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Gábor Gévay, An extension of Miquel’s six-circles theorem, 115
Nicholas D. Brubaker, Jasmine Camero, Oscar Rocha Rocha, Roberto Soto, and
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The Relativity of Conics and Circles

Stefan Liebscher and Dierck-E. Liebscher

Abstract. Foci are defined for apair of conics. They are thesix vertices of the
quadrilateral of common tangents. To be circle is a derived property ofa pair of
conics, too.

1. Introduction

The beloved properties of conics, which we start to discover at school,manifest
themselves as projectiverelations between two conics, as soon as we use the em-
bedding in the non-Euclidean Cayley-Klein geometries. Non-Euclidean geometry
enables us to find real constructions of objects which otherwise lie in infinity or are
imaginary.

Our school-level understanding of geometry is a play with ruler and compass on
the Euclidean plane. Conics constitute the last topic to be tackled in this manner
and the first that leads beyond its limits. The most prominent property of conics is
the existence of foci.

In non-Euclidean geometry, the scale on the drawing plane is not constant.So,
how can we define motions and determine congruency? We start by generating the
group of motions by defining reflections [1]. Reflections define perpendiculars, and
in Cayley-Klein geometries, a conic provides the reflections simply by requiring
its own invariance [1]. Reflection of tangents to this absolute conic yield other
tangents again, and the reflection of a point is the intersection of the reflection of
its two tangents to the absolute conic. Two lines are perpendicular if one is reflected
by the other onto itself. Such lines contain the others pole. The pole becomes the
common intersection of all perpendiculars of its polar.

Geometries can now be classified by their absolute conics. In Euclidean geom-
etry, this conic is a double line at infinity with complex fixed points, so it is not
prominent. The line at infinity contains the poles of all lines and is the polar of all
points. In Minkowski geometry, the fixed points are real, and become prominent in
their role as directions of the world lines of light signals [2]. In Galilei geometry,
these two fixed points coincide [5]. The Beltrami-Klein model of the hyperbolic
plane uses a regular conic. To adapt to our Euclidean habits, it has the form of a
circle. As we shall see, a conic acquires the properties of a circle when declared
absolute.

Publication Date: January 16, 2018. Communicating Editor: Paul Yiu.
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Left: Given a set of conics with two common tangents. The poles of any line passing the
vertex of the tangents are concurrent with this vertex. Right: Two conics define four

common tangents and generate a pencil of conics. Any two conics of the pencil have the
same quadrilateral of common tangents with the same six vertices and three diagonals

(dashed lines). The vertices are foci by this pole-collinearity property. If any conic of the
pencil is declared absolute, the foci obtain the familiar metric properties of a focus, too.

Figure 1. Confocal conics for real common tangents

2. Foci as properties of pairs of conics

The focus of a conic is characterized by a particular property of its pencil of
rays: The pole (with respect to the conic considered) of any line throughthe focus
lies on the perpendicular to the line in the focus. In other words, the poles ofa focal
ray with respect to the two conics (the considered and the absolute) are collinear
with the focus. This statement does not refer to the task of the absolute conicto
define perpendicularity. It solely uses the pole-polar relation of two conics.

Foci thus become properties of pairs of conics instead of a single conic and the
metric. Let us consider a tangent from the focus to one of the conics, so that its pole
is the contact point. The pole by the other conic can be collinear with this contact
point and the focus only when it lies on the tangent, too. That is, the line is tangent
to both conics. A focus must be an intersection of tangents common to the conics,
whether real or not. Consequently, the intersections of the common tangentsare
the foci (Fig. 1, left).

The foci of a pair of conics are the vertices of the quadrilateral of common
tangents. A pair of conics has six foci, more precisely three pairs of opposite foci.
Fig. 1, right, shows a pencil of confocal conics when all four common tangents are
real lines. The diagonal lines of the tangent quadrilateral form a self-polar triangle:
Its vertices and edges are pole-polar pairs (toall conics of the pencil). Its vertices
are also the diagonal points of the quadrangle of intersections of any two conics of
the pencil. Thus, the diagonal triangle is self-dual, too [3].
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The consideration of metric properties of foci requires the promotion of one
conic of the pencil as absolute, i.e. as generating the metric. For any other conic of
the pencil and any focus, we obtain the three familiar properties:
(1) All poles of a line through a focus are collinear with the focus. The line con-
necting the focus with the poles of the reference line is perpendicular to the latter,
independent of which conic of the pencil is taken as absolute.
(2) The lines through a focus are reflected in the tangents of any conic ofthe pencil
onto lines though the opposite focus, independent of which conic of the pencil is
taken as absolute.
(3) Yet more, the focus itself is reflected in the tangents of a chosen conic of the
pencil onto the points of a circle around the opposite focus, independentof which
conic of the pencil is taken as absolute. (This adds the gardener’s rule tooutline an
ellipse using a rope attached to two pegs in the foci of the ellipse.)

3. Being circle as a relation between conics

Circles are usually understood by metric considerations, in particular the con-
stant distance from some center. In non-Euclidean geometry, we refer tosimpler
projective properties. When symmetry is defined by an absolute conic, a circle
should be symmetric with respect to all reflections on the lines through some cen-
ter, i.e. the diameters. The tangents in the intersection of a diameter with the circle
should be perpendicular to the diameter, i.e. the pole of a diameter with respectto
the circle coincides with its pole relative to the absolute conic.

Again, we argue with the diameters tangent to the circle. The pole of such a
diameter with respect to the circle is the point of contact.

When the poles with respect to the circle and to the absolute conic have to co-
incide, the point of contact with the circle is equally the point of contact with the
absolute conic. A conic is a circle if it touches the absolute conic twice. The center
of the circle is the intersection of the two tangents in the points of contact.

A set of concentric circles has a common center and a common pair of points
of contact. This is the reason why any of the circles of the pencil can play the role
of the absolute conic without any change in the pencil. The defining structure is a
pair of tangents with a pair of contact points (Fig. 2). It is a quadrilateral formed by
the two tangents and the double line connecting the contact points. Any two conics
that show such a structure are circle with respect to each other. Two conics become
circles to each other if two pairs of their foci collide and thus become the (common)
midpoint of the circles. The third pair becomes the pair of contact points. In short:
Two conics are circles to each other if they touch twice.

4. Confocal conics

This is an example to demonstrate the scope of projective phrasing. In Euclidean
formulation, it is observed for two confocal ellipses that the tangents of theinner
one intersect the outer ellipse in two points. When the tangent is reflected at the
intersection point by the outer ellipse, it becomes the second tangent to the inner
ellipse from this point. The projective phrasing shows without toil that a hyperbola
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Left: When two pairs of foci coincide, the other pair becomes apair of contact points
common to all conics of the pencil. Its connection is the polar of the center (formed by the

collision of the two pairs) with respect to all conics of the pencil. Right: The poles of a
line passing the center coincide. We found the pencil of concentric circles.

Figure 2. Concentric circles for real common tangents and contact points

confocal to the ellipse yields the same, and that the unreflected absolute conic of
the Euclidean plane can be replaced by any other conic confocal with the two just
considered.

Given two conics,K andL, they define their foci as vertices of the quadrilateral
of common tangents. A third conicC is confocal to this pair, if it belongs to the
pencilκK + λL, i.e. if it is tangent to the common quadrilateral.

Proposition: Given the conicC which determines perpendicularity. Any tangent
t1 to K is reflected at the intersection with a confocal withK andC conicL by
the tangent toL into a tangentt2 to K. Proof: Any pointQ /∈ K determines
two tangentst1,2 to K, whether real or not. Some conicC is chosen to determine
perpendicularity. If the numbersα1,2 = 〈t1,2, Ct1,2〉 have the same sign, we obtain
the angular bisectors of the tangentst1,2 atQ as

w± ∝ √
α2 t1 ±

√
α1 t2

Both bisectors are tangents to conics confocal to the pair{K, C}, in particular

L± = 〈w±, Cw±〉K − 〈w±,Kw±〉C.
The contact pointsL±w± of the bisectors conicide with their intersection because
expansion yields

〈t1,2,L±w±〉 = 0.

We obtained for the pointQ two conicsL± which provide the required reflection
of t1 in t2. �

The two conics are determined by the quadrilateral of tangents of the pair{K, C}.
In addition, because the two conicsL± confocal to{K, C} do not change when
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In a pencil of confocal conics, the tangents
from any pointQ to any conicK are re-
flected into each other by both conicsL±

of the pencil that pass this point. At the in-
tersection points of two conicsL± of the
pencil, the two tangents toL± are perpen-
dicular if the absolute conic is anyone of
the pencil, too.

Figure 3. Tangents of confocal conics

another conic of the pencil is chosen as absolute, the angular bisectors are inde-
pendent of such a choice.

We conclude: In a pencil of confocal conics, a tangent to a conicK of the pencil
from a pointQ on any other conic of the pencil is reflected into the second tangent
from Q to K at the tangents of the (two) conics of the pencil inQ, independent of
which (third) conic of the pencil is promoted to serve as the metric-determining.

5. Summary

The definition of foci in non-Euclidean (precisely metric-projective) geometries
reveals a structure basically independent of the particular explicit metric properties.
The structure can be understood as a pure relation between conics.

(1) The quadrilateral of tangents common to two conics defines six points, which
reveal the familiar properties of foci. The two poles of a line through a focus are
collinear with the focus.

(2) The four lines of a quadrilateral define a pencil of conics touching the four
lines. The intersection point of the four lines are the foci for any pair of conics of
this pencil. Forany line through a focus, the poles with respect to all the conics of
the pencil arecollinear.

(3) The diagonal lines of the quadrilateral form a self-polar triangle: Itsvertices
and edges are pole-polar pairs (to all conics of the pencil). Its vertices are also the
diagonal points of the quadrangle of intersections of any two conics of thepencil.
Thus, the diagonal triangle is self-dual, too.

(4) Independent of which conic of the pencil is taken as absolute, the three cited
characteristics of foci are present.
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Revisiting the Quadrisection Problem of Jacob Bernoulli

Carl Eberhart

Abstract. Two perpendicular segments which divide a given triangle into 4 re-
gions of equal area is called aquadrisectionof the triangle. Leonhard Euler
proved in 1779 that every scalene triangle has a quadrisection with its triangular
part on the middle leg. We provide a complete description of the quadrisections
of a triangle. For example, there is only one isosceles triangle which has exactly
two quadrisections.

1. Introduction

In 1687, Jacob Bernoulli [1] published his solution to the problem of finding two
perpendicular lines which divide a given triangle into four equal areas.He gave a
general algebraic solution which required finding a root of a polynomial of degree
8 and worked this out numerically for one scalene triangle.

The question of whether Bernoulli’s polynomial equation of degree 8 has the
needed root in all cases is not answered completely. Leonhard Euler’s[2], in 1779,
wrote a22 page paper in which he gives a complete solution using trigonometry.

Figure 1.

Euler states his solution in a theorem which we paraphrase.

Theorem 1 (Euler 1779). Given a scalene triangle∆ABC with AB the side of
middle length, there is a quadrisectionXP andY Q intersecting in a pointO in
the interior of the triangle so thatX andY lie on sideAB and triangleXOY is
one of the4 areas of the quadrisection. The other areas of the quadrisection are
quadrangles.

Publication Date: January 17, 2018. Communicating Editor: Paul Yiu.
I want to thank my colleagues Dr. Fred Halpern and Aaron Raden for helpful discussions during

the writing of this paper.
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Euler does not claim that the triangular portion of a quadrisection must lie on the
side of middle length. Also, he does not appear to discuss whether there is more
than one quadrisection of a triangle, except to note that an equilateral triangle has
3 quadrisections. In fact, we will see there are lots of triangles with quadrisections
where the triangular portion lies on the shortest side, but no triangles having a
quadrisection with the triangular portion on the longest side.

This paper was written in latex using an account on cloud.sagemath.com. Some
animations designed to augment this paper can be found at

http://www.ms.uky.edu/ ˜ carl/sagelets/arcsoftriangles.html

2. Initial analysis.

Take any triangleT . We can scale and position it in the plane so that two vertices
A andB have coordinates(0, 0) and(1, 0) respectively and the third vertexC =

(h, ht) is chosen so that it is in the quadranth ≥ 1/2 andht > 0. Under these
assumptions, there is only one choice forC, (1/2,

√
3/2), if T is the equilateral

triangle.
If T is an isoceles triangle, then there are two possibilites: (1) if the vertex angle

is greater thanπ/3, thenC = (1/2, ht) with ht <
√
3/2 or C = (h,

√
2h− h2)

with 1/2 < h < 2, (2) if the vertex angle is less thanπ/3, thenC = (1/2, ht) with
ht >

√
3/2 orC = (h,

√
1− h2) with 1/2 < h < 1.

If T is a scalene triangle, then depending on how we choseAB, C will be in
one of three open regionsR1, R2, R3 respectively:

(1) If AB is the longest leg, then thenh2 + ht2 < 1,
(2) If AB is the middle leg, thenh2 + ht2 > 1 and(h− 1)2 + ht2 < 1, or
(3) If AB is the shortest leg, then(h− 1)2 + ht2 > 1

SinceAB can be any one of the 3 sides ofT , we know each of the three regions
above together with its boundary of isosceles triangles contains a unique copy of
each triangle up to similarity. Denote these sets byR1, R2, R3 respectively.

We can use inversion about a circle1 to match up a triangle in one region with its
similar versions in the other regions. Inversion about the unit circle interchanges
points in region 2 with points in region 1, and inversion about the unit circle cen-
tered at(1, 0) interchanges points in region 2 with points in the unbounded region
3. For example, letC be a point in region 2, and letC

′

be it’s inverse about the unit
circle centered at(1, 0). ThenC

′

is in region 1, andB,C,C
′

are collinear with
C betweenB andC

′

. FurtherBC BC
′

= 1. Using this, we see that∆ABC is
similar with∆C

′

BA. By the same reasoning, lettingC∗ denote the inverse ofC
about the unit circle, we get that∆ABC is similar to∆AC∗B.

Terminology: In what follows, when we refer to a triangleC = (h, ht), we are
referring to∆ABC with A = (0, 0), B = (1, 0), whereh ≥ 1/2 andht > 0.

1 Regarding points as vectors, theinverse of p = (x, y) about the circle of radius 1 centered
at c = (h, k) is p′ = c + (p − c)/(p − c)2 = (h + (x − h)/d, k + (y − k)/d), whered =
(x− h)2 + (y − k)2. https://en.wikipedia.org/wiki/Inversive_geometry

http://www.ms.uky.edu/~carl/sagelets/arcsoftriangles.html
https://en.wikipedia.org/wiki/Inversive_geometry
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Figure 2.

3. The equations for quadrisection of a triangle.

Regarding points as vectors, we writeX = xB, Y = (1− y)B, P = sC, and
Q = (1− r)B + r C for x, y, r, s ∈ [0, 1]. Now since area∆XPY = s/2ht x =

area∆ABC = ht/2, we see thats = 1/(2x). Similarly, r = 1/(2y). Note that
1/(2x) < 1, so1/2 < x and similarly fory. So1 < x+ y.

There are two equations which determinex andy:

(a) The area of triangle∆XOY is one fourth of the total area of the triangle.
Writing O = (x0, y0), this is the area equation4 y0(x + y − 1) = ht. We

can calculatey0 by writing O = uP + (1 − u)X = v Q − (1 − v)Y for some
u, v ∈ [0, 1]. Expand this out to get two linear equations inu, v. Solve foru to

getu =
(x+ y)− 1

(x+
s

r
y)− s

. Substitute this intoO = uP + (1 − u)X) and calculate

O1 = y0 = ht
1− (x+ y)

1− x

s
− y

r

= ht
1− (x+ y)

1− 2 (x2 + y2)
. Substitute this into the area

equation, divide both sides byht and simplify to get the

Area Equation: (Aeq) (x2 + y2) + 4 (x y − x− y) + 5/2 = 0

This equation has two solutions fory = y(x) in terms ofx, but the one we want
is y(x) = 2 − 2x +

√
12x2 − 16x+ 6/2. Notey(

√
2/2) = 1 andy(1) =

√
2/2.

Also y(5/6) = 5/6.
Note: In the duration,y(x) = 2− 2x+

√
12x2 − 16x+ 6/2.

(b) XP and Y Q are perpendicular. This means the dot product(Q− Y ) · (P −
X) = 0, or (h s− x, ht s) · (h r − r + y, ht r) = 0.

Substitutes = 1/(2x), r = 1/(2 y) and simplify to get the

Perpendicularity Equation: (Peq)
(

x2 − h/2
)(

y2 − (1− h)/2
)

= (ht/2)2
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To use Peq(h, ht) to find all the quadrisections of a particular triangleT , substi-
tutey = y(x) into Peq(h, ht) and solve the resulting equation inx for each(h, ht)
(with h ≥ 1/2, ht > 0) which is similar toT . The total number of solutions is the
number of quadrisections.

4. Peq viewed as a 1-parameter family of circular arcs

If instead of setting the values forh andht in Peq(h, ht) , set the value ofx
between

√
2/2 and1, and then sety = y(x), thenAeq is satisfied and we have fixed

the baseY X onAB of the triangular part of a quadrisection. ThenPeq(x,y(x)) is
a quadratic equation inh andht, which if we rewrite in the form

Peq(x, y(x)) : ht2 +
(

h− (x2 − y(x)2 + 1/2)
)2

=
(

x2 + y(x)2 − 1/
)2

we recognize as the circleCir(x) in theh, ht plane with centerX(x) = (c(x), 0)
and radiusr(x) = x2 + y(x)2 − 1/2, wherec(x) = x2 − y(x)2 + 1/2.

The arcArc(x) of the circleCir(x) that lies in the quadranth ≥ 1/2, ht >
0 consists of all triangles(h, ht) with a quadrisection with baseY X = [(1 −
y(x), 0), (x, 0)]. Arc(

√
2/2) lies in the unit circle, and forms the lower boundary

of Region 2, andArc(1) lies in the unit circle centered at(1, 0) and forms the
upper boundary of Region 2. Let(1/2, z(x)) be the terminal point onArc(x),
and letθ(x) be the radian measure of∠(1/2, z(x))(c(x), 0)(2, 0). So θ(x) =

arccos((1/2− c(x))/r(x)), andz(x) =
√

r(x)2 − (1/2− c(x))2.
Let Arcs denote the union of all arcsArc(x). The triangles(h, ht) ∈ Arcs are

precisely the triangles which have a quadrisection with the triangular portion on
[(0, 0), (1, 0)].

4.1. A useful mapping.LetD = {(x, θ)|x ∈ [
√
2/2, 1], θ ∈ [0, θ(x)]}.

We define a mappingF fromD ontoArcs by

F (x, θ) = (c(x) + r(x) cos(θ), r(x) sin(θ)).

F maps each segment[(x, 0), (x, θ(x))] in D 1-1 onto the corresponding arc
Arc(x).

A small table of values
x y(x) c(x) r(x) θ(x) F (x, θ(x)) = (1/2, z(x))√
2/2 1 0 1 π/3 (1/2,

√
3/2)

5/6 5/6 1/2 8/9 π/2 (1/2, 8/9)

1
√
2/2 1 1 2π/3 (1/2,

√
3/2)

The Jacobian determinant ofF is |J
F
(x, θ)| = c′(x)r(x) cos(θ) + r′(x)r(x).

This vanishes on the curveJ0 = {p(x)|x ∈ [
√
2/2, 1]}, where

p(x) = (x, arccos(−r′(x)/c′(x)).

D \ J0 is the union of two disjoint relatively open setsU , andV in D, with
(
√
2/2, 0) ∈ U . LetD1 = U ∪ J0 andD2 = V ∪ J0. See the diagram.D1 andD2

are both topological closed disks, with boundaries∂D1 = S1 ∪S2 ∪S3 ∪ J0 ∪C1,
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and∂D2 = J0 ∪ S1 ∪ C2 as shown in the diagram. It follows from the definition
of F that it is 1-1 on each ofD1 andD2.

Note thatF (S1∪S2) = Arc(1), F (S4) = Arc(
√
2/2), F (S3) = [(1, 0), (2, 0)]

(not corresponding to any triangles), and

F (C1) = F (C2) = [(1/2,
√
3/2), (1/2, 8/9)].

F (J0) is the concave up portion of the upper boundary ofF (D1). Each arcArc(x)
for x ∈ [5/6, 1] is tangent to it, soF (J0) is the envelope2 of those arcs.

LetR4 denote the closed disk with boundaryF (J0)∪F (C1)∪F (S4)∪F (S3)∪
F (S2), andR5 the closed disk with boundaryF (J0) ∪ F (S1) ∪ F (C1). Then
R4 ⊃ Arcs, andR5 ⊂ R3 with R5 ∩R4 = F (J0)

Lemma 2. The transformationF mapsD1 homeomorphically onto the closed disk
R4 ⊃ R1, andD2 homeomorphically ontoR5.

Proof. F maps the boundaries∂D1 and∂D2 onto the boundariesR4 andR5, re-
spectively. Consequently, it follows from the Brouwer invariance of domain theo-
rem3, thatF (D

i
) is the closed disk enclosed byF (∂D

i
) for i = 1, 2. �

0.75 0.8 0.85 0.9 0.95 1
0

0.5

1

1.5

2

D1

D2

J0

C1

C2
S1

S2

S3

S4

p(1)
p(
√

2/2)

√
2/2

Figure 3.

Note that the orientation of∂D2 is the reverse of the orientation ofF (D2). This
is because|dF | < 0 onD2. F foldsD2 over alongJ0 and fits it ontoF (D2).

0.5 0.52 0.54 0.56 0.58 0.6 0.62 0.64

0.8

0.82

0.84

0.86

0.88

0.9

0.92

0.94

I2

E

I1

F(J0)

F(C1) =F(C2)

F(S1)

F(S2)

F(S4)

F(D1)

F(D2)

Figure 4.

2https://en.wikipedia.org/wiki/Envelope_(mathematics )
3https://en.wikipedia.org/wiki/Invariance_of_domain

https://en.wikipedia.org/wiki/Envelope_(mathematics)
https://en.wikipedia.org/wiki/Invariance_of_domain
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SinceF (D1) containsR1, we have another proof of Euler’s theorem. In fact,
sinceF (D2) ∩R1 = ∅, we have a stronger version.

Theorem 3. Each scalene triangleT hasexactly one quadrisection whose trian-
gular portion lies on the middle leg ofT and no quadrisection whose triangular
portion lies on the longest leg ofT .

Proof. Scale and positionT so that its vertices are(0, 0), (1, 0), C with C =

(h, ht) ∈ R1. Then sinceR1 ⊂ F (D1), (x, θ) = F−1(h, ht) gives a quadrisection
of T with its triangular portion on its middle leg. But alsoF (D2) = R4 ⊂ R2, and
R2 ∩ R1 = ∅ soT has only the 1 quadrisection with it’s triangular portion on the
middle leg. and no quadrisection with its triangular portion on the shortest leg.�

4.2. Counting the quadrisections of a triangle.

Definition. Let Quads(T ) denote the number of quadrisections of the triangleT . If
(h, ht) is a point withh ≥ 1/2, ht > 0 such thatT is similar to∆A(0, 0)B(1, 0)C(h, ht),
then we write Quads(h, ht)=Quads(T ).

Theorem 4. (Quadrisection theorem for triangles) LetT be a triangle. LetC =

(h, ht) be the unique triangle inR2 similar toT . LetC ′ = (h′, ht′) be the inverse
ofC about the unit circle with center(1, 0).

(1) If C ′ ∈ F (D2) \ F (J0) then Quads(T )= 3.
(2) If C ′ ∈ F (J0) andC ′ 6= I1, then Quads(T )= 2.
(3) Otherwise (that is, ifC ′ /∈ F (D2) or C ′ = I1), then Quads(T )= 1.

Proof. Assume case 1.F (D2) \ F (J0) is doubly covered, once byD2 \ J0 and
once byD1. SoT has two quadrisections with the triangular part on a shortest
side. SinceT also has a quadrisection with the trianglular part on its middle side,
Quads(T )= 3.

Assume case 2.F (J0 \ {p(
√
2/2)}) is covered once byF . SoT has a single

quadrisection with the triangular portion on the shortest side. SinceT also has a
quadrisection with the trianglular part on its middle side, Quads(T )= 2

Assume case 3. IfC ′ /∈ F (D2) thenT has only the quadrisection with triangular
part on a middle side. IfC ′ = C = I1 = F (p(

√
2/2)), thenArc(1) is the only arc

that containsC ′. So Quads(T )= 1. �

The isoseceles trianglesI1 and I2 occupy interesting positions amongst the
isosceles triangles. The vertex angle ofI1 is greater thanπ/3 and it has only 1
quadrisection. Any other isosceles triangle with these 2 properties has a larger ver-
tex angle.I2 is interesting because it is the only isosceles triangle with exactly 2
quadrisections. But also, one of the quadrisections is rational, that is, thevertices
of the triangle and the endpoints of the segments forming the quadrisection are
rational.

Question 1. Is there another triangle with rational vertices and a rational quadri-
section?
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(7/10, 8/15)(3/10, 8/15)

(1/2, 8/9)

θ=58. 72

(0, 0) (1, 0)(1/6, 0) (5/6, 0)

The isosceles triangle I2 with 2 quadrisections

(1/2, 1/3)

(1, 0)(0, 0)

θ=65. 53

The isosceles triangle I1

(2−
√
2 ,

√
2 (
√
2 − 1)

Figure 5.

5. The space of triangles

Let Υ be the set{(h, ht) | 1/2 ≤ h < 2, ht > 0, with
√
1− h2 ≤ ht ≤

√

h(2− h)}, with the subspace topology from the Cartesian plane. As observed
earlier, every triangle is similar to exactly one triangle[A(0, 0), B(1, 0), C(h, ht)]
with (h, ht) ∈ Υ. So it is natural to callΥ the space of triangles. In that space,
we see that the reflection ofT (J0) about the circle of radius 1 centered at(1, 0)
is an arcS2 of scalene triangles fromI1 to the reflection ofI2 which is C =

(175/337, 288/337). All these have Quads(C)= 2, except Quads(I2)= 1. This
arc separatesΥ into two relatively open setsU andV , with the equilateral triangle
E = (1/2,

√
3/2) ∈ U . Quads(C)= 3 for eachC ∈ U , and Quads(C)= 1 for

eachC ∈ V .

Figure 6.

Note that the vast majority of triangles have only one quadrisection, and the only
ones that have more than one quadrisection are very near the equilateraltriangle.
It also gives a useful way to visualize the position of certain classes of triangles in
the space, such as the isosceles triangles, which form the boundary of the space.
Where does the classΥ

π/2 of right triangles sit inΥ? Since the points(1, ht) with
ht > 1 lie in region 3, they invert onto the points(1, 1/ht), so it is simply the
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vertical segment((1, 0), (1, 1)] in Υ. Topologically, it separates the spaceΥ into
two pieces. The right hand piece consists of all triangles with an obtuse angle; the
left hand piece all triangles with all angles acute. Similarly, the classΥ

θ
for all θ

with π/2 ≤ θ < π is a segment inΥ separating it into two pieces. If0 < θ ≤ π/2,
then one works out thatΥ

θ
consists of a radial segment inΥ together with a circular

arc inΥ which separatesΥ into three pieces.
There are two angles of particular interest:

1) the vertex angleθ of I2, which we have calculated asθ ≈ 58.72◦. Any triangle
with an angle at leastθ has only the one quadrisection.
2) the vertex angle ofI1, which we have calculated asθ ≈ 65.53◦

6. Further Questions.

This half-lune model for the space of triangles is reminiscent of the Poincare
model for the hyperbolic plane. Since no two triangles are similar in the hyperbolic
plane, there are more triangles to quadrisect. This suggests that the quadrisection
problem may be more delicate to solve completely in the hyperbolic plane.

Question 2. What is the analogue for Theorem 3 in the hyperbolic plane?

Our discussion of the quadrisection problem for triangles naturally leads tothe
question of determining the quadrisections of any convex polygon. Investigating
this question leads to the following conjecture.

Conjecture. A convex2n+1-gonR has at most2n+1 quadrisections. Further, if
R is ’sufficiently close to’ the regular2n+1-gon, thenR has2n+1 quadrisections.

7. Historical notes

7.1. Bernoulli’s solution.Bernoulli worked in a time before the use of Cartesian
geometry had become widespread, so it is not surprising that he did not coordi-
natise and normalize the problem. In any case, he did obtain a method for con-
structing triangles and their quadrisections. However, it is not made clear that the
construction produces all possible triangles.

Using Bernoulli’s labeling of the triangle, letAC = a, CB = b, BA = c,
KB = d, KC = e, KA = f , CD = x, AF = y. Note that Bernoulli’sx
andy are oury andx. Bernoulli derives versions of the area and perpendicularity
equations:

Bernoulli’s equations: y2 = 4 a y − 4x y − 2
1

2
a2 + 4 a x − x2 andy2 =

±1

2
a f +

a2 d2

4x2 ± 2 a e
.

If we normalize these equations by lettinga = 1, thend = ht, f = h, e =

1− h, and Bernoulli’s equations are ourAeq and Peq(h, ht) . He then reduces his
equation to a polynomial equation in one variable of degree 8. If we normalizeby
lettinga = 1, then the polynomial ’simplifies’ to
p(x) = x8 − 8x7 + (3b2 − 3c2 + 17)x6 − 2(b2 − c2 + 5)x5

− 1

4
(3b4 − 6b2c2 + 3c4 + 38b2 − 24c2 + 17)x4

+ (b4 − 2b2c2 + c4 + 12b2 − 6c2 + 5)x3 + 1

4
(4b4 − 5b2c2 + c4 − 7b2 − 1)x2
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Figure 7. Bernoulli diagram

− 1

2
(4b4 − 5b2c2 + c4 + 5b2 − 2c2 + 1)x

+
3

4
b4 − 3

4
b2c2 + 3

4
b2 − 1

8
c2 + 1

16
c4 + 1

16
= 0.

Bernoulli describes a method for constructing simultaneously a triangle and a
quadrisection using the area and perpendicularity equations, and illustrates it by
constructing a triangle witha = 484, b = 490, c = 495, x = 386. Checking this
with his normalized polynomial, we getp(386/484) 484 = 2.85, which is not0
but relatively close to0. The correct value rounded to two decimals for thisx is
x = 368.86. This triangle is close enough to equilateral that it has 3 quadrisections.

7.2. Euler’s clarification. Euler chooses to use anglesα, β, γ, φ in his analysis.

Figure 8. Euler’s diagram

Using the diagram, letAX = x, Y B = y, f = cotα, g = cotβ,andt = tanφ.
Then he shows thatx = k

√

f + 1/t, y = k
√
g + t, wherek2 denotes the area of

the triangle. Next he obtains a single equation in the unknownt:
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Euler’s equation

√

f +
1

t
+

√
g + t−

√

2 (f + g) =

√

1 + t2

2 t
Euler then makes use of the equation to construct a lengthy direct proof ofhis

theorem that every scalene triangle has a quadrisection with its triangular part on
the middle side.

He also shows how to use his equation to estimate the valueφ to the nearest
second for the right triangle with sides2, 1,

√
5 and also calculatesx = 1.5146.

This right triangle, as with all right triangles, has only one quadrisection, and the
correct value forx rounded to 5 decimals isx = 1.51443, so his estimate is pretty
close.

7.3. An explanation of interest.I became aware of the triangle quadrisection prob-
lem when looking up biographical information about Jacob Bernoulli in connec-
tion with a fictional story (An Elegant Solution, by Paul Robertson, 2013) about a
young Leonard Euler and the Bernoulli brothers, Johann and Jacob.Several entries
mentioned this as his contribution to geometry. It is interesting that both mathe-
maticians in this story wrote papers on this same subject.
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Areas and Shapes of Planar Irregular Polygons
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Abstract. We study analytically and numerically the possible shapes and areas
of planar irregular polygons with prescribed side-lengths. We give an algorithm
and a computer program to construct the cyclic configuration with its circum-
circle and hence the maximum possible area. We study quadrilaterals with a
self-intersection and prove that not all area minimizers are cyclic. We classify
quadrilaterals into four classes related to the possibility of reversing orientation
by deforming continuously. We study the possible shapes of polygons withpre-
scribed side-lengths and prescribed area.

In this paper we carry out an analytical and numerical study of the possible
shapes and areas of general planar irregular polygons with prescribed side-lengths.
We explain a way to construct the shape with maximum area, which is known to
be the cyclic configuration. We write a transcendental equation whose root is the
radius of the circumcircle and give an algorithm to compute the root. We provide
an algorithm and a corresponding computer program that actually computesthe
circumcircle and draws the shape with maximum area, which can then be deformed
as needed. We study quadrilaterals with a self-intersection, which are the ones
that achieve minimum area and we prove that area minimizers are not necessarily
cyclic, as mentioned in the literature ([4]).

We also study the possible shapes of polygons with prescribed side-lengths and
prescribed area. For areas between the minimum and the maximum, there are two
possible configurations for quadrilaterals and an infinite number for polygons with
more than four sides.

The work was motivated by the study of two Codices, ancient documents from
central Mexico written around 1540 by a group called the Acolhua ([9],[10] or
online [3]). The codices contain drawings of polygonal fields, with their side-
lengths in one section and their areas in another. We had to find out if the proposed
areas were correct and to confirm the location of some of the fields.

The fields are not drawn to scale and it is not known how the Acolhua com-
puted (or measured) areas. There are no angles or diagonals therefore we could not
compute the actual areas but one thing we could do was compute maximum and
minimum possible areas for the given side-lengths and say the areas in the docu-
ments were feasible if they were between those two values. Maxima are easy to
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find for quadrilaterals by applying Brahmagupta’s formula ([5], [6]) but we could
not find in the literature a formula for the maximum possible area of polygons with
more than four sides. There are some results in [8] but not a formula. We could
also not find a complete treatment of minima in the literature.

The study of the documents also required an analysis of the possible shapes of
polygons with prescribed side-lengths and area to try to localize the fields. For
polygons with more than four sides there is no easily available, explicit formula
for this. We explain the mathematics of the problem, provide an algorithm to find
the possible shapes and a computer implementation in javascript of the algorithm.

Observe that finding areas of polygons is just an application of calculusif the
coordinates of the vertices are known but the problem we are addressing here is,
what can be done when only side-lengths are known, not angles, diagonals or co-
ordinates. The question is relevant in surveying, architecture, home decorating,
gardening and carpentry to name but a few.

For some quadrilaterals it is possible to change orientation by deforming con-
tinuously and in others it is necessary to perform a reflection. This observation led
to a classification of quadrilaterals into four classes.

The case of triangles is special because they are the only rigid polygons,that is,
the shape and area are determined by the side-lengths. Also, all triangles can be
inscribed in a circle whose center is located at the intersection of the perpendicular
bisectors. If the side-lengths are calleda, b, c the area is given by Heron’s Formula,

A
H
(a, b, c) =

√

s(s− a)(s− b)(s− c) (1)

wheres =
1

2
(a + b + c) is the semi-perimeter. In what follows we will discuss

polygons with more than three sides.

1. Computing the shape with maximum area for any polygon

In this section we will describe how to compute the maximum possible area of
a planar polygon withn sides and how to construct the shape with maximum area
given its ordered side-lengths. It is well-known that no side-length can be larger
than the sum of the others if they are to form a closed polygon. We will call thisthe
compatibility condition. It was proved in [4] that the configuration with maximum
possible area is given by the cyclic polygon, that is, the configuration thatcan be
inscribed in a circle. The problem is that we do not knowwhichcircle; we do not
know its center or its radius. We will solve this problem in the present section.

We will first give an analytical solution for quadrilaterals and then describe an
iterative method that works for any polygon and its numerical implementation.

Analytic solution for n=4: Circle-Line construction.For n = 4, Bretschneider’s
formula gives the (unoriented) areaA of a quadrilateral with side-lengthsa, b, c, d
and opposite anglesα andγ as

A =

√

(s− a)(s− b)(s− c)(s− d)− abcd cos2(
α+ γ

2
), (2)

wheres = (a+ b+ c+d)/2, see Figure 1. Observe thatA is always non-negative.
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Figure 1. Two examples of a quadrilateralABCD.

The maximum value of this expression is

A
max

=
√

(s− a)(s− b)(s− c)(s− d), (3)

and it is attained when the sum of either pair of opposite angles isπ radians, that
is, when the quadrilateral es cyclic. But this does not give directly the coordinates
of the shape with maximum area.

There is a formula for the vertices of the shape with maximum area which is
described in [6] SI Appendix p.414, for a quadrilateral with given side-lengths
a, b, c, d and prescribed areaA

c
. We give here the geometric idea.

As explained in [6], vertexA is placed at the origin and vertexD at (a, 0); it
remains to find the coordinates of verticesB andC. The coordinates of vertexB
are(u, v) and of vertexC, (w, z) (see Figure 2).

�

�

Figure 2. Shape with maximum area of a quadrilateral with side-lengths 4,6,4,7
arbitrary units.

After some lengthy computations with analytic geometry which we include in
Appendix A, it is shown that vertexB is given by the intersection of a circleC of
radiusb and center at the origin, and a lineL which depends on the side-lengths and
on the prescribed areaA

c
. The maximum area is attained when the line is tangent
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to the circle. The coordinates of vertexB are given explicitly and the coordinates
of vertexC and found from the lengths of the remaining sides.

Figure 2 shows an example of maximum area produced using a program we
wrote using routines from JSXGraph which can be found under “Circle-line con-
struction” in www.fenomec.unam.mx/ipolygons. The value of the maximum area
can be computed from equation (3). In this example, in arbitrary unitsa = 4,
b = 6, c = 4, d = 7 therefores = 1

2
(4+6+4+7) = 21/2 and the maximum pos-

sible area is approximately 25.8 square units. The program allows the computation
of theshapewith maximum area.

The construction also shows that ifA
c
> A

max
then the line and circle do

not intersect and hence no quadrilateral exists with those side-lengths and area. If
A

min
< A

c
< A

max
thenL intersectsC twice giving two possible shapes for the

given quadrilateral data. HereA
min

represents the minimum possible area. We
will say more about it later.

We recommend playing with the computer program to understand the construc-
tion and its implications.

Iterative method for anyn ≥ 3 and its numerical implementation.For n > 4

there is no explicit formula for the center or radiusr of the circumcircle of the
configuration with maximum area.

We describe here an iterative method that works for anyn ≥ 3 for finding the
circumcircle and thus the maximum area of the polygon and the coordinates of its
vertices.

Observe first that the center of the circumcircle of a cyclic polygon can bein-
side, outside or on the boundary of the polygon, as illustrated in Figure 3, and this
determines how the circumcircle is computed.

Figure 3. Position of the center of the circumcircle.

Now considern side-lengthsa1, a2, . . . , an that satisfy the compatibility condi-
tion, placed in clockwise order in the shape of maximum area.

Referring to Figure 4, by the cosine rule

a2
j

= 2r2 − 2r2 cos θ
j

therefore

cos θ
j
=

2r2 − a2
j

2r2
.

It is not knowna priori if the center of the circumcircle will be inside or outside
the polygon. If it is inside the polygon (Figure 4, left), then

∑

n

j=1
θ
j
= 2π and
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Figure 4. Determination ofr when the center of the circumcircle is inside (left)
and outside (right) the polygon.

therefore
n

∑

j=1

Arccos(1−
a2
j

2r2
) = 2π.

From this observation we define a functionF1(r) whose root is the radius of the
circumcircle when the center is inside the polygon:

F1(r) =

n

∑

j=1

Arccos(1−
a2
j

2r2
)− 2π = 0. (4)

We have used the normal convention that Arccos refers to the principal branch and
arccos refers to the secondary branch which is given by2π − Arccos.

If the center of the circumcircle is outside the polygon (Figure 4, right) the
angle subtended at the center by the longest side is equal to the sum of the angles
subtended by the other sides, or equivalently, the inverse cosine of the longest side
has to be taken in the secondary branch. We define another function,F2(r) whose
root is the radius of the circumcircle when the center is outside the polygon. If we
call a

k
the longest side,

F2(r) =

n

∑

j 6=k

Arccos(1−
a2
j

2r2
) + arccos(1− a2

k

2r2
)− 2π

=

n

∑

j 6=k

Arccos(1−
a2
j

2r2
) + 2π − Arccos(1− a2

k

2r2
)− 2π

=

n

∑

j 6=k

Arccos(1−
a2
j

2r2
)− Arccos(1− a2

k

2r2
)

= 0. (5)

The radius of the circumcircle,r
M

, is the root ofF1(r) in the first case and of
F2(r) in the second. If the center of the circumcircle is on the boundary of the
polygon then both expressions coincide. One would normally look for the root
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numerically using a Newton method. However, in this case the graphs ofF1 and
F2 are almost vertical at the root and a Newton method is not adequate. A bisection
method or quasi-Newton will work as long as one can find an interval[r

l
, r

r
] that

contains the root, that is, two values,r
l
, r

r
such that the function has opposite signs

at r
l
andr

r
. The valuer

l
is easy to find because the inverse cosine is only defined

between -1 and +1. Therefore, for allj,

−1 ≤ 1−
a2
j

2r2

and sor ≥ a
j
/2 and the minimum positive value ofr for which F1 andF2 are

defined isr
l
= max

j
(a

j
/2). Findingr

r
is not so easy because when one side of

the polygon approaches the sum of the others, the radius of the circumcircle tends
to infinity.

The graphs ofF1 from equation (4) andF2 from equation (5) for side-lengths
6,7,8,9,10 units are shown in Figure 5 and for side-lengths 9,9,9,9,29 in Figure6.

F F
1 2

r
M

Figure 5. Graph ofF1 (left) andF2 (right) for side-lengths 6,7,8,9,10. OnlyF1

has a root, which isrM , the radius of the circumcircle.

F
1

M

F
2

Figure 6. Graph ofF1 (left) andF2 (right) for side-lengths 9,9,9,9,29. OnlyF2

has a root,rM , the radius of the circumcircle.
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If F1 has a root then the center is inside the polygon andF2 does not have a
root. Otherwise,F2 has a root and the center is outside the polygon (see the proof
in Appendix B.)

Once the radiusr
M

of the circumcircleC
rM

is calculated, then the area of the
polygon with maximum area can be computed for instance by triangulating as in
Figure 4 . The area of each triangle can be computed from Heron’s formula and
we obtain, ifr

M
was computed fromF1,

A =

n

∑

i=1

A
H
(a

i
, r

M
, r

M
)

and if r
M

was computed fromF2,

A =

n

∑

i=1

i 6=k

A
H
(a

i
, r

M
, r

M
)−A

H
(a

k
, r

M
, r

M
).

To draw the polygon with maximum area first drawC
rM

with center at the origin.
Then it is easiest to start with the longest side,a

k
, place its right end at the point

P = (r
M
, 0) and mark the two intersections ofC

rM
with the circle of centerP

and radiusa
k
. Call i1 the intersection in the lower semicircle andi2 the one in

the upper semicircle (see Figure 7.) IfF1(rM ) = 0 then the left end of sidea
k

is
placed ati1 and ifF2(rM ) = 0 then it is placed ati2. The remaining vertices can be
found by marking onC

rM
the side-lengths in clock-wise order. The coordinates of

all the vertices can be calculated from this construction since they are intersections
of C

rM
with circles of radiusa

j
and center at the previous vertex. The figure can

then be rotated or translated as needed.

(0,0)
P

1
i

2
i

k
a

r
M

�

(0,0)
P

1
i

2
i

k
a

r
M

�

Figure 7. Generic construction of the shape with maximum area whenF1 has
root (left) and whenF2 has root (right).

An implementation of this using javascript can be found in
www.fenomec.unam.mx/ipolygons under “Build your own polygon”.

Figure 8 shows the shapes corresponding to figures 5 and 6.

2. Note on oriented area

Now that we have the coordinates of the vertices, we could choose to compute
the maximum area from the Shoelace formula ([7]), which is just an application
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Figure 8. Shapes with maximum area for pentagon with sides 6,7,8,9,10(left)
and 9,9,9,9,29 (right).

of Green’s Theorem. We already have the area from triangulation and Heron’s
formula but that is an unoriented area, it does not take into account the orientation
of the sides. The Shoelace Formula does take orientation into account. For a
polygon with verticesA0 = (x0, y0), A1 = (x1, y1), . . ., An

= (x
n
, y

n
) this

formula can be written as

Area=
1

2
[(x0y1+x1y2+x2y3+ · · ·+x

n
y0)−(x1y0+x2y1+x3y2+ · · ·+x0yn)]

(6)
which is more easily remembered when written as in [7], shown in Figure (9).

y

y

y

y

0 0

1 1

2 2

0 0

x

x

x

x

x

n yn

Area=
1

2

Figure 9. Shoelace formula

Arrows going up represent the products in the first bracket and arrows going
down the products in the second bracket of (6). This gives a positive area if sides
are taken in the positive direction, that is, counter-clockwise and negative other-
wise.

We have actually used clockwise orientation as the positive one to be consistent
with the data bases of the codices we created before.
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The concept of oriented area is needed in the following sections.

3. Minima of irregular quadrilaterals

A quadrilateral is feasible if its prescribed area is between the maximum and
the minimum possible values. To study minima of quadrilaterals one has to decide
first whether to accept figures with self-intersections. If not, then the minimum will
be attained by the smallest triangle into which the quadrilateral degenerates asthe
angles are moved (see Figure 10 for an example). This has been studied in[2] for
any polygon. If self-intersections are admitted then one has to include the notion
of signed area which was mentioned in the previous section.

Figure 10. Two possible minima without self-intersection,ABCD and
AB′C′D, for quadrilateral with side-lengths 4,6,4,7. The side-lengths are the
same as in Figure 2.

Decomposing the quadrilaterals in Figure 1 into two triangles we obtain

A =
1

2
ab sinα+

1

2
cd sin γ

which gives area△ABD + area△BCD if angleγ is less thanπ radians and area
△ABD − area△BCD if γ is more thanπ radians because sine is then negative.

For quadrilaterals with self-intersections (see Figure 11) Bretschneider’s For-
mula (equation (1)) yields the absolute value of the difference of the areasof the
triangles ABE and EDC because triangleBED cancels out and because the for-
mula computes the square root of the square of the area, which is the absolute
value. We call this figure a quadrilateral with self-intersection or bow-tie because
it arises by deforming a convex quadrilateral and its area is thedifferenceof the
areas of the two parts.

The minimum value of (2) is

AB
min

=
√

(s− a)(s− b)(s− c)(s− d)− abcd (7)
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Figure 11. Quadrilateral with self-intersection or bow-tie ABCD.

but not all figures can achieve this theoretical minimum. If the expression inside
the radical is negative, thenAB

min
is not defined over the reals and the minimum

area,A
min

, is zero. WhenAB
min

is achieved,α+ γ = 2π hencecos2(α+γ

2
) = 1

and the self-intersecting quadrilateral is cyclic. See appendix C for the proof. In
reference [4] it is said that minima are cyclic but this is not always the case.It is
only true when(s−a)(s−b)(s−c)(s−d)−abcd ≥ 0. If (s−a)(s−b)(s−c)(s−
d) − abcd cos2(α+γ

2
) becomes zero for someα + γ < 2π then that configuration

achieves the minimum area and it is NOT cyclic.
Minimum areas of quadrilaterals can also be studied using the construction given

in [6]. A quadrilateral with given side-lengths and prescribed areaA
c

is obtained
from the intersection of the circle and line from section 1. Let us analyze what
happens whenA

c
goes from∞ to 0 for a quadrilateral with fixed side-lengths.

The slope of the line is−P/Q whereQ = 4aA
c

hence the line is horizontal for
infinite area and gradually becomes more inclined until it becomes vertical at area
A

c
= 0, except whenP = 0, in which case the line is always horizontal1. If

the sides do not satisfy the compatibility condition and hence no quadrilateral ex-
ists then the line never intersects the circle. Otherwise, the line becomes tangent,
giving the configuration with maximum area, then intersects the circle twice, giv-
ing the two possible shapes of the quadrilateral with the prescribed area and then
two things can happen: the line can become vertical before leaving the circlein
which caseAB

min
is not achieved and the minima are not cyclic (see Figure 12)

or the line can again become tangent to the circle, leave, and then become verti-
cal. This other point of tangency gives the cyclic configuration with areaAB

min

(see Figure 13.) We strongly recommend going to “Circle-line construction” in
www.fenomec.unam.mx/ipolygons and playing with different side-lengths.

If (s − a)(s − b)(s − c)(s − d) − abcd > 0 thenA
min

is given by equation
(7) otherwise,A

min
= 0. The coordinates of the vertices of the quadrilateral with

minimum area are obtained by lettingA
c
= A

min
in the circle-line construction.

As far as we know there is no known formula for the minimum area of a polygon
with more than four sides and self-intersections.

1If a = c andb = d thenP = 0 and there is an infinite number of configurations with area 0.
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�

�

Figure 12. Two configurations with area zero of bow-tie with side-lengths
4,6,4,7. These minima are not cyclic.

�

�

(u,v)

(w,z)

Figure 13. Bow-tie with side-lengths 8,8,8,6 and minimum area. This configu-
ration is cyclic.
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4. Polygonal shapes determined by angles and areas

In this section we consider a polygon with fixed side-lengths and study how its
shape depends on the prescribed area.

4.1. Case n=4.Again the method from [6] described in Section 2 provides the
coordinates of the vertices of the quadrilateral with any prescribed areabetween
the maximum and the minimum. You can view an animation of this under “Circle-
line construction (movie)” in www.fenomec.unam.mx/ipolygons.

Another way to compute the possible areas and shapes of a quadrilateral ifco-
ordinates are not needed is by using angle-area graphs. Referring toFigure 1, if
angleα is given then by the cosine rule:

a2 + b2 − 2ab cosα = BD
2
= c2 + d2 − 2cd cos γ

and therefore

γ(α) = arccos

(−a2 − b2 + c2 + d2 + 2ab cosα

2cd

)

, (8)

where the inverse cosine can be in the principal or secondary branch.
Renaming constants and using (8), (1) can be written as

A(α) =

√

C1 − C2 cos
2

(

α+ γ(α)

2

)

. (9)

whereC1 = (s− a)(s− b)(s− c)(s− d) andC2 = abcd.
To find the shape if side-lengths and area are given we can plotα vsarea from

equation (9) and read the values of the angle for a given area. We showexamples
of this in Figures 14 and 15, where we use Bretschneider, unoriented area.

The first hump of Figure 14 corresponds toα between 0 andπ and the second
to α betweenπ and2π. Points I, III, IV correspond to quadrilaterals in the upper
half-plane; points II, V, VI to quadrilaterals in the lower half-plane. PointsVII
and VIII correspond to degenerate quadrilaterals. There are two possible configu-
rations for any area between the minimum and the maximum in each half-plane or
equivalently, two with clockwise orientation and two with counterclockwise orien-
tation.

Figure 15 shows only values ofα between 0 andπ. Again each point on the
angle-area graph corresponds to a different shape. Observe again that for a fixed
orientation there is a unique shape with maximum and minimum area and two
different shapes for areas in between. Also, there are two possible areas for each
value of angleα; this is because angleγ can have two possible values depending
on the branch of the inverse cosine.

If a more accurate value ofα is required one can solve forα from equation (9)
given a prescribed areaA to obtain

α+ γ(α) = 2 arccos





√

C1 −A2

C2



 .
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Figure 14. Angle-area graph and corresponding shapes for quadrilateral with
side-lengths 8,8,8,8. Figures I and II correspond to the shapes with maximum
area, I with sides in clockwise order and II with sides in counterclockwise order.
Figures III to VI have the same area, III and VI in clockwise order, V and VI in
counterclockwise order. Figures VII and VIII are degenerate cases with area 0.

and then use a Newton method to solve forα.
If we use oriented (Shoelace) area, angle-area graphs have a positive and a neg-

ative region. The negative region comes from changing the orientation ofthe sides.
In some quadrilaterals it is possible to go from one orientation to the other by con-
tinuously deforming the shape, without reflecting. In others it is not.

This is best studied by identifying 0 and2π and thus working on the cylinder. If
the angle-area graph is disconnected on the cylinder then the two orientations are



30 C. E. Garza-Hume, M. C. Jorge, and A. Olvera

Figure 15. Angle-area graph and shapes for quadrilateral with side-lengths
8,8,8,4. Figure I show the configuration with maximum area; figure V a con-
figuration with minimum area without self-intersection and figure VI the config-
uration with minimum area and self-intersection.

disjoint. Angle-area graphs on the cylinder provide a way of classifying quadri-
laterals into four different classes depending on whether the graph consists of (i)
one curve without self-intersection, (ii) one curve with self-intersection,(iii) two
curves not homotopic to 0, (iv) two curves homotopic to 0. We show examplesin
Figure 16. In the left-most figure we used the same side-lengths as in Figure14 but
now the second hump has negative area. In this case it is possible to go from one
orientation to the other by deforming continuously.
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In the right-most figure we used the same side-lengths as in Figure 15. It is not
possible to go from one orientation to the other by deforming continuously.

Figure 16. Angle-area graphs on the cylinder showing the four possibleclasses.
From left to right side-lengths 8,8,8,8; 8,7,6,5; 8,5,8,6 and 8,8,8,4.

4.2. Case n=5.One can decompose a pentagon into a quadrilateral and a triangle
and therefore there are two free angles plus the branches of the inverse cosine. The
angle-area graph is now a surface andA

c
= constant is a plane and therefore

the curve of intersection between the two corresponds to an infinite number of
configurations with the same side-lengths and the same area. In Figure 17 we
show a portion of an angle-area graph located near the maximum area. It would be
interesting to study complete angle-area graphs of pentagons.

4.3. Other polygons.Forn > 4 there is an infinite number of configurations with
any area between the minimum and the maximum. There is no formula for the
shape but we wrote a program using JSXGraph that allows one to changethe shape
and compute the resulting area. We start with the configuration with maximum
area, as computed numerically in Section 1. The user can then deform the shape
and the area is computed from the Shoelace formula (go to “Build your own poly-
gon” in www.fenomec.unam.mx/ipolygons). In Figure 18 we show an example of
a polygon with ten sides in the configuration with maximum area and three other
configurations with the same smaller area.

5. Conclusions

In this paper we study the possible areas and shapes of irregular polygons with
prescribed side-lengths. We give a way to compute the maximum possible areaof
any feasible irregular polygon and draw the shape with that area. For quadrilaterals
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3z 2100100200300400
1x 2 3

Figure 17. Angle-area graph for a pentagon with side-lengths 10,30,19,12,15
and plane area=355.

Figure 18. Shape with maximum area for side-lengths 9,3,6,5,4,9,4,5,6,3 units
and some other possible shapes with area 115 units squared.

we use the Circle-Line Construction. For general polygons we find the circumcircle
of the configuration with maximum area.
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To study areas of quadrilaterals with self-intersections we use oriented area. We
show that not all minima of quadrilaterals are cyclic and explain the fact both in
terms of Bretschneider’s Formula and the Circle-Line Construction.

The use of angle-area graphs on the cylinder led to a a classification of quadri-
laterals into four different classes which are related to the possibility of reversing
orientation by continuously deforming the quadrilaterals.

We provide a computer program in javascript which makes use of JSXGraph to
draw the configuration of maximum area of a polygon with given sides. The figure
can then be modified to attain any area between the maximum and the minimum.

These results have been useful to us in the study of the codices.

Appendix A: Circle-line construction

Consider Figure 19:

(0,0) (u,0) (a,0)

(u,v)

(w,z)

(w,0)

(w−u)z
uv/2

(a−w)z/2

x

y

b

c

d

(v−z)(w−u)/2

Figure 19. Coordinates of the quadrilateral and area in terms of(u, v) and(w, z)
for Appendix A.

By Pythagoras’ Theorem, the coordinates of the vertices of the quadrilateral
satisfy

u2 + v2 = b2, (w − u)2 + (v − z)2 = c2, (a− w)2 + z2 = d2. (10)

The area,A
c
, of the quadrilateral using coordinates is calculated subdividing it

in triangles and rectangles and is given by

2A
c
= vw + z(a− u). (11)

Simplification of equations (10) and (11) give the unknown coordinates(w, z)
in terms of(u, v) as

w =
M(a− u) + 2A

c
v

(a− u)2 + v2
and z =

2A
c
(a− u)−Mv

(a− u)2 + v2
, (12)

where2M = a2+c2−b2−d2. Substitution of (12) into (11) gives the coordinates
(u, v) as the intersection of a line and a circle given respectively by
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L : Pu+Qv = R, C : u2 + v2 = b2. (13)

where

P = 2a(a2 −M − d2) = a(a2 + b2 − c2 − d2), Q = 4A
c
a,

R = (M − a2)2 + a2b2 + 4A2

c

− d2(a2 + b2).

Therefore, for fixed side-lengths, the intersection of the line and the circle de-
pends onA

c
. If it is too big for the given side-lengths there is no intersection; if

it is the maximum possible area,A
max

the line is tangent to the circle and ifA
c

is smaller thenL intersectsC twice giving two possible coordinates(u1, v1) and
(u2, v2) and thus two different shapes for the given quadrilateral data.

The configuration with maximum area occurs when the line is tangent to the
circle. They coordinate of the intersection of the line and the circle in (13) is

v =
R− Pu

Q
=

√

b2 − u2.

This leads to the equation

u2(P 2
+Q2

) + u(−2RP ) +R2 −Q2b2 = 0.

The double root of this quadratic gives thex−coordinate of vertexB of the quadri-
lateral and they− coordinate is found from the equation of the line and therefore
the coordinates(u, v) of vertexB are

u =
RP

Q2 + P 2
, v =

R

Q
− RP 2

Q(Q2 + P 2)
, (14)

whereA
c
= A

max
. The coordinates(w, z) of vertexC are

w =
M(a− u) + 2A

max
v

a2 + b2 − 2au
, z =

2A
max

(a− u)−Mv

a2 + b2 − 2au
. (15)

Appendix B: Proof that either F1 or F2 have a root

Recall that

F1(r) =
n

∑

j=1

Arccos(1−
a2
j

2r2
)− 2π (16)

and

F2(r) =

n

∑

j 6=k

Arccos(1−
a2
j

2r2
)− Arccos(1− a2

k

2r2
) (17)

wherea
k

is the longest side and thatr
l
is the smallest positiver for whichF1 and

F2 are defined.
The derivative ofF1 is given by

∑

j

−2aj

r

√

4r2−a

2

j

and is therefore negative for all

r. Sincelim
r→∞ F1(r) = −2π thenF1 will have a root as long asF1(rl) > 0. In

this case the center of the circumcircle is inside the polygon of maximum area.
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If F1(rl) < 0 then we will show first thatF2(rl) < 0 and then thatF2 has a root
if the side-lengths satisfy the compatibility condition. SinceF1(rl) < 0 then

n

∑

j=1

Arccos(1−
a2
j

2r2
l

) < 2π

but

n

∑

j=1

Arccos(1−
a2
j

2r2
l

) = F2(rl) + 2Arccos(1− a2
k

2r2
l

)

thereforeF2(rl) < 2π−2Arccos(1− a

2

k

2r
2

l

) = 0, sincer
l
= a

k
/2 and Arccos(−1) =

π.
Using the asymptotic expansion in [1],

arcsin(1− z) =
π

2
− (2z)1/2[1 +

∞
∑

m=1

1 · 3 · 5 · · · (2m− 1)

22m(2m+ 1)m!
zm],

sincearccos(x) = π/2− arcsin(x), takingz = a2
j

/2r2 and keeping only the first
term inz we obtain

lim
r→∞

F2 ≃
n

∑

j 6=k

a
j

r
− a

k

r

which is positive ifa
k
<

∑

j 6=k

a
j
, thereforeF2 will have at least one root when

the side-lengths satisfy the compatibility condition.

Appendix C: Proof that quadrilaterals with self-intersection are cyclic if an
only if opposite angles add up to 2π radians

Referring to Figure 20 (left), if the quadrilateral is cyclic then since anglesα and
2π−γ are subtended by the same arcBD they are equal and thereforeα+γ = 2π.

A
�

�

B

D

C

A
�

�

�

B

D

E

C

A
�

�

�

B

D

E

C

Figure 20. Cyclic bow-tie.

On the other hand, if opposite angles add up to2π radians then we show by
contradiction that the quadrilateral must be cyclic. Draw the circumcircle ofABD,
see Figure 20 (middle and right). If vertexC is not on the circle then callE the
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intersection of the lineBC with the circle. By hypothesisα + γ = 2π butα + ε
also equals2π becauseABED is cyclic. ThereforeC has to coincide withE.
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[2] Böröczky, K., The minimum area of a simple polygon with given side lengths,Periodica Math-

ematica Hungarica, 39, Numbers 1-3 (2000) 33–49.
[3] Codex Vergara, Gallica, gallica.bnf.fr searching for Codex Vergara or directly at gal-

lica.bnf.fr/ark:/12148/btv1b84528032/f21.item.r=codex vergara
[4] H. Demir, Maximum area of a Region Bounded by a Closed Polygon withGiven Sides,Math.

Mag., 39 (1966) 228–231.
[5] C. E. Garza-Hume, M. C. Jorge y Jorge, and A. Olvera, Quadrilaterals and Bretschneider’s

Formula, submitted toMathematics Teacher.
[6] M. C. Jorge y Jorge, B. Williams, C. E. Garza-Hume, and A. Olvera, Mathematical accuracy of

Aztec land surveys assessed from records in the Codex Vergara,PNAS, 108 (2011) no. 37.
[7] B. Polster,The Shoelace Book, AMS, 2006.
[8] D. P. Robbins Areas of Polygons Inscribed in a Circle,Discrete Comput. Geom., 12 (1994)

223–236.
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Irrationality of
√
2: Yet Another Visual Proof

Samuel G. Moreno and Esther M. Garcı́a–Caballero

Abstract. Another visual proof of the irrationality of
√

2.

Two identical right triangles intersect as shown in the figure resulting in a smaller
right triangle which happens to be, as is easy to check, similar to the original ones.

A B

F

C

O

D

E

G

SinceAE andCF are parallel line segments,∠EAC = ∠ACF . By sym-
metry,∠ACF = ∠DCE so that trianglesDCE andCAE are similar. More-
over,∠ADB = ∠CDE, but by similarity∠CDE = ∠ACE. Since∠ACE =

∠CBG = ∠DBA, it follows that triangleADB is isosceles.
The ratio of the lengths of the legs in the right trianglesACE andCDE is

(AO+OE)/CE = (OC +OE)/OE =
√
2 + 1. If

√
2 is rational, so is

√
2 + 1,

and thusAE = m andCE = n for some positive integersm, n. SinceABD is

Publication Date: January 17, 2018. Communicating Editor: Paul Yiu.
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isosceles, thenDE = AE − AD = AE − AB = AE − 2CE = m − 2n. This
process may be repeated indefinitely, triggering an infinite decreasing sequence of
positive integersm > n > m − 2n > 5n − 2m > · · · . But this is impossible.
Thus,

√
2 cannot be rational.
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Two Hinged Regular n-sided Polygons

Manfred Pietsch

Abstract. We consider two regular polygons of the same type hinged at a com-
mon vertexC. If we further generate two regular polygons of the same type,
each on a segment with one neighboring vertex ofC from each polygon as end-
points, then these two new polygons must have a common center. The proof is
based on two propositions about properties of equidiagonal quadrilaterals.

Given any two regularn-sided polygons hinged together at a common vertexC.
LetA andB (respectivelyD andE) be the adjacent vertices ofC in both polygons.

Theorem 1. The regular n-sided polygons over the line segments BD and AE
have a common center (see Figure 1).

C

A

B D

E

G

Figure 1.

Proposition 2. Given two similar isosceles triangles ABC and DEC hinged at
the vertex C,

(1)BE = AD,
(2) the circumferences of the triangles ABC and DEC concur at the intersec-

tion point of AD and BE (see Figure 2).
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Figure 2.

Proof. If BE andAD intersect atC, the statements (1) and (2) are evident.
Let thereforeBE andAD intersect at a pointF 6= C.
(1) The trianglesACD andBCE are congruent:

• AC = BC andCD = CE,
• ∠DCA = ∠ECB asα = β.

Thus,BE = AD.
(2) The congruence implies that the triangleBCE can be interpreted as the

result of a rotation of triangleACD aroundC throughα. Therefore the angles
betweenBE andAD must be identical toα: ∠AFB = ∠DFE = α(= β).

∠AFB = α implies thatC andF are located on the circumcircle of triangle
ABC. Analogously,C andF are also on the circumcircle of triangleDEC. Thus
F is located on both circumferences, which was to be proved. �

Proposition 3. Given a quadrilateral ABDE whose diagonals AD and BE are
of equal length and intersect at a point F . Let K1 and K2 be the circumcircles of
triangles AFE and BDF respectively. The perpendicular bisectors of BD and
AE intersect K1 and K2 at the same point (see Figure 3).

Proof. If K1 andK2 touch each other at pointF , then the above statement is evi-
dent.

Let thereforeK1 andK2 intersect atF and another pointG (see Figure 4).
The triangles GAD and GEB are congruent:

• AD = BE (given),
• ∠GBE = ∠GDA as both angles are peripheral angles of the chord

FG onK2,
• analogously,∠BEG = ∠DAG (peripheral angles overFG onK1).

The congruence implies thatBG = DG andEG = AG, which was to be
proved. �
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Figure 3
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Figure 4

Proof of Theorem 1. In any two regularn-sided polygons hinged together at a
common vertexC, the adjacent vertices ofC in both polygons form withC two
similar isosceles trianglesABC andDEC with ∠ACB = ∠DCE (respectively
α = β); see Figure 5.
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Figure 5.
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According to Proposition 2 the quadrilateralABDE has two diagonalsAD and
BE with equal length and intersecting at a pointF lying on both circumcircles of
ABC andEDC. Thus the inscribed anglesα andα′(= ∠AFB) must be equal.
This impliesγ = 180◦ − α = δ, whereinγ = ∠BFD andδ = ∠EFA.

As γ andγ′ (respectivelyδ andδ′) are inscribed angles inK2 (respectivelyK1),
we obtain

γ′ = 180
◦ − α = δ′ (∗)

Proposition 3 guarantees that the trianglesBDG andEAG are isosceles. There-
fore, they are similar isosceles triangles.

Because of (*) the interior anglesα (respectivelyβ) of the original polygons fit
to the central anglesγ′ (respectivelyδ′) of the generated polygons. These must
also be regularn-sided polygons and have the common centerG. �

C

A

B D

E

G

γ

′

α

Figure 6.
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A Remark on the Arbelos and the Regular Star Polygon

Hiroshi Okumura

Abstract. We give a condition that a regular star polygon
{

n
2

}

can be con-
structed from an arbelos.

We consider to construct a regular star polygon{n

2
} from an arbelos. Let us

consider an arbelos made by the three circlesα, β, γ with diametersAO, BO,
AB, respectively, for a pointO on the segmentAB. Circles of radiusab/(a + b)
are called Archimedean circles, wherea andb are the radii ofα andβ, respectively.
We call the perpendicular toAB atO the axis.

B
A

O

C

D

θ

δ

ε

α

β

γ

Figure 1.

The circle touchingγ internally,α externally and the axis is Archimedean [1],
which we describe byδ (see Figure 1). While the circle touchingβ internally
and the tangents ofα from B is also Archimedean [1], which is denoted byε.
Therefore the figure made byδ, α and their tangents are congruent to the figure
made byε, α and their tangents. We assume thatC is the center ofα, D is the
external center of similitude ofα andδ, andθ = ∠BCD. The congruence of the
two figures implies that we can construct a regular star polygon{n

2
} with centerC

and adjacent verticesB andD if θ = 2π/n, while cos θ = a/(a+ 2b). Therefore
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we can construct a regular star polygon{n

2
} with centerC and adjacent verticesB

andD if and only if
a

a+ 2b
= cos

2π

n
.

O A
B

Figure 2.
{

5

2

}

, b =
√

5a/2

Figure 2 shows the casen = 5. The distance betweenD and the point of contact
of α andδ equalsBO by the congruence. A problem stating this fact can be found
in [2].
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Revisiting the Infinite Surface Area of Gabriel’s Horn

Lubomir P. Markov

Abstract. We show that the integral which gives the surface area of Gabriel’s
horn can be calculated in a simple way, thus eliminating the need for a compari-
son theorem to prove its divergence.

Gabriel’s horn is defined as the solid obtained by revolving the region

R =

{

(x, y) : x ∈ [1, +∞), 0 ≤ y ≤ 1

x

}

about thex-axis. This object has been of enduring interest because is has the cu-
rious property of having finite volume, yet infinite surface area. A straightforward
application of the disk method easily shows the horn’s volume to be equal toπ.
(An interesting “wedding cake” version has been considered by Julian Fleron [2],
the volume of which is1

6
π3). Regarding the surface areaS of Gabriel’s horn, one

easily sees that it is given by the integral

S = 2π

∫

∞

1

√
1 + x4

x3
dx, (1)

which needs to be proven divergent. The standard approach found inmany books
(see e.g. [1]) is to use comparison properties of improper integrals, and toshow
that

∫

∞

1

√
1 + x4

x3
dx ≥

∫

∞

1

1

x
dx. (2)

In his paper, Fleron mentions that the integral in (1) “cannot be evaluatedread-
ily”, notes that it can be solved with a computer algebra system, and proceeds to
perform the usual estimate (2). The purpose of our short note is to showthat (1)
can in fact be solved quite easily, thereby providing a direct evaluation ofS:
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46 L. P. Markov

Take2
∫

√
1 + x4

x3
dx and make the substitutionx2 = tan θ. Then2xdx =

sec2 θdθ, and the integral becomes
∫

sec θ

tan2 θ
sec

2 θdθ =

∫

sec θ csc2 θdθ integration by parts

= − sec θ cot θ +

∫

sec θ tan θ cot θdθ

= − csc θ + ln | sec θ + tan θ|+ C.

It is now obvious that

2π

∫

∞

1

√
1 + x4

x3
dx = π [− csc θ + ln | sec θ + tan θ|]θ=

π
2

θ=
π
4

= ∞. (3)

Returning to the original variable gives the solution:

2

∫

√
1 + x4

x3
dx = ln

[

√

x4 + 1 + x2
]

−
√
x4 + 1

x2
+ C, (4)

and of course we see again that2π

∫

∞

1

√
1 + x4

x3
dx = ∞. In addition, the solved

integral allows for the calculation of the surface area of a finite piece of Gabriel’s
horn, defined on any[a, b] ⊂ [1, ∞).
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Integer Sequences and Circle Chains
Inside a Circular Segment

Giovanni Lucca

Abstract. We derive the conditions for inscribing, inside a circular segment, a
chain of mutually tangent circles having the property that the ratio between the
largest circle radius and the radius of any other circle of the chain is an integer
number.

1. Introduction

If we consider a straight line intersecting a circleC, the two areas bounded by the
common chord and one of the two arcs are named circular segments. Inside each
one of the circular segments it is possible to inscribe infinite chains of mutually
tangent circles which are also tangent to the outer circle and to the common chord;
a generic example of chain is shown in Figure 1.

x

y

G

H

O
A

B

major circle

C

Figure 1. Example of a circle chain inscribed inside a circular segment

In a previous paper [2], we derived some geometrical properties and formulas
related the circles forming the chain. Here, we follow a different approach, based
on the inversion technique, and investigate about some connections that can be
found between the circle chains and certain integer sequences.
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2. Some definitions and useful expressions

For the following, it is convenient to define themajor circle in the chain (see
Figure 1) as the one having the largest radius and label it by index0; thus, we can
subdivide a generic chain into two sub-chains: an up chain starting from the major
circle and converging to pointG and a down chain starting from the major circle
and converging to pointH.

Moreover, let2(a + b) be the diameter of the outer circle and2b the length of
segmentOB. By setting up a coordinate system with origin atO, we haveA,B,G
andH with coordinates(−2a, 0), (2b, 0), (0, 2

√
ab) and(0,−2

√
ab) respectively.

In this paper, we want to investigate the conditions under which the ratiosτ
k
,

k = 1, 2, . . . , between the radius of the major circle and the generick-th circle are
integers for both the up and down sub-chains. In other words, what are the condi-
tions (provided they exist) for the radii of the circles of the chain to be submultiples
of the major circle radius?

From [2], we report that the radiusr
i
and center coordinates(X

i
, Y

i
) are related

by the following formula:

r
i
= X

i
= −Y

2

i

4a
+ b, i = 0, ±1, ±2, . . . . (1)

Note that, for the major circle ordinateY0, the following relation must hold:

− 2a

(

−1 +

√

1 +
b

a

)

≤ Y0 ≤ 2a

(

−1 +

√

1 +
b

a

)

. (2)

In correspondence of two particular values forY0, we have two symmetrical dis-
positions for the up and down chains:

• if Y0 = 0, we have thatr0 = b and the major circle is bisected by the
x-axis (central symmetry);

• if Y0 = ±2a

(

−1 +

√

1 +
b

a

)

, we have thatr0 = 2a

(

−1 +

√

1 +
b

a

)

and two equal major circles, (one for the up chain and one for the down
chain), both tangent to x-axis, exist (bi-central symmetry).

3. Circle radii expressions by inversion

In [2], the expressions for the center coordinates(X
i
, Y

i
) and radiusr

i
of the

generici-th circle of the chain have been obtained in form of continued fractions.
Here we want to get them in a closed form. According to a hint of F. J. Garcı́a
Caṕıtan (in a personal communication), such a result can be obtained by means of
the inversion technique.

In particular, we are interested in obtaining a closed form formula for the ratio
between the major circle radius and the generick-th circle radius.

To this aim, it is worthwhile to remark some points and to write some equations
that shall be used in the following:

• Outer circleC equation:

x2 + y2 − 2(b− a)x− 4ab = 0 (3)
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• Inversion circleCinv (center inH and radiusHG) having equation:

x2 + y2 + 4
√
aby − 12ab = 0 (4)

and center coordinates(Xinv, Yinv) and radiusRinv given respectively by:

Xinv = 0, Yinv = −2
√
ab, Rinv = 4

√
ab. (5)

• The inversive image of they-axis with respect toCinv is still the y-axis
while the image of the outer circleC is the straight lines:

(a− b)x− 2
√
aby + 4ab = 0. (5)

The straight lines is the radical axis relevant to the outer circleC and to the
inversion circleCinv (see Figure 2). For convenience, in Figure 2 we have
also added the bisectorβ of the angle between they-axis and the straight
line s.

b

H

b

G

image of the
major circle

major circle

b

O

b

A

b
B

β

s

Cinv

Figure 2. Some circles of the chain with their inversive images

• The cosine of the angleψ between they-axis and the straight lines is given
by:

cosψ =
a− b

a+ b
(6)

and from (6) one can deduce:

sin
ψ

2
=

√

b

a+ b
. (7)
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Now, let us consider, the major circle having center coordinates and radius given
respectively by:

(X0, Y0) =

(

−Y
2

0

4a
+ b, Y0

)

, (8a)

r0 = −Y
2

0

4a
+ b. (8b)

The inversive image of the major circle, by applying the formulas given in [4], is
still a circle having center coordinates and radius given by:

(X ′

0
, Y ′

0
) =

(

16ab

(Y0 + 2
√
ab)2

(

−Y
2

0

4a
+ b

)

, −2
√
ab+

16ab

Y0 + 2
√
ab

)

, (9a)

r′
0
=

16ab

(Y0 + 2
√
ab)2

(

−Y
2

0

4a
+ b

)

. (9b)

The inversive images of the circles inscribed in the circular segment are still
mutually tangent circles that are also tangent to they-axis and to the straight lines
(see Figure 2); moreover, their centers lie on the bisectorβ. In Figure 3, we show
three among these circles: the image of the major circleC′

0
, the image of the first

circle of the up chainC′
1

and the image of the first circle of the down chainC′
−1

.
In particular by looking at Figure 3, we can easily show, by similitude, that the

ratio between the radius of the generic circlesC′
i

and the radius of the image of the
major circleC′

0
is:

r′
k

r′
0

=

(

1− sin
ψ

2

1 + sin
ψ

2

)

i

. (10)

From formula (10) and by taking into account (7) and (9b), one has:

r′
i

= X ′

i

=





1−
√

b

a+b

1 +

√

b

a+b





i

16ab

(Y0 + 2
√
ab)2

(

−Y
2

0

4a
+ b

)

, (11a)

Y ′

i

= − a√
ab





1−
√

b

a+b

1 +

√

b

a+b





i

(Y0 − 2
√
ab)4b

Y0 + 2
√
ab

+ 2
√
ab. (11b)

From [4], one can write the following relation:

r0
r
i

=
r0
r′
i

∣

∣

∣

∣

(X ′
i

−Xinv)
2 + (Y ′

i

− Yinv)
2 − (r′

i

)2

Rinv

∣

∣

∣

∣

. (12)
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b

O

β

x

y

s

ψ

2

C′

−1

C′

0

C′

1

Figure 3. Inversive images of circlesC−1, C0 andC1

Such a formula, by taking into account (4b), (11a) and (11b), and after some alge-
bra, becomes:

r0
r
i

=





1−
√

b

a+b

1 +

√

b

a+b





i

(Y0 − 2
√
ab)2

16ab
+





1−
√

b

a+b

1 +

√

b

a+b





−i

(Y0 + 2
√
ab)2

16ab

− 2(Y 2

0
− 4ab)

16ab
(13a)

or equivalently,

r0
r
i

=











1−
√

b

a+b

1 +

√

b

a+b





i/2

(Y0 − 2
√
ab)

4
√
ab

−





1−
√

b

a+b

1 +

√

b

a+b





−i/2

(Y0 + 2
√
ab)

4
√
ab







2

.

(13b)

Equation (13b) simply shows that the ratior0/ri is always a square.
Equations (13a) or (13b) define the sequence{τ

i
} = {r0/ri} for i = 0,±1,±2, . . .

On this sequence we shall focus our attention in the following sections.



52 G. Lucca

4. A recursive formula for {τ
k
}

If we look at (13a), we note that it is a Binet-like formula of the type:

τ
i
= Aωi +Bω−i

+ C (14)

where, in our case, is:

ω =

1−
√

b

a+b

1 +

√

b

a+b

, (15)

A =
(Y0 − 2

√
ab)2

16ab
, B =

(Y0 + 2
√
ab)2

16ab
, C = −2(Y 2

0
− 4ab)

16ab
. (16)

In [1], J. Kocik has demonstrated that a generic Binet-like relation can be expressed
in an equivalent way by means of a non-homogeneous recursive relation of the
type:

τ
i+2 =

(

ω +
1

ω

)

τ
i+1 − τ

i
+ C

(

2− ω − 1

ω

)

(17)

that, by taking into account (15) and the expression forC in (16), becomes:

τ
i+2 = 2

(

1 + 2
b

a

)

τ
i+1 − τ

i
+

[

1

2

(

Y0
a

)

2

− 2
b

a

]

. (18)

5. Conditions for {τ
i
} to be an integer sequence

In the general case, the sequence{τ
i
} is composed of real numbers. Here we

want to find the conditions for which the sequence{τ
i
} is entirely composed of

integers. To this aim, it is convenient to introduce the following variables:

u =
Y0
a
, v =

b

a
with the conditionu ≤ 2|

√
1 + v − 1|. (19)

The condition for the variableu comes from formula (2).
By considering the new variables u and v, equation (13a) becomes:

τ
i
=





1−
√

v

1+v

1 +

√

v

1+v





i

(u− 2
√
v)2

16v
+





1−
√

v

1+v

1 +

√

v

1+v





−i

(u+ 2
√
v)2

16v
−2(u2 − 4v)

16v
.

(20)
From the general point of view, it is possible to impose, by means of (20), that the
ratiosτ1 andτ−1 are equal to two given real numbersλ andµ (λ > 1 andµ > 1)
respectively; that yields the following system:














(

1−
√

v
1+v

1+

√
v

1+v

)

(u−2
√
v)

2

16v
+

(

1+

√
v

1+v

1−
√

v
1+v

)

(u+2
√
v)

2

16v
− 2(u

2−4v)

16v
= λ,

(

1+

√
v

1+v

1−
√

v
1+v

)

(u−2
√
v)

2

16v
+

(

1−
√

v
1+v

1+

√
v

1+v

)

(u+2
√
v)

2

16v
− 2(u

2−4v)

16v
= µ

(21)
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having the solution
{

u =
√
λ−√

µ,

v =
(

√
λ+

√
µ)

2

4
− 1.

(22)

Thus, ifλ = m andµ = n, (m, n being integers), we have that by choosinga, b
andY0 satisfying the relations:

Y0
a

=
√
m−

√
n,

b

a
=

(
√
m+

√
n)2 − 4

4
. (23)

we also have that:
τ1 = m, τ−1 = n. (24)

Relations (23) only imply thatτ1 andτ−1 are integers, but do not imply thatτ
i
and

τ−i, i = 2, 3, . . . are also integers.
Nevertheless, ifm andn are integers satisfying the following relation:

mn = K2 (25)

(that is their product is equal to a square integer) we have that the coefficients of
the recursion (18) are always integer numbers and their expressions are:

2
(

1 + 2
b

a

)

= −2 +m+ 2K + n,

1

2

(

Y0

a

)2 − 2
b

a

= −2K + 2.
(26)

Therefore, beingτ0 = 1, τ1 = m, τ−1 = n and taking into account (26), we
have, from (18) thatτ2 andτ−2 too are integers. Finally, due to the fact that the
expressions in (26) represent integer numbers and being (18) a recursive relation,
we deduce thatτ

i
is an integer for any indexi, and conclude that (23) together (25)

are sufficient conditions in order to be{τ
i
} an integer sequence.

6. Symmetrical chains

Two particular cases relevant to conditions (23) and (25) are represented by:

(a)m = n.
(b)m = 1, n = K2 orm = K2, n = 1.

In case (a) one finds the chains with central symmetry while in case (b) the
chains with bi-central symmetry.

In both cases theup anddown sequences are equal and some of them are clas-
sified in OEIS (TheOn Line Encyclopedia of Integer Sequences) [3]. We reported
them in Tables I and II.
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Table I: sequences listed in OEIS and related to
chains having central symmetry

Classification of the sequence
Values ofm and n according to OEIS

m = n = 2 A055997

m = n = 3 A171640

m = n = 4 A055793

m = n = 9 A055792

m = n = 10 A247335

Table II: sequences listed in OEIS and related to
chains having bi-central symmetry

Classification of the sequence
Values ofm and n according to OEIS

m = 1, n = 4 or n = 1,m = 4 A081068

m = 1, n = 25 or n = 1,m = 25 A008844

m = 1, n = 81 or n = 1,m = 81 A046172

m = 1, n = 169 or n = 1,m = 169 A006051

7. Examples

Let us show some examples.
(a) Case of non symmetrical chains:
If we choosem = 2 andn = 8, we have from (23):

Y0
a

= −
√
2,

b

a
=

7

2
.

The generated integer sequences up and down are respectively:

{τup} = 1, 2, 25, 392, 6241, . . . ,

{τdown} = 1, 8, 121, 1922, 30625, . . . .

(b) Case of chains with central symmetry:
If we choosem = 2 andn = 2, we have from (23):

Y0
a

= 0,
b

a
= 1.

The generated integer sequences up and down are respectively:

{τup} = {τdown} = 1, 2, 9, 50, 289, 1682, . . . .

This is sequenceA055997 in OEIS.
(c) Case of chains with bi-central symmetry:
If we choosem = 1 andn = 4, we have from (23):

Y0
a

= −1,
b

a
=

5

4
.
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The generated integer sequences up and down are respectively:

{τup} = {τdown} = 1, 4, 25, 169, 1156, . . . .

This is sequenceA081068 in OEIS.
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On the Extrema of Some Distance Ratios

Michel Bataille

Abstract. In the plane, given a lineℓ and two distinct pointsA, B with B not
on ℓ, we use inversion to study the extremal values of the ratioMA/MB when
M varies onℓ. The method also holds when an arbitrary curveC is substituted
for ℓ, and we dwell upon the case whenC is a circle.

1. Introduction

Fixing distinct pointsA,B not on a lineℓ, the construction of the pointsH,K of
ℓ such thatHA/HB ≤ MA/MB ≤ KA/KB for all pointsM on ℓ has already
received some attention. Two recent articles justify the same construction byusing
coordinates ([2]) or by a synthetic proof ([3]). Here we propose a totally different
construction which readily leads to the exact values ofHA/HB andKA/KB. In
a second part, we extend the method, examining in particular the case whenℓ is
replaced by a circle.

2. The construction

As in [2] and [3], we assume thatAB andℓ are not perpendicular; in contrast to
B, the pointA is allowed to be onℓ. Let I denote the inversion in the circle with
centerB and radiusBA. The lineℓ inverts into a circleΓ passing throughB, and
for any pointM on ℓ, the pointM ′ = I(M) is the point of intersection other than
B of the lineBM andΓ (see Figure 1).

As for distances, we have

MA =
AB2 ·M ′A

BM ′ ·BA
= AB ·M ′A · MB

AB2
=

M ′A ·MB

AB

(sinceI(A) = A andBM ·BM ′ = BA2) and therefore

MA

MB
=

M ′A

AB
.

Thus, asM varies onℓ, the ratioMA

MB

is extremal if and only ifM ′A is and therefore
MA

MB

attains its minimum (resp. maximum) at a unique pointH (resp.K) of ℓ: if
the diameter ofΓ throughA intersectsΓ at H ′ andK ′ with AH ′ < AK ′, the
desired pointsH andK areH = I(H ′) andK = I(K ′).

In passing, note that the lineK ′H ′ inverts into a circleI(K ′H ′) throughB, A,
H, K; sinceℓ = I(Γ) and becauseΓ is cut orthogonally by its diameterK ′H ′,
HK is a diameter of this circleI(K ′H ′) passing thoughA andB. This result
leads to the construction presented in [2] and [3].

Publication Date: February 5, 2018. Communicating Editor: Paul Yiu.
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A

B
U

U
′

V

H

H
′

K

K
′

M

M
′

Γ

ℓ

Figure 1.

3. The values of HA

HB

and KA

KB

We need the following preliminary result:

Lemma 1. A is exterior or interior toΓ according asA andB are on the same
side ofℓ or not.

Proof. We introduce the orthogonal projectionU of B ontoℓ and the midpointV
of the line segmentBU ′ (whereU ′ = I(U)), that is, the center ofΓ (Figure 1).
With these notations, we have

4AV 2
+BU ′2

= 2(AB2
+AU ′2

), BU ′
=

BA2

BU
, AU ′

=
BA ·AU

BU

and a short calculation then gives

4AV 2 − 4BV 2
=

2AB2

BU2
(BU2

+AU2 −AB2
) = 4AB2 · AU

BU
cos(∠AUB).

Thus,AV < BV is equivalent to∠AUB > 90◦, and the announced property
follows. �

For simplicity we setλ =
HA

HB

= min{MA

MB

: M ∈ ℓ} andµ =
KA

KB

=

max{MA

MB

: M ∈ ℓ} and now prove the following theorem:

Theorem 2. If d(X, ℓ) denotes the perpendicular distance from the pointX to the
line ℓ, andε = +1 if A, B are on the same side ofℓ, andε = −1 if not, we have

(i) λµ =
d(A,ℓ)

d(B,ℓ)
andµ− ελ =

AB

d(B,ℓ)
,
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(ii) the values ofλ andµ are given by

λ =

∣

∣

∣

∣

∣

AB −
√

AB2 + 4εd(A, ℓ)d(B, ℓ)

2d(B, ℓ)

∣

∣

∣

∣

∣

,

µ =
AB +

√

AB2 + 4εd(A, ℓ)d(B, ℓ)

2d(B, ℓ)
.

Proof. Let r be the radius ofΓ. First, suppose thatA andB are on either side
of ℓ (Figure 1). ThenAH ′ = λAB, AK ′ = µAB. Hence,A being interior to
Γ, (λ + µ)AB = AH ′ + AK ′ = 2r. Since2r = BU ′ =

BA

2

BU

=
AB

2

d(B,ℓ)
, we

obtainλ + µ =
2r

AB

=
AB

d(B,ℓ)
. Exchanging the roles ofA andB, we see that

λ′ = min{MB

MA

: M ∈ ℓ} =
1

µ

andµ′ = max{MB

MA

: M ∈ ℓ} =
1

λ

satisfy

λ′ + µ′ =
AB

d(A,ℓ)
, that is,λ+µ

λµ

=
AB

d(A,ℓ)
. The result (i) is readily deduced. Now,λ

andµ are the roots of the quadratic equationx2d(B, ℓ)−xAB+ d(A, ℓ) = 0 with
λ < µ and (ii) follows.

Second, suppose thatA andB are on the same side ofℓ (Figure 2). ThenAK ′−
AH ′ = 2r so that, as above,µ − λ =

AB

d(B,ℓ)
= λµ AB

d(A,ℓ)
. Thus (i) remains true.

This time,−λ andµ are the roots ofx2d(B, ℓ)−xAB−d(A, ℓ) = 0 and (ii) holds.

B

A

U

U
′

K

K
′

H

H
′

Γ

ℓ

Figure 2

B

A

U
′

U

K
′

K

Γ

Figure 3

Lastly, if A is onℓ, the formulas continue to hold: they give the expected values
λ = 0 andµ =

AB

d(B,ℓ)
=

AB

BU

: indeed, becauseAK ′ is a diameter ofΓ, we have
∠ABK = 90◦, henceBU is the altitude fromB in the right-angledABK and so
KA

KB

=
AB

BU

(Figure 3). �



60 M. Bataille

4. An extension and a consequence

We quickly examine the discarded case whenAB is perpendicular toℓ. Of
course, if A andB are symmetrical inℓ, then MA

MB

= 1 for all pointsM of ℓ.
Otherwise, supposing for example thatA, B are on the same side ofℓ with AU <
BU , thenMA

MB

has no maximum whenM varies onℓ, butsup
{

MA

MB

: M ∈ ℓ
}

= 1

while

MA2

MB2
=

AU2 + UM2

BU2 + UM2
=

UA2

UB2
+

MU2(UB2 − UA2)

BU2(BU2 + UM2)
≥ UA2

UB2

so thatmin
{

MA

MB

: M ∈ ℓ
}

=
UA

UB

. The other cases can be treated in a similar
way. It is readily checked that if we replace max bysup andmin by inf in the
definition ofλ andµ, the results (i) and (ii) of the theorem continue to hold.

Taking this extension of the theorem into account, we can deduce a nice corol-
lary about conics:

Corollary 3. LetK be the conic with focusF , associated directrixℓ and eccentric-
ity e. ForP onK, letλ(P ) = inf

{

MF

MP

: M ∈ ℓ
}

andµ(P ) = sup
{

MF

MP

: M ∈ ℓ
}

.
Then we have

λ(P ) = |µ(P )− e|. (1)

Proof. SincePF = ed(P, ℓ), part (i) of the theorem givesµ(P )− λ(P ) = e if K
is a parabola or an ellipse (e ≤ 1).

If K is a hyperbola, thenµ(P )− λ(P ) = e or µ(P ) + λ(P ) = e depending on
the branch ofK containing P, and soλ(P ) = |µ(P )− e|. �

Note that relation (1) does not characterize the points ofK ((1) remains valid for
a pointP of the reflection ofK in ℓ).

5. Generalizing the method

In the plane, letC be any curve andA, B two fixed points withB not onC. Let
C′ = I(C) whereI denotes the inversion in the circle with centerB and radiusBA.
Mimicking the calculations of the second paragraph above, we readily obtainthat
for M onC, we haveMA

MB

=
M

′
A

AB

whereM ′ = I(M). Thus, the ratioMA

MB

attains
an extremum onC if and only ifM ′A does onC′.

This can be applied whenC is a circle. In that case, the ratioMA

MB

is constant
asM describesC if and only if A is the center of the circleI(C), that is, if and
only if A, B are inverse inC; otherwise the ratioMA

MB

attains its maximum (resp.
minimum) at a unique point of the circleC, which can be constructed with the help
of the inverse ofC in the same way as in the case of the line. The reader will fill in
the details or find them in [1].

6. An alternative construction when C is a circle

It is worth mentioning a close but simpler construction that avoids the construc-
tion of I(C). We suppose thatA, B are not inverse in the circleC and introduce the
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inversionJ with centerB leavingC globally invariant. LetA′ = J(A). For any
pointM of C, M ′ = J(M) is onC as well and

MA =
|p| ·M ′A′

BM ′ ·BA′

wherep is the power ofB with respect toC (Figures 4 and 5). Since|p| = BM ·
BM ′, we see that

MA

MB
=

A′M ′

A′B
. (2)

If the diameter ofC passing throughA′ intersects the circle inH ′ andK ′ with
A′H ′ < A′K ′, it follows thatH = J(H ′) andK = J(K ′) satisfy

HA

HB
= min

{

MA

MB
: M ∈ C

}

and
KA

KB
= max

{

MA

MB
: M ∈ C

}

.

B

A

A
′

K

K
′

H

H
′

M

M
′

C

Figure 4

A

B

M

M
′

A
′

K
′

H
′

K

H

C

Figure 5

To conclude, we examine a nice application in the case whenA is a fixed point
on the circleC andB is not onC (Figure 6). Of course, we consider only the point
K of C whereMA

MB

attains its maximum. Letr be the radius ofC. From (2) we have

KA

KB
=

A′K ′

A′B
=

2r

A′B
.

Now, let k be a positive real number. Then,max
{

MA

MB

: M ∈ C
}

= k if and
only if A′B =

2r

k

, that is, if and only ifB belongs to the conchoid ofC for poleA
and constant2r

k

(a limaçon of Pascal). In the particular casek = 1, the limaçon is
a cardioid (Figure 7) and we obtain the following, perhaps new, characterization of
the cardioid:

Proposition 4. Let L be the cardioid with cusp atA and fixed circleC. Then a
pointB, not onC, is onL if and only ifmax

{

MA

MB

: M ∈ C
}

= 1.
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Twins of Hofstadter Elements

Apostolos Hadjidimos

Abstract. In this article the Hofstadter triangles, transversals, points and sectri-
ces are considered and, based on these known elements, new ones closely related
to Hofstadter’s elements called “twins” are defined, analyzed and studied.

1. Introduction

We begin with a scalene acute triangle∆ABC. Let a, b, c be its sides oppo-
site the verticesA, B, C andα, β, γ be its respective angles in radians, where
without loss of generality we assume thatα < γ < β

(

< π

2

)

. Let us consider
three pairs of straight semi-lines such that the elements of each pair have origins
two of the vertices (poles) and each passes through the other vertex of∆ABC
and both elements rotate about their poles in opposite directions (counterclock-
wise and clockwise, respectively) at constant rates analogous to the angles they
sweep. The intersection points of the elements of the three pairs of semi-lines for
anyx ∈ [0, 1] define the “Hofstadter triangles”. It is known that the vertices of the
Hofstadter triangles draw straight-lines called“Hofstadter x−transversals”and
the vertices of Hofstadter triangle joined with the opposite vertices of∆ABC are
concurrent at a point called “Hofstadter pointH

x
” [1]. One more characteristic

of what we callx−sectrices (a term borrowed from “Maclaurin’s sectrices” [2])
asx increases from0 to 1 is that they pass through some well-known points of
the triangle, like the vertices of the Morley triangle [3], the incenter, etc. In this
article we prove that the orthogonal projections (simply projections from now on)
of the vertices of the Hofstadter pointsH

x
, for a certainx ∈ [0, 1], onto the op-

posite sides form a “twin” Hofstadter triangle. The vertices of the latter triangle
joined with the opposite vertices of∆ABC by straight-line segments, the “twin”
Hofstadterx−transversals, are concurrent at a “twin” Hofstadter pointO

x
. More

interesting results are found when the “twin” Hofstadter triangles,x−transversals
and points are analyzed and studied in detail. Moreover, asx increases from0 to
1 each twin Hofstadter point sweeps an arc of a curve called Hofstadterx-sectrix
associated with the point considered.

Publication Date: February 5, 2018. Communicating Editor: Paul Yiu.
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2. Twin Hofstadter’s triangles, transversals, points

Let the two straight semi-lines of the ordered pair(EBC1, ECB2) have origins the
verticesB andC and pass throughC andB, respectively, rotate aboutB counter-
clockwise and aboutC clockwise at constant rates proportional toβ andγ, so that
for anyx ∈ [0, 1] the angles swept by them areβx andγx, respectively. (Note:
The two letters in the subscript denote, forx = 0, the side of the triangle on which
both elements of the pair lie, the first letter denotes the corresponding origin and
pole, and the numbers1 and2 denote counterclockwise and clockwise rotation.)
Let the two straight semi-lines of(EBC1, ECB2) intersect at the pointA

x
, a vertex

of the Hofstadter triangle forx ∈ [0, 1] whose projection ontoBC is A′
x

. (Note:
The pointsA0 andA′

0
will be defined later.) Similarly, using a cyclic notation and

properties we consider the other two pairs of straight semi-lines(ECA1, EAC2) and
(EAB1, EBA2), their correspondingx−transversals asB

x
andC

x
sweep the interior

of the triangle∆ABC and also their projectionsB′
x

andC ′
x

onto the sidesCA and
AB, respectively.

The various definitions given so far enable us to determine new elements called
“ twins”, and prove some properties associated with the particular Hofstadter trian-
gles, thex−transversals and the Hofstadter pointsH

x
. First, we present a known

proposition for a Hofstadter triangle and then we state and prove a new onefor its
“ twin” triangle.

Theorem 1([1]). Under the notation and the assumptions so far let∆A
x
B

x
C
x

be
the Hofstadter triangle corresponding to a certainx ∈ [0, 1]. Then, the straight-
line segmentsAA

x
, BB

x
, CC

x
are concurrent at a pointH

x
whose trilinear co-

ordinates are

sin(xα)

sin((1−x)α)
:

sin(xβ)

sin((1−x)β)
:

sin(xγ)

sin((1−x)γ)
for x ∈ (0, 1),

α

a

:
β

b

:
γ

c

for x = 0,
a

α

:
b

β

:
c

γ

for x = 1.

(1)

Theorem 2. Under the assumptions of Theorem 1, the vertices of the twin Hofs-
tadter triangle∆A′

x

B′
x

C ′
x

, for a certainx ∈ [0, 1], joined with the correspond-
ing verticesA, B, C of ∆ABC define the concurrent straight-line segments (x-
transverals)AA′

x

, BB′
x

, CC ′
x

. (Note: The point of concurrency is called the twin
Hofstadterx-pointO

x
.)

Proof. We begin with the proof of the statement for anyx ∈ (0, 1]. From the right
triangles∆BA

x
A′

x

and∆CA
x
A′

x

for which A
x
A′

x

is a common side we obtain
that

(A
x
A′

x

) = (BA′

x

) tan(βx), (A
x
A′

x

) = (A′

x

C) tan(γx). (2)

Solving for(BA′
x

) and(A′
x

C) we immediately get that

a = (BA′
x

) + (A′
x

C) =
(AxA

′

x)

tan(βx)
+

(AxA
′

x)

tan(γx)
⇒ (A

x
A′

x

) =
sin(βx) sin(γx)

sin((β+γ)x)
a.

