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Some Propertiesof Inversionsin Alpha Plane

Ozcan Gelisgen and Temel Ermis

Abstract. In this paper, the authors introduce inversion which is also valid in
the alpha plane geometry, and give some properties such as cross ratio, harmonic
conjugates with respect to inversion in the alpha plane geometry.

1. Introduction

If one wants to measure the distance between two points on a plane, then one
can use frequently Euclidean distance which is defined as the length of segment
between these points. Although it is the most popular distance function, it is not
practical when we measure the distance which we actually move in the real world.
So taxicab distance and Chinese checkers distance were introduced. Taxicab and
Chinese checkers distance functions are similar to moving with a car or Chinese
chess in the real world. Later, Tian [13] gave a family of metrics, a-metric (alpha
metric) for o € [0, 7/4], which includes the taxicab and Chinese checkers metrics
as special cases. Then, some authors developed and studied on these topics (see
[5, 8, 10]). For example, Gelisgen and Kaya extended the «-distance to three
and n dimensional spaces in [6] and [7], respectively. Afterwards, Colakoglu [4]
extended the a-metric for o € [0, 7/2). According to the latter, if P = (x1,y1)
and Q = (x2,%2) are two points in R, then for each o € [0, 7/2) and \(a) =
(sec a — tan «), the a-distance between P and Q is

do(P, Q) = max{|z1 — x|, [y1 — 2|} + M) min{|z1 — x|, [y1 — w2}
Obviously, there are infinitely many different distance functions depending on val-
ues of «.. But we suppose that values of « are initially determined and fixed unless
otherwise stated.

Alpha plane geometry is a non-Euclidean geometry, and also a Minkowski ge-
ometry. Here, the linear structure is the same as the Euclidean one but distance
is not uniform in all directions ([14]). That is, «-plane is almost the same as Eu-
clidean plane since the points are the same, the lines are the same, and the angles
are measured in the same way. Since the a-plane geometry has a different distance
function it seems interesting to study the «-analog of the topics that include the
concepts of distance in the Euclidean geometry.

One of the concepts which include notation of distance is an inversion. There
are two kinds of transformations which are their own inverses. However, a new
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2 O. Gelisgen and T. Ermis

transformation also is its own inverse. This transformation is an inversion in a cir-
cle. As it has been stated in [9], this particular transformation was probably first
introduced by Apollonius of Perga (225 BCE — 190 BCE). The systematic inves-
tigation of inversions began with Jakob Steiner (1796-1863) in the 1820s. During
the following decades, many physicists and mathematicians independently redis-
covered inversions, proving the properties that were most useful for their particular
applications. For example, William Thomson used inversions to calculate the ef-
fect of a point charge on a nearby conductor made of two intersecting planes. In
1855, August F. Mdbius gave the first comprehensive treatment of inversions, and
Mario Pieri developed the subject axiomatically and systematically in New Princi-
ples of the Geometry of Inversions, memoirs | and Il in the early 1910s, proving all
of the known results as its own geometry independent of Euclidean geometry (For
more detail see [9, 11]).

Since inversions have attracted attention of scientists from past to present, there
are a lot of studies about them. Many scientists studied and also are studying
different aspects of this concept. In [3, 12], the authors investigated the inversions
with respect to the central conics in real Euclidean plane. The inversions with
respect to taxicab circle was studied in detail in [1, 10].

In this paper, the authors introduce an inversion which is also valid in the alpha
plane geometry, and give some properties such as cross ratio, harmonic conjugates
with respect to inversion in the alpha plane geometry.

2. Preliminaries about alpha plane and some properties of alpha circular in-
versions

In this section, some basic concepts are briefly reviewed from [5] without proof.
When one considers the d,-metric, it is shown that the shortest path between the
points P, and P is the line segment which is parallel to a coordinate axis and a
line segment making the « angle with the other coordinate axis. Thus, the shortest
distance d,, between P; and P is the sum of the Euclidean lengths of such two
line segments.

Proposition 1. Every Euclidean translation preserves distance in alpha plane. So
each of them is an isometry of R2.

Proposition 2. Let dp and ¢ denote the Euclidean distance function and a line
through the points P, and P in the analytical plane. If ¢ has slope m; then

_ M _ J 1+ A(@)|m[, if |m| <1
da(P17P2) - \/deUDlaPQ) where M = { A(a)+|m|, Zf |m’21

Proposition 2 states that d,-distance along any line is some positive constant
multiple of Euclidean distance along the same line.

Corollary 3. Let P;, P,, and X be three collinear points in R2. Then dg (P, X) =
dp(Py, X) ifand only if do (P1, X) = do(Po, X).

Corollary 4. Let P;, P,, and X be three distinct collinear points in R2. Then
dp(P1, X)/dg(Pe, X) = do(P1, X)/do (P2, X).
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That is, the ratios of the Euclidean and d-distances along a line are the same.
Notice that the latter corollary gives us the validity of the theorems of Menelaus
and Ceva in R2.

As it has been stated in [2] and [10], in the Euclidean plane an inversion in a
circle of radius r is a mapping in which a point P and its image P' are on a ray
emanating from the center O of the circle such that d(O, P)d(O, P') = r%. This
mapping is conformal.

Clearly if P' is the inverse of P, then P is the inverse of P'. Note also that
if P is in the interior of C, P' is exterior to C; and viceversa. So the interior of
C except for O is mapped to the exterior and the exterior to the interior. C itself
is left pointwise fixed. O has no image, and no point of the plane is mapped to
O. However, points close to O are mapped to points far from O, and points far
from O mapped to points close to O. Thus adjoining one “ideal point”, or “point
at infinity”, to the Euclidean plane, we can include O in the domain and range of
an inversion.

Now in R, the definition of inversion with respect to an a-circle can be given
as follows:

Definition. Let C be an a-circle centered at a point O with radius » in ]Ri, and let
P, be the ideal point adjoining one to the alpha plane. In R2 the alpha circular
inversion with respect to C is the function such that

o (0,7) : R2 U{Pax} = RS U{Px}

defined by 1, (O,r) (O) = Px, I, (O,r) (Px) = O, and I, (O,r) (P) = P' for
P # O, P'where P'isontheray OP and d,, (O, P)d,(O, P') = r2. The point P'
is called the alpha circular inverse of P in C; C is said to be the circle of inversion,
and O is called the center of inversion.

The following lemma states that an inversion in a circle is a transformation of
the plane that points outside the circle get mapped to points inside the circle and
vice versa.

Lemma 5. Let C be an alpha circle with respect to the center O in the alpha
inversion I, (O,r). If the point P is in the interior of C, then the point P' is
exterior to C, and conversely.

Proof. Suppose that the point P is in the interior of C. So d,(O, P) < r. Since
P =1,(0,7),ds (O, P)-dy (O, P) =12 Then

1’ =dy (0,P)-do (0,P) <1-do (0,P) and d, (O, P') > r.
That is, the point P' is in the exterior of C. O

The next proposition gives a relation getting for coordinates of P' in terms of
coordinates of P.
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Proposition 6. Let I, (O,r) be an alpha circular inversion with respect to an
alpha circle C centered at origin and the radius r in R2. If P = (z,y) and P' =
(z',y') are inverse points according to the alpha circular inversion, then

7"21'

(max {]] , [y|} + A (@) min {|a] , [y]})*
7°2y
(max {[z[, |y[} + A (@) min {|a| , |y|})*
Proof. The a-circle C with the center origin and the radius r consists of the points

which satisfies the equation max {|x|,|y|} + A (o) min {|z|,|y|} = r. Let P =
(z,y) and P' = (z',y") are inverse points with respect to C. Since the points O, P
and P' are collinear and the rays ﬁ and OP' are same direction, OP' = k:ﬁ
for k € RT. Since d,, (O, P) - d,, (O, P') = r2, it is obtained that

T2

(max {|a|, [y|} + A (@) min {|z], [y[})*
Obviously the required results are obtained by substituting the value of & in
(z,y') = (kx, ky). O

The following corollary immediately is given by using the fact that all transla-
tions are isometries of alpha plane.

Corollary 7. Let I, (O, r) be an alpha circular inversion with respect to an alpha
circle C centered at O = (a, b) and the radius . If P = (x,%) is a point of R2,
then P' = (z',y') is obtained by

T =a+ rl@—a)
(max {[z —al , [y = b[} + A (@) min {[z —al , |y = b[})*
y‘:b—i- T(y_b)

(max {Jz — al , |y = b} + A (@) min {|z — a|, |y — b]})*
Now the following useful properties are well known in Euclidean plane:

i. Lines passing through the center of inversion map into themselves.
ii. Circles with center of inversion map to circles with center of inversion.
iii. Circles not passing through the center of inversion map into circles that do
not pass through the center of inversion.
iv. Lines not through the center of inversion map into circles through the
center of inversion and conversely.

Unfortunately all of these properties are not valid in the alpha plane. The fol-
lowing theorem state that whether which one of these properties are satisfied or
not. Since one can easily give an example for properties which do not satisfy and
one can easily prove the satisfying properties by using definition of alpha circular
inversion, the next theorem is given without proof.
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Theorem 8.

I. The alpha circular inversion I, (O, r) maps the lines passing through O
onto themselves.

ii. The alpha circular inversion I, (O, r) maps the alpha circles with the
center O onto the alpha circles with the center O.

iii. The alpha circular inversion I, (O, r) does not map the alpha circles not
through O onto any alpha circles.

iv.  The alpha circular inversion I, (O, r) does not map the lines not
containing the center of the alpha circular inversion circle onto alpha
circles the center O.

v.  The alpha circular inversion I, (O, ) does not map the alpha circles
containing the center of the inversion circle onto straight lines not
containing O.

3. Thecrossratio and harmonic conjugatesin R?

The next propositions will be used to show preserving the cross ratio under alpha
circular inversion.

Proposition 9. Let C be an a-circle of inversion with center O and radius r, and
let P, Q, and O be any three distinct collinear points in Ri. If P, P',and Q, Q'
TQda (Pa Q)

are pairs of inverse points, then d,, (P', Q') = 1 (0.P)ds (0.0)

Proof. Firstly suppose that O, P, @ are collinear. It is follows from definition of
alpha circular inversion that d, (O, P) - do (O, P') = do (0, Q) - do(0, Q") = r2.
By using Corollary 7, one can get

do (P, Q') = |da (0, P') = da (0,Q)]
7“2 7,2
" 1da(0,P)  da(0,Q)
rds (P,Q)

O

If P, @, and O are not collinear, then the equality in Proposition 9 is not valid
in R2. For example, for O = (0,0), P = (1,2), @ = (0,1) and » = 3, the

inversion I, (O,r) maps P and Q into P' = < J 18 ) and Q' =

(24X (@) (2+A (a))?
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<0, (2+/\9())2> respectively. One can easily see that
«

da (P, Q) = 1+A( ),
do (P', Q) = i( oy ),
do (O, P) = 2+X(a), and

da (0,Q) = 1.

So the equality in Proposition 9 obviously is not valid in R2. But the following
proposition shows that the equality in Proposition 9 is satisfied under such condi-
tions.

