side DC'. Then

AB+ DC > AD + BC.

Figure 2

Proof. This circle exists by the Lemma.
See Figure 2, where the notation is completely justified by the two tangent the-
orem, that two tangents to a circle from an external point are of equal length. Now,
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the inequality to be proved becomes
r+y+z>c+d.
But, by Power of a Point theorem we have

So, all that we need to prove is

253

Valy+2) + Vel +y) <z +y+z,
and this is a direct consequence of AM-GM inequality, since

z+y+z 224y
Z(y+Z) § 2 = 2 ’
r+r+y 2r+y
rz+y) < 5 =—5

equality holds if and only if y = 0. Completing the proof of the inequality.

The geometric meaning of this result is that the circle is tangent to the side DC,
i.e. the quadrilateral ABC D is tangential. More precisely, to prove the converse
of Pitot theorem, suppose the opposite sides add to the same number, and for sake
of contradiction, the circle cut a side, then the inequality is strict, obtaining a con-

tradiction. Done.
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A Model of Continuous Plane Geometry
that is Nowhere Geodesic

John Donnelly

Abstract. We construct a model M; of plane geometry that satisfies all of Hilbert’s
axioms for the euclidean plane (with the exception of Sided-Angle-Side), yet in
which the geodesic line segment connecting any two points A and B is never the
shortest path from A to B. Moreover, the model M; is continuous in the sense
that it satisfies both the Ruler Postulate and Protractor Postulate from Birkhoff’s
set of axioms for the euclidean plane.

1. Introduction

In his talk given at the international congress of mathematicians in Paris in 1900,
David Hilbert presented a list of problems. The fourth problem in this list is the
following:

Problem of the straight line as the shortest distance between two points:

Another problem relating to the foundations of geometry isthis: If from among
the axioms necessary to establish ordinary euclidean geometry, we exclude the
axiom of parallels, or assume it as not satisfied, but retain all other axioms, we
obtain, asiswell known, the geometry of Lobachevsky (hyperbolic geometry). We
may therefore say that thisis a geometry standing next to euclidean geometry. If we
requirefurther that that axiom be not satisfied whereby, of three pointson a straight
line, one and only onelies between the other two, we obtain Riemann’s (elliptic) ge-
ometry, so that this geometry appearsto be the next after Lobachevsky's. If wewish
to carry out a similar investigation with respect to the axiom of Archimedes, we
must ook upon this as not satisfied, and we arrive thereby at the non-Archimedean
geometries which have been investigated by Veronese and myself. The more gen-
eral question now arises : Whether from other suggestive standpoints geometries
may not be devised which, with equal right, stand next to euclidean geometry. Here
| should liketo direct your attention to a theoremwhich has, indeed, been employed
by many authors as a definition of a straight line, viz,, that the straight line is the
shortest distance between two points. The essential content of this statement re-
duces to the theorem of Euclid that in a triangle the sum of two sides is always
greater than the third side-a theorem which, as is easily seen, deals solely with
elementary concepts, i. e., with such as are derived directly from the axioms, and
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is therefore more accessible to logical investigation. Euclid proved this theorem,
with the help of the theorem of the exterior angle, on the basis of the congruence
theorems. Now it is readily shown that this theorem of Euclid cannot be proved
solely on the basis of those congruence theorems which relate to the application of
segments and angles, but that one of the theorems on the congruence of trianglesis
necessary. e are asking, then, for a geometry in which all the axioms of ordinary
euclidean geometry hold, and in particular all the congruence axioms except the
one of the congruence of triangles (or all except the theorem of the equality of the
base angles in the isosceles triangle), and in which, besides, the proposition that
in every triangle the sum of two sides is greater than the third is assumed as a
particular axiom.

One finds that such a geometry really exists and is no other than that which
Minkowski constructed in his book, Geometrie der Zahlen ! and made the basis
of his arithmetical investigations. Minkowski’s is therefore also a geometry stand-
ing next to the ordinary euclidean geometry; it is essentially characterized by the
following stipulations:

1. The points which are at equal distances from a fixed point O lie on a convex
closed surface of the ordinary euclidean space with 0 as a center.

2. Two segments are said to be equal when one can be carried into the other by
atranglation of the ordinary euclidean space.

In Minkowski’s geometry the axiom of parallels also holds. By studying the
theorem of the straight line as the shortest distance between two points, | arrived >
at a geometry in which the parallel axiom does not hold, while all other axioms of
Minkowski’ sgeometry are satisfied. Thetheorem of the straight line asthe shortest
distance between two points and the essentially equivalent theorem of Euclid about
the sides of a triangle, play an important part not only in number theory but also
in the theory of surfaces and in the calculus of variations. For this reason, and
because | believe that the thorough investigation of the conditions for the validity
of this theorem will throw a new light upon the idea of distance, as well as upon
other elementary ideas, e. g., upon the idea of the plane, and the possibility of its
definition by means of the idea of the straight line, the construction and systematic
treatment of the geometries here possible seem to me desirable.

[Translated for the BULLETIN, with the author’s permission, by Dr. MARY
WINSTON NEWSON. The original appeared in the Gottinger Nachrichten, 1900,
pp. 253-297, and in the Archiv der Mathernatik una Physik, 3d ser., vol. 1 (1901),
pp. 44-63 and 213-237.]

There are various interpretations of Hilbert’s fourth problem, some interpreta-
tions dealing with convex subsets of the Euclidean plane. The first main contribu-
tion to this problem was given by Hilbert’s student G. Hamel. Hamel reduced the
problem to metrics on convex subsets of Euclidean spaces [10]. In particular, if S
is a convex subset of a Euclidean space, then the restriction to S of the ambient Eu-
clidean metric is a metric on S satisfying the condition that the restriction to S of

L eipzig, 1896.
2Math Annalen, Vol. 46, p.91.
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the Euclidean straight lines are geodesics for the restriction to S of the Euclidean
metric. One form of Hilbert’s problem asks for a characterization of all metrics on
S for which the Euclidean lines in S are geodesics [10].

Other interpretations deal with metrics in projective geometry [11]. Solutions to
other interpretations are given by H. Busemann [2] and Z. |. Szabo [11]. There are
many results related to this problem. For more information, see [2], [10], [11].

The contents of this paper were inspired by Hilbert’s fourth problem. However,
in this paper we look at the triangle inequality from the opposite point of view. In
particular, we investigate plane geometry in which the straight line segment AB
connecting two points A and B is never the shortest path from A to B. We give
a model M of plane geometry in which all of the incidence axioms, betweenness
axioms, congruence axioms (with the exception of Side-Angle-Side), and even the
euclidean parallel postulate hold, yet in which the straight geodesic line segment
AB connecting two points A and B is never the shortest path from A to B. We
refer to such a model as nowhere geodesic since the geodesic line segment AB
connecting two points A and B is never the shortest path from A to B. We prove
that the following holds in Mj:

Given any convex polygon P, then for each pair of points A and B inside P and
for any € > 0, there exists a path ¢ from A to B such that the arc length along q is
less than e and such that ¢ has nonempty intersection with the exterior of P.

Thus, by going "outside” of P, we can find shorter and shorter paths in M; from
Ato B.

The model M is continuous in the sense that it satisfies both the ruler postulate
and protractor postulate of Birkhoff [1], [7], [8], [9]. More specifically, all lines in
M have a bijective correspondence with R, and there is a bijective correspondence
between all angles with fixed vertex V' that are on a given halfplane of line VP and
the open interval (0, 7).

We note that if all of the incidence axioms, betweenness axioms, and congruence
axioms (with the possible exception of Side-Angle-Side) hold, and if in addition
the exterior angle theorem, pons asinorum, and angle addition hold, then we can
prove that the triangle inequality holds [4], [5], [7], [8]. When constructing the
model M, we use usual euclidean angle measure, so that both the exterior angle
theorem and angle addition hold. However, due to the fact that distance is altered
in M, then the Pons Asinorun fails in the model.

In Taxicab geometry, both the exterior angle theorem and angle addition hold,
but the pons asinorum fails. However, we still have that the general triangle in-
equality holds [3], [8]. Thus, in Taxicab Geometry, the straight line segment AB
connecting two points A and B is still a shortest path from A to B.




258 J. Donnelly

2. Hilbert’s Axioms

In this section we state the axioms of plane geometry given by Hilbert (as com-
municated by R. Hartshorne in [5]). We will show that the model M satisfies all
of these axioms, with the exception of Side-Angle-Side.

The Incidence Axioms

(1) Given any two distinct points A and B, then there exists a unique line f@
passing through A and B.

(2) Given any line [, then there exist at least two distinct points A and B on (.

(3) There exist three distinct noncollinear points A, B and C.

The Betweenness Axioms

(1) If B is between A and C' (written A — B — C), then A, B, and C are three
distinct collinear points. In this case we also have C — B — A.

(2) Given any two distinct points A and B, then there exists a point C' such
that A— B — C.

(3) Given three distinct points on a line, then exactly one of the three points is
between the other two points.

(4) (Pasch) Let A, B, and C be three distinct noncollinear points, and let [ be
a line not passing through any of A, B, or C. If [ passes through a point
D lying between A and B, then either [ passes through a point H lying
between A and C, or else [ passes through a point K lying between B and
C, but not both.

We note that Betweenness Axiom (4) (i.e. Pasch) is logically equivalent to the
Plane Separation Postulate stated below [4],[5],[7],[8]. Since Pasch and the Plane
Separation Postulate are logically equivalent, then we will remove Pasch as an
axiom and replace it with the Plane Separation Postulate.

The Plane Separation Postulate

Given any line [, then the set of points not lying on [ can be divided into two

nonempty subsets 71 and #H with the following properties:

(1) Two points A and B not on [ belong to the same set (1 or H>) if and only
if segment AB does not intersect /.

(2) Two points C' and D not on [ belong to opposite sets (C € H; and D €
H>) if and only if segment C'D intersects [ at a point H such that C — H —
D.

The sets 1 and H-, are called halfplanes (or sides) of the line [, and [ is called
an edge of each of the halfplanes #; and H. In case (1), we say that A and B are
on the same side of I. In case (2), we say that C' and D are on opposite sides of /.
When quoting the Plane Separation Postulate, we will abbreviate it by PSP.

The Congruence Axioms for Line Segments

(1) Given a line segment AB, and given a ray r originating at a point C, there
exists a unique point D on the ray r such that AB = CD.

(2) If AB =2 CD and AB = EF, then CD = EF. Every line segment is
congruent to itself.
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(3) (Segment Addition) Given three points A, B, and C' suchthat A — B — C,
and given three points D, E, and F suchthat D — E — F, if AB = DE
and BC = EF, then AC = DF.

The Congruence Axioms for Angles

(1) Given an angle /BAC and given a ray 51? then there exists a unique ray

DFE on agiven side of line ﬁ«“ such that /BAC =2 /EDF.
(2) For any three angles «, 8, and ~, if « = g and o = ~, then 5 = ~. Every
angle is congruent to itself.

The following is usually assumed as an axiom when working with Hilbert’s
axiom system for plane geometry. However, it does not hold in the model M;.
Side-Angle-Side
Given triangles AABC and ADEF, if AB = DE, /ABC = /DEF, and
BC = EF, then AABC =~ ADEF.

When referring to Side-Angle-Side, then we abbreviate it as SAS It is well-
known that if SAS holds, then one can prove the Exterior Angle Theorem, the
Pons Asinorum, and Angle Addition as theorems, and consequently, one can prove
that the Triangle Inequality also holds.

The following version of the Euclidean Parallel Postulate is by John Playfair
(although it had previously been mentioned by Proclus) (page 39 of [5]):

Given a point P and a line [ not passing through P, then there exists a unique
line ¢ such that ¢ passes through P and is parallel to {.

3. The Ruler and Protractor Postulates

In this section we state two of the axioms given by Birkhoff in his development
of plane geometry [1]. In particular, we state the ruler postulate and protractor
postulate. Unlike the axioms of Hilbert given above, both the ruler postulate and
protractor postulate incorporate the use of the real numbers through the concepts
of distance and angle measure. Both of these postulates are satisfied by the model
M.

The Ruler Postulate
Let P denote the set of points in the plane. There exists a functiong : P x P — R
such that for each line [, there exists a bijection f : [ — R with the property that

for all points Pand Q on [, ¢(P, Q) = |f(P) — f(Q)].

Forall P,@Q € P, we call ¢(P, Q) the distance from P to Q. If for aline/, a
bijection f : I — Rissuchthat forall P,Q €[, ¢(P,Q) =|f(P) — f(Q)|, then f
is called a coordinate system for [. We note that ¢( P, Q) is not necessarily a metric
on P, and that ¢(P, @) does not necessarily satisfy the triangle inequality. In fact,
we will define a distance function on the model M that is not a metric and that in
general does not satisfy the triangle inequality.

The Protractor Postulate

There exists a function m from the set of all angles to the open interval (0, )

such that
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(1) For each ray @ on the edge of halfplane H (where # is a halfplane of line
), and for each r € (0, 7), there exists a unique ray P_f?{ with R € H, such that

m(£ZQPR) =r.
(2) If T is a point in the interior of ZQPR, then m(£LQPT) + m(LTPR) =
m(ZQPR).

Given an angle ZABC, then m(£ABC) is called the measure of angle ZABC,
and is denoted by mZ ABC.

4, The Model M;

To construct the model M, we start with the Cartesian plane R?, and we define
points and lines in M to be exactly the same as points and lines in IR2. In particular,
a point in M is given by an ordered pair of numbers (z, y), and a line is the set of
all points in the plane satisfying an equation in one of the forms y = max + b or
x = k. We also define angle measure in M; to be exactly the same as euclidean
angle measure in R%. Moreover, we define betweenness in M to be exactly the
same as betweenness in euclidean geometry: point B is between points A and C'in
M (denoted A — B — C) if and only if B is between points A and C in R?. More
specifically, if we let d(X,Y") denote the euclidean distance from point X to point
Y, then point B is between points A and C' in both M; and R? if the following
conditions hold:

(1) A, B, and C are distinct collinear points
(2) d(A,C)=d(A,B)+d(B,C)

Since points, lines, and betweenness in M are exactly the same as points, lines,
and betweenness in euclidean geometry, then it follows immediately that the in-
cidence and betweenness axioms hold in M. Moreover, since points, lines, and
betweenness in My are exactly the same as points, lines, and betweenness in eu-
clidean geometry, then polygons in M; are exactly the same as polygons in eu-
clidean geometry. Also, since segments and polygons in M are the same as seg-
ments and polygons in euclidean geometry, then a polygon P is convex in M; if
and only if P is convex in euclidean geometry. Similarly, since angle measure in
M is the same as euclidean angle measure, then it follows immediately that the
congruence axioms for angles hold in M. We note that since the Exterior Angle
Theorem and Angle Addition are based solely on angle measure and not on dis-
tance, and since both of these statements hold in euclidean geometry, then they
both hold in M;. However, to construct M, we will need to alter distance in the
plane, and as a consequence the Pons Asinorum does not hold in M[;. Furthermore,
since we are altering distance, then we will need to prove that the congruence ax-
ioms for line segments hold in M. To define distance in My, we start with the set
of points (u, v) in the plane such that u,v € Q. That is, we start with the carte-
sian product Q2. Since Q? is countably infinite, then we can enumerate the points
Py, Py, ..., Pj,...in Q2 Thus, we often will treat the points in Q? as a sequence
(P;). Using this enumeration on the set of all points (P;) in Q2, we can enumerate
all (non-ordered) pairs of distinct points from Q? in the following way: Given the
pairs of points (P, P;), (Py, Pr) € Q? x Q% where P, # P; and P, # Py, then
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assume that £ is the largest of the four subscripts [, ¢, h, and k. If k is strictly
larger than the other subscripts [, ¢, and h, then (P, P;) comes before (P, Py) in
the enumeration. If k£ = ¢, then we compare [ and h. In this case, (P, P;) comes
before (P, Py) ifand only if [ < h. Similarly, if £ = [, then (P}, P;) comes before
(P, Pr) ifand only if ¢ < h. For example, the first ten pairs are enumerated in the
following way:

(P1, ), (Pr, P3), (P2, P3), (P1, Pa), (P2, Py), (P, Py), (P1, P5), (P2, Ps5), (P, Ps),
(P, Ps),

Note that the order in which the points in each pair are written is irrelevant when
enumerating the pairs of points this way. In particular, (P}, P;) is considered the
same as (P, P;) for the purposes of enumeration.

Again, we let d(X,Y") denote the euclidean distance from a point X to a point
Y. We let n(X,Y") denote the distance in the model M; from a point X to a point
Y. For each pair of distinct points P, and P; in Q?, with » < ¢, we construct a
sequence (D,.+(m)) of points in R? such that for each m > 1, d(P,, D;.:(m)) > m
and d(P;, D,+(m)) > m, and such that there exists a path from P, to P; passing

(PT‘v Pt)

through D,.;(m) whose arc length in M; is equal to n
Let P, and P, be the first two points in the sequence (P;). If X and Y are points
on the line W then we define n(X,Y) = d(X,Y). In particular, n(Py, P») =
d(Py, Py).
Let [; be a line perpendicular to m Since [; is unbounded in euclidean
geometry, then there exists a point D 2(1) on {; such that

(1) D12(1) ¢ PP
(2) d(Pl,DLQ(l)) > 1 and d(PQ,_DLQ(l)) > 1
In particular, the three points D 2(1), P;, and P are not collinear. We define
1 .
n(P1, Dy 2(1)) =n(Py, D12(1)) = Zn(Pl, P,). We see that the arc length in M

1
from P, to P, along the segments P; D1 o(1) and P> D1 2(1) is 5n(Pl, Py).

We now show how to compute the distance in M along the line P1D172(13
between a point P € P1D1,2(13 and either of the points P, or D; »(1). We have

three cases.

First assume that P — P; — D; 2(1). In this case, n(P, P) = d(P, P;) and
n(P, D172(1)) = n(P, Pl) + n(Pl, Dl’g(l)) = d(P, Pl) + in(Pl, PQ)

Next, assume that P, — P — D;2(1). In this case, there exist 1,72 € (0,1)
such that d(Pl,P) = Tld(Pl,DLQ(l)) and d(P, DLQ(].)) = TQd(Pl,DLQ(l))
We define TL(Pl, P) = Tln(Pl, D172(1)) and n(P, Dl,g(l)) = Tgn(Pl, DLQ(l))
Note that we use the same constants of proportionality r; and r- for both euclidean

geometry and M.
Finally, assume that P, — D1 »(1)—P. Inthis case, n(D; 2(1), P) = d(D12(1), P)

and TL(Pl, P) = n(Pl, D172(1)) + n(DLQ(].), P) = in(Pl, Pg) + d(DLQ(l), P)
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We can now use these definitions of length in M[; together with the use of seg-
ment addition and constants of proportionality to define the distance in My along
the line P1D172(13 between any two points X; and X5 on P1D172(15.

If X1 —Xo— P — D172(1), then n(Xl,XQ) = d(Xl, XQ). Similarly, if P —
Dljg(l) — X7 — Xo, then TL(Xl, X2) = d(Xl,XQ).

Assume that P; — X; — X5 — D1 2(1). Inthis case, there exists r3 € (0, 1) such
that d(Xl, X2) = ng(Pl, DLQ(l)). We define n(Xl, X2) = 7“37’L(P1, DLQ(l)).

Next, assume that X; — P; — Dj 2(1) — X». In this case, we define n(X, X»)
= TL(Xl, Pl) + n(Pl, DLQ(l)) + n(Dl,g(l), X2) = d(Xl, Pl) + TL(Pl, DLQ(l)) +
d(D12(1), X2).

Next, assume that X; — P; — X5 — D 2(1). In this case, we define n(X;, X3)
= n(Xl, Pl) + TL(Pl, XQ)

Finally, assume that P; — X; — D; 2(1) — X5. Similar to the previous case, we
define n(Xl, XQ) = n(Xl, D172(1)) + n(DLg(l), XQ)

One can use the same exact method to define the distance in M[; along the line
P2D172(13 between any two points on P D1 o(1 )

Let S;2(1) denote the set of lines PP, P1D172(1§, and P2D1,2(1§. Let [, be
a line not in Sy 2(1). Since Sy 2(1) is finite, and since /» is unbounded and has
infinitely many points, then there exists a point D; 2(2) on [ such that
(1) d(Pl,DLQ(Q)) > 2 and d(PQ, D172(2)) >2
(2) D1 2(2) is noton any of the lines in Sy 2(1).
Note that D1 2(2) # D12(1), and that no three of P;, P>, Dy 2(1), or Dy 2(2) are

collinear. Thus, the distance in M; between D, »(2) and either of P; and P, has
not yet been defined.

We define n(P1, D1 2(2)) = n(P, Dis(2)) = én(Pl,Pg) - %d(Pl,Pg). We
see that the arc length in M; from P; to P along the segments P, D; »(2) and
D1 2(2) is %n(pl, ).

Using a method similar to the one given above to define distance in M; along
P1D172(13 between any two points on P; D o(1 ) one can similarly define distance
in M; between any two points on the line P1D1,2(25 or between any two points on
the line P2D172(2 .

Let S; 5(2) denote the set of lines PP, PiDy5(1), PyDyo(1), PiD;o(2),
PyD; 5(2), and Dy 5(1)Dy2(2). Let I3 be a line not in S 5(2). Since S12(2) is
finite, and since 3 is unbounded and has infinitely many points, then there exists a
point D 2(3) on I3 such that

(l) d(Pl,DLQ(?))) > 3 and d(PQ, D1,2(3)) > 3
(2) D12(3) is not on any of the lines in Sy 2(2).

Note that D 2(3) is distinct from D; »(1) and D; »(2), and that no three of Py,
P>, Dy 5(1), D12(2), or Dy 2(3) are collinear. Thus, the distance in M; between
D1 2(3) and either of P, and P, has not yet been defined.
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. 1 1
We define n(Pl, D172(3)) = n(Pg, D1’2(3)) = En(Pl, PQ) = Ed(Pl, PQ) We

see that the arc length in M; from P; to P along the segments P, Dy »(3) and
- 1
P2D172(3) IS gn(Pl, PQ)

Using a method similar to the one used above to define distance in M; along
P1D172(13 between any two points on P; D »(1 3 one can similarly define distance
in My between any two points on the line P1D1,2(3; or between any two points on

the line P2D1,2(3 .

Assume that there exist & distinct points Dy 2(1), D1 2(2),...,Di2(k) € R2
such that;

(1) No three of the points P;, P>, D1 2(1), D12(2),..., D1 2(k) are collinear.
(2) Foreacht =1,...k, d(P1,Di12(t)) > tand d(P», D12(t)) >t
1
(3) For each ¢t = 1, . k‘, ’I?,(Pl, Dl’g(t)) = n(PQ, DLQ(t)) = %n(Pl, Pg)
(4) Foreacht = 1,...k, we use a method similar to the one used above to
define distance in Ml; between two points on the line P1D172(t3 or between
any two points on the line P2D1,2(t3
We note that for each t = 1, ... k, the arc length in M from P; to P, along the
1
segments Py D; o(t) and P, D o(t) is ?n(Pl’ Py).
Let S1 2(k) denote the set of lines in any of the following forms:
1) lt’lpz
(2) Foreacht=1,...k, P1D172(t§ and PQDLQ(tj

(3) Foreacht,h € {1,...k}, witht < h, Dl,g(t)DLg(h;

Let I+, be a line not in &1 2(k). Since S 2(k) is finite, and since [;4; is un-
bounded and has infinitely many points, then there exists a point D; o(k + 1) on
lx11 such that

(1) d(Py,D1o(k+1)) > k+1and d(Py, D1o(k+ 1)) > k+1
(2) D12(k + 1) is noton any of the lines in S; 2(k).

Note that D 2(k+1) is distinct from all of the points D 2(1), D1 2(2), ..., D12(k),
and that no three of P;, P>, D1 2(1), D12(2),..., D1 2(k), D1 2(k+1) are collinear.
Thus, the distance in M; between D, »(k + 1) and either of P; and P has not yet
been defined. We define n(Py, D1 2(k+1)) =n(Ps, D1 2(k+1)) = Wn(Plﬂ Py).
Again, using a method similar to the one used above, one can define distance in
M between any two points on the line P; Dy 2(k + 1; or between any two points
on the line Py D1 o(k + 13.
We note that the arc length in M, from P; to P, along the segments Py D1 »(k + 1)
- 1
and PQDLQ(]{J + ].) IS W”(Pla PQ)
Thus, there exists a sequence (D 2(m)) of distinct points in R? such that
(1) No three points in the set { Py, P>} U {D1 2(m) | m > 1} are collinear
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(2) Foreachm > 1, d(Py, D12(m)) > mand d(P», D1 2(m)) > m

(3) Foreachm > 1, n(Pl,DLQ(m)) (PQ,Dl 2( )) 2m+1 (Pl,Pg)
(4) For each m > 1, we use a method similar to the one used above to define
distance in Ml; between two points on the line P1D172(m3 or between any

two points on the line PQDLQ(m;.

We note that for each m > 1, the arc length in M; from P; to P, along the
.1
segments Py Dy o(m) and Py Dy o(m) is Q—mn(Pl, Py).

Let P; denote the third point in the sequence (P;). If P is on P, P, or if there
exists m > 1 such that P is on Py D; 2(m) then n(P;, P3) has already been de-
fined. More generally, if P5 is on J(D—> or if there exists m > 1 such that Ps is
on PD; Q(m; then for each pair of points X,Y € W the distance n(X,Y)
has already been defined. On the other hand, if P; is not on ﬁ and if for each
m > 1, P3 is not on P1D1,2(m; then n(Py, Ps) has not yet been defined. In this
case, we define n(Py, P3) = d(P1, P3), and in general, given X, Y € ATP; we
define n(X,Y) = d(X,Y). In either case, n(P1, P3) has been defined, and more

generally, distance along £, Ps has been defined.
Let S1 3(1) denote the set of lines in any of the following forms:

(1) PP, PP, and P> P4
(2) Foreachm > 1, P1D1,2(m5 and P2D172(m5
(3) Foreacht, h,withh >3andt < h, Dl,g(t)DLQ(h;.

Since no three points in the set { P, Po} U {D12(m) | m > 1} are collinear,
then none of the points from the set {P;, Po} U {D12(m) | m > 3} are on

D1 2(1)Dy2(2 ) In particular, Dq2(1)D12(2 ) ¢ S13(1). Since there are only

a countably |nf|n|te number of lines that are elements in 8173(1), then there are
at most a countably infinite number of points of intersection of any of the lines
in S1.3(1) with the line D1,2(1)D1,2(23. Since D1,2(1)D172(23 is unbounded, and
since there exist an uncountably infinite number of points between any two distinct
pointson Dy (1) Dy (2 ) then there exists a point Dy 3(1) on 01,2(1)D1,2(23 such
that:

(l) d(Pl,DLg(l)) >1 and d(Pg,Dl,g(l)) >1

(2) Dy 3(1) is not a point on any of the lines in S; 3(1).

Since D, 3(1) is nota point on any of the lines in Sy 3(1), then neither n( Py, D1 3(1))
nor n(Ps, Dy 3(1)) has yet been defined. We define n(P1, D1 3(1)) =n(Ps, Dy 3(1))

1
= ZTL(Pl, Pg)

Using a method similar to the one used above to define distance in M; between
any two points on PlDLQ(l;, one can define distance in M between any two

points on the line P1D1,3(13 or between any two points on the line P3D; 3(1 )
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Also, forany X,Y € P2D173(1i we define n(X,Y) = d(X,Y). Moreover, for

eachm > 3,and forany X,Y € Dl’g(m)Dl’g(ls, we define n(X,Y) =d(X,Y).
Let S 3(2) denote the set of lines in any of the following forms:

(1) P P, P, P3, and P, P,

(2) Foreachm > 1, P1D1,2(m§, P2D1,2(m§, and D172(m)D1,3(1§

(3) PiD1;3(1), PaDy5(1), and P3Dy 5(1)

(4) Any line in the form Dl,g(t)DLg(h; (where ¢,h > 1, with ¢ < h), other
than the line D1,2(2)D172(35.

Since no three points in the set { P, Py} U {Dl,g(m) | m > 1} are collinear,
then none of the points from the set {P;, P,} U {D12(m) | m ¢ {2,3}} are

on D1 2(2)D1 o 33 Moreover, by the construction above, we have that the point

D173( IS not on line D1 2 D1 2 3) Thus, D1 2 D1 2 ) ¢ 51 3

Since there are only a countably infinite number of lines that are elements in
S1,3(2), then there are at most a countably infinite number of points of intersection

of any of the lines in S; 3(2) with the line D 2(2) D1 2(3 ) Since D172(2)D17Q(35 is

unbounded, and since there exist an uncountably infinite number of points between
any two distinct points on D1,2(2)D1,2(3;, then there exists a point D; 3(2) on

D172(2)D172(3; such that:

(1) d(Pr, D13(2)) = 2and d(P3, D1 3(2)) > 2
(2) D1 3(2) is not a point on any of the lines in Sy 3(2).

Since D; 3(2) is nota point on any of the lines in S; 3(2), then neither n(P;, Dy 3(2))
nor n(Ps, D1 3(2)) has yet been defined. We define n(Py, D1 3(2)) =n(Ps, D1 3(2))
= %n(Pl, Ps).

Thus, the arc length of the path from P; to P3 along the segments P; Dy 3(2)
and Py D 3(2) is in(Pl, Ps).

Using a method similar to the one used above to define distance in M; between
any two points on P1D172(15, one can define distance in My between any two

points on the line P1D1,3(2; or between any two points on the line P3D173(2;.
Also, for any X,Y € P2D1,3(2; we define n(X,Y) = d(X,Y). Moreover,
for each m # 2,3, and for any X,Y € Dl,g(m)D1’3(2;, we define n(X,Y) =
d(X,Y).
Let S 3(3) denote the set of lines in any of the following forms:

(1) PP, P, P3, and P, P, )
(2) Foreachm > 1, PLDy 5(m), PyDy o(m), D1 2(m) Dy 3(1), and Dy 5(m) D1 3(2)
(3) PD13(1), PaDy3(1), PsDy 3(1), PLD13(2), PaDy 5(2), PsD; 3(2), and

Dy 3(1)Dy 3(2
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(4) Any line in the form DLg(t)Dl,Q(hi (where t,h > 1, with ¢ < h), other
than the line D1,2(3)D1’2(4 .

Since no three points in the set { P, P} U {D; 2(m) | m > 1} are collinear,
then none of the points from the set {P,, P2} U {D;2(m) | m ¢ {3,4}} are on
D172(3)D172(43. Moreover, by the constructions above, we have that neither of the
points D 3(1) or D; 3(2) are on line D1,2(3)D1,2(4;. Thus, D1,2(3)D172(45 ¢
S13(3).

Since there are only a countably infinite number of lines that are elements in
S1,3(3), then there are at most a countably infinite number of points of intersection

of any of the lines in Sy 3(3) with the line D172(3)D1,2(4;. Since D1,2(3)D1,2(4; is
unbounded, and since there exist an uncountably infinite number of points between
any two distinct points on D172(3)D172(43, then there exists a point D 3(3) on

D1,2(3)D172(4; such that;

(l) d(Pl,DLg(?))) > 3 and d(Pg, D1,3(3)) >3
(2) D1 3(3) is not a point on any of the lines in S; 3(3).
Since D; 3(3) is nota point on any of the lines in S; 3(3), then neither n(P;, D1 3(3))
nor n(Ps, D1 3(3)) has yet been defined. We define n( Py, D1 3(3)) =n(Ps, D13(3))

1
= En(Pl, Pg).
Thus, the arc length of the path from P; to P3 along the segments P; Dy 3(3)
. 1
and P3D173(3) IS gn(Pl, P3).

Using a method similar to the one used above to define distance in M; between
any two points on P1D1,2(1;, one can define distance in M; between any two
points on the line P1D173(3; or between any two points on the line P3D173(35.

Also, for any XY € P2D1,3(3; we define n(X,Y) = d(X,Y). Moreover,
for each m # 3,4, and for any X,Y € D172(m)D173(33, we define n(X,Y) =
d(X,Y).

Assume that there exist r distinct points Dy 3(1), D13(2), D13(3), ..., D1,3(r)
(where r > 3) such that

(1) Foreach j =1,...7, Dy 3(j) is apoint on the line D1 2(j)D12(j + 1).
(2) No three of the points D 3(1), D1,3(2), D1,3(3), ..., D1,3(r) are collinear.
(3) Foreach j =1,...7, D; 3(j) is not a point on any of the following lines:

(@) P1Py, P P5, and P, P;

(b) Foreach m > 1, P, Dy 5(m) and Py Dy o(m)

(c) Foreach k # j, PLDy 5(k), P2D1,3(kj, and P3D; 3(k)

(d) For each m > 1, and for each k # j, D1 2(m) Dy 3(k)

(e) Any line in the form DLQ(t)Dl,g(h; (where ¢, h > 1, with ¢t < h),
other than the line D1 2(j)D12(j + 1)

(f) Any line in the form Dl’g(t)Dl’g(h;, where t # j and h # j.
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(4) Foreach j =1,...7r,d(P1,D13(5)) > jand d(P3, D1 3(j)) > j

. . : 1
(5) For each j=1...r TL(Pl,DLg(j)) = n(Pg, Dl,g(j)) = ﬁn(Pl, Pg)
(6) Foreach j =1,...r, distance in M is defined between any two points on

the line P1D1,3(j3 or between any two points on the line P3D173(j; using
a method similar to the one used above to define distance in M; between
any two points on P; D1 2(1).
Let S; 3(r + 1) denote the set of lines in any of the following forms:
(1) P P, P, P3, and P, P,
(2) Foreachm > 1, P1D1,2(m§ and P2D172(m§
(3) Foreachj=1,...r, P1D173(j§, P2D173(j§, and P3D173(j§
(4) Foreachm > 1,andforeach j =1,...r, Dy 2(m)D13(j
(5) Any line in the form DLQ(t)Dl,Q(h; (where t,h > 1, with ¢ < h), other
than the line Dy o(r + 1) Dy o(r + 2)
(6) Any line in the form Dl’g(t)DL?,(h;, where t,h € {1,...r}.
By the definition of the set Sy 5(r + 1), we see that Dy o(r + 1) D1 o(r +2) ¢
S13(r+1). Let Dy 3(r + 1) be a point on Dy o(r 4 1) Dy o(r + 2) such that
(1) d(P1,Dy3(r+1)) >r+1landd(Ps,D13(r+1)) >r+1
(2) Dy 3(r + 1) is not a point on any of the lines in Sy 3(r + 1)
Since Dy 3(r + 1) is not a point on any of the lines in S; 3(r + 1), then nei-
ther n(Py, D1 3(r + 1)) nor n(Ps, Dy 3(r + 1)) has yet been defined. We define

1
n(Pl, D1’3(7" + 1)) = n(Pg, D1,3(7“ + 1)) = W”(Pla Pg)

Thus, the arc length of the path from P; to P3 along the segments P, D1 3(r + 1)
- 1
and P3D173(7" + 1) 1S ﬁn(Pl, Pg)
Using a method similar to the one used above to define distance in M; between
any two points on P1D1,2(1;, one can define distance in M; between any two

points on the line P D1 3(r + 1; or between any two points on the line P3 D1 3(r + 1 )
Also, forany X,Y € P,D; 3(r + 1) we define n(X,Y’) = d(X,Y). Moreover,
foreach m # r + 1,7 + 2, and for any X,Y € Dy o(m)D; 3(r + 1), we define
n(X,Y)=d(X,Y).
Thus, there exists a sequence (D 3(5)) of distinct points in R? such that
(1) Foreach j > 1, Dy 3(j) is a point on the line Dy 2(j) D1 2(j + 1).
(2) No three of the points in (D; 3(j)) are collinear.
(3) Foreach j > 1, Dy 3(j) is not a point on any of the following lines:
(@) PLP,, P\ Ps, and P, P3
(b) Foreach m > 1, P, Dy 5(m) and Py Dy o(m)

(C) For each & 7é j, P1D173(k5, P2D173(k , and P3D1,3<kj
(d) Foreach m > 1, and for each k # j, D1 2(m)D; 3(k
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(e) Any line in the form Dljz(t)Dl’Q(h; (where t,h > 1, with t < h),
other than the line Dy 5(j)D12(j + 1)
(f) Any line in the form D173(t)D1,3(h3, where ¢t # j and h # j.
(4) Foreach j > 1,d(Pr, D13(j)) > j and d(Ps, D13(j)) > j

. . . 1
(5) For eachj > 1, TL(Pl,DLg(j)) = TL(Pg,DLg(])) = W’I’L(Pl,Pg).

(6) Foreach 5 > 1, distance in M is defined between any two points on the

line P; Dy 3(j) or between any two points on the line P3D; 3(j) using a
method similar to the one used above to define distance in M; between

any two points on P; D 2(1).

Also, foreachj > 1,andforany X,Y € P2D1,3(jiwe definen(X,Y)=d(X,Y).

Moreover, for each m # j,j + 1, and forany X,Y € DLQ(m)DLg(j;, we define
n(X,Y)=d(X,Y).

Using the enumeration defined above on the set of unordered pairs of points
(P,,P;), one can repeat the above process to construct a sequence (D, ¢(m)) of
points in R? for each pair of distinct points P, and P; in Q?, with < ¢, such that
for each m > 1, d(P,, D,(m)) > m and d(P;, D,¢(m)) > m, and such that
there exists a path from P, to P, passing through D,..(m) whose arc length in M

(PTaPt)

. n
is equal to

If 7 is aline in R2 that is not used in this construction, then we define the distance
in M; between any two points X and Y on [ to be the usual euclidean distance
d(X,Y).

5. A Proof that M Satisfies the Ruler Postulate

In this section, we give a proof that M satisfies the Ruler Postulate. We leave it
to the reader to check that in general, if a model satisfies the Ruler Postulate, then
that model also satisfies the congruence axioms for segments.

Givenaline [, then it follows by the way that distance is defined in M that either
for each pair of points X and Y on I, n(X,Y) = d(X,Y), or else there exists a

segment BH on [ (with BH = 1) such that:

(1) the euclidean length d(B, H) of BH has been altered to define the new
length n(B, H) of BH in M;

(2) For each pair of points U and V' in segment BH, there exists r € [0, 1]
such that both n(U, V) = rn(B, H) and d(U,V) = rd(B, H)

(3) For each pair of points X and Y onlsuchthat X — Y — B— H,n(X,Y)
=d(X,Y)

(4) For each pair of points X and Y onisuchthat B— H — X — Y, n(X,Y)
=d(X,Y)

(5) For each point X onlsuchthat X — B — H, n(X, B) =d(X, B)

(6) ForeachpointY onlsuchthat B— H —Y,n(H,Y)=d(H,Y)
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For all other possible pairs of points X and Y on [, we employ segment addition to
compute n(X,Y"). For example, if X — B —-Y — H, thenn(X,Y) =n(X,B) +
n(B,Y).

First assume that for each pair of points X and Y on [, n(X,Y) = d(X,Y).
Since euclidean distance d satisfies the Ruler Postulate (page 31 of [8]), then there
exists a bijection f : I — R such that for each pair of points X and Y on, d(X,Y")
=|f(X) — f(Y)]. In this case, we use f as a coordinate system for [, and for each
pair of points X and Y on [, we see that n(X,Y) =d(X,Y) = |f(X) — f(Y)].

Next, assume that there exists a segment BH on [ (with ﬁ = [) such that
conditions (1) through (6) above are satisfied. We will define a bijectiong : | —» R
such that for each pair of points X and Y on [, n(X,Y) = |g(X) — g(Y)].

Again, since euclidean distance d satisfies the Ruler Postulate, then there exists
a coordinate system f : [ — R such that f(B) =0, f(H) > 0, and for each point
Xonlsuchthat X — B— H, f(X) < 0[7].

Letg(B) = 0and g(H) = n(B, H). For each point X on/suchthat X —B—H,
let g(X) = f(X). Leth=n(B,H) —d(B,H)=g(H) — f(H). For each point
Yonisuchthat B— H —Y,letg(Y)=f(Y)+h=fY)+g(H)— f(H). Let
Zg’gg For each point X on/suchthat B — X — H, let g(X) = tf(X).
We note that ¢(B) = 0 = (¢)(0) = tf(B), and that g(H) = n(B,H) =
(. 10) (55 ) = (B 1) =t (B) - F(1D)] = o 1) =152
We also note that g(H) = f(H)+g(H) — f(H) = f(H)+ h. We first prove that
g is a bijection.

t =

Proof that g isa bijection. Let & € R. First assume that £ = 0. By definition of g,
we have that g(B) = 0. Suppose that there exists a point X on [, with X # B such
that g(X) = 0. Since g(H) > 0,then X £ H. If X — B — H,then g(X) < 0,a
contradiction. If B — X — H, then f(X) > 0 and moreover, g(X) = tf(X) > 0,
again a contradiction. If B — H — X, then f(X) > f(H), which implies that
9(X) = f(X)+h > f(H)+h = g(H) > 0, also a contradiction. (As above,
h=n(B,H)—d(B,H)=g(H)— f(H).) Thus, B is the only point such that
g(B)=0.