(3)
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From the right equation of (3) and from each of (2) we find the two expressions

(BA′

x

) =
sin(γx) cos(βx)

sin((β + γ)x)
a, (A′

x

C) =
sin(βx) cos(γx)

sin((β + γ)x)
a. (4)

Also, from the right equation of (3) as well as from their cyclic expressions, we
can readily obtain that

(A
x
A′

x

) =
sin(βx) sin(γx)

sin((β+γ)x)
a, (B

x
B′

x

) =
sin(γx) sin(αx)

sin((γ+α)x)
b, (C

x
C ′
x

) =
sin(αx) sin(βx)

sin((α+β)x)
c.

(5)
Now, from the expressions in (4) and their cyclic ones we directly have that

(BA

′

x)

(A′

xC)
· (CB

′

x)

(B′

xA)
· (AC

′

x)

(C′

xB)
=

sin(γx) cos(βx)

sin((β+γ)x)
a

sin(βx) cos(γx)

sin((β+γ)x)
a

·
sin(αx) cos(γx)

sin((γ+α)x)
b

sin(γx) cos(αx)

sin((γ+α)x)
b

·
sin(βx) cos(αx)

sin((α+β)x)
c

sin(αx) cos(βx)

sin((α+β)x)
c

= 1.

(6)
By virtue of (6) and the Ceva Theorem [4],AA′

x

, BB′
x

, CC ′
x

are concurrent for
anyx ∈ (0, 1]. (Note: For x = 1, the pointsA1, B1, C1 are the three verticesA,
B, C of ∆ABC.) To find an analogous statement forx = 0 we find the following
limits

lim
x→0+ BA′

x

=: BA0, lim
x→0+ A′

x

C =: A0C (7)

The above limiting expressions are obtained if we take limits of the first expression
in (4) in which case we have

lim
x→0+

(BA′

x

) = lim
x→0+

sin(γx) cos(βx)

sin((β + γ)x)
a

=
γ · lim

x→0+
sin(γx)

γx

· lim
x→0+ cos(βx)

β · lim
x→0+

sin(βx)

βx

· lim
x→0+ cos(γx) + γ · lim

x→0+
sin(γx)

γx

· lim
x→0+ cos(βx)

· a

=
γ · 1 · 1

β · 1 · 1 + γ · 1 · 1a =
γ

β + γ
a =: (BA′

0
) ≡ (BA0). (8)

Similarly, we can obtain thatlim
x→0+(A

′
x

C) =
β

β+γ

a =: (A′
0
C) ≡ (A0C) and

then, cyclicly, we can have the corresponding expressions for all the other limits of
the relevant line segments. Therefore, applying again the Ceva Theoremwe have
that

(BA0)

(A0C)
· (CB0)

(B0A)
· (AC0)

(C0B)
=

γ

β+γ

a

β

β+γ

a
·

α

γ+α

b
γ

γ+α

b
·

β

α+β

c
α

α+β

c
= 1, (9)

and so the three line segmentsAA0, BB0, CC0 are concurrent. �

Definition 1. For any x ∈ [0, 1] the three line segmentsAA′
x

, BB′
x

, CC ′
x

are
called twin Hofstadterx−transversals ofAA

x
, BB

x
, CC

x
, respectively, while the

pointO
x

of their concurrency is called twin Hofstadter point ofH
x
.

Theorem 3. LetO
x
, x ∈ [0, 1], be the point of concurrency ofAA′

x

, BB′
x

, CC ′
x

of Theorem 2 andhBCX , hCAX , hABX be the altitudes of the triangles∆O
x
BC,

∆O
x
CA, ∆O

x
AB from their common vertexO

x
to BC, CA, AB, respectively.
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Figure 1. Acute Case (α = π
4
< γ = π

3
< β = 5π

6
, x = 1

4
)

Then, the trilinear coordinates of the twinsO
x

of the Hofstadter pointsH
x

are
given as follows:

tan (αx)

a

:
tan(βx)

b

:
tan(γx)

c

for x ∈ (0, 1),
α

a

:
β

b

:
γ

c

for x = 0,
1

cos(α)
:

1

cos(β)
:

1

cos(γ)
or 1

a(b2+c

2−a

2)
:

1

b(c2+a

2−b

2)
:

1

c(a2+b

2−c

2)
for x = 1.

(10)

Proof. The pairs of triangles∆ABA′
x

, ∆AA′
x

C and∆O
x
BA′

x

, ∆O
x
A′

x

C have
the same altitudes and bases the segmentsBA′

x

andA′
x

C, respectively. So, the
ratios of their areas will be proportional to the lengths of their bases. In view of
this we successively obtain

(BA′
x

)

(A′
x

C)
=

(ABA′
x

)

(AA′
x

C)
=

(O
x
BA′

x

)

(O
x
A′

x

C)
=

(ABA′
x

)− (O
x
BA′

x

)

(AA′
x

C)− (O
x
A′

x

C)
=

(O
x
AB)

(O
x
CA)

. (11)

By virtue of (4), the leftmost ratio above becomes(BA

′

x)

(A′

xC)
=

tan(γx)

tan(βx)
while the right-

most one in (11) equals(OxAB)

(OxCA)
=

c hABX
b hCAX

. From the two extreme ratios in (11) and

their equivalent expressions just obtained we readily gethABX
hCAX

=
b tan(γx)

c tan(βx)
. Con-

sidering also the other two cyclic expressions to the one just found we eventually
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have that

hABX

hCAX

=
b tan(γx)

c tan(βx)
,

hCAX

hBCX

=
a tan(βx)

b tan(αx)
,

hBCX

hABX

=
c tan(αx)

a tan(γx)
. (12)

From any two of the equalities in (12) we can obtain

hBCX

tan(αx)

a

=
hCAX

tan(βx)

b

=
hABX

tan(γx)

c

(13)

from which the first trilinear coordinates ofO
x
∀x ∈ (0, 1) in (10) are immediately

obtained. Note, however, that forx = 0 one may use the limiting expression in
relation (8), asx → 0+, as well as its cyclic ones, to obtain the second trilinear
coordinates forO0 in (8). Forx = 1 we begin with the denominator ofhBCX which
is then sin(α)

a cos(α)
=

1

2R cos(α)
, whereR is the radius of the circumscribed circle to

∆ABC. From the last expression and its cyclic ones we readily obtain the first set
of relations in (8). To find expressions in terms of the sides of∆ABC we use the
cosine formulaa2 = b2 + c2 − 2bc cos(α) and its cyclic ones. Solving forcos(α)
we havecos(α) = b

2
+c

2−a

2

2bc
from which the second set of expressions forx = 1 in

(8) are produced. �

Remark 1. It should be pointed out that the twin pointO0 and the Hofstadter
pointH0 coincide, while the twin pointO1 of H1 is the orthocenter of the triangle
∆ABC.

In our analysis so far it has been assumed that the given triangle is acute.If
∆ABC is a right triangle, withβ =

π

2
, or an obtuse triangle,β ∈

(

π

2
, π

)

, then
some of the formulas of Theorems 2 and 3 and whatever is derived from them
change.

(1) Right triangle:
• Forx ∈ [0, 1) all formulas obtained in the proofs of Theorems 2 and

3 remain the same. However, asx → 1− then

lim
x→1−

(βx) =
π

2
, lim
x→1−

sin(βx) = 1, lim
x→1−

cos(βx) = 0, lim
x→1−

tan(βx) = +∞.

So, formulas (2) and the first of (3) do not have any meaning as they
stand. However, we observe that if in (3) we take limits asx → 1−

we very easily find that(A
x
A′

x

) =
sin(γ)

sin(α)
a = c. Similarly, if we take

limits in (4) asx → 1− we obtain

lim
x→1−

(BA′

x

) = 0 ⇔ A′

x

≡ B, lim
x→1−

(A′

x

C) = (BC) = a.

• The applications of Ceva’s Theorem in (6) and (9) remain unchanged
for anyx ∈ [0, 1). However forx = 1, whencos(α) becomes zero,
first we simplify bycos(βx) asx → 1− and then we take limits as
x → 1−; hence the end result is the same as before. Note that the
point of concurrency is the vertexB, which is the orthocenter of the
triangle, as was expected.
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• We also havelim
x→0+(BA′

x

) = lim
x→0+ tan(γx)a = 0 meaning

thatA′
x

≡ B something which was expected since forlim
x→0A

′
x

≡
A

x
≡ B as was proved before.

• Due to the fact thatlim
x→1− tan(βx) = +∞ it implies thathBC1 =

hAB1 = 0. However, from the last equality in (13) we have that

lim
x→1−

hBCX

hABX

=
c tan(α)

a tan(γ)
=

c sin(α) cos(γ)

a sin(γ) cos(α)
=

2R cos(γ)

2R cos(α)
=

a

b

c

b

=
a

c

meaning that the asymptotic convergence rate of the ratio of the alti-
tudes fromO

x
to the sidesBC andAB, hBCX

hABX
, asx → 1− is a

c

.

• As x → 1−, the first set of trilinear coordinates can be written as

sin(αx)

a
cos(βx) cos(γx) :

sin(βx)

b
cos(γx) cos(αx) :

sin(γx)

c
cos(αx) cos(βx).

Then, taking limits asx → 1−, we observe that the two extreme
coordinates become0, due tolim

x→1− cos(βx) = cos(
π

2
) = 0, while

the one in the middle becomes1
2R

cos(α) cos(γ) =
ca

b

3 . Multiplying
all three coordinates found byb2 we have that the trilinear coordinates
in the third set of relations (10) become

0 :
ac

b
: 0 for x = 1. (14)

Note that these trilinear coordinates give also the distances of the point
O1 ≡ B from the three sidesa, b, c of the right triangle∆ABC,
respectively.

(2) Obtuse triangle:
• Recall thatβ ∈

(

π

2
, π

)

. Sinceαx < γx < βx, then forβx ∈
(0, π

2
) ⇔ x ∈ (0, π

2β
), everything will be the same as in the acute

case.
• For βx =

π

2
⇔ x =

π

2β
the pointsA π

2β
andC π

2β
will be on the

straight semi-linesEBC1 andEBA2 which will be perpendicular to the
sidesBC andAB, respectively. This means that the two pointsA′

π
2β

andC ′
π
2β

will coincide with the vertexB. So, the three straight-line

segmentsAA′
π
2β

,BB′
π
2β

,CC ′
π
2β

will have as a point of concurrency the

twin point O π
2β

of the Hofstadter pointH π
2β

. The various elements
associated withO π

2β
will be found as the limiting ones of the acute

case asx →
(

π

2β

)−

.

• For x ∈
(

π

2β
, 1
)

, the anglesβx = ĈBA π
2β

= ÂBC π
2β

∈
(

π

2
, π

)

will be obtuse meaning that the projectionsA′
π
2β

andC ′
π
2β

of A π
2β

and

C π
2β

will lie onto the extensions ofCB andAB, respectively, and
so strictly outside the triangle∆ABC. Then, all the expressions for
(BA′

x

), tan(βx), cos(βx) are exactly the same as the ones in the acute
case except that now all of them are negative.



Twins of Hofstadter elements 69

The pointO
x

of concurrency ofAA′
x

, BB′
x

, CC ′
x

will lie strictly out-
side the triangle and specifically in the vertically opposite angle of
β.

• For x = 1 the various elements of interest are found from the corre-
sponding ones in the previous item asx → 1− and will be the ortho-
centerO1 of the triangle∆ABC.

Remark 2. Summarizing, in the obtuse case there are three situations that one
should have in mind. Ifβx < π

2
(x < π

2β
), then, all three pointsA′

x

, B′
x

, C ′
x

will
lie strictly within the corresponding sides of the triangle∆ABC and Figure 2 will
look like Figure 1. Ifβx =

π

2
(x =

π

2β
), then the pointsA′

x

, C ′
x

andO
x

will
coincide with the vertexB. If π > βx > π

2
(
π

β

> x > π

2β
), then the pointsA′

x

, C ′
x

will lie on the extensions of the sidesCB andAB, respectively, whileO
x

will lie
in the vertically opposite angle ofβ of the triangle∆ABC as all these are depicted
in Figure 2.

Figure 2. Obtuse Case (α = π

6
< γ = π

4
< β = 5π

8
, x = 13

14
)

Remark 3. The exhaustive investigation of all three cases of the scalene triangle
∆ABC (acute, right, obtuse) concludes our detailed analysis of the twin Hofstadter
elements (triangles, transversals, points, sectrices). The cases of an isosceles or an
equilateral triangle are trivial and are, therefore, omitted.
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Primitive Heronian Triangles With
Integer Inradius and Exradii

Li Zhou

Abstract. It is well known that primitive Pythagorean triangles have integer
inradius and exradii. We investigate the generalization to prim- itive Heronian
triangles. In particular, we study the special cases of isosceles trianglesand trian-
gles with sides in arithmetic progression. We also give two families of primitive
Heronian triangles, one decomposable and one indecomposable, whichhave in-
teger inradii and exradii. When realized as lattice triangles, these two families
have incenters and excenters at lattice points as well. Finally we pose two prob-
lems for further research.

1. Introduction

A Pythagorean triangleABC is a right triangle with three sidesa, b, c ∈ N. It
is primitive if gcd(a, b, c) = 1.

Now suppose thatABC is a primitive Pythagorean triangle witha2 + b2 = c2.
Since{0, 1} is the complete set of quadratic residues modulo4, a andb must have
opposite parity andc must be odd. Hences =

1

2
(a + b + c) ∈ N and its area

T =
1

2
ab ∈ N. Let r, r

a
, r

b
, r

c
be its inradius and exradii oppositeA, B, C,

respectively. Thenr, r
a
, r

b
, r

c
∈ N (see Figure 1).

Conversely, if a right triangleABC has any three ofr, r
a
, r

b
, r

c
in N, then

a = r + r
a
= r

c
− r

b
∈ N,

b = r + r
b
= r

c
− r

a
∈ N,

c = r
a
+ r

b
= r

c
− r ∈ N,

so the triangle is Pythagorean.
This motivates us to consider the more general case of Heronian triangles.A

Heronian triangleABC is a triangle with integer sides and integer area, that is,a,
b, c, T ∈ N. It is primitive if gcd(a, b, c) = 1. Furthermore, it isindecomposable
if h

a
, h

b
, h

c
are not inN, whereh

a
, h

b
, h

c
are the altitudes ona, b, c, respectively.

Otherwise, it is called decomposable. Finally, we denote byI, I
a
, I

b
, I

c
the incenter

and the excenters oppositeA, B, C, respectively.

2. Isosceles triangles

First, we consider the special case of isosceles triangles. For examples:

• If (a, b, c) = (5, 5, 6), then(T, r, r
a
, r

b
, r

c
) =

(

12, 3
2
, 4, 4, 6

)

.
• If (a, b, c) = (13, 13, 10), then(T, r, r

a
, r

b
, rc) =

(

60, 10
3
, 12, 12, 15

2

)

.

We have the following theorem.

Publication Date: February 7, 2018. Communicating Editor: Paul Yiu.
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A

B

C
I

Ia

Ib

Ic

ra

rc

r

rb

Figure 1. A right triangleABC with its incircle and excircles

Theorem 1. Suppose thatABC is a primitive Heronian triangle witha = b. Then
r
a
= r

b
∈ N, butr andr

c
cannot both be integers.

Proof. Note that

s = a+
c

2
, s− a = s− b =

c

2
, s− c = a− c

2
,

so T =
c

4

√
4a2 − c2, which implies that4a2 − c2 = m2 for somem ∈ N.

Hence−c2 ≡ m2 (mod 4), thusc = 2d andm = 2n for somed, n ∈ N, with
gcd(d, n) = 1. ThenT = dn andr

a
= r

b
=

T

s−a

= n. Also,

r =
T

s
=

dn

a+ d
, r

c
=

T

s− c
=

dn

a− d
.

For contradiction, assume thatr, r
c
∈ N. Then

r
c
− r =

2d2n

a2 − d2
=

2d2

n
∈ N,

which forcesn ∈ {1, 2}. Sincen2 = (a+ d)(a− d), neithern = 1 norn = 2 can
yield d ∈ N. This contradiction completes the proof. �

3. Sides in arithmetic progression

For another special case, we consider triangles with sides in arithmetic progres-
sion. For examples:

• If (a, b, c) = (13, 14, 15), then(T, r, r
a
, r

b
, r

c
) =

(

84, 4, 21
2
, 12, 14

)

.
• If (a, b, c) = (51, 52, 53), then(T, r, r

a
, r

b
, r

c
) =

(

1170, 15, 130
3
, 45, 234

5

)

.

We have the following theorem.

Theorem 2. Suppose thatABC is a primitive Heronian triangle withd = b−a =

c − b > 0. Thenr, r
b
∈ N. But except for(a, b, c) = (3, 4, 5), r

a
andr

c
cannot

both be integers.
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Proof. Note that

s =
3b

2
, s− a =

b

2
+ d, s− b =

b

2
, s− c =

b

2
− d,

soT =
b

4

√

3(b2 − 4d2), which implies thatb2 − 4d2 = 3m2 for somem ∈ N.
Henceb2 ≡ 3m2 (mod 4), thusb = 2e andm = 2n for somee, n ∈ N, with
gcd(e, n) = 1. ThenT = 3en, r =

T

s

= n, andr
b
=

T

s−b

= 3n. Also,

r
a
=

T

s− a
=

3en

e+ d
, r

c
=

T

s− c
=

3en

e− d
.

Assume thatr
a
, r

c
∈ N. Then

r
a
+ r

c
=

6e2n

e2 − d2
=

2e2

n
∈ N,

which forcesn ∈ {1, 2}.
If n = 1, then3 = 3n2 = (e+d)(e−d), soe = 2 andd = 1, that is,(a, b, c) =

(3, 4, 5). If n = 2, then12 = (e+ d)(e− d). Sincegcd(e, d) = 1, we cannot have
(e+ d, e− d) = (6, 2). The only remaining possibilities(e+ d, e− d) = (12, 1)
or (4, 3) cannot yieldd ∈ N. �

4. Triangles with r, r
a
, r

b
, r

c
∈ N

It is possible for a primitive Heronian (non-Pythagorean) triangle to haveall r,
r
a
, r

b
, r

c
∈ N. For example, if(a, b, c) = (7, 15, 20), then(T, r, r

a
, r

b
, r

c
) =

(42, 2, 3, 7, 42). Note that this triangle hash
a
=

2T

a

= 12, so is decomposable.
We show that there are infinitely many such decomposable ones.

Theorem 3. There are infinitely many primitive and decomposable Heronian (non-
Pythagorean) triangles withr, r

a
, r

b
, r

c
∈ N.

Proof. Forn > 1, let

a = 4n2,

b = 4n3 − 2n2
+ 1 = (2n+ 1)(2n2 − 2n+ 1),

c = 4n3
+ 2n2 − 1 = (2n− 1)(2n2

+ 2n+ 1).

Sinceb is odd anda + b − c = 2, the triangles are primitive for alln ≥ 1. Also,
from c+ 2 = a+ b we get

c2 − a2 − b2 = 2(ab− 2c− 2) = 2(ab− 2a− 2b+ 2) ≥ 0,
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with equality if and only ifn = 1. Therefore, for alln > 1, the triangles are obtuse
and thus non-Pythagorean. Now,

s = 4n3
+ 2n2

= 2n2
(2n+ 1),

s− a = 4n3 − 2n2
= 2n2

(2n− 1),

s− b = 4n2 − 1 = (2n− 1)(2n+ 1),

s− c = 1;

T = 2n2
(2n− 1)(2n+ 1);

h
a
=

2T

a
= (2n− 1)(2n+ 1);

r =
T

s
= 2n− 1,

r
a
=

T

s− a
= 2n+ 1,

r
b
=

T

s− b
= 2n2,

r
c
=

T

s− c
= 2n2

(2n− 1)(2n+ 1) = T,

completing the proof. �

Notice thatn = 1 yields the Pythagorean(a, b, c) = (4, 3, 5) andn = 2 yields
(a, b, c) = (16, 25, 39).

This naturally leads to the question of whether there are such indecomposable
triangles.

Theorem 4. There are infinitely many primitive and indecomposable Heronian
(non-Pythagorean) triangleswithr, r

a
, r

b
, r

c
∈ N.

Proof. Forn > 1, let

a = 25n2
+ 5n− 5 = 5(5n2

+ n− 1),

b = 25n3 − 5n2 − 7n+ 3 = (5n+ 3)(5n2 − 4n+ 1),

c = 25n3
+ 20n2 − 2n− 4 = (5n− 2)(5n2

+ 6n+ 2).
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Sincea is odd anda+b−c = 2, the triangles are primitive. Similarly,c+2 = a+b
implies thatc2 − a2 − b2 > 0. Moreover,

s = 25n3
+ 20n2 − 2n− 3 = (5n+ 3)(5n2

+ n− 1),

s− a = 25n3 − 5n2 − 7n+ 2 = (5n− 2)(5n2
+ n− 1),

s− b = 25n2
+ 5n− 6 = (5n− 2)(5n+ 3),

s− c = 1;

T = (5n− 2)(5n+ 3)(5n2
+ n− 1);

r =
T

s
= 5n− 2,

r
a
=

T

s− a
= 5n+ 3,

r
b
=

T

s− b
= 5n2

+ n− 1,

r
c
=

T

s− c
= (5n− 2)(5n+ 3)(5n2

+ n− 1) = T.

Finally,

h
a
=

2T

a
=

2(5n− 2)(5n+ 3)

5
6∈ N,

h
b
=

2T

b
=

2(5n− 2)(5n2 + n− 1)

5n2 − 4n+ 1
= 10n+ 6− 2

5n2 − 4n+ 1
6∈ N,

h
c
=

2T

c
=

2(5n+ 3)(5n2 + n− 1)

5n2 + 6n+ 2
= 10n− 4 +

2

5n2 + 6n+ 2
6∈ N.

�

The beginning case ofn = 2 yields(a, b, c) = (105, 169, 272).

5. Embedding as lattice triangles

In [1], Paul Yiu discovered and proved that all Heronian triangles arelattice
triangles. That is, they can be embedded so that the coordinates of the three vertices
are all integers. Now we wonder whether for some,I, I

a
, I

b
, I

c
can be lattice points

as well.

Theorem 5. There are infinitely many primitive Heronian(non-Pythagorean) tri-
angles, when realized as lattice triangles, haveI, I

a
, I

b
, I

c
at lattice points as

well.

Proof. (1) The decomposable family in Theorem 3 with

a = 4n2, b = (2n+ 1)(2n2 − 2n+ 1), c = (2n− 1)(2n2
+ 2n+ 1)
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can be realized at

A = (−2n(n− 1)(2n+ 1), (2n− 1)(2n+ 1)),

B = (4n2, 0),

C = (0, 0).

Then

I = (s− c, r) = (1, 2n− 1),

I
a
= (s− b, r

a
) = ((2n− 1)(2n+ 1), 2n+ 1),

I
b
= (a− s, r

b
) = (−2n2

(2n− 1), 2n2
),

I
c
= (s, r) = (2n2

(2n+ 1), 2n2
(2n− 1)(2n+ 1)).

For the beginning value ofn = 2, the points are

A = (−20, 15), B = (16, 0), C = (0, 0);

I = (1, 3), I
a
= (15, 5), I

b
= (−24, 8), andI

c
= (40, 120).

(2) The indecomposable family in Theorem 4 with

a = 5(5n2
+n−1), b = (5n+3)(5n2−4n+1), c = (5n−2)(5n2

+6n+2)

can be realized at

A = (2n(2n− 1)(5n+ 3), (n− 1)(3n− 1)(5n+ 3))

= (2n(2n− 1)r
a
, (n− 1)(3n− 1)r

a
),

B = (−4(5n2
+ n− 1), −3(5n2

+ n− 1))

= (−4r
b
, −3r

b
),

C = (0, 0).

Then

I =
aA+ bB + cC

a+ b+ c
= (3n− 2, 4n+ 1),

I
a
=

−aA+ bB + cC

−a+ b+ c
= ((−4n+ 1)r

a
, (−3n+ 2)r

a
),

I
b
=

aA− bB + cC

a− b+ c
= ((4n− 1)r

b
, (3n− 2)r

b
),

I
c
=

aA+ bB − cC

a+ b− c
= ((3n− 2)r

a
r
b
, (−4n+ 1)r

a
r
b
).

For the beginning value ofn = 2, the points are

A = (156, 65), B = (−84, −63), C = (0, 0);

I = (4, −7), I
a
= (−91, −52), I

b
= (147, 84), andI

c
= (1092, −1911).

�
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6. Further problems

The triangles given in the proofs of Theorem 3 and Theorem 4 are all obtuse,
which suggests the following question.

Problem 1. Are there infinitely many acute primitive Heronian triangles withr, r
a
,

r
b
, r

c
∈ N ?

On the other extreme, there are also primitive Heronian triangles withr, r
a
, r

b
, r

c
/∈

N. For examples:
• If (a, b, c) = (1921, 2929, 3600), then

(T, r, r
a
, r

b
, r

c
) =

(

2808000,
8640

13
,
4875

4
,
6500

3
,
22464

5

)

.

• If (a, b, c) = (2525, 2600, 2813), then

(T, r, r
a
, r

b
, r

c
) =

(

3011652,
47804

63
,
39627

19
,
81396

37
,
44289

17

)

.

We propose the following problem.

Problem 2. Prove that there are infinitely many primitive Heronian triangles with
r, r

a
, r

b
, r

c
6∈ N.
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A Family of Triangles for which Two Specific Triangle
Centers Have the Same Coordinates

Francisco Javier Garcı́a Capit́an

Abstract. It is well known that different points can have same ETC search num-
bers. We consider the family of triangles for whichX3635 andX15519 have the
same barycentric coordinates. This family includes triangle(6, 9, 13). We give
a geometrical construction and a locus point of view for this family of triangles.

1. Introduction

The two triangle centers in question areX(3635) andX(15519) in theEncy-
clopedia of Triangle Centers [2]. Randy Hutson [1] points out that they have the
same ETC search number, while the barycentrics forX(3635) are

(6a− b− c : · · · : · · · )

and those ofX(15519) are

((−a+ b+ c)(3a− b− c)2 : · · · : · · · ).

When we calculate the cross product of the coordinates of these two pointswe get
an expression of the form

{Q(a, b, c)(b− c), Q(a, b, c)(c− a), Q(a, b, c)(a− b)}

where

Q(a, b, c) = 146abc+
∑

cyclic

(3a3 − 23a2(b+ c)). (1)

The reason for the apparently strange behavior ofX(15519) andX(3635) is the
fact thatQ(6, 9, 13) = 0.

The relation (1) can be written in terms ofR, r, s as

5s2 + 8r2 − 80rR = 0,

which in turn is equivalent to

45GI2 = 17r2. (2)
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2. Construction

This leads to an easy construction of the triangles satisfying (1). We first con-
sider the following lemma.

Lemma 1. 1 LetABC be a triangle with incenterI. Call J the orthogonal pro-
jection ofI on the parallel toBC throughA, andM the midpoint ofBC. Then
AM meetsIJ at J0, the inverse ofJ with respect to the incircle.

I

X

G

J

J
′

A

B
C

Z

Y

U

M

Figure 1.

Proof. Since M is the midpoint ofBC andAJ is parallel toBC, AM is the har-
monic conjugate ofAJ with respect toAB andAC.

Let XY Z be the pedal triangle ofI. If J ′ = AM ∩ Y Z andU = AJ ∩ Y Z,
thenJ ′ is the harmonic conjugate ofU with respect toZ, Y , and thereforeJ ′ lies
on the polar ofU with respect to the incircle.

By the reciprocal property of pole and polar, sinceJ ′ lies on the polar ofU ,
the polar ofJ ′ goes throughU , that isJ is the inverse ofJ ′ with respect to the
incircle. �

Now we can solve the construction problem of triangleABC from I, G, andX
(the pedal ofI onBC)

Construction 2. GivenI, G, andX, construct
(1)D, the othogonal projection ofG on the tangent to(I, IX) atX,
(2)L, the point on lineDG such thatDG : GL = 1 : 2,
(3) J , the intersection of the parallel toBC throughL and lineXI,
(4) J ′, inversion ofJ with respect to circle(I, IX),
(5)A, the intersection of linesGJ ′ andJL, and finally,
(6)B, C, the intersections of BC and tangents to(I, IX) fromA.

1This lemma was proposed by the author in the11-th Mathematics and Computer Science Na-
tional Contest “Grigore Moisil”, held in Urziceni, Romania, February 2-4, 2018.
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X

G

D

LJ

J
′

A

B
C

Z

Y

Figure 2.

Now to construct the triangles satisfying (2), we start from the circle(I, IX)

and the tangent at some pointX, the future lineBC. If we taker = IX, we can

perform a compass and ruler construction for the distanceg =

√

17

45
r taking into

account that

3g =

√

17

5
r =

√

42 + 12

22 + 12
r.

3. Locus

For any pointG on circle(I, g) we can construct a triangle ABC satisfying (1).
What is the locus ofA whenG varies on circle(I, g)?
In Figure 3,X ′ is the reflection ofX in I, andX ′′ the reflection ofX in X ′.
The curve looks like a Nichomedes conchoid with poleX ′ and having the par-

allel toBC atX ′′ as asymptote.
However if we takeX ′ as the origin, andAX ′, X ′X ′′ as axes, the cartesian

equation of the curve becomes

(y − 2r)2x2 = y2

(

√

17

5
r + r − y

)(

√

17

5
r − r + y

)

,

or
(y − 2r)2x2 = y2(3g + r − y)(3g − r + y),

while the equation of a Nichomedes conchoid is of the form

(y − b)2x2 = y2(a+ b− y)(a− b+ y).
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A New Proof of Erdős-Mordell Inequality

Robert Bosch

Abstract. In this note we show a new proof of Erdős-Mordell inequality. The
new idea is to consider three interior points to the triangle, the resulting inequal-
ity becomes Erd̋os-Mordell inequality when the three before mentioned points
coincide.

1. Introduction

The famous Erd̋os-Mordell inequality states: From a pointO inside a given
triangleABC the perpendicularsOP , OQ, OR are drawn to its sides. Prove that
OA+OB+OC ≥ 2(OP +OQ+OR). Equality holds if and only if the triangle
ABC is equilateral and the pointO is its center. This inequality was proposed by
Paul Erd̋os to the journal American Mathematical Monthly in 1935. Later in 1937
were published solutions by L. J. Mordell and D. F. Barrow in the same journal. A
complete and extensive survey on the history of the problem can be foundin [1].
There are numerous proofs in the literature to the inequality, but always considering
a single point inside the triangle. So, it is natural to explore what happen for two or
three interior points. More precisely, to find similar inequalities to Erdős-Mordell
for more than one interior point. For two points we can find the following resultin
the journal Crux Mathematicorum [3].

Problem 982.(Proposed by George Tsintsifas, Thessaloniki, Greece.)
Let P andQ be interior points of triangleA1A2A3. For i = 1, 2, 3, letPA

i
=

x
i
, QA

i
= y

i
, and let the distances fromP andQ to the side oppositeA

i
bep

i
and

q
i
, respectively. Prove that

√
x1y1 +

√
x2y2 +

√
x3y3 ≥ 2(

√
p1q1 +

√
p2q2 +

√
p3q3).

WhenP = Q, this reduces to the well-known Erdős-Mordell inequality.

When we consider three interior points to the triangle we only found the follow-
ing result: LetABC be a triangle and letP , Q, R be three points inside it so that
QR ⊥ BC, RP ⊥ CA andPQ ⊥ AB. LetQR meetBC atD, RP meetCA at
E andPQ meetAB atF . Prove that

PA+QB +RC ≥ PE + PF +QF +QD +RD +RE. (1)

Publication Date: February 12, 2018. Communicating Editor: Paul Yiu.
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This one is the motivation for this note since ifP , Q, R coincide (P = Q =

R), then we get Erd̋os-Mordell inequality. So, a solution to this problem lead to
a new proof of the famous inequality. This problem was proposed as Problem
6 in a problem session from Computational Geometry course inAwesomeMath
Summer Program 2017. During the camp, I was not aware of a solution, but in
January 2018 I came back to work on this one, obtaining a satisfactory andelegant
solution, my proof uses the well-known geometric lemma that is common to many
different proofs of Erd̋os-Mordell inequality (see Lemma 1 in the next section).
The lemma provides three inequalities relating the lengths of the sides ofABC
and the distances fromO to the vertices and to the sides. Which one has proved to
be useful and today can be considered a classical result in geometric inequalities.
There are different proofs for the above lemma, in [1], Claudi Alsina and Roger B.
Nelsen construct a trapezoid, also in [2, p.202], the authors of the bookconsider
the cyclic quadrilateral and orthogonal projections, obtaining the same lemma but
in trigonometrical form, both are simply equivalent by Law of Sines. To tackle
Problem 6 from AMSP, the last version is adequate since the inner trianglePQR
has the same interior angles that triangleABC. In this way we are relating both
triangles, this task result impossible, or at least hard for the sides. Also weshall
use an algebraic inequality whose proof is simple.

2. Lemmas

Lemma 1. Given a triangle ABC and an interior point P , draw perpendiculars
PY and PZ to the sides AC and AB respectively. Then we have

PA ≥ PY · sinC
sinA

+ PZ · sinB
sinA

.

A

B C

Y

Z

P

Figure 1.

Proof. See [2, page 202]. �

Lemma 2. Let x, y, z be positive real numbers. The following inequality holds:
yz

x
+

zx

y
+

xy

z
≥ x+ y + z.
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Proof. For a positive real numberα, clearlyα+
1

α

≥ 2, since(α− 1)2 ≥ 0. Now
we have

yz

x
+

zx

y
= z

(

y

x
+

x

y

)

≥ 2z.

Similarly,
zx

y
+

xy

z
≥ 2x,

yz

x
+

xy

z
≥ 2y.

Summing up the three inequalities the conclusion follows. �

3. Main result

Now we are ready to prove inequality (1).
Let ABC be a triangle and letP , Q, R be three points inside it so thatQR ⊥

BC, RP ⊥ CA andPQ ⊥ AB. LetQR meetBC atD, RP meetCA atE and
PQ meetAB atF . Prove that

PA+QB +RC ≥ PE + PF +QF +QD +RD +RE.

A

B CD

E

F

P

Q

R

Figure 2.

By Lemma 1, the following inequalities are valid:

PA ≥ PE · sinC
sinA

+ PF · sinB
sinA

,

QB ≥ QF · sinA
sinB

+QD · sinC
sinB

,

RC ≥ RD · sinB
sinC

+RE · sinA
sinC

.

QuadrilateralAFPE is cyclic, so∠FPE = 180◦ − A, and then∠QPR = A.
By analogy∠PQR = B and∠QRP = C. Now, by the Law of Sines in triangle
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PQR, and sum of segments, the above inequalities can be rewritten as

PA ≥ PE · PQ

QR
+ PF · RP

QR
= PE · PQ

QR
+

PQ ·RP

QR
+

QF ·RP

QR
,

QB ≥ QF · QR

RP
+QD · PQ

RP
= QF · QR

RP
+

QR · PQ

RP
+

RD · PQ

RP
,

RC ≥ RD · RP

PQ
+RE · QR

PQ
= RD · RP

PQ
+

RP ·QR

PQ
+

PE ·QR

PQ
.

Summing up and using Lemma 2 we obtain

PQ ·RP

QR
+

QR · PQ

RP
+

RP ·QR

PQ
≥ PQ+QR+RP.

Next, note that
PE · PQ

QR
+

PE ·QR

PQ
≥ 2PE,

QF ·RP

QR
+

QF ·QR

RP
≥ 2QF,

RD · PQ

RP
+

RD ·RP

PQ
≥ 2RD.

Finally,

PA+QB +RC ≥ PQ+QR+RP + 2(PE +QF +RD)

= PE + PF +QF +QD +RD +RE.
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Parabola Conjugate to Rectangular Hyperbola

Paris Pamfilos

Abstract. We study the conjugation, naturally defined in a bitangent pencil of
conics, and determine the triangles, which define corresponding pencils, for
which the parabola member is conjugate to the rectangular hyperbola member
of the pencil.

1. The bitangent pencil of conics

A bitangent family or pencil of conics is created by quadratic equations in the
form of linear combinations

α · (f(x) · g(x)) + β · h(x)2 = 0, with α+ β = 1, (1)

where{f(x) = g(x) = h(x) = 0, x ∈ R2} are equations of lines in general
position and{α, β} are real constants ([1, II.p.194]). The family consists of conics,

A

B

C

A'

f(x)=0

g(x)=0

h(
x)
=
0

M

κ

κ'

Figure 1. Bitangent family of conics

which are tangent to the lines{f = 0, g = 0} at their intersections{B,C} with
the lineh = 0. Thus,BC is a chord also common to all member-conics of the
pencil, and the intersection pointA of the two tangents, common to all members,
is the pole of the lineBC again with respect to all these members (see Figure1).
Since the median lineAA′ of the triangleABC is the conjugate diameter ofBC
with respect to all members of the family, the centers of these conics lie on this
line. Some general facts of a slightly more general kind of such families, in which
the product of linesf(x) · g(x) = 0 is replaced by a general conicc(x) = 0,
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are discussed in [7]. Every bitangent family has a unique parabola member, and a
unique rectangular hyperbola member. The parabolaκ passes through the middle
M of the medianAA′ of the triangleABC and the rectangular hyperbolaκ′ has
its center at the projection of the orthocenter of the triangleABC on this median
line ([4], [6]). The aim of the article is to show that these two exceptional members
of a bitangent pencil areconjugate, in a sense to be explained right below, only in
the case the trianglesABC, formed by the three lines, are such that the median
satisfiesBC =

√
2 ·AA′.

2. The perspectivities group of a triangle

A triangleABC produces a set of threeharmonic perspectivities (or harmonic
homologies [8, I, p.223], [3, p.248]), which, together with the identity transforma-
tion, build a group of projective transformations having the vertices of the triangle
for fixed points. The harmonic perspectivityf

B
relative to the vertexB say, is

A

B C

Χ U
Υ

C'

A' W

Z

V

κ

κ'

Z'

X'

Figure 2. Harmonic perspectivityY = fB(X) relative toB

defined by corresponding to a pointX the pointY = f
B
(X) on lineBX, so that

the pairs(B,U) ∼ (X,Y ) are harmonic, pointU being the intersection ofBX
with AC (see Figure2). The thus defined projective transformationf

B
, leavesB

andAC pointwise fixed and maps the lineA′C ′, of middles of sides{BC,BA} ,
to the line at infinity. Analogously are defined the maps{F

A
, F

C
}, and, from the

properties of harmonic pencils ([5, p.88]), results the commutativity and the group
property of these transformations (see Figure2):

f2

A

= 1, f
A
◦ f

B
= f

B
◦ f

A
= f

C
,

and the analogous properties for cyclic permutations of the letters{A,B,C}. Con-
sider now the bitangent at{B,C} family of conicsF and the perspectivityf

A
(X) =

Z and a member-conicκ. SinceBC is the polar of pointA with respect toκ, the
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mapf
A

leavesκ invariant. It is easy to see that the two other maps{f
B
, f

C
} send

κ to another memberκ′ of the familyF (see Figure2). In fact, if κ′ is the fam-
ily member throughY = f

B
(X) andZ ′ = f

C
(X), then points{X,Y, Z ′, Z =

F
B
(Z ′)} define a complete quadrilateral ([5, p.100]), from whose harmonicity

properties results thatZ ′ = f
A
(Y ). Consequently the same memberκ′ passes

through{Y = f
B
(X), Z ′ = f

C
(X)} and coincides with the image conic ofκ un-

der either of these maps:κ′ = f
B
(κ) = f

C
(κ). The last equality can be interpreted

also by the conjugacyf
C
= h ◦ f

B
◦ h−1, whereh = h−1 is the affine reflection

([3, p.203]), defined by the lines{AA′, BC}. Since these are conjugate diameters
for each conic of the bitangent pencilF , the transformationh leaves every such
conic invariant.

We call two member-conics of the bitangent pencilF , like {κ, κ′}, conjugate.
Each of them results from the other by applying the perspectivityf

B
or f

C
. The

property to be proved below is the following.

Theorem 1. The parabola member of the family F is conjugate to the rectangular
hyperbola member, if and only if, the triangle ABC and its median AA′ satisfy
BC =

√
2 ·AA′.

3. Hyperbola conjugate to ellipse

Using the notation and conventions adopted in the previous sections, we study
the case in which the member-conicκ of the pencilF has a conjugateκ′, which
is a hyperbola. This is always the case for the parabola member of the pencil as
well as for any other conic memberκ contained in the same angular region, defined
by the two lines{AB,AC}, in which lies the segmentBC. The arguments used
below are valid for all kinds of such conics and we can safely work assuming thatκ
is an ellipse, ultimately passing to the limiting case of the parabola. The following
observations lead to the proof of the theorem.

(1) The directions of the asymptotes of the hyperbolaκ′ can be determined
using the side-lines of the complementary triangleA′B′C ′ of ABC (see
Figure3). In fact, if {B1, B2} are the intersections ofκ with line A′C ′,
send to infinity byf

B
, then, because of the affine symmetryh, the points

{C1 = h(B1), C2 = h(B2)} are on the lineA′B′, send to infinity by
f
C

. Using the commutativity properties of the maps{f
A
, f

B
, f

C
, h}, we

see immediately that{(BB1, CC2), (CC1, BB2)} are pairs of lines par-
allel to asymptotic directions of the hyperbolaκ′. In addition, it is seen
that {(B1, C2, A), (C1, B2, A)} are triples of collinear points, and that
{B1C1, B2C2} are parallel to the lineBC, which implies that the inter-
sectionsI = (BB2, CC2) andJ = (BC1, CB1) are on lineAA′.

(2) Consider now the intersections{E1, E2} of κ′ with line B′C ′, send to
infinity by f

A
. We may assume that{AE1, AE2} are parallel, respectively,

to the asymptotic directions{BB1, CC1} of κ′. ForE1 this means that

f
A
(E1) = f

B
(B1) ⇔ E1 = f

A
(f

B
(B1)) = f

C
(B1),
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Figure 3. The conjugate toκ, hyperbolaκ′, and its asymptotes

so that{C,B1, E1} are collinear points. Analogously is also seen that
{B,C1, E2} are collinear points.

(3) The polars of every pointG onBC with respect to the conics{κ, κ′} are
the same, since they must pass throughA and the harmonic conjugateG′

of G with respect to(B,C). In particular, the intersection points{D1 =

(BC,AB1), G1 = (BC,AE1)} are harmonic conjugate with respect to
(B,C) and the polar of one passes through the other i.e.AD1 is the polar
of G1 andAG1 is the polar ofD1 with respect to either conic. Analogous
property holds also for the intersection points{D2 = (BC,B2C2), G1 =

(BC,AE2)}.
(4) Now, since the polarAG1 of D1 with respect toκ′ is parallel to an asymp-

tote, intersecting the hyperbola atE1, the pointD1 must itself be on that
asymptote and the tangent to the hyperbolaκ′ atE1 must pass throughD1

([2, p.281]). Hence ifO is the center of the hyperbola, thenOD1 is the
asymptote parallel toAG1. Analogously, pointD2 = (AB1, BC) is on
the tangent toκ′ atE2 and lineOD2 is the other asymptote.

(5) By the symmetry of the configuration with respect to the affine reflectionh,
we have that{E2 = h(E1), D2 = h(D1), G2 = h(G1)} define segments
{D1D2, E1E2, G1G2} having their middles onAA′.
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(6) By the parallelism of{AG1, BB1, OD1, CC2} follows that these parallels
intersect onE1B a harmonic quadruple. Also, since the polar ofD1 passes
throughE1, the polar ofE1 with respect toκ must pass throughD1, hence
it coincides with the asymptoteOD1 of κ′. Analogously the polar with
respect toκ of E2 is the asymptoteOD2 of κ′. It follows then thatO is the
pole ofC ′B′ with respect toκ.

(7) Since the tangentE1D1 of κ′ atE1 passes through the intersection point
D1 of the diagonals of the trapeziumBB1CC2 and the intersection point
E1 of its non-parallel sides, it passes also through the middles of the par-
allel sides{BC1, CC2}, hence also through the centerK of κ. Analo-
gous property holds also for the tangentE2D2 to κ′. It follows that line
ε = B′C ′ is the polar ofK with respect to the hyperbolaκ′.

(8) The pencilD1(OKA′A) consists of the sides of the triangleAD1G1, its
medianD1E1 and the parallelD1O to its base, hence it is harmonic. It
follows that(O,K) ∼ (A′, A) are harmonic pairs.

In the case under consideration, in whichκ is a parabola andκ′ is a rectangular
hyperbola, the centerK of κ lies at infinity and, by (8), the conjugateO to it
with respect to(A,A′) must be coincident with the middle ofB′C ′ (see Figure

A

B CA'

O

D
1

D
2

E
1

E
2

C' B'

G
1

Figure 4. The case of parabola conjugate to a rectangular hyperbola

4). Taking line coordinates onBC with origin atG1 and setting{x = G1B, y =

G1D1, BC = d}, the harmonicity relation becomes

G1B

G1C
= −D1B

D1C
⇔ x

x+ d
=

y − x

x+ d− y
.

Taking into account the parallelism of{AG1, D1J} and the orthogonality of the
triangleJD1D2, we find that{x, y} satisfy also the equation

2x− 4y + d = 0.

From these equations, eliminatingx, we deduce the equation8y2−d2 = 0, which,
because ofy = D1A

′ = A′J = AA′/2, is equivalent to the necessity condition of
the theorem. The sufficiency of the condition is an easy reversing of the sequence
of arguments and is left as an exercise.
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A Toroidal Approach to the Doubling of the Cube

Gerasimos T. Soldatos

Abstract. A doubling of the cube is attempted as a problem equivalent to the
doubling of a horn torus. Both doublings are attained through the circle of Apol-
lonius.

According to Eratosthenes [1], a plague was sent by god Apollo to the Aegean
island of Delos around 430 B.C., and when its citizens consulted the oracle of
Delphi to learn how to defeat the plague, the answer was to double the altar of
Apollo, which was a cube. And, a cube,K, with twice the volume of a given cube
of side length1, has volume equal to2, which implies that in order to construct
K, side length equal to3

√
2 has to be constructed first. Several solutions to this

problem have been advanced since antiquity, but not within the context ofclassical
geometry, because as Wantzel [2] proved much later, in 1837, the number3

√
2 is

not constructible with unruled straightedge and compass. This article adds one
more solution to the Delian problem by relating it to Euclidean horn torus metrics
as follows.

Let the volume of horn torusT be2π2R3, whereR is the radius underlyingT.
Let T be the horn torus whose volume is half the volume ofT, that is,2π2x3 =

π2R3, wherex is the radius definingT. It follows that 2x3 = R3, that is, the
volume of the cubeC with edge lengthR is twice the volume of the cubeC with
edgex. Consequently, the problem of doubling the cube translates into the problem
of doubling the horn torus. The problem of the constructibility of3

√
2 remains but

it can be circumvented if this toroidal approach to the doubling of the cube is
combined with a similar approach to the quadrature by the present author [3]in
this Journal as follows.

The latter approach enables the construction of the line lengthz that squares the
circle underlying torusT. But then

z = R
√
π =⇒ z3

√
π = π2R3.

Letting

z3
√
π = 2π2x3 =⇒ z3 = 2(x3π

√
π). (1)

Publication Date: February 12, 2018. Communicating Editor: Paul Yiu.



94 G. T. Soldatos

If, now, y is the square edge that squares the circle characterizing torusT so that
y = x

√
π =⇒ y3 = x3π

√
π, inserting this expression in (1) yields

z3 = 2y3. (2)

Hence, in view of (2), to double the cubeC when torusT with radiusx is given,
we can start by finding square edgey, and fromy proceed to identify square edge
z and subsequently, the line segmentR as side length of cubeC and as radius of
the horn torusT whose volume is twice that ofT: So,

Problem. Given a horn torusT with defining circle and tube circle radiusx in the
3-dimensional Euclidean space, find horn torusT whose defining and tube circle
radiusR is such thatR3 = 2x3 =⇒ π2R3 = 2π2x3.

Analysis: For educational purposes, consider first this problem from the view-
point of the square edgesy and z, squaring the circles with radiusesx andR,
respectively. Suppose that from this viewpoint, this problem has been solved as in
Figure 1, withz = y+ ν being subsequently the cube edge doubling the cube with
edge equal toy so thatz = y 3

√
2. It follows that

z2 = y2
(

3
√
2

)

2

. (3)

Since triangleMΓN is a right-angled one withΓ being the vertex of the right angle
and with altitudeΓΞ = y, we have also that

z2 = y2 + β2. (4)

Equating (3) and (4) yields

β2
= y2

[

(

3
√
2

)

2

− 1

]

. (5)

y

µ

γ β

ν

y

y

Ξ N

Γ

M

Figure 1.

By the power of point theorem in connection with pointN and given thaty is
also the radius of circle(Γ,ΓΞ = y), we have

β2
= ν(ν + 2y) (6)
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too, which when equated with (5), gives the quadratic equation

ν2 + 2yν − y2
[

(

3
√
2

)

2

− 1

]

= 0.

Solving this equation forν > 0 gives

ν = y
(

3
√
2− 1

)

(7)

and hence
z = y + ν =

3
√
2. (8)

Note that sinceν is as in (7), the sum in (8) obtains regardless the length ofy
but can be reconciled with the assumption thatz = y 3

√
2 only if y = 1. It appears

that to double a cube presupposes the normalization of its edge to the value ofone.
Indeed, sinceβ + γ is the hypotenuseMN of the right triangleMΓN ,

(β + γ)2 = (µ+ y)2 + z2. (9)

Also, note that from the right triangleMΞΓ,

γ2 = (µ+ y)2 − y2 =⇒ (µ+ y)2 = γ2 + y2. (10)

Inserting (8) and (10) in (9) gives

(β + γ)2 = γ2 + y2 + (
3
√
2)

2

which in view of (5) becomes

y2
[

(

3
√
2

)

2

− 1

]

+ 2βγ = y2 + (
3
√
2)

2. (11)

By the power of point theorem,y2 = βγ, which when inserted in (11), produces
the relation

y2
[

(

3
√
2

)

2

− 1

]

+ 2y2 = y2 +
(

3
√
2

)

2

=⇒ y2 = 1 =⇒ y = 1.

That is, if one tried to solve the original problem of the doubling of a cube one
should presuppose that its edge is equal to one, indeed.

But, this is not necessary when one more datum to the Analysis is added as
for instance is done herein borrowing from torus geometry as follows. Figure 2
presents a version of Apollonius’ definition of circle wherex, the circle radius of
torusT, appears as well. TrianglesΣTΨ andΣT ′Φ are similar isosceles triangles
with TT ′ = T ′T ′′ = ΦΨ = x andΣT ′ = ΣΦ = y, satisfying the proportions

ΣΦ

ΦΨ
=

y

x
=

ΣΩ

ΨΩ
=

ΣΥ

ΨΥ
=

ΣΥ′

ΨΥ′
. (12)

Points likeΥ, Υ′ andΩ on the periphery of the circle(O,OΥ = ̺) satisfy the
same ratio of distances in (12) with regard to pointsΣ andΨ. Presumably,ΣΥ is
tangent to this circle at pointΥ, TΨ ‖ T ′Φ, T ′′Ψ ‖ T ′Ω, and∠ΣΥΦ = ∠ΦΥΨ.
Methodologically, sincey2 = πx2 =⇒ y = x

√
π andz2 = πR2 =⇒ z =

R
√
π, it follows that y/x = z/R. So, given the endpointsΣ andΨ of length

y + x = ΣΨ, with Φ being the point at whichΣΦ = y is extended byx =

ΦΨ, lengthsz andR could be searched in terms of the locus of points likeΥ and
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Ω whose distance fromΣ andΨ satisfies the propertyy/x = z/R. This locus
defines Apollonius’ circle with candidates forz lengths likeΣΥ, ΣΥ′ andΣΩ,
and candidates forR lengths likeΨΥ, ΨΥ′ andΨΩ, respectively. Actually, it is
ΣΥ = z andΣΥ = R as follows: From the relationy/x = ΣΥ/ΨΥ =⇒ ΣΥ =

ΨΥ(y/x) =⇒
ΣΥ

2
= ΨΥ

2
(y2/x2) (13)

while power of point theorem in connection with pointΣ gives

ΣΥ
2
= y(y + 2̺). (14)

xy

̺

x

x

O
Ω

Ψ

Φ
Σ

Υ Υ
′

Φ
′

T

T
′

T
′′

y

Figure 2.

Equating (13) and (14) results in the expression

ΨΥ
2
=

x2(y + 2̺)

y
. (15)

But, we should also have by construction that

ΣΥ
2
= y(y + 2̺) = πΨΥ

2
=⇒ ΨΥ

2
=

y(y + 2̺)

π
. (16)

Combining (15) and (16) yieldsy2 = πx2, which is true. It could not be that
ΣΩ = z andΨΩ = R, because from Thales’ intercept theorem,

ΣT ′′

ΣΨ
=

y − x

y + x
=

T ′T ′′ = x

ΨΩ
=⇒ ΨΩ = x

y + x

y − x
,
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which in view ofy2 = πx2, becomes

ΨΩ = x

√
π + 1√
π − 1

and hence,ΣΩ2 = πΨΩ2 = πx2 (
√
π+1)

2

(
√
π−1)2

. ΣΩ is square and cube edge that does
not double the cube with edgey andΨΩ is a circle radius of some horn torus that
does not double torusT. Consider finally a case likeΣΥ′ = z andΨΥ′ = R. From
the power of point theorem,

ΣΦ
′
(ΣΥ

′
) = ΣΦ(ΣΩ) =⇒ ΣΦ

′z = y(y + 2̺)

or settingz = R
√
π and solving forR,

R =
y(y + 2̺)

ΣΦ′
√
π

.

That is, points in general likeΥ′ 6= Υ do not solve the problem of the doubling of
the cube either.

Construction: Given circle radiusx = ΦΨ, construct square edgey = ΣΦ as
in Soldatos [3], draw line segmenty + x = ΣΦ + ΦΨ = ΣΨ, form the circle of
Apollonius (O, ̺) defined by the ratio of distancesy/x with respect to pointsΣ
andΨ, draw fromΣ tangent to this circle, and connect the tangency pointΥ with
pointΨ: The line segmentΨΥ = R (whileΣΥ = z).

Proof. The construction reproduces Figure 2. And, the proof reproduces the argu-
ment starting with relation (13), leading at the same time to the following corol-
lary. �

Corollary: The line segmentΣΥ = z.
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Remarks for The Twin Circles of Archimedes in
a Skewed Arbelos by Okumura and Watanabe

Hiroshi Okumura and Saburou Saitoh

Abstract. From the viewpoint of the division by zero (0/0 = 1/0 = z/0 = 0)
and the division by zero calculus, we will show some surprising new phenomena
for geometrical properties with the concrete example which was given bythe
paper ”The Twin Circles of Archimedes in a Skewed Arbelos” of H. Okumura
and T. Watanabe,Forum Geom., 4 (2004) 229–251.

1. Introduction

LetV
z

be the point with coordinates(0, 2
√
ab/z) for real numbersz, anda, b >

0 in the plane. H. Okumura and M. Watanabe gave the following theorem in [7]:

Theorem (Theorem 7 of [7]). The circle touching the circle α : (x−a)2+y2 = a2

and the circle β : (x + b)2 + y2 = b2 at points different from the origin O and
passing through V

z±1
is represented by

(

x− b− a

z2 − 1

)

2

+

(

y − 2z
√
ab

z2 − 1

)

2

=

(

a+ b

z2 − 1

)

2

(1)

for a real number z 6= ±1. The common external tangents of α and β can be
expressed by the equations

(a− b)x∓ 2
√
aby + 2ab = 0. (2)

Anyhow the authors give the exact representation with a parameter of the gen-
eral circles touching with two circles touching each other. The common external
tangent may be considered a circle (as we know we can consider circles and lines
as same ones in complex analysis or with the stereographic projection), however,
they stated in the proof of the theorem that the common external tangents are ob-
tained by the limitingz → ±1. However, its logic will have a problem. Following
our recent new concept of the division by zero calculus, we will consider the case
z = ±1 for the singular points in the general parametric representation of the
touching circles. Then, we will see interesting phenomena that we can discover a
new circle in the context.

Publication Date: February 12, 2018. Communicating Editor: Paul Yiu.
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2. The division by zero calculus

For any Laurent expansion aroundz = a,

f(z) =
∞
∑

n=−∞

C
n
(z − a)n, (3)

we obtain the identity, by the division by zero

f(a) = C0. (4)

(Here, as convention, we consider as00 = 1.)
For the correspondence (4) for the functionf(z), we will call it the division

by zero calculus. By considering the derivatives in (3), we can define any order
derivatives of the functionf at the singular pointa.

We have considered our mathematics around an isolated singular point for an-
alytic functions, however, we do not consider mathematics at the singular point
itself. At the isolated singular point, we consider our mathematics with the limit-
ing concept, however, the limiting values to the singular point and the value at the
singular point of the function are different. By the division by zero calculus, we
can consider the values and differential coefficients at the singular point. We will
discuss the equation (1) from this viewpoint at the singular pointsz = ±1 that has
a clear geometric meaning.

The division by zero (0/0 = 1/0 = z/0 = 0) is trivial and clear in the natural
sense of the generalized division (fraction), since we know the Moore-Penrose
generalized inverse for the elementary equationaz = b. Therefore, the division by
zero calculus above and its applications are important. See the references[10, 1, 5,
11, 2, 3, 6, 8, 4, 9] for the details and the related topics.

However, in this paper we do not need any information and results in the division
by zero, we need only the definition (4) of the division by zero calculus.

3. Results

First, for z = 1 andz = −1, respectively by the division by zero calculus, we
have from (1), surprisingly

x2 +
b− a

2
x+ y2 ∓

√
aby − ab = 0,

respectively.
Secondly, multiplying (1) by(z2 − 1), we immediately obtain surprisingly (2)

for z = 1 andz = −1, respectively by the division by zero calculus.
In the usual way, when we consider the limitingz → ∞ for (1), we obtain the

trivial result of the point circle of the origin. However, the result may be obtained
by the division by zero calculus atw = 0 by settingw = 1/z.

4. On the circle appeared

Let us consider the circleζ expressed by

x2 +
b− a

2
x+ y2 −

√
aby − ab = 0.



Remarks for the twin circles of Archimedes in a skewed arbelos 101

Thenζ meets the circleα in two points

P
a

(

2r
A
, 2r

A

√

a

b

)

, Q
a

(

2ab

9a+ b
, −6a

√
ab

9a+ b

)

,

wherer
A
= ab/(a+ b) (see Figure 1). Alsoζ meets the circleβ in points

P
b

(

−2r
A
, 2r

A

√

b

a

)

, Q
b

(

−2ab

a+ 9b
, −6b

√
ab

a+ 9b

)

.

Notice thatP
a
P
b

is the external common tangent ofα andβ expressed by (2) with
the minus sign. The linesP

a
Q

a
andP

b
Q

b
intersect at the pointR(0, −

√
ab),

which lies on the remaining external common tangent ofα andβ. Furthermore,
the circleζ is orthogonal to the circle with centerR passing through the origin.

Pb

Pa

R

Qb

Qa

β

α

ζ

Figure 1.

5. Conclusion

By the division by zero calculus, we are able to obtain definite meaningful re-
sults simply. The new result of Section 4has never been expected therebywill have
a special interest.
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On the Cyclic Quadrilaterals with the Same
Varignon Parallelogram

Sándor Nagydobai Kiss

Abstract. The circumcenters and anticenters of the quadrilaterals cyclicPQRS
with the same Varignon parallelogram describe an hyperbolaΓ. We propose the
characterization of this hyperbola. The vertices ofPQRS one by one move also
on hyperbolas which are the translations of hyperbolaΓ.

1. Introduction

Let A, B, C, D be the midpoints of the sidesPQ, QR, RS, SP of a quadri-
lateralPQRS. The quadrilateralABCD is called theVarignon parallelogram of
PQRS. Note withθ the angleABC, θ ∈ (0, π) and letAB = 2q, BC = 2p,
wherep > 0, q > 0 (Figure 1). LetO be the center of symmetry of the paral-
lelogramABCD. If the triplet (p, q, θ) is given and the parallelogramABCD
is fixed, then there are an infinite number of quadrilateralsPQRS with the same
Varignon parallelogramABCD [1]. The construction of a such quadrilateral is
the following: letX be an arbitrary point in the plan of parallelogramABCD and
X /∈ AB; construct the anticomplementary triangle of the triangleABX and note
its vertices withP

X
, Q

X
, R

X
(letA be the midpoint ofP

X
Q

X
, B the midpoint of

Q
X
R

X
andX the midpoint ofP

X
R

X
); the pointS

X
will be the symmetric ofR

X

with respect toC. CallP
X
Q

X
R

X
S
X

thequadrilateral generated by the points A,
B andX. Denote the set of this quadrilaterals byG

ABX
.

QX

B
RX

C

SX

DA

PX

X
O

YZ

A'
X'

B'

L

Figure 1

PX

D

SX
CRX

B

QX

X
A

Figure 2

Let A′, B′, X ′ be the midpoints of the segmentsBX, XA, AB (Figure 1).
The pointsP

X
, Q

X
, R

X
are the symmetric ofB, X, A with respect to the points

B′, X ′, A′ respectively. From this property results an other construction of the
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quadrilateralP
X
Q

X
R

X
S
X

: consider for example the symmetric ofX with respect
to the midpoint ofAB (i.e. the pointQ

X
); R

X
will be the symmetric ofQ

X
with

respect toB, S
X

the symmetric ofR
X

with respect toC, P
X

the symmetric ofS
X

with respect toD. With this method is possible the construction of the quadrilateral
P
X
Q

X
R

X
S
X

for the pointsX ∈ AB (Figure 2).
In this paper we assume that the parallelogramABCD is fixed and for all points

X from the plane ofABCD the quadrilateralsP
X
Q

X
R

X
S
X

haveABCD as
Varignon parallelogram. Denote this set byG

X
. Therefore

G
X

= G
ABX

∪ G
BCX

∪ G
CDX

∪ G
DAX

.

G
X

is the set of all quadrilateralsP
X
Q

X
R

X
S
X

generated by the pointX.

Remark 1.1. If two quadrilaterals inG
X

have a common vertex, then they coin-
cide.

We pose the following question:for what positions of the point X will the
quadrilateral P

X
Q

X
R

X
S
X

be cyclic?

2. The set of quadrilaterals P
X
Q

X
R

X
S
X

Attach to the parallelogramABCD an oblique coordinate systemxOy with
origin atO, x- andy-axes parallel toBC andAB respectively (Figure 3). The
coordinates of the pointsA, B, C, D areA = (−p, q), B = (−p,−q), C =

(p,−q), D = (p, q).
− − − −

y

x

A

B

O

C

D

q

 

!
p

Figure 3

), then

If X = (α, β), then

2A′
= X +B = (α− p, β − q),

2B′
= X +A = (α− p, β + q),

2X ′
= A+B = (−2p, 0),

P
X

= 2B′ −B = X +A−B = (α− p, β + q)− (−p, q) = (α, β + 2q),

Q
X

= 2X ′ −X = A+B −X = (−2p, 0)− (α, β) = (−α− 2p, −β),

R
X

= 2A′ −A = X +B −A = (α− p, β − q)− (−p, q) = (α, β − 2q).
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If S
X

= 2C−R = (2p,−2q)−(α, β−2q) = (−α+2p,−β), then2D = P
X
+S

X
,

i.e. D is the midpoint of segmentP
X
S
X

. Consequently,ABCD is the Varignon
parallelogram of the quadrilateralP

X
Q

X
R

X
S
X

.
The pointX is the midpoint of diagonalP

X
R

X
. Let Y be the midpoint of the

other diagonalQ
X
S
X

. Since

Y =
1

2
(Q

X
+ S

X
) =

1

2
(−α− 2p, −β) +

1

2
(−α+ 2pm − β) = (−α, −β),

the pointsX andY are symmetric with respect toO (Figure 1).

Lemma 1. (a)G
ABX

= G
CDX

;
(b) G

BCX
= G

DAX
.

Proof. (a) LetP
X
Q

X
R

X
S
X

∈ G
ABX

andP ′

X

Q′

X

R′

X

S′

X

∈ G
CDX

. We have

S′

X

= C +D −X = (p, −q) + (p, q)− (α, β) = (−α+ 2p, −β) = S
X
,

i.e. the quadrilateralsP
X
Q

X
R

X
S
X

andP ′

X

Q′

X

R′

X

S′

X

coincide. �

Corollary 2. G
X

= G
ABX

∪ G
BCX

= G
CDX

∪ G
DAX

.

Lemma 3. If X and Y are symmetric with respect to O, then
(a)G

ABX
= G

DAY
;

(b) G
BCX

= G
CDY

.

y

x

A

B C

D

Y
O

X

PX=PY
_

Figure 4

Proof. (a) LetP
X
Q

X
R

X
S
X

∈ G
ABX

andPY QY RY SY ∈ G
DAY

. We have

P
X

= X +A−B = (α, β) + (−p, q)− (−p, −q) = (α, β + 2q),

P
Y
= A+D − Y = (−p, q) + (p, q)− (−α, −β) = (α, β + 2q) = P

X
,

i.e. the quadrilateralsP
X
Q

X
R

X
S
X

andP
Y
Q

Y
R

Y
S
Y

coincide (Figure 4). �

Corollary 4. If X and Y are symmetric with respect to O, then G
X

= G
Y

.

Henceforth we denote the quadrilateralsP
X
Q

X
R

X
S
X

more simply by(PQRS)
X

or PQRS.
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3. Special cases

I. If p = q, thenABCD is rhombus. IfX ∈ BD (first bisector ofxOy) then
α = β and

P = (α, α+ 2p), Q = (−α− 2p, −α),
R = (α, α− 2p), S = (−α+ 2p, −α).

Since
→

PQ = −2(α+ p, α+ p),
→

BD = 2(p, p),
→

RS = −2(α− p, α− p), results
thenPQ ‖ BD ‖ RS. In oblique coordinate system the length of segmentEF
determined by two pointsE = (x1, y1) andF = (x2, y2) is

EF =
√

(x1 − x2)2 + (y1 − y2)2 + 2(x1 − x2)(y1 − y2) cos θ.

In our case

PS2
= 4(α− p)2 + 4(α+ p)2 + 8(α− p)(α+ p) cos θ = QR2

;

therefore, the quadrilateralPQRS is an isosceles trapezoid, so it is cyclic (Figure
5).

y

xS

C
R

B

Q

A

P

D

O
X

Figure 5

P y

x
S

C

R
B

Q

X
A D

O

Figure 6

P

If X ∈ AC (second bisector ofxOy), thenα = −β andP = (α, −α + 2p),

Q = (−α − 2p, α), R = (α, −α − 2p), S = (−α + 2p, α). Since
→

PS =

−2(α − p, −α + p),
→

AC = 2(p, −p),
→

RQ = −2(α + p, −α − p), these give
PS ‖ AC ‖ RQ and

PQ2
= 4(α+ p)2 + 4(α− p)2 − (α+ p)(α− p) cos θ = RS2.

The quadrilateralPQRS is also an isosceles trapezoid (Figure 6).
Conclusion: ifp = q and the pointX is on the first or second bisector of the

coordinate systemxOy, then the quadrilateralPQRS is cyclic.

II . If p 6= q andX ≡ D, thenP = (p, 3q), Q = (−3p, −q), R = (p, −q) =

C = S, so the quadrilateralPQRS will be a triangle (Figure 7).
If X ∈ {A, B, C}, then the quadrilateralPQRS turn into triangles, too, con-

sequentlyPQRS is cyclic. In the following we suppose thatp 6= q.

III . If X ≡ O, thenP
O

= (0, 2q), Q
O

= (−2p, 0), R
O

= (0, −2q), S
O

=

(2p, 0), so the quadrilateralP
O
Q

O
R

O
S
O

is a parallelogram which hasABCD as
Varignon parallelogram (Figure 8). CallP

O
Q

O
R

O
S
O

thezero parallelogram.
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y P

xO

B
Q

A
D=X_

R=C=S_ _

Figure 7

y

x

PO

D

SO

C

RO

B

QO

A

X  O
___

Figure 8

4. The coordinates of the centers U

The circumcenterU of quadrilateralPQRS is the symmetric of the anticenter
L with respect toO (the center of symmetry of the parallelogramABCD). The
anticenter ofPQRS is the orthocenter of triangleXY Z, whereZ is the point of
intersection of diagonalsPR andQS (Figure 1). In the oblique coordinate system
xOy the equation of the line perpendicular to the line with equationlx+my+n =

0 and which through the point(x′, y′) is
∣

∣

∣

∣

∣

∣

x y 1

x′ y′ 1

l −m cos θ m− l cos θ 0

∣

∣

∣

∣

∣

∣

= 0.

The equation ofXZ, respectivelyZY , arex = α, respectivelyy = −β. The
equation of the altitudes of triangleXY Z fromX, respectivelyY , are

∣

∣

∣

∣

∣

∣

x y 1

α β 1

− cos θ 1 0

∣

∣

∣

∣

∣

∣

= 0 ⇐⇒ x+ y cos θ = α+ β cos θ,

∣

∣

∣

∣

∣

∣

x y 1

−α −β 1

1 − cos θ 0

∣

∣

∣

∣

∣

∣

= 0 ⇐⇒ x cos θ + y = −(α cos θ + β).

We determine the coordinates of the anticenter:

∆ =

∣

∣

∣

∣

1 cos θ
cos θ 1

∣

∣

∣

∣

= 1− cos
2 θ = sin

2 θ 6= 0, if θ ∈ (0, π),

∆
x
=

∣

∣

∣

∣

α+ β cos θ
−(α cos θ + β) 1

∣

∣

∣

∣

= α+ 2β cos θ + α cos
2 θ,

∆
y
=

∣

∣

∣

∣

1 α+ β cos θ
cos θ −(α cos θ + β)

∣

∣

∣

∣

= −(β + 2α cos θ + β cos
2 θ).
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Therefore, the coordinates ofU are

x
U
= −x

L
= −∆

x

∆
= −α+ 2β cos θ + α cos2 θ

sin
2 θ

and

y
U
= −y

L
= −∆

y

∆
=

β + 2α cos θ + β cos2 θ

sin
2 θ

.

5. The distances of U to the vertices P , Q, R, S

Theorem 5.

UP =
2

sin θ

√

(α+ β cos θ)2 + q2 sin2 θ = UR,

UQ =
2

sin θ

√

(α cos θ + β)2 + p2 sin2 θ = US. (1)

Proof. We have

UP 2
= (α− x

U
)
2
+ (β + 2q − y

U
)
2
+ 2(α− x

U
)(β + 2q − y

U
) cos θ,

where

α− x
U
= α+

α+ 2β cos θ + α cos2 θ

sin
2 θ

=
2(α+ β cos θ)

sin
2 θ

and

β − y
U
= β − β + 2α cos θ + β cos2 θ

sin
2 θ

= −2(α+ β cos θ) cos θ

sin
2 θ

.

Consequently

UP 2
=

4

sin
4 θ

{

(α+ β cos θ)2 +
[

q sin2 θ − (α+ β cos θ) cos θ
]2

+2(α+ β cos θ)
[

q sin2 θ − (α+ β cos θ) cos θ
]

cos θ
}

=
4

sin
2 θ

(

(α+ β cos θ)2 + q2 sin2 θ
)

= UR2.

Analogously we obtain

UQ2
= (α+ 2p+ x

U
)
2
+ (β + y

U
)
2
+ 2(α+ 2p+ x

U
)(β + y

U
) cos θ,

where

α+ x
U
= α− α+ 2β cos θ + α cos 2θ

sin
2 θ

= −2(α cos θ + β) cos θ

sin
2 θ

,

β + y
U
= β +

β + 2α cos θ + β cos 2θ

sin
2 θ

=
2(α cos θ + β)

sin
2 θ

and

UQ2
=

4

sin
4 θ

{

(α cos θ + β)2 +
[

p sin2 θ − (α cos θ + β) cos θ
]2

+ 2(α cos θ + β)
[

p sin2 θ − (α cos θ + β) cos θ
]

cos θ
}

=
4

sin
2 θ

(

(α cos θ + β)2 + p2 sin2 θ
)

= US2.

�



On the cyclic quadrilaterals with the same Varignon parallelogram 109

6. Conditions for a quadrilateral to be cyclic

Theorem 6. The following statements are equivalent:
(a) The quadrilateral PQRS is cyclic.
(b) The perpendicular bisectors of sides PQ, QR, RS, SP are concurrent in a

point U (see [1] Theorem 4).
(c) There is a point V in the plane of PQRS that V P = V Q = V R = V S.

Theorem 7. If X /∈ {A, B, C, D}, then among the quadrilaterals with the same
Varignon parallelogram ABCD a quadrilateral (PQRS)

X
is cyclic if and only if

α2 − β2
= p2 − q2. (2)

Proof. The quadrilateral(PQRS)
X

is cyclic if and only ifUP = UQ

⇔(α+ β cos θ)2 + q2 sin2 θ = (α cos θ + β)2 + p2 sin2 θ

⇔α2 − β2
= p2 − q2.

�

Remark 6.1. If we start from the anticomplementary triangle of triangleBCX or
CDX orDAX we obtain the same condition (2).

Consider the equationx2− y2 = p2− q2, which represents a rectangular hyper-
bola [2]. Note this hyperbola withΓ. So the quadrilateralPQRS is cyclic if and
only if the pointX, the midpoint of diagonalPR, is on the hyperbolaΓ. Hence-
forth from among all quadrilaterals with the same Varignon parallelogramABCD
we consider only the quadrilaterals cyclic.

Remark 6.2. The pointsA, B, C, D andY are on the hyperbolaΓ.

Theorem 8. The centers U and the anticenters L of all quadrilaterals cyclic with
the same Varignon parallelogram describe the same rectangular hyperbola Γ.

Proof. Indeed,

x2
U

− y2
U

=
1

sin
4 θ

(

(α+ 2β cos θ + α cos
2 θ)2 − (β + 2α cos θ + β cos

2 θ)2
)

=
1

sin
4 θ

(

(α+ 2β cos θ + α cos
2 θ − β − 2α cos θ − β cos

2 θ
)

·
(

α+ 2β cos θ + α cos
2 θ + β + 2α cos θ + β cos

2 θ
)

=
1

sin
4 θ

(α− β)(1− cos θ)2(α+ β)(1 + cos θ)2

= α2 − β2

= p2 − q2.

�

Remark 6.3. The Euler center and the anticenter of a cyclic quadrilateral coincide
(see [1] Theorem 5), results that the Euler center is on the hyperbolaΓ too.

In this paper we propose the characterization of hyperbolaΓ.
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7. The axes and the foci of hyperbola Γ

The asymptotes of hyperbolaΓ are the first and the second bisector of the coor-
dinate systemxOy (Figure 9). Note these asymptotes withh andh′. The axes of
symmetry ofΓ are the interior and exterior bisectors of the right angle formed by
h andh′. Note these axes of symmetry witha anda′ (let a be the transverse axis).
We propose to determine the coordinates of verticesA1 andA2 of Γ . First, we
write the equation of the lineA1A2.

h'
a'

y

h

D

x

F2

aA2
O

A1F1

B
C

A

 

�_
2

Figure 9

If a line OT forms an angleγ with the axeOx, then the equation ofOT in the
oblique coordinates systemxOy is y =

sin γ

sin(θ−γ)
x. The lineA1A2 forms an angle

θ

2
− π

4
with the axeOx. The equation ofA1A2 is

y =
sin
(

θ

2
− π

4

)

sin
(

θ − θ

2
+

π

4

)x =
sin
(

θ

2
− π

4

)

sin
(

θ

2
+

π

4

)x =
sin

θ

2
− cos

θ

2

sin
θ

2
+ cos

θ

2

x = − cos θ

1 + sin θ
x.

With the notationm = − cos θ

1+sin θ

, the equation ofA1A2 is y = mx.

Theorem 9. The major axis of the hyperbola Γ is

A1A2 = 2
√

|p2 − q2| sin θ. (3)

Proof. We determine the coordinates of the verticesA1 andA2:

x2 −m2x2 = p2 − q2 ⇐⇒ x2 =
p2 − q2

1−m2
.

The roots are

x1 = −
√

|p2 − q2|
1−m2

and x2 =

√

|p2 − q2|
1−m2

,
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since1−m2 = 1−
(

cos θ

1+sin θ

)

2

=
2 sin θ

1+sin θ

> 0 if θ ∈ (0, π). Therefore

A1 = (x1, mx1) =

(

−
√

1 + sin θ

2 sin θ
|p2 − q2|, cos θ

1 + sin θ

√

1 + sin θ

2 sin θ
|p2 − q2|

)

,

A2 = (x2, mx2) =

(

√

1 + sin θ

2 sin θ
|p2 − q2|, − cos θ

1 + sin θ

√

1 + sin θ

2 sin θ
|p2 − q2|

)

.

We calculate the length of segmentsOA1 = OA2:

OA2

1
= OA2

2
=

p2 − q2

1−m2
+m2

p2 − q2

1−m2
+ 2m

p2 − q2

1−m2
cos θ

=
p2 − q2

1−m2
(1 +m2

+ 2m cos θ)

=
p2 − q2

1−m2

(

2− 2 sin θ

1 + sin θ
− 2 cos2 θ

1 + sin θ

)

= (p2 − q2) sin θ.

It follows thatA1A2 = 2 ·OA1 = 2
√

|p2 − q2| sin θ. �

Theorem 10. The coordinates of the foci F1 and F2 of the hyperbola Γ are

F1 =

(

−
√

1 + sin θ

sin θ
|p2 − q2|, cos θ

1 + sin θ

√

1 + sin θ

sin θ
|p2 − q2|

)

,

F2 =

(

√

1 + sin θ

sin θ
|p2 − q2|, − cos θ

1 + sin θ

√

1 + sin θ

sin θ
|p2 − q2|

)

.

Proof. Since−F1 = F2 = (x, mx) and

OF1 = OF2 =
√
2 ·OA1 =

√
2
√

|p2 − q2| sin θ,
we have

x2 +m2x2 + 2mx2 cos θ = 2|p2 − q2| sin θ
⇐⇒ (1 +m2

+ 2m cos θ)x2 = 2|p2 − q2| sin θ.
Therefore,

2 sin
2 θ

1 + sin θ
x2 = 2|p2 − q2| sin θ ⇐⇒ x1,2 = ±

√

1 + sin θ

sin θ
|p2 − q2|.

�

8. The loci of the vertices P,Q,R, S

Theorem 11. The loci of the vertices P , Q, R, S are the hyperbolas Γ
P

, Γ
Q

, Γ
R

,
Γ
S

, the translations of hyperbola Γ by the vectors (0, 2q), (−2p, 0), (0, −2q),
(2p, 0) respectively.
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Proof. The coordinates of the pointP arex = α andy = β + 2q. Since the point
(α, β) describes the hyperbolaΓ, with equationα2−β2 = p2− q2, the locus ofP
will be the hyperbolaΓ

P
with equationx2 − (y − 2q)2 = p2 − q2. The hyperbola

Γ
P

is the translation ofΓ by the vector(0, 2q). The equations of hyperbolasΓ
P

,
Γ
Q

, Γ
R

, Γ
S

are

Γ
P
: x2 − (y − 2q)2 = p2 − q2 ⇐⇒ x2 − y2 + 4qy − p2 − 3q2 = 0;

Γ
Q
: (x+ 2p)2 − y2 = p2 − q2 ⇐⇒ x2 − y2 + 4px+ 3p2 + q2 = 0;

Γ
R
: x2 − (y + 2q)2 = p2 − q2 ⇐⇒ x2 − y2 − 4qy − p2 − 3q2 = 0;

Γ
S
: (x− 2p)2 − y2 = p2 − q2 ⇐⇒ x2 − y2 − 4px+ 3p2 + q2 = 0.

�

Remark 8.1. The centers of symmetry of hyperbolasΓ
P

, Γ
Q

, Γ
R

, Γ
S

are the
vertices of zero parallelogramP

O
Q

O
R

O
S
O

.

9. Orthodiagonal quadrilaterals

If θ =
π

2
, then the diagonalsPR andQS are perpendiculars (Figure 10). In

this case the coordinates of verticesA1 andA2 of the hyperbolaΓ areA1 =
(

−
√

|p2 − q2|, 0
)

, A2 =

(

√

|p2 − q2|, 0
)

, The coordinates of the foci areF1 =
(

−
√
2
√

|p2 − q2|, 0
)

, F2 =

(√
2
√

|p2 − q2|, 0
)

.
(

−
√

| − |
) (

√

| − |
)

y P

O

A

A1F1

B

R

C

S

F2

x

DX

A2Q

U

L

Figure 10

The center of circle circumscribed to the quadrilateralPQRS isU = (−α, β),
which is the symmetric of anticenter(α, −β), the point of intersection of diagonals
PR andQS. In conclusion, in case of orthodiagonal quadrilaterals the point of
intersection of its diagonals is also on the hyperbolaΓ.

An open question is the geometric determination of the vertices and the foci
of hyperbolaΓ. Further it remains untackled if among the quadrilateral cyclic
(PQRS)

X
could there be one with minimum area?
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An Extension of Miquel’s Six-Circles Theorem

Gábor Ǵevay

Abstract. We extend the classical theorem of Miquel from6 to 2n circles (n ≥

3). As a by-product of the proof of our theorem, we obtain the nice corollary
that the product of the2n cross ratios of the quadruples of points determining
the circles is equal to1. Moreover, the theorem can also be formulated in an
equivalent form, which extends Miquel’s Triangle Theorem to an arbitrary n-
sided polygon.

Miquel’s Six-Circles Theorem is a well known old theorem [5]. In Johnson’s
book [4], it is formulated in the following form.

Theorem 1 (Miquel). If the circlesA1A2B3, A2A3B1, A3A1B2 are concurrent
at a pointO, the circlesA1B2B3, A2B3B1, A3B1B2 are concurrent at a pointP .

A3

O

A2

A1

B3

B2

B1

P

Figure 1. Miquel’s Six-Circles Theorem

This formulation motivates the following extension.

Theorem 2. Letn ≥ 3 be an integer. Suppose that the circlesA1B1A2, A2B2A3,
. . . ,A

n
B

n
A1 are concurrent at a pointO, and the circlesB1A2B2, B2A3B3, . . . ,

B
n−1An

B
n

are concurrent at a pointO′. Then the circleB
n
A1B1 also passes

throughO′.
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O

A3

A2
B2

A1

A4

B3

A5 B4

O
′

B5

B1

Figure 2. Example for Theorem 2 withn = 5

It is directly seen that forn = 3 it returns Miquel’s original theorem; hence the
latter theorem is an extension of the former, indeed.

In the proof, we shall use complex cross ratios. For a pointX, we denote itsaffix,
i.e. the corresponding complex number, by the same lowercase letterx. Given an
ordered quadruple of points(X,Y, Z,W ), we assign to it the cross ratio in the
following form:

x− y

x− w
:

z − y

z − w
.

We note that this is slightly different from the standard way used in the literature
[3, 6], which is motivated by the particular arrangement of the points in our case;
this choice is justified by the lemma given below. We shall need this lemma in the
proof of our theorem.

Lemma 3. Four points lie on the same circle if and only if their cross ratio is real.

This is a well known result, see e.g. [3, 6]. Note that it is valid on the inversive
plane, i.e. on the completed Euclidean planeE2 ∪ {∞}, where∞ is the (unique)
point at infinity [1]; the circles are meant in a generalized sense, i.e. they can also
be (straight) lines.
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Proof of Theorem 2.For i ∈ {1, . . . , n}, we denote the cross ratio of the quadruple
(O,A

i
, B

i
, A

i+1) and(O′, B
i
, A

i+1, Bi+1) by γ
i

andγ′
i

, respectively, where the
indices are taken modulon. Using the corresponding affixes, these cross ratios can
be written as follows:

γ
i
=

o− a
i

o− a
i+1

:
b
i
− a

i

b
i
− a

i+1

andγ′
i

=
o′ − b

i

o′ − b
i+1

:
a
i+1 − b

i

a
i+1 − b

i+1

, (1)

respectively. Form the product
n
∏

i=1

γi =

(

o− a1
o− a2

:
b1 − a1
b1 − a2

)(

o− a2
o− a3

:
b2 − a2
b2 − a3

)

· · ·
(

o− an
o− a1

:
bn − an
bn − a1

)

=

(

1 :
(b1 − a1)(b2 − a2) · · · (bn − an)

(b1 − a2)(b2 − a3) · · · (bn − a1)

)

=
(b1 − a2)(b2 − a3) · · · (bn − a1)

(b1 − a1)(b2 − a2) · · · (bn − an)
(2)

=
(b1 − a2)(b2 − a3) · · · (bn−1 − an)(bn − a1)

(b1 − a1)(b2 − a2) · · · (bn−1 − an−1)(bn − an)
.

Likewise, form the product

n−1
∏

i=1

γ′

i =

(

o′ − b1
o′ − b2

:
a2 − b1
a2 − b2

)(

o′ − b2
o′ − b3

:
a3 − b2
a3 − b3

)

· · ·
(

o′ − bn−1

o′ − bn
:
an − bn−1

an − bn

)

=
o′ − b1
o′ − bn

:
(a2 − b1)(a3 − b2) · · · (an − bn−1)

(a2 − b2)(a3 − b3) · · · (an − bn)
(3)

=
o′ − b1
o′ − bn

:
(b1 − a2)(b2 − a3) · · · (bn−1 − an)

(b2 − a2)(b3 − a3) · · · (bn − an)
.

Again we take the product(
∏

n

i=1
γ
i
)

(

∏

n−1

i=1
γ′
i

)

:

(b1 − a2)(b2 − a3) · · · (bn−1 − an)(bn − a1)

(b1 − a1)(b2 − a2) · · · (bn−1 − an−1)(bn − an)

·
(

o′ − b1
o′ − bn

:
(b1 − a2)(b2 − a3) · · · (bn−1 − an)

(b2 − a2)(b3 − a3) · · · (bn − an)

)

=
(b1 − a2)(b2 − a3) · · · (bn−1 − an)(bn − a1)

(b1 − a1)(b2 − a2) · · · (bn−1 − an−1)(bn − an)
(4)

· o
′ − b1

o′ − bn
· (b2 − a2)(b3 − a3) · · · (bn − an)

(b1 − a2)(b2 − a3) · · · (bn−1 − an)

=
bn − a1
b1 − a1

· o
′ − b1

o′ − bn
=

bn − a1
b1 − a1

:
o′ − bn
o′ − b1

=
a1 − bn
a1 − b1

:
o′ − bn
o′ − b1

,

which is the reciprocal of the cross ratio of the quadruple(O′, B
n
, A1, B1).

Considering the condition of our theorem, and using Lemma 3, we see that the
cross ratiosγ1, . . . , γ

n
andγ′

1
, . . . , γ′

n−1
are real. Hence the products (2) and

(3) are also real, and so is (4). It follows, again by the lemma, that the quadruple
(O′, B

n
, A1, B1) is cyclic. �

As a consequence of the proof, we obtain the following corollary.
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Corollary 4. For the arrangement of points and circles described in Theorem 2,
the following relation holds:

n

∏

i=1

γ
i
γ′
i

= 1.

Recall that Miquel’s Six-Circles Theorem has an equivalent version which is
called Miquel’s Triangle Theorem (it is also called the Pivot Theorem [1];it also
has interesting relationships in triangle geometry, see [7]). The two theoremsare
equivalent in terms of inversive geometry; indeed, the equivalence is based on
the fact that choosing any point of intersectionX of the circles, and applying an
inversion with centerX, the circles meeting atX transform to the side lines of a
triangle.

Theorem 5 (Miquel). If A1A2A3 is a triangle andB1,B2,B3 are any three points
on the linesA2A3, A3A1, A1A2, respectively, then the three circlesA1B2B3,
A2B3B1, A3B1B2 have a common point.

Likewise, Theorem 2 can also be given in the following equivalent form which,
on the other hand, is an extension of Miquel’s Triangle Theorem.

Theorem 6. For an integern ≥ 3, let A1 . . . An
be a polygon, and letB1, . . . ,

B
n

be any points on the linesA1A2, . . . , A
n
A1, respectively. Suppose that the

circlesB1A2B2, . . . , B
n−1An

B
n

meet in the pointP . Then the circleB
n
A1B1

also passes through the pointP .

Note that in this extended case the equivalence is guaranteed by an inversion
with centerO.

Finally, we note that by a very recent result, Miquel’s Six-Circles Theorem can
also be extended in a different direction, as follows.

Theorem 7 ([2]). Letα andβ be two circles. Letn > 2 be an even number, and
take the pointsA1, . . . , A

n
on α, andB1, . . . , B

n
on β, such that each quadru-

ple (A1, B1, A2, B2), . . . , (A
n−1, Bn−1, An

, B
n
) is cyclic. Then the quadruple

(A
n
, B

n
, A1, B1) is also cyclic.
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[5] A. Miquel, Théor̀emes sur les intersections des cercles et des sphères,Journal de math́ematiques
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A Curvature Invariant Inspired by Leonhard Euler’s
Inequality R ≥ 2r

Nicholas D. Brubaker, Jasmine Camero, Oscar Rocha Rocha,
Roberto Soto, and Bogdan D. Suceavă

Abstract. It is of major interest to point out natural connections between the ge-
ometry of triangles and various other areas of mathematics. In the present work
we show how Euler’s classical inequality between circumradius and inradius in-
spires, by using a duality between triangle geometry and three-dimensional hy-
persurfaces lying in R

4, the definition of a curvature invariant. We investigate
this invariant by relating it to other known curvature invariants.

1. A historical motivation

Leonhard Euler believed that one could not define a good measure of curvature
for surfaces. He wrote in 1760 that [5]: “la question sur la courbure des surfaces
n’est pas susceptible d’une réponse simple, mais elle exige à la fois une infinité de
déterminations.” Euler’s main objection to the very idea of the curvature of sur-
faces was that if one can approximate a planar curve with a circle (as Isaac Newton
described ), then for a surface it would be impossible to perform a similar con-
struction. For example, Euler wrote in his investigation, what would we do with a
saddle surface if we intend to find the sphere that best approximates it at a saddle
point? On which side of the saddle should an approximating sphere lie? There are
two choices and both appear legitimate. Today we see that Euler’s counterexample
corresponds to the case of a surface with negative Gaussian curvature at a given
point, but in Euler’s period no definition of curvature for a surface was available.
Since Leonhard Euler contributed so much to the knowledge of mathematics in his
time, one might expect that he was responsible for introducing and investigating
a measure for the curvature of surfaces. However, this is not what happened. In-
stead, Leonhard Euler wrote a profound paper in which he obtained a well-known
theorem about normal sections and stopped right there.

Moreover, Euler’s paper [5] was extremely influential in the mathematical world
of his times. When Jean-Baptiste Meusnier came to see his mentor, Gaspard
Monge, for the first time, Monge instructed him to think of a problem related to
the curvature of curves lying on a surface. Monge asked Meusnier to study Euler’s
paper [5], yet before reading it, in a stroke of genius the following night, Meusiner
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proved a theorem that today bears his name, and he did so by using a different geo-
metric idea than Euler’s. Decades afterwards, C.F. Gauss [7] introduced a measure
for the curvature of surfaces that was complemented by the very inspired Sophie
Germain [8], who introduced the mean curvature.

Perhaps the most direct way to explain the two curvature invariants for surfaces
is the following. Consider a smooth surface S lying in R

3, and an arbitrary point
P ∈ S. Consider NP , the normal to the surface at P, and the family of all planes
passing through P that contain the line through P with the same direction as NP .
These planes yield a family of curves on S called normal sections. We now de-
termine the curvature κ(P ) of the normal sections, viewed as planar curves. Then
κ(P ) has a maximum, denoted κ1, and a minimum, denoted κ2. The curvatures
κ1 and κ2 are called the principal curvatures. Using these principal curvatures,
one may define the Gaussian curvature K(P ) as, K(P ) = κ1(P ) · κ2(P ), and
the mean curvature H(P ) as, H(P ) = 1

2 [κ1(P ) + κ2(P )] . Note that in the 18th
century these constructions were not possible. They are related in a very profound
way to the birth of non-Euclidean geometry and the revolution that took place in
geometry at the beginning of the 19th century.

Taking into account this important historical context, we would like to investi-
gate the following question. Was it possible for Leonhard Euler to have determined
himself a curvature invariant, perhaps a concept for which all the algebra that he
needed was in place, but in which it was just a matter of interpretation to define it?
We are here in the territory of speculations, of alternative history, and only our sur-
prise while we read and re-read Euler’s original works leads us to such a question.
However, this question makes a lot of sense as Euler had many contributions in ge-
ometry - from plane Euclidean geometry to the geometry of surfaces - and one of
them in particular could have been tied to his investigations on curvature. Hence,
was there any geometric property that was actually obtained by Euler which leads
us to a property related to curvature?

2. Notations in the geometry of hypersurfaces

In order better approach the problem, we turn our attention to some classical
ideas from the differential geometry of smooth hypersurfaces, a concept that was
extensively explored after the second half of the 19th century. Let σ : U ⊂ R

3 →
R
4 be a hypersurface given by the smooth map σ and let p be a point on the hyper-

surface. Denote σk(p) = ∂σ
∂xk

, for all k from 1 to 3.Consider {σ1(p), σ2(p), σ3(p), N(p)},
the orthonormal Gauss frame of the hypersurface, where N denotes the normal
vector field to the hypersurface at every point.

The quantities similar to κ1 and κ2 in the geometry of surfaces are the principal
curvatures, denoted λ1, λ2, and λ3. They are introduced as the eigenvalues of the
so-called Weingarten linear map, as we will describe below. Since our discussion
is focused on the curvature quantities of three-dimensional smooth hypersurfaces
in R

4, we start by introducing these quantities. Similar to the geometry of surfaces,
the curvature invariants in higher dimensions can also be described in terms of the
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principal curvatures. The mean curvature at the point p is

H(p) =
1

3
[λ1(p) + λ2(p) + λ3(p)],

and the Gauss-Kronecker curvature is

K(p) = λ1(p)λ2(p)λ3(p).

In Riemannian geometry, a third important curvature quantity is the scalar cur-
vature ([2], p.19) denoted by scal(p), which intuitively sums up all the sectional
curvatures on all the faces of the trihedron formed by the tangent vectors in the
Gauss frame [4]:

scal(p) = sec(σ1 ∧ σ2) + sec(σ2 ∧ σ3) + sec(σ3 ∧ σ1) = λ1λ2 + λ3λ1 + λ2λ3.

The last equality is due to the Gauss’ equation of the hypersurface σ(U) in the
ambient space R

4 endowed with the Euclidean metric.
To provide a brief description of how the Weingarten map is computed, we will

review its construction here. Denote by gij(p) the coefficients of the first funda-
mental form and by hij(p) the coefficients of the second fundamental form. They
are the outcome of the following dot products:

gij(p) = 〈σi(p), σj(p)〉, hij(p) = 〈N(p), σij(p)〉.
The quantities λ1, λ2, λ3 are always real; here we explain why. The Weingarten

map Lp = −dNp ◦ dσ−1
p : Tσ(p)σ → Tσ(p)σ is linear. Denote by hij(p)1≤i,j≤3 the

matrix associated to the Weingarten map, that is:

Lp(σi(p)) =
3∑

k=1

hki (p)σk(p),

Weingarten’s operator is self-adjoint, which implies that the roots of the algebraic
equation

det(hij(p)− λ(p)δij) = 0

are all real, at every point p of the hypersurface.
In the last decades several very interesting inequalities with geometric invariants

have been obtained and investigated by many authors, see e.g. [2] for a thorough
presentation of these developments.

3. A duality in triangle geometry

After this brief presentation of a few concepts pertaining to differential geome-
try, we will turn our attention to the classical geometry of a triangle. The duality
described here is discussed also in [11]. Consider a triangle ΔABC in the Eu-
clidean plane, with sides of lengths a, b, c.

Consider three arbitrary real numbers x, y, z > 0. By using the substitutions
a = y+z, b = z+x, and c = x+y, one can immediately see that there exists a non-
degenerate triangle in the Euclidean plane with sides of lengths a, b, c. The reason
why this is true is that a+b = x+y+2z > x+y = c, hence the triangle inequality
is always satisfied. Similarly for the other two triangle inequalities involving a, b, c.
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The converse of this claim is also true. Namely, if a, b, c are the sides of a
triangle in the Euclidean plane, then the system given through the equations a =
y+z, b = z+x, and c = x+y, has a unique solution x = s−a, y = s−b, z = s−c,
where we denote by s the semiperimeter of the triangle, namely s = 1

2(a+ b+ c).
Some classical facts in advanced Euclidean geometry can be proved by substi-

tuting a, b, c, instead of the variables x, y, z,. This technique is called Ravi substi-
tution.

We can view these three positive real numbers x, y, z in a different way. We
could view them as principal curvatures in the geometry of a three-dimensional
smooth hypersurface lying in the four dimensional Euclidean space. To every tri-
angle with sides a, b, c there corresponds a triple x, y, z > 0, and these numbers
can be interpreted as principal curvatures, given pointwise, at some point p lying
on the hypersurface. We call this correspondence a Ravi transformation and we
would like to see whether this duality leads us to some interesting geometric inter-
pretations of facts from triangle geometry into the geometry of hypersurfaces into
R
4 endowed with the canonical Euclidean product.

x = s− a

y = s− b

y = s− b z = s− c

z = s− c

x = s− a

A

B
C

I

D

E

F

Figure 1

To better see how we use Ravi’s substitutions, we recall here a few useful for-
mulae for a triangle ΔABC lying in the Euclidean plane. Denote the area of the
triangle byA, its circumradius by R , its inradius by r, its semiperimeter by s, and
its perimeter by P . Then Heron’s formula is A =

√
s(s− a)(s− b)(s− c) =√

xyz(x+ y + z). The inradius can be obtained as

r =
A
s

=

√
xyz

x+ y + z
,
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and the circumradius can be obtained as

R =
abc

4A =
(y + z)(z + x)(x+ y)

4
√
xyz(x+ y + z)

.

Euler’s inequality was originally obtained in 1763 (see [6]) when he tried to
construct a triangle by giving its incenter, its orthocenter, its barycenter and its
circumcenter. That investigation generated several important consequences and
ushered a new era in the investigations on the geometry of the triangle. Euler’s
inequality states that in any triangle in the Euclidean plane, the circumradius and
the inradius satisfy R ≥ 2r.

For a direct proof, using the formulae derived above, we note that by using the
Ravi substitutions we need to show that the following holds:

(y + z)(z + x)(x+ y)

4
√
xyz(x+ y + z)

≥ 2

√
xyz

x+ y + z
,

or, by a direct computation:

(y + z)(z + x)(x+ y) ≥ 8xyz.