Proposition 10. Let C be an «a-circle of inversion with center O and radius r, and
let P, @ and O be any three distinct non-collinear points in R2. If P, P', and
Q, Q' are pairs of inverse points and P, @ lie on the lines with slope {0, o} or
2do (P, Q)

[} I

{—1, 1} passing through the origin, then d,, (P', Q') = 10 P)dn(0.Q)

Proof. Since P = (p,0) and Q = (0,¢) map into P' = (%270) ,Q = (0, %) or
P = (p,p) and Q = (g, —q) map into

| ’I"2 T
P::<m1+Am»”pu+Ac12

? Sl )
@ - <q<1 @7 ait A(a»?) |

one can easily show that

r2d, (P, Q)
do (0, P)ds (0,Q)

do, (P‘aQ‘) =
[l

Let d,, [P, Q)] denote the alpha directed distance from P to ) along a line in the
alpha plane. If the ray with initial point P containing () has the positive direction
of orientation d,, [P, Q] = d, (P,Q), and if the ray has the opposite direction
do [P, Q] = —do (P, Q).

Now let P, @, R and S be four distinct points on oriented line in the alpha plane.
Then their alpha cross ratio (PQ, RS), is defined by

_ da [P, R]dq [Q, 5]
~ do [P, S)d [Q, R]

Note that the alpha cross ratio is positive if both R and S are between P and )
or if neither R nor S is between P and @), whereas the cross ratio is negative. If
the pairs { P, Q} and { R, S} seperate each other. Also an alpha circular inversion
with respect to C centered at origin which is different P, @), R and S preserve the
alpha cross ratio.

(PQ, RS),,
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Theorem 11. The alpha circular inversion preserve the alpha cross ratio.

Proof. Suppose that P, @2, R and S be four collinear points in the alpha plane.
Consider the alpha circular inversion I, (O,r). Let I, (O,r) map P, Q, R and
Sinto P', @', R'and S', respectively. First note that the alpha circular inversion
preserves the seperation or non-seperation of the pairs P, @ and R, .S, and also it
reverses the «-directed distance from the point P to the point @Q along a line | to
a-directed distance from the point ' to the point P'. The required result follows
from Proposition 9:

e do (P',R)dy (Q',S")
PR =4 (P, 5)da Q) R)
r?dy (P, R) r2d, (Q, S)
_ 4o (0,P)da (O, R) do (0,Q) do (O, S)
o r2d, (P, S) r?d, (Q, R)
do (0, P)do (0,5) do (0,Q) do (O, R)

Let ! be aline inIR2. Suppose that P, @, Rand S are four points on I. Itis called
that P, @, R and S form a harmonic set if (PQ, RS), = —1, and it is denoted by
H(PQ,RS),. Thatis, any pair R and .S on [ for which

do [P, R] ds [S, Q]
do [P, S]do [Q, R]

is said to divide P and @ harmonically. The points R and S are called alpha
harmonic conjugates with respect to P and Q.

=-1

Theorem 12. Let C be an alpha circle with the center O, and line segment [PQ)]

a diameter of C in R2. Let R and S be distinct points of the ray O P, which divide
the segment [PQ)] internally and externally. Then R and S are alpha harmonic
conjugates with respect to P and @ if and only if R and S are inverse points with
respect to the alpha circular inversion I, (O, ).

Proof. Let R and S are alpha harmonic conjugates with respect to P and Q. Then

do [PR] do [QS]

0o |PS]da|QR] ~

(PQvRS)a =-1=

Since R divides the line segment [PQ)] internally and R is on the ray @
d(R,Q)=r—d(O,R) and d(P,R)=r+d(O,R).
Since S divides the line segment [PQ] externally and S is on the ray @
d(P,S)= d(0,S)+r and d(Q,S)= d(O—-S)—r.
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Hence

(T + da (O7R)) (da (Ov S) — T)
(T"i_da (075)) (da (O7R) _T)
= (r+dy(O,R)) (da (0,5) —1)=(r+dy(0,9)) (r —ds (O, R)).

=-1

Simplifying the last equality, d, (O, R) - d, (O, S) = r? is obtained. There-
fore R and S are alpha inverse points with respect to the alpha circular inversion

I, (O,r).
Conversely, if R and S are alpha inverse points with respect to the alpha circular
inversion I, (O, r) the proof is similar. O

4. Concluding remarks

The study of inversion in the non-Euclidean planes suggest interesting and chal-
lenging problems. For example, in [1, 10], the authors investigated some properties
of circular inversion in the taxicab plane, and we investigated some properties of
circular inversion in the alpha plane. The obtaining results include of getting re-
sults for taxicab case since alpha distance include the taxicab and Chinese checkers
distance as special cases. Moreover, we think that this topic could provoke further
development by interested readers or their students.
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Integer Sequences and Circle ChainsInside a Hyperbola

Giovanni Lucca

Abstract. In this paper we derive formulas for inscribing, inside a branch of a
generic hyperbola, a chain of mutually tangent circles; moreover, we establish
conditions to relate the chain of circles to certain integer sequences.

1. Introduction

Let us consider a branch of hyperbola having axis coincident with the z-axis and
described by the equation:

2 2
L Y
where a and b are arbitrary positive real numbers.
Let us inscribe inside the hyperbola a chain of circles tangent to the hyperbola
itself and mutually tangent between them. See an example in Figure 1.

Figure 1. Circle chain inside a branch of hyperbola

In Figure 1, we have shown, for simplicity, only the right branch of the hyper-
bola. Nevertheless, a symmetrical circle chain can be drawn inside the left branch.

In the following, the formulas and the results that will be presented are valid for
the right branch. But they can be immediately extended to the left branch by only
changing x into —z.

By considering Figure 1, one can make the following remarks:

Publication Date: January 16, 2019. Communicating Editor: Paul Yiu.
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The generic n-th circle of the chain is tangent the previous (n — 1)-th, to
the (n 4 1)-th one, and to the hyperbola.

All the centers of the circles lie on the z-axis; thus the generic n-th cir-
cle having radius r,, has center coordinates given by (X,,, 0) with n =
0,1, ....

The first circle (the smaller one identified by index 0) is tangent to the
hyperbola at its vertex having coordinates (a, 0); therefore, one has:

Xo=a+rg. (2)

e Due to the mutual tangency between two consecutive circles, one can
write:

Xn— X1 =rp+1rp_1. (3)

2. Center and radius of a generic circle of the chain
The generic n-th circle of the chain has equation:
(= Xn)* + 4> =17 (4)

..
In order to impose the tangency condition between the n-th circle and the hyper-
bola, one has to start from the system:

z2 2 -1
cor _ (5)
{(:}:—Xn)2+y2 =72,
From the equations in system (5):
(a® +b*)2® — 2a° Xz + (a®> X2 — a®b® — a®r2) = 0. (6)

The tangency condition between the hyperbola and the circles of the chain re-
quests that the discriminant A of equation (6) is zero i.e.:

A

Vil a?(a®b® + a®r2 — B2 X2 4+ b 4 0%r2) = 0, (7
which yields
a2
X2 = <1 - b2) (r2 +b%). (8)
From (8), one can also write:
a2
Xo = <1 + bQ) (ri_q +0%). )
By subtracting (9) from (8) and taking into account (3) one gets:
a2
X, +X,1= (1 + b2> (Tn — ’f’nfl). (10)

Equations (3) and (10), after some algebraical steps, can be rewritten in recursive
form as:

X, = (22—2 + 1) Xpo1 +2 (Z—i + 1) o1

(11)
= 25X+ (25 1)
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Xn|
rn |
that allows to express X, and r,, in terms of X, and r¢ by means of the following
2 2
2% +1 25 42

relation:
X, Xo
= 13
[rn} 2% 2% 41 [ ] (13)

To
Finally, by means of (2) and (8) it possible to write an explicit expression for X
and rg in function of the hyperbola parameters a and b:

- [1F

3. Integer sequences associated with circle chains

or in matrix form
28 41 28 49
2 2
20, 2b 41

[X”—l] (12)

Tn—1

n

In this paragraph, we want to establish possible connections between the circle
chains and certain integer sequences. To this aim, it is useful to introduce the new

variables:

Xo=2n =i

"X " T
so that, by remembering equation (14), equation (13) becomes:

B A e

ml |28 12 28 41
From (15), one can generate two sequences {X,, } and {7} that both depend on
the ratio b/a.
Now, one may pose the question: is it possible to find values for the ratio b/a so
that {X,,} and {r7,} are integer sequences? The answer is affirmative as stated by
the following theorem:

Theorem. If theratio b/a is given by

(CASEA): b=k k=12 ... (16a)
or
(CASEB): 2=2 k=0, 1,..., (16b)

then {X,,} and {r,} areinteger sequences.

Proof. (Case A) From (16a) we have that the ratio b/a is an integer and the el-
ements of the 2 x 2 matrix in (15) are integers; therefore, also any generic n-th
power of the matrix will be composed by only integers. Hence, from (15) one can
conclude that, for any value of n, both X, and r,, are integers.

(Case B) The 2 x 2 matrix in (15), that we name [M (k)], in this case, becomes:

17)

4k244k+5 4k 44k+1
_ 2 2

[M<k)] T | 4k 4+4k+9  4k2+4k45
2 2



14 G. Lucca

First of all, we demonstrate by induction that the n-th power of [M (k)] can be
written in the following form:

Pan (k) (4k%+4k+1)Qon—2(k)
2 2
(4k2+4k+9)Q2n,2(k) Pgn(k)
2

(M (k)" = (18)

2
where Py, (k) and Q2,—2(k) are two polynomial functions of the integer variable
k of degrees 2n and 2n — 2 respectively, both generating odd integers. Moreover,
a further relation between them holds:

Poy (k) + Q2n—2(k)
2

Equations (18) and (19) represent the inductive hypothesis H (n).

For n = 1, one immediately notes, from (17), that the inductive hypothesis is
true; in this case P, = 4k? 4 4k + 5 and Qo = 1 and also (19) is verified.

Now we demonstrate that if H (n) is true, then H(n + 1) too is true.

The starting point is the following relation:

4k24+4k+5  4k244k+1 Poy (k) (4k%+4k+1)Qan—2(k)
[M (k)" = 2 2 2 2
4k244k+9  4k2+4k+5 (42 +4k+9)Q2n—2(k) Pa,, (k)
2 2 2

= odd integer (19)

(20)
From (20) and after some algebraical steps, one obtains:
[ (4k2+4k+5) Poy (k) +(4k% +4k+1) (4k% +4k+9)Qan—2(k) 7
4
(42 +4k+1) [(4K2+4k+5)Qan 2 (k)+Pan (k)]

ME)]" =] e
(4% +4k+9) [(4k>+4k+5) Q2n—2 (k) + Pan (k)]

(4k%+4k+5)P2n(lc)+(4k2+4k+1)(4k2+4k+9)Q2n_2(k)
4

(21)
that can be written as:
" Py (ny1)(k) (4k2+4k+1)Qo(r41)—2(k)
n — 4 4
[M ()] T | (4E24+4k+9)Qo(np1)—2(k) Pyny1)(k) (22)
4 4
where:
P (k) = (4k? + 4k + 5) P (k) + (4k2 + 4k + 1) (4k? + 4k + 9)Q2n—2(k)
2(n+1) - 2 5
(23)
2
QQ(nJrl)fQ(k) — (4k + 4k + 5)Q2n72(k) + PZn(k) ) (24)

2
Furthermore, equation (23), after some algebraical steps, can be written as:

Poniny(k) = 2(K* + k + 1) Pan (k) + 2(4k% + 4k + 1) (K* + k + 2)Q2n—2(k)

+2(k* + k)Qan—a(k) + Pon (k) +2Q2n—2(k)‘

By taking into account (19), one immediately notices that (25) is an odd integer.