Assume that £ < 0. Since f : [ — R is a bijection then there exists a unique
point X}, on [ such that X, — B — H and f(X%) = k. By definition of g, we
have that g(X%) = f(Xk) = k. As just argued in the previous case, if X = B,
B—-—X—-H,X=H,orB—H — X,then g(X) > 0. Thus, X} is the only point
such that g(X%) = k.

Assume that £ > n(B, H). Again, let h = n(B,H) — d(B, H). Since k >
n(B,H),thenk — h > n(B, H) — h. Therefore, k —h > n(B,H) — (n(B,H) —
d(B, H)), which implies that K — h > d(B, H). Since f is a coordinate system
for [, then there exists a unique point Y on [ such that f(Y;) = k — h. Since
f(Yx) = k—h>d(B,H), then either Y}, = H or else B — H — Y}. Thus, there
exists a unique point Y on [ such that either Y, = H or else B — H — Y}, and such
that g(Yx) = f(Yx) + h = k.
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. . B, H
Finally, assume that 0 < k& < n(B, H). Again, lett = ZEB H; Since fisa
coordinate system for [, then there exists a unique point 1}, on [ such that f(W})
k. . 0 k n(B,H)
=7 Slnce0</-c<n(B,H)andsmcet>0,then0:¥<¥< : =
n(B,H) _ . _ k
d(B,H)
then f(B) < f(Wy) < f(H), which implies that B — W}, — H. By definition of

g, we see that g(Wy) = tf(Wy) = (t) <t> = k. Thus, there exists a unique point
Wi such that B — Wy, — H and g(Wy,) = k.

In any case, we see that there exists a unique point X on [ such that g(X) = k.
Hence, g is a bijection. O

We next prove that ¢ is a coordinate system for {.

Proof that ¢ is a coordinate systemfor /. We now check that for each pair of points
XandY onl,n(X,Y)=|g(X) - g(Y)|.

First assume that X —Y — B— H. In this case, we have that n(X,Y) =d(X,Y),
g(X) = f(X),and g(Y) = f(Y). Thus, n(X,Y) = d(X,Y) = |f(X) — f(Y)| =
9(X) —g(V)].

Similarly, if X — B — H, then we have that n(X, B) = d(X, B), g(X)
F(X), and g(B) = f(B) = 0. Thus, n(X, B) = d(X,B) = |f(X) — f(B)|
[9(X) — g(B)].

Assume that B — H — X — Y. In this case, we have that n(X,Y) = d(X,Y),
9(X) = f(X)+ h,and g(Y) = f(Y) + h, where, as above, h = n(B,H) —
d(B, H). Thus, n(X,Y) = d(X,Y) = |f(X) — f(Y)| = |f(X) = f(¥) +h—h]
= [(F(X) +h) = (fOY) + B)| = |g(X) — g(Y)].

Similarly, if B— H—Y, thenwe have that n(H,Y)=d(H,Y ), g(H) = f(H)+
hoand g(Y) = f(Y) +h. Thus, n(H,Y) = d(H,Y) = |f(H) — f(Y)| = | F(H) -
FOY) +h = h| = |(F(H) + h) — (F(Y) + )| = |g(H) = g(V).

Next, assume that X and Y are on segment BH. As above, we lett = Eg’g;

In particular, n(B, H) = td(B, H). Also, we have that g(X) = ¢f(X) and g(Y")
= tf(Y). Moreover, there exists € [0, 1] such that both n(X,Y") = rn(B, H)
and d(X,Y) =rd(B, H). Thus, we see that n(X,Y) =rn(B,H) = rtd(B, H) =
LA(X,Y) = tf(X) — F(Y)| = [tf(X) — tF (V)] = |g(X) — (V).

For any other possible combination of points X and Y on [, we use segment
addition. For example, assume that X — B—Y — H. Inthis case, g(X) < g(B) <
g(Y), which implies that |g(X) — g(B)| + |g(B) — g(¥)| = |g(X) — g(Y)|. Thus,
we see that n(X,Y) =n(X,B) + n(B,Y) = |g(X) — g(B)| + |g(B) — g(Y)| =
lg(X)—g(Y)|. Thecaseswhere B— X —H —-Y or X — B— H —Y, aswell as
the cases where either B — H — Y with X = B,orelse X - B— HwithY = H
are similar and are left to the reader.

Hence, ¢ is a coordinate system for [. O
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6. Convex Polygons

In this section we extend some results from previous sections to all of R2. In
particular, we prove that given any two points A, B € R? and given any € € (0, 1),
then there exists a path ¢ from A to B whose arc length in M is less than e. We
begin with the following lemmas.

Lemma 1. Let D = (a,b) be a point in R? such that b ¢ Q. Let [ denote the
vertical linex = a. Let § € (0,1). Then there existsa point 7' = (a, ¢) such that
q€Q,d(D,T) < d,andn(D,T) < 6.

Proof. Given the vertical line [, then it follows by the way that distance in M is
constructed above that either for each pair of points X and Y on [, n(X,Y) =

d(X,Y), or else there exists a segment H B (with = [) such that:

(1) For each pair of points X and Y on [ such that either X — Y — H — Bor
H—-B—- X —-Y,wehavethatn(X,Y) =d(X,Y)

(2) For each pair of points U and V' on segment H B, there exists » € [0, 1]
such that n(U, V') =rn(H, B) and d(U, V') = rd(H, B)

First assume that for each pair of points X and Y on [, n(X,Y) =d(X,Y). In
this case, it follows by the density of the rational numbers that there exists gy € Q
such that [b — go| < 4. In this case the point T = (a, qo) is such that n(D,Ty) =
d(D,Tp) = |b— qo| < 9.

Next assume that there exists a segment H B (with ﬁ = [) such that:

(1) For each pair of points X and Y on [ such that either X — Y — H — Bor
H—-B—-X—-Y,wehavethatn(X,Y)=d(X,Y)

(2) For each pair of points U and V' on segment H B, there exists » € [0, 1]
such that n(U, V') =rn(H, B) and d(U, V') = rd(H, B)

Let H = (a, k). Since D cannot equal both H and B simultaneously, then we
may assume without loss of generality that D # H. Furthermore, we may assume
that & < b. The proof when b < k is similar and is left to the reader.

First assume that D is a point on segment HB. Thus, either D = B or else
B—D—H.Letp € (0,1)besuchthat (p)(d(D,H)) < dand (p)(n(D, H)) < 6.
Again, by the density of the rational numbers that there exists ¢; € Q such that & <
q1 < band|b—qi| < (p)(d(D, H)). LetTy = (a, q1). Thus, we seethatd(D,Ty) =
|b—q1] < (p)(d(D, H)) < 4. Therefore, n(D,T1) < (p)(n(D, H)) < é.

Finally, assume that D — H — B. Again, by the density of the rational numbers,
there exists go € Q such that &k < go < band |b — g2| < J. Let T5 = (a, g2). Thus,
we see that n(D,Ty) = d(D,T3) = |b — q2| < 6. The case where H — B — D is
similar and is left to the reader. O

The proof of the following lemma is similar to the proof of Lemma 1 and is left
to the reader.

Lemma 2. Let D = (a,b) be a point in R? such that a ¢ Q. Let [ denote the
horizontal liney = b. Let § € (0,1). Thenthere existsa point 7" = (g, b) such that
q€Q,d(D,T) < d,andn(D,T) < 6.
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Lemma 3. Let§ € (0,1). Givenapoint D € R?, thenthere existsa point T € Q?
and a path p from D to T" such that d(D,T") < ¢ and such that the arc length in
M, along p isat most 6.

Proof. If D € Q2 then we let T'= D. In this case p consists of the single point D
and the length along p is 0.

Assume that D ¢ Q2. Let D = (a,b). If a € Qand b ¢ Q, then it follows by
Lemma 1 that there exists a point 7} = (a,q1) € Q? such that d(D,T}) < & and
n(D,Ty) < 4. In this case p is segment DT7.

Ifa ¢ Qandb € Q, then it follows by Lemma 2 that there exists a point 7 =
(q2,b) € Q? such that d(D, Ty) < 6 and n(D, T) < 6. In this case p is segment
DT5.

Assume that a,b ¢ Q. By Lemma 1 there exists a point W = (a, g3) such that
g3 € Q, d(D,W) < $,and n(D, W) < 3. By Lemma 2 there exists a point 75 =
(g4,93) € Q2 such that d(W, T3) < $ and n(W, T3) < $. In this case we let p be
the union of segments DW U WT5. Thus, the arc length along p from D to T3 is
less than §. Moreover, by applying the triangle inequality in euclidean geometry,
we have that d(D,T3) < d(D, W) + d(W,T3) < g + g = 0. O
Theorem 4. Given any convex polygon P, then for each pair of points A and B
inside P and for any ¢ > 0, there exists a path ¢ from A to B such that the arc
length along ¢ is less than e and such that ¢ has nonempty intersection with the
exterior of P.

Proof. Let P be a convex polygon. Let A and B denote two points in the in-
terior of P. Let e > 0. Since P is a convex polygon in both M; and eu-
clidean geometry, then there exists a euclidean circle C that bounds P. Let V'
and r denote the center and radius of C, respectively. Let 6 > 0 be such that
5 < min{r_déA’V),T_déB’w,;}. If A € Q2 then let W4 = A. If
A ¢ Q2 then it follows by Lemma 3 that there exists W, € Q2 such that
d(A,W,) < ¢ and such that there exists a path ¢4 from A to W, whose arc
length in M is less than §. Similarly, if B € Q?, then let W = B, and if B ¢ Q?,
then there exists Wp € Q2 such that d(B, W) < 6 and such that there exists a
path gp from B to Wp whose arc length in M is less than §. In either case, it
follows by the triangle inequality in euclidean geometry that d(V, W,) < r and
d(V,Wpg) < r. Thus, both W4 and W are in the interior of C. It also follows
that the respective arc lengths of g4 and gp in M; are both less than 5. By the
construction above, there exists a sequence (D;) of points in R? such that for each
Jj=1,
(1) d(Wa, D;) > j and d(Wpg, D)) > j
(

1
(2) n(Wa, Dj) =n(Wg, Dj) = 5rzn(Wa, W)

1 . .
Lett € Z™T be such that t > 3r and gn(WA, Wpg) < g Thus, Dy is a point such
that
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(1) d(W4, D) >t > 3randd(Wg, D) >t > 3r
(2) The arc length in M; from W, to W along the path p = WDy U WDy

is less than ﬁn(WAv W), and therefore less than g

Thus we see that the arc length in M; from A to B along the path g = g4 Up U gp
is less than e.

If d(V, D) < r, then it follows by the triangle inequality in euclidean geometry
that d(Wa, Dy) < d(Wa,V)+d(V, Ds) < r+r = 2r, acontradiction. Therefore,
it must be the case that D; is in the exterior of C, and therefore in the exterior of
P. Since Dy is a point on the path ¢, then ¢ has nonempty intersection with the
exterior of P. O
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A Modé of Nowhere Geodesic Plane Geometry in which
the Triangle Inequality Fails Everywhere

John Donnelly

Abstract. Continuing with the results from an earlier paper, we construct a
model M, of plane geometry that satisfies all of Hilbert’s axioms for the eu-
clidean plane (with the exception of Sided-Angle-Side), yet in which the geo-
desic line segment connecting any two points A and B is never the shortest path
from A to B. Moreover, in the model M, the triangle inequality always fails for
any triple of noncollinear points.

1. Introduction

In [2] the author constructs a model M; of plane geometry that satisfies all of
Hilbert’s axioms for the euclidean plane (with the exception of Sided-Angle-Side),
yet in which the geodesic line segment connecting any two points A and B is
never the shortest path from A to B. Moreover, it is shown in [2] that the model
M is continuous in the sense that it satisfies both the ruler postulate and protractor
postulate of Birkhoff [1], [4]. However, depending on the order in which we choose
points while constructing M, there might exist a specific triangle AABC' in M
that satisfies the triangle inequality in the sense that the sum of the lengths of any
two sides of AABC is greater than the length of the third side. However, given
any two of the vertices of AABC, and given e > 0, then we can always find a path
connecting those two vertices whose arc length in Mj is less than e.

In this paper, we construct a model M of plane geometry that satisfies all of
Hilbert’s axioms for the euclidean plane (with the exception of Sided-Angle-Side),
and which is Nowhere Geodesic, yet in which no triangle satisfies the triangle
inequality. We note that the model M, is not continuous in the sense that neither
the ruler postulate nor the protractor postulate hold in M. We refer the reader to
[2] and [3] for a list of Hilbert’s axioms for the euclidean plane.

2. The Model M,

In this section we construct the model M. The points in My are precisely the
points in Q2. A line in M, is the intersection of Q? with a line in R? whose
equation is either y = ma + b, where m,b € Q, or else z = k, where k € Q. We
define betweenness in M to be exactly the same as betweenness in the euclidean
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plane. As in [2], we will replace PASCH with PSP as a betweenness axiom, and
will show that M, satisfies PSP. It follows immediately that betweenness axioms
(1) - (3) hold in Ms. We leave it to the reader to check that the incidence axioms
hold in M.

We prove that PSP holds in Mly. We will essentially prove part (3) of the follow-
ing lemma while showing that PSP holds in M.

Lemmal. Giventwo distinct lines! and g in Mly, then exactly one of the following
istrue:
(1) neither [ nor ¢ is vertical, and they have the same slope and are therefore
parallel
(2) 1 and q are both vertical, and are therefore parallel
(3) ! and g intersect at a unique point P € Q?

Proof of PSP: Let [ be a line in M. First assume that [ is not vertical, and that !
has equation y = max + b, where m,b € Q. Let Hy = {(c,d) € Q* | d > mc+b}
and let Ho = {(c,d) € Q? | d < mc + b}. It follows immediately that #; and
H, are nonempty, disjoint subsets of Q2 whose union is precisely the set of points
in Q? that are not on [. Let By = (u1,v1) and B = (ua,v2) be two points in Q2
such that B; and B, are noton {.

Assume that By Bs is not vertical. Thus, uq # wuso. Let § 5 have equation
279 cQands € Q.

U9 — U1

First assume that B; € H; and By € H,. Since r,s,m,b € Q, then both of

s—b and r ( 5T b) + s are in Q. Thus, we see that the lines B; B, and |
m

m—r
—b —

G (s o) <
m—r m—r

intersect at the point
If m = r, then §1B2 and [ are parallel, which implies that either both of B; and
Bs are above [ or else both of B; and B are below [, a contradiction. Assume that
m # r, and consequently, that EIBQ and [ are not parallel.

Assume that m > r. Since By € Hi, then ru; +s = v1 > mui + b. This

. Since By € Ho,
m —
then ru2+s = vy < mug+b. ThIS implies that (m — T)(uz) > s—b and therefore

y=rx+ s, wherer = ——

implies that (m —r)(u;) < s—b, and therefore that u; < o

—b - —b
that ug > . Thus, u1 < < u. Slnce is between uy and uso,
m — m —

. - —-b —-b .
and since y = rx + s is linear, then ( T ( 5 > + 5) is between B;

m—r m—r

and B, on the segment By Bs.
Now assume that m < r. Again, since By € Hq, then ru; +s = v1 > muq +0.

This implies that (m — r)(u1) < s — b, and therefore that u; > . Since

m
By € Ha, then rug + s = va < mug + b. This implies that (m — r)(uz) > s — b.
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—-b — .
and therefore that us < 5 . Thus, uq > 5 > wuo. Thus, we again have
m—rT m —r
—b —b . _
that i , T i + s | is between By and B, on the segment By Bs.
m —rT m —rT

Now assume that By and Bs are both in . Since u; # uo, then we may
assume without loss of generality that w; < ws. The proof for the case uy > s IS
similar and is left to the reader.

Again, if m = r, then %IBQ and [ are parallel, which implies that §lBg does
not intersect [.

Assume that m > r. Since By € Hq, then rus + s = v9 > mug + b. This

implies that (m — r)(u2) < s — b, and therefore that u; < us <
m T
Assume that m < r. Since By € Hq, then ru; +s = v; > muy + b. This

implies that (m — r)(u1) < s — b, and therefore that ug > u; > .
m—r

In either case, since y = rx + s is linear, then segment B, B, does not intersect

l.

If B; and Bs are both in H, then one can use a similar argument to show that
segment By B, does not intersect |.

Now assume that m is vertical. Thus, u; = wus, and m has equation
T =Uui.

Assume that By € H; and By € H». In this case, the lines m and [ intersect
at the point (u1,mu; + b) € Q% Since By € H; and By € Ho, then v; >
muy + b > vy. Thus, it follows that (u1, mu; + b) is between that points B, and
B> on the segment By Bs.

Assume that By, Bo € H;. We may assume without loss of generality that
v1 > wve. Again, the lines m and [ intersect at the point (ui, mu; +b) € Q2.
Since By, By € Hi and vy > v, then v1 > vo > muy + b. Thus, the point
(u1, muy + b) is not between By and Bs. If By and B, are both in #,, then one
can use a similar argument to show that segment By B, does not intersect .

Now assume that [ is vertical, and that [ has equation x = k, where k € Q. Let
Hs = {(c,d) € Q? | ¢ >k} and let Hy = {(c,d) € Q? | ¢ < k}. Again, we leave
it to the reader to confirm that #3 and #4 are nonempty, disjoint subsets of Q?
whose union is precisely the set of points in Q? that are noton [. Let B3 = (u3, v3)
and By = (uy4,v4) be two points in Q2 such that B3 and B, are not on [.

Assume that Bs € Hs and By € H4. In this case, m can not be vertical.
Let E—BZ have equation y = px + d, where p, d € Q. In this case, the lines E—BZ
and [ intersect at the point (k, pk + d) € Q2. Since Bz € Hs and By € H4, then
us > k > uy. Thus, it follows that (k, pk + d) is between that points B3 and By
on the segment B3 Bj.

Finally, assume that B3, By € Hs. If m is vertical, then segment B3 B, and
line [ do not intersect. Assume that B3 B, is not vertical. Again, we assume that
m has equation y = pz + d, where p,d € Q. We may assume without loss of
generality that us > u4. Since B3, By € Hgs, then ug > ug > k. Thus, it follows
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that (k, pk + d) is not between that points B3 and B4 on the segment Bs By. If B3
and By are both in 4, then one can use a similar argument to show that segment
B3 B, does not intersect {. Hence, PSP holds in Ms.

3. Angle Measurein My

We define angle measure in M to be the same as euclidean angle measure. It
follows immediately that Congruence Axiom (2) for Angles holds in Ms. More-

over, given an angle ZBAC' in M, and given a ray DF' in My, then there exists a
unique ray lﬁ in R? on a given side of line ﬁ? such that /BAC = /FDE. It
remains only to show that ray 5@ is not only a ray in R2, but more specifically is
aray in Ms. To show this, we show that either ﬁﬁ is vertical or else that the slope

of line ﬁ is a rational number.

Since both the slope of a line and euclidean angle measure are preserved under
horizontal or vertical translation, then we may assume that D is the origin (0,0).
Similarly, we may assume that the vertex A of ZBAC is the origin (0,0).

If the slope of a ray ﬁf{ is s € Q, then the slope of the ray that we get by
rotating 177( clockwise around D through an angle of g is —— € Q. Thus, we can
S

assume that ray D—I>«" is either in the first quadrant or is equal to the positive z-axis.
If ﬁ is in the second, third, or fourth quadrant, then we rotate both rays ﬁ and

. 3 .
ﬁ clockwise around D through an angle of g m, or ?ﬁ respectively. In any of

these three cases, the ray we get by rotating 171EZ will be a ray in the first quadrant
with a rational slope. Moreover, if the slope of the ray we get by rotating ﬁ is

a rational number, then the slope of DF is also a rational number. Since angle
measure in euclidean geometry is preserved by rotation, then the angle measure
of the new angle is precisely the same as the angle measure of the original angle

ZFDE. Similarly, if 51? is the positive y-axis, the negative x-axis, or the negative
y-axis, then we again rotate both rays DF and DE clockwise around D through

3 .
an angle of g m, Or g respectively. In any of these three cases, the ray we get

by rotating ﬁ will be the positive z-axis.
Finally, we assume that ﬁ is in the halfplane of line W consisting of all
points that are above the line DE. The case where the ray DE is in the halfplane

of line W consisting of all points that are below the line W is similar, and is left
to the reader.

Let ZBAC and ZFDE be two angles in R? that are congruent. As above,
we assume that the vertices A and D of angles /BAC and /F DE, respectively,

are the origin (0,0). Moreover, by rotating /@ if necessary, we may assume that
AB is the positive z-axis. By using the reflection in the z-axis and reflecting
@ to its mirror image AC’, if necessary, then we may assume that 1@ IS a_b(>)ve
the xz-axis. In particular, if the slope of zﬁ is s € Q, then the slope of AC” is
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—s € Q. Also, since the reflection in a line preserves euclidean angle measure,
then m/BAC = m/BAC’. We denote the common angle measure of /BAC

and ZFDFE by XA. We assume that ray lﬁ has rational slope, and is therefore a
ray in Ma. We will show that ray AC' is in My if and only if ray DE is in Mo,
If A= g then /ﬁ is vertical, and the slope of ﬁ is the negative reciprocal of

the slope of D', which implies that the slope of DE is rational. In this case, AC
and DE are both in M.
Assume that \ # g

If ﬁ is horizontal (and therefore the positive x-axis), then /BAC and /FDFE

are the same angle. In this case, DE and AC" are the same ray, and therefore have
the same rational slope.

Assume that D' is not horizontal. As above, we may assume that DF isin the
first quadrant, and that ﬁ is in the halfplane of line W consisting of all points

that are above the line W
Let p =msBDF.

First assume that AC' is in M. Since A = g then AC' is not vertical. Thus, it

must be the case that the slope of @ is rational.

If ﬁ is vertical (i.e. the positive y-axis), then it has no slope, but instead has
equation = = 0, and is therefore a ray in M.

If DE is horizontal (i.e. the negative z-axis), then it has slope 0, and is therefore
aray in M.

Assume that BE is neither the positive y-axis nor the negative z-axis. Since ﬁ
is the positive z-axis, then the slope of AC' is Tan()), the slope of ﬁ is Tan(p),

and the slope of ﬁ is Tan(\ + p). Since the slopes of AC' and ﬁ are rational,
then it follows by the formula

_ Tan(A) + Tan(p)
Tan(A+p) = 1 — Tan(\)Tan(p)

that Tan(\ + p) is rational. Thus, the slope of EE is rational.

Thus, in any of these cases, we have that ﬁ isaray in M.

Next, assume that D is in M.

First assume that lﬁ is vertical (i.e. the positive y-axis). In this case, we use
the reflection in the line y = « to reflect both ﬁ and BE to their mirror images
DF’" and DE’, respectively. Since the ray DE is the positive y-axis, then DE'=
AB. Since the reflection in a line preserves angle measure, then the reflection of
the angle ZF DFE is the unique angle above the z-axis whose initial ray is 1@ and
whose angle measure is . But this is precisely the angle Z/BAC. Thus, we see
that / F' DE' = / BAC. More specifically, DE' = AL and DF'= AC. If the slope
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. — . 1 . p— .
of DE'is s € Q, then the slope of D is - €Q.Since DF'= AC, then it follows

that AC" is in M.
Now assume that that ﬁ is not vertical. Thus, in this case the slope of lﬁ is

rational. Moreover, since D—E> is not vertical, then \ + p # g

As above, we have that the slope of @ is Tan(}\), the slope of lﬁ is Tan(p),
and the slope of lﬁ is Tan(\ + p). Since the slopes of DF' and DE are rational,
then it follows by the formula

_ Tan(X + p) — Tan(p)
Tan(A) = 1+ Tan(\ + p)Tan(p)

that the slope of @ is also rational. Thus, @ isaray in Ms.

Let Z/HKG be an angle in My, and let ﬁ be a ray in M. As stated above,
there exists a unique ray ﬁ in IR? on a given side of line E)’ suchthat /HKG &
/FDE. If, as above, we let AB denote the positive x-axis, then there exists
a unique ray A‘& in R? above the z-axis such that /BAC = /HKG. Since

/HKG is an angle in M, then it follows that both rays ﬁ and K G are in M.
Applying the previous argument to the angles Z/BAC and ZH K G, it follows that
AC is aray in My. Applying the previous argument to the angles ZBAC and
/FDE, we see that since AC' is a ray in M, then ﬁ is a ray in My. Thus,
ZFDE isan angle in M.

Hence, it follows that Congruence Axiom (i) for Angles holds in M.

4, Distancein M»

In this section we define distance in M. We do this in such a way so that not
only is My nowhere geodesic, but moreover, so that no triangle in M satisfies
the triangle inequality. To define distance, we use the enumeration on the points
in Q2. In particular, we start by defining distance between P; and P». We then
define the distance between each subsequent point P in the sequence (F;) and
all of the points Py, ..., P,_; that come before P, in (P;). As we define these
distances, we also construct a subsequence (k; ;) of points from (P;), which is
used to ensure that M, is nowhere geodesic. The distance between a point P; in
(P;) and a corresponding point K; ; in (K ;) is defined to be sufficiently small so
that the segments in the form P, K ; can be used to construct shorter and shorter
paths in Ms. On the other hand, certain distances in M, are defined to be larger
and larger as we use points further out in the sequence (£;). Thus, we can think
of distances in M, as being defined with two opposite goals in mind. One goal is
to have certain distances get larger and larger without bound, and the other goal is
to have certain distances getting smaller and smaller and closer to 0. We denote
the euclidean distance between point A and point B by d(A, B). We denote the
taxicab distance between point A and point B by t(A, B) We denote the distance
in My between point A and point B by g(A, B).

We start with the following lemma.
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Lemma?2. Let {A;,..., Az} C Q? beanonempty finite subset of Q2. Let P; and

P, be two distinct points in Q2. Assume that 7,711, . .., T}, are points on PP,
such that

(2) If m > 2,thenfor eachd € {1,...,m—1},wehavethat Ty —T3—Ty+1

(3) If m > 2, thenfor each d € {1,...,m — 1}, we have that Ty is the point

of intersection of P; P, with one of thelines A;, A, where1 < h,b < k and

i
ApAy # m
(4) Foreachd € {1,...,m}, noneof thelines A, Ay, where1 < h,b < k and

A4, # BB, intersect int(T_Ty)
Thenfor eachd € {1, ..., m}, thereexistsatriangle AT,;_17T,;Q4 such that

(1) Nolineintheform Ay, Ay, wherel < h,b < k, intersectsint(ATy_1T,Qq)-
(2) Nosegmentintheform A, A, wherel < h, b < k, intersectsint(AT;_17;Qq)-

Proof. We will prove this for d = 1. The proofs for the other possible values of

d are similar, and are left to the reader. Let H denote a halfplane of ]ﬁ If none
of the points A1, ..., A are in H, then we let X be any point in % N Q2. Even
though none of the points Ay, ..., Ay are in H, it might still be the case that one

of the lines A, Ay, intersects int(LT1 Ty X).

First assume that no line in the form A, A,,, where 1 < z,w < k, passes through
To and intersects int(£LT17p X ).

Assume that no line in the form Ay A, where 1 < h, b < k, intersects int (TOX1 >

Let @, be any point on ray T(T)f such that @1 # Tp. If there exists a line in the
form Ay Ay, where 1 < h, b < k, that intersects int(ATy71Q1), then it follows by

the Line-Triangle Theorem together with Lemma 1 that A; A, must intersect the
interior of at least one of the sides TyT or T+, a contradiction [4]. Thus, no line

in the form A;, Ay, where 1 < h, b < k, intersects int(ATp71Q1). In particular, no
segment in the form A, Ap, where 1 < h, b < k, intersects int(AToT1Q1).

Next assume that there exists a line in the form A, Ay, where 1 < h,b < k,
that intersects int(To)_f\). Let Lq,..., L, denote all the points of intersection of

int(To)_f) with lines in the form A, Ap, where 1 < h,b < k. Since there exists

only a finite number of lines in the form m where 1 < h, b < k, then there exist
only a finite number of such points L4, ..., L, of intersection. Let L, denote the
point on int <T0—X2 such that none of the other points from L4, ..., L, are between
Ty and L,,. Thatis, for each j # u, L; is not between Tj and L,. Since there
exist only a finite number of points L4, ..., L, of intersection, then such a point
L, exists. One can now use an argument similar to the one given above to show
that no line in the form m where 1 < h, b < k, intersects int(ATy Ty Ly,).
Now assume that there exists a line in the form A.A,, where 1 < z,w <
k, that passes through 7y and intersects int(£7775X). Since none of the points
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Ay, ..., Ay are in H, then it follows that all points on m inint(£117TpX) are
on the opposite side of m as Aq, ..., Ag. Let S denote the set of all angles in the
form £T1Ty B such that B is in int(£777, X ) and such that B is on a line m
where 1 < z, w < k, that passes through Tj. Let D be a pointinint(£777,X) such
that D isonaline m where 1 < z, w < k, that passes through Tj and such that
/T Ty D is the smallest angle in S. We now apply arguments similar to those given
above, using ray Tgf) in the place of ray Ty.X, to show that trianMTlToD is
such that no line in the form m where 1 < h,b < k and ApA, # ﬁ
intersects int(AT1 7y D).

Now assume that at least one of the points A1, ..., Ag isin H. Let « denote the
smallest angle in the form £T17T, A, where A; is from the points Ay, ..., A that
are in . Since there are only a finite number of points from A4, ..., A; thatare in
H, then « is well defined. We now apply arguments similar to those given above,
using ray TO—A: in the place of ray ﬁ to show that triangle AT77Ty Ay is such that
no line in the form Ay, Ay, where 1 < h, b < k, intersects int(AT1Th Ay). O

The proof of the following lemma follows from the definitions of betweenness
in euclidean geometry, taxicab geometry, and M, and is left to the reader.

Lemma3. Let A = (z1,y1), B = (22,y2) and C = (x3,y3) be three points in
Q2. Then A — B — C in euclidean geometry if and only if A — B — C' in taxicab
geometry. Moreover, A — B — C'intaxicab geometry if and only if A — B — C'in
M.

The proof of the following lemma follows from the definition of distance in
taxicab geometry, and is left to the reader.

Lemmad4. Let A, B € Q2 Thent(A, B) € Q.

Define g(P1, P») = 1. Let K; o be any point in Q? such that K o is not on
? . 1 1
P, Define g(Pl,KLQ) = g(PQ,KLQ) = Zg(PhPQ) = Z Note that the arc

. 1

length in M of the path from P, to P, along P, K12 and P», K1 2 is 5g(Pl, Py).

First assume that P3 = K o. In this case the distances g(Py, P3) and g(P, Ps)
are already defined. In particular, we have from above that g( Py, Ps) = g( P, P3)

1 1
= 9P P) =2

By Lemma 2, there exists a triangle APy P3Qo such that neither of the lines
lglPQ or Z%QKLQ intersect the interior of AP, P3Qq. Let Klzg be apointinint(AP; P3Qp)N
Q2. Note that K 3 is not on any of the lines Py P5, Py K 5, or PK 5. Therefore,
neither P; K 3 nor PyK 3 are on any of the lines P Py, P K1 5, or Py K 5. We de-
. 1 1 .
fineg(P, Ki3) = g(Ps3,K13) = 1g(Pl,Pg,) =15 Thus, the arc length in M of
1

1
the path from P, to P; along the segments P K 3 and P3 K 3 is §g(P1, Ps) = 3
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Similarly, there exists a triangle AP, P3Qq such that none of the lines ﬁ
P K5, PKy 3, PK) 3, 0or 3K 3 intersect the interior of AP, P3Qq. Let Ky 3
be a point in int(APngQo) n Q2. Note that Ko 3 is not on any of the lines
Plpg, PlKLQ, PQKLQ, PIKI,I;: or P3K173. Therefore, neither PyKo 3 Nor P3K273
are on any of the lines P1 Py, PiK1 5, PoKy, PiK3, or P3K; 3. We define

1 1 .
9(Py, Ka3) = g(Ps,Ka3) = Zg(Pg, Ps) = 6 Thus, the arc length in M, of the

1 1
path from P, to P3 along the segments P K5 3 and P3 K5 3 is §g(P2, Ps) = g

Note that each of the points K ; and K ;; defined below will at some step in
the process be realized as one of the points P; in the sequence (P;) of points in Q2.

Now assume that P3 # K. We have several cases when defining distance in
M, between P3 and either of P, or P,. First assume that P; is a point on ATP;
We have three cases: P — P3 — Py, P — P, — Py,or P, — P, — P;.

Assume that P; — P; — P,. In this case, since P, — P3 — P in both M, and in
taxicab geometry, then there exist r1, 79 € (0,1) N Q such that

(1) ri+re=1
(2) t(Pl, Pg) = Tlt(Pl, Pg)
(3) t(Ps, P2) = rot(Py, Pr)
Note that since P, — P; — P, then t(Pl, PQ) = t(Pl, Pg) + t(Pg,PQ), which is
consistent with r{ +r9 = 1.
Define g(Pl, Pg) = Tlg(Pl, Pg) =7 and g(P3,P2) = ’l“Qg(Pl, PQ) = T9.
By Lemma 2, there exists a triangle A P; P31 such that none of the lines W
P K2, or PK 5 intersect the interior of APy P3Q. Let K3 be a point in
int(AP,P3Q1) N Q% Note that K7 3 is not on any of the lines ATP; EKLQ,

or I%QKLQ. Therefore, neither Py K 3 nor P3K 3 are on any of the lines Igng,

. 1 T
PlKLQ, or PQKLQ. We define g(Pl,Kl’g) = g(Pg,KLg) = Zg(Pl’Pg) = Zl

Thus, the arc length in M of the path from P; to P along the segments P; K 3
- .1
and P3K173 IS ig(Pl’ Pg)

Similarly, there exists a triangle AP, P3()> such that none of the lines ?P;
P K5, PyK1 5, PiK; 3, or P3K 3 intersect the interior of AP, P3Qs. Let Ky 3
be a ppint in int((AP,P3Q2) N Q% Note that Ko 3 is not on any of the lines
Plpg, PlKl’Q, PQKLQ, P1K1’3, or P3K173. Therefore, neither PyKy 3 Nor P3K2,3
are on any of the lines P, Py, PiK12, PaK12, PIK13, or P3K;3. We define

1 .
9(Py, Ka3) = g(P3,Ka3) = Zg(P27P3) = %2 Thus, the arc length in M, of the

1
path from P, to P5 along the segments P, K 3 and P3 K> 3 is 5g(Pg, Ps).

Now assume that P, — P» — Ps. In this case, we define g(P», P3) = 4. In
particular, we define g( P2, P3) to be a positive integer that is at least twice as large
as the sum of all segments previously constructed. Thus, we define g(P», P3) SO
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thatg(Pg, Pg) > 25, where s = g(Pl, Pg)-f—g(Pl, K172)+g(P2, K]_72 ! By Lemma
2, there exists a triangle A P> P33 such that none of the lines P P, P K 2, or
Z%QKLQ intersect the interior of AP, P3Q)3. Let K 3 be a point in int( AP, P3Q3) N

. 1
Q2. We define g(PQ, K273) = g(Pg, K273) = Zg(PQ, Pg) =1.

We define g(Py, P3) by means of segment addition. In particular, g(P;, P3)=
g(P1, P2) + g(P2, P3) = 144 = 5. Note that in this case, the arc length in M of
the path from P, to P along the segments Py K1 2, K1 2P, PoKo 3, and K 3P
1 5
IS 59(P17P3) = 5

Finally, assume that P;— P, — P». This case is similar to the previous case where
P, — P, — Ps. Inthis case, we define g(Py, P3) = 4, and g(P», P3)= g(P1, P3) +
g(Py, P1) = 4+ 1 = 5. As above, there exists a triangle A P; P3Q4 such that
none of the lines Py Py, P K 2, or PyK 5 intersect the interior of AP P3Qy. Let
K173 be a point in int(AP1P3Q4) N @2. We define g(Pl, Kl,g) = g(Pg, K173) =

1 . o .
Zg(Pl, P3) = 1. Again, note that in this case, the arc length in M of the path from

Py to Py along the segments PQKLQ, K172P1, P1K173, and K173P3 is %g(PQ, Pg) =
5
2’ _

Now assume that P, P, and P are not collinear. We have several cases, de-
pending on whether P K, 5 or PoK 5 intersect either of the segments P; P5 or
P, P; at any points other than P, or Ps.

First assume that neither of the lines PlKl,g nor PgKl,z intersect either of the
segments Py P; or P, P3 at any points other than P, or P,. In this case, we define
g( Py, P3) = 4. Again, we define g(Py, P3) to be a positive integer that is at least
twice as large as the sum of all segments previously constructed.

By Lemma 2, there exists a triangle A P; P35 such that none of the lines W

P K, 5, or P,K; 5 intersect the interior of APy P3Qs. Let Ky 3 be a point in

. . 1

mt(AP1P3Q5) n @2. We define g(Pl,Kl,g) = g(Pg,Kl’g) = Zg(Pl’PB) = 1.

Thus, the arc length in M, of the path from P; to P; along the segments P K 3
-1

and P3K173 IS 59(131’ Pg) = 2.

We define g(P,, P3s) = 16. Again, we define g(P», P3) to be a positive in-
teger that is at least twice as large as the sum of all segments previously con-
structed. Applying Lemma 2, there exists a triangle AP, P30 such that none
of the lines Plpg, P1P3, PlKLQ, PQKLQ, P1K1’3, or pgKl’g intersect the in-
terior of AP,P3Q)s. Let Ky 3 be a point in int(AP,P3Qg) N Q2% We define

1 .
9(Py, Ka3) = g(P3,K33) = Zg(Pg,Pg) = 4. Thus, the arc length in M of

1
the path from P, to P; along the segments P, K 5 and P3 K 3 is 5g(Pg, P;) =8.
Next assume that no three of P, P, P3, and K o are collinear.
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Assume that ZSQKLQ crosses P P3 at a point I 3, but that ?1[(172 does not cross
P,Ps. In this case, we define (P, I1 3) = 4. In particular, we define g(P, I 3)
to be a positive integer that is at least twice as large as the sum of all segments
previously constructed.

As above, applying Lemma 2, there exists a triangle APy I 37 such that none
of the lines ATP; ZglKLQ, and Z%QKLQ intersect the interior of AP 11 3Q)7. Let
K173,1 bea point in int(AP1[1,3Q7)ﬂQ2. We define g(Pl, K1,371) = 9(11,3, K1,371)
%g(Pl, I, 3) = 1. Note that the arc length in M of the path from P; to I; 3 along

— 1
segments P1K17371 and K173711173 IS §g(P1, 1173) = 2.

We define g(I; 3, P3) = 16. Again, we define g(I; 3, P;) to be a positive integer
that is at least twice as large as the sum of all segments previously constructed.

Again, applying Lemma 2, there exists a Eriangle A P31 3Qg such that none
of the lines plpg, PlKLQ, p2K1’2, P1K1’371, and 11’3K173,1 intersect the inte-
rior of AP3I3Qs. Let K32 be a point in int(AP3I; 3Qg) N Q2. We define
g(ILg,KLg,Q) = g(P3,K1’372) = %g(Pg,ILg) = 4. Note that the arc Iength
in My of the path from P3 to I; 3 along segments P3K 32 and Kj 392113 iS

1 .
5g(Pg,,h,g) = 8. Also, the arc length in M, of the path from P; to P; along

segments P1K17371, K1’371]1’3, 1173K173’2 and K17372P3 is %g(Pl, Pg)

We define g( P2, P3) = 64. As above, we define g(P», Ps3) to be a positive inte-
ger that is at least twice as large as the sum of all segments previously constructed.

Again, applying Lemma 2, there exists a triangle A% P3(Q)q such that none
of the lines Plpg, P1P3, PlKLQ, PQKLQ, P1K1’3,1, 1173K17371, P3K1,372, and
31,3K1,3,2 pass through the interior of triangle AP, P3Q)9. Let K53 be a point
in the interior of triangle AP, P3Q)9. We define g(P2, Ko3) = g(P5,Ka3) =
%g(PQ, P3) = 16. Thus, the arc length in M of the path from P, to P5 along the

o1
segments Py Ko 3 and P3Ko 3 is ig(Pz, P3) = 32.

We refer to the segment P, P, as the initial segment. We refer to segments
such as P11 3, 11 3P, and P, P3 as expansion segments, since the length of each
of these segments is defined by expanding to more than twice the length of all
previous segments added together. Similarly, we refer to segments such as P Ky o,
PyKi 5, and Py K 3 P3K; 3 as contraction segments, since the length of each of
these segment is the contraction of the length of a previous segment.

Assume that l%lKLg crosses P, P at a point I, 3, but that EKl,z does not cross
P P;. Inthis case, we define g(Py, P3) = 4. As above, we define g( Py, P3) to be a
positive integer that is at least twice as large as the sum of all segments previously
constructed.

By applying Lemma 2, there exists a triangle A P; P3Q10 such that none of the
lines P, P, Pi K15, and Po K 5 pass through the interior of triangle APy P3Q1o.
Let K 3 be a point in the interior of triangle AP P3Q10. We define g(Pr, K1 3) =
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9(P3, K13) = ig(Pl, P3) = 1. Thus, the arc length in M of the path from P; to
1
P along the segments P K 3 and P3 K 3 is Eg(Pl, Ps) =2.

We define g(Ps, I 3) = 16. Again, we define g(P, I5 3) to be a positive integer
that is at least twice as large as the sum of all segments previously constructed.