This last inequality holds true since x+ y ≥ 2
√
xy, and two other similar inequal-

ities, multiplied term by term, conclude the argument. Actually we notice that the
inequality (y + z)(z + x)(x + y) ≥ 8xyz is equivalent, via Ravi transformation,
to Euler’s inequality R ≥ 2r.

r

R

A

B C

I

E
F

D

O

Figure 2

It is natural to consider a duality between a triangle ΔABC with lengths of sides
a, b, c, and corresponding x = s − a, y = s − b, z = s − c, and a convex three-
dimensional smooth hypersurface such that a point p lies on it, and the principal



124 N. D. Brubaker et al.

curvatures stand for λ1(p) = x, λ2(p) = y, λ3(p) = z. The convexity condition
is needed to insure that x, y, z > 0 in an open neighborhood around p. For further
details about this idea see [11].

4. Constructing a curvature invariant inspired by Euler’s inequality

We recall here a class of curvature invariants introduced in [9], namely the sec-
tional absolute mean curvatures defined by

H̄ij(p) =
|λi(p)|+ |λj(p)|

2
.

By using the same method as above Euler’s inequality, R ≥ 2r, transforms, as we
have seen before, into

(y + z)(z + x)(x+ y) ≥ 8xyz,

which admits the interpretation in terms of curvature invariants as follows:

H̄12 · H̄23 · H̄31 ≥ K.
This inequality between the curvature invariants of a three dimensional smooth hy-
persurface in R

4 was obtained and investigated in [9]. We recall here the following.

Definition. [3] Let σ : U ⊂ R
3 → R

4 be a hypersurface given by the smooth
map σ. The point p on the hypersurface is called absolutely umbilical if all the
principal curvatures satisfy |k1| = |k2| = |k3|. If all the points of a hypersurface
are absolutely umbilical, then the hypersurface is called absolutely umbilical.

In conclusion, a curvature invariant inspired by this result obtained by Leonhard
Euler is

Definition.

E(p) = H̄12 · H̄23 · H̄31 =
1

8
(y + z)(z + x)(x+ y).

Building on the development from [1], in [9] the following is proved.

Theorem 1. LetM3 ⊂ R
4 be a smooth hypersurface and k1, k2, k3 be its principal

curvatures in the ambient space R4 endowed with the canonical metric. Let p ∈M
be an arbitrary point. Denote by A the amalgamatic curvature (for its definition
see [3, 1]), by H the mean curvature, H̄ the absolute mean curvature, and K
the Gauss-Kronecker curvature. Introduce the sectional absolute mean curvatures
defined by

H̄ij(p) =
|ki(p)|+ |kj(p)|

2
.

Then the following inequalities hold true at every point p ∈M :

A · H̄12 · H̄23 · H̄13 ≥ H̄ · |K| ≥ A · |K|.
Equality holds for absolutely umbilical points.

In conclusion, the inequality in the theorem can be written as follows.
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Corollary 2.
A · E ≥ H̄ · |K| ≥ A · |K|.

This relation naturally relates the amalgamatic curvature, the Gaussian curva-
ture, and the curvature invariant E, which we introduced inspired by Euler’s in-
equality for triangles in Euclidean geometry, R ≥ 2r. In particular, note that we
have the following.

Corollary 3.
E(p) ≥ |K(p)| (1)

at any point p of M3 ⊂ R
4. The equality holds at a point p if and only if the point

is absolutely umbilical.

It may be of interest to note that this inequality may be viewed as an extension
of the inequality H2(p) ≥ K(p) from the geometry of surfaces.

We conclude this section by pointing out that all the algebra was definitely in
place in Euler’s times, and the only new part was the geometric interpretation in
terms of curvature invariants. This vision was greatly enhanced after the major
revisitation of curvature invariants described in Bang-Yen Chen’s comprehensive
monograph [2], which best represents a research direction with many developments
(see e.g. [10, 12], among many other works), which inspires also the context of our
present investigation.

5. Hypersurfaces of dimension n lying in the Euclidean space R
n+1

In this section we inquire whether it is possible to extend the inequality (1) to
hypersurfaces in the general case.

To establish our notations, let σ : U ⊂ R
n → R

n+1 be a hypersurface given
by the smooth map σ. Let p be a point on the hypersurface. Denote σk(p) = ∂σ

∂xk
,

for all k from 1 to n. Consider {σ1(p), σ2(p), ..., σn(p), N(p)}, the Gauss frame
of the hypersurface, where N denotes the normal vector field. We denote by gij(p)
the coefficients of the first fundamental form and by hij(p) the coefficients of the
second fundamental form. Then we have

gij(p) = 〈σi(p), σj(p)〉, hij(p) = 〈N(p), σij(p)〉.
The Weingarten map Lp = −dNp ◦ dσ−1

p : Tσ(p)σ → Tσ(p)σ is linear. Denote
by (hij(p))1≤i,j≤n the matrix associated to Weingarten’s map, that is:

Lp(σi(p)) = hki (p)σk(p),

where the repeated index and upper script above indicates Einstein’s summation
convention. Weingerten’s operator is self-adjoint, which implies that the roots of
the algebraic equation

det(hij(p)− λ(p)δij) = 0

are real. The eigenvalues of Weingarten’s linear map are called principal curvatures
of the hypersurface. They are the roots k1(p), k2(p), ..., kn(p) of this algebraic
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equation. The mean curvature at the point p is

H(p) =
1

n
[k1(p) + ...+ kn(p)],

and the Gauss-Kronecker curvature is

K(p) = k1(p)k2(p)...kn(p).

Definition. Let σ : U ⊂ R
n → R

n+1 be a hypersurface given by the smooth map
σ. The point p on the hypersurface is called absolutely umbilical if all the principal
curvatures satisfy |k1| = |k2| = ... = |kn|. If all the points of a hypersurface are
absolutely umbilical, then the hypersurface is called absolutely umbilical.

Definition. Define the curvature invariant

E(p) = (2)−(
n
2 )
∏
i �=j

(|ki|+ |kj |).

With this definition we prove the following.

Proposition 4. Let Mn ⊂ R
n+1 be a smooth hypersurface and k1, k2, . . . , kn be

its principal curvatures in the ambient space R
n+1 endowed with the canonical

Euclidean metric. Let p ∈ M be an arbitrary point. Denote by K the Gauss-
Kronecker curvature. Then the following inequality holds true at every point p ∈
M :

E(p) ≥ |K(p)|n−1
2 .

Equality holds if p is an absolutely umbilical point.

Proof: Denote by xi = |ki|, for all i = 1, 2, ..., n. Then we have (n2 ) inequalities
of the following form:

xi + xj ≥ 2
√
xixj ,

with equality if and only if xi = xj . By multiplying term by term these (n2 ) in-
equalities we obtain the stated result. �

It may be of interest to note that this inequality represents an extension of the
inequality H2(p) ≥ K(p) that holds true in the geometry of surfaces. To see this,
let n = 2 in the statement above.
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[9] B. D. Suceavă, The amalgamatic curvature and the orthocurvatures of three dimensional
hypersurfaces in E

4, Publicationes Mathematicae, 87 (2015) 35–46.
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Constructing a Triangle from Two Vertices
and the Symmedian Point

Michel Bataille

Abstract. Given three noncollinear points A, B, K, we propose a simple
straightedge-and-compass construction of C such that K is the symmedian point
of triangle ABC. Conditions for the construction to be possible and the number
of solutions are studied in details.

1. Introduction

The problem of constructing a triangleABC given two verticesA,B and one of
the familiar centers (centroid, incenter, orthocenter, circumcenter), which appears
in Wernick’s famous list published in 1982 ([6, 7]), is easily solved. The case when
the selected center is the symmedian point K being not listed, this article aims at
offering a simple construction of the third vertex C from A, B, K and at studying
the conditions on the three given points for the existence of a solution. In what
follows, we always assume that the point K does not lie on the line AB.

2. The construction

The construction of a suitable point C will rest upon a not-very-well-known
property of the symmedians, stated and proved in [1]. To keep this paper self-
contained, it is presented here with a different proof.

Proposition 1. Let ABC be a triangle and let B′ be the reflection of B in A. The
symmedian through A is the tangent at A to the circumcircle of ΔCAB′.

Figure 1
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Proof. Let M be the midpoint of BC and let s be the symmedian through A, that
is, the reflection of the median m = AM in the internal bisector � of ∠BAC
(Figure 1). Let U be the center of the circle Γ through C,A,B′ and S the point of
intersection other than A of � and Γ. Since � is the external bisector of ∠CAB′,
we have SC = SB′ and it follows that US is perpendicular to B′C, hence to
m = AM . As a result, s is perpendicular to U1S, where U1 is the reflection of U
in �, hence to UA since UAU1S is a rhombus. �

Turning to our problem, consider the three points A,B,K and let B′ be the
reflection of B in A and A′ be the reflection of A in B. Let γA (resp. γB) denote
the unique circle passing through B′ (resp. A′) and tangent to AK at A (resp.
tangent to BK at B). The point K is the symmedian point of ΔABC if and
only if the lines AK and BK are the symmedians through A and B, respectively.
Proposition 1 shows that this will occur if and only if the circles γA and γB both
pass through C. Thus, the construction of the circles γA and γB readily yields
the desired third vertex C as a common point of these circles, provided that this
common point exists. Clearly, our problem has at most two solutions (see Figure
2, where two solutions C1 and C2 are obtained).

Figure 2

3. The discussion

From the construction above, the number of solutions for C depends on the
relative position of the circles γA and γB . The way this position is related to the
location of the points A,B,K is described in the following result:

Theorem 2. The number of solutions for C is 0, 1, or 2, according as the sum
KA+KB is greater than, equal to, or less than 2AB√

3
.

Proof. Let U and V be the centers of γA and γB , and let O denote the mid-
point of AB (Figure 2). In a suitable system of axes with origin at O, we have
A(− c

2 , 0), B( c2 , 0) (where c = AB) and we setK(m,n). Expressing that V is the
point of intersection of the perpendicular bisector of BA′ (with equation x = c)
and the perpendicular to BK at B (whose equation

(
m− c

2

)
x+ny = c

2

(
m− c

2

)
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is easily obtained), we find V (c, v) where v = c
2n

(
c
2 −m

)
. Similarly, U(−c, u)

where u = c
2n

(
c
2 +m

)
and a short calculation yields

UV 2 =
c2(m2 + 4n2)

n2
, UA2 =

c2((2m+ c)2 + 4n2)

16n2
, V B2 =

c2((2m− c)2 + 4n2)

16n2
.

(1)
The condition UV > |V B − UA| always holds because

UV 2 = 4c2+|v−u|2 = 4c2+V B2−c
2

4
+UA2−c

2

4
−2uv > V B2+UA2−2UA·V B.

Thus, the circles γA and γB are secant (resp. tangent) if and only if UV < UA +
V B (resp. UV = UA+ V B).
Now, from (1), and with some algebra, we see that UV < UA+V B is equivalent
to

28n2 + 4m2 − c2 <
√

(4n2 + 4m2 + c2)2 − 16c2m2,

which itself is equivalent to

4m2 + 28n2 < c2 or 3m2 + 12n2 < c2,

and finally to 3m2 + 12n2 < c2.
The latter condition means that K is interior to the ellipse E with foci A and B
and major axis 2c√

3
. Clearly, the circles γA and γB are tangent if and only if K lies

on E . Since E is the set of all points P such that PA + PB = 2c√
3
, the proof is

complete. �

4. Properties of the solutions

First, we examine the case when the problem has two solutions C1 and C2 (Fig-
ure 2) and prove the following

Proposition 3. If C1 �= C2 and K is the symmedian point of both ΔABC1 and
ΔABC2, then the line C1C2 is a median of each triangle.

Proof. We just observe that the midpointO ofAB has the same power with respect
to γA and γB (since OA · OB′ = 3c2

4 = OB · OA′) and deduce that O is on the
radical axis C1C2 of these two circles. �

In the case when the solution C is unique, the triangleABC has a feature which
is worth mentioning:

Proposition 4. If K is the symmedian point of ΔABC for a unique point C, then
CA2 + CB2 = 2AB2.

In other words, the triangle is a C-root-mean-square triangle (see [2, 4] for numer-
ous properties of such triangles).

Proof. Again, O lies on the radical axis of γA and γB , hence on the common
tangent to γA and γB at C. It follows that 3c2

4 = OC2; but, CO being the length
of the median from C, we also have 4CO2 = 2(CA2 + CB2) − c2 and a short
calculation gives the desired relation. �
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Note in passing that when K traverses the ellipse E , the corresponding unique
solution C traverses the circle with center O and radius c

√
3

2 (less the common
points with the line AB, of course).

5. Further remarks

To conclude, we draw some interesting corollaries of the results above.
In an arbitrary triangle ABC, not only does the symmedian point K satisfy KA+
KB ≤ 2AB√

3
, but it also satisfies the similar inequalities associated with the pairs

of vertices (B,C) and (C,A):

Corollary 5. The symmedian point K of any triangle ABC is located in the com-
mon part of the interiors of the three ellipses with foci A and B, with foci B and
C, with foci C and A, and with respective major axes 2AB√

3
, 2BC√

3
, 2CA√

3
(boundary

included).

It is known that K is always interior to the circle with diameter GH where G is
the centroid and H the orthocenter (see [3]). However, the common part interior to
the three ellipses can be much smaller (Figure 3).

Figure 3

Lastly, we deduce a nice geometric inequality, perhaps difficult to prove directly:

Corollary 6. Let ma,mb,mc be the lengths of the medians of a triangle ABC
with sides a = BC, b = CA, c = AB. Then, the following inequality holds:

max{bmc + cmb, cma + amc, amb + bma} ≤ a2 + b2 + c2√
3

. (2)

Interestingly, substitutingma,mb,mc,
3a
4 ,

3b
4 ,

3c
4 for a, b, c,ma,mb,mc, respec-

tively, leaves the inequality unchanged, meaning that the inequality is its own
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median-dual ([5] p. 109). No hope then to derive it from a known inequality
through median duality!

Proof. We know that the symmedian point K of ΔABC is the center of masses of
(A, a2), (B, b2), (C, c2), that is, (a2 + b2 + c2)K = a2A+ b2B + c2C. It follows
that (a2 + b2 + c2)

−−→
AK = b2

−−→
AB + c2

−→
AC and so

(a2 + b2 + c2)2AK2 = b4c2 + c4b2 + (b2c2)(2
−−→
AB · −→AC)

= b2c2(b2 + c2 + b2 + c2 − a2)
= 4b2c2m2

a.

As a result, KA = 2bcma
a2+b2+c2

and similarly we obtain KB = 2camb
a2+b2+c2

. The

inequality KA+KB ≤ 2c√
3

now rewrites as bma + amb ≤ a2+b2+c2√
3

. Cyclically,

the numbers bmc+cmb and cma+amc are also less than or equal to a2+b2+c2√
3

. �

Note that equality holds if and only if ΔABC is a root-mean-square triangle,
that is, if and only if one of the relations 2a2 = b2 + c2, 2b2 = c2 + a2, 2c2 =
a2 + b2 is satisfied.
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The “Circle” of Apollonius in Hyperbolic Geometry

Eugen J. Ionaşcu

Abstract. In Euclidean geometry the circle of Apollonius is the locus of points
in the plane from which two collinear adjacent segments are perceived as having
the same length. In Hyperbolic geometry, the analog of this locus is an alge-
braic curve of degree four which can be bounded or “unbounded”. We study this
locus and give a simple description of this curve using the Poincaré half-plane
model. In the end, we give the motivation of our investigation and calculate the
probability that three collinear adjacent segments can be seen as of the same pos-
itive length under some natural assumptions about the setting of the randomness
considered.

1. Introduction

There are at least four circles known as Apollonius circles in the history of
classical geometry. We are only concerned with only one of them: “the set of
all points whose distances from two fixed points are in a constant ratio ρ (ρ �= 1)
” (see [1], [5]). In Euclidean geometry this is equivalent to asking for the locus of
points P satisfying ∠APB ≡ ∠BPC, given fixed collinear points A, B and C.
This same locus is the focus of our investigation in Hyperbolic geometry.

We are going to use the half-plane model, H (viewed in polar coordinates as the
upper-half, i.e., θ ∈ (0, π)), to formulate our answer to this question (see Anderson
[2] for the terminology and notation used). Without loss of generality we may
assume that the three points are on the y-axis: A(0, a), B(0, b) and C(0, c), with
real positive numbers a, b and c such that a > b > c.

Theorem 1. Given points A, B and C as above, the set of points P (x, y) in the
half-plane H, characterized by the equality ∠APB ≡ ∠BPC in H is the curve
given in polar coordinates by

r4(2b2 − a2 − c2) = 2r2(a2c2 − b4) cos(2θ) + b2(2a2c2 − a2b2 − c2b2). (1)

Moreover,

(i) if b =
(
a2+c2

2

) 1
2
, this curve is half of the hyperbola of equation

r2 cos(2θ) + b2 = 0, θ ∈ (
π

4
,
3π

4
),
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(ii) if b =
√
ac this curve is the semi-circle r = b, θ ∈ (0, π),

(iii) if b =
(
a−2+c−2

2

)− 1
2
, this curve is half of the lemniscate of equation

r2 + b2 cos(2θ) = 0, θ ∈ (
π

4
,
3π

4
).

In most of the textbooks the Circle of Apollonius is discussed in conjunction
with the Angle Bisector Theorem: “The angle bisector in a triangle divides the
opposite side into a ratio equal to the ratio of the adjacent sides.” Once one realizes
that the statement can be equally applied to the exterior angle bisector, then the
Circle of Apollonius appears naturally (Figure 1), since the two angle bisectors are
perpendicular.

Figure 1. The Circle x2 + y2 = 4

For instance, an easy exercise in algebra shows that the circle of equation x2+y2 =
4 is equivalent to √

x2 + (y − 4)2√
x2 + (y − 1)2

=
BA

BC
=
DA

DC
= 2,

taking A(0, 4), B(0, 2), C(0, 1) and D(0,−2). Similar calculations can be em-
ployed to treat the general situation, i.e., taking A(0, a), B(0, b) and C(0, c) with
real positive numbers a, b and c such that a > b > c. Then we can state the
well-known result:

Theorem 2 (Apollonius). Given points A, B and C as above, the set of points
P (x, y) in the plane characterized by the equality ∠APB ≡ ∠BPC is

(i) the line of equation y = (a+ c)/2 if b = (a+ c)/2;
(ii) the circle of equation x2 + y2 = b2, if b < (a+ c)/2 and b2 = ac.
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Let us observe that the statement of this theorem does not reduce the generality
since the y-coordinate of point D can be shown to be yD = (2ac− bc− ab)/(a+
c− 2b) and one can take the origin of coordinates to be the midpoint of BD. This
turns out to happen precisely when b2 = ac.

It is interesting that each of the special cases in Theorem 1, can be accomplished
using integer values of a, b and c. This is not surprising for the Diophantine equa-
tion b2 = ac since one can play with the prime decomposition of a and c to get
ac a perfect square. For the equation 2b2 = a2 + c2 one can take a Pythagorean
triple and set a = |m2 + 2mn− n2|, c = |m2 − 2mn− n2| and b = m2 + n2 for
m,n ∈ N. Perhaps it is quite intriguing for some readers that the last Diophantine
equation 2a2c2 = a2b2 + c2b2 is satisfied by the product of some quadratic forms,
namely

a = (46m2 + 24mn+ n2)(74m2 + 10mn+ n2),
b = (46m2 + 24mn+ n2)(94m2 + 4mn− n2),

and c = (94m2 + 4mn− n2)(74m2 + 10mn+ n2), for m,n ∈ Z.

Another surprising fact is that the locus is a circle both in Theorem 1 and Theorem 2
if b2 = ac.

b>
(

a2+c2

2

) 1
2 b=

(
a2+c2

2

) 1
2 √

ac<b<
(

a2+c2

2

) 1
2

b=
√
ac (

a−2+c−2

2

)− 1
2<b<

√
ac b=

(
a−2+c−2

2

)− 1
2

Figure 2. The curve in polar coordinates (a=35, c=5), in H

In Figure 2, we included all of the possible shapes of the locus in Theorem 1

except for the case b <
(
a−2+c−2

2

)− 1
2

which is similar to the case b >
(
a2+c2

2

) 1
2
.

We notice a certain symmetry of these cases showing that the hyperbola (b =
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(
a2+c2

2

) 1
2
) is nothing else but a lemniscate in hyperbolic geometry. With this

identification, it seems like the curves we get, resemble all possible shapes of the
intersection of a plane with a torus.

In the next section we will prove Theorem 1.

2. Proof of Theorem 1

Let us consider a point P of coordinates (x, y) with the given property as in
Figure 3 which is not on the line AC, (x �= 0). Then the Hyperbolic lines deter-
mined by P and the three points A, B and C are circles orthogonal on the x-axis.
We denote their centers by A′(a′, 0), B′(b′, 0) and C ′(c′, 0). The point A′ can be

Figure 3. The point P and the lines determined by it with A, B and C

obtained as the intersection of the perpendicular bisector of PA and the x-axis.
Similarly we obtain the other two points B′ and C ′. The equation (Y as a func-
tion of X) of the perpendicular bisector of PA is Y − y+a

2 = − x
y−a(X − x

2 )

and so a′ = x2+y2−a2

2x . Similar expressions are then obtained for b′ and c′, i.e.,

b′ = x2+y2−b2

2x and c′ = x2+y2−c2

2x . This shows that the order of the points A′, B′

and C ′ is reversed (a′ < b′ < c′). The angle between the Hyperbolic lines
↔
PA and

↔
PA is defined by the angle between the tangent lines to the two circles at P , which
is clearly equal to the angle between the radii corresponding to P in each of the
two circles. So, mH(∠APB) = m(∠A′PB′) and mH(∠BPC) = m(∠B′PC ′).
This equality is characterized by the proportionality given by the Angle Bisector
Theorem in the triangle PA′C ′:

PA′

PC ′ =
A′B′

B′C ′ ⇔
√

(x2 − y2 + a2)2 + 4x2y2√
(x2 − y2 + c2)2 + 4x2y2

=
a2 − b2
b2 − c2 .

Using polar coordinates, x = r cos θ and y = r sin θ, we observe that x2 − y2 =
r2 cos 2θ and 2xy = r2 sin 2θ. Hence the above equality is equivalent to

(r4 + 2a2r2 cos 2θ + a4)(b2 − c2)2 = (r4 + 2c2r2 cos 2θ + c4)(a2 − b2)2.
One can check that a factor of (a2 − c2) can be simplified out and in the end we
obtain (1).



The “circle” of Apollonius in Hyperbolic Geometry 139

3. Four points “equally” spaced and our motivation

Our interest in this locus was motivated by the Problem 11915 in this Monthly
([4]). This problem stated: Given four (distinct) points A, B, C and D in (this)
order on a line in Euclidean space, under what conditions will there be a point P
off the line such that the angles ∠APB, ∠BPC, and ∠CPD have equal measure?
(Figure 4)

It is not difficult to show, using two Apollonius circles, that the existence of such
a point P is characterized by the inequality involving the cross-ratio

[A,B;C,D] = BC
BA/DC

DA
< 3. (2)

We were interested in finding a similar description for the same question in Hy-
perbolic space. It is difficult to use the same idea of the locus that replaces the
Apollonius circle in Euclidean geometry due to the complicated description as in
Theorem 1. Fortunately, we can use the calculation done in the proof of Theorem 1
and formulate a possible answer in the new setting. Given four points A, B, C
and D in (this) order on a line in the Hyperbolic space, we can use an isometry to
transform them on the line x = 0 and having coordinates A(0, a), B(0, b), C(0, c)
and D(0, d) with a > b > c > d. The the existence of a point P off the line
x = 0, such that the angles ∠APB, ∠BPC, and ∠CPD have equal measure in
the Hyperbolic space is equivalent to the existence of P in Euclidean space corre-
sponding to the points A′, B′, C ′ and D′ as constructed in the proof of Theorem 1.
Therefore, the answer to the equivalent question posed in the Problem 11915 but
in Hyperbolic geometry, is in terms of a similar inequality

[A′, B′;C ′, D′] = B′C′
B′A′/D′C′

D′A′ < 3⇔ (b2 − c2)(a2 − d2)
(a2 − b2)(c2 − d2) < 3. (3)

Now we can use (2) and (3) to compute the following natural corresponding
geometric probability: if two points B and C are randomly selected (uniform dis-
tribution with respect to the arc-length in hyperbolic geometry) on the segmentAD
(B being the closest to A), what is the probability that a point P off the line AD
exists, such that the angles ∠APB, ∠BPC, and ∠CPD have equal measure?
(Figure 4)
In Euclidean geometry this turns out to be equal to

Pe =
15− 16 ln 2

9
≈ 0.4345

The inequality (3) gives us the similar probability in the Hyperbolic space:

Ph =
2
√
5 ln(2 +

√
5)− 5

5 ln 2
≈ 0.4201514924

where the uniform distribution here means that it is calculated with respect to the
measure 1

ydy along the y-axis.
Our probability question is even more natural in the setting of spherical ge-

ometry. Due to the infinite nature of both Euclidean and Hyperbolic spaces the
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Figure 4. The point P and the lines determined by it with A, B , C

and D

geometric probability question makes sense only in limiting situations. In the case
of spherical geometry we can simply ask (and leave it as an open question):

Given a line in spherical geometry and four points on it, chosen at random with
uniform distribution, what is the probability that the points look equidistant from a
point on the sphere that is not on that line?

References

[1] C. V. Durell, Modern Geometry: The Straight Line and Circle, London: Macmillan, p. 16, 1928.
[2] J. W. Anderson, Hyperbolic Geometry, 2nd ed.-Springer undergraduate mathematics series,

Springer-Verlag London Limited, 2005.
[3] B. Hopkins, ed., Resources for Teaching Discrete Mathematics, Mathematical Association of

America, Washington DC, 2009.
[4] M. E. Kidwell and M. D. Meyerson, Problem 11915, Amer. Math. Monthly, 123 (2016) 613;

solution, 125 (2018) 467–468.
[5] C. S. Ogilvy, Excursions in Geometry, New York: Dover, pp. 14-23, 1990.
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A Geometric Inequality for Cyclic Quadrilaterals

Mark Shattuck

Abstract. In this paper, we establish an inequality involving the cosines of the
arc measures determined by four arbitrary points along the circumference of a
circle. Our proof is analytic in nature and as a consequence of it, we obtain some
inequalities involving the interior angle measures of a triangle. Extending our
arguments yields a sharpened version of the aforementioned inequality and also
the best possible positive constant for which it holds.

1. Introduction

A variety of inequalities have been shown for convex quadrilaterals [4], in par-
ticular, in the bicentric case (see, e.g., [5, 6]). Perhaps the most well-known of
these and simplest states that r

R is at most 1√
2
, where r and R denote the radii of

the incircle and circumcircle of a bicentric quadrilateral ABCD (see [1, p. 132]).
A refinement of this inequality was shown by Yun [7] and is given by

r
√
2

R
≤ 1

2

(
sin

A

2
cos

B

2
+ sin

B

2
cos

C

2
+ sin

C

2
cos

D

2
+ sin

D

2
cos

A

2

)
≤ 1,

(1)
which was proved again in different ways by Josefsson [3] and later Hess [2]. Note
that the middle quantity in (1) may be rewritten in terms of the measures of arcs
subtended by the sides of quadrilateral ABCD as

1

2

(
cos

(
a− c
2

)
+ cos

(
b− d
2

))
,

where 2a = m(
�
AB), etc.

In this paper, we find a lower bound for this quantity (see Theorem 16 below)
that applies to all cyclic quadrilaterals and that differs from (and is incomparable
to) the bound given in (1) in the bicentric case. For the sake of clarity of the proofs,
we first establish the following bound in the next two sections.

Theorem 1. Let ABCD be a cyclic quadrilateral, with 2a = m(
�
AB), 2b =

m(
�
BC), 2c = m(

�
CD) and 2d = m(

�
DA). If a = max{a, b, c, d}, then we have

2 cos a+ cos b+ cos c+ cos d ≤ 5
√
2

4

(
cos

(
a− c
2

)
+ cos

(
b− d
2

))
, (2)
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with equality if and only if ABCD is a square.

We assume that all arc measures in Theorem 1 and elsewhere are taken in the
same direction as the labeling of the vertices of ABCD. To prove (2), we proceed
analytically, treating separately the acute and obtuse cases of a. We then extend
our arguments in finding a sharpened form of (2), along with the best positive
constant for which it holds. That is, we show that one may replace the weights
of 1

5(2, 1, 1, 1) for the respective cosine terms on the left-hand side of (2) (after

dividing both sides of (2) by 5) with 1
α+3(α, 1, 1, 1), where α = 12−3

√
2

4+
√
2
≈ 1.43

is as small as possible. As corollaries to our approach, we obtain some related
geometric inequalities involving triangles and bicentric quadrilaterals.

2. The acute case of the inequality

To prove (2), we divide into cases based on whether or not a is acute, treating in
this section the acute case. Let

f(a, b, c, d)

=
5
√
2

4

(
cos

(
a− c
2

)
+ cos

(
b− d
2

))
− (2 cos a+ cos b+ cos c+ cos d)

and

S = {(a, b, c, d) ∈ R
4 : a+ b+ c+ d = π, where 0 ≤ b, c, d ≤ a ≤ π/2}.

We will regard S as a closed subset of the metric space M consisting of all points
in R

4 such that a + b + c + d = π. When speaking of the boundary or interior of
S, it will be in reference to M . Then the acute case of (2) is equivalent to showing
f ≥ 0 for all points in S. The next four lemmas show that f is non-negative for all
points along the boundary of S.

Lemma 2. We have f > 0 for all points (a, b, c, d) in S such that abcd = 0.

Proof. We show that h ≥ 0, where

h(a, b, c, d) =
√
2

(
cos

(
a− c
2

)
+ cos

(
b− d
2

))
−(cos a+cos b+cos c+cos d),

with 0 ≤ a, b, c, d ≤ π/2, abcd = 0 and a + b + c + d = π, which implies the
stated result for f . To show h ≥ 0, we may assume d = 0, by symmetry. Thus, we
must show

j(a, b, c) =
√
2

(
cos

(
a− c
2

)
+ cos

(
b

2

))
−(cos a+cos b+cos c+1) ≥ 0, (3)

where a + b + c = π and 0 ≤ a, b, c ≤ π/2. We first show that inequality (3)
holds for the boundary values. By symmetry of the a and c variables, we need only
consider the following cases: (i) a = 0, (ii) b = 0, (iii) a = π/2, (iv) b = π/2. If (i)
or (ii) holds, then the other two variables must be π/2 and (3) is obvious in either
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case. If (iii), then we must show
√
2
(
cos
(
π
4 − c

2

)
+ cos

(
b
2

)) ≥ cos b+cos c+1,
where b+ c = π/2, i.e.,

2 cos

(
b

2

)
≥ 1√

2
(sin b+ cos b+ 1) = sin

(
b+

π

4

)
+

1√
2
, 0 ≤ b ≤ π/2.

The last inequality follows from observing that the function k(b) = 2 cos
(
b
2

) −
sin
(
b+ π

4

)− 1√
2

is decreasing on (0, π/2) with k(π/2) = 0. If (iv), then we need√
2 cos

(
a−c
2

) ≥ cos a+cos c = 2 cos
(
a+c
2

)
cos
(
a−c
2

)
, which holds with equality

since a+ c = π/2.
To complete the proof of (3), we must consider any possible interior local ex-

treme points of j. Making use of Lagrange multipliers and equating the a- and the
c- partial derivative equations implies (I) a+ c = π/2 or (II) a = c. Note that if (I)
holds, then b = π/2, which has already been considered, so assume (II). Using the
cosine double angle formula, we must show in this case that

√
2 (cos y + 1)− 4 cos2 x− 2 cos2 y + 2 ≥ 0, (4)

where 2x + y = π/2 and 0 < x, y < π/4. For (4), we show equivalently√
2 (cos y + 1) ≥ 2 sin y + 2 cos2 y, i.e.,

√
2 cos y + 2

(
sin2 y − sin y

) ≥ 2−
√
2, 0 < y < π/4.

This last inequality holds since the two sides are equal when y = π/4, with the
left-hand side decreasing as one may verify. �

By (3) and the fact that cos(∠A) + cos(∠B) + cos(∠C) = 1 + r
R in a triangle

ABC, we obtain the following bound on the ratio r
R in an acute or right triangle.

Corollary 3. Let ABC be a non-obtuse triangle. Then

2 +
r

R
≤
√
2

(
cos

(
A− C

2

)
+ cos

(
B

2

))
,

with equality if and only if ABC is a right triangle with hypotenuse AC.

Lemma 4. We have f > 0 for all points (a, b, c, d) in S such that a = π/2.

Proof. Let

h(b, c, d) =
5
√
2

4

(
cos
(π
4
− c

2

)
+ cos

(
b− d
2

))
− (cos b+ cos c+ cos d) .

We must show h > 0 for all b, c, d ≥ 0 such that b + c + d = π/2. We may
assume bcd �= 0, by the previous lemma. To show h > 0, we apply Lagrange
multipliers and equate the b- and d-partial derivative equations to obtain sin b −
sin d = 5

√
2

4 sin
(
b−d
2

)
, i.e., 2 sin

(
b−d
2

)
cos
(
b+d
2

)
= 5

√
2

4 sin
(
b−d
2

)
. So we must

have (i) b + d = 2 cos−1
(
5
√
2

8

)
or (ii) b = d. If (i) holds, then π

4 − c
2 = b+d

2 so

that cos
(
π
4 − c

2

)
= 5

√
2

8 , which implies h > 0 in this case. So assume (ii) holds
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and we must show h(b, c, b) > 0, where b, c > 0 and 2b + c = π
2 . Substituting

c = π
2 − 2b into h(b, c, b), we need for

q(b) =

(
5
√
2

4
− 2

)
cos b− sin 2b+

5
√
2

4
> 0, 0 < b < π/4.

This holds since 2− 5
√
2

4 < 1
4 implies q(b) > −1

4+
5
√
2

4 −1 = 5
4

(√
2− 1

)
> 0. �

As a consequence of the previous lemma, we obtain the following trigonometric
inequality for acute triangles.

Corollary 5. If ABC is an acute triangle, then

cos

(
A

2

)
+ cos

(
B

2

)
+ cos

(
C

2

)
<

5
√
2

4

(
cos

(
π −A

4

)
+ cos

(
B − C

4

))
.

The next two lemmas concern the case when one of the other variables equals a.

Lemma 6. We have f ≥ 0 for all points (a, b, c, d) in S such that a = c.

Proof. We must show

h(b, c, d) =
5
√
2

4

(
cos

(
b− d
2

)
+ 1

)
− (cos b+ 3 cos c+ cos d) ≥ 0, (5)

where 0 ≤ b, d ≤ c ≤ π/2 and b + 2c + d = π. By Lemmas 2 and 4, we may
assume b, d > 0 and c < π/2 in (5). Suppose first that b or d equals c, say d.

Then h(b, c, c) ≥ 0 if and only if 5
√
2

4

(
cos
(
b−c
2

)
+ 1
) ≥ cos b + 4 cos c, where

b+ 3c = π and 0 < b ≤ c < π/3, i.e.,

5
√
2

4
(sin(2c) + 1) ≥ 4 cos c− cos(3c), π/4 ≤ c < π/3. (6)

Dividing both sides of (6) by cos c, we need to show

k(c) =
5
√
2

4
(2 sin c+ sec c) + 4 cos2 c− 7 ≥ 0, π/4 ≤ c < π/3.

This last inequality follows from noting

k′(c)
cos c

=
5
√
2

4

(
2 + sec2 c tan c

)− 8 sin c > 0

for π/4 < c < π/3, with k(π/4) = 0.
By Lagrange’s method, any interior extreme points (b, c, d) within the set over

which we are minimizing h must satisfy (i) b+ d = 2θ, where θ = cos−1
(
5
√
2

8

)
,

or (ii) b = d. If (i) holds, then we have c = π
2 − θ and thus

5
√
2

4

(
1 + cos

(
b− d
2

))
− (cos b+ cos d)

=
5
√
2

4
+ 2 cos

(
b+ d

2

)
cos

(
b− d
2

)
− (cos b+ cos d) =

5
√
2

4
>

3
√
14

8

= 3 cos c,
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which implies (5) in this case. If (ii) holds, then we need to show 5
√
2

2 ≥ 2 cos b+
3 cos c, where b+ c = π/2 and 0 < b ≤ c. Note that 2 cos b+ 3 cos c = 2 sin c+

3 cos c =
√
13 sin(c + λ), where λ = cos−1

(
2√
13

)
. Then λ > π/4 implies

√
13 sin(c + λ) ≤ √13 sin (π4 + λ

)
= 5

√
2

2 for π/4 ≤ c < π/2, as desired,
which establishes (5) and completes the proof. Note that there is equality in (5) iff
a = b = c = d = π/4, i.e., iff ABCD is a square. �

Lemma 7. We have f ≥ 0 for all points (a, b, c, d) in S such that a = b.

Proof. We must show

h(a, c, d) =
5
√
2

4

(
cos

(
a− c
2

)
+ cos

(
a− d
2

))
−(3 cos a+ cos c+ cos d) ≥ 0,

(7)
where 0 ≤ c, d ≤ a ≤ π/2 and 2a + c + d = π. By Lemmas 2 and 4,
we may assume c, d > 0 and a < π/2 in (7). By Lemma 6, we may also
assume a > c and a > d. Thus, we need only check points (a, c, d) corre-
sponding to any possible interior extrema of the function h. Such points must
satisfy sin c − sin d = 5

√
2

8

(
sin
(
a−d
2

)− sin
(
a−c
2

))
, i.e., sin

(
c−d
2

)
cos
(
c+d
2

)
=

5
√
2

8 sin
(
c−d
4

)
cos
(
2a−c−d

4

)
, from which we get

(i)
5
√
2

16
cos

(
2a− c− d

4

)
= cos

(
c− d
4

)
cos

(
c+ d

2

)
, or (ii) c = d.

Since c+ d = π − 2a and π/4 < a < π/2, we have c+ d < π/2 and thus

cos

(
c− d
4

)
cos

(
c+ d

2

)
>

1

2
>

5
√
2

16
≥ 5
√
2

16
cos

(
2a− c− d

4

)
,

whence (i) is not possible. So assume (ii), in which case we must show

k(a) =
5
√
2

2
cos
(
a− π

4

)
−
√
13 sin (a+ λ) ≥ 0, π/4 < a < π/2, (8)

where λ = cos−1
(

2√
13

)
. Note that k(π/4) = 0, with

k′(a) = −5
√
2

2
sin
(
a− π

4

)
+
√
13 sin

(
a−

(π
2
− λ

))
> 0, π/4 < a < π/2,

since
√
13 > 5

√
2

2 and π
4 >

π
2−λ implies

√
13 sin

(
a− (π2 − λ)) > 5

√
2

2 sin
(
a− π

4

)
.

This implies (8), which completes the proof. �

We now must consider any possible local minima of f located within the interior
of S. Treating these cases will yield the following result.

Theorem 8. We have f ≥ 0 for all points in S, with equality if and only if a =
b = c = d = π/4.
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Proof. Let (a, b, c, d) denote an interior local extreme point of f in S. From the a-
and the c-partial derivative equations, such points must satisfy

2 sin a− sin c =
5
√
2

4
sin

(
a− c
2

)
. (9)

Given 0 < a < π/2, define the function

ha(x) =
5
√
2

4
sin

(
x− a
2

)
− sinx+ 2 sin a, 0 < x < a.

Below, we show that the equation ha(x) = 0 has no solution. Hence, neither does
(9), which implies f has no interior extreme points. Thus, the minimum value of
f on the compact set S must be achieved along its boundary, and by Lemmas 2, 4,
6 and 7, we have f ≥ 0 for all points along the boundary. Thus, f ≥ 0 on all of S,
as desired. From the proofs of Lemmas 6 and 7, there is equality as stated.

We now show ha(x) has no solution. First suppose 0 < x < a
2 . Then

ha(x) > −5
√
2

4
sin
(a
2

)
− sin

(a
2

)
+ 4 sin

(a
2

)
cos
(a
2

)

>

(
2
√
2− 1− 5

√
2

4

)
sin
(a
2

)
> 0,

since a < π/2 implies cos (a/2) >
√
2/2. If a/2 ≤ x < a, then

ha(x) > −5
√
2

4
sin
(a
4

)
+ sin a =

(
4 cos

(a
2

)
cos
(a
4

)
− 5
√
2

4

)
sin
(a
4

)

>

(
2− 5

√
2

4

)
sin
(a
4

)
> 0,

since cos(a/2), cos(a/4) >
√
2/2. �

3. The obtuse case

Assume now 2a′ = m(ÂB) is at least π, as shown below. In this case, we
replace a′ with π − a, where a = b+ c+ d is acute (or possibly right).

A

D

C

B2d

2c
2b

2a′ = 2π − 2a

Figure 1. Case when 2a′ = m(
�

AB) exceeds π.
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Define the set T by

T = {(a, b, c, d) ∈ R
4 : a = b+ c+ d, where b, c, d ≥ 0 and a ≤ π/2}.

We regard T as a closed subset of the metric space comprising all points in R
4 such

that a = b+ c+ d. Define the function g on R
4 by

g(a, b, c, d) =
5
√
2

4

(
sin

(
a+ c

2

)
+ cos

(
b− d
2

))
+2 cos a−(cos b+cos c+cos d).

Then the task of establishing (2) in the case whenm(
�
AB) is at least π is equivalent

to showing that g can assume only positive values on T . We first consider the case
of a point in T where c = 0.

Lemma 9. We have g > 0 for all points (a, b, c, d) in T such that c = 0.

Proof. We must show

h(a, b, d) =
5
√
2

4

(
sin
(a
2

)
+ cos

(
b− d
2

))
+2 cos a− (cos b+cos d+1) > 0,

(10)
where a = b + d, 0 ≤ a ≤ π/2 and b, d ≥ 0. By Lemma 4, we may assume
a < π/2. If b = 0 or d = 0, say b = 0, then a = d and (10) reduces in this case to

5
√
2

4

(
sin
(a
2

)
+ cos

(a
2

))
+ cos a− 2 > 0, 0 ≤ a < π/2.

The last inequality can be shown by considering the first two derivatives of the
left-hand side.

We now check h at any possible interior extreme points (a, b, d). From the

b- and d-partial derivative equations, we get sin b − sin d = 5
√
2

4 sin
(
b−d
2

)
, i.e.,

2 sin
(
b−d
2

)
cos
(
b+d
2

)
= 5

√
2

4 sin
(
b−d
2

)
. This implies such points (a, b, d) satisfy

(i) cos
(
b+d
2

)
= 5

√
2

8 or (ii) b = d. If (i) holds, then a = b+ d implies cos a = 9
16 ,

sin
(
a
2

)
=

√
14
8 and cos

(
b−d
2

) ≥ 5
√
2

8 . Since cos b + cos d ≤ 2 cos
(
b+d
2

)
= 5

√
2

4 ,
inequality (10) follows in this case. If (ii) holds, then (10) reduces to

k(b) =
5
√
2

4
(sin b+ 1) + 2 cos 2b− 2 cos b− 1 > 0, 0 < b < π/4. (11)

To show (11), first note that

k′(b)
cos b

=
5
√
2

4
− 8 sin b+ 2 tan b.

Since the function 8 sin b − 2 tan b is increasing on (0, π/4), one has that k′(b)
changes sign once on (0, π/4), from positive to negative. Inequality (11) now
follows from observing that k(0) and k(π/4) are both positive, which completes
the proof. �

Lemma 10. We have g > 0 for all points (a, b, c, d) in T such that d = 0.
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Proof. We must show

h(a, b, c) =
5
√
2

4

(
sin

(
a+ c

2

)
+ cos

(
b

2

))
+2 cos a− (cos b+cos c+1) > 0,

(12)
where a = b+ c, 0 ≤ a ≤ π/2 and b, c ≥ 0. Again, we may assume a < π/2. By
the previous lemma, we may also assume c > 0. On the other hand, if b = 0, then
a = c and (12) reduces to 5

√
2

4 (sin a+ 1) + cos a − 2 > 0, where 0 ≤ a < π/2,
which follows from observing max{sin a, cos a} ≥ √2/2 for first quadrant a.

We now consider possible internal extreme points (a, b, c) of h and apply the
Lagrange method with constraint −a + b + c = 0. From the b- and c-partial
derivative equations, we get

2 sin

(
b− c
2

)
cos
(a
2

)
=

5
√
2

4
cos
(π
4
+
c

2

)
cos
(π
4
− a

2

)
. (13)

We show that (13) cannot hold, which will imply the desired result. Note first
that (13) implies b > c and hence 0 < c < a/2. Also, observe that the ratio
sin
(
π
4 − c

2

)
/ sin

(
a
2 − c

2

)
for a fixed a is minimized when c = 0. Thus, we have

cos
(
π
4 + c

2

)
sin
(
b
2 − c

2

) · cos
(
π
4 − a

2

)
cos
(
a
2

) >
sin
(
π
4 − c

2

)
sin
(
a
2 − c

2

) · cos
(
π
4 − a

2

)
cos
(
a
2

) >
sin
(
π
4

)
sin
(
a
2

) · cos
(
π
4 − a

2

)
cos
(
a
2

)

=
sin
(
a
2

)
+ cos

(
a
2

)
2 sin

(
a
2

)
cos
(
a
2

) =
1

2

(
sec
(a
2

)
+ csc

(a
2

))
.

Since the function sec
(
a
2

)
+ csc

(
a
2

)
is decreasing on (0, π/2), we have sec

(
a
2

)
+

csc
(
a
2

) ≥ 2
√
2 and thus

cos
(
π
4 + c

2

)
sin
(
b
2 − c

2

) · cos
(
π
4 − a

2

)
cos
(
a
2

) >
√
2,

whence (13) cannot hold, which completes the proof. �
Theorem 11. We have g > 0 for all points in T .

Proof. By Lemmas 4, 9 and 10, we have already shown that g > 0 for all points
along the boundary of the compact set T . To show that g > 0 on all of T , we
need to check g at any possible interior extrema. To do so, we apply Lagrange
multipliers to g with constraint b+c+d−a = 0. Equating the a- and the c- partial
derivative equations gives

2 sin a− sin c =
5
√
2

4
cos

(
a+ c

2

)
. (14)

Let θ = 2 sin−1
(
5
√
2/16

)
and a be fixed where 0 < a < θ. Then (14) can-

not hold for 0 < c < a < θ, upon considering the function ha(x) = sinx +
5
√
2

4 cos
(
x+a
2

) − 2 sin a for each a and showing ha(x) > 0 for 0 < x < a (by
showing ha(0) > 0, ha(a) > 0 with h′′a(x) < 0 for 0 < x < a). Thus, there are no
interior extreme points in T for which a < θ. Henceforth, let us assume a ≥ θ.
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Equating the b- and d-partial derivative equations gives

sin b− sin d =
5
√
2

4
sin

(
b− d
2

)
,

which implies (i) b = d or (ii) cos
(
b+d
2

)
= 5

√
2

8 . First assume (i). We will show
that g > 0 for all interior points in T such that b = d and a ≥ θ. In this case, we
must show j(a, b, c) > 0, where

j(a, b, c) =
5
√
2

4

(
sin

(
a+ c

2

)
+ 1

)
+ 2 cos a− 2 cos b− cos c

and a = 2b + c. By the concavity of the cosine function on (0, π/2), we have
2 cos b + cos c ≤ 3 cos

(
2b+c
3

)
= 3 cos

(
a
3

)
, so to show j > 0, it suffices to show

k(a, c) > 0, where

k(a, c) =
5
√
2

4

(
sin

(
a+ c

2

)
+ 1

)
+ 2 cos a− 3 cos

(a
3

)
.

Since a ≥ θ, we have 5
√
2

4

(
sin
(
a+c
2

)
+ 1
)
> 5

2 , so clearly k(a, c) > 0 for θ ≤ a <
cos−1(1/4). On the other hand, if a ≥ cos−1(1/4), then 5

√
2

4

(
sin
(
a+c
2

)
+ 1
)
>

2.85, whereas 3 cos
(
a
3

)
< 2.72, which again implies k(a, c) > 0.

So assume (ii) holds and let λ = 2 cos−1
(
5
√
2

8

)
. Then a− c = b+ d = λ and

we show that (14) has no solution in this case. Suppose to the contrary that (14)
does hold for some a and c, where a > λ and c = a− λ. Then

5
√
2

4
cos

(
a+ c

2

)
=

5
√
2

4
cos

(
a− λ

2

)
=

25

16
cos a+

5
√
7

16
sin a,

so that (14) holds if and only if(
2− 5

√
7

16

)
sin a− 25

16
cos a = sin c = sin(a− λ) = sin a cosλ− cos a sinλ,

i.e.,

q(a) =

(
2− 5

√
7

16
− cosλ

)
sin a−

(
25

16
− sinλ

)
cos a = 0. (15)

Since the coefficients inside the parentheses are both positive quantities, q(a) is an
increasing function of a, where λ < a < π/2. Since q(λ) > 0, it follows that (15)
and hence (14) cannot hold if (ii) does, which completes the proof. �

Theorem 1 above now follows from combining Theorems 8 and 11, which cover
the acute and obtuse cases of a, respectively, upon replacing a by π−a in Theorem
11. �

We obtain as a corollary to Theorem 1 the following variant of inequality (1).
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Corollary 12. Let ABCD be a cyclic quadrilateral, with 2a = m(
�
AB), 2b =

m(
�
BC), 2c = m(

�
CD) and 2d = m(

�
DA). If AB is the longest side length of

ABCD, then√
2

5
(2 cos a+ cos b+ cos c+ cos d)

≤ 1

2

(
sin

A

2
cos

B

2
+ sin

B

2
cos

C

2
+ sin

C

2
cos

D

2
+ sin

D

2
cos

A

2

)
≤ 1. (16)

Proof. We have

sin
A

2
cos

B

2
+ sin

B

2
cos

C

2
+ sin

C

2
cos

D

2
+ sin

D

2
cos

A

2

= sin
A

2
cos

B

2
+ sin

B

2
sin

A

2
+ cos

A

2
sin

B

2
+ cos

B

2
cos

A

2

= sin

(
A+B

2

)
+ cos

(
A−B

2

)
= sin

(
b+ 2c+ d

2

)
+ cos

(
b− d
2

)

= sin

(
π − (a− c)

2

)
+ cos

(
b− d
2

)
= cos

(
a− c
2

)
+ cos

(
b− d
2

)
,

so that the right inequality in (16) is clear. The left inequality then follows from
Theorem 1. Note that there is equality in the right inequality iff ABCD is a rec-
tangle and in the left iff ABCD is a square. �

4. A sharpened version of the inequality

To sharpen inequality (2), we seek the smallest positive constant δ such that

fδ(a, b, c, d) =
(δ + 3)

√
2

4

(
cos

(
a− c
2

)
+ cos

(
b− d
2

))

− (δ cos a+ cos b+ cos c+ cos d) ≥ 0 (17)

for all points (a, b, c, d) in S and

gδ(a, b, c, d) =
(δ + 3)

√
2

4

(
sin

(
a+ c

2

)
+ cos

(
b− d
2

))

+ δ cos a− (cos b+ cos c+ cos d) ≥ 0 (18)

for all points in T . Theorem 1 above then corresponds to the δ = 2 case. Upon di-
viding (17) by δ+3, one sees that (17) amounts to comparing a certain weighted av-
erage of the individual cosine terms with the quantity

√
2
4

(
cos
(
a−c
2

)
+ cos

(
b−d
2

))
.

A similar interpretation applies to (18). From this, one sees that if inequalities (17)
and (18) hold for some δ0 > 0, then they hold for all δ > δ0. Note that δ = 1
is too small since in the case of a bicentric quadrilateral, the inequalities would be
reversed (see Theorem 17 below). This leaves open the question of finding the best
possible δ for which (17) and (18) hold where 1 < δ < 2.

Taking (a, b, c, d) equal to the origin in (18) implies that the best possible δ

is at least 12−3
√
2

4+
√
2
≈ 1.43, which we will denote by α. In fact, by modifying
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appropriately the proofs of Theorems 8 and 11 above, one can show that (17) and
(18) indeed hold when δ = α. In the proofs of the following lemmas, we carry out
the most extensive modifications that are required.

Lemma 13. Let

ua(x) =
(α+ 3)

√
2

4
sin

(
x− a
2

)
− sinx+ α sin a, 0 < x < a,

where π/4 < a < π/2. Then ua(x) > 0 for 0 < x < a.

Proof. First assume 0 < x < a/2. Then one may verify that u′a(0) < 0 and
u′′a(x) > 0. Note further that

u′a(a/2) =
(α+ 3)

√
2

8
cos(a/4)− cos(a/2)

is an increasing function of a, which is negative at a = 86◦ and positive at a = 87◦.
First assume 45◦ < a ≤ 86◦. Then u′a(x) < 0 for 0 < x < a/2 and

ua(a/2) = α sin a− sin(a/2)− (α+ 3)
√
2

4
sin(a/4) > 0, π/4 < a < π/2,

as one may verify, which implies ua(x) > 0 for 0 < x < a/2 in this case. If
86◦ < a < 90◦, then to establish the desired result in this case, it suffices to show

r(x) = α sin(86◦)− sinx− (α+ 3)
√
2

4
sin
(
45◦ − x

2

)
> 0, 0 < x < π/4.

(19)
Since r′(43◦) < 0, r′(44◦) > 0 and r′′(x) > 0, the function r(x) must achieve its
minimum value somewhere on the interval [43◦, 44◦]. If 43◦ ≤ x ≤ 44◦, then

r(x) > α sin(86◦)− sin(44◦)− (α+ 3)
√
2

4
sin

(
45◦ − 43◦

2

)
> 0,

which implies (19).
Now suppose a/2 ≤ x < a. In this case, we fix x and consider ua(x) as a

function of a, where x < a ≤ 2x. First assume x ≤ π/4 and note that d2

da2
ua(x) <

0 for all a. Since ux(x) > 0 and

u2x(x) = α sin(2x)− sinx− (α+ 3)
√
2

4
sin(x/2) > 0, 0 < x ≤ π/4,

as one may verify, it follows that ua(x) > 0 for x < a ≤ 2x in this case. On the
other hand, if x > π/4, then ua(x) > 0 for x < a < π/2 follows from observing
ux(x) > 0, d2

da2
ua(x) < 0 and

uπ/2(x) = α− sinx− (α+ 3)
√
2

4
sin
(π
4
− x

2

)
> 0, π/4 < x < π/2,

which completes the proof. �
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Lemma 14. We have v ≥ 0 for the function

v(a, b, c) =
(α+ 3)

√
2

4

(
sin
(a
2

)
+ cos

(
b− c
2

))
+α cos a−(cos b+cos c+1),

where a = b+ c, 0 ≤ a ≤ π/2 and b, c ≥ 0.

Proof. By Lemma 4 (suitably extended to fα), we may assume a < π/2. If b or c
equals zero, say b, then a = c and v ≥ 0 reduces in this case to

r(a) =
(α+ 3)

√
2

4

(
sin
(a
2

)
+ cos

(a
2

))
+(α−1) cos a−2 ≥ 0, 0 ≤ a ≤ π/2.

(20)
Note that α > 1 implies r′′(a) < 0. Since r(0) = 0 (by definition of α) and
r(π/2) = α−1

2 > 0, inequality (20) follows, with equality only for a = 0.
We now check v at any possible interior extreme points (a, b, c). From the b-

and c-partial derivative equations, we get (i) cos
(
b+c
2

)
= (α+3)

√
2

8 or (ii) b = c. If
(i) holds, then a = b+ c implies cos a ≈ 0.23 and sin(a/2) ≈ 0.62. Then we have
in this case

v(a, b, c) =
(α+ 3)

√
2

4
sin
(a
2

)
+ 2 cos

(
b+ c

2

)
cos

(
b− c
2

)

+ α cos a− (cos b+ cos c+ 1)

=
(α+ 3)

√
2

4
sin
(a
2

)
+ α cos a− 1 > 0.

If (ii) holds, then v > 0 is equivalent to

s(b) =
(α+ 3)

√
2

4
(sin b+ 1) + α cos(2b)− 2 cos b− 1 > 0, 0 < b < π/4.

One can show that s′(a) has one sign change on the interval (0, π/4), from positive
to negative. Since s(0) = 0 and s(π/4) > 0, this implies s(b) > 0 for 0 < b <
π/4, which completes the proof. �
Lemma 15. We have w > 0 for the function

w(a, b, c) =
(α+ 3)

√
2

4

(
sin

(
a+ c

2

)
+ 1

)
+ α cos a− 2 cos b− cos c,

where a = 2b+ c, b, c > 0 and π/4 < a < π/2.

Proof. By the concavity of cosine on (0, π/2), to show w > 0, it suffices to show

r(a) =
(α+ 3)

√
2

4

(
sin
(a
2

)
+ 1
)
+α cos a−3 cos

(a
3

)
> 0, π/4 < a < π/2.

(21)
A direct computation reveals r′′′(a) > 0 for π/4 < a < π/2 and that r′′(a)
changes sign once on this interval. One may also verify r′(π/4) < 0 and r′(π/2) <
0, which implies r′(a) < 0 for all a. Inequality (21) now follows from observing
r(π/2) > 0. �

One then gets the following strengthened version of Theorem 1.
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Theorem 16. We have

α cos a+ cos b+ cos c+ cos d ≤ (α+ 3)
√
2

4

(
cos

(
a− c
2

)
+ cos

(
b− d
2

))
,

(22)
where α = 12−3

√
2

4+
√
2

, for all 0 ≤ b, c, d ≤ a such that a+b+c+d = π, with equality

if and only if a = b = c = d = π/4 or π − a = b = c = d = 0. Furthermore, α is
the smallest constant for which (22) holds.

Proof. We make appropriate modifications, which we briefly describe, to the proof
of Theorem 1 above using fα and gα in place of f and g. Note that in the proofs
of Theorems 8 and 11 above, one would use, respectively, Lemmas 13 and 15
where needed. One would also substitute Lemma 14 for 9. Note that the proof of
Lemma 2 implies that this result also applies to the function fα. In other proofs,
one would proceed as before, but instead with the function fα in the acute and gα
in the obtuse case, which may at times require a bit more analysis than previously.
Observe further that the strict inequality for g in the statements of Lemmas 9 and 10
and Theorem 11 should be replaced by the inclusive inequality gα ≥ 0, where there
is equality when all arguments are zero. Finally, the statements of the lemmas and
theorems in the acute case will remain unchanged when considering the sharpened
version of the inequality. �

Note that Corollary 12 above may also be strengthened by replacing the leftmost
expression

√
2
5 (2 cos a+cos b+cos c+cos d) with the larger quantity

√
2

α+3(α cos a+

cos b+cos c+cos d). For bicentric quadrilaterals, the inequality is in fact reversed
when α is replaced by 1.

Theorem 17. Let ABCD be a bicentric quadrilateral, with 2a = m(
�
AB), 2b =

m(
�
BC), 2c = m(

�
CD) and 2d = m(

�
DA). Then

√
2

(
cos

(
a− c
2

)
+ cos

(
b− d
2

))
≤ cos a+ cos b+ cos c+ cos d, (23)

with equality if and only if ABCD is a kite.

Proof. Replacing the right-hand side of (23) by

2 cos

(
a+ c

2

)
cos

(
a− c
2

)
+ 2 cos

(
b+ d

2

)
cos

(
b− d
2

)
,

and rearranging, we show equivalently(
cos

(
b+ d

2

)
−
√
2

2

)
cos

(
b− d
2

)
≥
(√

2

2
− cos

(
a+ c

2

))
cos

(
a− c
2

)
.

(24)
SinceABCD has an inscribed circle, we haveAB+CD = BC+DA, which im-
plies sin a+sin c = sin b+sin d. This may be rewritten as sin

(
a+c
2

)
cos
(
a−c
2

)
=
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sin
(
b+d
2

)
cos
(
b−d
2

)
, i.e., cos

(
a−c
2

)
= tan

(
b+d
2

)
cos
(
b−d
2

)
, since a+b+c+d = π.

Substituting this into (24), and letting x = b+d
2 , gives

cosx−
√
2/2 ≥ (

√
2/2− sinx) tanx, 0 < x < π/2. (25)

Rearranging (25) gives secx −
√
2
2 tanx ≥

√
2
2 for 0 < x < π/2. To show this,

let f(x) = secx −
√
2
2 tanx. Then f ′(x) = sec2 x

(
sinx−

√
2
2

)
so that f(x) is

minimized when x = π/4, with f(π/4) =
√
2/2. This implies (25) and hence

(23). Note that there is equality in (23) iff x = b+d
2 = π

4 , i.e., a+ c = π
2 = b+ d.

Since ABCD is bicentric, we then have a − c = b − d or a − c = d − b, which
implies a = b, c = d or a = d, b = c. Thus, there is equality iff ABCD is a kite,
which completes the proof. �
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Abstract. We examine the harmonic mean from the view point of the division
by zero and show that the harmonic mean of a and 0 is 2a or a or zero from
several examples. We further show that a result on an Archimedean circle of the
arbelos still holds in the singular case by using the method of the division by
zero.

1. Introduction

The simplest introduction of our division by zero is given strictly by the division
by zero calculus: For any Laurent expansion around z = a,

f(z) =
−1∑

n=−∞
Cn(z − a)n + C0 +

∞∑
n=1

Cn(z − a)n,

we define the value of the function f at z = a by

f(a) = C0.

In particular, for the fundamental function

f(z) =
a

z
,

we have f(0) = 0. In this paper, we need only this property - division by zero.
For many motivations and applications of the division by zero calculus, see the
recent papers [2, 3, 4, 5]. In this paper, without any information and background
for the division by zero calculus we can discuss our mathematics based on this
assumption. We will be able to see that this definition has a good sense from even
this paper.

We recall that the harmonic meanH(a, b) for non zero real numbers a, b is given
by

H(a, b) =
2ab

a+ b
, (1)

or

H(a, b) =
2

1
a + 1

b

. (2)
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In this paper, we consider the case b = 0. When we use the representation (1),
then we have H(a, 0) = 0, however, when we use the representation (2), we have
H(a, 0) = 2a, by the division by zero. In this paper, we would like to show that
the following result may also happen:

H(a, 0) = a.

Our interpretation for the last equation is: the zero term does not exist, while the
harmonic mean of one quantity merely coincides with itself. We will show such
an interesting example in section 3, which is a new phenomenon on Euclidean
geometry.

2. Triangle case

We consider the triangle with vertices (0, 0), (1, 0) and point of intersection of
the lines y = bx and y = −ax+ a (see Figure 1). The point of intersection of the
two line has coordinates (a/(a+ b), ab/(a+ b)) = (a/(a+ b), H/2). For the line
y = bx, b = 0 implies y = 0 and we have H = 0. However, if we use the equation
y/b = x to express the same line, then b = 0 implies x = 0 by the division by
zero. Therefore we have H = 2a.

y=bx

(
a

a+ b
,
H

2

)

y=−ax+ a

(1, 0)

Figure 1.

h

b

a

Figure 2.

We consider the line passing through the two points (a, 0) and (0, b) (a, b > 0)
and the distance h from the origin to the line (see Figure 2). The distance is given
by

h2 =
H(a2, b2)

2
=

a2b2

a2 + b2
.

If we consider that the line is expressed by the equation
x

a
+
y

b
= 1,
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then b = 0 implies x = a by the division by zero, i.e., h = a. Therefore
H(a2, 0) = 2a2. Meanwhile, the equation bx + ay = ab implies y = 0 if b = 0,
i.e., h = 0. Therefore H(a2, 0) = 0.

3. Semicircle case

For a fixed a > 0 and for b > 0, we consider the semicircle given by

x2 − (a+ b)x+ y2 = 0 (3)

in the region y ≥ 0. Let E be the point in common of the line x = a and the
semicircle, and let F be the foot of perpendicular from the point (a, 0) to the line
joining E and the point ((a+ b)/2, 0) (see Figure 3). Then

EF = H(a, b) =
2

1
a + 1

b

.

The fact was observed by C. Dodge [1, p. 203] as a fact of the arbelos.

x=a

(a+ b, 0)O

F

E

(a, 0)

Figure 3.
(a, 0)(a/2, 0)
F

O=E

Figure 4.

If b = 0, (3) gives (
x− a

2

)2
+ y2 =

(a
2

)2
.

This means H = 0.
However, from

x2

b
−
(a
b
+ 1
)
x+

y2

b
= 0,

we have x = 0 if b = 0 (see Figure 4). Since the lines x = 0 and x = a are
parallel, they meet in the origin [4], i.e., E = O, which means H = a.

4. An Archimedean circle of the arbelos

We consider the following theorem, which is stated as a result for an Archimedean
circle of the arbelos denoted by W5 in [1] (see Figure 5).

Theorem 1. Let α and β be externally touching circles of radii a and b, respec-
tively, with an external common tangent t. If c is the distance between t and the
point of tangency of α and β, we have c = H(a, b), i.e.,

c =
2ab

a+ b
, (4)

or
2

c
=

1

a
+

1

b
. (5)
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t

α

β

ca
b

Figure 5.

A circle or a line has an equation e(x2+y2)+2fx+2gy+d = 0, and its radius
equals

√
(g2 + f2 − de)/e2, if it is a circle. Therefore by the division by zero we

have that the radius of a line equals 0 [4].
We now consider the case b = 0 in Theorem 1 by the division by zero. We

fix the circle α and use a rectangular coordinate system with origin at the point of
tangency of α and t such that (0, a) are the coordinates of the center of α. Since
the distance between the points of tangency of α and β to t equals 2

√
ab, we can

assume that β is expressed by the equation (x − 2
√
ab)2 + (y − b)2 = b2. The

equation can also be stated as in the following three ways:

x2 + y2 − 4
√
abx+ 2b(2a− y) = 0,

x2 + y2√
b
− 4
√
ax+ 2

√
b(2a− y) = 0,

and

x2 + y2

b
− 4

√
a

b
x+ 2(2a− y) = 0.

Applying the division by zero, we obtain the following three equations in the case
b = 0, respectively

x2 + y2 = 0, x = 0, y = 2a.

The last three equations show that β coincides with the origin, the y-axis, and the
tangent of α parallel to t, respectively (see Figures 6, 7, 8). Notice that tan(π/2) =
0 by the division by zero calculus [4]. Therefore we can consider that the y-axis
touches α and t. Hence the second case, β being the y-axis, totally makes sense.

In the first case and the second case, we get b = c = 0 by the division by zero.
Therefore (4) holds. In the third case, we have b = 0 and c = 2a. Therefore (5)
holds. Therefore Theorem 1 still holds in those three cases. The last observation
also shows that even if we consider c = 2a in the second case, which is the distance
from the furthest point on α to t, then (5) also holds.
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α

t
β

Figure 6.

α

t

β

Figure 7.

α

t

β

Figure 8.

If α and β are both points or both lines or a line and a point, we have a = b =
c = 0. Hence Theorem 1 still holds in those cases.
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Rectangles Circumscribing a Quadrangle

Paris Pamfilos

Abstract. In this article we study the circumscribed rectangles about a quad-
rangle and in particular their extrema with respect to the area. We show that
there are two such extrema represented by two similar rectangles. In addition we
study the four similarities interchanging these extremal rectangles and show the
existence of two twin quadrangles with given extremal rectangles.

1. Circumscribing rectangles

In this article we study the configuration created by an arbitrary non-orthodiago-
nal quadrangle ABCD and the circles {α, β, γ, δ} on diameters the sides of the
quadrangle (See Figure 1). These circles carry the vertices of all the rectangles

A

B

C

D

α

β

γ

δ

D1

M
φ

τ1

τ2

A1

B1

C1

D2
C2

B2A2

Figure 1. Rectangles circumscribing the quadrangle ABCD

that circumscribe the quadrangle, and the figure shows also two prominent such
rectangles {τ1, τ2}, which are similar to each other. They represent two extrema
of the signed area function f(φ) of the circumscribing rectangles. The big one
τ1 can be considered to have positive area and is the greatest, w.r. to the area,
rectangle circumscribing ABCD. The small one τ2 corresponds then to the min-
imal extremal value of the signed area function, which in section 3 is proved to
be a periodic sinuisoidal function with two extrema, as seen in the corresponding
graph in figure 2. In the graph are also noticed the two extrema, which occur at
points {φ = 0, φ = π}, corresponding to diametral points on each one of the cir-
cles {α, β, γ, δ}. I will refer in the sequel to the two prominent rectangles as the
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-3 -2 -1 1 2 3 4 5 6 7 8 9

1

2

Figure 2. Graph of the area function

extremal rectangles of ABCD, distinguishing also between the maximal τ1 with
area Eb and the minimal one τ2 with area Es. The restriction on non-orthodiagonal
quadrangles, i.e. those that have their diagonals not orthogonal, is equivalent with
the condition, that not three of the circles {α, β, γ, δ} are concurrent at a point,
which in turn will be seen below to be equivalent with the non-degeneration of the
minimal rectangle τ2 or, equivalently, the condition Es �= 0.

A

B
C

D

D1

A1

B1

C1

B2

A2

D2

C2

D*

A*

B*

C*

Figure 3. Circumscribing but not enclosing

At this point it should be stressed the difference of circumscribing to enclosing.
The rectangles we deal with circumscribe, i.e. have their side-lines passing through
the vertices of the quadrangle of reference ABCD, but may not enclose it in their
inner domain. This is illustrated by figure 3, in the case in which the quadrangle
of reference ABCD is a parallelogram. Neither of the two extremal rectangles
{τ1 = A1B1C1D1, τ2 = A2B2C2D2} encloses ABCD, as it does the rectangle
A∗B∗C∗D∗. The set of enclosing rectangles is a subset of the circumscribing ones.
Thus, the maximal enclosing may coincide with the maximal circumscribing, but it
can also be different from this, having Eb as an upper bound for its area. The prob-
lem of maximal enclosing rectangles has more interesting computational aspects,
as can be seen e.g. in [10], where it is handled for the special case of rectangles
enclosing paralellograms. Instead, the configuration of rectangles circumscribing a
quadrangle is connected with interesting geometric structures, as will be hopefully
seen in the following sections.
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2. Four similar kites

In the case of non-orthodiagonal quadrangles q = ABCD, the other than the
vertices of q intersection points of the circles {α ∩ β, β ∩ γ, γ ∩ δ, δ ∩ α} can be
easily identified with the projections of the vertices of q on its diagonals. These
points define a similar to q quadrangle q′ = A′B′C ′D′ (See Figure 4).

D

A

B

C

D'

A'

B'

C'

α

β

γ

δ

Ε

ω

Figure 4. Projecting the vertices on the diagonals

Lemma 1. The quadrangle q′ = A′B′C ′D′ is similar to q and inversely oriented
to it. The similarity ratio of q′ to q is equal to cos(ω), where 0 < ω < π/2 is the
angle of the diagonals of q.

Proof. By the figure, which shows that triangles {ABC,A′B′C ′} are similar. In

fact, ̂C ′A′B′ = ̂CAB by the cyclic quadrangle AB′A′B, and ̂A′C ′B′ = ̂ACB
by the cyclic quadrangle BB′C ′C. Analogously is seen that {BCD,B′C ′D′}
are similar. The similarity ratio is the ratio of the diagonals A′C ′/AC = cos(ω).
The reversing of the orientation results from the fact that the two quadrangles have
the same lines as diagonals, but their roles are interchanged, the diagonal carrying
{B,D} now carrying {A′, C ′}, etc. �

This quadrangle is of significance for the location of the extremal circumscrib-
ing rectangles, since, as will be seen below, the vertices of these rectangles lie on
the medial lines of the sides of q′. In fact, each side of q′, together with its medial
line, which defines a diameter of the corresponding circle, creates a kite inscribed
in the corresponding circle. Figure 5 shows the kite D1A

′D2D
′, inscribed in the

circle δ. It is created from the diameter D1D2 of the circle δ, which is orthogonal
to its chord A′D′, which is a side of q′. The chord is non degenerate (A′ �= D′),
precisely under the general assumption made, that the quadrangle is non orthodi-
agonal, equivalently, that the three circles {α, γ, δ} are not concurrent at a point.
There are then three other similarly defined kites, corresponding to the other sides
of q′. This similarity is an instance of a more general one concerning the four
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A

B

C

D

α

γ

δ

D1

Α'

D2

D'

Figure 5. Kites carrying the vertices of the extremal rectangles

cyclic quadrangles defined by any circumscribed rectangle σ1 = A1B1C1D1 and
its antipodal σ2 = A2B2C2D2, created by the diametral points of the vertices of
σ1, on the respective circles {α, β, γ, δ} (See Figure 6). Next lemma lists some

C1

D1

A1

B1

D2

A2

B2

C2

D

A

B

C

A'
D'

B'

δ

α

β

γ

D0

A0 C'

C0

B0

Figure 6. Circumscribed σ1 = A1B1C1D1, “antipodal” σ2 = A2B2C2D2

fundamental properties of this figure.

Lemma 2. With the notation and the conventions introduced in this section, and
denoting by {A0, B0, C0, D0} the middles of the sides {AB,BC,CD,DA}, the
following are valid properties.
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(1) The circumscribing rectangles {σ1, σ2} have parallel sides.
(2) The triangles {A′D1A1, A

′D2A2, A
′D0A0} are similar, the same property

holding for the cyclic permutations of the letters {A,B,C,D}.
(3) The cyclic quadrangles {D1A

′D2D
′, A1A

′A2B
′} are similar, the same

property holding for the cyclic permutations of the letters {A,B,C,D}.
(4) The quadrangles of nr-3 have two right angles and the other two are equal

to π/2± ω, where ω ≤ π/2 is the angle of the diagonals of ABCD.

Proof. Nr-1 results from the right angles { ̂D2AD1, ̂A2AA1}. This implies that
{A,A2, D2} are collinear and their line is parallel to A1B1. Analogously is seen
the parallelity of the other pairs of sides.

Nr-2 is a standard exercise in elementary euclidean geometry ([7, p.290]). The
map D1 �→ A1 of the circle δ onto circle α can be described by a similarity A1 =

fA(D1) with center, or invariant point ([5, p.72]) at A angle φA = ̂D0A′A0 =
̂BAD and ratio kA = A′A0/A

′D0.
Nr-3 results by showing that the similarity fA of nr-2 maps one quadrangle onto

the other fA(D1A
′D2D

′) = A1A
′B′A1, which follows by a simple angle chasing

argument.
Nr-4 follows from a simple angle chasing argument, since ̂A′D1D′ = ̂A′D0D′/2,

which is π − 2(φ + ψ), where φ = ̂AD0A0 and ψ = ̂C0D0D. The claim follows
from the fact that {A0D0, D0C0} are parallel to the diagonals. �
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δ

D1
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D2
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A1
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B'
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C2
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τ1
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Figure 7. The four similar kites of the quadrangle ABCD

Figure 7 shows the four similar kites, resulting from the previous lemma in the
case the diagonals of the cyclic quadrangles like A1A

′A2B
′ are orthogonal. In

section 4 we will show that the rectangles {τ1 = A1B1C1D1, τ2 = A2B2C2D2}
of this figure are the extremal circumscribed rectangles of q.
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Lemma 3. In the special case in which {D1, D2} are vertices of the kiteD1A
′D2D

′,
the corresponding circumscribing rectangles {τ1, τ2} are similar, the similarity ra-
tio, being equal to the ratio D′D2/D

′D1 of the sides of the kite.

Proof. The similarity of the rectangles for the claimed particular position of D1 ∈
δ is implied from the similarity of the kites. In fact, for that position ofD1 on δ, the
triangles {C ′B2C2, C

′B1C1} are similar and their similarity ratio is equal to the
ratio C ′B2/C

′B1 of the sides of a kite, which is the same for all four kites. This
shows thatB2C2/B1C1 = C ′B2/C

′B1 and an analogous argument shows that the
last ratio is also equal to C2D2/C1D1. �

These preliminary remarks, made in this and the previous section, show the ex-
istence and the way to construct the two similar extremal rectangles circumscribing
the quadrangle ABCD. It remains to justify their names and show actually their
extremal property. This will be done in section 4, after a short study of the function
of the signed area of the circumscribing rectangle.

3. The area function

In order to study the signed area function of the circumscribed rectangles of the
quadrangle q = ABCD, it suffices to consider their half, defined by a diagonal
of them. Figure 8 shows the right angled triangle XY Z, which is such a half of a

A

X

Y

D

B

C

A'
D' Ζ

D0

A0

C0

γ
α

δ

Figure 8. A half of the rectangle circumscribing ABCD

circumscribing rectangle. The study of its area can be done by using the naturally
defined similarity transformations introduced in the previous section. In fact, the
correspondence X �→ Y , for X varying on the circle δ, can be expressed by the
similarity Y = fA(X) with center atA′, angle φA = ̂D0A′A0 = Â and ratio kA =
A′A0/A

′D0 = AB/AD, points {D0, A0, C0} being the middles respectively of
the sides {AD,AB,CD}. This similarity can be conveniently described using
complex numbers, in the form

Y = A′ + kA · eiφA(X −A′) ⇒ Y −X = (kA · eiφA − 1) · (X −A′).
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Analogously, the correspondence X �→ Z can be described by the similarity fD
centerred at D′, in the form

Z = D′ + kD · eiφD(X −D′) ⇒ Z −X = (kD · eiφD − 1) · (X −D′),

where φD = ̂D0D′C0 = D̂ and kD = D′C0/D
′D0 = DC/AD. Using further

complex numbers ([4, p.70], [8, p.48]), the signed area of the triangle σ = XY Z
can be expressed by the formula

[XY Z] =
1

2
Im((Y −X)(Z −X))

=
1

2
Im((kAeiφA − 1)(X −A′)(kDeiφD − 1)(X −D′))

=
1

2
Im((kAe

−iφA − 1)(kDe
iφD − 1)(X −A′)(X −D′)).

IdentifyingD0 with the origin and {A,D} on the x-axis and symmetric w.r. toD0,
we arive for the signed area at an expression of the form

[XY Z] = N − Im(M(A′X +D′X)), (1)

where, since XX = |D0A|2, the numbers {M,N} are respectively the complex
and real constants

M =
1

2
(kAe

−iφA − 1)(kDe
iφD − 1),

N = Im(M(XX +A′D′)) = Im(M(|D0A|2 +A′D′)).

Setting X in polar form, X = |D0A|eiψ, in formula (1), we see, after a short cal-
culation, that the signed area [XY Z] is a sinuisoidal periodic function of the polar
angle ψ, as this was suggested by figure 2. A second conclusion from this formula
results by replacing X with X ′ = −X = |D0A|ei(ψ+π), which corresponds to the
construction of the circumscribed rectangle, starting this time with the diametral
point X ′ of X w.r. to the circle δ. The result is

[XY Z] + [X ′Y ′Z ′] = 2N, (2)

which shows that the signed areas corresponding to diametral points sum to a con-
stant. Regarding the value of the real constant N , it can be determined by con-
sidering particular positions of the circumscribed rectangles. These are positions
{DAC , DAB} of D1 (See Figure 9), for which the sides of σ1 = A1B1C1D1 be-
come parallel and not identical to a diagonal of ABCD. Then it is trivial to see
that σ2 = A2B2C2D2 degenerates and the area of the σ1 becomes, up to sign,
equal to |AC||BD| sin(ω) = 2|ABCD|, where ω < π/2 the angle of the diag-
onals. Selecting the orientation of the triangle ABD and of one such rectangle
to be positive, we see that the area of the rectangle σ1 varying continuisly in de-
pendence of D1 ∈ δ, is positive for D1 varying on the greater arc of δ, defined
by its chord A′D′, and negative for D1 on the small arc defined by that chord.
As a consequence, the maximal and minimal circumscribing rectangles {τ1, τ2}
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Figure 9. Positions for which σ2 = A2B2C2D2 degenerates

have opposite orientations, their areas {Eb, Es} have opposite signs and we can set
N = |ABCD|/2 > 0, which leads to the formula

Eb + Es = 2|ABCD|. (3)

There is an interesting configuration, which should be considered here, concern-
ing the case in which the aforementioned arcs of δ are equal. This is the case
of self-intersecting quadrangles, whose signed area |ABCD| = 0. Since the
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D2
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D0
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C2
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Figure 10. Side-middles on a line ε

area of a quadrangle q = ABCD is a multiple of the area of the corresponding
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Varignon parallelogram q0 = A0B0C0D0, with vertices the middles of the sides
of ABCD, this condition is equivalent with the degeneration of q0 or, equiva-
lently, the collinearity of these middles. Figure 10 shows such a case, together
with the two inversely oriented extremal rectangles, which, as is easily seen, now
are congruent. The corresponding kites, like D1A

′D′D2, are squares, the diago-
nals {AC,BD} are parallel and their angle can be considered to be ω = 0. In this
case the quadrangle q′ = A′B′C ′D′, of the projections of the vertices of q on its
diagonals, is the reflected of q w.r. to the line ε carrying the middles, hence congru-
ent to it. Finally, it can be easily verified that the ratio of the sides of the extremal
rectangles D1C1/D1A1 is equal to the ratio of the diagonals AC/BD, which is
something shown below (corollary 9) to be generally valid for all quadrangles.

We summarize the results so far in the following theorem.

Theorem 4. Under the notation and conventions of this section the following are
valid properties.

(1) The signed area function of the circumscribed rectangle is a sinuisoidal
periodic function of the polar angle ψ of a side of the rectangle.

(2) The sum of the signed areas of a circumscribed rectangle and its diametral,
obtained for ψ + π, is constant.

(3) The areas of the two extremal rectangles have opposite signs and their sum
is Eb + Es = 2|ABCD|.

(4) The two extremal rectangles are congruent precisely when |ABCD| = 0,
equivalently, when the middles of the sides of ABCD are collinear.

4. The extremal rectangles

The question of the extremal circumscribed rectangles can be settled using fur-
ther their half, defined by a diagonal of them, as in the preceding section, on the
ground of figure 8. To this figure refers also next theorem, establishing the connec-
tion of the extremals with the kites introduced in section 2 for non-orthodiagonal
quadrangles.

Theorem 5. The area of the triangle XY Z obtains an extremal value, precisely
when the triangle A′XD′ is isosceles, having |XA′| = |XD′|.
Proof. Since by theorem 4 the extremals have non zero areas, in the task to locate
them, we can use absolute values. Using then the expressions for the sides ofXY Z
of the preceding section, we see that the product of these sides is

|X − Y ||X − Z| = |(kAeiφA − 1)(X −A′)||(kDeiφD − 1)(X −D′)|
= S|X −A′||X −D′|,

the last expression involving the constant S = |kA · eiφA − 1| · |kD · eiφD − 1|.
Thus, the maximal rectangle occurs precisely, when the product |X − A′||X −
D′| becomes maximal, for {A′, D′} fixed and X variable on the circle δ. The
proof of the theorem follows then from the following lemma, which should be well
known. �
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Lemma 6. For two fixed points {A,B} on the circle δ and a variable point X on
it, the product |XA||XB| takes an extremal value, precisely when |XA| = |XB|.
This occurs at the ends {O,O′} of the diameter of δ, which is orthogonal to AB.

Χ

Α Β

Ο
Χ'

ω

ω/2

Β'

Ο'

δ δ'

Figure 11. Maximizing the product |XA||XB|

Proof. The proof follows immediately from figure 11. Taking X ′X = XA on the
extension of BX , we see that point X ′ varies on the circle δ′ viewing the segment
AB under the angle ̂AX ′B = ̂AXB/2, whose center O is on the circle δ. Thus,
the product |XA||XB| is, up to sign, the power of X w.r. to the circle δ′, which
becomes maximal, when X coincides with the center O of δ′. If X varies on the
other arc defined by the chord AB, then the local maximum occurs analogously at
the diametral O′ of O. �
Corollary 7. The similarity ratio of the minimal rectangle to the maximal one is
equal, up to sign, to tan

(
π
4 − ω

2

)
, where ω < π/2 is the angle of the diagonals of

the quadrangle of reference ABCD.

Proof. In fact, as was noticed in lemma 3, the similarity ratio of the two extremal
rectangles equals, up to sign, the ratio of the sides of the kites |D′D2|/|D′D1| =
tan(χ/2), where χ = ̂A′D1D′ = ̂A′D0D′/2 (See Figure 12). But the last angle

can be readily seen to be equal to ̂A′KD′ = π − 2(φ + ψ) = π − 2ω, where
{φ = ̂ADB,ψ = ̂DAC}. �

Combining this with theorem 4, we see that

Corollary 8. The two extremal rectangles of a non-orthodiagonal quadrangle q
are congruent, if and only if the middles of the sides of q are collinear, equivalently
its signed area is zero, equivalently its characteristic kites are squares.

Corollary 9. The ratio of sides of an extremal rectangle is equal to the ratio of the
diagonals of the quadrangle of reference q = ABCD.
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Figure 12. The similarity ratio of the extremal rectangles

Proof. In the proof of the previous theorem we saw that the ratio of the sides of an
extremal rectangle can be expressed using complex numbers (see figure-8):

|XY |
|XZ| =

|kA · eiφA − 1|
|kD · eiφD − 1| ,

resulting from the formulas there, in the case of an extremum, for which |XA′| =
|XD′|. Multiplying this with |D0A

′| = |D0D
′|, we see that this ratio expresses

the length ratio

|kA · eiφA − 1||D0A
′|

|kD · eiφD − 1||D0D′| =
|kA · eiφA(D0 −A′)− (D0 −A′)|
|kD · eiφD(D0 −D′)− (D0 −D′)|

=
|A0 −A′ − (D0 −A′)|
|C0 −D′ − (D0 −D′)| =

|A0D0|
|C0D0| ,

which is precisely the claimed ratio of the diagonals. �

Corollary 10. The extremal rectangles of a quadrangle ABCD are squares, if
and only if, the quadrangle has equal diagonals.

Figure 13 shows cases of quadrangles ABCD, whose extremal circumscribed
rectangles are squares.

Corollary 11. The area of the minimal rectangle is zero precisely when the quad-
rangle of reference ABCD is orthodiagonal.

Corollary 12. The positive areas {Eb, Es}, respectively of the maximal and mini-
mal rectangles, satisfy the relations

Eb + Es = |AC||BD| and Eb − Es = 2E,

where E is the non-negative area of the quadrangle of reference ABCD.
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Figure 13. Quadrangles for which the extremal rectangles are squares

Proof. The second relation is already proved in theorem 4, but will be considered
here from another view point. In fact, selecting two homologous sidesA1B1,A2B2

of the similar rectangles, the ratio of the areas is

Es
Eb

=
|A2B2|2
|A1B1|2 ⇒ Es + Eb

Eb
=
|A2B2|2 + |A1B1|2

|A1B1|2 =
|AC|2
|A1B1|2 .

Analogously, using the ratio of the two other homologous sides {B1C1, B2C2},
we have

Es
Eb

=
|B2C2|2
|B1C1|2 ⇒ Es + Eb

Eb
=
|B2C2|2 + |B1C1|2

|B1C1|2 =
|BD|2
|B1C1|2 .

Since |A1B1||B1C1| = Eb, multiplying the two expressions and simplifying, we
get

(Es + Eb)
2 = |AC|2|BD|2 ⇔ Eb + Es = |AC||BD|.

On the other side, by corollary 7 and setting t = tan(ω/2), where ω ≤ π/2 is the
angle of the diagonals of ABCD, the ratio of the areas must also be equal to

Es
Eb

= tan
(π
4
− ω

2

)2
=

(
1− t
1 + t

)2

=
1− sin(ω)

1 + sin(ω)

⇒ Eb − Es = (Eb + Es) sin(ω),

which, combined with the first relation, proves the second one. �

Corollary 13. The positive areas of the extremal rectangles of the quadrangle
ABCD, whose angle of diagonals {AC,BD} is 0 ≤ ω ≤ π/2, are respectively

Es =
1− sin(ω)

2
|AC||BD|, Eb =

1 + sin(ω)

2
|AC||BD|.
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Notice that the method used here can be applied also to prove the existence of
squares circumscribing a quadrilateral ([1, p.8], [9], see also corollary 29).

5. Two similar orthogonally lying rectangles

Motivated by the configuration of the two extremal rectangles, we study the
general case of rectangles {τ1 = A1B1C1D1, τ2 = A2B2C2D2}, which are sim-
ilar and have corresponding sides orthogonal or, equivalently, the rotation angle
of the similarity has a measure of π/2. The focus here is on the description of
the similarities carrying τ1 onto τ2. In general there are two direct or spiral ([12,
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A'A2

B2
C2

D2

P
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P

(I) (II)
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O2

O1

O2

μ
μ

ξ
τ1

τ2
τ1

τ2

τ'

τ'

Figure 14. Similarities mapping A1B1C1D1 to A2B2C2D2

p.36,II], [6, p.136]) similarities, and two antisimilarities or dilative reflections ([12,
p.49,II], [6, p.175]) doing this operation. A complete treatment of similarities, in-
cluding methods to find their centers and other defining them characteristics, can be
found in [2, ch.IV], where the direct similarities and the antisimilarities are called
respectively stretch rotations and strech reflections.

Figure 14 gives a short account of the way the similarities are defined in our
case. In (I) we have a direct similarity, which per definition is a composition of
a homothety and a rotation about the same center P . In (II) we have an antisimi-
larity, which per definition again is a composition of a homothety and a reflection
on a line ξ through the homothety center P . In both cases point P is on the Apol-
lonian circle μ ([1, p.15]), defined as the geometric locus of points X , such that
the ratio XO2/XO1 = k, where k is the homothety ratio and {O1, O2} are the
centers of the similar rectangles, assumed to be different. The figure shows also
the intermediate rectangle τ ′, resulting by applying to τ1 only the homothety part
of the similarity, so that PA′/PA1 = k.

In our configuration, starting from the two similar rectangles {τ1, τ2}, the two
direct similarities {f1, f2} preserve the orientation and are defined by the corre-
spondence of the vertices suggested by the equations (See Figure 15)

f1(A1B1C1D1) = D2A2B2C2 and f2(A1B1C1D1) = B2C2D2A2.

The two antisimilarities {g1, g2}, carrying τ1 onto τ2 reverse the orientation of the
rectangles and correspond their vertices in the order suggested by the equations

g1(A1B1C1D1) = A2D2C2B2 and g2(A1B1C1D1) = C2B2A2D2.
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Figure 15. Similarities interchanging {τ1, τ2}

The figure shows the locations {S1, S2} of the two direct- and {T1, T2} of the two
anti-similarities. There are also two rectangles {ρ1 = BB′D′D, ρ2 = AA′CC ′},
proved below to be also similar to each other and having the intersections of their
diagonals coincident with the similarity centers. They are defined through the in-
tersections of the sides of the given rectangles and will be called companion rect-
angles of {τ1, τ2}. There is a sort of symmetry here, since taking the companion
rectangles of {ρ1, ρ2}, we come back to {τ1, τ2}.
Theorem 14. With the notation and conventions of this section, the following are
valid properties.

(1) The centers {J, I} of the companion rectangles and the centers {O1, O2}
of {τ1, τ2} are vertices of a rectangle.

(2) The two companion rectangles {ρ1, ρ2} are similar.
(3) The similarity centers {S1, S2} lie on the circumcircle κ of the rectangle

IO1JO2 symmetrically w.r. to its diameter O1O2.
(4) The similarity centers {S1, S2} lie also on respective diagonals of ρ1, be-

ing thus the second intersections of κ with respective diagonals of {ρ1, ρ2}.
Proof. Nr-1 is obvious. Nr-2 follows from the assumed similarity of {τ1, τ2}. In
fact,

BB′

B′D
=
CC ′

CA′ ⇔
BB′

CC ′ =
B′D
CA′ .

Nr-3 follows from nr-1 and the fact, that the direct similarities must map the center
O1 to O2, so that ̂O1SiO2 is a right angle. This shows them to lie on κ. The fact
that SiO2/SiO1 = k is the similarity ratio, makes them symmetric w.r. to the
diameter O1O2 of κ.
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Nr-4 follows from nr-3, since this implies that ̂S1JS2 is bisected by JO2, which
is parallel toBD′. On the other side we have also thatBB′/BD′ = k. This implies
that {S1, J,D′} are collinear. Analogously is seen that {S2, J,D} are collinear. By
the similarity of {ρ1, ρ2} follows then that the similarity centers are respectively
the intersections S1 = (B′D,AC), S2 = (BD,A′C ′). �
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Figure 16. The centers {T1, T2} of the antisimilarities

Theorem 15. Continuing with the notation and conventions adopted so far, the
following are valid properties.

(1) The centers {T1, T2} of the antisimilarities {g1, g2} are the intersection
points of the opposite sides of the cyclic quadrangle IS1JS2.

(2) Points {T1, T2} are diametral points of a circle λ, which is orthogonal to
the circumcircle κ of IS1JS2 and passes through {S1, S2}.

Proof. For nr-1 we work with the similarity g1, showing that the intersection point
T1 = (A′C ′, B′D′) is its similarity center. The proof for the similarity center T2
of g2 is completely analogous. We start by showing that B′D′ maps under g1 onto
line A′C ′. In fact, since g1, by definition, maps line D1C1 onto line B2C2, point
D′ ∈ D1C1 will map to some point D′′ ∈ B2C2. Analogously, since line A1B1

maps onto line A2D2, point B′ ∈ A1B1 will map to some point B′′ ∈ A2B2. By
the preservation of ratios by similarities follows

D′D1

D′C1
=
B2A

′

B2C
=
D′′B2

D′′C2
=
B2A

′

B2C
⇒ B2D

′′

B2A′ =
D′′C2

B2C
=
D′′C2

C2C ′ .

This implies that D′′ is on A′C ′ and analogously B′′ is also on this line, hence g1
maps line D′B′ onto line A′C ′, as claimed. Now, projecting P to points {P1, P2}
on the parallels {A1D1, B1C1} and working analogously with the ratios PP1/PP2

of the varying point P ∈ D′B′ and its image P ′ = g1(P ) (See Figure 16), we see
that line PP ′ is always parallel to A1D1, hence T1 is the fixed point of g1.

Nr-2 is a trivial consequence of the previous properties, since {̂T2S2I, ̂T1S1I}
are right angles. It is also a general property for cyclic quadrangles. This is handled
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in detail in [11], where the circle λ on diameter KL is called the orthocycle of the
cyclic quadrangle IS1JS2, here coinciding also with an Apollonian circle of the
segment O1O2. �
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Figure 17. The axes {T1M,T2M} of the antisimilarities {g1, g2}

Regarding the axes {ξ1, ξ2} of the reflections involved in the definition of the
antisimilarities, the following theorem describes their location. The proof uses the
fact that such an axis passes through the center of the antisimilarity and is bisecting
the angle of a line through its center and its image-line under the antisimilarity (See
Figure 17).

Theorem 16. Continuing with the notation and conventions adopted so far, the
following are valid properties.

(1) The axes of the antisimilarities {g1, g2} are respectively bisectors of the

angles {̂JT1I, ̂IT2J}.
(2) These lines intersect orthogonally at a pointM on lineO1O2, which passes

also through the center N of the circle λ.
(3) The four points {T1, T2, I, J} define an orthocentric quadruple, i.e. each

triple of them defines a triangle whose orthocenter is the fourth point.

Proof. Nr-1 derives directly from the definition of the antisimilarity and the fact
proved in the previous theorem, that line B′D′ maps under g1 onto line A′C ′.
This shows that the bisector ξ1 = T1M of the angle ̂S1T1S2 is the axis of g1.
Analogously is seen that the bisector ξ2 = T2M of the angle ̂S1T2S2 is the axis of
g2.

Nr-2, the part of orthogonality ξ1⊥ξ2, results by a simple angle chasing argu-
ment and is left as an exercise ([3, p.21]). Because ξ1 = T1M is a bisector of the
angle ̂S1T1S2, point M is the middle of the arc S1S2 of the circle λ. This implies
the other claims of this nr.

Nr-3 derives from the fact that {T1S2, T2S1} are two altitudes of triangle T2T1J ,
intersecting at I . �
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We call the ordered orthocentric quadruple (T1, T2, I, J) the associated quadru-
ple of {τ1, τ2}. By the previous theorems, the four similarities carrying τ1 onto τ2
can be completely determined by the data of this quadruple. Also, given such a
quadruple, and setting I as the orthocenter of the triangle T1T2J , we can define a
double infinity of configurations like the one of figure 17, by selecting arbitrarily
the position of one vertex of τ1, like the point C1 say. In fact, using the quadru-
ple, we can easily determine the circle κ and its diameter O1O2. Then, reflecting
the arbitrary point C1 on the lines {O1I,O1J} we define respectively the points
{D1, B1} and from these the rectangle τ1 = A1B1C1D1. Then, we define the
direct similarity f1 with center at S1, angle π/2 and ratio S1O2/S1O1 and through
it the rectangle τ2 = f1(τ1) = A2B2C2D2. The two rectangles {τ1, τ2} define by
the procedures of this section an associated quadruple coinciding with the given
one. The four similarities mapping τ1 to τ2 are in all cases the same. Also their
companion rectangles are all similar to each other and are characterized by the an-
gle of their diagonals, which is ̂T1JT2. We summarize these facts in the form of
the next corollary.

Corollary 17. Every ordered orthocentric quadruple (T1, T2, I, J) with point I
selected as orthocenter of the triangle T1T2J , defines a diameter O1O2 on the cir-
cle with diameter IJ and a double infinity of similar rectangles {τ1, τ2}, centerred
correspondingly at {O1, O2} and with sides parallel to {O1I,O1J}, such that the
associated quadruple is the given one and all their companion rectangles {ρ1, ρ2}
are similar, having the same angle of diagonals ̂T1JT2.
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τ2

ρ2

ρ1ξ1
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Figure 18. Similar rectangles {τ1, τ2} and their companions {ρ1, ρ2}

Since an unordered quadruple defines six ordered pairs of the type (T1, T2, I, J)
we obtain six possibilities to construct such double infinities of similar rectangles
and their companions. Figure 18 shows a case in which the quadrangle IS1JS2 is
self intersecting. Notice that the four similarities and their inverses, interchanging
{τ1, τ2}, do not map the companions {ρ1, ρ2} to each other. Latter rectangles are
interchanged by four other similarities and their inverses, creating an analogous
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Figure 19. Similarities interchanging the companions

orthocentric quadruple (T ′
1, T

′
2, O1, O2) (See Figure 19). The figure reflects the

aforementioned symmetry, by which, taking the companions of {ρ1, ρ2}, we come
back to {τ1, τ2}. The similarity centers {T ′

1, T
′
2, S

′
1, S

′
2}, in this case, are on an

Apollonian circle λ′ of the segment IJ , which, like λ, is orthogonal to κ carrying
{S1, S2, S′

1, S
′
2}. It is easily seen that also {T1, T2, T ′

1, T
′
2} are on a circle κ′.

6. The case of the quadrangle and its twin

Leaving aside, for a while, the special case of the parallelogram and considering
a generic non-orthodiagonal quadrangle q = ABCD, we formulate first the conse-
quences of the results of the previous section for the pair of its extremal rectangles
{τ1, τ2}.
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A' D1
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B1 C1
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B2
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O1O2

κ

T2

T1

λ

Figure 20. Similarity centers of extremal rectangles of q = ABCD
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Theorem 18. With the notation and conventions introduced so far, the following
are valid properties for the generic quadrangle q = ABCD.