(25)
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In an analogous way, one can write:
Pop (k) + Qan—2(k)

Qa(nt1)—2(k) = 2(k* + k + 1)Q2n—2(k) + 5

By taking into account (26), one immediately notices that (26) is an odd integer.

Finally, by adding (25) and (26), and dividing by 2, one gets:

P n k) + n —a(k n n—

5 (nt1) (k) 2Q2( +1)—2(k) _ B (k) —1—2@2 2(k)(2k2+2k+3)
+ 2(2k* 4+ 4K + 3k* + 9k + 1)Q2n—2(k)
(27)

By remembering (19) one has that the first addend in (27) is an odd integer.
Conversely the second addend in (27) is an even integer. Thus (27) is an odd
integer.

This concludes the demonstration by induction; therefore, equation (18) is true
foreach n > 1.

Now, by remembering (18) and (15) , we can write:

(26)

X 1 Pon(k) (4k?+4k4+1)Qou—2 (k)| 4
|:~n:| = [M(k)] [1] - (4k2+4k+§)Q2n,2(k) P23(k) M (28)
2

Tn

(29)

X, Pon (k)+(4k*+4k+1)Qan—2(k)
[ } - (4k2+4k+9)Q22n,2(k)+P2"(k)
2

On the right hand side of (29), both numerators are sums of two odd integers.

Therefore, each of them is an even integer. Consequently both 5(71 and r,, are
integers for every integer n. This concludes the proof. O

4. Integer sequences classified in OEIS

In the previous paragraph, we have shown that if equations (16a) or (16b) hold,
then the sequences { X, } and {7, } are composed by integer numbers. By varying
the value of the parameter b/a one can generate an infinite number of integer se-
guences. A certain number of them are classified in OEIS (On-Line Encyclopedia
of Integer Sequences) [1]. The results, we found, are shown in Table 1.
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Table I: Integer sequences associated with circle chains
and classified in OEIS

G. Lucca

|Ratiob/a| {X.} | {m} | |Ratiob/a | {X,} | {7} |
1/2 A001519 | A002878 15/2 A098247 | A098246
1 A001653 | A002315 3 A097736 | A097735
3/2 A078922 | A097783 17/2 A098250 | 4098249
2 A007805 | A049629 9 A097739 | A097738
5/2 | A097835 | A097834 19/2 | A098253 | A098252
3 A097315 | A097314 10 A097742 | A097741
7/2 | A097838 | A097837 21/2 | A098256 | A098255
4 A078988 | A078989 11 A097767 | A097766
9/2 A097841 | A097840 23/2 A098259 | A098258
5 A097727 | A097726 12 A097770 | A097769
11 / 2 A097843 | A097842 25 / 2 A098262 | A098261
6 A097730 | A097729 13 A097773 | A09TTT2
13/2 | A098244 | A097845 27/2 | A098292 | A098291
7 A097733 | A097732 14 A097776 | A09TTT5

5. Examples

We show now some examples of integer sequences that can be
different values of the parameter b/a.

Examplel. If b/a = 1/2, one gets the two following sequences:
{)'(vn} = {1, 2, 5, 13, 34, 89, ...} thatis classified in OEIS as A001519;
{rn} =11, 4, 11, 29, 76, 199, ...} thatis classified in OEIS as A002878.

It is interesting to note that {)’(vn} is composed by a bisection of Fibonacci num-
bersi.e. Fy,_1 while {r,,} is composed by a bisection of Lucas numbers {Ls,}.

Example 2. If b/a = 1 one gets the two following sequences:

{X,} ={1, 5, 29, 169, 985, 5741, ...} thatis classified in OEIS as A001653;
{rn} ={1, 7, 41, 239, 1393, 8119, ...} thatis classified in OEIS as A002315.

Reference.

obtained for

[1] N. J. A. Sloane (editor), The On-Line Encyclopedia of Integer Sequences,
https://oceis.org.

Giovanni Lucca: Via Corvi 20, 29122 Piacenza, Italy
E-mail address; vanni_lucca@inwind.it
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Adjugate Points and Adjugate Triangle

Sandor Nagydobai Kiss

Abstract. In this paper we introduce two new notions in triangle geometry: the
adjugate points and the adjugate triangle of a point with respect to a given trian-
gle. These notions are used to better characterize the anticomlementary triangles.

1. Preliminaries

Consider atriangle ABC with lengths of sides BC' = a, CA = b,and AB = c.
Denote by s its semiperimeter and A its area. It iswell known that the circumra
dius, inradius, and exradii are given by

abce A A A A
r=—, Tq= = Te =

R=2°
AN’ S s—a’

s—c

We work with barycentric coordinates, absolute and homogeneous, of points
with reference to the triangle. Every finite point P isgiven by its absolute barycen-
tric coordinates (zp, yp, zp) Withzp + yp + zp = 1. It ismore convenient to
work with homogeneous barycentric coordinates. Thus, the same point P is aso
gvenby P=(z: y: z),wherex:y:z=xzp: yp: zp.

To express the coordinates more succinctly, we also make use of the following
notations:

SA:bQ—Fc;—aQ, SBZCQ—FCL;—I)27 SC:a2+b22—62

These satisfy the following relations, where S = 2A, and for convenience, we
write Sgc for SpSe €tc.

Publication Date: January 16, 2019. Communicating Editor: Paul Yiu.
The author thanks Editor Paul Yiu for his help in the preparation of this paper.
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Sa=ScotA, Sg=ScotB, S¢ = ScotC;

Spc + Sca+ Sap = 5%,

a8y + b2Sp + 2Sc = 252,

a’S4 + Spc = b2Sp + Sca =S¢ + Sap = S%;
be + ca + ab = s* +r? + 4R,

a® 4+ b* 4+ ¢* = 2(s*> —r? — 4Rr),

a® + b + & = 2s(s* — 3r® — 6Rr).

2. Adjugate pointsand adjugate triangles

Suppose M is acenter of triangle ABC, and let f(a, b, c) be a center function
for M (given for example by the barycentric coordinates of M):

M = (f(a,b,c): f(byc,a): f(c,a,b)).
Definition. The points

M, = (f(—a,b,c): f(b,c,—a): f(c,—a,b)),

My = (f(av —b,c): f(=b,c, a) : f(C, a, _b))a

M. = (f(a,b,—c): f(b,—c,a): f(—c,a,b))
are called the adjugate points, and A M, M, M, the adjugate triangle of M with
respect to the reference triangle ABC.

Example1l. The adjugate points of theincenter I = (a : b : ¢) are the centers of
excircles, i.e. the points

In=(-a:b:¢), Iy=(a:-b:c), I.=(a:b:—c).
The adjugate triangle of the incenter is the excentral triangle 1,1, 1. of ABC.

Let X, Y, Z bethetangency points of incircle with the sides of triangle ABC:
X=0:s—c:s—b), Y=(s—c:0:s—a), Z=(s—b:s—a:0).

Similarly we denote the points of tangency of the A-excircle, B-excircle, C-excircle
respectively, with the sides of triangle ABC:"

Xo=0:s—b:s—c), Y,=(—(s—b):0:59), Zg=(—(s—c):s:0);
Xp=(0:—(s—a):s), Yoy=(s—a:0:5s—¢), Zp=(s:—(s—¢c):0);
Xe=0:s:—(s—a)), Y.=(s:0:—(s—0b)), Ze=(s—a:s—5b:0).

Theorem 1. Each of the triplets of lines (AX, BY,CZ), (AX,, BY,, CZ,),
(AXy, BYy, CZy), (AX., BY,., CZ.) are concurrent. Equivalently, ABC' is
per spective with each of thetriangles XY 7, XY, Z,, X, Y, Zp, and X Y. Z.. See
Figure 1.
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Figure 1. The Gergonne point and its adjugate triangle

Proof. We begin with the equations of the lines:

AX: —(s=bly+(s—c)z=0,| | AX,: (s—c)y— (s —b)z =0,
BY : (s—a)r — (s —¢)z =0, BY,: (s —b)z+ sz =0,
CZ: —(s—a)z+(s=by=0;| |CZ,: sx+ (s—c)y=0;
AXy: sy+ (s—a)z =0, AX.: (s—a)y+sz=0,
BY,: (s—c)x — (s —a)z =0, BY,: (s—c¢)z+ sz =0,
CZy: (s—c)x+ sy =0; CZ.: —(s=bzx+(s—a)y=0.

Itiswell knownthat AX, BY, C'Z are concurrent at the Gergonne point

1 1 1
Gez( : : )
s—a s—b s—c¢
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With the above equations, it is easy to verify that the concurrency of each of the
triples:

Triple of lines Point of concurrency

AX,NBY,NCZ, Geo = (—%: ﬁ: ﬁ)
AXmeY;,ﬂCZb Geb: (ﬁ —%I sia)
AX.NBY.NCZ, | |Gee = (L : L =1

This completes the proof of the theorem. The points Go,, Gep, Gec are the
adjugate points of the Gergonne point Ge. O

Theorem 2. Each of the triplets of lines (AX,, BY;,CZ,.), (AX, BY,, CZ,),
(AX., BY, CZ,), (AXy, BY,, CZ) areconcurrent. Equivalently, ABC'is per-
spective with each of the triangles X,Y,Z., XY.Z,, X.Y Z,, and X,Y,Z. See
Figure 2.

Proof. Again, we begin with the equations of the lines:

AX,: (s—c)y—(s—b)z=0, AX: —(s=bly+ (s —c)z =0,
BY,: (s—c)x — (s —a)z =0, BY,.: (s —b)x + sz =0,
CZ.: —(s=bz+(s—a)y=0;| | CZ,: (s—c)x+ sy = 0;
AX.: (s—a)y+sz=0, AXy: sy+(s—a)z=0,
BY : (s—a)r—(s—c¢)z =0, BY,: sx+ (s —0b)z =0,
CZ,: sx+ (s—c)y=0; CZ: —(s—a)z+(s—by=0.

Itiswell known that AX,, BY,, CZ. are concurrent at the Nagel point
Nyo=(s—a: s—b: s—c).

The other three points of concurrency are the adjugate points of the Nagel point
Ny

Triple of lines Point of concurrency

AXNBY,.NCZ, Nog=(—s: s—c: s—b)
AX.NBYNCZ, Nup=(s—c: —s: s—a)
AX,NBY,NCZ Noce=(s—b: s—a: —s)

This completes the proof of the theaorem. The points N,,, N, N, are the
adjugate points of the Nagel point Na. O

Theorem 3. Thetriangle ABC' and the adjugate triangle G, G, G Of the Ger-
gonne point are perspective, and the perspector is the Nagel point. See Figure
1

Proof. Theline AGcq, BGep, CGe. haveequations [, — 2= =0, 2 — - =0,

s—c 's—c s—a

and ;= — % = 0. They are concurrent at (s —a : s —b: s — c), the Nagel

s—a S

point. O
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Figure2. The Nagel point and its adjugate triangle

Theorem 4. Thetriangle ABC and the adjugatetriangle N,, N,, N, of the Nagel
point are perspective, and the perspector is the Gergonne point.