There exists a triangle APy 3Q11 such that none of the lines Z%lP , Zgng,
PlKLQ, PQKLQ, Pl, K173, and PgKLg pass through the interior of triangle APQIQ’ngl.
Let K 3 1 be apoint in the interior of triangle A P> 15 3Q11. We define g(Po, K2 31) =
g(I23,K231) = %Q(PQ, I 3) = 4. Note that the arc length in M of the path from

1
P, to I 3 along segments P Ko 31 and Ko 31123 is 5g(Pg, Ir3) =8.

We define g(I3, P;) = 64. As above, we define g(I5 3, P3) to be a positive
integer that is at least twice as large as the sum of all segments previously con-
structed.

There exists a triangle AP35 3Q12 such that none of the lines ﬁ W
PlKLQ, PQKLQ, Pl,KLg, P3K173, P2K2,371, and 1273K273’1 pass through the in-
terior of triangle AP3133Q12. Let K532 be a point in the interior of triangle
AP3I53Q12. We define g(I33, K232) = g(Ps, K232) = 19(Ps, I2.3) = 16. Note
that the arc length in M, of the path from P; to I5 3 along segments P3 K> 3 2 and

- 1 .
Ky 32153 is 5g(Pg, I 3) = 32. Also, the arc length in M of the path from P to

1
P3 along segments P2K27371, K273711273, 1273K27372 and K27372P3 IS *g(PQ, Pg).

Assume that Z%QK 1,2 crosses P P3 at a point I 3, and that P K 5 crosses P, Ps
at a point I 3.

In this case, we define we define g( Py, I13) = 4. Again, we define g(P1, 11 3)
to be a positive integer that is at least twice as large as the sum of all segments
previously constructed.

There exists a triangle AP, 17 3Q13 such that none of the lines 1<31—P> EKI, ,
and EKLQ pass through the interior of triangle APy I; 30)13. Let K 3 1 be a point
in the interior of triangle AP 11 3Q013. We define g(P1, K131) = g(113, K131) =
19(Pr, Ii3) = 1.

We define g(I; 3, P3) = 16. Again, we define g(I; 3, P;) to be a positive integer
that is at least twice as large as the sum of all segments previously constructed.

There exists a triangle A P31 3Q14 such that none of the lines Py P, P K 2,
PyK, 5, PIK; 31, and I) 3K 31 pass through the interior of triangle AP3 11 3Q14.
Let K 32 be apoint in the interior of triangle A P31, 3Q14. We define g(11 3, K1,32) =
9(P3,K132) = 19(P3,I13) = 4.

We define g(P, Iz 3) = 64. Again, we define g(Px, I 3) to be a positive in-
teger that is at least twice as large as the sum of all segments previously con-
structed. There exists a triangle AP>15 30)15 such that none of the lines 1?<31—P>

PPy, PiKy 2, PaK1 5, P, K131, I 3K131,01.3, K132, and P3 K 3 5 pass through
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the interior of triangle A P> 15 3Q15. Let K> 31 be a point in the interior of triangle
APy I53Q15. We define g(Ps, Ko 31) = g(Io3, Ko31) = 19(Ps, I 3) = 16.

We define g(I2,3, P3) = 256. Again, we define g(I2 3, P3) to be a positive inte-
ger that is at least twice as large as the sum of all segments previously constructed.

There exists a triangle A P31 3Q16 such that none of the lines Zgng, ZglP ,
PiK1 5, PoKy12, P, K131, [13K131,013, K132, PsK132 PaKo31,and Ir3Ko 31
pass through the interior of triangle AP35 3Q16. Let K332 be a point in the
interior of triangle APs3I53Q16. We define g(lz3, K232) = g(P3, Ka32) =
%g(Pg, 1273) = 64

The arc length in M of the path from P; to I; 3 along segments P, K 31 and

.1 .
Ki31li3is 5g(Pl,Il,g). The arc length in M of the path from P; to I; 3 along

.1 .
segments P3 Ky 30 and Ky 3211 3 is §g(Pg, I 3). Also, the arc length in M of the

path from P to P3 along segments P1K173,1, K173’1IL3, 11’3K173,2 and K1’372P3
1 .
is 5g(Pl, P3). The arc length in M of the path from P; to I 3 along segments

1 .
PyKy 31 and Ko 31123 is 5g(PQ, I53). The arc length in M of the path from P;

1
to I, 3 along segments P3 K 3 0 and Ko 3215 3 iS 5g(Pg,, I 3). Also, the arc length

in My of the path from P, to Ps along segments P2K2’371, K2’3’1[273, 1273K273,2
— .1
and K27372P3 IS ig(PQ, Pg).

Now assume that P;, P3, and K o are collinear. This case is similar to the case
above where Py, P, and P;5 are collinear. Note that in this present case, we are
still assuming that Py, P», and Ps are noncollinear. We have the three possibilities
Py —P3— K2, P, — Ky2— P3,0r P35 — P — Ky 5.

Assume that P, — P3 — K ». In this case, since P; — P3 — K » in both M and
in taxicab geometry, then there exist r1, 7o € (0,1) N Q such that

1) ri+r=1
(2) t(Pr1, P3) =rit(P1, K1 2)
(3) t(P3, K12) = raot(P1, K1,2)

Define g(Pl, Pg) = Tlg(Pl, KLQ) and g(Pg,KLQ) = ’l“gg(Pl, Kl’g).
There exists a triangle A P; P37 such that none of the lines ]<91—P> ﬁKLQ, or
EKLQ intersect the interior of APy P3Q17. Let K 31 beapointinint(AP; P3Q17)N
r19(Pr, K12)

. 1
Q% We define g(P1,K131) = g(P3,K131) = Zg(PlaPB) e E—

Thus, the arc length in M of the path from P; to P along the segments Py K 31
-1
and P3K173’1 IS ig(Pl, Pg)
Similarly, there exists a triangle A K 2 P3Q15 such that none of the lines EP ,

P K12, K15, PK; 31, 0r P3K) 31 intersect the interior of AK; 2 P3Q1s. Let
K1,372 bea point in int(AKl,ngng) N QQ. We define g(KLg’Q, KLQ) = g(Pg, K173,2) =
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%g(KLg,Pg) _ 7”29(13147 K1)
to P along the segments K oK 32 and P3 K 32 is %g(KLQ, Ps).

Since P, — P3 — K 2, and since Py, P», and K » are not collinear, then P;
is not a point on %KLQ. We define g(P,, P3) to be a positive integer such that
g(Ps, P3) > 2s, where s is the sum of all previously constructed segments.

Now assume that P; — K 2 — Ps. Inthis case, we define g( K 2, P3) = 4. In par-
ticular, we define g( K 2, P3) to be a positive integer that is at least twice as large
as the sum of all segments previously constructed. Thus, we define g(K 2, P3) SO
that g( K12, P3) > 25, where s = g(P1, P2) + g(P1, K12) + g(P2, K12).

We define g(Py, P3) by means of segment addition. In particular, g(Py, P3)=
g(P1, K1 2) + g(Kq 2, Ps).

By Lemma 2, there exists a triangle AP K 2Q19 such that none of the lines
PP, PIK 3, or P2K 5 intersect the interior of AP K1 2Q19. Let Ky 31 be a
point in int(APlKLQng) N QQ. We define g(K172,K17371) = g(Pl,K17371) =

1
ZQ(KLQ,PQ-
By Lemma 2, there exists a triangle AK; 2 P3Q2o such that none of the lines

Plpg, P1K1’2, PQKLQ, P1K17371, or K172K17371 intersect the interior of AKLQPgng.
Let K32 be a point in int(AK7 2P3Q20) N Q% We define g(Ki2, K132) =

1
(P, K132) = 19(K1,2,P3)-
Note that in this case, the arc length in M, of the path from P; to P5 along the

o1
segments P1 K131, K12K131, K132K1 2, and K1 32P5 is §Q(P1, P3).

Again, we have that Ps is nota point on EKLQ. As above, we define g( Py, P3) >
2s, where s is the sum of all previously constructed segments.

Finally, assume that P; — P; — K ». This case is similar to the previous case
where P — KLQ — Pg.

In this case, we define g(Pi, P3) = 4. Thus, we define g(Pi, P3) so that
g(Pl, Pg) > 25, where s = g(Pl, PQ) + g(Pl, KLQ) + g(PQ,KLQ).

We define g(Ps, K12) by means of segment addition. In particular, g(Ps, K1 2)=
9(Ps, P1) 4 g(P1, K1 2).

As above, there exists a triangle AP, P3(QQ21 such that none of the lines ﬁ
P1K 2, 0r PyK 5 intersect the interior of AP} P3Qa;. Let K3, be a point in
int(APngle) N QQ. We define g(Pl, K17371) = g(Pg, K1,371) = ig(Pl, Pg) =
1. Again, note that in this case, the arc length in M of the path from P; to P;
along the segments P K 31 and K 31 P53 is %g(Pl, Ps).

By Lemma 2, there exists a triangle AK 2Py Q22 such that none of the lines
P1P2, P1K172, PQKLQ, P1K17371, or P3K17371 intersect the interior of AKLgPlQQQ.
Let K173,2 be a point in int(AK]_’QP]_QQQ) N QQ. We define g(KLQ,KLg,Q) =

1 .
g(P1,Ki32) = Zg(KLg,Pl). Thus, the arc length in M, of the path from P;

. Thus, the arc length in M of the path from K -
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to K o along the segments P K 32 and Ky 32K 2 IS %g(Pl,KLg). Note that
in this case, the arc length in M of the path from P; to K 5 along the segments

o1
PsKi31, K131P1, P1K1 32, and K 32K 2 1S ig(Ps, Ki39).

Again, we have that Ps is not a point on ZSQKLQ. As above, we define g(P», Ps) >
2s, where s is the sum of all previously constructed segments.

The cases where P, P3, and K 5 are collinear are similar to the cases where
Py, Ps, and K » are collinear, and are left to the reader.

Assume that there exist n points Py, ... P, in Q? (with n > 3) such that

(1) Foreachi,j € {1,...,n}, g(P;, P;) is defined and is a rational number.
More specifically, g(F;, P;) is defined by using one of the methods given
below.

(2) Foreachi,j € {1,...,n}, with i  j, if segment P;P; is not intersected
by any previously constructed line, then there exists a point K; ; such that
9(P;, K ) = 9(Pj, K;j) = ig(Pi,Pj), and such that k; ; is not on
any other previously constructed line or previously constructed segment.
Moreover, no other previously constructed line or previously constructed
segment intersects the interior of either segment P, K; ; or P; K ;.

(3) Giveni,j € {1,...,n},withi # j, if there exist points Iy, I1, Is, . .., I;+1
such that Iy = P;, I;41 = Pj, foreach d € {1,...,t}, Iy is the point
of intersection of P;P; with a previously constructed line (in one of the
forms Phpbv Pth,u, or Pth,u,t), foreach d € {1, e ,t}, Ig 1 — 15—
I;41,and foreach d € {0,...,t}, no previously constructed line intersects
int(Z4/4+1), then for each d € {0,...,t}, there exist a point K ; 4 such

1
that g(IdaKi,j,d) = Q(Id+17Ki,j,d) = Zg(IdId—H), and such that Ki,j,d

is not on any other previously constructed line or previously constructed
segment. Moreover, no other previously constructed line or previously
constructed segment intersects the interior of either segment I;K; ; 4 or

I 1K ja

If P; is one of the previously constructed points K 5, K; 4, Or I, then some
(although not necessarily all) of the distances g(F;, P;) involving F;, along with
other previously constructed points, will already be defined. However, in general,
even if P; = K, P; = K; 4, OF P; = I, then we will still need to define many
of the distances g(P, P;) involving Py, where P, # P;, using the methods given
below. For the cases that follow, we assume that P; is not one of the previously
constructed points K ,, K; p+, Or Ig, so that g(P;, P;) has not yet been defined.
We also assume that P; P; is not the initial segment Py P, whose length is already
defined to be 1. We now give the methods that must be used to compute g(F;, P;).
We assume that i < j.

(i) Assume that P; and P; are not collinear with any other previously constructed
points in the form P, (where k < j), K; p,, or K; p, +, and that the interior of segment
P; P; is not intersected by any previously constructed line. In this case we define
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g(P;, P;) to be a positive integer that is strictly greater that twice the sum of the
lengths of all previously constructed segments.

(if) Assume that P; and P; are not collinear with any other previously con-
structed points in the form P, (where k < j), K; 5, or K; 5, +, but that there exist
points Iy, I, o, ..., Iy such that Iy = P, I;11 = Pj, foreach d € {1,...,t},
1, is the point of intersection of P; P; with a previously constructed line (in one of
the forms Pth, Pthﬂ“ or Pth,u,t)x foreachd e {1, R ,t}, Ig1—1;— Id+1,
and for each d € {0, ...,t}, no previously constructed line intersects int(Z;/41).
In this case, for each d € {0, ..., ¢}, we define g(I4, I;+1) to be a positive integer
that is strictly greater that twice the sum of the lengths of all previously constructed
segments. We then define g(P;, P;) using segment addition. In particular, we de-

t
fine g(P;, P;) to be the sum g(P;, P;) = > g(I4, Ia11).

(iii) If there exists Py, (where k& < 4) 2u8h that P, — P; — P, and there are no
other points P, (where b < j5) that are between either P; and P; or else between P;
and Py, then g(P;, Pj) and g(P;, P;) are defined using the same constants of pro-
portionality r; and r; that are used when defining the taxicab distances ¢(P;, P;)
and t(P;, Py). That is, if t(P;, Pj) = mt(DP;, Py) and t(P;j, Py) = rot (P, Pr), then
9(Pi, Pj) =r19(P;, P) and g(Pj, P) = rog(P;, Py). Note that ry and 7, are posi-
tive rational numbers.

(iv) We define g(P;, P;) and g(P;, K; ;) similarly if there exists a point K j,
such that P, — P; — K 5, such that K ;, was constructed previous to P;, and such
that there are no other points P, (where h < j) that are between either P; and P;
or else between P; and K ;. This is similar if we replace K j, with K; p, ;.

(v) If there exists P, (where k < j) such that P; — P; — P, and there are no other
points P, (where b < j) that are between P; and P;, then we define g(P;, P;) using
one the methods above given in cases (i) through (iv), and we define g(P;, Py) by
means of segment addition.

(vi) We define g(P;, P;) and g(P;, K; 1) similarly if there exists a point K j,
such that P; — P; — K, and such that K ;, was constructed previous to P;. This
is similar if we replace K; j, with K 3, ;.

(vii) We define g(P;, P;) and g(P;, I; »,) similarly if there exists a point K p,
such that P; — K; j, — P; and such that K ;, was constructed previous to P;. This
is similar if we replace K; j, with K 3, ;.

It follows by the way that distance is defined in M together with the way that
the points K; ; and K; ;; are chosen using Lemma 2 that there exists at most one
contraction segment on a given line /. The remaining parts of [ consist of either the
initial segment P, P or else expansion segments.

Let P,.1 be the next point in the sequence of points (P;) from Q? that comes
immediately after the points Py, ... P,. Leti € {1,...,n}. We assume that there
are no other points P, (where h < n) that are between P; and P, .. If such points
existed, then we would first define g( Py, P,+1), and then define g(P;, P,+1) by
means of segment addition. There are several cases when defining the distance
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g(P;, Pyy1) Iin M. They are similar to the cases given above, but are included
here for the sake of completeness.

Case (i): If P,11 = K, 5, where K, is a previously constructed point used
when constructing a contraction segment with P;, then g(F;, P,+1) has already
been defined. In this case, we apply Lemma 2 to get a point K; ,41 such that

9(Pis Kint1) = g(Pos1, K1) = ig(Pi, Ppi1).

Assume that P, # K, p, Where K, is any of the previously constructed
points used when constructing a contraction segment with P;.

Case(ii): Assume that P; and P, are not collinear with any other previously
constructed points in the form P, (where k& < n), K3, or K; 4, and that the
interior of segment P; P, 1 is not intersected by any previously constructed line.
In this case we define g(P;, P,1) to be a positive integer that is strictly greater that
twice the sum of the lengths of all previously constructed segments. As above, we
apply Lemma 2 to get a point K .1 such that g(P;, K n+1) = 9(Prt1, Kint1) =

%g(PZa Pn-‘rl)'

Case (iii): Assume that P; and P, are not collinear with any other previously
constructed points in the form P, (where k£ < j), K; 5, or K; 4, but that there
exist points Iy, I1, I2,..., ;41 such that Iy = P;, I;4+1 = P41, foreach d €
{1,...,t}, I is the point of intersection of P, P, with a previously constructed
line (in one of the forms Py, P;, P, Ky, OF PyK, 1), foreach d € {1,...,t},
Iy 1—1;—1441,andforeachd € {0,...,t}, nopreviously constructed line inter-
sects int(/414+1). In this case, foreach d € {0,...,t}, we define g(Z4, I;+1) to be
a positive integer that is strictly greater that twice the sum of the lengths of all pre-
viously constructed segments. We then define g(P;, P,+1) using segment addition.

In particular, we define g(P;, P,+1) to be the sum g(P;, P,+1) Zg Ig, I41).

For each d € {0,...,t}, we apply Lemma 2 to get a point KwH,d such that

9, Kint1,4) = 9(Kint1,d, lav1) = ig(fd, Tat1).
Case (iv): If there exists Py (where & < n) such that P, — P11 — P, and
there are no other points P, (where b < n) that are between P, and P, 1, then
9(P;, Pyy1) and g(P,+1, Py) are defined using the same constants of proportion-
ality 1 and r, that are used when defining the taxicab distances ¢(P;, P,+1) and
t(Pn-i-h Pk) That is, if t(PZ, Pn—H) = Tlt(P“ Pk) and t( n41, Pk) = Tgt(PZ, Pk)
then g(P;, Ppo41) = m1g(P;, Py) and g(Py+1, Pr) = r2g(F;, Pr). Note that v, and
ro are both positive rational numbers. As above, we apply Lemma 2 to get points

Kipy1,1and K 11 2 suchthat g( P, K p41,1) = 9(Pot1s King1,1) = —9(Pi, Pog1)

4
and such that g(Pr, K nt1,2) = 9(Pat1, Kint1,2) = ig(Pk;, Pri1).
Case(v): If there exists a point K; j, such that P, — P,,.1 — K; j and such that
K, », was constructed previous to P, 1, and there are no other points P, (where
b < n) that are between P, and K, 3, then g(P;, P,41) and g(Pn41, K p)



292 J. Donnelly

are defined using the same constants of proportionality 1 and r, that are used
when defining the taxicab distances ¢(F;, P,+1) and t(Py41, K; ). That is, if
t(Pi;Pn-H) = Tlt(Pi,K@h) and t(Pn-‘rlyKi,h) = ’I”gt(f)i,Ki,h), then g(Pi7Pn+1)
= r19(P;, K; p) and g(Ppy1, Kip) = m2g(F;, Kip). Again, both r; and ro are
positive rational numbers. Again, we apply Lemma 2 to get points K ,, 11 and

1
Kint1,2 such that g(P;, Kipnt11) = 9(Pat1, King1,1) = Zg(sz Py11) and such

that g(Ki’h, Ki,n+1,2) = g(Pn_H, Ki,n+1,2) = ig(Ki’h’ Pn+1). This is similar if we
replace K ;, with K 5, ;.

Case(vi): If there exists P;. (where & < n) such that P,,,1 — P; — Py, then we
define g(P;, P,+1) using one the methods above given in cases (ii), (iii), (iv), or
(v), and we define g(P,+1, Px) by means of segment addition. As above, we ap-
ply Lemma 2 to get a point K, such that g(P;, K; nt1) = 9(Pot1, King1)

1 .
= Zg(PZ-,PnH). Note that a point K, such that g(P;, K; ;) = g(Pk, Kix) =

1 .
1 g(P;, Py) has already been previously constructed.

Case(vii): If there exists a point K; j, such that P,,; — P; — K and such that
K ;, was constructed previous to P, 1, then we define g(P;, P, 1) and g( P41, K 1)
similar to case (vi). Again, we apply Lemma 2 to get points K; 41,1 and K 5,412

1
suchthat g(P;, K nv1,1) = 9(Prg1, King1,1) = Zg(Pu Py 41) and suchthat g(K; p, Kint1,2)

1 B, .
=g9(P, Kint1,2) = Zg(Km, P;). This is similar if we replace K; 5, with K 1, ;.
Case(viii): If there exists a point K such that P, — K;; — P; and such
that /; ,, was constructed previous to P, 1, then we again define g(7;, P,+1) and
9(Pp1, K p) similar to case (vi). In this case the roles of P; and K ; are re-
versed from Case (vii). We apply Lemma 2 to get points K ,, 411 and K; 112

1
such that Q(Kz’,thi,n—i-l,l) = g(Pn_H, Ki,n—f—l,l) = Eg(Ki’h, Pn+1) and such that

9(Kipn, Kint12) = 9(Py, Kiny1,2) = ig(Ki,h»Pz‘)- This is similar if we replace
Ki,h with Ki,h,t-

In any of the above cases, we see that g(P;, P,+1), and where appropriate
9(Pry1, K p) or g(Ppi1, K ), are defined. In this way we can recursively de-
fine distance between any two points in the model Ml,. We also see that between
any two points P; and P; in Moy, there exists a path whose arc length in M is

1 .
5g(Pi, P;). By repeatedly applying Lemma 2, we can construct paths from P; and

P; whose arc lengths in M are arbitrarily small. Thus, there is no shortest path in
M, from P; to P;, and consequently, M is nowhere geodesic.

We next show that the congruence axioms for line segments hold in M.

It follows immediately by the way that distance g(P;, P;) (and consequently
congruence) is defined in M, that congruence axioms (ii) and (iii) for line segments
hold in M.
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We now prove congruence axiom (1) for line segments. Let A, B,C € Q?,

and let r = 67 denote a ray in M, originating at C. We will prove that there
exists a unique point D on r such that g(A, B) = ¢(C, D). If A = B, then we
let C = D. Assume that A # B, and therefore that g(A, B) is a strictly positive
rational number.

We now construct a subsequence of points (P;,) from (P;) that are on . We
define the interior of r to be all points on r other than the point C. Let C' = P,.
Let P;, denote the first point from the sequence (P;) that is in the interior of r. Let
P;, denote the first point from the sequence (P;) such that C' — P;, — Pj,. Note by
our choices of the points P;, and P;, that it must be the case that P;, comes after
P;, in the sequence (P;). Assume that we have chosen points Pj,, Pj,, Pj,, ...,
P;, from (P;) such that

(1) Foreachi = 0,...,¢t — 1, we have that P;, comes before P;
sequence (P;).
(2) Foreachi=0,...,t—2,wehave P;, — P;

.., In the

i+1 Pji+2'

In particular, for each i = 1,...,t — 1, P;,,, is the first point from the sequence
(Pj) suchthat C — Pj, — P, ;.
Let P;,., denote the first point from the sequence (P;) such that C'—Pj, — P, , .

Again, it must be the case that P;, comes before P;,_, in the sequence (P;).
Thus, we have a subsequence (P;,) of (P;) such that

(1) For each i > 1, we have that P;, comes before P, , in the sequence (P;).
(2) Foreach i, we have Pj, — P, ., — P;

In particular, for each i > 1, P;,, is the first point from the sequence (7;) such
that C — sz — Pji+1'

Let P;, denote the first point from the subsequence (P;,) such that g(C, P;,) >
g(A, B). Since there exists at most one contraction segment on line W then it
follows by the way that the lengths of expansion segments are constructed that
such a point P, exists. If g(C, P;,) = g(A, B), then we let D = P;,. Assume that
g(C,Pj,) > g(A,B). If b =1, then let v = 0. Assume that b > 2. In this case, we

i+1 42"

— g(AaB) —v
IetU = Zg(Pjn—DPjn) < g(A, B) Letu = W S @ﬂ (0,1)
n=1 Jo—17=7

We leave it to the reader to check, using density of Q? in R?, and therefore on

the line ﬁ that there exists a unique point D such that D € Q?, such that D is
between P;, , and P;,, and such that t(P;, ,,D) = u(t(P;, ,,P;,)).

It follow by the way that the subsequence (P;,) was constructed that D comes
after P;, in the sequence (P;). It now follows immediately by the way that distance
is defined in M, that D is the unique point in the interior of segment P;, | P;, such
that g(P;,_,, D) = u(g(P;,_,, Pj,)) = g(A, B) —v.

Moreover, it now follows immediately by the way that distance is defined in M
(via segment addition) that D is the unique point on ray = such that g(C, D) =
vt u(g(Py, . P;,)) = v+ (9(A B) —v) = g(A, B).

Thus, it follows that congruence axiom (1) for line segments holds in M.
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Lemma5. Given atriangle AP;P; P, then exactly one of the following is true:

(1) At least one of the sides P, P; is an expansion segment whose length is
defined after the lengths of the other two sides P; P; and P; P, are defined.

(2) At least one of the sides P; P; contains as a subsegment an expansion seg-
ment whose length is defined after the lengths of the other two sides P, P;
and P; P; are defined.

(3) The segments P, P, and P; P, are contraction segments such that the arc

. SE— —— . 1
length in M, along the segments P; P, and P; P, is §g(PZ~, P;).

Proof. By the way that the points K ; and K ;; are chosen using Lemma 2, it
can not be the case that all three sides of a triangle AP, P; P; are subsegments of
contraction segments. Suppose that F;P; is a subsegment of a contraction seg-
ment P,, Ky, P;P; is a subsegment of a contraction segment P., Ko, and P;P;
Is a subsegment of a contraction segment P,, K3. For this to happen, P; is the
point of intersection of P,, K, and P,, K5, and P, is the point of intersection of
P,, K> and P,, K3. We may assume that K5 is chosen and consequently P,, K is
constructed using Lemma 2 after both of K; and K are chosen and P,, K; and
P,, K5 are constructed. However, when choosing K3 to construct the contraction
segment P,, K3, we apply Lemma 2 and choose K3 so that no line containing a
previously constructed contraction segment intersects P, K3. This, contradicts the
above statement that P; is the point of intersection of P,, K; and P,, K, and P; is
the point of intersection of P,, K> and P,, K.

A similar argument applies if segments P, P; and P; P; are subsegments of con-
traction segments P,, K and P,, K3, respectively, and the length of ?Pj is defined
before P,, K» and P,, K5 are constructed. In this case K> and K5 are chosen using
Lemma 2 so that no previously constructed line such as ?P; intersects either of
P,, K> and P,, K3. However, in this case we have that P; is the point of intersec-
tion of I<TP]> and P,, K, and P; is the point of intersection of 7 P; and P,, K3,
respectively, a contradiction. Thus, if segments P, P; and P; P; are subsegments of
contraction segments P, K> and P, K3, respectively, then F; P; must contain, as a
subsegment, an expansion segment P, P,, whose length is defined after P,, K> and
P., K3 have been constructed. More generally, the length of P, P, is defined after
the lengths of the other two sides of A P; P; P, have been defined as proportions of
the length of the contraction segments P,, K5 and P, K.

Moreover, a similar argument applies if the segment P; P, is a subsegment of a
contraction segment P, K3, respectively, and the lengths of P, P; and P, P, are de-
fined before P,, K3 is constructed. In this case K3 is chosen using Lemma 2 so that
no previously constructed lines such as ﬁon or f—’?ﬁ intersect P,, K3. However, in
this case we have that P; is the point of intersection of ﬁfPJ} and P, K3, and P, is
the point of intersection of m and P, K3, respectively, a contradiction. Thus, if
segment P; P; is a subsegment of a contraction segment P., K3, then one of ﬁPj
or P; P, must contain, as a subsegment, an expansion segment P, P, whose length
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is defined after P., K3 has been constructed. More generally, the length of P, P, is
defined after the lengths of the other two sides of A P; P; P; have been defined.

If PP, and P;P; are themselves contraction segments, then by the way that
contraction segments are defined, we have that the arc length in M along the

— — . 1 - S5
segments P; P, and P; P is 59(3’ P;). Note that this is the only case where P; P,

and P; P, are contraction segments and the length of P, P; is defined before P, P,
and P; P, are constructed.

Next assume that there exist points K4, K5, and Kg in the interiors of sides
P, P;, P;P;, and P;P;, respectively, such that each of the segments P, K,, P; K,
and P; K¢ are either themselves contraction segments or else contain a contraction
segment as a subsegment. In this case, each of P, P;, P, F;, and P; F; contain as a
subsegment at least one expansion segment. By the way that contraction segments
are constructed using Lemma 2, it must be the case that these expansion segments
are constructed after the contraction segments are constructed. Thus, in this case
one of the sides contains as a subsegment an expansion segment whose length is
defined after the lengths of the other two sides are defined.

A similar result occurs if there exist two points K5 and Kg in the interiors of
sides P, P, and P; P;, respectively, such that each of the segments P K5 and P; K¢
are either themselves contraction segments or else contain a contraction segment as
a subsegment, and the length of P, P; is defined before the contraction segments are
constructed. In this case one of the sides P; P; or P; P; contains as a subsegment an
expansion segment whose length is defined after the lengths of the other two sides
are defined.

Finally, if there exists a point K in the interior of side P; P;, respectively, such
that the segment P; K is either itself a contraction segment or else contains a
contraction segment as a subsegment, and the lengths of P, P, and P; P; are defined
before the contraction segment is constructed. In this case, the side P; P; contains
as a subsegment an expansion segment whose length is defined after the lengths of
the other two sides are defined.

The only remaining possibility is that one of the sides P, P;, P;FP;, and P;P; is
an expansion segment whose length is defined after the lengths of the other two
sides are defined. O

Assume that we are given triangle AP;P;P;. Assume that one of the sides
P, P; is an expansion segment whose length is defined after the lengths of the other
two sides P, P and P; P; are defined. In this case, g(P;, P;) is strictly larger than
twice the sum of all segments whose lengths have been defined previously. More
precisely, g(P;, P;) > 2s, where s denotes the sum of the lengths of all segments
whose lengths have been defined previously. Since g(P;, P;) and g(P;, P;) are
comprised of segments whose lengths are defined prior to defining the length of
P;Pj, then s > g(P;, ;) + g(P;, Py). Thus, g(P;, Pj) > 2s > g(P;, P) +
9(P, Pj)' -

Next assume that at least one of the sides P; P; contains a subsegment P, P, such
that P, P, is an expansion segment whose length is defined after the lengths of the
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other two sides P; P; and m are defined. Similar to the previous case above, we
have that g(P,, P,) > 2s, where s denotes the sum of the lengths of all segments
whose lengths have been defined previously. Again, since g(P;, P;) and g(P;, Pj)
are comprised of segments whose lengths are defined prior to defining the length
of P,P,, then s > ¢g(P,, P,) + g(P;, Pj). Thus, g(P;, Pj) > g(Py, P,) > 25 >
9(P;, P;) + g(Pi, Py).

Next assume that P, P, and P;F; are contraction segments such that the arc

. —— . 1 .
length in M along the segments P;P; and P;FP; is 5g(}_Di,Pj). In this case,

9(Pi, Pj) > 59(P;, Pj) = g(Pi, ) + g(Py, P)).
Thus, in any of these cases, the triangle inequality fails for AP; P; P, in M.
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IsTheMystery of Morley’s Trisector Theorem Resolved?
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Dedicated to all those mathematicians who have been enthusiastic about
the above theorem and have published a proof to the theorem. In par-
ticular, to John Conway, whose proof prevailed upon me to return to
this theorem after more than half a century. | should also remember
Brian Stonebridge, who has published a few different proofs of Morley’s
Theorem and sadly has recently passed away. He was so enthusiastic
about the theorem that even while confined to bed with hip fractures, he
presented a new proof to the theorem and shortly before his death, dis-
patched it to me.

Abstract. In this paper we discuss with some reasons why the above possible
mystery in the title is resolved. In particular, we prove Morley’s Theorem is, in
fact, a natural consequence of an overlooked simple result concerning a general
property of angle bisectors as loci. We try to show with emphasis why one
cannot expect a simpler proof of Morley’s Theorem than a particular given proof
of the theorem in the literature. Finally, in view of the above overlooked fact, we
observe that two known problems in the literature can naturally be generalized
and turned into two corollaries with no needed proofs. More applications of this
overlooked fact is also observed.

Let us first recall that if the adjacent trisectors of a triangle A ABC' intersect at
points X, Y, and Z as in Figure (a), then the triangle AXY Z is called the Mor-
ley triangle of triangle AABC'. Frank Morley, an English mathematician, while
studying some properties of cardioid in [15], has given the following incredible
theorem (note, the theorem is proved by considering the locus of the centre of a
cardioid which touches the sides of a given triangle).

Morley’s Theorem (1899). In every triangle the Morley triangle is equilateral.

Some authors believe this theorem is one of the most surprising and mysterious
twentieth century results in Euclidean geometry, see for example [2], [7], and [21].
Based on the criteria: the place of the theorem in the literature, the quality of the
proofs, the unexpectedness of the result, Morley’s Theorem is in a list of “The

Publication Date: September 7, 2018. Communicating Editor: Paul Yiu.



298 0. A. S. Karamzadeh

Hundred Greatest Theorems in Mathematics”. * Although, Morley in [15] did not
give an elementary proof to his theorem, but soon after only a decade an elemen-
tary proof appeared in [16]. Since then many other elementary proofs of Morley’s
Theorem have been published, 2 where there are 27 different proofs of the theorem
(note, still there are many more). Béla Bollobas, Alain Connes, J, John Conway,
Edsger Dijksta, D.J. Newmann, Roger Penrose, M.R.F. Smyth, Brian Stonebridge
(just to mention a few) are among the authors who have given some of the above
27 different proofs. These proofs are mostly trigonometric, analytic, algebraic, or
contain some unexplained elements in their reasoning, and those which are back-
wards, usually start with an equilateral triangle ADFEF and construct a triangle
ANABC with arbitrary angles 3c, 35 and 3+, where o + 8 + v = 60°, such that
triangle ADEF is its Morley triangle. Thus the triangle A ABC would be simi-
lar to a given triangle and the proof is finished, see for example [19],[6],[10],[17]
and one of the two proofs of Bollobas, among the above 27 proofs, for five such
proofs. In some of these backwards proofs, the authors usually construct three
triangles around the equilateral triangle A D EF' with some specified angles with-
out any explanations for the specification of these angles. Of course these proofs
are just fine, but unfortunately with lack of motivation and for this reason, some
authors rightly criticize these kind of proofs, see for example [3] and [13, P 74].
Some of the authors who use trigonometry, give a proof to the theorem, by finding
a nice symmetric formula for the length of a side of Morley triangle of a triangle
AABC (note, this length equals to 8 Rsin4 sinZ sin$, where R denotes the cir-
cumradius of the triangle AABC, see [24]). The reader should be reminded that,
using elementary Cartesian analysis, this length was also obtained by C.N. Mills.
His complete proof occupied some twenty sheets of papers, see [24, The Editor
Note]. John Conway in [6] claims that ”of all the many proofs of this theorem his
is indisputably the simplest”. By modifying this proof in [12], it is shown that this
modified proof (still, called Conway’s proof), which also avoids using similarity,
is simpler than Conway’s, and therefore it was, comparatively, the simplest proof
of Morley’s Theorem, for the time being, at that time. In [12], it is also admitted
that one does not know what happens tomorrow, with regard to the simplicity of
the proof, see the last comment in [12]. Although, in [8] the authors already claim,
in the title of the article, that Morley’s Theorem is no longer mysterious, but we
would like to offer here some detailed reasoning for this true claim (at least, to us).
In particular, our main aim is to observe and claim with emphasis that the mystery
of Morley’s Theorem, is indeed, resolved. To this end, by just looking more care-
fully, at the simple proposition in [12], which is called Bisector Proposition in [8],
we may infer that Morley’s Theorem is nothing but a straightforward corollary of
this simple proposition. Surprisingly, it seems this proposition, which is a natu-
ral generalization of the classical property of the bisectors (i.e., a point lies on the
bisector of an angle if and only if it is equidistant from the sides of the angle), is

1see http://pirate.shu.edu/ kahlnath/Topl00.html.

ZSee, e.g., http:// www.cut-the-knot.org/triangle/Morley/sb.shml, [2-4,
7-14]
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overlooked in all these years, before its appearance in [12]. Let us cite a comment
which is made in [13, Last line, P 73]: with all the various proofs in the literature,
still a geometric, concise and logically transparent proof of Morley’s Theorem is
desirable. A similar comment is also given in [21, L 3, P 1]. In what follows, we
aim to emphasize on the effectiveness of, Bisector Proposition as a tool, and on
its unique role in connection with Morley’s Theorem. We also believe with some
reasoning that this demanded proof in [13], [21], which in our opinion, could have
been the modified proof in [12], at that time, is already in [8], with some improve-
ment. We should also emphasize that this proof is geometric, concise, transparant,
and simpler than the proof in [12], which in turn, as shown there, is simpler than
Conway'’s, where to many authors including Conway himself, Conway’s was the
simplest possible until 2014, see [6]. Although, by reading [12] and [8] carefully,
this claim needs no proof, but one feels this important fact (at least to us) should
be better recorded. Since we are trying to give our reasoning with scrupulous care,
the reader might notice some unnecessary details in our arguments. We should
recall here that each vertex of the Morley triangle of a given triangle, which is the
intersection point of a pair of trisectors, lies trivially on the bisector of the angle
formed by the intersection of two other trisectors (e.g., Z lies on the bisector of the
angle formed by the intersection of trisectors BX and AY’, see Figure (a)). Conse-
quently, each vertex of the Morley triangle takes the position of point A in the next
proposition. Hence, the conditions (1), (3), in the following proposition, immedi-
ately give us a natural criterion , as in the corollary which follows the proposition,
for the Morley triangle of any triangle, to be equilateral. In fact, what Morley’s
Theorem asserts is the fact that this natural criterion holds in every triangle.

The next proposition, says the point A lies on the bisector of the angle ZzOy
if, and only if, any one of the conditions (2) or (3) in the proposition implies the
other one. We notice, in the classical fact, the condition (2) is stated, in the partic-
ular case, when B, C are the feet of perpendiculars from the point A to the arms of
angle ZxOy, and the condition (3) is stated, in the particular case, that the angles
/ZOBA, ZOC A, are both right angle, in which case, they are both equal and sup-
plementary angles (i.e., condition (3) below is naturally satisfied in the particular
case).

Bisector Proposition. Suppose that A is a point inside the angle ZxOy and B, C
are two points on the arms Ox and Oy, respectively. Then if any two of the fol-
lowing hold, so does the third.

(1) A lies on the bisector of the angle ZxOy.
(2) AB = AC.
(3) Angles ZOBA and ZOC A are either equal or supplementary angles.

We should remind the reader that, it is manifest that, the angles ZOBA and
Z0C A satisfy condition (3) in the above proposition if, and only if, their adjacent
angles satisfy this condition, too. This evident observation is in fact, what is used
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when Bisector Proposition is invoked in [12], to deal with the proof of the corol-
lary which follows. This corollary which is given right after the proof of the above
proposition in [12], is not stated there as a corollary. Indeed, it is given there infor-
mally to refute a claim by Cain in [3], that specification of the angles in Conway’s
proof is not justified. We should remind the reader that the following corollary
which gives ”a necessary and sufficient condition” for the Morley triangle of any
triangle to be equilateral, leaves no unexplained steps whatsoever (unlike, the other
backwards proofs) in the proof of Morley’s Theorem in [8].

The next corollary, which relies only on the above proposition, is as good as Mor-
ley’s Theorem itself, for it is the only result in Euclidean geometry, so far, which
gives a natural "necessary and sufficient condition”, for the Morley triangle of any
triangle to be equilateral, before knowing the validity of Morley’s Theorem.

Corollary 1. In the triangle AABC, in Figure (a), let ZA = 3«a, ZB = 30,
and ZC = 3~. If the intersection of the adjacent trisectors of the angles of this
triangle are X, Y, and Z as in Figure (a). Then the triangle AXY Z (i.e., the
Morley triangle of triangle AABC) is equilateral if, and only if, the base angles
of the triangles AAZY, ABX Z, and ACXY consist of three equal pairs (i.e.,
A1 =/4=60°+1~,/42=/5=60°+f,and £3 = £Z6 = 60° + «), see Figure
(a).

The reader must be reminded that the values of the above pairs of angles are
determined, with a purely geometric method (thanks to Bisector Proposition), for
the first time in the history of Morley’s Trisector Theorem, in [12]. In any con-
figuration related to Morley’s Theorem we have seven smaller triangles inside the
original one. Why should we only be asking for the values of angles of the Mor-
ley’s triangle?, see also Newmann’s comments in his proof among the above 27
proofs. In this regards, let us briefly recall the role of Bisector Proposition in de-
termining the values of the angles of all these seven triangles. Let us assume the
Morley triangle, of a triangle , AABC say, to be equilateral and try to find the
values of angles /1 up to Z6, in a relevant configuration, as in Figure (a). We
may easily form a system of 6 linear equations in terms of these values. For the
sake of completeness we may write down these equations: Z1 + /2 = 180° — «,
/24 /3 =180° —~, L3+ £4 =180° — 3, Z4+ /5 = 180° — 0, L5+ L6 =
180° — v, £6 + Z1 = 180° — . Manifestly, these equations are not indepen-
dent. Indeed, any one of these equations can be derived from the other five, and
therefore any one of the equations can be removed without affecting the solution
of the system. Consequently, we have a system of five linear equations with six un-
known values of angles, whose unique solution cannot usually be determined, by
ordinary elimination method. Although, there is no unanimity of opinion, on any
reason, for the mysteriousness of Morley’s Theorem, perhaps the latter observation
seems to be a good possible reason as to why this theorem is called mysterious, by
some authors. It should be emphasized that Bisector Proposition plays an effec-
tive and indispensable role in showing that the above system has a unique solution,
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and conversely due to Bisector Proposition again, this solution without any further
calculation whatsoever for the angles of the Morley’s triangle, immediately shows
that the Morley’s triangle is equilateral, see the proof of the above corollary, in [12].