(1) The centers {O1, O2} of the rectangles, respectively, {τ1, τ2} and the mid-
dles {I, J} of the diagonals of q define a rectangle IO1JO2, with sides
parallel to the sides of the extremal rectangles.

(2) The direct similarity centers {S1, S2} lie on the circumcircle κ of the pre-
vious rectangle with diameter IJ and define a kite S1O1S2O2, which is
similar to the kites carrying the vertices of {τ1, τ2}.

(3) The similarity centers {S1, S2} lie also on respective diagonals of q, being
thus the second intersections of κ with the diagonals of q.

(4) The centers {T1, T2} of the antisimilarities are the intersection points of
the opposite sides of the cyclic quadrangle IS1JS2.

(5) Points {T1, T2} are diametral points of a circle λ, which is orthogonal
to the circumcircle κ of IS1JS2, contains also the centers {S1, S2} and
coincides with the Apollonian circle of the segment O1O2 for the ratio
k = tan(π/4− ω/2), where 0 < ω < π/2 is the angle of the diagonals of
q.

Corollary 19. The centers of the two direct similarities, relating the extremal rect-
angles, are the projections of the middles of the diagonals of the quadrangle on the
other diagonals.
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B C

D

A1

D1

C1

B1

C2

D2

A2

B2

O

B'

D'

B3

A3

C'

A'

Figure 21. The case of parallelograms

Figure 21 shows the left aside case of a parallelogram q = ABCD, displaying
its two extremal rectangles and two of the characteristic kites, defining them. All
the similarity centers of the direct- as well the anti-similarities here coincide with
the center of the parallelogram. The proof of the next corollary is left as an exercise.
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Corollary 20. In the case of a parallelogram q = ABCD, the extremal rectangles
have their centers, as well as, the centers of the similarities, coinciding with the
center O of q. The ratio of the similarities is, as in the generic case, expressible
through the sides of the kites, k = |D2A3|/|D1A3| = tan(π/4 − ω/2), where
0 < ω < π/2 is the angle of the diagonals of q.

Given the non-orthodiagonal quadrangle q = ABCD, we can define a twin
quadrangle q′ = A′B′C ′D′, which, like q, is also inscribed simultaneously in the
associated extremal rectangles {τ2, τ1} of q and has the same companion rectan-
gles. This is seen in figure 22, which among other properties shows that the new
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B

C

DB'

C'

D'

A' D1

D2

A1

B1 C1

A2

B2C2

Τ2

Τ1

JI

q
q'

U

V

Figure 22. The “twin” quadrangle A′B′C′D′ of ABCD

quadrangle has diagonals of the same length and same angle between them with
the original one, hence also the same area. In addition, the two rectangles are also
extremal w.r. to the new one and the orthocentric quadruple (T1, T2, I, J) plays the
same role for q′ as it does for q. The characteristic property of q′ is that its diagonals
coincide with the diagonals of the companion rectangles {AA′CC ′, BB′DD′},
which are different from the diagonals of q. Figure 22 displays also a charac-
teristic kite for q′ carrying vertices of its own extremal rectangles and seen to
be identical with D1 and B2. In fact, the two circles on diameters, respectively,
{A′D′, A′B′} intersect at a point U of B′D′, which defines the altitude A′U of
triangle A′B′D. Analogously the circles on diameters {A′D′, D′C ′} intersect at
point V defining the altitude DV of triangle A′D′C ′. From the similarity of the
rectangles {AA′CC ′, BB′DD′} follows that

̂B2D1V = ̂B2A′V = ̂B2D′U = ̂B2D1U,

which proves that V D1UB2 is a kite of q′, like those carrying the vertices of the
extremal rectangles, considered in section 2. Next theorem summarizes these ob-
servations.
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Theorem 21. For every non-orthodiagonal quadrangle q, the associated twin quad-
rangle q′ shares with q the same extremal rectangles and the same associated or-
thocentric quadruple.

Notice that the kites of q′, like the V D1UB2 of figure 22, though not identical
to those of q, they are nevertheless similar to them, since their similarity type is
completely determined by the angle of the diagonals of q′, which is the same with
that of q. Notice also that the “twin” relation is reflective, so that the twin of q′ is
the original quadrangle q. Also, using corollary 19, we deduce easily the follow-

Ο2 Ο1

S1

S2

T1

T2

κ

τ1

τ2 ρ1

ρ2

S'1

S'2

C1
B1

D1
A1

A2

B2C2

D2

T'1

T'2

Figure 23. Quadrangle with congruent twin

ing characterizations of the particular class of quadrangles, which have congruent
twins (See Figure 23).

Corollary 22. The twin quadrangle q′ of a non-orthodiagonal, non-parallelogram-
mic quadrangle q is congruent to q precisely when the projections of the middles
of the diagonals of q on the other diagonals are symmetric w.r. to the Newton
line, joining these middles, equivalently, the sides of the extremal rectangles are
respectively parallel and orthogonal to the Newton line, equivalently, the centers
of these rectangles coincide with the middles of the diagonals of q, equivalently the
twin q′ is the reflection of q on the Newton line.

An easy testing, which I omit, of the various possibilities to define a quadran-
gle simultaneous inscribed in two given similar and orthogonally lying rectangles,
shows the following corollary.

Corollary 23. Given two similar and orthogonally lying rectangles {τ1, τ2}, there
is precisely one pair of twin quadrangles having them for extremal.

7. The associated orthodiagonals

An additional feature of the existence of the two extremal rectangles is the ex-
istence of a couple of orthodiagonal quadrangles inscribed simultaneously in these
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two rectangles. Next corollary, whose easy proof is left as an exercise, summarizes
their characteristics.
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D2

A1
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J
I
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S2Τ2

σ1

σ2Τ1

Figure 24. The two orthodiagonals {σ1, σ2} defined by a non-orthodiagonal ABCD

Corollary 24. Every non-orthodiagonal quadrangle q = ABCD defines two or-
thodiagonal quadrangles {σ1 = AB′CD′, σ2 = A′BC ′D}, which are inscribed
in the two extremal quadrangles {τ1, τ2} of q. The quadrangle σ1(σ2) shares with
q the diagonal AC(BD) and its other diagonal |B′D′| = |BD|(|A′C ′| = |AC|).
The intersection points of the diagonals of {σ1, σ2} coincide with the similarity
centers {S1, S2}, and the areas of these orthodiagonals are equal to the difference
Eb−E. In the case q is a parallelogram, {ρ1, ρ2} are rhombi lying symmetric w.r.
to its center O.

An easily proved consequece of these observations is the following corollary.

Corollary 25. The sum of squares of the sides of the generic non-orthodiagonal
quadrangle q is equal to the corresponding sum of squares of its twin quadrangle
q′.

8. The case of orthodiagonals

In the case ABCD is an orthodiagonal quadrangle the following theorem lists
several related facts, which more or less are well known and their proof is left as
an exercise on the ground of figure 25. In this, points {I, J} are the middles of
the diagonals intersecting at point K, points {M,L} are the other than K inter-
sections respectively of the circles {β ∩ δ, α ∩ γ} and {H,N} are respectively the
centers of the maximal circumscribingA1B1C1D1 and the variable circumscribing
rectangle A∗B∗C∗D∗.

Theorem 26. Every orthodiagonal quadrangle ABCD has the following proper-
ties.

(1) All circumscribing rectangles are similar to each other and the maximal
one A1B1C1D1 has its sides parallel to the diagonals of ABCD.
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Figure 25. Circumsribing rectangles of an orthodiagonal quadrangle ABCD

(2) The similarity center of two such rectangles is at pointK and the similarity
ratio of the variable rectangleA∗B∗C∗D∗ to the maximal oneA1B1C1D1

is cos(φ), where φ is the angle between two homologous sides of these two
rectangles.

(3) KJHI is a rectangle and points {L,M,N} lie on its circumcircle.

Corollary 27. A quadrangle is orthodiagonal, if and only if all its circumscribed
rectangles are similar to the rectangle of its diagonals, equivalently, if all its cir-
cumscribed rectangles are similar to each other.

A

D1

A1

D

B

C

A'
D' C1

D0

A0 C0

γ

α

δ

M

N

Figure 26. The ratio of sides of circumscribing rectangles

Proof. Here the necessity part follows from the previous theorem. The sufficiency
is also easily deduced from figure 26 and using the arguments of section 3, by
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which the ratio of the sides of the circumscribed rectangle is

D1A1

D1C1
= S · D1A

′

D1D′ = S · NA
′

ND′ .

Here S is a constant andN is the trace onA′D′ of the bisector of the angle ̂A′D1D′.
In the case the quadrangle of reference is non-orthodiagonal, the last ratio cannot
be constant for D1 varying on δ, hence the proof of the sufficiency of the corollary.

�
A refinement of the previous argument, considering three positions of N for

which the ratio NA′/ND′ has the constant value k or 1/k, proves also next corol-
larylaries.

Corollary 28. A quadrangle is orthodiagonal, if and only if it has three similar
circumscribed rectangles. In this case all its circumscribed rectangles are similar.

Corollary 29. A quadrangle has equal and orthogonal diagonals, if and only if it
has three circumscribed squares. In this case all its circumscribed rectangles are
squares.
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The Blundon Theorem in an Acute Triangle
and Some Consequences

Mihály Bencze and Marius Drăgan

Abstract. The purpose of this article is to give an analoque of Blundon theorem
in an acute triangle and using this result to obtain the best inequality of the type

∑√
b+ c− a

a
≥ f (R, r)

where f is a homogenous function.

Let C (O, r) and C (I, r) be two circles such that I ∈ int C (O, r) and OI =√
R2 − 2Rr.
For any triangle ABC with sides BC = a, CA = b, AB = c, and semiperime-

ter s = a+b+c
2 , we denote by C (O,R) the circumcircle and C (I, r) the incircle.

Theorem of the present paper is an analogue in an acute triangle of Theorem 2
of Blundon [3].

Also Theorem represents the best improvement of the type

∑√
b+ c− a

a
≥ f (R, r) ,

where f(R, r) is a homogeneous function of the inequality
∑√

b+c−a
a ≥ 3. See

[1, p. 159-165], which is known as the Rădulescu - Maftei Theorem and which
in [1] has 2 solutions, one elementary and other based on the Lagrange multiplier
Theorem.

Main Results

Lemma 1. In any triangle ABC are true the following equalities
1). a2 + b2 + c2 = 2

(
s2 − r2 − 4Rr

)
2). ab+ bc+ ca = s2 + r2 + 4Rr

3). a2b2 + b2c2 + c2a2 =
(
s2 + r2 + 4Rr

)2 − 16Rrs2

Lemma 2. In any triangle ABC is true the following equality:

Publication Date: June 1, 2018. Communicating Editor: Paul Yiu.
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∏
cosA =

s2 − r2 − 4Rr − 4R2

4R2

Proof. In the following we will denote x = a2+ b2+ c2. From the cosine theorem
it follows that:

∏
cosA =

∏(
b2 + c2 − a2

)
8(
∏

a)2
=

∏(
x− 2a2

)
8(
∏

a)2
=

=
x2 − 2

∑
a2x+ 4

∑
a2b2x− 8(

∏
a)2

8(
∏

a)2
=

s2 − r2 − 4Rr − 4R2

4R2

�
Theorem 3. In any acute triangle is true the following inequality:

s > 2R+ r

Proof. As in any acute triangle is true the inequality:
∏

cosA > 0 according with
Lemma 2 it follows the inequality from the statement. �
Theorem 4 (Blundon). In any triangle ABC is true the following inequality: s1 ≤
s ≤ s2 where

s1 =

√
2R2 + 10Rr − r2 − 2

√
R (R− 2r)3 , s2 =

√
2R2 + 10Rr − r2 + 2

√
R (R− 2r)3

represent the semiperimeter of two issoscels triangle A1B1C1 and A2B2C2 with
the sides

a1 = 2

√
R2 − (r − t)2, b1 = c1 =

√
2R (R+ r − t)

a2 = 2

√
R2 − (r + t)2, b2 = c2 =

√
2R (R+ r + t)

where t = OI =
√
R2 − 2Rr.

Lemma 5. Let A3B3C3 be a triangle with C (O,R) the circumscrible and C (I, r)
the incircle and with the semiperimeter s3 = 2R + r. Then the sides of triangle
A3B3C3 is unique determinated by the equalities:

a3 = 2R

b3 = R+ r +
√
R2 − 2Rr − r2

c3 = R+ r −
√
R2 − 2Rr − r2

where A3 is a right angle.
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Proof. We have the following equalities:

a+ b+ c = 2s

ab+ bc+ ca = s2 + r2 + 4Rr

abc = 4Rrs

or

a+ b+ c = 4R+ 2r

ab+ bc+ ca = 4R2 + 8Rr + 2r2 (1)

abc = 4Rr (2R+ r)

From (1) it follows that a, b, c are the solutions of the equation:

u3 − (4R+ 2r)u2 +
(
4R+ 8Rr + 2r2

)
u− 4Rr (2R+ r) = 0 (2)

The equation (2) may be written as:

(u− 2R)
[
u2 − (2R+ 2r)u+ 4Rr + 2r2

]
= 0

which has the solutions from the statement. �
Theorem 6. In any acute triangle with C (O,R) the circumscribed and C (I, r)
the inscribed are true the following inequalities:

s1 ≤ s ≤ s2 if 2 ≤ R

r
<
√
2 + 1

and

s3 ≤ s ≤ s2 if
R

r
≥
√
2 + 1

where s1, s2 are the semiperimeter of two issosceles triangle A1B1C1, A2B2C2

with the sides from Theorem 2 and s3 is the semiperimeter of the right triangle
A3B3C3 from Lemma 3.

Proof. We denote R
r = x. We consider two cases:

Case 1. 2 ≤ x <
√
2 + 1

We will prove that s1 > s3 or in an equivalent form:

2x2+10x−1−2
√
x (x− 2)3−(2x+ 1)2 = 2

[
−
√
x (x− 2)3 − (x2 − 3x+ 1

)]
> 0

or

− (x2 − 3x+ 1
)
>

√
x (x− 2)3 (3)
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But x2 − 3x+ 1 < 0 as x <
√
2 + 1 < 3+

√
5

2 . After squaring in (3) we obtain:

(
x2 − 3x+ 1

)2
> x (x− 2)3 or − x2 + 2x+ 1 > 0 or

(√
2− 1− x

)(
x−

(√
2 + 1

))
> 0

inequality which is true. It results that s3 < s1 ≤ s2.
But as s1 ≤ s ≤ s2 and s ≥ s3 it follows that s1 ≤ s ≤ s2.

Case 2a.
√
2 + 1 ≤ x < 3+

√
5

2 or x2 − 3x+ 1 < 0.
We will prove that s1 ≤ s3 or in an equivalent form:

2x2+10x− 1− 2

√
x (x− 2)3 < (2x+ 1)2 or − (x2 − 3x+ 1

) ≤
√
x(x− 2)3

(4)
After squaring and performing some calculation the inequality (4) may be writ-

ten as

(
x−

(√
2− 1

))(
x−

(√
2 + 1

))
≥ 0

inequality which is true.
We will prove that s3 < s2 or in an equivalent form:

(2x+ 1)2 < 2x2 + 10x− 1− 2

√
x (x− 2)3 or x2 − 3x+ 1 <

√
x (x− 1)3

(5)
The inequality (5) is true as x2 − 3x+ 1 < 0. It results that s1 ≤ s3 < s2. But

as s1 ≤ s ≤ s2 and s ≥ s3 it follows that s3 ≤ s ≤ s2.

Case 2.b. x ≥ 3+
√
5

2 or x2 − 3x+ 1 ≥ 0.
We will prove that

s1 < s3 or − (x2 − 3x+ 1
)
<

√
x (x− 2)3

inequality which is true.
We will prove that

s3 < s2 or x2 − 3x+ 1 <

√
x (x− 2)3

or in an equivalent form

[
x−

(√
2− 1

)] [
x−

(√
2 + 1

)]
> 0

It results that s1 < s3 < s2. But as s1 ≤ s ≤ s2 and s ≥ s3 it follows that
s3 ≤ s ≤ s2.

It results in the cases 2a and 2b that s3 ≤ s ≤ s2 which is equivalent with the
inequality from the statement. �
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Lemma 7. In any triangle ABC is true the equalities:
1).
∑ s−a

a = s2+r2−8Rr
4Rr

2).
∑ (s−a)(s−b)

ab = 2R−r
2R

Proof.
∑ s− a

a
=

s
∑

bc− 3abc

abc
=

s
(
s2 + r2 + 4Rr

)− 12Rr

abc
=

s2 + r2 − 8Rr

4Rr
=

=
∑ (s− a) (s− b)

ab
=

s2 (
∑

a)− 2s
(
s2 + r2 + 4Rr

)
+ 12Rrs

abc
=

2R− r

2R
�

Theorem 8 (A refinement of Rădulescu - Maftei Theorem). In any triangle ABC
is true the following inequality:

∑√
b+ c− a

a
≥
√

2R− 2
√
R2 − 2Rr − r2

R+ r +
√
R2 − 2Rr − r2

+

√
2R+ 2

√
R2 − 2Rr − r2

R+ r −√R2 − 2Rr − r2
+

√
r

R

if R
r ≥
√
2 + 1 or

∑√
b+ c− a

a
≥
√

R− r − d

r
+ 2

√
R+ d

R

if 2 ≤ R
r <
√
2 + 1.

Proof. We denote t =
∑√

s−a
a . By squaring we obtain

t2 =
∑ s− a

a
+ 2

√∑
(s− a) (s− b)

ab
+ 2

√
(s− a) (s− b) (s− c)

abc

From Lemma 4, 1) and 2) it follows that:

(
t2 − s2 + r2 − 8Rr

4Rr

)2

= 4

(
2R− r

2R
+ 2

√
r

4R
t

)

We consider the function f : (0,+∞)→ R

f (u) = u4 − s2 + r2 − 8Rr

2Rr
u2 − 8

√
r

4R
u+

(
s2 + r2 − 8Rr

4Rr

)2

− 4R− 2r

R

We have f (t) = 0. We will prove that

(
s2 + r2 − 8Rr

4Rr

)2

<
4R− 2r

R
or in an equivalent form:

s2 < 8Rr − r2 + 4
√

Rr2 (4R− 2r)



190 M. Bencze and M. Drăgan

But as s2 ≤ s22. It will be sufficient to prove that

s22 = 2R2+10Rr− r2−2

√
R (R− 2r)3 < 8Rr− r2+4

√
Rr2 (4R− 2r) (6)

We denote x = R
r . The inequality (6) may be written as:

2x2 + 10x− 1− 2

√
x (x− 2)3 < 8x− 1 + 4

√
x (4x− 2)

or

x2 + x <

√
x (x− 2)3 + 2

√
x (4x− 2) (7)

After squaring the inequality (7) we will obtain:

x4 +2x3 + x2 < x
(
x3 − 6x2 + 12x− 8

)
+16x2− 8x+4x

√
(x− 2)3 (4x− 2)

or

8x3 − 27x2 + 16x < 4x

√
(x− 2)3 (4x− 2)

or

8x2 − 27x+ 16 < 4
√
(x3 − 6x2 + 12x− 8) (4x− 2) (8)

If

8x2 − 27x+ 16 ≤ 0

the inequality (8) is true. For 8x2 − 27x + 16 > 0 we will square (8) and we
will obtain:

64x4+729x2+256−432x3+256x2−864x < 64x4−416x3+960x2−896x+256

or

16x3 − 25x2 − 32x > 0 or 16x2 − 25x− 32 > 0

But 8x2 − 27x + 16 > 0. It results that x > 27+
√
217

16 > 25+
√
2673

32 or 16x2 −
2x− 32 > 0.

We denote a2 = s2+r2−8Rr
2Rr , a1 = 8

√
r
4R , a0 = 4R−2r

R −
(
s2+r2−8Rr

4Rr

)2
. The

equation f (u) = 0 may be written as: u4−a2u2−a1u−a0 = 0 with a0, a1, a2 > 0
or 1− a2

u2 − a1
u3 − a0

u4 = 0. But g : (0,+∞)→ R, g (u) = 1− a2
u2 − a1

u3 − a0
u4 is an

increasing function. It results that t is the only positive root of equation f (u) = 0.
It result that if exists a unique continue function u : [s1, s2] → R such that

f (u (s)) = 0, (∀) s ∈ [s1, s2] . From implicite Theorem it follows that u is deriv-
able on interval (s1, s2) , u : [s1, s2]→ R which verify the condition:
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(
u2 (s)− s2 + r2 − 8Rr

4Rr

)2

= 4

(
2R− r

2R
+ 2

√
r

4R
u (s)

)
, (∀) s ∈ [s1, s2]

(9)
After we derivate the equality (9) we will obtain:

(
u2 (s)− s2 + r2 − 8Rr

4Rr

)(
u (s)u′ (s)− s

4Rr

)
=

√
r

R
u′ (s) , (∀) s ∈ [s1, s2]

or in an equivalent form:

(
u3 (s)− s2 + r2 − 8Rr

4Rr
u (s)−

√
r

R

)
u′ (s) =

s

4Rr

(
u2 (s)− s2 + r2 − 8Rr

4Rr

)

or

(
u3 (s)− s2 + r2 − 8Rr

4Rr
u (s)−

√
r

R

)
u′ (s) =

s

4Rr

(
u2 (s)− s2 + r2 − 8Rr

4Rr

)
, (∀) s ∈ [s1, s2]

From:

u2 (s) =
∑ s− a

a
+2
∑√

(s− a) (s− b)

ab
≥ s2 + r2 − 8Rr

4Rr
+6

3

√
(s− a) (s− b) (s− c)

abc
=

=
s2 + r2 − 8Rr

4Rr
+ 6 3

√
r

4R
, (∀) s ∈ [s1, s2]

it results that:

u3 (s)−s2 + r2 − 8Rr

4Rr
u (s)−

√
r

R
= u (s)

(
u2 (s)− s2 + r2 − 8Rr

4Rr

)
−
√

r

R
≥
√
6 3

√
r

4R
·6 3

√
r

4R
−

−
√

r

R
=
(
3
√
6− 1

)√ r

R
> 0, (∀) s ∈ [s1, s2]

and u2 (s) − s2+r2−8Rr
4Rr > 0, (∀) s ∈ [s1, s2] . It results that u is an increasing

function on interval [s1, s2] .
From Theorem 3 it follows that s1 ≤ s, for 2 ≤ R

r <
√
2+1 which implies that

u (s1) ≤ u (s) .
Replacing the sides a1, b1, c1 of the A1B1C1 triangle from Theorem 2 we will

obtain:

∑√
b+ c− a

a
≥
√

R− r − d

r
+ 2

√
R+ d

R
if 2 ≤ R

r
<
√
2 + 1

From Theorem 3 it follows that s3 ≤ s if R
r ≥

√
2 + 1 which implies that

u (s3) ≤ u (s)
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By replacing the sides a3, b3, c3 from Lemma 3 it follows that:

∑√
b+ c− a

a
≥
√

2R2 − 2
√
R2 − 2Rr − r2

R+ r +
√
R2 − 2Rr − r2

+

√
2R+ 2

√
R2 − 2Rr − r2

R+ r −√R2 − 2Rr − r2
+

√
r

R
if
R

r
≥
√
2+1

�

Lemma 9. In any triangle ABC is true the following inequality:

√
2R− 2

√
R2 − 2Rr − r2

R+ r +
√
R2 − 2Rr − r2

+

√
2R+ 2

√
R2 − 2Rr − r2

R+ r −√R2 − 2Rr − r2
+

√
r

R
≥ 3 if

R

r
≥
√
2+1

(10)

Proof. We denote d2 =
√
x2 − 2x− 1. By squaring the inequality (10) we will

obtain:

2

√
(2x− 2d2) (2x+ 2d2)

(x+ 1 + d2) (x+ 1− d2)
+
(2x− 2d2) (x+ 1− d2) + (2x+ 2d2) (x+ 1 + d2)

(x+ 1 + d2) (x+ 1− d2)
≥
(
3− 1√

x

)2

or

2

√
4 (x2 − x2 + 2x+ 1)

x2 + 2x+ 1− x2 + 2x+ 1
+

+
2x2 + 2x− 2xd2 − 2xd2 − 2d2 + 2x2 − 4x− 2 + 2x2 + 2x+ 2xd2 + 2xd2 + 2d2 + 2x2 − 4x− 2

x2 + 2x+ 1− x2 + 2x+ 1
≥

≥ 9 +
1

x
− 6√

x
or

8x2 − 4x− 4

4x+ 2
+ 2
√
2 ≥ 9 +

1

x
− 6√

x
or

2x− 2 + 2
√
2 ≥ 9 +

1

x
− 6√

x
or

2x− 11 + 2
√
2 ≥ 1

x
− 6√

x
or

2x2 +
(
2
√
2− 11

)
x ≥ 1− 6

√
x

or
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2x2 +
(
2
√
2− 11

)
x+ 6

√
x− 1 ≥ 0

We consider the function f :
[√

2 + 1,+∞)→ R

f (x) = 2x2 +
(
2
√
2− 11

)
x+ 6

√
x− 1

with the derivate

f ′ (x) = 4x+ 2
√
2− 11 +

3√
x
= 4

(
x−
√
2− 1

)
+ 6
√
2− 7 +

3√
x
≥ 0

It results that f is an increasing function on interval
[√

2 + 1,+∞) which im-
plies that f (x) > f

(√
2 + 1

)
.

After performing some calculation we obtain f
(√

2 + 1
)
> 0. �

Lemma 10. In any triangle ABC is true the following inequality:

√
R− r − d

r
+ 2

√
R+ d

R
≥ 3, if 2 ≤ R

r
≤ 8 (11)

Proof. We denote R
r = x, dx =

√
R(R−2r)

r =
√
x (x− 2). The inequality (11)

may be written as:

√
x− 1− dx + 2

√
x+ dx

x
≥ 3

By squaring we will obtain:

4x+ 4dx
x

≥ 9 + x− 1− dx − 6
√

x− 1− dx

or

6
√

x− 1− dx ≥ 8− dx + x− 4x+ 4dx
x

or

6
√
x− 1− dx ≥ 4x− xdx + x2 − 4dx

x
or

6
√
x− 1− dx ≥ (x+ 4) (x− dx)

x
or

36x2 (x− 1− dx) ≥
(
x2 + 8x+ 16

)
2 (x− dx − 1)x

or

2x (x− dx − 1)
(
18x− x2 − 8x− 16

) ≥ 0 and as x− dx − 1 > 0
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It will be sufficient to prove that:

x2 − 10x+ 16 ≤ 0 or (x− 2) (x− 8) ≤ 0 or x ≤ 8

�
Theorem 11. (The inequality Rădulescu-Maftei) In any acute triangle is true the
following inequality:

√
b+ c− a

a
+

√
c+ a− b

b
+

√
a+ b− c

c
≥ 3

Proof. It results from Theorem 4, Lemma 5 and 6. �
Theorem 12. In any triangle ABC with 2 ≤ R

r ≤ 8 is true the following inequal-
ity:

√
b+ c− a

a
+

√
c+ a− b

b
+

√
a+ b− c

c
≥ 3

Proof. According with the proof of Theorem 4 it follows that u : [s1, s2] → R is
an increasing function. But s1 ≤ s. It results that u (s) ≥ u (s1) or

∑√
b+ c− a

a
≥
√

R− r − d

r
+ 2

√
R+ d

R
≥ 3

according with Lemma 6. �
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Side Disks of a Spherical Great Polygon

Purevsuren Damba and Uuganbaatar Ninjbat

Abstract. Take a circle and mark n ∈ N points on it designated as vertices. For
any arc segment between two consecutive vertices which does not pass through
any other vertex, there is a disk centered at its midpoint and has its end points
on the boundary. We analyze intersection behavior of these disks and show that
the number of disjoint pairs among them is between (n−2)(n−3)

2
and n(n−3)

2
and

their intersection graph is a subgraph of a triangulation of a convex n-gon.

1. Introduction

An intersection graph of a set of figures is a graph such that there is a unique
vertex associated to each figure, and two vertices are adjacent if and only if the
corresponding figures are intersecting. Huemer and Perez-Lantero [4] showed that
the intersection graph of a set of disks with the sides of a convex n-gon as their
diameters (which are called side disks) is planar (see Theorem 4 in [4]). This result
has a direct combinatorial consequence: the number of disjoint pairs among these
disks is at least (n−3)(n−4)

2 which follows from the fact that every planar graph with
n vertices has at most 3(n− 2) edges (see Corollary 11.1(b) in [3]).

We believe that the problem of analyzing intersection patterns of side disks is
of considerable interest because of the geometrical challenges resulting from its
unusual conclusion, i.e. it reflects on disjointness of geometrical figures. In Eu-
clidean geometry a search for new results by replacing line segments with conic
sections is often rewarding as illustrated in the following well known results: Pap-
pus’s hexagon theorem vs. Pascal’s theorem, and Ceva’s theorem vs. Haruki’s
theorem (see Chap. 6 in [1]). Accordingly, in Sect. 2 instead of a convex n-gon
we consider a circle partitioned into n ∈ N arc segments. The concept of side
disk naturally extends to this setting: for each arc segment there is a unique disk
centered at its midpoint and is having its two end points on its boundary. When
n = 5 the resulting configuration already appears in Miquel’s five circles theorem
(see Chap. 5 in [1]). In Theorem 3 we show that for n ≥ 3 there are at least
(n−2)(n−3)

2 and at most n(n−3)
2 disjoint pairs of side disks for the partitioned circle

with n arc segments. We also verify that these bounds are tight for all n ≥ 3 and
the intersection graph of these disks is a subgraph of a triangulation of a convex
polygon (see Theorem 4).

Publication Date: June 1, 2018. Communicating Editor: Paul Yiu.
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Throughout this paper we use the following conventions. For any points X ,
Y and Z in the plane the line passing through X,Y is denoted as XY -line, their
connecting line segment is denoted as XY , and |XY | is its length. �XY Z is the
angle between XY and Y Z measured in the clockwise direction. For any disk ω,
its boundary circle is denoted as ∂(ω) and when there is no ambiguity we identify
a given disk (or circle) with its center X and call it X-disk (or X-circle), etc. For
any plane regions ω and τ , (ω ∩ τ) is the region in their intersection, and ω ⊂ τ
means the former is included (strictly) in the latter, i.e. every point in ω is in τ but
not vice versa. For a point X and region τ , X ∈ τ means X is located in τ and
X /∈ τ means the opposite.

2. The main results

Let Cn be a circle partitioned into n ∈ N arc segments by marking n points
on it. We identify each marked point as vertex and each arc segment between two
consecutive vertices which does not pass through any other vertex as a side. Then,
Cn is a spherical polygon with vertices at a great circle and we call it as spherical
great polygon; for more on spherical polygons see e.g. Chap. 6.4 in [2]. The case
where each side has the same length is denoted as C�n. For each side of Cn, there
is a unique disk centered at its midpoint and is having its two end points on the
boundary. This is the side disk of that side and two side disks are neighbouring if
their corresponding sides are adjacent.

Notice that each side ofCn divides its disk into two parts, one of which intersects
with the region enclosed by Cn. We call this as inner part and the other as outer,
and as a convention we include the corresponding arc of Cn to the inner part of the
side disk, but not to the outer. Then, convexity implies that outer parts of two side
disks of Cn do not intersect. We shall prove two lemmas.

Lemma 1. Let ω be a given disk and A, B, C be points on ∂(ω) such that AC-arc
is a segment of AB-arc. If ω1 and ω2 are the side disks of AB-arc and AC-arc,
respectively, then (ω ∩ ω2) ⊂ (ω ∩ ω1) and any point in (ω ∩ ω2) except A is in
the interior of ω1.

Proof. Let O1 and O2 be the centers of ω1 and ω2, respectively. Since AC-arc
is contained in AB-arc, O2 must be on the AO1-arc not passing through B (see
Fig. 1). Since O1 is the mid-point of AB-arc, AO1-arc is always less than a half
of ∂(ω). Thus, �O1O2A > π

2 and �AO2O1 is an obtuse triangle with |AO1| >
|AO2|. Let O3 be the point on AO1 with |AO3| = |AO2|, and ω3 be the disk
centered at O3 and is having A on its boundary (see the dashed disk in Fig. 1).
Since A, O3 and O1 are collinear and |AO1| > |AO3|, we have ω3 ⊂ ω1 and
A = ∂(ω3) ∩ ∂(ω1). Then, we can conclude that (ω ∩ ω3) ⊂ (ω ∩ ω1), and the
only point in (ω ∩ ω3) which is on ∂(ω1) is A. On the other hand, ω2 is a rotation
of ω3 around A in the direction to move its center from an interior point of ω, O3,
to a boundary point, O2. Thus, we must have (ω ∩ ω2) ⊂ (ω ∩ ω3), which implies
(ω ∩ ω2) ⊂ (ω ∩ ω3) ⊂ (ω ∩ ω1). Finally, from our proof its clear that any point
in (ω ∩ ω2) except A must be in the interior of ω1. �
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Figure 1. Illustration for Lemma 1

Lemma 2. Let ω be a given disk and A, B, C, D be four points marked subse-
quently on ∂(ω). Further let ωab be the side disk corresponding to the AB-arc,
and let ωbc, ωcd and ωda be defined analogously (see Fig. 2). Let X be the in-
tersection point of ∂(ωda) and ∂(ωcd), other than D; and Y , Z and T be defined
analogously for the pairs ∂(ωcd) and ∂(ωbc), ∂(ωbc) and ∂(ωab), and ∂(ωab) and
∂(ωda), respectively. Then,

(a) X,Y /∈ ωab, Y, Z /∈ ωda, Z, T /∈ ωcd and X,T /∈ ωbc; and
(b) Quadrilateral XY ZT is a rectangle.

Proof. To prove Lemma 2 (a), it suffices to show that Z /∈ ωcd as a similar argu-
ment applies to the others. Consider Fig. 2 and let the dashed disk ωbd be the disk
corresponding to BD-arc. It is well known, and can easily be proven that ∂(ωbd)

Figure 2. Illustration for Lemma 2 (a)

passes through Y , which is the incenter of �BCD (see below). Notice that all
conditions of Lemma 1 are met for ω, ωbd and ωab. Thus, Z ∈ (ω ∩ ωab) must
be located in the interior of ωbd. But then Z /∈ ωcd as the only point which is
in (ωcd ∩ ωbd ∩ ωbc) is Y , and Y and Z are distinct points as Y ∈ ∂(ωbd) while
Z /∈ ∂(ωbd). This proves Lemma 2 (a).

Let H , G, F and W be the centers of ωab, ωbc, ωcd and ωda, respectively. We
claim that X , Y , Z and T are the incenters of �ADC, �DCB, �CBA and
�BAD, respectively (see Fig. 3). Notice that since F and W are the centers
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of two circles intersecting at D and X , FW is a perpendicular bisector of DX
and �XFD = 2�WFD. Since W is the midpoint of AD-arc, we also have
�WFD = 1

2�AFD, which implies �XFD = �AFD. Thus, points F , X and
A are collinear. Since F is the midpoint of DC-arc, �DAF = �FAC, hence AF
is a bisector of ∠DAC. Similar argument shows that W , X and C are collinear

Figure 3. Illustration for Lemma 2 (b)

and CW is a bisector of ∠DCA. Thus, X is the incenter of�ADC. By the same
token, we may conclude that Y , Z and T are the incenters of�DCB,�CBA and
�BAD, respectively. Then, the result in Lemma 2 (b) follows from Problem 6.13
in [5]. �
Remark. From Lemma 1 it follows that the inner part of a side disk of Cn is always
contained in Cn. Since outer parts of side disks of Cn are disjoint, this implies that
two side disks of Cn with n ≥ 2 intersect if and only if they intersect in the region
enclosed by Cn. To our knowledge, the only widely known result directly related
to Lemma 2 is Miquel’s four circles theorem which states that when ωab, ωbc, ωcd
and ωda are not necessarily centered on ∂(ω), X,Y, Z, T are concyclic (see [7];
p.151). The result used in the last step of proving Lemma 2 (b) is often referred to
as the Japanese theorem (see [6]).

ForCn, let d(Cn) be the number of disjoint pairs among its side disks. Our main
result is as follows.

Theorem 3. For n ≥ 3, (n−2)(n−3)
2 ≤ d(Cn) ≤ n(n−3)

2 .

Proof. Since d(C3) = 0, as all side disks are neighbouring, we assume n ≥ 4. We
prove the lefthand inequality in three steps.

STEP 1: Let us prove that 1 ≤ d(C4).

Let A,B,C,D be the points marked on C4 and F,G,H,W be the centers of its
four side disks. Further let X,Y, Z, T be points other than A,B,C,D in which
pairs of neighbouring side disks intersect by their boundaries (see Fig. 4). By
Lemma 2 (b), we know that XY ZT is a rectangle. Let E = XZ ∩ Y T , i.e. the
intersection of the diagonals of XY ZT . We claim that E = WG ∩ FH . Since
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|FY | = |FX|, |HZ| = |HT | andXY ZT is a rectangle, points F ,H and the mid-
points of the sides XY and ZT are collinear. Similarly, G, W and the midpoints
of ZY and TX are collinear. Thus, FH and GW intersect in a point where two
bimedians of XY ZT intersect, which must be E. This proves our claim.

Since �XEY + �Y EZ = π one of these two angles (summands) must be at
most π2 , and without loss of generality we may assume that �XEY ≤ π

2 . Then, we
claim that the side disks centered at F and H are disjoint. To see this, it suffices to
prove that E is located outside of these side disks, as then we have |FE| > rF and
|EH| > rH , hence, |FH| = |FE| + |EH| > rF + rH , where rF and rH are the
radii of the disks to be shown as disjoint. Let us then prove that E /∈ F -disk and
a similar argument shows that E /∈ H-disk. By Lemma 2 (a), XY -line separates
F and rectangle XY ZT . Since E is an interior point of XY ZT , we can conclude
that XY -line strictly separates E and F .

Figure 4. Side disks of C4

Let M be the midpoint of XY and N = ∂(F -disk)∩FH . It is clear that N and
E lie on the same half-plane with respect to XY -line, as both are strictly separated
from F by the line. We know that FH passes through the midpoints of XY and
ZT , thus it must be orthogonal to XY . Recall that, both E and N lie on FH .
Then, �XEY ≤ π

2 together with the observation that �XNY > π
2 imply that

|ME| > |MN |.1 Then, |FE| = |FM |+ |ME| > |FM |+ |MN | = rF . Thus, E
is outside of F -disk. This proves our last claim and completes STEP 1.

STEP 2: Consider Cn and its side disks, labeled as ω1, ..., ωn in the clockwise
direction. For any i, j = 1, 2, ..., n, let (ωi, ωj) be the set of disks strictly between
ωi and ωj , in the clockwise direction. We shall prove that if ωi and ωj intersect,
then any disk in (ωi, ωj) is disjoint from any one in (ωj , ωi).

We can assume that ωi and ωj are non-neighbouring as the result is trivial other-
wise. Let ωi, ωj be side disks of AB-arc and CD-arc, respectively. Then, AB-arc

1Take the circle centered at F . It is clear that XY is strictly shorter than its diameter. Then, for
any N� lying on the minor arc connecting X and Y , we have �XN�Y > π

2
.
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and CD-arc are disjoint and we can also assume that A,B,C,D are located sub-
sequently in the clockwise order. Let ωbc and ωda be the side disks of BC-arc and
DA-arc, respectively (see Fig. 5). Then by STEP 1 there must be a disjoint fair
among ωi, ωj , ωbc and ωda. But since the former two intersect, it must the latter
two which are disjoint. By Lemma 1, we know that when restricted to the region
enclosed by Cn, ωbc contains all disks in (ωi, ωj), and similarly, ωda contains all
disks in (ωj , ωi). This implies that, none of the disks in (ωi, ωj) intersects with a

Figure 5. ωi and ωj intersect

disk in (ωj , ωi) in the region enclosed by Cn. But since two side disks intersect
only in that region, we can conclude that any disk in (ωi, ωj) is disjoint from any
one in (ωj , ωi). This completes STEP 2.

STEP 3: Let us prove that for n ≥ 4, (n−2)(n−3)
2 ≤ d(Cn).

Take Pn, a convex n-gon, and label its vertices with the side disks of Cn such that
two disks of Cn are neighbouring if and only if their associated vertices in Pn are
adjacent. Draw all n(n−1)

2 − n diagonals of Pn, and colour them with

• Red if the side disks corresponding to the end vertices intersect, and
• Blue if otherwise.

By STEP 2 we know that two red diagonals never cross in Pn. The maximal set of
non-crossing diagonals of Pn gives a triangulation of it, and every triangulation in-
volves n−3 diagonals (see Theorem 1.8 in [2]). Thus, the number of red diagonals
is at most n−3, and the number of blue diagonals is at least n(n−1)

2 −n−(n−3) =
(n−2)(n−3)

2 . This immediately implies that (n−2)(n−3)
2 ≤ d(Cn), and completes

STEP 3. The lefthand inequality in Theorem 3 is proved. Finally, since two neigh-
bouring disks are never disjoint we have d(Cn) ≤ n(n−3)

2 . �

Remark. It is easy to show that the upper bound in Theorem 3 is attained on C�n,
i.e. it is tight. Let C�

n be a spherical great n-gon such that one of its side disks
intersects with all the others, and any two of the other side disks intersect only if
they are neighbouring. It is easy to show that this construction is well defined and
d(C�

n ) = (n−2)(n−3)
2 . Thus, the lower bound is also tight for n ≥ 3.
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We can now characterize the intersection graph of side disks ofCn. Recall that a
planar graph is outerplanar if it can be embedded in the plane so that all its vertices
lie on the same (exterior) face (see Chap. 11 in [3]).

Theorem 4. The intersection graph of side disks of Cn for n ≥ 3 is a subgraph of
a triangulation of a convex n-gon. In particular, it is outerplanar.

Proof. Let G(Cn) be the intersection graph. The result is obvious when n = 3.
For n ≥ 4, in STEP 2 of proof of Theorem 3 we showed that G(Cn) can be drawn
with no crossing edges. So, it is a subgraph of triangulation of the convex polygon
with vertices at the centers of the side disks, hence outerplanar. �
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Parallelograms Inscribed in Convex Quadrangles

Nikolaos Dergiades

Abstract. In this article we construct the inscription in a quadrangle of a par-
allelogram similar to a given one and we study the parallelograms inscribed in
quadrangles with special emphasis on determining the classes of quadrangles
which allow the inscription of infinite many parallelograms of a given similar-
ity type. As special cases we obtain the characterization of quadrangles allowing
the inscription of infinite many rhombi of a fixed similarity type, of infinite many
rectangles of a fixed similarity type and of quadrangles allowing the inscription
of infinite many squares.

1. A simple case of inscribed parallelograms

In an arbitrary convex quadrilateral q = ABCD we can easily inscribe infinite
many parallelograms with sides parallel to the diagonals {AC,BD} of the quadri-
lateral of reference q (See Figure 1). The vertex A1 of such a parallelogram is

A

B
C

D

E

C1

B1

A1

D1

Figure 1. Parallelograms with sides parallel to the diagonals

selected on the side AB. Then, drawing a parallel to the diagonal AC we define
its intersection point B1 with BC. Drawing further from B1 a parallel to BD
we define its intersection C1 with CD and continuing this way, we obtain, using
Thales theorem, an inscribed parallelogram A1B1C1D1 with sides parallel to the
diagonals of q.

It is easy to see that among these parallelograms there exist one that is a rhombus
satisfying the following property:

Lemma 1. The rhombus A1B1C1D1, inscribed in the quadrangle q = ABCD,
with sides parallel to the diagonals of q is constructible with ruler and compasses.

Publication Date: June 6, 2018. Communicating Editor: Paul Yiu.
The author thanks Paris Pamfilos for his many improvements in the text, the synthetic proof in

Theorem 4, and simplification of proofs in Theorems 5 and 12.
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Figure 2. Inscribing a rhombus A1B1C1D1 in the quadrangle ABCD

Proof. In fact, from an arbitrary point B′ on the side BC, draw the parallel to CA,
that meets BA at the point A′ (See Figure 2). Rotate then B′ about A′ by the angle
of the diagonals ̂CED to get the point D′. The line BD′ meets AD at the point
D1, from which with parallels to the diagonals of q we construct the other vertices
of A1B1C1D1, seen to be a rhombus by applying the Thales theorem

A1D1

A′D′ =
BA1

BA′ =
A1B1

A′B′ .

�

2. The inscription in a quadrangle of a parallelogram

Given a convex quadrangle q = ABCD with positive orientation and a paral-
lelogram A0B0C0D0 with ̂A0C0B0 = α, ̂B0A0C0 = γ and C0B0A0 = β, it is
very interesting the problem of inscribing in q a parallelogram A1B1C1D1 similar
to A0B0C0D0.

(1) β = π/2, that is A0B0C0D0 is a rectangle.
(a) α �= γ.

The rotation of line AD about A towards B by the angle α gives the
line L1. The rotation of line BC, about B towards A by the angle γ
gives the line L2. The perpendicular from A to line L2 meets the line
BC at A′ and the parallel from A′ to line L2 meets the line L1 at the
point A′′ (See Figure 3). Similarly the perpendicular from B to line
L1 meets the line AD at B′ and the parallel from B′ to line L1 meets
the line L2 at the point B′′. Let C1 be the intersection of line A′′B′′
with the line CD. The parallels from C1 to {L1, L2} meet the lines
{AD,BC} respectively at the points {D2, B2} and the perpendicular
from B2 to L2 meets AB at the point A1. From Thales theorem we
have

AA1

A1B
=
A′B2

B2B
=
A′′C1

C1B′′ =
AD2

D2B′ ,

which means that A1D2 is parallel to BB′, which is perpendicular to
L1. Hence ̂A1D2C1 = ̂A1B2C1 = π/2 and the circle on diameter
A1C1 passes through {B2, D2} and meets again the lines {BC,AD}
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Figure 3. The inscription in a quadrangle of a rectangle

respectively at points {B1, D1}. Since A1B2 is perpendicular to L2,
the angle ̂BB2A1 = α. Since ̂B1C1A1 = ̂B1B2A1 = α, ̂C1A1D1 =
̂C1D2D1 = α and ̂C1B1A1 = ̂A1D1C1 = π/2, the quadrangle

A1B1C1D1 is a rectangle similar to A0B0C0D0.
Note: If the line A′′B′′ is parallel to CD then the problem has no
solution. If the line A′′B′′ coincides with line CD, then the problem
has infinite many solutions. We’ll see these cases later on.

(b) α = γ = π/4, that is A0B0C0D0 is a square.
The construction is obviously similar to the previous one.

(2) β �= π/2.
(a) α �= γ, that is A0B0C0D0 is not a special parallelogram.

The construction differs slightly from the previous one.
The rotation of line AD about A towards B by the angle α gives the
line L1. The rotation of line BC, about B towards A by the angle
γ gives the line L2. The rotation of the parallel line from A to BC,
about A towards B by angle α gives the line AA′, where A′ is on
BC, such that ̂BA′A = α. Similarly the rotation of the parallel line
from B to AD, about B towards A by angle γ gives the line BB′,
where B′ is on AD, such that ̂AB′B = γ. The parallel from A′ to L2

meets L1 at the point A′′ and the parallel from B′ to L1 meets L2 at
the point B′′ (See Figure 4). Let C1 be the intersection of line A′′B′′
with the line CD. The parallels from C1 to {L1, L2} meet the lines
{AD,BC} respectively at the points {D2, B2} and the parallel from
B2 to AA′ meets AB at the point A1. From Thales theorem we have

AA1

A1B
=
A′B2

B2B
=
A′′C1

C1B′′ =
AD2

D2B′ ,

which means that A1D2 is parallel to BB′. It is then easy to see
that ̂A1D2C1 = ̂A1B2C1 = π − α − γ = β. If B1 is the sec-
ond intersection of the circumcircle of the triangle A1B2C1 with the
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Figure 4. The inscription in a quadrangle of a general parallelogram

line BC and D1 is the second intersection of the circumcircle of tri-
angle A1D2C1 with line AD, then we have ̂A1C1B1 = ̂A1B2B =
̂AA′B = α, ̂C1A1D1 = ̂C1D2D1 = α and ̂C1B1A1 = ̂A1D1C1 =
β, which means thatA1B1C1D1 is a parallelogram similar toA0B0C0D0.

(b) α = γ, that is, A0B0C0D0 is a rhombus.
The construction is similar to the previous one.

3. Similar quadrangles inscribed in the quadrangle

The situation described in the preceding section changes radically, when we re-
quire from the quadrangle to have infinite many inscribed quadrangles of a fixed
similarity type. This implies severe restrictions to the circumscribing quadrilateral,
which we study in this section. To fix the ideas, we assume that the quadrangle
q1 = A1B1C1D1 is inscribed in the quadrangle q = ABCD, when the vertices
{A1, B1, C1, D1} are respectively on the sides {AB,BC,CD,DA}. Next theo-
rem expresses a basic feature of the configuration under consideration.

Theorem 2. If in the quadrangle q = ABCD, there are inscribed two directly
similar quadrangles {q1, q2}, then the following properties hold.

(1) There are infinite many other quadrangles {qt} directly similar to q1 and
inscribed in q.

(2) The similarity center P of the quadrangles {q1, q2} defines through its pro-
jections on the sides of q its pedal quadrangle q0, which is the minimal
similar to q1 quadrangle.

(3) Every pair of the family of directly similar inscribed quadrangles {q1, q2}
has the same similarity center P .

Proof. The claims are consequences of well known facts about direct similarities,
an exposition of which can be found in [7, vol.II] and [5, p.74]. The center of
the similarity is the Miquel point P ([3, p.79], [4, p.131]) of one the resulting,
inscribed in ABCD, triangles, A1B1C1 say (See Figure 5), and is identified with



Parallelograms inscribed in convex quadrangles 207

A

B C

D

D1

A1

B1

C1
D2

A2

B2

C2

D0

C0

B0

P

E1

A0

E2

Figure 5. The similarity center P of {q1 = A1B1C1D1, q2 = A2B2C2D2}

the intersection P of the circles {(A1BB1), (B1CC1), (E1A1C1)}. A simple an-
gle chasing argument shows that the angles ([4, p. 142])

̂BPC = ̂A1B1C1 + ̂A1E1C1.

And a similar argument shows that ̂CPE1 = ̂A1C1B1 + ̂E1BC. Thus point P is
the same for the two quadrangles {q1, q2} and the triangles {PA1A2, PB1B2, PC1C2}
are similar. Analogous work with the triangle E2CD and the inscribed in it trian-
gles B1C1D1 and B2C2D2, shows that P is also the similarity center for these
two triangles and the triangles {B1PB2, C1PC2, D1PD2} are also similar. The
claims of the theorem follow easily from these remarks. �

Notice that, as a parameter t ∈ R in the family of inscribed quadrangles
{qt} we can consider the signed distance of one of its vertices, Bt say, from the
corresponding projection B0 of P . All the quadrangles qt result by defining the
similar and similarly oriented right triangles {PA0At, PB0Bt, PC0Ct, PD0Dt}.
Corollary 3. A necessary and sufficient condition for the possibility, to inscribe in
a quadrangle q infinite many, directly similar to each other quadrangles qt, is the
existence of a point P , whose pedal quadrangle with respect to q is similar to qt.

4. Similar parallelograms inscribed in a quadrangle

By theorem 2, if we have two similar parallelograms inscribed in the convex
quadrangle q = ABCD, then we have infinite many similar to those two paral-
lelograms, inscribed in q. We can fix the parallelogram and its pivot point P and
consider the circumscribed quadrangles qt of the parallelogram, which are all sim-
ilar to the antipedal q1 = A1B1C1D1 of P with respect to the parallelogram (See
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Figure 6. Angles of diagonals of antipedal with respect to a parallelogram

Figure 6). Next theorem relates the angles of the parallelogram to those of the
diagonals of the antipedal.

Theorem 4. Let q1 = A1B1C1D1 be the antipedal quadrangle of a parallelogram
q = ABCD with respect to the point P . Then, the angles of the diagonals of q1
are equal to the angles of the parallelogram q.

Proof. Consider the intersections of the pairs of circles M = (PBC) ∩ (PAD)
and K = (PDC) ∩ (PAB). Points {K,M} are symmetric with respect to the
center of the parallelogram and define equal triangles {ADK,CBM} (See Figure
6). This is seen by examininig the angles of these triangles. For example, the angle
̂DKA, by taking the adjacents to it angles, which sum to 2π, is seen to be equal to
the sum

̂DKA = ̂DCP +̂PBA = ̂CPB = ̂CMB.

Analogously is seen that ̂DKC is equal to ̂AMB, so that the points are symmetric
as stated. It is easily seen also that the diagonals of q1 pass respectively through
{K,M} and make there respectively with {PK,PM} right angles, so that the
quadrangle PKEM , formed by their intersection, is cyclic. But the angle of the
diagonals

̂KEM = π−̂KPM and ̂KPM = 2π−̂KPC−̂MPC = ̂KDC+̂MBC = ̂ABC.

�

Theorem 5. With the notation and conventions of the preceding theorem, the pivot
point P of q1 = A1B1C1D1 is viewing each side of q1 by an angle, which is the
sum of the angles viewing that side from the other two vertices.

Proof. This follows by splitting the angle (See Figure 7)

̂B1PC1 = ̂B1PB + ̂BPC1 = ̂B1AB + ̂BCC1.



Parallelograms inscribed in convex quadrangles 209

P

D

Α
Β

C

K

D1

B1

C1

E
A1

Figure 7. How the pivot of ABCD is viewing the sides of A1B1C1D1

By the previous theorem, fixing q1 and pivoting ABCD, so that its sides become
parallel to the diagonals of q1, we have that the sum in the last formula is equal to
̂B1A1C1 + ̂B1D1C1. This proves the claim for the side B1C1, the proof for the

other sides being completely analogous. �

P

A1

B1

C1

D1

B

C

D

A

Figure 8. In cyclic quadrangles the pivoting parallelogram is that of Varignon

Corollary 6. If q1 = A1B1C1D1 is a cyclic quadrangle, then the pivoting paral-
lelogram q = ABCD of it is the one of Varignon, defined by the middles of the
sides of q1 and the pivot P is the center of the circumcircle.

Proof. By theorem 5 the pivot P is then viewing B1C1 under the ange ̂B1PC1 =

2 ̂B1AC1, which identifies P with the center of the circumcircle (See Figure 8). �
The converse is also true and its proof is left as an exercise.

Corollary 7. If the pivoting parallelogram inside the quadrangle q1 is similar to
the Varignon parallelogram of the middles of the sides, then the quadrangle q1 is
cyclic.
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Next corollary is also easy to show using the figure 9, and is left also as an

B C

DA

E

P

Figure 9. The pivot P of similar parallelograms inscribed in a trapezium

exercise.

Corollary 8. The pivot P of the similar parallelograms pivoting inside a trapezium
is the second intersection point of the circles {(EAB), (EDC)} through the in-
tersection of the diagonals E = (AC,BD) and the end points of the non-parallel
sides.

In the case q = ABCD is a parallelogram, the points {E,P} in figure 9 coincide
and the pivot is the center of the parallelogram.

Corollary 9. The pivot of similar parallelograms inside a parallelogram q =
ABCD is the center P of the parallelogram q.

5. Alternative approach for the pivot of similar parallelograms

It is possible to construct special parallelograms, from the family of those pivot-
ing about a point P in the quadrangle q = ABCD. A particular one, of importance
for the following development is given by the next theorem.

Theorem 10. If the distances of the intersection point E of the diagonals of the
quadrilateral q = ABCD from the vertices are correspondingly {a, b, c, d}, then
there is a parallelogram q1 = A1B1C1D1 of the family of similar parallelograms
pivoting inside q, such that

BB1

B1C
=
bd

ac
.

Proof. Let the parallel ε fromE toBC intersectAB atB′ andC ′ be the symmetric
of B′ with respect to E (See Figure 10). Let the circle κ = (AB′C) intersect ε
at B′′ and the circle λ = (BC ′D) intersect the line ε at C ′′. Consider also the
intersection of lines F = (BC ′′, CB′′). Then B1 = (EF,BC) is the required
point.

For the proof consider the power of E with respect to λ : EC ′ · EC ′′ =
EB · ED = bd. Similarly, the power of E with respect to κ is EB′ · EB′′ =
EA · EC = ac. It follows that the ratio

BB1

B1C
=
C ′′E
EB′′ =

bd/EC ′

ac/EB′ =
bd

ac
.
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Figure 10. Special inscribed parallelogram

�

Theorem 11. With the notation and conventions of the preceding theorem, the
circles (AA1D1), (BB1A1), (CC1B1) and (DD1C1) pass through the same point
P , which is the pivot of the similar parallelograms inscribed in q.

D

A

B C

E

B1

A1

D1

C1S1

S2

P

Ta

Tc

Figure 11. The pivot determined by the special inscribed parallelogram

Proof. Using {EA = a,EB = b, EC = c, ED = d}, the assumption BB1
B1C

= bd
ac

and denoting the intersections of lines by {Ta = (A1D1, AC), Tc = (B1C1, AC)}
(See Figure 11), we have

AA1

AB
=
B1C

BC
=

ac

ac+ bd
=
ATa
AE

= m ⇒ ATa = am.
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Similarly we get

A1Ta = B1Tc = bm, TaD1 = TcC1 = dm, TcC = cm.

Let S1 be the second intersection of the circle (AA1D1) with AC. Then, we have
the relations

ATa · TaS1 = A1Ta · TaD1 ⇒ TaS1 =
bdm

a
⇒

S1Tc = (AC −ATa − TcC)− TaS1 = (a+ c)(1−m)− bdm

a

= (a+ c)
bd

ac+ bd
− bdc

ac+ bd
=
bdm

c
⇒ S1Tc · TcC = B1Tc · TcC1.

This means that the circle (B1CC1) also passes through point S1. Similarly we
show that the circles {(BB1A1), (DD1C1)} intersect a second time at the point
S2 on the diagonal BD. Let now P be the second intersection point of the circles
{(BB1A1), (CC1B1)}. Then, we have ̂C1PS2 = ̂CBD + ̂DCB = π − ̂C1DS2,
i.e. P is on the circle (DS2C1) = (DD1C1). Similarly we prove that P is on the
circle (AA1D1). �

6. Similar rectangles inscribed in a quadrangle

By theorem 2 the condition to have infinite many similar rectangles inscribed in
a quadrangle is equivalent with the existence of a point whose pedal quadrangle is
a rectangle. Next theorem supplies some basic implications for such a case.

A

B

C

D

P

A0

B0 C0

D0

Q
E

Figure 12. Quadrangle q possessing a pedal q0, which is a rectangle

Theorem 12. If the pedal quadrangle q0 = A0B0C0B0 of a point P , relative to
the quadrangle q = ABCD is a rectangle, then

(1) The sides of q0 are parallel to the diagonals of q, i.e. q is orthodiagonal.
(2) The intersection point E of the diagonals of q is isogonal conjugate to P .
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Proof. For nr-1 consider the intersectionQ of the circles {PC0DD0), (PB0BA0)}
(See Figure 12). SinceA0B0C0D0 is a rectangle, the figure consisting of it and the
two circles is symmetric with respect to the line joining the middles of the opposite
sides {A0B0, C0D0}, hence line PQ is parallel to these sides too. By the inscribed
quadrangles in these circles, the angles at Q are both right, so that {B,Q,D} are
collinear, hence BD is orthogonal to A0B0. Analogously is seen the orthogonality
of AC to A0D0.

Nr-2 follows from nr-1 and a simple angle chasing argument, showing that the
angles ̂PAD0 = ̂A0AE. Handling analogously the angles of the rays from the
vertices of q to points {E,P}, we see indeed the isogonal property of {E,P}. �
Corollary 13. Under the conditions of the preceding theorem, the points {E,P}
are also isogonal with respect to the triangles {E1BC,E1DA,E2AB,E2CD},
for the intersections of opposite sides {E1 = (AB,CD), E2 = (AD,BC)}.

7. Similar rhombi inscribed in a quadrangle

In this section we specialize from similar parallelograms to similar rhombi in-
scribed in a quadrangle. Next lemma establishes a property of the triangle used
below.

E

A

B C

D

Figure 13. A property of the triangle

Lemma 14. IfAE is the external bisector of the triangleABC with AB < AC,
and the parallel from E to AB meets AC at D, then we have

1

AB
− 1

AC
=

1

ED
.

Proof. The triangle DEA is isosceles DA = DE. Hence we have (See Figure
13)

DE

AB
=
DC

AC
=
DA+AC

AC
=
DE +AC

AC
=
DE

AC
+1 or

1

AB
− 1

AC
=

1

ED
.

�

Lemma 15. Let q = ABCD be a quadrangle whose triangle of diagonal points
of the corresponding complete quadrilateral is EE1E2 (See Figure 14). Then, the
following properties are equivalent.
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Figure 14. Bisecting the angle of the diagonals

(1) The triangle EE1E2 has a right angle at E = (AC,BD).
(2) The lines {EE1, EE2} are bisectors of the angle of the diagonals {AC,BD}

of q.
(3) The harmonic means of the segments on the diagonals are equal: 1

EA +
1

EC = 1
EB + 1

ED .

Proof. The equivalence of nr-1 and nr-2 follows from the general fact that the
diagonals of a quadrilateral and the lines {EE1, EE2} form a harmonic pencil ([1,
p.101]). Thus, if two of the arrays of the pencil make a right angle, then they bisect
the angle of the other two ([1, p.102]).

The equivalence of nr-2 and nr-3 results by considering the intersections {E′, E′′}
of the bisector of the angle ̂AEB respectively with {BC,AD}. The parallels from
{E′, E′′} to the diagonal BD intersect the other diagonal AC respectively at the
points {D′, D′′}. Applying lemma 14 respectively to the triangles {EBC,AED}
we obtain

1

EB
− 1

EC
=

1

E′D′ =
1

ED′ and
1

AE
− 1

ED
=

1

ED′′ .

Thus, the assumed condition is equivalent to

1

EA
+

1

EC
=

1

EB
+

1

ED
⇔ 1

EA
− 1

ED
=

1

EB
− 1

EC
⇔ 1

ED′′ =
1

ED′ ,

which means that {E′, E′′} must coincide with E2. �

Theorem 16. The necessary and sufficient condition to inscribe in a quadrangle
infinite many similar rhombi, is that the bisectors of the angle of the diagonals pass
through the intersections of the opposite sides of the quadrangle.

Proof. Let again {EA = a,EB = b, EC = c, ED = d} denote the segments to
the vertices from the intersection point E = (AC,BD) of the diagonals of the
quadrangle q = ABCD (See Figure 15). By theorem 10 we have a parallelogram
q1 = A1B1C1D1 of the infinite family of inscribed parallelograms, which has
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Figure 15. Condition for infinite many pivoting rhombi

sides parallel to the diagonals of q and satisfies BB1
B1C

= bd
ac . For this parallelogram

we obtain the relation
B1C1

BD
=
B1C

BC
⇒ B1C1 =

ac(b+ d)

ac+ bd
and similarly A1B1 =

bd(a+ c)

ac+ bd
.

The parallelogram being a rhombus iff A1B1 = B1C1 combined with the preced-
ing relations gives the necessary and sufficient condition ([6])

1

a
+

1

c
=

1

b
+

1

d
,

which, by lemma 15, is the necessary and sufficient condition for the bisectors, to
pass respectively through points {E1, E2}. �
Theorem 17. If a quadrangle q = ABCD has infinite many inscribed rhombi,
then for the rhombus A1B1C1D1 of this family, whose sides are parallel to the
diagonals of q we have BB1 : B1C = BD : AC.

E2
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D

E
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D1

C1

B1 C

F

Figure 16. Constructing the pivoting rhombus with side parallel to the diagonals
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Proof. By theorem 16 and lemma 15, we know that such a quadrangle q is char-
acterized by the condition 1

a + 1
c = 1

b + 1
d , hence bd : ac = BD : AC. Hence

from the known relation for this q1 : BB1 : B1C = bd : ac we get BB1 : B1C =
BD : AC. Thus, the point B1 can be constructed using the bisector FB1 of the
triangle FBC, taking F with FB = BD and FC = AC (See Figure 16). �

8. Impossibility to inscribe similar parallelograms

From the theory exposed so far it is clear that if we are given a quadrangle
and a parallelogram {q = ABCD, q0 = A0B0C0D0} and we want to inscribe in
q infinite many parallelograms qt = AtBtCtDt similar to q0, with At on AB, Bt

on BC etc., then the following theorem holds.

Theorem 18. Let E denote the intersection of the diagonals of q and EA =
a, EB = b, EC = c, ED = d. Then it is impossible to inscribe in q infi-
nite many parallelograms similar to q0 if one of the following conditions is valid.

(1) A0B0 : B0C0 �=
(
1
a + 1

c

)
:
(
1
b +

1
d

)
.

(2) ̂BEC �= ̂A0B0C0.

9. Impossibility to inscribe a given parallelogram

We saw in section 2 that the inscription in a quadrangle q = ABCD of a paral-
lelogram q1 = A1B1C1D1, similar to q0 = A0B0C0D0 is impossible if the point
D1 = (A′′B′′, CD) is at infinity, i.e. the line A′′B′′ is parallel to line CD. Us-
ing homogeneous barycentric coordinates with respect to the triangle ABC and
considering the point D variable with coordinates (x, y, z) we can ask for the geo-
metric locus of D, so that the line A′′B′′ is parallel to the line CD. It turns out that
this locus is a conic, so that if the point D is on that conic, then the problem has no
solution. In order to reduce the complexity, we don’t give further explanations and
stay in the case α = γ, i.e. the case in which q0 is a rhombus, for which we note
by β = ̂A0B0C0. Then the following theorem is valid.

Theorem 19. It is impossible to inscribe in q a rhombus q1 = A1B1C1D1 sim-
ilar to q0, with ̂A0B0C0 = β, when D1 = (A′′B′′, CD) is at inifinity, which is
equivalent with the condition that D(x, y, z) lies on the conic represented in the
aforementioned barycentric coordinates by the equation

sin(β)(a2yz + b2zx+ c2xy) + (x+ y)(y + z)S = 0,

where {a, b, c, S} are the lengths of the sides and S is the double area of ABC.

Proof. It is left to the reader as a result of computer aided calculations, such as in
[2]. �

In order to construct this conic we need to know 5 points on it. Since

Cc : a
2yz + b2zx+ c2xy = 0, Pbc : y + z = 0, Pab : x+ y = 0,

are respectively the equations of the circumcircle of ABC and the lines which are
parallel from {A,C} to {BC,BA}, it is easy to see that four of these points are



Parallelograms inscribed in convex quadrangles 217

{A,X,C, Z}, where {Pbc, Pab} meet respectively the circle Cc. A fifth special
point D′ on the conic is constructed as follows.

A

B C

X

Z

E

E2

D'

L2

D

L1
B'

A'

A''

B''

α
β

Figure 17. The conic locus of D, such that A′′B′′ is parallel to CD

The parallel from B to AC is rotated about B towards A by the angle β to give
line BED′, where E is the intersection with AC (See Figure 17). The bisector of
the angle ̂CED′ meets the line BC at the point E2 and the line AE2 meets the
line BE at the required point D′. This lies on the conic, because in the quadrangle
ABCD′ we can inscribe infinite many rhombi similar to A0B0C0D0. Now we
consider the conic through the points {A,X,Z,C,D′} and take on this a point D,
such that the quadrangle ABCD is convex. Since α = γ we have α = (π − β)/2
and as in section 2 we construct lines {L1, L2} and the line A′′B′′, that now is
seen to be parallel and different from the line CD, for every point D on this conic,
except for the point D′, where lines A′′B′′ and CD coincide.

If the angle β = π/2, then the rhombus is a square, the lineBD′ is perpendicular
to AC, the equation of the conic and the baricentric coordinates of D′ are

a2yz + b2zx+ c2xy + (x+ y)(y + z)S = 0,

D′ = (2(a2 + b2 − c2)S : −(a2 + b2 − c2)(b2 + c2 − a2) : 2(b2 + c2 − a2)S).
Hence we have the following final result.

Theorem 20. Given a convex quadrangle q = ABCD and a rhombus r0 =

A0B0C0D0 with ̂A0B0C0 = β, then

(1) If the point D is not on the conic described previously, we can inscribe in
q only one rhombus similar to r0.
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(2) If the point D is on the conic and D = D′, we can inscribe in q infinite
many rhombi similar to r0.

(3) If the point D is on the conic and D �= D′, it is impossible to inscribe in q
a rhombus similar to r0.
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Abstract. The purpose of this article is three-fold. First, we use Jamshı̄d al-
Kāshı̄’s cubic equation and Mathematica to calculate sin 1◦ to over 11, 200, 000
decimal digits of accuracy; an amazing improvement over the 17 digits of accu-
racy that al-Kāshı̄ found by pencil and paper in 1426 [2]. Then, we conjecture
that al-Kāshı̄’s cubic equation can be used to calculate sin 1◦ to any desired ac-
curacy. Second, we set the record straight about the number of correct digits
that al-Kāshı̄ obtained. Third, we correct some statements that we made in [2].

1. Preliminaries

As we studied in detail [2], Risāla al-watar wa’l jaib (“The Treatise on the
Chord and Sine”), is one of the three most significant mathematical achievements
of the Iranian mathematician and astronomer Ghiyāth al-Dı̄n Jamshı̄d Mas’ūd al-
Kāshı̄ (1380-1429) that deals chiefly with the calculation of sine and chord of one-
third of an angle with known sine and chord. As we discussed in [2], al-Kāshı̄
applied Ptolemy’s theorem to an inscribed quadrilateral to obtain his famous cu-
bic equation, and then he used his cubic equation to calculate sin 1◦ to 17 correct
decimal digits as a root of his cubic equation.

The purpose of this article is three-fold. In Section 2, we use Jamshı̄d al-Kāshı̄’s
cubic equation that we discussed in [2] and Mathematica to calculate sin 1◦ to over
11, 200, 000 decimal digits of accuracy; an astonishing advancement over the 17
digits of accuracy that al-Kāshı̄ found by pencil and paper in 1426 [2]. Also, in
Section 2, we analyze our sexagesimal result in Mathematica. Moreover, we con-
jecture that al-Kāshı̄’s cubic equation can be used to calculate sin 1◦ to any desired
accuracy. In Section 3, we set the record straight about the number of correct digits
that al-Kāshı̄ achieved. Finally, in Section 4, we correct some statements that we
made in [2].

2. Al-Kāshı̄’s cubic equation and Mathematica

We recall [2] that al-Kāshı̄ used Ptolemy’s theorem to obtain the following two
forms of his famous cubic equation

Publication Date: June 6, 2018. Communicating Editor: Paul Yiu.
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(i) x =
a+ x3

b

(ii) x =
4

3
x3 +

1

3
sin 3◦.

In Section 4.2 of [2], we used (ii), his algorithm, and performed the calculation
in decimal system to obtain the same level of accuracy for approximation of sin 1◦
that was used for the value of sin 3◦, namely, 17 decimal digits. In the following
two lines of Mathematica program, we use the value of sin 3◦ form the built-in
function in Mathematica and al-Kāshı̄’s cubic equation (ii) to obtain 11, 200, 000
decimal digits of accuracy for sin 1◦.

y = x /. NSolve[x - (4/3)*xˆ3 == (1/3) Sin[Pi/60], x, Reals, 11200000][[2]];
y - N[Sin[Pi/180], 11200000]

We note that the limitation of the accuracy of our calculation here is due to the
weakness of the author’s desktop computer’s computational capability, and not al-
Kāshı̄’s cubic equation. Therefore, we can state the following conjecture.

Conjecture 2.1. Jamshı̄d al-Kāshı̄’s cubic equation (ii) can be used to calculate
sin 1◦ to any desired accuracy in the decimal system, provided we use at least the
same degree of accuracy for the value of sin 3◦.

Remark 2.2. In Section 4.1 of [2], we used al-Kāshı̄’s cubic equation (i), his
algorithm, and sin 3◦ with 9 digits of accuracy in sexagesimal system as he himself
did to find an approximation for sin 1◦ with 9 sexagesimal digits of accuracy as
well. In the following four lines of Mathematica program, we use al-Kāshı̄’s cubic
equation (i) and the value of sin 3◦ from the built-in function in Mathematica to
obtain 10, 912 sexagesimal digits of accuracy for sin 1◦.

$RecursionLimit = Infinity;
x[1] = 2;
x[n ] := N[x[n - 1]ˆ3/(3*60ˆ2) + 40*Sin[Pi/60], 19403]
RealDigits[x[19403]/120, 60, 10912] -RealDigits[Sin[Pi/180], 60, 10912]

Again, the limitation of the accuracy of our calculation here is due to the weakness
of the author’s desktop computer’s computational capability in sexagesimal sys-
tem. It is interesting to note that, as in [2] for every additional correct sexagesimal
digit of sin 3◦, we obtain an extra correct sexagesimal digit for sin 1◦.

3. Let’s set the record straight

In [2] we used al-Kāshı̄’s cubic equation and his algorithm to find the value of
sin 1◦ in sexagesimal system as

1; 2, 49, 43, 11, 14, 44, 16, 26, 17.

This is equivalent to
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sin 1◦ = 0.0174524064372835103712,

in the decimal system, where the first 17 digits are correct. However, the last
sexagesimal digit is not the same as the actual value of sin 1◦. The actual value is
18 and not 17. Therefore, using al-Kāshı̄’s cubic equation, the value of sin 3◦ with
9 sexagesimal digits of accuracy, and his algorithm, we obtain only 9 sexagesimal
digits of accuracy for sin 1◦ and not 10.

As we stated in [2], the Arabic and the Persian manuscripts of Risāla al-watar
wa’l jaib have been translated and/or commented on by various historians of math-
ematics and astronomy into English, French, German, and Russian. The number
of correct sexagesimal digits of sin 1◦ in these papers varies from 8 to 10 sexagesi-
mal digits. Likewise, the number of correct decimal digits of sin 1◦ in these papers
ranges from 16 to 22 decimal digits. For example, Rosenfeld and Youschkevitch
[3], stated that al-Kāshı̄ obtained 10 sexagesimal digits and 18 decimal digits of
accuracy. Aaboe [1], however, reported that al-Kāshı̄ obtained only 8 sexagesimal
digits of accuracy. Moreover, in the Encyclopedia of Islam [4], 16 decimal digits
of accuracy is reported.

4. Corrections/comments regarding [2]

In this section, we correct some of the statements that we made in [2] as follows.

4.1. Footnote 7, p. 231. The author was deceived by claims in the literature
that ‘Abd al-‘Alı̄ Bı̄rjandı̄ (d. 1528) was a student and colleague of both Jamshı̄d
al-Kāshı̄ and his cousin Mu‘ı̄n al-Dı̄n al-Kāshı̄. While Bı̄rjandı̄ certainly looked
at both al-Kāshı̄ and his cousin as role models and they were a source of deep
inspiration for him, he did not benefit from direct instruction from either one of
them. One simple argument would be their age differences. Al-Kāshı̄ died in
1429 while Bı̄rjandı̄ died in 1528. Also, the village that Bı̄rjandı̄ was born is
actually Bujd and not Wujd.

4.2. Footnote 19, p. 238. The last line must be divided by 60. That is, the last
line should be

1 · 60−1 + 2 · 60−2 + 49 · 60−3 + 43 · 60−4 + · · ·+ 26 · 60−9 + 17 · 60−10.

4.3. As we stated in Section 3, al-Kāshı̄’s cubic equation (i) and his algorithm
gave him only 9 sexagesimal digits of accuracy, which is equivalent to 17 deci-
mal digits. In [2, line 17], the author erred in stating that al-Kāshı̄ obtained 10
sexagesimal digits of accuracy.

4.4. Line 3, p. 240. (6) should be replaced by (13).
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Abstract. Let�ABC be a triangle with side length c = AB; here we present
the determination of the existence and quantity m of the c-inscribed equilateral
triangles {Tj}j=m

j=1 (i.e. Tj = �AjBjCj with Aj ∈ ←→BC, Bj ∈ ←→CA, Cj ∈←→
AB, c = AjBj) of �ABC in function of the position of vertex C respect
to a separatrix parabola Pi, and from an algebraic point of view. We give the
algebraic equations of all involucre conics –circles No, Ni; parabola Pi; ellipses
Hi,Ho– in the configuration.

1. Introduction

Many configurations linking conics and equilateral triangles with the triangle
have been described by different geometers in the past; here we give a new one. Let
�ABC be a triangle with side length c = AB; in this work we want to present the
determination of the existence and quantity of the c-inscribed equilateral triangles
{Tj}j=mj=1 (i.e. Tj = �AjBjCj with Aj ∈ ←→BC, Bj ∈ ←→CA, Cj ∈ ←→AB, c = AjBj)
of �ABC in function of the position of vertex C respect to a separatrix parabola
Pi, from an algebraic point of view. We give the algebraic equations of all involucre
conics –circles No, Ni; parabola Pi; ellipsesHi,Ho– in the configuration.

Readers can find the construction of the c-inscribed equilateral triangles [3].
And from the kinematic point of view we are considering a well known result of
planar kinematics: we consider the motion of the point X of an equilateral triangle
�PQX , where P and Q slide along straight (non-parallel) lines. It is well known
that, in the general case, the trajectory of X is an ellipse (for each of the two pos-
sible orientations of �PQX). Therefore, we consider nothing else than a special
case of the well known elliptic motion or Cardan motion [1], [2]. Nevertheless, in
this work, through long but straightforward calculations, we present not the well
known kinematic point of view, but the algebraic equations of the special case of
all the conics which are linked with the c-equilateral triangles which are sliding
on a triangle �ABC. More precisely, let �ABC be a triangle with side length
c = AB, let be their equilateral triangles, of side length c, which are sliding on
the straight lines

←→
AB,

←→
BC. In the next section we present the algebraic equations

Draft: June 1, 2018. Communicating Editor: Paul Yiu.



2 B. Herrera

A

C

B

Pi

Ci

Co

Ho

Hi

�

A���

A���

Ni

No

Bi

Bo

P�, 1

P�, 2

P�, 4

P�, 3

Pi

Po

Figure 1. The conics linked with the c-equilateral triangles which are sliding on
a triangle.

of all the conics which are linked with these c-equilateral triangles {Tj}j=mj=1 (see
Figure 1). And with these configuration equations, we present the determination
of the existence and quantity m of the c-inscribed equilateral triangles {Tj}j=mj=1 of
�ABC in function of the position of vertex C respect to a separatrix parabola Pi,
from an algebraic point of view. (see Figures 2, 3).

Of course, the triangle �ABC has its other two similar configurations for its
other two sides b = AC, a = BC.

1.1. Elements of the configuration. In the following we fix, with precision, the
notation and the elements involved with the configuration (for the case of the side
AB).

Lemma 1. Let �ABC be a triangle in the affine euclidean plane A

2, with its
length side c = AB, and (see Figures 1, 2, 3):

1.- Let {Tβ,k = �Pβ,kAβ,kβ}k=4
k=1 be its four β-sliding equilateral triangles: i.e.

β is an arbitrary point with β ∈ ←→CA, Aβ,k ∈ ←→BC, and Tβ,k has its length sides
equal to c = AB (see Figure 1, and the proof of Lemma 2) [this is a special case
of the well known elliptic motion].

2.- Let No and Ni be the circumcircle of�ABCo and�ABCi, the outer equi-
lateral triangle and the inner equilateral triangle of AB, respectively. Let Bo and
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Bi be the circumference of center Co with radius CoA and the circumference of
center Ci with radius CiA, respectively.

3.- Let Pi be the parabola such that
←→
AB and Ci are its: directrix and focus,

respectively. Let Pi and Po be the convex arc-connected region and the non-convex
arc-connected region, respectively, of S � Pi, where S is the semiplane, with side←→
AB, containing Ci and�ABC.

4.- LetH
k

be the locus of the points Pβ,k when Tβ,k is being sliding on the pair

of the straight lines
←→
BC,

←→
CA: i.e. when β is being sliding on

←→
CA (see Figure 1,

and Corollary 6) [this is a special case of the well known elliptic motion].
5.- Let {Tj}j=mj=1 be the c-inscribed equilateral triangles of �ABC: i.e. Tj =

�AjBjCj with Aj ∈ ←→BC, Bj ∈ ←→CA, Cj ∈ ←→AB, and c = AjBj (see Figures 2,
3).

The number m will be determined in the Corollary 8.
Without loss generality we can assume, along of this paper, that AB = c = 1;

also we can consider a Cartesian system of coordinates (x, y) such thatA = (0, 0),
B = (1, 0), C = (a, b) with b > 0.

2. Results

Lemma 2. Equations (1), (2), (3), (4) are algebraic formulae of {Pβ,k}k=4
k=1.

Proof. Let βλ = (λa, λb), λ ∈ R with βλ = β, be an arbitrary point on
←→
CA. Let

Aμ = (1 + μa− μ, μb), μ ∈ R, be an arbitrary point on
←→
BC.

With an easy calculation, we can observe that there are two points Aμ with
βλAμ = 1, which depend on λ, and with μ = μλ± where:

μλ± = 1
(a−1)2+b2

(λ
(
a2 − a+ b2

)− a+ 1±
√
(a− 1)2 + (2− λ)λb2).

We will put: Φ =
√
(a− 1)2 + b2 = BC, Ψλ =

√
(a− 1)2 + (2− λ)λb2

and Λλ = λ
(
a2 − a+ b2

)
.

Points Aμλ± exist if and only if Ψλ ≥ 0 ⇔ λ ∈ [1− Φ
b , 1 +

Φ
b

]
. Points

Aμ0±exist, with λ = 0, and μ0− = 1
Φ2 (−a+ 1− |a− 1|), μ0+ = 1

Φ2 (−a + 1
+ |a− 1|); and we have:

if a− 1 ≥ 0⇒ Aμ0− = 1
Φ2

(
b2 − (a− 1)2 , 2b (1− a)

)
, Aμ0+ = B;

if a− 1 < 0⇒ Aμ0− = B, Aμ0+ = 1
Φ2

(
b2 − (a− 1)2 , 2b (1− a)

)
.

It happens that B = Aμ0− = Aμ0+ ⇔ μ = 0 ⇔ 1 = a ⇔ ∠ABC is a right
angle. Also Aμ1± exist with λ = 1 ⇒ μ1− = 1 − 1

Φ and μ1+ = 1 + 1
Φ , thus

Aμ1− =
(
a− a−1

Φ , b− b
Φ

)
and Aμ1+ =

(
a+ a−1

Φ , b+ b
Φ

)
.

In general, to any λ ∈ [1− Φ
b , 1 +

Φ
b

] \ {0}, we have that

Aμλ± =
(
b2+(a−1)(Λλ±Ψλ)

Φ2 , b−a+1+Λλ±Ψλ
Φ2

)
.
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And the two middle points Mμλ± , of the segments A′
μλ±B

′
λ, are:

Mμλ+ =
(
(λ+1)b2+(a−1)(2Λλ+Ψλ)

2Φ2 , b (λ+1)(−a+1)+2Λλ+Ψλ

2Φ2

)
,

Mμλ− =
(
(λ+1)b2+(a−1)(2Λλ−Ψλ)

2Φ2 , b (λ+1)(−a+1)+2Λλ−Ψλ

2Φ2

)
.

Then, making a calculation, it follows that: Cμλ++
=
(
Cμλ++x

, Cμλ++y

)
, with

Cμλ++x
=

b2(λ+1)+(a−1)(
√
3b(1−λ)+2Λλ)+(a−1−√

3b)Ψλ

2Φ2 ,

Cμλ++y
=

b(λ+1)(1−a)−(λ−1)
√
3b2+2bΛλ+(b−

√
3+

√
3a)Ψλ

2Φ2 ;
(1)

and also that Cμλ+− =
(
Cμλ+−x

, Cμλ+−y

)
, with

Cμλ+−x
=

b2(λ+1)+(a−1)(−
√
3b(1−λ)+2Λλ)+(a−1+

√
3b)Ψλ

2Φ2 ,

Cμλ+−y
=

b(λ+1)(1−a)+(λ−1)
√
3b2+2bΛλ+(b+

√
3−√

3a)Ψλ

2Φ2 ;
(2)

and also that Cμλ−+
=
(
Cμλ−+x

, Cμλ−+y

)
, with

Cμλ−+x
=

b2(λ+1)+(a−1)(
√
3b(1−λ)+2Λλ)−(a−1−√

3b)Ψλ

2Φ2 ,

C ′′
μλ−+y

=
b(λ+1)(1−a)−(λ−1)

√
3b2+2bΛλ+(−b+

√
3−√

3a)Ψλ

2Φ2 ;
(3)

and also that Cμλ−− =
(
Cμλ−−x

, Cμλ−−y

)
, with

Cμλ−−x
=

b2(λ+1)+(a−1)(−
√
3b(1−λ)+2Λλ)−(a−1+

√
3b)Ψλ

2Φ2 ,

Cμλ−−y
=

b(λ+1)(1−a)+(λ−1)
√
3b2+2bΛλ+(−b−

√
3+

√
3a)Ψλ

2Φ2 .
(4)

Where Cμλ++
, Cμλ+− , Cμλ−+

, Cμλ−− , are the vertices of the equilateral triangles
�Cμλ++

Aμλ+βλ, �Cμλ+−Aμλ+βλ, �Cμλ−+
Aμλ−βλ, �Cμλ−−Aμλ−βλ, respec-

tively.

In the case of λ = 0 it happens that: if a − 1 > 0 then Cμ0++ =
(
1
2 ,

√
3
2

)
,

Cμ0+− =
(
1
2 ,−

√
3
2

)
; and if a − 1 < 0 then Cμ0−+ =

(
1
2 ,

√
3
2

)
, Cμ0−− =(

1
2 ,−

√
3
2

)
; and if a−1 = 0 then Cμ0++ = Cμ0−+ =

(
1
2 ,

√
3
2

)
, Cμ0+− = Cμ0−− =(

1
2 ,−

√
3
2

)
.

Therefore, finally we have: β = βλ, Aβ,1 = Aβ,2 = Aμλ+ , Aβ,3 = Aβ,4 =
Aμλ− , Pβ,1 = Cμλ++

, Pβ,2 = Cμλ+− , Pβ,3 = Cμλ−+
, Pβ,4 = Cμλ−− . �

With gP,θ the rotation with angle of amplitude θ and with center point P : by
construction, we have that gPβ,1,−π

3
(Aβ,1) = gPβ,2,

π
3
(Aβ,2) = gPβ,3,−π

3
(Aβ,3) =

gPβ,4,
π
3
(Aβ,4) = β; and we have that the equilateral triangles�Pβ,1Aβ,1β,�Pβ,2Aβ,2β,

�Pβ,3Aβ,3β,�Pβ,4Aβ,4β are not coincident.

Along all the paper we will put Φ =
√
(a− 1)2 + b2, Λλ = λ

(
a2 − a+ b2

)
and Ψλ =

√
(a− 1)2 + (2− λ)λb2.

The following lemma also is a Definition:
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Lemma 3. Let Hi, Ho be the two conics determined by: both conics have the
center point C, the outer and inner bisectors of the angle ∠ACB are the axes of

the both conics, the two points Ci =
(
1
2 ,

√
3
2

)
and Cμ1++ =

(
a+ a−1−b√3

2Φ , b+

b+(a−1)
√
3

2Φ

)
belong to Hi, the two points Co =

(
1
2 ,−

√
3
2

)
and Cμ1+− = (a+

a−1+b
√
3

2Φ , b+ b+(1−a)√3
2Φ

)
belong toHo.

Then we have:
Hi is circumference⇔ C ∈ Bi, in this caseHi has equation (5);
Ho is circumference⇔ C ∈ Bo, in this caseHo has equation (6);
if a = 1

2 , it happens that b 	=
√
3
2 ⇔ Hi is ellipse, in this case Hi has equation

(7);
if a = 1

2 , it happens that b = 1 +
√
3
2 ⇔ Hi is circumference, in this case Hi

has equation (8);
if a = 1

2 , it happens that b =
√
3
2 ⇔ Hi is a pair of coincident straight lines

parallel to
←→
AB, in this caseHi has equation (9);

if a = 1
2 , it happens that b 	=

√
3
6 ⇔Ho is ellipse, in this case Ho has equation

(10);
if a = 1

2 , it happens that b = 1 −
√
3
2 ⇔ Ho is circumference, in this case Ho

has equation (11);
if a = 1

2 , it happens that b =
√
3
6 ⇔ Ho is a pair of coincident straight lines

orthogonal to
←→
AB, in this caseHi has equation (12);

if a 	= 1
2 , it happens that C /∈ Bi ⇔ Hi is not circumference, in this caseHi has

equation (13);
if a 	= 1

2 , it happens that C /∈ Bo ⇔ Ho is not circumference, in this case Ho
has equation (14).

Proof. LetH be a conic, its equation isH ≡ ξx2+ζy2+Dxy+Ex+Fy+G = 0;

and M =

⎛
⎜⎝

G 1
2E

1
2F

1
2E ξ 1

2D
1
2F

1
2D ζ

⎞
⎟⎠ is its associated matrix with its algebraic parame-

ters: T = trace (M00), U = detM11 + detM22, where M00 =

(
β 1

2D
1
2D ζ

)
,

M11 =

(
G 1

2F
1
2F ζ

)
and M22 =

(
G 1

2E
1
2E ξ

)
.

From now, we consider that the inner and outer bisectors of the angle ∠ACB
are the axes ofH.

By requiring that C is the center H, we have two possibilities: the bisectors of
∠ACB are parallel to the coordinate axes, or they are not; and these two possibil-
ities are equivalent to a = 1

2 or a 	= 1
2 . Therefore, if a = 1

2 then the axes of H are
parallel to the coordinate axes; but if a 	= 1

2 then the axes of H are not parallel to
the coordinate axes unlessH is circumference.

Now, whatever the value of a, we first consider that H is circumference with
center point C. By imposing the circumference H passes through the point Ci =
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(
1
2 ,

√
3
2

)
we have

Hi ≡ x2 + y2 − 2ax− 2by − 1 + a+ b
√
3 = 0. (5)

By imposing the circumference H passes through the point Co =
(
1
2 ,−

√
3
2

)
we

have

Ho ≡ x2 + y2 − 2ax− 2by − 1 + a− b
√
3 = 0. (6)

And ifHi = Hi passes through the point Cμ1++ then a2 + b2− a− b√3 = 0; also
ifHo = Ho passes through the point C ′′

μ1+− then a2 + b2 − a+ b
√
3 = 0.

The equations of Bi and Bo are Bi ≡ x2 + y2 − x − y
√
3 = 0 and B0 ≡

x2 + y2 − x + y
√
3 = 0 respectively. Accordingly, if the conics Hi, Ho are

circumferences then C ∈ Bi, C ∈ Bo respectively.
The inverse assertion is true, i.e. if the conics Hi and Ho have their centers

C ∈ Bi and C ∈ Bo, respectively, then they are circumferences; we will prove
later this inverse assertion.

Now, regardless if H is a circumference or not, we consider the case of a = 1
2 .

Then we have that the axes ofH are parallel to the coordinate axes; which implies
that the matrix A00 has the eigenvectors {(1, 0) , (0, 1)}, which algebraically im-
poses thatD = 0. ThenH ≡ ξx2+ζy2+Ex+Fy+G = 0. But,H is conic with
center, then H is not a parabola; and then, algebraically, the value 0 is discarded
as eigenvalue of A00, so ξ 	= 0 and ζ 	= 0. Therefore, without loss generality, we
can consider that ζ = 1, and we have that H ≡ ξx2 + y2 + Ex + Fy + G = 0.
Moreover C is center point of H; then, with a = 1

2 , analytically we have that{
1
2ξ +

1
2E = 0

b+ 1
2F = 0

, which implies that H ≡ −Ex2 + y2 + Ex− 2by +G = 0. If

H also passes through the point Ci then we denote the conic asHi, and has the fol-
lowing equation: Hi ≡ − (−3 + 4b

√
3− 4G

)
x2+ y2+

(−3 + 4b
√
3− 4G

)
x−

2by +G = 0. Similarly, if H also passes through the point Co then we denote the
conic as Ho, and has the following equation: Ho ≡ − (−3− 4b

√
3− 4G

)
x2 +

y2 +
(−3− 4b

√
3− 4G

)
x− 2by +G = 0.

We impose now that Hi passes through the point C ′′
μ1++

, with a = 1
2 and b 	=

1
2

√
3, then we have thatHi = Hi with

Hi ≡ 48b2
(
2b−√3)2 x2 + 4

(
6b+

√
3
)2
y2 − 48b2

(
2b−√3)2 x

−8b (6b+√3)2 y + 3
(
8b3 + 12b2

√
3− 6b−√3) (2b+√3) = 0.

(7)

With b 	= 1
2

√
3, the conic Hi has the algebraic parameters: detA = −192b2(2b−√

3)4(6b +
√
3)4 	= 0, detA00 = 192b2

(
2b−√3)2 (6b+√3)2 > 0, T =

48b2(2b− √3)2 + 4(6b +
√
3)2 and T detA < 0; therefore Hi is a real non-

degenerate ellipse. If b = 1 + 1
2

√
3, i.e. C ∈ Bi, then

Hi ≡ x2 + y2 − x−
(
2 +
√
3
)
y + 1 +

√
3 = 0, (8)
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andHi is a circumference of radius 1. If b = 1
2

√
3then the conicHi degenerates to

Hi ≡ y2 −
√
3y +

3

4
= 0, (9)

with ξ = 0, whose algebraic parameters are: detA = 0, detA00 = 0, U = 0;
thereforeHi is the pair of coincident straight lines

{
y = 1

2

√
3
}

,
{
y = 1

2

√
3
}

.
We impose now that Ho passes through the point C ′′

μ1+− ,with a = 1
2 and b 	=

1
6

√
3, then we have thatHo = Ho with

Ho ≡ 48b2
(
2b+

√
3
)2
x2 + 4

(
6b−√3)2 y2 − 48b2

(
2b+

√
3
)2
x

−8b (6b−√3)2 y ++3
(
8b3 − 12b2

√
3− 6b+

√
3
) (

2b−√3) = 0.
(10)

With b 	= 1
6

√
3, the conic Ho has the algebraic parameters: detA = −192b2(2b+√

3)4 (6b − √3)4 	= 0, detA00 = 192b2
(
2b+

√
3
)2 (

6b−√3)2 > 0, T =

48b2(2b+
√
3)2 + 4(6b − √3)2 and T detA < 0; therefore Ho is a real non-

degenerate ellipse. If b = 1− 1
2

√
3, i.e. C ∈ Bo, then

Ho ≡ x2 + y2 − x−
(
2−
√
3
)
y + 1−

√
3 = 0, (11)

is a circumference of radius 1. If b = 1
6

√
3 then the conicHo degenerates to

Ho ≡ x2 − x+
1

4
= 0, (12)

with ζ = 0, whose algebraic parameters are: detA = 0, detA00 = 0, U = 0;
thereforeHo is the pair of coincident straight lines

{
x = 1

2

}
,
{
x = 1

2

}
.

We have just seen that if a = 1
2 and C ∈ Bi, C ∈ Bo then Hi, Ho are cir-

cumferences, respectively. Let’s see what is also true with a 	= 1
2 . If C ∈

Bo, then is easy to calculate that C is at the same distance from Co to C ′′
μ1+− .

But the three points Co, C ′′
μ1+− and C ∈ Bo, are not aligned. To prove the

above assertion: if we impose that
((
a+ a−1+b

√
3

2Φ , b+ b+(1−a)√3
2Φ

)
− (a, b)

)
−

α
((

1
2 ,−

√
3
2

)
− (a, b)

)
= (0, 0), then this implies that α = −a−1+b

√
3

Φ(2a−1) and

3a2 + 3b2 − 3a + b
√
3 = 0. But moreover a2 + b2 − a + b

√
3 = 0, then nec-

essarily C = (0, 0) = A or C = (1, 0) = B, in contradiction. Therefore: C
is at the same distance from Co to C ′′

μ1+− , they are three not aligned points, and
C is center of symmetry of the conic Ho which passes through Co and C ′′

μ1+− ;
then Ho is a circumference. Similarly: if C ∈ Bi, then is easy to calculate that
C is at the same distance from Ci to C ′′

μ1++
. But the three points Ci, C ′′

μ1++

and C ∈ Bi, are not aligned. To prove the above assertion: if we impose that((
a+ a−1−b√3

2Φ , b+ b+(a−1)
√
3

2Φ

)
− (a, b)

)
−α

((
1
2 ,

√
3
2

)
− (a, b)

)
= (0, 0), then

this implies that α = −a+1+b
√
3

Φ(2a−1) and 3a2 + 3b2 − 3a − b√3 = 0. But moreover

a2 + b2 − a − b√3 = 0, then necessarily C = (0, 0) = A or C = (1, 0) = B,
in contradiction. Therefore: C is at the same distance from Ci to C ′′

μ1++
, they are
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three not aligned points, and C is center of symmetry of the conicHi which passes
through Ci and C ′′

μ1++
; thenHi is a circumference.

Now we consider the case of a 	= 1
2 .

The axes of H are not parallel to the coordinate axes unless that any straight
line through C is axis of H, and then H is circumference. Algebraically, H is not
circumference if and only if the vector {(1, 0) , (0, 1)} are not eigenvectors ofM00,
thenH is not circumference if and only if D 	= 0.

We consider that H is not circumference (if H is circumference then is already
a studied case) and we can assume that D = 1, so that H ≡ ξx2 + ζy2 +

xy + Ex + Fy + G = 0. The vectors −→u + =

(
β − γ +

√
(β − γ)2 + 1, 1

)
,

−→u − =

(
β − γ −

√
(β − γ)2 + 1, 1

)
are eigenvectors with eigenvalues 1

2β +

1
2γ + 1

2

√
(β − γ)2 + 1, 1

2β + 1
2γ − 1

2

√
(β − γ)2 + 1, of M00, respectively. Then

−→u +, −→u −, are direction vectors of the axes of H. The inner and outer bisectors
of the angle ∠ACB are directed by −→v + = (a, b) 1√

a2+b2
+ (a − 1, b) 1√

(a−1)2+b2

, −→v − = (a, b) 1√
a2+b2

− (a − 1, b) 1√
(a−1)2+b2

. Then we have the proportionality

−→u + = ε−→v +, −→u − = ε−→v −, which implies, with a 	= 1
2 , that β = a2−b2−a

b(2a−1) + ζ;

so: H ≡
(
a2−b2−a
b(2a−1) + ζ

)
u2 + ζy2 + xy + Ex + Fy +G = 0. By imposing that

(a, b) is the centerH we have: ζ = −2a3−2a2−b2
2ab(2a−1) − E

2a , F = − a2+b2

a(2a−1) +
Eb
a , which

implies that ξ = −1
2
b+E
a . Therefore:

H ≡ −1

2

b+ E

a
x2−2a3−2a2−b2+Eb(2a−1)

2ab(2a−1) y2+xy+Ex+
(
− a2+b2

a(2a−1) +
Eb
a

)
y+G = 0.