Proof. The line AN,,, BN, CN,. have equations (s — b)y — (s — ¢)z = 0,
(s—c)z—(s—a)r =0,and (s —a)xr — (s — b)y = 0. They are concurrent at

(;a DL S—ic) the Gergonne point. See Figure 2. O

Example2. Theincircleisinternally tangent to the nine-point circle. Its point of
tangency is the Feuerbach point F of the triangle ABC"

F=(b-c)?—a): (c—a)*(s—0b): (a—b)?(s—c)).
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The nine-point circle is aso tangent externaly to the excircles at the following
points:
Fo=(—(b—0¢)?%s: (c+a)* (s—c): (a+Db)*(s—0)),
Fy= ((b+¢)*(s—c): —(c—a)’s: (a+b)*(s—a)),
F.= (b+c)?(s—=b): (c+a)(s—a): —(a—0b)%s).
Since the coordinates of F' can be rewritten as
(b—c)*(b+c—a): (c—a)*(c+a—b): (a—b)*(a+b—c)),
its A-adjugate point is
((b—c(b+c—(—a): (c—(—a))*(c+ (—a) —b)
2 ((—a) = b)*((—a) +b—0))
= (b=c)*a+b+c): —(c+a)* (a+b—c): —(a+b)?(c+a—0b))
= (—=(b—¢)%s: (c+a)*(s—c): (a+b)?(s—b)).
Thisisthe point F, above; similarly for the B- and C'-adjugate points. Therefore,

the Feuerbach triangle F, F, F. is the adjugate triangle of the Feuerbach point. See
Figure 3.

Ia

Figure 3. The Feuerbach point and its adjugate triangle
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3. Anticomplementary triangle
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The anticomplementary triangle is the triangle A’ B’C” which has the given tri-
angle ABC asits medial triangle. Consider the homothety h with center in trian-
gle centroid G and ratio —2, i.e. M'G = 2GM, G € (MM’'). This homothety
h = h(G, —2) transforms the reference triangle ABC' into the anticomplementary
triangle A’B'C". Indeed, if (x5, yar, zpr) a@re the absolute barycentric coordinates

of M then

h(M) =M =3G —2M = (1 —2xp, 1 — 2yar, 1 — 2201).

Therefore,
h(A) = A" = (-1,1,1),

h(B) = B' = (1,-1,1),

h(C) = C' = (1,1,-1).

It is easy to verify that the points A, B, C' are the midpoints of segments B'C’,

C'A’, A’ B’ respectively.

For h = h(G,—2), we shall call M" = h(M) the anticomplement of M. In
homogeneous barycentric coordinates, if M = (z: y: z), then

M=(-z+y+z:z—y+z:z+y—2).
Here are the coordinates of some common triangle centers and their comple-

ments. (The notations follow [2] and [3]).

| M

| M

I=(a:b:c)

Ny=(s—a: s—b: s—c)

O = (a®Sa : b®°Sp: *So)

H = (SBC: SCA: SAB)

H = (SBci ScAZ SAB)

X(20) = (52 —2Spc: S —2Sca
. 8% — 254B)

N = (SZJrSBcl SQ+SCA 0= (CLQSA: bZSB: CZSC)
:52+SAB)

K= (a%?: b*: &?) X(69)=(Sa: Sp: Sc)

X(09)=(a(s—a): b(s—0b): c(s—c)) Ge:(ﬁ:ﬁ:$>

Sp=(b+c: ct+a: a+b) I=(a:b:c)

Theorem 5. The Euler line of the anticomplementary triangle A’ B’C’ coincide
with the Euler line of the reference triangle ABC' .

Proof. The Euler line is determined by the circumcenter, the orthocenter and the
centroid of atriangle. Since O’ = H, theEuler linesof A’ B’C’" and ABC coincide.

O

Lemma 6 (see[1]). The anticomplement of the Feuerbach point F' isthe triangle

center
a

X(100) = <b

—C

. b . C
"c—a a—-b/"

Proof. In homogeneous barycentric coordinates,

F=(b-c)?—a): (c—a)

(s —=0b): (a—b)2(s—c)).
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The A-coordinate of its anticomplement is

—(b—c)* (s —a)+ (c—a)*(s —b) + (a — b)*(s — ¢
= (=(b—0)’+ (c—a)*+ (a—b)*)s — (—a(b— ¢)* + b(c — a)* + c(a — b)*)
= (2a* — 2ab — 2ac + 2bc)s — (a*(b+ ¢) + a(—(b — ¢)* — 2bc — 2bc) + be? + bc)
= 2(a—Db)(a—c)s —a*(b+¢c) +alb+c)* —be(b + c)
= 2(a—b)(a—c)s — (b+¢c)(a® — a(b+c) + be)
=2(a—0b)(a—c)s—(b+c)(a—b)(a—rc)
= 2s—(b+¢))(a—0b)(a—c)
= a(a—b)(a —c).

Similarly, the B- and C-coordinates are b(b — ¢)(b — a) and ¢(c — a)(c — b).
Therefore,

F' = (a(a—b)(a—c) : b(b—c)(b—a) : c(c—a)(c—b) = <b ¢, b i ) .

—c c—a a-—b
O
Lemma 7. The anticomplement of F, isthe point
F! = (—ala+b)(a+c): b(b—c)(b+a): c(c—b)(c+a)).
Proof. From
Fo= (~(b—0): (ct+a)’(s —¢): (a+b)(s b)),
the A-coordinate of F is

(b—c)*s+ (c+a)’(s—c) + (a+Db)*(s —b)
= ((b—c)*+(c+a)+ (a+b)?)s— (clc+a)* +bla+b)?)
= 20?4+ 02+ —be+ca+ab)s — (a®(b+¢) + 2a(b* + 2) + b° + &)

= a*+a*(b+c)+ad® —bc+c?)+a*(b+e)+alb+e)+ (b +c°)
—a?(b+c)—2a(0* + ) — (B® + )

= a®+a*(b+c) + abe

= ala+b)(a+c).

(a+b+c)(a®+alb+c) + (b* —be+ ) — (a®(b+¢) + 2a(b* + c2) + (b + ¢*))
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The B-coordinate of the anticomplement of F, is
—(b—c)%s — (c+a)*(s —c) + (a+Db)*(s —b)
= —(b—c)’s—(c+a)(s—c)— (a+b)?(s—b)+2(a+b)?(s—b)
= —ala+b)(a+c)+2(a+Db)*(s—b)
= (a+b)[—ala+c)+2(s —b)(a+b)]
= (a+b)[-ala+ )+ (c+a—b)a+b)]
= (a+b)[—a® —ac+a® — b* 4 ac+ b(
= —bla+b)(b—c).
Similarly, the C-coordinate is —c(a + ¢)(c — b). Therefore,
F! = (—a(a+b)(a+c): b(b—c)(b+a): c(c—b)(c+a)).

Similarly the anticomplements of F;, and F. are
Fy= (a(a—c)(a+b): =bb+c)(b+a): c(c—a)(c+D)),
F/= (ala=b)(a+c): b(b—a)(b+c): —clc+a)(c+Db)).
Lemma8. Thepoints F’, F,, F}, F, areon the circumcircle O(R).

Proof. These points are the anticomplements of F', F,, F;, F., which are on the
nine-point circle. Since the anticomplement of the nine-point circle is the circum-
cle, the result follows. O

Theorem 9. (a) The anticomplements of the excenters 1,, I, I. are the adjugate
PoiNnts Naq, Nap, Nae Of the Nagel point.

(b) Thetripletsof points (F, Na, O), (F,, Naa, O), (F}, Nay, O), (F., Nac, O)
arecollinear,and F'N || OF', F,N || OF., F,N || OF], F.N || OF..

(c) Thecircle N,(2r) istheincircle; the circles No,(274), Nap(275), Nac(27c)
are the excircles of the anticomplementary triangle A’ B'C".

(d) The incircle N,(2r), and respectively the excircles Noo(274), Nap(27),
Nac(2r.) and the nine-point circle O( R) of the anticomplementary triangle A’ B'C’
are tangent at the anticomplements of Feuerbach point F” = X (100) and F},, F,
F!.

Proof. (a) Since I, = (—a: b: c), we have:
I,= (=(=a)+b+c: —a—b+c: —a+b—c)
= (a+b+c: —(a+b—c): —(c+a—0»))
= (—s:s—c: s—0)
= Naa.
Similarly, I} = Ny, and I, = Nye.

(b) The Feuerbach point F, the incenter I, and the nine-point center NV, are
collinear. Since the homothety preserve the collinearity, the points £/, N,, and
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O as anticomplements of F', I, N are collinear, too. The points F, N,,, O are
collinear since they are the images under h of the collinear points F,, I, N. Since
9¢ = 2= E£¢ thelines FN and OF' are parallél.

(c) Denote by D(P, L) the distance from the point P to the straight line L. The
equations of the sidelinesof A’B'C’ are:

B'C':y+2=0, C'A:z242z=0, AB:z+y=0.
We prove that
D(Na, B'C') = D(N,, C'A’) = D(N,, A'B') =2r

and
D(Nuq, B'C") = D(Nao, C'A") = D(Nuy, AB') = 2r,.
Indeed,
s=b s—c
s=b 4 s—c 2
DNy, BCy = Lt 5T S 2,
Vb2 +c2—-28, s s
s—c s=b
‘—a ~a 2s — a)r,
D(Nao, B'C") = S G DL
V242 —-254 s—a s—a
(d)
(ON,)?
1
= R?— 2 [a®(s —b)(s — c) + b°(s — ¢)(s — a) + c*(s — a)(s — b)]
1
- R* - 2 [—52(a2 + 0%+ )+ s(a® + b+ ¢3) + abe - 2s]
1
= R* - — [—282(82 — 72 —4Rr) + 25%*(s*> — 3r — 6Rr) + 4Rsr - 2s]
s
= R* - 2(—2r* + 2Rr)
= (R —2r)%
i.e. ON, = R —2r.
Similarly, ON,y = R + 21y, ONy, = R + 21, and ON,. = R + 2. O

Remarks. (1) The excentral triangle of the anticomplementary triangle A’B'C’ is
the adjugate triangle V., Ny NV Of the Nagel point.

(2) Since homotheties preserve parallelism, the sides of the excentral triangles
I, Iy, and N, Ny N, areparald, i.e.

IbIc || NabNam IcIa H NacNaaa IaIb ” NaaNab,

and
NabNac = 2[(,[0, NacNaa = QICIGJ NaaNab = 2IOLIb-
Furthermore, we have

Al | ANua, BI || B'Na, CI, || C'Nye.
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Corollary 10. The anticomplementary triangle is the orthic triangle of the adju-
gatetriangle N, N, N, of the Nagel point.

Theorem 11. The Feuerbach triangle of the anticomplementary triangle A’ B'C’
is the adjugate triangle of X (100), the anticomplement of the Feuerbach point F'.

Proof. A center function of F” is f(a,b,c) = a(a — b)(a — c). Thepoints F,, F},
F! are the adjugate points of X (100). Indeed,
F! = (—a(a+b)(a+c):bb—c)(b+a):clc+a)(c—Db))
= (f(_a7 b> C) : f(b7 ¢, _a) : f(cv —a, b))
([

Theorem 12. The adjugate triangles Geq, G oy Gee aNd N, Nap N, Of the Gergonne
and Nagel points are perspective, and the perspector isthe symmedian point of the
anticomplementary triangle A’ B’'C’, i.e. the point K’ = X (69).

Proof. It is easy to verify that the lines through the corresponding pairs of points
have equations
a(b—c)szx+b(c+a)(s — c)y—c(a+b)(s — b)z =0,
—a(b+c)(s — o)z +b(c — a)sy+c(a+ b)(s — a)z =0,
a(b+c¢)(s —b)z—blc+a)(s —a)y +c(a — b)sz =0,
and that each of these lines contains the point
X(69) = (*+c*—a*: +a*—b*: a® + b —P).
O

Theorem 13. The Gergonne point GG, the symmedian point of the anticomplemen-
tary triangle K’, and the Nagel point N, are collinear.