LN

Figure (a)

Corollary 2 (Morley’s Theorem). The Morley triangle of every triangle is
equilateral.

If we follow the proof in [8], we notice that Bisector Proposition, which is re-
sponsible for the proof of Corollary 1, is also responsible for every single step
in this proof, without using any extra mathematics whatsoever. In fact, Bisector
Proposition shows in [8], one can simultaneously construct any triangle with its
trisectors in a few steps, in a motivated simple way, without drawing any extra
single line, to automatically, obtaining an equilateral triangle as its Morley trian-
gle (note, in this proof unlike other backwards proofs, one does not start with an
equilateral triangle). In fact, it may be considered as drawing the trisectors in the
triangle, in a motivated way, to get an equilateral triangle, directly, as the Morley
triangle of the triangle (once again, it should be emphasized that in this drawing
not a single extra line is drawn).

Envoi: some authors, use the words mystery, miraculous, magic and some other
synonyms to these words, in connection with Morley’s Theorem and are wondering
why the ancient Greeks did not discover this theorem. They generally blame the
concept of trisectors for this failure. They believe the ancient Greeks, apart from
having problems with the existence of trisectors (i.e., trisecting an angle, in gen-
eral, with just a compass and an unmarked straightedge), expected to know some
properties of trisectors similarly to those of bisectors. But it seems, if only the
ancient Greeks noticed that, each vertex of the Morley triangle lies clearly on the
bisector of the angle formed by a pair of trisectors, whose intersection is not that
vertex, they might have been motivated to search for new properties of bisectors.
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Moreover, if they could have also guessed the Bisector Proposition, which gen-
uinely and naturally belongs to their era, then they could have easily discovered
Morley’s Theorem. Although at the same time, one should admit that, it seems
the ancient Greeks have not ever dealt with any result in geometry, whose related
possible configuration, is not constructible with Euclidean instruments. However,
I do believe the fact that Bisector Proposition (a natural elementary geometric fact,
which also seems to be a key factor related to Morley’ Theorem) is gone unnoticed
in all these years, is more mysterious than the missing of Morley’s Theorem itself,
by the ancient Greeks! Therefore, we should admit, it seems as though, all these
years we were waiting for the Bisector Proposition to appear, to give us a natural,
transparent geometric proof of Morley’s Theorem. Incidentally, this proof, see [8],
needs only the simplest possible configuration (i.e., a figure consisting merely of
the triangle itself and its trisectors). Moreover, it also uses only the most elemen-
tary tools (i.e., SAS, ASA and RH S). Shouldn’t we ask that: Can a proof of this
theorem be expected, in the future, which avoids less elementary tools? Shouldn’t
we admit that Bisector Proposition has indeed resolved the mystery of Morley’s
Theorem? To re-emphasizing on the effectiveness of Bisector Proposition as a use-
ful tool, in general, not only with regards to Morley’s Theorem, | could not help
recalling the following well known old problems to show how, by invoking Bisec-
tor Proposition, the two problems can be generalized and turned into two natural
evident corollaries of this proposition. Some more applications of the proposition
are also observed.

Problem 1 ([20, Problems 9, 18, P 236, 267], [1, Problem 24]): Let P be
the center of the square constructed on the hypotenuse AC' of the right triangle
ANABC. Prove that BP bisects angle ZABC.

Corollary 3. Let P be the center of the square constructed on the side AC' of
the triangle AABC. Then BP bisects the angle ZABC' if, and only if, the triangle
ANABC is either a right-angled triangle, with / B as the right angle, or an isosceles
one with the apex B.

Proof. It is really evident by Bisector Proposition (just note, PA = PC).

Terence Tao in [22, pp. 52-55], has given a trigonometric solution with almost
three pages of justifications for his solution to the next problem. But, in view of
Bisector Proposition, we observe briefly, this problem does not really need any so-
lution at all. Naturally, Bisector Proposition was not available to Tao , at that time,
because the proposition was already overlooked then. Similarly to Problem 1, this
problem, can also be generalized and stated as an immediate corollary of Bisector
Proposition. However, in what follows, we present a proof for this corollary with
some unnecessary details, just to repeat the effectiveness of Bisector Proposition
as a useful tool.

Problem 2 ([22, Problem 4.2, p. 52]): In a triangle ABAC the bisector of the
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angle at B meets AC at D; the angle bisector of C meets AB at . These bisec-
tors meet at O. Suppose that OD = OF. Prove that either /A = 60° or that the
triangle ABAC is isosceles (or both).

Corollary 4. Inatriangle A ABC let the bisectors of angles /B, ZC, intersect the
opposite sides at D and F, respectively, and take O to be the intersection of these
bisectors. Then OD = OF if, and only if, either the triangle ABAC is isosceles
with apex A or ZA = 60°.

Proof. Just draw any configuration which satisfies our assumption, then the proof
may go as follows : Let us first assume that, OD = OE. Since the point O lies on
the bisector of Z A, then by part (3), of Bisector Proposition, we infer that either
LAEO = ZADO, in which case, it implies 2§ + £B = £5 + £C, i.e., the tri-
angle ABAC is isosceles with apex A, or ZADO and ZAEQ are supplementary
angles, in which case, it implies ZA and ZDOFE must also be supplementary an-
gles. Hence ZA = 60° (note, ZDOFE = ZCOB = 90°+4§). Conversely, let the
triangle ABAC be isosceles with /B = ZC, then clearly OD = BD — BO =
CE — CO = OE. Finally, if ZA = 60°, then ZA + Z/DOE = 180°, for
LDOE = ZCOB = 90° + g = 120°. Consequently, the angles ZADO and
ZAFEQO must also be supplementary angles. Since O lies on the bisector of angle
ZA, then in view of, parts (1), (3), of Bisector Proposition, we immediately infer
that OD = OF, and we are done.

Let us assume that the above triangle AABC' is non-isosceles and ZA # 60°.
Then one may digress for a moment and ask a natural question of what happens
to the comparability of OD and OF (i.e., considering any shape for the triangle,
which one has a greater length?), where D, E, and O are the same points as in
the above corollary. Before answering this question we need the following lemma
which is also a consequence of Bisector Proposition and it is somewhat a comple-
ment to it.

Lemma (Bisector Proposition Extended). Suppose that A is a point on the bisec-
tor of the angle ZxOy and B, C are two points on the arms Ox and Oy, respec-
tively with Z/OBA = aand ZOCA = . Then AB > AC if, and only if, either
a > fwitha + 8 > 180° or o < S8 with o + 8 < 180°.

Proof. Draw any configuration which satisfies our assumption. Let us assume
that AB > AC, then by Bisector Proposition o # g and o + 8 # 180°. Take
the point B’ to be the symmetric point of the point B with respect to the bisector
of the angle ZxOy. Now either o > 3, in which case, B’ manifestly lies on Oy
between O and C (note, Z/OB’A = ZOBA = a > 3 = ZOCA). Consequently
in the triangle AAB'C, AB’ = AB > AC implies that 8 > 180° — q, i.e., we
have o > 3 with o + 3 > 180°. Or we may have o < f3, in which case, B’ cannot
lie between O and C. Consequently in the triangle AACB’, AB’ = AB > AC
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implies that 180° — 8 > « and we are done. The converse is evident.

The following corollary which is an immediate consequence of the previous lemma
settles the above question. Corollary 4, which is also clearly a consequence of the
next corollary (it’s briefly observed), together with this corollary, give a nontriv-
ial universal fact about any triangle. Motivated by this, we cannot help reciting a
comment, with emphasis, as in [11, p. 49], that when it comes to deducing results
in mathematics just from the definition of an object, nothing can hold a candle to
the triangle.

Corollary 5. In a triangle AABC let the bisectors of angles ZB, ZC, intersect
the opposite sides at D and FE, respectively, and take O to be the intersection of
these bisectors. Then OF > OD if, and only if, either ZA < 60° with ZC' < /B
or ZA > 60° with ZC > /B.

Proof. Let us put ZAEO = aand ZADO = . Then clearly /A + Z/DOE =
90° + %. Thus in the quadrilateral AEOD it is manifest that ZA < 60° (resp.,
/A > 60°) if and only if o + 8 > 180° (resp., « + 8 < 180°). We also notice
that a > [ (resp., a < B) ifand only if ZB > ZC (resp., £B < ZC). Finally, it
remains to invoke the above lemma to complete the proof.

Remark. It goes without saying that, in the above corollary, OD > OF if and
only if ZA < 60° with ZB < ZC or ZA > 60° with /B > ZC. Considering
this, we should remind the reader that Corollary 4, is now an immediate conse-
quence of the above corollary, too. We may also recall that in any triangle AABC,
/B > ZC if, and only if, the length of the bisector of ZB is shorter than that of
the bisector of ZC'. In case ZA < 60° the latter well-known fact is a consequence
of our above observations (note, let AABC be a triangle with /B > /C and
consider any related configuration to Corollaries 4, 5. Then BD = BO + OD and
CE = CO + OE, where clearly BO < CO and whenever ZA < 60°, then in
view of Corollaries 4, 5, we have OD < OF, which implies that BD < CE and
we are done). It is worth noting that although the validity of BD = BO + OD <
CO + OF = CFE does not depend on the measure of £ A. However, one should
emphasize that in contrast to the previous case that BO < CO, OD < OF and
consequently BD = BO+OD < CO+ OF = CFE, the case ZA > 60°, reveals
a new information in this regard, namely, BO < CO, and although OD > OFE,
but still of course BD = BO+ OD < CE=C0O+ OFE =CE.

After all these discussions and recollection about Bisector Proposition and some
of its consequences, everyone is expected to clearly comprehend the proposition,
remember it forever; and use it as naturally as the classical fact about Bisectors, like
the time we were dealing with geometric facts in our school days. In particular, as
a consequence of this proposition, everyone should also be certain visually, that the
Morley triangle of a triangle AABC' is equilateral if and only if £1 = /4, /2 =
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/5, and /3 = /6, see Figure (a) (i.e., anyone with some adequate knowledge
of Euclidean geometry including Bisector Proposition could have easily guessed a
natural equivalent form of Morley’s Theorem). Therefore, one may claim Morley’s
Theorem is, in essence, a fact related to properties of bisectors. In particular, it is a
consequence of a missing property of bisectors, i.e., Bisector Proposition. Let us,
in what follows, give some more justifications for the previous claim: Manifestly
every trisector of a triangle is, in fact, a bisector of an angle in any configuration
related to Morley’s Theorem (indeed, of the two trisectors of an angle, £ A say, in
the triangle AABC, clearly the one adjacent to side AB (resp., AC) is the bisector
of the angle whose arms are AB (resp., AC') and the other trisector, respectively).
Moreover every vertex of the Morley’s triangle also lies on the bisector of the
angle formed by the intersection of a pair of trisectors, whose intersection is not
that vertex. Considering all these evident observations and the natural and simple
Bisector Proposition, including its consequences, shouldn’t we ask, where is the
mystery, then?
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A Synthetic Proof of the Equality of
Iterated Kiepert Triangles (¢, v) = K(v, @)

Floor van Lamoen

Abstract. We use Miquel’s Theorem to prove the equality K(¢, v) = K (3, ¢)
of iterated Kiepert triangles.

1. Introduction

The Kiepert triangle C(¢) = A, ByCy is the triangle formed by the apices of
isosceles triangles with base angles —5 < ¢ < 5 erected on sides BC, AC, and
BC of triangle ABC respectively. The iterated Kiepert triangle (¢, v) is found
by subsequently erecting isosceles triangles with base angles v to K(¢). Paul Yiu
and the author showed by calculating homogeneous barycentric coordinates that
K(o,v) = K(, ¢) ([2], section 3). In this paper we will show that the result can
be acquired by synthetic means, by application of Miquel’s Theorem.

2. Application of Miquel’s Theorem

We recall Miquel’s theorem, in the wording of [1, Theorem 4], for instance,
which contains the well known corollaries added to the original theorem [3].

Theorem 1 (Miquel). Let A; B1C4 beatriangleinscribedintriangle ABC. There
isa pivot point P such that A, B isthe image of the pedal triangle of P after
a rotation about P followed by a homothety with center P. All inscribed triangles
directly ssimilar to A, B;C', have the same pivot point.

It is well known that this theorem can be proven syntheticly.

A consequence of this theorem is that if two triangles A; B;Cy and A3 B>C5, are
directly similar, then each triangle A3 B3C5 with A3 € A1 A,, By € B1Bs, and
C3 € (104 such that the ratios of directed distances fulfill

A1A3 : A3A2 = BlBg : B3B2 = 0103 : Cng
is directly similar to these as well, as A1 Ay, B1 B>, and C;C5 bound a triangle.

Remark. This result is valid for general similar figures and is often referred to as
“Fundamental Theorem of Directly Similar Figures”.
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Now we consider triangle ABC, with Kiepert vertices Ag, Cy, Ay, Cy and
iterated Kiepert vertices By, and By 4. M,, M., and M, 4 are the midpoints of
BC, AB, and A,C, respectively. See Figure 1. Triangles A, BC and CyAB
are directly similar, so triangle M; M. M, is directly similar to these and hence
an isosceles triangle with base angle ¢ as well. So triangles M, M, 4M. and
Ay By Cy are directly similar, and clearly

MaAﬂ) . A¢A¢> - Mb,d)Bqﬁﬂb . B¢>wa,¢ - Mch . C¢C¢
This shows that triangle A, By ,Cy, is also isosceles with base angle ¢. We have

derived that By, = By 4. With similar reasoning for the A- and C-vertices we
conclude the proof that (¢, ) = K(, ¢).

Be,p

Figure 1
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Geometric Inequalitiesin Pedal Quadrilaterals

Sahlar Meherrem, Gizem Giinel A¢iksdz, Serenay Sen, Zeynep Sezer, and
Glines Baskes

Abstract. The aim of this paper is to investigate the general properties of the
pedal quadrilateral of a point P with respect to a convex and closed quadrilat-
eral ABCD. In particular, we present an analogue of Erdés-Mordell Inequality,
stating that for any triangle ABC and a point P inside ABC the sum of the dis-
tances from P to the sides is less than or equal to half of the sum of the distances
from P to the vertices of ABC, for an inscribed quadrilateral.

1. Introduction

Let ABC be atriangle and P be a point in plane. If the feet of the perpendiculars
drawn from P to sides of the triangle [BC|, [C A], [AB] are respectively X, Y and
Z, then triangle XY 7 is called the pedal triangle of P with respect to ABC and
P is called the pedal point ([3, 7]). If the point P lies on the circumcircle of the
triangle ABC, then the points X, Y and Z are collinear. The line passing through
the points X, Y and Z is known as the Smson line of P ([3]).

Figure 1

A similar notion has been generalized for polygons with n sides ([3]). Let
A1 AAs - -+ A, be a polygon and P be a point inside A; A Az - -- A,. If the feet
of the perpendiculars from P to the line segments [A; Az, [A2A43], ..., [A,A;] are
respectively Hy, Hs, ..., Hy, then the polygon H,H, - - - H,, is called the pedal
polygon of P with respect to A1 A3 As --- A, and P is called the pedal point ([3]).
Although there are lots of investigations on pedal triangles, so little investigations
have been studied on pedal quadrilaterals in the literature ([3, 5, 6, 7, 9, 11]).

Publication Date: April 20, 2018. Communicating Editor: Paul Yiu.
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In this paper, we study on the general properties of the pedal quadrilateral of a
point P with respect to a convex and closed quadrilateral ABC D. We investigate
some interesting geometric inequalities on pedal quadrilaterals. In particular, we
state an analogue of Erd6s-Mordell Inequality ([1, 2, 4, 8, 10]) for quadrilaterals.

2. Geometric inequalitiesin pedal quadrilaterals

Proposition 1. Let ABC'D be an inscribed quadrilateral and P be a point inside
ABCD. If the feet of perpendiculars from P to the line segments [AB], [BC],
[CD] and [AD)] arerespectively K, M, N, L and the radius of the circumcircle of
ABCD is R then,

AC|-|PB BD|-|PA
M| = B2 KL = PhE

__ |BD||PC| _ |AC||PD|
|[MN| = =55, [LN| = —=p—-

Figure 2

Proof. As seen in Figure 2 and since /BKP = /PLD = /PNC = /PMB =
90°, the quadrilaterals BK PM, PLDN, PNCM and PLAK are inscribed quadri-
laterals. By the law of sines, we have

KM |AC| |AC
PB|=———— and 2R = = }
|PB| sin KPM sin(m — ZKPM) sinKPM

Hence, we get
AC| - |PB|
KM|=+———.
[ K M| SR
It can be easily seen that
_ |BDJ|-|PA| _ |BD|-|PC] _ |AC|-|PD|

0
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Proposition 2. Let ABC'D be a quadrilateral and P be a point inside ABC'D.If
the feet of perpendicularsfrom P to theline segments [AB], [BC], [C D] and [AD)]
arerespectively A1, By, C1, Dy, then

M-C

2v2 "’
where r1, ro, 3 and r4 are respectively the radii of the incircles of the triangles
AAD,, A1BBy,CB:Cy, DC1D;, and

1 1 1 1
M =
max{\/l—cosA-i-\/i’ V1i—cosB++v2 V1I—-cosC++2 \/l—cosD+\/§}’
and C isthe perimeter of the quadrilateral ABC'D. The equality holdsif ABC D
is chosen as a square and P is chosen at the center of the square.

ri+ro+r3t+ry <

D

Figure 3

Proof. By the law of cosines, we have
|A1By| = \/|A1 B2 + |BB1|?> — 2|A1B|| BBy | cos B. 1)
If Sa, BB, is the area of the triangle A; BB, then
_ |A1B|-|BBy|sin B

SA,BB; 5 (2)

Since 254, 5B, = (|41 B| + |BB1| + |A1B1])r2, we get
254,88,

ro = . 3

2 |A1B| + |BB1| + |A1Bi| ®)
By the equalities (2) and (3),

AB|-|BBy|sin B
o = | 1 ‘ ’ 1‘8111 (4)

" |A1B| + |BBi| + |A1By|
It follows from Arithmetic-Geometric Mean Inequality that
|A1BI* + |BB1|* > 2 |A1B| - | BBi|. (%)
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If the inequalities (1) and (5) are considered together, then

|A1B;| = /|A1B]?2 +|BB,|2 — 2|AB| - |BB;|cos B

> \/2|A1B| - |BB;| — 2|A1B| - |BBi|cos B
> V2 /|A1B| - |BB1|v/1 - cos B (6)

It is also obvious from Arithmetic-Geometric Mean Inequality that
|A1B| + |BBi| > 2\/|A1B| - |BBu|. )

Therefore, by the inequalities (6) and (7), we observe that

‘AlB‘—HBBﬂ—HAlBl’ > 24/ |AlB‘ . ’BBl‘—i‘\/i \/’AlB’ . ‘BBl|\/1 — cos B.
(@)

Hence, it follows from the inequalities (4) and (8) that
sin B
V2-+/|A1B| - |BB1|v/1 —cos B+ 2+/|A1B| - |BB|

sin B
< |A,B| - |BB| -
< 5| |BBy V2\/[ALB| - [BBivI - cos B + v2)

in B
VIAi1B|- BB - i
AiB]- BB V2(v/1 —cos B + v/2)

~ 2v2(V/1 —cos B ++/2)

Let M = max{
the inequality (9),

T9 S |AlB‘ . |BB1‘

IN

)

1 1 1 1
V1=cos A+v2’ +/1—cos B+v2’ \/1—cos C+v2’ \/l—cosD+\/§}' By

M - (|A1B| + |BBy))
T9 S .
2v2

1 S | 2\%‘ )7

(10)

Similarly, we get

M-(|C1C[+|CBi|)

<
T3 > 22 )

(11)

M-(|C1 D|+|DDs|)

2v2 J
If the inequalities (10) and (11) are added side by side, it is easy to see that
M-C

2v2

where C'is the perimeter of the quadrilateral ABC D.

Now suppose that ABC' D is a square with side length 2a and P is at the center
of the ABC'D (Figure 4). If the area of the triangle D1 AA; is Sp, a4, then,

2a + av/2 a?
—

2 2"

ry <

T+ ro+r3+rg <

Spyaa, =
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Figure 4
Hence, we get r; = ﬁ@ Sincery =ry =13 =14, C = 8aand M = ﬁ
then the following equality holds:
8a - ( 1 )
a V2+1 C-M
r+rot+rys+rg=4- = = .
1 2 3 4 NG o) o)
O

Proposition 3. Let A; A As-A,, beapolygonand P beapointinside A1 A3 As - - - A,,.
If the feet of perpendiculars from P to the line segments [A4; A3, [A243], ...,
[A, A;] arerespectively Hy, Ho, ..., Hy, then

+rg+-- 4y < ¢

T T SR o

! 2 "= 2\/§

where r{, r9, ..., r,, are respectively the radii of the incircles of the triangles

A\H\H,, HiA2Hy, ..., H, 1A, H,, and

1 1 1
M = ma , e
X{\/l—cosAl-i—\/ﬁ V1 —=cos Ay + V2 \/1—cosAn-|—\/§}
and C isthe perimeter of thepolygon A, As - - - A,,. Theequality holdsif A1 A5 --- A,
is chosen as a square and P is chosen as the centroid of the square.
This can be easily shown as in Proposition 2.

Proposition 4. Let ABC'D be a circumscribed quadrilateral with area S. If the
center and the radius of the incircle of ABC'D are respectively the point P and r,
and the feet of perpendiculars from P to the line segments [AB], [BC], [C D] and
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[AD] arerespectively K, L, M and N, then

Spedal
S
wherea = |BL|, b = |LC|, ¢ = |[MD|,d = |AN|, and Spcqa1 iS the area of the
pedal quadrilateral K LM N. The equality holdsif ABC D isa square.

1
§1—4—\/a2+b2+02+d2,
r

Figure 5

Proof. As seen in Figure 5, if Sy, So, S3 and S, are respectively the areas of
triangles K PL, LPM, M PN and N PK, then we get

2 B
Slza-r—aQS;n ,
b*sin C
So=b-r— :';n :
in D
S = ¢ T_c:;n 7
d?sin A
Sy=d-r— S;n

Hence, it is obvious that
1
S14+S2+4+S34+S4 =r(a+b+c+d)— 5(@2 sin B+b%sin C'+¢?sin D+d?sin A).

Since we also have S = (a + b+ ¢ + d)r, we get
Spedal Sl + 32 + S3 + S4

S S
a?sin B+ b2sinC + sinD + d? sin A
=1- . (12)
2r(a+b+c+d)
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By the Cauchy-Schwarz Inequality, we get
a+b+c+d=a-1+b-14c-1+d-1
< Va2 + 02+ +d2 /12412412 + 12
= 2v/a2 + 02 + ¢ + d2.

Thus,
1 1

Ca+btctd = W2ttt 2
By the equality (12),
Spedal 1_aZSinB—i—bzsinC’—{—cQsinD+dQSinA
S 2r(a+b+c+d)
a? + b0+ +d?
VR RT T B
= 1—4—1r\/a2+62+c2+d2.

Figure 6

Now suppose that ABC' D isasquareand |AB| = |BC| = |CD| = |AD| = 2a.
As seen in Figure 6, since r = a, S = 4a?, Spedal = 2a* , We have
Spedal - 2a* 1

1 1
- - —1-_— 2 2 2 2 — 1 2 2 2 2
= g =l Vet ta =1- Va4
O

Proposition 5. Let P beapointinsidea polygon A; A As - - - A, where |A; As| =
ai, |A24s| = ag, ..., |A,A1| = ay. If thelengths of the perpendiculars from P to
the sides of the polygon A1 A5 As - - - A,, arerespectively hq, ho, ..., hy, then
S
[

1
> 2.
-2
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where S and C are respectively the area and the perimeter of A1 A>As--- A,,. The
equality holdsifa; =as =---=a, =aandhy = hs =--- = h, = h.

Figure 7

Proof. Asseen in Figure 7, it is obvious that 25 = a1hy + ashs + - - - + anhy,. By
the Cauchy-Schwarz Inequality, we get

(a1hi+agho+- - -+anhy) <a1 F2 44 Zn> > (y/a2 4y a2+ ++/a2)?.

hi h
Since
25 (4 2 I > (a4 JaR 4 a2)?
hi  hs hn
we have ) )
C
232 (((1111_'_02122—1_ +ac?n) = al a2z an *
mot e T T T T Ty
Hence,
S 1 1
@25'@ az an
h T hy T TRy
Now suppose that a; = a3 = --- = ap, = a,and hy = ho = --- = h, = h.
Since,
h
S=n %, C = na,
we get

S _mah b1 !
C?  2n%a® 2na 2 A E4+ R 2 PR
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Proposition 6. Let P beapointinsideapolygon Ay AsAs - -+ A, where |A; As| =

ay, |A2As| = ag, ..., |AnA1| = a,. If thelengths of the perpendiculars from P to
the sides of the polygon Ay A, A3 - - - A, arerespectively hq, ho, ..., hy,, then
1 + 1 4+ 4 1 > n_2
arhy ashs aph, — 28
where S isthe area of A1 AsAs--- A,. Theequality holdsifa; = ay = -+ =
anzaandh1=h2=---=hn=h.

Proof. By the Cauchy-Schwarz Inequality, we have

1 1
(arhi+agha+- - -+anhy) (E a2l +--+ ah

)2(1+1+---+1)2.
| G ——
n times

Since 25 = a1hy + ashs + - - - + anhy, itis easy to see that

1 + 1 + -4 1 >n_2
ai1hy asho anhn, — 28"
Now suppose that a; = ag = --- = a, = aand hy = hy = =h, =h
Since S =n - %, we have
1 1 1 1 n?  n?
a1h1+a2h2+”'+anhn:n.ﬁzm:ﬁ'
O

Theorem 7. Let ABC D be an inscribed quadrilateral and P be a point inside
ABCD. If the feet of perpendiculars from P to the line segments [AB], [BC],
[CD] and [AD] are Ay, B1,Cq, D, reﬁpectively, then

[PA| + |PB| + |PC| +|PD| > 43/[PAi[- [PAs] - [P 43| - |PA4].

Figure 8
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Proof. Let |[PA;| = hy, |PAs| = hg, |PAs| = hs and |PA4| = hy. Then by the
law of cosines, we have

‘AlAQ‘ = \/h% + h% - 2h1h2 COS(ﬂ' — B),

|A2A3‘ = \/h% + h% - 2h2h5 COS(ﬂ' - C),

[AsAs] = \/13 + 13 — 2hahs cos(x — D),

[Asdi| = (/b + 2 — 2hihacos(m — A).

Hence,
|A1A2‘2 = h% + h% — 2h1hg COS(?T — B)
= h? +h3 —2hihycos(A+C + D — )
= h? + h3 + 2h1hycos(A+ C + D)
= h? + h3 + 2h1hy cos(A + C) cos D — 2hihy sin(A 4 C) sin D

= (hysin D — hy sin(A + €))% 4 (hgcos D + hy cos(A + C))2.

Since A + C = 7, we have |41 As|? = (hgsin D)? + (hgcos D — hy)?.
Now suppose that (ho cos D — h1)? = 0. Then, cos D = % Since LA PAy; =
/D, by the law of cosines,

|A1As|?> = h2 + h3 — 2h1hg cos D
h

= W24 h2 — 2hyhy - —

ha

= h3 —hi.

Hence, we get h2 = |A1As|? + h2, implying that /P Ay A; = 90°, which is a
contradiction. Therefore, (hy cos D — hy)? # 0. Then, it is easy to verify that

|A1A2| > hgsin D (13)
Similarly, we have

|A2A3‘ > hgsin A (14)

|A3A4‘ > hysin B (15)

‘A1A4‘ > hysin C (16)

Since PA1BAy, PAyCAs, PAsDA, and PAgAA; are inscribed quadrilater-
als, if we apply the law of sines to the triangles AA; A4, BA1As, CAsAs, DA3Ay,
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then we respectively get,
|A1A4]

|PAl= —— (17
pp| = 212! (18)
o= 122 (19)
pp| = 222l (20)

If the inequalities (13), (14), (15) and (16) are respectively considered together
with the inequalities (17), (18), (19) and (20), then

AlA ho sin D
|12‘> 2 S1n

PB| =

| | sin B sin B
|A2A3‘ hgsinA

P =

1PC sin C - sinC ’
‘A3A4‘ h4sinB

PD| =

’ ’ sin D = sin D
Al A i

‘PA’: | 1 4‘ > hlslnC’.

sin A sin A
Therefore, it is easy to see that
hisinC' hgsinD  hgsin A  hysin B
sin A sin B sin C' sin D
4</h1 sinC hysinD hysinA hysin B
sin A sin B sinC' sin D
= 43/[PAL] - [PAy| - [PAs| - [P A4

|PA| + |PB| + |PC| + |PD| >

by Arithmetic-Geometric Mean Inequality. O
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Self-Pivoting Convex Quadrangles

Paris Pamfilos

Abstract. In this article we examine conditions for the existence of pivoting
circumscriptions of a convex quadrangle ¢: by another quadrangle ¢ similar to
q1, pivoting about a fixed point. There are 8 types of such circumscriptions and
we formulate the restrictions on the quadrangles of each type, imposed by the
requirement of such a circumscription. In most cases these restrictions imply
that the quadrangles are cyclic of a particular type, in one case are harmonic
quadrilaterals, and in two cases are trapezia of a special kind.

1. Possible configurations

Given two convex quadrangles {q1 = A1 B1C1D1, qo = A3BoCy D5}, we study
the circumscription of a quandrangle ¢ = ABC D, which is similar to ¢o, about
the quadrangle ¢;. Disregarding, for the moment, the right proportions of sides,
and focusing only on angles, we can easily circumscribe to ¢; quadrangles ¢ with
the same angles as those of ¢ and in the same succession. For this, it suffices to
consider the circles {x;,7 = 1,2, 3,4}, the points of each viewing corresponding

Figure 1. Circumscribing g2 about ¢1

sides of ¢; under corresponding angles of ¢, or their supplement. Then, taking an
arbitrary point A on k1, we draw the line AB; intersecting ko at B, then draw
the line BC; intersecting 3 at C' and so on (See Figure 1). It is trivial to see
that the procedure closes and defines a circumscribed quadrangle with the same
angles as ¢». Below we refer to this construction as ““the standard circumscription
procedure” (SCP). By this, the resulting quadrangles ¢ have the same angles as ¢

Publication Date: November 19, 2018. Communicating Editor: Paul Yiu.
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but in general not the right proportions of sides, that would make them similar to
q2.
There are here several possible configurations, that must be considered, since a
vertex of g, A say, can be opposite or ““view” any of the four sides of ¢;. Each ver-
tex of g2 and each side of ¢, give, in principle, two possibilities for circumscription,
corresponding to equally or oppositely oriented quadrangles. Fixing the side A B,
and considering all possibilities for the opposite to it angle of ¢ together with the
possible orientations, we see that there are in total 8 possibilities. We call each of
them a ““circumscription type of ¢, about ¢;”” and denote itby ¢2(g1, X)*. Inthis
notation X stands for the vertex of ¢, opposite to the side A; B; of ¢; and the sign
denotes the equal or inverse orientation of the circumscribing to the circumscribed
quadrangle. Thus, in figure-1 the symbol denoting the case would be g2(g1, A)*.

In general there are 8 different types of circumscription, each type delivering
infinite many circumscribed quadrangles ¢ with the same angles as g». In some
special cases the number of types can be smaller, as f.e. in the case of a circum-
scribing square, in which there is only one type. We stress again the fact, that if we
stick to a type and repeat the procedure SCP, starting from arbitrary points A € 1,
we obtain in general quadrangles with the same angles as ¢» but varying ratios of
side-lengths. There is an exceptional case in this procedure, which produces cir-
cumscribed quadrangles ¢ of the same similarity type, for every starting position
of A on k4. This is the “pivotal case” examined in the next section.

2. Thepivotal case

This type of circumscription, besides the quadrangle ¢; = A B;C1 D1, which
we circumscribe, it is characterized by an additional point, the “pivot™, not lying
on the side-lines of ¢;. The pivot, for a generic convex quadrangle, defines four cir-
cles K1 = (A1B1P), Ko = (B101P), K3 = (ClDlp), and Kq = (DlAlp) (See

Figure 2. The pivotal case
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Figure 2), and through them a circumscribed quadrangle ¢ = ABCD, that can
be non convex, even degenerate in the case P is the Miquel Point of the complete
quadrilateral generated by ¢; ([8, p.139]). Having the circles {;}, a circumscribed
quadrilateral can be defined by starting from an arbitrary point A on x, and apply-
ing the SCP procedure. Measuring the angles at the second intersection point F}
of the circles {1, k3}

AFP=PB,B and CF,P=PCB,

we see that F} is on the diagonal AC of ¢q. Analogously we see that the intersection
point F; of the other pair of opposite lying circles {2, k4} is on the diagonal BD
of ¢. This implies that the triangles created by the diagonals of ¢ are of fixed
similarity type, independent of the position of A on «;. Thus, we obtain an infinity
of pairwise similar quadrangles circumscribing ¢; in a way that justifies the naming
““pivoting™.

At this point we should notice that the pivotal attribute is a characteristic of a
particular type of circumscription of g about ¢;. The same g5 can have a pivotal
type of circumscription about ¢; and at the same time have also another type of
circumscription, which is non-pivotal. Figure 3 shows such a case. The quadrangle

N

\
\k\\

il

“_4_(.5[3’
=

Figure 3. A pivoting circumscription and a non-pivoting one

q = g2 = ABCD is pivotal about ¢; with shown pivot P. This circumscription
is described by the symbol ¢2(q1, A)™. The other quadrangle ¢ = A’B'C'D’,
circumscribing ¢, is similar to ¢ = g9, but it is not pivotal. Opposite to side A; B;
has the angle B of q2, its symbol being ¢2(q1, B)*. The characteristic property of
the pivotal circumscription is formulated in the next theorem.

Theorem 1. The convex quadrangle g is pivotal of a given type for ¢4, if and only
if the pedal quadrangle of g» w.r. to some point P is similar to ¢; and ¢» has the
given type w.r to that pedal.
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Figure 4. Pivotal ¢ about its pedal (similar to) q¢:

Proof. The proof follows from the equalities of the angles shown in figure 4, which
results easily from the inscribed quadrangles in the circles {x;}. These angles
vary with the location of the point A on x; and become right when A obtains the
diametral position of P on x1, showing that ¢; is then the pedal of ¢ = ABCD
w.r. to P. The inverse is equally trivial. If ¢; is the pedal of P, then, per definition,
the segments { PA;, PBy, ...} are orthogonal to the sides { DA, AB, ...} and the
circles {x;} are defined and carry the vertices of quadrangles ABC D, pairwise
similar and pivoting about P. O

Figure 5. Pedal and dual viewpoint

There is an interesting dual view of the pivotal circumscription, which we should
notice here (See Figure 5), but which we do not follow further in the sequel. If
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q1 = A1B1C1Dy is the pedal of ¢ = ABCD w.r. to some point P, then turn-
ing the projecting lines { PA;, PBj, ...} by the same angle ¢, we obtain points
{A}, By, ...} on the sides of ¢, defining the quadrangle ¢; = A} B} C{ D1, similar
to ¢; and inscribed in ¢. Taking the obvious similarity f to draw ¢} back to ¢; and
applying it to ¢, we find ¢’ = f(q) similar to ¢ and circumscribing ¢;. Thus, piv-
otal circumscriptions about a point are dual and correspond, in this sense, to some
pivotal inscriptions about the same point and with the same similarity types of the
involved quadrangles.

3. Self-pivoting quadrangles

(110

Figure 6. Triangle self-pivoting about a Brocard point and the orthocenter

By “self-pivoting™ is meant a convex quadrangle ¢ that allows pivotal circum-
scriptions by quadrangles ¢’ similar to ¢. The corresponding problem for triangles
leads to the two well known Brocard points { Bry, Bra} ([7, p.94], [9, p.117]), the
orthocenter H and three additional points {A,, B,,, C,} (See Figure 6-1), which,
for a generic triangle, are the 6 internal pivots of circumscribed triangles ABC
similar to the triangle of reference A; B;C;. Thus, every triangle is self-pivoting
in all possible ways, which means that the pivoting triangle ABC may have op-
posite to A; By any of the three angles of the triangle and the orientation of the
circumscribing can be the same or the opposite of the circumscribed one.

The situation for quadrangles is quite different. A quadrangle may not allow
a pivotal circumscription by quadrangles similar to itself or allow the pivotal cir-
cumscription for some types of circumscription only. In the sections to follow we
investigate the possibility of self pivotal circumscription by one of the 8 types of
circumscription, which, in principle, could be possible and are schematically dis-
played in figure 7. The symbols used are abbreviations of those introduced in the
preceding section, ¢ denoting the similarity type of a convex quadrangle. Thus, the
symbol ¢(A)* denotes a pivoting configuration, in which the circumscribed and
the circumscribing quadrangle have the same orientation, are both of the similarity
type of the quadrangle ¢ = ABC D, and the circumscribing has its vertex A lying
opposite to the side AB of the circumscribed quadrangle.

Looking a bit closer to the different types, reveals some similarities between
them, implying similarities of the corresponding circumscription structures. For
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Figure 7. Types of self-pivoting quadrangles ¢’ ~ g about ¢

instance, the first two types {q(A)™, q(B)"} are the only types for which each
vertex X of the circumscribing is viewing a side VW of the circumscribed by an
angle ¢, which is also adjacent to the side VW of the circumscribed quadrangle.
We could call this phenomenon an “adjacent angle side viewing™ of the vertex X
and use for it the acronym ASV. Thus, for these two types all four vertices have
the ASV property. The next two {q(C)*,q(D)"} are the only circumscription
types which have no vertices with the ASV property. Finally, for all other types the
ASV property is valid for precisely two vertices lying oppositely. The following
discussion shows that self-pivoting quadrangles with the same number of ASV
vertices have some common geometric properties, e.g. the types {q(C)",q(D)*}
consist of trapezia of a particular kind (section 7).

4. Thetypesq(A)* and ¢(B)*

The symbol g(A)™ resp. ¢(B)™, represents the pivotal circumscription of a
guadrangle by one S|m|Iar to itself and equally oriented, opposite to side AB hav-
ing the angle A resp. B. Figure 8 shows an example of the type q(B)*. The
characteristic of ¢(B)™ is that the circle x; carrying the vertices B is tangent to
B4 (4, the circle k4 carrying the vertices C is tangent to C; D1 and so on. The type
q(A)™ would change the meaning and orientation of these circles, i.e. 7 would
carry the vertices of angles A and would be tangent to A, D, % would carry the
vertices of angles B and would be tangent to A;B; and so on. For these two
types, the circumscribing quadrangle ¢ can take the position and become identical
with the circumscribed ¢;. In the case ¢(B)™, shown in the figure, the tangency
of the circles to corresponding line-sides of the quadrangle implies that the angles
{Eﬁl\Bl, @1\(]17 ...} are equal. For the same reason also the lines from the pivot
P to the vertices, make with the sides equal angles

—_—

PAB, = PB,C;, = PC,D, = PD.A, = w.
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Figure 8. Self-pivoting of type ¢(B)™"

This is reminiscent of the way the Brocard points of a triangle are defined. In fact,
if the quadrangle ABC D is cyclic, then the property of self-pivoting of type ¢(A)™
or g(B)* is known to be equivalent with the harmonicity of the quadrangle ([6]).
In this case the two types occur similtaneously, i.e. if the quadrangle is harmonic,
then it is also simultaneously pivotal of type ¢(A)™ and ¢(B)™*. And if it is cyclic
and pivotal of one of these two types, then it is pivotal of the other type too. The
corresponding pivots are then the two, so called, “Brocard points™ of the harmonic
quadrangle ([13]) and the angles w for the two pivotal circumscriptions coincide
with the, so called, “Brocard angle” of the harmonic quadrangle. Next theorem
gives a related characterization of the harmonic quadrangle, without to assume that
it is cyclic, but deducing this property from the possibility to have simultaneously
the two types of pivoting.

Theorem 2. A convex quadrangle ¢; = A, B,C1D; is harmonic, if and only if it
is simultaneously self-pivoting of type ¢(A)* and ¢(B)*.