And by imposing that H = Ho passes through the point Co =
(
1
2 ,−

√
3
2

)
, and by

computing we obtain

Go =
3a3−3a2+ab2−2b2−√

3ab−2
√
3b3+Eb(6a−2−4a2+4

√
3ab−2

√
3b)

4ab(2a−1) ,

for the conicHo.
Also, by imposing thatH = Hi passes through the point Ci =

(
1
2 ,

√
3
2

)
, and by

computing we obtain

Gi =
3a3−3a2+ab2−2b2+

√
3ab+2

√
3b3+Eb(6a−2−4a2−4

√
3ab+2

√
3b)

4ab(2a−1) ,

for the conicHi.
Now, considering that a 	= 1

2 , and also that a2 + b2 − a − b√3 	= 0 because
C /∈ Bi -H is not circumference-; by imposing that Hi = Hi passes through the
point Cμ1++ we have Ei = b a2+b2+a−b√3

(a2+b2−a−b
√
3)(2a−1)

. The above expression of Ei
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implies that:

Gi =
(3a3−6a2−a2√3b+3a+3ab2−6b2+

√
3b−√

3b3)(3a+b
√
3)

12b(a2+b2−a−b
√
3)(2a−1)

,

Hi ≡ −b a2+b2−a−√
3b+1

(a2+b2−a−b
√
3)(2a−1)

x2 − a4−2a3+a2b2+a2−a2√3b−ab2+√
3ab+b2

b(a2+b2−a−b
√
3)(2a−1)

y2

+xy + b a2+b2+a−√
3b

(a2+b2−a−b
√
3)(2a−1)

x− a3−a2+ab2−√
3ab−2b2

(a2+b2−a−b
√
3)(2a−1)

y +Gi = 0.

(13)
Similarly, considering that a 	= 1

2 , and also that a2 + b2− a+ b
√
3 	= 0 because

C /∈ B0 -H is not circumference- by imposing that Ho = Ho passes through the
point Cμ1+− we have Eo = b a2+b2+a+

√
3b

(a2+b2−a+
√
3b)(2a−1)

. The above expression of Eo

implies that:

Go =
(3a3−6a2+a2

√
3b+3a+3ab2−6b2−√

3b+
√
3b3)(3a−

√
3b)

12b(a2+b2−a+
√
3b)(2a−1)

,

Ho ≡ −b a2+b2−a+√
3b+1

(a2+b2−a+
√
3b)(2a−1)

x2 − a4−2a3+a2b2+a2+a2
√
3b−ab2−√

3ab+b2

b(a2+b2−a+
√
3b)(2a−1)

y2

+xy + b a2+b2+a+
√
3b

(a2+b2−a+
√
3b)(2a−1)

x− a3−a2+ab2+√
3ab−2b2

(a2+b2−a+
√
3b)(2a−1)

y +Go = 0.

(14)
�

And, as a result of the above lemmas, in short we have the following algebraic
equations

Theorem 4. The conicsHi,Ho have the equations:

Hi ≡ −b2(a2 + b2 − a−√3b+ 1)x2 − (a4 − 2a3 + a2b2 + a2 − a2√3b
−ab2 +√3ab+ b2)y2 + b(a2 + b2 − a− b√3) (2a− 1)xy + b2(a2 + b2 + a

−√3b)x− b(a3 − a2 + ab2 −√3ab− 2b2)y + 1
12(3a

3 − 6a2 − a2√3b+ 3a

+3ab2 − 6b2 +
√
3b−√3b3)(3a+ b

√
3) = 0;

(15)

Ho ≡ −b2(a2 + b2 − a+√3b+ 1)x2 − (a4 − 2a3 + a2b2 + a2 + a2
√
3b

−ab2 −√3ab+ b2)y2 + b(a2 + b2 − a+√3b) (2a− 1)xy + b2(a2 + b2 + a

+
√
3b)x− b(a3 − a2 + ab2 +

√
3ab− 2b2)y + 1

12(3a
3 − 6a2 + a2

√
3b+ 3a

+3ab2 − 6b2 −√3b+√3b3)(3a−√3b) = 0.
(16)

Now, the following Proposition 5 and the Corollary 6 are consequence of a spe-
cial case of the well known elliptic motion; but we can get these results with alge-
braic arguments using the above Theorem 4:

Proposition 5. The two conicsHi,Ho:
1.- are ellipses if and only if C /∈ Ni and C /∈ No, respectively.
2.- are a pair of coincident straight lines if and only if C ∈ Ni and C ∈ No,

respectively; and they are outer and the inner bisectors of the angle ∠ACB , re-
spectively.

3.- are circumferences if and only if C ∈ Bi and C ∈ Bo, respectively.
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Proof. The affirmation 3 has previously been shown in the proof of the previous
theorem. Then here we consider the affirmations 1 and 2 in the case C /∈ Bi and
C /∈ Bo.

The equations of Ni and No are: Ni ≡ x2 + y2 − x − 1
3

√
3y = 0 and N0 ≡

x2 + y2 − x+ 1
3

√
3y = 0.

If a = 1
2 then the affirmations 1 and 2 have previously been shown in the proof

of the previous theorem.
Let us consider then a 	= 1

2 .
The algebraic parameters ofHo are:

detA =
(3a2+3b2−3a+

√
3b)

4

144b(a2+b2−a+
√
3b)

3
(2a−1)3

, detA00 =
(3a2+3b2−3a+

√
3b)

2

12(a2+b2−a+
√
3b)

2
(2a−1)2

,

T = −2a2b2−2ab2+2b2+b4+
√
3b3+a4−2a3+a2+a2

√
3b−√

3ab
b(a2+b2−a+

√
3b)(2a−1)

;

where b 	= 0, 2a−1 	= 0 and a2+ b2−a+√3b 	= 0 because C /∈ Bo. Moreover if

C /∈ N0 then detA 	= 0, detA00 > 0, and T detA = − 1
144

ϕ(a,b)(3a2+3b2−3a+
√
3b)

4

b2(a2+b2−a+
√
3b)

4
(2a−1)4

with ϕ(a, b) = 2a2b2−2ab2+2b2+ b4+
√
3b3+a4−2a3+a2+a2

√
3b−√3ab.

We have that ϕ(1, 1) > 0 and the equation ϕ(a, b) = 0 has the four roots:

a = 1
2 + 1

2

√
1 + 2ib

√
5− 4b2 − 2

√
3b, a = 1

2 − 1
2

√
1 + 2ib

√
5− 4b2 − 2

√
3b,

a = 1
2 + 1

2

√
1− 2ib

√
5− 4b2 − 2

√
3b, a = 1

2 − 1
2

√
1− 2ib

√
5− 4b2 − 2

√
3b,

which are real roots only if b = 0. Therefore T detA < 0 and then Ho is a real
non-degenerate ellipse. But, if C ∈ N0 then detA = 0, detA00 = 0, and

U =
−√

3(3b3+2
√
3b2+a2b2

√
3−2

√
3ab2+3a2b−3ab+a2

√
3+a4

√
3−2a3

√
3)(3a2+3b2−3a+

√
3b)

2

36b2(a2+b2−a+
√
3b)

2
(2a−1)2

with U = 0. Therefore if C ∈ N0 then Ho are two coincident straight lines; and,
by construction ofHo, they are the inner bisectrix of the angle ∠ACB.

The algebraic parameters ofHi are:

detA =
(3a2+3b2−3a−√

3b)
4

144b(a2+b2−a−
√
3b)

3
(2a−1)3

, detA00 =
(3a2+3b2−3a−√

3b)
2

12(a2+b2−a−
√
3b)

2
(2a−1)2

,

T = −2a2b2−2ab2+2b2+b4−√
3b3+a4−2a3+a2−a2√3b+

√
3ab

b(a2+b2−a−
√
3b)(2a−1)

.

where b 	= 0, 2a−1 	= 0 and a2+ b2−a−√3b 	= 0 because C /∈ Bi. Moreover if

C /∈ Ni then detA 	= 0, detA00 > 0, and T detA = − 1
144

ψ(a,b)(3a2+3b2−3a−√
3b)

4

b2(a2+b2−a−
√
3b)

4
(2a−1)4

with ψ(a, b) = 2a2b2−2ab2+2b2+ b4−√3b3+a4−2a3+a2−a2√3b+√3ab.
We have that ψ(1, 1) > 0 and the equation ψ(a, b) = 0 has the four roots:

a = 1
2 + 1

2

√
1 + 2ib

√
5− 4b2 + 2

√
3b, a = 1

2 − 1
2

√
1 + 2ib

√
5− 4b2 + 2

√
3b,

a = 1
2 + 1

2

√
1− 2ib

√
5− 4b2 + 2

√
3b, a = 1

2 − 1
2

√
1− 2ib

√
5− 4b2 + 2

√
3b,

which are real roots only if b = 0. Therefore T detA < 0 and then Hi is a real
non-degenerate ellipse. But, if C ∈ Ni then detA = 0, detA00 = 0, and

U =
√
3(3b3−2

√
3b2−a2b2√3+2

√
3ab2+3a2b−3ab−a2√3−a4√3+2a3

√
3)(3a2+3b2−3a−√

3b)
2

36b2(a2+b2−a−
√
3b)

2
(2a−1)2
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with U = 0. Therefore if C ∈ Ni then Hi are two coincident straight lines; and,
by construction ofHi, they are the outer bisectrix of the angle ∠ACB. �

With the Lemma 2 and the Theorem 4, we can prove algebraically the following:

Corollary 6. Let {Tβ,k = �Pβ,kAβ,kβ}k=4
k=1, then:

1.-Hi=H1 ∪H3 is the geometrical locus of the vertices Pβ,1 and Pβ,3.
2.-Ho=H2 ∪H4 is the geometrical locus of the vertices Pβ,2 and Pβ,4.

Proof. With a very lengthy and straightforward calculation we can check the result
in all its parts and implications.

Let us see a case, let us see, for example, the explicit calculations that show that
Cμλ++

= Pβ,1 ∈ Hi. Using the Equations (1), (15) we must to prove that

−4Φ4ba
2+b2−a−√

3b+1
1

(
Cμλ++x

)2
−4Φ4 (a

4−2a3+a2b2+a2−a2√3b−ab2+√
3ab+b2)

b

(
Cμλ++y

)2
+4Φ4

(
a2 + b2 − a− b√3) (2a− 1)Cμλ++x

Cμλ++y

+4Φ4ba
2+b2+a−√

3b
1 Cμλ++x

− 4Φ4 a3−a2+ab2−
√
3ab−2b2

1 Cμλ++y

+4Φ4 (3a
3−6a2−a2√3b+3a+3ab2−6b2+

√
3b−√

3b3)(3a+b
√
3)

12b = 0.

Then: with a very lengthy and straightforward calculation we have

Ψ1 = −4Φ4ba
2+b2−a−√

3b+1
1

(
Cμλ++x

)2
−4Φ4 (a

4−2a3+a2b2+a2−a2√3b−ab2+√
3ab+b2)

b

(
Cμλ++y

)2
,

where

Ψ1 = −4b− 3
√
3a− 4λb3 +

√
3b2 − 80ba4 + 100ba3 + 4ab3 − 70ba2 + 26ba

−11a2b3 + 4b4
√
3 + 6Ψλb

3 − 6ba6 + 34ba5 + 24b5λ− 18b5λ2 + 22a3b3

−12a4b3 − 10a2b5 + 22b5a+ 3b6
√
3− 10b5Ψλ − 4b7λ− 2b7λ2 − 56b5aλ

−158λ2a4b3 − 78a2λ2b5 − 18Ψλab
3 + 8a2λb3 − 94a2λ2b3 + 20aλ2b3

−4√3a3b2 − 10Ψλλb
3 − 8

√
3b4λ+ 6

√
3b4λ2 + 2Ψλ

√
3b4 − 3a4

√
3b2

+3a2b4
√
3 + 12a2Ψλb

3 + 88a5λ2b3 + 56a3λ2b5 + 4a5b3λ− 4a3b5λ

+10a2
√
3b2 − 6

√
3ab2 + 12aλb3 + 168λ2b3a3 + 64λ2b5a− 9b4

√
3a

−32b3λa3 − 4a
√
3b2λ− 8

√
3a4b2λ− 16

√
3a3b2λ− 48

√
3a2b4λ

+16
√
3a2b2λ+ 86a4

√
3b2λ2 − 58a3

√
3b2λ2 + 76a2

√
3b4λ2 + 18a2

√
3b2λ2

−2√3b2λ2a− 10Ψλa
2
√
3b2 − 52Ψλa

2λb3 + 4Ψλa
√
3b2 + 32

√
3ab4λ
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−34√3ab4λ2 + 4Ψλ

√
3b2λ+ 2Ψλ

√
3b4λ− 8a6

√
3b2λ+ 20a5

√
3b2λ

−16a4√3b4λ+ 16a6
√
3b2λ2 − 60a5

√
3b2λ2 + 32a4

√
3b4λ2 − 2a4Ψλ

√
3b2

−16a4Ψλλb
3 + 8a3Ψλ

√
3b2 + 40a3

√
3b4λ− 80a3

√
3b4λ2 − 8b6

√
3a2λ

+16b6a2
√
3λ2 + 40b3Ψλa

3λ− 8b5Ψλa
2λ+ 20b6

√
3aλ− 20b6

√
3aλ2

−2b6Ψλ

√
3λ− 8b5Ψλaλ− 106bΨλa

4λ+ 110bΨλa
3λ− 54bΨλa

2λ

+10bΨλλa− 8ba6Ψλλ+ 48ba5Ψλλ− 3b3 − 16b5 − b7 + 54Ψλa
2
√
3b2λ

−24Ψλa
√
3b2λ− 24a6λ2b3 − 24a4λ2b5 + 12a4λb3 + 2a5

√
3b2 + 32a2b5λ

+8b7λ2a− 2b6
√
3a− 4b7aλ− 8b7a2λ2 + 4b5Ψλa+ 6b5Ψλλ− 8b6

√
3λ

+6b6
√
3λ2 + 2b6Ψλ

√
3− 82bλ2a6 + 88bλ2a5 − 52bλ2a4 + 16bλ2a3

−2bλ2a2 − 8ba8λ2 + 40ba7λ2 − 56Ψλ

√
3b2λa3 − 8Ψλ

√
3b4aλ

+6a2Ψλ

√
3b4λ+ 26a4Ψλ

√
3b2λ− 4a5Ψλ

√
3b2λ+ 4a3Ψλ

√
3b4λ

+4b6Ψλ

√
3aλ− 8bλa2 − 45

b a
4 + 18

b a
3 − 3

ba
2 − 45

b a
6 + 60

b a
5 − 3

ba
8

+18
b a

7 + 2Ψλa
2
√
3λ− 12Ψλ

√
3λa3 + 28a4Ψλ

√
3λ− 32a5Ψλ

√
3λ

−8a5Ψλ

√
3 + 2Ψλa

2
√
3 + 12a4Ψλ

√
3− 8a3Ψλ

√
3 + 38b3Ψλaλ+ 2a6Ψλ

√
3

+17a2
√
3 + 36bλa3 + 6bΨλa− 40

√
3a3 + 50a4

√
3− 14ba2Ψλ + 56ba5λ

+6ba3Ψλ − 64ba4λ− 35a5
√
3 + 13a6

√
3 + 6ba4Ψλ + 4ba7λ− 4ba5Ψλ

−24ba6λ− 2a7
√
3− 2b4a2Ψλ

√
3 + 18a6Ψλ

√
3λ− 4a7Ψλ

√
3λ+ 2b4a3

√
3,

and we have

Ψ2 = 4Φ4
(
a2 + b2 − a− b

√
3
)
(2a− 1)Cμλ++x

Cμλ++y
,

where

Ψ2 = 3b+
√
3a+ 6λb3 +

√
3b2 − 5ba4 − 20ba3 + 32ab3 + 30ba2 − 16ba

−40a2b3 − 14Ψλb
3 − 4ba6 + 12ba5 − 28b5λ+ 18b5λ2 + 16a3b3 + 4a2b5

−12b5a− b6√3 + 2b5Ψλ − 2b7λ+ 2b7λ2 + 80b5aλ+ 158λ2a4b3

+78a2λ2b5 + 42Ψλab
3 − 48a2λb3 + 94a2λ2b3 − 20aλ2b3 − 16

√
3a3b2

+10Ψλλb
3 + 8

√
3b4λ− 6

√
3b4λ2 + 2Ψλ

√
3b4 + 9a4

√
3b2 + 3a2b4

√
3

−28a2Ψλb
3 − 88a5λ2b3 − 56a3λ2b5 − 4a5b3λ+ 4a3b5λ+ 14a2

√
3b2

−6√3ab2 − 4aλb3 + 2Ψλ

√
3b2 − 168λ2b3a3 − 64λ2b5a− b4√3a

+80b3λa3 + 4a
√
3b2λ+ 8

√
3a4b2λ+ 16

√
3a3b2λ+ 48

√
3a2b4λ

−16√3a2b2λ− 86a4
√
3b2λ2 + 58a3

√
3b2λ2 − 76a2

√
3b4λ2

−18a2√3b2λ2 + 2
√
3b2λ2a+ 26Ψλa

2
√
3b2 + 52Ψλa

2λb3 − 12Ψλa
√
3b2

−32√3ab4λ+ 34
√
3ab4λ2 − 4Ψλ

√
3b2λ− 2Ψλ

√
3b4λ+ 8a6

√
3b2λ

−20a5√3b2λ+ 16a4
√
3b4λ− 16a6

√
3b2λ2 + 60a5

√
3b2λ2 − 32a4

√
3b4λ2

+8a4Ψλ

√
3b2 + 16a4Ψλλb

3 − 24a3Ψλ

√
3b2 − 40a3

√
3b4λ+ 80a3

√
3b4λ2

+8b6
√
3a2λ− 16b6a2

√
3λ2 − 40b3Ψλa

3λ+ 8b5Ψλa
2λ− 8b4Ψλa

√
3

−20b6√3aλ+ 20b6
√
3aλ2 + 2b6Ψλ

√
3λ+ 8b5Ψλaλ+ 106bΨλa

4λ
−110bΨλa

3λ+ 54bΨλa
2λ− 10bΨλλa+ 8ba6Ψλλ− 48ba5Ψλλ− 8b3 + 5b5

−54Ψλa
2
√
3b2λ+ 24Ψλa

√
3b2λ+ 24a6λ2b3 + 24a4λ2b5 − 30a4λb3

−2a5√3b2 − 50a2b5λ− 8b7λ2a+ 2b6
√
3a+ 4b7aλ+ 8b7a2λ2 − 4b5Ψλa

−6b5Ψλλ+ 8b6
√
3λ− 6b6

√
3λ2 + 82bλ2a6 − 88bλ2a5 + 52bλ2a4 − 16bλ2a3
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+2bλ2a2 + 8ba8λ2 − 40ba7λ2 + 56Ψλ

√
3b2λa3 + 8Ψλ

√
3b4aλ− 6a2Ψλ

√
3b4λ

−26a4Ψλ

√
3b2λ+ 4a5Ψλ

√
3b2λ− 4a3Ψλ

√
3b4λ− 4b6Ψλ

√
3aλ+ 2bλa2

−2Ψλa
2
√
3λ+ 12Ψλ

√
3λa3 − 28a4Ψλ

√
3λ+ 32a5Ψλ

√
3λ− 38b3Ψλaλ

−7a2√3− 12bλa3 + 2bΨλa+ 20
√
3a3 − 30a4

√
3− 10ba2Ψλ − 32ba5λ

+18ba3Ψλ + 28ba4λ+ 25a5
√
3− 11a6

√
3− 14ba4Ψλ − 4ba7λ+ 4ba5Ψλ

+18ba6λ+ 2a7
√
3 + 8b4a2Ψλ

√
3− 18a6Ψλ

√
3λ+ 4a7Ψλ

√
3λ− 2b4a3

√
3,

and we have

Ψ3 = 4Φ4ba
2+b2+a−√

3b
1 Cμλ++x

− 4Φ4 a3−a2+ab2−√
3ab−2b2

1 Cμλ++y
,

where
Ψ3 = −2λb3 + 12ba4 − 8ba3 − 24ab3 + 2ba2 + 24a2b3 + 8Ψλb

3

+2ba6 − 8ba5 + 4b5λ− 16a3b3 + 6a4b3 + 6a2b5 − 8b5a+ 8b5Ψλ

+6b7λ− 24b5aλ− 24Ψλab
3 + 40a2λb3 − 4Ψλ

√
3b4 + 16a2Ψλb

3

−8aλb3 − 2Ψλ

√
3b2 − 48b3λa3 − 16Ψλa

2
√
3b2 + 8Ψλa

√
3b2

−6a4Ψλ

√
3b2 + 16a3Ψλ

√
3b2 + 8b4Ψλa

√
3 + 10b3 + 12b5 + 2b7

+18a4λb3 + 18a2b5λ− 2b6Ψλ

√
3 + 6bλa2 + 8a5Ψλ

√
3− 2Ψλa

2
√
3

−12a4Ψλ

√
3 + 8a3Ψλ

√
3− 2a6Ψλ

√
3− 24bλa3 − 8bΨλa+ 24ba2Ψλ

−24ba5λ− 24ba3Ψλ + 36ba4λ+ 8ba4Ψλ + 6ba6λ− 6b4a2Ψλ

√
3.

And with all these, simplifying, we arrive to

Ψ1+Ψ2+Ψ3 = −1
3
(3a3−6a2−a2√3b+3ab2+3a−6b2+

√
3b−√

3b3)(3a+
√
3b)(a2−2a+1+b2)

2

b ,

and then Ψ1+Ψ2+Ψ3+4Φ4 (3a
3−6a2−a2√3b+3a+3ab2−6b2+

√
3b−√

3b3)(3a+b
√
3)

12b =
0, finishing the calculation. �

Now, in the following, with the Theorem 4, we present the determination and the
construction with ruler and compass, with Equations (15), (16), of Tj = �AjBjCj
the c-inscribed equilateral triangles of�ABC (Figures 2, 3). Of course the follow-
ing proposition 7 also is consequence of a special case of the well known elliptic
motion; but, with our approach, we give the algebraic formulae (17), (18):

Proposition 7. The conicHo:
1.- with C ∈ No, is a pair of coincident straight lines which intersect in one

point with
←→
AB. (Figure 3c)

2.- with C /∈ No, is an ellipse which intersect in two points with
←→
AB. (Figures

2, 3a, 3b, 3d)
The algebraic formula of the above intersections is (17).
The conicHi:
3.- with C = Ci, is a pair of coincident straight lines parallel to

←→
AB, and if

C ∈ Ni�Ci then is a pair of coincident straight lines which intersect in one point
with
←→
AB. (Figure 3d)

4.- with C ∈ Po � Ni, C ∈ Pi\Ni, C ∈ Pi � Ni, is an ellipse which: intersect
in two points (Figures 2, 3c), is tangent (Figure 3b), not intersect (Figure 3a),
respectively with

←→
AB.

The algebraic formula of the above intersections is (18).
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A1

A2

A4

A B

C

A3

C1

C3

B3

B1

C2C4

B4

B2

Po

Pi

Pi

Hi

Ho

Figure 2. Ho,Hi and Tj = �AjBjCj the c-inscribed equilateral triangles of�ABC.

Proof. The equation of Pi is x2−x+1 =
√
3y, the equation of Pi is x2−x+1 <√

3y, and the equation of Po is x2 − x+ 1 >
√
3y with y > 0.

With Equation (16), we have that:

Ho ∩←→AB =

(
1
6
3b3+3

√
3b2+3ba2+3ba±√

3
√
Δ1

(a2+b2−a+
√
3b+1)b

, 0

)
,

Δ1 =
(√

3b+ a2 − a+ 1
) (

3b2 +
√
3b− 3a+ 3a2

)2
,

(17)

and moreover 3b2+3a2−3a+√3b = 0⇔ C ∈ No ⇒ Ho∩←→AB = (12
b2+

√
3b+a2+a

a2+b2−a+√
3b+1

,

0). Note that a2 + b2 − a+√3b+ 1 > 0 and
√
3b+ a2 − a+ 1 > 0.

With Equation (15), we have that:

Hi ∩←→AB =

(
1
6
3b3−3

√
3b2+3ba2+3ba±√

3
√
Δ2

(a2+b2−a−
√
3b+1)b

, 0

)
,

Δ2 =
(−√3b+ a2 − a+ 1

) (
3b2 −√3b− 3a+ 3a2

)2
,

(18)

and a2+b2−a−√3b+1 = 0⇔ C = Ci =
(
1
2 ,

√
3
2

)
; and 3b2−√3b−3a+3a2 =

0⇔ C ∈ Ni. And moreover−√3b+a2−a+1 = 0⇔ C ∈ Pi; and−√3b+a2−
a+ 1 > 0⇔ C ∈ Po. Also C ∈ Ni ∪ Pi ⇒ Hi ∩←→AB =

(
1
2

b2−√
3b+a2+a

a2+b2−a−√
3b+1

, 0
)

.

So these calculations together Proposition 5 prove the result. �

Accordingly, through the above we can arrive to the following:
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3a) 3b)

3d)
3c)

Ho

Ho

Ho

Ho

Hi

Hi

Hi

Hi

Figure 3. Several cases forHo,Hi and Tj = �AjBjCj .

Corollary 8. On every triangle�ABC exists its c-inscribed equilateral triangles
{Tj}j=mj=1 with m = 4, m = 3, m = 2, if C ∈ Po, C ∈ Pi, C ∈ Pi, respectively.
(Figures 2, 3)

Proof. Let the triangle Tj = �AjBjCj , then by construction and with Lemma
1, necessarily Cj ∈ {Pβ,k}k=4

k=1, and with Corollary 6 we have that Cj = Pβ,j ∈(
Hi ∩←→AB

)
∪
(
Ho ∩←→AB

)
.

If Tj exists then by Lemma 1C1 = Pβ,1, C3 = Pβ,3, C2 = Pβ,2 andC4 = Pβ,4.
If C ∈ Pi � Ni or C ∈ Ci, then, by Proposition 7, T1 = �A1B1C1and T3 =

�A3B3C3 do not exist.
If C ∈ Pi ∪ Ni then the triangles T1 = �A1B1C1and T3 = �A3B3C3 do

not exist. This claim is true because in this case C1 = C3 = Pβ,1 = Cμλ++
=

Pβ,3 = Cμλ−+
= Hi ∩ ←→AB, and Hi is the outer bisectrix of the angle ∠ACB

(Proposition 5). And, by continuity, exists two straight lines r′, r′′ at the both sides
of the Hi which are parallel to Hi and also they are the outer bisectors of two
triangles �ABC ′ and �ABC ′′, respectively, which have the same Ni, but which
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have C ′ ∈ Pi � Ni, C ′′ ∈ Pi � Ni. Therefore, by Proposition 7, these bisectors
r′, r′′ intersect to

←→
AB in two points at distance greater than 1 from the straight line←−→

AC ′ and from the straight line
←−→
AC ′′. So, this implies that Hi ∩←→AB also is a point

at distance greater than 1 from the straight line
←→
AC.

If C ∈ Pi � Ni then Hi is ellipse tangent to
←→
AB, then only one of the two

triangles T1, T3 exist; then by continuity the same is true the case thatC ∈ Pi∩Ni.
If C ∈ Po, the two triangles T1, T3 exists and, by Lemma 1, they are not coin-

cident.
The triangles T2 = �A2B2C2, T4 = �A4B4C4, by Lemma 1, they are not

coincident, and by Corollary 1 and Proposition 7, they always exist. �
Remark 9. If Tj exists then it is constructible with ruler and compass because the

points
(
Hi ∩←→AB

)
∪
(
Ho ∩←→AB

)
are contructible with ruler and compass; this

claim is true because Formulae (??), (??) of Proposition 7 are quadratic rationals
of the numbers a, b, which have been already constructed, they are the coordinates
ofC. The other pointsAj ,Bj are trivially obtained as intersection of the sides

←→
BC,←→

CA with the circumference of radius c and center point Cj . Then, with Formulae
(??), (??) we can construct Tj with ruler and compass, nevertheless readers can
found much more elegant constructions in [3].
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A Construction of the Golden Ratio
in an Arbitrary Triangle

Tran Quang Hung

Abstract. We have known quite a lot about the construction of the golden ratio
in the special triangles. In this article, we shall establish a construction of the
golden ratio in arbitrary triangle using two symmedians and give a synthetic
proof for this.

Given triangle ABC inscribed in circle (ω) center O.
(i) the symmedians AD and CF.
(ii) the ray DF meets (ω) at the point P.
(iii) the perpendicular line from P to OA meets AB and AC at Q and R respec-
tively (See Figure 1).

A

B C

OF

D

P

R

Q (ω)

Figure 1

Proposition 1. Q divides PR in the golden ratio.

We give three lemmas to prove this proposition.

Lemma 2. Given convex cyclic quadrilateral ABCD. Two diagonals AC and
BD intersect at P. Then
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PA

PC
=
AB ·AD
CB · CD.

Proof. By inscribed angles are equal in the cyclic quadrilateral, we have the similar
triangles�PAB ∼ �PDC and�PAD ∼ �PBC. From this, we get the ratios

PA

PB
=
AD

BC
(1)

and
PB

PC
=
AB

CD
. (2)

From (1) and (2), we obtain

PA

PC
=
AB ·AD
CB · CD.

This finishes the proof. �

A

B

C

D

P

Figure 2

Lemma 3 (Ptolemy’s Theorem [1]). For a cyclic quadrilateral, the sum of the
products of the two pairs of opposite sides equals the product of the diagonals.

Using concept of homogeneous barycentric coordinates [9], we give and prove
the following lemma

Lemma 4. Let ABC be a triangle inscribed in circle (ω). P is a point inside
triangle ABC. P has homogeneous barycentric coordinates (x : y : z). DEF is
cevian triangle of P. Ray EF meets (ω) at Q. Then

CA

yQB
=

BC

xQA
+

AB

zQC
.
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A

B C

P

E

F

D

Q

R

(ω)

Figure 3

Proof. Because P has homogeneous barycentric coordinates (x : y : z) so E(x :
0 : z) and F (x : y : 0). Thus we have the ratio

EA

EC
=
z

x
. (3)

Extend ray QE to meet (ω) again at R. From Lemma 2, we have

EA

EC
=
AQ ·AR
CQ · CR. (4)

From (3) and (4), we deduce

AQ ·AR
CQ · CR =

z

x
.

Thus,

zQC = x
AQ ·AR
CR

. (5)

Similarly, we have the identity

AQ ·AR
BQ ·BR =

y

x
.

Thus,

yQB = x
AQ ·AR
BR

. (6)

Using (5) and (6) and Lemma 3, we consider the expression
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CA

yQB
− AB

zQC
=

CA

xAQ·AR
BR

− AB

xAQ·AR
CR

=
CA ·RB −AB ·RC

xAQ ·AR
=

BC ·RA
xAQ ·AR

=
BC

xQA
.

Therefore

CA

yQB
=

BC

xQA
+

AB

zQC
.

This completes the proof of Lemma 4 (See Figure 4). �

A

B C

OF

D

P

R

Q

G

S

(ω)

Figure 4

Proof of Proposition 1. The line PR meets (ω) again at G. From the similar
triangles�QAP ∼ �QGB and�RAG ∼ �RPC. We have the ratios

QA

QP
=
GA

PB
,
RP

RA
=
PC

GA
.

Therefore,

PR

PQ
· QA
RA

=
PC

PB
. (7)
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BecauseQR is perpendicular toOA soQR is antiparallel line, this follows from
∠AQR = ∠ACB, thus�AQR ∼ �ACB. We get

QA

RA
=
AC

AB
. (8)

From (7) and (8), we deduce

PR

PQ
=
AB · PC
CA · PB . (9)

Let symmedians AD and CF meet at S then S(BC2 : CA2 : AB2) see [9].
Apply Lemma 4 for triangle ABC with S and ray DF meet (ω) at P, we have

BC

BC2 · PA =
AB

AB2 · PC +
CA

CA2 · PB .
This is equivalent to

1

BC · PA =
1

AB · PC +
1

CA · PB . (10)

Note that, by Lemma 3,

BC · PA = AB · PC − CA · PB. (11)

From (10) and (11) we have

1

AB · PC − CA · PB =
1

AB · PC +
1

CA · PB
This means

1− CA · PB
AB · PC −

(
AB · PC
CA · PB − 1

)
= 1. (12)

From (9) and (12), we obtain

PR

PQ
− PQ

PR
= 1.

This enough to show that the ratio

PR

PQ
=

√
5 + 1

2

which is such the golden ratio. This completes the proof of Proposition 1.

References

[1] A. Bogomolny, Ptolemy’s Theorem, Interactive Mathematics Miscellany and Puzzles,
http://www.cut-the-knot.org/proofs/ptolemy.shtml

[2] T. O. Dao, Q. H. Ngo, and P. Yiu, Golden sections in an isosceles triangle and its circumcircle,
Global Journal of Advanced Research on Classical and Modern Geometries, 5 (2016) 93–97.
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New Constructions of Triangle from α, b− c, tA
Martina Štěpánová

Abstract. We give two constructions of a triangle given its internal angle α, the
length tA of the angle bisector of α, and the difference b− c of the side lengths b
and c.

1. Introduction

In 2016 Paris Pamfilos published in this journal his solution of the following
construction problem [3]. Let ABC be a triangle and let a = |BC|, b = |CA|,
c = |AB| denote the lengths of its sides. Let α be the interior angle at A, and tA =
|AH|, where H is the intersection of the side BC and the angle bisector of α. The
problem is to construct the triangle ABC given α, b− c, tA.

The key-point of Pamfilos’ solution is the detection of a parabola which goes
hand in hand with ABC and which is unambiguously constructible from the given
data. In this paper, we present two other solutions. We think that our compass-
and-straightedge constructions are simpler and shorter. We give two different ver-
ifications of the first construction. In the first verification of the first construction
and in the second construction, any parabola does not play any role. In the second
verification of the first construction, a parabola is considered, but not constructed
at all.

In ABC, two cases can occur: either b− c = 0 or b− c �= 0. If b− c = 0, then
ABC is isosceles and its construction is trivial, since the side BC is perpendicular
to the line-segment AH . If b − c �= 0, then we assume without loss of generality
that b > c.

2. First construction

First steps of the first construction are the same as in [3]. We recall not only
them but also their justifications.

First steps of the first construction
Let M be the midpoint of the side BC. Consider a line parallel to AH that

passes through M and denote its intersections with AB and AC by D and E, re-
spectively (see Figure 1). Next, consider a line parallel toAH that passes throughC
and denote its intersection with AB by G.

Publication Date: June 20, 2018. Communicating Editor: Paul Yiu.
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It is easily seen that ∠AED = ∠ADE = ∠ACG = ∠AGC = α
2 . Hence,

triangles AED and ACG are isosceles and

|AD| = |AE| = |BD| − |AB| = |BG|
2
− |AB| = b+ c

2
− c = b− c

2
. (1)

So, the first steps of the first construction are the following:

1 Draw a line-segment AH .
2 Draw lines m, n such that they form with AH angles α

2 .
3 Draw the isosceles triangle AED such that D lies on m, E lies on n, and
|AD| = |AE| = b−c

2 (see Figure 1).

B

A

CHm nM

G

D

E
α
2

c b

b   c
2

a
2

F
o

tA k

l

Figure 1.

2.1. First approach. Let F be the intersection of the perpendicular bisector of the
line-segment DE with the line which is perpendicular to the line AE and passes
through E. It is obvious that ∠AFE = ∠AED = α

2 , and therefore

|ED| = (b− c) · cos α
2
, |EF | = b− c

2 · tan α
2

. (2)

Denote by k the length of the line-segment ME. Since the triangles AHC and
EMC are similar, we obtain

tA
b

=
k
b+c
2

, and, after rearranging, tA =
2bk

b+ c
. (3)

From the similarity of triangles BMD, BHA and from (2), we have

k + (b− c) · cos α2
b+c
2

=
tA
c
,

and from (3), we obtain

k =
tA
c
· b+ c

2
− (b− c) · cos α

2
=
bk

c
− (b− c) · cos α

2
.
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Therefore,

k

(
b

c
− 1

)
= (b− c) · cos α

2
,

and thus

k = c · cos α
2
. (4)

Set up a Cartesian coordinate system with A at the origin and the positive direction
of the x-axis which coincides with the ray AC. Then (using (1), (2) and (4))

A = [0; 0] , C = [b; 0] , E =

[
b− c
2

; 0

]
,

F =

[
b− c
2

;
b− c

2 · tan α
2

]
, H =

[
tA · cos α

2
; −tA · sin α

2

]
,

M =

[
b− c
2

+ k · cos α
2
; −k · sin α

2

]
=

[
b− c
2

+ c · cos2 α
2
; −c · sin α

2
· cos α

2

]
.

Next,
−−→
FM =

(
c · cos2 α

2
; −c · sin α

2
· cos α

2
− b− c

2 · tan α
2

)
,

−−→
CM =

(
b− c
2
− b+ c · cos2 α

2
; −c · sin α

2
· cos α

2

)
.

It follows that
−−→
FM · −−→CM = c · cos2 α

2

(
b− c
2
− b+ c · cos2 α

2

)
+

+

(
c · sin α

2
cos

α

2
+

b− c
2 · tan α

2

)
· c · sin α

2
cos

α

2
=

= c · cos2 α
2

(
b− c
2
− b+ c · cos2 α

2
+ c · sin2 α

2
+
b− c
2

)
=

= c · cos2 α
2
(b− c− b+ c) = 0.

Hence, the lines CM = HM and FM are perpendicular, and, in consequence, the
point M is the intersection of the line ED and the circle with HF as a diameter.

2.2. Second approach. Consider a parabola P to which the lines AE, AD, ED,
BC are tangent. This parabola P is determined unambiguously ([1], p. 212). Ac-
cording to Lambert’s theorem, the circumcircle of a triangle formed by three tan-
gent lines to the parabola passes through the focus of the parabola. Thus, the
circumcircles of the triangles AED, ABC and EMC pass through a single point
(the focus of the parabola), which will be denoted by F (see Figure 2). It follows
that ∠BFC = ∠BAC = α and ∠MFC = ∠MEC = α

2 . Hence, the focus F
lies on the perpendicular bisector of the line-segment BC and the angles FMC,
FMB are right. Since ∠FEC = ∠FMC, the angles FEC and FEA are also
right. It implies that the line-segment AF is a diameter of the circumcircle of the
isosceles triangle AED (and the point F is the same point as the point F in the
first approach).
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Since the angle FMH is right, the point M is the intersection of the line ED
and the circle with diameter HF .
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Figure 2.

Based on our previous considerations, we can now proceed with the remaining
steps of our construction:

4a Draw the intersection F of the perpendicular bisector of DE with the line
which is perpendicular to AE and passes through E, or,

4b draw the intersection F of the perpendicular bisector of DE with the cir-
cumcircle of the triangle AED.

5 Draw the intersection M of the line ED and the circle l with FH as a di-
ameter (only the intersection M that lies in the half-plane determined by
the line n and the point H can be taken into account).

6 Draw the intersection B of lines m and HM , and the intersection C of
lines n and HM .

Note that the perpendicular bisector of DE is simultaneously the line passing
through the point A and perpendicular to the line AH (and, of course, also the
bisector of the angle EAD).

Comments on the solution published in [3]

We proceed with several comments on the solution presented in [3]. Paris
Pamfilos considered the intersection of the perpendicular bisectors of the line-
segments ED and BC. Clearly, this intersection is our point F (see Figure 3).
Using Lambert’s theorem he proved that the parabolaP ′ with focus at F and whose
tangent at its vertex is ED is the above-mentioned parabola P , i.e. P ′=P . He con-
structed the point F as the intersection of the perpendicular bisector ofED and the
circumcircle of the triangle AED. Thus, the beginning of his solution coincides
with our steps 1, 2, 3, 4b. But then, he constructed the lineBC as the tangent to the
parabola P ′ passing through H in a too complicated and time-consuming manner.
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It is well known that the foot of the perpendicular line to any tangent of a parabola
passing through its focus lies on the tangent at the vertex ([2], p. 34). Hence, the
point M must lie on the circle with FH as a diameter. So, the construction can be
completed using our very easy steps 5 and 6. Again, it is not necessary to construct
any parabola.
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Figure 3.

3. Second construction

Let D′ be a point on the ray opposite to the ray AB such that |AD| = b− c, i.e.
|BD′| = b (see Figure 4). Through this point D′ draw a line parallel to AH and
denote its intersections with linesAB,AC andBC byD′,E′ andM ′, respectively.
Next, let

k′ =
∣∣M ′E′∣∣ , q =

|D′E′|
2

.

Since triangles BM ′D′ and BHA are similar, we have

k′ + 2q

b
=
tA
c
. (5)

Analogously, from the similarity of triangles HCA and M ′CE′, we obtain

tA
b

=
k′

c
, and equivalently,

1

b
=

k′

tA · c . (6)

Therefore (from (6) and (5)),

k′ (k′ + 2q)

tA · c =
tA
c
,

k′2 + 2qk′ − t2A = 0.

This quadratic equation in the one unknown k′ has two roots. But only the root

k′ = −q +
√
t2A + q2 is positive. If we consider a right triangle with legs of the
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lengths tA and q, then k′ = −q+
√
t2A + q2 is equal to the difference of the length√

t2A + q2 of its hypotenuse and the length q of its leg.
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q
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R
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Figure 4.

Therefore, the steps of our second construction are the following (see Figure 4):

1 Draw a line-segment AH .
2 Draw lines m, n such that they form with AH angles α

2 .
3 Draw the isosceles triangle AE′D′ such that D′ lies on m, E′ lies on n,

and |AD′| = |AE′| = b− c (see Figure 4).
4 Draw the point P on the perpendicular bisector o ofD′E′ such that |AP | =

|E′D′|
2 .

5 Draw the point R on the line-segment HP such that |PR| = |E′D′|
2 .

6 Draw the point M ′ on the ray opposite to the ray E′D′ such that |E′M ′| =
|RH|.

7 Draw the intersection B of lines m and HM ′, and the intersection C of
lines n and HM ′.

Remark. If we consider the above-mentioned parabola P , then the point E′ is a
point of P (therefore, AC touches P at E′). This follows from the fact that the
sum of the lengths of subtangent and subnormal at any point of a parabola (except
its vertex) is bisected by the focus of P . Indeed, by comparing Figures 1 and 4, we
observe that |AF ′| = 2 |AF |, where F ′ is the intersection of o and the line which
is perpendicular to AC and passes through E′.
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A New Proof of Pitot Theorem by AM-GM Inequality

Robert Bosch

Abstract. In this note we show a new proof of Pitot theorem by Arithmetic
Mean - Geometric Mean inequality. Our novel idea is to consider the before
mentioned theorem as an extremal case of a general geometric inequality. This
new approach cannot be found in the literature.

1. Introduction

The Pitot theorem states:

A quadrilateral ABCD is tangential (has an inscribed circle) if and only if AB +
DC = AD +BC.

To avoid reproduction we recommend to read the third and fourth paragraph of
the excellent paper [1]. In this one the reader can find a brief survey on the theo-
rem. Clearly we are interested in the converse of Pitot theorem, according to Martin
Josefsson there are four proofs in the literature, providing references in each case.
In this note we show still a new one, by means of the AM-GM inequality, since the
well-known theorem can be considered an extremal case of a simple and general
geometric inequality involving a quadrilateral, a circle, and tangents.

2. Lemma

Let ABCD be a convex but not tangential quadrilateral. The extensions of DA
and CB intersect at E, and the extensions of BA and CD intersect at F . Then the
excircle of triangle EAB cut the side DC or the excircle of triangle FAD cut the
side BC.

Proof. In Figure 1, we draw the angle-bisectors of angles E and F respectively.
Clearly points on the first line are equidistant from the sides AD and BC, similar
for the second one, where the points are equidistant from sides AB and DC. Now,
suppose the excircle of triangle EAB, is interior to the quadrilateral ABCD, hence
its center O1 is in the upper halfplane determined by the F−angle-bisector. But,
O2, the center of the second excircle is the intersection of the lines AO1 and the
F−angle-bisector, clearly this point is located in the right halfplane determined by
the E−angle-bisector. Finally the excircle of triangle FAD cut the side BC. �
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Figure 1

3. Converse of Pitot theorem

In this section we shall prove an stronger result than the converse of Pitot theorem.
Let us see:

Geometric Inequality:

Let ABCD be a quadrilateral with a circle that is tangent to the sides AB,AD
and BC respectively, and cut the side DC. Then

AB +DC ≥ AD +BC.

a

a

b

b

d

c
x

y

z

A

B

C

D

Figure 2

Proof. This circle exists by the Lemma.
See Figure 2, where the notation is completely justified by the two tangent the-

orem, that two tangents to a circle from an external point are of equal length. Now,
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the inequality to be proved becomes

x+ y + z ≥ c+ d.

But, by Power of a Point theorem we have

c2 = z(y + z),

d2 = x(x+ y).

So, all that we need to prove is√
z(y + z) +

√
x(x+ y) ≤ x+ y + z,

and this is a direct consequence of AM-GM inequality, since

√
z(y + z) ≤ z + y + z

2
=

2z + y

2
,

√
x(x+ y) ≤ x+ x+ y

2
=

2x+ y

2
,

equality holds if and only if y = 0. Completing the proof of the inequality.

The geometric meaning of this result is that the circle is tangent to the side DC,
i.e. the quadrilateral ABCD is tangential. More precisely, to prove the converse
of Pitot theorem, suppose the opposite sides add to the same number, and for sake
of contradiction, the circle cut a side, then the inequality is strict, obtaining a con-
tradiction. Done. �
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A Model of Continuous Plane Geometry
that is Nowhere Geodesic

John Donnelly

Abstract. We construct a model M1 of plane geometry that satisfies all of Hilbert’s
axioms for the euclidean plane (with the exception of Sided-Angle-Side), yet in
which the geodesic line segment connecting any two points A and B is never the
shortest path from A to B. Moreover, the model M1 is continuous in the sense
that it satisfies both the Ruler Postulate and Protractor Postulate from Birkhoff’s
set of axioms for the euclidean plane.

1. Introduction

In his talk given at the international congress of mathematicians in Paris in 1900,
David Hilbert presented a list of problems. The fourth problem in this list is the
following:

Problem of the straight line as the shortest distance between two points:

Another problem relating to the foundations of geometry is this : If from among
the axioms necessary to establish ordinary euclidean geometry, we exclude the
axiom of parallels, or assume it as not satisfied, but retain all other axioms, we
obtain, as is well known, the geometry of Lobachevsky (hyperbolic geometry). We
may therefore say that this is a geometry standing next to euclidean geometry. If we
require further that that axiom be not satisfied whereby, of three points on a straight
line, one and only one lies between the other two, we obtain Riemann’s (elliptic) ge-
ometry, so that this geometry appears to be the next after Lobachevsky’s. If we wish
to carry out a similar investigation with respect to the axiom of Archimedes, we
must look upon this as not satisfied, and we arrive thereby at the non-Archimedean
geometries which have been investigated by Veronese and myself. The more gen-
eral question now arises : Whether from other suggestive standpoints geometries
may not be devised which, with equal right, stand next to euclidean geometry. Here
I should like to direct your attention to a theorem which has, indeed, been employed
by many authors as a definition of a straight line, viz., that the straight line is the
shortest distance between two points. The essential content of this statement re-
duces to the theorem of Euclid that in a triangle the sum of two sides is always
greater than the third side-a theorem which, as is easily seen, deals solely with
elementary concepts, i. e., with such as are derived directly from the axioms, and

Publication Date: June 20, 2018. Communicating Editor: Paul Yiu.
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is therefore more accessible to logical investigation. Euclid proved this theorem,
with the help of the theorem of the exterior angle, on the basis of the congruence
theorems. Now it is readily shown that this theorem of Euclid cannot be proved
solely on the basis of those congruence theorems which relate to the application of
segments and angles, but that one of the theorems on the congruence of triangles is
necessary. We are asking, then, for a geometry in which all the axioms of ordinary
euclidean geometry hold, and in particular all the congruence axioms except the
one of the congruence of triangles (or all except the theorem of the equality of the
base angles in the isosceles triangle), and in which, besides, the proposition that
in every triangle the sum of two sides is greater than the third is assumed as a
particular axiom.

One finds that such a geometry really exists and is no other than that which
Minkowski constructed in his book, Geometrie der Zahlen 1 and made the basis
of his arithmetical investigations. Minkowski’s is therefore also a geometry stand-
ing next to the ordinary euclidean geometry; it is essentially characterized by the
following stipulations:

1. The points which are at equal distances from a fixed point 0 lie on a convex
closed surface of the ordinary euclidean space with 0 as a center.

2. Two segments are said to be equal when one can be carried into the other by
a translation of the ordinary euclidean space.

In Minkowski’s geometry the axiom of parallels also holds. By studying the
theorem of the straight line as the shortest distance between two points, I arrived 2

at a geometry in which the parallel axiom does not hold, while all other axioms of
Minkowski’ s geometry are satisfied. The theorem of the straight line as the shortest
distance between two points and the essentially equivalent theorem of Euclid about
the sides of a triangle, play an important part not only in number theory but also
in the theory of surfaces and in the calculus of variations. For this reason, and
because I believe that the thorough investigation of the conditions for the validity
of this theorem will throw a new light upon the idea of distance, as well as upon
other elementary ideas, e. g., upon the idea of the plane, and the possibility of its
definition by means of the idea of the straight line, the construction and systematic
treatment of the geometries here possible seem to me desirable.

[Translated for the BULLETIN, with the author’s permission, by Dr. MARY
WINSTON NEWSON. The original appeared in the Göttinger Nachrichten, 1900,
pp. 253-297, and in the Archiv der Mathernatik una Physik, 3d ser., vol. 1 (1901),
pp. 44-63 and 213-237.]

There are various interpretations of Hilbert’s fourth problem, some interpreta-
tions dealing with convex subsets of the Euclidean plane. The first main contribu-
tion to this problem was given by Hilbert’s student G. Hamel. Hamel reduced the
problem to metrics on convex subsets of Euclidean spaces [10]. In particular, if S
is a convex subset of a Euclidean space, then the restriction to S of the ambient Eu-
clidean metric is a metric on S satisfying the condition that the restriction to S of

1Leipzig, 1896.
2Math Annalen, Vol. 46, p.91.
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the Euclidean straight lines are geodesics for the restriction to S of the Euclidean
metric. One form of Hilbert’s problem asks for a characterization of all metrics on
S for which the Euclidean lines in S are geodesics [10].

Other interpretations deal with metrics in projective geometry [11]. Solutions to
other interpretations are given by H. Busemann [2] and Z. I. Szabo [11]. There are
many results related to this problem. For more information, see [2], [10], [11].

The contents of this paper were inspired by Hilbert’s fourth problem. However,
in this paper we look at the triangle inequality from the opposite point of view. In
particular, we investigate plane geometry in which the straight line segment AB
connecting two points A and B is never the shortest path from A to B. We give
a model M1 of plane geometry in which all of the incidence axioms, betweenness
axioms, congruence axioms (with the exception of Side-Angle-Side), and even the
euclidean parallel postulate hold, yet in which the straight geodesic line segment
AB connecting two points A and B is never the shortest path from A to B. We
refer to such a model as nowhere geodesic since the geodesic line segment AB
connecting two points A and B is never the shortest path from A to B. We prove
that the following holds in M1:

Given any convex polygon P , then for each pair of points A and B inside P and
for any ε > 0, there exists a path q from A to B such that the arc length along q is
less than ε and such that q has nonempty intersection with the exterior of P .

Thus, by going ”outside” of P , we can find shorter and shorter paths in M1 from
A to B.

The model M1 is continuous in the sense that it satisfies both the ruler postulate
and protractor postulate of Birkhoff [1], [7], [8], [9]. More specifically, all lines in
M1 have a bijective correspondence with R, and there is a bijective correspondence
between all angles with fixed vertex V that are on a given halfplane of line

←→
V P and

the open interval (0, π).
We note that if all of the incidence axioms, betweenness axioms, and congruence

axioms (with the possible exception of Side-Angle-Side) hold, and if in addition
the exterior angle theorem, pons asinorum, and angle addition hold, then we can
prove that the triangle inequality holds [4], [5], [7], [8]. When constructing the
model M1, we use usual euclidean angle measure, so that both the exterior angle
theorem and angle addition hold. However, due to the fact that distance is altered
in M1, then the Pons Asinorun fails in the model.

In Taxicab geometry, both the exterior angle theorem and angle addition hold,
but the pons asinorum fails. However, we still have that the general triangle in-
equality holds [3], [8]. Thus, in Taxicab Geometry, the straight line segment AB
connecting two points A and B is still a shortest path from A to B.
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2. Hilbert’s Axioms

In this section we state the axioms of plane geometry given by Hilbert (as com-
municated by R. Hartshorne in [5]). We will show that the model M1 satisfies all
of these axioms, with the exception of Side-Angle-Side.
The Incidence Axioms

(1) Given any two distinct points A and B, then there exists a unique line
←→
AB

passing through A and B.
(2) Given any line l, then there exist at least two distinct points A and B on l.
(3) There exist three distinct noncollinear points A, B and C.

The Betweenness Axioms

(1) If B is between A and C (written A−B−C), then A, B, and C are three
distinct collinear points. In this case we also have C −B −A.

(2) Given any two distinct points A and B, then there exists a point C such
that A−B − C.

(3) Given three distinct points on a line, then exactly one of the three points is
between the other two points.

(4) (Pasch) Let A, B, and C be three distinct noncollinear points, and let l be
a line not passing through any of A, B, or C. If l passes through a point
D lying between A and B, then either l passes through a point H lying
between A and C, or else l passes through a point K lying between B and
C, but not both.

We note that Betweenness Axiom (4) (i.e. Pasch) is logically equivalent to the
Plane Separation Postulate stated below [4],[5],[7],[8]. Since Pasch and the Plane
Separation Postulate are logically equivalent, then we will remove Pasch as an
axiom and replace it with the Plane Separation Postulate.
The Plane Separation Postulate

Given any line l, then the set of points not lying on l can be divided into two
nonempty subsetsH1 andH2 with the following properties:

(1) Two points A and B not on l belong to the same set (H1 orH2) if and only
if segment AB does not intersect l.

(2) Two points C and D not on l belong to opposite sets (C ∈ H1 and D ∈
H2) if and only if segment CD intersects l at a point H such that C−H−
D.

The sets H1 and H2 are called halfplanes (or sides) of the line l, and l is called
an edge of each of the halfplanesH1 andH2. In case (1), we say that A and B are
on the same side of l. In case (2), we say that C and D are on opposite sides of l.
When quoting the Plane Separation Postulate, we will abbreviate it by PSP .
The Congruence Axioms for Line Segments

(1) Given a line segment AB, and given a ray r originating at a point C, there
exists a unique point D on the ray r such that AB ∼= CD.

(2) If AB ∼= CD and AB ∼= EF , then CD ∼= EF . Every line segment is
congruent to itself.
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(3) (Segment Addition) Given three points A, B, and C such that A−B−C,
and given three points D, E, and F such that D − E − F , if AB ∼= DE
and BC ∼= EF , then AC ∼= DF .

The Congruence Axioms for Angles

(1) Given an angle ∠BAC and given a ray
−−→
DF , then there exists a unique ray−−→

DE on a given side of line
←→
DF such that ∠BAC ∼= ∠EDF .

(2) For any three angles α, β, and γ, if α ∼= β and α ∼= γ, then β ∼= γ. Every
angle is congruent to itself.

The following is usually assumed as an axiom when working with Hilbert’s
axiom system for plane geometry. However, it does not hold in the model M1.
Side-Angle-Side
Given triangles �ABC and �DEF , if AB ∼= DE, ∠ABC ∼= ∠DEF , and
BC ∼= EF , then�ABC ∼=�DEF .

When referring to Side-Angle-Side, then we abbreviate it as SAS. It is well-
known that if SAS holds, then one can prove the Exterior Angle Theorem, the
Pons Asinorum, and Angle Addition as theorems, and consequently, one can prove
that the Triangle Inequality also holds.

The following version of the Euclidean Parallel Postulate is by John Playfair
(although it had previously been mentioned by Proclus) (page 39 of [5]):

Given a point P and a line l not passing through P , then there exists a unique
line q such that q passes through P and is parallel to l.

3. The Ruler and Protractor Postulates

In this section we state two of the axioms given by Birkhoff in his development
of plane geometry [1]. In particular, we state the ruler postulate and protractor
postulate. Unlike the axioms of Hilbert given above, both the ruler postulate and
protractor postulate incorporate the use of the real numbers through the concepts
of distance and angle measure. Both of these postulates are satisfied by the model
M1.
The Ruler Postulate
Let P denote the set of points in the plane. There exists a function q : P ×P → R

such that for each line l, there exists a bijection f : l → R with the property that
for all points P and Q on l, q(P,Q) = |f(P )− f(Q)|.

For all P,Q ∈ P , we call q(P,Q) the distance from P to Q. If for a line l, a
bijection f : l → R is such that for all P,Q ∈ l, q(P,Q) = |f(P )− f(Q)|, then f
is called a coordinate system for l. We note that q(P,Q) is not necessarily a metric
on P , and that q(P,Q) does not necessarily satisfy the triangle inequality. In fact,
we will define a distance function on the model M1 that is not a metric and that in
general does not satisfy the triangle inequality.
The Protractor Postulate

There exists a function m from the set of all angles to the open interval (0, π)
such that
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(1) For each ray
−−→
PQ on the edge of halfplaneH (whereH is a halfplane of line←→

PQ), and for each r ∈ (0, π), there exists a unique ray
−→
PR, with R ∈ H, such that

m(∠QPR) = r.
(2) If T is a point in the interior of ∠QPR, then m(∠QPT ) + m(∠TPR) =

m(∠QPR).
Given an angle ∠ABC, thenm(∠ABC) is called the measure of angle ∠ABC,

and is denoted by m∠ABC.

4. The Model M1

To construct the model M1, we start with the Cartesian plane R
2, and we define

points and lines in M1 to be exactly the same as points and lines in R
2. In particular,

a point in M1 is given by an ordered pair of numbers (x, y), and a line is the set of
all points in the plane satisfying an equation in one of the forms y = mx + b or
x = k. We also define angle measure in M1 to be exactly the same as euclidean
angle measure in R

2. Moreover, we define betweenness in M1 to be exactly the
same as betweenness in euclidean geometry: pointB is between pointsA and C in
M1 (denoted A−B −C) if and only if B is between points A and C in R

2. More
specifically, if we let d(X,Y ) denote the euclidean distance from point X to point
Y , then point B is between points A and C in both M1 and R

2 if the following
conditions hold:

(1) A, B, and C are distinct collinear points
(2) d(A,C) = d(A,B) + d(B,C)

Since points, lines, and betweenness in M1 are exactly the same as points, lines,
and betweenness in euclidean geometry, then it follows immediately that the in-
cidence and betweenness axioms hold in M1. Moreover, since points, lines, and
betweenness in M1 are exactly the same as points, lines, and betweenness in eu-
clidean geometry, then polygons in M1 are exactly the same as polygons in eu-
clidean geometry. Also, since segments and polygons in M1 are the same as seg-
ments and polygons in euclidean geometry, then a polygon P is convex in M1 if
and only if P is convex in euclidean geometry. Similarly, since angle measure in
M1 is the same as euclidean angle measure, then it follows immediately that the
congruence axioms for angles hold in M1. We note that since the Exterior Angle
Theorem and Angle Addition are based solely on angle measure and not on dis-
tance, and since both of these statements hold in euclidean geometry, then they
both hold in M1. However, to construct M1, we will need to alter distance in the
plane, and as a consequence the Pons Asinorum does not hold in M1. Furthermore,
since we are altering distance, then we will need to prove that the congruence ax-
ioms for line segments hold in M1. To define distance in M1, we start with the set
of points (u, v) in the plane such that u, v ∈ Q. That is, we start with the carte-
sian product Q2. Since Q

2 is countably infinite, then we can enumerate the points
P1, P2, . . . , Pj , . . . in Q

2. Thus, we often will treat the points in Q
2 as a sequence

(Pj). Using this enumeration on the set of all points (Pj) in Q
2, we can enumerate

all (non-ordered) pairs of distinct points from Q
2 in the following way: Given the

pairs of points (Pl, Pt), (Ph, Pk) ∈ Q
2 × Q

2, where Pl �= Pt and Ph �= Pk, then
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assume that k is the largest of the four subscripts l, t, h, and k. If k is strictly
larger than the other subscripts l, t, and h, then (Pl, Pt) comes before (Ph, Pk) in
the enumeration. If k = t, then we compare l and h. In this case, (Pl, Pt) comes
before (Ph, Pk) if and only if l < h. Similarly, if k = l, then (Pl, Pt) comes before
(Ph, Pk) if and only if t < h. For example, the first ten pairs are enumerated in the
following way:
(P1, P2), (P1, P3), (P2, P3), (P1, P4), (P2, P4), (P3, P4), (P1, P5), (P2, P5), (P3, P5),
(P4, P5),

Note that the order in which the points in each pair are written is irrelevant when
enumerating the pairs of points this way. In particular, (Pl, Pt) is considered the
same as (Pt, Pl) for the purposes of enumeration.

Again, we let d(X,Y ) denote the euclidean distance from a point X to a point
Y . We let n(X,Y ) denote the distance in the model M1 from a point X to a point
Y . For each pair of distinct points Pr and Pt in Q

2, with r < t, we construct a
sequence (Dr,t(m)) of points in R

2 such that for eachm ≥ 1, d(Pr, Dr,t(m)) ≥ m
and d(Pt, Dr,t(m)) ≥ m, and such that there exists a path from Pr to Pt passing

through Dr,t(m) whose arc length in M1 is equal to
n(Pr, Pt)

2m
.

Let P1 and P2 be the first two points in the sequence (Pj). IfX and Y are points

on the line
←−→
P1P2, then we define n(X,Y ) = d(X,Y ). In particular, n(P1, P2) =

d(P1, P2).
Let l1 be a line perpendicular to

←−→
P1P2. Since l1 is unbounded in euclidean

geometry, then there exists a point D1,2(1) on l1 such that

(1) D1,2(1) /∈ ←−→P1P2

(2) d(P1, D1,2(1)) ≥ 1 and d(P2, D1,2(1)) ≥ 1

In particular, the three points D1,2(1), P1, and P2 are not collinear. We define

n(P1, D1,2(1)) = n(P2, D1,2(1)) =
1

4
n(P1, P2). We see that the arc length in M1

from P1 to P2 along the segments P1D1,2(1) and P2D1,2(1) is
1

2
n(P1, P2).

We now show how to compute the distance in M1 along the line
←−−−−−→
P1D1,2(1)

between a point P ∈ ←−−−−−→P1D1,2(1) and either of the points P1 or D1,2(1). We have
three cases.

First assume that P − P1 − D1,2(1). In this case, n(P, P1) = d(P, P1) and

n(P,D1,2(1)) = n(P, P1) + n(P1, D1,2(1)) = d(P, P1) +
1

4
n(P1, P2).

Next, assume that P1 − P − D1,2(1). In this case, there exist r1, r2 ∈ (0, 1)
such that d(P1, P ) = r1d(P1, D1,2(1)) and d(P,D1,2(1)) = r2d(P1, D1,2(1)).
We define n(P1, P ) = r1n(P1, D1,2(1)) and n(P,D1,2(1)) = r2n(P1, D1,2(1)).
Note that we use the same constants of proportionality r1 and r2 for both euclidean
geometry and M1.

Finally, assume thatP1−D1,2(1)−P . In this case, n(D1,2(1), P ) = d(D1,2(1), P )

and n(P1, P ) = n(P1, D1,2(1)) + n(D1,2(1), P ) =
1

4
n(P1, P2) + d(D1,2(1), P ).
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We can now use these definitions of length in M1 together with the use of seg-
ment addition and constants of proportionality to define the distance in M1 along

the line
←−−−−−→
P1D1,2(1) between any two points X1 and X2 on

←−−−−−→
P1D1,2(1).

If X1 −X2 − P1 −D1,2(1), then n(X1, X2) = d(X1, X2). Similarly, if P1 −
D1,2(1)−X1 −X2, then n(X1, X2) = d(X1, X2).

Assume that P1−X1−X2−D1,2(1). In this case, there exists r3 ∈ (0, 1) such
that d(X1, X2) = r3d(P1, D1,2(1)). We define n(X1, X2) = r3n(P1, D1,2(1)).

Next, assume that X1 − P1 −D1,2(1)−X2. In this case, we define n(X1, X2)
= n(X1, P1) + n(P1, D1,2(1)) + n(D1,2(1), X2) = d(X1, P1) + n(P1, D1,2(1)) +
d(D1,2(1), X2).

Next, assume that X1 − P1 −X2 −D1,2(1). In this case, we define n(X1, X2)
= n(X1, P1) + n(P1, X2).

Finally, assume that P1 −X1 −D1,2(1)−X2. Similar to the previous case, we
define n(X1, X2) = n(X1, D1,2(1)) + n(D1,2(1), X2).

One can use the same exact method to define the distance in M1 along the line←−−−−−→
P2D1,2(1) between any two points on

←−−−−−→
P2D1,2(1).

Let S1,2(1) denote the set of lines
←−→
P1P2,

←−−−−−→
P1D1,2(1), and

←−−−−−→
P2D1,2(1). Let l2 be

a line not in S1,2(1). Since S1,2(1) is finite, and since l2 is unbounded and has
infinitely many points, then there exists a point D1,2(2) on l2 such that

(1) d(P1, D1,2(2)) ≥ 2 and d(P2, D1,2(2)) ≥ 2
(2) D1,2(2) is not on any of the lines in S1,2(1).

Note that D1,2(2) �= D1,2(1), and that no three of P1, P2, D1,2(1), or D1,2(2) are
collinear. Thus, the distance in M1 between D1,2(2) and either of P1 and P2 has
not yet been defined.

We define n(P1, D1,2(2)) = n(P2, D1,2(2)) =
1

8
n(P1, P2) =

1

8
d(P1, P2). We

see that the arc length in M1 from P1 to P2 along the segments P1D1,2(2) and

P2D1,2(2) is
1

4
n(P1, P2).

Using a method similar to the one given above to define distance in M1 along←−−−−−→
P1D1,2(1) between any two points on

←−−−−−→
P1D1,2(1), one can similarly define distance

in M1 between any two points on the line
←−−−−−→
P1D1,2(2) or between any two points on

the line
←−−−−−→
P2D1,2(2).

Let S1,2(2) denote the set of lines
←−→
P1P2,

←−−−−−→
P1D1,2(1),

←−−−−−→
P2D1,2(1),

←−−−−−→
P1D1,2(2),←−−−−−→

P2D1,2(2), and
←−−−−−−−−−→
D1,2(1)D1,2(2). Let l3 be a line not in S1,2(2). Since S1,2(2) is

finite, and since l3 is unbounded and has infinitely many points, then there exists a
point D1,2(3) on l3 such that

(1) d(P1, D1,2(3)) ≥ 3 and d(P2, D1,2(3)) ≥ 3
(2) D1,2(3) is not on any of the lines in S1,2(2).

Note that D1,2(3) is distinct from D1,2(1) and D1,2(2), and that no three of P1,
P2, D1,2(1), D1,2(2), or D1,2(3) are collinear. Thus, the distance in M1 between
D1,2(3) and either of P1 and P2 has not yet been defined.
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We define n(P1, D1,2(3)) = n(P2, D1,2(3)) =
1

16
n(P1, P2) =

1

16
d(P1, P2). We

see that the arc length in M1 from P1 to P2 along the segments P1D1,2(3) and

P2D1,2(3) is
1

8
n(P1, P2).

Using a method similar to the one used above to define distance in M1 along←−−−−−→
P1D1,2(1) between any two points on

←−−−−−→
P1D1,2(1), one can similarly define distance

in M1 between any two points on the line
←−−−−−→
P1D1,2(3) or between any two points on

the line
←−−−−−→
P2D1,2(3).

Assume that there exist k distinct points D1,2(1), D1,2(2), . . . , D1,2(k) ∈ R
2

such that:

(1) No three of the points P1, P2, D1,2(1), D1,2(2), . . . , D1,2(k) are collinear.
(2) For each t = 1, . . . k, d(P1, D1,2(t)) ≥ t and d(P2, D1,2(t)) ≥ t
(3) For each t = 1, . . . k, n(P1, D1,2(t)) = n(P2, D1,2(t)) =

1

2t+1
n(P1, P2)

(4) For each t = 1, . . . k, we use a method similar to the one used above to

define distance in M1 between two points on the line
←−−−−−→
P1D1,2(t) or between

any two points on the line
←−−−−−→
P2D1,2(t)

We note that for each t = 1, . . . k, the arc length in M1 from P1 to P2 along the

segments P1D1,2(t) and P2D1,2(t) is
1

2t
n(P1, P2).

Let S1,2(k) denote the set of lines in any of the following forms:

(1)
←−→
P1P2

(2) For each t = 1, . . . k,
←−−−−−→
P1D1,2(t) and

←−−−−−→
P2D1,2(t)

(3) For each t, h ∈ {1, . . . k}, with t < h,
←−−−−−−−−−→
D1,2(t)D1,2(h)

Let lk+1 be a line not in S1,2(k). Since S1,2(k) is finite, and since lk+1 is un-
bounded and has infinitely many points, then there exists a point D1,2(k + 1) on
lk+1 such that

(1) d(P1, D1,2(k + 1)) ≥ k + 1 and d(P2, D1,2(k + 1)) ≥ k + 1
(2) D1,2(k + 1) is not on any of the lines in S1,2(k).

Note thatD1,2(k+1) is distinct from all of the pointsD1,2(1), D1,2(2), . . . , D1,2(k),
and that no three ofP1, P2, D1,2(1), D1,2(2), . . . , D1,2(k), D1,2(k+1) are collinear.
Thus, the distance in M1 between D1,2(k + 1) and either of P1 and P2 has not yet

been defined. We define n(P1, D1,2(k+1)) = n(P2, D1,2(k+1)) =
1

2k+2
n(P1, P2).

Again, using a method similar to the one used above, one can define distance in

M1 between any two points on the line
←−−−−−−−−→
P1D1,2(k + 1) or between any two points

on the line
←−−−−−−−−→
P2D1,2(k + 1).

We note that the arc length in M1 fromP1 toP2 along the segmentsP1D1,2(k + 1)

and P2D1,2(k + 1) is
1

2k+1
n(P1, P2).

Thus, there exists a sequence (D1,2(m)) of distinct points in R
2 such that

(1) No three points in the set {P1, P2} ∪ {D1,2(m) | m ≥ 1} are collinear
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(2) For each m ≥ 1, d(P1, D1,2(m)) ≥ m and d(P2, D1,2(m)) ≥ m
(3) For each m ≥ 1, n(P1, D1,2(m)) = n(P2, D1,2(m)) =

1

2m+1
n(P1, P2).

(4) For each m ≥ 1, we use a method similar to the one used above to define
distance in M1 between two points on the line

←−−−−−−→
P1D1,2(m) or between any

two points on the line
←−−−−−−→
P2D1,2(m).

We note that for each m ≥ 1, the arc length in M1 from P1 to P2 along the

segments P1D1,2(m) and P2D1,2(m) is
1

2m
n(P1, P2).

Let P3 denote the third point in the sequence (Pj). If P3 is on
←−→
P1P2 or if there

exists m ≥ 1 such that P3 is on
←−−−−−−→
P1D1,2(m) then n(P1, P3) has already been de-

fined. More generally, if P3 is on
←−→
P1P2 or if there exists m ≥ 1 such that P3 is

on
←−−−−−−→
P1D1,2(m) then for each pair of points X,Y ∈ ←−→P1P3, the distance n(X,Y )

has already been defined. On the other hand, if P3 is not on
←−→
P1P2 and if for each

m ≥ 1, P3 is not on
←−−−−−−→
P1D1,2(m) then n(P1, P3) has not yet been defined. In this

case, we define n(P1, P3) = d(P1, P3), and in general, given X,Y ∈ ←−→P1P3, we
define n(X,Y ) = d(X,Y ). In either case, n(P1, P3) has been defined, and more
generally, distance along

←−→
P1P3 has been defined.

Let S1,3(1) denote the set of lines in any of the following forms:

(1)
←−→
P1P2,

←−→
P1P3, and

←−→
P2P3

(2) For each m ≥ 1,
←−−−−−−→
P1D1,2(m) and

←−−−−−−→
P2D1,2(m)

(3) For each t, h, with h ≥ 3 and t < h,
←−−−−−−−−−→
D1,2(t)D1,2(h).

Since no three points in the set {P1, P2} ∪ {D1,2(m) | m ≥ 1} are collinear,
then none of the points from the set {P1, P2} ∪ {D1,2(m) | m ≥ 3} are on←−−−−−−−−−→
D1,2(1)D1,2(2). In particular,

←−−−−−−−−−→
D1,2(1)D1,2(2) /∈ S1,3(1). Since there are only

a countably infinite number of lines that are elements in S1,3(1), then there are
at most a countably infinite number of points of intersection of any of the lines

in S1,3(1) with the line
←−−−−−−−−−→
D1,2(1)D1,2(2). Since

←−−−−−−−−−→
D1,2(1)D1,2(2) is unbounded, and

since there exist an uncountably infinite number of points between any two distinct

points on
←−−−−−−−−−→
D1,2(1)D1,2(2), then there exists a pointD1,3(1) on

←−−−−−−−−−→
D1,2(1)D1,2(2) such

that:

(1) d(P1, D1,3(1)) ≥ 1 and d(P3, D1,3(1)) ≥ 1
(2) D1,3(1) is not a point on any of the lines in S1,3(1).

SinceD1,3(1) is not a point on any of the lines in S1,3(1), then neither n(P1, D1,3(1))
nor n(P3, D1,3(1)) has yet been defined. We define n(P1, D1,3(1)) = n(P3, D1,3(1))

=
1

4
n(P1, P3).

Using a method similar to the one used above to define distance in M1 between

any two points on
←−−−−−→
P1D1,2(1), one can define distance in M1 between any two

points on the line
←−−−−−→
P1D1,3(1) or between any two points on the line

←−−−−−→
P3D1,3(1).
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Also, for any X,Y ∈ ←−−−−−→P2D1,3(1) we define n(X,Y ) = d(X,Y ). Moreover, for

each m ≥ 3, and for any X,Y ∈ ←−−−−−−−−−→D1,2(m)D1,3(1), we define n(X,Y ) = d(X,Y ).
Let S1,3(2) denote the set of lines in any of the following forms:

(1)
←−→
P1P2,

←−→
P1P3, and

←−→
P2P3

(2) For each m ≥ 1,
←−−−−−−→
P1D1,2(m),

←−−−−−−→
P2D1,2(m), and

←−−−−−−−−−→
D1,2(m)D1,3(1)

(3)
←−−−−−→
P1D1,3(1),

←−−−−−→
P2D1,3(1), and

←−−−−−→
P3D1,3(1)

(4) Any line in the form
←−−−−−−−−−→
D1,2(t)D1,2(h) (where t, h ≥ 1, with t < h), other

than the line
←−−−−−−−−−→
D1,2(2)D1,2(3).

Since no three points in the set {P1, P2} ∪ {D1,2(m) | m ≥ 1} are collinear,
then none of the points from the set {P1, P2} ∪ {D1,2(m) | m /∈ {2, 3}} are

on
←−−−−−−−−−→
D1,2(2)D1,2(3). Moreover, by the construction above, we have that the point

D1,3(1) is not on line
←−−−−−−−−−→
D1,2(2)D1,2(3). Thus,

←−−−−−−−−−→
D1,2(2)D1,2(3) /∈ S1,3(2).

Since there are only a countably infinite number of lines that are elements in
S1,3(2), then there are at most a countably infinite number of points of intersection

of any of the lines in S1,3(2) with the line
←−−−−−−−−−→
D1,2(2)D1,2(3). Since

←−−−−−−−−−→
D1,2(2)D1,2(3) is

unbounded, and since there exist an uncountably infinite number of points between

any two distinct points on
←−−−−−−−−−→
D1,2(2)D1,2(3), then there exists a point D1,3(2) on←−−−−−−−−−→

D1,2(2)D1,2(3) such that:

(1) d(P1, D1,3(2)) ≥ 2 and d(P3, D1,3(2)) ≥ 2
(2) D1,3(2) is not a point on any of the lines in S1,3(2).

SinceD1,3(2) is not a point on any of the lines in S1,3(2), then neither n(P1, D1,3(2))
nor n(P3, D1,3(2)) has yet been defined. We define n(P1, D1,3(2)) = n(P3, D1,3(2))

=
1

8
n(P1, P3).

Thus, the arc length of the path from P1 to P3 along the segments P1D1,3(2)

and P3D1,3(2) is
1

4
n(P1, P3).

Using a method similar to the one used above to define distance in M1 between

any two points on
←−−−−−→
P1D1,2(1), one can define distance in M1 between any two

points on the line
←−−−−−→
P1D1,3(2) or between any two points on the line

←−−−−−→
P3D1,3(2).

Also, for any X,Y ∈ ←−−−−−→P2D1,3(2) we define n(X,Y ) = d(X,Y ). Moreover,

for each m �= 2, 3, and for any X,Y ∈ ←−−−−−−−−−→D1,2(m)D1,3(2), we define n(X,Y ) =
d(X,Y ).

Let S1,3(3) denote the set of lines in any of the following forms:

(1)
←−→
P1P2,

←−→
P1P3, and

←−→
P2P3

(2) For eachm ≥ 1,
←−−−−−−→
P1D1,2(m),

←−−−−−−→
P2D1,2(m),

←−−−−−−−−−→
D1,2(m)D1,3(1), and

←−−−−−−−−−→
D1,2(m)D1,3(2)

(3)
←−−−−−→
P1D1,3(1),

←−−−−−→
P2D1,3(1),

←−−−−−→
P3D1,3(1),

←−−−−−→
P1D1,3(2),

←−−−−−→
P2D1,3(2),

←−−−−−→
P3D1,3(2), and←−−−−−−−−−→

D1,3(1)D1,3(2)
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(4) Any line in the form
←−−−−−−−−−→
D1,2(t)D1,2(h) (where t, h ≥ 1, with t < h), other

than the line
←−−−−−−−−−→
D1,2(3)D1,2(4).

Since no three points in the set {P1, P2} ∪ {D1,2(m) | m ≥ 1} are collinear,
then none of the points from the set {P1, P2} ∪ {D1,2(m) | m /∈ {3, 4}} are on←−−−−−−−−−→
D1,2(3)D1,2(4). Moreover, by the constructions above, we have that neither of the

points D1,3(1) or D1,3(2) are on line
←−−−−−−−−−→
D1,2(3)D1,2(4). Thus,

←−−−−−−−−−→
D1,2(3)D1,2(4) /∈

S1,3(3).
Since there are only a countably infinite number of lines that are elements in

S1,3(3), then there are at most a countably infinite number of points of intersection

of any of the lines in S1,3(3) with the line
←−−−−−−−−−→
D1,2(3)D1,2(4). Since

←−−−−−−−−−→
D1,2(3)D1,2(4) is

unbounded, and since there exist an uncountably infinite number of points between

any two distinct points on
←−−−−−−−−−→
D1,2(3)D1,2(4), then there exists a point D1,3(3) on←−−−−−−−−−→

D1,2(3)D1,2(4) such that:

(1) d(P1, D1,3(3)) ≥ 3 and d(P3, D1,3(3)) ≥ 3
(2) D1,3(3) is not a point on any of the lines in S1,3(3).

SinceD1,3(3) is not a point on any of the lines in S1,3(3), then neither n(P1, D1,3(3))
nor n(P3, D1,3(3)) has yet been defined. We define n(P1, D1,3(3)) = n(P3, D1,3(3))

=
1

16
n(P1, P3).

Thus, the arc length of the path from P1 to P3 along the segments P1D1,3(3)

and P3D1,3(3) is
1

8
n(P1, P3).

Using a method similar to the one used above to define distance in M1 between

any two points on
←−−−−−→
P1D1,2(1), one can define distance in M1 between any two

points on the line
←−−−−−→
P1D1,3(3) or between any two points on the line

←−−−−−→
P3D1,3(3).

Also, for any X,Y ∈ ←−−−−−→P2D1,3(3) we define n(X,Y ) = d(X,Y ). Moreover,

for each m �= 3, 4, and for any X,Y ∈ ←−−−−−−−−−→D1,2(m)D1,3(3), we define n(X,Y ) =
d(X,Y ).

Assume that there exist r distinct points D1,3(1), D1,3(2), D1,3(3), . . ., D1,3(r)
(where r ≥ 3) such that

(1) For each j = 1, . . . r, D1,3(j) is a point on the line
←−−−−−−−−−−−−→
D1,2(j)D1,2(j + 1).

(2) No three of the pointsD1,3(1),D1,3(2),D1,3(3), . . .,D1,3(r) are collinear.
(3) For each j = 1, . . . r, D1,3(j) is not a point on any of the following lines:

(a)
←−→
P1P2,

←−→
P1P3, and

←−→
P2P3

(b) For each m ≥ 1,
←−−−−−−→
P1D1,2(m) and

←−−−−−−→
P2D1,2(m)

(c) For each k �= j,
←−−−−−→
P1D1,3(k),

←−−−−−→
P2D1,3(k), and

←−−−−−→
P3D1,3(k)

(d) For each m ≥ 1, and for each k �= j,
←−−−−−−−−−→
D1,2(m)D1,3(k)

(e) Any line in the form
←−−−−−−−−−→
D1,2(t)D1,2(h) (where t, h ≥ 1, with t < h),

other than the line
←−−−−−−−−−−−−→
D1,2(j)D1,2(j + 1)

(f) Any line in the form
←−−−−−−−−−→
D1,3(t)D1,3(h), where t �= j and h �= j.
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(4) For each j = 1, . . . r, d(P1, D1,3(j)) ≥ j and d(P3, D1,3(j)) ≥ j
(5) For each j = 1, . . . r, n(P1, D1,3(j)) = n(P3, D1,3(j)) =

1

2j+1
n(P1, P3).

(6) For each j = 1, . . . r, distance in M1 is defined between any two points on

the line
←−−−−−→
P1D1,3(j) or between any two points on the line

←−−−−−→
P3D1,3(j) using

a method similar to the one used above to define distance in M1 between
any two points on

←−−−−−→
P1D1,2(1).

Let S1,3(r + 1) denote the set of lines in any of the following forms:

(1)
←−→
P1P2,

←−→
P1P3, and

←−→
P2P3

(2) For each m ≥ 1,
←−−−−−−→
P1D1,2(m) and

←−−−−−−→
P2D1,2(m)

(3) For each j = 1, . . . r,
←−−−−−→
P1D1,3(j),

←−−−−−→
P2D1,3(j), and

←−−−−−→
P3D1,3(j)

(4) For each m ≥ 1, and for each j = 1, . . . r,
←−−−−−−−−−→
D1,2(m)D1,3(j)

(5) Any line in the form
←−−−−−−−−−→
D1,2(t)D1,2(h) (where t, h ≥ 1, with t < h), other

than the line
←−−−−−−−−−−−−−−−→
D1,2(r + 1)D1,2(r + 2)

(6) Any line in the form
←−−−−−−−−−→
D1,3(t)D1,3(h), where t, h ∈ {1, . . . r}.

By the definition of the set S1,3(r + 1), we see that
←−−−−−−−−−−−−−−−→
D1,2(r + 1)D1,2(r + 2) /∈

S1,3(r + 1). Let D1,3(r + 1) be a point on
←−−−−−−−−−−−−−−−→
D1,2(r + 1)D1,2(r + 2) such that

(1) d(P1, D1,3(r + 1)) ≥ r + 1 and d(P3, D1,3(r + 1)) ≥ r + 1
(2) D1,3(r + 1) is not a point on any of the lines in S1,3(r + 1)

Since D1,3(r + 1) is not a point on any of the lines in S1,3(r + 1), then nei-
ther n(P1, D1,3(r + 1)) nor n(P3, D1,3(r + 1)) has yet been defined. We define

n(P1, D1,3(r + 1)) = n(P3, D1,3(r + 1)) =
1

2r+2
n(P1, P3).

Thus, the arc length of the path from P1 to P3 along the segments P1D1,3(r + 1)

and P3D1,3(r + 1) is
1

2r+1
n(P1, P3).

Using a method similar to the one used above to define distance in M1 between

any two points on
←−−−−−→
P1D1,2(1), one can define distance in M1 between any two

points on the line
←−−−−−−−−→
P1D1,3(r + 1) or between any two points on the line

←−−−−−−−−→
P3D1,3(r + 1).

Also, for any X,Y ∈ ←−−−−−−−−→P2D1,3(r + 1) we define n(X,Y ) = d(X,Y ). Moreover,

for each m �= r + 1, r + 2, and for any X,Y ∈ ←−−−−−−−−−−−−→D1,2(m)D1,3(r + 1), we define
n(X,Y ) = d(X,Y ).

Thus, there exists a sequence (D1,3(j)) of distinct points in R
2 such that

(1) For each j ≥ 1, D1,3(j) is a point on the line
←−−−−−−−−−−−−→
D1,2(j)D1,2(j + 1).

(2) No three of the points in (D1,3(j)) are collinear.
(3) For each j ≥ 1, D1,3(j) is not a point on any of the following lines:

(a)
←−→
P1P2,

←−→
P1P3, and

←−→
P2P3

(b) For each m ≥ 1,
←−−−−−−→
P1D1,2(m) and

←−−−−−−→
P2D1,2(m)

(c) For each k �= j,
←−−−−−→
P1D1,3(k),

←−−−−−→
P2D1,3(k), and

←−−−−−→
P3D1,3(k)

(d) For each m ≥ 1, and for each k �= j,
←−−−−−−−−−→
D1,2(m)D1,3(k)
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(e) Any line in the form
←−−−−−−−−−→
D1,2(t)D1,2(h) (where t, h ≥ 1, with t < h),

other than the line
←−−−−−−−−−−−−→
D1,2(j)D1,2(j + 1)

(f) Any line in the form
←−−−−−−−−−→
D1,3(t)D1,3(h), where t �= j and h �= j.

(4) For each j ≥ 1, d(P1, D1,3(j)) ≥ j and d(P3, D1,3(j)) ≥ j
(5) For each j ≥ 1, n(P1, D1,3(j)) = n(P3, D1,3(j)) =

1

2j+1
n(P1, P3).

(6) For each j ≥ 1, distance in M1 is defined between any two points on the

line
←−−−−−→
P1D1,3(j) or between any two points on the line

←−−−−−→
P3D1,3(j) using a

method similar to the one used above to define distance in M1 between
any two points on

←−−−−−→
P1D1,2(1).

Also, for each j ≥ 1, and for anyX,Y ∈ ←−−−−−→P2D1,3(j) we define n(X,Y ) = d(X,Y ).

Moreover, for each m �= j, j + 1, and for any X,Y ∈ ←−−−−−−−−−→D1,2(m)D1,3(j), we define
n(X,Y ) = d(X,Y ).

Using the enumeration defined above on the set of unordered pairs of points
(Pr,Pt), one can repeat the above process to construct a sequence (Dr,t(m)) of
points in R

2 for each pair of distinct points Pr and Pt in Q
2, with r < t, such that

for each m ≥ 1, d(Pr, Dr,t(m)) ≥ m and d(Pt, Dr,t(m)) ≥ m, and such that
there exists a path from Pr to Pt passing through Dr,t(m) whose arc length in M1

is equal to
n(Pr, Pt)

2m
.

If l is a line in R
2 that is not used in this construction, then we define the distance

in M1 between any two points X and Y on l to be the usual euclidean distance
d(X,Y ).

5. A Proof that M1 Satisfies the Ruler Postulate

In this section, we give a proof that M1 satisfies the Ruler Postulate. We leave it
to the reader to check that in general, if a model satisfies the Ruler Postulate, then
that model also satisfies the congruence axioms for segments.

Given a line l, then it follows by the way that distance is defined in M1 that either
for each pair of points X and Y on l, n(X,Y ) = d(X,Y ), or else there exists a
segment BH on l (with

←→
BH = l) such that:

(1) the euclidean length d(B,H) of BH has been altered to define the new
length n(B,H) of BH in M1

(2) For each pair of points U and V in segment BH , there exists r ∈ [0, 1]
such that both n(U, V ) = rn(B,H) and d(U, V ) = rd(B,H)

(3) For each pair of points X and Y on l such that X − Y −B −H , n(X,Y )
= d(X,Y )

(4) For each pair of points X and Y on l such that B −H −X − Y , n(X,Y )
= d(X,Y )

(5) For each point X on l such that X −B −H , n(X,B) = d(X,B)
(6) For each point Y on l such that B −H − Y , n(H,Y ) = d(H,Y )
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For all other possible pairs of points X and Y on l, we employ segment addition to
compute n(X,Y ). For example, if X − B − Y −H , then n(X,Y ) = n(X,B) +
n(B, Y ).

First assume that for each pair of points X and Y on l, n(X,Y ) = d(X,Y ).
Since euclidean distance d satisfies the Ruler Postulate (page 31 of [8]), then there
exists a bijection f : l→ R such that for each pair of pointsX and Y on l, d(X,Y )
= |f(X)− f(Y )|. In this case, we use f as a coordinate system for l, and for each
pair of points X and Y on l, we see that n(X,Y ) = d(X,Y ) = |f(X)− f(Y )|.

Next, assume that there exists a segment BH on l (with
←→
BH = l) such that

conditions (1) through (6) above are satisfied. We will define a bijection g : l→ R

such that for each pair of points X and Y on l, n(X,Y ) = |g(X)− g(Y )|.
Again, since euclidean distance d satisfies the Ruler Postulate, then there exists

a coordinate system f : l → R such that f(B) = 0, f(H) > 0, and for each point
X on l such that X −B −H , f(X) < 0 [7].

Let g(B) = 0 and g(H) = n(B,H). For each pointX on l such thatX−B−H ,
let g(X) = f(X). Let h = n(B,H) − d(B,H) = g(H) − f(H). For each point
Y on l such that B −H − Y , let g(Y ) = f(Y ) + h = f(Y ) + g(H)− f(H). Let

t =
n(B,H)

d(B,H)
. For each point X on l such that B −X −H , let g(X) = tf(X).

We note that g(B) = 0 = (t)(0) = tf(B), and that g(H) = n(B,H) =

(d(B,H))

(
n(B,H)

d(B,H)

)
= td(B,H) = t|f(B)−f(H)| = t|0−f(H)| = tf(H).

We also note that g(H) = f(H) + g(H)− f(H) = f(H) + h. We first prove that
g is a bijection.

Proof that g is a bijection. Let k ∈ R. First assume that k = 0. By definition of g,
we have that g(B) = 0. Suppose that there exists a pointX on l, withX �= B such
that g(X) = 0. Since g(H) > 0, then X �= H . If X − B −H , then g(X) < 0, a
contradiction. If B −X −H , then f(X) > 0 and moreover, g(X) = tf(X) > 0,
again a contradiction. If B − H − X , then f(X) > f(H), which implies that
g(X) = f(X) + h > f(H) + h = g(H) > 0, also a contradiction. (As above,
h = n(B,H) − d(B,H) = g(H) − f(H).) Thus, B is the only point such that
g(B) = 0.

Assume that k < 0. Since f : l → R is a bijection then there exists a unique
point Xk on l such that Xk − B − H and f(Xk) = k. By definition of g, we
have that g(Xk) = f(Xk) = k. As just argued in the previous case, if X = B,
B −X −H , X = H , or B −H −X , then g(X) ≥ 0. Thus, Xk is the only point
such that g(Xk) = k.

Assume that k ≥ n(B,H). Again, let h = n(B,H) − d(B,H). Since k ≥
n(B,H), then k−h ≥ n(B,H)−h. Therefore, k−h ≥ n(B,H)− (n(B,H)−
d(B,H)), which implies that k − h ≥ d(B,H). Since f is a coordinate system
for l, then there exists a unique point Yk on l such that f(Yk) = k − h. Since
f(Yk) = k − h ≥ d(B,H), then either Yk = H or else B −H − Yk. Thus, there
exists a unique point Yk on l such that either Yk = H or else B−H −Yk, and such
that g(Yk) = f(Yk) + h = k.



270 J. Donnelly

Finally, assume that 0 < k < n(B,H). Again, let t =
n(B,H)

d(B,H)
. Since f is a

coordinate system for l, then there exists a unique point Wk on l such that f(Wk)

=
k

t
. Since 0 < k < n(B,H) and since t > 0, then 0 =

0

t
<
k

t
<
n(B,H)

t
=

n(B,H)(
n(B,H)

d(B,H)

) = d(B,H). Since f(B) = 0, f(H) = d(B,H), and f(Wk) =
k

t
,

then f(B) < f(Wk) < f(H), which implies that B −Wk −H . By definition of

g, we see that g(Wk) = tf(Wk) = (t)

(
k

t

)
= k. Thus, there exists a unique point

Wk such that B −Wk −H and g(Wk) = k.
In any case, we see that there exists a unique point X on l such that g(X) = k.

Hence, g is a bijection. �

We next prove that g is a coordinate system for l.

Proof that g is a coordinate system for l. We now check that for each pair of points
X and Y on l, n(X,Y ) = |g(X)− g(Y )|.

First assume thatX−Y −B−H . In this case, we have that n(X,Y ) = d(X,Y ),
g(X) = f(X), and g(Y ) = f(Y ). Thus, n(X,Y ) = d(X,Y ) = |f(X)− f(Y )| =
|g(X)− g(Y )|.

Similarly, if X − B − H , then we have that n(X,B) = d(X,B), g(X) =
f(X), and g(B) = f(B) = 0. Thus, n(X,B) = d(X,B) = |f(X) − f(B)| =
|g(X)− g(B)|.

Assume that B −H −X − Y . In this case, we have that n(X,Y ) = d(X,Y ),
g(X) = f(X) + h, and g(Y ) = f(Y ) + h, where, as above, h = n(B,H) −
d(B,H). Thus, n(X,Y ) = d(X,Y ) = |f(X) − f(Y )| = |f(X) − f(Y ) + h− h|
= |(f(X) + h)− (f(Y ) + h)| = |g(X)− g(Y )|.

Similarly, ifB−H−Y , then we have that n(H,Y ) = d(H,Y ), g(H) = f(H)+
h, and g(Y ) = f(Y ) + h. Thus, n(H,Y ) = d(H,Y ) = |f(H)− f(Y )| = |f(H)−
f(Y ) + h− h| = |(f(H) + h)− (f(Y ) + h)| = |g(H)− g(Y )|.

Next, assume thatX and Y are on segmentBH . As above, we let t =
n(B,H)

d(B,H)
.

In particular, n(B,H) = td(B,H). Also, we have that g(X) = tf(X) and g(Y )
= tf(Y ). Moreover, there exists r ∈ [0, 1] such that both n(X,Y ) = rn(B,H)
and d(X,Y ) = rd(B,H). Thus, we see that n(X,Y ) = rn(B,H) = rtd(B,H) =
td(X,Y ) = t|f(X)− f(Y )| = |tf(X)− tf(Y )| = |g(X)− g(Y )|.

For any other possible combination of points X and Y on l, we use segment
addition. For example, assume that X−B−Y −H . In this case, g(X) < g(B) <
g(Y ), which implies that |g(X)− g(B)|+ |g(B)− g(Y )| = |g(X)− g(Y )|. Thus,
we see that n(X,Y ) = n(X,B) + n(B, Y ) = |g(X) − g(B)| + |g(B) − g(Y )| =
|g(X)− g(Y )|. The cases where B −X −H − Y or X −B −H − Y , as well as
the cases where either B −H − Y with X = B, or else X −B −H with Y = H
are similar and are left to the reader.

Hence, g is a coordinate system for l. �
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6. Convex Polygons

In this section we extend some results from previous sections to all of R2. In
particular, we prove that given any two points A,B ∈ R

2 and given any ε ∈ (0, 1),
then there exists a path q from A to B whose arc length in M1 is less than ε. We
begin with the following lemmas.

Lemma 1. Let D = (a, b) be a point in R
2 such that b /∈ Q. Let l denote the

vertical line x = a. Let δ ∈ (0, 1). Then there exists a point T = (a, q) such that
q ∈ Q, d(D,T ) < δ, and n(D,T ) < δ.

Proof. Given the vertical line l, then it follows by the way that distance in M1 is
constructed above that either for each pair of points X and Y on l, n(X,Y ) =
d(X,Y ), or else there exists a segment HB (with

←→
HB = l) such that:

(1) For each pair of points X and Y on l such that either X − Y −H −B or
H −B −X − Y , we have that n(X,Y ) = d(X,Y )

(2) For each pair of points U and V on segment HB, there exists r ∈ [0, 1]
such that n(U, V ) = rn(H,B) and d(U, V ) = rd(H,B)

First assume that for each pair of points X and Y on l, n(X,Y ) = d(X,Y ). In
this case, it follows by the density of the rational numbers that there exists q0 ∈ Q

such that |b − q0| < δ. In this case the point T0 = (a, q0) is such that n(D,T0) =
d(D,T0) = |b− q0| < δ.

Next assume that there exists a segment HB (with
←→
HB = l) such that:

(1) For each pair of points X and Y on l such that either X − Y −H −B or
H −B −X − Y , we have that n(X,Y ) = d(X,Y )

(2) For each pair of points U and V on segment HB, there exists r ∈ [0, 1]
such that n(U, V ) = rn(H,B) and d(U, V ) = rd(H,B)

Let H = (a, k). Since D cannot equal both H and B simultaneously, then we
may assume without loss of generality that D �= H . Furthermore, we may assume
that k < b. The proof when b < k is similar and is left to the reader.

First assume that D is a point on segment HB. Thus, either D = B or else
B−D−H . Let ρ ∈ (0, 1) be such that (ρ)(d(D,H)) < δ and (ρ)(n(D,H)) < δ.
Again, by the density of the rational numbers that there exists q1 ∈ Q such that k <
q1 < b and |b−q1| < (ρ)(d(D,H)). Let T1 = (a, q1). Thus, we see that d(D,T1) =
|b− q1| < (ρ)(d(D,H)) < δ. Therefore, n(D,T1) < (ρ)(n(D,H)) < δ.

Finally, assume that D−H −B. Again, by the density of the rational numbers,
there exists q2 ∈ Q such that k < q2 < b and |b− q2| < δ. Let T2 = (a, q2). Thus,
we see that n(D,T2) = d(D,T2) = |b− q2| < δ. The case where H − B −D is
similar and is left to the reader. �

The proof of the following lemma is similar to the proof of Lemma 1 and is left
to the reader.

Lemma 2. Let D = (a, b) be a point in R
2 such that a /∈ Q. Let l denote the

horizontal line y = b. Let δ ∈ (0, 1). Then there exists a point T = (q, b) such that
q ∈ Q, d(D,T ) < δ, and n(D,T ) < δ.
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Lemma 3. Let δ ∈ (0, 1). Given a point D ∈ R
2, then there exists a point T ∈ Q

2

and a path p from D to T such that d(D,T ) < δ and such that the arc length in
M1 along p is at most δ.