Proof. The line containing these points has equation
a(b—c)(s—a)r+b(c—a)(s—by+cla—>b)(s—c)z=0.

Theorem 14. The pairs of perspective triangles
(ABC, GeaGebGec) (ABC, NaaNabNac) (GeaGebGew NaaNabNac)

have a common perspectrix, which isthe trilinear polar of the isotomic conjugate
of incenter with equation ax + by + cz = 0.

Proof. (a) The sidelines of triangle G, G o, G have equations

GepGec : —(b+c)(s—Db)(s—c)x+bs(s—a)y+cs(s—a)z=0,
GecGeq : as(s —b)x — (c+a)(s—c)(s—a)y+cs(s —b)z =0,
GeaGep : as(s —c)x+bs(s —c)y — (a+b)(s —a)(s —b)z = 0.

Theselinesintersect BC, C'A, AB respectively at the three points
0:c: =b), (=c:0:a), (b: —a:0)
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collinear ontheline ax + by + cz = 0. Thisshowsthat ABC and Ge,GepGec are
1 1

perspective with perspectrix the trilinear polar of (1 : 3 : 1),
(b) The sidelines of triangle N,, N, N, have equations
NNy (b+c)x + by + cz =0,
NpeNag : ax + (c+a)y + cz =0,
NooNap ax + by + (a+b)z = 0.
Theselinesintersect BC, C'A, AB respectively at the same three points
(0:c: =b), (—c:0:a), (b: —a:0)

onthelineax + by + cz = 0, showing that ABC' and N,, N, N, are perspective
with the same perspectrix.

(c) For thetriangles Geq GepGee @8N Noo Nop N, We have
GepGec N NapNae = (0: ¢: —b),
GecGea M NyeNag = (—c: 0: a),
GeaGeb N NagNap = (b: —a: 0).
Again, the corresponding lines intersect at the same three collinear pointson ax +

by +cz = 0.

This shows that the three pairs of perspective triangles have the same perspec-
trix. O
References

[1] N.Dergiades and Q. H. Tran, Simple proofs of Feuerbach’'s theorem and Emelyanov’s theorem,
Forum Geom., 18 (2018) 353-359.

[2] C. Kimberling, Triangle centers and central triangles, Congressus Numerantium, 129 (1998)
1-285.

[3] C.Kimberling, Encyclopediaof Triangle Centers,
http://faculty.evansville.edu/cké6/encyclopedia/ETC.html.

[4] E. W. Weisstein, Anticomplementary Triangle, from MathWorld—A Wblfram Web Resource,
http://mathworld.wolfram.com/AnticomplementaryTriangle.html

Sandor Nagydobai Kiss: Satu Mare, Romania
E-mail address: d. sandor.kiss@egmail . com



Forum Geometricorum
Volume 19 (2019) 29-38.
FORUM GEQM
S~ X7

ISSN 1534-1178

Heptagonal Triangle and Trigonometric I dentities

Kai Wang

Abstract. We will study the trigonometric identities for heptagonal triangles.
Let a < b < c be the heptagonal triangle’s sides and let R be the circumradius.
We will prove the following:

2% —a? = VTR, 2% — b =VTcR, 2d° - = —V7aR.
We will also prove the following trigonometric formula:

Asin 2%k con km VT ofork=1,24,
m-—— — — =
7 7 —/7 fork=3,5,6.,

1. Introduction

In this paper, for convenience, let 8 = 7/7. A heptagonal triangle is an obtuse
scalene triangle whose vertexes coincide with the first, second, and fourth vertexes
of a regular heptagon. Its angles have measures 6,20,46. Leta < b < c be
the heptagonal triangle’s sides and let R be the circumradius. We will prove the
following:

Theorem 1. With above notations, we have

20 —a? = VTR, 272 — v =VTcR, 2d°*—c* = —/7aR.
This result is a corollary of the following identities:

Theorem 2.

4sin — — tan —
—/7 fork=3,5,6.

2% lm_{\ﬁ for k = 1,2, 4,
7 7T

The purpose of this paper is to prove our results. In later sections, we will also
show how to use our methods to prove some known identities which are sums of
mixed powers of sine values.

Publication Date: January 28, 2019. Communicating Editor: Paul Yiu.
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2. Sumsof sine powers

We start with the following theorem which can be proved easily from trigono-
metric identities from [1, 5].

Theorem 3. (1) {sin26,sin40,sin 80} are the roots of

(2) tanftan20tan4f = tanf + tan20 + tan4f = —/7.
(3) sec20+ sec4f + sec80 = —4.

0.

Definition. For an integer n, let
S(n) = sin" 260 + sin™ 460 + sin" 86.

Proposition 4. S(n) satisfies the recurrence relation:

S(n) = \fS(n —1) - \g

Proof. This follows easily from Theorem 1 O

S(n —3).

Now using recurrence relation we can compute S(n) for any integer n. In the
following, we will only show a few terms which will be used in later applications.

Example 1. With above notations, the values of S(n) forn = 1,..., 20 are as
follows.
n 0 1 2 3 4 ) 6
S(n) | 3 a = o 5 o e
S(—n)| 3 0 23 — 23T 2 _BVT 2
n 7 8 9 10 11 12 13
S 727 72.5 7-25\/7 72.9 72.13V7 72.33 72-3V7
(n) 27 28 29 29 911 9211 29
9. 10, 7 10, 14, 7 12, 13, 77
S(—n) 97T 2 711 2 7323\f 2 729 _2 7121\f 2 72269 2 17% V7
n 14 15 16 17 18 19 20
S 745 721797 73.131 73-3vV7 73.493 731817 7°.19
(’I’L) 214 915 16 212 218 18 219
S(—n) o2M.51 22lanyT 217.237 _ 21714457 219.2203 _ 219.1919V/7 220.5851
7 73 72 73 73 73 73
3. Lemmas

Definition. For integers, m, n, let
W{(m,n) = sin™ 260 sin" 46 4 sin™ 46 sin" 86 + sin™ 8¢ sin" 26
and let

P = sin 20 sin 40 sin 80 = —\f.
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Lemma 5.
W(m.n)+ W(n,m) = S(m)S(n) —S(m+n),

W(m.n)W(n,m) = P™™"S(—(m+n)) + P"S(2n —m) + P"S(2m — n).
Proof. This can be proved easily using simple algebra. O

Remark. Note that if m # n, W (m, n) is not a symmetrical polynomial in {sin 26,

sin46,sin 80} and in general, it is not easy to compute W (m,n) directly. Here

is our approach. Using Lemma 5, we can compute W (m.n) + W (n,m) and

W (m.n)W(n,m) in terms of S(n) and P. Then we solve a quadratic equation
2 — (W(m.n) + W(n,m))z + W(m.n)W(n,m) = 0.

and use approximate values to identify the solutions.

Lemma 6. /i
™7
W(2,3) = 35
Proof. By Lemma 5,
W(2.3) + W(3.2) = S@)56) - 56 =
4
W(2,3)W(3,2) = P°S(—5) + P2S(4) + P3S(1) = %.
Solving the quadratic equation
VT, 343
2 _—— _— =
t 16 b+ 1024 0,
we have
[T e
] 0327 32 [
This proves this lemma. O

Definition. For convenience let

R = sin 260 sin 460 tan 86 + sin 40 sin 80 tan 26 + sin 86 sin 26 tan 46,
= sin 26 sin 40 tan 40 4+ sin 46 sin 86 tan 86 + sin 86 sin 260 tan 20,
V = sin 20 sin 86 tan 86 + sin 46 sin 260 tan 260 + sin 86 sin 46 tan 46,

X = sin? 26 tan 20 + sin 46 tan 46 + sin® 86 tan 86,
Y = sin® 26 tan 80 + sin? 46 tan 20 + sin® 86 tan 46,
Z = sin? 260 tan 40 + sin? 460 tan 86 + sin® 86 tan 26.
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Proof. With above notations,

R = sin 260 sin 460 tan 860 + sin 40 sin 86 tan 260 + sin 86 sin 26 tan 40
. . . 1 1
= (sin 260 sin 460 sin 89)(COS 59V cosdd T oos 80)
= (sin 26 sin 46 sin 80)(sec 20 + sec 40 + sec 80)

VT

2
V = sin 20 sin 46 tan 26 + sin 46 sin 860 tan 46 + sin 86 sin 260 tan 86

= 2(sin® 20 + sin® 46 + sin® 86)
= 25(3)
= VT
R+ U+ V = (sin260sin 40 + sin 46 sin 86 + sin 86 sin 26)
- (tan 26 + tan 40 + tan 80)
—0;
U= —R-V
3T
5
X = sin® 26 tan 26 + sin® 46 tan 46 + sin® 86 tan 86).

= (1 — cos?26) tan 20 4 (1 — cos? 40) tan 460 + (1 — cos® 8) tan 86

1
= (tan26 4 tan46 + tan 86) — 55’(1)

Y
/i

Lemma 8.

Proof.

Y + Z = (sin® 26 + sin” 40 + sin® 80) (tan 20 + tan 46 + tan 80) — X

— S(2)(tan20 + tan 40 + tans0)) + 27
_ VT
&
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Next, we compute

Y - Z

= (4sin® 460 — sin® 80) tan 20 + (4 sin® 80 — sin® 20) tan 46
+ (4sin% 20 — sin® #) tan 8¢

= (4sin® 460 — 4sin® 460 cos® 40) tan 20 + (4sin” 80 — 4 sin” 80 cos? 86) tan 46
+ (4sin? 20 — 4 sin? 26 cos? 20) tan 86

= 45in®460(1 — cos? 40) tan 20 + 4 sin® 86(1 — cos® 86) tan 40
+ 45in? 20(1 — cos® 260) tan 80

— 4(sin? 40 tan 20 + sin? 80 tan 46 + sin? 20 tan 86)

= 4(2sin 26 cos 20 tan 26 sin® 40 + 2 sin 46 cos 40 tan 46 sin® 80
+ 25in 86 cos 86 tan 86 sin® 20)

= 8(sin® 20 sin® 40 + sin® 46 sin® 80 + sin® 86 sin® 20)

= 8W(2,3)
IV
=
It follows that v v
7 3VT
Y = "—— 7 =——,.
4"’ 4

4, Main theorem

Proposition 9. With above notations,
tan20 = —2sin 260 4 2sin 40 — 2sin 86,
tan40 = —2sin 260 — 2sin 46 + 2 sin 86,
tan 80 = 2sin 20 — 2sin 46 — 2 sin 86.

Proof. First we consider a system of linear equations:
tan 20 = xsin 260 + ysin 46 + zsin 86,
tan46 = xsin460 + ysin 80 + zsin 26,
tan 80 = xsin 80 + ysin 20 4 zsin 46.

Note that by adding up the equations
_ tan20 + tan40 + tan80

= = 2.
Tyt sin 20 + sin 46 + sin 860

Then
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where

sin26 sin46 sin&60
A= DET | sin40 sin80 sin20 |,
sin80 sin20 sin46

tan20 sin46 sin86 |
A, = DET | tan46 sin80 sin20 |,
tan&89 sin260 sin40 ]

sin20 tan20 sin86 |
Ay = DET | sin4f tan4f sin20 |,
sin®F tan&8@ sin46 ]

sin20 sin46 tan26 |
A, = DET | sin4f sin80 tan4f | .
sin80 sin20 tan&0 ]

Then by expanding the determinants,

A= 3P 5@3) = 7\8ﬁ;
3T VT TR
Ay=U-YV=——-T=""7
Ay
Y= A TE
A=V -Z=7 S—W:Lﬁ,
4 2
A,
z = A_ .