Proof. By the preceding remarks, it suffices to show that, if the quadrangle is si-
multaneously self-pivoting of type q(A)™ and ¢(B)™, then it is cyclic. For this
we use the remark also made in section 2, that the diagonal AC' of a pivoting
quadrangle passes through a fixed point F; lying on the diagonal A;C of the cir-
cumscribed quadrangle g;. This is seen in figure 9-1 for the pivoting of type q(A) .
The crucial step in the proof is to show that the pivoting of type q(B)™ has the cor-
responding F on A;C} identical with F;. This is seen by considering a particular
position of the ¢(A)™ pivoting, seen in figure 9-11. For this position the diagonal
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Figure 9. Simultaneous self-pivoting of types ¢(A)" and ¢(B)*

AC of the pivoting intersects the circle x of the ¢(B)™ pivoting at a point A’.
This point, taken as vertex of the ¢(B)™ pivoting quadrangle ¢ = A’B'C'D’,
shows that the diagonals {A’C’, AC'} of the quadrangles ¢’ and ¢ = ABC'D co-
incide. Thus, both diagonals pass through the same fixed point of A;C4, thereby
proving the coincidence F{ = Fj.

The last step, in proving that ¢ is cyclic, follows by considering also special
positions for the pivoting quadrangles of the two types. These positions are seen in
figure 9-111. The quadrangle ¢ is now taken so that its vertex B coincides with (',
the vertex A obtaining then a position on B;C. For the pivoting quadrangle ¢’ we
choose then the position for which A’ is the intersection of C'D with the circle &/,
carrying the vertices A’ from which A, D, is seen under the angle 171\1 It is easily
verified that the points {D, A’, Dy, D’, C'} are then collinear. Besides, the circles
{k/, k3} pass both through F and the quadrangles { A’ A, Fy D1, D1 F1C1C} are
cyclic. Considering the angles of these quadrangles, we see that {A’B’, CB} are
parallel

E+6=D@1+D@1=W,

which is equivalent with A + C = 7 and proves the theorem. O

In the rest of this section we describe a general procedure, which, starting with
an arbitrary triangle, produces, under some restrictions, general self-pivoting quad-
rangles of types ¢(A)™ or/and q(B)™, not necessarily cyclic. We call the cor-

responding angle w = PA1By = PB1C; = ... the “Brocard Angle” of the
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Figure 10. A second self-pivoting of the same type ¢(B)™"

pivotal circumscription (See Figure 10). First we formulate a simple lemma show-
ing that a self-pivoting quadrangle of this two types is related to other self-pivoting
guadrangles of the same type and the same Brocard angle. The lemma, formulated
for brevity as a property of the circle x4 and the type ¢(B)™, holds analogously for
the type ¢(A)™, and in both cases the circle 4 can be replaced, with the necessary
adaptation, by any one of the circles {x;}.

Lemma 3. If the circle x4, of a self-pivoting quadrangle ¢; of type ¢(B)™, which
is tangent to the side A, By, has a second intersection D) with the opposite side
C1D, so that ¢f = A1 B1C1 D] is convex, then this is also a self-pivoting quad-
rangle of the same type, with the same angles as ¢, and the same Brocard angle.

Proof. Referring to the case of figure 10, all that is needed here is to show that
the points {D, D}, A} are collinear, which follows from a trivial angle chasing
argument. The quadrangle ¢; = A;B1C1 D) has the same angles with ¢;, the
two angles at { B, C1} being identical and the angles at { A1, D} } being those at
{A1, Dy} permuted. O

Corollary 4. The two quadrangles {qi, ¢} } of the preceding lemma, if they exist,
they are completely determined by the triangle A, B; P and the position of C; on
the tangent ¢ of the circumcircle x, at By.

Proof. In fact, the given point C; determines the circle xo. The circle x4 is deter-
mined by its property to be tangent to A; B at A; and the points { D}, D, } are the

_—

intersections of circle <4 with the tangent of xo at C;. The angle PA; B; of the
triangle is the Brocard angle of the circumscription of this type. O

As is suggested by the lemma and its corollary, not every triangle 7 = A; B, P
allows the determination of two points { D;, D} }, defining the two corresponding
self-pivoting quadrangles. Depending on the angles of the given triangle = and

especially on the angle w = PA;Bj, destined to play the role of the Brocard
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Figure 11. Existence of self-pivoting quadrangles

angle, we may have one, two or none of these points in existence. In fact, consider
the points C; varying on the tangent ¢ at B; to the circumcircle x; of 7 (See Figure
11). Then, by the well known Newton’s method to generate conics ([15, p.259], [5,
1,p.44]), the lines n, making with PC the constant angle w, envelope a parabola
o with focus at P and tangent to . If this parabola has x4 totally in its inner
region, then its tangents cannot have common points with x4, i.e. there are no
points {D;}. If o touches r4, then there is only one line » intersecting the circle
K4, i.e. the points { Dy, D} coincide and we have one solution only. Finally, if

Figure 12. Case in which k4 intersects the parabola
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the circle and the parabola intersect at two points, the common tangents to {o, x4}
define corresponding contact points {77, 7>} of the circle, contact points {51, S2}
of the parabola and two points {C?, C7} on ¢ (See Figure 12). The tangents n =
C1S of o intersect x4 only if Cy is in the interval C; € [C},C}] C e. For the
points C; € (C1,CY) of the open interval we have two solutions, whereas at the
end points {C], C{'} of this interval we have one solution only. Figure 12 shows
the special self-pivoting quadrangle having C; = C} and D; identical with the
corresponding contact point 73 of the common tangent »; with 4. Notice that the
circle x4 cannot be completely outside of the parabola, since it passes through the
focus P of it. Hence, the cases considered above exhaust the possibilities that may
occur, concerning the existence or not of self-pivoting quadrangles of type ¢(B)*,
defined from a triangle A B P using this recipe.

5. TheBrocard angle

In the previous section we defined the Brocard angle of a pivotal circumscription
of a quadrangle of the types q(A)™ and q(B)™. This angle is intimately related to
the aforementioned generation of parabolas, resulting by varying an angle of fixed
measure ([4, p.28]). Figure 13-1 shows a consequence of this relation. Here we

(1

Figure 13. The circles {x4} for A, € k1 generate a cardioid

start with a parabola ¢ and the tangent ¢ at a point B; of it. For every point C on
t the, other than ¢, tangent to the parabola from C; makes with the line PC; the
same constant angle w = P?ll\Bl. The circle «; is defined by its property to be
tangent to o at By and pass through the focus P of the parabola. The points A;
of k1 view the segment PB; under the fixed angle w = P/Al\Bl. If there were a
pivotal quadrangle of type ¢(B)™ with Brocard angle w, then this would produce
such a figure, with the circle x4 intersecting the parabola. By its definition, the
circle x4 is tangent to A; B; at Ay and passes through P. By the discussion in the
previous section, in order to have a pivotal circumscription with Brocard angle w, it
is necessary and sufficient to have a place of A; on 1, such that the corresponding
circle x4 intersects the parabola. By varying the position of A; on k1, we obtain a
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one-parameter family of circles x4, which will be seen below to envelope a cardioid
tangent to o at By ([1], [11, p.34], [10, p.118], [14, p.73]). Then, the condition of
existence of a circle x4 intersecting the parabola appears to be equivalent with the
existence of an intersection point of the cardioid and the parabola, other than Bj.

Figure 14. Seeking the position of the cardioid relative to the parabola o

In the sequel we determine the position of the cardioid, relative to the parabola,
showing that the value 7/4 of the Brocard angle w plays an important role, sepa-
rating the intersecting from the non-intersecting cases. We start with the case case
w = ﬂl\Bl > /4, the case w < 7/4 allowing a similar handling. For this,
consider the tangent at the vertex D of the parabola o, intersecting the tangent ¢
at the point C'; (See Figure 14). Let also L be the intersection point of the axis
e of the parabola with the line By Ag, where Aq is the diametral point of B; on
k1. The quadrangle LB;C1 D is cyclic and, since all tangents of o intersect line
t at points C7 making with PC the angle w, the lines { LB, PC;} are parallel.

Using this and measuring the angles at Ag, we find that AgPL = 2w — 7/2. On
the other side, the center K of the circle x4 is on the medial line of P A; and since
K4 istangent to By Ay at Ay, the line A; K passes through Ag. From the aforemen-
tioned tangency follows also that the angle m = w, point T" being the center
of k1. Thus, the center K of x4 is viewing the fixed segment AyT" under the fixed
angle w. This implies that, as A; changes its position on 1, the center K, of the
corresponding circle, moves on a circle ( passing through the points { Ay, 7', P}.
Thus, all circles 4 represent one of the standard ways to generate a cardiod, by
fixing a point P on a circle x and for every other point K on xq drawing the circle
k4(K,|KP|) ([11, p.35]). The cardioid is then the envelope of all these circles
{k4}. Itis also well known that the line, which is simultaneously tangent to the
cardioid and the generating it circle x4, is the symmetric of the tangent of the circle
k4 at P w.r. to the tangent of the circle k¢ at the center K of x4. Later applied to
k1, Which represents a special position of x4, shows that the line ¢ is also tangent
to the cardioid. Concerning the location of the center S of the circle x(, we notice
that the angle m = 27 — 4w, which implies that S/PZ) =2w—7/2= A/OP\L
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A short calculation shows also that the radius of g is
PBi| _ |PD|
(2sin(w))?  4sin(w)*’
From this follows immediately that
|PS| < |PD| precisely when w > 7/4. 1)
On the other side, the cardioid is intimately related to the parabola, since, as is well

|PS| =

Figure 15. The associated cardioid 7 of the parabola o

known, the cardioid is the inverse of a parabola, the center of inversion taken at the
focus of the parabola ([16, p.91,p.131]). Figure 15 shows the result of inversion
of the parabola with equation 22 = 4ay, relative to the axis {n,¢'}, consisting of
the tangent at the vertex and the axis of the parabola. The inversion is done w.r. to
the focus O and the circle with diameter the latus rectum A A’ of the parabola and
produces the cardioid 7’. Of interest for our discussion is the reflection 7 of 7/ w.r.
to the latus-rectum line . This cardioid 7 is tangent to the parabola at { A, A'}.
It is also generated as the envelope of the circles {x4(S,|SO|)}, for the points S
of the circle k(K a), where K is the symmetric of the vertex of the parabola w.r.
to its focus O. All these facts are consequences of straightforward calculations,
which | leave as an exercise. | call 7 the ““associated to the parabola cardioid”. A
short calculation w.r. to the system with axes {¢, ¢’} shows also that corresponding
points { P, @} on {r, o} with the same polar angle 6 are represented by

' 2 2a sin(0)>
r=0P=2a(l+sin(0)), +=0Q=1—35 = ror= 1—SH(1(;U
()

This shows that the cardioid 7 is completely inside the inner domain of the parabola,
containing the focus, touching the parabola only at the points { A, A’}.
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Figure 16. The two parabolas and their associated cardioids

Figure 16 combines the results of the preceding discussion and illustrates the
arguments for the proof of the next theorem. The cardioid generated by the cir-
cles {x4} is now denoted by 7/, whereas 7 denotes the associated cardioid of the
parabola o. The two cardioids are connected with a similarity f with center P,
mapping 7 onto 7’. Point P and the symmetric S’ of the center S of the circle xg
w.r. to P are respectively the focus and the vertex of a parabola ¢/, whose associ-
ated cardioid is 7. The similarity f has its center at P, its angle is y = DPS and
itsratio is k = PS’/PD. ltis easily seen, that this similarity maps the parabola
onto ¢’ and 7 onto 7’.

With this preparation, we can now prove that the cardioid 7" has no other than B,
intersection point with the parabola o. In fact, assume that X is a point common to
o and 7’. Consider then the point Y on the position radius PX, lying on 7. From
equation 2 we know that Y is between the points {P, X'}. Consider now points
{X' = f(X),Y’ = f(Y)}. The order relation is preserved by f. Thus, Y” is again
between the points { P, X’}. But since X is an intersection point X € o N 7/, its
image X’ = f(X) must be a point lying between { P, Y’}, which is not possible
if X # Bj. Thus, we have proved that if w > 7/4, then there is no other than B,
point of intersection of the cardioid 7" with the parabola o. An analogous argument
for w < /4 shows that there is indeed such an intersection of the corresponding 7’
with . Finally for w = 7 /4, the cardioid 7’ coincides with the associated cardioid
of o and for this Brocard angle the corresponding self-pivoting quadrangle is easily
seen to be a square. Summarizing the previous arguments, we arive at the proof of
the following theorem.
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Theorem 5. The Brocard angle of a self-pivoting convex quadrangle of the type
q(A)*T or ¢q(B)™" is less or equal to /4, the equality being valid only for the
square.

6. Typesq(A)™ and ¢(B)™ with three equal angles

Here we continue the analysis of figure 12, of a self-pivoting quadrangle of type
q(B)™, taking into account general properties of parabolas ([2, p.21], [4, p.28],
[17, p.133]), and noticing that the triangles { B, C}| P, PC{S; } are similar. Thus, in
the case the circle x4 and the parabola o are tangent, then all four points {.S;, T} }
coincide, the three triangles { B; PC1,C1PD;, D1 P A, } are similar and three of
the angles of the quadrangle are equal. The proof of the following theorem, formu-
lated for the type ¢(B)™, gives a recipe to construct such self-pivoting quadrangles
with three equal angles. The analogous theorem for q(A)* is also valid. The nec-
essary formulation, as well as minor adaptations and changes for its proof, are left
as an exercise.

Theorem 6. The case, of a self-pivoting quadrangle of type ¢(B)™, in which the
circle k4 is tangent to the parabola o and the triangles { By PCy,C1 PD1, D1 PA; }
are similar, is, up to similarity, completely determined by the angle ¢ of the trian-
gles at the pivot point P.

Figure 17. Self-pivoting quadrangle of type q(B)™ with three equal angles

Proof. Figure 17 shows the recipe to construct such a self-pivoting quadrangle of
type ¢(B)™, up to similarity and from a given angle ¢ at P. The construction
starts with a circle k3 and a chord of it C'D, viewed from points of the circle
under the angle ¢ or its supplement. Taking such a point P, € k3, we define
the similarity transformation f; ([3, ch.IV]) with center at P;, rotation angle ¢
and similarity ratio k&, = P,C/P,D. The image B; = f;(C) of C under the
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similarity defines the triangle P.B;C ~ P,CD and applying f; once more we
obtain A; = f;(B;) = fZ(C) and the triangle P,A;B; ~ P;B;C. As P; varies on
the circle 3, the corresponding point A; = f2(C') moves on a parabola ¢. This is
an immediate consequence of two facts. The first, following from a simple angle
chasing argument, is that the line A, B; makes the angle ¢ with the tangent C'B of
kg at C. The second fact, following directly from the definitions, is that the ratio
AB;/BiC = k.

Combining these two facts, we can find a simple parametrization of the variable
point A;, showing that it moves on a parabola. For this we use the bisector P,G;
of the angle ¢ at P, which divides the side C'D at the ratio k; = t/(a — t), where
a = CD. Then setting x = C'B; and y = B A, we see that

x t y t 12

a Ca—t’ ;_kt vrEeTTy y_a(a—t)Q’
which is a parametrization of a parabola in oblique axes. The point A is an intersec-
tion of the parabola with the tangent D A of k3 at D and point B is the intersection
of C'B with the parallel to A; B;, making with BC' the angle ¢. From its defini-
tion follows that the quadrangle ABC D is self-pivoting of type ¢(B)™ with pivot
P, coinciding with the second intersection of the circles {xs, k2 }, where k4 is the
circle tangent to C'D at C, passing through B. O

It is easy to see that if ¢ = 7/2, then the quadrangle ABCD is a square. In
general, since the three angles of the quadrangle are equal to = — ¢, the magnitude
of the angle is restricted by the inequalities for the fourth angle at D

D=2r-3(r—¢)=3p—n and 0<D<n = 60° < ¢ < 120°.

Figure 18. The similar quadrangles ABCD ~ BCDA' ~ D'ABCD

Figure 18 shows another characteristic of this class of quadrangles, determined,
up to similarity from an angle ¢ satisfying the above restriction. The other in-
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Figure 19. Self-pivoting quadrangle from a regular pentagon

tersection points {A’, D'} of the two circles {1, x4} correspondingly with sides
{AD,DC} define similar quadrangles ABCD ~ BCDA' ~ D'ABC.
It is also easily verified that the new quadrangles are self-pivoting about the same
point P with the original one. Figure 19 shows one more example of a self-pivoting
quadrangle of the type ¢(B)™. It is the one with three angles equal to 108°, the
angle of the regular pentagon. By the previous restriction for the angles and the
discussion so far, follows that the rectangle and the pentagon are the only regular
polygons, whose angles may appear in this kind of self-pivoting quadrangles. No-
tice that in this case the axis of the parabola ¢ is parallel to the line K L, which is
parallel to a diagonal of the pentagon.

7. Self-pivoting quadrangles of types ¢(C)* and ¢(D)*

As noticed in section 3, these two types of self-pivoting quadrangles have similar
arrangements of vertices, leading to identical geometric properties. For this reason
we confine our discussion to one of them, the type ¢(C')™", and make some remarks
on the differences for the related type ¢(D)™, at the end of the section. In the type
q(C)™ the circumscribing g, which is similar to the circumscribed ¢;, has opposite
to A, By the angle C and the orientation of the two guadrangles is the same. Next
theorem shows that the requirement of self-pivoting of this type is quite restrictive
for the quadrangle.

Theorem 7. A convex self-pivoting quadrangle of the type ¢(C)™ is necessarily a
trapezium of a special kind, for which the circles { ko, x4} are equal. The trapezium
in this case defines another isosceles trapezium inscribed in x5 called the *“core”
of ¢. Each isosceles trapezium is the core of two, in general, different trapezia,
which are self-pivoting of type ¢(C)*.
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Figure 20. Self-pivoting quadrangle of the type ¢(C)™" is a trapezium

Proof. Figure 20 shows a quadrangle of this type together with the corresponding
isosceles trapezium 7 = @SB, P, which is the core of the quadrangle ¢;. In
order to define it, start with ¢; and consider the second intersection points {S, T’}
of {ka, K4} respectively with {A; B1,C1D;}. A simple angle chasing shows that
lines {C1S, AT} are respectively tangent to the circles {3, x1}. For A;T this
follows from the equality of angles

CBiAy = CFi Ay = CiFiA = Ci1DiA = BDiT = BAT.

Analogously is seen the other tangency. This implies that C1TA1S ~ ABCD
is a position of the pivoting quadrangle ABCD. The similarity of the triangles
A1B1Cy ~ ABC implies then that B;A;C; = A;C;T, which shows that the
lines {A1B1,C1D;} are parallel. From this follows immediately that SC1 D; Aj,
B1C1T A, are parallelograms and {SB;C}, D1T A} are equal triangles. This
implies in turn that the circles {2, x4} are equal, since the equal segments {C S,
Dy Ay} are respectively seen from { B, T'} under equal angles.

Combining these facts, we see that the whole figure can be reproduced from the
two glued, equal to the core, isosceli trapezia { B1SQP, QPD1T}. In fact, if we
start from these two equal trapezia and their circumcircles {2, x4}, then the miss-
ing vertices { Ay, C1} can be defined as intersections of these circles respectively
with the lines {BS, D,T'}. Figure 21 shows how the self-pivoting trapezium is
defined from the isosceles trapezium B1SQP. In fact, starting with the arbitrary
isosceles trapezium B1.SQ P we define its symmetric Q PD1T w.r to the middle O
of the non parallel side PQ. The missing vertices lie on respective circumcircles
of the trapezia and are symmetric w.r. to O. Thus, there result two acceptable solu-
tions { A1 B1C1 Dy, A B1C| D:} i.e. self-pivoting quadrangles of the type ¢(C)*
about the point P. O
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Figure 22. Self pivoting quadrangle of the type ¢(D)™*

The arguments used in the discussion of the type ¢(C)™* apply almost verba-
tim to the case of ¢(D)™ and lead to a similar result. The quadrangle is again a
trapezium of the kind, referred to in the previous theorem.

Theorem 8. A convex self-pivoting quadrangle of the type ¢(D)™ is necessarily a
trapezium of the special kind, considered in theorem 7.

Figure 22 shows a characteristic case of a self-pivoting of type ¢(D)*. The
only difference is in the arrangement of parallel sides. Here the parallel sides are
{A1D;, B1C4}, whereas in the previous case the parallels are {A;B;,C1 D1 }.

Corollary 9. The only self-pivoting convex quadrangle w.r. to all types of positive
pivoting is the square.
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Proof. By positive pivoting we mean the types {q(A)", ¢(B)*,qC)*,q(D)"}. If
the quadrangle ¢; is of the first two types simultaneously, then, by theorem 2 it is
harmonic. If it is also simultaneously of the two last types, then, by the theorems
of this section, it is also a parallelogram. But the only harmonic parallelogram is
the square. O

8. Self-pivoting of types {¢(A)~,q(B)~,q(C)~,q(D)"}

These four types of self-pivoting quadrangles, have some common traits, noticed
in section 3. They are precisely the types that have exactly two opposite vertices
with the ASV property. The main consequence of this is given by the next theorem.

Figure 23. {q(A)~, q(B)~} have two opposite vertices with the ASV property

Theorem 10. The self-pivoting quadrangles of the types ¢(A)~,q(B)~, ¢(C)~,
q(D)~ are cyclic.

Proof. The proof relies on the fact, that the vertices of the circumscribing pivot-
ing quadrangle ¢ = ABCD with the ASV property move on circles which are
tangent to two opposite sides of the circumscribed quadrangle ¢; = A1B1C1 D1
(See Figure 23). Working with the type ¢(A)~, we notice that there is a posi-
tion of the circumscribing ¢, for which we have identification of two opposite
vertices with corresponding two vertices of the circumscribed ¢;. The vertices
are B = Ay and D = (7 (See Figure 23-1). Consequently also the side-lines
{A1D; = BC,B,Cy, = AD}. This is valid also in the case of type ¢(B)~ (See
Figure 23-11), and also in the remaining two types. This identification of vertices
and side-lines is, more generally, valid also in the case the two quadrangles {q, ¢1 }
have the same angles and the correct arrangement of the angles, according to the
circumscription type under consideration, even if they are not similar, as is the
case with the two configurations for ¢(A)~ and ¢(B)~ in figure 23. If however
the quadrangles {q, ¢1} are similar, then the side C'D resp. CyD; is viewed from
the vertices { A, A; = B} resp. { A1, A = B;} under the same angle. This proves
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that the quadrangles are cyclic for the two types {q(A)~, ¢(B) ™}, the proof for the
remaining two types being exactly the same. O

Figure 24. Trying to draw a quadrangle of type q(A)~

Figure 24 shows how to draw a cyclic quadrangle ¢; and a particular circum-
scribing ¢ of the type ¢(A)~ allowing a quick construction of the circles {x;}.
The condition on the angles implies that (A, By, CD) and (AB, Cy D) are pairs
of parallels. It is also easily seen, that drawing in an arbitrary cyclic quadran-
gle ¢; parallels {A; A, C1C'} to opposite sides we obtain a new cyclic quarangle
q = ABC D, with the same angles as ¢;. Figure 24 shows such a general construc-
tion from an arbitrary cyclic quadrangle ¢;. In order to obtain a self-pivoting one
we must succeed to have four points coincident. These are the second intersections
of adjacent circle pairs {1 N k2, k2 N K3, ...}, their quadrangle shown also in the
figure. Next theorem shows how this is done. The proof again is given in detail
only for the type ¢(A)~, the other cases allowing a completely analogous handling.

Theorem 11. The self-pivoting quadrangles of type ¢(A)~, ¢(B)~, ¢(C)~,q(D)~
are necessarily cyclic quadrangles. Given a cyclic quadrangle ¢q, there is, up to
similarity, precisely one self-pivoting quadrangle ¢; of each of these types, with the
same angles and the same succession of angles as qo.

Proof. The first part of the theorem follows from the preceding discussion. To
show the second part for the type ¢(A)~, we consider the arbitrary fixed convex
cyclic quadrangle g0 = Ao ByCy Dy and the family of other cyclic quadrangles ¢’ =
ABCyD,, produced by varying one of its sides (AB) parallel to itself (See Figure
25). In order to locate the self-pivoting among all these quadrangles we exploit
the fact that, for this type of self-pivoting, the circles {1, k3, k4} are respectively
tangent to { AgDy, BoCo, AB'} at the points {A, Cy, A}, where AB’ is parallel
to CpDy. In this case the self-pivoting quadrangle results when, for varying A
on e = AgDy, the second intersection point P of the circles {x1, x4} takes a
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Figure 25. Seeking a self-pivoting quadrangle of type q(A)~ with given angles

position on the circle x3. But as the point A varies on ¢, the lemmata below show
that the corresponding point P describes a cubic curve ¢ having a singular point
at Dy and intersecting the circle 3 at two other points {P’, P”}, leading to two
similar quadrangles with the desired properties. The determination of the whole
guadrangle from the point P is trivial, since the angle

§ = AyDoCy = DyPA = APB/,

remains constant for all positions of P. Hence, having the position of P, we can
draw the angle DyPA = ¢ and find the position of A, from which the parallel to
Ao By determines the whole quadrangle.

Figure 26. The cubic determining the self-pivoting g1 = A1B1C1 D1 of type ¢(B)~

The proof for the other types is the same. Figure 26 shows e.g. the correspond-
ing cubic for the type ¢(B)~. In this case the cubic is the geometric locus of the
second intersection points { P} of the circles {x1, x2}, circle k1 being tangent to
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B, C; at B; and passing through Aq, as B; moves on line C;By. The circle ks
is tangent to the parallel B; B’ to C1D; and passes through C;. Here we start
again from an arbitrary cyclic quadrilateral Ao ByC1.D; and draw parallels A B,
to Ay By seeking the position of By, which defines the self-pivoting quadrangle ¢;.
The figure shows the appropriate position of the pivot P, which is the intersec-
tion of the cubic with 3. It shows also a pivoting quadrangle ¢ = ABCD ~ ¢
circumscribing q. O

In the rest of this section we discuss in detail the case of the cubic ¢ related to
the type ¢(A)~, the arguments for the cases {q(B)™, ...} and the cubics related to
these types being completely analogous.

Figure 27. The cubic carrying the points P

Lemma12. Under the notation and conventions of theorem 11, for the type ¢(A)~,
the intersection point P of the circles {x1, x4} describes a cubic curve.

Proof. Referring to figure 25, we use cartesian coordinates with origin O at the
vertex Dy of the quadrangle gg and identify the x—axis with the line DgAg. The
line AB moves parallel to itself with A on the x—axis. Also B is on the fixed line
e = ApBgy. The point P is on the circle 1, which is tangent to the x—axis at A
and passes through B. It is also on the circle x4, which is tangent to AB at A and
passes through the origin O. Now we consider the inversion f w.r. to a fixed circle
A centered at O (See Figure 27). By this the image ¢/ = f(¢) is a fixed circle,
ky = f(k1) is a circle tangent to the x—axis and intersecting the circle £ under
a fixed angle, and k), = f(k4) is a line passing through A" = f(A) and having a
fixed direction. Thus the inverted P’ = f(P) is the intersection of a line ), and a
circle /| passing though A’ tangent there to the z—axis and cutting the fixed circle
¢’ under a fixed angle. Next lemma shows that the geometric locus ¢’ of such points
P’ is a parabola passing through the origin and having the form

(pg;+qy)2 —rx —sy =0.
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This, taking again the inverted in the form (z,y) = f(2,v') = k(2',y")/ (2" +
y'?), with a constant &, shows that the inverted of the parabola ¢ = f(¢’) satisfies
the cubic equation

k(pz + qy)?® — (rz + sy)(z® + y*) = 0.
0

Lemma 13. A point A moves on the fixed line ¢, and the line n through A has a
fixed direction. The circle x(X, r) is tangent to ¢ at A and intersects a fixed circle
MK, rg) passing through O € e under a fixed angle ¢. Then, the geometric locus

Figure 28. The parabola of points B

of the second intersection point B of  and « is a parabola through the point O.

Proof. Using the point O as origin and the line € as z—axis of a cartesian coordi-
nate system, in which K = (xg, yo), we find that the center X of the variable circle
K satisfies the parabola equation (See Figure 28)

x? — 2z02 — 2(yo — 70 cos(¢))y = 0.

On the other side the intersection point B(z',y’) of x and the line # in fixed direc-
tion can be expressed in terms of X (z,y) and a fixed unit vector e = (e, e2) by
the equations

B=X+ye = o=z +yer, Yy =y+ye.

This means that B describes the affine transformation of a parabola, which is also
a parabola with the desired properties. O

Lemma 14. Under the notation and conventions of this section, the two quadran-
gles, created from the intersection points { P’, P"} of the cubic ¢, of theorem 11 for
the type g(A)~, with the circle x5, are similar and inversely oriented. The points

{P’, P"} are isogonal conjugate w.r. to the angle CLED;.
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Figure 29. The two similar quadrangles of type g(A)~

Proof. The fact that there are precisely two such intersection points follows from
the geometric definition of the points P of the cubic . The cubic has a singular
point at Dy and its limit tangents at D, from the two branches coincide with the
line &, which is symmetric to D,C7 w.r. to D1 A; (See Figure 29). The circles
{Ka, K}, ...} for the various positions of P are members of the pencil of circles
tangent to € at D1. This implies geometrically that there are two intersection points
of the cubic with 3 lying on either sides of £. It is also easily seen geometrically
that the two resulting solutions are similar and inversely oriented. That there are
no more intersection points follows from the fact that the cubic and the circle x3
are inverses under f respectively of a parabola and a line, which can have no more
than two intersection points. O

9. Self-pivoting quadrangles of type ¢(C)~

In the previous section we saw that a self-pivoting quadrangle, whose type coin-
cides with one of {¢(A)~,q(B)~,q(C)~,q(D)~}, is necessarily cyclic. We saw
further that, given a convex cyclic quadrangle g, there is, up to similarity, precisely
one self-pivoting quadrangle ¢; of each one of these types, with the same angles
and the same succession of angles as ¢o. Next theorem shows that this ¢, in the
case of the type ¢q(C')~, satisfies a stronger condition.

Theorem 15. The only self-pivoting quadrangles of type ¢(C)~ are the harmonic
guadrangles.

Proof. Constructing the self-pivoting of this type by the method of the previous
section, we start with an arbitrary cyclic quadrangle qo = Ay B1C1 Dy, with fixed
given angles, and an arbitrary point D1 moving on the line C1Dy. From D; we
draw the parallel Dy A; to DyAp and consider the variable circles k3 tangent to
DA, at D, and passing through C and x4 tangent to Cy D, at Dy and passing
through A;. Their intersection point P describes, as D1 moves on C Dy, a cubic (.
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Figure 30. Constructing a quadrangle of type ¢(C)~

This is exactly the same situation as in the preceding section. The difference from
that is now that the similar triangles { PC'1 D1, P Dy A1 } have their angle at P equal

to B\l while in the previous case this angle was equal to C;. The equality of the an-
gles implies now that the intersection point P of the cubic with the fixed circle -,
which is tangent to B1 A, at By and passes through C1, is on the diagonal B; D;.

This follows trivially from the equality of the angles BiPCy, = © — C1B1A;.
Then, an equally simple angle chasing argument shows that the two similar trian-
gles { PC1 Dy, PDy A} are also similar to the triangle A; B;C4, which is a char-
acteristic property of the harmonic quadrangles ([12]). O

There are several partial results that could be produced as corollaries of the
previous disccussion. Corollaries concerning self-pivoting of quadrangles w.r. to
combinations of some types, or/and corollaries concerning such combinations and
some particular kinds of quadrangles, like rectangles, parallelograms, trapezia etc,
all left as exercises for the interested reader.
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Orthopoles and Variable Flanks

Floor van Lamoen

Abstract. We extend Zaharinov’s result on the perspector of the triangle of flank
line orthopoles to variable flanks. The locus of perspectors is the Kiepert hyper-
bola.

1. Introduction

Zaharinov [3] has studied the orthopoles of the a-, b-, c-sides of the of the A-,
B-, and C-flanks respectively. If we attach squares to the sides of triangle ABC
we find at each vertex of ABC a flank triangle [2]. He found that these orthopoles
form a triangle perspective with ABC, with the Vecten point as perspector. In this
paper we extend the results to variable flanks, replacing the attached squares by
similar rectangles, which Cerin [1] used to find various loci. We show that the
orthopoles of variable flanks form triangles perspective with ABC, the locus of
perspectors being the Kiepert hyperbola.

2. Orthopoles of flank lines

Consider rectangles ABC,C,, BCA_ A, and C AB, B, attachted to the sides
of triangle ABC and satisfying /BAC, = /CBA. = ZACB, = ¢. We will
calculate barycentrics for the orthopole of line A;Cy, the B-flank line (see Figure
1).

We have that
Ab = (—a2 : SC + S¢ : SB),
Cy = (SB 1 Sy +S¢ : —02).
Lines perpendicular to A,C}, are parallel to the B-median of ABC as the ortho-
center and centroid are friends (see [2]). So these lines meet the line at infinitiy
L> inthe point (1: —2:1).
The perpendicular £ 4 through A to A,Cy hence has equation £4 :  y + 2z = 0,
while the equation for A,C} is given by
(S + (¢ + SB)Sy)x + S*y + (S* + (a® + Sp)Sy)z = 0.
If we denote by ¢ the complement of ¢, the latter equation can be rewritten as
(Sp + ¢ + S3)z + Sy + (Sp + a® + 55)z = 0,
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noting that $* = 5.
So the point A’ where ¢4 and A,C;, intersect has coordinates

A= (=Sp—a’ + 55 “2ASp+ ¢+ 55): S5+ +5p).

Similarly, if /¢ is the perpendicular through C to A,C, then the point C’ where
fc and A, Cy, meet has coordinates

C'=(Sp+a’+55: —2(Sp+a”+53): —Sp—c* +57).
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Now the line through A’ perpendicular to BC'is given by

(Sp +a®)(Sp + ¢ + Sp)z + ((Sp + a®) S5 + S?)y
+((SB +a*)S; + Sp(Sc + 3a%) + a*(b° + %))z = 0,
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With a similar result for the line through C” perpendicular to AB we find as point
of intersection for these two lines the orthopole of the B-flank line

Bopn, = <S2(2a2 — b2 +2¢%)(Sc + 55)
D —45%(20° - 0° 4 2¢%)(a® + 2 + 55)
© S2(2a% — b2 + 2¢%)(S4 + 55))
= (Sc+55: —4(a® + A + 53): Sa+ S3).
By symmetry this shows that the triangle of the three orthopoles of the flank lines is
perspective to ABC, the Kiepert perspector K3 being the perspector. For variable
flanks the line will hence run through the Kiepert hyperbola. As K3 and Ky are
friends, we know that the line connecting B, KE’ and B¢, Will also pass through
the apices of isosceles triangles erected on AC and A,C}, with base angles ¢ and

¢ respectively. Naturally, the orthopole of BC and the Kiepert ¢-perspector, both
with respect to the B-flank, join this line, to complete the friendly symmetry.
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Simple Proofs of Feuerbach’s Theorem and
Emelyanov’s Theorem

Nikolaos Dergiades and Tran Quang Hung

Abstract. We give simple proofs of Feuerbach’s Theorem and Emelyanov’s
Theorem with the same idea of using the anticomplement of a point and ho-
mogeneous barycentric coordinates.

1. Proof of Feuerbach’s Theorem

Feuerbach’s Theorem is known as one of the most important theorems with
many applications in elementary geometry; see [1, 2, 3, 5, 6, 8, 9, 10, 12].

Theorem 1 (Feuerbach, 1822). In a nonequilateral triangle, the nine-point circle
isinternally tangent to the incircle and is externally tangent to the excircles.

Figure 1

We establish a lemma to prove Feuerbach’s Theorem.

Lemma 2. The circumconic p?yz + ¢*zx + r2xy = 0 istangent to line at infinity
z+y+z=0ifand only if

(p+q+r)(-p+ag+r)p—qg+r)p+qg—7)=0
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and the point of tangency isthepoint @ = (p: g :7r)or Qu = (—p : q : ) Or
Qy=(p:—q:r)or Q.= (p:q: —r)according to which factor of the above
product is zero.

Proof. We shall prove that the system

p?yr + ¢?zx +rizy =0
r+y+z2=0

has only one root under the above condition.
Substituting z = —y — z, we get

Pyz — (P2 +7°y)(y + 2) = 0.
The resulting quadratic equation for y/z is
r2y? + (@ +r? = pPyz +*22 =0,
This quadratic equation has discriminant
D= (¢ +r*—p*)? —4(qr)?
= —(p+qg+r)(-pta+r)p—qg+r)p+qg—r).

Thus (1) has only one root if and only if the discriminant D = 0.
If e1p + e9q + e3r = 0 for eq, 9, e3 = £1, then D = 0, which means that the
. . 2 2 B
circumeonic p*yz + ¢*za + rzy = 0 or £ + =+ é = 0 has a double point on
the line at infinity and that the point @ = (1p, €2q, e3r) lies on the line at infinity
2 2
and also on the circumconic because P + € + I e1p + e2q + e3r = 0.
L . . &P £2q - E3T . .
Hence this point @ is the double point on the line at infinity of the circumconic.

That leads to a proof of the lemma. O

Remark. The conic which is tangent to the line at infinity must be a parabola. Thus
our lemma is exactly a characterization of the circumparabola of a triangle.

Proof of Feuerbach's Theorem. Let G be the centroid of triangle ABC, and the
incircle of ABC touch BC, CA, and AB at D, F, and F respectively. The ho-
mothety # (G, —2) transforms a point P to its anticomplement P’, which divides
PG inthe ratio PG : GP' =1 : 2 (see [11]). We consider the anticomplement of
the points D, E, and F', which are X, Y, and Z respectively (see Figure 2). Under
the homothety (G, —2), the nine-point circle of ABC' transforms to circumcir-
cle (I') of ABC. Thus, it is sufficient to show that the circumcircle (w) of triangle
XY Zistangent to (T').

Let M be the midpoint of BC. Then H(G,—2) maps M to A. Thus, AX =
2DM = |b — ¢|, and AX is also tangent to (w). We deduce that the power of A
with respect to (w) is AX? = (b — ¢)?. Similarly, the power of B with respect to
(w) is (¢ — a)?, and the power of C with respect to (w) is (a — b)>.

Using the equation of a general circle in [12], we have the equation of (w) as
follows:

@y + U2z + Cay—(z +y + 2)((b - %2 + (¢ — a)’y + (a - b)*z) = 0.
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Hence, the line L : (b — ¢)?z + (¢ — a)?y + (a — b)?z = 0 is the radical axis
of (T") and (w).

Analogously with the excircles, we can find that the radical axes of the circum-
circle with the homothetic of the excircles under (G, —2) are the lines

L, : (b—c)’x+ (c+a)y+ (a+b)22=0,
Ly : (b+c)x+ (c—a)’y+ (a+b)?2 =0,
Le: (b+c)’x+ (c+a)*y+ (a —b)*z =0.
A
(w)
E
Z
F G
Y
B D M C
Figure 2

In order to prove Feuerbach’s theorem, we shall prove that the lines L, L, Ly,
and L. are tangent to the circumcircle (I') of ABC": The isogonal conjugate of L,
L, Ly, and L. are respectively the conics

LL: (a(b—c))?yz+ (b(c —a))*zz + (c¢(a — b)) *zy = 0,
LL,: (a(b = ¢))?yz + (b(c + a))*zz + (c(a + b))%y = 0,
LL,: (a(b+ ¢)?yz + (b(c — a))*zz + (c(a + b))%y = 0,
LL.: (a(b+¢))*yz + (b(c + a))?zz + (c(a — b))*zy = 0.
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Using Lemma 2, we easily check that the conics LL, LL,, LL, and LL, are
tangent to the line at infinity x + y + z = 0, which is the isogonal conjugate of
circumcircle (T').

In particular, for LL, the point of tangency is the point Q = (a(b—c) : b(c—a) :
c(a — b)), and in order to find the Feuerbach point (which is the contact point of
nine-point circle with the incircle), we find the isogonal conjugate of (). This is

(“ . b L) the anticomplement of X7;.

b—c c—a a—b )’

This completes the proof.

2. Proof of Emelyanov’s Theorem

Continuing with the idea of using the anticomplement of a point [11] and barycen-
tric coordinates [12], we give a simple proof for Lev Emelyanov’s theorem [4, 7].

Theorem 3 (Emelyanov, 2001). The circle passing through the feet of the internal
bisectors of a triangle contains the Feuerbach point of the triangle.

Lemma 4. Let ABC be a triangle and the point P (z : y : z) in homogeneous
barycentric coordinates, with cevian triangle A’ B'C’. If M isthe midpoint of BC,
then signed length of M A’ is

2’

2(y + 2)

Proof. Because A’B’C" is the cevian triangle of P, A’ = (0 : y : z). Using signed
lengths of segments, we have BA’ = -2-BC and CA’' = CB. Therefore, we

y+z yy?
get the signed length of M A’
BA A1 —
MA’:+C:< ° po+ Y CB): *~Y g,
2 2\y+= Y+ 2 2(y + z)
We are done. O

Proof of Emelyanov's Theorem. In the triangle ABC, let A1, By, and C; be the feet
of the internal bisectors of the angles A, B, and C' respectively. Let () be the cir-
cumcircle of the triangle A; B1C4, we must prove that () contains the Feuerbach
point Fe.