Proof. If D ∈ Q
2, then we let T = D. In this case p consists of the single point D

and the length along p is 0.
Assume that D /∈ Q

2. Let D = (a, b). If a ∈ Q and b /∈ Q, then it follows by
Lemma 1 that there exists a point T1 = (a, q1) ∈ Q

2 such that d(D,T1) < δ and
n(D,T1) < δ. In this case p is segment DT1.

If a /∈ Q and b ∈ Q, then it follows by Lemma 2 that there exists a point T2 =
(q2, b) ∈ Q

2 such that d(D,T2) < δ and n(D,T2) < δ. In this case p is segment
DT2.

Assume that a, b /∈ Q. By Lemma 1 there exists a point W = (a, q3) such that
q3 ∈ Q, d(D,W ) < δ

2 , and n(D,W ) < δ
2 . By Lemma 2 there exists a point T3 =

(q4, q3) ∈ Q
2 such that d(W,T3) < δ

2 and n(W,T3) < δ
2 . In this case we let p be

the union of segments DW ∪WT3. Thus, the arc length along p from D to T3 is
less than δ. Moreover, by applying the triangle inequality in euclidean geometry,

we have that d(D,T3) < d(D,W ) + d(W,T3) <
δ

2
+
δ

2
= δ. �

Theorem 4. Given any convex polygon P , then for each pair of points A and B
inside P and for any ε > 0, there exists a path q from A to B such that the arc
length along q is less than ε and such that q has nonempty intersection with the
exterior of P .

Proof. Let P be a convex polygon. Let A and B denote two points in the in-
terior of P . Let ε > 0. Since P is a convex polygon in both M1 and eu-
clidean geometry, then there exists a euclidean circle C that bounds P . Let V
and r denote the center and radius of C, respectively. Let δ > 0 be such that

δ < min

{
r − d(A, V )

2
,
r − d(B, V )

2
,
ε

3

}
. If A ∈ Q

2, then let WA = A. If

A /∈ Q
2, then it follows by Lemma 3 that there exists WA ∈ Q

2 such that
d(A,WA) < δ and such that there exists a path qA from A to WA whose arc
length in M1 is less than δ. Similarly, if B ∈ Q

2, then let WB = B, and if B /∈ Q
2,

then there exists WB ∈ Q
2 such that d(B,WB) < δ and such that there exists a

path qB from B to WB whose arc length in M1 is less than δ. In either case, it
follows by the triangle inequality in euclidean geometry that d(V,WA) < r and
d(V,WB) < r. Thus, both WA and WB are in the interior of C. It also follows
that the respective arc lengths of qA and qB in M1 are both less than ε

3 . By the
construction above, there exists a sequence (Dj) of points in R

2 such that for each
j ≥ 1,

(1) d(WA, Dj) ≥ j and d(WB, Dj) ≥ j
(2) n(WA, Dj) = n(WB, Dj) =

1

2j+1
n(WA,WB)

Let t ∈ Z
+ be such that t > 3r and

1

2t
n(WA,WB) <

ε

3
. Thus, Dt is a point such

that
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(1) d(WA, Dt) ≥ t > 3r and d(WB, Dt) ≥ t > 3r
(2) The arc length in M1 from WA to WB along the path p = WADt ∪WBDt

is less than
1

2t
n(WA,WB), and therefore less than

ε

3
.

Thus we see that the arc length in M1 from A to B along the path q = qA ∪ p ∪ qB
is less than ε.

If d(V,Dt) ≤ r, then it follows by the triangle inequality in euclidean geometry
that d(WA, Dt) < d(WA, V )+d(V,Dt) < r+r = 2r, a contradiction. Therefore,
it must be the case that Dt is in the exterior of C, and therefore in the exterior of
P . Since Dt is a point on the path q, then q has nonempty intersection with the
exterior of P . �
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A Model of Nowhere Geodesic Plane Geometry in which
the Triangle Inequality Fails Everywhere

John Donnelly

Abstract. Continuing with the results from an earlier paper, we construct a
model M2 of plane geometry that satisfies all of Hilbert’s axioms for the eu-
clidean plane (with the exception of Sided-Angle-Side), yet in which the geo-
desic line segment connecting any two points A and B is never the shortest path
from A to B. Moreover, in the model M2, the triangle inequality always fails for
any triple of noncollinear points.

1. Introduction

In [2] the author constructs a model M1 of plane geometry that satisfies all of
Hilbert’s axioms for the euclidean plane (with the exception of Sided-Angle-Side),
yet in which the geodesic line segment connecting any two points A and B is
never the shortest path from A to B. Moreover, it is shown in [2] that the model
M1 is continuous in the sense that it satisfies both the ruler postulate and protractor
postulate of Birkhoff [1], [4]. However, depending on the order in which we choose
points while constructing M1, there might exist a specific triangle �ABC in M1

that satisfies the triangle inequality in the sense that the sum of the lengths of any
two sides of �ABC is greater than the length of the third side. However, given
any two of the vertices of�ABC, and given ε > 0, then we can always find a path
connecting those two vertices whose arc length in M1 is less than ε.

In this paper, we construct a model M2 of plane geometry that satisfies all of
Hilbert’s axioms for the euclidean plane (with the exception of Sided-Angle-Side),
and which is Nowhere Geodesic, yet in which no triangle satisfies the triangle
inequality. We note that the model M2 is not continuous in the sense that neither
the ruler postulate nor the protractor postulate hold in M2. We refer the reader to
[2] and [3] for a list of Hilbert’s axioms for the euclidean plane.

2. The Model M2

In this section we construct the model M2. The points in M2 are precisely the
points in Q

2. A line in M2 is the intersection of Q
2 with a line in R

2 whose
equation is either y = mx+ b, where m, b ∈ Q , or else x = k, where k ∈ Q. We
define betweenness in M2 to be exactly the same as betweenness in the euclidean
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plane. As in [2], we will replace PASCH with PSP as a betweenness axiom, and
will show that M2 satisfies PSP. It follows immediately that betweenness axioms
(1) - (3) hold in M2. We leave it to the reader to check that the incidence axioms
hold in M2.

We prove that PSP holds in M2. We will essentially prove part (3) of the follow-
ing lemma while showing that PSP holds in M2.

Lemma 1. Given two distinct lines l and q in M2, then exactly one of the following
is true:

(1) neither l nor q is vertical, and they have the same slope and are therefore
parallel

(2) l and q are both vertical, and are therefore parallel
(3) l and q intersect at a unique point P ∈ Q

2

Proof of PSP: Let l be a line in M2. First assume that l is not vertical, and that l
has equation y = mx+ b, where m, b ∈ Q. LetH1 = {(c, d) ∈ Q

2 | d > mc+ b}
and let H2 = {(c, d) ∈ Q

2 | d < mc + b}. It follows immediately that H1 and
H2 are nonempty, disjoint subsets of Q2 whose union is precisely the set of points
in Q

2 that are not on l. Let B1 = (u1, v1) and B2 = (u2, v2) be two points in Q
2

such that B1 and B2 are not on l.
Assume that

←−−→
B1B2 is not vertical. Thus, u1 �= u2. Let

←−−→
B1B2 have equation

y = rx+ s, where r =
v2 − v1
u2 − u1 ∈ Q and s ∈ Q.

First assume that B1 ∈ H1 and B2 ∈ H2. Since r, s,m, b ∈ Q, then both of
s− b
m− r and r

(
s− b
m− r

)
+ s are in Q. Thus, we see that the lines

←−−→
B1B2 and l

intersect at the point (
s− b
m− r , r

(
s− b
m− r

)
+ s

)
∈ Q

2

If m = r, then
←−−→
B1B2 and l are parallel, which implies that either both of B1 and

B2 are above l or else both of B1 and B2 are below l, a contradiction. Assume that
m �= r, and consequently, that

←−−→
B1B2 and l are not parallel.

Assume that m > r. Since B1 ∈ H1, then ru1 + s = v1 > mu1 + b. This

implies that (m−r)(u1) < s−b, and therefore that u1 <
s− b
m− r . SinceB2 ∈ H2,

then ru2+s = v2 < mu2+b. This implies that (m−r)(u2) > s−b, and therefore

that u2 >
s− b
m− r . Thus, u1 <

s− b
m− r < u2. Since

s− b
m− r is between u1 and u2,

and since y = rx + s is linear, then

(
s− b
m− r , r

(
s− b
m− r

)
+ s

)
is between B1

and B2 on the segment B1B2.
Now assume that m < r. Again, sinceB1 ∈ H1, then ru1+s = v1 > mu1+ b.

This implies that (m − r)(u1) < s − b, and therefore that u1 >
s− b
m− r . Since

B2 ∈ H2, then ru2 + s = v2 < mu2 + b. This implies that (m− r)(u2) > s− b.
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and therefore that u2 <
s− b
m− r . Thus, u1 >

s− b
m− r > u2. Thus, we again have

that

(
s− b
m− r , r

(
s− b
m− r

)
+ s

)
is between B1 and B2 on the segment B1B2.

Now assume that B1 and B2 are both in H1. Since u1 �= u2, then we may
assume without loss of generality that u1 < u2. The proof for the case u1 > u2 is
similar and is left to the reader.

Again, if m = r, then
←−−→
B1B2 and l are parallel, which implies that

←−−→
B1B2 does

not intersect l.
Assume that m > r. Since B2 ∈ H1, then ru2 + s = v2 > mu2 + b. This

implies that (m− r)(u2) < s− b, and therefore that u1 < u2 <
s− b
m− r .

Assume that m < r. Since B1 ∈ H1, then ru1 + s = v1 > mu1 + b. This

implies that (m− r)(u1) < s− b, and therefore that u2 > u1 >
s− b
m− r .

In either case, since y = rx+ s is linear, then segment B1B2 does not intersect
l.

If B1 and B2 are both in H2, then one can use a similar argument to show that
segment B1B2 does not intersect l.

Now assume that
←−−→
B1B2 is vertical. Thus, u1 = u2, and

←−−→
B1B2 has equation

x = u1.
Assume that B1 ∈ H1 and B2 ∈ H2. In this case, the lines

←−−→
B1B2 and l intersect

at the point (u1,mu1 + b) ∈ Q
2. Since B1 ∈ H1 and B2 ∈ H2, then v1 >

mu1 + b > v2. Thus, it follows that (u1,mu1 + b) is between that points B1 and
B2 on the segment B1B2.

Assume that B1, B2 ∈ H1. We may assume without loss of generality that
v1 > v2. Again, the lines

←−−→
B1B2 and l intersect at the point (u1,mu1 + b) ∈ Q

2.
Since B1, B2 ∈ H1 and v1 > v2, then v1 > v2 > mu1 + b. Thus, the point
(u1,mu1 + b) is not between B1 and B2. If B1 and B2 are both in H2, then one
can use a similar argument to show that segment B1B2 does not intersect l.

Now assume that l is vertical, and that l has equation x = k, where k ∈ Q. Let
H3 = {(c, d) ∈ Q

2 | c > k} and letH4 = {(c, d) ∈ Q
2 | c < k}. Again, we leave

it to the reader to confirm that H3 and H4 are nonempty, disjoint subsets of Q2

whose union is precisely the set of points in Q
2 that are not on l. LetB3 = (u3, v3)

and B4 = (u4, v4) be two points in Q
2 such that B3 and B4 are not on l.

Assume that B3 ∈ H3 and B4 ∈ H4. In this case,
←−−→
B3B4 can not be vertical.

Let
←−−→
B3B4 have equation y = px+ d, where p, d ∈ Q. In this case, the lines

←−−→
B3B4

and l intersect at the point (k, pk + d) ∈ Q
2. Since B3 ∈ H3 and B4 ∈ H4, then

u3 > k > u4. Thus, it follows that (k, pk + d) is between that points B3 and B4

on the segment B3B4.
Finally, assume that B3, B4 ∈ H3. If

←−−→
B3B4 is vertical, then segment B3B4 and

line l do not intersect. Assume that
←−−→
B3B4 is not vertical. Again, we assume that←−−→

B3B4 has equation y = px + d, where p, d ∈ Q. We may assume without loss of
generality that u3 > u4. Since B3, B4 ∈ H3, then u3 > u4 > k. Thus, it follows
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that (k, pk + d) is not between that points B3 and B4 on the segment B3B4. If B3

and B4 are both in H4, then one can use a similar argument to show that segment
B3B4 does not intersect l. Hence, PSP holds in M2.

3. Angle Measure in M2

We define angle measure in M2 to be the same as euclidean angle measure. It
follows immediately that Congruence Axiom (2) for Angles holds in M2. More-
over, given an angle ∠BAC in M2 and given a ray

−−→
DF in M2, then there exists a

unique ray
−−→
DE in R

2 on a given side of line
←→
DF such that ∠BAC ∼= ∠FDE. It

remains only to show that ray
−−→
DE is not only a ray in R

2, but more specifically is
a ray in M2. To show this, we show that either

←→
DE is vertical or else that the slope

of line
←→
DE is a rational number.

Since both the slope of a line and euclidean angle measure are preserved under
horizontal or vertical translation, then we may assume that D is the origin (0,0).
Similarly, we may assume that the vertex A of ∠BAC is the origin (0,0).

If the slope of a ray
−−→
DK is s ∈ Q, then the slope of the ray that we get by

rotating
−−→
DK clockwise around D through an angle of

π

2
is−1

s
∈ Q. Thus, we can

assume that ray
−−→
DF is either in the first quadrant or is equal to the positive x-axis.

If
−−→
DF is in the second, third, or fourth quadrant, then we rotate both rays

−−→
DF and

−−→
DE clockwise around D through an angle of

π

2
, π, or

3π

2
, respectively. In any of

these three cases, the ray we get by rotating
−−→
DF will be a ray in the first quadrant

with a rational slope. Moreover, if the slope of the ray we get by rotating
−−→
DE is

a rational number, then the slope of
−−→
DE is also a rational number. Since angle

measure in euclidean geometry is preserved by rotation, then the angle measure
of the new angle is precisely the same as the angle measure of the original angle
∠FDE. Similarly, if

−−→
DF is the positive y-axis, the negative x-axis, or the negative

y-axis, then we again rotate both rays
−−→
DF and

−−→
DE clockwise around D through

an angle of
π

2
, π, or

3π

2
, respectively. In any of these three cases, the ray we get

by rotating
−−→
DF will be the positive x-axis.

Finally, we assume that
−−→
DE is in the halfplane of line

←→
DF consisting of all

points that are above the line
←→
DF . The case where the ray

−−→
DE is in the halfplane

of line
←→
DF consisting of all points that are below the line

←→
DF is similar, and is left

to the reader.
Let ∠BAC and ∠FDE be two angles in R

2 that are congruent. As above,
we assume that the vertices A and D of angles ∠BAC and ∠FDE, respectively,
are the origin (0,0). Moreover, by rotating

−−→
AB if necessary, we may assume that−−→

AB is the positive x-axis. By using the reflection in the x-axis and reflecting−→
AC to its mirror image

−−→
AC ′, if necessary, then we may assume that

−→
AC is above

the x-axis. In particular, if the slope of
−→
AC is s ∈ Q, then the slope of

−−→
AC ′ is
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−s ∈ Q. Also, since the reflection in a line preserves euclidean angle measure,
then m∠BAC = m∠BAC ′. We denote the common angle measure of ∠BAC
and ∠FDE by λ. We assume that ray

−−→
DF has rational slope, and is therefore a

ray in M2. We will show that ray
−→
AC is in M2 if and only if ray

−−→
DE is in M2.

If λ =
π

2
, then

−→
AC is vertical, and the slope of

−−→
DE is the negative reciprocal of

the slope of
−−→
DF , which implies that the slope of

−−→
DE is rational. In this case,

−→
AC

and
−−→
DE are both in M2.

Assume that λ �= π

2
.

If
−−→
DF is horizontal (and therefore the positive x-axis), then ∠BAC and ∠FDE

are the same angle. In this case,
−−→
DE and

−→
AC are the same ray, and therefore have

the same rational slope.
Assume that

−−→
DF is not horizontal. As above, we may assume that

−−→
DF is in the

first quadrant, and that
−−→
DE is in the halfplane of line

←→
DF consisting of all points

that are above the line
←→
DF .

Let ρ = m∠BDF .
First assume that

−→
AC is in M2. Since λ �= π

2
, then

−→
AC is not vertical. Thus, it

must be the case that the slope of
−→
AC is rational.

If
−−→
DE is vertical (i.e. the positive y-axis), then it has no slope, but instead has

equation x = 0, and is therefore a ray in M2.
If
−−→
DE is horizontal (i.e. the negative x-axis), then it has slope 0, and is therefore

a ray in M2.
Assume that

−−→
DE is neither the positive y-axis nor the negative x-axis. Since

−−→
AB

is the positive x-axis, then the slope of
−→
AC is Tan(λ), the slope of

−−→
DF is Tan(ρ),

and the slope of
−−→
DE is Tan(λ + ρ). Since the slopes of

−→
AC and

−−→
DF are rational,

then it follows by the formula

Tan(λ+ ρ) =
Tan(λ) + Tan(ρ)
1− Tan(λ)Tan(ρ)

that Tan(λ+ ρ) is rational. Thus, the slope of
−−→
DE is rational.

Thus, in any of these cases, we have that
−−→
DE is a ray in M2.

Next, assume that
−−→
DE is in M2.

First assume that
−−→
DE is vertical (i.e. the positive y-axis). In this case, we use

the reflection in the line y = x to reflect both
−−→
DF and

−−→
DE to their mirror images−−→

DF ′ and
−−→
DE′, respectively. Since the ray

−−→
DE is the positive y-axis, then

−−→
DE′=−−→

AB. Since the reflection in a line preserves angle measure, then the reflection of
the angle ∠FDE is the unique angle above the x-axis whose initial ray is

−−→
AB and

whose angle measure is λ. But this is precisely the angle ∠BAC. Thus, we see

that ∠F ′DE′ = ∠BAC. More specifically,
−−→
DE′ =

−−→
AB and

−−→
DF ′=

−→
AC. If the slope
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of
−−→
DF is s ∈ Q, then the slope of

−−→
DF ′ is

1

s
∈ Q. Since

−−→
DF ′=

−→
AC, then it follows

that
−→
AC is in M2.

Now assume that that
−−→
DE is not vertical. Thus, in this case the slope of

−−→
DE is

rational. Moreover, since
−−→
DE is not vertical, then λ+ ρ �= π

2
.

As above, we have that the slope of
−→
AC is Tan(λ), the slope of

−−→
DF is Tan(ρ),

and the slope of
−−→
DE is Tan(λ + ρ). Since the slopes of

−−→
DF and

−−→
DE are rational,

then it follows by the formula

Tan(λ) =
Tan(λ+ ρ)− Tan(ρ)
1 + Tan(λ+ ρ)Tan(ρ)

that the slope of
−→
AC is also rational. Thus,

−→
AC is a ray in M2.

Let ∠HKG be an angle in M2, and let
−−→
DF be a ray in M2. As stated above,

there exists a unique ray
−−→
DE in R

2 on a given side of line
←→
DF such that ∠HKG ∼=

∠FDE. If, as above, we let
−−→
AB denote the positive x-axis, then there exists

a unique ray
−→
AC in R

2 above the x-axis such that ∠BAC ∼= ∠HKG. Since
∠HKG is an angle in M2, then it follows that both rays

−−→
KH and

−−→
KG are in M2.

Applying the previous argument to the angles ∠BAC and ∠HKG, it follows that−→
AC is a ray in M2. Applying the previous argument to the angles ∠BAC and
∠FDE, we see that since

−→
AC is a ray in M2, then

−−→
DE is a ray in M2. Thus,

∠FDE is an angle in M2.
Hence, it follows that Congruence Axiom (i) for Angles holds in M2.

4. Distance in M2

In this section we define distance in M2. We do this in such a way so that not
only is M2 nowhere geodesic, but moreover, so that no triangle in M2 satisfies
the triangle inequality. To define distance, we use the enumeration on the points
in Q

2. In particular, we start by defining distance between P1 and P2. We then
define the distance between each subsequent point Pk in the sequence (Pj) and
all of the points P1, . . . , Pk−1 that come before Pk in (Pj). As we define these
distances, we also construct a subsequence (Ki,j) of points from (Pj), which is
used to ensure that M2 is nowhere geodesic. The distance between a point Pt in
(Pj) and a corresponding point Kt,j in (Ki,j) is defined to be sufficiently small so
that the segments in the form PtKt,i can be used to construct shorter and shorter
paths in M2. On the other hand, certain distances in M2 are defined to be larger
and larger as we use points further out in the sequence (Pj). Thus, we can think
of distances in M2 as being defined with two opposite goals in mind. One goal is
to have certain distances get larger and larger without bound, and the other goal is
to have certain distances getting smaller and smaller and closer to 0. We denote
the euclidean distance between point A and point B by d(A,B). We denote the
taxicab distance between point A and point B by t(A,B) We denote the distance
in M2 between point A and point B by g(A,B).

We start with the following lemma.
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Lemma 2. Let {A1, . . . , Ak} ⊆ Q
2 be a nonempty finite subset of Q2. Let Pi and

Pl be two distinct points in Q
2. Assume that T0, T1, . . . , Tm are points on PiPl

such that

(1) T0 = Pi and Tm = Pl

(2) Ifm ≥ 2, then for each d ∈ {1, . . . ,m−1}, we have that Td−1−Td−Td+1

(3) If m ≥ 2, then for each d ∈ {1, . . . ,m − 1}, we have that Td is the point

of intersection of PiPl with one of the lines
←−−→
AhAb where 1 ≤ h, b ≤ k and←−−→

AhAb �=←−→PiPl

(4) For each d ∈ {1, . . . ,m}, none of the lines
←−−→
AhAb, where 1 ≤ h, b ≤ k and←−−→

AhAb �=←−→PiPl, intersect int
(
Td−1Td

)
Then for each d ∈ {1, . . . ,m}, there exists a triangle�Td−1TdQd such that

(1) No line in the form
←−−→
AhAb, where 1 ≤ h, b ≤ k, intersects int(�Td−1TdQd).

(2) No segment in the formAhAb, where 1 ≤ h, b ≤ k, intersects int(�Td−1TdQd).

Proof. We will prove this for d = 1. The proofs for the other possible values of
d are similar, and are left to the reader. Let H denote a halfplane of

←−→
PiPl. If none

of the points A1, . . . , Ak are in H, then we let X be any point in H ∩ Q
2. Even

though none of the points A1, . . . , Ak are in H, it might still be the case that one
of the lines

←−−→
AhAb intersects int(∠T1T0X).

First assume that no line in the form
←−−→
AzAw, where 1 ≤ z, w ≤ k, passes through

T0 and intersects int(∠T1T0X).

Assume that no line in the form
←−−→
AhAb, where 1 ≤ h, b ≤ k, intersects int

(−−→
T0X

)
.

Let Q1 be any point on ray
−−→
T0X such that Q1 �= T0. If there exists a line in the

form
←−−→
AhAb, where 1 ≤ h, b ≤ k, that intersects int(�T0T1Q1), then it follows by

the Line-Triangle Theorem together with Lemma 1 that
←−−→
AhAb must intersect the

interior of at least one of the sides T0T1 or T0Q1, a contradiction [4]. Thus, no line
in the form

←−−→
AhAb, where 1 ≤ h, b ≤ k, intersects int(�T0T1Q1). In particular, no

segment in the form AhAb, where 1 ≤ h, b ≤ k, intersects int(�T0T1Q1).
Next assume that there exists a line in the form

←−−→
AhAb, where 1 ≤ h, b ≤ k,

that intersects int
(−−→
T0X

)
. Let L1, . . . , Lr denote all the points of intersection of

int
(−−→
T0X

)
with lines in the form

←−−→
AhAb, where 1 ≤ h, b ≤ k. Since there exists

only a finite number of lines in the form
←−−→
AhAb, where 1 ≤ h, b ≤ k, then there exist

only a finite number of such points L1, . . . , Lr of intersection. Let Lu denote the

point on int
(−−→
T0X

)
such that none of the other points from L1, . . . , Lr are between

T0 and Lu. That is, for each j �= u, Lj is not between T0 and Lu. Since there
exist only a finite number of points L1, . . . , Lr of intersection, then such a point
Lu exists. One can now use an argument similar to the one given above to show
that no line in the form

←−−→
AhAb, where 1 ≤ h, b ≤ k, intersects int(�T1T0Lu).

Now assume that there exists a line in the form
←−−→
AzAw, where 1 ≤ z, w ≤

k, that passes through T0 and intersects int(∠T1T0X). Since none of the points
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A1, . . . , Ak are in H, then it follows that all points on
←−−→
AzAw in int(∠T1T0X) are

on the opposite side of
←−→
PiPl asA1, . . . , Ak. Let S denote the set of all angles in the

form ∠T1T0B such that B is in int(∠T1T0X) and such that B is on a line
←−−→
AzAw,

where 1 ≤ z, w ≤ k, that passes through T0. LetD be a point in int(∠T1T0X) such
thatD is on a line

←−−→
AzAw, where 1 ≤ z, w ≤ k, that passes through T0 and such that

∠T1T0D is the smallest angle in S . We now apply arguments similar to those given
above, using ray

−−→
T0D in the place of ray

−−→
T0X , to show that triangle �T1T0D is

such that no line in the form
←−−→
AhAb, where 1 ≤ h, b ≤ k and

←−−→
AhAb �= ←−→PiPl,

intersects int(�T1T0D).
Now assume that at least one of the points A1, . . . , Ak is inH. Let α denote the

smallest angle in the form ∠T1T0At, where At is from the points A1, . . . , Ak that
are inH. Since there are only a finite number of points fromA1, . . . , Ak that are in
H, then α is well defined. We now apply arguments similar to those given above,
using ray

−−→
T0At in the place of ray

−−→
T0X , to show that triangle�T1T0At is such that

no line in the form
←−−→
AhAb, where 1 ≤ h, b ≤ k, intersects int(�T1T0At). �

The proof of the following lemma follows from the definitions of betweenness
in euclidean geometry, taxicab geometry, and M2, and is left to the reader.

Lemma 3. Let A = (x1, y1), B = (x2, y2) and C = (x3, y3) be three points in
Q

2. Then A − B − C in euclidean geometry if and only if A − B − C in taxicab
geometry. Moreover, A−B − C in taxicab geometry if and only if A−B − C in
M2.

The proof of the following lemma follows from the definition of distance in
taxicab geometry, and is left to the reader.

Lemma 4. Let A,B ∈ Q
2. Then t(A,B) ∈ Q.

Define g(P1, P2) = 1. Let K1,2 be any point in Q
2 such that K1,2 is not on

←−→
P1P2. Define g(P1,K1,2) = g(P2,K1,2) =

1

4
g(P1, P2) =

1

4
. Note that the arc

length in M2 of the path from P1 to P2 along P1,K1,2 and P2,K1,2 is
1

2
g(P1, P2).

First assume that P3 = K1,2. In this case the distances g(P1, P3) and g(P2, P3)
are already defined. In particular, we have from above that g(P1, P3) = g(P2, P3)

=
1

4
g(P1, P2) =

1

4
.

By Lemma 2, there exists a triangle �P1P3Q0 such that neither of the lines←−→
P1P2 or

←−−−→
P2K1,2 intersect the interior of�P1P3Q0. LetK1,3 be a point in int(�P1P3Q0)∩

Q
2. Note that K1,3 is not on any of the lines

←−→
P1P2,

←−−−→
P1K1,2, or

←−−−→
P2K1,2. Therefore,

neitherP1K1,3 norP3K1,3 are on any of the lines
←−→
P1P2,

←−−−→
P1K1,2, or

←−−−→
P2K1,2. We de-

fine g(P1,K1,3) = g(P3,K1,3) =
1

4
g(P1, P3) =

1

16
. Thus, the arc length in M2 of

the path from P1 to P3 along the segments P1K1,3 and P3K1,3 is
1

2
g(P1, P3) =

1

8
.
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Similarly, there exists a triangle �P2P3Q̂0 such that none of the lines
←−→
P1P2,←−−−→

P1K1,2,
←−−−→
P2K1,2,

←−−−→
P1K1,3, or

←−−−→
P3K1,3 intersect the interior of �P2P3Q̂0. Let K2,3

be a point in int(�P2P3Q̂0) ∩ Q
2. Note that K2,3 is not on any of the lines←−→

P1P2,
←−−−→
P1K1,2,

←−−−→
P2K1,2,

←−−−→
P1K1,3, or

←−−−→
P3K1,3. Therefore, neither P2K2,3 nor P3K2,3

are on any of the lines
←−→
P1P2,

←−−−→
P1K1,2,

←−−−→
P2K1,2,

←−−−→
P1K1,3, or

←−−−→
P3K1,3. We define

g(P2,K2,3) = g(P3,K2,3) =
1

4
g(P2, P3) =

1

16
. Thus, the arc length in M2 of the

path from P2 to P3 along the segments P2K2,3 and P3K2,3 is
1

2
g(P2, P3) =

1

8
.

Note that each of the points Ki,j and Ki,j,t defined below will at some step in
the process be realized as one of the points Pi in the sequence (Pj) of points in Q

2.
Now assume that P3 �= K1,2. We have several cases when defining distance in

M2 between P3 and either of P1 or P2. First assume that P3 is a point on
←−→
P1P2.

We have three cases: P1 − P3 − P2, P3 − P1 − P2, or P1 − P2 − P3.
Assume that P1 − P3 − P2. In this case, since P1 − P3 − P2 in both M2 and in

taxicab geometry, then there exist r1, r2 ∈ (0, 1) ∩Q such that

(1) r1 + r2 = 1
(2) t(P1, P3) = r1t(P1, P2)
(3) t(P3, P2) = r2t(P1, P2)

Note that since P1 − P3 − P2, then t(P1, P2) = t(P1, P3) + t(P3, P2), which is
consistent with r1 + r2 = 1.

Define g(P1, P3) = r1g(P1, P2) = r1 and g(P3, P2) = r2g(P1, P2) = r2.
By Lemma 2, there exists a triangle�P1P3Q1 such that none of the lines

←−→
P1P2,←−−−→

P1K1,2, or
←−−−→
P2K1,2 intersect the interior of �P1P3Q1. Let K1,3 be a point in

int(�P1P3Q1) ∩ Q
2. Note that K1,3 is not on any of the lines

←−→
P1P2,

←−−−→
P1K1,2,

or
←−−−→
P2K1,2. Therefore, neither P1K1,3 nor P3K1,3 are on any of the lines

←−→
P1P2,

←−−−→
P1K1,2, or

←−−−→
P2K1,2. We define g(P1,K1,3) = g(P3,K1,3) =

1

4
g(P1, P3) =

r1
4

.

Thus, the arc length in M2 of the path from P1 to P3 along the segments P1K1,3

and P3K1,3 is
1

2
g(P1, P3).

Similarly, there exists a triangle �P2P3Q2 such that none of the lines
←−→
P1P2,←−−−→

P1K1,2,
←−−−→
P2K1,2,

←−−−→
P1K1,3, or

←−−−→
P3K1,3 intersect the interior of �P2P3Q2. Let K2,3

be a point in int(�P2P3Q2) ∩ Q
2. Note that K2,3 is not on any of the lines←−→

P1P2,
←−−−→
P1K1,2,

←−−−→
P2K1,2,

←−−−→
P1K1,3, or

←−−−→
P3K1,3. Therefore, neither P2K2,3 nor P3K2,3

are on any of the lines
←−→
P1P2,

←−−−→
P1K1,2,

←−−−→
P2K1,2,

←−−−→
P1K1,3, or

←−−−→
P3K1,3. We define

g(P2,K2,3) = g(P3,K2,3) =
1

4
g(P2, P3) =

r2
4

. Thus, the arc length in M2 of the

path from P2 to P3 along the segments P2K2,3 and P3K2,3 is
1

2
g(P2, P3).

Now assume that P1 − P2 − P3. In this case, we define g(P2, P3) = 4. In
particular, we define g(P2, P3) to be a positive integer that is at least twice as large
as the sum of all segments previously constructed. Thus, we define g(P2, P3) so
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that g(P2, P3) > 2s, where s = g(P1, P2)+g(P1,K1,2)+g(P2,K1,2). By Lemma

2, there exists a triangle �P2P3Q3 such that none of the lines
←−→
P1P2,

←−−−→
P1K1,2, or←−−−→

P2K1,2 intersect the interior of�P2P3Q3. LetK2,3 be a point in int(�P2P3Q3)∩
Q

2. We define g(P2,K2,3) = g(P3,K2,3) =
1

4
g(P2, P3) = 1.

We define g(P1, P3) by means of segment addition. In particular, g(P1, P3)=
g(P1, P2) + g(P2, P3) = 1 + 4 = 5. Note that in this case, the arc length in M2 of
the path from P1 to P3 along the segments P1K1,2, K1,2P2, P2K2,3, and K2,3P3

is
1

2
g(P1, P3) =

5

2
.

Finally, assume that P3−P1−P2. This case is similar to the previous case where
P1 − P2 − P3. In this case, we define g(P1, P3) = 4, and g(P2, P3)= g(P1, P3) +
g(P2, P1) = 4 + 1 = 5. As above, there exists a triangle �P1P3Q4 such that
none of the lines

←−→
P1P2,

←−−−→
P1K1,2, or

←−−−→
P2K1,2 intersect the interior of�P1P3Q4. Let

K1,3 be a point in int(�P1P3Q4) ∩ Q
2. We define g(P1,K1,3) = g(P3,K1,3) =

1

4
g(P1, P3) = 1. Again, note that in this case, the arc length in M2 of the path from

P2 to P3 along the segments P2K1,2,K1,2P1, P1K1,3, andK1,3P3 is
1

2
g(P2, P3) =

5

2
.

Now assume that P1, P2, and P3 are not collinear. We have several cases, de-
pending on whether

←−−−→
P1K1,2 or

←−−−→
P2K1,2 intersect either of the segments P1P3 or

P2P3 at any points other than P1 or P2.
First assume that neither of the lines

←−−−→
P1K1,2 nor

←−−−→
P2K1,2 intersect either of the

segments P1P3 or P2P3 at any points other than P1 or P2. In this case, we define
g(P1, P3) = 4. Again, we define g(P1, P3) to be a positive integer that is at least
twice as large as the sum of all segments previously constructed.

By Lemma 2, there exists a triangle�P1P3Q5 such that none of the lines
←−→
P1P2,←−−−→

P1K1,2, or
←−−−→
P2K1,2 intersect the interior of �P1P3Q5. Let K1,3 be a point in

int(�P1P3Q5) ∩ Q
2. We define g(P1,K1,3) = g(P3,K1,3) =

1

4
g(P1, P3) = 1.

Thus, the arc length in M2 of the path from P1 to P3 along the segments P1K1,3

and P3K1,3 is
1

2
g(P1, P3) = 2.

We define g(P2, P3) = 16. Again, we define g(P2, P3) to be a positive in-
teger that is at least twice as large as the sum of all segments previously con-
structed. Applying Lemma 2, there exists a triangle �P2P3Q6 such that none
of the lines

←−→
P1P2,

←−→
P1P3,

←−−−→
P1K1,2,

←−−−→
P2K1,2,

←−−−→
P1K1,3, or

←−−−→
P3K1,3 intersect the in-

terior of �P2P3Q6. Let K2,3 be a point in int(�P2P3Q6) ∩ Q
2. We define

g(P2,K2,3) = g(P3,K2,3) =
1

4
g(P2, P3) = 4. Thus, the arc length in M2 of

the path from P2 to P3 along the segments P2K2,3 and P3K2,3 is
1

2
g(P2, P3) = 8.

Next assume that no three of P1, P2, P3, and K1,2 are collinear.
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Assume that
←−−−→
P2K1,2 crosses P1P3 at a point I1,3, but that

←−−−→
P1K1,2 does not cross

P2P3. In this case, we define g(P1, I1,3) = 4. In particular, we define g(P1, I1,3)
to be a positive integer that is at least twice as large as the sum of all segments
previously constructed.

As above, applying Lemma 2, there exists a triangle�P1I1,3Q7 such that none

of the lines
←−→
P1P2,

←−−−→
P1K1,2, and

←−−−→
P2K1,2 intersect the interior of �P1I1,3Q7. Let

K1,3,1 be a point in int(�P1I1,3Q7)∩Q2. We define g(P1,K1,3,1) = g(I1,3,K1,3,1) =
1
4g(P1, I1,3) = 1. Note that the arc length in M2 of the path from P1 to I1,3 along

segments P1K1,3,1 and K1,3,1I1,3 is
1

2
g(P1, I1,3) = 2.

We define g(I1,3, P3) = 16. Again, we define g(I1,3, P3) to be a positive integer
that is at least twice as large as the sum of all segments previously constructed.

Again, applying Lemma 2, there exists a triangle �P3I1,3Q8 such that none

of the lines
←−→
P1P2,

←−−−→
P1K1,2,

←−−−→
P2K1,2,

←−−−−→
P1K1,3,1, and

←−−−−→
I1,3K1,3,1 intersect the inte-

rior of �P3I1,3Q8. Let K1,3,2 be a point in int(�P3I1,3Q8) ∩ Q
2. We define

g(I1,3,K1,3,2) = g(P3,K1,3,2) = 1
4g(P3, I1,3) = 4. Note that the arc length

in M2 of the path from P3 to I1,3 along segments P3K1,3,2 and K1,3,2I1,3 is
1

2
g(P3, I1,3) = 8. Also, the arc length in M2 of the path from P1 to P3 along

segments P1K1,3,1, K1,3,1I1,3, I1,3K1,3,2 and K1,3,2P3 is
1

2
g(P1, P3).

We define g(P2, P3) = 64. As above, we define g(P2, P3) to be a positive inte-
ger that is at least twice as large as the sum of all segments previously constructed.

Again, applying Lemma 2, there exists a triangle �P2P3Q9 such that none
of the lines

←−→
P1P2,

←−→
P1P3,

←−−−→
P1K1,2,

←−−−→
P2K1,2,

←−−−−→
P1K1,3,1,

←−−−−→
I1,3K1,3,1,

←−−−−→
P3K1,3,2, and←−−−−→

I1,3K1,3,2 pass through the interior of triangle �P2P3Q9. Let K2,3 be a point
in the interior of triangle �P2P3Q9. We define g(P2,K2,3) = g(P3,K2,3) =
1
4g(P2, P3) = 16. Thus, the arc length in M2 of the path from P2 to P3 along the

segments P2K2,3 and P3K2,3 is
1

2
g(P2, P3) = 32.

We refer to the segment P1P2 as the initial segment. We refer to segments
such as P1I1,3, I1,3P3, and P2P3 as expansion segments, since the length of each
of these segments is defined by expanding to more than twice the length of all
previous segments added together. Similarly, we refer to segments such as P1K1,2,
P2K1,2, and P1K1,3 P3K1,3 as contraction segments, since the length of each of
these segment is the contraction of the length of a previous segment.

Assume that
←−−−→
P1K1,2 crosses P2P3 at a point I2,3, but that

←−−−→
P2K1,2 does not cross

P1P3. In this case, we define g(P1, P3) = 4. As above, we define g(P1, P3) to be a
positive integer that is at least twice as large as the sum of all segments previously
constructed.

By applying Lemma 2, there exists a triangle �P1P3Q10 such that none of the
lines

←−→
P1P2,

←−−−→
P1K1,2, and

←−−−→
P2K1,2 pass through the interior of triangle �P1P3Q10.

LetK1,3 be a point in the interior of triangle�P1P3Q10. We define g(P1,K1,3) =
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g(P3,K1,3) =
1
4g(P1, P3) = 1. Thus, the arc length in M2 of the path from P1 to

P3 along the segments P1K1,3 and P3K1,3 is
1

2
g(P1, P3) = 2.

We define g(P2, I2,3) = 16. Again, we define g(P2, I2,3) to be a positive integer
that is at least twice as large as the sum of all segments previously constructed.

There exists a triangle �P2I2,3Q11 such that none of the lines
←−→
P1P2,

←−→
P1P3,←−−−→

P1K1,2,
←−−−→
P2K1,2,

←−−−→
P1,K1,3, and

←−−−→
P3K1,3 pass through the interior of triangle�P2I2,3Q11.

LetK2,3,1 be a point in the interior of triangle�P2I2,3Q11. We define g(P2,K2,3,1) =
g(I2,3,K2,3,1) =

1
4g(P2, I2,3) = 4. Note that the arc length in M2 of the path from

P2 to I2,3 along segments P2K2,3,1 and K2,3,1I2,3 is
1

2
g(P2, I2,3) = 8.

We define g(I2,3, P3) = 64. As above, we define g(I2,3, P3) to be a positive
integer that is at least twice as large as the sum of all segments previously con-
structed.

There exists a triangle �P3I2,3Q12 such that none of the lines
←−→
P1P2,

←−→
P1P3,←−−−→

P1K1,2,
←−−−→
P2K1,2,

←−−−→
P1,K1,3,

←−−−→
P3K1,3,

←−−−−→
P2K2,3,1, and

←−−−−→
I2,3K2,3,1 pass through the in-

terior of triangle �P3I2,3Q12. Let K2,3,2 be a point in the interior of triangle
�P3I2,3Q12. We define g(I2,3,K2,3,2) = g(P3,K2,3,2) =

1
4g(P3, I2,3) = 16. Note

that the arc length in M2 of the path from P3 to I2,3 along segments P3K2,3,2 and

K2,3,2I2,3 is
1

2
g(P3, I2,3) = 32. Also, the arc length in M2 of the path from P2 to

P3 along segments P2K2,3,1, K2,3,1I2,3, I2,3K2,3,2 and K2,3,2P3 is
1

2
g(P2, P3).

Assume that
←−−−→
P2K1,2 crosses P1P3 at a point I1,3, and that

←−−−→
P1K1,2 crosses P2P3

at a point I2,3.
In this case, we define we define g(P1, I1,3) = 4. Again, we define g(P1, I1,3)

to be a positive integer that is at least twice as large as the sum of all segments
previously constructed.

There exists a triangle �P1I1,3Q13 such that none of the lines
←−→
P1P2,

←−−−→
P1K1,2,

and
←−−−→
P2K1,2 pass through the interior of triangle�P1I1,3Q13. Let K1,3,1 be a point

in the interior of triangle�P1I1,3Q13. We define g(P1,K1,3,1) = g(I1,3,K1,3,1) =
1
4g(P1, I1,3) = 1.

We define g(I1,3, P3) = 16. Again, we define g(I1,3, P3) to be a positive integer
that is at least twice as large as the sum of all segments previously constructed.

There exists a triangle �P3I1,3Q14 such that none of the lines
←−→
P1P2,

←−−−→
P1K1,2,←−−−→

P2K1,2,
←−−−−→
P1K1,3,1, and

←−−−−→
I1,3K1,3,1 pass through the interior of triangle�P3I1,3Q14.

LetK1,3,2 be a point in the interior of triangle�P3I1,3Q14. We define g(I1,3,K1,3,2) =
g(P3,K1,3,2) =

1
4g(P3, I1,3) = 4.

We define g(P2, I2,3) = 64. Again, we define g(P2, I2,3) to be a positive in-
teger that is at least twice as large as the sum of all segments previously con-
structed. There exists a triangle �P2I2,3Q15 such that none of the lines

←−→
P1P2,←−→

P1P3,
←−−−→
P1K1,2,

←−−−→
P2K1,2,

←−−−−−→
P1,K1,3,1,

←−−−−→
I1,3K1,3,1,

←−−−−−→
I1,3,K1,3,2, and

←−−−−→
P3K1,3,2 pass through



A model of nowhere geodesic plane geometry in which the triangle inequality fails everywhere 287

the interior of triangle�P2I2,3Q15. Let K2,3,1 be a point in the interior of triangle
�P2I2,3Q15. We define g(P2,K2,3,1) = g(I2,3,K2,3,1) =

1
4g(P2, I2,3) = 16.

We define g(I2,3, P3) = 256. Again, we define g(I2,3, P3) to be a positive inte-
ger that is at least twice as large as the sum of all segments previously constructed.

There exists a triangle �P3I2,3Q16 such that none of the lines
←−→
P1P2,

←−→
P1P3,←−−−→

P1K1,2,
←−−−→
P2K1,2,

←−−−−−→
P1,K1,3,1,

←−−−−→
I1,3K1,3,1,

←−−−−−→
I1,3,K1,3,2,

←−−−−→
P3K1,3,2

←−−−−→
P2K2,3,1, and

←−−−−→
I2,3K2,3,1

pass through the interior of triangle �P3I2,3Q16. Let K2,3,2 be a point in the
interior of triangle �P3I2,3Q16. We define g(I2,3,K2,3,2) = g(P3,K2,3,2) =
1
4g(P3, I2,3) = 64.

The arc length in M2 of the path from P1 to I1,3 along segments P1K1,3,1 and

K1,3,1I1,3 is
1

2
g(P1, I1,3). The arc length in M2 of the path from P3 to I1,3 along

segments P3K1,3,2 andK1,3,2I1,3 is
1

2
g(P3, I1,3). Also, the arc length in M2 of the

path from P1 to P3 along segments P1K1,3,1, K1,3,1I1,3, I1,3K1,3,2 and K1,3,2P3

is
1

2
g(P1, P3). The arc length in M2 of the path from P2 to I2,3 along segments

P2K2,3,1 and K2,3,1I2,3 is
1

2
g(P2, I2,3). The arc length in M2 of the path from P3

to I2,3 along segments P3K2,3,2 andK2,3,2I2,3 is
1

2
g(P3, I2,3). Also, the arc length

in M2 of the path from P2 to P3 along segments P2K2,3,1, K2,3,1I2,3, I2,3K2,3,2

and K2,3,2P3 is
1

2
g(P2, P3).

Now assume that P1, P3, and K1,2 are collinear. This case is similar to the case
above where P1, P2, and P3 are collinear. Note that in this present case, we are
still assuming that P1, P2, and P3 are noncollinear. We have the three possibilities
P1 − P3 −K1,2, P1 −K1,2 − P3, or P3 − P1 −K1,2.

Assume that P1−P3−K1,2. In this case, since P1−P3−K1,2 in both M2 and
in taxicab geometry, then there exist r1, r2 ∈ (0, 1) ∩Q such that

(1) r1 + r2 = 1
(2) t(P1, P3) = r1t(P1,K1,2)
(3) t(P3,K1,2) = r2t(P1,K1,2)

Define g(P1, P3) = r1g(P1,K1,2) and g(P3,K1,2) = r2g(P1,K1,2).

There exists a triangle�P1P3Q17 such that none of the lines
←−→
P1P2,

←−−−→
P1K1,2, or←−−−→

P2K1,2 intersect the interior of�P1P3Q17. LetK1,3,1 be a point in int(�P1P3Q17)∩
Q

2. We define g(P1,K1,3,1) = g(P3,K1,3,1) =
1

4
g(P1, P3) =

r1g(P1,K1,2)

4
.

Thus, the arc length in M2 of the path from P1 to P3 along the segments P1K1,3,1

and P3K1,3,1 is
1

2
g(P1, P3).

Similarly, there exists a triangle�K1,2P3Q18 such that none of the lines
←−→
P1P2,←−−−→

P1K1,2,
←−−−→
P2K1,2,

←−−−−→
P1K1,3,1, or

←−−−−→
P3K1,3,1 intersect the interior of �K1,2P3Q18. Let

K1,3,2 be a point in int(�K1,2P3Q18)∩Q2. We define g(K1,3,2,K1,2) = g(P3,K1,3,2) =
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1

4
g(K1,2, P3) =

r2g(P1,K1,2)

4
. Thus, the arc length in M2 of the path from K1,2

to P3 along the segments K1,2K1,3,2 and P3K1,3,2 is
1

2
g(K1,2, P3).

Since P1 − P3 − K1,2, and since P1, P2, and K1,2 are not collinear, then P3

is not a point on
←−−−→
P2K1,2. We define g(P2, P3) to be a positive integer such that

g(P2, P3) > 2s, where s is the sum of all previously constructed segments.
Now assume that P1−K1,2−P3. In this case, we define g(K1,2, P3) = 4. In par-

ticular, we define g(K1,2, P3) to be a positive integer that is at least twice as large
as the sum of all segments previously constructed. Thus, we define g(K1,2, P3) so
that g(K1,2, P3) > 2s, where s = g(P1, P2) + g(P1,K1,2) + g(P2,K1,2).

We define g(P1, P3) by means of segment addition. In particular, g(P1, P3)=
g(P1,K1,2) + g(K1,2, P3).

By Lemma 2, there exists a triangle �P1K1,2Q19 such that none of the lines←−→
P1P2,

←−−−→
P1K1,2, or

←−−−→
P2K1,2 intersect the interior of �P1K1,2Q19. Let K1,3,1 be a

point in int(�P1K1,2Q19) ∩ Q
2. We define g(K1,2,K1,3,1) = g(P1,K1,3,1) =

1

4
g(K1,2, P1).

By Lemma 2, there exists a triangle �K1,2P3Q20 such that none of the lines←−→
P1P2,

←−−−→
P1K1,2,

←−−−→
P2K1,2,

←−−−−→
P1K1,3,1, or

←−−−−−→
K1,2K1,3,1 intersect the interior of�K1,2P3Q20.

Let K1,3,2 be a point in int(�K1,2P3Q20) ∩ Q
2. We define g(K1,2,K1,3,2) =

g(P3,K1,3,2) =
1

4
g(K1,2, P3).

Note that in this case, the arc length in M2 of the path from P1 to P3 along the

segments P1K1,3,1, K1,2K1,3,1, K1,3,2K1,2, and K1,3,2P3 is
1

2
g(P1, P3).

Again, we have thatP3 is not a point on
←−−−→
P2K1,2. As above, we define g(P2, P3) >

2s, where s is the sum of all previously constructed segments.
Finally, assume that P3 − P1 −K1,2. This case is similar to the previous case

where P1 −K1,2 − P3.
In this case, we define g(P1, P3) = 4. Thus, we define g(P1, P3) so that

g(P1, P3) > 2s, where s = g(P1, P2) + g(P1,K1,2) + g(P2,K1,2).
We define g(P3,K1,2) by means of segment addition. In particular, g(P3,K1,2)=

g(P3, P1) + g(P1,K1,2).

As above, there exists a triangle �P1P3Q21 such that none of the lines
←−→
P1P2,←−−−→

P1K1,2, or
←−−−→
P2K1,2 intersect the interior of �P1P3Q21. Let K1,3,1 be a point in

int(�P1P3Q21) ∩ Q
2. We define g(P1,K1,3,1) = g(P3,K1,3,1) =

1

4
g(P1, P3) =

1. Again, note that in this case, the arc length in M2 of the path from P1 to P3

along the segments P1K1,3,1 and K1,3,1P3 is 1
2g(P1, P3).

By Lemma 2, there exists a triangle �K1,2P1Q22 such that none of the lines←−→
P1P2,

←−−−→
P1K1,2,

←−−−→
P2K1,2,

←−−−−→
P1K1,3,1, or

←−−−−→
P3K1,3,1 intersect the interior of�K1,2P1Q22.

Let K1,3,2 be a point in int(�K1,2P1Q22) ∩ Q
2. We define g(K1,2,K1,3,2) =

g(P1,K1,3,2) =
1

4
g(K1,2, P1). Thus, the arc length in M2 of the path from P1



A model of nowhere geodesic plane geometry in which the triangle inequality fails everywhere 289

to K1,2 along the segments P1K1,3,2 and K1,3,2K1,2 is 1
2g(P1,K1,2). Note that

in this case, the arc length in M2 of the path from P1 to K1,2 along the segments

P3K1,3,1, K1,3,1P1, P1K1,3,2, and K1,3,2K1,2 is
1

2
g(P3,K1,2).

Again, we have thatP3 is not a point on
←−−−→
P2K1,2. As above, we define g(P2, P3) >

2s, where s is the sum of all previously constructed segments.
The cases where P2, P3, and K1,2 are collinear are similar to the cases where

P1, P3, and K1,2 are collinear, and are left to the reader.
Assume that there exist n points P1, . . . Pn in Q

2 (with n ≥ 3) such that

(1) For each i, j ∈ {1, . . . , n}, g(Pi, Pj) is defined and is a rational number.
More specifically, g(Pi, Pj) is defined by using one of the methods given
below.

(2) For each i, j ∈ {1, . . . , n}, with i �= j, if segment PiPj is not intersected
by any previously constructed line, then there exists a point Ki,j such that

g(Pi,Ki,j) = g(Pj ,Ki,j) =
1

4
g(Pi, Pj), and such that Ki,j is not on

any other previously constructed line or previously constructed segment.
Moreover, no other previously constructed line or previously constructed
segment intersects the interior of either segment PiKi,j or PjKi,j .

(3) Given i, j ∈ {1, . . . , n}, with i �= j, if there exist points I0, I1, I2, . . . , It+1

such that I0 = Pi, It+1 = Pj , for each d ∈ {1, . . . , t}, Id is the point
of intersection of PiPj with a previously constructed line (in one of the

forms
←−→
PhPb,

←−−−→
PhKw,u, or

←−−−−→
PhKw,u,t), for each d ∈ {1, . . . , t}, Id−1 − Id −

Id+1, and for each d ∈ {0, . . . , t}, no previously constructed line intersects
int(IdId+1), then for each d ∈ {0, . . . , t}, there exist a point Ki,j,d such

that g(Id,Ki,j,d) = g(Id+1,Ki,j,d) =
1

4
g(IdId+1), and such that Ki,j,d

is not on any other previously constructed line or previously constructed
segment. Moreover, no other previously constructed line or previously
constructed segment intersects the interior of either segment IdKi,j,d or
Id+1Ki,j,d.

If Pj is one of the previously constructed points Ki,h, Ki,h,t, or Id, then some
(although not necessarily all) of the distances g(Pi, Pj) involving Pi, along with
other previously constructed points, will already be defined. However, in general,
even if Pj = Ki,h, Pj = Ki,h,t, or Pj = Id, then we will still need to define many
of the distances g(Pb, Pj) involving Pb, where Pb �= Pi, using the methods given
below. For the cases that follow, we assume that Pj is not one of the previously
constructed points Ki,h, Ki,h,t, or Id, so that g(Pi, Pj) has not yet been defined.
We also assume that PiPj is not the initial segment P1P2, whose length is already
defined to be 1. We now give the methods that must be used to compute g(Pi, Pj).
We assume that i < j.

(i) Assume that Pi and Pj are not collinear with any other previously constructed
points in the formPk (where k < j),Ki,h, orKi,h,t, and that the interior of segment
PiPj is not intersected by any previously constructed line. In this case we define
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g(Pi, Pj) to be a positive integer that is strictly greater that twice the sum of the
lengths of all previously constructed segments.

(ii) Assume that Pi and Pj are not collinear with any other previously con-
structed points in the form Pk (where k < j), Ki,h, or Ki,h,t, but that there exist
points I0, I1, I2, . . . , It+1 such that I0 = Pi, It+1 = Pj , for each d ∈ {1, . . . , t},
Id is the point of intersection of PiPj with a previously constructed line (in one of

the forms
←−→
PhPb,

←−−−→
PhKw,u, or

←−−−−→
PhKw,u,t), for each d ∈ {1, . . . , t}, Id−1− Id− Id+1,

and for each d ∈ {0, . . . , t}, no previously constructed line intersects int(IdId+1).
In this case, for each d ∈ {0, . . . , t}, we define g(Id, Id+1) to be a positive integer
that is strictly greater that twice the sum of the lengths of all previously constructed
segments. We then define g(Pi, Pj) using segment addition. In particular, we de-

fine g(Pi, Pj) to be the sum g(Pi, Pj) =
t∑

d=0

g(Id, Id+1).

(iii) If there exists Pk (where k < j) such that Pi − Pj − Pk, and there are no
other points Pb (where b < j) that are between either Pi and Pj or else between Pj

and Pk, then g(Pi, Pj) and g(Pj , Pk) are defined using the same constants of pro-
portionality r1 and r2 that are used when defining the taxicab distances t(Pi, Pj)
and t(Pj , Pk). That is, if t(Pi, Pj) = r1t(Pi, Pk) and t(Pj , Pk) = r2t(Pi, Pk), then
g(Pi, Pj) = r1g(Pi, Pk) and g(Pj , Pk) = r2g(Pi, Pk). Note that r1 and r2 are posi-
tive rational numbers.

(iv) We define g(Pi, Pj) and g(Pj ,Ki,h) similarly if there exists a point Ki,h

such that Pi − Pj −Ki,h, such that Ki,h was constructed previous to Pj , and such
that there are no other points Ph (where h < j) that are between either Pi and Pj

or else between Pj and Ki,h. This is similar if we replace Ki,h with Ki,h,t.
(v) If there exists Pk (where k < j) such that Pj−Pi−Pk, and there are no other

points Pb (where b < j) that are between Pi and Pj , then we define g(Pi, Pj) using
one the methods above given in cases (i) through (iv), and we define g(Pj , Pk) by
means of segment addition.

(vi) We define g(Pi, Pj) and g(Pj ,Ki,h) similarly if there exists a point Ki,h

such that Pj − Pi −Ki,h and such that Ki,h was constructed previous to Pj . This
is similar if we replace Ki,h with Ki,h,t.

(vii) We define g(Pi, Pj) and g(Pj ,Ki,h) similarly if there exists a point Ki,h

such that Pj −Ki,h − Pi and such that Ki,h was constructed previous to Pj . This
is similar if we replace Ki,h with Ki,h,t.

It follows by the way that distance is defined in M2 together with the way that
the points Ki,j and Ki,j,t are chosen using Lemma 2 that there exists at most one
contraction segment on a given line l. The remaining parts of l consist of either the
initial segment P1P2 or else expansion segments.

Let Pn+1 be the next point in the sequence of points (Pj) from Q
2 that comes

immediately after the points P1, . . . Pn. Let i ∈ {1, . . . , n}. We assume that there
are no other points Ph (where h ≤ n) that are between Pi and Pn+1. If such points
existed, then we would first define g(Ph, Pn+1), and then define g(Pi, Pn+1) by
means of segment addition. There are several cases when defining the distance
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g(Pi, Pn+1) in M2. They are similar to the cases given above, but are included
here for the sake of completeness.

Case (i): If Pn+1 = Ki,h, where Ki,h is a previously constructed point used
when constructing a contraction segment with Pi, then g(Pi, Pn+1) has already
been defined. In this case, we apply Lemma 2 to get a point Ki,n+1 such that

g(Pi,Ki,n+1) = g(Pn+1,Ki,n+1) =
1

4
g(Pi, Pn+1).

Assume that Pn+1 �= Ki,h, where Ki,h is any of the previously constructed
points used when constructing a contraction segment with Pi.

Case(ii): Assume that Pi and Pn+1 are not collinear with any other previously
constructed points in the form Pk (where k ≤ n), Ki,h, or Ki,h,t, and that the
interior of segment PiPn+1 is not intersected by any previously constructed line.
In this case we define g(Pi, Pn+1) to be a positive integer that is strictly greater that
twice the sum of the lengths of all previously constructed segments. As above, we
apply Lemma 2 to get a point Ki,n+1 such that g(Pi,Ki,n+1) = g(Pn+1,Ki,n+1) =
1

4
g(Pi, Pn+1).

Case (iii): Assume that Pi and Pn+1 are not collinear with any other previously
constructed points in the form Pk (where k < j), Ki,h, or Ki,h,t, but that there
exist points I0, I1, I2, . . . , It+1 such that I0 = Pi, It+1 = Pn+1, for each d ∈
{1, . . . , t}, Id is the point of intersection of PiPn+1 with a previously constructed
line (in one of the forms

←−→
PhPb,

←−−−→
PhKw,u, or

←−−−−→
PhKw,u,t), for each d ∈ {1, . . . , t},

Id−1−Id−Id+1, and for each d ∈ {0, . . . , t}, no previously constructed line inter-
sects int(IdId+1). In this case, for each d ∈ {0, . . . , t}, we define g(Id, Id+1) to be
a positive integer that is strictly greater that twice the sum of the lengths of all pre-
viously constructed segments. We then define g(Pi, Pn+1) using segment addition.

In particular, we define g(Pi, Pn+1) to be the sum g(Pi, Pn+1) =
t∑

d=0

g(Id, Id+1).

For each d ∈ {0, . . . , t}, we apply Lemma 2 to get a point Ki,n+1,d such that

g(Id,Ki,n+1,d) = g(Ki,n+1,d, Id+1) =
1

4
g(Id, Id+1).

Case (iv): If there exists Pk (where k ≤ n) such that Pi − Pn+1 − Pk, and
there are no other points Pb (where b ≤ n) that are between Pk and Pn+1, then
g(Pi, Pn+1) and g(Pn+1, Pk) are defined using the same constants of proportion-
ality r1 and r2 that are used when defining the taxicab distances t(Pi, Pn+1) and
t(Pn+1, Pk). That is, if t(Pi, Pn+1) = r1t(Pi, Pk) and t(Pn+1, Pk) = r2t(Pi, Pk),
then g(Pi, Pn+1) = r1g(Pi, Pk) and g(Pn+1, Pk) = r2g(Pi, Pk). Note that r1 and
r2 are both positive rational numbers. As above, we apply Lemma 2 to get points

Ki,n+1,1 andKi,n+1,2 such that g(Pi,Ki,n+1,1) = g(Pn+1,Ki,n+1,1) =
1

4
g(Pi, Pn+1)

and such that g(Pk,Ki,n+1,2) = g(Pn+1,Ki,n+1,2) =
1

4
g(Pk, Pn+1).

Case(v): If there exists a point Ki,h such that Pi − Pn+1 −Ki,h and such that
Ki,h was constructed previous to Pn+1, and there are no other points Pb (where
b ≤ n) that are between Pn+1 and Ki,h, then g(Pi, Pn+1) and g(Pn+1,Ki,h)
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are defined using the same constants of proportionality r1 and r2 that are used
when defining the taxicab distances t(Pi, Pn+1) and t(Pn+1,Ki,h). That is, if
t(Pi, Pn+1) = r1t(Pi,Ki,h) and t(Pn+1,Ki,h) = r2t(Pi,Ki,h), then g(Pi, Pn+1)
= r1g(Pi,Ki,h) and g(Pn+1,Ki,h) = r2g(Pi,Ki,h). Again, both r1 and r2 are
positive rational numbers. Again, we apply Lemma 2 to get points Ki,n+1,1 and

Ki,n+1,2 such that g(Pi,Ki,n+1,1) = g(Pn+1,Ki,n+1,1) =
1

4
g(Pi, Pn+1) and such

that g(Ki,h,Ki,n+1,2) = g(Pn+1,Ki,n+1,2) =
1

4
g(Ki,h, Pn+1). This is similar if we

replace Ki,h with Ki,h,t.
Case(vi): If there exists Pk (where k ≤ n) such that Pn+1 − Pi − Pk, then we

define g(Pi, Pn+1) using one the methods above given in cases (ii), (iii), (iv), or
(v), and we define g(Pn+1, Pk) by means of segment addition. As above, we ap-
ply Lemma 2 to get a point Ki,n+1 such that g(Pi,Ki,n+1) = g(Pn+1,Ki,n+1)

=
1

4
g(Pi, Pn+1). Note that a point Ki,k such that g(Pi,Ki,k) = g(Pk,Ki,k) =

1

4
g(Pi, Pk) has already been previously constructed.

Case(vii): If there exists a point Ki,h such that Pn+1 − Pi −Ki,h and such that
Ki,h was constructed previous toPn+1, then we define g(Pi, Pn+1) and g(Pn+1,Ki,h)
similar to case (vi). Again, we apply Lemma 2 to get points Ki,n+1,1 and Ki,n+1,2

such that g(Pi,Ki,n+1,1) = g(Pn+1,Ki,n+1,1) =
1

4
g(Pi, Pn+1) and such that g(Ki,h,Ki,n+1,2)

= g(Pi,Ki,n+1,2) =
1

4
g(Ki,h, Pi). This is similar if we replace Ki,h with Ki,h,t.

Case(viii): If there exists a point Ki,h such that Pn+1 − Ki,h − Pi and such
that Ki,h was constructed previous to Pn+1, then we again define g(Pi, Pn+1) and
g(Pn+1,Ki,h) similar to case (vi). In this case the roles of Pi and Ki,h are re-
versed from Case (vii). We apply Lemma 2 to get points Ki,n+1,1 and Ki,n+1,2

such that g(Ki,h,Ki,n+1,1) = g(Pn+1,Ki,n+1,1) =
1

4
g(Ki,h, Pn+1) and such that

g(Ki,h,Ki,n+1,2) = g(Pi,Ki,n+1,2) =
1

4
g(Ki,h, Pi). This is similar if we replace

Ki,h with Ki,h,t.
In any of the above cases, we see that g(Pi, Pn+1), and where appropriate

g(Pn+1,Ki,h) or g(Pn+1,Ki,h,t), are defined. In this way we can recursively de-
fine distance between any two points in the model M2. We also see that between
any two points Pi and Pj in M2, there exists a path whose arc length in M2 is
1

2
g(Pi, Pj). By repeatedly applying Lemma 2, we can construct paths from Pi and

Pj whose arc lengths in M2 are arbitrarily small. Thus, there is no shortest path in
M2 from Pi to Pj , and consequently, M2 is nowhere geodesic.

We next show that the congruence axioms for line segments hold in M2.
It follows immediately by the way that distance g(Pi, Pj) (and consequently

congruence) is defined in M2 that congruence axioms (ii) and (iii) for line segments
hold in M2.
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We now prove congruence axiom (1) for line segments. Let A,B,C ∈ Q
2,

and let r =
−→
CT denote a ray in M2 originating at C. We will prove that there

exists a unique point D on r such that g(A,B) = g(C,D). If A = B, then we
let C = D. Assume that A �= B, and therefore that g(A,B) is a strictly positive
rational number.

We now construct a subsequence of points (Pjt) from (Pj) that are on r. We
define the interior of r to be all points on r other than the point C. Let C = Pj0 .
Let Pj1 denote the first point from the sequence (Pj) that is in the interior of r. Let
Pj2 denote the first point from the sequence (Pj) such that C−Pj1 −Pj2 . Note by
our choices of the points Pj1 and Pj2 that it must be the case that Pj2 comes after
Pj1 in the sequence (Pj). Assume that we have chosen points Pj0 , Pj1 , Pj2 , . . .,
Pjt from (Pj) such that

(1) For each i = 0, . . . , t − 1, we have that Pji comes before Pji+1 in the
sequence (Pj).

(2) For each i = 0, . . . , t− 2, we have Pji − Pji+1 − Pji+2 .

In particular, for each i = 1, . . . , t − 1, Pji+1 is the first point from the sequence
(Pj) such that C − Pji − Pji+1 .

Let Pjt+1 denote the first point from the sequence (Pj) such thatC−Pjt−Pjt+1 .
Again, it must be the case that Pjt comes before Pjt+1 in the sequence (Pj).

Thus, we have a subsequence (Pjt) of (Pj) such that

(1) For each i ≥ 1, we have that Pji comes before Pji+1 in the sequence (Pj).
(2) For each i, we have Pji − Pji+1 − Pji+2 .

In particular, for each i ≥ 1, Pji+1 is the first point from the sequence (Pj) such
that C − Pji − Pji+1 .

Let Pjb denote the first point from the subsequence (Pjt) such that g(C,Pjb) ≥
g(A,B). Since there exists at most one contraction segment on line

←→
CT , then it

follows by the way that the lengths of expansion segments are constructed that
such a point Pjb exists. If g(C,Pjb) = g(A,B), then we let D = Pjb . Assume that
g(C,Pjb) > g(A,B). If b = 1, then let v = 0. Assume that b ≥ 2. In this case, we

let v =
b−1∑
n=1

g(Pjn−1 , Pjn) < g(A,B). Let u =
g(A,B)− v
g(Pjb−1

, Pjb)
∈ Q ∩ (0, 1).

We leave it to the reader to check, using density of Q2 in R
2, and therefore on

the line
←→
CT , that there exists a unique point D such that D ∈ Q

2, such that D is
between Pjb−1

and Pjb , and such that t(Pjb−1
, D) = u(t(Pjb−1

, Pjb)).
It follow by the way that the subsequence (Pjt) was constructed that D comes

after Pjb in the sequence (Pj). It now follows immediately by the way that distance
is defined in M2 thatD is the unique point in the interior of segment Pjb−1

Pjb such
that g(Pjb−1

, D) = u(g(Pjb−1
, Pjb)) = g(A,B)− v.

Moreover, it now follows immediately by the way that distance is defined in M2

(via segment addition) that D is the unique point on ray r such that g(C,D) =
v + u(g(Pjb−1

, Pjb)) = v + (g(A,B)− v) = g(A,B).
Thus, it follows that congruence axiom (1) for line segments holds in M2.
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Lemma 5. Given a triangle�PiPjPt, then exactly one of the following is true:

(1) At least one of the sides PiPj is an expansion segment whose length is
defined after the lengths of the other two sides PiPt and PjPt are defined.

(2) At least one of the sides PiPj contains as a subsegment an expansion seg-
ment whose length is defined after the lengths of the other two sides PiPt

and PjPt are defined.
(3) The segments PiPt and PjPt are contraction segments such that the arc

length in M2 along the segments PiPt and PjPt is
1

2
g(Pi, Pj).

Proof. By the way that the points Ki,j and Ki,j,t are chosen using Lemma 2, it
can not be the case that all three sides of a triangle �PiPjPt are subsegments of
contraction segments. Suppose that PiPj is a subsegment of a contraction seg-
ment Pz1K1, PiPt is a subsegment of a contraction segment Pz2K2, and PjPt

is a subsegment of a contraction segment Pz3K3. For this to happen, Pi is the
point of intersection of Pz1K1 and Pz2K2, and Pt is the point of intersection of
Pz2K2 and Pz3K3. We may assume that K3 is chosen and consequently Pz3K3 is
constructed using Lemma 2 after both of K1 and K2 are chosen and Pz1K1 and
Pz2K2 are constructed. However, when choosing K3 to construct the contraction
segment Pz3K3, we apply Lemma 2 and choose K3 so that no line containing a
previously constructed contraction segment intersects Pz3K3. This, contradicts the
above statement that Pi is the point of intersection of Pz1K1 and Pz2K2, and Pt is
the point of intersection of Pz2K2 and Pz3K3.

A similar argument applies if segments PiPt and PjPt are subsegments of con-
traction segments Pz2K2 and Pz3K3, respectively, and the length of PiPj is defined
before Pz2K2 and Pz3K3 are constructed. In this caseK2 andK3 are chosen using
Lemma 2 so that no previously constructed line such as

←−→
PiPj intersects either of

Pz2K2 and Pz3K3. However, in this case we have that Pi is the point of intersec-
tion of

←−→
PiPj and Pz2K2, and Pj is the point of intersection of

←−→
PiPj and Pz3K3,

respectively, a contradiction. Thus, if segments PiPt and PjPt are subsegments of
contraction segments Pz2K2 and Pz3K3, respectively, then PiPj must contain, as a
subsegment, an expansion segment PuPv whose length is defined after Pz2K2 and
Pz3K3 have been constructed. More generally, the length of PuPv is defined after
the lengths of the other two sides of�PiPjPt have been defined as proportions of
the length of the contraction segments Pz2K2 and Pz3K3.

Moreover, a similar argument applies if the segment PjPt is a subsegment of a
contraction segment Pz3K3, respectively, and the lengths of PiPj and PiPt are de-
fined before Pz3K3 is constructed. In this caseK3 is chosen using Lemma 2 so that
no previously constructed lines such as

←−→
PiPj or

←−→
PiPt intersect Pz3K3. However, in

this case we have that Pj is the point of intersection of
←−→
PiPj and Pz3K3, and Pt is

the point of intersection of
←−→
PiPt and Pz3K3, respectively, a contradiction. Thus, if

segment PjPt is a subsegment of a contraction segment Pz3K3, then one of PiPj

or PiPt must contain, as a subsegment, an expansion segment PuPv whose length
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is defined after Pz3K3 has been constructed. More generally, the length of PuPv is
defined after the lengths of the other two sides of�PiPjPt have been defined.

If PiPt and PjPt are themselves contraction segments, then by the way that
contraction segments are defined, we have that the arc length in M2 along the

segments PiPt and PjPt is
1

2
g(Pi, Pj). Note that this is the only case where PiPt

and PjPt are contraction segments and the length of PiPj is defined before PiPt

and PjPt are constructed.
Next assume that there exist points K4, K5, and K6 in the interiors of sides

PiPj , PiPt, and PjPt, respectively, such that each of the segments PiK4, PiK5,
and PjK6 are either themselves contraction segments or else contain a contraction
segment as a subsegment. In this case, each of PiPj , PiPt, and PjPt contain as a
subsegment at least one expansion segment. By the way that contraction segments
are constructed using Lemma 2, it must be the case that these expansion segments
are constructed after the contraction segments are constructed. Thus, in this case
one of the sides contains as a subsegment an expansion segment whose length is
defined after the lengths of the other two sides are defined.

A similar result occurs if there exist two points K5 and K6 in the interiors of
sides PiPt and PjPt, respectively, such that each of the segments PiK5 and PjK6

are either themselves contraction segments or else contain a contraction segment as
a subsegment, and the length of PiPj is defined before the contraction segments are
constructed. In this case one of the sides PiPt or PjPt contains as a subsegment an
expansion segment whose length is defined after the lengths of the other two sides
are defined.

Finally, if there exists a point K6 in the interior of side PjPt, respectively, such
that the segment PjK6 is either itself a contraction segment or else contains a
contraction segment as a subsegment, and the lengths of PiPt and PiPj are defined
before the contraction segment is constructed. In this case, the side PjPt contains
as a subsegment an expansion segment whose length is defined after the lengths of
the other two sides are defined.

The only remaining possibility is that one of the sides PiPj , PiPt, and PjPt is
an expansion segment whose length is defined after the lengths of the other two
sides are defined. �

Assume that we are given triangle �PiPjPt. Assume that one of the sides
PiPj is an expansion segment whose length is defined after the lengths of the other
two sides PiPt and PjPt are defined. In this case, g(Pi, Pj) is strictly larger than
twice the sum of all segments whose lengths have been defined previously. More
precisely, g(Pi, Pj) > 2s, where s denotes the sum of the lengths of all segments
whose lengths have been defined previously. Since g(Pi, Pt) and g(Pt, Pj) are
comprised of segments whose lengths are defined prior to defining the length of
PiPj , then s ≥ g(Pi, Pt) + g(Pt, Pj). Thus, g(Pi, Pj) > 2s ≥ g(Pi, Pt) +
g(Pt, Pj).

Next assume that at least one of the sides PiPj contains a subsegment PuPv such
that PuPv is an expansion segment whose length is defined after the lengths of the
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other two sides PiPt and PjPt are defined. Similar to the previous case above, we
have that g(Pu, Pv) > 2s, where s denotes the sum of the lengths of all segments
whose lengths have been defined previously. Again, since g(Pi, Pt) and g(Pt, Pj)
are comprised of segments whose lengths are defined prior to defining the length
of PuPv, then s ≥ g(Pi, Pt) + g(Pt, Pj). Thus, g(Pi, Pj) ≥ g(Pu, Pv) > 2s ≥
g(Pi, Pt) + g(Pt, Pj).

Next assume that PiPt and PjPt are contraction segments such that the arc

length in M2 along the segments PiPt and PjPt is
1

2
g(Pi, Pj). In this case,

g(Pi, Pj) >
1
2g(Pi, Pj) = g(Pi, Pt) + g(Pt, Pj).

Thus, in any of these cases, the triangle inequality fails for�PiPjPt in M2.
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Is The Mystery of Morley’s Trisector Theorem Resolved?
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Dedicated to all those mathematicians who have been enthusiastic about
the above theorem and have published a proof to the theorem. In par-
ticular, to John Conway, whose proof prevailed upon me to return to
this theorem after more than half a century. I should also remember
Brian Stonebridge, who has published a few different proofs of Morley’s
Theorem and sadly has recently passed away. He was so enthusiastic
about the theorem that even while confined to bed with hip fractures, he
presented a new proof to the theorem and shortly before his death, dis-
patched it to me.

Abstract. In this paper we discuss with some reasons why the above possible
mystery in the title is resolved. In particular, we prove Morley’s Theorem is, in
fact, a natural consequence of an overlooked simple result concerning a general
property of angle bisectors as loci. We try to show with emphasis why one
cannot expect a simpler proof of Morley’s Theorem than a particular given proof
of the theorem in the literature. Finally, in view of the above overlooked fact, we
observe that two known problems in the literature can naturally be generalized
and turned into two corollaries with no needed proofs. More applications of this
overlooked fact is also observed.

Let us first recall that if the adjacent trisectors of a triangle �ABC intersect at
points X , Y , and Z as in Figure (a), then the triangle �XY Z is called the Mor-
ley triangle of triangle �ABC. Frank Morley, an English mathematician, while
studying some properties of cardioid in [15], has given the following incredible
theorem (note, the theorem is proved by considering the locus of the centre of a
cardioid which touches the sides of a given triangle).

Morley’s Theorem (1899). In every triangle the Morley triangle is equilateral.

Some authors believe this theorem is one of the most surprising and mysterious
twentieth century results in Euclidean geometry, see for example [2], [7], and [21].
Based on the criteria: the place of the theorem in the literature, the quality of the
proofs, the unexpectedness of the result, Morley’s Theorem is in a list of “The
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Hundred Greatest Theorems in Mathematics”. 1 Although, Morley in [15] did not
give an elementary proof to his theorem, but soon after only a decade an elemen-
tary proof appeared in [16]. Since then many other elementary proofs of Morley’s
Theorem have been published, 2 where there are 27 different proofs of the theorem
(note, still there are many more). Béla Bollobás, Alain Connes, J, John Conway,
Edsger Dijksta, D.J. Newmann, Roger Penrose, M.R.F. Smyth, Brian Stonebridge
(just to mention a few) are among the authors who have given some of the above
27 different proofs. These proofs are mostly trigonometric, analytic, algebraic, or
contain some unexplained elements in their reasoning, and those which are back-
wards, usually start with an equilateral triangle �DEF and construct a triangle
�ABC with arbitrary angles 3α, 3β and 3γ, where α + β + γ = 60◦, such that
triangle �DEF is its Morley triangle. Thus the triangle �ABC would be simi-
lar to a given triangle and the proof is finished, see for example [19],[6],[10],[17]
and one of the two proofs of Bollobás, among the above 27 proofs, for five such
proofs. In some of these backwards proofs, the authors usually construct three
triangles around the equilateral triangle �DEF with some specified angles with-
out any explanations for the specification of these angles. Of course these proofs
are just fine, but unfortunately with lack of motivation and for this reason, some
authors rightly criticize these kind of proofs, see for example [3] and [13, P 74].
Some of the authors who use trigonometry, give a proof to the theorem, by finding
a nice symmetric formula for the length of a side of Morley triangle of a triangle
�ABC (note, this length equals to 8RsinA

3 sin
B
3 sin

C
3 , where R denotes the cir-

cumradius of the triangle �ABC, see [24]). The reader should be reminded that,
using elementary Cartesian analysis, this length was also obtained by C.N. Mills.
His complete proof occupied some twenty sheets of papers, see [24, The Editor
Note]. John Conway in [6] claims that ”of all the many proofs of this theorem his
is indisputably the simplest”. By modifying this proof in [12], it is shown that this
modified proof (still, called Conway’s proof), which also avoids using similarity,
is simpler than Conway’s, and therefore it was, comparatively, the simplest proof
of Morley’s Theorem, for the time being, at that time. In [12], it is also admitted
that one does not know what happens tomorrow, with regard to the simplicity of
the proof, see the last comment in [12]. Although, in [8] the authors already claim,
in the title of the article, that Morley’s Theorem is no longer mysterious, but we
would like to offer here some detailed reasoning for this true claim (at least, to us).
In particular, our main aim is to observe and claim with emphasis that the mystery
of Morley’s Theorem, is indeed, resolved. To this end, by just looking more care-
fully, at the simple proposition in [12], which is called Bisector Proposition in [8],
we may infer that Morley’s Theorem is nothing but a straightforward corollary of
this simple proposition. Surprisingly, it seems this proposition, which is a natu-
ral generalization of the classical property of the bisectors (i.e., a point lies on the
bisector of an angle if and only if it is equidistant from the sides of the angle), is

1See http://pirate.shu.edu/ kahlnath/Top100.html.
2See, e.g., http:// www.cut-the-knot.org/triangle/Morley/sb.shml, [2-4,

7-14]
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overlooked in all these years, before its appearance in [12]. Let us cite a comment
which is made in [13, Last line, P 73]: with all the various proofs in the literature,
still a geometric, concise and logically transparent proof of Morley’s Theorem is
desirable. A similar comment is also given in [21, L 3, P 1]. In what follows, we
aim to emphasize on the effectiveness of, Bisector Proposition as a tool, and on
its unique role in connection with Morley’s Theorem. We also believe with some
reasoning that this demanded proof in [13], [21], which in our opinion, could have
been the modified proof in [12], at that time, is already in [8], with some improve-
ment. We should also emphasize that this proof is geometric, concise, transparant,
and simpler than the proof in [12], which in turn, as shown there, is simpler than
Conway’s, where to many authors including Conway himself, Conway’s was the
simplest possible until 2014, see [6]. Although, by reading [12] and [8] carefully,
this claim needs no proof, but one feels this important fact (at least to us) should
be better recorded. Since we are trying to give our reasoning with scrupulous care,
the reader might notice some unnecessary details in our arguments. We should
recall here that each vertex of the Morley triangle of a given triangle, which is the
intersection point of a pair of trisectors, lies trivially on the bisector of the angle
formed by the intersection of two other trisectors (e.g., Z lies on the bisector of the
angle formed by the intersection of trisectors BX and AY , see Figure (a)). Conse-
quently, each vertex of the Morley triangle takes the position of point A in the next
proposition. Hence, the conditions (1), (3), in the following proposition, immedi-
ately give us a natural criterion , as in the corollary which follows the proposition,
for the Morley triangle of any triangle, to be equilateral. In fact, what Morley’s
Theorem asserts is the fact that this natural criterion holds in every triangle.

The next proposition, says the point A lies on the bisector of the angle ∠xOy
if, and only if, any one of the conditions (2) or (3) in the proposition implies the
other one. We notice, in the classical fact, the condition (2) is stated, in the partic-
ular case, when B, C are the feet of perpendiculars from the point A to the arms of
angle ∠xOy, and the condition (3) is stated, in the particular case, that the angles
∠OBA, ∠OCA, are both right angle, in which case, they are both equal and sup-
plementary angles (i.e., condition (3) below is naturally satisfied in the particular
case).

Bisector Proposition. Suppose that A is a point inside the angle ∠xOy and B,C
are two points on the arms Ox and Oy, respectively. Then if any two of the fol-
lowing hold, so does the third.

(1) A lies on the bisector of the angle ∠xOy.
(2) AB = AC.
(3) Angles ∠OBA and ∠OCA are either equal or supplementary angles.

We should remind the reader that, it is manifest that, the angles ∠OBA and
∠OCA satisfy condition (3) in the above proposition if, and only if, their adjacent
angles satisfy this condition, too. This evident observation is in fact, what is used
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when Bisector Proposition is invoked in [12], to deal with the proof of the corol-
lary which follows. This corollary which is given right after the proof of the above
proposition in [12], is not stated there as a corollary. Indeed, it is given there infor-
mally to refute a claim by Cain in [3], that specification of the angles in Conway’s
proof is not justified. We should remind the reader that the following corollary
which gives ”a necessary and sufficient condition” for the Morley triangle of any
triangle to be equilateral, leaves no unexplained steps whatsoever (unlike, the other
backwards proofs) in the proof of Morley’s Theorem in [8].

The next corollary, which relies only on the above proposition, is as good as Mor-
ley’s Theorem itself, for it is the only result in Euclidean geometry, so far, which
gives a natural ”necessary and sufficient condition”, for the Morley triangle of any
triangle to be equilateral, before knowing the validity of Morley’s Theorem.

Corollary 1. In the triangle �ABC, in Figure (a), let ∠A = 3α, ∠B = 3β,
and ∠C = 3γ. If the intersection of the adjacent trisectors of the angles of this
triangle are X,Y , and Z as in Figure (a). Then the triangle �XY Z (i.e., the
Morley triangle of triangle �ABC) is equilateral if, and only if, the base angles
of the triangles �AZY , �BXZ, and �CXY consist of three equal pairs (i.e.,
∠1 = ∠4 = 60◦ + γ, ∠2 = ∠5 = 60◦ + β, and ∠3 = ∠6 = 60◦ + α), see Figure
(a).

The reader must be reminded that the values of the above pairs of angles are
determined, with a purely geometric method (thanks to Bisector Proposition), for
the first time in the history of Morley’s Trisector Theorem, in [12]. In any con-
figuration related to Morley’s Theorem we have seven smaller triangles inside the
original one. Why should we only be asking for the values of angles of the Mor-
ley’s triangle?, see also Newmann’s comments in his proof among the above 27
proofs. In this regards, let us briefly recall the role of Bisector Proposition in de-
termining the values of the angles of all these seven triangles. Let us assume the
Morley triangle, of a triangle , �ABC say, to be equilateral and try to find the
values of angles ∠1 up to ∠6, in a relevant configuration, as in Figure (a). We
may easily form a system of 6 linear equations in terms of these values. For the
sake of completeness we may write down these equations: ∠1 + ∠2 = 180◦ − α,
∠2 + ∠3 = 180◦ − γ, ∠3 + ∠4 = 180◦ − β, ∠4 + ∠5 = 180◦ − α, ∠5 + ∠6 =
180◦ − γ, ∠6 + ∠1 = 180◦ − β. Manifestly, these equations are not indepen-
dent. Indeed, any one of these equations can be derived from the other five, and
therefore any one of the equations can be removed without affecting the solution
of the system. Consequently, we have a system of five linear equations with six un-
known values of angles, whose unique solution cannot usually be determined, by
ordinary elimination method. Although, there is no unanimity of opinion, on any
reason, for the mysteriousness of Morley’s Theorem, perhaps the latter observation
seems to be a good possible reason as to why this theorem is called mysterious, by
some authors. It should be emphasized that Bisector Proposition plays an effec-
tive and indispensable role in showing that the above system has a unique solution,
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and conversely due to Bisector Proposition again, this solution without any further
calculation whatsoever for the angles of the Morley’s triangle, immediately shows
that the Morley’s triangle is equilateral, see the proof of the above corollary, in [12].

Figure (a)

Corollary 2 (Morley’s Theorem). The Morley triangle of every triangle is
equilateral.

If we follow the proof in [8], we notice that Bisector Proposition, which is re-
sponsible for the proof of Corollary 1, is also responsible for every single step
in this proof, without using any extra mathematics whatsoever. In fact, Bisector
Proposition shows in [8], one can simultaneously construct any triangle with its
trisectors in a few steps, in a motivated simple way, without drawing any extra
single line, to automatically, obtaining an equilateral triangle as its Morley trian-
gle (note, in this proof unlike other backwards proofs, one does not start with an
equilateral triangle). In fact, it may be considered as drawing the trisectors in the
triangle, in a motivated way, to get an equilateral triangle, directly, as the Morley
triangle of the triangle (once again, it should be emphasized that in this drawing
not a single extra line is drawn).

Envoi: some authors, use the words mystery, miraculous, magic and some other
synonyms to these words, in connection with Morley’s Theorem and are wondering
why the ancient Greeks did not discover this theorem. They generally blame the
concept of trisectors for this failure. They believe the ancient Greeks, apart from
having problems with the existence of trisectors (i.e., trisecting an angle, in gen-
eral, with just a compass and an unmarked straightedge), expected to know some
properties of trisectors similarly to those of bisectors. But it seems, if only the
ancient Greeks noticed that, each vertex of the Morley triangle lies clearly on the
bisector of the angle formed by a pair of trisectors, whose intersection is not that
vertex, they might have been motivated to search for new properties of bisectors.
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Moreover, if they could have also guessed the Bisector Proposition, which gen-
uinely and naturally belongs to their era, then they could have easily discovered
Morley’s Theorem. Although at the same time, one should admit that, it seems
the ancient Greeks have not ever dealt with any result in geometry, whose related
possible configuration, is not constructible with Euclidean instruments. However,
I do believe the fact that Bisector Proposition (a natural elementary geometric fact,
which also seems to be a key factor related to Morley’ Theorem) is gone unnoticed
in all these years, is more mysterious than the missing of Morley’s Theorem itself,
by the ancient Greeks! Therefore, we should admit, it seems as though, all these
years we were waiting for the Bisector Proposition to appear, to give us a natural,
transparent geometric proof of Morley’s Theorem. Incidentally, this proof, see [8],
needs only the simplest possible configuration (i.e., a figure consisting merely of
the triangle itself and its trisectors). Moreover, it also uses only the most elemen-
tary tools (i.e., SAS, ASA and RHS). Shouldn’t we ask that: Can a proof of this
theorem be expected, in the future, which avoids less elementary tools? Shouldn’t
we admit that Bisector Proposition has indeed resolved the mystery of Morley’s
Theorem? To re-emphasizing on the effectiveness of Bisector Proposition as a use-
ful tool, in general, not only with regards to Morley’s Theorem, I could not help
recalling the following well known old problems to show how, by invoking Bisec-
tor Proposition, the two problems can be generalized and turned into two natural
evident corollaries of this proposition. Some more applications of the proposition
are also observed.

Problem 1 ([20, Problems 9, 18, P 236, 267], [1, Problem 24]): Let P be
the center of the square constructed on the hypotenuse AC of the right triangle
�ABC. Prove that BP bisects angle ∠ABC.

Corollary 3 . Let P be the center of the square constructed on the side AC of
the triangle�ABC. ThenBP bisects the angle ∠ABC if, and only if, the triangle
�ABC is either a right-angled triangle, with ∠B as the right angle, or an isosceles
one with the apex B.

Proof. It is really evident by Bisector Proposition (just note, PA = PC).

Terence Tao in [22, pp. 52-55], has given a trigonometric solution with almost
three pages of justifications for his solution to the next problem. But, in view of
Bisector Proposition, we observe briefly, this problem does not really need any so-
lution at all. Naturally, Bisector Proposition was not available to Tao , at that time,
because the proposition was already overlooked then. Similarly to Problem 1, this
problem, can also be generalized and stated as an immediate corollary of Bisector
Proposition. However, in what follows, we present a proof for this corollary with
some unnecessary details, just to repeat the effectiveness of Bisector Proposition
as a useful tool.

Problem 2 ([22, Problem 4.2, p. 52]): In a triangle �BAC the bisector of the
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angle at B meets AC at D; the angle bisector of C meets AB at E. These bisec-
tors meet at O. Suppose that OD = OE. Prove that either ∠A = 60◦ or that the
triangle�BAC is isosceles (or both).

Corollary 4. In a triangle�ABC let the bisectors of angles ∠B, ∠C, intersect the
opposite sides at D and E, respectively, and take O to be the intersection of these
bisectors. Then OD = OE if, and only if, either the triangle �BAC is isosceles
with apex A or ∠A = 60◦.

Proof. Just draw any configuration which satisfies our assumption, then the proof
may go as follows : Let us first assume that, OD = OE. Since the point O lies on
the bisector of ∠A, then by part (3), of Bisector Proposition, we infer that either
∠AEO = ∠ADO, in which case, it implies ∠C

2 + ∠B = ∠B
2 + ∠C, i.e., the tri-

angle�BAC is isosceles with apex A, or ∠ADO and ∠AEO are supplementary
angles, in which case, it implies ∠A and ∠DOE must also be supplementary an-
gles. Hence ∠A = 60◦ (note, ∠DOE = ∠COB = 90◦+∠A

2 ). Conversely, let the
triangle �BAC be isosceles with ∠B = ∠C, then clearly OD = BD − BO =
CE − CO = OE. Finally, if ∠A = 60◦, then ∠A + ∠DOE = 180◦, for
∠DOE = ∠COB = 90◦ + A

2 = 120◦. Consequently, the angles ∠ADO and
∠AEO must also be supplementary angles. Since O lies on the bisector of angle
∠A, then in view of, parts (1), (3), of Bisector Proposition, we immediately infer
that OD = OE, and we are done.

Let us assume that the above triangle �ABC is non-isosceles and ∠A �= 60◦.
Then one may digress for a moment and ask a natural question of what happens
to the comparability of OD and OE (i.e., considering any shape for the triangle,
which one has a greater length?), where D,E, and O are the same points as in
the above corollary. Before answering this question we need the following lemma
which is also a consequence of Bisector Proposition and it is somewhat a comple-
ment to it.

Lemma (Bisector Proposition Extended). Suppose that A is a point on the bisec-
tor of the angle ∠xOy and B,C are two points on the arms Ox and Oy, respec-
tively with ∠OBA = α and ∠OCA = β. Then AB > AC if, and only if, either
α > β with α+ β > 180◦ or α < β with α+ β < 180◦.

Proof. Draw any configuration which satisfies our assumption. Let us assume
that AB > AC, then by Bisector Proposition α �= β and α + β �= 180◦. Take
the point B′ to be the symmetric point of the point B with respect to the bisector
of the angle ∠xOy. Now either α > β, in which case, B′ manifestly lies on Oy
between O and C (note, ∠OB′A = ∠OBA = α > β = ∠OCA). Consequently
in the triangle �AB′C, AB′ = AB > AC implies that β > 180◦ − α, i.e., we
have α > β with α+ β > 180◦. Or we may have α < β, in which case, B′ cannot
lie between O and C. Consequently in the triangle �ACB′, AB′ = AB > AC
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implies that 180◦ − β > α and we are done. The converse is evident.

The following corollary which is an immediate consequence of the previous lemma
settles the above question. Corollary 4, which is also clearly a consequence of the
next corollary (it’s briefly observed), together with this corollary, give a nontriv-
ial universal fact about any triangle. Motivated by this, we cannot help reciting a
comment, with emphasis, as in [11, p. 49], that when it comes to deducing results
in mathematics just from the definition of an object, nothing can hold a candle to
the triangle.

Corollary 5. In a triangle �ABC let the bisectors of angles ∠B, ∠C, intersect
the opposite sides at D and E, respectively, and take O to be the intersection of
these bisectors. Then OE > OD if, and only if, either ∠A < 60◦ with ∠C < ∠B
or ∠A > 60◦ with ∠C > ∠B.

Proof. Let us put ∠AEO = α and ∠ADO = β. Then clearly ∠A + ∠DOE =
90◦ + 3∠A

2 . Thus in the quadrilateral AEOD it is manifest that ∠A < 60◦ (resp.,
∠A > 60◦) if and only if α + β > 180◦ (resp., α + β < 180◦). We also notice
that α > β (resp., α < β) if and only if ∠B > ∠C (resp., ∠B < ∠C). Finally, it
remains to invoke the above lemma to complete the proof.

Remark. It goes without saying that, in the above corollary, OD > OE if and
only if ∠A < 60◦ with ∠B < ∠C or ∠A > 60◦ with ∠B > ∠C. Considering
this, we should remind the reader that Corollary 4, is now an immediate conse-
quence of the above corollary, too. We may also recall that in any triangle�ABC,
∠B > ∠C if, and only if, the length of the bisector of ∠B is shorter than that of
the bisector of ∠C. In case ∠A ≤ 60◦ the latter well-known fact is a consequence
of our above observations (note, let �ABC be a triangle with ∠B > ∠C and
consider any related configuration to Corollaries 4, 5. Then BD = BO+OD and
CE = CO + OE, where clearly BO < CO and whenever ∠A ≤ 60◦, then in
view of Corollaries 4, 5, we have OD ≤ OE, which implies that BD < CE and
we are done). It is worth noting that although the validity of BD = BO + OD <
CO + OE = CE does not depend on the measure of ∠A. However, one should
emphasize that in contrast to the previous case that BO < CO, OD ≤ OE and
consequently BD = BO+OD < CO+OE = CE, the case ∠A > 60◦, reveals
a new information in this regard, namely, BO < CO, and although OD > OE,
but still of course BD = BO +OD < CE = CO +OE = CE.

After all these discussions and recollection about Bisector Proposition and some
of its consequences, everyone is expected to clearly comprehend the proposition,
remember it forever; and use it as naturally as the classical fact about Bisectors, like
the time we were dealing with geometric facts in our school days. In particular, as
a consequence of this proposition, everyone should also be certain visually, that the
Morley triangle of a triangle �ABC is equilateral if and only if ∠1 = ∠4, ∠2 =
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∠5, and ∠3 = ∠6, see Figure (a) (i.e., anyone with some adequate knowledge
of Euclidean geometry including Bisector Proposition could have easily guessed a
natural equivalent form of Morley’s Theorem). Therefore, one may claim Morley’s
Theorem is, in essence, a fact related to properties of bisectors. In particular, it is a
consequence of a missing property of bisectors, i.e., Bisector Proposition. Let us,
in what follows, give some more justifications for the previous claim: Manifestly
every trisector of a triangle is, in fact, a bisector of an angle in any configuration
related to Morley’s Theorem (indeed, of the two trisectors of an angle, ∠A say, in
the triangle�ABC, clearly the one adjacent to sideAB (resp.,AC) is the bisector
of the angle whose arms are AB (resp., AC) and the other trisector, respectively).
Moreover every vertex of the Morley’s triangle also lies on the bisector of the
angle formed by the intersection of a pair of trisectors, whose intersection is not
that vertex. Considering all these evident observations and the natural and simple
Bisector Proposition, including its consequences, shouldn’t we ask, where is the
mystery, then?
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A Synthetic Proof of the Equality of
Iterated Kiepert Triangles K(φ, ψ) = K(ψ, φ)

Floor van Lamoen

Abstract. We use Miquel’s Theorem to prove the equality K(φ, ψ) = K(ψ, φ)
of iterated Kiepert triangles.

1. Introduction

The Kiepert triangle K(φ) = AφBφCφ is the triangle formed by the apices of
isosceles triangles with base angles −π

2 < φ < π
2 erected on sides BC, AC, and

BC of triangle ABC respectively. The iterated Kiepert triangle K(φ, ψ) is found
by subsequently erecting isosceles triangles with base angles ψ to K(φ). Paul Yiu
and the author showed by calculating homogeneous barycentric coordinates that
K(φ, ψ) = K(ψ, φ) ([2], section 3). In this paper we will show that the result can
be acquired by synthetic means, by application of Miquel’s Theorem.

2. Application of Miquel’s Theorem

We recall Miquel’s theorem, in the wording of [1, Theorem 4], for instance,
which contains the well known corollaries added to the original theorem [3].

Theorem 1 (Miquel). LetA1B1C1 be a triangle inscribed in triangleABC. There
is a pivot point P such that A1B1C1 is the image of the pedal triangle of P after
a rotation about P followed by a homothety with center P . All inscribed triangles
directly similar to A1B1C1 have the same pivot point.

It is well known that this theorem can be proven syntheticly.
A consequence of this theorem is that if two triangles A1B1C1 and A2B2C2 are

directly similar, then each triangle A3B3C3 with A3 ∈ A1A2, B3 ∈ B1B2, and
C3 ∈ C1C2 such that the ratios of directed distances fulfill

A1A3 : A3A2 = B1B3 : B3B2 = C1C3 : C3C2

is directly similar to these as well, as A1A2, B1B2, and C1C2 bound a triangle.