Finally,

Now we can prove Theorem 2.
Proof. By Proposition 9
tan 20 = —2sin 260 + 2sin 40 — 2sin 86
= 4sin46 — 2(sin 20 + 2sin 46 + 2sin 80)
= 4sin4f — V7.
Similarly, we can prove other identities. O
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5. The heptagonal triangle

35

The heptagonal triangle and trigonometric identities for angles 8, 26, 46 of the
heptagonal triangle have been studied in [1, 5]. We will use some results from

1, 5].

Proposition 10. Wth above notations, we have

b ¢ __ .
( ) sm@ sin260 ~ sin46 2R’
2 COSH—%, cos 26 = o 35 00849:—%;
QB v —da’=ca, A—-b*=ab, a*>—c?=—bc.

Now we prove Theorem 1 as follows.

Proof. By Theorem 2 and Proposition 10

. b . a b
sin 20 = IR sinf = IR cosf = %"
It follows that ,
26 a
4sin260 —tanf = — — —
sin an 7 IR
v? —a* = VTbR.

Similarly, we can prove other identities.

6. Moretrigonometric identities

Proposition 11. Wth above notations,
(1)  sin® 26 sin 46 + sin® 46 sin 80 + sin® 80 sin 26 = 0,
(2) sin 29 sin® 46 + sin 40 sin® 86 + sin 89 sin® 20 = 7
(3)  sin?20sin46 + sin* 46 sin 86 + sin* 80 sin 20 = 0,
(4)  sin20sin* 40 + sin 46 sin* 86 —|— sin 8¢ sin 26 = 7‘[,

2 \

(5) sm11 20 sin® 460 + sm11 40 sin® 80 + sm11 80 sin® 20 =

(6)  sin320sin'! 46 + sin® 46 sin'! 80 + sin® 86 sin'! 20 = 214 .

Proof. To prove equations (1) and (2), by Lemma 5,
W(3,1)+ W (1,3) = S(3)S(1) — S(4)

17

V7

_ VT VT 73
22 24
7.
:ﬁ’
W(3,1)W(1,3) = PYS(—4) + P3S(—1) + P'S(5)
L TT VT T
:ﬁ.g_? 0_§.7

24
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Then solving the quadratic equation

2—— =
T 161‘ 0,

we have roots {0, 1%}

Using approximate values, we can conclude that

W(3,1) =0, W(1,3) = %

Similarly, to prove equations (3), (4), we compute
W(4,1) +W(l,4) = 5(4)5(1) - 5(5)

_ T3 VT TVT

24 92 24
VT

_= 2T7

W(4,1)W(1,4) = P°S(—5) + P*S(-2) + P'S(7)

—TNVT O =225VT TP VT TAT
S S TR R
s T =T
= o0 Tt =0

Similarly by solving the quadratic equation
5 VT
-

and numerical computations, we have that

=0

W(4,1) =0, W(l,4)= 7;?

Similarly, to prove equations (5) and (6), we compute
W(11,3) + W (3,11) = S(11)S(3) — S(14)
_TYVT VT TS

211 2 214
717
214
W(11,3)W(3,11) = P'S(—14) + P"S(-5) + P35(19)

77 9l.51 757 —25.5ﬁ+—7ﬁ 7 181V/7

22 7 23 7 29 218
76.51 7.5  —75.181

228 + 228 + 227

= 0.
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Similarly by solving the quadratic equation

and numerical computations, we have that

717

To further illustrate our method, we will prove the following identities.
Proposition 12.
sin2 | sindg | sin86 _ 72V/7
sint46  sin?*80  sin*20 7
sindf  sin80  sin20 _ 64v/7
sin*20  sin*46 = sin*89 7

Proof.

W(L, —4) + W(=4,1) = S(1)S(—4) — S(-3) = \f e 93 .;,\ﬁ 2, 177\@
W(l,—4)W(-4,1) = P~35(3) + P'S(-9) + P~5(6)

_29\ﬁ \ﬁ _\ﬁ _210 . 33\ﬁ 212 E

72 2 23 72 FZPE
_—28+27-33+27-5
T 7 7
29.9
=

647 72f
lo=—=——=-

=0

we have solutions

7. The heptagonal triangle again

Theorem 13. With above notations, we have
1) a*b—bc+ca=0.
(2 a*b+bic—cla=0.
(3) allv? — bl +cta? = 0.
(4) adc+bda—c3b=—-TRL.
(5) a*c—bla+ctb=TVTRO.
6) a'e? +ottad — My = —73 - 1TRYM,
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Proof. By [1],
a=2Rsinf,b=2Rsin26,c = 2Rsin46.
Then Theorem 13 follows easily from Proposition 11. O

8. Other related results

Remark. In [2, 3, 4] there are similar trigonometric identities which were proved
as corollaries of theta function identities.

sin26  sin 36 sing
sinf  sin20 ' sin30
sin 6 sin20  sin30
sin20  sin30  sinf
sin?f  sin?260  sin® 36
sin3f  sind + sin 20
sin20  sinf | sin30 647
sint0  sin?30 + sin*20 7
sin®30  sin*60  sin*20 B 5V7
sinf  sin20 sin30 8
sin“20  sin”30  sin’ 6
—— — = ——— = 7,
sin’ 60 sin’ 20 sin’ 36
sin” 0 sin”20  sin” 36
sin20 sin’30 = sin’ 6
sin®30  sin®6  sin®26 368
sinb@  sin® 20 * sin®30 W’
sin 26 sin 0 sin 36
sin?30  sin?20 ' sin26 27,
csc’ 0 — cse” 20 — cse” 30 = 27V/7.
All those identities can be easily proved using our method.

=0,

— 289,
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The Radical Axis of the Circumcircle and Incircle
of a Bicentric Quadrilateral

Michael Diao and Andrew Wu

Abstract. We present an unusual method to identify the radical axis of the cir-
cumcircle and incircle of a bicentric quadrilateral. Along the way, we demon-
strate a number of interesting properties of the configuration.

1. Bicentric Quadrilateral

Let ABC'D be a bicentric quadrilteral (see Figure 1). We employ the following
definitions:

L

Figure 1. The bicentric quadrilateral configuration.

E, F, and G are the intersections of AD and BC, AB and CD, and AC
and BD, respectively.

I and O are the incenter and circumcenter of ABC D, respectively.

K is the Miquel Point of ABC'D. (The Miquel Point is the common inter-
section of the circumcircles of AECD, AFBC,ANEBA,and AFAD.)

W, X,Y, and Z are the points at which the incircle meets sides AB, BC,CD,
and DA, respectively.

w and €2 are the incircle and circumcircle of ABC' D, respectively.

Publication Date: February 4, 2019. Communicating Editor: Paul Yiu.
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Next, we present a number of well-known facts about this configuration, which
will be used throughout the rest of the paper.

Proposition 1. In bicentric quadrilateral ABC D,

@ W,G,Y and Z, G, X arecollinear, with WGY 1 ZGX.

(b) Points O, G, K are collinear with OGK 1 EF.

(c) Points I, G, K are collinear; hence, O, I, GG, and K are collinear, and
OIGK 1 EF.

(d) LEIF isaright angle.

Proof. (a) The collinearities follow from applications of Brianchon’s Theorem on
the two degenerate hexagons AW BCY D and ABX CDZ, which gives that G is
also the intersection of WGY and ZGX. That WGY | ZG X has been shown in
[2].

(b) In fact, K is the inverse of G with respect to © ([3], Theorem 10.12), so
0, G, K collinear is immediate. Meanwhile, by Brokard’s Theorem, E'F is the
polar of G with respect to €2, immediately implying OGK L EF.

(c) It has been shown that % = f}—)c( in [4]; hence, as K is the center of the
spiral similarity mapping AB to DC, it also maps AB to ZX. Thus, by [6], it
follows that F K Z X is a cyclic quadrilateral; furthermore, as /IZFE = /IXE =
90°, we know that £, K, Z, I, and X are concyclic.

In a similar manner we may show that F, K, W, I, and Y are concyclic. Now,
inversion about w maps the circumcircle of WIY FK to WY and the circumcircle
of XIZKE to X Z; thus K maps to G, and the fact is proven.

(d) This follows immediately from EI 1 ZX and FI 1. WY and see (a). [J

2. Radical Axis
We will show the following result:
Theorem 2. Theradical axis of 2 and w isthe G-midlinein AEFG.

Let ' be thiE-mixtiIinear incircle of AEDC—that is, the circle tangent to
sides £D and EC', and internally tangent to the circumcircle of AEDC.

Theorem 3. Theradical center of I'z, w, and € isthe midpoint of F'G, point P.

Proof. First, suppose that I'; meets ED and EC at Z; and X1, respectively; it is
well-known ([1], [5]) that I lieson Z; X;.

Now, as ZZ; and X X are the common external tangent segments between w
and T'g, it follows that the radical axis of I'p and w is the line passing through
the midpoints of ZZ; and X X;. Then it must follow that this radical axis passes
through P.

Next, we will show that P lies on the radical axis of 2 and I'g. Let (E'F’) denote
the circle with diameter EF. We begin with a lemma:

Lemmad4. (EF) isorthogonal to both Q and I'g.

Proof. We begin by noting that as K was defined to be the Miquel Point, KADF
is cyclic; thus inversion about E swaps the pairs {K, F'},{A, D}, and {B,C}.
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Note also that E1F is a right triangle (see Proposition 1(d)) with K as the foot of
the 7-altitude, so EK - EF = EI?; thus I maps to itself under this inversion.

£

Figure 2. P lies on the radical axis of I'r and w. (E'F) is orthogonal to Q and I'g.

As E17 is aright triangle with Z as the foot of the I-altitude, it follows that
the same inversion swaps {Z, Z; }, and similarly that it swaps { X, X;}. Thus T'g
swaps with w and (EF) swaps with OIGK; it follows that (EF') and ' are
indeed orthogonal, because OIG K passes through the center of w.

Also, as 2 remains invariant under the inversion and OIG K passes through its
center too, 2 and (E'F’) are also orthogonal. The lemma is proven. O

Let IV be the center of (EF); or, that is, the midpoint of EF. It follows from
our lemma that N has equal power with respect to I'; and €2; thus N lies on the
radical axis of ' and 2.

We will now prove one more lemma:

Lemmab. If Og isthe center of I'g, then O, Og, and F' are collinear.

Proof. We will show, equivalently, that EG is the polar of F' with respect to both
I'g and Q.

It is obvious that EG is the polar of F with respect to : that follows immedi-
ately from Brokard’s Theorem applied to cyclic quadrilateral ABC D.

We now observe that F lieson Z; X; as IF 1 IEand Z;1X; L EI. Thus E
lies on the polar of F" with respect to I'.

To show that G lies on this polar, we will show equivalently that (EF, EG; EZ;, EX1)
is a harmonic bundle. Suppose that ZGX meets EF again at .J; we want to show
that (J, G; Z, X) is harmonic, because then we are done.

Observe that ZGKJ = 90°; also note that I is the midpoint of arc ZX not
containing £ on the circumcircle of EKZIX. Thus KG bisects ZZKX; by a
well-known condition ([3], Lemma 9.18), this implies that (J, G; Z, X) is indeed
harmonic. Thus we have shown that EG is the polar of F' with respect to both T'z;
and €.
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L

Figure 3. O, Og and F are collinear.