Let the circle () meet the sides BC, CA and AB again at Az, By and Cy
respectively. From Carnot’s theorem [12], we have that the triangle A, BCs is the
cevian triangle of a point I* = (x : y : z) such that BC - BCy = BA; - BAs and
CA,-CAy = CBjy - CBsy. From these, we get

ac re  za @ g ba ya b ab
at+b x+y y+z b+tec b+c y+2z z4+zx c+a
or
al:a(a+b)> bl:(a_c)(a—i_b"i'c)a 61:—6(b+0),

az = —a(c+a), by =0bb+c), co=(b—a)(a+b+c).
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We have the system

a1yz + bizx + cpxy =0
asyz + bozx + coxy =0

vz ay
by 1 ap ay by
by ¢ Cy a9 az by
or
(:U:y:z):<b1 ¢, e arl, |a b1>_1
by ca|  |c2 az| |az Do
This gives

I* = (abe+ (a+b+c)(—a® +b* + )
: abe+ (a+ b+ c)(a® — b+ %)
: abc+(a+b+c)(a2+b2—02))71

I* is also the cyclocevian of | which is the point X (1029) [5].

Figure 3
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Let M be the midpoint of BC'. Using Lemma 4, the signed length of M A; is

and the signed length of M As is

1 B 1
( abc+(a+b+c)(a?+b2—c2) abc+(a+b+c)(a?—b2+c2) )

MAy = BC.

9 ( 1 1 )
abc+(a+b+c)(a2—b2+c2) abc+(a+b+c)(a2+b2—c2)
An easy simplification leads to

(A=) a+b+e)
MA2 = et alatn) 2C

Let G be the centroid of ABC: We consider the anticomplement of the points
Ay, By, and C1, which are the points Az, Bs, and Cs. Under the homothety
H (G, —2), in order to prove that () contains the Feuerbach point of ABC, we
shall show that the circumcircle (Q2) of the triangle A3BsC53 contains the anti-
complement of the Feuerbach point. Indeed, as in our above proof of Feuerbach’s
theorem, we showed that anticomplement of Feuerbach point is

a b c
X(100) = : : .
(100) (b—c c—a a—b)

Because the anticomplement of M is A, the power of A with respect to circumcir-
cle of triangle A3 B3C'5 is

_ e (E-t)atbte) . alatbto)(b-c)
p_QMAl'zMAZ_(b—i—c)BC a(c+a)(a+b) BC = (c+a)a+b)

Similarly, the powers of B and C with respect to circumcircle of triangle A3 B3C'3
are

:b(a+b+c)(c—a)2 and :c(a,—i-b—l-c)(a—b)2
(b+c)(b+a) (c+a)b+c)

respectively.
Using the equation of a general circle in [12] again, we have the equation of

(€2):
a*yz +b*zx + Py — (v +y+ 2)(pr 4+ qy +rz) = 0.

Using the coordinates of X (100), we easily check the expression

b b
a’yz+b*za+ oy = o®- ¢ +b2- c . ¢ +c2- a
a—b b—c

c—a a—2>
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and
a b c
pr+qy+rz=p- +q- +r-
b—c c—a a—"b
_ala+b+e)b—c)? a bla+b+c)c—a)® b
N (c+a)(a+Db) b—c (b+c¢)(b+a) c—a

c(a+b+c)(a—b)2‘ c
(c+a)(b+c) a—>b

= 0.

Hence, the coordinates of X (100) satisfy the equation of (€2). This means that
() passes through the anticomplement of the Feuerbach point. In other words
() passes through Feuerbach point. This completes our proof of Emelyanov’s
theorem.
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Pedals of the Poncelet Pencil and Fontené Points

Roger C. Alperin

Abstract. In this essay we describe special aspects of the Poncelet pencil, pedal
circles and their relation to theorems of Fontené.

1. Review of the Poncelet Pencil, [1], [2], [3]

Given triangle AABC' we consider the pencil of lines at the circumcenter O.
For each line £ of this pencil we apply the isogonal transformation (denoted by /)
to obtain the resulting conic X = £’ passing through H = O’, the orthocenter, and
thus /C is an equilateral hyperbola. The pencil of conics K (as £ varies) is called
the Poncelet pencil.

It is known that the locus of centers, Z(K), of these conics is the Euler nine
point circle Cy. The circumcircle C meets each conic of the Poncelet pencil in the
three vertices of the triangle and the circumcircle point W (XC). The midpoint of H
and W(K) is Z(K).

2. Pedal Circles of the Poncelet Pencil

For each point P of the plane not on the circumcircle C we can form the pedal
triangle and then its circumcircle C(P). Points on C have pedals which lie on the
Simson line.

The history of the Theorem of Griffiths, sometimes known as Fontene’s second
theorem, is detailed in [7], §403 — 6, [9], [10] and asserts the following (see also
[4]).

Theorem 1. As P varies on L the pedal circles C(P) pass through Z(K).

The identification of the common point is in Johnson [7], see also [2]. For the
points on C N L the associated Simson lines also pass through Z(K) as indicated
in [7].

3. Pedal Circlesof I sogonal Points

According to theorems proven in Honsberger, [5], p. 67, [6], p. 56, we know the
following (see Figure 1).

Theorem 2. For P and its isogonal P’ the pedal triangles of A lie on C(P) with
center o at the midpoint of PP’.

Publication Date: November 19, 2018. Communicating Editor: Paul Yiu.
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-——-

Figure 1. Pedal Circle from P

4. Fontene's Third Theorem and McCay’s Cubic

Fontene’s Third Theorem characterizes when the pedal circle and nine point
circle, Cy, are tangent: whenever P, O, P’ are collinear.

Consider the intersections £ N K when K is irreducible. These two possible
points will be called the Fontené points . A circle with these two Fontené points
as diameter will be called the Fontené circle. By construction Fontené pairs are an
isogonal pair.

Fontené’s third theorem [10] can be expressed as follows (see Figure 2).

Theorem 3. For P € L the pedal circle C(P) and Cy are tangent at Z (k) exactly
when P is a Fontené point of K.

The next result follows immediately from the definition of the McCay cubic as
the pivotal cubic determined from O and the isogonal transformation [8].

Theorem 4. As L varies at O the locus of the Fontené points is the McCay cubic.
The McCay cubic is self isogonal with isogonal pairs being the pairs of Fontené
points of an irreducible conic of the Poncelet pencil. The reducible conics of the
pencil give Fontené pairs consisting of a vertex and a point on the opposite side.

5. Examples

5.1. Isoceles Triangle. In trilinear coordinates u, v, w the equation of McCay’s
cubic is u(v? — w?) cos(A) + v(w? — u?) cos(B) + w(u? — v?) cos(C) = 0. For
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Figure 2. Tangent Pedal Circle

an isosceles triangle A = B, u = v s0 the the equation factors up to a constant as
(u — v)(vu + w?) = 0. Hence McCay’s cubic for an isosceles triangle consists of
the perpendicular bisector £ of the base and a hyperbola. For this line £ there are
infinitely many Fontené points on the reducible conic of the Poncelet pencil.

5.2. Jerabek. The Euler line £ meets the Jerabek hyperbola £ = £" at O, H, its
Fontené points. The pedal triangles from these points are the midpoint triangle and
the orthic triangle. The pedal circle at these points is the Euler circle.

5.3. Fuerbach. £ = OI is tangent to the Fuerbach hyperbola £ = £’ at I; thus
there is only one Fontené point. The pedal circle from I is the incircle tangent to
the nine point circle at the Feuerbach point, the center of the Feuerbach hyperbola.

Similarly, for the other Feuerbach hyperbolas K; = £ using £; = O1I; for the
excenters I;, j = 1,2, 3 [1], we get the three ex-Feuerbach points on the nine point
circle as centers of these hyperbolas. The excenter is the Fontené point.

It now follows that the McCay cubic passes through the nine points A, B, C, O,
H, 1, I, I, I3 and the vertices P, Q, R of the anti-cevian triangle of the circum-
center.

5.4. Kiepert, £ = OG' ,K = L.

Theorem 5. For a non-isosceles triangle the Fontené points of the Kiepert hyper-
bola are complex.
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Figure 3. M’Cay Cubic

Proof. In trilinear coordinates u, v, w the McCay equation is u(v? — w?) cos(A) +
v(w? —u?) cos(B) +w(u? —v?) cos(C') = 0 and the Kiepert’s equation is sin(B —
C)/u + sin(C — A)/v + sin(A — B)/w = 0. Solving the Kiepert equation for
w we can then eliminate w from the McCay equation giving a cubic equation in
x = w/v. Since the orthocenter belongs to both curves we have a factor of = —
cos(B)/ cos(A) and thus this reduces to a quadratic equation in z. Rewriting C' in
terms of A, B and simplifying gives the quadratic equation 2 —2(cos(A) cos(B)+
sin(A) sin(B)x + 1 = 0. The discriminant is —sin(A — B)? which is negative
unless A = B; thus the Fontené points are complex for a non-isosceles triangle.

U
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Circumconics with Asymptotes Making a Given Angle

Francisco Javier Garcia Capitan

Abstract. Given a triangle ABC, we present a construction of the circumhy-
perbola whose two asymptotes are parallel to the sides of an isosceles triangle
on aside of ABC.

Let ABC be atriangle and 0 < 6 < 7. Call U the point on the perpendicular
bisector of BC' such that ZBUC' = 20 and H,;, the circumhyperbola of ABC
with asymptotes parallel to U B and U M.

To construct this hyperbola by five ordinary points, we consider the points D
and D’ defined as follows:

e Let M be the midpoint BC and S the intersection point of the parallel
to BU through C and the parallel to AB through M. Then the line AS
intersects the perpendicular bisector of BC' at D.

e Let S’ be the intersections of the parallel through A to BC and the parallel
through C to BU. If the parallel through S’ to AB intersects BC at M’,
then the perpendicular through M’ to BC intersects the parallel through A
to BC at D'.

Figure 1

Proposition 1. The points D, D’ lie on H,;.
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Proof. We have the coordinates
D= (a*: (Sp— Sc)(Sc — Stan®) : —(Sg — Sc)(Sp + Stanf)),
D = (a2 :Sp— Sc + Stanf : —SB+SC—Stan9).
On the other hand, the hyperbola #,; has equation
a*yz + Sc (Sc — Stan) za + Sp (S + Stan ) zy = 0.

Remark. Proposition 1 can also be proved by using Pascal theorem.

Let A, the perspector of the hyperbola #,;, and A, the perspector of the hyper-
bola H,., defined in a similar way, that is, as the circumhyperbola with asymptotes
parallel to U M and UC'. Therefore we have the points

Ap = (a*: Sc (Sc — Stand) : Sg (Sp + Stanf)),
Ac= (a*: Sc (Sc + Stand) : Sp (Sp — Stanf)) .
We also define B., B, and C,, C}, cyclically.

Proposition 2. The six points Ay, A¢, Be, B, Cq, Cp, lie on a same conic Iy,
whose equation is

tan?6 - (Saz + Spy + 502)2 - 5%, (x2 + 9% + 2% — 20y — 202 — 2yz) =0.

A

Figure 2

Proposition 3. The center Oy of 'y lies on the line GK and the following ratio
holds:
GOy 52 -sin’f

OpK 3582 7
where GG and K arethe centroid and the symmedian point of ABC.
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Proposition 4. The conic I'y is the locus of perspectors of all circumconics of
ABC whose asymptotes make an angle 6.

Now call XY Z the triangle bounded by lines Ay A., B.B,, C,Ap. Surprisingly
enough, XY Z does not depend on 6. More specifically, we have the following
result.

Proposition 5. The line A, A. trisects the A—altitude from the vertex and inter-
sects BC at D', the harmonic conjugate of the feet D of the A—altitude with re-
spect to BC'. In other words, lines Ay A, BC and the sideline of the orthic triangle
corresponding to vertex A are concurrent.

Figure 3

Proposition 6. Thetriangle XY Z is perspective at K.

Figure 4
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Proposition 7. The discriminant of I'y is given by the formula
A(f) =2 ((a2 — 62)2 + (0% — 02)2 + (c — a2)2) tan?6 — 1252,

The following figure shows a general view: The point U on the perpendicular
bisector of BC has been used to construct the circumhyperbola with perspector
Ay having asymptotes parallel to U B and perpendicular to BC'. Similarly we
construct A., Be, Bg, Cq, Cy lying on the conic I'y. The conic center Oy of T'y lies
on line GK.

Now we take a point P on I'y and construct the conic (hyperbola) with perspec-
tor P. The asymptotes of this hyperbola make an angle 6 formed by U B and the
perpendicular bisector of BC.

Figure 5
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Integral Triangles and Trapezoids Pairswith
a Common Area and a Common Perimeter

Yong Zhang, Junyao Peng, and Jiamin Wang

Abstract. Using the theory of elliptic curves, we show that there are infinitely
many integral right triangle and 6-integral right (resp. isosceles) trapezoid, in-
tegral isosceles triangle and #-integral right (resp. isosceles) trapezoid, Heron
triangle and #-integral right (resp. isosceles) trapezoid pairs with a common area
and a common perimeter.

1. Introduction

We say that a Heron (resp. rational) triangle is a triangle with integral (resp.
rational) sides and integral (resp. rational) area, and a polygon (sides greater than
3) is integral (resp. rational) if the lengths of its sides are all integers (resp. rational
numbers). We call a polygon #-integral (resp. 6-rational) if the polygon has integral
(resp. rational) side lengths, integral (resp. rational) area, and both sin # and cos 0
are rational numbers.

In 1995, R. K. Guy [6] introduced a problem of Bill Sands, that asked for ex-
amples of an integral right triangle and an integral rectangle with a common area
and a common perimeter, but there are no non-degenerate such. In the same paper,
R. K. Guy showed that there are infinitely many such integral isosceles triangle
and integral rectangle pairs. Several authors studied other cases, such as two dis-
tinct Heron triangles by A. Bremner [1], Heron triangle and rectangle pairs by
R. K. Guy and A. Bremner [2], integral right triangle and parallelogram pairs by
Y. Zhang [8], integral right triangle and rhombus pairs by S. Chern [3], integral
isosceles triangle-parallelogram and Heron triangle-rhombus pairs by P. Das, A.
Juyal and D. Moody [4], Heron triangle-rhombus and isosceles triangle-rhombus
pairs by Y. Zhang and J. Peng [9], and rational (primitive) right triangle-isosceles
triangle pairs by Y. Hirakawa and H. Matsumura [7].

Now we consider other pairs of geometric shapes having a common area and a
common perimeter, such as triangles and trapezoids pairs (see figures 1 and 2). The
sides of triangles and trapezoids are given in Table 1, and the area and perimeter of
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triangles and trapezoids are given in Table 2. For 6-integral trapezoid, we may set

2t 1—t2

sinf = ——, cosf = 7t,

1+ ¢2 1+¢2
where 0 < ¢ < 1 is a rational number. For ¢t = 1,0 = 7/2, trapezoid reduces to
rectangle, this is the case studied by R. K. Guy [6], thus we only need to consider

the case 0 < ¢ < 1. Using the theory of elliptic curves, we prove

vz +w’)

(v+wiu"—ww)

w(u® +v')

2_y2

right triangle isosceles triangle Heron triangle

Figure 1. Right triangle, isosceles triangle and Heron triangle

\ ]
P P

right trapezoid isosceles trapezoid

Figure 2. Right trapezoid and isosceles trapezoid

name sides

right triangle (u? — v 2uv u? + v?) (u > )

isosceles triangle  (u? + v?, u? + 02, 2(u? — v?)) (u > v)

Heron triangle ((v+ w)(u - vw) v(u? + w?), wu? +0?)) (u? > vw)
right trapezoid (p,q,h,r)

isosceles trapezoid (p,q,r, 1)

Table 1. The sides of triangles and trapezoids

Theorem 1. There are infinitely many integral right triangle and 6-integral right
(resp. isosceles) trapezoid pairs with a common area and a common perimeter.
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name area perimeter
right triangle uv(u? — v?) 2u(u + v)
isosceles triangle  2uv(u? — v?) 4oy

Heron triangle ww(v + w)(u? —vw) 2u?(v+ w)
right trapezoid w p+q+h+r
isosceles trapezoid WT‘])T sin 6 p+aq+2r

Table 2. The area and perimeter of triangles and trapezoids

Theorem 2. There are infinitely many integral isosceles triangle and 6-integral
right (resp. isosceles) trapezoid pairs with a common area and a common perime-
ter.

Theorem 3. There are infinitely many Heron triangle and 6-integral right (resp.
isosceles) trapezoid pairs with a common area and a common perimeter.

2. Proofs of thetheorems

Proof of Theorem 1. By the homogeneity of the sides of integral right triangle and
f-integral right trapezoid, we can setw = 1, and v, p, g, h, r to be positive rational
numbers. Now we only need to study the rational right triangle and 8-rational right
trapezoid pairs with a common area and a common perimeter, then we have

v(l—v%) = %(p +q)h,

2(1+v)=p+q+r+h,
P—q
T
h =rsinf,

1)

= cos ¥,

where sin @ = 2t/(1+t2) and cos§ = (1 —t2)/(1+t%), with 0 < t < 1 arational
number.
Eliminating h, p, ¢ in equation (1), we get

tt+1)%r2 —2t(2 + V(v + 1)r —v(v — 1) (v + 1)(#2 + 1)?

=0.
(t2 + 1)2

It only needs to consider
t(t+1)%r% = 2t(t* + 1) (v + 1)r —v(v — 1)(v + 1)(£* + 1)* = 0.

If this quadratic equation has rational solutions =, then its discriminant A4 (r)
should be a rational perfect square. Let us consider the curve

Ci: 8% =A1(r) =t(t+1)%0° + t20? —t(t* + 1)v + 2,
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which is a cubic curve with a rational point Py = (v,s) = (1,2t). And the curve
Cy is birationally equivalent to the elliptic curve &; given by the equation in Weier-
strass form

&1 Y? = X327 (3t 4613 +- T2 +-6 +3) X +-54t* (3t + 5t +3) (61° +-11£ +6).
Themap ¢1 : C1 2 (v,8) = (X,Y) € & is given by

X = 3t(3t%v + 6tv + t + 3v), Y = 2Tst(t + 1)?,
and the inverse map

—3t2X Y

o+ 12 T 2mt(t + )2
By the map 1, we get the point

P = p1(Py) = (3t(3t> 4+ 7t + 3), 54t*(t + 1)?),
which lies on the elliptic curve &;. By the group law, we have

9P = <9t4 —6*+9  27(* -4+ 1)(t + 1)4)‘

-1,
LS B

4 ’ 8
Through the inverse map ¢; ', we get
(t—1)°

v =g @(2P) =

then
(t2 +1)(t —1)?
8t2 ’
(t+1)(t* — 4t — 1)
8t ’
(t+1)(t2 +4t - 1)
8¢2 ’

(t— 1)

4

Hence, the rational right triangle has sides
(2 —6t+1)(t+1)2 (t—1)2 4 —43 4222 — 4t + 1

(@y,2) = < B 16£2 T 1612 >

and the 6-rational right trapezoid has sides
(t+D)(t2—4t—1) t+1)2+4t—1) (t—1)2 (2+1)(t—1)2
(P g hy7) = <_ 8t ’ 812 VT 8t2 )
Since v, p, ¢, h, r are positive rational numbers, 0 < sinf < land v < 1, we
obtain the condition

h:

0.236067977 <t < 1.

Then if 0.236067977 < t < 1, there are infinitely many rational right triangle
and f-rational right trapezoid pairs with a common area and a common perimeter.
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Therefore, there are infinitely many such integral right triangle and 6-integral right
trapezoid pairs.

Similarly, we can prove that there are infinitely many such integral right triangle
and 6-integral isosceles trapezoid pairs. O

Example 1. If ¢ = £, we have a right triangle with sides (z,y,z) = (63, 16, 65),
and a right trapezoid with sides (p, ¢, h, r) = (66, 60, 8, 10), which have a common
area 504 and a common perimeter 144.

Proof of Theorem 2. As in Theorem 1, we only need to consider the 6-rational
isosceles triangle and rational right trapezoid pairs with a common area and a com-
mon perimeter. We may set v = 1, and v, p, g, h, r to be positive rational numbers,
then

1
20(1 —v*) = 5(p+ ),
d=p+q+r+h,
p—q
T
h =rsind,

where sin @ = 2t/(1+t?) and cos @ = (1 —#%)/(1+2), with 0 < ¢ < 1 arational
number.
Eliminating h, p, ¢ in equation (2), we have
(it +1)%r% — 4t + 1)r — 20(v — 1) (v + 1) (2 + 1)* 0
(12 +1)2 -

()

= cosf,

It only needs to consider
tt+1)%r% —4t(t2 + 1)r —2v(v — D(v + D2+ 1) = 0.

If this quadratic equation has rational solutions =, then its discriminant Ay(r)
should be a rational perfect square. Let us consider the curve

Co: 8% = Ao(r) = 2t(t +1)%0% — 2t(t + 1)%v + 4t%,

which is a cubic curve with a rational point Qo = (v, s) = (1, 2t). And the curve
C, is birationally equivalent with the elliptic curve & given by the equation in
Weierstrass form

Ey: Y2 = X3 4t (t + D)X + 164 (¢ + 1)%,
The map 2 : C2 3 (v,8) — (X,Y) € & is given by
X =2ut(t +1)% Y = 2st(t + 1),
and the inverse map
X Y

71' —
2T a2 T T w2

By the map ¢4, we get the point
Q = a(Qo) = (2t(t +1)%, 4t?(t +1)?),
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which lies on the elliptic curve &,. By the group law, we have
2]Q = ((t — 1)%(t +1)%, —(t* =23 — 262 — 2t +1)(t + 1)?).

Through the inverse map gpz‘l, we get

2
v=g5'(@(2Q) = L
then
(t—1)2(t? +1)?
"TTonr 2
th—2t3 —2t2 -6t +1
p== tt+1) ’
th—6t3 —2t2 -2t 4+ 1
== 2(¢+ 1) ’
(t—1)2(t*+1)
Tttt 1)2

Hence, the rational isosceles triangle has sides

(A 102 — 4t + 1 ¢t — A3+ 1082 — 4t + 1
(x)ywz) - < 4t2 ) 4t2 )
th—aed — 2t — 4t +1
a 4¢2 )

and the 6-rational right trapezoid has sides

tr—23 — 22 —6t+1  tr—6t3—2t2 -2t +1
(p7Q7h7 T) = - y 2 ’
tt+1) t2(t+1)
(t—1)22+1) (t—1)2(t? +1)2
tt+1)2 7 2(t+1)%2

Since v, p, g, h, r are positive rational numbers, 0 < sinf < 1 and v < 1, we
obtain the condition

0.3137501201 < ¢t < 1.

Then if 0.3137501201 < t < 1, there are infinitely many rational isosceles triangle
and f-rational right trapezoid pairs with a common area and a common perimeter.
Therefore, there are infinitely many such integral isosceles triangle and 6-integral
right trapezoid pairs.

Similarly, we can prove that there are infinitely many such integral isosceles
triangle and 6-integral isosceles trapezoid pairs. O

Example2. Ift = %, we have an isosceles triangle with sides (z, y, z) = (153, 153,
270) and a right trapezoid with sides (p, ¢, h, ) = (258,228, 40, 50), which have
a common area 9720 and a common perimeter 576.
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Proof of Theorem 3. As in Theorem 1, we only need to investigate the rational
Heron triangle and 8-rational right trapezoid pairs with a common area and a com-
mon perimeter. We can set w = 1, and u, v, p, ¢, h, r to be positive rational num-
bers, then

1
wo(v +1)(u? —v) = §(p+ q)h,
2u’(14v)=p+q+r+h, 3)
P—a_ cosf,
,
h =rsinf,

where sin @ = 2t/(1+t?) and cos @ = (1 —12)/(1+?), with 0 < ¢ < 1 arational
number.
Eliminating h, p, ¢ in equation (3), we have

t(t+1)%r? — 2t (82 + 1) (v + Dr + wo(v + 1) (u? — ) (2 + 1)% 0
(12 +1)2 -

It only needs to consider
t(t+1)%? — 200 (2 + 1) (v + V)r +uv(v + 1) (v —v) (2 +1)* = 0.

If this quadratic equation has rational solutions r, then its discriminant As(r)
should be a rational perfect square. Let us consider the curve

Cs: 52 = Ag(r) =(t + 1)%*tuv® — (t2u? — tu® + 2tu® — 2 + u® — 2t — 1)tuv?
—ud(t? = 2tu + 2t + 1)tv + t2u?,
which is a cubic curve with a rational point Ry = (v, s) = (u?, tu?(u? + 1)). And

the curve Cs is birationally equivalent to the elliptic curve & given by the equation
in Weierstrass form

Ey: Y2 = X3+ AuX + Ag,
where
Ay = = 218202 (thu?t — 2630 + 12 + 43wt — 4820 + ta? — 43ud + 6t
—2tu® + 4t3u? — 820 + dtut + t* + 66%u% — 4tud + ut + 483 + 4tu®
+ 6% + u? + 4t + 1),
Ag = = 2133 (Pu® — tu® 4 2tu® + 2t + u® 4 4t + 2) (2t Tt — 4830° 4 22
+ 8t3ut — 8t2u® — thu? — 8t3u® + 12670t — 4tud — 4t3u? — 1620 + St
—tt — 6t%u® — Stud + 2ut — 413 — 4tu® — 6% — u? — 4t — 1),
Themap 3 : C3 3 (v,s) — (X,Y) € & is given by
X = =3tu(t?u® — tu® — 3t*v 4 2tu® — t* — 6tv +u® — 2t — 3v — 1),
Y = 27sut(t + 1)
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and the inverse map o3 :
X+ Btu(tPu® — tud + 2tu® — 2+ u® — 2t — 1)
N Qut(t + 1)2 ’

v
oY
27ut(t +1)2°
By the map ¢3, we get the point
R = ¢3(Ro) = (3tu(2t?u? + tu? + 4tu® + t2 + 2u® + 2t + 1),
27t%u3 (u? + 1)(t + 1)?),
which lies on the elliptic curve £;. By the group law, we have

2)R = (Zu(4t2u3 At 1)2u2 30+ 1) — 8t(t 4+ 1)2),

27
- §u2(t + DA(t%u — 2tu® 4 2tu — 4t + u)).
Through the inverse map gpgl, we get

_ t2u — 4tu? 4 2tu — 4t + u
v =5 (z([2]R)) = ,

4t
then

u(t? + 1) (Pu + 2tu — 4t + u)

T =
82 ’
(t+ 1) (t?u — 2tu?® + 2tu — 2u? — 4t + u)u
p=- )
8t

(t+ 1) (2t%u? — t2u + 2tu? — 2tu + 4t — u)u
= 8t2 ’
b u(tPu + 2tu — 4t + )

4t
To simplify the proof, we sett = % Hence, the rational Heron triangle has sides
9u(8u? —9u+8) (9u —8)(u? +1) 145u% — 144u + 64
64 ' 8 ' 64 ’
and the #-rational right trapezoid has sides
3u(12u® — 9u +8) 3u(6u? — Yu+8) w(9u —8) 5u(9u — 8
(p7Q7h’7’r): ( )7 ( )7 ( )? ( ) M
32 16 8 32
Since u, v, p, q, h, r are positive rational numbers, 0 < sinf < 1 and u? > v,
we obtain the condition

(l‘a Y, Z) =

8

u > 5
Then if u > % there are infinitely many rational Heron triangles and 6-rational
right trapezoid pairs with a common area and a common perimeter. Therefore,

there are infinitely many such Heron triangles and 6-integral right trapezoid pairs.
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Similarly, we can prove that there are infinitely many such Heron triangles and
f-integral isosceles trapezoid pairs. O

Example 3. If u = 2, we have a Heron triangle with sides (x, y, z) = (99, 100, 89)
and a right trapezoid with sides (p, ¢, h, ) = (114, 84, 40, 50), which have a com-
mon area 3960 and a common perimeter 288.

3. Somerelated questions

We have studied the integral triangles and #-integral trapezoids pairs with a com-
mon area and a common perimeter. Noting that isosceles trapezoid is a cyclic
quadrilateral, so it is also interesting to consider the following three questions.

Question 1. Are there infinitely many integral right triangle and #-integral cyclic
(resp. rational) quadrilateral pairs with a common area and a common perimeter?

Question 2. Are there infinitely many integral isosceles triangle and 6#-integral
cyclic (resp. rational) quadrilateral pairs with a common area and a common
perimeter?

Question 3. Are there infinitely many Heron triangle and #-integral cyclic (resp.
rational) quadrilateral pairs with a common area and a common perimeter?
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Pairs of Congruent-Like Quadrilaterals
that are not Congruent

Giuseppina Anatriello, Francesco Laudano, and Giovanni Vincenzi

Abstract. In this article we will give a negative answer to a question referred
to a congruence theorem for quadrilaterals that have been recently introduced
in [5, section 4]. Precisely we will show that there exist pairs of quadrilaterals
having 8 pieces (four sides and four angles) pairwise congruent, but that are not
congruent. Computations and the use of geometric design by dynamical software
will have a crucial role in the proof.

1. Introduction

One of the main topic in Mathematical Geometric Foundations is the concept of
‘congruence’ between polygons. Two convex polygons are said to be congruent if
there is a one-to-one correspondence between their vertices such that consecutive
vertices correspond to consecutive vertices, and all pairs of correspondent sides
and all pairs of correspondent angles are congruent. Formally, we can say that two
polygons are congruent if, and only if, one can be transformed into the other by an
isometry.

Usually congruence theorems for triangles, for quadrilaterals and in general for
polygons, are stated using sides and angles of pairs of such figures (see [4], [6],
[11]); but for polygons certain remarks are required (see [4, Lesson 11] and [6,
Chapter 8] for the definitions and the development of the basic properties related
to polygons).

The general study of congruence between two polygons seems too hard, and
different cases such as convex (see [4, Definition 9.7]), non convex or twisted poly-
gons should be considered.

Extending a definition introduced in [5] we will say that two polygons P and
P’ are congruent-like, if there is a bijection between the sides of P and P’, and a
bijection between the angles of P and P’, such that each side of P is congruent
to a corresponding side of P’ and each angle of P is congruent to a corresponding
angle of P’ (note that the two bijections are ‘a priori’ independent).

Publication Date: December 6, 2018. Communicating Editor: Paul Yiu.
This research has been supported by Ministry of Italian Research, INDAM - GNSAGA..
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Clearly, two congruent n-gons are congruent-like. It is easy to check that the
converse holds for pairs of triangles; but, as remarked in [5], it is not always true if
n > 4 (see Figures 1 and 2).

Figure 1. Starting from two congruent quadrilaterals (A, B,C,D) and
(A’, B',C’, D") with two congruent consecutive angles of magnitude «, we may
easily construct pairs of congruent-like polygons that are not congruent.

Following [5], in this paper we will denote by P = (Ao, ..., A,—_1) the polygon
whose consecutive vertices are Ayg,...,A,_1 (usually numbered counterclock-
wise), by a; the length of the side A;A;11 (the index 4 is read mod n). The inner
angle at the vertex A; as well as its measure will be denoted by A;, Ai_lAiAHl
or simply by «;. Moreover, we will denote by:

A; —> Ajp1 —> - —> Qjrq4 — Ajr5 — A, OF
AiAiv1 — A1 Aige — oo = A 2Aiin1 = Aipn 1 4i = AjAig,
the ordered sequence of the ‘sides’ of P, starting from A; A;; (see Figure 2).

We will say that two congruent-like polygons P and P’ are ordered congruent-
like polygons, if whichever ordered sequence of consecutive sides of P is equal to
an ordered sequence of sides of P’. In [5, Theorem 3.5] it has been recently showed
that convex ordered congruent-like quadrilaterals are indeed congruent (a complete
list of other classical congruence theorems for quadrilaterals can be found in [4]
and [6] for instance).

Theorem 1. Let Q and Q' be ordered congruent-like convex quadrilaterals. Then
Q and Q' are congruent.

This result cannot be extended to hexagons (and any other n-gons, for n. > 6),
as Figure 2 shows, and it is still an open question for (ordered) pentagons.

Another natural question that arises is:
P) Can we remove the hypothesis that (Q and Q' are ordered?
The aim of this article is to investigate this question. As we will see examples of

(non-ordered) convex congruent-like quadrilaterals Q and @’ that are not congruent
exist.
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Figure 2. Starting from a quadrilateral (A, B, C, D) with two congruent con-
secutive angles, say «, we may easily construct pairs of ordered congruent-
like n-gons that are not congruent, for every n > 5. Here any sequence
a; — @iy1 — ... — ai+4a — aiy5 — a; Of sides of the hexagon on the
left is equal t0 a; — ajy; — ... = ai 4 — aiys — a; referred to the
hexagon on the right.

As we will see the construction of such examples will be not so elementary:
software for geometric designs, computation and combined arguments of synthetic
geometry and analysis will be used. Here we only prove the existence, and on
the other hand we will also provide for a method to obtain good approximations of
such pairs of quadrilaterals that are not congruent with all sides and angles pairwise
congruent (see Figure 8).

In section 2, we will start to define families F,,, , of pairs of quadrilaterals Qo
and @, , (depending on two parameters, namely d and a that are also two con-
secutive sides of the Q4,2), Which have five elements pairwise congruent (three
sides and two angles), and related ‘functions’ which describes the relations among
sides and angles of Q4 and @/, .. In section 3, we will use dynamic software for
restricting the study of “functions’ associated to pairs of quadrilaterals to smaller
intervals.

In section 4 we will highlight the properties of those “functions’ introduced in
section 2. In section 5 we will prove that convex congruent-like quadrilaterals @
and @’ that are not congruent exist!

The paper is suitable for a large audience of readers who are referred to [9], [10],
[7] and reference therein, for deeper investigations on quadrilaterals and related
topics.

The measure of angles that occur in this paper are expressed in degrees (instead
of radians). This will make easier the reading of the figures for those angles close
to the right one (see Lemma 4 for example); moreover in the computations, this
will make more apparent the difference between the measure of angles and the
measure of sides, as in Lemmas 9 and 10).
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2. Families of pairs of quadrilaterals having three sides and two angles pair-
wise congruent

We begin presenting a technique for building pairs of quadrilaterals with at least
five elements pairwise congruent, precisely three sides and two angles. Let’s pro-
ceed by steps:

A A+ B a B=A

Figure 3. Two steps for constructing pairs of quadrilaterals with 5 pieces con-
gruent. Note thatd = AD,and c = CD = AC'.

1) Fix a point A at the origin of a coordinate system, and choose a point C
on the (positive) y-axis at a distance say m from A. After, consider an obtuse
angle o whose sides are the (positive) x-axis and ¢ - which is a line lying in the
second quadrant (see Figure 3 on the left). For every positive integer d € I =
[m/+/2,m+/2], on the side ¢ we consider a point D such that d = AD. Clearly
AD > DC, and the smaller sides of the triangle (A,C,D) are d = DA and
¢ = CD. Now, let C’ be the point lying on the line ¢ such that the measure of B'C’
is ¢ (see Figure 3).

2) Let now, a be a positive real number, and let B lie on the positive part of the
x-axis, such that AB = « (look at Figure 3 on the right). In this way two quadri-
laterals are determined: Q@ = Qq., = Q(A, B,C, D), where B has coordinates
(0,a); and Q' = ’d@ = Q'(A,B',C",D"), where A’ = B,B’ = A, and the
vertex D', is obtained taking on the parallel line to DC trough C’ a segment of
length b = BC.

The pair (Q4,q, ija) obtained as above will be called m, a-pair, determined by
(d,a).
In this way for every possible choice of m and «, we obtain the (m, «)-family

fm,a = {(Q = Qd,a7 Q/ = Qii,a)}(d’a)eijJr

that is the collection of all (m, «)-pairs of quadrilaterals determined by all the
possible choice of (d,a) in I x RT. By construction, each pair o quadrilaterals
have three sides and two angle pairwise congruent.

As our aim is just to find an example, in order to simplify the computations and
to avoid formal complications, we will assume that m = 3, o = 135°, thus we will
focus our attention on the family of pairs F3 135.
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By construction, we have that the “pieces” of Q@ = Qu. € @ = @, can be

considered as functions depending on d € [3/+/2,3+/2] and a positive real num-
ber a. We will call these functions as associated functions to the family 73 13s0.
Elementary geometry shows that:

o(d) = /32 +d2 — 2d 3 cos45°. 1)
Arguing on the triangle (C, D, A) we have 32 = ¢(d)?+d?—2dc(d) cos(6(d))

c(d)? + d? — 32>

2d c(d) @

3(d) = areeos (

bla) = vVa? + 32 (3)

Let now u(d, a) and v(d, a) be the coordinates of D’. Easy geometric consider-
ations (see Figure 4) yield

u(d,a) = —c(d)v/'2/2 + b(a) cos(a + § — 180°); and
v(d,a) = ¢(d)vV2/2 + b(a) sin(a + 6 — 180°); (4)
d'(d,a) = \/(u(d,a) —a)? +v(d,a)?. (5)

Moreover, arguing on the triangle (A4, B, D’), we have AD”? = a? + d”? —
2ad’ cos(a), so that:

~ 2 d'(d 2 d 2 d 2
o' (d,a) = D'A'B’ = arccos <a +d{d,a)” - uld, a)” =~ v(d,a) >, (6)

2a d'(d,a)
B(d,a) = arctan(h/a), (7
~v(d,a) = 360° — 135° — 3(d,a) — 6(d). (8)

Here we highlight that each of the above function associated to the family
F3,1350 is continuous.

We conclude this section with some remarks:

Remark 1. In the above construction we may think to fix d, and move a as variable.
In this case, we may note that:

i) If a is close to 0, then ~(d, a) is acute and o/(d,a) = D'BA is obtuse.
Indeed, as b > c, then one can check that D’ lies in the | quadrant.

if) If a is enough large, then ~v(d, a) is obtuse. Precisely, if we puta = m =
C A, then 8 = 45°, BC'A = 45°. Moreover, as ¢ < d we have DC'A >
45°. Therefore, (d, a) is obtuse.

We also remark that when we fix d, as we will see, it is not trivial to establish
the monotony of the functions o/ (d, a), '(d, a), v(d, a), and d’'(d, a). On the other
hand an investigation by dynamic software tools can give useful suggestions in this
direction.



386

G. Anatriello, F. Laudano, and G. Vincenzi

A=B B B=A

Figure 4. Geometric considerations to determine analytically the ‘associated
functions’ to the family F3 1350.

3. Theuse of softwarefor finding the approximation of the solution

In this section, we will study some properties related to the associated functions.
As first step, we fix d, and in order to select pairs of quadrilaterals belonging to
F3,1350 with all the angles pairwise congruent, we will investigate how much is
the difference between the angles v(d,a) and «’(d,a) of the pairs (Qgq, @ ,)-
Therefore, we draw the graphics of the following functions: 7

Gy:a R = d/(d,a) —v(d,a) 9)

024

da 02 [} 0.2 04 06 08 //q//.s
0.2

(3.1} g(3) 9(2.9) ¢(2.8) ¢(2.7) g(2.6)

Figure 5. Some graphics related to G 4.
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Looking at the Figure 5, we may think that for every d = 2.6, ... 3.1, that G4 has
a zero in g(d) (we also note that g(d) seems univocally determined), and therefore
the angles ~(d, g(d)) and o/(d, g(d)) of (Qg g(a), Qghg(d)) coincides. For these
reasons (see also section 4) we will call g as angular synchronization function.

In this way we can ‘determine’ many pairs of quadrilaterals - (Q 444, @), g(d))
- with seven elements (three sides and four angles) pairwise congruent.

Now, the problem is:

Is there among them one with all pieces pairwise congruent? or equivalently

Doesthere exist d such that d = d'(d, g(d))? In other term:

P): Can we determine d such that (Q& 0@ Q,E, (a)) are Eongruent-l ike?

In order to reduce the interval in which to find a such d, we combine the func-

tions {G4} with the functions that describes the difference between d’(d, ) and d,
whenever d is fixed:

Hy(a) :a € R — d'(d,a) — d. (10)

n(289) ... h(2.96) h(2.97) h(2.98) h(2.99) h(3) h(3.1)

-0.6
Figure 6. Some graphics related to H,.

Clearly both G4 and H are continuous functions of the variable a.

We note that, if we consider small values of d, for example if we putd = 2.9 €
[3/V/2,3V/2], then Hy(a) > 0, Va € (0,2). It follows that Va € (0, 2) the side
A'D' =d'(2.9,a) of Q’Q.gﬂ is greater than the side AD = d of Q2.9 4.

Let h(d) such that H;(h(d)) = 0, then d = d'(d, h(d)); but here it is not to say
that the quadrilaterals (Qqp(a), @} h(d)) are congruent-like. On the other hand if
we find d such that g(d) = h(d), then Gz(g(d)) = Hz(h(d)) =0, d = d'(d, g(d),

so that the quadrilaterals (Qa, (@) Q/& (8)) are congruent like.

Remark 2. By comparing the graphics of {G4} and {H,} (see Figure 7) we see
that a possible value d such that g(d) = h(d) liesin U = (2.93,2.97). Looking
at the Figures 7 and 5, we also note that if d runs in U, then ¢g(d) < 2. For these
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h(2.93)

h{2.94)

h{2.95)

Figure 7. The intersection K between Gs.95 and H> 95 and the intersection H
between G2.93 and Hz.93 are farer from the z-axis than the intersection between
G2.94 and Hj.94. Therefore, d is closer to 2.94 and g(d) is about 1.37.

reasons we will restrict our investigation to pairs {(Qq,a, Q% ,) }(d,a)cU v, Where
V :=(0,2).