Remark. This result is valid for general similar figures and is often referred to as
“Fundamental Theorem of Directly Similar Figures”.
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Now we consider triangle ABC, with Kiepert vertices Aφ, Cφ, Aψ, Cψ and
iterated Kiepert vertices Bφ,ψ and Bφ,φ. Ma, Mc, and Mb,φ are the midpoints of
BC, AB, and AφCφ respectively. See Figure 1. Triangles AφBC and CφAB
are directly similar, so triangle Mb,φMcMa is directly similar to these and hence
an isosceles triangle with base angle φ as well. So triangles MaMb,φMc and
AφBφ,φCφ are directly similar, and clearly

MaAψ : AψAφ =Mb,φBφ,ψ : Bφ,ψBψ,φ =McCψ : CψCφ.

This shows that triangle AψBφ,ψCψ is also isosceles with base angle φ. We have
derived that Bφ,ψ = Bψ,φ. With similar reasoning for the A- and C-vertices we
conclude the proof that K(φ, ψ) = K(ψ, φ).

C
A

B

Ma Mc

Aψ

Aφ

Cφ

Cψ

Mb,φ

Bφ,φ

Bφ,ψ

Figure 1
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Geometric Inequalities in Pedal Quadrilaterals
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Abstract. The aim of this paper is to investigate the general properties of the
pedal quadrilateral of a point P with respect to a convex and closed quadrilat-
eral ABCD. In particular, we present an analogue of Erdős-Mordell Inequality,
stating that for any triangle ABC and a point P inside ABC, the sum of the dis-
tances from P to the sides is less than or equal to half of the sum of the distances
from P to the vertices of ABC, for an inscribed quadrilateral.

1. Introduction

LetABC be a triangle and P be a point in plane. If the feet of the perpendiculars
drawn from P to sides of the triangle [BC], [CA], [AB] are respectively X , Y and
Z, then triangle XY Z is called the pedal triangle of P with respect to ABC and
P is called the pedal point ([3, 7]). If the point P lies on the circumcircle of the
triangle ABC, then the points X , Y and Z are collinear. The line passing through
the points X , Y and Z is known as the Simson line of P ([3]).

A

B C

A

B C

PZ
Y

X

P

X

Y

Z

Figure 1

A similar notion has been generalized for polygons with n sides ([3]). Let
A1A2A3 · · ·An be a polygon and P be a point inside A1A2A3 · · ·An. If the feet
of the perpendiculars from P to the line segments [A1A2], [A2A3], . . . , [AnA1] are
respectively H1, H2, . . . , Hn, then the polygon H1H2 · · ·Hn is called the pedal
polygon of P with respect to A1A2A3 · · ·An and P is called the pedal point ([3]).
Although there are lots of investigations on pedal triangles, so little investigations
have been studied on pedal quadrilaterals in the literature ([3, 5, 6, 7, 9, 11]).
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In this paper, we study on the general properties of the pedal quadrilateral of a
point P with respect to a convex and closed quadrilateral ABCD. We investigate
some interesting geometric inequalities on pedal quadrilaterals. In particular, we
state an analogue of Erdős-Mordell Inequality ([1, 2, 4, 8, 10]) for quadrilaterals.

2. Geometric inequalities in pedal quadrilaterals

Proposition 1. Let ABCD be an inscribed quadrilateral and P be a point inside
ABCD. If the feet of perpendiculars from P to the line segments [AB], [BC],
[CD] and [AD] are respectively K, M , N , L and the radius of the circumcircle of
ABCD is R then,

|KM | = |AC|·|PB|
2R , |KL| = |BD|·|PA|

2R ,

|MN | = |BD|·|PC|
2R , |LN | = |AC|·|PD|

2R .

B

A

D

C

P

K
M

N

L

Figure 2

Proof. As seen in Figure 2 and since ∠BKP = ∠PLD = ∠PNC = ∠PMB =
90◦, the quadrilateralsBKPM , PLDN , PNCM andPLAK are inscribed quadri-
laterals. By the law of sines, we have

|PB| = KM

sinKPM
and 2R =

|AC|
sin(π − ∠KPM)

=
|AC|

sinKPM
.

Hence, we get

|KM | = |AC| · |PB|
2R

.

It can be easily seen that

|KL| = |BD| · |PA|
2R

, |MN | = |BD| · |PC|
2R

, |LN | = |AC| · |PD|
2R

.

�
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Proposition 2. Let ABCD be a quadrilateral and P be a point inside ABCD.If
the feet of perpendiculars from P to the line segments [AB], [BC], [CD] and [AD]
are respectively A1, B1, C1, D1, then

r1 + r2 + r3 + r4 ≤ M · C
2
√
2
,

where r1, r2, r3 and r4 are respectively the radii of the incircles of the triangles
AA1D1, A1BB1, CB1C1, DC1D1, and

M = max

{
1√

1− cosA+
√
2
,

1√
1− cosB +

√
2
,

1√
1− cosC +

√
2
,

1√
1− cosD +

√
2

}
,

and C is the perimeter of the quadrilateral ABCD. The equality holds if ABCD
is chosen as a square and P is chosen at the center of the square.

r1

r2

r3

r4

B

A

D

CP

A1

B1

C1

D1

O1

O2

O3

O4

Figure 3

Proof. By the law of cosines, we have

|A1B1| =
√
|A1B|2 + |BB1|2 − 2|A1B||BB1| cosB. (1)

If SA1BB1 is the area of the triangle A1BB1, then

SA1BB1 =
|A1B| · |BB1| sinB

2
. (2)

Since 2SA1BB1 = (|A1B|+ |BB1|+ |A1B1|)r2, we get

r2 =
2SA1BB1

|A1B|+ |BB1|+ |A1B1| . (3)

By the equalities (2) and (3),

r2 =
|A1B| · |BB1| sinB

|A1B|+ |BB1|+ |A1B1| . (4)

It follows from Arithmetic-Geometric Mean Inequality that

|A1B|2 + |BB1|2 ≥ 2 · |A1B| · |BB1|. (5)
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If the inequalities (1) and (5) are considered together, then

|A1B1| =
√
|A1B|2 + |BB1|2 − 2|A1B| · |BB1| cosB

≥
√
2|A1B| · |BB1| − 2|A1B| · |BB1| cosB

≥
√
2
√
|A1B| · |BB1|

√
1− cosB (6)

It is also obvious from Arithmetic-Geometric Mean Inequality that

|A1B|+ |BB1| ≥ 2
√
|A1B| · |BB1|. (7)

Therefore, by the inequalities (6) and (7), we observe that

|A1B|+|BB1|+|A1B1| ≥ 2
√
|A1B| · |BB1|+

√
2
√
|A1B| · |BB1|

√
1− cosB.

(8)
Hence, it follows from the inequalities (4) and (8) that

r2 ≤ |A1B| · |BB1| sinB√
2 ·√|A1B| · |BB1|

√
1− cosB + 2

√|A1B| · |BB1|
≤ |A1B| · |BB1| · sinB√

2
√|A1B| · |BB1|

√
1− cosB +

√
2)

≤
√
|A1B| · |BB1| · sinB√

2(
√
1− cosB +

√
2)

≤ |A1B|+ |BB1|
2
√
2(
√
1− cosB +

√
2)

(9)

Let M = max
{

1√
1−cosA+

√
2
, 1√

1−cosB+
√
2
, 1√

1−cosC+
√
2
, 1√

1−cosD+
√
2

}
. By

the inequality (9),

r2 ≤ M · (|A1B|+ |BB1|)
2
√
2

. (10)

Similarly, we get

r1 ≤ M ·(|A1A|+|AD1|)
2
√
2

,

r3 ≤ M ·(|C1C|+|CB1|)
2
√
2

,

r4 ≤ M ·(|C1D|+|DD1|)
2
√
2

.

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

(11)

If the inequalities (10) and (11) are added side by side, it is easy to see that

r1 + r2 + r3 + r4 ≤ M · C
2
√
2

where C is the perimeter of the quadrilateral ABCD.
Now suppose that ABCD is a square with side length 2a and P is at the center

of the ABCD (Figure 4). If the area of the triangle D1AA1 is SD1AA1 then,

SD1AA1 =
2a+ a

√
2

2
r1 =

a2

2
.
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r2

r3

r4

r1

a a

a

a

aa

a

a

A D

CB

A1

B1

C1

D1

P

O2 O3

O4O1

Figure 4

Hence, we get r1 = a
2+

√
2
. Since r1 = r2 = r3 = r4, C = 8a and M = 1√

2+1
,

then the following equality holds:

r1 + r2 + r3 + r4 = 4 · a

2 +
√
2
=

8a ·
(

1√
2+1

)
2
√
2

=
C ·M
2
√
2
.

�

Proposition 3. LetA1A2A3·An be a polygon andP be a point insideA1A2A3 · · ·An.
If the feet of perpendiculars from P to the line segments [A1A2], [A2A3], . . . ,
[AnA1] are respectively H1, H2, . . . , Hn, then

r1 + r2 + · · ·+ rn ≤ M · C
2
√
2

where r1, r2, . . . , rn are respectively the radii of the incircles of the triangles
A1H1Hn, H1A2H2, . . . , Hn−1AnHn, and

M = max

{
1√

1− cosA1 +
√
2
,

1√
1− cosA2 +

√
2
, . . . ,

1√
1− cosAn +

√
2

}

andC is the perimeter of the polygonA1A2 · · ·An. The equality holds ifA1A2 · · ·An

is chosen as a square and P is chosen as the centroid of the square.

This can be easily shown as in Proposition 2.

Proposition 4. Let ABCD be a circumscribed quadrilateral with area S. If the
center and the radius of the incircle of ABCD are respectively the point P and r,
and the feet of perpendiculars from P to the line segments [AB], [BC], [CD] and
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[AD] are respectively K, L, M and N , then

Spedal
S
≤ 1− 1

4r

√
a2 + b2 + c2 + d2,

where a = |BL|, b = |LC|, c = |MD|, d = |AN |, and Spedal is the area of the
pedal quadrilateral KLMN . The equality holds if ABCD is a square.

d c

c

b

b

a

a

d

P

C

K

L

M

N

B

D
A

S2S1

S4 S3

Figure 5

Proof. As seen in Figure 5, if S1, S2, S3 and S4 are respectively the areas of
triangles KPL, LPM , MPN and NPK, then we get

S1 = a · r − a2 sinB

2
,

S2 = b · r − b2 sinC

2
,

S3 = c · r − c2 sinD

2
,

S4 = d · r − d2 sinA

2
.

Hence, it is obvious that

S1+S2+S3+S4 = r(a+b+c+d)− 1

2
(a2 sinB+b2 sinC+c2 sinD+d2 sinA).

Since we also have S = (a+ b+ c+ d)r, we get

Spedal
S

=
S1 + S2 + S3 + S4

S

= 1− a2 sinB + b2 sinC + c2 sinD + d2 sinA

2r(a+ b+ c+ d)
. (12)
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By the Cauchy-Schwarz Inequality, we get

a+ b+ c+ d = a · 1 + b · 1 + c · 1 + d · 1
≤
√
a2 + b2 + c2 + d2 ·

√
12 + 12 + 12 + 12

= 2
√
a2 + b2 + c2 + d2.

Thus,

− 1

a+ b+ c+ d
≤ − 1

2
√
a2 + b2 + c2 + d2

.

By the equality (12),

Spedal
S

= 1− a2 sinB + b2 sinC + c2 sinD + d2 sinA

2r(a+ b+ c+ d)

≤ 1− a2 + b2 + c2 + d2

4r
√
a2 + b2 + c2 + d2

= 1− 1

4r

√
a2 + b2 + c2 + d2.

r

r

r

r

a a

a

aa

a

a

a

A D

CB

K

L

M

N

P

Figure 6

Now suppose thatABCD is a square and |AB| = |BC| = |CD| = |AD| = 2a.
As seen in Figure 6, since r = a, S = 4a2, Spedal = 2a2 , we have

Spedal
S

=
2a2

4a2
=

1

2
= 1− 1

4a

√
a2 + a2 + a2 + a2 = 1− 1

4r

√
a2 + b2 + c2 + d2.

�
Proposition 5. Let P be a point inside a polygonA1A2A3 · · ·An where |A1A2| =
a1, |A2A3| = a2, . . . , |AnA1| = an. If the lengths of the perpendiculars from P to
the sides of the polygon A1A2A3 · · ·An are respectively h1, h2, . . . , hn, then

S

C2
≥ 1

2
· 1

a1
h1

+ · · ·+ an
hn
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where S and C are respectively the area and the perimeter of A1A2A3 · · ·An. The
equality holds if a1 = a2 = · · · = an = a and h1 = h2 = · · · = hn = h.

a1

a2
a3

a4

h1

h2

h3

h4

A1

A2

A3

A4

A5

P

Figure 7

Proof. As seen in Figure 7, it is obvious that 2S = a1h1 + a2h2 + · · ·+ anhn. By
the Cauchy-Schwarz Inequality, we get

(a1h1+a2h2+· · ·+anhn)
(
a1
h1

+
a2
h2

+ · · ·+ an
hn

)
≥ (
√
a21+

√
a22+· · ·+

√
a2n)

2.

Since

2S

(
a1
h1

+
a2
h2

+ · · ·+ an
hn

)
≥ (
√
a21 +

√
a22 + · · ·+

√
a2n)

2

we have

2S ≥ (a1 + a2 + · · ·+ an)
2

a1
h1

+ a2
h2

+ · · ·+ an
hn

=
C2

a1
h1

+ a2
h2

+ · · ·+ an
hn

.

Hence,
S

C2
≥ 1

2
· 1

a1
h1

+ a2
h2

+ · · ·+ an
hn

.

Now suppose that a1 = a2 = · · · = an = a, and h1 = h2 = · · · = hn = h.
Since,

S = n · ah
2
, C = na,

we get

S

C2
=

nah

2n2a2
=

h

2na
=

1

2
· 1

a
h + a

h + · · ·+ a
h

=
1

2
· 1

a1
h1

+ a2
h2

+ · · ·+ an
hn

.

�
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Proposition 6. Let P be a point inside a polygonA1A2A3 · · ·An where |A1A2| =
a1, |A2A3| = a2, . . . , |AnA1| = an. If the lengths of the perpendiculars from P to
the sides of the polygon A1A2A3 · · ·An are respectively h1, h2, . . . , hn, then

1

a1h1
+

1

a2h2
+ · · ·+ 1

anhn
≥ n2

2S

where S is the area of A1A2A3 · · ·An. The equality holds if a1 = a2 = · · · =
an = a and h1 = h2 = · · · = hn = h.

Proof. By the Cauchy-Schwarz Inequality, we have

(a1h1+a2h2+· · ·+anhn)
(

1

a1h1
+

1

a2h2
+ · · ·+ 1

anhn

)
≥ (1 + 1 + · · ·+ 1︸ ︷︷ ︸

n times

)2.

Since 2S = a1h1 + a2h2 + · · ·+ anhn, it is easy to see that

1

a1h1
+

1

a2h2
+ · · ·+ 1

anhn
≥ n2

2S
.

Now suppose that a1 = a2 = · · · = an = a and h1 = h2 = · · · = hn = h.
Since S = n · ah2 , we have

1

a1h1
+

1

a2h2
+ · · ·+ 1

anhn
= n · 1

ah
=

n2

nah
=
n2

2S
.

�
Theorem 7. Let ABCD be an inscribed quadrilateral and P be a point inside
ABCD. If the feet of perpendiculars from P to the line segments [AB], [BC],
[CD] and [AD] are A1, B1, C1, D1 respectively, then

|PA|+ |PB|+ |PC|+ |PD| > 4 4
√
|PA1| · |PA2| · |PA3| · |PA4|.

A

B

C

D

P

A1
A2

A3

A4

Figure 8
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Proof. Let |PA1| = h1, |PA2| = h2, |PA3| = h3 and |PA4| = h4. Then by the
law of cosines, we have

|A1A2| =
√
h21 + h22 − 2h1h2 cos(π −B),

|A2A3| =
√
h22 + h23 − 2h2h3 cos(π − C),

|A3A4| =
√
h23 + h24 − 2h3h4 cos(π −D),

|A4A1| =
√
h24 + h21 − 2h1h4 cos(π −A).

Hence,

|A1A2|2 = h21 + h22 − 2h1h2 cos(π −B)

= h21 + h22 − 2h1h2 cos(A+ C +D − π)
= h21 + h22 + 2h1h2 cos(A+ C +D)

= h21 + h22 + 2h1h2 cos(A+ C) cosD − 2h1h2 sin(A+ C) sinD

= (h2 sinD − h1 sin(A+ C))2 + (h2 cosD + h1 cos(A+ C))2.

Since A+ C = π, we have |A1A2|2 = (h2 sinD)2 + (h2 cosD − h1)2.
Now suppose that (h2 cosD−h1)2 = 0. Then, cosD = h1

h2
. Since ∠A1PA2 =

∠D, by the law of cosines,

|A1A2|2 = h21 + h22 − 2h1h2 cosD

= h21 + h22 − 2h1h2 · h1
h2

= h22 − h21.

Hence, we get h22 = |A1A2|2 + h21, implying that ∠PA1A2 = 90◦, which is a
contradiction. Therefore, (h2 cosD − h1)2 �= 0. Then, it is easy to verify that

|A1A2| > h2 sinD (13)

Similarly, we have

|A2A3| > h3 sinA (14)

|A3A4| > h4 sinB (15)

|A1A4| > h1 sinC (16)

Since PA1BA2, PA2CA3, PA3DA4 and PA4AA1 are inscribed quadrilater-
als, if we apply the law of sines to the trianglesAA1A4,BA1A2, CA2A3,DA3A4,
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then we respectively get,

|PA| = |A1A4|
sinA

(17)

|PB| = |A1A2|
sinB

(18)

|PC| = |A2A3|
sinC

(19)

|PD| = |A3A4|
sinD

(20)

If the inequalities (13), (14), (15) and (16) are respectively considered together
with the inequalities (17), (18), (19) and (20), then

|PB| = |A1A2|
sinB

>
h2 sinD

sinB
,

|PC| = |A2A3|
sinC

>
h3 sinA

sinC
,

|PD| = |A3A4|
sinD

>
h4 sinB

sinD
,

|PA| = |A1A4|
sinA

>
h1 sinC

sinA
.

Therefore, it is easy to see that

|PA|+ |PB|+ |PC|+ |PD| > h1 sinC

sinA
+
h2 sinD

sinB
+
h3 sinA

sinC
+
h4 sinB

sinD

> 4
4

√
h1 sinC

sinA
· h2 sinD

sinB
· h3 sinA

sinC
· h4 sinB

sinD

= 4 4
√
|PA1| · |PA2| · |PA3| · |PA4|

by Arithmetic-Geometric Mean Inequality. �
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Gizem Günel Açıksöz: Ozel Ege Lisesi, Izmir, Turkey
E-mail address: gizem.aciksoz@egelisesi.k12.tr
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Self-Pivoting Convex Quadrangles

Paris Pamfilos

Abstract. In this article we examine conditions for the existence of pivoting
circumscriptions of a convex quadrangle q1 by another quadrangle q similar to
q1, pivoting about a fixed point. There are 8 types of such circumscriptions and
we formulate the restrictions on the quadrangles of each type, imposed by the
requirement of such a circumscription. In most cases these restrictions imply
that the quadrangles are cyclic of a particular type, in one case are harmonic
quadrilaterals, and in two cases are trapezia of a special kind.

1. Possible configurations

Given two convex quadrangles {q1 = A1B1C1D1, q2 = A2B2C2D2}, we study
the circumscription of a quandrangle q = ABCD, which is similar to q2, about
the quadrangle q1. Disregarding, for the moment, the right proportions of sides,
and focusing only on angles, we can easily circumscribe to q1 quadrangles q with
the same angles as those of q2 and in the same succession. For this, it suffices to
consider the circles {κi, i = 1, 2, 3, 4}, the points of each viewing corresponding

κ1

κ2

Α

Β
C

D

A2

B2

C2

D2

A1

B1

C1

D1

κ4

κ3

Figure 1. Circumscribing q2 about q1

sides of q1 under corresponding angles of q2 or their supplement. Then, taking an
arbitrary point A on κ1, we draw the line AB1 intersecting κ2 at B, then draw
the line BC1 intersecting κ3 at C and so on (See Figure 1). It is trivial to see
that the procedure closes and defines a circumscribed quadrangle with the same
angles as q2. Below we refer to this construction as “the standard circumscription
procedure” (SCP). By this, the resulting quadrangles q have the same angles as q2

Publication Date: November 19, 2018. Communicating Editor: Paul Yiu.
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but in general not the right proportions of sides, that would make them similar to
q2.

There are here several possible configurations, that must be considered, since a
vertex of q, A say, can be opposite or “view” any of the four sides of q1. Each ver-
tex of q2 and each side of q1 give, in principle, two possibilities for circumscription,
corresponding to equally or oppositely oriented quadrangles. Fixing the sideA1B1

and considering all possibilities for the opposite to it angle of q together with the
possible orientations, we see that there are in total 8 possibilities. We call each of
them a “circumscription type of q2 about q1” and denote it by q2(q1, X)±. In this
notation X stands for the vertex of q2 opposite to the side A1B1 of q1 and the sign
denotes the equal or inverse orientation of the circumscribing to the circumscribed
quadrangle. Thus, in figure-1 the symbol denoting the case would be q2(q1, A)+.

In general there are 8 different types of circumscription, each type delivering
infinite many circumscribed quadrangles q with the same angles as q2. In some
special cases the number of types can be smaller, as f.e. in the case of a circum-
scribing square, in which there is only one type. We stress again the fact, that if we
stick to a type and repeat the procedure SCP, starting from arbitrary points A ∈ κ1,
we obtain in general quadrangles with the same angles as q2 but varying ratios of
side-lengths. There is an exceptional case in this procedure, which produces cir-
cumscribed quadrangles q of the same similarity type, for every starting position
of A on κ1. This is the “pivotal case” examined in the next section.

2. The pivotal case

This type of circumscription, besides the quadrangle q1 = A1B1C1D1, which
we circumscribe, it is characterized by an additional point, the “pivot”, not lying
on the side-lines of q1. The pivot, for a generic convex quadrangle, defines four cir-
cles κ1 = (A1B1P ), κ2 = (B1C1P ), κ3 = (C1D1P ), and κ4 = (D1A1P ) (See

P

A1

B1

C1

D1

A

B

C

D

F1

F2

κ4

κ3

κ2

κ1

Figure 2. The pivotal case
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Figure 2), and through them a circumscribed quadrangle q = ABCD, that can
be non convex, even degenerate in the case P is the Miquel Point of the complete
quadrilateral generated by q1 ([8, p.139]). Having the circles {κi}, a circumscribed
quadrilateral can be defined by starting from an arbitrary point A on κ1 and apply-
ing the SCP procedure. Measuring the angles at the second intersection point F1

of the circles {κ1, κ3}
̂AF1P = ̂PB1B and ̂CF1P = ̂PC1B,

we see that F1 is on the diagonalAC of q. Analogously we see that the intersection
point F2 of the other pair of opposite lying circles {κ2, κ4} is on the diagonal BD
of q. This implies that the triangles created by the diagonals of q are of fixed
similarity type, independent of the position of A on κ1. Thus, we obtain an infinity
of pairwise similar quadrangles circumscribing q1 in a way that justifies the naming
“pivoting”.

At this point we should notice that the pivotal attribute is a characteristic of a
particular type of circumscription of q2 about q1. The same q2 can have a pivotal
type of circumscription about q1 and at the same time have also another type of
circumscription, which is non-pivotal. Figure 3 shows such a case. The quadrangle

A1

B1
C1

D1

A

B

C

D

B'

C'

D'

A'

P

A1

B1
C1

D1

A

B

C

D

B'

C'

D'

A'

P

(Ι) (ΙΙ)

Figure 3. A pivoting circumscription and a non-pivoting one

q = q2 = ABCD is pivotal about q1 with shown pivot P . This circumscription
is described by the symbol q2(q1, A)+. The other quadrangle q′ = A′B′C ′D′,
circumscribing q1, is similar to q = q2, but it is not pivotal. Opposite to side A1B1

has the angle B̂ of q2, its symbol being q2(q1, B)+. The characteristic property of
the pivotal circumscription is formulated in the next theorem.

Theorem 1. The convex quadrangle q2 is pivotal of a given type for q1, if and only
if the pedal quadrangle of q2 w.r. to some point P is similar to q1 and q2 has the
given type w.r to that pedal.
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P

A1

B1
C1

D1

A

B

C

D κ4

κ3

κ2

κ1

Figure 4. Pivotal q about its pedal (similar to) q1

Proof. The proof follows from the equalities of the angles shown in figure 4, which
results easily from the inscribed quadrangles in the circles {κi}. These angles
vary with the location of the point A on κ1 and become right when A obtains the
diametral position of P on κ1, showing that q1 is then the pedal of q2 = ABCD
w.r. to P . The inverse is equally trivial. If q1 is the pedal of P , then, per definition,
the segments {PA1, PB1, . . .} are orthogonal to the sides {DA,AB, . . .} and the
circles {κi} are defined and carry the vertices of quadrangles ABCD, pairwise
similar and pivoting about P . �

D'1

C

B

D

B'1

A'1A

F1

F2

C'1

P

C1

D1

A1

B1

Figure 5. Pedal and dual viewpoint

There is an interesting dual view of the pivotal circumscription, which we should
notice here (See Figure 5), but which we do not follow further in the sequel. If
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q1 = A1B1C1D1 is the pedal of q = ABCD w.r. to some point P , then turn-
ing the projecting lines {PA1, PB1, . . .} by the same angle φ, we obtain points
{A′

1, B
′
1, . . .} on the sides of q, defining the quadrangle q′1 = A′

1B
′
1C

′
1D

′
1, similar

to q1 and inscribed in q. Taking the obvious similarity f to draw q′1 back to q1 and
applying it to q, we find q′ = f(q) similar to q and circumscribing q1. Thus, piv-
otal circumscriptions about a point are dual and correspond, in this sense, to some
pivotal inscriptions about the same point and with the same similarity types of the
involved quadrangles.

3. Self-pivoting quadrangles

A1

B1

C1

B

C

A

Br1 H

A1

B1

C1

C A

B

A1

B1 C1

Br2

Br1

Cp Ap

Bp

H

(I) (II) (III)

Figure 6. Triangle self-pivoting about a Brocard point and the orthocenter

By “self-pivoting” is meant a convex quadrangle q that allows pivotal circum-
scriptions by quadrangles q′ similar to q. The corresponding problem for triangles
leads to the two well known Brocard points {Br1, Br2} ([7, p.94], [9, p.117]), the
orthocenter H and three additional points {Ap, Bp, Cp} (See Figure 6-I), which,
for a generic triangle, are the 6 internal pivots of circumscribed triangles ABC
similar to the triangle of reference A1B1C1. Thus, every triangle is self-pivoting
in all possible ways, which means that the pivoting triangle ABC may have op-
posite to A1B1 any of the three angles of the triangle and the orientation of the
circumscribing can be the same or the opposite of the circumscribed one.

The situation for quadrangles is quite different. A quadrangle may not allow
a pivotal circumscription by quadrangles similar to itself or allow the pivotal cir-
cumscription for some types of circumscription only. In the sections to follow we
investigate the possibility of self pivotal circumscription by one of the 8 types of
circumscription, which, in principle, could be possible and are schematically dis-
played in figure 7. The symbols used are abbreviations of those introduced in the
preceding section, q denoting the similarity type of a convex quadrangle. Thus, the
symbol q(A)+ denotes a pivoting configuration, in which the circumscribed and
the circumscribing quadrangle have the same orientation, are both of the similarity
type of the quadrangle q = ABCD, and the circumscribing has its vertex A lying
opposite to the side AB of the circumscribed quadrangle.

Looking a bit closer to the different types, reveals some similarities between
them, implying similarities of the corresponding circumscription structures. For
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Figure 7. Types of self-pivoting quadrangles q′ ∼ q about q

instance, the first two types {q(A)+, q(B)+} are the only types for which each
vertex X of the circumscribing is viewing a side VW of the circumscribed by an
angle φ, which is also adjacent to the side VW of the circumscribed quadrangle.
We could call this phenomenon an “adjacent angle side viewing” of the vertex X
and use for it the acronym ASV. Thus, for these two types all four vertices have
the ASV property. The next two {q(C)+, q(D)+} are the only circumscription
types which have no vertices with the ASV property. Finally, for all other types the
ASV property is valid for precisely two vertices lying oppositely. The following
discussion shows that self-pivoting quadrangles with the same number of ASV
vertices have some common geometric properties, e.g. the types {q(C)+, q(D)+}
consist of trapezia of a particular kind (section 7).

4. The types q(A)+ and q(B)+

The symbol q(A)+ resp. q(B)+, represents the pivotal circumscription of a
quadrangle by one similar to itself and equally oriented, opposite to side AB hav-
ing the angle Â resp. B̂. Figure 8 shows an example of the type q(B)+. The
characteristic of q(B)+ is that the circle κ1 carrying the vertices B is tangent to
B1C1, the circle κ2 carrying the vertices C is tangent to C1D1 and so on. The type
q(A)+ would change the meaning and orientation of these circles, i.e. κ′1 would
carry the vertices of angles Â and would be tangent to A1D1, κ′2 would carry the
vertices of angles B̂ and would be tangent to A1B1 and so on. For these two
types, the circumscribing quadrangle q can take the position and become identical
with the circumscribed q1. In the case q(B)+, shown in the figure, the tangency
of the circles to corresponding line-sides of the quadrangle implies that the angles
{ ̂BA1B1, ̂CB1C1, . . .} are equal. For the same reason also the lines from the pivot
P to the vertices, make with the sides equal angles

̂PA1B1 = ̂PB1C1 = ̂PC1D1 = ̂PD1A1 = ω.
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Figure 8. Self-pivoting of type q(B)+

This is reminiscent of the way the Brocard points of a triangle are defined. In fact,
if the quadrangleABCD is cyclic, then the property of self-pivoting of type q(A)+

or q(B)+ is known to be equivalent with the harmonicity of the quadrangle ([6]).
In this case the two types occur similtaneously, i.e. if the quadrangle is harmonic,
then it is also simultaneously pivotal of type q(A)+ and q(B)+. And if it is cyclic
and pivotal of one of these two types, then it is pivotal of the other type too. The
corresponding pivots are then the two, so called, “Brocard points” of the harmonic
quadrangle ([13]) and the angles ω for the two pivotal circumscriptions coincide
with the, so called, “Brocard angle” of the harmonic quadrangle. Next theorem
gives a related characterization of the harmonic quadrangle, without to assume that
it is cyclic, but deducing this property from the possibility to have simultaneously
the two types of pivoting.

Theorem 2. A convex quadrangle q1 = A1B1C1D1 is harmonic, if and only if it
is simultaneously self-pivoting of type q(A)+ and q(B)+.

Proof. By the preceding remarks, it suffices to show that, if the quadrangle is si-
multaneously self-pivoting of type q(A)+ and q(B)+, then it is cyclic. For this
we use the remark also made in section 2, that the diagonal AC of a pivoting
quadrangle passes through a fixed point F1 lying on the diagonal A1C1 of the cir-
cumscribed quadrangle q1. This is seen in figure 9-I for the pivoting of type q(A)+.
The crucial step in the proof is to show that the pivoting of type q(B)+ has the cor-
responding F ′

1 on A1C1 identical with F1. This is seen by considering a particular
position of the q(A)+ pivoting, seen in figure 9-II. For this position the diagonal
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Figure 9. Simultaneous self-pivoting of types q(A)+ and q(B)+

AC of the pivoting intersects the circle κ′4 of the q(B)+ pivoting at a point A′.
This point, taken as vertex of the q(B)+ pivoting quadrangle q′ = A′B′C ′D′,
shows that the diagonals {A′C ′, AC} of the quadrangles q′ and q = ABCD co-
incide. Thus, both diagonals pass through the same fixed point of A1C1, thereby
proving the coincidence F ′

1 = F1.
The last step, in proving that q is cyclic, follows by considering also special

positions for the pivoting quadrangles of the two types. These positions are seen in
figure 9-III. The quadrangle q is now taken so that its vertex B coincides with C1,
the vertex A obtaining then a position on B1C1. For the pivoting quadrangle q′ we
choose then the position for which A′ is the intersection of CD with the circle κ′4,
carrying the vertices A′ from which A1D1 is seen under the angle Â1. It is easily
verified that the points {D,A′, D1, D

′, C} are then collinear. Besides, the circles
{κ′4, κ3} pass both through F1 and the quadrangles {A′A1F1D1, D1F1C1C} are
cyclic. Considering the angles of these quadrangles, we see that {A′B′, CB} are
parallel

Â′ + Ĉ = ̂D1F1C1 + ̂D1F1A1 = π,

which is equivalent with Â+ Ĉ = π and proves the theorem. �

In the rest of this section we describe a general procedure, which, starting with
an arbitrary triangle, produces, under some restrictions, general self-pivoting quad-
rangles of types q(A)+ or/and q(B)+, not necessarily cyclic. We call the cor-
responding angle ω = ̂PA1B1 = ̂PB1C1 = . . . the “Brocard Angle” of the
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Figure 10. A second self-pivoting of the same type q(B)+

pivotal circumscription (See Figure 10). First we formulate a simple lemma show-
ing that a self-pivoting quadrangle of this two types is related to other self-pivoting
quadrangles of the same type and the same Brocard angle. The lemma, formulated
for brevity as a property of the circle κ4 and the type q(B)+, holds analogously for
the type q(A)+, and in both cases the circle κ4 can be replaced, with the necessary
adaptation, by any one of the circles {κi}.
Lemma 3. If the circle κ4, of a self-pivoting quadrangle q1 of type q(B)+, which
is tangent to the side A1B1, has a second intersection D′

1 with the opposite side
C1D1, so that q′1 = A1B1C1D

′
1 is convex, then this is also a self-pivoting quad-

rangle of the same type, with the same angles as q1, and the same Brocard angle.

Proof. Referring to the case of figure 10, all that is needed here is to show that
the points {D,D′

1, A} are collinear, which follows from a trivial angle chasing
argument. The quadrangle q′1 = A1B1C1D

′
1 has the same angles with q1, the

two angles at {B1, C1} being identical and the angles at {A1, D
′
1} being those at

{A1, D1} permuted. �
Corollary 4. The two quadrangles {q1, q′1} of the preceding lemma, if they exist,
they are completely determined by the triangle A1B1P and the position of C1 on
the tangent ε of the circumcircle κ1 at B1.

Proof. In fact, the given point C1 determines the circle κ2. The circle κ4 is deter-
mined by its property to be tangent to A1B1 at A1 and the points {D′

1, D1} are the

intersections of circle κ4 with the tangent of κ2 at C1. The angle ̂PA1B1 of the
triangle is the Brocard angle of the circumscription of this type. �
As is suggested by the lemma and its corollary, not every triangle τ = A1B1P
allows the determination of two points {D1, D

′
1}, defining the two corresponding

self-pivoting quadrangles. Depending on the angles of the given triangle τ and
especially on the angle ω = ̂PA1B1, destined to play the role of the Brocard
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Figure 11. Existence of self-pivoting quadrangles

angle, we may have one, two or none of these points in existence. In fact, consider
the points C1 varying on the tangent ε atB1 to the circumcircle κ1 of τ (See Figure
11). Then, by the well known Newton’s method to generate conics ([15, p.259], [5,
I,p.44]), the lines η, making with PC1 the constant angle ω, envelope a parabola
σ with focus at P and tangent to ε. If this parabola has κ4 totally in its inner
region, then its tangents cannot have common points with κ4, i.e. there are no
points {Di}. If σ touches κ4, then there is only one line η intersecting the circle
κ4, i.e. the points {D1, D

′
1} coincide and we have one solution only. Finally, if

=D1
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T2B1

σ

Figure 12. Case in which κ4 intersects the parabola
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the circle and the parabola intersect at two points, the common tangents to {σ, κ4}
define corresponding contact points {T1, T2} of the circle, contact points {S1, S2}
of the parabola and two points {C ′

1, C
′′
1} on ε (See Figure 12). The tangents η =

C1S of σ intersect κ4 only if C1 is in the interval C1 ∈ [C ′
1, C

′′
1 ] ⊂ ε. For the

points C1 ∈ (C ′
1, C

′′
1 ) of the open interval we have two solutions, whereas at the

end points {C ′
1, C

′′
1 } of this interval we have one solution only. Figure 12 shows

the special self-pivoting quadrangle having C1 = C ′
1 and D1 identical with the

corresponding contact point T1 of the common tangent η1 with κ4. Notice that the
circle κ4 cannot be completely outside of the parabola, since it passes through the
focus P of it. Hence, the cases considered above exhaust the possibilities that may
occur, concerning the existence or not of self-pivoting quadrangles of type q(B)+,
defined from a triangle AB1P using this recipe.

5. The Brocard angle

In the previous section we defined the Brocard angle of a pivotal circumscription
of a quadrangle of the types q(A)+ and q(B)+. This angle is intimately related to
the aforementioned generation of parabolas, resulting by varying an angle of fixed
measure ([4, p.28]). Figure 13-I shows a consequence of this relation. Here we
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κ1 κ4
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t

κ1

κ4

D

(I) (II)

Figure 13. The circles {κ4} for A1 ∈ κ1 generate a cardioid

start with a parabola σ and the tangent t at a point B1 of it. For every point C1 on
t the, other than t, tangent to the parabola from C1 makes with the line PC1 the
same constant angle ω = ̂PA1B1. The circle κ1 is defined by its property to be
tangent to σ at B1 and pass through the focus P of the parabola. The points A1

of κ1 view the segment PB1 under the fixed angle ω = ̂PA1B1. If there were a
pivotal quadrangle of type q(B)+ with Brocard angle ω, then this would produce
such a figure, with the circle κ4 intersecting the parabola. By its definition, the
circle κ4 is tangent to A1B1 at A1 and passes through P . By the discussion in the
previous section, in order to have a pivotal circumscription with Brocard angle ω, it
is necessary and sufficient to have a place of A1 on κ1, such that the corresponding
circle κ4 intersects the parabola. By varying the position of A1 on κ1, we obtain a
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one-parameter family of circles κ4, which will be seen below to envelope a cardioid
tangent to σ at B1 ([1], [11, p.34], [10, p.118], [14, p.73]). Then, the condition of
existence of a circle κ4 intersecting the parabola appears to be equivalent with the
existence of an intersection point of the cardioid and the parabola, other than B1.

B1
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P

C1

t

κ1 κ4

D
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Τ

K

κ0
S

ε
L

σ

Figure 14. Seeking the position of the cardioid relative to the parabola σ

In the sequel we determine the position of the cardioid, relative to the parabola,
showing that the value π/4 of the Brocard angle ω plays an important role, sepa-
rating the intersecting from the non-intersecting cases. We start with the case case
ω = ̂PA1B1 > π/4, the case ω < π/4 allowing a similar handling. For this,
consider the tangent at the vertex D of the parabola σ, intersecting the tangent t
at the point C1 (See Figure 14). Let also L be the intersection point of the axis
ε of the parabola with the line B1A0, where A0 is the diametral point of B1 on
κ1. The quadrangle LB1C1D is cyclic and, since all tangents of σ intersect line
t at points C1 making with PC1 the angle ω, the lines {LB1, PC1} are parallel.
Using this and measuring the angles at A0, we find that ̂A0PL = 2ω − π/2. On
the other side, the center K of the circle κ4 is on the medial line of PA1 and since
κ4 is tangent to B1A1 at A1, the line A1K passes through A0. From the aforemen-
tioned tangency follows also that the angle ̂A0KT = ω, point T being the center
of κ1. Thus, the center K of κ4 is viewing the fixed segment A0T under the fixed
angle ω. This implies that, as A1 changes its position on κ1, the center K, of the
corresponding circle, moves on a circle κ0 passing through the points {A0, T, P}.
Thus, all circles κ4 represent one of the standard ways to generate a cardiod, by
fixing a point P on a circle κ0 and for every other point K on κ0 drawing the circle
κ4(K, |KP |) ([11, p.35]). The cardioid is then the envelope of all these circles
{κ4}. It is also well known that the line, which is simultaneously tangent to the
cardioid and the generating it circle κ4, is the symmetric of the tangent of the circle
κ4 at P w.r. to the tangent of the circle κ0 at the center K of κ4. Later applied to
κ1, which represents a special position of κ4, shows that the line t is also tangent
to the cardioid. Concerning the location of the center S of the circle κ0, we notice
that the angle ̂A0SP = 2π−4ω, which implies that ̂SPA0 = 2ω−π/2 = ̂A0PL.



Self-pivoting convex quadrangles 333

A short calculation shows also that the radius of κ0 is

|PS| = |PB1|
(2 sin(ω))2

=
|PD|

4 sin(ω)4
.

From this follows immediately that

|PS| < |PD| precisely when ω > π/4. (1)

On the other side, the cardioid is intimately related to the parabola, since, as is well
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Figure 15. The associated cardioid τ of the parabola σ

known, the cardioid is the inverse of a parabola, the center of inversion taken at the
focus of the parabola ([16, p.91,p.131]). Figure 15 shows the result of inversion
of the parabola with equation x2 = 4ay, relative to the axis {η, ε′}, consisting of
the tangent at the vertex and the axis of the parabola. The inversion is done w.r. to
the focus O and the circle with diameter the latus rectum AA′ of the parabola and
produces the cardioid τ ′. Of interest for our discussion is the reflection τ of τ ′ w.r.
to the latus-rectum line ε. This cardioid τ is tangent to the parabola at {A,A′}.
It is also generated as the envelope of the circles {κ4(S, |SO|)}, for the points S
of the circle κ(K, a), where K is the symmetric of the vertex of the parabola w.r.
to its focus O. All these facts are consequences of straightforward calculations,
which I leave as an exercise. I call τ the “associated to the parabola cardioid”. A
short calculation w.r. to the system with axes {ε, ε′} shows also that corresponding
points {P,Q} on {τ, σ} with the same polar angle θ are represented by

r = OP = 2a(1+sin(θ)), r′ = OQ =
2a

1− sin(θ)
⇒ r′−r = 2a sin(θ)2

1− sin(θ)
.

(2)
This shows that the cardioid τ is completely inside the inner domain of the parabola,
containing the focus, touching the parabola only at the points {A,A′}.
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Figure 16. The two parabolas and their associated cardioids

Figure 16 combines the results of the preceding discussion and illustrates the
arguments for the proof of the next theorem. The cardioid generated by the cir-
cles {κ4} is now denoted by τ ′, whereas τ denotes the associated cardioid of the
parabola σ. The two cardioids are connected with a similarity f with center P ,
mapping τ onto τ ′. Point P and the symmetric S′ of the center S of the circle κ0
w.r. to P are respectively the focus and the vertex of a parabola σ′, whose associ-
ated cardioid is τ ′. The similarity f has its center at P , its angle is χ = ̂DPS′ and
its ratio is k = PS′/PD. It is easily seen, that this similarity maps the parabola σ
onto σ′ and τ onto τ ′.

With this preparation, we can now prove that the cardioid τ ′ has no other thanB1

intersection point with the parabola σ. In fact, assume that X is a point common to
σ and τ ′. Consider then the point Y on the position radius PX , lying on τ . From
equation 2 we know that Y is between the points {P,X}. Consider now points
{X ′ = f(X), Y ′ = f(Y )}. The order relation is preserved by f . Thus, Y ′ is again
between the points {P,X ′}. But since X is an intersection point X ∈ σ ∩ τ ′, its
image X ′ = f(X) must be a point lying between {P, Y ′}, which is not possible
if X �= B1. Thus, we have proved that if ω > π/4, then there is no other than B1

point of intersection of the cardioid τ ′ with the parabola σ. An analogous argument
for ω < π/4 shows that there is indeed such an intersection of the corresponding τ ′
with σ. Finally for ω = π/4, the cardioid τ ′ coincides with the associated cardioid
of σ and for this Brocard angle the corresponding self-pivoting quadrangle is easily
seen to be a square. Summarizing the previous arguments, we arive at the proof of
the following theorem.
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Theorem 5. The Brocard angle of a self-pivoting convex quadrangle of the type
q(A)+ or q(B)+ is less or equal to π/4, the equality being valid only for the
square.

6. Types q(A)+ and q(B)+ with three equal angles

Here we continue the analysis of figure 12, of a self-pivoting quadrangle of type
q(B)+, taking into account general properties of parabolas ([2, p.21], [4, p.28],
[17, p.133]), and noticing that the triangles {B1C

′
1P, PC

′
1S1} are similar. Thus, in

the case the circle κ4 and the parabola σ are tangent, then all four points {Si, Tj}
coincide, the three triangles {B1PC1, C1PD1, D1PA1} are similar and three of
the angles of the quadrangle are equal. The proof of the following theorem, formu-
lated for the type q(B)+, gives a recipe to construct such self-pivoting quadrangles
with three equal angles. The analogous theorem for q(A)+ is also valid. The nec-
essary formulation, as well as minor adaptations and changes for its proof, are left
as an exercise.

Theorem 6. The case, of a self-pivoting quadrangle of type q(B)+, in which the
circle κ4 is tangent to the parabola σ and the triangles {B1PC1, C1PD1, D1PA1}
are similar, is, up to similarity, completely determined by the angle φ of the trian-
gles at the pivot point P .
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Figure 17. Self-pivoting quadrangle of type q(B)+ with three equal angles

Proof. Figure 17 shows the recipe to construct such a self-pivoting quadrangle of
type q(B)+, up to similarity and from a given angle φ at P . The construction
starts with a circle κ3 and a chord of it CD, viewed from points of the circle
under the angle φ or its supplement. Taking such a point Pt ∈ κ3, we define
the similarity transformation ft ([3, ch.IV]) with center at Pt, rotation angle φ
and similarity ratio kt = PtC/PtD. The image Bt = ft(C) of C under the
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similarity defines the triangle PtBtC ∼ PtCD and applying ft once more we
obtain At = ft(Bt) = f2t (C) and the triangle PtAtBt ∼ PtBtC. As Pt varies on
the circle κ3, the corresponding point At = f2t (C) moves on a parabola ξ. This is
an immediate consequence of two facts. The first, following from a simple angle
chasing argument, is that the line AtBt makes the angle φ with the tangent CB of
κ3 at C. The second fact, following directly from the definitions, is that the ratio
AtBt/BtC = kt.

Combining these two facts, we can find a simple parametrization of the variable
point At, showing that it moves on a parabola. For this we use the bisector PtGt

of the angle φ at Pt, which divides the side CD at the ratio kt = t/(a− t), where
a = CD. Then setting x = CBt and y = BtAt, we see that

x

a
= kt =

t

a− t ,
y

x
= kt ⇒ x = a

t

a− t , y = a
t2

(a− t)2 ,
which is a parametrization of a parabola in oblique axes. The pointA is an intersec-
tion of the parabola with the tangent DA of κ3 at D and point B is the intersection
of CB with the parallel to AtBt, making with BC the angle φ. From its defini-
tion follows that the quadrangle ABCD is self-pivoting of type q(B)+ with pivot
P , coinciding with the second intersection of the circles {κ3, κ2}, where κ2 is the
circle tangent to CD at C, passing through B. �

It is easy to see that if φ = π/2, then the quadrangle ABCD is a square. In
general, since the three angles of the quadrangle are equal to π− φ, the magnitude
of the angle is restricted by the inequalities for the fourth angle at D

D̂ = 2π − 3(π − φ) = 3φ− π and 0 < D̂ < π ⇒ 60◦ < φ < 120◦.
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Figure 18. The similar quadrangles ABCD ∼ BCDA′ ∼ D′ABCD

Figure 18 shows another characteristic of this class of quadrangles, determined,
up to similarity from an angle φ satisfying the above restriction. The other in-
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Figure 19. Self-pivoting quadrangle from a regular pentagon

tersection points {A′, D′} of the two circles {κ1, κ4} correspondingly with sides
{AD,DC} define similar quadrangles ABCD ∼ BCDA′ ∼ D′ABC.
It is also easily verified that the new quadrangles are self-pivoting about the same
point P with the original one. Figure 19 shows one more example of a self-pivoting
quadrangle of the type q(B)+. It is the one with three angles equal to 108◦, the
angle of the regular pentagon. By the previous restriction for the angles and the
discussion so far, follows that the rectangle and the pentagon are the only regular
polygons, whose angles may appear in this kind of self-pivoting quadrangles. No-
tice that in this case the axis of the parabola ξ is parallel to the line KL, which is
parallel to a diagonal of the pentagon.

7. Self-pivoting quadrangles of types q(C)+ and q(D)+

As noticed in section 3, these two types of self-pivoting quadrangles have similar
arrangements of vertices, leading to identical geometric properties. For this reason
we confine our discussion to one of them, the type q(C)+, and make some remarks
on the differences for the related type q(D)+, at the end of the section. In the type
q(C)+ the circumscribing q, which is similar to the circumscribed q1, has opposite
to A1B1 the angle Ĉ and the orientation of the two quadrangles is the same. Next
theorem shows that the requirement of self-pivoting of this type is quite restrictive
for the quadrangle.

Theorem 7. A convex self-pivoting quadrangle of the type q(C)+ is necessarily a
trapezium of a special kind, for which the circles {κ2, κ4} are equal. The trapezium
in this case defines another isosceles trapezium inscribed in κ2 called the “core”
of q. Each isosceles trapezium is the core of two, in general, different trapezia,
which are self-pivoting of type q(C)+.
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Figure 20. Self-pivoting quadrangle of the type q(C)+ is a trapezium

Proof. Figure 20 shows a quadrangle of this type together with the corresponding
isosceles trapezium τ = QSB1P , which is the core of the quadrangle q1. In
order to define it, start with q1 and consider the second intersection points {S, T}
of {κ2, κ4} respectively with {A1B1, C1D1}. A simple angle chasing shows that
lines {C1S,A1T} are respectively tangent to the circles {κ3, κ1}. For A1T this
follows from the equality of angles

̂CB1A1 = ̂CF1A1 = ̂C1F1A = ̂C1D1A = ̂BD1T = ̂BA1T .

Analogously is seen the other tangency. This implies that C1TA1S ∼ ABCD
is a position of the pivoting quadrangle ABCD. The similarity of the triangles
A1B1C1 ∼ ABC implies then that ̂B1A1C1 = ̂A1C1T , which shows that the
lines {A1B1, C1D1} are parallel. From this follows immediately that SC1D1A1,
B1C1TA1 are parallelograms and {SB1C1, D1TA1} are equal triangles. This
implies in turn that the circles {κ2, κ4} are equal, since the equal segments {C1S,
D1A1} are respectively seen from {B, T} under equal angles.

Combining these facts, we see that the whole figure can be reproduced from the
two glued, equal to the core, isosceli trapezia {B1SQP,QPD1T}. In fact, if we
start from these two equal trapezia and their circumcircles {κ2, κ4}, then the miss-
ing vertices {A1, C1} can be defined as intersections of these circles respectively
with the lines {BS,D1T}. Figure 21 shows how the self-pivoting trapezium is
defined from the isosceles trapezium B1SQP . In fact, starting with the arbitrary
isosceles trapezium B1SQP we define its symmetric QPD1T w.r to the middle O
of the non parallel side PQ. The missing vertices lie on respective circumcircles
of the trapezia and are symmetric w.r. to O. Thus, there result two acceptable solu-
tions {A1B1C1D1, A

′
1B1C

′
1D1} i.e. self-pivoting quadrangles of the type q(C)+

about the point P . �
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Figure 21. The two cases defined by the trapezium ABCD
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Figure 22. Self pivoting quadrangle of the type q(D)+

The arguments used in the discussion of the type q(C)+ apply almost verba-
tim to the case of q(D)+ and lead to a similar result. The quadrangle is again a
trapezium of the kind, referred to in the previous theorem.

Theorem 8. A convex self-pivoting quadrangle of the type q(D)+ is necessarily a
trapezium of the special kind, considered in theorem 7.

Figure 22 shows a characteristic case of a self-pivoting of type q(D)+. The
only difference is in the arrangement of parallel sides. Here the parallel sides are
{A1D1, B1C1}, whereas in the previous case the parallels are {A1B1, C1D1}.
Corollary 9. The only self-pivoting convex quadrangle w.r. to all types of positive
pivoting is the square.
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Proof. By positive pivoting we mean the types {q(A)+, q(B)+, qC)+, q(D)+}. If
the quadrangle q1 is of the first two types simultaneously, then, by theorem 2 it is
harmonic. If it is also simultaneously of the two last types, then, by the theorems
of this section, it is also a parallelogram. But the only harmonic parallelogram is
the square. �

8. Self-pivoting of types {q(A)−, q(B)−, q(C)−, q(D)−}
These four types of self-pivoting quadrangles, have some common traits, noticed

in section 3. They are precisely the types that have exactly two opposite vertices
with the ASV property. The main consequence of this is given by the next theorem.
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Figure 23. {q(A)−, q(B)−} have two opposite vertices with the ASV property

Theorem 10. The self-pivoting quadrangles of the types q(A)−, q(B)−, q(C)−,
q(D)− are cyclic.

Proof. The proof relies on the fact, that the vertices of the circumscribing pivot-
ing quadrangle q = ABCD with the ASV property move on circles which are
tangent to two opposite sides of the circumscribed quadrangle q1 = A1B1C1D1

(See Figure 23). Working with the type q(A)−, we notice that there is a posi-
tion of the circumscribing q, for which we have identification of two opposite
vertices with corresponding two vertices of the circumscribed q1. The vertices
are B = A1 and D = C1 (See Figure 23-I). Consequently also the side-lines
{A1D1 = BC,B1C1 = AD}. This is valid also in the case of type q(B)− (See
Figure 23-II), and also in the remaining two types. This identification of vertices
and side-lines is, more generally, valid also in the case the two quadrangles {q, q1}
have the same angles and the correct arrangement of the angles, according to the
circumscription type under consideration, even if they are not similar, as is the
case with the two configurations for q(A)− and q(B)− in figure 23. If however
the quadrangles {q, q1} are similar, then the side CD resp. C1D1 is viewed from
the vertices {A,A1 = B} resp. {A1, A = B1} under the same angle. This proves
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that the quadrangles are cyclic for the two types {q(A)−, q(B)−}, the proof for the
remaining two types being exactly the same. �

B=A1

B1

D=C1
D1

C

A

κ1

κ3

κ4
κ2

Figure 24. Trying to draw a quadrangle of type q(A)−

Figure 24 shows how to draw a cyclic quadrangle q1 and a particular circum-
scribing q of the type q(A)− allowing a quick construction of the circles {κi}.
The condition on the angles implies that (A1B1, CD) and (AB,C1D1) are pairs
of parallels. It is also easily seen, that drawing in an arbitrary cyclic quadran-
gle q1 parallels {A1A,C1C} to opposite sides we obtain a new cyclic quarangle
q = ABCD, with the same angles as q1. Figure 24 shows such a general construc-
tion from an arbitrary cyclic quadrangle q1. In order to obtain a self-pivoting one
we must succeed to have four points coincident. These are the second intersections
of adjacent circle pairs {κ1 ∩ κ2, κ2 ∩ κ3, . . .}, their quadrangle shown also in the
figure. Next theorem shows how this is done. The proof again is given in detail
only for the type q(A)−, the other cases allowing a completely analogous handling.

Theorem 11. The self-pivoting quadrangles of type q(A)−, q(B)−, q(C)−, q(D)−
are necessarily cyclic quadrangles. Given a cyclic quadrangle q0, there is, up to
similarity, precisely one self-pivoting quadrangle q1 of each of these types, with the
same angles and the same succession of angles as q0.

Proof. The first part of the theorem follows from the preceding discussion. To
show the second part for the type q(A)−, we consider the arbitrary fixed convex
cyclic quadrangle q0 = A0B0C0D0 and the family of other cyclic quadrangles q′ =
ABC0D0, produced by varying one of its sides (AB) parallel to itself (See Figure
25). In order to locate the self-pivoting among all these quadrangles we exploit
the fact that, for this type of self-pivoting, the circles {κ1, κ3, κ4} are respectively
tangent to {A0D0, B0C0, AB

′} at the points {A,C0, A}, where AB′ is parallel
to C0D0. In this case the self-pivoting quadrangle results when, for varying A
on ε = A0D0, the second intersection point P of the circles {κ1, κ4} takes a
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A0

B0

C0

D0
A

B

P

P''

P'

E

κ4

κ1κ3 ε

η
ζB'

Figure 25. Seeking a self-pivoting quadrangle of type q(A)− with given angles

position on the circle κ3. But as the point A varies on ε, the lemmata below show
that the corresponding point P describes a cubic curve ζ having a singular point
at D0 and intersecting the circle κ3 at two other points {P ′, P ′′}, leading to two
similar quadrangles with the desired properties. The determination of the whole
quadrangle from the point P is trivial, since the angle

δ = ̂A0D0C0 = ̂D0PA = ̂APB′,

remains constant for all positions of P . Hence, having the position of P , we can
draw the angle ̂D0PA = δ and find the position of A, from which the parallel to
A0B0 determines the whole quadrangle.

A0

B0
C1

D1

Α1

B'

B1

κ1

κ2

κ3

κ4

Α

Β

C

D

P

ζ

Figure 26. The cubic determining the self-pivoting q1 = A1B1C1D1 of type q(B)−

The proof for the other types is the same. Figure 26 shows e.g. the correspond-
ing cubic for the type q(B)−. In this case the cubic is the geometric locus of the
second intersection points {P} of the circles {κ1, κ2}, circle κ1 being tangent to
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B1C1 at B1 and passing through A1, as B1 moves on line C1B0. The circle κ2
is tangent to the parallel B1B

′ to C1D1 and passes through C1. Here we start
again from an arbitrary cyclic quadrilateral A0B0C1D1 and draw parallels A1B1

to A0B0 seeking the position of B1, which defines the self-pivoting quadrangle q1.
The figure shows the appropriate position of the pivot P , which is the intersec-
tion of the cubic with κ3. It shows also a pivoting quadrangle q = ABCD ∼ q1
circumscribing q. �

In the rest of this section we discuss in detail the case of the cubic ζ related to
the type q(A)−, the arguments for the cases {q(B)+, . . .} and the cubics related to
these types being completely analogous.

AO

P

S

B

E

P'

A'

κ1 κ'1

κ4 κ'4

λ

ε

ε'

ζ

ζ'

Figure 27. The cubic carrying the points P

Lemma 12. Under the notation and conventions of theorem 11, for the type q(A)−,
the intersection point P of the circles {κ1, κ4} describes a cubic curve.

Proof. Referring to figure 25, we use cartesian coordinates with origin O at the
vertex D0 of the quadrangle q0 and identify the x−axis with the line D0A0. The
line AB moves parallel to itself with A on the x−axis. Also B is on the fixed line
ε = A0B0. The point P is on the circle κ1, which is tangent to the x−axis at A
and passes through B. It is also on the circle κ4, which is tangent to AB at A and
passes through the origin O. Now we consider the inversion f w.r. to a fixed circle
λ centered at O (See Figure 27). By this the image ε′ = f(ε) is a fixed circle,
κ′1 = f(κ1) is a circle tangent to the x−axis and intersecting the circle ε′ under
a fixed angle, and κ′4 = f(κ4) is a line passing through A′ = f(A) and having a
fixed direction. Thus the inverted P ′ = f(P ) is the intersection of a line κ′4 and a
circle κ′1 passing though A′ tangent there to the x−axis and cutting the fixed circle
ε′ under a fixed angle. Next lemma shows that the geometric locus ζ ′ of such points
P ′ is a parabola passing through the origin and having the form

(px+ qy)2 − rx− sy = 0.
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This, taking again the inverted in the form (x, y) = f(x′, y′) = k(x′, y′)/(x′2 +
y′2), with a constant k, shows that the inverted of the parabola ζ = f(ζ ′) satisfies
the cubic equation

k(px+ qy)2 − (rx+ sy)(x2 + y2) = 0.

�

Lemma 13. A point A moves on the fixed line ε, and the line η through A has a
fixed direction. The circle κ(X, r) is tangent to ε at A and intersects a fixed circle
λ(K, r0) passing through O ∈ ε under a fixed angle φ. Then, the geometric locus

x

y

r0
φ

S

Χ

x0

y0

K X'

Α

B

λ

η

ε
O

κ
r=|y|

Figure 28. The parabola of points B

of the second intersection point B of η and κ is a parabola through the point O.

Proof. Using the point O as origin and the line ε as x−axis of a cartesian coordi-
nate system, in whichK = (x0, y0), we find that the centerX of the variable circle
κ satisfies the parabola equation (See Figure 28)

x2 − 2x0x− 2(y0 − r0 cos(φ))y = 0.

On the other side the intersection point B(x′, y′) of κ and the line η in fixed direc-
tion can be expressed in terms of X(x, y) and a fixed unit vector e = (e1, e2) by
the equations

B = X + ye ⇔ x′ = x+ ye1, y′ = y + ye2.

This means that B describes the affine transformation of a parabola, which is also
a parabola with the desired properties. �

Lemma 14. Under the notation and conventions of this section, the two quadran-
gles, created from the intersection points {P ′, P ′′} of the cubic ζ, of theorem 11 for
the type q(A)−, with the circle κ3, are similar and inversely oriented. The points

{P ′, P ′′} are isogonal conjugate w.r. to the angle ̂C1ED1.
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C1 

D1

P''

P'

E

κ4

κ3

A1

B1

Α'1

Β'1 κ1

κ'1

κ'4

ξ

Figure 29. The two similar quadrangles of type q(A)−

Proof. The fact that there are precisely two such intersection points follows from
the geometric definition of the points P of the cubic ζ. The cubic has a singular
point at D1 and its limit tangents at D1 from the two branches coincide with the
line ξ, which is symmetric to D1C1 w.r. to D1A1 (See Figure 29). The circles
{κ4, κ′4, . . .} for the various positions of P are members of the pencil of circles
tangent to ξ atD1. This implies geometrically that there are two intersection points
of the cubic with κ3 lying on either sides of ξ. It is also easily seen geometrically
that the two resulting solutions are similar and inversely oriented. That there are
no more intersection points follows from the fact that the cubic and the circle κ3
are inverses under f respectively of a parabola and a line, which can have no more
than two intersection points. �

9. Self-pivoting quadrangles of type q(C)−

In the previous section we saw that a self-pivoting quadrangle, whose type coin-
cides with one of {q(A)−, q(B)−, q(C)−, q(D)−}, is necessarily cyclic. We saw
further that, given a convex cyclic quadrangle q0, there is, up to similarity, precisely
one self-pivoting quadrangle q1 of each one of these types, with the same angles
and the same succession of angles as q0. Next theorem shows that this q1, in the
case of the type q(C)−, satisfies a stronger condition.

Theorem 15. The only self-pivoting quadrangles of type q(C)− are the harmonic
quadrangles.

Proof. Constructing the self-pivoting of this type by the method of the previous
section, we start with an arbitrary cyclic quadrangle q0 = A0B1C1D0, with fixed
given angles, and an arbitrary point D1 moving on the line C1D0. From D1 we
draw the parallel D1A1 to D0A0 and consider the variable circles κ3 tangent to
D1A1 at D1 and passing through C1 and κ4 tangent to C1D1 at D1 and passing
throughA1. Their intersection point P describes, asD1 moves onC1D0, a cubic ζ.
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A0

B1

C1 D0

κ2

κ3

κ4
P

ζ

D1

A1

E

Figure 30. Constructing a quadrangle of type q(C)−

This is exactly the same situation as in the preceding section. The difference from
that is now that the similar triangles {PC1D1, PD1A1} have their angle at P equal
to B̂1, while in the previous case this angle was equal to Ĉ1. The equality of the an-
gles implies now that the intersection point P of the cubic with the fixed circle κ2,
which is tangent to B1A1 at B1 and passes through C1, is on the diagonal B1D1.
This follows trivially from the equality of the angles ̂B1PC1 = π − ̂C1B1A1.
Then, an equally simple angle chasing argument shows that the two similar trian-
gles {PC1D1, PD1A1} are also similar to the triangle A1B1C1, which is a char-
acteristic property of the harmonic quadrangles ([12]). �

There are several partial results that could be produced as corollaries of the
previous disccussion. Corollaries concerning self-pivoting of quadrangles w.r. to
combinations of some types, or/and corollaries concerning such combinations and
some particular kinds of quadrangles, like rectangles, parallelograms, trapezia etc,
all left as exercises for the interested reader.
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Orthopoles and Variable Flanks
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Abstract. We extend Zaharinov’s result on the perspector of the triangle of flank
line orthopoles to variable flanks. The locus of perspectors is the Kiepert hyper-
bola.

1. Introduction

Zaharinov [3] has studied the orthopoles of the a-, b-, c-sides of the of the A-,
B-, and C-flanks respectively. If we attach squares to the sides of triangle ABC
we find at each vertex of ABC a flank triangle [2]. He found that these orthopoles
form a triangle perspective with ABC, with the Vecten point as perspector. In this
paper we extend the results to variable flanks, replacing the attached squares by
similar rectangles, which Čerin [1] used to find various loci. We show that the
orthopoles of variable flanks form triangles perspective with ABC, the locus of
perspectors being the Kiepert hyperbola.

2. Orthopoles of flank lines

Consider rectangles ABCbCa, BCAcAb, and CABaBc attachted to the sides
of triangle ABC and satisfying ∠BACb = ∠CBAc = ∠ACBa = φ. We will
calculate barycentrics for the orthopole of line AbCb, the B-flank line (see Figure
1).
We have that

Ab = (−a2 : SC + Sφ : SB),

Cb = (SB : SA + Sφ : −c2).
Lines perpendicular to AbCb are parallel to the B-median of ABC as the ortho-
center and centroid are friends (see [2]). So these lines meet the line at infinitiy
L∞ in the point (1 : −2 : 1).
The perpendicular �A through A to AbCb hence has equation �A : y + 2z = 0,
while the equation for AbCb is given by

(S2 + (c2 + SB)Sφ)x+ S2y + (S2 + (a2 + SB)Sφ)z = 0.

If we denote by φ the complement of φ, the latter equation can be rewritten as

(SB + c2 + Sφ)x+ Sφy + (SB + a2 + Sφ)z = 0,
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noting that S2 = Sφφ.
So the point A′ where �A and AbCb intersect has coordinates

A′ = (−SB − a2 + Sφ : −2(SB + c2 + Sφ) : SB + c2 + Sφ).

Similarly, if �C is the perpendicular through C to AbCb, then the point C ′ where
�C and AbCb meet has coordinates

C ′ = (SB + a2 + Sφ : −2(SB + a2 + Sφ) : −SB − c2 + Sφ).

C

A
B

Ab

Ac

Ca Cb

Bc

Ba

Borth
B′
φ

Corth

Aorth

Kφ

Bφ

φ

φ
φ

φ

φ

Figure 1.

Now the line through A′ perpendicular to BC is given by

(SB + a2)(SB + c2 + Sφ)x+ ((SB + a2)Sφ + S2)y

+ ((SB + a2)Sφ + SB(SC + 3a2) + a2(b2 + c2))z = 0.
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With a similar result for the line through C ′ perpendicular to AB we find as point
of intersection for these two lines the orthopole of the B-flank line

Borth =
(
S2(2a2 − b2 + 2c2)(SC + Sφ)

: −4S2(2a2 − b2 + 2c2)(a2 + c2 + Sφ)

: S2(2a2 − b2 + 2c2)(SA + Sφ)
)

= (SC + Sφ : −4(a2 + c2 + Sφ) : SA + Sφ).

By symmetry this shows that the triangle of the three orthopoles of the flank lines is
perspective to ABC, the Kiepert perspector Kφ being the perspector. For variable
flanks the line will hence run through the Kiepert hyperbola. As Kφ and Kφ are
friends, we know that the line connecting B, Kφ, and Borth will also pass through

the apices of isosceles triangles erected on AC and AbCb with base angles φ and
φ respectively. Naturally, the orthopole of BC and the Kiepert φ-perspector, both
with respect to the B-flank, join this line, to complete the friendly symmetry.
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Simple Proofs of Feuerbach’s Theorem and
Emelyanov’s Theorem

Nikolaos Dergiades and Tran Quang Hung

Abstract. We give simple proofs of Feuerbach’s Theorem and Emelyanov’s
Theorem with the same idea of using the anticomplement of a point and ho-
mogeneous barycentric coordinates.

1. Proof of Feuerbach’s Theorem

Feuerbach’s Theorem is known as one of the most important theorems with
many applications in elementary geometry; see [1, 2, 3, 5, 6, 8, 9, 10, 12].

Theorem 1 (Feuerbach, 1822). In a nonequilateral triangle, the nine-point circle
is internally tangent to the incircle and is externally tangent to the excircles.

Figure 1

We establish a lemma to prove Feuerbach’s Theorem.

Lemma 2. The circumconic p2yz + q2zx+ r2xy = 0 is tangent to line at infinity
x+ y + z = 0 if and only if

(p+ q + r)(−p+ q + r)(p− q + r)(p+ q − r) = 0
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and the point of tangency is the point Q = (p : q : r) or Qa = (−p : q : r) or
Qb = (p : −q : r) or Qc = (p : q : −r) according to which factor of the above
product is zero.

Proof. We shall prove that the system{
p2yx+ q2zx+ r2xy = 0

x+ y + z = 0

has only one root under the above condition.
Substituting x = −y − z, we get

p2yz − (q2z + r2y)(y + z) = 0.

The resulting quadratic equation for y/z is

r2y2 + (q2 + r2 − p2)yz + q2z2 = 0.

This quadratic equation has discriminant

D = (q2 + r2 − p2)2 − 4(qr)2

= −(p+ q + r)(−p+ q + r)(p− q + r)(p+ q − r).
Thus (1) has only one root if and only if the discriminant D = 0.

If ε1p+ ε2q + ε3r = 0 for ε1, ε2, ε3 = ±1, then D = 0, which means that the
circumconic p2yz + q2zx+ r2xy = 0 or p2

x + q2

y + r2

z = 0 has a double point on
the line at infinity and that the point Q = (ε1p, ε2q, ε3r) lies on the line at infinity

and also on the circumconic because
p2

ε1p
+

q2

ε2q
+

r2

ε3r
= ε1p+ ε2q + ε3r = 0.

Hence this point Q is the double point on the line at infinity of the circumconic.
That leads to a proof of the lemma. �

Remark. The conic which is tangent to the line at infinity must be a parabola. Thus
our lemma is exactly a characterization of the circumparabola of a triangle.

Proof of Feuerbach’s Theorem. Let G be the centroid of triangle ABC, and the
incircle of ABC touch BC, CA, and AB at D, E, and F respectively. The ho-
mothety H(G,−2) transforms a point P to its anticomplement P ′, which divides
PG in the ratio PG : GP ′ = 1 : 2 (see [11]). We consider the anticomplement of
the points D, E, and F , which are X , Y , and Z respectively (see Figure 2). Under
the homothety H(G,−2), the nine-point circle of ABC transforms to circumcir-
cle (Γ) of ABC. Thus, it is sufficient to show that the circumcircle (ω) of triangle
XY Z is tangent to (Γ).

Let M be the midpoint of BC. Then H(G,−2) maps M to A. Thus, AX =
2DM = |b − c|, and AX is also tangent to (ω). We deduce that the power of A
with respect to (ω) is AX2 = (b − c)2. Similarly, the power of B with respect to
(ω) is (c− a)2, and the power of C with respect to (ω) is (a− b)2.

Using the equation of a general circle in [12], we have the equation of (ω) as
follows:

a2yz + b2zx+ c2xy−(x+ y + z)((b− c)2x+ (c− a)2y + (a− b)2z) = 0.
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Hence, the line L : (b − c)2x + (c − a)2y + (a − b)2z = 0 is the radical axis
of (Γ) and (ω).

Analogously with the excircles, we can find that the radical axes of the circum-
circle with the homothetic of the excircles underH(G,−2) are the lines

La : (b− c)2x+ (c+ a)2y + (a+ b)2z = 0,

Lb : (b+ c)2x+ (c− a)2y + (a+ b)2z = 0,

Lc : (b+ c)2x+ (c+ a)2y + (a− b)2z = 0.

A

B CM

G

D

E

F

X

Y

Z

(ω) (Γ)

Figure 2

In order to prove Feuerbach’s theorem, we shall prove that the lines L, La, Lb,
and Lc are tangent to the circumcircle (Γ) of ABC: The isogonal conjugate of L,
La, Lb, and Lc are respectively the conics

LL : (a(b− c))2yz + (b(c− a))2zx+ (c(a− b))2xy = 0,

LLa : (a(b− c))2yz + (b(c+ a))2zx+ (c(a+ b))2xy = 0,

LLb : (a(b+ c))2yz + (b(c− a))2zx+ (c(a+ b))2xy = 0,

LLc : (a(b+ c))2yz + (b(c+ a))2zx+ (c(a− b))2xy = 0.
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Using Lemma 2, we easily check that the conics LL, LLa, LLb, and LLc are
tangent to the line at infinity x + y + z = 0, which is the isogonal conjugate of
circumcircle (Γ).

In particular, for LL, the point of tangency is the pointQ = (a(b−c) : b(c−a) :
c(a − b)), and in order to find the Feuerbach point (which is the contact point of
nine-point circle with the incircle), we find the isogonal conjugate of Q. This is(

a
b−c : b

c−a : c
a−b

)
, the anticomplement of X11.

This completes the proof.

2. Proof of Emelyanov’s Theorem

Continuing with the idea of using the anticomplement of a point [11] and barycen-
tric coordinates [12], we give a simple proof for Lev Emelyanov’s theorem [4, 7].

Theorem 3 (Emelyanov, 2001). The circle passing through the feet of the internal
bisectors of a triangle contains the Feuerbach point of the triangle.

Lemma 4. Let ABC be a triangle and the point P (x : y : z) in homogeneous
barycentric coordinates, with cevian triangleA′B′C ′. IfM is the midpoint ofBC,
then signed length of MA′ is

MA′ =
z − y

2(y + z)
BC.

Proof. Because A′B′C ′ is the cevian triangle of P , A′ = (0 : y : z). Using signed
lengths of segments, we have BA′ = z

y+zBC and CA′ = y
y+zCB. Therefore, we

get the signed length of MA′:

MA′ =
BA′ + CA′

2
=

1

2

(
z

y + z
BC +

y

y + z
CB

)
=

z − y
2(y + z)

BC.

We are done. �

Proof of Emelyanov’s Theorem. In the triangle ABC, letA1,B1, andC1 be the feet
of the internal bisectors of the angles A, B, and C respectively. Let (γ) be the cir-
cumcircle of the triangle A1B1C1, we must prove that (γ) contains the Feuerbach
point Fe.

Let the circle (γ) meet the sides BC, CA and AB again at A2, B2 and C2

respectively. From Carnot’s theorem [12], we have that the triangle A2B2C2 is the
cevian triangle of a point I∗ = (x : y : z) such that BC1 ·BC2 = BA1 ·BA2 and
CA1 · CA2 = CB1 · CB2. From these, we get

ac

a+ b
· xc

x+ y
=

za

y + z
· ca

b+ c
and

ba

b+ c
· ya

y + z
=

xb

z + x
· ab

c+ a

or

a1 = a(a+ b), b1 = (a− c)(a+ b+ c), c1 = −c(b+ c),
a2 = −a(c+ a), b2 = b(b+ c), c2 = (b− a)(a+ b+ c).
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We have the system {
a1yz + b1zx+ c1xy = 0

a2yz + b2zx+ c2xy = 0

⇐⇒ yz∣∣∣∣b1 c1
b2 c2

∣∣∣∣
=

zx∣∣∣∣c1 a1
c2 a2

∣∣∣∣
=

xy∣∣∣∣a1 b1
a2 b2

∣∣∣∣
or

(x : y : z) =

(∣∣∣∣b1 c1
b2 c2

∣∣∣∣ :
∣∣∣∣c1 a1
c2 a2

∣∣∣∣ :
∣∣∣∣a1 b1
a2 b2

∣∣∣∣
)−1

This gives

I∗ =
(
abc+ (a+ b+ c)(−a2 + b2 + c2)

: abc+ (a+ b+ c)(a2 − b2 + c2)

: abc+ (a+ b+ c)(a2 + b2 − c2))−1
.

I∗ is also the cyclocevian of I which is the point X(1029) [5].

A

B CM

G

A1

B1

C1

A3

B3

C3

A2

B2

C2

X100

Fe

Figure 3
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Let M be the midpoint of BC. Using Lemma 4, the signed length of MA1 is

MA1 =
c− b

2(b+ c)
BC.

and the signed length of MA2 is

MA2 =

(
1

abc+(a+b+c)(a2+b2−c2)
− 1

abc+(a+b+c)(a2−b2+c2)

)

2
(

1
abc+(a+b+c)(a2−b2+c2)

+ 1
abc+(a+b+c)(a2+b2−c2)

)BC.

An easy simplification leads to

MA2 =
(c2 − b2)(a+ b+ c)

2a(c+ a)(a+ b)
BC.

Let G be the centroid of ABC: We consider the anticomplement of the points
A1, B1, and C1, which are the points A3, B3, and C3. Under the homothety
H(G,−2), in order to prove that (γ) contains the Feuerbach point of ABC, we
shall show that the circumcircle (Ω) of the triangle A3B3C3 contains the anti-
complement of the Feuerbach point. Indeed, as in our above proof of Feuerbach’s
theorem, we showed that anticomplement of Feuerbach point is

X(100) =

(
a

b− c :
b

c− a :
c

a− b
)
.

Because the anticomplement of M is A, the power of A with respect to circumcir-
cle of triangle A3B3C3 is

p = 2MA1·2MA2 =
(c− b)
(b+ c)

BC·(c
2 − b2)(a+ b+ c)

a(c+ a)(a+ b)
BC =

a(a+ b+ c)(b− c)2
(c+ a)(a+ b)

.

Similarly, the powers ofB andC with respect to circumcircle of triangleA3B3C3

are

q =
b(a+ b+ c)(c− a)2

(b+ c)(b+ a)
and r =

c(a+ b+ c)(a− b)2
(c+ a)(b+ c)

respectively.
Using the equation of a general circle in [12] again, we have the equation of

(Ω):

a2yz + b2zx+ c2xy − (x+ y + z)(px+ qy + rz) = 0.

Using the coordinates of X(100), we easily check the expression

a2yz+b2zx+c2xy = a2 · b

c− a ·
c

a− b+b
2 · c

a− b ·
a

b− c+c
2 · a

b− c ·
b

c− a = 0.
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and

px+ qy + rz = p · a

b− c + q · b

c− a + r · c

a− b
=

a(a+ b+ c)(b− c)2
(c+ a)(a+ b)

· a

b− c +
b(a+ b+ c)(c− a)2

(b+ c)(b+ a)
· b

c− a
+
c(a+ b+ c)(a− b)2

(c+ a)(b+ c)
· c

a− b
= 0.

Hence, the coordinates of X(100) satisfy the equation of (Ω). This means that
(Ω) passes through the anticomplement of the Feuerbach point. In other words
(γ) passes through Feuerbach point. This completes our proof of Emelyanov’s
theorem.
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Pedals of the Poncelet Pencil and Fontené Points

Roger C. Alperin

Abstract. In this essay we describe special aspects of the Poncelet pencil, pedal
circles and their relation to theorems of Fontené.

1. Review of the Poncelet Pencil, [1], [2], [3]

Given triangle �ABC we consider the pencil of lines at the circumcenter O.
For each line L of this pencil we apply the isogonal transformation (denoted by ′)
to obtain the resulting conic K = L′ passing through H = O′, the orthocenter, and
thus K is an equilateral hyperbola. The pencil of conics K (as L varies) is called
the Poncelet pencil.

It is known that the locus of centers, Z(K), of these conics is the Euler nine
point circle C9. The circumcircle C meets each conic of the Poncelet pencil in the
three vertices of the triangle and the circumcircle point W (K). The midpoint of H
and W (K) is Z(K).
2. Pedal Circles of the Poncelet Pencil

For each point P of the plane not on the circumcircle C we can form the pedal
triangle and then its circumcircle C(P ). Points on C have pedals which lie on the
Simson line.

The history of the Theorem of Griffiths, sometimes known as Fontene’s second
theorem, is detailed in [7], §403 − 6, [9], [10] and asserts the following (see also
[4]).

Theorem 1. As P varies on L the pedal circles C(P ) pass through Z(K).
The identification of the common point is in Johnson [7], see also [2]. For the

points on C ∩ L the associated Simson lines also pass through Z(K) as indicated
in [7].

3. Pedal Circles of Isogonal Points

According to theorems proven in Honsberger, [5], p. 67, [6], p. 56, we know the
following (see Figure 1).

Theorem 2. For P and its isogonal P ′ the pedal triangles of � lie on C(P ) with
center o at the midpoint of PP ′.

Publication Date: November 19, 2018. Communicating Editor: Paul Yiu.
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Figure 1. Pedal Circle from P

4. Fontene’s Third Theorem and McCay’s Cubic

Fontene’s Third Theorem characterizes when the pedal circle and nine point
circle, C9, are tangent: whenever P,O, P ′ are collinear.

Consider the intersections L ∩ K when K is irreducible. These two possible
points will be called the Fontené points K. A circle with these two Fontené points
as diameter will be called the Fontené circle. By construction Fontené pairs are an
isogonal pair.

Fontené’s third theorem [10] can be expressed as follows (see Figure 2).

Theorem 3. For P ∈ L the pedal circle C(P ) and C9 are tangent at Z(K) exactly
when P is a Fontené point of K.

The next result follows immediately from the definition of the McCay cubic as
the pivotal cubic determined from O and the isogonal transformation [8].

Theorem 4. As L varies at O the locus of the Fontené points is the McCay cubic.
The McCay cubic is self isogonal with isogonal pairs being the pairs of Fontené
points of an irreducible conic of the Poncelet pencil. The reducible conics of the
pencil give Fontené pairs consisting of a vertex and a point on the opposite side.

5. Examples

5.1. Isoceles Triangle. In trilinear coordinates u, v, w the equation of McCay’s
cubic is u(v2 − w2) cos(A) + v(w2 − u2) cos(B) + w(u2 − v2) cos(C) = 0. For
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Figure 2. Tangent Pedal Circle

an isosceles triangle A = B, u = v so the the equation factors up to a constant as
(u− v)(vu+ w2) = 0. Hence McCay’s cubic for an isosceles triangle consists of
the perpendicular bisector L of the base and a hyperbola. For this line L there are
infinitely many Fontené points on the reducible conic of the Poncelet pencil.

5.2. Jerabek. The Euler line L meets the Jerabek hyperbola K = L′ at O, H , its
Fontené points. The pedal triangles from these points are the midpoint triangle and
the orthic triangle. The pedal circle at these points is the Euler circle.

5.3. Fuerbach. L = OI is tangent to the Fuerbach hyperbola K = L′ at I; thus
there is only one Fontené point. The pedal circle from I is the incircle tangent to
the nine point circle at the Feuerbach point, the center of the Feuerbach hyperbola.

Similarly, for the other Feuerbach hyperbolas Ki = L′i using Li = OIj for the
excenters Ij , j = 1, 2, 3 [1], we get the three ex-Feuerbach points on the nine point
circle as centers of these hyperbolas. The excenter is the Fontené point.

It now follows that the McCay cubic passes through the nine points A, B, C, O,
H , I , I1, I2, I3 and the vertices P,Q,R of the anti-cevian triangle of the circum-
center.

5.4. Kiepert, L = OG′ ,K = L′.
Theorem 5. For a non-isosceles triangle the Fontené points of the Kiepert hyper-
bola are complex.
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Figure 3. M’Cay Cubic

Proof. In trilinear coordinates u, v, w the McCay equation is u(v2−w2) cos(A)+
v(w2−u2) cos(B)+w(u2−v2) cos(C) = 0 and the Kiepert’s equation is sin(B−
C)/u + sin(C − A)/v + sin(A − B)/w = 0. Solving the Kiepert equation for
w we can then eliminate w from the McCay equation giving a cubic equation in
x = u/v. Since the orthocenter belongs to both curves we have a factor of x −
cos(B)/ cos(A) and thus this reduces to a quadratic equation in x. Rewriting C in
terms of A,B and simplifying gives the quadratic equation x2−2(cos(A) cos(B)+
sin(A) sin(B)x + 1 = 0. The discriminant is − sin(A − B)2 which is negative
unless A = B; thus the Fontené points are complex for a non-isosceles triangle.

�
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Circumconics with Asymptotes Making a Given Angle

Francisco Javier Garcı́a Capitán

Abstract. Given a triangle ABC, we present a construction of the circumhy-
perbola whose two asymptotes are parallel to the sides of an isosceles triangle
on a side of ABC.

Let ABC be a triangle and 0 < θ < π
2 . Call U the point on the perpendicular

bisector of BC such that ∠BUC = 2θ and Hab the circumhyperbola of ABC
with asymptotes parallel to UB and UM .

To construct this hyperbola by five ordinary points, we consider the points D
and D′ defined as follows:

• Let M be the midpoint BC and S the intersection point of the parallel
to BU through C and the parallel to AB through M . Then the line AS
intersects the perpendicular bisector of BC at D.

• Let S′ be the intersections of the parallel through A to BC and the parallel
through C to BU . If the parallel through S′ to AB intersects BC at M ′,
then the perpendicular through M ′ to BC intersects the parallel through A
to BC at D′.

θ

A

B
CM

U

S

D

S'

M'

D'

Figure 1

Proposition 1. The points D,D′ lie on Hab.
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Proof. We have the coordinates

D =
(
a4 : (SB − SC)(SC − S tan θ) : −(SB − SC)(SB + S tan θ)

)
,

D′ =
(
a2 : SB − SC + S tan θ : −SB + SC − S tan θ

)
.

On the other hand, the hyperbola Hab has equation

a4yz + SC (SC − S tan θ) zx+ SB (SB + S tan θ)xy = 0.

�
Remark. Proposition 1 can also be proved by using Pascal theorem.

Let Ab the perspector of the hyperbola Hab, and Ac the perspector of the hyper-
bola Hac, defined in a similar way, that is, as the circumhyperbola with asymptotes
parallel to UM and UC. Therefore we have the points

Ab =
(
a4 : SC (SC − S tan θ) : SB (SB + S tan θ)

)
,

Ac =
(
a4 : SC (SC + S tan θ) : SB (SB − S tan θ)

)
.

We also define Bc, Ba and Ca, Cb cyclically.

Proposition 2. The six points Ab, Ac, Bc, Ba, Ca, Cb, lie on a same conic Γθ,
whose equation is

tan2θ · (SAx+ SBy + SCz)
2 − S2 · (x2 + y2 + z2 − 2xy − 2xz − 2yz

)
= 0.

A

B C

Ab

Ac

Bc

Ba Ca

Cb

Figure 2

Proposition 3. The center Oθ of Γθ lies on the line GK and the following ratio
holds:

GOθ
OθK

= −S
2
ω · sin2 θ
3S2

,

where G and K are the centroid and the symmedian point of ABC.
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Proposition 4. The conic Γθ is the locus of perspectors of all circumconics of
ABC whose asymptotes make an angle θ.

Now call XY Z the triangle bounded by lines AbAc, BcBa, CaAb. Surprisingly
enough, XY Z does not depend on θ. More specifically, we have the following
result.

Proposition 5. The line AbAc trisects the A−altitude from the vertex and inter-
sects BC at D′, the harmonic conjugate of the feet D of the A−altitude with re-
spect toBC. In other words, linesAbAc,BC and the sideline of the orthic triangle
corresponding to vertex A are concurrent.

A

B C

Ab

Ac

Bc

Ba Ca

Cb

Z

Y

D'
D

X

Figure 3

Proposition 6. The triangle XY Z is perspective at K.

A

B C

Ab

Ac

Bc

Ba Ca

Cb

Z

Y

X

K

G
Oθ

Figure 4
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Proposition 7. The discriminant of Γθ is given by the formula

Δ(θ) = 2
(
(a2 − b2)

2
+ (b2 − c2)

2
+ (c2 − a2)

2
)
tan2θ − 12S2.

The following figure shows a general view: The point U on the perpendicular
bisector of BC has been used to construct the circumhyperbola with perspector
Ab having asymptotes parallel to UB and perpendicular to BC. Similarly we
construct Ac, Bc, Ba, Ca, Cb lying on the conic Γθ. The conic center Oθ of Γθ lies
on line GK.

Now we take a point P on Γθ and construct the conic (hyperbola) with perspec-
tor P . The asymptotes of this hyperbola make an angle θ formed by UB and the
perpendicular bisector of BC.

A

B C

U

Ab

Ac

Bc

BaCa

Cb

P

θ

θ

Oθ

G
K

Figure 5
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Integral Triangles and Trapezoids Pairs with
a Common Area and a Common Perimeter

Yong Zhang, Junyao Peng, and Jiamin Wang

Abstract. Using the theory of elliptic curves, we show that there are infinitely
many integral right triangle and θ-integral right (resp. isosceles) trapezoid, in-
tegral isosceles triangle and θ-integral right (resp. isosceles) trapezoid, Heron
triangle and θ-integral right (resp. isosceles) trapezoid pairs with a common area
and a common perimeter.

1. Introduction

We say that a Heron (resp. rational) triangle is a triangle with integral (resp.
rational) sides and integral (resp. rational) area, and a polygon (sides greater than
3) is integral (resp. rational) if the lengths of its sides are all integers (resp. rational
numbers). We call a polygon θ-integral (resp. θ-rational) if the polygon has integral
(resp. rational) side lengths, integral (resp. rational) area, and both sin θ and cos θ
are rational numbers.

In 1995, R. K. Guy [6] introduced a problem of Bill Sands, that asked for ex-
amples of an integral right triangle and an integral rectangle with a common area
and a common perimeter, but there are no non-degenerate such. In the same paper,
R. K. Guy showed that there are infinitely many such integral isosceles triangle
and integral rectangle pairs. Several authors studied other cases, such as two dis-
tinct Heron triangles by A. Bremner [1], Heron triangle and rectangle pairs by
R. K. Guy and A. Bremner [2], integral right triangle and parallelogram pairs by
Y. Zhang [8], integral right triangle and rhombus pairs by S. Chern [3], integral
isosceles triangle-parallelogram and Heron triangle-rhombus pairs by P. Das, A.
Juyal and D. Moody [4], Heron triangle-rhombus and isosceles triangle-rhombus
pairs by Y. Zhang and J. Peng [9], and rational (primitive) right triangle-isosceles
triangle pairs by Y. Hirakawa and H. Matsumura [7].

Now we consider other pairs of geometric shapes having a common area and a
common perimeter, such as triangles and trapezoids pairs (see figures 1 and 2). The
sides of triangles and trapezoids are given in Table 1, and the area and perimeter of

Publication Date: December 6, 2018. Communicating Editor: Paul Yiu.
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triangles and trapezoids are given in Table 2. For θ-integral trapezoid, we may set

sin θ =
2t

1 + t2
, cos θ =

1− t2
1 + t2

,

where 0 < t ≤ 1 is a rational number. For t = 1, θ = π/2, trapezoid reduces to
rectangle, this is the case studied by R. K. Guy [6], thus we only need to consider
the case 0 < t < 1. Using the theory of elliptic curves, we prove

Figure 1. Right triangle, isosceles triangle and Heron triangle

Figure 2. Right trapezoid and isosceles trapezoid

name sides

right triangle (u2 − v2, 2uv, u2 + v2) (u > v)
isosceles triangle (u2 + v2, u2 + v2, 2(u2 − v2)) (u > v)
Heron triangle ((v + w)(u2 − vw), v(u2 + w2), w(u2 + v2)) (u2 > vw)
right trapezoid (p, q, h, r)
isosceles trapezoid (p, q, r, r)

Table 1. The sides of triangles and trapezoids

Theorem 1. There are infinitely many integral right triangle and θ-integral right
(resp. isosceles) trapezoid pairs with a common area and a common perimeter.
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name area perimeter

right triangle uv(u2 − v2) 2u(u+ v)
isosceles triangle 2uv(u2 − v2) 4u2

Heron triangle uvw(v + w)(u2 − vw) 2u2(v + w)

right trapezoid (p+q)h
2 p+ q + h+ r

isosceles trapezoid (p+q)r
2 sin θ p+ q + 2r

Table 2. The area and perimeter of triangles and trapezoids

Theorem 2. There are infinitely many integral isosceles triangle and θ-integral
right (resp. isosceles) trapezoid pairs with a common area and a common perime-
ter.

Theorem 3. There are infinitely many Heron triangle and θ-integral right (resp.
isosceles) trapezoid pairs with a common area and a common perimeter.

2. Proofs of the theorems

Proof of Theorem 1. By the homogeneity of the sides of integral right triangle and
θ-integral right trapezoid, we can set u = 1, and v, p, q, h, r to be positive rational
numbers. Now we only need to study the rational right triangle and θ-rational right
trapezoid pairs with a common area and a common perimeter, then we have⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

v(1− v2) = 1

2
(p+ q)h,

2(1 + v) = p+ q + r + h,

p− q
r

= cos θ,

h = r sin θ,

(1)

where sin θ = 2t/(1+ t2) and cos θ = (1− t2)/(1+ t2), with 0 < t < 1 a rational
number.

Eliminating h, p, q in equation (1), we get

t(t+ 1)2r2 − 2t(t2 + 1)(v + 1)r − v(v − 1)(v + 1)(t2 + 1)2

(t2 + 1)2
= 0.

It only needs to consider

t(t+ 1)2r2 − 2t(t2 + 1)(v + 1)r − v(v − 1)(v + 1)(t2 + 1)2 = 0.

If this quadratic equation has rational solutions r, then its discriminant Δ1(r)
should be a rational perfect square. Let us consider the curve

C1 : s2 = Δ1(r) = t(t+ 1)2v3 + t2v2 − t(t2 + 1)v + t2,
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which is a cubic curve with a rational point P0 = (v, s) = (1, 2t). And the curve
C1 is birationally equivalent to the elliptic curve E1 given by the equation in Weier-
strass form

E1 : Y 2 = X3−27t2(3t4+6t3+7t2+6t+3)X+54t4(3t2+5t+3)(6t2+11t+6).

The map ϕ1 : C1 � (v, s) �→ (X,Y ) ∈ E1 is given by

X = 3t(3t2v + 6tv + t+ 3v), Y = 27st(t+ 1)2,

and the inverse map

ϕ−1
1 : v =

−3t2X
9t(t+ 1)2

, s =
Y

27t(t+ 1)2
.

By the map ϕ1, we get the point

P = ϕ1(P0) = (3t(3t2 + 7t+ 3), 54t2(t+ 1)2),

which lies on the elliptic curve E1. By the group law, we have

[2]P =

(
9t4 − 6t2 + 9

4
, −27(t2 − 4t+ 1)(t+ 1)4

8

)
.

Through the inverse map ϕ−1
1 , we get

v = ϕ−1
1 (x([2]P )) =

(t− 1)2

4t
,

then

r =
(t2 + 1)(t− 1)2

8t2
,

p =− (t+ 1)(t2 − 4t− 1)

8t
,

q =
(t+ 1)(t2 + 4t− 1)

8t2
,

h =
(t− 1)2

4t
.

Hence, the rational right triangle has sides

(x, y, z) =

(
− (t2 − 6t+ 1)(t+ 1)2

16t2
,
(t− 1)2

2t
,
t4 − 4t3 + 22t2 − 4t+ 1

16t2

)
,

and the θ-rational right trapezoid has sides

(p, q, h, r) =

(
−(t+ 1)(t2 − 4t− 1)

8t
,
(t+ 1)(t2 + 4t− 1)

8t2
,
(t− 1)2

4t
,
(t2 + 1)(t− 1)2

8t2

)
.

Since v, p, q, h, r are positive rational numbers, 0 < sin θ < 1 and v < 1, we
obtain the condition

0.236067977 < t < 1.

Then if 0.236067977 < t < 1, there are infinitely many rational right triangle
and θ-rational right trapezoid pairs with a common area and a common perimeter.
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Therefore, there are infinitely many such integral right triangle and θ-integral right
trapezoid pairs.

Similarly, we can prove that there are infinitely many such integral right triangle
and θ-integral isosceles trapezoid pairs. �

Example 1. If t = 1
2 , we have a right triangle with sides (x, y, z) = (63, 16, 65),

and a right trapezoid with sides (p, q, h, r) = (66, 60, 8, 10),which have a common
area 504 and a common perimeter 144.

Proof of Theorem 2. As in Theorem 1, we only need to consider the θ-rational
isosceles triangle and rational right trapezoid pairs with a common area and a com-
mon perimeter. We may set u = 1, and v, p, q, h, r to be positive rational numbers,
then ⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

2v(1− v2) = 1

2
(p+ q)h,

4 = p+ q + r + h,

p− q
r

= cos θ,

h = r sin θ,

(2)

where sin θ = 2t/(1+ t2) and cos θ = (1− t2)/(1+ t2), with 0 < t < 1 a rational
number.

Eliminating h, p, q in equation (2), we have

t(t+ 1)2r2 − 4t(t2 + 1)r − 2v(v − 1)(v + 1)(t2 + 1)2

(t2 + 1)2
= 0.

It only needs to consider

t(t+ 1)2r2 − 4t(t2 + 1)r − 2v(v − 1)(v + 1)(t2 + 1)2 = 0.

If this quadratic equation has rational solutions r, then its discriminant Δ2(r)
should be a rational perfect square. Let us consider the curve

C2 : s2 = Δ2(r) = 2t(t+ 1)2v3 − 2t(t+ 1)2v + 4t2,

which is a cubic curve with a rational point Q0 = (v, s) = (1, 2t). And the curve
C2 is birationally equivalent with the elliptic curve E2 given by the equation in
Weierstrass form

E2 : Y 2 = X3 − 4t2(t+ 1)4X + 16t4(t+ 1)4.

The map ϕ2 : C2 � (v, s) �→ (X,Y ) ∈ E2 is given by

X = 2vt(t+ 1)2, Y = 2st(t+ 1)2,

and the inverse map

ϕ−1
2 : v =

X

2t(t+ 1)2
, s =

Y

2t(t+ 1)2
.

By the map ϕ2, we get the point

Q = ϕ2(Q0) = (2t(t+ 1)2, 4t2(t+ 1)2),
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which lies on the elliptic curve E2. By the group law, we have

[2]Q = ((t− 1)2(t+ 1)2, −(t4 − 2t3 − 2t2 − 2t+ 1)(t+ 1)2).

Through the inverse map ϕ−1
2 , we get

v = ϕ−1
2 (x([2]Q)) =

(t− 1)2

2t
,

then

r =
(t− 1)2(t2 + 1)2

2(t+ 1)2t2
,

p =− t4 − 2t3 − 2t2 − 6t+ 1

t(t+ 1)
,

q =− t4 − 6t3 − 2t2 − 2t+ 1

t2(t+ 1)
,

h =
(t− 1)2(t2 + 1)

t(t+ 1)2
.