Finally, this implies that EG L FO and EG L FOg; thus O, Og, and F are
collinear, as desired. O

T

Figure 4. P lies on the radical axis of I'g, (2.

We know that the radical axis of two circles is a line perpendicular to the line
joining their centers. Thus, as we already know NN to lie on the radical axis of I'g
and €2, it follows that the radical axis is the line through N perpendicularto OOgF',
which is just the line through N parallel to EG. This line obviously passes through
point P, as HN is actually the F-midline in AEFG.

Thus we have shown that P lies on the radical axis of I'g and €2 and of I and
w; it follows indeed that P is the radical center of I'g, w, and €2, as desired. O

Having proven this, we may conclude a similar theorem, by symmetry. Let I'r
be the F-mixtilinear incircle of AFBC.

Theorem 6. Theradical center of I' -, w, and €2 is the midpoint of EG, point Q.
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Now, we are finally ready to show Theorem 2.

Proof. From Theorem 3 and Theorem 6 we see that P and ¢ both lie on the radical
axis of  and w. Thus PQ—indeed the G-midline in A EFG—is the radical axis
of Q and w, as desired. O

It is worth noting that every vertex of the medial triangle of AEFG is a radical
center, as NV is also the radical center of I'g, ', and €.
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Division of an Angle into Equal Parts

and Construction of Regular Polygons
by Multi-Fold Origami

Jorge C. Lucero

Abstract. This article analyses geometric constructions by origami when
up to n simultaneous folds may be done at each step. It shows that
any arbitrary angle can be m-sected if the largest prime factor of m is
p < n+ 2. Also, the regular m-gon can be constructed if the largest
prime factor of ¢(m) is ¢ < n + 2, where ¢ is Euler’s totient function.

1. Introduction

Two classic construction problems of plane geometry are the division of an
arbitrary angle into equal parts and t he construction of regular polygons
[14]. It is well known that the use of straight edge and compass allows
for the bisection of angles and the constructions of regular m-gons if m =
2%p1pg - - - pi, where a, k > 0 and each p; is a distinct odd prime of the form
pi = 2% + 1. Tt is also known that origami extends the constructions by
allowing for the trisection of angles and the constructions of regular m-gons
if m = 2M3%pipy - - - pi, where a1, a9,k > 0 and each p; is a distinct prime
of the form p; = 2%13%2 41 > 3 [1].

Standard origami constructions are performed by a sequence of elemen-
tary single-fold operations, one at a time. Each elementary operation solves
a set of specific incidences constraints between given points and lines and
their folded images [1, 2, 8]. A total of eight elementary operations may be
defined and stated as in Table 1 [12]. The operations can solve arbitrary
cubic equations [3, 7], and therefore they can be applied to related construc-
tion problems such as the duplication of the cube [15] and those mentioned
above [3, 4, 5].

The range of origami constructions may be extended further by using
multi-fold operations, in which up to n simultaneous folds may be performed
at each step [2], instead of single folds. In the case of n = 2, the set of possible
elementary operations increases to 209 or more (the exact number has still
not been determined). It has been shown that 2-fold origami allows for the
geometric solution of arbitrary septic equations [9], quintisection of an angle
[10] and construction of the regular hendecagon [13].
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Table 1. Single-fold operations [12]. O denotes the medium in which
folds are performed; e.g., a sheet of paper, fabric, plastic, metal or any
other foldable material.

Operation

Given two distinct points P and @, fold O to place P onto Q.

Given two distinct lines r and s, fold O to align r and s.

Fold along a given a line r.

Given two distinct points P and @, fold O along a line passing through

P and Q.

5 Given a line r and a point P, fold O along a line passing through P
to reflect r onto itself.

6 Given a line r, a point P not on r and a point @Q, fold O along a line
passing through @ to place P onto 7.

7 Given two lines r and s, a point P not on r and a point (Q not on s,
where r and s are distinct or P and @ are distinct, fold O to place P
onto r, and @ onto s.

8 Given two lines r and s, and a point P not on r, fold O to place P

onto r, and to reflect s onto itself.

B~ w o |3k

Thus, the purpose of this article is to analyze the general case of n-fold
origami with arbitrary n > 1 and determine what angle divisions and regular
polygons can be obtained.

2. Single- and multi-fold origami

An n-fold elementary operation is the resolution of a minimal set of inci-
dence constraints between given points, lines, and their folded images, that
defines a finite number of sets of n fold lines [2]. For the case of n = 1, all
possible elementary operations are those listed in Table 1. An example of
operation for n = 2 is illustrated in Fig. 1.

Any number of n;-fold operations, i = 1,2,...,k, may be gather together
and considered as a unique n-fold operation, with n = Zle n;. Thus, we
define n-fold origami as the construction tool consisting of all the k-fold
elementary operations, with 1 < k£ < n.

The medium on which all folds are performed is assumed to be an infinite
Fuclidean plane. Points are referred by their Cartesian xy-coordinates or
by identifying them as complex numbers, as convenient. A point or complex
number is said to be n-fold constructible iff it can be constructed starting
from numbers 0 and 1 and applying a sequence of n-fold operations. It has
been shown that the set of constructible numbers in C by single-fold origami
is the smallest subfield of C that is closed under square roots, cube roots
and complex conjugation [1]. An immediate corollary is that the field Q of
rational numbers is n-fold constructible, for any n > 1.

The present analysis is based on the following version of a previous theo-
rem by Alperin and Lang [2].
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Figure 1. A two-fold operation [13]. Given two points P and @ and
three lines ¢, r, s, simultaneously fold along a line v to place P onto 7,
and along a line § to place @ onto s and to align £ and 7.

Theorem 1. The real roots of any mth-degree polynomial with n-fold con-
structible coefficients are n-fold constructible if m <n + 2.

Proof. The real roots of any mth-degree polynomial may be obtained by
Lill ’s method [11, 7, 17]. It consists of defining first a right-angle path from
and origin O to a terminus 7', where the lengths and directions of the path’s
segments are given by the non-zero coefficients of the polynomial. Next, a
second right-angle path with m segments between O and T' is constructed by
folding, and this construction demands the execution of m — 2 simultaneous
folds, if m > 3, or a single fold, if m < 3. The first intersection (from O)
between both paths is the sought solution.

Details of the method may be found in the cited references. An example
for solving % — a = 0 is shown in Fig. 2. (]

It must be noted that the roots of 5th- and 7th-degree polynomials may be
obtained by 2-fold origami, instead of the 3- and 5-fold origami, respectively,
predicted by the above theorem [16, 9]. Therefore, Theorem 1 only posses
a sufficient condition on the number of simultaneous folds required.

3. Angle section

Let us consider first the case of division into any prime number of parts.

Lemma 2. Any angle may be divided into p equal parts by n-fold origami
if p is a prime and p < n + 2.

Proof. Let £ be a line forming an angle § with the z-axis on the plane. Then,
point P(cos#,0) may be constructed as shown in Fig. 3.
Consider next the multiple angle identity

cos(par) = Tp(cos ) (1)
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| ¥o4

Figure 2. Geometrical solution of > —a = 0 by 3-fold origami. Set
perpendicular segments OQ and QT with respective lengths 1 and a,
line p parallel to QT at a distance of 1, and line ¢ parallel to OQ at a
distance of a. Next, construct Lill’s path OA, AB, BC, CD, DT by
performing three simultaneous folds: fold x1 places point O onto line p,
fold x2 is perpendicular to x1 and passes through the intersection of x1
with the direction line of OQ (point B), and fold x3 is perpendicular to
X2, passes through the intersection of y2 with the direction line of QT
(point C), and places point 7" onto line g. Point A is at the intersection
of x1 with the direction line of QT', and the length of QA is {/a.

where T}, is the pth Chebyshev polynomial of the first kind, defined by

To(ﬂf) =1, (2)
T(z) = =, (3)
Tyor(z) = 2Ty (x) — Ty 1 (2). (4)

Letting 0 = pca, then Eq. (1) is a pth-degree polynomial equation on
x = cos(6/p) with integer (constructible) coefficients. According to Theorem
1, the equation may be solved by p — 2-fold origami, if p > 3, or single-fold
origami, if p < 3. Then, a line ¢ forming an angle /p may be constructed
from cos(0/p) by reversing the procedure in Fig. 3. O

The lemma is easily extended to the general case of division into an arbi-
trary number of parts.

Theorem 3. Any angle may be divided into m > 2 equal parts by n-fold
origami if the largest prime factor p of m satisfies p < n + 2.

Proof. Let m = pip2 - - - pi, where each p; is a prime and p; < n + 2. Then,
the theorem is proved by induction over k and applying Lemma 2. ([
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Figure 3. Construction for Lemma 2. Given points 0(0,0), Q(1,0), and
line ¢ forming an angle 6 with OQ: (1) fold along a line (x1) to place ¢

onto OQ, and next (2) fold along a perpendicular (x2) to OQ passing
through Q’. The intersection of OQ and x2 is P = (cos 6, 0).

Again, we remark that the above theorem only posses a sufficient condi-
tion on the number of multiple folds required. For m = 5, it predicts n = 3;
however, a solution using only 2-fold origami has been published [10].

Example 1. Any angle may be divided into 11 equal parts by 9-fold origami.

4. Regular polygons

The analysis follows similar steps to previous treatments on geometric
constructions by single-fold origami and other tools [6, 18, 19].

Consider an m-gon (m > 3) circumscribed in a circle with radius 1 and
centered at the origin in the complex plane. Its vertices are given by the
mth-roots of unity, which are the solutions of 2™ — 1 = 0.

Let us recall that an mth root of unity is primitive if it is not a kth
root of unity for & < m. The primitive mth roots are solutions of the mth
cyclotomic polynomial

Op(z)= [[ (2=, (5)
1<k<m
ged(k,m)=1

This polynomial has degree ¢(m), where ¢ is Euler’s totient function; i.e.,
¢(m) is the number of positive integers k < m that are coprime to m. A
property of any mth primitive root &, is that all the m distinct roots may be
obtained as &¥, for k = 0,1,...,m — 1. This property provides a convenient
way to construct the regular m-gon.

Lemma 4. The regular m-gon is n-fold constructible if a primitive mth root
of unity is n-fold constructible.
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Figure 4. Given O = (0,0), @ = (1,0) and P = (cos#f,sinf), a fold

along line x passing through O and Q places Q on Q' = (cos 20, sin 26).
Proof. Let &, = € be a primitive mth root of unity. Then, &¢ = % and
therefore all roots may be constructed from &, by applying rotations of an
angle # around the origin. The rotations may be performed by single-fold
origami, as shown in Fig. 4. Once all the roots have been constructed,
segments connecting consecutive roots may be created by single folds. [J

Next, we state a sufficient condition for the n-fold constructability of a
number « € C.

Lemma 5. A number a € C is n-fold constructible if there is a field tower
Q=FCF1C---CF,q1 CF,cCC, such that o € F}, and [Fj : Fj_l] S
{2,3,...,n+2}for each j =1,2,... k.

Proof. The theorem is proved by induction over k. If £ = 0, then o €
Fy = Q is constructible by single-fold origami [1], and therefore is n-fold
constructible for any n > 1.