Remark 3. If we refine the above graphics by using reduced scale, we may deter-
mine more and more precise values for d (see Figure 8 on the left), which allow to
detect better approximations of other pairs of quadrilaterals we are looking for (see
for example Figure 8 on the right).
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Figure 8. Using a large scale, we can establish that d is about 2.94218 and

it follows that g(d) ~ 1.37155. Note that O = (A4,
(A’, B',C’, D) are not congruent, but have 5 pieces (th
gles) pairwise congruent by construction. Moreover it i
ye~a'and 8~ 4.

B,C,D)and Q' =
ree sides and two an-
salso AD ~ A'D’,

Even if these ‘qualitative’ consideration do not prove the existence of d, they

will be crucial in order to study the associated functions in suitable intervals. In
the next sections, in order to prove the main theorem, we will formalize analytically
the behavior of the associated functions.
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4. The analytic study of the associated functionsto pairsof F3 1350

In this section we will study some properties related to the associated functions
to pairs of F3 135¢. In particular, we will prove that Vd € [2.93,2.97] the function
Gq:(0,2] = d/(d,a) —(d,a)

strictly increases, and has a zero.
This will permit to define analytically the angular synchronization function (that
we have already mentioned at the beginning of section 3) as:
g:d € (2.93,2.97) = g(d) € (0,2),

where g(d) is the unique real number such that G4(g(d)) = 0.
The proof of the following Lemma is immediate.

Lemma 2. Let (A, L, M) atriangle. On the line trough A and L let consider a
segment AS > AL and then consider an angleo > X suchthat o+« < 180° (see
Figure 9). Then the side s of o intersects the line trough A and M in a point, say
N,suchthat LM < SN and M A < NA.

Figure 9. Inequalities between triangles.

The following two Lemmas give universal - that is Vd € [2.93,2.97] - inequali-
ties referred to v(d, a), o/(d, a), §’'(d, a) when a = 2. We highlight that the proofs
will use both analytic and syntethic arguments.

Lemma3. Let a = 2. ThenVd € [2.93,2.97] we have o/ (d, 2) > ¢'(d, 2).

. Dy
Dy » @f T2.47¢
172 - < 70 -
\ ADy, = d = 2.97 < - !
// ¢ N
/’j 5 . ,rf&)‘,.s; 3285
£ % v,
( ¥ g : —
e A =B B=4A

Figure 10. Note that the vertices ', C' e D’ and D depend on d. Two extreme
cases are related to pair (Qz.03,2, Q5 03 2) and pair (Q2.97,2, Q5 97.2)-
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Proof. 1) If d; = 2.93 (see Figure 10 on the left), then considering 92112 we have:
3.925 < Fy, Gy, and 5.188 < Fy, A, and in particular

FuB=FjA+a<52+2<3925+V13< FyC) +b=Fy D).

2) If dy = 2.97 (see Figure 10 on the right), then considering Q&ﬂ we have:
4.101 < Fy,Cyy, >~ 4.102 < 4.103 and Fy, A ~ 5.386, s0 that

Fy,B=Fy,A+a<5387+2<4.101 + V13 < F;,C), +b= Fy,Dl) .

In both the cases (i = 1,2), looking at the triangle (Fy,, D ,A’), the side
Fy, D&i is greater than Fy, B, so that the same relation holds for the opposite angles,
that is O/(di, 2) > 5,(di, 2)

Letnow d € (2.93,2.97). Clearly §(dy,2) > 6(d,2) > 6(2.97,2),and ¢(2.93) <
c(d,2) < ¢(2.97). Then, if we consider the triangles (C7, , A, Fy,), (C, A, Fy)
and (C&Z,A, Fg,), by Lemma 2 we have the following inequalities:

3.925 < Fy,Cy, < F4Cf < Fy,Cy, ~4.102 < 4.103 and
5.188 < Fy, A ~ 5.1885 < FyA < Fy, A ~ 5.386 < 5.387.

It follows that FyA; — FyC!, < 5.387 —3.925 = 1.462 <b—ayv9+4 -2 =
b—a.

Finally, looking at the triangle (Fy, D/;, B) we have FyB = FqAg+a < F;C)+
b= FyD), sothat o/(d,2) > ¢'(d,2). O

Lemma 4. Let a = 2. Then Vd € [2.93,2.97] the angle v(d, 2) is obtuse and
o/(d,2) isacute.

Proof. Clearly, whenever we fix a € (0, 2], the function v* : d € [2.93,2.97] —
~(d, a) increases. On the other hand, a computation yields 99.55° < ~(2.93, 2), so
that

Vd € (2.93,2.97) wehave 99.55° < v(2.93,2) < v(d,2),
and the first part of the statement holds.

To show that o/(d, 2) is acute we will bound all the associated functions that
occur to determine it. Using Equation 6 we have:

(11)

2 22 + d'(d,2)? — u(d,2)? — v(d,2)?
(02) = D'A'B = arccos (ZHHEIZHEIE VD),

2.2d'(d,?2)

We make the following preliminary remarks:

1) The associated function c(d) (see Equation 1) increases -This can be checked
by synthetic geometric way-.

2) By hypothesis b = v/ AC? + 22 = /13 is fixed.

3)The following inequalities can be obtained by a direct computation by using
Equations 1 - 8.
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d =297 d=2093
68.195° < §(2.97,2) < 68.196° . 69.132° < 5(293,2) < 69.133°
84.328° < /(2.97,2) < 84.329° 84.161° < /(2.93,2) < 84.162°
100.495° < ~(2.97,2) < 100.496° 99.557° < 7(2.93,2) < 99.558°.
(12)

In particular /(d, 2) is acute when d = 2.93 or d = 2.97.

Let now 2.93 < d < 2.97. In the next four steps we will bound the functions
c(d),u(d,2),v(d,2) and d'(d, 2):

o \We have just highlighted that ¢(d) is an increasing function in (2.93, 2.97),
thus by Equation 1 we have the following bound in (2.93,2.97):

\/32 +2.932 —2-2.93-v2/2 < ¢(d) < \/32 +2.972 —2.2.97-V2/2
= /5.15396 = 2.27 < ¢(d) < V/5.2202 = 2.2848. (13)
e To bound u(d, 2) in (2.93,2.97), we recall that (see Equation 4)
u(d,a) = —c(d)V/2/2 + b(a) cos(5(d) — 45°).

As (2.93,2.97) C (3/+/2,3), we have that 5(d) lies in (45°,90°), Vd €
(2.93,2.97) (see Figure 4). In particular 0° < §(d) — 45° < 45°.

We have noted that c¢(d) is an increasing function in (2.93,2.97), while
the cosine function is decreasing in (0°,90°). Thus, by Relations (12) we
have the following bounds for u(d, 2):

—¢(2.97)V2/2 + V13 c0s(69.133° — 45°) < u(d, 2)
< —¢(2.93)V2/2 + V13 cos(68.195° — 45°) (14)
= —2.2848V/2/2 + V13 cos(24.133°) < u(d,2)

< —2.27V2/2 4+ V13 c0s(23.195°)
— 1.6748 < u(d,2) < 1.7089.

o Similarly, taking into account that the sine function is increasing in ( 0°, 90°)
we can bound v(d, 2). Indeed by Equation 4 we have

v(d,2) = ¢(d)V2/2 + b(a) sin(a + 5(d) — ),

so that

¢(2.93)v/2/2 4+ V13 sin(23.195°) < v(d, 2)
< ¢(2.97)v2/2 + V13 sin(24.133°) (15)
— 3.0252 < v(d, 2) < 3.0897. (16)
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e To bound d’'(d, 2) in (2.93,2.97) we can use Equation 5:

d'(d,2) = /((u(d,2) — 2)2 + v(d, 2)2. (17)

By Equation 14, 1.6748 < u(d,2) < 1.7089, then (1.7089 — 2)? <

(u(d,2) —2)? < (1.6748 — 2)2, and by relation 15 we have the following
bound:

3.03917 < v/9.23658 < d'(d,2) < v/9.65201 < 3.1067.

Now we show that o’(d, 2) is acute. Looking at relation 11, we note that the
value “4 d'(d,2)" is always a positive real number, so that it suffices to show that
the numerator inside the argument of the trigonometric function arccos is positive.
Thus we have to show that

22+ d'(d,2)* > u(d,2)* + v(d, 2)2.
By relations 14, 15, and 17 we have the following inequalities Vd € (2.93,2.97):
u(d,2)? +v(d,2)? < 1.7089? + 3.0897% = 12.4665
< 13.2365 < 42 + 3.03917°
<224 d'(d,2)%
The lemma is proved. O

We also need the following elementary properties, that in particular holds for
rectangular triangles.

Lemmab. Let (A, B,C) atriangle, and let (A, By, C) atriangleasin Figure 11.
ThenCB — C'Bl < BB;.

ol

Figure 11. If BA > Bi1A and BA — B1A = ¢, then the hypotenuse of the
smaller triangle AB:1C is shorter than the hypotenuse of the triangle ABC;
moreover their difference b — by is less than e.

Proof. It is enough to apply the triangle inequality to the triangle (B, B,,C). O
Now we are in a position to show that Vd € (2.93,2.97) the function
Gal(0,2] - a € (0,2] = o/(d, a) — 7(d, a)
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strictly decreases ( see also Definition 9 and Figure 6). Indeed the next Proposition

shows that when we fix d € (2.93,2.97), if a decreases, then o/(d, a) increases;
while v(d, a) and ¢’(d, a) decreases.

Proposition 6. Let d € [2.93,2.97], and let AB; and AB be segments whose
length respectively a; and a, are such that a; < a < 2. Then the following rela-

tionsreferred to angles of Q) 4 = (A', B',C", D"), Q4 45, = (4, B}, C', DY),

Qaap =(A,B,C,D)and Qg ap, = (A, B1,C, D) hold (see Figure 12).
(i) v =7(d,a) = DCB > 71 = v(d,a1) = DCB.
(i) o/ =d/(d,a) = D'A'B' < o) = d/(d,a1) = D\ B, B'.
(iii) &' = 8'(d,a) > &, = &'(d, ay).

Inparticular G4/(0,2] : a € (0,2] — o/(d,a) — v(d, a) strictly decreases.

\
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Figure 12. The monotony of the functions v(d, a), o/ (d, a) and §’ (d, a), where
d is fixed in [2.93,2.97].

Proof. (i) This condition follows by elementary geometry. If a < a; then v > v,
(look at the Figure 12).

(ii) In order to show this condition we suppose first that a = AB = 2. By
Lemma 5 the length b — by of D'D] is less than A’ A). Put V' the intersection be-
tween the parallel line to A’ D’ trough D} and AB, and put X the intersection be-
tween D’ A’ with the parallel line to AB trough Dj. It turns out that (V, A’, X, D)
is a parallelogram.

Note that V' lies on the left of A’. By Lemma 3 we have o/(d,2) > ¢'(d,2) =
C'D' A, therefore looking at the triangle (D', D, X') we have that D} X = BV is
less than D} D'.
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By contradiction suppose that V' doesn’t belong to A’ A} (that is ‘V lies on the
left of A}”) we have A’V = DX > A’A} > D'D/, and this is a contradiction.

Therefore V belongs to the segment B; B, and the external angle o, = D), B, B’
is larger than o/ = D]V By.

Let now AB < 2, and put z = 2 e z; := AB. The first part of the proof
shows in particular that o/ (d, z1) > &/(d, z) > §'(d, z) > ¢'(d, z1). This consider-
ation yields that for every a < 2 the inequality o/(d, a) > ¢'(d, a)- which extends
Lemma 3 to every a € (0,2] - holds. Then it is possible to run over the argument
that we have used above. This complete the proof of (ii).

To show the condition (iii), it is enough to remember that by construction the
quadrilaterals @} 45 and @y 45, have a common angle of magnitude 135°, and
another one of magnitude 6(d, a). Thus the condition is proved applying (ii).

O
Remark 4. We highlight that the monotony of G is not guaranteed all over R™.

Proposition 7. Let d € (2.93,2.97). Then there exists (exactly one) real number
g(d) € (0,2) such that the angley(d, g(d)) of Q4 4(q) and theangle o/ (d, g(d)) di
Q) 4(a) COINCIdes. In particular Ga(g(d)) =0, for every d € (2.93,2.97).

Proof. For every d € (2.93,2.97), we have seen (Remark 1) that if a is enough
small, then v(d, a) is less than o/(d, a); moreover we have proved (Lemma 4) that
if a = 2then v(d,a) > 90° > o/(d, 2).

It follows that for every d € (2.93,2.97), the function

Gd|(0,2] fac (07 2] - O/(dv 2) - ’Y(da CL) € R’

assumes both positive and negative values, so that, it has a zero in (0, 2). Moreover
by Proposition 6 G4 has only one zero. O

Remark 5. In virtue of Proposition 7 we can define
g:de€(2.93,297) = g(d) € (0,2), suchthat G4(g(d)) = 0.

According to Section 3, this function shows the exact value a = g(d), for which
we have the ‘synchronization’ of all the angles of pairs of quadrilaterals of the type
(Qd,a» Qq,) that have the same first parameter d. In fact, for every d € (2.93,2.97)

we have that Q, ,4) and Q, o(d) have all the angles pairwise congruent. We may
call such pairs almost congruent quadrilateral, extending a terminology used for
triangles (see [3][1, section 2] for definition and recent results connected them).

In order to show that ¢ is a continuous function, we point out some considera-
tions.

Let f be the following function of two variables defined in an open interval of
R2. Precisely:

f:(d,a) €(2.93,2.97) x (0,2) = G4(a) = o/(d,a) — v(d,a) € RT.
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Clearly, f is a continuous function in the variables d and a (see Equations 1-6).
By Proposition 7, we can read the function ¢ implicitly defined by the equation

f(d,g(d)) = 0, but it is not easy to study the partial derived functions % and %.

Lemma 8. The function g is continuous.
Proof. To show that g is a continuous function, we will fix a whichever element

T € U = (2.93,2.97), and will prove that Ve > 0 there exists § > 0 such that if
|r —Z| <0,z €U,then |g(x) — g(T)| <e.

For every z € U, the function f* : y — f(x,y) coincides with G, so that it is
decreasing by Proposition 6; moreover f(z,g(z)) = 0.

Now, let T € U and € > 0 such that (z, g(Z) — ¢) and (7, g(Z) + ¢) belongs to
the dominio of f-(2.93,2.97) x (0, 2), then:
f(@,9(T) +¢e) <0< f(T,9(T) —e).

It follows by the continuity of f (respect to x) and by sign permanence theorem,
that there exists 6 > 0 such that

flx,9(T)+¢e) <0< f(x,9(T) —e), V|r—T| <d,xecl.
As f(z,g(x)) = 0and f*(x,y) is a strictly decreasing function, it follows that
9(T)—e<glz)<g@ +e, Vz—-7<dzecl.
The proof is complete. O

5. Themain theorem

Before showing the final theorem we need two technical results that give the
approximations of g(d) and d’(d, g(d) for some values d close to the extremes 2.93
and 2.97 of their domain. They are obtained by computations. For completeness
we will give the whole proofs.

Lemma 9. Put d; = 2.9300001. Thena; = 1.3787 < g(d1) < ay = 1.3794.
Moreover, 2.95528 < d'(d1, g(d1) < 2.95544. In particular dy < d'(d1, g(dy).

Proof. The following relations can be obtain directly by computing ~y(d;, a1) and
o/(dy, ay) using the Formulas 6, 8.

90.5506° < v(d1,a1) =~ 90.55065° < 90.5507°

90.5630° < «'(d1,a1) ~ 90.5631° < 90.5632°
and

90.5601° < ~(dy,az2) ~ 90.56011° < 90.5602°

90.5558° < /(dy,az) ~ 90.55588° < 90.5559°

By Proposition 6, the continuous functions ~(d;,a) and o/(dy, a) are respec-
tively (strictly) increasing and decreasing, then we have the synchronization of
(Qdy 0> ;o) When a lies in (1.3787,1.3794). Therefore

1.3787 < g(dy) < 1.3794. (18)
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We will show now the second part of the Lemma. Looking at the equations 1
and 2 we see that ¢(d) and 6(d) do not depend on a. Computing ¢(d;) and §(d;)
we have the following bounds.

2.27023 < c(dy) ~2.270234 < 2.27024
69.1323° < §(dy) ~ 69.13239° < 69.1324° °

Clearly, the function b(a) = va? + 32 is strictly increasing (see 3), thus by Equa-
tion 18 we have

3.301638 < /9 + 1.37872 < b(g(d1)) < V9 +1.3794% < 3.30192  (20)

By Equation 4 the coordinates of D' € Q

(19)

/

u(dy, g(dy)) = —c(d1)v/'2/2 + b(g(dy)) cos(6(dy) — 45°), and
v(dy, g(dr)) = c(d1)v2/2 4 b(g(dr)) sin(d(d1) — 45°).

We can bound them using the inequalities 19 and 20:
—2.27024/2/2 + 3.301638 cos(24.1324°)
< u(dy, g(dy)) < —2.27023v/2/2 4 3.30192 cos(24.1323°), (21)

thus,
1.4077 < u(dy, g(d1)) < 1.4081.
2.27023v/2/2 + 3.301638 sin(24.1323°)
< wv(dy,g(d1)) < 2.27024 v2/2 + 3.30192 sin(24.1324°), (22)
thus,

2.95515 < v(dy, g(dy)) < 2.9553.

Now we can bound d'(d1, g(d1)) = /(u(d1, g(d1)) — g(d1))2 + v(dy, g(d1))>2.

For let, we will consider the minimum (resp. the maximum ) difference between
u(dy, g(dy)) and g(dy), and the minimum (resp. the maximum) of the bound for
v(d1, g(dy)) obtained above (precisely 18, 21 and 22). We have:

\/(1.4077 —1.3794)2 + 2.955152 < d'(dy, g(d1)) < \/(1.4081 — 1.3787)2 4+ 2.95532.
Then

2.95528 < d'(dy, g(d1)) < 2.95544.
O

Lemma 10. Let dy = 2.9699999. Then a; = 1.3538 < g(d2) < ag = 1.3541.
Moreover,

2.9124404 < d'(da, g(d2) < 2.912513.
In particular dy > d'(da, g(ds).
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Proof. We will proceed as in the above Lemma. So that as first step we will com-
pute v(dz, a1) and o/ (dz, a1 ) using the Formulas 6, 8:

91.0929° < ~(dp,a1) ~91.093° <  91.0931°
91.0995° < /(da,a1) ~ 91.09956° < 91.0996°

and
90.5601° < ’Y(dz,az) ~ 90.56011° < 90.5602°

91.0958° < «/(dg,az) ~ 91.09587° < 91.0959°

By Proposition 6, the continuous functions ~(dz,a) and o/(dz, a) are respec-
tively (strictly) increasing and decreasing, then we have the synchronization of
(Qds.as Qq, o) When a lies in (1.3538, 1.3541). Therefore

1.3538 < g(da) < 1.3541. (23)
We will show now the second part of the Lemma. Looking at the equations 1

and 2 we see that ¢(d) and 6(d) do not depend on a. Computing c(d2) and §(dz)
we have the following bounds.

228478 < c(dy) ~2.28479 < 2.2848
68.19505° < §(dy) ~ 68.19506° < 68.19507° °

Now using the Equation 23, and taking into account that b(d) is an increasing
function, we have

3.2913 < /9 + 1.35382 ~ 3.291318
< b(g(ds)) < V94 1.35412 ~ 3.291441 < 3.2915. (25)
By Equations 4 and 5 the coordinates of D’ € Q

(24)

/
da2 7g(d2) are

w(ds, g(dz)) = —c(da)v/2/2 + blg(dz)) cos(6(dz) — 45°) and
v(da, g(da)) = c(d2)V2/2 + b(g(dz)) sin(6(da) — 45°).

We can bound them using the inequalities (24) and (25):

— 2.2848v/2/2 4+ /9 + 1.35382 c0s(23.19507°)

<u(d, g(d)) < —2.28478v/2/2 + /9 + 1.35412 c0s(23.19505°),  (26)

thus
1.409681 < u(da, g(dz)) < 1.40981;

2.28478 \@/2 + 19 + 1.35382 5in(23.19505°)

< v(dp, g(d2)) < 2.2848 v/2/2 + /9 + 1.354125in(23.19507°)  (27)

thus
2.91191 < v(da, g(dz)) < 2.911974.
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Now we can give a bound for
d'(d2, g(d)) = /(u(d2, g(d2)) — 9(d2))? + v(d2, g(d2)).

For let, we will consider the minimum (resp. the maximum) difference between
u(da, g(d2)) and g(dz), and the minimum (resp. the maximum) of the bound for
v(da, g(d2)) obtained above (precisely 23, 26 and 27). We have:

V/(1.409681 — 1.3541)2 + 2.911912
< d'(dy, g(d)) < /(1.40981 — 1.3538)2 + 2.9119742. (28)

Then
2.9124404 < d'(ds, g(d)) < 2.912513.
O
Theorem 11. Thereexistd € (2.93,2.97) anda € (0,2) suchthat (Q;,, Q% ) €
F3 1350 isapair of congruent-like quadrilaterals that are not congruent.

Proof. Put U = (2.93,2.97) and V' = (0,2). By Lemma 8 and by Relation 5 we
have that:

g:deU —g(d) eV, and
d :(dya)eUxV —d(da) eR
are continuous functions. It follows that
k:deU—d(d,g(d) eR, and
l:deU —k(d)—deR
are likewise continuous functions.
On the other hand by Lemmas 9 and 10, we have that there are two real numbers

dy and ds such that:
di < k’(dl) and do > k(dg)
It follows that [ has a zero, and hence there exists d such that
k(d) =d = d'(d,g(d)). (29)
. S . o ,
Now if we put@ = g(d), then the quadrilaterals Q5 ' 5 e Qg,g@ have all angles

pairwise congruent, and also the sides AD e A’D’ are congruent (the other three

sides are congruent by construction), thus they are congruent-like quadrilaterals.
Finally, if we put Qﬁ,g(ﬁ) = (A,B,C, D) and Qla,g(a) = (A, B',C", D), then

AB=a<2<(CD <293 < DA < 2.97 < 3 (see Equation 13 and Theorem

11). On the other hand trivial geometric consideration yields: 3 < C'B. In particu-

lar the sides of maximum size in Q; ), are BC'and D A, that are not consecutive.

On the other hand by construction BC' = C’ D’ and by Equation 29 DA = D' A’,

thus the sides of maximum size in Q- - are consecutive. Therefore Q; = and
, 9(d) ,9(d)

o) are not congruent. The proof is complete. O
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6. Conclusion

Congruence theorems for quadrilaterals (and more generally for polygons) could
appear to be a difficult topic for many learners. The reasons for such difficulties
relate to the complexities in learning to analyze the attributes of different quadrilat-
erals and to distinguish between critical and non-critical aspects (see [2] and [10]).
We highlight that this kind of studies requires logical deduction, together with suit-
able interactions among concepts - of different areas of Mathematics - images and
a certain skill in software computing.

We conclude by noting that the technique presented in section 2, is available
also to define other pairs of congruent-like quadrilaterals that are not congruent,
and hence the existence of other pairs (of congruent-like quadrilaterals that are not
congruent) can be claimed. Finally we observe that Theorem 11 states the existence
of pairs of non congruent quadrilaterals with all pieces pairwise congruent. Thus
arise the following open questions:

1) Is it possible to characterize all pairs of quadrilaterals of such type?
2) Is it possible to find by elementary geometry (synthetic) a pair of non congruent
quadrilaterals with all pieces pairwise congruent?
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A Remarkable Theorem on Eight Circles

Gabor Gévay

Abstract. Fori =1,...,6, consider aclosed chain of circles {I'; } such that ev-
ery two consecutive members I'; and I'; ;-1 meet in the points (A;, B;), with in-
dices modulo 6. We require that both sextuples (A4, ..., Ag) and (B, ..., Bg)
are cyclic. We prove the theorem that the three lines connecting the centers of
the opposite circles of the chain concur. In the rest of the paper we present a
slightly more general version of this theorem.

1. Introduction

We start from the following extension of Miquel’s Six-Circles Theorem, which
was given and proven in [9] (it is also mentioned in [10]).

Theorem 1 ([9]). Let ', and 'y, betwo circles. Let n > 2 be an even number, and
take the points A¢,..., A, onT,, and By, ..., B, on Iy, such that each quadru-
ple (A1, B1, As, Ba), ..., (Ap—1, Bn—1, An, By) is cyclic. Then the quadruple
(An, B,, A1, By) isalso cyclic.

Note that this is an extension, indeed, since for n = 4 it returns Miquel’s classi-
cal theorem. In the subsequent case, n = 6, the following remarkable concurrency
occeurs.

Theorem 2 (Szilassi). For i = 1,...,6, consider a closed chain of circles T';
in the plane such that two consecutive circlesT'; and T'; 1 intersect in the points
(A;, B;) (with indices modulo 6). Denote the center of the ith circle of this chain
by K;. Suppose that the sextuple (A4, ..., Ag) liesonacircleT’,, and likewise, the
sextuple (B, ..., Bg) lieson acircleT', different fromT',. Then the lines K1 Ky,
K, K5 and K3Kg concur.

This theorem was found by Lajos Szilassi when experimenting with the octuple
of circles corresponding to Theorem 1 (cf. Figure 1). He communicated it to the
author, but has given no proof [14]. In Section 2 we shall prove it. Section 3
is devoted to the background of this theorem, and in conclusion, we formulate a
slightly generalized and extended version of it.

We note that there is a seemingly related theorem, due to Dao Thanh Oai, proved
in several different ways [6, 2, 7]. It bears a formal resemblance to our theorem,
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Figure 1. Illustration of Theorem 2 (drawn by Szilassi)

since it states the concurrence of lines connecting the opposite centers of a closed
chain of six circles, like in our case (but with a different condition on these circles).
Furthermore, a whole set of problems related to this theorem is posed in [8]. A
careful scrutiny may reveal a closer connection between this theorem and ours;
however, it is beyond the scope of this paper.

2. Proof of Theorem 2

In our proof, we shall use stereographic projection as well as duality in projec-
tive 3-space; so, to set the stage for this, we consider the following embeddings:

E2U {0} C E?U{ls} C E3U {ms}. (1)

In words, we use the Euclidean plane completed with the (unique) point at infinity,
as the model of the inversive plane; it is embedded in the projective plane, whose
model is the Euclidean plane completed with the line at infinity. This latter, in turn,
is embedded in (actually, a restriction of) the projective 3-space, whose model is
the Euclidean 3-space completed with the plane at infinity.

For the stereographic projection, we use the standard unit sphere S?, whose north
pole N is the center of the projection, and the image plane is the tangent plane at
the south pole S (for other details, see e.g. [4, 11, 13]). We also use an extension
of this projection, from the same center and onto the same image plane, but with
the whole projective 3-space as domain [13].

The dual transformation that we need is realized by polar reciprocity, whose
reference sphere coincides with S?; in what follows, our term “duality” always
refers to this reciprocity. Recall that in this case the dual of a point P is a plane
P* that passes through a point P’ and is perpendicular to the radial line O P; here
the point P’ is the inverse of P, i.e. it lies on the ray from O to P at a distance
d(0,P") =d(0,P)~L.
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The following statement is proved in [11], § 36.

L emma 3 (Hilbert, Cohn-Vossen). Let IV bean arbitrary circle lying on the sphere
and not passing through N. The planes tangent to the sphere at the points of I
envelop a circular cone, whose vertex we denote by V. Since I does not pass
through N, NV is not tangent to the sphere at IV, and is therefore not parallel to
the image plane; let M be the point at which NV intersects the image plane. The
curve I that istheimage of IV isa circle with M as center.

Let (P, Q, R, S) be a cyclic quadruple of points lying on the sphere. Since it is
cyclic, all the four points lie within a plane, which we denote by 7 (P, @, R, S). On
the other hand, we denote by V' (P, Q, R, S) the vertex of the cone determined by
the circumcircle of these points in the way described in the previous lemma. The
following observation is a simple application of duality.

Proposition 4. «#(P,Q, R,S) and V(P,Q, R, S) are duals of each other.
This implies, again by duality:

Proposition 5. For two distinct cyclic quadruples of points (P, Q1, R1,.S1) and
(P2, Q2, R, S2) lying on the sphere, consider thelineconnecting V (P1, Q1, R1, S1)
and V (P, Q2, Ro, S2). Thedual of thislineistheline of intersection of the planes
7T(P1, Ql, Ry, 51) and 7T(P2, @2, R, SQ)

The following observation is implicit in the discussion of bundles of circles in [13]
(but it can easily be seen as well).

Proposition 6. Let I} and I', be two circles lying on the sphere, whose stereo-
graphicimage areI'; and I'y, respectively. The line of intersection of the planes of
I} and T, projects from N precisely onto theradical lineof T'; and I's.

Note that this observation includes the case, too, when I"} and I, are concentric;
in this case the corresponding radical line coincides with the line at infinity.

The following lemma follows directly from Propositions 4 and 5, by a further
application of duality.

Lemma 7. Consider the following six quadruples of points lying on the sphere:
(Pl, Q1, Ry, 51), ceey (Pﬁ, Qs, R, Sﬁ) For the point V(PZ, Qi, R;, Sz) and plane
m(P;, Qi, R;, Si) (i = 1,...,6) we use here the simplified notation V; and =,
respectively. Furthermore, we denote by ¢14, £25, £36 the line connecting the pairs
of points (V1,Vy), (Va,Vs), (Va,Vs), respectively. Likewise, we denote by /7,
05, U5 the line of intersection of the pairs of planes (1, 74), (w2, 7s5) (73, 76),
respectively. Then, the lines (14, {25, {36 are concurrent if and only if the lines
034, U5, 056 lie within a common plane.

Lemma 8. Let I'y, I'g, Ty, I'5 be circles in the plane such that they are images
under stereographic projection of the circles I'}, T, T", T', respectively, on the
sphere. Suppose that the following conditions hold:

(1) I'y and I's intersect in the points A, By;

(2) I'y and I's intersect in the points A4, By;
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(3) thepoints Ay, By, A4, B4 forma cyclic quadruple.
Denote by /1,4 the line of intersection of the planes (I} ) and 7 (1", ), and by ¢55 the
line of intersection of the planes 7 (I'}) and 7(I'; ) (where 7(I";) denotes the plane
of thecircleT”,, i = 1,2,4,5). Thelines {14 and {25 meet in a common point.

Proof. Condition (1) implies that the radical line of 'y and I's is A1 B;. Hence
we see by Proposition 6 that the planes 7(I"}) and 7 (I') intersect in a line which
meets the sphere of the stereographic projection in two points (actually, in the
inverse image of A; and B;). Denote this line by ¢15. Similarly, by Condition (2)
we have a line, denoted by /5, which is the line of intersection of the planes 7 (I*})
and 7(T'5) .

Consider Condition (3). By the same reasoning as before, it implies that /1,
and /45 lie within a common plane (this plane is precisely (A1, B1, A4, By); cf.
Figure 2). Hence /15 and £45 meet in a common point (recall that the plane in
guestion is a projective plane, on account of (1)). This point is a common point
of the planes 7(I"}), 7(I'), 7(I"}) and 7(I';). Thus it is the common point of the
lines ¢14 and #55, t0O. O

Figure 2. Arrangement of circles in Lemma 8

Lemma 9. Consider the arrangement of points and circles given in Theorem 2.
Each of thequadruplesof points (A1, B, A4, By), (A2, B2, As, Bs), (As, Bs, Ag, Bs)
iscyclic.

Proof. Observe that the triple of circles I'y, I's, I'4 closes to a four-membered chain
through the circumcircle of the quadruple (A;, B1, A4, B4) such that these four cir-
cles, together with I, and I', form a configuration corresponding to Miquel’s clas-
sical six-circles theorem (cf. Figure 3). This means that Miquel’s theorem implies
the statement in this case. The other two cases can be verified analogously. O

Now we are ready to prove our theorem.

Proof of Theorem 2. Consider the following lines: ¢14 = 7(I')) N 7 (I")), 25 =
() N (1), lss = w(I'5) N (L) (these lines exist, since we are in projective
space). By Lemma 9, the quadruple (A;, B1, A4, By) is cyclic. Thus the conditions
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Figure 3. Completing the six-membered chain with three new circles

of Lemma 8 are fulfilled, hence the lines ¢14 and ¢55 meet in a common point (cf.
Figures 2 and 3). By the same reasoning we obtain that each two of the lines /14,
l95 and ¢34 have a common point. This means that they lie within the same plane.
Denote their dual by ¢7,, £55, and £3, respectively. By Lemma 7, these latter three
lines connect the pairs of points (V1, Vy), (Va, V) and (Vs, V), respectively, and
are concurrent. By Lemma 3, they project to the lines K1 K4, K2 K5 and K3 K,
respectively. Thus it follows that those are also concurrent. O

3. Generalization and extension

The circumcircles of the quadruples (A;, B, A4, By), (Ag, B2, A5, Bs) and
(As, Bs, Ag, Bg) play an important role in our proof. In this section we explore
what is this role. To simplify the reference, we introduce the following notation:
we denote by C(P, @, R, S) the circumcircle of a quadruple of points (P, Q, R, S).
Furthermore, we denote the circles in question as follows:

Iy = C(A1, B1, A4, By), T =C(A2,Bs, A5, Bs), Ty =C(As,Bs, As, Bs).

Remark 10. (a) Observe that the role of the Miquel type condition of Theorem 2
(i.e. the existence of the circumcircles I', and ') is merely to ensure the existence
of the circles '}, I'j and I'; (cf. the proof Lemma 9). Consequently, in our theorem
the former condition can be replaced by the latter, weaker condition. Thus, with
this weaker condition, we obtain a slightly more general version of the theorem.
(b) The weaker condition provides the possibility to extend the conclusion of

the theorem, too. Namely, it turns out that not only one concurrence occurs. This
will be formulated in Theorem 15 below.

To this end, first we change our former notation for the circles of the six-
membered chain in Theorem 2 as follows: I'y, I's, I's will be denoted by I', I's, I's,
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and I'g, 'y, T'¢ will be denoted I';, '), T, respectively. Also, the centers will be de-
noted by K; and K/, with indices according to the new notation of the circles.

With these new notations, observe that we have three triples of circles whose
mutual relationship can be characterized as follows:

I'f = C((T2NT3) U (T3NTY));
Iy = C((TsnT) U (TinTy)); (2
5= C((T1NTHUTeNTY)).

Recall that the centers of circles sharing a common chord lie on the perpendicu-
lar bisector of this chord. Hence, the centers of the circles in (2) can be grouped in
triples given by the following relations:

K! = KbK5N K3KY); Ky = KsKiNK K}, KY = KiKyN KoKy, (3)

where K’ denotes the center of the circle I' (i = 1,2, 3).
Observe the formal analogy of relations (2) and (3). Using the term crosstrian-
gle introduced by van Lamoen [12], relations (3) can be formulated as follows:

Proposition 11. Triangle K} K5 K is the cross triangle of triangles K K> K3
and K| K5 K.

These relationships are illustrated in Figure 4. The following property can easily
be checked.

Proposition 12. Both triples of relations (2) and (3) are invariant under the fol-
lowing cyclic permutation: X — X' — X" +— X, where X stands for the circles
in relations (2) aswell asfor the corresponding centersin (3).

As a consequence, Proposition 11 can be formulated in the following seemingly
stronger, but in fact equivalent version.

Proposition 11’. Any of the triangles K K» K3, K| K} K}, K{ K} K/ isthe cross
triangle of the other two triangles.

We apply the following theorem of van Lamoen [12]:

Theorem 13 (van Lamoen). Let ABC, A’B’C’ and A” B"C" be three triangles
such that A” B”C" isthe crosstriangle of ABC and A’ B'C’. Suppose that ABC'
and A’B’'C" are centrally perspective. Then ABC and A”B”"C"” are centrally
perspective, and likewise, A’B’C’ and A” B”C" are also centrally perspective.
Moreover, the three perspectors are collinear.

Note that here any two perspectivities imply the third, on account of Proposi-
tion 12. Observe that the three triangles in this theorem determine a configuration
of type (124, 163) which consists of

o the nine vertices of the triangles;

o the three perspectors;

o the six lines determining the cross triangle relationship;

o the nine projecting lines meeting by threes at the three perspectors;
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Figure 4. The desmic system of nine circles

e the line connecting these perspectors.
It is called the desmic configuration, and the triangles are called the desmic mates
of each other [5]. This is a famous configuration which goes back to the work of
Hesse and Salmon in the 19th century [3]. Moreover, as one can check in Figure 5,
it is isomorphic with the Reye configuration (cf. [11], § 22). This latter, in turn,
relates it with the celebrated desmic tetrahedra of Stephanos [1] (hence the term

which we are using here).

Figure 5. The desmic configuration of type (124, 163). (A combinatorial cube
is indicated showing the isomorphism with the Reye configuration)

Definition 14. For ¢ = 1,2,3, let I';, I'}, I’/ be nine circles which satisfy the
relations (2) above such that each of the intersections T'; N F;. (i # j) consists
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of precisely two points. Suppose, furthermore, that the centers K;, K/, K] of
these circles are the vertices of triangles K K, K3, K1 Ky K, KK K3 which
are desmic mates of each other. Then we call these circles a desmic system of nine
circles.

Using this definition, and taking into consideration Remark 10a as well as The-
orem 13, we obtain the following slightly more general version of Theorem 2.

Theorem 15. For i = 1,...,6, consider a closed chain of circles {I';} such that
every two consecutive members I'; and I';+; meet in the points (A;, B;), with
indices modulo 6. Suppose that this chain can be completed with three circles
which are circumscribed on the quadruples (A1, B, By, A4), (A2, Ba, Bs, As)
and (A1, By, Bg, Ag). Then these nine circles form a desmic system.
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An Analogueto Pappus Chain theorem
with Division by Zero

Hiroshi Okumura

Abstract. Considering a line passing through the centers of two circles in a
Pappus chain, we give a theorem analogue to Pappus chain theorem.

1. Introduction

Let o, 8 and ~y be circles with diameters BC', C A and AB, respectively for a
point C' on the segment AB (see Figure 1). Pappus chain theorem says: if {a =
do, 01,02, - - - } is a chain of circles whose members touch the circles g and -, the
distance between the center of the circle é,, and the line AB equals 2nr,, where r,,
is the radius of §,,. In this article we show that if we consider a line passing through
the centers of two circles in the chain instead of AB, a similar theorem still holds
including the case in which the two circles are symmetric in the line AB.

Figure 1.

2. Results

Let a and b be the radii of the circles a and 3, respectively. We use a rectangular
coordinate system with origin C such that A and B have coordinates (—2b,0) and
(2a,0), respectively. Let {1, e92,e3} = {a, B,~}. We consider the chain of circles
C={--,0_9,0_1,61 = 00,01, 02, - - } whose members touch the circles 2 and
€3, where we assume that d; lies on the region ¢y > 0 if 7 > 0 (see Figure 2).

If e1 = «, the chain is explicitly denoted by C,. The chains Cg and C, are
defined similarly. Let ¢ = a + b and let (x,,y,) and r, be the coordinates of
the center and the radius of the circle §,,. Pappus chain theorem also holds for the
chains Cg and C,, i.e., we have y, = 2nry,, and z,, and r, are given in Table 1
[3, 4].
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Figure 2: C,, e, = v, {e9,e3} = {a, 8}

] Chain \ Tn \ Tn ‘
be(b+c) abc
C, | —2b
+ n2(a2 + l))c n2a2b+ be
calc+ a abc
2 —
Cs “ n2b% + ca | n?b? + ca
c ab(b— a) abe
7 n2c? —ab n2c? — ab

Table 1: y, = 2nr,

Let!; ; (i # j) be the line passing through the centers of the circles ¢; and ¢, for
i, 05 € C. Itis expressed by the equations

2(be — a%ij)x + a(b+c)(i + j)y — 2b(2a%ij — c(b—c)) = 0,

2(ca — b?ij)z — blc+ a)(i + j)y + 2a(2b%ij + c(c — a)) = 0, (1)
2(ab+ c%ij)x + c(a — b)(i + j)y — 2ab(a — b) =0

for C,, Cs, C4, respectively.

Let H; j(n) be the point of intersection of the lines + = x,, and [; ; with y-
coordinate h; j(n). Let d; ;(n) = h; j(n) — yn, i.e., d; j(n) is the signed distance
between the center of ¢,, and H; ;(n). The following theorem is an analogue to
Pappus chain theorem. It is also a generalization of [1] (see Figure 3).

Theorem 1. If i + j # 0, thend; j(n) = f; j(n)r, holds, where

a2 i
fis(n) = i+ _2<z’+j_n+i+j)' @)
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Proof. We consider the chain C,,. By Table 1 and (1), we get

2(n? + ij)abe (n? +ij)
hij(n) = —— =2——"r,.
A R e s A R
Therefore
(n® + ij) 2(n —i)(n —j)
di' :hz _n:2 PR n_2 n — R n-
3(0) = hi(n) = o = 25 = 20 T

The rest of the theorem can be proved in a similar way. O

Figure 3: Cs, {i, j} =40, 1}, n =2

Corallary 2. If i = 0 in Theorem 1, the following statements hold.
(i) If j = £1,d; ;(n) = £2n(n F 1)ry,.