Hence, the rational isosceles triangle has sides

(x, y, z) =

(
t4 − 4t3 + 10t2 − 4t+ 1

4t2
,
t4 − 4t3 + 10t2 − 4t+ 1

4t2
,

− t4 − 4t3 − 2t2 − 4t+ 1

4t2

)
,

and the θ-rational right trapezoid has sides

(p, q, h, r) =

(
− t4 − 2t3 − 2t2 − 6t+ 1

t(t+ 1)
, − t

4 − 6t3 − 2t2 − 2t+ 1

t2(t+ 1)
,

(t− 1)2(t2 + 1)

t(t+ 1)2
,
(t− 1)2(t2 + 1)2

2(t+ 1)2t2

)
.

Since v, p, q, h, r are positive rational numbers, 0 < sin θ < 1 and v < 1, we
obtain the condition

0.3137501201 < t < 1.

Then if 0.3137501201 < t < 1, there are infinitely many rational isosceles triangle
and θ-rational right trapezoid pairs with a common area and a common perimeter.
Therefore, there are infinitely many such integral isosceles triangle and θ-integral
right trapezoid pairs.

Similarly, we can prove that there are infinitely many such integral isosceles
triangle and θ-integral isosceles trapezoid pairs. �

Example 2. If t = 1
2 ,we have an isosceles triangle with sides (x, y, z) = (153, 153,

270) and a right trapezoid with sides (p, q, h, r) = (258, 228, 40, 50), which have
a common area 9720 and a common perimeter 576.
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Proof of Theorem 3. As in Theorem 1, we only need to investigate the rational
Heron triangle and θ-rational right trapezoid pairs with a common area and a com-
mon perimeter. We can set w = 1, and u, v, p, q, h, r to be positive rational num-
bers, then ⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

uv(v + 1)(u2 − v) = 1

2
(p+ q)h,

2u2(1 + v) = p+ q + r + h,

p− q
r

= cos θ,

h = r sin θ,

(3)

where sin θ = 2t/(1+ t2) and cos θ = (1− t2)/(1+ t2), with 0 < t < 1 a rational
number.

Eliminating h, p, q in equation (3), we have

t(t+ 1)2r2 − 2tu2(t2 + 1)(v + 1)r + uv(v + 1)(u2 − v)(t2 + 1)2

(t2 + 1)2
= 0.

It only needs to consider

t(t+ 1)2r2 − 2tu2(t2 + 1)(v + 1)r + uv(v + 1)(u2 − v)(t2 + 1)2 = 0.

If this quadratic equation has rational solutions r, then its discriminant Δ3(r)
should be a rational perfect square. Let us consider the curve

C3 : s2 = Δ3(r) =(t+ 1)2tuv3 − (t2u2 − tu3 + 2tu2 − t2 + u2 − 2t− 1)tuv2

− u3(t2 − 2tu+ 2t+ 1)tv + t2u4,

which is a cubic curve with a rational point R0 = (v, s) = (u2, tu2(u2 + 1)). And
the curve C3 is birationally equivalent to the elliptic curve E3 given by the equation
in Weierstrass form

E3 : Y 2 = X3 +A4X +A6,

where

A4 =− 27t2u2(t4u4 − 2t3u5 + t2u6 + 4t3u4 − 4t2u5 + t4u2 − 4t3u3 + 6t2u4

− 2tu5 + 4t3u2 − 8t2u3 + 4tu4 + t4 + 6t2u2 − 4tu3 + u4 + 4t3 + 4tu2

+ 6t2 + u2 + 4t+ 1),

A6 =− 27t3u3(t2u2 − tu3 + 2tu2 + 2t2 + u2 + 4t+ 2)(2t4u4 − 4t3u5 + 2t2u6

+ 8t3u4 − 8t2u5 − t4u2 − 8t3u3 + 12t2u4 − 4tu5 − 4t3u2 − 16t2u3 + 8tu4

− t4 − 6t2u2 − 8tu3 + 2u4 − 4t3 − 4tu2 − 6t2 − u2 − 4t− 1).

The map ϕ3 : C3 � (v, s) �→ (X,Y ) ∈ E3 is given by

X = −3tu(t2u2 − tu3 − 3t2v + 2tu2 − t2 − 6tv + u2 − 2t− 3v − 1),

Y = 27sut(t+ 1)2,
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and the inverse map ϕ−1
3 :

v =
X + 3tu(t2u2 − tu3 + 2tu2 − t2 + u2 − 2t− 1)

9ut(t+ 1)2
,

s =
Y

27ut(t+ 1)2
.

By the map ϕ3, we get the point

R = ϕ3(R0) = (3tu(2t2u2 + tu3 + 4tu2 + t2 + 2u2 + 2t+ 1),

27t2u3(u2 + 1)(t+ 1)2),

which lies on the elliptic curve E3. By the group law, we have

[2]R =

(
3

4
u(4t2u3 − 4t(t+ 1)2u2 + 3(t+ 1)4u− 8t(t+ 1)2),

− 27

8
u2(t+ 1)4(t2u− 2tu2 + 2tu− 4t+ u)

)
.

Through the inverse map ϕ−1
3 , we get

v = ϕ−1
3 (x([2]R)) =

t2u− 4tu2 + 2tu− 4t+ u

4t
,

then

r =
u(t2 + 1)(t2u+ 2tu− 4t+ u)

8t2
,

p =− (t+ 1)(t2u− 2tu2 + 2tu− 2u2 − 4t+ u)u

8t
,

q =
(t+ 1)(2t2u2 − t2u+ 2tu2 − 2tu+ 4t− u)u

8t2
,

h =
u(t2u+ 2tu− 4t+ u)

4t
.

To simplify the proof, we set t = 1
2 . Hence, the rational Heron triangle has sides

(x, y, z) =

(
9u(8u2 − 9u+ 8)

64
,
(9u− 8)(u2 + 1)

8
,
145u2 − 144u+ 64

64

)
,

and the θ-rational right trapezoid has sides

(p, q, h, r) =

(
3u(12u2 − 9u+ 8)

32
,
3u(6u2 − 9u+ 8)

16
,
u(9u− 8)

8
,
5u(9u− 8)

32

)
.

Since u, v, p, q, h, r are positive rational numbers, 0 < sin θ < 1 and u2 > v,
we obtain the condition

u >
8

9
.

Then if u > 8
9 , there are infinitely many rational Heron triangles and θ-rational

right trapezoid pairs with a common area and a common perimeter. Therefore,
there are infinitely many such Heron triangles and θ-integral right trapezoid pairs.
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Similarly, we can prove that there are infinitely many such Heron triangles and
θ-integral isosceles trapezoid pairs. �

Example 3. If u = 2,we have a Heron triangle with sides (x, y, z) = (99, 100, 89)
and a right trapezoid with sides (p, q, h, r) = (114, 84, 40, 50), which have a com-
mon area 3960 and a common perimeter 288.

3. Some related questions

We have studied the integral triangles and θ-integral trapezoids pairs with a com-
mon area and a common perimeter. Noting that isosceles trapezoid is a cyclic
quadrilateral, so it is also interesting to consider the following three questions.

Question 1. Are there infinitely many integral right triangle and θ-integral cyclic
(resp. rational) quadrilateral pairs with a common area and a common perimeter?

Question 2. Are there infinitely many integral isosceles triangle and θ-integral
cyclic (resp. rational) quadrilateral pairs with a common area and a common
perimeter?

Question 3. Are there infinitely many Heron triangle and θ-integral cyclic (resp.
rational) quadrilateral pairs with a common area and a common perimeter?
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Pairs of Congruent-Like Quadrilaterals
that are not Congruent

Giuseppina Anatriello, Francesco Laudano, and Giovanni Vincenzi

Abstract. In this article we will give a negative answer to a question referred
to a congruence theorem for quadrilaterals that have been recently introduced
in [5, section 4]. Precisely we will show that there exist pairs of quadrilaterals
having 8 pieces (four sides and four angles) pairwise congruent, but that are not
congruent. Computations and the use of geometric design by dynamical software
will have a crucial role in the proof.

1. Introduction

One of the main topic in Mathematical Geometric Foundations is the concept of
‘congruence’ between polygons. Two convex polygons are said to be congruent if
there is a one-to-one correspondence between their vertices such that consecutive
vertices correspond to consecutive vertices, and all pairs of correspondent sides
and all pairs of correspondent angles are congruent. Formally, we can say that two
polygons are congruent if, and only if, one can be transformed into the other by an
isometry.

Usually congruence theorems for triangles, for quadrilaterals and in general for
polygons, are stated using sides and angles of pairs of such figures (see [4], [6],
[11]); but for polygons certain remarks are required (see [4, Lesson 11] and [6,
Chapter 8] for the definitions and the development of the basic properties related
to polygons).

The general study of congruence between two polygons seems too hard, and
different cases such as convex (see [4, Definition 9.7]), non convex or twisted poly-
gons should be considered.

Extending a definition introduced in [5] we will say that two polygons P and
P ′ are congruent-like, if there is a bijection between the sides of P and P ′, and a
bijection between the angles of P and P ′, such that each side of P is congruent
to a corresponding side of P ′ and each angle of P is congruent to a corresponding
angle of P ′ (note that the two bijections are ‘a priori’ independent).

Publication Date: December 6, 2018. Communicating Editor: Paul Yiu.
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Clearly, two congruent n-gons are congruent-like. It is easy to check that the
converse holds for pairs of triangles; but, as remarked in [5], it is not always true if
n > 4 (see Figures 1 and 2).

Figure 1. Starting from two congruent quadrilaterals (A,B,C,D) and
(A′, B′, C′, D′) with two congruent consecutive angles of magnitude α, we may
easily construct pairs of congruent-like polygons that are not congruent.

Following [5], in this paper we will denote by P = (A0, . . . , An−1) the polygon
whose consecutive vertices are A0, . . . , An−1 (usually numbered counterclock-
wise), by ai the length of the side AiAi+1 (the index i is read mod n). The inner
angle at the vertex Ai as well as its measure will be denoted by Âi, Ai−1ÂiAi+1

or simply by αi. Moreover, we will denote by:

ai → ai+1 → . . .→ ai+4 → ai+5 → ai, or

AiAi+1 → Ai+1Ai+2 → . . .→ Ai+n−2Ai+n−1 → Ai+n−1Ai → AiAi+1,

the ordered sequence of the ‘sides’ of P , starting from AiAi+1 (see Figure 2).

We will say that two congruent-like polygons P and P ′ are ordered congruent-
like polygons, if whichever ordered sequence of consecutive sides of P is equal to
an ordered sequence of sides of P ′. In [5, Theorem 3.5] it has been recently showed
that convex ordered congruent-like quadrilaterals are indeed congruent (a complete
list of other classical congruence theorems for quadrilaterals can be found in [4]
and [6] for instance).

Theorem 1. Let Q and Q′ be ordered congruent-like convex quadrilaterals. Then
Q and Q′ are congruent.

This result cannot be extended to hexagons (and any other n-gons, for n ≥ 6),
as Figure 2 shows, and it is still an open question for (ordered) pentagons.

Another natural question that arises is:
P) Can we remove the hypothesis that Q and Q′ are ordered?

The aim of this article is to investigate this question. As we will see examples of
(non-ordered) convex congruent-like quadrilateralsQ andQ′ that are not congruent
exist.
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Figure 2. Starting from a quadrilateral (A,B,C,D) with two congruent con-
secutive angles, say α, we may easily construct pairs of ordered congruent-
like n-gons that are not congruent, for every n > 5. Here any sequence
ai → ai+1 → . . . → ai+4 → ai+5 → ai of sides of the hexagon on the
left is equal to a′i → a′i+1 → . . . → a′i+4 → a′i+5 → a′i referred to the
hexagon on the right.

As we will see the construction of such examples will be not so elementary:
software for geometric designs, computation and combined arguments of synthetic
geometry and analysis will be used. Here we only prove the existence, and on
the other hand we will also provide for a method to obtain good approximations of
such pairs of quadrilaterals that are not congruent with all sides and angles pairwise
congruent (see Figure 8).

In section 2, we will start to define families Fm,α of pairs of quadrilaterals Qd,a
and Q′

d,a (depending on two parameters, namely d and a that are also two con-
secutive sides of the Qd,a), which have five elements pairwise congruent (three
sides and two angles), and related ‘functions’ which describes the relations among
sides and angles of Qd,a and Q′

d,a. In section 3, we will use dynamic software for
restricting the study of ‘functions’ associated to pairs of quadrilaterals to smaller
intervals.

In section 4 we will highlight the properties of those ‘functions’ introduced in
section 2. In section 5 we will prove that convex congruent-like quadrilaterals Q
and Q′ that are not congruent exist!

The paper is suitable for a large audience of readers who are referred to [9], [10],
[7] and reference therein, for deeper investigations on quadrilaterals and related
topics.

The measure of angles that occur in this paper are expressed in degrees (instead
of radians). This will make easier the reading of the figures for those angles close
to the right one (see Lemma 4 for example); moreover in the computations, this
will make more apparent the difference between the measure of angles and the
measure of sides, as in Lemmas 9 and 10).
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2. Families of pairs of quadrilaterals having three sides and two angles pair-
wise congruent

We begin presenting a technique for building pairs of quadrilaterals with at least
five elements pairwise congruent, precisely three sides and two angles. Let’s pro-
ceed by steps:

Figure 3. Two steps for constructing pairs of quadrilaterals with 5 pieces con-
gruent. Note that d = AD, and c = CD = AC′.

1) Fix a point A at the origin of a coordinate system, and choose a point C
on the (positive) y-axis at a distance say m from A. After, consider an obtuse
angle α whose sides are the (positive) x-axis and t - which is a line lying in the
second quadrant (see Figure 3 on the left). For every positive integer d ∈ I =
[m/
√
2,m
√
2], on the side t we consider a point D such that d = AD. Clearly

AD ≥ DC, and the smaller sides of the triangle (A,C,D) are d = DA and
c = CD. Now, let C ′ be the point lying on the line t such that the measure ofB′C ′
is c (see Figure 3).

2) Let now, a be a positive real number, and let B lie on the positive part of the
x-axis, such that AB = a (look at Figure 3 on the right). In this way two quadri-
laterals are determined: Q = Qd,a = Q(A,B,C,D), where B has coordinates
(0, a); and Q′ = Q′

d,a = Q′(A′, B′, C ′, D′), where A′ = B,B′ = A, and the
vertex D′, is obtained taking on the parallel line to DC trough C ′ a segment of
length b = BC.

The pair (Qd,a, Q′
d,a) obtained as above will be called m,α-pair, determined by

(d, a).

In this way for every possible choice of m and α, we obtain the (m,α)-family

Fm,α = {(Q = Qd,a, Q
′ = Q′

d,a)}(d,a)∈I×R+

that is the collection of all (m,α)-pairs of quadrilaterals determined by all the
possible choice of (d, a) in I × R

+. By construction, each pair o quadrilaterals
have three sides and two angle pairwise congruent.

As our aim is just to find an example, in order to simplify the computations and
to avoid formal complications, we will assume thatm = 3, α = 135◦, thus we will
focus our attention on the family of pairs F3,135◦ .
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By construction, we have that the “pieces” of Q = Qd,a e Q′ = Q′
d,a can be

considered as functions depending on d ∈ [3/
√
2, 3
√
2] and a positive real num-

ber a. We will call these functions as associated functions to the family F3,135◦ .
Elementary geometry shows that:

c(d) =
√

32 + d2 − 2d 3 cos 45◦. (1)

Arguing on the triangle (C,D,A) we have 32 = c(d)2+d2−2dc(d) cos(δ(d))

δ(d) = arccos

(
c(d)2 + d2 − 32

2d c(d)

)
. (2)

b(a) =
√
a2 + 32. (3)

Let now u(d, a) and v(d, a) be the coordinates of D′. Easy geometric consider-
ations (see Figure 4) yield

u(d, a) = −c(d)
√
2/2 + b(a) cos(α+ δ − 180◦); and

v(d, a) = c(d)
√
2/2 + b(a) sin(α+ δ − 180◦); (4)

d′(d, a) =
√
(u(d, a)− a)2 + v(d, a)2. (5)

Moreover, arguing on the triangle (A,B,D′), we have AD′2 = a2 + d′2 −
2ad′ cos(α′), so that:

α′(d, a) = D′Â′B′ = arccos

(
a2 + d′(d, a)2 − u(d, a)2 − v(d, a)2

2a d′(d, a)

)
, (6)

β(d, a) = arctan(h/a), (7)

γ(d, a) = 360◦ − 135◦ − β(d, a)− δ(d). (8)

Here we highlight that each of the above function associated to the family
F3,135◦ is continuous.

We conclude this section with some remarks:

Remark 1. In the above construction we may think to fix d, and move a as variable.
In this case, we may note that:

i) If a is close to 0, then γ(d, a) is acute and α′(d, a) = D′B̂A is obtuse.
Indeed, as b > c, then one can check that D′ lies in the I quadrant.

ii) If a is enough large, then γ(d, a) is obtuse. Precisely, if we put a = m =

CA, then β = 45◦, BĈA = 45◦. Moreover, as c < d we have DĈA >
45◦. Therefore, γ(d, a) is obtuse.

We also remark that when we fix d, as we will see, it is not trivial to establish
the monotony of the functions α′(d, a), δ′(d, a), γ(d, a), and d′(d, a). On the other
hand an investigation by dynamic software tools can give useful suggestions in this
direction.
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Figure 4. Geometric considerations to determine analytically the ‘associated
functions’ to the family F3,135◦ .

3. The use of software for finding the approximation of the solution

In this section, we will study some properties related to the associated functions.
As first step, we fix d, and in order to select pairs of quadrilaterals belonging to
F3,135◦ with all the angles pairwise congruent, we will investigate how much is
the difference between the angles γ(d, a) and α′(d, a) of the pairs (Qd,a, Q

′
d,a).

Therefore, we draw the graphics of the following functions:

Gd : a ∈ R
+ → α′(d, a)− γ(d, a) (9)

Figure 5. Some graphics related to Gd.
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Looking at the Figure 5, we may think that for every d = 2.6, . . . 3.1, thatGd has
a zero in g(d) (we also note that g(d) seems univocally determined), and therefore
the angles γ(d, g(d)) and α′(d, g(d)) of (Qd,g(d), Q

′
d,g(d)) coincides. For these

reasons (see also section 4) we will call g as angular synchronization function.

In this way we can ‘determine’ many pairs of quadrilaterals - (Qd,g(d), Q
′
d,g(d))

- with seven elements (three sides and four angles) pairwise congruent.

Now, the problem is:
Is there among them one with all pieces pairwise congruent? or equivalently
Does there exist d such that d = d′(d, g(d))? In other term:
P): Can we determine d such that (Qd,g(d), Q

′
d,(d)

) are congruent-like?

In order to reduce the interval in which to find a such d, we combine the func-
tions {Gd} with the functions that describes the difference between d′(d, a) and d,
whenever d is fixed:

Hd(a) : a ∈ R→ d′(d, a)− d. (10)

Figure 6. Some graphics related to Hd.

Clearly both Gd and Hd are continuous functions of the variable a.

We note that, if we consider small values of d, for example if we put d = 2.9 ∈
[3/
√
2, 3
√
2], then Hd(a) > 0, ∀a ∈ (0, 2). It follows that ∀a ∈ (0, 2) the side

A′D′ = d′(2.9, a) of Q′
2.9,a is greater than the side AD = d of Q2.9,a.

Let h(d) such that Hd(h(d)) = 0, then d = d′(d, h(d)); but here it is not to say
that the quadrilaterals (Qd,h(d), Q

′
d,h(d)) are congruent-like. On the other hand if

we find d such that g(d) = h(d), then Gd(g(d)) = Hd(h(d)) = 0, d = d′(d, g(d),
so that the quadrilaterals (Qd,g(d), Q

′
d,(d)

) are congruent like.

Remark 2. By comparing the graphics of {Gd} and {Hd} (see Figure 7) we see
that a possible value d such that g(d) = h(d) lies in U = (2.93, 2.97). Looking
at the Figures 7 and 5, we also note that if d runs in U , then g(d) < 2. For these
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Figure 7. The intersection K between G2.95 and H2.95 and the intersection H
between G2.93 and H2.93 are farer from the x-axis than the intersection between
G2.94 and H2.94. Therefore, d is closer to 2.94 and g(d) is about 1.37.

reasons we will restrict our investigation to pairs {(Qd,a, Q′
d,a)}(d,a)∈U×V , where

V := (0, 2).

Remark 3. If we refine the above graphics by using reduced scale, we may deter-
mine more and more precise values for d (see Figure 8 on the left), which allow to
detect better approximations of other pairs of quadrilaterals we are looking for (see
for example Figure 8 on the right).

Figure 8. Using a large scale, we can establish that d is about 2.94218 and
it follows that g(d) � 1.37155. Note that Q = (A,B,C,D) and Q′ =
(A′, B′, C′, D′) are not congruent, but have 5 pieces (three sides and two an-
gles) pairwise congruent by construction. Moreover it is also AD � A′D′,
γ � α′ and β � δ′ .

Even if these ‘qualitative’ consideration do not prove the existence of d, they
will be crucial in order to study the associated functions in suitable intervals. In
the next sections, in order to prove the main theorem, we will formalize analytically
the behavior of the associated functions.
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4. The analytic study of the associated functions to pairs of F3,135◦

In this section we will study some properties related to the associated functions
to pairs of F3,135◦ . In particular, we will prove that ∀d ∈ [2.93, 2.97] the function

Gd : (0, 2]→ α′(d, a)− γ(d, a)
strictly increases, and has a zero.

This will permit to define analytically the angular synchronization function (that
we have already mentioned at the beginning of section 3) as:

g : d ∈ (2.93, 2.97)→ g(d) ∈ (0, 2),

where g(d) is the unique real number such that Gd(g(d)) = 0.

The proof of the following Lemma is immediate.

Lemma 2. Let (A,L,M) a triangle. On the line trough A and L let consider a
segment AS > AL and then consider an angle σ > λ such that σ+α < 180◦ (see
Figure 9). Then the side s of σ intersects the line trough A and M in a point, say
N , such that LM < SN and MA < NA.

Figure 9. Inequalities between triangles.

The following two Lemmas give universal - that is ∀d ∈ [2.93, 2.97] - inequali-
ties referred to γ(d, a), α′(d, a), δ′(d, a) when a = 2. We highlight that the proofs
will use both analytic and syntethic arguments.

Lemma 3. Let a = 2. Then ∀d ∈ [2.93, 2.97] we have α′(d, 2) > δ′(d, 2).

Figure 10. Note that the vertices F , C′ e D′ and D depend on d. Two extreme
cases are related to pair (Q2.93,2,Q′

2.93,2) and pair (Q2.97,2,Q′
2.97,2).
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Proof. 1) If d1 = 2.93 (see Figure 10 on the left), then consideringQ′
d1,2

we have:
3.925 < Fd1C

′
d1

and 5.188 < Fd1A, and in particular

Fd1B = Fd1A+ a < 5.2 + 2 < 3.925 +
√
13 ≤ Fd1C ′

d1 + b = Fd1D
′
d1 .

2) If d2 = 2.97 (see Figure 10 on the right), then considering Q′
d2,2

we have:
4.101 < Fd2C

′
d2
� 4.102 < 4.103 and Fd2A � 5.386, so that

Fd2B = Fd2A+ a < 5.387 + 2 < 4.101 +
√
13 ≤ Fd2C ′

d2 + b = Fd2D
′
d2 .

In both the cases (i = 1, 2), looking at the triangle (Fdi , D
′
di
, A′), the side

FdiD
′
di

is greater than FdiB, so that the same relation holds for the opposite angles,
that is α′(di, 2) > δ′(di, 2).

Let now d ∈ (2.93, 2.97). Clearly δ(d1, 2) > δ(d, 2) > δ(2.97, 2), and c(2.93) <
c(d, 2) < c(2.97). Then, if we consider the triangles (C ′

d1
, A, Fd1), (C

′
d, A, Fd)

and (C ′
d2
, A, Fd2), by Lemma 2 we have the following inequalities:

3.925 < Fd1C
′
d1 < FdC

′
d < Fd2C

′
d2 � 4.102 < 4.103 and

5.188 < Fd1A � 5.1885 < FdA < Fd2A � 5.386 < 5.387.

It follows that FdAd − FdC ′
d < 5.387− 3.925 = 1.462 < b− a√9 + 4− 2 =

b− a.
Finally, looking at the triangle (Fd, D′

d, B) we have FdB = FdAd+a < FdC
′
d+

b = FdD
′
d, so that α′(d, 2) > δ′(d, 2). �

Lemma 4. Let a = 2. Then ∀d ∈ [2.93, 2.97] the angle γ(d, 2) is obtuse and
α′(d, 2) is acute.

Proof. Clearly, whenever we fix a ∈ (0, 2], the function γa : d ∈ [2.93, 2.97] →
γ(d, a) increases. On the other hand, a computation yields 99.55◦ < γ(2.93, 2), so
that

∀d ∈ (2.93, 2.97) we have 99.55◦ < γ(2.93, 2) < γ(d, 2),

and the first part of the statement holds.

To show that α′(d, 2) is acute we will bound all the associated functions that
occur to determine it. Using Equation 6 we have:

α′(d, 2) = D′Â′B′ = arccos

(
22 + d′(d, 2)2 − u(d, 2)2 − v(d, 2)2

2 · 2 d′(d, 2)
)
. (11)

We make the following preliminary remarks:

1) The associated function c(d) (see Equation 1) increases -This can be checked
by synthetic geometric way-.

2) By hypothesis b =
√
AC2 + 22 =

√
13 is fixed.

3)The following inequalities can be obtained by a direct computation by using
Equations 1 – 8.
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d = 2.97
68.195◦ < δ(2.97, 2) < 68.196◦
84.328◦ < α′(2.97, 2) < 84.329◦
100.495◦ < γ(2.97, 2) < 100.496◦

and

d = 2.93
69.132◦ < δ(2.93, 2) < 69.133◦
84.161◦ < α′(2.93, 2) < 84.162◦
99.557◦ < γ(2.93, 2) < 99.558◦.

(12)
In particular α′(d, 2) is acute when d = 2.93 or d = 2.97.

Let now 2.93 < d < 2.97. In the next four steps we will bound the functions
c(d), u(d, 2), v(d, 2) and d′(d, 2):

• We have just highlighted that c(d) is an increasing function in (2.93, 2.97),
thus by Equation 1 we have the following bound in (2.93, 2.97):

√
32 + 2.932 − 2 · 2.93 ·

√
2/2 ≤ c(d) ≤

√
32 + 2.972 − 2 · 2.97 ·

√
2/2

⇐⇒
√
5.15396 = 2.27 ≤ c(d) ≤

√
5.2202 = 2.2848. (13)

• To bound u(d, 2) in (2.93, 2.97), we recall that (see Equation 4)

u(d, a) = −c(d)
√
2/2 + b(a) cos(δ(d)− 45◦).

As (2.93, 2.97) ⊂ (3/
√
2, 3), we have that δ(d) lies in (45◦, 90◦), ∀d ∈

(2.93, 2.97) (see Figure 4). In particular 0◦ < δ(d)− 45◦ < 45◦.

We have noted that c(d) is an increasing function in (2.93, 2.97), while
the cosine function is decreasing in (0◦, 90◦). Thus, by Relations (12) we
have the following bounds for u(d, 2):

− c(2.97)
√
2/2 +

√
13 cos(69.133◦ − 45◦) ≤ u(d, 2)

≤ −c(2.93)
√
2/2 +

√
13 cos(68.195◦ − 45◦) (14)

⇐⇒ − 2.2848
√
2/2 +

√
13 cos(24.133◦) ≤ u(d, 2)

≤ −2.27
√
2/2 +

√
13 cos(23.195◦)

⇐⇒ 1.6748 ≤ u(d, 2) ≤ 1.7089.

• Similarly, taking into account that the sine function is increasing in ( 0◦, 90◦)
we can bound v(d, 2). Indeed by Equation 4 we have

v(d, 2) = c(d)
√
2/2 + b(a) sin(α+ δ(d)− π),

so that

c(2.93)
√
2/2 +

√
13 sin(23.195◦) ≤ v(d, 2)

≤ c(2.97)
√
2/2 +

√
13 sin(24.133◦) (15)

⇐⇒ 3.0252 ≤ v(d, 2) ≤ 3.0897. (16)
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• To bound d′(d, 2) in (2.93, 2.97) we can use Equation 5:

d′(d, 2) =
√
((u(d, 2)− 2)2 + v(d, 2)2. (17)

By Equation 14, 1.6748 ≤ u(d, 2) ≤ 1.7089, then (1.7089 − 2)2 <
(u(d, 2)− 2)2 < (1.6748− 2)2, and by relation 15 we have the following
bound:

3.03917 <
√
9.23658 < d′(d, 2) <

√
9.65201 < 3.1067.

Now we show that α′(d, 2) is acute. Looking at relation 11, we note that the
value “4 d′(d, 2)′′ is always a positive real number, so that it suffices to show that
the numerator inside the argument of the trigonometric function arccos is positive.
Thus we have to show that

22 + d′(d, 2)2 ≥ u(d, 2)2 + v(d, 2)2.

By relations 14, 15, and 17 we have the following inequalities ∀d ∈ (2.93, 2.97):

u(d, 2)2 + v(d, 2)2 < 1.70892 + 3.08972 = 12.4665

≤ 13.2365 ≤ 42 + 3.039172

≤ 22 + d′(d, 2)2.

The lemma is proved. �
We also need the following elementary properties, that in particular holds for

rectangular triangles.

Lemma 5. Let (A,B,C) a triangle, and let (A,B1, C) a triangle as in Figure 11.
Then CB − CB1 < BB1.

Figure 11. If BA > B1A and BA − B1A = ε, then the hypotenuse of the
smaller triangle AB1C is shorter than the hypotenuse of the triangle ABC;
moreover their difference b− b1 is less than ε.

Proof. It is enough to apply the triangle inequality to the triangle (B,B1, C). �
Now we are in a position to show that ∀d ∈ (2.93, 2.97) the function

Gd|(0, 2] : a ∈ (0, 2]→ α′(d, a)− γ(d, a)
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strictly decreases ( see also Definition 9 and Figure 6). Indeed the next Proposition
shows that when we fix d ∈ (2.93, 2.97), if a decreases, then α′(d, a) increases;
while γ(d, a) and δ′(d, a) decreases.

Proposition 6. Let d ∈ [2.93, 2.97], and let AB1 and AB be segments whose
length respectively a1 and a, are such that a1 < a ≤ 2. Then the following rela-
tions referred to angles of Q′

d,AB = (A′, B′, C ′, D′), Q′
d,AB1

= (A′, B′
1, C

′, D′
1),

Qd,AB = (A,B,C,D) and Qd,AB1 = (A,B1, C,D) hold (see Figure 12).

(i) γ = γ(d, a) = DĈB > γ1 = γ(d, a1) = DĈB1.
(ii) α′ = α′(d, a) = D′Â′B′ < α′

1 = α′(d, a1) = D′
1B̂1B

′.
(iii) δ′ = δ′(d, a) > δ′1 = δ′(d, a1).

In particular Gd|(0, 2] : a ∈ (0, 2]→ α′(d, a)− γ(d, a) strictly decreases.

Figure 12. The monotony of the functions γ(d, a), α′(d, a) and δ′(d, a), where
d is fixed in [2.93, 2.97].

Proof. (i) This condition follows by elementary geometry. If a < a1 then γ > γ1
(look at the Figure 12).

(ii) In order to show this condition we suppose first that a = AB = 2. By
Lemma 5 the length b − b1 of D′D′

1 is less than A′A′
1. Put V the intersection be-

tween the parallel line to A′D′ trough D′
1 and AB, and put X the intersection be-

tweenD′A′ with the parallel line toAB troughD′
1. It turns out that (V,A′, X,D′

1)
is a parallelogram.

Note that V lies on the left of A′. By Lemma 3 we have α′(d, 2) > δ′(d, 2) =
C ′D̂′A′, therefore looking at the triangle (D′, D′

1, X) we have that D′
1X = BV is

less than D′
1D

′.
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By contradiction suppose that V doesn’t belong to A′A′
1 ( that is ‘V lies on the

left of A′
1’) we have A′V = D′

1X > A′A′
1 > D′D′

1, and this is a contradiction.

Therefore V belongs to the segmentB1B, and the external angle α′
1 = D′

1B̂1B
′

is larger than α′ = D′
1V B1.

Let now AB < 2, and put z = 2 e z1 := AB. The first part of the proof
shows in particular that α′(d, z1) > α′(d, z) > δ′(d, z) > δ′(d, z1). This consider-
ation yields that for every a ≤ 2 the inequality α′(d, a) > δ′(d, a)- which extends
Lemma 3 to every a ∈ (0, 2] - holds. Then it is possible to run over the argument
that we have used above. This complete the proof of (ii).

To show the condition (iii), it is enough to remember that by construction the
quadrilaterals Q′

d,AB and Q′
d,AB1

have a common angle of magnitude 135◦, and
another one of magnitude δ(d, a). Thus the condition is proved applying (ii).

�
Remark 4. We highlight that the monotony of Gd is not guaranteed all over R+.

Proposition 7. Let d ∈ (2.93, 2.97). Then there exists (exactly one) real number
g(d) ∈ (0, 2) such that the angle γ(d, g(d)) of Qd,g(d) and the angle α′(d, g(d)) di
Q′
d,g(d) coincides. In particular Gd(g(d)) = 0, for every d ∈ (2.93, 2.97).

Proof. For every d ∈ (2.93, 2.97), we have seen (Remark 1) that if a is enough
small, then γ(d, a) is less than α′(d, a); moreover we have proved (Lemma 4) that
if a = 2 then γ(d, a) > 90◦ > α′(d, 2).

It follows that for every d ∈ (2.93, 2.97), the function

Gd|(0,2] : a ∈ (0, 2]→ α′(d, 2)− γ(d, a) ∈ R,

assumes both positive and negative values, so that, it has a zero in (0, 2). Moreover
by Proposition 6 Gd has only one zero. �

Remark 5. In virtue of Proposition 7 we can define

g : d ∈ (2.93, 2.97)→ g(d) ∈ (0, 2), such that Gd(g(d)) = 0.

According to Section 3, this function shows the exact value a = g(d), for which
we have the ‘synchronization’ of all the angles of pairs of quadrilaterals of the type
(Qd,a,Q′

d,a) that have the same first parameter d. In fact, for every d ∈ (2.93, 2.97)

we have that Qd,g(d) and Q′
d,g(d) have all the angles pairwise congruent. We may

call such pairs almost congruent quadrilateral, extending a terminology used for
triangles (see [3][1, section 2] for definition and recent results connected them).

In order to show that g is a continuous function, we point out some considera-
tions.

Let f be the following function of two variables defined in an open interval of
R
2. Precisely:

f : (d, a) ∈ (2.93, 2.97)× (0, 2)→ Gd(a) = α′(d, a)− γ(d, a) ∈ R
+.
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Clearly, f is a continuous function in the variables d and a (see Equations 1–6).
By Proposition 7, we can read the function g implicitly defined by the equation

f(d, g(d)) = 0, but it is not easy to study the partial derived functions
∂f

∂d
and

∂f

∂a
.

Lemma 8. The function g is continuous.

Proof. To show that g is a continuous function, we will fix a whichever element
x ∈ U := (2.93, 2.97), and will prove that ∀ε > 0 there exists δ > 0 such that if
|x− x| < δ, x ∈ U , then |g(x)− g(x)| < ε.

For every x ∈ U , the function fx : y → f(x, y) coincides with Gx, so that it is
decreasing by Proposition 6; moreover f(x, g(x)) = 0.

Now, let x ∈ U and ε > 0 such that (x, g(x)− ε) and (x, g(x) + ε) belongs to
the dominio of f - (2.93, 2.97)× (0, 2), then:

f(x, g(x) + ε) < 0 < f(x, g(x)− ε).
It follows by the continuity of f (respect to x) and by sign permanence theorem,

that there exists δ > 0 such that

f(x, g(x) + ε) < 0 < f(x, g(x)− ε), ∀|x− x| < δ, x ∈ U.
As f(x, g(x)) = 0 and fx(x, y) is a strictly decreasing function, it follows that

g(x)− ε < g(x) < g(x) + ε, ∀|x− x| < δ, x ∈ U.
The proof is complete. �

5. The main theorem

Before showing the final theorem we need two technical results that give the
approximations of g(d) and d′(d, g(d) for some values d close to the extremes 2.93
and 2.97 of their domain. They are obtained by computations. For completeness
we will give the whole proofs.

Lemma 9. Put d1 = 2.9300001. Then a1 = 1.3787 < g(d1) < a2 = 1.3794.
Moreover, 2.95528 < d′(d1, g(d1) < 2.95544. In particular d1 < d′(d1, g(d1).

Proof. The following relations can be obtain directly by computing γ(d1, a1) and
α′(d1, a1) using the Formulas 6, 8.

90.5506◦ < γ(d1, a1) � 90.55065◦ < 90.5507◦
90.5630◦ < α′(d1, a1) � 90.5631◦ < 90.5632◦

and
90.5601◦ < γ(d1, a2) � 90.56011◦ < 90.5602◦
90.5558◦ < α′(d1, a2) � 90.55588◦ < 90.5559◦

By Proposition 6, the continuous functions γ(d1, a) and α′(d1, a) are respec-
tively (strictly) increasing and decreasing, then we have the synchronization of
(Qd1,a,Q′

d1,a
) when a lies in (1.3787, 1.3794). Therefore

1.3787 < g(d1) < 1.3794. (18)
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We will show now the second part of the Lemma. Looking at the equations 1
and 2 we see that c(d) and δ(d) do not depend on a. Computing c(d1) and δ(d1)
we have the following bounds.

2.27023 < c(d1) � 2.270234 < 2.27024
69.1323◦ < δ(d1) � 69.13239◦ < 69.1324◦ . (19)

Clearly, the function b(a) =
√
a2 + 32 is strictly increasing (see 3), thus by Equa-

tion 18 we have

3.301638 <
√
9 + 1.37872 < b(g(d1)) <

√
9 + 1.37942 < 3.30192 (20)

By Equation 4 the coordinates of D′ ∈ Q′
d1,g(d1)

are

u(d1, g(d1)) = −c(d1)
√
2/2 + b(g(d1)) cos(δ(d1)− 45◦), and

v(d1, g(d1)) = c(d1)
√
2/2 + b(g(d1)) sin(δ(d1)− 45◦).

We can bound them using the inequalities 19 and 20:

− 2.27024
√
2/2 + 3.301638 cos(24.1324◦)

< u(d1, g(d1)) < −2.27023
√
2/2 + 3.30192 cos(24.1323◦), (21)

thus,
1.4077 < u(d1, g(d1)) < 1.4081.

2.27023
√
2/2 + 3.301638 sin(24.1323◦)

< v(d1, g(d1)) < 2.27024
√
2/2 + 3.30192 sin(24.1324◦), (22)

thus,
2.95515 < v(d1, g(d1)) < 2.9553.

Now we can bound d′(d1, g(d1)) =
√
(u(d1, g(d1))− g(d1))2 + v(d1, g(d1))2.

For let, we will consider the minimum (resp. the maximum ) difference between
u(d1, g(d1)) and g(d1), and the minimum (resp. the maximum) of the bound for
v(d1, g(d1)) obtained above (precisely 18, 21 and 22). We have:√
(1.4077− 1.3794)2 + 2.955152 < d′(d1, g(d1)) <

√
(1.4081− 1.3787)2 + 2.95532.

Then
2.95528 < d′(d1, g(d1)) < 2.95544.

�

Lemma 10. Let d2 = 2.9699999. Then a1 = 1.3538 < g(d2) < a2 = 1.3541.
Moreover,

2.9124404 < d′(d2, g(d2) < 2.912513.

In particular d2 > d′(d2, g(d2).
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Proof. We will proceed as in the above Lemma. So that as first step we will com-
pute γ(d2, a1) and α′(d2, a1) using the Formulas 6, 8:

91.0929◦ < γ(d2, a1) � 91.093◦ < 91.0931◦
91.0995◦ < α′(d2, a1) � 91.09956◦ < 91.0996◦

and
90.5601◦ < γ(d2, a2) � 90.56011◦ < 90.5602◦
91.0958◦ < α′(d2, a2) � 91.09587◦ < 91.0959◦

By Proposition 6, the continuous functions γ(d2, a) and α′(d2, a) are respec-
tively (strictly) increasing and decreasing, then we have the synchronization of
(Qd2,a,Q′

d2,a
) when a lies in (1.3538, 1.3541). Therefore

1.3538 < g(d2) < 1.3541. (23)

We will show now the second part of the Lemma. Looking at the equations 1
and 2 we see that c(d) and δ(d) do not depend on a. Computing c(d2) and δ(d2)
we have the following bounds.

2.28478 < c(d2) � 2.28479 < 2.2848
68.19505◦ < δ(d2) � 68.19506◦ < 68.19507◦ . (24)

Now using the Equation 23, and taking into account that b(d) is an increasing
function, we have

3.2913 <
√
9 + 1.35382 � 3.291318

< b(g(d2)) <
√
9 + 1.35412 � 3.291441 < 3.2915. (25)

By Equations 4 and 5 the coordinates of D′ ∈ Q′
d2,g(d2)

are

u(d2, g(d2)) = −c(d2)
√
2/2 + b(g(d2)) cos(δ(d2)− 45◦) and

v(d2, g(d2)) = c(d2)
√
2/2 + b(g(d2)) sin(δ(d2)− 45◦).

We can bound them using the inequalities (24) and (25):

− 2.2848
√
2/2 +

√
9 + 1.35382 cos(23.19507◦)

< u(d, g(d)) < −2.28478
√
2/2 +

√
9 + 1.35412 cos(23.19505◦), (26)

thus
1.409681 < u(d2, g(d2)) < 1.40981;

2.28478
√
2/2 +

√
9 + 1.35382 sin(23.19505◦)

< v(d2, g(d2)) < 2.2848
√
2/2 +

√
9 + 1.35412 sin(23.19507◦) (27)

thus
2.91191 < v(d2, g(d2)) < 2.911974.
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Now we can give a bound for
d′(d2, g(d)) =

√
(u(d2, g(d2))− g(d2))2 + v(d2, g(d2))2.

For let, we will consider the minimum (resp. the maximum) difference between
u(d2, g(d2)) and g(d2), and the minimum (resp. the maximum) of the bound for
v(d2, g(d2)) obtained above (precisely 23, 26 and 27). We have:

√
(1.409681− 1.3541)2 + 2.911912

< d′(d2, g(d)) <
√
(1.40981− 1.3538)2 + 2.9119742. (28)

Then
2.9124404 < d′(d2, g(d)) < 2.912513.

�

Theorem 11. There exist d ∈ (2.93, 2.97) and a ∈ (0, 2) such that (Qd,a,Q′
d,a

) ∈
F3,135◦ is a pair of congruent-like quadrilaterals that are not congruent.

Proof. Put U = (2.93, 2.97) and V = (0, 2). By Lemma 8 and by Relation 5 we
have that:

g : d ∈ U → g(d) ∈ V, and

d′ : (d, a) ∈ U × V → d′(d, a) ∈ R

are continuous functions. It follows that

k : d ∈ U → d′(d, g(d)) ∈ R, and

l : d ∈ U → k(d)− d ∈ R

are likewise continuous functions.

On the other hand by Lemmas 9 and 10, we have that there are two real numbers
d1 and d2 such that:

d1 < k(d1) and d2 > k(d2).

It follows that l has a zero, and hence there exists d such that

k(d) = d = d′(d, g(d)). (29)

Now if we put a = g(d), then the quadrilateralsQd,g(d) eQ′
d,g(d)

have all angles

pairwise congruent, and also the sides AD e A′D′ are congruent (the other three
sides are congruent by construction), thus they are congruent-like quadrilaterals.

Finally, if we put Qd,g(d) = (A,B,C,D) and Q′
d,g(d)

= (A′, B′, C ′, D′), then

AB = a < 2 < CD < 2.93 < DA < 2.97 < 3 (see Equation 13 and Theorem
11). On the other hand trivial geometric consideration yields: 3 < CB. In particu-
lar the sides of maximum size inQd,g(d), areBC andDA, that are not consecutive.
On the other hand by construction BC = C ′D′ and by Equation 29 DA = D′A′,
thus the sides of maximum size in Q′

d,g(d)
are consecutive. Therefore Qd,g(d) and

Q′
d,g(d)

are not congruent. The proof is complete. �
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6. Conclusion

Congruence theorems for quadrilaterals (and more generally for polygons) could
appear to be a difficult topic for many learners. The reasons for such difficulties
relate to the complexities in learning to analyze the attributes of different quadrilat-
erals and to distinguish between critical and non-critical aspects (see [2] and [10]).
We highlight that this kind of studies requires logical deduction, together with suit-
able interactions among concepts - of different areas of Mathematics - images and
a certain skill in software computing.

We conclude by noting that the technique presented in section 2, is available
also to define other pairs of congruent-like quadrilaterals that are not congruent,
and hence the existence of other pairs (of congruent-like quadrilaterals that are not
congruent) can be claimed. Finally we observe that Theorem 11 states the existence
of pairs of non congruent quadrilaterals with all pieces pairwise congruent. Thus
arise the following open questions:

1) Is it possible to characterize all pairs of quadrilaterals of such type?
2) Is it possible to find by elementary geometry (synthetic) a pair of non congruent
quadrilaterals with all pieces pairwise congruent?
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A Remarkable Theorem on Eight Circles

Gábor Gévay

Abstract. For i = 1, . . . , 6, consider a closed chain of circles {Γi} such that ev-
ery two consecutive members Γi and Γi+1 meet in the points (Ai, Bi), with in-
dices modulo 6. We require that both sextuples (A1, . . . , A6) and (B1, . . . , B6)
are cyclic. We prove the theorem that the three lines connecting the centers of
the opposite circles of the chain concur. In the rest of the paper we present a
slightly more general version of this theorem.

1. Introduction

We start from the following extension of Miquel’s Six-Circles Theorem, which
was given and proven in [9] (it is also mentioned in [10]).

Theorem 1 ([9]). Let Γa and Γb be two circles. Let n > 2 be an even number, and
take the points A1, . . . , An on Γa, and B1, . . . , Bn on Γb, such that each quadru-
ple (A1, B1, A2, B2), . . . , (An−1, Bn−1, An, Bn) is cyclic. Then the quadruple
(An, Bn, A1, B1) is also cyclic.

Note that this is an extension, indeed, since for n = 4 it returns Miquel’s classi-
cal theorem. In the subsequent case, n = 6, the following remarkable concurrency
occurs.

Theorem 2 (Szilassi). For i = 1, . . . , 6, consider a closed chain of circles Γi

in the plane such that two consecutive circles Γi and Γi+1 intersect in the points
(Ai, Bi) (with indices modulo 6). Denote the center of the ith circle of this chain
byKi. Suppose that the sextuple (A1, . . . , A6) lies on a circle Γa, and likewise, the
sextuple (B1, . . . , B6) lies on a circle Γb different from Γa. Then the lines K1K4,
K2K5 and K3K6 concur.

This theorem was found by Lajos Szilassi when experimenting with the octuple
of circles corresponding to Theorem 1 (cf. Figure 1). He communicated it to the
author, but has given no proof [14]. In Section 2 we shall prove it. Section 3
is devoted to the background of this theorem, and in conclusion, we formulate a
slightly generalized and extended version of it.

We note that there is a seemingly related theorem, due to Dao Thanh Oai, proved
in several different ways [6, 2, 7]. It bears a formal resemblance to our theorem,
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Figure 1. Illustration of Theorem 2 (drawn by Szilassi)

since it states the concurrence of lines connecting the opposite centers of a closed
chain of six circles, like in our case (but with a different condition on these circles).
Furthermore, a whole set of problems related to this theorem is posed in [8]. A
careful scrutiny may reveal a closer connection between this theorem and ours;
however, it is beyond the scope of this paper.

2. Proof of Theorem 2

In our proof, we shall use stereographic projection as well as duality in projec-
tive 3-space; so, to set the stage for this, we consider the following embeddings:

E
2 ∪ {∞} ⊂ E

2 ∪ {�∞} ⊂ E
3 ∪ {π∞}. (1)

In words, we use the Euclidean plane completed with the (unique) point at infinity,
as the model of the inversive plane; it is embedded in the projective plane, whose
model is the Euclidean plane completed with the line at infinity. This latter, in turn,
is embedded in (actually, a restriction of) the projective 3-space, whose model is
the Euclidean 3-space completed with the plane at infinity.

For the stereographic projection, we use the standard unit sphere S2, whose north
pole N is the center of the projection, and the image plane is the tangent plane at
the south pole S (for other details, see e.g. [4, 11, 13]). We also use an extension
of this projection, from the same center and onto the same image plane, but with
the whole projective 3-space as domain [13].

The dual transformation that we need is realized by polar reciprocity, whose
reference sphere coincides with S

2; in what follows, our term “duality” always
refers to this reciprocity. Recall that in this case the dual of a point P is a plane
P ∗ that passes through a point P ′ and is perpendicular to the radial line OP ; here
the point P ′ is the inverse of P , i.e. it lies on the ray from O to P at a distance
d(O,P ′) = d(O,P )−1.
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The following statement is proved in [11], § 36.

Lemma 3 (Hilbert, Cohn-Vossen). Let Γ′ be an arbitrary circle lying on the sphere
and not passing through N . The planes tangent to the sphere at the points of Γ′
envelop a circular cone, whose vertex we denote by V . Since Γ′ does not pass
through N , NV is not tangent to the sphere at N , and is therefore not parallel to
the image plane; let M be the point at which NV intersects the image plane. The
curve Γ that is the image of Γ′ is a circle with M as center.

Let (P,Q,R, S) be a cyclic quadruple of points lying on the sphere. Since it is
cyclic, all the four points lie within a plane, which we denote by π(P,Q,R, S). On
the other hand, we denote by V (P,Q,R, S) the vertex of the cone determined by
the circumcircle of these points in the way described in the previous lemma. The
following observation is a simple application of duality.

Proposition 4. π(P,Q,R, S) and V (P,Q,R, S) are duals of each other.

This implies, again by duality:

Proposition 5. For two distinct cyclic quadruples of points (P1, Q1, R1, S1) and
(P2, Q2, R2, S2) lying on the sphere, consider the line connecting V (P1, Q1, R1, S1)
and V (P2, Q2, R2, S2). The dual of this line is the line of intersection of the planes
π(P1, Q1, R1, S1) and π(P2, Q2, R2, S2).

The following observation is implicit in the discussion of bundles of circles in [13]
(but it can easily be seen as well).

Proposition 6. Let Γ′
1 and Γ′

2 be two circles lying on the sphere, whose stereo-
graphic image are Γ1 and Γ2, respectively. The line of intersection of the planes of
Γ′
1 and Γ′

2 projects from N precisely onto the radical line of Γ1 and Γ2.

Note that this observation includes the case, too, when Γ′
1 and Γ′

2 are concentric;
in this case the corresponding radical line coincides with the line at infinity.

The following lemma follows directly from Propositions 4 and 5, by a further
application of duality.

Lemma 7. Consider the following six quadruples of points lying on the sphere:
(P1, Q1, R1, S1), . . . , (P6, Q6, R6, S6). For the point V (Pi, Qi, Ri, Si) and plane
π(Pi, Qi, Ri, Si) (i = 1, . . . , 6) we use here the simplified notation Vi and πi,
respectively. Furthermore, we denote by �14, �25, �36 the line connecting the pairs
of points (V1, V4), (V2, V5), (V3, V6), respectively. Likewise, we denote by �∗14,
�∗25, �∗36 the line of intersection of the pairs of planes (π1, π4), (π2, π5) (π3, π6),
respectively. Then, the lines �14, �25, �36 are concurrent if and only if the lines
�∗14, �∗25, �∗36 lie within a common plane.

Lemma 8. Let Γ1, Γ2, Γ4, Γ5 be circles in the plane such that they are images
under stereographic projection of the circles Γ′

1, Γ
′
2, Γ

′
4, Γ

′
5, respectively, on the

sphere. Suppose that the following conditions hold:

(1) Γ1 and Γ2 intersect in the points A1, B1;
(2) Γ4 and Γ5 intersect in the points A4, B4;
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(3) the points A1, B1, A4, B4 form a cyclic quadruple.

Denote by �14 the line of intersection of the planes π(Γ′
1) and π(Γ′

4), and by �25 the
line of intersection of the planes π(Γ′

2) and π(Γ′
5) (where π(Γ′

i) denotes the plane
of the circle Γ′

i, i = 1, 2, 4, 5). The lines �14 and �25 meet in a common point.

Proof. Condition (1) implies that the radical line of Γ1 and Γ2 is A1B1. Hence
we see by Proposition 6 that the planes π(Γ′

1) and π(Γ′
2) intersect in a line which

meets the sphere of the stereographic projection in two points (actually, in the
inverse image of A1 and B1). Denote this line by �12. Similarly, by Condition (2)
we have a line, denoted by �45, which is the line of intersection of the planes π(Γ′

4)
and π(Γ′

5) .
Consider Condition (3). By the same reasoning as before, it implies that �12

and �45 lie within a common plane (this plane is precisely π(A1, B1, A4, B4); cf.
Figure 2). Hence �12 and �45 meet in a common point (recall that the plane in
question is a projective plane, on account of (1)). This point is a common point
of the planes π(Γ′

1), π(Γ
′
2), π(Γ

′
4) and π(Γ′

5). Thus it is the common point of the
lines �14 and �25, too. �

Figure 2. Arrangement of circles in Lemma 8

Lemma 9. Consider the arrangement of points and circles given in Theorem 2.
Each of the quadruples of points (A1, B1, A4, B4), (A2, B2, A5, B5), (A3, B3, A6, B6)
is cyclic.

Proof. Observe that the triple of circles Γ2, Γ3, Γ4 closes to a four-membered chain
through the circumcircle of the quadruple (A1, B1, A4, B4) such that these four cir-
cles, together with Γa and Γb, form a configuration corresponding to Miquel’s clas-
sical six-circles theorem (cf. Figure 3). This means that Miquel’s theorem implies
the statement in this case. The other two cases can be verified analogously. �

Now we are ready to prove our theorem.

Proof of Theorem 2. Consider the following lines: �14 = π(Γ′
1) ∩ π(Γ′

4), �25 =
π(Γ′

2) ∩ π(Γ′
5), �36 = π(Γ′

3) ∩ π(Γ′
6) (these lines exist, since we are in projective

space). By Lemma 9, the quadruple (A1, B1, A4, B4) is cyclic. Thus the conditions
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Figure 3. Completing the six-membered chain with three new circles

of Lemma 8 are fulfilled, hence the lines �14 and �25 meet in a common point (cf.
Figures 2 and 3). By the same reasoning we obtain that each two of the lines �14,
�25 and �36 have a common point. This means that they lie within the same plane.
Denote their dual by �∗14, �∗25, and �∗36, respectively. By Lemma 7, these latter three
lines connect the pairs of points (V1, V4), (V2, V5) and (V3, V6), respectively, and
are concurrent. By Lemma 3, they project to the lines K1K4, K2K5 and K3K6,
respectively. Thus it follows that those are also concurrent. �

3. Generalization and extension

The circumcircles of the quadruples (A1, B1, A4, B4), (A2, B2, A5, B5) and
(A3, B3, A6, B6) play an important role in our proof. In this section we explore
what is this role. To simplify the reference, we introduce the following notation:
we denote by C(P,Q,R, S) the circumcircle of a quadruple of points (P,Q,R, S).
Furthermore, we denote the circles in question as follows:

Γ′′
3 = C(A1, B1, A4, B4), Γ′′

1 = C(A2, B2, A5, B5), Γ′′
2 = C(A3, B3, A6, B6).

Remark 10. (a) Observe that the role of the Miquel type condition of Theorem 2
(i.e. the existence of the circumcircles Γa and Γb) is merely to ensure the existence
of the circles Γ′′

1 , Γ′′
2 and Γ′′

3 (cf. the proof Lemma 9). Consequently, in our theorem
the former condition can be replaced by the latter, weaker condition. Thus, with
this weaker condition, we obtain a slightly more general version of the theorem.

(b) The weaker condition provides the possibility to extend the conclusion of
the theorem, too. Namely, it turns out that not only one concurrence occurs. This
will be formulated in Theorem 15 below.

To this end, first we change our former notation for the circles of the six-
membered chain in Theorem 2 as follows: Γ1,Γ3,Γ5 will be denoted by Γ1,Γ2,Γ3,
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and Γ2,Γ4,Γ6 will be denoted Γ′
3,Γ

′
1,Γ

′
2 respectively. Also, the centers will be de-

noted by Ki and K ′
i, with indices according to the new notation of the circles.

With these new notations, observe that we have three triples of circles whose
mutual relationship can be characterized as follows:

Γ′′
1 = C((Γ2 ∩ Γ′

3) ∪ (Γ3 ∩ Γ′
2));

Γ′′
2 = C((Γ3 ∩ Γ′

1) ∪ (Γ1 ∩ Γ′
3)); (2)

Γ′′
3 = C((Γ1 ∩ Γ′

2) ∪ (Γ2 ∩ Γ′
1)).

Recall that the centers of circles sharing a common chord lie on the perpendicu-
lar bisector of this chord. Hence, the centers of the circles in (2) can be grouped in
triples given by the following relations:

K ′′
1 = K2K

′
3 ∩K3K

′
2; K ′′

2 = K3K
′
1 ∩K1K

′
3; K ′′

3 = K1K
′
2 ∩K2K

′
1, (3)

where K ′′
i denotes the center of the circle Γ′′

i (i = 1, 2, 3).
Observe the formal analogy of relations (2) and (3). Using the term cross trian-

gle introduced by van Lamoen [12], relations (3) can be formulated as follows:

Proposition 11. Triangle K ′′
1K

′′
2K

′′
3 is the cross triangle of triangles K1K2K3

and K ′
1K

′
2K

′
3.

These relationships are illustrated in Figure 4. The following property can easily
be checked.

Proposition 12. Both triples of relations (2) and (3) are invariant under the fol-
lowing cyclic permutation: X �→ X ′ �→ X ′′ �→ X , where X stands for the circles
in relations (2) as well as for the corresponding centers in (3).

As a consequence, Proposition 11 can be formulated in the following seemingly
stronger, but in fact equivalent version.

Proposition 11′. Any of the triangles K1K2K3, K ′
1K

′
2K

′
3, K

′′
1K

′′
2K

′′
3 is the cross

triangle of the other two triangles.

We apply the following theorem of van Lamoen [12]:

Theorem 13 (van Lamoen). Let ABC, A′B′C ′ and A′′B′′C ′′ be three triangles
such that A′′B′′C ′′ is the cross triangle of ABC and A′B′C ′. Suppose that ABC
and A′B′C ′ are centrally perspective. Then ABC and A′′B′′C ′′ are centrally
perspective, and likewise, A′B′C ′ and A′′B′′C ′′ are also centrally perspective.
Moreover, the three perspectors are collinear.

Note that here any two perspectivities imply the third, on account of Proposi-
tion 12. Observe that the three triangles in this theorem determine a configuration
of type (124, 163) which consists of

• the nine vertices of the triangles;
• the three perspectors;
• the six lines determining the cross triangle relationship;
• the nine projecting lines meeting by threes at the three perspectors;
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Figure 4. The desmic system of nine circles

• the line connecting these perspectors.

It is called the desmic configuration, and the triangles are called the desmic mates
of each other [5]. This is a famous configuration which goes back to the work of
Hesse and Salmon in the 19th century [3]. Moreover, as one can check in Figure 5,
it is isomorphic with the Reye configuration (cf. [11], § 22). This latter, in turn,
relates it with the celebrated desmic tetrahedra of Stephanos [1] (hence the term
which we are using here).

Figure 5. The desmic configuration of type (124, 163). (A combinatorial cube
is indicated showing the isomorphism with the Reye configuration)

Definition 14. For i = 1, 2, 3, let Γi, Γ′
i, Γ

′′
i be nine circles which satisfy the

relations (2) above such that each of the intersections Γi ∩ Γ′
j (i �= j) consists
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of precisely two points. Suppose, furthermore, that the centers Ki, K ′
i, K

′′
i of

these circles are the vertices of triangles K1K2K3, K ′
1K

′
2K

′
3, K

′′
1K

′′
2K

′′
3 which

are desmic mates of each other. Then we call these circles a desmic system of nine
circles.

Using this definition, and taking into consideration Remark 10a as well as The-
orem 13, we obtain the following slightly more general version of Theorem 2.

Theorem 15. For i = 1, . . . , 6, consider a closed chain of circles {Γi} such that
every two consecutive members Γi and Γi+1 meet in the points (Ai, Bi), with
indices modulo 6. Suppose that this chain can be completed with three circles
which are circumscribed on the quadruples (A1, B1, B4, A4), (A2, B2, B5, A5)
and (A1, B1, B6, A6). Then these nine circles form a desmic system.
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An Analogue to Pappus Chain theorem
with Division by Zero

Hiroshi Okumura

Abstract. Considering a line passing through the centers of two circles in a
Pappus chain, we give a theorem analogue to Pappus chain theorem.

1. Introduction

Let α, β and γ be circles with diameters BC, CA and AB, respectively for a
point C on the segment AB (see Figure 1). Pappus chain theorem says: if {α =
δ0, δ1, δ2, · · · } is a chain of circles whose members touch the circles β and γ, the
distance between the center of the circle δn and the lineAB equals 2nrn, where rn
is the radius of δn. In this article we show that if we consider a line passing through
the centers of two circles in the chain instead of AB, a similar theorem still holds
including the case in which the two circles are symmetric in the line AB.

Figure 1.

2. Results

Let a and b be the radii of the circles α and β, respectively. We use a rectangular
coordinate system with origin C such that A and B have coordinates (−2b, 0) and
(2a, 0), respectively. Let {ε1, ε2, ε3} = {α, β, γ}. We consider the chain of circles
C = {· · · , δ−2, δ−1, ε1 = δ0, δ1, δ2, · · · } whose members touch the circles ε2 and
ε3, where we assume that δi lies on the region y > 0 if i > 0 (see Figure 2).

If ε1 = α, the chain is explicitly denoted by Cα. The chains Cβ and Cγ are
defined similarly. Let c = a + b and let (xn, yn) and rn be the coordinates of
the center and the radius of the circle δn. Pappus chain theorem also holds for the
chains Cβ and Cγ , i.e., we have yn = 2nrn, and xn and rn are given in Table 1
[3, 4].
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Figure 2: Cγ, ε1 = γ, {ε2, ε3} = {α, β}

Chain xn rn

Cα −2b+ bc(b+ c)

n2a2 + bc

abc

n2a2 + bc

Cβ 2a− ca(c+ a)

n2b2 + ca

abc

n2b2 + ca

Cγ ab(b− a)
n2c2 − ab

abc

n2c2 − ab
Table 1: yn = 2nrn

Let li,j (i �= j) be the line passing through the centers of the circles δi and δj for
δi, δj ∈ C. It is expressed by the equations⎧⎨

⎩
2(bc− a2ij)x+ a(b+ c)(i+ j)y − 2b(2a2ij − c(b− c)) = 0,
2(ca− b2ij)x− b(c+ a)(i+ j)y + 2a(2b2ij + c(c− a)) = 0,
2(ab+ c2ij)x+ c(a− b)(i+ j)y − 2ab(a− b) = 0

(1)

for Cα, Cβ , Cγ , respectively.
Let Hi,j(n) be the point of intersection of the lines x = xn and li,j with y-

coordinate hi,j(n). Let di,j(n) = hi,j(n) − yn, i.e., di,j(n) is the signed distance
between the center of δn and Hi,j(n). The following theorem is an analogue to
Pappus chain theorem. It is also a generalization of [1] (see Figure 3).

Theorem 1. If i+ j �= 0, then di,j(n) = fi,j(n)rn holds, where

fi,j(n) =
2(n− i)(n− j)

i+ j
= 2

(
n2

i+ j
− n+

ij

i+ j

)
. (2)
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Proof. We consider the chain Cα. By Table 1 and (1), we get

hi,j(n) =
2(n2 + ij)abc

(i+ j)(n2a2 + bc)
= 2

(n2 + ij)

(i+ j)
rn.

Therefore

di,j(n) = hi,j(n)− yn = 2
(n2 + ij)

(i+ j)
rn − 2nrn =

2(n− i)(n− j)
i+ j

rn.

The rest of the theorem can be proved in a similar way. �

Figure 3: Cβ, {i, j} = {0, 1}, n = 2

Corollary 2. If i = 0 in Theorem 1, the following statements hold.
(i) If j = ±1, di,j(n) = ±2n(n∓ 1)rn.
(ii) If j = ±2, di,j(n) = ±n(n∓ 2)rn.

Corollary 3. di,j(n)− di,j(−n) = −4nrn for any integers i, j, n with i �= ±j.
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3. The case i+ j = 0

We consider Theorem 1 in the case i+ j = 0 under the definition of division by
zero: z/0 = 0 for any real number z [2]. In this case the line li,j is perpendicular
to AB. Since i+ j = 0 implies fi,j(n) = −2n by (2), we get the same conclusion
as to Pappus chain theorem for li,j .

Theorem 4. If i+ j = 0, d(n) = −2nrn holds.

Since two parallel lines meet in the origin [5], Hi,j(n) coincides with the origin,
if i + j = 0, i.e., hi,j(n) = 0. Hence Theorem 4 can also be derived from this
fact with Pappus chain theorem. The theorem shows that the distances from the
center of the circle δn to the two lines AB and x = xi are the same for any integer
i. This is one of the unexpected phenomena for perpendicular lines derived from
the definition of the division by zero. For another such example see [6]. Since
Theorem 1 can be stated even in the case i+ j = 0, we get :

Theorem 5. di,j(n) = fi,j(n)rn holds for any integers i, j, n, where i �= j.

Now Corollary 3 also holds even in the case i+ j = 0.

Corollary 6. di,j(n)− di,j(−n) = −4nrn for any integers i, j, n with i �= j.

4. Conclusion

The recent definition, z/0 = 0 for a real number z, yields several unexpected
phenomena, which are especially significant for perpendicular lines. In this paper
we get one more such result in section 3, for which we are still looking for a suitable
interpretation.
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Polygons on the Sides of an Octagon

Rogério César dos Santos

Abstract. Van Aubel’s theorem has some interesting generalizations. Some
were dealt with by Krishna (2018a and 2018b). In this article, we intend, en-
couraged by the works cited, to prove a new generalization of Van Aubel’s the-
orem, which consists of the construction of a parallelogram from an octagon
surrounded by regular n-sided polygons.

The present article will demonstrate the following result about octagons, driven
by the results of Krishna [1, 2].

A6

A7

A8

A1

A2

A3

A4

A5

B82

B12

B11

B22

B21

C11

C12

C21

C22

D1

D2

E1

Figure 1

Theorem 1. Take a random octagon O : A1A2 · · ·A8, either convex or concave.
Having fixed an integer n ≥ 3, consider the eight regular polygons of n sides
constructed externally on the sides of O. Denote the sixteen sides of the eight
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polygons that have the common vertex Aj with the octagon, j = 1, . . . , 8, by
A1B82, A1B11, A2B12, A2B21, . . . , A8B72, and A8B81, as illustrated in Figure
1. Denote the midpoints of these sides by C11, C12, C21, C22, . . . , C81, and C82,
respectively. The figure shows only three of the regular polygons so that the image
is not overloaded.

A6
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A8

A1
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A3

A4

A5

B82
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C61 D6

C71

C72

D7

C82

C81

D8

E3
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E5

E6

E7

E8

I
J

L

K

Figure 2

Also consider the midpoints of the segments Cj1Cj2:

Dj =
Cj1 + Cj2

2
, j = 1, . . . , 8 (mod 8)

and the midpoints of DjDj+1:

Ej =
Dj +Dj+1

2
.
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.
Under these conditions, the midpoints of EjEj+4, j = 1, . . . , 8 (mod 8), de-

noted by I , J , K, and L, respectively, form a parallelogram, as shown in Figure
2.

Proof. Let us demonstrate by denoting the points I , J , K, and L as functions of
the complex numbers corresponding to the vertices of the octagon and the internal
angle of the polygon built on the side. Consider Aj = (xj , yj), j = 1, 2, . . . , 8
for each vertex of the octagon in the Cartesian Plane. Denote the complex number
corresponding to each Aj by aj = xj + iyj , where i2 = −1. Similarly, denote
the complex numbers corresponding to the points Bj , Cj , Dj , and Ej by bj , cj ,
dj and ej , respectively. Take Mj as the midpoint of the segment AjAj+1, so that
mj =

aj+aj+1

2 is the complex number corresponding to Mj .

Considering Â = ̂B11A1A2 the internal angle of each of the eight regular poly-
gons. Then, through the hypotheses, we can conclude that c12 − a1 is equal to the
complex number resulting from the rotation of m1−a1 by Â degrees counterclock-
wise. Namely,

c12 − a1 = (m1 − a1)(cos Â+ i sin Â).

From now on let us denote cis(Â) = cos Â+ i sin Â. Then,

c12 = a1 + (m1 − a1)cis(Â).

The complex number c11 − a1 is equal to the complex number resulting from the
rotation of m8 − a1 by Â degrees clockwise, or 360◦ − Â counterclockwise, that
is,

c11 − a1 = (m8 − a1)cis(360
◦ − Â)

=⇒ c11 − a1 = (m8 − a1)(cos(360
◦ − Â) + i sin(360◦ − Â))

= (m8 − a1)(cos Â− i sin Â)

= (m8 − a1)(cos(−Â) + i sin(−Â))
= (m8 − a1)cis(−Â)

=⇒ c11 = a1 + (m8 − a1)cis(−Â).
Therefore, we can find

d1 =
c11 + c12

2

=
1

2

(
a1 + (m8 − a1)cis(−Â) + a1 + (m1 − a1)cis(Â)

)

= 1/2

(
a1 +

(
a8 + a1

2
− a1

)
cis(−Â) + a1 +

(
a1 + a2

2
− a1

)
cis(Â)

)

= 1/2

(
2a1 +

a8 − a1
2

cis(−Â) + a2 − a1
2

cis(Â)

)
.
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Similarly, we can find

d2 =
c21 + c22

2

=
1

2

(
2a2 +

a1 − a2
2

cis(−Â) + a3 − a2
2

cis(Â)

)
.

Then

e1 =
d1 + d2

2

=
1

4

(
2a1 +

a8 − a1
2

cis(−Â) + a2 − a1
2

cis(Â)

+2a2 +
a1 − a2

2
cis(−Â) +

a3 − a2
2

cis(Â)

)

=
1

4

(
2(a1 + a2) +

a8 − a2
2

cis(−Â) + a3 − a1
2

cis(Â)

)
.

Similarly, we obtain

e5 =
1

4

(
2(a5 + a6) +

a4 − a6
2

cis(−Â) + a7 − a5
2

cis(Â)

)
.

Thus,

I =
e1 + e5

2

=
1

8

(
2(a1 + a2 + a5 + a6) +

a8 + a4 − a2 − a6
2

cis(−Â)

+
a3 + a7 − a1 − a5

2
cis(Â)

)
.

Similarly, we can obtain:

J =
e2 + e6

2

=
1

8

(
2(a2 + a3 + a6 + a7) +

a1 + a5 − a3 − a7
2

cis(−Â)

+
a4 + a8 − a2 − a6

2
cis(Â)

)
,

K =
e3 + e7

2
1

8

(
2(a3 + a4 + a7 + a8) +

a2 + a6 − a4 − a8
2

cis(−Â)

+
a5 + a1 − a3 − a7

2
cis(Â)

)
,
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and

L =
e4 + e8

2

=
1

8

(
2(a4 + a5 + a8 + a1) +

a3 + a7 − a5 − a1
2

cis(−Â)

+
a6 + a2 − a4 − a8

2
cis(Â)

)
.

Anyway, let us calculate

|J −K| = 1

8

∣∣∣ 2(a2 + a6 − a4 − a8)

+
a1 − a2 − a3 + a4 + a5 − a6 − a7 + a8

2
cis(−Â)

+
−a1 − a2 + a3 + a4 − a5 − a6 + a7 + a8

2
cis(Â)

∣∣∣∣ .
Remembering that

I =
1

8

(
2(a1 + a2 + a5 + a6) +

a8 + a4 − a2 − a6
2

cis(−Â)

+
a3 + a7 − a1 − a5

2
cis(Â)

)

and

L =
1

8

(
2(a4 + a5 + a8 + a1) +

a3 + a7 − a5 − a1
2

cis(−Â)

+
a6 + a2 − a4 − a8

2
cis(Â)

)
,

we have:

|I − L| = 1

8

∣∣∣ 2(a2 + a6 − a4 − a8)

+
a1 − a2 − a3 + a4 + a5 − a6 − a7 + a8

2
cis(−Â)

+
−a1 − a2 + a3 + a4 − a5 − a6 + a7 + a8

2
cis(Â)

∣∣∣∣
= |J −K|.

In an analogous way, it is possible to prove that

|K − L| = |J − I|.
This concludes the demonstration. �
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The Love for the Three Conics

Stefan Liebscher and Dierck-E. Liebscher

Abstract. Neville’s theorem of the three focus-sharing conics finds a simplifi-
cation and a new outreach in the context of projective geometry.

1. Introduction

In Euclidean geometry, let three points in the plane serve as three pairs of foci for
three conics. The three pairs of conics define three lines through their intersections,
and the three lines are concurrent, they pass a common point [4, 9, 10].

shared foci
diagonal points
quadrangle of Neville points

Figure 1. Three focus-sharing conics in Cayley-Klein geometries.

This theorem has found devotees and different proofs in Euclidean geometry [2,
3, 12]. It may be expanded to non-Euclidean geometries (Fig. 1) where it allows a
generalising formulation in projective terms [7].

From the perspective of projective geometry, foci are defined for pairs of con-
ics [11]. They are the vertices of the quadrilateral of common tangents and come in
three pairs, which define the three diagonals of the quadrilateral [8]. Linear com-
bination of the two conics yields the pencil of conics tangent to all four sides of the
quadrilateral.

For a single conic, it is the metric-generating absolute conic of Cayley-Klein
geometries which may serve as the second conic to define foci in the usual sense.
This is the case in the Neville problem. Confocal conics conventionally form the
pencil defined by two foci and the absolute conic in the background. Pencils exist
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quadrangle of common points
absolute conic, eventually
asymptotes, eventually
completing the edges of the quadrangle

The pencil can be seen as determined by
the four common points, or as generated by
two conics with their four intersections. Se-
lecting any of the conics as absolute conic
(strong-line ellipse), the pencil is deter-
mined by any other conic, in particular the
singular conic given by a pair of focal lines.

Figure 2. Pencil of conics
through four common points.

F
1

F
2

The dual pencil can be seen as determined
by the four common tangents, or as gener-
ated by two conics with their four common
tangents. Selecting any of the conics as ab-
solute conic (strong-line ellipse), the pencil
is determined by any other conic, in particu-
lar the singular conic given by a pair of foci.
The plane contains points where two conics
of the dual pencil intersect, and points which
meet none of the conics.

Figure 3. Dual pencil of
conics with four common
tangents.

for each pair of the three focus-sharing conics, too. It is the consideration of these
pencils which admits the short and snappy proofs (see ch. 9 in [7]).

2. Pairs of conics

To explore the relation between two conics, we consider the generated pencils of
conics. Figure 2 shows the pencil with the four intersection points fixed. It contains
three singular elements: the three pairs of common chords. Figure 3 shows the
dual pencil with the four common tangents fixed. It also contains three singular
elements: the three pairs of foci. To emphasize their duality, we call the common
chords also focal lines. Whichever focus we choose, it determines two directrices,
which intersect in a diagonal point common to both the quadrilateral of tangents
and the quadrangle of common points (Fig. 4). This diagonal point carries one of
the three pairs of focal lines (i.e. common chords), see Prop. 1 below.

For Neville’s problem, we start with three points (Fig. 5). For any two of them
we choose a conic for which the two points are a pair of foci with respect to the
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absolute conic. Any two of the conics share just one focus with one crossing of di-
rectrices and one singular conic consisting of a pair of common chords. We obtain
such a pair of common chords for each of the three pairs of conics. The condition
that the shared foci are also foci with respect to the absolute conic imposes lin-
ear dependence, and the common chords are the edges of a quadrangle of points in
which the common chords intersect. This turns out to be simple algebra, and yields
the desired proofs in section 3 below.

We use homogeneous coordinates and write “∼” to denote equality up to a
nonzero scalar factor. Conics can be represented by pairs [c,C] of symmetric
matrices. They provide a linear map of points onto lines: Q �→ cQ, the polar of Q,
and its dual, a linear map of lines onto points, g �→ Cg, the pole of g. The pair of
both maps is also called polarity. The peripheral points of a conic are the zeros of
the quadratic form, PTcP = 0, its tangents are the zeros of the dual, tTCt = 0.

For regular conics, the two matrices C and c are reciprocal, Cc ∼ 1. Singular
conics satisfy Cc = 0 = cC. If one of c,C has at least rank 2, the other one is (a
scalar multiple of) its adjoint (or transpose cofactor) matrix.

For c of rank 2, we can write c = ghT + hgT. This yields a singular conic
consisting of two distinct lines g, h of peripheral points with a pencil of tangents
trough the double point g × h. For C of rank 2, we can write C = PQT + QPT

and find a singular conic consisting of a (double) line P × Q of peripheral points
through the concurrency centers P,Q of the two pencils of tangents.

For two distinct regular conics [k1,K1], [k2,K2], the pencil P[k1,k2] is given
by the linear combinations {α1k1 + α2k2} (Fig. 2), the dual pencil P̃[K1,K2] by
{β1K1 + β2K2} (Fig. 3).

The pencil is uniquely determined by its quadrangle of common points,
P = P[Q1, . . . , Q4]. Its singular elements are the pairs of opposite chords, i.e. the
pairs of opposite edges of the quadrangle Q1, . . . , Q4 of common points, pairs
which intersect in the diagonal points of the quadrangle. We note that for regular
real conics the singular elements are real even in the case of only complex inter-
sections of the conics.

Analogously, the dual pencil is uniquely determined by the quadrilateral of com-
mon tangents, P̃ = P̃[t1, . . . , t4]. Its singular elements are the diagonal lines of
the quadrilateral with tangent pencils in the vertices of the quadrilateral. The six
intersections of the tangents ti, the vertices of the quadrilateral, are the common
foci of the dual pencil P̃ .

Proposition 1. For any pair of conics, the triangle given by the diagonal points of
the quadrangle of common points coincides with the triangle given by the diagonal
lines of the quadrilateral of common tangents. This diagonal triangle is also self-
polar: Each diagonal point is the pole of the opposite diagonal line with respect to
all conics of the two pencils.

Proof. See Fig. 4 and Thm. 7.6 of [7]. �

In other words: given a pair of conics, the diagonals of the tangent quadrilateral
meet in the three intersection points of opposite common chords.
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quadrangle of common points
focal lines
diagonal points
diagonals

quadrilateral of common tangents
foci
diagonals
diagonal points

Two conics have 4 common tangents and 4 common points. On the left, part of the
pencil with the common points is shown, with the six chords (focal lines) and the three
diagonal points. On the right, part of the pencil with the common tangents is shown,
with the six intersections (foci) and the three diagonal lines. The diagonal triangles
coincide.

Figure 4. Two pencils for a pair of conics with their coinciding diagonal triangles.

3. Three focus-sharing conics

In Neville’s problem, three conics Kk, k = 1, 2, 3 share three foci Fk, k =
1, 2, 3 with respect to the absolute conic C. The pair [Fl, Fm] belongs to Kk

(k, l,m cyclically), and Fk is focus in the pairs [Kl,Km], [Kl,C], and [Km,C].
The pair [Kl,Km] itself has six foci (again in three pairs). Fk is one of them,

and its adjoint partner on the diagonal passing Fk will be denoted by F ∗
k . The line

dk ∼ Fk×F ∗
k is a diagonal line of the quadrilateral of tangents common to Kl and

Km. The opposite diagonal point Dk can be represented as pole of dk to both of
the conics, Dk ∼ Kldk ∼ Kmdk, and the four polars klFk,kmFk,klF

∗
k ,kmF

∗
k

are incident with Dk.

Dk ∼ Kldk ∼ Kmdk ∼ klFk × kmFk ∼ klF
∗
k × kmF

∗
k . (1)

The focus Fk has a directrix (its polar) with both Kl and Km, and the intersection
of the two directrices is the diagonal point Dk (Fig. 5).

We now use the identity of the diagonal triangles, Prop. 1. The diagonal point
Dk is incident with two opposite chords of the pencil P(kl,km). They form one
of the singular elements of this pencil, nk. We can write

nk ∼ (DT
k klDk) km − (DT

k kmDk) kl. (2)

After substituting one Dk by Kldk, the other by Kmdk, we obtain

nk ∼ (dTkKmklKldk) km−(dTkKlkmKmdk) kl ∼ (dTkKmdk) km−(dTkKldk) kl
(3)
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shared foci
3 of 12 intersetions of directrices
quadrangle of chord intersections
strong lines: chords
weak lines: directrices
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shared foci
3 of 12 intersections of directrices
quadrangle of chord intersections
weak lines: directrices
strong lines: chords

In the case of three ellipses, (at least) three of the common chords pass through com-
plex intersection points. Nevertheless all six common chords are real and represent the
edges of a quadrangle. In the case of three hyperbolas, we have chosen the eccentric-
ities large enough to obtain only real intersections of the conics and real chords. For
clearness, both drawings show an euclidean setting, for the general setting, see Fig. 1.

Figure 5. Three focus-sharing conics with the quadrangles of Neville centers.

This is a singular conic consisting of two lines, i.e. a pair of common chords, and
a double point, the diagonal point Dk. For each pair[Kl,Km] of the three conics,
we obtain such a singular conic consisting of that pair of opposite common chords
which intersect in the diagonal point Dk.

Proposition 2. The three singular conics nk are linear dependent. Therefore, the
common chords represented in these singular conics are the six sides of a quad-
rangle (Fig. 5).

Proof. The conics Km are elements of the dual pencils generated by C and the
singular conics FkFT

l + FlF
T
k . We fix representatives to remove the ambiguity of

arbitrary nonzero scalar factors and write

Km = ωmC+ λm(FkF
T
l + FlF

T
k ). (4)

Since the diagonal dm is incident with Fm, we obtain

(dTkKmdk) = ωm(d
T
kCdk). (5)

Equation (3) now yields nlm = ωmkm − ωlkl (again choosing a suitable repre-
sentative to remove the nonzero coefficient dTkCdk) and linear dependency n12 +
n23 + n31 = 0 emerges. �

Starting with the absolute conic C, we can reformulate Prop.2.

Corollary 3. Given a conic with three pairs of tangents defining three intersec-
tions. Given one representative of each dual pencil generated by two of the three
pairs of tangents. Then, the three intersections have two polars each (w.r.t. the
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The figure shows three conics Km outside
the absolute conic C in order to get real lines
and points. The points Fm are the shared
foci. The points F ∗

m are opposite to the foci
Fm in the quadrilateral of tangents common
to Kk and Kl. They are incident on a line.

Figure 6. Three focus-
sharing conics with their
collinear adjoint foci.

conics of the associated dual pencils). These polars intersect in points which carry
two common chords. The six common chords are edges of a quadrangle.

We turn again to the adjoint foci. A pair [Kl,Km] defines six foci. They yield
three diagonals which define a pairing of the foci, and the [Fk, F

∗
k ] is such a pair.

The focus Fk is the intersection of two tangents common to [Kl,Km], and F ∗
k is

the intersection of the two other common tangents. The focus Fk is a focus of the
pair [C,Kl] and of the pair [C,Km] as well. The focus adjoint to Fk in the pair
[Kl,Km] is F ∗

k , in the pair [C,Kl] it is Fm, and in the pair [C,Km] it is Fl.
The following proposition was proven by Bogdanov [3] in the Euclidean case.

Its generalization in Cayley-Klein geometries also generalizes the dual theorem to
the four-conics-theorem (see Fig. 17 in [5]).

Proposition 4. The three adjoint foci of the three focus-sharing conics are collinear.
The six foci Fk, F ∗

k , i = 1 . . . 3, are the vertices of a quadrilateral (Fig. 6).

Proof. We refer again to the singular members of dual pencils. The singular el-
ements of the dual pencil Klm = αKl + βKm are given by the diagonal points
itself:

Nk = (dTkKldk)Km − (dTkKmdk)Kl. (6)

We take (5) and obtain ∑
k∈{1,2,3}

ωk(d
T
l Cdl)(d

T
mCdm)Nk = 0. (7)

The three singular conics (all are pairs FkF ∗
k of foci) are linear dependent, i.e. the

foci Fk, F ∗
k , k = 1, 2, 3 are the vertices of a complete quadrilateral, the three

adjoint foci F ∗
k are collinear. �

4. The limit of the Neville points

Any point can be found as a Neville point, if it is reached by the three pencils
of conics generated by the three pairs of foci with the absolute conic. In particular,
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Given three shared foci and three ellipses,
one adds the six directrices first. We choose
one of the two triangles contained in the con-
vex hexagon (d13, d21, d32) to establish tri-
linear coordinates ξk.
The distance of foci (2fi) is found in the dis-
tance of the directrices (2κi = 2fi/ε

2
i ), so

that intersections of two ellipses are given
by comparing the distances from the focus
(e.g. F1) with the distances from the direc-
trices (ξ2 and 2κ3−ξ3 for the common chord
of K2 and K3).

Figure 7. Three focus-
sharing ellipses on the
Euclidean plane.

any point in the inner part of the triangle can be the intersection of three ellipses of
the set.

There is one particular point among the Neville centers. It is the limit for col-
lapsing ellipses, for the singular members of the three dual pencils P̃[Km,C].
This limit is given by ωm → 0 in eq. (4). We start with the Euclidean picture of
Neville’s proof (Fig 7). The triangle of foci is augmented with the six directrices.
We identify two triangles of three directrices each. They are congruent and similar
to the triangle of foci. We use distances (ξ1, ξ2, ξ3) to the sides of one of them
(d13, d21, d32). After the calculation, [ξ1 : ξ2 : ξ3] can be reinterpreted as trilinear
coordinates. We denote the eccentricity of the conic Kk by εk, the distances of the
foci by 2fk, and the distance of the directrices by 2κk = 2fk/ε

2
k. The common

chords of the three ellipses are

ε1ξ1 = ε2(2κ2 − ξ2), ε2ξ2 = ε3(2κ3 − ξ3), ε3ξ3 = ε1(2κ1 − ξ1), (8)

We obtain the intersection

ξS1 = κ1 + ε−1
1 (κ2ε2 − κ3ε3),

ξS2 = κ2 + ε−1
2 (κ3ε3 − κ1ε1),

ξS3 = κ3 + ε−1
3 (κ1ε1 − κ2ε2). (9)

The limit of collapsing ellipses is simply given by eccentricities equal one. In
this case, the equations (8) for the chords reduce to the equations for the angular
bisectors of the directrices. The common chords become the angular bisectors of
the triangle [D1, D2, D3] approaching the focus triangle, too. The intersection of
the chords approaches the incenter for eccentricities equal one.

We shall show, using the singular elements of pencils of conics, that in the gen-
eral Cayley-Klein geometry, the limit of the intersection again approaches the in-
center. More specifically, we shall show that the limit of the common chord of two
conics sharing a focus is the angular bisector. We show the proof for the case of a
regular absolute conic.
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The shared foci are Fk, Fl of [Km,C], the diagonal points Dm ∼ kkFm ×
klFm ∼ Kkdm ∼ Kldm. The focal lines (i.e. the common chords) are the lines of
the singular elements nm ∼ (DT

mklDm)kk− (DT
mkkDm)kl. As we are interested

in the limit ωm → 0, we fix λm = 1 in (4) and express the dual conics as

Km = ωmC+ FkF
T
l + FlF

T
k . (10)

Proposition 5. Given the dual conics (10). Then the the singular conics nm, given
by (3), of the pencils P(kk,kl) are formed by the angular bisectors

wm ∼ ((Fm × Fk)TC(Fm × Fk))(Fm × Fl)(Fm × Fl)T
−((Fm × Fl)TC(Fm × Fl))(Fm × Fk)(Fm × Fk)T, (11)

i.e. nm ∼ wm.

Proof. Step 1: km as inverse of Km with suitable scaling. We normalize Fk such
that γk := FT

k cFk = ±1 and write pk := cFk, δm := FT
k cFl = FT

k pl = FT
l pk.

The coefficient ωm in (10) is determined now. The limit of eccentricity 1 means
ωm → 0 here. The adjoint km to Km is found as

km = ωmK
−1
m = c+

1

(μ2m − γkγl)
(γlpkp

T
k+γkplp

T
l )−

μm
(μ2m − γkγl)

(plp
T
k+pkp

T
l )

(12)
with μm = ωm + δm.

Step 2: Singular conics nm of common chords. We use (3) and (5) from the
proof of Prop. 2 to find

nm ∼ kk − kl. (13)

Step 3: km in the limit of eccentricity 1. We fix

k̃m = (Fk × Fl)(Fk × Fl)T (14)

as representation of the singular conic given by the line through the foci Fk, Fl.
Equation (12) yields

FT
k kmFk =

γk(μm − δm)2
μ2m − γkγl

, FT
l kmFl the same,

and finally

FT
k kmFl =

(μm − δm)(μmδm − γkγl)
μ2m − γkγl

.

In the limit ωm → 0, that is μm → δm, these values vanish. Then both Fk and
Fl are incident with the (km)-polars of Fk and Fl. Consequently, the polar of any
point on Fk × Fl is this line itself:

lim
ωm→0

km ∼ k̃m (15)

Step 4: Comparing coefficients. At this point, we only have to check that the
coefficients of kk and kl in (13) fit the coefficients in (11):

lim
ω→0

(kk − kl)
?∼ ((Fm × Fk)TC(Fm × Fk))k̃k − ((Fm × Fl)TC(Fm × Fl))k̃l.
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foci of the pencil 2-3
foci of the pencil 3-1
foci of the pencil 1-2
3x2 diagonals
final quadrangle of intersections
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Each pair of foci generates a quadrilateral
of tangents to the absolute conic. There are
two other pairs of intersections, which are
connected by the other two diagonals of the
quadrilateral. These six diagonals are again
edges of a quadrangle: It is the quadrangle
of circumcenters of the focus triangle.

Figure 8. The quadrangle of
diagonals of the set of the
three pairs of foci.

Because of (15), it suffices to check one regular point. We chooseQ = C(Fk×Fl)
and obtain

QTk̃mQ = ((Fk × Fl)TQ)2, QTkmQ = (Fk × Fl)TQ
Therefore, indeed,

lim
ω→0

(kk − kl)

=
1

(Fm × Fl)TC(Fm × Fl) k̃k −
1

(Fm × Fk)TC(Fm × Fk) k̃l
∼ ((Fm × Fk)TC(Fm × Fk))k̃k − ((Fm × Fl)TC(Fm × Fl))k̃l.

The singular conic of the diagonals is the singular conic of the angular bisectors,
and the Neville center coincides with the incenter of the focus triangle. �

5. Trifles

In the Euclidean setup, eq. (8), we obtain an incenter for the Neville point also
in the case of equal eccentricities. The incenter is not that of the focus triangle, but
of the directrix hexagon.

In the limit of infinite eccentricity, the Neville point approaches the circumcenter
of the focus triangle. This circumcenter is one of the 60 Brianchon points of the
tangent hexagon, which is generated by the three foci. More general: To each pair
of foci belong two other pairs corresponding to the two other diagonals. These six
diagonals are again edges of a quadrangle (Fig. 8).

The trilinear coordinates of the incenter of the triangle [D1, D2, D3] relative to
the triangle [U1, U2, U3] in Fig. 7 are given by

N = [(a+ b− c) : (b+ c− a) : (c+ a− b)]. (16)

This seems to be a particular point [6] in the triangle [U1, U2, U3], but it comes in
32 different versions: The hexagon of directrices admits eight choices of directrix
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Dual to the focus-sharing conics we obtain intersections of common tangents in a
quadrilateral and connections of focal lines and their adjoints as edges of a quadrangle.

Figure 9. Three conics sharing focal lines.

triangles, and for each triangle a quadrangle of in- and excenters:

N = [(±a+ sγb− sβc) : (±b+ sαc− sγa) : (±c+ sβa− sαb)] (17)

with sα, sβ, sγ = ±1 and sαsβsγ = 1 for the quadrangle.
Since we calculate in projective spaces, the propositions of section 3 have dual

counterparts. Instead of foci as intersections of tangents common with a fourth
(absolute) conic, we consider the chords through intersections with this fourth (ab-
solute) conic. We also call them focal lines to emphasize this duality. In Neville’s
problem, three pairs of tangents to the absolute conic generated three dual pencils
from which three conics were taken. Now three pairs of points on the absolute
conic generate three pencils from which three conics can be taken. In Neville’s
problem, each pair of the three conics had four intersections and three pairs of
chords. Now each pair of three conics has four common tangents and three pairs
of foci. In each pair of conics, one pair of chords intersected in the intersection
of the polars of the shared focus. Now in each pair of conics, one pair of foci is
collinear with the poles of the shared focal lines. In Neville’s problem, the three
chosen pairs of chords were the edges of a quadrangle. Now the three chosen pairs
of foci are the vertices of a quadrilateral. This is the dual version of Prop. 2 (Fig. 9,
left).

Each pair of three conics sharing a focal line defines an adjoint line (the partner
in the pair to which the shared focal line belongs). Together with the shared focal
lines we obtain six lines which are found to be the edges of a complete quadrangle.
This is the dual version of Prop. 4 (Fig. 9, right), known in Euclidean notions as
the four-conics theorem [5].

We conclude with a general remark on the relation between Euclidean and non-
Euclidean constructions. Theorems about conics and lines only, without explicit
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Three circles (in the upper part non-
Euclidean, at left Euclidean) define three
quadrilaterals of common tangents (differ-
ing in line style and point style). Choosing a
vertex from two of these, some vertex of the
third will be collinear with the two. The non-
Euclidean view-point shows the connection
of otherwise isolated theorems.

Figure 10. Collinearity between quadrilaterals of common tangents.

reference to symmetry and perpendiculars, can be interpreted as theorems in non-
Euclidean geometry. Figure 6 is an example. One may state that if two common
tangents of each pair of three conics touch a fourth conic, then the remaining com-
mon tangents of each pair intersect in three collinear points [5]. This formulation is
purely Euclidean, but misses the non-Euclidean connection. In addition, Euclidean
theorems about lines and circles should be expected to find simple non-Euclidean
extensions by use of the non-Euclidean definitions of circles and perpendicular-
ity. Figure 10 shows the connection between Monge’s theorem, a dual three-conic
theorem cited in [1, 5], and a Pascal-line construction cited in [12].
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A Polynomial Approach to the “Bloom” of Thymaridas
and the Apollonius’ Circle

Gerasimos T. Soldatos

Abstract. A polynomial approach to the so-called “loom of Thymaridas” shows
that it holds when it obeys a relationship that defines a circle of Apollonius.

Consider the following system of N linear equations in N unknowns:

x+ x1 + x2 + · · ·+ xN−1 = C (1)

x+ x1 = C1

x+ x2 = C2

...

x+ xN−1 = CN−1.

According to the “bloom or flower” of Thymaridas of Paros (c. 400-c. 350B.C.),
the solution to this system is given by [1]:

x =
C1 + C2 + · · ·+ CN−1 − C

N − 2
. (2)

In what follows, we show that this solution holds only if the coefficients of
the quadratic polynomials whose roots enter the particular sums (x + xν), ν =
1, 2, . . . , N − 1, obey a relationship that defines an Apollonius’ circle as follows:

Let the left-hand side of (1) be an elementary symmetric function of degree 1 in
terms of the roots of polynomial

Π(x) = aNX
N + aN−1X

N−1 + · · ·+ a1X + a0

so that by Vieta’s formulas:

C = −aN−1

aN
. (3)

Also, let any of the sums x+ xν be the sum of the roots of quadratic polynomials
Q(X) = bν2X

2 + bν1X + bν0 so that:

Cν = −b
ν
1

bν2
. (4)
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Since x solves any two quadratic equations so that:

bν2x
2 + bν1x+ bν0 = 0 = bm2 x

2 + bm1 x+ bm0

one obtains that:

(bν2 − bm2 )x2 + (bν1 − bm1 )x+ (bν0 − bm0 ) = 0 (5)

where m = 1, 2, . . . , N − 1, m �= ν. Inserting (3) and (4) in (2), and the result in
(5), yields after some operations that:

(bν2 − bm2 )

[
−
N−1∑
ν=1

bν1
bν2
−
(
−aN−1

aN

)]2

+ (bν1 − bm1 )

[
−
N−1∑
ν=1

bν1
bν2
−
(
−aN−1

aN

)]
(N − 2)

+ (bν0 − bm0 )(N − 2)2

= 0. (6)

or, in shorthand notation:

B2(A− S)2 +B1S(N − 2) +B0(N − 2)2 = 0 (6′)

where:

B2 ≡ (bν2 − bm2 ), B1 ≡ (bν1 − bm1 ), B0 ≡ (bν0 − bm0 ),

A ≡ aN−1

aN
and S ≡

∑
ν

bν1
bν2
.

Treating (6′) as a quadratic equation in A:

B2A
2 + [B1(N − 2)− 2B2S]A+ [B2S

2 −B1(N − 2)S +B0(N − 2)2] = 0

which has to have a unique solution and hence, a zero discriminant, one obtains
after the necessary operations that:

A ≡ aN−1

aN
=

2B2S −B1(N − 2)

2B2
= S − (N − 2)

B1

2B2
(7)

and
B2

1 = 4B2B0. (8)

When (8) is inserted in (7):

A ≡ aN−1

aN
= S − (N − 2)

√
B0

B2
(7′)

Given now that (2) may be rewritten in shorthand notation as follows:

x =
A− S
N − 2

(2′)

inserting (7) in (2’), yields:

x =
S − (N − 2) B1

2B2
− S

N − 2
= − B1

2B2
≡ bm1 − bν1

2(bν2 − bm2 )
(9)
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or, inserting (7’) in (2):

x = −
√
B0

B2
≡
√
bm0 − bν0
bν2 − bm2

(9′)

The value of x has to be unique and hence, the ratio (8) or (8’) between any two
pairs of equations has to be the same. Geometrically, given any two points D and
F along a straight line, we have a constant ratio x of varying distances from these
points, distances like (bm1 − bν1) = PF and 2(bν2 − bm2 ) = PD, defining the set
of points P in Figure 1, that is an Apollonius’ circle centered at point O; and the
set of quadratic equations that satisfy (8) or (8’) is equal to the set of these points.
Thymaridas’ bloom holds only in this connection. And, when it does, one needs to
consider the coefficients of any two quadratic equations to have a value for x.

P

D

OF

Figure 1. Thymaridas’ bloom and Apollonius’ circle

In sum, the bloom of Thymaridas is one way to put the algebra of the circle of
Apollonius.
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