Next, assume that Fj_q is n-fold constructible. Let o € F}, then « is
a root of a minimal polynomial p with coefficients in Fj_q, and its degree
divides [Fy : Fyx_1]. If « is real, then it may be constructed by n-fold
origami (Theorem 1). If not, then its complex conjugate & is also a root
of p. The real and imaginary parts of o, R(a) = (o + @)/2 and J(«) =
(a—a) /2, respectively, are in F, and therefore they are real roots of minimal
polynomials pg and pg with coefficients in Fj_1. Again, the degrees of both
py and pg divide [Fj : Fj—1] and hence R(«) and () are n-fold origami
constructible. (]

Using the above lemmas, we finally obtain a sufficient condition for the
constructability of the regular m-gon.

Theorem 6. The regular m-gon is n-fold constructible if the largest prime
factor p of ¢(m) satisfiesp < n+ 2.
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Proof. Let ¢(m) = p1p2 - - - pr, where each p; is a prime and p; < n + 2, and
&m be a primitive mth root of unity. The Galois group I' of the extension
Q(&m) = Q is abelian and has order ¢(m) [18]. Therefore, it has a series
of normal subgroups 1 = I'sc C I'y C€C --- C I, = I' where each factor
I'j+1/|T'; is abelian and has order p; for some 1 < i < k. By the Galois
correspondence, there is a field tower Q(§,) = Ko 2 K1 2 - 2 K, = Q
such that [K; : Kj1] = p;. Thus, by Lemma 5, &, is n-fold constructible,
and by Lemma 4, the m-gon is n-fold constructible. ([

Example 2. The totient of 199 is ¢(199) = 2-32-11. Therefore, the regular
199-gon may be constructed by 9-fold origami.

5. Final comments

Gleason [6] noted that any regular m-gon may be constructed if, in ad-
dition to straight edge and compass, a tool to p-sect any angle is available
for every prime factor p of ¢(m). The above results match his conclusion: if
n-fold origami can p-sect any angle for every prime factor p of ¢(m), then,
by Lemma 2, the largest prime factor is pmax < n + 2. By Theorem 6, the
m~gon can be construted.
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Some Archimedean Circlesin an Arbelos

Le Viet An and Emmanuel A. J. Garcia

Abstract. We construct six circles congruent to the Archimedean twin circles
in the arbelos.

For a point C on the segment AB, let AC, BC and AB be semicircles con-
structed on the same side. The area bounded by the three semicircles is called an
arbelos. The perpendicular passing through C' divides the arbelos into two curvi-
linear triangles with congruent incircles. Circles congruent to those circles are said
to be Archimedean. Let a and b be the radii of semicircles AC and BC, respec-
tively. The common radius of Archimedean circles is given by aanb In this paper
we introduce some Archimedean circles, which we hope to be new. More examples
of Archimedean circles can be found in [1] and [2].

Theorem 1. In an arbelos, from E, draw a tangent line to semicircle AC, at F.
Construct GG similarly. Let H be theintersection of tangent lines EF’ and DG. Let
circle (H,CH) cut semicircles AC and BC at I and .J, respectively. Call I’ the
orthogonal projection of I onto AB. Construct J’ similarly. Let S be the center of
circle bounded by circle (A, AJ"), circle (B, BI'), and semicircle AC'. Construct
circle centered at 7" similarly. Then, circles centered at S and 7" are Archimedean
twins (See Figure 1).

Proof. Let CIT cut DH at M. Let CJ cut EH at N. Notice that CDIH is a
kite, then, CT is perpendicular to DH and, as a consequence, C'M is parallel to
EG =b. AsA\CDM ~ AEDG, we have

b a+b
T T T,
& a
oF — 2ab'

a+b

Remark. Notice that circle with diameter CI is Archimedean. This is Archimedean
circle Osp,, in [2].

Notice also that ACII' ~ AEDQG, then,

cr cr . 2ab
b a+b a+b  (a+b)?
, 2ab?
" (a+b)?
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Figure 1. Circles with centers S and T" are Archimedean twins

Similarly, notice that ACEN ~ ADEF (See Figure 2), then,

L_a—i—b
CN b
oN=_%

a+b

Notice that ACEN ~ ACJJ’, then,

cJ _ % 2a

Figure 2. ACEN ~ ADEF and ACEN ~ ACJJ’
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Focusing on AAS B and cevian D.S, if we call x the radius of circle centered at

S, from the Stewart’s theorem we have
2

2a + 2a—2b - m] i (a+2b)+ [21) + ﬁ + 2| a=(2a+2b)[(a+z)*+a(a+2b)].
(a+0b)? (a+b)?
Expanding, solving for x and simplifying we get
ab
T ar

A similar reasoning goes for circle centered at 7T'.

Theorem 2. In an arbelos, let semicircle DE cut semicircles AC and BC' in F
and G, respectively. Let H be on chord DF such that Z/CHF = 90°. Smilarly,
construct . Then, circleswith radii H F' and IG are Archimedean (See Figure 3).

Figure 3. Circles with radii H F and IG are Archimedean twins.

Proof. Because of Thales’s theorem, DF' = a is perpendicular to EF. As a con-
sequence, ACDH ~ AEDF. It follows

a a+b
DH ~ a
a2
a+b
FI - a® _ab
_a_a-l—b_a-l-b'

A similar reasoning must show the congruency for circle with radius G1.
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Theorem 3. In an arbelos, let the circle with center at B and radius BC meet
semicircle AB in F'. Smilarly, construct I, on semicircle AB. Let AF intersect
semicircle AC' in G. Let G’ bethe orthogonal projection of G onto AB. Thecircle
centered at R is bounded by semicircle AB, circle (4, AC) and the line GG'.
Smilarly, construct the circle centered at S. Then, the circles centered at R and S
are Archimedean (See Figure 4).

Figure 4. Circles with centers R and S are Archimedean twins.

Proof. Notice that because of Thales’s theorem LZAGC = ZAF B = 90°. There-
fore, NAGC ~ ANAF B. Thus, we have

GC_ 2
26 2a+2b
Qo — 2ab‘

a+b

Remark. Notice that the circle with radius % is Archimedean.

AF = \/(2a + 2b)? — 4b% = 2/ a2 + 2ab.

AF B 2a + 2b
AG  2a
AC = 2ava? + 2ab

a+b
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GC = \/1a? — AG? = \/ 4q2 — A0 + 2ab)

(a+ b)?
2a\/4ab + b2
a+b
As ANAGG' ~ NAGC, it follows that
AG AG
AG ~ AC
2a(a® + 2ab)
(a+b)?

GC =

AG' =

Figure 5. R’ is the orthogonal projection of R onto AB.

Let R’ be the orthogonal projection of R onto AB. If we call z the radius of
circle centered at R, by the Pythagorean theorem (See Figure 5),

RR = /(20 + 2)? — (AG' — x)2.
Focusing on triangle AORR/, by the Pythagorean theorem,
[AO — (AG’ — 2)]* + RR”? = OR”.

If we replace the segments by their expressions in terms of a and b, we have the
following equation

2a(a’ + 2ab)

2a(a? + 2ab) 2
(a+0b)?

(a+b) - D (a+b+x)>.

+ x} 2+(2a+m)2—[
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Expanding, solving for x and simplifying we get
ab
a+b

xr =

A similar reasoning goes for circle centered at S.

References

[1] C. W. Dodge, T. Schoch, P. Y. Woo and P. Yiu, Those ubiquitous Archimedean circles, Math.
Mag., 72 (1999) 202-213.

[2] F. M. van Lamoen, Online catalogue of Archimedean circles,
http://home.kpn.nl/lamoen/wiskunde/Arbelos/Catalogue.htm

Le Viet An: No 15, Alley 2, Ngoc Anh Hamlet, Phu Thuong Ward, Phu Vang District, Thua Thien
Hue, Vietnam
E-mail address: 1evietan.spt@gmail.com

Emmanuel A. J. Garcia: Universidad Dominicana O&M, Ave. Independencia, 200, Santo Domingo,
Dominican Republic
E-mail address: emmanuelgeogarcia@gmail . com



Forum Geometricorum
Volume 19 (2019) 59-61.

FORUM GEQM
X
ISSN 1534-1178

A Remark on Archimedean Incircles of
an | sosceles Triangle

Hiroshi Okumura

Abstract. We generalize several Archimedean circles of the arbelos, which are
the incircles of an isosceles triangles.

1. Introduction

We consider an arbelos configuration formed by three circles «, 8 and ~ with
diameters AO, BO and AB, respectively for a point O on the segment AB (see
Figure 1). Let a and b be the radii of « and 3, respectively. Circles of radius
ra = ab/(a + b) are said to be Archimedean. In [3], a special Archimedean circle
is considered, which is the incircle of an isosceles triangle formed by a point lying
outside of the circle ~ and the two points of tangency of v from the point. Similar
Archimedean circles are also considered in [2]. In this paper we generalize those
circles.

.0
Figure 1.

2. Circlesgenerated by a point and acircle
In this section we generalize the Archimedean circles in [2, 3].

Theorem 1. Let § be a circle of radius d. For a point F lying outside of §, let F'
and G be the points of tangency of the tangents of § from E and e = |E'S|, where
S isthe closest point on ¢ to E. Then the following statements hold.

(i) The point S coincides with the incenter of the triangle EF'G.

(if) Theinradius of the triangle EF'G equalsde/(d + e).

Proof. Assume that D is the center of §, M is the midpoint of 'S, and T is the
midpoint of F'G (see Figure 2). Since the triangles DM F and F'T'S are similar,
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2/SFT = /FDS, while 2/SFE = /FDS by the inscribed angle theorem.
Hence F'S bisects /EFG. Therefore S is the incenter of FF'G. This proves
(i). If z is the inradius of EFG, z/e = |DF|/|DE| = d/(d + €). This implies

x =de/(d+e). O
x
G/S G/g
B s T _p E S D
x M
F— F—
Figure 2. Figure 3.

Let € be the circle of center E' passing through S in Theorem 1. As the part (ii)
shows, the inradius of EF'G is symmetric in d and e. Hence the same circle is also
constructed from the point D and the circle  (see Figure 3).

Definition. If E is a point lying outside of a circle § and the tangents of § from D
touches ¢ at points F' and G, then we call the incircle of EF'G the circle generated
by D and 6. Also we say that the circle is generated by the circles § and e, where
e is the circle of center E touching § externally.

Now we consider the arbelos. Let O,, O, and O, be the centers of the circles «,
5 and ~, respectively.

Corollary 2. The following statement hold.

() The circle generated by a point P and the circle « (resp. 3) is Archimedean if
andonly if |[PO,| = a + b (resp. |[POy| = a +b).

(i) The circle generated by a point P and the circle « is Archimedean if and only
if |[PO.| = a + b+ d, whered = ab(a + b)/(a® + ab + b?).

Proof. The part (i) is obvious by Theorem 1(ii). Solving the equation (a+b)z/(a+
b+ x) = rp for z, we get z = d. This proves (ii). O

Notice that d is the inradius of the arbelos. The two Archimedean circles gen-
erated by a point and one of the circles « and S given in [2] are obtained in a
special case in the event of Corollary 2(i). Also the Archimedean circle generated
by a point and the circle ~ given in [3] is obtained in a special case in the event of
Corollary 2(ii). Corollary 2(i) gives an interesting special case (see Figure 4).
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Figure 4.

Corallary 3. If P isa point lying on the circle of center O, (resp. O;) congruent
to -, then the circle generated by P and « (resp. 3) is Archimedean. If PO,Oy is
an equilateral triangle, then the circles generated by P and each of « and /5 are

Archimedean.

The Archimedean circle generated by « and 3 can be found in [1], which is
denoted by Ws.
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