Corollary 3. d; j(n) — d; j(—n) = —4nr, for any integerss, j, n with i # =+j.
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3. Thecasei+j =0

We consider Theorem 1 in the case ¢ + j = 0 under the definition of division by
zero: z/0 = 0 for any real number z [2]. In this case the line [; ; is perpendicular
to AB. Since i + j = 0 implies f; j(n) = —2n by (2), we get the same conclusion
as to Pappus chain theorem for [; ;.

Theorem 4. If i 4+ j =0, d(n) = —2nr, holds.

Since two parallel lines meet in the origin [5], H; ;(n) coincides with the origin,
ifi+j =0,ie, hj;(n) = 0. Hence Theorem 4 can also be derived from this
fact with Pappus chain theorem. The theorem shows that the distances from the
center of the circle 6,, to the two lines AB and x = x; are the same for any integer
1. This is one of the unexpected phenomena for perpendicular lines derived from
the definition of the division by zero. For another such example see [6]. Since
Theorem 1 can be stated even in the case i + j = 0, we get :

Theorem 5. d; j(n) = f; j(n)r, holdsfor any integersi, j, n, wherei # j.
Now Corollary 3 also holds even in the case i + j = 0.

Corollary 6. d; j(n) — d; j(—n) = —4nr, for any integerss, j, n with i # j.

4. Conclusion

The recent definition, z/0 = 0 for a real number z, yields several unexpected
phenomena, which are especially significant for perpendicular lines. In this paper
we get one more such result in section 3, for which we are still looking for a suitable
interpretation.
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Polygons on the Sides of an Octagon

Rogério César dos Santos

Abstract. Van Aubel’s theorem has some interesting generalizations. Some
were dealt with by Krishna (2018a and 2018b). In this article, we intend, en-
couraged by the works cited, to prove a new generalization of Van Aubel’s the-
orem, which consists of the construction of a parallelogram from an octagon
surrounded by regular n-sided polygons.

The present article will demonstrate the following result about octagons, driven
by the results of Krishna [1, 2].

Figure 1

Theorem 1. Take arandomoctagon O : A; A, - - - Ag, €ither convex or concave.
Having fixed an integer n > 3, consider the eight regular polygons of n sides
constructed externally on the sides of O. Denote the sixteen sides of the eight
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polygons that have the common vertex A; with the octagon, j = 1, ..., 8, by
A1 Bga, A1B11, A3Bia, A3Bsq, ..., AsB7e, and AgBg1, asillustrated in Figure
1. Denote the midpoints of these sides by C1, C13, Co1, Cao, ..., Cs1, and Cgs,
respectively. The figure shows only three of the regular polygons so that the image
is not overloaded.

Figure 2

Also consider the midpoints of the segments C'1 C}o:

Cih+ C;
Dj:%, j=1,...,8 (mod 8)

and the midpointsof D; D 1:
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Under these conditions, the midpoints of E;E;4,j = 1, ...,8 (mod 8), de-
noted by I, J, K, and L, respectively, form a parallelogram, as shown in Figure
2.

Proof. Let us demonstrate by denoting the points 7, J, K, and L as functions of
the complex numbers corresponding to the vertices of the octagon and the internal
angle of the polygon built on the side. Consider A; = (zj, y;), 7 = 1,2,...,8
for each vertex of the octagon in the Cartesian Plane. Denote the complex number
corresponding to each A; by a; = x; + iy;, where i = —1. Similarly, denote
the complex numbers corresponding to the points B;, C;, D;, and E; by b;, ¢j,
d; and e, respectively. Take M; as the midpoint of the segment A; A, 1, so that

mj = %41 s the complex number corresponding to M.

Considering A = BllA1A2 the internal angle of each of the eight regular poly-
gons. Then, through the hypotheses, we can conclude that ¢12 — a4 is equal to the
complex number resulting from the rotation of m; —a; by A degrees counterclock-
wise. Namely,

Cl2 — a1 = (m1 — al)(cosfl + ’LSII]A)
From now on let us denote cis(A) = cos A + isin A. Then,
ci2 =a;+ (m; — al)cis(fl).

The complex number ci — ar is equal to the complex nuAmber resulting from the
rotation of mg — a1 by A degrees clockwise, or 360° — A counterclockwise, that
is,
c11 — a1 = (mg — a1)cis(360° — A)
— ¢11 — a1 = (mg — a1)(cos(360° — A) + isin(360° — A))
= (mg — a1)(cos A — isin A)
= (mg — a1)(cos(—A) + isin(—A))
= (mg — ap)cis(—A)
—c11 =ai + (mg — al)cis(—fl).
Therefore, we can find
c11 + c12
2
1

=3 <a1 + (mg —ay)cis(—A) + a1 + (my — al)CIS(A))

A)
— 1/ <a1 + (ag ta ) )+ a1+ (al ; 2 a1> cis(A)>

— 1/2 (2@1 + 2 Teis(—A) + a2;‘”cis(£1)).

dy =
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Similarly, we can find

€5 —

Then
e1
Similarly,
Thus,
I

1
8

_ G2t
2

1 — ~ — ~
=5 <2a2 + 4 5 @2 cis(—A) + 4 5 = cis(A)) .
dy + da

2
1 — N — ~
1 <2a1 + 8 5 a cis(—A) + @2 5 a cis(A)

+2az + a ; a2 cis(—A) + as ; a2 cis(fl))
1 — ~ — ~
2 2%ar +as) + B Peis(—A) + B Mis(A) )
4 2 2
we obtain

1 — N — N
i (2(a5 + ag) + @ 5 GGCiS(—A) + & 5 4 cis(A)> .

_er+es

2
<2(a1 +ag + a5 + ag) +

+a3 +ar ; - a5(:iS(A)> .

ag + a4 — az — ag
2

cis(—A)

Similarly, we can obtain:

J_

1
3 <2(a3 + aq +a7+a8) +

e2 + eg
2
1 a1 +as —as —ay . A
8<2(a2+a3+a6+a7)—|— L 52 3 7(:15(—A)
+a4 + s ; 42— 46 cis(/l)) ,
e3 + ey
2

2

pramn )
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and

eq4 + eg
2

L:

asz + a7y — a5 — a1
2

<2(a4 +as+ag+ar)+ cis(—A)

oo =

ag + a2 — a4 — as

5 cmm)

Anyway, let us calculate

1
|J - K| = 3 2(ag + ag — ag — ag)

a1—a2—a3+a4+a5—a6—a7+asc

- 5 is(—A)
—al—a2+a3+a4—a5—a6+a7+08CiS(A) '
2
Remembering that
1 ag + a4 — as — ag . A
I = é (2(a1+a2+a5+a6)+ 8 4 5 2 6CIS(—A)
Jdatar—m - a5cis(A)>
2
and
1 as + a7y —as —ay . A
L= g <2(a4+a5+a8+a1)+ 3 T 5 > 1ClS(—A)
+%+”_M_%mm0,
2
we have:
1
‘I—L| = g 2(a2+a6—a4—a8)
+al_a2_a3+a4;—a5_a6_a7+a8CiS(—A)
—a1 —az + as +a42— as —ag + a7 + agCiS(A)

= |J - K|
In an analogous way, it is possible to prove that
|K — L|=|J —1I|.

This concludes the demonstration. O
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The Lovefor the Three Conics

Stefan Liebscher and Dierck-E. Liebscher

Abstract. Neville’s theorem of the three focus-sharing conics finds a simplifi-
cation and a new outreach in the context of projective geometry.

1. Introduction

In Euclidean geometry, let three points in the plane serve as three pairs of foci for
three conics. The three pairs of conics define three lines through their intersections,
and the three lines are concurrent, they pass a common point [4, 9, 10].

® shared foci
A diagonal points
+ quadrangle of Neville points

Figure 1. Three focus-sharing conics in Cayley-Klein geometries.

This theorem has found devotees and different proofs in Euclidean geometry [2,
3, 12]. It may be expanded to non-Euclidean geometries (Fig. 1) where it allows a
generalising formulation in projective terms [7].

From the perspective of projective geometry, foci are defined for pairs of con-
ics [11]. They are the vertices of the quadrilateral of common tangents and come in
three pairs, which define the three diagonals of the quadrilateral [8]. Linear com-
bination of the two conics yields the pencil of conics tangent to all four sides of the
quadrilateral.

For a single conic, it is the metric-generating absolute conic of Cayley-Klein
geometries which may serve as the second conic to define foci in the usual sense.
This is the case in the Neville problem. Confocal conics conventionally form the
pencil defined by two foci and the absolute conic in the background. Pencils exist
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The pencil can be seen as determined by
the four common points, or as generated by
two conics with their four intersections. Se-
lecting any of the conics as absolute conic
(strong-line ellipse), the pencil is deter-
mined by any other conic, in particular the
singular conic given by a pair of focal lines.

Figure 2. Pencil of conics
through four common points.

The dual pencil can be seen as determined
by the four common tangents, or as gener-
ated by two conics with their four common
tangents. Selecting any of the conics as ab-
solute conic (strong-line ellipse), the pencil
is determined by any other conic, in particu-
lar the singular conic given by a pair of foci.
The plane contains points where two conics
of the dual pencil intersect, and points which
meet none of the conics.

Figure 3. Dual pencil of
conics with four common
tangents.

for each pair of the three focus-sharing conics, too. It is the consideration of these
pencils which admits the short and snappy proofs (see ch. 9 in [7]).

2. Pairsof conics

To explore the relation between two conics, we consider the generated pencils of
conics. Figure 2 shows the pencil with the four intersection points fixed. It contains
three singular elements: the three pairs of common chords. Figure 3 shows the
dual pencil with the four common tangents fixed. It also contains three singular
elements: the three pairs of foci. To emphasize their duality, we call the common
chords also focal lines. Whichever focus we choose, it determines two directrices,
which intersect in a diagonal point common to both the quadrilateral of tangents
and the quadrangle of common points (Fig. 4). This diagonal point carries one of
the three pairs of focal lines (i.e. common chords), see Prop. 1 below.

For Neville’s problem, we start with three points (Fig. 5). For any two of them
we choose a conic for which the two points are a pair of foci with respect to the
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absolute conic. Any two of the conics share just one focus with one crossing of di-
rectrices and one singular conic consisting of a pair of common chords. We obtain
such a pair of common chords for each of the three pairs of conics. The condition
that the shared foci are also foci with respect to the absolute conic imposes lin-
ear dependence, and the common chords are the edges of a quadrangle of points in
which the common chords intersect. This turns out to be simple algebra, and yields
the desired proofs in section 3 below.

We use homogeneous coordinates and write “~” to denote equality up to a
nonzero scalar factor. Conics can be represented by pairs [c, C] of symmetric
matrices. They provide a linear map of points onto lines: @ — c@, the polar of Q,
and its dual, a linear map of lines onto points, g — Cg, the pole of ¢g. The pair of
both maps is also called polarity. The peripheral points of a conic are the zeros of
the quadratic form, PTcP = 0, its tangents are the zeros of the dual, t"Ct = 0.

For regular conics, the two matrices C and c are reciprocal, Cc ~ 1. Singular
conics satisfy Cc = 0 = cC. If one of ¢, C has at least rank 2, the other one is (a
scalar multiple of) its adjoint (or transpose cofactor) matrix.

For c of rank 2, we can write ¢ = gh' + hg'. This yields a singular conic
consisting of two distinct lines g, h of peripheral points with a pencil of tangents
trough the double point g x h. For C of rank 2, we can write C = PQT + QPT
and find a singular conic consisting of a (double) line P x @ of peripheral points
through the concurrency centers P, () of the two pencils of tangents.

For two distinct regular conics ki, K1], [ko, K2, the pencil P[ky, ks] is given
by the linear combinations {a1k; + asks} (Fig. 2), the dual pencil P[K1, K,] by
{61K1 + B2K2} (Fig. 3).

The pencil is uniquely determined by its quadrangle of common points,

P =P[Q1,...,Q4]. Its singular elements are the pairs of opposite chords, i.e. the
pairs of opposite edges of the quadrangle @+, ..., Q4 of common points, pairs
which intersect in the diagonal points of the quadrangle. We note that for regular
real conics the singular elements are real even in the case of only complex inter-
sections of the conics.

Analogously, the dual pencil is uniquely determined by the quadrilateral of com-
mon tangents, P = 75[751, ..., t4]. Its singular elements are the diagonal lines of
the quadrilateral with tangent pencils in the vertices of the quadrilateral. The six
intersections of the tangents t;, the vertices of the quadrilateral, are the common
foci of the dual pencil P.

Proposition 1. For any pair of conics, the triangle given by the diagonal points of
the quadrangle of common points coincides with the triangle given by the diagonal
lines of the quadrilateral of common tangents. This diagonal triangle is also self-
polar: Each diagonal point isthe pole of the opposite diagonal line with respect to
all conics of the two pencils.

Proof. See Fig. 4 and Thm. 7.6 of [7]. O

In other words: given a pair of conics, the diagonals of the tangent quadrilateral
meet in the three intersection points of opposite common chords.
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R gl

A ”V/%f"‘i A \\\\
Two conics have 4 common tangents and 4 common points. On the left, part of the
pencil with the common points is shown, with the six chords (focal lines) and the three
diagonal points. On the right, part of the pencil with the common tangents is shown,
with the six intersections (foci) and the three diagonal lines. The diagonal triangles
coincide.

Figure 4. Two pencils for a pair of conics with their coinciding diagonal triangles.

3. Threefocus-sharing conics

In Neville’s problem, three conics K, k = 1,2, 3 share three foci £y, k =
1,2, 3 with respect to the absolute conic C. The pair [F, F;,,| belongs to Ky,
(k,1, m cyclically), and Fj is focus in the pairs [K;, K], [K;, C], and [K,,, C|.

The pair [K;, K,,| itself has six foci (again in three pairs). F}, is one of them,
and its adjoint partner on the diagonal passing Fj, will be denoted by Fj;. The line
dy ~ Fj, x Iy is adiagonal line of the quadrilateral of tangents common to K; and
K.,,.. The opposite diagonal point D;, can be represented as pole of d;. to both of
the conics, Dy, ~ K;dy ~ K, dy, and the four polars k; Fy, kp, Fi., ki Fy ki, ;)
are incident with Dy,.

Dk ~ Kldk ~ Kmdk ~ lek X kka ~ le]: X kmF]:. (1)

The focus F}, has a directrix (its polar) with both K; and K,,,, and the intersection
of the two directrices is the diagonal point Dy, (Fig. 5).

We now use the identity of the diagonal triangles, Prop. 1. The diagonal point
Dy, is incident with two opposite chords of the pencil P(k;, k,,). They form one
of the singular elements of this pencil, n;. We can write

n;, ~ (DI kD) Ky — (D ko Dy) k. )
After substituting one Dy, by K;d}, the other by K,,,dx, we obtain

ny, ~ (df Kk Kidy) Ky — (df Kikn Ko dy) ki ~ (d] Kpndy) ke — (dF Kpdi) kg
(3)
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Q shared foci v
[ 3 of 12 intersetions of d\redtyices
A quadrangle of chord mcerif}{ons
strong lines: chords
weak lines: dirpetrices A\

In the case of three ellipses, (at least) three of the common chords pass through com-
plex intersection points. Nevertheless all six common chords are real and represent the
edges of a quadrangle. In the case of three hyperbolas, we have chosen the eccentric-
ities large enough to obtain only real intersections of the conics and real chords. For
clearness, both drawings show an euclidean setting, for the general setting, see Fig. 1.

Figure 5. Three focus-sharing conics with the quadrangles of Neville centers.

This is a singular conic consisting of two lines, i.e. a pair of common chords, and
a double point, the diagonal point D;.. For each pair[K;, K,,] of the three conics,
we obtain such a singular conic consisting of that pair of opposite common chords
which intersect in the diagonal point Dy.

Proposition 2. The three singular conics ny, are linear dependent. Therefore, the
common chords represented in these singular conics are the six sides of a quad-
rangle (Fig. 5).

Proof. The conics K,,, are elements of the dual pencils generated by C and the
singular conics FkFlT + FleT We fix representatives to remove the ambiguity of
arbitrary nonzero scalar factors and write

K = wnC + An(FLF| + FF). 4)
Since the diagonal d,,, is incident with F},,, we obtain
(df Kmd) = wpn(d}, Cdy,). 5)

Equation (3) now yields n;,, = wy,k,, — wik; (again choosing a suitable repre-
sentative to remove the nonzero coefficient d} Cdy) and linear dependency ni2 +
ny3 + n3; = 0 emerges. O

Starting with the absolute conic C, we can reformulate Prop.2.

Corollary 3. Given a conic with three pairs of tangents defining three intersec-
tions. Given one representative of each dual pencil generated by two of the three
pairs of tangents. Then, the three intersections have two polars each (w.r.t. the
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5 / The figure shows three conics K,,, outside
P /- v the absolute conic C in order to get real lines
’ L™ "~ | and points. The points F,, are the shared
/ | foci. The points £, are opposite to the foci
/ F,,, in the quadrilateral of tangents common
A to K and K;. They are incident on a line.

/ \ Figure 6. Three focus-
sharing conics with their
/ collinear adjoint foci.

conics of the associated dual pencils). These polarsintersect in pointswhich carry
two common chords. The six common chords are edges of a quadrangle.

We turn again to the adjoint foci. A pair [K;, K,,,] defines six foci. They yield
three diagonals which define a pairing of the foci, and the [F},, F}] is such a pair.
The focus F, is the intersection of two tangents common to [K;, K,,], and F' is
the intersection of the two other common tangents. The focus Fj is a focus of the
pair [C, K;] and of the pair [C, K,,,] as well. The focus adjoint to F}, in the pair
K, K,,] is F}, in the pair [C, K] itis F},,, and in the pair [C, K,,] it is F}.

The following proposition was proven by Bogdanov [3] in the Euclidean case.
Its generalization in Cayley-Klein geometries also generalizes the dual theorem to
the four-conics-theorem (see Fig. 17 in [5]).

Proposition 4. Thethreeadjoint foci of the three focus-sharing conicsare collinear.
Thesix foci Fy, Fj,i = 1...3, arethe vertices of a quadrilateral (Fig. 6).

Proof. We refer again to the singular members of dual pencils. The singular el-
ements of the dual pencil K;,,, = aK; + SK,, are given by the diagonal points
itself:

Ny = (d] Kidp) Ko, — (df Kopdp ) K. (6)
We take (5) and obtain
Y wild] Cdi)(d},Cdm)Ny = 0. (7)
ke{1,2,3}

The three singular conics (all are pairs Fj F}' of foci) are linear dependent, i.e. the
foci Fy, Iy, k = 1,2,3 are the vertices of a complete quadrilateral, the three
adjoint foci ;' are collinear. O

4. Thelimit of the Neville points

Any point can be found as a Neville point, if it is reached by the three pencils
of conics generated by the three pairs of foci with the absolute conic. In particular,
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Given three shared foci and three ellipses,
one adds the six directrices first. We choose
one of the two triangles contained in the con-
vex hexagon (di3, ds1, ds32) to establish tri-
linear coordinates &;.

The distance of foci (2f;) is found in the dis-
~7| tance of the directrices (2x; = 2f;/£?), O
| that intersections of two ellipses are given
by comparing the distances from the focus
(e.g. F1) with the distances from the direc-
trices (&2 and 2x3 —&3 for the common chord
of K5 and K3).

Figure 7. Three focus-
sharing ellipses on the
Euclidean plane.

any point in the inner part of the triangle can be the intersection of three ellipses of
the set.

There is one particular point among the Neville centers. It is the limit for col-
lapsing ellipses, for the singular members of the three dual pencils 75[Km,C].
This limit is given by w,, — 0 in eq. (4). We start with the Euclidean picture of
Neville’s proof (Fig 7). The triangle of foci is augmented with the six directrices.
We identify two triangles of three directrices each. They are congruent and similar
to the triangle of foci. We use distances (&1, &2,&3) to the sides of one of them
(dy3, da1, ds2). After the calculation, [&; : & : &3] can be reinterpreted as trilinear
coordinates. We denote the eccentricity of the conic Ky, by ey, the distances of the
foci by 2fx, and the distance of the directrices by 2x), = 2f/e7. The common
chords of the three ellipses are

€181 = €2(2r2 — &2), 282 = €3(2r3 — &3), €383 = €1(2K1 — &1), (8)
We obtain the intersection
‘fig = K1+ €f1(/<2€2 — K3€3),
€5 = ko + ey (k3e3 — Kk1€1),
& = k3 +e3 (ki1 — Kaga). ©)

The limit of collapsing ellipses is simply given by eccentricities equal one. In
this case, the equations (8) for the chords reduce to the equations for the angular
bisectors of the directrices. The common chords become the angular bisectors of
the triangle [D1, Do, D3] approaching the focus triangle, too. The intersection of
the chords approaches the incenter for eccentricities equal one.

We shall show, using the singular elements of pencils of conics, that in the gen-
eral Cayley-Klein geometry, the limit of the intersection again approaches the in-
center. More specifically, we shall show that the limit of the common chord of two
conics sharing a focus is the angular bisector. We show the proof for the case of a
regular absolute conic.
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The shared foci are Fy, F; of [K,,, C], the diagonal points D,,, ~ kiF,, x
k, F,, ~ Kidy, ~ K;d,,. The focal lines (i.e. the common chords) are the lines of
the singular elements n,,, ~ (D k;D,,)k;. — (D) k. D, )k;. As we are interested
in the limit w,,, — 0, we fix A\,, = 1 in (4) and express the dual conics as

K, = wnC + FLE' + FF]. (10)

Proposition 5. Given the dual conics (10). Then the the singular conicsn,,,, given
by (3), of the pencils P (ky, k;) are formed by the angular bisectors

Wi~ ((Fmx Fp)TC(Fy, x F}))(Fp < B)(Fpp x )T

C(Fo % E)TC(Eyy x F)(Fo x Ep)(Fpy x £)T,

i.en,, ~ wp,.

Proof. Step 1. k,,, asinverse of K,,, with suitable scaling. We normalize F}, such
that v, := FJcF, = +1 and write py := cFy, 6,, == FlcF, = Flp, = Fp.
The coefficient w,, in (10) is determined now. The limit of eccentricity 1 means
wm, — 0 here. The adjoint k,,, to K, is found as

1
5 (vipkpE +YEPID) ) — (

k= wn K = S O p——
m

) (pipg +pip])
(12)

m
12, = YN

With i, = Wiy + O
Sep 2: Sngular conics n,,, of common chords. We use (3) and (5) from the
proof of Prop. 2 to find

n, ~ kk — kl- (13)
Sep 3: k,,, inthelimit of eccentricity 1. We fix
ki = (B x F)(Fy x F)T (14)

as representation of the singular conic given by the line through the foci Fj, F;.
Equation (12) yields

—5.)2
Flk, Fj, = M, F'k,,F; the same,

13, = VY
and finally
(. = Om) (P Om — Vi)
[ — VKN
In the limit w,, — 0, that is u,,, — ., these values vanish. Then both F}, and
F; are incident with the (k,,)-polars of F and F;. Consequently, the polar of any
point on F}, x Fj is this line itself:

Bk Fy =

lim Kk, ~ K, (15)

wWm—0

Sep 4: Comparing coefficients. At this point, we only have to check that the
coefficients of kj, and k; in (13) fit the coefficients in (11):

Jim (kj, — ki) X ((Fin % F)TC(Ey x Fy))ky — (Fy x F))TC(Ey x F))k.
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Each pair of foci generates a quadrilateral
of tangents to the absolute conic. There are
two other pairs of intersections, which are
connected by the other two diagonals of the
quadrilateral. These six diagonals are again
edges of a quadrangle: It is the quadrangle
of circumcenters of the focus triangle.

shared foci
x

2 sengents 56 the apsoluee gonde N Ry Figure 8. The quadrangle of

ci of the Eéncll 2-3

:
£ S N X

o o el o diagonals of the set of the
3 N

f

of the’ penc

T angle of interjections  \ three pairs of foci.

Because of (15), it suffices to check one regular point. We choose Q = C(Fj, x F})
and obtain

Qkn@Q=(Fr xF)'Q)?  QkmQ=(FrxF)'Q
Therefore, indeed,

1 ~ 1 ~

(Frp x F))TC(Fp, x Fl)kk " (Ep x F)TC(Fppy x Fk)kl
~ ((Fpy % F)TC(Fp x Fi))ki — ((Fop x F)TC(Fy, x F}))k;.

The singular conic of the diagonals is the singular conic of the angular bisectors,
and the Neville center coincides with the incenter of the focus triangle. O

5. Trifles

In the Euclidean setup, eg. (8), we obtain an incenter for the Neville point also
in the case of equal eccentricities. The incenter is not that of the focus triangle, but
of the directrix hexagon.

In the limit of infinite eccentricity, the Neville point approaches the circumcenter
of the focus triangle. This circumcenter is one of the 60 Brianchon points of the
tangent hexagon, which is generated by the three foci. More general: To each pair
of foci belong two other pairs corresponding to the two other diagonals. These six
diagonals are again edges of a quadrangle (Fig. 8).

The trilinear coordinates of the incenter of the triangle [D;, D4, D3] relative to
the triangle [Uy, Usa, Us] in Fig. 7 are given by

N=[la+b—c):(b+c—a):(c+a—0D). (16)

This seems to be a particular point [6] in the triangle [U7, Us, Us], but it comes in
32 different versions: The hexagon of directrices admits eight choices of directrix
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O 3x2 common points
-~ focal lines

-- tangents to 2-3

-+ tangents to 3-1

-~ tangents to 1-2
 intersections of tangents to 2-3 in red: &
O intersections of tangents to 3-1  in green: K

/A intersections of tangents to 1-2 in blue: 1&
——- final quadrangle of intersections Ny 32 )

Dual to the focus-sharing conics we obtain intersections of common tangents in a
quadrilateral and connections of focal lines and their adjoints as edges of a quadrangle.

Figure 9. Three conics sharing focal lines.

triangles, and for each triangle a quadrangle of in- and excenters:
N = [(£a + syb — sgc) : (£b+ sac — sya) : (£c+ sga — sq4b)] (17)

with s, sg, s, = £1 and s,sgs, = 1 for the quadrangle.

Since we calculate in projective spaces, the propositions of section 3 have dual
counterparts. Instead of foci as intersections of tangents common with a fourth
(absolute) conic, we consider the chords through intersections with this fourth (ab-
solute) conic. We also call them focal lines to emphasize this duality. In Neville’s
problem, three pairs of tangents to the absolute conic generated three dual pencils
from which three conics were taken. Now three pairs of points on the absolute
conic generate three pencils from which three conics can be taken. In Neville’s
problem, each pair of the three conics had four intersections and three pairs of
chords. Now each pair of three conics has four common tangents and three pairs
of foci. In each pair of conics, one pair of chords intersected in the intersection
of the polars of the shared focus. Now in each pair of conics, one pair of foci is
collinear with the poles of the shared focal lines. In Neville’s problem, the three
chosen pairs of chords were the edges of a quadrangle. Now the three chosen pairs
of foci are the vertices of a quadrilateral. This is the dual version of Prop. 2 (Fig. 9,
left).

Each pair of three conics sharing a focal line defines an adjoint line (the partner
in the pair to which the shared focal line belongs). Together with the shared focal
lines we obtain six lines which are found to be the edges of a complete quadrangle.
This is the dual version of Prop. 4 (Fig. 9, right), known in Euclidean notions as
the four-conics theorem [5].

We conclude with a general remark on the relation between Euclidean and non-
Euclidean constructions. Theorems about conics and lines only, without explicit
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Three circles (in the upper part non-
Euclidean, at left Euclidean) define three
quadrilaterals of common tangents (differ-
ing in line style and point style). Choosing a
vertex from two of these, some vertex of the
third will be collinear with the two. The non-
Euclidean view-point shows the connection
of otherwise isolated theorems.

Figure 10. Collinearity between quadrilaterals of common tangents.

reference to symmetry and perpendiculars, can be interpreted as theorems in non-
Euclidean geometry. Figure 6 is an example. One may state that if two common
tangents of each pair of three conics touch a fourth conic, then the remaining com-
mon tangents of each pair intersect in three collinear points [5]. This formulation is
purely Euclidean, but misses the non-Euclidean connection. In addition, Euclidean
theorems about lines and circles should be expected to find simple non-Euclidean
extensions by use of the non-Euclidean definitions of circles and perpendicular-
ity. Figure 10 shows the connection between Monge’s theorem, a dual three-conic
theorem cited in [1, 5], and a Pascal-line construction cited in [12].
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A Polynomial Approach to the“Bloom” of Thymaridas
and the Apollonius' Circle

Gerasimos T. Soldatos

Abstract. A polynomial approach to the so-called “loom of Thymaridas” shows
that it holds when it obeys a relationship that defines a circle of Apollonius.

Consider the following system of N linear equations in N unknowns:

r4+x1+axo+---+ axy1=C (1)
z+x= C
x+x9 = Co

r+ITN_1 = CN—l-

According to the “bloom or flower” of Thymaridas of Paros (c. 400-c. 350B.C.),
the solution to this system is given by [1]:

G+ 0+ +Cn 1 = C @)
N -2 ’

In what follows, we show that this solution holds only if the coefficients of

the quadratic polynomials whose roots enter the particular sums (z + z,), v =

1, 2, ..., N —1, obey arelationship that defines an Apollonius’ circle as follows:

Let the left-hand side of (1) be an elementary symmetric function of degree 1 in
terms of the roots of polynomial

x

I(z) = an XY +ay_ 1 XV 1+ 4 a1 X + ag
so that by Vieta’s formulas:

aN-1
. 3
. ©

Also, let any of the sums x + x,, be the sum of the roots of quadratic polynomials
Q(X) = by X% + by X + by so that:

C=-

by
, = —-1, 4
Co=—p @
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Since x solves any two quadratic equations so that:
byaz? 4 b 4+ by = 0 = by'a® + b + by
one obtains that:
(0 — b )2 + (B — ") + (b — b") = 0 5)
wherem =1,2,..., N — 1, m # v. Inserting (3) and (4) in (2), and the result in
(5), yields after some operations that:

(by — b5")

= 0. (6)
or, in shorthand notation:
Bo(A —8)* + B1S(N —2) + Bo(N —2)*> =0 (6)
where:
By=(by—by'),  Bi=(by —b1"),  Bo=(by—bG)

an by’
Treating (6') as a quadratic equation in A:
BoA% 4 [B1(N —2) — 2B3S]A + [B2S? — By(N — 2)S + Bo(N —2)!] =0

which has to have a unique solution and hence, a zero discriminant, one obtains
after the necessary operations that:

_ anN-—1 o 2325—31(]\7 - 2) o Bl
A= v 5B, =S—(N 2)232 (7)
and
B} = 4By By. (8)
When (8) is inserted in (7):
an-—1 By
A= =S —(N—-2)y/—=— !
L =5-(N-2)/ 5] ()
Given now that (2) may be rewritten in shorthand notation as follows:
A-S ,
T=5— (2"
inserting (7) in (27), yields:
S— (N -2 B _ mo_ v
= ( )232 _ _ Bl _ bl bl (9)

N -2 2By ~ 2(by — b)
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Bo [y ,
= — —_— = 9
TN B, T\ @)

The value of = has to be unigque and hence, the ratio (8) or (8”) between any two
pairs of equations has to be the same. Geometrically, given any two points D and
I along a straight line, we have a constant ratio x of varying distances from these
points, distances like (b* — bY) = PF and 2(b5 — b3") = PD, defining the set
of points P in Figure 1, that is an Apollonius’ circle centered at point O; and the
set of quadratic equations that satisfy (8) or (8’) is equal to the set of these points.
Thymaridas’ bloom holds only in this connection. And, when it does, one needs to
consider the coefficients of any two quadratic equations to have a value for x.

or, inserting (7°) in (2):

P

)

Figure 1. Thymaridas’ bloom and Apollonius’ circle

In sum, the bloom of Thymaridas is one way to put the algebra of the circle of
Apollonius.

Reference.
[1] T. L. Heath, “The (‘Bloom’) of Thymaridas”, in A History of Greek Mathematics, pp. 94-96,
Clarendon Press, Oxford, 1921.

Gerasimos T. Soldatos: Taburishanska 73, 27505 Svitlovodsk, Ukraine
E-mail address: soldgera@yahoo. com






Forum Geometricorum
Volume 18 (2018) 435-437.

FORUM GEQM
X
ISSN 1534-1178

Author Index

Aciksoz, G. G.: Geometric inequalities in pedal quadrilaterals, 309
Alperin, R. C.: Pedals of the Poncelet pencil and Fontené points, 361
Anatriello, G.: Pairs of congruent-like quadrilaterals that are not congruent,
381
Azarian, M. K.: A Study of Risala al-Watar wa’l Jaib” (The Treatise on the
Chord and Sine): Revisited, 219
Bagkes, G.: Geometric inequalities in pedal quadrilaterals, 309
Bataille, M.: On the extrema of some distance ratios, 57
Constructing a triangle from two vertices and the symmedian point, 129
Bencze, M.: The Blundon theorem in an acute triangle and some conse-
guences, 185
Bosch, R.: A new proof of Erdés-Mordell inequality, 83
A new proof of Pitot theorem by AM-GM inequality, 251
Brubaker, N. D.: A curvature invariant inspired by Leonhard Euler’s inequal-
ity R > 2r, 119
Camero, J.: A curvature invariant inspired by Leonhard Euler’s inequality
R >2r, 119
Damba, P.: Side disks of a spherical great polygon, 195
Dergiades, N.: Parallelograms inscribed in convex quadrangles, 203
Simple proofs of Feuerbach’s Theorem and Emelyanov’s Theorem, 353
Donnelly, J.: A model of continuous plane geometry that is nowhere geo-
desic, 255
A model of nowhere geodesic plane geometry in which the triangle in-
equality fails everywhere, 275
Dragan, M.: The Blundon theorem in an acute triangle and some conse-
guences, 185
Eberhart, C.: Revisiting the quadrisection problem of Jacob Bernoulli, 7
Garcia—Caballero, E. M.: Irrationality of V2 yet another visual proof, 37
Garcia Capitan, F. J.: A family of triangles for which two specific triangle
centers have the same coordinates, 79
Circumconics with asymptotes making a given angle, 367
Garza-Hume, C. E.: Areas and shapes of planar irregular polygons, 17
Gévay, G.: An extension of Miquel’s six-circles theorem, 115
A remarkable theorem on eight circles, 8 (2018) 401
Hadjidimos, A.: Twins of Hofstadter elements, 8 (2018) 63
Herrera, B.: Algebraic equations of all involucre conics in the configuration
of the c-inscribed equilateral triangles of a triangle, 8 (2018) 223



436

Author Index

lonascu, E. J.: The “circle” of Apollonius in Hyperbolic Geometry, 8 (2018)
135
Jorge, M. C.: Areas and shapes of planar irregular polygons, 8 (2018) 17
Karamzadeh, O. A. S.: Is the mystery of Morley’s trisector theorem resolved
? 8 (2018) 297
Kiss, S. N.: (Retracted) On the cyclic quadrilaterals with the Same Varignon
parallelogram, 8 (2018) 103
van Lamoen, F. M.: A synthetic proof of the equality of iterated Kiepert tri-
angles IC(¢, ) = K(, ¢), 8 (2018) 307
Orthopoles and variable flanks, 8 (2018) 349
Laudano, F.: Pairs of congruent-like quadrilaterals that are not congruent,
381
Liebscher, D.-E.: The relativity of conics and circles, 1
The love for the three conics, 419
Liebscher, S.: The relativity of conics and circles, 1
The love for the three conics, 419
Lucca, G.: Integer sequences and circle chains inside a circular segment, 47
Integer sequences and circle chains inside a hyperbola, 445
Markov, L. P.: Revisiting the infinite surface area of Gabriel’s horn, 45
Moreno, S. G.: Irrationality of /2: yet another visual proof, 37
Ninjbat, U.: Side disks of a spherical great polygon, 195
Okumura, H.: A remark on the arbelos and the regular star polygon, 43
Remarks for the twin circles of Archimedes in a skewed arbelos by Oku-
mura and Watanabe, 99
Harmonic mean and division by zero, 155
An analogue to Pappus chain theorem with division by zero, 409
Olvera, A.: Areas and shapes of planar irregular polygons, 17
Pamfilos, P.: Parabola conjugate to rectangular hyperbola, 87
Rectangles circumscribing a quadrangle, 161
Self-pivoting convex quadrangles, 321
Peng, J.: Integral triangles and trapezoids pairs with a common area and a
common perimeter, 371
Pietsch, M.: Two hinged regular n-sided polygons, 39
Rocha, O. R.: A curvature invariant inspired by Leonhard Euler’s inequality
R >2r, 119
Sahlar, M.: Geometric inequalities in pedal quadrilaterals, 309
Saitoh, S.: Remarks for the twin circles of Archimedes in a skewed arbelos
by Okumura and Watanabe, 99
Harmonic mean and division by zero, 155
Dos Santos, R. C.: Polygons on the sides of an octagon, 413
Sen, S.: Geometric inequalities in pedal quadrilaterals, 309
Sezer, Z.: Geometric inequalities in pedal quadrilaterals, 309
Shattuck, M.: A geometric inequality for cyclic quadrilaterals, 141
Soldatos, G.: A toroidal approach to the doubling of the cube, 93



Author Index 437

A polynomial approach to the ”Bloom” of Thymaridas and the Apollo-
nius’ circle, 431
Soto, R.: A curvature invariant inspired by Leonhard Euler’s inequality R >
_ 2r,119
Stépanova, M.: New Constructions of Triangle from «, b — ¢, t 4, 245
Suceava, B. D.: A curvature invariant inspired by Leonhard Euler’s inequal-
ity R > 2r, 119
Tran, Q. H.: A construction of the golden ratio in an arbitrary triangle, 239
Simple proofs of Feuerbach’s Theorem and Emelyanov’s Theorem, 353
Vincenzi, G.: Pairs of congruent-like quadrilaterals that are not congruent,
381
Wang, J.: Integral triangles and trapezoids pairs with a common area and a
common perimeter, 371
Zhang, Y.: Integral triangles and trapezoids pairs with a common area and a
common perimeter, 371
Zhou, L.: Primitive Heronian triangles with integer inradius and exradii, 71






	FG201801.pdf
	1. Introduction
	2. Foci as properties of pairs of conics
	3. Being circle as a relation between conics
	4. Confocal conics
	5. Summary
	References

	FG201802.pdf
	1. Introduction
	2. Initial analysis.
	3. The equations for quadrisection of a triangle.
	4.  Peq viewed as a 1-parameter family of circular arcs
	4.1. A useful mapping.
	4.2. Counting the quadrisections of a triangle

	5. The space of triangles
	6. Further Questions.
	7. Historical notes
	7.1. Bernoulli's solution
	7.2. Euler's clarification
	7.3. An explanation of interest.

	References

	FG201803.pdf
	1. Computing the shape with maximum area for any polygon
	Analytic solution for n=4: Circle-Line construction
	Iterative method for any n3 and its numerical implementation 

	2. Note on oriented area
	3. Minima of irregular quadrilaterals
	4. Polygonal shapes determined by angles and areas
	4.1. Case n=4
	4.2. Case n=5
	4.3. Other polygons

	5. Conclusions 
	Appendix A: Circle-line construction
	Appendix B: Proof that either F1 or F2 have a root
	Appendix C: Proof that quadrilaterals with self-intersection are cyclic if an only if opposite angles add up to 2 radians
	References

	FG201804.pdf
	

	FG201805.pdf
	

	FG201806.pdf
	
	References

	FG201807.pdf
	
	References

	FG201808.pdf
	1. Introduction
	2. Some definitions and useful expressions
	3. Circle radii expressions by inversion
	4. A recursive formula for {k}
	5. Conditions for {i} to be an integer sequence
	6. Symmetrical chains
	7. Examples
	References

	Blank Page
	FG201809.pdf
	1. Introduction
	2. The construction
	3. The values of HAHB and KAKB
	4. An extension and a consequence
	5. Generalizing the method
	6. An alternative construction when C is a circle
	References

	FG201810.pdf
	1. Introduction
	2. Twin Hofstadter's triangles, transversals, points
	References

	Blank Page
	FG201812.pdf
	1. Introduction
	2. Construction
	3. Locus
	References

	FG201813.pdf
	1. Introduction
	2. Lemmas
	3. Main result
	References

	FG201814.pdf
	1. The bitangent pencil of conics
	2. The perspectivities group of a triangle
	3. Hyperbola conjugate to ellipse
	References

	FG201815.pdf
	
	References

	Blank Page
	FG201816.pdf
	1. Introduction
	2. The division by zero calculus
	3. Results
	4. On the circle appeared
	5. Conclusion
	References

	FG201817.pdf
	1. Introduction
	2. The set of quadrilaterals PXQXRXSX
	3. Special cases
	I
	II
	III

	4. The coordinates of the centers U
	5. The distances of U to the vertices P, Q, R, S
	6. Conditions for a quadrilateral to be cyclic
	7. The axes and the foci of hyperbola 
	8. The loci of the vertices P,Q,R,S
	9. Orthodiagonal quadrilaterals
	References

	Blank Page
	FG201818.pdf
	
	Proof of Theorem 2

	References

	Blank Page
	FG201820.pdf
	1. Introduction
	2. The construction
	3. The discussion
	4. Properties of the solutions
	5. Further remarks
	References

	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	FG2018authorindex.pdf
	Blank Page




